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on the occasion of the 100th anniversary
of his birth





Preface

The volume consists of articles written by eminent scientists from the international
mathematical community, who present important research works in the field of
Mathematical Analysis and related subjects, in particular, in Functional Equations
and Inequalities. These works provide an insight in a progress in the study of various
problems of nonlinear character.

Several of these results have been influenced by the work of the well-known
mathematician and physicist Stanisław Marcin Ulam (April 3, 1909 to May 13,
1984). An emphasis is given to one of his questions concerning approximate
homomorphisms.

The book is dedicated to the memory of Ulam on the occasion of the 100th
anniversary of his birth.

It is divided into two parts. Part I focuses on several aspects of the Ulam stability
theory. Part II contains papers on various subjects of Mathematical Analysis.

It is a pleasure to express our deepest thanks to all of the mathematicians who,
through their works, participated in this volume.

We would also wish to acknowledge the superb assistance that the staff of
Springer has provided in the preparation of this publication.

Athens and Cracow Themistocles M. Rassias
Janusz Brzdȩk
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12 Generalized Hyers–Ulam Stability of a Quadratic
Functional Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
Kil-Woung Jun, Hark-Mahn Kim, and Jiae Son

13 On the Hyers–Ulam–Rassias Stability
of the Bi-Pexider Functional Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
Kil-Woung Jun and Yang-Hi Lee

14 Approximately Midconvex Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177
Krzysztof Misztal, Jacek Tabor, and Józef Tabor
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Wojciech Jabłoński Department of Mathematics, University of Rzeszów, ul.
Rejtana 16 A, 35–310 Rzeszów, Poland, wojciech@univ.rzeszow.pl

Kil-Woung Jun Department of Mathematics, Chungnam National University,
Taejon 305-764, Republic of Korea, kwjun@cnu.ac.kr

kc@up.krakow.pl
Iulia.Costin@cs.utcluj.ro
stefan.czerwik@polsl.pl
sever.dragomir@vu.edu.au
Konstantinos.Drakakis@ucd.ie
elqorachi@hotmail.com
madjid.eshaghi@gmail.com
gjinmei1979@163.com
Laura.Gavruta@mat.upt.ro
pgavruta@yahoo.com
hayata@yz.yamagata-u.ac.jp
gou@mx.ibaraki.ac.jp
elizapie@prz.edu.pl
wojciech@univ.rzeszow.pl
kwjun@cnu.ac.kr


Contributors xv

S. Kabbaj Department of Mathematics, Faculty of Sciences, Ibn Tofail University,
14000 Kenitra, Morocco, samkabbaj@yahoo.fr

Hans-Heinrich Kairies Institut für Mathematik, Technische Universität Clausthal,
Erzstraße 1, 38678 Clausthal-Zellerfeld, Germany, kairies@math.tu-clausthal.de

H. Khodaei Department of Mathematics, Semnan University, P. O. Box 35195-
363, Semnan, Iran, khodaei.hamid.math@gmail.com

Hark-Mahn Kim Department of Mathematics, Chungnam National University,
79 Daehangno, Yuseong-gu, Daejeon 305-764, Korea, hmkim@cnu.ac.kr

George Kokolakis Department of Mathematics, National Technical University of
Athens, Zografou Campus, 15780 Athens, Greece, kokolakis@math.ntua.gr

George Kouvaras Department of Mathematics, National Technical University of
Athens, Zografou Campus, 15780 Athens, Greece, gkouv@math.ntua.gr

Yang-Hi Lee Department of Mathematics Education, Kongju National University
of Education, Kongju 314-711, Republic of Korea, yanghi2@hanmail.net

Youssef Manar Department of Mathematics, Faculty of Sciences, University Ibn
Zohr, Agadir, Morocco, manaryoussefr32@hotmail.fr
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Chapter 1
Stability Properties of Some Functional
Equations

Roman Badora

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract We prove stability results for a family of functional equations.

Keywords Functional equation • Stability

Mathematics Subject Classification (2000): Primary 39B82

1.1 Introduction

This paper deals with the stability properties of functional equations which are joint
generalizations of some classical equations (e.g., of Cauchy, Jensen, d’Alembert,
Wilson, exponential and quadratic). For information concerning the stability we
refer to Forti [10], Ger [11] and Hyers et al. [13].

Throughout this note N, R and C stand, as usual, for the set of positive integers,
reals and complex numbers, respectively. Moreover, K is either the field R or C, X
is an abelian group and Λ is a finite subgroup of the automorphism group of X (the
action of λ ∈Λ on x ∈ X is denoted by λx) and N is the cardinality of Λ .

The stability problem for the functional equation

1
N ∑

λ∈Λ
f (x+λ y) = f (x)g(y), (1.1)

where f ,g : X → K, was posed and solved by Badora in [3] (see also [2]).
Equation (1.1) is a joint generalization of the exponential functional equation
(Λ = {Id}, g = f ), d’Alembert’s equation (Λ = {Id,−Id}, g = f ) and Wilson’s

R. Badora (�)
Institute of Mathematics, Silesian University, Bankowa 14, PL-40-007 Katowice, Poland
e-mail: robadora@math.us.edu.pl

Th.M. Rassias and J. Brzdȩk (eds.), Functional Equations in Mathematical Analysis,
Springer Optimization and Its Applications 52, DOI 10.1007/978-1-4614-0055-4 1,
© Springer Science+Business Media, LLC 2012
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4 R. Badora

equation (Λ = {Id,−Id}). In [4], Badora gave a generalization of his results to the
case of the following equation

∫
Λ

f (x+λy)dμ(λ ) = f (x)g(y), (1.2)

where X is a topological abelian group, Λ is a compact subgroup of authomorphisms
of X with the normalized Haar measure μ and f ,g : X → K. Since then, stability
problems concerning (1.2) and its generalizations have been studied (see [7–9]).
In 2005, Badora during the 10th ICFEI (see [5]) presented a simple solution of the
stability problem for the following functional equation

1
N ∑

λ∈Λ
f (x+λy) = f (x)+ h(y),

where f ,h : X → K, which covers Jensen’s equation (Λ = {Id,−Id}, h = 0),
Cauchy’s equation (Λ = {Id,}, h = f ) and the functional equation of the square of
the norm (Λ = {Id,−Id}, h = f ). Later, this result was published (with a different
proof and h = f ) by Ait Sibaha et al. in [1] and generalized by Charifi et al. in [6].

In this paper, we study more interesting problem concerning the stability of the
following functional equations

1
N ∑

λ∈Λ
f (x+λy) = f (x)g(y)+ h(y); (1.3)

1
N ∑

λ∈Λ
f (x+λy) = f (y)g(x)+ h(x), (1.4)

where f ,g,h : X → K. These type of equations was studied by Stetkaer in [15]. In
the case when Λ = {Id} the problem of the stability of our equation was solved by
Székelyhidi in [14].

1.2 Stability of (1.3)

First, we prove that if the function f is bounded then (1.3) (and, with the same
proof, equation (1.4)) is superstable with respect to the function g and stable in the
Hyers–Ulam sense with respect to functions f and h.

Theorem 1.1. If f ,g,h : X →K, the function

X×X � (x,y) �→ 1
N ∑

λ∈Λ
f (x+λy)− f (x)g(y)−h(y)∈K (1.5)
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is bounded and the function f is bounded, then there exist F,H : X →K such that

1
N ∑

λ∈Λ
F(x+λy) = F(x)g(y)+H(y), x,y ∈ X ,

and f −F, h−H are bounded.

Proof. If f is bounded, then the function

X ×X � (x,y) �→ f (x)g(y)+ h(y) ∈K (1.6)

is also bounded.
First, we assume that h is a bounded function. Then, we can take F = 0 and

H = 0.
If h is an unbounded function, then f is a non-zero function and g is also

unbounded. For a given x1,x2 ∈ X let a = f (x1) and b = f (x2). Moreover, let (yn)
be a sequence in X with | h(yn) |→ ∞. Then, | g(yn) |→ ∞. By (1.6) the sequences

(g(yn)a+h(yn)) and (g(yn)b+h(yn))

are bounded. Hence, the sequence (g(yn)(a−b)) is bounded which means that a= b
and f is a constant function f = c, for some c ∈ K. Then, F = c and H = −cg+ c
have all required properties. ��

Since now we can assume that the function f is unbounded.
First, we prove that (1.3) is superstable with respect to g.

Theorem 1.2. If f ,g,h : X → K, the function (1.5) is bounded on X ×X and the
function f is unbounded, then the function g satisfies the equation

1
N ∑

λ∈Λ
g(x+λ y) = g(x)g(y), x,y ∈ X . (1.7)

Proof. Assume that the absolute values of the function (1.5) is bounded by M ≥ 0.
Since f is unbounded, there exists a sequence (zn) such that

0 	=| f (zn) |→ ∞.

Then our assumption implies that

∣∣∣∣∣
1
N ∑

λ∈Λ

f (zn +λy)
f (zn)

−g(y)− h(y)
f (zn)

∣∣∣∣∣≤
M

| f (zn) | , y ∈ X ,

which gives

g(y) = lim
n→∞

1
N ∑

λ∈Λ

f (zn +λy)
f (zn)

, y ∈ X . (1.8)
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Next, we get

∣∣∣∣ 1
N2 ∑

κ∈Λ
∑

λ∈Λ
f (zn +κx+λy)

− 1
N ∑

κ∈Λ
f (zn +κx)g(y)−h(y)

∣∣∣∣≤ 1
N ∑

κ∈Λ
M = M

for all x,y∈X . Consequently, using the boundedness of the function (1.5), we obtain
∣∣∣∣ 1
N ∑

λ∈Λ

(
1
N ∑

κ∈Λ

f (zn +κ(x+λ y))

f (zn)

)

−
(

1
N ∑

κ∈Λ

f (zn +κx)
f (zn)

)
g(y)− h(y)

f (zn)

∣∣∣∣≤ M
| f (zn) | .

Now, by (1.8) we get that the function g satisfies (1.7). ��
The next result shows that (1.3) is stable in the Hyers–Ulam sense with respect

to h.

Theorem 1.3. If f ,g,h : X → K, the function (1.5) is bounded on X ×X and the
function f is unbounded, then there exists a function H : X → K fulfilling the
equation

1
N ∑

λ∈Λ
H(x+λy) = H(x)g(y)+H(y), x,y ∈ X (1.9)

and such that h−H is bounded.

Proof. Let x ∈ X be fixed. Then our assumption implies that the function

X � z �→ 1
N ∑

λ∈Λ
f (z+λx)− f (z)g(x) ∈K

is bounded. Let m be an invariant mean on the space B(X ,K) (see [12]). We define
the map H : X →K by the formula:

H(x) = mz

(
1
N ∑

λ∈Λ
f (z+λx)− f (z)g(x)

)
, x ∈ X ,

where the subscript z next to m indicates that the mean m is applied to a function of
the variable z. Then the difference h−H is bounded. Moreover, for x,y ∈ X , from
the linearity of m and Theorem 1.2, we obtain
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1
N ∑

λ∈Λ
H(x+λy) =

1
N ∑

λ∈Λ
mz

(
1
N ∑

κ∈Λ
f (z+κx+κλ y)− f (z)g(x+λy)

)

= mz

(
1

N2 ∑
λ∈Λ

∑
κ∈Λ

f (z+κx+κλ y)− f (z) ∑
λ∈Λ

g(x+λy)

)

= mz

(
1

N2 ∑
κ∈Λ

∑
λ∈Λ

f (z+κx+κλ y)− f (z)g(x)g(y)

)

= mz

(
1

N2 ∑
κ∈Λ

∑
λ∈Λ

f (z+κx+λy)− f (z)g(x)g(y)

)

= mz

(
1
N ∑

κ∈Λ

(
1
N ∑

λ∈Λ
f (z+κx+λy)− f (z+κx)g(y)

)

+

(
1
N ∑

κ∈Λ
f (z+κx)− f (z)g(x)

)
g(y)

)

= mz

(
1
N ∑

κ∈Λ

(
1
N ∑

λ∈Λ
f (z+κx+λy)− f (z+κx)g(y)

))

+mz

(
1
N ∑

κ∈Λ
f (z+κx)− f (z)g(x)

)
g(y)

=
1
N ∑

κ∈Λ
mz

(
1
N ∑

λ∈Λ
f (z+κx+λy)− f (z+κx)g(y)

)

+H(x)g(y).

The left invariance of m yields

1
N ∑

λ∈Λ
H(x+λ y) =

1
N ∑

κ∈Λ
mz

(
1
N ∑

λ∈Λ
f (z+κx+λ y)− f (z+κx)g(y)

)

+H(x)g(y)

=
1
N ∑

κ∈Λ
mz

(
1
N ∑

λ∈Λ
f (z+λy)− f (z)g(y)

)
+H(x)g(y)

=
1
N ∑

κ∈Λ
H(y)+H(x)g(y) = H(x)g(y)+H(y). ��

Now, we will look after the function f . First, we observe the following.
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Remark 1.1. If M ≥ 0, functions f ,g,h : X →K satisfy
∣∣∣∣∣

1
N ∑

λ∈Λ
f (x+λ y)− f (x)g(y)−h(y)

∣∣∣∣∣≤M, x,y ∈ X

and

φ =
1
N ∑

λ∈Λ
f ◦λ ,

then φ ,g,h satisfy

∣∣∣∣∣
1
N ∑

λ∈Λ
φ(x+λ y)−φ(x)g(y)−h(y)

∣∣∣∣∣≤M, x,y ∈ X

and φ ◦λ = φ for all λ ∈Λ .

Proof. Our inequality implies that

∣∣∣∣∣
1

N2 ∑
γ∈Λ

∑
λ∈Λ

f (γx+λ y)− 1
N ∑

γ∈Λ
f (γx)g(y)−h(y)

∣∣∣∣∣

≤ 1
N ∑

γ∈Λ

∣∣∣∣∣
1
N ∑

λ∈Λ
f (γx+λ y)− f (γx)g(y)−h(y)

∣∣∣∣∣≤M, x,y ∈ X .

On the other hand, for x,y ∈ X , we get
∣∣∣∣∣

1
N2 ∑

γ∈Λ
∑

λ∈Λ
f (γx+λy)− 1

N ∑
γ∈Λ

f (γx)g(y)−h(y)

∣∣∣∣∣

=

∣∣∣∣∣
1
N ∑

λ∈Λ

1
N ∑

γ∈Λ
f (γ(x+λy))− 1

N ∑
γ∈Λ

f (γx)g(y)−h(y)

∣∣∣∣∣

=

∣∣∣∣∣
1
N ∑

λ∈Λ
φ(x+λy)−φ(x)g(y)−h(y)

∣∣∣∣∣. ��
The main result concerning the stability of (1.3), in the case when the function f

is unbounded, reads as follows.

Theorem 1.4. If f ,g,h : X → K, the function (1.5) is bounded on X × X, the
function f is unbounded and f ◦ λ = f , for all λ ∈ Λ , then there exist functions
F,H : X →K fulfilling the following equation

1
N ∑

λ∈Λ
F(x+λy) = F(x)g(y)+H(y), x,y ∈ X

and such that f −F, h−H are bounded.
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Proof. From Theorem 2 we obtain the existence of a function H : X →K such that
the function h−H is bounded. By our assumption, putting x = 0, we have that the
function

X � y �→ 1
N ∑

λ∈Λ
f (λ y)− f (0)g(y)−h(y) = f (y)− f (0)g(y)−h(y) ∈K

is bounded. Let F = c · g+H, where c = f (0). Then the difference F − f = (F −
cg−h)+ (h−H) is bounded. Moreover, using the fact that the function g satisfies
(1.7) and the function H satisfies (1.9), for all x,y ∈ X , we get

1
N ∑

λ∈Λ
F(x+λy) = c

1
N ∑

λ∈Λ
g(x+λy)

+
1
N ∑

λ∈Λ
H(x+λy)

= cg(x)g(y)+H(x)g(y)+H(y)

= F(x)g(y)+H(y).

��
Remark 1.2. Without the assumption f ◦ λ = f , for all λ ∈ Λ , by Remark 1.1, we
only get the existence of the function F which is close to the function

1
N ∑

λ∈Λ
f ◦λ .

1.3 Stability of (1.4)

Passing to the stability of (1.4), similarly to the proof of Theorem 2, we get the
following superstability result on g.

Theorem 1.5. If f ,g,h : X →K, the function

X×X � (x,y) �→ 1
N ∑

λ∈Λ
f (x+λy)− f (y)g(x)−h(x) ∈K (1.10)

is bounded on X × X and the function f is unbounded, then the function g
satisfies (1.7).

In the proof of the next result, we use the following fact concerning invariant
means.
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Remark 1.3. Let Λ be a left amenable semigroup of the automorphism group of
an amenable group X . Then there exists an invariant mean M on the space B(X ,K)
such that

M( f ◦λ ) = M( f ), f ∈ B(X ,K) , λ ∈Λ . (1.11)

Proof. Let m be a left invariant mean on the space B(X ,K) and let μ be a left
invariant mean on B(Λ ,K). Then the function

Λ � λ �→ mx(( f ◦λ )(x)) ∈K

is bounded for each f ∈ B(X ,K). So, we can define the functional M on the space
B(X ,K) by

M( f ) = μ(m( f ◦λ )), f ∈ B(X ,K).

Then M is a mean. Moreover, M is left invariant: for f ∈ B(X ,K) and a∈ X we have

M(a f ) = μλ (mx(((a f )◦λ )(x)))

= μλ (mx(a f (λx)))

= μλ (mx( f (a+λ x)))

= μλ (mx( f (λ (λ−1a+ x))))

= μλ (mx( f (λx))) = M( f ).

Next, by the left left invariance of μ , M has property (1.11):

M( f ◦λ ) = μκ(mx(( f ◦λ ◦κ)(x)))

= μκ(mx(( f ◦κ)(x)) = M( f ).

��
Now, for a function h now we have the following.

Theorem 1.6. If f ,g,h : X →K, the function (1.10) is bounded and the function f
is unbounded, then there exists a function H : X →K fulfilling the equation

1
N ∑

λ∈Λ
H(x+λy) = H(y)g(x)+H(x), x,y ∈ X

and such that h−H is bounded.

Proof. Let x ∈ X be fixed. If the function (1.10) is bounded, then the function

X � z �→ 1
N ∑

λ∈Λ
f (z+λx)− f (z)g(x) ∈K
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is also bounded. We can define the map H : X →K by the following formula:

H(x) = Mz

(
1
N ∑

λ∈Λ
f (x+λ z)− f (z)g(x)

)
, x ∈ X ,

where M is an invariant mean on B(X ,K) satisfying condition (1.11) which
existence is guaranteed by Remark 1.3. Then the difference h−H is bounded.
Moreover, for x,y ∈ X , from the linearity of M and Theorem 1.5, we get

1
N ∑

λ∈Λ
H(x+λy)

=
1
N ∑

λ∈Λ
Mz

(
1
N ∑

κ∈Λ
f (x+λy+κz)− f (z)g(x+λy)

)

= Mz

(
1

N2 ∑
λ∈Λ

∑
κ∈Λ

f (x+λy+κz)− f (z) ∑
λ∈Λ

g(x+λy)

)

= Mz

(
1

N2 ∑
λ∈Λ

∑
κ∈Λ

f (x+λy+λ κz)− f (z)g(x)g(y)

)

= Mz

(
1

N2 ∑
λ∈Λ

∑
κ∈Λ

f (x+λ (y+κz))

− 1
N ∑

κ∈Λ
f (y+κz)g(x)

+

(
1
N ∑

κ∈Λ
f (y+κz)− f (z)g(y)

)
g(x)

)
.

Applying property (1.11) and the left invariance of M we get

1
N ∑

λ∈Λ
H(x+λy)

= Mz

(
1

N2 ∑
λ∈Λ

∑
κ∈Λ

f (x+λ (y+ z))− 1
N ∑

κ∈Λ
f (y+ z)g(x)

)

+Mz

(
1
N ∑

κ∈Λ
f (y+κz)− f (z)g(y)

)
g(x)
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=
1
N ∑

κ∈Λ
Mz

(
1
N ∑

λ∈Λ
f (x+λ z)− f (z)g(x)

)
+H(y)g(x)

=
1
N ∑

κ∈Λ
H(x)+ h(y)g(x) = H(y)g(x)+H(x). ��

The main result of this part of the paper reads as follows.

Theorem 1.7. If f ,g,h : X → K, the function (1.10) is bounded on X ×X and the
function f is unbounded, then there exist functions F,H : X →K satisfying

1
N ∑

λ∈Λ
F(x+λy) = F(y)g(x)+H(x), x,y ∈ X (1.12)

and such that f −F, h−H are bounded.

Proof. By Theorem 1.6 there exists a function H which satisfies (1.11) and such that
the difference h−H is a bounded function. Let F = c ·g+H, where c = f (0). Then
our assumption (with y = 0) and the boundedness of h−H imply that the function
f −F is bounded. Moreover, for x,y ∈ X , we have

1
N ∑

λ∈Λ
F(x+λy) = c

1
N ∑

λ∈Λ
g(x+λy)

+
1
N ∑

λ∈Λ
H(x+λy)

= cg(x)g(y)+H(y)g(x)+H(x)

= F(y)g(x)+H(x).

��
From Theorem 1.1 and Theorem 1.7 we have the following stability result

concerning (1.4).

Corollary 1.1. If f ,g,h : X →K and the function (1.10) is bounded on X×X, then
there exist functions F,H : X → K satisfying (1.12) and such that f −F, h−H are
bounded.
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Chapter 2
Note on Superstability of Mikusiński’s
Functional Equation

Bogdan Batko

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract We show superstability of Mikusiński’s functional equation

f (x+ y) ( f (x+ y)− f (x)− f (y)) = 0.

Keywords Stability • Superstability • Conditional Cauchy equation • Mikusiński’s
equation

Mathematics Subject Classification (2000): Primary 39B82; Secondary 39B55

2.1 Introduction

Certain geometrical considerations have led J. Mikusiński to the functional equation

f (x+ y)(( f (x+ y)− f (x)− f (y)) = 0, (2.1)

for the continuous real-valued function f of the real variable. Equation (2.1) is
usually written in the conditional form

f (x+ y) �= 0 =⇒ f (x+ y) = f (x)+ f (y), (2.2)

which enables us to deal with it more generally – in structures endowed only with
one binary operation.
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Th.M. Rassias and J. Brzdȩk (eds.), Functional Equations in Mathematical Analysis,
Springer Optimization and Its Applications 52, DOI 10.1007/978-1-4614-0055-4 2,
© Springer Science+Business Media, LLC 2012

15

bbatko@wsb-nlu.edu.pl
bbatko@ap.krakow.pl


16 B. Batko

The general sulution of Mikusiński’s equation (2.2) is described in [4]. Stability
of Mikusiński’s equation in both forms (2.1) and (2.2) is proved in [1].

We show that the method for proving superstability of conditional Cauchy
equations, proposed in [6] (see also [2, 3]), is applicable to Mikusiński’s equation.

2.2 Superstability

We use [1, Theorem 2] in order to prove superstability of Mikusiński’s
equation (2.1).

Theorem 2.1. Let (G,+) be an Abelian group and a function f : G→ C satisfy

| f (x+ y)( f (x+ y)− f (x)− f (y))| ≤ ε for x,y ∈ G, (2.3)

with some ε ≥ 0. Then f is additive, or bounded with | f (x)| ≤ 2
√

6ε for x ∈ G.

Proof. By [1, Theorem 2] there exists an additive function a : G→ C with

| f (x)−a(x) |≤ 2
√

6ε for x ∈ G. (2.4)

If f is bounded, then a = 0 and | f (x) |≤ 2
√

6ε . Thus, let us consider f unbounded.
According to (2.4) a is nontrivial and there is a bounded function b such that
f = a+ b. Taking into account this representation and (2.3) one can easily see that
the function

G 	 y 
−→ a(y)(b(x+ y)−b(x)−b(y))

is bounded for an arbitrary x ∈ G. This implies that

b(x) = lim
n→+∞

(b(x+ yn)−b(yn)) for x ∈ G,

where (yn)n∈N is an arbitrary sequence in G with | a(yn) |→ +∞ (such a sequence
exists since a is nontrivial). Now, using the same argumentation as in [3] one can
check that b is additive, and consequently has to be trivial, which yields f = a. ��
Remark 2.1. It is to be noticed that Moszner [5] proposed another general method
for proving superstability of some functional equations which is also applicable to
Mikusiński’s equation.
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1. Batko, B.: On the stability of Mikusiński’s equation. Publ. Math. Debrecen 66, 17–24 (2005)
2. Batko, B.: On the stability of an alternative functional equation. Math. Inequal. Appl. 8,

685–691 (2005)



2 Superstability of Mikusiński’s Equation 17
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A General Fixed Point Method for the Stability
of Cauchy Functional Equation
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Abstract In this note, we extend the ideas in [12] to obtain some general stability
results for additive Cauchy functional equations in β -normed spaces. It is worth
noting that two fixed point alternatives together with the error estimations for
generalized contractions of type Bianchini–Grandolfi and Matkowski are pointed
out, and then used as fundamental tools. Some examples which emphasize the very
general hypotheses, are also given.
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3.1 Introduction

The study of stability problems for functional equations is related to a question of
S. M. Ulam concerning the stability of group homomorphisms (see [33]):

Let (G1,◦) be a group and (G2,∗) a metric group with a metric d(·, ·). Given
ε > 0, does there exist a δ > 0 such that if f : G1→ G2 satisfies

d( f (x◦ y), f (x)∗ f (y))≤ δ , ∀x,y ∈ G1,

then there exists a homomorphism h : G1→ G2 with d( f (x),h(x)) ≤ ε for x ∈ G1?
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Hyers provided in [21] a first partial answer to Ulam’s problem. Subsequently,
the Hyers result was extended and generalized in several ways [17, 22, 24, 29],
for different types of functional equations including the stability problem with
unbounded differences (see e.g. [2, 6, 16, 19, 20, 28]). For the sake of convenience
we note here the following partial result.

Theorem 3.1. Suppose that X is a real normed space, Y is a real Banach space and
f : X → Y is a given function, such that the following condition holds

(Cp) ‖ f (x+ y)− f (x)− f (y)‖Y ≤ θ (‖x‖p
X +‖y‖p

X ) , ∀x,y ∈ X ,

for some p ∈ [0,∞)\{1}. Then there is a unique additive function a : X → Y with

(Estp) ‖ f (x)−a(x)‖Y ≤
2θ
|2−2p| ‖x‖

p
X , ∀x ∈ X .

Almost all proofs used the idea conceived by Hyers. Namely, the additive function
a : X → Y is explicitly constructed and directly dependent on the approximate
solution-function f by the following formulae

(
2p<1

)
a(x) = lim

n→∞

1
2n f (2nx), if p < 1;

(
2p>1

)
a(x) = lim

n→∞
2n f

( x
2n

)
, if p > 1.

We now recall some necessary notions and results, used in the sequel. Let X be a
vector space over the real or the complex field K,α ∈R+, and β ∈ (0,1].

Definition 3.1. A mapping ‖.‖α : X → R+ is called an h-functional of order α (or
a sub-homogenous functional of order α) if it has the property

(hα) : ‖λ x‖α ≤ |λ |α‖x‖α , for all λ ∈K ,x ∈ X .

As usual, X is identified with X ×{0} in X ×X , so that ‖x‖α = ‖(x,0)‖α for all
x ∈ X and each h-functional of order α on X×X .

Definition 3.2. A mapping ‖ · ‖β : E → R+ is called a β -norm if it has the
following properties:

nI
β : ‖x‖β = 0⇐⇒ x = 0;

nII
β : ‖λ x‖β = |λ |β ‖x‖β , for all x ∈ X ;

nIII
β : ‖x+ y‖β ≤ ‖x‖β +‖y‖β , for all x,y ∈ X .

For more details see, e.g., [31]. We will consider two vector spaces (over the same
field) X and Y , and suppose we are given an h-functional of order α on X×X , and
a β -norm on Y, with α �= β . It is to be noted that, for dβ (x,y) := ‖x− y‖β , one has
a metric space (Y,dβ ), which we suppose to be complete, that is Y is a complete
β -normed space.
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On can define N1
αβ : Y X → R+ and N2

αβ : Y X×X → R+ by

N1
αβ ( f ) = inf{C : ‖ f (x)‖β ≤C · ‖x‖α ,x ∈ X}

and
N2

αβ (g) = inf{C : ‖g(z)‖β ≤C · ‖z‖α ,∀z ∈ X×X},
for given f : X → Y , respectively, g : X ×X → Y. Although not necessarily with
finite values, N1

αβ and N2
αβ have the properties of a β -norm.

In what follows we will use the linear operators L, M : Y X → Y X×X , given by

L f (x,y) = f (x+ y),∀(x,y) ∈ X×X ,

M f (x,y) = f (x)+ f (y),∀(x,y) ∈ X×X .

The following stability result, proved in [7] by the direct method, can be seen as
an appropriate answer to the problem of Ulam, mentioned in the beginning of the
paper.

Theorem 3.2. Given ε > 0, there exists δ (ε) such that for any mapping f : X →Y
satisfying

N2
αβ ((L−M) f )≤ δ (ε),

there exists a unique mapping a : X → Y, with the properties

La = Ma

and
N1

αβ ( f −a)≤ ε.

Remark 3.1. If we consider in the above definitions of N1
αβ and N2

αβ , the
h-functional of order p on X×X given by ‖(x,y)‖p := δ (ε) (‖x‖p +‖y‖p) and the
1-norm on Y defined by ‖z‖1 := ‖z‖, then we obtain Theorem 3.1, for p ∈
[0,∞)\{1}, with δ (ε) = ε

2 |2−2p|.
As it has been observed in [27], both the existence of the mapping a and the

estimation (Estp) in Theorem 3.1 can really be obtained by applying the fixed point
alternative for a strictly contractive operator defined on a suitable generalized metric
(function) space:

Jh(x) :=
1
r

h(rx) .

As a matter of fact, apart from the contractivity of J, the condition (Cp) does ensure,
on the one hand, the first two successive approximations starting from f to be
at a finite distance and, on the other hand, the fixed point function of J to be an
additive one.

We used the fixed point method to obtain generalized Ulam–Hyers stability
results for Jensen functional equation [8] and for additive Cauchy equation in
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β -normed spaces [9], as well as for quadratic, cubic and quartic equations (cf. [10,
11, 13, 14]; see also [1, 3, 18]).

In this paper, we extend some generalized stability results for additive Cauchy
functional equations in β -normed spaces. Two fixed point theorems as well as
the error estimations for generalized contractions are used to prove these results.
Namely, we used the fixed point alternatives of type Bianchini–Grandolfi and
Matkowski, respectively.

Some examples which emphasize the very general hypotheses are given. More-
over, the main theorem and a corollary in [9] are obtained as applications of our
results.

3.2 Generalized Contractions and Stability Properties
of the Cauchy Equation

Definition 3.3. A nondecreasing function c : R+→ R+ is said to be a comparison
function [4, 30] or Matkowski gauge function [23] if {cn(t)} converges to 0 for all
t ≥ 0.

A nondecreasing function c : R+→ R+ is said to be a c-comparison function [4]
or Bianchini–Grandolfi gauge function [5] if

∞

∑
k=0

ck(t) is convergent, ∀t ∈ (0,∞),

where ck(t) denotes the k-th iteration of c.

It is easy to see that any c-comparison function is a comparison function. Notice
that there are known various different conditions for comparison functions (see [30]
or [4]). For example, the mapping c1 : R+ → R+,c1(t) = Lt, with L ∈ (0,1), is
a c-comparison function, but the function c2 : R+ → R+,c2(t) = t/(t + 1), is a
comparison function without being c-comparison function.

Definition 3.4. A selfmapping A of the metric space (X ,d), for which there exists
a comparison function c such that

(1) d(Ax,Ay)≤ c(d(x,y)) , ∀x,y ∈ X ,

is called Matkowski contraction [23]. Similarly, a selfmapping A of the metric space
(X ,d), for which there exists a c-comparison function c such that relation (1) holds,
is called Bianchini–Grandolfi contraction.

It is worth noting that the above contractions are only two examples of gauge
contractions or generalized contractions [4, 25, 30].
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The following result is a fixed point alternative of the famous theorem of
Bianchini and Grandolfi [5]. We shall use it to prove our stability results for additive
Cauchy functional equations.

Lemma 3.1 (cf. [8, 15, 32] for some particular cases). Let (X ,d) be a complete
generalized metric space, i.e. one for which d may assume infinite values, and
A : X → X a Bianchini–Grandolfi contraction. Then, for each given element x ∈ X,
either

(A1) d(Anx,An+1x) = +∞ for all n≥ 0,
or
(A2) there exists k such that d(Anx,An+1x)<+∞ for all n≥ k.

Further, if (A2) holds, then

(A21) the sequence (Anx) is convergent to a fixed point y∗ of A ;

(A22) y∗ is the unique fixed point of A in Y :=
{

y ∈ X , d
(
Akx,y

)
<+∞

}
;

(A23) d(y,y�)≤
∞

∑
k=0

ck(d(y,Ay)) for all y ∈ Y.

In the following definition, we introduce the notion of an admissible pair. Let us
consider the family M of all mappings m : X× [0,∞)→ [0,∞) with the properties:

(i) mx is continuous at 0, for each x ∈ X ;

(ii) mx is superadditive, that is mx(t + s) ≥ mx(t) + mx(s) for t,s ∈ [0,∞),
where mx := m(x, ·) for each x ∈ X .

Let us consider a comparison function c, an element m ∈M and the numbers

r j = 21−2 j =

{
2, j = 0;

1/2, j = 1.

Definition 3.5. We say that (m,c) is a j-admissible pair of order β ( j ∈ {0,1},
β ∈ (0,1])) if

(Aj) m(r j x, t)≤ rβ
j m(x,c(t)) , ∀t ∈ [0,∞) , x ∈ X .

3.2.1 A Stability Result for Cauchy Functional Equation
with Bianchini–Grandolfi Fixed Point Alternative

We shall use the fixed point result in Lemma 3.1 and the estimation of the form
(A23) to prove the following very general stability theorem for the additive Cauchy
functional equation:

Theorem 3.3. Let us consider a real linear space X, a complete β -normed space Y ,
a c-comparison function c and a j-admissible pair (m,c), of order β , with j ∈ {0,1}.
Suppose that a mapping f : X → Y, with f (0) = 0, satisfies the inequality
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(
Cϕ

) ‖ f (x+ y)− f (x)− f (y)‖β ≤ ϕ(x,y) , ∀x,y ∈ X ,

where ϕ : X×X → [0,∞) is a given function, and there exists δ > 0 such that

(Mδ ) ϕ
( x

2
,

x
2

)
≤m(x,δ ) , ∀x ∈ X .

Then there exists a unique mapping a : X → Y such that

(
Estc

j

)
‖ f (x)−a(x)‖β ≤ m

(
x,

∞

∑
k=0

ck+1− j(δ )

)
, ∀x ∈ X .

Moreover, if ϕ has the property

(
H∗j

)
lim
n→∞

ϕ
(

rn
j x,r

n
j y
)

rnβ
j

= 0 , ∀x,y ∈ X ,

then the mapping a is additive.

Proof. Let E := {g : X → Y,g(0) = 0} and introduce the mapping

d (g,h) = dm (g,h) = inf
{

k ∈ R+ , ‖g(x)−h(x)‖β ≤ mx(k) , ∀x ∈ X
}
.

Then, dm is a generalized complete metric on E (as usual, inf /0 = ∞). The triangle
inequality results using the superadditivity of mx. The fact that (E ,d) is complete
follows from the continuity condition on mx.

Now, consider the operator

(OPj) J : E → E , Jg(x) :=
g(r jx)

r j
.

and notice that r j = 21−2 j, j ∈ {0,1}.
STEP I. Using the admissibility relation (A j), we show that J satisfies the relation
(1). We can write, for any g,h ∈ E :

d(g,h)< k =⇒ ‖g(x)−h(x)‖β ≤ mx(k) , ∀x ∈ X

=⇒
∥∥∥∥ 1

r j
g(r jx)− 1

r j
h(r jx)

∥∥∥∥
β
≤ 1

rβ
j

mr j ·x(k) , ∀x ∈ X

=⇒
∥∥∥∥ 1

r j
g(r jx)− 1

r j
h(rix)

∥∥∥∥
β
≤ mx(c(k)) , ∀x ∈ X

=⇒ d (Jg,Jh)≤ c(k).
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Using the definition of the c-comparison function c we see that

d (Jg,Jh)≤ c(d (g,h)) , ∀g,h ∈ E ,

hence, J is a Bianchini–Grandolfi contractive operator on E .

STEP II. We show that d ( f ,J f ) < ∞ . For j = 0, we replace y by x in the condition(
Cϕ

)
, and we see that

∥∥∥∥ f (x)− 1
2

f (2x)

∥∥∥∥
β
≤ 1

2β ϕ(x,x) , ∀x ∈ X .

Using the hypothesis (Mδ ) and the admissibility condition (A0) it results

∥∥∥∥ f (x)− 1
2

f (2x)

∥∥∥∥
β
≤ 1

2β ϕ(x,x) ≤ 1

2β m2x(δ )≤ mx(c(δ )) , ∀x ∈ X ,

that is d ( f ,J f ) ≤ c(δ )< ∞.
For j = 1, we replace x and y by x/2 in the condition

(
Cϕ

)
, and we see (by using

again the relation (Mδ )) that

∥∥∥2 f
( x

2

)
− f (x)

∥∥∥
β
≤ ϕ

( x
2
,

x
2

)
≤ mx(δ ) , ∀x ∈ X ,

whence d ( f ,J f ) ≤ δ < ∞.

STEP III. In both cases, we can apply Lemma 3.1 on the complete metric space
F = {g ∈ E , d ( f ,g)< ∞}, and we obtain the existence of a mapping a : X → Y
with the following properties.

• a is a fixed point of J, that is

a(2x) = 2a(x) , ∀x ∈ X . (3.1)

The mapping a is the unique fixed point of J in the set F . This says that a is the
unique mapping with both the properties (3.1) and (3.2), where

∃k ∈ (0,∞) such that‖a(x)− f (x)‖β ≤ mx(k) , ∀x ∈ X . (3.2)

• d(Jn f ,a)−−−→
n→∞

0, which implies the equality

lim
n→∞

f
(

rn
j x
)

rn
j

= a(x) , ∀x ∈ X . (3.3)
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By using (A23), we obtain

d(a, f )≤
∞

∑
k=0

ck(d( f ,J f )).

Therefore,

(
Estc

j

)
‖ f (x)−a(x)‖β ≤ m

(
x,

∞

∑
k=0

ck+1− j(δ )

)
, ∀x ∈ X .

STEP IV. The fact that a is an additive mapping follows immediately from
(
Cϕ

)
,

(3.3) and
(

H∗j
)

. Namely, if in
(
Cϕ

)
we replace x by r j

nx and y by r j
ny, then we

obtain
∥∥∥∥ f (r j

n(x+ y))

r j
n − f (r j

n (x))

r j
n − f (r j

n (y))

r j
n

∥∥∥∥
β
≤ ϕ (r j

nx,r j
ny)

r j
nβ ,

for all x,y ∈ X . Letting n→ ∞, we get

a(x+ y)−a(x)−a(y) = 0 , ∀x,y ∈ X .

��
As a direct consequence of Theorem 3.3, we have the following

Corollary 3.1. Let X be a real (or complex) linear space, Y a complete β -normed
space and let us consider a superadditive function μ :R+→R+ which is continuous
at 0 and not identically 0 (whence Δ := {δ > 0 : μ(δ ) ≥ 1} �= /0), and a monotone
nondecreasing function γ : R+→R+. Suppose that the mapping f : X→Y satisfies
the inequality

(
Cϕ

) ‖ f (x+ y)− f (x)− f (y)‖β ≤ ϕ(x,y) , ∀x,y ∈ X ,

where ϕ : X×X→ [0,∞) is a given function. If there exists a c-comparison function
c such that

(Aμ,γ
j ) μ(t) · (γ(t)+ϕ(r jx,r jx))≤ rβ

j ·μ(c(t)) · (γ(c(t))+ϕ(x,x)),

for t ∈ [0,∞), x ∈ X, r j = 21−2 j,( j ∈ {0,1}), then the following two statements
hold.
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(i) There exists a unique mapping a : X → Y which satisfies

(
Estμ,γ

j

)
inf

δ∈Δ
μ

(
∞

∑
k=0

ck+1− j(δ )

) (
γ

(
∞

∑
k=0

ck+1− j(δ )

)
+ϕ

( x
2
,

x
2

))

≥ ‖ f (x)−a(x)‖β , ∀x ∈ X .

(ii) The mapping a is additive whenever ϕ has the property
(

H∗j
)

.

Proof. If we take m : X× [0,∞)→ [0,∞), m(x, t) = μ(t) (γ(t)+ϕ (x/2,x/2)), then
it is easy to see that m ∈M . Since (Aμ,γ

j ) holds, we immediately obtain that (m,c)
is an admissible pair of order β . The condition (Mδ ) is equivalent to the inequality
μ(δ )≥ 1, that is δ ∈ Δ . So we can apply Theorem 3.3. ��
Example 3.1. In the above corollary, consider the mappings c : R+→ R+, c(t) =
Lt, with L∈ (0,1), and m : X× [0,∞)→ [0,∞), m(x, t) = μ(t) ·ϕ (x/2,x/2). Clearly,
c is a c-comparison function and m ∈M . Since (Aμ,0

j ) holds, then we immediately
obtain that (m,c) is an admissible pair of order β and we get the following result.

Let X be a real linear space, Y a complete β -normed space and μ : R+→ R+ a
superadditive function which is continuous at 0 and not identically 0. Suppose that
the mapping f : X → Y satisfies the inequality

(
Cϕ

) ‖ f (x+ y)− f (x)− f (y)‖β ≤ ϕ(x,y) , ∀x,y ∈ X ,

where ϕ : X×X → [0,∞) is a given function. If there exists L ∈ (0,1) such that

(Aμ,0
j ) μ(t) ϕ(r jx,r jx)≤ rβ

j μ(Lt) ϕ(x,x) , ∀t ∈ [0,∞) , x ∈ X ,

for r j = 21−2 j,( j ∈ {0,1}), then the following two statements are valid.

(i) There exists a unique mapping a : X → Y which satisfies the inequality

(
Estμ

j

)
‖ f (x)−a(x)‖β ≤ inf

δ∈Δ
μ
(

L1− j δ
1−L

)
ϕ
( x

2
,

x
2

)
, ∀x ∈ X .

(ii) The mapping a is additive whenever ϕ has the property
(

H∗j
)

.

Remark 3.2. As of matter of fact, if L̃ := inft>0 μ(Lt)/μ(t), then the condition
(Aμ,0

j ) is equivalent with the following condition which appears in [9, Theorem
2.5]:

ϕ(r jx,r jx)≤ L̃ rβ
j ϕ(x,x) , ∀x ∈ X .

Example 3.2. Let us consider, in the above example, the mapping μ(t) = ts, with
s≥ 1 fixed. We have the following result.
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Let X be a (real or complex) linear space and Y a complete β -normed space.
Suppose that the mapping f : X → Y satisfies the inequality

(
Cϕ

) ‖ f (x+ y)− f (x)− f (y)‖β ≤ ϕ(x,y) , ∀x,y ∈ X ,

where ϕ : X×X → [0,∞) is a given function. If there exists L ∈ (0,1) such that

(AL
j ) ϕ(r jx,r jx)≤ rβ

j Ls ϕ(x,x) , ∀t ∈ [0,∞) , x ∈ X ,

for r j = 21−2 j, with fixed j ∈ {0,1}, then the following two statements are valid.

(i) There exists a unique mapping a : X → Y which satisfies the inequality

(
EstL

j

)
‖ f (x)−a(x)‖β ≤

(
L1− j

1−L

)s

ϕ
( x

2
,

x
2

)
, ∀x ∈ X .

(ii) The mapping a is additive whenever ϕ has the property (H∗j ).

We note only that the estimation
(

EstL
j

)
is obtained for δ = 1.

Remark 3.3. For s = 1 in the Example 3.2, we obtain the generalized Ulam–Hyers
stability theorem for additive Cauchy functional equation ([9], Theorem 2.5).

Another application is obtained by taking in the Example 3.2

ϕ (x,y) := δ (ε) ‖(x,y)‖α , x,y ∈ X .

Example 3.3. Let X and Y two linear spaces over the same (real or complex) field.
Suppose that we are given an h-functional of order α on X ×X and Y is a complete
β -normed space, with α �= β . In these conditions, we have the following stability
property.

For each ε > 0, there exists

δ (ε) := ε
∣∣∣2β/s−2α/s

∣∣∣s > 0

such that, for every mapping f : E1→ E2 which satisfies

(
Cαβ

) ‖ f (x)+ f (y)− f (x+ y)‖β ≤ δ (ε) ‖(x,y)‖α , x,y ∈ E1,

there exists a unique mapping a : X → Y, with the properties

a(x+ y) = a(x)+ a(y) , ∀x,y ∈ X ,

and
(
Estαβ

) ‖ f (x)−a(x)‖β ≤ ε ‖(x,x)‖α , ∀x ∈ X .
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Proof. Indeed, (H∗j ) is true, because

ϕ (r j
nx,r j

ny)

r j
nβ ≤ δ (ε) r j

n(α−β ) ‖(x,y)‖α → 0.

Moreover, it is easy to see that either (AL
0) holds with L = 2(α−β )/s < 1 or

(AL
1) holds with L = 2(β−α)/s < 1. Therefore, there is a unique additive mapping

a : X → Y such that either

(
EstL

0

) ‖ f (x)−a(x)‖β ≤
(

L
1−L

)s

θ(x) , ∀x ∈ X .

holds with L = 2(α−β )/s, or

(
EstL

1

) ‖ f (x)−a(x)‖β ≤
(

1
1−L

)s

θ (x) , ∀x ∈ E1,

holds with L= 2(β−α)/s. Consequently, the inequality
(
Estαβ

)
holds true for δ (ε) =

ε
(
2β/s− 2α/s

)s
and for δ (ε) = ε

(
2α/s−2β/s

)s
, respectively. ��

Remark 3.4. For s = 1 in the above example, we obtain [9, Corollary 2.6].

Remark 3.5. As in Remark 3.1, taking the h-functional of order p on X×X given
by ‖(x,y)‖p := δ (ε) (‖x‖p+‖y‖p) and the 1-norm on Y defined by ‖z‖1 := ‖z‖, we
obtain Theorem 3.1, for p ∈ [0,∞)\{1}.

3.2.2 A Stability Result for Cauchy Functional Equation
with Matkowski Fixed Point Alternative

In this section, we shall prove the stability result for additive Cauchy functional
equations by using the fixed point alternative of type Matkowski [26].

Lemma 3.2 (cf. [8, 15, 32]). Let (X ,d) be a complete generalized metric space, i.e.,
one for which d may assume infinite values, and A : X→X a Matkowski contraction.
Then, for each given element x ∈ X, either

(A1) d(Anx,An+1x) = +∞ for all n≥ 0 ,
or
(A2) There exists k such that d(Anx,An+1x)<+∞ for all n≥ k .

Further, if (A2) holds, then the following three statements are valid.

(A21) The sequence (Anx) is convergent to a fixed point y∗ of A .
(A22) y∗ is the unique fixed point of A in y :=

{
y ∈ X , d

(
Akx,y

)
<+∞

}
.
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(A′23) If the mapping t→ 1R+− c(t) is a bijection, then

d(y,y�)≤ (1R+ − c)−1(d(y,Ay)) , ∀y ∈Y.

We can use the above result and the estimation of the form (A′23) to prove the
following variant of general stability:

Theorem 3.4. Let us consider a real linear space X, a complete β -normed space Y ,
a comparison function c and a j-admissible pair (m,c), of order β , with j ∈ {0,1}.
Let us suppose that the mapping t→ 1R+ − c(t) is an increasing bijection and that
the mapping f : X → Y , with f (0) = 0, satisfies the inequality

(
Cϕ

) ‖ f (x+ y)− f (x)− f (y)‖β ≤ ϕ(x,y) , ∀x,y ∈ X ,

where ϕ : X×X → [0,∞) is a given function.
If there exists δ > 0 such that

(Mδ ) ϕ
( x

2
,

x
2

)
≤ m(x,δ ) , ∀x ∈ X ,

then the following two statements are valid.

(i) There exists a unique mapping a : X → Y such that

(
Est′cj

)
‖ f (x)−a(x)‖β ≤ m

(
x,(1R+ − c)−1(c1− j(δ ))

)
, ∀x ∈ X .

(ii) If ϕ has the property

(
H∗j

)
lim
n→∞

ϕ
(

rn
j x,r

n
j y
)

rnβ
j

= 0 , ∀x,y ∈ X ,

then the mapping a is additive.

The proof is similar to that of Theorem 3.3. The estimation
(

Est′cj
)

follows

from (A′23).

Remark 3.6. As a direct consequence of the Theorem 3.4, for an admisible function
m as in the Corollary 3.1, we obtain a result that is similar as in the above mentioned
corollary, with the the following estimation:

‖ f (x)−a(x)‖β ≤ inf
δ∈Δ

μ
(
1R+ − c)−1(c1− j(δ )

) (
γ

(
∞

∑
k=0

ck+1− j(δ )

)
+ϕ

( x
2
,

x
2

))
.

Remark 3.7. For c(t) = Lt, L ∈ (0,1), μ(t) = t and γ ≡ 0 we obtain again our
[9, Theorem 2.5].
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7. Cădariu, L., Radu, V.: A general theorem of stability for the Cauchy’s equation. Bul. Ştiinţ.
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12. Cădariu, L., Radu, V.: A general fixed point method for the stability of Jensen functional
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20. Găvruţa, P.: A generalization of the Hyers Ulam Rassias stability of approximately additive

mappings. J. Math. Anal. Appl. 184, 431–436 (1994)
21. Hyers, D.H.: On the stability of the linear functional equation. Prod. Natl. Acad. Sci. USA

27, 222–224 (1941)
22. Hyers, D.H., Isac, G., Rassias, Th.M.: Stability of Functional Equations in Several Variables.

Birkhauser, Basel (1998)
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Abstract We survey the results concerning the preservation (exact and
approximate) of various types of orthogonality relations. We focus on the stability of
the orthogonality preserving property. Our considerations are carried out in spaces
with inner product structure as well as in normed spaces. Some related topics are
also discussed.
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4.1 Introduction

The study on linear orthogonality preserving mappings can be considered as a part
of the theory of linear preservers. In the simplest case, for X and Y being real or
complex inner product spaces with the standard orthogonality relation⊥, a mapping
T : X → Y which satisfies

x⊥y =⇒ f (x)⊥ f (y), x,y ∈ X
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is called orthogonality preserving (o.p.). Now, if we replace the exact orthogonality
⊥ by somehow defined approximate orthogonality ⊥ε we obtain a larger class of
approximately orthogonality preserving (a.o.p.) mappings defined by

x⊥y =⇒ f (x)⊥ε f (y), x,y ∈ X .

It can be proved that linear o.p. mappings are just similarities whereas linear a.o.p.
ones are, in a sense, approximate similarities. Moreover, it can be shown that each
linear a.o.p. mapping can be approximated by a linear o.p. one. Following the idea of
the stability of functional equations, stemming from the celebrated Ulam’s problem
(cf. [48]), we may speak about stability of the orthogonality preserving property.

The problem can be easily generalized from the realm of inner product spaces to
normed spaces, where the norm not necessarily comes from an inner product and
the orthogonality relation may be defined in various ways. Another direction of gen-
eralization is to replace the scalar-valued inner product by an inner product taking
values in some C∗-algebra, i.e., in the realm of inner product (Hilbert) modules.

In this paper we survey the results concerning the orthogonality preserving
property and its stability in various settings. Because of an expository character of
the paper, usually we merely present the results, referring for their proofs to original
sources.

4.2 Orthogonalities and Approximate Orthogonalities

4.2.1 Inner Product and Semi-Inner Product Orthogonality

Let X be a normed space over the scalar field K ∈ {R,C}. If the norm ‖ · ‖ in
X comes from an inner product 〈·|·〉, then the natural orthogonality relation is the
standard one: x⊥y ⇔〈x|y〉= 0. For ε ∈ [0,1), we define approximate orthogonality
(ε-orthogonality) of vectors x and y:

x⊥ε y ⇐⇒ |〈x|y〉 | ≤ ε‖x‖‖y‖.

Due to Lumer [38] and Giles [25], each norm in X admits a functional [·|·] :
X×X →K satisfying:

(s1) [λ x+ μy|z] = λ [x|z]+ μ [y|z], x,y,z ∈ X , λ ,μ ∈K;
(s2) [x|λ y] = λ [x|y], x,y ∈ X , λ ∈K;
(s3) [x|x] = ‖x‖2, x ∈ X ;
(s4) |[x|y]| ≤ ‖x‖ ‖y‖, x,y ∈ X ,

called the semi-inner product (s.i.p.) in a normed space X (generating the given
norm). There could be many different semi-inner products in X . The uniqueness is
equivalent to the smoothness of the norm (understood as the existence, in each point
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of the unit sphere S, of a unique supporting hyperplane or, equivalently, the Gâteaux
differentiability of the norm on S – cf. [19]). If the norm in X comes from an inner
product, then the inner product itself is the unique semi-inner product.

Now, for a given semi-inner product and vectors x,y ∈ X we may define:

• semi-orthogonality

x⊥sy ⇐⇒ [y|x] = 0
and

• approximate semi-orthogonality (ε-semi-orthogonality)

x⊥ε
sy ⇐⇒ | [y|x] | ≤ ε‖x‖ ‖y‖.

It is also possible to consider the orthogonality relation in more general inner
product structures. Let A be a C∗-algebra. We may consider A as a subalgebra of
an algebra B(H ) of all linear bounded operators on a Hilbert space H . By K (H )
we denote the subalgebra of compact operators.

Let X be a complex linear space with additional multiplication X ×A →X so
that X is an algebraic right A -module and compatible with scalar multiplication,
i.e., (λ x)a= x(λa) = λ (xa) for all x∈X , a∈A , λ ∈C. Then X is called a (right)
inner product A -module if there exists an A -valued inner product, i.e., a mapping
〈·|·〉 : X ×X →A satisfying

(i) 〈x|x〉 ≥ 0 (positive element of A ) and 〈x|x〉 = 0 if and only if x = 0;
(ii) 〈x|λ y+ z〉= λ 〈x|y〉+ 〈x|z〉;

(iii) 〈x|ya〉= 〈x|y〉a;
(iv) 〈y|x〉= 〈x|y〉∗,
for all x,y,z ∈X , a ∈A , λ ∈ C (cf. [34]).

The orthogonality relation in X can be naturally defined by x⊥y ⇔ 〈x|y〉 = 0
and the ε-orthogonality by x⊥ε y ⇔ ‖〈x|y〉‖ ≤ ε‖x‖‖y‖.

4.2.2 Isosceles, Birkhoff and ρ-Orthogonalities

In a normed space X one can consider, among other, the following orthogonality
relations:

• isosceles orthogonality (i-orthogonality, cf. [28])

x⊥iy ⇐⇒ ‖x+ y‖= ‖x− y‖;
• Birkhoff (Birkhoff–James) orthogonality (cf. [5, 29])

x⊥By ⇐⇒ ∀α ∈K : ‖x+αy‖ ≥ ‖x‖.
For properties of the above and other orthogonalities in normed spaces – see [1, 2].
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Some of the considered in this paper orthogonalities are related to norm
derivatives (cf. [3, 4])

ρ ′±(x,y) = lim
t→0±

‖x+ ty‖2−‖x‖2

2t
, x,y ∈ X , t ∈R

and the so-called M-semi-inner product (cf. [22, 39])

〈y|x〉g :=
1
2

(
ρ ′+(x,y)+ρ ′−(x,y)

)
.

Remark that the mapping 〈·|·〉g need not be additive with respect to the first variable.
If it is the case, i.e., if

〈x+ y|z〉g = 〈x|z〉g + 〈y|z〉g , x,y,z ∈ X

we say that X is semi-smooth (smoothness implies semi-smoothness but not
conversely). In this case 〈·|·〉g is a semi-inner product in Lumer–Giles’ sense
(cf. [22]).

The related orthogonalities are defined as follows.

x⊥ρ+y ⇐⇒ ρ ′+(x,y) = 0;

x⊥ρ−y ⇐⇒ ρ ′−(x,y) = 0

and
x⊥ρ y ⇐⇒ 〈y|x〉g = 0 ⇐⇒ ρ ′+(x,y)+ρ ′−(x,y) = 0.

Relations ⊥ρ+ , ⊥ρ− and ⊥ρ are generally (unless X is smooth) incomparable
(cf. [18]).

For each orthogonality relation listed above we may define its approximate
extension. Let us start with the i-orthogonality. For ε ∈ [0,1) and x,y ∈ X we define:

x⊥ε
iy ⇐⇒

∣∣‖x+ y‖2−‖x− y‖2
∣∣≤ 4ε‖x‖‖y‖

and

x ε⊥iy ⇐⇒ |‖x+ y‖−‖x− y‖|≤ ε(‖x+ y‖+‖x− y‖)

⇐⇒ 1− ε
1+ ε

‖x− y‖ ≤ ‖x+ y‖ ≤ 1+ ε
1− ε

‖x− y‖.

Obviously, for ε = 0 both approximate orthogonalities coincide with i-orthogonality.
It is a simple observation that the second definition of ε-i-orthogonality is weaker
than the first one, i.e., that for an arbitrary ε ∈ [0,1)

x⊥ε
iy =⇒ x ε⊥iy, x,y ∈ X ,
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but not conversely (see an example below). It is also easy to check that in the case
where the norm comes from a real valued inner product, we have

x⊥ε
iy ⇐⇒ |〈x|y〉 | ≤ ε‖x‖‖y‖ ⇐⇒ x⊥ε y

and

x ε⊥iy ⇐⇒ |〈x|y〉 | ≤ ε
1+ ε2 (‖x‖2 +‖y‖2).

Thus, the first (stronger) approximate i-orthogonality coincides with the standard
notion of approximate orthogonality for inner product spaces.

Example 4.1. Let X be an inner product space, x ∈ X \ {0} and y = λx for some
λ > 0. Then

| 〈x|y〉 |
‖x‖2 +‖y‖2 =

λ
1+λ 2 → 0 (as λ → ∞)

and, for all λ ,
| 〈x|y〉 |
‖x‖‖y‖ = 1.

Thus, for an arbitrary x �= 0 and ε ∈ [0,1) there exists a number λ large enough so
that x ε⊥iλ x whereas x⊥ε

iλx does not hold for any ε ∈ [0,1).

The following definition of the approximate Birkhoff orthogonality has been
introduced by Dragomir [21]:

x⊥
ε By ⇐⇒ ∀λ ∈K : ‖x+λy‖ ≥ (1− ε)‖x‖. (4.1)

For inner product spaces x⊥
ε By ⇔ x⊥δ y with δ :=

√
(2− ε)ε. In order to have this

equivalence with δ = ε, one can modify (4.1):

x ε⊥By ⇐⇒ ∀λ ∈K : ‖x+λy‖≥
√

1− ε2‖x‖. (4.2)

Another definition of the approximate Birkhoff orthogonality (generally, not
equivalent to (4.2)) has been given by the author [8]:

x⊥ε
By ⇐⇒ ∀λ ∈K : ‖x+λy‖2 ≥ ‖x‖2−2ε‖x‖‖λy‖ (4.3)

(cf. [8] and also [40] for comparison of ε⊥B and ⊥ε
B).

Now, we introduce an approximate ρ± and ρ-orthogonality. For an ε ∈ [0,1) we
define:

x⊥ε
ρ+y ⇐⇒ |ρ ′+(x,y)| ≤ ε‖x‖‖y‖;

x⊥ε
ρ−y ⇐⇒ |ρ ′−(x,y)| ≤ ε‖x‖‖y‖
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and

x⊥ε
ρ y ⇐⇒ |〈y|x〉g | ≤ ε‖x‖‖y‖ ⇐⇒ |ρ ′+(x,y)+ρ ′−(x,y)| ≤ 2ε‖x‖‖y‖.

Obviously, if the norm in X comes from an inner product, then

⊥ε
ρ+ =⊥ε

ρ− =⊥ε
ρ =⊥ε .

For inner product spaces⊥i =⊥B =⊥s =⊥. It is known that in a smooth space,
⊥B = ⊥s. On the other hand, equality ⊥i = ⊥B (and even each of the inclusions
⊥i ⊂⊥B and ⊥i ⊃⊥B) holds true only if the norm comes from an inner product.

In inner product space we have also ⊥ε
s = ⊥ε

B = ε⊥B = ⊥ε . Moreover, the
following can be shown.

Theorem 4.1 ([8]). If X is smooth, then ⊥ε
B = ⊥ε

s. In general case only the
inclusion ⊥ε

s ⊂⊥ε
B holds.

Theorem 4.2 ([18]). If X is a real smooth space, then ⊥ε
B = ⊥ε

ρ . In general case
only the inclusion ⊥ε

ρ ⊂⊥ε
B holds.

4.3 Orthogonality Preserving Mappings

In the theory of linear preservers the main goal is (see [41]) to describe transfor-
mations of a given space preserving a quantity attached to the space, some set of
elements of the space or a given relation among those elements. We consider the lat-
ter case. However, in our considerations some approximate preservation is allowed.

4.3.1 Mappings Which Exactly Preserve Orthogonality

We start with a mapping which exactly preserves orthogonality, i.e., which trans-
forms any two orthogonal vectors into orthogonal ones.

4.3.1.1 Inner Product Spaces

Let X and Y be (real or complex) inner product spaces. We say that T : X → Y
preserves orthogonality iff

x⊥y =⇒ T (x)⊥T (y), x,y ∈ X . (4.4)

Such mappings can be irregular, far from being continuous or linear. Thus, in
considerations that follows we restrict ourselves to linear mappings only.
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Theorem 4.3. For a nonzero linear mapping T : X → Y the following conditions
are equivalent with some γ > 0:

(i) T preserves orthogonality;
(ii) ‖T (x)‖ = γ‖x‖, x ∈ X;

(iii) 〈T (x)|T (y)〉= γ2〈x|y〉, x,y ∈ X;
(iv) |〈T (x)|T (y)〉|= γ2|〈x|y〉|, x,y ∈ X.

Proof. Implication (i)⇒(ii) can be proved elementarily (see [9]). (ii)⇒(iii) follows
from polarization formulas and implications (iii)⇒(iv)⇒(i) are obvious. ��
Notice that it follows from the above result that a linear mapping T preserves
orthogonality if and only if it preserves orthogonality in both directions, i.e.,

x⊥y ⇐⇒ T (x)⊥T (y), x,y ∈ X .

Let us make a note about the functional equations which appeared in (iii) and
(iv). For γ = 1 and an arbitrary mapping f : X → Y the first one takes the form

〈 f (x)| f (y)〉 = 〈x|y〉 , x,y ∈ X (4.5)

and is called an orthogonality equation. Notice, that each solution of (4.5) must be
linear. Obviously, each solution of (4.5) satisfies also the celebrated Wigner equation

| 〈 f (x)| f (y)〉 |= | 〈x|y〉 |, x,y ∈ X . (4.6)

We say that mappings f ,g : X → Y are phase-equivalent iff f (x) = σ(x)g(x), x ∈ X
with some σ : X→C, |σ(x)|= 1, x∈X . Wigner’s theorem (cf. [50]) states that each
solution of (4.6) has to be phase equivalent to a linear or conjugate-linear isometry.

4.3.1.2 Hilbert Modules

Now, let A be a C∗-algebra and let V,W be inner product A -modules. Ilišević and
Turnšek [27] proved validity of Theorem 4.3 in this setting.

Theorem 4.4 ([27], Theorem 3.1). For a C∗-algebra A with K (H ) ⊂ A ⊂
B(H ) and a nonzero A -linear mapping T : V →W the following conditions are
equivalent (with some γ > 0):

(i) T is orthogonality preserving;
(ii) ‖Tx‖= γ‖x‖, x ∈V ;

(iii) 〈Tx|Ty〉= γ2 〈x|y〉 , x,y ∈V.

For an arbitrary C∗-algebra, (ii) and (iii) are equivalent and each of them implies (i).
But in general, (i) is not equivalent neither to (ii) nor (iii) (see [27, Example 2.4]).
Recently, Leung, Ng and Wong [35–37] have made a further progress in this topic.
Further generalizations of Theorem 4.4 can be found in [24].
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4.3.1.3 Normed Spaces

For X and Y being normed spaces, the following result can be shown immediately
for the isosceles-orthogonality.

Theorem 4.5. Let X and Y be normed spaces. For a linear mapping f : X → Y the
following conditions are equivalent:

(a) ∃γ > 0 ‖fx‖= γ‖x‖, x ∈ X;
(b) x⊥iy =⇒ fx⊥ify, x,y ∈ X;
(c) x⊥iy ⇐⇒ fx⊥ify, x,y ∈ X .

Proof. It is visible that (a)⇒(c) and (c)⇒(b) is obvious. For the proof of (b)⇒(a)
notice that (b) is equivalent to the condition ‖x‖ = ‖y‖ ⇒ ‖fx‖ = ‖fy‖. Let γ :=
‖ f (u)‖ for an arbitrarily fixed unit vector u. Then, for x �= 0 we have ‖ f (x)‖ =
‖ f ((1/‖x‖)x)‖‖x‖= γ‖x‖. ��

Koehler i Rosenthal [31] showed that a linear operator from a normed space X
into itself is an isometry if and only if it preserves some semi-inner product. This
can be reformulated to a slightly more general statement (cf. [14]).

Theorem 4.6. Let X and Y be normed spaces and let f : X→Y be a linear operator.
Then f is a similarity (i.e., for some γ > 0, ‖fx‖= γ‖x‖, x ∈ X), if and only if there
exist semi-inner products [·|·]X and [·|·]Y in X and Y , respectively, such that

[fx|fy]Y = γ2 [x|y]X , x,y ∈ X . (4.7)

Moreover, if X = Y (with the same norm), the assertion holds with one semi-inner
product.

Proof. The sufficiency is obvious. If X and Y are different spaces (at least the norms
are different) we choose an arbitrary s.i.p. [·|·]Y in Y and define

[x|y]X :=
1
γ2 [fx|fy]Y , x,y ∈ X

to obtain a s.i.p. in X such that (4.7) is satisfied. However, this reasoning does not
guarantee that if X = Y and the norm is the same, [·|·]X = [·|·]Y (unless X is smooth
which yields the uniqueness of s.i.p.). In this case, one can apply the proof of
Koehler and Rosenthal (with a slight modification concerning the constant γ). ��

Koldobsky [32] showed that a linear mapping from a real normed space into
itself, preserving the Birkhoff orthogonality must be a similarity. Blanco and
Turnšek [6] extended it to complex spaces.

Theorem 4.7 ([6], Theorem 3.1). Let X and Y be (real or complex) normed
spaces and let f : X → Y be a linear operator. Then f preserves the Birkhoff
orthogonality, i.e.,

x⊥By =⇒ fx⊥Bfy, x,y ∈ X (4.8)

if and only if, for some γ > 0, ‖fx‖= γ‖x‖, x ∈ X.
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Blanco and Turnšek remarked also that their proof of Theorem 4.7 can be
easily adapted to the case where the Birkhoff orthogonality is replaced by a s.i.p.-
orthogonality. Namely, we have the following result.

Theorem 4.8 ([6], Remark 3.2). Let X and Y be (real or complex) normed spaces
and let f : X → Y be a linear operator which preserves the semi-orthogonality
related to some s.i.p. [·|·]X and [·|·]Y in X and Y , respectively, i.e.,

x⊥sy =⇒ fx⊥sfy, x,y ∈ X . (4.9)

Then, for some γ > 0, ‖fx‖= γ‖x‖, x ∈ X.

The reverse implication follows from Theorem 4.6.
Now, we are able to collect the quoted results and show the equivalency of some

conditions connected with the preservation of orthogonality relations (we generalize
Theorem 2.5 in [14]).

Theorem 4.9. Let X and Y be normed spaces. For a linear operator f : X → Y
and some γ > 0 the following conditions are equivalent (we assume them for all
x,y ∈ X):

(a) ‖fx‖= γ‖x‖;
(b) [fx|fy]Y = γ2 [x|y]X ;

(c) x⊥sy ⇐⇒ fx⊥sfy;

(d) x⊥sy =⇒ fx⊥sfy;

(e) x⊥By ⇐⇒ fx⊥Bfy;

(f) x⊥By =⇒ fx⊥Bfy;

(g) x⊥iy ⇐⇒ fx⊥ify;

(h) x⊥iy =⇒ fx⊥ify.

Conditions (b)–(d) should be understood that they hold with some semi-inner
products [·|·]X and [·|·]Y in X and Y , respectively.

Proof. (a)⇒(b) follows from Theorem 4.6; implications (b)⇒(c)⇒(d) are trivial;
implication (d)⇒(a) follows from Theorem 4.8. This proves that (a)–(d) are
equivalent. It is easy to show that (a)⇒(e), (e)⇒(f) is obvious and (f)⇒(a) follows
from Theorem 4.7, which proves the equivalency of (a), (e) and (f). Equivalency of
(a), (g), (h) follows from Theorem 4.5. ��
Remark 4.1. Notice that, in particular, the orthogonality preserving properties for
linear mappings with respect to isosceles, Birkhoff and semi-orthogonalities are
equivalent, although the relations ⊥B, ⊥s and ⊥i themselves are generally not
equivalent.

Remark 4.2. For X = Y the above results remain true with the same semi-inner
products for arguments and values (cf. the remark in Theorem 4.6).

Taking X = Y and the identity mapping we get from Theorem 4.9 the following
corollary.
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Corollary 4.1. Let ‖ · ‖1 and ‖ · ‖2 be two norms in a vector space X (with as-
sociated semi-inner products [·|·]1 and [·|·]2, semi-orthogonality relations ⊥s1,⊥s2

and isosceles and Birkhoff orthogonalities ⊥B1,⊥B2, ⊥i1,⊥i2, respectively). The
following conditions, with some γ > 0, are equivalent:

(a) ‖x‖2 = γ‖x‖1, x ∈ X;

(b) [x|y]2 = γ2 [x|y]1 , x,y ∈ X;

(c) ⊥s1 =⊥s2;

(d) ⊥s1 ⊂⊥s2;

(e) ⊥B1 =⊥B2;

(f) ⊥B1 ⊂⊥B2;

(g) ⊥i1 =⊥i2;

(h) ⊥i1 ⊂⊥i2.

As for the ρ and ρ±-orthogonality preserving mapping the following characteri-
zation has been given in [18].

Theorem 4.10. Let X ,Y be real normed spaces, f : X → Y a nonzero, linear
mapping. Then, the following conditions are equivalent (with some γ > 0):

(a) f preserves ρ+-orthogonality;

(b) f preserves ρ−-orthogonality;

(c) ‖fx‖= γ ‖x‖, x ∈ X;

(d) ρ ′+(fx, fy) = γ2 ρ ′+(x,y), x,y ∈ X;

(e) ρ ′−(fx, fy) = γ2 ρ ′−(x,y), x,y ∈ X;

(f) 〈fx|fy〉g = γ2 〈x|y〉g, x,y ∈ X.

Moreover, each of the above conditions implies that

(g) f preserves ρ-orthogonality.

If X is smooth (or at least semi-smooth), (g) is equivalent to (a)–(f). Actually,
P. Wójcik has proved recently that (g) is equivalent to (a)–(f) in general.

If the mapping f exactly preserves one of the above considered orthogonalities,
f must be then a linear similarity. Thus, the spaces X and Y have to share some
geometrical properties. In particular, the modulus of convexity δX and modulus
of smoothness ρX must be preserved, i.e., δX = δ f (X) and ρX = ρ f (X). As a
consequence, we have the following theorem.

Theorem 4.11. Let X be a normed space. Suppose that there exists a normed
space Y which is uniformly convex (uniformly smooth), strictly convex, or an inner
product space and a nontrivial linear mapping f from X into Y (or from Y onto
X) such that f preserves the isosceles (Birkhoff, semi-, ρ+, ρ−) orthogonality. Then
X is, respectively, a uniformly convex (uniformly smooth), strictly convex, an inner
product space as well.
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Proof. 1. Uniform convexity (smoothness) follows from δX = δ f (X) and ρX =ρ f (X).

2. We have ‖fx‖ = γ‖x‖, x ∈ X for some γ > 0. Suppose that Y is strictly convex.
Let x,y ∈ X and ‖x+ y‖= ‖x‖+‖y‖. Then also ‖fx+ fy‖= ‖fx‖+‖fy‖ whence
fx = c f y for some c > 0. Since f is injective, x = cy, thus X is strictly convex.

3. If Y is an inner product space, since f is a similarity, the parallelogram identity
is preserved and the assertion follows. It can be also derived from the fact that
δX = δ f (X) and that the equality δX = δH characterizes inner product spaces. ��

4.3.2 Mappings Which Approximately Preserve Orthogonality

It may be of some interest for applications to consider mappings which transform
orthogonal vectors to approximately orthogonal ones.

4.3.2.1 Inner Product Spaces and Hilbert Modules

Let X be an inner product space. We say that f : X → Y is an approximately
orthogonality preserving (a.o.p.) mapping iff

x⊥y =⇒ f (x)⊥ε f (y), x,y ∈ X (4.10)

with some ε ∈ [0,1). We know that linear o.p. mappings are similarities, thus, it
should be expected that linear a.o.p. mappings are, in some sense, approximate
similarities. Indeed, the following result was proved in [9] (cf. also [47]).

Theorem 4.12. Let f : X → Y be a nonzero linear mapping satisfying (4.10) with
ε ∈ [0,1). Then f is injective, continuous and, with some γ > 0, f satisfies the
functional inequality

|〈 f (x)| f (y)〉− γ 〈x|y〉| ≤ 4ε
1+ ε

min{γ‖x‖‖y‖,‖ f (x)‖‖ f (y)‖}, x,y ∈ X .

Conversely, if f : X → Y satisfies

|〈 f (x)| f (y)〉− γ 〈x|y〉| ≤ ε min{γ‖x‖‖y‖,‖ f (x)‖‖ f (y)‖}, x,y ∈ X

with ε ≥ 0 and with γ > 0, then f is a quasi-linear mapping, approximately
orthogonality preserving. More precisely, f satisfies

‖ f (x+ y)− f (x)− f (y)‖ ≤ 2
√

ε√γ (‖x‖+‖y‖), x,y ∈ X ;

‖ f (λx)−λ f (x)‖ ≤ 2
√

ε√γ |λ |‖x‖, x ∈ X ,λ ∈K

and

x⊥y =⇒ f (x)⊥ε f (y), f (x)⊥ f (y) =⇒ x⊥ε y, x,y ∈ X .
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For Hilbert modules an analogous result has been obtained by Ilišević and
Turnšek [27].

Theorem 4.13. Let A be a C∗-algebra such that K (H ) ⊂ A ⊂ B(H ). Let
T : V → W be an A -linear mapping ε-approximately orthogonality preserving.
Then T is bounded and

∥∥〈Tx|Ty〉−‖T‖2 〈x|y〉∥∥≤ 4ε
1+ ε

‖T‖2‖x‖‖y‖, x,y ∈V.

4.3.2.2 Normed Spaces

Assume now that X is a real normed space. We start with i-orthogonality and
approximately i-orthogonality preserving mappings. What we mean is that for an
arbitrary pair of i-orthogonal arguments x,y their images fx, fy are approximately i-
orthogonal, with respect to ε⊥i or ε⊥i (cf. definitions on page 36). Also in this case,
it can be shown that such mappings are approximate similarities.

Let f : X → Y be a linear and continuous operator. Define

[ f ] := inf{‖fx‖ : ‖x‖= 1}= sup{M ≥ 0 : ‖fx‖ ≥M‖x‖, x ∈ X}.

The following result was proved in [17]:

Theorem 4.14 ([17], Theorem 3.6). Let ε ∈ [0,1) and let f : X → Y be a nonzero
linear mapping. Then the following conditions are equivalent:

x⊥iy =⇒ f (x)ε⊥i f (y), x,y ∈ X ; (4.11)

1− ε
1+ ε

‖ f‖‖x‖ ≤ ‖fx‖ ≤ 1+ ε
1− ε

[ f ]‖x‖, x ∈ X ; (4.12)

1− ε
1+ ε

γ‖x‖ ≤ ‖fx‖ ≤ 1+ ε
1− ε

γ‖x‖, x ∈ X , γ ∈ [ [ f ],‖ f‖ ];

‖ f‖ ≤ 1+ ε
1− ε

[ f ];

‖fx‖‖y‖ ≤ 1+ ε
1− ε

‖fy‖‖x‖, x,y ∈ X .

For ε = 0, from (4.12) one gets

‖ f‖‖x‖ ≤ ‖fx‖ ≤ [ f ]‖x‖ ≤ ‖ f‖‖x‖, x ∈ X ,

thus ‖fx‖= γ‖x‖, x ∈ X with γ = ‖ f‖= [ f ]; f is a similarity.
Instead of the condition (4.11) one can consider a stronger one:

x⊥iy =⇒ f (x)⊥ε
i f (y), x,y ∈ X . (4.13)
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Let ‖ · ‖1 and ‖ · ‖2 be two norms in X and let ⊥i1, ⊥i2 denote i-orthogonality
relations with respect to the first or the second norm, respectively. Applying
Theorem 4.14 for identity mapping from (X ,‖ · ‖1) to (X ,‖ · ‖2) one gets that if
⊥i1 ⊂ ε⊥i2 (i.e., x⊥i1y =⇒ x ε⊥i2y, x,y ∈ X ), then for all γ such that

inf
‖x‖1=1

‖x‖2 ≤ γ ≤ sup
‖x‖1=1

‖x‖2,

there is
1− ε
1+ ε

γ‖x‖1 ≤ ‖x‖2 ≤ 1+ ε
1− ε

γ‖x‖1, x ∈ X .

In a recent paper, Mojškerc and Turnšek [40] considered the class of linear
mappings approximately preserving the Birkhoff orthogonality. They showed that
each such a mapping must be an approximate similarity. Namely, they proved the
following result, the proof of which is by no means elementary.

Theorem 4.15 ([40], Theorem 3.5). Let X ,Y be normed spaces, ε ∈ [0,1/2) and
let T : X → Y satisfies

x⊥By =⇒ Tx⊥ε
BTy, x,y ∈ X . (4.14)

Then
(1−16ε)‖T‖‖x‖ ≤ ‖Tx‖ ≤ ‖T‖‖x‖. (4.15)

For K= R the constant 1−16ε can be replaced by 1−8ε .

Now, let us consider the class linear mappings f : X → X which preserve
approximately the ⊥ρ (⊥ρ±) orthogonality; namely, which satisfy:

x⊥ρy =⇒ fx⊥ε
ρ fy, x,y ∈ X ;

x⊥ρ+y =⇒ fx⊥ε
ρ+ fy, x,y ∈ X

or
x⊥ρ−y =⇒ fx⊥ε

ρ− fy, x,y ∈ X .

It is easy to see that the latter two conditions are equivalent. The natural problem is to
describe those classes of approximately orthogonality preserving mappings. In case
of smooth space X , we have ⊥ρ = ⊥B and ⊥ε

ρ = ⊥ε
B for all ε ∈ [0,1). Thus, if X is

smooth, then the class of (approximate) ρ-orthogonality preserving linear mappings
coincide with that of (approximate) Birkhoff orthogonality preserving and hence it
follows from Theorem 4.15 that linear approximately ρ-orthogonality preserving
mappings are approximate similarities in sense of (4.15). The case of non-smooth
spaces generally remains an open problem, however, a positive answer has been
obtained for some particular spaces by Wójcik (unpublished yet).
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4.4 Stability Problems

The theory of stability of functional equations originated in the question posed by
S. Ulam: “when is it true that the solution of an equation differing slightly from
a given one, must of necessity be close to the solution of the given equation?”
(see [48, p. 63]) The expressions “differing slightly” and “be close” may have
various meanings, which leads to a great number of different kinds of stability to
dealt with. To get acquainted with the theory of the stability of functional equations
we refer to monographs [26, 30] as well as to survey papers, e.g., [23, 42].

4.4.1 Stability of Isometric Operators

For ε ∈ [0,1) consider an ε-isometric operator, i.e., a linear operator f : X → Y
satisfying

|‖fx‖−‖x‖| ≤ ε‖x‖, x ∈ X .

By a stability problem for isometric operators we mean here a question whether
each linear ε-isometric operator admits a uniform approximation by a linear
isometric one. More precisely, given a pair of normed spaces (X ,Y ), does there
exist a mapping δ : [0,1)→ R+ satisfying limε→0 δ (ε) = 0 and such that for any
ε-isometric mapping f : X → Y (with 0 ≤ ε < 1) there exists a linear isometric
operator I : X → Y such that

‖ f − I‖ ≤ δ (ε)?

Let A denote the class of all pairs of normed spaces for which the above problem
has an affirmative solution.

One can also define a broader class B of all pairs (X ,Y ) of normed spaces for
which the following condition holds: for each δ > 0 there exists ε > 0 such that for
each linear ε-isometry f : X → Y there exists a linear isometry I : X → Y such that

‖ f − I‖ ≤ δ .

Obviously, A⊂B. It follows from the definition that if (X ,Y ) ∈B, then there exist
an ε0 ∈ (0,1] and a mapping δ : [0,ε0)→ R+ such as required in the definition
of A. The constant ε0 may be smaller than 1 and the reason is that some pairs of
(different) spaces (X ,Y ) do not admit isometries between them, although they do
admit ε-isometries if only ε is large enough (see Example 4.2 below). On the other
hand, in the case X = Y , for an arbitrary normed space X , we have

(X ,X) ∈ A ⇐⇒ (X ,X) ∈B

(for details see [17]).
If the dimension of the domain X is greater than the dimension of Y , then the pair

(X ,Y ) belongs to A simply because there are no ε-isometries in this case. Ding [20]
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remarked that each pair (X ,Y ) of finite-dimensional normed spaces belongs to B.
The following example shows that it does not necessarily belong to A.

Example 4.2. Consider R2 with norms ‖ · ‖1 and ‖ · ‖2 where

‖x‖1 := |x1|+ |x2|, ‖x‖2 :=
√

x2
1 + x2

2, x = (x1,x2) ∈ R
2.

Then for X = (R2,‖·‖1), Y = (R2,‖·‖2) and f = id we have (
√

2/2)‖x‖1≤ ‖x‖2≤
‖x‖1 for x ∈R

2 whence, with ε := 1−√2/2,

(1− ε)‖x‖1 ≤ ‖fx‖2 ≤ (1+ ε)‖x‖1, x ∈ X .

Thus, there exists a linear ε-isometry f : X→Y which cannot be approximated by a
linear isometry I : X → Y since there is no one between considered spaces X and Y .

It is proved in [20] that for a Hilbert space H the pair (H ,H ) belongs to A with
δ (ε) = ε . It is also proved that (m,m),(c,c),(c0,c0) ∈ A. Generally, a pair (X ,Y )
of normed spaces does not have to belong to B; neither if X and Y are different nor
in the, more difficult, case X = Y .

Dealing with the problem of the stability of isometric mappings one can also
restrict to surjective mappings, so that another classes of pairs of normed spaces
can be introduced. For a much more comprehensive study on the stability of the
isometric mappings, including some new results and examples, we refer the reader
to the paper of Protasov [44], in the same volume.

A similar stability problem can be stated for the orthogonality equation (4.5)
as well as for its generalization: the Wigner equation (4.6). Various approaches to
the stability of these equations were considered both in Hilbert spaces (cf. a survey
paper [13]) and in Hilbert modules (cf. [15, 16]). The following, selected, result
remains in some connection with our present considerations.

Theorem 4.16 ([10], Theorem 2 and [47], Theorem 2.6). Let X and Y be inner
product spaces and let X be finite-dimensional. Then, there exists a continuous
mapping δ : [0,1)→ R+ such that limε→0+ δ (ε) = 0 and satisfying the following
property. For each mapping f : X → Y satisfying

| 〈 f (x)| f (y)〉− 〈x|y〉 | ≤ ε‖x‖‖y‖, x,y ∈ X

there exists a linear isometry I : X → Y such that

‖ f (x)− I(x)‖ ≤ δ (ε)‖x‖, x ∈ X .

Turnšek [47] presented somewhat different method of the proof of the theorem
than the one given in [10] and he was able to give an explicit formula for δ (ε).
Namely

δ (ε) := min

{
1−√1− ε +

√
8ε(n+2

√
n−1),1+

√
1+ ε

}
,



48 J. Chmieliński

where n denotes the dimension of the domain X . Unfortunately, the answer for
infinite-dimensional case is not known. In the paper of Kong and Cao [33], the
stability is proved for arbitrary separable Hilbert, however, under some additional,
restrictive, assumption on the considered mappings.

4.4.2 Stability of the Orthogonality Preserving Property

4.4.2.1 Inner Product Spaces and Hilbert Modules

We know from Theorem 4.12 that each linear approximately orthogonality pre-
serving mapping is an approximate solution of a modified orthogonality equation.
Knowing that for finite-dimensional spaces the later equation is stable (Theorem
4.16) the author in [10] was able to obtain the stability of the orthogonality preserv-
ing property. However, it turned out that the finite-dimensionality assumption can
be omitted. Turnšek in [47], applying different method of the proof, based on the
operator theory for Hilbert spaces, was able to obtain the following result.

Theorem 4.17 ([10], Theorem 4; [47], Theorem 2.3). Let X ,Y be Hilbert spaces.
For a linear, ε-approximately orthogonality preserving mapping f : X → Y there
exists a linear orthogonality preserving operator T : X → Y such that

‖ f −T‖ ≤
(

1−
√

1− ε
1+ ε

)
min{‖ f‖,‖T‖}. (4.16)

Proof. Let us describe the sketch of the proof. First, it can be shown quite
elementarily (see [9, 47]) that for an arbitrary x ∈ X we have

√
1− ε
1+ ε

‖T‖‖x‖ ≤ ‖Tx‖ ≤ ‖T‖‖x‖, x ∈ X .

Next, we apply some operator theory. Let |T | ∈ L (X ,Y ) denote the positive
square root of T ∗T and let U ∈L (X ,Y ) be a partial isometry such that the polar
decomposition T = U |T | holds (see, e.g., [43]). The main idea from [47] was to
prove, that assuming

m‖x‖ ≤ ‖Tx‖ ≤M‖x‖, x ∈ X

for some m,M > 0, U must be an isometry and

‖T −U‖ ≤max{|M−1|, |m−1|}.

Applying this for the operator (1/‖T‖) T and the constants m =
√

(1− ε)/(1+ ε)
and M = 1 one gets (4.16). ��
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Ilišević and Turnšek [27] generalized Theorem 4.17 to Hilbert modules as
follows.

Theorem 4.18 ([27], Theorem 4.4). Let A = K (H ) and let V,W be Hilbert A -
modules. If T : V →W is an A -linear, ε-approximately orthogonality preserving
mapping, then there exists an A -linear isometry U : V →W such that

‖T −‖T‖U‖ ≤ ε‖T‖.

It is an open problem if the above result is valid for an arbitrary C∗-algebra A such
that K (H )⊂A ⊂B(H ).

4.4.2.2 Normed Spaces

Seemingly, the first most comprehensive answer to the stability problem in normed
spaces has been given for the isosceles-orthogonality in real normed spaces. Assume
that a linear mapping f is, in a sense, close to a linear i-o.p. mapping g. Then one
can show that f is an a.o.p. mapping. Namely, if g : X→Y is a linear i-o.p. mapping,
f : X → Y is linear and, with some ε ∈ [0,1),

‖ f −g‖ ≤ ε‖g‖,

then f satisfies (4.11). Now, we would like to know if the reverse result is true, i.e.,
whether an approximately i-orthogonality preserving mapping has to be close to an
i-orthogonality preserving one.

Applying Theorem 4.14, Chmieliński and Wójcik [17] were able to prove that
the stability of the i-orthogonality preserving property holds true for pairs of spaces
from the class A (or B) and only for those classes.

Theorem 4.19 ([17], Theorem 5.2). Let X and Y be real normed spaces such that
(X ,Y ) ∈ A with a suitable mapping δ : [0,1)→ R+ satisfying limε→0 δ (ε) = 0
from the definition of A. Let ε ∈ [0,1) and let f : X → Y be a linear mapping
which satisfies (4.11). Then there exists a linear mapping g : X → Y preserving
i-orthogonality, i.e., a linear similarity, such that

‖ f −g‖ ≤ δ (ε) min{‖ f‖,‖g‖}.

Similarly, assuming that (X ,Y ) ∈B we can get a weaker form of stability.

Theorem 4.20 ([17], Theorem 5.3). Suppose that X and Y are real normed spaces
and (X ,Y ) ∈B. Then for an arbitrary δ > 0, there exists an ε > 0 such that for any
linear mapping f : X → Y satisfying (4.11) there exists a linear mapping g : X → Y
preserving i-orthogonality such that

‖ f −g‖ ≤ δ min{‖ f‖,‖g‖}.
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Now assume that X and Y are real normed spaces for which the i-orthogonality
preserving property is stable, in sense of Theorem 4.19. We will show that (X ,Y ) ∈
A. For let f : X → Y be a linear ε-isometry (with ε ∈ [0,1)). Then, in particular,
(1− ε) ≤ [ f ] ≤ ‖ f‖ ≤ (1+ ε) and it is easy to observe that (4.12) holds, whence
f is a linear a.o.p. mapping (it satisfies (4.11)). Applying the stability assumption,
there exists a linear o.p. mapping g : X → Y , or equivalently, there exist a linear
isometry I : X → Y and a constant γ > 0, such that

‖ f −g‖= ‖ f − γI‖ ≤ δ (ε) min{‖ f‖,γ}.

We have ‖ f‖ ≤ 1+ε and it can be verified that |γ−1| ≤ ε +(1+ε)δ (ε). Therefore

‖ f − I‖ ≤ ‖ f − γI‖+‖γI− I‖ ≤ ε +2(1+ ε)δ (ε)

and δ ′(ε) := ε + 2(1+ ε)δ (ε)→ 0 (as ε → 0). This proves that (X ,Y ) ∈ A.
Similarly, one can prove that the stability of o.p. mappings in sense of

Theorem 4.20 yields that (X ,Y ) ∈B and we can formulate the following result.

Theorem 4.21 ([17], Theorem 5.5). If the stability of the i-orthogonality preserv-
ing property, in sense of Theorem 4.19 or 4.20, can be proved for a pair of real
normed spaces (X ,Y ), then (X ,Y ) ∈ A or (X ,Y ) ∈B, respectively.

It follows from the above that the stability of i-orthogonality preserving property
cannot be proved for all pairs of normed spaces. It cannot be proved even for some
spaces which are close to Hilbert ones. The following counterexample is based on
a construction communicated to the author by Protassov and included in his paper
[44, Theorem 1].

Example 4.3. Let α = (αk)k∈N be an increasing sequence of positive numbers with

∞

∑
k=1

(1−α2
k )< 1

(hence αk↗ 1). In the Hilbert space l2 we introduce an equivalent norm

‖x‖α := sup

{
‖x‖l2,

∣∣∣∣ x1

α1

∣∣∣∣ ,
∣∣∣∣ x2

α2

∣∣∣∣ , . . .
}

and we denote by Hα the space l2 with the norm ‖ · ‖α .
We define a linear operator Ak (k ∈N) by

Ak(ek) = ek+1, Ak(ek+1) = ek and Ak(e j) = e j, for j ∈N\ {k,k+1}.

With δk := 1/αk−1/αk+1 (δk↘ 0 as k→ ∞) it can be proved that

|‖Akx‖α −‖x‖α | ≤ δk‖x‖α , x ∈Hα .
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We have from it
(1− δk)‖x‖α ≤ ‖Akx‖α ≤ (1+ δk)‖x‖α

whence, for ‖x‖α = ‖y‖α , we get

|‖Akx‖α −‖Aky‖α | ≤ δk(‖x‖α +‖y‖α)≤ εk(‖Akx‖α +‖Aky‖α).

Thus, with ε = εk := δk/(1− δk) we have

‖x‖α = ‖y‖α =⇒ |‖Akx‖α −‖Aky‖α | ≤ εk(‖Akx‖α +‖Aky‖α).

This is equivalent to (4.11) with the constant εk instead of ε (and εk↘ 0 as k→ ∞).
Let 0 < δ < 1 be arbitrarily chosen. Suppose that the assertion of Theorem 4.20

holds true for Hα . Then for k large enough (so that εk is sufficiently small) there
should exist a linear isometry Ik : Hα → Hα and a constant γk > 0:

‖Ak− γkIk‖α ≤ δ‖γkIk‖α = δγk. (4.17)

It can be proved (see [44, Lemma 1]) that each linear isometry I : Hα → Hα has
to be coordinate symmetry, i.e., I(ei) = ±ei, i ∈ N. Thus we have for an arbitrary
γ > 0

‖Ak− γI‖α ≥ αk+1‖(Ak− γI)ek+1‖α = αk+1‖ek± γek+1‖α

= αk+1 sup

{
‖ek± γek+1‖l2 ,0, . . . ,0,

1
αk

,
γ

αk+1
,0, . . .

}

= max

{
αk+1

√
1+ γ2,

αk+1

αk
,γ
}
≥ γ.

Thus
‖Ak− γkIk‖α ≥ γk,

which contradicts (4.17) (since δ < 1).

The answer for the analogous stability problem for mappings preserving Birkhoff
orthogonality has been recently given by Mojškerc and Turnšek [40]. Using our
notation their result reads as follows.

Theorem 4.22 ([40], Theorem 4.1). Let X ,Y be normed spaces such that (X ,Y ) ∈
A and let T : X → Y be a linear mapping satisfying (4.14), i.e., such that

x⊥By =⇒ Tx⊥ε
BTy, x,y ∈ X .

Then, there exists an orthogonality preserving mapping U : X → Y (a scalar
multiple of an isometry), close to T , i.e., such that

‖T −U‖ ≤ δ (ε)‖T‖ and lim
ε→0+

δ (ε) = 0.
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As for the other definition of approximate Birkhoff orthogonality⊥
ε B (see (4.1)),

the same assertion was obtained for Lp spaces and for finite-dimensional ones
(cf. [40, Proposition 4.2, 4.3]).

Like in the Example 4.3 above, a similar construction was presented
([40, Example 4.4]) so that there exist approximate Birkhoff orthogonality
preserving mappings (in both considered sences) which are far from isometries.

Recently, Wójcik has obtained some results concerning the stability of the or-
thogonality preserving property with respect to some wide class of orthogonalities.
He showed that stability holds true in all finite-dimensional spaces and also in some
classical Banach spaces. However, generally stability does not hold. Yet another
construction of a suitable space was given.

4.5 Generalizations, Related Results and Open Problems

4.5.1 The Class L ′

In the above considerations concerning orthogonality preserving mappings, we re-
stricted ourselves to linear mappings. This class can be, however, slightly enlarged.
For given inner product spaces X ,Y let L ′ = L ′(X ,Y ) denote the class of all
mappings f : X → Y which are phase-equivalent with linear or conjugate-linear
mappings T : X → Y .

It is possible to strengthen Theorem 4.12.

Theorem 4.23 ([12], Theorem 2.3). Let f : X → Y be a nonzero mapping satisfy-
ing (4.10) with some ε ∈ [0,1) and let f ∈L ′. Then there exists γ > 0 such that

| | 〈 f (x)| f (y)〉 |− γ| 〈x|y〉 | | ≤ 4ε
1+ ε

min{γ‖x‖‖y‖,‖ f (x)‖‖ f (y)‖}, x,y ∈ X .

Taking ε = 0 one gets that for a nonzero orthogonality preserving mapping f ∈
L ′(X ,Y ), there exists γ > 0 such that

| 〈 f (x)| f (y)〉 |= γ| 〈x|y〉 |, x,y ∈ X .

Then it follows from Wigner’s theorem that f is phase-equivalent to a linear or
conjugate-linear isometry multiplied by a positive constant.

As for the stability, the following holds true.

Theorem 4.24. Let X ,Y be inner product spaces. Then, for an arbitrary δ > 0 there
exists an ε > 0 such that each ε-a.o.p. mapping f : X→Y from the class L ′ can be
δ -approximated by an o.p. mapping T : X → Y from L ′, i.e.,

‖ f (x)−T (x)‖ ≤ δ min{‖ f (x)‖,‖T (x)‖}, x ∈ X .
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The above result has been explicitly stated and proved in [12, Theorem 3.3,
Corollary 3,4] for finite-dimensional space X . But one can give the proof based
on Turnšek’s reasoning in the proof of Theorem 4.17 for an arbitrary space.

Similarly, in Theorem 4.7 linearity of f can be replaced by its conjugate-linearity
(cf. [6, Remark 3.3]) thus also (since the Birkhoff orthogonality is homogeneous)
by the assumption f ∈L ′.

4.5.2 Right-Angle Preserving Property

Kestelman and Tissier (see [45]) introduced a property similar to the orthogonality
preserving one. We say that f has the right-angle preserving (r.a.p.) property iff

x− z⊥y− z =⇒ f (x)− f (z)⊥ f (y)− f (z), x,y,z ∈ X . (4.18)

It is known (see [45]) that in real normed spaces each r.a.p. mapping must be an
affine, continuous similarity (with respect to some point). It is easily seen that if f
satisfies (4.18) then so does f0 := f − f (0) (and additionally f0(0) = 0). It follows
that for real spaces (cf. [11]) f satisfies (4.18) and f (0) = 0 if and only if f is
orthogonality preserving and linear (actually, additivity suffices).

It seems natural to consider the approximate right-angle preserving (a.r.a.p.)
property:

x− z⊥y− z =⇒ f (x)− f (z)⊥ε f (y)− f (z), x,y,z ∈ X . (4.19)

It is easily seen that if f is additive and approximately orthogonality preserving
(satisfies (4.10)), then f satisfies (4.19) and f (0)= 0. Conversely, if f satisfies (4.19)
with ε < 1/8 and f (0) = 0, then f satisfies (4.10) and is in some sense almost
additive (see [11, Theorem 2.2]). It can be also shown that a homogeneous mapping
f satisfying (4.19) is an approximate similarity (cf. [11, Theorem 3.2]).

Finally, we can prove the stability of the right-angle preserving property.

Theorem 4.25. Let X ,Y be real inner product spaces. For each linear mapping
g : X → Y satisfying (4.19), there exists f : X → Y satisfying (4.18) and such that

‖ f −g‖ ≤
(

1−
√

1− ε
1+ ε

)
min{‖ f‖,‖g‖}. (4.20)

Proof. If g is linear and satisfies (4.19), then g is linear and satisfies (4.10). It follows
then from Theorem 4.17 that there exists a linear and orthogonality preserving
mapping f (which must be also right-angle-preserving), such that (4.20) holds. ��
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4.5.3 (δ ,ε)-Orthogonality Preserving Mappings

In our considerations, a linear ε-approximate orthogonality preserving mapping f
can be replaced by a more general, linear (δ ,ε)-a.o.p. one, i.e., such that

x⊥δ y =⇒ fx⊥ε fy, x,y ∈ X . (4.21)

Definitely, the class of mappings satisfying the condition (4.21) is wider than the
class of a.o.p mappings (those with δ = 0). Such mappings, and stability problems
connected with such a class of a.o.p. mappings were investigated in [33].

4.5.4 Preservation of the Given Value of the Inner Product

The following considerations can be found in [11]. In this section X and Y are inner
product spaces over the field K of real or complex numbers. Suppose that, for a
fixed number c ∈ K, a function f : X → Y preserves this particular value of the
inner product, i.e.,

〈x|y〉= c =⇒ 〈 f (x)| f (y)〉 = c, x,y ∈ X . (4.22)

If c = 0, the condition (4.22) simply means that f preserves orthogonality. Let us
discuss a stability problem. For fixed 0 �= c∈K and ε ≥ 0 we consider the condition

〈x|y〉= c =⇒ | 〈 f (x)| f (y)〉− c | ≤ ε, x,y ∈ X . (4.23)

Theorem 4.26. For a finite-dimensional inner product space X and an arbitrary
inner product space Y there exists a continuous mapping δ : R+→ R+ satisfying
limε→0+ δ (ε) = 0 and such that for each linear mapping f : X→Y satisfying (4.23)
there exists a linear isometry I : X → Y such that

‖ f − I‖ ≤ δ (ε).

For ε = 0 we obtain from the above result (we can omit the assumption
concerning the dimension of X in this case, considering a subspace spanned on
given vectors x,y ∈ X ):

Corollary 4.2. Let f : X → Y be linear and satisfy (4.22), with some 0 �= c ∈ K.
Then f satisfies the orthogonality equation (4.5).

Now, let us replace the condition (4.23) by

〈x|y〉= c =⇒ | 〈 f (x)| f (y)〉− c | ≤ ε ‖ f (x)‖‖ f (y)‖, x,y ∈ X . (4.24)

For c = 0, (4.24) means that f is ε-approximately orthogonality preserving.
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Theorem 4.27. If X is a finite-dimensional inner product space and Y an arbitrary
inner product space, then there exists a continuous mapping δ : R+ → R+ with
limε→0+ δ (ε) = 0 such that for a linear mapping f : X → Y satisfying (4.24), with
c �= 0, there exists a linear isometry I : X → Y such that

‖ f − I‖ ≤ δ (ε).

A converse theorem is also true, even with no restrictions concerning the
dimension of X . Let I : X → Y be a linear isometry and f : X → Y a mapping,
not necessarily linear, such that

‖ f (x)− I(x)‖ ≤ δ‖x‖, x ∈ X

with δ =
√

(1+ 2ε)/(1+ ε)−1 (for a given ε ≥ 0). It can be shown that

| 〈 f (x)| f (y)〉− 〈x|y〉 | ≤ ε‖ f (x)‖‖ f (y)‖.

Thus, f satisfies (4.24) with an arbitrary c.

4.5.5 Other Results

Obviously, there are many other related results. Let us just mention some of them,
without going into details.

As it was said, our considerations can be treated as a part of theory of
linear preservers (see monograph [41]). Some part of this theory is devoted to
orthogonality preservers and just a sample examples are papers of Turnšek [46],
Burgos et al. [7].

Bi-orthogonality preserving mappings and their stability were considered by
Vestfrid [49].

Wójcik in his recent results was considering a wider class of relations in X
(not necessarily with any geometrical background justifying regarding them as
orthogonality relations). On introducing associate approximate relations he was able
to obtain some stability results.

4.5.6 Open Problems

The above state-of-the-art description of the topic show that it is far from being
exhausted. Many open questions remain and some of them could be derived from
the text. Let us list some of them briefly.
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• Stabilities of the orthogonality preserving property with respect to other
mentioned orthogonalities and for possibly most general class of orthogonalities
(or just relations).

• Description of the classes A and B of spaces which admit stability of isometric
mappings.

• Stability of the orthogonality and Wigner equation for the infinite-dimensional
spaces.
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On the Hyers–Ulam Stability of Functional
Equations with Respect to Bounded
Distributions
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Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract We consider the Hyers–Ulam stability of the Cauchy, Jensen, Pexider,
Pexider–Jensen equations with respect to bounded distributions. We also consider
the Hyers–Ulam–Rassias stability problem for the quadratic functional equation in
the space of Fourier hyperfunctions.
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5.1 Introduction

The Hyers–Ulam stability problems of functional equations was originated by Ulam
in 1940 when he proposed the following question [33]:

Let f be a mapping from a group G1 to a metric group G2 with metric d(·, ·) such
that

d( f (xy), f (x) f (y)) ≤ ε, x,y ∈ G1.

Then does there exist a group homomorphism h and δε > 0 such that

d( f (x), h(x))≤ δε , x ∈G1?
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One of the first assertions to be obtained is the following result, essentially due
to Hyers [20], that gives an answer for the question of Ulam.

Theorem 5.1. Suppose that S is an additive semigroup, Y is a Banach space, ε ≥ 0,
and f : S→ Y satisfies the inequality

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε (5.1)

for all x, y ∈ S. Then there exists a unique function A : S→ Y satisfying

A(x+ y) = A(x)+A(y)

for which

‖ f (x)−A(x)‖ ≤ ε

for all x ∈ S.

In 1949–1951, this result was generalized by Aoki [2] and Bourgin [5, 6]. In
1978 Th.M. Rassias generalized the Hyers’ result to approximately linear mappings
[31]. Since then the stability problems have been investigated in various directions
for many other functional equations [3, 4, 7–9, 15, 22–25, 27–31].

Recently, the above stability problem (5.1) and the following three inequalities
that are related to it:

∥∥∥∥2 f

(
x+ y

2

)
− f (x)− f (y)

∥∥∥∥≤ ε, (5.2)

‖ f (x+ y)−g(x)−h(y)‖≤ ε, (5.3)
∥∥∥∥2 f

(
x+ y

2

)
−g(x)−h(y)

∥∥∥∥≤ ε (5.4)

have been considered in various spaces of generalized functions such as the space
S ′(Rn) of tempered distributions of Schwartz, the space F ′(Rn) of Fourier
hyperfunctions (see [7–9]). For example, a distribution version of the inequality
(5.1) has been reformulated for generalized functions u as

u◦A−u◦P1−u◦P2 ∈ L∞
ε (R

2n),

where ◦ denotes the pullback, A(x,y) = x+y, P1(x,y) = x, P2(x,y) = y for x,y ∈Rn,
and L∞

ε (R
2n) denotes the space of bounded measurable functions φ on R

2n such that
‖φ‖L∞ ≤ ε . Due to Schwartz [32] the space L∞ of bounded measurable functions has
been generalized to the space D ′L∞ of bounded distributions which is a subspace of
tempered distributions and later the space D ′L∞ was further generalized to the space
A ′

L∞ of bounded hyperfunctions which is a subspace of Sato hyperfunctions.
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In this paper, we generalize the stability problems (5.1)–(5.4) to the space of
Fourier hyperfunctions and consider the stability problem when the differences

C(u) := u◦ (x+ y)−u◦ (x)−u◦ (y),

J(u) := 2u◦
(

x+ y
2

)
−u◦ (x)−u◦ (y),

P(u,v,w) := u◦ (x+ y)− v◦ (x)−w◦ (y),

PJ(u,v,w) := 2u◦
(

x+ y
2

)
− v◦ (x)−w◦ (y)

belong to the space of bounded distributions, which is a very natural generalization
of the classical Hyers–Ulam stability problem to the spaces of distributions. In the
space of bounded distributions, however, the validity of the bound ε > 0 is deprived.
Thus, we consider the stability problems

u◦A−u◦P1−u◦P2 ∈D ′L∞(R2n) [resp. A ′
L∞(R2n)], (5.5)

2u◦ A
2
−u◦P1−u◦P2 ∈D ′L∞(R2n) [resp. A ′

L∞(R2n)], (5.6)

u◦A− v◦P1−w◦P2 ∈D ′L∞(R2n) [resp. A ′
L∞(R2n)], (5.7)

2u◦ A
2
− v◦P1−w◦P2 ∈D ′L∞(R2n) [resp. A ′

L∞(R2n)]. (5.8)

We also consider the Hyers–Ulam–Rassias stability of the quadratic functional
equation

‖u◦A+u◦B−2u◦P1−2u◦P2‖ ≤ ε(|x|p + |y|p) (5.9)

in the space of Fourier hyperfunctions, where B(x,y) = x − y. As results we
prove that all the solutions of the above stability problems (5.5)–(5.8) are additive
functions up to bounded distributions. We also prove that let u ∈ F ′ satisfy the
inequality (5.9), then there exists a unique quadratic function

q(x) = ∑
1≤ j≤k≤n

a jk x jxk

such that

‖u−q(x)‖ ≤ 2ε
|4−2p| |x|

p

for 0 < p < 2, 4 < p, and, for 2 < p ≤ 4,

‖u−q(x)‖≤ ε(2p +2)
2p−4

|x|p.
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5.2 The Heat Kernel Method in Distributions
and Hyperfunctions

We first introduce the space F ′ of hyperfunctions which is a natural generalization
of the space S ′ of tempered distributions (see [18, 19] for these spaces). We use
the notations: |α| = α1 + · · ·+αn, α! = α1! · · ·αn!, xα = xα1

1 · · ·xαn
n and ∂ α = ∂ α1

1
· · ·∂ αn

n , for x = (x1, · · · ,xn) ∈ R
n, α = (α1, . . . ,αn) ∈ N

n
0, where N0 is the set of

non-negative integers and ∂ j =
∂

∂ xj
.

Definition 5.1 ([10, 18]). We denote by F or F (Rn) the space of all infinitely
differentiable functions ϕ in R

n such that

‖ϕ‖h,k = sup
x∈Rn,α ,β∈Nn

0

|xα ∂ β ϕ(x)|
h|α|k|β |α!β !

< ∞

for some h, k > 0. We say that ϕ j −→ 0 as j → ∞ if ||ϕ j||h,k −→ 0 as j→ ∞ for
some h, k, and denote by F ′ the dual space of F and call its elements Fourier
hyperfunctions.

Following Schwartz [32] we introduce the space D ′L∞ of bounded distributions.

Definition 5.2. We denote by DL1(Rn) the space of smooth functions on R
n such

that ∂ α ϕ ∈ L1(Rn) for all α ∈ N
n
0 equipped with the topology defined by the

countable family of seminorms

‖ϕ‖m = ∑
|α |≤m

‖∂ α ϕ‖L1 , m ∈N0.

We denote by D ′L∞ the dual space of DL1 and call its elements bounded distributions.

Generalizing bounded distributions the space A ′
L∞ of bounded hyperfunctions

has been introduced [11] as a subspace of hyperfunctions.

Definition 5.3. We denote by AL1 the space of smooth functions on R
n satisfying

‖ϕ‖h = sup
α

‖∂ α ϕ‖L1

h|α |α!
< ∞

for some constant h > 0. We say that ϕ j → 0 in AL∞ as j→ ∞ if there is a positive
constant h such that

sup
α

‖∂ αϕ j‖L1

h|α |α!
→ 0 as j→ ∞.

We denote by A ′
L∞ the dual space of AL1 .
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It is well known that the following topological inclusions hold:

F ↪→S ↪→DL1 , D′L∞ ↪→S ′ ↪→F ′

F ↪→AL1 ↪→DL1 , D ′L∞ ↪→A ′
L∞ ↪→F ′.

It is easy to see that the n-dimensional heat kernel Et(x) given by

Et(x) = (4πt)−n/2 exp(−|x|2/4t), t > 0

belongs to the space F (Rn) for each t > 0.

5.3 Stability of Pexider Equations with Respect
to Bounded Distributions

The main tool of the proofs of the results is the heat kernel method initiated by
Matsuzawa [26] which represents the generalized functions in some class as the
initial values of solutions of the heat equation with appropriate growth conditions
[11, 26]. Making use of the heat kernel method we can convert (5.5)–(5.8) to the
following classical Hyers–Ulam type stability problems; there exist C > 0, N > 0
[ resp. for every ε > 0 there exists Cε > 0 ] such that

| f (x+ y, t + s)−g(x, t)−h(y,s)| ≤C

(
1
t
+

1
s

)N [
resp. Cε eε(1/t+1/s)

]

for all x, y ∈ R
n, 0 < t,s < 1, where f ,g,h : Rn× (0,∞)→ C are the corresponding

solutions of the heat equation. Thus, we first consider the above stability problem
in a more general setting: Let G be a group, S an semigroup divisible by 2 and
ψ : S×S→ [0,∞).

Theorem 5.2. Let f ,g,h : G×S→ C satisfy

| f (x+ y, t + s)−g(x, t)−h(y,s)| ≤ ψ(t,s) (5.10)

for all x, y ∈G, t,s ∈ S. Then exists an additive function A : G→ C such that

∣∣ f (x, t)−A(x)−g
(
0, t

2

)−h
(
0, t

2

)∣∣≤ 3ψ
(

t
2 ,

t
2

)
, (5.11)

|g(x, t)−A(x)−g(0, t)| ≤ 4ψ(t, t), (5.12)

|h(x, t)−A(x)−h(0, t)| ≤ 4ψ(t, t), (5.13)

for all (x, t) ∈G×S.



64 J.-Y. Chung

Proof. It follows from (5.10) that

| f (x,2t)−g(x, t)−h(0, t)| ≤ ψ(t, t), (5.14)

| f (y,2s)−h(y,s)−g(0,s)| ≤ ψ(s,s) (5.15)

for all (x, t)∈G×S. Using triangle inequality with (5.10), (5.14) and (5.15) we have

| f (x+ y, t + s) − f (x,2t)− f (y,2s)−g(0,s)−h(0, t)| (5.16)

≤ ψ(t,s)+ψ(t, t)+ψ(s,s),

for all x, y ∈ G, t,s ∈ S. Putting y = x, s = t in (5.16) we have

| f (2x,2t)−2 f (x,2t)−g(0, t)−h(0, t)|≤ 3ψ(t, t) (5.17)

for all (x, t) ∈ G× S. Fixing t > 0 and using the well known induction argument
of Hyers–Ulam [20] with respect to x it is easy to see that the mapping A(x, t) :=
limn→∞ 2−n f (2nx, t) satisfies

A(x+ y, t + s)−A(x,2t)−A(y,2s) = 0, (5.18)

and
| f (x,2t)−A(x,2t)−g(0, t)−h(0, t)|≤ 3ψ(t, t). (5.19)

It follows from (5.18) that A(0,2t) = 0, A(x,2t) = A(x, t+s) = A(x,s+ t) = A(x,2s)
and A(x, t + s) = A(x,s+ t) for all x ∈ G, t,s ∈ S. Since S is divisible by 2, A(x, t) is
independent of t ∈ S. If we denote A(x, t) by A(x), A is an additive function on G.
Thus the inequality (5.11) follows. Now (5.12) follows from (5.14) and (5.19), and
(5.13) follows from (5.15), (5.19). 	


The following structure theorem for bounded distributions and bounded hyper-
functions will be useful.

Lemma 5.1 ([11, 32]). (i) Every u ∈D ′L∞(Rn) can be expressed as

u = ∑
|α |≤m

∂ α fα (5.20)

for some m ∈ N0 where fα are bounded continuous functions on R
n.

(ii) Every u ∈A ′
L∞(Rn) can be expressed by

u =

(
∞

∑
k=0

ak Δ k

)
g+h, (5.21)

where Δ denotes the Laplacian, g,h are bounded continuous functions on R
n

and ak, k = 0,1,2, . . . , satisfy the estimates: for every L > 0 there exists C > 0
such that

|ak| ≤CLk/k!2

for all k = 0,1,2, . . . .
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Lemma 5.2. (i) Let u := u(ξ ,η) ∈ D ′L∞(R2n). Then we have the estimate: there
exist positive constants C,N and d such that

∣∣[u ∗ (Et(ξ )Es(η))](x,y)
∣∣≤C (1/t +1/s)N , x ∈R

n, 0 < t, s < 1. (5.22)

(ii) Let u = u(ξ ,η) ∈A ′
L∞(R2n). Then we have the estimate: for every ε > 0 there

exists Cε > 0 such that

|[u∗ (Et(ξ )Es(η))](x,y)| ≤Cε eε(1/t+1/s), x ∈R
n, 0 < t, s < 1. (5.23)

Lemma 5.3 ([11, 26]). The Gauss transform U(x, t) = (u ∗E)(x, t) of u ∈F ′(Rn)
is a smooth solution of the heat equation (Δ −∂/∂t)U = 0 satisfying :

(i) For every ε > 0 there exists a positive constant Cε such that

|U(x, t)| ≤Cε exp(ε(1/t + |x|)) x ∈ R
n, t ∈ (0, δ ). (5.24)

(ii) U(x, t)→ u as t→ 0+ in the sense that for every ϕ ∈DL1 ,

〈u,ϕ〉= lim
t→0+

∫
U(x, t)ϕ(x)dx.

Conversely, every smooth solution U(x, t) of the heat equation satisfying the
estimate (5.24) can be uniquely expressed as U(x, t) = (u ∗E)(x, t) for some
u ∈F ′(Rn).

Similarly, we can represent bounded distributions and bounded hyperfunctions
as initial values of solutions of the heat equation. In these cases, only the estimate
(5.24) is replaced by the followings, respectively:

there existconstants C > 0 and N ≥ 0 such that

|U(x, t)| ≤Ct−N, x ∈ R
n, t ∈ (0, δ ); (5.25)

for every ε > 0 there exists a positive constant Cε such that

|U(x, t)| ≤Cε exp(ε/t), x ∈R
n, t ∈ (0, δ ). (5.26)

Now we state and prove the main theorems.

Theorem 5.3. Let u,v,w ∈F ′(Rn). Then

u◦A− v◦P1−w◦P2 ∈D ′L∞(R2n) [resp. A ′
L∞(R2n)] (5.27)

if and only if
u = c · x+u0, v = c · x+ v0, w = c · x+w0, (5.28)

where c ∈C
n and u0, v0, w0 ∈D ′L∞(Rn) [resp. A ′

L∞(Rn)].
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Proof. Convolving in (3.18) the tensor product Et(x)Es(y) of n-dimensional heat
kernels we have

[(u◦A)∗ (Et(ξ )Es(η))](x, y) =

〈
uξ ,

∫
Et(x− ξ +η)Es(y−η)dη

〉

= 〈uξ , (Et ∗Es)(x+ y− ξ )〉
= 〈uξ , (Et+s)(x+ y− ξ )〉
=U(x+ y, t + s).

Similarly, we have

[(v◦P1)∗ (Et(ξ )Es(η))](x, y) =V (x, t),

[(w◦P1)∗ (Et(ξ )Es(η))](x, y) =W (x, t),

where U(x, t),V (x, t) are the Gauss transforms of u, v, respectively. Thus, in view of
Lemma 5.2, we have the following stability problem

|U(x+ y, t + s)−V(x, t)−W(y,s)| ≤ ψ(t,s), (5.29)

for all x,y ∈ R
n, t,s > 0, where ψ(t,s) = C(1/t + 1/s)N [resp. Cε eε(1/t+1/s)]. Now

we apply Theorem 5.2. Since U,V,W are continuous functions we have A(x) = cx
for some c ∈C

n. Thus we have

|U(x, t)− cx| ≤Ψ1(t), (5.30)

|V (x, t)− cx| ≤Ψ2(t), (5.31)

|W (x, t)− cx| ≤Ψ3(t), (5.32)

for all (x, t) ∈ G×S, where

Ψ1(t) = 3ψ
(

t
2 ,

t
2

)
+
∣∣V (

0, t
2

)∣∣+ ∣∣W (
0, t

2

)∣∣ ,
Ψ2(t) = 4ψ(t, t)+ |V(0, t)|,
Ψ3(t) = 4ψ(t, t)+ |W(0, t)|.

Now we consider the growth of Ψj(t), j = 1,2,3, as t→ 0+. Letting x= y= 0, s= 1
in (5.29) and using the triangle inequality we have for 0 < t < 1

|V (0, t)| ≤ ψ(t,1)+ |U(0, t+1)|+W(0,1)|,
≤ ψ(t,1)+M1
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for some M1 > 0, since U is continuous. Similarly, we have

|W (0, t)| ≤ ψ(1, t)+ |U(0, t+1)|+V(0,1)|,
≤ ψ(1, t)+M2

for some M2 > 0.
Thus, for the case when u◦A− v◦P1−w◦P2 ∈ D ′L∞(R2n); there exist C, N > 0

such that

Ψj(t)≤Ct−N , 0 < t < 1, j = 1,2,3,

and for the case when u◦A−v◦P1−w◦P2 ∈A ′
L∞(R2n); for every ε > 0 there exists

Cε > 0 such that

Ψj(t)≤Cε exp(ε/t), 0 < t < 1, j = 1,2,3.

Note that U(x, t)− c · x, V (x, t)− c · x, W (x, t)− c · x are the Gauss transforms of
u−c ·x, v−c ·x, w−c ·x, respectively. Now applying Lemma 5.3 for the inequalities
(5.30)–(5.32) we have u− c ·x, v− c ·x, w− c ·x ∈D ′L∞(R2n) [resp. A ′

L∞(R2n)]. 	

As a direct consequence of Theorem 5.3 we have the following.

Corollary 5.1. Let u ∈F ′(Rn). Then

u◦A−u◦P1−u◦P2 ∈D ′L∞(R2n) [resp. A ′
L∞(R2n)] (5.33)

if and only if
u = c · x+u0, (5.34)

where c ∈C
n and u0 ∈D ′L∞(Rn) [resp. A ′

L∞(Rn)].

Theorem 5.4. Let u,v,w ∈F ′(Rn). Then

2u ◦ A
2
− v◦P1−w◦P2 ∈D ′L∞(R2n) [resp. A ′

L∞(R2n)] (5.35)

if and only if
u = c · x+u0, v = c · x+ v0, w = c · x+w0, (5.36)

where c ∈C
n and u0, v0, w0 ∈D ′L∞(Rn) [resp. A ′

L∞(Rn)].

Proof. Convolving in (5.35) the tensor product Et(x)Es(y) of n-dimensional heat
kernels we have following stability problem

∣∣∣∣2U

(
x+ y

2
,
t + s

4

)
−V(x, t)−W(y,s)

∣∣∣∣≤ ψ(t,s), (5.37)
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for all x,y ∈ R
n, t,s > 0, where U,V,W are the Gauss transforms of u, v, w,

respectively. Letting U1(x, t) =U(x/2, t/4) and applying the proof of Theorem 5.3
we have

|U(x, t)− c · x| ≤ 1
2Ψ1(4t), (5.38)

|V (x, t)− c · x| ≤Ψ2(t), (5.39)

|W (x, t)− c · x| ≤Ψ3(t), (5.40)

for all (x, t) ∈ G× S, where Ψj(t), j = 1,2,3 are as in Theorem 5.3. Following the
same approach as in Theorem 5.3 we have the result. 	


As a direct consequence of Theorem 5.4 we have the following.

Corollary 5.2. Let u ∈F ′(Rn). Then

2u◦ A
2
−u◦P1−u◦P2 ∈D ′L∞(R2n) [resp. A ′

L∞(R2n)] (5.41)

if and only if
u = c · x+u0, (5.42)

where c ∈C
n and u0 ∈D ′L∞(Rn) [resp. A ′

L∞(Rn)].

5.4 Hyers–Ulam–Rassias Stability of Quadratic Functional
Equation in Fourier Hyperfunctions

In this section, we consider the following Hyers–Ulam–Rassias stability of the
quadratic functional equation

‖u◦A+u◦B−2u◦P1−2u◦P2‖ ≤ ε(|x|p + |y|p) (5.43)

in the space of Fourier hyperfunctions.
It is well known that the weak semigroup property of the heat kernel

(Et ∗Es)(x) = Et+s(x)

holds for convolution. This semigroup property will be very useful later. Throughout
this paper we denote by ψ(x,y) or ψ(z) a nonnegative continuous, homogeneous
function defined on R

2n of degree p ≥ 0, p �= 2, that is, ψ(rz) = rpψ(z) for all
r ≥ 0. It is easy to see that

ψ̃(z, t) :=
∫

ψ(ξ )Et(z− ξ )dξ
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is well defined and ψ̃(z, t) → ψ(z) locally uniformly as t → 0+. Also, ψ̃(z, t)
satisfies the weak homogeneity property

ψ̃(rz,r2t) = rpψ̃(z, t) (5.44)

for all z ∈ R
2n, t > 0, r ≥ 0.

We first consider the inequality (4.1) for 0 ≤ p < 2 or p > 4. For this case, we
denote by Ψp,

Ψp(z, t) := ∑∞
k=0 4−k−1ψ̃(2kz,2kt), 0≤ p < 2, (5.45)

Ψp(z, t) := ∑∞
k=1 4k−1ψ̃(2−kz,2−kt), p > 4. (5.46)

Lemma 5.4. The summations (5.45) and (5.46) converge and Ψp(z, t) has at most
polynomial growth

|Ψp(z, t)| ≤ a|z|p +bt p/2 (5.47)

for some positive constant a, b > 0 depending on p. Furthermore,

Ψp(z, t)→ 1
|4−2p|ψ(z) (5.48)

locally uniformly as t→ 0+.

Proof. The inequality (5.47) follows from the weakhomogeneity property of ψ̃ .
We just prove the convergence (5.48). For 0≤ p < 2 we write

|Ψp(z, t)− 1
4−2p ψ(z)| ≤

∞

∑
k=0

4−k−1|ψ̃(2kz, 2kt)−ψ(2kz)|

=
∞

∑
k=0

2(p−2)k−2|ψ̃(z, 2−kt)−ψ(z)|.

Now the convergence (5.48) for 0 ≤ p < 2 follows immediately from the above
inequality since ψ̃(z, t)→ ψ(z) locally uniformly as t→ 0+.

For the case p > 4 we write

|Ψp(z, t)− 1
2p−4

ψ(z)| ≤
∞

∑
k=1

4k−1|ψ̃(2−kz, 2−kt)−ψ(2−kz)|

=
∞

∑
k=1

2(2−p/2)k−2|ψ̃(2−
k
2 z, t)−ψ(2−

k
2 z)|.

From the above inequality the convergence (5.48) for p > 4 also follows. 	
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Now we prove the Hyers–Ulam–Rassias type stability of quadratic-additive
functional equation:

| f (x+ y, t + s)+ f (x− y, t+ s)−2 f (x, t)−2 f (y,s)| ≤ Φ(x,y, t,s) (5.49)

for x, y ∈ R
n, t,s > 0, where

Φ(x,y, t,s) = [ψ(ξ ,η)∗ (Et(ξ )Es(η))](x,y).

Lemma 5.5. Let f : Rn× (0,∞)→ C satisfy the inequality (4.7). Then there exists
a unique function Q(x, t) satisfying the quadratic-additive functional equation

Q(x+ y, t + s)+Q(x− y, t+ s)−2Q(x, t)−2Q(y,s) = 0 (5.50)

such that
‖ f (x, t)−Q(x, t)‖ ≤Ψ∗p (x, t), (5.51)

where if 0≤ p < 2,

Ψ∗p (x, t) =Ψp(x,x, t)+ 2p/2[(4−2p/2+1)(4−2p/2)]−1ψ̃(0, 0, t),

and if p > 4,

Ψ∗p (x, t) =Ψp(x,x, t)+Ψp(0,0, t)+ (2p/2+1−4)−1 ψ̃(0, 0, t).

Proof. We first prove for 0 ≤ p < 2. Putting x = y = 0 and s = t in (5.49) and
dividing the result by 4 we have

|2−1 f (0,2t)− f (0, t)| ≤ 4−1ψ̃(0,0, t).

By the induction argument we have

|2−n f (0,2nt)− f (0, t)| ≤
n

∑
k=0

2−k−2ψ̃(0, 0, 2kt) (5.52)

=
n

∑
k=0

2(p/2−1)k−2ψ̃(0, 0, t)

≤ (4−2p/2+1)−1ψ̃(0, 0, t)

for all n∈N, t > 0. Replacing t by 2mt, respectively, in (5.52) and dividing the result
by 2m we have

|2−n−m f (0,2n+mt)−2−m f (0,2mt)| ≤ 2(p/2−1)m(4−2p/2+1)−1ψ̃(0, 0, t). (5.53)

The inequality (5.53) implies h(t) := limm→∞ 2−m f (0, 2mt) converges locally
uniformly and it is easy to see that h is the unique function satisfying
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h(t + s) = h(t)+ h(s), (5.54)

| f (0, t)−h(t)| ≤ (4−2p/2+1)−1ψ̃(0, 0, t) (5.55)

for all t,s > 0. Putting y = x and s = t in (5.49), dividing the result by 4 and using
the induction argument we have

| f (x, t)−4−n f (2nx, 2nt)−
n

∑
k=1

4−k f (0,2kt)| ≤Ψp(x,x, t).

It follows from (5.55) that

∣∣∣∣∣
n

∑
k=1

4−k f (0,2kt)− (1−2−n)h(t)

∣∣∣∣∣ ≤
n

∑
k=1

4−k| f (0,2kt)−h(2kt)|

≤Cp ψ̃(0, 0, t).

where Cp = 2p/2[(4−2p/2+1)(4−2p/2)]−1. Thus, letting F(x, t) = f (x, t)+h(t) we
have

|F(x, t)−4−nF(2nx, 2nt)| ≤Ψp(x,x, t)+Cp ψ̃(0, 0, t). (5.56)

Replacing x by 2mx and t by 2mt in (5.56) and dividing by 4m we have

|4−mF(2mx,2mt)−4−n−mF(2n+mx, 2n+mt)| ≤ 2(p−2)m−2Ψp(x,x,2
−mt)

+2(p/2−2)mCp ψ̃(0, 0, t).

Since the right hand side of above inequality tends to 0 locally uniformly as m→∞,

gm(x, t) := 4−mF(2mx,2mt)

forms a Cauchy sequence which converges locally uniformly.
Now we verify that g(x, t) = limm→∞ gm(x, t) satisfies

|F(x, t)−g(x, t)| ≤Ψp(x,x, t)+Cp ψ̃(0, 0, t), (5.57)

g(x+ y, t + s)+ g(x− y, t+ s)−2g(x, t)−2g(y,s) = 0 (5.58)

for all x,y ∈ R
n, t,s > 0.
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The inequality (5.57) follows immediately from (5.56). Now since h(2mt)
= 2mh(t) by (5.54) we have

g(x, t) : = lim
m→∞

4−mF(2mx,2mt)

= lim
m→∞

4−m( f (2mx,2mt)+ h(2mt))

= lim
m→∞

4−m f (2mx,2mt).

Now replacing x, y, t, s by 2mx, 2my, 2mt, 2ms in (5.49), respectively, dividing the
result by 4m we have

|gm(x+ y, t + s) + gm(x− y, t + s)−2gm(x, t)−2gm(y,s)|
≤ 2(p−2)mψ̃(x,y,2−mt,2−ms).

Letting m→∞ in the above inequality we get (5.58). Now let Q(x, t) = g(x, t)−h(t).
Then Q(x, t) satisfies (5.50) and (5.51).

Now we consider the case p > 4. Let G(x, t) = f (x, t)− f (0, t). Then we get the
inequality

|G(x+ y, t + s) + G(x− y, t + s)−2G(x, t)−2G(y,s)|
≤ Φ(x,y, t,s)+Φ(0,0, t,s). (5.59)

Replacing both x and y by x
2 , t and s by t

2 in (5.59) we have

|G(x, t)−4G(2−1x,2−1t)| ≤ ψ̃(2−1x,2−1x,2−1t)+ ψ̃(0,0,2−1t).

By the same method as in the case 0 ≤ p < 2 (justreplacing n by −n in (5.56)
we can verify that

g(x, t) := lim
m→∞

4mG(2−mx,2−mt)

is the unique function satisfying the quadratic-additive functional equation (5.50)
and the inequality

|F(x, t)−g(x, t)| ≤Ψp(x,x, t)+Ψp(0,0, t), (5.60)

for all x,y ∈ R
n, t,s > 0.

On the other hand we can verify that

h(t) := lim
m→∞

2m f (0, 2−mt)
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is the unique function satisfying the Cauchy equation (4.12) and the inequality

| f (0, t)−h(t)| ≤ (2p/2+1−4)−1 ψ̃(0, 0, t)

for all t,s > 0.
Now Q(x, t) = g(x, t)+ h(t) is the function satisfying (5.50) and (5.51) with

Ψ∗p (x, t) =Ψp(x,x, t)+Ψp(0,0, t)+ (2p/2+1−4)−1 ψ̃(0, 0, t).

Finally, we prove the uniqueness of Q. Let Q0(x, t) = Q(x, t)−Q(0, t). Then
Q0(x, t) also satisfies the quadratic–additive functional equation

Q0(x+ y, t + s)+Q0(x− y, t + s)−2Q0(x, t)−2Q0(y,s) = 0. (5.61)

Putting y = 0 in (5.61) we have Q0(x, t + s) = Q0(x, t) for all x ∈ R
n, t,s > 0. Thus,

Q0(x, t) is independent of t > 0 and we may write Q0(x, t) :≡ Q0(x). Since Q0

satisfies the quadratic functional equation

Q0(x+ y)+Q0(x− y)−2Q0(x)−2Q0(y) = 0,

and that
Q(rx,r2t) = Q0(rx)+Q(0,r2t) = r2Q(x, t). (5.62)

for all rational numbers r.
Now suppose that Q∗(x, t) also satisfies (5.50) and (5.51). Then we have

|Q(x, t)−Q∗(x, t)| = r−2|Q(rx,r2t)−Q∗(rx,r2t)|
≤ 2r−2Ψ∗p (rx,r2t) = 2rp−2Ψ∗p (x, t).

Letting r→ ∞ if 0≤ p < 2 and r→ 0+ if p > 4 we have Q = Q∗. 	

Now we state and prove the main results of this section.

Theorem 5.5. Let u ∈F ′ satisfy the inequality

‖u◦A+u◦B−2u◦P1−2u◦P2‖ ≤ ψ(x,y). (5.63)

Then there exists a unique quadratic function

q(x) := ∑
1≤ j≤k≤n

a jk x jxk

such that

‖u−q(x)‖ ≤ 1
|4−2p|ψ(x,x), 0 < p < 2 or p > 4, (5.64)

‖u−q(x)‖ ≤ 1
2 ψ(0,0), p = 0. (5.65)
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Proof. Convolving in each side of the inequality (5.63) the tensor product
Et(x)Es(y) of n-dimensional heat kernels we have in view of the semigroup property
of the heat kernel (Et ∗Es)(x) = Et+s(x),

[(u◦A)∗ (Et(ξ )Es(η))](x, y) =

〈
uξ ,

∫
Et(x− ξ +η)Es(y−η)dη

〉

= 〈uξ , (Et ∗Es)(x+ y− ξ )〉= ũ(x+ y, t + s).

Similarly, we have

[(u◦B)∗ (Et(ξ )Es(η))](x, y) = ũ(x− y, t + s),

[(u◦P1)∗ (Et(ξ )Es(η))](x, y) = ũ(x, t),

[(u◦P2)∗ (Et(ξ )Es(η))](x, y) = ũ(y,s),

where ũ(x, t) is the Gauss transform of u.
Thus, the inequality (5.63) is converted to the stability problem of quadratic-

additive type functional equation:

|ũ(x+ y, t + s)+ ũ(x− y, t + s)−2ũ(x, t)−2ũ(y,s)| ≤ Φ(x,y, t,s)

for x, y ∈ R
n, t,s > 0, where Φ(x,y, t,s) = [ψ(ξ ,η)∗ (Et(ξ )Es(η))](x,y).

By Lemma 5.1, there exists a unique function Q(x, t) satisfying the quadratic-
additive functional equation (5.50) such that

‖ũ(x, t)−Q(x, t)‖ ≤Ψ∗p (x, t). (5.66)

Since the Gauss transform ũ a sooth function, Q(x, t) is at least a continuous function
as we see in the proof of Lemma 5.1. Thus, the solution Q(x, t) has the form [6]

Q(x, t) = ∑
1≤i≤ j≤n

ai j xi x j +bt.

Thus, the left hand side of (5.66) tends to ‖u−q(x)‖ as t→ 0+. On the other hand,
by Lemma 5.4 it is easy to see that if p > 0,

Ψ∗p (x, t)→
1

|4−2p|ψ(x,x)

inF ′, as t → 0+. Letting t → 0+ in (5.66) we get (5.64). Now if p = 0, then from
the continuity and homogeneity, ψ(x,y) must be a constant function. Thus, we have

Ψ∗p (x, t) =
1
3

ψ(x,x)+
1
6

ψ(0,0) =
1
2

ψ(0,0). 	

As a direct consequence of the above result for 0 < p < 2 or p > 4 we obtain the

Hyers–Ulam–Rassias stability of quadratic functional equation.
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Theorem 5.6. Let 0 < p < 2 or p > 4 and let u ∈F ′ satisfy the inequality

‖u◦A+u◦B−2u◦P1−2u◦P2‖ ≤ ε(|x|p + |y|p).

Then there exists a unique quadratic function

q(x) = ∑
1≤ j≤k≤n

a jk x jxk

such that

‖u−q(x)‖≤ 2ε
|4−2p| |x|

p.

We also obtain the following stability theorem which improves the result in [3].

Theorem 5.7. Let u ∈F ′ satisfy the inequality

‖u◦A+u◦B−2u◦P1−2u◦P2‖ ≤ ε.

Then there exists a unique quadratic function

q(x) = ∑
1≤ j≤k≤n

a jk x jxk

such that

‖u−q(x)‖≤ 1
2

ε.

Now we consider the remaining case that ψ(x,y) is of degree 2 < p≤ 4.

Theorem 5.8. Let u ∈F ′ satisfy the inequality

‖u◦A+u◦B−2u◦P1−2u◦P2‖ ≤ ψ(x,y). (5.67)

where ψ(x,y) is of degree 2 < p≤ 4. Then there exists a unique quadratic function

q(x) := ∑
1≤ j≤k≤n

a jk x jxk

such that

‖u−q(x)‖≤ 1
2p−4

(ψ(x,x)+ 2pψ(x,0)).

Proof. As in Theorem 5.5, convolving in each side of the inequality (5.67) the tensor
product Et(x)Es(y) of n-dimensional heat kernels we have

|ũ(x+ y, t + s)+ ũ(x− y, t + s)−2ũ(x, t)−2ũ(y,s)| ≤Φ(x,y, t,s) (5.68)

for x, y ∈ R
n, t,s > 0, where Φ(x,y, t,s) = [ψ(ξ ,η)∗ (Et(ξ )Es(η))](x,y).
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It follows from the inequality (4.26) that

|ũ(x, t)| ≤ |ũ(x, t + s)+ ũ(0,s)|+ |Φ(x,0, t,s)|.

Thus, it is easy to see that

U(x) := limsup
t→0+

ũ(x, t)

exists since Φ(x,0,0+,s) := limt→0+ Φ(x,0, t,s) exists. Letting y = 0 and t→ 0+ so
that ũ(x, t)→U(x) in (5.68) we have

|ũ(x,s)−U(x)− ũ(0,s)| ≤ 1
2

Φ(x,0,0+,s). (5.69)

From the inequality (5.68), (5.69) and the triangle inequality we have

|U(x+ y) + U(x− y)−2U(x)−2U(y)|≤ Φ(x,y, t,s)

+
1
2

Φ(x+ y,0,0+, t + s)+
1
2

Φ(x− y,0,0+, t + s)

+Φ(x,0,0+, t)+Φ(y,0,0+,s)+Φ(0,0, t,s)

for all x,y ∈ R
n, t,s > 0. Letting t,s→ 0+ in the above inequality we have

|U(x+ y)+U(x− y)−2U(x)−2U(y)|≤ ψ∗(x,y) (5.70)

where ψ∗(x,y) = ψ(x,y)+ 1
2 ψ(x+ y,0) + 1

2 ψ(x− y,0)+ψ(x,0)+ψ(y,0). Using
the fact that ψ∗(x,y) is a homogeneous function of degree p > 2 and following
the same method as in [8] we can verify that there exists a unique function q(x)
satisfying the quadratic functional equation

q(x+ y)+ q(x− y)−2q(x)−2q(y)= 0 (5.71)

such that

|U(x)−q(x)| ≤ 1
2p−4

ψ∗(x,x). (5.72)

Since q(x) is obtained by q(x) := limn→∞ 4nU(2−nx) it is easy to see that q(x) is
continuous. Thus we have

q(x) = ∑
1≤ j≤k≤n

a jk x jxk.

Now from (5.69) and (5.72) we have

|ũ(x,s)−q(x)− ũ(0,s)| ≤ 1
2

Φ(x,0,0+,s)+
1

2p−4
ψ∗(x,x). (5.73)
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Letting s→ 0+ in (5.73) we have

‖u−q(x)‖≤ 1
2p−4

(ψ(x,x)+ 0)+ 2pψ(x,0)).

	

As a direct consequence of the above result we obtain the following Hyers–

Ulam–Rassias stability of quadratic functional equation for 2 < p≤ 4.

Theorem 5.9. Let 2 < p≤ 4 and let u ∈F ′ satisfy the inequality

‖u◦A+u◦B−2u◦P1−2u◦P2‖ ≤ ε(|x|p + |y|p).

Then there exists a unique quadratic function

q(x) = ∑
1≤ j≤k≤n

a jk x jxk

such that

‖u−q(x)‖≤ ε(2p +2)
2p−4

|x|p.
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Chapter 6
Stability of Multi-Jensen Mappings
in Non-Archimedean Normed Spaces

Krzysztof Ciepliński

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract A function f : V n −→W , where V and W are normed spaces over a field
of characteristic different from 2 and n ≥ 1 is an integer, is called multi-Jensen if
it satisfies Jensen’s functional equation in each variable. In this note, we provide
a proof of a generalized Hyers–Ulam stability of multi-Jensen mappings in non-
Archimedean normed spaces, using the so-called direct method.
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6.1 Introduction

Throughout this paper we assume that V and W are normed spaces over a field of
characteristic different from 2 and n ≥ 1 is an integer. Moreover, N stands for the
set of all positive integers and Q denotes the set of all rationals.

Let us recall that a function f : V n −→W is called multi-Jensen if it satisfies
Jensen’s functional equation in each variable, that is

2 f

(
x1, . . . , xi−1,

xi + x′i
2

, xi+1, . . . , xn

)
= f (x1, . . . , xn)

+ f (x1, . . . , xi−1, x′i, xi+1, . . . , xn),

for all i ∈ {1, . . . ,n}, x1, . . . ,xi−1,xi,x′i,xi+1, . . . ,xn ∈V .

K. Ciepliński (�)
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Similarly, f is said to be multi-additive if it is additive (satisfies Cauchy’s
functional equation) in each variable. The notion of multi-Jensen mapping was in-
troduced by Prager and Schwaiger in 2005 (see [20]) in connection with generalized
polynomials.

In this note, we will provide a proof of a generalized Hyers–Ulam stability of the
above system of n Jensen’s equations in non-Archimedean normed spaces, using the
so-called direct (Hyers) method and some ideas from [3] and [17].

Regarding the stability of functional equations we study the problem posed by
S.M. Ulam in 1940: “when is it true that the solution of an equation differing slightly
from a given one, must of necessity be close to the solution of the given equation?”.
The first partial solution of Ulam’s problem in the case of Cauchy’s functional
equation in the context of Banach spaces was given by Hyers (see [7]). During
the last 70 years many extensions of Hyers’s result for several types of functional
equations have been investigated by a number of mathematicians worldwide (see,
e.g., [6, 8, 11, 12, 15, 22]).

For instance, the stability of the Jensen functional equation

2 f

(
x+ y

2

)
= f (x)+ f (y)

was a popular subject of research (cf. [2, 9, 10, 14, 17]). In particular, Prager and
Schwaiger (see [21]) and the author (see [3,4]) studied different kinds of stability of
the multi-Jensen mappings.

Let us recall that by a non-Archimedean field we mean a field K equipped with a
function (valuation) | · | : K−→ [0,∞) such that

|r| = 0 if and only if r = 0,

|rs| = |r||s|, r, s ∈K

and
|r+ s| ≤max{|r|, |s|}, r, s ∈K.

In any non-Archimedean field we have

|1|= |− 1|= 1

and
|n| ≤ 1

for all n ∈ N.
Let X be a linear space over a field K with a non-Archimedean non-trivial

valuation | · | (i.e., we additionally assume that there is an r0 ∈ K such that 0 �=
|r0| �= 1). A function ‖ · ‖ : X −→ [0,∞) is said to be a non-Archimedean norm if it
satisfies the following conditions:

‖x‖ = 0 if and only if x = 0,

‖rx‖ = |r|‖x‖, r ∈K, x ∈ X
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and
‖x+ y‖ ≤max{‖x‖, ‖y‖}, x, y ∈ X .

Then (X , ‖ · ‖) is called a non-Archimedean (normed) space. In any such a space a
sequence (xn)n∈N is Cauchy if and only if

lim
n−→∞

‖xn+1− xn‖= 0.

By a complete non-Archimedean space we mean the one in which every Cauchy
sequence is convergent.

In 1899, Hensel discovered the p-adic numbers as a number theoretical analogue
of power series in complex analysis. Fix a prime number p. For any non-zero
rational number x, there exists a unique integer nx such that

x =
a
b

pnx ,

where a and b are integers not divisible by p. Then

|x|p := p−nx

defines a non-Archimedean norm on Q. The completion of Q with respect to the
metric

d(x,y) = |x− y|p
is called the p-adic number field (see for instance [23]). During the last three decades
p-adic numbers have gained the interest of physicists for their research in partic-
ular in problems coming from quantum physics, p-adic strings and superstrings
(see [13]).

In 2007, Moslehian and Rassias (see [18]) proved the generalized Hyers–Ulam
stability of the Cauchy and quadratic functional equations in non-Archimedean
normed spaces. After their results some papers (see for instance [5, 16, 17, 19]) on
the stability of other equations in such spaces have been published.

6.2 Main Results

Our first result corresponds to some outcomes from [3] and [17].

Theorem 6.1. Let V and W be non-Archimedean normed spaces over a non-Archi-
medean field of characteristic different from 2 with 0< |3|< 1. Assume also that the
space W is complete, n ∈ N and for every i ∈ {1, ..., n}, αi, βi ≥ 0 and 0≤ pi < 1.
If f : V n −→W is a function satisfying

‖ f (x1, ..., xi−1, 0, xi+1, ..., xn)‖ ≤ βi, x j ∈V,

j ∈ {1, ..., n} \ {i}, i ∈ {1, ..., n} (6.1)
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and
∥∥∥∥2 f

(
x1, ..., xi−1,

xi + x′i
2

, xi+1, ..., xn

)
− f (x1, ..., xn)

− f (x1, ..., xi−1, x′i, xi+1, ..., xn)

∥∥∥∥≤ αi max{‖xi‖pi , ‖x′i‖pi},

xi, x′i ∈V \ {0}, x j ∈V, j ∈ {1, ..., n} \ {i}, i ∈ {1, ..., n}, (6.2)

then for every i ∈ {1, ..., n} there exists a multi-Jensen mapping Fi : V n −→W for
which

‖ f (x1, ..., xn)−Fi(x1, ..., xn)‖ ≤ max

{
αi

|3|pi
‖xi‖pi, |2|βi

}
,

xi ∈V \ {0}, x j ∈V, j ∈ {1, ..., n} \ {i}.
(6.3)

Proof. Fix i ∈ {1, ..., n}, xi ∈ V \ {0} and x j ∈ V for j ∈ {1, ..., n} \ {i}. By (6.2)
we get

∥∥∥∥2 f

(
x1, ..., xi−1,

xi

3
, xi+1, ..., xn

)

− f (x1, ..., xn)− f

(
x1, ..., xi−1, −xi

3
, xi+1, ..., xn

)∥∥∥∥
≤ αi max

{
‖xi‖pi ,

∥∥∥−xi

3

∥∥∥pi
}
=

αi

|3|pi
‖xi‖pi (6.4)

and
∥∥∥∥2 f ( x1, ..., xi−1, 0, xi+1, ..., xn)− f

(
x1, ..., xi−1,

xi

3
, xi+1, ..., xn

)

− f

(
x1, ..., xi−1, −xi

3
, xi+1, ..., xn

)∥∥∥∥

≤ αi max

{∥∥∥∥xi

3

∥∥∥∥
pi

,

∥∥∥∥− xi

3

∥∥∥∥
pi
}
=

αi

|3|pi
‖xi‖pi .

Hence and by (6.1) we obtain

∥∥∥∥ f

(
x1, ..., xi−1,

xi

3
, xi+1, ..., xn

)
+ f

(
x1, ..., xi−1, −xi

3
, xi+1, ..., xn

)∥∥∥∥
≤ max

{
αi

|3|pi
‖xi‖pi , |2|βi

}
,
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which together with (6.4) gives

∥∥∥∥3 f

(
x1, ..., xi−1,

xi

3
, xi+1, ..., xn

)
− f (x1, ..., xn)

∥∥∥∥
≤ max

{
αi

|3|pi
‖xi‖pi , max

{
αi

|3|pi
‖xi‖pi , |2|βi

}}

= max

{
αi

|3|pi
‖xi‖pi , |2|βi

}
. (6.5)

Fix an xi ∈V . From (6.5) it follows that for any m ∈ N we have

∥∥∥∥3m+1 f

(
x1, ..., xi−1,

xi

3m+1 , xi+1, ..., xn

)

−3m f

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)∥∥∥∥
≤ max

{
|3|m αi

|3|pi

∥∥∥ xi

3m

∥∥∥pi
, |3|m|2|βi

}

= max

{
(|3|1−pi)m αi

|3|pi
‖xi‖pi , |3|m|2|βi

}
. (6.6)

Therefore, the sequence

(
3m f

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

))
m∈N

is a Cauchy sequence. Since the space W is complete, this sequence is convergent
and we define Fi : V n −→W by

Fi(x1, ..., xn) := lim
m−→∞

3m f

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)
,

(x1, ..., xn) ∈V n. (6.7)

Fix xi ∈V \ {0} and x j ∈V for j ∈ {1, ..., n} \ {i}. Using (6.5), (6.6) and induction
one can show that for any m ∈ N we have

∥∥∥∥3m f

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)
− f (x1, ..., xn)

∥∥∥∥
≤ max

{
αi

|3|pi
‖xi‖pi , |2|βi

}
.

Letting m−→ ∞ in this inequality we see that (6.3) holds true.
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Next, fix x′i ∈V \ {0}, m ∈ N and note that according to (6.2) we have

∥∥∥∥2 ·3m f

(
x1, ..., xi−1,

xi + x′i
2 ·3m , xi+1, ..., xn

)

−3m f

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)

−3m f

(
x1, ..., xi−1,

x′i
3m , xi+1, ..., xn

)∥∥∥∥
≤ |3|m αi

|3|mpi
max{‖xi‖pi , ‖x′i‖pi}.

Finally, fix k ∈ {1, ..., n} \ {i}, xk, x′k ∈ V \ {0} and assume that k < i (the same
arguments apply to the case where k > i). From (6.2) it follows that

∥∥∥∥2 ·3m f

(
x1, ..., xk−1,

xk + x′k
2

, xk+1, ..., xi−1,
xi

3m , xi+1, ..., xn

)

−3m f

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)

−3m f

(
x1, ..., xk−1, x′k, xk+1, ..., xi−1,

xi

3m , xi+1, ..., xn

)∥∥∥∥
≤ |3|mαk max{‖xk‖pk , ‖x′k‖pk}.

Letting m−→∞ in the above inequalities we see that the mapping Fi is multi-Jensen.
	


Theorem 6.2. Let V and W be non-Archimedean normed spaces over a non-Archi-
medean field of characteristic different from 2 with 0 < |3| < 1. Assume also that
the space W is complete, n ∈ N and for every i ∈ {1, ..., n}, αi ≥ 0 and 0 ≤ pi < 1.
If f : V n −→W is a function satisfying (6.2) and

f (x1, ..., xi−1, 0, xi+1, ..., xn) = 0, x j ∈V, j ∈ {1, ..., n} \ {i},
i ∈ {1, ..., n}, (6.8)

then for every i ∈ {1, ..., n} there is a unique multi-additive mapping Fi : V n −→W
for which

‖ f (x1, ..., xn)−Fi(x1, ..., xn)‖ ≤ αi

|3|pi
‖xi‖pi , (x1, ..., xn) ∈V n. (6.9)
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Proof. From Theorem 6.1 it follows that for every i∈ {1, ..., n} there exists a multi-
Jensen mapping Fi : V n −→W such that

‖ f (x1, ..., xn) − Fi(x1, ..., xn)‖ ≤ αi

|3|pi
‖xi‖pi ,

xi ∈V \ {0}, x j ∈V, j ∈ {1, ..., n} \ {i}. (6.10)

Using (6.7) and (6.8) we also get

Fi(x1, ..., xk−1, 0, xk+1, ..., xn) = 0, x j ∈V, j ∈ {1, ..., n} \ {k},
i,k ∈ {1, ..., n}.

Therefore (see for instance [1, Theorem 1.4]) every Fi is multi-additive and, by (6.8)
and (6.10), condition (6.9) holds true.

Now, fix an i∈ {1, ..., n} and assume that F ′i : V n−→W is another multi-additive
mapping satisfying (6.9). Then for any (x1, ..., xn) ∈V n we have

‖Fi(x1, ..., xn) − F ′i (x1, ..., xn)‖

= lim
m−→∞

|3|m
∥∥∥∥Fi

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)

−F ′i

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)∥∥∥∥
≤ lim

m−→∞
|3|m max

{∥∥∥∥Fi

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)

− f

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)∥∥∥∥,
∥∥∥∥ f

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)

−F ′i

(
x1, ..., xi−1,

xi

3m , xi+1, ..., xn

)∥∥∥∥
}

≤ lim
m−→∞

|3|m αi

|3|pi

∥∥∥∥ xi

3m

∥∥∥∥
pi

= lim
m−→∞

(|3|1−pi)m αi

|3|pi
‖xi‖pi = 0,

which proves that Fi = F ′i . 	
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Chapter 7
On Stability of the Equation of Homogeneous
Functions on Topological Spaces

Stefan Czerwik

Abstract Let K be a cone of a linear space X and Y a sequentially complete locally
convex linear topological Hausdorff space. Let f : K→ Y and g : K→ Y satisfy

α−1 f (αx)−g(x) ∈U, α ∈ A, x ∈ K,

where U is a bounded subset of Y and A ⊂ [1,∞). Under some additional
assumptions we prove that there exists exactly one positively homogeneous function
F : K → Y such that the differences F − f and F − g are bounded on K, i.e. the
equation of homogeneous functions is stable in the Ulam–Hyers sense.

Keywords Functional equations • Stability • Homogeneous functions

Mathematics Subject Classification (2000): Primary 39B82

7.1 Introduction

The concept of generalized Ulam–Hyers stability, called today Hyers–Ulam–
Rassias stability, originated from the Rassias’ stability Theorem proved in his paper:
On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72
(1978), 297–300.

First results about the Hyers–Ulam–Rassias stability of the equation of
homogeneous functions have been obtained by the author in [2]. In the paper
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[14], the authors have proved the result about the superstability of the homogenity
condition. Some further generalizations can be found in [5, 8, 9, 11, 13].

For more information concerning the stability problems of functional equations
the reader is referred to [3, 4, 6, 7, 10, 12].

7.2 Auxiliary Results

In the paper, X will denote a real linear space and Y a sequentially complete locally
convex linear topological Hausdorff space. We recall that a set K ⊂ X is said to be a
cone if sK ⊂ K for all s > 0.

Throughout this paper, the symbols R and N denote the sets of all real and
positive integers, respectively.

Given sets A,B ⊂ Y and a number s ∈ R we define, as usual, the sets
A+B := {x ∈ Y : x = a+b, a ∈ A, b ∈ B}, and sA := {x ∈Y : x = sa, a ∈ A}.

We start with the following.

Lemma 7.1. Let K ⊂ X be a cone and f ,g : K → Y be given functions. Suppose
that there exists an A⊂ [1,∞), 1 ∈ A and a subset U ⊂ Y such that

α−1 f (αx)−g(x) ∈U, α ∈ A, x ∈ K. (7.1)

Then

α−1 f (αx)− f (x) ∈U−U (7.2)

and

α−1g(αx)−g(x) ∈U−α−1U (7.3)

for all α ∈ A and x ∈ K.

Proof. We have from (7.1) for α ∈ A, x ∈ K

α−1 f (αx)− f (x) = [α−1 f (αx)−g(x)]− [ f (x)−g(x)] ∈U−U.

Similarly

α−1g(αx)−g(x) = [α−1 f (αx)−g(x)]

−α−1[ f (αx)−g(αx)] ∈U−α−1U.

��
Lemma 7.2. Let the assumptions of Lemma 7.1 be satisfied. Then the following
conditions hold true for all α ∈ A, x ∈ K and n ∈ N
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α−n f (αnx)− f (x) ∈
n−1

∑
s=0

α−s(U−U), (7.4)

α−ng(αnx)−g(x) ∈
n−1

∑
s=0

α−s(U −α−1U). (7.5)

Proof. For n = 1 conditions (7.4) and (7.5) follow from Lemma 7.1. Now we have
for n ∈ N

α−(n+1) f (αn+1x)− f (x) = α−(n+1) f (αn+1x)

−α−n f (αnx)+α−n f (αnx)− f (x)

= α−n[α−1 f (α ·αnx)− f (αnx)]+α−n f (αnx)

− f (x) ∈ α−n(U−U)+
n−1

∑
s=0

α−s(U−U)

=
n

∑
s=0

α−s(U−U)

and by induction principle we get (7.4). Similarly, one can prove the formula (7.5).
��

In the sequel, we will prove some technical properties of some operations on set.
By conv U we will denote the convex hull of a set U and by cl U the sequential
closure of U .

Lemma 7.3. If A⊂ Y and 0≤ α ≤ β , then αA⊂ β conv[A∪{0}].
Proof. The case β = 0 is trivial. Let us take a β > 0, then we have

αA 	 αx = β
(

α
β

x

)
= β

[
α
β

x+

(
1− α

β

)
0

]
∈ β conv[A∪{0}].

��
Remark 7.1 ([1]). For every neighbourhood W of zero in Y there exists a convex
neighbourhood U of zero such that U +U ⊂W .

Remark 7.2. For any subsets A,B⊂ Y and numbers α,β ∈ R we have

α(A+B) = αA+αB, (α +β )A⊂ αA+βA,

A⊂ B⇒ αA⊂ βA.
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If, moreover, A is a convex set and αs ≥ 0, s = 1,2, . . . ,n, then

n

∑
s=1

αsA =

(
n

∑
s=1

αs

)
A.

The simple proof this Remark is left to the reader.
A set A ⊂ Y is said to be bounded iff for every neighbourhood V of zero there

exists a number s > 0 such that sA⊂V .
Now we will prove the following.

Lemma 7.4. If A,B⊂ Y are bounded, then

A∪B, A+B, conv A

are bounded sets, too.

Proof. Take a neighbourhood W of zero. Because Y is a locally convex space, we
may assume that W is a convex set. Since the sets A and B are bounded, there exist
positive numbers α,β such that

αA⊂W and βB⊂W.

We may consider only the case: α ≤ β , β > 0. In view of Lemma 7.2 we have

α(A∪B) = αA∪αB

⊂W ∪β conv[A∪{0}]

⊂W ∪β conv

(
1
β

W

)

⊂W ∪W =W,

which proves the boundedness of the set A∪B.
To prove that the set A+B is bounded, assume according to the Remark 7.1 that

U is the convex neighbourhood of zero such that

U +U ⊂W.

We have for some 0≤ α ≤ β , β > 0 the conditions

αA⊂U

and
βB⊂U.
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Hence, in view of Lemma 7.3 and the convexity of U , we get

α(A+B) = αA+αB

⊂ U +β conv[B∪{0}]

⊂ U ∪β conv

(
1
β

U

)

= U +U ⊂W,

which means that A+B is bounded.
Now let α ≥ 0 be such that αA⊂W . Therefore

α conv A = conv(αA)⊂ conv W =W,

i.e. conv A is bounded set. ��

7.3 Main Results

We are ready to prove the following.

Theorem 7.1. Let the assumptions of Lemma 7.1 be satisfied. Assume that U is
bounded. Then for every α ∈ A, the sequences

{α−n f (αnx)}, {α−ng(αnx)}

are uniformly convergent on K. The functions

Fα(x) := lim
n→∞

α−n f (αnx), x ∈ K,

Gα(x) := lim
n→∞

α−ng(αnx), x ∈ K (7.6)

are α homogeneous, i.e.

Fα(αx) = αFα(x), x ∈ K,

Gα(αx) = αGα(x), x ∈ K. (7.7)

Moreover, for x ∈ K and α ∈ A\{1}

Fα(x)− f (x) ∈ α(α−1)−1cl conv(U−U), (7.8)

Gα(x)−g(x) ∈ α(α−1)−1cl conv(U−α−1U). (7.9)
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Proof. Take an arbitrarily fixed 1 < α ∈ A (case α = 1 is trivial) and consider the
Hyers sequence

Fn
α (x) := α−n f (αnx), x ∈ K, n ∈N.

We will verify that {Fn
α (x)} is a Cauchy sequence for every x ∈ K. Clearly, in view

of (7.2) and Lemma 7.3, we have for all m,n ∈ N, n > m and x ∈ K

Fn
α (x)−Fm

α (x) = α−m[α−(n−m) f (αnx)− f (αmx)]

= α−m
n−m−1

∑
s=0

α−s[α−1 f (αm+s+1x)− f (αm+sx)]

∈ α−m
n−m−1

∑
s=0

α−s(U−U)

⊂ α−m
n−m−1

∑
s=0

α−sconv(U−U)

⊂ α1−m(α−1)−1conv(U−U).

Hence, it follows that {Fn
α (x)} is a Cauchy sequence uniformly convergent on K

(note that conv(U −U) is a bounded set). Therefore, the function Fα is correctly
defined. Similarly, applying (7.3) one can verify the same statement for the function
Gα . We have also

Fα(αx) = lim
n→∞

α−n f (αn+1x)

= α lim
n→∞

α−(n+1) f (αn+1x) = αFα(x),

i.e. Fα (as well as Gα ) is α homogeneous.
We may write according to (7.1), Lemmas 7.2 and 7.3 for α > 1

Fn
α (x)− f (x) =

n−1

∑
s=0

[α−(s+1) f (αs+1x)−α−s f (αsx)]

∈
n−1

∑
s=0

α−s(U−U)

⊂
(

n−1

∑
s=0

α−s

)
conv(U−U)

⊂ α(α−1)−1conv(U−U).
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Consequently, letting n→ ∞, we get for α > 1

Fα(x)− f (x) ∈ α(α−1)−1cl conv(U−U).

The condition (7.9) can be derived quite similarly. ��
The next theorem is the main result of the paper.

Theorem 7.2. Let the assumptions of Lemma 7.1 be satisfied. If A is bounded and
int A �= 0, then there exists exactly one positively homogeneous function F : K→ Y
such that

F(x)− f (x) ∈ s(s−1)−1cl conv(U−U), x ∈ K (7.10)

and

F(x)−g(x) ∈ s(s−1)−1cl conv[(U−U)∪U ∪ (−U)], x ∈ K, (7.11)

where s := sup A < ∞. If s = ∞, then

F(x)− f (x) ∈ cl conv(U−U), x ∈ K (7.12)

and
F(x)−g(x) ∈ cl conv[(U−U)∪U ∪ (−U)], x ∈ K. (7.13)

Moreover
F(x) = lim

n→∞
α−n f (αnx) = lim

n→∞
α−ng(αnx), x ∈ K (7.14)

for α ∈ A\{1} and the convergence is uniform on K.

Proof. Take an arbitrary fixed 1 < α ∈ A. From Theorem 7.1 it follows that there
exist the functions Fα and Gα satisfying the conditions (7.8) and (7.9).

Now we will prove that Fα = Gα for α ∈ A\{1}. Indeed, according to (7.1) for
x ∈ K, y = αnx, we get

Fn
α (x)−Gn

α(x) = α−n f (αnx)−α−ng(αnx)

= α−n[1−1 f (1 · y)−g(y)]∈ α−nU,

whence since U is the bounded set, for all x ∈ K

Fα(x)−Gα(x) = lim
n→∞

[Fn
α (x)−Gn

α(x)] = 0,

i.e. Fα = Gα .
Take any β ∈ A\{1}. We claim that

Fβ = Fα , x ∈ K, (7.15)
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which means that Fβ does not depend on β . Making sure of (7.8), we have for all
x ∈ K

β−nFα(β nx)−β−n f (β nx) ∈ β−nα(α−1)−1cl conv(U−U),

which implies
lim
n→∞

β−nFα(β nx) = Fβ (x), x ∈ K.

Consequently, applying (7.8) and the homogeneity of Fα , we obtain

Fα(x)−Fβ (x) = lim
n→∞

[α−nFβ (αnx)−β−nFα(β nx)]

= lim
n→∞

(αβ )−n[β nFβ (αnx)−αnFα(β nx)]

= lim
n→∞

(αβ )−n[Fβ (αnβ nx)−Fα(αnβ nx)]

= lim
n→∞

(αβ )−n([Fβ (αnβ nx)− f (αnβ nx)]

+[ f (αnβ nx)−Fα(αnβ nx)]) = 0.

Putting F := Fα , α ∈ A, we have also

F(αx) = Fα(αx) = αFα(x) = αF(x)

for all x ∈ K, α ∈ A, i.e. F is a homogeneous function on A.
To prove the homogenity for all positive real numbers, one can repeat the

argument applied in the paper [6].
In fact, replacing x by λ−1x in the condition

F(λ x) = λF(x), λ ∈ A, x ∈ K

one gets
F(λ−1x) = λ−1F(x), λ ∈ A, x ∈ K.

Hence, by the induction

F
(
α1 · . . . ·αn ·β−1

1 · . . . ·β−1
m x

)
= α1 · . . . ·αn ·β−1

1 · . . . ·β−1
m F(x) (7.16)

for α1, . . . ,αn,β−1
1 , . . . ,β−1

m ∈ A, m,n ∈N and x ∈ K.
Because
{

α1 · . . . ·αn ·β−1
1 · . . . ·β−1

m : α1, . . . ,αn,β−1
1 , . . . ,β−1

m ∈ A, m,n ∈ N
}
= (0,∞),

thus (7.16) proves that F is a positively homogeneous function.
Taking into account the conditions (7.8), (7.9) and the definition of F , we obtain

for α ∈ A\{1} and x ∈ K

F(x)− f (x) ∈ α(α−1)−1cl conv(U−U), (7.17)

F(x)−g(x) ∈ α(α−1)−1cl conv(U−α−1U). (7.18)
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Note that

inf
α∈A\{1}

α(α−1)−1 =

{
s(s−1)−1, s = sup A < ∞,

1, s = ∞,

whence, on base of (7.17), we obtain (7.10) or (7.12), respectively.
To verify the conditions (7.11) and (7.13), we apply (7.5), Lemma 7.3 and

Remark 7.2 to get for α ∈ A

α−ng(αnx)−g(x) ∈
n−1

∑
s=0

α−s(U−α−1U)

⊂
(

n−1

∑
s=0

α−s

)
[conv(U ∪{0})− conv(U∪{0})]

⊂ α(α−1)−1conv[(U−U)∪U ∪ (−U)].

Thus, letting n→ ∞, we obtain

F(x)−g(x) ∈ α(α−1)−1cl conv[(U−U)∪U ∪ (−U)],

hence, since the left hand side does not depend on α

F(x)−g(x) ∈ s(s−1)−1cl conv[(U−U)∪U ∪ (−U)]

for sup A = s < ∞, or

F(x)−g(x) ∈ cl conv[(U−U)∪U ∪ (−U)]

for sup A = s = ∞.
To prove the uniquennes part of the theorem, assume for the contrary that there

exist two positively homogeneous functions F1,F2 : K→ Y satisfying the condition

Fk(x)− f (x) ∈ ρkcl conv(U−U), x ∈ K,

where ρ and k = 1,2 are constans. Then for x ∈ K, n ∈ N and α > 1

F1(x)−F2(x) = α−nF1(αnx)−α−nF2(αnx)

= α−n[F1(αnx)− f (αnx)]−α−n[F2(αnx)− f (αnx)]

∈ α−nρ1cl conv(U−U)−α−nρ2cl conv(U−U).

Consequently, by letting n→ ∞ we get F1(x)−F2(x) = 0 for x ∈ K. ��
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Chapter 8
Hyers–Ulam Stability of the Quadratic
Functional Equation

Elhoucien Elqorachi, Youssef Manar, and Themistocles M. Rassias

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract We prove a stability theorem for the quadratic functional equation

f (x+ y)+ f (x+σ(y)) = 2 f (x)+ 2 f (y), x,y ∈ G,

where G is an abelian group and σ is an involution of G. We also prove that for
functions f from G to an inner product space E , the inequality

‖2 f (x)+ 2 f (y)− f (x+σ(y))‖ ≤ ‖ f (x+ y)‖, x,y ∈G.

implies that f is a solution to the equation.

Keywords Hyers–Ulam stability • Quadratic functional equation • Group homo-
morphisms • Unbounded Cauchy difference • Abelian group

Mathematics Subject Classification (2000): Primary 39B52, 39B82

8.1 Introduction

The stability problem of functional equations originated from a question of Ulam
[27] concerning the stability of group homomorphisms:
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Given a group G1 and a metric group G2 with a metric d(·, ·) and ε > 0, does
there exist a δ > 0 such that if f : G1→ G2 satisfies

d( f (xy), f (x) f (y)) < δ

for all x,y ∈G1, then a homomorphism g : G1→ G2 exists with

d( f (x),g(x)) < ε

for all x ∈ G1?

Hyers [8] considered the case of approximately additive mappings f : E1→ E2,
where E1 and E2 are Banach spaces and f satisfies the inequality

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε,

for all x,y ∈ E1. He proved that the limit

a(x) = lim
n→+∞

f (2nx)
2n

exists for all x ∈ E1 and that a : E1→ E2 is the unique additive mapping satisfying

‖ f (x)−a(x)‖ ≤ ε.

Aoki [1] and Rassias [16] provided a generalization of Hyers’ theorem for
additive and linear mappings, respectively, by allowing the Cauchy difference to
be unbounded.

Theorem 8.1 ([16]). Let f : E1 −→ E2 be a mapping from a normed vector space
E1 into a Banach spaces E2 subject to the inequality

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε(‖x‖p +‖y‖p), (8.1)

for all x,y ∈ E1, where ε and p are constants with ε > 0 and p < 1. Then the limit

a(x) = lim
n→+∞

f (2nx)
2n

exists for all x ∈ E1 and a : E1 −→ E2 is the unique additive mapping which satisfies

‖ f (x)−a(x)‖ ≤ 2ε
2−2p‖x‖p (8.2)

for all x ∈ E1. If p < 0, then inequality (8.1) holds for x,y �= 0 and (8.2) for x �= 0.
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The paper of Rassias [16] has provided a lot of influence in the develop-
ment of what we call generalized Hyers–Ulam stability of functional equations.
A generalization of the Rassias theorem was obtained by Gavruta [5] by replacing
the unbounded Cauchy difference by a general control function in the spirit of
Rassias approach.

The generalized Hyers–Ulam stability problem for the quadratic functional
equation

f (x+ y)+ f (x+σ(y)) = 2 f (x)+ 2 f (y), x,y ∈ G, (8.3)

where σ is an involution of the abelian group G was proved by Bouikhalene et al.
[2]. Skof [26], Cholewa [3] and Czerwik [4] proved the generalized Hyers–Ulam
stability of the quadratic functional equation (8.3) with σ = −I. The stability
problems of several other functional equations have been extensively investigated
by numerous authors (see for example [6, 9–13, 17–25] and the references therein).

In [14], Maksa and Volkmann proved that for functions f : G−→ E from a group
G to inner product space E , the inequality

‖ f (xy)‖ ≥ ‖ f (x)+ f (y)‖, x,y ∈ G,

implies

f (xy) = f (x)+ f (y), x,y ∈ G.

In [7], A. Gilanyi showed that if G is a 2-divisible abelian group, then the
functional inequality

‖2 f (x)+ 2 f (y)− f (x− y)‖≤ ‖ f (x+ y)‖, x,y ∈ G,

implies

f (x+ y)+ f (x− y) = 2 f (x)+ 2 f (y), x,y ∈ G.

The commutativity of G may be replaced by the following Kannappan condition:
f (xyz) = f (xzy) for x,y,z ∈ G (see [7]).

In [15], Rätz did not assume the condition of 2-divisibility upon the group G and
studied variants of Gilanyi result.

In the present paper, the following results are proved: in Sect. 8.2, we provide a
short proof of the main result in [2]; in Sect. 8.3, we give a proof of the fact that if
f : G→ E from a group G to the inner product space E satisfies the inequality

‖2 f (x)+ 2 f (y)− f (x+σ(y))‖ ≤ ‖ f (x+ y)‖, x,y ∈G,

then f satisfies the quadratic functional equation (8.3).
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8.2 Hyers–Ulam Stability of (8.3)

In this section, we will provide a simple new proof of a stability theorem for (8.3)
that was obtained in [2].

Theorem 8.2. Let G be an abelian group, E be a Banach space and f : G→ E a
mapping which satisfies the inequality

‖ f (x+ y)+ f (x+σ(y))−2 f (x)−2 f (y)‖≤ δ , (8.4)

for some δ > 0 and for all x,y ∈ G. Then there exists a unique mapping Q : G→ E
satisfying (8.3) such that

‖ f (x)−Q(x)‖ ≤ 3
4

δ , x ∈ G.

Proof. For every element x from the set

G+ := {z ∈G | σ(z) = z}

and y ∈ G, we get from (8.4) the inequality

‖ f (x+ y) − f (x)− f (y)‖

=
1
2
‖ f (x+ y)+ f (y+σ(x))−2 f (x)−2 f (y)‖

≤ δ
2
.

Since G+ is an abelian subgroup of G, then by applying [8], there exists a unique
additive mapping a : G+ −→ E such that

‖ f (x)−a(x)‖ ≤ δ
2
, x ∈G+.

Now, for every x from the set

G− := {z ∈ G | σ(z) =−z}

and y ∈ G, we get from (8.4) that the following holds

‖ f (x+ y) + f (y+σ(x))−2 f (y)−2 f (x)‖
= ‖ f (x+ y)+ f (y− x)−2 f (y)−2 f (x)‖≤ δ .
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Since G− is a commutative subgroup of G, then from [3] there exists one mapping
q : G− −→ E that satisfies the equation

q(x+ y)+ q(x− y)= 2q(x)+ 2q(y), x,y ∈G−,

and the inequality

‖ f (x)−q(x)‖ ≤ δ
2
, x ∈G−. (8.5)

On the other hand, by setting y = x in (8.4) we get

‖4 f (x)− f (x+σ(x))− f (2x)‖ ≤ δ . (8.6)

By replacing x by x−σ(x) and y by x+σ(x) in (8.4), we obtain

‖ f (2x)− f (x+σ(x))− f (x−σ(x))‖ ≤ δ
2
. (8.7)

By adding inequalities (8.6) and (8.7) by parts we obtain

‖4 f (x)−2 f (x+σ(x))− f (x−σ(x))‖≤ 3δ
2
,

and consequently

‖ f (x) − 1
2

a(x+σ(x))− 1
4

q(x−σ(x))‖

≤ ‖ f (x)− 1
2

f (x+σ(x))− 1
4

f (x−σ(x))‖

+‖1
2

f (x+σ(x))− 1
2

a(x+σ(x))‖

+‖1
4

f (x−σ(x))− 1
4

q(x−σ(x))‖

≤ 3δ
8

+
δ
4
+

δ
8
=

3δ
4
.

Letting

Q(x) =
1
2

a(x+σ(x))+
1
4

q(x−σ(x)), x ∈G,

a simple computation shows that Q is a solution of (8.3). For the uniqueness of Q,
we apply the same argument as that in the proof used in [2]. �	
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8.3 Characterization of Quadratic Equation Having Values
in an Inner Product Space

Theorem 8.3. Let G be an abelian group, (E,〈·, ·〉) be an inner product space and
the function f : G→ E satisfies the functional inequality

‖2 f (x)+ 2 f (y)− f (x+σ(y))‖ ≤ ‖ f (x+ y)‖, x,y ∈G. (8.8)

Then f satisfies the quadratic functional equation (8.3).

Proof. For every element y of the set

G+ = {z ∈ G | σ(z) = z}

and x ∈ G, the inequality (8.8) implies that

‖2 f (x)+ 2 f (y)− f (y+ x)‖≤ ‖ f (x+ y)‖.

Then by using the triangle inequality, we obtain

‖ f (x)+ f (y)‖ ≤ ‖ f (x+ y)‖,

for all x,y∈G+, so in view of [14] we deduce that f : G+−→E satisfies the additive
functional equation

f (x)+ f (y) = f (x+ y), x,y ∈G+.

On the other hand, by (8.8) we get for any element x of the set

G− = {z ∈ G | σ(z) =−z}
and any element y of G the following holds

‖2 f (x)+ 2 f (y)− f (y− x)‖≤ ‖ f (x+ y)‖.

Consequently, from [7, 15] we deduce that f : G− −→ E satisfies the quadratic
functional equation:

f (x+ y)+ f (x− y) = 2 f (x)+ 2 f (y), x,y ∈ G−.

Finally, we conclude that the new functions a, q : G−→ E , defined by

x �−→ a(x) = f (x+σ(x)),

x �−→ q(x) = f (x−σ(x)),
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satisfy the functional equations

a(x+ y) = a(x)+ a(y), x,y ∈ G,

and

q(x+ y)+ q(x− y)= 2q(x)+ 2q(y), x,y ∈ G.

By setting y =−x in (8.8), we get

2 f (x)+ 2 f (−x) = f (x−σ(x)) = q(x).

By substituting in (8.8) y by y+σ(y), we get

‖ f (x)+ f (y+σ(y))‖ ≤ ‖ f (x+ y+σ(y))‖, x,y ∈G. (8.9)

Replacing x by 2x and y by −x in (8.9) we get

‖ f (2x)−a(x)‖2 = ‖ f (2x)‖2 +‖a(x)‖2

−2Re〈 f (2x),a(x)〉
≤ ‖q(x)‖2.

This inequality by replacing x with x/2 implies

‖ f (x)‖2 +
1
4
‖a(x)‖2−Re〈 f (x),a(x)〉 ≤ 1

4
‖ f (x)+ f (−x)‖2.

Using the parallelogram equation, we get

‖ f (x)‖2 +
1
4
‖a(x)‖2−Re〈 f (x),a(x)〉

≤ 1
2
‖ f (x)‖2 +

1
2
‖ f (−x)‖2

−1
4
‖ f (x)− f (−x)‖2. (8.10)

Replacing x by −x in (8.10), we obtain

‖ f (−x)‖2 +
1
4
‖a(x)‖2 +Re〈 f (−x),a(x)〉

≤ 1
2
‖ f (x)‖2 +

1
2
‖ f (−x)‖2

−1
4
‖ f (x)− f (−x)‖2. (8.11)
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By adding the result of (8.10) to the result (8.11) we get

‖ f (x) − f (−x)−a(x)‖2

= ‖a(x)‖2 +‖ f (x)− f (−x)‖2

−2Re〈 f (x)− f (−x),a(x)〉 ≤ 0.

Finally, we have

f (x)− f (−x) = a(x), x ∈ G,

and

2 f (x)+ 2 f (−x) = q(x), x ∈G.

So

f (x) =
1
2

a(x)+
1
4

q(x), x ∈ G.

By simple computation we prove that f is a solution of (8.3). �	
Remark 8.1. The commutativity of G used in Theorem 8.3 may be replaced by the
Kannappan condition.

Acknowledgements Special thanks to Professor Janusz Brzdȩk for reading a preliminary version
of the paper.
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Chapter 9
Intuitionistic Fuzzy Approximately Additive
Mappings

M. Eshaghi-Gordji, H. Khodaei, H. Baghani, and M. Ramezani

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract In this paper, we investigate the generalized Hyers–Ulam stability and
the intuitionistic fuzzy continuity of the generalized additive functional equation

2n−1 a1 f (x1) = f

( n

∑
i=1

aixi

)

+
n

∑
k=2

k

∑
i1=2

k+1

∑
i2=i1+1

. . .
n

∑
in−k+1=in−k+1

f

⎛
⎜⎝

n

∑
i=1

i �=i1,...,in−k+1

aixi−
n−k+1

∑
r=1

airxir

⎞
⎟⎠

in intuitionistic fuzzy Banach spaces, where n∈N\{1} and a1, . . . ,an ∈Z\{0}with
a1 �=±1.

Keywords Intuitionistic fuzzy normed space • Additive functional equation
• Intuitionistic fuzzy stability • Intuitionistic fuzzy continuity

Mathematics Subject Classification (2000): Primary 39B82, 39B52

9.1 Introduction

In recent years, the fuzzy theory has emerged as the most active area of research
in many branches of mathematics and engineering. This new theory was introduced
by Zadeh [44], in 1965, and since then a large number of research papers have
appeared that used the concept of fuzzy set/numbers and fuzzification of many
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classical theories has also been made. The notion of fuzziness has numerous very
useful application in various fields; e.g., population dynamics [4], chaos control
[10], computer programming [12], nonlinear dynamical systems [14], fuzzy physics
[22], fuzzy topology [40], fuzzy stability [23–26, 33], nonlinear operators [28],
statistical convergence [29, 30], etc.

The concept of intuitionistic fuzzy normed spaces has initially been introduced
by Saadati and Park [38]. In [39], by modifying the separation condition and
strengthening some conditions in the definition of Saadati and Park, Saadati et al.
have obtained a modified case of intuitionistic fuzzy normed spaces. Many authors
have considered the intuitionistic fuzzy normed linear spaces and intuitionistic fuzzy
2-normed space (see [2, 3, 9, 32]).

The stability problem of functional equations originated from a question of Ulam
[42] in 1940, concerning the stability of group homomorphisms. Let (G1, .) be a
group and let (G2,∗) be a metric group with the metric d(., .). Given ε > 0, does
there exist a δ > 0 such that, if a mapping h : G1 → G2 satisfies the inequality
d(h(x.y),h(x) ∗ h(y)) < δ for all x,y ∈ G1, then there exists a homomorphism
H : G1→ G2 with d(h(x),H(x))< ε for all x ∈ G1? In the other words, under what
condition does there exists a homomorphism near an approximate homomorphism?
The concept of stability for functional equation arises when we replace the
functional equation by an inequality which acts as a perturbation of the equation.
In 1941, Hyers [15] gave a first partial affirmative answer to the question of Ulam
for Banach spaces. He proved that, for each mapping f : X → Y between Banach
spaces such that

‖ f (x+ y)− f (x)− f (y)‖ ≤ δ

for all x,y ∈ X and some δ > 0, there exists a unique additive mapping A : X → Y
such that

‖ f (x)−A(x)‖ ≤ δ

for all x ∈ X . Aoki [1] and Rassias [34] provided a generalization of the Hyers
theorem for additive and linear functions, respectively, by allowing the Cauchy
difference to be unbounded.

Theorem 9.1. (Rassias). Let f : X → Y be a function from a normed vector space
X into a Banach space Y subject to the inequality

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε(‖x‖p +‖y‖p) (9.1)

for all x,y ∈ X , where ε and p are real constants with ε > 0 and p < 1. Then there
exists a unique additive function A : X → Y satisfying

‖ f (x)−A(x)‖ ≤ ε‖x‖p/(1−2p−1) (9.2)

for all x ∈ X . If p < 0, then inequality (9.1) holds for x,y �= 0 and (9.2) for x �= 0.
Also, if for each fixed x ∈ X the function t �→ f (tx) is continuous in t ∈ R, then A is
linear.

In 1991, Gajda [11] answered the question raised by Th.M. Rassias and concerning
the case p > 1.
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This new concept is known as generalized Hyers–Ulam stability or Hyers–Ulam–
Rassias stability of functional equations. During the last decades several stability
problems of functional equations have been investigated in the spirt of Hyers–
Ulam–Rassias (see [5–8], [13], [16–20] and [35, 36] for more detailed information
on stability of functional equations).

The functional equation

2n−1a1 f (x1) = f

(
n

∑
i=1

aixi

)

+
n

∑
k=2

k

∑
i1=2

k+1

∑
i2=i1+1

. . .
n

∑
in−k+1=in−k+1

f

⎛
⎜⎝

n

∑
i=1

i �=i1,...,in−k+1

aixi−
n−k+1

∑
r=1

airxir

⎞
⎟⎠ (9.3)

where n ∈ N\{1} and a1, . . . ,an ∈ Z\{0} with a1 �= ±1, is called the generalized
additive functional equation with n-variables, since the function f (x) = ax is its
solution. The stability problem for the generalized additive functional equation with
n-variables was proved by Khodaei and Rassias [21]. As a special case, if n = 2 in
(9.3), then the functional equation (9.3) reduces to

f (a1x1−a2x2)+ f (a1x1 +a2x2) = 2a1 f (x1);

also by putting n = 3 in (9.3), we obtain

22a1 f (x1) = a2x2 +a3x3 + f (a1x1−a2x2−a3x3)

+ f (a1x1−a2x2 +a3x3)+ f (a1x1 +a2x2−a3x3)+ f (a1x1).

Mursaleen and Mohiuddine investigated the intuitionistic fuzzy stability prob-
lems for the Jensen functional equation and the cubic functional equation in
intuitionistic fuzzy Banach spaces. In this paper, we prove the generalized Hyers–
Ulam stability and the intuitionistic fuzzy continuity of the functional equation (9.3)
in intuitionistic fuzzy Banach spaces.

9.2 Preliminaries

We use the definition of intuitionistic fuzzy normed spaces given in [27, 31, 38] to
investigate some stability results for the functional equation (9.3) in the intuitionistic
fuzzy normed vector space setting.

Definition 9.1. ([41]) A binary operation ∗ : [0,1]× [0,1]→ [0,1] is said to be a
continuous t-norm if it satisfies the following conditions:

(a) ∗ is commutative and associative;
(b) ∗ is continuous;



110 M. Eshaghi-Gordji et al.

(c) a∗1 = a for all a ∈ [0,1];
(d) a∗b≤ c∗d whenever a≤ c and b≤ d for all a,b,c,d ∈ [0,1].

Definition 9.2 ([41]). A binary operation � : [0,1]× [0,1]→ [0,1] is said to be a
continuous t-conorm if it satisfies the following conditions:

(a) � is commutative and associative;
(b) � is continuous;
(c) a�0 = a for all a ∈ [0,1];
(d) a�b≤ c� d whenever a≤ c and b≤ d for all a,b,c,d ∈ [0,1].

Using the continuous t-norm and t-conorm, Saadati and Park [38] have introduced
the concept of intuitionistic fuzzy normed space.

Definition 9.3 ([31, 38]). The five-tuple (X ,μ ,ν,∗,�) is said to be an intuitionistic
fuzzy normed space (for short, IFNS) if X is a vector space, ∗ is a continuous t-
norm, � is a continuous t-conorm, and μ , ν are fuzzy sets on X × (0,∞) satisfying
the following thirteen conditions:

(IF1) μ(x, t)+ν(x, t)≤ 1;
(IF2) μ(x, t)> 0;
(IF3) μ(x, t) = 1 if and only if x = 0;
(IF4) μ(αx, t) = μ(x, t

|α | ) for each α �= 0;

(IF5) μ(x, t)∗ μ(y,s)≤ μ(x+ y, t + s);
(IF6) μ(x, .) : (0,∞)→ [0,1] is continuous;
(IF7) limt→∞ μ(x, t) = 1 and limt→0 μ(x, t) = 0;
(IF8) ν(x, t)< 1;
(IF9) ν(x, t) = 0 if and only if x = 0;
(IF10) ν(αx, t) = ν(x, t

|α |) for each α �= 0;

(IF11) ν(x, t)�ν(y,s)≥ ν(x+ y, t + s);
(IF12) ν(x, .) : (0,∞)→ [0,1] is continuous;
(IF13) limt→∞ ν(x, t) = 0 and limt→0 ν(x, t) = 1,

for every x,y ∈ X and s, t > 0.

The properties of IFNS, examples of intuitionistic fuzzy norms and the concepts
of convergence and Cauchy sequences in an IFNS are given in [38].

Definition 9.4. Let (X ,μ ,ν,∗,�) be an IFNS. Then a sequence {xn} is said to be
convergent to x ∈ X with respect to the intuitionistic fuzzy norm (μ ,ν) if, for every
ε > 0 and t > 0, there exists k ∈N such that μ(xn−x, t)> 1−ε and ν(xn−x, t)< ε
for all n≥ k. In this case we write (μ ,ν)− limxn = x.

Definition 9.5. Let (X ,μ ,ν,∗,�) be an IFNS. Then {xn} is said to be Cauchy
sequence with respect to the intuitionistic fuzzy norm (μ ,ν) if, for every ε > 0
and t > 0, there exists k ∈ N such that μ(xn− xm, t) > 1− ε and ν(xn− xm, t) < ε
for all n,m≥ k.
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Definition 9.6. Let (X ,μ ,ν,∗,�) be an IFNS. Then (X ,μ ,ν,∗,�) is said to be com-
plete if every intuitionistic fuzzy Cauchy sequence in (X ,μ ,ν,∗,�) is intuitionistic
fuzzy convergent in (X ,μ ,ν,∗,�).
Definition 9.7. We say that a function f : X → Y between IFNS, X and Y , is
continuous at a point x0 ∈ X if for each sequence {xn} converging to x0 in X , then
the sequence { f (xn)} converges to f (x0). If f : X → Y is continuous at each x ∈ X ,
then f : X → Y is said to be continuous on X (see [28, 31]).

In the rest of this paper, unless explicitly stated otherwise, we assume that X
is a linear space, (Z,μ ′ ,ν ′) is an intuitionistic fuzzy normed space (IFNS) and
(Y,μ ,ν) is an intuitionistic fuzzy Banach space (IFBS). For convenience, we use
the following notion, for a given function f : X → Y and all x1, . . . ,xn ∈ X ,

Df (x1, ..,xn) := f

(
n

∑
i=1

aixi

)
−2n−1a1 f (x1)

+
n

∑
k=2

k

∑
i1=2

k+1

∑
i2=i1+1

. . .
n

∑
in−k+1=in−k+1

f

⎛
⎜⎝

n

∑
i=1

i �=i1,...,in−k+1

aixi−
n−k+1

∑
r=1

air xir

⎞
⎟⎠,

where n ∈ N\{1} and a1, . . . ,an ∈ Z\{0} with a1 �=±1.

9.3 Results in IFNS

In this section, we prove the generalized Hyers–Ulam stability of functional
equation (9.3) in IFBS. Next, we will show that there exists a close relationship
between the intuitionistic fuzzy continuity (IFC) behavior of an intuitionistic fuzzy
almost additive function, control function and the unique additive function which
approximates the almost additive function.

Lemma 9.1 ([21]). Let V1 and V2 be real vector spaces. A function f : V1 → V2

satisfies functional equation (9.3) if and only if f : V1→V2 is additive.

Theorem 9.2. Let � ∈ {−1,1} be fixed and let ϕ : Xn→ Z be a function such that

ϕ(a1x1, . . . ,a1xn) = αϕ(x1, . . . ,xn) (9.4)

for all x1, . . . ,xn ∈ X and for some positive real number α with α� < a1�. Suppose
that a function f : X → Y , with f (0) = 0, satisfies the inequalities

μ
(
D f (x1, . . . ,xn), t

)≥ μ
′
(ϕ(x1, . . . ,xn), t) ,

ν
(
Df (x1, . . . ,xn), t

)≤ ν
′
(ϕ(x1, . . . ,xn), t) (9.5)
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for all x1, . . . ,xn ∈ X and t > 0. Then the limit

A(x) = (μ ,ν)− lim
k→∞

f (a�k1 x)

a�k1

exists for all x ∈ X and A : X → Y is a unique additive function satisfying the
following two inequalities

μ (A(x)− f (x), t)≥ μ ′
⎛
⎝ϕ(x,0, . . . ,0︸ ︷︷ ︸

n−1

),2n−2�(a1−α)t

⎞
⎠,

ν (A(x)− f (x), t)≤ ν ′
⎛
⎝ϕ(x,0, . . . ,0︸ ︷︷ ︸

n−1

),2n−2�(a1−α)t

⎞
⎠ (9.6)

for all x ∈ X and t > 0.

Proof. Case 1: �= 1. Putting x1 = x and xi = 0 (i = 2, . . . ,n) in (9.5), we obtain

μ
′
(ϕ(x,0,0, . . . ,0), t)

≤ μ
(((

n−1
n−1

)
+

(
n−1
n−2

)
+ · · ·+

(
n−1

1

)
+1

)
f (a1x)−2n−1a1 f (x), t

)

and

ν
′
(ϕ(x,0,0, . . . ,0), t)

≥ ν
(((

n−1
n−1

)
+

(
n−1
n−2

)
+ · · ·+

(
n−1

1

)
+1

)
f (a1x)−2n−1a1 f (x), t

)

for all x ∈ X and t > 0. Hence, the relation

1+
n−1

∑
�=1

(
n−1
�

)
= 2n−1

gives

μ
(
2n−1 f (a1x)−2n−1a1 f (x), t

)≥ μ
′
(ϕ(x,0,0, . . . ,0), t),

ν
(
2n−1 f (a1x)−2n−1a1 f (x), t

) ≤ ν
′
(ϕ(x,0,0, . . . ,0), t) (9.7)
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for all x ∈ X and t > 0. So

μ
(

f (a1x)
a1

− f (x),
t

2n−1a1

)
≥ μ

′
(ϕ(x,0,0, . . . ,0), t),

ν
(

f (a1x)
a1

− f (x),
t

2n−1a1

)
≤ ν

′
(ϕ(x,0,0, . . . ,0), t) (9.8)

for all x ∈ X and t > 0. Further, by our assumption,

μ
′
(ϕ(a1x,0,0, . . . ,0), t) = μ

′ (
ϕ(x,0,0, . . . ,0),

t
α

)
,

ν
′
(ϕ(a1x,0,0, . . . ,0), t) = ν

′ (
ϕ(x,0,0, . . . ,0),

t
α

)
(9.9)

for all x ∈ X and t > 0. Replacing x by ak
1x in (9.8) and using (9.9), we obtain

μ

(
f (ak+1

1 x)

ak+1
1

− f (ak
1x)

ak
1

,
t

2n−1ak+1
1

)
≥ μ

′
(ϕ(ak

1x,0,0, . . . ,0), t)

= μ
′ (

ϕ(x,0,0, . . . ,0),
t

αk

)
,

ν

(
f (ak+1

1 x)

ak+1
1

− f (ak
1x)

ak
1

,
t

2n−1ak+1
1

)
≤ ν

′
(ϕ(ak

1x,0,0, . . . ,0), t)

= ν
′ (

ϕ(x,0,0, . . . ,0),
t

αk

)
(9.10)

for all x ∈ X , t > 0 and k ≥ 0. Replacing t by αkt in (9.10), we see that

μ

(
f (ak+1

1 x)

ak+1
1

− f (ak
1x)

ak
1

,
αkt

2n−1ak+1
1

)
≥ μ

′
(ϕ(x,0,0, . . . ,0), t),

ν

(
f (ak+1

1 x)

ak+1
1

− f (ak
1x)

ak
1

,
αkt

2n−1ak+1
1

)
≤ ν

′
(ϕ(x,0,0, . . . ,0), t) (9.11)

for all x ∈ X , t > 0 and k > 0. It follows from the equality

f (ak
1x)

ak
1

− f (x) =
k−1

∑
j=0

(
f (a j+1

1 x)

a j+1
1

− f (a j
1x)

a j
1

)
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and (9.11) that

μ
(

f (ak
1x)

ak
1

− f (x),
k−1

∑
j=0

α jt

2n−1a j+1
1

)

≥
k−1

∏
j=0

μ

(
f (a j+1

1 x)

a j+1
1

− f (a j
1x)

a j
1

,
α jt

2n−1a j+1
1

)

≥ μ
′
(ϕ(x,0,0, . . . ,0), t),

ν
(

f (ak
1x)

ak
1

− f (x),
k−1

∑
j=0

α jt

2n−1a j+1
1

)

≤ ∏̂
k−1

j=0ν

(
f (a j+1

1 x)

a j+1
1

− f (a j
1x)

a j
1

,
α jt

2n−1a j+1
1

)

≤ ν
′
(ϕ(x,0,0, . . . ,0), t) (9.12)

for all x ∈ X , t > 0 and k > 0, where

n

∏
k=1

ak = a1 ∗a2 ∗ . . .∗an

and

∏̂
n

k=1ak = a1 �a2 � · · ·�an.

Replacing x by am
1 x in (9.12), we observe that

μ

(
f (ak+m

1 x)

ak+m
1

− f (am
1 x)

am
1

,
k−1

∑
j=0

α jt

2n−1a j+m+1
1

)
≥ μ

′
(ϕ(am

1 x,0,0, . . . ,0), t)

= μ
′ (

ϕ(x,0,0, . . . ,0),
t

αm

)
,

ν

(
f (ak+m

1 x)

ak+m
1

− f (am
1 x)

am
1

,
k−1

∑
j=0

α jt

2n−1a j+m+1
1

)
≤ ν

′
(ϕ(am

1 x,0,0, . . . ,0), t)

= ν
′ (

ϕ(x,0,0, . . . ,0),
t

αm

)

for all x ∈ X , t > 0 and all m≥ 0, k > 0. Hence

μ

(
f (ak+m

1 x)

ak+m
1

− f (am
1 x)

am
1

,
k+m−1

∑
j=m

α jt

2n−1a j+1
1

)
≥ μ

′
(ϕ(x,0,0, . . . ,0), t),

ν

(
f (ak+m

1 x)

ak+m
1

− f (am
1 x)

am
1

,
k+m−1

∑
j=m

α jt

2n−1a j+1
1

)
≤ ν

′
(ϕ(x,0,0, . . . ,0), t)
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for all x ∈ X , t > 0 and all m≥ 0, k > 0. By the last inequality, we obtain

μ

(
f (ak+m

1 x)

ak+m
1

− f (am
1 x)

am
1

, t

)
≥ μ

′

⎛
⎝ϕ(x,0,0, . . . ,0),

t

∑k+m−1
j=m

α j

2n−1a j+1
1

⎞
⎠,

ν

(
f (ak+m

1 x)

ak+m
1

− f (am
1 x)

am
1

, t

)
≤ ν

′

⎛
⎝ϕ(x,0,0, . . . ,0),

t

∑k+m−1
j=m

α j

2n−1a j+1
1

⎞
⎠ (9.13)

for all x ∈ X , t > 0 and all m≥ 0, k > 0. Since 0 < α < a1 and

∞

∑
j=0

(
α
a1

) j

< ∞,

the Cauchy criterion for convergence in IFNS shows that { f (ak
1x)a−k

1 } is a Cauchy
sequence in Y. Since Y is an IFBS, this sequence converges to some point A(x) ∈Y .
So one can define the function A : X → Y by

A(x) = (μ ,ν)− lim
k→∞

f (ak
1x)

ak
1

(9.14)

for all x ∈ X . Fix x ∈ X and put m = 0 in (9.13) to obtain

μ
(

f (ak
1x)

ak
1

− f (x), t

)
≥ μ

′

⎛
⎝ϕ(x,0,0, . . . ,0),

t

∑k−1
j=0

α j

2n−1a j+1
1

⎞
⎠,

ν
(

f (ak
1x)

ak
1

− f (x), t

)
≤ ν

′

⎛
⎝ϕ(x,0,0, . . . ,0),

t

∑k−1
j=0

α j

2n−1a j+1
1

⎞
⎠

for all x ∈ X , t > 0 and all k > 0, from which we obtain

μ(A(x)− f (x), t)≥ μ
(

A(x)− f (ak
1x)

ak
1

,
t
2

)
∗ μ
(

f (ak
1x)

ak
1

− f (x),
t
2

)

≥ μ
′

⎛
⎝ϕ(x,0, . . . ,0),

t

∑k−1
j=0

α j

2n−2a j+1
1

⎞
⎠,

ν(A(x)− f (x), t)≤ ν
(

A(x)− f (ak
1x)

ak
1

,
t
2

)
� μ
(

f (ak
1x)

ak
1

− f (x),
t
2

)

≤ ν
′

⎛
⎝ϕ(x,0, . . . ,0),

t

∑k−1
j=0

α j

2n−2a j+1
1

⎞
⎠ (9.15)
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for k large enough. Taking the limit as k→ ∞ in (9.15) and using the definition of
IFNS, we obtain

μ(A(x)− f (x), t)≥ μ
′
(ϕ(x,0,0, . . . ,0),2n−2(a1−α)t),

ν(A(x)− f (x), t)≤ ν
′
(ϕ(x,0,0, . . . ,0),2n−2(a1−α)t) (9.16)

for all x ∈ X and t > 0. It follows from (9.4) and (9.5) that

μ
(

1

ak
1

Df (a
k
1x1, . . . ,a

k
1xn), t

)
≥ μ

′
(ϕ(ak

1x1, . . . ,a
k
1xn),a

k
1t)

= μ
′
(

ϕ(x1, . . . ,xn),
ak

1t

αk

)
,

ν
(

1

ak
1

Df (a
k
1x1, . . . ,a

k
1xn), t

)
≤ ν

′
(ϕ(ak

1x1, . . . ,a
k
1xn),a

k
1t)

= ν
′
(

ϕ(x1, . . . ,xn),
ak

1t

αk

)
(9.17)

for all x1, . . . ,xn ∈ X and t > 0. Letting k→ ∞ in (9.17), we obtain

μ(DA(x1, . . . ,xn), t) = 1

for all x1, . . . ,xn ∈ X and t > 0. Similarly, we obtain

ν(DA(x1, . . . ,xn), t) = 0

for all x1, . . . ,xn ∈ X and t > 0. This means that A satisfies (9.3). Thus, by Lemma
9.1, the function A : X → Y is additive.

Now, to prove the uniqueness property of A, let A
′

: X → Y be another additive
function satisfying (9.6). Fix x ∈ X . Then clearly, A(an

1x) = an
1A(x) and A′(an

1x) =
an

1A′(x) for all n ∈N. It follows from (9.6) and (9.9) that

μ(A(x)−A
′
(x), t) = μ

(
A(ak

1x)

ak
1

− A
′
(ak

1x)

ak
1

, t

)

≥ μ
(

A(ak
1x)

ak
1

− f (ak
1x)

ak
1

,
t
2

)
∗ μ

(
f (ak

1x)

ak
1

− A
′
(ak

1x)

ak
1

,
t
2

)

≥ μ
′
(

ϕ(ak
1x,0, . . . ,0),

ak
12n−2(a1−α)t

2

)

∗ μ
′
(

ϕ(ak
1x,0, . . . ,0),

ak
12n−2(a1−α)t

2

)
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= μ
′
(

ϕ(x,0,0, . . . ,0),
ak

12n−2(a1−α)t

2αk

)

∗ μ
′
(

ϕ(x,0, . . . ,0),
ak

12n−2(a1−α)t

2αk

)
,

ν(A(x)−A
′
(x), t)≤ν

′
(

ϕ(ak
1x,0, . . . ,0),

ak
12n−2(a1−α)t

2

)

� ν
′
(

ϕ(ak
1x,0, . . . ,0),

ak
12n−2(a1−α)t

2

)

= ν
′
(

ϕ(x,0, . . . ,0),
ak

12n−2(a1−α)t

2αk

)

� ν
′
(

ϕ(x,0, . . . ,0),
ak

12n−2(a1−α)t
2αk

)

for all x ∈ X and t > 0. Since α < a1, we have

lim
k→∞

μ
′
(

ϕ(x,0, . . . ,0),
ak

12n−2(a1−α)t

2αk

)
= 1

and

lim
k→∞

ν
′
(

ϕ(x,0, . . . ,0),
ak

12n−2(a1−α)t

2αk

)
= 0.

Thus, μ(A(x)−A
′
(x), t) = 1 and ν(A(x)−A

′
(x), t) = 0. Therefore A(x) = A

′
(x).

Case 2. � = −1. We can state the proof in the same pattern as we did in the first
case. Namely, replacing x by xa−1

1 in (9.7), we obtain

μ
(

f (x)−a1 f

(
x
a1

)
,

t
2n−1

)
≥ μ

′
(

ϕ
(

x
a1

,0, . . . ,0

)
, t

)
,

ν
(

f (x)−a1 f

(
x
a1

)
,

t
2n−1

)
≤ ν

′
(

ϕ
(

x
a1

,0, . . . ,0

)
, t

)
(9.18)

for all x∈ X and t > 0. Replacing x and t by xa−k
1 and ta−k

1 in (9.18), respectively,
we obtain

μ

(
ak

1 f

(
x

ak
1

)
−ak+1

1 f

(
x

ak+1
1

)
,

t
2n−1

)
≥ μ

′
(

ϕ

(
x

ak+1
1

,0, . . . ,0

)
,

t

ak
1

)

= μ
′
(

ϕ(x,0, . . . ,0),
(

α
a1

)k

tα

)
,
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ν

(
ak

1 f

(
x

ak
1

)
−ak+1

1 f

(
x

ak+1
1

)
,

t
2n−1

)
≤ ν

′
(

ϕ

(
x

ak+1
1

,0, . . . ,0

)
,

t

ak
1

)

= ν
′
(

ϕ(x,0, . . . ,0),
(

α
a1

)k

tα

)

for all x ∈ X , t > 0 and all k > 0. One can deduce that

μ

(
ak+m

1 f

(
x

ak+m
1

)
− am

1 f

(
x

am
1

)
, t

)

≥ μ
′

⎛
⎜⎝ϕ(x,0, . . . ,0),

t

∑k+m
j=m+1

a j
1

2n−1a1α j

⎞
⎟⎠,

ν

(
ak+m

1 f

(
x

ak+m
1

)
− am

1 f

(
x

am
1

)
, t

)

≤ ν
′

⎛
⎜⎝ϕ(x,0, . . . ,0),

t

∑k+m
j=m+1

a j
1

2n−1a1α j

⎞
⎟⎠ (9.19)

for all x ∈ X , t > 0 and all m≥ 0, k≥ 0, from which we conclude that {ak
1 f (xa−k

1 )}
is a Cauchy sequence in the IFBS, (Y,μ ,ν). Therefore, there is a function A : X→Y
defined by A(x) := (μ ,ν)− limk→∞ ak

1 f (xa−k
1 ). Employing (9.19) with m = 0, we

obtain

μ(A(x)− f (x), t)≥ μ
′
(ϕ(x,0, . . . ,0),2n−2(α−a1)t),

ν(A(x)− f (x), t)≤ ν
′
(ϕ(x,0, . . . ,0),2n−2(α−a1)t)

for all x ∈ X and t > 0. The proof of the uniqueness of A for this case proceeds
similarly to that in the previous case; hence it is omitted. ��

From Theorem 9.2, we obtain the following corollary concerning the generalized
Hyers–Ulam stability or Hyers–Ulam–Rassias stability [34] of additive functions
satisfying (9.3), in normed spaces.

Corollary 9.1. Let X be a normed space and Y be a Banach space. Let ε,λ be
non-negative real numbers such that λ �= 1. Suppose that a function f : X→Y , with
f (0) = 0, satisfies

‖D f (x1, . . . ,xn)‖ ≤ ε
n

∑
i=1

‖xi‖λ (9.20)
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for all x1, . . . ,xn ∈ X. Then the limit

A(x) = lim
k→∞

f (a�k1 x)

a�k1

exists for all x ∈ X and A : X → Y is a unique additive function satisfying

‖ f (x)−A(x)‖ ≤ ε‖x‖λ

2n−2�(aλ
1 −α)

(9.21)

for all x ∈ X , where λ � < �.

Proof. Define the functions μ and ν by

μ(x, t) =
t

t +‖x‖ , ν(x, t) =
‖x‖

t +‖x‖ .

It is easy to see that (X ,μ ,ν) is an IFNS and (Y,μ ,ν) is an IFBS. Denote by ϕ the
function sending each (x1, . . . ,xn) ∈ Xn to ε ∑n

i=1 ‖xi‖λ ∈ R. Let a∗b = min{a,b},
a � b = max{a,b} for all a,b ∈ [0,1], and functions μ ′,ν ′ : R× (0,∞)→ [0,1] be
given by

μ ′(x, t) =
t

t + |x| , ν ′(x, t) =
|x|

t + |x| .

Then (μ ′,ν ′) is an intuitionistic fuzzy norm on R (see [43, Example 3.2]) and

μ(Df (x1, . . . ,xn), t)≥ μ ′(ϕ(x1, . . . ,xn), t),

ν(Df (x1, . . . ,xn), t)≤ ν ′(ϕ(x1, . . . ,xn), t).

By Theorem 9.2, there exists a unique additive function A : X→Y that satisfies (9.3)
and such that

t
t +‖ f (x)−A(x)‖ = μ( f (x)−A(x), t)≥ μ

′
(ϕ(x,0, . . . ,0),2n−2�(aλ

1 −α)t)

= μ ′(ε‖x‖λ ,2n−2�(aλ
1 −α)t) =

2n−2�(aλ
1 −α)t

2n−2�(aλ
1 −α)t + ε‖x‖λ

,

‖ f (x)−A(x)‖
t +‖ f (x)−A(x)‖ = ν( f (x)−A(x), t)≤ ν

′
(ϕ(x,0, . . . ,0),2n−2�(aλ

1 −α)t)

= ν ′(ε‖x‖λ ,2n−2�(aλ
1 −α)t) =

ε‖x‖λ

2n−2�(aλ
1 −α)t + ε‖x‖λ

,
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which means that

t
t +‖ f (x)−A(x)‖ ≥

2n−2�(aλ
1 −α)t

2n−2�(aλ
1 −α)t + ε‖x‖λ

,

‖ f (x)−A(x)‖
t +‖ f (x)−A(x)‖ ≤

ε‖x‖λ

2n−2�(aλ
1 −α)t + ε‖x‖λ

and consequently

‖ f (x)−A(x)‖ ≤ ε‖x‖λ

2n−2�(aλ
1 −α)

for all x ∈ X . ��
Remark 9.1. The generalized Hyers–Ulam stability problem for the case of λ = 1
was excluded in Corollary 9.1. In fact, functional equation (9.3) is not stable for
λ = 1 in (9.20) (see [11, 37]).

Now we examine some conditions under which the additive function found in
Theorem 9.2 is continuous. In the following theorem, we investigate IFC of additive
functions in IFNS. In fact, we will show that under some extra conditions in
Theorem 9.2, the additive function r �−→ A(rx) is IFC.

In the following result, we will use the terminologies of Theorem 9.2; we will
also assume that all conditions of the theorem hold.

Theorem 9.3. Let (μ1,ν1) denote the intuitionistic fuzzy norm obtained in
Corollary 9.1 on R. Assume that, for all x ∈ X, the functions r �−→ f (rx) (from
(R,μ1,ν1) into (Y,μ ,ν)) and r �−→ ϕ(rx,0, . . . ,0) (from (R,μ1,ν1) into (Z,μ ′,ν ′))
are IFC. Then for all x ∈ X, the function r �−→ A(rx) is IFC and A(rx) = rA(x) for
all r ∈ R.

Proof. First, consider the case: �= 1. Let {rk} be a sequence in R that converges to
some r ∈ R, and let t > 0. Let ε > 0 be given. Since 0 < α < a1, so

lim
k→∞

2n−2(a1−α)ak
1t

6αk = ∞

and there is m ∈N such that

μ
′
(

ϕ(rx,0,0, . . . ,0),
2n−2(a1−α)am

1 t

6αm

)
> 1− ε,

ν
′
(

ϕ(rx,0,0, . . . ,0),
2n−2(a1−α)am

1 t

6αm

)
< ε. (9.22)

It follows from (9.16) and (9.22) that

μ
(

f (am
1 rx)

am
1
− A(am

1 rx)
am

1
,

t
3

)
> 1− ε, ν

(
f (am

1 rx)
am

1
− A(am

1 rx)
am

1
,

t
3

)
< ε. (9.23)
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By the IFC of functions r �−→ f (rx) and r �−→ ϕ(rx,0, . . . ,0), we can find some
ι ∈N such that for any k ≥ ι,

μ
(

f (am
1 rkx)

am
1

− f (am
1 rx)

am
1

,
t
3

)
> 1− ε,

ν
(

f (am
1 rkx)

am
1

− f (am
1 rx)

am
1

,
t

3

)
< ε (9.24)

and

μ
′
(

ϕ(rkx,0 . . . .,0)−ϕ(rx,0, . . . ,0),
2n−2(a1−α)am

1 t

6αm

)
> 1− ε,

ν
′
(

ϕ(rkx,0 . . . .,0)−ϕ(rx,0, . . . ,0),
2n−2(a1−α)am

1 t

6αm

)
< ε. (9.25)

Next, (9.22) and (9.25) yield the inequalities

μ
′
(

ϕ
(

rkx,0, . . . ,0),
2n−2(a1−α)am

1 t

3αm

))
> 1− ε,

ν
′
(

ϕ
(

rkx,0, . . . ,0),
2n−2(a1−α)am

1 t

3αm

))
< ε. (9.26)

On the other hand,

μ
(

A(rkx)− f (am
1 rkx)

am
1

,
t

am
1

)
= μ

(
A(am

1 rkx)

am
1

− f (am
1 rkx)

am
1

,
t

am
1

)

≥ μ
′
(

ϕ(rkx,0, . . . ,0),
2n−2(a1−α)t

αm

)
,

ν
(

A(rkx)− f (am
1 rkx)

am
1

,
t

am
1

)
= ν

(
A(am

1 rkx)

am
1

− f (am
1 rkx)

am
1

,
t

am
1

)

≤ ν
′
(

ϕ(rkx,0, . . . ,0),
2n−2(a1−α)t

αm

)
. (9.27)

Inequalities (9.26) and (9.27) imply that

μ
(

A(rkx)− f (am
1 rkx)

am
1

,
t
3

)
> 1− ε, ν

(
A(rkx)− f (am

1 rkx)

am
1

,
t
3

)
< ε. (9.28)

So, it follows from (9.23), (9.24) and (9.28) that for any k ≥ ι ,

μ(A(rkx)−A(rx), t)> 1− ε, ν(A(rkx)−A(rx), t)< ε.
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Therefore, for every choice of x ∈ X , t > 0 and ε > 0, we can find some ι ∈ N such
that μ(A(rkx)−A(rx), t)> 1− ε and ν(A(rkx)−A(rx), t)< ε for every k≥ ι . This
shows that A(rkx)→ A(rx).

The proof for �=−1, proceeds similarly to that in the previous case.
It is not hard to see that A(rx) = rA(x) for each rational number r. Let r be a real

number, then there exists a sequence {rk} of rational numbers such that rk→ r. By
the IFC of A(x), for all x ∈ X ,

A(rx) = lim
k→∞

A(rkx) = lim
k→∞

rkA(x) = rA(x)

for each r ∈ R (see [26, 31]). This completes the proof of the theorem. ��
The following corollary concerns the Hyers–Ulam stability [15] of functional
equation (9.3).

Corollary 9.2. Let X be a normed space and Y be a Banach space. Let δ ≥ 0 be
fixed. Suppose that a function f : X → Y, with f (0) = 0, satisfies

‖D f (x1, . . . ,xn)‖ ≤ δ (9.29)

for all x1, . . . ,xn ∈ X . Then there exists a unique A : X → Y such that

‖ f (x)−A(x)‖ ≤ δ
n2n−2�(1−α)

(9.30)

for all x ∈ X . Also, if the function r �−→ f (rx) from R to Y is continuous for all
x ∈ X, then A(rx) = rA(x) for all r ∈R.

Proof. Take λ = 0, ε = δ
n and apply Corollary 9.1 and Theorem 9.3. ��
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Chapter 10
Generalized Hyers–Ulam Stability for General
Quadratic Functional Equation in Quasi-Banach
Spaces

Jinmei Gao

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract In this paper, we investigate the generalized Hyers–Ulam stability of an
n-dimensional quadratic functional equation

f

( n

∑
i=1

xi

)
+ ∑

1≤i< j≤n

f (xi− x j) = n
n

∑
i=1

f (xi) (n≥ 2)

in quasi-Banach spaces.

Keywords Stability • Functional equations • Quasi-Banach space • Quadratic
function
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10.1 Introduction

In 1940, Ulam [22, Chap. IV] gave a talk before a Mathematical Colloquium
at the University of Wisconsin, in which he discussed a number of unsolved
problems. Among those was the following question concerning the stability of
homomorphism. Let G1 be a group and (G2,d) a metric group with a metric d.
Given a positive number ε , does there exist a δ > 0 such that if f : G1→G2 satisfies
d( f (xy), f (x) f (y)) < δ for all x,y ∈G1, then a homomorphism T : G1→ G2 exists
with d( f (x),T (x)) < ε for all x,y ∈G1?
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In the case where the answer is affirmative, the functional equation for
homomorphism will be called stable.

In 1942, Hyers [6] affirmatively answered the question of Ulam for the case of
approximately additive mapping f : E1→ E2, where E1,E2 are Banach spaces, i.e.
f satisfies the inequality

‖ f (x+ y)− f (x)− f (y)‖< ε , ∀x,y ∈ E1 .

In 1978, Rassias [14] considered a generalized version of Hyers’s theorem, which
permitted the Cauchy difference to become unbounded. That is, he assumed that

‖ f (x+ y)− f (x)− f (y)‖< ε(‖x‖p +‖y‖p) , ∀x,y ∈ E1, 0≤ p < 1 .

This result was later extended to all p �= 1 and generalized by Gajda [5] and Rassias
[15]. Since then several stability problems for various functional equations have
been investigated by numerous mathematicians (see [3,9,12,16–19]). Eskandani [4],
Rassias and Kim [13], Najati and Eskandani [11] investigated different functional
equations in quasi-Banach spaces.

For a real constant c, the quadratic function f (x) = cx2 satisfies the equation

f (x+ y)+ f (x− y) = 2 f (x)+ 2 f (y) . (10.1)

Hence, (10.1) is called a quadratic functional equation, and each solution of the
quadratic functional equation (10.1) is called a quadratic function.

The Hyers–Ulam stability of the quadratic functional equation was first proved
by Skof [21] for functions f : E1→ E2, where E1 is a normed space and E2 a Banach
space. Cholewa [2] demonstrated that Skof’s theorem is also valid if E1 is replaced
by an Abelian group G. Bae and Jun [1] investigated the generalized Hyers–Ulam–
Rassias stability of an n-dimensional quadratic functional equation

f

( n

∑
i=1

xi

)
+ ∑

1≤i< j≤n

f (xi− x j) = n
n

∑
i=1

f (xi) (n≥ 2) . (10.2)

In this paper, we establish the Hyers–Ulam stability of (10.2) in quasi-Banach
spaces.

We recall some basic facts concerning quasi-Banach spaces and some prelimi-
nary results.

Definition 10.1. Let X by a real linear space. A quasi-norm is a real linear function
on X satisfying the following three conditions.

1. ‖x‖ ≥ 0 for all x ∈ X and ‖x‖= 0 if and only if x = 0.
2. ‖λ x‖= |λ |‖x‖ for all x ∈ X ,λ ∈ R.
3. There is a constant K ≥ 1 such that ‖x+ y‖ ≤ K(‖x‖+‖y‖) for all x,y ∈ X .
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The pair (X ,‖ · ‖) is called a quasi-normed space if ‖ · ‖ is a quasi-norm on X .
The smallest possible value of K is called the modulus of concavity of ‖·‖. A quasi-
Banach space is a complete quasi-normed space.

A quasi-norm ‖ · ‖ is called a p-norm (0 < p < 1) if

‖x+ y‖p ≤ ‖x‖p +‖y‖p , ∀x,y ∈ X .

In this case, a quasi-Banach space is called a p-Banach space. By the Aoki–
Rolewicz Theorem [20], each quasi-norm is equivalent to some p-norm. Since it is
easier to work with p-norms than quasi-norms, henceforth we restrict our attention
mainly to p-norms.

10.2 Main Results

Throughout this section, let E and F be a real vector space and a real p-Banach
space, respectively. For a given mapping f : E→ F , we define

D f (x1,x2, ...,xn) = f

( n

∑
i=1

xi

)
+ ∑

1≤i< j≤n

f (xi− x j)−n
n

∑
i=1

f (xi) (10.3)

for all x1,x2, ...,xn ∈ E.

Theorem 10.1. Let φ : E→ [0,∞) be a function such that

Φ(x,x, ...,x) =
∞

∑
k=1

1
n2kp φ(nk+1x, ...,nk+1x)p < ∞ (10.4)

and

lim
k→∞

1
n2k φ(nkx1, ...,n

kxn) = 0 (10.5)

for all x,x1, ...,xn ∈ E. If a function f : E→ F satisfies the inequality

‖D f (x1,x2, ...,xn)‖ ≤ φ(x1,x2, ...,xn) (10.6)

for all x1,x2, ...,xn ∈ E, then there exists a unique n-dimensional quadratic function
A : E→ F such that

‖ f (x)−A(x)‖ ≤ (Φ(x,x, ...,x))
1
p +

Mn2

p
√

n2p−1
(10.7)

for all x in E. Moreover, if f (tx) is continuous in t for each fixed x in E, then A(rx) =
r2A(x) for all r ∈R,x ∈ E.
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Proof. Putting x1 = x2 = · · ·= xn = x in inequality (10.4) yields

∥∥∥∥ f (nx)+
n(n−1)

2
f (0)−n2 f (x)

∥∥∥∥ ≤ φ(x,x, ...,x) ,

‖ f (nx)−n2 f (x)‖p ≤ φ(x,x, ...,x)p +

(
n(n−1)

2
‖ f (0)‖

)p

.

Thus

∥∥∥∥ f (x)− 1
n2 f (nx)

∥∥∥∥
p

≤ 1
n2p φ(x,x, ...,x)p +

(
n−1

2n
‖ f (0)‖

)p

(10.8)

for all x ∈ E. Write M = n−1
2n ‖ f (0)‖. By induction on n we show

∥∥∥∥ f (x)− 1
n2k f (nkx)

∥∥∥∥
p

≤
k

∑
i=1

1
n2pi φ(n

i−1x, ...,ni−1x)p +M
k−1

∑
i=0

1
n2pi . (10.9)

The inequality (10.8) yields the validity of inequality (10.9) for k = 1. Assume now
that inequality (10.9) holds for k. We shall prove it for k+1. Since the quasi-norm
is p-subadditive, we get

∥∥∥∥ f (x) − 1
n2k+2 f (nk+1x)

∥∥∥∥
p

=

∥∥∥∥ f (x)− 1
n2k f (nkx)+

1
n2k f (nkx)− 1

n2k+2 f (nk+1x)

∥∥∥∥
p

≤
∥∥∥∥ f (x)− 1

n2k f (nkx)

∥∥∥∥
p

+

∥∥∥∥ 1
n2k f (nkx)− 1

n2k+2 f (nk+1x)

∥∥∥∥
p

≤
k

∑
i=1

φ(ni−1x, ...,ni−1x)p

n2pi +
k−1

∑
i=0

Mp

n2pi +
1

n2pk

[
φ(nkx, ...,nkx)p

n2p +Mp
]

=
k+1

∑
i=1

1
n2pi φ(n

i−1x, ...,ni−1x)p +Mp
k

∑
i=0

1
n2pi .

This completes the proof of inequality (10.9).
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For k > l > 0 and x ∈ E , we have

∥∥∥∥ 1
n2k f (nkx) − 1

n2l f (nlx)

∥∥∥∥
p

=
1

n2l p

∥∥∥∥ f (nlx)− 1

n2(k−l)
f (nk−l ·nlx)

∥∥∥∥
p

≤ 1
n2l p

( k−l

∑
i=1

1
n2pi φ(n

i+l−1x, ...,ni+l−1x)p +Mp
k−l−1

∑
i=0

1
n2pi

)

=
k

∑
i=l+1

1
n2pi φ(n

i−1x, ...,ni−1x)p +Mp
k−l

∑
i=l

1
n2pi .

Consequently, it follows from inequality (10.4) that the sequence {n−2k f (nkx)} is a
Cauchy sequence in F for all x ∈ E . Since F is complete, the sequence converges in
F for all x ∈ E . So one can define the mapping A : E→ F by

A(x) = lim
k→∞

1
n2k f (nkx) , ∀x ∈ E .

Passing to the limit as k→ ∞ in inequality (10.9) we obtain inequality (10.7).
It follows from inequality (10.6) and equality (10.5) that

‖DA(x1,x2, ...,xn)‖ = lim
k→∞

1
n2k ‖D f (nkx1,n

kx2, ...,n
kxn)‖

≤ lim
k→∞

1
n2k φ(nkx1,n

kx2, ...,n
kxn) = 0

for all x∈ E . Hence, the mapping A is an n-dimensional quadratic function. To show
the uniqueness of A, let C : E → F be also n-dimensional quadratic function
satisfying inequality (10.7). Then

‖A(x)−C(x)‖p =
1

n2pk
‖A(nkx)−C(nkx)‖p

≤ 1
n2pk (‖A(nkx)− f (nkx)‖p

+‖ f (nkx)−C(nkx)‖p)

≤ 1
n2pk 2Φ(nkx,nkx, ...,nkx)

for all x ∈ E . Passing to the limit as k→ ∞, we obtain A =C.
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It is obvious that A(rx) = r2A(x) holds for all x ∈ E and all r ∈Q. To prove that
A is a homogeneous mapping of degree 2 for all real numbers as well, it suffices to
prove that A(tx) is continuous in t for each fixed x in E , which is ensured by the
continuity of f (see [7] for more details). 
�
Theorem 10.2. Let φ : E→ [0,∞) be a function such that φ(0,0, ...,0) = 0,

Φ(x,x, ...,x) =
∞

∑
k=0

n2kpφ
(

x
nk+1 , ...,

x
nk+1

)p

< ∞ (10.10)

and

lim
k→∞

n2kφ
(

x1

nk , ...,
xn

nk

)
= 0 (10.11)

for all x1,x2, ...,xn ∈ E. If a function f : E→ F satisfies the inequality

‖D f (x1,x2, ...,xn)‖ ≤ φ(x1,x2, ...,xn) (10.12)

for all x1,x2, ...,xn ∈ E, then there exists a unique n-dimensional quadratic function
A : E→ F such that

‖ f (x)−A(x)‖ ≤ (Φ(x,x, ...,x))
1
p (10.13)

for all x in E. If, moreover, f (tx) is continuous in t for each fixed x in E, then
A(rx) = r2A(x) for all r ∈ R,x ∈ E.

Proof. It follows from φ(0, ...,0) = 0 that f (0) = 0. Similarly to the proof of
Theorem 10.1, we have

‖ f (nx)−n2 f (x)‖ ≤ φ(x,x, ...,x) .

Replacing x by 1
n x, we get

∥∥∥∥ f (x)−n2 f

(
x
n

)∥∥∥∥≤ φ
(

x
n
,

x
n
, ...,

x
n

)
. (10.14)

Replacing x by n−kx in (10.14) and multiplying both sides by n2k, we get

∥∥∥∥n2k f

(
x
nk

)
−n2k+2 f

(
x

nk+1

)∥∥∥∥≤ n2kφ
(

x
nk+1 ,

x
nk+1 , ...,

x
nk+1

)
(10.15)
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for all x in E . For k > l > 0,

∥∥∥∥n2k f

(
x
nk

)
− n2l f

(
x
nl

)∥∥∥∥
p

=

∥∥∥∥
k−1

∑
i=l

n2i f

(
x
ni

)
−n2(i+1) f

(
x

ni+l

)∥∥∥∥
p

≤
k−1

∑
i=l

n2pi

∥∥∥∥ f

(
x
ni

)
−n2k+2 f

(
x

ni+1

)∥∥∥∥
p

≤
k−1

∑
i=l

n2piφ
(

x
ni+1 , ...,

x
ni+1

)p

. (10.16)

It follows from equality (10.10) that {n2k f (n−kx)} is a Cauchy sequence in F .
Because of the fact that F is complete, the limit function

A(x) = lim
k→∞

n2k f

(
x
nk

)

exists. Let l = 0 in inequality (10.16) and passing to the limit as k → ∞, we get
inequality (10.13). The rest of the proof is similar to that of Theorem 10.1. 
�
Definition 10.2 ([13]). Assume that A and (B,≤) are closed under addition. We say
that a function φ : A→ B is contractively subadditive if there exists a real constant
L with 0 < L < 1 such that

φ(x+ y)≤ L(φ(x)+φ(y)) , ∀x,y ∈ A .

We say that φ : A→ (B,≥) is expansively superadditive if

φ(x+ y)≥ 1
L
(φ(x)+φ(y)) , ∀x,y ∈ A .

If φ : A→ B is contractively subadditive, then φ satisfies φ(2x) ≤ 2Lφ(x) and
φ(2kx)≤ (2L)kφ(x); thus, φ(λx)≤ λLφ(x) and φ(λ kx)≤ (λL)kφ(x) for all x ∈ A,
k∈N and positive integer λ ≥ 2. Similarly, if φ : A→B is expansively superadditive,
then

φ(λx)≥ λ
L

φ(x)

and

φ(λ−kx)≤
(

λ
L

)k

φ(x)

for all x ∈ A, k ∈ N and positive integer λ ≥ 2.
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Corollary 10.1. Let φ : E → [0,∞) be a contractive subadditive function with
constant L, where L≤ n. If a function f : E→ F satisfies the inequality

‖D f (x1,x2, ...,xn)‖ ≤ φ(x1,x2, ...,xn)

for all x1,x2, ...,xn ∈ E, then there exists a unique n-dimensional quadratic function
A : E→ F. Such that

‖ f (x)−A(x)‖ ≤ 1
n

φ(x,x, ...,x)
1

p
√

np−Lp
+Mn2 1

p
√

n2p−1
(10.17)

for all x in E, where

M =
n−1

2n
‖ f (0)‖.

Moreover, if f (tx) is continuous in t for each fixed x in E, then

A(rx) = r2A(x)

for all r ∈R,x ∈ E.

Proof. It follows from (10.9) and contractive subadditivity of φ that

∥∥∥∥ f (x)− 1
n2k f (nkx)

∥∥∥∥
p

≤
k

∑
i=1

1
n2pi φ(n

i−1x, ...,ni−1x)p +Mp
k−1

∑
i=0

1
n2pi

≤
k

∑
i=1

1
n2pi (nL)(i−1)pφ(x, ...,x)p +Mp

k−1

∑
i=0

1
n2pi

=
1

n2p φ(x, ...,x)p
k

∑
i=1

(
L
n

)(i−1)p

+Mp
k−1

∑
i=0

1
n2pi .

For k > l > 0, we get

∥∥∥∥ f (nkx)

n2k
− f (nlx)

n2l

∥∥∥∥≤ 1
n2p φ(x, ...,x)p

k

∑
i=l+1

(
L
n

)(i−1)p

+Mp
k−1

∑
i=l

1
n2pi .

Thus, {n−2k f (nkx)} is Cauchy sequence in F . As F is complete, the limit function

A(x) = lim
k→∞

f (nkx)
n2k

exists and satisfies inequality (10.17).
The rest of the proof is similar to that of Theorem 10.1. 
�
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Corollary 10.2. Let φ : E → [0,∞) be an expansive superadditive function with
constant L satisfying nL < 1 and

φ(0,0, ...,0) = 0.

If a function f : E→ F satisfies the inequality

‖D f (x1,x2, ...,xn)‖ ≤ φ(x1,x2, ...,xn)

for all x1,x2, ...,xn ∈ E, then there exists a unique n-dimensional quadratic function
A : E→ F, such that

‖ f (x)−A(x)‖ ≤ L
n

1
p
√

1− (nL)p
φ(x,x, ...,x) (10.18)

for all x in E. If, moreover, f (tx) is continuous in t for each fixed x in E, then

A(rx) = r2A(x)

for all r ∈R,x ∈ E.

Proof. It follows from inequality (10.16) and expansive superadditivity of φ that

∥∥∥∥n2k f

(
x
nk

)
−n2l f

(
x
nl

)∥∥∥∥
p

≤
k−1

∑
i=l

n2piφ
(

x
ni+1 , ...,

x
ni+1

)p

≤
k−1

∑
i=l

n2pi
(

L
n

)(i+1)p

φ(x, ...,x)p

= φ(x, ...,x)pL2p
k−1

∑
i=l

(nL)(i−1)p .

Thus, {n2k f (n−kx)} is Cauchy sequence in F . Because of the fact that F is complete,
the limit function

A = lim
k→∞

n2k f

(
x
nk

)

exists. Let l = 0. Passing to the limit with k→ ∞, we get inequality (10.18).
The rest of the proof is similar as in the proof of Theorem 10.2. 
�

10.3 Stability Using Alternative Fixed Point

The first systematic study of fixed point theorems in nonlinear analysis is due to
G.Isac and Th.M.Rassias [8]. In this section, we will investigate the stability of the
given n-dimensional quadratic function (10.2) using the alternative fixed point.
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Theorem 10.3 ([10] the alternative of fixed point). Suppose that we are given a
complete generalized metric space (Ω ,d) and a strictly contractive mapping T :
Ω →Ω with Lipschitz constant L. Then, for each given x ∈Ω , either

d(T mx,T n+1x) = ∞ , ∀n ∈ N ,

or there exists a natural number n0 such that

1. d(T mx,T n+1x) = ∞ for all n≥ n0;
2. the sequence {T nx} is convergent to a fixed point y∗ of T ;
3. y∗ is the unique fixed point of T in the set

Δ = {y ∈Ω : d(T n0x,y)< ∞} ;

4. d(y,y∗)≤ 1
1−L d(y,Ty) for all y ∈ Δ .

Let φ : En→ [0,∞) be a function such that

lim
k→∞

φ(λ k
i x1, ...,λ k

i xn)

λ 2k
i

= 0 (10.19)

for all x1,x2, ...,xn ∈ E , where λi = n if i = 0 and λi =
1
n if i = 1.

Theorem 10.4. Suppose that a function f : E→ F satisfies

‖D f (x1, ...,xn)‖ ≤ φ(x1, ...,xn) (10.20)

for all x1, ...,xn ∈ E, and f (0) = 0. If there exists L < 1 such that

ψ(x) = φ
(

x
n
, ...,

x
n

)
(10.21)

has the property

ψ(λix)≤ L ·λ 2
i ·ψ(x) (10.22)

for all x ∈ E, then there exists a unique n-dimensional quadratic function A : E→ F
such that

‖ f (x)−A(x)‖ ≤ L1−i

1−L
ψ(x)

for all x ∈ E.

Proof. Consider the set Ω = {g : E → E : g(0) = 0} and introduce a generalized
metric on Ω as follows:

d( f ,g) = d( f ,g)ψ = inf{K ∈ [0,∞) : ‖ f (x)−g(x)≤ Kψ(x)} .
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Then it is easy to see that (Ω ,d) is a generalized complete metric space. We define a
mapping T : Ω →Ω by: T f (x) = λ−2

i f (λix) for all x∈E. Note that, for all f ,g∈Ω
with d( f ,g)< K, we get

‖T f (x)−T g(x)‖ =
∥∥∥∥ 1

λ 2
i

f (λix)− 1

λ 2
i

g(λix)

∥∥∥∥
=

1

λ 2
i

‖ f (λix)−g(λix)‖

≤ 1

λ 2
i

Kψ(λix)≤ K L ψ(x) .

Hence, we get d(T f ,T g) ≤ K · d( f ,g) for all f ,g ∈ Ω . So T is a strictly self-
mapping of Ω with Lipschitz constant L.

Putting x1 = x2 = ...= xn = x and dividing both sides by n2 in inequality (10.20)
and using inequality (10.22) for i = 0 yields

‖ f (x)−T f (x)‖ =
∥∥∥∥ f (x)− 1

n2 f (nx)

∥∥∥∥≤ 1
n2 ψ(nx)≤ L ψ(x)

for all x ∈ E , that is d( f ,T f )≤ L .
Putting x1 = x2 = ... = xn = x and replacing x by 1

n x in inequality (10.20) and
using inequality (10.22) for i = 1 yields

‖ f (x)−T f (x)‖ =
∥∥∥∥ f (x)−n2 f

(
x
n

)∥∥∥∥≤ ψ(x)

for all x ∈ E , that is d( f ,T f )≤ L0 = 1.
Now from the fixed point alternative in both cases, there exists a fixed point A of

T such that

A(x) = lim
1

λ 2
i

f (λix)

.
for all x ∈ E .

It follows from (10.20) that

‖DA(x1, ...,xn)‖ = lim
k→∞

1

λ 2
i

‖D f (λix1, ...,λixn)‖

≤ lim
k→∞

φ(λ k
i x1, ...,λ k

i xn)

λ 2k
i

= 0 .

Hence, A is an n-dimensional quadratic function. According to the fixed point
alternative, A is the unique function such that

‖ f (x)−A(x)‖ ≤ K ·ψ(x)
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for some K > 0. Again using the fixed point alternative, we have

d( f ,A)≤ 1
1−L

d( f ,T f ).

Hence, we conclude that

d( f ,A)≤ L1−i

1−L
.


�
Corollary 10.3. Assume that ε ≥ 0,δ ≥ 0 and p≥ 0 with p �= 2 are given. Suppose
a function f : E→ F satisfies the inequality

‖D f (x1, ...,xn)‖ ≤ δ + ε
n

∑
i=1

‖xi‖p

for all x1, ...,xn ∈ E. Furthermore, assume f (0) = 0 and δ = 0 if p > 2. Then there
exists a unique n-dimensional quadratic function A : E→ F such that the inequality

‖ f (x)−A(x)‖ ≤ δ
np

n2−np + ε
‖x‖p

n−np−1

holds for all x ∈ E and p < 2, or

‖ f (x)−A(x)‖ ≤ ε
‖x‖p

np−1−n

holds for all x ∈ E and p > 2.

Proof. Let

φ(x1, ...,xn) = δ + ε
n

∑
i=1

‖xi‖p

for all x1, ...,xn ∈ E. Then

lim
k→∞

φ(λ k
i x1, ...,λ k

i xn)

λ 2k
i

= lim
k→∞

(
δ

λ 2k
i

+λ k(p−2)
i ε

n

∑
i=1

‖xi‖p
)
= 0

holds for all x1, ...,xn ∈ E , where p < 2 if i = 0 and p > 2,δ = 0 if i = 1.
It is easy to see that the inequality

1

λ 2
i

ψ(λix) =
δ
λ 2

i

+λ p−2
i ε

n

∑
i=1

‖xi‖p ≤ λ p−2
i ψ(x)

holds for all x ∈ E , where p < 2 if i = 0 and p > 2 if i = 1. Hence, the inequality
(10.22) holds for L = np−2 when p < 2 and L = n2−p when p > 2. It follows from
Theorem 10.4 that the conclusion in this corollary holds. 
�
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Corollary 10.4. Assume that θ ≥ 0 is given, if a function f : E → F satisfies the
inequality

‖D f (x1, ...,xn)‖ ≤ θ

for all x1, ...,xn ∈ E. Then there exists a unique n-dimensional quadratic function
A : E→ F such that

‖ f (x)−A(x)‖ ≤ ε
n2−1

for all x ∈ E.

Proof. Putting δ = 0, p = 0 and θ = ε/n in Corollary 3.3 yields the conclusion in
this corollary. 
�
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Chapter 11
Ulam Stability Problem for Frames

Laura Găvruţa and Paşc Găvruţa

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract In this paper we give a solution to the Ulam stability problem for
continuous Parseval frames, in finite dimensional Hilbert spaces. We prove that if F
is a nearly Parseval frame then there exists a Parseval frame near F . Also, we give
generalizations of this result.

Keywords Hyers–Ulam-Rassias stability • Frames
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11.1 Introduction

The notion of frames was first introduced by Duffin and Schaeffer [10] in 1952 to
study some deep problems in nonharmonic Fourier series. After the fundamental
paper [9] by Daubechies, Grossman and Meyer, frame theory began to be widely
used, particularly in the more specialized context of wavelet frames and Gabor
frames. Traditionally, frames have been used in signal processing, image processing,
data compression and sampling in sampling theory. For other applications of frame
theory see the references of paper [15].

A discrete frame is a countable family of elements in a separable Hilbert space
which allows for a stable, not necessarily unique, decomposition of an arbitrary
element into an expansion of the frame elements. The concept of a generalization
of frames to a family indexed by some locally compact space endowed with a
Radon measure was proposed by Kaiser [25] and independently by Ali, Antoine
and Gazeau [1] (see also [26]). These frames are known as continuous frames.
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Department of Mathematics, “Politehnica” University of Timişoara,
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Gabardo and Han [12] called them frames associated with measurable spaces; in
mathematical physics they are referred to as coherent states [1]. If in the definition
of a continuous frame, the measure space Ω :=N and μ is the counting measure, the
continuous frame will be a discrete frame. For details the reader could refer to[7].

Definition 11.1. Let H be a Hilbert space and (Ω ,μ) be a measure space with
positive measure μ . A mapping F : Ω → H is called a continuous frame with
respect to (Ω ,μ) if

(i) F is weakly measurable, i.e., for all f ∈H ,

ω→ 〈 f ,F(ω)〉
is a measurable function on Ω ;

(ii) there exist constants A,B > 0 such that

A‖x‖2 ≤
∫

Ω

|〈x,F(ω)〉|2dμ(ω)≤ B‖x‖2 , x ∈H . (11.1)

The constants A and B are called continuous frame bounds. If A = B, then F is called
tight continuous frame and if A = B = 1 it is called a Parseval frame. The mapping
F is called Bessel if the second inequality in (11.1) holds. In this case, B is called
Bessel constant. If μ is a counting measure and Ω =N, F is called a discrete frame.

Let (Ω ,μ) be a measure space and let F be a Bessel mapping from Ω to H .
Then the operator

T : L2(Ω ,μ)→H

weakly defined by

〈T ϕ,x〉=
∫

Ω

ϕ(ω)〈F(ω),x〉dμ(ω) , x ∈H

is well defined, linear, bounded and its adjoint is given by

T ∗ : H → L2(Ω ,μ) , (T ∗x)(ω) = 〈x,F(ω)〉 , ω ∈Ω .

The operator T is called a pre-frame operator or synthesis operator and T ∗ is
called an analysis operator of F . By composing T with its adjoint T ∗ we obtain the
frame operator

S : H →H , Sx =
∫

Ω

〈x,F(ω)〉F(ω)dμ(ω).

We know that S is invertible and self-adjoint positive operator. It is easily shown
that a (Ω ,μ)-Bessel mapping F is a (Ω ,μ)-frame for H if and only if there exists
a (Ω ,μ)-Bessel mapping G such that

〈x,y〉=
∫

Ω

〈x,G(ω)〉〈F(ω),y〉dμ(ω), x,y ∈H .

We call G a dual frame for F and (F,G) a dual pair.



11 Ulam Stability Problem for Frames 141

If S is the frame operator for a (Ω ,μ)-frame, then S−1/2F is a normalized tight
(Ω ,μ)-frame and S−1F is the dual of F . This dual is called the standard dual.

The stability problem as posed by Ulam [30, p. 63] reads as follows: given a
group G1, a metric group G2 with metric d and a positive number ε , find a positive
number δ such that for every f : G1→ G2 satisfying

d( f (xy), f (x) f (y)) ≤ δ , x,y ∈G1

there exists a homomorphism h : G1→ G2 with

d( f (x),h(x)) ≤ ε , x ∈G1.

In 1941, Hyers [21] gave an affirmative answer to the question of Ulam for additive
Cauchy equation in Banach spaces.

Let E1, E2 be Banach spaces and let f : E1→ E2 be a mapping satisfying:

‖ f (x+ y)− f (x)− f (y)‖ ≤ δ .

for all x,y ∈ E1 and δ > 0. There exists a unique additive mapping T : E1 → E2

which satisfies
‖ f (x)−T (x)‖ ≤ δ , x ∈ E1.

Hyers proved that the limit

T (x) = lim
n→∞

2−n f (2nx)

exists for all x ∈ E1. A generalized solution to Ulam’s problem for approximately
linear mappings was proved by Th.M. Rassias [28] in 1978. Th.M. Rassias
considered a mapping f : E1→ E2 such that t → f (tx) is continuous in t for each
fixed x. Assume that there exist θ ≥ 0 and 0≤ p < 1 such that

‖ f (x+ y)− f (x)− f (y)‖ ≤ θ(‖x‖p +‖y‖p) , x,y ∈ E1.

Then there exists a unique linear mapping T : E1→ E2 such that

‖ f (x)−T (x)‖ ≤ 2θ
2−2p‖x‖p , x,y ∈ E1.

Thus, the Hyers’ Theorem follows as a special case of Th.M.Rassias’ Theorem for
p = 0. Th.M. Rassias’ proof of his Theorem [28] applies as well for all real values
of p that are strictly less than zero.

In 1994, P. Găvruţa [14] provided a generalization of Th.M. Rassias’ Theorem
for the unbounded Cauchy difference and introduced the concept of generalized
Hyers–Ulam–Rassias stability in the spirit of Th.M. Rassias approach.
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Theorem 11.1. Let G and E be an abelian group and a Banach space, respectively,
and let ϕ : G2→ [0,∞) be a function satisfying

Φ(x,y) =
∞

∑
k=0

2−k−1ϕ(2kx,2ky)< ∞

for all x,y ∈G. If a function f : G→ E satisfies the inequality

‖ f (x+ y)− f (x)− f (y)‖ ≤ ϕ(x,y)

for any x,y ∈G, then there exists a unique additive function A : G→ E with

‖ f (x)−A(x)‖ ≤Φ(x,x)

for all x ∈ G. If moreover G is a real normed space and f (tx) is continuous in t for
each fixed x in G, then A is a linear function.

For more details see [3, 8, 18, 22, 23, 27, 28].
In this paper, we solve Ulam stability problem for continuous Parseval frames.

For the case of wavelet transform, a solution of Ulam stability problem was posed
by the second author in [17].

11.2 Continuous Frames in Finite Dimensional Hilbert Spaces

Let F : Ω →H be a weakly-measurable mapping with the property

∫

Ω

‖F(ω)‖2dμ(ω)< ∞. (11.2)

Proposition 11.1. If F satisfies (11.2), then F is a Bessel mapping.

Proof. If

B =
∫

Ω

‖F(ω)‖2dμ(ω)< ∞

using Cauchy–Schwarz inequality, we have

∫

Ω

|〈x,F(ω)〉|2dμ(ω)≤
∫

Ω

‖x‖2‖F(ω)‖2dμ(ω)≤ B‖x‖2.


�
In the following, we will prove that the converse of Proposition 11.1 holds if H

is finite dimensional.
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Proposition 11.2. Let H be an n-dimensional Hilbert space and F : Ω →H be
a Bessel mapping. Then F satisfies (11.2).

Proof. Let

{e1, . . . ,en}
be an orthonormal basis for H . By Parseval identity for ω ∈Ω we have

‖F(ω)‖2 =
n

∑
k=1

|〈F(ω),ek〉|2.

It follows

∫

Ω

‖F(ω)‖2dμ(ω) =
n

∑
k=1

∫

Ω

|〈F(ω),ek〉|2dμ(ω)

≤
n

∑
k=1

B‖ek‖2 = Bn < ∞.


�
We will derive a new identity for continuous frames in finite dimensional Hilbert

spaces. First, we give a preliminary result.

Lemma 11.1. Let H be an n-dimensional Hilbert space, G,K : Ω → H be
continuous Parseval frames and L ∈L (H ) be self-adjoint. Then

∫

Ω

‖LG(ω)‖2dμ(ω) =

∫

Ω

‖LK(ω)‖2dμ(ω).

Proof. Using the Fubini theorem, we have

∫

Ω

‖LG(ω)‖2dμ(ω) =

∫

Ω

∫

Ω

|〈LG(ω),K(σ)〉|2dμ(σ)dμ(ω)

=
∫

Ω

∫

Ω

|〈LK(σ),G(ω)〉|2dμ(σ)dμ(ω)

=

∫

Ω

∫

Ω

|〈LK(σ),G(ω)〉|2dμ(ω)dμ(σ)

=

∫

Ω

‖LK(σ)‖2dμ(σ).


�
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Theorem 11.2. Let F be a frame for H and G a Parseval frame for H , where H
is a finite dimensional Hilbert space. Then it holds:

∫

Ω

‖G(ω)−F(ω)‖2dμ(ω) =

∫

Ω

‖S−1/2F(ω)−F(ω)‖2dμ(ω)

+
∫

Ω

‖S1/4G(ω)−S−1/4F(ω)‖2dμ(ω).

Proof. From the lemma above, with K(ω) = S−1/2F(ω), we have:
∫

Ω

‖G(ω)‖2dμ(ω) =
∫

Ω

‖S−1/2F(ω)‖2dμ(ω)

and
∫

Ω

‖S1/4G(ω)‖2dμ(ω) =

∫

Ω

‖S1/4(S−1/2F(ω))‖2dμ(ω)

=

∫

Ω

‖S−1/4F(ω)‖2dμ(ω).

Thus
∫

Ω

‖G(ω)−F(ω)‖2dμ(ω)−
∫

Ω

‖S−1/2F(ω)−F(ω)‖2dμ(ω)

=− 2Re
∫

Ω

〈G(ω),F(ω)〉dμ(ω)+ 2
∫

Ω

〈S−1/2F(ω),F(ω)〉dμ(ω)

=− 2Re
∫

Ω

〈S1/4G(ω),S−1/4F(ω)〉dμ(ω)

+

∫

Ω

‖S−1/4F(ω)‖2dμ(ω)+

∫

Ω

‖S1/4G(ω)‖2dμ(ω)

=
∫

Ω

‖S−1/4F(ω)−S1/4G(ω)‖2dμ(ω).


�

Corollary 11.1. Let F be a frame for H finite dimensional Hilbert space, with
frame operator S. For all Parseval frames G of H , the inequality:

∫

Ω

‖G(ω)−F(ω)‖2dμ(ω)≥
∫

Ω

‖S−1/2F(ω)−F(ω)‖2dμ(ω)

takes place, and we have equality, if and only if G(ω) = S−1/2F(ω) a.e. ω ∈Ω .



11 Ulam Stability Problem for Frames 145

Proof. Inequality follow identity and we have equality if and only if

S1/4G(ω) = S−1/4F(ω) , a.e. ω ∈Ω

which is equivalent to

G(ω) = S−1/2F(ω) , a.e. ω ∈Ω .

�

For the discrete case one should see [13, 19] and references therein.

11.3 Ulam Stability of Parseval Frames

Let H be a Hilbert space and F be a frame with frame bounds A,B. We denote by
S the frame operator

S : H →H , Sx =
∫

Ω

〈x,F(ω)〉F(ω)dμ(ω).

The family S−1/2F is a Parseval frame, for x ∈H :
∫

Ω

|〈x,S−1/2F(ω)〉|2dμ(ω) =
∫

ω

|〈S−1/2x,F(ω)〉|2dμ(ω)

= 〈S(S−1/2x),S−1/2x〉
= 〈S−1/2x,S−1/2x〉= ‖x‖2.

In the previous section we provided a proof of the fact that S−1/2F has a special
property: it is the nearest by the given frame from all Parseval frames in H . This
fact was proved by Casazza and Kutyniok [4] for discrete case and it will be a
corollary of a theorem that gives a new identity for frames.

In the following, we consider 0≤ ε < 1 and H a n-dimensional Hilbert space.
The frame F is ε nearly Parseval if, for all x ∈H ,

(1− ε)‖x‖2 ≤
∫

Ω

|〈x,F(ω)〉|2dμ(ω)≤ (1+ ε)‖x‖2.

Theorem 11.3. If F is an ε near Parseval frame, then there exists a Parseval frame
G such that ∫

Ω

‖G(ω)−F(ω)‖2dμ(ω)≤ n(1−√1− ε)2.

Moreover, the estimation is optimal.
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Proof. Let S with eigenvalues {λk}n
k=1 and a corresponding orthonormal set of

eigenvectors {ek}n
k=1. It follows that

‖F(ω)−S−1/2F(ω)‖2 =

∥∥∥∥∥
n

∑
k=1

〈F(ω),ek〉ek−
n

∑
k=1

1√
λk

〈F(ω),ek〉ek

∥∥∥∥∥
2

=
n

∑
k=1

|〈F(ω),ek〉|2
∣∣∣∣∣1−

1√
λk

∣∣∣∣∣
2

and hence

∫

Ω

‖F(ω)−S−1/2F(ω)‖2dμ(ω) =
n

∑
k=1

∣∣∣∣∣1−
1√
λk

∣∣∣∣∣
2 ∫

Ω

|F(ω),ek|2dμ(ω)

=
n

∑
k=1

∣∣∣∣∣1−
1√
λk

∣∣∣∣∣
2

〈Sek,ek〉

=
n

∑
k=1

(
√

λk−1)2.

We have

1− ε ≤ λk ≤ 1+ ε, k = 1,2, . . . ,n.

Since √
1− ε+

√
1+ ε ≤ 2,

it follows √
1− ε−1≤

√
λk−1≤√1+ ε−1≤ 1−√1− ε

and thus ∫

Ω

‖F(ω)−S−1/2F(ω)‖2dμ(ω)≤ n(1−√1− ε)2.

We prove that the above estimation is optimal (i.e., the best possible). Consider
the frame

{ f ε
j }n

j=1,

where

f ε
j =
√

1− εuk, k = 1,2, . . . ,n.

Here, {uk}n
k=1 is an orthonormal basis of H .

We have
n

∑
k=1

|〈x, f ε
j 〉|2 =

n

∑
k=1

(1− ε)|〈x,uk〉|2 = (1− ε)‖x‖2
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and the corresponding frame operator

Sx =
n

∑
k=1

〈x, f ε
j 〉 f ε

j = (1− ε)
n

∑
k=1

〈x,uk〉uk = (1− ε)x.

It follows

n

∑
k=1

‖ f ε
j −S−1/2 f ε

j ‖2 =
n

∑
k=1

‖√1− εuk−uk‖2

= n(
√

1− ε−1)2.


�
Corollary 11.2. Let { f j}n

j=1 be a basis for H such that

(1− ε)‖x‖2 ≤
n

∑
k=1

|〈x, f j〉|2 ≤ (1+ ε)‖x‖2 , x ∈H .

Then there exists an orthonormal basis {g j}n
j=1 of H such that

n

∑
k=1

‖ f j−g j‖2 ≤ n(1−√1− ε)2.

Proof. Since { f j}n
j=1 is a basis, it follows that {S− 1

2 f j}n
j=1 is an orthonormal family

[5] and thus we can apply Theorem 11.2. 
�
Theorem 11.4. If F is an ε near Parseval frame, then there exists an alternative
dual K of F such that

∫

Ω

‖K(ω)−F(ω)‖2dμ(ω)≤ n
ε2

1− ε
.

The estimation is optimal.

Proof. We have

‖F(ω)− S−1F(ω)‖2 =

∥∥∥∥∥
n

∑
k=1

〈F(ω),ek〉ek−
n

∑
k=1

1
λk
〈F(ω),ek〉ek

∥∥∥∥∥
2

=
n

∑
k=1

|〈F(ω),ek〉|2
∣∣∣∣1− 1

λk

∣∣∣∣
2
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and hence

∫

Ω

‖F(ω)−S−1F(ω)‖2dμ(ω) =
n

∑
k=1

∣∣∣∣1− 1
λk

∣∣∣∣
2 ∫

Ω

|〈F(ω),ek〉|2dμ(ω)

=
n

∑
k=1

∣∣∣∣1− 1
λk

∣∣∣∣
2

〈Sek,ek〉

=
n

∑
k=1

∣∣∣∣1− 1
λk

∣∣∣∣
2

λk =
n

∑
k=1

|λk−1|2
λk

.

From the hypothesis, we get

|λk−1| ≤ ε

and
1
λk
≤ 1

1− ε
.

It follows ∫

Ω

‖F(ω)−S−1F(ω)‖2 ≤ ε2

1− ε
.

We prove that the estimation is optimal.
Let {u j}n

j=1 be an orthonormal basis of H and take

f ε
j =
√

1− εu j , j = 1,2, . . . ,n.

Then

‖ f ε
j −S−1 f ε

j ‖= ‖
√

1− εu j− 1
1− ε

√
1− εu j‖

=
ε√

1− ε

and therefore
n

∑
j=1

‖ f ε
j −S−1 f ε

j ‖2 = n
ε2

1− ε
.


�
In the following, we provide a generalization of the previous results.

Theorem 11.5. Let F be a frame for H , S be a frame operator and let a ∈R. Then
the family

S
a−1

2 F(ω)

is a frame for H with frame operator Sa.
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Proof. For x ∈H , it follows

∫

Ω

〈x,S a−1
2 F(ω)〉S a−1

2 F(ω)dμ(ω) = S
a−1

2

⎛
⎝∫

Ω

〈x,S a−1
2 F(ω)〉F(ω)

⎞
⎠dμ(ω)

= S
a−1

2

⎛
⎝∫

Ω

〈S a−1
2 x,F(ω)〉F(ω)

⎞
⎠dμ(ω)

= S
a−1

2 S
(

S
a−1

2 x
)

= Sax.

�

Theorem 11.6. Let a ≤ 0, F be a frame for H and S be a frame operator. Then
we have:

∫

Ω

‖F(ω)−S
a−1

2 F(ω)‖2dμ(ω)≤ n((
√

1− ε)a−√1− ε)2.

The estimation is optimal.

Proof. Let {λi}n
i=1 be the eigenvalues of S and {ei}n

i=1 the corresponding orthonor-
mal set. We have

‖F(ω)− S
a−1

2 F(ω)‖2 =

∥∥∥∥∥
n

∑
i=1
〈F(ω),ei〉ei−

n

∑
i=1

λ
a−1

2
i 〈F(ω),ei〉ei

∥∥∥∥∥
2

=

∥∥∥∥∥
n

∑
i=1

(
1−λ

a−1
2

i

)
〈F(ω),ei〉ei

∥∥∥∥∥
2

=
n

∑
i=1

(
1−λ

a−1
2

i

)2

|〈F(ω),ei〉|2.

So
∫

Ω

‖F(ω)−S
a−1

2 F(ω)‖2dμ(ω) =
n

∑
i=1

(
1−λ

a−1
2

i

)2 ∫

Ω

|〈F(ω),ei〉|2dμ(ω)

=
n

∑
i=1

(
1−λ

a−1
2

i

)2

〈Sei,ei〉

=
n

∑
i=1

(
1−λ

a−1
2

i

)2

λi

=
n

∑
i=1

(
√

λi−
√

λi
a
)2.
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The function

f (x) = x− xa, x > 0

has the derivative

f ′(x) = 1−axa−1 ≥ 0

and hence f is nondecreasing . It follows that

√
1− ε− (

√
1− ε)a ≤

√
λi−

√
λi

a ≤√1+ ε− (
√

1+ ε)a.

We have √
1+ ε− (

√
1+ ε)a ≤ (

√
1− ε)a−√1− ε,

which is equivalent with

√
1+ ε +

√
1− ε ≤ (

√
1+ ε)a +(

√
1− ε)a.

Indeed, if we denote by

g(a) = (
√

1+ ε)a +(
√

1− ε)a,

then its derivative is

g′(a) = (
√

1+ ε)aln(
√

1+ ε)+ (
√

1− ε)aln(
√

1− ε)

≤ (
√

1− ε)aln(
√

1− ε2)

≤ 0.

It follows that g is a non-increasing function.
If a≤ 0 it follows

g(a)≥ g(0) = 2≥√1+ ε +
√

1− ε

and thus
∫

Ω

‖F(ω)−S
a−1

2 F(ω)‖2dμ(ω)≤ n((
√

1− ε)a−√1− ε)2.

We prove that the estimation is optimal.
We consider {u j}n

j=1 to be an orthonormal basis of H and we take:

f ε
j =
√

1− εu j, j = 1,2, . . . ,n.

It holds

Sx = (1− ε)x
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and

S−1/2 f ε
j = u j.

Therefore

S
a−1

2 f ε
j = S

a
2 u j = (

√
1− ε)au j

and thus
n

∑
j=1
‖ f ε

j −S
a−1

2 f ε
j ‖2 = n((

√
1− ε)a−√1− ε)2.


�
Independently, a recent paper [2] also computes the closest Parseval frame.
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Generalized Hyers–Ulam Stability
of a Quadratic Functional Equation
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on the 100th anniversary of his birth

Abstract Let a be a fixed integer with a �=−1,0. We obtain the general solution and
the generalized Hyers–Ulam stability theorem for a quadratic functional equation

f (ax+ y)+ a f (x− y) = (a+1) f (y)+ a(a+1) f (x).
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12.1 Introduction

In 1940, Ulam [19] gave a talk before the Mathematics Club of the University of
Wisconsin in which he discussed a number of unsolved problems. Among these
was the following question concerning the stability of homomorphisms.

Let G be a group and let G′ be a metric group with metric ρ(·, ·). Given ε > 0,
does there exist a δ > 0 such that if f : G→G′ satisfies ρ( f (xy), f (x) f (y)) < δ for
all x,y ∈ G, then a homomorphism h : G→ G′ exists with ρ( f (x),h(x)) < ε for all
x ∈ G?

In 1941, the first result concerning the stability of functional equations was
presented by Hyers [8]. He has answered the question of Ulam for the case where
G1 and G2 areBanach spaces.
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Let E1 and E2 be real vector spaces. A function f : E1→ E2 is called a quadratic
function if and only if f is a solution function of the quadratic functional equation

f (x+ y)+ f (x− y) = 2 f (x)+ 2 f (y). (12.1)

It is well known that a function f between real vector spaces is quadratic if and
only if there exists a unique symmetric biadditive function B such that f (x) =B(x,x)
for all x, where the mapping B is given by

B(x,y) =
1
4
( f (x+ y)− f (x− y)).

See [1, 9] for the details.
The Hyers–Ulam stability of the quadratic functional equation (12.1) was first

proved by Skof [18] for functions f : E1→ E2, where E1 is a normed space and E2

is a Banach space. Cholewa [3] demonstrated that Skof’s theorem is also valid if E1

is replaced by an abelian group G. Assume that a function f : G→ E satisfies the
inequality

‖ f (x+ y)+ f (x− y)−2 f (x)−2 f (y)‖≤ δ

for some δ ≥ 0 and for all x,y ∈G, then there is a unique quadratic Q : G→ E with

‖F(x)−Q(x)‖ ≤ δ
2

for all x ∈ G. S. Czerwik [4] proved the Hyers–Ulam–Rassias stability of quadratic
functional equation (12.1). Let E1 and E2 be a real normed space and a real Banach
space, respectively, and let p �= 2 be a positive constant. If a function f : E1→ E2

satisfies the inequality

‖ f (x+ y)+ f (x− y)−2 f (x)−2 f (y)‖≤ ε(‖x‖p +‖y‖p)

for some ε > 0 and for all x,y ∈ E1, then there exists a unique quadratic function
q : E1→ E2 such that

‖ f (x)−q(x)‖ ≤ 2ε
|4−2p| ‖x‖

p

for all x ∈ E1. Furthermore, according to the theorem of Borelli and Forti [2],
we know the following generalization of stability theorem for quadratic functional
equation. Let G be an abelian group and E a Banach space, let f : G→ E be a
mapping with f (0) = 0 satisfying the inequality

‖ f (x+ y)+ f (x− y)−2 f (x)−2 f (y)‖≤ ϕ(x,y)
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for all x,y ∈ G. Assume that one of the series

Φ(x,y) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∞

∑
k=0

1

22(k+1)
ϕ(2kx,2ky)< ∞ ;

∞

∑
k=0

22kϕ
( x

2(k+1)
,

y

2(k+1)

)
< ∞ .

Then there exists a unique quadratic function Q : G→ E such that

‖ f (x)−Q(x)‖ ≤Φ(x,x)

for all x ∈ G. During the last three decades a number of papers and research
monographs have been published on various generalizations and applications of
the generalized Hyers–Ulam stability of several functional equations, and there are
many interesting results concerning this problem [5, 6, 10, 12, 17]. In particular,
J.M. Rassias investigated the stability of Ulam for the functional equation

f (ax+by)+ f (bx−ay) = (a2 +b2)[ f (x)+ f (y)]

in [13–15]. Now, we consider a new quadratic functional equation

f (ax+ y)+ a f (x− y) = (a+1) f (y)+ a(a+1) f (x) (12.2)

for any fixed a ∈ Z with a �= 0,−1, which is a modified and instrumental equation
for the reference [11]. In this paper, we investigate the general solution of (12.2) and
then prove the generalized Hyers–Ulam stability of (12.2).

12.2 Generalized Hyers–Ulam Stability of (12.2) for a �=−2

First, we present the general solution of (12.2) in the class of all functions between
vector spaces.

Lemma 12.1. If vector spaces X and Y are common domain and range of the
functions f in both the functional equations (12.1) and (12.2), then the functional
equation (12.2) is equivalent to the functional equation (12.1).

Proof. Suppose that a function f : X → Y satisfies (12.2) for all x,y ∈ X . If we
replace x,y in (12.2) by 0, then we have f (0) = 0.

Setting x,y by 0,−y in (12.2), respectively, yields

f (−y)+ a f (y) = (a+1) f (−y)

and so we conclude that f is even.
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Letting y by −y in (12.2), for all x,y ∈ X we have

f (ax− y)+ a f (x+ y) = (a+1) f (y)+ a(a+1) f (x). (12.3)

Replacing y by x− y in (12.2), one obtains

f ((a+1)x− y)+ a f (y) = (a+1) f (x− y)+ a(a+1) f (x) (12.4)

for x,y ∈ X . Next, substituting −ax+ y for y in (12.2) leads to

f (y)+ a f ((a+1)x− y) = (a+1) f (ax− y)+ a(a+1) f (x) (12.5)

for all x,y ∈ X . Now, from (12.3) and (12.5), we get

a f ((a+1)x− y) + a(a+1) f (x+ y)

= a(a+2) f (y)+ a(a+1)(a+2) f (x) (12.6)

for all x,y ∈ X . Finally, it is easily seen that (12.4) and (12.6) lead to (12.1).
The converse is obvious. 	

Throughout this paper, let X be a vector space and let Y be a Banach space unless

we give any specific reference. We will investigate the generalized Hyers–Ulam
stability problem for the functional equation (12.2) for a �= −2. Thus we find the
condition that there exists a true quadratic function near an approximately quadratic
function. For simplicity, we use the following abbreviation:

Da f (x,y) := f (ax+ y)+ a f (x− y)− (a+1) f (y)−a(a+1) f (x)

for all x,y ∈ X and any fixed integer a with a �= 0,−1,−2; Da f is called the
approximate remainder of (12.2) and acts as a perturbation of the equation.

Let ϕ : X×X → [0,∞) satisfy, for all x,y ∈ X , one of the conditions

Φ1(x,y) :=
∞

∑
l=0

1

(a+1)2(l+1)
ϕ
(
(a+1)lx,(a+1)ly

)
< ∞, (12.7)

Φ2(x,y) :=
∞

∑
l=0

(a+1)2lϕ
(

x
(a+1)l+1 ,

y
(a+1)l+1

)
< ∞. (12.8)

Theorem 12.1. Assume that ϕ satisfies (12.7) and a function f : X → Y satisfies

‖Da f (x,y)‖ ≤ ϕ(x,y) (12.9)

for all x,y ∈ X. Then there exists a unique quadratic function Q : X → Y satisfying
∥∥∥∥ f (x)− 1

a+2
f (0)−Q(x)

∥∥∥∥≤ Φ1(x,x) (12.10)
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for all x ∈ X, where ‖ f (0)‖ ≤ ϕ(0,0)/|a(a+1)|. The function Q is given by

Q(x) = lim
k→∞

f ((a+1)kx)
(a+1)2k .

Proof. Replacing x,y by 0 in (12.9), we get

‖ f (0)‖ ≤ ϕ(0,0)
|a(a+1)| .

Replacing y by x in (12.9), we obtain

‖ f ((a+1)x)+ a f (0)− (a+1)2 f (x)‖ ≤ ϕ(x,x) (12.11)

for x ∈ X . Dividing (12.11) by (a+1)2, we get
∥∥∥∥ 1
(a+1)2 f̄ ((a+1)x)− f̄ (x)

∥∥∥∥≤ 1
(a+1)2 ϕ(x,x) (12.12)

for x ∈ X , where

f̄ (x) = f (x)− f (0)
a+2

for x ∈ X . Thus using (12.12) and the triangle inequality we prove by induction that
∥∥∥∥ 1
(a+1)2k f̄ ((a+1)kx)− f̄ (x)

∥∥∥∥

≤
k−1

∑
l=0

1

(a+1)2(l+1)
ϕ
(
(a+1)lx,(a+1)lx

)
(12.13)

for x ∈ X and for all k ∈ N. Therefore we deduce from the inequality (12.13) that
for any integers m,k with m > k ≥ 0

∥∥∥∥ 1
(a+ 1)2m f̄ ((a+1)mx)− 1

(a+1)2k f̄ ((a+1)kx)

∥∥∥∥

=
1

(a+1)2k

m−k−1

∑
l=0

1

(a+1)2(l+1)
ϕ((a+1)l+kx,(a+1)l+kx)

=
m−1

∑
l=k

1

(a+1)2(l+1)
ϕ((a+1)lx,(a+1)lx). (12.14)

Since the right hand side of (12.14) tends to zero as k→ ∞, for all x ∈ X the
sequence {

1
(a+1)2k f̄ ((a+1)kx)

}
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is Cauchy and thus converges by the completeness of Y . Define Q : X → Y by

Q(x) = lim
k→∞

1
(a+1)2k

(
f ((a+1)kx)− f (0)

a+2

)
= lim

k→∞

f ((a+1)kx)
(a+1)2k

for all x ∈ X .
Replacing x,y in (12.9) by (a+1)kx, (a+1)ky, respectively, dividing both sides

by (a+1)2k and after then taking the limit in the resulting inequality, we have

Q(ax+ y)+ aQ(x− y)− (a+1)Q(y)−a(a+1)Q(x)= 0

so the function Q is quadratic. Taking the limit in (12.13) as k→ ∞, we obtain that,
for all x ∈ X ,

∥∥∥∥ f (x)− 1
a+2

f (0)−Q(x)

∥∥∥∥≤Φ1(x,x).

To prove the uniqueness of the quadratic function Q subject to (12.10), let us
assume that there exists a quadratic function Q′ : X → Y which satisfies (12.2) and
the inequality (12.10). Obviously, we have

Q(x) = (a+1)−2kQ((a+1)kx)

and
Q′(x) = (a+1)−2kQ′((a+1)kx)

for all x ∈ X . Hence it follows from (12.10) that
∥∥∥Q(x)−Q′(x)

∥∥∥ =
1

(a+1)2k

∥∥∥Q
(
(a+1)kx

)
−Q′

(
(a+1)kx

)∥∥∥

≤ 2
(a+1)2k

∞

∑
l=0

1

(a+1)2(l+1)
ϕ
(
(a+1)l+kx,(a+1)l+kx

)

= 2
∞

∑
l=k

1

(a+1)2(l+1)
ϕ
(
(a+1)lx,(a+1)lx

)

for all k ∈ N. Therefore, letting k → ∞, one has Q(x)−Q′(x) = 0 for all x ∈ X ,
completing the proof of uniqueness. 	

Theorem 12.2. Assume that a function f : X → Y satisfies

‖Da f (x,y)‖ ≤ ϕ(x,y)

for all x,y ∈ X and ϕ satisfies the condition (12.8). Then there exists a unique
quadratic function Q : X → Y with

‖ f (x)−Q(x)‖ ≤Φ2(x,x) (12.15)
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for all x ∈ X. The function Q is given by

Q(x) = lim
k→∞

(a+1)2k f

(
x

(a+1)k

)

for all x ∈ X .

Proof. In this case, f (0) = 0 since

∞

∑
l=0

(a+1)2lϕ(0,0)< ∞

and so ϕ(0,0) = 0 by the assumption. Replacing x by x/(a+1) in (12.11), we obtain
∥∥∥∥ f (x)− (a+1)2 f

(
x

a+1

)∥∥∥∥≤ ϕ
(

x
(a+1)

,
x

(a+1)

)
(12.16)

for x ∈ X . By induction and (12.16) we deduce that, for all x ∈ X , k ∈ N,
∥∥∥∥ f (x) − (a+1)2k f

(
x

(a+1)k

)∥∥∥∥

≤
k−1

∑
l=0

(a+1)2lϕ
(

x
(a+1)l+1 ,

x
(a+1)l+1

)
(12.17)

The rest of the proof is similar to the proof of Theorem 12.1. 	

In the following corollary, we have a stability result of (12.2) in the sense of

Th.M. Rassias.

Corollary 12.1. Let X and Y be a normed space and a Banach space, respectively.
Let p,ε be real numbers such that ε ≥ 0, p �= 2. Assume that a function f : X → Y
satisfies the inequality

‖Da f (x,y)‖ ≤ ε(‖x‖p +‖y‖p) (12.18)

for all x,y ∈ X and X \ {0} if p < 0. Then there exists a unique quadratic function
Q : X → Y which satisfies the inequality

∥∥∥∥ f (x)− 1
a+2

f (0)−Q(x)

∥∥∥∥≤ 2ε‖x‖p

|(a+1)2−|a+1|p|
for all x ∈ X and X \ {0} if p < 0. The function Q is given by

Q(x) =

⎧⎪⎪⎨
⎪⎪⎩

lim
k→∞

f ((a+1)kx)

(a+1)2k , i f p < 2;

lim
k→∞

(a+1)2k f

(
x

(a+1)k

)
, i f p > 2,

for all x ∈ X and X \ {0} if p < 0, where f (0) = 0 if p > 0.
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Proof. If p > 0, we put x = 0 = y in (12.18) and get f (0) = 0. Let

ϕ(x,y) := ε(‖x‖p +‖y‖p)

for all x,y ∈ X . Then applying Theorems 12.1 and 12.2 we obtain easily the
statement. 	


In the next corollary, we get a stability result of (12.2) in the sense of J.M.
Rassias.

Corollary 12.2. Let X and Y be a normed space and a Banach space, respectively.
Let ε, p1, p2 be real numbers such that p1 p2 ≥ 0, ε ≥ 0, P := p1 + p2 �= 2, and
f : X → Y satisfy

‖Da f (x,y)‖ ≤ ε(‖x‖p1 ‖y‖p2)

for all x,y ∈ X and X \ {0} if p1, p2 < 0. Then there exists a unique quadratic
function Q : X → Y which satisfies the inequality

∥∥∥∥ f (x)− 1
a+2

f (0)−Q(x)

∥∥∥∥≤ ε‖x‖P∣∣(a+1)2−|a+1|P∣∣
for all x ∈ X and X \ {0} if p1, p2 < 0, where f (0) = 0 if p1, p2 > 0.

Proof. We remark that
ϕ(x,y) = ε(‖x‖p1 ‖y‖p2)

satisfies the condition (12.7) or (12.8) for all x,y ∈ X . By Theorems 12.1 and 12.2,
we get the statement. 	


As a consequence, we obtain the following Hyers–Ulam stability result of (12.2).

Corollary 12.3. Assume that for some θ ≥ 0 a function f : X → Y satisfies

‖Da f (x,y)‖ ≤ θ

for all x,y ∈ X. Then there exists a unique quadratic function Q : X → Y which
satisfies the inequality

∥∥∥∥ f (x)− 1
a+2

f (0)−Q(x)

∥∥∥∥≤ θ
a(a+2)

for all x ∈ X.

Proof. If we put ϕ(x,y) := θ , then ϕ satisfies the condition (12.7), and so we get
the desired result. 	
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12.3 Generalized Hyers–Ulam Stability of (12.2) for a =−2

We will investigate the generalized Hyers–Ulam stability problem for the functional
equation (12.2) for the singular case

a =−2

excluded in Sect. 2. Thus, we find the condition that there exists a true quadratic
function near an approximately quadratic function.

For simplicity, we write

D−2 f (x,y) := f (−2x+ y)−2 f (x− y)+ f (y)−2 f (x)

for all x,y ∈ X .
Let ψ : X×X → [0,∞) be a mapping satisfying one of the conditions

Ψ1(x,y) :=
∞

∑
l=0

(
1

22l+1 ψ
(

2lx,2ly
)
+

1
4l+1 ψ

(
2lx,2l+1y

))
< ∞, (12.19)

Ψ2(x,y) :=
∞

∑
l=0

(
22l+1ψ

( x
2l+1 ,

y
2l+1

)
+4lψ

( x
2l+1 ,

y
2l

))
< ∞ (12.20)

for all x,y ∈ X .

Theorem 12.3. Assume that a function f : X → Y satisfies

‖D−2 f (x,y)‖ ≤ ψ(x,y) (12.21)

for all x,y ∈ X and ψ satisfies the condition (12.19). Then there exists a unique
quadratic function Q : X → Y satisfying the estimation

‖ f (x)+ f (0)−Q(x)‖ ≤Ψ1(x,x)

for all x ∈ X. The function Q is given by

Q(x) = lim
k→∞

f (2kx)

4k

for all x ∈ X.

Proof. Let y := x in (12.21). Then we have

‖ f (−x)−2 f (0)− f (x)‖ ≤ ψ(x,x) (12.22)
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for all x ∈ X . Next, set y := 2x in (12.21). Then one obtains

‖ f (0)−2 f (−x)+ f (2x)−2 f (x)‖≤ ψ(x,2x) (12.23)

for all x ∈ X . Thus it follows from (12.22) and (12.23) that

‖3 f (0)+ 4 f (x)− f (2x)‖ ≤ 2ψ(x,x)+ψ(x,2x) (12.24)

for all x ∈ X . Defining f̃ (x) = f (x)+ f (0) in (12.24), for all x ∈ X we get

∥∥∥∥1
4

f̃ (2x)− f̃ (x)

∥∥∥∥ ≤ 1
2

ψ(x,x)+
1
4

ψ(x,2x). (12.25)

An induction argument together with (12.25) implies that, for all x ∈ X and for
all k ∈ N,

∥∥∥∥ 1
4k f̃ (2kx)− f̃ (x)

∥∥∥∥≤
k−1

∑
l=0

(
1

22l+1 ψ
(

2lx,2lx
)
+

1
4l+1 ψ

(
2lx,2l+1x

))
.

Using the similar argument as for Theorem 12.1, we see that Q : X→Y , given by

Q(x) = lim
n→∞

f (2kx)+ f (0)
4k = lim

n→∞

f (2kx)

4k

for x ∈ X , is the unique quadratic mapping with ‖ f̃ (x)−Q(x)‖ ≤Ψ1(x,x) for x ∈ X .
	


Theorem 12.4. Assume that a function f : X → Y satisfies

‖D−2 f (x,y)‖ ≤ ψ(x,y)

for all x,y ∈ X and ψ satisfies the condition (12.20). Then there exists a unique
quadratic function Q : X → Y satisfying the approximation

‖ f (x)−Q(x)‖ ≤Ψ2(x,x)

for all x ∈ X. The function Q is given by

Q(x) = lim
k→∞

4k f
( x

2k

)

for all x ∈ X .

Proof. The proof goes through by the similar argument to Theorem 12.3. 	

The next corollary gives a stability result for (12.2) in the sense of Th.M. Rassias.
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Corollary 12.4. Let X and Y be a normed space and a Banach space, respectively.
Let p,ε be real numbers such that ε ≥ 0, p �= 2. Assume that a function f : X → Y
satisfies and the inequality

‖D−2 f (x,y)‖ ≤ ε(‖x‖p +‖y‖p) (12.26)

for all x,y ∈ X and X \ {0} if p < 0. Then there exists a unique quadratic function
Q : X → Y which satisfies the inequality

‖ f (x)+ f (0)−Q(x)‖ ≤ 2p +5
|2p−4|ε‖x‖

p

for all x ∈ X and X \ {0} if p < 0. The function Q is given by

Q(x) =

⎧⎪⎪⎨
⎪⎪⎩

lim
k→∞

f (2kx)
4k , i f p < 2;

lim
k→∞

4k f
( x

2k

)
, i f p > 2,

for all x ∈ X and X \ {0} if p < 0, where f (0) = 0 if p > 0 .

Proof. Write ψ(x,y) = ε(‖x‖p+‖y‖p) and apply Theorems 12.3 and 12.4. If p> 0,
then f (0) = 0, since we get ψ(x,y) = 0 by putting x,y = 0 in (12.26). 	


In the following corollary, we have a stability result of (12.2) in the sense of
J.M. Rassias.

Corollary 12.5. Let X and Y be a normed space and a Banach space, respectively.
And let ε, p1, p2 be real numbers such that p1 p2 ≥ 0, ε ≥ 0 and P := p1 + p2 �= 2.
Assume that a function f : X → Y satisfies

‖D−2 f (x,y)‖ ≤ ε(‖x‖p1 ‖y‖p2)

for all x,y ∈ X and X \ {0} if p1, p2 < 0. Then there exists a unique quadratic
function Q : X → Y which satisfies the inequality

‖ f (x)+ f (0)−Q(x)‖ ≤ 2+2p2

|4−2P|ε‖x‖
P

for all x ∈ X and X \ {0} if p1, p2 < 0, where f (0) = 0 if p1, p2 > 0 .

Proof. If we put ψ(x,y) := ε(‖x‖p1 ‖y‖p2), then ψ satisfies the condition (12.19) or
(12.20) for all x,y ∈ X . And so we get the desired results. 	


As a result, we obtain the following Hyers–Ulam stability result of (12.2).

Corollary 12.6. Assume that for some θ > 0, a function f : X → Y satisfies

‖D−2 f (x,y)‖ ≤ θ
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for all x,y ∈ X. Then there exists a unique quadratic function Q : X → Y, which for
all x ∈ X satisfies the inequality

‖ f (x)+ f (0)−Q(x)‖ ≤ θ .

Proof. Since ψ(x,y) = θ satisfies the condition (12.19) for all x,y ∈ X , we get the
desired result by Theorem 12.3. 	
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Chapter 13
On the Hyers–Ulam–Rassias Stability
of the Bi-Pexider Functional Equation

Kil-Woung Jun and Yang-Hi Lee

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract In this paper, we obtain the Hyers–Ulam–Rassias stability of a bi-Pexider
functional equation

f (x+ y,z+w) = f1(x,z)+ f2(x,w)+ f3(y,z)+ f4(y,w)

in the sense of Th.M. Rassias. Also, we establish the superstability of a bi-Jensen
functional equation.

Keywords Solution • Stability • Bi-Jensen mapping • Functional equation
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13.1 Introduction

In 1940, Ulam [7, p. 63] raised a question concerning the stability of homomor-
phisms: Let G1 be a group and let G2 be a metric group with the metric d(·, ·).
Given ε > 0, does there exists a δ > 0 such that if a mapping h : G1→ G2 satisfies
the inequality

d(h(xy),h(x)h(y))< δ
for all x,y∈G1, then there is a homomorphism H : G1→G2 with d(h(x),H(x))< ε
forall x ∈G1?
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The case of approximately additive mappings was solved by Hyers [4] under the
assumption that G1 and G2 are Banach spaces. Aoki [1], Rassias [6], and Găvruta
[3] gave successive generalizations of that result.

Throughout this paper, let X be a normed space and Y a Banach space. A mapping
g : X → Y is called a Cauchy mapping (a Jensen mapping, respectively) if g
satisfies the functional equation g(x+y)= g(x)+g(y) (2g((x+y)/2)= g(x)+g(y),
respectively). For given mappings f , f1, f2, f3, f4 : X×X → Y , we write

D f (x,y,z,w) := f (x+ y,z+w)− f (x,z)− f (x,w)− f (y,z)− f (y,w),

J f (x,y,z,w) := 4 f

(
x+ y

2
,

z+w
2

)
− f (x,z)− f (x,w)− f (y,z)− f (y,w),

P4(x,y,z,w) := f (x+ y,z+w)− f1(x,z)− f2(x,w)− f3(y,z)− f4(y,w)

for all x,y,z,w ∈ X . A mapping f : X ×X → Y is called a biadditive (bi-Jensen,
bi-Pexider, respectively) mapping if f satisfies the functional equations D f = 0
(J f = 0, P( f , f1, f2, f3, f4) := P4 = 0, respectively) and the functional equation
D f = 0 (J f = 0, P( f , f1, f2, f3, f4) = 0, respectively) is called a biadditive (bi-
Jensen, bi-Pexider, respectively) functional equation. In 2006, Park and Bae [2]
obtained the general solution and the Hyers–Ulam stability of a bi-Jensen functional
equation. In this paper, we establish the Hyers–Ulam–Rassias stability of that
equation.

13.2 Stability of a Bi-Pexider Functional Equation

We can easily check the following lemma.

Lemma 13.1. Let f , f1, f2, f3, f4 : X×X → Y . Define f ′, f ′′, f ′′′ : X×X → Y by:

f ′(x,y) = f (x,y)− f (0,y), f ′′(x,y) = f (x,y)− f (x,0),

f ′′′(x,y) = f (x,y)− f (x,0)− f (0,y)+ f (0,0)

for all x,y ∈ X. Then

f ′(x,y)− f ′(2x,y)
2

=
1
4

A1

(
x,0,

y
2
,

y
2

)
, f ′′(x,y)− f ′′(x,2y)

2
=

1
4

A1

( x
2
,

x
2
,0,y

)
,

f ′′′(x,y)− f ′′′(2x,2y)
4

=−1
4

A2(x,x,y,y),

J f (x,y,z,w) = A1

( x
2
,

y
2
,

z
2
,

w
2

)
, J f ′′′(x,y,z,w) = A2

( x
2
,

y
2
,

z
2
,

w
2

)

for all x,y,z,w ∈ X, where
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A1(x,y,z,w) = P4(x,y,z,w)+P4(x,y,w,z)+P4(y,x,z,w)+P4(y,x,w,z)

−P4(x,x,z,z)−P4(x,x,w,w)−P4(y,y,z,z)−P4(y,y,w,w),

A2(x,y,z,w) = P4(x,y,z,w)−P4(x,y,0,0)−P4(0,0,z,w)−P4(x,0,z,0)

−P4(x,0,0,w)−P4(0,y,z,0)−P4(0,y,0,w)+ 2P4(x,0,0,0)

+2P4(0,y,0,0)+ 2P4(0,0,z,0)+ 2P4(0,0,0,w)−3P4(0,0,0,0).

Theorem 13.1. Let 0 < p < 1, 0≤ ε and let f : X×X→Y be a mapping such that

‖P( f , f1, f2, f3, f4)(x,y,z,w)‖ ≤ ε(‖x‖p +‖y‖p+‖z‖p+‖w‖p) (13.1)

for all x,y,z,w ∈ X. Then there is a unique bi-Jensen mapping F : X×X → Y with

‖ f (x,y)−F(x,y)‖ ≤
(

4
|2−2p| +

12
|4−2p|

)
ε(‖x‖p +‖y‖p) (13.2)

for all x,y ∈ X and F(0,0) = f (0,0). The mapping F : X×X → Y is given by

F(x,y) := lim
j→∞

f (2 jx,2 jy)
4 j + lim

j→∞

f (2 jx,0)+ f (0,2 jy)
2 j + f (0,0).

Proof. Let f ′, f ′′, f ′′′,A1,A2,A3 be as in the Lemma 13.1. By Lemma 13.1 and
(13.1), we get

∥∥∥∥ f ′(2lx,0)
2l − f ′(2mx,0)

2m

∥∥∥∥=

∥∥∥∥∥
m−1

∑
j=l

A1(2 jx,0,0,0)
2 j+2

∥∥∥∥∥≤
m−1

∑
j=l

2 jpε
2 j−1 ‖x‖p, (13.3)

∥∥∥∥ f ′′(0,2ly)
2l − f ′′(0,2my)

2m

∥∥∥∥=

∥∥∥∥∥
m−1

∑
j=l

A1(0,0,2 jy,0)
2 j+2

∥∥∥∥∥≤
m−1

∑
j=l

2 jpε
2 j−1 ‖y‖p, (13.4)

∥∥∥∥ f ′′′(2lx,2ly)
4l − f ′′′(2mx,2my)

4m

∥∥∥∥=

∥∥∥∥∥
m−1

∑
j=l

A2(2 jx,2 jx,2 jy,2 jy)
4 j+1

∥∥∥∥∥

≤ 3
m−1

∑
j=l

2 jp

4 j ε(‖x‖p +‖y‖p) (13.5)

for all x,y ∈ X and for given integers l,m (0 ≤ l < m). By the above inequal-
ities, the sequences {2−n( f (2nx,0)− f (0,0))}, {2−n( f (0,2nx)− f (0,0))}, and
{4−n f ′′′(2nx,2ny)} are Cauchy sequences for all x,y∈ X . Since Y is complete, those
sequences converge for all x,y ∈ X and we may define F1,F2,F3 : X×X → Y by:
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F1(x,y) := lim
j→∞

f ′(2 jx,0)
2 j = lim

j→∞

f (2 jx,0)
2 j ,

F2(x,y) := lim
j→∞

f ′′(0,2 jy)
2 j = lim

j→∞

f (0,2 jy)
2 j ,

F3(x,y) := lim
j→∞

f ′′′(2 jx,2 jy)
4 j = lim

j→∞

f (2 jx,2 jy)
4 j .

Putting l = 0 and taking m→ ∞ in (13.3), (13.4) and (13.5), one can obtain the
inequalities

‖ f (x,0)− f (0,0)−F1(x,y)‖ ≤ 4
2−2p‖x‖p, (13.6)

‖ f (0,y)− f (0,0)−F2(x,y)‖ ≤ 4
2−2p‖y‖p, (13.7)

‖ f ′′′(x,y)−F3(x,y)‖ ≤ 12
4−2p‖x‖p +

12
4−2p‖y‖p (13.8)

for all x,y ∈ X . Since

JF1(x,y,z,w) = lim
n→∞

A1(2nx,2ny,0,0)
2n+1 = 0,

JF2(x,y,z,w) = lim
n→∞

A1(0,0,2nz,2nw)
2n+1 = 0,

JF3(x,y,z,w) = lim
n→∞

A2(2nx,2ny,2nz,2nw)
4n = 0

for all x,y,z,w ∈ X , F is a bi-Jensen mapping satisfying (13.2), where

F(x,y) = F1(x,y)+F2(x,y)+F3(x,y)+ f (0,0)

for all x,y ∈ X . The uniqueness of such F can be shown by the similar method as in
the proof of [5, Theorem 2]. ��
Theorem 13.2. Let p > 2 and let f : X ×X → Y be a mapping satisfying (13.1)
for all x,y,z,w ∈ X. Then there exists a unique bi-Jensen mapping F : X ×X → Y
satisfying (13.2) for all x,y ∈ X. The mapping F : X×X → Y is given by

F(x,y) := lim
j→∞

4 j
(

f
( x

2 j ,
y
2 j

)
− f

( x
2 j ,0

)
− f

(
0,

y
2 j

)
+ f (0,0)

)

+ lim
j→∞

2 j
(

f
( x

2 j ,0
)
− f (0,0)

)

+ lim
j→∞

2 j
(

f
(

0,
y
2 j

)
− f (0,0)

)
+ f (0,0).
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Proof. By the similar method as in the proof of Theorem 13.1, we can define the
maps F1,F2,F3 : X×X → Y by

F1(x,y) := lim
j→∞

2 j
(

f
( x

2 j ,0
)
− f (0,0)

)
,

F2(x,y) := lim
j→∞

2 j
(

f
(

0,
y
2 j

)
− f (0,0)

)
,

F3(x,y) := lim
j→∞

4 j
(

f
( x

2 j ,
y
2 j

)
− f

( x
2 j ,0

)
− f

(
0,

y
2 j

)
+ f (0,0)

)

for all x,y ∈ X and obtain the inequalities

‖ f (x,0)− f (0,0)−F1(x,y)‖ ≤ 4ε
2p−2

‖x‖p,

‖ f (0,y)− f (0,0)−F2(x,y)‖ ≤ 4ε
2p−2

‖y‖p,

‖ f (x,y)− f (x,0)− f (0,y)+ f (0,0)−F3(x,y)‖ ≤ 12ε
2p−4

(‖x‖p +‖y‖p)

for all x,y ∈ X . Since

JF1(x,y) = lim
n→∞

2n+1A1

( x
2n ,

y
2n ,0,0

)
= 0,

JF2(x,y) = lim
n→∞

2n+1A1

(
0,0,

z
2n ,

w
2n

)
= 0,

JF3(x,y,z,w) = lim
n→∞

4nA2

( x
2n ,

y
2n ,

z
2n ,

w
2n

)
= 0

for all x,y ∈ X , F is a bi-Jensen mapping satisfying (13.2) where

F(x,y) = F1(x,y)+F2(x,y)+F3(x,y)+ f (0,0)

for all x,y ∈ X . The uniqueness of such F can be shown by the similar method as in
[5, Theorem 3]. ��
Theorem 13.3. Let 1 < p < 2 and let f : X×X→Y be a mapping satisfying (13.1)
for all x,y,z,w ∈ X. Then there exists a unique bi-Jensen mapping F : X ×X → Y
satisfying (13.2) for all x,y ∈ X. The mapping F : X×X → Y is given by

F(x,y) := lim
j→∞

1
4 j ( f (2 jx,2 jy)− f (2 jx,0)− f (0,2 jy))+ f (0,0)

+ lim
j→∞

2 j
(

f
( x

2 j ,0
)
− f (0,0)

)

+ lim
j→∞

2 j
(

f
(

0,
y
2 j

)
− f (0,0)

)
+ f (0,0).
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Proof. Let F3 be as in Theorem 13.1 and let F1 and F2 be as in Theorem 13.2.
Then F is a bi-Jensen mapping satisfying (13.2), where F is defined by F(x,y) =
F1(x,y)+F2(x,y)+F3(x,y)+ f (0,0) for all x,y ∈ X . The uniqueness of such F can
be shown by the similar method in [5, Theorem 4]. ��
Remark 13.1. Let p, f , f1, f2, f3, f4 be as in Theorem 13.1 (Theorem 13.2, Theorem
13.3, respectively). Then there exist a unique bi-Jensen mapping F : X ×X → Y
and a unique bi-additive mapping F3 : X ×X → Y such that, for all x,y ∈ X and
i = 1,2,3,4,

‖ f (x,y)−F(x,y)‖ ≤
(

4
|2(2p−2)| +

12
|2p−4|

)
(‖x‖p +‖y‖p) ,

‖ fi(x,y)− fi(x,0)− fi(0,y)+ fi(0,0)−F3(x,y)‖ ≤
(

2+
12

|4−2p|
)
(‖x‖p +‖y‖p).

Proof. Let f ′′′,F3 be as in the proof of Theorem 13.1 (Theorem 13.2, Theorem 13.3,
respectively). Since F3 is a bi-Jensen mapping, F3 is a bi-additive mapping by the
definition of F3. Using (13.8) and the inequality

‖ f ′′′(x,y)− ( f1(x,y)− f1(x,0)− f1(0,y)+ f1(0,0))‖
= ‖P4(x,0,y,0)−P4(x,0,0,0)−P4(0,0,y,0)+P4(0,0,0,0)‖
≤ 2‖x‖p+2‖y‖p,

we get

‖ f1(x,y)− f1(x,0)− f1(0,y)+ f1(0,0)−F3(x,y)‖

≤
(

2+
12

|4−2p|
)
(‖x‖p +‖y‖p)

for all x,y ∈ X . We can prove easily the other results by the similar method. ��
Theorem 13.4. Let 0 < p < 1,0≤ ε and let f : X×X→Y be a mapping such that

‖P( f , f1, f2, f3, f4)(x,y,z,w)‖ ≤ ε(‖x‖p +‖y‖p)(‖z‖p +‖w‖p) (13.9)

for all x,y,z,w ∈ X. Then there exists a unique bi-Jensen mapping F : X ×X → Y
such that

‖ f (x,y)−F(x,y)‖ ≤ 8ε
|4−4p| ‖x‖

p‖y‖p (13.10)

for all x,y ∈ X and F(0,0) = f (0,0). The mapping F : X×X → Y is given by:

F(x,y) := lim
j→∞

1
4 j f (2 jx,2 jy)+ f (x,0)+ f (0,y)− f (0,0).
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Proof. Let f ′, f ′′, f ′′′,A1,A2,A3 be as in the Lemma 13.1. Since

∥∥∥∥ f ′(2lx,0)
2l − f ′(2mx,0)

2m

∥∥∥∥=

∥∥∥∥∥
m−1

∑
j=l

A1(2 jx,2 jx,0,0)
2 j+1

∥∥∥∥∥= 0,

∥∥∥∥ f ′′(0,2ly)

2l
− f ′′(0,2my)

2m

∥∥∥∥=

∥∥∥∥∥
m−1

∑
j=l

A2(0,0,2 jy,2 jy)
2 j+1

∥∥∥∥∥= 0,

∥∥∥∥ f ′′′(2lx,2ly)
4l − f ′′′(2mx,2my)

4m

∥∥∥∥=

∥∥∥∥∥
m−1

∑
j=l

A3(2 jx,2 jx,2 jy,2 jy)
4 j+1

∥∥∥∥∥

≤ 2
m−1

∑
j=l

4 jp

4 j ε‖x‖p‖y‖p

for all x,y ∈ X , we can define F1,F2,F3 : X×X →Y by F1(x,y) := f (x,0)− f (0,0),
F2(x,y) := f (0,y)− f (0,0), and F3(x,y) := lim j→∞ 4− j f (2 jx,2 jy) for all x,y ∈ X .
And we know that F3 is a bi-Jensen mapping satisfying

‖ f (x,y)+ f (x,0)+ f (0,y)− f (0,0)−F3(x,y)‖ ≤ 8ε
4−4p‖x‖p‖y‖p

for all x,y ∈ X . Since

JF1(x,y,z,w) = 2P4

( x
2
,

y
2
,0,0

)
−P4(x,0,0,0)−P4(0,y,0,0) = 0,

JF2(x,y,z,w) = 2P4

(
0,0,

z
2
,

w
2

)
−P4(0,0,z,0)−P4(0,0,0,w) = 0

for all x,y,z,w ∈ X , F is a bi-Jensen mapping satisfying (13.10), where F(x,y) =
F3(x,y)+ f (x,0)+ f (0,y)− f (0,0) for all x,y ∈ X . The uniqueness of such F can
be shown by the similar method as in the proof of Theorem 13.1. ��
Theorem 13.5. Let p > 1 and let f : X ×X → Y be a mapping satisfying (13.9)
for all x,y,z,w ∈ X. Then there exists a unique bi-Jensen mapping F : X ×X → Y
satisfying (13.10) for all x,y ∈ X. The mapping F : X×X → Y is given by

F(x,y) := lim
j→∞

4 j
(

f
( x

2 j ,
y

2 j

)
− f

( x
2 j ,0

)
− f

(
0,

y

2 j

)
+ f (0,0)

)

+ f (x,0)+ f (0,y)− f (0,0).

Proof. Since

∥∥∥ f ′′′(x,y)−4 f ′′′
( x

2
,

y
2

)∥∥∥=
∥∥∥A3

( x
2
,

x
2
,

y
2
,

y
2

)∥∥∥≤ 8ε
4p ‖x‖p‖y‖p,
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for all x,y∈ X , we get the bi-Jensen maps F1,F2 as in the proof of Theorem 13.4 and
F3 : X×X →Y as in the proof of Theorem 13.2. Furthermore, we get the inequality

‖ f (x,y)− f (x,0)− f (0,y)+ f (0,0)−F3(x,y)‖ ≤ 8ε
4p−4

‖x‖p‖y‖p

for all x,y ∈ X . We show the uniqueness of F analogously as for Theorem 13.3. ��
Theorem 13.6. Let 0 < p < 1,0≤ ε and let f : X×X→Y be a mapping satisfying
(13.1) for all x,y,z,w ∈ X. Then there is a unique bi-Jensen mapping F : X×X→Y
with

‖ f (x,y)−F(x,y)‖ ≤ 4ε
2−2p‖x‖p +

(
4

2−2p +
8
2p

)
ε‖y‖p (13.11)

for all x,y ∈ X and F(0,0) = f (0,0). The mapping F : X×X → Y is given by

F(x,y) := lim
j→∞

1
2 j ( f (2 jx,y)+ f (0,2 jy))+ f (0,0).

Proof. Using Lemma 13.1 and (13.1), for given integers l,m (0≤ l < m) we get

∥∥∥∥ f ′(2lx,y)

2l − f ′(2mx,y)

2m

∥∥∥∥=

∥∥∥∥∥
m−1

∑
j=l

1
2 j+2 A1

(
2 jx,0,

y

2
,

y
2

)∥∥∥∥∥

≤
m−1

∑
j=l

2 jpε
2 j−1 ‖x‖p +

4ε
2 j 2p ‖y‖p.

By the similar method as in the proof of Theorem 13.1, we define F4 : X×X→Y by

F4(x,y) := lim
j→∞

1
2 j f (2 jx,y)

for all x,y ∈ X and obtain the inequality

‖ f (x,y)− f (0,y)−F4(x,y)‖ ≤ 4ε
2−2p‖x‖p +

8ε
2p ‖y‖p

for all x,y ∈ X . Since limn→∞ 2−n f (0,y) = 0 for all y ∈ X , we have

JF4(x,y,z,w) = lim
n→∞

1
2n+1 A1

(
2nx,2ny,

z
2
,

w
2

)
= 0

for all x,y,z,w ∈ X . Let F2 be as in the proof of Theorem 13.1. Then F is a bi-
Jensen mapping satisfying (13.11), where F : X × X → Y is given by F(x,y) =
F4(x,y) + f (0,y) for all x,y ∈ X . The uniqueness of such F can be shown by the
similar method as in the proof of [5, Theorem 5]. ��



13 Stability of the Bi-Pexider Equation 173

Theorem 13.7. Let 0 < p < 1,0≤ ε and let f : X×X→Y be a mapping satisfying
(13.9) for all x,y,z,w ∈ X. Then there is a unique bi-Jensen mapping F : X×X→Y
with

‖ f (x,y)−F(x,y)‖ ≤ 8ε
(2−2p)2p ‖x‖p‖y‖p (13.12)

for all x,y ∈ X. Moreover F(0,0) = f (0,0) and F : X×X → Y is given by

F(x,y) = lim
j→∞

f (2 jx,y)
2 j + f (0,y).

Proof. Using Lemma 13.1 and (13.1), for given integers l,m (0≤ l < m) we get

∥∥∥∥ f ′(2lx,y)
2l − f ′(2mx,y)

2m

∥∥∥∥≤
m−1

∑
j=l

2( j−1)pε
2 j−2 ‖x‖p‖y‖p.

Analogously as in the proof of Theorem 13.2, we define F4 : X×X→Y by F4(x,y) =
lim j→∞ 2− j f (2 jx,y) for all x,y ∈ X and obtain the inequality

‖ f (x,y)− f (0,y)−F4(x,y)‖ ≤ 8ε
(2−2p)2p ‖x‖p‖y‖p

for all x,y ∈ X . Next, by Lemma 13.1, for all x,y,z,w ∈ X we have

JF4(x,y,z,w) = lim
n→∞

1
2n+1 A1

(
2nx,2ny,

z
2
,

w
2

)
= 0.

Let F2 be as in the proof of Theorem 13.4. Then F is a bi-Jensen mapping
satisfying (13.12), where F : X × X → Y is given by F(x,y) = F4(x,y) + f (0,y)
for all x,y ∈ X . The uniqueness of such F can be shown as in the proof of
[5, Theorem 5]. ��

Theorem 13.8. Let p > 1,0 ≤ ε and let f : X ×X → Y be a mapping satisfying
(13.9) for all x,y,z,w ∈ X. Then there exists a unique bi-Jensen mapping F : X ×
X → Y satisfying (13.12) for all x,y ∈ X with F(0,0) = f (0,0). That mapping F is
given by

F(x,y) := lim
j→∞

2 j( f (2− jx,y)− f (0,y))+ f (0,y).

Proof. Using Lemma 13.1 and (13.1), for given integers l,m (0≤ l < m) we get

∥∥∥2l f ′
( x

2l ,y
)
−2m f ′

( x
2m ,y

)∥∥∥≤
m−1

∑
j=l

2 j+3ε
2( j+2)p

‖x‖p‖y‖p.

Next, similarly as in the proof of Theorem 13.7, we define F4 : X × X → Y by
F4(x,y) := lim j→∞ 2 j( f (2− jx,y)− f (0,y)) for all x,y ∈ X and obtain the inequality

‖ f (x,y)− f (0,y)−F4(x,y)‖ ≤ 8ε
(2p−2)2p ‖x‖p‖y‖p
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for all x,y ∈ X . Since F4(0,y) = 0, we have

JF4(x,y,z,w) = lim
n→∞

2nA1

( x
2n+1 ,

y
2n+1 ,

z
2
,

w
2

)
= 0

for all x,y,z,w ∈ X . Let F2 be as in the proof of Theorem 13.4. Then F is
a bi-Jensen mapping satisfying (13.12), where F : X × X → Y is given by
F(x,y) = F4(x,y) + f (0,y) for all x,y ∈ X . The uniqueness of such F can be
shown as in [5, Theorem 5]. ��
Theorem 13.9. Let p > 0,0 ≤ ε and let f : X ×X → Y be a mapping satisfying
(13.9) for all x,y,z,w ∈ X. Then there exists a unique bi-Jensen mapping F : X ×
X → Y satisfying (13.10) for all x,y ∈ X with F(0,0) = f (0,0). That mapping F is
given by

F(x,y) =

{
lim j→∞ 2− j f (2 jx,y)+ f (0,y) if 0 < p < 1,

lim j→∞ 2 j( f (2− jx,y)− f (0,y))+ f (0,y) if p > 1.

13.3 Superstability of a Bi-Pexider Functional Equation

The following two lemmas result from [5, Theorems 7 and 8].

Lemma 13.2. Let p < 0 and ε > 0. Let f : X × X → Y be a mapping such that
‖J f (x,y,z,w))‖ ≤ ε(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p) for all x,y,z,w ∈ X\{0}. Then
f : X ×X → Y is a bi-Jensen mapping.

Lemma 13.3. Let p < 0 and ε > 0. Let f : X × X → Y be a mapping such that
‖J f (x,y,z,w))‖ ≤ ε(‖x‖p + ‖y‖p)(‖z‖p + ‖w‖p) for all x,y,z,w ∈ X\{0}.Then f :
X×X → Y is a bi-Jensen mapping.

Finally, we show that we have superstability of a bi-Jensen mapping for p < 0.
Namely, we have the following two theorems.

Theorem 13.10. Let p < 0 and f , f1, f2, f3, f4 : X×X → Y be mappings satisfying
(13.1) for all x,y,z,w ∈ X\{0}. Then f is a bi-Jensen mapping.

Proof. Since the inequality

‖J f (x,y,z,w)‖ =
∥∥∥A1

( x
2
,

y
2
,

z
2
,

w
2

)∥∥∥≤ 8ε
2p (‖x‖p +‖y‖p+‖z‖p +‖w‖p)

holds for all x,y,z,w ∈ X\{0}, we can apply Lemma 13.2. ��
Theorem 13.11. Let p < 0 and f , f1, f2, f3, f4 : X×X → Y be mappings satisfying
(13.9) for all x,y,z,w ∈ X\{0}. Then f is a bi-Jensen mapping.
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Proof. It is enough to use Lemma 13.3, because for every x,y,z,w ∈ X\{0}we have

‖J f (x,y,z,w)‖ =
∥∥∥A1

( x
2
,

y
2
,

z
2
,

w
2

)∥∥∥≤ 8ε
4p (‖x‖p +‖y‖p)(‖z‖p +‖w‖p).

��
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Chapter 14
Approximately Midconvex Functions

Krzysztof Misztal, Jacek Tabor, and Józef Tabor

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract In this paper, we propose very general definition of approximate
midconvexity. Let α : [0,∞)→ R be a given function. Let X be a normed space and
V a convex subset of X . A function f : V → R will be called α(·)-midconvex if

f

(
x+ y

2

)
≤ 1

2
f (x)+

1
2

f (y)+α(‖x− y‖) for x,y ∈V.

The above definition simultaneously generalizes approximate and uniform midcon-
vexities. We present several results concerning this notion.

Keywords Approximately convex function • Approximately midconvex
function • Semiconvex function
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14.1 Introduction

The paper deals with a generalization of the notion of approximately convex
functions. The idea to consider convexity with the given accuracy is very natural.
The term “approximate convexity” was introduced by Hyers and Ulam [7] in 1952.
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Let δ ≥ 0 be a given number. We say that a real valued function f : V → R, where
V is convex, is δ -convex, δ -midconvex respectively, if

f (tx+(1− t)y)≤ t f (x)+ (1− t) f (y)+ δ for x,y ∈V, t ∈ [0,1]

f

(
x+ y

2

)
≤ f (x)+ f (y)

2
+δ for x,y ∈V.

A function f is called approximately convex (approximately midconvex) if it is
δ -convex (δ -midconvex) with a certain δ ≥ 0. The paper of Hyers and Ulam gave
a creative impulse to the theory of stability of convex functions. A survey of results
concerning this topic can be found in the book [6].

We briefly describe the main idea of the paper. Let α : R+ → R. We call a
function f α(·)-midconvex if

f

(
x+ y

2

)
≤ f (x)+ f (y)

2
+α(‖x− y‖) for x,y ∈V.

Up till now two separate versions of modified midconvexity were considered:

• One when α is negative, where we obtain the so-called uniformly midconvex
functions (this is a strengthening of the midconvexity condition);

• The other when α is positive, and then we get approximately midconvex
functions.

The basic novelty of our investigation relies on the resignation of the assumption
that α has constant sign. This allows us to study simultaneously the two discussed
cases in one generalized setting, consequently our results hold for approximately
and uniformly midconvex functions.

We present a collection of results concerning this notion and its modifications
or further generalizations. Our aim is to write the paper in such a way that it could
be fully understand without previous knowledge of the subject. Therefore we place
there also some already known results with their proofs.

In this paper (if not stated otherwise), X denotes a normed space and V a convex
subset of X . By R+ we denote the set of nonnegative real numbers and by N0 the set
of nonnegative integers. For a function f : V → R we use the following notations

C f (x,y, t) := f (tx+(1− t)y)− t f (x)− (1− t) f (y) for x,y ∈V, t ∈ [0,1];

J f (x,y) :=C f

(
x,y,

1
2

)
= f

(
x+ y

2

)
− 1

2
f (x)− 1

2
f (y) for x,y ∈V, t ∈ [0,1].

The notions of convex and midconvex function were generalized and modified in
many different directions. One should mention here so called (M,N) – midpoint
convex functions. With this direction the name of Matkowski [9] is strongly related.
The notion of convex function on abelian group was defined and investigated
by Jarczyk and Laczkovich [8]. Uniformly convex functions and strongly convex
functions are very interesting classes of convex functions [3, 12]. But we will not
consider the above mentioned generalizations and modifications of convexity.
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0 0,5 1

1,33

Fig. 14.1 Graph of the Takagi function T (x) = ∑∞
k=0 2−k+1dist(2kx;Z) – an important example of

an α(·)-midconvex function

Some important notions in the area of approximate convexity were defined by
Rolewicz. He introduced in [13] the notions of paraconvex and strongly paraconvex
functions. In the series of papers he investigated these notions (cf.[14]). There are
also papers on this subject by another authors (cf. for instance [17]).

Let α : [0,∞)→ [0,∞) be a nondecreasing function with limρ→0+ ρ−1α(ρ) = 0.
We say that a function f : V →R is α(·)-paraconvex if there exists a c > 0 such that

C f (x,y, t) ≤ cα(‖x− y‖) for x,y ∈V, t ∈ [0,1],

and f is called strongly α(·) – paraconvex if there exists a c > 0 such that

C f (x,y, t) ≤ cmin(t,1− t)α(‖x− y‖) for x,y ∈V, t ∈ [0,1].

Investigations of approximate midconvexity in a similar spirit were initiated by
Páles [11] and then continued by Házy, Z. Boros, Páles [2,5]. Simplifying a little bit
one can say that they investigated functions satisfying the following condition

J f (x,y)≤ c‖x− y‖p+ δ for x,y ∈V,

where p, δ , c are given positive constants. This way of understanding approximate
midconvexity was generalized by the last two authors in [15], where the following
definition was proposed.

Let α : [0,∞)→ [0,∞) be a given nondecreasing function. We say that a function
f : V → R is α(·)-midconvex if

J f (x,y)≤ α(‖x− y‖) for x,y ∈V.

For a typical example of an α(·)-midconvex function see Fig. 14.1.
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In this paper, we consider a more general definition which will be given in the
next section.

There are also papers in the area of approximate convexity which use another
definitions and terminology. The notion of semiconvex function (Jensen semiconvex
function) should be mentioned here. In this case we relax simultaneously the
inequality defining the convexity and condition concerning the domain of a function.

Definition 14.1 ([4]). Let S be a subset of R
N . By [S] we denote the set of all

pairs (x,y) ∈ S×S such that the line segment [x,y] : = {tx+(1− t)y : t ∈ [0,1]} is
contained in S. By M we denote the set of all nondecreasing upper semicontinuous
functions ω : R+→ R+ such that

lim
ρ→0+

ω(ρ) = 0.

Let ω ∈M . We say that a function f : S→ R is ω-semiconvex if

C f (x,y, t) ≤ t(1− t)‖x− y‖ω(‖x− y‖) for (x,y) ∈ [S], t ∈ [0,1].

We call ω a modulus of semiconvexity of f . If the above inequality holds for t = 1
2 ,

then we say that f is Jensen ω-semiconvex. We say that f is (Jensen) semiconvex
if it is (Jensen) ω-semiconvex with a certain modulus of (Jensen) semiconvexity
ω ∈M .

Part of the Definition 14.1 was generalized in [16]. The main step relied on
replacing R

n by a real topological vector space.

Definition 14.2. Let X be a Hausdorff real topological vector space, S an open
subset of X , α : X → [0,∞) an even function locally bounded at zero and t ∈ [0,1] a
fixed number. A function f : S→ R is called (α, t)-preconvex if

C f (x,y, t) ≤ α(x− y) for x,y ∈ D such that [x,y]⊂ D.

In the case t = 1/2 we say that f is α-premidconvex.

At the end of the introduction we would like to mention that all the graphs pre-
sented in this paper were prepared by our computer program which is available on
http://www.ii.uj.edu.pl/˜misztalk/index.php?page=convex.

14.2 Direct Consequences of Approximate Midconvexity

As it is well known midconvexity implies Q-convexity, that is each midconvex
function f : V → R satisfies the inequality

C f (x,y,r) ≤ 0 for x,y ∈V, r ∈ [0,1]∩Q.
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In this section, we will prove some generalizations of this result. We will try
to answer the question what kind of approximate convexity does if follow from
approximate midconvexity.

Definition 14.3. Let α : [0,∞)→ R be a given function bounded on each bounded
set. A function f : V → R will be called α(·)-midconvex if

J f (x,y)≤ α(‖x− y‖) for x,y ∈V.

We would like to emphasize that the above definition is really very general.
If we assume additionally that α takes its values in R+ we obtain the version of
midconvexity considered in [15]. In case if α takes only nonpositive values we
obtain midconvex (Jensen) version of uniform convexity [3]. In particular case if
α(r) =−cr2 where c > 0 we obtain midconvex (Jensen) version of strong convexity
([12]).

We are going to generalize some results from [15]. The generalization rely on
relaxing the assumption on α . We resign from the assumption that α takes only
nonnegative values. In spite of that, the results and the proofs remain the same. We
“quote” both.

The following function plays a basic role in our investigations

d(x) := 2dist(x,Z) for x ∈ R.

Proposition 14.1. Let D⊂ [0,1] be such that

x ∈ [0,1/2]∩D⇒ 2x ∈ D, x ∈ [1/2,1]∩D⇒ 2x−1∈ D.

Let h : D→ R be an upper bounded function such that

h(x)≤ h(2x)/2+α(2x) for x ∈ D∩ [0,1/2],

h(x)≤ h(2x−1)/2+α(2−2x) for x ∈ D∩ [1/2,1].

Then

h(r)≤
∞

∑
k=0

1
2k α(d(2kr)) for r ∈ D. (14.1)

Proof. Notice that since α is bounded on bounded sets and d(R) = [0,1] the sum in
(14.1) is well-defined and finite.

Let

C := sup
r∈D

(
h(r)−

∞

∑
k=0

1
2k

α(d(2kr))

)
.

Since h is upper bounded, we obtain that C < ∞. We are going to prove that C ≤ 0.
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For an indirect proof, suppose that this is not the case. Choose an r0 ∈D such that

h(r0)−
∞

∑
k=0

1
2k α(d(2kr0))>C/2.

Let us first consider the case when r0 ∈ [0,1/2]. Then we obtain

h(2r0) ≥ 2h(r0)−2α(2r0)

> 2
∞

∑
k=0

1
2k α(d(2kr0))+ 2C/2−2α(d(r0))

=
∞

∑
l=0

1
2l α(d(2l(2r0)))+C.

Consequently

h(2r0)−
∞

∑
l=0

1
2l α(d(2l(2r0)))>C,

a contradiction with the definition of C.
The case when r0 ∈ [1/2,1] can be treated similarly (we begin with the inequality

h(2r0−1)≥ 2h(r0)−2α(2−2r0) and proceed analogously). 
�
Directly from Proposition 14.1 we obtain the following result.

Corollary 14.1. Let h : [0,1]→ R be an α(·)-midconvex function such that h(0) =
h(1) = 0. Then

h(r)≤
∞

∑
k=0

1
2k α(d(2kr)) for r ∈ [0,1]∩Q.

Proof. Let r = k/n ∈Q∩ [0,1], where k ∈ Z, n ∈ N. We put

D = {0,1/n, . . . ,(n−1)/n,1}.

Then D satisfies the assumptions of Proposition 14.1. Since D is finite, h|D is
bounded, and therefore Proposition 14.1 applied to h|D makes the proof complete.


�
The main result in this direction reads as follows.

Theorem 14.1. Let f : V → R be an α(·)-midconvex function. Then

f (rx+(1− r)y)≤ r f (x)+ (1− r) f (y)+
∞

∑
k=0

1
2k α(d(2kr)‖x− y‖) (14.2)

for x,y ∈V, r ∈ [0,1]∩Q.
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Proof. Let us fix x,y ∈V . We define the function h : [0,1]→ R by the formula

h(r) = f (rx+(1− r)y)− r f (x)− (1− r) f (y) for r ∈ [0,1].

Then h(0) = h(1) = 0. By the α(·)-midconvexity of f we obtain that

h

(
r+ s

2

)
≤ h(r)+ h(s)

2
+α(|r− s|‖x− y‖) for r,s ∈ [0,1].

It means that h is θ (·)-midconvex, with θ (w) := α(w‖x− y‖). By Corollary 14.1
we obtain that

h(q)≤
∞

∑
k=0

1
2k

θ(d(2kq)) =
∞

∑
k=0

1
2k

α(d(2kq)‖x− y‖) for q ∈ [0,1]∩Q,

that is

f (rx+(1− r)y)− r f (x)− (1− r) f (y)≤
∞

∑
k=0

1
2k α(d(2kr)‖x− y‖)

for r ∈ [0,1]∩Q. 
�
We will prove later on that under certain additional assumptions on α the

estimation of C f (x,y,r) given in Theorem 14.1 is optimal. However, in general,
it is not optimal. Therefore, we will present another results in the similar spirit as in
Theorem 14.1.

By D we denote the set of dyadic numbers in Q, that is elements of the form l/2n,
where l ∈ Z and n ∈ N. By the degree deg(q) of a dyadic number q we understand
the smallest nonnegative integer n such that 2nq ∈ Z.

Proposition 14.2. Let h : [0,1]∩D → R, h(0) = h(1) = 0 be an α(·)-midconvex
function. Then

h(q)≤
∞

∑
k=0

α(1/2k)d(2kq) for q ∈ [0,1]∩D . (14.3)

Proof. Let us observe that for every q ∈ D the right hand side of (14.3) is finite,
since the function d is zero on integer numbers.

We are going to prove (14.3) by induction over the degree of q. Obviously, (14.3)
is valid if deg(q) = 0, that is if q = 0 or q = 1. Assume that for a certain n ∈ N0

(14.3) holds true for all q ∈ [0,1]∩D such that deg(q)≤ n.
Let q ∈ [0,1]∩D , deg(q) = n+ 1, that is q = (2l + 1)/2n+1 for a certain l ∈

{0, . . . ,2n−1}. Then

q = (l/2n +(l+1)/2n)/2,
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0 0,5 1

1,08

Fig. 14.2 Graph of ∑∞
k=0 α(2−k)d(2kq) for α(x) = x1.5

and by the inductive assumption

h(q) ≤ [h(l/2n)+ h((l+1)/2n)]/2+α(1/2n) (14.4)

≤ α(1/2n)+
∞

∑
k=0

α(1/2k)
d(l/2n−k)+ d((l+1)/2n−k)

2
.

Obviously, l/2n−k,(l + 1)/2n−k ∈ Z for all k ≥ n. Let us observe that for every
k ∈ {0, . . . ,n−1} there exists an mk ∈ Z such that

l/2n−k,(l +1)/2n−k ∈ [mk/2,(mk +1)/2]. (14.5)

Notice that d(m) = 0 and d(m+ 1/2) = 1 for all m ∈ Z and that d is piecewise
affine, more precisely,

d

(
x+ y

2

)
= (d(x)+ d(y))/2 for x,y ∈ [m/2,(m+1)/2],m∈ Z.

Therefore, by applying (14.4) and (14.5) we obtain that

h(q) ≤ α(1/2n)+
n−1

∑
k=0

α(1/2k)d((2l +1)/2n+1−k)

=
n

∑
k=0

α(1/2k)d((2l +1)/2n+1−k) =
∞

∑
k=0

α(1/2k)d(2kq).


�
For a example of this estimation see Fig. 14.2.
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0 0,5 1

1,63

Fig. 14.3 Graph of ∑∞
k=0 2−kα(d(2kq)) for α(x) = x0.5

Theorem 14.2. Let f : V → R be an α(·)-midconvex function. Then

f (rx+(1− r)y)− r f (x)− (1− r) f (y)≤
∞

∑
k=0

α(‖x− y‖/2k)d(2kr)

for all x,y ∈V and r ∈ [0,1]∩D .

Proof. We fix fix arbitrarily x,y ∈ V and define the function h : [0,1]→ R by the
formula

h(r) = f (rx+(1− r)y)− r f (x)− (1− r) f (y) for r ∈ [0,1].

Clearly, h(0) = h(1) = 0, and by the α(·)-midconvexity of f we obtain that

h

(
s+ t

2

)
≤ h(s)+ h(t)

2
+α(|s− t|‖x− y‖) for s, t ∈ [0,1].

It means that h is θ -midconvex with θ (w) := α(w‖x− y‖). By Proposition 14.2

h(r)≤
∞

∑
k=0

θ (1/2k)d(2kr) =
∞

∑
k=0

α(‖x− y‖/2k)d(2kr) for r ∈ [0,1]∩D ,

and consequently

f (rx+(1− r)y)− r f (x)− (1− r) f (y)≤
∞

∑
k=0

α(‖x− y‖/2k) ·d(2kr),

for r ∈ [0,1]∩D . 
�
For examples of this estimation see Figs. 14.3 and 14.4.
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0 0,5 1

2,00

Fig. 14.4 Graph of ∑∞
k=0 2−kα(d(2kq)) for α(x) = x0.001 is very close to the example constructed

in [10] which, as one can easily observe, is generated by α(x) = sign(x)

We conclude this section with a result concerning generalization of semiconvex
functions (compare Definition 14.1).

Corollary 14.2. Let ω : [0,∞)→ R be a given function and let S be a subset of X.
Let f : S→ R satisfy the following condition

J f (x,y)≤ ‖x− y‖
4

ω(‖x− y‖)

for x,y ∈ S such that the segment [x,y] is included in S.
Then for every x,y ∈ S such that [x,y]⊂ S we have

C f (x,y,r) ≤ 1
4

∞

∑
k=0

‖x− y‖
2k ω

(‖x− y‖
2k

)
d(2kr) for r ∈ [0,1]∩D.

14.3 Bernstein–Doetsch Type Results

The famous Bernstein–Doetsch theorem [1] states that if V is open and convex
subset of Rn and f : V → R is midconvex and locally bounded at a point then it
is continuous. As a consequence we obtain that under the above assumptions f is
convex. A similar result (and by similar method) can be obtained for approximately
convex functions.

We begin with a lemma [6, Theorem 8.5 and Lemma 8.6].
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Lemma 14.1. Let V be an open convex set, δ > 0 and let f : V →R be δ -midconvex
function locally bounded above at a point. Then f is locally bounded at every
point of V .

Theorem 14.3. Let α : [0,∞) → [0,∞) be a given function bounded on each
bounded subset of R+. Let V be an open convex set and let f : V → R be α(·)-
midconvex and locally bounded above at a point. Then f is locally bounded on each
point of V .

If additionally

lim
ρ→0+

α(ρ) = 0,

then f is continuous.

Proof. Assume that f is locally bounded above at x0 ∈ V . Consider an arbitrary
r > 0. We put

Vr : =V ∩B(x0,r),

where B(x0,r) denotes the open ball centered at x0 with radius r and define

δ : = sup
ρ∈(0,r]

α(ρ).

Obviously, Vr is open and convex and δ ∈ R+. By Lemma 14.1 we obtain that f is
locally bounded at each point of Vr. Since r was arbitrary it implies that f is locally
bounded at each point of V .

We assume now that

lim
ρ→0+

α(ρ) = 0. (14.6)

By the first assertion we know that f is locally bounded at each point of V . We fix
arbitrarily x ∈V and put

mf (x) : = lim
ρ→0+

inf
B(x,ρ)

f ,

Mf (x) : = lim
ρ→0+

sup
B(x,ρ)

f .

It is obvious that

−∞ < mf (x)≤ f (x)≤Mf (x)< ∞. (14.7)

We can find sequences (xn)n∈N,(yn)n∈N ⊂V such that

lim
n→∞

xn = x, lim
n→∞

f (xn) = m f (x), (14.8)
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and

lim
n→∞

yn = x, lim
n→∞

f (yn) = Mf (x). (14.9)

Let

zn : = 2yn− xn for n ∈N.

Without loss of generality we may assume that (zn)n∈N ⊂V .
We have

f (yn) = f

(
xn + zn

2

)
≤ 1

2
f (xn)+

1
2

f (yn)+α(‖zn− xn‖)

=
1
2

f (xn)+
1
2

f (yn)+α(2‖yn− xn‖)

for n ∈ N.
Making now use of (14.6), (14.8), (14.9) we get

Mf (x) ≤ 1
2

m f (x)+
1
2

limsup
n→∞

f (zn)+ lim
n→∞

α(2‖yn− xn‖)

≤ 1
2

m f (x)+
1
2

Mf (x).

Whence we obtain that

Mf (x)≤mf (x),

which together with (14.7) implies that Mf (x) =mf (x). But it means continuity of f
at the point x. 
�

Taking in Theorem 14.3 α(r) := εrp, where ε ≥ 0, p > 0 we obtain Theorems 1
and 3 from [5].

Theorem 14.3 can be modified in such a way that to cover the case of semiconvex
functions (and even its generalization).

Theorem 14.4. Let ω : [0,∞) → [0,∞) be a given function, bounded on each
bounded subset of R+. Let V be an open and connected subset of X and let f : S→R

satisfy the inequality

J f (x,y) ≤ ‖x− y‖
4

ω(‖x− y‖) for x,y ∈ S such that: [x,y]⊂ S.

If f is locally bounded above at a point then f is continuous.

Proof. For A⊂ X , δ > 0 we denote

Aδ := {x ∈ X : dist(x,A)< δ}.
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Let f be locally bounded above at x0 ∈ S. Consider arbitrary point x ∈ X . Since S is
open and connected we can find in S a broken line with vertices x0,x1, . . . ,xn = x.
Further we can find a δ1 > 0 such that [x0,x1]δ1

⊂ S. Obviously [x0,x1]δ1
is open and

convex. We take

α(r) :=
r
4

ω(r) for r ∈ [0,∞).

Then evidently

lim
r→0+

α(r) = 0.

By Theorem 14.3 we obtain that f is continuous on [x0,x1]δ1
. It means, in particular,

that f is locally bounded at x1. Continuing this procedure we obtain that f is
continuous at x. 
�

The results of Sect. 2, Theorems 14.3 and 14.4 can be formulated and proved also
in a more general setting. Below we present versions of these results in a topological
vector space.

Let X be a Hausdorff real topological vector space, S ⊂ X be an open set and
α : X → [0,∞) be an even function locally bounded at zero.

Definition 14.4. We say that a function f : S→ R is α-premidconvex if

J f (x,y)≤ α(x− y) for x,y ∈ S

such that [x,y]⊂V .

In [16], the following results have been proved.

Theorem 14.5. Let S be an open and connected subset of X and let f : S→ R be
an α-premidconvex function locally bounded at a point. Then f is locally bounded
at every point.

Theorem 14.6. Let S be an open and connected subset of X and let f : S → R

be an α-premidconvex function locally bounded above at a point. We assume
additionally that α(0) = 0 and that α is continuous at zero. Then f is locally
uniformly continuous.

Theorem 14.7. We assume that for each x ∈ X the function R+ � w→ α(wx) is
nondecreasing. Let f : S→ R be an α-premidconvex function. Then

C f (x,y,r) ≤ 1
4

∞

∑
k=0

1
2k α

(
d(2kr)

x− y
2

)

for all x,y ∈ S such that [x,y]⊂V and all r ∈ [0,1]∩Q .
If additionally S is connected and f is locally bounded at a point then the above

inequality holds for all x,y ∈ S such that [x,y]⊂ S .

The proofs of Theorems 14.5–14.7 are natural modifications of the corresponding
their versions in normed space (we omit them to simplify and shorten the paper).
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11. Páles, Zs.: On approximately convex functions. Proc. Amer. Math. Soc. 131, 243–252 (2002)
12. Polovinkin, E.: Strongly convex analysis. Sb. Math. 187, 259–286 (1996)
13. Rolewicz, S.: On α(·)-paraconvex and strongly α(·)-paraconvex functions. Control Cybernet.

29, 367–377 (2000)
14. Rolewicz, S.: Paraconvex analysis. Control Cybernet. 34, 951–965 (2005)
15. Tabor, J., Tabor, J.: Generalized approximate midconvexity. Control Cybernet. 38, 655–669

(2009)
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Chapter 15
The Hyers–Ulam and Ger Type Stabilities
of the First Order Linear Differential Equations

Takeshi Miura and Go Hirasawa

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract In this paper, we show a recent development of the Hyers–Ulam stability
and Ger type stability of the first order linear differential equation y′+ py+ q = 0
for holomorphic functions on convex open sets of the complex number field and
continuously differentiable functions on open intervals of the real number field.

Keywords Exponential functions • Hyers–Ulam stability • Ger type stability

Mathematics Subject Classification (2000): Primary 34K20; Secondary 26D10

15.1 Introduction

The stability problem of functional equations had been first raised by S. M. Ulam
(cf. [26, Chap. VI]). “For what metric groups G is it true that an ε-automorphism of
G is necessarily near to a strict automorphism? (An ε-automorphism of G means, in
this case, a transformation f of G into itself such that ρ( f (x ·y), f (x) · f (y)) < ε for
all x,y ∈ G, where ρ is the metric on G.)”

Hyers [8] gave an affirmative answer to the problem as follows:
Let E1 and E2 be real Banach spaces, ε ≥ 0, and f : E1 → E2 satisfy the
inequality ‖ f (x + y)− f (x)− f (y)‖ ≤ ε for all x,y ∈ E1. Then the limit T (x) =
limn→∞ 2−n f (2nx) exists for each x ∈ E1, and T : E1 → E2 is the unique additive
mapping such that ‖ f (x)− T (x)‖ ≤ ε for all x ∈ E1. If, in addition, the mapping
R � t 	→ f (tx) is continuous for each fixed x ∈ E1, then T islinear.
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This result is called the Hyers–Ulam stability of the additive Cauchy equation
g(x+ y) = g(x)+g(y). Aoki [2] introduced unbounded, additive Cauchy difference
and generalized a result [8, Theorem 1] of Hyers. Th.M. Rassias [20], who
independently introduced the unbounded Cauchy difference, was the first to prove
the stability of the linear mapping between Banach spaces. The concept of the
Hyers–Ulam–Rassias stability was originated from Rassias’ paper [20] for the
stability of the linear mapping. Rassias [20] generalized Hyers’ Theorem as follows:

Theorem 15.1. Suppose that E1 and E2 are two real Banach spaces and f : E1→
E2 is a mapping. If there exist ε ≥ 0 and 0≤ p < 1 such that

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε(‖x‖p +‖y‖p)

for all x,y ∈ E1, then there is a unique additive mapping T : E1→ E2 such that

‖ f (x)−T (x)‖ ≤ 2ε
|2−2p| ‖x‖

p

for all x∈ E1. If, in addition, the mappingR� t 	→ f (tx) is continuous for each fixed
x ∈ E1, then T is linear.

This result is, what is called, the Hyers–Ulam–Rassias stability of the additive
Cauchy equation g(x+ y) = g(x)+ g(y). The result of Hyers is just the case where
p = 0. During the 27th International Symposium on Functional Equations, Rassias
raised the problem whether a similar result holds for 1≤ p. Z. Gajda [5, Theorem 2]
proved that Theorem B is valid for 1 < p; In the same paper [5, Example], he also
gave an example that a similar result does not hold for p = 1. Later, Th.M. Rassias
and P. Šemrl [22, Theorem 2] gave another counter example for p = 1.

In connection with the stability of exponential functions, Alsina and Ger [1]
remarked that the differential equation y′ = y has the Hyers–Ulam stability: more
explicitly, if I is an open interval, ε > 0 and f : I → R is a differentiable function
satisfying | f ′(t)− f (t)| ≤ ε for all t ∈ I, then there exists a differentiable function
f0 : I → R such that f0

′(t) = f0(t) and | f (t)− f0(t)| ≤ 3ε for all t ∈ I. Takahasi
et al. [25] considered the Banach space valued differential equation y′ = λy, where
λ is a complex number. Then they proved the Hyers–Ulam stability of y′ = λy
under the condition that ℜλ 
= 0. This result is generalized by Miura, Miyajima
and Takahasi [18]. They considered the Banach space valued n-th order linear
differential equation with constant coefficients.

Let C be the complex number field. Taking the group structure of C \ {0} into
account, R. Ger and P. Šemrl [6] considered the inequality

∣∣∣∣ f (x+ y)
f (x) f (y)

−1

∣∣∣∣≤ ε (∀x,y ∈ S)
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for a mapping f : S→ C \ {0}, where (S,+) is a semigroup. If 0 ≤ ε < 1 and if
(S,+) is a cancellative abelian semigroup, then they proved that there is a unique
function f0 : S→ C\ {0} such that f0(x+ y) = f0(x) f0(y) for all x,y ∈ S and that

max

{∣∣∣∣ f (x)
f0(x)

−1

∣∣∣∣ ,
∣∣∣∣ f0(x)

f (x)
−1

∣∣∣∣
}
≤
√

1+
1

(1− ε)2 −2

√
1+ ε
1− ε

for all x ∈ S. The stability phenomena of this kind is called Ger type stability. Ger
type stability of first order linear differential equation y′ = λ y for entire functions
was studied in [14], where λ ∈ C\ {0}.

Let h : R→ C be a continuous function. We define

h̃(t)
def
= exp

∫ t

0
h(s)ds

for every t ∈ R. For such h we set Ch,Dh and Eh as follows:

Ch
def
= sup

t∈R
1

|h̃(t)|
∫ ∞

t
|h̃(s)|ds , Dh

def
= sup

t∈R
1

|h̃(t)|
∫ t

−∞
|h̃(s)|ds ,

Eh
def
= sup

t∈R
1

|h̃(t)|

∣∣∣∣
∫ t

0
|h̃(s)|ds

∣∣∣∣.

We do not assume that each of Ch,Dh and Eh is finite. We say that the differential
equation y′(t)+ h(t)y(t) = 0 for C1(R,X) has Hyers–Ulam stability if and only if
there exists a finite constant K > 0 with the following property: for each ε ≥ 0 and
f ∈C1(R,X) satisfying

∥∥ f ′(t)+ h(t) f (t)
∥∥≤ ε (∀t ∈ R),

there exists g ∈C1(R,X) such that g′(t)+ h(t)g(t) = 0 and ‖ f (t)−g(t)‖ ≤ Kε for
all t ∈ R. The Hyers–Ulam stability of the differential equation y′(t)+ h(t)y(t) = 0
for C1(R,X) is characterized by the constants Ch,Dh and Eh.

Theorem 15.2 ([19, Corollary 2.3]). Let h : R→ C be a continuous function. For
each f ∈C1(R,X) we define the linear operator Th : C1(R,X)→C(R,X) by

(Thu)(t) = u′(t)+ h(t)u(t) (∀u ∈C1(R,X),∀t ∈ R).

Then the operator Th has the Hyers–Ulam stability if and only if one of Ch,Dh and
Eh is finite. More precisely, the following are true.

1. If inft∈[0,∞) |h̃(t)| = 0, then the operator Th has the Hyers–Ulam stability if and
only if Ch < ∞ .

2. If inft∈(−∞,0] |h̃(t)|= 0, then the operator Th has the Hyers–Ulam stability if and
only if Dh < ∞ .

3. If inft∈R |h̃(t)|> 0, then Th has the Hyers–Ulam stability if and only if Eh < ∞ .
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It seems natural to consider the stability problem of the differential equation
y′(t)+h(t)y(t) = 0 for another class of function-spaces, say holomorphic functions
on a open set. In this paper, we show a recent development of such a problem.

15.2 Main Results

Let Ω be an open set of C and X a complex Banach space. We denote by H(Ω ,X)
the set of all X -valued holomorphic functions defined on Ω . First, we consider the
Hyers–Ulam stability of the differential equation y′(z) + p(z)y(z) + q(z) = 0 for
H(Ω ,X). Then we give a sufficient condition for p ∈ H(Ω ,C) in order that y′(z)+
p(z)y(z)+ q(z) = 0 have the Hyers–Ulam stability.

Theorem 15.3 ([16, Theorem 2.2]). Let Ω be a convex open set of C with 0 ∈ Ω .
Let X be a complex Banach space and q∈H(Ω ,X). Suppose that p∈H(Ω) satisfies

Cp
def
= sup

z∈Ω

1
|p̃(z)|

∣∣∣∣
∫ z

0
|p̃(ζ )|dζ

∣∣∣∣< ∞.

For each ε ≥ 0 and f ∈ H(Ω ,X) satisfying
∥∥ f ′(z)+ p(z) f (z)+ q(z)

∥∥≤ ε (∀z ∈Ω), (15.1)

there exists g ∈H(Ω ,X) such that

g′(z)+ p(z)g(z)+ q(z) = 0 (∀z ∈ Ω),

‖ f (z)−g(z)‖ ≤Cpε (∀z ∈Ω).

Example 15.1 ([16, Example 2.1]). Let Ω be a bounded convex open subset of C,
say |z| ≤M for all z ∈Ω . If 0 ∈Ω and p ∈ H(Ω) is bounded, then we see that

Cp = sup
z∈Ω

1
|p̃(z)|

∣∣∣∣
∫ z

0
|p̃(ζ )|dζ

∣∣∣∣< ∞.

So, y′(z)+ p(z)y(z)+ q(z) = 0 for H(Ω ,X) has the Hyers–Ulam stability.

We give another sufficient condition in order that the equation y′(z)+ p(z)y(z)+
q(z) = 0 for H(Ω ,X) have the Hyers–Ulam stability.

Theorem 15.4 ([16, Theorem 2.3]). Let Ω be a convex open set of C with 0 ∈ Ω .
Let X be a complex Banach space, q ∈ H(Ω ,X) and p ∈ H(Ω). Suppose that there
exists λ ∈ ∂Ω , the boundary of Ω , such that

Dp(λ )
def
= sup

z∈Ω

1
|p̃(z)|

∣∣∣∣
∫ z

λ
|p̃(ζ )|dζ

∣∣∣∣< ∞,



15 Stabilities of Linear Differential Equations 195

where ∫ z

λ
|p̃(ζ )|dζ = lim

a↘0

∫ 1

a
|p̃(λ + t(z−λ ))|(z−λ )dt.

For each ε ≥ 0 and f ∈ H(Ω ,X) satisfying (15.1) there is g ∈ H(Ω ,X) such that

g′(z)+ p(z)g(z)+ q(z) = 0 , ‖ f (z)−g(z)‖ ≤ Dp(λ )ε (∀z ∈Ω).

Example 15.2 ([16, Example 2.2]). Let Ω = {z ∈ C : |z| < 1}. We consider p ∈
H(Ω) defined by p(z) = 1/(z+1) (∀z ∈Ω). Then we see that

Dp(−1) = sup
z∈Ω

1
|p̃(z)|

∣∣∣∣
∫ z

−1
|p̃(ζ )|dζ

∣∣∣∣= sup
z∈Ω

|z+1|
2

= 1.

Here, we notice that

Dp(λ ) = sup
z∈Ω

1
|p̃(z)|

∣∣∣∣
∫ z

λ
|p̃(ζ )|dζ

∣∣∣∣= ∞

for each λ ∈ ∂Ω \ {−1}, and that

Cp = sup
z∈Ω

1
|p̃(z)|

∣∣∣∣
∫ z

0
|p̃(ζ )|dζ

∣∣∣∣= ∞.

This example shows that the finiteness of Cp is not enough to characterize the
stability of

y′(z)+ p(z)y(z)+ q(z) = 0

for H(Ω ,X).

We can also consider the Ger type stability of the differential equation

y′(z)+ p(z)y(z)+ q(z) = 0

for H(Ω ,C). Just for the sake of simplicity, we will write H(Ω) instead of H(Ω ,C).
By H0(Ω), we denote the set of all f ∈ H(Ω) so that 0 
∈ f (Ω). We give two
sufficient conditions for p ∈ H0(Ω) in order that

y′(z) = p(z)y(z)

for H0(Ω) have the Ger type stability.

Theorem 15.5 ([13, Theorem 2.2]). Let Ω be a convex open subset of C with
0 ∈ Ω . Suppose that p ∈H0(Ω) satisfies

M
def
= sup

z∈Ω

∫ 1

0
|zp(zt)|dt < ∞.
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Then for every ε ≥ 0 and f ∈ H0(Ω) satisfying

∣∣∣∣ f ′(z)
p(z) f (z)

−1

∣∣∣∣≤ ε (∀z ∈Ω) (15.2)

there exists f0 ∈H0(Ω) such that f0
′(z) = p(z) f0(z) and that

max

{∣∣∣∣ f (z)
f0(z)

−1

∣∣∣∣ ,
∣∣∣∣ f0(z)

f (z)
−1

∣∣∣∣
}
≤ eMε −1 (∀z ∈Ω).

Theorem 15.6 ([13, Theorem 2.3]). Let Ω be a convex open subset of C with 0 ∈
Ω and p ∈H0(Ω). Suppose that there exists λ ∈ ∂Ω , the boundary of Ω , such that

Lλ
def
= sup

z∈Ω

{
lim
a↘0

∫ 1

a
|(z−λ )p(λ +(z−λ )t)|dt

}
< ∞.

Then for every ε ≥ 0 and f ∈ H0(Ω) satisfying (15.2) there exists f0 ∈ H0(Ω)
such that

f0
′(z) = p(z) f0(z) (∀z ∈Ω)

and that

max

{∣∣∣∣ f (z)
f0(z)

−1

∣∣∣∣ ,
∣∣∣∣ f0(z)

f (z)
−1

∣∣∣∣
}
≤ eLλ ε −1 (∀z ∈Ω).

The idea of Theorems 15.5 and 15.6 is due to the following results on the Ger type
stability of the differential equation y′(t) = h(t)y(t) for C(I,C×), where C(I,C×) is
the set of all continuous functions defined on an open interval I ⊂R to the set of all
non-zero complex numbers C×. We denote by C1(I,C×) the set of all continuously
differentiable functions f ∈C(I,C×).

Theorem 15.7 ([17, Theorem 2.2]). Suppose that h ∈C1(I,C×) satisfies

M
def
= sup

t∈I

∣∣∣∣
∫ t

0
|h(s)|ds

∣∣∣∣< ∞.

Then to each ε ≥ 0 and f ∈C1(I,C×) satisfying

∣∣∣∣ f ′(t)
h(t) f (t)

−1

∣∣∣∣≤ ε (∀t ∈ I)

there exists f0 ∈C1(I,C×) such that

f0
′(t) = h(t) f0(t) (∀t ∈ I)
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and that

max

{∣∣∣∣ f (t)
f0(t)

−1

∣∣∣∣ ,
∣∣∣∣ f0(t)

f (t)
−1

∣∣∣∣
}
≤ eMε −1 (∀t ∈ I).

Example 15.3 ([17, Example 2.1]). Set, for each t ∈ R, h(t) = 2e−t2
. Then

sup
t∈R

∣∣∣∣
∫ t

0
|h(s)|ds

∣∣∣∣=
∫ ∞

0
h(s)ds =

√
π.

For each ε with ε > 0, we define

f (t) = exp
∫ t

0
(1+ ε)h(s)ds (∀t ∈ R).

It is easy to see that

f ′(t)
h(t) f (t)

−1 = ε (∀t ∈ R).

By the proof of Theorem 15.7, we see that

f0(t) = exp
∫ t

0
h(s)ds

is a solution of the equation y′ = hy with

max

{∣∣∣∣ f (t)
f0(t)

−1

∣∣∣∣ ,
∣∣∣∣ f0(t)

f (t)
−1

∣∣∣∣
}
≤ e
√

πε −1

for every t ∈ R. By a simple calculation, we see that

sup
t∈R

∣∣∣∣ f (t)
f0(t)

−1

∣∣∣∣= sup
t∈R

∣∣∣∣exp
∫ t

0
εh(s)ds−1

∣∣∣∣= e
√

πε −1.

Consequently, we see that the constant e
√

πε − 1 is best possible. Therefore, the
constant eMε −1 in Theorem 15.7 can not be improved in general.

In Theorem 15.7, we proved Ger type stability of the first order linear differential
equation

y′(t) = h(t)y(t)

for C1(I,C×) under the condition that

sup
t∈I
|
∫ t

0
|h(s)|ds|< ∞.

This condition is essential in the following sense.
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Theorem 15.8 ([17, Theorem 2.3]). Let h ∈C1(I,C×). Suppose that there exists a
(finite) constant K≥ 0 with the following property: for each f ∈C1(I,C×) satisfying

∣∣∣∣ f ′(t)
h(t) f (t)

−1

∣∣∣∣≤ 1 (∀t ∈ I)

there exists f0 ∈C1(I,C×) such that

f0
′(t) = h(t) f0(t) (∀t ∈ I)

and that

max

{∣∣∣∣ f (t)
f0(t)

−1

∣∣∣∣ ,
∣∣∣∣ f0(t)

f (t)
−1

∣∣∣∣
}
≤ K (∀t ∈ I).

Then we have

sup
t∈I

∣∣∣∣
∫ t

0
|h(s)|ds

∣∣∣∣< ∞.

Unfortunately, we are not sure whether the Hyers–Ulam stability and Ger type
stability of differential equations

y′+ py+q= 0

for H(Ω ,X) and C1(I,C×) are characterized by a way similar to [19, Corollary 2.3].
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Chapter 16
On the Butler–Rassias Functional Equation
and its Generalized Hyers–Ulam Stability
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Abstract In this paper, we present a recent development of the Hyers–Ulam
stability of the Butler–Rassias functional equation f (x+y)− f (x) f (y)= d sinxsiny.
We also show our most recent results on a Butler–Rassias type functional equation
with complex variables.
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16.1 Butler–Rassias Functional Equation

In 2003, Butler [2] posed the following problem: show that for d < −1, there are
exactly two solutions f : R→ R of the functional equation

f (x+ y)− f (x) f (y) = d sinxsin y (x,y ∈ R). (16.1)
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The problem was excellently solved by Rassias [13] when he was a high school
student. This functional equation we call Butler–Rassias functional equation.

Theorem 16.1 (Rassias [13]). Let d < −1 be a constant. The solution of (16.1) is
f (x) =±csinx+ cosx for x ∈R, wherec =

√−d−1.

By using the idea of Rassias [13], Jung [10] proved the stability of the Butler–
Rassias functional equation in the sense of Hyers–Ulam.

Theorem 16.2 (Jung [10]). Let d < −1. Then there is a constant K = K(d) ≥ 0
such that, if 0 < ε < |d| and a function f : R→ R satisfies the functional inequality

| f (x+ y)− f (x) f (y)−d sinxsiny| ≤ ε (∀x,y ∈ R),

then | f (x)− f0(x)| ≤ K(ε +
√

ε) for all x ∈ R and some solution f0 of (16.1).

16.2 Hyers–Ulam Stability

The stability phenomena of this kind are called Hyers–Ulam stability. Ulam (cf.
[16, Chap. VI]) was the first to raise the stability problem of a functional equation.
“For what metric groups G is it true that an ε-automorphism of G is necessarily
near to a strict automorphism? (An ε-automorphism of G means, in this case, a
transformation f of G into itself such that ρ( f (xy), f (x) f (y)) < ε for all x,y ∈ G,
where ρ is the metric on G.)” Hyers [6] gave an affirmative answer to the problem
as follows.

Theorem 16.3. Suppose that E1 and E2 are two real Banach spaces and f : E1→E2

is a mapping. If there exists ε ≥ 0 such that

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε (∀x,y ∈ E1),

then the limit

T (x) = lim
n→∞

f (2nx)
2n

exists for each x ∈ E1 and T : E1→ E2 is the unique additive mapping such that

‖ f (x)−T (x)‖ ≤ ε (∀x ∈ E1).

If, in addition, the mapping R 	 t 
→ f (tx) is continuous for each x ∈ E1, then T
is linear.

This result is called the Hyers–Ulam stability of the additive Cauchy equation.
T. Aoki [1] introduced unbounded, additive Cauchy difference and generalized the
result [6, Theorem 1] of Hyers. Rassias [14], who independently introduced the
unbounded Cauchy difference, was the first to prove the stability of the linear



16 Butler–Rassias Functional Equation 203

mapping between Banach spaces. The concept of the Hyers–Ulam–Rassias stability
was originated from Rassias’ paper [14] for the stability of the linear mapping.
Rassias [14] generalized Hyers’ Theorem and completed Aoki’s result as follows:

Theorem 16.4. Suppose that E1 and E2 are two real Banach spaces and f : E1→
E2 is a mapping. If there exist ε ≥ 0 and 0≤ p < 1 such that

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε(‖x‖p +‖y‖p) (∀x,y ∈ E1),

then there is a unique additive mapping T : E1→ E2 such that

‖ f (x)−T (x)‖ ≤ 2ε
|2−2p| ‖x‖

p (∀x ∈ E1).

If, in addition, R 	 t 
→ f (tx) is continuous for each x ∈ E1, then T is linear.

This result is described by the term: the Hyers–Ulam–Rassias stability of the
additive Cauchy functional equation. Since then the Hyers–Ulam–Rassias stability
of various functional equations has been extensively studied (cf. [3–5, 7–9, 12]).

16.3 Recent Developments

In [15], with λ ,ρ ,α ∈ C, the authors solved the following Butler–Rassias type
functional equation

f (x+ y)+λ f (x) f (y) = ρeα(x+y) (x,y ∈R). (16.2)

Proposition 16.1 (cf. [15]). Let λ ,ρ ,α ∈ C. If a function f : R → C satisfies
(16.2), then

f (x) =
−1±√

1+4λ ρ
2λ

eαx (x ∈ R),

where
√

z denotes one of the square roots of the complex number z.

One may replace the function ρeα(x+y) by some other functions. For example,
φ(x+ y) and ψ(x)ψ(y) seem to be natural extensions. Unfortunately, such exten-
sions do not change the set of solutions, as it is shown in the following result.

Theorem 16.5 ([15], Theorems 1 and 2). Let λ ∈ C \ {0}, φ ,ψ : R→ C be con-
tinuous, and ψ(0) �= 0. Let f : R→ C satisfy one of the following two equations:

f (x+ y)+λ f (x) f (y) = φ(x+ y) (x,y ∈R),

f (x+ y)+λ f (x) f (y) = ψ(x)ψ(y) (x,y ∈ R).
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Then there exist ρ ,α ∈C such that

f (x) =
−1±√

1+4λ ρ
2λ

eαx (x ∈ R).

It seems natural to consider functions with “complex variable”. In this setting,
the following result has been obtained:

Theorem 16.6 ([11]). Let λ ∈ C \ {0} and φ ,ψ : C→ C be continuous functions
with ψ(0) �= 0. Let f : C→ C satisfy one of the following two functional equations:

f (z+w)+λ f (z) f (w) = φ(z+w) (z,w ∈ C),

f (z+w)+λ f (z) f (w) = ψ(z)ψ(w) (z,w ∈C).

Then there exists ρ ,α,β ∈ C such that

f (z) =
−1±√

1+4λ ρ
2λ

eαz+β z̄ (z ∈ C).

The next theorem concerns the Hyers–Ulam stability of a Butler–Rassias type
functional equation.

Theorem 16.7 ([15], Theorem 5). Let λ ,ρ ∈ C \ {0} and θ ∈ R. There exists a
constant K = K(λ ,ρ) with the following property: for any non-negative number
ε < |ρ | and any function g : R→ C satisfying

|g(x+ y)+λg(x)g(y)−ρeiθ(x+y)| ≤ ε (∀x,y ∈ R),

there is a function f : R→ C such that

f (x+ y)+λ f (x) f (y) = ρeiθ(x+y) (∀x,y ∈ R),

|g(x)− f (x)| ≤ K(ε +
√

ε) (∀x ∈R).

Under an additional assumption, a quite similar result to Theorem 16.7 is
obtained for a function ψ(x)ψ(y) instead of ρeiθ (x+y).

Theorem 16.8 ([15], Theorems 6). Let λ ∈ C \ {0} and ψ : R→ C be a nonzero
bounded function with ψ(0) = 0, ψ(c) �= 0 and

ψ(c)ψ(x+ y) = ψ(x)ψ(y+ c)+ψ(x+ c)ψ(y) (∀x,y ∈ R)

for some c ∈R. There exists a constant K = K(λ ,ψ ,c) with the following property:
for any non-negative number ε < |ψ(c)|2 and any function g : R→ C satisfying

|g(x+ y)+λg(x)g(y)−ψ(x)ψ(y)| ≤ ε (∀x,y ∈ R),
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there is a function f : R→ C such that

f (x+ y)+λ f (x) f (y) = ψ(x)ψ(y) (∀x,y ∈R),

|g(x)− f (x)| ≤ K(ε +
√

ε) (∀x ∈R).

If in Theorem 16.8, we take λ = −1 and ψ(x) =
√−d(eix − e−ix)/2, with

d <−1, then we obtain [10, Theorem 3.1].
It is a natural question whether the Hyers–Ulam stability of a Butler–Rassias

type functional equation f (z+w)−λ f (z) f (w) = ρeα(z+w) (z,w ∈ C) holds or not.
In fact, the following is true.

Theorem 16.9 ([11]). Let λ ,ρ ,α ∈ C\ {0}. If a function g : C→ C satisfies

|g(z+w)+λg(z)g(w)−ρeα(z+w)| ≤ ε (∀z,w ∈ C)

for some ε ≥ 0, then one of the following two conditions holds:

g(z) =
−1±√

1+4λ ρ
2λ

eαz (∀z ∈C),

sup
z∈C

∣∣∣∣∣g(z)−
−1±√

1+4λ ρ
2λ

eαz

∣∣∣∣∣= ∞ .

Theorem 16.9 states that an approximate solution g : C→ C of a Butler–Rassias
type functional equation f (z+w) + λ f (z) f (w) = ρeα(z+w) is either a solution of
the equation or it is far from exact solutions.
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Abstract Let p : R→C be a continuous function. We give a sufficient condition in
order that the integral equation f (t) = f (0)+

∫ t
0 p(s) f (s)ds have the Hyers–Ulam

stability. We also prove that if p has no zeros, then the sufficient condition is a
necessary condition.
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17.1 Introduction

The stability problem of functional equations has a long history. In fact, Ulam raised
such a problem (cf. [15, Chapter VI]): “For what metric groups G is it true that an
ε-automorphism of G is necessarily near to a strict automorphism?”
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(An ε-automorphism of G is a mapping f : G→G with ρ( f (x ·y), f (x)· f (y))< ε
for all x,y ∈ G.)

Hyers[5] gave an affirmative answer to the problem as follows. Suppose that
f : E1→ E2 is a mapping between two real Banach spaces, ε ≥ 0, and

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε (∀x,y ∈ E1).

Then the limit T (x) = limn→∞ 2−n f (2nx) exists for each x ∈ E1, and T : E1→ E2 is
the unique additive mapping such that

‖ f (x)−T (x)‖ ≤ ε (∀x ∈ E1).

If, in addition, the mapping R � t 	→ f (tx) is continuous for each x ∈ E1, then T is
linear.

This result is called the Hyers–Ulam stability of the additive Cauchy equation
g(x + y) = g(x) + g(y). Here we note that Hyers [5] calls any solution of this
equation a “linear” function or transformation. Hyers considered only bounded
Cauchy difference f (x + y)− f (x)− f (y). Aoki [2] and Rassias [12] introduced
unbounded Cauchy difference

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε(‖x‖p +‖y‖p)

independently, where 0 ≤ p < 1. They proved that there exists a unique additive
mapping T : E1→ E2 such that

‖ f (x)−T (x)‖ ≤ 2ε
|2−2p| ‖x‖

p

for all x ∈ E1. Moreover, Rassias [12] proved that if the mapping R � t 	→ f (tx) is
continuous for each fixed x ∈ E1, then T is linear.

This result is, what is called, the Hyers–Ulam–Rassias stability of the additive
Cauchy equation g(x+y)= g(x)+g(y). The stability of various functional equations
has been investigated [4, 6, 7, 13, 14].

Alsina and Ger [1] remarked that the Hyers–Ulam stability of the differential
equation y′ = y holds. In fact, they proved that if ε ≥ 0 and if f is a differentiable
function on an open interval I into R with | f ′(t)− f (t)| ≤ ε for all t ∈ I, then there
exists a differentiable function g : I→R such that g′(t) = g(t) and | f (t)−g(t)| ≤ 3ε
for all t ∈ I. Since then, the stability of several differential equations has been studied
(cf. [3, 9–11]). Jung [8] studied the stability of a Volterra integral equation

y(t) =
∫ t

c
φ(s,y(s))ds (17.1)

defined on a bounded interval. He also remarked that the problem of the
Hyers–Ulam stability of the Volterra integral equation defined on an infinite interval
remains open. First, we give a negative answer to Jung’s question.
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Example 17.1. For each ε > 0, we set f (t) = εteit for every t ∈ R. By a simple
calculation, we have that

∣∣∣∣ f (t)− i
∫ t

0
f (s)ds

∣∣∣∣ = ε|eit −1| ≤ 2ε (∀t ∈ R).

On the other hand, if a continuous function g : R→ C satisfies g(t) = i
∫ t

0 g(s)ds
for every t ∈ R, then we see that g is identically 0. In fact, differentiating both sides
with respect t, we get g′(t) = ig(t) for every t ∈ R. This implies that g(t) = g(0)eit

for every t ∈ R. Since g(0) = 0, we have that g is identically 0 as claimed. We have

sup
t∈R
| f (t)−g(t)|= sup

t∈R
| f (t)|= sup

t∈R
|εteit |= ∞.

Consequently, the function f (t) = εteit is an approximate solution of the equation
y(t) = i

∫ t
0 y(s)ds, while f (t) is not near to the unique solution of y(t) = i

∫ t
0 y(s)ds.

We thus conclude that the equation y(t) = i
∫ t

0 y(s)ds is not stable in the sense of
Hyers and Ulam.

Example 17.1 shows that the Volterra integral (17.1) defined on R has no Hyers–
Ulam stability for φ(s,y(s)) = iy(s). In this paper, we consider the integral equation

y(t)− y(0) =
∫ t

0
p(s)y(s)ds (17.2)

defined onR, and investigate its Hyers–Ulam stability, where p is a given continuous
function.

17.2 Main Results

In this paper, we will denote by X a complex Banach space with the norm ‖·‖. We
write C(R,X) for the set of all continuous maps from R to X and

P(t) =
∫ t

0
p(τ)dτ (∀t ∈ R)

for each continuous function p : R→ C. Then P ′(t) = p(t) for all t ∈ R. Next, for
such p, we set:

Cp = sup
t∈R

∣∣eP(t)
∣∣∫ t

−∞
|p(s)e−P(s)|ds, Dp = sup

t∈R

∣∣eP(t)
∣∣
∣∣∣∣
∫ t

0
|p(s)e−P(s)|ds

∣∣∣∣ ,

Ep = sup
t∈R

∣∣eP(t)
∣∣∫ ∞

t
|p(s)e−P(s)|ds.

Here, we do not assume that any of Cp, Dp and Ep is finite.
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Lemma 17.1. Let p be a complex-valued continuous function on R. For each pair
of maps f ,u ∈C(R,X), the following two conditions are equivalent.

(i) u(t) = f (t)− f (0)−
∫ t

0
p(s) f (s)ds for every t ∈ R.

(ii) f (t)− f (0)eP(t) = u(t)+ eP(t)
∫ t

0
p(s)e−P(s)u(s)ds for every t ∈ R.

In particular,

f (t)− f (0) =
∫ t

0
p(s) f (s)ds (∀t ∈ R)

if and only if f (t) = f (0)eP(t) for every t ∈R.

Proof. (i)⇒ (ii) By assumption, we have

f (t)−u(t) = f (0)+
∫ t

0
p(s) f (s)ds (∀t ∈ R).

Differentiating both sides with respect t, we have

( f (t)−u(t))′ = p(t) f (t) = p(t)( f (t)−u(t))+ p(t)u(t).

The above equality, multiplied by e−P(t), shows that

( f (t)−u(t))′e−P(t) = ( f (t)−u(t))p(t)e−P(t) + p(t)e−P(t)u(t).

Since P ′(t) = p(t), we have

( f (t)−u(t))p(t)e−P(t) =−( f (t)−u(t))(e−P(t))′.

Consequently

{( f (t)−u(t))e−P(t)}′ = ( f (t)−u(t))′e−P(t) + ( f (t)−u(t))(e−P(t))′

= p(t)e−P(t)u(t)

for every t ∈ R. Here, we note that e−P(0) = 1 and u(0) = 0. By integrating both
sides of the above equality, we have

( f (t)−u(t))e−P(t)− f (0) =
∫ t

0
p(s)e−P(s)u(s)ds,

which shows that

f (t)− f (0)eP(t) = u(t)+ eP(t)
∫ t

0
p(s)e−P(s)u(s)ds

for every t ∈ R.
(ii)⇒ (i) The above argument can be followed in the opposite direction, and so

the proof is omitted. �
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Definition 17.1. For p ∈C(R,C), define Tp : C(R,X)→C(R,X) by

Tp( f )(t) = f (t)− f (0)−
∫ t

0
p(s) f (s)ds (∀ f ∈C(R,X), t ∈ R).

We say that Tp has the Hyers–Ulam stability if and only if there exists a constant
K ≥ 0 with the following property: for every ε ≥ 0 and f ∈C(R,X) satisfying∥∥Tp( f )(t)

∥∥≤ ε (∀t ∈ R)

there exists g ∈C(R,X) such that

Tp(g)(t) = 0 and | f (t)−g(t)| ≤ Kε (∀t ∈ R).

We call such K a HUS constant for Tp. When the operator Tp has the Hyers–Ulam
stability, we simply say that (17.2) has the Hyers–Ulam stability.

Theorem 17.1. Let p ∈ C(R,C). If one of Cp, Dp and Ep is finite, then (17.2)
has the Hyers–Ulam stability with a HUS constant 1 +Cp, 1+ Dp and 1 + Ep,
respectively.

If, in addition, inft∈R |e−P(t)|= 0, then for each f ∈C(R,X) with

sup
t∈R

∥∥∥∥ f (t)− f (0)−
∫ t

0
p(s) f (s)ds

∥∥∥∥ < ∞, (17.3)

there exists a unique g ∈C(R,X) such that, for each t ∈R,

g(t)− g(0) =
∫ t

0
p(s)g(s)ds and sup

t∈R
| f (t)−g(t)|< ∞. (17.4)

Proof. Let ε ≥ 0 and f ∈C(R,X) satisfy
∥∥∥∥ f (t)− f (0)−

∫ t

0
p(s) f (s)ds

∥∥∥∥ ≤ ε (∀t ∈ R).

Set

u(t) = f (t)− f (0)−
∫ t

0
p(s) f (s)ds (∀t ∈ R).

Then ‖u(t)‖ ≤ ε for all t ∈R. By Lemma 17.1, we have

f (t)− f (0)eP(t) = u(t)+ eP(t)
∫ t

0
p(s)e−P(s)u(s)ds (∀t ∈ R). (17.5)

First, consider the case when Cp < ∞. Then
∫ t
−∞ |p(s)e−P(s)|ds exists for all

t ∈ R. Since ‖u(t)‖ ≤ ε , we see that the integral
∫ t
−∞ p(s)e−P(s)u(s)ds ∈ X exists

for every t ∈ R. We have, for each t ∈R, that

f (t)− f (0)eP(t) =u(t)+ eP(t)
∫ t

−∞
p(s)e−P(s)u(s)ds

− eP(t)
∫ 0

−∞
p(s)e−P(s)u(s)ds.
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Let

g1(t) := eP(t)
(

f (0)−
∫ 0

−∞
p(s)e−P(s)u(s)ds

)
(∀t ∈ R).

Then, by Lemma 17.1, g1 ∈C(R,X) is a solution of (17.2) with

‖ f (t)−g1(t)‖=
∥∥∥∥u(t)+ eP(t)

∫ t

−∞
p(s)e−P(s)u(s)ds

∥∥∥∥
≤ ‖u(t)‖+ ∣∣eP(t)

∣∣∫ t

−∞

∥∥∥p(s)e−P(s)u(s)
∥∥∥ ds

≤ ε + ε
∣∣eP(t)

∣∣∫ t

−∞

∣∣∣p(s)e−P(s)
∣∣∣ ds≤ (1+Cp)ε (∀t ∈ R).

In case where Ep < ∞, we prove that (17.2) has the Hyers–Ulam stability with a
HUS constant 1+Ep by an argument quite similar to the above.

We next consider the case when Dp < ∞. Let g2(t) = f (0)eP(t) for t ∈ R. Then
g2 ∈C(R,X) is a solution of (17.2). According to (17.5), for each t ∈R,

| f (t)− g2(t)|=
∣∣∣∣u(t)+ eP(t)

∫ t

0
p(s)e−P(s)u(s)ds

∣∣∣∣
≤ |u(t)|+ ∣∣eP(t)

∣∣
∣∣∣∣
∫ t

0

∣∣∣p(s)e−P(s)u(s)
∣∣∣ ds

∣∣∣∣
≤ ε + ε

∣∣eP(t)
∣∣
∣∣∣∣
∫ t

0
|p(s)e−P(s)|ds

∣∣∣∣≤ (1+Dp)ε.

Finally, suppose that inft∈R |e−P(t)| = 0. Let f ∈ C(R,X) and (17.3) hold.
Suppose that g3,g4 ∈C(R,X) satisfy

gi(t)− gi(0) =
∫ t

0
p(s)gi(s)ds and Mi = sup

t∈R
| f (t)−gi(t)|< ∞

for i = 3,4. By Lemma 17.1, gi(t) = gi(0)eP(t) for t ∈ R, i = 3,4, which implies
that

‖g3(0)−g4(0)‖=
∣∣e−P(t)

∣∣‖g3(t)−g4(t)‖
≤ ∣∣e−P(t)

∣∣(‖g3(t)− f (t)‖+‖ f (t)−g4(t)‖)
≤ ∣∣e−P(t)

∣∣(M3 +M4) (∀t ∈ R).

Since inft∈R
∣∣e−P(t)

∣∣= 0, we have g3(0) = g4(0). Thus, g3(t) = g3(0)eP(t) = g4(t)
for all t ∈ R. We conclude that the element g ∈ C(R,X) is uniquely determined in
the sense of (17.4). �
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Remark 17.1. Let p : R → C be a continuous function so that (17.2) has the
Hyers–Ulam stability. If inft∈R |e−P(t | > 0, then the uniqueness in the sense of
Theorem 17.1 does not hold. To be more explicit, for each f ∈C(R,X) with (17.3),
there exist infinitely many g ∈C(R,X) such that (17.4) holds for all t ∈ R. In fact,
let f ∈C(R,X) satisfy (17.3). Set

ε = sup
t∈R

∥∥∥∥ f (t)− f (0)−
∫ t

0
p(s) f (s)ds

∥∥∥∥ < ∞.

Since (17.2) have the Hyers–Ulam stability, there is a solution g ∈ C(R,X) of
(17.2) with supt∈R ‖ f (t)−g(t)‖ ≤ Kε , where K is a HUS constant. According to
Lemma 17.1, g(t) = g(0)eP(t) for all t ∈ R. Let x ∈ X and h(t) = xeP(t) for t ∈ R.
Then

‖ f (t)−h(t)‖ ≤ ‖ f (t)−g(t)‖+‖g(t)−h(t)‖
≤ Kε +‖g(0)− x‖ ∣∣eP(t)

∣∣ (∀t ∈ R).

Since supt∈R
∣∣eP(t)

∣∣< ∞, we conclude that supt∈R ‖ f (t)−h(t)‖< ∞, for any x∈ X .

Theorem 17.2. Let p : R→ R be a continuous function.

(i) If limt→−∞ P(t) = ∞, limt→∞ P(t) =−∞ and if p(t)< 0 on R\ [−α1,α1] for
some α1 > 0, then Cp < ∞ and Dp = Ep = ∞.

(ii) If limt→±∞ P(t) =−∞, p(t)> 0 on (−∞,−α2) and if p(t)< 0 on (α2,∞) for
some α2 > 0, then Dp < ∞ and Cp = Ep = ∞.

(iii) If limt→−∞ P(t) =−∞, limt→∞ P(t) = ∞ and if p(t)> 0 on R\ [−α3,α3] for
some α3 > 0, then Ep < ∞ and Cp = Dp = ∞.

(iv) If limt→±∞ P(t) = ∞, p(t) < 0 on (−∞,α4) and if p(t) > 0 on (α4,∞) for
some α4 > 0, then Cp = Dp = Ep = ∞.

Proof. (i) Suppose that

lim
t→−∞

P(t) = ∞ , lim
t→∞

P(t) =−∞ (17.6)

and that p(t)< 0 on R\ [−α1,α1] for some α1 > 0. We see that
∫ t
−∞ |p(s)e−P(s)|ds

exists for every t ∈ R. In fact, since P ′(t) = p(t), for each r <−α1 we have

∫ α1

r

∣∣p(s)e−P(s)
∣∣ds =

∫ α1

r
(−p(s))e−P(s) ds

=
[
e−P(s)

]α1

r
= e−P(α1)− e−P(r).

According to (17.6), ∫ α1

−∞

∣∣p(s)e−P(s)
∣∣ds = e−P(α1).
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Consequently, for every t ∈ R there exists

∫ t

−∞

∣∣p(s)e−P(s)
∣∣ds = e−P(α1) +

∫ t

α1

∣∣p(s)e−P(s)
∣∣ds.

Set ψ1(t) =
∫ t
−∞
∣∣p(s)e−P(s)

∣∣ds for t ∈ R. Then limt→−∞ ψ1(t) = 0. We see that
limt→∞ ψ(t) = ∞. For if t > α1, we have

∫ t

α1

∣∣p(s)e−P(s)
∣∣ds =

∫ t

α1

(−p(s))e−P(s) ds = [e−P(s)]tα1
= e−P(t)− e−P(α1).

According to (17.6), we have limt→∞
∫ t

α1

∣∣p(s)e−P(s)
∣∣ds = ∞. Thus

lim
t→∞

ψ1(t) = ψ1(α1)+ lim
t→∞

∫ t

α1

∣∣p(s)e−P(s)
∣∣ds = ∞

as claimed. Recall that p(t)< 0 for t ∈ R\ [−α,α]. By the L’Hospital’s rule

lim
t→±∞

ψ1(t)

e−P(t)
= lim

t→±∞

|p(t)e−P(t)|
−p(t)e−P(t)

= 1.

So,

Cp = sup
t∈R

∣∣eP(t)
∣∣∫ t

−∞

∣∣p(s)e−P(s)
∣∣ds = sup

t∈R
ψ1(t)

e−P(t)
< ∞.

Note that

lim
t→−∞

∣∣∣∣
∫ t

0

∣∣p(s)e−P(s)
∣∣ds

∣∣∣∣= ψ1(0)< ∞.

By (17.6), Dp = ∞. Since limt→∞
∫ t

α1

∣∣p(s)e−P(s)
∣∣ds = ∞, we have Ep = ∞.

(ii) Suppose that limt→±∞ P(t) = −∞, p(t) > 0 on (−∞,−α2) and p(t)< 0 on
(α2,∞) for some α2 > 0. Set ψ2(t) =

∫ t
0

∣∣p(s)e−P(s)
∣∣ds for t ∈ R. Then

ψ2(t) =
∫ −α2

0
|p(s)eP(s)|ds+

∫ t

−α2

p(s)e−P(s) ds

= ψ2(−α2)+ [−e−P(s)]t−α2
= ψ2(−α2)+ e−P(−α2)− e−P(t)

for each t < −α2. Thus, limt→−∞ ψ2(t) = −∞. Analogously, ψ2(t) = ψ(α2) +
e−P(t)− e−P(α2) for t > α2, whence limt→∞ ψ2(t) = ∞. By the L’Hospital’s rule

lim
t→−∞

ψ2(t)

e−P(t)
= lim

t→−∞

|p(t)e−P(t)|
−p(t)e−P(t)

=−1 and lim
t→∞

ψ2(t)

e−P(t)
= 1.
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It follows that

Dp = sup
t∈R

∣∣eP(t)
∣∣
∣∣∣∣
∫ t

0

∣∣p(s)e−P(s)
∣∣ds

∣∣∣∣= sup
t∈R
|ψ2(t)|
e−P(t)

< ∞.

Since limt→±∞ |ψ2(t)|= ∞, we have Cp = Ep = ∞.
(iii) Suppose that limt→−∞ P(t) = −∞, limt→∞ P(t) = ∞ and that p(t) > 0 on

R \ [−α3,α3] for some α3 > 0. We see that
∫ ∞

t

∣∣p(s)e−P(s)
∣∣ds exists for all t ∈ R.

In fact, for each r > α3

∫ r

α3

∣∣p(s)e−P(s)
∣∣ds =

∫ r

α3

p(s)e−P(s) ds

= [−e−P(s)]rα3
= e−P(α3)− e−P(r).

Thus,
∫ ∞

α3

∣∣p(s)e−P(s)
∣∣ds = e−P(α3) and

∫ ∞
t

∣∣p(s)e−P(s)
∣∣ds exists for all t ∈ R.

Let

ψ3(t) =
∫ ∞

t

∣∣p(s)e−P(s)
∣∣ds (∀t ∈ R).

Then limt→∞ ψ3(t) = 0. Since limt→∞ eP(t) = ∞, by the L’Hospital’s rule we get

lim
t→∞

ψ3(t)

e−P(t)
= lim

t→∞

−|p(t)e−P(t)|
−p(t)e−P(t)

= 1. (17.7)

Note that limt→−∞ ψ3(t) = ∞. For, if t <−α3, then we have

∫ −α3

t

∣∣p(s)e−P(s)
∣∣ds =

∫ −α3

t
p(s)e−P(s) ds

= [−e−P(s)]−α3
t = e−P(t)− e−P(−α3).

Therefore, limt→−∞
∫ −α3

t

∣∣p(s)e−P(s)
∣∣ds = ∞. It follows that

lim
t→−∞

ψ3(t) = lim
t→−∞

∫ −α3

t

∣∣p(s)e−P(s)
∣∣ds+

∫ ∞

−α3

∣∣p(s)e−P(s)
∣∣ds = ∞.

By the L’Hospital’s rule, we have

lim
t→−∞

ψ3(t)

e−P(t)
= lim

t→−∞

−|p(t)e−P(t)|
−p(t)e−P(t)

= 1.

According to (17.7), we conclude that

Ep = sup
t∈R

∣∣eP(t)
∣∣∫ ∞

t

∣∣p(s)e−P(s)
∣∣ds = sup

t∈R
ψ3(t)

e−P(t)
< ∞.



216 T. Miura et al.

Recall that

lim
t→−∞

∫ −α3

t

∣∣p(s)e−P(s)
∣∣ds = ∞

and therefore Cp = ∞. Since
∫ t

0

∣∣p(s)e−P(s)
∣∣ds≤ ψ3(0) for all t > 0, we obtain that

Dp = ∞.
(iv) Let limt→±∞ P(t) = ∞, p(t) < 0 on (−∞,α4) and p(t) > 0 on (α4,∞) for

some α4 > 0. Then

∫ −α4

−∞

∣∣p(s)e−P(s)
∣∣ds = e−P(−α4) and

∫ ∞

α4

∣∣p(s)e−P(s)
∣∣ds = e−P(α4).

So, by limt→±∞ P(t) = ∞, Cp = Dp = ∞. Finally, Ep = ∞, because, for each t > 0,

∫ t

0

∣∣p(s)e−P(s)
∣∣ds≤

∫ α4

0

∣∣p(s)e−P(s)
∣∣ds+

∫ ∞

α4

∣∣p(s)e−P(s)
∣∣ds

=
∫ α4

0

∣∣p(s)e−P(s)
∣∣ds+ e−P(α4).

�

Example 17.2. Let p(t) = ∑n

k=0 aktk be a polynomial where n∈N∪{0}, ak ∈R for
k = 0,1,2, . . . ,n and an �= 0. By Theorem 17.2, the following four statements are
true.

1. If an < 0 and n is even, then Cp < ∞ and Dp = Ep = ∞.
2. If an < 0 and n is odd, then Dp < ∞ and Cp = Ep = ∞.
3. If an > 0 and n is even, then Ep < ∞ and Cp = Dp = ∞.
4. If an > 0 and n is odd, then Cp = Dp = Ep = ∞.

So, Theorem 17.1 implies that (17.2) has the Hyers–Ulam stability unless an > 0
and n is odd. Clearly, one might ask whether (17.2) has the Hyers–Ulam stability in
that last case. We will give an answer to this question.

Theorem 17.3. Let p : R→ R be a continuous function with

sup
t∈(−∞,0]

P(t) = sup
t∈[0,∞)

P(t) = ∞.

For every ε > 0 there exists f ∈C(R,X) such that supt∈R ‖ f (t)−g(t)‖=∞ for each
solution g ∈C(R,X) of (17.2) and

∥∥∥∥ f (t)− f (0)−
∫ t

0
p(s) f (s)ds

∥∥∥∥ ≤ ε (∀t ∈ R).
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Proof. For each ε > 0, take x ∈ X with ‖x‖= ε . Let u : R→ X be a continuous map
defined by

u(t) =

⎧⎪⎪⎨
⎪⎪⎩

0 (t < 0) ;

tx (0 ≤ t ≤ 1) ;

x (1 < t) .

Set

f (t) = u(t)+ eP(t)
∫ t

0
p(s)e−P(s)u(s)ds (∀t ∈ R). (17.8)

Since f (0) = 0, we have by Lemma 17.1 that

u(t) = f (t)−
∫ t

0
p(s) f (s)ds (∀t ∈ R).

This implies that

∥∥∥∥ f (t)− f (0)−
∫ t

0
p(s) f (s)ds

∥∥∥∥ = ‖u(t)‖ ≤ ‖x‖= ε (∀t ∈R).

We show that

∫ t

0
p(s)e−P(s)u(s)ds =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 (t < 0) ;

−te−P(t)x+
∫ t

0
e−P(s)xds (0≤ t ≤ 1) ;

−e−P(t)x+
∫ 1

0
e−P(s)xds (1 < t) .

(17.9)

We only consider the case when t ≥ 0. If 0≤ t ≤ 1, then by the integration by parts
we obtain

∫ t

0
p(s)e−P(s)u(s)ds =

∫ t

0
p(s)e−P(s)sxds

= [−e−P(s)sx]t0 +
∫ t

0
e−P(s)xds =−te−P(t)x+

∫ t

0
e−P(s)xds.

If 1 < t, then we have, by using the above equality

∫ t

0
p(s)e−P(s)u(s)ds =

∫ 1

0
p(s)e−P(s)sxds+

∫ t

1
p(s)e−P(s)xds

=−e−P(1)x+
∫ 1

0
e−P(s)xds+[−e−P(s)x]t1

=−e−P(t)x+
∫ 1

0
e−P(s)xds.
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Consequently, we have (17.9), as claimed. It follows from (17.8) that

f (t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 (t < 0) ;

eP(t)
∫ t

0
e−P(s)xds (0≤ t ≤ 1) ;

eP(t)
∫ 1

0
e−P(s)xds (1 < t) .

Now suppose, on the contrary, that there exists a solution g ∈ C(R,X) of (17.2)
such that supt∈R ‖ f (t)−g(t)‖< ∞. According to Lemma 17.1, we can write g(t) =
g(0)eP(t) for every t ∈ R, and therefore supt∈R ‖ f (t)− g(0)eP(t)‖ ≤ K for some
K ≥ 0. Since f (t) = 0 for t < 0, we have

‖g(0)‖eP(t) =
∥∥g(0)eP(t)

∥∥≤ K (∀t < 0).

Since sup(−∞,0]P(t) = ∞, so g(0) = 0, whence ‖ f (t)‖ ≤ K for every t ∈ R.
Consequently

‖ f (t)‖= eP(t)
∫ 1

0
e−P(s) ds‖x‖=

∥∥∥∥eP(t)
∫ 1

0
e−P(s)xds

∥∥∥∥≤ K (∀t > 1).

Here, we notice that
∫ 1

0 e−P(s)ds‖x‖ �= 0. This is impossible because we have
sup[0,∞)P(t) = ∞. �

Example 17.3. If p : R→ R is a continuous function with p(t)≥ 0 for every t ∈ R

and ∫ ∞

−∞
p(τ)dτ < ∞,

then we see that Cp < ∞, Dp < ∞ and Ep < ∞. In fact,

∫
p(s)e−P(s) ds =−e−P(s) + c,

where c is any constant. By the assumption, −∞ < limt→−∞ P(t) ≤ 0 and 0 ≤
limt→∞ P(t)< ∞. It follows that

∫ t

−∞
p(s)e−P(s) ds < ∞ and

∫ ∞

t
p(s)e−P(s) ds < ∞

for all t ∈R. Thus, Cp < ∞, Dp <∞ and Ep < ∞. In particular, (17.2) has the Hyers–
Ulam stability by Theorem 17.1.

Theorem 17.4. Let p : R → C \ {0} be a continuous function. Suppose that for
every f ∈C(R,X) with

sup
t∈R

∥∥∥∥ f (t)− f (0)−
∫ t

0
p(s) f (s)ds

∥∥∥∥ < ∞
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there exists a solution g∈C(R,X) of (17.2) such that supt∈R | f (t)−g(t)|<∞. Then
one of Cp, Dp and Ep is finite.

In particular, if (17.2) has the Hyers–Ulam stability, then one of Cp, Dp and Ep

is finite.

Proof. Take x ∈ X with ‖x‖= 1. Set

u(t) =

(
|p(t)e−P(t)|
p(t)e−P(t)

− |p(0)|
p(0)

)
x (∀t ∈ R).

Then u(0) = 0 with ‖u(t)‖≤ 2 for every t ∈R. Let us consider the map f ∈C(R,X)
defined by

f (t) = u(t)+ eP(t)
∫ t

0
p(s)e−P(s)u(s)ds (∀t ∈ R).

Then f (0) = u(0) = 0. By Lemma 17.1, for each t ∈ R we have

u(t) = f (t)−
∫ t

0
p(s) f (s)ds,

which implies that

sup
t∈R

∥∥∥∥ f (t)− f (0)−
∫ t

0
p(s) f (s)ds

∥∥∥∥ = sup
t∈R
‖u(t)‖ ≤ 2.

By assumption, there exists g ∈C(R,X) such that

g(t)−g(0) =
∫ t

0
p(s)g(s)ds (∀t ∈ R)

and
sup
t∈R
| f (t)−g(t)|< ∞.

By Lemma 17.1, g(t) = g(0)eP(t) for every t ∈ R, and consequently

sup
t∈R
‖ f (t)− g(t)‖= sup

t∈R

∥∥∥∥u(t)+ eP(t)
∫ t

0
p(s)e−P(s)u(s)ds−g(0)eP(t)

∥∥∥∥≤ K

for some constant K ≥ 0. Here, we note that
∫ t

0
p(s)e−P(s) ds =

[
−e−P(s)

]t

0
= 1− e−P(t), (17.10)

and therefore, by the definition of u with (17.10), we have

∫ t

0
p(s)e−P(s)u(s)ds =

∫ t

0

∣∣p(s)e−P(s)
∣∣xds− |p(0)|

p(0)
(1− e−P(t))x
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for all t ∈ R. This implies that

f (t)−g(t)= u(t)+eP(t)
∫ t

0

∣∣p(s)e−P(s)
∣∣xds− |p(0)|

p(0)
(eP(t)−1)x−g(0)eP(t)

for all t ∈ R. Set x1 = |p(0)|x/p(0)+ g(0). Then we have

∣∣eP(t)
∣∣
∥∥∥∥
∫ t

0

∣∣p(s)e−P(s)
∣∣xds− x1

∥∥∥∥≤‖ f (t)−g(t)‖+
∥∥∥∥u(t)+

|p(0)|
p(0)

x

∥∥∥∥≤K+1

and consequently
∥∥∥∥
∫ t

0

∣∣p(s)e−P(s)
∣∣xds− x1

∥∥∥∥≤ (K +1)
∣∣e−P(t)

∣∣ (∀t ∈ R). (17.11)

Now we have three possibilities:

(i) inft∈(−∞,0]

∣∣e−P(t)
∣∣ = 0. There exists a strictly monotone decreasing sequence

{tn}n∈N ⊂ (−∞,0] such that

tn↘−∞ (n→ ∞) and |e−P(tn)|< 1
n

(∀n ∈ N).

By (17.11), we have
∥∥∥∥
∫ tn

0

∣∣p(s)e−P(s)
∣∣xds− x1

∥∥∥∥< K +1
n

(17.12)

for every n ∈ N. Since ‖x‖= 1,

∥∥∥∥
∫ 0

tn

∣∣p(s)e−P(s)
∣∣ds−‖x1‖

∥∥∥∥< K +1
n

(∀n ∈ N). (17.13)

We assert that
∫ 0
−∞
∣∣p(s)e−P(s)

∣∣ds exists. To do this, we first show that

sup
t∈(−∞,0]

∫ 0

t

∣∣p(s)e−P(s)
∣∣ds < ∞.

According to (17.13), there exists an n0 ∈ N such that n≥ n0 implies

∫ 0

tn

∣∣p(s)e−P(s)
∣∣ds≤ 1+‖x1‖.

Since tn↘−∞, we see that

sup
t∈(−∞,0]

∫ 0

t

∣∣p(s)e−P(s)
∣∣ds≤max

{∫ 0

tn0

∣∣p(s)e−P(s)
∣∣ds,1+‖x1‖

}
.
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Therefore

sup
t∈(−∞,0]

∫ 0

t

∣∣p(s)e−P(s)
∣∣ds < ∞.

Since the function

t 	→
∫ 0

t

∣∣p(s)e−P(s)
∣∣ds

is monotone decreasing for t ∈ (−∞,0]

∫ 0

−∞

∣∣p(s)e−P(s)
∣∣ds = sup

t∈(−∞,0]

∫ 0

t

∣∣p(s)e−P(s)
∣∣ds.

Thus, we have proved the existence of
∫ 0
−∞
∣∣p(s)e−P(s)

∣∣ds as claimed. Next
we show that

x1 =−
∫ 0

−∞

∣∣p(s)e−P(s)
∣∣xds. (17.14)

In fact, by (17.12)

∥∥∥x1 +

∫ 0

−∞

∣∣p(s)e−P(s)
∣∣xds

∥∥∥≤
∥∥∥∥x1−

∫ tn

0

∣∣p(s)e−P(s)
∣∣xds

∥∥∥∥
+

∥∥∥∥
∫ tn

0

∣∣p(s)e−P(s)
∣∣xds+

∫ 0

−∞

∣∣p(s)e−P(s)
∣∣xds

∥∥∥∥
<

K +1
n

+

∣∣∣∣
∫ tn

0

∣∣p(s)e−P(s)
∣∣ds+

∫ 0

−∞

∣∣p(s)e−P(s)
∣∣ds

∣∣∣∣→ 0 (n→ ∞),

where we have used |x|= 1. Consequently, (17.14) holds as claimed. Thus, by
(17.12)

∫ t

−∞

∣∣p(s)e−P(s)
∣∣ds =

∥∥∥∥
∫ t

0

∣∣p(s)e−P(s)
∣∣xds− x1

∥∥∥∥≤ (K +1)
∣∣e−P(t)

∣∣

for every t ∈ R. This proves that Cp ≤ K +1 < ∞.
(ii) inft∈R

∣∣e−P(t)
∣∣> 0. Set L = ‖x1‖/ inft∈R

∣∣e−P(t)
∣∣. Then we have

∥∥∥∥
∫ t

0

∣∣p(s)e−P(s)
∣∣xds

∥∥∥∥≤ (K +1)
∣∣e−P(t)

∣∣+‖x1‖

≤ (K +1)
∣∣e−P(t)

∣∣+L
∣∣e−P(t)

∣∣
= (K +L+1)

∣∣e−P(t)
∣∣ (∀t ∈R).

With ‖x‖= 1, this proves that Dp < ∞.
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(iii) inft∈[0,∞)

∣∣e−P(t)
∣∣= 0. By a quite similar argument to (i), we can prove that

∫ ∞

0

∣∣p(s)e−P(s)
∣∣xds = x1,

and so

∫ ∞

t

∣∣p(s)e−P(s)
∣∣ds =

∥∥∥∥x1−
∫ t

0

∣∣p(s)e−P(s)
∣∣xds

∥∥∥∥≤ (K +1)
∣∣e−P(t)

∣∣

for every t ∈ R. This shows that Ep ≤ K +1 < ∞.
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Chapter 18
On the Stability of Polynomial Equations

Abbas Najati and Themistocles M. Rassias

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract In this article, we prove the Hyers–Ulam type stability for the following
two equations with real coefficients:

anxn + an−1xn−1 + · · ·+a1x+a0 = 0 and ex +αx+β = 0

on a real interval [a,b]. More precisely, we show that if x is an approximate solution
of the equation anxn + an−1xn−1 + · · ·+ a1x+ a0 = 0 (resp. ex +αx+ β = 0), then
there exists an exact solution of the equation near x.

Keywords Hyers-Ulam stability • Polynomial equation

Mathematics Subject Classification (2000): Primary 39B82; Secondary 34K20,
26D10

18.1 Introduction

The functional equation (ξ ) is stable if any function g satisfying the equation
(ξ ) approximately is near to ‘a true’ solution of (ξ ). The stability of functional
equations was first introduced by Ulam [10, Chap. VI] in 1940. More precisely,
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Ulam proposed the following problem: Given a group G1, a metric group (G2,d)
and a positive number ε, does there exist a δ > 0 such that if a function f : G1→G2

satisfies the inequality d( f (xy), f (x) f (y)) < δ for all x,y ∈ G1, then there exists a
group homomorphism T : G1 → G2 such that d( f (x),T (x)) < ε for all x ∈ G1?
As it is mentioned above, when this problem has a solution, we say that the
homomorphism equation is stable in the class of functions from G1 into G2.

In 1941, Hyers [3] gave a partial solution of Ulam’s problem, for the case of
approximately additive mappings, under the assumption that G1 and G2 are Banach
spaces. Aoki [1] and Rassias [8] provided a generalization of the Hyers’ theorem
for additive and linear mappings, respectively, by allowing the Cauchy difference to
be unbounded. During the last decades various stability problems for a large variety
of functional equations have been investigated by several mathematicians. A large
list of references concerning the stability of functional equations can be found, e.g.,
in [2, 4, 5, 9].

Recently, Li and Hua [6] investigated the Hyers–Ulam stability of the polynomial
equation xn + αx + β = 0 on [−1,1] and they posed the problem whether the
polynomial equation anxn + an−1xn−1 + · · ·+ a1x + a0 = 0 with real coefficients
satisfies the Hyers–Ulam stability when it accepts some solutions in the real interval
[a,b]?

In this paper, we prove the Hyers–Ulam stability for the following two equations

anxn +an−1xn−1 + · · ·+a1x+a0 = 0, (18.1)

ex +αx+β = 0 (18.2)

on [−1,1].
We say that the equation f (x) = 0 has the Hyers–Ulam stability on the real

interval [a,b] if there exists a constant K > 0 with the following property: for every
ε > 0 and x ∈ [a,b] if | f (x)| ≤ ε , there exists some real number z ∈ [a,b] such that
f (z) = 0 and |x− z| ≤ Kε.

For an extensive information on the theory and applications of polynomial
functions and their roots the reader is referred to [7].

18.2 Main Results

Theorem 18.1. Let y ∈ [−1,1] satisfy

|anyn +an−1yn−1 + · · ·+a1y+a0| ≤ ε,
n

∑
m=2

m|am|< |a1|,

and

|a0|+
n

∑
m=2
|am|< |a1|.
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Then (18.1) has a unique solution in [−1,1], namely, there exists a real number
z ∈ [−1,1] , satisfying

|y− z| ≤ ε

|a1|−
n

∑
m=2

m|am|
.

Proof. Consider the function g : [−1,1]→ R defined by

g(x) =−a0

a1
− 1

a1

n

∑
m=2

amxm.

It is easy to see that |g(x)| ≤ 1 for all x ∈ [−1,1]. Therefore, g maps [−1,1] into
[−1,1]. For each u,v ∈ [−1,1], we have

|g(u)− g(v)| ≤ 1
|a1|

n

∑
m=2

|amum−amvm|

≤ 1
|a1|

n

∑
m=2
|am||u− v||um−1+um−2v+ · · ·+uvm−2+ vm−1|

≤ 1
|a1|

n

∑
m=2

m|am||u− v|.

Thus, g is a contraction mapping and by Banach’s contraction the mapping
theorem,g has a unique fixed point z ∈ [−1,1], i.e., g(z) = z. Hence, z is a solution
of (18.1) and

|y− z| ≤ |y−g(y)|+ |g(y)−g(z)|

≤ 1
|a1| |anyn +an−1yn−1+ · · ·+a1y+a0|+ 1

|a1|
n

∑
m=2

m|am||y− z|

≤ ε
|a1| +

1
|a1|

n

∑
m=2

m|am||y− z|.

Therefore

|y− z| ≤ ε

|a1|−
n

∑
m=2

m|am|
.

��

Theorem 18.2. Let |α|> e+ |β | and y ∈ [−1,1] satisfy

|ey +αy+β | ≤ ε.

Then (18.2) has a unique solution in [−1,1], namely z, satisfying

|y− z| ≤ ε
|α|− e

.
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Proof. We define the function g : [−1,1]→ R by

g(x) =− 1
α
(ex +β ).

It follows that |g(x)| ≤ 1 for all x ∈ [−1,1]. Therefore, g maps [−1,1] into [−1,1].
For each u,v ∈ [−1,1], we have

|g(u)− g(v)| ≤ 1
|α| |e

u− ev| ≤ 1
|α|

∞

∑
n=1

|un− vn|
n!

≤ 1
|α|

∞

∑
n=1

1
n!
|u− v||un−1+un−2v+ · · ·+uvn−2 + vn−1|

≤ 1
|α|

∞

∑
n=0

1
n!
|u− v|= e

|α| |u− v|.

Thus, g is a contraction mapping and by Banach’s contraction mapping theorem,
g has a unique fixed point z ∈ [−1,1], i.e., g(z) = z. Hence, z is a solution of
(18.2) and

|y− z| ≤ |y−g(y)|+ |g(y)−g(z)|

≤ 1
|α| |e

y +αy+β |+ e
|α| |y− z|

≤ ε
|α| +

e
|α| |y− z|.

Therefore
|y− z| ≤ ε

|α|− e
.

��
Remark 18.1. Applying the same technique as in the proofs of Theorems 18.1 and
18.2, one can study the Hyers–Ulam stability of (18.1) and (18.2) defined on any
finite interval [a,b].
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Chapter 19
Isomorphisms and Derivations in Proper
JCQ∗-Triples

Choonkil Park and Madjid Eshaghi-Gordji

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract We investigate homomorphisms in proper JCQ∗-triples and derivations
on proper JCQ∗-triples associated with the 3-variable Jensen functional equation

2 f

(
x+ y+ z

2

)
= f (x)+ f (y)+ f (z),

which was introduced and investigated by Park, Cho and Han.
We moreover prove the Hyers–Ulam–Rassias stability of homomorphisms in

proper JCQ∗-triples and of derivations on proper JCQ∗-triples. This is applied to
investigate isomorphisms between proper JCQ∗-triples.
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19.1 Introduction and Preliminaries

As it is extensively discussed in [54], the full description of a physical system S
implies the knowledge of three basic ingredients: the sent of the observables, the
set of the states and the dynamics that describes the time evolution of the system

C. Park
Department of Mathematics, Hanyang University, Seoul 133-791, Republic of Korea
e-mail: baak@hanyang.ac.kr

M. Eshaghi-Gordji (�)
Department of Mathematics, Semnan University, P.O. Box 35195-363, Semnan, Iran
e-mail: madjid.eshaghi@gmail.com
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by means of the time dependence of the expectation value of a given observable
on a given state. Originally, the set of the observables was considered tobe a
C∗-algebra [29]. In many applications, however, this was shown not to be the most
convenient choice and the C∗-algebra was replaced by a von Neumann algebra,
because the role of the representation turns out to be crucial mainly when long range
interactions are involved (see [11] and references therein). Here we use a different
algebraic structure, similar to the one considered in [23], which is suggested by the
considerations above: because of the relevance of the unbounded operators in the
description of S , we will assume that the observables of the system belong to a
quasi ∗-algebra (A,A0) (see [58] and references therein), while, in order to have a
richer mathematical structure, we will use a slightly different algebraic structure:
(A,A0) will be assumed to be a proper CQ∗-algebra, which has nicer topological
properties. In particular, for instance, A0 is a C∗-algebra.

Let A be a linear space and A0 is a ∗-algebra contained in A as a subspace. We say
that A is a quasi ∗-algebra over A0 if

1. The right and left multiplications of an element of A and an element of A0 are
defined and linear;

2. x1(x2a) = (x1x2)a, (ax1)x2 = a(x1x2) and x1(ax2) = (x1a)x2 for all x1,x2 ∈ A0

and all a ∈ A;
3. An involution ∗, which extends the involution of A0, is defined in A with the

property (ab)∗ = b∗a∗ whenever the multiplication is defined.

A quasi ∗-algebra (A,A0) is said to be a locally convex quasi ∗-algebra if in A a
locally convex topology τ is defined such that

1. The involution is continuous and the multiplications are separately continuous;
2. A0 is dense in A[τ].

Throughout this paper, we suppose that (A[τ],A0) is a locally convex and
complete quasi ∗-algebra. For an overview on partial ∗-algebra and related topics
we refer to [2].

In a series of papers [7, 15, 17, 18], many authors have considered a special class
of quasi ∗-algebras, called proper CQ∗-algebras, which arise as completions of C∗-
algebras. They can be introduced in the following way:

Let A be a right Banach module over the C∗-algebra A0 with involution ∗ and
C∗-norm ‖ · ‖0 such that A0 ⊂ A. We say that (A,A0) is a proper CQ∗-algebra if

1. A0 is dense in A with respect to its norm ‖ · ‖;
2. (ab)∗ = b∗a∗ for all a,b ∈ A0;
3. ‖y‖0 = supa∈A,‖a‖≤1‖ay‖ for all y ∈ A0.

Several mathematicians have contributed works on these subjects (see [1, 4–10,
12–16, 19, 20, 24, 26, 33–35, 56, 57, 59, 60]).

Ulam [61] gave a talk before the Mathematics Club of the University of
Wisconsin in which he discussed a number of unsolved problems. Among these
was the following question concerning the stability of homomorphisms.
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We are given a group G and a metric group G′ with metric ρ(·, ·). Given ε > 0,
does there exist a δ > 0 such that if f : G→G′ satisfies ρ( f (xy), f (x) f (y)) < δ for
all x,y ∈ G, then a homomorphism h : G→ G′ exists with ρ( f (x),h(x)) < ε for all
x ∈ G?

By now an affirmative answer has been given in several cases, and some
interesting variations of the problem have also been investigated.

Hyers [30] considered the case of approximately additive mappings f : E → E ′,
where E and E ′ are Banach spaces and f satisfies Hyers inequality

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε

for all x,y ∈ E . It was shown that the limit

L(x) = lim
n→∞

f (2nx)

2n

exists for all x ∈ E and that L : E→ E ′ is the unique additive mapping satisfying

‖ f (x)−L(x)‖ ≤ ε.

Rassias [47] provided the following generalization of Hyers’ Theorem which
allows the Cauchy difference to be unbounded (in this way he rediscovered a much
earlier result of Aoki [3]).

Theorem 19.1 (Rassias). Let f : E→E ′ be a mapping from a normed vector space
E into a Banach space E ′ subject to the inequality

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε(‖x‖p +‖y‖p) (19.1)

for all x,y ∈ E, where ε and p are real constants with ε > 0 and p < 1. Then the
limit

L(x) = lim
n→∞

f (2nx)
2n

exists for all x ∈ E and L : E→ E ′ is the unique additive mapping which satisfies

‖ f (x)−L(x)‖ ≤ 2ε
2−2p‖x‖p (19.2)

for all x ∈ E. If p < 0 then inequality (19.1) holds for x,y 	= 0 and (19.2) for x 	= 0.

Rassias [48] during the 27th International Symposium on Functional Equations
asked the question whether such a theorem can also be proved for p≥ 1. Gajda [27]
following the same approach as in Rassias [47], gave an affirmative solution to this
question for p> 1. It was shown by Gajda [27], as well as by Rassias and Šemrl [53]
that one cannot prove a Rassias’ type theorem when p = 1. The counterexamples
of Gajda [27], as well as of Rassias and Šemrl [53] have stimulated several math-
ematicians to invent new definitions of approximately additive or approximately
linear mappings. The inequality (19.1) that was introduced for the first time by
Aoki [3] and next by Rassias [47] provided a lot of influence in the development
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of a generalization of the Hyers–Ulam stability concept.This new concept is known
as Hyers–Ulam–Rassias stability of functional equations (cf. the books of Czerwik
[21, 22] and Hyers et al. [31]; see also Găvruta [28], who among others studied the
Hyers–Ulam–Rassias stability of functional equations).

Beginning around the year 1980, the topic of approximate homomorphisms and
their stability theory in the field of functional equations and inequalities was taken
up by several mathematicians (cf. Hyers and Rassias [32], Rassias [51] and the
references therein).

Rassias [43] following the spirit of the innovative approach of Rassias [47] for
the unbounded Cauchy difference proved a similar stability theorem in which he
replaced the factor ‖x‖p +‖y‖p by ‖x‖p · ‖y‖q for p,q ∈ R with p+q 	= 1 (see also
[44] for a number of other new results). Several mathematician have contributed
works on these subjects (see [36–39, 45, 46, 49–52, 55]).

A C∗-algebra C , endowed with the Jordan product

x◦ y :=
xy+ yx

2

on C , is called a Jordan C∗-algebra (see [37, 38]). A C∗-algebra A, endowed with
the Jordan triple product

{z,x,w}= 1
2
(zx∗w+wx∗z)

for all z,x,w ∈ A, is called a JC∗-triple (see [25]). Note that

{z,x,w} = (z◦ x∗)◦w+(w◦ x∗)◦ z− (z◦w)◦ x∗.

Definition 19.1. A proper CQ∗-algebra (A,A0), endowed with the Jordan triple
product

{z,x,w}= 1
2
(zx∗w+wx∗z)

for all x ∈ A and all z,w ∈ A0, is called a proper JCQ∗-triple, and denoted by
(A,A0,{·, ·, ·}).
Definition 19.2. Let (A,A0{·, ·, ·}) and (B,B0{·, ·, ·}) be proper JCQ∗-triples.

(i) A C-linear mapping H : A→ B is called a proper JCQ∗-triple homomorphism
if H(z) ∈ B0 and

H({z,x,w}) = {H(z),H(x),H(w)}

for all z,w ∈ A0 and all x ∈ A. If, in addition, the mapping H : A→ B and the
mapping H|A0 : A0→ B0 are bijective, then the mapping H : A→ B is called a
proper JCQ∗-triple isomorphism.

(ii) A C-linear mapping δ : A0→ A is called a proper JCQ∗-triple derivation if

δ ({w0,w1,w2}) = {δ (w0),w1,w2}+{w0,δ (w1),w2}+{w0,w1,δ (w2)}
for all w0,w1,w2 ∈ A0.



19 Isomorphisms and Derivations in Proper JCQ∗-Triples 233

This paper is organized as follows: In Sects. 2 and 3, we investigate homomor-
phisms and derivations in proper JCQ∗-triples for the 3-variable Jensen functional
equation.

In Sects. 4 and 6, we prove the Hyers–Ulam–Rassias stability of homomorphisms
and of derivations in proper JCQ∗-triples. In Sect. 5, we investigate isomorphisms
between proper JCQ∗-triples.

19.2 Homomorphisms in Proper JCQ∗-Triples

Throughout this section, assume that (A,A0,{·, ·, ·}) is a proper JCQ∗-triple with
C∗-norm ‖·‖A0 and norm ‖·‖A, and that (B,B0,{·, ·, ·}) is a proper JCQ∗-triple with
C∗-norm ‖ · ‖B0 and norm ‖ · ‖B.

We investigate homomorphisms in proper JCQ∗-triples.

Theorem 19.2. Let r 	= 1 and θ be nonnegative real numbers, and f : A→ B a
mapping satisfying f (w) ∈ B0 for all w ∈ A0 such that

‖μ f (x)+ f (y)+ f (z)‖B ≤
∥∥∥∥2 f

(
μx+ y+ z

2

)∥∥∥∥
B
, (19.3)

‖ f ({w0,x,w1}) − { f (w0), f (x), f (w1)}‖B

≤ θ (‖w0‖3r
A +‖x‖3r

A +‖w1‖3r
A ) (19.4)

for all μ ∈ T
1 := {λ ∈C: |λ | = 1}, all w0,w1 ∈ A0 and all x,y,z ∈ A. Then the

mapping f : A→ B is a proper JCQ∗-triple homomorphism.

Proof. Let μ = 1 in (19.3). By [42, Proposition 2.1], the mapping f : A→ B is
Cauchy additive.

Letting z = 0 and y =−μx in (19.3), we get

μ f (x)− f (μx) = μ f (x)+ f (−μx) = 0

for all x ∈ A. So f (μx) = μ f (x) for all x ∈ A. By the same reasoning as in the proof
of [37, Theorem 2.1], the mapping f : A→ B is C-linear.

(i) Assume that r < 1. By (19.4),

‖ f ({w0,x,w1}) − { f (w0), f (x), f (w1)}‖B

= lim
n→∞

1
8n ‖ f (8n{w0,x,w1})−{ f (2nw0), f (2nx), f (2nw1)}‖B

≤ lim
n→∞

8nr

8n θ (‖w0‖3r
A +‖x‖3r

A +‖w1‖3r
A ) = 0
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for all w0,w1 ∈ A0 and all x ∈ A. So

f ({w0,x,w1}) = { f (w0), f (x), f (w1)}

for all w0,w1 ∈ A0 and all x ∈ A.
(ii) Assume that r > 1. By a similar method to the proof of the case (i), one can

prove that the mapping f : A→ B satisfies

f ({w0,x,w1}) = { f (w0), f (x), f (w1)}

for all w0,w1 ∈ A0 and all x ∈ A.
Since f (w) ∈ B0 for all w ∈ A0, the mapping f : A→ B is a proper JCQ∗-

triple homomorphism, as desired. �

Theorem 19.3. Let r 	= 1 and θ be nonnegative real numbers, and f : A→ B a
mapping satisfying (19.3) and f (w) ∈ B0 for all w ∈ A0 such that

‖ f ({w0,x,w1})−{ f (w0), f (x), f (w1)}‖B ≤ θ ‖w0‖r
A ‖x‖r

A ‖w1‖r
A (19.5)

for all w0,w1 ∈ A0 and all x ∈ A. Then the mapping f : A→ B is a proper JCQ∗-
triple homomorphism.

Proof. By the same reasoning as in the proof of Theorem 19.2, the mapping f : A→
B is C-linear.

(i) Assume that r < 1. By (19.5),

‖ f ({w0,x,w1}) − { f (w0), f (x), f (w1)}‖B

= lim
n→∞

1
8n ‖ f (8n{w0,x,w1})−{ f (2nw0), f (2nx), f (2nw1)}‖B

≤ lim
n→∞

8nr

8n θ · ‖w0‖r
A · ‖x‖r

A · ‖w1‖r
A = 0

for all w0,w1 ∈ A0 and all x ∈ A. So

f ({w0,x,w1}) = { f (w0), f (x), f (w1)}

for all w0,w1 ∈ A0 and all x ∈ A.
(ii) Assume that r > 1. By a similar method to the proof of the case (i), one can

prove that the mapping f : A→ B satisfies

f ({w0,x,w1}) = { f (w0), f (x), f (w1)}

for all w0,w1 ∈ A0 and all x ∈ A.
Therefore, the mapping f : A→ B is a proper JCQ∗-triple homomorphism.
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19.3 Derivations on Proper JCQ∗-Triples

Throughout this section, assume that (A,A0,{·, ·, ·}) is a proper JCQ∗-triple with
C∗-norm ‖ · ‖A0 and norm ‖ · ‖A.

We investigate derivations on proper JCQ∗-triples.

Theorem 19.4. Let r 	= 1 and θ be nonnegative real numbers, and f : A0 → A
a mapping such that

‖μ f (x)+ f (y)+ f (z)‖A ≤
∥∥∥∥2 f

(
μx+ y+ z

2

)∥∥∥∥
A
, (19.6)

‖ f ({w0,w1,w2}) − { f (w0),w1,w2}−{w0, f (w1),w2}
− {w0,w1, f (w2)}‖A ≤ θ (‖w0‖3r

A +‖w1‖3r
A +‖w2‖3r

A ) (19.7)

for all μ ∈ T
1 and all w0,w1,w2,x,y,z ∈ A0. Then the mapping f : A0 → A is a

proper JCQ∗-triple derivation.

Proof. By the same reasoning as in the proof of Theorem 19.2, the mapping f :
A0→ A is C-linear.

(i) Assume that r < 1. By (19.7),

‖ f ({w0,w1,w2}) − { f (w0),w1,w2}−{w0, f (w1),w2}−{w0,w1, f (w2)}‖A

= lim
n→∞

1
8n ‖ f (8n{w0,w1,w2})−{ f (2nw0),2

nw1,2
nw2}

−{2nw0, f (2nw1),2
nw2}−{2nw0,2

nw1, f (2nw2)}‖A

≤ lim
n→∞

8nr

8n θ (‖w0‖3r
A +‖w1‖3r

A +‖w2‖3r
A ) = 0

for all w0,w1,w2 ∈ A0. So

f ({w0,w1,w2}) = { f (w0),w1,w2}+{w0, f (w1),w2}+{w0,w1, f (w2)}

for all w0,w1,w2 ∈ A0.
(ii) Assume that r > 1. By a similar method to the proof of the case (i), one can

prove that the mapping f : A→ A satisfies

f ({w0,w1,w2}) = { f (w0),w1,w2}+{w0, f (w1),w2}+{w0,w1, f (w2)}

for all w0,w1,w2 ∈ A0.
Therefore, the mapping f : A0→ A is a proper JCQ∗-triple derivation. �
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Theorem 19.5. Let r 	= 1 and θ be nonnegative real numbers, and f : A0 → A a
mapping satisfying (19.6) such that

‖ f ({w0,w1,w2}) − { f (w0),w1,w2}−{w0, f (w1),w2}
− {w0,w1, f (w2)}‖A ≤ θ ‖w0‖r

A ‖w1‖r
A ‖w2‖r

A (19.8)

for all w0,w1,w2 ∈ A0. Then the mapping f : A0 → A is a proper JCQ∗-triple
derivation.

Proof. The proof is similar to the proofs of Theorems 19.2 and 19.4. �


19.4 Stability of Homomorphisms in Proper JCQ∗-Triples

We prove the Hyers–Ulam–Rassias stability of homomorphisms in proper JCQ∗-
triples.

Theorem 19.6. Let r < 1 and θ be nonnegative real numbers, and let f : A→ B be
a mapping such that f (w) ∈ B0 for all w ∈ A0 and

∥∥∥∥2 f

(
μx+μy+ μz

2

)
− μ f (x)−μ f (y)− μ f (z)

∥∥∥∥
B

≤ θ ‖x‖r/3
A ‖y‖r/3

A ‖z‖r/3
A , (19.9)

∥∥∥∥2 f

(
w0 +w1 +w2

2

)
− f (w0)− f (w1)− f (w2)

∥∥∥∥
B

≤ θ ‖w0‖r/3
A0
‖w1‖r/3

A0
‖w2‖r/3

A0
, (19.10)

‖ f ({w0,x,w1}) − { f (w0), f (x), f (w1)}‖B

≤ θ ‖w0‖r
A ‖x‖r

A ‖w1‖r
A (19.11)

for all μ ∈ T1, all w0,w1,w2 ∈ A0 and all x,y,z ∈ A. Then there exists a unique
proper JCQ∗-triple homomorphism H : A→ B such that

‖ f (x)−H(x)‖B ≤ 2rθ
3×2r−2×3r ‖x‖r

A (19.12)

for all x ∈ A.

Proof. Let us assume μ = 1 and x = y = z in (19.9). Then we get

∥∥∥∥2 f

(
3x
2

)
−3 f (x)

∥∥∥∥
B
≤ θ‖x‖r

A (19.13)



19 Isomorphisms and Derivations in Proper JCQ∗-Triples 237

for all x ∈ A. So ∥∥∥∥ f (x)− 2
3

f

(
3x
2

)∥∥∥∥
B
≤ θ

3
‖x‖r

A

for all x ∈ A. Hence

∥∥∥∥2l

3l f

(
3lx
2l

)
− 2m

3m f

(
3mx
2m

)∥∥∥∥
B

≤
m−1

∑
j=l

∥∥∥∥2 j

3 j f

(
3 jx
2 j

)
− 2 j+1

3 j+1 f

(
3 j+1x
2 j+1

)∥∥∥∥
B

≤ θ
3

m−1

∑
j=l

2 j 3r j

3 j 2r j ‖x‖r
A (19.14)

for all nonnegative integers m and l with m > l and all x ∈ A. From this it follows
that the sequence {2n3−n f (3n2−nx)} is a Cauchy sequence for all x ∈ A. Since B
is complete, the sequence {2n3−n f (3n2−nx)} converges. Thus, one can define the
mapping H : A→ B by

H(x) := lim
n→∞

2n

3n f

(
3nx

2n

)

for all x ∈ A. Moreover, letting l = 0 and passing the limit m→ ∞ in (19.14), we get
(19.12).

It follows from (19.9) that

∥∥∥∥2H

(
μ(x+ y+ z)

2

)
− μH(x)− μH(y)− μH(z)

∥∥∥∥
B

= lim
n→∞

2n

3n

∥∥∥∥2 f

(
3nμ(x+ y+ z)

2n

)
− μ f

(
3nx
2n

)

−μ f

(
3ny
2n

)
− μ f

(
3nz
2n

)∥∥∥∥
B

≤ lim
n→∞

2n 3nrθ
3n 2nr ‖x‖

r/3
A ‖y‖r/3

A ‖z‖r/3
A = 0

for all μ ∈ T
1 and all x,y,z ∈ A. So

2H

(
μx+μy+ μz

2

)
= μH(x)+ μH(y)+ μH(z)

for all μ ∈ T
1 and all x,y,z ∈ A. By the same reasoning as in the proof of [37,

Theorem 2.1], the mapping H : A→ B is C-linear.
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Now, let T : A→ B be another 3-variable Jensen mapping satisfying (19.12).
Then we have

‖H(x) − T (x)‖B =
2n

3n

∥∥∥∥H

(
3nx
2n

)
−T

(
3nx
2n

)∥∥∥∥
B

≤ 2n

3n

(∥∥∥∥H

(
3nx
2n

)
− f

(
3nx
2n

)∥∥∥∥
B
+

∥∥∥∥T

(
3nx
2n

)
− f

(
3nx
2n

)∥∥∥∥
B

)

≤ 2r+12n3nrθ
3n2nr(3 ·2r−2 ·3r)

‖x‖r
A ,

which tends to zero as n→ ∞ for all x ∈ A. So we can conclude that

H(x) = T (x)

for all x ∈ A. This proves the uniqueness of H.
It follows from (19.10) that

H(w) = lim
n→∞

2n

3n f

(
3nw
2n

)
∈ B0

for all w ∈ A0. So it follows from (19.11) that

‖H({w0,x,w1}) − {H(w0),H(x),H(w1)}‖B

= lim
n→∞

23n

33n

∥∥∥∥ f

(
33n{w0,x,w1}

23n

)

−
{

f

(
3nw0

2n

)
, f

(
3nx

2n

)
, f

(
3nw1

2n

)}∥∥∥∥
B

≤ lim
n→∞

23n 33nr

33n 23nr θ ‖w0‖r
A ‖x‖r

A ‖w1‖r
A = 0

for all w0,w1 ∈ A0 and all x ∈ A. So

H({w0,x,w1}) = {H(w0),H(x),H(w1)}

for all w0,w1 ∈ A0 and all x ∈ A.
Thus, the mapping H : A→ B is a unique proper JCQ∗-triple homomorphism

satisfying (19.12), as desired. �
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Theorem 19.7. Let r > 1 and θ be nonnegative real numbers, and let f : A→ B be
a mapping satisfying (19.9)–(19.11) such that f (w) ∈ B0 for all w ∈ A0. Then there
exists a unique proper JCQ∗-triple homomorphism H : A→ B such that

‖ f (x)−H(x)‖B ≤ 2rθ
2×3r−3×2r ‖x‖r

A (19.15)

for all x ∈ A.

Proof. It follows from (19.13) that

∥∥∥∥ f (x)− 3
2

f

(
2x
3

)∥∥∥∥
B
≤ 2rθ

2×3r ‖x‖r
A

for all x ∈ A. So

∥∥∥3l

2l f

(
2lx

3l

)
− 3m

2m f

(
2mx

3m

)∥∥∥
B

≤
m−1

∑
j=l

∥∥∥∥3 j

2 j f

(
2 jx

3 j

)
− 3 j+1

2 j+1 f

(
2 j+1x

3 j+1

)∥∥∥∥
B

≤ 2rθ
2×3r

m−1

∑
j=l

3 j 2 j r

2 j 3 j r ‖x‖r
A (19.16)

for all nonnegative integers m and l with m > l and all x ∈ A. From this it follows
that the sequence {3n2−n f (2n3−nx)} is a Cauchy sequence for all x ∈ A. Since
B is complete, the sequence {3n2−n f (2n3−nx)} converges. So one can define the
mapping H : A→ B by

H(x) := lim
n→∞

3n

2n f

(
2nx
3n

)

for all x ∈ A. Moreover, letting l = 0 and passing the limit m→ ∞ in (19.16), we get
(19.15).

The rest of the proof is similar to the proof of Theorem 19.6. �


19.5 Isomorphisms Between Proper JCQ∗-Triples

We investigate isomorphisms between proper JCQ∗-triples.

Theorem 19.8. Let r < 1 and θ be nonnegative real numbers, and let f : A→ B be
a bijective mapping satisfying (19.9) and (19.10) such that

f ({w0,x,w1}) = { f (w0), f (x), f (w1)} (19.17)
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for all w0,w1 ∈ A0 and all x ∈ A. If

lim
n→∞

2n

3n f

(
3ne
2n

)
= e′

and f |A0 : A0→ B0 is bijective, then the mapping f : A→ B is a proper JCQ∗-triple
isomorphism.

Proof. By the same reasoning as in the proof of Theorem 19.6, there is a unique
C-linear mapping H : A→ B satisfying (19.12). The mapping H : A→ B is given by

H(x) := lim
n→∞

2n

3n f

(
3nx
2n

)

for all x ∈ A.
Since f ({w0,x,w1}) = { f (w0), f (x), f (w1)} for all w0,w1 ∈ A0 and all x ∈ A,

H({w0,x,w1}) = lim
n→∞

23n

33n

{
f

(
3nw0

2n

)
, f

(
3nx
2n

)
, f

(
3nw1

2n

)}

= lim
n→∞

{
2n

3n f

(
3nw0

2n

)
,

2n

3n f

(
3nx
2n

)
,

2n

3n f

(
3nw1

2n

)}

= {H(w0),H(x),H(w1)}

for all w0,w1 ∈ A0 and all x ∈ A.
It follows from (19.10) that

H(w) = lim
n→∞

(3k)n f

(
w

(3k)n

)
∈ B0

for all w ∈ A0. So the mapping H : A→ B is a proper JCQ∗-triple homomorphism.
By the assumption, for all x ∈ A,

H(x) = H(ex)

= lim
n→∞

2n

3n f

(
3nex
2n

)

= lim
n→∞

2n

3n f

(
3ne
2n x

)

= lim
n→∞

2n

3n f

(
3ne

2n

)
f (x)

= e′ f (x) = f (x) .

Hence, the bijective mapping f : A→ B is a proper JCQ∗-triple isomorphism. �
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Theorem 19.9. Let r > 1 and θ be nonnegative real numbers, and let f : A→ B be
a bijective mapping satisfying (19.9), (19.10) and (19.17). If

lim
n→∞

3n

2n f

(
2ne
3n

)
= e′

and f |A0 : A0→ B0 is bijective, then the mapping f : A→ B is a proper JCQ∗-triple
isomorphism.

Proof. By the same reasoning as in the proof of Theorem 19.7, there is a unique
C-linear mapping H : A→ B satisfying (19.15). The mapping H : A→ B is given by

H(x) := lim
n→∞

3n

2n f

(
2nx
3n

)

for all x ∈ A.
The rest of the proof is similar to the proof of Theorem 19.8. �


19.6 Stability of Derivations on Proper JCQ∗-Triples

We prove the Hyers–Ulam–Rassias stability of derivations on proper JCQ∗-triples.

Theorem 19.10. Let r < 1 and θ be nonnegative real numbers, and let f : A0→ A
be a mapping such that

∥∥∥∥2 f

(
μ(x+ y+ z)

2

)
− μ f (x)−μ f (y)−μ f (z)

∥∥∥∥
A

≤ θ ‖x‖r/3
A0
‖y‖r/3

A0
‖z‖r/3

A0
), (19.18)

‖ f ({w0,w1,w2}) − { f (w0),w1,w2}−{w0, f (w1),w2}
− {w0,w1, f (w2)}‖A ≤ θ ‖w0‖r/3

A ‖w1‖r/3
A ‖w2‖r/3

A (19.19)

for all μ ∈ T
1 and all w0,w1,w2,x,y,z ∈ A0. Then there exists a unique proper

JCQ∗-triple derivation δ : A0→ A such that

‖ f (w)− δ (w)‖A ≤ 2rθ
3×2r−2×3r‖w‖r

A0
(19.20)

for all w ∈ A0.
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Proof. By the same reasoning as in the proof of Theorem 19.6, there exists a
unique C-linear mapping δ : A0→ A satisfying (19.20). The mapping δ : A0→ A is
defined by

δ (w) := lim
n→∞

2n

3n f

(
3nw
2n

)

for all w ∈ A0.
It follows from (19.19) that

‖δ ({w0, w1, w2})−{δ (w0),w1,w2}−{w0,δ (w1),w2}−{w0,w1,δ (w2)}‖A

= lim
n→∞

23n

33n

∥∥∥∥ f

(
33n{w0,w1,w2}

23n

)
−
{

f

(
3nw0

2n

)
,

3nw1

2n ,
3nw2

2n

}

−
{

3nw0

2n , f

(
3nw1

2n

)
,

3nw2

2n

}
−
{

3nw0

2n ,
3nw1

2n , f

(
3nw2

2n

)}∥∥∥∥
A

≤ lim
n→∞

23n 33nr

33n 23nr θ ‖w0‖r
A ‖w1‖r

A ‖w2‖r
A = 0

for all w0,w1,w2 ∈ A0. So

δ ({w0,w1,w2}) = {δ (w0),w1,w2}+{w0,δ (w1),w2}+{w0,w1,δ (w2)}

for all w0,w1,w2 ∈ A0.
Thus the mapping δ : A0→A is a unique proper JCQ∗-triple derivation satisfying

(19.20), as desired. �

Theorem 19.11. Let r > 1 and θ be nonnegative real numbers, and let f : A0→ A
be a mapping satisfying (19.18) and (19.19). Then there exists a unique proper
JCQ∗-triple derivation δ : A0→ A such that

‖ f (w)− δ (w)‖A ≤ 2rθ
2×3r−3×2r ‖w‖r

A0

for all w ∈ A0.

Proof. The proof is similar to the proofs of Theorems 19.6, 19.7 and 19.10. �
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20.1 Introduction and Preliminaries

Katsaras [17] defined a fuzzy norm on a vector space to construct a fuzzy vector
topological structure on the space. Some mathematicians have defined fuzzy norms
on a vector space from various points of view [11, 19, 44]. In particular, Bag and
Samanta [2], following Cheng and Mordeson [7], gave an idea of fuzzy norm in
such a manner that the corresponding fuzzy metric is of Kramosil and Michalek
type [18]. They established a decomposition theorem of a fuzzy norm into a family
of crisp norms and investigated some properties of fuzzy normed spaces [3].

We use the definition of fuzzy normed spaces given in [2, 22, 23] to investigate a
fuzzy version of the generalized Hyers–Ulam stability for the functional equation

f (2x+ y)+ f (2x− y) = 2 f (x+ y)+ 2 f (−x− y)+ 2 f (x− y)+ 2 f (y− x)

+14 f (x)+ 10 f (−x)−3 f (y)−3 f (−y) (20.1)

in the fuzzy normed vector space setting.

Definition 20.1 ([2, 22–24]). Let X be a real vector space. A function N : X×R→
[0,1] is called a fuzzy norm on X if, for all x,y ∈ X and all s, t ∈R,

(N1) N(x, t) = 0 for t ≤ 0;
(N2) x = 0 if and only if N(x, t) = 1 for all t > 0;
(N3) N(cx, t) = N

(
x, t
|c|
)

if c �= 0;

(N4) N(x+ y,s+ t)≥min{N(x,s),N(y, t)};
(N5) N(x, ·) is a non-decreasing function of R and limt→∞ N(x, t) = 1;
(N6) for x �= 0, N(x, ·) is continuous on R.

The pair (X ,N) is called a fuzzy normed vector space.
The properties of fuzzy normed vector spaces and examples of fuzzy norms are

given in [22, 25].

Definition 20.2 ([2, 22–24]). Let (X ,N) be a fuzzy normed vector space. A se-
quence {xn} in X is said to be convergent or converge if there exists an x ∈ X such
that limn→∞ N(xn− x, t) = 1 for all t > 0. In this case, x is called the limit of the
sequence {xn} and we denote it by N- limn→∞ xn = x.

Definition 20.3 ([2, 22, 23]). Let (X ,N) be a fuzzy normed vector space. A se-
quence {xn} in X is called Cauchy if for each ε > 0 and each t > 0 there exists
an n0 ∈ N such that for all n≥ n0 and all p > 0, we have N(xn+p− xn, t)> 1− ε .

It is well-known that every convergent sequence in a fuzzy normed vector space
is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be
complete and the fuzzy normed vector space is called a fuzzy Banach space.

We say that a mapping f : X → Y between fuzzy normed vector spaces X and Y
is continuous at a point x0 ∈ X if for each sequence {xn} converging to x0 in X , then
the sequence { f (xn)} converges to f (x0). If f : X → Y is continuous at each x ∈ X ,
then f : X → Y is said to be continuous on X (see [3]).



20 Fuzzy Stability of an Additive-Quartic Functional Equation... 249

The stability problem of functional equations originated from a question of
Ulam [43] concerning the stability of group homomorphisms. Hyers [13] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
Theorem was generalized by Aoki [1] for additive mappings and by Rassias [33]
for linear mappings by considering an unbounded Cauchy difference. The paper of
Rassias [33] has provided a lot of influence in the development of what we call
generalized Hyers–Ulam stability or Hyers–Ulam–Rassias stability of functional
equations. A generalization of the Th.M. Rassias theorem was obtained by Găvruta
[12] by replacing the unbounded Cauchy difference by a general control function in
the spirit of Th.M. Rassias’ approach.

The functional equation

f (x+ y)+ f (x− y) = 2 f (x)+ 2 f (y)

is called a quadratic functional equation. In particular, each solution of the quadratic
functional equation is said to be a quadratic function. A generalized Hyers–Ulam
stability problem for the quadratic functional equation was proved by Skof [42] for
mappings f : X →Y , where X is a normed space and Y is a Banach space. Cholewa
[8] noticed that the theorem of Skof is still true if the relevant domain X is replaced
by an Abelian group. Czerwik [9] proved the generalized Hyers–Ulam stability of
the quadratic functional equation.

In [20], Lee et al. considered the following quartic functional equation

f (2x+ y)+ f (2x− y) = 4 f (x+ y)+ 4 f (x− y)+ 24 f (x)−6 f (y). (20.2)

It is easy to show that the function f (x) = x4 satisfies the functional equation
(20.2), which is called a quartic functional equation and every solution of the
quartic functional equation is said to be a quartic mapping. The stability problems
of several functional equations have been extensively investigated by a number
of authors and there are many interesting results concerning this problem (see
[14, 16, 28–31, 34–41]).

We recall a fundamental result in fixed point theory.
Let X be a set. A function d : X×X→ [0,∞] is called a generalized metric on X

if d satisfies

(1) d(x,y) = 0 if and only if x = y;
(2) d(x,y) = d(y,x) for all x,y ∈ X ;
(3) d(x,z) ≤ d(x,y)+ d(y,z) for all x,y,z ∈ X .

Theorem 20.1 ([4, 10]). Let (X ,d) be a complete generalized metric space and let
a mapping J : X→ X be strictly contractive with Lipschitz constant L < 1. Then, for
each given element x ∈ X, either

d
(
Jnx,Jn+1x

)
= ∞

for all nonnegative integers n or there exists a positive integer n0 such that

(1) d(Jnx,Jn+1x)< ∞ for all n≥ n0;
(2) the sequence {Jnx} converges to a fixed point y∗ of J;
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(3) y∗ is the unique fixed point of J in the set Y = {y ∈ X | d(Jn0x,y)< ∞};
(4) d(y,y∗)≤ 1

1−L d(y,Jy) for all y ∈ Y .

In 1996, Isac and Rassias [15] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with
applications. By using fixed point methods, the stability problems of several
functional equations have been extensively investigated by a number of authors (see
[5, 6, 25–27, 32]).

This paper is organized as follows: In Sect. 2, we prove the generalized Hyers–
Ulam stability of the additive-quartic functional equation (20.1) in fuzzy Banach
spaces for an odd case. In Sect. 3, we prove the generalized Hyers–Ulam stability
of the additive-quartic functional equation (20.1) in fuzzy Banach spaces for an
even case.

Throughout this paper, assume that X is a vector space and that (Y,N) is a fuzzy
Banach space.

20.2 Generalized Hyers–Ulam Stability of Functional
Equation (20.1): An Odd Case

One can easily show that an even mapping f : X → Y satisfies (20.1) if and only if
the even mapping f : X → Y is a quartic mapping, i.e.,

f (2x+ y)+ f (2x− y) = 4 f (x+ y)+ 4 f (x− y)+ 24 f (x)−6 f (y),

and that an odd mapping f : X → Y satisfies (20.1) if and only if the odd mapping
mapping f : X → Y is an additive mapping, i.e.,

f (x+ y) = f (x)+ f (y).

In this section, we prove the generalized Hyers–Ulam stability of the additive-
quartic functional equation (20.1) in fuzzy Banach spaces for an odd case.

For a given mapping f : X → Y , we define

C f (x,y) := f (2x+ y)+ f (2x− y)−2 f (x+ y)−2 f (−x− y)−2 f (x− y)

−2 f (y− x)−14 f (x)−10 f (−x)+ 3 f (y)+3 f (−y)

for all x,y ∈ X .
Using the fixed point method, we prove the generalized Hyers–Ulam stability of

the functional equation C f (x,y) = 0 in fuzzy Banach spaces: an odd case.

Theorem 20.2. Let ϕ : X2 → [0,∞) be a function such that there exists an
L < 1 with

ϕ(x,y)≤ L
2

ϕ (2x,2y)
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for all x,y ∈ X. Let f : X → Y be an odd mapping satisfying

N (C f (x,y), t) ≥ t
t +ϕ(x,y)

(20.3)

for all x,y ∈ X and all t > 0. Then

A(x) := N- lim
n→∞

2n f
( x

2n

)

exists for each x ∈ X and defines an additive mapping A : X → Y such that

N ( f (x)−A(x), t)≥ (4−4L)t
(4−4L)t +Lϕ(x,0)

(20.4)

for all x ∈ X and all t > 0.

Proof. Letting y = 0 in (20.3), we get

N (2 f (2x)−4 f (x), t)≥ t
t +ϕ(x,0)

(20.5)

for all x ∈ X .
Consider the set

S := {g : X → Y}
and introduce a generalized metric on S:

d(g,h) = inf

{
μ ∈ R+ : N(g(x)−h(x),μt)≥ t

t +ϕ(x,0)
, ∀x ∈ X ,∀t > 0

}
,

where, as usual, infφ =+∞. It is easy to show that (S,d) is complete (see the proof
of [21, Lemma 2.1]).

Now we consider the linear mapping J : S→ S such that

Jg(x) := 2g
( x

2

)

for all x ∈ X .
Let g,h ∈ S be given such that d(g,h) = ε . Then

N(g(x)−h(x),εt)≥ t

t +ϕ(x,0)

for all x ∈ X and all t > 0. Hence

N(Jg(x)− Jh(x),Lεt) = N
(

2g
( x

2

)
−2h

(x
2

)
,Lεt

)

= N

(
g
( x

2

)
−h

(x
2

)
,

L
2

εt

)
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≥
Lt
2

Lt
2 +ϕ

(
x
2 ,0

) ≥
Lt
2

Lt
2 + L

2 ϕ(x,0)

=
t

t +ϕ(x,0)

for all x∈X and all t > 0. So d(g,h)= ε implies that d(Jg,Jh)≤ Lε . This means that

d(Jg,Jh)≤ Ld(g,h)

for all g,h ∈ S.
It follows from (20.5) that

N

(
f (x)−2 f

( x
2

)
,

L
4

t

)
≥ t

t +ϕ(x,0)

for all x ∈ X and all t > 0. So d( f ,J f ) ≤ L
4 .

By Theorem 20.1, there exists a mapping A : X → Y satisfying the following:

(1) A is a fixed point of J, i.e.,

A
( x

2

)
=

1
2

A(x) (20.6)

for all x∈X . Since f : X→Y is odd, A : X→Y is an odd mapping. The mapping
A is a unique fixed point of J in the set

M = {g ∈ S : d( f ,g)< ∞}.

This implies that A is a unique mapping satisfying (20.6) such that there exists
a μ ∈ (0,∞) satisfying

N( f (x)−A(x),μt)≥ t
t +ϕ(x,0)

for all x ∈ X ;
(2) d(Jn f ,A)→ 0 as n→ ∞. This implies the equality

N- lim
n→∞

2n f
( x

2n

)
= A(x)

for all x ∈ X ;
(3) d( f ,A) ≤ 1

1−Ld( f ,J f ), which implies the inequality

d( f ,A) ≤ L
4−4L

.

This implies that inequality (20.4) holds.
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By (20.3),

N
(

2nD f
( x

2n ,
y
2n

)
,2nt

)
≥ t

t +ϕ (2−nx,2−ny)

for all x,y ∈ X , all t > 0 and all n ∈ N. So

N
(

2nD f
( x

2n ,
y
2n

)
, t
)
≥ 2−nt

2−nt +2−nLnϕ (x,y)

for all x,y ∈ X , all t > 0 and all n ∈ N. Since

lim
n→∞

2−nt
2−nt +2−nLnϕ (x,y)

= 1

for all x,y ∈ X and all t > 0,

N (CA(x,y), t) = 1

for all x,y∈ X and all t > 0. Thus, the mapping A : X→Y is additive, as desired. 	

Corollary 20.1. Let θ ≥ 0 and let p be a real number with p> 1. Let X be a normed
vector space with norm ‖ · ‖. Let f : X → Y be an odd mapping satisfying

N (C f (x,y), t) ≥ t
t +θ (‖x‖p+‖y‖p)

(20.7)

for all x,y ∈ X and all t > 0. Then A(x) := N- limn→∞ 2n f (2−nx) exists for each
x ∈ X and defines an additive mapping A : X → Y such that

N ( f (x)−A(x), t)≥ 2(2p−2)t
2(2p−2)t +θ‖x‖p

for all x ∈ X and all t > 0.

Proof. The proof follows from Theorem 20.2 by taking

ϕ(x,y) := θ (‖x‖p +‖y‖p)

for all x,y ∈ X . Then we can choose L = 21−p and we get the desired result. 	

Theorem 20.3. Let ϕ : X2 → [0,∞) be a function such that there exists a real
constant L < 1 with

ϕ(x,y)≤ 2Lϕ
( x

2
,

y
2

)
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for all x,y ∈ X. Let f : X → Y be an odd mapping satisfying (20.3). Then the limit

A(x) := N- lim
n→∞

2−n f (2nx)

exists for each x ∈ X and defines an additive mapping A : X → Y such that

N ( f (x)−A(x), t)≥ (4−4L)t

(4−4L)t+ϕ(x,0)
(20.8)

for all x ∈ X and all t > 0.

Proof. Let (S,d) be the generalized metric space defined in the proof of
Theorem 20.2.

Consider the linear mapping J : S→ S such that

Jg(x) :=
1
2

g(2x)

for all x ∈ X .
Let g,h ∈ S be given such that d(g,h) = ε . Then

N(g(x)−h(x),εt)≥ t

t +ϕ(x,0)

for all x ∈ X and all t > 0. Hence

N(Jg(x)− Jh(x),Lεt) = N

(
1
2

g(2x)− 1
2

h(2x) ,Lεt

)

= N (g(2x)−h(2x) ,2Lεt)

≥ 2Lt
2Lt +ϕ (2x,0)

≥ 2Lt
2Lt +2Lϕ(x,0)

=
t

t +ϕ(x,0)

for all x∈X and all t > 0. So d(g,h)= ε implies that d(Jg,Jh)≤ Lε . This means that

d(Jg,Jh)≤ Ld(g,h)

for all g,h ∈ S.
It follows from (20.5) that

N

(
f (x)− 1

2
f (2x),

1
4

t

)
≥ t

t +ϕ(x,0)

for all x ∈ X and all t > 0. So

d( f ,J f ) ≤ 1
4
.
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By Theorem 20.1, there exists a mapping A : X → Y satisfying the following:

1. A is a fixed point of J, i.e.,

A(2x) = 2A(x) (20.9)

for all x ∈ X . Since f : X→Y is odd, A : X→Y is an odd mapping. The mapping
A is a unique fixed point of J in the set

M = {g ∈ S : d( f ,g)< ∞}.

This implies that A is a unique mapping satisfying (20.9) such that there exists a
μ ∈ (0,∞) satisfying

N( f (x)−A(x),μt)≥ t
t +ϕ(x,0)

for all x ∈ X ;
2. d(Jn f ,A)→ 0 as n→ ∞. This implies the equality

N- lim
n→∞

1
2n f (2nx) = A(x)

for all x ∈ X ;
3. d( f ,A) ≤ 1

1−L d( f ,J f ), which implies the inequality

d( f ,A)≤ 1
4−4L

.

This implies that the inequality (20.8) holds.

The rest of the proof is similar to the proof of Theorem 20.2. 	

Corollary 20.2. Let θ ≥ 0 and let p be a real number with 0 < p < 1. Let X be a
normed vector space with norm ‖ · ‖. Let f : X → Y be an odd mapping satisfying
(20.7). Then

A(x) := N- lim
n→∞

2−n f (2nx)

exists for each x ∈ X and defines an additive mapping A : X → Y such that

N ( f (x)−A(x), t)≥ 2(2−2p)t
2(2−2p)t +θ‖x‖p

for all x ∈ X and all t > 0.

Proof. The proof follows from Theorem 20.3 by taking

ϕ(x,y) := θ (‖x‖p +‖y‖p)

for all x,y ∈ X . Then we can choose L = 2p−1 and we get the desired result. 	




256 C. Park and Th.M. Rassias

20.3 Generalized Hyers–Ulam Stability of Functional
Equation (20.1): An Even Case

In this section, we prove the generalized Hyers–Ulam stability of the additive-
quartic functional equation (20.1) in fuzzy Banach spaces for an even case.

Using the fixed point method, we prove the generalized Hyers–Ulam stability of
the functional equation

C f (x,y) = 0

in fuzzy Banach spaces: an even case.

Theorem 20.4. Let ϕ : X2 → [0,∞) be a function such that there exists an
L < 1 with

ϕ(x,y)≤ L
16

ϕ (2x,2y)

for all x,y ∈ X. Let f : X → Y be an even mapping satisfying f (0) = 0 and (20.3).
Then Q(x) := N-limn→∞ 16n f (2−nx) exists for each x ∈ X and defines a quartic
mapping Q : X → Y such that

N ( f (x)−Q(x), t)≥ (32−32L)t
(32−32L)t+Lϕ(x,0)

(20.10)

for all x ∈ X and all t > 0.

Proof. Taking y = 0 in (20.3), we get

N (2 f (2x)−32 f (x), t)≥ t
t +ϕ(x,0)

(20.11)

for all x ∈ X .
Let (S,d) be the generalized metric space defined in the proof of Theorem 20.2.
Now we consider the linear mapping J : S→ S such that

Jg(x) := 16g
(x

2

)

for all x ∈ X .
Let g,h ∈ S be given such that d(g,h) = ε . Then

N(g(x)−h(x),εt)≥ t

t +ϕ(x,0)

for all x ∈ X and all t > 0. Hence

N(Jg(x)− Jh(x),Lεt) = N
(

16g
( x

2

)
−16h

(x
2

)
,Lεt

)

= N

(
g
( x

2

)
−h

(x
2

)
,

L
16

εt

)
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≥
Lt
16

Lt
16 +ϕ

( x
2 ,0

)

≥
Lt
16

Lt
16 +

L
16 ϕ(x,0)

=
t

t +ϕ(x,0)

for all x∈X and all t > 0. So d(g,h)= ε implies that d(Jg,Jh)≤ Lε . This means that

d(Jg,Jh)≤ Ld(g,h)

for all g,h ∈ S. Moreover, it follows from (20.11) that

N

(
f (x)−16 f

( x
2

)
,

L
32

t

)
≥ t

t +ϕ(x,0)

for all x ∈ X and all t > 0. So d( f ,J f ) ≤ L/32.
By Theorem 20.1, there exists a mapping Q : X → Y satisfying the following:

1. Q is a fixed point of J, i.e.,

Q
( x

2

)
=

1
16

Q(x) (20.12)

for all x ∈ X . Since f : X → Y is even, Q : X → Y is an even mapping. The
mapping Q is a unique fixed point of J in the set M = {g ∈ S : d( f ,g) < ∞}.
This implies that Q is a unique mapping satisfying (20.12) such that there exists
a μ ∈ (0,∞) satisfying

N( f (x)−Q(x),μt)≥ t
t +ϕ(x,0)

for all x ∈ X ;
2. d(Jn f ,Q)→ 0 as n→ ∞. This implies the equality

N- lim
n→∞

16n f
( x

2n

)
= Q(x)

for all x ∈ X ;
3. d( f ,Q) ≤ 1

1−L d( f ,J f ), which implies the inequality

d( f ,Q)≤ L
32−32L

.

This implies that the inequality (20.10) holds.

The rest of the proof is similar to the proof of Theorem 20.2. 	
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Corollary 20.3. Let θ ≥ 0 and let p be a real number with p> 4. Let X be a normed
vector space with norm ‖ ·‖. Let f : X → Y be an even mapping satisfying f (0) = 0
and (20.7). Then Q(x) := N- limn→∞ 16n f (2−nx) exists for each x ∈ X and defines a
quartic mapping Q : X → Y such that

N ( f (x)−Q(x), t)≥ 2(2p−16)t
2(2p−16)t + θ‖x‖p

for all x ∈ X and all t > 0.

Proof. The proof follows from Theorem 20.4 by taking ϕ(x,y) := θ (‖x‖p +‖y‖p)
for all x,y ∈ X . Then we can choose L = 24−p and we get the desired result. 	


Similarly, we can obtain the following. We will omit the proof.

Theorem 20.5. Let ϕ : X2 → [0,∞) be a function such that there exists an
L < 1 with

ϕ(x,y)≤ 16Lϕ
( x

2
,

y
2

)

for all x,y ∈ X. Let f : X → Y be an even mapping satisfying f (0) = 0 and (20.3).
Then Q(x) := N- limn→∞ 16−n f (2nx) exists for each x ∈ X and defines a quartic
mapping Q : X → Y such that

N ( f (x)−A(x), t)≥ (32−32L)t
(32−32L)t+ϕ(x,0)

for all x ∈ X and all t > 0.

Corollary 20.4. Let θ ≥ 0 and let p be a real number with 0 < p < 4. Let X be a
normed vector space with norm ‖ · ‖. Let f : X → Y be an even mapping satisfying
f (0) = 0 and (20.7). Then Q(x) := N-limn→∞ 16−n f (2nx) exists for each x ∈ X and
defines a quartic mapping Q : X → Y such that

N ( f (x)−Q(x), t)≥ 2(16−2p)t
2(16−2p)t +θ‖x‖p

for all x ∈ X and all t > 0.

Proof. The proof follows from Theorem 20.5 by taking ϕ(x,y) := θ (‖x‖p +‖y‖p)
for all x,y ∈ X . Then we can choose L = 2p−4 and we get the desired result. 	
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Chapter 21
Selections of Set-Valued Maps Satisfying
Functional Inclusions on Square-Symmetric
Grupoids

Dorian Popa

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract We give some results on existence of selections for set-valued maps
satisfying functional inclusions on square-symmetric grupoids in connection with
Hyers–Ulam stability of functional equations.

Keywords Functional inclusions • Hyers–Ulam stability • Selection
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21.1 Introduction

This work is a survey paper containing some results obtained by the author
concerning a connection between Hyers–Ulam stability of a functional equation
and the existence of a selection, which is a solution of this functional equation, for
a set-valued map satisfying a functional inclusion on square-symmetric grupoids
(see [8, 11–13]). The classical result of D.H. Hyers on the stability of Cauchy’s
equation is the following one (see [4, 5, 7]):

Let X be a linear normed space, Y a Banach space and ε > 0. Then for every
function g : X → Y satisfying the inequality

‖g(x+ y)−g(x)−g(y)‖≤ ε, x,y ∈ X , (21.1)

there exists a unique additive function f : X → Y with the property

‖ f (x)−g(x)‖ ≤ ε, x ∈ X . (21.2)

D. Popa (�)
Department of Mathematics, Technical University of Cluj-Napoca, Str. Memorandumului 28,
400114 Cluj-Napoca, Romania
e-mail: Popa.Dorian@math.utcluj.ro
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Smajdor [17,18] and Gajda and Ger [3] observed that if g is a solution of (21.1),
then the set-valued map F : X→P0(Y ) (P0(Y ) denotes the family of all nonempty
subsets of Y ) given by

F(x) = g(x)+B(0,ε),

where B(0,ε) = {y ∈ Y | ‖y‖ ≤ ε} is the closed ball of center 0 and radius ε in Y ,
satisfies the inclusion F(x+y)⊆ F(x)+F(y), x,y∈ X and f is an additive selection
of F (i.e., f (x+ y) = f (x)+ f (y) and f (x) ∈ F(x) for every x,y ∈ X ).

Now the following question is pertinent. Under what conditions a subaddi-
tive set-valued map admits an additive selection. Let us recall the result of Z.
Gajda and R. Ger to that question.

Theorem 21.1 ([3]). Let (S,+) be a commutative semigroup with zero, X a Banach
space over R and F : S→P0(X) a set-valued map with convex and closed values
such that:

1) F(x+ y)⊆ F(x)+F(y), x,y ∈ S;
2) supx∈S δ (F(x))< ∞.

Then F admits a unique additive selection.

The result of Gajda and Ger was extended by Nikodem and Popa to set-valued
maps satisfying general linear inclusions (see [8,11]). We show in what follows that
similar results hold for set-valued maps satisfying functional inclusions on square-
symmetric grupoids.

Let us recall that Rätz [15] pointed out the role of square-symmetry for
the stability of functional equations and Páles [9], Páles, Volkmann, Luce [10]
considered the stability of the Cauchy functional equation on square-symmetric
grupoids.

A grupoid (X ,∗) is called square-symmetric if

(x∗ y)∗ (x∗ y)= (x∗ x)∗ (y∗ y)

for all x,y ∈ X . An operation ∗ on X is square-symmetric if and only if the function
σ∗ : X → X , given by

σ∗(x) = x∗ x, x ∈ X ,

is an endomorphism of (X ,∗). The grupoid (X ,∗) is called divisible if σ∗ is an
automorphism of (X ,∗). The triple (Y,∗,d) is called a metric grupoid if (Y,∗) is a
grupoid, (Y,d) is a metric space and ∗ is a continuous operation with respect to the
topology of (Y,d). For a nonempty set Y we denote by P0(Y ) the collection of all
nonempty subsets of Y . If (Y,d) is a metric space by cl(Y ) we denote the collection
of all nonempty closed subsets of Y . In a linear normed space (Y,‖ · ‖), we define
the following families of sets:

c(Y ) := {A | A ∈P0(Y ), A is convex set},
ccl(Y ) := {A | A ∈P0(Y ), A is closed and convex set},



21 Selections of Set-Valued Maps 263

cc(Y ) := {A | A ∈P0(Y ), A is compact and convex set}.

By N= {0,1,2, . . .} we denote the set of all nonnegative integers.
Let (Y,d) be a metric space. The diameter of a set A ∈P0(Y ) is defined by

δ (A) := sup{d(x,y) | x,y ∈ A}.

The Lipschitz modulus of a function f : Y → Y is the smallest real extended
number L with the property

d( f (x), f (y)) ≤ Ld(x,y), x,y ∈ Y.

The Lipschitz modulus of a function f is denoted by Lip f . Finally, recall that a
selection of a set-valued map F : X→P0(Y ) is a single-valued map f : X→Y with
the property f (x) ∈ F(x) for all x ∈ X .

21.2 Main Results

Let (Y,�,d) be a metric grupoid. We define an operation ♦ on P0(Y ) by

A♦B = {x| x = a�b, a ∈ A, b ∈ B}, A,B ∈P0(Y ). (21.3)

Suppose in what follows that the defined operation ♦ satisfies the condition: for
all ε > 0 there exists η > 0 such that if δ (A),δ (B) < η , A,B ∈P0(Y ), then:

δ (A♦B)< ε. (21.4)

We give some results analogous to Theorem 21.1 for set-valued maps F : X →
P0(Y ) satisfying functional inclusions of the form

F(x∗ y)⊆ F(x)♦F(y),

F(x)♦F(y)⊆ F(x∗ y),

where (X ,∗) is a square-symmetric grupoid.
Let us remark that if � is square-symmetric on Y then ♦, is not necessary square-

symmetric on P0(Y ). For the square-symmetry of ♦ it suffices that the operation
� satisfies the condition of bisymmetry introduced by Aczél (see [1]). Hence, the
following lemma holds.

Lemma 21.1 ([12]). Let (Y,�) be a grupoid satisfying the condition

(x1 � y1)� (x2 � y2) = (x1 � x2)� (y1 � y2) (21.5)
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for x1,x2,y1,y2 ∈ Y . Then σ♦ is an increasing endomorphism of (P0(Y ),♦,⊆).
Proof. Let A,B ∈P0(Y ). We have to prove that

σ♦(A♦B) = σ♦(A)♦σ♦(B).

Let x ∈ σ♦(A♦B). Then there exist a1,a2 ∈ A, b1,b2 ∈ A such that x = (a1 �b1)�
(a2 �b2). Taking account of the condition (21.5) it follows x = (a1 �a2)� (b1 �b2) ∈
σ♦(A)♦σ♦(B). Hence σ♦(A♦B)⊆ σ♦(A)♦σ♦(B).

The reverse inclusion can be proved analogously. Let A,B ∈P0(Y ), A⊆ B. We
prove that

σ♦(A)⊆ σ♦(B).

Let x ∈ σ♦(A). Then there exist a1,a2 ∈ A such that x = a1 � a2 ∈ B♦B, hence
σ♦(A)⊆ σ♦(B). 	


Now we can give the first stability result of this paper.

Theorem 21.2 ([12]). Let (X ,∗) be a square-symmetric divisible grupoid, (Y,�,d)
a complete metric bisymmetric divisible grupoid and (A ,♦) a divisible subgrupoid
of (P0(Y ),♦).

Suppose that F : X →A is a set-valued map that satisfies:

F(x∗ y)⊆ F(x)♦F(y), x,y ∈ X . (21.6)

If

σ−n
♦ ◦F ◦σ n

∗ (x) ∈ cl(Y ) (21.7)

for every x ∈ X and every n ∈ N and

lim
n→∞

δ (F ◦σ n
∗ (x))Lip(σ−n

� ) = 0 (21.8)

for every x ∈ X, then there exists a unique selection f : X → Y of F that satisfies the
relation

f (x∗ y) = f (x)� f (y), x,y ∈ X . (21.9)

Proof. Existence. For y = x the relation (21.6) becomes

F(σ∗(x))⊆ σ♦(F(x)), x ∈ X ,

and replacing x by σ n∗ (x), n ∈N, we get

F ◦σ n+1
∗ (x)⊆ σ♦ ◦F ◦σ n

∗ (x). (21.10)
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Now taking into account that σ♦ is increasing, it follows that σ−1
♦ is increasing

too, and by (21.10) we get

σ−n−1
♦ ◦F ◦σn+1

∗ (x)⊆ σ−n
♦ ◦F ◦σ n

∗ (x), x ∈ X . (21.11)

Let x ∈ X be fixed. Define the sequence of sets (Fn(x))n∈N by

Fn(x) = σ−n
♦ ◦F ◦σ n

∗ (x), n ∈ N. (21.12)

The sequence (Fn(x))n≥0 is decreasing, in view of relation (21.11). We prove that

lim
n→∞

δ (Fn(x)) = 0. (21.13)

We have

δ (Fn(x)) = sup{d(u,v) : u,v ∈ Fn(x)}, n ∈N.

Take n > 0 and u,v ∈ σ−n� ◦F ◦σ n∗ (x). Then

σ n
� (u) ∈ F ◦σ n

∗ (x) and σ n
� (v) ∈ F ◦σ n

∗ (x).

Let σn� (u) = s, σ n� (v) = t, s, t ∈ F ◦σ n∗ (x). Clearly

d(u,v) = d(σ−n
� (s),σ−n

� (t))≤ Lipσ−n
� d(s, t)≤ Lipσ−n

� δ (F ◦σ n
∗ (x))

and

δ (Fn(x))≤ Lipσ−n
� δ (F ◦σ n

∗ (x)). (21.14)

By (21.8) and (21.14) we obtain

lim
n→∞

δ (Fn(x)) = 0,

whence
∞⋂

n=0

Fn(x) (21.15)

is a singleton, in view of the Cantor theorem for decreasing sequences of sets.
Denote by f (x) the unique element of this intersection.

The function f : X → Y is a selection of F , since

f (x) ∈ F0(x) = F(x), x ∈ X .

Now we show that f satisfies (21.9). Let us prove first that

Fn(x∗ y)⊆ Fn(x)♦Fn(y), x,y ∈ X , n ∈ N. (21.16)
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Replacing x by σ n∗ (x) and y by σ n∗ (y), n ∈ N, in

F(x∗ y)⊆ F(x)♦F(y)

we get
F ◦σ∗n (x∗ y)⊆ (F ◦σ∗n (x))♦(F ◦σ∗n (y)), n ∈ N, (21.17)

in view of the square-symmetry of ∗. Since σ−n
♦ is an increasing automorphism, by

(21.17), it follows

σ−n
♦ ◦F ◦σ∗n (x∗ y)⊆ (σ−n

♦ ◦F ◦σ∗n (x))♦(σ−n
♦ ◦F ∗σ n

n (y)),

hence, the relation (21.16) is proved.
By (21.16) we get

d( f (x∗ y), f (x)� f (y))≤ δ (Fn(x)♦Fn(y)), n ∈N, (21.18)

and taking account of the condition (21.4) we obtain

d( f (x∗ y), f (x)� f (y)) = 0,

if n tends to infinity in (21.18). Hence, f satisfies (21.9).
Uniqueness. Suppose that there exist two selections f ,g of F that satisfy the

relations

f (x∗ y) = f (x)� f (y), g(x∗ y) = g(x)�g(y), x,y ∈ X . (21.19)

By (21.19), we get

f ◦σn
∗ (x) = σ n

� ◦ f (x), g◦σ n
∗ (x) = σ n

� ◦g(x), x ∈ X , n ∈N, (21.20)

and, taking into account that f ,g are selections of F ,

f ◦σn
∗ (x) ∈ F ◦σ n

∗ (x), g◦σ n
∗ (x) ∈ F ◦σ n

∗ (x), x ∈ X , n ∈ N. (21.21)

Let x ∈ X be fixed. Then, for every x ∈ X

d(σn
� ◦ f (x),σ n

� ◦g(x)) = d( f ◦σ n
∗ (x),g◦σn

∗ (x))≤ δ (F ◦σ n
∗ (x)).

Let σn� ◦ f (x) = s, σ n� ◦g(x) = t, s, t ∈ F ◦Fn∗ (x). We have f (x) = σ−n� (s), g(x) =
σ−n� (t) and

d( f (x),g(x)) = d(σ−n
� (s),σ−n

� (t))≤ Lipσ−n
� d(s, t)

≤ Lipσ−n
� δ (F ◦σ∗n (x)), n ∈N.
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Taking account of (21.8) it follows

lim
n→∞

Lipσ−n
� δ (F ◦σ∗n (x)) = 0,

hence, f (x) = g(x). 	

Theorem 21.3 ([12]). Let (X ,∗) be a square-symmetric divisible grupoid and
(Y,�,d) a metric bisymmetric semigroup. Suppose that F : X →P0(Y ) is a set-
valued map satisfying the relation

F(x∗ y)⊆ F(x)♦F(y), x,y ∈ X . (21.22)

If

lim
n→∞

δ (F ◦σ−n
∗ (x))Lip(σ n

� ) = 0 (21.23)

for every x ∈ X, then F is single valued and

F(x∗ y) = F(x)�F(y), x,y ∈ X . (21.24)

Proof. By the relation (21.22) we get

F(σ∗(x))⊆ σ♦(F(x)), x ∈ X ,

and replacing x by σ−n−1∗ (x), n ∈ N, we obtain

F ◦σ−n
∗ (x)⊆ σ♦ ◦F ◦σ−n−1

∗ (x), x ∈ X ,

and taking into account that σ� is increasing

σ n
♦ ◦F ◦σ−n

∗ (x)⊆ σ n+1
♦ ◦F ◦σ−n−1

∗ (x), x ∈ X . (21.25)

Let x ∈ X be fixed. The sequence of sets (Fn(x))n≥0 defined by

Fn(x) = σ n
♦ ◦F ◦σ−n

∗ (x), n≥ 0,

is increasing. Then (δ (Fn(x)))n≥0 is an increasing sequence of nonnegative num-
bers. As in the proof of Theorem 21.2 we obtain

δ (Fn(x))≤ δ (F ◦σ−n
∗ (x))Lipσ n

�

and taking account of (21.23) it follows

lim
n→∞

δ (Fn(x)) = 0.
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Then δ (Fn(x)) = 0 for every n ∈ N, hence Fn(x) is single valued for every n ∈ N

and F0(x) = F(x) satisfies the relation

F(x∗ y) = F(x)�F(y), x,y ∈ X .
	


Analogous results follow for the converse functional inclusion. We give them
without proof since it is analogous to the proof of Theorem 21.2 and Theorem 21.3.

Theorem 21.4 ([13]). Let (X ,∗) be a square-symmetric divisible grupoid, (Y,�,d)
a complete metric bisymmetric divisible grupoid and F : X →P0(Y ) a set-valued
map with the property

F(x)♦F(y)⊆ F(x∗ y), x,y ∈ X . (21.26)

If
σ n
♦ ◦F ◦σ−n

∗ (x) ∈ cl(Y ), x ∈ X , n ∈N, (21.27)

and
lim
n→∞

δ (F ◦σ−n
∗ (x))Lip(σ n

� ) = 0, x ∈ X , (21.28)

then there exists a unique selection f : X → Y of F with the property

f (x)� f (y) = f (x∗ y), x,y ∈ X . (21.29)

Theorem 21.5 ([13]). Let (X ,∗) be a square-symmetric divisible grupoid, (Y,�,d)
a metric bisymmetric divisible grupoid and A a divisible subgrupoid of (P0(Y ),♦).
Suppose that F : X →A is a set-valued map with the property

F(x)♦F(y)⊆ F(x∗ y), x,y ∈ X . (21.30)

If
lim
n→∞

δ (F ◦σ n
∗ (x))Lip(σ−n

� ) = 0 (21.31)

for every x ∈ X, then F is single valued and

F(x)�F(y) = F(x∗ y), x,y ∈ X . (21.32)

The following results are consequences of the previous theorems concerning the
existence of selections for general linear inclusions and Hyers–Ulam stability for
the general linear equation.

Suppose that Y is a Banach space over R and � is defined by

x� y = px+qy, x,y ∈ Y, (21.33)

where p,q ∈ R are given numbers.
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The triple (Y,�,‖·‖) is obviously a metric grupoid with a bisymmetric operation.
Then for every U,V ∈P0(Y ) the operation ♦ is defined by

U♦V = pU +qV, (21.34)

where “+” from the right hand side of (21.34) denotes the usual sum of two sets in
a linear space.

Corollary 21.1 ([11]). Let (X ,∗) be a square-symmetric divisible groupoid, Y a
Banach space over R, p,q ∈ R, p+ q 
= 1. Suppose that F : X → c(Y ) is a set-
valued map such that

F(x∗ y)⊆ pF(x)+ qF(y), x,y ∈ X , (21.35)

and the following conditions are satisfied:

(i) F ◦σn∗ (x) ∈ cl(Y ), x ∈ X, n ∈ N;
(ii) there exists M > 0 such that

δ (F ◦σ n
∗ (x))≤M, x ∈ X , n ∈N.

Then there exists a unique selection f : X → Y of F such that

f (x∗ y) = p f (x)+ q f (y), x,y ∈ X . (21.36)

Proof. Let A = c(Y ). Then σ♦(U) = (p + q)U for every U ∈ c(Y ), σ♦ is an
automorphism of (c(Y ),♦) for p+q 
= 0 and σ n� (x) = (p+q)nx, x ∈ X , n ∈ Z, with

Lipσn
� = |p+q|n, n ∈ Z.

1. If |p+q|> 1, then

σ−n
♦ ◦F ◦σ n

∗ (x) =
1

(p+q)n F ◦σn
∗ (x) ∈ cl(Y ), x ∈ X , n ∈ N,

and

δ (F ◦σ n
∗ (x))Lipσ−n

� ≤
M

|p+q|n , x ∈ X , n ∈ N.

So, by Theorem 21.2 it follows that there is a unique selection f of F that satisfies
(21.36).

2. If |p+q|< 1, then

Lip(σn
� )δ (F ◦σ−n

∗ (x))≤M|p+q|n, x ∈ X , n ∈ N,
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hence, in view of Theorem 21.3, F is a single valued and satisfies the equation

F(x∗ y) = pF(x)+ qF(y), x,y ∈ X ,

which means that it is its own selection.
	


Corollary 21.2 ([12]). Let (X ,∗) be a square-symmetric divisible grupoid, Y a
Banach space over R and B ∈ ccl(Y ). Assume that p,q ∈ R, p+q > 1, and b ∈Y .

Let g : X → Y be a function such that

g(x∗ y)− pg(x)−qg(y)−b∈ B, x,y ∈ X . (21.37)

Then there exists a uniquely determined function h : X → Y such that

h(x∗ y) = h(x)+ h(y)+ b, x,y ∈ X , (21.38)

and

g(x)−h(x) ∈ 1
p+q−1

B. (21.39)

Proof. Define a set valued map F : X → ccl(Y ) by:

F(x) = g(x)+
1

p+q−1
A, x ∈ X ,

where A := b+B∈ ccl(Y ). We have

F(x∗ y) = g(x∗ y)+
1

p+q−1
A⊆ pg(x)+ qg(y)+A+

1
p+q−1

A

= pg(x)+ qg(y)+
p+q

p+q−1
A = pF(x)+ qF(y), x,y ∈ X .

By Corollary 21.1 it follows that there is a uniquely determined selection
f : X → Y of F that satisfies (21.36). The function h : X → Y given by

h(x) = f (x)− 1
p+q−1

b, x ∈ X ,

satisfies (21.38) and (21.39). 	

Corollary 21.3 ([13]). Let (X ,∗) be a square-symmetric divisible grupoid, (Y,‖·‖)
a Banach space over R, p,q∈R, p+q 
= 0, p+q 
= 1, and F : X→ c(Y ) a set-valued
map with the property

pF(x)+ qF(y)⊆ F(x∗ y), x,y ∈ X . (21.40)
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Suppose that there exists M > 0 such that δ (F(x))≤M, x ∈ X, and

F ◦σ−n
∗ (x) ∈ cl(Y ), x ∈ X , n ∈N.

Then there exists a unique selection f : X → Y of F such that

p f (x)+ q f (y) = f (x∗ y), x,y ∈ X . (21.41)

Corollary 21.4 leads to the following stability result for the general linear
equation.

Corollary 21.4 ([13]). Let (X ,∗) be a square-symmetric divisible grupoid, (Y,‖·‖)
a Banach space over R, p,q,ε > 0, p+q < 1, and b ∈Y. Suppose that f : X →Y is
a function satisfying

‖ f (x∗ y)− p f (x)−q f (y)−b‖≤ ε, x,y ∈ X . (21.42)

Then there exists a unique function g : X → Y satisfying

g(x∗ y) = pg(x)+ qg(y)+ b, x,y ∈ X , (21.43)

and
‖ f (x)−g(x)‖ ≤ ε

1− p−q
, x ∈ X . (21.44)

The results proved in Corollaries 21.1–21.4 are analogous to some results
obtained in [2, 6, 9, 11, 14, 16].
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Chapter 22
On Stability of Isometries in Banach Spaces

Vladimir Yu. Protasov
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Abstract We analyze the problem of stability of linear isometries (SLI) of Banach
spaces. Stability means the existence of a function σ(ε) such that σ(ε)→ 0 as ε→ 0
and for any ε-isometry A of the space X (i.e., (1− ε)‖x‖ ≤ ∥∥Ax

∥∥ ≤ (1+ ε)
∥∥x

∥∥
for all x ∈ X ) there is an isometry T such that ‖A− T‖ ≤ σ(ε). It is known that
all finite-dimensional spaces, Hilbert space, the spaces C(K) and Lp(μ) possess the
SLI property. We construct examples of Banach spaces X , which have an infinitely
smooth norm and are arbitrarily close to the Hilbert space, but fail to possess SLI,
even for surjective operators. We also show that there are spaces that have SLI only
for surjective operators. To obtain this result we find the functions σ(ε) for the
spaces l1 and l∞. Finally, we observe some relations between the conditional number
of operators and their approximation by operators of similarity.
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22.1 Introduction

We consider approximations of “almost” isometries of Banach spaces by isometries.
Let X be an arbitrary Banach space. A linear operator A : X → X is an ε-isometry
of X with some ε ∈ (0,1) if (1− ε)‖x‖ ≤ ∥∥Ax
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We say that X possesses the stability of linear isometries (SLI) property if there
exists a function σ such that σ(ε)→ 0 as ε → 0, and for any ε-isometry A there
exists a linear isometry T of X (not necessarily surjective), for which

∥∥Ax− T x
∥∥ ≤

σ(ε)
∥∥x

∥∥. The stability of surjective linear isometries (SSLI) property is that any
surjective ε-isometry can be σ(ε)-approximated by an isometry, where σ(ε)→ 0
as ε → 0. We focus on the case X =Y .

Since any ε-isometry is obviously injective, it follows that for finite-dimensional
spaces the properties SLI and SSLI coincide. In fact, it can be easily shown by the
compactness argument that any finite-dimensional space X possesses SLI with some
function σ(ε) depending on X [1]. The separable Hilbert space H also possesses
SLI. This is established using the polar factorization of operators [1]. The problem
for other Banach spaces is much more difficult. In [3], it was shown that the
space C(K) of continuous functions on a compact metric space K possesses SLI.
In [6], the compactness assumption was slightly relaxed, but for the weaker SSLI
property. It was shown that for any locally compact Hausdorff space M the space
C0(M) of continuous functions vanishing at infinity has SSLI, and the function
σ(ε) was estimated. In [4], it was proved that any space Lp(μ) , 1 ≤ p < ∞
possesses SLI, although the corresponding functions σ(ε) were not specified. The
SLI property for arbitrary Banach spaces was studied in [1, 2, 5–9]. In [7, 8] the
SLI property was analyzed in the framework of Hyers–Ulam stability. The notion
of SLI was generalized for any parameter p ≥ 0 (our case corresponds to p = 1).
In [5], it was shown that the uniform smoothness assumption for the norm of X
plays a role for SLI. However, none of the classical functional spaces satisfies that
condition.

A natural question arises, whether all Banach spaces possess SLI or, at least,
SSLI property? Which conditions on the space would guarantee SLI or SSLI?
These problems were formulated by J. Chmielinski in the problem session of
12th ICFEI conference [10]. Examples of Banach spaces without SLI have been
constructed in [1, 6]. In [9], it was shown that for nonlinear maps there are
two-dimensional spaces with non-stable isometries. For linear operators all finite-
dimensional spaces have SLI. The question remains what properties of the spaces
(Radon–Nicodym property, Krein–Milman property, reflexivity, smoothness of the
norm, etc.,) guarantee SLI or SSLI? In Sect. 22.2, we show that none of those
assumptions suffices. There are Banach spaces, which are separable, arbitrarily close
to the Hilbert space, have smooth (infinitely Frechet differentiable at any nonzero
point) norms, but do not have SSLI (Theorem 22.1). In Sect. 22.3, we prove that
SLI and SSLI are not equivalent. Namely, for any d ≥ 2 the space R

d ⊕ l1 does
not possess SLI, although all its surjective isometries are stable (Theorem 22.3).
In the proof we establish as an auxiliary result that both l1 and l∞ have SSLI with
σ(ε) = 3ε . For these spaces this sharpens the general results of [3,4,6]. In Sect. 22.4,
we analyze the relation between the condition number of matrices with the stability
function σ(ε). Finally, in Sect. 22.5, several open problems are formulated.
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22.2 Banach Spaces with Smooth Norms and Without SSLI

Let X be a Banach space and H be a separable Hilbert space. The space X is
equivalent to H if C1‖x‖H ≤ ‖x‖X ≤ C2‖x‖H , x ∈ X , where C1,C2 are positive
constants. In this case, X is separable and reflexive, and therefore possesses both the
Radon–Nicodym and Krein–Milman properties. The norm of X is infinitely smooth
if the function f (x) = ‖x‖X is infinitely Frechet differentiable at any point x �= 0. Let
us show that there are spaces X with smooth norm, arbitrarily close to the Hilbert
space, i.e., the constants C1 and C2 are arbitrarily close to one, that do not possess
SSLI.

Theorem 22.1. There are Banach spaces that are arbitrarily close to the Hilbert
space, have infinitely smooth norms, and do not possess the SSLI property.

To construct examples of such spaces we consider any sequence of positive numbers
α = {αk}k∈N satisfying the following two assumptions:

(a) ak < 1 for all k, and the sequence increases: αk+1 > αk , k ∈ N ;
(b) ∑

k∈N

(
1−α2

k

)
< 1.

This means, in particular, that αk converges monotone to 1. We take the Hilbert
space H = l2 with the norm

‖x‖ =
(

∑
k∈N
|xk|2

)1/2

and introduce a new norm:

∥∥x
∥∥

α = sup

{∥∥x
∥∥ ,

∣∣∣∣ x1

α1

∣∣∣∣ , . . . ,
∣∣∣∣ xk

αk

∣∣∣∣ , . . .
}

(22.1)

and write Hα for the space H equipped with this norm. We call a linear bounded
operator T in Hα coordinate symmetry if Te j = δ j e j ,δ j ∈ {−1,1} , j ∈ N. So, a
coordinate symmetry changes the signs of some entries.

Lemma 22.1. Any linear isometry (not necessarily surjective) of the space Hα is a
coordinate symmetry.

The proof is outlined in the Appendix.

Proof of Theorem (22.1). Since

‖x‖ ≤ ‖x‖α ≤ 1
α1
‖x‖

for any x∈H, it follows that the norm ‖·‖α is equivalent to ‖·‖. Moreover, choosing
α1 close to 1 we make these norms arbitrarily close. For any k ∈ N let Ak be the
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operator of interchanging the kth and (k+1)st coordinates: Akek = ek+1, Akek+1 =
ek and A je j = e j for all j /∈ {k,k+ 1} ({ek}k∈N is the basis of H). Observe first
that

∣∣ ∥∥Ak x
∥∥

α −
∥∥x

∥∥
α

∣∣ ≤
(

1
αk
− 1

αk+1

) ∥∥x
∥∥

α (22.2)

for any x ∈ Hα . To see this we consider two elements of the space l∞:

v1 =

(∥∥x
∥∥ ,

∣∣∣∣ x1

α1

∣∣∣∣ , . . . ,
∣∣∣∣ xk

αk

∣∣∣∣ ,
∣∣∣∣ xk+1

αk+1

∣∣∣∣ , . . .
)
,

v2 =

(∥∥x
∥∥ ,

∣∣∣∣ x1

α1

∣∣∣∣ , . . . ,
∣∣∣∣ xk

αk+1

∣∣∣∣ ,
∣∣∣∣xk+1

αk

∣∣∣∣ , . . .
)

(we have interchanged αk and αk+1). Applying the triangle inequality in the
l∞-norm, we get

∣∣ ∥∥Ak x
∥∥

α −
∥∥x

∥∥
α

∣∣ = ∣∣ ∥∥v1
∥∥

∞ −
∥∥v2

∥∥
∞

∣∣ ≤ ‖v1 − v2 ‖∞

= max

{(
1

αk
− 1

αk+1

) ∣∣xk

∣∣ ,
(

1
αk
− 1

αk+1

) ∣∣xk+1
∣∣
}

≤
(

1
αk
− 1

αk+1

)∥∥x
∥∥ ≤

(
1

αk
− 1

αk+1

) ∥∥x
∥∥

α .

Therefore ∣∣ ∥∥Ak x
∥∥

α −
∥∥x

∥∥
α

∣∣ ≤ εk

∥∥x
∥∥

α for all x ∈ Hα ,

where εk→ ∞ as k→ ∞. Let us now show that for any isometry T of Hα one has

∥∥Ak − T
∥∥

α ≥ 1 for all k ∈ N. (22.3)

Applying now Lemma 22.2 we immediately obtain (22.3). Indeed, since we have
‖αk+1ek+1‖α = 1 for each k, it follows that for any coordinate symmetry T

∥∥Ak−T
∥∥

α ≥
∥∥(Ak−T )αk+1ek+1

∥∥
α = αk+1

∥∥ek ± ek+1
∥∥

α ≥
αk+1

αk
≥ 1.

Combining (22.2) and (22.3) and taking into account that 1/αk − 1/αk+1 → 0 as
k→ ∞, we conclude that Hα does not possess SSLI.

The norm ‖ · ‖α satisfies all the assumptions except for the smoothness. This
norm is not differentiable at any point x, for which αixi = ‖x‖ for some i. To make
a smooth norm we first take an arbitrary sequence {βi} satisfying (a), (b) and such
that βi < αi for all i ∈ N. Then by a standard argument we construct for every i an
infinitely smooth norm ϕi(x) in R

2 such that

ϕi(x) =
√

x2
1 + x2

2



22 On Stability of Isometries in Banach Spaces 277

if x1 ≤ βi‖x‖, and ϕi(x) = 1/αi if x1 ≥ αi‖x‖. Now consider a norm ‖ · ‖α ,β in H
defined as follows: ‖x‖α ,β = ‖x‖ if xi < βi‖x‖ for all i, and

‖x‖α ,β = ϕ j

(
x j ,

√
‖x‖2− x2

j

)

if x j ≥ β j‖x‖ for some j (property (b) yields that such j is always unique, if it
exists). Note that ‖x‖α ,β = ‖x‖α , provided xi < βi‖x‖ for all i, or x j ≥ α j‖x‖ for
some j. This is easily checked that ‖·‖α,β is a norm equivalent to the standard norm
in H. The proof of Lemma 22.1 and of inequality (22.3) for this norm is literally
the same as for ‖ · ‖α . It remains to establish the smoothness of the function g(x) =
‖ · ‖α ,β . Let us show that g is infinitely Frechet differentiable at any point x �= 0. If
xi < βi‖x‖ for all i, then the same holds for any point of some neighborhood of x
(this follows from (b)). Hence, g(x) = ‖x‖ in this neighborhood, and g is infinitely
differentiable at x. If x j ≥ β j‖x‖ for some j, then such j is unique, and

g(x) = ϕ j

(
x j,

√
‖x‖2− x2

j

)

at some neighborhood of x hence, it is infinitely differentiable at x.

22.3 SLI Property vs. SSLI

Now we are going to see that SSLI property does not imply SLI. As an auxiliary
result we prove SSLI for the spaces l1 and l∞ with σ(ε) = 3ε .

The first observation is for surjective SLI property the approximating isometry
is also surjective. If A is a surjective ε-isometry and T is an isometry such
that ‖A−T‖ ≤ σ(ε), then T is surjective, whenever ε +σ(ε) < 1. Indeed, if T
is not surjective, then its image is closed (Lemma 22.2), and hence there is y ∈ S∗
such that (y,Ax) = 0 for all x ∈ X . Let us remember that we write S and S∗ for the
unit spheres in X and X∗ respectively. Further, take x̄ ∈ S such that (x̄,y) ≥ 1−α ,
where α > 0 is small, and take z ∈ X , for which Az = x̄. We have

‖z‖ ≤ 1
1− ε

and (Az−Tz,y) = (Az,y) = (x̄,y) ≥ 1−α.

On the other hand,

(Az−Tz,y) ≤ σ(ε)‖z‖ ≤ σ(ε)
1− ε

.

Hence
σ(ε)
1− ε

≥ 1−α.

Taking α → 0, we obtain ε +σ(ε) ≥ 1. The inverse inequality implies contradic-
tion, which means that T is surjective.
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Proposition 22.1. If a Banach space possesses SSLI with a function σ , then its dual
space does with the same function.

Proof. Let us first show that if A∗ is a surjective ε-isometry of the dual space X∗,
where ε ∈ [0,1/2), then A is that of the primal space X . Indeed, the upper bound
‖Ax‖ ≤ (1+ ε)‖x‖ is simple, because ‖A‖ = ‖A∗‖ ≤ 1+ ε . To prove the lower
bound we consider an arbitrary x ∈ S, take x∗ ∈ S∗ such that (x∗,x) = 1, and z ∈ X∗,
for which A∗z = x∗. Since A∗z ≤ (1+ ε)‖z‖, it follows that

‖Ax‖ = sup
y∈S∗

(y,Ax) = sup
y∈S∗

(A∗y,x)

≥ 1
‖z‖ (Az,x) =

1
‖z‖ (x

∗,x) =
1
‖z‖ ≥

1
1+ ε

≥ 1− ε.

Suppose now that X possesses SSLI. If A∗ is an ε-isometry in X∗, then so is A, and
there is a surjective isometry T such that ‖A− T‖ ≤ σ(ε). Hence, T ∗ is also an
isometry and ‖A∗ −T∗‖ = ‖A−T‖ ≤ σ(ε). 
�
Theorem 22.2. The spaces l1 and l∞ possess the SSLI property with σ(ε) = 3ε .

Proof. Due to Proposition 22.1 it suffices to prove the theorem for l1. Let A be a
surjective ε-isometry of l1 with ε < 1/3. Let e j be a basis element of l1 (the jth
coordinate is 1, all others are zeros). There is an element x = (x1,x2, . . .) ∈ l1 such
that ‖x‖ = 1 and Ax = λ e j . Since A is an ε-isometry, we have |λ | ≥ 1− ε . The
supremum of the convex function ϕ(z) =

∣∣(Az,e j)
∣∣ on the unit ball of the space

l1 equals to its supremum on the set of its extreme points, which are ±ei , i ∈ N.
Hence, there exists i, for which ϕ(ei) ≥ ϕ(x) = |λ |. Thus, for any j ∈ N there is
i = i( j) such that |(Aei,e j)| ≥ 1− ε . If there are several such indices i we take any
of them as i( j). Let us show that the map j �→ i( j) is actually one-to-one on the
set N. The injectivity is easy: for any i one has ‖Aei‖ ≤ 1+ ε < 2(1− ε); on the
other hand, if i( j1) = i( j2) for some j1 �= j2, then

‖Aei‖ ≥ |(Aei,e j1)| + |(Aei,e j2)| ≥ 2(1− ε),

which is a contradiction.
To prove the surjectivity we observe that for any j one can write e j = δ j Aei + r j,

where i = i( j), δ j ∈ {1,−1} is the sign of (Aei,e j), and ‖r j‖ ≤ 3ε . Indeed, the jth
entry of Aei is at least 1− ε by modulus, while ‖Aei‖ ≤ 1+ ε. Whence, ‖r j‖ =∥∥δ jAei − e j

∥∥ ≤ 3ε. For an arbitrary s ∈ N we have

Aes = ∑
j∈N

z j e j = ∑
j∈N

z j (δ jAei− r j
)
= A

(
∑
j∈N

δ j z j ei

)
− ∑

j∈N
z j r j.

Since ∥∥∥∥∥ ∑
j∈N

z j r j

∥∥∥∥∥ ≤ ‖z‖3ε,
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we get

A

(
∑
j∈N

δ j z j ei( j) − es

)
≤ 3ε ‖z‖.

If the index s does not belong to the set
{

i( j)
∣∣ j ∈ N

}
, then

∥∥∥∥∥ ∑
j∈N

δ j z j ei( j) − es

∥∥∥∥∥ = ∑
j∈N
|z j| + 1 = ‖z‖ + 1,

which implies

A

(
∑
j∈N

δ j z j ei( j) − es

)
≥ (‖z‖ + 1

)(
1 − ε

)
.

Thus, we obtain the inequality 3ε ‖z‖ ≥ (‖z‖ + 1
)(

1 − ε
)
, from which we

conclude

ε >
1
4

and ‖z‖ ≥ 1− ε
4ε−1

.

On the other hand, ‖z‖ = ‖Aes‖ ≤ 1+ ε . Combining these inequalities, we get

1+ ε ≥ 1− ε
4ε−1

,

which does not hold for ε ∈ [0,1/3]. Thus, any index s belongs to the image of the
map i( j), which proves the surjectivity. Since the map i( j) is one-to-one, we take an
inverse map j(i) and consider the operator T : l1→ l1 , T (ei) = δ j(i) e j(i) , i ∈ N.
This is an isometry, and for any i one has ‖Aei − T ei‖ ≤ 3ε . Indeed, writing j =
j(i) we see that the jth entry of the element Aei − T ei equals to (Aei,e j) − δ j,
which is at most ε by modulus, because |(Aei,e j)| ≥ 1− ε . The sum of modules of
all other entries is at most

‖Aei‖ − (1− ε) ≤ (1+ ε) − (1− ε) = 2ε.

Thus, ‖(A− T )ei‖ ≤ 3ε for all i. Since the norm of any operator in l1 can be
computed over the basis vectors, it follows that ‖A−T‖ ≤ 3ε . 
�
Remark 22.1. The result of Theorem 22.2 holds for the space R

d equipped with
l1-norm or with l∞-norm. The proof is the same as Theorem 22.2.

Remark 22.2. The main result of [4] yields that for any p ∈ [1,+∞) the space lp

possesses not only SSLI, but SLI. However, the function σ(ε) has not been specified
in that work. Theorem 4 in [6] establishes SSLI of the space C0(M) of continuous
vanishing at infinity functions on a locally compact Hausdorff space M. A special
case of that result is the SSLI property of the subspace c0 ⊂ l∞ that consists of
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vanishing sequences. In [3], it was shown that for any space C(K), where K is a
compact metric space, we have σ(ε) = 3ε . Theorem 22.2 extends this result to
K = Z, i.e., to the space l∞.

Now we can prove that SLI and SSLI are not equivalent.

Theorem 22.3. For any d ≥ 2 the space R
d⊕ l1 possesses SSLI, but not SLI.

The proof is outlined in Appendix. The idea is to apply the Dvoretzky theo-
rem [11, 12], according to which for any ε > 0 there is N(ε,d) such that for any
n-dimensional Banach space Y , where n ≥ N, there is an ε-isometry from the
Euclidean space Rd to Y . Therefore, the operator A1+A2, where A1 is an ε-isometry
of Rd to the n-dimensional subspace of l1 corresponding to the first n coordinates,
and A2 is the right n-shift of l1, is a (non-surjective) ε-isometry. The distance from A
to the closest isometry is at least 2, because any isometry leaves Rd invariant. That
is why this space does not possess SLI. On the other hand, it has SSLI, which can
be derived from Theorem 22.3.

22.4 Finite Dimensional Spaces. The Conditional Number
of Matrices

We consider the space Rd with some norm ‖·‖, maybe not Euclidean. The condition
number κ(A) of an operator A acting on this space, or of the matrix of this operator
(if the basis in R

d is fixed) is ‖A‖ · ‖A−1‖. The condition number of matrices plays
a crucial role in numerical methods of linear algebra and PDE. For any operator
κ(A) ≥ 1, and the equality takes place only if A is a similarity operator, i.e., is
proportional to an isometry. It appears that there is a stability result for this property:
κ(A) is close to 1 if and only if A can be approximated by a similarity operator.

If A can be ε-approximated by an isometry, then

κ(A) ≤ 1+ ε
1− ε

.

Thus, any operator close to an isometry has the conditional number close to one.
The converse is not true, because the conditional number does not depend on
multiplication of A by a positive scalar, while the distance to isometries does.
Nevertheless, a converse statement can be formulated as follows: If κ(A) is close
to 1, then A can be approximated by a similarity operator, i.e., by λT , where λ is
some scalar and T is an isometry.

Proposition 22.2. For any operator A there is an isometry T and a constant λ > 0
such that

‖A − λT ‖ ≤ ∥∥A
∥∥ κ +1

2κ
σ
(

κ−1
κ +1

)
,

where κ = κ(A) and σ(ε) is the SLI function corresponding to a given norm in R
d.
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Proof. For ε = (κ−1)/(κ +1) we have

‖A‖‖A−1‖ = 1+ ε
1− ε

.

Therefore, for μ = (1 + ε)‖A‖−1 the operator μA satisfies ‖μA‖ = 1 + ε and
‖(μA)−1‖ = 1/(1 − ε). Whence, μA is an ε-isometry, therefore, there is an
isometry T such that ‖μA − T‖ ≤ σ(ε). Thus,

‖A − μ−1T‖ ≤ ‖A‖
1+ ε

σ(ε),

from which the proposition follows. 
�
Thus, the condition number κ(A) indicates how the operator A can be

approximated by similarity operators. If the norm in R
d is Euclidean, then

σ(ε)=ε , and hence the distance from A to the closest similarity operator does
not exceed ‖A‖(κ − 1)/(2κ). For the l1-norm and l∞-norm we have σ(ε) = 3ε
(Theorem 22.2 and Remark 22.1), and hence this distance does not exceed
‖A‖(κ− 1)/(2κ).

22.5 Open Problems

1. Find sufficient conditions for a Banach space to possess SLI or SSLI.
2. Estimate σ(ε) for the classical functional spaces, such as lp,Lp,W k

p ,C
k.

3. Estimate the functions σ(ε) for the space R
d with various norms, in particular,

for the lp-norm, p ∈ (1,+∞), p �= 2.

22.6 Appendix

In the proof of Lemma 22.1, we use the following simple and well-know fact:

Lemma 22.2. If X and Y are Banach spaces and T : X → Y is a continuous
operator such that ‖Tx‖ ≥C‖x‖ for all x, then its image is closed.

Proof of Lemma 22.1. Let Bα and Sα be the unit ball and the unit sphere in Hα ,
respectively. Let Ek =

{
x ∈Hα

∣∣xk = 0
}

be the kth coordinate hyperplane. Let also

P+
k =

{
x ∈Hα

∣∣ ‖x‖ ≤ 1, xk = αk
}
, P−k =

{
x ∈Hα

∣∣ ‖x‖ ≤ 1, xk = −αk
}

for k ∈ N. These are Euclidean balls of codimension 1 laying on Sα at the
(Euclidean) distance of αk from the origin. Since

(
1−α2

k

)
+

(
1− α2

j

)
< 1 for
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all k �= j (assumption (b)), all these balls are pairwise disjoint. In the α-norm, the

diameter of the balls P±1 is
√

1−α2
1/α2, and for all k ≥ 2 the diameter of P±k

is
√

1−α2
k /α1. One can easily deduce from assumptions (a) and (b) that these

diameters decrease in k.
Thus, for any point x ∈ Sα either ‖x‖ = 1 or x ∈ intPδ

k (the interior is in the
corresponding hyperplane) for some k ∈N and δ ∈ {+,−}. All non-extreme points
of Bα (midpoints of segments contained in Bα ) on the unit sphere Sα are precisely
points from intPδ

k . Consider now an arbitrary linear isometry T of Hα . We have
T Sα ⊂ Sα . Since T is injective, it takes any non-extreme point of Sα to a non-
extreme point. So, the image of the open ball intP+

j is in the union of all the balls

Pδ
k , k ∈ N , δ ∈ {+,−}. The image is connected (since the ball intP+

j is and T
is continuous), whereas the union is disjoint, therefore the image lies entirely in
one of these balls. Thus, for any j we have T (P+

j ) ⊂ Pδ
m for some δ ∈ {+,−},

where m = m( j) is some function from N to N. Observe that m( j) ≤ j for all j,
otherwise some image T (P+

j ), whose diameter is equal to the diameter of P+
j is

contained in the ball Pδ
m of a smaller diameter. On the other hand, the function m( j)

is injective. Indeed, if m( j) = m(k) for some j �= k, then TE j ⊂ Em and T Ek ⊂ Em.
Since the hyperplanes E j and Ek span the whole Hα , it follows that T Hα ⊂ Em.
This is impossible, because the balls P+

m ,P−m , which contain T P+
j , does not intersect

Em. So, m( j) is injective and m( j)≤ j for all j, hence m( j) = j for all j ∈ N. Thus,
T P+

j is contained either in P+
j or in P−j . Consequently, for any j the modules of jth

coordinate of the vector Te j is at least 1. This yields that T is a surjection. Otherwise,
its image is a proper subspace of Hα , which is closed by Lemma 22.2. Whence, there
is a ∈ H , ‖a‖ = 1 such that (a,Te j) = 0 for all j ∈ N. Writing z = Te1, we have

a1z̄1 = −
∞

∑
k=2

akz̄k,

whence

∣∣a1z̄1
∣∣ =

∣∣∣∣∣
∞

∑
k=2

akz̄k

∣∣∣∣∣ ≤
√

1 − a2
1

√
‖z‖2 − |z1|2

(Cauchy–Schwarz inequality). Since ‖Tα1e1‖ ≤ 1, we have ‖z‖ ≤ 1/α1. On the
other hand, |z1| ≥ 1. Therefore

∣∣a1
∣∣ ≤

√
1 − a2

1

√
1

α2
1

− |z1|2,

which after elementary simplification implies |a1 | ≤
√

1 − α2
1 . In the same way

we show that

|a j| ≤
√

1 − α2
j for every j ∈ N.
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This yields

∥∥a
∥∥ ≤

(
∑

j
(1−α2

j )

)1/2

< 1

(assumption (b)), which contradicts the assumption. Thus, T is surjective. So, it
maps the ball P+

j to the whole ball Pδ
j , δ ∈ {+,−}, and hence it takes its center to

the center of the ball Pδ
j . Consequently, for each j the element Te j equals to either

e j or −e j , and so T is a coordinate symmetry. 
�
Proof of Theorem 22.3. Let Z = X⊕Y , where X and Y are isomorphic to R

d and l1
respectively. Any element z ∈ Z is considered as a sequence {zk}k∈N with the norm

|z‖ =
√
|z1|2 + · · ·+ |zd|2 +

∞

∑
k=d+1

|zk|.

Thus, z = x+y and ‖z‖ = ‖x‖2+‖y‖1 (in the sequel we omit the indices of norms),
where x = (z1, . . . ,zd) ∈ X and y = (zd+1, . . .) ∈ Y .

Let us first show that Z has SSLI. Let A be a surjective ε-isometry with some
small ε . Denote A−1e j = x j + y j, where e j is a basis vector, j ≥ d+1. If ‖x j‖= q,
then

(
q+ ‖y j‖)(1+ ε) ≥ 1, and hence ‖y j‖ ≤ 1/(1− ε)− q. Take a vector b ∈ X

orthogonal to x j , ‖b‖ = q. Denote z = Ab and assume that zd+1 ≥ 0 (the opposite
case is considered in the same way). Then

‖z+ e j‖= 1+‖z‖ ≥ 1+(1− ε)q.

On the other hand,

‖x j + y j +b‖ = ‖x j +b‖+‖y j‖ =
√

2q+‖y j‖.

Since A(x j + y j +b) = z+ e j, we have

‖z+ e j‖ ≤
(√

2q+‖y j‖)(1+ ε) ≤
(

1
1− ε

− q+
√

2q

)
(1+ ε).

Thus (
1

1− ε
− q+

√
2q

)
≥ 1+(1− ε)q ,

which implies that q ≤ (
2+
√

2
)

ε + o(ε) as ε → 0. So, if ε is small enough,
then ‖x j‖ ≤ 4ε for every j ≥ 3. For any y ∈ Y we denote A−1y = x̃+ ỹ, where
x̃ ∈ X , ỹ ∈ Y , and consider the operator B : Y → Y defined as By = ỹ. Clearly, B is
a linear surjective operator in l1. We see that ‖(A−1 − B)e j‖ ≤ 4ε for all basis
vectors e j of the space Y . Since those vectors are only extreme points of the unit
ball of Y , it follows that ‖A−1−B‖Y ≤ 4ε . This yields that B is an O(ε)-isometry
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of Y , therefore it is invertible, and the operator A2 = B−1 is also an O(ε)-isometry.
Hence, ‖A−A2‖Y ≤ O(ε). Furthermore, for e ∈ X ,‖e‖= 1, we denote Ae = x+ y,
where x ∈ X ,y ∈Y , and write A1 for the operator on X taking e to x. Clearly

‖x‖+‖y‖≤ 1+ ε

and

A−1y ≤ ‖y‖
1− ε

.

Writing A−1y = x̃+ ỹ, where x̃ ∈ X , ỹ ∈ Y , we get

‖x̃‖ ≤ 4ε ‖A−1y‖ ≤ 4ε‖y‖
1− ε

.

On the other hand,

1 = ‖e‖ ≤ ‖x̃‖ + ‖A−1x‖ ≤ 4ε‖y‖
1− ε

+
‖x‖

1− ε
.

Substituting ‖x‖ ≤ 1 + ε − ‖y‖, we finally get 1 + ε − ‖y‖+ 4ε‖y‖ ≥ 1− ε,
and therefore ‖y‖ ≤ 2ε/(1− 4ε). Hence, ‖A− A1‖X ≤ 2ε + o(ε). Thus, we
approximate A by the sum of two operators A1 + A2 , A1 : X → X , A2 : Y → Y ,
both of them are surjective O(ε)-isometries. Since the spaces R

d and l1 possess
SSLI (Theorem 22.2), there are approximative isometries Ã1, Ã2. The operator
Ã = Ã1 + Ã2 is an isometry of the space Z and ‖A− Ã‖ ≤ O(ε), which concludes
the proof. Thus, Z possesses SSLI.

Let us now show that Z does not possess SLI property. Writing Yn =
{

y ∈
Y |y j = 0, j ≥ n+ 1

}
for the n-dimensional subspace of Y corresponding to the

first n coordinates, we apply the Dvoretzky theorem [11,12] and obtain that for any
ε > 0 there is an ε-isometry Bn : X →Yn, whenever n is large enough. Furthermore,
let Cn : Y →Y be the operator of shift by n, i.e., Cn(y1,y2, . . .) = (0, . . . ,0,y1,y2, . . .)
(n zeros). Then the operator An = Bn +Cn is an ε-isometry of Z. However, the
distance from An to any isometry of Z is at least 2. To show this it suffices to prove
that every isometry respects the subspace X . Take any isometry of Z and denote by
T its restriction to X . We have T = Tx +Ty, where ImTx ⊂ X and ImTy ⊂ Y .

If the rank k of the operator Tx (i.e., the dimension of ImTx ) is smaller
than d, then in case k ≥ 1 there is a subspace L ⊂ X of dimension d − k + 1
and a vector a ∈ X \ {0} such that ‖Txu‖2 = |(a,u)| for any u ∈ L. Hence, the
operator P : L → l1, Pu =

(
(a,u),(Tyu)1,(Tyu)2, . . .

)
is isometric, which is

impossible, because there is no isometry from a Euclidean space of dimension ≥ 2
to l1. This is well-known, see, for instance [13]. If k = 0, then Tx = 0, and the
operator T = Ty isometrically maps Rd to l1, which is again impossible. Thus, Tx is
nondegenerate. In this case the function u �→ ‖Txu‖2 is differentiable at all points
u �= 0. Consequently, the function g(u) = ‖Tyu‖1 is differentiable for u �= 0 as well.
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Indeed, ‖Tyu‖1 = ‖Tu‖ − ‖Txu‖2 = ‖u‖2 − ‖Txu‖2 (the latter equality is because T
is an isometry). Thus, g is a difference of two differentiable functions. On the other
hand, for any nontrivial linear operator A : Rd → l1 , d ≥ 2 the function u �→ ‖Au‖1

is not Gâteaux differentiable at some point u �= 0 [13, p. 253]. Therefore, Ty = 0,
and hence T X ⊂ X . 
�
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Chapter 23
Ulam Stability of the Operatorial Equations

Ioan A. Rus

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract Let (E,+,R,≤,→) be an ordered linear L-space, E+ := {e ∈ E | e≥ 0},
(X ,d) and (Y,ρ) be two generalized metric spaces with d(x,y), ρ(x,y) ∈ E+, and
f ,g : X →Y be two operators. In this paper we present for the coincidence equation

f (x) = g(x)

four types of Ulam stability: Ulam–Hyers stability, generalized Ulam–Hyers stabil-
ity, Ulam–Hyers–Rassias stability and generalized Ulam–Hyers–Rassias stability.
Some illustrative examples are given, the relations of Ulam stability with the weakly
Picard operator are studied and two research directions are also presented.
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23.1 Introduction

The basic hypostasies of data dependence in the theory of operatorial equations
are the following (see, e.g., [5, 6, 14, 31, 43, 44, 46, 47, 50, 55–57]): monotony w.r.t.
data, continuity w.r.t. data, differentiability w.r.t. parameters, Liapunov stability,
asymptotic behavior, asymptotic equivalence, structural stability, analiticity of
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solutions, regularity of solutions, G-convergence, etc. On the other hand, in the
theory of functional equations there are some special kind of data dependence (Ulam
(1940; [59]), Hyers (1941; [15]), Aoki (1950; [2]), Bourgin (1951; [7]), Rassias
(1978; [37]), Hyers (1983; [16]), Găvruţă (1994; [13]), Radu (2003; [36]), Jung
[22], Hyers et al. [17], Cădariu [10], Breckner and Trif [8], Alsina and Ger [1],
Hyers et al. [18], Páles [33], Rassias and Šemrl [42], Hyers and Rassias [19], Isac
and Rassias [20], Isac and Rassias [21], Jung and Rassias [28], Prastaro and Rassias
[35], Rassias [38, 39], Rassias (ed.) [40, 41], Trif [58], Wang [60], etc.).

With these considerations (notions, results, examples, counterexamples, etc.) in
mind we introduced in [54] four types of Ulam stability for the operatorial equations
in a metric space: Ulam–Hyers stability, generalized Ulam–Hyers stability, Ulam–
Hyers–Rassias stability and generalized Ulam–Hyers–Rassias stability.

The aim and scope of this paper is to illustrate the complexity of Ulam stability
of the operatorial equations in a generalized metric space. The outline of the paper
is the following:

1. Generalized metric spaces
2. Ulam–Hyers stability on a generalized metric space
3. Ulam–Hyers and Ulam–Hyers–Rassias stability in the case of equations on a

space of functions
4. Illustrative examples
5. Ulam stability of fixed point equations, via weakly Picard operators
6. Ulam stability of a fixed point structure on a metric space
7. Ulam stability of the equations with set-to-point operators

Throughout this paper, we use the terminology and the notations in [47] (see also
[46,56]). For the convenience of the reader, we recall that N, N∗, Z, R, C denote the
sets of nonnegative integers, positive integers, integers, reals and complex numbers,
respectively. Further, if X is a nonempty set and f : X → X is an operator, then:
P(X) := {Y ⊂ X | Y �= /0}, f 0 := 1X , f 1 := f , f n+1 := f ◦ f n, n ∈N, are the iterate
operators of the operator f , Ff := {x ∈ X | f (x) = x} is the fixed point set of f .

23.2 Generalized Metric Spaces

Let E be a nonempty set. Let

s(E) := {(en)n∈N∗ | en ∈ E, n ∈ N
∗}

be the set of all sequences with the elements in E . Let c(E) ⊂ s(E) be a subset
of s(E) and Lim : c(E)→ E be an operator. By Fréchet (see [47, 56]), the triple
(E,c(E),Lim) is called an L-space if the following conditions are satisfied:

1. if en = e, n ∈ N
∗, then (en)n∈N∗ ∈ c(E) and Lim(en)n∈N∗ = e;

2. if (en)n∈N∗ ∈ c(E) and Lim(en)n∈N∗ = e, then all subsequences (xni)i∈N∗ of
(en)n∈N∗ are in c(E) and Lim(xni)i∈N∗ = e.
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By definition, an element of c(E) is convergent and e = Lim(en)n∈N∗ is the limit
of this sequence and we write

xn→ e as n→ ∞.

We denote an L-space by (E,→). For some examples of L-spaces see [47, 56, 57].
In a standard way we define an ordered linear L-space (see [11, 62]).
Let (E,+,R,≤,→) be an ordered (real) linear L-space. Let

E+ := {e ∈ E | e≥ 0}

and

E∗+ := {e ∈ E| e≥ 0 and e �= 0}.
Let X be a nonempty set and d : X ×X → E+ be a generalized metric on X , i.e. d
satisfies the Fréchet axioms:

1. d(x,y) = 0⇔ x = y;
2. d(x,y) = d(y,x), ∀x,y ∈ X ;
3. d(x,y)≤ d(x,z)+ d(z,y), ∀x,y,z ∈ X .

For examples and the basic notions in a such generalized metric space see
Zabreiko [62], De Pascale et al. [11]. See also Rus et al. [56] (pp. 77–93).

Remark 23.1. There are several concepts of the generalized metric spaces (premet-
ric, pseudometric, quasimetric, ultrametric, etc.). We call a generalized metric space
with d(x,y) ∈ E+, E+-metric space. For the fixed point theory in generalized metric
spaces see [30, 49, 56] and the references therein.

23.3 Ulam–Hyers Stability on a Generalized Metric Space

Following [54], in what follows we present two types of Ulam stability for an
operatorial equation in a generalized metric space.

Let (X ,d) and (Y,ρ), with d(x,y),ρ(x,y)∈ E+, be two generalized metric spaces
and f ,g : X → Y be two operators. Let us consider the coincidence equation

f (x) = g(x) (23.1)

Definition 23.1. By definition, (23.1) is Ulam–Hyers stable if there exists a linear
increasing operator c f ,g : E→ E such that: for each ε ∈ E∗+ and each solution y∗ ∈ X
of the inequality

ρ( f (x),g(x)) ≤ ε (23.2)

there exists a solution x∗ ∈ X of (23.1) such that d(y∗,x∗)≤ c f ,g(ε).
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Definition 23.2. Equation (23.1) is generalized Ulam–Hyers stable if there exists
an increasing operator ψ : E+→ E+, continuous in 0 with ψ(0) = 0, such that: for
each ε ∈ E∗+ and for each solution y∗ ∈ X of (23.2) there exists a solution x∗ ∈ X of
(23.1) such that

d(y∗,x∗)≤ ψ(ε).

Remark 23.2. If Y := X and g := 1X , then we have the notions of Ulam–Hyers and
generalized Ulam–Hyers stability for a fixed point equation.

Remark 23.3. If E := R is endowed with the usual structures, then the Definition
23.1 and 23.2 take the following forms:

Definition 23.1a. Equation (23.1) is Ulam–Hyers stable if there exists a positive
real number c f ,g > 0 such that: for each ε ∈ R

∗
+ and each solution y∗ ∈ X of (23.2)

there exists a solution x∗ ∈ X of (23.1) such that

d(y∗,x∗)≤ c f ,gε.

Definition 23.2a. Equation (23.1) is generalized Ulam–Hyers stable if there exists
an increasing function ψ : R+→ R+, continuous in 0 with ψ(0) = 0, such that: for
each ε ∈ R

∗
+ and each solution y∗ ∈ X of (23.2) there exists a solution x∗ ∈ X of

(23.1) such that

d(y∗,x∗)≤ ψ(ε).

Remark 23.4. The case E := s(R) with the usual linear structure, ordered structure

and with termwise convergence,
t→. In this case, the Definition 23.1 and 23.2 take

the following forms:

Definition 23.1b. Equation (23.1) is Ulam–Hyers stable if there exists an infinite
matrix C = (cij), cij ∈R+, i, j ∈ N

∗ such that:

(a) Cu is defined for each u ∈ s(R+);
(b) for each ε ∈ s(R∗+) and each solution y∗ ∈ X of (23.2) there exists a solution

x∗ ∈ X of (23.1) such that

d(y∗,x∗)≤Cε.

Definition 23.2b. Equation (23.1) is generalized Ulam–Hyers stable if there exists
an increasing operator ψ : s(R+)→ s(R+), continuous in 0 with ψ(0) = 0, such
that: for each ε ∈ s(R∗+) and for each solution y∗ ∈ X of (23.2) there exists a solution
x∗ ∈ X of (23.1) such that

d(y∗,x∗)≤ ψ(ε).

Definition 23.3. Equation (23.1) is locally Ulam–Hyers stable if there exist a linear
increasing operator c f ,g : E→ E and ε∗ ∈ E∗+ such that: for each ε ∈ E∗+ with ε ≤ ε∗
and each solution y∗ ∈ X of (23.2) there exists a solution x∗ ∈ X of (23.1) such that

d(y∗,x∗)≤ c f ,g(ε).

In a similar way, we define the locally generalized Ulam–Hyers stability.
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23.4 Ulam–Hyers and Ulam–Hyers–Rassias Stability
in the Case of Equations in a Space of Functions

Let K be R or C. Let Ω ⊂ K
m be a nonempty subset of Km, X a set of functions

x : Ω →K and f ,g : X→ X two operators. We consider on X the generalized metric
d defined by

d(x,y)(t) := |x(t)− y(t)|, ∀t ∈Ω .

In this case, in addition to Definitions 23.1 and 23.2 we present the following more
restrictive definitions:

Definition 23.4. Equation (23.1) is Ulam–Hyers stable if there exists a real number
c f ,g > 0 such that: for each ε ∈ R

∗
+ and for each solution y∗ of (23.2) there exists a

solution x∗ of (23.1) with

|y∗(t)− x∗(t)| ≤ c f ,gε, ∀t ∈Ω .

Definition 23.5. Equation (23.1) is generalized Ulam–Hyers stable if there exists
an increasing function ψ : R+→ R+, continuous in 0, with ψ(0) = 0, such that: for
each ε ∈ R

∗
+ and for each solution y∗ of (23.2) there exists a solution x∗ of (23.1)

such that

|y∗(t)− x∗(t)| ≤ ψ(ε), ∀t ∈Ω .

In this case, where the solutions are in a space of functions, we have other
two notions: Ulam–Hyers–Rassias stability and generalized Ulam–Hyers–Rassias
stability.

Definition 23.6. Let ϕ : Ω → R+ be a function. Equation (23.1) is Ulam–Hyers–
Rassias stable with respect to ϕ iff there exists c f ,g,ϕ > 0 such that for each ε > 0
and for each solution y∗ of the inequality

| f (y)(t)−g(y)(t)| ≤ εϕ(t), ∀t ∈Ω (23.3)

there exists a solution x∗ of (23.1) with

|y∗(t)− x∗(t)| ≤ c f ,g,ϕεϕ(t), ∀t ∈Ω .

Definition 23.7. Equation (23.1) is generalized Ulam–Hyers–Rassias stable, with
respect to ϕ iff there exists c f ,g,ϕ > 0 such that for each solution y∗ of the inequality

| f (y)(t)−g(y)(t)| ≤ ϕ(t), ∀t ∈Ω (23.4)

there exists a solution x∗ of (23.1) with

|y∗(t)− x∗(t)| ≤ c f ,g,ϕ ϕ(t), ∀t ∈Ω .



292 I.A. Rus

23.5 Illustrative Examples

Example 23.1. Let us consider on R a metric d (d(x,y) ∈ R+, E := R, X := R),
the equation

x =
1
2

sinx (23.5)

and the corresponding inequality

d

(
y,

1
2

siny

)
≤ ε. (23.6)

First of all, we remark that (23.5) has a unique solution, x∗ = 0. Let us take as d the
following metrics:

(a) d1(u,v) := |u− v|, the usual metric on R;
(b) d2(u,v) :=

√|u− v|, u,v ∈R;
(c) d3(u,v) := |u− v|/(1+ |u− v|), u,v ∈R.

Let us consider (23.5) on (R,d1). Let y∗ be a solution of the inequality (23.6), i.e.,
∣∣∣∣y− 1

2
siny

∣∣∣∣≤ ε.

This implies that

|y∗ − x∗|= |y∗| ≤
∣∣∣∣y∗ − 1

2
siny∗

∣∣∣∣+
∣∣∣∣12 siny∗

∣∣∣∣≤ ε +
1
2
|y∗|.

Hence, |y∗ − x∗| ≤ 2ε. So (23.5) is Ulam–Hyers stable in (R,d1).
Now we consider (23.5) on the metric space (R,d2). Let y∗ be a solution of

the inequality √
|y− siny| ≤ ε.

This implies that |y∗−x∗|= |y∗| ≤ 2ε2. So, (23.5) is generalized Ulam–Hyers stable
on (R,d2).

Finally, we consider the same (23.5) on (R,d3). Let y∗ be a solution of
the inequality

|y− 1
2 siny|

1+ |y− 1
2 siny| ≤ ε.

For ε0 < 1 we have

|y∗ − x∗|= |y∗| ≤ ε
1− ε

, ∀0 < ε ≤ ε0.

So, (23.5) is locally generalized Ulam–Hyers stable.
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In general, we have the following result (see [54]) concerning the fixed point
equation

x = f (x). (23.7)

Theorem 23.1. Let X be a nonempty set, f : X → X be an operator. Let d and ρ
be two metric equivalent metrics (d(x,y),ρ(x,y) ∈ R+), i.e., there exists c1,c2 > 0
such that

c1d(x,y)≤ ρ(x,y)≤ c2d(x,y), ∀x,y ∈ X .

Then the following two statements are equivalent:

(i) Equation (23.7) is Ulam–Hyers stable in (X ,d);
(ii) Equation (23.7) is Ulam–Hyers stable in (X ,ρ).

Example 23.2. Let X := C[0,1] and d : C[0,1] × C[0,1] → C([0,1],R+) be a
generalized metric defined by

d(u,v)(t) := |u(t)− v(t)|, ∀t ∈ [0,1].

Consider on this generalized metric space the nonlinear Volterra integral equation

x(t) =
∫ t

0
sin(x(s))2ds, ∀t ∈ [0,1] (23.8)

and the corresponding inequality with respect to d
∣∣∣∣y(t)−

∫ t

0
sin(y(s))2ds

∣∣∣∣≤ ε, ∀t ∈ [0,1]. (23.9)

First of all, remark that the unique solution in C[0,1] of (23.8) is x∗(t) = 0,
∀t ∈ [0,1].

Let y∗ ∈C[0,1] be a solution of (23.9). We have

|y∗(t)− x∗(t)|= |y∗(t)| ≤ ε +
∫ t

0
|y∗(s)|2ds, t ∈ [0,1].

This inequality implies that

|y∗(t)− x∗(t)| ≤ ε
1− ε

, ∀ε < 1.

So, (23.8) is locally Ulam–Hyers stable.

Example 23.3. Let (X ,d) be a complete metric space (d(x,y) ∈R+) and f : X→ X
an α-contraction, i.e.

d( f (x), f (y)) ≤ αd(x,y), ∀x,y ∈ X ,0≤ α < 1.

Then, the fixed point equation (23.7) is Ulam–Hyers stable. Indeed, by the contrac-
tion principle (23.7) has a unique solution x∗ ∈ X .

Let y∗ be a solution of the inequality
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d(y, f (y)) ≤ ε. (23.10)

We have d(y∗,x∗)≤ d(y∗, f (y∗))+ d( f (y∗), f (x∗))≤ ε +αd(y∗,x∗). So,

d(y∗,x∗)≤ ε
1−α

.

Now some examples for this abstract model.

(a) Let X = R with the usual metric. We consider on R the Kepler equation

x = msinx+M (23.11)

where 0 < m < 1 and M ≥ 0. In this case (see (23.7))

f (x) = msinx+M.

The function f is a m-contraction. So, the Kepler equation is Ulam–Hyers stable
and if y∗ ∈R is a solution of (see also (23.10))

|y−msiny−M| ≤ ε, (23.12)

then

|y∗ − x∗| ≤ ε
1−m

.

(b) Let

X := {u ∈C([0,1], [0,1]) | |u(t1)−u(t2)| ≤ |t1− t2|, t1, t2 ∈ [0,1]}

with the metric

d(u,v) := ‖u− v‖∞ := max
0≤t≤1

|x(t)− y(t)|.

Then (X ,d) is a complete metric space.
We consider on X the iterative Volterra integral equation

x(t) =
1
4

∫ t

0
x(x(s))ds, ∀t ∈ [0,1]. (23.13)

In this case (see (23.7)), f : X → X is defined by

f (x)(t) :=
1
4

∫ t

0
x(x(s))ds, ∀t ∈ [0,1].
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We remark that f (X) ⊂ X and f is 1/2-contraction. So, (23.13) is Ulam–
Hyers stable and if y∗ ∈ X is a solution of the inequality (see also (23.10))

∣∣∣∣y(t)−
∫ t

0
y(y(s))ds

∣∣∣∣≤ ε, (23.14)

then ‖y∗ − x∗‖∞ ≤ 2ε .

In the next section of this paper, we shall extend the above results in a more
general frame, the frame of weakly Picard Operators.

Example 23.4. Let X :=C1[0,T ], Y :=C[0,T ],

ρ(x,y)(t) := |x(t)− y(t)|, ∀t ∈ [0,T ]

and

d := ρ
∣∣
X×X .

Let f ,g : X → Y be defined by f (x) = x′ and

g(x)(t) := h(t,x(t)), ∀t ∈ [0,T ],

where h ∈C([0,T ]×R). Let ϕ : [0,T ]→ R+ be a continuous function. In this case,
(23.1)–(23.4) take the following forms with respect to the generalized metrics d on
X and ρ on Y :

x′(t) = h(t,x(t)), ∀t ∈ [0,T ], (23.15)

|y′(t)−h(t,y(t))| ≤ ε, ∀t ∈ [0,T ], (23.16)

|y′(t)−h(t,y(t))| ≤ εϕ(t), ∀t ∈ [0,T ], (23.17)

|y′(t)−h(t,y(t))| ≤ ϕ(t), ∀t ∈ [0,T ]. (23.18)

The following remarks are very useful in the study of Ulam stability of the
differential equation (23.15) (see [52, 53]):

Remark 23.5. If x ∈ C1[0,T ] is a solution of (23.15) then x is a solution of the
functional-integral equation

x(t) = x(0)+
∫ t

0
h(s,x(s))ds, ∀t ∈ [0,T ]. (23.19)

If x ∈ C[0,T ] is a solution of (23.19), then x ∈ C1[0,T ] and x is a solution of
(23.15).

Remark 23.6. If y ∈ C1[0,T ] is a solution of (23.15), then y is a solution of the
inequality ∣∣∣∣y(t)− y(0)−

∫ t

0
h(s,y(s))ds

∣∣∣∣≤ εt, ∀t ∈ [0,T ]. (23.20)
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Remark 23.7. If y ∈ C1[0,T ] is a solution of (23.17), then y is a solution of the
inequality

∣∣∣∣y(t)− y(0)−
∫ t

0
h(s,y(s))ds

∣∣∣∣≤ ε
∫ t

0
ϕ(s)ds, ∀t ∈ [0,T ]. (23.21)

Remark 23.8. If y ∈ C1[0,T ] is a solution of (23.18), then y is a solution of the
inequality

∣∣∣∣y(t)− y(0)−
∫ t

0
h(s,y(s))ds

∣∣∣∣≤
∫ t

0
ϕ(s)ds, ∀t ∈ [0,T ]. (23.22)

For example, we have the following results ([52]).

Theorem 23.2. We suppose that:

(i) h ∈C([0,T ]×R) and ϕ ∈C[0,T ] is an increasing function;
(ii) there exists l f > 0 such that |h(t,u)−h(t,v)| ≤ l f |u−v| for u,v∈R, t ∈ [0,T ];

(iii) there exists λϕ > 0 such that

∫ t

0
ϕ(s)ds≤ λϕϕ(t), ∀t ∈ [0,T ].

Then (23.15) is Ulam–Hyers–Rassias stable with respect to ϕ .

Remark 23.9. For more considerations of Ulam stability for the differential equa-
tions see [52,53] (see also, e.g., [1,23], [25–29], [32,54]). For the Ulam stability of
the integral equations see, e.g., [24, 51, 54].

Example 23.5. Let (X ,d) be a metric space (d(x,y) ∈ R+), f ,g : X → X be two
operators. Let us consider the coincidence equations

f (x) = g(x) (23.23)

and the corresponding inequality

d( f (x),g(x)) ≤ ε, ε > 0. (23.24)

Let S0 :=
{

x ∈ X | f (x) = g(x)
}

and Sε :=
{

x ∈ X | d( f (x),g(x)) ≤ ε
}
, ε > 0.

We have the following.

Theorem 23.3. We suppose that S0 �= /0. Then:

(a) If (23.23) is Ulam–Hyers stable with a coefficient c f ,g ∈R
∗
+, then

Hd(S0,Sε )≤ c f ,gε,

where Hd : P(X)×P(x)→ R+∪{+∞} is the Pompeiu–Hausdorff functional.
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(b) If there exists c ∈ R
∗
+ such that

Hd(S0,Sε)≤ cε, ∀ε ∈ R
∗
+,

then (23.23) is Ulam–Hyers stable with a coefficient c f ,g = c+τ , for each τ > 0.

Proof. As is well known, the Pompeiu–Hausdorff functional is defined by

Hd(A,B) := max
(

sup
a∈A

inf
b∈B

d(a,b), sup
b∈B

inf
a∈A

d(a,b)
)
.

(a) First we remark that S0 ⊂ Sε , for all ε ∈ R
∗
+. Let y∗ ∈ Sε . Then there exists

x∗ ∈ S0 with d(y∗,x∗) ≤ c f ,gε. Now the statement follows from [46, Lemma
8.1.3, p. 76]. This lemma reads as follows:

Let (X ,d) be a metric space and A,B ∈ P(X). Let η > 0 be such that:

(1) for each a ∈ A there exists b ∈ B such that d(a,b)≤ η;
(2) for each b ∈ B there exists a ∈ A such that d(a,b)≤ η .

Then, Hd(A,B)≤ η .
(b) Follows from the definition of the Pompeiu–Hausdorff functional.

For example, let X := [−1,1]⊂ (R, | · |),

f (x) :=

{
x for x ∈ [−1,0[;

1 for x ∈ [0,1],
and g(x) :=

{
x for x ∈ [−1,0[;

1/2 for x ∈ [0,1].

In this case S0 = [−1,0[ and

Sε :=

{
[−1,0[ for 0 < ε < 1

2 ;

[−1,1] for ε ≥ 1
2 .

From these we have that H|·|(S0,Sε)≤ 2ε for ε > 0.
If ε = 1/2 and y∗ = 1, then x∗ ∈ S0 with d(y∗,x∗) ≤ 1 does not exists. But

(23.23) is Ulam–Hyers stable with a coefficient c if c > 2. ��

23.6 Ulam–Hyers Stability of a Fixed Point Equation via
Weakly Picard Operators

Let (X ,d) be a generalized metric space with d(x,y) ∈ E+. In what follows we call
a such metric space an E+-metric space.

Following [47] we present the basic notions of weakly Picard operators in a E+-
metric space.
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Definition 23.8. An operator f : X → X is weakly Picard operator (W PO) if the
sequence ( f n(x))n∈N, of successive approximations, converges for all x ∈ X and the
limit (which may depend of x) is a fixed point of f .

Definition 23.9. If f : X → X is a WPO, then we define the operator f ∞ : X → X
by f ∞(x) := limn→∞ f n(x).

Definition 23.10. Let f : X → X be an WPO and c : E → E an increasing linear
operator. The operator f is c-WPO iff

d(x, f ∞(x))≤ c(d(x, f (x)), ∀x ∈ X .

Definition 23.11. Let f : X → X be an WPO and ψ : E+ → E+ an increasing
operator, continuous in 0 with ψ(0) = 0. The operator f is ψ-WPO iff

d(x, f ∞(x))≤ ψ(d(x, f (x))), ∀x ∈ X .

Remark 23.10. For the WPOs in an L-space and a R+-metric space see [47]. For
the W POs in a s(R+)-metric space see [50, 54]. For the WPOs in a K-metric space
see [57] (here K is a cone in an ordered Banach space).

We have the following.

Theorem 23.4. If f : X → X is c-WPO, then the equation

x = f (x) (23.25)

is Ulam–Hyers stable.

Proof. Let ε ∈ E∗+. Consider the inequality

d(y, f (y)) ≤ ε. (23.26)

Let y∗ be a solution of (23.26). We take the solution of (23.25), x∗ := f ∞(y∗).
Then, since f is c-WPO, we have d(y∗,x∗)≤ c(d(y∗, f (y∗))) ≤ c(ε). So, (23.25) is
Ulam–Hyers stable. ��

In a similar way we have

Theorem 23.5. If f : X → X is ψ-WPO, then (23.25) is generalized Ulam–Hyers
stable.

Now we give some applications of the above abstract results.

Example 23.6. Let Ω ⊂ R
p be a bounded domain, K ∈ C(Ω ×Ω ×R

m,Rm) and
g ∈C(Ω ,Rm). We consider the system of Fredholm integral equations

x(t) =
∫

Ω
K(t,s,x(s))ds+g(t), ∀t ∈Ω . (23.27)
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Consider on C(Ω ,Rm) the Rm
+-metric d : C(Ω ,Rm)×C(Ω ,Rm)→ R

m
+, defined by:

d(x,y) :=

⎛
⎜⎝
‖x1− y1‖∞

...
‖xm− ym‖∞

⎞
⎟⎠ .

So, we have a complete generalized metric space, (C(Ω ,Rm),d). Now we
consider the operator f : C(Ω ,Rm)→C(Ω ,Rm), defined by

f (x)(t) :=
∫

Ω
K(t,s,x(s))ds+g(t), ∀t ∈Ω .

Theorem 23.6. Suppose that there exists a matrix LK ∈ R
m×m
+ such that

⎛
⎜⎝
|K1(t,s,u)−K2(t,s,v)|

...
|Km(t,s,u)−Km(t,s,v)|

⎞
⎟⎠≤ LK

⎛
⎜⎝
|u1− v1|

...
|um− vm|

⎞
⎟⎠ , ∀t,s ∈Ω ,u,v ∈ R

m,

and the matrix mes(Ω)LK is such that (mes(Ω)LK)
n→ 0 as n→ ∞. Then

(a) Equation (23.27) has a unique solution x∗ ∈C(Ω ,Rm);
(b) Equation (23.27) is Ulam–Hyers stable.

Proof. (a) Follows from the Perov fixed point theorem (see, e.g., [45, pp. 36–41]
and [56, pp. 82–83]).

(b) Since d( f (x), f (y)) ≤ mes(Ω)LKd(x,y) for x,y ∈C(Ω ,Rm), it follows that the
operator f is (Im−mes(Ω)LK)

−1−WPO. Now Theorem 23.4 ends the proof.
��

Example 23.7. Let (X ,d) be a s(R+)-metric space. Let f : X → X an operator and
C := (cij), cij ∈ R+, i, j ∈ N

∗ be an infinite matrix such that Cu is defined for each
u ∈ s(R+). We consider in (X ,d) the fixed point equation

x = f (x). (23.28)

From Theorem 23.4, we derive the following.

Theorem 23.7. If the operator f is C−WPO, then (23.28) is Ulam–Hyers stable.
Moreover, if y∗ is a solution of the inequality (ε ∈ s(R∗+))

d(x, f (x)) ≤ ε (23.29)

and x∗ := f ∞(y∗), which is a solution of (23.28), then d(y∗,x∗)≤Cε.
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Remark 23.11. There are some results for the Ulam stability of the difference
equations such as: [9], [34], [54], [61], . . . . We can put such equations as fixed
point equations. For example, let us have the 2-order difference equation

xn+2 = fn(xn,xn+1), n ∈ N
∗ (23.30)

in s(B), where (B, | · |) is a Banach space and fn : B2→ B, n ∈ N
∗.

Let us consider the operator F : s(B)→ s(B), defined by

F(x1, . . . ,xn, . . .) = (x1,x2, f1(x1,x2), . . . , fn(xn,xn+1), . . .).

In the terms of the operator F , the 2-order difference equation (23.30) takes the
following form

x = F(x). (23.31)

Let d be the s(R+)-metric on s(B) defined by, d(x,y) := (|xn−yn|)n∈N. Then the
inequality

|yn+2− fn(yn,yn+1)| ≤ εn+2, (23.32)

with εn ∈ R
∗
+,n ∈N

∗, takes the form

d(x,F(x))≤ ε, (23.33)

where ε ∈ s(R∗+).
From Theorem 23.4 we obtain

Theorem 23.8. If the operator F is C-WPO, then the 2-order difference equation
(23.30) is Ulam–Hyers stable.

In the next part of this paper, we shall present two new research directions in the
Ulam stability.

23.7 Ulam Stability of a Fixed Point Structure
on a Metric Space

In order to formulate some open problems, we need certain notations and notions
from the fixed point structure theory (see [48]).

Let X and Y be two sets. We denote by M(X ,Y ) the set of all operators f : X→Y .
If Y = X , then M(X) :=M(X ,X).

Let (X .d) be a metric space. Then we shall use the following notations:

Pb(X) := {Y ∈ P(X) | δd(Y )<+∞}, Pcp(X) := {Y ∈ P(X) | Y is compact },
Pcl(X) := {Y ∈ P(X) | Y = Y}.
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If X is a Banach space, then Pcv(X) := {Y ∈P(X) |Y is convex } and Pcp,cv(X) :=
{Y ∈ P(X) | Y is compact and convex }.
Definition 23.12. A triple (X ,S(X),M) is a fixed point structure ( f .p.s.) on X if

(i) X is a nonempty set, S(X)⊂ P(X), S(X) �= /0;
(ii) M : P(X)� ∪

Y∈P(X)
M(Y ), Y � M(Y )⊂M(Y ) is a multivalued operator;

(iii) if Y ∈ S(X) and f ∈M(Y ), then Ff �= /0, i.e., every Y ∈ S(X) has the fixed point
property with respect to M(Y ).

Example 23.8. The f .p.s. of contractions. (X ,d) is a complete metric space,
S(X) := Pcl(X) and M(Y ) := { f : Y → Y | f is a contraction }. By the contraction
principle, the triple (X ,S(X),M) is a f .p.s.

Example 23.9. The f .p.s. of graphic contractions. (X ,d) is a complete metric
space, S(X) := Pcl(X) and M(Y ) := { f : Y →Y | f is with closed graphic and there
exists α ∈ [0,1[ such that, d( f 2(x), f (x)) ≤ αd(x, f (x)), ∀x ∈ Y}. By the graphic
contraction principle the triple (X ,S(X),M) is a f .p.s.

Example 23.10. The fixed point structure of Caristi-Browder. (X ,d) is a complete
metric space, S(X) := Pcl(X) and M(Y ) := { f : Y →Y | f is with closed graphic and
there is ϕ : R+→R+ such that d(x, f (x))≤ ϕ(x)−ϕ( f (x)), ∀x ∈Y}. By the fixed
point theorem of Caristi-Browder the triple (X ,S(X),M) is a f .p.s.

Example 23.11. The fixed point structure of Schauder. X is a Banach space, S(X) :=
Pcp,cv(X) and M(Y ) :=C(Y,Y ) := { f : Y →Y | f is continuous }. By the fixed point
theorem of Schauder, the triple (X ,S(X),M) is a f .p.s.

For other examples of fixed point structures see [48].

Definition 23.13. A fixed point structure (X ,S(X),M) on (X ,d) is Ulam–Hyers
(generalized Ulam–Hyers) stable if for each Y ∈ S(X) and each f ∈M(Y ) the fixed
point equation

x = f (x) (23.34)

is Ulam–Hyers (generalized Ulam–Hyers) stable.

Now we can formulate our problems.

Problem 23.1. Which f .p.s. are Ulam–Hyers (generalized Ulam–Hyers) stable?

Problem 23.2. Let (X ,S(X),M) be a f .p.s. which is not Ulam–Hyers (generalized
Ulam–Hyers) stable. Let Y ∈ S(X). For which f ∈M(Y ), the fixed point equation
(23.34) is Ulam–Hyers (generalized Ulam–Hyers) stable?

For the considerations in Example 23.3, we have that the f .p.s. of contractions
is Ulam–Hyers stable. In a similar way, one can prove that the f .p.s. of graphic
contractions is Ulam–Hyers stable, and the f .p.s. of strict ϕ-contraction (see, e.g.,
[46, 48, 56]) is generalized Ulam–Hyers stable.
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Moreover, from Theorem 23.4 we have

Theorem 23.9. Let (X ,S(X),M) be a fixed point structure on a metric space (X ,d).
If for each f ∈M(Y ), Y ∈ S(X), there exists c f > 0 such that f is a c f -WPO, then
the fixed point structure (X ,S(X),M) is Ulam–Hyers stable.

In general, the f .p.s. of Caristi-Browder is not Ulam–Hyers stable but if the
function ϕ is such that ϕ(x) ≤ c f d(x, f (x)) for some c f > 0 where Y ∈ S(X) and
f ∈M(Y ), then the fixed point equation (23.34) is Ulam–Hyers stable.

23.8 Ulam Stability in the Case of Equations
with Set-to-Point Operators

Let (X ,d) and (Y,ρ) be two E+-metric spaces, Z⊂P(X), Z �= /0, and D : Z×Z→E+

be an operator.
Let F,G : Z→ Y be two set-to-point operators. We consider on Z the equation

F(A) = G(A). (23.35)

Definition 23.14. Equation (23.35) is Ulam–Hyers stable if there exists an increas-
ing linear operator cF,G : E→ E such that: for each ε ∈ E∗+ and each solution B∗ ∈ Z
of the inequality

ρ(F(B),G(B))≤ ε (23.36)

there exists a solution A∗ ∈ Z of (23.35) such that

D(B∗,A∗)≤ cF,G(ε).

Definition 23.15. Equation (23.35) is generalized Ulam–Hyers stable if there exists
an increasing operator ψ : E+→ E+, continuous in 0 with ψ(0) = 0, such that: for
each ε > 0 and for each solution B∗ ∈ Z of (23.36) there exists a solution A∗ ∈ Z of
(23.35) such that

D(B∗,A∗)≤ ψ(ε).

Problem 23.3. To study the Ulam–Hyers (generalized Ulam–Hyers) stability
of (23.35).

An interesting particular case of the Problem 23.3 is the following.

Problem 23.4. Let (X ,d) be a metric space (d(x,y) ∈ R+, F : Pb(X)→ R+ a set-
to-point functional and r > 0 a given positive real number. We consider an Pb(X)
the Pompeiu–Hausdorff functional Hd . The problem is to study the Ulam–Hyers
(generalized Ulam–Hyers) stability of the equation

F(A) = r (23.37)
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The corresponding inequality is the following (ε ∈ R
∗
+)

|F(A)− r| ≤ ε. (23.38)

Problem 23.5. To study the Problem 23.4 if F := δd , the diameter functional.

Problem 23.6. To study the Problem 23.4 if F := α , an abstract measure of
noncompactness ([48]; see also, e.g., [3–5, 12, 30]).

Problem 23.7. To study the Problem 23.4 if F := β , an abstract measure of
nonconvexity (see [5, 48] and the references therein).
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Abstract In this paper, we investigate the Hyers–Ulam–Rassias stability of the
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24.1 Introduction and Preliminaries

In 1940, Ulam [33] asked the first question on the stability problem. In 1941, Hyers
[13] gave a solution to the problem of Ulam. This result was generalized by Aoki
[1] for additive mappings and independently by Rassias [26] for linear mappings by
considering an unbounded Cauchy difference.

Theorem 24.1 (Th.M. Rassias). Let f : E −→ E ′ be a mapping from a normed
vector space E into a Banach space E ′ subject to the inequality

‖ f (x+ y)− f (x)− f (y)‖ ≤ ε(‖x‖p +‖y‖p), x,y ∈ E, (24.1)
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where ε > 0 and 0≤ p < 1 are constant. Then the limit

L(x) = lim
n→∞

1
2n f (2nx)

exists for all x ∈ E and L : E −→ E ′ is the unique additive mapping which satisfies

‖ f (x)−L(x)‖ ≤ 2ε
2−2p‖x‖p, x ∈ E.

Also, if for each x ∈ E the function f (tx) is continuous in t ∈ R, then L is linear.

The paper of Th.M. Rassias has provided a lot of influence in the development of
what we now call Hyers–Ulam–Rassias stability of functional equations (cf. the
books of Czerwik [4] and Hyers et al. [14]). Rassias [24] replaced the factor
‖x‖p + ‖y‖p by ‖x‖p‖y‖p for p,q ∈ R with p+ q �= 1 (see also [23, 25]). In the
case p+q = 1, we have not stability [8]. In 1990, Rassias [28] during the 27th
International Symposium on Functional Equations asked the question whether such
a theorem can also be proved for p ≥ 1. In 1991, Gajda [6] gave an affirmative
solution to this question for p > 1. It was shown by Gajda [6], as well as by Rassias
and S̆emrl [31] that one cannot prove a Rassias type theorem when p= 1. P. Găvruta
[9] proved that the function

f (x) = x ln |x|,
if x �= 0 and f (0) = 0 satisfies (24.1) with ε = p = 1 but

sup
x�=0

| f (x)−A(x)|
|x| ≥ sup

n∈N
|n lnn−A(n)|

n
= sup

n∈N
| ln n−A(1)|= ∞

for any additive function A : R → R. In 1994, a further generalization of
Rassias

,
Theorem was obtained by Găvruta [7], in which he replaced the bound

ε(‖x‖p+‖y‖p) by a general control function ϕ(x,y). Isac and Rassias [16] replaced
the factor ‖x‖p + ‖y‖p by ‖x‖p1 + ‖y‖p2 in Theorem 1.1 and solved stability
problem when p2 ≤ p1 < 1 or 1 < p2 ≤ p1, also they asked the question whether
such a theorem can be proved for p2 < 1 < p1. Găvruta [9] gave a negative
answer to this question. Isac and Rassias [15] applied the Hyers–Ulam–Rassias
stability theory to prove fixed point theorems and study some new applications in
Nonlinear Analysis. During the last two decades, a number of papers and research
monographs have been published on various generalizations and applications of the
Hyers–Ulam–Rassias stability to a number of functional equations and mappings
(see [2, 3, 5, 10, 11, 17–20, 22, 27, 29, 30]).

A non-Archimedean field is a field K equipped with a function (valuation) | . |
from K into [0,∞) such that

(a) |r|= 0 if and only if r = 0,
(b) |rs|= |r||s| for all r,s ∈ K,
(c) |r+ s| ≤max{|r|, |s|} for all r,s ∈ K.
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Clearly

|1|= |− 1|= 1

and

|n| ≤ 1

for all n∈N. An example of a non-Archimedean valuation is the mapping | . | taking
everything but 0 into 1 and |0|= 0. This valuation is called trivial.

In 1897, Hensel [12] discovered the p-adic numbers as a number theoretical
analogue of power series in complex analysis. Fix a prime number p. For any
nonzero rational number x, there exists a unique integer nx ∈ Z such that

x =
a
b

pnx ,

where a and b are integers not divisible by p. Then

|x|p := p−nx

defines a non-Archimedean norm on Q. The completion of Q with respect to
the metric

d(x,y) = |x− y|p
is denoted by Qp which is called the p-adic number field; see [32].

Let X be a vector space over a scalar field K with a non-Archimedean non-trivial
valuation | . |. A function ‖ . ‖: X −→ R is a non-Archimedean norm (valuation) if
it satisfies the following conditions:

(i) ‖ x ‖= 0 if and only if x = 0;
(ii) ‖ rx ‖=| r |‖ x ‖ (r ∈ K,x ∈ X);

(iii) the strong triangle inequality: ‖ x+ y ‖≤max{‖ x ‖,‖ y ‖} (x,y ∈ X).

Then (X ,‖ ‖) is called a non-Archimedean space. Due to the fact that

‖ xn− xm ‖≤max{‖ x j+1− x j ‖: m≤ j ≤ n−1} (n > m),

a sequence {xn} is Cauchy if and only if the sequence

{xn+1− xn}
converges to zero in a non-Archimedean space. By a complete non-Archimedean
space we mean one in which every Cauchy sequence is convergent.

In [21], Moslehian and Rassias have solved the stability problem for Cauchy and
quadratic functional equations in non-Archimedean normed spaces.

In this paper, we give a generalization of the results from [7] in non-Archimedean
spaces, and we investigate the Hyers–Ulam–Rassias stability of the Pexiderized
Cauchy functional equation in non-Archimedean space. In the sequel N0 stands for
the set of non-negative integers and k is a fixed integer greater than 1.
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24.2 Stability of the Pexiderized Cauchy Functional Equation

Throughout this section, let X be non-Archimedean normed space and Y be a
complete non-Archimedean normed space.

Theorem 24.2. Let ϕ : X×X → [0,∞) and f ,g,h : X → Y be mappings with

f (0) = 0,

lim
n→∞

1
|k|n ϕ(knx,kny) = 0, (24.2)

‖ f (x+ y)−g(x)−h(y)‖≤ ϕ(x,y), (24.3)

and

M̃k(x) := sup
j∈N0

|k|− jMk(k
jx)< ∞ (24.4)

for all x,y ∈ X, where

Mk(x) := max
1≤i<k

M(x, ix)

and

M(x,y) := max{ϕ(x,y),ϕ(x,0),ϕ(0,y)}.
Then there exists a unique additive mapping Ak : X → Y such that, for all x ∈ X,

‖ f (x)−Ak(x)‖ ≤ 1
|k|M̃k(x), (24.5)

‖g(x)−Ak(x)−g(0)‖ ≤max

{
1
|k|M̃k(x),ϕ(x,0)

}
, (24.6)

‖h(x)−Ak(x)−h(0)‖ ≤max

{
1
|k|M̃k(x),ϕ(0,x)

}
. (24.7)

Proof. Replacing y = 0 in (24.3), we get

‖ f (x)−g(x)−h(0)‖≤ ϕ(x,0) (24.8)

for all x ∈ X . Replacing x = 0 in (24.3), we get

‖ f (y)−h(y)−g(0)‖≤ ϕ(0,y) (24.9)

for all y ∈ X . By using (24.8) and (24.9), we get

‖ f (x+ y)− f (x)− f (y)‖ ≤M(x,y) (24.10)
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for all x,y ∈ X . By induction on k, we show that

‖ f (kx)− k f (x)‖ ≤Mk(x) (24.11)

for all x ∈ X . Letting y = x in (24.10), we get

‖ f (2x)−2 f (x)‖ ≤M(x,x) (24.12)

for all x ∈ X . So we get (24.11) for k = 2.
Assume that (24.11) holds for k. Letting y = kx in (24.10), we get

‖ f ((k+1)x)− f (x)− f (kx)‖ ≤M(x,kx) (24.13)

for all x ∈ X . It follows from (24.11) and (24.13) that

‖ f ((k+ 1)x)−(k+1) f (x)‖
≤max{‖ f ((k+1)x)− f (x)− f (kx)‖,‖ f (kx)− k f (x)‖}
≤max{M(x, ix) : 1≤ i < k+1}.

This completes the induction argument.
Replacing x by knx in (24.11) and dividing both sides of (24.11) by |k|n+1, we get

∥∥∥∥ 1
kn+1 f (kn+1x)− 1

kn f (knx)

∥∥∥∥≤ 1
|k|n+1 Mk(k

nx) (24.14)

for all x ∈ X and all non-negative integers n. Therefore, we conclude from (24.2)
and (24.14) that the sequence {k−n f (knx)} is a Cauchy sequence in Y for all x ∈ X .
Since Y is complete the sequence {k−n f (knx)} converges in Y for all x ∈ X . So one
can define the mapping Ak : X → Y by

Ak(x) := lim
n→∞

1
kn f (knx) (24.15)

for all x ∈ X . Using induction one can show that
∥∥∥∥ f (knx)

kn − f (x)

∥∥∥∥≤ 1
|k| max

{
Mk(k jx)
|k| j : 0≤ j < n

}
(24.16)

for all n ∈ N and all x ∈ X . By taking n to approach infinity in (24.16) and using
(24.4), (24.8), (24.9) and (24.15) one obtains (24.5)–(24.7). Now, we show that Ak :
X → Y is an additive mapping. It follows from (24.2), (24.10) and (24.15) that

‖Ak(x+ y)−Ak(x)−Ak(y)‖ = lim
n→∞

1
|k|n ‖ f (knx+ kny)− f (knx)− f (kny)‖

≤ lim
n→∞

1
|k|n M(knx,kny) = 0

for all x,y ∈ X . Hence, the mapping Ak : X → Y is additive.
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To prove the uniqueness of Ak, let T : X → Y be another additive mapping
satisfying (24.5). Then

‖Ak(x)−T (x)‖= lim
m→∞
|k|−m ‖Ak(2

mx)−T (2mx)‖

≤ lim
m→∞
|k|−m max{‖Ak(k

mx)− f (kmx)‖,‖T (kmx)− f (kmx)‖}

≤ 1
|k| lim

m→∞
lim
n→∞

max

{
Mk(k jx)
|k| j : m≤ j < n+m

}
= 0

for all x ∈ X . So Ak = T. 	

Theorem 24.3. Let Φ : X × X → [0,∞) and f ,g,h : X → Y be mappings with
Φ(0,0) = 0, f (0) = 0,

‖ f (x+ y)−g(x)−h(y)‖≤Φ(x,y),

lim
n→∞
|k|nΦ

( x
kn ,

y
kn

)
= 0, (24.17)

and

M̃k(x) := sup
j∈N0

|k| jMk

( x
k j+1

)
< ∞ (24.18)

for all x,y ∈ X, where

M(x,y) = max{Φ(x,y),Φ(x,0),Φ(0,x)}

and

Mk(x) = max
1≤i<k

M(x, ix).

Then there exists a unique additive mapping Ak : X → Y such that, for all x ∈ X,

‖ f (x)−Ak(x)‖ ≤ 1
|k|M̃k(x), (24.19)

‖g(x)−Ak(x)−g(0)‖ ≤max

{
1
|k| M̃k(x),Φ(x,0)

}
, (24.20)

‖h(x)−Ak(x)−h(0)‖ ≤max

{
1
|k|M̃k(x),Φ(0,x)

}
. (24.21)

Proof. Analogously, as in the proof of Theorem 24.2, we have

‖ f (kx)− k f (x)‖ ≤Mk(x) (24.22)
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for all x∈ X . Replacing x by k−n−1x in (24.22) and multiplying both sides of (24.22)
by |k|n, we get

∥∥∥kn+1 f
( x

kn+1

)
− kn f

( x

kn

)∥∥∥≤ |k|nMk

( x
kn+1

)
(24.23)

for all x ∈ X and all non-negative integers n. Therefore, we conclude from (24.17)
and (24.23) that the sequence {kn f (k−nx)} is a Cauchy sequence in Y for all x ∈ X .
Since Y is complete the sequence {kn f (k−nx)} converges in Y for all x ∈ X . So one
can define the mapping Ak : X → Y by

Ak(x) := lim
n→∞

kn f
( x

kn

)
(24.24)

for all x ∈ X . Using induction one can show that
∥∥∥kn f

( x
kn

)
− f (x)

∥∥∥≤max
{
|k| jMk

( x
k j+1

)
: 0≤ j < n

}
(24.25)

for all n ∈ N and all x ∈ X . By taking n to approach infinity in (24.25) and using
(24.18) and (24.24) one obtains (24.19)–(24.21). The rest of the proof is similar to
the proof of Theorem 24.2. 	


Theorem 24.4. Let ψ : [0,∞)→ [0,∞) be a function with ψ(0) = 0 and r be a fixed
real number in [1,+∞) such that

ψ(|k|)< |k|r

and

ψ(|k|s)≤ ψ(|k|)ψ(s)

for all s ∈ [0,∞). Suppose that f ,g,h : X → Y are mappings with

f (0) = 0

and

‖ f (x+ y)−g(x)−h(y)‖≤ θ (ψ(‖x‖)+ψ(‖y‖))
for all x,y ∈ X. Then there exists a unique additive mapping Ak : X → Y such that,
for all x ∈ X,

‖ f (x)−Ak(x)‖ ≤ 2θ
|k|ψ(‖x‖),

‖g(x)−Ak(x)−g(0)‖ ≤ 2θ
|k|ψ(‖x‖),

and

‖h(x)−Ak(x)−h(0)‖ ≤ 2θ
|k|ψ(‖x‖).
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Proof. Let

ϕ(x,y) = θ (ψ(‖x‖)+ψ(‖y‖))
for all x,y ∈ X . For each n ∈ N0 we have

ψ(|k|n)≤ (ψ(|k|))n

and

ϕ(knx,kny)≤ θ (ψ(|k|))n (ψ(‖x‖)+ψ(‖y‖))
for all x,y ∈ X . By using Theorem 24.2, we can get the statement. 	

Theorem 24.5. Let ψ : [0,∞)→ [0,∞) be a function with ψ(0) = 0 and r be a fixed
real number in [1,+∞) such that

ψ(|k|)< |k|r and ψ(|k|s)≤ ψ(|k|)ψ(s)

for all s ∈ [0,∞). Suppose that f ,g,h : X → Y are mappings with f (0) = 0 and

‖ f (x+ y)−g(x)−h(y)‖≤ θψ(‖x‖)ψ(‖y‖)

for all x,y ∈ X. Then there exists a unique additive mapping Ak : X → Y such that,
for all x ∈ X,

‖ f (x)−Ak(x)‖ ≤ θ
|k| (ψ(‖x‖))2 ,

‖g(x)−Ak(x)−g(0)‖ ≤ θ
|k| (ψ(‖x‖))2 ,

‖h(x)−Ak(x)−h(0)‖ ≤ θ
|k| (ψ(‖x‖))2 .

Proof. Let

ϕ(x,y) = θψ(‖x‖)ψ(‖y‖)
for all x,y ∈ X . We have

lim
n→∞

ϕ(knx,kny)
|k|n ≤ ϕ(x,y) lim

n→∞

ψ(|k|n)2

|k|n = 0.

By using Theorem 24.2, we can get the statement. 	

Theorem 24.6. Let ψ : [0,∞)→ [0,∞) be a function with ψ(0) = 0 and r be a fixed
real number in (−∞,+1] such that

ψ(ts)≤ ψ(t)ψ(s) and ψ(|k|−1)< |k|−r
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for all t,s ∈ [0,∞). Suppose that f ,g,h : X → Y be mappings with f (0) = 0 and

‖ f (x+ y)−g(x)−h(y)‖≤ θ (ψ(‖x‖)+ψ(‖y‖)) (24.26)

for all x,y ∈ X. Then there exists a unique additive mapping Ak : X → Y such that

‖ f (x)−Ak(x)‖ ≤ θ
|k|r+1 σk(ψ)ψ(‖x‖),

‖g(x)−Ak(x)−g(0)‖ ≤ θ
|k|r+1 σk(ψ)ψ(‖x‖),

‖h(x)−Ak(x)−h(0)‖ ≤ θ
|k|r+1 σk(ψ)ψ(‖x‖)

for all x ∈ X, where σk(ψ) := max{1+ψ(|i|) : 1≤ i < k}.
Proof. Let

Φ(x,y) = θ (ψ(‖x‖)+ψ(‖y‖))
for all x,y ∈ X . We have

lim
n→∞
|k|nΦ

( x
kn ,

y
kn

)
≤Φ(x,y) lim

n→∞
|k|nψ(|k|−n) = 0.

By using Theorem 24.3, one can obtain the statement. 	

Theorem 24.7. Let ψ : [0,∞)→ [0,∞) be a function with ψ(0) = 0 and r be a fixed
real number in (−∞,1/2] such that

ψ(ts)≤ ψ(t)ψ(s) and ψ(|k|−1)< |k|−r

for all t,s ∈ [0,∞). Suppose that f ,g,h : X → Y are mappings with f (0) = 0 and

‖ f (x+ y)−g(x)−h(y)‖≤ θψ(‖x‖)ψ(‖y‖) (24.27)

for all x,y ∈ X. Then there exists a unique additive mapping Ak : X → Y such that

‖ f (x)−Ak(x)‖ ≤ θ
|k|r+1 σk(ψ)ψ(‖x‖)2,

‖g(x)−Ak(x)−g(0)‖ ≤ θ
|k|r+1 σk(ψ)ψ(‖x‖)2,

‖h(x)−Ak(x)−h(0)‖ ≤ θ
|k|r+1 σk(ψ)ψ(‖x‖)2

for all x ∈ X, where σk(ψ) := max{ψ(|i|) : 1≤ i < k}.



316 G.Z. Eskandani and P. Găvruţa

Proof. Let Φ(x,y) = θψ(‖x‖)ψ(‖y‖) for all x,y ∈ X . By using Theorem 24.3, one
can obtain the statement. 	

Theorem 24.8. Let q be a real number with q �= 1, H : [0,∞)× [0,∞)→ [0,∞) be
a homogeneous function of degree q and |k| < 1. Suppose that f ,g,h : X → Y are
mappings with f (0) = 0 and

‖ f (x+ y)−g(x)−h(y)‖≤ H(‖x‖,‖y‖) (24.28)

for all x,y ∈ X. Then there exists a unique additive mapping Ak : X → Y satisfying

‖ f (x)−Ak(x)‖ ≤

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σk(H)‖x‖q

| k | , q > 1;

σk(H)‖x‖q

| k |q+1 , q < 1,

for all x ∈ X, where σk(H) := max{max{H(1, |i|),H(1,0),H(0, |i|)} : 1≤ i < k}.
Proof. The statement follows from Theorems 24.2 and 24.3. 	


For the particular cases H(x,y) = θ(xq + yq), H(x,y) = xrys (r + s = q) and
H(x,y) = min{xq,yq}, we have the following two corollaries.

Corollary 24.1. Let θ and q be positive real numbers such that q �= 1 and |k| < 1.
Suppose that f ,g,h : X → Y are mappings with f (0) = 0 and

‖ f (x+ y)−g(x)−h(y)‖≤ θ(‖x‖q +‖y‖q)

for all x,y ∈ X. Then there exists a unique additive mapping Ak : X → Y such that,
for all x ∈ X,

‖ f (x)−Ak(x)‖ ≤

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2θ‖x‖q

| k | , q > 1;

2θ‖x‖q

| k |q+1 , q < 1.

Corollary 24.2. Let r,s and q be positive real numbers and |k| < 1. Suppose that
f ,g,h : X → Y are mappings with f (0) = 0 and

‖ f (x+ y)−g(x)−h(y)‖≤
{ ‖x‖r‖y‖s, q := r+ s �= 1;

min{‖x‖q,‖y‖q}, q �= 1,
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for all x,y ∈ X. Then there exists a unique additive mapping Ak : X → Y such that

‖ f (x)−Ak(x)‖ ≤

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

‖x‖q

| k | , q > 1;

‖x‖q

| k |p+1 , q < 1,

for all x ∈ X . Moreover, for all x ∈ X,

f (x) = g(x)+ h(0) = h(x)+ g(0).
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Abstract In quasi–Banach spaces, we investigate the generalized Hyers–Ulam–
Rassias stability of the quadratic-cubic functional equation

6 f (x+ y)−6 f (x− y)+ 4 f (3y)= 3 f (x+2y)−3 f (x−2y)+ 9 f (2y).
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During the last decades several stability problems for various functional equa-
tions have been investigated by many authors for mappings with more general
domains and ranges [2, 12, 14, 15].

It is well-known that a function f between real vector spaces satisfies the
following quadratic functional equation

f (x+ y)+ f (x− y) = 2 f (x)+ 2 f (y) (25.1)

for all x,y if and only if there is a unique symmetric bi-additive function B such that
f (x) = B(x,x) for all x, where B is given by [1]

B(x,y) =
1
4
[ f (x+ y)− f (x− y)].

A stability problem for the quadratic functional equation (25.1) was studied by many
authors [6, 10, 11, 13, 20].

Let both E1 and E2 be real vector spaces. Jun and Kim [9] proved that a function
f : E1→ E2 satisfies the functional equation

f (2x+ y)+ f (2x− y) = 2 f (x+ y)+ 2 f (x− y)+ 12 f (x) (25.2)

if and only if there exists a function B : E1×E1×E1→ E2 such that f (x) = B(x,x,x)
for all x ∈ E1, and B is symmetric for each fixed one variable and additive for each
fixed two variables, where B is given by

B(x,y,z) =
1
24

[ f (x+ y+ z)+ f (x− y− z)− f (x+ y− z)− f (x− y+ z)]

for all x,y,z ∈ E1, and established the generalized Hyers–Ulam–Rassias stability for
(25.2). It is easy to see that the function

f (x) = ax3

is a solution of the functional equation (25.2). Thus, it is natural that (25.2) is called a
cubic functional equation and every solution of the cubic functional equation (25.2)
is said to be a cubic function.

In this paper, using some ideas from [16, 17], we consider the following
functional equation deriving from quadratic and cubic functions [5]:

6 f (x+ y)− 6 f (x− y)+ 4 f (3y)= 3 f (x+2y)−3 f (x−2y)+ 9 f (2y). (25.3)

It is easy to see that the function

f (x) = ax3 +bx2

is a solution of the functional equation (25.3). We prove some stability results for
(25.3) for mappings from quasi-normed space into p-Banach spaces. It should be
noted that our results generalize those in [5] to quasi–Banach spaces.

We recall some basic facts concerning quasi–Banach spaces and some prelimi-
nary results.
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Definition 25.1 (cf. [4, 19]). Let X be a real linear space. A quasi-norm is a real-
valued function on X satisfying the following:

(1) ‖x‖ ≥ 0, ∀x ∈ X and ‖x‖= 0 if and only if x = 0 .
(2) ‖λ x‖= |λ |‖x‖, ∀λ ∈ R and ∀x ∈ X .
(3) There is a constant K ≥ 1 such that ‖x+ y‖ ≤ K(‖x‖+‖y‖), ∀x,y ∈ X .

It follows from condition (3) that
∥∥∥∥∥

2n

∑
i=1

xi

∥∥∥∥∥≤ Kn
2n

∑
i=1

‖xi‖

and ∥∥∥∥∥
2n+1

∑
i=1

xi

∥∥∥∥∥≤ Kn+1
2n+1

∑
i=1

‖xi‖

for all integers n≥ 1 and all x1,x2, . . . ,x2n+1 ∈ X .
The pair (X ,‖ · ‖) is called a quasi-normed space if ‖ · ‖ is a quasi-norm on X .

The smallest possible K is called the modulus of concavity of ‖ ·‖. A quasi–Banach
space is a complete quasi-normed space. A quasi-norm ‖ · ‖ is called a p-norm
(0 < p≤ 1) if

‖x+ y‖p≤ ‖x‖p +‖y‖p

for all x,y ∈ X . In this case, a quasi–Banach space is called a p-Banach space.
Given a p-norm, the formula

d(x,y) := ‖x− y‖p

gives us a translation invariant metric on X . By the Aoki-Rolewicz theorem [19] (see
also [4]), each quasi-norm is equivalent to some p-norm. Since it is much easier to
work with p-norms than quasi-norms, henceforth we restrict our attention mainly to
p-norms.

25.2 Hyers–Ulam–Rassias Stability of (25.3)

Throughout this section, assume that X is a quasi-normed space with quasi-norm
‖ · ‖X and that Y is a p-Banach space with p-norm ‖ · ‖Y . Let K be the modulus of
concavity of ‖·‖Y . In this section, using an idea of Găvruta [7] we prove the stability
of (25.3). For convenience, we use the following abbreviation for a given function
f : X → Y :

D f (x,y) = 6 f (x+ y)−6 f (x− y)+ 4 f (3y)−3 f (x+2y)+3 f (x−2y)−9 f (2y)

for all x,y ∈ X .
We use the following Lemma 25.1 in this section; for a proof of it see [16].
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Lemma 25.1 (cf. [16]). Let 0 < p ≤ 1 and let x1,x2, . . . ,xn be non-negative real
numbers. Then (

n

∑
i=1

xi

)p

≤
n

∑
i=1

xp
i . (25.4)

Theorem 25.1. Let ϕe : X×X → [0,∞) be a function such that

lim
n→∞

1
4n ϕe(2

nx,2ny) = 0, ∀x,y ∈ X , (25.5)

and

Me(x,y) :=
∞

∑
i=0

1
4ip ϕ p

e (2
ix,2iy)< ∞, ∀y ∈ X ,x ∈ {0,y}. (25.6)

Suppose that an even function f : X → Y with f (0) = 0 satisfies the inequality

‖D f (x,y)‖Y ≤ ϕe(x,y), ∀x,y ∈ X . (25.7)

Then the limit

Q(x) := lim
n→∞

4−n f (2nx)

exists for all x ∈ X and Q : X → Y is a unique quadratic function satisfying

‖ f (x)−Q(x)‖Y ≤ K
12

[ϕ̃e(x)]
1/p, ∀x ∈ X , (25.8)

where ϕ̃e(x) := Me(0,x)+ (4K)pMe(x,x).

Proof. In (25.7), we set x = 0, then replace y by x and obtain

‖4 f (3x)−9 f (2x)‖Y ≤ ϕe(0,x), ∀x ∈ X . (25.9)

Put y = x in (25.7) to obtain

‖ f (3x)+ 3 f (x)−3 f (2x)‖Y ≤ ϕe(x,x), ∀x ∈ X . (25.10)

It follows from (25.9) and (25.10) that

‖3 f (2x)−12 f (x)‖Y ≤ K[ϕe(0,x)+ 4Kϕe(x,x)], ∀x ∈ X . (25.11)

So

‖ f (2x)−4 f (x)‖Y ≤ K
3
[ϕe(0,x)+ 4Kϕe(x,x)], ∀x ∈ X . (25.12)
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Let ψe(x) := K
3 [ϕe(0,x)+ 4Kϕe(x,x)] for all x ∈ X . Then we get

‖ f (2x)−4 f (x)‖Y ≤ ψe(x), ∀x ∈ X . (25.13)

By Lemma 25.1 and (25.6), we infer that

∞

∑
i=0

1
4ip ψ p

e (2
ix)< ∞, lim

n→∞

1
4n ψe(2nx) = 0 (25.14)

for all x ∈ X . Replacing x by 2nx in (25.13) and dividing both sides of (25.13) by
4n+1, we get

∥∥∥∥ 1
4n+1 f (2n+1x)− 1

4n f (2nx)

∥∥∥∥
Y
≤ 1

4n+1 ψe(2nx), ∀x ∈ X , (25.15)

and all non-negative integers n. Since Y is a p-Banach space, we have

∥∥∥ 1
4n+1 f (2n+1x) − 1

4m f (2mx)
∥∥∥p

Y

≤
n

∑
i=m

∥∥∥∥ 1
4i+1 f (2i+1x)− 1

4i f (2ix)

∥∥∥∥
p

Y

≤ 1
4p

n

∑
i=m

1
4ip ψ p

e (2
ix) (25.16)

for all x ∈ X and all non-negative n and m with n≥m. Therefore, we conclude from
(25.14) and (25.16) that the sequence {4−n f (2nx)} is a Cauchy sequence in Y for all
x ∈ X . Since Y is complete, the sequence {4−n f (2nx)} converges in Y for all x ∈ X .
So one can define the function Q : X → Y by

Q(x) := lim
n→∞

f (2nx)
4n , ∀x ∈ X . (25.17)

Letting m = 0 and n→ ∞ in (25.16) and applying Lemma 25.1, we get (25.8).
Now, we show that Q is quadratic. It follows from (25.5), (25.6) and (25.17) that

‖DQ(x,y)‖Y = lim
n→∞

1
4n ‖D f (2nx,2ny)‖Y ≤ lim

n→∞

1
4n ϕe(2

nx,2ny) = 0

for all x,y ∈ X . Therefore, the function Q : X → Y satisfies (25.3). Since Q(0) = 0,
then by [5, Lemma 2.1] we get that the function Q : X → Y is quadratic.

To prove the uniqueness of Q, let Q′ : X → Y be another quadratic function
satisfying (25.8). Since

lim
n→∞

1
4np Me(2nx,2ny) = lim

n→∞

∞

∑
i=n

1
4ip ϕ p

e (2
nx,2ny) = 0
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for all y ∈ X and all x ∈ {0,y}. Hence, limn→∞ 4−npϕ̃e(2nx) = 0 for all x ∈ X . So it
follows from (25.8) and (25.17) that

‖Q(x)−Q′(x)‖p
Y = lim

n→∞

1
4np ‖ f (2nx)−Q′(2nx)‖p

Y ≤
K p

12p lim
n→∞

1
4np ϕ̃e(2

nx) = 0

for all x ∈ X . So Q = Q′. 	

Theorem 25.2. Let Φe : X×X → [0,∞) be a function such that

lim
n→∞

4nΦe

( x
2n ,

y
2n

)
= 0, ∀x,y ∈ X , (25.18)

and

Me(x,y) :=
∞

∑
i=1

4ipΦ p
e

( x
2i ,

y
2i

)
< ∞ (25.19)

for all y ∈ X and all x ∈ {0,y}. Suppose that an even function f : X → Y with
f (0) = 0 satisfies the inequality

‖D f (x,y)‖Y ≤Φe(x,y), ∀x,y ∈ X . (25.20)

Then the limit Q(x) := lim
n→∞

4n f ( x
2n ) exists for all x ∈ X and Q : X → Y is a unique

quadratic function satisfying

‖ f (x)−Q(x)‖Y ≤ K
12

[
Φ̃e(x)

] 1
p
, ∀x ∈ X , (25.21)

where Φ̃e(x) := Me(0,x)+ (4K)pMe(x,x).

Proof. Similar to the proof of Theorem 25.1, we have

‖ f (2x)−4 f (x)‖Y ≤Φe(x), ∀x ∈ X , (25.22)

where

Φe(x) :=
K
3
[Φe(0,x)+ 4KΦe(x,x)].

By Lemma 25.1 and (25.19), we infer that

∞

∑
i=1

4ipΦ p
e

( x
2i

)
< ∞, ∀x ∈ X . (25.23)

Replacing x by 2−n−1x in (25.22) and multiplying both sides of (25.22) to 4n, we
get

∥∥∥4n+1 f
( x

2n+1

)
−4n f

( x
2n+1

)∥∥∥
Y
≤ 4nΦe

( x
2n+1

)
, ∀x ∈ X , (25.24)
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and all non-negative integers n. Since Y is a p-Banach space, we have

∥∥∥4n+1 f
( x

2n+1

)
− 4m f

( x
2m

)∥∥∥p

Y

≤
n

∑
i=m

∥∥∥4i+1 f
( x

2i+1

)
−4i f

( x
2i

)∥∥∥p

Y

≤
n

∑
i=m

4ipΦ p
e

( x
2i+1

)
(25.25)

for all x ∈ X and all non-negative n and m with n≥m. Therefore, we conclude from
(25.23) and (25.25) that the sequence {4n f (2−nx)} is a Cauchy sequence in Y for
all x ∈ X . Since Y is complete, the sequence {4n f (2−nx)} converges in Y for all
x ∈ X . So one can define the function Q : X → Y by Q(x) := limn→∞ 4n f (2−nx) for
all x ∈ X . Letting m = 0 and n→ ∞ in (25.25) and applying Lemma 25.1, we get
(25.21). The rest of the proof is similar to the proof Theorem 25.1. 	

Corollary 25.1. Let θ ,r,s be non-negative real numbers with r,s> 2 or 0≤ r,s < 2.
Suppose that an even function f : X → Y with f (0) = 0 satisfies the inequality

‖D f (x,y)‖Y ≤

⎧⎪⎪⎨
⎪⎪⎩

θ , r = s = 0,
θ‖x‖r

X , r > 0, s = 0,
θ‖y‖s

X , r = 0, s > 0,
θ (‖x‖r

X +‖y‖s
X), r > 0, s > 0,

(25.26)

for all x,y ∈ X. Then there exists a unique quadratic function Q : X → Y satisfying

‖ f (x)−Q(x)‖Y ≤

⎧⎪⎪⎨
⎪⎪⎩

δe, r = s = 0,
αe(x), r > 0,s = 0,
βe(x), r = 0,s > 0,
γe(x), r > 0,s > 0,

for all x ∈ X, where

αe(x) =
Kθ
3

{
(4K)p

|4p−2pr|
} 1

p

‖x‖r
X , βe(x) =

Kθ
3

{
1+(4K)p

|4p−2ps|
} 1

p

‖x‖s
X ,

γe(x) =
Kθ
3

{
(4K)p

|4p−2pr| ‖x‖
pr
X +

1+(4K)p

|4p−2ps| ‖x‖
ps
X

} 1
p

,

δe =
Kθ
3

{
1+(4K)p

4p−1

} 1
p

.

Proof. The result follows by Theorems 25.1 and 25.2. 	
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Corollary 25.2. Let θ ≥ 0 and r,s be non-negative real numbers with λ := r +
s �= 2. Suppose that an even function f : X→Y with f (0) = 0 satisfies the inequality

‖D f (x,y)‖Y ≤ θ‖x‖r
X‖y‖s

X , ∀x,y ∈ X . (25.27)

Then there exists a unique quadratic function Q : X → Y satisfying

‖ f (x)−Q(x)‖Y ≤ Kθ
3

{
(4K)p

|4p−2pλ |
} 1

p

‖x‖λ
X , ∀x,y ∈ X .

Proof. The result follows by Theorems 25.1 and 25.2. 	


Theorem 25.3. Let ϕo : X ×X → [0,∞) be a function such that

lim
n→∞

1
8n ϕo(2

nx,2ny) = 0, ∀x,y ∈ X , (25.28)

and

Mo(x,y) :=
∞

∑
i=0

1
8ip ϕ p

o (2
ix,2iy)< ∞ (25.29)

for all y ∈ X and all x ∈ {0,y}. Suppose that an odd function f : X →Y satisfies the
inequality

‖D f (x,y)‖Y ≤ ϕo(x,y), ∀x,y ∈ X . (25.30)

Then the limit C(x) := lim
n→∞

8−n f (2nx) exists for all x ∈ X and C : X →Y is a unique

cubic function satisfying

‖ f (x)−C(x)‖Y ≤ K
24

[ϕ̃o(x)]
1/p

, ∀x ∈ X , (25.31)

where

ϕ̃o(x) := Mo(0,x)+ (4K)pMo(x,x).

Proof. In (25.30), we set x = 0, then replace y by x, and obtain

‖12 f (x)+ 4 f (3x)−15 f (2x)‖Y ≤ ϕo(0,x), ∀x ∈ X . (25.32)

Put y = x in (25.30) to obtain

‖3 f (x)− f (3x)+ 3 f (2x)‖Y ≤ ϕo(x,x), ∀x ∈ X . (25.33)
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It follows from (25.32) and (25.33) that

‖24 f (x)−3 f (2x)‖Y ≤ K[ϕo(0,x)+ 4Kϕo(x,x)], ∀x ∈ X . (25.34)

So

‖ f (2x)−8 f (x)‖Y ≤ K
3
[ϕo(0,x)+ 4Kϕo(x,x)], ∀x ∈ X . (25.35)

Let

ψo(x) :=
K
3
[ϕo(0,x)+ 4Kϕo(x,x)]

for all x ∈ X . Then we get

‖ f (2x)−8 f (x)‖Y ≤ ψo(x), ∀x ∈ X . (25.36)

By Lemma 25.1 and (25.29), we infer that

∞

∑
i=0

1
8ip ψ p

o (2
ix)< ∞, lim

n→∞

1
8n ψo(2nx) = 0 (25.37)

for all x ∈ X . Replacing x by 2nx in (25.36) and dividing both sides of (25.36) by
8n+1, we get ∥∥∥∥ 1

8n+1 f (2n+1x)− 1
8n f (2nx)

∥∥∥∥
Y
≤ 1

8n+1 ψe(2
nx) (25.38)

for all x ∈ X and all non-negative integers n. Since Y is a p-Banach space,

∥∥∥ 1
8n+1 f (2n+1x) − 1

8m f (2mx)
∥∥∥p

Y

≤
n

∑
i=m

∥∥∥∥ 1
8i+1 f (2i+1x)− 1

8i f (2ix)

∥∥∥∥
p

Y

≤ 1
8p

n

∑
i=m

1
ip ψ p

o (2
ix) (25.39)

for all x ∈ X and all non-negative n and m with n≥m. Therefore, we conclude from
(25.37) and (25.39) that the sequence {8−n f (2nx)} is a Cauchy sequence in Y for all
x ∈ X . Since Y is complete, the sequence {8−n f (2nx)} converges in Y for all x ∈ X .
So one can define the function C : X → Y by

C(x) := lim
n→∞

f (2nx)
8n , ∀x ∈ X . (25.40)

Letting m = 0 and n→ ∞ in (25.37) and applying Lemma 25.1, we get (25.31).
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Now, we show that C is cubic. It follows from (25.28), (25.29) and (25.40) that

‖DC(x,y)‖Y = lim
n→∞

1
8n ‖D f (2nx,2ny)‖Y ≤ lim

n→∞

1
8n ϕo(2nx,2ny) = 0

for all x,y ∈ X . Therefore, the function C : X → Y satisfies (25.3). Since C(−x) =
−C(x), then by [5, Lemma 2.2] we get that the function C : X → Y is cubic.

To prove the uniqueness of C, let C′ : X →Y be another cubic function satisfying
(25.31). Since

lim
n→∞

1
8np Mo(2

nx,2ny) = lim
n→∞

∞

∑
i=n

1
8ip ϕ p

o (2
nx,2ny) = 0

for all y ∈ X and all x ∈ {0,y}. Hence

lim
n→∞

8−npϕ̃o(2nx) = 0

for all x ∈ X . So it follows from (25.31) and (25.40) that

‖C(x)−C′(x)‖p
Y = lim

n→∞

1
8np ‖ f (2nx)−C′(2nx)‖p

Y

≤ K p

24p lim
n→∞

1
8np ϕ̃o(2

nx) = 0

for all x ∈ X . So C =C′. 	

Theorem 25.4. Let Φo : X×X → [0,∞) be a function such that

lim
n→∞

8nΦo

(
x
2n ,

y
2n

)
= 0, ∀x,y ∈ X , (25.41)

and

Mo(x,y) :=
∞

∑
i=1

8ipΦ p
o

(
x
2i ,

y
2i

)
< ∞ (25.42)

for all y ∈ X and all x ∈ {0,y}. Suppose that an odd function f : X →Y satisfies the
inequality

‖D f (x,y)‖Y ≤Φo(x,y), ∀x,y ∈ X . (25.43)

Then the limit

C(x) := lim
n→∞

8n f
( x

2n

)
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exists for all x ∈ X and C : X → Y is a unique cubic function satisfying

‖ f (x)−Q(x)‖Y ≤ K
24

[Φ̃o(x)]
1
p , ∀x ∈ X , (25.44)

where

Φ̃o(x) := M0(0,x)+ (4K)pMo(x,x).

Proof. Similar to the proof of Theorem 25.3, we have

‖ f (2x)−8 f (x)‖Y ≤Φo(x), ∀x ∈ X , (25.45)

where

Φo(x) :=
K
3
[Φo(0,x)+ 4KΦo(x,x)].

By Lemma 25.1 and (25.42), we infer that

∞

∑
i=1

8ipΦ p
o

(
x
2i

)
< ∞, ∀x ∈ X . (25.46)

Replace x by 2−n−1x in (25.22) and multiplying both sides of (25.45) by 8n, we get

∥∥∥∥8n+1 f

(
x

2n+1

)
−8n f

(
x

2n+1

)∥∥∥∥
Y
≤ 8nΦo

(
x

2n+1

)
(25.47)

for all x ∈ X and all non-negative integers n. Since Y is a p-Banach space,

∥∥∥8n+1 f
( x

2n+1

)
− 8m f

( x
2m

)∥∥∥p

Y
(25.48)

≤
n

∑
i=m
‖8i+1 f

(
x

2i+1

)
−8i f

(
x
2i

)
‖p

Y

≤
n

∑
i=m

8ipΦ p
o

(
x

2i+1

)

for all x ∈ X and all non-negative n and m with n≥m. Therefore, we conclude from
(25.46) and (25.48) that the sequence {8n f (2−nx)} is a Cauchy sequence in Y for all
x ∈ X . Since Y is complete, the sequence {8n f (2−nx)} converges in Y for all x ∈ X .
So one can define the function C : X → Y by C(x) := limn→∞ 8n f (2−nx) for x ∈ X .
Letting m = 0 and n→ ∞ in (25.48) and applying Lemma 25.1, we get (25.44). The
rest of the proof is similar to the proof Theorem 25.3. 	


The next two corollaries easily follow from Theorems 25.3 and 25.4.
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Corollary 25.3. Let θ ,r,s be non-negative real numbers with r,s > 3 or 0 ≤ r,s <
3. Suppose that an odd function f : X → Y satisfies the inequality (25.26) for all
x,y ∈ X. Then there exists a unique cubic function C : X → Y such that, for all
x ∈ X,

‖ f (x)−Q(x)‖Y ≤

⎧⎪⎪⎨
⎪⎪⎩

δo, r = s = 0,
αo(x), r > 0, s = 0,
βo(x), r = 0, s > 0,
γo(x), r > 0, s > 0,

where

αo(x) =
Kθ
3

{
(4K)p

|8p−2pr|
} 1

p

‖x‖r
X , βo(x) =

Kθ
3

{
1+(4K)p

|8p−2ps|
} 1

p

‖x‖s
X ,

γo(x) =
Kθ
3

{
(4K)p

|8p−2pr| ‖x‖
pr
X +

1+(4K)p

|8p−2ps| ‖x‖
ps
X

} 1
p

,

δo =
Kθ
3

{
1+(4K)p

8p−1

} 1
p

.

Corollary 25.4. Let θ ≥ 0 and r,s be non-negative real numbers with

λ := r+ s �= 3.

Suppose that an odd function f : X → Y satisfies the inequality (25.27) for all x,y ∈
X. Then there exists a unique cubic function C : X → Y satisfying

‖ f (x)−C(x)‖Y ≤ Kθ
3

{
(4K)p

|8p−2pλ |
} 1

p

‖x‖λ
X , ∀x ∈ X .

Theorem 25.5. Let ϕ : X×X → [0,∞) be such that, for all x,y ∈ X and z ∈ {0,y},

lim
n→∞

1
4n ϕ(2nx,2ny) = 0

and
∞

∑
i=0

1
4ip ϕ p(2iz,2iy)< ∞.

Suppose that a function f : X → Y with f (0) = 0 satisfies the inequality

‖D f (x,y)‖Y ≤ ϕ(x,y), ∀x,y ∈ X . (25.49)
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Then there exist a unique quadratic function Q : X→Y and a unique cubic function
C : X → Y satisfying (25.3) and such that, for all x ∈ X,

‖ f (x)−Q(x)−C(x)‖Y ≤ K3

24

{
[ϕ̃e(x)+ ϕ̃e(−x)]1/p +

1
2
[ϕ̃o(x)+ ϕ̃o(−x)]1/p

}
,

where ϕ̃e, ϕ̃o are given by:

ϕ̃e(x) :=
∞

∑
i=0

4−ip{ϕ p(0,2ix)+ (4K)pϕ p(2ix,2ix)}

and

ϕ̃o(x) :=
∞

∑
i=0

8−ip{ϕ p(0,2ix)+ (4K)pϕ p(2ix,2ix)}.

Proof. Let

fe(x) =
1
2
( f (x)+ f (−x))

for x ∈ X . Then

fe(0) = 0, fe(−x) = fe(x)

and

‖D fe(x,y)‖Y ≤ K
2
[ϕ(x,y)+ϕ(−x,−y)], ∀x,y ∈ X .

Write

Φ(x,y) :=
K
2
[ϕ(x,y)+ϕ(−x,−y)]

for all x,y ∈ X . Then it is easily seen that

lim
n→∞

4−nΦ(2nx,2ny) = 0

for all x,y ∈ X . Since

Φ p(x,y)≤ K p

2p [ϕ
p(x,y)+ϕ p(−x,−y)], ∀x,y ∈ X ,

so
∞

∑
i=0

1
4ip Φ p(2nx,2ny)< ∞



332 W. Zhang and Z. Wang

for all y∈X and all x∈ {0,y}. Hence, in view of Theorem 25.1, there exists a unique
quadratic function Q : X → Y satisfying

‖ fe(x)−Q(x)‖Y ≤ K
12

[φ̃e(x)]
1
p , ∀x ∈ X , (25.50)

where

φ̃e(x) :=
∞

∑
i=0

1
4ip {Φ p(0,2ix)+ (4K)pΦ p(2ix,2ix)}.

It is clear that

φ̃e(x)≤ K p

2p [ϕ̃e(x)+ ϕ̃e(−x)]

for all x ∈ X . Hence, from (25.50) we obtain

‖ fe(x)−Q(x)‖Y ≤ K2

24
[ϕ̃e(x)+ ϕ̃e(−x)]

1
p , ∀x ∈ X . (25.51)

Let

fo(x) =
1
2
( f (x)− f (−x))

for all x ∈ X . Then fo(0) = 0, fo(−x) =− fo(x) and

‖D fo(x,y)‖Y ≤Φ(x,y)

for all x,y ∈ X . From Theorem 25.3, there exists a unique cubic function C : X → Y
satisfying

‖ fo(x)−Q(x)‖Y ≤ K
24

[φ̃o(x)]
1/p, ∀x ∈ X , (25.52)

where

φ̃o(x) :=
∞

∑
i=0

1
8ip {Φ p(0,2ix)+ (4K)pΦ p(2ix,2ix)}.

Since

φ̃o(x)≤ K p

2p [ϕ̃o(x)+ ϕ̃o(−x)]

for all x ∈ X , from (25.52) we get

‖ fe(x)−Q(x)‖Y ≤ K2

48
[ϕ̃e(x)+ ϕ̃e(−x)]1/p, ∀x ∈ X . (25.53)

Hence, (25.52) follows from (25.51) and (25.53). 	
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Now, it is easily seen that we have the following theorem and two corollaries.

Theorem 25.6. Let Φ : X×X → [0,∞) be a function such that

lim
n→∞

8nΦ
( x

2n ,
y
2n

)
= 0, ∀x,y ∈ X , (25.54)

and
∞

∑
i=1

8ipΦ p
( x

2i ,
y
2i

)
< ∞ (25.55)

for all y ∈ X and all x ∈ {0,y}. Suppose that a function f : X → Y with f (0) = 0
satisfies the inequality

‖D f (x,y)‖Y ≤Φ(x,y), ∀x,y ∈ X . (25.56)

Then there exist a unique quadratic function Q : X→Y and a unique cubic function
C : X → Y satisfying (25.3) and such that, for all x ∈ X,

‖ f (x)−Q(x)−C(x)‖Y ≤ K3

24

{
[Φ̃e(x)+ Φ̃e(−x)]1/p +

1
2
[Φ̃o(x)+ Φ̃o(−x)]1/p

}
,

where Φ̃e, Φ̃o are defined by:

Φ̃e(x) :=
∞

∑
i=1

4ip{Φ p(0,2ix)+ (4K)pΦ p(2ix,2ix)}

and

Φ̃o(x) :=
∞

∑
i=1

8ip{Φ p(0,2ix)+ (4K)pΦ p(2ix,2ix)}.

Corollary 25.5. Let θ ,r,s be non-negative real numbers with r,s> 3 or 0≤ r,s < 2.
Suppose that a function f : X → Y with f (0) = 0 satisfies the inequality (25.26) for
all x,y ∈ X. Then there exist a unique quadratic function Q : X → Y and a unique
cubic function C : X → Y satisfying (25.3) and

‖ f (x)−Q(x)−C(x)‖Y ≤

⎧⎪⎪⎨
⎪⎪⎩

21/p−1K2[δe +δo], r = s = 0,
21/p−1K2[αe(x)+αo(x)], r > 0, s = 0,
21/p−1K2[βe(x)+βo(x)], r = 0, s > 0,
21/p−1K2[γe(x)+ γo(x)], r > 0, s > 0,

for all x ∈ X, where δe,δo,αe(x),αo(x),βe(x),βo(x),γe(x) and γo(x) are defined as
in Corollaries 25.1 and 25.3.

Corollary 25.6. Assume that θ ,r,s are non-negative real numbers such that λ :=
r+ s ∈ (0,2)

⋃
(3,+∞]. Suppose that a function f : X → Y with f (0) = 0 satisfies

the inequality (25.27) for all x,y ∈ X. Then there is a unique quadratic function
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Q : X → Y and a unique cubic function C : X → Y satisfying (25.3) and such that,
for all x,y ∈ X,

‖ f (x)−Q(x)−C(x)‖Y ≤ K3θ
6

{[
2(4K)p

|4p−2pλ |
] 1

p

+

[
2(4K)p

|8p−2pλ |
] 1

p
}
‖x‖λ

X .

Analogously, as in the proof Theorem 25.6, Theorems 25.2 and 25.3 yield the
next theorem.

Theorem 25.7. Let ϕ : X×X → [0,∞) be a function such that

lim
n→∞

4nϕ(2nx,2ny) = 0 = lim
n→∞

8−nϕ(2nx,2ny)

for all x,y ∈ X and

∞

∑
i=1

4ipϕ p(2ix,2iy)< ∞,
∞

∑
i=0

1
8ip ϕ p(2ix,2iy)< ∞, ∀y ∈ X ,x ∈ {0,y}.

Suppose that a function f : X → Y with f (0) = 0 satisfies ‖D f (x,y)‖Y ≤ ϕ(x,y) for
all x,y ∈ X. Then there exist a unique quadratic function Q : X → Y and a unique
cubic function C : X → Y satisfying (25.3) and such that

‖ f (x)−Q(x)−C(x)‖Y ≤ K3

24

{
[ϕ̃e(x)+ ϕ̃e(−x)]1/p+

1
2
[ϕ̃o(x)+ ϕ̃o(−x)]1/p

}

for all x ∈ X, where

ϕ̃e(x) :=
∞

∑
i=1

4ip{ϕ p(0,2ix)+ (4K)pϕ p(2ix,2ix)}

and

ϕ̃o(x) :=
∞

∑
i=0

8−ip{ϕ p(0,2ix)+ (4K)pϕ p(2ix,2ix)}.

Corollary 25.7. Let θ ,r,s ∈ R, θ ,r,s ≥ 0, 2 < r,s < 3 and f : X → Y with
f (0) = 0 satisfy ‖D f (x,y)‖Y ≤ θ(‖x‖r

X +‖y‖s
X) for x,y∈X. Then there are a unique

quadratic Q : X → Y and a unique cubic C : X → Y such that (25.3) holds and, for
all x ∈ X,

‖ f (x)−Q(x)−C(x)‖Y ≤ K3θ
6

{[
2(4K)p

|2pr−4p| ‖x‖
pr
X +

2+2(4K)p

|2ps−4p| ‖x‖
ps
X

] 1
p

+

[
2(4K)p

|8p−2pr|‖x‖
pr
X +

2+2(4K)p

|8p−2ps| ‖x‖
ps
X

] 1
p
}
.
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Corollary 25.8. Let θ ,r,s be non-negative real numbers with 2 < λ := r+ s < 3.
Suppose that a function f : X → Y with f (0) = 0 satisfies the inequality

‖D f (x,y)‖Y ≤
⎧⎨
⎩

θ‖x‖r
X , r > 0, s = 0,

θ‖y‖s
X , r = 0, s > 0,

θ‖x‖r
X‖y‖s

X , r > 0, s > 0,

for all x,y∈ X. Then there exist a unique quadratic function Q : X→Y and a unique
cubic function C : X → Y satisfying (25.3) and such that, for all x ∈ X,

‖ f (x)−Q(x)−C(x)‖Y ≤
⎧⎨
⎩

21/p−1K2[α ′e(x)+α ′o(x)], r > 0, s = 0,
21/p−1K2[β ′e(x)+β ′o(x)], r = 0, s > 0,
21/p−1K2[γ ′e(x)+ γ ′o(x)], r > 0, s > 0,

where

α ′e(x) =
Kθ
3

{
2(4K)p

2pr−4p

} 1
p

‖x‖r
X , α ′0(x) =

Kθ
3

{
2(4K)p

8p−2pr

} 1
p

‖x‖r
X ,

β ′e(x) =
Kθ
3

{
2+2(4K)p

2ps−4p

} 1
p

‖x‖s
X , β ′o(x) =

Kθ
3

{
2+2(4K)p

8p−2ps

} 1
p

‖x‖s
X ,

γ ′e(x) =
Kθ
3

{
2(4K)p

2pλ −4p

} 1
p

‖x‖λ
X , γ ′o(x) =

Kθ
3

{
2(4K)p

8p−2pλ

} 1
p

‖x‖λ
X .
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Chapter 26
μ-Trigonometric Functional Equations and
Hyers–Ulam Stability Problem in Hypergroups

Trigonometric Formulas on Hypergroups

D. Zeglami, S. Kabbaj, A. Charifi, and A. Roukbi

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract Let (X ,∗) be a hypergroup and μ be a complex bounded measure on X .
We determine the continuous and bounded solutions of each of the following three
functional equations〈

δx ∗ μ ∗δy, f
〉
= f (x)g(y)±g(x) f (y), x,y ∈ X ,〈

δx ∗μ ∗ δy,g
〉
= g(x)g(y)+ f (x) f (y), x,y ∈ X .

In addition, when μ = δe, Hyers–Ulam stability problems for these functional
equations on hypergroups are considered. The results obtained in this paper
are natural extensions of previous works done in groups especially by Stetkær,
Elqorachi, Redouani, and Székelyhidi.

Keywords Hypergroup • Trigonometric functionl equation • Hyers–Ulam stabil-
ity • Spherical function • Polynomial hypergroup
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26.1 Introduction

Chung, Kannappan and Ng [8] solved, on the group G, the functional equation

f (xy) = f (x)g(y)+ g(x) f (y)+ h(x)h(y) , x,y ∈G.
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Stetkær [30] solved each of the following functional equations
∫

K
f (x+ k · y)dk = f (x)g(y)±g(x) f (y) , x,y ∈ G,

∫
K

g(x+ k · y)dk = g(x)g(y)+ f (x) f (y) , x,y ∈ G,

where K is a compact group acting by automorphisms on the abelian group (G,+)
and dk it’s normalized Haar measure. Poulsen and Stetkær [21] found the complete
set of solutions of the functional equations

f (xσ(y)) = f (x)g(y)±g(x) f (y), x,y ∈ G,

g(xσ(y)) = g(x)g(y)+ f (x) f (y), x,y ∈ G,

in which G is an arbitrary group and σ : G−→ G satisfies

σ(xy) = σ(x)σ(y)

and

σoσ(x) = x

for all x,y ∈ G.
In [10], Elqorachi and Redwani solved the functional equations

∫
G

f (xtσ(y))dμ(t) = f (x)g(y)±g(x) f (y), x,y ∈ G,

∫
G

g(xtσ(y))dμ(t) = g(x)g(y)+ f (x) f (y), x,y ∈ G,

with the only assumption that μ is a σ -invariant complex bounded measure on the
group G.

As a continuation of these investigations we determine the continuous and
bounded solutions of the following functional equations

〈
δx ∗μ ∗ δy, f

〉
= f (x)g(y)±g(x) f (y) , x,y ∈ X , (26.1)〈

δx ∗μ ∗ δy,g
〉
= g(x)g(y)+ f (x) f (y) , x,y ∈ X , (26.2)

where (X ,∗) is a topological hypergroup and μ is a complex bounded measure on
X . The solutions of these functional equations on (X ,∗) are expressed by means
of μ-spherical functions χ (i.e χ(x)χ(y) =

〈
δx ∗ μ ∗δy,χ

〉
,x,y ∈ X ) on (X ,∗) and

solutions of the equation
〈
δx ∗μ ∗δy, f

〉
= f (x)χ(y)+ χ(x) f (y) , x,y ∈ X .

The study of functional equations on hypergroups started with some recent results.
Székelyhidy [33, 34] and Orosz and Székelyhidi [19] describe moment functions,
additive functions and multiplicative functions in special cases of hypergroups.
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In [20], sine and cosine functional equations are considered and solved on arbitrary
polynomial hypergroups in a single variable and the method of solution is based on
spectral synthesis. Székelyhidy in [33], deals with the stability of exponential (i.e.
multiplicative) functions on hypergroups. Precisely, he proved the following result
([33, Theorem 7.1]), which will be used later in this paper.

Theorem 26.1. Let K be a hypergroup and let f ,g : K −→ C be continuous
functions with the property that the function

x �−→
∫

K
f d(δx ∗ δy)− f (x)g(y)

is bounded for all y in K. Then either f is bounded, or g is exponential (i.e.
multiplicative function).

In last section of this paper, employing the idea of Székelyhidy in [32], we
consider the Hyers–Ulam stability of each of the following two functional equations

〈
δx ∗δy, f

〉
= f (x)g(y)+ g(x) f (y), x,y ∈ X , (26.3)〈

δx ∗ δy,g
〉
= g(x)g(y)+ f (x) f (y), x,y ∈ X , (26.4)

where (X ,∗) is a topological hypergroup which need not be abelian and f ,g are
continuous fonctions on X .

The papers [10, 30, 32] are the essential motivation for the present work.
The contents of the present paper are as follows:
In the second section, we give some preliminaries on hypergroups and we prove

some propositions which will be used in the proof of our results.
In the third section, we describe the set of bounded and continuous solutions of

the functional equations (26.1) and (26.2) on hypergroups.
In the fourth section, Hyers–Ulam stability problems for the functional equations

(26.3) and (26.4) on special case of hypergroups are considered. On the stability
problem, the interested reader should refer to [1, 2, 4–7, 9, 11, 12, 14, 15, 18, 22–27].

26.2 Preliminary Results

26.2.1 Hypergroups

We start with some notation: For a locally compact Hausdorff space X , let M(X)
denote the complex space of all bounded regular Borel measures on X , if μ ∈M(X),
supp(μ) is the support of μ . The unit point mass concentrated at x is indicated by δx.
Let K(X) be the complex algebra of all continuous complex-valued functions on X
with compact support and C(X) (resp. Cb(X)) the complex algebra of all continuous
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(resp. continuous and bounded) complex-valued functions on X . Now, recall some
basic notions and notation from the hypergroup theory.

Definition 26.1. If M(X) is a Banach algebra with a associative multiplication ∗
(called a convolution), then (X ,∗) is a hypergroup if the following axioms are
satisfied.

X1. If μ and ν are probability measures, then so is μ ∗ν .

X2. The mapping (μ ,ν) �−→ μ ∗ ν is continuous from M(X)×M(X) into M(X)
where M(X) is endowed with the weak topology with respect to K(X).

X3. There is an element e ∈ X such that δe ∗μ = μ∗ δe = μ for all μ ∈M(X).

X4. There is a homeomorphic mapping x �−→ x̌ of X into itself such that (x̌)̌ = x
and e ∈ supp(δx ∗ δy) if and only if y = x̌.

X5. For all μ ,ν ∈M(X), (μ ∗ν )̌ = ν̌ ∗ μ̌ where μ̌ is defined by

〈μ̌ , f 〉 = 〈μ , f̌ 〉=
∫

X
f (ť)dμ(t) , f ∈Cb(X).

X6. The mapping (x,y) �−→ supp(δx ∗ δy) is continuous from X×X into the space
of compact subsets of X with the topology described in [16, Sect. 2.5].

A hypergroup (X ,∗) is called commutative if its convolution is commutative. The
definitive set of axioms was given first by Jewett in his encyclopaedic article [16].
On the hypergroup theory, the interested reader should refer to [3, 13].

We review some notations. Let f ∈ Cb(X), for all x ∈ X and μ ∈M(X), we put
〈δx, f 〉= f (x) and 〈μ , f 〉= ∫

X 〈δx, f 〉dμ(x). If μ ,ν ∈M(X) then

〈μ ∗ν, f 〉=
∫

X

∫
X

〈
δx ∗ δy, f

〉
dμ(x)dμ(y).

Example 26.1. (i) Of course every locally compact group is a hypergroup with the
usual group convolution (with respect to a left Haar measure).

(ii) ([16, Chap. 8]) Let (G,+) be a locally compact abelian group and K a compact
subgroup of Aut(G) with the normalized Haar measure dk. Then the space

GK = {K · x : x ∈ G}

of K-orbits in G is a locally compact Hausdorff space with the quotient topol-
ogy and becomes a commutative hypergroup with the (natural) convolution

(δK·x ∗ δK·y)( f ) =
∫

K
f (K · (x+ ky))dk , f ∈ K(GK).

(GK ,∗) is called an orbit hypergroup; its neutral element is K · 0 = 0 and the
involution is (K · x)− = K · (−x) .

(iii) An extensively studied class of hermitian hypergroups is represented by the
polynomial hypergroups in one variable (see [3, 19]).
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Definition 26.2 ([3]). Let (X ,∗) be a hypergroup and χ : X −→ C be a function.
Then we say that

(i) χ is a multiplicative function on (X ,∗) if it has the property

〈
δx ∗ δy,χ

〉
= χ(x)χ(y) , x,y ∈ X .

(ii) χ is a hermitian function if χ(x̌) = χ(x) for all x ∈ X .
(iii) χ is a hypergroup character on (X ,∗) if it is bounded, continuous, multiplica-

tive and hermitian function.

If (X ,∗) is commutative hypergroup, the set of characters with the weak topology
defines an object which is, in some sense, dual to (X ,∗).
Definition 26.3. Let (X ,∗) be a hypergroup, μ ∈M(X) and χ ∈Cb(X), we say that
χ is a μ-spherical function on (X ,∗) if it has the property

〈
δx ∗μ ∗ δy,χ

〉
= χ(x)χ(y), x,y ∈ X .

We will say that a function f ∈Cb(X) satisfying

〈
δx ∗μ ∗ δy, f

〉
= f (x)χ(y)+ χ(x) f (y), x,y ∈ X ,

is associated to the μ-spherical function χ . We also need the following definition:

Definition 26.4. We call the continuous complex valued function a on X μ-
additive, if it satisfies

〈
δx ∗μ ∗δy,a

〉
= a(x)+ a(y) , x,y ∈ X .

The set of μ-additive functions on (X ,∗) will be denoted by A (X).

26.2.2 Auxiliary Results

Throughout this section we fix a measure μ in M(X) and keep in mind the preceding
notation. In the next two propositions certain assumptions are equivalent.

Proposition 26.1. Let (X ,∗) be a hypergroup and f ∈ Cb(X). Then the following
statements are equivalent.

(i)
〈
δx ∗ μ ∗ δy, f

〉
= f (x) f (y) for all x,y ∈ X .

(ii) 〈ν ∗ μ ∗w, f 〉= 〈ν, f 〉 〈w, f 〉 for all ν,w ∈M(X) .

Proof. Assume that 〈
δx ∗μ ∗ δy, f

〉
= f (x) f (y)
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for all x,y ∈ X (i.e. f is a μ -spherical function on (X ,∗)). Then

〈ν ∗μ ∗w, f 〉 =
∫

X

∫
X

〈
δx ∗μ ∗ δy, f

〉
dν(x)dw(y)

=
∫

X

∫
X

f (x) f (y)dν(x)dw(y)

=

∫
X
〈δx, f 〉dν(x)

∫
X
〈δy, f 〉dw(y)

= 〈ν, f 〉 〈w, f 〉 .

The other implication is trivial. �	
Proposition 26.2. Let (X ,∗) be a hypergroup and f ,g ∈Cb(X) . Then:

1. The following two statements are equivalent.

(i)
〈
δx ∗ μ ∗ δy, f

〉
= f (x)g(y)±g(x) f (y) for all x,y ∈ X .

(ii) 〈ν ∗ μ ∗w, f 〉= 〈ν, f 〉 〈w,g〉± 〈w, f 〉 〈ν,g〉 for all ν,w ∈M(X) .

2. The following two statements are equivalent.

(a)
〈
δx ∗ μ ∗ δy,g

〉
= g(x)g(y)+ f (x) f (y) for all x,y ∈ X .

(b) 〈ν ∗ μ ∗w,g〉= 〈ν,g〉〈w,g〉+ 〈ν, f 〉 〈w, f 〉 for all ν,w ∈M(X) .

Proof. 1. Assume that
〈
δx ∗μ ∗ δy, f

〉
= f (x)g(y)±g(x) f (y) for all x,y ∈ X , then,

for all ν,w ∈M(X), we have

〈ν ∗μ ∗w, f 〉 =
∫

X

∫
X

〈
δx ∗μ ∗ δy, f

〉
dν(x)dw(y)

=
∫

X

∫
X
( f (x)g(y)±g(x) f (y))dν(x)dw(y)

= 〈ν, f 〉 〈w,g〉± 〈w, f 〉 〈ν,g〉 .
The other implication is trivial.

2. By similar arguments as in (1). �	
The following proposition will be used in the proof of Theorem 26.4.

Proposition 26.3. Let (X ,∗) be a hypergroup and f ,g ∈Cb(X) be solutions of the
functional equation

〈
δx ∗ μ ∗δy,g

〉
= g(x)g(y)+ f (x) f (y) , x,y ∈ X . (26.5)

Then there exists α ∈ C such that

〈
δx ∗μ ∗ δy, f

〉
= f (x)g(y)+ g(x) f (y)+ 2α f (x) f (y), x,y ∈ X .
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Proof. Proposition 26.3. is true for f = 0. We will assume that f 
= 0. Using the
formula (26.5) and Proposition 26.2 we get
〈
(δx ∗ μ ∗ δy)∗ μ ∗ δz,g

〉
= g(z)

〈
δx ∗μ ∗ δy,g

〉
+ f (z)

〈
δx ∗μ ∗ δy, f

〉
= g(z)g(x)g(y)+ g(z) f (x) f (y)+ f (z)

〈
δx ∗μ ∗δy, f

〉
.

Similarly, we have
〈
δx ∗ μ ∗ (δy ∗μ ∗ δz),g

〉
= g(x)

〈
δy ∗μ ∗ δz,g

〉
+ f (x)

〈
δy ∗μ ∗ δz, f

〉
= g(x)g(y)g(z)+ g(x) f (y) f (z)+ f (x)

〈
δy ∗μ ∗ δz, f

〉
.

Then

g(z) f (x) f (y)+ f (z)
〈

δx ∗ μ ∗ δy, f
〉
= g(x) f (y) f (z)+ f (x)

〈
δy ∗μ ∗ δz, f

〉
.

By adding − f (x)g(y) f (z) to each side of the previous equality and rearranging
terms we get

f (z)[
〈
δx ∗μ ∗ δy, f

〉− f (x)g(y)−g(x) f (y)] (26.6)

= f (x)[
〈
δy ∗μ ∗ δz, f

〉− f (y)g(z)−g(y) f (z)].

This allows us to write for z = a such that f (a) 
= 0,

〈
δx ∗μ ∗ δy, f

〉− f (x)g(y)−g(x) f (y) = f (x)k(y),

where

k(y) =
1

f (a)

(〈
δy ∗μ ∗ δa, f

〉− f (y)g(a)−g(y) f (a)
)
.

Then (26.6) can be written as f (z) f (x)k(y) = f (x) f (y)k(z), which implies, for x =
z = a, that k(y) = k(a)/ f (a) f (y). If we put 2α = k(a)/ f (a), then we get

〈
δx ∗μ ∗ δy, f

〉
= f (x)g(y)+ g(x) f (y)+ 2α f (x) f (y).

�	
Similarly, we can prove the following proposition which will be used in the proof

of Theorem 26.3.

Proposition 26.4. Let f ,g ∈Cb(X) be solutions of the functional equation

〈
δx ∗μ ∗ δy, f

〉
= f (x)g(y)+ g(x) f (y) , x,y ∈ X .

Then there exists β ∈C such that
〈
δx ∗ μ ∗δy,g

〉
= g(x)g(y)+β 2 f (x) f (y) , x,y ∈ X .
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Proposition 26.5. Let f ,g ∈Cb(X) be solutions of the functional equation

〈
δx ∗μ ∗ δy, f

〉
= f (x)g(y)−g(x) f (y) , x,y ∈ X . (26.7)

Then 〈
δx ∗μ ∗ δy,g

〉
=−〈

δy ∗ μ ∗δx,g
〉
, x,y ∈G, (26.8)

and there exists α ∈C such that

〈
δy ∗ μ ∗ δx,g

〉
= g(x)g(y)−2α f (x)g(y)+α2 f (x) f (y), x,y ∈ X . (26.9)

Proof. Using (26.7) and Proposition 26.2 we get

〈
δx ∗ μ ∗ (δy ∗μ ∗ δz), f

〉
= f (x)

〈
δy ∗μ ∗ δz,g

〉−g(x)
〈
δy ∗μ ∗ δz, f

〉
= f (x)

〈
δy ∗μ ∗ δz,g

〉−g(x) f (y)g(z)+ g(x)g(y) f (z).

On the other hand

〈
(δx ∗ μ ∗ δy)∗ μ ∗ δz, f

〉
=

〈
δx ∗μ ∗ δy, f

〉
g(z)− f (z)

〈
δx ∗μ ∗δy,g

〉
= f (x)g(y)g(z)− f (y)g(x)g(z)− f (z)

〈
δx ∗ μ ∗ δy,g

〉
.

Hence

f (x)
{〈

δy ∗μ ∗ δz,g
〉−g(y)g(z)

}
=− f (z)

{〈
δx ∗μ ∗ δy,g

〉
+g(x)g(y)

}
. (26.10)

By letting z = x in (26.10), we obtain

f (x)
{〈

δy ∗ μ ∗ δx,g
〉−g(x)g(y)

}
=− f (x)

{〈
δx ∗ μ ∗δy,g

〉
+g(x)g(y)

}
. (26.11)

So for x = x0 such that f (x0) 
= 0 we get
〈
δx0 ∗μ ∗ δy,g

〉
=−〈

δy ∗μ ∗ δx0 ,g
〉
. Now

if f (x0) = 0, in view of (26.10), we get that

〈
δx0 ∗μ ∗ δy,g

〉
=−g(x0)g(y), y ∈ G.

Since, if we let x = z0 (for some z0 ∈ G such that f (z0) 
= 0) and z = x0 in (26.10)
we obtain 〈

δy ∗ μ ∗δx0 ,g
〉
= g(x0)g(y), y ∈ G.

This proves (26.8). From (26.10) and (26.8) we obtain a new equation

f (x)
{〈

δy ∗μ ∗ δz,g
〉−g(z)g(y)

}
= f (z)

{〈
δy ∗μ ∗ δx,g

〉−g(x)g(y)
}

, (26.12)

and choosing z = z0 ∈ G such that f (z0) 
= 0 we obtain

〈
δy ∗μ ∗ δx,g

〉
= g(x)g(y)+ h(y) f (x) , x,y ∈ G, (26.13)
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where

h(y) =
1

f (z0)

{〈
δy ∗μ ∗ δz0 ,g

〉−g(z0)g(y)
}
.

By (26.8), (26.13) and the definition of h we get

h(y) =−2αg(y)+α2 f (y), (26.14)

where α = g(z0)/ f (z0). By using (26.14) in (26.13) we obtain (26.9). �	
We end this section by the following proposition which extends [29,

Propositions 26.3 and 6].

Proposition 26.6. Let (X ,∗) be a hypergroup and χ1,χ2, ...,χn : X −→ C be
different measurable functions satisfying the functional equation

〈
δx ∗μ ∗ δy,χ

〉
= χ(x)χ(y), x,y ∈ X , (26.15)

and let c1,c2, ...,cn be non-zero complex numbers. Then the following two state-
ments are valid.

(i) χ1,χ2,...,χn are linearly independent in the vector space of all complex-valued
functions on X .

(ii) If g = c1χ1 + c2χ2 + · · ·+ cnχn is continuous then each χ j, j = 1, ...,n is
continuous.

Proof. (i) By similar arguments as in the proof of [28, Proposition 3].

(ii) It is an adaptation of the proof of [28, Proposition 6] to the solutions of (26.15).
�	

26.3 Trigonometric Functional Equations

In this section, we solve each of the following three functional equations:

〈
δx ∗μ ∗ δy, f

〉
= f (x)g(y)±g(x) f (y), x,y ∈ X ,〈

δx ∗μ ∗ δy,g
〉
= g(x)g(y)+ f (x) f (y), x,y ∈ X ,

where μ ∈M(X). First, we solve the μ-sine subtraction functional equation (26.16).

Theorem 26.2. The solutions f ,g ∈Cb(X) of the functional equation

〈
δx ∗μ ∗ δy, f

〉
= f (x)g(y)−g(x) f (y), x,y ∈ X , (26.16)

can be listed as follows.

(i) f = 0 and g ∈C(X) is arbitrary.
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(ii) There is a complex constant α such that g = α f and f satisfies the functional
equation 〈

δx ∗μ ∗ δy, f
〉
= 0 , x,y ∈ X .

Proof. Let us assume that ( f ,g) solves the functional equation (26.16) and that
f 
= 0. If there is α ∈ C such that g = α f , then according to (26.16), we get〈
δx ∗ μ ∗ δy, f

〉
= 0, x,y ∈ X , i.e. case (ii). From now we assume that f and g are

linearly independent. Proposition 26.4 tell us that

〈
δx ∗μ ∗ δy,g

〉
=−〈

δy ∗ μ ∗δx,g
〉
, x,y ∈G, (26.17)

and there exists α ∈C such that

〈
δy ∗ μ ∗ δx,g

〉
= g(x)g(y)−2α f (x)g(y)+α2 f (x) f (y), x,y ∈ X . (26.18)

From (26.17) and (26.18) we get

g(x)g(y)− 2αg(x) f (y)+α2 f (x) f (y) =−g(y)g(x)+ 2αg(y) f (x)−α2 f (y) f (x),

whence [g(x)−α f (x)] [g(y)−α f (y)] = 0 . So, g = α f , in contradiction with the
assumption that f ,g are linearly independent. �	

Now, we solve the μ-sine addition functional equation (26.19).

Theorem 26.3. The solutions f ,g ∈Cb(X) of the functional equation

〈
δx ∗μ ∗ δy, f

〉
= f (x)g(y)+ g(x) f (y), x,y ∈ X , (26.19)

can be listed as follows, with μ-spherical functions χ ,ψ : X −→ C and c ∈ C \
{0} .

(a) f = 0 and g ∈C(X) is arbitrary.
(b) g = χ/2 and f = cχ .
(c) g = (χ +ψ)/2 and f = c(χ−ψ).
(d) g = χ and f is a solution of the functional equation

〈
δx ∗μ ∗ δy, f

〉
= f (x)χ(y)+ χ(x) f (y) , x,y ∈ X .

Proof. Checking that the stated pairs of functions satisfy (26.19) is done by
elementary calculations, that we leave out. It is left to show that each solution
f ,g ∈Cb(X) of (26.19) falls into one of the categories (a)–(d).

Since f = 0 is the case (a) and g = 0 falls into the case (d) we may in the
remainder of the proof assume that f 
= 0 and g 
= 0.

If there exists a constant α ∈C such that g = α f , then α 
= 0. Using (26.19), we
get 〈

δx ∗μ ∗ δy, f
〉
= 2α f (x) f (y),
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this says that χ := 2α f is a μ-spherical function of X into C. Now f = χ/(2α) and
g = α f = χ/2, so we have case (b).

We may thus assume that f and g are linearly independent. According to
Proposition 26.4 there exists a constant β ∈ C such that

〈
δx ∗μ ∗ δy,g

〉
= g(x)g(y)+β 2 f (x) f (y) , x,y ∈ X . (26.20)

Combining this with (26.19) we get that
〈
δx ∗μ ∗δy,g±β f

〉
= (g±β f )(x)(g±β f )(y),

so g± β f are μ-spherical functions of X into C. If β 
= 0 we have case (c) with
χ = g+β f and ψ = g−β f .

If β = 0 then χ := g is according to (26.20) a μ-spherical function of X into C

and f is a solution of the functional equation

〈
δx ∗μ ∗ δy, f

〉
= f (x)χ(y)+ χ(x) f (y)

for all x,y ∈ X (i.e. case (d)). �	
Remark 26.1. The pair of functions (a,1) is a solution of (26.19) for each a ∈
A (X) .

We close this section by solving the functional equation

〈
δx ∗ μ ∗ δy,g

〉
= g(x)g(y)+ f (x) f (y) , x,y ∈ X ,

which is called “the μ-cosh addition and the μ-cosine subtraction formulas”.

Theorem 26.4. The solutions f ,g ∈Cb(X) of the functional equation

〈
δx ∗ μ ∗δy,g

〉
= g(x)g(y)+ f (x) f (y) , x,y ∈ X , (26.21)

can be listed as follows, where χ ,ψ : X −→ C denote μ-spherical functions.

(a) f =±ig and g satisfies the equation
〈
δx ∗ μ ∗ δy,g

〉
= 0 for all x,y ∈ X .

(b) g =
1

1+ c2 χ and f =
c

1+ c2 χ with some c ∈ C\ {±i}.

(c) g =
χ + c2ψ
1+ c2 and f = c

χ−ψ
1+ c2 with some c ∈ C\ {0,−i, i}.

(d) f is associated to χ and g = χ + i f or g = χ− i f .

Proof. Checking that the stated pairs of functions satisfy (26.21) is done by
elementary calculations, that we leave out. It is left to show that each solution
f ,g ∈Cb(X) of (26.21) falls into one of the categories (a)–(d).

If there exists a constant c ∈ C such that f = cg, using (26.21), we get

〈
δx ∗ μ ∗δy,g

〉
=
(
1+ c2)g(x)g(y), x,y ∈ X .
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The first case (a) is obvious if 1+ c2 = 0. Now we assume that 1+ c2 
= 0. Then
χ = (1+ c2)g is a μ-spherical function of X into C. This is case (b). From now on
we can assume that f and g are linearly independent. According to Proposition 26.3
there exists a constant α ∈ C such that

〈
δx ∗ μ ∗ δy, f

〉
= f (x)g(y)+ g(x) f (y)+ 2α f (x) f (y) , x,y ∈ X . (26.22)

Combining the identities (26.21) and (26.22) we find that for any λ ∈ C

〈
δx ∗ μ ∗ δy,g−λ f

〉
= (g−λ f )(x)(g−λ f )(y)− (λ 2+2αλ −1) f (x) f (y).

(26.23)
Let λ1 and λ2 denote the two roots of polynomial λ 2 +2αλ −1 = 0. Then λ1 
= 0,
λ2 = −λ−1

1 , and so χ = g− λ1 f and ψ = g+ λ−1
1 f are by (26.23) μ-spherical

functions of X into C. Note that χ and ψ are non-zero functions, because f and g
are linearly independent.

If λ1 
= λ2, then we can express f and g by χ and ψ . This is case (c). If λ1 and
λ2 coincide, then λ1 = λ2 = −α = ±i so g = χ ± i f . From (26.23) we get in each
of the two cases α =±i that f satisfies the sine addition formula

〈
δx ∗μ ∗ δy, f

〉
= f (x)χ(y)+ χ(x) f (y) , x,y ∈ X . (26.24)

and g = χ± i f . So we have the case (d). �	
Remark 26.2. If μ is a bounded probability measure then each of the pairs (a,1+
ia) and (a,1− ia) where a ∈A (X) is a solution of (26.21).

The next Corollary is an important consequence of Theorem 26.3 (take μ = δe

in (26.19)).

Corollary 26.1. The solutions f ,g ∈Cb(X) of the functional equation

〈
δx ∗ δy, f

〉
= f (x)g(y)+ g(x) f (y) , x,y ∈ X , (26.25)

can be listed as follows, where χ ,ψ : X −→ C denote continuous multiplicative
functions and c ∈ C\ {0} .

1. f = 0 and g ∈C(X) is arbitrary.
2. g = χ/2 and f = cχ .
3. g = (χ +ψ)/2 and f = c(χ−ψ) .
4. g = χ and f is a solution of the equation

〈
δx ∗ δy, f

〉
= f (x)χ(y)+ χ(x) f (y) for

all x,y ∈ X .

As an application of Theorem 26.4, if we take μ = δe in (26.21), we get the
following corollary.

Corollary 26.2. The solutions f ,g ∈Cb(X) of the functional equation
〈
δx ∗δy,g

〉
= g(x)g(y)+ f (x) f (y) , x,y ∈ X , (26.26)
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can be listed as follows, where χ ,ψ : X −→ C denote continuous multiplicative
functions:

(a) g = 0 and f = 0 .

(b) g =
1

1+ c2 χ and f =
c

1+ c2 χ , where c ∈ C\ {±i}.

(c) g =
χ + c2ψ
1+ c2 and f = c

χ−ψ
1+ c2 , where c ∈C\ {0,−i, i} .

(d) f is associated to χ and g = χ + i f or g = χ− i f .

Corollary 26.3. The solutions f ,g ∈C(X) of the functional equation

〈
δx ∗ δy, f

〉
= f (x)g(y)−g(x) f (y) , x,y ∈ X , (26.27)

are the pairs ( f ,g) , where f = 0 and g ∈C(X) is arbitrary.

Proof. Follows from Theorem 26.2 by taking μ = δe in (26.16). �	
Remark 26.3. For a hypergroup X in which (δx ∗δy)∗δz is a measure with compact
support for all x,y,z∈X we can assume in Corollaries 26.1 and 26.2 that f ,g∈C(X)
(see [17, Remark 1]).

26.4 Stability of the Trigonometric Formulas

Székelyhidy in [32], studied the stability property of two well known functional
equations: The sine and cosine functional equations:

f (xy) = f (x)g(y)+ g(x) f (y) , x,y ∈ G (26.28)

and
g(xy) = g(x)g(y)+ f (x) f (y) , x,y ∈ G, (26.29)

where f ,g are complex-valued functions on an amenable group G. In this section,
employing the idea of L. Székelyhidy in [32], we consider the Hyers–Ulam stability
of each of the functional equations (1.3) and (1.4). Throughout this section (X ,∗) is
a hypergroup, where the measure δx ∗ δy ∗ δz has compact support for all x,y,z ∈ X .
As examples of such hypergroups: groups and polynomial hypergroups [3].

26.4.1 Stability of (26.3)

In this subsection, we investigate the stability properties of the functional equation
(26.3) and obtain a generalization of the stability results proved by Székelyhidi in
[32] for (26.28).
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Lemma 26.1. Let f ,g ∈ C(X) satisfying the inequality, there is a constant M > 0
with ∣∣〈δx ∗δy, f

〉− f (x)g(y)−g(x) f (y)
∣∣≤M , x,y ∈ X . (26.30)

Then either there exist α,β ∈ C, not both zero, and L > 0 such that one of the
following two conditions is valid:

|α f (x)−βg(x)| ≤ L , x ∈ X , (26.31)

〈
δx ∗ δy, f

〉
= f (x)g(y)+ g(x) f (y) , x,y ∈ X . (26.32)

Proof. We prove that the (26.32) satisfied if the condition (26.31) fails.
Assume that |α f (x)−βg(x)| ≤ L for some L > 0 implies α = β = 0. We define

the mapping

F(x,y) =
〈
δx ∗ δy, f

〉− f (x)g(y)− f (y)g(x)

for x,y ∈ X . Then

〈
δx ∗ δy, f

〉
= f (x)g(y)+ f (y)g(x)+F(x,y) , x,y ∈ X . (26.33)

According to (26.30) we see that |F(x,y)| ≤M for all x,y ∈ X . We will prove that
F(x,y) = 0 for all x,y ∈ X .

We can choose a ∈ X satisfying f (a) 
= 0. It is easy to show that

g(x) = λ0 f (x)+λ1 〈δx ∗δa, f 〉−λ1F(x,a) , x ∈ X , (26.34)

where λ0 =−g(a)/ f (a) and λ1 = 1/ f (a). Using (26.33) and (26.34) we get

〈
(δx ∗ δy)∗ δz, f

〉
=

∫
X
〈δt ∗δz, f 〉d(δx ∗ δy)(t)

=

∫
X
[ f (t)g(z)+ f (z)g(t)+F(t,z)]d(δx ∗ δy)(t)

=
〈
δx ∗ δy, f

〉
g(z)+

∫
X

F(t,z)d(δx ∗δy)(t)

+ f (z)
∫

X
[λ0 f (t)+λ1 〈δt ∗ δa, f 〉−λ1F(t,a)]d(δx ∗ δy)(t)

= { f (x)g(y)+ g(x) f (y)+F(x,y)}g(z)

+
{

λ0
〈
δx ∗ δy, f

〉
+λ1

〈
δx ∗ δy ∗ δa, f

〉}
f (z)

− f (z)
∫

X
λ1F(t,a)d(δx ∗δy)(t)+

∫
X

F(t,z)d(δx ∗δy)(t)

= { f (x)g(y)+ g(x) f (y)+F(x,y)}g(z)

+{λ0( f (x)g(y)+ g(x) f (y)+F(x,y)} f (z)
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+λ1 f (z)
∫

X
〈δx ∗ δt , f 〉d(δy ∗ δa)(t)

−λ1 f (z)
∫

X
F(t,a)d(δx ∗δy)(t)+

∫
X

F(t,z)d(δx ∗δy)(t)

= { f (x)g(y)+ g(x) f (y)+F(x,y)}g(z)

+{λ0( f (x)g(y)+ g(x) f (y)+F(x,y)} f (z)

+λ1 f (z)
{

f (x)
〈
δy ∗δa,g

〉
+
〈
δy ∗ δa, f

〉
g(x)

+
∫

X
F(x, t)d(δy ∗δa)(t)

}

−λ1 f (z)
∫

X
F(t,a)d(δx ∗δy)(t)

+
∫

X
F(t,z)d(δx ∗ δy)(t)

and

〈
δx ∗ (δy ∗ δz), f

〉
=

∫
X
〈δx ∗ δt , f 〉d(δy ∗δz)(t)

=

∫
X
[ f (x)g(t)+ f (t)g(x)+F(x, t)]d(δy ∗ δz)(t)

= f (x)
〈
δy ∗ δz,g

〉
+g(x)

〈
δy ∗ δz, f

〉

+
∫

X
F(x, t)d(δy ∗ δz)(t).

It follows from those equalities that

f (x)
{

g(y)g(z) + λ0g(y) f (z)+λ1
〈
δy ∗δa,g

〉
f (z)− 〈

δy ∗ δz,g
〉}

+g(x)
{

f (y)g(z)+λ0 f (y) f (z)

+λ1
〈
δy ∗ δa, f

〉
f (z)− 〈

δy ∗ δz, f
〉}

=−F(x,y)g(z)−λ0F(x,y) f (z)

−λ1

∫
X

F(x, t)d(δy ∗ δa)(t) f (z)

+λ1

∫
X

F(t,a)d(δx ∗ δy)(t) f (z)

−
∫

X
F(t,z)d(δx ∗ δy)(t)+

∫
X

F(x, t)d(δy ∗ δz)(t).

Since |F(x,y)| ≤ M and
∥∥δy ∗ δa

∥∥ =
∥∥δy ∗ δz

∥∥ =
∥∥δx ∗ δy

∥∥ = 1 for all x,y ∈ X , if
we fix y,z the right hand side of the above equation is bounded function of x.
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Thus, by the assumption that |α f (x)−βg(x)| ≤ L for some L > 0 we obtain
α = β = 0. The both sides of the above equation become zero. Consequently we
have ∣∣∣−F(x,y)g(z) − {

λ0Fx,y)+λ
∫

X
F(x, t)d(δy ∗ δa)(t)

−λ1

∫
X

F(t,a)d(δx ∗δy)(t)
}

f (z)
∣∣∣

=

∣∣∣∣
∫

X
F(t,z)d(δx ∗δy)(t)−

∫
X

F(x, t)d(δy ∗δz)(t)

∣∣∣∣≤ 2M.

Since the right hand side is bounded as a function of z for all fixed x,y ∈ X , again
by the assumption, we have F(x,y) = 0 for all x,y ∈ X . It follows that

〈
δx ∗ δy, f

〉
= f (x)g(y)+ g(x) f (y) , x,y ∈ X . (26.35)

�	
Theorem 26.5. Let M be a positive constant and f ,g ∈C(X) satisfy

∣∣〈δx ∗δy, f
〉− f (x)g(y)−g(x) f (y)

∣∣≤M, x,y ∈ X . (26.36)

Then f ,g satisfy one of the following statements.

(i) f = 0 and g ∈C(X) is arbitrary.
(ii) f and g are bounded.

(iii) f is unbounded and g is a multiplicative function.
(iv) There exist a multiplicative function χ , a continuous bounded function b, and

a complex constant c such that f = c(χ −b) and g = (χ +b)/2 .
(v) The pair of functions f ,g satisfy (26.3).

Proof. Assume that the inequality (26.36) holds. If f = 0, then obviously g can be
chosen arbitrary in C(X). This is case (i). If f 
= 0 is bounded, then the function

X � x �−→ f (x)g(y)+ g(x) f (y)

is bounded for all y ∈ X , so g is bounded. This is case (ii). If f is unbounded
and g is bounded then the function X � x �−→ f (y)g(x) is bounded for all y ∈ X .
Consequently the function

X � x �−→ 〈
δx ∗ δy, f

〉− f (x)g(y)

is bounded on X for all y ∈ X . In view of [33, Theorem 7.1], g is a multiplicative
function. This is case (iii). If f ,g are unbounded functions, we distinguish two cases.

First case. We assume that there exist α,β ∈C\{0} such that α f +β g is bounded,
then g can be written as

g =
f

2c
+b,
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where b is a bounded function and c ∈C\ {0}. Consequently, the function

G � x �−→ 〈
δx ∗ δy, f

〉−
(

f (y)
c

+b(y)

)
f (x)

is bounded for all y ∈ X . Hence, since f is unbounded, by [33, Theorem 7.1], it
follows that

χ =
f

c
+b

is a multiplicative function. This is case (iv).

Second case. For all α,β ∈ C \ {0}, α f + βg is an unbounded function on X .
According to Lemma 1, f ,g are solutions of (26.3). This is case (v). �	

The following theorem describes all multiplicative functions on polynomial
hypergroups (see [3]).

Theorem 26.6. Let X = ( N,∗) be the polynomial hypergroup associated with
the sequence of polynomials (Pn)n∈N. The function χ : N→ C is a multiplicative
function on X if and only if there is a complex number λ with

χ(n) = Pn(λ )

for all n in N .

Hence, any multiplicative function on a polynomial hypergroup arises from the
evaluations

n �−→ Pn(λ )

associated with the generating polynomials.

Corollary 26.4. Let X = ( N,∗) be the polynomial hypergroup associated with the
sequence of polynomials (Pn)n∈N, M be a positive constant and f ,g ∈C(X) satisfy

|〈δn ∗ δm, f 〉− f (n)g(m)−g(n) f (m)| ≤M, n,m ∈ X . (26.37)

Then f ,g satisfy one of the following statements.

(i) f = 0 and g ∈C(X) is arbitrary.
(ii) f ,g are bounded functions on X .

(iii) There is a complex constant λ with g(n) = Pn(λ ) for n∈N and f is unbounded
on X.

(iv) There are complex constants λ , c and a continuous bounded function b on X
with f (n) = c(Pn(λ )−b(n)) and g(n) = c(Pn(λ )+ b(n))/2.

(v) Functions f and g satisfy the equation

〈δn ∗ δm, f 〉= f (n)g(m)+ g(n) f (m)

for n,m ∈ X .

Proof. Follows from Theorems 26.5 and 26.6. �	
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26.4.2 Stability of (26.4)

Now we deal with the Hyers–Ulam stability of (26.4) on hypergroups.

Lemma 26.2. Let f ,g ∈ C(X) satisfying the inequality, there exists a positive
constant M such that

∣∣〈δx ∗ δy,g
〉−g(x)g(y)− f (x) f (y)

∣∣≤M (26.38)

for all x,y ∈ X . Then either there exist α,β ∈ C, not both zero, and L > 0 such that

|α f (x)−βg(x)| ≤ L , x,y ∈ X (26.39)

or 〈
δx ∗δy,g

〉
= g(x)g(y)+ f (x) f (y) , x,y ∈ X . (26.40)

Proof. Assume that (26.39) holds only for α = β = 0. We show that then (26.40) is
satisfied.

Let F(x,y) =
〈
δx ∗δy,g

〉−g(x)g(y)− f (x) f (y) for x,y ∈ X . Then

〈
δx ∗ δy,g

〉
= g(x)g(y)+ f (x) f (y)+F(x,y) , x,y ∈ X . (26.41)

According to (26.38) we see that |F(x,y)| ≤M for all x,y ∈ X . We can choose a∈ X
satisfying f (a) 
= 0. It is easy to show that

f (x) = λ0g(x)+λ1 〈δx ∗ δa,g〉−λ1F(x,a), x ∈ X , (26.42)

where λ0 =−g(a)/ f (a) and λ1 = 1/ f (a).
Using (26.41) and (26.42), for all x,y,z ∈ X we obtain the following two

sequences of equalities:

〈
(δx ∗ δy)∗ δz,g

〉
=

∫
X
〈δt ∗ δz,g〉d(δx ∗ δy)(t)

=
∫

X
[g(t)g(z)+ f (t) f (z)+F(t,z)]d(δx ∗ δy)(t)

=
〈
δx ∗δy,g

〉
g(z)+

∫
X
[ f (t) f (z)+F(t,z)]d(δx ∗ δy)(t)

= {g(x)g(y)+ f (x) f (y)+F(x,y)}g(z)

+ f (z)
∫

X
[λ0g(t)+λ1 〈δt ∗δa,g〉−λ1F(t,a)]d(δx ∗ δy)(t)

+
∫

X
F(t,z)d(δx ∗ δy)(t)

= {g(x)g(y)+ f (x) f (y)+F(x,y)}g(z)
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+λ0 f (z){g(x)g(y)+ f (x) f (y)+F(x,y)}

+λ1 f (z)
∫

X
〈δx ∗ δt ,g〉d(δy ∗δa)(t)

−λ1 f (z)
∫

X
F(t,a)d(δx ∗ δy)(t)+

∫
X

F(t,z)d(δx ∗ δy)(t)

= {g(x)g(y)+ f (x) f (y)+F(x,y)}g(z)

+λ0 f (z){g(x)g(y)+ f (x) f (y)+F(x,y)}
+λ1 f (z)

{
g(x)

〈
δy ∗ δa,g

〉
+ f (x)

〈
δy ∗δa, f

〉

+

∫
X

F(x, t)d(δy ∗ δa)(t)

}

−λ1 f (z)
∫

X
F(t,a)d(δx ∗ δy)(t)

+

∫
X

F(t,z)d(δx ∗ δy)(t),

〈
δx ∗ (δy ∗ δz),g

〉
=

∫
X
〈δx ∗δt ,g〉d(δy ∗ δz)(t)

=
∫

X
[g(x)g(t)+ f (x) f (t)+F(x, t)]d(δy ∗ δz)(t)

= g(x)
〈
δy ∗ δz,g

〉
+ f (x)

〈
δy ∗ δz, f

〉

+
∫

X
F(x, t)d(δy ∗ δz)(t).

It follows from those equalities that for all x,y,z ∈ X we have

g(x){g(y)g(z)+λ0g(y) f (z)+λ1
〈
δy ∗ δa,g

〉
f (z)− 〈

δy ∗ δz,g
〉}

+ f (x)
{

f (y)g(z)+λ0 f (y) f (z)

+λ1
〈
δy ∗ δa, f

〉
f (z)− 〈

δy ∗δz, f
〉}

=−F(x,y)g(z)−λ0F(x,y) f (z)−λ1

∫
X

F(x, t)d(δy ∗ δa)(t) f (z)

+λ1

∫
X

F(t,a)d(δx ∗ δy)(t) f (z)

−
∫

X
F(t,z)d(δx ∗ δy)(t)+

∫
X

F(x, t)d(δy ∗ δz)(t).

Since |F(x,y)| ≤ M and
∥∥δy ∗ δa

∥∥ =
∥∥δy ∗ δz

∥∥ =
∥∥δx ∗ δy

∥∥ = 1 for all x,y ∈ X the
right hand side of the above equality is bounded function of x for all fixed y,z ∈ X .
Thus, by the assumption that (26.39) holds only for α = β = 0, the both sides of the
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above equation become zero. Consequently, we have

F(x,y)g(z)+

{
λ0F(x,y)+λ1

∫
X

F(x, t)d(δy ∗ δa)(t)

−λ1

∫
X

F(t,a)d(δx ∗ δy)(t)

}
f (z)

=−
∫

X
F(t,z)d(δx ∗δy)(t)+

∫
X

F(x, t)d(δy ∗δz)(t).

Since the right hand side is bounded as function of z for all fixed x,y ∈
X , again by the assumption we have F(x,y) = 0 for all x,y ∈ X . It follows that〈
δx ∗ δy,g

〉
= g(x)g(y)+ f (x) f (y) for all x,y ∈ X . �	

Theorem 26.7. Let f ,g ∈ C(X) satisfy (26.38). Then one of the followings state-
ments is valid.

(i) f and g are bounded functions.
(ii) g is a multiplicative function and f is bounded.

(iii) f ,g are unbounded, and g+ i f or g− i f is a bounded multiplicative function.
(iv) There exist a multiplicative function χ , a continuous bounded function b on X,

and c ∈C\{±i} such that

g =
c2χ +b
c2 +1

and f =
c

c2 +1
(χ−b).

(v) f ,g satisfy the equation
〈
δx ∗ δy,g

〉
= g(x)g(y)+ f (x) f (y) for all x,y ∈ X .

Proof. Assume that (26.38) holds. Observe that if f is bounded, then the function
X ×X � (x,y) �−→ 〈

δx ∗ δy,g
〉− g(x)g(y) is bounded. So, by [33, Theorem 7.1],

either g is bounded or g is a multiplicative function. This is case (i) and (ii). If f is
unbounded, then g is unbounded. We distinguish two cases.

First case. We assume that there exist α,β ∈C\{0} such that α f +βg is a bounded
function on X . Then g can be written as g = c f +b, where b is a bounded function
on X and c ∈ C\ {0}. Consequently, for all y ∈ X , bounded is the function

X � x �−→ 〈
δx ∗ δy, f

〉− (c2 +1) f (y)+ cb(y)
c

f (x).

Now, by [33, Theorem 7.1] we obtain that χ = 1
c (c

2 + 1) f + b is a multiplicative
function, because f is unbounded. Thus, we get (iii) for c2 = −1 and (iv) for
c2 
=−1.

Second case. If α f +βg is unbounded on X for all α,β ∈ C\ {0}, then according
to Lemma 26.2, f ,g are solutions of (26.4). This gives (v). �	

Finally, from Theorems 26.6 and 26.7 we can easily derive the following
corollary.
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Corollary 26.5. Let X = ( N,∗) be the polynomial hypergroup associated with the
sequence of polynomials (Pn)n∈N, M > 0 be a constant, and f ,g ∈C(X) satisfy

|〈δn ∗δm,g〉− g(n)g(m)− f (n) f (m)| ≤M, n,m ∈ X . (26.43)

Then one of the followings five statements is valid.

(i) f and g are bounded functions on X.
(ii) f is bounded on X and there is λ ∈ C with g(n) = Pn(λ ) for n ∈ N .

(iii) f ,g are unbounded and there are λ ∈C and σ ∈ {−1,1} such that the function
m �−→ Pm(λ ) is bounded on X and g(n)+σ i f (n) = Pn(λ ) for n ∈ N .

(iv) There are λ ∈C, a continuous bounded function b on X, and c∈C\{±i} with

g(n) =
c2Pn(λ )+ b(n)

c2 +1
and f (n) =

c
c2 +1

(Pn(λ )−b(n)) , n ∈ N.

(v) f ,g satisfy the equation

〈δn ∗ δm,g〉= g(n)g(m)+ f (n) f (m), n,m ∈ X .
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On Multivariate Ostrowski Type Inequalities

Chang-Jian Zhao and Wing-Sum Cheung
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Abstract In this paper several multivariate Ostrowski integral inequalities are
established. These generalize some existing results of Pachpatte and provide new
estimates to inequalities of this type.
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inequality • n-fold integral
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27.1 Introduction

The following inequality is well known in the literature as Ostrowski’s integral
inequality (see, e.g., [4, 7]).

Theorem 27.1. Let f : [a,b]→ R be a mapping that is differentiable on (a,b) with
the derivative f ′ : (a,b)→ R bounded on (a,b), i.e., ‖ f ′‖∞ = supt∈(a,b) | f ′(t)|< ∞.
Then, for all x ∈ [a,b],

∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣≤
[

1
4
+

(x− a+b
2 )2

(b−a)2

]
(b−a)‖ f ′‖∞. (27.1)
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Many generalizations, extensions and variants of this inequality have appeared
in the literature, see [1–10] and the references given therein. The main purpose of
the present paper is to establish several multivariate Ostrowski integral inequalities.
These results generalize the work of Pachpatte [10] in 2002, and provide new
estimates to multivariate Ostrowski type inequalities.

27.2 Main Results

In what follows, R denotes the set of real numbers, Rn the n-dimensional Euclidean
space. Let

D = {(x1, . . . ,xn) : ai < xi < bi(i = 1, . . . ,n)}
and D̄ be the closure of D. For a function u(x) : Rn→ R, we denote the first order

partial derivatives by ∂u(x)
∂xi

(i = 1, . . . ,n) and
∫

D u(x)dx stands for the n-fold integral

∫ b1

a1

· · ·
∫ bn

an

u(x1, . . . ,xn)dx1 · · ·dxn.

Our main results are established in the following theorems.

Theorem 27.2. Let f ,g,h :Rn→R be continuous functions on D̄ and differentiable
in D such that

∥∥∥∥∥
∑n

i=1
∂ f
∂ xi

(xi− yi)

∑n
i=1

∂h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

= sup
x∈D

∣∣∣∣∣∣
∑n

i=1
∂ f (x)

∂ xi
(xi− yi)

∑n
i=1

∂h(x)
∂ xi

(xi− yi)

∣∣∣∣∣∣< ∞,

and ∥∥∥∥∥
∑n

i=1
∂ g
∂xi

(xi− yi)

∑n
i=1

∂ h
∂xi

(xi− yi)

∥∥∥∥∥
∞

= sup
x∈D

∣∣∣∣∣∣
∑n

i=1
∂g(x)

∂ xi
(xi− yi)

∑n
i=1

∂h(x)
∂ xi

(xi− yi)

∣∣∣∣∣∣< ∞.

Then for every x ∈ D̄,

∣∣∣ f (x)g(x) − 1
2M

g(x)
∫

D
f (y)dy− 1

2M
f (x)

∫
D

g(y)dy
∣∣∣

≤ N
2M

(
|g(x)|

∥∥∥∥∥
∑n

i=1
∂ f
∂xi

(xi− yi)

∑n
i=1

∂ h
∂xi

(xi− yi)

∥∥∥∥∥
∞

+| f (x)|
∥∥∥∥∥

∑n
i=1

∂g
∂ xi

(xi− yi)

∑n
i=1

∂h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

)
, (27.2)

where M = mesD := ∏n
i=1(bi − ai), N =

∫
D |h(x)− h(y)|dy, dy = dy1 sdyn, and

∑n
i=1

∂h(x)
∂xi

(xi− yi) �= 0.
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Proof. Let x = (x1, . . . ,xn) and y = (y1, . . . ,yn) (x ∈ D, y ∈ D̄). On account of the
n-dimensional version of the Cauchy’s mean value theorem, we have

f (x)− f (y) =
∑n

i=1
∂ f (c)

∂ xi
(xi− yi)

∑n
i=1

∂ h(c)
∂ xi

(xi− yi)
(h(x)−h(y)), (27.3)

g(x)−g(y) =
∑n

i=1
∂g(d)

∂ xi
(xi− yi)

∑n
i=1

∂h(d)
∂ xi

(xi− yi)
(h(x)−h(y)), (27.4)

where

c = (y1 +α(x1− y1), . . . ,yn +α(xn− yn))

and

d = (y1 +β (x1− y1), . . . ,yn +β (xn− yn))

with 0 < α < 1,0 < β < 1. Multiplying both sides of (27.3) and (27.4) by g(x) and
f (x), respectively, and adding, we get

2 f (x)g(x) − g(x) f (y)− f (x)g(y)

= g(x)
∑n

i=1
∂ f (c)

∂xi
(xi− yi)

∑n
i=1

∂h(c)
∂xi

(xi− yi)
(h(x)−h(y))

+ f (x)
∑n

i=1
∂ g(d)

∂ xi
(xi− yi)

∑n
i=1

∂ h(d)
∂ xi

(xi− yi)
(h(x)−h(y)). (27.5)

Integrating both sides of (27.5) with respect to y over D, using the fact that

mesD > 0

and rearranging terms, we have

f (x)g(x) − 1
2M

g(x)
∫

D
f (y)dy− 1

2M
f (x)

∫
D

g(y)dy

=
1

2M
g(x)

∫
D

∑n
i=1

∂ f (c)
∂ xi

(xi− yi)

∑n
i=1

∂ h(c)
∂ xi

(xi− yi)
(h(x)−h(y))dy

+
1

2M
f (x)

∫
D

∑n
i=1

∂g(d)
∂xi

(xi− yi)

∑n
i=1

∂h(d)
∂xi

(xi− yi)
(h(x)−h(y))dy. (27.6)
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From (27.6) and from the properties of modulus we have

∣∣∣ f (x)g(x) − 1
2M

g(x)
∫

D
f (y)dy− 1

2M
f (x)

∫
D

g(y)dy
∣∣∣

≤ 1
2M
|g(x)|

∫
D

∣∣∣∣∣∣
∑n

i=1
∂ f (c)

∂ xi
(xi− yi)

∑n
i=1

∂ h(c)
∂ xi

(xi− yi)

∣∣∣∣∣∣ |h(x)−h(y)|dy

+
1

2M
| f (x)|

∫
D

∣∣∣∣∣∣
∑n

i=1
∂ g(d)

∂xi
(xi− yi)

∑n
i=1

∂ h(d)
∂xi

(xi− yi)

∣∣∣∣∣∣ |h(x)−h(y)|dy

≤ N
2M

(
|g(x)|

∥∥∥∥∥
∑n

i=1
∂ f
∂xi

(xi− yi)

∑n
i=1

∂ h
∂xi

(xi− yi)

∥∥∥∥∥
∞

+| f (x)|
∥∥∥∥∥

∑n
i=1

∂g
∂ xi

(xi− yi)

∑n
i=1

∂h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

)
.

�	
Remark 27.1. If we take h(x) = x and h(y) = y, then (27.2) becomes

∣∣∣ f (x)g(x) − 1
2M

g(x)
∫

D
f (y)dy− 1

2M
f (x)

∫
D

g(y)dy
∣∣∣

≤ 1
2M

n

∑
i=1

(
|g(x)|

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞
+ | f (x)|

∥∥∥∥ ∂g
∂xi

∥∥∥∥
∞

)
Ei(x),

where dy = dy1 sdyn, and

Ei(x) =
∫

D
|xi− yi|dy , M = mesD =:

n

∏
i=1

(bi−ai).

This was also obtained by Pachpatte in [10, Theorem 2.1].

Remark 27.2. If we take h(x) = x, h(y) = y, g(x) = 1 and hence ∂g/∂xi = 0 in
Theorem 27.2, then inequality (27.2) reduces to an inequality of Milovanović in
[7, Theorem 2], which is in turn is a further generalization of the well known
Ostrowski’s inequality (27.1).
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Theorem 27.3. Under the assumptions of Theorem 27.2, let ω(x) be nonnegative
and integrable in D with

∫
D ω(y)dy > 0. Then for every x ∈ D̄, we have

∣∣∣ f (x)g(x) − g(x)
∫

D ω(y) f (y)dy+ f (x)
∫

D ω(y)g(y)dy
2
∫

D ω(y)dy

∣∣∣

≤ 1
2
∫

D ω(y)dy

∫
D

ω(y)

(
|g(x)|

∥∥∥∥∥
∑n

i=1
∂ f
∂xi

(xi− yi)

∑n
i=1

∂ h
∂xi

(xi− yi)

∥∥∥∥∥
∞

+| f (x)|
∥∥∥∥∥

∑n
i=1

∂ g
∂ xi

(xi− yi)

∑n
i=1

∂ h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

)
dy. (27.7)

Multiplying both sides of (27.5) by ω(y) and integrating the resulting identity
with respect to y on D and following the proof of inequality (27.2), it is not hard to
arrive at inequality (27.7). The details are omitted here.

Remark 27.3. With h(x) = x and h(y) = y, (27.7) reduces to a new inequality
established by Pachpatte in [10, Theorem 2.1].

Remark 27.4. Again, if we take h(x) = x, h(y) = y, g(x) = 1 and hence ∂g/∂xi = 0
in Theorem 27.3, then inequality (7) reduces to an inequality of Milovanović in [7,
Theorem 3], which is in turn a further generalization of the well known Ostrowski’s
inequality.

Theorem 27.4. Under the assumptions of Theorem 27.2, for every x ∈ D̄, we have

∣∣∣ f (x)g(x) − f (x)

(
1
M

∫
D

g(y)dy

)

−g(x)

(
1
M

∫
D

f (y)dy

)
+

1
M

∫
D

f (y)g(y)dy
∣∣∣

≤ N̄
M

∥∥∥∥∥
∑n

i=1
∂ f
∂xi

(xi− yi)

∑n
i=1

∂ h
∂xi

(xi− yi)

∥∥∥∥∥
∞

×
∥∥∥∥∥

∑n
i=1

∂g
∂ xi

(xi− yi)

∑n
i=1

∂h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

, (27.8)

where

N̄ =

∫
D
(h(x)−h(y))2dy

and M is defined as in Theorem 27.2.

Proof. Multiplying the identities (27.3) and (27.4) and using the hypotheses, we get

f (x)g(x)p − f (x)g(y)− f (y)g(x)+ f (y)g(y)

=
∑n

i=1
∂ f (c)

∂ xi
(xi− yi)

∑n
i=1

∂ h(c)
∂ xi

(xi− yi)
× ∑n

i=1
∂ g(d)

∂xi
(xi− yi)

∑n
i=1

∂ h(d)
∂xi

(xi− yi)
(h(x)−h(y))2, (27.9)
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where c, d are as defined in the proof of Theorem 27.2. Integrating both sides of
(27.9) with respect to y on D and rearranging the terms, we have

f (x)g(x) − f (x)

(
1
M

∫
D

g(y)dy

)
−g(x)

(
1
M

∫
D

f (y)dy

)
+

1
M

∫
D

f (y)g(y)dy

=
1
M

∫
D

∑n
i=1

∂ f (c)
∂ xi

(xi− yi)

∑n
i=1

∂h(c)
∂ xi

(xi− yi)
× ∑n

i=1
∂g(d)

∂xi
(xi− yi)

∑n
i=1

∂h(d)
∂xi

(xi− yi)
(h(x)−h(y))2dy.

Consequently, by properties of the modulus, we have

∣∣∣ f (x)g(x) − f (x)

(
1
M

∫
D

g(y)dy

)

−g(x)

(
1
M

∫
D

f (y)dy

)
+

1
M

∫
D

f (y)g(y)dy
∣∣∣

≤ 1
M

∫
D

∣∣∣∣∣∣
∑n

i=1
∂ f (c)

∂xi
(xi− yi)

∑n
i=1

∂h(c)
∂xi

(xi− yi)

∣∣∣∣∣∣×
∣∣∣∣∣∣
∑n

i=1
∂g(d)

∂ xi
(xi− yi)

∑n
i=1

∂h(d)
∂ xi

(xi− yi)

∣∣∣∣∣∣
×(h(x)−h(y))2dy

≤ 1
M

∫
D

∥∥∥∥∥
∑n

i=1
∂ f
∂ xi

(xi− yi)

∑n
i=1

∂ h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

×
∥∥∥∥∥

∑n
i=1

∂g
∂ xi

(xi− yi)

∑n
i=1

∂h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

×(h(x)−h(y))2dy

=
N̄
M

∥∥∥∥∥
∑n

i=1
∂ f
∂ xi

(xi− yi)

∑n
i=1

∂h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

×
∥∥∥∥∥

∑n
i=1

∂ g
∂ xi

(xi− yi)

∑n
i=1

∂ h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

,

where

N̄ =
∫

D
(h(x)−h(y))2dy .

This proves (27.8). �	
Remark 27.5. With h(x)= x and h(y)= y, (27.8) reduces to the following inequality
established by Pachpatte in [10, Theorem 2.2]:

∣∣∣ f (x)g(x) − f (x)

(
1
M

∫
D

g(y)dy

)

−g(x)

(
1
M

∫
D

f (y)dy

)
+

1
M

∫
D

f (y)g(y)dy
∣∣∣

≤ 1
M

∫
D

{[
n

∑
i=1

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞
|xi− yi|

]
×
[

n

∑
i=1

∥∥∥∥ ∂g
∂xi

∥∥∥∥
∞
|xi− yi|

]}
dy.
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Theorem 27.5. Under the assumptions of Theorem 27.3, for every x ∈ D̄, we have

∣∣∣∣ f (x)g(x) − f (x)

(
1
M

∫
D

g(y)dy

)
−g(x)

(
1
M

∫
D

f (y)dy

)

+
1

M2

(∫
D

f (y)dy

)(∫
D

g(y)dy

)∣∣∣∣

≤ N2

M2

∥∥∥∥∥
∑n

i=1
∂ f
∂ xi

(xi− yi)

∑n
i=1

∂h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

×
∥∥∥∥∥

∑n
i=1

∂ g
∂xi

(xi− yi)

∑n
i=1

∂ h
∂xi

(xi− yi)

∥∥∥∥∥
∞

, (27.10)

where

N =

∫
D
|h(x)−h(y)|dy.

Proof. Integrating both sides of (27.3) and (27.4) with respect to y over D, we get

f (x)− 1
M

∫
D

f (y)dy =
1
M

∫
D

∑n
i=1

∂ f (c)
∂xi

(xi− yi)

∑n
i=1

∂h(c)
∂xi

(xi− yi)
(h(x)−h(y))dy, (27.11)

g(x)− 1
M

∫
D

g(y)dy =
1
M

∫
D

∑n
i=1

∂ g(d)
∂xi

(xi− yi)

∑n
i=1

∂ h(d)
∂xi

(xi− yi)
(h(x)−h(y))dy. (27.12)

Multiplying (27.11) and (27.12), we have

f (x)g(x) − f (x)

(
1
M

∫
D

g(y)dy

)
−g(x)

(
1
M

∫
D

f (y)dy

)

+
1

M2

(∫
D

f (y)dy

)(∫
D

g(y)dy

)

=
1

M2

⎡
⎣∫

D

∑n
i=1

∂ f (c)
∂xi

(xi− yi)

∑n
i=1

∂h(c)
∂xi

(xi− yi)
(h(x)−h(y))dy

⎤
⎦

×
⎡
⎣∫

D

∑n
i=1

∂g(d)
∂xi

(xi− yi)

∑n
i=1

∂h(d)
∂xi

(xi− yi)
(h(x)−h(y))dy

⎤
⎦. (27.13)

Using (27.13) and properties of the modulus, we have

∣∣∣∣ f (x)g(x) − f (x)

(
1
M

∫
D

g(y)dy

)
−g(x)

(
1
M

∫
D

f (y)dy

)

+
1

M2

(∫
D

f (y)dy

)(∫
D

g(y)dy

)∣∣∣∣
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≤ 1
M2

⎡
⎣∫

D

∣∣∣∣∣∣
∑n

i=1
∂ f (c)

∂xi
(xi− yi)

∑n
i=1

∂h(c)
∂xi

(xi− yi)

∣∣∣∣∣∣ |h(x)−h(y)|dy

⎤
⎦

×
⎡
⎣∫

D

∣∣∣∣∣∣
∑n

i=1
∂g(d)

∂xi
(xi− yi)

∑n
i=1

∂h(d)
∂xi

(xi− yi)

∣∣∣∣∣∣ |h(x)−h(y)|dy

⎤
⎦

≤ N2

M2

∥∥∥∥∥
∑n

i=1
∂ f
∂ xi

(xi− yi)

∑n
i=1

∂h
∂ xi

(xi− yi)

∥∥∥∥∥
∞

×
∥∥∥∥∥

∑n
i=1

∂ g
∂xi

(xi− yi)

∑n
i=1

∂ h
∂xi

(xi− yi)

∥∥∥∥∥
∞

,

where

N =
∫

D
|h(x)−h(y)|dy.

�	
Remark 27.6. Note that, with h(x) = x and h(y) = y, inequality (27.10) reduces to
the following inequality:

∣∣∣∣ f (x)g(x) − f (x)

(
1
M

∫
D

g(y)dy

)

−g(x)

(
1
M

∫
D

f (y)dy

)
+

1
M2

∫
D

f (y)dy
∫

D
g(y)dy

∣∣∣∣

≤ 1
M2

[
n

∑
i=1

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞

Ei(x)

]
×
[

n

∑
i=1

∥∥∥∥ ∂g
∂ xi

∥∥∥∥
∞

Ei(x)

]
,

where Ei(x),M,dy are defined as in Theorem 27.2. This is also another inequality
established by Pachpatte in [10, Theorem 2.2].
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Chapter 28
Ternary Semigroups and Ternary Algebras

Antoni Chronowski

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract The ternary algebraic, topological, ordered structures are used in the
modern theoretical and mathematical physics and in the theory of functional
equations. The subject-matter of this paper focuses on ternary semigroups of
mappings and ternary algebras of mappings. The main theorem states that every
n-ary (ternary) semigroup is embeddable into an n-ary (ternary) semigroup of
mappings. The analysis of the structure of ternary semigroups of mappings by
means of the Green’s relations shows that these algebraic structures are a natural
generalization of (binary) semigroups of mappings. The ternary semigroups of
mappings are used for constructing the natural examples of ternary algebras, which
are the counterparts of binary algebras.

Keywords Ternary semigroups of mappings • Ternary linear algebras

Mathematics Subject Classification (2000): Primary 20N10, 20N15; Secondary
17A40

28.1 Introduction

Dörnte [24] was the first to study n-ary (polyadic) groups as abstract algebras. The
theory was later developed at great length by E. Post [47]. The different results
related to n-ary groups one can find in many papers (e.g. [8,17,25,29,38,54]). Very
extensive investigations on the n-ary quasigroups were published by Belousov [5].
The foundations of the n-ary semigroups one can find in the papers (e.g. [15,37,52]).
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The notion of ternary semigroups was introduced by Lehmer in 1932. There are
many papers on ternary semigroups (e.g. [1,13,14,16,18–20,22,23,28,41,51,53]).

An important area of research are ternary algebras: ternary linear algebras,
involutive ternary linear algebras, normed ternary linear algebras, topological
ternary linear algebras, Banach ternary algebras, C∗-ternary algebras (e.g.
[2–4, 21, 33, 42, 46]). It is known (e.g. [2, 33, 46]), that the ternary algebras and
the ternary semigroups are interesting for their applications to the problems of
modern mathematical physics (e.g. the Nambu mechanics).

The ternary (n-ary) algebraic structures are considered in the theory of functional
equations (e.g. [7, 9–12, 29, 35, 43]), particularly in the stability of functional
equations (e.g. [1, 3, 39, 42, 45, 46, 48]).

The inspiration for the considerations on the functional equations and their
stability on the ternary structures comes from many articles and books about this
subject (e.g. [26, 27, 31, 32, 44, 49, 50]).

The considerations included in this paper are intended above all to draw attention
to the ternary (n-ary) structures, which may find more interesting applications in the
theory of functional equations and in the mathematical physics.

28.2 Basic Concepts: n-ary Algebraic Structures

In this section, certain basic definitions and results are presented. References will be
made to these definitions and theorems throughout the paper, first of all in the case
when n = 3.

Definition 28.1. Let A be a nonempty set. A mapping f : An −→ A is called an
n-ary operation on the set A.

If n = 2, then a 2-ary operation f is called an operation. If n = 3, then a 3-ary
operation f is called a ternary operation.

In this section, we consider n-ary operations for n≥ 2.
Let f be an n-ary operation on the set A. Let us denote:

f (xn
1) = f (x1, . . . ,xn),

f (xk
1,x

s,xn
k+s+1) = f (x1, . . . ,xk,xk+1, . . . ,xk+s,xk+s+1, . . . ,xn),

whenever
xk+1 = xk+2 = · · ·= xk+s = x.

If j < i, then x j
i is the empty symbol, also x0 is the empty symbol.

If X1, . . . ,Xn ∈ 2A, then we put

f (X1, . . . ,Xn) = { f (x1, . . . ,xn) : x1 ∈ X1, . . . ,xn ∈ Xn}.
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Let us denote:

f (Xk,xl ,Y m) = f (X1, . . . ,Xk,Xk+1, . . . ,Xk+l ,Xk+l+1, . . . ,Xk+l+m),

whenever k+ l+m = n and

X1 = · · ·= Xk = X ,

Xk+1 = · · ·= Xk+l = {x},
Xk+l+1 = · · ·= Xk+l+m = Y.

Definition 28.2. Let A be a nonempty set, f – an n-ary operation on the set A. The
pair (A, f ) is said to be an n-ary groupoid (or n-groupoid).

If n = 2, then a 2-ary groupoid (A, f ) is called a groupoid. If n = 3, then a 3-ary
groupoid (A, f ) is called a ternary groupoid.

Definition 28.3. An element e ∈ A is called an identity of the n-ary groupoid
(A, f ) if

f (ei−1,x,en−i) = x

for every x ∈ A, where i = 1, . . . ,n.

Definition 28.4. A mapping F : A −→ B is called a homomorphism of an n-ary
groupoid (A, f ) into an n-ary groupoid (B, f ) if

F( f (x1,x2, . . . ,xn)) = f (F(x1),F(x2), . . . ,F(xn))

for all x1,x2, . . . ,xn ∈ A.

Definition 28.5. An n-ary groupoid (A, f ) is said to be an n-ary quasigroup (or
n-quasigroup) if for an arbitrary i ∈ {1, . . . ,n} the equation

f (ai−1
1 ,x,an

i+1) = a

has a unique solution in A for any elements a,a1, . . . ,an ∈ A.

If n = 2, then a 2-ary quasigroup (A, f ) is called a quasigroup. If n = 3, then
a 3-ary quasigroup (A, f ) is called a ternary quasigroup.

Definition 28.6. An n-ary groupoid (A, f ) is said to be an n-ary semigroup (or n-
semigroup) if for arbitrary i, j ∈ {1, . . . ,n} the following equality

f
(
xi−1

1 , f
(
xi+n−1

i

)
,x2n−1

i+n

)
= f

(
x j−1

1 , f
(

x j+n−1
j

)
,x2n−1

j+n

)
(28.1)

holds for any elements x1, . . . ,x2n−1 ∈ A.

The condition (28.1) is called the associative law.
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If n= 2, then a 2-ary semigroup (A, f ) is called a semigroup. If n= 3, then a 3-ary
semigroup (A, f ) is called a ternary semigroup.

Definition 28.7. Let (A, f ) be a ternary semigroup. The equivalence relation α on
the set A is called:

(a) a left congruence if

∀a,b,x1,x2 ∈ A [(a,b) ∈ α =⇒ ( f (x1,x2,a), f (x1,x2,b)) ∈ α];

(b) a right congruence if

∀a,b,x1,x2 ∈ A [(a,b) ∈ α =⇒ ( f (a,x1,x2), f (b,x1,x2)) ∈ α].

Definition 28.8. A ternary semigroup (A, f ) is said to be regular if

∀a ∈ A∃ x,y ∈ A [ f (a,x,a,y,a) = a].

Definition 28.9. If an n-ary semigroup (A, f ) is an n-ary quasigroup, then (A, f ) is
called an n-ary group (or n-group).

If n = 2, then a 2-ary group (A, f ) is called a group. If n = 3, then a 3-ary group
(A, f ) is called a ternary group.

To illustrate the relationship between the n-ary groups and the (binary) groups
we shall quote the following theorem.

Theorem 28.1 ([29, 54]). An n-groupoid (A, f ) is an n-group if and only if

f (xn
1) = x1 ·α(x2) ·α2(x3) · · · · ·αn−2(xn−1) ·a · xn

for all x1, . . . ,xn ∈ A, whenever the following conditions hold:

(a) (A, ·) is a group;
(b) a ∈ A is a fixed element;
(c) α ∈ Aut(A, ·), α(a) = a, αn−1(x) = a · x ·a−1 for any x ∈ A.

28.3 An n-ary Semigroup of Mappings. The Embedding
Theorems

We will consider some n-ary (ternary) semigroups of mappings. The idea and
significance of n-ary (ternary) semigroups of mappings will be explained in the
problem of representing an n-ary (a ternary) semigroup as an n-ary (a ternary)
semigroup of mappings. The main results of this section are the embedding
theorems.
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Let X and Y be nonempty sets. By T (X ,Y ) we denote the set of all mappings of
the set X into the set Y .

Assume that X1, X2,. . . ,Xn−1, where n≥ 3, are nonempty sets. Consider the set

T [X1,X2, . . . ,Xn−1] = T (X1,X2)×T (X2,X3)×·· ·×T (Xn−2,Xn−1)×T (Xn−1,X1).

The symbol pi j denotes a mapping from the set T (Xi,Xj) for i, j ∈ {1, . . . ,n−1}.
Consider the case n = 3. Then

T [X1,X2] = T (X1,X2)×T(X2,X1).

Define the ternary operation f : T [X1,X2]
3 −→ T [X1,X2] by

f ((p1
12, p1

21),(p2
12, p2

21),(p3
12, p3

21)) = (p1
12 ◦ p2

21 ◦ p3
12, p1

21 ◦ p2
12 ◦ p3

21)

for all

(p1
12, p1

21),(p2
12, p2

21),(p3
12, p3

21) ∈ T [X1,X2].

We shall prove that the ternary operation f is associative:

f ( f ((p1
12, p1

21), (p2
12, p2

21), (p3
12, p3

21)), (p4
12, p4

21),(p5
12, p5

21))

= f ((p1
12 ◦ p2

21 ◦ p3
12, p1

21 ◦ p2
12 ◦ p3

21), (p4
12, p4

21),(p5
12, p5

21))

= (p1
12 ◦ p2

21 ◦ p3
12 ◦ p4

21 ◦ p5
12, p1

21 ◦ p2
12 ◦ p3

21 ◦ p4
12 ◦ p5

21);

f ((p1
12, p1

21), f ((p2
12, p2

21), (p3
12, p3

21), (p4
12, p4

21)),(p5
12, p5

21))

= f ((p1
12, p1

21), (p2
12 ◦ p3

21 ◦ p4
12, p2

21 ◦ p3
12 ◦ p4

21), (p5
12, p5

21))

= (p1
12 ◦ p2

21 ◦ p3
12 ◦ p4

21 ◦ p5
12, p1

21 ◦ p2
12 ◦ p3

21 ◦ p4
12 ◦ p5

21);

f ((p1
12, p1

21), (p2
12, p2

21), f ((p3
12, p3

21), (p4
12, p4

21),(p5
12, p5

21)))

= f ((p1
12, p1

21), (p2
12, p2

21), (p3
12 ◦ p4

21 ◦ p5
12, p3

21 ◦ p4
12 ◦ p5

21))

= (p1
12 ◦ p2

21 ◦ p3
12 ◦ p4

21 ◦ p5
12, p1

21 ◦ p2
12 ◦ p3

21 ◦ p4
12 ◦ p5

21)

for all

(p1
12, p1

21), (p2
12, p2

21), (p3
12, p3

21), (p4
12, p4

21),(p5
12, p5

21) ∈ T [X1,X2].

Thus, we have obtained the following

Proposition 28.1. The groupoid (T [X1,X2], f ) is a ternary semigroup.

Now, we consider the general case. Define the n-ary operation

f : T [X1,X2, . . . ,Xn−2,Xn−1]
n −→ T [X1,X2, . . . ,Xn−2,Xn−1]
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by the formula:

f ((p1
12, p1

23, . . . , p1
n−2,n−1, p1

n−1,1),(p2
12, p2

23, . . . , p2
n−2,n−1, p2

n−1,1), . . . ,

(pn−1
12 , pn−1

23 , . . . , pn−1
n−2,n−1, pn−1

n−1,1),(pn
12, pn

23, . . . , pn
n−2,n−1, pn

n−1,1))

= (p1
12 ◦ p2

n−1,1 ◦ · · · ◦ pn−1
23 ◦ pn

12, p1
23 ◦ p2

12 ◦ · · · ◦ pn−1
34 ◦ pn

23, . . . ,

p1
n−2,n−1 ◦ p2

n−3,n−2 ◦ · · · ◦ pn−1
n−1,1 ◦ pn

n−2,n−1, p1
n−1,1 ◦ p2

n−2,n−1 ◦ · · ·
◦pn−1

12 ◦ pn
n−1,1) (28.2)

for all (p1
12, p1

23, . . . , p1
n−2,n−1, p1

n−1,1), . . . ,(pn
12, pn

23, . . . , pn
n−2,n−1, pn

n−1,1) from the
set T [X1,X2, . . . ,Xn−2,Xn−1].

The proof of associativity of this n-ary operation f may be modelled after the
above proof of associativity of the ternary operation f .

So we have:

f ((p1
12, p1

23, . . . , p1
n−2,n−1, p1

n−1,1),(p2
12, p2

23, . . . , p2
n−2,n−1, p2

n−1,1), . . . ,

(pi−1
12 , pi−1

23 , . . . , pi−1
n−2,n−1, pi−1

n−1,1), f ((pi
12, pi

23, . . . , pi
n−2,n−1, pi

n−1,1), . . . ,

(pn
12, pn

23, . . . , pn
n−2,n−1, pn

n−1,1), . . . ,(pi+n−1
12 , pi+n−1

23 , . . . , pi+n−1
n−2,n−1, pi+n−1

n−1,1 )),

(pi+n
12 , pi+n

23 , . . . , pi+n
n−2,n−1, pi+n

n−1,1), . . . ,(p2n−2
12 , p2n−2

23 , . . . , p2n−2
n−2,n−1, p2n−2

n−1,1),

(p2n−1
12 , p2n−1

23 , . . . , p2n−1
n−2,n−1, p2n−1

n−1,1))

= (p1
12 ◦ p2

n−1,1 ◦ · · · ◦ pn−1
23 ◦ pn

12 ◦ pn+1
n−1,1 ◦ · · · ◦ p2n−2

23 ◦ p2n−1
12 , p1

23 ◦ p2
12 ◦ · · ·

◦pn−1
34 ◦ pn

23 ◦ pn+1
12 ◦ · · · ◦ p2n−2

34 ◦ p2n−1
23 , . . . , p1

n−1,1 ◦ p2
n−2,n−1 ◦ · · ·

◦pn−1
12 ◦ pn

n−1,1 ◦ pn+1
n−2,n−1 ◦ · · · ◦ p2n−2

12 ◦ p2n−1
n−1,1)

for all

(p1
12, p1

23, . . . , p1
n−2,n−1, p1

n−1,1), . . . ,(p2n−1
12 , p2n−1

23 , . . . , p2n−1
n−2,n−1, p2n−1

n−1,1)

from the set T [X1,X2, . . . ,Xn−2,Xn−1] and for an arbitrary i ∈ {1, . . . ,n}.
Thus we have proved the following

Theorem 28.2. Let X1, . . . ,Xn−1, where n≥ 3, be nonempty sets. The groupoid

(T [X1, . . . ,Xn−1], f )

endowed with the n-ary operation f given by the formula (28.2) is an n-ary
semigroup.

Definition 28.10. The n-ary semigroup (T [X1, . . . ,Xn−1], f ) is called the n-ary
semigroup of mappings of sets X1, . . . ,Xn−1.
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If the sets X1, . . . ,Xn−1 are pairwise disjoint, then (T [X1, . . . ,Xn−1], f ) is called
the disjoint n-ary semigroup of mappings of sets X1, . . . ,Xn−1.

Let (A, ·) be a semigroup. We define an n-ary operation f : An −→ A by the
formula:

f (x1, . . . ,xn) = x1 · . . . · xn (28.3)

for all x1, . . . ,xn ∈ A. It is clear that (A, f ) is an n-ary semigroup.
The n-ary semigroup (A, f ) with the n-ary operation defined by (28.3) is called

an n-ary semigroup reduct of the semigroup (A, ·). If n = 3, then we say that (A, f )
is a ternary semigroup reduct of the semigroup (A, ·).

Let A be a nonempty set. Denote by FA the set of all finite sequences (a1, . . . ,am)
for a1, . . . ,am ∈ A. The empty set /0 is treated as a finite sequence /0 ∈ FA and it is
called an empty sequence.

The number m is said to be a length of the m-termed sequence a = (a1, . . . ,am) ∈
FA and we write l(a) = m. For the empty sequence /0 we put l( /0) = 0. We identify a
with (a) for a ∈ A.

Let us define a binary operation on the set FA by the formula:

ab = (a1, . . . ,am,b1, . . . ,bk) (28.4)

for a = (a1, . . . ,am) ∈ FA, b = (b1, . . . ,bk) ∈ FA.
The binary operation defined by the formula (28.4) is called a concatenation or

juxtaposition on the set FA.
With respect to the concatenation FA is a semigroup, called the free semigroup

on the set A. The empty sequence is the identity of the free semigroup FA.
Let (A, f ) be an n-ary semigroup. Consider the free semigroup FA. The n-ary

operation f has a natural extension to the set of all sequences that, with some m > 0,
have the length m(n−1)+ 1. Namely, by recursion with m > 0,

f (x1, . . . ,xm(n−1)+1) = f (. . . f ( f (x1, . . . ,xn),xn+1, . . . ,x2n−1), . . . ,xm(n−1)+1)

for (x1, . . . ,xm(n−1)+1) ∈ FA.
The proof of the next theorem is due to Monk and Sioson [37].

Theorem 28.3. Every n-ary semigroup (A, f ) is embeddable into an n-ary semi-
group reduct (B, f ) with identity.

Proof. Consider the free semigroup FA. Define the relation R on the set FA by the
following condition:

(w1) aR b⇐⇒∃ p,q,r ∈ FA [a = pqr∧ l(q) = n∧b = p f (q)r]
for a,b ∈ FA.

Notice that there are no sequences in the set FA which are related by R to
the empty set /0.

Observe that
(w2) if b = f (b1, . . . ,bn), then (b1, . . . ,bn)Rb.
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Indeed, it is enough to take p = r = /0 and q = (b1, . . . ,bn) in the condi-
tion (w1).

Let S be the equivalence relation on the set FA genereted by the relation R.
Thus, we get:

(w3) if a,b ∈ FA, then aS b if and only if either a = b, or for some n ∈N there is
a finite sequence a = c1, . . . ,ck = b in which for each i ∈ {1, . . . ,k−1}, either
ciRci+1 or ci+1Rci.

Observe that /0Sb if and only if b = /0, and so [ /0]S = { /0}.
First, we shall show that S is a congruence on the free semigroup FA.

Assume that a,b,c ∈ FA and aRb. Thus, there exist p,q,r ∈ FA such that
a = pqr, l(q) = n, b = p f (q)r. Hence, ac = (pqr)c, bc = (p f (q)r)c, and so

ac = pq(rc), bc = p f (q)(rc).

Consequently, (ac)R(bc). Similarly, (ca)R(cb). By the condition (w3), we
infer that S is a congruence on the free semigroup FA.

Therefore, we can consider the n-ary semigroup reduct (FA/S, f ) of the
quotient semigroup FA/S. Notice that the equivalence class [ /0]S is the identity
of the quotient semigroup FA/S, what implies that [ /0]S is the identity of the
n-ary semigroup reduct (FA/S, f ).

Observe that if a,b ∈ FA and aRb, then

l(a) = l(b)+ n−1.

Using (w3) we have:
(w4) if a,b ∈ FA and aSb, then l(a)≡ l(b) (mod n−1).

The following statement will be found useful in the proof:
(w5) if x ∈ A, b ∈ FA, and xSb, then either x = b or there exists m > 0 such that

l(b) = m(n−1)+ 1 and f (b) = x.
Indeed, in view of (w3) it follows that x = b or x = c1, . . . ,ck = b for some

c1, . . . ,ck ∈ FA such that either ciRci+1 or ci+1Rci for each i ∈ {1, . . . ,k− 1}.
By induction on k we shall prove the condition (w5).

If k = 1, then x = c1 = b, and so (w5) holds. Assume that the condition (w5)
holds for k−1, where k > 1. Suppose that x = c1, . . . ,ck−1,ck = b. Since xSck−1, by
the inductive assumption, we have two possibilities:

(a) x = ck−1 or
(b) there exists m > 0 such that l(ck−1) = m(n−1)+ 1 and f (ck−1) = x.

Assume that (a) holds. If x = ck−1, then ckRck−1, because the case ck−1Rck is
impossible in view of the definition of R. Hence, ckRx. By the definition of R, there
exist p,q,r ∈ FA such that

ck = pqr, l(q) = n, x = p f (q)r.

Since x ∈ A, it follows that p = r = /0. Thus, ck = q, and so x = f (ck) = f (b). In this
case, (w5) holds.
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Assume that (b) holds. We know that ck−1Rck or ckRck−1. First, suppose that
ck−1Rck. Thus, there exist elements p,q,r ∈ FA such that

ck−1 = pqr, l(q) = n, ck = p f (q)r.

By (b),

l(pqr) = l(ck−1) = m(n−1)+ 1

for some m > 0.
If m = 1, then l(pqr) = n. Since l(q) = n, it follows that p = r = /0. Hence

ck−1 = q, ck = f (q) = f (ck−1) = x,

and so b = ck = x.
If m > 1, then

l(pqr) = m(n−1)+ 1,

l(ck) = l(p f (q)r) = m(n−1)+ 1−n+1= (m−1)(n−1)+ 1,

where m−1 > 0. Therefore

f (b) = f (ck) = f (p f (q)r) = f (pqr) = f (ck−1) = x.

Next, assume that ckRck−1. There exist elements p,q,r ∈ FA such that

ck = pqr, l(q) = n, ck−1 = p f (q)r.

By (b),

l(p f (q)r) = l(ck−1) = m(n−1)+ 1

for some m > 0. Thus

l(ck) = l(pqr) = m(n−1)+ 1+(n−1)= (m+1)(n−1)+ 1.

Consequently

f (b) = f (ck) = f (pqr) = f (p f (q)r) = f (ck−1) = x.

Define the mapping ϕ : A−→ FA/S by

ϕ(x) = [x]S

for x ∈ A. Notice that ϕ is an injection. Indeed, assume that ϕ(x1) = ϕ(x2), where
x1,x2 ∈ A. Thus

[x1]S = [x2]S,

whence x1Sx2, and so x1 = x2 in view of the condition (w5).
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Assume that x1, . . . ,xn ∈ A. Using the condition (w2) we get:

ϕ( f (x1, . . . ,xn)) = [ f (x1, . . . ,xn)]S = [(x1, . . . ,xn)]S = [x1]S . . . [xn]S

= f ([x1]S, . . . , [xn]S) = f (ϕ(x1), . . . ,ϕ(xn)).

Therefore, ϕ is a monomorphism of the n-ary semigroup (A, f ) into the n-ary
semigroup reduct (FA/S, f ) of the quotient semigroup FA/S. Taking B = FA/S, we
have proved the theorem. 
�

By Theorem 28.3 we get

Corollary 28.1. Every n-ary semigroup can be extended to an n-ary semigroup
with identity.

In the sequel, continuing the argument applied in the proof of Theorem 28.3, we
shall prove another theorem.

Let (A, f ) be an n-ary semigroup with identity e. For an arbitrary i ∈ {1, . . . ,
n−1} let us consider the following sets:

Xi = {M ∈ FA/S : ∃a ∈M [l(a) = i]}.

From (w4) we see that the sets X1, . . . ,Xn−1 are pairwise disjoint.
We shall show that

(w6)∀a ∈ FA ∃b ∈ FA [a S b∧ l(b)< n].

If l(a)< n, it is enough to take b = a. Assume that a ∈ FA and m = l(a)≥ n. Put
a = (a1, . . . ,am). By (w2),

(a1, . . . ,an)S f (a1, . . . ,an).

If m = n, then it is enough to put b = f (a1, . . . ,an). Suppose that m > n. Since S is
a congruence on the free semigroup FA and

(a1, . . . ,an)S f (a1, . . . ,an),

it follows that

a = (a1, . . . ,an,an+1, . . . ,am)S( f (a1, . . . ,an),an+1, . . . ,am).

Observe that

l( f (a1, . . . ,an),an+1, . . . ,am) = l(a)−n+1.

Proceeding in this way, we get (w6). By (w6), it follows that

X1∪ . . .∪Xn−1 = (FA/S)\ {[ /0]S}.
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Let x ∈ A be an arbitrary fixed element. Define the mappings:

px
i,i+1 : Xi −→ Xi+1 for i = 1, . . . ,n−2,

px
n−1,1 : Xn−1 −→ X1

by the following formulas:

px
i,i+1( [b]S) = [xb]S for [b]S ∈ Xi,

px
n−1,1( [b]S) = [xb]S for [b]S ∈ Xn−1.

We shall prove that the mappings px
i,i+1 for i = 1, . . . ,n− 2 and px

n−1,1 are well-
defined. Assume that [b]S = [b′]S. Since S is a congruence and bSb′, it follows that
(xb)S(xb′), hence

[xb]S = [xb′]S.

Take an arbitrary i ∈ {1, . . . ,n−2}. Suppose that [b]S ∈ Xi. Thus, [b]S = [a]S, where
l(a) = i. Hence

px
i,i+1([b]S) = px

i,i+1([a]S) = [xa]S ∈ Xi+1.

Suppose that [b]S ∈ Xn−1. Thus, [b]S = [a]S, where l(a) = n− 1. From (w2) it
follows that

f (xa)S(xa).

Clearly l( f (xa)) = 1, hence [xa]S ∈ X1. Thus

px
n−1,1([b]S) = px

n−1,1([a]S) = [xa]S ∈ X1.

Let us define a mapping

μ : A−→ T [X1, . . . ,Xn−1]

by the formula:

μ(x) = (px
12, px

23, . . . , px
n−2,n−1, px

n−1,1)

for x ∈ A. We shall prove that μ is a monomorphism of the n-ary semigroup (A, f )
into the disjoint n-ary semigroup

(T [X1, . . . ,Xn−1], f )

of mappings of sets X1, . . . ,Xn−1.
Assume that x1, . . . ,xn ∈ A. We shall show that

μ( f (x1,x2, . . . ,xn−1,xn)) = f (μ(x1),μ(x2), . . . ,μ(xn−1),μ(xn)). (28.5)

We have:

μ( f (x1,x2, . . . ,xn−1,xn)) =
(

p f (x1,x2,...,xn−1,xn)
12 , p f (x1,x2,...,xn−1,xn)

23 ,

. . . , p f (x1,x2,...,xn−1,xn)
n−2,n−1 , p f (x1,x2,...,xn−1,xn)

n−1,1

)
;
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f (μ(x1),μ(x2), . . . ,μ(xn−1),μ(xn))

= f
((

px1
12, px1

23, . . . , px1
n−2,n−1, px1

n−1,1

)
,
(

px2
12, px2

23, . . . , px2
n−2,n−1, px2

n−1,1

)
,

. . . ,
(

pxn−1
12 , p

xn−1
23 , . . . , p

xn−1
n−2,n−1, p

xn−1
n−1,1

)
,
(

pxn
12, pxn

23, . . . , pxn
n−2,n−1, pxn

n−1,1

))

=
(

px1
12 ◦ px2

n−1,1 ◦ · · · ◦ pxn−1
23 ◦ pxn

12, px1
23 ◦ px2

12 ◦ · · · ◦ pxn−1
34 ◦ pxn

23,

. . . , px1
n−2,n−1 ◦ px2

n−3,n−2 ◦ · · · ◦ pxn−1
n−1,1 ◦ pxn

n−2,n−1, px1
n−1,1 ◦ px2

n−2,n−1◦

· · · ◦ pxn−1
12 ◦ pxn

n−1,1

)
.

First, we shall show that

p f (x1,x2,...,xn−1,xn)
12 = px1

12 ◦ px2
n−1,1 ◦ · · · ◦ pxn−1

23 ◦ pxn
12.

Assume that [a]S ∈ X1. Therefore, in view of (w2) we get:

p f (x1,x2,...,xn−1,xn)
12 ([a]S) = [ f (x1,x2, . . . ,xn−1,xn)a]S

= [(x1,x2, . . . ,xn−1,xn)a]S

= [x1x2 . . .xn−1xna]S

= (px1
12 ◦ px2

n−1,1 ◦ · · · ◦ pxn−1
23 ◦ pxn

12)([a]S).

Similarly, we can prove that

p f (x1,x2,...,xn−1,xn)
23 = px1

23 ◦ px2
12 ◦ · · · ◦ pxn−1

34 ◦ pxn
23,

......................................................................

p f (x1,x2,...,xn−1,xn)
n−2,n−1 = px1

n−2,n−1 ◦ px2
n−3,n−2 ◦ · · · ◦ pxn−1

n−1,1 ◦ pxn
n−2,n−1,

p f (x1,x2,...,xn−1,xn)
n−1,1 = px1

n−1,1 ◦ px2
n−2,n−1 ◦ · · · ◦ pxn−1

12 ◦ pxn
n−1,1.

Hence, (28.5) holds. Thus, μ is a homomorphism of (A, f ) into (T [X1, . . . ,Xn−1], f ).
Next, we shall prove that μ is an injection. Assume that

μ(x) = μ(y), (28.6)

where x,y ∈ A. Clearly

μ(x) = (px
12, . . . , px

n−1,1), μ(y) = (py
12, . . . , py

n−1,1). (28.7)

Consider the identity e of the n-ary semigroup (A, f ). Of course,

[en−1]S ∈ Xn−1.
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Next, by (28.6) and (28.7)

px
n−1,1 = py

n−1,1.

Hence, using (w2), we get

[x]S = [ f (x,en−1)]S = [x,en−1]S = [xen−1]S

= px
n−1,1([e

n−1]S) = py
n−1,1([e

n−1]S)

= [yen−1]S = [y,en−1]S = [ f (y,en−1)]S = [y]S.

Since [x]S = [y]S, it follows that x = y in view of (w5). Thus, μ is a monomorphism
of (A, f ) into

(T [X1, . . . ,Xn−1], f ).

If the n-ary semigroup (A, f ) has no identity element, then by Corollary 28.1 the
n-ary semigroup (A, f ) can be extended to an n-ary semigroup (B, f ) with identity.
Thus, (A, f ) is an n-ary subsemigroup of the n-ary semigroup (B, f ). It follows from
the foregoing that the n-ary semigroup (B, f ) can be embedded into a disjoint n-ary
semigroup (T [X1, . . . ,Xn−1], f ). Therefore, the n-ary semigroup (A, f ) can also be
embedded into a disjoint n-ary semigroup (T [X1, . . . ,Xn−1], f ).

On the basis of the above considerations we have obtained the following

Theorem 28.4. Every n-ary semigroup (A, f ) is embeddable into a disjoint n-ary
semigroup (T [X1, . . . ,Xn−1], f ) of mappings of sets X1, . . . ,Xn−1.

Theorem 28.4 implies the following

Corollary 28.2. Every ternary semigroup (A, f ) is embeddable into a disjoint
ternary semigroup (T [X ,Y ], f ) of mappings of sets X and Y .

28.4 Ideals and Green’s Relations on Ternary Semigroups

A generalization of ideals of binary semigroups [30] are ideals of ternary semi-
groups [53].

Definition 28.11. Let (A, f ) be a ternary semigroup. A nonempty subset I ⊆ A is
called:

(a) a left ideal if f (A,A, I) ⊆ I;
(b) a right ideal if f (I,A,A) ⊆ I;
(c) a lateral ideal if f (A, I,A)⊆ I;
(d) a two-sided ideal if I is both a left and right ideal;
(e) an ideal if I is a left, right, and lateral ideal.
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We denote by Idl(A), Idr(A), Idc(A), Id j(A), Id(A) the sets of all left ideals,
right ideals, lateral ideals, two-sided ideals, ideals of the ternary semigroup (A, f ),
respectively.

It is easy to prove the following

Proposition 28.2. Let (A, f ) be a ternary semigroup. If {It}t∈T is a nonempty
family of ideals [ left ideals, right ideals, lateral ideals, two-sided ideals ] of the
ternary semigroup (A, f ) indexed by t ∈ T such that

⋂
t∈T

It �= /0,

then ⋂
t∈T

It

is an ideal [a left ideal, right ideal, lateral ideal, two-sided ideal ] of the ternary
semigroup (A, f ).

In view of Proposition 28.2, we can define ideals generated by sets. Let (A, f ) be
a ternary semigroup. Let X ⊆ A be a nonempty set. Consider the following sets:

Il(X) =
⋂
{I ∈ Idl(A) : X ⊆ I},

Ir(X) =
⋂
{I ∈ Idr(A) : X ⊆ I},

Ic(X) =
⋂
{I ∈ Idc(A) : X ⊆ I},

I j(X) =
⋂
{I ∈ Id j(A) : X ⊆ I},

I(X) =
⋂
{I ∈ Id(A) : X ⊆ I}.

Of course the sets

Il(X), Ir(X), Ic(X), I j(X), I(X)

are suitable ideals of (A, f ) called, respectively, a left ideal, right ideal, lateral ideal,
two-sided ideal and an ideal of the ternary semigroup (A, f ) generated by the set X.

Let (A, f ) be a ternary semigroup and a∈A. Throughout this paper we shall often
write a instead of {a}.

The sets

Il(a), Ir(a), Ic(a), I j(a), I(a)

are called, respectively, the principal left ideal, right ideal, lateral ideal, two-sided
ideal, ideal of the ternary semigroup (A, f ) generated by a.

A straightforward reasoning yields the following

Proposition 28.3. Let (A, f ) be a ternary semigroup. For each element a ∈ A
we have:

(a) Il(a) = a∪ f (A,A,a);
(b) Ir(a) = a∪ f (a,A,A);
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(c) Ic(a) = a∪ f (A,a,A)∪ f (A2,a,A2);
(d) I j(a) = a∪ f (A,A,a)∪ f (a,A,A)∪ f (A2,a,A2);
(e) I(a) = a∪ f (A,A,a)∪ f (a,A,A)∪ f (A,a,A)∪ f (A2,a,A2).

The notion of ideals lead naturally to the consideration of certain equivalence
relations on ternary semigroups. These equivalences, first studied by Green (1951)
on binary semigroups [30], are very strong tools in the theory of ternary semigroups.

Definition 28.12. Let (A, f ) be a ternary semigroup. We define the following
relations on the set A:

(a) a L b ⇐⇒ Il(a) = Il(b);
(b) a R b ⇐⇒ Ir(a) = Ir(b);
(c) a C b ⇐⇒ Ic(a) = Ic(b);
(d) a J b ⇐⇒ I j(a) = I j(b);
(e) a T b ⇐⇒ I(a) = I(b);
(f) H = L∩R;
(h) D = L◦R.

An immediate consequence of Definition 28.12 is the following

Corollary 28.3. Let (A, f ) be a ternary semigroup. The relations L, R, C, J, T , H
are equivalence relations on the set A.

Proposition 28.4. Let (A, f ) be a ternary semigroup. Then

aLb⇐⇒ (a = b∨∃ x1,x2,y1,y2 ∈ A [b = f (x1,x2,a)∧a = f (y1,y2,b)])

for a,b ∈ A.

Proof. Assume that a,b ∈ A. From the definition of the relation L it follows that

aLb⇐⇒ a∪ f (A,A,a) = b∪ f (A,A,b).

Suppose that aLb. Since b ∈ a∪ f (A,A,a), it follows that either b = a or b =
f (x1,x2,a) for some x1,x2 ∈ A. Similarly, since a ∈ b∪ f (A,A,b), it follows that
either a = b or a = f (y1,y2,b) for some y1,y2 ∈ A.

Conversely, assume that a = b or b = f (x1,x2,a) and a = f (y1,y2,b) for some
x1,x2,y1,y2 ∈ A. The case a = b is evident. Consider the second case. Take z ∈
a∪ f (A,A,a). If z = a, then

z = f (y1,y2,b) ∈ f (A,A,b).

If z ∈ f (A,A,a), then z = f (z1,z2,a) for some z1,z2 ∈ A. Therefore

z = f (z1,z2, f (y1,y2,b)) = f ( f (z1,z2,y1),y2,b) ∈ f (A,A,b).
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Thus
a∪ f (A,A,a)⊆ b∪ f (A,A,b).

Similarly
b∪ f (A,A,b)⊆ a∪ f (A,A,a).


�
Proposition 28.5. The relation L is a right congruence on the ternary semi-
group (A, f ).

Proof. We have to show that

∀a,b,z1,z2 ∈ A [aLb =⇒ f (a,z1,z2)L f (b,z1,z2)].

Assume that aLb, where a,b ∈ A. From Proposition 28.4 it follows that a = b or
b = f (x1,x2,a) and a = f (y1,y2,b) for some x1,x2,y1,y2 ∈ A. The case when a = b
is evident. In the second case we get

f (b,z1,z2) = f ( f (x1,x2,a),z1,z2) = f (x1,x2, f (a,z1,z2)),

f (a,z1,z2) = f ( f (y1,y2,b),z1,z2) = f (y1,y2, f (b,z1,z2)).

Hence
f (a,z1,z2)L f (b,z1,z2)

by Proposition 28.4. 
�
A similar argument applied to the relation R yields the following two assertions:

Proposition 28.6. Let (A, f ) be a ternary semigroup. Then

aRb⇐⇒ (a = b∨∃ x1,x2,y1,y2 ∈ A [b = f (a,x1,x2)∧a = f (b,y1,y2)])

for a,b ∈ A.

Proposition 28.7. The relation R is a left congruence on the ternary semi-
group (A, f ).

Proposition 28.8. Let (A, f ) be a ternary semigroup. Then

aCb⇐⇒ (a = b∨∃ x1,x2,x3,x4,y1,y2,y3,y4 ∈ A

[(b = f (x1,a,x2)∧a = f (y1,b,y2))

∨ (b = f (x1,a,x2)∧a = f (y1, f (y2,b,y3),y4))

∨ (b = f (x1, f (x2,a,x3),x4)∧a = f (y1,b,y2))

∨ (b = f (x1, f (x2,a,x3),x4)∧a = f (y1, f (y2,b,y3),y4))])

for a,b ∈ A.

A straightforward calculation yields the proof of this proposition.
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Theorem 28.5. Let (A, f ) be a ternary semigroup. Then

L◦R = R◦L.

Proof. By the definition of the composition of relations we get:

(a,b) ∈ L◦R⇐⇒∃ c ∈ A [aRc∧ cLb]

for a,b ∈ A.
Assume that (a,b) ∈ L ◦ R, where a,b ∈ A. There exists c ∈ A such that aRc

and cLb. Thus, in view of Propositions 28.4 and 28.6 we obtain:

aRc⇐⇒ (a = c∨ (∃ x1,x2,y1,y2 ∈ A [c = f (a,x1,x2)∧a = f (c,y1,y2)])),

cLb⇐⇒ (c = b∨ (∃u1,u2,w1,w2 ∈ A [b = f (u1,u2,c)∧ c = f (w1,w2,b)])).

If a = c, then aLb. Since bRb, it follows that (a,b) ∈ R ◦L. If c = b, then aRb.
Since aLa, it follows that (a,b) ∈ R◦L. Put d = f (u1,u2,a). Hence

d = f (u1,u2, f (c,y1,y2)) = f ( f (u1,u2,c),y1,y2) = f (b,y1,y2),

and so d = f (b,y1,y2). Notice that

f (w1,w2,d) = f (w1,w2, f (b,y1,y2)) = f ( f (w1,w2,b),y1,y2) = f (c,y1,y2) = a,

and so a = f (w1,w2,d). Hence, aLd. Furthermore

f (d,x1,x2) = f ( f (u1,u2,a),x1,x2) = f (u1,u2, f (a,x1,x2)) = f (u1,u2,c) = b,

and so b = f (d,x1,x2). Hence, dRb. Thus, (a,b) ∈ R◦L. Then the inclusion

L◦R⊆ R◦L

is satisfied. Similarly, we can prove the inclusion R◦L⊆ L◦R. 
�
In view of Theorem 28.5 we get the following

Corollary 28.4. Let (A, f ) be a ternary semigroup. The relation D is an equiva-
lence relation on the set A.

A consequence of Corollary 28.3 is the following

Corollary 28.5. Let (A, f ) be a ternary semigroup. Then L⊆D, R⊆D and H ⊆D.

Proposition 28.9. Let (A, f ) be a ternary semigroup. Then L⊆ J, R⊆ J and H ⊆ J.
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Proof. First, we prove that L ⊆ J. Assume that (a,b) ∈ L. In view of Proposition
28.4, a = b or b = f (x1,x2,a) and a = f (y1,y2,b) for some x1,x2,y1,y2 ∈ A. If
a = b, then (a,b) ∈ J. Suppose that b = f (x1,x2,a) and a = f (y1,y2,b). We shall
show that

a ∪ f (A,A,a)∪ f (a,A,A)∪ f (A2,a,A2)

= b∪ f (A,A,b)∪ f (b,A,A)∪ f (A2,b,A2).

By Proposition 28.4,

a∪ f (A,A,a) = b∪ f (A,A,b).

If z ∈ f (a,A,A), then z = f (a,z1,z2) for some z1,z2 ∈ A. Hence

z = f ( f (y1,y2,b),z1,z2) = f (y1,y2,b,z1,z2) ∈ f (A2,b,A2).

Consequently

f (a,A,A)⊆ f (A2,b,A2).

If z ∈ f (A2,a,A2), then

z = f (z1,z2,a,z3,z4)

for some z1,z2,z3,z4 ∈ A. Hence

z = f (z1,z2, f (y1,y2,b),z3,z4) = f ( f (z1,z2,y1),y2,b,z3,z4) ∈ f (A2,b,A2).

Thus

f (A2,a,A2)⊆ f (A2,b,A2).

Consequently
I j(a)⊆ I j(b).

Similarly, we can prove that I j(b) ⊆ I j(a). Therefore, I j(a) = I j(b), whence
(a,b) ∈ J. So it follows that L⊆ J.

Similar argument leads to the inclusion R⊆ J. Clearly, H ⊆ J. �

28.5 A Ternary Semigroup of Mappings

In this section, we shall deal with the ternary semigroup of mappings of two sets
[13], which is a counterpart of the semigroup of mappings of a set. To this end,
we shall use the Green’s relations. Moreover, a certain clear characterization of the
structure of inverses in the ternary semigroup of mappings will be presented.

The similar considerations can be applied to the ternary semigroups of linear
mappings and matrices [19].
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Let X and Y be nonempty sets, T (X ,Y ) be the set of all mappings of X into
Y and T [X ,Y ] = T (X ,Y )× T (Y,X). Define the ternary operation f : T [X ,Y ]3 −→
T [X ,Y ] by

f ((p1,q1),(p2,q2),(p3,q3)) = (p1 ◦q2 ◦ p3,q1 ◦ p2 ◦q3)

for all (pi,qi) ∈ T [X ,Y ], where i = 1,2,3.
By Proposition 28.1, (T [X ,Y ], f ) is a ternary semigroup.

Definition 28.13. The ternary semigroup (T [X ,Y ], f ) is called the ternary semi-
group of mappings of sets X and Y .

Suppose that (p,q),(p′,q′) ∈ T [X ,Y ]. Let us put

Im(p,q) = (Im(p), Im(q)).

We write Im(p,q)⊆ Im(p′,q′) if and only if Im(p)⊆ Im(p′) and Im(q)⊆ Im(q′).

Theorem 28.6. Assume that (p,q),(p′,q′) ∈ T [X ,Y ]. Then Im(p,q)⊆ Im(p′,q′) if
and only if there exist (p1,q1),(p2,q2) ∈ T [X ,Y ] such that

(p,q) = f ((p′,q′),(p1,q1),(p2,q2)). (28.8)

Proof. If the condition (28.8) holds, then p = p′ ◦q1 ◦ p2 and q = q′ ◦ p1 ◦q2. Thus,
Im(p)⊆ Im(p′) and Im(q)⊆ Im(q′), and therefore Im(p,q)⊆ Im(p′,q′).

Conversely, assume that Im(p,q)⊆ Im(p′,q′). First, we will prove that there exist
q1 ∈ T (Y,X) and p2 ∈ T (X ,Y ) such that p = p′ ◦q1 ◦ p2. Put α = Ker(p) and α ′ =
Ker(p′). Since Im(p)⊆ Im(p′), it follows that for every x ∈ X there exists an x′ ∈ X
such that p′(x′) = p(x). Therefore, we can define the mapping h : X/α −→ X/α ′ by
the formula:

h([x]α) = [x′]α ′ ⇐⇒ p(x) = p′(x′)

for [x]α ∈ X/α . Notice that for x′1 ∈ X such that p′(x′1) = p′(x′) we have

[x′1]α ′ = [x′]α ′ .

If x1 ∈ [x]α , then p(x1) = p(x). Thus, the mapping h is well-defined. Consider
the choice function w : X/α ′ −→ X . Notice that

(p′ ◦w◦h)([x]α) = p(x)

for x ∈ X . Consider the bijection

g : X/α −→ Im(p)

defined by

g([x]α) = p(x)
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for all [x]α ∈ X/α . Let g1 : Y −→ X/α be a mapping such that

g1|Im(p) = g−1.

Put q1 = w ◦ h ◦ g1. Thus, p′ ◦ q1 ◦ p = p. Taking p2 = p we get p′ ◦ q1 ◦ p2 = p.
Similarly, there exist p1 ∈ T (X ,Y ) and q2 ∈ T (Y,X) such that q′ ◦ p1 ◦q2 = q. Thus,
(28.8) holds. 
�

Suppose that (p,q),(p′,q′) ∈ T [X ,Y ]. We set Ker(p,q) = (Ker(p),Ker(q)) and
write Ker(p,q)⊆Ker(p′,q′) if and only if Ker(p)⊆Ker(p′) and Ker(q)⊆Ker(q′).

Theorem 28.7. Assume that (p,q),(p′,q′) ∈ T [X ,Y ]. Then Ker(p′,q′) ⊆Ker(p,q)
if and only if there exist (p1,q1),(p2,q2) ∈ T [X ,Y ] such that

(p,q) = f ((p1,q1),(p2,q2),(p′,q′)). (28.9)

Proof. If the condition (28.9) holds, then p = p1 ◦q2 ◦ p′ and q = q1 ◦ p2 ◦q′. Thus,
Ker(p′)⊆ Ker(p) and Ker(q′)⊆Ker(q), and therefore

Ker(p′,q′)⊆ Ker(p,q).

Conversely, assume that Ker(p′,q′) ⊆ Ker(p,q). First, we will prove that there
exist p1 ∈ T (X ,Y ) and q2 ∈ T (Y,X) such that p = p1 ◦ q2 ◦ p′. Put α ′ = Ker(p′).
Consider the bijection g : X/α ′ −→ Im(p′) defined by

g([x]α ′) = p′(x)

for [x]α ′ ∈ X/α ′. Let us take the choice function w : X/α ′ −→ X . Notice that for
every x′ ∈ [x]α ′ ∈ X/α ′ we have p′(x′) = p′(x), and so

(x′,x) ∈ Ker(p′)⊆Ker(p),

hence p(x′) = p(x). Thus
p(w([x]α ′)) = p(x)

for all [x]α ′ ∈ X/α ′.
Consider a mapping g1 : Y −→ X/α ′ such that

g1|Im(p′) = g−1.

Put q2 = w◦ g1. Then p◦q2 ◦ p′ = p. Setting p1 = p we get

p = p1 ◦q2 ◦ p′.

Similarly, there exist q1 ∈ T (Y,X) and p2 ∈ T (X ,Y ) such that q = q1 ◦ p2 ◦q′. Thus
(28.9) holds. 
�
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Suppose that p ∈ T (X ,Y ). Put

r(p) = card(Im(p)).

Assume that (p,q),(p′,q′) ∈ T [X ,Y ]. Let us set r(p,q) = (r(p),r(q)). We write
r(p,q)≤ r(p′,q′) if and only if r(p)≤ r(p′) and r(q)≤ r(q′).

Theorem 28.8. Assume that (p,q),(p′,q′)∈ T [X ,Y ]. Then r(p,q)≤ r(p′,q′) if and
only if there exist (pi,qi) ∈ T [X ,Y ](i = 1, . . . ,4) such that

(p,q) = f ((p1,q1),(p2,q2),(p′,q′),(p3,q3),(p4,q4)). (28.10)

Proof. If the condition (28.10) holds, then

p = p1 ◦q2 ◦ p′ ◦q3 ◦ p4

and
q = q1 ◦ p2 ◦q′ ◦ p3 ◦q4.

Thus, r(p)≤ r(p′) and r(q)≤ r(q′), hence

r(p,q)≤ r(p′,q′).

Conversely, suppose that r(p,q) ≤ r(p′,q′). First, we will prove that there are
p1, p4 ∈ T (X ,Y ), q2,q3 ∈ T (Y,X) with p = p1 ◦q2 ◦ p′ ◦q3 ◦ p4. Since r(p)≤ r(p′),
there exists an injection

s : Im(p)−→ Im(p′).

Put h = s◦ p. Notice that Ker(h) = Ker(p). Applying an argument similar to that in
the proof of Theorem 28.7 we infer that there exist p1 ∈ T (X ,Y ) and q2 ∈ T (Y,X)
such that p = p1 ◦q2◦h. Since Im(h)⊆ Im(p′), using a method similar to that in the
proof of Theorem 28.6 we get that there exist p4 ∈ T (X ,Y ) and q3 ∈ T (Y,X) such
that h = p′ ◦ q3 ◦ p4. Hence

p = p1 ◦q2 ◦ p′ ◦q3 ◦ p4.

Similarly, there exist p2, p3 ∈ T (X ,Y ) and q1,q4 ∈ T (Y,X) such that

q = q1 ◦ p2 ◦q′ ◦ p3 ◦q4.

Therefore, we have obtained (28.10). 
�
Assume that (p,q),(p′,q′)∈ T [X ,Y ]. Set r(p,q)≤∗ r(p′,q′) if and only if r(p)≤

r(q′) and r(q)≤ r(p′).
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Theorem 28.9. Assume that (p,q),(p′,q′) ∈ T [X ,Y ]. Then r(p,q) ≤∗ r(p′,q′) if
and only if there exist (p1,q1),(p2,q2) ∈ T [X ,Y ] such that

(p,q) = f ((p1,q1),(p′,q′),(p2,q2)). (28.11)

Proof. If the condition (28.11) holds, then

p = p1 ◦q′ ◦ p2

and
q = q1 ◦ p′ ◦q2.

Thus, r(p)≤ r(q′) and r(q)≤ r(p′), whence

r(p,q)≤∗ r(p′,q′).

Conversely, assume that

r(p,q)≤∗ r(p′,q′).

First, we prove that there exist p1, p2 ∈ T (X ,Y ) such that p = p1 ◦ q′ ◦ p2. Put
α = Ker(p) and β ′ = Ker(q′). Since r(p) = card(X/α) and r(q′) = card(Y/β ′),
it follows that

card(X/α)≤ card(Y/β ′).

We define a mapping h : X −→ Y/β ′ such that Ker(h)⊆ Ker(p).
Consider the two cases. Assume that

card(X)> card(Y/β ′).

Let X0 be a subset of X which has one and only one element in common with
each equivalence class belonging to X/α. Hence card(X0)≤ card(Y/β ′). Therefore,
there exists an injection b : X0 −→ Y/β ′. Define the mapping h : X −→ Y/β ′ by

h(x) = b(x0)

for x ∈ X , where x0 ∈ [x]α ∩X0. Hence, Ker(h) = Ker(p).
Next, consider the case

card(X)≤ card(Y/β ′).

Then there exists an injection h : X −→Y/β ′. Hence Ker(h)⊆Ker(p). Fix a choice
function w : Y/β ′ −→ Y . Put

g = q′ ◦w◦h.
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Then g : X −→ Im(q′). Notice that

Ker(g)⊆ Ker(p).

Indeed, assume that (x1,x2) ∈Ker(g). Then g(x1) = g(x2) for x1,x2 ∈ X . Conse-
quently, q′(w(h(x1))) = q′(w(h(x2))), and so

[w(h(x1))]β ′ = [w(h(x1))]β ′ .

Hence, w(h(x1)) = w(h(x2)), which implies h(x1) = h(x2). Therefore, (x1,x2) ∈
Ker(h)⊆ Ker(p). Define the mapping s1 : Im(g)−→ X/α by

s1(g(x)) = [x]α

for every g(x) ∈ Im(g). Since Ker(g) ⊆ Ker(p) = α , it follows that s1 is well–
defined. It is obvious that the mapping s1 is a surjection. Let s : X −→ X/α be a
surjection such that s|Im(g) = s1. Fix a choice function w1 : X/α −→ X . Notice that

(p◦w1 ◦ s◦q′ ◦w◦h)(x) = p(x)

for every x ∈ X . Setting
p1 = p◦w1 ◦ s

and
p2 = w◦h

we have

p = p1 ◦q′ ◦ p2.

Similarly, there exist q1,q2 ∈ T (Y,X) such that q = q1 ◦ p′ ◦q2. Thus, (28.11) holds.

�

In view of Theorem 28.6, Proposition 28.3, and Definition 28.12 we can
formulate the following

Corollary 28.6. Assume that (p,q),(p′,q′) ∈ T [X ,Y ]. Then

(a) (p′,q′) ∈ Ir(p,q)⇐⇒ Im(p′,q′)⊆ Im(p,q);
(b) Ir(p,q) = Ir(p′,q′)⇐⇒ Im(p,q) = Im(p′,q′);
(c) (p,q)R (p′,q′)⇐⇒ Im(p,q) = Im(p′,q′).

According to Theorem 28.7, Proposition 28.3, and Definition 28.12 we obtain
the following

Corollary 28.7. Assume that (p,q),(p′,q′) ∈ T [X ,Y ]. Then

(a) (p′,q′) ∈ Il(p,q)⇐⇒ Ker(p,q)⊆ Ker(p′,q′);
(b) Il(p,q) = Il(p′,q′)⇐⇒ Ker(p,q) = Ker(p′,q′);
(c) (p,q) L (p′,q′)⇐⇒ Ker(p,q) = Ker(p′,q′).
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Corollaries 28.6, 28.7, and Definition 28.12 imply the following

Corollary 28.8. If (p,q),(p′,q′) ∈ T [X ,Y ], then (p,q) H (p′,q′) if and only if

Ker(p,q) = Ker(p′,q′) and Im(p,q) = Im(p′,q′).

Theorem 28.10. If (p,q),(p′,q′) ∈ T [X ,Y ], then (p′,q′) ∈ I j(p,q) if and only if

r(p′,q′)≤ r(p,q).

Proof. Assume that (p′,q′)∈ I j(p,q). According to Proposition 28.3(d) we consider
the following four cases.

(a) If (p′,q′) = (p,q), then r(p′,q′) = r(p,q).
(b) Suppose that

(p′,q′) = f ((p1,q1),(p2,q2),(p,q))

for some (p1,q1),(p2,q2) ∈ T [X ,Y ]. It follows from Theorem 28.7 that

Ker(p)⊆ Ker(p′) and Ker(q) ⊆ Ker(q′).

Therefore

r(p′) = card(X/Ker(p′))≤ card(X/Ker(p)) = r(p).

Similarly, r(q′)≤ r(q). Hence, r(p′,q′)≤ r(p,q).
(c) Suppose that

(p′,q′) = f ((p,q),(p1,q1),(p2,q2))

for some (p1,q1),(p2,q2) ∈ T [X ,Y ]. By Theorem 28.6, Im(p′,q′) ⊆ Im(p,q),
and therefore r(p′,q′)≤ r(p,q).

(d) Suppose that

(p′,q′) = f ((p1,q1),(p2,q2),(p,q),(p3,q3),(p4,q4))

for some (pi,qi) ∈ T [X ,Y ], where i = 1, . . . ,4. By Theorem 28.8, r(p′,q′) ≤
r(p,q).

Conversely, assume that r(p′,q′) ≤ r(p,q). Then, in view of Theorem 28.8, we
deduce that (p′,q′) ∈ I j(p,q). 
�

According to Theorem 28.10 and Definition 28.12(d) we have the following

Corollary 28.9. Assume that (p,q),(p′,q′) ∈ T [X ,Y ]. Then

(a) I j(p,q) = I j(p′,q′)⇐⇒ r(p,q) = r(p′,q′);
(b) (p,q) J (p′,q′)⇐⇒ r(p,q) = r(p′,q′).
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Corollaries 28.6, 28.7, 28.9 imply the following

Corollary 28.10. The relations L,R,H,D,J in the ternary semigroup T [X ,Y ]
satisfy the following set-inclusions : L⊆ J, R⊆ J,H ⊆ J, D⊆ J.

Proposition 28.10. The relations D and J in the ternary semigroup T [X ,Y ] are
identical.

Proof. In view of Corollary 28.10, it is enough to prove that J ⊆ D. Suppose that
(p,q) J (p′,q′) for (p,q),(p′,q′)∈ T [X ,Y ]. This means that r(p,q) = r(p′,q′). Since
r(p) = r(p′), there exists a bijection

b : Im(p)−→ Im(p′).

Put p1 = b ◦ p. Notice that Ker(p1) = Ker(p) and Im(p1) = Im(p′). Similarly, one
can construct the mapping q1 ∈ T (Y,X) such that Ker(q1) = Ker(q) and Im(q1) =
Im(q′). Thus, (p,q) L (p1,q1) and (p1,q1) R (p′,q′), and so (p,q) D (p′,q′). 
�

According to Proposition 28.10 and Corollary 28.9 we obtain the following

Corollary 28.11. If (p,q),(p′,q′) ∈ T [X ,Y ], then (p,q) D (p′,q′) if and only if

r(p,q) = r(p′,q′).

The next result is an immediate consequence of Proposition 28.3 and Theorems
28.8 and 28.9.

Theorem 28.11. If (p,q),(p′,q′) ∈ T [X ,Y ], then (p′,q′) ∈ Ic(p,q) if and only if

r(p′,q′)≤ r(p,q) or r(p′,q′)≤∗ r(p,q).

Assume that (p,q),(p′,q′) ∈ T [X ,Y ]. Notice that

r(p,q)≤∗ r(p′,q′) and r(p′,q′)≤∗ r(p,q)

if and only if

r(p) = r(q′) and r(q) = r(p′).

Therefore, we set

r(p,q)
∗
= r(p′,q′)

if and only if
r(p) = r(q′) and r(q) = r(p′).

Lemma 28.1. If r(p,q)≤ r(p′,q′) and r(p′,q′)≤∗ r(p,q), then r(p,q) = r(p′,q′).

Proof. Since

r(p′)≤ r(q)≤ r(q′)≤ r(p) and r(q′)≤ r(p)≤ r(p′)≤ r(q),

it follows that r(p′,q′)≤ r(p,q). Consequently, r(p,q) = r(p′,q′). 
�
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Theorem 28.12. If (p,q),(p′,q′) ∈ T [X ,Y ], then Ic(p,q) = Ic(p′,q′) if and only if

r(p,q) = r(p′,q′) or r(p,q)
∗
= r(p′,q′).

Proof. We have Ic(p,q) = Ic(p′,q′) if and only if

(p,q) ∈ Ic(p′,q′) and (p′,q′) ∈ Ic(p,q).

In view of Theorem 28.11 and Lemma 28.1, applying a straightforward calculation
we get the desired result. 
�

The following corollary follows from Definition 28.12(c) and Theorem 28.12.

Corollary 28.12. If (p,q),(p′,q′) ∈ T [X ,Y ], then (p,q)C (p′,q′) if and only if

r(p,q) = r(p′,q′) or r(p,q)
∗
= r(p′,q′).

By Proposition 28.3(e) and Theorem 28.9, applying an argument similar to that
in the proof of Theorem 28.10, we get the following result.

Theorem 28.13. If (p,q),(p′,q′) ∈ T [X ,Y ], then (p′,q′) ∈ I(p,q) if and only if

r(p′,q′)≤ r(p,q) or r(p′,q′)≤∗ r(p,q).

Proposition 28.11. If (p,q) ∈ T [X ,Y ], then I(p,q) = Ic(p,q).

The proof of the proposition above follows from Theorems 28.11 and 28.13.
By Proposition 28.11, Theorem 28.12 and Definition 28.12(e) the following

corollary is valid.

Corollary 28.13. If (p,q),(p′,q′) ∈ T [X ,Y ], then

(a) I(p,q) = I(p′,q′)⇐⇒ [r(p,q) = r(p′,q′)∨ r(p,q)
∗
= r(p′,q′)];

(b) (p,q) T (p′,q′)⇐⇒ [r(p,q) = r(p′,q′)∨ r(p,q)
∗
= r(p′,q′)].

Corollaries 28.12 and 28.13 yield

Corollary 28.14. The relations C and T in the ternary semigroup T [X ,Y ] are
identical.

Corollary 28.15. The relations C and D in the ternary semigroup T [X ,Y ] satisfy
the set–inclusion D⊆C.

This statement follows from Corollaries 28.11 and 28.12.

Theorem 28.14. If (p,q) ∈ T [X ,Y ] and r(p) = r(q), then C(p,q) = D(p,q).

Proof. By Corollary 28.15 we have D(p,q) ⊆ C(p,q). Suppose that (p′,q′) ∈
C(p,q). If r(p′,q′) = r(p,q), then (p′,q′) ∈ D(p,q). If r(p′,q′) ∗= r(p,q), then
r(p) = r(q) = r(p′) = r(q′), and so r(p′,q′) = r(p,q). This means that (p′,q′) ∈
D(p,q). 
�
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Lemma 28.2. Assume that (p,q) ∈ T [X ,Y ] and r(p) �= r(q). Then there exists a
pair of mappings (p′,q′) ∈ T [X ,Y ] such that

(a) r(p,q) �= r(p′,q′);
(b) r(p,q)

∗
= r(p′,q′).

Proof. First, we will construct p′ ∈ T (X ,Y ) such that r(p′) = r(q). Put Ker(q) = β .
There exists a surjection g : X −→ Y/β . Fix a choice function w : Y/β −→ Y . Put
p′ = w◦g. Notice that Im(p′) = Im(w). Therefore,

r(p′) = card(Im(w)) = card(Y/β ) = r(q).

Hence, and by the assumption, r(p′) �= r(p). Similarly, one can construct q′ ∈
T (Y,X) such that r(q′) = r(p). Therefore, the conditions (a) and (b) hold. 
�
Theorem 28.15. Assume that (p,q) ∈ T [X ,Y ] and r(p) �= r(q). Then the C-class
C(p,q) is the union of the two distinct D-classes D1 and D2 defined by the formulas:

D1 = {(p′,q′) ∈ T [X ,Y ] : r(p′,q′) = r(p,q)}, (28.12)

D2 = {(p′,q′) ∈ T [X ,Y ] : r(p′,q′) ∗= r(p,q)}. (28.13)

Proof. Since r(p) �= r(q), it follows from Lemma 28.2 and Corollary 28.15 that the
C-class C(p,q) contains at least two distinct D-classes. Suppose that the C-class
C(p,q) contains three pairwise distinct D-classes D(p1,q1),D(p2,q2),D(p3,q3).
Then

r(p1,q1)
∗
= r(p2,q2) and r(p2,q2)

∗
= r(p3,q3).

Consequently

r(p1) = r(q2), r(q1) = r(p2), r(p2) = r(q3), r(q2) = r(p3),

and so r(p1) = r(p3) and r(q1) = r(q3). Hence, D(p1,q1) = D(p3,q3). This
contradicts our assumption. 
�

We can extend the notion of an inverse in a (binary) semigroup to the ternary
semigroup T [X ,Y ]. A pair (p′,q′) ∈ T [X ,Y ] is an inverse of a pair (p,q) ∈ T [X ,Y ]
if and only if

f ((p,q),(p′,q′),(p,q)) = (p,q) and f ((p′,q′),(p,q),(p′,q′)) = (p′,q′).

Theorem 28.16. For every pair (p,q) ∈ T [X ,Y ] there exists an inverse

(p′,q′) ∈ T [X ,Y ].

Proof. Put α = Ker(p) and β = Ker(q). Define the bijections

g1 : X/α −→ Im(p) and g2 : Y/β −→ Im(q)



398 A. Chronowski

by the formulas:

g1([x]α ) = p(x) and g2([y]β ) = q(y)

for all [x]α ∈ X/α and [y]β ∈ Y/β . Fix the choice functions

w1 : X/α −→ X and w2 : Y/β −→ Y.

Consider the mappings p1 = w2 ◦g−1
2 and q1 = w1 ◦g−1

1 . Notice that

Dom(p1) = Im(q) and Dom(q1) = Im(p).

Let p′ ∈ T (X ,Y ) and q′ ∈ T (Y,X) be mappings such that

p′|Im(q) = p1, Im(p′) = Im(p1), q′|Im(p) = q1, Im(q′) = Im(q1).

Since p◦q′ ◦ p= p and q◦ p′ ◦q= q, it follows that f ((p,q),(p′,q′),(p,q)) = (p,q).
For every x ∈ X there exists an x1 ∈ Im(q) such that p′(x) = p1(x1). Hence, there
exists an element y1 ∈ Y such that q(y1) = x1. Since

p′ ◦q◦ p′= p′ and q′ ◦ p◦q′ = q′,

it follows that
f ((p′,q′),(p,q),(p′,q′)) = (p′,q′).

Therefore, (p′,q′) is an inverse of (p,q) in T [X ,Y ]. 
�
From Definition 28.8 and Theorem 28.16 we can derive the next result.

Corollary 28.16. The ternary semigroup T [X ,Y ] is regular.

Also, observe that immediately from Theorem 28.9 results the subsequent

Proposition 28.12. If (p′,q′) ∈ T [X ,Y ] is an inverse of (p,q) ∈ T [X ,Y ], then

r(p,q)
∗
= r(p′,q′).

It is easily seen that Corollary 28.12 and Proposition 28.12 imply

Corollary 28.17. If (p′,q′) ∈ T [X ,Y ] is an inverse of (p,q) ∈ T [X ,Y ], then

(p,q)C (p′,q′).

Assume that

E = {(p,q) ∈ T [X ,Y ] : r(p) = r(q)}
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and

E∗ = T [X ,Y ] \ E.

From Corollary 28.11 it follows that D(p,q)⊆ E for every (p,q) ∈ E . Therefore

E =
⋃
{D(p,q) : (p,q) ∈ E}.

Proposition 28.13. For every C-class C0 ⊆ T [X ,Y ] precisely one of the following
two conditions holds:

(a) C0 ⊆ E;
(b) C0 ⊆ E∗.

Proof. Suppose that there exists a C-class C0⊆ T [X ,Y ] such that (p1,q1),(p2,q2)∈
C0, (p1,q1) ∈ E , and (p2,q2) ∈ E∗ for some (p1,q1),(p2,q2) ∈ T [X ,Y ]. From the
foregoing and Theorem 28.14 it follows that C0 = C(p1,q1) = D(p1,q1) ⊆ E . We
have obtained a contradiction. 
�

Summarizing, we get the following theorem.

Theorem 28.17. Given the ternary semigroup T [X ,Y ].

(A) Assume that a C-class C0 ⊆ E. Then every inverse (p′,q′) of (p,q) ∈C0 is an
element of the C-class C0 (C0 is a D-class).

(B) Assume that a C-class C0 ⊆ E∗. Then C0 = D1 ∪D2, where the D-classes D1

and D2 are defined by the formulas (28.12) and (28.13). Every inverse (p′,q′) of
(p,q)∈D1 is an element of the D-class D2. Every inverse (p′,q′) of (p,q)∈D2

is an element of the D-class D1.

Proof. The assertion (A) is an immediate consequence of Corollary 28.17. Next, we
will prove the assertion (B). Assume that C0 =C(p0,q0). Therefore,

D1 = {(p,q) ∈ T [X ,Y ] : r(p,q) = r(p0,q0)}

and

D2 = {(p,q) ∈ T [X ,Y ] : r(p,q)
∗
= r(p0,q0)}.

Suppose that (p,q) ∈ D1 and (p′,q′) is an inverse of (p,q). In view of
Proposition 28.12 we get

r(p,q)
∗
= r(p′,q′),

and so

r(p0,q0)
∗
= r(p′,q′).

Consequently, (p′,q′) ∈ D2.
Suppose that (p,q)∈D2 and (p′,q′) is an inverse of (p,q). By Proposition 28.12,

r(p,q)
∗
= r(p′,q′), and so r(p0,q0) = r(p′,q′). Consequently, (p′,q′) ∈ D1. 
�
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28.6 Ternary Linear Algebras

The notion of a ternary linear algebra is a counterpart of the notion of a linear
algebra. In this section we consider ternary linear algebras of linear mappings
and matrices, involutive ternary linear algebras of linear mappings and matrices,
a normed ternary linear algebra of continuous linear mappings. On the basis of
these examples we formulate the general definitions of a ternary linear algebra,
an involutive ternary linear algebra, a normed ternary linear algebra, a topological
ternary linear algebra [21].

28.6.1 A Ternary Linear Algebra of Linear Mappings

Let (X ,K,+, ·) and (Y,K,+, ·) be vector spaces over a field K. Let L(X ,Y ) be the
set of all linear mappings of the space X into the space Y . Of course, L(Y,X) is the
set of all linear mappings of the space Y into the space X . Let us put

L[X ,Y ] = L(X ,Y )×L(Y,X).

Define the ternary operation f : L[X ,Y ]3 −→ L[X ,Y ] by the formula:

f ((p1,q1),(p2,q2),(p3,q3)) = (p1 ◦q2 ◦ p3, q1 ◦ p2 ◦q3)

for all (pi,qi) ∈ L[X ,Y ], where i = 1,2,3.
The groupoid (L[X ,Y ], f ) is a ternary semigroup (Proposition 28.1).

Definition 28.14. The ternary semigroup (L[X ,Y ], f ) is called the ternary semi-
group of linear mappings of vector spaces X and Y over a field K.

Let (L(X ,Y ),K,+, ·) and (L(Y,X),K,+, ·) be vector spaces of linear mappings. Put

L[X ,Y ] = L(X ,Y )×L(Y,X).

Consider the Cartesian product (L[X ,Y ],K,+, ·) of the following two vector spaces:
(L(X ,Y ),K,+, ·) and (L(Y,X),K,+, ·). Let (L[X ,Y ], f ) be the ternary semigroup of
linear mappings of vector spaces X and Y over a field K. The ternary operation f
will be called a ternary multiplication of linear mappings.

Assume that (p1,q1), (p′1,q
′
1), (p′′1 ,q

′′
1), (p2,q2), (p′2,q

′
2), (p′′2,q

′′
2), (p3,q3),

(p′3,q
′
3), (p′′3 ,q

′′
3) ∈ L[X ,Y ]. We prove that the following conditions are satisfied:

f ((p′1,q
′
1)+ (p′′1,q

′′
1),(p2,q2),(p3,q3))

= f ((p′1,q
′
1),(p2,q2),(p3,q3))

+ f ((p′′1 ,q
′′
1),(p2,q2),(p3,q3)), (28.14)
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f ((p1,q1),(p′2,q
′
2)+ (p′′2,q

′′
2),(p3,q3))

= f ((p1,q1),(p′2,q
′
2),(p3,q3))

+ f ((p1,q1),(p′′2 ,q
′′
2),(p3,q3)), (28.15)

f ((p1,q1),(p2,q2),(p′3,q
′
3)+ (p′′3,q

′′
3))

= f ((p1,q1),(p2,q2),(p′3,q
′
3))

+ f ((p1,q1),(p2,q2),(p′′3,q
′′
3)). (28.16)

First, we prove (28.14). Indeed,

f ((p′1,q
′
1) + (p′′1,q

′′
1),(p2,q2),(p3,q3))

= f ((p′1 + p′′1,q
′
1 +q′′1),(p2,q2),(p3,q3))

= ((p′1 + p′′1)◦q2 ◦ p3,(q
′
1 +q′′1)◦ p2 ◦q3)

= (p′1 ◦q2 ◦ p3 + p′′1 ◦q2 ◦ p3, q′1 ◦ p2 ◦q3 +q′′1 ◦ p2 ◦q3)

= (p′1 ◦q2 ◦ p3,q
′
1 ◦ p2 ◦q3)+ (p′′1 ◦q2 ◦ p3,q

′′
1 ◦ p2 ◦q3)

= f ((p′1,q
′
1),(p2,q2),(p3,q3))+ f ((p′′1 ,q

′′
1),(p2,q2),(p3,q3)).

We can similarly prove that the conditions (28.15) and (28.16) hold.
When the conditions (28.14)–(28.16) are satisfied, we say, that the ternary mul-

tiplication f is distributive over addition + of linear mappings in (L[X ,Y ],K,+, ·).
Next, we shall show that the following equalities are fulfilled:

f (a · (p1,q1),(p2,q2),(p3,q3))

= f ((p1,q1),a · (p2,q2),(p3,q3))

= f ((p1,q1),(p2,q2),a · (p3,q3))

= a · f ((p1,q1),(p2,q2),(p3,q3)) (28.17)

for all a ∈ K and (p1,q1),(p2,q2),(p3,q3) ∈ L[X ,Y ]. Indeed,

f (a · (p1,q1),(p2,q2),(p3,q3))

= f ((a · p1,a ·q1),(p2,q2),(p3,q3))

= ((a · p1)◦q2 ◦ p3,(a ·q1)◦ p2 ◦q3)

= (a · (p1 ◦q2 ◦ p3), a · (q1 ◦ p2 ◦q3))

= a · (p1 ◦q2 ◦ p3, q1 ◦ p2 ◦q3)

= a · f ((p1,q1),(p2,q2),(p3,q3)).

Similar arguments lead to the remaining equalities (28.17).
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Thus, we have obtained the system (L[X ,Y ],K,+, ·, f ) fulfilling the following
conditions:

(a) (L[X ,Y ],K,+, ·) is a vector space over a field K;
(b) (L[X ,Y ], f ) is a ternary semigroup;
(c) the ternary multiplication f is distributive over addition + of linear mappings

in (L[X ,Y ],K,+, ·);
(d) the equalities (28.17) are satisfied.

The system (L[X ,Y ],K,+, ·, f ) is said to be a ternary linear algebra of linear
mappings of vector spaces X and Y over a field K.

28.6.2 A Ternary Linear Algebra of Matrices

Let K be a field. Let M(m,n) denote the set of all m×n matrices over K. Of course,
M(n,m) denotes the set of all n×m matrices over K. Put

M[m,n] = M(m,n)×M(n,m).

Define the ternary operation f : M[m,n]3 −→M[m,n] by the formula:

f ((A1,B1),(A2,B2),(A3,B3)) = (A1B2A3, B1A2B3)

for all (Ai,Bi) ∈M[m,n], where i = 1,2,3.
It is easy to check that the groupoid (M[m,n], f ) is a ternary semigroup.

Definition 28.15. The ternary semigroup (M[m,n], f ) is called the ternary semi-
group of m× n matrices over a field K.

Let (M(m,n),K,+, ·) and (M(n,m),K,+, ·) be vector spaces of matrices over
a field K. Put M[m,n] = M(m,n)×M(n,m). Consider the Cartesian product

(M[m,n],K,+, ·)
of the vector spaces (M(m,n),K,+, ·) and (M(n,m),K,+, ·). Let (M[m,n], f ) be the
ternary semigroup of matrices over a field K.

The ternary operation f will be called a ternary multiplication of matrices.
Assume that (A1,B1), (A′1,B

′
1), (A

′′
1,B
′′
1), (A2,B2), (A′2,B

′
2),(A

′′
2,B
′′
2), (A3,B3),

(A′3,B
′
3), (A

′′
3,B
′′
3) ∈M[m,n]. The folowing conditions are satisfied:

f ((A′1,B
′
1)+ (A′′1,B

′′
1),(A2,B2),(A3,B3))

= f ((A′1,B
′
1),(A2,B2),(A3,B3))

+ f ((A′′1 ,B
′′
1),(A2,B2),(A3,B3)), (28.18)
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f ((A1,B1),(A
′
2,B
′
2)+ (A′′2,B

′′
2),(A3,B3))

= f ((A1,B1),(A
′
2,B
′
2),(A3,B3))

+ f ((A1,B1),(A
′′
2,B
′′
2),(A3,B3)), (28.19)

f ((A1,B1),(A2,B2),(A
′
3,B
′
3)+ (A′′3,B

′′
3))

= f ((A1,B1),(A2,B2),(A
′
3,B
′
3))

+ f ((A1,B1),(A2,B2),(A
′′
3,B
′′
3)). (28.20)

The proof of the conditions (28.18)–(28.20) is similar to the proof of (28.14)–
(28.16).

When the conditions (28.18)–(28.20) are satisfied, we say, that the ternary
multiplication f is distributive over addition + of matrices in (M[m,n],K,+, ·).

The following equalities are fulfilled:

f (a · (A1,B1),(A2,B2),(A3,B3))

= f ((A1,B1),a · (A2,B2),(A3,B3))

= f ((A1,B1),(A2,B2),a · (A3,B3))

= a · f ((A1,B1),(A2,B2),(A3,B3)) (28.21)

for all a ∈ K and (A1,B1),(A2,B2),(A3,B3) ∈M[m,n].
The proof of the equalities (28.21) is similar to the proof of the equalities (28.17).
Thus, we have obtained the system (M[m,n],K,+, ·, f ) fulfilling the following

conditions:

(a) (M[m,n],K,+, ·) is a vector space over a field K;
(b) (M[m,n], f ) is a ternary semigroup;
(c) the ternary multiplication f is distributive over addition + of matrices in

(M[m,n],K,+, ·);
(d) the equalities (28.21) are satisfied.

The system (M[m,n],K,+, ·, f ) is said to be a ternary linear algebra of matrices
over a field K.

Let X and Y be vector spaces over a field K such that dimX = n and dimY = m.
Assume that

(x1, . . . ,xn) and (y1, . . . ,ym)

are the bases of the vector spaces X and Y , respectively. If p ∈ L(X ,Y ) and q ∈
L(Y,X), then M(p) and M(q) denote the matrices of the linear mappings p and q,
respectively. Let F1 be an isomorphism of the vector space (L(X ,Y ),K,+, ·) onto
the vector space (M(m,n),K,+, ·) defined by F1(p) = M(p) for p ∈ L(X ,Y ).



404 A. Chronowski

Let F2 be an isomorphism of the vector space (L(Y,X),K,+, ·) onto the vector
space (M(n,m),K,+, ·) defined by F2(q) = M(q) for q∈ L(Y,X). It is easy to check
that the mapping F , defined by the formula

F(p,q) = (F1(p),F2(q))

for all (p,q)∈ L[X ,Y ], is an isomorphism of the vector space L[X ,Y ] onto the vector
space M[m,n]. Notice that

F( f ((p1,q1),(p2,q2),(p3,q3)))

= F(p1 ◦q2 ◦ p3,q1 ◦ p2 ◦q3)

= (M(p1 ◦q2 ◦ p3),M(q1 ◦ p2 ◦q3))

= (M(p1) ·M(q2) ·M(p3),M(q1) ·M(p2) ·M(q3))

= f ((M(p1),M(q1)),(M(p2),M(q2)),(M(p3),M(q3)))

= f ((F1(p1),F2(q1)),(F1(p2),F2(q2)),(F1(p3),F2(q3)))

= f (F(p1,q1),F(p2,q2),F(p3,q3))

for all (pi,qi) ∈ L[X ,Y ], where i = 1,2,3.
Because of the above properties of the mapping F , we say, that the ternary linear

algebra

(L[X ,Y ],K,+, ·, f )

is isomorphic to the ternary linear algebra

(M[m,n],K,+, ·, f ).

We have obtained the following

Theorem 28.18. Let X and Y be vector spaces over a field K such that dimX =n
and dimY = m. Then the ternary linear algebra (L[X ,Y ],K,+, ·, f ) of linear
mappings of vector spaces X and Y over a field K is isomorphic to the ternary
linear algebra

(M[m,n],K,+, ·, f )

of matrices over a field K.

28.6.3 A Ternary Linear Algebra

On the basis of the above examples we can formulate a general definition of a ternary
linear algebra.
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Definition 28.16. A system (A,K,+, ·, f ) is said to be a ternary linear algebra over
a field K if the following conditions are satisfied:

(a) (A,K,+, ·) is a vector space over a field K;
(b) (A, f ) is a ternary semigroup;
(c) for every x1,x′1,x

′′
1 ,x2,x′2,x

′′
2 ,x3,x′3,x

′′
3 ∈ A,

f (x′1 + x′′1,x2,x3) = f (x′1,x2,x3)+ f (x′′1,x2,x3),

f (x1,x
′
2 + x′′2,x3) = f (x1,x

′
2,x3)+ f (x1,x

′′
2,x3),

f (x1,x2,x
′
3 + x′′3) = f (x1,x2,x

′
3)+ f (x1,x2,x

′′
3);

(d) for all a ∈ K and x1,x2,x3 ∈ A,

f (a · x1,x2,x3) = f (x1,a · x2,x3) = f (x1,x2,a · x3) = a · f (x1,x2,x3).

Definition 28.17. A mapping F : A −→ B is called an isomorphism of a ternary
linear algebra (A,K,+, ·, f ) onto a ternary linear algebra (B,K,+, ·, f ) if the
following conditions are satisfied:

(a) F is an isomorphism of the vector space (A,K,+, ·) onto the vector space
(B,K,+, ·);

(b) F is a homomorphism of the ternary semigroup (A, f ) onto the ternary
semigroup (B, f ).

We can similarly formulate the definitions of a homomorphism, monomorphism,
an epimorphism, endomorphism, automorphism of ternary linear algebras.

28.6.4 An Involutive Ternary Linear Algebra of Linear Mappings
of Unitary Vector Spaces

The symbol K denotes the field R of real numbers or the field C of complex
numbers. If z ∈ C , then z denotes the complex number conjugate to z. Let A = [ai j]
for i = 1, . . . ,m, j = 1, . . . ,n be a matrix over the field K. We put

A = [ai j]

for i = 1, . . . ,m, j = 1, . . . ,n. The symbol AT denotes the transposed matrix of the
matrix A.

In this subsection, we shall consider non-zero finite-dimensional unitary spaces
over the field K. A scalar product will be denoted by ( , ). The symbol L(X ,Y )
denotes the set of all linear mappings of a unitary space X into a unitary space Y .
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Definition 28.18. Let X and Y be unitary spaces. A linear mapping p∗ ∈ L(Y,X) is
called an adjoint linear mapping of a linear mapping p ∈ L(X ,Y ) if

(p(x),y) = (x, p∗(y))

for all x ∈ X and y ∈Y .

The proofs of the next three theorems are analogous to the proofs of the suitable
theorems concerninig the adjoint endomorphisms of the unitary space X [40].

Theorem 28.19. Let X and Y be unitary spaces. For every linear mapping p ∈
L(X ,Y ) there exists a unique adjoint linear mapping p∗ ∈ L(Y,X).

Theorem 28.20. Let E and G be normal orthogonal bases of the unitary spaces X
and Y , respectively. If a linear mapping p∈ L(X ,Y ) has the matrix A in the bases E

and G , then the adjoint linear mapping p∗ ∈ L(Y,X) has the matrix A
T

in the bases
E and G .

Theorem 28.21. Let X and Y be unitary spaces. If p, p1 ∈ L(X ,Y ), q∈ L(Y,X) and
a ∈ K, then:

(a) (p∗)∗ = p;
(b) (p+ p1)

∗ = p∗+ p∗1;
(c) (ap)∗ = ap∗;
(d) (p1 ◦q◦ p)∗= p∗ ◦q∗ ◦ p∗1.

Consider the vector spaces (L(X ,Y ),K,+, ·) and (L(Y,X),K,+, ·). Put

L[X ,Y ] = L(X ,Y )×L(Y,X).

Let (L[X ,Y ],K,+, ·) be the Cartesian product of the vector spaces (L(X ,Y ),K,+, ·)
and (L(Y,X),K,+, ·). Consider the ternary semigroup (L[X ,Y ], f ) of linear map-
pings of unitary spaces X and Y , and the ternary linear algebra (L[X ,Y ],K,+, ·, f )
of linear mappings of unitary spaces X and Y .

Define a mapping ∗ : L[X ,Y ]−→ L[X ,Y ] by the formula

(p,q)∗ = (q∗, p∗) (28.22)

for (p,q) ∈ L[X ,Y ], where p∗ and q∗ are the adjoint linear mappings of p ∈ L(X ,Y )
and q ∈ L(Y,X), respectively. Therefore, p∗ ∈ L(Y,X) and q∗ ∈ L(X ,Y ), and so
(q∗, p∗) ∈ L[X ,Y ].

We will prove that the mapping (28.22) satisfies the following conditions:

(a) ((p,q)∗)∗ = (p,q);
(b) ((p1,q1)+ (p2,q2))

∗ = (p1,q1)
∗+(p2,q2)

∗;
(c) (a · (p,q))∗ = a · (p,q)∗;
(d) ( f ((p1,q1),(p2,q2),(p3,q3)))

∗ = f ((p3,q3)
∗,(p2,q2)

∗,(p1,q1)
∗).
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In fact, using the theorem 28.21, respectively, we obtain:

((p,q)∗)∗ = (q∗, p∗)∗ = ((p∗)∗,(q∗)∗) = (p,q),

((p1,q1)+ (p2,q2))
∗ = (p1 + p2,q1 +q2)

∗

= ((q1 +q2)
∗,(p1 + p2)

∗) = (q∗1 +q∗2, p∗1 + p∗2)

= (q∗1, p∗1)+ (q∗2, p∗2) = (p1,q1)
∗+(p2,q2)

∗,

(a · (p,q))∗ = (ap,aq)∗ = ((aq)∗,(ap)∗) = (aq∗,ap∗)

= a · (q∗, p∗) = a · (p,q)∗,

( f ((p1,q1),(p2,q2),(p3,q3)))
∗ = (p1 ◦q2 ◦ p3,q1 ◦ p2 ◦q3)

∗

= ((q1 ◦ p2 ◦q3)
∗,(p1 ◦q2 ◦ p3)

∗) = (q∗3 ◦ p∗2 ◦q∗1, p∗3 ◦q∗2 ◦ p∗1)

= f ((q∗3, p∗3),(q
∗
2, p∗2),(q

∗
1, p∗1)) = f ((p3,q3)

∗,(p2,q2)
∗,(p1,q1)

∗)

for all (p,q),(p1,q1),(p2,q2),(p3,q3) ∈ L[X ,Y ] and a ∈ K.
The mapping

∗ : L[X ,Y ]−→ L[X ,Y ],

defined by the formula (28.22), is said to be an involution (or adjoint operation) on
the ternary linear algebra

(L[X ,Y ],K,+, ·, f )

of linear mappings of unitary spaces X and Y .
Consider the ternary linear algebra (L[X ,Y ],K,+, ·, f ) of linear mappings of

unitary spaces X and Y .
The system

(L[X ,Y ],K,+, ·, f ,∗),
where ∗ is the involution (28.22), is said to be an involutive ternary linear algebra
(or *-ternary algebra) of linear mappings of unitary spaces X and Y .

28.6.5 An Involutive Ternary Linear Algebra of Matrices

The symbol K denotes the field R of real numbers or the field C of complex
numbers. Let (M[m,n],K,+, ·, f ) be a ternary linear algebra of matrices over a field
K. Define a mapping ∗ : M[m,n]−→M[m,n] by the formula

(A,B)∗ = (B
T
,A

T
) (28.23)

for (A,B) ∈M[m,n].
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It is easy to prove that the mapping (28.23) satisfies the following conditions:

(a) ((A,B)∗)∗ = (A,B);
(b) ((A1,B1)+ (A2,B2))

∗ = (A1,B1)
∗+(A2,B2)

∗;
(c) (a · (A,B))∗ = a · (A,B)∗;
(d) ( f ((A1,B1),(A2,B2),(A3,B3)))

∗ = f ((A3,B3)
∗,(A2,B2)

∗,(A1,B1)
∗)

for all (A,B),(A1,B1),(A2,B2),(A3,B3) ∈M[m,n] and a ∈ K.
The mapping ∗ : M[m,n]−→M[m,n] defined by the formula (28.23) is said to be

an involution (or adjoint operation) on the ternary linear algebra (M[m,n],K,+, ·, f )
of matrices over the field K.

Consider the ternary linear algebra (M[m,n],K,+, ·, f ) of matrices over the
field K. The system

(M[m,n],K,+, ·, f ,∗),
where ∗ is the involution (28.23), is said to be an involutive ternary linear algebra
(or *-ternary algebra) of matrices over the field K.

Let X and Y be unitary spaces such that dimX = n and dimY = m. Assume that
E and G are normal orthogonal bases of the unitary spaces X and Y , respectively.
If p ∈ L(X ,Y ) and q ∈ L(Y,X), then M(p) and M(q) denote the matrices of the
linear mappings p and q, respectively. Let F1 be an isomorphism of the vector space
(L(X ,Y ),K,+, ·) onto the vector space (M(m,n),K,+, ·) defined by

F1(p) = M(p)

for p∈ L(X ,Y ). Let F2 be an isomorphism of the vector space (L(Y,X),K,+, ·) onto
the vector space (M(n,m),K,+, ·) defined by

F2(q) = M(q)

for q ∈ L(Y,X). It is easy to check that the mapping F defined by the formula

F(p,q) = (F1(p),F2(q))

for (p,q) ∈ L[X ,Y ], is an isomorphism of the ternary linear algebra

(L[X ,Y ],K,+, ·, f )

of linear mappings of unitary spaces X and Y onto the ternary linear algebra

(M[m,n],K,+, ·, f )

of matrices over the field K.
Using Theorem 28.20 we have:

F((p,q)∗) = F(q∗, p∗) = (M(q∗),M(p∗))

= (M(q)
T
,M(p)

T
) = (M(p),M(q))∗ = (F(p,q))∗

for (p,q) ∈ L[X ,Y ].
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Because of the above properties of the mapping F , we say, that the involutive
ternary linear algebra (L[X ,Y ],K,+, ·, f ,∗) is isomorphic to the involutive ternary
linear algebra (M[m,n],K,+, ·, f ,∗).

We have obtained the following

Theorem 28.22. Let X and Y be unitary spaces such that dimX = n and dimY =m.
Then the involutive ternary linear algebra (L[X ,Y ],K,+, ·, f ,∗) of linear mappings
of unitary spaces X and Y is isomorphic to the involutive ternary linear algebra
(M[m,n],K,+, ·, f ) of matrices over a field K.

28.6.6 An Involutive Ternary Linear Algebra

On the basis of the above examples we can formulate a general definition of an
involutive ternary linear algebra over the field K, where K denotes the field R of
real numbers or the field C of complex numbers.

Definition 28.19. A system (A,K,+, ·, f ,∗) is said to be an involutive ternary linear
algebra (or *-ternary algebra) over the field K if the following conditions are
fulfilled:

(a) (A,K,+, ·, f ) is the ternary linear algebra over the field K;
(b) ∗ : A � x −→ x∗ ∈ A is a mapping, which is called an involution (or adjoint

operation), such that for all x,x1,x2,x3 ∈ A and a ∈ K we have:

(b1) (x∗)∗ = x;
(b2) (x1 + x2)

∗ = x∗1 + x∗2;
(b3) (a · x)∗ = a · x∗;
(b4) ( f (x1,x2,x3))

∗ = f (x∗3,x
∗
2,x
∗
1).

The involutive ternary linear algebra is a counterpart of the involutive algebra
([6, p. 26]).

Definition 28.20. A mapping F : A−→ B is called an isomorphism of an involutive
ternary linear algebra (A,K,+, ·, f ,∗) onto an involutive ternary linear algebra
(B,K,+, ·, f ,∗) if the following conditions are satisfied:

(a) F is an isomorphism of the ternary linear algebra (A,K,+, ·, f ) onto the ternary
linear algebra (B,K,+, ·, f );

(b) F(x∗) = F(x)∗ for every x ∈ A.

We can similarly formulate the definitions of a homomorphism, monomor-
phism, an epimorphism, endomorphism, automorphism of involutive ternary linear
algebras.
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28.6.7 Normed and Topological Ternary Linear Algebras

First, we shall list some known facts concerning the normed vector spaces, which
will be useful in the further considerations.

The symbol K denotes the field R of real numbers or the field C of complex
numbers. Let (X ,‖ ·‖) and (Y,‖ ·‖) be normed vector spaces. The Cartesian product
X×Y of the vector spaces X and Y equipped with the norm

‖(x,y)‖=
√
‖x‖2 +‖y‖2 (28.24)

for (x,y) ∈ X×Y , is a normed vector space.
The normed vector space (X×Y,‖ ·‖) with the norm defined by (28.24) is called

a Cartesian product of normed vector spaces (X ,‖ · ‖) and (Y,‖ · ‖).
The vector space C(X ,Y ) of all continuous linear mappings of X into Y equipped

with the norm
‖p‖= sup

‖x‖≤1
‖p(x)‖

for p ∈C(X ,Y ), is a normed vector space.

Lemma 28.3 ([34, p. 112]). Let (X ,‖ · ‖), (Y,‖ · ‖), (Z,‖ · ‖) be normed vector
spaces. If p ∈C(X ,Y ) and q∈C(Y,Z), then the norm of q◦ p∈C(X ,Z) satisfies the
following inequality

‖q◦ p‖≤ ‖q‖ ‖p‖.
Theorem 28.23. Let (X ,‖ ·‖), (Y,‖ ·‖), (Z,‖ ·‖) be normed vector spaces. Assume
that p, pn ∈C(X ,Y ), q,qn ∈C(Y,Z) for n ∈N and

lim
n→∞

pn = p, lim
n→∞

qn = q.

Then
lim
n→∞

(qn ◦ pn) = q◦ p. (28.25)

Proof. Applying Lemma 28.3 we get:

‖qn ◦ pn−q◦ p‖ = ‖qn ◦ pn−q◦ pn+q◦ pn−q◦ p‖
= ‖(qn−q)◦ pn+q◦ (pn− p)‖
≤ ‖(qn−q)◦ pn‖+‖q◦ (pn− p)‖
≤ ‖qn−q‖ ‖pn‖+‖q‖ ‖pn− p‖

for n ∈N . Since
lim
n→∞
‖pn− p‖= lim

n→∞
‖qn−q‖= 0,
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it follows from the above argument that

lim
n→∞
‖qn ◦ pn−q◦ p‖= 0,

and consequently (28.25) holds. 
�
Put

C[X ,Y ] =C(X ,Y )×C(Y,X).

Consider the Cartesian product (C[X ,Y ],‖ · ‖) of the normed spaces (C(X ,Y ),‖ · ‖)
and (C(Y,X),‖ · ‖). Define the ternary operation

f : C[X ,Y ]3 −→C[X ,Y ]

by the formula

f ((p1,q1),(p2,q2),(p3,q3)) = (p1 ◦q2 ◦ p3,q1 ◦ p2 ◦q3)

for all (pi,qi) ∈ C[X ,Y ], where i = 1,2,3. The groupoid (C[X ,Y ], f ) is a ternary
semigroup.

We shall prove that

‖ f ((p1,q1),(p2,q2),(p3,q3))‖ ≤ ‖(p1,q1)‖ ‖(p2,q2)‖ ‖(p3,q3)‖ (28.26)

for all (pi,qi) ∈C[X ,Y ], where i = 1,2,3.
Indeed, applying Lemma 28.3 we get:

‖ f ((p1,q1), (p2,q2),(p3,q3))‖ = ‖(p1 ◦q2 ◦ p3,q1 ◦ p2 ◦q3)‖
= (‖p1 ◦q2 ◦ p3‖2 +‖q1 ◦ p2 ◦q3)‖2)

1
2

≤ (‖p1‖2 ‖q2‖2 ‖p3‖2 +‖q1‖2 ‖p2‖2 ‖q3)‖2)
1
2

≤ (‖p1‖2 +‖q1‖2)
1
2 (‖p2‖2 +‖q2‖2)

1
2 (‖p3‖2 +‖q3‖2)

1
2

= ‖(p1,q1)‖ ‖(p2,q2)‖ ‖(p3,q3)‖

for all (pi,qi) ∈C[X ,Y ], where i = 1,2,3.

Definition 28.21. A ternary semigroup (A, f ) defined on a topological space (A,τ)
is called a topological ternary semigroup if the ternary operation f : A3 −→ A is
continuous, where A3 is the Cartesian product of the topological space (A,τ).

Theorem 28.24. If (X ,‖ · ‖) and (Y,‖ · ‖) are normed vector spaces, then
(C[X ,Y ], f ) is a topological ternary semigroup.
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Proof. We prove that f is continuous. Let

(pi,qi),(pin,qin) ∈C[X ,Y ]

for i = 1,2,3, n ∈N , and

lim
n→∞

(pin,qin) = (pi,qi).

Notice that

lim
n→∞

(pin,qin) = (pi,qi)⇐⇒ ( lim
n→∞

pin = pi∧ lim
n→∞

qin = qi)

for i = 1,2,3. In view of Theorem 28.23 we have:

lim
n→∞

f ((p1n,q1n),(p2n,q2n),(p3n,q3n))

= lim
n→∞

(p1n ◦q2n ◦ p3n,q1n ◦ p2n ◦q3n)

= ( lim
n→∞

(p1n ◦q2n ◦ p3n), lim
n→∞

(q1n ◦ p2n ◦q3n))

= (p1 ◦q2 ◦ p3,q1 ◦ p2 ◦q3)

= f ((p1,q1),(p2,q2),(p3,q3)).

Therefore, the mapping f is continuous. 
�
On the basis of the above considerations we obtain the system

(C[X ,Y ],K,+, ·, f ,‖ · ‖)

fulfilling the following conditions:

(a) (C[X ,Y ],K,+, ·, f ) is a ternary linear algebra;
(b) (C[X ,Y ],K,+, ·,‖ · ‖) is a normed vector space;
(c) The inequality (28.26) is satisfied.

The the system
(C[X ,Y ],K,+, ·, f ,‖ · ‖)

is said to be a normed ternary linear algebra of all continuous linear mappings of
normed vector spaces X and Y over the field K.

Now, we can formulate a general definition of a normed ternary linear algebra
which is modelled after the definition of a normed linear algebra ([36, p. 44]; [6,
p. 27]).
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Definition 28.22. Let K = R or K = C . A system (A,K,+, ·, f ,‖ · ‖) is said to
be a normed ternary linear algebra over the field K if the following conditions are
satisfied:

(a) (A,K,+, ·, f ) is a ternary linear algebra over the field K;
(b) (A,K,+, ·,‖ · ‖) is a normed vector space;
(c) ‖ f (x1,x2,x3)‖ ≤ ‖x1‖ · ‖x2‖ · ‖x3‖ for all x1,x2,x3 ∈ A.

The ternary operation f is called the ternary multiplication in the normed ternary
linear algebra

(A,K,+, ·, f ,‖ · ‖).
Now, we give the definition of a topological ternary linear algebra which is

modelled after the definition of a topological linear algebra ([36, p. 19]).

Definition 28.23. Let K = R or K = C . A system (A,K,+, ·, f ,τ) is said to be a
topological ternary linear algebra over the field K if the following conditions are
satisfied:

(a) (A,K,+, ·, f ) is a ternary linear algebra over the field K;
(b) (A,K,+, ·,τ) is a topological vector space with topology τ;
(c) (A, f ,τ) is a topological ternary semigroup with topology τ .

The ternary operation f is called the ternary multiplication in the topological
ternary linear algebra (A,K,+, ·, f ,τ).

Theorem 28.25. Every normed ternary linear algebra

(A,K,+, ·, f ,‖ · ‖)

is a topological ternary linear algebra.

Proof. By Definitions 28.22 and 28.23 it is enough to show that the ternary
multiplication f is continuous.

So, suppose that x1,x1n ∈ A, x2,x2n ∈ A, x3,x3n ∈ A for n ∈N , and

lim
n→∞

x1n = x1, lim
n→∞

x2n = x2, lim
n→∞

x3n = x3.

Notice that

‖ f (x1n,x2n,x3n)− f (x1,x2,x3)‖
= ‖( f (x1n,x2n,x3n)− f (x1,x2n,x3n))+ ( f (x1,x2n,x3n)

− f (x1,x2,x3n))+ ( f (x1,x2,x3n)− f (x1,x2,x3))‖
= ‖ f (x1n− x1,x2n,x3n)+ f (x1,x2n− x2,x3n)+ f (x1,x2,x3n− x3)‖
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≤ ‖ f (x1n− x1,x2n,x3n)‖+‖ f (x1,x2n− x2,x3n)‖
+‖ f (x1,x2,x3n− x3)‖ ≤ ‖x1n− x1‖ ‖x2n‖ ‖x3n‖
+‖x1‖ ‖x2n− x2‖ ‖x3n‖+‖x1‖ ‖x2‖ ‖x3n− x3‖.

Since
lim
n→∞
‖x1n− x1‖= lim

n→∞
‖x2n− x2‖= lim

n→∞
‖x3n− x3‖= 0,

it follows that
lim
n→∞
‖ f (x1n,x2n,x3n)− f (x1,x2,x3)‖= 0,

and consequently
lim
n→∞

f (x1n,x2n,x3n) = f (x1,x2,x3).

Therefore, the ternary multiplication f is continuous. 
�
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6. Bratteli, O., Robinson, D.W.: Operator Algebras and Quantum Statistical Mechanics 1.

Springer-Verlag, New York–Heidelberg–Berlin (1979)
7. Chronowski, A.: On the Pexider equation and the Cauchy equation on 3-adic groups. Wyż.
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Chapter 29
Popoviciu Type Functional Equations on Groups

Małgorzata Chudziak

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract Let m,n,M,N be positive integers, (H,+) and (G,+) be commutative
groups, and G be uniquely divisible by m and n. We give a description of solutions
f : G→ H of the functional equation

M f

(
x+ y+ z

m

)
+ f (x)+ f (y)+ f (z)

= N

[
f

(
x+ y

n

)
+ f

(
x+ z

n

)
+ f

(
y+ z

n

)]
.

Keywords Popoviciu equation • Quadratic equation • Additive function

29.1 Introduction

The functional equation

3 f

(
x+ y+ z

3

)
+ f (x)+ f (y)+ f (z)

= 2

[
f

(
x+ y

2

)
+ f

(
x+ z

2

)
+ f

(
y+ z

2

)]
(29.1)
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has been considered for the first time by Popoviciu [6] in a connection with some
inequalities for convex functions. The solutions and stability of (29.1) have been
studied by Trif [7] in the case where the unknown function f is acting between two
real linear spaces. In [9], Smajdor has considered solutions and stability of (29.1)
for functions mapping a commutative semigroup uniquely divisible by 2 and 3 into
an abstract cone. (Let us recall that a group (X ,+) is said to be uniquely divisible by
a given positive integer k provided, for every x ∈ X , there exists a unique y ∈ X such
that x = ky; such an element will be denoted in a sequel by x

k ). Recently, Brzdȩk
[1] has proved stability of (29.1) in the class of functions mapping a commutative
semigroup uniquely divisible by 2 and 3 into a commutative semigroup endowed
with a metric satisfying some additional natural assumptions.

The following generalization of (29.1)

m2 f

(
x+ y+ z

m

)
+ f (x)+ f (y)+ f (z)

= n2
[

f

(
x+ y

n

)
+ f

(
x+ z

n

)
+ f

(
y+ z

n

)]
, (29.2)

has been studied by Lee [5] under the assumption that m,n are non-zero integers
such that m+ 1 = 2n and the unknown function f maps a real linear space into
another one. A particular case m = 3,n = 2 has been considered earlier by the same
author in [4], and the case m = n = 1 has been studied by Kannappan [3]. For some
further generalization of (29.1) we refer to [8].

In our paper [2], we have determined the general solution of the equation

M f

(
x+ y+ z

m

)
+ f (x)+ f (y)+ f (z)

= N

[
f

(
x+ y

n

)
+ f

(
x+ z

n

)
+ f

(
y+ z

n

)]
(29.3)

in a more general setting. Namely, we have assumed that m,n,M,N are positive
integers, (G,+) is a commutative group uniquely divisible by m and n, (H,+) is a
commutative group uniquely divisible by 2, and f : G→H is an unknown function.
Clearly, the assumption that (G,+) is uniquely divisible by m and n, is forced by the
form of equation (29.3). However, the assumption that (H,+) is uniquely divisible
by 2 is strictly connected with a method used in the proof. In the present paper we
deal with the solutions of (29.3) in a more general case, without that assumption of
divisibility by 2 in H.
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29.2 Results

To simplify some statements in the sequel we will use the following hypothesis.

(H ) (H,+) and (G,+) are commutative groups, m,n,M,N are positive integers,
and G is uniquely divisible by m and n.

Let us yet recall that a function A : G→ H is additive provided

A(x+ y) = A(x)+A(y) for x,y ∈G

and a function Q : G→ H is quadratic provided

Q(x+ y)+Q(x− y)= 2Q(x)+ 2Q(y) for x,y ∈ G.

We begin with an auxiliary proposition.

Proposition 29.1. Assume that (H ) holds, a function f : G→H satisfies equation
(29.3) for all x,y,z ∈ G, and

fe(x) := f (x)+ f (−x)−2 f (0) for x ∈ G; (29.4)

fo(x) := f (x)− f (−x) for x ∈ G. (29.5)

Then functions fe and fo satisfy (29.3), the function Q := 2 fe is quadratic with
Q(0) = 0, the function A := 2 fo is additive, and

(M+3−3N) f (0) = 0, (29.6)

(N−n2)Q(x) = (M−m2)Q(x) = 0 for x ∈ G, (29.7)

(Mn+mn−2mN)A(x) = 0 for x ∈G. (29.8)

Proof. Condition (29.6) follows from (29.3) with x = y = z = 0. Further, by (29.3)
and (29.6), fe and fo are solutions of (29.3).

Clearly, fe is even and fe(0) = 0. Therefore, for every x,y ∈ G, we have

M fe

( y
m

)
+2 fe(x)+ fe(y)

= M fe

(
x+ y− x

m

)
+ fe(x)+ fe(y)+ fe(−x)

= N

[
fe

(
x+ y

n

)
+ fe

(
x− y

n

)
+ fe (0)

]
.

Hence

M fe
( y

m

)
+2 fe(x)+ fe(y) = N

[
fe

(
x+ y

n

)
+ fe

(
x− y

n

)]
(29.9)
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for x,y ∈ G. Taking y = 0 in (29.9), we get

Q(x) = 2 fe(x) = 2N fe

( x
n

)
= NQ

( x
n

)
for x ∈G. (29.10)

Moreover, putting x = 0 in (29.9), we obtain

M fe

( y
m

)
+ fe(y) = NQ

( y
n

)
for y ∈G,

which together with (29.10) gives

Q(y) = MQ
( y

m

)
for y ∈ G. (29.11)

Now, from (29.9)–(29.11) we deduce that Q is quadratic. Consequently, (29.7)
follows from (29.10) and (29.11).

Obviously, fo is odd and fo(0) = 0. Thus, as we have already observed, for every
x,y,z ∈ G, we get

M fo

(
x+ y+ z

m

)
+ fo(x)+ fo(y)+ fo(z)

= N

[
fo

(
x+ y

n

)
+ fo

(
x+ z

n

)
+ fo

(
y+ z

n

)]
. (29.12)

Taking in (29.12) first z = 0, and then y = z = 0, for every x,y ∈ G we obtain the
following two equalities:

M fo

(
x+ y

m

)
+ fo(x)+ fo(y) = N

[
fo

(
x+ y

n

)
+ fo

( x
n

)
+ fo

( y
n

)]
, (29.13)

M fo

( x
m

)
+ fo(x) = 2N fo

( x
n

)
. (29.14)

Next, by (29.14), for every x,y ∈ G, we get

M fo

(
x+ y

m

)
+ fo(x+ y) = 2N fo

(
x+ y

n

)
,

which together with (29.13), gives

fo(x+ y)− fo(x)− fo(y) = N

[
fo

(
x+ y

n

)
− fo

( x
n

)
− fo

( y
n

)]
.
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On the other hand, using the oddness of fo and applying (29.12), for x,y ∈ G, we
have

N
[

fo

(
x+ y

n

)
− fo

( x
n

)
− fo

( y
n

)]

= N

[
fo

(
x+ y

n

)
+ fo

(
y− (x+ y)

n

)
+ fo

(
x− (x+ y)

n

)]

= M fo

(
x+ y− (x+ y)

m

)
+ fo(x)+ fo(y)− fo(x+ y).

Consequently

fo(x+ y)− fo(x)− fo(y) = fo(x)+ fo(y)− fo(x+ y) for x,y ∈ G,

which means that A is an additive function.
Finally, making use of (29.14), for every x ∈G, we get

MA
( x

m

)
+A(x) = 2NA

( x
n

)
,

which implies (29.8). ��
Theorem 29.1. Let hypothesis (H ) be valid. If a function f : G → H satisfies
(29.3) for all x,y,z ∈ G, then there exist a quadratic function Q : G → H with
Q(0) = 0, an additive function A : G→ H and a B ∈ H such that (29.7) and (29.8)
hold,

(M+3−3N)B = 0 (29.15)

and

4 f (x) = Q(x)+A(x)+ 4B for x ∈ G. (29.16)

Proof. Assume that f : G→H satisfies (29.3). Let fe and fo be given by (29.4) and
(29.5), respectively. Furthermore, Q := 2 fe, A := 2 fo and B := f (0). Then, according
to Proposition 29.1, Q is quadratic with Q(0) = 0, A is additive and (29.7), (29.8)
and (29.15) hold. Moreover, in view of (29.4) and (29.5), we get

4 f (x) = 2( fe(x)+ fo(x))+ 4 f (0) = Q(x)+A(x)+ 4B for x ∈ G.

��
From Theorem 29.1 one can easily derive the following result (cf. [2, Theo-

rem 1]).
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Corollary 29.1. Let (H ) be valid and (H,+) be uniquely divisible by 2. Then a
function f : G → H satisfies (29.3) for all x,y,z ∈ G if and only if there exist a
quadratic function Q : G→ H, an additive function A : G→ H and a B ∈ H such
that (29.7), (29.8) and (29.15) hold, and

f (x) = Q(x)+A(x)+B for x ∈G. (29.17)

Now we prove one more auxiliary proposition.

Proposition 29.2. Let (H ) be valid. Assume that a function F : G→ H satisfies
(29.3) for all x,y,z ∈ G, F(0) = 0 and

2F(x) = 0 for x ∈G. (29.18)

Then

F(2kx) = 0 for x ∈ G, (29.19)

where

k =

⎧⎨
⎩

0 whenever M and N are even;
1 whenever exactly one of M and N is even;
2 whenever M and N are odd.

(29.20)

Proof. Note that if M and N are even, then in view of (29.18), (29.3) takes the form

F(x)+F(y)+F(z) = 0 for x,y,z ∈G.

Thus, taking y = z and applying (29.18) again, we get (29.19) with k = 0.
Next, consider the case where M is odd and N is even. Then, by (29.18), from

(29.3) we derive that

MF

(
x+ y+ z

m

)
+F(x)+F(y)+F(z) = 0 for x,y,z ∈ G.

Hence

F

(
x+ y+ z

m

)
+(M−1)F

(
x+ y+ z

m

)
+F(x)+F(y)+F(z) = 0

for x,y,z ∈ G, so making use of (29.18), we get

F

(
x+ y+ z

m

)
+F(x)+F(y)+F(z) = 0 for x,y,z ∈G.

Therefore, taking x = 0 and y = z, we obtain that

F

(
2z
m

)
= 0 for z ∈ G,

which gives (29.19) with k = 1.
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In the case where M is even and N is odd, (29.3) takes the form

F(x)+F(y)+F(z) = F

(
x+ y

n

)
+F

(
x+ z

n

)
+F

(
y+ z

n

)
for x,y,z ∈ G.

Thus, repeating the previous arguments, we conclude that

F

(
2z
n

)
= 0 for z ∈ G,

which again gives (29.19) with k = 1.
Finally, assume that M and N are odd. Then, by (29.18), from (29.3) we

derive that

F

(
x+ y+ z

m

)
+F(x)+F(y)+F(z)

= F

(
x+ y

n

)
+F

(
x+ z

n

)
+F

(
y+ z

n

)

for x,y,z ∈ G. Taking in the latter equality y = z, in view of (29.18), we get

F

(
x+2z

m

)
+F(x) = F

(
2z
n

)
for x,z ∈ G. (29.21)

Next, applying (29.21) with x = 0 and then with z = 0, we obtain

F

(
2z
m

)
= F

(
2z
n

)
for z ∈ G (29.22)

and
F(x) =−F

( x
m

)
for x ∈ G, (29.23)

respectively. Consequently, making use of (29.18) and (29.21)–(29.23), we
conclude that

F(4x) =−F

(
4x
m

)
=−F

(
2x+2x

m

)

=−F

(
2x
n

)
+F(2x) =−F

(
2x
m

)
+F(2x)

= F(2x)+F(2x) = 2F(2x) = 0 for x ∈ G.

Thus, (29.19) holds with k = 2. ��
Now we are in a position to prove the following.
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Theorem 29.2. Let (H ) be valid. If a function f : G→ H satisfies (29.3) for all
x,y,z ∈ G, then there exist a quadratic function Q : G→ H, an additive function
A : G→ H and a B ∈H such that (29.7), (29.8) and (29.15) hold, and

f (4k+1x) = 2Q(x)+A(x)+B for x ∈ G, (29.24)

where k is given by (29.20).

Proof. Assume that f : G→ H satisfies (29.3). Then, according to Theorem 29.1,
there exist a quadratic function q : G→ H with q(0) = 0, an additive a : G→H and
a b ∈ H such that

(N−n2)q(x) = (M−m2)q(x) = 0 for x ∈ G, (29.25)

(Mn+mn−2mN)a(x) = 0 for x ∈G (29.26)

and

4 f (x) = q(x)+ a(x)+ 4b for x ∈ G. (29.27)

Making use of (29.27), for every x ∈G, we obtain

4 f (4x) = q(4x)+ a(4x)+ 4b= 16q(x)+ 4a(x)+ 4 f (0).

Thus

4 [ f (4x)− 4q(x)−a(x)− f (0)] = 0 for x ∈ G. (29.28)

Let

F(x) := f (4x)−4q(x)−a(x)− f (0) for x ∈ G. (29.29)

Since f satisfies (29.3), according to Proposition 29.1, (29.6) holds. So, taking
into account (29.25) and (29.26), one can easily check that F satisfies (29.3).
Furthermore, (29.29) and (29.28) imply that F(0) = 0 and 4F(x) = 0 for x ∈ G,
respectively. Thus, the function 2F satisfies the assumptions of Proposition 29.2.
Hence, applying Proposition 29.2, we obtain that

2F(2kx) = 0 for x ∈ G,

where k is as in (29.20). Therefore, the function F̃ : G→H given by F̃(x) = F(2kx)
for x ∈ G, also fulfils the assumptions of Proposition 29.2. Thus, we get that
F̃(2kx) = 0 for x ∈ G. Consequently, F(4kx) = 0 for x ∈ G, so taking into account
(29.29), we obtain (29.24) with Q := 24k+1q, A := 4ka and B := f (0). ��

The next result is an immediate consequence of Theorem 29.2.

Corollary 29.2. Let (H ) be valid and G be uniquely divisible by 2. Then a function
f : G→ H satisfies (29.3) for all x,y,z ∈ G if and only if there exist a quadratic
function Q : G→ H, an additive function A : G→ H and a B ∈ H such that (29.7),
(29.8) and (29.15) hold, and

f (x) = 2Q(x)+A(x)+B for x ∈G. (29.30)
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Since every group (uniquely) divisible by an even number, is (uniquely) divisible
by 2, we have also the following result.

Corollary 29.3. Let hypothesis (H ) be valid. If m or n is an even number, then
a function f : G→ H satisfies (29.3) for all x,y,z ∈ G if and only if there exist a
quadratic function Q : G→ H, an additive function A : G→ H and a B ∈ H such
that (29.7), (29.8), (29.15) and (29.30) hold.

The next two corollaries generalize to some extend [7, Theorem 2.1] and [5,
Theorem 2.1].

Corollary 29.4. Let hypothesis (H ) be valid. If m or n is an even number, then a
function f : G→ H satisfies the functional equation

m f

(
x+ y+ z

m

)
+ f (x)+ f (y)+ f (z)

= n

[
f

(
x+ y

n

)
+ f

(
x+ z

n

)
+ f

(
y+ z

n

)]

for x,y,z ∈ G if and only if there exist a quadratic function Q : G→ H, an additive
function A : G→H and a B∈H such that (m−1)Q(x) = (n−1)Q(x) = 0 for x∈G,
(m−3n+3)B= 0, and f is of the form (29.30).

Corollary 29.5. Let hypothesis (H ) be valid. If m or n is an even number, then
a function f : G→ H satisfies (29.2) for all x,y,z ∈ G if and only if there exist a
quadratic function Q : G→ H, an additive function A : G→ H and a B ∈ H such
that (m2− 3n2 + 3)B = 0, (m+ 1− 2n)A(x) = 0 for x ∈ G, and f is of the form
(29.30).
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Chapter 30
Norm and Numerical Radius Inequalities
for Two Linear Operators in Hilbert Spaces:
A Survey of Recent Results

Sever S. Dragomir

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract The main aim of this paper is to survey some recent norm and numerical
radius inequalities obtained by the author for composite operators generated by
a pair of operators (A,B) in complex Hilbert spaces under various assumptions.
Applications in connection with classical results are also provided.

Keywords Bounded linear operators • Operator norm • Numerical radius •
Inequalities for norms and numerical radius
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30.1 Introduction

Let (H;〈·, ·〉) be a complex Hilbert space. The numerical range of an operator T is
the subset of the complex numbers C given by W (T ) = {〈T x,x〉 , x ∈ H, ‖x‖= 1} ,
see for instance [26, p. 1]. It is well known that (see [26]):

1. The numerical range of an operator is convex;
2. The spectrum of an operator is contained in the closure of its numerical range;
3. T is self-adjoint if and only if W (T ) is real.

The numerical radius w(T ) of an operator T on H is defined by w(T ) :=
sup{|λ | ,λ ∈W (T )} = sup{|〈T x,x〉| ,‖x‖ = 1} , [26, p. 8]. It is well known that
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w(·) is a norm on the Banach algebra B(H) of all bounded linear operators acting
on H and the following inequality holds true:

w(T )≤ ‖T‖ ≤ 2w(T ) . (30.1)

We recall some classical results involving the numerical radius of two linear
operators A,B.

The following general result for the product of two operators holds [26, p. 37]:

Theorem 30.1. If A,B are two bounded linear operators on the Hilbert space
(H,〈·, ·〉) , then w(AB) ≤ 4w(A)w(B) . In the case that AB = BA, then w(AB) ≤
2w(A)w(B) .

The following results are also well known [26, p. 38].

Theorem 30.2. If A is a unitary operator that commutes with another operator B,
then

w(AB)≤ w(B) . (30.2)

If A is an isometry and AB = BA, then (30.2) also holds true.

We say that A and B double commute if AB = BA and AB∗ = B∗A. The following
result holds [26, p. 38].

Theorem 30.3 (Double commute). If the operators A and B double commute, then

w(AB)≤ w(B)‖A‖ .
As a consequence of the above, we have [26, p. 39]:

Corollary 30.1. Let A be a normal operator commuting with B. Then

w(AB)≤ w(A)w(B) .

For other results and historical comments on the above see [26, p. 39–41].
For more results on the numerical radius, see [27].

The main aim of this paper is to survey some recent inequalities obtained by the
author in [9, 18–22] for composite operators generated by a pair of operators (A,B)
under various assumptions. For related results on operator and vector inequalities in
Hilbert spaces see, [1–23] and [25]. For recent results on norm and numerical radius
inequalities, see [29, 35].

30.1.1 General Inequalities for the Norm and Numerical Radius

30.1.2 Some Preliminary Results

The following result may be stated:

Theorem 30.4 (Dragomir, 2008 [19]). Let A,B : H → H be two bounded linear
operators on the Hilbert space (H,〈·, ·〉) . If r > 0 and

‖A−B‖ ≤ r, (30.3)
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then ∥∥∥∥A∗A+B∗B
2

∥∥∥∥≤ w(B∗A)+
1
2

r2. (30.4)

Proof. For any x ∈ H, ‖x‖= 1, we have from (30.3) that

‖Ax‖2 +‖Bx‖2 ≤ 2Re〈Ax,Bx〉+ r2. (30.5)

However

‖Ax‖2 +‖Bx‖2 = 〈(A∗A+B∗B)x,x〉
and by (30.5) we obtain

〈(A∗A+B∗B)x,x〉 ≤ 2 |〈(B∗A)x,x〉|+ r2 (30.6)

for any x ∈ H, ‖x‖= 1.
Taking the supremum over x ∈H, ‖x‖= 1 in (30.6) we get

w(A∗A+B∗B)≤ 2w(B∗A)+ r2 (30.7)

and since the operator A∗A+B∗B is self-adjoint, hence

w(A∗A+B∗B) = ‖A∗A+B∗B‖
and by (30.7) we deduce the desired inequality (30.4). 	

Remark 30.1. We observe that, from the proof of the above theorem, we have the
inequalities

0≤
∥∥∥∥A∗A+B∗B

2

∥∥∥∥−w(B∗A)≤ 1
2
‖A−B‖2 , (30.8)

provided that A,B are bounded linear operators in H.
The second inequality in (30.8) is obvious while the first inequality follows by

the fact that

〈(A∗A+B∗B)x,x〉= ‖Ax‖2 +‖Bx‖2 ≥ 2 |〈(B∗A)x,x〉|

for any x ∈ H.

The inequality (30.4) is obviously a rich source of particular inequalities of
interest.

Indeed, if we assume, for λ ∈ C and a bounded linear operator T, that we
have ‖T −λT∗‖ ≤ r, for a given positive number r, then by (30.8) we deduce the
inequality

0≤
∥∥∥∥∥

T ∗T + |λ |2 T T ∗

2

∥∥∥∥∥−|λ |w
(
T 2)≤ 1

2
r2. (30.9)
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Now, if we assume that for λ ∈ C and a bounded linear operator V we have that
‖V −λ I‖ ≤ r, where I is the identity operator on H, then by (30.4) we deduce the
inequality

0≤
∥∥∥∥∥

V ∗V + |λ |2 I
2

∥∥∥∥∥−|λ |w(V )≤ 1
2

r2.

As a dual approach, the following result may be noted as well:

Theorem 30.5 (Dragomir, 2008 [19]). Let A,B : H → H be two bounded linear
operators on the Hilbert space H. Then

∥∥∥∥A+B
2

∥∥∥∥
2

≤ 1
2

[∥∥∥∥A∗A+B∗B
2

∥∥∥∥+w(B∗A)
]
. (30.10)

Proof. We obviously have

‖Ax+Bx‖2 =‖Ax‖2 +2Re〈Ax,Bx〉+‖Bx‖2

≤〈(A∗A+B∗B)x,x〉+2 |〈(B∗A)x,x〉|
for any x ∈ H.

Taking the supremum over x ∈H, ‖x‖= 1, we get

‖A+B‖2 ≤ ‖A∗A+B∗B‖+2w(B∗A) ,

from where we get the desired inequality (30.10). 	

Remark 30.2. The inequality (30.10) can generate some interesting particular
results such as the following inequality

∥∥∥∥T +T ∗

2

∥∥∥∥
2

≤ 1
2

[∥∥∥∥T ∗T +TT ∗

2

∥∥∥∥+w
(
T 2)] , (30.11)

holding for each bounded linear operator T : H→ H.

The following result concerning powers may be stated as well.

Theorem 30.6 (Dragomir, 2008 [19]). Let A,B : H → H be two bounded linear
operators on the Hilbert space H and p≥ 2. Then

∥∥∥∥A∗A+B∗B
2

∥∥∥∥
p
2

≤ 1
4
[‖A−B‖p +‖A+B‖p] . (30.12)

Proof. We use the following inequality for vectors in inner product spaces obtained
by Dragomir and Sándor in [23]:

2(‖a‖p +‖b‖p)≤ ‖a+b‖p +‖a−b‖p (30.13)

for any a,b ∈ H and p ≥ 2.
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Utilising (30.13), for any x ∈ H we may write

2(‖Ax‖p +‖Bx‖p)≤ ‖Ax+Bx‖p +‖Ax−Bx‖p . (30.14)

Now, observe that

‖Ax‖p +‖Bx‖p =
(
‖Ax‖2

) p
2
+
(
‖Bx‖2

) p
2

and, by the elementary inequality

αq +β q

2
≥

(
α +β

2

)q

, α,β ≥ 0 , q≥ 1,

we have
(
‖Ax‖2

) p
2
+
(
‖Bx‖2

) p
2 ≥ 21− p

2 [〈(A∗A+B∗B)x,x〉] p
2 . (30.15)

Combining (30.14) with (30.15) we get

1
4
[‖Ax−Bx‖p +‖Ax+Bx‖p]≥

∣∣∣∣
〈(

A∗A+B∗B
2

)
x,x

〉∣∣∣∣
p
2

(30.16)

for any x ∈ H, ‖x‖ = 1. Taking the supremum over x ∈ H, ‖x‖= 1, and taking into
account that

w

(
A∗A+B∗B

2

)
=

∥∥∥∥A∗A+B∗B
2

∥∥∥∥ ,
we deduce the desired result (30.12). 	

Remark 30.3. If p = 2, then we have the inequality:

∥∥∥∥A∗A+B∗B
2

∥∥∥∥≤
∥∥∥∥A−B

2

∥∥∥∥
2

+

∥∥∥∥A+B
2

∥∥∥∥
2

,

for any A,B bounded linear operators. This result can be obtained directly on
utilising the parallelogram identity as well. We also should observe that for A = T
and B = T ∗, T a normal operator, the inequality (30.12) becomes

‖T‖p ≤ 1
4
[‖T −T ∗‖p +‖T +T ∗‖p] ,

where p ≥ 2.

The following result may be stated as well.
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Theorem 30.7 (Dragomir, 2008 [19]). Let A,B : H → H be two bounded linear
operators on the Hilbert space H and r ≥ 1. If A∗A≥ B∗B in the operator order or,
equivalently, ‖Ax‖ ≥ ‖Bx‖ for any x ∈ H, then:

∥∥∥∥A∗A+B∗B
2

∥∥∥∥
r

≤ ‖A‖r−1 ‖B‖r−1 w(B∗A)+
1
2

r2 ‖A‖2r−2 ‖A−B‖2 . (30.17)

Proof. We use the following inequality for vectors in inner product spaces due to
Goldstein et al. [24]:

‖a‖2r +‖b‖2r ≤ 2‖a‖r−1 ‖b‖r−1 Re 〈a,b〉+ r2‖a‖2r−2 ‖a−b‖2 , (30.18)

where r ≥ 1, a,b ∈ H and ‖a‖ ≥ ‖b‖ .
Utilising (30.18) we can state that:

‖Ax‖2r +‖Bx‖2r ≤ 2‖Ax‖r−1 ‖Bx‖r−1 |〈Ax,Bx〉|
+r2 ‖Ax‖2r−2 ‖Ax−Bx‖2 , (30.19)

for any x ∈ H. As in the proof of Theorem 30.6, we also have

21−r [〈(A∗A+B∗B)x,x〉]r ≤ ‖Ax‖2r +‖Bx‖2r , (30.20)

for any x ∈ H. Therefore, by (30.19) and (30.20) we deduce

[〈(
A∗A+B∗B

2

)
x,x

〉]r

≤ ‖Ax‖r−1 ‖Bx‖r−1 |〈Ax,Bx〉|

+
1
2

r2 ‖A‖2r−2 ‖Ax−Bx‖2 (30.21)

for any x ∈ H.
Taking the supremum in (30.21) we obtain the desired result (30.17). 	


Remark 30.4. Following [26, p. 156], we recall that the bounded linear operatorV is
hyponormal, if ‖V ∗x‖≤ ‖Vx‖ for all x∈H. Now, if we choose in (30.17) A =V and
B =V ∗, then, on taking into account that for hyponormal operators w

(
V 2

)
= ‖V‖2 ,

we get the inequality

∥∥∥∥V ∗V +VV ∗

2

∥∥∥∥
r

≤ ‖V‖2r−2
[
‖V‖2 +

1
2

r2 ‖V −V ∗‖2
]
, (30.22)

holding for any hyponormal operator V and any r ≥ 1.
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30.1.3 Further Inequalities for an Invertible Operator

In this section, we assume that B : H → H is an invertible bounded linear operator
and let B−1 : H→ H be its inverse. Then, obviously,

‖Bx‖ ≥ 1
‖B−1‖ ‖x‖ , x ∈ H, (30.23)

where
∥∥B−1

∥∥ denotes the norm of the inverse B−1.

Theorem 30.8 (Dragomir, 2008 [19]). Let A,B : H → H be two bounded linear
operators on H and B is invertible such that, for a given r > 0,

‖A−B‖ ≤ r. (30.24)

Then

‖A‖ ≤ ∥∥B−1
∥∥
[

w(B∗A)+
1
2

r2
]
. (30.25)

Proof. The condition (30.24) is obviously equivalent to:

‖Ax‖2 +‖Bx‖2 ≤ 2Re〈(B∗A)x,x〉+ r2 (30.26)

for any x ∈ H, ‖x‖= 1. Since, by (30.23),

‖Bx‖2 ≥ 1

‖B−1‖2 ‖x‖2 , x ∈ H

and

Re 〈(B∗A)x,x〉 ≤ |〈(B∗A)x,x〉| ,
hence by (30.26) we get

‖Ax‖2 +
‖x‖2

‖B−1‖2 ≤ 2 |〈(B∗A)x,x〉|+ r2 (30.27)

for any x ∈ H, ‖x‖ = 1. Taking the supremum over x ∈ H, ‖x‖ = 1 in (30.27),
we have

‖A‖2 +
1

‖B−1‖2 ≤ 2w(B∗A)+ r2. (30.28)

By the elementary inequality

2‖A‖
‖B−1‖ ≤ ‖A‖

2 +
1

‖B−1‖2 (30.29)

and by (30.28) we then deduce the desired result (30.25). 	
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Remark 30.5. If we choose above B = λ I, λ �= 0, then we get the inequality

(0≤)‖A‖−w(A)≤ 1
2 |λ | r

2, (30.30)

provided ‖A−λ I‖ ≤ r. This result has been obtained in the earlier paper [8].
Also, if we assume that B = λA∗, A is invertible, then we obtain

‖A‖ ≤ ∥∥A−1
∥∥
[

w
(
A2)+ 1

2 |λ | r
2
]
, (30.31)

provided ‖A−λA∗‖ ≤ r, λ �= 0.

The following result may be stated as well:

Theorem 30.9 (Dragomir, 2008 [19]). Let A,B : H → H be two bounded linear
operators on H. If B is invertible and for r > 0,

‖A−B‖ ≤ r, (30.32)

then

(0≤)‖A‖‖B‖−w(B∗A)≤ 1
2

r2 +
‖B‖2∥∥B−1

∥∥2−1

2‖B−1‖2 . (30.33)

Proof. The condition (30.32) is equivalent to ‖Ax‖2 + ‖Bx‖2 ≤ 2Re〈Ax,Bx〉+ r2

for any x ∈ H, which is clearly equivalent to

‖Ax‖2 +‖B‖2 ≤ 2Re〈B∗Ax,x〉+ r2 +‖B‖2−‖Bx‖2 . (30.34)

Since

Re〈B∗Ax,x〉 ≤ |〈B∗Ax,x〉| , ‖Bx‖2 ≥ 1

‖B−1‖2 ‖x‖2

and ‖Ax‖2 +‖B‖2 ≥ 2‖B‖‖Ax‖ for any x ∈H, hence by (30.34) we get

2‖B‖‖Ax‖ ≤ 2 |〈B∗Ax,x〉|+ r2 +
‖B‖2∥∥B−1

∥∥2−1

‖B−1‖2 (30.35)

for any x ∈ H, ‖x‖ = 1. Taking the supremum over x ∈ H, ‖x‖ = 1 we deduce the
desired result (30.33). 	

Remark 30.6. If we choose in Theorem 30.9, B = λA∗, λ �= 0, A is invertible, then
we get the inequality:

(0≤)‖A‖2−w
(
A2)≤ 1

2 |λ | r
2 + |λ | · ‖A‖

2∥∥A−1
∥∥2−1

2‖A−1‖2 (30.36)

provided ‖A−λA∗‖ ≤ r.

The following result may be stated as well.
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Theorem 30.10 (Dragomir, 2008 [19]). Let A,B : H → H be two bounded linear
operators on H. If B is invertible and for r > 0 we have

‖A−B‖ ≤ r < ‖B‖ , (30.37)

then

‖A‖ ≤ 1√
‖B‖2− r2

(
w(B∗A)+

‖B‖2∥∥B−1
∥∥2−1

2‖B−1‖2

)
. (30.38)

Proof. The first part of condition (30.37) is obviously equivalent to ‖Ax‖2 +
‖Bx‖2 ≤ 2Re〈Ax,Bx〉+ r2 for any x ∈ H, which is clearly equivalent to

‖Ax‖2 +‖B‖2− r2 ≤ 2Re〈B∗Ax,x〉+‖B‖2−‖Bx‖2 . (30.39)

Since

Re 〈B∗Ax,x〉 ≤ |〈B∗Ax,x〉| ,‖Bx‖2 ≥ 1

‖B−1‖2 ‖x‖2

and, by the second part of (30.37),

‖Ax‖2 +‖B‖2− r2 ≥ 2
√
‖B‖2− r2 ‖Ax‖ ,

for any x ∈ H, hence by (30.39) we get

2‖Ax‖
√
‖B‖2− r2 ≤ 2 |〈B∗Ax,x〉|+ ‖B‖

2∥∥B−1
∥∥2−1

‖B−1‖2 (30.40)

for any x ∈ H, ‖x‖ = 1. Taking the supremum over x ∈ H, ‖x‖ = 1 in (30.40), we
deduce the desired inequality (30.38). 	

Remark 30.7. The above Theorem 30.10 has some particular cases of interest. For
instance, if we choose B = λ I, with |λ | > r, then (30.37) is obviously fulfilled and
by (30.38) we get

‖A‖ ≤ w(A)√
1−

(
r
|λ |

)2
, (30.41)

provided ‖A−λ I‖ ≤ r. This result has been obtained in the earlier paper [8].
On the other hand, if in the above we choose B = λA∗ with ‖A‖ ≥ r

|λ | (λ �= 0) ,
then by (30.38) we get

‖A‖ ≤ 1√
‖A‖2−

(
r
|λ |

)2

[
w
(
A2)+ |λ | · ‖A‖

2 ∥∥A−1
∥∥2−1

2‖A−1‖2

]
, (30.42)

provided ‖A−λA∗‖ ≤ r.

The following result may be stated as well.
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Theorem 30.11 (Dragomir, 2008 [19]). Let A,B and r be as in Theorem 30.8.
Moreover, if

∥∥B−1
∥∥<

1
r
, (30.43)

then

‖A‖ ≤
∥∥B−1

∥∥√
1− r2 ‖B−1‖2

w(B∗A) . (30.44)

Proof. Observe that by (30.28) we have

‖A‖2 +
1− r2

∥∥B−1
∥∥2

‖B−1‖2 ≤ 2w(B∗A) . (30.45)

Utilising the elementary inequality

2
‖A‖
‖B−1‖

√
1− r2‖B−1‖2 ≤ ‖A‖2 +

1− r2
∥∥B−1

∥∥2

‖B−1‖2 , (30.46)

which can be stated since (30.43) is assumed to be true; hence, by (30.45) and
(30.46) we deduce the desired result (30.44). 	

Remark 30.8. If we assume that B = λA∗ with λ �= 0 and A an invertible operator,
then, by applying Theorem 30.11, we get the inequality:

‖A‖ ≤
∥∥A−1

∥∥w
(
A2

)
√
|λ |2− r2 ‖A−1‖2

, (30.47)

provided ‖A−λA∗‖ ≤ r and
∥∥A−1

∥∥≤ |λ |r .

The following result may be stated as well.

Theorem 30.12 (Dragomir, 2008 [19]). Let A,B : H → H be two bounded linear
operators. If r > 0 and B is invertible with the property that ‖A−B‖ ≤ r and

1√
r2 +1

≤ ∥∥B−1
∥∥<

1
r
, (30.48)

then

‖A‖2 ≤ w2 (B∗A)+ 2w(B∗A)

∥∥B−1
∥∥−

√
1− r2‖B−1‖2

‖B−1‖ . (30.49)

Proof. Let x ∈ H, ‖x‖= 1. Then by (30.27) we have

‖Ax‖2 +
1

‖B−1‖2 ≤ 2 |〈B∗Ax,x〉|+ r2, (30.50)
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and since
∥∥B−1

∥∥−2− r2 > 0, we can conclude that |〈B∗Ax,x〉| > 0 for any x ∈ H,
‖x‖= 1.

Dividing (30.50) throughout by |〈B∗Ax,x〉|> 0, we obtain

‖Ax‖2

|〈B∗Ax,x〉| ≤ 2+
r2

|〈B∗Ax,x〉| −
1

‖B−1‖2 |〈B∗Ax,x〉|
. (30.51)

Subtracting |〈B∗Ax,x〉| from both sides of (30.51), we get

‖Ax‖2

|〈B∗Ax,x〉| − |〈B
∗Ax,x〉| ≤ 2−|〈B∗Ax,x〉|− 1− r2

∥∥B−1
∥∥2

|〈B∗Ax,x〉|‖B−1‖2 (30.52)

= 2− 2
√

1− r2 ‖B−1‖2

‖B−1‖

−
⎛
⎝√
|〈B∗Ax,x〉|−

√
1− r2 ‖B−1‖2

‖B−1‖√|〈B∗Ax,x〉|

⎞
⎠

2

≤ 2

⎛
⎝

∥∥B−1
∥∥−

√
1− r2 ‖B−1‖2

‖B−1‖

⎞
⎠ ,

which gives:

‖Ax‖2 ≤ |〈B∗Ax,x〉|2 +2 |〈B∗Ax,x〉|
∥∥B−1

∥∥−
√

1− r2‖B−1‖2

‖B−1‖ . (30.53)

We also remark that, by (30.48) the quantity

∥∥B−1
∥∥−

√
1− r2 ‖B−1‖2 ≥ 0,

hence, on taking the supremum in (30.53) over x ∈ H, ‖x‖ = 1, we deduce the
desired inequality. 	

Remark 30.9. It is interesting to remark that if we assume λ ∈C with 0< r≤ |λ | ≤√

r2 + 1 and ‖A−λ I‖ ≤ r, then by (30.24) we can state the following inequality:

‖A‖2 ≤ |λ |2 w
(
A2)+2 |λ |

(
1−

√
|λ |2− r2

)
w(A) . (30.54)

Also, if ‖A−A∗‖ ≤ r, A is invertible and

1√
r2 +1

≤ ∥∥A−1
∥∥≤ 1

r
,
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then, by (30.49) we also have

‖A‖2 ≤ w2 (A2)+2w
(
A2)

∥∥A−1
∥∥−

√
1− r2‖A−1‖2

‖A−1‖ . (30.55)

One can also prove the following result.

Theorem 30.13 (Dragomir, 2008 [19]). Let A,B : H → H be two bounded linear
operators. If r > 0 and B is invertible with the property that ‖A−B‖ ≤ r and

∥∥B−1
∥∥≤ 1

r
,

then

(0≤)‖A‖2 ‖B‖2 − w2 (B∗A)

≤ 2w(B∗A)
‖B‖
‖B−1‖

(
‖B‖∥∥B−1

∥∥−
√

1− r2‖B−1‖2
)
. (30.56)

Proof. We subtract the quantity

|〈B∗Ax,x〉|
‖B‖2

from both sides of (30.51) to obtain

0≤ ‖Ax‖2

|〈B∗Ax,x〉| −
|〈B∗Ax,x〉|
‖B‖2

≤ 2−2

√
1− r2‖B−1‖2

‖B‖‖B−1‖

−
⎛
⎝

√|〈B∗Ax,x〉|
‖B‖ −

√
1− r2‖B−1‖2

√|〈B∗Ax,x〉|‖B−1‖

⎞
⎠

2

≤ 2

(
‖B‖∥∥B−1

∥∥−
√

1− r2 ‖B−1‖2
)

‖B‖‖B−1‖ , (30.57)

which is equivalent with

(0≤)‖Ax‖2 ‖B‖2 − |〈B∗Ax,x〉|2

≤ 2
‖B‖ |〈B∗Ax,x〉|
‖B−1‖

(
‖B‖∥∥B−1

∥∥−
√

1− r2‖B−1‖2
)

(30.58)

for any x ∈ H, ‖x‖= 1.
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The inequality (30.58) also shows that

‖B‖∥∥B−1
∥∥≥

√
1− r2‖B−1‖2

and then, by (30.58), we get

‖Ax‖2 ‖B‖2 ≤ |〈B∗Ax,x〉|2

+2
‖B‖
‖B−1‖ |〈B

∗Ax,x〉|
(
‖B‖∥∥B−1

∥∥−
√

1− r2‖B−1‖2
)

(30.59)

for any x ∈ X , ‖x‖ = 1. Taking the supremum in (30.59) we deduce the desired
inequality (30.56). 	

Remark 30.10. The above Theorem 30.13 has some particular instances of interest
as follows. If, for instance, we choose B = λ I with |λ | ≥ r > 0 and ‖A−λ I‖ ≤ r,
then by (30.56) we obtain the inequality

(0≤)‖A‖2−w2 (A)≤ 2 |λ |w(A)

(
1−

√
1− r2

|λ |2
)
. (30.60)

Also, if A is invertible, ‖A−λA∗‖ ≤ r and
∥∥A−1

∥∥ ≤ |λ |r , then by (30.56) we can
state:

(0 ≤)‖A‖4 − w2 (A2)

≤ 2 |λ |w(
A2) · ‖A‖‖A−1‖

(
‖A‖∥∥A−1

∥∥−
√

1− r2

|λ |2 ‖A
−1‖2

)
. (30.61)

30.2 Other Inequalities for a Product of Two Linear Operators

30.2.1 Some Preliminary Results

For the complex numbers α,β and the bounded linear operator T we define the
following transform (see [16]):

Cα,β (T ) := (T ∗ −αI) (β I−T ) , (30.62)

where by T ∗ we denote the adjoint of T .
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We list some properties of the transform Cα ,β (·) that are of interest:

(i) For any α,β ∈ C and T ∈ B(H) we have:

Cα ,β (I) = (1−α)(β −1)I, Cα ,α (T ) =−(αI−T )∗ (αI−T ) , (30.63)

Cα ,β (γT ) = |γ|2 Cα
γ ,

β
γ
(T ) for each γ ∈ C\{0} , (30.64)

[
Cα ,β (T )

]∗
=Cβ ,α (T ) (30.65)

and

Cβ ,α (T ∗)−Cα ,β (T ) = T ∗T −TT ∗. (30.66)

(ii) The operator T ∈ B(H) is normal if and only if Cβ ,α (T ∗) = Cα ,β (T ) for each
α,β ∈C.

We recall that a bounded linear operator T on the complex Hilbert space (H,〈·, ·〉)
is called accretive if Re 〈Ty,y〉 ≥ 0 for any y ∈ H.

Utilizing the following identity

Re
〈
Cα ,β (T )x,x

〉
= Re

〈
Cβ ,α (T )x,x

〉

=
1
4
|β −α|2−

∥∥∥∥
(

T − α +β
2

I

)
x

∥∥∥∥
2

(30.67)

that holds for any scalars α,β and any vector x ∈ H with ‖x‖ = 1 we can give a
simple characterization result that is useful in the following:

Lemma 30.1 (Dragomir, 2009 [21]). For α,β ∈ C and T ∈ B(H) the following
statements are equivalent:

(i) The transform Cα ,β (T )
(
or, equivalently, Cβ ,α (T )

)
is accretive;

(ii) The transform Cα ,β (T
∗)
(
or, equivalently, Cβ ,ᾱ(T

∗)
)

is accretive;
(iii) We have the norm inequality

∥∥∥∥T − α +β
2

I

∥∥∥∥≤ 1
2
|β −α| (30.68)

or, equivalently, ∥∥∥∥T ∗ − ᾱ + β̄
2

I

∥∥∥∥≤ 1
2
|β −α| . (30.69)
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Remark 30.11. In order to give examples of operators T ∈ B(H) and numbers
α,β ∈C such that the transform Cα ,β (T ) is accretive, it suffices to select a bounded
linear operator S and the complex numbers z,w with the property that ‖S− zI‖≤ |w|
and, by choosing T = S, α = 1

2 (z+w) and β = 1
2 (z−w) we observe that T satisfies

(30.68), i.e., Cα ,β (T ) is accretive.

30.2.2 Other Norm and Numerical Radius Inequalities

In light of the above results it is then natural to compare the quantities ‖AB‖
and w(A)w(B)+w(A)‖B‖ +‖A‖w(B) provided that some information about the
transforms Cα ,β (A) and Cγ,δ (B) are available, where α,β ,γ ,δ ∈K.

Theorem 30.14 (Dragomir, 2008, [21]). Let A,B ∈ B(H) and α,β ,γ,δ ∈ K be
such that the transforms Cα ,β (A) and Cγ,δ (B) are accretive, then

‖BA‖ ≤ w(A)w(B)+w(A)‖B‖+‖A‖w(B)+
1
4
|β −α| |γ−δ | . (30.70)

Proof. Since Cα,β (A) and Cγ,δ (B) are accretive, then, by Lemma 30.1 we have that

∥∥∥∥Ax− α +β
2

x

∥∥∥∥≤ 1
2
|β −α| and

∥∥∥∥B∗x− γ̄ + δ̄
2

x

∥∥∥∥≤ 1
2

∣∣γ̄− δ̄
∣∣ ,

for any x ∈ H,‖x‖= 1. Next, utilizing the Schwarz inequality we may write that

|〈Ax−〈Ax,x〉x,B∗y −〈B∗y,y〉y〉|
≤ ‖Ax−〈Ax,x〉x‖‖B∗y−〈B∗y,y〉y‖ , (30.71)

for any x,y ∈ H, with ‖x‖= ‖y‖= 1.
Since for any vectors u, f ∈H with ‖ f‖= 1 we have

‖u−〈u, f 〉 f‖= inf
μ∈K
‖u− μ f‖ ,

then obviously

‖Ax−〈Ax,x〉x‖ ≤
∥∥∥∥Ax− α +β

2
x

∥∥∥∥≤ 1
2
|β −α|

and

‖B∗y−〈B∗y,y〉y‖ ≤
∥∥∥∥B∗y− γ̄ + δ̄

2
y

∥∥∥∥≤ 1
2
|γ−δ |
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producing the inequality

‖Ax−〈Ax,x〉x‖‖B∗y−〈B∗y,y〉y‖ ≤ 1
4
|β −α| |γ−δ | . (30.72)

Now, observe that

〈BAx,y〉 + 〈Ax,x〉〈By,y〉〈x,y〉− 〈Ax,x〉〈Bx,y〉− 〈Ax,y〉〈By,y〉
= 〈Ax−〈Ax,x〉x,B∗y−〈B∗y,y〉y〉,

for any x,y ∈ H, with ‖x‖ = ‖y‖ = 1. Taking the modulus in the equality and
utilizing its properties we have successively

|〈Ax−〈Ax,x〉x,B∗y−〈B∗y,y〉y〉|
≥ |〈BAx,y〉|− |〈Ax,x〉 〈Bx,y〉+ 〈Ax,y〉〈By,y〉− 〈Ax,x〉〈By,y〉〈x,y〉|
≥ |〈BAx,y〉|− |〈Ax,x〉 〈Bx,y〉|− |〈Ax,y〉〈By,y〉|− |〈Ax,x〉〈By,y〉〈x,y〉|

which is equivalent with

|〈BAx,y〉| ≤|〈Ax−〈Ax,x〉x,B∗y−〈B∗y,y〉y〉|+ |〈Ax,x〉〈Bx,y〉|
+ |〈Ax,y〉〈By,y〉|+ |〈Ax,x〉 〈By,y〉 〈x,y〉| , (30.73)

for any x,y ∈ H, with ‖x‖= ‖y‖= 1.
Finally, on making use of the inequalities (30.71)–(30.73) we can state that

|〈BAx,y〉| ≤ 1
4
|β −α| |γ−δ |+ |〈Ax,x〉〈Bx,y〉|

+ |〈Ax,y〉〈By,y〉|+ |〈Ax,x〉 〈By,y〉 〈x,y〉| , (30.74)

for any x,y ∈ H, with ‖x‖= ‖y‖= 1.
Taking the supremum in (30.74) over ‖x‖= ‖y‖= 1 and noticing that

sup
‖x‖=1

|〈Ax,x〉|= w(A) , sup
‖x‖=‖y‖=1

|〈Ax,y〉|= ‖A‖ ,

sup
‖y‖=1

|〈By,y〉|= w(B) , sup
‖x‖=‖y‖=1

|〈Bx,y〉|= ‖B‖ ,

sup
‖x‖=‖y‖=1

|〈BAx,y〉|= ‖BA‖ , sup
‖x‖=‖y‖=1

|〈x,y〉|= 1,

we deduce the desired result (30.70). 	

Remark 30.12. It is an open problem whether or not the constant 1/4 is best
possible in the inequality (30.70).
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A different approach is considered in the following result:

Theorem 30.15 (Dragomir, 2008, [21]). With the assumptions from Theorem
30.14 we have the inequality

‖BA‖ ≤ w(A)‖B‖+ 1
4
|β −α|(|γ + δ |+ |γ−δ |) . (30.75)

Proof. By the Schwarz inequality and taking into account the assumptions for the
operators A and B we may state that

1
4
|β −α| |γ−δ | ≥

∥∥∥∥Ax− α +β
2

x

∥∥∥∥
∥∥∥∥B∗y− γ̄ + δ̄

2
y

∥∥∥∥

≥ ‖Ax−〈Ax,x〉x‖
∥∥∥∥B∗y− γ̄ + δ̄

2
y

∥∥∥∥

≥
∣∣∣∣
〈

Ax−〈Ax,x〉x,B∗y− γ̄ + δ̄
2

y

〉∣∣∣∣, (30.76)

for any x,y ∈ H, with ‖x‖= ‖y‖= 1. Now, since

〈BAx,y〉 − 〈Ax,x〉 〈Bx,y〉− γ + δ
2
〈Ax−〈Ax,x〉x,y〉

=

〈
Ax−〈Ax,x〉x,B∗y− γ̄ + δ̄

2
y

〉
,

on taking the modulus in this equality we have

|〈BAx,y〉| − |〈Ax,x〉〈Bx,y〉|−
∣∣∣∣γ +δ

2

∣∣∣∣ |〈Ax−〈Ax,x〉x,y〉|

≥
∣∣∣∣
〈

Ax−〈Ax,x〉x,B∗y− γ̄ + δ̄
2

y

〉∣∣∣∣, (30.77)

for any x,y ∈ H, with ‖x‖= ‖y‖= 1. On making use of (30.76) and (30.77) we get

|〈BAx,y〉| ≤ |〈Ax,x〉 〈Bx,y〉|

+

∣∣∣∣γ +δ
2

∣∣∣∣ |〈Ax−〈Ax,x〉x,y〉|+ 1
4
|β −α| |γ− δ |

≤ |〈Ax,x〉 〈Bx,y〉|+
∣∣∣∣γ +δ

2

∣∣∣∣
∥∥∥∥Ax− α +β

2
x

∥∥∥∥
+

1
4
|β −α| |γ− δ |

≤ |〈Ax,x〉 〈Bx,y〉|+ 1
4
|β −α|(|γ +δ |+ |γ−δ |) , (30.78)

for any x,y ∈ H, with ‖x‖ = ‖y‖= 1. Taking the supremum over ‖x‖ = ‖y‖= 1 in
(30.78) we deduce the desired inequality (30.75). 	
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In a similar manner we can state the following results as well:

Theorem 30.16 (Dragomir, 2008, [21]). With the assumptions from Theorem
30.14 we have the inequality

‖BA‖ ≤ w(A)‖B‖+ 1
2
|γ +δ |(w(A)+ ‖A‖)+ 1

4
|β −α| |γ− δ | . (30.79)

Indeed, we observe that

〈BAx,y〉 − 〈Ax,x〉 〈Bx,y〉− γ + δ
2
〈Ax,y〉+ γ +δ

2
〈Ax,x〉〈x,y〉

=

〈
Ax−〈Ax,x〉x,B∗y− γ̄ + δ̄

2
y

〉
,

which produces the inequality

|〈BAx,y〉| ≤
∣∣∣∣
〈

Ax−〈Ax,x〉x,B∗y− γ̄ + δ̄
2

y

〉∣∣∣∣+ |〈Ax,x〉〈Bx,y〉|

+

∣∣∣∣γ +δ
2

∣∣∣∣ |〈Ax,y〉|+
∣∣∣∣γ +δ

2

∣∣∣∣ |〈Ax,x〉| |〈x,y〉| ,

for any x,y ∈ H, with ‖x‖= ‖y‖= 1.
On utilizing the same argument as in the proof of the above theorem, we get the

desired result (30.79). The details are omitted.

30.2.3 Related Results

The following result concerning an upper bound for the norm of the operator product
may be stated.

Theorem 30.17 (Dragomir, 2008, [21]). With the assumptions from Theorem
30.14 we have the inequality

‖BA‖ ≤
∥∥∥∥α +β

2
B+

γ + δ
2

+A
α +β

2
+

γ + δ
2

I

∥∥∥∥+ 1
4
|β −α| |γ− δ |

≤ min

{∣∣∣∣α +β
2

∣∣∣∣
(
‖B‖+ |β −α|

2

)
,

∣∣∣∣γ +δ
2

∣∣∣∣
(
‖A‖+ |γ− δ |

2

)}

+
1
4
|β −α| |γ−δ | . (30.80)
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Proof. By the Schwarz inequality and utilizing the assumptions about A and B
we have

∣∣∣∣
〈

Ax− α +β
2

x,B∗y− γ̄ + δ̄
2

y

〉∣∣∣∣≤
∥∥∥∥Ax− α +β

2
x

∥∥∥∥
∥∥∥∥B∗y− γ̄ + δ̄

2
y

∥∥∥∥
≤ 1

4
|β −α| |γ−δ | , (30.81)

for any x,y ∈ H, with ‖x‖= ‖y‖= 1.
Also, the following identity is of interest in itself

〈
Ax−α +β

2
x,B∗y− γ̄ + δ̄

2
y

〉

=〈BAx,y〉+ α +β
2

γ +δ
2
〈x,y〉− α +β

2
〈Bx,y〉

− γ +δ
2
〈Ax,y〉 , (30.82)

for any x,y ∈ H, with ‖x‖= ‖y‖= 1.
This identity gives

〈BAx,y〉=
〈

Ax− α +β
2

x,B∗y− γ̄ + δ̄
2

y

〉

+

〈
α +β

2
Bx+

γ +δ
2

Ax− α +β
2

γ +δ
2

x,y

〉
,

for any x,y ∈ H, with ‖x‖= ‖y‖= 1.
Taking the modulus and utilizing (30.81) we get

|〈BAx,y〉| ≤
∣∣∣∣
〈

Ax− α +β
2

x,B∗y− γ̄ + δ̄
2

y

〉∣∣∣∣
+

∣∣∣∣
〈

α +β
2

Bx+
γ +δ

2
Ax− α +β

2
γ +δ

2
x,y

〉∣∣∣∣
≤ 1

4
|β −α| |γ− δ |

+

∥∥∥∥α +β
2

Bx+
γ + δ

2
Ax− α +β

2
γ +δ

2
x

∥∥∥∥ ,

for any x,y ∈ H, with ‖x‖ = ‖y‖ = 1. Finally, taking the supremum over ‖x‖ =
‖y‖ = 1 we deduce the first part of the desired inequality (30.80). The second part
is obvious by the triangle inequality and by the assumptions on A and B. 	
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The following particular case also holds.

Corollary 30.2. Let A ∈ B(H) and α,β ∈ K be such that the transforms Cα ,β (A)
is accretive. Then, respectively,

∥∥A2
∥∥ ≤ 1

4
|β −α|2 +

∣∣∣∣α +β
2

∣∣∣∣
∥∥∥∥2 A− α +β

2
I

∥∥∥∥
(
≤ 1

4
|β −α|2 +

∣∣∣∣α +β
2

∣∣∣∣
(
‖A‖+ 1

2
|β −α|

))
(30.83)

and

‖A‖2 ≤ 1
4
|β −α|2 +

∥∥∥∥∥
ᾱ + β̄

2
A∗+

α +β
2

A−
∣∣∣∣α +β

2

∣∣∣∣
2

I

∥∥∥∥∥
(
≤ 1

4
|β −α|2 +

∣∣∣∣α +β
2

∣∣∣∣
(
‖A‖+ 1

2
|β −α|

))
. (30.84)

The following result provides an approximation for the operator product in terms
of some simpler quantities:

Theorem 30.18 (Dragomir, 2008, [21]). With the assumptions from Theorem
30.14 we have the inequality

∥∥∥∥BA− α +β
2

B− γ +δ
2

A+
α +β

2
γ +δ

2
I

∥∥∥∥≤ 1
4
|β −α| |γ−δ | . (30.85)

Proof. The identity (30.82) can be written in an equivalent form as

〈
Ax−α +β

2
x,B∗y− γ̄ + δ̄

2
y

〉

=

〈(
BA− α +β

2
B− γ + δ

2
A+

α +β
2

γ +δ
2

I

)
x,y

〉
, (30.86)

for any x,y ∈ H, with ‖x‖= ‖y‖= 1.
Taking the modulus and making use of the inequality (30.81) we get

∣∣∣∣
〈(

BA− α +β
2

B− γ + δ
2

A +
α +β

2
γ +δ

2
I

)
x,y

〉∣∣∣∣
≤ 1

4
|β −α| |γ−δ | ,

for any x,y ∈ H, with ‖x‖= ‖y‖= 1, which implies the desired result (30.85). 	
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Corollary 30.3. Let A ∈ B(H) and α,β ∈K be such that the transform Cα ,β (A) is
accretive, then

∥∥∥∥∥A2− (α +β ) A+

(
α +β

2

)2

I

∥∥∥∥∥≤
1
4
|β −α|2 (30.87)

and
∥∥∥∥∥A∗A− α +β

2
A∗ − ᾱ + β̄

2
A+

∣∣∣∣α +β
2

∣∣∣∣
2

I

∥∥∥∥∥≤
1
4
|β −α|2 , (30.88)

respectively.

Remark 30.13. It is an open problem whether or not the constant 1/4 is best
possible in either of the inequalities (30.85), (30.87) or (30.88) above.

The next theorem provides an approximation for the operator 1
2 (U

∗U +UU∗)
when some information about the real or imaginary part of the operator U are given.

We recall that U = Re (U)+ iIm(U), i.e.,

Re (U) =
1
2
(U +U∗) and Im(U) =

1
2i

(U−U∗) .

For simplicity, we denote by A the real part of U and by B its imaginary part.

Theorem 30.19 (Dragomir, 2008, [21]). Suppose that a,b,c,d ∈ R are such that
Ca,c (A) and Cb,d (B) are accretive. Denote α := a+ ib and β := c+ id ∈C, then

∥∥∥∥1
2
(U∗U +UU∗)− ᾱ + β̄

2
U− α +β

2
U∗+

∣∣∣∣α +β
2

∣∣∣∣
2

I

∥∥∥∥≤ 1
4
|α−β |2 . (30.89)

Proof. It is well known that for any operator T with the Cartesian decomposition

T =C+ iD

we have
1
2
(T ∗T +TT ∗) =C2 +D2. (30.90)

For any z ∈ C we also have the identity

1
2
(U∗U + UU∗)− z̄ U− z U∗+ |z|2 I

=
1
2

[
(U− zI)(U∗ − z̄I)+ (U∗ − z̄I)(U− zI)

]
. (30.91)
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For z = (α +β )/2 we observe that

Re (U− zI) = A− a+ c
2

I

and

Im(U− zI) = B− b+d
2

I

and utilizing the identities (30.90) and (30.91) we deduce
∥∥∥∥1

2
(U∗U + UU∗)− z̄ U− z U∗+ |z|2 I

∥∥∥∥

=

∥∥∥∥∥
(

A− a+ c

2
I

)2

+

(
B− b+d

2
I

)2
∥∥∥∥∥

≤
∥∥∥∥A− a+ c

2
I

∥∥∥∥
2

+

∥∥∥∥B− b+d
2

I

∥∥∥∥
2

≤ 1
4

[
(c−a)2 +(d−b)2

]
=

1
4
|α−β |2 ,

where for the last inequality we have used the fact that Ca,c (A) and Cb,d (B) are
accretive.

Remark 30.14. It is an open problem whether or not the constant 1/4 is best
possible in (30.89).

30.3 Power Inequalities for the Numerical Radius of a Product

30.3.1 Inequalities for a Product of Two Operators

The following result for powers of operators holds

Theorem 30.20 (Dragomir, 2009 [22]). For any A,B ∈ B(H) and r ≥ 1, we have
the inequality:

wr (B∗A)≤ 1
2
‖(A∗A)r +(B∗B)r‖ . (30.92)

The constant 1/2 is best possible.

Proof. By the Schwarz inequality in the Hilbert space (H;〈·, ·〉) we have:

|〈B∗Ax,x〉| = |〈Ax,Bx〉| ≤ ‖Ax‖ · ‖Bx‖

= 〈A∗Ax,x〉 1
2 · 〈B∗Bx,x〉 1

2 , x ∈ H. (30.93)
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Utilising the arithmetic mean – geometric mean inequality and then the convexity
of the function f (t) = tr, r ≥ 1, for any x ∈ H we have successively,

〈A∗Ax,x〉 1
2 · 〈B∗Bx,x〉 1

2 ≤ 〈A
∗Ax,x〉+ 〈B∗Bx,x〉

2

≤
( 〈A∗Ax,x〉r + 〈B∗Bx,x〉r

2

) 1
r

(30.94)

It is known that if P is a positive operator then for any r ≥ 1 and x ∈ H with
‖x‖= 1 we have the inequality (see for instance [31])

〈Px,x〉r ≤ 〈Prx,x〉 . (30.95)

Applying this property to the positive operator A∗A and B∗B, we deduce that

( 〈A∗Ax,x〉r + 〈B∗Bx,x〉r
2

) 1
r

≤
( 〈(A∗A)r x,x〉+ 〈(B∗B)r x,x〉

2

) 1
r

=

( 〈[(A∗A)r +(B∗B)r]x,x〉
2

) 1
r

(30.96)

for any x ∈ H, ‖x‖= 1.
Now, on making use of the inequalities (30.93), (30.94) and (30.96), we get the

inequality:

|〈(B∗A)r x,x〉|r ≤ 1
2
〈[(A∗A)r +(B∗B)r]x,x〉 (30.97)

for any x ∈ H, ‖x‖= 1.
Taking the supremum over x ∈ H, ‖x‖ = 1 in (30.97) and since the operator

[(A∗A)r +(B∗B)r] is self-adjoint, we deduce the desired inequality (30.92).
For r = 1 and B = A, we get on both sides of (30.92) the same quantity ‖A‖2

which shows that the constant 1/2 is best possible in general in the inequality
(30.92).

Corollary 30.4. For any A ∈ B(H) and r ≥ 1 we have the inequalities:

wr (A)≤ 1
2
‖(A∗A)r + I‖ (30.98)

and

wr (A2)≤ 1
2
‖(A∗A)r +(AA∗)r‖ , (30.99)

respectively.
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A different approach is considered in the following result:

Theorem 30.21 (Dragomir, 2009 [22]). For any A,B ∈ B(H) and any α ∈ (0,1)
and r ≥ 1, we have the inequality:

w2r (B∗A)≤
∥∥∥α (A∗A)

r
α +(1−α)(B∗B)

r
1−α

∥∥∥ . (30.100)

Proof. By Schwarz’s inequality, we have:

|〈(B∗A)x,x〉|2 ≤ 〈(A∗A)x,x〉 〈(B∗B)x,x〉

=
〈[

(A∗A)
1
α
]α

x,x
〉〈[

(B∗B)
1

1−α
]1−α

x,x

〉
, (30.101)

for any x ∈ H.
It is well known that (see for instance [31]) if P is a positive operator and q∈ (0,1]

then for any u ∈ H, ‖u‖= 1, we have

〈Pqu,u〉 ≤ 〈Pu,u〉q . (30.102)

Applying this property to the positive operators

(A∗A)
1
α and (B∗B)

1
1−α , (α ∈ (0,1)) ,

we have
〈[

(A∗A)
1
α
]α

x,x
〉〈[

(B∗B)
1

1−α
]1−α

x,x

〉

≤
〈
(A∗A)

1
α x,x

〉α 〈
(B∗B)

1
1−α x,x

〉1−α
, (30.103)

for any x ∈ H, ‖x‖= 1.
Now, utilising the weighted arithmetic mean – geometric mean inequality, i.e.,

aα b1−α ≤ αa+(1−α)b, α ∈ (0,1) , a,b≥ 0,

we get

α
〈
(A∗A)

1
α x,x

〉
+ (1−α)

〈
(B∗B)

1
1−α x,x

〉

≥
〈
(A∗A)

1
α x,x

〉α 〈
(B∗B)

1
1−α x,x

〉1−α
(30.104)

for any x ∈ H, ‖x‖= 1.
Moreover, by the elementary inequality following from the convexity of the

function f (t) = tr, r ≥ 1, namely

αa+(1−α)b≥ (αar +(1−α)br)
1
r , α ∈ (0,1) , a,b≥ 0,
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we deduce that

α
〈
(A∗A)

1
α x,x

〉
+ (1−α)

〈
(B∗B)

1
1−α x,x

〉

≤
[
α
〈
(A∗A)

1
α x,x

〉r
+(1−α)

〈
(B∗B)

1
1−α x,x

〉r] 1
r

≤
[
α
〈
(A∗A)

r
α x,x

〉
+(1−α)

〈
(B∗B)

r
1−α x,x

〉] 1
r
, (30.105)

for any x ∈H, ‖x‖= 1, where, for the last inequality we used the inequality (30.95)
for the positive operators

(A∗A)
1
α

and

(B∗B)
1

1−α .

Now, on making use of the inequalities (30.101) and (30.103)–(30.105), we get

|〈(B∗A)x,x〉|2r ≤
〈[

α (A∗A)
r
α +(1−α)(B∗B)

r
1−α

]
x,x

〉
(30.106)

for any x ∈ H, ‖x‖ = 1. Taking the supremum over x ∈ H, ‖x‖ = 1 in (30.106)
produces the desired inequality (30.100). 	

Remark 30.15. The particular case α = 1/2 produces the inequality

w2r (B∗A)≤ 1
2

∥∥∥(A∗A)2r +(B∗B)2r
∥∥∥ , (30.107)

for r≥ 1. Notice that 1
2 is best possible in (30.107) since for r = 1 and B = A we get

on both sides of (30.107) the same quantity ‖A‖4 .

Corollary 30.5. For any A ∈ B(H) and α ∈ (0,1) , r ≥ 1, we have the inequalities

w2r (A)≤
∥∥∥α (A∗A)

r
α +(1−α)I

∥∥∥ (30.108)

and

w2r (A2)≤
∥∥∥α (A∗A)

r
α +(1−α)(AA∗)

r
1−α

∥∥∥ , (30.109)

respectively.
Moreover, we have

‖A‖4r ≤
∥∥∥α (A∗A)

r
α +(1−α)(A∗A)

r
1−α

∥∥∥ . (30.110)
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30.3.2 Inequalities for the Sum of Two Products

The following result may be stated:

Theorem 30.22 (Dragomir, 2009 [22]). For any A,B,C,D ∈ B(H) and r,s≥ 1 we
have:

∥∥∥∥B∗A+D∗C
2

∥∥∥∥
2

≤
∥∥∥∥ (A

∗A)r +(C∗C)r

2

∥∥∥∥
1
r
∥∥∥∥ (B

∗B)s +(D∗D)s

2

∥∥∥∥
1
s

. (30.111)

Proof. By the Schwarz inequality in the Hilbert space (H;〈·, ·〉) we have:
[
〈A∗Ax,x〉 1

2 〈B∗By,y〉 1
2 + 〈C∗Cx,x〉 1

2 · 〈D∗Dy,y〉 1
2

]2

≥ [|〈B∗Ax,y〉|+ |〈D∗Cx,y〉|]2

≥ |〈B∗Ax,y〉+ 〈D∗Cx,y〉|2

= |〈(B∗A+D∗C)x,y〉|2 , (30.112)

for any x,y ∈ H.
Now, on utilising the elementary inequality:

(ab+ cd)2 ≤ (
a2 + c2)(b2 +d2) , a,b,c,d ∈ R,

we then conclude that:[
〈A∗Ax,x〉 1

2 〈B∗By,y〉 1
2 + 〈C∗Cx,x〉 1

2 〈D∗Dy,y〉 1
2

]2

≤ (〈A∗Ax,x〉+ 〈C∗Cx,x〉) (〈B∗By,y〉+ 〈D∗Dy,y〉) , (30.113)

for any x,y ∈ H.
Now, on making use of a similar argument to the one in the proof of Theorem

30.20, we have for r,s≥ 1 that

(〈A∗Ax,x〉 + 〈C∗Cx,x〉)(〈B∗By,y〉+ 〈D∗Dy,y〉)

≤ 4

〈[
(A∗A)r +(C∗C)r

2

]
x,x

〉 1
r
〈[

(B∗B)s +(D∗D)s

2

]
y,y

〉 1
s

(30.114)

for any x,y ∈ H, ‖x‖= ‖y‖= 1.
Consequently, by (30.112) – (30.114) we have:

〈[
(A∗A)r +(C∗C)r

2

]
x,x

〉 1
r
〈[

(B∗B)s +(D∗D)s

2

]
y,y

〉 1
s

≥
∣∣∣∣
〈[

B∗A+D∗C
2

]
x,y

〉∣∣∣∣
2

, (30.115)

for any x,y ∈ H, ‖x‖= ‖y‖= 1.
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Taking the supremum over x,y ∈ H, ‖x‖ = ‖y‖ = 1 we deduce the desired
inequality (30.111). 	

Remark 30.16. If s = r, then the inequality (30.111) is equivalent with:

∥∥∥∥B∗A+D∗C
2

∥∥∥∥
2r

≤
∥∥∥∥ (A

∗A)r +(C∗C)r

2

∥∥∥∥
∥∥∥∥ (B

∗B)r +(D∗D)r

2

∥∥∥∥ . (30.116)

Corollary 30.6. For any A,C ∈ B(H) we have:

∥∥∥∥A+C
2

∥∥∥∥
2r

≤
∥∥∥∥ (A

∗A)r +(C∗C)r

2

∥∥∥∥ , (30.117)

where r ≥ 1. Also, we have

∥∥∥∥A2 +C2

2

∥∥∥∥
2

≤
∥∥∥∥ (A

∗A)r +(C∗C)r

2

∥∥∥∥
1
r
∥∥∥∥ (AA∗)s +(CC∗)s

2

∥∥∥∥
1
s

(30.118)

for all r,s≥ 1, and in particular

∥∥∥∥A2 +C2

2

∥∥∥∥
2r

≤
∥∥∥∥ (A

∗A)r +(C∗C)r

2

∥∥∥∥
∥∥∥∥ (AA∗)r +(CC∗)r

2

∥∥∥∥ (30.119)

for r ≥ 1.

The inequality (30.117) follows from (30.111) for B=D= I, while the inequality
(30.118) is obtained from the same inequality (30.111) for B = A∗ and D =C∗.

Another particular result of interest is the following one:

Corollary 30.7. For any A,B ∈ B(H) we have:

∥∥∥∥B∗A+A∗B
2

∥∥∥∥
2

≤
∥∥∥∥ (A

∗A)r +(B∗B)r

2

∥∥∥∥
1
r
∥∥∥∥ (A

∗A)s +(B∗B)s

2

∥∥∥∥
1
s

(30.120)

for r,s≥ 1 and, in particular,
∥∥∥∥B∗A+A∗B

2

∥∥∥∥
r

≤
∥∥∥∥ (A

∗A)r +(B∗B)r

2

∥∥∥∥ (30.121)

for any r ≥ 1.

The inequality (30.119) follows from (30.111) for D = A and C = B.
Another particular case that might be of interest is the following one.

Corollary 30.8. For any A,D ∈ B(H) we have:

∥∥∥∥A+D
2

∥∥∥∥
2

≤
∥∥∥∥ (A

∗A)r + I
2

∥∥∥∥
1
r
∥∥∥∥ (DD∗)s + I

2

∥∥∥∥
1
s

, (30.122)
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where r,s≥ 1. In particular

‖A‖2 ≤
∥∥∥∥ (A

∗A)r + I
2

∥∥∥∥
1
r
∥∥∥∥ (AA∗)s + I

2

∥∥∥∥
1
s

. (30.123)

Moreover, for any r ≥ 1 we have

‖A‖2r ≤
∥∥∥∥ (A

∗A)r + I
2

∥∥∥∥
∥∥∥∥ (AA∗)r + I

2

∥∥∥∥ .

The proof is obvious by the inequality (30.111) on choosing B = I, C = I and
writing the inequality for D∗ instead of D.

Remark 30.17. If T ∈ B(H) and T = A + iC, i.e., A and C are its Cartesian
decomposition, then we get from (30.117) that

‖T‖2r ≤ 22r−1
∥∥A2r +C2r

∥∥ ,
for any r ≥ 1.

Also, since

A = Re(T ) =
T +T ∗

2
, C = Im(T ) =

T −T ∗

2i
,

from (30.117) we get the following inequalities as well:

‖Re(T )‖2r ≤
∥∥∥∥ (T

∗T )r +(T T ∗)r

2

∥∥∥∥
and

‖Im(T )‖2r ≤
∥∥∥∥ (T

∗T )r +(T T ∗)r

2

∥∥∥∥
for any r ≥ 1.

In terms of the Euclidean radius of two operators we (·, ·) , where, as in [9],

we (T,U) := sup
‖x‖=1

(
|〈Tx,x〉|2 + |〈Ux,x〉|2

) 1
2
,

we have the following result as well.

Theorem 30.23 (Dragomir, 2009 [22]). For any A,B,C,D ∈ B(H) and p,q > 1
with

1
p
+

1
q
= 1,
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we have the inequality:

w2
e (B

∗A,D∗C)≤ ∥∥(A∗A)p +(C∗C)p∥∥ 1
p
∥∥(B∗B)q +(D∗D)q∥∥ 1

q . (30.124)

Proof. For any x ∈ H, ‖x‖= 1 we have the inequalities

|〈B∗Ax,x〉|2 + |〈D∗Cx,x〉|2

≤ 〈A∗Ax,x〉〈B∗Bx,x〉+ 〈C∗Cx,x〉 〈D∗Dx,x〉

≤ (〈A∗Ax,x〉p + 〈
C∗Cx,x

〉p) 1
p
(〈B∗Bx,x〉q + 〈D∗Dx,x〉q ) 1

q

≤ (〈(A∗A)p x,x〉+ 〈(C∗C)p x,x〉) 1
p

× (〈(B∗B)q x,x〉+ 〈(D∗D)q x,x〉) 1
q

=
〈
[(A∗A)p +(C∗C)p]x,x

〉 1
p
〈
[(B∗B)q +(D∗D)q]x,x

〉 1
q .

Taking the supremum over x ∈ H, ‖x‖= 1 and noticing that the operators

(A∗A)p +(C∗C)p , (B∗B)q +(D∗D)q

are self-adjoint, we deduce the desired inequality (30.124).

The following particular case is of interest.

Corollary 30.9. For any A,C ∈ B(H) and p,q > 1 with 1
p +

1
q = 1, we have:

w2
e (A,C)≤ 2

1
q ‖(A∗A)p +(C∗C)p‖ 1

p .

The proof follows from (30.124) for B = D = I.

Corollary 30.10. For any A,D ∈ B(H) and p,q > 1 with 1
p +

1
q = 1, we have:

w2
e (A,D)≤ ‖(A∗A)p + I‖ 1

p ‖(D∗D)q + I‖ 1
q .

30.3.3 Vector Inequalities for the Commutator

The commutator of two bounded linear operators T and U is the operator TU−UT.
For the usual norm ‖·‖ and for any two operators T and U, by using the triangle
inequality and the submultiplicity of the norm, we can state the following inequality:

‖TU−UT‖ ≤ 2‖U‖‖T‖ . (30.125)
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In [17], the following result has been obtained as well

‖TU−UT‖ ≤ 2min{‖T‖ ,‖U‖}min{‖T −U‖ ,‖T +U‖} . (30.126)

By utilising Theorem 30.22 we can state the following result for the numerical
radius of the commutator.

Proposition 30.1 (Dragomir, 2009 [22]). For any T,U ∈ B(H) and r,s ≥ 1 we
have

‖TU−UT‖2 ≤ 22− 1
r− 1

s ‖(T ∗T )r +(U∗U)r‖ 1
r ‖(T T ∗)s +(UU∗)s‖ 1

s . (30.127)

Proof. Follows by Theorem 30.22 on choosing B=T ∗, A=U, D=−U∗ and C = T.
	


Remark 30.18. In particular, for r = s we get from (30.127) that

‖TU−UT‖2r ≤ 22r−2‖(T ∗T )r +(U∗U)r‖ ‖(T T ∗)r +(UU∗)r‖ (30.128)

and for r = 1 we get

‖TU−UT‖2 ≤ ‖T ∗T +U∗U‖ ‖T T ∗+UU∗‖ . (30.129)

For a bounded linear operator T ∈ B(H) , the self-commutator is the operator
T ∗T − TT ∗. Observe that the operator V := −i(T ∗T −TT ∗) is self-adjoint and
w(V ) = ‖V‖ , i.e.,

w(T ∗T −TT ∗) = ‖T ∗T −TT ∗‖ .

Now, utilising (30.127) for U = T ∗ we can state the following corollary.

Corollary 30.11. For any T ∈ B(H) we have the inequality:

‖T ∗T −TT ∗‖2 ≤ 22− 1
r− 1

s ‖(T ∗T )r +(TT ∗)r‖ 1
r ‖(T ∗T )s +(TT ∗)s‖ 1

s . (30.130)

In particular, we have

‖T ∗T −TT ∗‖r ≤ 2r−1 ‖(T ∗T )r +(TT ∗)r‖ , (30.131)

for any r ≥ 1.
Moreover, for r = 1 we have

‖T ∗T −TT ∗‖ ≤ ‖T ∗T +TT ∗‖ . (30.132)
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30.4 A Functional Associated with Two Bounded
Linear Operators

30.4.1 Some Preliminary Facts

For two bounded linear operators A,B in the Hilbert space (H,〈·, ·〉) , we define the
functional

μ (A,B) := sup
‖x‖=1

{‖Ax‖‖Bx‖}(≥ 0) . (30.133)

It is obvious that μ is symmetric and sub-additive in each variable, μ (A,A) =
‖A‖2 , μ (A, I) = ‖A‖ , where I is the identity operator, μ (αA,βB) = |αβ |μ (A,B)
and μ (A,B)≤ ‖A‖‖B‖ . We also have the following inequalities

μ (A,B)≥ w(B∗A) (30.134)

and

μ (A,B)‖A‖‖B‖ ≥ μ (AB,BA) . (30.135)

The inequality (30.134) follows by the Schwarz inequality ‖Ax‖‖Bx‖ ≥ |〈Ax,Bx〉| ,
x ∈ H, while (30.135) can be obtained by multiplying the inequalities ‖ABx‖ ≤
‖A‖‖Bx‖ and ‖BAx‖ ≤ ‖B‖‖Ax‖ .

From (30.134) we also get

‖A‖2 ≥ μ (A,A∗)≥ w
(
A2) (30.136)

for any A.
Motivated by the above results we establish in this section several inequalities

for the functional μ (·, ·) under various assumptions for the operators involved,
including operators satisfying the uniform (α,β )-property and operators for which
the transform Cα ,β (·, ·) is accretive.

30.4.2 General Inequalities

The following result concerning some general power operator inequalities may be
stated:

Theorem 30.24 (Dragomir, 2008 [20]). For any A,B ∈ B(H) and r ≥ 1 we have
the inequality

μ r (A,B)≤ 1
2
‖(A∗A)r +(B∗B)r‖ . (30.137)

The constant 1/2 is best possible.
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Proof. Utilising the arithmetic mean – geometric mean inequality and the convexity
of the function f (t) = tr for r ≥ 1 and t ≥ 0 we have successively

‖Ax‖‖Bx‖ ≤ 1
2
[〈A∗Ax,x〉+ 〈B∗Bx,x〉]

≤
[ 〈A∗Ax,x〉r + 〈B∗Bx,x〉r

2

] 1
r

(30.138)

for any x ∈ H.
It is well known that if P is a positive operator, then for any r≥ 1 and x ∈H with

‖x‖= 1 we have the inequality (see for instance [30])

〈Px,x〉r ≤ 〈P rx,x〉 . (30.139)

Applying this inequality to the positive operators A∗A and B∗B we deduce that

[〈A∗Ax,x〉r + 〈B∗Bx,x〉r
2

] 1
r

≤
〈
[(A∗A)r +(B∗B)r]x

2
,x

〉 1
r

(30.140)

for any x ∈ H with ‖x‖ = 1.
Now, on making use of the inequalities (30.138) and (30.140) we get

‖Ax‖‖Bx‖ ≤
〈
[(A∗A)r +(B∗B)r]x

2
,x

〉 1
r

(30.141)

for any x ∈ H with ‖x‖ = 1. Taking the supremum over x ∈ H with ‖x‖ = 1 we
obtain the desired result (30.137).

For r = 1 and B = A we get on both sides of (30.137) the same quantity ‖A‖2

which shows that the constant 1/2 is best possible in general in the inequality
(30.137).

Corollary 30.12. For any A ∈ B(H) and r ≥ 1 we have the inequalities

μ r (A,A∗)≤ 1
2
‖(A∗A)r +(AA∗)r‖ (30.142)

and

‖A‖r ≤ 1
2
‖(A∗A)r + I‖ , (30.143)

respectively.
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The following similar result for powers of operators can be stated as well:

Theorem 30.25 (Dragomir, 2008 [20]). For any A,B ∈ B(H) , any α ∈ (0,1) and
r ≥ 1 we have the inequality

μ2r (A,B)≤
∥∥∥α (A∗A)

r
α +(1−α)(B∗B)

r
1−α

∥∥∥ . (30.144)

The inequality is sharp.

Proof. Observe that, for any α ∈ (0,1) we have

‖Ax‖2 ‖Bx‖2 = 〈(A∗A)x,x〉 〈(B∗B)x,x〉

=
〈[

(A∗A)
1
α
]α

x,x
〉〈[

(B∗B)
1

1−α
]1−α

x,x

〉
, (30.145)

where x ∈ H.
It is well known that (see for instance [30]), if P is a positive operator and q ∈

(0,1) , then

〈P qx,x〉 ≤ 〈Px,x〉q . (30.146)

Applying this property to the positive operators (A∗A)1/α and (B∗B)1/(1−α) , where
α ∈ (0,1) , we have

〈[
(A∗A)

1
α
]α

x,x
〉〈[

(B∗B)
1

1−α
]1−α

x,x

〉

≤
〈
(A∗A)

1
α x,x

〉α 〈
(B∗B)

1
1−α x,x

〉1−α
(30.147)

for any x ∈ H with ‖x‖ = 1.
Now, on utilising the weighted arithmetic mean-geometric mean inequality, i.e.,

aαb1−α ≤ αa+(1−α)b,

where α ∈ (0,1) and a,b≥ 0, we get

α
〈
(A∗A)

1
α x,x

〉
+ (1−α)

〈
(B∗B)

1
1−α x,x

〉

≥
〈
(A∗A)

1
α x,x

〉α 〈
(B∗B)

1
1−α x,x

〉1−α
(30.148)

for any x ∈ H with ‖x‖ = 1.
Moreover, by the elementary inequality

αa+(1−α)b≤ (αar +(1−α)br)
1
r ,
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where α ∈ (0,1) and a,b≥ 0, we have successively

α
〈
(A∗A)

1
α x,x

〉
+ (1−α)

〈
(B∗B)

1
1−α x,x

〉

≤
[
α
〈
(A∗A)

1
α x,x

〉r
+(1−α)

〈
(B∗B)

1
1−α x,x

〉r] 1
r

≤
[
α
〈
(A∗A)

r
α x,x

〉
+(1−α)

〈
(B∗B)

r
1−α x,x

〉] 1
r
, (30.149)

for any x ∈H with ‖x‖= 1, where for the last inequality we have used the property
(30.139) for the positive operators (A∗A)1/α and (B∗B)1/(1−α) .

Now, on making use of the identity (30.145) and the inequalities (30.147)–
(30.149) we get

‖Ax‖2 ‖Bx‖2 ≤
[〈[

α (A∗A)
r
α +(1−α) (B∗B)

r
1−α

]
x,x

〉] 1
r

for any x ∈ H with ‖x‖ = 1. Taking the supremum over x ∈ H with ‖x‖ = 1 we
deduce the desired result (30.144).

Notice that the inequality is sharp since for r = 1 and B = A we get on both sides
of (30.144) the same quantity ‖A‖4 .

Corollary 30.13. For any A ∈ B(H) , any α ∈ (0,1) and r ≥ 1, we have the
inequalities

μ2r (A,A∗)≤
∥∥∥α (A∗A)

r
α +(1−α) (AA∗)

r
1−α

∥∥∥ ,

‖A‖2r ≤
∥∥∥α (A∗A)

r
α +(1−α) I

∥∥∥
and

‖A‖4r ≤
∥∥∥α (A∗A)

r
α +(1−α) (A∗A)

r
1−α

∥∥∥ ,
respectively.

The following reverse of the inequality (30.134) may be stated as well:

Theorem 30.26 (Dragomir, 2008 [20]). For any A,B∈ B(H) we have the inequal-
ities

(0≤)μ (A,B)−w(B∗A)≤ 1
2
‖A−B‖2 (30.150)

and

μ
(

A+B
2

,
A−B

2

)
≤ 1

2
w(B∗A)+

1
4
‖A−B‖2 , (30.151)

respectively.
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Proof. We have

‖Ax−Bx‖2 = ‖Ax‖2 +‖Bx‖2−2Re〈B∗Ax,x〉
≥ 2‖Ax‖‖Bx‖− 2 |〈B∗Ax,x〉| , (30.152)

for any x ∈ H,‖x‖= 1, which gives the inequality

‖Ax‖‖Bx‖ ≤ |〈B∗Ax,x〉|+ 1
2
‖Ax−Bx‖2 ,

for any x ∈ H,‖x‖= 1.
Taking the supremum over ‖x‖= 1 we deduce the desired result (30.150).
By the parallelogram identity in the Hilbert space H we also have

‖Ax‖2 + ‖Bx‖2 =
1
2

(
‖Ax+Bx‖2 +‖Ax−Bx‖2

)
≥ ‖Ax+Bx‖‖Ax−Bx‖ ,

for any x ∈ H.
Combining this inequality with the first part of (30.152) we get

‖Ax+Bx‖‖Ax−Bx‖ ≤ ‖Ax−Bx‖2 +2 |〈B∗Ax,x〉| ,

for any x ∈ H. Taking the supremum in this inequality over ‖x‖= 1 we deduce the
desired result (30.151). 	

Corollary 30.14. Let A∈ B(H) . If Re (A) := A+A∗

2 and Im(A) := A−A∗
2i are the real

and imaginary parts of A, then we have the inequalities

(0≤)μ (A,A∗)−w
(
A2)≤ 2‖Im(A)‖2

and

μ (Re(A) , Im(A))≤ 1
2

w
(
A2)+‖Im(A)‖2 ,

respectively.
Moreover, we have

(0≤)μ (Re (A) , Im(A))−w(Re(A) Im(A))≤ 1
2
‖A‖2 .

Corollary 30.15. For any A ∈ B(H) and λ ∈ C with λ �= 0 we have the inequality
(see also [7])

(0≤)‖A‖−w(A)≤ 1
2 |λ | ‖A−λ I‖2 . (30.153)
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For a bounded linear operator T consider the quantity

�(T ) := inf
‖x‖=1

‖Tx‖ .

We can state the following result as well.

Theorem 30.27 (Dragomir, 2008 [20]). For any A,B∈ B(H) with A �= B and such
that �(B) ≥ ‖A−B‖ we have

(0≤)μ2 (A,B)−w2 (B∗A)≤ ‖A‖2 ‖A−B‖2 . (30.154)

Proof. Denote r := ‖A−B‖> 0. Then for any x∈H with ‖x‖= 1 we have ‖Bx‖≥ r
and by the first part of (30.152) we can write that

‖Ax‖2 +

(√
‖Bx‖2− r2

)2

≤ 2 |〈B∗Ax,x〉| (30.155)

for any x ∈ H with ‖x‖ = 1.
On the other hand we have

‖Ax‖2 +

(√
‖Bx‖2− r2

)2

≥ 2‖Ax‖
√
‖Bx‖2− r2 (30.156)

for any x ∈ H with ‖x‖ = 1.
Combining (30.155) with (30.156) we deduce

‖Ax‖
√
‖Bx‖2− r2 ≤ |〈B∗Ax,x〉| ,

which is clearly equivalent to

‖Ax‖2 ‖Bx‖2 ≤ |〈B∗Ax,x〉|2 +‖Ax‖2 ‖A−B‖2 (30.157)

for any x ∈ H with ‖x‖ = 1. Taking the supremum in (30.157) over x ∈ H with
‖x‖= 1, we deduce the desired inequality (30.154).

Corollary 30.16. For any A ∈ B(H) a non-self-adjoint operator in B(H) and such
that

�(A∗)≥ ‖Im(A)‖
we have

(0≤)μ2 (A,A∗)−w2 (A2)≤ 4‖A‖2 ‖Im(A)‖2 . (30.158)
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Corollary 30.17. For any A ∈ B(H) and λ ∈ C with λ �= 0 and

|λ | ≥ ‖A−λ I‖

we have the inequality (see also [7])

(0≤)‖A‖2−w2 (A)≤ 1

|λ |2 ‖A‖
2 ‖A−λ I‖2

or, equivalently,

(0≤)
√

1− ‖A−λ I‖2
|λ |2 ≤ w(A)

‖A‖ (≤ 1) .

30.4.3 Inequalities for Operators Satisfying the Uniform
(α,β )-property

The following result that may be of interest in itself holds:

Lemma 30.2. Let T ∈ B(H) and α,β ∈ C with α �= β . The following statements
are equivalent:

(i) We have

Re〈β y−Tx,T x−αy〉 ≥ 0 (30.159)

for any x,y ∈ H with ‖x‖= ‖y‖= 1;
(ii) We have ∥∥∥∥Tx− α +β

2
y

∥∥∥∥≤ 1
2
|α−β | (30.160)

for any x,y ∈ H with ‖x‖= ‖y‖= 1.

Proof. This follows by the following identity

Re 〈βy−Tx,T x−αy〉= 1
4
|α−β |2−

∥∥∥∥T x− α +β
2

y

∥∥∥∥
2

,

that holds for any x,y ∈ H with ‖x‖ = ‖y‖= 1. 	

Remark 30.19. For any operator T ∈ B(H) if we choose α = a‖T‖(1+2i) and
β = a‖T‖(1−2i) with a≥ 1, then

α +β
2

= a‖T‖ and
|α−β |

2
= 2a‖T‖
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showing that
∥∥∥∥T x− α +β

2
y

∥∥∥∥ ≤ ‖Tx‖+
∣∣∣∣α +β

2

∣∣∣∣≤ ‖T‖+a‖T‖

≤ 2a‖T‖= 1
2
|α−β | ,

that holds for any x,y∈H with ‖x‖= ‖y‖= 1, i.e., T satisfies the condition (30.159)
with the scalars α and β given above.

Definition 30.1. For given α,β ∈C with α �= β and y∈H with ‖y‖= 1,we say that
the operator T ∈ B(H) has the (α,β ,y)-property if either (30.159) or, equivalently,
(30.160) holds true for any x ∈ H with ‖x‖ = 1. Moreover, if T has the (α,β ,y)-
property for any y ∈ H with ‖y‖= 1, then we say that this operator has the uniform
(α,β )-property.

Remark 30.20. The above Remark 30.19 shows that any bounded linear operator
has the uniform (α,β )-property for infinitely many (α,β ) appropriately chosen.
For a given operator satisfying an (α,β )-property, it is an open problem to find the
lower bound for the nonzero quantity |α−β | .

The following results may be stated:

Theorem 30.28 (Dragomir, 2008 [20]). Let A,B ∈ B(H) and α,β ,γ,δ ∈ K with
α �= β and γ �= δ . For y∈H with ‖y‖= 1 assume that A∗ has the (α,β ,y)-property
while B∗ has the (γ,δ ,y)-property. Then

|‖Ay‖‖By‖−‖BA∗‖| ≤ 1
4
|β −α| |γ−δ | . (30.161)

Moreover, if A∗ has the uniform (α,β )-property and B∗ has the uniform (γ,δ )-
property, then

|μ (A,B)−‖BA∗‖| ≤ 1
4
|β −α| |γ−δ | . (30.162)

Proof. A∗ has the (α,β ,y)-property while B∗ has the (γ,δ ,y)-property, then on
making use of Lemma 30.2 we have that

∥∥∥∥A∗x− α +β
2

y

∥∥∥∥≤ 1
2
|β −α|

and ∥∥∥∥B∗y− γ + δ
2

y

∥∥∥∥≤ 1
2
|γ−δ |

for any x,y ∈ H with ‖x‖= ‖y‖= 1.
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Now, we make use of the following Grüss type inequality for vectors in inner
product spaces obtained by the author in [1] (see also [2] or [6, p. 43]):

Let (H,〈·, ·〉) be an inner product space over the real or complex number field K,
u,v,e ∈ H, ‖e‖= 1, and α,β ,γ,δ ∈K such that

Re〈βe−u,u−αe〉≥ 0, Re 〈δe− v,v− γe〉 ≥ 0 (30.163)

or, equivalently,

∥∥∥∥u− α +β
2

e

∥∥∥∥≤ 1
2
|β −α| ,

∥∥∥∥v− γ +δ
2

e

∥∥∥∥≤ 1
2
|δ − γ| . (30.164)

Then

|〈u,v〉− 〈u,e〉〈e,v〉| ≤ 1
4
|β −α| |δ − γ| . (30.165)

Applying (30.165) for u = A∗x, v = B∗z and e = y we deduce

|〈BA∗x,z〉− 〈x,Ay〉〈By,z〉| ≤ 1
4
|β −α| |δ − γ| , (30.166)

for any x,z ∈ H, ‖x‖= ‖z‖= 1, which is an inequality of interest in itself.
Observing that

||〈BA∗x,z〉|− |〈x,Ay〉 〈z,By〉|| ≤ |〈BA∗x,z〉− 〈x,Ay〉〈By,z〉| ,

then by (30.166) we deduce the inequality

||〈BA∗x,z〉|− |〈x,Ay〉 〈z,By〉|| ≤ 1
4
|β −α| |δ − γ|

for any x,z ∈ H, ‖x‖= ‖z‖= 1. This is equivalent to the following two inequalities

|〈BA∗x,z〉| ≤ |〈x,Ay〉 〈z,By〉|+ 1
4
|β −α| |δ − γ| (30.167)

and

|〈x,Ay〉 〈z,By〉| ≤ |〈BA∗x,z〉|+ 1
4
|β −α| |δ − γ| (30.168)

for any x,z ∈ H,‖x‖= ‖z‖= 1.
Taking the supremum over x,z ∈ H, ‖x‖= ‖z‖= 1, in (30.167) and (30.168) we

get the inequalities

‖BA∗‖ ≤ ‖Ay‖‖By‖+ 1
4
|β −α| |δ − γ| (30.169)
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and

‖Ay‖‖By‖ ≤ ‖BA∗‖+ 1
4
|β −α| |δ − γ| , (30.170)

which are clearly equivalent to (30.161).
Now, if A∗ has the uniform (α,β )-property and B∗ has the uniform (γ,δ )-

property, then the inequalities (30.169) and (30.170) hold for any y ∈ H with
‖y‖ = 1. Taking the supremum over y ∈ H with ‖y‖ = 1 in these inequalities we
deduce

‖BA∗‖ ≤ μ (A,B)+
1
4
|β −α| |δ − γ|

and

μ (A,B)≤ ‖BA∗‖+ 1
4
|β −α| |δ − γ| ,

which are equivalent to (30.162). 	

Corollary 30.18. Let A∈B(H) and α,β ,γ,δ ∈K with α �= β and γ �= δ . For y∈H
with ‖y‖ = 1 assume that A has the (α,β ,y)-property while A∗ has the (γ,δ ,y)-
property. Then ∣∣‖A∗y‖‖Ay‖−∥∥A2

∥∥∣∣≤ 1
4
|β −α| |γ−δ | .

Moreover, if A has the uniform (α,β )-property and A∗ has the uniform (γ,δ )-
property, then ∣∣μ (A,A∗)−∥∥A2

∥∥∣∣≤ 1
4
|β −α| |γ− δ | .

The following results may be stated as well:

Theorem 30.29 (Dragomir, 2008 [20]). Let A,B ∈ B(H) and α,β ,γ ,δ ∈ K with
α +β �= 0 and γ +δ �= 0. For y ∈H with ‖y‖= 1 assume that A∗ has the (α,β ,y)-
property while B∗ has the (γ,δ ,y)-property. Then

∣∣‖Ay‖‖By‖ − ‖BA∗‖ ∣∣

≤ 1
4
|β −α| |δ − γ |√|β +α| |δ + γ|

√
(‖A‖+‖Ay‖)(‖B‖+‖By‖). (30.171)

Moreover, if A∗ has the uniform (α,β )-property and B∗ has the uniform (γ,δ )-
property, then

∣∣μ (A,B)−‖BA∗‖ ∣∣≤ 1
2
|β −α| |δ − γ|√|β +α| |δ + γ|

√
‖A‖‖B‖. (30.172)
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Proof. We make use of the following inequality obtained by the author in [5] (see
also [6, p. 65]):

Let (H,〈·, ·〉) be an inner product space over the real or complex number field K,
u,v,e ∈ H, ‖e‖= 1, and α,β ,γ,δ ∈K with α +β �= 0 and γ + δ �= 0 such that

Re〈βe−u,u−αe〉 ≥ 0, Re〈δe− v,v− γe〉 ≥ 0

or, equivalently,

∥∥∥∥u− α +β
2

e

∥∥∥∥≤ 1
2
|β −α| ,

∥∥∥∥v− γ + δ
2

e

∥∥∥∥≤ 1
2
|δ − γ| .

Then

∣∣〈u,v〉 − 〈u,e〉〈e,v〉 ∣∣

≤ 1
4
|β −α| |δ − γ|√|β +α| |δ + γ |

√
(‖u‖+ |〈u,e〉|) (‖v‖+ |〈v,e〉|). (30.173)

Applying (30.173) for u = A∗x, v = B∗z and e = y we deduce

∣∣〈BA∗x,z〉 − 〈x,Ay〉 〈By,z〉 ∣∣
≤ 1

4
|β −α| |δ − γ|√|β +α| |δ + γ|

√
(‖A∗x‖+ |〈x,Ay〉|)(‖B∗z‖+ |〈z,By〉|)

for any x,y,z ∈ H, ‖x‖= ‖y‖= ‖z‖= 1.
Now, on making use of a similar argument to the one from the proof of Theorem

30.28, we deduce the desired results (30.171) and (30.172). The details are omitted.
	


Corollary 30.19. Let A ∈ B(H) and α,β ,γ,δ ∈ K with α +β �= 0 and γ +δ �= 0.
For y ∈ H with ‖y‖ = 1 assume that A has the (α,β ,y)-property while A∗ has the
(γ,δ ,y)-property. Then

∣∣‖A∗y‖‖Ay‖−∥∥A2
∥∥∣∣≤ 1

4
|β −α| |δ − γ |√|β +α| |δ + γ|

√
(‖A‖+‖A∗y‖) (‖A‖+‖Ay‖).

Moreover, if A has the uniform (α,β )-property and A∗ has the uniform (γ,δ )-
property, then

∣∣μ (A,A∗)−∥∥A2
∥∥∣∣≤ 1

2
|β −α| |δ − γ |√|β +α| |δ + γ| ‖A‖ .
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30.4.4 The Transform Cα ,β (·, ·) and Other Inequalities

For two given operators T,U ∈ B(H) and two given scalars α,β ∈ C consider the
transform

Cα ,β (T,U) = (T ∗ − ᾱU∗)(βU−T ) .

This transform generalizes the transform

Cα ,β (T ) := (T ∗ − ᾱI)(β I−T ) =Cα,β (T, I) ,

where I is the identity operator, which has been introduced in [16] in order to provide
some generalizations of the well known Kantorovich inequality for operators in
Hilbert spaces.

We recall that a bounded linear operator T on the complex Hilbert space (H,〈·, ·〉)
is called accretive if Re 〈Ty,y〉 ≥ 0 for any y ∈ H.

Utilizing the following identity

Re
〈
Cα ,β (T,U)x,x

〉
= Re

〈
Cβ ,α (T,U)x,x

〉

=
1
4
|β −α|2 ‖Ux‖2−

∥∥∥∥T x− α +β
2
·Ux

∥∥∥∥
2

, (30.174)

that holds for any scalars α,β and any vector x ∈ H, we can give a simple
characterization result that is useful in the following:

Lemma 30.3. For α,β ∈ C and T,U ∈ B(H) the following statements are
equivalent:

(i) The transform Cα ,β (T,U)
(
or, equivalently, Cβ ,α (T,U)

)
is accretive;

(ii) We have the norm inequality

∥∥∥∥Tx− α +β
2
·Ux

∥∥∥∥≤ 1
2
|β −α|‖Ux‖ (30.175)

for any x ∈ H.

As a consequence of the above lemma we can state

Corollary 30.20. Let α,β ∈ C and T,U ∈ B(H). If Cα ,β (T,U) is accretive, then

∥∥∥∥T − α +β
2

U

∥∥∥∥≤ 1
2
|β −α|‖U‖ . (30.176)

Remark 30.21. In order to give examples of linear operators T,U ∈ B(H) and
numbers α,β ∈ C such that the transform Cα ,β (T,U) is accretive, it suffices to
select two bounded linear operators S and V and the complex numbers z,w (w �= 0)
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with the property that ‖Sx− zVx‖≤ |w| ‖Vx‖ for any x∈H, and, by choosing T = S,
U =V,

α =
1
2
(z+w)

and

β =
1
2
(z−w)

we observe that T and U satisfy (30.175), i.e., Cα ,β (T,U) is accretive.

We are able now to give the following result concerning other reverse inequalities
for the case when the involved operators satisfy the accretivity property described
above.

Theorem 30.30 (Dragomir, 2008 [20]). Let α,β ∈ C and A,B ∈ B(H). If Cα ,β
(A,B) is accretive, then

(0≤)μ2 (A,B)−w2 (B∗A)≤ 1
4
|β −α|2 ‖B‖4 . (30.177)

Moreover, if α +β �= 0, then

(0≤)μ (A,B)−w(B∗A)≤ 1
4
|β −α|2
|β +α| ‖B‖

2 . (30.178)

In addition, if Re
(
αβ̄

)
> 0 and B∗A �= 0, then also

(1≤) μ (A,B)
w(B∗A)

≤ 1
2
|β +α|√
Re

(
αβ̄

) (30.179)

and

(0≤)μ2 (A,B)−w2 (B∗A)≤
(
|β +α|− 2

√
Re

(
αβ̄

))
w(B∗A)‖B‖2 , (30.180)

respectively.

Proof. By Lemma 30.3, since Cα ,β (A,B) is accretive, then

∥∥∥∥Ax− α +β
2

Bx

∥∥∥∥≤ 1
2
|β −α|‖Bx‖ (30.181)

for any x ∈ H.
We utilize the following reverse of the Schwarz inequality in inner product spaces

obtained by the author in [3] (see also [6, p. 4]):
If γ,Γ ∈K (K= C, R) and u,v ∈ H are such that

Re〈Γ v−u,u− γv〉 ≥ 0 (30.182)
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or, equivalently, ∥∥∥∥u− γ +Γ
2

v

∥∥∥∥≤ 1
2
|Γ − γ|‖v‖ , (30.183)

then

0≤ ‖u‖2 ‖v‖2−|〈u,v〉|2 ≤ 1
4
|Γ − γ|2 ‖v‖4 . (30.184)

Now, on making use of (30.184) for u = Ax, v = Bx, x ∈ H, ‖x‖ = 1 and γ = α,
Γ = β we can write the inequality

‖Ax‖2 ‖Bx‖2 ≤ |〈B∗Ax,x〉|2 + 1
4
|β −α|2 ‖Bx‖4 ,

for any x ∈ H, ‖x‖ = 1. Taking the supremum over ‖x‖ = 1 in this inequality
produces the desired result (30.177).

Now, by utilizing the result from [5] (see also [6, p. 29]) namely:
If γ,Γ ∈ K with γ + Γ �= 0 and u,v ∈ H are such that either (30.182) or,

equivalently, (30.183) holds true, then

0≤ ‖u‖‖v‖− |〈u,v〉| ≤ 1
4
|Γ − γ|2
|Γ + γ| ‖v‖

2 . (30.185)

Now, on making use of (30.185) for u = Ax, v = Bx, x ∈ H, ‖x‖ = 1 and
γ = α,Γ = β and using the same procedure outlined above, we deduce the second
inequality (30.178).

The inequality (30.179) follows from the result presented below obtained in [4]
(see also [6, p. 21]):

If γ,Γ ∈K with

Re (Γ γ̄)> 0

and u,v ∈H are such that either (30.182) or, equivalently, (30.183) holds true, then

‖u‖‖v‖ ≤ 1
2
|Γ + γ |√
Re(Γ γ̄)

|〈u,v〉| , (30.186)

by choosing u = Ax, v = Bx, x ∈ H, ‖x‖ = 1 and γ = α,Γ = β and taking the
supremum over ‖x‖= 1.

Finally, on making use of the inequality (see [7])

‖u‖2 ‖v‖2−|〈u,v〉|2 ≤
(
|Γ + γ|− 2

√
Re (Γ γ̄)

)
|〈u,v〉|‖v‖2 (30.187)

that is valid provided γ,Γ ∈ K with Re (Γ γ̄) > 0 and u,v ∈ H are such that either
(30.182) or, equivalently, (30.183) holds true, we obtain the last inequality (30.180).
The details are omitted.
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Remark 30.22. Let M,m > 0 and A,B ∈ B(H). If Cm,M (A,B) is accretive, then

(0≤)μ2 (A,B)−w2 (B∗A)≤ 1
4
(M−m)2 ‖B‖4 ,

(0≤)μ (A,B)−w(B∗A)≤ 1
4
(M−m)2

m+M
‖B‖2 ,

(1≤) μ (A,B)
w(B∗A)

≤ 1
2

m+M√
mM

and

(0≤)μ2 (A,B)−w2 (B∗A)≤
(√

M−√m
)2

w(B∗A)‖B‖2 ,

respectively.

Corollary 30.21. Let α,β ∈ C and A ∈ B(H). If Cα ,β (A,A
∗) is accretive, then

(0≤)μ2 (A,A∗)−w2 (A2)≤ 1
4
|β −α|2 ‖A‖4 .

Moreover, if α +β �= 0, then

(0≤)μ (A,A∗)−w
(
A2)≤ 1

4
|β −α|2
|β +α| ‖A‖

2 .

In addition, if Re
(
αβ̄

)
> 0 and A2 �= 0, then also

(1≤) μ (A,A∗)
w(A2)

≤ 1
2
|β +α|√
Re

(
αβ̄

)

and

(0≤)μ2 (A,A∗)−w2 (A2)≤
(
|β +α|− 2

√
Re

(
αβ̄

))
w
(
A2)‖A‖2 ,

respectively.

Remark 30.23. In a similar manner, if N,n > 0, A ∈ B(H) and Cn,N (A,A∗) is
accretive, then

(0≤)μ2 (A,A∗)−w2 (A2)≤ 1
4
(N−n)2 ‖A‖4 ,

(0≤)μ (A,A∗)−w
(
A2)≤ 1

4
(N−n)2

n+N
‖A‖2 ,

(1≤) μ (A,A∗)
w(A2)

≤ 1
2

n+N√
nN

(for A2 �= 0)
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and

(0≤)μ2 (A,A∗)−w2 (A2)≤ (√
N−√n

)2
w
(
A2)‖A‖2 ,

respectively.

30.5 Some Inequalities of the Grüss Type for the Numerical
Radius

30.5.1 Introduction

Motivated by the natural questions that arise, in order to compare the quantity
w(AB) with other expressions comprising the norm or the numerical radius of the
involved operators A and B (or certain expressions constructed with these operators),
we establish in this section some natural inequalities of the form

w(BA)≤ w(A)w(B)+K1 (additive Grüss’ type inequality)

or
w(BA)

w(A)w(B)
≤ K2 (multiplicative Grüss’ type inequality)

where K1 and K2 are specified and desirably simple constants (depending on the
given operators A and B).

Applications in providing upper bounds for the non negative quantities

‖A‖2−w2 (A) and w2 (A)−w(A2)

and the super unitary quantities

‖A‖2

w2 (A)
and

w2 (A)
w(A2)

are also given.

30.5.2 Numerical Radius Inequalities of Grüss Type

For the complex numbers α,β and the bounded linear operator T we define the
following transform

Cα,β (T ) := (T ∗ −αI) (β I−T ) , (30.188)

where by T ∗ we denote the adjoint of T .
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We list some properties of the transform Cα ,β (·) that are useful in the following:

(i) For any α,β ∈ C and T ∈ B(H) we have:

Cα ,β (I) = (1−α) (β −1)I, Cα,α (T ) =−(αI−T )∗ (αI−T ) , (30.189)

Cα ,β (γT ) = |γ|2 Cα
γ ,

β
γ
(T ) , γ ∈ C\{0} , (30.190)

[
Cα ,β (T )

]∗
=Cβ ,α (T ) (30.191)

and
Cβ ,α (T ∗)−Cα ,β (T ) = T ∗T −TT ∗. (30.192)

(ii) The operator T ∈ B(H) is normal if and only if Cβ ,α (T ∗) = Cα ,β (T ) for each
α,β ∈C.

We recall that a bounded linear operator T on the complex Hilbert space (H,〈·, ·〉)
is called accretive if Re 〈Ty,y〉 ≥ 0 for any y ∈ H.

Utilizing the following identity

Re
〈
Cα ,β (T )x,x

〉
= Re

〈
Cβ ,α (T )x,x

〉

=
1
4
|β −α|2−

∥∥∥∥
(

T − α +β
2

I

)
x

∥∥∥∥
2

(30.193)

that holds for any scalars α,β and any vector x ∈ H with ‖x‖ = 1 we can give a
simple characterization result that is useful in the following:

Lemma 30.4. For α,β ∈C and T ∈ B(H) the following statements are equivalent:

(i) The transform Cα ,β (T )
(
or, equivalently Cβ ,α (T )

)
is accretive;

(ii) The transform Cα ,β (T
∗)

(
or, equivalently Cβ ,ᾱ (T ∗)

)
is accretive;

(iii) We have the norm inequality

∥∥∥∥T − α +β
2
· I
∥∥∥∥≤ 1

2
|β −α| (30.194)

or, equivalently, ∥∥∥∥T ∗ − ᾱ + β̄
2
· I
∥∥∥∥≤ 1

2
|β −α| . (30.195)

Remark 30.24. In order to give examples of operators T ∈ B(H) and numbers
α,β ∈C such that the transform Cα ,β (T ) is accretive, it suffices to select a bounded
linear operator S and the complex numbers z,w with the property that ‖S− zI‖≤ |w|
and, by choosing T = S,α = 1

2 (z+w) and β = 1
2 (z−w). We observe that T satisfies

(30.194), i.e., Cα ,β (T ) is accretive.
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The following results compare the quantities w(AB) and w(A)w(B) provided
that some information about the transforms Cα ,β (A) and Cγ,δ (B) are available,
where α,β ,γ,δ ∈K.

Theorem 30.31 (Dragomir, 2008 [18]). Let A,B ∈ B(H) and α,β ,γ,δ ∈ K be
such that the transforms Cα ,β (A) and Cγ,δ (B) are accretive, then

w(BA)≤ w(A)w(B)+
1
4
|β −α| |γ−δ | . (30.196)

Proof. Since Cα,β (A) and Cγ,δ (B) are accretive, then, on making use of Lemma
30.4 we have that ∥∥∥∥Ax− α +β

2
x

∥∥∥∥≤ 1
2
|β −α|

and ∥∥∥∥B∗x− γ̄ + δ̄
2

x

∥∥∥∥≤ 1
2

∣∣γ̄− δ̄
∣∣

for any x ∈ H,‖x‖= 1.
Now, we make use of the following Grüss type inequality for vectors in inner

product spaces obtained by the author in [1] (see also [2] or [6, p. 43]):
Let (H,〈·, ·〉) be an inner product space over the real or complex number field K,

u,v,e ∈ H, ‖e‖= 1, and α,β ,γ,δ ∈K such that

Re〈βe−u,u−αe〉≥ 0, Re 〈δe− v,v− γe〉 ≥ 0 (30.197)

or equivalently,
∥∥∥∥u− α +β

2
e

∥∥∥∥≤ 1
2
|β −α| ,

∥∥∥∥v− γ +δ
2

e

∥∥∥∥≤ 1
2
|δ − γ| , (30.198)

then

|〈u,v〉− 〈u,e〉〈e,v〉| ≤ 1
4
|β −α| |δ − γ| . (30.199)

Applying (30.199) for u = Ax,v = B∗x and e = x we deduce

|〈BAx,x〉− 〈Ax,x〉 〈Bx,x〉| ≤ 1
4
|β −α| |δ − γ | , (30.200)

for any x ∈ H,‖x‖= 1, which is an inequality of interest in itself.
Observing that

|〈BAx,x〉|− |〈Ax,x〉〈Bx,x〉| ≤ |〈BAx,x〉− 〈Ax,x〉 〈Bx,x〉| ,
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then by (30.199) we deduce the inequality

|〈BAx,x〉| ≤ |〈Ax,x〉 〈Bx,x〉|+ 1
4
|β −α| |δ − γ| , (30.201)

for any x∈H,‖x‖= 1. On taking the supremum over ‖x‖= 1 in (30.201) we deduce
the desired result (30.196).

The following particular case provides a upper bound for the nonnegative
quantity ‖A‖2−w(A)2 when some information about the operator A is available:

Corollary 30.22. Let A ∈ B(H) and α,β ∈ K be such that the transform Cα ,β (A)
is accretive, then

(0≤)‖A‖2−w2 (A)≤ 1
4
|β −α|2 . (30.202)

Proof. Follows on applying Theorem 30.31 above for the choice B = A∗, taking
into account that Cα ,β (A) is accretive implies that Cα ,β (A

∗) is the same and

w(A∗A) = ‖A‖2 .

Remark 30.25. Let A ∈ B(H) and M > m > 0 are such that the transform

Cm,M (A) = (A∗ −mI)(MI−A)

is accretive. Then

(0≤)‖A‖2−w2 (A)≤ 1
4
(M−m)2 . (30.203)

A sufficient simple condition for Cm,M (A) to be accretive is that A is a selfadjoint
operator on H and such that MI ≥ A≥ mI in the partial operator order of B(H).

The following result may be stated as well:

Theorem 30.32 (Dragomir, 2008 [18]). Let A,B ∈ B(H) and α,β ,γ,δ ∈ K be
such that Re(βα) > 0,Re(δγ) > 0 and the transforms Cα ,β (A) ,Cγ,δ (B) are
accretive, then

w(BA)

w(A)w(B)
≤ 1+

1
4
|β −α| |δ − γ|

[Re (βα)Re(δγ)]
1
2

(30.204)

and

w(BA)≤w(A)w(B)+
[(
|α +β |− 2 [Re(β α)]

1
2

)

×
(
|δ + γ|− 2 [Re (δγ)]

1
2

)] 1
2 × [w(A)w(B)]

1
2 (30.205)

respectively.

Proof. With the assumptions (30.197) (or, equivalently, (30.198) in the proof of
Theorem 30.31) and if Re(βα)> 0,Re(δγ)> 0 then
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| 〈u,v〉−〈u,e〉〈e,v〉 |

≤

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
4
|β −α| |δ − γ|

[Re (βα)Re (δγ)]
1
2

|〈u,e〉〈e,v〉|,
[(
|α +β |− 2 [Re (β α)]

1
2

)(
|δ + γ |− 2 [Re(δγ)]

1
2

)] 1
2

× [|〈u,e〉〈e,v〉|] 1
2 .

(30.206)

The first inequality has been established in [4] (see [6, p. 62]) while the second one
can be obtained in a canonical manner from the reverse of the Schwarz inequality
given in [7]. The details are omitted.

Applying (30.199) for u = Ax,v = B∗x and e = x we deduce
∣∣∣〈BAx,x〉−〈Ax,x〉 〈Bx,x〉

∣∣∣

≤

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1
4
|β −α| |δ − γ|

[Re(βα)Re(δγ)]
1
2

|〈A,x〉 〈Bx,x〉|,
[(
|α +β |− 2 [Re(βα)]

1
2

)(
|δ + γ|− 2 [Re (δ γ)]

1
2

)] 1
2

× [|〈A,x〉〈Bx,x〉|] 1
2

(30.207)

for any x ∈ H,‖x‖= 1, which are of interest in themselves.
A similar argument to that in the proof of Theorem 30.31 yields the desired

inequalities (30.204) and (30.205). The details are omitted. 	

Corollary 30.23. Let A ∈ B(H) and α,β ∈ K be such that Re (βα) > 0 and the
transform Cα ,β (A) is accretive, then

(1≤) ‖A‖
2

w2 (A)
≤ 1+

1
4
|β −α|2
Re (βα)

(30.208)

and

(0≤)‖A‖2−w2 (A)≤
(
|α +β |− 2 [Re(βα)]

1
2

)
w(A) (30.209)

respectively.

The proof is obvious from Theorem 30.32 on choosing B = A∗ and the details
are omitted.

Remark 30.26. Let A∈B(H) and M >m> 0 are such that the transform Cm,M (A)=
(A∗ −mI)(MI−A) is accretive. Then, on making use of Corollary 30.23, we may
state the following simpler results

(1≤) ‖A‖
w(A)

≤ 1
2

M+m√
Mm

(30.210)
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and

(0≤)‖A‖2−w2 (A)≤
(√

M−√m
)2

w(A) (30.211)

respectively. These two inequalities were obtained earlier by the author using a
different approach, see [8].

Problem 30.1. Find general examples of bounded linear operators realizing
the equality case in each of the inequalities (30.196), (30.204) and (30.205),
respectively.

30.5.3 Some Particular Cases of Interest

The following result is well known in the literature (see for instance [33]):

w(An)≤ wn(A),

for each positive integer n and any operator A ∈ B(H).
The following reverse inequalities for n = 2, can be stated:

Proposition 30.2 (Dragomir, 2008 [18]). Let A ∈ B(H) and α,β ∈K be such that
the transform Cα ,β (A) is accretive, then

(0≤)w2 (A)−w(A2)≤ 1
4
|β −α|2 . (30.212)

Proof. On applying the inequality (30.200) from Theorem 30.31 for the choice B =
A, we get the following inequality of interest in itself:

∣∣∣〈Ax,x〉2− 〈
A2x,x

〉∣∣∣≤ 1
4
|β −α|2 , (30.213)

for any x ∈ H,‖x‖= 1. Since obviously,

|〈Ax,x〉|2− ∣∣〈A2x,x
〉∣∣≤

∣∣∣〈Ax,x〉2− 〈
A2x,x

〉∣∣∣ ,
then by (30.213) we get

|〈Ax,x〉|2 ≤ ∣∣〈A2x,x
〉∣∣+ 1

4
|β −α|2 , (30.214)

for any x ∈ H,‖x‖ = 1. Taking the supremum over ‖x‖ = 1 in (30.214) we deduce
the desired result (30.212). 	

Remark 30.27. Let A∈B(H) and M >m> 0 are such that the transform Cm,M (A)=
(A∗ −mI)(MI−A) is accretive. Then

(0≤)w2 (A)−w(A2)≤ 1
4
(M−m)2 . (30.215)
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If MI ≥ A≥ mI in the partial operator order of B(H), then (30.215) is valid.

Finally, we also have

Proposition 30.3 (Dragomir, 2008 [18]). Let A ∈ B(H) and α,β ∈K be such that
Re(β α)> 0 and the transform Cα ,β (A) is accretive, then

(1≤) w2 (A)
w(A2)

≤ 1+
1
4
|β −α|2
Re (βα)

(30.216)

and

(0≤)w2 (A)−w(A2)≤
(
|α +β |− 2 [Re(βα)]

1
2

)
w(A) , (30.217)

respectively.

Proof. On applying the inequality (30.207) from Theorem 30.32 for the choice B =
A, we get the following inequality of interest in itself:

∣∣∣〈Ax,x〉2− 〈
A2x,x

〉∣∣∣≤
⎧⎪⎨
⎪⎩

1
4
|β −α|2
Re (βα)

|〈A,x〉|2,(
|α +β |− 2 [Re(β α)]

1
2

)
|〈A,x〉| .

(30.218)

for any x ∈ H,‖x‖= 1.
Now, on making use of a similar argument to the one in the proof of

Proposition 30.2 we deduce the desired results (30.216) and (30.217). The details
are omitted.

Remark 30.28. Let A∈B(H) and M >m> 0 are such that the transform Cm,M (A)=
(A∗ −mI)(MI−A) is accretive. Then, on making use of Proposition 30.3 we may
state the following simpler results

(1≤) w2 (A)
w(A2)

≤ 1
4
(M+m)2

Mm
(30.219)

and

(0≤)w2 (A)−w
(
A2)≤

(√
M−√m

)2
w(A) , (30.220)

respectively.

30.6 Some Inequalities for the Euclidean Operator Radius

30.6.1 Some Preliminary Facts

Let B(H) denote the C∗-algebra of all bounded linear operators on a complex
Hilbert space H with inner product 〈·, ·〉. For A ∈ B(H) , let w(A) and ‖A‖ denote
the numerical radius and the usual operator norm of A, respectively. It is well known
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that w(·) defines a norm on B(H) , and for every A ∈ B(H) ,

1
2
‖A‖ ≤ w(A)≤ ‖A‖ . (30.221)

For other results concerning the numerical range and radius of bounded linear
operators on a Hilbert space, see [26] and [28].

In [32], Kittaneh has improved (30.221) in the following manner:

1
4
‖A∗A+AA∗‖ ≤ w2 (A)≤ 1

2
‖A∗A+AA∗‖ , (30.222)

with the constants 1/4 and 1/2 as best possible.
Following Popescu’s work [34], we consider the Euclidean operator radius of a

pair (C,D) of bounded linear operators defined on a Hilbert space (H;〈·, ·〉) . Note
that in [34], the author has introduced the concept for an n-tuple of operators and
pointed out its main properties.

Let (C,D) be a pair of bounded linear operators on H. The Euclidean operator
radius is defined by:

we (C,D) := sup
‖x‖=1

(
|〈Cx,x〉|2 + |〈Dx,x〉|2

) 1
2
. (30.223)

As pointed out in [34], we : B2 (H)→ [0,∞) is a norm and the following inequality
holds: √

2
4
‖C∗C+D∗D‖ 1

2 ≤ we (C,D)≤ ‖C∗C+D∗D‖ 1
2 , (30.224)

where the constants
√

2/4 and 1 are best possible in (30.224).
We observe that, if C and D are self-adjoint operators, then (30.224) becomes

√
2

4

∥∥C2 +D2
∥∥ 1

2 ≤ we (C,D)≤ ∥∥C2 +D2
∥∥ 1

2 . (30.225)

We observe also that if A ∈ B(H) and

A = B+ iC

is the Cartesian decomposition of A, then

w2
e (B,C) = sup

‖x‖=1

[
|〈Bx,x〉|2 + |〈Cx,x〉|2

]

= sup
‖x‖=1

|〈Ax,x〉|2 = w2 (A) .
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By the inequality (30.225) and since (see [32])

A∗A+AA∗ = 2
(
B2 +C2) , (30.226)

then we have

1
16
‖A∗A+AA∗‖ ≤ w2 (A)≤ 1

2
‖A∗A+AA∗‖ . (30.227)

We remark that the lower bound for w2 (A) in (30.227) provided by Popescu’s
inequality (30.224) is not as good as the first inequality of Kittaneh from (30.222).
However, the upper bounds for w2 (A) are the same and have been proved using
different arguments.

The main aim of this section is to extend Kittaneh’s result to the Euclidean radius
of two operators and investigate other particular instances of interest. Related results
connecting the Euclidean operator radius, the usual numerical radius of a composite
operator and the operator norm are also provided.

30.6.2 Some Inequalities for the Euclidean Operator Radius

The following result concerning a sharp lower bound for the Euclidean operator
radius may be stated:

Theorem 30.33 (Dragomir, 2008 [9]). Let B,C : H → H be two bounded linear
operators on the Hilbert space (H;〈·, ·〉) . Then

√
2

2

[
w
(
B2 +C2)] 1

2 ≤ we (B,C)
(
≤ ‖B∗B+C∗C‖ 1

2

)
. (30.228)

The constant
√

2/2 is best possible in the sense that it cannot be replaced by a larger
constant.

Proof. We follow a similar argument to the one from [32].
For any x ∈ H, ‖x‖= 1, we have

|〈Bx,x〉|2 + |〈Cx,x〉|2 ≥1
2
(|〈Bx,x〉|+ |〈Cx,x〉|)2 ≥ 1

2
|〈(B±C)x,x〉|2 . (30.229)

Taking the supremum in (30.229), we deduce

w2
e (B,C)≥

1
2

w2 (B±C) . (30.230)
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Utilising the inequality (30.230) and the properties of the numerical radius, we have
successively:

2w2
e (B,C) ≥

1
2

[
w2 (B+C)+w2 (B−C)

]

≥ 1
2

{
w
[
(B+C)2

]
+w

[
(B−C)2

]}

≥ 1
2

{
w
[
(B+C)2 +(B−C)2

]}

= w
(
B2 +C2) ,

which gives the desired inequality (30.228).
The sharpness of the constant will be shown in a particular case, later on. 	


Corollary 30.24. For any two self-adjoint bounded linear operators B,C on H, we
have √

2
2

∥∥B2 +C2
∥∥ 1

2 ≤ we (B,C)

(
≤ ∥∥B2 +C2

∥∥ 1
2

)
. (30.231)

The constant
√

2
2 is sharp in (30.231).

Remark 30.29. The inequality (30.231) is better than the first inequality in (30.225)
which follows from Popescu’s first inequality in (30.224). It also provides, for the
case that B,C are the self-adjoint operators in the Cartesian decomposition of A,
exactly the lower bound obtained by Kittaneh in (30.222) for the numerical radius
w(A) . Moreover, since 1/4 is a sharp constant in Kittaneh’s inequality (30.222),
it follows that

√
2/2 is also the best possible constant in (30.231) and (30.228),

respectively.

The following particular case may be of interest:

Corollary 30.25. For any bounded linear operator A : H → H and α,β ∈ C we
have:

1
2

w
[
α2A2 +β 2 (A∗)2

]
≤

(
|α|2 + |β |2

)
w2 (A)

(
≤

∥∥∥|α|2 A∗A+ |β |2 AA∗
∥∥∥
)
. (30.232)

Proof. If we choose in Theorem 30.33, B = αA and C = β A∗, we get

w2
e (B,C) =

(
|α|2 + |β |2

)
w2 (A)

and

w
(
B2 +C2)= w

[
α2A2 +β 2 (A∗)2

]
,

which, by (30.228) implies the desired result (30.232). 	
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Remark 30.30. If we choose in (30.232) α = β �= 0, then we get the inequality

1
4

∥∥∥A2 +(A∗)2
∥∥∥≤ w2 (A)

(
≤ 1

2
‖A∗A+AA∗‖

)
, (30.233)

for any bounded linear operator A ∈ B(H) .
If we choose in (30.232), α = 1, β = i, then we get

1
4

w
[
A2− (A∗)2

]
≤ w2 (A) , (30.234)

for every bounded linear operator A : H→ H.

The following result may be stated as well.

Theorem 30.34 (Dragomir, 2008 [9]). For any two bounded linear operators B,C
on H we have:

√
2

2

[
w2 (B+C) + w2 (B−C)

] 1
2

≥ we (B,C)≥
√

2
2

max{w(B+C) ,w(B−C)} . (30.235)

The constant
√

2/2 is sharp in both inequalities.

Proof. The first inequality follows from (30.230).
For the second inequality, we observe that

|〈Cx,x〉± 〈Bx,x〉|2 ≤ w2 (C±B) (30.236)

for any x ∈ H, ‖x‖= 1.
The inequality (30.236) and the parallelogram identity for complex numbers

give:

2
[
|〈Bx,x〉|2 + |〈Cx,x〉|2

]
= |〈Bx,x〉− 〈Cx,x〉|2 + |〈Bx,x〉+ 〈Cx,x〉|2

≤ w2 (B+C)+w2 (B−C) , (30.237)

for any x ∈ H, ‖x‖= 1.
Taking the supremum in (30.236) we deduce the desired result (30.235).
The fact that

√
2/2 is the best possible constant follows from the fact that for

B =C �= 0 one would obtain the same quantity
√

2w(B) in all terms of (30.235).
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Corollary 30.26. For any two self-adjoint operators B,C on H we have:

√
2

2

[‖B+C‖2 + ‖B−C‖2 ] 1
2

≥ we (B,C)≥
√

2
2

max{‖B+C‖ ,‖B−C‖} . (30.238)

The constant
√

2/2 is best possible in both inequalities.

Corollary 30.27. Let A be a bounded linear operator on H. Then

√
2

2
max

{∥∥∥∥ (1− i)A+(1+ i)A∗

2

∥∥∥∥ ,
∥∥∥∥ (1+ i)A+(1− i)A∗

2

∥∥∥∥
}
≤ w(A)

≤
√

2
2

[∥∥∥∥ (1− i)A+(1+ i)A∗

2

∥∥∥∥
2

+

∥∥∥∥(1+ i)A+(1− i)A∗

2

∥∥∥∥
2
] 1

2

.

(30.239)

Proof. Follows from (30.238) applied for the Cartesian decomposition of A. 	

The following result may be stated as well:

Corollary 30.28. For any A a bounded linear operator on H and α,β ∈ C, we
have:

√
2

2

[
w2(αA + βA∗

)
+w2 (αA−βA∗)

] 1
2

≥
√

2
2

max{w(αA+βA∗) ,w(αA−βA∗)}

≥
(
|α|2 + |β |2

) 1
2

w(A) . (30.240)

Remark 30.31. The above inequality (30.240) contains some particular cases of
interest. For instance, if α = β �= 0, then by (30.240) we get

1
2

max{‖A+A∗‖ ,‖A−A∗‖} ≤ w(A)≤ 1
2

[
‖A+A∗‖2 +‖A−A∗‖2

] 1
2
, (30.241)

since, obviously w(A+A∗) = ‖A+A∗‖ and w(A−A∗) = ‖A−A∗‖ , A−A∗ being a
normal operator.

Now, if we choose in (30.240), α = 1 and β = i, and taking into account that
A+ iA∗ and A− iA∗ are normal operators, then we get

1
2

max{‖A+ iA∗‖ ,‖A− iA∗‖} ≤ w(A)≤ 1
2

[
‖A+ iA∗‖2 +‖A− iA∗‖2

] 1
2
.

(30.242)
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The constant 1/2 is best possible in both inequalities (30.241) and (30.242).

The following simple result may be stated as well.

Proposition 30.4 (Dragomir, 2008 [9]). For any two bounded linear operators B
and C on H, we have the inequality:

we (B,C)≤
[
w2 (C−B)+ 2w(B)w(C)

] 1
2 . (30.243)

Proof. For any x ∈ H, ‖x‖= 1, we have

|〈Cx,x〉|2 − 2Re
[
〈Cx,x〉 〈Bx,x〉

]
+ |〈Bx,x〉|2

= |〈Cx,x〉− 〈Bx,x〉|2 ≤ w2 (C−B) ,

giving

|〈Cx,x〉|2 + |〈Bx,x〉|2 ≤ w2 (C−B)+ 2Re
[
〈Cx,x〉 〈Bx,x〉

]

≤ w2 (C−B)+ 2 |〈Cx,x〉| |〈Bx,x〉| (30.244)

for any x ∈ H, ‖x‖= 1.
Taking the supremum in (30.244) over ‖x‖= 1, we deduce the desired inequality

(30.243). 	

In particular, if B and C are self-adjoint operators, then

we (B,C)≤
(
‖B−C‖2 +2‖B‖‖C‖

) 1
2
. (30.245)

Now, if we apply the inequality (30.245) for B = A+A∗
2 and C = A−A∗

2i , where
A ∈ B(H) , then we deduce:

w(A)≤
[∥∥∥∥ (1+ i)A+(1− i)A∗

2

∥∥∥∥
2

+2

∥∥∥∥A+A∗

2

∥∥∥∥
∥∥∥∥A−A∗

2

∥∥∥∥
] 1

2

.

The following result provides a different upper bound for the Euclidean operator
radius than (30.243).

Proposition 30.5 (Dragomir, 2008 [9]). For any two bounded linear operators B
and C on H, we have

we (B,C)≤
[
2min

{
w2 (B) ,w2 (C)

}
+w(B−C)w(B+C)

] 1
2 . (30.246)
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Proof. Utilising the parallelogram identity (30.237), we have, by taking the supre-
mum over x ∈H,‖x‖= 1, that

2w2
e (B,C) = w2

e (B−C,B+C). (30.247)

Now, if we apply Proposition 30.4 for B−C,B+C instead of B and C, then we can
state

w2
e (B−C,B+C)≤ 4w2 (C)+ 2w(B−C)w(B+C)

giving
w2

e (B,C)≤ 2w2 (C)+w(B−C)w(B+C). (30.248)

Now, if in (30.248) we swap the C with B then we also have

w2
e (B,C)≤ 2w2 (B)+w(B−C)w(B+C). (30.249)

The conclusion follows now by (30.248) and (30.249). 	


30.6.3 Other Results

A different upper bound for the Euclidean operator radius is incorporated in the
following

Theorem 30.35 (Dragomir, 2008 [9]). Let (H;〈·, ·〉) be a Hilbert space and B,C
two bounded linear operators on H. Then

w2
e (B,C)≤max

{
‖B‖2 ,‖C‖2

}
+w(C∗B) . (30.250)

The inequality (30.250) is sharp.

Proof. Firstly, let us observe that for any y,u,v ∈ H we have successively

∥∥〈y,u〉u + 〈y,v〉v∥∥2

= |〈y,u〉|2 ‖u‖2 + |〈y,v〉|2 ‖v‖2 +2Re
[
〈y,u〉〈y,v〉〈u,v〉

]

≤ |〈y,u〉|2 ‖u‖2 + |〈y,v〉|2 ‖v‖2 +2 |〈y,u〉| |〈y,v〉| |〈u,v〉|

≤ |〈y,u〉|2 ‖u‖2 + |〈y,v〉|2 ‖v‖2 +
(
|〈y,u〉|2 + |〈y,v〉|2

)
|〈u,v〉|

≤
(
|〈y,u〉|2 + |〈y,v〉|2

)(
max

{
‖u‖2 ,‖v‖2

}
+ |〈u,v〉|

)
. (30.251)
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On the other hand,

( |〈y,u〉|2 + |〈y,v〉|2 )2
= [〈y,u〉〈u,y〉+ 〈y,v〉 〈v,y〉]2

= [〈y,〈y,u〉u+ 〈y,v〉v〉]2 ≤ ‖y‖2 ‖〈y,u〉u+ 〈y,v〉v‖2 (30.252)

for any y,u,v ∈ H.
Making use of (30.251) and (30.252) we deduce that

|〈y,u〉|2 + |〈y,v〉|2 ≤ ‖y‖2
[
max

{
‖u‖2 ,‖v‖2

}
+ |〈u,v〉|

]
(30.253)

for any y,u,v ∈ H, which is a vector inequality of interest in itself.
Now, if we apply the inequality (30.253) for y = x, u = Bx, v = Cx, x ∈ H,

‖x‖= 1, then we can state that

|〈Bx,x〉|2 + |〈Cx,x〉|2 ≤max
{
‖Bx‖2 ,‖Cx‖2

}
+ |〈Bx,Cx〉| (30.254)

for any x ∈ H, ‖x‖= 1, which is of interest in itself.
Taking the supremum over x∈H, ‖x‖= 1, we deduce the desired result (30.250).
To prove the sharpness of the inequality (30.250) we choose C = B, B a self-

adjoint operator on H. In this case, both sides of (30.250) become 2‖B‖2 . 	

If information about the sum and the difference of the operators B and C is

available, then one may use the following result:

Corollary 30.29. For any two operators B,C ∈ B(H) we have

w2
e (B,C)≤

1
2

{
max

{
‖B−C‖2 ,‖B+C‖2

}
+w [(B∗ −C∗) (B+C)]

}
. (30.255)

The constant 1
2 is best possible in (30.255).

Proof. Follows by the inequality (30.250) written for B+C and B−C instead of B
and C and by utilising the identity (30.247).

The fact that 1/2 is best possible in (30.255) follows by the fact that for C = B,
B a self-adjoint operator, we get in both sides of the inequality (30.255) the quantity
2‖B‖2 . 	

Corollary 30.30. Let A : H→H be a bounded linear operator on the Hilbert space
H. Then:

w2 (A)≤ 1
4

[
max

{
‖A+A∗‖2 ,‖A−A∗‖2

}
+w [(A∗ −A)(A+A∗)]

]
. (30.256)

The constant 1
4 is best possible.
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Proof. If

B =
A+A∗

2
, C =

A−A∗

2i
is the Cartesian decomposition of A, then

w2
e (B,C) = w2 (A)

and

w(C∗B) =
1
4

w [(A∗ −A)(A+A∗)] .

Utilising (30.250) we deduce (30.256). 	

Remark 30.32. If we choose in (30.250), B = A and C = A∗,A ∈ B(H) then we can
state that

w2 (A)≤ 1
2

[
‖A‖2 +w

(
A2)] . (30.257)

The constant 1/2 is best possible in (30.257).
Note that this inequality has been obtained in [12] by the use of a different

argument based on the Buzano’s inequality.

Finally, the following upper bound for the Euclidean radius involving different
composite operators also holds:

Theorem 30.36 (Dragomir, 2008 [9]). With the assumptions of Theorem 30.35, we
have

w2
e (B,C)≤

1
2
[‖B∗B+C∗C‖+‖B∗B−C∗C‖]+w(C∗B) . (30.258)

The inequality (30.258) is sharp.

Proof. We use (30.254) to write that

|〈Bx,x〉|2 + |〈Cx,x〉|2

≤ 1
2

[
‖Bx‖2 +‖Cx‖2 +

∣∣∣‖Bx‖2−‖Cx‖2
∣∣∣
]
+ |〈Bx,Cx〉| (30.259)

for any x ∈ H, ‖x‖= 1.
Since

‖Bx‖2 = 〈B∗Bx,x〉 , ‖Cx‖2 = 〈C∗Cx,x〉 ,
then (30.259) can be written as

|〈Bx,x〉|2 + |〈Cx,x〉|2

≤ 1
2
[〈(B∗B+C∗C)x,x〉+ |〈(B∗B−C∗C)x,x〉|]+ |〈Bx,Cx〉| (30.260)

x ∈ H, ‖x‖= 1.
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Taking the supremum in (30.260) over x ∈ H, ‖x‖ = 1 and noting that the
operators B∗B±C∗C are self-adjoint, we deduce the desired result (30.258).

The sharpness of the constant will follow from that of (30.263) pointed out
below. 	

Corollary 30.31. For any two operators B,C ∈ B(H), we have

2w2
e (B,C)≤ ‖B∗B+C∗C‖+‖B∗C+C∗B‖+w [(B∗ −C∗)(B+C)] . (30.261)

The constant 2 is best possible.

Proof. If we write (30.258) for B+C,B−C instead of B,C and perform the required
calculations then we get

w2
e (B+C,B−C)≤ ‖B∗B+C∗C‖+‖B∗C+C∗B‖+w [(B∗ −C∗) (B+C)] ,

which, by the identity (30.247) is clearly equivalent with (30.261).
Now, if we choose in (30.261) B = C, then we get the inequality w(B) ≤ ‖B‖ ,

which is a sharp inequality. 	

Corollary 30.32. If B,C are self-adjoint operators on H then

w2
e (B,C)≤

1
2

[∥∥B2 +C2
∥∥+∥∥B2−C2

∥∥]+w(CB) . (30.262)

The proof is obvious from Theorem 30.36.
We observe that, if B and C are chosen to be the Cartesian decomposition for the

bounded linear operator A, then we can get from (30.262) that

w2 (A)≤ 1
4

{
‖A∗A+AA∗‖+

∥∥∥A2 +(A∗)2
∥∥∥+w [(A∗ −A)(A+A∗)]

}
. (30.263)

The constant 1/4 is best possible. This follows by the fact that for A a self-adjoint
operator, we obtain on both sides of (30.263) the same quantity ‖A‖2 .

Now, if we choose in (30.258) B = A and C = A∗, A ∈ B(H), then we get

w2 (A)≤ 1
4
{‖A∗A+AA∗‖+‖A∗A−AA∗‖}+ 1

2
w
(
A2) . (30.264)

This inequality is sharp. The equality holds if, for instance, we assume that A is
normal, i.e., A∗A = AA∗. In this case we get on both sides of (30.264) the quantity
‖A‖2 , since for normal operators, w

(
A2

)
= w2 (A) = ‖A‖2 .
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Chapter 31
Cauchy’s Functional Equation and Nowhere
Continuous / Everywhere Dense Costas
Bijections in Euclidean Spaces

Konstantinos Drakakis

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract The definition of the Costas property is abstracted in the context of a
group. Accordingly, using discontinuous solutions of Cauchy’s functional equation,
nowhere continuous Costas bijections are studied that satisfy the Costas property,
and possess, in addition, dense graphs.

Keywords Costas arrays • Costas bijections • Cauchy functional equation
• Nowhere continuous • Everywhere dense • Euclidean spaces
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31.1 Introduction

Costas arrays [3–5] are square arrangements of 1s/dots and 0s/blanks such that there
is exactly one dot per row and column (i.e. they are permutation arrays), and such
that (a) no four dots form a parallelogram, and (b) no three dots that lie on the
same straight line are equidistant. They arose in the 1960s in connection with the
development of SONAR/RADAR frequency-hopped waveforms with ideal auto-
correlation properties [3, 4], but have been the subject of increasingly intensive
mathematical study ever since Golomb published in 1984 [13, 14] some algebraic
construction techniques (still the only ones available today) based on finite fields.
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Mathematicians are mainly concerned with the study of properties of Costas arrays,
but also with the settlement of the question of the existence of a n× n Costas
array for all n ∈ N

∗, which, despite all efforts, still remains open. Known Costas
arrays today broadly fall into three categories: (a) the algebraically constructed ones,
available for infinitely many, but not all, sizes n; (b) those discovered by exhaustive
computer search, which currently has covered all sizes n≤ 29 [8,10,11]; and (c) four
more Costas arrays, namely two for n = 29, and one for each of n = 36 and n = 42,
constructed by extending smaller algebraically constructed Costas arrays [19].

This work first presents the Costas property, states the observation that it
actually requires surprisingly little, namely only an underlying algebraic group
structure, and hence proceeds to abstract it as a group property. It subsequently
combines previously published results on the generalization of the Costas property
in the continuum [7] along with the concept of sets with the Costas property in
higher dimensions [6] and the topology of Euclidean spaces, to produce nowhere
continuous Costas bijections whose graphs are everywhere dense in the Euclidean
spaces R2n and C

2n.

31.2 Basics

The following notation is observed throughout this work. n stands for a positive
integer. The set of the first n positive integers {1,2, . . . ,n} is denoted by [n].
Furthermore, for any subset A of a group G under operation⊗ with identity element
e, A∗ denotes A\{e}, while, for any g ∈ G,

g⊗A := {g⊗a : a ∈ A}.

For a set S, |S| denotes its cardinal number. Finally, a partial order of vectors in R
n

is defined as follows: for x,y ∈ R
n, x≤ y iff ∀i ∈ [n], xi ≤ yi, and x < y iff x≤ y and

also ∃i ∈ [n] : xi < yi.

31.2.1 The Costas Property

For the benefit of the readers not familiar with Costas arrays, the definition and the
basic facts about them are given below. The emphasis is, however, on the abstraction
of the Costas property in groups.

31.2.1.1 Costas Arrays and Costas Permutations

Let us begin with the usual definition of a Costas array and a Costas permutation:
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Fig. 31.1 (Left) An example of a Costas array of order 27: note the haphazard positioning of its
dots. (Right) Its auto-correlation

Definition 31.1. Let f : [n]→ [n], n ∈ N
∗, be a bijection; then f has the Costas

property iff all vectors in the family {( f (i)− f ( j), i− j) : 1 ≤ j < i ≤ n}, called
the distance vectors,are distinct (in other words, no two of them are equal), or,
equivalently, when

∀i, j,k ∈ [n] : i+ k, j+ k ∈ [n] , f (i+ k)− f (i) = f ( j+ k)− f ( j)⇒ i = j.

In this case, f is called a Costas permutation.
The corresponding Costas array A f is the square n×n array where the elements

at ( f (i), i), i ∈ [n] are equal to 1 (dots), while all remaining elements are equal to 0
(blanks):

A f = [ai j] =

{
1, if i = f ( j);

0, otherwise,
j ∈ [n].

(In other words, for each i, f (i) indicates the position of the dot in the ith column of
the array.)

Remark 31.1. It is clear that the orbit of a Costas array under the symmetry group
of the square (namely under horizontal/vertical flips and transposition) consists
entirely of Costas arrays, hence out of a single Costas array A eight can be
constructed in total, or four if it happens to be symmetric (AT = A).

Figure 31.1 (up) shows a Costas array of size 27, in fact the only Costas array of
size 27 not obtainable by means of the algebraic constructions. Such Costas arrays,
termed sporadic, appear to be growing fewer and fewer as the size n increases.
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31.2.1.2 Motivation

Why are Costas arrays of interest? Though a detailed explanation of the modeling
process, in the context of SONAR/RADAR systems, that leads to the definition of
Costas arrays, lies outside the scope of this work (the interested reader is directed
to Costas’s original paper [4], or Sect. 3 of [9]), it can be said in brief that Costas
arrays are mathematically interesting because their “auto-correlation” is “optimal”.

More specifically, consider two binary m× n arrays A = [ai j] and B = [bi j], and
define their cross-correlation to be

ΨA,B(u,v) = |{(i, j) ∈ [m]× [n] : (i+u, j+ v) ∈ [m]× [n], ai j = bi+u, j+v = 1}| ,
(u,v) ∈ Z

2.

In other words, A and B are brought on top of each other, so that they overlap
perfectly, and then A gets slided by u rows downwards and v columns to the right:
the number of pairs of overlapping dots at that position is taken to be the value of
the cross-correlation of A and B at u,v.

Let now A = B be a Costas array (so that m = n as well), and consider the auto-
correlation of A ΨA,B(u,v): clearly ΨA,A(0,0) = n, but, for (u,v) 
= (0,0), necessarily
ΨA,B(u,v)≤ 1, since there is no translation (u,v) that can bring two dots of A on two
other dots of A; this would imply that (u,v) is the distance vector between two pairs
of dots, contradicting the fact that, in a Costas array, all distance vectors are distinct!
For a random binary array, however, a translation may lead to the coincidence of two
or more pairs of dots, yielding higher auto-correlation values between 1 and n. In
this sense,Costas arrays have optimal auto-correlation. Figure 31.1 (up) shows the
auto-correlation of the Costas array shown in the same figure (down).

31.2.1.3 The Costas Property over an Arbitrary Group

The Costas property, as stated in Definition 31.1, can be abstracted over an arbitrary
(possible non-abelian) group:

Definition 31.2. Let G be a group under operation⊗ and let C, D be subsets of G.
C will be called a left Costas set in G with respect to the distance vectors subgroup
D, or simply a left Costas set if D = G∗, iff

∀d ∈ D∗ , |(d⊗C)∩C| ≤ 1,

or, equivalently, iff

∀d ∈D∗, ∀c1,c2 ∈C , d⊗ c1,d⊗ c2 ∈C⇒ c1 = c2.

A right Costas set is analogously defined. If G is abelian the two definitions coincide.



31 Cauchy’s Functional Equation and Costas Bijections 495

Remark 31.2. Let G = G1×G2 be a Cartesian product of groups; then C can be
represented by points on the plane whose axes represent the points of G1 and G2,
respectively, and its elements are ordered pairs of the form c= (c1,c2),c1 ∈G1,c2 ∈
G2. Assuming that C has either of the properties that each g1 ∈ G1 appears as the
first coordinate of a c ∈C at most once, or that each g2 ∈ G2 appears as the second
coordinate of a c ∈ C at most once, C represents the graph of a function with the
Costas property (a Costas function, for short) from (a subset of) G1 to G2 or from
(a subset of) G2 to G1, respectively. If both properties hold, the Costas function is
injective, hence bijective by an appropriate redefinition of its domain and range.

Remark 31.3. The elements of D can be considered as vectors (as opposed to
scalars) when

G = G1×·· ·×Gk

is a tensor product of k > 1 groups. In that case C can be interpreted geometrically
to lie in a k-dimensional space, and d ⊗C, d = {d1, . . . ,dk} ∈ D to be a shifted
version of C by di in dimension i, i ∈ [k]. In particular, the Costas property forbids
the existence of c1,c2 ∈ C, c1 
= c2, such that, for some d ∈ D, d⊗ c1,d⊗ c2 ∈ D:
no four points in C can form a “parallelogram” (under ⊗), and no three points in C
that lie on a straight line can be equidistant.

Remark 31.4. Let f : C1 ⊂ G1→ G2 be a function; an equivalent definition of the
Costas property with respect to D is then that

∀d ∈ D∗1 , ∀x,y ∈C1 : d⊗ x,d⊗ y ∈C1 ,

f (x⊗d)− f (x) = f (y⊗d)− f (y)⇒ x = y,

where
D1 = {d1 ∈ G1| ∃d2 ∈ G2 : (d1,d2) ∈D}.

Remark 31.5. Historically, the Costas property has been construed to include
bijectivity: this is because the original SONAR/RADAR engineering application
that introduced Costas arrays does not benefit any further from non-bijective Costas
sets [4], namely Costas arrays with two or more dots on the same row or column,
though such non-permutation Costas arrays can still be used successfully in other
engineering applications, such as the predistribution of cryptographic keys in grid-
based wireless sensor networks [2]. In this work, bijectivity/injectivity is no longer
considered to be a prerequisite of (and is disassociated from) the Costas property
itself.

Remark 31.6. A direct consequence of the definition is that ∀d ∈ D, d ⊗C is
also a Costas set with respect to D: the Costas property is translation invariant. In
particular, Costas arrays can be shifted over an integer grid in either direction and
still retain the Costas property.
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31.2.2 Cauchy’s Functional Equation

Cauchy’s functional equation (CFE) will be useful below as an auxiliary building
block. For the benefit of the readers who are not familiar with it, and for the sake
of completeness, the basic facts about it are derived below. A detailed study of this
equation can be found in [1].

31.2.2.1 Introduction: The Real Case

Definition 31.3. Let f : R→ R; it satisfies CFE iff

∀x,y ∈ R , f (x+ y) = f (x)+ f (y). (31.1)

Theorem 31.1. A solution f of CFE (31.1) satisfies the following properties:

1. ∀q ∈Q,∀x ∈R f (qx) = q f (x).
2. f is continuous iff ∃c ∈ R : ∀x ∈ R f (cx) = cx.
3. f is continuous everywhere iff it is continuous at a point.
4. f is discontinuous iff its graph is everywhere dense on the real plane.

Proof.

• Setting x = y = 0 yields f (0+0) = f (0) = f (0)+ f (0)⇔ f (0) = 0.
• Setting y =−x yields f (x− x) = f (0) = 0 = f (x)+ f (−x)⇔ f (−x) =− f (x).
• Setting x = x1, y = x2 + · · ·+xn for n∈N

∗ yields f (x1 +x2 + · · ·+xn) = f (x1)+
f (x2 + · · ·+ xn) = · · ·= f (x1)+ f (x2)+ · · ·+ f (xn).

• Setting x1 = x2 = · · ·= xn = x yields f (nx) = n f (x). Setting y = nx yields

f
( y

n

)
=

1
n

f (y).

Expressing the rational q as an irreducible fraction of integers m/n, all of the above
shows that, for any x ∈R:

f (qx) = f
(m

n
x
)
= sign(m) f

( |m|
n

x

)

= sign(m)|m| f
(

1
n

x

)
=

m
n

f (x) = q f (x).

Assume now f is continuous: for every x ∈ R there exists a sequence {qn} of
rationals such that qn→ x. It follows that

f (x) = f (limqn) = lim f (qn) = limqn f (1) = x f (1) = cx , c = f (1). (31.2)

Conversely, every function of the form f (x) = cx satisfies CFE (31.1) and is
continuous.
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Assume that f is continuous at some point x0; then

lim
y→x

f (y) = f (y− x+ x− x0+ x0) = lim
y→x

f (y− x+ x0)+ f (x− x0)

= lim
u→x0

f (u)+ f (x− x0) = f (x0)+ f (x− x0) = f (x),

hence f is continuous at (an arbitrary) x.
Assume now f is not continuous: then, by what was just proved, it must be

nowhere continuous and it cannot be linear (though it has to be linear over the
rationals). This implies

∃x1,x2 ∈R :
f (x1)

x1

= f (x2)

x2
,

whence it follows that the two vectors v1 = (x1, f (x1)), v2 = (x2, f (x2)) are linearly
independent and, consequently, span the entire real plane. The set of vectors, then,
of the form {r1v1 + r2v2 : r1,r2 ∈ Q} are an everywhere dense subset of the real
plane; but

r1v1 + r2v2 = r1(x1, f (x1))+ r2(x2, f (x2)) = (r1x1 + r2x2, f (r1x1 + r2x2)),

which means that the subset { f (x) : x = r1x1 + r2x2, r1,r2 ∈ Q} of the graph of f
is everywhere dense on the plane, whence the graph of f itself is everywhere dense
on the plane. Conversely, if the graph of f is everywhere dense on the real plane, f
cannot possibly be continuous, or else it would be linear and thus would not possess
an everywhere dense graph. This completes the proof. ��
Remark 31.7. CFE, despite its simplicity, has been playing a prominent role in
analysis: Hilbert’s 5th problem [15] essentially proposes a generalization of this
equation, while an important area of study is the existence of mappings in Banach
spaces that satisfy CFE approximately, namely with an error whose norm is
uniformly bounded by a fixed and small ε > 0, and may thus be considered to
be “approximately additive” (this is known as the Hyers-Rassias-Ulam stability
problem [16–18]).

Remark 31.8. All solutions of CFE are, by definition, additive functions in R

and represent linear maps on the vector space R over the field Q; continuous
solutions are, furthermore, linear functions over R; a discontinuous solution at
a point is discontinuous everywhere and its graph is dense in R

2. The reader is
cautioned, therefore, that two distinct concepts of linearity have been considered
above: linearity of maps over vector spaces and linearity of functions over R. In
particular, we reiterate that a discontinuous solution of CFE (whose graph is dense
on the plane) is clearly not a linear function over R (namely, denoting the function
by f , f (x)/x is not constant and independent of x), while it is still a linear map on
the vector space R over the field Q!
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31.2.2.2 Bijective/Injective Solutions of CFE

Theorem 31.2. There exist solutions of CFE (31.1) that are nowhere continuous
bijections/injections, everywhere dense on the real plane.

Proof. Consider R as a vector space over Q. This vector space must necessarily
have an uncountable basis, or else R itself would be countable: it follows by the
Continuum Hypothesis that this basis can be indexed by the real numbers, and,
therefore, that it can be described as B= {ba : a∈R}. By definition, any real number
x admits a (finite) linear expansion x = q1ba1 + · · ·+qnban over this basis (where the
rational q, the indices ai, i ∈ [n], and n are obviously functions of x). Furthermore,
a solution f of CFE (31.1) can be considered as a linear map over this vector space,
and thus can be written

f (x) = f (q1ba1 + · · ·+qnban) = q1 f (ba1)+ · · ·+qn f (ban),

which expresses the well-known result that a linear map over a vector space is
unambiguously defined by its effect on the vector space basis B. Assuming now
that ∃c ∈ R : ∀a ∈ R, f (ba) = cba, it follows that f (x) = cx for all x, namely
that f is linear. By Theorem 31.1, though, this will be the only case resulting to a
linear f : in all other cases f will be nowhere continuous and its graph everywhere
dense. Choosing a bijection/injection g over R (other than the identity) such that
∀a ∈ R, f (ba) = bg(a) results to an f that is bijective/injective as well. ��

31.2.2.3 The Complex Case

Let us now study the properties of a function f : C→ C such that

∀u,v ∈C : f (u+ v) = f (u)+ f (v). (31.3)

Applying the real argument twice (on the real and the imaginary numbers) yields

∀x,y ∈Q, z ∈ C : f ((x+ iy)z) = x f (z)+ y f (iz). (31.4)

Letting z = 1, this implies that f (x+ iy) = x f (1)+y f (i), where f (1) and f (i) are, in
general, complex values, and, therefore, their linear combinations over Q will form
a dense subset of C, unless f (1) and f (i) are linearly dependent over R, namely

∃a,b ∈R , |a|+ |b|> 0 : a f (i)+ b f (1) = 0, (31.5)

in which case f (Q+ iQ) is contained on a straight line of C, and is dense therein.
A verbatim repetition of the proof of the real case shows that f is continuous on C

iff it is continuous at a point: in this case, it follows that

∀x,y ∈ R , f (x+ iy) = x f (1)+ y f (i). (31.6)
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It remains to be shown that f is an injection/bijection, and that the graph of f ,
namely {(z, f (z)) : z ∈C}, is dense in C

2. The corresponding proof in the real case
relied heavily on the linearity of f over rational multipliers, namely on the condition
that ∀q ∈Q,∀x ∈R f (qx) = q f (x) (see Theorem 31.1), but this time the conditions
stated in (31.3) and (31.4) are not linearity conditions, since they do not imply that
∀q ∈ Q+ iQ,∀z ∈ C f (qz) = q f (z). Attention can still, however, be restricted to
real linear solutions of (31.3) by imposing the compatibility condition

∀x ∈ R , f (ix) = i f (x) : (31.7)

this condition is equivalent to

∀z ∈ C , f (iz) = i f (z),

because, letting z = x+ iy, x,y ∈ R yields

f (iz) = f (ix− y) = i f (x)− f (y) = i( f (x)+ i f (y)) = i f (x+ iy) = i f (z).

Applying this condition to (31.4) further yields

∀x,y ∈Q , z ∈ C , f ((x+ iy)z) = (x+ iy) f (z), (31.8)

while it is seen directly that

∀x,y ∈ R , f (x+ iy) = f (x)+ i f (y).

In other words, every solution of (31.1) can be extended to a solution of (31.3)
that obeys the linearity property (31.8) over the complex rationals Q+ iQ; such
functions have the property that f (R) ⊂ R, which is equivalent to f (iR) ⊂ iR. As
(31.5) and (31.7) are not compatible, f (Q+ iQ) is dense in C.

Assuming f is continuous, (31.6) shows that ∀z ∈C, f (z) = z f (1); assuming the
function is nowhere continuous, hence nonlinear, there exist z,w ∈ C such that the
vectors (z, f (z)) and (w, f (w)) are linearly independent. It follows that

{p(z, f (z)) + q(w, f (w)) : p,q ∈Q+ iQ}
= {(pz+qw, f (pz+qw)) : p,q ∈Q+ iQ},

namely a subset of the graph of f , is countably infinite and dense in C
2.

It remains to be seen that such a discontinuous function can be constructed. The
proof proceed as in Theorem 31.2: C2 is considered as a vector space over the
field of complex rationals Q+ iQ with an uncountable basis B = {ba : a ∈ R}.
If f : B→ B is a permutation other than the identity, f : C → C is a nowhere
continuous bijection on C whose graph is dense in C

2; if f : B→ B is injective,
f : C→ C is a nowhere continuous injection on C whose graph is dense in C

2.
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31.2.3 Costas Functions and Bijections in the Continuum

The following is a restatement of the definition of the Costas property (Definition
31.2), specifically in the context of functions whose domain and range are intervals
of the real line:

Definition 31.4. Let f : I1→ I2 = f (I1), where I1, I2 ⊂R are intervals, and let f be,
in addition, continuously differentiable; then f is said to have the Costas property iff

∀x,y ∈ I1 , ∀d ∈ R
∗ : x+d,y+d ∈ I1 ,

f (x+d)− f (x) = f (y+d)− f (y)⇒ x = y.

The following theorem is essentially a restatement of Theorem 5 in [7]. The
assumptions are not the weakest possible, but it will be sufficient for our purposes:

Theorem 31.3. Let f : I1 → I2 be a strictly monotonic and continuously differ-
entiable bijection, with a strictly monotonic derivative; then, f has the Costas
property.

Proof. Let us choose two equidistant pairs of points in I1, say x, y, x+d and y+d
so that y≥ x and d > 0; these may actually be three points if y = x+d. What needs
to be shown is that

f (x)− f (x+d) = f (y)− f (y+d)⇒ x = y.

If y > x, then exactly one of the two pairs of intervals

[x,y], [x+d,y+d] or [x,x+d], [y,y+d]

consists of intervals with disjoint interiors; without loss of generality, assume it is
the second pair. Then, the Newton–Leibnitz Theorem implies that

f (x+d)− f (x) =
∫ x+d

x
f ′(u)du, f (y+d)− f (y) =

∫ y+d

y
f ′(u)du.

Now, since f ′ is strictly monotonic, it is always the case that either

∀u ∈ (x,x+d) , v ∈ (y,y+d) , f ′(u)< f ′(v)

or

∀u ∈ (x,x+d) , v ∈ (y,y+d) , f ′(u)> f ′(v),
so that either f (x)− f (x+d)< f (y)− f (y+d) or f (x)− f (x+d)> f (y)− f (y+d),
respectively. By contraposition, f (x)− f (x+d) = f (y)− f (y+d)⇒ x = y. ��

This work focuses exclusively on the case I1 = I2 = R.
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31.3 Results

31.3.1 Solutions of CFE in Higher Dimensions

It is simple to write bijective solutions of CFE in R
n using Cartesian products of

bijective solutions in R. Indeed, f : Rn→R
n can be defined as the Cartesian product

f (x1, . . . ,xn) = ( f1(x1), . . . , fn(xn)),

where fi : R→ R, i = 1, . . . ,n are all solutions of CFE. Letting further T1 and T2

be invertible transformations in R
n, new bijective solutions can be written using

Cartesian product solutions f as above as T2 ◦ f ◦T−1
1 . What is more, assuming that,

for each i∈ [n], fi is discontinuous, and hence that its graph is dense in R
2, the graph

of f is dense in R
2n: to see this, observe that, given an arbitrary y = (y1, . . . ,y2n) ∈

R
2n, for each i ∈ [n] and for each εi > 0, there exists an xi ∈ R such that

|(xi, fi(xi))− (yi,yi+n)|< εi.

It further follows that T2 ◦ f ◦ T−1
1 , being a bijective linear transformation of f , is

also dense in R
2n.

For n = 2, in particular, in view of the additive isomorphism (denoted by “↔”
below) between C and R

2, pairs of discontinuous solutions f1 and f2 in R can be
combined to form nonlinear solutions f = f1 + i f2↔ ( f1, f2) in C: f (x) = f1(x1)+
i f2(x2), f1, f2 : R→R, where x = x1 + ix2 ∈C↔ (x1,x2) ∈R2. One, however, must
keep in mind the compatibility condition: f (i) = f2(1) = i f (1) = i f1(1). Repeated
application of this isomorphism forms discontinuous solutions in C

n, whose graphs
are dense in C

2n.

31.3.2 Costas Bijections in Higher Dimensions

Though it is tempting to use the Cartesian product construction of Sect. 31.3.1 to
obtain Costas bijections in R

n out of Costas bijections in R, it turns out that this is
in fact not possible. To see this, let f : Rn→ R

n, n ∈ N
∗, be such that

f (x1, . . . ,xn) = ( f1(x1), . . . , fn(xn)),

where fi : R→ R, i ∈ [n] are Costas bijections in R, and test whether f is a Costas
bijection in R

n: for x,y ∈ R
n and d ∈ (Rn)∗, it follows that

f (x+d)− f (x) = f (y+d)− f (y)

⇔∀i ∈ [n] , fi(xi +di)− f (xi) = f (yi +di)− f (yi)

⇒∀i ∈ [n] : di 
= 0, xi = yi.
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Unfortunately, d is allowed to have zero coordinates (as long as at least one
coordinate is nonzero), and if di = 0 for some i ∈ [n] one cannot conclude that
xi = yi, and therefore that x = y. This conclusion actually holds if the condition that
d ∈ (Rn)∗ is substituted by the weaker condition that d ∈ (R∗)n; this, however, is
not sufficient to ensure the validity of Definition 31.2, but rather leads to a weaker
form of the Costas property.

It is, in fact, possible to obtain sufficient conditions for the existence of smooth
Costas bijections in R

n, using the same ideas as in Theorem 31.3, which impose
a higher dimensional monotonicity condition on the partial derivatives of the
bijection:

Theorem 31.4. Let f = ( f1, . . . , fn) : Rn → R
n be a bijection with continuous

partial derivatives such that, for each i ∈ [n], either fi or − fi satisfies the condition
that, ∀ j ∈ [n] and ∀s, t ∈ R

n : s≤ t, ∂ j fi(s)≤ ∂ j fi(t), and that ∂ j fi(s) = ∂ j fi(t)⇒
s = t (here, ∂ j fi stands for the partial derivative of fi with respect to the jth
variable); then, f is a Costas bijection.

Proof. Using the above notation established above in this section, note that, for any
i ∈ [n], if fi has a continuous derivative everywhere, repeated application of the
Newton-Leibniz theorem yields that:

fi(x1 + d1,x2 +d2, . . . ,xn +dn)− fi(x1,x2, . . . ,xn)

= fi(x1 +d1,x2 +d2, . . . ,xn +dn)− fi(x1,x2 +d2, . . . ,xn +dn)

+ fi(x1,x2 +d2, . . . ,xn +dn)− fi(x1,x2, . . . ,xn)

=

∫ x1+d1

x1

∂1 fi(u1,x2 +d2, . . . ,xn +dn)du1

+ fi(x1,x2 +d2, . . . ,xn +dn)− fi(x1,x2, . . . ,xn)

= · · ·=
∫ x1+d1

x1

∂1 fi(u1,x2 +d2, . . . ,xn +dn)du1

+

∫ x2+d2

x2

∂2 fi(x1,u2, . . . ,xn +dn)du2

+ · · ·+
∫ xn+dn

xn

∂n fi(x1,x2, . . . ,un)dun. (31.9)

Suppose now that

f (x+d)− f (x) = f (y+d)− f (y) (31.10)

holds for some x 
= y and some d, where x,y,d ∈ R
n. Without loss of generality,

by swapping xi and yi, and redefining di, if necessary, for some i ∈ [n], it may be
assumed that y≥ x+d and d > 0, so that, ∀i ∈ [n], the pairs of intervals [xi,xi +di]
and [yi,yi + di] have disjoint interiors, and that the former lies always to the left of
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the latter. Suppose now further that, ∀i, j ∈ [n], and ∀s, t ∈ R
n : s ≤ t, it holds true

that ∂ j fi(s)≤ ∂ j fi(t) and also that ∂ j fi(s) = ∂ j fi(t)⇒ s = t; then, comparing

fi(x1 +d1,x2 +d2, . . . ,xn +dn)− fi(x1,x2, . . . ,xn)

and

fi(y1 +d1,y2 +d2, . . . ,yn +dn)− fi(y1,y2, . . . ,yn)

using (31.9), and assuming, without loss of generality, that ∀i ∈ [n], fi satisfies the
condition of the statement, the conclusion follows that, for any j ∈ [n] such that
dj > 0, and any i ∈ [n],

∫ x j+d j

x j

∂ j fi(x1, . . . ,x j−1,u j,x j+1 +d j+1, . . . ,xn +dn)du j

<

∫ y j+d j

y j

∂ j fi(y1, . . . ,y j−1,u j,y j+1 +d j+1, . . . ,yn +dn)du j

so that

fi(x1 + d1,x2 +d2, . . . ,xn +dn)− fi(x1,x2, . . . ,xn)

< fi(y1 +d1,y2 +d2, . . . ,yn +dn)− fi(y1,y2, . . . ,yn),

and (31.10) does not hold, a contradiction (if− fi instead of fi satisfies the condition
of the statement, just swap the direction of the inequality). Therefore, (31.10)
implies x = y, and this completes the proof. ��

Generalizations of the Costas property in higher dimensions have been proposed
in the literature before [6,12], but considered exclusively discrete structures (in Z

n).

31.3.3 Examples of Costas Bijections

Some explicit constructions of Costas bijections in R
n are now provided. It is shown,

in particular, that Costas bijections in R can be used to build higher-dimensional
ones in R

n, n≥ 2. In view of the additive isomorphism between R
2 and C discussed

in Sect. 31.3.1, attention will be focused on real Euclidean spaces, since the results
obtained for Rn can be restated immediately in the context of Cm if n = 2m. This is
possible because the Costas property is additive (or, more correctly, involves only
one operation, which, without loss of generality, can be chosen to be addition, as it
has been the case throughout this work).
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31.3.3.1 Costas Bijections in R

The purpose of this section is to provide examples of real functions satisfying the
conditions of Theorem 31.3. Though there should be no doubt in the reader’s mind
about the existence of such functions, the author’s experience was that one may not
be able to think of a concrete example without spending some time and effort on it.
Two examples are, therefore, provided below: the first is rather “ad hoc”, while the
second is more systematic.

Example 31.1. As a first example, consider the following case-defined function:

f (x) =

{
ln(1+ x), x≥ 0;

−x2 + x, x < 0.

This function is bijective, as f (R+) = R+, f (R−) = R−, and strictly increasing in
each of its two branches. It is also continuous everywhere, as it is continuous on
each branch and also f (0) = 0, and continuously differentiable everywhere, as

f ′(x) =

⎧⎪⎪⎨
⎪⎪⎩

1
1+x , x > 0;

1, x = 0;

−2x+1, x < 0.

Finally, the derivative is strictly decreasing on each branch; hence, everywhere by
its continuity: in particular, f ′(x)≤ 1, x≥ 0, while f ′(x)> 1, x < 0.

Example 31.2. A more systematic construction leads to the desired Costas bijection
through the specification of its derivative. Indeed, if f : R → R is such that
its derivative f ′ is positive, strictly increasing, and 0 < α = lim

x→−∞
f ′(x) < β =

lim
x→+∞

f ′(x) < +∞ (note that this is, in effect, the description of a sigmoid-like

function, namely shaped like a slanted letter “s”), then the anti-derivative f =
∫

f ′
will necessarily be strictly increasing itself, and, in addition, f (R) = R, because,
asymptotically, f (x) = αx+ o(x) for x� −1 and f (x) = β x+ o(x) for x� +1,
whence limx→−∞ f (x) = −∞, limx→+∞ f (x) = +∞, and f is continuous. Note that
the conclusion holds even if β = ∞. Specific constructions include:

f ′(x) = ex +α⇒ f (x) = ex +αx+C , C ∈ R ;

f ′(x) =
ex +α
ex + 1

, α ∈ (0,1)⇒ f (x) = αx+(1−α) ln(1+ ex)+C , C ∈R ;

f ′(x) = tan−1(x)+
π
2
+α⇒ f (x) = x tan−1(x)+

(π
2
+α

)
x

−1
2

ln(1+ x2)+C , C ∈ R.
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Note that, in the last case, α = 0 is allowed, since it still yields asymptotically that
f (x)≈− ln(|x|)→−∞ as x→−∞.

31.3.3.2 Costas Bijections in R
n, n≥ 2

Theorem 31.5. Let f : R→ R satisfy the conditions of Theorem 31.3 and let S =
[si j] be an invertible n×n array, each row of which, denoted by si, i ∈ [n], consists
entirely of either positive or negative real numbers. Consider F : Rn→R

n such that

F(x) = ( f (s1 · x), . . . , f (sn · x)),

where “·” stands for the ordinary dot product of two vectors. Then, F is a Costas
bijection in R

n.

Proof. It is first shown that F is a bijection on R
n, namely that, for arbitrary w ∈Rn,

F(x)=w has a unique solution x (in the following derivation, x is treated as a column
vector):

F(x) = w⇔ ( f (s1 · x), . . . , f (sn · x)) = (w1, . . . ,wn)

⇔ s1 · x = f−1(w1), . . . ,sn · x = f−1(wn)

⇔ Sx = ( f−1(w1), . . . , f−1(wn))
T

⇔ x = S−1( f−1(w1), . . . , f−1(wn))
T ,

where the facts were used that f is a bijection on R, so that x = f−1(y) exists and is
unique for any y ∈ R, and that S is invertible.

Furthermore, one observes that

∀i, j ∈ [n] , ∂ jFi(x) = si j f ′(si · x).

Since f ′ is strictly monotonic and si · x is strictly monotonic with respect to all
coordinates of x as well (because all entries of si have the same sign), it is concluded
that ∂ jFi satisfies the conditions of Theorem 31.4 for all i, j ∈ [n], and, therefore, that
F is a Costas bijection in R

n. ��
For example, if f is the function considered in the previous example,

∀i, j ∈ [n] , ∂ jFi(x) = si j(aesi·x +b),

whence it is clear that, not only ∂ jFi is strictly monotonic for all i, j ∈ [n], but also
that, for each given i, the family of functions {∂ jFi : j ∈ [n]} have the same type of
strict monotonicity: either they are all strictly increasing or strictly decreasing. This
is precisely the condition stated in Theorem 31.4.
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31.3.4 A Conversion Theorem

Figure 31.1 suggests that the dots in a Costas array are scattered rather haphazardly,
forming no visible pattern. This is, in fact, true for most Costas arrays (except
perhaps for symmetric Costas arrays), and stands in stark contrast to the smooth
Costas bijections in Euclidean spaces constructed by Theorems 31.3 and 31.4.
Indeed, one might reasonably expect such bijections to exhibit no structure at all,
and be discontinuous everywhere.

In this section, our two studies of Costas bijections and discontinuous solutions
of CFE (presented separately till this point) get combined in order to produce the
main result of this work, which allows the conversion of smooth Costas bijections
into Costas bijections whose graphs are dense:

Theorem 31.6. Let c, f : Rn → R
n, so that f is a smooth Costas bijection and c

is a discontinuous bijective solution of CFE; then, both f ◦ c and c ◦ f are Costas
bijections whose graphs are dense in R

2n.

Proof. For x,y ∈R
n, d ∈ (Rn)∗ consider

f ◦ c(x+d) − f ◦ c(x) = f ◦ c(y+d)− f ◦ c(y)

⇔ f (c(x)+ c(d))− f (c(x)) = f (c(y)+ c(d))− f (c(y)).

Since c is a bijection, c(d) 
= 0, and this implies, since f is a Costas bijection, that

c(x) = c(y)⇔ 0 = c(x)− c(y) = c(x− y)⇔ x− y = 0⇔ x = y.

Similarly, by the additivity of c,

c◦ f (x+d) − c◦ f (x) = c◦ f (y+d)− c◦ f (y)

⇔ c( f (x+d)− f (x)− ( f (y+d)− f (y))) = 0.

Since c is a bijection, this implies that f (x+d)− f (x) = f (y+d)− f (y), and this,
in turn, since f is a Costas bijection, implies x = y.

The density of the graphs of these two functions follows from the fact that they
both are compositions of a continuous bijective (hence strictly monotonic) function
with a dense function. ��

31.4 Summary and Conclusion

After a brief presentation of Costas arrays, the Costas property was abstracted as
a property of groups. This allowed the consideration of smooth Costas bijections
over the real line, as well as in higher dimensional Euclidean spaces: theorems with
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sufficient conditions for the construction of such bijections (essentially monotonic-
ity conditions on the bijections and their derivatives) were stated and proved, and
examples of explicit constructions were also given. In particular, higher dimensional
constructions used one-dimensional ones as building blocks.

At the same time, Cauchy’s functional equation (CFE) was considered in R and
in C. Its basic properties were reviewed, focusing on the facts that (a) although a
solution of CFE can always be interpreted as a linear map over the vector space
of R over Q, or of C over Q+ iQ, it is not always a linear function over R or C,
respectively; (b) the graph of a real or complex solution of CFE is dense in R

2 or C2,
respectively, iff it is a discontinuous (equivalently, nonlinear) function; and (c) that
bijective solutions of CFE over R and C can be constructed. Solutions of CFE
were subsequently considered in higher dimensions, again using one-dimensional
solutions as building blocks.

These two independently considered subjects were finally combined to produce
the main result of this work: the composition of a solution of CFE with a Costas
bijection (in either order) is a new Costas bijection; and, if the solution of CFE
used possesses a dense graph (which is, of course, the case of interest), so does the
composition.

Throughout this work the case of real Euclidean spaces R
n was worked out in

detail. Results about complex spaces Cn are readily obtainable through the additive
isomorphism between C and R

2.
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Chapter 32
On Solutions of Some Generalizations
of the Goła̧b–Schinzel Equation

Eliza Jabłońska

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract This paper is a survey devoted to the functional equation

f (x+M( f (x))y) = f (x) f (y),

which ‘connects’ the Goła̧b–Schinzel equation with the exponential one, and to its
generalization

f (x+M( f (x))y) = H( f (x), f (y)).

Our considerations refer to the paper : Brzdȩk, J.: The Goła̧b–Schinzel equation and
its generalizations. Aequationes Math. 70, 14–24 (2005).
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32.1 Introduction

In 1959, Goła̧b and Schinzel introduced in [32] the following functional equation

f (x+ f (x)y) = f (x) f (y), (32.1)

for the real continuous functions. The equation was obtained in connection with
looking for subgroups of the centroaffine group of R

2 (cf. [52]). It turned out
that it is also useful when dealing with associative operations, subgroups of the

E. Jabłońska (�)
Department of Mathematics, Rzeszów University of Technology, W. Pola 2, 35–959
Rzeszów, Poland
e-mail: elizapie@prz.edu.pl
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semigroup of real affine mappings, classification of quasialgebras, subsemigroups
of the group of affine mappings of a field, subgroups of the group L1

2, differential
equations arising in meteorology and fluid mechanics and classification of near-
rings (informations on it can be find in [14]). In this connection, the equation (32.1)
and also its generalizations have been studied by many authors in various classes of
functions.

In 2005, Brzdȩk published his survey paper [14] devoted to the Goła̧b–Schinzel
equation, its applications and further generalizations. At the end of the paper he
formulated the following problem:

To what extent can the results proved for equations

f (x+ f (x)ny) = f (x) f (y) (32.2)

or

f (x+ f (x)ny) = t f (x) f (y) (32.3)

be carried over to the case of the equation

f (x+M( f (x))y) = H( f (x), f (y)), (32.4)

where n ∈ N, X is a linear space over a commutative field K, t ∈ K, f : X → K,
M : K→K and H : K2→K ?

This problem has been motivated by the results of the paper [13], where for the
first time equation (32.4) has appeared. Since that time numerous papers answering
Brzdȩk’s question have been published.

32.2 Solutions of a Generalization of (32.2)

Let X be a linear space over a commutative field K. In this part of the paper, we give
theorems characterizing solutions of the functional equation

f (x+M( f (x))y) = f (x) f (y), (32.5)

where f : X → K and M : K → K are both unknown functions. This equation
‘connects’ two classical functional equations, which seem to be of a quite different
nature: the exponential equation

f (x+ y) = f (x) f (y) (32.6)

(for information on it we refer the reader to [46, Chap. XIII §1] or [2, pp. 25–33,
52–57]) and the Goła̧b–Schinzel equation; i.e. (32.6) and (32.1) are particular cases
of (32.5) with M = 1 and M = idK, respectively. So, looking for solutions of (32.5)
seems to be interesting.

Clearly, (32.5) also generalizes equation (32.2), where M(z) = zn for z ∈K.
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32.2.1 Continuous Solutions

As we already have mentioned, for the first time the continuous real solutions of
(32.1) were determined by S. Goła̧b and A. Schinzel in [32]. Next, the problem of
continuous solutions of (32.1) has been studied by many authors (see [3, 6, 27, 28,
31, 44, 49, 52, 53]). Consequently, we have the following result:

Theorem 32.1 ([14, Theorem 1]). Let X be a topological linear space over K ∈
{R,C} and f : X →K be a continuous solution of (32.1).

(i) If X =K= R, then either f = 0 or f is of one of the following forms:

f (x) = cx+1 for x ∈ R

or
f (x) = max{cx+1,0} for x ∈R

with some c ∈ R.
(ii) If X = K = C, then either f = h ◦ g for a continuous solution h : R→ R of

(32.1) and an R-linear functional g : C→ R, or

f (x) = cx+1 for x ∈ X

with some c ∈ C.
(iii) If X �= K, then there are a continuous solution h : K→ K of (32.1) and a

continuous linear functional g : X →K such that f = h◦g.

In [13] J. Brzdȩk obtained the following

Theorem 32.2 ([13, Corollary 4]). Let X be a real linear space and J a nontrivial
real interval. Let f : X → J be continuous on rays, M : J → R be continuous and
M ◦ f �= 1. Then f and M satisfy (32.5) if and only if one of the following two
conditions holds:

(i) J = R and there are c > 0 and a nontrivial linear functional g : X → R such
that

f (x) = |g(x)+ 1| 1c sgn(g(x)+ 1) for x ∈ X ,

M(y) = |y|csgny for y ∈ R ; (32.7)

(ii) [0,∞)⊂ J and there are c > 0 and a nontrivial linear functional g : X→R such
that

f (x) = (max{0,g(x)+ 1}) 1
c for x ∈ X ,

M(y) = yc for y ∈ [0,∞). (32.8)

Everyone can see some similarities between continuous solutions of (32.1) and
(32.5).

Problem 32.1. What can we say on continuous solutions of (32.5) in the complex
case?
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32.2.2 General Solution

Let X be a linear space over a commutative field K. A description of the general
solution of (32.1) in the class of functions mapping X into K is due to Wołodźko
[52]. His result has been modified by Javor [43]. In [8] Brzdȩk gives the general
solution of (32.3). Now, we present an analogous result for (32.5).

Theorem 32.3 ([34, Proposition 1]). Let X be a linear space over a commutative
field K, f : X→K, f �= 0, f �= 1 and M : K→K. If functions f and M satisfy (32.5),
then there exist a subgroup W of (K\{0}, ·), a subgroup A of (X ,+), and a function
w : W → X such that:

if w(a) ∈ A, then a = 1,

M(a)A = A for a ∈W,

w(ab)−M(a)w(b)−w(a) ∈ A for a,b ∈W,

f (x) =

{
a , if x ∈ w(a)+A for some a ∈W ;

0, otherwise.

Remark 32.1. The case f = 1 has to be excluded from Theorem 32.3 if M(1) = 0,
because then M(a)A = {0} �= X = A. If f = 1, M satisfy (32.5) and M(1) �= 0, then
the statement of Theorem 32.3 holds for A = X and W = {1}.

32.2.3 Algebraically Interior Point

In [7], J. Brzdȩk considered (32.2), where n∈N, X is a linear space overK∈ {R,C},
f : X →K and {x ∈ X : f (x) �= 0} has an algebraically interior point. Following the
idea in [7], the author generalized his result in the following way:

Theorem 32.4 ([37, Theorem 1]; cf. also [34, 35]). Let X be a linear space over
the field K ∈ {R,C}. Functions f : X → K and M : K→ K satisfy (32.5) and the
set {x ∈ X : f (x) �= 0} has an algebraically interior point if and only if one of the
following statements holds:

(i) f = 1;
(ii) f : X →K\ {0} is a nontrivial exponential function and M ◦ f = 1;

(iii) K = R and there exist a multiplicative injection H : R→ R and a nontrivial
R-linear functional g : X → R such that either

f (x) = H(g(x)+ 1) for x ∈ X ,

M(y) = H−1(y) for y ∈ H(R) (32.9)
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or

f (x) = H(max{0,g(x)+ 1}) for x ∈ X ,

M(y) = H−1(y) for y ∈ H([0,∞)) ; (32.10)

(iv) K= C and one of the following two conditions holds:

1. there exist a multiplicative injection H : C→ C and a nontrivial C-linear
functional g : X → C such that

f (x) = H(g(x)+ 1) for x ∈ X ,

M(y) = H−1(y) for y ∈ H(C); (32.11)

2. there exist a multiplicative function H : R→ C and a nontrivial R-linear
functional g : X → R such that either f and M are given by (32.9) and H is
injective, or f and M are given by (32.10) and H

∣∣
[0,∞)

is injective.

32.2.4 Measurable Solutions

For the first time the Lebesgue measurable solutions of the Goła̧b–Schinzel equation
have been studied by Popa [50]. He proved that each Lebesgue measurable real
function satisfying (32.1) is continuous or equal to 0 almost everywhere. On
the other hand, it is well-known that each Lebesgue measurable real exponential
function is continuous (see e.g. [2, p. 29, Theorem 5]). Those two results confirm
that (32.1) and (32.6) have different nature.

Brzdȩk [10, 11] has generalized the mentioned result in several directions; more
exactly, he proved that every Christensen [Baire, respectively] measurable function
f mapping a separable F-space X over K ∈ {R,C} into K and satisfying (32.5) is
continuous or equal to 0 almost everywhere in the Christensen [Baire] sense. In [41]
the author has proved that the result of Brzdȩk for Baire measurable solution of
(32.5) also holds even if X is a linear topological space over K. Here we present
some generalization of those results.

Theorem 32.5 ([39, Theorem 16], [40, Corolarry 4.3]). Let X be a separable
F-space [a linear topological space, respectively] over K∈{R,C}. If a Christensen
[Baire] measurable function f : X→K and a continuous function M :K→K satisfy
(32.5), then either M ◦ f is continuous or f is equal to 0 almost everywhere in the
Christensen [Baire] sense.

Problem 32.2. Are there any discontinuous function f and continuous function M,
satisfying the assumptions of Theorem 32.5, such that M ◦ f is continuous?

Problem 32.3. The proofs of the results of Theorem 32.5, presented in [39] and
[40], run in two various ways for the Christensen and Baire measurable functions f .
How can these two proofs be unified in an abstract way?
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32.2.5 Bounded Solutions

Denote |T | = {|t| : t ∈ T} for a set T ⊂ C. In the previous subsection, the result
from [11], concerning Baire measurable solutions of (32.2), has been mentioned.
Actually that result in [11] is stronger; namely it is proved that each solution f
mapping a separable F-space X over K ∈ {R,C} into K of (32.2) with | f (A)| ⊂
(0,a) for a set A⊂ X of second category with the Baire property and for a number
a > 0, is continuous or satisfies | f (X)| ⊂ {0,1}; and, moreover, in the case K = R,
f has to be continuous.

An analogous result for solutions f : X → R of (32.5) bounded on a nonzero
Christensen measurable set has been proved in [38] (cf. [33]), as an answer to a
question of Brzdȩk [14, Problem, p. 18] in the real case; in the complex case the
problem seems still to be open.

With reference to two problems from [14] (see [14, pp. 18 and 21]), the
author characterized in [40] the bounded solutions of (32.5) under the following
hypothesis:

(H) X is a linear topological space over K∈ {R,C}, M is a σ -algebra of its subsets
and there exists a nontrivial proper linearly invariant σ -ideal I ⊂ 2X such
that

(H1) int(A+B) �= /0 for every A ∈M\I and B ∈ 2X \I ;
(H2) int[(g(A)+ 1)(g(A)+ 1)] �= /0 for every A ∈M\I and g ∈ X∗ \ {0},
where X∗ is the space of all linear continuous functionals on X .

The hypothesis (H) holds in the following two well-known cases:

(a) X is a linear topological space over K∈ {R,C}, M denotes the σ -algebra of all
subsets of X having the Baire property and I denotes the σ -ideal of all subsets
of X of the first category;

(b) X =Kn, where K∈ {R,C} and n∈N, M denotes the σ -algebra of all Lebesgue
measurable subsets of Kn and I denotes the σ-ideal of all Lebesgue zero
subsets of the space.

Theorem 32.6 ([40, Theorem 1]). Assume that (H) is valid. Let D ∈ M \ I ,
f : X → K, | f (D)| ⊂ (0,a) for some a > 0 and let M : K→ K be continuous. If
functions f and M satisfy (32.5), then:

(i) in the case K= R, f is continuous;
(ii) in the case K= C, either M ◦ f is continuous or

| f (x)| ∈ {0,1} for x ∈ X .

In the author’s paper [42], the solutions of (32.5) bounded on a nonzero
Christensen measurable set are determined. Here we present that result in details.
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Theorem 32.7 ([42, Theorem 1]). Let X be a real separable F-space, f : X → R,
M : R→R and | f (D)| ⊂ (0,a) for a nonzero Christensen measurable set D⊂X and
a positive number a. If functions f and M satisfy (32.5), then M ◦ f is continuous.

Problem 32.4. If in Theorem 32.7 we also assume that M is continuous, then f has
to be continuous. How does the thesis of Theorem 32.6 change after excepting the
assumption about the continuity of M?

Moreover, in [37] solutions of (32.5) have been characterized under the assuption
that f is bounded on a set having an algebraically interior point.

Theorem 32.8 ([37, Theorem 2]). Let X be a linear space over the field K ∈
{R,C}. Let B ⊂ X be a set having an algebraically interior point, f : X → K,
M : K→K,

| f (B)| ⊂ (0,a) for some a > 0 (32.12)

and, moreover, in the case K= C,

∣∣∣∣arg
f (z1)

f (z2)

∣∣∣∣< 2π
3

for every z1,z2 ∈ B. (32.13)

Functions f and M satisfy (32.5) if and only if one of the following four statements
holds:

(i) f = 1;
(ii) M ◦ f = 1 and there exists a nontrivial R-linear functional g : X→K such that

f (x) = expg(x) for each x ∈ X;
(iii) K = R and there exist a multiplicative function H : R→ R, that is continuous

on R \ {0}, and a nontrivial R-linear functional g : X → R such that either
(32.9) or (32.10) holds;

(iv) K= C and one of the following conditions holds:

1. there are a multiplicative injection H : C → C, that is continuous on
C \ {0}, and a nontrivial C-linear functional g : X → C such that (32.11)
holds;

2. there are a multiplicative function H : R→C, that is continuous on R\{0},
and a nontrivial R-linear functional g : X → R such that either (32.9) or
(32.10) holds.

Remark 32.2. If in Theorem 32.8, in the case where K = C and H : C→ C, the
function f : X → C satisfies (32.12) but not (32.13), then the function H need not
be continuous on C\ {0} (see [37, Remark 1]).

Remark 32.3. There are discontinuous functions f and M satisfying one of condi-
tions (ii)–(iv) of Theorem 32.8 (see [34, Example 2]).
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32.2.6 Darboux Property

In [9], Brzdȩk proved that each solution of (32.3), mapping a real linear topological
space X into R and having the Darboux property, is continuous. Here we present a
more general result.

Theorem 32.9 ([36, Corollary 1]). Let X be a real linear topological space. If
functions f : X → R and M : R→ R, both having the Darboux property, satisfy
(32.5), then either f is continuous or f is a nontrivial exponential function.

Remark 32.4. We know that a function f : X→R having the Darboux property
and satisfying the exponential equation need not be continuous (see [45], cf.
[9, Remark 2]).

Problem 32.5. Let X be a real linear topological space and f : X → R have the
Darboux property. What can we say on solutions f and M :R→R of (32.5), without
the assumption that M has the Darboux property?

32.3 Solutions of a Generalization of (32.3)

Let X be a linear space over a commutative field K. In this section of the paper we
recall theorems on solutions of (32.4), where f : X→K, M :K→K and H :K2→K

are unknown functions. A particular case of (32.4) is the functional equation

f (x+ y) = H( f (x), f (y)), (32.14)

that is known as addition formulas or addition theorems (see e.g. [1, pp. 49–81]),
as well as the Goła̧b–Schinzel equation. Moreover, (32.4) also generalizes (32.2),
(32.3) and (32.5).

32.3.1 Continuous Solutions

As we wrote in Introduction, the first paper concerning (32.4) has been written by
J. Brzdȩk. In [13], he proved the following

Theorem 32.10 ([13, Theorem 2]). Let X be a real linear space and J a nontrivial
real interval. Let f : X → J be continuous on rays, M : J → R be continuous and
H : J 2→ J be symmetric (i.e. H(u,v) = H(v,u) for u,v ∈ J). Then f , M, H satisfy
(32.4) if and only if one of the following conditions holds:

(i) there is c ∈ J such that f (x) = c = H(c,c) for x ∈R ;
(ii) M is bijective, there is a nontrivial linear functional g : X → R such that

f (x) = M−1(g(x)+ 1) for x ∈ X
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and
H(z,w) = M−1(M(z)M(w)) for z,w ∈ J;

(iii) there exist a a nontrivial linear functional g : X → R and an injective
continuous function h : [0,∞)→ J such that

M(y) = h−1(y) for y ∈ h([0,∞)),

f (x) = h(max{g(x)+ 1,0}) for x ∈ X ,

H(z,w) = h(M(z)M(w)) for z,w ∈ h([0,∞));

(iv) there exist a nontrivial linear functional g : X→R and an injective continuous
function h : R→ J such that M(h(R)) = {1}, f = h◦g and

H(z,w) = h(h−1(z)+ h−1(w)) for z,w ∈ f (X).

In his next paper [15], Brzdȩk continued considerations on continuous functions
f :R→ J and M : J→R satisfying (32.4) without the assumption of symmetry of H.

In [24], Chudziak studied (32.4) under the same assumptions as in Theorem
32.10, but he replaced the symmetry of H with the associativity of H on f (X)2

(i.e. H(H(u,v),w) = H(u,H(v,w)) for u,v,w ∈ f (X)). He obtained the following
result:

Theorem 32.11 ([24, Theorem 1]). Let X be a real linear space and J a nontrivial
real interval. Let f : X → J be continuous on rays, M : J → R continuous and H :
J 2→ J be associative on f (X)2. Then f , M, H satisfy (32.4) if and only if either H
is symmetric on the set f (X)2 and one of conditions (i)–(iv) of Theorem 32.10 holds,
or H is not symmetric on f (X)2 and one of the following two statements is valid:

(a) M(u) = 0 for u ∈ f (X) and H(u,v) = u for u,v ∈ f (X);
(b) there exist a nontrivial linear functional g : X → R, an injective continuous

function h : R→ J and a c > 0 such that

M(u) =

{
h−1(u) if u ∈ h([0,∞)) ;

0 if u ∈ h((−∞,0)) ,

H(u,v) =

{
h(h−1(u)h−1(v)) if u ∈ h([0,∞)) ;

u if u ∈ h((−∞,0))

and

f (x) =

{
h(g(x)+ 1) if g(x)+ 1≥ 0;

h(c(g(x)+ 1)) otherwise .
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32.3.2 General Solution

Following ideas of Wołodźko [52], P. Javor [43] and Brzdȩk [8], Mureńko has
described the general solution of (32.4). Here we present her result.

Theorem 32.12 ([34, Proposition 1]). Let X be a linear space over a commutative
field K. Assume that f : X → K is nonconstant, M : K→ K, M( f (X)) \ {1} �= /0,
M−1({0}) = {0}, and H : K2 → K is symmetric and associative. Let a binary
operation ◦ : K2→K be given by

a◦b = H(a,b) for a,b ∈K.

If f , M and H satisfy (32.4), then there exist a subgroup W ⊂ K \ {0} of the
semigroup (K,◦) (with neutral element e), a subgroup A of (X ,+) and a function
w : W → X such that:

if w(a) ∈ A, then a = e,

M(a)A = A for a ∈W,

w(a◦b)−M(a)w(b)−w(a)∈ A for a,b ∈W,

f (x) =

{
a, if x ∈ w(a)+A for some a ∈W ;

0, otherwise ,

u◦0 = 0 for u ∈W ∪{0}.
As we see, mainly because of the additional assumption: M−1({0}) = {0},

Theorem 32.12 does not fully generalize Theorem 32.3.

32.3.3 Measurable Solutions

With reference to papers [10,11,50], Mureńko [47] proved some result concerning
Lebesgue and Baire measurable solutions of (32.4).

Theorem 32.13 ([47, Theorems 12 and 13]). Assume that f : R→ R is Lebesgue
[Baire, respectively] measurable, M : R → R, M−1({0}) = {0}, H : R2 → R is
symmetric and associative. If f , M and H satisfy (32.4), then either M ◦ f is
continuous or f is constant almost everywhere in the Lebesgue [Baire] sense.

32.4 A New Functional Equation

In 2006, Chudziak [23] published a paper concerning solutions of

f (x+g(x)y) = f (x)◦ f (y),
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where g : R→ R is continuous, (S,◦) is a semigroup and f : R→ S. This equation
generalizes (32.4) and (32.5). In this connection, the following problem seems to be
of interest:

To what extent can the results proved for equations (32.4) and (32.5) be carried
over to the case of the equation

f (x+g(x)y) = H( f (x), f (y)), (32.15)

where X is a linear space over a commutative field K, f ,g : X→K and H :K2→K?
Equation (32.15) is a particular case of the functional equation

f (x+g(x)y) = H(h(x),k(y)),

considered for the first time by Vincze [51].

32.5 Final Remarks

In the final part of the survey paper [14], Brzdȩk mentioned that the problem of
the stability of equations of the Goła̧b–Schinzel type, which has been formulated
by R. Ger at the 38th International Symposium on Functional Equations (Noszvaj,
Hungary, 2000) (see [29]), supplies a very large field for research. Indeed, in recent
years stability of the equations of the Goła̧b–Schinzel type has been extensively
studied by Chudziak et al. (see [16, 17] and [20–26]). They solved the problem
in some special classes of functions, so the subject is still worth of considerations.
Further, in [19], for the first time the problem of the stability of the pexiderized
Goła̧b–Schinzel equation has been studied.

In recent years, some new results concerning conditional versions of the Goła̧b–
Schinzel equation have been proved (cf. [4, 5, 18]; see also [14] for the further
references).

Moreover, for the first time, at the 44th International Symposium on Functional
Equations (Louisville, Kentucky, USA, 2006), Ger presented a description of
functions satisfying the Goła̧b–Schinzel equation almost everywhere with respect
to the planar Lebesgue measure, under the assumption of local integrability (see
[30]). This result seems to open a new area of research.
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51. Vincze, E.:Über die Lösung der Funktionalgleichung f (y+xg(y)) = L(h(x),k(y)). Ann. Polon.
Math. 18, 115–119 (1966)
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Abstract The aim of the paper is to give a survey of results and open problems
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mathematics are used (differential equations, functional equations, abstract algebra).
Unfortunately, the problem of to give description of one-parameter group of formal
power series for arbitrary abelian group G seems to be still open.
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33.1 Introduction

One-parameter subgroups (iteration groups) in the group of invertible formal
power series transformations (formally biholomorphic mappings) was studied in
the connection with the embedding of a given formal power series Φ(X) into such
the iteration group (cf. [16, 19, 21, 28, 30, 33]). Recall that in general by a one-
parameter subgroup of transformations is usually understood any homomorphism
of an additive group (K,+) either of the field of reals or of the field of complex
numbers into the considered group of transformations. If such the group of iterations
we write as (Ft)t∈K, then we obtain the celebrated translation equation

Ft1+t2 = Ft1 ◦Ft2 for t1, t2 ∈K.

One of possible way to solve the embedding problem in the ring of formal power
series leads to considering regular (analytic) iterations groups as solutions of a
suitable formal differential equation

∂Ft(X)

∂ t
= G(Ft(X))

with the integral Ft(X) = ∑∞
k=1 ck(t)Xk satisfying the initial condition F0(X) = X

and such that F1(X) = Φ(X). It appears that the formal integral (Ft)t∈K of that
formal differential equation is a one-parameter group of formal power series (cf.
also Theorem 33.6).

Also, functional equations approach is possible here to obtain one-parameter
groups of formal power series, but the best idea is to join both methods: differential
equations as well as functional equations (cf. [10,11,13,14,22]). Another possibility
is to consider formal functional equations and formal differential equations, as it is
proposed in [2, 3, 5, 6, 22].

Motivated these results, we consider one-parameter groups of formal power
series indexed elements of an arbitrary abelian group (G,+). We give here a
structure and the detailed description of some one-parameter groups of formal power
series in that general case (to give detailed description of all one-parameter groups
of formal power series seems to be still open).

33.2 Ring of Formal Power Series

Let K ∈ {R,C}, where R and C denote fields of real and complex numbers,
respectively. By K[[X ]] we denote the ring of all formal power series ∑∞

j=0 c jX j of
one indeterminate with coefficients ck ∈K for k ∈N∪{0} (N stands here for the set
of all positive integers) and with the usual operations of addition and multiplication
given by

∞

∑
j=0

a jX
j +

∞

∑
j=0

b jX
j =

∞

∑
j=0

(a j +b j)X
j,
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and
(

∞

∑
j=0

a jX
j

)
·
(

∞

∑
j=0

b jX
j

)
=

∞

∑
j=0

(
j

∑
k=0

akb j−k

)
X j.

For a formal power series ∑∞
j=0 c jX j with ck 	= 0 for some k ∈ N∪{0} we define

ord

(
∞

∑
j=0

c jX
j

)
= min{k ∈ N∪{0} : ck 	= 0},

with the additional assumption that (∑∞
k=0 0Xk) = ∞.

Let us consider the set Γ ∞ = { f (X) ∈K[[X ]] : ord f (X) = 1}. The substitution ◦
defined by (

∞

∑
j=0

a jX
j

)
◦
(

∞

∑
j=0

b jX
j

)
=

∞

∑
j=0

a j

(
∞

∑
k=0

bkXk

) j

is then a binary operation on Γ ∞ and a pair (Γ ∞,◦) is a group. It is known that Γ ∞

consists of all invertible formal power series in K[[X ]]. A very good reference for
this topic is a monograph by Henrici [7, pp. 9–51]. In the analytic description of the
operation of substitution the crucial point is the following multinomial theorem.

Theorem 33.1 (multinomial theorem, cf. [4]). Let R be a commutative ring,
k,m ∈N and let x1, . . . ,xm ∈ R. Then

(x1 + x2 + · · ·+ xm)
k = ∑

u1,...um≥0
u1+...+um=k

k!
u1! u2! . . . um!

xu1
1 xu2

2 . . .xum
m .

Using the multinomial theorem one can show that if

∞

∑
i=1

aiX
i,

∞

∑
i=1

biX
i ∈ Γ ∞ and

∞

∑
k=1

ak

(
∞

∑
l=1

blX
l

)k

=
∞

∑
n=1

dnXn,

then

dn =
n

∑
k=1

ak ∑
un∈Un,k

Bun

n

∏
j=1

b
u j
j for n ∈ N,

where

Un,k =

{
un = (u1, . . . ,un) ∈ |0,k|n :

n

∑
j=1

u j = k,
n

∑
j=1

ju j = n

}
, Bun =

k!
n
∏
j=1

u j!
.
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33.3 The Groups L1
s and L1

∞

Let us consider the family D0 of all real local C∞-diffeomorphisms defined on
neighborhoods of 0 and mapping 0 to 0. For a fixed positive integer s we may
introduce in D0 the equivalence relations js and j∞ by

( f ,g) ∈ js if and only if ( f −g)(k) = 0 for k ∈ {1, . . . ,s}, f ,g ∈D0,

( f ,g) ∈ j∞ if and only if ( f −g)(k) = 0 for k ∈ N, f ,g ∈D0.

Then the sets JsR and J∞R of all equivalence classes js f and j∞ f , respectively, with
binary operations

( js f ) · ( jsg) = ( js( f ◦g)) , (33.1)

( j∞ f ) · ( j∞g) = ( j∞( f ◦g)) , (33.2)

are groups. Elements js f of JsR are called jets of a function f .
The set L1

s := JsR is a Lie group, for which a natural mapping

JsR � js f �→ (x1, . . . ,xs) ∈ (R\ {0})×R
s−1,

where xk := f (k)(0) for k ∈ {1, . . . ,s}, is a coordinate system on whole JsR and
it makes a one-element atlas on JsR. For fixed s,r ∈ N, r ≤ s, let us consider a
homomorphism π s

r : JsR→ JrR (called a restriction of a jet) given by

πs
r ( js f ) = jr f for js f ∈ JsR.

It satisfies πq
p ◦πr

q = πr
p for all p,q,r ∈N, p≤ q≤ r; hence, L1

∞ := J∞R may also be
considered as a projective limit of the Lie groups L1

s , i.e.,

lim←− L1
s = L1

∞.

Thus, with every j∞ f ∈ L1
∞ we coincide a sequence (x1,x2, . . .) ∈ (R \ {0})×R

∞,
where xk := f (k)(0) for k ∈N. To give analytic description of groups L1

s and L1
∞, we

will need the famous Faá di Bruno formulae which express the n-th derivative of the
composition of functions.

Theorem 33.2 (Faa di Bruno formulae, cf. [15, 29]). If f and g are functions for
which all the necessary derivatives are defined, then

( f ◦g)(n) (x) =
n

∑
k=1

f (k) (g(x)) ∑
u1,...,un≥0

u1+···+un=k
u1+2u2+···+nun=n

n!
u1! . . . un!

n

∏
j=1

(
g( j)(x)

j!

)u j

.
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Hence, from (33.1) and (33.2), on account of Theorem 33.2, we may give the
following, equivalent description of groups L1

s and L1
∞.

Definition 33.1. The groups L1
s and L1

∞ we call the sets

Zs = {xs = (x1, . . . ,xs) ∈R
s : x1 	= 0} ,

Z∞ = {x∞ = (x1,x2, . . .) ∈ R
∞ : x1 	= 0}

with the operations

xs · ys = zs,

x∞ · y∞ = z∞,

defined by

zn =
n

∑
k=1

xk ∑
un∈Un,k

Aun

n

∏
j=1

y
uj
j for n ∈ N,

where

Un,k =

{
un = (u1, . . . ,un) ∈ |0,k|n :

n

∑
j=1

u j = k,
n

∑
j=1

ju j = n

}
,

Aun =
n!

n
∏
j=1

(u j!( j!)u j )
.

33.4 The Ring of Truncated Formal Power Series

As it has been announced, we will show, that it can be possible to transform results
concerning one-parameter groups of formal power series to homomorphisms into
groups L1

s and L1
∞. As we will see, the group L1

∞ will be isomorphic to Γ ∞ in the case,
when K=R. To obtain results for homomorphisms into L1

s we will need a notion of
the ring of truncated formal power series. To this purpose let us fix a positive integer
s ∈N. The set

Is = Xs+1
K[[X ]] = { f (X) ∈K[[X ]] : ord f (X)≥ s+1}

is an ideal in the ring K[[X ]]. Define a congruence modulo Xs+1 in the following
way: we will say that f1(X), f2(X) ∈K[[X ]] are congruent modulo Xs+1 (which will
be written as ( f1(X)≡ f2(X) mod Xs+1) provided

( f1− f2)(X) = f1(X)− f2(X) ∈ Is.

This is clearly equivalent with the condition that Xs+1 divides the difference

( f1− f2)(X).
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Let K[[X ]]/Is be the quotient ring of all cosets [ f (X)]s = f (X) + Is. With each
coset f (X)+ Is ( f (X) = ∑∞

k=0 ckXk ∈ K[[X ]]) we may associate the s-truncation of
a formal power series f (X) given by

f [s](X) :=
s

∑
k=0

ckXk ∈K[[X ]]s.

In the set K[[X ]]s (which may be treated as the set of all formal power series
∑∞

k=0 ckXk with coefficients ck = 0 for k ≥ s+ 1), we introduce, in a natural way,
an addition of truncated formal power series. However, the multiplication and the
substitution of truncated formal power series must be defined in a specific way
that K[[X ]]s should be closed under them. For f (X),g(X) ∈K[[X ]]s define

( f g)(X) := ( f g)[s](X),

and, in the case when ordg(X)≥ 1,

( f ◦g)(X) := ( f ◦g)[s](X).

The ring (K[[X ]]s,+, ·) is then isomorphic with K[[X ]]/Is.
For truncated formal power series we also have that the set Γ s := { f (X)∈K[[X ]]s :

ord f (X) = 1} is a group under substitution defined by

(
s

∑
j=0

a jX
j

)
◦
(

s

∑
j=0

b jX
j

)
=

s

∑
j=0

a j

(
s

∑
k=0

bkXk

) j

mod Xs+1.

Also here the analytic description of substitution is possible. If

s

∑
i=1

aiX
i ,

s

∑
i=1

biX
i ∈ Γ s

and
s

∑
k=1

ak

(
s

∑
l=1

blX
l

)k

=
s

∑
n=1

dnXn mod Xs+1,

then

dn =
n

∑
k=1

ak ∑
un∈Un,k

Bun

n

∏
j=1

b
u j
j for n ∈ {1,2, . . . ,s},

where Un,k and bun are defined as for formal power series.
Similarly, as for jets, for fixed s,r ∈ N, r ≤ s, we may consider a natural

homomorphism π r
s : Γ s→ Γ r given by

π r
s ( f (X)) = f [r](X) for f (X) ∈ Γ s.
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It is easy to observe, that also here we have πq
p ◦πr

q = π r
p for all p,q,r ∈N, p≤ q≤ r.

Thus, the group Γ ∞ we may also consider as a projective limit of the groups Γ s, that
is

lim←−Γ s = Γ ∞.

33.5 Homomorphisms into Differential Groups L1
s and L1

∞

In classical differential geometry, a one-parameter group (a one-parameter sub-
group) is called any homomorphism of the additive group (R,+) into a Lie group.
Such one-parameter groups R � t �→ Φ(t) ∈ L1

s for s ≤ 5 have been determined
in [17]. Moszner [18] gave an example of homomorphismR � t �→Φ(t) ∈ L1

∞. Also
homomorphisms of a group L1

r into L1
s are determined (cf. [1, 8, 9]). It appears (this

is a subject of the paper in preparation) that almost all (all but a finite number)
homomorphisms Φ : L1

r → L1
s are of the form

Φ = Φ1 ◦π r
1,

where Φ1 : L1
1→ L1

s is a homomorphism. Since L1
1 is isomorphic to the multiplicative

group (R \ {0}, ·), we need to determine homomorphisms Φ1 : R \ {0} → L1
s . In

general we will be interested in finding homomorphisms of an abelian group (G,+)
into L1

s .
Let s be a positive integer or s = ∞. For integers k, l let |k, l| denote the set of all

integers n such that k≤ n≤ l as well as by |k,∞| we will mean the set of all integers
n≥ k. Consider a function Φs : G→ Zs,

Φs = ( f j) j∈|1,s| ,

where f1 : G→ R \ {0}, fn : G→ R for n ∈ |2,s|. The function Φs is a homomor-
phism if and only if

Φs(x+ y) = Φs(x) ·Φs(y) for x,y ∈ G,

i.e. the functions fn solve the following system of functional equations
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

f1(x+ y) = f1(x) f1(y) ,

f2(x+ y) = f1(x) f2(y)+ f2(x) f1(y)2 ,

fn(x+ y) = f1(x) fn(y)

+
n−1

∑
k=2

fk(x) ∑
un∈Un,k

Aun

n−1

∏
j=1

f j(y)
u j + fn(x) f1(y)

n , n ∈ |3,s|

(33.3)

for x,y ∈ G.
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As it is easy to see, f1 must be then en exponential function. Two cases appears
in general:

case 1. f1 = 1, there is an integer p≥ 0 such that f j = 0 for j ∈ |2, p+1|, fp+2 	= 0;
case 2. f1 	= 1.

We are able to prove the following results using classical methods of changing
of variables. All that we can prove, in general, in the first case reads as follows:

Theorem 33.3 (cf. [10, Proposition 1]). Let (G,+) be an abelian group which
admits a nonzero additive function into (R,+) (then G must be infinite). There exists
a sequence (wp+2

n )n∈|p+3,s−p−1| of polynomials with wp+2
n ∈R[X ;dp+3, . . . ,dn−1] for

n∈ |p+3,s− p−1| such that for every homomorphism Φs = ( f j) j∈|1,s| with f1 = 1,
f j = 0 for j ∈ |2, p+ 1| and some integer p ≥ 0, fp+2 	= 0, there exists a sequence
of constants (dn)n∈|p+3,s−p−1| such that

(i) fp+2 is a nonzero additive function;

(ii) fn = dn fp+2 +wp+2
n ( fp+2;dp+3, . . . ,dn−1) for every n ∈ |p+2,s− p−1| .

To show the methods used in the proof we give a sketch of it.

Proof. In the considered case, the system (33.3) can be reduced to

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

fp+2(x+ y) = fp+2(x)+ fp+2(y) ,

fn(x+ y) = fn(x)+ fn(y)

+
n−p−1

∑
k=p+2

fk(x) ∑
un∈U p

n,k

Aun

n−k+1

∏
j=p+2

f j(y)
u j , n ∈ |p+3,s| ,

(33.4)

for x,y ∈ G, where U p
n,k :=

{
un ∈Un,k : ∀i∈|2,p+1| ui = 0

}
.

As one can see, fp+2 is a nonzero additive function. To find a necessary form
of the function fn, let us assume that for some n with n + p + 1 ≤ s we have
determined functions f p+2, . . . , fn−1 and consider the equation of the system (33.4)
for the function fr with r = n+ p+1, i.e.,

fr(x+ y) = fr(x)+
n

∑
k=p+2

fk(x) ∑
ur∈U p

r,k

Aur

r−k+1

∏
j=p+2

f j(y)
u j + fr(y).

Interchanging x and y and using the symmetry of the left hand side of above equality
we get

n

∑
k=p+2

fk(x) ∑
ur∈U p

r,k

Aur

r−k+1

∏
j=p+2

f j(y)
u j =

n

∑
k=p+2

fk(y) ∑
ur∈U p

r,k

Aur

r−k+1

∏
j=p+2

f j(x)
u j .
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Using several technical facts concerning properties of the group action in L1
s (cf. [10,

proof of Proposition 1]) we obtain
(

r
p+1

)
fp+2(x) fn(y) +

n−1

∑
k=p+2

fk(x) ∑
ur∈Ũ p

r,k

Aur

r−k+1

∏
j=p+2

f j(y)
u j

+

(
r

p+2

)
fn(x) fp+2(y) =

(
r

p+1

)
fp+2(y) fn(x)

+
n−1

∑
k=p+2

fk(y) ∑
ur∈Ũ p

r,k

Aur

r−k+1

∏
j=p+2

f j(x)
u j

+

(
r

p+2

)
fn(y) fp+2(x)

with some Ũ p
r,k ⊂U p

r,k. We know that the sum

n−1

∑
k=p+2

fk(x) ∑
ur∈Ũ p

r,k

Aur

r−k+1

∏
j=p+2

f j(y)
u j

depend on the functions fp+2, . . . , fn−1 only. Thus, form the above equality we
derive

fn(x) fp+2(y) = fp+2(x) fn(y)+
n! (p+2)!

(n+ p+1)! (n− p−2)

n−1

∑
k=p+2

∑
ur∈Ũ p

r,k

Aur

[
Wk( fp+2(y);dp+3, . . . ,dk)

r−k+1

∏
j=p+2

Wj( fp+2(x);dp+3, . . . ,d j)
u j

−Wk( fp+2(x);dp+3, . . . ,dk)
r−k+1

∏
j=p+2

Wj( fp+2(y);dp+3, . . . ,d j)
u j

]
,

which for a fixed y ∈ G such that fp+2(y) 	= 0 allows us to write fn(x) = dn fp+2(x)+

wp+2
n ( fp+2(x);dp+3, . . . ,dn−1) with suitably defined polynomial wp+2

n . ��
In the second case we can prove the following:

Theorem 33.4 (cf. [13, Proposition 1]). Assume that the abelian group (G,+) ad-
mits nonconstant exponential functions with infinite image. There exists a sequence
(vn)n∈|2,s| of universal polynomials vn ∈R[X ; p2, . . . , pn−1] with v2 = 0 such that for
each homomorhpism Φs = ( f j) j∈|1,s| from G to L1

s with an exponential function f1
taking infinitely many values, there is a sequence of constants (pn)n∈|2,s| such that

fn = ( f 2
1 − f1)

(
pn

n−2

∑
l=0

f l
1 + vn( f1; p2, . . . , pn−1)

)
for n ∈ |2,s|.
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The proof of that theorem is similar to the proof of Theorem 33.3. Let us present
a sketch of it.

Proof. Assume that f1 is an exponential function with infinite image. From the
second equation of the system (33.3), using symmetry of the left hand side of it,
we get

f1(x) f2(y)+ f1(y)
2 f2(x) = f1(y) f2(x)+ f1(x)

2 f2(y),

and thus f2(x)( f1(y)2 − f1(y)) = f2(y)( f1(x)2 − f1(x)). Let y0 ∈ G be such that
f1(y0)

2− f1(y0) 	= 0 (this is possible by our assumption on infinite image of f1).
Then f2(x) = p2( f1(x)2− f1(x)), where

p2 :=
f2(y0)

f1(y0)2− f1(y0)
.

To determine fn, let us assume that f2, . . . , fn−1 have required form. From the
n-th equation of the system (33.3), using the symmetry of the left hand side of it, we
obtain

f1(x) fn(y) +
n−1

∑
k=2

fk(x) ∑
un∈Un,k

Aun

n−k+1

∏
j=1

f j(y)
u j + f1(y)

n fn(x)

= f1(y) fn(x)+
n−1

∑
k=2

fk(y) ∑
un∈Un,k

Aun

n−k+1

∏
j=1

f j(x)
u j + f1(x)

n fy(x)

and hence

fn(x)( f1(y)
n − f1(y)) = fn(y)( f1(x)

n− f1(x))

+
n−1

∑
k=2

∑
un∈Un,k

Aun

[
fk(y)

n−k+1

∏
j=1

f j(x)
u j − fk(x)

n−k+1

∏
j=1

f j(y)
u j

]
.

Thus, for a fixed y ∈ G with f1(y0)
n − f1(y0) 	= 0, using some properties of the

binary operation in L1
s (cf. [13, proof of Theorem 1]) we get

fn =
(

f 2
1 − f1

)(
pn

n−2

∑
l=0

f l
1 + vn( f1; p2, . . . , pn−1)

)

with some polynomial vn. ��
Above theorems contain the best results, up to our knowledge, which can be

proved using the presented methods. Moreover, in the case when f1 = 1 and s is
finite, we cannot determine the necessary form of all functions f1, . . . , fs, but we
only have it for functions f1, . . . , fs−p−1. What is more, even when either f1 = 1 and
s =∞ or f1 	= 1, we are not able to verify, whether the functions determined in above
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theorems, really satisfy the system of equations (33.3). However, it appears that we
can solve analogous problems in the rings of formal power series and truncated
formal power series, and then we can transform the obtained results onto groups L1

s
and L1

∞. This can be made by using of the following theorem.

Theorem 33.5 (cf. [10, Theorem 2]). Let s be either a positive integer or s = ∞.
The groups L1

s and (Γ s,◦) are isomorphic. A natural isomorphism from L1
s to (Γ s,◦)

is given by Ψ : Zs→ Γ s,

Ψ (xs)(X) =
s

∑
k=1

xk

k!
Xk. (33.5)

33.6 One-Parameter Groups of Formal Power Series

Definition 33.2. Let s ∈N or s = ∞, and let (G,+) be a group. By a one-parameter
group of formal power series we mean a homomorphism Θ s

G : G→ Γ s, i.e. every
function Θ s

G satisfying

Θ s
G(t1 + t2)(X) = (Θ s

G(t1)◦Θ s
G(t2))(X) for t1, t2 ∈ G. (33.6)

If Θ s
G : G→ Γ s is a one-parameter group of formal power series, then the family(

F [s]
t (X)

)
t∈G, F [s]

t (X) = F [s](t,X) = Θ s
G(t)(X) will also be called a one-parameter

group of formal power series. Hence, (33.6) implies

⎧⎨
⎩

F [s]
t1+t2 = F [s]

t1 ◦F [s]
t2 for t1, t2 ∈ G,

F [s]
0 = id.

(33.7)

Let Θ s
G(t)(X) = F [s](t,X) = ∑s

k=1 ck(t)Xk with c1 : G→ K \ {0} and ck : G→
K for k ∈ |2,s|. Then (33.6) and (33.7) are equivalent to the following system of
functional equations

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

c1(t1 + t2) = c1(t1)c1(t2) ,
c2(t1 + t2) = c1(t1)c2(t2)+ c2(t1)c1(t2)2 ,

cn(t1 + t2) = c1(t1)cn(t2)

+
n−1

∑
k=2

ck(t1) ∑
un∈Un,k

Bun

n−k+1

∏
j=1

c j(t2)
u j + cn(t1)c1(t2)

n, n ∈ |3,s|
(33.8)

for t1, t2 ∈ G.
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33.6.1 Regular One-Parameter Groups of Formal Power Series

As we pointed out, the usual simple methods of substituting and changing of vari-
ables are not sufficient to describe the general solution (and hence all one-parameter
groups of formal power series) of the system (33.8). We use here much more
advanced methods adopted from the theory of formal power series. First, we deter-
mine all regular one-parameter groups (F [∞](t,X))t∈K of formal power series. Using
them, we are able to describe one-parameter groups (F [s](t,X))t∈G such that either
c1 = 1 or c1(G) is an infinite set or both c1(G) and (F [s](t,X))t∈G are finite sets.

To this purpose we introduce natural in those settings operation of differentiation,
which is defined purely algebraically. Let and ck : G→K for k ∈ |1,s| and

F(t,X) =
s

∑
k=1

ck(t)X
k.

Define
∂F
∂X

(t,X) =
s

∑
k=1

kck(t)X
k−1.

We will also need an operator of differentiation with respect to the “time”-variable,
which in the case when G =K and the coefficient functions ck are differentiable, is
given by

∂F
∂ t

(t,X) =
s

∑
k=1

c′k(t)X
k.

For G = K the following theorem allow us to describe the all regular one-
parameter groups of formal power series.

Theorem 33.6. (i) If a family (F [∞](t,X))t∈K is a regular one-parameter group of
formal power series, then there exists a formal power series H(X) ∈K[[X ]] such
that ⎧⎪⎨

⎪⎩
∂F [∞]

∂ t
(t,X) = H(F(t,X)) for t ∈K,

F [∞](0,X) = X .

(33.9)

(ii) For each H(X)∈K[[X ]], ordH ≥ 1, the family (F [∞](t,X))t∈K defined by (33.9)
is a regular one-parameter group of formal power series.

(iii) The series H is uniquely determined by (F [∞](t,X))t∈K. It is given by the
formula

H(X) :=
∂ F [∞]

∂ t
(0,X) ,

in particular, ordH ≥ 1.

Crucial for our purposes here is the part (ii) which states that the solutions
of (33.9) are the only regular one-parameter groups of formal power series.
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Theorem 33.6 may be derived from [27, 28], where one-parametr groups of formal
power series in n indeterminates are considered, but a simple and direct proof is
also possible. In [14], it is proved, following some ideas from [30], that the general
solution of (33.9) may be given by

F [∞](t,X) = etH(X) ∂/∂ X X :=
∞

∑
k=0

tk
(

H(X) ∂
∂X

)k

k!
X for t ∈K.

Let

F [∞](t,X) =
∞

∑
k=1

ck(t)X
k

be a regular one-parameter group of formal power series. Then it satisfies (33.9),
which means that coefficient function ck satisfy the following system of differential
equations

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

c′1(t) = c′1(0)c1(t) , c1(0) = 1,

c′2(t) = c′1(0)c2(t)+ c′2(0)c1(t)2 , c2(0) = 0 ,

c′n(t) = c′1(0)cn(t)+ c′n(0)c1(t)n

+
n−1

∑
k=2

c′k(0) ∑
un∈Un,k

Bun

n−k+1

∏
j=1

c j(t)
u j , cn(0) = 0 , n≥ 3.

(33.10)

Let us consider the following cases:

1. c′1(0) = · · ·= c′p+1(0) and c′p+2(0) 	= 0 for some integer p≥ 0;
2. c′1(0) 	= 0.

In the first case, from (33.10) we get c1(t)= 1, c2(t)= · · ·= cp+1(t)= 0 for all t ∈K.
Hence, with hk := c′k(0) for k≥ p+2, hp+2 	= 0, the system (33.10) can be reduced
to

⎧⎪⎪⎨
⎪⎪⎩

c′p+2(t) = hp+2 , cp+2(0) = 0,

c′n(t) = hn +
n−p−1

∑
k=p+2

hk ∑
un∈U p

n,k

Bun

n−k+1

∏
j=p+2

c j(t)
u j , cn(0) = 0 , n≥ p+3.

(33.11)

Thus, cp+2(t) = hp+2t for t ∈ K, an we need to solve recursively simple ordinary
differential equations.

In the second case, with the sequence (λn)n≥2, defined by:

λ1 := c′1(0) and (k−1)λ1λk := c′k(0) for k≥ 2,
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we obtain⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

c′1(t) = λ1c1(t) , c1(0) = 1,

c′2(t) = λ1c2(t)+λ1λ2c1(t)2 , c2(0) = 0,

c′n(t) = λ1cn(t)+ (n−1)λ1λnc1(t)n

+
n−1

∑
k=2

(k−1)λ1λk ∑
un∈Un,k

Bun

n−k+1

∏
j=1

c j(t)
u j , cn(0) = 0, n≥ 3.

(33.12)
Thus, c1(t) = eλ1t for t ∈ K, and in this case we have to solve recursively simple
ordinary differential equation of Bernoulli’s type.

The form of all regular one-parameter groups of formal power series is described
in the following

Theorem 33.7 (cf. [10, Theorem 4], [13, Theorem 6] and [14, Theorem 1]). Fix
an integer p ≥ 0. There are sequences of polynomials

(
Lp

n
)

n≥p+2 and (Pn)n≥2

given by
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Lp
p+2(X) = 0,

Lp
n(X ;(hl)l∈|p+2,n−p−1|) =

n−p−1

∑
k=p+2

hk ∑
un∈U p

n,k

Bun

×
∫ X

0

(
n−k+1

∏
j=p+2

(
h jv+Lp

j (v;(hl)l∈|p+2, j−p−1|)
)u j

)
dv , n≥ p+3,

(33.13)
with U p

n,k :=
{

un ∈Un,k : ∀ j∈|2,p+1|, j≤n−1 u j = 0
}

and by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

P2(X) = 0, R2(X ;λ2) = λ2X−λ2 ,

Pn
(
X ;(λl)l∈|2,n−1|

)
=

n−1

∑
k=2

(k−1)λk ∑
un∈Un,k

Bun

×
∫ X

1
vk−2

n−k+1

∏
j=2

(
R j(v;(λl)l∈|2, j|)

)u j dv , n≥ 3,

Rn(X ;(λl)l∈|2n|) = λn(X
n−1−1)+Pn(X ;(λl)l∈|2,n−1|),

(33.14)

such that coefficient functions of every nontrivial regular one-parameter group of
formal power series F(t,X) = ∑∞

k=1 ck(t)Xk are given by

cn(t) = hnt +Lp
n(t;(hk)k∈|p+2,n−p−1|) , t ∈K , n≥ p+2, (33.15)

provided c′1(0) = 0, c′i(0) = 0 for i ∈ |2, p+1|, c′p+1(0) 	= 0, and by

{
c1(t) = eλ1t , t ∈K,

cn(t) = λn
(
enλ1t − eλ1t

)
+ eλ1tPn

(
eλ1t ;(λk)k∈|2,n−1|

)
, t ∈K , n≥ 2,

(33.16)
if c′1(0) 	= 0, where (hn)n≥p+2 and (λn)n≥1 with hp+2 	= 0, λ1 	= 0 are arbitrary
sequences of constants.
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33.6.2 One-Parameter Groups with Either c1 = 1 or Infinite
c1(G) or Finite Both c1(G) and (F[s](t,X))t∈G

Now using regular one-parameter groups of formal power series we will be able
to construct some one-parameter groups without regularity assumptions. This is
possible by the simply observation, that we obtain in considered cases either systems
of inhomogeneous Cauchy equations or inhomogeneous equations of some type.

The following theorem describes one-parameter groups in considered cases.

Theorem 33.8. (cf. [10, Theorem 4], [13, Theorem 6] and [14, Theorems 4,5,
and Corollary 6]). Every one-parameter group

(
F [s](t,X)

)
t∈G

, F [s](t,X) =
s

∑
k=1

ck(t)X
k ,

c1 : G→K \ {0}, ck : G→ K for k ∈ |2,s|, of formal power series such that either
c1 = 1 or c1(G) is an infinite set or c1(G) and

(
F [s](t,X)

)
t∈G are both finite sets, is

given either by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

c1(t) = 1 , t ∈G ,

cn(t) = 0 , t ∈G , n ∈ |2, p+1| ,
cp+2(t) = a(t) , t ∈G ,

cn(t) = hna(t)+L
p
n(a(t);(h j) j∈|p+3,n−p−1|) , t ∈G , n ∈ |p+3,s− p−1| ,

cn(t) = an(t)+L
p
n(a(t);(h j) j∈|p+3,n−p−1|)) , t ∈ G , n ∈ |s− p,s| ,

where p ∈ N∪{0}, a : G→ K and an : G→ K for |s− p,s| are arbitrary additive
functions and (hn)n∈|p+3,s−p−1|is arbitrary sequence of constants, or by

{
c1(t) = c(t) , t ∈G ,

cn(t) = λn (c(t)n− c(t))+ c(t)Pn
(
c(t);(λl)l∈|2,n−1|

)
, t ∈ G , n ∈ |2,s| ,

where (λn)n∈|2,s| is an arbitrary sequence of constants and c : G→ K \ {0} is an
arbitrary nonconstant exponential function.

Proof. Let us consider similar cases as for regular one-parameter groups of formal
power series, that is

1. c1 = 1, c2 = · · ·= cp+1 = 0 and cp+2 	= 0 for some integer p≥ 0;
2. c1 	= 1 and either c1(G) is infinite or both c1(G) and (F [s](t,X))t∈G are finite.

In the first case, with either finite s or s = ∞, we get the following system of
functional equations:
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⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

cp+2(t1 + t2) = cp+2(t1)+ cp+2(t2) ,

cn(t1 + t2) = cn(t1)+ cn(t2)

+
n−p−1

∑
k=p+2

ck(t1) ∑
un∈U p

n,k

Bun

n−k+1

∏
j=p+2

c j(t2)
u j , n ∈ |p+3,s| ,

(33.17)

for t1, t2 ∈ G. Thus, cp+2 is nonzero additive mapping. Let a = cp+2 and define
a polynomial L

p
p+2(X) = 0. Assume that for some n ∈ |p+3,s− p−1|we have

c j(t) = h ja(t)+L
p
j (a(t);(hl)l∈|p+3, j−p−1|), t ∈ G, j ∈ |p+2,n−1| (33.18)

with
L

p
n

(
X ;(hl)l∈|p+3,n−p−1|

)
:= Lp

n

(
X ;(hl)l∈|p+2,n−p−1|

)
and hp+2 = 1. Let us consider the equation

cn(t1 + t2) = cn(t1)+ cn(t2)

+
n−p−1

∑
k=p+2

ck(t1) ∑
un∈U p

n,k

Bun

n−k+1

∏
j=p+2

c j(t2)
u j for t1, t2 ∈ G, (33.19)

with functions c j given by (33.18) for j ∈ |p+ 2,n− 1|. Observe, that (33.19) is,
in fact, inhomogeneous Cauchy equation. Hence, every solution cn of (33.19) is a
sum of particular solution of (33.19) and an additive function (every two solutions
of (33.19) differs on an additive function). What we need now to prove (all details
can be find in [14]) is that L

p
n(a(t);(hl)l∈|p+3,n−p−1|) is a solution of (33.19). Then

cn(t) = an(t)+L
p
n

(
a(t);(hl)l∈|p+3,n−p−1|

)
for t ∈ G,

with an additive function an : G → K. Finally, considering the equation of the
system (33.17) with cn+p+1 on the left hand side, we are able to prove (cf. [14]
for details) that an(t) = hna(t) for t ∈ G with some hn ∈K.

To see that with obtained functions ck the family

F [∞](t,X) = X +
∞

∑
k=p+2

ck(t)X
k

is really the one-parameter group of formal power series it is enough to observe that
F(t,X) = F(a(t),X), where

F(t,X) = X + tX p+2+ · · ·

is a regular one-parameter group of formal power series with hp+2 = 1 (cf.
Theorem 33.7). Thus, in the case s = ∞, the proof is completed.
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Let us consider now the case s ∈N. In the same way as above we prove that

cn(t) = hna(t)+L
p
n

(
a(t);(hl)l∈|p+3,n−p−1|

)
for t ∈ G,

for all n ∈ |p+2,s− p−1|. For n ∈ |s− p,s| we obtain (see [14])

cn(t) = an(t)+L
p
n

(
a(t);(hl)l∈|p+3,n−p−1|

)
for t ∈ G,

with arbitrary additive functions an for n∈ |s− p,s|. The justification that with these
functions the family F [s](t,X) is the one-parameter group of truncated formal power
series is similar as in the case s = ∞, but a little bit more complicated. In this way,
we obtain the description of the solutions of (33.17) in the first considered case.

For the case c 	= 1 we give the sketch of the proof only when c1(G) is an
infinite set (the other subcase is much more complicated and uses some algebraic
considerations. In that case we need to consider the system (33.8) directly, that is

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

c1(t1 + t2) = c1(t1)c1(t2) ,

c2(t1 + t2) = c1(t1)c2(t2)+ c2(t1)c1(t2)2 ,

cn(t1 + t2) = c1(t1)cn(t2)+ cn(t1)c1(t2)n

+
n−1

∑
k=2

ck(t1) ∑
un∈Un,k

Bun

n−k+1

∏
j=1

c j(t2)
u j , n ∈ |3,s|

(33.20)

for t1, t2 ∈ G.
From the first equation of that system we see that c1 is en exponential function.

Moreover, from the second equation of (33.20), using commutativity of the left hand
side one can easily derive

c1(t1)c2(t2)+ c2(t1)c1(t2)
2 = c1(t2)c2(t1)+ c2(t2)c1(t1)

2,

whence c2(t1)(c1(t2)2−c1(t2)) = c2(t2)(c1(t1)2−c1(t1)). Hence we find t0 ∈G with
c1(t0)2− c1(t0) 	= 0 (c1(G) is the infinite set), which implies

c2(t) = λ2(c1(t)
2− c1(t)) for t ∈G,

where λ2 := c2(t0)/(c1(t0)2− c1(t0)).
Put P2(X) = 0 and assume that for some n ∈ |3,s| we have

c j(t) = λn
(
c1(t)

j− c1(t)
)
+ c1(t)Pj

(
c1(t);(λl)l∈|2, j−1|

)
,

for t ∈ G, j ∈ |2,n− 1|, and consider the equation of the system (33.20) with the
function cn on the left hand side, i.e.,

cn(t1 + t2) = c1(t1)cn(t2)

+
n−1

∑
k=2

ck(t1) ∑
un∈Un,k

Bun

n−k+1

∏
j=1

c j(t2)
u j + cn(t)c1(t

′)n (33.21)



540 W. Jabłoński

for t1, t2 ∈G. Note that if functions c1
n,c

2
n : G→K satisfy (33.21) then the difference

f = c2
n− c1

n satisfies the equation

f (t1 + t2) = c1(t1) f (t2)+ c1(t2)
n f (t1) for t1, t2 ∈ G,

which general solution (cf. the solution of the second equation of system (33.20))
is given by f (t) = λn(c1(t)n− c1(t)) with arbitrary λn ∈ K. If we show (cf. [14])
that c1(t)Pn

(
c1(t);(λl)l∈|2,n−1|

)
is a particular solution of (33.21), then all solutions

of (33.21) must be given by

cn(t) = λn(c1(t)
n− c1(t))+ c1(t)Pn

(
c1(t);(λl)l∈|2,n−1|

)
for t ∈ G.

To see that these functions give us one-parameter groups of (truncated) formal
power series let us compare that description with the description of regular one-
parameter group of formal power series. It is easy to see that instant exponential
function K � t �→ et we have arbitrary exponential function G � t �→ c1(t). ��

33.6.3 “Translation Equation’s-Type” One-Parameter Groups
of Formal Power Series

If we consider (33.7), which is an equivalent definition of one-parameter group of
formal power series, for the first look it is a translation equation with the initial
condition. Hence, we may ask whether we can give (maeby not in general) the
description of its solutions, which is similar to regular solutions of “true” translation
equation. It appears that the possible description is given by the following

Theorem 33.9 (cf. [12]). Every one-parameter group

(
F [s](t,X)

)
t∈G

, F [s](t,X) =
s

∑
k=1

ck(t)X
k,

with c1 : G→ K \ {0}, ck : G→ K for k ∈ |2,s|, of formal power series such that
either

(i) c1(G) is an infinite group

or

(ii) c1(G) and
(
F [s](t,X)

)
t∈G are finite groups

is given by

F(t,X) = S−1(c1(t)S(X)) for t ∈ G,

where S(X) ∈ Γ s
1 is arbitrary.
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33.6.4 One-Parameter Groups of Formal Power Series:
Algebraic Approach

Previous sections contain all the results which can be proved, up to our knowledge,
using differential equations and functional equations only. To attack the last case
we will apply some algebraic tools. Unfortunately we are able to give only
a characterization of one-parameter group in that remaining case without detailed
formulas. This is caused by the fact that in our characterization we use iterative roots
of formal power series (problem stil open in general, cf. [20,21,23–26,31,32]) which
in addition need to commute with some known one-parameter groups of formal
power series. Our characterization reads as follows.

For arbitrary exponential function c1 : G→K\{0}with c1(G) = Em, m≥ 2 and
for t0 ∈G with c1(t0) being a primitive root of order m we have

G/kerc1 = {lt0 +kerc1 : 0≤ l ≤ m−1} , mt0 ∈ kerc1.

Moreover, G � t = lt0 + t ′ with unique 0≤ l ≤ m−1 and t ′ ∈ kerc1.

Theorem 33.10 (cf. [14, Proposition 1]). Let (G,+) be a commutative group and
let c1 : G→K\{0} be an exponential function such that c1(G) = Em with an integer
m ≥ 2. Fix t0 ∈ G such that c1(t0) is a primitive root of 1 of order m. Finally, let s
be a positive integer or s = ∞.

If

Θs : G→ Γ s , Θs(t)(X) =
s

∑
k=1

ck(t)X
k,

with ck : G→K for k ∈ |2,s|, is a one-parameter group of formal power series, then

Θs|kerc1 =Θ s : kerc1→ Γ s
1 , Θ s(t)(X) = X +

s

∑
k=2

ck(t)X
k

is a one-parameter group of formal power series, and there exists a formal power
series

P(X) =Θs(t0)(X) =
s

∑
k=1

dkXk

(d1 = c1(t0) is a primitive root of 1 of order m) such that
(
P◦Θ s(t)

)
(X) =

(
Θ s(t)◦P

)
(X) for t ∈ kerc1, (33.22)

Pm(X) =Θ s(mt0)(X), (33.23)

Θs(lt0 + t ′)(X) =
(
Pl ◦Θ s(t ′)

)
(X) 0≤ l ≤ m−1 for t ′ ∈ kerc1. (33.24)

Conversely, for every one-parameter group of formal power series

Θ s : kerc1→ Γ s , Θ s(t)(X) = X +
s

∑
k=2

ck(t)X
k,
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and for arbitrary

P(X) =
s

∑
k=1

dkXk

with d1 being a primitive root of 1 of order m, such that conditions (33.22) and
(33.23) are satisfied, the formula (33.24) properly defines a function

Θs : G→ Γ s , Θs(t)(X) =
s

∑
k=1

ck(t)X
k

and Θs is a one-parameter group of formal power series with c1(G) = Em.

For the convenience of the reader we give the proof of that theorem.

Proof. If

Θs : G→ Γ s , Θs(t)(X) =
s

∑
k=1

ck(t)X
k

is a one-parameter group of formal power series, then

Θs|kerc1 =Θ s : kerc1→ Γ s , Θ s(t)(X) = X +
s

∑
k=2

ck(t)X
k

is a one-parameter group of formal power series. Put P(X) =Θs(t0)(X). Since mt0 ∈
kerc1, we get

Pm(X) =Θs(t0)
m(X) =Θs(mt0)(X) =Θ s(mt0)(X).

Commutativity of G implies now

(
P◦Θ s(t)

)
(X) = (Θs(t0)◦Θs(t)) =Θs(t0 + t)(X) =Θs(t + t0)(X)

= (Θs(t)◦Θs(t0)) (X) =
(
Θ s(t)◦P

)
(X) for t ∈ kerc1.

Finally

Θs(lt0 + t ′)(X) =
(
Θs(lt0)◦Θs(t

′)
)
(X)

=
(

Θs(t0)
l ◦Θ s(t

′)
)
(X) =

(
Pl ◦Θ s(t

′)
)
(X)

for every 0≤ l ≤ m−1 and t ′ ∈ kerc1.
Now let us fix a one-parameter group of formal power series

Θ s : kerc1→ Γ s
1 , Θ s(t)(X) = X +

s

∑
k=2

ck(t)X
k
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and formal power series

P(X) =
s

∑
k=1

dkXk,

where d1 is a primitive root of 1 of the order m, which satisfy conditions (33.22)
and (33.23). The formula (33.24) properly defines a function Θs : G→ Γ s. We only
need to show that Θs is then a one-parameter group of formal power series. Indeed,
from (33.22) it follows that

(
Pn ◦Θ s(t)

)
(X) =

(
Θ s(t)◦Pn)(X) for t ∈ kerc1, (33.25)

for every integer n≥ 1. Then, for l1t0+ t1, l2t0 + t2 ∈G, where 0≤ l1, l2 ≤m−1 and
t1, t2 ∈ kerc1, using (33.25) we get
((

Pl1 ◦Θ s(t1)
)
◦
(

Pl2 ◦Θ s(t2)
))

(X) =
(

Pl1+l2 ◦Θ s(t1 + t2)
)
(X)

=
(

P l1+l2−[(l1+l2)/m]m+[(l1+l2)/m]m ◦Θ s(t1 + t2)
)
(X)

=

(
P

l1+l2−
[

l1+l2
m

]
m ◦Θ s

([
l1 + l2

m

]
mt0 + t1 + t2

))
(X)

= Θs

((
l1 + l2−

[
l1 + l2

m

]
m

)
t0 +

[
l1 + l2

m

]
mt0 + t1 + t2

)
(X)

= Θs ((l1t0 + t1)+ (l2t0 + t2))(X).

��

33.7 Final Remarks and Observations

Note first that in the remaining case when c1(G) is a finite set with infinite
(F(t,X))t∈G, it is possible to give the detailed description of some one-parameter
groups of formal power series. Indeed, if (F(t,X))t∈G is infinite then the group
G must be infinite. The detailed description is possible in the subcase when
c1(G) = Em with some integer m ≥ 2 and the group G contains cyclic subgroup
of order m. For example, the group (R \ {0}, ·) (then a sentence “exponential”
should be replaced by “multiplicative”) admits a multiplicative function c1 = sgn
with c1(R \ {0}) = {−1,1}. Moreover, the group (R \ {0}, ·) contains a cyclic
subgroup {−1,1}. Unfortunately, even then the description is complicated and uses
semicanonical forms of formal power series. Therefore, we decided to omit it here.

Problem 33.1. It is possible to give detailed formulas for coefficient functions

G � t �→ ck(t) ∈K

in the case, when c1(G) is a finite group of complex roots of 1 and (F(t,X))t∈G is
infinite?
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Finally, the considered here cases fit all possibilities in classical cases when
(G,+) is either the additive group of reals or the additive group of complex numbers
(then every exponential function is either constant and hence equal to 1 or it
has infinite image). The mentioned above subcase of an infinite group having a
cyclic group of order m allows us to describe in addition all one-parameter groups
of formal power series for (G,+) being (R \ {0}, ·). This follows from the fact
that for arbitrary multiplicative function c1 : R \ {0} → R \ {0} we have either
c1 = 1 or c1 = sgn or c1(R \ {0}) is infinite. Thus, we are able to determine all
homomorphisms of (R\ {0}, ·) into L1

s and L1
∞.

References
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On Some Problems Concerning a Sum
Type Operator
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Abstract Several open problems are presented that are connected with the sum
type operator of the form:

F [ϕ](x) :=
∞

∑
k=0

1
2k ϕ(2kx).

They concern the images and pre-images of the operator, its spectral properties, its
maximal domain and possible extensions.
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The sum type operator F , given by

F [ϕ](x) :=
∞

∑
k=0

1
2k ϕ(2kx),

has been thoroughly discussed in the last years, see [1–12]. Nevertheless, there
remained some open problems. We state here a few of them which are connected
to six aspects of the operator F . Some of them are rather projects than particular
problems.
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34.1 Images and Pre-images of F

To keep things simple, let us consider F just on the domain

C := {ϕ : R→ R ; ϕ continuous and 1-periodic}.
Then F is a Banach space automorphism. The functions w and t, given by

w(x) = cos2πx, t(x) = dist(x,Z),

belong to the set C and generate the prominent Weierstrass resp. Takagi functions
F [w] and F [t], both continuous and nowhere differentiable (cnd). Let

N := { f : R→ R; f cnd and 1-periodic}.

Problem 34.1. Characterize M := F−1[N ] = {ϕ ∈ C ; F [ϕ ] ∈N }.
There are some subsets of M which are interesting by themselves.

Problem 34.2. Characterize M1 := F−1[N ]∩N = {ϕ ∈M ; ϕ cnd}.
Problem 34.3. Characterize M2 := {ϕ ∈M ; ϕ polygonal}.
Problem 34.4. Characterize M3 := {ϕ ∈M ; ϕ convex on [0,1]}.

The above mentioned t belongs to M2 and to M3. Some partial answers to
Problems 34.1–34.4 are contained in [3, 4, 11].

In [4] we discussed ϕv ∈ C , which are generated by a real sequence v = (vn):

ϕv(x) :=
∞

∑
n=0

vn

2n cos(2π2nx),

and found the following sufficient conditions for v to guarantee that ϕv ∈M1.

Theorem 34.1 ([4, Theorem 2]). Let (vn) be a bounded sequence of positive real
numbers which does not converge to zero. Then ϕv ∈N and F [ϕv] ∈N .

Problem 34.5. Characterize V := {(vn) ; ϕv ∈M1}.
The paper [4] contains also some partial information regarding the next problem.

Problem 34.6. Characterize M4 := {ϕ ∈ C ; F (m)[ϕ] ∈N f or every m ∈N}.

34.2 Spectral Properties of F

Spectral properties of F have been investigated in [1, 5–8]. In [1, 7], the operator
F has been considered on sixteen different domains, all of them vector spaces.
In [1], joint work with Baron, all the according eigenspaces have been described.
One arithmetical problem remained open.
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Problem 34.7. Let Kα := α ·2Z+D (Z denotes the set of integers and D the dyadic
rationals). Characterize S := {α ∈ R ; Kα = K−α}.

This problem was already stated in Ann. Acad. Paed. Cracoviensis Studia Math.
5 (2006), p. 118. More information is provided in [1, p. 258].

In [7], all the according continuous and residual spectra have been calculated
except in two cases.

Problem 34.8. Let C be as in Section 34.1 and C ′ := {ϕ ∈ C ; ϕ even}. Compute
the continuous and the residual spectra of the Banach space automorphisms F :
C → C and F : C ′ → C ′.

34.3 The Maximal Domain of F

The set

D :=

{
ϕ : R→ R ;

∞

∑
k=0

1
2k ϕ(2kx) converges for every x ∈ R

}

is the maximal possible domain of our operator with respect to the arguments
ϕ : R→ R. D is a real vector space containing the following two subsets:

DA := {ϕ : R→ R ; ∃ a : R→ R, a additive : ϕ(x) = a (log|x|)},

DB := {ϕ : R→ R ;∃ b : J→ R : ϕ = b on J, ϕ(x) = ϕ(2x) otherwise},

where

J := (−2,−1]∪ [1,2).
Both subsets are far from exhausting the full set D . This can be seen from [8],

joint work with Volkmann, where the set D is characterized in the following way:

Theorem 34.2 ([8, Satz 2]). Equivalent are

(I) ϕ ∈D;

(II) ∀t ∈ J∃(at
μ)μ∈Z :

∞

∑
k=0

at
k ∈ R and ∀x ∈ R\{0} : ϕ(x) = ϕ(2m(x)τ(x)) =

2m(x)aτ(x)
m(x).

Condition (II) can be replaced by the equivalent statement

(III) ∃aμ : J→ R (μ ∈ Z) ∀ξ ∈ J :
∞

∑
k=0

ak(ξ ) ∈R and ∀ξ ∈ J,m ∈ Z : ϕ(2mξ ) =

2mam(ξ ),
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which allows a straightforward comparision of D and DB. In fact, DB is the
eigenspace of F : D→F [D ] with respect to the eigenvalue 2 and can be rewritten as

DB = {ϕ : R→ R ; ∀x ∈ R : ϕ(x) = ϕ(2x)}.

This last representation suggests the following

Problem 34.9. Characterize D as solution set of a system of (iterative) functional
equations.

Connected with the above mentioned [8, Satz 2] is

Problem 34.10. Which functions aμ : J→ R (μ ∈ Z) generate ϕ ∈A ?

A ⊂D can be any relevant function set, but we have especially in mind sets like

A1 = Dκ ,ρ ∩N ∗ or A2 = F−1[N ∗].

Here we used the notation from [7] for the sixteen subspaces Dκ ,ρ(1≤ κ ,ρ ≤ 4) of
D already mentioned in Sect. 34.2. N ∗ may be any suitable set of cnd functions,
whose elements must not necessarily be 1-periodic or bounded (as the elements
of N are). Problem 34.10 with A = A2 is closely related to the problems from
Sect. 34.1.

34.4 Characterizations of F[ϕ]

Assume that ϕ ∈B′, i.e., ϕ is bounded, 1-periodic and even. Then F [ϕ] satisfies
the following system of seven functional equations:

f (x)−2 f
( x

2

)
=−2ϕ

( x
2

)
, (34.1)

f (x)−2 f

(
x+1

2

)
=−2ϕ

(
x+1

2

)
, (34.2)

f
( x

2

)
− f

(
x+1

2

)
= ϕ

( x
2

)
−ϕ

(
x+1

2

)
, (34.3)

f (x)− f
( x

2

)
− f

(
x+1

2

)
=−ϕ

( x
2

)
−ϕ

(
x+1

2

)
, (34.4)

f (x+1)− f (x) = 0, (34.5)

f (−x)− f (x) = 0, (34.6)

f (1− x)− f (x) = 0. (34.7)
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The paper [2] contains a thorough investigation of this and the associated
homogeneous system. Moreover, all possible characterizations of F [ϕ] by subsys-
tems of (34.1)–(34.7) in the frame of boundedness and of continuity are given:

Theorem 34.3 ([2, Theorem 2]). Assume that f : R→ R is bounded and ϕ ∈B′.
Then f = F[ϕ ] iff either (34.1) or (34.2) or (34.3,34.4) holds. Any “superset” of
either (34.1) or (34.2) or (34.3,34.4) is characteristic as well. No other “subset” of
(34.1)–(34.7) is characteristic.

Theorem 34.4 ([2, Theorem 3]). Assume that f : R → R is continuous and
ϕ ∈ B′. Then f = F [ϕ] iff either (34.1,34.2) or (34.1,34.3) or (34.1,34.4) or
(34.1,34.5) or (34.1,34.7) or (34.2,34.3) or (34.2,34.4) or (34.2,34.5) or (34.2,34.6)
or (34.2,34.7) or (34.3,34.4) holds. Any “superset” of either (34.1,34.2) or ...
or (34.3,34.4) is characteristic as well. No other “subset” of (34.1)–(34.7) is
characteristic.

In the language of [7], we have ϕ ∈ D3,4 in the above Theorems. But there are
in fact sixteen possible cases ϕ ∈Dκ ,ρ – in some of them only a “subset” of (34.5),
(34.6), (34.7) is available – and many more possible regularity assumptions on f .
This leads to

Problem 34.11. Give a list of all possible characterizations of F [ϕ ],ϕ ∈ Dκ,ρ ,
under suitable regularity assumptions on f .

To find out those properties of ϕ resp. f , which give interesting modifications
(extensions) of Theorems 34.3 and 34.4 above, is left to the reader. Some partial
results are already given in [2].

34.5 A Two Parameter Extension of F

Let α ∈ (0,1), β ∈ (0,∞) and

B0 := {ϕ : R→ R ; ϕ bounded}.

Then Fα ,β : B0→B0,

Fα ,β [ϕ](x) :=
∞

∑
k=0

αkϕ(β kx),

provides a two parameter extension of F:

F = F1
2 ,2

.

In the paper [5], Fα ,β is defined on the Banach space B0 and on five closed
subspaces B1 to B5. It is proved that Fα,β : B0 → B0 is a Banach space
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automorphism; the operator norms of Fα,β and F−1
α,β are computed and the point

spectra and eigenspaces of Fα ,β and F−1
α ,β are given. Similar results for

Fα ,β : Bn→Bn (1 ≤ n≤ 5)

are obtained, but only for β ∈ N\{1}. Moreover, there is no complete description
of the eigenspaces in the spirit of [1] and no information on the continuous and
residual spectra. The paper [5] closes with stating several problems concerning
images and pre-images of Fα ,β , as we did in Sect. 34.1 for F . Instead of formulating
α,β -modifications of our Problems 34.1–34.11, we rather present a final project.

Problem 34.12. Discuss in connection with Fα ,β :

– Images and pre-images;
– Eigenspaces, continuous and residual spectra;
– Fourier series;
– Maximal domains;
– Characterizations;
– Identifications.

Fourier series properties could extend results of [3, 4]. The last point “Identifi-
cations” takes care of the fact that particular properties of Fα ,β [ϕ] may essentially
depend on α and β .

Example 34.1. Identify all α,β such that Fα,β [w] is cnd.
Recall that

Fα ,β [w](x) =
∞

∑
k=0

αk cos(2πβ ks).

A famous result of Hardy gives a concise solution:

Fα ,β [w] is cnd if and only if αβ ≥ 1.

34.6 Other Extensions of F

Let

B := {ϕ : R→ R ; ϕ bounded and 1-periodic},
Δ(x) := 2δ (x) = 2dist(x,Z)

and denote by Δ (n) the n-th iterate of Δ . Starting from the observation that

T (x) =
∞

∑
k=0

2−kδ (2k x) =
∞

∑
n=1

2−nΔ (n)(x),
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Hata/Yamaguti (1984) introduced the Takagi class of functions

FΔ [(αn)] :=
∞

∑
n=1

αnΔ (n). (34.8)

FΔ : l1→B is linear and continuous. Kôno [9] proved the beautiful characterization

FΔ [(αn)] cnd iff limsup2n|αn|> 0. (34.9)

Now define for fixed Φ ∈B the operator FΦ by

FΦ [(αn)] :=
∞

∑
n=1

αnΦ(n). (34.10)

Again, FΦ : l1→B is linear and continuous.
Formula (34.10) can be seen from another point of view: For fixed (αn) :

N→ R let

F(αn)[ϕ] :=
∞

∑
n=1

αnϕ(n). (34.11)

In case (αn) ∈ l1, we have F(αn) : B→B, however F(αn) is no more linear.
Kôno-type characterizations for particular Φ ∈B might be of interest.

Problem 34.13. FΦ [(αn)] cnd (or absolutely continous or smooth or Lipschitz or
. . . ) iff (αn) satisfies . . . .

Problem 34.14. Find all Φ ∈B such that:

FΦ [(αn)] cnd iff limsup2n(αn)> 0.

There are many open problems concerning images and pre-images of FΦ resp.
F (αn) (as for F in Sect. 34.1) and many open problems concerning characterizations
of particular FΦ [(αn)] resp. F (αn)[ϕ] (as for F [ϕ ] in Sect. 34.4).

Let us close with the remark that very recently Tabor/Tabor [12] and Makó/Páles
[10] investigated thoroughly particular operators of the form (34.8) and (34.10) in
connection with approximate mid-convexity and other modifications of convexity.

References

1. Baron, K., Kairies, H.-H.: Characterizations of eigenspaces by functional equations. Aequa-
tiones Math. 68, 248–259 (2004)

2. Kairies, H.-H.: Functional equations and characterizations of classes of particular function
series. Prace Matem. 17, 151–164 (2000)



554 H.-H. Kairies

3. Kairies, H.-H.: On a Banach space automorphism and its connections to functional equations
and continuous nowhere differentiable functions. Ann. Acad. Paed. Cracoviensis Studia
Mathematica 1, 39–48 (2001)

4. Kairies, H.-H.: On an operator preserving lacunarity of Fourier series. Aequationes Math. 62,
1–8 (2001)

5. Kairies, H.-H.: Properties of an operator acting on the space of bounded real functions and
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Chapter 35
Priors on the Space of Unimodal
Probability Measures

George Kouvaras and George Kokolakis

Dedicated to the Memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract Construction of unimodal random probability measures on finite
dimensional Euclidean space is considered. The approach based on Bayesian
nonparametric models and Convexity Theory. Specifically, the proposed model
makes use of the special properties of convex sets and Choquet’s theorem.
As a result, we get random probability measures that admit derivatives almost
everywhere in ℜd .

Keywords Univariate and multivariate unimodality • Convexity • Choquet’s
theorem • Random probability measure • Dirichlet process prior
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35.1 Introduction

We present a Bayesian framework with prior distributions concentrated on the space
of unimodal probability measures which are defined on finite dimensional Euclidean
space. One of the simplest and most widely used nonparametric Bayesian prior
distributions is the Dirichlet process (DP) prior, Ferguson (1973) [7] having weak
support on an entire space of probability measures. The DP is a distribution over
distributions. Thus, it can be used as a prior over distributions of random variables.
Models in which the DP is used as a prior over distributions of the parameters
are referred to as mixtures of Dirichlet process (DPM) models, Lo (1984) [13].
Nonparametric priorsare extensively discussed in Walker et al. (1999) [16], Hjort
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Th.M. Rassias and J. Brzdȩk (eds.), Functional Equations in Mathematical Analysis,
Springer Optimization and Its Applications 52, DOI 10.1007/978-1-4614-0055-4 35,
© Springer Science+Business Media, LLC 2012

555

gkouv@math.ntua.gr
kokolakis@math.ntua.gr


556 G. Kouvaras and G. Kokolakis

(2003) [8] and Ghosh and Ramamoorthi (2003) [14]. The present paper uses a
mixture of Dirichlet process on the space of probability distributions on ℜd .

The distribution function F(x) = Pr(X ≤ x) of a real-valued random variable X
is unimodal with mode (or vertex) at m if F(x) is convex for x < m and concave
for x > m. A consequence of the above definition is the following: if F is unimodal
about m, then apart from a possible mass at m, F is absolutely continuous. The main
problem with multidimensional unimodality is that there is not a unique extension of
the notion of univariate unimodality in ℜd , and different definitions of multivariate
unimodality actually imply different unimodality structure in ℜ. In this paper we
analyse the class of block unimodal distributions about a given mode.

The remainder of this article is organized as follows. In Sect. 2 we summarize
some basic properties of the DP and DPM priors. Section 3 is devoted to the
illustration of the properties of block unimodal distributions and the Choquet-type
representation theorem which enables us to write a block unimodal distribution, as
a generalized mixture of uniform distributions on rectangles in ℜd containing the
mode. In this sense, the Choquet’s theorem can be considered as one of the possible
generalizations in ℜd of Khintchin’s representation theorem [1] and [5]. Our results
are described in Sect. 4 and some possible issues for future research are mentioned.

35.2 Dirichlet Process and Mixtures of Dirichlet Process Priors

Random probability distributions play an important role in the theory of statistical
inference, and in particular in nonparametric inference. The DP is one of the most
prominent random probability measures due to its richness, computational ease, and
interpretability.

The DP was introduced by Ferguson (1973) [7] as a prior on the space of
probability measures on a given measurable space (X ,F ).

Definition 35.1. Let M > 0 and G0 be a probability measure on (X ,F ). A DP on
(X ,F ) with parameters (M,G0) is a random probability measure G which assigns
a number G(A) to every A ∈F such that:

• G(A) is a measurable [0,1]-valued random variable;
• each realization of G is a probability measure on (X ,F );
• for each measurable finite partition {A1, . . . ,Ak} of X the joint distribution

of the vector (G(A1), . . . ,G(Ak)) is the Dirichlet distribution with parameters
(MG0(A1), . . . ,MG0(Ak)).

Thus, the DP is defined by two parameters, the base distribution G0 and the
concentration parameter M. The base distribution can be interpreted as the prior
guess for the random distribution function and the concentration parameter as
expressing the strength of the belief in the prior.

Most of the basic properties of DP arise as an extension of the properties of the
Dirichlet distribution. Some useful properties of the DP are the following:

• E(G(A)) = G0(A), for every A ∈F ;
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• Var(G(A)) = G0(A)(1+G0(A))
1+M , for every A ∈F .

• If X1, . . . ,Xn
iid∼ G and G|M,G0 ∼ DP(MG0), then

G|X1, . . . ,Xn,M,G0 ∼ DP(MG0 +
n

∑
i=1

δXi).

The major drawback of the DP is that it selects discrete distributions with probability
one, Blackwell (1973) [2]. Since the posterior distribution of a DP(MG0) is also a
DP with parameter (MG0 +∑n

i=1 δXi), we can never obtain an absolutely continuous
one, no matter what the sampling distribution and the sample size are.

Since the DP selects discrete measures, this is clearly unsuitable to be used as a
prior for absolutely continuous and thus for unimodal distributions. Lo (1984) [13]
developed a useful construction of priors for densities. Let Y be the parameter set,
typically a finite dimensional Euclidean space. Under the DPM setting, the generic
form of the random mixture density is given by

f (·;G) =

∫
k(·;y)dG(y), y ∈ Y ,

where k(·;y) is a parametric kernel (with parameter vector y), and the random
mixing distribution G is assigned a DP prior. This gives rise to the following model
for observations X1, . . . ,Xn distributed according to:

Xi|Yi
ind∼ k(xi|yi), yi ∈ Y ,

yi|G iid∼ G,

G∼ π ,

for i = 1, . . . ,n. Note that the latent data Y = {Y1, . . . ,Yn} are unobserved.
A convenient choice for π is the Dirichlet process prior, for which there exist
closed form expressions for various quantities of interest. The specification of the
base distribution for the DP, which corresponds to the prior on the component
parameters for infinite mixture models, is often guided by mathematical and
practical convenience. For DPM models, the use of conjugate priors makes the
analysis much more tractable; however, conjugate priors might sometimes fail to
represent the prior beliefs.

Most of the work with DPM is based on normal kernels, either univariate or
multivariate. However, there are several applications where different choices of
kernels are more appropriate. Relevant examples include models for unimodal
densities on the real line (cf. Brunner and Lo (1989) [3]; Brunner (1992) [4]). In
this paper, we study the utility of DPM of uniform distributions. This class of DPM
models emerges as a natural candidate for unimodal distributions.
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35.3 Mixture Representations of Unimodal
Probability Measures

Let us suppose, without loss of generality, that the mode m = 0. For univariate
distributions there exists a well known representation theorem due to Khinchin
(cf. [6], p.158) that refers to the classical univariate unimodality.

Theorem 35.1. A real valued random variable X has a unimodal density at 0 if
and only if it is a product of two independent random variables U and Y , with U
uniformly distributed on (0,1) and Y having an arbitrary distribution.

This can be expressed in the following equivalent form (cf. Shepp (1962) [15],
Brunner (1992) [4] and Kokolakis and Kouvaras (2007) [9]).

Theorem 35.2. The c.d.f. F is convex on the negative real line and concave on the
positive real line, if and only if there exists a distribution function G on ℜ such that
F admits the representation:

F(x) = G(x)+ x f (x),

for all x points of continuity of G where f is the density of F on ℜ−{0}.
In the real line, Khinchin’s representation theorem allows to consider univariate

unimodal distributions as generalized mixtures of uniform distributions in intervals.
This is the starting point for several extensions of unimodality in ℜd , d > 1.
Among the various extensions proposed, the most popular one seems to be the star-
unimodality. A set S ⊆ ℜd is said to be star-shaped about 0 ∈ S if for all s ∈ S the
line connecting s to 0 is contained in S.

Definition 35.2. A distribution on ℜd is star-unimodal about 0 if it belongs to the
closed convex hull of the class of all the uniform distributions on sets in ℜd which
are star-shaped subsets about 0, where the closure is meant with respect to weak
convergence.

A special kind of a star-shaped set about 0 is a rectangle containing 0. This leads
to the following definition.

Definition 35.3. A distribution on ℜd is block unimodal about 0 if it belongs to
the closed convex hull of the set of all uniform distributions on rectangles in ℜd

containing 0 and having edges parallel to the axes.

Obviously, block unimodality implies star unimodality but the converse is not
always valid. However, star unimodality is not preserved under marginalisation,
i.e. star unimodal multivariate distributions do not necessarily have star unimodal
marginals. On the other hand, the class of block unimodal distributions is closed
under marginalisation.
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According to Shepp (1962) [15] one has the following Theorem.

Theorem 35.3. The c.d.f. F is block unimodal about 0 if and only if there exists
a random vector X = (X1, . . . ,Xn) with c.d.f. F, such that X = (Y1U1, . . . ,YnUn),
where U = (U1, . . . ,Un) is uniformly distributed on the unit cube (0,1)d and Y is
independent of U having an arbitrary c.d.f. G.

An important property of block unimodal distributions is that the class of all
distributions on ℜd which are unimodal at 0 is convex and closed. The convex
structure of the set of block unimodal distributions gives a characterization of such
distributions. Under some mild conditions, Choquet’s theorem states that each point
in a convex set of distributions can be written as a generalized mixture over the
extreme points, of the convex set, that is,

F =
∫

ex(C)
GdQ(G).

Here, ex(C) is the set of extreme points of a convex set C, i.e. the subset of C whose
elements cannot be written as a convex combination of any two other points in C.
If C is a compact subset of a vector space, then Choquet’s theorem states that each
element of C can be written as a mixture over the extreme points.

In particular, one has the following:

Theorem 35.4. The c.d.f. F is block unimodal about 0 if and only if there exists a
probability measure G on the Borel σ-field

Bd = B(ℜd)

such that

F(A) =
∫

Uy(A)G(dy), A ∈Bd ,

where Uy denotes the uniform distribution over the open rectangle with opposite
vertices 0 and y.

This again means that the c.d.f. F belongs to the closed convex hull of the set of

{Uy : 0 < ||y||< ∞}.

35.4 Bayesian Inference for Unimodal Distributions

The purpose of this section is to make inference about the unknown unimodal
distribution function F , given a random sample X = (X1, . . . ,Xn) from F , that is

Xi
iid∼ F, i = 1, . . . ,n.
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In our Bayesian model specification, we could induce a prior distribution for F
by the relation

F(A) =
∫

Uy(A)G(dy), A ∈Bd ,

where G is a random cumulative distribution function distributed as a Dirichlet
process,

G∼ DP(M,G0).

By Theorem 4, the distribution F will be a random block unimodal c.d.f. Thus,
in this way, one can obtain a prior distribution on the subspace of block unimodal
c.d.f.’s.

The model can alternatively be expressed as follows:

Xi|Yi
ind∼ U(xi|yi),

yi|G iid∼ G,

G∼ DP(M,G0),

for i = 1, . . . ,n.
According to the above procedure, one can always gets a c.d.f. F with a

single mode at zero, no matter what the distribution G, one starts with, is. A
possible generalization to multimodal distributions is obtained applying a“partial
convexification” procedure. A partial convexification procedure of a c.d.f. G in
univariate case relies on using U(α,1) distributions instead of U(0,1), with 0<α <
1, (cf. Kokolakis & Kouvaras (2007) [9] and Kouvaras & Kokolakis (2008) [10]).

Open problem. It would be of interest to extend the above methods to other prior
distributions than Dirichlet process prior, such as for example Pólya tree prior,
Lavine(1992, 1994) [11], [12].
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Abstract Means which are the sum of single variable functions are considered.
It is shown among other that if such a mean is weighted quasi-arithmetic, or
subtranslative or subadditive then it must be a weighted quasi-arithmetic mean.
Conditions under which the functions of the form f (x) = ax+b are affine or convex
with respect to such a mean are presented. Invariance of a weighted arithmetic mean
with respect to the relevant mean-type mappings is considered. Some open problems
are presented.
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36.1 Introduction

A function M : I 2→ R is called a mean in an interval I ⊆ R, if

min(x,y) ≤M(x,y)≤max(x,y), x,y ∈ I.

If for all x,y∈ I, x �= y, these inequalities are sharp, M is called strict; and symmetric,
if M(x,y) = M(y,x) for all x,y ∈ I. If M is a mean in I, then M(J 2) = J, for every
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subinterval J ⊆ I. Moreover, M is reflexive, i.e.

M(x,x) = x, x ∈ I.

Every reflexive function M : I 2 → R which is increasing with respect to each
variable is a mean in I. If I = (0,∞) and

M(tx, ty) = tM(x,y), t,x,y > 0,

then M is positively homogeneous.
For a strictly monotonic function γ : I→R and p∈ (0,1), the function M : I 2→ I,

M = A
[γ]
p ,

A
[γ]
p (x,y) := γ−1 (pγ(x)+ (1− p)γ(y)), x,y ∈ I,

is a mean, and it is called quasi-arithmetic weighted mean. The function γ is called
a generator of the mean and p its weight. The symmetric mean

A [γ] := A
[γ]

1/2

is called quasi-arithmetic mean.
Taking here γ(x) = ax+b, a �= 0, we get

A
[γ]
p (x,y) = Ap(x,y) := px+(1− p)y, x,y ∈ I.

If p = 1/2 we write A = A1/2.
Note that the weighted arithmethic mean is sum of two functions of single

variable.
In this paper, we examine the means which are of the form M(x,y) =ϕ(x)+ψ(y)

for some functions ϕ ,ψ : I → R. In Sect. 36.2, we observe that M is a mean iff
ψ(x) = x− ϕ(x) for all x ∈ I and both ϕ and ψ are increasing – in particular ϕ
and ψ must be nonexpansive, i.e. Lipschitz continuous with a Lipschitz constant 1.
We denote this mean by W [ϕ]. For obvious reason, the means of this type can be
treated as a generalization of the classical weighted arithmetic means. We show that
if W [ϕ] ≤ W [γ] then W [ϕ] = W [γ], and W [ϕ] is symmetric iff W [ϕ] = A .

In Sect. 36.3, we prove that a mean W [ϕ] defined on [0,∞)2 is weighted quasi-
arithmetic iff it is weighted arithmetic. The positive homogeneity of W [ϕ] is also
considered.

In Sects. 36.4 and 36.5, we consider conditions under which the functions of
the form f (x) = ax + b are affine or convex with respect to W [ϕ ]. It turns out
that if the function f (x) = ax is W [ϕ]-convex, then it is W [ϕ ]-affine and, under the
differentiability of ϕ at 0 and the condition a �= 1, the mean W [ϕ ] must be a weighted
arithmetic. Some related results concerning general convexity are also given.
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Recall that the notion of a convex function with respect to two given means was
introduced by Aumann [3] and, for the first time was considered by Aczél [1] (cf.
also Matkowski and Rätz [9]).

In Sect. 36.6, we show that W [ϕ ] is subtranslative iff it is weighted arithmetic.
In Sect. 36.7, we deal with subadditivity of W [ϕ]. In Sect. 36.8, we consider the
invariance of a weighted arithmetic mean with respect to the mean-type mapping
of the form

(
W [ϕ],W [ψ ]

)
and we apply the obtained result in solving a functional

equation. In Sect. 36.9 we propose a generalization of the weighted quasi-arithmetic
means. In Sect. 36.10 the finite dimensional counterparts of the means W [ϕ ] are
discussed.

At the end we present some open problems related to Daróczy–Páles identity.

36.2 A Generalization of Weighted Arithmetic Mean

We begin with

Theorem 36.1. Let I be an interval and ϕ,ψ : I→ R. The function M : I 2→ R,

M(x,y) := ϕ(x)+ψ(y), x,y ∈ I, (36.1)

is a (strict) mean if, and only if, the functions ϕ and ψ are (strictly) increasing and

ϕ(x)+ψ(x) = x, x ∈ I.

Proof. Suppose that M given by (1) is a mean. Setting y = x in (1) we get ϕ(x)+
ψ(x) = x, whence ψ(x) = x−ϕ(x) for x ∈ I. Hence, taking x,y ∈ I, x≤ y, from the
definition of the mean we have

x = min(x,y)≤ ϕ(x)+ y−ϕ(y)≤max(x,y) = y,

i.e. ϕ(x)≤ ϕ(y) and x−ϕ(x)≤ y−ϕ(y),which proves that ϕ and ψ are increasing.
Conversely, suppose that ϕ and ψ are increasing and such that ϕ(x)+ψ(x) = x for
x ∈ I. Take arbitrary x,y ∈ I, assume that x ≤ y. Then we have ϕ(x) ≤ ϕ(y) and
x−ϕ(x)≤ y−ϕ(y), whence x≤ ϕ(x)+y−ϕ(y)≤ y, which means that min(x,y)≤
M(x,y)≤max(x,y). In the case when M is a strict mean we argue analogously. ��
Corollary 36.1. Let I be an interval and ϕ : I→ R. Then

(i) the functions ϕ and idI −ϕ are nondecreasing iff the function W [ϕ] : I 2 → I
defined by

W [ϕ](x,y) := ϕ(x)+ y−ϕ(y), x,y ∈ I, (36.2)

is a mean;
(ii) the functions ϕ and idI−ϕ are strictly increasing iff W [ϕ ] is a strict mean.
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Remark 36.1. Let I be an interval and ϕ : I→ R. Then

(i) W [ϕ] is a mean iff ϕ is nondecreasing and non-expansive, i.e.

x≤ y =⇒ 0≤ ϕ(y)−ϕ(x)≤ y− x;

(ii) W [ϕ] is a strict mean iff ϕ is strictly increasing and contractive, i.e.

x < y =⇒ 0 < ϕ(y)−ϕ(x)< y− x.

Note the following easy to verify

Property 36.1. The following conditions are equivalent

(i) W [ϕ] is symmetric;
(ii) there is a c ∈ R such that

ϕ(x) =
x
2
+ c, x ∈ I;

(iii) W [ϕ] = A , where A (x,y) = x+y
2 for x,y ∈ I.

Property 36.2. Let I be an interval and assume that ϕ,γ : I→R, idI−ϕ and idI− γ
are nondecreasing. Then the following conditions are equivalent:

(i) W [ϕ] ≤W [γ] ;
(ii) W [ϕ] = W [γ] ;

(iii) there is a c ∈ R such that γ = ϕ + c.

Proof. By definitions of the means W [ϕ] and W [γ], the inequality W [ϕ ] ≤ W [γ] is
equivalent to the inequality ϕ(x)− γ(x)≤ ϕ(y)− γ(y) for all x,y ∈ I, which implies
that ϕ− γ is a constant function. ��

36.3 When W [ϕ ] is Weighted Quasi Arithmetic
or Homogeneous

The main result of this section reads as follows

Theorem 36.2. Let I ⊂ R be an interval and suppose that ϕ : I → R and idI −ϕ
are nondecreasing. Then W [ϕ] defined by (2) is a weighted quasi-arithmetic mean
if, and only if, there are p ∈ (0,1) and c ∈ R, c �= 0, such that ϕ(x) = px+ c for
x ∈ I, that is iff,

W [ϕ](x,y) = px+(1− p)y, x,y ∈ I.

Proof. If W [ϕ] is a weighted quasi-arithmetic mean, then there is a continuous
strictly monotonic function γ : I→ R and p ∈ (0,1) such that

W [ϕ](x,y) = ϕ(x)+ψ(x) = γ−1 (pγ(x)+ (1− p)γ(y)), x,y ∈ I, (36.3)
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where

ψ(x) = x−ϕ(x), x ∈ I.

Put J := γ(I) and take arbitrary u,v ∈ J. Setting x := γ−1(u), y := γ−1(b) in
(36.3) gives

γ−1(pu+(1− p)v) = ϕ ◦ γ−1(u)+ψ ◦ γ−1(v), u,v ∈ J.

Hence, setting

f := γ−1, g := ϕ ◦ γ−1, h := ψ ◦ γ−1,

we obtain the functional equation

f (pu+(1− p)v) = g(u)+ h(v), u,v ∈ J.

Interchanging u and v we hence get

f ((1− p)u+ pv) = g(v)+ h(u), u,v ∈ J.

Adding the respective sides of these two equations we obtain

f (pu+(1− p)v)+ f ((1− p)u+ pv)= [g(u)+ h(u)]+ [g(v)+ h(v)]

for all u,v ∈ J. Taking here v = u gives

g(u)+ h(u) = f (u), u,v ∈ J,

whence

f (pu+(1− p)v)+ f ((1− p)u+ pv)= f (u)+ f (v), u,v ∈ J,

that is f is p-Wright affine. In view of Ng’s theorem [11], there is an additive
function α :R→ R and b∈R such that f (u) = α(u)+b for all u∈ J. Since f = γ−1

is continuous, we have α(u) = au for all u ∈R. Hence γ−1(u) = au+b for all u∈ J
and, obviously, a �= 0. From (36.2) we obtain our result. ��

Let us also note the following easy to prove

Theorem 36.3. Let ϕ : I→ R and id(0,∞)−ϕ be nondecreasing. The mean W [ϕ] is
homogeneous iff there is p ∈ [0,1] such that

W [ϕ](x,y) = px+(1− p)y, x,y > 0.
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36.4 W [ϕ ]-Affine Functions

Recall the following

Definition 36.1. (cf. [9]) Let I,J ⊂ R, J ⊂ I be intervals, and let M : I 2 → I be a
mean. A function f : J→ I is said to be affine with respect M, briefly, M-affine, if

f (M(x,y)) = M( f (x), f (y)), x,y ∈ J.

Remark 36.2. It easy to see that, under the assumptions of the above definition, the
following three statements are valid:

(i) if f is one-to-one, onto and M-affine, then f−1 is M-affine;
(ii) if J = I and f ,g : I→ I are M-affine then so is f ◦g;

(iii) the function f = id(0,∞) and the constant function f = c for c ∈ I are M-affine.

Theorem 36.4. Let I =R or I = [0,∞). Suppose that ϕ : I→R and id(0,∞)−ϕ are
strictly increasing.

(i) If I = R and f : R→ R is W [ϕ]-affine, then there exist an additive function
α : R→ R and b ∈ R such that

f (x) = ax+b, x ∈ R.

If, moreover, f is bounded from above (from below) or measurable in a
neighborhood of a point, then f (x) = ax+b for some a,b∈R and for all x ∈R.

(ii) If I = [0,∞) and f : [0,∞)→[0,∞) is W [ϕ ]-affine, then there are a,b ∈ R

such that

f (x) = αx+b, x≥ 0.

Proof. 1. We can assume without any loss of generality that ϕ(0) = 0. Suppose that
f : R→ R is W [ϕ]-affine. From Definition 36.1 we have

f (ϕ(x)+ y−ϕ(y)) = ϕ( f (x))+ f (y)−ϕ( f (y)), x,y ∈ R.

Taking here y = 0 we get

f (ϕ(x)) = ϕ( f (x))+ f (0)−ϕ( f (0)), x ∈ R.

and taking x = 0 we get

f (y−ϕ(y)) = ϕ( f (0))+ f (0)−ϕ( f (y)), y ∈ R.

Hence, setting b := f (0), and adding the respective sides of these two equations,
we obtain

f (ϕ(x)+ y−ϕ(y)) = f (ϕ(x))−b+ f (y−ϕ(y)), x,y ∈ R.
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that is,

f (ϕ(x)+ψ(y))−b = [ f (ϕ(x))−b]+ [ f (ψ(y))−b] , x,y ∈R,

where ψ(y) = y−ϕ(y) for y ∈ R. As W [ϕ ] is a strict mean (cf. Corollary 36.1(ii)),
we have ϕ (R) = (r1,r2), ψ (R) = (s1,s2) where −∞≤ r1 < r2 ≤ ∞. It follows that
the function α : R→ R defined by

α(u) := f (u)− c, u ∈ R,

satisfies the functional equation

α(u+ v) = α(u)+α(v), u ∈ (r1,r2),v ∈ (s1,s2).

Since at least one of the numbers r1,r2,s1,s2 is not finite, it follows that

α(u+ v) = α(u)+α(v), u,v ∈ R,

which shows that α is additive. The remaining part of the theorem is well known
(cf. Aczél [2], Kuczma [5]) and the proof of part (i) is completed.

In case (ii), the argument showing the additivity of α is analogous. The
nonnegativity of f implies that f is of the desired form. ��
Theorem 36.5. Let I ⊂ R be a closed interval and ϕ : I → R a nondecreasing
function such that id(0,∞)−ϕ is nondecreasing. Suppose that f : I→ I, f (x) = ax+b
(x ∈ I) for some a,b ∈ R. Then

(i) f is W [ϕ]-affine iff the function

I 
 x−→ ϕ(ax+b)−aϕ(x) is constant;

(ii) if f is W [ϕ ]-affine, a �= 1 and ϕ is differentiable at the point x0 =
b

1−a , then

f (x) = px+ c, x ∈ I,

for some p ∈ [0,1], c ∈ R; moreover

W [ϕ] = px+(1− p)y, x,y ∈ I;

(iii) assuming that f is W [ϕ]-affine and a = 1, if either

b > 0 and lim
x→∞

ϕ(x)
x

exists,

or

b < 0 and lim
x→−∞

ϕ(x)
x

exists,

then the conclusion of (ii) remains valid.
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Proof. The W [ϕ ]-affinity of f , that is the equality

a(ϕ(x)+ y−ϕ(y)) = ϕ (ax+b)+ ay+b−ϕ(ay+b), x,y ∈ I,

simplifies to

ϕ (ax+b)−aϕ(x) = ϕ(ay+b)−aϕ(y), x,y ∈ I,

that is equivalent to the fact that, for some C ∈ R,

ϕ (ax+b)−aϕ(x) =C, x ∈ I.

To prove (ii) note that this equation can be written in the form

[
ϕ (ax+b)− C

1−a

]
= a

[
ϕ (x)− C

1−a

]
, x ∈ I.

Setting φ(x) := ϕ (x)− C
1−a we get

φ (ax+b) = aγ (x) , x ∈ I.

Taking into account that f maps I into itself and considering the four possible cases
I = R, I is unbounded from below, I is unbounded from above, and I is bounded,
it is easy to see that, without any loss of generality, we can assume that |a| < 1. It
follows that x0 := b

1−a , the only fixed point of f (which of course belongs to I) is
contractive. Moreover, setting x = x0 in the above equation gives φ(x0) = 0. Setting

γ(x) :=
φ(x)

x− x0
, x ∈ I, x �= x0,

in the above functional equation gives

γ(x) = γ(ax+b), x ∈ I, x �= x0,

whence, by induction,

γ(x) = γ
(

anx+b
1−an

1−a

)
, x ∈ I, x �= x0, n ∈N.

The differentiability of ϕ at x0 implies the existence of p := limx→x0 γ(x). Therefore,
letting n→∞ in the above formula, we obtain γ(x) = p for x∈ I\{x0} , and the proof
of (ii) is completed.

We omit similar reasoning in the case (iii). ��
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Remark 36.3. According to Corollary 36.1, the function ϕ in the above result is
Lipschitzian and, consequently, it is absolutely continuous. Nevertheless, in the
second part of this theorem, the assumption of differentiability of ϕ at the fixed
point of f is essential. In fact, we have the following.

Proposition 36.1. Let a∈ (0,1) be fixed. Suppose that ϕ0 : [a,1]→R is increasing,
nonexpansive and such that ϕ0 (a) = aϕ0 (1) . Then there exists a unique increasing
nonexpansive function ϕ : (0,∞)→ R such that ϕ

∣∣
[a,1] = ϕ0, and the function f :

(0,∞)→ (0,∞), f (x) = ax, is W [ϕ]-affine.

Proof. Since

⋃
k∈Z

(
ak+1,ak]= (0,∞),

(
ak+1,ak]∩ (am+1,am]= /0, k,m ∈ Z, k �= m,

(where Z stands for the set of integers), the function ϕ : (0,∞)→ R,

ϕ(x) := akϕ0

(
a−kx

)
, x ∈ (

ak+1,ak], k ∈ Z,

is correctly defined. Note that

ϕ(ak) := akϕ0 (1) , k ∈ Z,

and, for every k ∈ Z, the function ϕ is left-continuous at the point ak. Since ϕ0(a) =
aϕ0 (1) , we have

ϕ(ak+) = lim
x→ak+

ϕ0

(
aa−k+1x

)
= ak−1ϕ0 (a) = akϕ0 (1) = ϕ

(
ak
)
,

so the function ϕ is continuous at each point ak and, consequently, ϕ is continuous.
The increasing monotonicity of ϕ0 implies that, for every k ∈ Z, the function ϕ is
increasing on the interval

(
ak+1,ak

]
. The continuity of ϕ implies that ϕ is increasing

on (0,∞). Since ϕ0 is nonexpansive, for a fixed k ∈Z, and arbitrary x,y∈ (ak+1,ak
]
,

x < y, we have

0≤ ϕ(y)−ϕ(x) = ak
[
ϕ0

(
a−ky

)
−ϕ0

(
a−kx

)]

≤ ak
[(

a−ky
)
−
(

a−kx
)]

= y− x,

which proves that ϕ is nonexpansive on every interval
(
ak+1,ak

]
. The continuity of

ϕ at every point ak implies hat ϕ is nonexpansive on (0,∞). Thus, we have shown
that the function ϕ satisfies condition (i) of Remark 36.1 and, consequently, W [ϕ] is
a mean.
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Now take arbitrary x > 0. There is a unique k ∈ Z such that x ∈ (
ak+1,ak

]
. Then

ax ∈ (
ak+2,ak+1

]
and, by the definition of ϕ we have

ϕ(ax) = ak+1ϕ0(a
−k+1(ax)) = a(akϕ0(a

−kx)) = aϕ(x)

which proves that that mean ϕ(ax)− aϕ(x) is constant on (0,∞) and, in view of
Theorem 36.5(i), the function f (x) = ax for x > 0, is W [ϕ ]-affine. ��
Remark 36.4. Proposition 36.1 gives a construction of all ϕ : (0,∞)→ R such that
the function f : (0,∞)→ (0,∞), f (x) = f (1)x, is W [ϕ]-affine. Moreover, it shows
that the converse of Theorem 36.5 is false.

Let us note the following

Lemma 36.1. Let M :(0,∞)2→ (0,∞) be a continuous mean. If there are a,b > 0,
a �= 1 �= b, such that log (b−a) is irrational, and the functions f ,g : (0,∞)→ (0,∞),
f (x) = ax, g(x) = bx are M-affine, then M is positively homogeneous.

Proof. By assumption we have M(ax,ay) = aM(x,y), M(bx,by) = bM(x,y) for all
x,y > 0, whence, by induction,

M(akx,aky) = akM(x,y), M(bmx,bmy) = bmM(x,y), k,m ∈ Z, x,y > 0,

that is
M(tx, ty) = tM(x,y), t ∈ D, x,y > 0,

where D := {akbm : k,m∈Z}. Since log (b−a) is irrational, by Kronecker theorem,
D is a dense in (0,∞). The continuity of M implies that M(tx, ty) = tM(x,y) for
t,x,y > 0. ��

As an immediate consequence of this lemma and Theorem 36.4 we obtain

Theorem 36.6. Let I = (0,∞) and suppose that ϕ : I → R and idI − ϕ are
nondecreasing. If there are a,b > 0, a �= 1 �= b, such that log b

log a is irrational, and the

functions f ,g : (0,∞)→ (0,∞), f (x) = ax, g(x) = bx are W [ϕ]-affine, then W [ϕ] is
a weighted arithmetic mean.

Theorem 36.7. Let I = R and suppose that ϕ : I→ R and idI−ϕ are nondecreas-
ing. If there are a,b > 0, a �= 1 �= b, such that a/b is irrational, and the functions
f ,g : R→ R, f (x) = x+ a, g(x) = x+ b are W [ϕ ]-affine, then W [ϕ ] is a weighted
arithmetic mean.

In connection with the above two results note that the conditions under which the
simultaneous system of functional equations

ϕ(Ax+α) = aϕ(x), ϕ(Bx+β ) = bϕ(x)

has a nontrivial continuous solution is given in [8].
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36.5 W [ϕ ]-Convex Functions

Definition 36.2 (Aczél [1], Aumann [3], also [9]). Let I,J ⊂R, I ⊂ J, be intervals
and M : I 2→ I be a mean. A function f : J→ I is said to be

[20]
10 convex with respect to M, briefly M-convex, if

f (M(x,y)) ≤M( f (x), f (y)), x,y ∈ J,

20 M-concave, if
f (M(x,y)) ≥M( f (x), f (y)), x,y ∈ J.

Proposition 36.2. Let I,J ⊂ R, I ⊂ J, be intervals and M,N : I 2→ I some means.

10 If a decreasing function f : J→ I is M-convex and M ≤ N, then f is N-convex.
20 If a decreasing function f : J→ I is M-convex and M ≤ N, then f is N-convex.

Proof. Applying in turn: the inequality M ≤ N and the decreasing monotonicity of
f , the M-convexity of f and again the inequality M ≤ N, we get, for all x,y ∈ J,

f (N(x,y)) ≤ f (M(x,y)) ≤M( f (x), f (y)) ≤ N( f (x), f (y)),

which proves 10. The proof of 20 is similar. ��
From Property 36.1(ii) we obtain

Corollary 36.2. Let I,J ⊂ R, I ⊂ J, be intervals. Suppose that ϕ : I→ R , idI −ϕ
are nondecreasing and there is p ∈ (0,1) such that either

W [ϕ](x,y)≤ px+(1− p)y, x,y ∈ I,

or
W [ϕ](x,y)≥ px+(1− p)y, x,y ∈ I.

If f : J→ I is W [ϕ]-convex (W [ϕ]-concave), then f is Jensen-convex (resp. Jensen
concave).

Proof. If W [ϕ](x,y)≤ px+(1− p)y for all x,y∈ I, then, in view of Property 36.2(ii)
with γ(x) = px (x ∈ I), we have W [ϕ ](x,y) = px+(1− p)y for all x,y ∈ I. It follows
that

f (px+(1− p)y)≤ p f (x)+ (1− p) f (y), x,y ∈ I.

By Kuhn’s theorem [6], f satisfies the inequality with p replaced by 1/2, i.e. f is
Jensen convex (for a simple proof of Kuhn’s result see Daróczy and Páles [4]. ��
Theorem 36.8. Let I = (0,∞) and suppose that ϕ : I → R , idI − ϕ are
nondecreasing.

(i) The function f : (0,∞)→ (0,∞), f (x) = f (1)x, is W [ϕ ]-convex iff it is W [ϕ ]-
afine.
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(ii) Let Cϕ denote the set of all a > 0 such that the function f (x) = ax (x > 0) is
W [ϕ]-convex. Then

either Cϕ = (0,∞) or Cϕ = {dk : k ∈ Z} for some d > 0.

Proof. 1. Put a := f (1). By the definition of W [ϕ ] the function f (x) = ax (x ∈ I) is
W [ϕ]-convex iff

a(ϕ(x)+ y−ϕ(y))≤ ϕ(ax)+ ay−ϕ(ay), x,y ∈ I,

that is, iff
aϕ(x)−ϕ(ax)≤ aϕ(y)−ϕ(ay), x,y ∈ I.

Obviously, this inequality is equivalent to the equality

aϕ(x)−ϕ(ax) = aϕ(y)−ϕ(ay), x,y ∈ I,

which holds iff

a(ϕ(x)+ y−ϕ(y)) = ϕ(ax)+ ay−ϕ(ay), x,y ∈ I,

that is, iff f is W [ϕ]-afine. Now the first part follows from Theorem 36.5(i).
2. Suppose that a,b ∈ Cϕ . Then, according to what has been already shown, the

functions f (x) = ax,g(x) = bx (x > 0) are W [ϕ]-affine. In view of Remark 36.2,
the function f ◦g−1 is also W [ϕ]-affine and, consequently, ab−1 ∈Cϕ . It follows
that Cϕ is a subgroup of the multiplicative group (0,∞). It is obvious that every
such a subgroup is either dense or discrete. If Cϕ is discrete then, which is a well-
known fact, it must be a cyclic subgroup of (0,∞) , i.e. there is a number d > 0
such that Cϕ = {dk : k ∈ Z}. ��

36.6 Translativity, Subtranslativity and Supertranslativity
of W [ϕ ]

Recall that a mean M : (0,∞)2→ (0,∞) is translative (cf. Aczél [2, p. 234]) if

M(x+ t,y+ t) = M(x,y)+ t, x,y, t > 0.

We call a mean M : (0,∞)2→ (0,∞) subtranslative if

M(x+ t,y+ t)≤M(x,y)+ t, x,y, t > 0;

and supertranslative if the reversed inequality holds true.
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Theorem 36.9. Let I = (0,∞) and suppose that ϕ : I→R , idI−ϕ are nondecreas-
ing. The following conditions are equivalent:

(i) W [ϕ] is subtranslative;
(ii) W [ϕ] is supertranslative;

(iii) W [ϕ] is translative;
(iv) W [ϕ] is a weighted arithmetic mean.

Proof. Suppose that W [ϕ ] is subtranslative. Then from the definition of W [ϕ] we
easily get

ϕ(x+ t)+ϕ(y)≤ ϕ(y+ t)+ϕ(x), x,y, t > 0.

Interchanging x and y we infer that

ϕ(x+ t)+ϕ(y) = ϕ(y+ t)+ϕ(x), x,y, t > 0,

whence
ϕ(x+ t)−ϕ(x) = ϕ(y+ t)−ϕ(y), x,y, t > 0.

It follows that
ϕ(x+ t)−ϕ(x) = β (t), x, t > 0,

for some function β : (0,∞)→ R. Solving this Pexider equation we conclude that,
for some real constant c, the function ϕ − c is additive. The conditions on ϕ imply
that

ϕ(x) = px− c (x > 0)

for some p ∈ [0,1]. Now all the remaining statements are obvious. ��

36.7 Subadditivity and Superadditivity of W [ϕ ]

The subadditivity and superadditivity of a mean plays important role in the theory of
convexity with respect to the mean. Suppose, for instance, that M : (0,∞)2→ (0,∞)
is a superadditive mean and I ⊂ (0,∞) is an open interval. It is shown in [9] that if
f ,g : I→ (0,∞) are M-convex in I, then f +g is M-convex.

Theorem 36.10. Let I = (0,∞) and suppose that ϕ : I → R , idI −ϕ are nonde-
creasing. The following conditions are equivalent

(i) the mean W [ϕ] is subadditive (or superadditive);
(ii) there are p ∈ [0,1] and c ∈ R such that

ϕ(x) = px+ c, x > 0;

(iii) there is p ∈ [0,1] such that

W [ϕ](x,y) = px+(1− p)y, x,y > 0.
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Proof. Suppose that W [ϕ] is subadditive, i.e.

W [ϕ] (x1 + x2,y1 + y2)≤W [ϕ] (x1,y1)+W [ϕ ] (x2,y2) , x1,x2,y1,y2 > 0.

Hence, by the definition of W [ϕ],

ϕ(x1 + x2)−ϕ(x1)−ϕ(x2)≤ ϕ(y1 + y2)−ϕ(y1)−ϕ(y2), x1,x2,y1,y2 > 0,

which, obviously implies that there is a constant c ∈ R such that

ϕ(x1 + x2)−ϕ(x1)−ϕ(x2) =−c, x1,x2,y1,y2 > 0.

Writing this equality in the form

ϕ(x1 + x2)− c = [ϕ(x1)− c]+ [ϕ(x2)− c] , x1,x2,y1,y2 > 0,

we conclude that ϕ− c is additive. Since the remaining statements are obvious, the
proof is complete. ��

36.8 Invariance of the Arithmetic Mean with Respect
to the Mean-Type Mappings of W [ϕ ]-type

Let M,N : I 2→ I be means. A mean K : I 2→ I is called invariant with respect to
the mean-type mapping (M,N) : I 2→ I 2 (briefly, K is (M,N)-invariant), if

K(M(x,y),N(x,y)) = K(x,y), x,y ∈ I.

The invariant mean is useful when we are looking for the limits of the sequence of
iterates of the mean-type mapping (M,N) : I 2→ I 2 (cf. [10]).

Let us note that the proportion

x :
x+ y

2
=

2xy
x+ y

: y,

the base of the theory of harmony made by Pythagorean school, can be written in
the form √

x+ y
2
· 2xy

x+ y
=
√

xy.

Setting

A(x,y) =
x+ y

2
, H(x,y) =

2xy
x+ y

, G(x,y) =
√

xy
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for the arithmetic, harmonic and geometric mean, respectively, we hence get

G◦ (A,H) = G

which says that the geometric mean G is (A,H)-invariant. This fact allows to
determine effectively the limit of the sequence of iterates ((A,H)n)n∈N of the mean-
type mapping (A,H) : (0,∞)2→ (0,∞)2.

We prove the following

Theorem 36.11. Let I ⊂ R be an interval, p ∈ (0,1), and M : I 2 → I be a mean.
Suppose that ϕ : I → R and idI − ϕ are nondecreasing. The weighted arithmetic

mean Ap is invariant with respect to the mean-type mapping
(
W [ϕ ],M

)
, i.e.

Ap ◦
(
W [ϕ],M

)
= Ap,

if, and only if,

M = W [ψ ]

where, for some c ∈R,

ψ(x) =
p

1− p
(x−ϕ(x))+ c, x ∈ I.

Proof. If Ap is
(
W [ϕ],M

)
-invariant then, by the definition of the involved means,

we have

p [ϕ(x)+ y−ϕ(y)]+ (1− p)M(x,y) = px+(1− p)y, x,y ∈ I,

whence, after simple calculations,

M(x,y) =
p

1− p
(x−ϕ(x))+

[
y− p

1− p
(y−ϕ(y))

]
, x,y ∈ I,

and, consequently,

M(x,y) = W [ψ ](x,y), x,y ∈ I,

where, by Property 36.2(iii), there is c ∈ R such that

ψ(x) =
p

1− p
(x−ϕ(x))+ c, x ∈ I.

The converse implication is easy to verify. ��
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Hence, applying the main result of [10] we obtain

Corollary 36.3. Let I ⊂ R be an interval, p ∈ (0,1). Suppose that ϕ : I→ R and
idI −ϕ are nondecreasing. If

ψ(x) =
p

1− p
(x−ϕ(x))+ c, x ∈ I,

then ψ : I→ R and idI−ψ are nondecreasing, and the sequence of iterates

((
W [ϕ ],W [ψ]

)n)
n∈N

of the mean-type mapping (W [ϕ ],W [ψ]) converges to the mean-type mapping
(Ap,Ap) .

Corollary 36.4. Let I ⊂ R be an interval. Suppose that ϕ : I→ R and idI −ϕ are
nondecreasing and F : I 2→ R is continuous on the diagonal {(x,x) : x ∈ I}. Then
the function F satisfies the functional equation

F (ϕ(x)+ y−ϕ(y),x−ϕ(x)+ϕ(y))= F(x,y), x,y ∈ I,

if, and only if, there is a continuous function f : I→ R such that

F(x,y) = f

(
x+ y

2

)
, x,y ∈ I.

Proof. Putting ψ(x) = x−ϕ(x) for x∈ I, we can write the above functional equation
in the form

F(x,y) = F
(
W [ϕ ] (x,y) ,W [ψ] (x,y)

)
, x,y ∈ I,

whence, by induction,

F(x,y) = F
((

W [ϕ ] (x,y) ,W [ψ] (x,y)
)n)

, x,y ∈ I,n ∈ N,

where (
W [ϕ](x,y),W [ψ ](x,y)

)n
=
(
W [ϕ],W [ψ ]

)n
(x,y)

and
(
W [ϕ],W [ψ]

)n
is the nth iterate of the mean-type mapping

(
W [ϕ ],W [ψ]

)
.

Letting n→ ∞ and, applying the previous corollary for p = 1/2 and making use
of the continuity of F, we obtain

F(x,y) = F

(
x+ y

2
,

x+ y
2

)
= f

(
x+ y

2

)
, x,y ∈ I,

where f (x) := F(x,x) for x ∈ I. The converse implication is easy to verify. ��
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36.9 A Generalization of the Weighted Quasi-Arithmetic
Means

We begin this section with the following easy to verify

Remark 36.5. Let J ⊂ R be an interval and γ : J → R be a continuous strictly
monotonic function and let I = γ(J). Suppose that ϕ : I → R and and idI −ϕ are
nondecreasing. Then the function Mγ,ϕ : J 2→ J,

Mγ,ϕ (x,y) := γ−1 (ϕ (γ(x))+ γ(y)−ϕ(γ(y))) , x,y ∈ J,

is a mean.

For ϕ(x) = px with p ∈ (0,1), the mean Mγ,ϕ reduces to the weighted quasi-
arithmetic mean.

We prove the following

Theorem 36.12. Let γ : [0,∞)→R be differentiable strictly monotonic and suppose
that a differentiable ϕ : I→R and idI−ϕ are nondecreasing in I := γ([0,∞)). Then
the mean Mγ,ϕ is homogeneous if, and only if, there is p ∈ [0,1] such that

Mγ,ϕ(x,y) = px+(1− p)y, x,y≥ 0.

Proof. Suppose that Mγ,ϕ is homogeneous, i.e.

Mγ,ϕ(tx, ty) = tMγ,ϕ(x,y), x,y, t ≥ 0.

By the definition of Mγ,ϕ we can write this equality in the form

γ−1 (ϕ (γ(tx))+ γ(ty)−ϕ(γ(ty))) = tγ−1 (ϕ (γ(x))+ γ(y)−ϕ(γ(y)))

for x,y, t ≥ 0. Differentiating both sides with respect to t and then setting t = 0 and
p := ϕ ′[γ(0] gives γ−1 (ϕ (γ(x))+ γ(y)−ϕ(γ(y))) = px+(1− p)y for x,y≥ 0.

��

36.10 Finite Dimensional Counterparts of W [ϕ ]

In a similar way as Theorem 36.1, we can prove the following

Theorem 36.13. Let I ⊂R be an interval and ϕ1, . . . ,ϕk : I→R. Then the function
M : I k→ R defined by

M(x1, . . . ,xk) := ϕ1(x1)+ · · ·+ϕk(xk)
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is a mean, i.e.

min(x1, . . . ,xk)≤M(x1, . . . ,xk)≤maxM(x1, . . . ,xk), x1, . . . ,xk ∈ I,

if, and only if, the functions ϕ1, . . . ,ϕk are nondecreasing and

ϕ1(x)+ · · ·+ϕk(x) = x, x ∈ I.

Thus, if the nondecreasing functions ϕ1, . . . ,ϕk : I → R are summing up to the
identity, the function

W [ϕ1,...,ϕk−1](x1, . . . ,xk) =
k−1

∑
i=1

ϕi(xi)+ xk−
k−1

∑
i=1

ϕi(xk), x1, . . . ,xk ∈ I,

is a mean a k-variable mean in I.

Let us note the following easy to show

Theorem 36.14. Let I ⊂ R be an interval. Suppose that the functions ϕi : I → R,
i = 1, . . . ,k−1, and

id
∣∣
I−

k−1

∑
i=1

ϕi,

are nondecreasing. Then the following conditions are equivalent

(i) the mean W [ϕ1,...,ϕk−1] is symmetric;
(ii) the mean W [ϕ1,...,ϕk−1] is subadditive;

(iii) there are pi ≥ 0, i = 1, . . . ,k, such that ∑k
i=1 pi = 1 and

W [ϕ1,...,ϕk−1](x1, . . . ,xk) =
k

∑
i=1

pixi, x1, . . . ,xk ∈ I.

Remark 36.6. Let I ⊂ R be an interval. Suppose that the functions ϕi,ψi : I → R,
i = 1, . . . ,k−1, and

id
∣∣
I−

k−1

∑
i=1

ϕi, id
∣∣
I−

k−1

∑
i=1

ψi

are nondecreasing. Then the following conditions are equivalent

(i) W [ϕ1,...,ϕk−1] ≤W [ψ1,...,ψk−1] ;
(ii) W [ϕ1,...,ϕk−1] = W [ψ1,...,ψk−1].

Proof. Assume that inequality (i) holds true. From the definition of W [ϕ1,...,ϕk−1] we
have

W [ϕ1,...,ϕk−1](x1, . . . ,xk) =
k−1

∑
i=1

[ϕi(xi)−ϕi(xk)]+ xk, x1, . . . ,xk ∈ I,
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and, similarly,

W [ψ1,...,ψk−1](x1, . . . ,xk) =
k−1

∑
i=1

[ψi(xi)−ψi(xk)]+ xk, x1, . . . ,xk ∈ I.

Let us fix arbitrarily j ∈ {1, . . . ,k−1} and take x,y ∈ I. Hence, putting xi = xk = y
for all i ∈ {1, . . . ,k−1} , i �= j, in inequality (i) we get

ϕ j(x)−ϕ j(y)≤ ψ j(x)−ψ j(y), x,y ∈ I,

whence

ϕ j(x)−ψ j(x)≤ ϕ j(y)−ψ j(y), x,y ∈ I.

Since x,y ∈ I are arbitrary, it follows that

ϕ j(x)−ψ j(x) = ϕ j(y)−ψ j(y), x,y ∈ I,

for any j ∈ {1, . . . ,k−1} and j ∈ {1, . . . ,k−1}. ��

36.11 Final Remark and Some Questions

For a fixed p ∈ (0,1) denote the weighted arithmetic mean

Ap(x,y) = px+(1− p)y, x,y ∈ R.

Daróczy and Páles [4] observed the following identity

Ap

(
Ap

(
x+ y

2
,x

)
,Ap

(
y,

x+ y
2

))
=

x+ y
2

, x,y ∈R,

which appears very useful in the theory of convex functions.
Note that if γ is continuous strictly increasing in an interval I and p ∈ (0,1), then

A
[γ]
p

(
A

[γ]
p

(
A [γ],x

)
,A

[γ]
p

(
y,A [γ]

))
= A

[γ]
p (x,y), x,y ∈ I,

which reduces to the previous identity for γ = id |I .
In this connection, the following problems arise.
Let I ⊂ R be an interval and let ϕ : I→ R and idI−ϕ be strictly increasing.
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Problem 36.1. Suppose that the following equation

W [ϕ]
(

W [ϕ]
(

x+ y
2

,x

)
,W [ϕ]

(
y,

x+ y
2

))
=

x+ y
2

, x,y ∈ I,

is satisfied. Does it imply that W [ϕ] coincides with Ap for some p ∈ (0,1)?

Problem 36.2. Do there exist W [ϕ ], being not weighted quasi-arithmetic, and a
quasi-arithmetic mean A [γ] such that

W [ϕ]
(
W [ϕ]

(
A [γ] (x,y) ,x

)
,W [ϕ ]

(
y,A [γ] (x,y)

))
= A [γ] (x,y) , x,y ∈ I ?
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Chapter 37
On Means Which are Quasi-Arithmetic
and of the Beckenbach–Gini Type
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Abstract The class of quasi-arithmetic means and the class of Beckenbach–Gini
means are essentially different. The problem of characterization of the means which
belong to both classes leads to a composite functional equation for two unknown
functions. We solve this functional equation assuming that a generator of quasi-
arithmetic mean is once continuously differentiable.
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37.1 Introduction

Let I ⊂ R be an interval. By a mean we mean any function M : I2→ I such that

min(x,y)≤M(x,y)≤max(x,y) , x,y ∈ I.

If for all x,y ∈ I,x �= y, these inequalities are sharp, M is called a strict mean. If
M : I2→ I is a mean then, of course, M is reflexive, i.e.,

M(x,x) = x , x ∈ I.
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Every reflexive function M : I2 → I which is increasing with respect to each
variable is a mean. In this paper we call such functions the increasing means.

If ϕ : I→ R is continuous and strictly monotonic and f : I→ (0,∞) an arbitrary
function then M : I2→ I given by

M(x,y) := ϕ−1
(

ϕ(x) f (x)+ϕ(y) f (y)
f (x)+ f (y)

)
, x,y ∈ I ,

is a mean and it is called weighted quasi-arithmetic.
Losonczi [5] considered the problem of equality of two quasi-arithmetic

weighted means. Assuming among others that some of the involved functions
are sixth times differentiable, reduces the problem to a sixth order differential
equation. Next, employing the software package Maple V, he got 32 families of
solutions. (For the historical background of the problem cf. [5].)

In the present paper, we consider a special case of the problem considered by
Losonczi. Namely, we examine when the classical quasi-arithmetic means and
Beckenbach–Gini means (cf. Beckenbach [2], Gini [4]; also: Bullen, Mitrinović,
Vasić [3, Chap. III, p. 189]) coincide. However, we assume that functions involved
are only continuously differentiable, and we apply elementary methods.

Recall that a mean M = M[ϕ ] : I2→ I is quasi-arithmetic if there is a continuous
and strictly monotonic function ϕ : I→ R, called a generator of M, such that

M[ϕ](x,y) = ϕ−1
(

ϕ(x)+ϕ(y)
2

)
, x,y ∈ I .

Of course, every quasi-arithmetic mean is increasing and continuous. A mean
M = Mf is called a Beckenbach–Gini mean if there is a function f : I → (0,∞),
a generator of the mean, such that

Mf (x,y) =
x f (x)+ y f (y)

f (x)+ f (y)
, x,y ∈ I ,

(note that one can assume that f is of a constant sign). In general, a Beckenbach–
Gini mean need be increasing and continuous. Clearly, both quasi-arithmetic and
Beckenbach–Gini means are strict.

In Sect. 2 of the present paper, we examine when M[ϕ] = Mf , i.e. when the
Beckenbach–Gini and quasi-arithmetic means coincide. More exactly, we consider
the functional equation

ϕ−1
(

ϕ(x)+ϕ(y)
2

)
=

x f (x)+ y f (y)
f (x)+ f (y)

, x,y ∈ I ,
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when ϕ : I→R and f : I→ (0,∞) are the unknown functions. Under the assumption
of the continuous differentiability of the unknown functions we show (Theorem
37.1) that the functions ϕ and f satisfy this equation if, and only if,

ϕ ′(x) = c f (x)2 , x ∈ I ,

and

f (x) =
1√

|Ax2 +Bx+C| , x ∈ I ,

for some A,B,C,c ∈ R, C �= 0 �= c. Applying this result we determine all families
of pairs of functions (ϕ, f ) satisfying the considered functional equation (Corollary
37.1) as well as the relevant means. In some cases, the generator ϕ can be the log
composed with a homographic function or arctan composed with an affine function.

The case I = R is considered. In this context, the generalized geometric and
harmonic means appear. Note that these means can be treated as the Beckenbach–
Gini ones but they are not quasi-arithmetic. The problem of extension of
quasi-arithmetic means is considered. We end this section with some remarks
on the three parameter family of Beckenbach–Gini means {MA,B,C : A,B,C ∈ R,
A2 +B2 +C2 > 0}, with MA,B,C := Mf , where f is given by

f (x) =
1√

|Ax2 +Bx+C| ,

indicating some interesting relations among these means and the generalized
harmonic and geometric means.

In Sect. 3, we consider a higher dimensional version of equation M[ϕ] = Mf .
More exactly, we examine the functional equation

ϕ−1

(
∑k

j=1 ϕ(xk)

k

)
=

∑k
j=1 xk f (xk)

∑k
j=1 f (xk)

, x1, ...,xk ∈ I ,

where k ≥ 3 is a fixed positive integer. We show that a strictly monotonic
continuously differentiable function ϕ : I → R and a continuously differentiable
function f : I→ (0,∞) satisfy this equation if, and only if, either

ϕ(x) = ax+b , f (x) = c , x ∈ I ,

or

ϕ(x) =
a

x+d
+b , f (x) =

c
x+d

, x ∈ I ,

for some a,b,c,d ∈ R, a �= 0 �= c (and the joint forms of both means M[ϕ] and Mf

are given).
Let us mention that if one of the means M[ϕ] or Mf is positively homogeneous

then the equation M[ϕ] = Mf is easy to solve (cf. [6, Theorem 6 and Corollary 3]).



586 J. Matkowski

37.2 The Functional Equation M[ϕ] = Mf

Some properties of Beckenbach–Gini and quasi-arithmetic means can be found in
[3, Chaps. III and IV]. We begin with recalling the following easy to verify

Remark 37.1. Let I ⊂ R be an interval and f ,g : I→ (0,∞).Then Mf = Mg if, and
only if, g = c f for some c > 0.

Remark 37.2. Let I ⊂ R be an interval and ϕ,ψ : I → R continuous and strictly
monotonic. Then M[ϕ ] = M[ψ] if, and only if, ψ = a f +b for some a,b ∈R, a �= 0.

Let us also note that every mean has the following mean property: if M : I2→ I
is a mean and J ⊂ I is an interval, then M restricted to the set J2 is a mean on J2

and, consequently, M(J2) = J.
The main result reads as follows

Theorem 37.1. Let I ⊂ R be an open interval. A strictly monotonic continuously
differentiable function ϕ : I→ R and a function f : I→ (0,∞) satisfy the functional
equation M[ϕ] = Mf in I, i.e.,

ϕ−1
(

ϕ(x)+ϕ(y)
2

)
=

x f (x)+ y f (y)
f (x)+ f (y)

, x,y ∈ I , (37.1)

if, and only if,

ϕ ′(x) = c f (x)2 , x ∈ I ,

and

f (x) =
1√|Ax2 +Bx+C| , x ∈ I ,

for some A,B,C,c ∈ R, C �= 0 �= c.

Proof. Suppose that a strictly monotonic and continuously differentiable function
ϕ : I→ R and a function f : I→ (0,∞) satisfy equation 37.1.

Assume first that

ϕ ′(x) �= 0 , x ∈ I .

Then (37.1) easily implies that f is also continuously differentiable in I. Write (37.1)
in the form

ϕ(x)+ϕ(y) = 2ϕ
(

x f (x)+ y f (y)
f (x)+ f (y)

)
, x,y ∈ I . (37.2)

Differentiating both sides of (37.2) with respect to x and y, respectively, gives

ϕ ′(x) = 2ϕ ′
(

x f (x)+ y f (y)
f (x)+ f (y)

)
f (x)2 + f (x) f (y)+ x f ′(x) f (y)− y f ′(x) f (y)

( f (x)+ f (y))2

(37.3)
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and

ϕ ′(y) = 2ϕ ′
(

x f (x)+ y f (y)
f (x)+ f (y)

)
f (y)2 + f (y) f (x)+ y f ′(y) f (x)− x f ′(y) f (x)

( f (x)+ f (y))2

(37.4)

for all x,y ∈ I. Subtracting these equations by sides and then dividing by x− y, for
all x,y ∈ I, x �= y, we obtain

ϕ ′(x)−ϕ ′(y)
x− y

= 2ϕ ′
(

x f (x)+ y f (y)
f (x)+ f (y)

) f (x)2− f (y)2

x− y
+ f ′(x) f (y)+ f (x) f (y)′

( f (x)+ f (y))2 .

Letting here y → x we see that the limit of the right hand side exists and,
consequently,

ϕ ′′(x) = 2ϕ ′(x)
f ′(x)
f (x)

, x ∈ I .

It follows that the function ϕ is twice continuously differentiable in I. Writing this
relation in the form

ϕ ′′(x)
ϕ ′(x)

= 2
f ′(x)
f (x)

, x ∈ I ,

we infer that there exists a number c ∈ R such that

ϕ ′(x) = c f (x)2 , x ∈ I . (37.5)

Note that c �= 0, as, by assumptions, f has positive values and ϕ is strictly
monotonic. It follows that

ϕ ′(x) �= 0 , x ∈ I ,

and, by (37.1), the function f is also twice continuously differentiable in I.
Now from (37.3) and (37.4) we have

ϕ ′(x)
ϕ ′(y)

=
f (x)2 + f (x) f (y)+ x f ′(x) f (y)− y f ′(x) f (y)
f (y)2 + f (y) f (x)+ y f ′(y) f (x)− x f ′(y) f (x)

, x,y ∈ I .

Hence, making use of (37.5), we obtain

f (x)2

f (y)2 =
f (x)2 + f (x) f (y)+ x f ′(x) f (y)− y f ′(x) f (y)
f (y)2 + f (y) f (x)+ y f ′(y) f (x)− x f ′(y) f (x)

, x,y ∈ I ,

which is equivalent to the relation

f (x) f (y)
[

f (x)2 − f (y)2]
= (x− y)

[
f ′(y) f (x)3− f ′(x) f (y)3] , x,y ∈ I . (37.6)
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Without any loss of generality, we can assume that

0 ∈ I .

By Remark 1 we can also assume that

f (0) = 1 .

Now, setting y = 0 in (37.5) gives

f ′(x) =
f (x)3− f (x)

x
+a f (x)3 , x ∈ I,x �= 0 . (37.7)

Differentiating both sides of (37.6) with respect to y we obtain, for all x,y ∈ I,

f (x) f ′(y)
[

f (x)2− f (y)2]−2 f (x) f (y)2 f ′(y)

=−[
f ′(y) f (x)3 + f ′(x) f (y)3]+(x− y)

[
f ′′(y) f (x)3 +3 f ′(x) f (y)2 f ′(y)

]
.

Putting here y := 0 gives

(3ax−1) f ′(x) = (2a−bx) f (x)3−3a f (x) , x ∈ I ,

where

a := f ′(0), b := f ′′(0) .

Making use of (37.7), we hence get, for all x ∈ I, x �= 0,

(3ax−1)

[
f (x)3− f (x)

x
+a f (x)3

]
= (2a−bx) f (x)3−3a f (x) ,

which, as f is positive and continuous, implies that

(3ax−1)
[

f (x)2−1+ax f (x)2]= (2a−bx)x f (x)2−3ax , x ∈ I ,

and, consequently,

f (x)2 =
1

(3a2−b)x2−2ax+1
, x ∈ I .

Since, by the assumption, f is positive, we get

f (x) =
1√|(3a2−b)x2−2ax+1| , x ∈ I .



37 Quasi-Arithmetic and Beckenbach–Gini Means 589

Thus, we have shown that f must be of the form

f (x) =
1√

|Ax2 +Bx+C| , x ∈ I , (37.8)

for some A,B,C ∈ R, such that C �= 0.
To finish this part of the proof put

Z := {x ∈ I : ϕ ′(x) = 0} .

The continuity of ϕ ′ implies that Z is closed. By the strict monotonicity of ϕ , the
interior of Z is empty. Moreover, there exists at most countable set S such that

I \Z =
⋃
s∈S

Is ,

where {Is : s ∈ S} is a family of open (in I) and disjoint intervals. If Z were not
empty then there would exist an s ∈ S such that

Is = (x0,x1) ,x0 < x1 , with x0 ∈ Z or x1 ∈ Z .

Assume, for instance, that x0 ∈ Z. Since ϕ ′ �= 0 in Is, according to what we have
already shown,

ϕ ′(x) = c f (x)2 , x ∈ (x0,x1) .

Equation (37.1) and the assumptions of ϕ imply that f is continuous in I. In
particular, f is continuous at x0. Letting x→ x0 we hence get

0 = ϕ ′(x0) = c f (x0)
2 ,

and, consequently, f (x0) = 0. This contradiction shows that the set Z is empty, and
completes the proof of the “only if” part of the theorem.

Making use formula (37.5), and considering several obvious cases (cf. Corollary
37.1 below), it is easy to verify that the converse implication holds true. 	

Remark 37.3. Note that a function f : I→ (0,∞) satisfies (37.6) if, and only if, f is
of the form (37.8).

Applying Theorem 37.1 we obtain

Corollary 37.1. Let I ⊂ R be an interval. A strictly monotonic continuously
differentiable function ϕ : I→ R and a continuously differentiable function f : I→
(0,∞) satisfy the functional equation

M[ϕ](x,y) = Mf (x,y) , x,y ∈ I ,
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if, and only if, one of the following cases occurs:

1. there are p,q,r, a,b ∈ R, p < q, r > 0, a �= 0, such that I ⊂ (p,q),

f (x) =
r√

(x− p)(q− x)
, ϕ(x) = a log

x− p
q− x

+b , x ∈ I ;

moreover

M[ϕ](x,y) =
x
√

(y− p)(q− y)+ y
√
(x− p)(q− x)√

(y− p)(q− y)+
√
(x− p)(q− x)

= Mf (x,y) , x,y ∈ I ;

2. there are p,q,r, a,b ∈ R, p < q, r > 0, a �= 0, such that either I ⊂ (−∞, p) or
I ⊂ (q,∞), and

f (x) =
r√

(x− p)(x−q)
, ϕ(x) = a log

x− p
q− x

+b , x ∈ I ;

moreover

M[ϕ](x,y) =
x
√

(y− p)(y−q)+ y
√
(x− p)(x−q)√

(y− p)(y−q)+
√
(x− p)(x−q)

= Mf (x,y) , x,y ∈ I ;

3. there are p,r, a,b ∈ R, r > 0, a �= 0, such that either I ⊂ (−∞, p) or I ⊂ (p,∞),
and

f (x) =
r√

(x− p)2
=

r
|x− p| , ϕ(x) =

a
x− p

+b , x ∈ I ;

moreover

M[ϕ](x,y) = p+
2(x− p)(y− p)
(x− p)+ (y− p)

= Mf (x,y) , x,y ∈ I ;

4. there are p,q,r, a,b ∈ R, p2−4q < 0, r > 0, a �= 0, such that

f (x) =
r√

x2 + px+q)
, ϕ(x) = aarctan

2x+q√
4q− p2

+b , x ∈ I ;

moreover

M[ϕ](x,y) =
x
√

y2 + py+q+ y
√

x2 + px+q√
y2 + py+q+

√
x2 + px+q

= Mf (x,y) , x,y ∈ I ;

5. there are p,r, a,b ∈ R, r > 0, a �= 0, such that either I ⊂ (−∞, p),

f (x) =
r√

p− x
, ϕ(x) = a log(p− x)+ b , x ∈ I ,
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and moreover

M[ϕ](x,y)=−
√
(x− p)(y− p)+ p=

x
√

p− y+ y
√

p− x√
p− y+

√
p− x

=Mf (x,y) , x,y∈ I ;

or I ⊂ (p,∞),

f (x) =
r√

x− p
, ϕ(x) = a log(x− p)+ b , x ∈ I ,

and moreover

M[ϕ](x,y)=
√
(x− p)(y− p)+ p =

x
√

y− p+ y
√

x− p√
y− p+

√
x− p

=Mf (x,y), x,y ∈ I ;

6. there are r, a,b ∈ R, r > 0, a �= 0, such f (x) = r and ϕ(x) = ax+ b for x ∈ I;
moreover,

M[ϕ](x,y) =
x+ y

2
= Mf (x,y) , x,y ∈ I .

Remark 37.4. Note the following facts.

1. In the cases 4 and 6 of Corollary 37.1, taking I = R gives the suitable
Beckenbach–Gini and quasi-arithmetic means which are globally defined on R

2.
2. Let

g(x) :=
1√|(x− p)(x−q)| , x ∈ R\{p,q} ,

where p �= q, and define Fp,q : (R2\A)→ R where A := {p,q}×R∪R×{p,q}
by

Fp,q(x,y) :=
x
√|(y− p)(y−q)|+ y

√|(x− p)(x−q)|√|(y− p)(y−q)|+√|(x− p)(x−q)| .

Since, for every y ∈ R\{p,q},

lim
x→p

Fp.q(x,y) = lim
x→p

F(x,y) = p , lim
x→q

Fp,q(x,y) = lim
x→q

F(x,y) = q , (37.9)

the function Fp,q is not extendable to a continuous mean on R2. Note that
the Beckenbach–Gini means mentioned in the cases 1 and 2 of Corollary 37.1
coincide with Fp,q on some proper subsets of R2.

3. The mean considered in case 3 (where p = q), which is a translated harmonic
one, is extendable to a generalized harmonic mean Hp : R2 → R defined by
Hp(p, p) := p and

Hp(x,y) := p+
(x− p) |y− p|+(y− p) |x− p|

|y− p|+ |x− p| , (x,y) �= (p, p) .
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This mean is continuous on R
2 and Hp(x,y) = p for all x,y with xy≤ 0. Since

Hp(x,y) :=
x |y− p|+ y |x− p|
|y− p|+ |x− p| , (x,y) �= (p, p) ,

Hp can be treated as a Beckenbach–Gini mean of the generator f (x) = 1/ |x− p| .
4. Similarly, the mean considered in case 5 (where p = q), a translated geometric

one, is extendable to a generalized geometric mean Gp : R2 → R defined by
Hp(p, p) := p and

Hp(x,y) := p+
(x− p)

√|y− p|+(y− p)
√|x− p|√|y− p|+√|x− p| , (x,y) �= (p, p) .

This mean is continuous on R
2 and Gp(x,y) = 0 for all x,y with xy≤ 0. Since

Hp(x,y) :=
x
√|y− p|+ y

√|x− p|√|y− p|+√|x− p| , (x,y) �= (p, p) ,

so Hp can be treated as a Beckenbach–Gini mean of the generator f (x) =
1/

√|x− p|.
Remark 37.5. For every p ∈R, the generalized harmonic and geometric means, Hp

and Gp, are unique increasing means which coincide with the translated harmonic
and geometric means, respectively.

Proof. Since for all x,y such that (x− p)+ (y− p)> 0,

Hp(x,y) = p+
2(x− p)(y− p)
(x− p)+ (x− p)

, Gp(x,y) := p+
√
(x− p)(y− p) ,

and for all x,y such that (x− p)+ (y− p)< 0,

Hp(x,y) = p+
2(p− x)(p− y)
(p− x)+ (p− y)

, Gp(x,y) := p+
√
(p− x)(p− y) ,

the means Hp and Gp on the sets (p,∞)2 and (−∞, p)2 coincide, respectively, with
the translated harmonic and geometric means.

Now suppose that M : R2 → R is an increasing mean which coincides with the
harmonic translated means on (p,∞)2 and (−∞, p)2. Then for all x,y such that x≤
p≤ y we have

p = Hp(x, p) = M(x, p) ≤M(x,y)≤M(p,y) = Hp(p,y) = p ,

which proves that M(x,y) = p for all x≤ p≤ y. 	
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As we have observed, the generalized harmonic and geometric means are of the
Beckenbach–Gini type. However, we have the following.

Remark 37.6. The generalized harmonic and geometric means are not quasi-
arithmetic ones.

This is a consequence of the subsequent

Proposition 37.1. Let I ,J ⊂R be intervals such that I = (a,b), J = (b,c) for some
a,b,c,−∞≤ a< b < c≤∞. Suppose that M[ψ] : I2→ I and M[γ] : J2→ J are quasi-
arithmetic means of the suitable generators ψ : I→R and γ : J→R. The following
two conditions are equivalent:

1. there exists a quasi-arithmetic mean M[ϕ ] : (a,c)2→ (a,c) such that

M[ϕ](x,y) = M[ψ ](x,y) , x,y ∈ I ; M[ϕ ](x,y) = M[γ](x,y) , x,y ∈ J ;

2. the limits

ψ(b−) := lim
x→b−

ψ(x) , γ(b+) := lim
x→b+

γ(x)

exist and are finite.

Proof. It is an immediate consequence of the definition of a quasi-arithmetic mean
and Remark 37.2. 	


Take arbitrarily fixed A,B,C ∈ R such that A2 +B2 +C2 > 0, and put MA,B,C :=
Mf , where f is given by f (x) = 1/

√|Ax2 +Bx+C|. The next remark shows
an interesting relations of the family of Beckenbach–Gini means MA,B,C and the
generalized harmonic and geometric means for p = 0.

Remark 37.7. The three-parameter family of means

{MA,B,C : A,B,C ∈ R, A2 +B2 +C2 > 0}

has the following properties: for all x,y ∈ R,

lim
A→∞

MA,B,C(x,y) = lim
A→−∞

MA,B,C(x,y) =
x |y|+ y |x|
|y|+ |x| = H0(x,y) ,

lim
B→∞

MA,B,C(x,y) = lim
B→−∞

MA,B,C(x,y) =
x
√|y|+ y

√|x|√|y|+√|x| = G0(x,y) ,

lim
C→∞

MA,B,C(x,y) = lim
C→−∞

MA,B,C(x,y) =
x+ y

2
.
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37.3 A Higher Dimensional Case

In this section, we prove the following.

Theorem 37.2. Let I ⊂ R be an interval and k ∈ N, k ≥ 3, fixed. A strictly
monotonic continuously differentiable function ϕ : I → R and a continuously
differentiable function f : I→ (0,∞) satisfy the equation M[ϕ] = Mf in I, i.e.

ϕ−1

(
∑k

j=1 ϕ(x j)

j

)
=

∑k
j=1 x j f (x j)

∑k
j=1 f (x j)

, x1, ...,xk ∈ I , (37.10)

if, and only if, either, for some a,b,c ∈ R, a �= 0 �= c,

ϕ(x) = ax+b, f (x) = c , x ∈ I ,

and then both means M[ϕ] and Mf are equal to the arithmetic one; or for some
a,b,c,d ∈R, a �= 0 �= c,

ϕ(x) =
a

x+d
+b , f (x) =

c
x+d

, x ∈ I ,

and then both means M[ϕ] and Mf are equal to the d-translated harmonic one, i.e.,
for all x1, ...,xk ∈ I,

M[ϕ ](x1, ...,xk) =
k

1/(x+d)+ ...+1/(x+d)
−d = Mf (x1, ...,xk) .

Proof. For the simplicity of notations assume that k = 3. Suppose f : I→ (0,∞) and
ϕ : I→ R are continuously differentiable and satisfy (37.10). Then we have

ϕ
(

x f (x)+ y f (y)+ z f (z)
f (x)+ f (y)+ f (z)

)
=

ϕ(x)+ϕ(y)+ϕ(z)
3

, x,y,z ∈ I .

Differentiating this equation, first with respect to x and next with respect to y, gives

ϕ ′(x) = 3ϕ ′
(
Mf (x,y,z)

)

× [ f (x)+ x f ′(x)] [ f (x)+ f (y)+ f (z)]− f ′(x) [x f (x)+ y f (y)+ z f (z)]

[ f (x) f (y)+ f (z)]2
,

ϕ ′(y) = 3ϕ ′
(
Mf (x,y,z)

)

× [ f (y)+ y f ′(y)] [ f (x)+ f (y)+ f (z)]− f ′(y) [x f (x)+ y f (y)+ z f (z)]

[ f (x) f (y)+ f (z)]2

for all x,y,z ∈ I.
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Since ϕ is strictly monotonic, the set U := {x ∈ I : ϕ ′(x) �= 0} is non-empty and
open. Let J ⊂ U be a nontrivial maximal interval. Since Mf is a mean, we have
Mf (J3)⊂ J. Dividing these two equations by sides we get

ϕ ′(x)
ϕ ′(y)

=
[ f (x)+ x f ′(x)] [ f (x)+ f (y)+ f (z)]− f ′(x) [x f (x)+ y f (y)+ z f (z)]
[ f (y)+ y f ′(y)] [ f (x)+ f (y)+ f (z)]− f ′(y) [x f (x)+ y f (y)+ z f (z)]

(37.11)

for all x,y,z ∈ J, which proves that the right hand side does not depend on z. Hence,
writing the derivative of the right hand side with respect to z, we get

0 =
{[

f (x)+ x f ′(x)
]

f ′(z)− f ′(x)
[

f (z)+ z f ′(z)
]}

×{[
f (y)+ y f ′(y)

]
[ f (x)+ f (y)+ f (z)]− f ′(y) [x f (x)+ y f (y)+ z f (z)]

}
−{[

f (y)+ y f ′(y)
]

f ′(z)− f ′(y) [ f (z)+ z f (z)]
}

×{[
f (x)+ x f ′(x)

]
[ f (x)+ f (y)+ f (z)]− f ′(x) [x f (x)+ y f (y)+ z f (z)]

}

for all x,y,z ∈ J. Setting here y := z gives

0 =
{[

f (x)+ x f ′(x)
]

f ′(z)− f ′(x)
[

f (z)+ z f ′(z)
]}

×{[
f (z)+ z f ′(z)

]
[ f (x)+ 2 f (z)]− f ′(z) [x f (x)+ 2z f (z)]

}
= 0

for all x,z ∈ J. For z = x the factor in the second brace reduces to 3 f (x)2. Since, by
assumption, f is positive, it follows that for every x ∈ J there is a non-empty open
interval Jx such that x ∈ Jx and for all z ∈ Jx, the second factor is different than 0.
Now the above equation implies that, for every x ∈ J,

[
f (x)+ x f ′(x)

]
f ′(z)− f ′(x)

[
f (z)+ z f ′(z)

]
= 0 , z ∈ Jx . (37.12)

Treating here x as fixed we get

f ′(z)
f (z)

=
β

z+d
, z ∈ Jx ,

where d and β are some constant (depending on fixed x) and, consequently,

f (z) = c(z+d)β , z ∈ Ix , (37.13)

for some constant c > 0. Assume first that β �= 0. Setting the function (37.13) into
relation (37.12), and performing simple calculations leads to β (z− x) = x− z for
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z ∈ Jx, whence β = −1. Now the differentiability of f easily implies that d and c
must be constant independent on x. Thus, we have shown that, for some d ∈ R and
c > 0,

f (x) =
c

x+d
, x ∈ J . (37.14)

If d = 0, then

Mf (x,y,z) =
x f (x)+ y f (y)+ z f (z)

f (x)+ f (y)+ f (z)
=

3
1/x+1/y+1/z

, x,y,z ∈ J ,

is the harmonic mean. Applying Remark 37.2 we infer that, for some a,b∈R, a �= 0,
ϕ(x) = a/x+ b for x ∈ J. Now we are going to determine the form of the function
ϕ in the case d �= 0. Setting the function (37.14) into (37.11) and fixing arbitrarily y
,z ∈ J gives

ϕ ′(x) =
Ax2 +Bx+C
Dx2 +Ex+F

, x ∈ J , (37.15)

for some real constant A,B,C,D,E,F. Replacing the values of ϕ ′, f and f ′ in (37.11)
by the suitable expressions given by the formulas (37.14) and (37.15), we obtain an
equality of two polynomials of the variables x and y (the variable z disappears).
Comparing the coefficients at the relevant monomials leads to the following system
of equations for the unknown numbers A,B,C,D,E,F :

AF = 0 , AE = 0 , AD = 0 ,

D(2Ad+B) = 0 , E(2Ad+B) = 0 , F(2Ad+B) = 0 ,
AFd2 +2BFd+C(F−Dd2) = 0 , BFd+C(2F−Ed) = 0 ,

AEd2 +Bd(2E−Dd)+C(E−2Dd) = 0 .

If A �= 0 then, according to the first three equations of this system, we would have
D = E = F = 0 which, in view of formula (37.15), is impossible. Thus, A = 0 and
this algebraic system of equations simplifies to the following one:

DB = 0 , EB = 0 , FB = 0 ,

2BFd +C(F−Dd2) = 0, BFd+C(2F−Ed) = 0 ,

Bd(2E−Dd)+C(E−2Dd) = 0 .

Note that B = 0 (otherwise we would again have D = E = F = 0 which, by (37.15),
is impossible). Now the algebraic system of equations implies that C(F−Dd2) = 0,
C(2F − Ed) = 0, and C(E − 2Dd) = 0. According to our assumption, ϕ ′ �= 0 in
J. Since A = B = 0, in view of (37.15), we have C �= 0. Therefore F = Dd2 and
E = 2Dd, whence

ϕ ′(x) =
C

Dx2 +2Ddx+Dd2 =
C

D(x+d)2 , x ∈ J .
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Hence, making use of the continuous differentiability of ϕ and the maximality of J
we infer that J = I, and

ϕ(x) =
a

x+d
+b , x ∈ I ,

where a :=−C/D and b ∈R. Note that this formula includes also the case d = 0.
Assume now that there is an x ∈ J such that β = 0 in (37.13). Then the function

f is constant in in the interval Jx. Now it is a consequence of the previous reasoning
that f is constant in I, i.e. f (x) = c for all x ∈ I. In this case we have

Mf (x,y,z) =
x f (x)+ y f (y)+ z f (z)

f (x)+ f (y)+ f (z)
=

x+ y+ z
3

, x,y,z ∈ I .

It follows from (37.9) that, for some a,b ∈ R, a �= 0, ϕ(x) = ax+ b for x ∈ I. The
verification of the converse implication is a matter of easy calculations. 	

Remark 37.8. Let us mention that the problem of equality of k-variable weighted
quasi-arithmetic means of the form

ϕ−1

(
∑k

j=1 g(x j)ϕ(x j)

g(x j)

)

with k≥ 3, under the assumptions that the involved functions are twice continuously
differentiable, was considered by Bajraktarević [1].
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Chapter 38
Scalar Riemann–Hilbert Problem for Multiply
Connected Domains

Vladimir V. Mityushev

Dedicated to the memory of S.M. Ulam
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Abstract We solve the scalar Riemann–Hilbert problem for circular multiply
connected domains. The method is based on the reduction of the boundary value
problem to a system of functional equations (without integral terms). In the previous
works, the Riemann–Hilbert problem and its partial cases such as the Dirichlet
problem were solved under geometrical restrictions to the domains. In the present
work, the solution is constructed for any circular multiply connected domain in the
form of modified Poincaré series.

Keywords Boundary value problem • Multiply connected domain • Schwartz
operator • Poincaré series • Dirichlet problem • Harmonic measure • Green
function
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38.1 Introduction

Various boundary value problems are reduced to singular integral equations
[13,32,38]. Only some of them can be solved in closed form. In the present paper we
follow the lines of the book [30] and describe application of the functional equations
method to the scalar linear Riemann–Hilbert problem for multiply connected
domains.

This problem can be considered as a generalization of the classical Dirichlet and
Neumann problems for harmonic functions. It includes as a partial case the mixed
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boundary value problem. One knows the famous Poisson formula which solves
the Dirichlet problem for a disk. The exact solution of the Dirichlet problem for
a circular annulus is also known due to Villat–Dini (see [8, p. 119] and [3, p.169]).
Formulae from Theorems 38.4 and 38.5 presented below can be considered as a
generalization of the Poisson and Villat–Dini formulae to arbitrary circular multiply
connected domains.

In the present paper, we propose complete solution to the scalar Riemann–
Hilbert problem for any multiply connected domain using functional equations. By
functional equations we mean iterative functional equations [21, 30] with shift into
domain. Hence, we do not use traditional integral equations and infinite systems
of linear algebraic equations. We give exact formulae for the solution when the
unknown function is given explicitly in terms of the coefficients of the problem and
geometric parameters of the domain.

Despite the solution is given by exact formulae, its structure is not elementary.
More precisely, it is represented in the form of integrals involving the Abelian
functions [5] (Poincaré series or their counterparts [30]). The reason, why the
solution in general is not presented by integrals involving elementary kernels, has
the topological nature. In order to explain this, we shortly recall the scheme of the
solution to the Riemann–Hilbert problem

φ(t)+G(t)φ(t) = g(t) , t ∈ ∂C+, (38.1)

for the upper half-plane C+ following [13, 32]. Define the function φ−(z) := φ(z)
analytic in the lower half-plane. Then the Riemann–Hilbert problem (38.1) becomes
the C-linear problem (Riemann problem)

φ+(t)+G(t)φ−(t) = g(t) , t ∈ ∂C+. (38.2)

The latter problem is solved in terms of the Cauchy type integrals (see details in
[13, 32]).

Let us look at this scheme from another point of view [41]. Introduce a copy of
the upper half-plane C

+ with the local complex coordinate z and glue it with C
+

along the real axis. Define the function φ−(z) := φ(z) analytic on the copy of C+.
Then we again arrive at the C-linear problem (38.2) but on the double of C+ which
is conformally equivalent to the Riemann sphere Ĉ. The fundamental functionals of
Ĉ are expressed by means of meromorphic functions which produces the Cauchy
type integrals. The same scheme holds for any n-connected domain D. In result, we
arrive at the problem (38.2) on the Schottky double of D, the Riemann surface of
genus (n− 1), where the life is more complicated than on the plane considered as
the Riemann sphere of zero genus. It does not described by meromorphic functions.
Therefore, if one tries to solve the problem (38.2) on the double of D, he has to use
meromorphic analogies of the Cauchy kernel on Riemann surfaces, i.e., the Abelian
functions. In the case n = 2, the double of D becomes a torus in which meromorphic
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functions are replaced by the classical elliptic functions [3]. Crowdy [9–11] used the
Schottky–Klein prime function associated with the Schottky double of D to solve
many different problems for multiply connected domains.

The paper is organized as follows. First, we state the problem, describe the
known results, discuss the R-linear and the Schwarz problems. In Sect. 38.2, we
discuss functional equations and prove the convergence of the method of successive
approximations for these equations. In Sect. 38.3, the harmonic measures of the
circular multiply connected domains and the Schwarz operator are constructed by
the method which can be outlined as follows. At the beginning the Schwarz problem
is written as an R-linear problem. Then we reduce it to functional equations.
Application of the method of successive approximations yields the solution in the
form of the Poincaré series of weight 2. As a sequence we obtain the almost uniform
convergence of the Poincaré series for any multiply connected domain.

Further, by application of the standard factorization method we reduce the
problem (38.3) to the Riemann–Hilbert problem with constant coefficients in each
component of ∂D. The latter problem is also solved by application of successive
approximations to functional equations.

38.1.1 Statement of the Riemann–Hilbert Problem

Let D be a multiply connected domain on the complex plane whose boundary ∂D
consists of n simple closed Jordan curves. The positive orientation on ∂ D leaves D
to the left.

The scalar linear Riemann–Hilbert problem for D is stated as follows. Given
Hölder continuous functions λ (t) �= 0 , f (t) on ∂ D. To find a function φ(z) analytic
in D, continuous in the closure of D with the boundary condition

Re λ (t)φ(t) = f (t) , t ∈ ∂D . (38.3)

This condition can be also written in the form (38.1).
The problem (38.3) had been completely solved for simply connected domains

(n = 1). Its solution and general theory of boundary value problems is presented
in the classic books by Gakhov [13], Muskhelishvili [32] and Vekua [38]. In 1975
Bancuri [6] had solved the Riemann–Hilbert problem for circular annulus (n = 2).

First results concerning the Riemann–Hilbert problem for general multiply
connected domains were obtained by Kveselava [20] in 1945. He reduced the
problem to an integral equation. From 1952, Vekua and later Bojarski began to
extensively study this problem. Their results are presented in the book [38]. This
Georgian attack to the problem supported by young Polish mathematician were
successful. Due to Kveselava, Vekua and Bojarski, we have a theory of solvability
of the problem (38.3) based on integral equations and estimations of its defect
numbers, l, the number of linearly independent solutions and p, the number of
linearly independent conditions of solvability on f (t). Here, κ = wind∂ Dλ is the
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Fig. 38.1 Multiply
connected circular domain D

and disks Dk. A point w is
fixed in D\{∞}

rk

k

w

ak

index of the problem. In particular, Bojarski obtained the exact estimation lκ ≤
κ+ 1. In the special case 0 < κ < n− 2, Bojarski shown that solvability of the
problem depends on a system of linear algebraic equations with 2κ unknowns. It
was also demonstrated that the rank of this system differs from 2κ on the set of
zeros of an analytic function of few variables. Hence, almost always

l = max(0,2κ−n+2).

In 1971, Zverovich [41] developed the theory by reduction the problem (38.3) to the
C-linear problem on the Riemann surface (38.2) and shown that the solution of the
problem is expressed in terms of the fundamental functionals of the double of D.
The complete solution to the problem (38.3) had been given in [26, 29, 30] by the
method of functional equations. It is presented in Sect. 38.4 with some corrections
and modifications.

Any multiply connected domain D can be conformally mapped onto a circular
multiply connected domain ([17, p. 235]). Hence, it is sufficient to solve the problem
(38.3) for a circular domain and after to write the solvability conditions and solution
using the conformal mapping.

Let us consider mutually disjointed disks (Fig. 38.1)

Dk := {z ∈ C : |z−ak|< rk} (k = 1,2, ...,n)

in the complex plane C. Let D be the complement of the closed disks |z− ak| ≤ rk

to the extended complex plane Ĉ= C∪{∞}, i.e.,

D := Ĉ\
n⋃

k=1

(Dk ∪∂Dk) .

It is assumed that Tk ∩Tm = /0 for k �= m. The circles Tk := {t ∈C : |t−ak|= rk}
leaves D to the left.
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38.1.2 R-Linear Problem

Let D be a multiply connected domain described above. Let Dk (k = 1,2, . . . ,n) be
simply connected domains complementing D to the extended complex plane. TheR-
linear conjugation problem or simply R-linear problem is stated as follows. Given
Hölder continuous functions a(t) �= 0 , b(t) and c(t) on ∂D. To find a function φ(z)
analytic in

⋃n
k=1 Dk∪D, continuous in Dk∪∂Dk and in D∪∂D with the conjugation

condition

φ+(t) = a(t)φ−(t)+ b(t)φ−(t)+ c(t) , t ∈ ∂D. (38.4)

Here, φ+(t) is the limit value of φ(z) when z ∈D tends to t ∈ ∂ D, φ−(t) is the limit
value of φ(z) when z ∈ Dk tends to t ∈ ∂D. In the case |a(t)| ≡ |b(t)| the R-linear
problem is reduced to the Riemann–Hilbert problem (38.3) [24].

In the case of the smooth boundary ∂D, the homogeneousR-linear problem with
constant coefficients

φ+(t) = aφ−(t)+ bφ−(t) , t ∈ ∂D. (38.5)

is equivalent to the transmission problem from the theory of harmonic functions

u+(t) = u−(t), λ+ ∂u+

∂n
(t) = λ−

∂u−

∂n
(t) , t ∈ ∂ D . (38.6)

Here, the real function u(z) is harmonic in D and continuously differentiable in
Dk∪∂Dk and in D∪∂D, ∂

∂ n is the normal derivative to ∂ D. The conjugation condi-
tions express the perfect contact between materials with different conductivities λ+

and λ−. The functions φ(z) and u(z) are related by the equalities

u(z) = Re φ(z) , z ∈ D , (38.7)

u(z) =
λ−+λ+

2λ+
Re φ(z) , z ∈ Dk (k = 1,2, . . . ,n) .

The coefficients are related by formulae

a = 1 , b =
λ−−λ+

λ−+λ+
. (38.8)

For details see [30, Sect. 2.12]. Let us note that for positive λ+ and λ− we arrive at
the elliptic case |b|< |a| in accordance with Mikhajlov’s terminology [24].

The non-homogeneous problem (38.4) with real coefficients a(t) and b(t) can
be written as a transmission problem (38.6). If a(t) and b(t) are complex the
transmission problem takes more complicated form [24].
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In 1932, having used the theory of potentials Muskhelishvili [31] (see also [33,
p. 522]) reduced the problem (38.6) to a Fredholm integral equation and proved that
it has a unique solution in the case λ± > 0, the most interesting in applications.
In 1933 I. N. Vekua and Ruhadze [36, 37] constructed a solution of (38.6) in closed
form for annulus and ellipse (see also papers by Ruhadze quoted in [33]). Hence,
the paper [31] published in 1932 is the first result on solvability of the R-linear
problem, [36] and [37] published in 1933 are the first papers devoted to exact
solution to the the R-linear problem for annulus and ellipse. A little bit later Golusin
[16] considered the R-linear problem in the form (38.6) by use of the functional
equations for analytic functions (see below Sect. 38.1.4). Therefore, Golusin’s paper
[16] published in 1935 is the first paper which concerns constructive solution to the
the R-linear problem for special circular multiply connected domains. In the further
works these first results were not associated to the R-linear problem even by their
authors.

In 1946 Markushevich [22] had stated the R-linear problem in the form (38.4)
and studied it in the case a(t) = 0, b(t) = 1, c(t) = 0 when (38.4) is not a Nöther
problem. Latter Muskhelishvili [32] (p. 455 in Russian edition) did not determined
whether (38.4) was his problem (38.6) discussed in 1932 in terms of harmonic
functions. In 1952 Vekua [39] established that the vector–matrix problem (38.4)
is Nötherian if deta(t) �= 0.

In 1960 Bojarski [7] shown that in the case |b(t)| < |a(t)| with a(t), b(t)
belonging to the Hölder class H1−ε with sufficiently small ε , the R-linear problem
(38.4) qualitatively is similar to the C-linear problem

φ+(t) = a(t)φ−(t)+ c(t) , t ∈ ∂D . (38.9)

More precisely, Bojarski proved the following theorem for simply connected
domains. His proof is also valid for multiply connected domains. Let wind∂Da(t)
denote the winding number (index) of a(t) along ∂D

Theorem 38.1. [Bojarski [7]] Let the coefficients of the problem (38.4) satisfies the
inequality

|b(t)|< |a(t)| . (38.10)

If κ = wind∂D a(t) ≥ 0, the problem (38.4) is solvable and the homogeneous
problem (38.4) ( f (t) = 0) has 2κ R-linearly independent solutions vanishing at
infinity. If κ < 0, the problem (38.4) has a unique solution if and only if |2κ| R-
linearly independent conditions on f (t) are fulfilled.

Later Mikhajlov [24] (first published in [23]) developed this result to continuous
coefficients a(t) and b(t); f (t) ∈L p(∂D). The case |b(t)| < |a(t)| was called the
elliptic case. It corresponds to the partial case of the real constant coefficients a
and b considered by Muskhelishvili [31].
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Mikhajlov [24] reduced the problem (38.4) to an integral equation and justified
the absolute convergence of the method of successive approximation for the later
equation in the space L p(∂D) under the restrictions wind∂ Da(t) = 0 and

(1+Sp)|b(t)|< 2|a(t)| , (38.11)

where Sp is the norm of the singular integral in L p(∂ D).

38.1.3 Schwarz Problem

As we noted above, the Riemann–Hilbert problem (38.3) is a partial case of the
R-linear problem. Latter we will need this fact in the case a = 1, b =−1.

Theorem 38.2. The problem

Re φ(t) = c(t) , t ∈ ∂D (38.12)

is equivalent to the problem

φ+(t) = φ−(t)−φ−(t)+ c(t) , t ∈ ∂D , (38.13)

i.e., the problem (38.12) is solvable if and only if (38.13) is solvable. If (38.12) has
a solution φ(z), it is a solution of (38.13) in D and solution of (38.13) in Dk can be
found from the following simple problem for the simply connected domain Dk with
respect to function 2Im φ−(z) harmonic in Dk

2Im φ−(t) = Im φ+(t)− c(t) , t ∈ ∂D . (38.14)

The problem (38.14) has a unique solution up to an arbitrary additive real constant.

The proof of the theorem is evident. We call the problem (38.12) by the Schwarz
problem for the domain D. Along similar lines, (38.14) is called the Schwarz
problem for the domain Dk. The operator solving the Schwarz problem is called the
Schwarz operator (in appropriate functional space). The function v(z) = 2Im φ(z)
is harmonic in Dk. Therefore, the Schwarz problem (38.14) is equivalent to the
Dirichlet problem

v(t) = Im φ+(t)− c(t) , t ∈ ∂D .

For multiply connected domains D, the Schwarz problem (38.12) is not equivalent
to a Dirichlet problem for harmonic functions, since any function harmonic in D
is represented as the real part of a single-valued analytic function plus logarithmic
terms (see for instance (38.28)).

The problem

Re φ(t) = c(t)+ ck , t ∈ ∂Dk, k = 1,2, . . . ,n , (38.15)
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with undetermined constants ck is called the modified Schwarz problem. The
problem (38.15) always has a unique solution up to an arbitrary additive complex
constant [25].

38.1.4 Functional Equations

In 1934, Golusin [14–16] reduced the Dirichlet problem for multiply connected
circular domains to a system of functional equations and applied the method of suc-
cessive approximations to obtain its solution under some geometrical restrictions.
Such a restriction can be roughly presented in the following form: each hole Dk

lies sufficiently far away from all other holes Dm (m �= k). Golusin’s approach were
developed in [4, 12, 40]. Aleksandrov and Sorokin [4] extended Golusin’s method
to arbitrary multiply connected circular domains. However, the analytic form of the
Schwarz operator was lost. More precisely, the Schwarz problem was reduced via
functional equations to an infinite system of linear algebraic equations. Application
of the method of truncation to this infinite system was justified.1

We also reduce the problem to functional equations which are similar to
Golusin’s ones. The main advantage of our modified functional equations is based
on the possibility to solve them without any geometrical restriction by successive
approximations. It is worth noting that this solution produce the Poincaré series
discussed below.

The same story repeats with the alternating Schwarz method, which we
call for non-overlapping domains by the generalized Schwarz method [15, 25].
It is also known as a decomposition method [35]. Miklin [25] developed the
alternating Schwarz method to the Dirichlet problem for multiply connected
domains and proved its convergence under some geometrical restrictions coinciding
with Golusin’s restrictions for circular domains. Having modified this method
we obtained a method convergent for any multiply connected domain (for details
see [27, 30]).

38.1.5 Poincaré Series

Let us consider mutually disjointed disks Dk in the complex plane C. Let

z∗(k) =
r2

k

z−ak
+ak

1Despite the method of truncation can be effective in numeric computations, one can hardly accept
that this method yields a closed form solution. Any way it depends on the definition of the term
“closed form solution”. By my private definition, reduction of a boundary value problem to an
integral equation does not yields a closed form solution. A regular infinite system [18] can be
considered as an equation with compact operator, i.e., it is no more than a discreet form of an
Fredholm integral equation.
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be the inversion with respect to the circle Tk. It is known that if Φ(z) is analytic in
the disk |z−ak|< rk and continuous in its closure, Φ(z∗(k)) is analytic in |z−ak|> rk

and continuous in |z−ak| ≥ rk.
Introduce the composition of successive inversions with respect to the circles

Tk1 ,Tk2 , ...Tkp :

z∗(kpkp−1...k1)
:=
(

z∗(kp−1...k1)

)∗
(kp)

. (38.16)

In the sequence k1,k2, ...,kp, no two neighbouring numbers are equal. The number p
is called the level of the mapping. When p is even, these are Möbius transformations.
If p is odd, we have anti-Möbius transformations, i.e., Möbius transformations in z.
Thus, these mappings can be written in the form

γ j(z) = (e jz+b j)/(c jz+d j) , p ∈ 2Z ,

γ j(z) = (e jz+b j)/(c jz+d j) , p ∈ 2Z+1 ,
(38.17)

where e jd j − b jc j = 1. Here γ0(z) := z (identical mapping with the level p = 0),
γ1(z) := z∗(1) , ..., γn(z) := z∗(n) (n simple inversions, p = 1), γn+1(z) := z∗(12),

γn+2(z) := z∗(13),..., γn2(z) := z∗(n,n−1) (n2−n pairs of inversions, p = 2), γn2+1(z) :=
z∗(121), ... and so on. The set of the subscripts j of γ j is ordered in such a way that
the level p is increasing. The functions (38.17) generate a Schottky group K . Thus,
each element of K is presented in the form of the composition of inversions (38.16)
or in the form of linearly ordered functions (38.17). Let Km be such a subset of
K \{γ0} that the last inversion of each element of Km is different from z∗(m), i.e.,

Km =
{

z∗(kpkp−1...k1)
: kp �= m

}
.

Let H(z) be a rational function. The following series is called the Poincaré series

θ2q(z) :=
∞

∑
j=0

H(γ j(z))(c jz+d j)
−2q , q ∈ Z/2 , (38.18)

associated with the subgroup K .

Definition 38.1. A point z is called a limit point of the group K if z is a point of
accumulation of the sequence γ j(z) for some z ∈ Ĉ. A point which is not a limit
point is called an ordinary point.

In other words, if z runs over the extended complex plane, then the accumulation
points of the sequence γ j(z) generate the limit set Λ(K ). It is assumed that in the
formula (38.18) z ∈ B := Ĉ\(B1∪Λ(K )), B1 is the set of poles of all H(γ j(z)) and
γ j(z). Ordinary points are characterized by the following property.

Lemma 38.1. A point z be a regular point of K if there exist numbers k1,k2, ...,km

such that z(kmkm−1...k1) belongs to D∪∂D.
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The points z1 and z2 are called congruent if there exists such γ j ∈ K that
γ j(z1) = z2. All limit points of the Schottky group K lie within the disks Dk.
In the neighbourhood of a limit point ς there is an infinite number of distinct points
congruent to any point of Ĉ, at most, exception of ς itself and of one other point.
The limit set Λ(K ) is transformed into itself by any γ j ∈K ; Λ(K ) is closed and
dense itself.

Poincaré [34] created the series (38.18) and investigated its absolute convergence
using algebraic–geometric ideas. When q = 1 the series (38.18) can be either
absolutely convergent or absolutely divergent. It depends on the properties of
K . The main method of the proof of absolute convergence is concluded in the
estimation of the θ2-series (38.18) by the number series ∑∞

j=1 |c j|−2, where c j is a
coefficient of γ j(z). The c j are the radii of the so-called isometric circles |c jz+d j|=
1. If the series ∑∞

j=1 |c j|−2 converges, then (38.18) for q = 1 converges absolutely
and uniformly in each compact subset of B. Absolute convergence immediately
yields the automorphic property of the Poincaré θ2-series, since it is possible to
change the order of summation.

Necessary and sufficient conditions for absolute and uniform convergence of the
series have been found in [1,2] in terms of the Hausdorff dimension of Λ (K ). This
result is based on the study of the series ∑∞

j=1 |c j|−2. Let us note that absolute and
uniform convergence was not studied separately in the previous works [1, 2, 34].

In the present paper, we deal only with uniform convergence. This approach
allows us to extend knowledge about the Poincaré series. The uniform convergence
does not directly imply the automorphy relation (invariance under some discsrete
group of transformations), since it is forbidden to change the order of summation.
But this difficulty can be easily overcome by using of functional equations. As a
result, the Poincaré series satisfies the required automorphy relation and written
in each fundamental domain with a prescribed summation depending on this
domain [28].

38.2 Linear Functional Equations

38.2.1 Homogeneous Equation

Let G be a domain on the extended complex plane whose boundary ∂G consists
of simple closed Jordan curves. Introduce the Banach space C (∂G) of functions
continuous on the curves of ∂G with the norm ‖ f‖ = max1≤k≤n max∂ G | f (t)|.
Let us consider a closed subspace CA (G) of C (∂G) consisting of the functions
analytically continued into all disks G. Further, we usually take ∪n

k=0Dk and
sometimes D as the domain G (not necessary connected). For brevity, the notation
CA for CA

(∪n
k=0Dk

)
is used.

Hereafter, a point w ∈ D\{∞} is fixed.
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Lemma 38.2. Let given numbers νk have the form νk := exp(−iμk) with μk ∈ R.
Consider the system of functional equations with respect to the functions φk (z)
analytic in Dk

φk (z) =−νk ∑
m�=k

νm

[
φm

(
z∗(m)

)
−φm

(
w∗(m)

) ]
, |z−ak| ≤ rk, (38.19)

k = 1,2, ...,n .

This system has only the trivial solution.

Proof. Let φm (z) (m = 1,2, ...,n) be a solution of (38.19). Then the right hand part
of (38.19) implies that the function φk (z) is analytic in |z−ak| ≤ rk (k = 1,2, ...,n).
Introduce the function

ψ (z) :=−
n

∑
m=1

νm

[
φm

(
z∗
(m)

)
−φm

(
w∗
(m)

) ]
,

analytic in the closure of D. Then the functions ψ , φk satisfy the R-linear boundary
conditions

νkψ (t) = φk (t)−φk (t)+φk

(
w∗
(k)

)
, |t−ak|= rk, k = 1, . . . ,n .

One can write the latter relations in the following form

Re νkψ (t) = ck , |t−ak|= rk, k = 1, . . . ,n , (38.20)

2Im φk (t) = Im νkψ (t)+ dk, |t−ak|= rk, k = 1, . . . ,n . (38.21)

Here, φk
(
w∗(k)

)
= ck + idk. One may consider equalities (38.20) as a boundary value

problem with respect to the function ψ (z) analytic in D and continuous in its
closure, i.e., ψ ∈CA (D). The real constants ck have to be determined. We prove that
the problem (38.20) has only constant solutions: ψ (z)≡ c, ck = Re νkc. Denote by

ψ (D) :=
{

ς ∈ Ĉ : z ∈ D, ς = ψ (z)
}

the image of D under mapping ψ . It follows from Boundary Correspondence
Principle for conformal mapping that the boundary of ψ (D) consists of the
segments Re νkς = ck (k = 1,2, ...,n). But in this case the point ς = ∞ ∈ ψ (D)
corresponds to a point of D. It contradicts to boundedness of the function ψ (z)
in the closure of D. Hence, ψ(z) = constant and equalities (38.21) imply that
φk(t) = constant [13]. Using (38.19) we have φk (z)≡ 0. ��
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38.2.2 Non-homogeneous Equation

Lemma 38.3. Let h ∈ CA , |νk|= 1. Then the system of functional equations

φk (z) =−νk ∑
m�=k

νm

[
φm

(
z∗
(m)

)
−φm

(
w∗
(m)

) ]
+hk (z) , (38.22)

|z−ak| ≤ rk, k = 1,2, ...,n ,

has a unique solution Φ ∈ CA . Here

Φ (z) := φk (z) , |z−ak| ≤ rk, k = 1,2, ...,n .

This solution can be found by the method of successive approximations. The
approximations are converging in CA .

Proof. Rewrite the system (38.22) on Tk in the form of a system of integral
equations

φk (t) =−νk ∑
m�=k

νm
1

2πi

∫
T
−
m

φm (τ)

(
1

τ− t∗
(m)

− 1
τ−w∗

(m)

)
dτ +hk (t) ,

|t−ak|= rk, k = 1,2, ...,n . (38.23)

The orientation on T−m leaves Dm to the left. The system (38.23) can be written as
an equation in the space C

(∪n
k=1Tk

)
:

Φ = AΦ +h . (38.24)

The integral operators from (38.23) are compact in C (Tk); multiplication by νm and
complex conjugation are bounded operators in C . Then A is a compact operator in
C . Since Φ is a solution of (38.24) in C , Φ ∈CA (see Pumping principle from [30],
Sect. 2.3). This follows from the properties of the Cauchy integral and the condition
h ∈ CA . Therefore, (38.24) in C and (38.22) in CA are equivalent when h ∈ CA . It
follows from Lemma 38.2 that the homogeneous equation Φ = AΦ has only trivial
solution. Then the Fredholm theorems imply that (38.24) or the system (38.22) has
a unique solution.

Let us show the convergence of the method of successive approximations. By
virtue of Successive Approximation Theorem (see [19] and [30], Sect. 2.3) it is
sufficient to prove the inequality ρ (A)< 1, where ρ (A) is the spectral radius of the
operator A. The inequality ρ (A)< 1 is satisfied if for all complex numbers λ such
that |λ | ≤ 1 equation

Φ = λAΦ
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has only trivial solution. This equation can be rewritten in the form

φk (z) =−λ νk ∑
m�=k

νm

[
φm

(
z∗(m)

)
−φm

(
w∗(m)

) ]
, |z−ak| ≤ rk . (38.25)

Consider the case |λ |< 1. Introduce the function analytic in the closure of D

ψ (z) =−λ
n

∑
m=0

νm

(
φm

(
z∗(m)

)
−φm

(
w∗(m)

) )
.

Then ψ (z) and φk (z) satisfy the R-linear problem

νkψ (t) = φk (t)−λφk (t)+ γk , |t−ak|= rk, k = 1,2, ...,n ,

where

γk := λφk
(
w∗(k)

)
.

It can be written in the form

νkψ0 (t) = φk (t)−λφk (t)+ γk− νkψ(∞) , |t−ak|= rk, k = 1,2, ...,n , (38.26)

where ψ0(z) = ψ(z)−ψ(∞). Theorem 38.1 implies that the problem (38.26) has the
unique solution

ψ0(z) = 0 , φk(z) =
γk−νkψ(∞)+λ (γk−νkψ(∞))

|λ |2−1
, k = 1,2, ...,n .

Hence, φk (z) = constant. Then (38.25) yields φk (z)≡ 0.
Consider the case |λ | = 1. Then by substituting ωk (z) = φk (z)/

√
λ the system

(38.25) is reduced to the same system with λ = 1. It follows from Lemma 38.2 that
ωk (z) = φk (z) = 0. Hence, ρ (A)< 1.

This inequality proves the lemma. ��

38.3 Schwarz Operator

38.3.1 Harmonic Measures

In the present section, the number s is chosen from 1,2, . . . ,n and fixed. The
harmonic measure αs (z) of the circle Ts with respect to ∂D is a function harmonic
in D, continuous in its closure, satisfying the boundary conditions

αs (t) = δsk , |t−ak|= rk, k = 1,2, ...,n , (38.27)
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where δsk is the Kronecker symbol. The functions αs is infinitely R-differentiable
in the closure of D (see [30], Sect. 2.7.2). Using Logarithmic Conjugation Theorem
[30] we look for αs (z) in the form

αs (z) = Re φ (z)+
n

∑
m=1

Am ln |z−am|+A , (38.28)

where Am and A are real constants,

n

∑
m=1

Am = 0 . (38.29)

The latter condition follows from the limit in (38.28) as z tends to infinity. Using the
boundary condition (38.27) and the representation (38.28) we arrive at the following
boundary value problem

Re φ (t)+
n

∑
m=1

Am ln |t−ak|+A = δsk , |t−ak|= rk . (38.30)

This problem is equivalent to the R -linear problem (see Introduction)

φ (t) = φk (t)−φk (t)+ fk (t) , |t−ak|= rk, k = 1,2, ...,n , (38.31)

where the unknown functions φ ∈ CA (D), φk ∈ CA (Dk),

φ (w) = 0 , (38.32)

fk (z) := δsk−A−Ak lnrk− ∑
m�=k

Am ln(z−am) , z ∈Dk . (38.33)

The branch of ln(z−am) is fixed in such a way that the cut connecting the points
z = am and z = ∞ does not intersect the circles Tk for k �= m and does not pass
through the point z = w. The function fk (z) satisfies the boundary condition

Re fk (t) := δsk−A−
n

∑
m=1

Am ln |t−am| , |t−ak|= rk

and belongs to CA (Dk).

Remark 38.1. More precisely, the functions φ , φk and fk are infinitely
C-differentiable in the closures of the domains considered.
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Let us introduce the function

Φ (z) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

φk (z)+ ∑
m�=k

[
φm

(
z∗
(m)

)
−φm

(
w∗
(m)

) ]
−φk

(
w∗
(k)

)
+ fk (z) ;

|z−ak| ≤ rk,

φ (z)+
n

∑
m=1

[
φm

(
z∗
(m)

)
−φm

(
w∗
(m)

) ]
, z ∈ D .

Calculate the jump across the circle Tk

Δk := Φ+ (t)−Φ− (t) , t ∈ Tk ,

where

Φ+ (t) := lim
z→t z∈D

Φ (z) , Φ− (t) := lim
z→t z∈Dk

Φ (z) .

Using (38.31), (38.33) we get Δk = 0. It follows from Analytic Continuation
Principle that Φ (z) is analytic in the extended complex plane. Then Liouville’s
theorem implies that Φ (z) is a constant. Using (38.32) we calculate Φ(w) = 0 and
hence Φ (z) ≡ 0. The definition of Φ (z) ≡ 0 in |z− ak| ≤ rk yields the following
system of functional equations

φk (z) = − ∑
m�=k

[
φm

(
z∗(m)

)
−φm

(
w∗(m)

) ]
− δsk +A

+Ak lnrk + ∑
m�=k

Am ln(z−am)+ φk

(
w∗
(k)

)
, |z−ak| ≤ rk , (38.34)

with respect to the functions φk (z) ∈ CA (Dk). The branches of logarithms are
chosen in the same way as in (38.33).

The system of functional equations (38.34) is the main point to construct the
harmonic measure αs via the analytic function φ(z) by formula (38.28). If φk(z) are
known, the required function φ(z) has the form

φ (z) =−
n

∑
m=1

[
φm

(
z∗
(m)

)
−φm

(
w∗
(m)

) ]
, z ∈D∪∂D . (38.35)

It is convenient to represent φk(z) in the following form

φk(z) = ϕ(0)
k (z)+

n

∑
m=1

Amϕ(m)
k (z) , (38.36)
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where ϕ(0)
k (z) satisfies

ϕ(0)
k (z) = − ∑

m�=k

[
ϕ(0)

m

(
z∗(m)

)
−ϕ(0)

m

(
w∗(m)

) ]
− δsk +A+Ak lnrk

+ ∑
m�=k

Am ln(w−am)+φk

(
w∗
(k)

)
, |z−ak| ≤ rk, k = 1, . . . ,n ,

(38.37)

ϕ(m)
k (z) satisfies

ϕ(m)
k (z) =− ∑

k1 �=k

[
ϕ (m)

k1

(
z∗(k1)

)
−ϕ (m)

k1

(
w∗(k1)

) ]
+ δ ′km ln

z−am

w−am
,

|z−ak| ≤ rk , k = 1, . . . ,n , m = 1, . . . ,n , (38.38)

In (38.38), n systems of functional equations are written, m is the number of the
system,

δ ′km = 1−δkm ,

where δkm is the Kronecker symbol. It is assumed that the constants A, Ak and

φk

(
w∗(k)

)

are fixed in (38.37). After, these constant will be found. According to Lemma 38.3
functional equations (38.37)–(38.38) can be solved by the method of successive
approximations. The method of successive approximations applied to (38.38) yields

ϕ (m)
k (z) = δ ′km ln

z−am

w−am
− ∑

k1 �=k

δ ′k1m ln
z∗
(k1)
−am

w∗
(k1)
−am

+ ∑
k1 �=k

∑
k2 �=k1

δ ′k2m ln
z∗(k2k1)

−am

w∗
(k2k1)

−am
−·· · , (38.39)

where the sums ∑k j �=k j−1
contains the terms with k j = 1,2, . . . ,n; k j �=

k j−1. By virtue of Lemma 38.3 with νm = 1 the series (38.39) converges uniformly

in |z− ak| ≤ rk. It follows from (38.37) that φ (0)
k (z) (k = 1,2, ...,n) are constants,

since the zero-th approximation is a constant and the operator from the right-hand
side of (38.37) produces constants.

One can see from (38.35) that the constants ϕ (0)
k (z) does not impact on φ (z),

hence using (38.36) we have

φ (z) =−
n

∑
m=1

Am

n

∑
k=1

[
ϕ (m)

k

(
z∗
(k)

)
−ϕ(m)

k

(
w∗
(k)

) ]
. (38.40)
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Substitution of (38.39) into (38.40) yields

φ (z) = −
n

∑
m=1

Am

n

∑
k=1

δ ′km ln
z∗(k)−am

w∗
(k)−am

+
n

∑
m=1

Am

n

∑
k=1

∑
k1 �=k

δ (m)
k1

ln
z∗(k1k)−am

w∗
(k1k)−am

−
n

∑
m=1

Am

n

∑
k=1

∑
k1 �=k

∑
k2 �=k1

δ (m)
k2

ln
z∗(k2k1k)−am

w∗(k2k1k)−am
+ ... , z ∈ D∪∂D . (38.41)

Using the properties of δ ′km one can rewrite (38.41) in the form

φ (z) = −
n

∑
m=1

Am ∑
k �=m

ln
z∗
(k)−am

w∗
(k)−am

+
n

∑
m=1

Am

n

∑
k=1

∑
k1 �=k,m

ln
z∗(k1k)−am

w∗(k1k)−am

−
n

∑
m=1

Am

n

∑
k=1

∑
k1 �=k

∑
k2 �=k1,m

ln
z∗
(k2k1k)−am

w∗
(k2k1k)−am

+ · · · , z ∈D∪∂D .(38.42)

In order to write (38.42) in more convenient form we use the following

Lemma 38.4. There holds the equality

n

∑
k=1

∑
k1 �=k

. . . ∑
ks �=ks−1,m

AmRmksks−1...k1k

= ∑
k1 �=m

∑
k2 �=k1

... ∑
ks �=ks−1

∑
k �=ks

AmRmk1k2...ksk . (38.43)

Proof. It is sufficiently to demonstrate that the both parts of equality (38.43) contain
the same terms. First, replace k1k2...ks by ksks−1...k1 in the right hand part of (38.43)
which becomes

∑
ks �=m

∑
ks−1 �=ks

... ∑
k1 �=k2

∑
k �=k1

AmRmksks−1 ...k1k . (38.44)

The left hand part of (38.43) can be written as the sum

n

∑
k=1

n

∑
k1=1

...
n

∑
ks=1

δ ′k1kδ ′k2k1
· · ·δ ′ksks−1

δ ′ksmAmRmksks−1...k1k , (38.45)

where δ ′lk = 1−δlk, δlk is the Kronecker symbol. One can see that the sum (38.44)
written in the similar form (38.45) contains the same product of the complimentary
Kronecker symbols.

This proves the lemma. ��
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Applying Lemma 38.4 to (38.42) we obtain

φ (z) = −
n

∑
m=1

Am ∑
k �=m

ln
z∗(k)−am

w∗
(k)−am

+
n

∑
m=1

Am ∑
k1 �=m

∑
k �=k1

ln
z∗(k1k)−am

w∗(k1k)−am

−
n

∑
m=1

Am ∑
k1 �=m

∑
k2 �=k1

∑
k �=k2

ln
z∗
(k1k2k)−am

w∗(k1k2k)−am
+ · · · , z ∈D∪∂D . (38.46)

It can be also written in the form

φ (z) =
n

∑
m=1

Amψm (z) ,

where

ψm (z) = ln ∏
k �=m

w∗
(k)−am

z∗
(k)−am

+ ln ∏
k1 �=m

∏
k �=k1

z∗(k1k)−am

w∗(k1k)−am

+ ln ∏
k1 �=m

∏
k2 �=k1

∏
k �=k2

w∗
(k1k2k)−am

z∗(k1k2k)−am
+ · · · , z ∈ D∪∂D . (38.47)

Let us rewrite (38.47) in terms of the group K

ψm (z) = ln

[
∞

∏
j∈Km

ψ ( j)
m (z)

]
, (38.48)

where

ψ ( j)
m (z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

γ j (z)−am

γ j (w)−am
, if level of γ j is even ;

γ j (w)−am

γ j (z)−am
, if level of γ j is odd.

The numeration on j in (38.48) is fixed with increasing level.
In order to determine the constants A and Am substitute z = w∗(k) in the real parts

of (38.34)

0 = − ∑
m�=k

Re

[
ϕm

((
w∗
(k)

)∗
(m)

)
−ϕm

(
w∗
(m)

)]
− δsk (38.49)

+A+Ak lnrk + ∑
m�=k

Am ln
∣∣∣w∗(k)−am

∣∣∣ , k = 1,2, ...,n.
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The function ϕm has the form (38.39) and linearly depends on the unknown
constants Am. The equalities (38.29), (38.49) generate a system of n + 1 linear
algebraic equations with respect to n+1 unknowns A,A1, ...,An. This system has a
unique solution, since in the opposite case it contradicts to uniqueness of the solution
of Dirichlet problem.

Theorem 38.3. The harmonic measures have the form

αs (z) =
n

∑
m=1

Am [Re ψm (z)+ ln |z−am|]+A , (38.50)

where ψm (z) is given in (38.48). The infinite product (38.48) converges uniformly
on each compact subset of D\{∞}. The real constants A and Am are uniquely
determined by the system (38.29), (38.49).

Proof. Exact formulae for the harmonic measures were deduced in the formal way.
In order to justify them it is necessary to prove the change of the summation in
(38.42) to obtain (38.46).

Using the designations of Sect. 38.2 we write the series (38.39) in the form

Φ =
∞

∑
k=1

Akh , (38.51)

where

h(z) = δ ′km ln
z−am

w−am
, Ah(z) =− ∑

k1 �=k

δ ′k1m ln
z∗(k1)
−am

w∗(k1)
−am

,

A2h(z) = ∑
k1 �=k

∑
k2 �=k1

δ ′k2m ln
z∗(k2k1)

−am

w∗
(k2k1)

−am
−·· · . (38.52)

It is possible to change the order of summation in each term Akh of the successive
approximations which contains inversions only of the level k. Therefore, it is possi-
ble to change the order of summation in the series (38.41) in the terms having the
same level. The series (38.46) is obtained from (38.42) by application of this rule.

This proves the theorem. ��
Remark 38.2. The constants A and Am depend on the choice of w.

Remark 38.3. The logarithmic terms in (38.50) can be included into infinite product
(38.47). Then (38.50) becomes

αs (z) =
n

∑
m=1

Am ln ∏
j∈Km∪{0}

|ψ ( j)
m (z) |+A0 ,

where A0 := A−∑n
m=1 Am ln |w−am| .
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38.3.2 Schwarz Operator

Following the previous section we construct the complex Green function M(z,ζ )
and the Schwarz operator for the circular multiply connected domain D. One can
find general properties of the Schwarz operator in [25, 30].

Let z and ζ belong to the closure of D. The real Green function

G(z,ζ ) = g(z,ζ )− ln |z− ζ |

is introduced via the function g(z,ζ ) harmonic in D satisfying the Dirichlet problem

g(t,ζ )− ln |t− ζ |= 0 , |t−ak|= rk, k = 1,2, . . . ,n (38.53)

with respect to the first variable. If G(z,ζ ) is known, the solution of the Dirichlet
problem

u(t) = f (t), |t−ak|= rk, k = 1,2, . . . ,n (38.54)

has the form

u(z) =
1

2π

n

∑
k=1

∫
Tk

f (ζ )
∂G
∂ν

(z,ζ )dσ , (38.55)

where ν is the outward (in sense of orientation) normal vector at the point ζ ∈ ∂D.
The complex Green function M(z,ζ ) is defined by the formula

M(z,ζ ) = G(z,ζ )+ iH(z,ζ ) , (38.56)

where the function H(z,ζ ) is harmonically conjugated to G(z,ζ ) on the variable z.
It has the form

H(z,ζ ) =
∫ z

w
−∂G

∂ y
dx+

∂ G
∂x

dy

with z = x+ iy.
Introduce the Schwarz kernel (see [30, Sect. 2.7.2])

T (z,ζ ) =
∂M
∂ν

(z,ζ ), ζ ∈ D . (38.57)

In accordance with (38.54)–(38.57) the function

F(z) =
1

2π

n

∑
k=1

∫
Tk

f (ζ )T (z,ζ )dσ (38.58)
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satisfies the boundary value problem

Re F(t) = f (t), |t−ak|= rk, k = 1,2, . . . ,n . (38.59)

Here, u(z) from (38.55) is the real part of the analytic function F(z) having in
general multi-valued imaginary part in the multiply connected domain D. If we
are looking for single-valued F(z) by (38.59), we arrive at the Schwarz problem
in accordance with the terminology introduced in the Introduction.

We use the representation for the Green function (see [30, Sect. 2.7.2])

M(z,ζ ) = M0(z,ζ )+
n

∑
k=1

αk(ζ ) ln(z−ak)− ln(ζ − z)+A(ζ ) , (38.60)

where αk is a harmonic measure of D, A(ζ ) is a real function in ζ . The point w and
the branches of ln(z−ak) are fixed as in the previous section. Using (38.57), (38.60)
we obtain

T (z,ζ ) =
∂M0

∂ν
(z,ζ )+

n

∑
m=1

∂αm

∂ν
(ζ ) ln(z−am)− 1

ζ − z
∂ζ
∂ν

+
∂A
∂ν

(ζ ) . (38.61)

The function M0(z,ζ ) is infinitely C-differentiable in the closure of D in z and
satisfies the boundary value problem which follows from (38.53) and (38.56)

Re

[
M0(t,ζ )+

n

∑
k=1

αk(ζ ) ln(t−ak)− ln(ζ − t)+A(ζ )

]
= 0 ,

|t−ak|= rk, k = 1,2, . . . ,n; M0(w,ζ ) = 0 . (38.62)

The problem (38.62) has a unique solution. It is reduced to the following system of
functional equations

φk (z) = − ∑
m�=k

[
φm

(
z∗(m)

)
−φm

(
w∗(m)

)]
− ln(ζ − z)+A+αk(ζ ) ln rk

+ ∑
m�=k

αm(ζ ) ln(z−am)+φk

(
w∗(k)

)
, |z−ak| ≤ rk, k = 1, . . . ,n . (38.63)

where φk (z) belongs to CA (Dk) and C-infinitely differentiable in the closure of Dk.
Here, ζ is considered as a parameter fixed in the closure of D. The required function
M0(z,ζ ) is related to the auxiliary functions φk (z) by equality

M0(z,ζ ) =−
n

∑
k=1

[
φk

(
z∗
(k)

)
−φk

(
w∗
(k)

) ]
, z ∈ D∪∂D\{ζ} . (38.64)
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In order to solve (38.63) we consider two auxiliary systems of functional equations

Ψk(z) = − ∑
m�=k

[
Ψm (z∗m)−Ψm (w∗m)

]
+A

+αk(ζ ) ln rk + ∑
m�=k

αm(ζ ) ln(z−am)+φm

(
w∗
(k)

)
,

Ωk(z) =− ∑
m�=k

[
Ωm (z∗m)−Ωm (w∗m)

]
− ln(ζ − z) , |z−ak| ≤ rk, k = 1, . . . ,n .

The first system coincides with the system (38.23) (νk = 1), and thus can be solved
by the method of successive approximations (cf. Lemma 38.3). Let us consider the
second system. If |ζ − z| ≤ rs for some s, the right hand part of the second system
− ln(ζ−z) does not belong to CA (Ds). But by introducing a new unknown function

Ω (0)
s (z) := Ωs(z)− ln(ζ − z)

we get an equation in the space CA (Ds). Therefore, the method of successive
approximations can be applied to the second system too, and

Ψk

(
z∗
(k)

)
−Ψk

(
w∗
(k)

)
= ∑

m�=k

αm(ζ ) ln
z∗(k)−am

w∗(k)−am

− ∑
k1 �=k

∑
m�=k1

αm(ζ ) ln
z∗(k1k)−am

w∗
(k1k)−am

+ ∑
k1 �=k

∑
k2 �=k1

∑
m�=k2

αm(ζ ) ln
z∗
(k2k1k)−am

w∗(k2k1k)−am
−·· · , (38.65)

Ωk

(
z∗
(k)

)
−Ωk

(
w∗
(k)

)
= ln

ζ −w∗
(k)

ζ − z∗
(k)

+ ∑
k1 �=k

ln
ζ − z∗(k1k)

ζ −w∗
(k1k)

+ ∑
k1 �=k

∑
k2 �=k1

ln
ζ − z∗

(k2k1k)

ζ −w∗(k2k1k)

+ · · · , z ∈ D∪∂D. (38.66)

The series (38.65), (38.66) converge uniformly in every compact subset of D∪
∂D\{ζ}. We have φk (z) =Ψk(z)+Ωk(z); hence, the values

φk

(
z∗
(k)

)
−φk

(
w∗
(k)

)
=Ψk

(
z∗
(k)

)
−Ψk

(
w∗
(k)

)
+Ωk

(
z∗
(k)

)
−Ωk

(
w∗
(k)

)
(38.67)
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are completely determined. It follows from (38.64) that

M0(z,ζ ) =
n

∑
m=1

αm(ζ )ψm(z)−ω(z,ζ ) ,

where the functions ψm(z) have the form (38.47) or (38.48 ), αm(ζ ) are given in
Theorem 38.3,

ω(z,ζ ) = ln

(
n

∏
k=1

ζ − z∗(k)
ζ −w∗

(k)

) (
n

∏
k=1

∏
k1 �=k

ζ −w∗(k1k)

ζ − z∗
(k1k)

)

×
(

n

∏
k=1

∏
k1 �=k

∏
k2 �=k1

ζ − z∗
(k2k1k)

ζ −w∗
(k2k1k)

)
. . . . (38.68)

This infinite product can be represented in the form

ω(z,ζ ) = ln
∞

∏
j=1

ω j(z,ζ ) , (38.69)

where

ω j(z,ζ ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ζ − γ j(z)

ζ − γ j(w)
, if level of γ j is even;

ζ − γ j(w)

ζ − γ j(z)
, if level of γ j is odd .

In order to find A(ζ ) we substitute w∗(k) in the real part of (38.63) and obtain

0 = − ∑
m�=k

Re

[
φm

((
w∗(k)

)∗
(m)

)
−φm

(
w∗(m)

) ]
− ln

∣∣∣ζ −w∗(k)
∣∣∣

+A(ζ )+αk(ζ ) ln rk + ∑
m�=k

αm(ζ ) ln
∣∣∣w∗(k)−am

∣∣∣ , k = 1, . . . ,n . (38.70)

The harmonic measures satisfy the equality

n

∑
m=1

αm(ζ ) = 1 . (38.71)

One can consider (38.70), (38.71) as a system of n+1 real linear algebraic equations
with respect to n+ 1 real unknowns α1(ζ ), α2(ζ ), ..., αn(ζ ), A(ζ ). The systems
(38.70), (38.71) and (38.29), (38.49) have the same homogeneous part. Therefore,
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the system (38.70), (38.71) has a unique solution. We may at the beginning look
for the complex Green function M(z,ζ ) with undetermined periods αk(ζ )/2π , find
αk(ζ ) from (38.70), (38.71) and after assert that αk(ζ ) is a harmonic measure. In
order to determine A(ζ ), we fix for instance k = n in (38.70) and obtain

A(ζ ) =
n−1

∑
m=1

Re

[
φm

((
w∗
(n)

)∗
(m)

)
−φm

(
w∗
(m)

)]

+ ln
∣∣∣ζ −w∗(n)

∣∣∣−αk(ζ ) ln rk−
n−1

∑
m=1

αm(ζ ) ln
∣∣∣w∗(k)−am

∣∣∣ , (38.72)

where

[
φm

(
z∗
(m)

)
−φm

(
w∗
(m)

) ]
has the form (38.65)–(38.67).

The function (38.58) is single-valued in D if and only if

n

∑
k=1

∫
Tk

f (ζ )
∂αm

∂ν
(ζ )dσ = 0 , m = 1,2, ...,n . (38.73)

Note that one of the relation (38.73) follows from the other ones. For instance, let
(38.73) be valid for m = 1,2, ...,n−1. Then ( 38.73) for m = n is fulfilled, since

n

∑
k=1

∫
Tk

f (ζ )
∂αn

∂ν
(ζ )dσ =−

n−1

∑
m=1

n

∑
k=1

∫
Tk

f (ζ )
∂αm

∂ν
(ζ )dσ = 0 .

Here the identity (38.71) is used. With the help of (38.61) the single- and the multi-
valued components of the Schwarz operator can be separated

T (z,ζ ) = Ts(z,ζ )+Tm(z,ζ ) ,

Ts(z,ζ ) =
n

∑
m=1

∂αm

∂ν
(ζ ) [ψm(z)+ ln(z−am)] ,

Tm(z,ζ ) =
∂ω
∂ν

(z,ζ )− 1
ζ − z

∂ζ
∂ν

+
∂A
∂ν

(ζ ) .

We now proceed to calculate the normal derivatives in the latter formulae. One
can see that

∂ f
∂ν

dσ =−1
i

[
∂ f
∂ζ

+

(
rk

ζ −ak

)2 ∂ f

∂ζ

]
dτ , |ζ −ak|= rk , (38.74)
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for any f ∈ C 1(∂D). Recall that we deal with the outward normal to D. In order to
apply (38.74) to ω(z,ζ ) we find from (38.68)

∂ω
∂ζ

(z,ζ ) =
n

∑
k=1

∑
k1 �=k

(
1

ζ −w∗
(k1k)

− 1
ζ − z∗

(k1k)

)

+
n

∑
k=1

∑
k1 �=k

∑
k2 �=k1

∑
k3 �=k2

(
1

ζ −w∗(k3k2k1k)

− 1
ζ − z∗(k3k2k1k)

)

+ · · ·=
∞

∑
j=1

′′
(

1
ζ − γ j(w)

− 1
ζ − γ j(z)

)
, (38.75)

where the terms in the latter sum are ordered due to increasing even level. We also
have

∂ω
∂ζ

(z,τ) =
∞

∑
j=1

′
(

1

ζ − γ j(z)
− 1

ζ − γ j(w)

)
, (38.76)

where elements γ j have the odd level. Substituting (38.75), (38.76) into (38.61),
(38.58) we arrive at the following

Theorem 38.4. The Schwarz operator of D has the form

φ (z) =
1

2π i

n

∑
k=1

∫
Tk

f (ζ )

{
∞

∑
j=2

′′
[

1
ζ − γ j (w)

− 1
ζ − γ j (z)

]

+

(
rk

ζ − ak

)2 ∞

∑
j=1

′
[

1

ζ − γ j (z)
− 1

ζ − γ j (w)

]
− 1

ζ − z

}
dζ

+
1

2πi

n

∑
k=1

∫
Tk

f (ζ )
∂A
∂ν

(ζ )dσ +
n

∑
m=1

Am [ln(z−am)+ψm(z)]+ iς , (38.77)

where

Am :=
1

2πi

n

∑
k=1

∫
Tk

f (ζ )
∂αm

∂ν
(ζ )dσ , m = 1,2, ...,n ,

A(ζ ) has the form (38.72), The functions αm(ζ ) and ψm(z) are derived in Theorem
38.3, ς is an arbitrary real constant, ∑

′
contains γ j of odd level, ∑

′′
– of even level.

The series converges uniformly in each compact subset of D∪∂D\{∞} .
The single-valued part of the Schwarz operator can be determined by solution to

the modified Dirichlet problem (see [30, Sect. 2.7.2]):

Re φ (t) = f (t)+ ck , t ∈ Tk, k = 1,2, ...,n , (38.78)
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where a given function f ∈ C (∂D), ck are undetermined real constants. If one of
the constants ck is fixed arbitrary, the remaining ones are determined uniquely and
φ (z) is determined up to an arbitrary additive purely imaginary constant (see [30,
Sect. 2.7.2]). Thus, we have

Theorem 38.5. The single-valued part of the Schwarz operator of D corresponding
to the modified Dirichlet problem (38.78) has the form

φ (z) =
1

2π i

n

∑
k=1

∫
Tk

( f (ζ )+ ck)

{
∞

∑
j=2

′′
[

1
ζ − γ j (w)

− 1
ζ − γ j (z)

]

+

(
rk

ζ −ak

)2 ∞

∑
j=1

′
[

1

ζ − γ j (z)
− 1

ζ − γ j (w)

]
− 1

ζ − z

}
dζ

+
1

2π i

n

∑
k=1

∫
Tk

f (ζ )
∂A
∂ν

(ζ )dσ + iς . (38.79)

One of the real constants ck can be fixed arbitrary, the remaining ones are
determined uniquely from the linear algebraic system

n

∑
k=1

∫
Tk

( f (ζ )+ ck)
∂αm

∂ν
(ζ )dσ = 0 , m = 1,2, ...,n−1 . (38.80)

For brevity we write (38.79) in the following form φ = T f + iς . For the
definiteness it is assumed that the operator T contains the constants ck as parameters,
i.e., the conditions (38.80) on ck are satisfied and T f is single-valued.

38.4 Solution to the Riemann–Hilbert Problem

Applying the method of factorization we first reduce the problem (38.3) for circular
multiply connected domain D with arbitrary λ (t) to the case when λ (t) is constant
in each circle Tk. This possibility were also used by Bojarski (see Addition to [38]).
However, now we can do it explicitly. More precisely, the factorization function is
written in terms of the Schwarz operator constructed in the previous section.

Let κk be the index of λ (t) along the curve Tk

κk = windTk λ (t) :=
1

2πi

∫
Tk

d lnλ (t) .

The value κ := ∑n
k=1κk is called the index of the problem. Consider the case κ > 0.

Introduce the new unknown function from CA (D)

ψ(z) :=
φ(z)
R(z)

−
κ

∑
s=1

δsz
s ,



38 Scalar Riemann–Hilbert Problem for Multiply Connected Domains 625

where

R(z) :=
n

∏
m=1

(z−am)
−κm ,

∑κ
s=1 δszs is the principal part of the function φ(z)/R(z) at infinity. If κ ≤ 0, the sum

∑κ
s=1 is identically equal to zero. The boundary value problem (38.3) becomes

Re R(t)λ (t)ψ (t) = f (t)−Re

(
λ (t)

κ

∑
s=1

δst
sR(t)

)
, t ∈ ∂D , (38.81)

with respect to ψ(z) ∈ CA (D). The index of this problem is equal to zero but the
right-hand side contains κ undetermined constants δs.

Following [13] we apply the factorization method to the problem (38.81).
Introduce the function

P(t) := R(t)λ (t)
(

R(t)λ (t)
)−1

, t ∈ ∂D .

First, note that lnP(t) is a continuous function on every Tk, since windTk
P(t) = 0.

Consider the modified Schwarz problem

X1(t)−X1(t) = lnP(t)−2iμk , |t−ak|= rk, k = 1,2, ...,n , (38.82)

with respect to the function X1(z) ∈ CA (D) with undetermined real constants μk.
The problem (38.82) is solved in Theorem 38.5

X1(z) = i

(
T

lnP
2i

)
(z) ,

where T denote the single–valued part of Schwarz’s operator for D, the parameters
ck from Theorem 38.5 here have the form ck =−μk.

The function X(z) := expX1(z) is analytic in D, Hölder continuous in its closure
and does not vanish in the closure of D. Therefore, (38.82) yields

ν(t)X(t)
[
ν(t)X(t)

]−1
= P(t) , t ∈ ∂D ,

where ν(t) = νk := exp(−iμk) on |t−ak|= rk. Then the boundary condition (38.81)
can be rewritten in the form

Re ν(t)ω (t) = h(t)+
2κ

∑
s=1

psβs(t) , t ∈ ∂D , (38.83)

where the unknown function

ω (z) := ψ(z) [X(z)]−1
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belongs to CA (D) and

h(t) := f (t)ν(t)
[
R(t)λ (t)X(t)

]−1

is a known real function. The real constants ps and functions βs(t) are defined by
the relations

−Re

(
ν(t) [X(t)]−1

κ

∑
s=1

δst
s

)
=

2κ

∑
s=1

psβs(t) , t ∈ ∂D ,

where

δs = ps− ips+κ, ν(t) [X(t)]−1 ts =−(βs(t)+ iβs+κ(t)) ,

s = 1,2, . . . ,κ, k = 1,2, . . . ,n . (38.84)

Thus, the problem (38.81), hence (38.3), is reduced to the problem (38.83) with
piece-constant coefficient ν(t). Following [13] we consider two cases for (38.83):
a) all numbers νk are equal (νk = ν); b) νk �= νm for some k �= m. In the case a), the
problem (38.83) is solved in terms of Schwarz’s operator T constructed in Theorem
38.5, namely

ω(z) = ν−1

[
(Th)(z)+

2κ

∑
s=1

ps(Tβs)(z)+ iς

]
, (38.85)

where ς is an arbitrary real constant. Conditions (38.73) yield

2κ

∑
s=1

ps

n

∑
m=1

∫
Tm

βs(ζ )
∂αk

∂nζ
(ζ )ds =−

n

∑
m=1

∫
Tm

h(ζ )
∂αk

∂nζ
(ζ )ds ,

k = 1,2, ...,n−1 . (38.86)

The relation (38.86) with k = n follows from others, since the condition

n

∑
k=1

αk(ζ )≡ 1

implies
n

∑
k=1

∂αk

∂nζ
(ζ )≡ 0 , |ζ −am|= rm, m = 1,2, ...,n .

Therefore, (38.86) is a system of n− 1 real linear algebraic equations with respect
to 2κ unknowns p1, p2, ..., p2κ . This is the system predicted by Bojarski [38].
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It corresponds to solvability of the Riemann–Hilbert problem in the case a). If the
system (38.86) is solvable then the solution of (38.3) has the form

φ(z) = R(z)

[
X(z)ω(z)+

κ

∑
s=1

δsz
s

]
, z ∈ D∪∂D , (38.87)

where δs are defined by (38.84).
Consider now the case (b). The problem (38.83) can be reduced to a system of

functional equations in the following way. First, write the problem (38.83) as the
R-linear problem

νkω (t) = φk (t)−φk (t)+ fk(t) , |t−ak|= rk, k = 1,2, . . . ,n .

Here, the unknown functions φk (z) belong to CA (Dk),

fk(z) :=−hk(z)−
2κ

∑
s=1

psβsk(z) ,

and the function hk(z) is a solution of the Schwarz problem for the disk Dk

Re hk(t) = h(t), |t−ak|= rk ,

with respect to hk(z) ∈ CA (Dk). According to formula (2.7.2) from [30]

hk (z) =− 1
πi

∫
Tk

h(τ)
τ− z

dτ +
1

2π i

∫
Tk

h(τ)
τ−ak

dτ .

The functions βsk(z) are defined through βs(t) by the same formulae.
Introduce the function

Φ (z) :=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

νkφk (z)+ ∑
m�=k

νm

[
φm

(
z∗(m)

)
−φm

(
w∗(m)

) ]

−νk

(
φk(w∗(k))− fk(z)

)
, |z−ak| ≤ rk ;

ω (z)+
n

∑
m=1

νm

[
φm

(
z∗
(m)

)
−φm

(
w∗
(m)

) ]
, z ∈D .

Taking into account Analytic Continuation Principle and Liouville’s Theorem we
obtain that Φ (z) is a constant:

Φ (z) = Q+
n

∑
m=1

νmφm

(
w∗
(m)

)
,
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where Q = ω (w). The definition of Φ (z) in |z− ak| ≤ rk yields the system of
functional equations

φk (z) = −νk ∑
m�=k

νm

[
φm

(
z∗
(m)

)
−φm

(
w∗
(m)

) ]

+φk

(
w∗
(k)

)
− fk (z)+νkQ , |z−ak| ≤ rk, k = 1,2, ...,n , (38.88)

with respect to the functions

φk (z) ∈ CA (Dk) .

The function ω (z) is related to the auxiliary functions by the formula

ω (z) = Q−
n

∑
m=1

νm

[
φm

(
z∗
(m)

)
−φm

(
w∗
(m)

) ]
. (38.89)

The system (38.88) is solved in Lemma 38.3

φk (z) =
(
Akh+

)
(z)+

2κ

∑
s=1

ps(Akβ+
s )(z)

+νkQ+φk

(
w∗
(k)

)
, |z−ak| ≤ rk, k = 1,2, . . . ,n . (38.90)

The operators Ak are defined by the following formula

(AkF) (z) = F(z)

+νk

∞

∑
m=0

∑
k1 �=k

∑
k2 �=k1

... ∑
km �=km−1

(−1)m Cmνkm

[
F
(

z∗(kmkm−1...k1)

)

−F
(

w∗(kmkm−1...k1)

)]
, |z−ak| ≤ rk, k = 1,2, . . . ,n . (38.91)

Here, F(z) is a function from CA (
⋃n

k=0Dk), C is the operator of complex
conjugation.

Calculate the values

Rkm := φm

(
w∗(mk)

)
−φm

(
w∗(m)

)
= (Ak fk)

(
w∗(mk)

)
− (Ak fk)

(
w∗(m)

)
,

k = 1,2, . . . ,n; m = 1,2, . . . ,n; m �= k .

Substitution of z = w∗(k) into (38.88) and taking the real part yield

Re

(
−

2κ

∑
s=1

psβ+
sk (w

∗
(k))+νkQ

)
= ξk, k = 1,2, . . . ,n , (38.92)
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where

ξk = Re

(
νk ∑

m�=k

νmRkm +hk
(
w∗(k)

))
. (38.93)

Let for definiteness νn �= νn−1. Then

Δ =
νn

νn−1
− νn−1

νn
�= 0

and

Q =
2
Δ

[
ξn

νn−1
− ξn−1

νn
+

2κ

∑
s=1

ps

(
β+

sn

(
w∗(n)

)
νn−1

−
β+

s,n−1

(
w∗(n−1)

)
νn

)]
. (38.94)

Therefore, (38.92) becomes

2κ

∑
s=1

ps Re

[
−β+

sk(w
∗
(k)) +

2
Δ

(
νk

νn−1
β+

sn(w
∗
(n))−

νk

νn
β+

s,n−1(w
∗
(n−1))

)]

= ξk− 2
Δ

(
ξn

νn−1
− ξn−1

νn

)
, k = 1,2, . . . ,n−2 .

(38.95)

The relation (38.95) is a system of n− 2 real linear algebraic equations with
respect to 2κ real unknowns p1, p2, ..., p2κ . This is Bojarski’s system [38] which
corresponds to solvability of the Riemann–Hilbert problem. Equality (38.95) gives
the necessary and sufficient solvability condition of the Riemann–Hilbert problem
(38.3) in the case (b). If (38.95) is solvable, φ (z) has the form (38.87), (38.89),
(38.90). It is worth noting that φk(w∗(k)) remains undetermined. But it follows from

(38.89) that we do not need to determine the constants φk(w∗(k)) (k = 1,2, . . . ,n) to

find the function ω(z).

Theorem 38.6. (κ ≥ 0)

(a) If all numbers νk are equal, the Riemann–Hilbert boundary value problem
(38.3) is solvable if and only if the system (38.86) is solvable.

If (38.86) is fulfilled, the general solution to the problem (38.3) has the form
(38.87), (38.85).

(b) If at least two numbers νk are non-equal, the Riemann–Hilbert boundary value
problem (38.3) is solvable if and only if the system (38.95) is solvable.

If (38.95) is satisfied, the general solution to the problem (38.3) has the form
(38.87), (38.89), (38.90).

The case of the negative index κ is studied in the same way. In this case, we
introduce the auxiliary unknown function ω(z) := φ(z) [R(z)X(z)]−1 from the space
CA (D) with the following additional condition

ω(z) has zero at z = ∞ of the order |κ| . (38.96)
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Thus, the function ω(z) has to satisfy the following R-linear problem

νkω (t) = φk (t)−φk (t)+ fk(t) , |t−ak|= rk, k = 1,2, . . . ,n ,

with the additional condition (38.96). Application of the same arguments yields

Theorem 38.7. (κ < 0)

(a) If all numbers νk are equal, the Riemann–Hilbert boundary value problem
(38.3) with respect to the function φ(z) having the order |κ| at infinity has a
solution if and only if (n−1) linearly independent conditions are fulfilled

n

∑
m=1

∫
Tm

h(ζ )
∂αk

∂ nζ
(ζ )ds = 0 , k = 1,2, ...,n−1 . (38.97)

If these conditions are valid, the general solution of the problem (38.3) has the
form

φ(z) := ω(z)R(z)X(z) = ν−1 [(Th)(z)+ iς ]R(z)X(z)

and contains one arbitrary real constant ς .
(b) If at least two numbers νk are non-equal, the Riemann–Hilbert boundary value

problem (38.3) with respect to the function φ(z) having the order |κ| at infinity
has a solution if and only if (n−2) linearly independent conditions are fulfilled

ξk− 2
Δ

(
ξn

νn−1
− ξn−1

νn

)
= 0 , k = 1,2, . . . ,n−2 , (38.98)

where ξk = Re hk(w∗(k)) (see (38.93)). If these conditions are valid, the unique

solution of the problem (38.3) has the form φ(z) := ω(z)R(z)X(z).
In all cases, the solution φ(z) is regular at infinity if and only if the function

R(z)X(z) satisfies the condition (38.96).

Let l be the number of R-linear independent solutions of the homogeneous
Riemann–Hilbert problem

Re λ (t)φ(t) = 0 , t ∈ ∂D . (38.99)

Let p be the number of R-linear independent solvability conditions of the inhomo-
geneous Riemann–Hilbert problem (38.3)

Re λ (t)φ(t) = f (t) , t ∈ ∂D . (38.100)

Let the rank of the system (38.86) is equal to r. Then the homogeneous system
(38.86) has 2κ − r R-linearly independent solutions. Along similar lines, the
homogeneous system (38.95) has 2κ− d R-linearly independent solutions, where
d is the rank of the system. One can see that the ranks depend only on the coefficient
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λ (t). Moreover, r ≤ n−1 and d ≤ n−2. According to Theorems 38.6 and 38.7, we
have in all cases

l− p = 2κ−n+2 , (38.101)

where in the case of negative index, |κ| complex conditions to provide that φ has the
zero order at infinity are taken into account. Formula (38.101) coincided to formula
(37.50′) from Gakhov’s book [13].
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Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract A measured solenoid is a compact laminated space endowed with a
transversal measure. The De Rham L2-cohomology of the solenoid is defined by
using differential forms which are smooth in the leafwise directions and L2 in the
transversal direction. We develop the theory of harmonic forms for Riemannian
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In this article, we continue the geometric study of solenoids initiated in [6].
Solenoids are compact topological spaces which are locally modeled by the product
of a k-dimensional ball by some transversal space and admit a transversal measure
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First, we review how the De Rham cohomology theory, fundamental classes, and
singular cohomology do extend to solenoids and preserve most of the functorial
properties. The theory of bundles, connections and Chern classes also goes through.

For a solenoid S endowed with a transversal measure μ , we have a well defined
De Rham L2-cohomology theory, which is suited to implement classical techniques
from Harmonic and Functional Analysis. The De Rham L2-cohomology is defined
by using forms which are smooth in the leaf-wise directions, and are L2-integrable
with respect to μ in the transversal direction. We introduce the reduced De Rham
L2-cohomology H̄∗DR(Sμ) as the quotient of the De Rham L2-cohomology H∗DR(Sμ)
with the closure of {0} (making it a Hausdorff topological space). See [5] for these
notions.

Most of the formal theory of pseudo-differential operators can be carried out for
spaces of sections of bundles which are L2-transversally. In order to extend classical
Hodge theory as developed in [12], we define Sobolev spaces of sections using the
L2 transversal structure. Sobolev regularity lemma holds in this general setting but
Rellich compact embedding does not in general. With these tools at hand we can
develop harmonic theory for solenoids.

We obtain a Hodge theorem giving an isomorphism of the reduced De Rham
cohomology with the space of harmonic forms. We prove the main results:

Theorem 39.1. Let Sμ be a compact oriented solenoid endowed with a transversal
measure μ . Let K p(Sμ) be the space of p-forms which are harmonic in the leaf-wise
directions and L2-transversally (with respect to μ). Then there is an isomorphism:

H̄ p
DR(Sμ)∼= K p(Sμ).

Corollary 39.1. The ∗-Hodge operator gives an isomorphism (Poincaré duality)

∗ : H̄ p
DR(Sμ)→ H̄k−p

DR (Sμ).

Contrary to the classical situation for compact manifolds where Rellich theorem
holds, here the spaces of harmonic forms are not necessarily finite dimensional.
Actually, the situation for solenoids is more similar to that of Hodge theory for
L2-forms for complete non-compact manifolds (see e.g. [1]). However, when the
transversal measure μ is ergodic (see Definition 39.3), we may expect finite-
dimensionality (see Question 39.2). We discuss at the end the simple example of
Kronecker foliations on the torus.

39.2 Solenoids

We review the basic notions on solenoids introduced in [6].

Definition 39.1. Let k ≥ 0, r ≥ 1, s ≥ 0 with r ≥ s. A k-solenoid of class Cr,s is a
compact Hausdorff space endowed with an atlas of flow-boxes A = {(Ui,ϕi)},

ϕi : Ui→ D k×K(Ui),
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where D k is the k-dimensional open ball, and K(Ui) ⊂ R
l is an open set, the

transversal of the flow-box. The changes of charts ϕi j = ϕi ◦ϕ−1
j are of the form

ϕi j(x,y) = (X(x,y),Y (y)), where X(x,y) is of class Cr,s and Y (y) is of class Cs.

We shall always use good flow-boxes. By this, we mean a flow-box

U = D k×K(U)

whose closure is contained in another flow-box V = D k ×K(V ), where K(U) ⊂
K(V ) is compact.

Let S be a k-solenoid, and U ∼= D k×K(U) be a flow-box for S. The sets Ly =
D k×{y} are called the (local) leaves of the flow-box. A leaf l ⊂ S of the solenoid
is a connected k-dimensional manifold whose intersection with any flow-box is a
collection of local leaves. The solenoid is oriented if the leaves are oriented (in a
transversally continuous way).

A transversal for S is a subset T which is a finite union of transversals of flow-
boxes. Given two local transversals T1 and T2 and a path contained in a leaf from a
point of T1 to a point of T2, there is a well-defined germ of holonomy map at this
point, h, from T1 to T2.

Definition 39.2. Let S be a k-solenoid. A transversal measure μ = (μT ) for S
associates to any local transversal T a locally finite measure μT supported on T ,
which are invariant by the holonomy, i.e. if h is a germ of holonomy map, then
h∗μT1 = μT2 .

We denote by Sμ a k-solenoid S endowed with a transversal measure μ = (μT ).
We refer to Sμ as a measured solenoid. Observe that for any transversal measure
μ =(μT ) the scalar multiple c μ =(c μT ), where c> 0, is also a transversal measure.
Notice that there is no natural scalar normalization of transversal measures.

Definition 39.3. A measured solenoid Sμ is ergodic if for any transveral T , and any
subset A⊂ T invariant by the holonomy, either μT (A) = 0 or μT (T −A) = 0.

A solenoid S is uniquely ergodic if it has a unique (up to scalars) transversal
measure μ and its support is the whole of S.

A Riemannian solenoid is a solenoid endowed with a Riemannian metric in
the tangent spaces of the leaves, and with smoothness of class Cr,s. Note that a
Riemannian metric defines a volume form in each leaf. A daval measure ν on S ([6])
is a finite Borel measure on the solenoid which in any flow-box U = D k×K(U),
it decomposes as volume along leaves, ν = volD k ×μK(U). Such a measure defines
a tranversal measure and moreover there is a one-to-one correspondence between
daval measures and transversal measures. In particular, if a Riemannian solenoid is
uniquely ergodic, then there is a unique daval measure with total mass 1.

Now let M be a smooth manifold of dimension n (and class Cr). An immersion of
a k-solenoid S into M, with k < n, is a smooth map f : S→M (of class Cr,s) such that
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the differential restricted to the tangent spaces of leaves has rank k at every point
of S. If M is a Riemannian manifold, this endows S with the pull-back Riemannian
structure.

Denote by Ck(M) the space of compactly supported currents of dimension k
on M. We have the following definition.

Definition 39.4. Let Sμ be an oriented measured k-solenoid. An immersion f :
S→ M defines a generalized Ruelle–Sullivan current (Sμ , f ) ∈ Ck(M) as follows.
Let {Ui} be a finite covering of S by flow-boxes, and a partition of unity {ρi}
associated to it. For ω ∈Ω k(M), we define

〈(Sμ , f ),ω〉 = ∑
i

∫
K(Ui)

(∫
Ly

ρi f ∗ω
)

dμK(Ui)(y),

where Ly denotes the horizontal disk of the flow-box.

In [6], it is proved that (Sμ , f ) is a closed current. Therefore, it defines a real
homology class

[Sμ , f ] ∈Hk(M,R). (39.1)

Ruelle and Sullivan defined in [11] this notion for the restricted class of solenoids
embedded in M. In [8], it is proved that if a ∈ Hk(M,R) is any real homology class,
then there is an immersed oriented k-solenoid f : Sμ → M such that a = [Sμ , f ].
Moreover, S can be chosen to be uniquely ergodic and with holonomy generated by
a single map. In [9], we prove that the set of currents (Sμ , f ) for immersed oriented
uniquely ergodic k-solenoids with a= [Sμ , f ] is actually dense in the space of closed
currents α ∈ Ck(M) representing a.

39.3 Cohomology of Solenoids

In general, and for the remainder of the article, we shall consider solenoids of class
C∞,0.

39.3.1 De Rham Cohomology

Let S be a solenoid (here, we allow S to be a non-compact solenoid). The space
of p-forms Ω p(S) consist of p-forms on leaves with function coefficients that are
smooth on leaves and partial derivatives of all orders continuous transversally. Using
the differential d in the leaf-wise directions, we obtain the De Rham differential
complex (Ω ∗(S),d). The De Rham cohomology groups of the solenoid are defined
as the quotients

H p
DR(S) :=

ker(d : Ω p(S)→Ω p+1(S))
im(d : Ω p−1(S)→Ω p(S))

. (39.2)
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We can also consider the spaces Ω p
m(S) of differential forms with function coef-

ficients that are smooth on leaves and measurable transversally (then the partial
derivatives are automatically measurable transversally). Then define in the same
way the De Rham measurable cohomology groups H p

DRm(S) using the complex
(Ω ∗m(S),d). Note the natural map H p

DR(S)→ H p
DRm(S).

Proposition 39.1. Let R c and Rm be respectively the sheaf of functions which are
locally constant on leaves and transversally continuous, resp. measurable. Then we
have isomorphisms

H p
DR(S)

∼= H p(S,R c),

and

H p
DRm(S)

∼= H p(S,Rm).

Proof. The proofs are similar. We prove the first isomorphism. It follows from the
existence of the sheaf resolution

R c→ Ω0 d→Ω 1 d→ . . . .

The exactness of this complex of sheaves is a Poincaré lemma: for a small open
set U = D k×K(U), the complex 0→ R c(U)→Ω 0(U)→Ω 1(U)→ . . . is exact. If
dxα(x,y) = 0 then α(x,y) = dxβ (x,y), for a collection of forms β (x,y), y ∈ K(U).
We can choose β (x,y) to depend continuously (or measurably for the proof of the
second isomorphism) on y, as can be seen by the usual construction. Note that,
clearly, if f (x,y) is a function with d f = 0 then f (x,y) is locally constant on x. ��
Remark 39.1. The spaces Ω p(S) are topological vector spaces. Therefore, the De
Rham cohomology (39.2) inherits a natural topology. In general, these spaces
are infinite dimensional (even for compact solenoids). In some references, it is
customary to take the closure of the spaces imd in definition (39.2), obtaining the
reduced De Rham cohomology groups

H̄ p
DR(S) =

kerd|Ω p

imd|Ω p−1

.

This is equivalent to quotienting H p
DR(S) by {0}, obtaining thus Hausdorff vector

spaces.

We shall list some basic properties of the De Rham cohomology:

1. Functoriality. Let S1, S2 be two solenoids. A smooth map f : S1→ S2 is a map
sending leaves to leaves and transversally continuous. f defines a map on De
Rham cohomologies, f ∗ : H p

DR(S2)→ H p
DR(S1), by f ∗[ω ] = [ f ∗ω ]. This applies

in particular to an immersion of a solenoid into a smooth manifold f : S→M, or
to the inclusion of a leaf i : l→ S.
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2. Mayer–Vietoris sequence. Let U,V be two open subsets of a solenoid S. There is
a short exact sequence of complexes:

Ω •(U ∪V )→Ω •(U)⊕Ω•(V )→Ω •(U ∩V ).

The only non-trivial point is the surjectivity of the last map, but if follows
from the existence of a partition of unity {ρU ,ρV} subordinated to {U,V}: any
ω ∈Ω •(U ∩V ) is the image of (ρV ω,−ρUω). Taking the associated long exact
sequence, we get the Mayer–Vietoris exact sequence

· · · → H p
DR(U ∪V )→ H p

DR(U)⊕H p
DR(V )

→ H p
DR(U ∩V )→ H p+1

DR (U ∪V )→ ··· .

3. Homotopy. A homotopy between two maps f0, f1 : S1 → S2 is a map F : S1×
[0,1]→ S2 (where S1× [0,1] is given the solenoid structure with leaves l× [0,1],
for l ⊂ S1 a leaf of S1) such that F(x,0) = f0(x) and F(x,1) = f1(x). We say that
the maps f0, f1 are homotopic, written f0 ∼ f1. In this case f ∗0 = f ∗1 : H p

DR(S2)→
H p

DR(S1).
We prove this as follows: factor f0 = F ◦ i0, and f1 = F ◦ i1, where it : S1→

S1× [0,1] is given as it(x) = (x, t). Then f ∗0 = f ∗1 follows from i∗0 = i∗1. Let us
check this. Consider π : S1× [0,1]→ S1. Then π ◦ it = Id. Let us see that i∗t :
H p

DR(S× I)→ H p
DR(S) is an isomorphism inverse to π∗. It is enough to see that

h∗=(it ◦π)∗ : H p
DR(S× I)→H p

DR(S× I) is the identity, h(x,s) = (x, t), t ∈ I fixed.
For a closed p-form ω = ω1(x,s)+ω2(x,s)∧ds, note that

0 = dω = dxω1 +(−1)p ∂ω1

∂ s
∧ds+dxω2∧ds = 0

implies that dxω1 = 0 and ∂ω1
∂ s = (−1)p+1dxω2. Now π∗i∗t ω = ω1(x, t). Hence

(Id−π∗i∗t )ω = ω1(x,s)−ω1(x, t)+ω2(x,s)∧ds

=
∫ s

t

∂ω1

∂ s
(x,u)du+ω2(x,s)∧ds

= (−1)p+1
(∫ s

t
dxω2(x,u)du+(−1)p−1ω2(x,s)∧ds

)

= (−1)p+1d

(∫ s

t
ω2(x,u)du

)
,

as required.
4. We say that two solenoids S1, S2 are of the same homotopy type if there are maps

f : S1→ S2, g : S2→ S1, such that f ◦g∼ IdS2 , g◦ f ∼ IdS1 . Then the De Rham
cohomology groups of S1 and S2 are isomorphic.



39 Hodge Theory for Riemannian Solenoids 639

39.3.2 Fundamental Classes

Let S be an oriented compact k-solenoid. The De Rham cohomology groups do not
depend on any measure of S. If μ = (μT ) is a transversal measure, then the integral∫

Sμ descends to cohomology giving a map [6]

∫
Sμ

: Hk
DR(S)→ R. (39.3)

We define the solenoidal homology as

Hp(S,R c) := H p(S,R c)
∗ = H p

DR(S)
∗ .

Then the map (39.3) defines a homology class [Sμ ] ∈ Hk(S,R c)
∗ = Hk(S,R c). We

shall call this element the fundamental class of Sμ .
Any map f : S1 → S2 defines a map f ∗ : H p

DR(S2)→ H p
DR(S1) and hence, by

dualizing, a map f∗ : Hp(S1,R c)→ Hp(S2,R c). Applying this to an immersion f :
Sμ →M of an oriented, measured, compact solenoid into a smooth manifold, then
we have the equality

f∗[Sμ ] = [Sμ , f ],

with the generalized Ruelle–Sullivan class defined in (39.1).
Note that if S has a dense leaf (in particular when S it is minimal, i.e. all leaves

are dense), then H0(S,R c) = R. On the other hand, the dimension of the top degree
homology counts the number of mutually singular tranverse measures on S.

Theorem 39.2. Let S be a compact, oriented k-solenoid. Then Hk(S,Rc) is isomor-
phic to the real vector space generated by all transversal measures.

Proof. There is a well-defined linear map

Ψ : μ �→ [Sμ ] ∈ Hk(S,R c)

which sends each signed transversal measure (with finite total mass in each
transversal) to the associated fundamental class: Decompose μ = μ+ − μ− and
integrate with respect to each measure. We prove first that Ψ is a bijection.

If Ψ (μ) = 0 then ∫
Sμ

ω = 0

for all k-forms ω ∈ Ω k(S). Let U = D k × K(U) be a flow-box and let ω be
a compactly supported k-form with integral 1 on D k. For any function φ with
suppφ ⊂ K(U), we have

0 =
∫

Sμ
φ ω =

∫
K(U)

φ
(∫

Ly

ω
)

dμK(U)(y) =
∫

K(U)
φ dμK(U)(y).

Therefore, μK(U) = 0. So μ = 0.
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We prove that Ψ is onto. Let C ∈Hk(S,Rc) be given. By definition C : Hk
DR(S)→

R, so for any k-form ω , we have C(ω) ∈ R and C(dη) = 0, for η ∈ Ω k−1(S). Let
U =D k×K(U) be a flow-box, and fix a compactly supported k-form ω with integral
1 on D k. Let φ be a continuous function with suppφ ⊂ K(U) and let φ̃ be the
corresponding function on the flow box U = D k×K(U) constant on leaves. Now
the map

φ �→C(φ̃ ω),

is a continuous linear functional: if φn → φ in C0 then φ̃n ω → φ̃ ω in Ω k(S), so
C(φ̃n ω)→C(φ̃ ω). Therefore, by Riesz representation theorem it is represented by
a signed measure μK(U) with finite total mass,

C(φ̃ ω) =

∫
K(U)

φ dμK(U).

The measure μK(U) does not depend on the choice of ω . Taking another ω ′ we have
ω ′ −ω = dη , with η compactly supported in D k. Hence, φ̃ ω ′ − φ̃ ω = d(φ̃ η) and
C(φ̃ ω ′) =C(φ̃ ω).

Also, the constructed measure does not depend on the coordinates of the flow-
box. Taking a change of chart Φ : D k × K(U) → D k × K(U), we have that
C(Φ∗(φ̃ ω)) = C(φ̃ ω) since Φ∗(φ̃ ω)− φ̃ ω = dη (both are compactly supported
forms with leaf-wise integral 1). Finally, the (μT ) are invariant by the holonomy.
We only need to check the invariance by local holonomy, and this follows from the
previous remark. ��
Remark 39.2. There is no Poincaré duality for H∗DR(S) in general. Moreover, these
spaces may be infinite dimensional (even for uniquely ergodic solenoids): if S is an
n-torus foliated by irrational lines, then H1

DR(S) can be infinite-dimensional as the
example in Sect. 39.8 shows.

39.3.3 Singular Cohomology

We consider the space Map(I n,S) of continuous maps T : I n → S mapping into a
leaf, and endow it with the uniform convergence topology. The degenerate maps
(see [4]) form a closed subspace; therefore, the quotient, Map′(I n,S), has a natural
quotient topology. The space of singular chains Cn(S) is the free abelian group
generated by Map′(I n,S). There is a natural boundary map ∂ : Cn(S)→Cn−1(S).

Let G be any topological abelian group. Define the cochains

Cn(S,G) = Homcont(Cn(S),G)
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as the continous homomorphisms. That is, ϕ : Cn(S)→G such that if Tk : I n→ S are
maps which converge to To : I n→ S in the uniform topology, then ϕ(Tk)→ ϕ(To).
Define the differential δ : Cn(S) → Cn+1(S) by δϕ(T ) = ϕ(∂T ). The solenoid
singular cohomology of S with coefficients in G is defined as:

Hn(S,G) :=
ker(δ : Cn(S,G)→Cn+1(S,G))

im(δ : Cn−1(S,G)→Cn(S,G))
.

We have some basic properties:

1. Functoriality. Let f : S1 → S2 be a solenoid map. Then there is a map f∗ :
Cn(S1)→Cn(S2), f∗(T ) = f ◦T , and a map f ∗ : Cn(S2,G)→Cn(S1,G), f ∗(ϕ) =
ϕ ◦ f . Clearly, f ∗δ = δ f ∗, so the map descends to cohomology: f ∗ : Hn(S2,G)→
Hn(S1,G).

2. Homotopy. Suppose that f ,g : S1 → S2 are two homotopic solenoid maps. The
usual construction yields a chain homotopy H between f ∗ and g∗ (one only
have to check that this map sends continuous cochains into continuous cochains).
Therefore, f ∗ = g∗ : Hn(S2,G)→ Hn(S1,G).

3. If S1, S2 are of the same homotopy type, then Hn(S1,G)∼= Hn(S2,G).
4. If U = D k ×K(U) is a flow-box, then U is of the same homotopy type than
{∗}×K(U). Therefore, Hn(U) = 0 for n > 0, and H0(U) = Mapcont(K(U),G).
In particular, this implies that

R c→C0(−,R) δ→C1(−,R) δ→ ···

is a resolution. Therefore, there is an isomorphism Hn(S,R)∼= Hn(S,Rc).
5. Mayer–Vietoris. For two open sets U,V with S = U ∪V , define Cn(S;U,V)

as the subcomplex generated by those singular chains completely contained in
either U or V . Define accordingly Cn(S;U,V). It is not difficult to see that
the restriction Cn(S,G)→ Cn(S,G;U,V ) is chain homotopy equivalence (by a
process of subdivision of simplices, as in [4]). Therefore, the exact sequence
0→Cn(S,G;U,V )→ Cn(U,G)⊕Cn(V,G)→ Cn(U ∩V,G)→ 0 gives rise to a
long exact sequence:

· · · → H p(U ∪V,G)→ H p(U,G)⊕H p(V,G)

→ H p(U ∩V,G)→ H p+1(U ∪V,G)→ ··· .

39.4 De Rham L2-Cohomology

Now consider a k-solenoid S with a transversal measure μ . There is a notion of
cohomology which takes into account the transversal measure structure. For this,
we work with forms which are L2-transversal relative to μ .



642 V. Muñoz and R.P. Marco

Definition 39.5. A function f is L2(μ)-transversally smooth if in any (good) flow-
box U = D k ×K(U) all partial derivatives on the first variable exist and are in
L2(μK(U)), i.e. if we write f as f (x,y) then for all r ≥ 0,

∫
K(U)
‖ f (·,y)‖2

Cr dμK(U)(y)< ∞.

We consider the space of forms

Ω p
L2(μ)(S)

which are L2(μ)-transversally smooth, i.e. locally these are forms α =∑ fI(x,y)dxI ,
where fI are L2(μ)-transversally smooth functions. There exists a well-defined
differential along leaves d : Ω p

L2(μ)(S) → Ω p+1
L2(μ)(S) which defines the complex

(Ω ∗
L2(μ)(S),d). We define the De Rham L2-cohomology vector space as the quotients

H p
DR(Sμ) :=

ker
(

d : Ω p
L2(μ)(S)→Ω p+1

L2(μ)(S)
)

im
(

d : Ω p−1
L2(μ)(S)→Ω p

L2(μ)(S)
) .

We also introduce the reduced De Rham L2-cohomology:

H̄ p
DR(Sμ) :=

kerd

imd
.

Note that there are natural maps

H p
DR(S)→ H p

DR(Sμ)→ H p
DRm(S),

since C∞,0-functions are L2(μ)-transversally smooth. The integration map
∫

Sμ

is well-defined for forms in Ω k
L2(μ), since a L2(μ)-transversally smooth k-form

is automatically L1(μ)-transversal (all measures are finite measures on compact
transversals). So we have ∫

Sμ
: Hk

DR(Sμ)→ R.

Let R μ be the sheaf of measurable functions which are locally constant on leaves
and L2(μ)-transversally. A standard Poincaré lemma shows that there is a resolution
of sheaves

R μ → Ω0
L2(μ)→Ω 1

L2(μ)→ ··· →Ω k
L2(μ).

So we get a natural isomorphism

H p
DR(Sμ)∼= H p(S,R μ).
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Definition 39.6. The ergodic dimension of μ is 1 ≤ d(μ) ≤ +∞ defined to be the
maximal number of mutually singular non-zero transversal measures μi such that

μ ≥
d

∑
i=1

ciμi,

with ci > 0.

By classical ergodic theory, if the ergodic dimension d(μ) is finite then μ is a
linear combination of exactly d(μ) ergodic transversal measures.

Lemma 39.1. The ergodic dimension of μ is equal to the dimension of H0
DR(Sμ),

d(μ) = dimR H0
DR(Sμ).

In particular, μ is ergodic if and only if H0
DR(Sμ)∼= R.

Proof. Let d ≥ 1 be finite and d ≤ d(μ). By definition, μ ≥ ∑d
i=1 ciμi, where μi are

ergodic measures and ci > 0. Consider disjoint measurable subsets Si ⊂ S which are
leaf-saturated, such that Si is of total measure for μi and of zero measure for any μ j

with j �= i in any transversal. Then the characteristic functions χSi are independent
in Ω 0

L2(μ)(S), since μ(Si)> 0 for all i : if f =∑λiχSi = 0 then 0= ‖ f‖2 =
∫

Sμ
| f |2 =

∑λ 2
i μ(Si) =⇒ λi = 0 for all i. (Here, we fix an auxiliary Riemannian metric and

consider the daval measures corresponding to the transversal measures.)
Thus, dimR H0

DR(Sμ) = dimR H0(S,Rμ) ≥ d. This proves the result when
d(μ) = +∞.

Now assume that d(μ) is finite. Write μ = ∑d
i=1 ciμi, where μi are ergodic

measures, d = d(μ). Let Si be as before. Let us prove that the (χSi) do generate
H0(S,R μ).

Let f be any measurable function that is locally constant on leaves and L2(μ)-
transversally. Note that f is automatically L2(μ j)-transversally. For a transversal T ,
the real function x �→ μ j,T (T ∩ f−1((−∞,x])) is a non-decreasing Heaviside function
taking the values 0 and 1 (by ergodicity of μ j). So this function has a jump at some
x j ∈ R that is independent of the transversal T (as holonomy shows). Then Fxj =

f−1(x j) has total μ j-measure. So Fxj = S j up to a set of μ j-measure zero, thus of μ-
measure zero. That means that f is constant along each S j up to a set of μ-measure
zero. So f = ∑x jχS j in L2(μ) (note that S− (∪S j) is of zero μ-measure). ��

We review basic properties of the De Rham L2-cohomology:

1. There is not cup product, and therefore the H∗DR(Sμ) are just vector spaces (not
rings).

2. Functoriality. If f : S1→ S2 is a solenoidal map, then we require that μ2 = f∗μ1.
This means that for any local transversal T1 of S1, f (T1) is a local transversal of S2

and the transported measure f∗μ1 is a constant multiple of μ2 on the transversal.
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Note that this is automatic when the solenoids are uniquely ergodic. Then for
any form ω which is L2(μ2)-transversally smooth we have that f ∗ω is L2(μ1)-
transversally smooth.

3. Mayer–Vietoris. It holds exactly as in Sect. 39.3.1.
4. Poincaré duality. We shall see that it holds for the reduced L2-cohomology for

oriented ergodic solenoids (see Corollary 39.3).

39.5 Bundles Over Solenoids

Let S be a k-solenoid. A vector bundle of rank n over S consists of a (k+n)-solenoid
E and a projection map π : E→ S satisfying the following condition: there is an open

covering Uα for S, and solenoid isomorphisms ψα : Eα = π−1(Uα)
∼=→Uα ×R

n =
D k×K(Uα)×R

n, such that π = pr1 ◦ψα , where pr1 : Uα ×R
n→Uα denotes the

projection, and the transition functions

ψα ◦ψ−1
β : (Uβ ∩Uα)×R

n→ (Uβ ∩Uα)×R
n

are of the form (x,y,v) �→ (x,y,gαβ (x,y)(v)), where gαβ is a C∞,0-smooth function
from Uα ∩Uβ to GL(n,R).

Some points are easy to check:

1. The usual constructions of vector bundles remain valid here: direct sums, tensor
products, symmetric and anti-symmetric products. Also, there are notions of sub-
bundle and of quotient bundle.

2. A section of a bundle π : E → S is a map s : S→ E such that π ◦ s = Id. We
denote the space of sections as Γ (E). By definition these are maps of class C∞,0.

3. If Sμ is a measured solenoid, and E → S is a vector bundle, then we have the
notion of sections which are L2(μ)-transversally smooth. Locally, in a chart
Eα = D k × K(U)×R

n → Uα = D k ×K(U), the section is written s(x,y) =
(x,y,v(x,y)). We require that v is C∞ on x and L2(μ) on y. This does not depend
on the chosen trivialization.

4. If f : S1 → S2 is a solenoid map, and π : E → S2 is a vector bundle, then the
pull-back f ∗E = {(p,v) ∈ S1× E | f (p) = π(v)} is naturally a vector bundle
over S1.

5. The tangent bundle T S of S is an example of vector bundle. We have bundles of
(p,q)-tensors TS⊗p⊗ (TS∗)⊗q on any solenoid S. In particular, we have bundles
of p-forms (anti-symmetric contravariant tensors)

∧p T ∗S. Its sections are the
p-forms Ω p(S).

6. A metric on a bundle E is a section of Sym2(E∗) which is positive definite at
every point. A metric on S is a metric on the tangent bundle. An orientation of
a bundle E is a continuous choice of orientation for each of the fibers of E . An
orientation of S is an orientation of its tangent bundle.
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We define Ω p(E) = Γ (
∧p T ∗S⊗E). A connection on a vector bundle E → S is

a map
∇ : Γ (E)→Ω 1(E),

such that ∇( f · s) = f ∇s+ d f ∧ s. Consider a local trivialization in a flow-box Uα
with coordinates (x,y). Then ∇|Uα = d + aα , where aα ∈ Ω1(Uα ,EndE). Under a
change of trivialization gαβ , for two trivializing open subsets Uα ,Uβ , we have the
usual formula aβ = g−1

αβ aαgαβ +g−1
αβ dgαβ .

A partition of unity argument proves that there are always connections on a vector
bundle E→ S. The space of connections is an affine space over Ω 1(EndE).

Given a connection ∇ on E , there is a unique map d∇ : Ω p(E)→ Ω p+1(E),
p≥ 0, such that d∇s = ∇s for s ∈ Γ (E), and d∇(α ∧β ) = dα ∧β +(−1)pα ∧d∇β ,
for α ∈ Ω p(S), β ∈ Ωq(E). It is easy to see that F̂∇ : Γ (E)→ Ω 2(E), given by
F̂∇(s) = d∇d∇s, has a tensorial character (i.e., it is linear on functions). Therefore,
there is a F∇ ∈Ω 2(EndE), called curvature of ∇, such that F̂∇(s) = F∇ · s. Locally,
on a trivialization Uα , we have the formula F∇ = daα +aα ∧aα .

Given connections on vector bundles, there are induced connections on associ-
ated bundles (dual bundle, tensor product, direct sum, symmetric product, pull-back
under a solenoid map, etc.). This follows in a straightforward way from the standard
theory. In particular, if l ↪→ S is a leaf of a solenoid S, then we can perform the pull-
back of the bundle and connection to the leaf, which consists on restricting them to
l. This gives a bundle and connection of a complete k-dimensional manifold. Also,
if f : S→M is an immersion of a solenoid in a smooth n-manifold, and E →M is
a bundle with connection, then the pull-back construction produces a bundle with
connection on S.

Consider a vector bundle E→ S endowed with a metric. We say that a connection
∇ is compatible with the metric if it satisfies

d〈s, t〉= 〈∇s, t〉+ 〈s,∇t〉.

In the particular case of the tangent bundle T S of a Riemannian solenoid S, we have
the Levi–Civita connection ∇LC, which is the unique connection compatible with
the metric and with torsion T∇(X ,Y ) = ∇XY −∇Y X = 0. This is the Levi–Civita
connection on each leaf, and the transversal continuity follows easily.

39.6 Chern Classes

We can also define a complex vector bundle over a solenoid, by using C
n as fiber,

and taking the transition functions with values in GL(n,C). An Hermitian metric
on a complex vector bundle is a positive definite Hermitian form in each fiber with
smoothness of type C∞,0 on any local trivialization.
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Let E→ S be a complex vector bundle over a solenoid of rank n. Put a Hermitian
structure on E , and consider any Hermitian connection ∇ on E . Then the curvature
F∇ is a 2-form with values in EndE , i.e. F∇ ∈Ω2(EndE). The Bianchi identity says

d∇F∇ = 0.

This holds leaf-wise, so it holds on the solenoid.
Consider the elementary functions: Tri : Mr×r → C, given by Tri(A) = Tr(

∧i A).
Then the Chern classes are

ci(E) =

[
Tri

(√−1
2π

F∇

)]
∈ H2i

DR(S).

These classes are well defined (since the forms inside are closed, which again
follows by working on leaves) and do not depend on the connection (different
connections give forms differing by exact forms), see [12, Chap. III].

We have some facts:

1. If M is a manifold, we recover the usual Chern classes.
2. If f : S1→ S2 is a solenoid map, then f ∗ci(E) = ci( f ∗E). In particular,

• If f : S→M is an immersion of a solenoid in a manifold and E|S = f ∗E , then
ci(E|S) = f ∗ci(E).

• If j : l→ S is the inclusion of a leaf, then ci(E|l) = j∗ci(E).

Question 39.1. Are the Chern classes defined as elements in H2i(S,Z)?

This question has an affirmative answer for the case of line bundles (complex
vector bundles of rank 1). A line bundle L→ S is given by its transition functions
gαβ : Uα ∩Uβ → S1 which are of class C∞,0. Therefore, the line bundles on S are
parametrized by H1(S,C∞,0(S1)), where C∞,0(S1) is the sheaf which assigns U �→
C∞,0(U,S1).

Note that there is an exact sequence of sheaves:

0→ Z→C∞,0(R)→C∞,0(S1)→ 0.

Here, the sheaf Z is the locally constant sheaf. As C∞,0(R) is a fine sheaf (it has
partitions of unity), it is acyclic. So the map

δ : H1(S,C∞,0(S1))→ H2(S,Z)

is an isomorphism. There is a natural map α : H2(S,Z)→ H2(S,R c). It is easy
to see that α(δ ([L])) = c1(L), by using the transition functions gαβ to construct a
suitable connection on L with which we compute the curvature (as in the case of
manifolds, see [12]).
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39.7 Hodge Theory

39.7.1 Sobolev Norms

Let Sμ be a compact Riemannian k-solenoid which is oriented and endowed with a
transversal measure. We denote the associated (finite) daval measure also by μ . Now
consider a vector bundle E → S and endow it with a metric. The space of sections
of class C∞,0 is denoted Γ (S,E). The space of L2(μ)-transversally smooth sections
(sections of class C∞ along leaves and L2 in the transversal directions) is denoted by
ΓL2(μ)(S,E).

Now let us introduce suitable completions of these spaces of sections. Fix a
connection ∇ for E and the Levi–Civita connection for T S. There is an L2-norm
on sections of E , given by

(s, t)E =

∫
S
〈s, t〉dμ .

We can complete the spaces of sections to obtain spaces of L2-sections L2
μ(S,E).

Do not confuse with ΓL2(μ)(S,E), which refers to sections smooth along leaves. We

consider also Sobolev norms W l,2 as follows. Take s a section of E . Then we set

‖s‖2
Wl,2

μ
=

∫
S

(
l

∑
i=0

|∇is|2
)

dμ .

Completing with respect to this norm gives a Hilbert space consisting of sections
with regularity W l,2 on leaves and L2(μ)-transversally, denoted W l,2

μ (S,E). These
spaces do not depend on the choice of metrics and connections.

For future use, we also introduce the norms Cr
μ , which give spaces of sections

with Cr-regularity on leaves and L2(μ)-transversally. Take s a section of E . Assume
it has support in a flow box U = D k×K(U), and assume that E has been trivialized
by an orthonormal frame. Then

‖s‖2
Cr

μ
=

∫
K(U)
‖s(·,y)‖2

Cr dμK(U)(y).

These norms are patched (via partitions of unity, in a non-canonical way) to get a
norm on the spaces of sections on the whole solenoid. The topology defined by this
norm is independent of the partition of unity. The spaces of sections are denoted
Cr

μ(S,E). Note that
⋂

r≥0 Cr
μ(S,E) = ΓL2(μ)(S,E).

We can define the norm W l,2
μ by using Fourier transforms. For this we have to

restrict to a flow-box U = D k×K(U). We Fourier-transform the section s(x,y) in
the leaf-wise directions, to get ŝ(ξ ,y), and then take the integral

∫
K(U)

(∫
(1+ |ξ |2)l |ŝ(ξ ,y)|2dξ

)
dμK(U)(y).
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Proposition 39.2 (Sobolev). W s,2
μ (S,E)⊂Cp

μ(S,E), for s > [k/2]+ p+1.

This is similar to Proposition 1.1 in Chap. IV of [12]. The proof carries over to
the solenoid situation verbatim. As a consequence,

⋂
r≥0

W r,2
μ (S,E) = ΓL2(μ)(S,E).

39.7.2 Pseudodifferential Operators

Let E,F be two vector bundles over S of ranks n,m respectively. A differential
operator L of order l is an operator

L : Γ (S,E)→ Γ (S,F)

which locally on a flow-box U = D k×K(U) is of the form

L(s) = ∑
|α |≤l

Aα(x,y)D
α s,

where α = (α1, . . . ,αk) is a multi-index, with |α|= ∑αi,

Dα =
∂ |α |

∂ α1x1 . . .∂ αk xk
,

and Aα are (n × m)-matrices of functions (with regularity C∞,0). Note that a
differential operator gives rise to differential operators on each leaf. Moreover, L
extends to

L : W p,2
μ (S,E)→W p−l,2

μ (S,F).

The usual properties, like the existence of adjoints, extend to this setting.
The symbol of a differential operator on a solenoid is defined in the same fashion

as for the case of manifolds, and coincides with the symbol of the differential
operator on the leaves. We recall that the symbol σl(L) ∈ Hom(π∗E,π∗F), π :
T S→ S, has the form

σl(L)(x,y,v) = ∑
|α |=l

Aα(x,y)v
α1
1 . . .vαk

k .

The properties of the symbol map, such as the rule of the symbol of the composition
of differential operators, or the symbol of the adjoint, hold here. This is just the fact
that they can be done leaf-wise, and the continuous transversality is easy to check.

Differential operators can be generalized to pseudodifferential operators as in
the case of manifolds. A pseudodifferential operator of order l on a flow-box U =
D k×K(U) is an operator

L(p) : Γc(U,E)→ Γ (U,F)
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which sends a (compactly supported) section s(x,y) to

L(p)s(x,y) =
∫

p(x,ξ ,y)ŝ(ξ ,y)ei〈x,ξ 〉dξ ,

where ŝ(ξ ,y) is the (leaf-wise) Fourier transform, and p(x,ξ ,y) is a function defined
in D k×R

k×K(U), smooth on x and ξ , continuous on y, and satisfying:

• |Dβ
x Dα

ξ p(x,ξ ,y)| ≤Cαβ l(1+ |ξ |)l−|α|, for constants Cαβ l

• the limit σl(p)(x,ξ ,y) = limλ→∞ p(x,λ ξ ,y)λ−l exists
• p(x,ξ ,y)−σl(p)(x,ξ ,y) should be of order ≤ l−1 for |ξ | ≥ 1

A pseudodifferential operator of order l on S is an operator

L : Γ (S,E)→ Γ (S,F)

which is locally of the form L(pU ) for some pU as above. The symbol of L is
σl(L) = σl(pU ) for a local representative L|U = L(pU ). This symbol is well-defined
and independent of choices, which follows from the case of manifolds, since the
symbol can be defined leaf-wise (see [12]). The usual properties of the symbol map
(composition, adjoint) hold here.

A pseudodifferential operator of order l is an operator of order l, i.e., it extends
as a continuous map to

L : W p,2
μ (S,E)→W p−l,2

μ (S,E).

This is done as in Theorem 3.4 of [12, Chap. IV], by noting that

‖L(p)s(·,y)‖
W p−l,2

μ
≤C‖s(·,y)‖

W p,2
μ

,

where C is a constant depending on Cαβ l .
The key of the theory is the fact that we can construct a pseudodifferential

operator given a symbol σl(L).

Proposition 39.3. Let S be a compact solenoid. Then there is an exact sequence

0→ OPl−1(E,F)→ PDiffl(E,F)→ Symbl(E,F)→ 0,

where OPl−1(E,F) is the space of operators of order l−1, PDiffl(E,F) the space
of pseudodifferential operators of order l, and Symbl(E,F) the space of symbols of
order l.
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39.7.3 Elliptic Operator Theory for Solenoids

We say that a pseudodifferential operator L : E→F of order l is elliptic if the symbol
σl(L) satisfies that σl(L)(x,v) : Ex→ Fx is an isomorphism for each x ∈ S, v ∈ TxS,
v �= 0.

Theorem 39.3. Let L be an elliptic pseudodifferential operator of order l. Then
there exists a pseudo-inverse, a pseudodifferential operator L̃ of order −l such that
L◦ L̃ = Id+K1 and L̃◦L = Id+K2, where K1,K2 are operators of order −1.

This is done as in Theorem 4.4 of [12, Ch. IV]. The basic idea is to construct a
pseudo-inverse by using Proposition 39.3. Note that K1,K2 are not usually compact
operators (this is due to the failure of the Rellich lemma in our situation), so we will
not have finite-dimensionality of the kernel and cokernel of elliptic operators.

Corollary 39.2. Let L be an elliptic pseudodifferential operator of order l, and let

KLs = ker(L : W s,2
μ (S,E)→W s−l,2

μ (S,F)).

Then KLs ⊂ ΓL2(μ)(S,E), and it is independent of s.

Proof. Let σ ∈W 2,s
μ (S,E) such that Lσ = 0. Then σ = (L̃◦L−K2)(σ) =−K2σ ∈

W 2,s+1
μ (S,E). Working inductively,

σ ∈
⋂
r≥0

W 2,r
μ (S,E) = ΓL2(μ)(S,E).

The second assertion is clear. ��
An operator L : Γ (E)→ Γ (E) is called self-adjoint if L∗ = L. If L is an elliptic

self-adjoint operator, then there is a pseudo-inverse G which is self-adjoint (just take
the pseudo-inverse L̃ provided by Theorem 39.3 and let G = (L̃+ L̃∗)/2). Then we
have that L◦G = G◦L, because

〈(L◦G−G◦L)s,s〉= 〈Gs,Ls〉− 〈Ls,Gs〉 = 0.

In particular, K1 = K2 in Theorem 39.3.
For self-adjoint operators, we have the following result

Theorem 39.4. Let L be an elliptic self-adjoint operator of order l. Then

W s,2
μ (S,E) = kerL⊕ imL .

and an analogous result for ΓL2(μ)(S,E).
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Proof. Clearly, kerL is a closed subspace. Let s1 ∈ kerL and s2 ∈ imL, say s2 =
L(t). From this we have 〈s1,s2〉 = 〈s1,L(t)〉 = 〈L(s1), t〉 = 0. The decomposition
kerL⊕ imL is therefore orthogonal.

It remains to prove that (kerL)⊥ ⊂ imL. Equivalently, (imL)⊥ ⊂ kerL. Let s ∈
(imL)⊥. Then 〈L(s),s2〉= 〈s,L(s2)〉= 0, for all s2. Hence L(s) = 0. ��

A complex of differential operators is a sequence

Γ (E0)
L0−→ Γ (E1)

L1−→ ·· · Lm−1−→ Γ (Em),

where Ei are vector bundles, and Li are differential operators such that Li ◦Li−1 = 0.
The complex is called elliptic if the sequence of symbols

π∗E0
σ(L0)−→ π∗E1

σ(L1)−→ ·· · σ(Lm−1)−→ π∗Em,

is exact for each v �= 0. We define the cohomology of the complex as

Hq(S,E) =
ker(Lq : Γ (Eq)→ Γ (Eq+1))

im(Lq−1 : Γ (Eq−1)→ Γ (Eq))
,

and the L2-cohomology by

Hq(Sμ ,E) =
ker(Lq : ΓL2(μ)(Eq)→ ΓL2(μ)(Eq+1))

im(Lq−1 : ΓL2(μ)(Eq−1)→ ΓL2(μ)(Eq))
.

The reduced L2-cohomology is

H̄q(Sμ ,E) =
kerLq

imLq−1
.

This is the group Hq(Sμ ,E) quotiented by the closure of {0}, making it a Hausdorff
space.

We construct the Laplacian operators of the elliptic complex as follows:

Δ j = L∗j L j +L j−1L∗j−1 : ΓL2(μ)(Ej)→ ΓL2(μ)(E j).

These are self-adjoint elliptic operators. There is an associated operator G given by
Theorem 39.4. Denote

H j(E) = kerΔ j.

And note that Δ js = 0 if and only if L js = 0 and L∗j s = 0. We remove the subindex
j from now on.
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Theorem 39.5. We have the following:

1. imΔ = imL⊕ imL∗, and it is an orthogonal decomposition.
2. ΓL2(μ)(S,E j) = H j(E)⊕ imL⊕ imL∗.
3. There is a canonical isomorphism H j(E)∼= H̄ j(Sμ ,E).

Proof. 1. The inclusion ⊂ is clear. Note that the decomposition is orthogonal:
〈L(s1),L∗(s2)〉= 〈LL(s1),s2〉= 0, for all s1,s2.

For the reverse inclusion, let us check that imL⊂ imΔ (the other inclusion is
similar). This is equivalent to proving that kerΔ ⊂ (imL)⊥. But kerΔ = kerL∩
kerL∗ ⊂ kerL∗ ⊂ (imL)⊥, so the result follows.

2. It follows from 1) and Theorem 39.4.
3. Consider the map H j(E)→ H̄ j(Sμ ,E). This is well defined because if Δs = 0,

s ∈ΓL2(μ)(S,Ej) then 0 = 〈s,Δs〉= 〈s,(LL∗+L∗L)s〉= 〈L∗s,L∗s〉+〈Ls,Ls〉 =⇒
Ls = L∗s = 0.

It is injective. If s = Lt and Δs= 0 then 0= L∗s = L∗Lt, so ‖Lt‖2 = 〈L∗Lt, t〉=
0, so s = Lt = 0.

It is surjective. Take a class [s] ∈ H̄ j(Sμ ,E). Decompose s = s1 + s2 + s3,
where s1 ∈H j(E), s2 ∈ imL and s3 ∈ imL∗. Now 0 = Ls = Ls3, so s3 ⊥ imL∗.
Therefore s3 = 0. So s = s1 + s2 and [s] = [s1] in H̄ j(Sμ ,E), where s1 ∈H j(E).

��

39.7.4 Harmonic Theory

The Riemannian metric and the orientation give rise to a natural volume form along
leaves vol∈Ω k(S). The usual Hodge-∗ operator (see [12]) can be defined for forms
on S, actually, it is the ∗ operator on leaves. This operator ∗ : Ω p(S)→ Ω k−p(S) is
defined by

α ∧∗β = (α,β )vol,

for α,β ∈Ω p(S), where (·, ·) is the point-wise metric induced on forms. Note that ∗
extends to ∗ : Ω p

L2
μ
(S)→Ω k−p

L2
μ

(S), since it is leaf-wise isometric. Note that vol= ∗1.

It is easy to check that d∗ =±∗ d∗. The Laplacian is defined as Δ = dd∗+d∗d.
Note that if Δs = 0 then (s,Δs) = (s,dd∗s) + (s,d∗ds) = (d∗s,d∗s) + (ds,ds) =
‖d∗s‖2 +‖ds‖2. So d∗s = 0 and ds = 0. We define the space of harmonic forms:

K j(Sμ) = HΔ (∧ jT ∗S).

Then the theory of elliptic operators says the following

Theorem 39.6. We have:

• The space of harmonic sections K j(Sμ)⊂Ω j
L2(μ)(S).

• There is a natural isomorphism H̄ j
DR(Sμ)∼= K j(Sμ).
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Corollary 39.3. Poincaré duality:

∗ : K p(Sμ)→K k−p(Sμ)

is an isomorphism.
If Sμ is ergodic, then H0

DR(Sμ) ∼= Hk
DR(Sμ) ∼= R (with the isomorphism given by

integration
∫

Sμ . Therefore

∫
Sμ

: H̄ p
DR(Sμ)⊗ H̄k−p

DR (Sμ)→ R

is a perfect pairing.

In general, the spaces K p(Sμ) are not in general finite dimensional. For instance,
take a solenoid which is a fibration, i.e., S is a compact (n+ k)-manifold such that
there is a submersion π : S→ B onto an n-dimensional manifold, and the transversal
measure is induced by a measure μ on B. Then we have a fiber bundle Hp→ B such
that Hp

y = H p(Fy), Fy = π−1(y), y ∈ B. Then K p(Sμ)∼= L2
μ(H

p).
Nonetheless, we propose the following:

Question 39.2. If Sμ is an ergodic solenoid with controlled growth, are the spaces
K p(Sμ) of finite dimension?

A controlled solenoid has transversal measures and is defined in [7]. For such
a solenoid, any leaf has an exhaustion Kn by compact sets such that for any flow-
box in a finite covering, the number of local leaves which intersect partially Kn is
negligible. In this case, the normalized measure supported on Kn converges to a
daval measure (giving rise to a transversal measure, as usual). If the solenoid Sμ is
ergodic, then for almost all μ-leaves, this limit coincides with μ . So in this situation,
we can understand the behaviour of harmonic forms by restricting to a leaf, and then
study the spaces of harmonic forms on this leaf (which is a complete manifold with
a quasi-periodic behaviour).

The example in Sect. 39.8 shows that the question has a negative answer if we
ask instead for H p

DR(Sμ).

39.8 Example: Kronecker Solenoids

Let us develop the example of Kronecker solenoids, i.e. the flat torus with a linear
foliation. Let Tn = R

n/Zn with a flat Euclidean metric on T
n. Consider a foliation

given by a k-dimensional linear subspace W ⊂R
n. That is, fix an orthonormal basis

w1, . . . ,wn, so that W = 〈w1, . . . ,wk〉. Consider the solenoid S whose leaves are the
images of k-planes of Rn parallel to W under π : Rn→ T

n.
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The solenoid is minimal with all leaves dense in T
n if there is no hyperplane

H = ∑mixi = 0 with mi ∈ Z so that W ⊂ H. Equivalently, for any integer vector
m ∈ Z

n, we have that 〈m,wj〉 �= 0 for some j = 1, . . . ,k. Equivalently

∑〈m,wj〉2 �= 0. (39.4)

Notice that all leaves have the same topological type and are simply connected and
diffeomorphic to R

k if and only if W ∩Zn = {0}. We shall suppose that the solenoid
is minimal, but we allow W ∩Zn �= {0}.

In this situation, we have affine transversals T ⊂ W⊥ = 〈wk+1, . . . ,wn〉 and
the holonomy are irrational translations, therefore by Haar theorem the unique
transversal measure is the Lebesgue measure on the transversal. Thus, S is uniquely
ergodic, and the unique daval measure is the Haar measure on T

n, image of the
Lebesgue measure on R

n.
We can characterize the space of functions C∞ on leaves and L2-transversally by

their Fourier expansion. All such functions are in particular L2 on the torus, so they
have a Fourier expansion ( x = (x1, . . . ,xn) ∈ T

n, m = (m1, . . . ,mn) ∈ Z
n)

f (x) = ∑
m∈Zn

am e2πi〈m,x〉,

where ∑ |am|2 < ∞.
To be smooth on leaves is equivalent to be W l,2 on leaves for all l. Let us take a

derivative along some wj , j = 1, . . . ,k.

Dwj f = ∑
m∈Zn

〈m,wj〉am e2π i〈m,x〉

So the condition C∞ on leaves and L2-transversally is

∑
m∈Zn

∣∣∣∣
k

∏
j=1

〈m,wj〉r j am

∣∣∣∣
2

< ∞

for any r1, . . . ,rk ≥ 0.
Note that the Laplacian on functions is the usual Laplacian on the leaves

direction, so that

Δ f =−
k

∑
j=1

D2
wj

f =− ∑
m∈Zn

(
k

∑
j=1
〈m,wj〉2

)
am e2π i〈m,x〉.

So Δ f = 0 ⇐⇒ f = constant, using (39.4).
Now consider p-forms, 0≤ p≤ k. A p-form ω =∑|J|=p fJ dϖJ , where ϖ1, . . . ,ϖk

are coordinates on the leaves, dual to the basis w1, . . . ,wk, and J = ( j1, . . . , jp),
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1 ≤ j1 < .. . < jp ≤ k, dϖJ = dϖ j1 ∧ . . . ∧ dϖ jp . For the flat metric, Δω =

∑|J|=p Δ fJ dϖJ . So Δω = 0 ⇐⇒ fJ = constant.
In conclusion,

K p(Sμ) =
∧p

W ∗ ,

which is of dimension
(k

p

)
.

Note that the ∗-Hodge operator satisfies ∗ϖJ = ±ϖJ c , where J c is the com-
plement {1, . . . ,k}− J. So ∗ : K p(Sμ)→ K k−p(Sμ) is the natural isomorphism∧p W ∗ ∼=∧k−p W ∗.

The Case of the Kronecker 1-Solenoid

Let us see the particular case of the Kronecker 1-solenoid with w1 = α =
(α1, . . . ,αn) and

dimQ〈α1, . . . ,αn〉= n.

As above, K 0(Sμ) = R and K 1(Sμ) = R.
Let us compute H0

DR(Sμ) and H1
DR(Sμ). For a function f = ∑ame2πi〈m,x〉,

d f = ∑〈m,α〉am e2π i〈m,x〉 .

So d f = 0 ⇐⇒ f = constant. Then H0
DR(Sμ) =R.

Now a 1-form ω = gdϖ1, g = ∑bm e2π i〈m,x〉, is exact if and only if

g = df = ∑〈m,α〉am e2π i〈m,x〉,

i.e.

am =
bm

〈m,α〉 , m ∈ Z
n ,

should be in L2. So

H1
DR(Sμ) =

{(bm)|∑ |〈m,α〉rbm|2 < ∞,∀r ≥ 0}
{(bm)|∑ |〈m,α〉rbm|2 < ∞,∀r ≥−1} . (39.5)

This space is always infinite dimensional. Using Minkowski’s diophantine
approximation theorem, there are infinitely many integer vectors m ∈ Z

n such that

|〈m,α〉|< 1
‖m‖ .

Then we can choose an infinite number of disjoint sequences (mk) ⊂ Zn such that
〈mk,α〉 → 0 and ∑ 1

‖m‖2 < +∞, when k → +∞. For each such sequence take a
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Fourier series with support on it (that is bm = 0 if m �= mk) such that ∑k b2
mk

< +∞
but

∑
k

(
bmk

〈mk,α〉
)2

=+∞.

We can take for example bmk = 〈mk,α〉. Then clearly, (bmk) lies in (39.5). In this
way we get infinitely many independent elements in (39.5).

As an aside, note that the De Rham cohomology H1
DR(S) is also of infinite

dimension (as it is proved in [3] by sheaf theoretic methods). However, if we use
forms with regularity C∞,∞, using the criterion characterising C∞ as those with
polynomially decaying Fourier coefficients, we can compute that

H1(S,R∞)∼= {(bm) | ‖bm‖= O((1+‖m‖)−r),∀r > 0}
{(bm) | ‖〈m,α〉−1bm‖= O((1+‖m‖)−r),∀r > 0} ,

(here R∞ is the sheaf of functions locally constant on leaves and C∞ transversally).
A vector α is diophantine if there exist τ > 0 and γ > 0 such that for all m ∈ Zn we
have

|〈m,α〉| ≥ γ
‖m‖n+τ .

(The set of diophantine vectors is of full Lebesgue measure.) Then it follows that
when α is diophantine, H1(S,R∞) is one dimensional, and otherwise, when α
is Liouville, it is infinite dimensional [2, 10]. To impose such type of transversal
regularity in this problem does not seem to be natural.

Acknowledgement Partially supported through grant MEC (Spain) MTM2007-63582.
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Chapter 40
On Solutions of a Generalization
of the Goła̧b–Schinzel Functional Equation

Anna Mureńko
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Abstract Under some additional assumptions we characterize solutions of the
functional equation

f (x+M( f (x))y) = f (x)◦ f (y),

where f ,M : R→ R, ◦ : R2 → R are unknown functions and f is continuous at a
point.
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40.1 Introduction

Let Z and R denote the sets of integers and reals. Under some additional assump-
tions we give a description of solutions of the functional equation

f (x+M( f (x))y) = f (x)◦ f (y). (40.1)

Equation (40.1) is a common generalization of the Goła̧b–Schinzel equation

f (x+ f (x)y) = f (x) f (y)

and of equations of the form

f (x+ y) = f (x)◦ f (y)
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(see e.g. [1, pp. 49–81]) known as addition formulas.
The Goła̧b–Schinzel functional equation and its generalizations have been

considered by many authors in several classes of functions (see e.g. [2–4, 7–
17,20,21]). Among others Brzdȩk (see [5,6]) has obtained some results concerning
the following functional equations

f (x+ f (x)ny) = f (x) f (y) (40.2)

and
f (x+ f (x)ny) = t f (x) f (y). (40.3)

In his survey paper [11], he raised the problem which results obtained for (40.2)
or (40.3) can be carried over to the case of (40.1). Brzdȩk has solved (40.2) in the
class of functions f : R→R that are continuous at a point. It seems to be interesting
that every solution of (40.2) continuous at a point a with f (a) �= 0 is continuous. It
is easy to prove the analogous statement for (40.3). We show that the case of (40.1)
is more complicated.

We consider (40.1) as an equation of three unknown functions f ,M and ◦ under
the following assumptions:

(A) f ,M : R→ R and ◦ : R2→ R ;
(B) M−1({0}) = {0} ;
(C) ◦ : R2→ R is commutative and associative.

We use the notation T := f−1({ f (0)}) and W = f (R)\ {0}.

40.2 Auxiliary Lemmas

First, let us recall some already known results.

Lemma 40.1 (see [19, Lemmas 1 and 2]). Let conditions (A)–(B) be valid,
f ,M,◦ satisfy (40.1) and the operation ◦ be commutative. Then

(i) if f (0) = 0, then f ≡ 0 ;
(ii) T \ {0} is the set of periods of f ;
(iii) T is an additive subgroup of R ;
(iv) y− x ∈ T for every x,y ∈R with f (x) = f (y) �= 0.

Lemma 40.2 (see [19, Lemma 3]). Let conditions (A)–(C) be valid, f ,M,◦ satisfy
(40.1) and f �≡ 0. Then

M(a)T = T for a ∈W.

Lemma 40.3 (see [19, Lemma 4]). Assume that conditions (A)–(C) hold and
f ,M,◦ satisfy (40.1). Then

f (x)◦ f (y) = 0⇔ f (x) f (y) = 0 for x,y ∈R. (40.4)
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Definition 40.1. We say that a function f : R→ R is trivial if and only if

f (R\ {0}) = {0}.

Lemma 40.4 ((see [19, Lemma 4 and Theorem 5]). Let conditions (A)–(C) hold,
f be not trivial, M( f (R)) \ {0,1} �= /0 and T = {0}. Then f ,M,◦ satisfy (40.1) if
and only if there exist a multiplicative subgroup D �= {1} of R \ {0}, c ∈ R \ {0}
and an injective function h : D∪{0}→R such that

h(0) = 0 ; (40.5)

M(y) = h−1(y) for y ∈ h(D∪{0}) ; (40.6)

f (x) =

{
h(cx+1) , if cx+1∈ D ,

0 , otherwise ,
for x ∈ R ; (40.7)

a◦b = h(h−1(a)h−1(b)) for a,b ∈ h(D∪{0}). (40.8)

Lemma 40.5 (see [18, Lemma 9]). Let conditions (A)–(C) hold, f ,M,◦ satisfy
(40.1), M(W )⊂ {−1,1} and M(W ) �= {1}. Then

(i) f−1(M−1({1}))⊂ 1
2 T;

(ii) x− y ∈ 1
2 T for x,y ∈ f−1(M−1({−1})).

We also need the following auxiliary lemmas.

Lemma 40.6. Assume that conditions (A)–(C) are fulfilled, f ,M,◦ satisfy (40.1),
M( f (R))\{0,1} �= /0, T \{0} �= /0 and the function f is continuous at a point a ∈R

such that f (U) �= {0} for each neighbourhood U of a. Then the set of periods of f
is dense in R.

Proof. First, suppose that there exists w ∈W with |M(w)| �= 1. Then, according to
Lemmas 40.1(ii),(iii) and 40.2 the set of periods of f is dense in R.

Now assume that M(W ) ⊂ {−1,1} and M( f (y)) = −1 for some y ∈ R. By the
assumption we conclude that there exists a sequence (an) with

a = lim
n→∞

an

and f (an) �= 0 for n ∈ N. Clearly, M( f (an)) ∈ {−1,1} for n ∈ N.
Two cases may occur:

1. There exists a subsequence (bn) of (an) such that M( f (bn)) = 1 for n ∈ N.
2. There exists a subsequence (bn) of (an) such that M( f (bn)) =−1 for n ∈N.‘

In the first case, by (40.1) and Lemma 40.3, we get

f (bn + y) = f (bn)◦ f (y) = f (y)◦ f (bn) = f (y−bn) �= 0 for n ∈ N.
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Thus, in view of Lemma 40.1(iii),(iv), 2bn ∈ T for n ∈ N and consequently 2bn−
2bm ∈ T for m,n ∈N. Moreover

a = lim
n→∞

bn,

so T is a dense subset of R. Consequently, according to Lemma 40.1(ii), we get our
assertion.

In the latter case, using (40.1) and Lemma 40.3, we have

f (bn− y) = f (bn)◦ f (y) = f (y)◦ f (bn) = f (y−bn) �= 0 for n ∈ N.

Similarly, as before, we get 2y− 2bn ∈ T for n ∈ N, hence that 2bn− 2bm ∈ T for
m,n ∈ N, and finally that the set of periods of f is dense. 
�
Lemma 40.7. Assume that condition (A) is valid, f ,M,◦, satisfy (40.1), f is
continuous at a point a ∈ R and the set of periods of f is dense in R. Then there
exists c ∈R such that f ≡ c and c◦ c = c.

Proof. Since a function f is continuous at a point a and the set of periods of f is
dense in R, there exists a constant c ∈ R such that f ≡ c. This together with (40.1)
yield c◦ c = c. 
�
Lemma 40.8. Assume that (A)–(C) are valid, M( f (R)) \ {0,1} �= /0, T \ {0} �= /0
and f (U) = {0} for some neighbourhood U of some point a ∈ R. Then functions
f ,M,◦ satisfy functional (40.1) if and only if one of the following four assertions
holds.

(i) There exist d0,d1 ∈ R\ {0} with d0 �= d1 and k > 0 such that

f (x) =

⎧⎨
⎩

d0 , if x ∈ kZ ;
d1 , if x ∈ k( 1

2 +Z) ;
0 , otherwise ,

for x ∈ R ; (40.9)

M(d0) =−1 and M(d1) ∈ {−1,1}; (40.10)

d0 ◦d0 = d0; (40.11)

d1 ◦d0 = d1; (40.12)

d1 ◦d1 = d0; (40.13)

u◦0 = 0 for u ∈ {d0,d1,0}. (40.14)

(ii) There exist d0,d1 ∈ R \ {0} with d0 �= d1, k > 0 and x0 ∈ (0,k) such that
conditions (40.11)–(40.14) are fulfilled and
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f (x) =

⎧⎨
⎩

d0 , if x ∈ kZ ;
d1 , if x ∈ x0 + kZ ;
0 , otherwise ,

for x ∈ R ; (40.15)

M(d0) = 1 and M(d1) =−1. (40.16)

(iii) There exist d0,d1,d2,d3 ∈R\{0}with di �= d j for i, j ∈ {0,1,2,3}, i �= j, k > 0
and x0 ∈ (0,k)\ { 1

2k} such that

f (x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

d0 , if x ∈ kZ ;
d1 , if x ∈ k

(1
2 +Z

)
;

d2 , if x ∈ x0 + kZ ;
d3 , if x ∈ x0 + k

(
1
2 +Z

)
;

0 , otherwise ,

for x ∈ R ; (40.17)

M(d0) = M(d1) = 1 and M(d2) = M(d3) =−1 ; (40.18)

d2 ◦d1 = d3 ; (40.19)

d3 ◦d1 = d2 ; (40.20)

d3 ◦d2 = d1 ; (40.21)

d1 ◦d1 = d2 ◦d2 = d3 ◦d3 = d0 ; (40.22)

dt ◦d0 = dt for t ∈ {0,1,2,3} ; (40.23)

u◦0 = 0 for u ∈ {d0,d1,d2,d3,0}. (40.24)

(iv) There exist d0 ∈ R\ {0} and k > 0 such that

f (x) =

{
d0 , if x ∈ kZ ;
0 , otherwise ,

for x ∈ R ; (40.25)

M(d0) =−1 ; (40.26)

d0 ◦d0 = d0 ; (40.27)

u◦0 = 0 for u ∈ {d0,0}. (40.28)

Proof. Assume that f ,M,◦ satisfy (40.1). According to Lemma 40.3, condi-
tion (40.4) is valid. By the assumption there exists a neighbourhood U of a point
a such that f (U) = {0}, moreover it is easy to see that f �≡ 0. Therefore, the set of
periods of f is not dense. Thus, in view of Lemma 40.1(ii),(iii) and the assumption
that T \ {0} �= /0, we conclude that there exists k > 0 with

T = kZ. (40.29)
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This and Lemma 40.2 imply

M(W )⊂ {−1,1}. (40.30)

By assumption we have M(W ) �= 1. Consequently, from (40.29) and Lemma 40.5,
we have

x ∈ 1
2

kZ for x ∈ f−1(M−1({1})) (40.31)

and
x− y ∈ 1

2
kZ for x,y ∈ f−1(M−1({−1})). (40.32)

Hence, making use of Lemma 40.1(ii), (40.29) and (40.30), we deduce that

cardW ≤ 4. (40.33)

On account of Lemma 40.1(i) we have f (0) �= 0, so (40.30) gives

M( f (0)) ∈ {−1,1}.

We consider five cases.

Case 1: cardW = 1. Then W = { f (0)}. Thus, by (40.29) and Lemma 40.1(ii)(iv),
we get (40.25). The assumption

M( f (R))\ {0,1} �= /0

and (B) yield (40.26). Conditions (40.27), (40.28) follow from (40.25), (40.26) and
(40.1).

Case 2: cardW = 2 and M( f (0)) = 1. Then there exits z0 ∈ R such that f (z0) �∈
{ f (0),0}. Condition (40.30) implies M( f (z0)) ∈ {−1,1}, thus by (B) and the
assumption that M( f (R)) \ {0,1} �= /0 we obtain that M( f (z0)) = −1. Next, using
Lemma 40.1(ii)(iv) and (40.29) we get

kZ= f−1({ f (0)})
and

z0 + kZ= f−1({ f (z0)}).
Clearly, z0 /∈ kZ. Now, it is easily seen that there exists x0 ∈ (0,k) such that f (x0) =
f (z0), whence

x0 + kZ= z0 + kZ.

Consequently, we get (40.15) and (40.16). These conditions together with (40.1)
imply (40.11)–(40.14).

Case 3: cardW = 2 and M( f (0)) = −1. Similarly, as in Case 2, we get that there
exists z0 ∈R such that f (z0) �∈ { f (0),0} and M( f (z0))∈ {−1,1}. In view of (40.31)
and (40.32), we conclude that

x0 ∈ 1
2

kZ.



40 Solutions of the Goła̧b–Schinzel Equation 665

Consequently, (40.29) and Lemma 40.1(ii)(iv) yield (40.9). It is clear that (40.10) is
valid. Conditions (40.11)–(40.14) are a consequence of (40.9), (40.10) and (40.1).

Case 4: cardW = 3. Then W = {d0,d1,d2} where di �= d j for i, j ∈ {0,1,2}, i �= j.
If M( f (0)) =−1, then by (40.30)–(40.32) we would have

f−1(W )⊂ 1
2

kZ,

so using (40.29) and Lemma 40.1(ii), we would obtain cardW ≤ 2. This means that
M( f (0)) = 1. Moreover, by (40.30), (B) and the assumption M( f (R))\ {0,1} �= /0,
we deduce that there exists z0 ∈ R with M( f (z0)) =−1. Without loss of generality
we can assume that d0 = f (0) and d1 = f (z0). So, making use of (40.1), we have

d1 ◦d1 = f (z0)◦ f (z0) = f (z0− z0) = f (0) = d0. (40.34)

Observe that

d0 ◦ f (x) = f (0+M( f (0))x) = f (0+ x) = f (x) for x ∈R

and, for x ∈ R\ {0},

f (x)◦ f

( −x
M( f (x))

)
= f

(
x+M( f (x))

−x
M( f (x))

)
= f (0) = d0.

This together with (C), (40.1) and (40.4) show that (W,◦|W 2) is a commutative
group. Thus, since d1 �= d0, we get d1 ◦ d2 �= d0 ◦ d2 = d2. We deduce analogously
that d1 ◦ d2 �= d1. Finally, we must have d1 ◦ d2 = d0. Hence, in view of (40.34),
d1 = d2. This brings a contradiction with d1 �= d2, thus the case cardW = 3 may not
occur.

Case 5: cardW = 4. Then, on account of (40.30), (B) and the assumption

M( f (R))\ {0,1} �= /0,

there exists z0 ∈R with M( f (z0)) =−1. Hence, in view of (40.30)–(40.32), we get

f−1(W )⊂ 1
2

kZ∪
(

z0 +
1
2

kZ

)
.

Therefore, using Lemma 40.1(ii), we obtain (40.17). It is easy to see that (40.18)
holds. Further, conditions (40.19)–(40.24) follow from (40.17), (40.18) and (40.1).


�
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We give an example of functions f ,M,◦ satisfying condition (i) of Lemma 40.8.

Example 40.1. Let

f (x) =

⎧⎨
⎩

7 , if x ∈ 3Z ;
−4 , if x ∈ 3

(
1
2 +Z

)
;

0 , otherwise ,
for x ∈ R ;

M(y) =

{−1 , if y ∈ {−4,7} ;
0 , otherwise ,

for y ∈ R ;

7◦7 =−4◦−4= 7 ;

−4◦7 = 7◦−4=−4 ;

and
s◦ t = 0 if s ∈ R\ {−4,7} or t ∈ R\ {−4,7}.

Then f ,M,◦ satisfy condition (i) of Lemma 40.8 with d0 = 7, d1 = −4 and k = 3.
Since the assumptions of Lemma 40.8 are fulfilled, so f ,M,◦ satisfy (40.1).

40.3 The Main Results

Now we are in a position to prove the main results of this paper.

Theorem 40.1. Assume that conditions (A)–(C) are valid, the function f is not
trivial and continuous at a point a ∈R. Then f ,M,◦ satisfy (40.1) if and only if one
of the following five assertions holds.

1◦ There exists c ∈ R such that f ≡ c and c◦ c = c.
2◦ There exist a multiplicative subgroup D �= {1} of R \ {0}, c ∈ R \ {0} and an

injective function h : D∪{0}→R such that conditions (40.5)–(40.8) are valid.
3◦ There exist an additive subgroup G �= {0} of R and an injection h : G→R\{0}

such that
M(h(G)) = {1};

f (x) =

{
h(x) , if x ∈ G ;
0 , otherwise ;

for x ∈R ;

and
s◦ t = h(h−1(s)+ h−1(t)) for s, t ∈ h(G).

Moreover, if G �= R, then

u◦0 = 0 for u ∈ h(G)∪{0}.

4◦ There exist an additive subgroup G �= {0} of R, k ∈ G∩ (0,∞) and an injective
function h : (G∩ [0,k))→ R\ {0} such that
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M(h(G∩ [0,k))) = {1};

f (x+ km) =

{
h(x) , if x ∈ (G∩ [0,k)) ;
0 , otherwise ,

for x ∈ [0,k), m ∈ Z ;

and
s◦ t = f (h−1(s)+ h−1(t)) for s, t ∈ h(G∩ [0,k)).

Moreover, if G �= R, then

u◦0 = 0 for u ∈ h(G∩ [0,k))∪{0}.

5◦ One of conditions (i)–(iv) of Lemma 40.8 is fulfilled.

Proof. Assume that f ,M,◦ satisfy (40.1) and the function f is not trivial. According
to Lemma 40.3, condition (40.4) is fulfilled.

If
M( f (R))\ {0,1} �= /0

and T = {0}, then in virtue of Lemma 40.4, we get 2◦. Next, in the case

M( f (R))\ {0,1} �= /0

and
T \ {0} �= /0,

using Lemmas 40.6–40.8, we obtain 1◦ or 5◦.
Now assume that M( f (R)) ⊂ {0,1} and f �≡ 0. First, we show that

G := f−1(M−1({1}))

is an additive subgroup of R. Observe that

G = f−1(W )

and take x,y ∈ G. Using (40.1), (40.4) and (B) we get

f (x+ y) = f (x+M( f (x))y) = f (x)◦ f (y) �= 0,

hence, x + y ∈ G. As f �≡ 0, it follows from Lemma 40.1(i) that f (0) �= 0.
Furthermore, notice that

f (x)◦ f (−x) = f (x+M( f (x))(−x)) = f (x− x) = f (0) �= 0,

whence−x ∈ G. If the function f is injective, we put

h := f |G.
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Making use of (B) and (40.1) we obtain condition 3◦. Now consider the case where
the function f is not injective. Then, on account of Lemma 40.1(iii),(iv), T is a
nonzero additive subgroup of R. Therefore, T is dense in R or T = kZ with some
k > 0. In the first case, it results from Lemma 40.7 that 1◦ holds. So, assume that
T = kZ. According to Lemma 40.1 (ii),(iv) the function

h := f |[0,k)

is injective and
f (x+ km) = h(x)

for x ∈ [0,k), m ∈ Z. Now, it is easily seen that condition 4◦ is valid.
Conversely, if condition 2◦ is valid, then in view of Lemma 40.4, f ,M,◦

satisfy (40.1). In the other cases it is easy to check that f ,M,◦ fulfil (40.1). 
�
Example 40.2. Let

f (x) =

{
expx , if x ∈ Z ;
0 , otherwise ,

for x ∈ R ;

M(y) =

{
1 , if y ∈ exp (Z) ;
0 , otherwise ,

for y ∈ R ;

and

s◦ t =

{
exp(lns+ lnt) , if s, t ∈ exp (Z) ;
0 , otherwise,

for s, t ∈ R.

Then f ,M,◦ satisfy condition 3◦ of Theorem 40.1 with G=Z and h :Z→R\{0}
defined by h(x) = exp x. Consequently, on account of Theorem 40.1, f ,M,◦ satisfy
(40.1).

In the case where f (a) �= 0, we can give clearer description of solutions of (40.1).

Theorem 40.2. Assume that conditions (A)–(C) are valid and the function f is
continuous at a point a ∈ R with f (a) �= 0. Then f ,M,◦ satisfy (40.1) if and only if
one of the following five assertions holds.

(i) There exists c ∈ R\ {0} such that f ≡ c and c◦ c = c.
(ii) There exist c∈R\{0} and an injective, continuous at the point ca+1 function

h : [0,∞)→ R such that
h(0) = 0 ;

M(y) = h−1(y) for y ∈ h([0,∞)) ;

f (x) = h(max {0,cx+1}) for x ∈R ;

s◦ t = h(h−1(s)h−1(t)) for s, t ∈ h([0,∞)).
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(iii) There exist c∈R\{0} and an injective, continuous at the point ca+1 function
h : R→ R such that

h(0) = 0 ;

M(y) = h−1(y) for y ∈ h(R) ;

f (x) = h(cx+1) for x ∈ R ;

s◦ t = h(h−1(s)h−1(t)) for s, t ∈ h(R).

(iv) M( f (R)) = {1}, the function f is injective and

s◦ t = f ( f−1(s)+ f−1(t)) for s, t ∈ f (R).

(v) M( f (R)) = {1}, there exist k > 0 and an injective function h : [0,k)→R\{0}
such that

f (x+ km) = h(x) for x ∈ [0,k), m ∈ Z ;

s◦ t = f (h−1(s)+ h−1(t)) for s, t ∈ h([0,k)).

Proof. Assume that f ,M,◦ satisfy (40.1). Then one of conditions 1◦– 5◦ of
Theorem 40.1 is valid. If condition 1◦ is fulfilled, then since f (a) �= 0, we obtain (i).

Now assume that 2◦ holds. Then the continuity of f at a point a with f (a) �= 0
implies that f (I) ⊂ R \ {0} for some interval I ⊂ R. Thus, according to (40.7),
the multiplicative subgroup D contains an interval. Consequently D = R \ {0} or
D = R+. Moreover, since f is continuous at a point a, h is continuous at the point
ca+1. Finally, we get (ii) or (iii).

Next, consider the case where condition 3◦ or 4◦ holds. Then from the continuity
of f at a point a with f (a) �= 0 it follows that G = R, whence we get (iii) or (iv).

Clearly, if condition 5◦ is valid, then the function f is not continuous at any point
x with f (x) �= 0.

The converse results from Theorem 40.1. 
�
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Abstract In this paper, without imposing any regularity conditions on the mappings
under considerations, all possible general solutions of a functional equation have
been obtained.
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41.1 Introduction

For n = 1,2,3, . . . , let

Γn =

{
(p1, . . . , pn) : pi ≥ 0, i = 1, . . . ,n;

n

∑
i=1

pi = 1

}

denote the set of all n-component discrete complete probability distributions with
non-negative elements. Let I = {x ∈ R : 0 ≤ x ≤ 1} = [0,1], R denoting the set of
all real numbers.

Losonczi [3] considered thefunctional equation

n

∑
i=1

m

∑
j=1

Fi j(piq j) =
n

∑
i=1

Gi(pi)+
m

∑
j=1

Hj(q j)+λ
n

∑
i=1

Gi(pi)
m

∑
j=1

Hj(q j) (41.1)
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with (p1, . . . , pn) ∈Γn, (q1, . . . ,qm) ∈ Γm, λ �= 0, λ ∈R, Fi j : I→R, Gi : I→ R, Hj :
I→ R as unknown mappings. He found the measurable (in the sense of Lebesgue)
solutions of (41.1) for all (p1, . . . , pn)∈ Γn, (q1, . . . ,qm) ∈Γm by taking n≥ 3, m≥ 3
as fixed integers; i = 1, . . . ,n; j = 1, . . . ,m; in [3, Theorem 6, p. 69]. For the last
more than two decades, the general solutions of (41.1) for all (p1, . . . , pn) ∈ Γn,
(q1, . . . ,qm)∈Γm, n≥ 3, m≥ 3 being fixed integers, without imposing any regularity
condition on any of the unknown mappings, are still not known so far.

The object of this paper is to present the general solutions of the functional
equation

n

∑
i=1

m

∑
j=1

F(piq j) =
n

∑
i=1

G(pi)+
m

∑
j=1

Hj(q j)+λ
n

∑
i=1

G(pi)
m

∑
j=1

Hj(q j) (41.2)

with F : I → R, G : I → R, Hj : I → R, j = 1, . . . ,m; λ �= 0, (p1, . . . , pn) ∈ Γn,
(q1, . . . ,qm) ∈ Γm, n≥ 3, m≥ 3 being fixed integers.

The functional equation (41.1) contains nm + n + m unknown mappings. In
particular, if n = m = 3, then (41.1) contains fifteen unknown mappings, a number
significantly large. The functional equation (41.2) contains five unknown mappings
when m = 3. Even this number is also significantly large. But the authors have
succeeded in finding its general solutions which is, indeed, first step towards finding
the general solutions of (41.1). After finding the general solutions of (41.2), it seems
that its one solution is useful. This has been pointed out in the discussion undertaken
at the end of the paper.

It is worth mentioning that if Hj =F =G, j = 1, . . . ,m and λ =21−α−1 �=0, then
the resulting form of (41.2), that is,

n

∑
i=1

m

∑
j=1

F(piq j) =
n

∑
i=1

F(pi)+
m

∑
j=1

F(q j)+ (21−α −1)
n

∑
i=1

F(pi)
m

∑
j=1

F(q j)

is useful in characterizing the nonadditive entropy of degree α (see [2]),

Hα
n (p1, . . . , pn) = (21−α −1)−1

( n

∑
i=1

pα
i −1

)
, α �= 1

in information theory.
Let us define the mappings f : I→R, g : I→R, h j : I→R, j = 1, . . . ,m as

f (x) = x+λ F(x) ; g(x) = x+λ G(x) ; h j(x) = x+λ Hj(x) (41.3)

for all x ∈ I. Then (41.2) reduces to the Pexider type functional equation

n

∑
i=1

m

∑
j=1

f (piq j) =
n

∑
i=1

g(pi)
m

∑
j=1

h j(q j) . (41.4)
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The process of finding the general solutions of (41.4), for fixed integers n≥ 3, m≥ 3,
needs determining the general solutions of the functional equation

n

∑
i=1

m

∑
j=1

ψ(piq j) =
n

∑
i=1

φ(pi)
m

∑
j=1

ψ(q j)+m(n−1)ψ(0) (41.5)

where ψ : I→ R, φ : I→ R and n≥ 3, m≥ 3 are fixed integers. This task has been
accomplished in Sect. 41.3. The corresponding general solutions of (41.4) and (41.2)
have been investigated in Sects. 41.4 and 41.5, respectively. Section 41.2 contains
some known definitions and results needed for the subsequent development of this
paper.

41.2 Some Preliminary Definitions and Results

In this section, we mention some known definitions and results.
A mapping a : I→ R is said to be additive on I or on the unit triangle

Δ = {(x,y) : 0≤ x≤ 1,0≤ y≤ 1,0≤ x+ y≤ 1}

if it satisfies the equation a(x+ y) = a(x)+ a(y) for all (x,y) ∈ Δ . A mapping A :
R→ R is said to be additive on R if it satisfies the equation A(x+ y) = A(x)+A(y)
for all x ∈R, y ∈R. It is known [1] that if a mapping a : I→ R is additive on I, then
it has a unique additive extension A : R→R in the sense that A is additive on R and
A(x) = a(x) for all x ∈ I.

Lemma 41.1 ([4]). Let f : I→ R be a mapping which satisfies the equation

n

∑
i=1

f (pi) = c

for all (p1, . . . , pn) ∈ Γn; c a given constant and n ≥ 3 a fixed integer. Then there
exists an additive mapping b : R→ R such that

f (p) = b(p)− 1
n

b(1)+
c
n

for all p ∈ I.

Lemma 41.2 ([3]). Let n≥ 3 be a fixed integer, c ∈R a given constant and fi : I→
R, i = 1, . . . ,n be mappings which satisfy the functional equation

n

∑
i=1

fi(pi) = c
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for all (p1, . . . , pn) ∈ Γn. Then there exists an additive mapping A : R → R and
constants bi (i = 1, . . . ,n) such that fi(p) = A(p)+ bi with

A(1)+
n

∑
i=1

bi = c .

Lemma 41.3 ([5]). If a mapping f : I→ R satisfies the functional equation

n

∑
i=1

m

∑
j=1

f (piq j) = 0 (41.6)

for all (p1, . . . , pn) ∈ Γn, (q1, . . . ,qm) ∈ Γm, n ≥ 3, m ≥ 3 fixed integers, then there
exists an additive mapping e2 : R→ R such that

f (p) = e2(p)− 1
nm

e2(1) (41.7)

for all p ∈ I.

Definition 41.1. A mapping M : I→ R is said to be multiplicative on I if M(0) =
0,M(1) = 1 and

M(pq) = M(p)M(q)

for all p ∈ ]0,1[, q ∈ ]0,1[ where ]0,1[ = {x ∈R : 0 < x < 1}.
Lemma 41.4 ([6]). Let n≥ 3, m≥ 3 be fixed integers and ϕ : I→ R be a mapping
which satisfies the functional equation

n

∑
i=1

m

∑
j=1

ϕ(piq j) =
n

∑
i=1

ϕ(pi)
m

∑
j=1

ϕ(q j)

+(n−m)ϕ(0)
n

∑
i=1

ϕ(pi)+n(m−1)ϕ(0) (41.8)

for all (p1, . . . , pn) ∈ Γn, (q1, . . . ,qm) ∈ Γm. Then ϕ is of the form

ϕ(p) = b1(p)+ϕ(0) (41.9)

where b1 : R→ R is an additive mapping with

b1(1) =

{−nϕ(0) , if ϕ(1)+ (n−1)ϕ(0) �= 1;

1−nϕ(0) , if ϕ(1)+ (n−1)ϕ(0)= 1 ,
(41.10)

or

ϕ(p) = M(p)−b(p)+ϕ(0) , (41.11)
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where b : R→ R is an additive mapping with

b(1) = nϕ(0) (41.12)

and M : I→ R is a nonconstant nonadditive mapping which is multiplicative in the
sense of Definition 41.1.

41.3 The Functional Equation (41.5)

We prove:

Theorem 41.1. Let n ≥ 3, m ≥ 3 be fixed integers and ψ : I → R, ϕ : I → R be
mappings which satisfy the functional equation (41.5) for all (p1, . . . , pn) ∈ Γn,
(q1, . . . ,qm) ∈ Γm. Then, any general solution (ψ ,ϕ) of (41.5) is of the form (for
all p ∈ I)

⎧⎨
⎩

(i) ψ(p) = b(p)+ψ(0) ,

(ii) ϕ(p) = b1(p)− 1
n

b1(1)+
1
n
,

(41.13)

or

{
(i) ψ(p) = b(p)+ψ(0), b(1) =−mψ(0) ,

(ii) ϕ arbitrary ,
(41.14)

or
⎧⎪⎪⎨
⎪⎪⎩

(i) ψ(p) = [ψ(1)+ (m−1)ψ(0)][M(p)− b(p)]+B1(p)+ψ(0) ,

ψ(1)+ (m−1)ψ(0) �= 0 ,

(ii) ϕ(p) = M(p)−b(p)+ϕ(0) ,

(41.15)

where b : R→ R, b1 : R→ R, b : R→ R and B1 : R→ R are additive mappings
such that b(1) = nϕ(0), B1(1) = [ψ(1) + (m− 1)ψ(0)]nϕ(0)−mψ(0) and the
mapping M : I → R is nonconstant, nonadditive, and multiplicative in the sense
of Definition 41.1.

Proof. We divide the discussion into two cases:

Case 1: ∑n
i=1 ϕ(pi)−1 vanishes identically on Γn. In this case, the equation

n

∑
i=1

ϕ(pi) = 1 (41.16)
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holds for all (p1, . . . , pn) ∈Γn, n≥ 3 a fixed integer. By Lemma 41.1, there exists an
additive mapping b1 : R→ R such that ϕ(p) is of the form (ii) in (41.13). Making
use of (41.16) in (41.5), we obtain the equation

n

∑
i=1

m

∑
j=1

ψ(piq j) =
m

∑
j=1

ψ(q j)+m(n−1)ψ(0) (41.17)

valid for all (p1, . . . , pn) ∈ Γn, (q1, . . . ,qm) ∈ Γm, n ≥ 3, m≥ 3 being fixed integers.
The substitutions q1 = 1, q2 = · · ·= qm = 0 in (41.17) yield the functional equation

n

∑
i=1

ψ(pi) = ψ(1)+ (n−1)ψ(0)

valid for all (p1, . . . , pn) ∈ Γn, n ≥ 3 a fixed integer. Making use of Lemma 41.1,
there exists an additive mapping b : R→ R such that ψ(p) is of the form (i) in
(41.13). Thus, we have obtained the solution (41.13) of (41.5).

Case 2: ∑n
i=1 ϕ(pi)−1 does not vanish identically on Γn. In this case, there exists a

probability distribution (p∗1, . . . , p∗n) ∈ Γn such that

n

∑
i=1

ϕ(p∗i )−1 �= 0 .

Let us write (41.5) in the form

m

∑
j=1

{ n

∑
i=1

ψ(piq j)−ψ(q j)
n

∑
i=1

ϕ(pi)

}
= m(n−1)ψ(0) .

By Lemma 41.1, there exists a mapping A1 : Γn×R→ R, additive in the second
variable, such that

n

∑
i=1

ψ(piq)−ψ(q)
n

∑
i=1

ϕ(pi)=A1(p1, . . . , pn;q)−ψ(0)

[ n

∑
i=1

ϕ(pi)−n

]
(41.18)

valid for all (p1, . . . , pn) ∈ Γn and q ∈ I with

A1(p1, . . . , pn;1) = mψ(0)

[ n

∑
i=1

ϕ(pi)−1

]
. (41.19)

Let x∈ I and (r1, . . . ,rn)∈Γn. Putting successively q= xrt , t = 1, . . . ,n in (41.18),
adding the resulting n equations so obtained and then substituting the value of
∑n

t=1 ψ(xrt) calculated from (41.18), we get the equation
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n

∑
i=1

n

∑
t=1

ψ(xpirt) − [ψ(x)−ψ(0)]
n

∑
i=1

φ(pi)
n

∑
t=1

ϕ(rt)−n2 ψ(0)

= A1(r1, . . . ,rn;x)
n

∑
i=1

ϕ(pi)+A1(p1, . . . , pn;x) . (41.20)

The left side of (41.20) does not undergo any change if we interchange rt and pi, t =
1, . . . ,n; i = 1, . . . ,n. So, the right hand side of (41.20) must also remain unchanged
on interchanging rt and pi, t = 1, . . . ,n; i = 1, . . . ,n. This gives rise to the symmetry
equation

A1(p1, . . . , pn;x)

[ n

∑
t=1

ϕ(rt)−1

]
= A1(r1, . . . ,rn;x)

[ n

∑
i=1

ϕ(pi)−1

]
. (41.21)

Setting pi = p∗i , i = 1, . . . ,n in (41.21) and using the fact that

n

∑
i=1

ϕ(p∗i )−1 �= 0

we obtain the equation

A1(r1, . . . ,rn;x) = B(x)

[ n

∑
t=1

ϕ(rt)−1

]
, (41.22)

where B : R→ R is defined as

B(x) = A1(p∗1, . . . , p∗n;x)

[ n

∑
i=1

ϕ(p∗i )−1

]−1

for all x ∈ R. It can be easily verified that B : R→ R is an additive mapping with
B(1) = mψ(0). By taking r1 = p1, . . . ,rn = pn in (41.22), using (41.18) and the
additivity of B : R→ R, it follows that

n

∑
i=1

ψ1(piq)−ψ1(q)
n

∑
i=1

ϕ(pi) = 0 (41.23)

where ψ1 : I→ R is defined as

ψ1(x) = ψ(x)+B(x)−ψ(0) (41.24)

for all x ∈ I.
Case 2.1: ψ1(q) ≡ 0 on I. In this case, it is obvious, from (41.23), that ϕ is as in
(41.14)(ii). Also, since ψ1(q) = 0 for all q∈ I, (41.24) gives ψ(p) =−B(p)+ψ(0)
for all p∈ I. Define b : R→R as b(x) =−B(x) for all x∈ I. Then (41.14)(i) follows
as b(1) =−B(1) =−mψ(0).
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Case 2.2: ψ1(q) does not vanish identically on I. In this case, there exists an
element q0 ∈ I such that ψ1(q0) �= 0. But, from (41.24), it is easy to see that ψ1(0) =
0. Hence, 0 < q0 ≤ 1. Also, putting x = 1 in (41.24) and using B(1) = mψ(0), we
obtain ψ1(1) = ψ(1)+ (m−1)ψ(0).

Let us consider the case ψ1(1) = 0. Then (41.23) gives the equation

n

∑
i=1

ψ1(pi) = 0

valid for all (p1, . . . , pn) ∈ Γn, n ≥ 3 a fixed integer. Now, from (41.24), it follows
that

n

∑
i=1

ψ(pi) = (n−m)ψ(0)

as B(1) =mψ(0). By Lemma 41.1, there exists an additive mapping b : R→R such
that ψ(p) = b(p)+ψ(0) for all p ∈ I with b(1) =−mψ(0). Consequently

m

∑
j=1

ψ(q j) = 0 .

Now, from (41.5), it follows that ϕ is, indeed, an arbitrary real-valued mapping.
Thus, in this case, we again get the solution (41.14).

Now, let us consider the case when ψ1(1) �= 0. This means that

[ψ(1)+ (m−1)ψ(0)] �= 0 .

Let us put q = 1 in (41.23) and use (41.24). We obtain the equation

n

∑
i=1
{ψ(pi)− [ψ(1)+ (m−1)ψ(0)]ϕ(pi)}= (n−m)ψ(0) .

By Lemma 41.1, there exists an additive mapping B1 : R→ R such that

ψ(p) = [ψ(1)+ (m−1)ψ(0)][ϕ(p)−ϕ(0)]+B1(p)+ψ(0) (41.25)

with

B1(1) = [ψ(1)+ (m−1)ψ(0)]nϕ(0)−mψ(0) . (41.26)

Let us choose p1 = 1, p2 = · · · = pn = 0, q = q0 in (41.23), use ψ1(0) = 0 and
ψ1(q0) �= 0. We obtain ϕ(1)+ (n−1)ϕ(0)= 1.

From (41.5), (41.25), (41.26) and using ψ(1)+ (m−1)ψ(0) �= 0, we obtain the
functional equation (41.8). Keeping in view the fact that ϕ(1)+ (n− 1)ϕ(0) = 1,
ϕ is of the form (41.9) for all p ∈ I in which b̄1 : R→ R is an additive mapping
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with b̄1(1) = 1− nϕ(0) or ϕ is of the form (41.11) in which b̄ : R → R is an
additive mapping with b̄(1) = nϕ(0); M : I → R being a nonconstant nonadditive
mapping which is also multiplicative in the sense of Definition 41.1. In the former
case, making use of the additivity of b̄1 : R→ R and b̄1(1) = 1−nϕ(0), it follows
that

n

∑
i=1

ϕ(pi)−1 = 0

for all (p1, . . . , pn) ∈ Γn contradicting

n

∑
i=1

ϕ(p∗i )−1 �= 0 .

Hence, we ignore this case. In the latter case, using the fact that ϕ(p)− ϕ(0) =
M(p)− b̄(p) for all p ∈ I, (41.25) gives

ψ(p) = [ψ(1)+ (m−1)ψ(0)][M(p)− b(p)]+B1(p)+ψ(0)

for all p ∈ I with B1(1) given by (41.26) and b(1) = nϕ(0). Thus, we have obtained
the solution (41.15) of (41.5). 	


41.4 The Functional Equation (41.4)

We prove:

Theorem 41.2. Let f : I→ R, g : I→ R and h j : I→ R, j = 1, . . . ,m be mappings
which satisfy (41.4) for all (p1, . . . , pn) ∈ Γn, (q1, . . . ,qm) ∈ Γm; n≥ 3, m≥ 3 being
fixed integers. Then, the general solution of (41.4) (for all p ∈ I) is of the form

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f (p) = e2(p)− 1
nm

e2(1) ,

g(p) = e1(p)− 1
n

e1(1) ,

h j an arbitrary , j = 1, . . . ,m ,

(41.27)

or

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f (p) = e2(p)− 1
nm

e2(1) ,

g arbitrary ,

h j(p) = e3(p)+ h j(0) , j = 1, . . . ,m ,

(41.28)
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or

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f (p) = B(p)+ f (0) ,

g(p) = [g(1)+ (n−1)g(0)]

[
b1(p)− 1

n
b1(1)+

1
n

]
,

h j(p) = [g(1)+ (n−1)g(0)]−1B(p)+B∗(p)+ h j(0) ,

(41.29)

or

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f (p) = [ f (1)+ (nm−1) f (0)][M(p)− b(p)]+B(p)+ f (0) ,

f (1)+ (nm−1) f (0) �= 0 ,

g(p) = [g(1)+ (n−1)g(0)][M(p)− b(p)]+ g(0) ,

h j(p) = [g(1)+ (n−1)g(0)]−1
{
[ f (1)+ (nm−1) f (0)]

×[M(p)−b(p)]+B(p)
}
+B∗(p)+ h j(0) ,

(41.30)

where ei : R→ R (i = 1,2,3), b1 : R→ R, b : R→ R, B : R→ R, B : R→ R,
B∗ : R→ R are additive mappings with

(α1) e3(1) =−
m
∑
j=1

h j(0) ,

(α2) b(1) = n [g(1)+ (n−1)g(0)]−1g(0) ,

(α3) B(1)=n[ f (1)+(nm−1) f (0)][g(1)+(n−1)g(0)]−1g(0)−nm f (0) ,

(α4) B∗(1) = nm[g(1)+ (n−1)g(0)]−1 f (0)−
m
∑
j=1

h j(0) ,

and M : I→ R is a nonconstant nonadditive mapping which is multiplicative in the
sense of Definition 41.1.

Before giving the proof of this theorem, we need to prove the following:

Lemma 41.5. The mappings g : I → R, h j : I → R, j = 1, . . . ,m, appearing in
(41.4), satisfy the equation

[g(1)+ (n−1)g(0)]
n

∑
i=1

m

∑
j=1

h j(piq j)− (n−1)[g(1)+ (n−1)g(0)]

×
m

∑
j=1

h j(0) =
n

∑
i=1

g(pi)
m

∑
j=1

h j(q j) (41.31)

for all (p1, . . . , pn) ∈ Γn, (q1, . . . ,qm) ∈ Γm, n≥ 3, m≥ 3 being fixed integers.
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Proof. Let us write (41.4) in the form

n

∑
i=1

{ m

∑
j=1

f (piq j)−g(pi)
m

∑
j=1

h j(q j)

}
= 0 .

By Lemma 41.1, there exists a mapping B2 : R×Γm → R, additive in the first
variable, such that

m

∑
j=1

f (pq j)−g(p)
m

∑
j=1

h j(q j) = B2(p;q1, . . . ,qm)

−g(0)
m

∑
j=1

h j(q j)+m f (0) (41.32)

for all p ∈ I and (q1, . . . ,qm) ∈ Γm with

B2(1;q1, . . . ,qm) = ng(0)
m

∑
j=1

h j(q j)−nm f (0) . (41.33)

Putting p = 1 in (41.32), making use of (41.33) and the Lemma 41.2, it follows that
there exists an additive mapping A : R→ R such that

f (p) = [g(1)+ (n−1)g(0)][h j(p)−h j(0)]+A(p)+ f (0) (41.34)

with

A(1) =−nm f (0)+ [g(1)+ (n−1)g(0)]
m

∑
j=1

h j(0) . (41.35)

Equation (41.31) now follows from (41.4), (41.34) and (41.35). 	

Proof of Theorem 41.2. We divide the discussion into three cases:

Case 1: ∑n
i=1 g(pi) vanishes identically on Γn. In this case,

n

∑
i=1

g(pi) = 0

for all (p1, . . . , pn) ∈ Γn. By Lemma 41.1, there exists an additive mapping e1 : R→
R such that

g(p) = e1(p)− 1
n

e1(1)
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for all p ∈ I. Since ∑n
i=1 g(pi) = 0, it follows from (41.4) that h j ( j = 1, . . . ,m)

are, indeed, arbitrary real-valued mappings and also (41.4) reduces to (41.6) for all
(p1, . . . , pn) ∈Γn, (q1, . . . ,qm) ∈ Γm. Consequently, by Lemma 41.3, f is of the form
(41.7) for all p ∈ I. Thus, we have obtained the solution (41.27) of (41.4).

Case 2: ∑m
j=1 h j(q j) vanishes identically on Γm. In this case,

m

∑
j=1

h j(q j) = 0

for all (q1, . . . ,qm) ∈Γm. By Lemma 41.2, there exists an additive mapping e3 : R→
R such that h j(p) = e3(p) + h j(0) for all j = 1, . . . ,m with e3(1) given by (α1).
Now, proceeding as in Case 1, the solution (41.28) can be obtained.

Case 3: Neither ∑n
i=1 g(pi) vanishes identically on Γn nor ∑m

j=1 h j(q j) vanishes
identically on Γm. Then there exist a probability distribution (p∗1, . . . , p∗n) ∈ Γn and a
probability distribution (q∗1, . . . ,q

∗
m) ∈ Γm such that

n

∑
i=1

g(p∗i ) �= 0 and
m

∑
j=1

h j(q
∗
j) �= 0 .

Then
n

∑
i=1

g(p∗i )
m

∑
j=1

h j(q
∗
j) �= 0 .

Now let us pay attention to (41.31). We claim that [g(1)+ (n−1)g(0)] �= 0. On the
contrary, suppose that g(1)+ (n−1)g(0)= 0. Then (41.31) reduces to

n

∑
i=1

g(pi)
m

∑
j=1

h j(q j) = 0

valid for all probability distributions (p1, . . . , pn) ∈ Γn and (q1, . . . ,qm) ∈ Γm. In
particular

n

∑
i=1

g(p∗i )
m

∑
j=1

h j(q
∗
j) = 0 ,

a contradiction. Hence, [g(1)+ (n−1)g(0)] �= 0. Now, (41.34) gives

h j(p) = [g(1)+ (n−1)g(0)]−1
[

f (p)− f (0)

]
+B∗(p)+ h j(0) (41.36)

where B∗ : R→ R is an additive mapping such that

B∗(p) =− [g(1)+ (n−1)g(0)]−1A(p)



41 On a Functional Equation Containing an Indexed Family of Unknown Mappings 683

and B∗(1) is given by (α4). Now, from (41.4), (41.36) and (α4), the equation

n

∑
i=1

m

∑
j=1

f (piq j)

= [g(1)+ (n−1)g(0)]−1
n

∑
i=1

g(pi)

[ m

∑
j=1

f (q j)+m(n−1) f (0)

]
(41.37)

follows. This equation is valid for all (p1, . . . , pn) ∈ Γn and (q1, . . . ,qm) ∈ Γm, n≥ 3,
m≥ 3 being fixed integers. Define the mappings ϕ : I→ R and ψ : I→ R as

ϕ(x) = [g(1)+ (n−1)g(0)]−1g(x) (41.38)

and

ψ(x) = f (x)+m(n−1) f (0)x (41.39)

for all x ∈ I. Then (41.37) reduces to the functional equation (41.5) with

ϕ(1)+ (n−1)ϕ(0) = 1 .

So, we need to consider only those solutions of (41.5) which satisfy the requirement
ϕ(1)+ (n− 1)ϕ(0) = 1.

Referring to (41.14), we can choose ϕ to be any arbitrary mapping which satisfies
the condition

ϕ(1)+ (n−1)ϕ(0) = 1 .

Then, from (41.38), (41.39) and (41.14), we obtain the solution (of (41.4))

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

f (p) = b(p)−m(n−1) f (0) p+ f (0) ,

g arbitrary ,

h j(p) = [g(1)+ (n−1)g(0)]−1[b(p)−m(n−1) f (0) p]

+B∗(p)+ h j(0)

(41.40)

with b(1) =−m f (0). But this solution is contained in (41.28) if we set

e2(p) = b(p)−m(n−1) f (0)p

and

e3(p) = [g(1)+ (n−1)g(0)]−1[b(p)−m(n−1) f (0)p]+B∗(p).
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The solutions (41.13) and (41.15), of (41.5), also satisfy the condition

ϕ(1)+ (n−1)ϕ(0) = 1 .

Making use of (41.38), (41.39), (41.36), (41.13) and (41.15), the solutions (41.29)
and (41.30) can be obtained in which b(1), B(1) are given, respectively, by (α2) and
(α3). 	


41.5 The Functional Equation (41.2)

We prove:

Theorem 41.3. Let F : I→R, G : I→R and Hj : I→R, j = 1, . . . ,m be mappings
which satisfy the equation (41.2) for all (p1, . . . , pn) ∈ Γn, (q1, . . . ,qm) ∈ Γm; n ≥ 3,
m ≥ 3 being fixed integers and λ �= 0. Then the general solution of (41.2) (for all
p ∈ I) is of the form

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

F(p) =
1
λ
{

e2(p)− p− 1
nm

e2(1)
}
,

G(p) =
1
λ
{

e1(p)− p− 1
n

e1(1)
}
,

Hj arbitrary , j = 1, . . . ,m ,

(41.41)

or

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

F(p) =
1
λ
{

e2(p)− p− 1
nm

e2(1)
}
,

G arbitrary ,

Hj(p) =
1
λ
{

e3(p)− p
}
+Hj(0) ,

(41.42)

or
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

F(p)=
1
λ
{

B(p)− p
}
+F(0) ,

G(p)=
1
λ
{
[λ (G(1)+(n−1)G(0))+1][b1(p)−1

n
b1(1)+

1
n
]− p

}
,

Hj(p) =
1
λ
{
[λ (G(1)+(n−1)G(0))+1]−1B(p)+B∗(p)− p

}
+Hj(0) ,

(41.43)



41 On a Functional Equation Containing an Indexed Family of Unknown Mappings 685

or
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F(p)=
1
λ
{
[λ (F(1)+(nm−1)F(0))+1][M(p)−b(p)]+B(p)−p

}
+F(0) ,

[
λ (F(1)+(nm−1)F(0))+1 �=0

]
,

G(p)=
1
λ
{
[λ (G(1)+(n−1)G(0))+1][M(p)−b(p)]−p

}
+G(0) ,

Hj(p)=
1
λ
{
[λ (G(1)+(n−1)G(0))+1]−1

{
[λ (F(1)+(nm−1)F(0))+1]

× [M(p)−b(p)]+B(p)
}
+B∗(p)− p

}
+Hj(0) ,

(41.44)

where ei : R→ R (i = 1,2,3), b1 : R→ R, b : R→ R, B : R→ R, B : R→ R,
B∗ : R→ R are additive mappings with

(β1) e3(1) =−λ
m
∑
j=1

Hj(0) ,

(β2) b(1) = λn [λ (G(1)+ (n−1)G(0))+ 1]−1G(0) ,

(β3) B(1) = λ n[λ (F(1)+ (nm−1)F(0))+ 1]

×[λ (G(1)+ (n−1)G(0))+ 1]−1G(0)−λnmF(0) ,

(β4) B∗(1) = λ nm [λ (G(1)+ (n−1)G(0))+ 1]−1F(0)−λ
m
∑
j=1

Hj(0) ,

and M : I→ R is a nonconstant nonadditive mapping which is multiplicative in the
sense of Definition 41.1.

Proof. From (41.3) and the solutions of the functional equation (41.4) i.e., (41.27)–
(41.30) with (α1),(α2),(α3),(α4), we obtain, respectively, the solutions (41.41)–
(41.44) with (β1),(β2),(β3),(β4); of the functional equation (41.2). The details are
omitted. 	

Remark 41.1. Out of the four solutions (41.41)–(41.44), the solution (41.44) is of
importance from information-theoretic point of view. From this solution, it can be
easily computed that

n

∑
i=1

F(pi) =
1
λ

{
d1

n

∑
i=1

M(pi)−1

}
−d2 ,

n

∑
i=1

G(pi) =
1
λ

{
d3

n

∑
i=1

M(pi)−1

}
,
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and

m

∑
j=1

Hj(q j) =
1
λ

{
d4

m

∑
j=1

M(q j)−1

}
,

where

d1 = [λ (F(1)+ (nm−1)F(0))+ 1] ,

d2 = n(m−1)F(0) ,

d3 = [λ (G(1)+ (n−1)G(0))+ 1] ,

d4 = [λ (G(1)+ (n−1)G(0))+ 1]−1[λ (F(1)+ (nm−1)F(0))+ 1] .

If d1 = 1, d2 = 0, d3 = 1 and d4 = 1, then

n

∑
i=1

F(pi) = Lλ
n (p1, . . . , pn) ,

n

∑
i=1

G(pi) = Lλ
n (p1, . . . , pn)

and
m

∑
j=1

Hj(q j) = Lλ
m(q1, . . . ,qm) ,

where (see Nath and Singh [5])

Lλ
t (x1, . . . ,xt) =

1
λ

[ t

∑
i=1

M(xi)−1

]
. (41.45)

The non-additive measure of entropy

Hα
t (x1, . . . ,xt)=(21−α−1)−1

( t

∑
i=1

xα
i −1

)
,

with α �= 1, is a particular case of (41.45) when λ = 21−α − 1, α > 0, α �= 1 and
M : I→ R is of the form M(p) = pα , p ∈ I, α �= 1, α > 0, 0α := 0, 1α := 1.
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Chapter 42
Two-Step Iterative Method for Nonconvex
Bifunction Variational Inequalities
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Abstract In this paper, we suggest and analyze a two-step iterative method
for solving nonconvex bifunction variational inequalities. We also discuss the
convergence of the iterative method under partially relaxed strongly monotonicity,
which is a weaker condition than cocoerciveness.

Keywords Bifunction variational inequalities • Nonconvex sets • Monotone
operators • Iterative method • Convergence
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42.1 Introduction

Variational inequalities theory, which was introduced by Stampacchia [23], provides
us with a simple, general and unified framework to study a wide class of problems
arising in pure and applied sciences. For the applications, physical formulation,
numerical methods and other aspects of variational inequalities, see [1–23] and
the references therein. It is well known that the variational inequalities represent
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the optimality condition for the differentiable convex functions on the convex sets
in a normed space. For the directionally differentiable convex functions, we have
the bifunction variational inequalities. For the applications, numerical methods
and formulation of the bifunction variational inequalities, see [3–7, 11, 14] and
references therein. We would like to point out that all the work assumed that the
underlying choice set is convex set. In many practical situations, the choice set may
not be convex one.

Recently, Noor [17] has introduced and considered a new class of variational
inequalities, called nonconvex variational inequalities on the uniformly prox-regular
sets. It is well-known that the uniformly prox-regular sets are nonconvex and include
the convex sets as a special case, see [2, 22]. We would like to point out that the
projection-type methods and their invariant forms can not be used for solving the
bifunction variational inequalities. To overcome this drawback, one usually uses the
auxiliary principle technique, which is due to Glowinski, Lions and Tremolieres
[10]. The main idea in this technique is to consider a suitable auxiliary problem
related to the original problem. This way, one defines a mapping connecting the
solutions of these problems. In this case, one has shown that the map connecting the
solutions is a contraction mapping and consequently, it has fixed point satisfying
the original problem. This technique has been used to suggest and analyze several
methods for solving variational inequalities and variational inequalities. It has been
shown that a substantial number of numerical methods can be obtained as special
cases from this technique, see [13–18, 20]. In this paper, we again use the auxiliary
principle technique to suggest and analyze a two-step predictor–corrector method
for solving nonconvex bifunction variational inequalities. We also consider the con-
vergence of the new iterative method under partially relaxed strongly monotonicity,
which is a weaker condition than cocoerciveness. In this sense, our result represents
an improvement and refinement of the known results. Our results can be considered
as a novel and important application of the auxiliary principle technique. The
interested readers are advised to discover novel and other new applications of the
nonconvex bifunction variational inequalities in Engineering, Physical, Optimiza-
tion, Regional, Operations Research and Mathematical Sciences. It is interesting
to consider the implementation of the proposed iterative method for solving the
bifunction variational inequalities. This is an open problem for further research.

42.2 Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by 〈·, ·〉
and ‖ · ‖, respectively. Let K be a nonempty, closed and convex set in H. The basic
concepts and definitions used in this paper are exactly the same as in Noor [17].

Poliquin et al. [22] and Clarke et al. [2] have introduced and studied a new class
of nonconvex sets, which are called uniformly prox-regular sets.
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Definition 42.1. For a given r ∈]0,∞], a subset Kr is said to be normalized
uniformly r-prox-regular, if and only if every nonzero proximal normal to Kr can be
realized by an r-ball, that is,∀u ∈ Kr, and 0 �= ξ ∈ NP

Kr
(u), one has

〈(ξ )/‖ξ‖,v−u〉 ≤ (1/2r)‖v−u‖2, ∀v ∈ Kr.

It is clear that the class of normalized uniformly prox-regular sets is sufficiently
large to include the class of convex sets, p-convex sets, C1,1submanifolds (possibly
with boundary) of H, the images under a C1,1 diffeomorphism of convex sets and
many other nonconvex sets; see [1,2,22]. Obviously, for r = ∞, the uniformly prox-
regularity of Kr is equivalent to the convexity of K. This class of uniformly prox-
regular sets have played an important part in many nonconvex applications such as
optimization, dynamic systems and differential inclusions. It is known that if Kr is
a uniformly prox-regular set, then the proximal normal cone NP

Kr
(u) is closed as a

set-valued mapping.
We now recall the well known proposition which summarizes some important

properties of the uniformly prox-regular sets Kr.

Lemma 42.1. Let K be a nonempty closed subset of H, r ∈]0,∞] and

Kr = {u ∈H : dK(u)< r}.
If Kr is uniformly prox-regular, then

(i) PKr(u) �= /0 for u ∈ Kr ;
(ii) for each r

′ ∈ ]0,r[ , PKr is Lipschitz continuous with constant r/(r− r
′
) on Kr′ .

For given bifunction B(·, ·), we consider the problem of finding u ∈ Kr, such that

B(u,v−u)≥ 0, ∀v ∈ Kr, (42.1)

which is called the nonconvex bifunction variational inequality.
If kr ≡K, the convex set, then problem (42.1) is equivalent to finding u ∈ K such

that

B(u,v−u)≥ 0, ∀v ∈ K, (42.2)

which is called the bifunction variational inequality. Noor [14] has shown that
bifunction variational inequalities represent the optimality condition of a direc-
tionally differentiable convex functions on a convex set in a normed space. For
the applications, numerical methods and formulation of the bifunction variational
inequalities, see [3–7, 11, 14] and the references therein.

If B(u,v−u) = 〈Tu,v−u〉, where T is a nonlinear operator, then problem (42.1)
reduces to finding u ∈ Kr such that

〈Tu,v−u〉 ≥ 0, ∀v ∈ Kr, (42.3)

which is called the nonconvex variational inequality, introduced and studied by Noor
[16–18] in recent years.
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It is well-known [2,18,22] that the union of two disjoint intervals [a,b] and [c,d]
is a prox-regular set with r = (c− b)/2. We also consider the following simple
examples to give an idea of the importance of the nonconvex sets. These examples
are due to Noor [18].

Example 42.1. Let u = (x,y) and v = (t,z) belong to the real Euclidean plane and
consider Tu = (2x,2(y− 1)). Let K = t2 +(z− 2)2 ≥ 4, −2 ≤ t ≤ 2, and z ≥ −2
be a subset of the Euclidean plane. Then one can easily show that the set K is a
prox-regular set Kr. It is clear that nonconvex variational inequality (42.1) has no
solution.

Example 42.2. Let u = (x,y) ∈R2, v = (t,z) ∈R2 and let Tu = (−x,1−y). Let the
set K be the union of 2 disjoint squares, say A and B having respectively, the vertices
in the points (0,1),(2,1),(2,3),(0,3) and in the points (4,1),(5,2),(4,3),(3,2).
The fact that K can be written in the form:

{
(t,z) ∈ R

2 : max{|t−1|, |z−2|} ≤ 1}∪{|t−4|+ |z−2| ≤ 1}}

shows that it is a prox-regular set in R
2 and the nonconvex variational inequality

(42.1) has a solution on the square B. We note that the operator T is the gradient of
a strictly concave function. This shows that the square A is redundant.

We note that, if Kr ≡ K, the convex set in H, then problem (42.3) is equivalent to
finding u ∈ K, such that

〈Tu,v−u〉 ≥ 0, ∀v ∈ K. (42.4)

Inequality of type (42.4) is called the variational inequality, which was introduced
and studied by Stampacchia [23] in 1964. It turned out that a number of unrelated
obstacle, free, moving, unilateral and equilibrium problems arising in various
branches of pure and applied sciences can be studied via variational inequalities,
see [1–23] and the references therein.

Definition 42.2. A bifunction B(·, ·) : H ×H → H is said to be partially relaxed
strongly monotone, provided

B(u,v−u)+B(v,z− v)≤−α‖u− z‖2, ∀u,v,z ∈ H.

It is well known that the cocoerciveness implies partially relaxed strongly mono-
tonicity, but the converse is not true.

42.3 Main Results

In this section, we suggest and analyze some iterative methods for solving the
nonconvex bifunction variational inequality (42.1) using the auxiliary principle
technique of Glowinski, Lions and Tremolieres [10] as developed by Noor [13–18].
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For a given u ∈ Kr satisfying (42.1), find w ∈ Kr such that

ρB(u,v−u)+ 〈w−u,v−w〉≥ 0, ∀v ∈ Kr, (42.5)

where ρ > 0 is a constant. Problem (42.5) is known as the auxiliary nonconvex
bifunction variational inequality. We note that if w= u, then clearly w is a solution of
the (42.1). This observation enables us to suggest and analyze the following iterative
method for solving (42.1).

Example 42.3. (Algorithm 1) For a given u0 ∈ H, compute the approximate
solution un+1 by the iterative scheme

ρB(wn,v−wn)+ 〈un+1−wn,v−un+1〉 ≥ 0, ∀v ∈ Kr, (42.6)

ρB(un,v−un)+ 〈wn−un,v−wn〉 ≥ 0, ∀v ∈ Kr, (42.7)

where ρ > 0 and β > 0 are constants. This algorithm is called the two-step
predictor–corrector method for solving the nonconvex bifunction variational in-
equality (42.1).

If B(u,v−u) = 〈Tu,v−u〉, then Algorithm 1 collapses to the following.

Example 42.4. (Algorithm 2) For a given u0 ∈ H, compute the approximate
solution by the iterative scheme

ρ〈Twn,v−un+1〉+ 〈un+1−wn,v−un+1〉 ≥ 0, ∀v ∈ Kr,

ρ〈Tun,v−wn〉+ 〈wn−un,v−wn〉 ≥ 0, ∀v ∈ Kr,

for solving nonconvex variational inequalities (42.3). For the convergence analysis
of this algorithm see Noor [18].

We now consider the convergence analysis of Algorithm 1 and this is the main
motivation of our next result.

Theorem 42.1. Let u ∈ Kr be a solution of (42.1) and let un+1 be the approximate
solution obtained from Algorithm 1. If the bifunction B(·, ·) is partially relaxed
strongly monotone with constant α > 0, then

‖un+1−u‖2 ≤ ‖wn−u‖2− (1−2αρ)‖un+1−wn‖2, (42.8)

‖wn−u‖2 ≤ ‖un−u‖2− (1−2αρ)‖wn−un‖2. (42.9)

Proof. Let u ∈ Kr be a solution of (42.1). Then

B(u,v−u)≥ 0, ∀v ∈ Kr. (42.10)

Take v = wn in (42.10); we have

B(u,un+1−u)≥ 0. (42.11)
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Taking v = u in (42.6) and using (42.11), we have

〈wn−un,u−wn〉 ≥ ρ{〈B(un,u−wn)+B(u,wn−u)}
≥ −αρ‖un−wn‖2, (42.12)

since B(·, ·) is partially relaxed strongly monotone with constant α > 0.
From (42.13), we have

‖u−wn‖2 ≤ ‖u−un‖2− (1−2αρ)‖wn−un‖2,

the required result (42.9).
Taking v = u in (42.6), we have

ρB(wn,u−un+1)+ 〈un+1−wn,u−un+1〉 ≥ 0. (42.13)

From (42.11), (42.12) and using the partially relaxed strongly monotonicity TB(·, ·)
with constant α > 0, we have

‖un+1−u‖2 ≤ ‖wn−u‖2− (1−2αρ)‖un+1−wn‖2,

the required result (42.8). ��
Theorem 42.2. Let u ∈ Kr be a solution of (42.1) and let un+1 be the approximate
solution obtained from Algorithm 1. If H is a finite dimensional space and 0 < ρ <

1
2α , then

lim
n→∞

un = u.

Proof. Let ū ∈ Kr be a solution of (42.1). Then, the sequence {‖un − ū‖} is
nonincreasing and bounded, and

∞

∑
n=0

(1−2αρ)‖un+1−wn‖2 ≤ ‖w0−u‖2,

∞

∑
n=0

(1−2αρ)‖wn−un‖2 ≤ ‖u0−u‖2,

which implies

lim
n→∞
‖un+1−wn‖= 0, lim

n→∞
‖wn−un‖= 0.

Thus

lim
n→∞
‖un+1−un‖= lim

n→∞
‖un+1−wn‖+ lim

n→∞
‖wn−un‖= 0. (42.14)
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Let û be a cluster point of {un}; there is a subsequence {uni} that converges to û.
Replacing un+1 by uni in (42.6), wn by uni in (42.7), and taking the limits, and using
(42.14), we have

B(û,v− û)≥ 0, ∀v ∈ Kr.

This shows that û ∈ Kr solves (42.1) and ‖un+1− û‖2 ≤ ‖un− û‖2, which implies
that the sequence {un} has a unique cluster point and û = limn→∞ un is the solution
of (42.1). ��
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Abstract The present work aims to find the general solution f1, f2, f3 : G2 → H
and f : G→ H of the Sincov type functional equation f1(x,y)+ f2(y,z)+ f3(z,x) =
f (x+ y+ z) for all x,y,z ∈ G without any regularity assumption. Here, G and H are
additive abelian groups, and the division by 2 is uniquely defined in H.

Keywords Additive Abelian group • Additive function • Biadditive function •
Quadratic function • Sincov functional equation
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43.1 Introduction

In 1903, the Ukrainian mathematician Sincov (see [13, 14]) studied the functional
equation

f (x,y)+ f (y,z) = f (x,z) (43.1)

for all x,y,z ∈ R (the set of real numbers). Others like Moritz Cantor [3] and
Gottlob Frege [7] (see also [8, 9]) treated this functional equation before Sincov.
The most general solution f : R2→ R of (43.1) is given by f (x,y) = φ(y)− φ(x),
where φ : R → R is an arbitrary function. The functional equation (43.1) is
known as the Sincov functional equation. The multiplicative version of (43.1) is
the following: f (x,y) f (y,z) = f (x,z) for all x,y,z ∈ R; the most general solution
f : R2 → R of it are f (x,y) = 0 or f (x,y) = φ(y)/φ(x), where φ : R→ R is an
arbitrary nonzero function. The Sincov functional equation has many applications.
The Sincov functional equation arises in the axiomatic characterization of the
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maximum entropy principle (see Shore and Johnson [12]). This functional equation
plays an important role in the characterization of information measures on open
domains (see Ebanks, Sahoo and Sander [5]). It also arises in the study of subgroup
consistent poverty indices in economics (see Foster and Shorrocks [6]). Further,
the Sincov functional equation has found applications in actuarial mathematics
(see Shiu [11]). In their book, Dodson and Poston [4] define an affine space as
follows: An affine space is a triple (S,V, f ) where S is a set, V a vector space and
f : S2→ V such that f (x,y)+ f (y,z) = f (x,z) for x,y,z ∈ S, and for all x ∈ S, the
map fx(y) = f (x,y) is a bijection. In this definition, we again encounter the Sincov
functional equation. The Sincov functional equation becomes the additive Cauchy
functional equation g(x+ y) = g(x)+ g(y) if f (x,y) = g(y− x), that is f (x,y) is a
function of (y− x). Since every solution f (x,y) of the Sincov functional equation is
skew symmetric, therefore the Sincov functional equation (43.1) can be rewritten as

f (x,y)+ f (y,z)+ f (z,x) = 0 (43.2)

for all x,y,z ∈R.
Let G and H be additive Abelian groups, and f1, f2, f3 : G2→ H and f : G→ H.

The functional equation

f1(x,y)+ f2(y,z)+ f3(z,x) = f (x+ y+ z) (43.3)

holding for all x,y,z ∈ G is a generalization of the Sincov functional equation
(43.1). The functional equation (43.3) arises in certain type of aggregation problems.
If f = 0, then the functional equation (43.3) is the pexiderized Sincov functional
equation. The functional equation (43.3) is also a generalization of a functional
equation studied by Baker [2].

In this paper, we determine the most general solution of the functional equation
(43.3) without any regularity assumptions on the unknown functions. The method
used for determining the general solution of (43.3) is elementary and interesting.

43.2 Preliminaries

A group G is said to be 2-divisible if for every element y∈G, there exists an element
x ∈ G such that 2x = y. If this element x is unique, then G is said to be uniquely
2-divisible. In a uniquely divisible group, this unique element x is denoted by y

2 .
Let G and H be Abelian groups. A function a : G→ H is said to be additive if

and only if a(x+ y) = a(x)+ a(y) for all x,y ∈ G. If G = H = R, then a continuous
additive function a : G→ H is of the form a(x) = kx, where k is a real constant
(see [1] and also [10]). A function b : G2 → H is biaditive if it is additive in each
variable [10]. If G = H = R, then a continuous biadditive function b : G2 → H is
of the form b(x,y) = mxy, where m is a real constant. A function q : G→ H is said
to be quadratic if and only if q(x+ y)+ q(x− y) = 2q(x)+ 2q(y) for all x,y ∈ G. A
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continuous quadratic function q : R→ R has the form q(x) = nx2 where n is a real
constant. It is well known that a quadratic function q(x) can be represented as the
diagonal of a symmetric biadditive map b : G2 → H, that is q(x) = b(x,x). In the
sequel, we will write an abelian group G in additive notation so that 0 will denote
the identity element of G.

The following lemma will be useful in establishing the main theorem in this
paper.

Lemma 43.1. Let G and H be groups written in additive notation. The functions
f ,g : G2→ H satisfy the functional equation

f (x,y)+ g(y,z)− f (x,z) = 0 (43.4)

holding for all x,y,z ∈ G if and only if

f (x,y) = φ(x)−ψ(y) and g(x,y) = ψ(x)−ψ(y) (43.5)

where φ ,ψ : G→ H are arbitrary functions.

Proof. It is easy to verify that (43.5) satisfies (43.4). Hence, we prove that (43.5) is
only the most general solution of (43.4). From (43.4) we have

f (x,y) = f (x,z)−g(y,z) (43.6)

for all x,y,z ∈G. Letting z = 0, we obtain

f (x,y) = f (x,0)−g(y,0) (43.7)

for all x,y ∈ G. From relation (43.7), we obtain

f (x,y) = φ(x)−ψ(y) (43.8)

where

φ(x) = f (x,0) and ψ(y) = g(y,0). (43.9)

Similarly, letting x = 0 in (43.4) we have

g(y,z) = f (0,z)− f (0,y) (43.10)

for all y,z ∈ G. Hence
g(y,z) = δ (z)− δ (y) (43.11)

where δ (x) = f (0,x). Next substituting (43.8) and (43.11) into (43.4), we obtain

δ (z)+ψ(z) = ψ(y)+ δ (y)
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for all y,z ∈ G. Therefore
δ (z) =−ψ(z)+ c (43.12)

where c is a constant. Using (43.12) in (43.11) we obtain the asserted solution (43.5).
The proof of the lemma is now complete. ��

The proof of the following lemma is similar to the proof of Lemma 43.1.

Lemma 43.2. Let G and H be groups written in additive notation. The functions
f ,g : G2→ H satisfy the functional equation

f (x,y)+ g(y,z)−g(x,z) = 0 (43.13)

holding for all x,y,z ∈ G if and only if

f (x,y) = φ(x)−φ(y) and g(x,y) = φ(x)−ψ(y) (43.14)

where φ ,ψ : G→ H are arbitrary functions.

The proof of the following Lemma is also similar to the proof of Lemma 43.1.

Lemma 43.3. Let G and H be groups written in additive notation. The functions
f1, f2, f3 : G2→ H satisfy the functional equation

f1(x,y)+ f2(y,z)+ f3(z,x) = 0 (43.15)

for all x,y,z ∈ G if and only if

f1(x,y) =α(x)−β (y), f2(x,y) = β (x)−γ(y), and f3(x,y) = γ(x)−α(y), (43.16)

where α,β ,γ : G→ H are arbitrary functions.

43.3 Solution of (43.3)

Theorem 43.1. Suppose G and H are abelian groups. Moreover, suppose the
division by 2 is uniquely defined in H. The functions f1, f2, f3 : G2 → H and
f : G→ H satisfy the functional equation (43.3) for all x,y,z ∈ G if and only if

f (x) = 2a(x)+ 2q(x)+ c1+ c2 + c3, (43.17)

f1(x,y) = α(x)−β (y)+ a(x)+ a(y)+ 2q(x+ y)−q(x)−q(y)+ c1, (43.18)

f2(x,y) = β (x)− γ(y)+ a(x)+ a(y)+ 2q(x+ y)−q(x)−q(y)+ c2, (43.19)

f3(x,y) = γ(x)−α(y)+ a(x)+ a(y)+ 2q(x+ y)−q(x)−q(y)+ c3, (43.20)

where α,β ,γ : G→ H are arbitrary functions, q : G→ H is a quadratic function,
a : G→ H is an additive function, and c1,c2,c3 are arbitrary elements in H.
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Proof. It is easy to check that the functions enumerated in (43.17)–(43.20) is the
solution of (43.3). Next, we show that the only solution of (43.3) is (43.17)–(43.20).

Interchanging x with y in (43.3) we have

f1(y,x)+ f2(x,z)+ f3(z,y) = f (x+ y+ z) (43.21)

for all x,y,z ∈G. Subtracting (43.21) from (43.3) we obtain

f1(x,y)− f1(y,x)+ f2(y,z)− f3(z,y)+ f3(z,x)− f2(x,z) = 0 (43.22)

for all x,y,z ∈G. Equation (43.22) can be rewritten as

F1(x,y)+F2(y,z)−F2(x,z) = 0 (43.23)

for all x,y,z ∈G, where

F1(x,y) =
1
2
[ f1(x,y)− f1(y,x) ] , (43.24)

F2(x,y) =
1
2
[ f2(x,y)− f3(y,x) ] . (43.25)

From Lemma (43.2), we obtain

F1(x,y) = φ(x)−φ(y) (43.26)

and
F2(x,z) = φ(x)−ψ(z) (43.27)

where φ ,ψ : G→ H are arbitrary functions.
Next adding (43.21) to (43.3) we obtain

f1(x,y)+ f1(y,x)+ f2(y,z)+ f3(z,y)+ f2(x,z)+ f3(z,x) = 2 f (x+ y+ z) (43.28)

for all x,y,z ∈G. The functional equation (43.28) reduces to

L1(x,y)+L2(y,z)+L2(x,z) = f (x+ y+ z) (43.29)

for all x,y,z ∈G, where

L1(x,y) =
1
2
[ f1(x,y)+ f1(y,x) ] , (43.30)

L2(x,y) =
1
2
[ f2(x,y)+ f3(y,x) ] . (43.31)

From (43.30) we see that L1 is a symmetric function, that is

L1(x,y) = L1(y,x) (43.32)

for all x,y ∈ G.



702 P. K. Sahoo

Interchanging y with z in (43.29) we get

L1(x,z)+L2(z,y)+L2(x,y) = f (x+ y+ z) (43.33)

for all x,y,z ∈G. Subtracting (43.33) from (43.29) we have

L1(x,y)−L2(x,y)+L2(y,z)−L2(z,y)+L2(x,z)−L1(x,z) = 0 (43.34)

for all x,y,z ∈G. From Lemma 43.1 we obtain

L1(x,y)−L2(x,y) = m(x)− �(y), (43.35)

L2(x,y)−L2(y,x) = �(x)− �(y), (43.36)

where m, � : G→ H are arbitrary functions.
Interchanging x with y in (43.35) we see that

L1(y,x)−L2(y,x) = m(y)− �(x). (43.37)

Next using the symmetry of L1 (that is using (43.32)) in (43.37), we obtain

L1(x,y)−L2(y,x) = m(y)− �(x). (43.38)

Subtracting (43.38) from (43.35) we have

L2(y,x)−L2(x,y) = m(x)+ �(x)−m(y)− �(y) (43.39)

for all x,y ∈ G. Comparing (43.39) with (43.36) and simplifying we obtain

m(x)+ 2�(x) = m(y)+ 2�(y) (43.40)

for all x,y ∈ G. Hence, from (43.40) we have

m(x) =−2�(x)+ d (43.41)

where d is a constant. Thus, (43.41) in (43.35) yields

L1(x,y)−L2(x,y) =−2�(x)− �(y)+ d. (43.42)

Letting z = 0 in (43.29) we obtain

L1(x,y) = f (x+ y)−L2(y,0)−L2(x,0)

= f (x+ y)− r(x)− r(y), (43.43)

where
r(x) = L2(x,0). (43.44)
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Letting y = 0 in (43.36) we see that

L2(0,x) = L2(x,0)− �(x)+ �(0). (43.45)

Letting x = 0 in (43.29) we have

L2(y,z) = f (y+ z)−L1(0,y)−L2(0,z). (43.46)

Using (43.32) and (43.45) in (43.46) we obtain

L2(y,z) = f (y+ z)−L1(y,0)−L2(z,0)+ �(z)− �(0) (43.47)

for all y,z ∈ G. Using (43.42) in (43.47) we have

L2(y,z) = f (y+ z)−L2(y,0)+ 2�(y)+ �(z)−d−L2(z,0). (43.48)

Using (43.44) in (43.48) we have

L2(y,z) = f (y+ z)− r(y)− r(z)+ 2�(y)+ �(z)−d (43.49)

for all y,z ∈ G. Again from (43.47), (43.45) and (43.43) we see that

L2(y,z) = f (y+ z)−L1(0,y)−L2(0,z)

= f (y+ z)− f (y)+ r(y)− r(z)+ �(z)+ r(0)− �(0) (43.50)

for all y,z ∈ G. Comparing (43.49) and (43.50) we have

f (y) = 2r(y)−2�(y)− �(0)+ r(0)+d. (43.51)

Using (43.51) in (43.49) we obtain

L2(y,z) = 2r(y+ z)− r(y)− r(z)−2�(y+ z)+2�(y)+ �(z)− �(0)+ r(0). (43.52)

Using (43.43), (43.51) and (43.52) in (43.29) we obtain

r(x+ y+ z)−�(x+ y+ z)

= r(x+ y)+ r(y+ z)+ r(z+ x)− r(x)− r(y)− r(z)+ r(0)

− �(x+ y)− �(y+ z)− �(z+ x)+ �(x)+ �(y)+ �(z)− �(0) (43.53)

for all x,y,z ∈G. Define g : G→ H by

g(x) = r(x)− r(0)− �(x)+ �(0) (43.54)
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for all x ∈G. Then g(0) = 0. Using (43.54) in (43.53) we have

g(x+ y+ z) = g(x+ y)+ g(y+ z)+ g(z+ x)−g(x)−g(y)−g(z) (43.55)

for all x,y,z ∈G.
Substituting z =−y in (43.55) and using the fact that g(0) = 0, we get

g(x+ y)+ g(x− y)= 2g(x)+ g(y)+ g(−y) (43.56)

for all x,y ∈ G. Replacing y with −y and x with −x in (43.56) we obtain

g(−x− y)+ g(−x+ y)= 2g(−x)+ g(−y)+ g(y) (43.57)

for all x,y ∈ G. Adding (43.56) and (43.57) we have

g(x+ y)+ g(−x− y)+ g(x− y)+g(−x+ y)

= 2g(x)+ 2g(−x)+ 2g(y)+ 2g(−y) (43.58)

for all x,y ∈ G. The functional equation (43.58) reduces to

q(x+ y)+ q(x− y)= 2q(x)+ 2q(y) (43.59)

for all x,y ∈ G where

q(x) =
1
2
[g(x)+ g(−x) ] . (43.60)

In view of (43.59), the function q : G→ H is a quadratic function.
Next, substituting z = −x− y in (43.55) and using the fact that g(0) = 0, we

obtain

g(x+ y)−g(−x− y)= g(x)−g(−x)+ g(y)−g(−y) (43.61)

for all x,y ∈ G. Define a function a : G→ H by

a(x) =
1
2
[g(x)−g(−x) ] . (43.62)

Then (43.62) in (43.61) yields

a(x+ y) = a(x)+ a(y) (43.63)

for all x,y ∈ G. Therefore, a : G→ H is an additive mapping on G.
From (43.62), (43.60) and (43.54), we obtain

r(x) = a(x)+ q(x)+ �(x)+ r(0)− �(0). (43.64)

Letting (43.64) into (43.51) we get

f (x) = 2a(x)+ 2q(x)+ 3r(0)−3�(0)+d. (43.65)
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Next using (43.64) and (43.65) in (43.43) we get

L1(x,y) = a(x)+ a(y)+ 2q(x+ y)−q(x)−q(y)

− �(x)− �(y)+ r(0)− �(0)+d. (43.66)

Similarly, using (43.64) in (43.52) we obtain

L2(x,y) = a(x)+ a(y)+ 2q(x+ y)−q(x)−q(y)+ �(x)+ r(0)− �(0). (43.67)

Next, from (43.24), (43.25), (43.30) and (43.31) we see that

f1(x,y) = L1(x,y)+F1(x,y), (43.68)

f2(x,y) = L2(x,y)+F2(x,y), (43.69)

f3(x,y) = L2(x,y)−F2(x,y). (43.70)

Using (43.66) and (43.26) in (43.68) we obtain

f1(x,y) = α(x)−β (y)+ a(x)+ a(y)+ 2q(x+ y)−q(x)−q(y)+ c1, (43.71)

where

α(x) = φ(x)− �(x)−α0, β (y) = φ(y)+ �(y)−β0 (43.72)

and
c1 = d+ r(0)− �(0)+α0−β0

for some constants α0,β0 in H. Using (43.67) and (43.27) in (43.69) we have

f2(x,y) = β (x)− γ(y)+ a(x)+ a(y)+ 2q(x+ y)−q(x)−q(y)+ c2, (43.73)

where γ(y) = ψ(y)− γ0 and

c2 = r(0)− �(0)+β0− γ0.

Similarly, letting (43.67) and (43.27) in (43.70) we obtain

f3(x,y) = γ(x)−α(y)+ a(x)+ a(y)+ 2q(x+ y)−q(x)−q(y)+ c2, (43.74)

where

c3 = r(0)− �(0)+ γ0−α0.

Now inserting (43.65), (43.71), (43.73) and (43.74) into the functional equation
(43.3), we see that

3r(0)−3�(0)+ d = c1 + c2 + c3.
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Replacing the constant 3r(0)− 3�(0)+ d by c1 + c2 + c3 in (43.65) we have the
asserted solution (43.17)–(43.20). Now the proof of the theorem is complete.

The following remark is in order.

Remark 43.1. The general solution (43.17)–(43.20) of the functional equation
(43.3) can also be represented as follows:

f (x) = 2a(x)+ 2b(x,x)+ c1+ c2 + c3,

f1(x,y) = α(x)−β (y)+ a(x)+ a(y)+ b(x,x)+ 4b(x,y)+b(y,y)+ c1,

f2(x,y) = β (x)− γ(y)+ a(x)+ a(y)+ b(x,x)+ 4b(x,y)+b(y,y)+ c2,

f3(x,y) = γ(x)−α(y)+ a(x)+ a(y)+ b(x,x)+ 4b(x,y)+ b(y,y)+ c3,

where α,β ,γ,c1,c2,c3 are as in Theorem 43.1 and b : G2 → H is a biadditive
function.

The following corollaries easily follow from Theorem 43.1.

Corollary 43.1. The continuous functions f1, f2, f3 : R2→R and f : R→R satisfy
the functional equation (43.3) for all x,y,z ∈ R if and only if

f (x) = 2ax+2bx2+ c1 + c2 + c3,

f1(x,y) = α(x)−β (y)+ ax+ay+bx2+4bxy+by2+ c1,

f2(x,y) = β (x)− γ(y)+ ax+ay+bx2+4bxy+by2+ c2,

f3(x,y) = γ(x)−α(y)+ ax+ay+bx2+4bxy+by2+ c3,

where α,β ,γ : R → R are arbitrary continuous functions, and a,b,c1,c2,c3 are
arbitrary real constants.

Corollary 43.2. Let G and H be abelian groups, and the division by 2 is uniquely
defined in H. The functions f : G2→H and g : G→H satisfy the functional equation

f (x1,x2)+ f (x2,x3)+ · · ·+ f (xn,x1) = g(x1 + x2 + · · ·+ xn) (43.75)

holding for all x1,x2, . . . ,xn ∈ G and n≥ 3 if and only if

g(x) = 2a(x)+ 2b(x,x)+ nc,

f (x,y) =

⎧⎪⎪⎨
⎪⎪⎩

α(x)−α(y)+ a(x)+ a(y)+ b(x,x)

+4b(x,y)+ b(y,y)+ c, if n = 3;

α(x)−α(y)+ a(x)+ a(y)+ c, if n > 3,

where α : G→ H is an arbitrary function, b : G2 → H is a biadditive function,
a : G→ H is an additive function, and c is an arbitrary element in H.
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Proof. Letting x4 = x5 = · · ·= xn = 0 in (43.75) we get

f (x1,x2) + f (x2,x3)+ f (x3,0)+ (n−4) f (0,0)

+ f (0,x1) = g
(

x1 + x2 + x3
)

(43.76)

for all x1,x2,x3 ∈ G. Define

h(x3,x1) = f (x3,0)+ f (0,x1)+ (n−4) f (0,0). (43.77)

Then (43.76) by (43.77) reduces to

f (x1,x2)+ f (x2,x3)+ h(x3,x1) = g
(

x1 + x2 + x3
)

(43.78)

for all x1,x2,x3 ∈ G. Now applying the Theorem 43.1 we have

g(x) = 2a(x)+ 2b(x,x)+ 3c (43.79)

and

f (x,y) = α(x)−α(y)+ a(x)+ a(y)+ b(x,x)+ 4b(x,y)+b(y,y)+ c, (43.80)

where c1 = c2 = c3 = c. If n = 3, then it is easy to check that (43.79) and (43.80)
are solution of (43.75) and we have the asserted solution for this case. If n > 3,
then again substituting (43.79) and (43.80) into (43.75) we obtain b(x,y) = 0 for all
x,y ∈ G. Hence, we have the asserted solution in this case.

Corollary 43.3. Let G and H be Abelian groups. Further, suppose G is uniquely n-
divisible and H is uniquely 2-divisible. Let x̄ = (x1 + x2 + · · ·+ xn)/n. The function
f : G2→ H satisfies the functional equation

f (x1,x2)+ f (x2,x3)+ · · ·+ f (xn,x1) = n f (x̄, x̄) (43.81)

holding for all x1,x2, . . . ,xn ∈ G and n≥ 3 if and only if

f (x,y) =

⎧⎪⎪⎨
⎪⎪⎩

α(x)−α(y)+ a(x)+ a(y)

+b(x,x)+ 4b(x,y)+ b(y,y)+ c, if n = 3;

α(x)−α(y)+ a(x)+ a(y)+ c, if n > 3,

where α : G→ H is an arbitrary function, b : G2 → H is a biadditive function,
a : G→ H is an additive function, and c is an arbitrary element in H.
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Chapter 44
Invariance in Some Families of Means
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Abstract A mean P is (M,N)-invariant if P(M,N) = P. In the same time, the
mean N is called complementary to M with respect to P. For the determination of
complementaries, three methods have been used: the direct calculation, the methods
of functional equations, and the series expansion of means. In the current paper,
we consider the method of series expansion of means to study the invariance in the
family of extended logarithmic means.
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44.1 Introduction

A mean is a function M : R2
+→ R+, with the property

min(a,b)≤M(a,b)≤max(a,b), ∀a,b > 0.

Each mean is reflexive, that is

M(a,a) = a, ∀a > 0.

This isalso used as the definition of M(a,a).
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A mean is symmetric if

M(b,a) = M(a,b), ∀a,b > 0;

it is strict if

[M(a,b)−a] [M(a,b)−b] �= 0, for a �= b.

A reflexive function M : R2
+ → R+ is called also a pre-mean (or a generalized

mean).
We shall refer here to the following families of means:

– the weighted power means Pp;λ , defined by

Pp;λ (a,b) = [λap +(1−λ )bp]1/p ,λ ∈ (0,1) , p �= 0;

– the weighted arithmetic means Aλ = P1;λ ;
– the weighted Lehmer means Cp;λ , defined by

Cp;λ (a,b) =
λap +(1−λ )bp

λ ap−1 +(1−λ )bp−1 , λ ∈ (0,1) ;

– the extended logarithmic means Lp defined by

Lp(a,b) =

(
1
p

ap−bp

lna− lnb

) 1
p

, p �= 0,a �= b.

The symmetric means Pp;1/2,A1/2 and Cp;1/2 are writen simply as Pp, A and
Cp, respectively. The special case L1 = L is the logarithmic mean, while the
limiting case

lim
p→0

Lp(a,b) = L0(a,b) =
√

ab = G (a,b),

is the geometric mean.
Given three functions M,N,P : R2

+ → R+, we can compose them, obtaining
a new function P(M,N) : R2

+→ R+, defined by

P(M,N)(a,b) = P(M(a,b),N(a,b)), ∀a,b > 0.

If M,N,P are means (pre-means) then P(M,N) is also a mean (pre-mean).

Definition 44.1. The function P is called (M,N)-invariant if it verifies

P(M,N) = P.

In the same case, the function N is called complementary to M with respect to P
(or P-complementary to M).

These properties are related to the following problem. Given two functions M,N :
R

2
+→ R+ and a0,b0 ∈ R+, we can define a (Gaussian) double sequence by:

an+1 = M(an,bn),bn+1 = N(an,bn), ∀n > 0. (44.1)
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If M,N are means which have some properties (for instance,one of them is
continuous and strict (see [13]), the sequences (an)n≥0 and (bn)n≥0 are convergent to
a common limit P(a0,b0). Moreover, P also defines a mean. K. F. Gauss was the first
author who related the problem of determination of the common limit of the double
sequences, to the invariance of the mean P with respect to (M,N), in the special
case in which M is the arithmetic mean while N is the geometric mean. A general
invariance principle was proved in [1]. It was generalized for pre-means in [15]:

Theorem 44.1. Let P be a continuous pre-mean and M and N be two functions such
that P is (M,N)-invariant. If the sequences (an)n≥0 and (bn)n≥0 defined by (44.1)
are convergent to a common limit l, then l = P(a0,b0).

As it is known from the above mentioned classical example of the arithmetic-
geometric mean of Gauss, the determination of a (M,N)-invariant mean P is a very
difficult problem (see [1]). That is why we study the (equivalent) problem of finding
a mean N which is complementary to M with respect to P. For the determination of
complementaries, three methods have been used: the direct calculation (see [14]),
the methods of functional equations (see [9]), and the series expansion of means
(see [8]). In the current paper, we use the method of series expansion of means.

Given a fixed mean M, we construct a family of means by taking for every
bijection f : R+→ R+, the mean M( f ) defined by

M( f )(a,b) = f−1(M( f (a), f (b))), ∀a,b > 0.

If we take M =Aλ , we get the family of weighted quasi-arithmetic means. A simpler
case is obtained by taking the sub-family given by f (x) = xp, thus

Mp(a,b) = [M(ap,bp)]1/p , ∀a,b > 0, p �= 0.

The family of weighted power means is of this type. In what follows we study the
problem of invariance for the class Lp which is also of this type with M = L .

44.2 Invariance in a Family of Means

Given a family Z of means, we can consider three problems of invariance:

– A first problem is that of the study of invariance of a given mean P with respect
to the family Z . This means the determination of all the pairs of means (M,N)
from Z such that P is (M,N)-invariant.

– A second problem is named invariance in the family Z . It consists in
determining all the triples of means (P,M,N) from Z such that P is
(M,N)-invariant.
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– A third type of problem was called as reproducing identities and assumes the
determination of quadruples of means (P,M,N,Q) from Z such that

P(M,N) = Q.

This problem has the trivial solution P(M,M) = M, the solutions of the invariance
problem P(M,N) = P, but it also can have other solutions.

Many problems of the first type were formulated as functional equations. The first
one was related to the invariance of arithmetic mean A with respect to the family
of quasi-arithmetic means A ( f ). It was solved in [11, 12] for analytic functions f
and in [9] for the second order continuously differentiable functions f . It was called
the Matkowski–Sutô problem (see [5]). Many other problems of this type were also
solved.

The first problem of the second type was solved in [8] for the family of symmetric
Lehmer means Cp, finding three solutions. The problem was studied in [4] for
the general case of weighted Lehmer means Cp;λ . Fifteen solutions were found,
including pre-means (for λ /∈ [0,1]). For the family of weighted power means
Pp;λ , the problem of invariance was solved in [3]. There are ten solutions, some
of them trivial or involve pre-means. To solve these last two problems, were used
the coefficients of the series development of the means up to the degree five. The
invariance in the class of weighted quasi-arithmetic means was solved in [7], while
that of generalized Beckenbach–Gini means in [10], using functional equations
methods.

The first reproducing identities problem was studied in [2] for the families of
Lehmer means and for that of power means.

44.3 Series Expansion of Means

For the study of some problems related to means, in [8] the power series expansion
of the normalized function M(1,1− t) is used. When it is impossible to determine
all the coefficients, a recurrence relation for the coefficients is very useful. Such a
formula was given by Euler (see [6]) in the following:

Theorem 44.2. If p is a real number and the function f has the Taylor series

f (x) =
∞

∑
n=0

an xn, [ f (x)]p =
∞

∑
n=0

bn xn,

then we have the recurrence relation

n

∑
k=0

[k(p+1)−n] ak bn−k = 0, n≥ 0.

We need the series expansion of the extended logarithmic mean.
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Theorem 44.3. The first coefficients of the series expansion of the extended
logarithmic mean Lp (with p �= 0) are

Lp(1,1− x) =1− 1
2

x+
p−3
24

x2 +
p−3
48

x3

− (p−5)
(
2p2 +5p−45

)
5760

x4

− 6p3−15p2−90p+315
11520

x5 + · · · .

Proof. Denote

Lp(1,1− x) =
∞

∑
n=0

hnxn =

(
1− (1− x)p

−p ln(1− x)

) 1
p

=

(
∞

∑
n=0

lnxn

) 1
p

.

This gives

1−
∞

∑
n=0

(−1)n
(

p
n

)
xn = p

(
∞

∑
n=0

lnxn

) (
∞

∑
n=1

xn

n

)
,

or

(−1)n

n+1

(
p−1

n

)
=

n

∑
k=0

ln−k

k+1
,

which allows the step by step determination of the coefficients ln,

l0 = 1, l1 =− p
2
, l2 =

p
12

(2p−3), l3 =− p
24

(p−2)2 ,

l4 =
p

720

(
6p3−45p2+110p−90

)
,

l5 =− p
1440

(p−4)2 (2p2−8p+9
)
, . . . .

Using Euler’s formula for ln and hn,

hn =
1
n

n

∑
k=1

[
k

(
1+

1
p

)
−n

]
lkhn−k,

we get the desired result. 	

Remark 44.1. For p = 0 we get the first coefficients of the series expansion of the
geometric mean G = L0.
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44.4 Complementaries with Respect to L p

Denote the Lp-complementary of the mean M by L (p)M. We establish the following
theorem.

Theorem 44.4. If the mean M has the series expansion

M(1,1− x) = 1+
∞

∑
n=1

αnxn,

then the first coefficients of the series expansion of L (p)M are

L (p)M(1,1− x) =1− (α1 +1)x+
1
3
[α1 (α1 +1)(3− p)−3α2]x

2

+
1

18

[
−2(p−3)2 α3

1 +3
(
5p−6− p2)α2

1 + p(3− p)α1

+12(3− p)α1α2−18α3 +6(3− p)α2

]
x3

+
1

540

[(
540−525p+180p2−19p3)α4

1

+
(
540−690p+300p2−38p3)α3

1

+ p
(−135+120p−21p2)α2

1 +2p
(
15− p2)α1

+180(3− p)α2
2 +30p(3− p)α2−180(3− p)2 α2

1 α2

−180(3− p)(2− p)α1α2 +360(3− p)α1α3

+180(3− p)α3−540α4

]
x4 + · · · .

Proof. Given the coefficients αn we deduce the coefficients an of Mp by Euler’s
formula:

an =
1
n

n

∑
k=1

[k (p+1)−n]αkan−k, n≥ 1.

Denoting L (p)M = N we have the condition Lp (M,N) = Lp, thus

Mp−N p

L p
p

= lnMp− lnN p.

For

N p(1,1− x) = 1+
∞

∑
n=1

bnxn,
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we have

∑∞
n=0 anxn−∑∞

n=0 bnxn

(∑∞
n=0 hnxn)p = ln

(
∞

∑
n=0

anxn

)
− ln

(
∞

∑
n=0

bnxn

)
.

Substituting

∑∞
n=0 anxn−∑∞

n=0 bnxn

(∑∞
n=0 hnxn)p =

∞

∑
n=0

cnxn,

and using the notations from the previous proof, we obtain

∞

∑
n=1

(an−bn)xn =

(
∞

∑
n=0

lnxn

)(
∞

∑
n=0

cnxn

)
,

thus

c0 = 0,c1 = a1−b1,cn = an−bn−
n−1

∑
k=1

lkcn−k, n > 1.

Differentiating the equality

∞

∑
n=1

cnxn = ln

(
∞

∑
n=0

anxn

)
− ln

(
∞

∑
n=0

bnxn

)
,

we deduce
∞

∑
n=1

ncnxn−1 =
∑∞

n=1 nanxn−1

∑∞
n=0 anxn − ∑∞

n=1 nbnxn−1

∑∞
n=0 bnxn ,

thus
(

∞

∑
n=0

anxn

)(
∞

∑
n=0

bnxn

)[
∞

∑
n=0

(n+1)cn+1xn

]

=

(
∞

∑
n=0

bnxn

)[
∞

∑
n=0

(n+1)an+1xn

]
−
(

∞

∑
n=0

anxn

)[
∞

∑
n=0

(n+1)bn+1xn

]
,

or

∞

∑
n=0

[
d0 (n+1)cn+1 +d1ncn + · · ·+dnc1

]
xn =

∞

∑
n=0

[b0 (n+1)an+1

+b1nan + · · ·+bna1−a0 (n+1)bn+1− a1nbn−·· ·− anb1]x
n,
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where dn = a0bn +a1bn−1+ · · ·+anb0. The equality of the coefficients of the same
power of x allows the step by step determination of bn. Given the coefficients bn we
deduce the coefficients βn of N again by Euler’s formula:

βn =
1
n

n

∑
k=1

[
k

(
1
p
+1

)
−n

]
bkβn−k, n≥ 1.

	

Remark 44.2. For p = 0 we obtain the first coefficients of the series expansion of

L (p)M =G M.

Theorem 44.5. The first terms of the series expansion of the Lp-complementary of
Lq are

L (p)Lq(1,1− x) =1− x
2
+(2p−q−3)

x2

48
(2+ x)

− [
22p3 −20(q+3) p2 +10

(
q2 +6q−42

)
p

−3
(
2q3 +5q2−70q−225

)] x4

17280
+ · · · .

Corollary 44.1. We have L (p)Lq = Lr if and only if p = 0,r =−q.

Proof. Equating the coefficients of x2 we get the condition: 2p = q + r. Then,
equating the coefficients of xk,k = 0,1, . . . ,5, we get the solution. 	

Remark 44.3. The problem of invariance in the class of extended logarithmic means
has the only solution L0 (Lq,L−q) = L0.
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Chapter 45
On a Hilbert-Type Integral Inequality

Bicheng Yang

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract By introducing some parameters and using the way of weight function, a
new Hilbert-type integral inequality with a combination kernel is given, which is a
best extension of Hilbert’s integral inequality. As applications, the equivalent form
is considered.

Keywords Hilbert’s integral inequality • Weight function • Parameter

Mathematics Subject Classification (2000): Primary 26D15

45.1 Introduction

If

0 <

∫ ∞

0
f 2(x)dx < ∞ and 0 <

∫ ∞

0
g2(x)dx < ∞,

then we have [1]:

∫ ∞

0

∫ ∞

0

f (x)g(y)
x+ y

dxdy < π
(∫ ∞

0
f 2(x)dx

∫ ∞

0
g2(x)dx

)1/2

, (45.1)

∫ ∞

0

∫ ∞

0

f (x)g(y)
max{x,y}dxdy < 4

(∫ ∞

0
f 2(x)dx

∫ ∞

0
g2(x)dx

)1/2

, (45.2)

where the constant factors π and 4 are all the best possible. We call (45.1)
Hilbert’s integral inequality. Both (45.1) and (45.2) are important in analysis and its
applications [1, 2]. In recent years, by using the way of weight function, a number

B. Yang (�)
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of extensions of (45.1) and (45.2) were given by Yang et al. [3–5]. In 2006, Li et al.
[6] gave the following inequality with a kernel relating (45.1) and (45.2):

∫ ∞

0

∫ ∞

0

f (x)g(y)
x+ y+max{x,y}dxdy < c

(∫ ∞

0
f 2(x)dx

∫ ∞

0
g2(x)dx

)1/2

, (45.3)

where the constant factor

c = 2
√

2arctan

(
1√
2

)

is the best possible. In 2007, Xie [7] gave a best extension of (45.3), and Guo [8]
gave a similar form of (45.3) as

∫ ∞

0

∫ ∞

0

f (x)g(y)dxdy

xλ + yλ +min{xλ ,yλ} < cλ

(∫ ∞

0
x1−λ f 2(x)dx

∫ ∞

0
x1−λ g2(x)dx

)1/2

,

with the best possible constant factor

cλ =
2
√

2
λ

arctan
√

2 (λ > 0).

In this paper, by using the way of weight function, we give a new Hilbert-type
integral inequality with the combination kernel of two classes of mean value as

1

(xλ +Byλ )+ 2A(xy)λ/2
(λ ,B > 0,A >−√B)

and a best constant factor, which is an extension of (45.1). As applications, the
equivalent form is obtained.

45.2 Some Lemmas

First, we prove some auxiliary lemmas.

Lemma 45.1. If λ > 0, B > 0 and A >−√B, then

kλ (A,B) : =
∫ ∞

0

1

uλ +B+2Auλ/2
uλ/2−1du

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2

λ
√

B−A2

(
π
2
− arctan

A√
B−A2

)
, −√B < A <

√
B;

2

λ
√

B
, A =

√
B;

2

λ
√

A2−B
ln

A+
√

A2−B√
B

, A >
√

B.
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Proof. Setting v = uλ/2, we find

kλ (A,B) =
2
λ

∫ ∞

0

1
v2 +2Av+B

dv

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

2

λ
√

B−A2

[
arctan

v+A√
B−A2

]∞

0
, −√B < A <

√
B;

−2

λ (v+
√

B)

∣∣∣∞
0
, A =

√
B;

1

λ
√

A2−B

[
ln

v+A−√A2−B

v+A+
√

A2−B

]∞

0

, A >
√

B.

Hence, we obtain the statement. ��
Lemma 45.2. Let p > 1, q > 1, λ ,B > 0, A > −√B, and 0 < ε < λ

2 min{p,q}.
Then

∫ 1

0

uλ/2+ε/q−1du

uλ +B+2Auλ/2
=
∫ 1

0

uλ/2−1du

uλ +B+2Auλ/2
+o1(1)(ε → 0+), (45.4)

∫ ∞

1

uλ/2−ε/p−1du

uλ +B+2Auλ/2
=
∫ ∞

1

uλ/2−1du

uλ +B+2Auλ/2
+o2(1)(ε → 0+), (45.5)

∫ 1

0

uλ/2−ε/p−1du

uλ +B+2Auλ/2
=

∫ 1

0

uλ/2−1du

uλ +B+2Auλ/2
+o3(1)(ε → 0+). (45.6)

Proof. Since A+
√

B > 0, there exists δ ∈ (0,1), such that A+
√

B(1− δ ) ≥ 0.
Now, it is enough to note that, in view of the assumption, for ε → 0+, we have

0 <

∫ 1

0

uλ/2−1du

uλ +B+2Auλ/2
−
∫ 1

0

uλ/2+ε/q−1du

uλ +B+2Auλ/2

≤
∫ 1

0

uλ/2−1(1−uε/q)du

2
√

Buλ/2 +2Auλ/2
≤ 1

2(
√

B+A)

(
2
λ
− 1

λ/2+ ε/q

)
→ 0,

0 <

∫ ∞

1

uλ/2−1du

uλ +B+2Auλ/2
−
∫ ∞

1

uλ/2−ε/p−1du

uλ +B+2Auλ/2

=
∫ ∞

1

uλ/2−1(1−u−ε/p)du

δuλ +[(1−δ )uλ +B]+ 2Auλ/2
≤
∫ ∞

1

uλ/2−1(1−u−ε/p)du

δuλ +2[
√

B(1− δ )+A]uλ/2

≤
∫ ∞

1

uλ/2−1(1−u−ε/p)du

δuλ =
1
δ

(
2
λ
− 1

λ/2+ ε/p

)
→ 0,
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0 <

∫ 1

0

uλ/2−ε/p−1du

uλ +B+2Auλ/2
−
∫ 1

0

uλ/2−1du

uλ +B+2Auλ/2

≤
∫ 1

0

uλ/2−1(u−ε/p−1)du

2
√

Buλ/2+2Auλ/2
≤ 1

2(
√

B+A)

(
1

λ/2− ε/p
− 2

λ

)
→ 0.

��

45.3 Main Results and Applications

Theorem 45.1. Let p > 1, 1/p+1/q= 1, λ ,B > 0, A >−√B, φr(x) = xr(1−λ/2)−1

(r = p,q), f ,g ≥ 0,

0 < ‖ f‖p,φp =

∫ ∞

0
xp(1−λ/2)−1 f p(x)dx < ∞

and

0 < ‖g‖q,φq =

∫ ∞

0
xq(1−λ/2)−1gq(x)dx < ∞.

Then we have the following two equivalent inequalities:

Iλ :=
∫ ∞

0
y(pλ )/2−1

[∫ ∞

0

f (x)dx

xλ +Byλ +2A(xy)λ/2

]p

dy < kp
λ (A,B)‖ f‖p

p,φp
, (45.7)

Jλ :=
∫ ∞

0

∫ ∞

0

f (x)g(y)

xλ +Byλ +2A(xy)λ/2
dxdy < kλ (A,B)‖ f‖p,φp‖g‖q,φq. (45.8)

Proof. Setting u = x/y, we find that

ϖλ (y) : =
∫ ∞

0

yλ/2xλ/2−1

xλ +Byλ +2A(xy)λ/2
dx = kλ (A,B), (45.9)

ωλ (x) : =
∫ ∞

0

xλ/2yλ/2−1

xλ +Byλ +2A(xy)λ/2
dy = kλ (A,B). (45.10)

By Hölder’s inequality with weight and (45.9), for y ∈ (0,∞), we obtain

[∫ ∞

0

f (x)dx

xλ +Byλ +2A(xy)λ/2

]p

=

{∫ ∞

0

1

xλ +Byλ +2A(xy)λ/2

[
x(1−λ/2)/q

y(1−λ/2)/p
f (x)

][
y(1−λ/2)/p

x(1−λ/2)/q

]
dx

}p
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≤
∫ ∞

0

x(1−λ/2)(p−1)yλ/2−1 f p(x)

xλ +Byλ +2A(xy)λ/2
dx

[∫ ∞

0

y(1−λ/2)(q−1)xλ/2−1

xλ +Byλ +2A(xy)λ/2
dx

]p−1

= kλ
p−1(A,B)y1−(pλ )/2

∫ ∞

0

x(1−λ/2)(p−1)yλ/2−1

xλ +Byλ +2A(xy)λ/2
f p(x)dx. (45.11)

By (45.11) and (45.10), in view of Fubini’s Theorem, it follows that

Iλ ≤ kp−1
λ (A,B)

∫ ∞

0

∫ ∞

0

x(1−λ/2)(p−1)yλ/2−1 f p(x)

xλ +Byλ +2A(xy)λ/2
dxdy

= kp−1
λ (A,B)

∫ ∞

0
ωλ (x)φp(x) f p(x)dx = kp

λ (A,B)‖ f‖p
p,φp

. (45.12)

If (45.11) takes the form of equality, then [8] for any y ∈ (0,∞), there exist non-
zero constants A and B, with Ax(1−λ/2)(p−1)yλ/2−1 f p(x) = By(1−λ/2)(q−1)xλ/2−1

a.e. in (0,∞). It follows

Axp(1−λ/2) f p(x) = Byq(1−λ/2), a.e. in (0,∞).

Hence

xp(1−λ/2)−1 f p(x) =
B
Ax

yq(1−λ/2)

a.e. in (0,∞), which contradicts

0 <

∫ ∞

0
xp(1−λ/2)−1 f p(x)dx < ∞.

Then (45.11) keeps the form of strict inequality; so does (45.12). Inequality (45.10)
is valid. By Hölder’s inequality, we find

Jλ =
∫ ∞

0

[∫ ∞

0

y−1/p+λ/2 f (x)dx

xλ +Byλ +2A(xy)λ/2

][
y1/p−λ/2g(y)

]
dy≤ I1/p

λ ‖g‖q,φq. (45.13)

In view of (45.7), we have (45.8). On the other hand, suppose that (45.8) is valid. We
find Iλ > 0, since ‖ f‖p,φp > 0. If Iλ = ∞, then (45.7) is not valid, since ‖ f‖p,φp <∞.
Hence, 0 < Iλ < ∞. Setting

g(y) := y(pλ )/2−1
[∫ ∞

0

f (x)dx

xλ +Byλ +2A(xy)λ/2

]p−1

, y ∈ (0,∞),
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by (45.8), we find

0 <

∫ ∞

0
yq(1−λ/2)−1gq(y)dy = Iλ = Jλ

< kλ (A)‖ f‖p,φp

{∫ ∞

0
yq(1−λ/2)−1gq(y)dy

}1/q

< ∞, (45.14)

Iλ =

∫ ∞

0
yq(1−λ/2)−1gq(y)dy < kp

λ (A)‖ f‖p
p,φp

. (45.15)

Thus, we have (45.7), which is equivalent to (45.8). ��
Theorem 45.2. All the constant factors in inequalities (45.7) and (45.8) of Theorem
45.1 are the best possible.

Proof. For 0 < 2ε < λ min{p,q} , we define fε ,gε by: fε (x) = gε(x) = 0 for each
x ∈ (0,1) and

fε (x) = xλ/2−ε/p−1, gε (x) = xλ/2−ε/q−1

for x∈ [1,∞). If there exists a constant 0< k≤ kλ (A,B) such that (45.8) is still valid
when we replace kλ (A,B) by k, then we have in particular

k = εk‖ fε‖p,φp‖gε‖q,φq > ε
∫ ∞

0

∫ ∞

0

fε (x)gε(y)dxdy

xλ +Byλ +2A(xy)λ/2

= ε
∫ ∞

1
xλ/2−ε/p−1

[∫ ∞

1

yλ/2−ε/q−1

xλ +Byλ +2A(xy)λ/2
dy

]
dx.

Setting u = x/y in the above integral, by Fubini’s Theorem, we obtain

k > ε
∫ ∞

1
x−ε−1

[∫ x

0

uλ/2+ε/q−1

uλ +B+2Auλ/2
du

]
dx

=

∫ 1

0

uλ/2+ε/q−1du

uλ +B+2Auλ/2
+ ε

∫ ∞

1
x−ε−1

[∫ x

1

uλ/2+ε/q−1du

uλ +B+2Auλ/2

]
dx

=

∫ 1

0

uλ/2+ε/q−1du

uλ +B+2Auλ/2
+ ε

∫ ∞

1

(
∫ ∞

u x−ε−1dx)uλ/2+ε/q−1

uλ +B+2Auλ/2
du

=
∫ 1

0

uλ/2+ε/q−1du

uλ +B+2Auλ/2
+
∫ ∞

1

uλ/2−ε/p−1

uλ +B+2Auλ/2
du.

For ε→ 0+, in view of (45.4) and (45.5), we find k≥ kλ (A,B). Hence, k = kλ (A,B)
is the best constant factor of (45.8). If the constant factor in (45.7) is not optimal,
then by (45.13), we get a contradiction that the constant factor in (45.8) is not
optimal. ��
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Remark 45.1. For p = q = 2,λ = B = 1 and A = 0 in (45.8), we have (45.1). For
B = 1,A = 1/2 in (45.8), we obtain a new inequality:

∫ ∞

0

∫ ∞

0

f (x)g(y)

xλ + yλ +(xy)λ/2
dxdy <

4
√

3
9λ

π‖ f‖p,φp‖g‖q,φq. (45.16)
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Chapter 46
An Extension of Hardy–Hilbert’s Inequality

Bicheng Yang

Dedicated to the memory of S.M. Ulam
on the 100th anniversary of his birth

Abstract By using the way of weight coefficient and the improved Euler–
Maclaurin’s summation formula, a new extension of Hardy–Hilbert’s inequality
with multi-parameter and a best constant factor is obtained, and the equivalent form
is considered.

Keywords Hardy–Hilbert’s inequality • Multi-parameter • Weight coefficient
• Equivalent form
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46.1 Introduction

In 1908, Weyl [1] published the well known Hilbert’s inequality:

∞

∑
n=1

∞

∑
m=1

ambn

m+n
< π

(
∞

∑
n=1

a2
n

∞

∑
n=1

b2
n

)1/2

, (46.1)

for real sequences {an}∞
n=1 and {bn}∞

n=1 with

0 <
∞

∑
n=1

a2
n < ∞,

0 <
∞

∑
n=1

b2
n < ∞,
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where the constant factor π is the best possible. In 1925, Hardy [2] gave the
following extension of (46.1) with a pair of conjugate exponents (p,q) (1/p+ 1/
q = 1):

∞

∑
n=1

∞

∑
m=1

ambn

m+n
<

π
sin(π/p)

(
∞

∑
n=1

ap
n

)1/p( ∞

∑
n=1

bq
n

)1/q

, (46.2)

for p > 1, an,bn ≥ 0, with

0 <
∞

∑
n=1

ap
n < ∞

and

0 <
∞

∑
n=1

bq
n < ∞,

where the constant factor π/sin(π/p) is the best possible. We give (46.2) the name
of Hardy–Hilbert’s inequality.

In 1934, Hardy et al. [3] gave some applications of (46.1) and (46.2); namely,
introducing a pair of non-conjugate exponents (p,q) in (46.1), Hardy et al. proved
that:

∞

∑
n=1

∞

∑
m=1

ambn

(m+n)λ ≤ K(p,q)

(
∞

∑
n=1

ap
n

)1/p( ∞

∑
n=1

bq
n

)1/q

, (46.3)

for p,q > 1, 1/p+1/q≥ 1, 0 < λ = 2− (1/p+1/q)≤ 1, where the constant factor
K(p,q) is optimal only for λ = 1. In 1951, Bonsall [4] considered (46.3) in the case
of general kernel. But the constants are not the best possible unless (p,q) is a pair
of conjugate exponents. In 1991, Mitrinovic et al. [5] summarized the above results.

In 1997–1998, by using the way of weight coefficient, Yang and Gao [6, 7] gave
a strengthened version of (46.2) as:

∞

∑
n=1

∞

∑
m=1

ambn

m+n
<

{
∞

∑
n=1

[
π

sin(π/p)
− 1− γ

n1/p

]
ap

n

}1/p

×
{

∞

∑
n=1

[
π

sin(π/p)
− 1− γ

n1/q

]
bq

n

}1/q

, (46.4)

where 1− γ = 0.42278433+ (γ is the Euler constant).
In 2001, Yang [8] gave an extension of (46.1) by using the way of weight

coefficient and the improved Euler–Maclaurin’s summation formula and introducing
an independent parameter 0 < λ ≤ 4 as follows

∞

∑
n=1

∞

∑
m=1

ambn

(m+n)λ < B

(
λ
2
,

λ
2

)( ∞

∑
n=1

n1−λ a2
n

∞

∑
n=1

n1−λ b2
n

)1/2

, (46.5)
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where the constant factor B(λ/2,λ/2) is the best possible (B(u,v) is the Beta
function). In 2004, Yang [9] published the dual form of (46.2) as follows:

∞

∑
n=1

∞

∑
m=1

ambn

m+n
<

π
sin(π/p)

(
∞

∑
n=1

np−2ap
n

)1/p( ∞

∑
n=1

nq−2bq
n

)1/q

, (46.6)

where π/sin(π/p) is the best possible constant. For p = q = 2, both (46.6) and
(46.2) reduce to (46.1). It means that there are two different best extensions of
(46.1). In 2005, Yang [10] gave an extension of (46.2) and (46.6) with two pairs
of conjugate exponents (p,q), (r,s) (p,r > 1) and two parameters α,λ > 0 (αλ ≤
min{r,s}) as

∞

∑
n=1

∞

∑
m=1

ambn

(mα +nα)λ < kαλ (r)

{
∞

∑
n=1

np(1−(αλ )/r)−1 ap
n

}1/p

×
{

∞

∑
n=1

nq(1−(αλ )/s)−1 bq
n

}1/q

, (46.7)

where the constant factor kαλ (r) = B(λ/r,λ/s)/α is the best possible. In particular,
for α = 1 and 0 < λ ≤min{r,s} , inequality (46.7) reduces to

∞

∑
n=1

∞

∑
m=1

ambn

(m+n)λ < B

(
λ
r
,

λ
s

){ ∞

∑
n=1

np(1−λ/r)−1 ap
n

}1/p

×
{

∞

∑
n=1

nq(1−λ/s)−1 bq
n

}1/q

. (46.8)

Remark 46.1. For λ = 1, r = q, s = p, (46.8) reduces to (46.2); for λ = 1, r = p,
s = q, (46.8) reduces to (46.6); for p = q = r = s = 2, (46.8) reduces to (46.5) only
for 0 < λ ≤ 2. But for 2 < λ ≤ 4, inequality (46.8) is not an extension of (46.5).

In this paper, by using the way of weight coefficient and the improved Euler–
Maclaurin’s summation formula as in [8, 10], we obtain inequality (46.8) with the
extended parameter 0 < λ ≤ 2min{r,s}, which is a best extension of (46.5) in the
case 0 < λ ≤ 4. The equivalent form is considered.

46.2 Some Lemmas

Lemma 46.1 (the improved Euler-Maclaurin’s summation formula, cf. [11]).

1. If f (x) ∈C1[1,∞), then we have

∞

∑
k=1

f (k) =
∫ ∞

1
f (x)dx+

1
2

f (1)+
∫ ∞

1
P1(x) f ′(x)dx, (46.9)
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where P1(x) = x− [x]−1/2 is the Bernoulli function of the 1st order.

2. If g(x) ∈C2[1,∞), then

∫ ∞

1
P1(x)g(x)dx =− 1

12
g(1)+

1
6

∫ ∞

1
P3(x)g

′′(x)dx, (46.10)

where P3(x) is the Bernoulli function of the 3rd order.

3. If G ∈C3[1,∞), (−1)iG(i)(x)> 0, and G(i)(∞) = 0 (i = 0,1,2,3), then

− 1
12

G(1) <
∫ ∞

1
P1(x)G(x)dx < 0

<
∫ ∞

1
P3(x)G(x)dx <

1
120

G(1). (46.11)

Lemma 46.2. If r > 1,

1
r
+

1
s
= 1,

and

0 < λ ≤ 2min{r,s},
then setting the weigh coefficient ϖλ (s,m) as

ϖλ (s,m) :=
∞

∑
n=1

mλ/r

(m+n)λ n1−λ/s
(m ∈ N) (46.12)

(N is the set of positive integer numbers), we have

B

(
λ
r
,

λ
s

)
[1−θλ (r,m)] = ϖλ (s,m)< B

(
λ
r
,

λ
s

)
, (46.13)

where

θλ (r,m) := 1− 1
B(λ/r,λ/s)

ϖλ (s,m) = O

(
1

mλ/s

)
(m→ ∞).

Proof. For fixed s > 1, m ∈N and λ ∈ (0, 2min{r,s}), set

f (x) :=
1

(m+ x)λ x1−λ/s
, (x ∈ (0,∞)).
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Then by (46.9), it follows that

ϖλ (s,m) = mλ/r
∞

∑
n=1

f (n)

= mλ/r
[∫ ∞

1
f (x)dx+

1
2

f (1)+
∫ ∞

1
P1(x) f ′(x)dx

]

= mλ/r
∫ ∞

0
f (x)dx−mλ/rρλ (s,m), (46.14)

and

ρλ (s,m) :=
∫ 1

0
f (x)dx− 1

2
f (1)−

∫ ∞

1
P1(x) f ′(x)dx. (46.15)

We find f (1) = (m+1)−λ and, integrating by parts,

∫ 1

0
f (x)dx =

s
λ

∫ 1

0

dxλ/s

(m+ x)λ

=
s

λ (m+1)λ + s
∫ 1

0

xλ/sdx

(m+ x)λ+1

=
s

λ (m+1)λ +
s2

s+λ

∫ 1

0

dxλ/s+1

(m+ x)λ+1

=
s

λ (m+1)λ +
s2

(s+λ )(m+1)λ+1

+
s2(λ +1)
(s+λ )

∫ 1

0

xλ/s+1dx

(m+ x)λ+2
,

whence

∫ 1

0
f (x)dx >

s

λ (m+1)λ +
s2

(s+λ )(m+1)λ+1

+
s3(λ +1)

(s+λ )(2s+λ )(m+1)λ+2

≥ s

λ (m+1)λ +
s

3(m+1)λ+1
+

s(λ +1)

12(m+1)λ+2
,
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f ′(x) =
−λ

(m+ x)λ+1x1−λ/s
− (1−λ/s)

(m+ x)λ x2−λ/s

=
−(1+λ/r)

(m+ x)λ x2−λ/s
+

mλ
(m+ x)λ+1x2−λ/s

.

Since
0 < λ ≤ 2min{r,s} ≤ 4,

by (46.10) and (46.11), we find

−
∫ ∞

1
P1(x) f ′(x)dx =

∫ ∞

1
P1(x)

(1+λ/r)dx

(m+ x)λ x2−λ/s

−
∫ ∞

1
P1(x)

mλ dx

(m+ x)λ+1x2−λ/s

>
−(1+λ/r)

12(m+1)λ +
mλ

12(m+1)λ+1

−mλ
6

∫ ∞

1
P3(x)

[
1

(m+ x)λ+1x2−λ/s

]′′
dx

>
−(1+λ/r)

12(m+1)λ +
(m+1)λ −λ
12(m+1)λ+1

−4(m+1)
720

[
(λ +1)(λ +2)

(m+1)λ+3

+
2(λ +1)(2s−λ )

s(m+1)λ+2
+

(2s−λ )(3s−λ )
s2(m+1)λ+1

]

≥
(−1

12
+

λ
12s

)
1

(m+1)λ −
λ

12(m+1)λ+1

− 1
180

[
6(λ +1)

(m+1)λ+2
+

20s

(m+1)λ+1
+

6

(m+1)λ

]
. (46.16)

Hence, by (46.15), it follows

ρλ (s,m) >

(
s
λ
− 37

60
+

λ
12s

)
1

(m+1)λ

+

(
2s
9
− λ

12

)
1

(m+1)λ+1
+

(
s

12
− 1

30

)
(λ +1)

(m+1)λ+2
. (46.17)
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Since for λ ≤ 2s and s > 1,

(
2s
9
− λ

12

)
≥
(

2s
9
− 2s

12

)
=

s
18

> 0,
s

12
− 1

30
>

1
12
− 1

30
> 0,

setting h(λ ) := 5λ 2−37sλ +60s2, by (46.17), we find

ρλ (s,m) >
h(λ )
60λ s

1

(m+1)λ .

Next, since h′(λ ) := 10λ − 37s ≤ 20s− 37s < 0, we get h(λ ) ≥ h(2s) = 6s2 > 0
and ρλ (s,m) > 0. Setting u = x/m, we obtain

mλ/r
∫ ∞

0
f (x)dx =

∫ ∞

0

1

(u+1)λ uλ/s−1du = B

(
λ
r

λ
s

)
. (46.18)

Consequently, by (46.14), we have

ϖλ (s,m)< B

(
λ
r
,

λ
s

)
.

Since

∫ 1

0
f (x)dx =

∫ 1

0

dx

(m+ x)λ x1−λ/s
≤
∫ 1

0

dx

mλ x1−λ/s
=

s

λmλ ,

and, by (46.16) and (46.11),

−
∫ ∞

1
P1(x) f ′(x)dx =

(
1+

λ
r

)∫ ∞

1
P1(x)

dx

(m+ x)λ x2−λ/s

−mλ
∫ ∞

1
P1(x)

dx

(m+ x)λ+1x2−λ/s
<

mλ
12(m+1)λ+1

,

so, by (46.15), it follows

0 < mλ/rρλ (s,m) < mλ/r
[

s

λ mλ −
1

2(m+1)λ +
mλ

12(m+1)λ+1

]

< mλ/r
[

s

λ mλ +
mλ

12mλ+1

]
=

(
s
λ
+

λ
12

)
1

mλ/s
.

Hence, by (46.14) and (46.18), we have

θλ (r,m) = 1− ϖλ (s,m)

B(λ/r,λ/s)
=

1
B(λ/r,λ/s)

mλ/rρλ (s,m) = O

(
1

mλ/s

)
.

��
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Lemma 46.3. If p, r > 1, 1/p+1/q= 1, 1/r+1/s = 1, 0 < λ ≤ 2min{r,s} , and
0 < ε < (qλ )/s, then

∞

∑
n=1

mλ/r+ε/qnλ/s−ε/q−1

(m+n)λ = B

(
λ
r
+

ε
q
,

λ
s
− ε

q

)[
1−O

(
1

mλ/s−ε/q

)]

(m→ ∞). (46.19)

Proof. Let (r′,s′) be such that

1
r′

=
1
r
+

ε
qλ

> 0,
1
s′
=

1
s
− ε

qλ
> 0.

Then 1/r′+1/s′ = 1 and r′ > 1. Hence by (46.12) and (46.13),

∞

∑
n=1

mλ/r+ε/q nλ/s−ε/q−1

(m+n)λ = ϖλ (r
′,m) = B

(
λ
r′
,

λ
s′

)
[1−θλ (r

′,m)]

= B

(
λ
r
+

ε
q
,

λ
s
− ε

q

)
[1−θλ(r

′,m)],

where

θλ (r
′,m) = O

(
1

mλ/s′

)
= O

(
1

mλ/s−ε/q

)
(m→ ∞).

Consequently, (46.19) is valid. ��

46.3 Main Result and the Equivalent Form

Theorem 46.1. Let p,r > 1, 1/p+ 1/q = 1, 1/r+ 1/s = 1, 0 < λ ≤ 2min{r,s},
an,bn ≥ 0, and

0 <
∞

∑
n=1

np(1−λ/r)−1ap
n < ∞, 0 <

∞

∑
n=1

nq(1−λ/s)−1bq
n < ∞.

Then inequality (46.8) is valid, which is equivalent to

J :=
∞

∑
n=1

n(pλ )/s−1

[
∞

∑
m=1

am

(m+n)λ

]p

<

[
B

(
λ
r
,

λ
s

)]p ∞

∑
n=1

np(1−λ/r)−1 ap
n , (46.20)

where the constant factors B(λ/r,λ/s) and [B(λ/r,λ/s)]p are the best possible.
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Proof. By the symmetric property, it is obvious that ϖλ (r,n) < B(λ/r,λ/s). By
Hölder’s inequality [12], we find

[
∞

∑
m=1

am

(m+n)λ

]p

=

{
∞

∑
m=1

am

(m+n)λ
m(1−λ/r)/q

n(1−λ/s)/p

n(1−λ/s)/p

m(1−λ/r)/q

}p

≤
[

∞

∑
m=1

1

(m+n)λ
m[(1−λ/r)p]/q

n1−λ/s
ap

m

]

×
[

∞

∑
m=1

1

(m+n)λ
n[(1−λ/s)q]/p

m1−λ/r

]p−1

= ϖ p−1
λ (r,n)n1−(pλ )/s

∞

∑
m=1

1

(m+n)λ
m[(1−λ/r)p]/q

n1−λ/s
ap

m

≤
[

B

(
λ
r
,

λ
s

)]p−1

n1−(pλ )/s
∞

∑
m=1

1

(m+n)λ
m[(1−λ/r)p]/q

n1−λ/s
ap

m.

Hence, by (46.13), we obtain

J =
∞

∑
n=1

n(pλ )/s−1

[
∞

∑
m=1

am

(m+n)λ

]p

≤
[

B

(
λ
r
,

λ
s

)]p−1 ∞

∑
n=1

∞

∑
m=1

1

(m+n)λ
m[(1−λ/r)p]/q

n1−λ/s
ap

m

=

[
B

(
λ
r
,

λ
s

)]p−1 ∞

∑
m=1

ϖλ (s,m)mp(1−λ/r)−1 ap
m

<

[
B

(
λ
r
,

λ
s

)]p ∞

∑
m=1

mp(1−λ/r)−1 ap
m. (46.21)

Therefore, (46.20) is valid. By Hölder’s inequality, we find

∞

∑
n=1

∞

∑
m=1

ambn

(m+n)λ =
∞

∑
n=1

[
nλ/s−1/p

∞

∑
m=1

am

(m+n)λ

]
n−λ/s+1/p bn

≤ J1/p

{
∞

∑
n=1

nq(1−λ/s)−1 bq
n

}1/q

. (46.22)

So, by (46.20), we have (46.8).
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On the other-hand, suppose (46.8) is valid. Setting

bn := n(pλ )/s−1

[
∞

∑
m=1

am

(m+n)λ

]p−1

, (n ∈ N),

we get
∞

∑
n=1

nq(1−λ/s)−1 bq
n = J.

By (46.21), we deduce that J < ∞. If J = 0, then (46.20) is naturally valid; if 0 <
J < ∞, then by (46.8), we find

∞

∑
n=1

nq(1−λ/s)−1 bq
n = J =

∞

∑
n=1

∞

∑
m=1

ambn

(m+n)λ

< B

(
λ
r
,

λ
s

){ ∞

∑
n=1

np(1−λ/r)−1 ap
n

}1/p{ ∞

∑
n=1

nq(1−λ/s)−1 bq
n

}1/q

,

and

{
∞

∑
n=1

nq(1−λ/s)−1 bq
n

}1/p

= J1/p < B

(
λ
r
,

λ
s

){ ∞

∑
n=1

np(1−λ/r)−1 ap
n

}1/p

,

and then (46.20) is valid, which is equivalent to (46.8).
For 0 < ε < (qλ )/s, we set

ã =
{

ãn

}∞

n=1
, b̃ =

{
b̃n

}∞

n=1

where ãn = nλ/r−ε/p−1 and b̃n = nλ/s−ε/q−1 for n ∈ N. If there exists a constant

0 < k ≤ B

(
λ
r
,

λ
s

)

such that (46.8) is still valid when we replace B(λ/r,λ/s) by k, then we find

Ĩ :=
∞

∑
n=1

∞

∑
m=1

ãmb̃n

(m+n)λ

< k

{
∞

∑
n=1

np(1−λ/r)−1 ãp
n

}1/p{ ∞

∑
n=1

nq(1−λ/s)−1 b̃q
n

}1/q

= k
∞

∑
n=1

1
n1+ε ,
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and

Ĩ =
∞

∑
n=1

[
∞

∑
m=1

1

(m+n)λ mλ/r−ε/p−1

]
nλ/s−ε/q−1

=
∞

∑
m=1

1
m1+ε

∞

∑
n=1

mλ/r+ε/q

(m+n)λ nλ/s−ε/q−1.

Write

B̂ := B(λ/r+ ε/q,λ/s− ε/q).

Then, by (46.19) and the above inequalities, it follows that

k
∞

∑
n=1

1
n1+ε > Ĩ = B̂

∞

∑
m=1

1
m1+ε [1−θλ(r

′,m)]

= B̂

[
∞

∑
m=1

1
m1+ε −

∞

∑
m=1

1
m1+ε θλ (r

′,m)

]

= B̂
∞

∑
n=1

1
n1+ε

⎡
⎣1−

(
∞

∑
m=1

1
m1+ε

)−1 ∞

∑
m=1

1
m1+ε O

(
1

mλ/s−ε/q

)⎤
⎦,

whence

k > B̂

⎡
⎣1−

(
∞

∑
m=1

1
m1+ε

)−1 ∞

∑
m=1

1
m1+ε O

(
1

mλ/s−ε/q

)⎤
⎦.

Therefore, k ≥ B(λ/r,λ/s) (ε → 0+), and k = B(λ/r,λ/s) is the best value of
(46.8). Note that [B(λ/r,λ/s)]p is the best value of (46.20), because otherwise
we get a contradiction by (46.22) that the constant factor in (46.8) is not the best
possible. ��
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Abstract By using the way of weight function, a new integral inequality with
certain parameters and a best constant factor is proved which provides a relation
of Hilbert’s integral inequality and a basic Hilbert-type integral inequality. Both the
equivalent form as well as the reverse form are considered.

Keywords Basic Hilbert-type integral inequality • Parameter • Weight function
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47.1 Introduction

If

0 <
∫ ∞

0
f 2(x)dx < ∞, 0 <

∫ ∞

0
g2(x)dx < ∞

and f ,g ≥ 0, then we have [2, 8]:

∫ ∞

0

∫ ∞

0

f (x)g(y)
x+ y

dxdy < π
{∫ ∞

0
f 2(x)dx

∫ ∞

0
g2(x)dx

}1/2

, (47.1)

∫ ∞

0

∫ ∞

0

| ln(x/y)| f (x)g(y)
x+ y

dxdy < c0

{∫ ∞

0
f 2(x)dx

∫ ∞

0
g2(x)dx

}1/2

, (47.2)
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where the constant factors π and c0(= ∑∞
k=1(8(−1)k−1)/(2k− 1)2 = 7.3277+) are

the best possible. Inequality (47.1) is thewell known Hilbert’s integral inequality
and (47.2) is the basic Hilbert-type inequality. In 2005, Hardy–Riesz gave a best
extension of (47.1) by introducing (p,q)-parameter (p > 1, 1/p+1/q= 1) as [1]

∫ ∞

0

∫ ∞

0

f (x)g(y)
x+ y

dxdy <
π

sin(π/p)

{∫ ∞

0
f p(x)dx

}1/p{∫ ∞

0
gq(x)dx

}1/q

. (47.3)

Inequality (47.3) is named Hardy-Hilbert’s integral inequality, which is important
in analysis and its applications [5]. In 1998, Yang gave a best extension of (47.1) by
introducing an independent parameter λ > 0 as [6, 7]

∫ ∞

0

∫ ∞

0

f (x)g(y)

(x+ y)λ dxdy

< B

(
λ
2
,

λ
2

){∫ ∞

0
x1−λ f 2(x)dx

∫ ∞

0
x1−λ g2(x)dx

}1/2

, (47.4)

where the Beta function B(u,v) is defined by [9]:

B(u,v) :=
∫ ∞

0

1
(1+ t)u+v tu−1dt (u,v > 0). (47.5)

In recent years, by introducing two pairs of conjugate exponents and an independent
parameter, Yang et al. [10,11] proved the following two different best extensions of
(47.1) and (47.3):

∫ ∞

0

∫ ∞

0

f (x)g(y)

xλ + yλ dxdy <
π

λ sin(π/r)
‖ f‖p,φ‖g‖q,ψ , (47.6)

∫ ∞

0

∫ ∞

0

f (x)g(y)

(x+ y)λ dxdy < B

(
λ
r
,

λ
s

)
‖ f‖p,φ‖g‖q,ψ (47.7)

for p,r > 1, 1/p+1/q= 1, 1/r+1/s = 1, λ > 0,

φ(x) = xp(1−λ/r)−1,

ψ(x) = xq(1−λ/s)−1,

f ,g ≥ 0, and

0 < ‖ f‖p,φ :=

{∫ ∞

0
xp(1−λ/r)−1 f p(x)dx

}1/p

< ∞,

0 < ‖g‖q,ψ :=

{∫ ∞

0
xq(1−λ/s)−1gq(x)dx

}1/q

< ∞.

Yang [12] also considered the reverse of (47.6) and (47.7).
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In this paper, by using the way of weight function and some basic real analysis,
a new integral inequality with the homogeneous kernel of −λ degree

kλ (x,y) =
| ln(x/y)|β

(x+ y)λ−α(min{x,y})α

with λ > 0, α < λ min{1/r,1/s}, β > −1, is given, which is a relation between
Hilbert’s integral inequality and the basic Hilbert-type inequality (47.2). The
equivalent form and the reverse forms are considered. All the new inequalities
possess the best constant factors.

47.2 Three Lemmas

We introduce the following Gamma function [9]:

Γ (s) =
∫ ∞

0
e−t ts−1dt (s > 0). (47.8)

Lemma 47.1. For a,b > 0, it follows

∫ 1

0
xa−1(− lnx)b−1dx =

1
ab Γ (b) =

∫ ∞

1
y−a−1(lny)b−1dy. (47.9)

Proof. Setting x = e−t/a in the first integral of (47.9), by calculation and (47.8), we
obtain the first equality of (47.9). Setting y = 1/x in the first integral of (47.9), we
obtain the second equality of (47.9). ��
Lemma 47.2. If r > 1, 1/r+ 1/s = 1, λ > 0, α < λ min{1/r,1/s} and β > −1.
Define the weight functions ϖλ (s,x) by

ϖλ (s,x) := xλ/r
∫ ∞

0

| ln(x/y)|β yλ/s−1

(x+ y)λ−α(min{x,y})α dy (x ∈ (0,∞)). (47.10)

Then

ϖλ (s,x) = kλ (r) :=
∫ ∞

0

| lnu|β uλ/r−1

(u+1)λ−α(min{u,1})α du, (47.11)

where kλ (r) is a positive number and

kλ (r) = Γ (β +1)
∞

∑
k=0

(
α−λ

k

)

×
[

1

(k+λ/r−α)β+1
+

1

(k+λ/s−α)β+1

]
. (47.12)
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Proof. Setting u= x/y in (47.10), by simplification, we get (47.11). Next, by (47.11)
and (47.9),

0 < kλ (r) =
∫ 1

0

(− lnu)β uλ/r−α−1

(u+1)λ−α du+
∫ ∞

1

(lnu)β uλ/r−1

(u+1)λ−α du

≤
∫ 1

0
(− lnu)(β+1)−1uλ/r−α−1du

+
∫ ∞

1
(lnu)(β+1)−1u−(λ/s−α)−1du

=

[(
r

λ − rα

)β+1

+

(
s

λ − sα

)β+1
]

Γ (β +1)< ∞.

Hence, kλ (r) is a positive number. Using a property of power series, we find

kλ (r) =
∫ 1

0

(− lnu)β uλ/r−α−1

(u+1)λ−α du

+

∫ ∞

1

(lnu)β u−λ/s+α−1

(1+u−1)λ−α du

=

∫ 1

0

∞

∑
k=0

(
α−λ

k

)
(− lnu)β uλ/r−α+k−1du

+
∫ ∞

1

∞

∑
k=0

(
α−λ

k

)
(lnu)β u−λ/s+α−k−1du

=
∞

∑
k=0

(
α−λ

k

)[∫ 1

0
(− lnu)β uλ/r−α+k−1du

+
∫ ∞

1
(lnu)β u−(λ/s−α+k)−1du

]
.

Then in view of (47.9), we have (47.13). ��
Lemma 47.3. Let p > 0 (p �= 1), r > 1, 1/p+ 1/q = 1, 1/r + 1/s = 1, λ > 0,
α < λ min{1/r,1/s}, β >−1 and n ∈ N, n > r/(|q|λ ). Then for n→ ∞, one has

In : =
1
n

∫ ∞

1

∫ ∞

1

| ln(x/y)|β xλ/r−1/(np)−1yλ/s−1/(nq)−1

(x+ y)λ−α(min{x,y})α dxdy

= kλ (r)+ o(1). (47.13)
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Proof. Setting u = y/x, by Fubini’s theorem [3], we obtain

In =
1
n

∫ ∞

1

[∫ ∞

1

| ln(x/y)|β xλ/r−1/(np)−1yλ/s−1/(nq)−1

(x+ y)λ−α(min{x,y})α dx

]
dy

=
1
n

∫ ∞

1
y−1/n−1

[∫ y

0

| lnu|β uλ/s+1/(np)−1

(1+u)λ−α(min{1,u})α du

]
dy

=
1
n

∫ ∞

1
y−1/n−1

[∫ 1

0

(− lnu)β uλ/s+1/(np)−1

(1+u)λ−αuα du

+

∫ y

1

(lnu)β uλ/s+1/(np)−1

(1+u)λ−α du

]
dy

=
∫ 1

0

(− lnu)β uλ/s+1/(np)−1

(1+u)λ−αuα du

+
1
n

∫ ∞

1
y−1/n−1

[∫ y

1

(lnu)β uλ/s+1/(np)−1

(1+u)λ−α du

]
dy

=
∫ 1

0

(− lnu)β uλ/s+1/(np)−1

(1+u)λ−αuα du

+
1
n

∫ ∞

1

(∫ ∞

u
y−1/n−1dy

)
(lnu)β uλ/s+1/(np)−1

(1+u)λ−α du

=

∫ 1

0

(− lnu)β uλ/s−α+1/(np)−1

(1+u)λ−α du

+
∫ ∞

1

(lnu)β uλ/s−1/(nq)−1

(1+u)λ−α du. (47.14)

(i) If p > 0 (p �= 1) and q > 0, by Levi’s theorem [3], we find

∫ 1

0

(− lnu)β uλ/s−α+1/(np)−1

(1+u)λ−α du =
∫ 1

0

(− lnu)β uλ/s−α−1

(1+u)λ−α du+o1(1),

∫ ∞

1

(lnu)β uλ/s−1/(nq)−1

(1+u)λ−α du =
∫ ∞

1

(lnu)β uλ/s−1

(1+u)λ−α du+o2(1) (n→ ∞).

(ii) If q < 0, take n0 ∈ N with

n0 >
r
|q|λ ,

1
s′
=

1
s
− 1

n0qλ
,

1
r′

=
1
r
+

1
n0qλ

.
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Then for n≥ n0 we have

∫ ∞

1

(lnu)β uλ/s−1/(nq)−1

(1+u)λ−α du≤
∫ ∞

1

(lnu)β uλ/s−1/(n0q)−1

(1+u)λ−α du≤ kλ (r
′),

and then by Lebesgue’s control convergence theorem, we find

∫ ∞

1

(lnu)β uλ/s−1/(nq)−1

(1+u)λ−α du =

∫ ∞

1

(lnu)β uλ/s−1

(1+u)λ−α du+o3(1) (n→ ∞).

Hence, by the above results and (47.14), we have (47.14). ��

47.3 Main Results

Theorem 47.1. Assume that p > 0, p �= 1, r > 1, 1/p+ 1/q = 1, 1/r + 1/s = 1,
λ > 0, α < λ min{1/r,1/s}, β > −1, φ(x) = xp(1−λ/r)−1, ψ(x) = xq(1−λ/s)−1 for
x ∈ (0,∞), f ,g ≥ 0, and

0 < ‖ f‖p,φ =

{∫ ∞

0
xp(1−λ/r)−1 f p(x)dx

}1/p

< ∞, 0 < ‖g‖q,ψ < ∞.

Then,

(i) for p > 1, one has the following inequality:

I :=
∫ ∞

0

∫ ∞

0

| ln(x/y)|β f (x)g(y)

(x+ y)λ−α(min{x,y})α dxdy < kλ (r)‖ f‖p,φ‖g‖q,ψ , (47.15)

where the constant factor kλ (r) expressed by (47.13) is the best possible;
(ii) for 0 < p < 1, the reverse of (47.15) holds with the best constant factor kλ (r).

Proof. (i) By Hólder’s inequality with weight [4], in view of (47.10), we find

I =
∫ ∞

0

∫ ∞

0

| ln(x/y)|β
(x+ y)λ−α(min{x,y})α

x(1−λ/r)/q

y(1−λ/s)/p
f (x)

y(1−λ/s)/p

x(1−λ/r)/q
g(y) dxdy

≤
{∫ ∞

0

∫ ∞

0

| ln(x/y)|β
(x+ y)λ−α(min{x,y})α

x(1−λ/r)(p−1)

y1−λ/s
f p(x)dxdy

}1/p
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×
{∫ ∞

0

∫ ∞

0

| ln(x/y)|β
(x+ y)λ−α(min{x,y})α

y(1−λ/s)(q−1)

x1−λ/r
gq(y)dxdy

}1/q

=

{∫ ∞

0
ϖλ (s,x)φ(x) f p(x)dx

}1/p{∫ ∞

0
ϖλ (r,y)ψ(y)gq(y)dy

}1/q

. (47.16)

We conform that (47.16) preserves the form of strict inequality. Otherwise, there
exist constants A and B, such that they are not all zero and [4]

A
x(1−λ/r)(p−1)

y1−λ/s
f p(x) = B

y(1−λ/s)(q−1)

x1−λ/r
gq(y) a.e. in (0,∞)× (0,∞).

It follows that Axp(1−λ/r) f p(x) = Byq(1−λ/s)gq(y) a.e. in (0,∞) × (0,∞).
If A �= 0, then there is y > 0, such that

xp(1−λ/r)−1 f p(x) = [Byq(1−λ/s)gq(y)]
1

Ax
a.e. in x ∈ (0,∞).

This contradicts the fact that 0 < ‖ f‖p,φ < ∞. So, by (47.11) and (47.13),
(47.15) is valid.

For n ∈ N, n > r/(|q|λ ), we set

fn(x) :=

{
0, 0 < x≤ 1;
xλ/r−1/(np)−1, x > 1,

gn(x) :=

{
0, 0 < x≤ 1;
xλ/r−1/(nq)−1, x > 1,

if there exists a constant factor 0 < k ≤ kλ (r), such that (47.15) is valid when
we replace kλ (r) by k. Then by (47.14), we have

kλ (r)+ o(1) = In =
1
n

∫ ∞

0

∫ ∞

0

| ln(x/y)|β fn(x)gn(y)

(x+ y)λ−α(min{x,y})α dxdy

<
1
n

k‖ fn‖p,φ‖gn‖q,ψ = k,

and kλ (r)≤ k (n→∞). Hence, k = kλ (r) is the best constant factor of (47.15).
(ii) For 0 < p < 1, by the reverse Hölder’s inequality with weight [4], in view of

(47.10), we find the reverse of (47.16), which still preserves the strict form.
Then by (47.11) and (47.13), we obtain the reverse of inequality (47.15). By
(47.14) and applying a similar technique to the one just used above one can
prove that the constant factor in the reverse inequality of (47.15) is still the best
possible. ��

Theorem 47.2. Assume that p > 0, p �= 1, r > 1, 1/p+ 1/q = 1, 1/r + 1/s = 1,
λ > 0, α < λ min{1/r,1/s}, β > −1, φ(x) = xp(1−λ/r)−1, ψ(x) = xq(1−λ/s)−1 for
every x ∈ (0,∞), f ≥ 0, and 0 < ‖ f‖p,φ < ∞. Then,
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(i) for p > 1, the following inequality is equivalent to (47.15):

J :=
∫ ∞

0
y(pλ )/s−1

[∫ ∞

0

| ln(x/y)|β f (x)dx

(x+ y)λ−α(min{x,y})α

]p

dy

< kp
λ (r)‖ f‖p

p,φ , (47.17)

where the constant factor kp
λ (r) is the best possible;

(ii) for 0 < p < 1, one has the reverse inequality of (47.18), which is equivalent to
the reverse of (47.15) with the best constant factor kp

λ (r).

Proof. (i) For p > 1, x > 0, setting a bounded measurable function as

[ f (x)]n := min{ f (x),n} =
{

f (x), f (x) < n;
n, f (x) ≥ n,

we get ∫ n

1/n
φ(x)[ f (x)]pn dx > 0 (n≥ n0),

for some n0 ∈ N, because ‖ f‖p,φ > 0. Setting g̃n(y) as

g̃n(y) := y(pλ )/s−1

[∫ n

1/n

| ln(x/y)|β
(x+ y)λ−α(min{x,y})α [ f (x)]ndx

]p−1

(47.18)

for y ∈ (1/n,n), n≥ n0, by (47.15), we find

0 <
∫ n

1/n
ψ(y)g̃ q

n (y)dy

=

∫ n

1/n
y(pλ )/s−1

[∫ n

1/n

| ln(x/y)|β [ f (x)]ndx

(x+ y)λ−α(min{x,y})α

]p

dy

=

∫ n

1/n

∫ n

1/n

| ln(x/y)|β [ f (x)]ng̃n(y)

(x+ y)λ−α(min{x,y})α dxdy

< kλ (r)

{∫ n

1/n
φ(x)[ f (x)]pn dx

}1/p{∫ n

1/n
ψ(y)g̃ q

n (y)dy

}1/q

< ∞; (47.19)

0 <

∫ n

1/n
ψ(y)g̃ q

n (y)dy < kp
λ (r)

∫ ∞

0
φ(x) f p(x)dx < ∞. (47.20)

It follows 0 < ‖g‖q,ψ < ∞. For n→∞, by (47.15), both (47.20) and (47.20) still
keep the forms of strict inequality. Hence, inequality (47.18) follows.
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On the other hand, suppose (47.18) is valid. By Hölder’s inequality, we
obtain

I =
∫ ∞

0
y−1/p+λ/s

∫ ∞

0

| ln(x/y)|β f (x)dx

(x+ y)λ−α(min{x,y})α y1/p−λ/sg(y)dy

≤ J1/p‖g‖q,ψ . (47.21)

In view of (47.18), inequality (47.15) follows, which is equivalent to (47.18).
We conform that the constant factor in (47.18) is the best possible. Otherwise,
we may get a contradiction by (47.21) that the constant factor in (47.15) is not
the best possible.

(ii) For 0 < p < 1, since ‖ f‖p,φ > 0, we conform that J > 0. If J = ∞, then the
reverse of (47.18) is naturally valid. Suppose 0 < J < ∞. Setting

g(y) := y(pλ )/s−1

[∫ ∞

0

| ln(x/y)|β
(x+ y)λ−α(max{x,y})α f (x)dx

]p−1

,

by the reverse of (47.15), we obtain

∞ > ‖g‖q
q,ψ = J = I > kλ (r)‖ f‖p,φ‖g‖q,ψ > 0

and

J1/p = ‖g‖q−1
q,ψ > kλ (r)‖ f‖p,φ .

Hence, we have the reverse of (47.18).
On the other hand, suppose the reverse of (47.18) is valid. By the reverse Hölder’s

inequality, we can get the reverse of (47.21). Hence, in view of the reverse of (47.18),
we obtain the reverse of (47.15), which is equivalent to the reverse of (47.18).
We conform that the constant factor in the reverse of (47.18) is the best possible.
Otherwise, we may get a contradiction by the reverse of (47.21) that the constant
factor in the reverse of (47.15) is not the best possible. ��
Remark 47.1. Setting α =β = 0 in (47.15), we have (47.7). For p= r = 2 in (47.15)
setting α = β = 0, λ = 1, we have (47.1); setting α = 0, β = λ = 1, we have (47.2).
Hence, inequality (47.15) is a relation between (47.1) and (47.2).
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