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PREFACE

This book is an introduction to one of the important as-
pects of Numerical Analysis, namely the approximate
solution of functional equations. We intend to show, by
a few brief examples, the different theoretical and practical
problems related to the numerical approximation of
boundary value problems. We have chosen for this the
approximate solution of certain linear elliptic partial
differential equations (the first two parts of the book) and
the approximate solution of a nonlinear elliptic differential
equation.

This book is not a systematic study of the subject, but
the methods developed here can be applied to large classes
of linear and nonlinear elliptic problems.

The book assumes that the reader’s knowledge of Anal-
ysis is comparable to what is taught in the first years of
graduate studies. This means a good knowledge of
Hilbert spaces, elements of measure theory and theory of
distributions. The subject matter of the book covers the
usual content of a first course on Numerical Analysis of
partial differential equations.

In this English version the concept of approximation of
a normed space has been weakened. In this way it becomes
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more general and easier to handle. Since the finite element
methods have been developed considerably in the last few
years, a new chapter describing briefly these methods
has been added.



APPROXIMATE SOLUTION
OF FUNCTIONAL EQUATIONS:
GENERAL REMARKS

Every problem of mathematical physics leads naturally to
solving one or more functional equations that we write in
simplified form:

(0.1) Lu=f,

where &/ is an operator from some space X into some
space Y, fis given in Y, and u is the desired solution in X
(examples: ordinary and partial differential equations and
integral equations).

Generally speaking, it is not possible to determine the
solution of (0.1) explicitly, or its explicit form may be so
complicated that it is useless, so one is interested in the
approximate solution of the equation. Now the idea is to
replace the spaces X and Y by ‘simpler’ spaces X, and
Y,, and to associate with Equation (0.1) a family of ap-
proximate equations (where 4 is a parameter):

0.2) ALyu,=fy,

where &7, approximates &7, f,€Y, approximates f and
u,€ X, approximates u (at least, that is what we would like).
The problems that arise are the following:
(1) Study of the exact equation. We have to study ex-
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istence and uniqueness of the solutions of (0.1). In the
most favourable case, the equation has a unique solution.
In case the equation has several solutions, we have to
characterize the solution that we want to approximate,
which is in general difficult.

(2) Study of the approximate equations. After the prob-
lems (0.2) have been suitably formulated, we have to study
existence and uniqueness of the solutions of (0.2). Next
we must develop algorithms for actually solving (0.2), be-
cause these equations are not altogether trivial (for example
systems of linear or nonlinear algebraic equations).

(3) Study of stability and convergence. These questions
are fundamental for applications. In the case of stability,
the point is to ensure that the approximate solutions u,
stay bounded in a certain sense; for convergence the point
to prove is that the u, converge in a suitable sense to the
solution u of (0.1).

The stability problem is trivial for the elliptic equations
studied in the sequel, but such is not always the case.

(4) Other problems. We still must add the problem of
computing the error, that is the computation of the error
between # and u, for fixed A. Then, there occur practical
problems, which are also important, but more related to
the use of computers, such as computation time, required
memory space, etc.

We are now going to work out the above program for
some types of equations.



PART I

APPROXIMATE SOLUTION OF
LINEAR ELLIPTIC EQUATIONS

This part and Part II, in which the ‘theory’ and the ex-
amples respectively are developed, should be read at the
same time. Suitable references in Part I indicate the chap-
ters of Part II that contain the corresponding examples.



CHAPTER 1

THE PROJECTION THEOREM

In this chapter we prove a very simple theorem, known as
the projection theorem or Lax-Milgram theorem. It im-
plies existence and uniqueness of ‘weak’ solutions for
certain classes of linear elliptic problems. In Part II, two
applications are developed (cf. Chapter 7; Sections 11.1
and 12.1).

1.1. Statement

Let a real Hilbert space ¥V be given, with scalar product
denoted by ((.,.)) and with associated norm |. ||. The dual
Hilbert space of V is denoted by V', with norm |.||,. If
le V' and ueV, then we denote the scalar product between
landuwithrespectto the duality between ¥and V' by {/, u).

We also consider a bilinear continuous form a(u, v) on
V'x V, and we suppose that it satisfies the following con-
dition:

(1.1) Jx¢>0 suchthat a(u,u)>alull>, VueV.

Condition (1.1) is called coercivity condition; when it is
satisfied, the form a(u, v) is said to be coercive.

THEOREM 1. Let V be a real Hilbert space and a(u,v) a
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continuous bilinear and coercive form on V. For each given
lin V', there exists one and only one u in V such that:

(1.2) a(u,v) =, v), YveV;

moreover, the map I+ u is linear and continuous from V'
into V.

Before we prove this theorem, we reformulate Equation
(1.2), by introducing the operator A4.

The operator A

For given u in V, the map v+>a(u, v) is a continuous linear
form on ¥ and hence there exists an element of ¥, which
we denote by Au such that:

a(u,v) = {Au, v), YveV.

It is easy to verify that the map ur»Au is a linear map
from V into V’; we are going to prove that it is an iso-
morphism from ¥ onto V’, but first we note that Equation
(1.2) is equivalent to

{Au,v) =<1, v), YveV ;
in other words:
Au=1 (equality in V).

When we prove that the operator A4 is an isomorphism
from ¥ onto V', Theorem 1 will easily follow.
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PROPOSITION 1. Under the hypotheses of Theorem 1 the
operator A is an isomorphism from V onto V'.

Proof. We already observed that 4 is linear. Let us now
prove that it is continuous.! The form a(u, v) is continu-
ous, so there exists a constant M such that:

la(u, )| < M ||u| lv], Vu,veV;
hence:
[CAu, v)| < M ||u| [0,

and so:
|Aulle <M lull  VueV,

which proves the continuity of A.
By using (1.1) we obtain

allull® < a(u, u) = CAu, u) < | Aully |lul ;
hence:
ollul| < [Auly,

which proves that 4 is injective and that the (linear) oper-
ator A1 is continuous from AV onto V.

Since A is an isomorphism from ¥ onto AV, we see that
AV is complete and hence closed in V’'. We are going to
finish by proving that AV=V", in other words, A is sur-
jective.

Let (47)° be the polar of AV in V; so for ue (AV)° we
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have:

Luy=0 VieAV
(Av,u) =0 YveV,

and so in particular:
{Au,u) =a(u,u)=0,

which implies u=0, by (1.1). This implies in turn that the
polar of AV is just {0}, and hence it follows that:

AV = AV = (AV)°° = {0}° = V".
The proof is completed.

1.2. A Special Case

A useful special case of the preceding is as follows. We
have, together with the space V,anotherreal Hilbert space H
(with scalar product (.,.) and norm |.|), which contains ¥V
as a dense subspace, and such that the injection of ¥ into
H is continuous.

The canonical injection of V into H defines by trans-
position a linear continuous map of H' (the dual of H)
into V' (the dual of V); one verifies easily that this map
is injective, which allows us to identify H' with a subspace
of V', moreover this subspace is dense in V':

VeH, VSH, HSV.

Indeed, according to the Riesz theorem? there exists a
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canonical isomorphism from H onto H', and we may iden-
tify H and H' by this isomorphism. So:

VeH=H V',

where the injections are continuous, and each space is
dense in the following one.3

If feH, then f may be identified with an element of V",
which is just the continuous linear form ve Vi—( £, v) (the
scalar product between f and v taken in H).

Theorem 1 implies in particular, that for given f in H,
there exists a unique u€ ¥V such that:

(1.4 a(u,v)=(f,v), YveV.

The set of ueV such that AueH is called D(A), or
domain of 4 in H. The space D(A) is dense in ¥V and H,
because A4 is an isomorphism of normed spaces, and H is
dense in V. It is easily verified that D (4) is a Hilbert space
for the scalar product:

and that A is an isomorphism from D(A4) onto H.

1.3. Variational Properties

When the form a(u,v) is symmetric, problem (1.2) is
equivalent with a problem from variational calculus.

PROPOSITION 2. Hypotheses as in Theorem 1, moreover it
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is assumed that the form a(u,v) is symmetric. Then, ueV
is a solution of (1.2), if and only if the function E defined on
V by:

(1.5) E(®)=a(v,v) -2, v)

takes its minimum for u. So there exists precisely one ueV
such that:

(1.6) E(u) = Inf E(v).

veV

Proof. Let u be the solution of (1.2) and let ve V; then
evidently:

alu—v,u—0v)=0,

which gives, taking into account (1.2) and the symmetry
of a, that E(u)<E(v).

Conversely, suppose that the functional E(.) takes its
minimum in ¥V for u, and let veV. Then:

E() < E(u + Av)
for any AeR. After working this out and simplifying, we
find:

A2a(v, v) — 22a(u, v) + 241, v)> > 0.

By considering successively the cases A>0 and A<0, we
divide by 4 and let 4 go to 0; we obtain:

a(u,v) =(l,0),

and since veV is arbitrary, u is indeed solution of (1.2).
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NOTES

1 These two properties are independent of (1.1). Indeed, givinga
bilinear continuous form on ¥ amounts to giving a continuous linear
operator from V to V.

2 The theorem that every linear functional on a Hilbert space is of
the form x—(x, y) for some y, proved by M. Fréchet for the case
H=L2(]0, 1]) and by F. Riesz in general.

8 The injection which we have hereby defined from V into ¥’ has
nothing to do with the canonical isomorphism from ¥ to ¥, and one
should be careful not to identify ¥ and ¥’ by this isomorphism.



CHAPTER 2
THE METHOD OF GALERKIN

The aim of the following chapters is to study the approxi-
mation of the solution of problem (1.2). To begin with, we
present here the method of Galerkin and we will see how
this leads to an approximate solution of Equation (1.2).

The approximated problem

The hypotheses are the same as in Chapter 1, but for
simplicity we suppose that the Hilbert space ¥ is separable,
and we consider a sequence w;, j=1, 2,..., which is free
and total in ¥ (the sequence is not necessarily orthonor-
mal). Let V,, be the space spanned by wy,..., w,. Now,
for each fixed integer m, we want to find an approximate
solution of (1.2) in ¥V, that is, a solution of type:

(2.1) um= z f,,mwi, éi,mER.
i=1
It would not be reasonable to demand that u,, satisfies

a(upy, v) =<1, v)

for all ve V, but we can impose that this equality holds for
all v of V,,. In fact, let us denote the restriction of a to
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VXV, by a,, and the restriction of / to V,, by /,; the
condition for u,, becomes then:

22) a,(u,v)=<{, v, YveV,.

Clearly a,, is still a coercive continuous bilinear form on
V. XV, and also clearly /,, is a linear continuous form on
V.. hence the projection theorem gives us existence and
uniqueness of an element u,, of V,, satisfying (2.2).

Remark. Equation (2.2) is evidently equivalent with the
set of equations:

(U, W)) =L, w>, j=1,....,m;

in other words:

iz a(wb wj) éi,m = <l’ wj>’ ] = 1’ ey m.
=1
This is a linear system of m equations with m unknowns
& ms++> Em, m» and according to the preceding, this system
has one and only one solution.

We are now going to prove the following convergence
result.

THEOREM. Let V be a real separable Hilbert space and let
a(., .) be a coercive and continuous bilinear form on V.

The solution u,,eV,, of (2.2) converges in V in the strong
sense, for m— oo, to the solution u of (1.2).
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Proof. When we put v=u,, in (2.2), we obtain:

(23) a(um’ um) =1, um> s
from which, by (1.1), we get:

& f|tll> < @ (U ) = <L, ) < |l (14,
24)  Munll < (/o) [12]45
this proves that the sequence u, is bounded indepen-
dently of m in V. Under these conditions (cf. Appendix)

there exists an element u, of ¥ and a sequence u,,., m" — oo,
extracted from u,, such that:

(2.5) wu, —u, inthe weak topology of ¥, for m’'—oo.

Let v be a finite linear combination of the elements w;;
hence veV; for fixed j and veV, as soon as m’> j. Ac-
cording to (2.2) we have:

a(um" v) = <ls U> >
by using (2.5) and (2.8) (the following lemma), we can take
the limit in this equality, for m’ — oo, and we obtain:

(26) a(u*’ v) = <l’ U> .

Equality (2.6) holds for each finite linear combination of
the w,; because the sequence w; is total, the finite linear
combinations of its elements are dense in ¥V, so equality
(2.6) still holds by continuity for all » of V. This proves
that u, is a solution of (1.2)! and because Equation (1.2)
has a unique solution u, u,=u.
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In the same way, it can be proved that from every sub-
sequence of u, a subsequence can be extracted, which
converges weakly to ». This proves that the sequence u,,
as a whole, and not just a subsequence, converges to « in
the weak topology in ¥ (argue by contradiction).

Strong convergence

To prove that the sequence u,, converges strongly to u, we
consider the expression:

Xm= a(um— u, um_u)
X = a(um, um) - a(u’ um) - a(um, u) + a(us u)°
According to (2.3):

a (ums um) = <l’ um) b
and hence, since the sequence converges to u,, in the weak
topology of V':

lim a(u,, u,) =<, u).

m-— 0

Similarly, by using (2.7) and (2.8) (cf. below):

lim a(u, u,) = a(u, u)

m~—* o0

lim a(u,, u) = a(u, u).

m-=>

Hence we find:

lim X,,=—a(u,u)+ {l,u),

m-=> oo
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and this expression is zero (put v=wu in (1.2)). By (1.1) we
get:

0<“I|um_u"2 sXm—’O’

which proves that u,, converges to u in the strong topology
of V.

The proof of the theorem is now completed, except for the
following lemma, that we have already used.

LEMMA. Let ¢,, be a sequence of elements of V, which con-
verges to @ in the weak topology of V. Hence, for each fixed

VvofV:
(27) lim a(Y, o) =a¥, @)

m-=> o

(2.8) lim a(pm, ¥) =a(e,¥).

m-— o

Proof. By definition of the operator 4 :

a(y, om) =AY, @n)
a(y, 9) = <A¢: 0,

and by definition of weak convergence in V (cf. Appendix),
we have for each ceV':

lim <o, ¢,y = <0, ¢,

m-* o0

from which (2.7) follows. For (2.8), we only have to apply
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(2.7) to the bilinear form:

a*(u,v)=a(v, u).

Remark. The Ritz method. In order to approximate the
solution of the variational problem considered in Sec-
tion 1.3 the Ritz method consists of finding an element
#i for which the minimum of E in a subset or subspace
V of V is taken. If the set ¥ equals one of the spaces V,,
above, then #=u,; this follows from (2.2) and Proposi-
tion 2 of Chapter 1.

NOTE

1 This proves, if that was not already known, the existence of a solu-
tion of (1.2). In this way the method of Galerkin can also be used to
prove the existence of solutions for linear and nonlinear partial dif-
ferential equations; cf. Chapter 13.



CHAPTER 3

THE APPROXIMATION OF NORMED
SPACES

In the following sections we are going to consider the
approximation of the solution # of Equation (1.2) by
elements of a space different from V. This situation occurs
in particular when (1.2) is a partial differential equation,
that we discretize: V is then a certain function space, and
we approximate # by functions that do not belong to V,
for example, step functions, or piecewise polynomial
functions.

With this in mind, we will first introduce here a few
general concepts concerning the approximation of normed
spaces. Examples are studied in Chapters 7, 8 and 9.

3.1. Introduction

The motivation of the following definitions is this: we
want to approximate the elements of a normed space V by
those of a family {¥,},.» of normed spaces. For each
hes#, we must compare elements u of ¥V with elements
u, of V,; if these spaces are different, one may conceive of
three reasonable ways to do it:

(i) compare u with a certain image p,u, of u, in V (p,
is an operator mapping V,, into V);
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(ii) compare a certain image @u of u in some other
space F, with a certain image p,u, of u, in F (& is a map-
ping from ¥V into F and p, is a mapping from V), into F);

(iii) compare u;, with a certain image r,u of uin V}, (r, is
an operator mapping V into V).

The first way leads to the concept of internal approxi-
mation of a space V (internal, because the comparison is
made in V). The second one leads to the concept of exter-
nal approximation (external, because comparisons are
made outside of V). The third one will only be of auxiliary
interest for both internal and external approximation, the
reason being that it is not very useful to make comparisons
in a space which is not fixed.

The family of approximating spaces ¥, is indexed by A,
which takes its values in some set 5. This set 5 will be
equipped with some filter and we will be concerned with
taking the limit through this filter. Actually the main
situations in numerical analysis are the following ones:

(a) Galerkin and sequential approximation: # =N and
we take the limit as m — oo.

(b) Finite differences:

#=T] {0, K], K >0,
i=1

and we are interested in taking the limit for 4 — 0.
(c) Finite elements: # is a set of multidimensional
triangulations of some open set Q, and we take the limit
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|h] = 0, where |A| equals the upper bound of the diameters
of the simplexes (see Chapter 10).

For the sake of simplicity we will only speak about the
passage to the limit as ‘4 — 0’. Strictly speaking, this ter-
minology is only correct for finite differences. But the
definitions and results can be easily adapted to the other
cases and more generally to the case where 5 is a set with
a filter with a countable basis.

3.2. Internal Approximation of a Normed Space

DEFINITION 1. An internal approximation of a normed space
V is a set consisting of a family of triples {V,, py, 14}, he ¥,
Where:

(i) V, is a normed vector space;

(ii) py is a linear continuous operator from V, into V;

(iii) r, is a linear continuous operator from V into V.

When V is a Hilbert space, and likewise the spaces V,
the approximation is said to be a Hilbert approximation.

In the most interesting cases, the spaces V, are finite
dimensional; rather often, the operators p, are injective
and r, surjective.

The operators p, and r, are called prolongation and
restriction operators, respectively; the operators p,e r, of
V into itself are called truncation operators.

We denote by ||.|| (or ||.||,) the norm in ¥ (or in V},).

DEFINITION 2. For given h, ueV and u,eV, we say that
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() |lu— puwsll is the error between u and u,;
(i) |lu,— ryull, is the discrete error between u and u,;
(iii) |lu— pyryu| is the truncation error of u.

DEFINITION 3. Stable approximations. The prolongation
operators p, are called stable if their norms:

Ipall = sup [ pauall

Uh€Vh
lunllns1

can be majorized independently of h.
The restriction operators r, are called stable if their
norms:

rall = Sulz (|74t |
llull<1
can be majorized independently of h.
Finally, we will say that the approximation {V,, Dy, Ts}ner
of the space V is stable if the prolongation and restriction

operators are stable.
Let us now consider what happens when #— 0.

DErFINITION 4. Convergent approximations. We will say
that the approximation {Vy, py, Tw}wex Of V is convergent
if for all ueV:

(3.2) limp,ryu=u
h=0

in the strong topology of V.
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Remark.! If the approximation of the space V is stable
and convergent, then the operators p,r, form an equicon-
tinuous set in Z(V, V), which converges simply to the
identity and hence (by the theorem of Banach-Steinhaus)
uniformly on compact subsets of V.

It is useful to note the following:

PRrOPOSITION 1. Let {V}, P> 'n}ne be a stable approxima-
tion of the space V. For this approximation to be convergent,
it is necessary and sufficient that:

lim [|u — pyryul =0
h—0

Jor all u in a dense subspace ¥~ of V.
Proof. For all ue V and each ¢>0, there exists an u,€¥”
such that ||u—u,|| <e. We have:
lu — parpull < u —u.| +
+ llug — paruttell + | Para (u, — u)||
lu — pyraull < (1 + M) e+ [lu, — parauel
in which M majorizes the norms of the p,r,. Taking the
upper limit in the above inequality, we find:

limsup ||u — pyraull < (1 + M)e.
=0

Since ¢ is arbitrarily small,

limsup |u — p,ryul =0
h=0

and the proposition follows.
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Now we consider a family of elements u,:

u,ev,, Vhe .

DEFINITION 5. We will say that a family u, converges strong-
ly (or weakly) to u if p,u, converges strongly (or weakly)
touinV, when h—0.2
We will say that family u, converges discretely to u if:
lim ”uh - r,,u"h = 0.
h—0
The concepts of strong and discrete convergence are in
general different, unless the approximation of the space
V is stable and convergent, in which case we have:

PROPOSITION 2. If the approximation {V,, Dy, I'y}ne » Of the
space V is stable and convergent, then discrete convergence
implies strong convergence.

Proof. This follows from the inequality:

lu — prusll < llu — puryull + | pprau — prusll <
< lu — pyrgull + M’ |ryu—uly,

in which M’ majorizes the norms of the p,.

Galerkin approximation of a separable Hilbert space

Suppose that V is a separable Hilbert space and let V,
heN, be an increasing sequence of finite dimensional
subspaces of ¥, whose union is dense in V'; for example
(cf. Chapter 2), if wy, w,,..., is a free and total sequence in
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V, then one may take V, equal to the subspace generated
by Wiy..os W

For each neN, let p, be the canonical injection of V,
into ¥V and r, the orthogonal projection of ¥ onto V,; p,
is injective, r, is surjective and { ¥V, P, 'n}ne n 1S @an approx-
imation of V. It can be easily verified that this approxima-
tion is stable and convergent; such an approximation is
called Galerkin approximation of the space V; it was
implicitly used in Chapter 2.

3.3. External Approximation of a Normed Space

We consider now external approximations of normed
spaces, as explained in Section 3.1.

DEFINITION 6. An external approximation of a normed
vector space V is a set consisting of:

(i) a normed vector space F and an isomorphism @ of V
into F;

(ii) a family of triples {V}, Dy, 'h}ne s in Which, for each
h, V, is a normed space, p, a continuous linear map of V,
into F, r, a continuous linear map of V into V.

When ¥V and likewise F and ¥V, are Hilbert spaces, the
approximation is said to be a Hilbert approximation.

V——-w——>F

'h\l /' Pn
Va
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An internal approximation is evidently a particular case
of an external approximation with F =¥ and @ =identity.

All definitions given in the case of internal approxima-
tions are easily extended to the case of external approxi-
mations (one replaces u by @u and the norm of V by that
of F in the pertaining case). However, the definition of
convergent approximation does not work out well that
way and it is more suitable to replace it by the following:

DEFINITION 7. We will say an external approximation of a
space V is convergent if:
(i) for all ueV:
lim p,r,u = @u
h—0
in the strong topology of F;
(ii) for every sequence w,. of elements of V,, (h' = 0), such
that p,.u,. converges to ¢ in the weak topology of F, pe®V.
Evidently, we will say that the family u, converges weak-
ly to ue V if p,u, converges weakly in F to cu (and similar
for strong convergence); we will say that the family u,
converges discretely to u if:

lim ||u, — ryull, =0.
h—0

3.4. Generalized Approximation of a Normed Space

For many concrete situations the preceding definitions of
approximations of a normed space are quite constraining
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and it is useful to introduce a slightly more general concept
of approximation in which the restriction operators are
less important, and are allowed to be nonlinear.

DEFINITION 8. A generalized external approximation of a
normed space V is a set consisting of

(i) a normed space F and an isomorphism @ of V into F;

(ii) a family of triples {V,, Py, Th}ne > in Which for each
h, V, is a normed space, p, a continuous linear map of V,,
into F, r;, a (possibly nonlinear) map of V into V.

When F=V and @ is the identity, we get of course a
generalized internal approximation of V.

Definition 2 is easily extended:

DEFINITION 9. For given h, ueV and u,eV,, we say that
(i) ||@u— pyuyllF is the error between u and u,,;

(i) ||u,— ryull, is the discrete error between u and u,;

(iii) ||@u— p,ryu| is the truncation error of u.

Since the restriction operators r, may be nonlinear,
it is not possible to define their norm and we must relax
the condition on the norm of 7, for the concept of stable
approximation.

DEerFINITION 10. Stable approximation. The prolongation
operators p, are called stable if their norm

Ipall = sup |patinllr

uneVn
llunjlns1

can be majorized independently of h.
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The approximation of the space V is said to be stable, if
Jjust the prolongation operation operators are stable.

A convergent generalized approximation is defined ex-
actly as in Definition 7.

DErFINITION 11. We will say that a generalized external
approximation of a normed space V is convergent if

(i) for all ueV

lim p,r,u = ou
h—0
in the strong topology of F.

(ii) for every sequence u,. of elements of V). (h'—0)
such that p,.u,. converges to some element ¢ in the weak
topology of F, we have peV.3

A family u, will be said to converge weakly (or strongly
or discretely) to some limit ue V, if p,u, converges weakly
in F to @u (or strongly in F or if lim,_, ¢ ||lu, — ryul,=0).

As in Proposition 2,

PROPOSITION 3. If a generalized external approximation of
a space V is stable and convergent, then discrete convergence
implies strong convergence.

The concept of generalized approximation prevails for
the following reason: it is sufficient for such approxima-
tions to give the restriction operators on a dense subspace
of V.

PROPOSITION 4. Let a generalized external approximation
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be given of a normed space V, the restriction operators being
only defined on a dense subspace ¥~ of V. Let us suppose
that this approximation is stable and convergent, in the
sense that property (i) of Definition 11 is only true for uc¥".

Then it is possible to extend the domain of definition of
the restriction operators to the whole space V in such a way
that property (i) is true for each ue V.4

Proof. Let ueV, u¢¥”"; we must in some way define
ryu,€Vy, Yh, such that p,r,u— u as h— 0.

For each integer n>1, there exists u,€¥” such that
flu,—ull <co/n, co>0, and hence:

|ou, — @ullp < |@| lu, — ull < l|@] co/n=1/n,

where ¢, denotes the inverse of the norm of @.

Now, for each fixed n, p,r,u, converges to @u, in F as
h—0. Hence there exists an 7,>0 such that |A| <,
implies

| puratin — @U,llp < 1/n.

We can suppose that 7, is smaller than #,_, so that the
n, form a strictly decreasing sequence:

0 < <My <ty <o <My.
Let us define r,u by setting:

Ty = rpu, for Mpt1 < |hl <My
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It is clear that for n,., < |h| <7,

lou — pyraullr < |Ou — @u,l|p + l|ou, — purytalr
and consequently

|@u — pyryulle < 2/n,

for |h] <n,,.
This implies the convergence of p,r,u to ou as A— 0.
This completes the proof.

Galerkin approximation of a normed space

We defined in Section 3.2 the Galerkin approximation of a
separable Hilbert space only. Using the generalized approx-
imation, we can now define the Galerkin approximation
of any separable normed space V.

Let V,, neN be an increasing sequence of finite dimen-
sional subspaces of ¥ whose union is dense in V. For each
neN, let p, be the canonical injection of ¥, into V and for
any ueV,,, ru=0, if n<ny, r,u=u, if n>=n,. It is clear
that p,r,u—uasn— oo, for any ue| J, .n ¥, The operator
r, is only defined on¥" = J,, nV,, butsince ¥ "isdensein V,
all the hypotheses of Proposition 4 are satisfied. We have
thus defined a generalized internal approximation of V. It
is a Galerkin approximation.

In the sequel we will often use generalized approximations
with restriction operators only defined on a dense subspace
¥ of V.
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NOTES

1 This remark is not essential for the sequel.

2 The strong topology of V is the topology defined by the norm; the
weak topology is the topology a(V, V") (cf. Appendix).

3 Point (ii) is automatically satisfied for internal approximations.
4 All conditions for a generalized stable convergent approximation
of ¥ are then met. The situation here should not be compared with
the situation in Proposition 1.



CHAPTER 4

APPROXIMATION OF
LINEAR VARIATIONAL PROBLEMS

We study here the approximate solution of Equation (1.2)
in a general setting, that covers the method of Galerkin,
which we have already seen, as well as the finite difference
and finite element methods. Examples are worked out in
Sections 11.2, 11.3 and 12.2.

4.1. Approximate Equations

Let ¥V be a real Hilbert space, a(u, v) a continuous and
coercive bilinear form on ¥V x ¥V and let leV'; we know
that there exists a unique ue ¥ for which (1.2) holds.

With respect to the approximation of this element w, let
a generalized internall, stable and convergent Hilbert ap-
proximation be given of the space V, say {V,, pu, "1}ne -
Likewise, for each hesf let be given:

(i) a continuous bilinear form a,(y;,, v,) on V,x V,,
which is coercive and which, more precisely, satisfies:

Jdag > 0 independent of % such that:
4.1

(ii) a continuous linear form on V,, /,€ ¥, such that:
(4.2) Il < B,

ay (uy, up) = o ”uh": ’ Vu,eV,,
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in which ||. ||+, stands for the norm of ¥, and in which f is
independent of A.

We associate now with Equation (1.2) the following
family of approximate equations:

For fixed he #, to find a u,e V,, such that:

(4.3)  a,(uy, v) =<, vy, Vo, eV,.

By the preceding hypotheses, the projection theorem
(inwhich V, V', a, | are replaced by V;, V5, a;, I,) says now
that Equation (4.3) has a unique solution; we will say that
uy, is the approximate solution of Equation (1.2).

Remark. One can introduce a linear operator 4, mapping
V, into V;, defined by

CApy, V) = ay(uy, vy), Vu,, v,€ V.
Then Equation (4.3) can be written (cf. Chapter 1) as:

(4.4) Ahuh . lh .

4.2. Convergence Theorems

We want to study the convergence of u, to u, so we must
first make precise the way in which the forms g, and /,
approximate the forms a and /. The corresponding hypoth-
eses are usually called consistency hypotheses; we will make
the following consistency hypotheses:
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(4.5) If the family v, converges weakly to v for 2—0,
then, for all weV

lim a, (v, rw) = a(v, w).
h—0

(4.6) If the family v, converges weakly to v for #—0,
then for all weV

lim a, (r,w, v,) = a(w, v).
h—0

(4.7) For all veV

lim a, (0, 1) = a(v, v).
h—0

(4.8) If the family v, converges weakly to v for A—0,
then:

lim {1, v,> = {1, v)>.

h—0

Using these hypotheses we will prove the following
results:

THEOREM 1. Under hypotheses (1.1), (4.1), (4.2), (4.5) and
(4.8), the solution u, of (4.3) converges weakly to the solu-
tion u of (1.2), for h—0.

THEOREM 2. Under hypotheses (1.1), (4.1), (4.2) and (4.5)
to (4.8) the solution u, of (4.3) converges strongly and dis-
cretely to the solution u of (1.2), for h—0.
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Proof of Theorem 1. Putting v,=u, in (4.3) and using
(4.1) and (4.2), we find:

ay (uy, uy) = lyy uy)
A9 o T2 < Malen Tl < B sl

hence:

(4.10) luglls < Blao-

As the operators p, are stable, there exists a constant
¢, which majorizes the norm of these operators:

(411 |Ipsll < co>

and hence:

(4.12)  |Ipsusll < coBlfao .

Under these conditions, there exists an u,e¥? and a
sequence A’ converging to 0, such that:
(4.13) lim pyu, =u

h'-0

in the weak topology of V.

For a fixed ve V, we write (4.3) with v,= r,v and we take
the limit with the sequence A4’; by using (4.5), (4.8) and
(4.13), we get:

ay (ups 140) = by, 140
lim a, (uy, ryv) = a(uy, v)
W-0

lim (I, ryv) =<1, 0).

h'-0
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Finally:
a(u*, U) = <l9 U>,

and since veV is arbitrary, u, is solution of (1.2), u,=u.

It can be shown in the same way, that from every subse-
quence of p,u;, one can extract a subsequence which con-
verges in the weak topology of ¥V to u. This proves that the
family p,u, as a whole converges to « in the weak topology,
for h—0.

Proof of Theorem 2. We can apply Theorem 1, and this
shows that

(4.14) lim p,u, = u in the weak topology of V.

h—0

Let us now consider the expression:

X, = a,(u;, — ryu, u, — ru)
X}, = a,(uy, uy) — ay (g, Tyta) — ap(ryu, uy) +

+ a,(ryu, ryu).
By (4.6), (4.7) and (4.14):
lim a, (u,, ryu) = a(u, u)
h—0
lim a, (r,u, u,) = a(u, u).
h-0

By (4.8)

lim a, (r,u, ru) = a(u, u).
K0
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Finally, by (4.8), (4.9) and (4.14):

ay (up, up) = Iy, uy)

lim ay, (uy, uy) = <L, u).
h-0

After rearranging we find:

lim X, =<{l,u) —a(u,u)=0.
h=0

With (4.1), we get now:
0 < ap [lup — ryully < X, -0,

which shows that u, converges discretely to . According
to Proposition 3 of Chapter 3 this implies strong conver-
gence of u, to u.

4.3. Miscellaneous Remarks

The case of external approximation

The preceding is also valid if a generalized external Hilbert
approximation of V is given (this is actually the case in the
applications of Chapters 11 and 12). There are no modifi-
cations required in Section 4.1; for the proof of Theorem 1,
we observe that the sequence p,u, is bounded in F and that
hence there exist a peF and a sequence 4’ — 0 such that:

lim p,u, = ¢ inthe weak topology of F.
K-0

By definition of a convergent external approximation ¢ is
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of the form @wu,, u,eV; so we prove that u, =u and that
the family p,u, converges as a whole to @w, in the weak
topology of F. Theorem 2 stays valid without modifications.

The Galerkin method

The Galerkin method fits in the framework of Sections
4.1 and 4.2. If {V,, Py, "'i}nen is @ Galerkin approximation
of the space ¥V, we put:

a, (uy, vy) = a(uy, vy), Vu,, v,eV,,
and
s upy = uyy, Vu,eV,(V, = V).

Hypotheses (4.1), (4.2) and (4.5) to (4.8) are satisfied, and
hence Theorem 2 is applicable.

If wy, w,,..., is a free and total sequence in V, and if ¥,
is the space generated by wy,..., w, (cf. Section 3.2), then
one may verify that problem (4.2) is identical with problem
(2.2), and so Theorem 2 also contains Theorem 1 of
Chapter 2.

Restriction schemes

Another particular case of the situation considered in
Sections 4.1 and 4.2 is the following.

Suppose there is given a family of finite dimensional
vector spaces V,, he & (not necessarily a priori provided
with a Hilbert structure) and, for each Aes#, an injective
linear operator p, from ¥, into ¥ and a linear operator r,
from V into V,. We suppose that
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(i) p,r, is a continuous linear operator in V;
(ii) for all veV:
lim p,r,v = v in the strong topology of V;
h=0
(iii) the norms of the operators p,r, have an upper
bound independent of 4.2
We provide the space V,, with a scalar product:

((uns vR))n = (a1t PAY))

and the V, become Hilbert spaces. It is easy to see that
{V}is Dns Tnnex is @ stable and convergent approximation
of V.

Subsequently we define a, and /;:

ay, (up, vy) = a(pytip, Prbs) Vu,, v,eV,
s vp) =L, pavw) s Vo,eV,.

The hypotheses of Theorem 2 are satisfied. This viewpoint
has been developed systematically by Aubin [10].3

Resolution of (4.3)

In most practical situations, ¥, is a finite dimensional
space with dimension Jj, and (4.3) is equivalent to a system
of linear equations. If a basis of ¥V}, is known, say
{Wr;}1<j<s, and if we set:

Jn

U, = Z fhjwhj,
j=1
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then (4.3) is equivalent to

a,(up, Wi) =y Wiy, 1<k <y,
or

Jn
(4.15) '21 EnianWhjs W) = Kl Wi> s 1 <k < Jy.
J:

This is an algebraic linear system for the components
&y; of u,. The resolution of the system is made by direct
or iterative methods adapted to its size and to the prop-
erties of its matrix {a, (Wy;, Wu)}1 <}, k<7, Se€, for example
Varga [17].

NOTES

1 One can also suppose that a generalized external Hilbert approxi-
mation of V is given (cf. Section 4.3).

2 This follows in fact from (i) and (ii) by the theorem of Banach-
Steinhaus.

3 Numbers in square brackets refer to the Bibliography on p. 161.



CHAPTER 5

A METHOD FOR
COMPUTATION OF THE ERROR

We go back to the situation of Chapter 4 and more pre-
cisely to the framework of Theorem 2, and we want to
estimate the error between u and u,. This is not possible
merely with the hypotheses of Chapter 4, and we are only
going to indicate some methods for error computation,
which subsequently must be developed in the examples.

5.1. Error Computation

We set
5.1 &= sug {Kl, i) — by Uh)l}
||v:ﬁ;.$h1

5.2) )= sug {la(u, Davs) — a4 (4, Uh)l} .
VhEVYHR
llonllns1

THEOREM 1. Under hypotheses (1.1), (4.1) and (4.2), if u
stands for the solution of (1.2) andu,, for the solution of (4.3),
then we have:

1
(5.3) llup—ryull, < ” {en (D) + 3, (u)}
0
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c
(54) liu = punall < llu = pryall + > {eu() + 1, ()},
0

were c, is a constant that majorizes the norms of the oper-
ators py,.
Proof. We have:
Xy, = a,(uy — ryu, u, — ru) =
= ay, (up, uy — ru) — a, (ryu, uy — ru) =
= by, uy — ryu) — ay(ryu, uy — ru) =
= by, up — ryu) — <1, pp(uy — ryu)) +
+ a(u, py(u, — ryu)) — a,(ryu, uy, — ryu)
(we have used (4.3) with v,=u,—ru and (1.2) with
v=py (Up— 1))
According to (5.1) and (5.2):
[<lp, up — ryud> — <1, py(uy — ru)>| < &, (D) luy, — ryull,
|a(u, p(uy — ryu)) — ay (ryu, u, — ru)| <
< 1y (w) llup — rauelly,
and hence:
Xy, < {&, (D) + m, ()} lluy, — rpully,.

Using (4.1), we derive (5.3). Obtaining (5.4) from (5.3) is
evident, by Proposition 3 of Chapter 3.

5.2. The Case of Restriction Schemes

In the case of restriction schemes as considered in Section
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4.3, we can give a better estimate of the error between

u and u,.

THEOREM 2. In the case of restriction schemes, the error
between the solution u of (1.2) and the solution u, of (4.3)
is majorized by the truncation error of u:

C
(5.5 llu— pyus)l < ;1 lu — pyryull,
where:

(5.6) ¢4 = sup la(u, v)|.

llull <1, [vli<1
Proof. For all v,eVy:
a(u — pyitp Pow) =0,
and in particular:
a(u — pyup, pu(ryu — 1)) = 0.

Hence:

a(u — pyuy, U — pyity) = a(U — Pyliy, U — PyTyU)
ollu— Ph"hu“2 < ¢ llu — puugll lu = puryull,

which proves the theorem.



CHAPTER 6
THE METHOD OF FRACTIONARY STEPS

We are now going to study a new method of solving
Equation (1.2). In fact, the following can also be applied
to the solution of the discretized Equation (4.3).

6.1. Hypotheses

Let two Hilbert spaces ¥ and H be given, V contained in
H, Vdensein H, theinjection of ¥ into H being continuous.
We denote the scalar product in ¥ by ((., .)), in H by (., .)
and the norm by |.|| and |.]| respectively.

Let likewise be given m Hilbert spaces V,..., ¥, with
scalar products ((., .)); and norms ||.||;, such that:

6.1) VcV,cH,

(6.2) the injections of ¥V into ¥; and of ¥V, into H are
continuous,

6.3) V= (_m\ V.

As in Section 1.2, we may identify H' with a dense
subspace of ¥ and V; with a dense subspace of V' (X’
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denotes the dual of X):

HcV,cV'.
If we moreover identify H and H', we have
64 VcecVicHcV,cV', (1<is<m)

where every space is dense in the following and in which
the injections are continuous. We denote the duality be-

tween ¥V and V' by (., .D.
We suppose, as usual, given a continuous and coercive

bilinear form a(u, v) on V' x V.
6.5 a(u,u)>=alul? YueV, a>0,

and we suppose that a(u, v) can be decomposed as follows:

m

(6.6) a(u,v)= Z a;(u,v) Vu,veV,

i=1
where a;(u, v) is a continuous and coercive bilinear form
on¥VxV:

6.7 a;(u,u)>alul} VueV, «>0.

As the injection of V; into H is continuous, (6.7) implies
that there is a constant y; such that:

(6.8) a;(u,u) >y |ul? VueV,y;>0.
We denote by AeZ(V, V') (or 4;,€ZL(V,, V;)) the
operator defined by:
(6.9) a(u,v)=<Au,v) Yu,veV
(or: a;(u, v) = (4u, v) Yu,veV).
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According to (6.6) and (6.9):
Au=) Au, VueV.
i=1
We know (cf. Section 1.2) that for given f in H, there
exists a unique element u of V such that:
(6.10) a(u,v)=(f,v) YveV,
that is
(6.11) Au=f,

and this element ¥ we want to approximate.
We will make the following regularity hypothesis:

(6.12) AueH, i=1,...,m.

Remark. The situation becomes much more simple, if the
space H is finite dimensional, which happens in particular
when (6.10) is the discrete version of a certain problem
(1.2). In this case the spaces ¥V and V; equal all H,
and all carry the same or equivalent norms; in that case
condition (6.12) is automatically satisfied.

6.2. Approximated Equations

We choose an arbitrary decomposition of f:

(6.13) f=§1 f,  fieH

(for example, fi=f, f;=0;i=2,..., m).
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For each integer N and each positive real number 7, we
will recursively define a family of elements of H, u"*¥™,
O0<r<N-1,1<i<m.

To begin with, we choose u° arbitrary in H. When
40, ..., urt¢=VIm are known, u"*/™ is defined as the so-
lution in ¥; of:

(614) (ur+i/m — ur+(i—1)/m, U) + Tai(ur-i-i/m’ U) —
=1(f;, v), VveV;.
This equation can also be written as:

(6.15) ur+i/m — ur+(i—1)/m + TAiur+i/m = ‘Cf;

The existence and uniqueness of a solution for (6.14) or
(6.15) follow directly from the projection theorem.

Remark. 1t is possible (and very useful in practice) to take
parameters 7 that depend on r (t=7,). Theorems 1 and 2
hereunder can be adapted to this situation.

6.3. The Convergence Theorem and the Error Estimate

We want to compare the last element u"=u"(7) of the
sequence u" T /™defined in Section 6.2 with the solution u
of (6.10).

THEOREM 1. Under the hypotheses (6.1) to (6.8) and (6.12),
for each integer n (0<n<N) we have:

(6.16) |u"—ul®*<s¢,,
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where
n—1

6.17) e =g(1+y)"+61> Y (1 +y1)™"
=0

(6.18) gy = |u® —u)?

(6.19) 6= m{i |f — Aiul}2
i=1
(6.20) y=2y,.

Then it immediately follows:

THEOREM 2. Under the same hypotheses, if t—0 and
N — o0 so that:

(6.21) TN - o,
then:
(6.22) limu™(t)=u in the strong topology of H.

Proof of Theorem 1. Let us put v ti/m=y*tilm_y
Hence, according to (6.15):

grim _ grt GmDIm g gyt — o (f, — Au).

It follows that
(vr+i/m _ Ur+ (i—l)/m, vr+i/m) + Tai(vr+i/m, vr+i/m) —
=1(f; — 4, UrH/m) .
One easily verifies that:
2(vr+i/m _ vr+ (i—-l)/m’ vr+i/m) —
= |vr+i/m|2 — Ivr+ (i—l)/ml2 + Ivr+i/m _ vr+ (i—1)/ml2’
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and hence:

(623) lv"i'i/le _ Ivr+ (i—l)/M|2 + lvr+i/m —yt (i—l)/mlz

+ 21:ai(v'+i/"‘, vr+i/rn) — 21:(./; _ A,u, vr)
+ 2t(f; — Au, o™ — ).

For fixed r, we add Equations (6.23) corresponding to
i=1,..., m. Since:

m
(624) P =2+ 3 |ortim —prt G im2
i=1

m m
+2t ) a, (i oMy =20 Y (fi — A, g _ gy,
i=1 i=1

We write, using (6.8) and (6.20):
(6.25) 2am(vr+ 1’ vr+ 1) > 7 |Ur+ 1I2 ,

and we majorize the right-hand member of (6.24) by:

m
2t Y 1fi — Al " =0 <
i=1
m
e

i
|f; — Aiul {Z Ivr+j/m _ vr+ (j—1)/m|}
< 21{2 |f; — Aiul} {2 [orHiim — ot (,--1),,,,I}.
i=1 j=

<2t
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Using the Schwarz inequality:

Ivr+j/m _ vr+ (j—l)/ml <

Ma

j=1

m
< ml/Z{ Z Ivr+]/m _ vr+ (j—1)/m|2}1/2 ,
i=1

So we can majorize the right-hand member of (6.24) by:

m m 1/2
21m1/2 { Z I,/; _ Aul} { Z |vr+]'/m _ vr+ (f-l)/mIZ}
i
i=1 j=1

m 2 m
< sz{z If; _ Aiul} + Z lvr+j/m - vr+ (1—1)/m|z.
i=1 j=1

J
With this last inequality and (6.25), inequality (6.24)
gives:
(6.26) (L+97) 0" 2 = v <67%, OK<r<N-1.
Multiplying (6.26) by (1 + yt)" and adding these inequal-

ities then for r=0,...,n—1, we obtain precisely (6.16)—
—(6.20).



PART II

APPLICATIONS



CHAPTER 7

SPACES OF FUNCTIONS
ASSOCIATED WITH AN OPEN SET IN R”

Let Q be an open set of R" with boundary I'; we will
associate with this open set several spaces of functions
for later use.

7.1. Definitions

L?(Q) spaces

For 1<p< 0, L?(Q), denotes the space of (classes of) real
valued functions on 2 whose p-th power is summable with
respect to the Lebesgue measure dx; it is known that this
space is a Banach space when it is equipped with the norm:

1/p
{ﬁﬂWM4 1
2

For p=2, the space L?(R) is a Hilbert space for the scalar
product:

mm=fﬂwaww,

and we set:

Ifl=(f, N2
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L*(Q)is the space of (classes of) real valued measurable
functions in 2 which are essentially bounded with respect
to the Lebesgue measure. This is a Banach space for the
norm:

ess. s%p. £ (x)].

Spaces 2(Q), 2(2)

2(Q) (or 2(2)) is the space of indefinitely differentiable
functions with compact support in  (or Q).

It is known that 2(Q) is dense in each LP(Q) space, for
1<p<oo.

Sobolev spaces

We denote by D, the differential operator 0/0x;, and if j is
a multi-index, j=(j,..., j,)€N", we denote:

IJI =j1+ -+
D’ =Dj*---Dj».

D} and D, denote the identity operator.

DEFINITION. For each integer m, H™(Q) is the space of
functions of L*(Q) whose derivatives (in the sense of distri-
butions) of order less than or equal to m are in L*(Q).

Space H™(Q) is evidently a linear subspace of L*(Q);
for u and v in H™(L2), we write:

(7.1) ((u,v)) = Z (Dju’ Djv)'

lilsm
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LEMMA. The space H™(Q) equipped with the scalar product
(7.1) is a Hilbert space.

Proof. 1t is clear that (7.1) defines a symmetric positive
definite bilinear form on H™(L2). We show now that
H™(Q) is complete with respect to the norm |.| asso-
ciated with this scalar product.

Let {u,} be a Cauchy sequence in H™(2). For each multi-
index j, | j | <m, the sequence {D’u,} is a Cauchy sequence
in L?(Q) and hence convergent.

We write:
g=limu, g;=1im D'u,.

r—*o r-*o
So we have:
u,—>g, Du—gy;

in the distribution sense in Q; as D’ is a continuous
operator in the distribution space, we have likewise:

D’u, - D'g

in this space, and hence D/g=g;e L*(Q) forall j, |j |<m.
This proves that ge H™(2) and that the sequence u, con-
verges to g in H™(Q).

DEFINITION. We denote by Hg (Q) the closure of 2(Q) in
H™(Q).

The space Hy () is evidently provided with the Hilbert
structure induced from H™(Q).
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If @=R", it can be shown that:
(7.2) HGF(R") =H"(R"),

but when Q is not the whole of R”, Hy' (22) and H™(Q) are
in general different. The trace theorems below give, in
case the boundary of Q is sufficiently smooth, a simple
characterization of Hy (Q).

7.2. Properties of Sobolev Spaces

We recall, without proof, some properties of Sobolev
spaces. We will have to make some regularity hypotheses
about the boundary I' of Q, as, for example:

(7.3) T is a manifold of dimension n—1, of class € (r
to be specified) and Q lies locally on one side of I.

Suppose that (7.3) holds with r=m:

Density
2(£) is dense in every space H™(Q).

Prolongation operator

There exists a linear and continuous operator &

Pe¥(H(Q),H'(R"), s=0,....,m
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such that, for all u, the restriction of Zu to Q is equal
to u.

Trace theorem

There exist linear continuous operators yo, ..., ¥,—1 from
H™(Q)into L?(I') (the space of square integrable functions
on I', with respect to the surface integral do), such that for
each m times continuously differentiable function # on Q,
we have:

PolUl = U l r = the restriction of u to I
&’u
P = E'Er (s=1,...,m-1),
where 0v° is the unit normal vector on I', pointing out-
ward with respect to Q.
One can prove that Hy () is the kernel of the map:

Yo X P1 X" X Pm—1-

The space y;H™(R) is not the whole of L?(I'), but a
subspace of it. We will pay special attention to the space
yoH* (2), which we denote by H/2(I'); this space can be
endowed with the Hilbert structure transported by y,, but
there exist more direct procedures to study this space.

Generalized Green’s formula

We now suppose that (7.3) holds with r=2. If # and v are
two twice continuously differentiable functions on £, the
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classical Green’s formula gives:

" 0
Y (D, D) = — (4u, v) + J. X vdo.
i=1 ov
r

If u and v are in H%(Q), one may show that a generalized
Green’s formula holds:

(7.4) ‘Zl (D;u, D) = — (4u, v) + (714, Pov)2 @)

where (., .) is the scalar product of L2(Q) and (., Jracry is
the scalar product of L2(I').

If ue H' (Q) and due L*(Q), it can be shown that y,u can
also be defined as an element of the dual of H/2(I"), which
we denote by H ~*/2(I'). For such a u and for ve H*(Q),
the generalized Green’s formula becomes:

(19) 3, (O Do) == (A, 0) + 1t v,

where (., .) stands for the scalar product in the duality
between H ~1/2(I') and H/*(I').

For a proof of the preceding results and for a system-
atic study of Sobolev spaces, the reader is referred to
Lions and Magenes [8].

NOTE

1 The variable point of 2 is denoted by x = (x1,..., Xn); dx =dxy, ...,
dxa.



CHAPTER 8

APPROXIMATION OF SOME FUNCTION
SPACES BY FINITE DIFFERENCES (I)

In this chapter and in the two following ones, we will con-
construct some approximations to the spaces L?(Q),
H'(Q), Hy(R). These three chapters are rather technical
and occasionally we will omit some details of proofs.

In this chapter we construct an internal approximation
of L?(Q) and H*(Q) for the case Q=R", using finite dif-
ferences. In Chapter 9 we construct an internal approxima-
tion of L?(Q), an external approximation of H!(®), and
a generalized external approximation of H}(Q) (finite
differences). In Chapter 10 we construct two generalized
external approximations of H () using conforming and
nonconforming finite elements.

Some results of Chapter 8 are needed in Chapter 9, but
Chapter 10 is independent of Chapters 8 and 9, and could
be read before these chapters.

8.1. Notations

In this section and the next one 5 is the set of vectors of
R” of the form:

h=(hyy... h), O<h <H.



60 NUMERICAL ANALYSIS

For all hes#, we define:
(i) ah(xeR") is the point of R"” with coordinates:

alhl, ceey a,,h,,;

(ii) R, is the set of points of R" of the form:

jh = (jlhla ceey jnhn) ’

where the j; are integers of arbitrary sign (jeZ").
(iii) o, (M), M=(u,,..., u,) is called a cell, and it is the
set:

- h; h;
11;! [ﬂi_a"”i-*'il::
(iv) 0,(M, r) is the stet
U Oy (M + %j h) ’

Jjezn
1Jl <r

where:
=1l -+ 1jal 5

(V) wyy is the characteristic function of the cell a,(M);
(v1) 6, (or §; if no confusion can arise) is the finite
difference operator:

o(x + the) — o (x — 1he)
h; ’

(0:0) (x) =

where e, ..., e, is the canonical basis of R".
If j=(j, ..., j,) is a multi-index, then 8] (or more simply
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8’) will denote the operator:
51 = 51, ..., 65",

Finally, with each open set Q of R” and each non-
negative integer r, we associate the following point sets:
Q;={MIMERI” o'h(Msr)CQ}
Q,={M|MeR,, oM, NnQ+3}.

r=1

r=2
Fig. 1. Examples of sets o4 (M, r) in the plane.

8.2. Approximation of the Space L?(R")

We are going to construct a stable and convergent internal
approximation of the space V'=L?(R"); we denote the
scalar product and norm in L?(R") by:

(fag)=ff(x)g(x)dx, Sl =(f, HY?
R

respectively.
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Space V,

This will be the space of step functions u,:

uy(x) = 2 up (M) wyy (%),

MeRp
where

u,(M)eR and f (u,(x))* dx <+ 0.
R®

Evidently, ¥, is just a subspace of L2(R") and one may
verify that it is closed; we endow it with the induced
Hilbert structure.

Operator p,

The prolongation operator will simply be the identity;
evidently p, is injective and its norm is 1.

Operator r;

The restriction operator will be defined as follows:
U =u,, YueV
u, (M) = (hy...h,)"! f u(x)dx, VMEeR,
an(M)

(r, is hence an operator which takes the average over the
cells 6,(M), MeR,).

PROPOSITION 1. The preceding internal approximation of
L2 (R™ is stable and convergent.



APPROXIMATION BY FINITE DIFFERENCES (1) 63
Proof. It is seen without difficulty that r, is an orthogonal
projection operator in ¥ onto V,,:
(ryu, v,) = (u, vy), Vv, eV,.
The operator r, is hence surjective, and its norm is 1:
B.1) |rul < |ul, VueL?(R").

Since the prolongations have a norm equal to 1, the
approximation under consideration is stable.

To prove that it is convergent, it is sufficient, by Prop-
osition 1 of Chapter 3, to prove that:

(8.2) lim p,ru =u in the strong topology of L?(R").
h=0

for all functions u of a dense subspace of L*(R"), for
example, all continuous functions ¥ with compact support
in R".1 For such functions the proof of (8.2) is elementary.

Remark. Thisapproximationis justa Galerkin approxima-
tion (cf. Section 3.2).

8.3. The Approximation of the Space H' (R")
We denote the scalar product and the norm in H!(R") by:
((u, ) = 3 (Du, D) + (u, v)
i=1

llull = ((u, 0))"2.
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Space V,
This will be the space of step functions u,:

up(x) = Z Uy (M) wpe (%), u,(M)eR

MeRp
such that:
ff (uy (x))? dx < 4+ 00
Rll

f(6ihuh(x))2 dx<+o0, i=1,...,n.
R"

We provide this space with the scalar product:

((up, V) = igl (Ointtns Oinvs) + (s 04) 5

which makes it into a Hilbert space (proof analogous to
the proof of the lemma in Section 7.1).

Operator p,
We put:
Prlty = Wyl

where * means the convolution product in R” and where
w,, is the characteristic function of the cell:

T1 [~ A2, b2l

multiplied by the number (4, ..., &,)~1.
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Operator r,

Same as in Section 8.2.

PROPOSITION 2. The preceding internal approximation of
H'(R") is stable and convergent.

Proof. Let y, be the characteristic function in R,, of
the interval [—h,/2, h,/2[, and let o;, and 6, , be the
following distributions:

1
Cin = (® - Xh,) ® o)

J#i hj

1
0;,n= (@ 5(,-)) ® (;{ th>,
Jj#i i

where 6;) is the Dirac measure in 0 on R, .2

We mention without proof the following two results,
which anyway follow quickly from the properties of the
convolution product:

For all: pe L*>(R"):
wyx@eL?(R"), o; ,*peL*(R",

8.3) 0, h*0el?’(R"), i=1,..,n

and:

w0 < lo], lo;,n* 0l < lo|,
Iei,h*¢l<|(pla i=1,-~-, n.
When h—0:

(84) w90, 0,*x¢—>0, 0,00
in the strong topology of L*(R", i=1,..., n.
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The proposition follows now from the next three lemmas.

LemMmA 1. The prolongation operators are stable:
(8.5)  lIpattall < llunllas Vu,eV,.
Proof. According to (8.3):
[Duten] = [Wp* uy| < uyl.
On the other hand, we have:
(8.6) Dipyuy = (Diwy) * uy, = 6y 5% Oy, -
Using (8.3) once more, we obtain:
|D;pattnl < 10:unl 5
and the lemma follows.
LEMMA 2. The restriction operators are stable:
B.7) |raully<lul, VueV.

Proof. To begin with, we note that the translation
operators whose vector of translation is ak, ahe R,, com-
mute with r,:

(8.8) T raU=T,T U,

where 7,,0 is defined by (7,0)(x)= ¢ (x—ah). In fact, for
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BheR,:
(Tantitt) (BR) = (ryu) (B — o) )
=(hy... k) ! u(x)dx
a;.((ﬁ[a)h)
= (hy . k)" f u(x — ak) dx
on(Bh)

= (raTutt) (BR).

Now, because:

1 1
;= Z(t("hwzﬂ) = Thyers2)) = 7. Fhieus2) (T(-hen — T(0)) >
i i

we have:
(8.9) dyru = T(hies/2) ThT(~ hies/2) Ot -

Because of (8.1) and the fact that translations are iso-
metries in L?(R"), it follows that:

|0inrate]l = |ThT(—hieys2) Omthl < T pier2y Ountt] = 1034l .
But:
(8.10) oyu=(D#b; ) *u=20,,*(Du),
and by using (8.3), we obtain:
|0au] < [Dyul .
Hence:

Iaihrhul < IDiuIa i=1,..,n
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and, by (8.1) we also have:
Iryul < |ul,

and the lemma follows.

LeMMA 3. The approximation is convergent.
Proof. According to (8.3):
Ditid — U =wpxu —u + wy*(ru — u)
it — u| < |wpxu —u| + |ryu —ul.
Using Proposition 1 and (8.4), we find:

lim p,r,u = u in the strong topology of L*(R").
h—0

On the other hand, according (8.6), (8.9) and (8.10):
D;pyryu = Dy(wy* ryu) =
= 63,1 * (0, sTy4) =
= 0y, 1 * (T(ney/2) THT (~ hyess2) Ointh) =
=0 p* (T(me,/z) ThT(~hies/2) (oi, w*Dju)).

Hence D;p,ryuis of the form Gs ;- ... Gy,,(D;u), where:
Gi,h=0,n%, of Gy p="T(—pey2) Gyp=mn
Gyn= T(hies/2) s Gs, s =0 n%;

the operators G; , are linear continuous operators in

L?(R"), of norm less than or equal 1, and for all pe L? (R")
holds:

lim G; ,¢ = ¢ in the strong topology of L*>(R");
k-0

for G, and G, these properties follow from (8.3) and
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(8.4), for G, , this follows from (8.1) and Proposition 1,
for G, , and G, , it follows from the fact that translations
are isometries in L?(R") and from the Lebesgue theorem.
Hence it is straightforward, that for all ¢ in L?>(R"):
lim G5 4 ... Gy 4,0 =@
h—0
in the strong topology of L?(R"), and in particular:
lim D;p,r,u = Du
h-0
in the strong topology of L?(R"), which completes the
proof.

Remark. Similar procedures can be used to construct

internal approximations of the spaces Hg () and H(®Q)
when Q#R"; for this the reader is referred to Aubin [10].

NOTES

1 We observed in Chapter 7 that 2(Q) is dense in L2().
2 g1, and 6;,» can elementarily be defined in the following way:
{ot,n, > =(h1... hi_rthi,1... h)™1

+h1/2  +hi-1/2  4Bi1/2 +ha/2

f f f f o(x1... X1, 0, Xi.eo Xn)

=hy/2  =Biy/2 —Biy /2 <hg/2
dxidxs_1dxig1... dxa.
hy/2
1
C/RN)) T f 9@,...,0,x;,0,...,0dx;s Vpe2(R®).

~hy/2

It will be observed that (Dif;, »)* = s, n.



CHAPTER 9

APPROXIMATION OF SOME FUNCTION
SPACES BY FINITE DIFFERENCES (II)

In this chapter we construct an internal approximation of
L?*(Q), an external approximation of H!(Q) and a gener-
alized external approximation of Hj(Q), using finite
differences. We keep the notations introduced in Section
8.1, and the open set Q is assumed to be bounded.

9.1. Internal Approximation of L*(R2)

We denote the scalar product and the norm of L2(Q) by:

(fs9)=ff(x)g(x)dx, Ifl = (f, HY2.
Q

For all he#, let Q, be a subset of R, satisfying:
9.1) forall MeQ,, o,(M)cQ
(9.2) for each compact set K = Q:

Kc U o,
Me Q).
for A small enough.
It is easily seen that the sets €2}, as defined in Section
8.1, satisfy these conditions.
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Space V,

This will be a subspace of L?(R"), consisting of step
functions u,:

u,(x) = Z U (M) Wiy (x), u,(M)eR.

Me2n

We provide ¥V, with the Hilbert structure induced from
L*(R"):
(o o0 = [ ()0 (3) dx =
o =(hy... h,) Z u, (M) v, (M).

MeQp

Because Q is bounded, Vs finite dimensional, and the
dimension is just equal to the number n(h) of points of
Q, (observe that the set of functions w,y, MeQ,, con-
stitutes a basis of V).
Operator p,
This will be the operator of restriction to Q:

Pplp = Uy In

is injective, and its norm is 1.

Operator r,

For ueL?*(Q), ryu=u, is defined by:

w, (M) = (hy ... )" f u(x)dx, VMeQ,.
an(M)
Evidently, r, is surjective.
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PRrROPOSITION 1. Under conditions (9.1) and (9.2) the above
internal approximation of L*(Q) is stable and convergent.
Proof. For ueV, we have:

Iruls = (hy o by) Y Inu (M) =
MeQn

=Gy 3 ([ u(x)dx)z.

MeQ
on(M)

According to the Schwarz inequality:

(f u(x)dx)2<(h1...h,,) J' (u(x))? dx;

on(M) on(M)
because of (9.1):

| weprax< f () dx,

ar(M)

MEQ},

and hence:

(9.3)  |rauly < lul.

Since the prolongations have a norm equal to 1, the
approximation under consideration is stable; to prove that
it is convergent, it is sufficient by Proposition 1 of Chapter
3 to prove that:

(9.4) lim p,ru =u in the strong topology of L*(Q)
h—0

for all functions u of a dense subspace of L?(), for

example, for all continuous functions # with compact
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support in Q. If u is continuous and has compact support
in Q, then u is uniformly continuous; if 4 is sufficiently
small such that the support of u is included in Upy.q,
0, (M) (according to (9.2)), then the difference u—r,u is
uniformly bounded by 0(|4|/2), where |A|>=h2+---+h?
and 0 is the modulus of uniform continuity of u; (9.4)
follows easily.

9.2. External Approximation of H"(2)

Let V=H'(Q) with the usual Hilbert structure, and let
F=L*(Q)"*! with the product Hilbert structure; the map:

u — ou = (u, Dqu, ..., Du)

is an isomorphism of ¥V into F.

Space V,

This is the space of step functions u,:

uy(x) = Z U (M) Wip () u,(M)eR,

M e 2,

where Qj is as defined in Section 8.1. ¥}, is provided with
the following scalar product:

(o= [m@ueds+ Y, [ susm@dx

R® Q

V, is finite dimensional, and its dimension is just the
number n(k) of points of Q}.
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Operator p,
The prolongation operator will be:

Pty = (uy lna 01ty In, cees Oy ln),
where g IQ is again the restriction to Q of a function g
defined on R”.
The norm of p, is less than or equal to 1.

Operator r,

We assume that condition (7.3), with r=1, holds. Then,
by Section 7.2, there exists a prolongation operator £,
which is a linear continuous map from L?(Q) into L*(R")
and from H!(Q) into H'(R") satisfying:

Pulo=u, Vuel?(Q).
Now we put:
ru = U, YueV
u,(M) = (hy...h,)" " f (Pu) (x) dx, VMeQ;,.
on(M)
PROPOSITION 2. The preceding external approximation of

H*'(Q) is stable and convergent.
Proof. By Proposition 2 of Chapter 8, we have:

rpully < [|Pu "Hi(nn)s
and by continuity of Z:
"gp“"m(nn < |2 |ull,
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which proves that the restrictions are stable. As the
prolongations have norms smaller than 1, the stability of
the approximation follows.

We prove now that it is convergent. We first must show
that p,r,u — @u, in the strong topology of F, for 41— 0, in
other words:

lim r,u Ig =u
h—0

lim 6;r,u [9 =Du (i=1,..,n)

h—0
in the strong topology of L?(Q). Because the approxima-
tion is stable, we need only prove this for functions of
2(R), by Proposition 1 of Chapter 3 and Section 7.1, and
for these it is evident.l

We show now that property (ii) of the definition of

convergence for external approximations of Chapter 3
holds. So suppose that 4’ is a sequence converging to 0,
and that:

lim p,u, = ¢ in the weak topology of F,
K-0

which means, for ¢ =(¢q, ¢1,..., @,):

h’'=0

lim 5iuh' ’9 = Q; (i = 1, eeey n)
k-0

in the weak topology of L2(). One verifies easily that
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5i<p,,.|,, converges to D;p, in the space of distributions on
Q; so ¢;=D,p,, which proves that the limit ¢ is of the
form:

@@ = (9o, D1@g, .-, Dy00), fPoEHl Q),

and we are ready with the proof of the proposition.

9.3. External Approximation of H}(f2)

The space F and the map u — @u are as above, namely the
space L?(Q)"*! and the isomorphism u — &@u=(u, D,u, ...
.ers Dyu) from H{ (Q) into F.

Space V,

This is the space of step functions u,:

u(x) = Z , Uy (M) Wppe (%), u,(M)eR

MesSy,

where ) is asin Section 8.1. Space V,is finite dimensional,
and its dimension is n(k), the number of points of @y ; it
is provided with the scalar product:

(o= [ @ dx+ ¥, [sumsm0)ds.
Q Q

Operator p,
As in Section 9.2.
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Operator r,

As a consequence of Proposition 4 of Chapter 3, we only
define the operator r, on ¥ =2(R2); we take:

9.5) (ryu) (M) =u(M), YMeQ;, Vue2(Q).

PROPOSITION 3. The preceding generalized external appro-
ximation of H} (Q) is stable and convergent.

Proof. The prolongation operators have norm 1 and
are stable. Hence the approximation is stable.

According to Proposition 4 of Chapter 3 we have to
prove that:
(9.6) limp,r,u=mu, inF, Vue2(Q)),

h—0

and to check condition (ii) in Definition 10 of Chapter 3.

Function #€¥” and all its derivatives are uniformly
continuous. Let & be sufficiently small such that the
support of u is included in (Jpegp,:04,(M). Then the
difference u—r,u is uniformly bounded by 6(|A|/2), where
0 is the modulus of uniform continuity of u; hence
ryu |q converges to u in L?(Q) as £ — 0. By the Taylor for-
mula, J,r,u(M) equals the value of Du(x), for some
xeo,(M),YM €@, ; the difference Du—d,ru is then
uniformly bounded by 0,(c|h|), where ¢ stands for some
positive fixed constant and 0; is the modulus of continuity
of Du. It follows that 6;,r,u l,, converges to D in L*(Q)
as £—0 and (9.6) is proved.



78 NUMERICAL ANALYSIS

We now check condition (ii) of Definition 10 of a
convergent external approximation of Chapter 3.

Let A’ be a sequence converging to 0, and let u,.€ ¥}, be
a sequence such that:

lim p,u, = ¢ in the weak topology of F.
h'—=0

Then we have for ¢ =(@g, @1,-.., @,):

lim u, In = Po
h'—0

lim 6iuh' Iﬂ = Q; (i = 1, ceey n)
h'—0

in the weak topology of L2(Q). As the functions u, and
d,u, have compact support in 2, we also have:

lim uhr = ¢0

h'=0
lim 5iuh=¢i (i= 1,..., n)
h'=0

in the weak topology of L?>(R"). Here § means the func-
tion equal to g in Q and equal to 0 in the complement of Q.
Because 6;u;,, converges to D,f, in the space of distribu-
tions on R", we see that

¢i=Di¢0 (i=1,..., n).

This proves that pe H*(R"); as , is zero outside of Q,
clearly the trace of @, (and hence of ¢,) on I' is zero, and
hence @o=7a, IgeHé (Q). So the limit ¢ is indeed of the
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form:

@Po = (o> D19g; -+, Do) » (Pothl) (Q).

Remark. We could as well define an external approxima-
tion of Hy (), where the restriction operator is defined by:

(ryt) (M) = (hy ... B) ™ f u(x) dx,

on(M)

VMeQl, VueH}(9Q).

The proof of the stability of the r, is then very technical
and demands some special regularity properties of I'.

NOTE

1 The same argument can be used to show that lim ryu =@ in the
h-0

strong topology of L2(R®), where i@ is the function which is equal to
u in 2 and equal to 0 in the complement of .



CHAPTER 10

APPROXIMATION OF SOME FUNCTION
SPACES BY FINITE ELEMENT METHODS

In this chapter we study the approximation of the space
Hj; (Q) by finite element methods. In finite element meth-
ods the approximating functions are not step functions,
but functions defined on a set of n-simplices contained in
Q. Inside the simplex the approximating function is a
simple function, a linear function in the simplest case, or
some type of polynomial function of restricted degree
in more refined situations. We will only consider
approximation by piecewise linear functions. In this case
the approximation is said to be conforming or non-
conforming according as the approximating functions are
continuous or some kind of discontinuities are allowed
at the boundaries of the simplices. We will give some
preliminary results in Section 10.1 and then study these
two approximations in Sections 10.2 and 10.3.

10.1. Preliminary Results

Since we will have to work with linear functions defined on
n-simplices, we introduce here some notations adapted to
the situation.
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Barycentric coordinates

Let there be given in R” n+1 points 4,,..., 4,4+, With
coordinates @, ;, ..., @, ; 1 <i<n+1, which do not all lie
in one hyperplane; this amounts to saying that the » vec-
tors A, A,,..., A; A, are independent, or that the matrix:

1,1 41,2 - Gq,.p41
z,1 Q2,1 -+ G2.4+41

Qn,1 Gp,2 -+ Gy 41

1 1 .. 1

is regular. Given any point PeR” with coordinates x,,...,
X,, there exist n+ 1 real numbers

2'i-"—'j'i(l:’)’ 1<l<n+1’

such that:
n+1
(10.1) OP= Z A,04;,
i=1
with
n+1

102) Y i=1.
i=1

To see this, it suffices to remark that (10.1) and (10.2)
are equivalent to the linear system

Ay X1
(10.3) & = ’;n s

/1,,; 1 1
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which has a unique solution, since the matrix % is regular,
by hypothesis. Those numbers A ; are called the barycentric
coordinates of P, with respect to the n+1 points 4,,..., 4,.
As a consequence of (10.3) the numbers A; appear as
linear, in general, nonhomogeneous functions of the coor-
dinates x,..., x, of P:

(10.4) A‘i= Z bi,jxj+bi,,,+1, 1<i<n+1,
j=1

where the matrix Z=(b,, ;) is the inverse of the matrix 2.
It is easy to see that point O in (10.1) can be replaced by
any other point of R” without changing the value of the
barycentric coordinates; hence:

nt+1

(10.5) Z )'iPAl' = 0.
i=1

The barycentric coordinates are also independent of the
choice of a basisin R".

The convex hull of the n+1 points 4; is the set of
points of R" with barycentric coordinates satisfying the
conditions:

(10.6) 0<A<1, 1<i<n+1.

This convex hull & is the n-simplex generated by the points
A;, which are called the vertices of the n-simplex. The bary-



APPROXIMATION BY FINITE ELEMENTS 83

center G of & is the point of & whose barycentric coor-
dinates are all equal, and hence equal to 1/(n+1). An
m-dimensional face of & is any m-simplex (1<m<n—1)
generated by m+1 of the vertices of &. A one-dimensional
face is an edge.

In the two-dimensional cases (n=2), the two-simplices
are triangles; the vertices and edges of the simplex are the
vertices and edges of the triangle.

Let us show, using these coordinates, how simple the
representation is of a linear function taking given values
at the points 4,,..., A, +4.

ProrosiTION 1. Let A4,,..., A,+1, be n+1 points of R"
which are not included in a hyperplane. Given n+1 real
numbers a,,...,o,, there exists one and only one linear
JSunction u such that u(A;)=a;, 1<i<n+1 and

nt+1

(10.7) u(P)= Z oA (P), VPeR",

i=1

where A,(P) are the barycentric coordinates of P.
Proof. Let

W@ =3, B+ Buvss

be this function u. The unknowns are B,..., B,+1, Which
satisfy the following equations which assert that u(4,)=

=0;e.
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n
2 Bia; i+ Bps1 =0, 1<i<n+1.
j=1

The matrix of this system is the transposed ‘&/ of the
matrix 2/ and hence the function u exists and is unique.

It remains to show that (10.7) is the required func-
tion; indeed

u(Aj)=aj, 1<j<n+ 1:
since 4;(4;)=4;;=the Kronecker symbol, for each i and j.

Differential properties

We give some differential properties of the A; considered as
functions of the cartesian coordinates x,,..., x, of P; let
D denote the gradient operator (Dy,..., D,).

LemMma 1.

nt+1

(108) ¥ D4=0

Proof. (10.8) follows immediately from identity (10.2).
According to (10.4):

a)'l'/axk=bik9 1<i<n+13 1<k<n,

and hence:
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D2;(P) PA; = D2;(P) OA; — Di,(P) OP
=2 by — ) by
k=1 k=1

=Y b+ b — 4
k=1
=6ij_}‘i'

For the last equality note that =1,

LeEMMA 2. Let & be the n-simplex with edges Ay, ..., Ap+q
and let p' be the upper bound of the diameters of the balls
contained in & . Then:

(10.10) DAl <1/p’, 1<i<n+1,

where | DA;| is the norm of the (constant) vector DA,.
Proof. We have:

(10.11) |DA| =D, x.

where x is the unit vector pointing in the same direction as
DJ,;. There exist two points P and Q belonging to & such
that

1
x=— PQ;
p

more precisely P and Q are two points of the ball of
diameter p’ included in <. We denote the barycentric
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coordinates of Q with respect to 4,,..., A,+1, bY Uy ..o
Un+1. Then we have, because of (10.1) and (10.2):

n+1

PQ = ), u;PA;
i1
n+1
2 #i=1.
=1
Then:
1 n+1
Diy-x =— (DA)-(L n;PA;) =
p =1
n+1
= - 2 ,ulei'PAj -
p' i~
= (according to (10.9)) =
1 ntt
== 2 oy —24)=
p =
1
=—m—4).
p

Since P and Q belong to &, 0<4;<1,0<y;<1, for each
i, 1<i<n+1,and hence 0< yu;—4;<1, so that:

|DA;x| < 1/p’;

(10.10) follows.



APPROXIMATION BY FINITE ELEMENTS 87

10.2. Conforming Piecewise Linear Finite
Elements for H(R2)

Let Q be an open bounded set in R". Let 7, be a family of
n-simplices; such a family will be said to constitute an
admissible triangulation of Q if the following conditions
are satisfied:

(10.11)) Q,= U L <Q.
FLeTn
(10.12) If & and €7, then either ¥ = &/, or
NS’ is empty or NS’ is exactly a complete
m-face for & and &’.

We will denote by {7}, » the family of all admissible
triangulations of Q; to each admissible triangulation
7, we associate the following three numbers:

p(h) = sup py,  p'(h) = inf pj,
Se€eTn S eTn

o(h) = sup 8‘,3,

SeTn Py

where p=p, is the diameter of & and p’=pJ, is the dia-
meter of the greatest ball contained in .

We are concerned with the passage to thelimitas p(#) —0.
It will appear later that some restrictions are necessary on
o (h) so that the approximations converge.

We will suppose that Q, converges to Q as p(k)—0 in
the sense:
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(10.13) For each compact K<, there exists an >0
such that Q, > K for every & with p (h)<n.

Let us now define the approximation of the space
H3(Q): it will be a generalized internal approximation.

Space V,,

For each triangulation J,, ¥, is the space of continuous
functions on 2 which are linear on each simplex €7,
and vanish outside ©,.

As a consequence of Proposition 1 a function u, which
is linear on each simplex & is completely characterized by
its values on the verticles of the simplices. We remark that
the continuity requirement is automatically satisfied for
piecewise linear functions: if & and &' are two simplices of
T, with a common m-dimensional face, then let ¢ and o’
be the restriction to this face of the linear functions equal
tou, on & and &%’ respectively; o and ¢’ are linear on this
m-dimensional face (i.e. a m-simplex) and equal on the
m+ 1 vertices of this face; because of Proposition 1, ¢ and
¢’ are equal everywhere on the face and this ensures that
the function u, is continuous.

Since u, equals 0 in Q- Q,, u, will be zero on the vertices
belonging to the boundary I'y=0Q, of Q,; this boundary
consists of the union of some faces of the simplices. Then
the function u,eV, is completely characterized by its
values on the family % of vertices of the triangulation
belonging to ,, the interior of Q,.
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LeMMA 3. The functions of V) equal to 1 on some vertex
belonging to %; and equal to O on all the other vertices
Jform a basis of V,,. Hence the dimension of 'V, is the number
of points in ;.

Proof. Let for all Me#;, wy,, be the function of V,
equal to 1 on M and to O on all the other vertices. These
functions are obviously linearly independent and because
of Proposition 1 any u,€ V,, can be written:

(10.14) up= Y u, (M) wyy.

M e Un°

The lemma is proved.

It is clear that V,cHg(Q); if u,eV, then u,eL*(Q),
since it is continuous with compact support; its derivative
D,u, is the bounded step function equal to D;u, on each
simplex in 7 ,. Weequip ¥, with the scalar product induced
by Hy (Q):

((up, v = (s Uh))Hol(rz) s Vuy, v,e V.
Operator p,
This is the identity; its norm is one; these operators are
then stable.
Operator r,

As allowed by Proposition 4 of Chapter 3, we only define
r, u for ue¥" =2 (), which is a dense subspace of H, (Q).
For such u we define r,u by:

(10.15) (rw) (M) =u(M), VMeZ,.
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PROPOSITION 2. The above generalized internal approxi-
mation of H,(Q) is stable and convergent, provided o (h)
remains bounded as p(h)—0:

(10.16) oc(h)<a<+o0.

Proof. The approximation is obviously stable. We only
have to prove that for each ue 2(Q):

(10.17) pyryu—>u as p(h)—0.

This follows from the next lemma.

LemMA 4. If p(h) is small enough for Q, to contain the
support of u, then (u,=ryu):
(10.18)  sup |uy(x) — u ()| < ¢, (w) p(h)?

xX€eN

(10.19) ess.sup |Dyu,(x) — Du(x)| <
xef
<c (W) p(Mok)<cy(w)ap(h),

where ¢, (u) is a constant depending on the second deriva-
tives of u.

Proof. 1t is sufficient to compare u and u, on each n-
simplex €7 ,. Let 4, ..., 4, +, bethe vertices of &. Using
the Taylor formula, we have:

(10.20) u(4;) =u(P)+ D;u(P)e;,; + 1D yu(P;)e; &, ;5

where &;=(¢; ;5 ..., &, ) =PA,, P, is some point of the seg-
ment PA; and the summation convention of repeated
indices is used.
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Because of Proposition 1:

nt+1

(1021) w,(P)= ), 4(P)u(4), VPe¥,
i=1

and then using (10.1), (10.2) and (10.20):

uy(P) = u(P) + 1D ju (P e, &, ;
[u(P) — u,(P)| <

1/2
<3 (;Zk N (Pi))lz) |PA| P4}, VPes.
We obtain (10.18) with

i =4sup| 3 1Du].

xeN

By differentiation of (10.21), and using (10.20):

n+1

Du,(P)= —21 u(A4;) DA,
n+1 n+1

Du,,(P)= Z u(P)D).1+ Z Dju(P)Sj’iDA«i"'
i=1 i=1

n+1

+ %i; Dj,‘u (Pl) Sj’ isj, kD)’i’

One can check, that the first term of the right-hand
member of this last equality is 0, because of (10.8), and
the second term is Du(P). Indeed, since the vectors
PA,,...,PA, ., are linearly independent, it is sufficient to
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show that

n+1
(.Zl Dlu(P) sj,iDA‘i) PAk =
—Du(P)PA4,, k=1,.,n+1.

Because of (10.9) the left-hand side of this equality is:

n+1

Z Du(P) PA;(6; — 2;(P)) = Du(P) PA,,
i=1

since

n+1

Z Zi(P)PAi=O.
i=1

So we get (Pe¥):
‘n+1

|Du,(P) — Du(P)| < % Zl [DA] D ju (P 5,485 4] <

<cy(u) IDA] p(R)? <
< (with (10.10)) <

2
<) 2/ < ey (W) p(hya(h).
Py
Remark. In the two-dimensional case, the simplices &
are triangles, and if we denote the greatest side of ¥ by p,
and the smallest angle of & by 6, the following inequality
can be easily established:

plp’ < 2/sind.
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Condition (10.16) is satisfied if all the angles remain
bounded from below 0>60,>0, V¥ €T,

10.3. Non-conforming Piecewise Linear
Finite Elements for H(R2)

Let Q be an open bounded set in R”, and again let
{7 ,}4e» be the family of all admissible triangulations
of Q, as in Section 10.2. In some cases it can be more in-
teresting to have piecewise linear functions which are not
continuous (this situation arises for example in the ap-
proximation of some fluid-mechanic problems). We de-
scribe here an approximation of H, () by noncontinuous
piecewise linear functions; this approximation method is
called a nonconforming finite element method.

Preliminary remarks

Let & be an n-simplex belonging to &, with vertices
Ayy..., A, 1. We denote by &; the (n— 1)-dimensional face
of & spanned by the A4;, j#i, and by B; the barycenter
of &;.

Let G denote the barycenter of %. Now, the bary-
centric coordinates of B; with respect to the A;, j#i,
are equal to 1/n. Hence:

n+1
GA; GA; GA
(10.22) GB,=Z_—_’= e P 3
n

n n
j#i i=1
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or
1
(10.23) GB,=— - GA;,
n

since

n+1

GA; =0
=1

J

(the barycentric coordinates of G with respect to A4,,...,
A, . are equal to 1/n+1).
Then:

hence, as the vectors B, B;, j=2,..., n+1, are linearly in-
dependent, the vectors A4;4;j=2,...,n+1 are such.
Therefore the barycentric coordinates of a point P with
respect to By,..., B,,; make sense and we denote these
coordinates by py,,..., 4,+;. We remark also that given
n+1 numbers B,,..., B,+1, there exists one and only one
linear function taking the values f,,..., B,+ at the points
B,,..., B, .4, and this function u is

n+1

(10.25) u(P)= _;1 #i(P) u(B).

Space V,,

This is the space of functions u, which are linear on each
S €T ,, vanish outside Q,, and the value of u, at the bary-
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center B; of some n— 1-dimensional face #; of a simplex is
zero if this face belongs to the boundary of Q,; if this face
meets the interior of Q,, then the values of u, at B; are the
same whether B;is considered as a point of one or another
of two different simplices.

Let %, be the set of points B; (=barycenter of an
n—1-dimensional face of a simplex €7 ,), which belong
to the interior of Q,. A function u, €V}, is completely char-
acterized by its values at the points B;e%,,.

LEMMA 5. The functions wyg of V,, equal to 1 on some point
of %, and to 0 en all the other points of %,, form a basis of
V,. Hence the dimension of V, is the number of points in %,,.

Proof. 1t is clear that the functions w,z, Be U, are lin-
early independent and because of Proposition 1 any

7
A2=A2

/
A3=A3

Fig. 2. Two adjacent triangles in the two-dimensional case.2
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u,eV, can be written as:

(10.26) u,= Y. u,(B) wyp.

BeUn

We equip ¥V, with the following scalar product:

(10.27) (g 0)h = f 1 () 03 () dx +

Q

n
+ Y Y | Dfu,(x) Dfv,(x) dx.
PeTni=1

The space ¥V}, is not contained in Hy (), and the deriva-
tives D, are sums of step functions Dy, and Dirac
distributions located on the faces of the simplices con-
nected with the jump of the u,; in (10.27) we integrate the
constant function Dfu, Dfv, on &. It is clear that ¥, is
a Hilbert space.

Space F, operators @, p,

As in Chapter 9 we take F=L?*(Q)"*! and @ the iso-
morphism ue Hy (Q)— &@u=(u, D,u,..., Du)eF. The op-
erator p, is defined by:

u,€ V> pyuy = (ty, D1ty ..., Dyu,)EF .

The operators p, have norms equal to 1, and they are
stable.

Operator r,

As allowed by Proposition 4 of Chapter 3, we just define
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ru=u, for ue¥ =2(Q), a dense subspace of Hy(Q);
we take:

(10.28) u,(B), VBe%,.

PROPOSITION 3. The above generalized external approxi-
mation of Hj (Q) is stable and convergent, provided o (h)
remains bounded as p(h)— 0,

(1029) o(h)<a<+o.

Proof. We have to check the conditions (i) and (ii) of
Definition 10 of Chapter 3.

For condition (ii) we have to prove that, for each
ue2(Q):

(10.30) u,—u in the norm of L>(Q)as p(h) -0
(10.31) Dju, - D;u in the norm of L?(Q) as p(h)—0.

But the conclusions of Lemma 4 are valid, (10.18) without
any modification, and (10.19) modified by replacing D;
by D};:

(10.32) ess.sup. [Dju,(x) — Du(x)| < ¢, (u) ap (h).

xef
The proofs of (10.18) and (10.32) are exactly the same;
we only replace in (10.20) the points 4; by the points B;
and the barycentric coordinates A; by the barycentric
coordinates y;.
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For proving condition (i), let us suppose that p,.u, con-
verges weakly to ¢ =(¢o,..., ¢,); this means that

U, — @y in L*(Q) weakly

(10.33) D}u, —¢@; in L?>(Q)weakly, 1<i<n.

Since the functions have compact supports in €, (10.33)
means also that

fi,, > @, in L*(R") weakly

(10.34) D}, —» @, in L*(R™) weakly, 1<i<n.

As in Chapter 9, if we show that
(10.35) @;=D;py, 1<i<n,
it will follow that @,€ H* (R") and hence @< Hj (Q), with

¢;=D,;p,, which amounts to saying that ¢ =ou, u=@,.
Let 0 be any test function in Z(R"):

f ,,D;0 dx — f @oD;0 dx
f(D ) 0 dx — f #;0 dx.

Equality (10.35) is proved if we show that

f@@dx-——fgooDde, Voe2(R"),

Rn
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or

(10.36) jh' = f ﬁ,,'DiG dx + J‘ (Di*h'ﬁh’) 0 dx -> 0, h' - 0 N
R® R®

for each A e 2 (R").
We write now ., in the following way:

Jh = f u,,DiO dx + f (D:;,u,,)g dx
Q(h) Q(h)

=) f [u4D;0 + (D;uy) 0] dx
&

FeTh

= Y fD,(u,,O)dx.
yefhy

By the Green—-Stokes formula, this gives:

f D;(u,0) dx = f u,0v; o drI’,

& o

where v; o is the i-th component of the unit vector vy,
normal to 0% and pointing outward with respect to &%;
0% iscomposed of (n+1) (n—1)-dimensional faces #'; we
denote by 8% the sets of these faces and then:

f Di (u,ﬂ) dx = Z J‘ uhovi’ & d[' .

L a-T AR 4
& &’
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Finally:
jh = Z Z f uhevi, & dF.

FeITh S eor &
yl

The next two lemmas have the purpose of proving (10.36).

LeMmA 6
(1037) 5, = f (1, () — 4y (B)) X

.9’65';.5’ eb*?
x (0(x) — 6(B)v;, o dI',

where B= Bg. is the barycenter of &"'.
Proof. We show first that

(10.38) Jh = Z Z f(uh(x) -
SeITn S ety ,
— u,(B))0(X)v;, o dI' .

To prove this equality we must have to show that

(1039 Y X f u,(B)0(x)v; o dI' =0.
SeTh S edrs
-

But for a face &' belonging to the boundary of Q(h),
u,(B)=0 and the contribution of this face in the sum is
zero. If &’ belongs to the boundary of two adjacent sim-
plices, then this face gives two opposite contributions to
the sum: u,(B) and 0(x) are the same, v; ,. are equal but
with opposite signs, depending on whether #” is considered
as part of the boundary of one or the other simplex.
Hence the sum (10.39) is zero.
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Equality (10.37) is then easily deduced from (10.38), if
we prove that

(10400 ¥ Y% , f (3 (x) = u,(B)) 0 (B)v;, o dI" = 0.
A

FeTh S edt

But for (10.40) we remark more simply that

[ 10— w@0@Y, o a1 =0,
-
since 0(B) and v; 4 are constant on &’ and
(10.41) f u,(x) dx = u,(B) f dar,
&’ &’
because u,, is linear on &', and Bis the barycenter of %',

Lemma 7
(1042) #£,-0, as p(h)—-0 with o(h)<o.
Proof. Since |v; o-|<1 and
0(x)—0(B)<c(®)py, VxeH,

we can majorize as follows:

(10.43)

f (un(x) — ux(B)) (0(x) — 0(B)) v, o dI’ | <
v

<c(0)py f ity (x) — 1, (B)] dT".
J
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Since u,(x)—u,(B) is a linear function vanishing at
x=B, we can write it as:

- ou,
@) =@ = ) =B,
i

where B,,..., B, are the coordinates of B. Therefore

ou
[up(x) — uy(B)| < por Z Ia;;', Vxe&,
=1

and
c(0) py f 1 () — 1y (B)] T <

o
< cw)pyj(z o

g i=1

ou,
0x;

b

Let us denote the vertices of & by A4,,..., 4,+1, and let
us suppose that &%’ is the face containing 4,,..., 4,41;
let ¢ be the distance between 4; and &’. The following
elementary formula is easily checked:

= c(0) p% (area &) { Z

i=1

1
vol & = - E(area &),
n
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and hence:

(10.44) area ¥ = - vol ¥ < —— vol #,
¢ 2pg
since

(10.45) 2py < E.

The reason of (10.45) is that a ball included in & is in-
cluded in the set bounded by the hyperplane containing
Aj,..., A, 41, and the parallel hyperplane containing 4.

We then have:

c(0)ps j. [ty (x) — uy(B)| AI" <

Sc(9)nP.9'( ly){Z %}S
2 L 0x

c(0) no ou,,
<< 2o
& i=1

Combining this with (10.43) and (10.37) we obtain the
following majorization of J#,:

ou,

7] 1 -
% s‘—(—)—”g”—*—)ap(h) Z Zfa—

SLeTpi=1%

<c(0,n, a)p(h)J lgrad u,| dx <
Q

< (by the Schwarz inequality)

<c(8, n, 0, 2 0(h) luplly-
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Since |u,]l, is bounded and p(h)—0, we see that
JI,—0.

Remark. We leave the study of similar approximations of
the spaces L2(Q) and H'(Q) as an exercise to the reader.

NOTES

1 I.e. the points such that the barycentric coordinates with respect to
the vertices of the simplex are 4;, 0< A:<1,1<i<n+1.

2 wap, for B= B1 = B’1, has its support contained in ¥ U &’, and
wae(B2) = wnp(B3) = wap(B’s) = was(B’3) =0, wap(B1) = 1.



CHAPTER 11
EXAMPLE I: THE DIRICHLET PROBLEM

In this section and the following we apply the theory as
developed in part one to two examples of elliptic bound-
ary-value problems.

11.1. Exact Problem

We are in the situation as discussed in Section 1.2; Q is
an open bounded set in R"” with boundary I'; we put
H=L?(Q)and V= H, () and these spaces carry the usual
(cf. Chapter 7) Hilbert structure:

. ) = f 7 ()9 () dx

Ifl=C N2,  Vf,geH
((us U)) = (u, U) + .;1 (Diu9 Div)
lull = ((u,w))'?,  Vu,veV.

The injection of ¥ into H is continuous (Ju|< ||u|, YueV),
and V is dense in H, because V contains & (L2), which is
dense in L2(Q).
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The form a(u,v) is chosen as follows:
Y. (Du, D) + A(u, v), A>0.1
i=1

Clearly a(u, v) is a bilinear form on ¥ x ¥V, and this form
is continuous because of the Schwarz inequality:

a(u, v) < max(1, 7). {z Dl Dol + [u Ivl}
i=1
a(u, v) < max(L, A). [ul o], Vu,veV.

The condition of coercivity (1.1) is satisfied with a=
=min(l, 4).

The projection theorem gives in this case:

For given f in L*(Q), there exists one and only one
u in H;(Q) such that:

(111 a(@,v)=(f,v), VYreHy(Q).

We now interpret this solution. If we put v=¢e2(Q)
in (10.1), we find:

i (D, D) + A(u, @) =(f,9), VYoeP(Q)

which shows that:
~du+tiu=f

in the sense of distributions in Q. On the other hand,
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because of the trace theorem mentioned in Section 7.2,
ue H, (Q) means that the trace of « on the boundary I' of
Q is zero, at least when this boundary is smooth enough.
So finally we have:

The solution u of (11.1) solves the Dirichlet problem:

Remark. According to Proposition 2 of Chapter 1, the
solution u of (11.1) is the element of Hj (), for which the
following functional takes its minimum:

E(w) =a(v,v) —2(f, v)

= 3 Dol + Alof = 205 0).
i=1

Remark. (11.1) is also called the variational form of the
Dirichlet problem (11.2). The preceding remark justifies
that name.

11.2. Approximation by Finite Differences

We are now going to study how the approximation by finite
differences of problem (11.1), (11.2) fits into the framework
of Chapter 4. We use the external approximation of Hy (2)
which we discussed in Section 9.3, and we define presently
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the forms a;, and /, (cf. Section 4.1):

(11.3) a,(uy, v,) = Z: O;uy (%) 0;0,(x) dx +

Q

+ 4 f u, (x) v,(x) dx
A14) b, 0 = f £ () 0,(x) dx.
2

Clearly condition (4.1) is satisfied with a,=min(l, 1),
while condition (4.2) is satisfied with f=| f|.

We now show that the hypotheses (4.5) to (4.8) are
satisfied; let us consider (4.5) first. Suppose the family
v, converges weakly to ve Hy (Q), for h—0. Then (4.5)
means that:

lim v, I,, =0

h—0
L3) N fim 50, o =Do0 (1=1,..., 0
h-0

in the weak topology of L2(Q). For all weV, we have
according to Proposition 3 of Chapter 9:

lim r,w IQ =w

h=0
(11'6) lim 6irhw IQ = DiW (i = 1, seey n)
h—0

in the strong topology of L?(Q); hence it is clear
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that:
lim J v,(x) yw(x)dx =
b0 .
= | v(x) w(x) dx lim J‘ 0,0, (x) O;rw (x) dx =
2 et
= | Dp(x) Dw(x)dx (i=1,...,n)
2
and indeed:

lim a, (v, r,w) = a (v, w).
h=0

Condition (4.6) is the same as (4.5), because a and q, are
symmetric. For all we ¥V it follows from (11.6) that:

lim [rw| = |w]
h-0

lim |§;r,w| = |Dw| (i=1,...,n)
h-0

and this shows that:

lim a, (r,w, r,w) = a(w, w).
h—0

Condition (4.7) follows. Finally, by (11.5), condition (4.8)
follows immediately.

The approximated problem

The approximated problem (4.3) is

(11.7)  ay(up, vy) = <l v3) 5 Vo,eV,
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can be made slightly more explicit. We write:

Up = Z up (M) Wiy -

M e2ut

The unknowns are the numbers u, (M); as the set of func-
tions wyp, PeQ} forms a basis of V,, it is sufficient to
write (11.7) with only the functions v,=w,;. In this way

we find:
(11.8) Z up (M) a,(Wipt, Wip) =
M et
=ff(x) wyp(x) dx, VPeQ} .
Q

We have here a system of n(h) linear equations for the n(h)
unknowns u,(P) in which n(h)=the number of points of
Q. The matrix of this system is symmetric (as ay, is sym-
metric) and positive definite: in fact, for any choice
of numbers &,,€ R, MeQ}, we have:

Z Emlpay (Whae, Wip) = a (é EMWhas ; fpw,,,.> >

M,P
> min(1, A) ”;{: 6Mth”l? .

We can write (11.8) also in another form; this equality
is equivalent to

ay(Up, Whp) = f S () wp(x) dx 5
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can also be written as:
Y | Sun(x) 5;whp(x) dx +
i=1
Q

+ A | u,(x) wpp(x)dx = | f(x) wyp(x)dx.
J J

Because the functions d;u;, and d;w,p have compact sup-
port in 2, we have:

f 5ty (X) Swyp () dx = f 5ty (x) 604 () dix.

The following ‘discrete’ integration by parts formula can
easily be checked:

f 00 (%) 30 (x) dx =

Rn

- f 5oV dx,  Vou UneV,

R»
and so we obtain:
J‘(—'Zlaizuh""luh—f) W;,de=0, VPEQ,}

Rn
or:
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(119) — 3 82u, (M) + 2uy (M)
i=1

= (hy . )™ ff(x)dx, VPeOl.
on(P)
Convergence result

Theorem 2 of Chapter 4 can be applied; the most useful
result is the strong convergence of u,, to u, and this means:

lim u, IQ =u
h—0

limaiuh lg=Diu (i= 1,..., n)
h-0

in the strong topology of L?(Q) (u, is solution of (11.6)
and u is solution of (11.1)).

11.3. Other Results

A priori estimate of the approximate solution in L% (Q)
It can be shown that, if fe L® (L), then the solution of
(11.1) belongs to L®(£2) and satisfies:

1
(11.10) "u”Lw(n) < 1 l|f||L°°(n)-

We want to show that the solution u, of (11.6) also satisfies:

1
(11.11) "uh”Lw(Q) <1 ”f"z.w(n),
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and from this we want to deduce a new result on the con-
vergence of u, to u.
We denote:

= 1fllr=@>V=n/i.

For each real valued function ¢, ¢* and ¢~ are func-
tions defined on the same set as ¢ and such that:

ten_Jo(x) if (x)=0
¢ (")‘{o if ¢(x)<0
_._Jo if ¢(x)=0
¢ (x)_{—q)(x) if ¢(x)<0.

In particular, for v,e¥,, v, and v, are in ¥, too. For
v,eV, (v,—v) eV,
In order to prove that:

(11.12) uy,(x)<v, VxeQ,

we write (11.7) with v,=(u,— v)*; this is allowed accord-
ing to the preceding. We then get:

1113 Y [ 604 607 @) dx +

Q

+2 f 04 (%) 07 () dx = f () - ) o () dx,
where: ? ¢

Qp=Up— V.
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The right-hand member of (11.13) is negative or zero,
because for almost all x:

fxX)<Av=p and ¢ (x)>0.

As ¢,=¢; — ¢, and @, ‘¢, =0, we have:
[ e o ax= [ i 0o ax.
2 Q

On the other hand, for all xeR":
(11.14)  (Si0n (x))* < 804 (%) S0 (%)

To prove this, we remark that the functions d,¢, and
8,0, are constant on the cells:

hie;
R MeR,;
2

O'h(M‘i'

so it is sufficient to consider a point x=M+h;e;/2, MER,

and for such a point x there are four cases to consider,

according to the sign of ¢, (M) and the sign of ¢, (M + h;e;).
Finally, (11.13) gives:

f (of (¥ dx <0,
2

which proves that the function ¢, =(u,—v)* is zero on Q
and hence (11.12) follows.
Likewise, by putting v,=(u,+v)~ in (11.6) we prove
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that:
u,,(x)?-v, Vxeg’

and (11.11) follows.

Weak convergence in L* (Q2)

It is well known that L®(Q) is the dual of L!(Q); hence,
by (11.11) (cf. Appendix), we see that there exists a
u,eL®(Q) and a sequence 4’ — 0 such that

U, |Q —u, in the weak star topology of L* ().

This means that for each function peL!(Q):

lim | u,(x) p(x)dx = f Uy (x) @ (x)dx.
W0

2

Hence u,,. converges to u, in the sense of distributions and
consequently u, =u.1l Likewise, from every subsequence
of u, we can extract a subsequence which converges to u
in the weak star topology of L*(2); this means that the
family u, as a whole converges to u for the weak star
topology of L* ().

11.4. The Method of Fractionary Steps

We now want to investigate how the method of fractionary
steps applies to the problem of solving (11.7). The space
V, is finite dimensional, so we are in the situation of the
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remark in Section 6.1. The space ¥, is now endowed with
the following scalar products:

(ups V)p = f U (x) v,(x) dx

((uhs vR))in = (Ups V) + (Oithy, Si00), (i=1,..., 1)
((up> 0D = (U V) + Y, (545 O;04)y -

We put (i=1,...,n; m=n):
A
a (uy, 0,) = (O, O,04), + - (up, vp)y -

All conditions of Section 6.1 are satisfied:
o; =7, =min(1, A/n).

The approximation scheme outlined in (6.14) now takes
the following form:

(11.15)  (up™ " = up OO ), + tay, (T, 1) =

=rfﬁ(x) n()dx, VoV,

where f=)7_, f; is an arbitrary decomposition of finto
elements of L?(Q).

To render (11.15) more explicit, we follow the same
procedure as for (11.8). We decompose u,* /" into com-
ponents with respect to the basis consisting of the wy,:

r+'/" Z EvWant s ¢ueR
M e Qnt
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and we write (11.15) with v,=w,p, PeQ}:

(11.16) &Ep(hy... b))+ Y 1ay,(Whpe, Wip) =

M e Qnt

o L L W f £ dx.

on(P)

It is easy to see, as in the case of (11.8), that the linear
system (11.16) has a positive definite matrix. The impor-
tant point in the present case is the fact that the system
(11.16) uncouples into partial systems corresponding with
sets of Me€;, lying on the same line parallel to the coor-
dinate axes. It is seen that these partial systems have
a positive definite tridiagonal matrix, which makes their
actual solution rather easy to compute, by Gauss elimi-
nation.

Remark. We can, as in the case of (11.9), write (11.15)
in the form

. A .
11.17) —w62uitim(P) + (1 + %) u PPy =

=u e Ompy 4 1 (hy...h)"! f fi(x)dx,

on(P)
VPe®; (i=1,..,n; r=0,...,N).

A numerical application

The preceding considerations, and in particular those of
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this section have been applied to the numerical solution
of the equation:

—Au+u=f,

ulr=0

in Q=]1,2[ x ]1,2[<R?, with:

f=rfi+r2

F1=%(x1 — 1) (xy —2) (x, — 3)
f2==2(x;—1)(x;—2).

The exact solution, which we know in advance, and that
we actually want to rediscover, is:

u=0x;—1)(x; —2)(x; = 1) (x; —2).

The following table gives the normalized error:

e =

[tnln

luy, — ryuls

for the indicated values of 7,k (=h, =h,=step length for
the variables) and N (=number of iterations).

h=1/10

h=1/20

h=1/30

€n

N

€n

N

€n

N

1/100
1/200
1/300
1/400

0.267 x 10-2
0.696 x 10-3
0.315 x 10-38
0.179 x 10-3

49
83
113
143

0.181 x 10-2
0.468 X 10-3
0.211 x 10-3
0.120 x 10-3

48
81
112
142

0.153 X 10-2
0.394 x 10-3
0.177 x 10-3
0.101 x 10-3

48
81
112
142

The computation time is approximately proportional
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to the number of iterations and the number of cells used.

11.5. Miscellaneous Remarks

(i) All the preceding results can be extended to problems
(11.1) and (11.2) with A=0. The coercivity of the exact prob-
lem is obtained using the so-called Poincaré Inequality; in
the discrete case we can use a discrete Poincaré Inequality;
some classical techniques and their discrete extensions are
available to prove a maximum principle.

(ii) Itisnot difficult to study the approximation of prob-
lems (11.1) and (11.2), using the two approximations of
the space H, (Q) described in Chapter 10, and appropriate
approximations of @ and /. However, the particular tech-
niques developed in Sections 11.3 and 11.4 (discrete
maximum principle and fractionary step method) are not
applicable in such a direct way. In the case of the con-
forming finite element approximation, the methods of
Chapter 5 concerning estimation of the error work out
easily. All these questions are left as exercises.

(iii) Using the preceding approximation of Hj (Q) one
can extend the results of Sections 11.1 and 11.2 to more
general second-order Dirichlet problems (involving, for
example, mixed derivatives D;;u). Many other Dirichlet-
type problems of higher order can be set in the framework
of Chapter 1, and approximated by the methods of Chapters
3 and 4, using appropriate techniques, very close to the
techniques used for problems (11.1) and (11.2).
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NOTES

1 The hypothesis A> 0 is put here for simplification. The case A =0
can be handled with suitable modifications. Some cases with A>0
even can be treated too. (See Section 11.5(i).)

2 Which shows (11.10).



CHAPTER 12

EXAMPLE II: THE NEUMANN PROBLEM

12.1. The Exact Problem

We are in the situation discussed in Section 1.2; Q is
a bounded open set in R" with boundary I', we put
H=I1*(Q) and V=H"(Q) and these spaces are provided
with their usual Hilbert structure (cf. Chapter 7):

) = f £ g(x) dx

Ifl=(f NV, Vf,geH
((u9 U)) = (us U) + Z (Diu, Di‘l))
i=1
lull = ((u, w)*’*,  VYu,veV.

The injection of V into H is continuous (|u| < |ul|, Yue V)
and ¥, which contains Z(Q), is dense in H.
The form a(u, v) is the same as in Chapter 11:

a(u,v) = i (Dju, D) + A(u,v), A>0,
i=1

so the only difference with Section 11.1 is the change of
space V.
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Theorem 1 of Chapter 1 gives in this case:
For each given f in L*(Q), there exists one and only one
ue H*(Q) such that:

(12.1) a(u,v)=f(v), VYveH!(Q).

If we substitute v=pe2(Q), which is allowed, we see
like in Section 11.1, that u satisfies the equation:

(122) —du+iu=f

in the sense of distributions on €. It follows from (12.2)
that dueL*(Q).

We now take the scalar product of each of the members
of (12.2) with ve H'(Q), but in the L?(Q) sense. We obtain:

— (4u, v) + A(u, v) = (f, v).

As ue H'(Q), due L*(Q), ve H* (), we can use the gener-
alized Green’s formula (7.5) and then we find:

M=

; (Diu9 Div) + A’(u’ ‘U) = <fs ‘U> + <?1us ?0v> .

1
Comparing with (12.1) gives us then:
(12.3)  (yyu, yov) =0.

As v is arbitrary in H*(Q) and v, is a surjection of H!(Q)
onto H'/2(I') (cf. Section 7.2), equality (11.3) shows that:

you=0 in H™Y2(D).
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So finally:
The solution of (12.1) is the solution of the Neumann
problem:
—Adut+iu=f
(12.4) ou
yuu=0 {or “— =07].
ov|r

12.2. Approximation by Finite Differences

We apply the results of Chapter 4 to the approximation
of problem (12.1) or (12.4) by the method of finite dif-
ferences. We use the external approximation of the space
H'(®) from Section 9.2. The forms a, and J, are the
following:

(125) oy o)=Y | 6un(6) 80, (x) dx +
i=1
Q

+ 4 f u,(x) v,(x) dx
Rn
12.6) Loy = f £ () 0y(x) dx.
(7]

Condition (4.1) holds with «,=min(1, ) and condition
(4.2) holds with f=| f|. Conditions (4.5) to (4.8) hold too,
and this can be checked in the same way as in Section 11.4.
One must use note 1 of Chapter 9.
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Approximated problem
We have to find (cf. Section (4.3)) the u,eV, such that:

(12.7)  a,(uy, vy) =y, vp) Vo, e V.
We write this in the form:

Up = Z up (M) Whay s
Me2u!
where the unknowns are the numbers u, (), and the set
of these numbers is the solution of the following system
(where v,=wp):

(12.8) Z Uy (M) a,(Wppg> Wpp) =

M e Qpt
=J‘f(x)dx, VPeQ!.

an(P)

We see, like in (11.8) that the matrix of system (12.8) is
symmetric and positive definitite.

Remark. The computation of the matrix of system (12.8)
has to be done numerically; this matrix depends on the
measure of the sets o,(M)NQ for points M on the bound-
ary (that is to say for points M such that MeQ} and
0,(M) has non empty intersection with Q and with the
complement of ). For the same reason (12.8) cannot be
converted into an equation analogous to (11.9).



EXAMPLE II: THE NEUMANN PROBLEM 125

Convergence result

Let u be the solution of (11.1) and let u, be the solution
of (12.7). Theorem 2 of Chapter 4 is applicable and u,
converges strongly to u; this means in this case:

lim u, IQ =u
h~0
lim é;u, IQ =Du (i=1,...,n)

h-0

in the strong topology of L?(Q).

Remark. For fe L* (Q) it can be shown that the solution
u of (12.1) belongs to L® () and satisfies:

"u"Lw(ﬂ) X7 ”f”Lw(n)

Just like in Section 11.3, it can be shown that the solution
u,, of (12.7) satisfies:

"uh”Lw(n) "f [ L®(Q)»

and u, converges to u for the weak star topology of L* ().

12.3. The Method of Fractional Steps

Now we will study the application of the method of frac-
tional steps to the problem of solving (12.7). The space
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V, is finite dimensional and we are in the situation of the
remark of Section 6.1. The various scalar products on ¥V,
are:

(it 03)y = f (%) v () dx

Rn
((ups 8))in = (ups V) +

+ f ou,(x) v, (x)dx (i=1,...,n)

(Gt 0D = (g o)y + f 8.1, () 5,0, () dx.
i=1
Q

We put (i=1,...,n; m=n):

A
ay(up, vy) = J- O;up (x) 6;05(x) dx + . (ups OB -
Q

All conditions of Section 6.1 are satisfied («;=7y;=min

(1, A/n)).

The approximation scheme (6.14) becomes now:
(12.9) (i — up ¢ )y + zay (T, vy) =
—t [fu@dx  weh,
Q

where f=)_, f; is an arbitrary decomposition of f into
elements of L2(Q).
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If we decompose u,"*" with respect to the basis con-
sisting of the wy,, MeQ), we obtain:

u;H/" = Z EMWhn >
M et
and if we write (12.9) with vp=w,p, PeQ}, we see that the
set of &, is the solution of the system:

(12.10) &p(hy...h)+ Y, tay(Waps, Wip) =

M e Qpt

= @O T f /i) dx.

on(P)

System (12.10) is linear in the &,,, and its matrix is sym-
metric and positive definite. Just as in (11.16) this system
uncouples into partial systems corresponding with sets of
MeQj}, lying on the lines parallel to the coordinate axes.
Each partial system has a symmetric positive definite
tridiagonal matrix. The inversion of such matrices is quite
a standard procedure.

A numerical application
The example in this case is:

—Au+2u=f in 2=10,1[x]0,1[ (2 =R?

ou _o
6vr_
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with:

f =2(=*+ 1) cosnx, cosmx,

NUMERICAL ANALYSIS

and exact solution:

U = COSTTX; COSTX; .

The table gives the normalized error:

eh=

lup, — ryuly

[tn]n

for different values of 7, h(=h,=h,) and N.

T h=1/10 h=1/20
en N en N

1/10 0.375x 102 5 0.932x10-2 5
1/20 0.374 X102 10 0927x10~2 10
1/40 0.372x10-2 18 0.907x10-2 18
1/80 0.371 X102 36 0.897x10-2 35
1/160 0.370 X102 70  0.891x10-2 69
1/320 0.370 X102 198  0.888 x102 137
1/640 0.370 X 102 275 0.887x10-2 273
1/1280 0.370 X102 548  0.886x10-2 545
1/2560 0.370x10-2 1094  0.885x10-2 1088

The computation time is approximately proportional
to the number of iterations and the number of cells used.

Remark. The remarks made in Section 11.5 are also valid
here. The methods are applicable to more general Neumann
type problems, mixed Dirichlet-Neumann problems, trans-
mission equations, elasticity equations, etc.



PART III

A NONLINEAR ELLIPTIC
EQUATION



CHAPTER 13

THE EXACT PROBLEM

We will describe here the nonlinear elliptic problem that
we want to study, and we prove existence and uniqueness
of the solutions of this problem. Existence is shown by the
Galerkin method, which at the same time gives first
method for approximate solution of the equation.

We do not develop a general approach of the approxi-
mation of non-linear elliptic problems, although the meth-
ods in the sequel are applicable to a large class of such
problems.

13.1. Existence and Uniqueness Theorem

Let Q be an open bounded set in R” whose boundary I’ is
sufficiently regular, for example, satisfies (7.3) with r=1.
As before (., .) and |.| stand for the scalar product and
norm in L?(Q). We call V the space H§(2)n L*(Q) pro-
vided with the norm:

lull = llullgy + lullLs@)-

It is easy to see that ¥ is a Banach space: indeed, if u, is
a Cauchy sequence in V, then it is a Cauchy sequence as
well in H!(Q) as in L*(Q) and hence converges in these
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spaces to limits which are necessarily equal to the same
function u since convergence in both these spaces implies
convergence in L?(Q); hence ueV and u, converges to u
in V.

Let a(u, v) and b(u, v) be the following forms defined
on VxV:

a(u,v)= Y, (Dju, D) + A(u,v), A>0,
i=1

b(u, v)=a(u, v)+fu3(x)v(x) dx
Q

Clearly a(u, v) is a continuous bilinear form on V'x V; if
u and v are in L*(Q), then »*e L**(Q) and v*ve L'(Q) so
that b(u, v) is well defined for Vu, veV.

THEOREM. 1. For each given fin L?(Q) there exists one and
only one u in V such that:

(13.1) b(u,v)=(f,v), YveV.
This function satisfies:

139 —dutdut+ud=f
(13.2) you =0 (or “u|r=0”).

Proof. (a) Interpretation of (13.1): If u satisfies (13.1),
then we take v=¢pe2(Q) in (13.1), and then we get:

; (D;x, D;p) + f (Au(x) + u(x) — f(x) x
2 x o(x)dx =0,
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and because ¢ is arbitrary in 2(Q), this means that:
—Au+lutud=f

in the sense of distributions in Q.

On the other hand, ue Hj (2) means that y,u=0 or
‘u | r=0" (cf. Section 7.2). Hence each functionu of ¥ that
satisfies (13.1) is solution of (13.2).

(b) Uniqueness of solutions of (13.1): Let u; and u, be
two elements of ¥V that satisfy (13.1) and let u=u, —u,.
Then we have:

b(uy, v) — b(uy,v)=0, YveV,

and if we put v=u, then we get

a(u, u) + f (ud () — w3 (0)) (uy () — 5 (x)) dx.
2

Since the function & — £3 is increasing, we evidently have:

(i () — u3(0)) (g (x) —u,(x)) >0 ae.

and hence:

f @3 (x) — 13 (0)) (1 () — () dx > 0,

so that indeed

a(u,u)<0
Aul* <0,

and hence u=0, u; =u,.
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(c) Existence of a solution of (13.1): This is proved in
Section 13.3. In 13.2 we give a few preliminary results.

Remark. Itis proved in the same way as in (b) above, that:

(13.3) b(u,u—v)—b(w,u—0v)=>0, Yu, veV.

13.2. Lemmas

LeMMA 1. The space V is separable (in other words, there
exists a dense, countable family in V).
Proof. Consider the space:

F=IL*Q) x 2(@)"**
and the map @ from Vinto F:
ur—>ou = (u, u, Dyu,..., D,u).

The map @ is a nonsurjective isomorphism of normed
spaces. We know that the spaces LP(Q) are separable;
hence F is separable and V too.

It follows from this lemma that in V, like in any other
separable normed space, there exist total sequences con-
sisting of linear independent elements.

LemMMA 2. {u, v}—b(u, v) is a continuous map from V x V
into R.
Proof. Because {u, v}—a(u, v) is a continuous bilinear
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form on ¥V x ¥, we only have to prove that the map:
(13.4) {u,v}-> f u? (x) v(x) dx
2

is continuous.

Now the map u—u3 is continuous from L%(Q) into
L*3(Q). For u, uy, v, v,V (or just in L*(Q)) the Holder
inequality gives:

<

f u?(x) v(x) dx — f ul (x) vy (x) dx
Q Q

< f 13 (x) (v(x) — vy (x)) dx| +

Q

<

+ f 3 (x) — 13 () vy (x) dx
2

3
< |4l Larsay lv — vxll Loy +
3 3
+ lu” — uill a3y 0%l Loy -

The continuity of map (12.4) follows from this last in-
equality.

LEMMA 3. Let X be a finite dimensional Hilbert space, with
scalar product [., .] and norm [.], and let P be a continuous
map from X into itself such that:

(13.5) [P(&),¢E]1>0 for [E]=k>0.
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Then there exists (e X, [E]1<k, such that:

P(§)=0.

Proof. This is an easy consequence of a classical theo-
rem, namely the Brouwer fixed point theorem. The proof
of this theorem, which is rather long and technical, can be
found in Dunford and Schwartz [1]. The statement of the
theorem is: “Let D be a closed ball in a finite dimensional
space and S a continuous map of D into itself. Then there
exists at least one point £eD such that S(&) =¢£.

Suppose that P has no zero in the ball with center O and
radius k in X. Then the following map of D into itself is
continuous:

_ kP
S SO="er
So there exists an £,€D such that:
kPG _,
[Pl

If we take the norm of both sides, we see that [£,]=k,

and if we take the scalar products of both sides with
P(&,), we find:

[P (So), Sol =— k[P (&0)] <O.

and this contradicts (13.5).
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13.3. The Galerkin Method

Setting up the method

Let w,,w,,..., be a free and total sequence in V (see
Lemma 1). Let V,, be the space spanned by w; ..., w,. We
now are going to find, just as in the linear case, for each
fixed m, a u,eV,, such that:

(13.6) b(u,,v)=(f,v), YveV,.

We cannot use the projection lemma in this case; and
we are going to use Lemma 3, to prove the existence of a
u,, which satisfies (13.6). We apply Lemma 3 with the
following conditions:

X =V, with an arbitrary scalar product;

for example, if:
m m
u= Z Eiwi, v= Z niWw;,
i=1 i=1
we take
[u, v], = :Zl ity -

Because ¥, is finite dimensional, the norm [.] associated
with this scalar product is equivalent to any other norm;
hence there exists a constant c,,, depending on m, such
that:

1
cml”l<[“]m<_|u19 VUEV,,,.
C
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The map P, defined on V,, will be:

uis Py =3 (b, w) = (f, W)} wy.

i=1

The continuity of P follows easily from Lemma 2. On the
other hand, for u=) 7+ ,&w; we have:

(PG, ulu= 3, &b, ) = w)} =
= b(ua u)—(f’ u)

>
= Aul® = |f] lu] >

1
> Aci[ulz — o [f1 [uln-

So it follows that [P (u), u],, >0 for [u],,=k and k large
enough (k> | f|/Ac®). The hypotheses of Lemma 3 are
satisfied, and hence there exists a u,,€ V,, such that P(u,,) =
=0, which means:

b(uy, w) =(f,w), i=1,...,m.
Hence u,, satisfies (13.6).

Passage to the limit
We put v=u,, in (13.6); then we get:
(13.7)  b(tm ) = (f, )

bt tt) < IS [l < 1f] thmll 102y
min(1, 4) llum"Iz{l(Q) + ”“m“?ﬂ(n) < |f] ""muyi(n)
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1

(13.8)  |umlgie < m

I£1

1
13.9 ¢ < ——|fI2.
( ) "“m”u(n) min (1, 4) |1

Moreover, from (13.9) follows also:

1 3/4
13.10) [lu3 <———=If1’r .
(13.10) [} ey < {min L }
Since balls in H(Q), L*(Q), L*'3(Q) are weakly com-
pact, we see (by successively extracting three subsequen-
ces) that there exists a subsequence m’'—oc0 such that:

(13.11) wu,.—u inthe weak topology of H(Q)
(13.12) u,.—u, inthe weak topology of L*(Q)
(13.13) u3.—»¢ inthe weak topology of L*/3(Q).

It follows immediately that #=u, because (13.11) and
(13.12) imply that u,,. converges to u and to u, respect-
ively, in the weak topology of L?() or in the sense of
distributions on Q.

However, it is not at all evident that ¢=u> and this
difficulty is the essential difference with the linear case of
Chapter 2. To circumvent this difficulty we are going to
use a method which can also be used for a large class of
nonlinear equations.

Let welJn>2 Vs and let j be the smallest integer such
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that weV;; for all m’ > j we have according to (13.6):
b(upy W —tp) =(f, w—uy,),
and with (13.3) we get:
b(w,w—u, )= by, w—u,)=(,w—u,).
By (13.11) and (2.8):

lim a (W, um’) =a (W’ u);
according to (13.12) and the definition of weak conver-
gence in L*(Q) (w*e L*3(Q)) we have:

lim w3 (X) Uy (x) dx = f w? (%) u(x) dx.

Hence we get in the limit:
(13.149) b(w,w—uw)=(f,w—u).

According to Lemma 2 each of the members of (13.14)
depends continuously on w, in the topology of V. Since
Um>1Vm is dense in ¥, and (13.14) holds for all welJ,.>1
Vs the inequality still holds by continuity for all weV.

Now, for a fixed arbitrary element of V, we write (13.14)
with:

w=u+ v, A€eR;
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and hence:
Ab(u + Av, v) = A(f, v).

If A>0, we find by division by A4:
b(u + v, v) > (f, v),

and when 1-0 (cf. Lemma 2):
b(u,v) = (f,v).

By considering the case 41<0, we get the opposite in-
equality, and by comparing the two inequalities, we find:

b(u, v) =(f,v).

This proves that u satisfies (13.1) and this completes the
proof of Theorem 1.

Result of the approximation

Let us work out the preceding, to obtain an approximation
result concerning u.

We can prove exactly as above, that every sequence
extracted from u,, contains a subsequence that converges
(in the weak topology of H' () and in the weak topopogy
of L*(Q)) to a solution of (13.1), which means to «. Under
these conditions the sequence u,, as a whole converges (in
the weak topology of H*() and of L*(Q)) to u™.

Next we consider the expression:

X,=b(uy, u, —u)—b(u,u, —u).
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With an argument similar to the one used in Chapter 2,
we show that:
lim X,,=0.

m-— oo

According to (13.3):
min(13 j’) "um - u"?ig‘(ﬂ) < a(um —u,u, — u) < Xm’

and hence u,, converges to u in the strong topology of
HLQ).

We note on the other hand, that the approximate
Equation (13.6) has at most one solution. This is proved
in the same way as in the case of Equation (13.1).

The preceding remarks lead us to the following theorem:

THEOREM 2. The approximate equation (13.6) has a unique
solution u,,eV,,.

For m— 0, u,, converges in the strong topology of Hy(Q)
to a solution of (13.1).

Remark. 1t can be shown that u, converges to u in the
strong topology of L*(Q) and hence in the sense of the
norm of V.

Remark. Though Equation (13.6) has a unique solution,
the actual computation of the solution (13.6), which is
equivalent to solving a system of algebraic equations, is
not easy. However, there exist algorithms for solving
systems of nonlinear algebraic equations.



CHAPTER 14
APPROXIMATE PROBLEMS

We study the approximate solution of problem (13.1) by
a finite difference method.

14.1. External Approximation of the Space V

The space F and the operator @ are those as defined in
Lemma 1 of Chapter 13:

F = L*(Q) x L2(Q)**1

@:ur—-ou = (u,u, Dyu,...,Du).

We use the notations introduced in Section 7.1. For all
hes?, V, is the space of step functions:

u,(x) = z \ Uy (M) Wppe (%), u,(M)eR

MeSn

provided with the norm:

" 1/2
sl = { [ [ G + o] dx} ;
) i=1

1/4
+{ (u,(x))* dx} .
l
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V, is finite dimensional and the dimension is equal to the
number n(4) of points of Q}, (as the set of functions wy,,,
MeQ;, constitutes a basis of V).

The operator p, is defined as follows:

Pt = (uy In, Uy ln: 01y lg, cees Oy [n), Vu,eVy,

where g [ o stands for the restriction to Q of the function g.
The restriction operators are defined as in (9.5)

(14.1) () (M) =u(M), YMeQ., Yue? =2(Q).

PROPOSITION 1. {@, F}, {Vy, Dbs 'n}ne s define a stable and
convergent generalizedexternal approximationofthespaceV.

Proof. The operators p, are linear, injective, continuous
and have norm less than or equal to 1; hence they are
stable, and the approximation too.

We now show that this approximation is convergent.
According to Proposition 4 of Chapter 3, we have to
show that for each ue 2(Q):

lim ryu [o=u in the strong topology of

"0 I*(Q) and L} (Q)
lim 6;,r,u I o = D;u in the strong topology of

" Q) (i=1,..,n).

(2(9Q) is dense in V). Actually, these results are already
contained in the proof of Proposition 3 of Chapter 9.
Condition (ii) of the definition of a convergent external
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approximation (cf.3.4) is easily checked if one takes
Proposition 3 of Chapter 9 into account. If i, . is a sequence
of elements of V},. (4’ —0) such that p,.u,. converges to:

Q= ((DO’ P15 .09 (pn+1)
in the weak topology of F, then:

lim u,, I o= o in the weak topology of L* ()

W' -0

lim uy | = ¢, in the weak topology of I?(Q)

K-0
lim 8;u; |o = @;4; in the weak topology of L* ()
K0
(i=1,...,n).
It follows that u,,,ln converges in the weak topology of

L?*(Q) (or in the sense of distributions) to ¢, and to ¢, ;
hence:

Po = p1€L*(Q).
By the already mentioned proposition, we see that
¢1€Hy(Q)and ¢;,,=D; ¢, (i=1,...,n) so that ¢,V and
@ =0Q,.
14.2. Approximate Equations

For u,, v,eV,, we put:

(14.5) (uy, 1)y = f 1 () 03 (x) dx
2
[ugly = (g, uh);/z
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a,(uy, vy) = _21 f Oy (x) 6,05 (x) dx + A(uy, vy,
2

Byt ) = ay it 03) + f 1y ())° 03(x) dx.

We observe, as in (13.3) that:
(14.6) by, (up, up, — v3) — by (Vp, U, — vp) =
2 a,(up — Oy, uy — vy) 2 0.

With the function f we associate f,eV,, fo=r,1

The approximate problem can now be formulated as
follows:

To find u,eV, such that:

(14.7) by (up, v) = (fhs Vdn>» Vo,e V.

PROPOSITION 2. Problem (14.7) has a unique solution.
Proof. Uniqueness is shown as in (13.1); if u,, and u,,
are two solutions of (14.7) and if w,=u,,—u,,, then:

by, (u1ps v4) — by (uzs, 1) =0, Vo,eVy;
in particular:

by (41> ttg) — by (U, up) =0,
and by (14.6):

ah (uh’ uh) < 0

Muly =0,

which proves that 1, =0, u;,=u,,.
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The existence of the solution follows, as in the case of
(13.6), from Lemma 3 of Chapter 13, applied to the follow-
ing situation: X =V, with the scalar product of (14.5).
The map P is defined as follows:

P(u,) = Z { b4 (tp, Wing) — (S Winn} What -
M e Qut

The map b, is continuous from ¥V, x V,, into R, which is
checked as in Lemma 2 of Chapter 13. Hence P is continu-
ous on V. On the other hand (the set of the w,,, forms an
orthogonal basis of V), with respect to the scalar product
(14.5)):
(P(up), )y = (hy ... By) X
x X . {b1 (s> Win) — (fio Wiap)} (M)

Me®y,
(Ay ... hn)—l (P (up), up)y = by (up, up) — (frr Uy =
= Alugly — | fuln [ualss

and this is strictly positive for |u,|,=k and k large enough

(ke >@1/2) [ fulw)-
So the hypotheses of Lemma 3 of Chapter 13 are satis-

fied, and hence there exists a u, € ¥}, such that P(4,)=0, or:
by (uns Wan) = (fs Want) 5 VM EQ; 5

so u, satisfies (14.7).

Remark. Equation (14.7) is equivalent to an algebraic

system of equations for the set of the u,,,; we will see in
Section 14.3 how the method of fractionary steps can be
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suitably adapted to get a practical method for the actual
computation of the solution of this equation.
The convergence theorem is as follows:

THEOREM 1. For h—O0, the solution u, of (14.7) converges
weakly to the solution u of (12.1) and moreover:

(14.8) limu, |9=u in the strong topology of
h—0 LZ( Q)

(14.9) limdu,|o=Du inthestrong topology of L*(Q)
h=0 (i=1,...,n).

Proof. When we put v,=u, in (14.7) we get:
by (up, up) = (fs tns
by (ups un) < | fnln enls-

Because of (9.3), | /i |< | f| (fi=rwf), and hence

i_zl J‘(aiuh (x))? dx + Alulz +

Q

+ J.(“h(x))" dx < |f] [ualy

Q

1
(14.10) fuyly <51/

1

L G=1,m);

(14.11) J-(éiu,,(x))2 dx <
Q
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(14.12) J () dx < 1P

Under these conditions, there exists a sequence 4'—0
such that:

(14.13)  limuy o =1u4

h'—0

(14.14) lim Uy Ig = Uyy

h'-0

(14.15) lLimSuy [o=u; (i=1,...,n).

h'=0

This means that p,.u,. converges in the weak topology of
F to o= (uy, Ugs, Uy,..., 4,) and according to Proposition
1, u,eV and ¢ =ou,, that is to say:

(14.16) u** = u*, ui = Diu* (i = 1, ceny n).

Let w be an arbitrary element of ¥ and w,=r,w. If we
write (14.7) with v,=w,—u,, and use (14.6), we see that:

(14.17) by (up, wy, — up) = (fy, Wi — Up)y
by, (Wh, Wy, — 1) 2 (fyo Wh — Up)p-

It is easy, by Proposition 1 and (14.13) to (14.16), to
pass to the limit in this inequality, by letting 4'—0. Since
Puw, converges to @w in the strong topology of F':

limw, [, =w  in the strong topologies of

h—0
I*(Q) and L*(Q)



150 NUMERICAL ANALYSIS

lim é;,w, | = D;w in the strong topology of

h—0
LZ(Q) (i=1,...,n).
Hence:

lim ap (Whl, Wy — uh:) = a(W, w— u*)
h'—=0

lim f(wh’ (X)) (W (x) =y (%)) dx =

k'—=0

= J. w(x)? (W (x) — uy(x)) dx

Lim (fy, W — up)e = (f, w — uy)
-0

(fa |Q converges to f in the strong topology of L%(Q)).
Finally:

bw,w—uy)=(f,w—uy), VYweV.

This last inequality shows, just like in the case of (13.14)
that u, is the solution of (13.1) and hence u,=u.

From every sequence extracted from u, we can extract
a subsequence for which (14.13) to (14.16) hold, with
u,=u: This proves that convergence holds for the se-
quence u, as a whole; p,u, converges to @u in F, or, in the
terminology of Chapter 3, u, converges weakly to u.

To establish (14.8) and (14.9), we consider the expres-
sion:

X, = by (uy, uy, — r4u) — by (rau, uy — ryu).
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According to (14.7):

b, (uy, up — ryu) = (fy, up — ryu)y,
and

lim(f;” uh - rhu)h = O.
h—0

By Proposition 1, it is easily verified that:

lim bh (r,,u, U, — r,,u) =0.
h—0

Hence lim,_, o X, =0, and by (14.6):

lim a, (u, — ryu, u, — ryu) =0;
h—0

which means:

lim | (uy(x) — ru(x))*>dx =0
b0

2

lim | (Bu(x) — d;ru(x))*dx =0 (i=1,...,n)
h=0
Q

and because of Proposition 1:

lim | (ru(x) —u(x)*dx=0
h—0
2

lim | (6;ru(x) —Du(x))*’dx=0 (i=1,...,n).
h—0
2
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whereby (14.8) and (14.9) are established. Theorem 1 is
proved.

Remark. One may prove that u, | o converges to u in the
strong topology of L*(Q), and then conclude that u, con-
verges strongly and discretely to u.

14.3. The Method of Fractionary Steps

We are going to adapt the method of fractionary steps to
the solution of (14.7) for fixed h.
We introduce the forms:

A
A (Upy V) = faiuh (x) d;04(x) dx + " (ups O
Q

Yu,, v,eV,, i=1,..,n.

We associate with these continuous linear operators
A, in V,, defined by:

(Awun, vy = ay (uy, vy), Vuy, v,e V.

Let f,=)i-1fi be an arbitrary decomposition of f,
into elements of V.

For each integer N and for each real positive number 7,
we define recursively a family of elements of ¥V (cf.
Chapter 6). These we denote by:

Wtim 0<r<N-1, 1<i<m (m=n+1).
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We start from an element u, which is arbitrarily chosen
in V,. When ug,..., uj* ¢~ V/™ are known, u""™ is defined
r+1/m

as follows: Fori=1, u, is the solution in V) of:

(14.18) (W™ —up, vp), +

+ f(uf,“"”(x))s 0,(x)dx =0, Vy,eV,.
2

The uniqueness of the solution of (14.18) is immediately
clear. We can conclude existence from Lemma 3 of
Chapter 13, but it is simpler to remark that (14.18) is
equivalent to the following uncoupled algebraic system:

(14.19) &y +1Ey=ny, VYMeQ;,

where n,,=ul(M) is known, and where &,,=u," /™ has to
be found.

For2<i<m,u*™
+ tay, (u, ", v,) =

= T(fin> Unn>» Vo,e V.

Existence and uniqueness of solutions of (14.20) follow
from the projection theorem.

We observe that Equations (14.20) are linear and fur-
thermore identical to Equations (11.16). Equations (14.19)
are totally uncoupled algebraic equations of the third
degree.

We can estimate the difference between the last element

is defined as the solution in V,, of:
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uy and the solution u, of (14.7) by the following proposi-
tion:

PrOPOSITION 3. For all n, n=0,..., N:
2
I up — Uy Ih <&,

where:

g =gl +y7)+012 Y (L+yy™"

ji=1

0 2
30=|uh—uh|h

o=n _;1 lfih — Ay |I%

()
y=min{1,-].
n

PrOPOSITION 4. For 1—0 and N— oo such that tN— o0, we
have:

lim [u” — u,|? = 0.

The proofs of these propositions are quite similar to
those of Theorems 1 and 2 of Chapter 6. We will not dis-
cuss them further.

A numerical application

We illustrate the preceding method by the following
example:
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—du+iu+ud=fin 2=70,1[ x]0,1[ (2<R?
u |F = 0
with:
f=—=200x;(x; —1) —200x,(x, — 1) +
+ 100Ax, (x; — D) x5(x, — 1) +
+108x3 (x; — 1)3x3(x, — 1)3.
The exact solution is:

u= 100x1 (x1 - 1)x2 (x2 - 1).

T h=1/10 h=1/20

A=1 A=100 A=1 A=100

en N en N en N en N
1/100 0.199 x 10-2 20 0.662 x 10! 13 0.220 x 102 19 0.664 x 10~ 13
1/200 0.537 x 103 31 0.201 x 10-* 20 0.591 x 10-3 31 0.202 x 10-* 20
1/300 0.245 x 10-3 42 0.961 x 10-2 27 0.270 x 10-3 42 0.963 x 102 27
1/400 0.140 x 10-3 51 0.560 x 10-2 33 0.154 x 10-3 51 0.561 x 10-2 33
1/500 0.907 x 10~4 60 0.366 x 102 39 0.997 x 10-4 60 0.367 x 10-2 39

These results are quite sensitive to changes in the values
of A. The computation time is approximately proportional
to the number of iterations and the number of cells used.
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TOPOLOGICAL VECTOR SPACES

We recall without proof a few results concerning topolog-
ical vector spaces. We only consider spaces over K, K=R
or C.

Topological vector spaces

Let E be a set endowed with a vector space structure over
K together with a topology. We say that these two struc-
tures are compatible if:
(i) the map {x, y}»x+y from E x E into E is con-
tinuous;

(ii) the map {4, x}»Ax from K x E into E is continu-

ous.

The set E endowed with these two compatible structures
is called a topological vector space, real if K=R, complex
if K=C.

A normed space, and in particular a prehilbert space,
endowed with its vector space structure, and with the
topology associated with the norm, is a simple example of
a topological vector space.

Seminorm

Let E be a vector space over K. A seminorm on E is a map
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p from E into R such that:

i p)=0, VxeE;
(i) pUAx)=|Alp(x), Vx€eE, ViekK
(i) px+y)<px)+p(»), Vx, yek.

We say that p is a norm if moreover p(x)#0 for all
x#0. We call the set {x|p(x—a)<p} an open p-ball
with center a and radius p.

P-topology on a vector space

Let Z be a family of seminorms on E. We call any finite
intersection of open p-balls with center a, peZ, an open
P-ball.

The Z-topology on E will be the topology whose open
sets consist of arbitrary unions of open Z-balls. Such a
topology can be shown to be compatible with the vector
space structure of E.

Among the properties of Z-topologies we mention the
following ones:

(i) the Z-topology is Hausdorff if and only if:

VxeE, x#0, dpe?, p(x)>0;

(ii) a sequence x, converges to x in the #-topology if
and only if:

Vpe?, lim p (x, — x) =0.

n—> o0
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The weak topology of a Hilbert space

Let E be a Hilbert space with scalar product ((., .)) and
norm |.].
For each y of E, we define the seminorm p,:

py () =|((x, )|, VxeE.

Let # be the family of seminorms {p,},.z. The corre-
sponding Z-topology is called the weak topology of the
Hilbert space E. By contrast, the topology associated with
the norm is called the strong topology of E.

The weak topology of E is Hausdorff (for x#0,
P.(¥)=|x|>>0). A sequence x, converges to x in this
topology if and only if:

VyeE,  lim((x, »)=((x, »).

n— o

We observe the following: A sequence x, converges
strongly to x if and only if x, converges weakly to x and
lx,l| converges to ||x|.

These conditions are obviously necessary, in order that
x, converges strongly to x. Conversely, let us assume that
x, converges weakly to x and ||x,|| converges to || x||; then:

%y — x11% = %1% + 11x)|? — 2%e((x,, X))
converges to 0, which proves the statement.

Weak topologies of a normed space and its dual

Let E be a normed space and E’ its dual (the space of
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linear continuous maps from E into K), equipped with the
dual norm.

The weak topology of E, denoted by a(E, E’), is the
topology associated with the following family of semi-

norms {p, }ycg-:
p,(x)=Kx, I, VxeE,

where {.,.) stands for the scalar product of the duality
between E and E’.

The weak star topology of E’, denoted by ¢(E’, E), is
the topology associated with the family of seminorms

{px}er:
px:()=Kx, |, VyeFE'.

By contrast, we call the topology of E (or E’) defined by
the norm the strong topology of E (or E’).

It is easily verified that the weak star topology of E’ is
Hausdorff. It is also true, but less obvious, that the weak
topology of E is Hausdorff.

If E is a Hilbert space, then the two weak topologies
which are defined on E are actually the same, as the de-
fining families of seminorms are the same, by the Riesz
theorem, which states that there exists a canonical iso-
morphism of E onto its dual.

Compactness theorem

An important result, which we often used in the text, and
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which we will now state, without proof, is the following
(cf. Dunford and Schwartz [1]):

Let E be a normed space and E' its dual. The closed balls
of E' are compact and sequentially compact for the weak
star topology o(E', E).

In particular, if y, is a bounded sequence of E’, then
there exists a subsequence y,, and an element y of E’ such
that y,, converges to y in the weak star topology of E’, in
other words:

VxeE, lim {x, y,.> =<{x, ¥>.
i— oo

Likewise, for a bounded sequence x, in a Hilbert space
E, there exists a subsequence x,, and an element x of E
such that x,, converges to x in the weak topology of E, in
other words:

VyeE,  lim((x, y)) =((x, ).

i~
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