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PREFACE 

This book is an introduction to one of the important as­
pects of Numerical Analysis, namely the approximate 
solution of functional equations. We intend to show, by 
a few brief examples, the different theoretical and practical 
problems related to the numerical approximation of 
boundary value problems. We have chosen for this the 
approximate solution of certain linear elliptic partial 
differential equations (the first two parts of the book) and 
the approximate solution of a nonlinear elliptic differential 
equation. 

This book is not a systematic study of the subject, but 
the methods developed here can be applied to large classes 
of linear and nonlinear elliptic problems. 

The book assumes that the reader's knowledge of Anal­
ysis is comparable to what is taught in the first years of 
graduate studies. This means a good knowledge of 
Hilbert spaces, elements of measure theory and theory of 
distributions. The subject matter of the book covers the 
usual content of a first course on Numerical Analysis of 
partial differential equations. 

In this English version the concept of approximation of 
a normed space has been weakened. In this way it becomes 
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more general and easier to handle. Since the finite element 
methods have been developed considerably in the last few 
years, a new chapter describing briefly these methods 
has been added. 



APPROXIMATE SOLUTION 

OF FUNCTIONAL EQUATIONS: 

GENERAL REMARKS 

Every problem of mathematical physics leads naturally to 
solving one or more functional equations that we write in 
simplified form: 

(0.1) du = I, 
where d is an operator from some space X into some 
space Y, 1 is given in Y, and u is the desired solution in X 
(examples: ordinary and partial differential equations and 
integral equations). 

Generally speaking, it is not possible to determine the 
solution of (0.1) explicitly, or its explicit form may be so 
complicated that it is useless, so one is interested in the 
approximate solution of the equation. Now the idea is to 
replace the spaces X and Y by 'simpler' spaces Xh and 
Yh, and to associate with Equation (0.1) a family of ap­
proximate equations (where h is a parameter): 

where d h approximates d, IhE Yh approximates 1 and 
UhEXh approximates u (at least, that is what we would like). 

The problems that arise are the following: 
(1) Study 01 the exact equation. We have to study ex-
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istence and uniqueness of the solutions of (0.1). In the 
most favourable case, the equation has a unique solution. 
In case the equation has several solutions, we have to 
characterize the solution that we want to approximate, 
which is in general difficult. 

(2) Study of the approximate equations. After the prob­
lems (0.2) have been suitably formulated, we have to study 
existence and uniqueness of the solutions of (0.2). Next 
we must develop algorithms for actually solving (0.2), be­
cause these equations are not altogether trivial (for example 
systems of linear or nonlinear algebraic equations). 

(3) Study of stability and convergence. These questions 
are fundamental for applications. In the case of stability, 
the point is to ensure that the approximate solutions Uh 

stay bounded in a certain sense; for convergence the point 
to prove is that the Uh converge in a suitable sense to the 
solution U of (0.1). 

The stability problem is trivial for the elliptic equations 
studied in the sequel, but such is not always the case. 

(4) Other problems. We still must add the problem of 
computing the error, that is the computation of the error 
between u and Uh for fixed h. Then, there occur practical 
problems, which are also important, but more related to 
the use of computers, such as computation time, required 
memory space, etc. 

We are now going to work out the above program for 
some types of equations. 



PART I 

APPROXIMATE SOLUTION OF 

LINEAR ELLIPTIC EQUATIONS 

This part and Part n, in which the 'theory' and the ex­
amples respectively are developed, should be read at the 
same time. Suitable references in Part I indicate the chap­
ters of Part II that contain the corresponding examples. 



CHAPTER 1 

THE PROJECTION THEOREM 

In this chapter we prove a very simple theorem, known as 
the projection theorem or Lax-Milgram theorem. It im­
plies existence and uniqueness of 'weak' solutions for 
certain classes of linear elliptic problems. In Part II, two 
applications are developed (cf. Chapter 7; Sections 11.1 
and 12.1). 

1.1. Statement 

Let a real Hilbert space V be given, with scalar product 
denoted by «.,.» and with associated norm 11.11. The dual 
Hilbert space of V is denoted by V', with norm II. II •. If 
Ie V' and ue V, then we denote the scalar product between 
land uwithrespectto the duality between Vand V' by (I, u). 

We also consider a bilinear continuous form a(u, v) on 
V x V, and we suppose that it satisfies the following con­
dition: 

(1.1) 3C( > 0 such that a(u, u) ~ C( Ilull 2, 'VueV. 

Condition (1.1) is called coercivity condition; when it is 
satisfied, the form a(u, v) is said to be coercive. 

THEOREM 1. Let V be a real Hilbert space and a (u, v) a 
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continuous bilinear and coercive form on V. For each given 
I in V', there exists one and only one u in V such that: 

(1.2) a(u, v) = (I, v), VveV; 

moreover, the map IH>u is linear and continuous from V' 
into V. 

Before we prove this theorem, we reformulate Equation 
(1.2), by introducing the operator A. 

The operator A 

For given u in V, the map vH>a(u, v) is a continuous linear 
form on V and hence there exists an element of V', which 
we denote by Au such that: 

a(u, v) = (Au, v), VveV. 

It is easy to verify that the map UH> Au is a linear map 
from V into V'; we are going to prove that it is an iso­
morphism from Vonto V', but first we note that Equation 
(1.2) is equivalent to 

(Au, v) = (I, v), VveV; 

in other words: 

Au = I (equality in V'). 

When we prove that the operator A is an isomorphism 
from V onto V', Theorem 1 will easily follow. 
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PROPOSITION 1. Under the hypotheses of Theorem 1 the 
operator A is an isomorphism from V onto V'. 

Proof We already observed that A is linear. Let us now 
prove that it is continuous.1 The form a(u, v) is continu­
ous, so there exists a constant M such that: 

la(u, v)1 ::::; M Ilull Ilvll, 'Vu, VEV; 

hence: 

I<Au, v)1 ::::; M Ilull Ilvll, 

and so: 

IIAull*::::; M Ilull 'VUE V, 

which proves the continuity of A. 
By using (1.1) we obtain 

a lIul1 2 ::::; a(u, u) = <Au, u) ::::; IIAull* Ilull ; 

hence: 

which proves that A is injective and that the (linear) oper­
ator A -1 is continuous from A V onto V. 

Since A is an isomorphism from V onto A V, we see that 
AV is complete and hence closed in V'. We are going to 
finish by proving that A V = V', in other words, A is sur­
jective. 

Let (A V)O be the polar of A V in V; so for UE (A V)O we 
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have: 

(1, u) = 0 
(Av, u) = 0 

and so in particular: 

'v'leAV 
'v'veV, 

(Au, u) = a{u, u) = 0, 

which implies u=O, by (1.1). This implies in turn that the 
polar of AV is just {O}, and hence it follows that: 

AV = AV = {AV)OO = {O}O = V'. 

The proof is completed. 

1.2. A Special Case 

A useful special case of the preceding is as follows. We 
have, together with the space V,anotherrealHilbertspaceH 
(with scalar product (.,.) and norm I. I), which contains V 
as a dense subspace, and such that the injection of V into 
H is continuous. 

The canonical injection of V into H defines by trans­
position a linear continuous map of H' (the dual of H) 
into V' (the dual of V); one verifies easily that this map 
is injective, which allows us to identify H' with a subspace 
of V', moreover this subspace is dense in V': 

Vc: H, 
i 

V~H, 
i' 

H' ~ V'. 

Indeed, according to the Riesz theorem2 there exists a 
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canonical isomorphism from H onto H', and we may iden­
tify H and H' h¥ this isomorphism. So: 

v c H = H' c V', 

where the injections are continuous, and each space is 
dense in the following one.3 

If f E H, then f may be identified with an element of V', 
which is just the continuous linear form VE Vr-+(J, v) (the 
scalar product between f and v taken in H). 

Theorem 1 implies in particular, that for givenf in H, 
there exists a unique UE V such that: 

(1.4) a(u, v) =(J, v), 'v'VEV. 

The set of UE V such that AUEH is called D(A), or 
domain of A in H. The space D (A) is dense in V and H, 
because A is an isomorphism of normed spaces, and H is 
dense in V'. It is easily verified that D (A) is a Hilbert space 
for the scalar product: 

(u, v) + (Au, Av), 

and that A is an isomorphism from D (A) onto H. 

1.3. Variational Properties 

When the form a(u, v) is symmetric, problem (1.2) is 
equivalent with a problem from variational calculus. 

PROPOSITION 2. Hypotheses as in Theorem 1, moreover it 



10 NUMERICAL ANALYSIS 

is assumed that the form a(u, v) is symmetric. Then, UE V 
is a solution of (1.2), if and only if the function E defined on 
V by: 

(1.5) E(v) = a(v, v) - 2(1, v) 

takes its minimum for u. So there exists precisely one UE V 
such that: 

(1.6) E(u) = Inf E(v). 
IIEV 

Proof Let u be the solution of (1.2) and let VE V; then 
evidently: 

a(u-v,u-v)~O, 

which gives, taking into account (1.2) and the symmetry 
of a, that E(u)~E(v). 

Conversely, suppose that the functional E(.) takes its 
minimum in V for u, and let VE V. Then: 

E(u) ~ E(u + AV) 

for any AER. After working this out and simplifying, we 
find: 

A2a(v, v) - 2Aa(u, v) + 2A(I, v) ~ o. 
By considering successively the cases A> 0 and A < 0, we 
divide by A and let A go to 0; we obtain: 

a(u, v) = (I, v), 

and since VE V is arbitrary, u is indeed solution of (1.2). 
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NOTES 

1 These two properties are independent of (1.1). Indeed, giving a 
bilinear continuous form on V amounts to giving a continuous linear 
operator from V to V'. 
2 The theorem that every linear functional on a Hilbert space is of 
the form x-(x, y) for some y, proved by M. Frochet for the case 
H=£2([O, lJ) and by F. Riesz in general. 
3 The injection which we have hereby defined from V into V' has 
nothing to do with the canonical isomorphism from Vto V', and one 
should be careful not to identify V and V' by this isomorphism. 



CHAPTER 2 

THE METHOD OF GALERKIN 

The aim of the following chapters is to study the approxi­
mation of the solution of problem (1.2). To begin with, we 
present here the method of Galerkin and we will see how 
this leads to an approximate solution of Equation (1.2). 

The approximated problem 

The hypotheses are the same as in Chapter 1, but for 
simplicity we suppose that the Hilbert space V is separable, 
and we consider a sequence Wi' j = 1, 2, ... , which is free 
and total in V (the sequence is not necessarily orthonor­
mal). Let Vm be the space spanned by Wh"" Wm' Now, 
for each fixed integer m, we want to find an approximate 
solution of (1.2) in V m' that is, a solution of type: 

m 

(2.1) UIII = L e"mWiJ 
1=1 

It would not be reasonable to demand that Um satisfies 

for all VE V, but we can impose that this equality holds for 
all v of V m' In fact, let us denote the restriction of a to 
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Vm X Vm by am, and the restriction of I to Vm by 1m; the 
condition for Um becomes then: 

Clearly am is still a coercive continuous bilinear form on 
Vm x Vm and also clearly 1m is a linear continuous form on 
Vm: hence the projection theorem gives us existence and 
uniqueness of an element Um of V m satisfying (2.2). 

Remark. Equation (2.2) is evidently equivalent with the 
set of equations: 

in other words: 

m 

L a(wbwj)ei,m=(l,wj), j=l, ... ,m. 
1=1 

This is a linear system of m equations with m unknowns 
e1,m, ... , em,m, and according to the preceding, this system 
has one and only one solution. 

We are now going to prove the following convergence 
result. 

THEOREM. Let V be a real separable Hilbert space and let 
a(., .) be a coercive and continuous bilinear form on V. 

The solution UmE Vm of (2.2) converges in V in the strong 
sense, for m -+ 00, to the solution u of (1.2). 
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Proof. When we put v = Um in (2.2), we obtain: 

(2.3) a(um, um) = (I, um), 

from which, by (1.1), we get: 

IX lIumll 2 ~ a(um, um) = (I, um) ~ 11111. lIumll 

(2.4) lIumll ~ (l/ex) 11111.; 

this proves that the sequence Um is bounded indepen­
dently of min V. Under these conditions (cf. Appendix) 
there exists an element U. of V and a sequence Um" m' ~ ex:>, 
extracted from Um such that: 

(2.5) Um' ~ U. in the weak topology of V, for m' ~ ex:> • 

Let v be a finite linear combination of the elements Wi; 

hence VE Vj for fixed j and VE Vm' as soon as m' ~ j. Ac­
cording to (2.2) we have: 

a(um" v) = (I, v) ; 

by using (2.5) and (2.8) (the following lemma), we can take 
the limit in this equality, for m' ~ ex:>, and we obtain: 

(2.6) a(u., v) = (I, v). 

Equality (2.6) holds for each finite linear combination of 
the Wi; because the sequence Wi is total, the finite linear 
combinations of its elements are dense in V, so equality 
(2.6) still holds by continuity for all v of V. This proves 
that U. is a solution of (1.2) 1 and because Equation (1.2) 
has a unique solution u, U. = u. 
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In the same way, it can be proved that from every sub­
sequence of Um a subsequence can be extracted, which 
converges weakly to u. This proves that the sequence Um 

as a whole, and not just a subsequence, converges to U in 
the weak topology in V (argue by contradiction). 

Strong convergence 

To prove that the sequence Um converges strongly to u, we 
consider the expression: 

X m = a (um - U, Um - u) 

According to (2.3): 

a (um, um) = (I, um), 

and hence, since the sequence converges to Um in the weak 
topology of V: 

lim a (um, um) = (I, u). 
m-+oo 

Similarly, by using (2.7) and (2.8) (cf. below): 

lim a(u, um) = a(u, u) 
m-+oo 

lim a (um, u) = a(u, u). 
m-+oo 

Hence we find: 

lim Xm = - a(u, u) + (I, u), 
m-+oo 
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and this expression is zero (put v=u in (1.2». By (1.1) we 
get: 

which proves that Um converges to u in the strong topology 
ofV. 

The proof of the theorem is now completed, except for the 
following lemma, that we have already used. 

LEMMA. Let qJm be a sequence of elements of V, which con­
verges to qJ in the weak topology of v. Hence,for each fixed 
t/J of v: 
(2.7) lim a(t/J, qJm) = a(t/J, qJ) 

m-+oo 

(2.8) lim a (qJm, t/J) = a(qJ, t/J). 
m-+oo 

Proof By definition of the operator A : 

a(t/J, qJm) = (At/J, qJm) 

a (t/J, qJ) = (At/J, qJ), 

and by definition of weak convergence in V (cf. Appendix), 
we have for each O'E V': 

m-+oo 

from which (2.7) follows. For (2.8), we only have to apply 
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(2.7) to the bilinear form: 

a*(u, v) = a (v, u). 

17 

Remark. The Ritz method. In order to approximate the 
solution of the variational problem considered in Sec­
tion 1.3 the Ritz method consists of finding an element 
U for which the minimum of E in a subset or subspace 
V of V is taken. If the set V equals one of the spaces V m 

above, then u=um ; this follows from (2.2) and Proposi­
tion 2 of Chapter I. 

NOTE 

1 This proves. if that was not already known. the existence of a solu­
tion of (1.2). In this way the method of Galerkin can also be used to 
prove the existence of solutions for linear and nonlinear partial dif­
ferential equations; cf. Chapter 13. 



CHAPTER 3 

THE APPROXIMATION OF NORMED 

SPACES 

In the following sections we are going to consider the 
approximation of the solution u of Equation (1.2) by 
elements of a space different from V. This situation occurs 
in particular when (1.2) is a partial differential equation, 
that we discretize: V is then a certain function space, and 
we approximate u by functions that do not belong to V, 
for example, step functions, or piecewise polynomial 
functions. 

With this in mind, we will first introduce here a few 
general concepts concerning the approximation of normed 
spaces. Examples are studied in Chapters 7, 8 and 9. 

3.1. Introduction 

The motivation of the following definitions is this: we 
want to approximate the elements of a normed space V by 
those of a family {Vhhe;t' of normed spaces. For each 
hEJf, we must compare elements u of V with elements 
Uh of Vh ; if these spaces are different, one may conceive of 
three reasonable ways to do it: 

(i) compare U with a certain image PhUh of Uh in V (Ph 

is an operator mapping Vh into V); 



THE APPROXIMATION OF NORMED SPACES 19 

(ii) compare a certain image wu of u in some other 
space F, with a certain image PhUh of Uh in F (w is a map­
ping from V into F and Ph is a mapping from Vh into F); 

(iii) compare Uh with a certain image rhu of U in Vh (rh is 
an operator mapping V into V J. 

The first way leads to the concept of internal approxi­
mation of a space V (internal, because the comparison is 
made in V). The second one leads to the concept of exter­
nal approximation (external, because comparisons are 
made outside of V). The third one will only be of auxiliary 
interest for both internal and external approximation, the 
reason being that it is not very useful to make comparisons 
in a space which is not fixed. 

The family of approximating spaces Vh is indexed by h, 
which takes its values in some set.Ye. This set.Ye will be 
equipped with some filter and we will be concerned with 
taking the limit through this filter. Actually the main 
situations in numerical analysis are the following ones: 

(a) Galerkin and sequential approximation: ~=N and 
we take the limit as m -+ 00. 

(b) Finite differences: 

II 

~ = IT 00, h?n , h? > 0, 
i=l 

and we are interested in taking the limit for h -+ O. 
(c) Finite elements: Jt' is a set of multidimensional 

triangulations of some open set D, and we take the limit 
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Ihl-+ 0, where Ihl equals the upper bound of the diameters 
of the simplexes (see Chapter 10). 

For the sake of simplicity we will only speak about the 
passage to the limit as 'h -+ 0'. Strictly speaking, this ter­
minology is only correct for finite differences. But the 
definitions and results can be easily adapted to the other 
cases and more generally to the case where ;/I' is a set with 
a filter with a countable basis. 

3.2. Internal Approximation of a Normed Space 

DEFINITION 1. An internal approximation of a normed space 
Vis a set consisting ofafamily of triples {Vh' Ph, rh}, he;/l', 
where: 

(i) Vh is a normed vector space; 
(ii) Ph is a linear continuous operator from Vh into V; 
(iii) rh is a linear continuous operator from V into Vh. 
When V is a Hilbert space, and likewise the spaces Vh, 

the approximation is said to be a Hilbert approximation. 
In the most interesting cases, the spaces Vh are finite 

dimensional; rather often, the operators Ph are injective 
and rh surjective. 

The operators Ph and rh are called prolongation and 
restriction operators, respectively; the operators Ph 0 rh of 
V into itself are called truncation operators. 

We denote by 11.11 (or 1I.llh) the norm in V (or in Vh). 

DEFINITION 2. For given h, ue V and Uhe Vh we say that 
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(i) lIu- Phuhll is the error between U and Uh; 
(ii) Iluh- rhullh is the discrete error between U and Uh,' 

(iii) lIu- Phrhull is the truncation error of u. 

DEFINITION 3. Stable approximations. The prolongation 
operators Ph are called stable if their norms: 

II Ph II = sup II PhUh II 
UheVh 

lIuhllh;:;; 1 

can be majorized independently of h. 
The restriction operators rh are called stable if their 

norms: 

Ilrhll = sup Ilrhulih 
ueV 

lIuli ;:;;1 

can be majorized independently of h. 
Finally, we will say that the approximation {Vh' Ph, rhhe.lf" 

of the space V is stable if the prolongation and restriction 
operators are stable. 

Let us now consider what happens when h -+ O. 

DEFINITION 4. Convergent approximations. We will say 
that the approximation {Vh' Ph' rhheJt' of V is convergent 
if for all UE v: 
(3.2) lim Phrhu = U 

h->O 

in the strong topology of V. 
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Remark.1 If the approximation of the space V is stable 
and convergent, then the operators Phrh form an equicon­
tinuous set in !t' (V, V), which converges simply to the 
identity and hence (by the theorem of Banach-Steinhaus) 
uniformly on compact subsets of V. 

It is useful to note the following: 

PROPOSITION 1. Let {Vh' Ph' rhheJf' be a stable approxima­
tion of the space V. For this approximation to be convergent, 
it is necessary and sufficient that: 

lim lIu - Phrhull = 0 
h ..... O 

for all u in a dense subspace "Y of v. 
Proof. For all UE V and each 8>0, there exists an UeE"Y 

such that \Iu-ue ll <8. We have: 

lIu - Phrhull ~ lIu - uell + 
+ lIu, - PhThuell + IIPhTh(ue - u)1I 

Ilu - PhThUII ~ (1 + M) 8 + lIuI - PhThuzlI, 

in which M majorizes the norms of the Ph'h. Taking the 
upper limit in the above inequality, we find: 

lim sup lIu - PhThUIl ~ (1 + M) 8. 
h ..... O 

Since 8 is arbitrarily small, 

lim sup lIu - Phrhull = 0 
h ..... O 

and the proposition follows. 
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Now we consider a family of elements Uh: 

YhEJR. 

DEFINITION 5. We will say that a/amily Uh converges strong­
ly (or weakly) to U if PhUh converges strongly (or weakly) 
to U in V, when h~O. 2 

We will say that family Uh converges discretely to U if: 

lim lIuh - rhullh = O. 
h-+O 

The concepts of strong and discrete convergence are in 
general different, unless the approximation of the space 
V is stable and convergent, in which case we have: 

PROPOSITION 2. If the approximation {Vh' Ph' rhheJf' of the 
space V is stable and convergent, then discrete convergence 
implies strong convergence. 

Proof. This follows from the inequality: 

lIu - Phuhll ~ lIu - Phrhull + Ilphrhu - Phuhll ~ 
~ lIu - Phrhull + M'lI rhu - u hllh, 

in which M' majorizes the norms of the Ph' 

Galerkin approximation of a separable Hilbert space 

Suppose that V is a separable Hilbert space and let Vh, 

hEN, be an increasing sequence of finite dimensional 
subspaces of V, whose union is dense in V; for example 
(cf. Chapter 2), if Wh W2, ... , is a free and total sequence in 
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V, then one may take V" equal to the subspace generated 
by W1, ••• , w". 

For each neN, let p" be the canonical injection of V" 
into V and r" the orthogonal projection of V onto V,,; p" 
is injective, r" is surjective and {V",p", r"},,eN is an approx­
imation of V. It can be easily verified that this approxima­
tion is stable and convergent; such an approximation is 
called Galerkin approximation of the space V; it was 
implicitly used in Chapter 2. 

3.3. External Approximation of a Normed Space 

We consider now external approximations of normed 
spaces, as explained in Section 3.1. 

DEFINITION 6. An external approximation of a normed 
vector space V is a set consisting of: 

(i) a normed vector space F and an isomorphism (jj of V 
into F; 

(ii) a family of triples {Vh' Ph, rhheJf' in which, for each 
h, Vh is a normed space, Ph a continuous linear map of VII 
into F, rh a continuous linear map of V into VII. 

When V and likewise F and Vh are Hilbert spaces, the 
approximation is said to be a Hilbert approximation. 
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An internal approximation is evidently a particular case 
of an external approximation with F = V and w = identity. 

All definitions given in the case of internal approxima­
tions are easily extended to the case of external approxi­
mations (one replaces u by wu and the norm of V by that 
of F in the pertaining case). However, the definition of 
convergent approximation does not work out well that 
way and it is more suitable to replace it by the following: 

DEFINITION 7. We will sayan external approximation of a 
space V is convergent if: 

(i) for all ue v: 

h-+O 

in the strong topology of F,' 
(ii) for every sequence Uh' of elements of Vh' (h' -+ 0), such 

that Ph,Uh' converges to cp in the weak topology ofF, cpewV. 
Evidently, we will say that the family u" converges weak­

ly to ue V if PhUh converges weakly in F to wu (and similar 
for strong convergence); we will say that the family u" 
converges discretely to U if: 

lim Iluh - rhullh = O. 
h-+O 

3.4. Generalized Approximation of a Normed Space 

For many concrete situations the preceding definitions of 
approximations of a normed space are quite constraining 
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and it is useful to introduce a slightly more general concept 
of approximation in which the restriction operators are 
less important, and are allowed to be nonlinear. 

DEFINITION 8. A generalized external approximation of a 
normed space V is a set consisting of 

(i) a normed space F and an isomorphism ro of V into F,· 
(ii) a family of triples {Vh' Ph, 'hheJf", in which for each 

h, Vh is a normed space, Ph a continuous linear map of Vh 
into F, rh a (possibly nonlinear) map of V into Vh. 

When F = V and ill is the identity, we get of course a 
generalized internal approximation of V. 

Definition 2 is easily extended: 

DEFINITION 9. For given h, UE V and UhE Vh' we say that 
(i) llrou- PhUhllF is the error between U and Uh; 

(ii) IIUh- rhullh is the discrete error between U and Uh" 
(iii) llrou- Phrhull is the truncation error of u. 
Since the restriction operators rh may be nonlinear, 

it is not possible to define their norm and we must relax 
the condition on the norm of rh for the concept of stable 
approximation. 

DEFINITION 10. Stable approximation. The prolongation 
operators Ph are called stable if their norm 

IIPhll = sup IIPhUhllF 
UhE Vh 

II uhll h'" 1 

can be majorized independently of h. 
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The approximation of the space V is said to be stable, if 
just the prolongation operation operators are stable. 

A convergent generalized approximation is defined ex­
actly as in Definition 7. 

DEFINITION 11. We will say that a generalized external 
approximation of a normed space V is convergent if 

(i) for all UE V 

lim Phrhu = ii5u 
h-+O 

in the strong topology ofF. 
(ii) for every sequence Uh' of elements of Vh, (hi -40) 

such that Ph,Uh' converges to some element cp in the weak 
topology of F, we have cp E V. 3 

A family Uh will be said to converge weakly (or strongly 
or discretely) to some limit UE V, if PhUh converges weakly 
in F to ii5u (or strongly in F or if limh -+ O lIuh- rhullh=O). 

As in Proposition 2, 

PROPOSITION 3. If a generalized external approximation of 
a space V is stable and convergent, then discrete convergence 
implies strong convergence. 

The concept of generalized approximation prevails for 
the following reason: it is sufficient for such approxima­
tions to give the restriction operators on a dense subspace 
ofV. 

PROPOSITION 4. Let a generalized external approximation 
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be given of a normed space V, the restriction operators being 
only defined on a dense subspace "Y of V. Let us suppose 
that this approximation is stable and convergent, in the 
sense that property (i) of Definition 11 is only truefor UE"Y. 

Then it is possible to extend the domain of definition of 
the restriction operators to the whole space V in such a way 
that property (i) is true for each UE V. 4 

Proof. Let UE V, u¢"Y; we must in some way define 
r"u"EV", Vh, such thatp"r"u-+cou as h-+O. 

For each integer n~ 1, there exists U"E"Y such that 
lIu,,-ull ~coln, co>O, and hence: 

where Co denotes the inverse of the norm of co. 
Now, for each fixed n, p"r"u" converges to COUll in F as 

h -+ O. Hence there exists an 11" > 0 such that Ihl ~ 11" 
implies 

We can suppose that 11" is smaller than 11,,-1 so that the 
11" form a strictly decreasing sequence: 

0< .. · < 11,,+1 < 11" < ... < 111' 

Let us define r"u by setting: 
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It is clear that for '7n+1 < Ihl ~'7n 

and consequently 

for Ihl ~ '7n· 
This implies the convergence of Phrhu to li5u as h ~ o. 

This completes the proof. 

Galerkin approximation of a normed space 

We defined in Section 3.2 the Galerkin approximation of a 
separable Hilbert space only. Using the generalized approx­
imation, we can now define the Galerkin approximation 
of any separable normed space V. 

Let VII' n EN be an increasing sequence of finite dimen­
sional subspaces of V whose union is dense in V. For each 
nEN, let PII be the canonical injection of VII into V and for 
any UEVllo' rllu=O, if n~no, rllu=u, if n~no. It is clear 
that Pllrllu~ U as n ~ 00, for any UEUII eN VII. The operator 
rn is only defined on 't" = UlleNVII, but since 't"is dense in V, 
all the hypotheses of Proposition 4 are satisfied. We have 
thus defined a generalized internal approximation of V. It 
is a Galerkin approximation. 

In the sequel we will often use generalized approximations 
with restriction operators only defined on a dense subspace 
j/" of v. 
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NOTES 

1 This remark is not essential for the sequel. 
2 The strong topology of Vis the topology defined by the norm; the 
weak topology is the topology a(V, V,) (cf. Appendix). 
3 Point (ii) is automatically satisfied for internal approximations. 
4 All conditions for a generalized stable convergent approximation 
of V are then met. The situation here should not be compared with 
the situation in Proposition 1. 



CHAPTER 4 

APPROXIMATION OF 

LINEAR VARIATIONAL PROBLEMS 

We study here the approximate solution of Equation (1.2) 
in a general setting, that covers the method of Galerkin, 
which we have already seen, as well as the finite difference 
and finite element methods. Examples are worked out in 
Sections 11.2, 11.3 and 12.2. 

4.1. Approximate Equations 

Let V be a real Hilbert space, a(u, v) a continuous and 
coercive bilinear form on V x V and let 1 E V'; we know 
that there exists a unique UE V for which (1.2) holds. 

With respect to the approximation of this element u, let 
a generalized internal!, stable and convergent Hilbert ap­
proximation be given of the space V, say {Vh' Ph' rhhe;t'. 
Likewise, for each hE£' let be given: 

(i) a continuous bilinear form ah(uh' Vh) on Vh x Vh' 
which is coercive and which, more precisely, satisfies: 

3(Xo > 0 independent of h such that: 
(4.1) 2 

ah(Uh, Uh) ~ (Xo Iluhllh, 'VUh E Vh; 

(ii) a continuous linear form on Vh, IhE V~ such that: 

(4.2) IIlhll*h~P, 
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in which II . II *h stands for the norm of V~ and in which P is 
independent of h. 

We associate now with Equation (1.2) the following 
family of approximate equations: 

For fixed hellF, to find a Uhe Vh such that: 

By the preceding hypotheses, the projection theorem 
(in which V, V', a, 1 are replaced by Vh' V~, ah' Ih) says now 
that Equation (4.3) has a unique solution; we will say that 
Uh is the approximate solution of Equation (1.2). 

Remark. One can introduce a linear operator Ah mapping 
Vh into V~, defined by 

Then Equation (4.3) can be written (cf. Chapter 1) as: 

4.2. Convergence Theorems 

We want to study the convergence of Uh to U, so we must 
first make precise the way in which the forms ah and Ih 
approximate the forms a and I. The corresponding hypoth­
eses are usually called consistency hypotheses; we will make 
the following consistency hypotheses: 
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(4.5) If the family Vh converges weakly to v for h -+ 0, 
then, for all WE V 

lim ah(vh, rhw) = a(v, w). 
h--O 

(4.6) If the family Vh converges weakly to v for h-+O, 
then for all WE V 

lim ah(rhw, Vh) = a(w, v). 
h--O 

(4.7) For all VE V 

limah(rhv, rhv) = a (v, v). 
h--O 

(4.8) If the family Vh converges weakly to v for h-+O, 
then: 

lim (Ih' Vh) = (I, v). 
h--O 

Using these hypotheses we will prove the following 
results: 

THEOREM 1. Under hypotheses (1.1), (4.1), (4.2), (4.5) and 
(4.8), the solution Uh of (4.3) converges weakly to the solu­
tion u of (1.2), for h -+ 0. 

THEOREM 2. Under hypotheses (1.1), (4.1), (4.2) and (4.5) 
to (4.8) the solution Uh of (4.3) converges strongly and dis­
cretely to the solution u of (I.2), for h -+ 0. 
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Proof of Theorem 1. Putting Vh=Uh in (4.3) and using 
(4.1) and (4.2), we find: 

(4.9) ah(uh, ~h) = (Ih, Uh) 
(Xo IIUhllh :::;; 111hll*h Iluhllh:::;; Plluhllh; 

hence: 

As the operators Ph are stable, there exists a constant 
Co which majorizes the norm of these operators: 

and hence: 

Under these conditions, there exists an U*E V and a 
sequence h' converging to 0, such that: 

(4.13) lim Ph,Uh' = U 
h' .... O 

in the weak topology of V. 
For a fixed VE V, we write (4.3) with Vh= rhv and we take 

the limit with the sequence h'; by using (4.5), (4.8) and 
(4.13), we get: 

ah(uh, rhv) = (Ih, rhv) 
lim ah,(uh', rh'v) = a(u*, v) 

h' .... O 

lim (Ih" rh'v) = (I, v). 
h' .... O 
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Finally: 

a (u*, v) = (I, v), 

and since VE V is arbitrary, u* is solution of (1.2), u* =u. 
It can be shown in the same way, that from every subse­

quence of p"u", one can extract a subsequence which con­
verges in the weak topology of V to u. This proves that the 
family p"u" as a whole converges to u in the weak topology, 
for h-+O. 

Proof of Theorem 2. We can apply Theorem 1, and this 
shows that 

(4.14) lim p"u" = u in the weak topology of V. 
" .... 0 

Let us now consider the expression: 

X" = a" (u" - r"u, u" - r"u) 
X" = a"(u,,, u,,) - a"(u,,, r"u) - a"(r,,u, u,,) + 

By (4.6), (4.7) and (4.14): 

lim a" (u", r"u) = a(u, u) 
" .... 0 

lim a" (r"u, u,,) = a (u, u). 
" .... 0 

By (4.8) 

lim a" (r"u, r"u) = a(u, u). 
" .... 0 

+ a" (r"u, r"u). 
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Finally, by (4.8), (4.9) and (4.14): 

ah (Uh' Uh) = (lh' Uh) 
lim ah(Uh' Uh) = (I, u). 
h .... O 

After rearranging we find: 

limXh = (I, u) - a(u, u) = o. 
h .... O 

With (4.1), we get now: 

o ~ tXo IIUh - Thull; ~ X h -+ 0, 

which shows that Uh converges discretely to u. According 
to Proposition 3 of Chapter 3 this implies strong conver­
gence of Uh to U. 

4.3. Miscellaneous Remarks 

The case of external approximation 

The preceding is also valid if a generalized external Hilbert 
approximation of V is given (this is actually the case in the 
applications of Chapters 11 and 12). There are no modifi­
cations required in Section 4.1; for the proof of Theorem 1, 
we observe that the sequence PhUh is bounded in F and that 
hence there exist a cpEF and a sequence h' -+0 such that: 

lim Ph,Uh' = cP in the weak topology of F . 
h' .... O 

By definition of a convergent external approximation cP is 
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of the form wu*' U* e V; so we prove that U* = U and that 
the family PhUh converges as a whole to WU, in the weak 
topology of F. Theorem 2 stays valid without modifications. 

The Galerkin method 

The Galerkin method fits in the framework of Sections 
4.1 and 4.2. If {Vh' Ph, rhhe N is a Galerkin approximation 
of the space V, we put: 

ah(uh, Vh) = a (Uh' Vh), YUh' Vh eVh, 
and 

< Ih' Uh) = < I, Uh) , YUh e Vi. ('Vi. c V). 

Hypotheses (4.1), (4.2) and (4.5) to (4.8) are satisfied, and 
hence Theorem 2 is applicable. 

If Wb W2, • •• , is a free and total sequence in V, and if Vh 

is the space generated by Wb .•. , Wn (cf. Section 3.2), then 
one may verify that problem (4.2) is identical with problem 
(2.2), and so Theorem 2 also contains Theorem 1 of 
Chapter 2. 

Restriction schemes 

Another particular case of the situation considered in 
Sections 4.1 and 4.2 is the following. 

Suppose there is given a family of finite dimensional 
vector spaces Vh' he.?/e (not necessarily a priori provided 
with a Hilbert structure) and, for each he.?/e, an injective 
linear operator Ph from Vh into V and a linear operator 'h 

from V into Vh' We suppose that 
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(i) Phrh is a continuous linear operator in V; 
(ii) for all VE V: 

lim Phrhv = v in the strong topology of V; 
h .... O 

(iii) the norms of the operators Phrh have an upper 
bound independent of h.2 

We provide the space Vh with a scalar product: 

and the Vh become Hilbert spaces. It is easy to see that 
{Vh' Ph, rhhel is a stable and convergent approximation 
of V. 

Subsequently we define ah and Ih : 

ah (Uh' Vh) = a (PhUh, PhVh) , 
(Ih' Vh) = (I, PhVh) , 

YUh, Vh E v,. 
YVh E v,.. 

The hypotheses of Theorem 2 are satisfied. This viewpoint 
has been developed systematically by Aubin [10].3 

Resolution of (4.3) 

In most practical situations, Vh is a finite dimensional 
space with dimension Jh, and (4.3) is equivalent to a system 
of linear equations. If a basis of Vh is known, say 
{WhJ}1~j~Jh and if we set: 

Jh 

Uh = L ehjWhj, 
j=1 
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then (4.3) is equivalent to 

or 
J" 

(4.15) L ~hjah(whj' Whk) = (lh' Whk) , 1 ~ k ~ Jh • 
j=l 

This is an algebraic linear system for the components 
~hj of Uh' The resolution of the system is made by direct 
or iterative methods adapted to its size and to the prop­
erties of its matrix {ah(whj, Whk)h~j,k~J". See, for example 
Varga [17]. 

NOTES 

1 One can also suppose that a generalized external Hilbert approxi­
mation of V is given (cf. Section 4.3). 
2 This follows in fact from (i) and (ii) by the theorem of Banach­
Steinhaus. 
3 Numbers in square brackets refer to the Bibliography on p. 161. 



CHAPTER 5 

A METHOD FOR 

COMPUTA TION OF THE ERROR 

We go back to the situation of Chapter 4 and more pre­
cisely to the framework of Theorem 2, and we want to 
estimate the error between u and Uh' This is not possible 
merely with the hypotheses of Chapter 4, and we are only 
going to indicate some methods for error computation, 
which subsequently must be developed in the examples. 

5.1. Error Computation 

We set 

(5.1) th(l) = sup {I(l, PhVh) - (lh, vh)l} 
v"eY" 

IIv"II,,~l 

(5.2) l1h(U) = sup {Ia(u, PhVh) - ah(rhu, Vh)\}' 
v"eY" 

IIv"II,,~l 

THEOREM 1. Under hypotheses (1.1), (4.1) and (4.2), if U 

standsfor the solution of (1.2) and Uh for the solution of (4.3), 
then we have: 
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were Co is a constant that majorizes the norms of the oper· 
ators Ph' 

Proof We have: 

X h = ah(uh - rhu, Uh - rhu) = 
= ah(uh, Uh - rhu) - ah(rhu, Uh - rhu) = 

= (Ih' Uh - rhu) - ah(rhu, Uh - rhu) = 
= (Ih' Uh - rhu ) - (I, Ph(uh - rhu» + 
+ a(u, Ph(Uh - rhu» - ah(rhu, Uh - rhu) 

(we have used (4.3) with vh=uh- rhu and (1.2) with 
V= h(Uh- 'hU» 

According to (5.1) and (5.2): 

1(lh, Uh - rhu) - (I, Ph(Uh - rhu»1 ~ Sh(l) lIuh - rhullh 
la(u,Ph(Uh - rhu» - ah(rhu, Uh - rhu) I ~ 

~ l1h(U) lI uh - Thullh' 
and hence: 

X h ~ {sh(l) + l1h(u)} Iluh - rhullh' 

Using (4.1), we derive (5.3). Obtaining (5.4) from (5.3) is 
evident, by Proposition 3 of Chapter 3. 

5.2. The Case of Restriction Schemes 

In the case of restriction schemes as considered in Section 
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4.3, we can give a better estimate of the error between 
U and Uh' 

THEOREM 2. In the case of restriction schemes, the error 
between the solution U of (1.2) and the solution Uh of (4.3) 
is majorized by the truncation error of u: 

where: 

(5.6) Cl = sup la(u, v)l. 
"""~l,"v"~l 

Proof. For all vhE Vh: 

a(u - PhUh, PhVh) = 0, 

and in particular: 

a(u - PhUh, Ph(rhu - Uh» = O. 

Hence: 

a(u - PhUh, U - PhUh) = a(u - PhUh, U - Phrhu) 

ex lIu - Ph'hu II 2 ~ clllu - Phuhllll u - Ph'hUII, 

which proves the theorem. 



CHAPTER 6 

THE METHOD OF FRACTIONARY STEPS 

We are now going to study a new method of solving 
Equation (1.2). In fact, the following can also be applied 
to the solution of the discretized Equation (4.3). 

6.1. Hypotheses 

Let two Hilbert spaces V and H be given, V contained in 
H, V dense in H, the injection of V into H being continuous. 
We denote the scalar product in V by «., .», in H by (., .) 
and the norm by 1/. II and 1.1 respectively. 

Let likewise be given m Hilbert spaces Vh ... , Vm with 
scalar products «., '»i and norms 1/. I/i' such that: 

(6.1) V c ~ c H, 

(6.2) the injections of V into Vi and of Vi into Hare 
continuous, 

m 

(6.3) V= n Vi, 
i= 1 

As in Section 1.2, we may identify H' with a dense 
subspace of V: and V: with a dense subspace of Vi (X' 
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denotes the dual of X): 

H' c V~ c V'. I 

If we moreover identify H and H', we have 

(6.4) V c Vi c H c V~ c V', (1::S:; i ::s:; m) 

where every space is dense in the following and in which 
the injections are continuous. We denote the duality be­
tween V and V' by (., .). 

We suppose, as usual, given a continuous and coercive 
bilinear form a(u, v) on V x V: 

(6.5) a(u,u)~0:IIuIl2 'v'UEV, 0:>0, 

and we suppose that a(u, v) can be decomposed as follows: 
m 

(6.6) a(u, v) = L aj(u, v) 'v'u, VE V, 
j=l 

where aj(u, v) is a continuous and coercive bilinear form 
on Vx V: 

'v'U E V, 0:; > O. 

As the injection of Vi into H is continuous, (6.7) implies 
that there is a constant 1'1 such that: 

(6.8) aj(u, u) ~ I'dul2 'v'u E Vi, 1'1 > O. 

We denote by AE2(V, V') (or A,E2(Vi' V;)) the 
operator defined by: 

(6.9) a(u, v) = (Au, v) 'v'u, VE V 
(or: aj(u, v) = (A,u, v) 'v'u, vEVi). 
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According to (6.6) and (6.9): 
m 

Au = L AiU , 'VueV. 
i=1 

We know (cf. Section 1.2) that for given f in H, there 
exists a unique element u of V such that: 

(6.10) a (u, v) = (f, v) 

that is 

(6.11) Au = f, 

'VveV, 

and this element u we want to approximate. 
We will make the following regularity hypothesis: 

(6.12) AiueH, i=l, ... ,m. 

Remark. The situation becomes much more simple, if the 
space H is finite dimensional, which happens in particular 
when (6.10) is the discrete version of a certain problem 
(1.2). In this case the spaces V and Vi equal all H, 
and all carry the same or equivalent norms; in that case 
condition (6.12) is automatically satisfied. 

6.2. Approximated Equations 

We choose an arbitrary decomposition of f: 
m 

(6.13) f= L J; J;eH 
i=1 

(for example, It /,fi=O; i =2, ... , m). 
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For each integer N and each positive real number T, we 
will recursively define a family of elements of H, u+ ilm, 

O~ r~N -1, l~i~m. 
To begin with, we choose UO arbitrary in H. When 

uO, ... ,u+(i-l)/m are known, u+ i /m is defined as the so-
lution in Vi of: 

(6.14) (u,+ilm - u,+(i-l)/m, v) + Taj(u,+i/m, v) = 

= T (It, v) , 'v'v E Vi . 
This equation can also be written as: 

(6.15) u,+i/m - u,+(i-l)/m + TAju,+i/m = r:fi 

The existence and uniqueness of a solution for (6.14) or 
(6.15) follow directly from the projection theorem. 

Remark. It is possible (and very useful in practice) to take 
parameters T that depend on r (T = T,). Theorems 1 and 2 
hereunder can be adapted to this situation. 

6.3. The Convergence Theorem and the Error Estimate 

We want to compare the last element UN = UN (T) of the 
sequence u+i/mdefined in Section 6.2 with the solution u 
of (6.10). 

THEOREM 1. Under the hypotheses (6.1) to (6.8) and (6.12), 
for each integer n (O~n~N) we have: 

(6.16) lun - ul2 ~ Bn , 
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where 
11-1 

(6.17) 811 = 80 (1 + y-r)-II + O-r2 L (1 + y-r)j-n 

(6.18) 80 = luo - ul 2 

(6.19) /j = m{1 lf. - A,UI}' 
(6.20) y = 2Ym. 

Then it immediately follows: 

j=O 

THEOREM 2. Under the same hypotheses, if 'r -+ 0 and 
N -+ 00 so that: 

(6.21) -rN -+ 00, 

then: 

(6.22) lim zlV (-r) = u in the strong topology of H. 

Proof of Theorem 1. Let us put v,+i/m=u+i/m_u. 
Hence, according to (6.15): 

v,+i/m _ v'+ (i-1)/m + -rAjv,+i/m = -r(fi - Aju). 

It follows that 

(v,+j/m _ v'+ (i-l)/m, v,+i/m) + -raj (v,+i/m, v,+i/m) = 
= -r(f, - Aiu, v,+i/m). 

One easily verifies that: 

2 (v,+i/m _ v,+ (i-l)/m, v,+i/m) = 

= Iv,+i/mI2 _ Iv'+ (i-l)/mI2 + Iv,+i/m _ v'+ (i-l)/mI2 , 
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and hence: 

(6.23) Iv,+i/mI2 _ Iv'+ ('-1)/mI2 + Iv,+i/m _ v'+ (i-1)/mI2 

+ 2-ra, (v,+i/m, v,+i/m) = 2-r(1;, - Aiu, V) 

+ 2-r(1;, - Aju, v,+i/m - V). 

For fixed r, we add Equations (6.23) corresponding to 
i = 1, ... , m. Since: 

m 

I (I;, - AiU) = f - Au = 0 
j=l 

we find: 
m 

(6.24) Iv'+ 112 - Iv'I2 + I Iv,+i/m - v'+ (i-1)/mI2 
i= 1 

m m 
+ 2-r L ai(v,+i/m, V,+i/j = 2-r L (I;, - Aiu, v,+i/m - V). 

i= 1 i= 1 

We write, using (6.8) and (6.20): 

and we majorize the right-hand member of (6.24) by: 

m 

2-r I II;, - Ajullv,+i/m - v'l ~ 
j= 1 

'" 2< .t. It. - Aiul Lt.lv'+ jl. - v'+ U- 1l/ml} 

~ 2-r{.f II;, - AiUI} {t Iv,+i/m - v,+ (j-1)/ml}. 
1=1 )=1 
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Using the Schwarz inequality: 
m L Ivr+ jim _ Vr + (j-l) /m l ~ 

j=l 

So we can majorize the right-hand member of (6.24) by: 

With this last inequality and (6.25), inequality (6.24) 
gives: 

(6.26) (1 + '}''t) Ivr+ 112 - Ivrl2 ~ (h2 , 0 ~ r ~ N - 1. 

Multiplying (6.26) by (I + '}''tY and adding these inequal­
ities then for r =0, ... , n-l, we obtain precisely (6.16)­
-(6.20). 



PART II 

APPLICA TIONS 



CHAPTER 7 

SPACES OF FUNCTIONS 

ASSOCIATED WITH AN OPEN SET IN R" 

Let 0 be an open set of R" with boundary r; we will 
associate with this open set several spaces of functions 
for later use. 

7.1. Definitions 

LP(O) spaces 

For 1 ~p< 00, LP(O), denotes the space of (c1asses of) real 
valued functions on 0 whose p-th power is summable with 
respect to the Lebesgue measure dx; it is known that this 
space is a Banach space when it is equipped with the norm: 

{J If(X)IPdXF".' 
D 

For p=2, the space L2(0) is a Hilbert space for the scalar 
product: 

(f, g) = I f (x) g (x) dx, 

D 

and we set: 

III = (I, 1)1/2 . 
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L 00 (0) is the space of (classes of) real valued measurable 
functions in 0 which are essentially bounded with respect 
to the Lebesgue measure. This is a Banach space for the 
norm: 

ess. sup.lf(x)l. 
n 

Spaces 2)(0), 2)(lJ) 

2)(0) (or 2)(lJ)) is the space of indefinitely differentiable 
functions with compact support in 0 (or lJ). 

It is known that 2)(0) is dense in each LP(O) space, for 
l~p<oo. 

Sobolev spaces 

We denote by Di the differential operator O/OXb and if j is 
a multi-index,j=Ul, ... ,jn)eN n, we denote: 

iii =il + ... + in 
Di = D{l ... D~n . 

D~ and Do denote the identity operator. 

DEFINITION. For each integer m, Hm(o) is the space of 
functions of L 2 (0) whose derivatives (in the sense of distri­
butions) of order less than or equal to m are in L 2 (0). 

Space Hm(o) is evidently a linear subspace of L2(0); 
for u and v in Hm(Q), we write: 

(7.1) «u, v)) = L (Diu, Div). 
Ijl~m 
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LEMMA. The space Hm(Q) equipped with the scalar product 
(7.1) is a Hilbert space. 

Proof. It is clear that (7.1) defines a symmetric positive 
definite bilinear form on Hm(Q). We show now that 
Hm(Q) is complete with respect to the norm 11.11 asso­
ciated with this scalar product. 

Let {U,.} be a Cauchy sequence in Hm(Q). For each multi­
indexj, /j I ~m, the sequence {DiU,.} is a Cauchy sequence 
in L 2 (Q) and hence convergent. 
We write: 

g = lim u,., - l' Di gi - 1m u,.. 
,. ... 00 ,. ... 00 

So we have: 

u,. -+ g, 

in the distribution sense in Q; as Di is a continuous 
operator in the distribution space, we have likewise: 

in this space, and hence Dig=gieL2(Q) forallj, /j I~m. 
This proves that geHm(Q) and that the sequence u,. con­
verges to g in H m (Q). 

DEFINITION. We denote by H;;(Q) the closure of £i)(Q) in 
Hm(Q). 

The space H;;(Q) is evidently provided with the Hilbert 
structure induced from Hm(Q). 
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If Q=R", it can be shown that: 

(7.2) H~(R") = Hm(R") , 

but when Q is not the whole ofR", H;:(Q) and Hm(Q) are 
in general different. The trace theorems below give, in 
case the boundary of Q is sufficiently smooth, a simple 
characterization of H;: (Q). 

7.2. Properties of Sobolev Spaces 

We recall, without proof, some properties of Sobolev 
spaces. We will have to make some regularity hypotheses 
about the boundary r of Q, as, for example: 

(7.3) r is a manifold of dimension n-l, of class ~r (r 
to be specified) and Q lies locally on one side of r. 

Suppose that (7.3) holds with r=m: 

Density 

!,)(Q) is dense in every space Hm(Q). 

Prolongation operator 

There exists a linear and continuous operator f!J' 
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such that, for all u, the restriction of f?Ju to 0 is equal 
to u. 

Trace theorem 

There exist linear continuous operators 'Yo, ... , 'Ym-I from 
nm(o) into L 2 (r) (the space of square integrable functions 
on r, with respect to the surface integral du), such that for 
each m times continuously differentiable function u on 0, 
we have: 

'YoU = u Ir = the restriction of u to r 
osu 

'Y sU = - (s = 1, ... , m - 1), 
ovs r 

where ovs is the unit normal vector on r, pointing out­
ward with respect to O. 

One can prove that H; (0) is the kernel of the map: 

'Yo X 'YI X···X 'Ym-I' 

The space 'YjHm(o) is not the whole of L 2 (r), but a 
subspace of it. We will pay special attention to the space 
'YoHI (0), which we denote by H I/2 (r); this space can be 
endowed with the Hilbert structure transported by 'Yo, but 
there exist more direct procedures to study this space. 

Generalized Green's formula 

We now suppose that (7.3) holds with r=2. If u and v are 
two twice continuously differentiable functions on Q, the 
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classical Green's formula gives: 

L (DiU, DiV) = - (Au, v) + - vdu. 
n fou 

1=1 OV 
r 

If U and v are in H2 (D), one may show that a generalized 
Green's formula holds: 

n 

(7.4) L (DiU, Div) = - (Au, v) + (1'1 U, I'oV)L2 (T)' 
i=1 

where (., .) is the scalar product of L2(D) and C., ')O(T) is 
the scalar product of L 2 cr). 

IfUEH1(D) and ..duEL2 (D), it can be shown that I'1U can 
also be defined as an element of the dual of H1/2 (r), which 
we denote by H- 1/2 (r). For such a U and for vEH1(D), 
the generalized Green's formula becomes: 

n 

(7.5) L (DiU, DiV) = - (Llu, v) + (I'IU, I'oV) , 
i=l 

where (., .) stands for the scalar product in the duality 
between H- 1/2(r) and HI/2(r). 

For a proof of the preceding results and for a system­
atic study of Sobolev spaces, the reader is referred to 
Lions and Magenes [8]. 

NOTE 

1 The variable point of !2 is denoted by x = (Xl, ... t x,,); dx = dxl, .", 
dx". 



CHAPTER 8 

APPROXIMATION OF SOME FUNCTION 

SPACES BY FINITE DIFFERENCES (I) 

In this chapter and in the two following ones, we will con­
construct some approximations to the spaces L2(Q), 
H1 (Q), H~ (Q). These three chapters are rather technical 
and occasionally we will omit some details of proofs. 

In this chapter we construct an internal approximation 
of L2(Q) and H1(Q) for the case Q=R", using finite dif­
ferences. In Chapter 9 we construct an internal approxima­
tion of L 2 (Q), an external approximation of H1 (0), and 
a generalized external approximation of H~ (Q) (finite 
differences). In Chapter 10 we construct two generalized 
external approximations of H~ (0) using conforming and 
nonconforming finite elements. 

Some results of Chapter 8 are needed in Chapter 9, but 
Chapter 10 is independent of Chapters 8 and 9, and could 
be read before these chapters. 

8.1. Notations 

In this section and the next one Jf' is the set of vectors of 
R" of the form: 
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For all he.Ye, we define: 
(i) ah(aeRn) is the point of Rn with coordinates: 

(ii) R" is the set of points of Rn of the form: 

ih = 0 l hh ···,inhn), 

where the jj are integers of arbitrary sign (jeZn). 

(iii) (J,,(M), M=(Ph"" J.tn) is called a cell, and it is the 
set: 

In ~I- ;.M ~f; 
(iv) (J,,(M, r) is the stet 

U (J,,(M + !ih) , 
ieZn 
Iii ~r 

where: 

iii = lill + ... + linl; 
(v) W"M is the characteristic function of the cell u,,(M); 
(VI) <5t" (or <5 j if no confusion can arise) is the finite 

difference operator: 

<p (x + !hjej) - <p (x - !hje j ) 

(<5 j <p) (x) = h. ' , 
where el' ... , en is the canonical basis of Rn. 

Ifj=(jh ... ,jn) is a multi-index, then <5~ (or more simply 
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bi ) will denote the operator: 

!Zi _ !Zit !Zin 
U - u1 , .•• , Un • 

Final1y, with each open set Q of Rn and each non­
negative integer r, we associate the following point sets: 

~= {MI MeRh , 

~= {MI MeRh , 

r=O 

CTh(M, r) c Q} 
CTh(M, r) () Q =F 0}. 

r=2 

Fig. 1. Examples of sets u,,(M, r) in the plane. 

8.2. Approximation of the Space L 2 (Rn) 

We are going to construct a stable and convergent internal 
approximation of the space V=L2(Rn); we denote the 
scalar product and norm in L2(Rn) by: 

(f, g) = f [(x) g(x) dx, JI = (f, [)1/2 

an 

respectively. 
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Space Vh 

This will be the space of step functions Uh: 

Uh(X) = L Uh(M) WhM(X) , 
MeR" 

where 

uh(M)eR and f (Uh(X))2 dx < +00. 
Rn 

Evidently, Vh is just a subspace of L2(R") and one may 
verify that it is closed; we endow it with the induced 
Hilbert structure. 

Operator Ph 

The prolongation operator will simply be the identity; 
evidently Ph is injective and its norm is 1. 

Operator Th 

The restriction operator will be defined as follows: 

't/ueV 

uh(M)=(h1·.·hn)-1 f u(x)dx, 

a,,(M) 

(rh is hence an operator which takes the average over the 
cells O'h(M), MeRJ. 

PROPOSITION 1. The preceding internal approximation of 
L2(Rn) is stable and convergent. 
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Proof. It is seen without difficulty that rh is an orthogonal 
projection operator in V onto Vh : 

The operator 'h is hence surjective, and its norm is 1: 

Since the prolongations have a norm equal to I, the 
approximation under consideration is stable. 

To prove that it is convergent, it is sufficient, by Prop­
osition 1 of Chapter 3, to prove that: 

(8.2) lim Ph'hU = U in the strong topology of L 2 (Rn). 
h-+O 

for all functions U of a dense subspace of L2(Rft), for 
example, all continuous functions u with compact support 
in Rn.l For such functions the proof of (8.2) is elementary. 

Remark. This approximation is just a Galerkin approxima­
tion (cf. Section 3.2). 

8.3. The Approximation of the Space H1 (Rn) 

We denote the scalar product and the norm in H1 (Rn) by: 

n 

«u, v» = L (DiU, DiV) + (u, v) 
i= 1 

Iluli = «u, V»1/2 • 
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Space Vh 

This will be the space of step functions Uh: 

Uh(X) = L Uh(M)WhM(X) , uh(M)eR 
MeRh 

such that: 

We provide this space with the scalar product: 

" «Uh' Vh))h = L (OihUh' 0ihVh) + (Uh' Vh), 
i=l 

which makes it into a Hilbert space (proof analogous to 
the proof of the lemma in Section 7.1). 

Operator Ph 

We put: 

where * means the convolution product in R" and where 
Wh is the characteristic function of the cell: 

" n [- hd2, hd2[, 
i= 1 

multiplied by the number (hh ... , hJ-l. 
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Operator rh 

Same as in Section 8.2. 

PROPOSITION 2. The preceding internal approximation of 
H1 (Rn) is stable and convergent. 

Proof Let Xh be the characteristic function in RXI of 
the interval [- hh/2, hh/2 [, and let 0' i, hand 0 i, h be the 
following distributions: 

O'i, h = (~. h1 XhJ) ® c5(i) 
J*' j 

0". = C~, a(j») ® (~ x •• ). 

where c5(j) is the Dirac measure in 0 on RXj"2 

We mention without proof the following two results, 
which anyway follow quickly from the properties of the 
convolution product: 

(8.3) 

(8.4) 

For all: cP E L 2 (Rn): 
Wh * cP E L 2 (Rn) , O'i, h*CP E L 2 (Rn) , 
Oi,h*cpEL2 (Rn), i=l, ... ,n 
and: 
Iwh*cpl ~ Icpl, 100i,h*CPI ~ Icpl, 
IOi,h*CPI ~ Icpl, i = 1, ... , n. 

1 
When h --+- 0 : 
Wh * cP --+- cP , O'i, h * cP --+- cP, fJi, h * cP --+- cP 
in the strong topology of L 2 (Rn), i = 1, ... , n. 
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The proposition follows now from the next three lemmas. 

LEMMA 1. The prolongation operators are stable: 

Proof According to (8.3): 

On the other hand, we have: 

Using (8.3) once more, we obtain: 

and the lemma follows. 

LEMMA 2. The restriction operators are stable: 

VueV. 

Proof To begin with, we note that the translation 
operators whose vector of translation is rxh, rxheRh' com­
mute with rh: 

where 7:l1.hCP is defined by (7:ahCP)(x)= cp(x-rxh). In fact, for 
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pheRh : 

('t'ahrhU) (Ph) = (rhu) «P - ex) h) 

= (h1 ... hn)-1 f u(x) dx 

tTh«P-«)h) 

= (h1 ... hn)-l f u(x - exh) dx 

tTh(Ph) 

= (rh't'ahU) (Ph). 
Now, because: 

1 1 
OJ = h. (T:(-htet/2) - T:(htetI2» = h. T:(hlet/2) (T:(-htet> - T:(O», 

J , 

we have: 

(8.9) 0ihrltU = 't'(htet/2) rh T:( -htet/2) 0ihU • 

Because of (8.1) and the fact that translations are iso­
metries in L2(Rn), it follows that: 

10ihrhui = IrhT:(-hiei/2) ojhul ~ 1T:(-htet/2) ojhul = 10ihUI. 

But: 

(8.10) 0iltU = (D/Ji,h)*u = (Ji,h*(Dju), 

and by using (8.3), we obtain: 

10ihUI ~ IDiul· 

Hence: 

10ihrhui ~ IDiul, i = 1, ... , n 
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and, by (8.1) we also have: 

Irhul ~ lui, 
and the lemma follows. 

LEMMA 3. The approximation is convergent. 
Proof. According to (8.3): 

Phrhu - U = Wh*U - U + wh*(rhu - u) 
IPhrhu - ul ~ IWh*U - ul + Irhu - ul· 

Using Proposition 1 and (8.4), we find: 

lim Phrhu = U in the strong topology of L 2 (Rj . 
h-+O 

On the other hand, according (8.6), (8.9) and (8.10): 

DiPhrhu = Di(wh * rhu) = 
= CTi,h * (Oi,hrhu) = 
= CTi,h * (T(hleI/2) rhT(-hleI/2) 0ihU) = 
= CTi. h * (T(hlel/2) rh T( -hleI/2) (Oi, h * Diu)). 

Hence DtPhrhu is of the form GS,h' .•• 'G1,h(Diu), where: 

G1,h=Oi,h*' of G2,h=T(-hleI/2)' 

G4, h = T(hleI/2) , Gs, h = CTi, h * ; 
the operators Gi,h are linear continuous operators in 
L2(R"), of norm less than or equal 1, and for all cpeL2(R") 
holds: 

lim G i. h cP = cp in the strong topology of L 2 (R") ; 
h-+O 

for G1,h and Gs,,, these properties follow from (8.3) and 
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(8.4), for G3th this follows from (8.1) and Proposition 1, 
for G2th and G4th it follows from the fact that translations 
are isometries in L 2 (R") and from the Lebesgue theorem, 

Hence it is straightforward, that for all lp in L 2 (R It): 

lim G5,h' •.. 'G1,hlp = lp 
h-+O 

in the strong topology of L 2 (RIt) , and in particular: 

lim DiPhrhu = DiU 
h-+O 

in the strong topology of L 2 (R1t), which completes the 
proof. 

Remark. Similar procedures can be used to construct 
internal approximations of the spaces HJ (0) and H1 (0) 
when O¥=RIt; for this the reader is referred to Aubin [10]. 

NOTES 

I We observed in Chapter 7 that ~(.Q) is dense in £2(.Q). 
2 a',h and Ot,h can elementarily be defined in the following way: 
(a" h, rp> = (hI ... h'_lh'+I ... hn)-I 

+hl/2 +hj-1/2 +hl+1/2 +h,,/2 

f··· f··· f··· f rp(XI ••• XI_I, 0, x, ... Xn) 
-hl /2 -h,_l/l! -hH1/l! -h"/l! 

h,/l! 

(0" h, tp) = ~, f tp(O, ... , 0, x" 0, ... ,0) dx, 
-h,/2 



CHAPTER 9 

APPROXIMATION OF SOME FUNCTION 

SPACES BY FINITE DIFFERENCES (II) 

In this chapter we construct an internal approximation of 
L2 (D), an external approximation of HI (D) and a gener­
alized external approximation of HJ (0), using finite 
differences. We keep the notations introduced in Section 
8.1, and the open set g is assumed to be bounded. 

9.1. Internal Approximation of L2 (.a) 

We denote the scalar product and the norm of L2(D) by: 

(f, g) = I f(x)g(x) dx, If I = (f, f)I/2 • 

U 

For all he;/(, let Dh be a subset of R" satisfying: 

(9.1) forall MeDh , O'h(M) c: 0 

(9.2) for each compact set K c: D : 

K c: U O'h(M) 
MeU" 

for h small enough. 
It is easily seen that the sets g~, as defined in Section 

8.1, satisfy these conditions. 
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Space Vh 

This will be a subspace of L 2 (Rn), consisting of step 
functions Uh: 

Uh(X) = L Uh(M) WhM(X) , 
MeDh 

We provide Vh with the Hilbert structure induced from 
L 2 (Rn): 

(Uh' Vh)h = f Uh(X)Vh(X) dx = 
Rn = (h1 ... hn) L uh(M)Vh(M). 

MeDh 

Because Q is bounded, Vh is finite dimensional, and the 
dimension is just equal to the number n(h) of points of 
Dh (observe that the set of functions WhM. MEDh, con­
stitutes a basis of Vh). 

Operator Ph 

This will be the operator of restriction to Q: 

PhUh = Uh /n 

is injective, and its norm is 1. 

Operator rh 

For uEL2(Q), rhu=uh is defined by: 

uh(M)=(h1 ••. hJ- 1 f u(x)dx, 

O'h(M) 

Evidently, rh is surjective. 
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PROPOSITION 1. Under conditions (9.1) and (9.2) the above 
internal approximation of L 2 (.0) is stable and convergent. 

Proof. For UE V, we have: 

Irhul~ = (hi ... hn) L Irhu (M)1 2 = 
Men" 

= (hi'" hn)-1 L ( f u(x) dx)2. 
Men" 

O',,(M) 

According to the Schwarz inequality: 

(f u (x) dX) 
2 ~ (hi'" hll) f (u (X»2 dx ; 

O',,(M) O',,(M) 

because of (9.1): 

L f (U(X»2dX~f(U(X»2dX, 
Men" 

O',,(M) n 

and hence: 

(9.3) Irhuhlh ~ lui. 

Since the prolongations have a norm equal to 1, the 
approximation under consideration is stable; to prove that 
it is convergent, it is sufficient by Proposition 1 of Chapter 
3 to prove that: 

(9.4) lim Phrhu = U in the strong topology of L2(.o) 
h->O 

for all functions U of a dense subspace of L 2 (.0), for 
example, for all continuous functions U with compact 
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support in D. If U is continuous and has compact support 
in D, then U is uniformly continuous; if h is sufficiently 
small such that the support of u is included in UMeOh 

aheM) (according to (9.2», then the difference u-rhu is 
uniformly bounded by 8(1hI/2), where IhI 2 =hi+ .. ·+h; 
and 8 is the modulus of uniform continuity of u; (9.4) 
follows easily. 

9.2. External Approximation of H1 (12) 

Let V = HI (D) with the usual Hilbert structure, and let 
F=L2(D)n+1 with the product Hilbert structure; the map: 

u -+ wu = (u, DIU, ... , Dnu) 

is an isomorphism of V into F. 

Space Vh 

This is the space of step functions Uh: 

where D! is as defined in Section 8.1. Vh is provided with 
the following scalar product: 

«Uh' Vh»h = f uh(x)vh(x)dx + it1 f °iUh(X)OiVh(X)dx. 
Rn D 

Vh is finite dimensional, and its dimension is just the 
number n (h) of points of D~. 
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Operator Ph 

The prolongation operator will be: 

PhUh = (Uh la, c5 1uh la, ... , c5nuh la), 
where g la is again the restriction to Q of a function g 
defined on Rn. 

The norm of Ph is less than or equal to 1. 

Operator rh 

We assume that condition (7.3), with r= 1, holds. Then, 
by Section 7.2, there exists a prolongation operator f!JJ, 
which is a linear continuous map from L2(0) into L2(Rn) 
and from H1 (Q) into H1 (R n) satisfying: 

f!JJu la = u, VueL2(0). 

Now we put: 

VueV 

uh(M)=(h1.··hn)-1 f (9'u)(x)dx, VMeQ~ • 

O'h(M) 

PROPOSITION 2. The preceding external approximation of 
H1 (0) is stable and convergent. 

Proof By Proposition 2 of Chapter 8, we have: 

II rhu Ilh ~ l19'uIIH1(Rft)' 
and by continuity of 9': 

II9'uIIH1(Rft) ~ 119'11 IlulI, 
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which proves that the restrictions are stable. As the 
prolongations have norms smaller than 1, the stability of 
the approximation follows. 

We prove now that it is convergent. We first must show 
that Ph'hU -+ WU, in the strong topology of F, for h -+ 0, in 
other words: 

lim ~irhu In = DiU (i = 1, ... , n) 
h-+O 

in the strong topology of L 2 (0). Because the approxima­
tion is stable, we need only prove this for functions of 
~([J), by Proposition 1 of Chapter 3 and Section 7.1, and 
for these it is evident.! 

We show now that property (ii) of the definition of 
convergence for external approximations of Chapter 3 
holds. So suppose that h' is a sequence converging to 0, 
and that: 

lim PhUh = lfJ in the weak topology of F, 
h'-+O 

which means, for lfJ=(lfJo, lfJl,.", lfJn): 

lim Uh' In = lfJo 
h'-+O 

lim ~iUh' In = lfJi (i = 1, ... , n) 
h'-+O 

in the weak topology of L 2 (0). One verifies easily that 
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OiC{)h,la converges to DiC{)o in the space of distributions on 
Q; so C{)i=DiC{)o, which proves that the limit C{) is of the 
form: 

and we are ready with the proof of the proposition. 

9.3. External Approximation of H!(a) 

The space F and the map U -+ WU are as above, namely the 
space L2(Qt+l and the isomorphism u-+wu=(u, DiU, ... 
. .. , D"u) from H~ (Q) into F. 

Space Vh 

This is the space of step functions Uh: 

where a! is as in Section 8.1. Space Vh is finite dimensional, 
and its dimension is n(h), the number of points of a!; it 
is provided with the scalar product: 

«Uh,Vh))h=I uh(x)vh(x)dx+ itif °iUh(X)OiVh(X)dx. 
a a 

Operator Ph 

As in Section 9.2. 
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Operator rh 

As a consequence of Proposition 4 of Chapter 3, we only 
define the operator r" on 'i"'=£i)(Q); we take: 

(9.5) (rhu) (M) = u(M), VMeQ!, Vue!»(D). 

PROPOSITION 3. The preceding generalized external appro­
ximation of HJ (D) is stable and convergent. 

Proof The prolongation operators have norm 1 and 
are stable. Hence the approximation is stable. 

According to Proposition 4 of Chapter 3 we have to 
prove that: 

(9.6) lim p"rhu = wu, in F, Vue!»(D), 
" ..... 0 

and to check condition (ii) in Definition 10 of Chapter 3. 
Function ue'i'" and all its derivatives are uniformly 

continuous. Let h be sufficiently small such that the 
support of u is included in UMe~"lUh(M). Then the 
difference U-rhu is uniformly bounded by 0(lhI/2), where 
o is the modulus of uniform continuity of u; hence 
r"u In converges to u in L 2 (.0) as h ~ O. By the Taylor for­
mula, ~i"r"u(M) equals the value of Dju(x), for some 
xeu,,(M), VM eQ~; the difference DjU-~ihr"u is then 
uniformly bounded by O;{clhD, where c stands for some 
positive fixed constant and OJ is the modulus of continuity 
of Dju. It follows that ~i"rhu In converges to DiU in L2 (D) 
as h ~ 0 and (9.6) is proved. 
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We now check condition (ii) of Definition 10 of a 
convergent external approximation of Chapter 3. 

Let h' be a sequence converging to 0, and let UII' E VII' be 
a sequence such that: 

lim Ph,Uh' = lp in the weak topology of F. 
h'-+O 

Then we have for lp=(lpo, lp1' .•. , lpll): 

lim Uh' In = lpo 
h'-+O 

lim OtUh, ln = CPt (i = 1, ... , n) 
h'-+O 

in the weak topology of L2 (.0). As the functions Uh' and 
btUh' have compact support in .0, we also have: 

lim Uh' = 'Po 
h'-+O 

lim btUh = 'Pt (i = 1, '.0' n) 
h'-+O 

in the weak topology of L2 (R"). Here 9 means the func­
tion equal to 9 in .0 and equal to 0 in the complement of.Q. 
Because btUh' converges to D/po in the space of distribu­
tions on R ", we see that 

'Pi = Dt'Po (i = 1, ... , n). 

This proves that 'P E H1 (R "); as 'Po is zero outside of .0, 
clearly the trace of 'Po (and hence of ((>o) on r is zero, and 
hence lpo='Po InEHJ(.Q). So the limit lp is indeed of the 



APPROXIMATION BY FINITE DIFFERENCES (n) 79 

form: 

Remark. We could as well define an external approxima­
tion of H~ (Q), where the restriction operator is defined by: 

(rhu)(M) = (h1 ... hn)-1 f u(x)dx, 

uh(M) 

VMeQL VueH~(Q). 

The proof of the stability of the rh is then very technical 
and demands some special regularity properties of r. 

NOTE 

1 The same argument can be used to show that lim r"u = a in the 
h .... O 

strong topology of £2 (Rn), where u is the function which is equal to 
u in Q and equal to 0 in the complement of Q. 



CHAPTER 10 

APPROXIMATION OF SOME FUNCTION 

SPACES BY FINITE ELEMENT METHODS 

In this chapter we study the approximation of the space 
HJ (D) by finite element methods. In finite element meth­
ods the approximating functions are not step functions, 
but functions defined on a set of n-simplices contained in 
D. Inside the simplex the approximating function is a 
simple function, a linear function in the simplest case, or 
some type of polynomial function of restricted degree 
in more refined situations. We will only consider 
approximation by piecewise linear functions. In this case 
the approximation is said to be conforming or non­
conforming according as the approximating functions are 
continuous or some kind of discontinuities are allowed 
at the boundaries of the simplices. We will give some 
preliminary results in Section 10.1 and then study these 
two approximations in Sections 10.2 and 10.3. 

10.1. Preliminary Results 

Since we will have to work with linear functions defined on 
n-simplices, we introduce here some notations adapted to 
the situation. 
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Barycentric coordinates 

Let there be given in Rn n+l points AI"'" An+!' with 
coordinates aI, i, .•• , an, b 1 ~ i ~ n + 1, which do not all lie 
in one hyperplane; this amounts to saying that the n vec.­
tors A1A 2, ... , AlAn are independent, or that the matrix: 

aI, 1 al,2 al,n+l 

a2,1 a2,1 a2,n+l 
d= 

an, 1 an, 2 an, ,,+ 1 

1 1 1 

is regular. Given any point PeR" withcoordinatesxh"" 
X n, there exist n + 1 real numbers 

Ai = Ai (P), 1 ~ i ~ n + 1 , 

such that: 
,,+1 

(10.1) OP = L APA j , 

i= 1 

with 
,,+1 

(10.2) L Ai = 1. 
i= 1 

To see this, it suffices to remark that (10.1) and (10.2) 
are equivalent to the linear system 

(10.3) d ( Af ) = (J:), 
An+l 1 
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which has a unique solution, since the matrix d is regular, 
by hypothesis. Those numbers A i are called the barycentric 
coordinates of P, with respect to the n + 1 points A1, ••• , All. 
As a consequence of (10.3) the numbers Ai appear as 
linear, in general, nonhomogeneous functions of the coor­
dinates Xl' ••• , XII of P: 

II 

(lOA) Aj= L bt ,jxj +bj ,II+1, l~i~n+l, 
j=l 

where the matrix gj = (b i,) is the inverse of the matrix d. 
It is easy to see that point 0 in (10.1) can be replaced by 
any other point of R" without changing the value of the 
barycentric coordinates; hence: 

11+1 

(10.5) L AiP Ai = O. 
i= 1 

The barycentric coordinates are also independent of the 
choice of a basis in R ". 

The convex hull of the n + 1 points A i is the set of 
points of R" with barycentric coordinates satisfying the 
conditions: 

This convex hull !/' is the n-simplex generated by the points 
Ai' which are called the vertices of the n-simplex. The bary-
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center G of f/' is the point of f/' whose barycentric coor­
dinates are all equal, and hence equal to Ij(n+ 1). An 
m-dimensional face of f/ is any m-simplex {l ~ m ~ n - 1) 
generated by m + 1 of the vertices of f/'. A one-dimensional 
face is an edge. 

In the two-dimensional cases (n = 2), the two-simplices 
are triangles; the vertices and edges of the simplex are the 
vertices and edges of the triangle. 

Let us show, using these coordinates, how simple the 
representation is of a linear function taking given values 
at the points Ai' ... , An+ l' 

PROPOSITION 1. Let Ah ... , An+l' be n+ 1 points of Rn 

which are not included in a hyperplane. Given n + 1 real 
numbers (Xo,"" (Xn' there exists one and only one linear 
functionusuchthatu(Ai)=(Xi, l~i~n+l and 

n+l 

(10.7) u(P) = L (Xi).i(P), VPeR" , 
i=l 

where AiP) are the barycentric coordinates of P. 
Proof Let 

It 

u(x) = L PjXj + Pn+h 
j=l 

be this function u. The unknowns are Pi' ... , Pn+1' which 
satisfy the following equations which assert that u (Ai) = 
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II 

L pjaj,i+PII+l=CC" l~i~n+l. 
j=l 

The matrix of this system is the transposed t d of the 
matrix d and hence the function u exists and is unique. 

It remains to show that (10.7) is the required func­
tion; indeed 

since Ai (Aj) =(jij= the Kronecker symbol, for each i andj. 

Differential properties 

We give some differential properties of the Ai considered as 
functions of the cartesian coordinates Xl"", XII of P; let 
D denote the gradient operator (Dh ... , DII)' 

LEMMA 1. 

11+1 

(10.8) L DAj = 0 
i=1 

(10.9) DAi(P)PAj = (jij - Ai(P) , 1 ~ i,j ~ n + 1. 

Proof (10.8) follows immediately from identity (10.2). 
According to (10.4) : 

and hence: 
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n n 

= L: bit kak. j - L: bit kXk 
k=l k=l 

n 

= " b· kak . + b· + 1 - A· '-' I. • J I. n , 
k=l 

= ~ij -Aj. 

For the last equality note that ~=d-1. 

LEMMA 2. Let f/ be the n-simplex with edges Al ,..·, An+1 

and let p' be the upper bound of the diameters of the balls 
contained in f/. Then: 

(10.10) IDilil ~ lip', 1 ~ i ~ n + 1, 

where IDAil is the norm of the (constant) vector DAj. 
Proof. We have: 

where x is the unit vector pointing in the same direction as 
DAj. There exist two points P and Q belonging to f/ such 
that 

1 
x=-PQ; 

p' 

more precisely P and Q are two points of the ball of 
diameter p' included in f/. We denote the barycentric 
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coordinates of Q with respect to A l , .•. , An+l' by Jll, ••. , 

Jln+l. Then we have, because of (10.1) and (10.2): 

n+l 

PQ = L JljPAj 
j=l 

n+l 

L Jlj = 1. 
j=l 

Then: 

1 n+l 
DAj"X =., (DAj)·Cl: /1jPA j ) = 

p j=l 

1 n+l 
= - ~ II.DA·"PA. = , L. rJ l J 

P j=l 

= (according to (10.9)) -

Since P and Q belong to f/, O~A.i~ 1, O~/1i~ 1, for each 
i, 1 ~i~n+ 1, and hence O~Jli-A.i~ 1, so that: 

IDAj" xl ~ 1/ p'; 

(l 0.1 0) follows. 
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10.2. Conforming Piecewise Linear Finite 
Elements for H!(U) 

Let Q be an open bounded set in R". Let.:Th be a family of 
n-simplices; such a family will be said to constitute an 
admissible triangulation of Q if the following conditions 
are satisfied: 

(10.11) Q h = U !/ c D. 

(10.12) If!/ and !/e!7h, then either!/ = !/', or 
!/(")!/' is empty or !/(")!/' is exactly a complete 
m-face for !/ and !/'. 

We will denote by {.:Th}heJt' the family of all admissible 
triangulations of D; to each admissible triangulation 
.:T h we associate the following three numbers: 

P (h) = sup P9" 
9'e~h 

P9' u(h) = sup -, , 
9'e~hP9' 

p' (h) = inf p~, 
9'e~h 

where p = P9' is the diameter of !/ and P' = p'g, is the dia­
meter of the greatest ball contained in!/. 

We are concerned with the passage to the limit as p(h) --+0. 
It will appear later that some restrictions are necessary on 
u(h) so that the approximations converge. 

We will suppose that Dh converges to D as p(h)--+O in 
the sense: 
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(10.13) For each compact KeQ, there exists an '1>0 
such that Qh:=JKfor every h with p(h)~'1. 

Let us now define the approximation of the space 
H~ (Q): it will be a generalized internal approximation. 

Space Vh 

For each triangulation :Th, Vh is the space of continuous 
functions on Q which are linear on each simplex !/e:Th' 

and vanish outside Qh' 

As a consequence of Proposition 1 a function Uh which 
is linear on each simplex !/ is completely characterized by 
its values on the verticles of the simplices. We remark that 
the continuity requirement is automatically satisfied for 
piecewise linear functions: if !/ and !/' are two simplices of 
:Th with a common m-dimensional face, then let a and a' 

be the restriction to this face of the linear functions equal 
to Uh on!/ and!/' respectively; a and a' are linear on this 
m-dimensional face (Le. a m-simplex) and equal on the 
m + 1 vertices of this face; because of Proposition 1, a and 
a' are equal everywhere on the face and this ensures that 
the function Uh is continuous. 

Since Uh equals 0 in Q - Qh' Uh will be zero on the vertices 
belonging to the boundary rh=oQh of Qh; this boundary 
consists of the union of some faces of the simplices. Then 
the function Uhe Vh is completely characterized by its 
values on the family O/I~ of vertices of the triangulation 
belonging to Dh, the interior of Qh' 
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LEMMA 3. The functions of Vh equal to 1 on some vertex 
belonging to ou2 and equal to 0 on all the other vertices 
form a basis ofVh. Hence the dimension ofVh is the number 
of points in ou2. 

Proof. Let for all M Eou2, WhM be the function of Vh, 
equal to 1 on M and to 0 on all the other vertices. These 
functions are obviously linearly independent and because 
of Proposition 1 any Uh E Vh can be written: 

(10.14) Uh = L Uh (M) WhM · 
M edfihO 

The lemma is proved. 
It is clear that VhcH~(Q); if UhEVh then UhEL2(Q), 

since it is continuous with compact support; its derivative 
Diuh is the bounded step function equal to Diuh on each 
simplex in .:r h' We equip Vh with the scalar product induced 
by H~(Q): 

Operator Ph 

This is the identity; its norm is one; these operators are 
then stable. 

Operator rh 

As allowed by Proposition 4 of Chapter 3, we only define 
rh U for UE"Y =P)(Q), which is a dense subspace of H~ (D). 
For such U we define r'au by: 

(10.15) (rhu) (M) = u (M), VME0Jt2. 
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PROPOSITION 2. The above generalized internal approxi­
mation 0/ HJ ~D) is stable and convergent, provided u(h) 
remains bounded as p (h) -+ 0: 

(10.16) u(h)::S:; a < + 00. 

Proof The approximation is obviously stable. We only 
have to prove that for each ue2#(D): 

(10.17) Phrhu-+u as p(h)-+O. 

This follows from the next lemma. 

LEMMA 4. If p(h) is small enough/or Dh to contain the 
support o/u, then (uh=rhu): 

(10.18) sup IUh(X) - u(x)1 ::s:; Cl (u) p(h)2 
xeD 

xeD 

::s:; Cl (u) p (h) u(h) ::s:; Cl (u) ap (h), 

where c1 (u) is a constant depending on the second deriva­
tives o/u. 

Proof It is sufficient to compare u and Uh on each n­
simplex.9'e9'"h.LetAl, ... ,An+l be the vertices of .9'. Using 
the Taylor formula, we have: 

where Bi=(B1 ,jt ••• , Bn,i)=PA i , Pi is some point of the seg­
ment P A i and the summation convention of repeated 
indices is used. 
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Because of Proposition 1: 

,,+ 1 

(10.21) Uh (P) = L A-;(P) U (Ai)' VPe.9 , 
i=1 

and then using (10.1), (10.2) and (10.20): 

Uh(P) = u(P) + tDjkU(Pi)Bj,iBk,i 
lu(P) - uh(P)1 ~ 

.; t(~ IDJ.(U(P.»)I')"'IPA,IIPA;I, 

We obtain (10.18) with 

C1 (U)2 = t sup r i IDjku (x) I 2] . 
~eD L,k=l 

VPe.9. 

By differentiation of (10.21), and using (10.20): 

,,+1 

DUh(P) = L U (Ai) DAi 
i= 1 
,,+1 ,,+1 

DUh(P) = L u(P) DAi + L Dju(P) Bj,iDAi + 
i= 1 i= 1 

,,+1 

+ t L Djku(Pi) Bj,IBj,kDA" 
1=1 

One can check, that the first term of the right-hand 
member of this last equality is 0, because of (10.8), and 
the second term is Du(P). Indeed, since the vectors 
PAH ... , PA,,+1 are linearly independent, it is sufficient to 



92 NUMERICAL ANALYSIS 

show that 

k = 1, ... , n + 1. 

Because of (10.9) the left-hand side of this equality is: 

n+1 

L Du(P) PAj(~jk - Aj(P» = Du(P) PAk, 
i=l 

sInce 
n+1 

L Aj(P) PAi = O. 
i=l 

So we get (PE,9): 
'n+1 

IDu,,(P) - Du(P)1 ~ t L IDAjIIDjku(Pj) 6j,j6j,kl ~ 
i= 1 

~ C1 (u) IDAil p(hi ~ 
~ (with (10.10» ~ 

p;' 
~ C1 (u) -, ~ C1 (u) p(h) u(h). 

pg 

Remark. In the two-dimensional case, the simplices f// 
are triangles, and if we denote the greatest side of f// by p, 
and the smallest angle of f// by (J, the following inequality 
can be easily established: 

pI p' ~ 2/sin (J • 
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Condition (10.16) is satisfied if all the angles remain 
bounded from below (J~(Jo>O, VYe.rh• 

10.3. Non-conforming Piecewise Linear 
Finite Elements for H!(U) 

Let D be an open bounded set in R", and again let 
{.rhheJl" be the family of all admissible triangulations 
of D, as in Section 10.2. In some cases it can be more in­
teresting to have piecewise linear functions which are not 
continuous (this situation arises for example in the ap­
proximation of some fluid-mechanic problems). We de­
scribe here an approximation of HJ (D) by noncontinuous 
piecewise linear functions; this approximation method is 
called a nonconforming finite element method. 

Preliminary remarks 

Let Y be an n-simplex belonging to .r h with vertices 
Ah ... , An+1. We denote by Y i the (n-I)-dimensional face 
of Y spanned by the Aj,j#i, and by Bi the barycenter 
of Y i • 

Let G denote the barycenter of Y. Now, the bary­
centric coordinates of Bi with respect to the Aj,j=/:i, 
are equal to lin. Hence: 
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or 

1 
(10.23) GB· = - - GA· I I' 

since 

n+l 
L GAj=O 
j=l 

n 

(the barycentric coordinates of G with respect to A1,. .. , 

An+1 are equal to l/n+ 1). 
Then: 

hence, as the vectors B1 B j' j = 2, ... , n + 1, are linearly in­
dependent, the vectors A1A j ,j=2, ... , n+ 1 are such. 
Therefore the barycentric coordinates of a point P with 
respect to B1, ... , Bn+l make sense and we denote these 
coordinates by Jlh ... , Jln+l' We remark also that given 
n+ 1 numbers Ph ... , Pn+l' there exists one and only one 
linear function taking the values P1' ... , Pn+l at the points 
Bb "0' Bn+1' and this function u is 

,.+1 

(10.25) u (P) = L Jli(P) U (Bi). 
i=l 

Space V,. 

This is the space of functions u,. which are linear on each 
!/e5'",., vanish outside Dh, and the value of Uh at the bary-
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center Bi of some n -I-dimensional face g i of a simplex is 
zero if this face belongs to the boundary of Dh ; if this face 
meets the interior of Dh, then the values of Uh at Bi are the 
same whether Bi is considered as a point of one or another 
of two different simplices. 

Let o/Ih be the set of points Bj (= barycenter of an 
n - I-dimensional face of a simplex g e.r h), which belong 
to the interior of Dh. A function Uh E Vh is completely char­
acterized by its values at the points Bieo/lh. 

LEMMA 5. The functions WhB of Vh equal to I on some point 
ofo/lh and to 0 en all the other points ofo/lh,form a basis of 
Vh' Hence the dimension of V h is the number of points in 0/1 h' 

Proof It is clear that the functions WhB' BE Uh are lin­
early independent and because of Proposition I any 

A3=A~ 

Fig. 2. Two adjacent triangles in the two-dimensional case. 2 
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uhe Vh can be written as: 

(10.26) Uh = L uh(B) WhB· 
Be"'" 

We equip Vh with the following scalar product: 

(10.27) ((Uh, Vh»h = f Uh(X) Vh(X) dx + 
n 

+ .9'];." iti f Diuh(X) Divh(X) dx . 
.9' 

The space Vh is not contained in HJ (Q), and the deriva­
tives DiUh are sums of step functions Diuh and Dirac 
distributions located on the faces of the simplices con­
nected with the jump of the Uh; in (10.27) we integrate the 
constant function Diuh Divh on f/'. It is clear that Vh is 
a Hilbert space. 

Space F, operators W, Ph 

As in Chapter 9 we take F=L2(Q)n+i and w the iso­
morphism ueHJ(Q)~wu=(u, DiU, ... , Dnu)eF. The op­
erator Ph is defined by: 

Uh e Vh~ PhUh = (Uh' D1uh' ... , D:uh)eF. 

The operators Ph have norms equal to 1, and they are 
stable. 

Operator rh 

As allowed by Proposition 4 of Chapter 3, we just define 
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rhu = Uh' for ue"Y =!')(D), a dense subspace of H~ (D); 
we take: 

(10.28) uh(B) , 

PROPOSITION 3. The above generalized external approxi­
mation of H~ (D) is stable and convergent, provided q(h) 
remains bounded as p (h) -+ 0, 

(10.29) u(h) ~ IX < + 00 • 

Proof. We have to check the conditions (i) and (ii) of 
Definition 10 of Chapter 3. 

For condition (ii) we have to prove that, for each 
ue!,)(D): 

(10.30) Uh -+ U in the norm of L 2 (D) as p (h) -+ 0 

(10.31) D~Uh-+DiU in the norm ofL2(D) as p(h)-+O. 

But the conclusions of Lemma 4 are valid, (10.18) without 
any modification, and (10.19) modified by replacing D j 

by D~: 

(10.32) ess. sup.ID~Uh(X) - DiU (x)1 ~ Cl (u) IXp(h). 
xeD 

The proofs of (10.18) and (10.32) are exactly the same; 
we only replace in (10.20) the points Ai by the points B j 

and the barycentric coordinates Ai by the barycentric 
coordinates J1i. 
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For proving condition (i), let us suppose that Ph,Uh' con­
verges weakly to <P = (<Po, •.• , <P1l); this means that 

(1033) Uh' -+ <Po in L 2 (0) weakly 
. D~,Uh' -+ <Pi in L2(0) weakly, 1 ~ i ~ n. 

Since the functions have compact supports in 0, (10.33) 
means also that 

Uh' -+ ifJo in L2 (Rn) weakly 
(10.34) D~'Uh' -+ ifJi in L2 (Rn) weakly, 1 ~ i ~ n. 

As in Chapter 9, if we show that 

it will follow that ifJoEH1(Rn) and hence CfJoEH~(O), with 
<Pi=DjCfJo, which amounts to saying that <p=wu, U=<Po. 

Let 0 be any test function in !7)(R"): 

f (D~,Uh') 0 dx -+ f ifJtO dx . 
Rn Rn 

Equality (10.35) is proved if we show that 
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or 

(10.36) J h,= f uh,DlJdx+ f(D~'Uh,)OdX~O, h'~O, 
Rn 

for each Oe2d(R"). 
We write now J h in the following way: 

J h = f UhDiO dx + f (D~Uh)O dx 
D(h) D(h) 

= L f [UhDiO + (DiUh) 0] dx 
~e~h 

~ 

= L I Di(UhO) dx. 
[/'e~h 

~ 

By the Green-Stokes formula, this gives: 

I Di(UhO) dx = I UhOVi, ~ elF , 
~ o~ 

where Vi.~ is the i-th component of the unit vector v~, 
normal to B9' and pointing outward with respect to 9'; 
B9' is composed of (n + I) (n -1 )-dimensional faces 9" ; we 
denote by B + 9' the sets of these faces and then: 
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Finally: 

J h = L L f Uh8v,,!1" dr. 
v E 9" h v' EO + V 

v' 

The next two lemmas have the purpose of proving (10.36). 

LEMMA 6 

(10.37) J h = L L f (Uh(X) - uh(B)) x 
v E 9" h v' E 0 + V 

v' 
x (8(x) - 8 (B)) Vi, v' dr, 

where B = B v' is the barycenter of f/'. 
Proof. We show first that 

(10.38) J h = L L f (Uh(X) -
V E 9"h v' E 0+ V 

v' 
- uh(B)) 8(x) v" v' dr. 

To prove this equality we must have to show that 

(10.39) L L f uh(B)8(x)Vi,V,dr =0. 
v E 9"h v' E 0+ V 

v' 

But for a face !/' belonging to the boundary of Q(h), 
uh(B)=O and the contribution of this face in the sum is 
zero. If !/' belongs to the boundary of two adjacent sim­
plices, then this face gives two opposite contributions to 
the sum: uh(B) and 8 (x) are the same, Vi,V' are equal but 
with opposite signs, depending on whether !/' is considered 
as part of the boundary of one or the other simplex. 
Hence the sum (l0.39) is zero. 
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Equality (10.37) is then easily deduced from (10.38), if 
we prove that 

(10.40) L L I (uh(x) - uh(B»0 (B) Vi, 9" dr = O. 
Ve5"h V'eiJ+V 

v' 

But for (10.40) we remark more simply that 

I [Uh(X) - uh(B)]O(B)Vi,V' dr = 0, 
V' 

since O(B) and Vi,V' are constant on g' and 

(10.41) I Uh(X) dx = uh(B) I dr, 
V' V' 

because u,. is linear on g', and B is the barycenter of g'. 

LEMMA 7 

(10.42) ",.-+0, as p(h)-+O with (J(h)~rx. 

Proof. Since IVi,v.1 ~ 1 and 

IO(x) - o (B) I ~ c(O) Pv, Vxeg' , 

we can majorize as follows: 

V' 

~ c(O)pv f Iu,.(x) - uh(B)1 dr. 

v' 
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Since Uh(X)-Uh(B) is a linear function vanishing at 
x=B, we can write it as: 

n 

where P1"'" Pn are the coordinates of B. Therefore 

and 

n 

\ OUh 
IUh(X) - uh(B)1 ~ pf/ ~ OXi ' 

1=1 

c(8) pf/ f IUh(X) - uh(B)1 dr ~ 
f/' 

Vxe.9 , 

n 

"c(9)p~ S(I OUh .., ) - dr= 
OXj 

f/' 1= 1 
n 

= c(8)p~(area .9') {\ OUh }. 
~ OX j 

1=1 

Let us denote the vertices of f/ by AlJ ... , An +h and let 
us suppose that .9' is the face containing A2 , ••• , An +1 ; 

let e be the distance between A1 and .9'. The following 
elementary formula is easily checked: 

1 
vol f/ = - e (area .9'), 

n 
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and hence: 

(10.44) 
n n 

area /7' = - vol /7 ~ - vol /7 , e 2p~ 
since 

(10.45) 2p;;' ~ e. 
The reason of (l0.45) is that a ball included in /7 is in­

cluded in the set bounded by the hyperplane containing 
A2 , ••• , All +1' and the parallel hyperplane containing A1• 

We then have: 

c(fI)p" f lu.(x) - u.(B)1 dr.. • 

v' c (0) n p -; { '\ 
~ -2- p;;' (vol /7) L 

i= 1 

Combining this with (10.43) and (10.37) we obtain the 
following majorization of J h : 

II 

l.Fhl ~ rxp (h) - dx ~ c(O) n(n + 1) I If OUh 

2 OXi 
Ve5"h i=l V 

.. c(8, n, a)p(h) f Igradu.1 <Ix .. 
D 

~ (by the Schwarz inequality) 
~ c(O, n, rx, Q){)(h) Iluhllh. 



104 NUMERICAL ANALYSIS 

Since lIuhllh is bounded and p(h)--+O, we see that 
Jh--+O. 

Remark. We leave the study of similar approximations of 
the spaces L 2 (0) and H1 (0) as an exercise to the reader. 

NOTES 

1 I.e. the points such that the barycentric coordinates with respect to 
the vertices of the simplex are A.i, 0< A.i< 1, 1 ~ i ~ n + 1. 
2 WlIB, for B = Bl = B'I, has its support contained in [I' U [1", and 
wlIB(B2) = whB(Ba) = WhB(B'2) = wIIB(B'a) =0, wlIB(Bl) = 1. 



CHAPTER 11 

EXAMPLE I: THE DIRICHLET PROBLEM 

In this section and the following we apply the theory as 
developed in part one to two examples of elliptic bound­
ary-value problems. 

11.1. Exact Problem 

We are in the situation as discussed in Section 1.2; D is 
an open bounded set in Rn with boundary r; we put 
H=L2(,Q) and V=H~(,Q) and these spaces carry the usual 
(cf. Chapter 7) Hilbert structure: 

(/, g) = I /(x)g(x) dx 
D 

If I = (/, /)1/2 , "1/, geH 
n 

«u, v» = (u, v) + L (DiU' DiV) 
i= 1 

Vu, ve V. 

The injection of V into His continuous (luI ~ lIull, Vue V), 
and V is dense in H, because V contains f!) (D), which is 
dense in L2 (Q). 
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The form a(u, v) is chosen as follows: 

n 

L (DiU, Djv) + A(U, v), A > 0.1 
i=l 

Clearlya(u, v) is a bilinear form on Vx V, and this form 
is continuous because of the Schwarz inequality: 

a(u, v) .. max(l, 1). {Itt ID,uIID,vl + IUllvl} 

a(u, v) ~ max(l, A). lIull Ilvll, Vu, ve V. 

The condition of coercivity (1.1) is satisfied with cx= 
=min(l, A). 

The projection theorem gives in this case: 
For given / in L 2 (.0), there exists one and only one 

U in Ht (.0) such that: 

(11.1) a (u, v) = (/, v), VveH~(.o). 

We now interpret this solution. If we put v=q>e!7J(.o) 
in (10.1), we find: 

n 

L (DiU, Div) + A(U, q» = (J, q», Vq>ePJ(.o) 
i=l 

which shows that: 

- Au + AU = / 

in the sense of distributions in .o. On the other hand, 
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because of the trace theorem mentioned in Section 7.2, 
ueHt (0,) means that the trace of u on the boundary r of 
0, is zero, at least when this boundary is smooth enough. 
So finally we have: 

The solution u 0/ (11.1) solves the Dirichlet problem: 

-Au +AU =/ 
(11.2) 'You = 0 (or "u /L = 0"). 

Remark. According to Proposition 2 of Chapter 1, the 
solution u of (11.1) is the element of Ht (0,), for which the 
following functional takes its minimum: 

E(v) = a(v, v) - 2(1, v) 
n 

= L /DiV/2 + A/V/2 - 2(1, v). 
i=l 

Remark. (11.1) is also called the variational form of the 
Dirichlet problem (11.2). The preceding remark justifies 
that name. 

11.2. Approximation by Finite DiJferences 

We are now going to study how the approximation by finite 
differences of problem (11.1), (11.2) fits into the framework 
of Chapter 4. We use the external approximation of H J (0,) 
which we discussed in Section 9.3, and we define presently 



108 NUMERICAL ANALYSIS 

the forms ah and lh (cf. Section 4.1): 

(11.3) ah(uh, Vh) = it1 f (;jUh(X) (;jVh(X) dx + 
n 

(11.4) (lh' Vh) = f I(x) Vh(X) dx. 
n 

+ A. f Uh(X) Vh(X) dx 
n 

Clearly condition (4.1) is satisfied with Ot:o = min (1 , ..t), 
while condition (4.2) is satisfied with P= If I· 

We now show that the hypotheses (4.5) to (4.8) are 
satisfied; let us consider (4.5) first. Suppose the family 
Vh converges weakly to vEHJ(D), for h--+O. Then (4.5) 
means that: 

(11.5) h:'O • {
lim Vh In = v 

hm (;iVh In = Div (z = 1, ... , n) 
h-+O 

in the weak topology of L 2 (D). For all WE V, we have 
according to Proposition 3 of Chapter 9: 

(11.6) 

in the strong topology of L2(D); hence it IS clear 
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that: 

lim f Vh(X) rhW(X) dx = 
h-+O 

!l 

= f V (X) W(X) dx lim f£5 iVh(X) £5irhW(X) dx = 
h-+O 

!l !l 

= f D,v(x) D,w (x) dx (i = 1" '" n) 
!l 

and indeed: 

lim ah(vh, rhw) = a (v, w). 
h-+O 

Condition (4.6) is the same as (4.5), because a and ah are 
symmetric. For all weVit follows from (11.6) that: 

lim Irhwi = Iwl 
h-+O 

h-+O 

and this shows that: 

lim ah (rhw, rhw) = a (w, w). 
h-+O 

Condition (4.7) follows. Finally, by (11.5), condition (4.8) 
follows immediately_ 

The approximated problem 

The approximated problem (4.3) is 
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can be made slightly more explicit. We write: 

The unknowns are the numbers Uh (M); as the set of func­
tions WhP, PeQi forms a basis of Vh' it is sufficient to 
write (11.7) with only the functions Vh = WhP' In this way 
we find: 

(11.8) L Uh(M) ah(whM, WhP) = 
Menh1 

= I f(x) WhP(X) dx, VPeO~ . 
n 

We have here a system ofn(h) linear equations for the n(h) 
unknowns Uh(P) in which n(h)=the number of points of 
.Q~. The matrix of this system is symmetric (as ah is sym­
metric) and positive definite: in fact, for any choice 
of numbers eMeR, Meal we have: 

L eM~pah(whM' WhP) = a (L eMWhM, L epWhP) ~ 
~P M P 

~ min(l, A) IlL eMwhMII; . 
M 

We can write (11.8) also in another form; this equality 
is equivalent to 

ah(Uh, WhP) = f f(x) WhP(X) dx ; 
n 
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can also be written as: 

it1 I aiUh(X) aiWhP(X) dx + 
n 

+ A. f Uh(X) WhP(X) dx = f I(x) WhP(x) dx. 
n n 

Because the functions aiUh and aiWhP have compact sup­
port in 0, we have: 

f aiUh(X) aiWhP(X) dx = f aiUh(X) aiWhP(X) dx. 
n Rn 

The following 'discrete' integration by parts formula can 
easily be checked: 

Rn 

=- I aiC{Jh(X)J/!h(X)dx, 
Rn 

and so we obtain: 

f ( - it1 a?Uh + A.Uh - I) WhP dx = 0, VPEQ~ 
Rn 

or: 
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n 

(11.9) - L ~?uh(M) + AUh(M) 
i=l 

=(h1 .. ·hll)-1 f f(x)dx, VPEQ~ . 

O'h(P) 

Convergence result 

Theorem 2 of Chapter 4 can be applied; the most useful 
result is the strong convergence of Uh to u, and this means: 

limuh In = U 
h40 

lim ~iUh In = Dju (i = 1, ... , n) 
h40 

in the strong topology of L 2 (fJ) (Uh is solution of (11.6) 
and U is solution of (11.1». 

11.3. Other Results 

A priori estimate of the approximate solution in L <Xl (fJ) 
It can be shown that, if f E L <Xl (fJ), then the solution of 
(11.1) belongs to L <Xl (fJ) and satisfies: 

1 
(11.10) lI u llv"'(n) ~ 2 IIfllv"'(D)' 

We want to show that the solution Uh of (11.6) also satisfies: 



EXAMPLE I: THE DIRICHLET PROBLEM 113 

and from this we want to deduce a new result on the con­
vergence of Uh to u. 

We denote: 

/1 = II fllVlO(n) , v = /1/1 . 

For each real valued function qJ, qJ + and qJ - are func­
tions defined on the same set as qJ and such that: 

",+(x) = {~(x) if qJ(x) ~ 0 
if qJ(x) ~ 0 

{o if 
qJ- (x) = _ qJ(x) if 

<p(x) ~ 0 
<p(x) ~ O. 

In particular, for VhE Vh, v: and vi; are in Vh too. For 
VhE V, (vh- v)+ E Vh' 

In order to prove that: 

VXEfJ, 

we write (11.7) with Vh=(Uh-V)+; this is allowed accord­
ing to the preceding. We then get: 

(11.13) it! f ~iqJh(X) ~iqJ: (x) dx + 
n 

+ 1 f qJh(X) <P: (x) dx = f (f(x) - 1v) qJ: (x) dx, 
n n 

where: 
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The right-hand member of (11.13) is negative or zero, 
because for almost all x: 

I(x) ~.:tv = Jl and CPt (x) ~ O. 

f CPh(X) CPt (x) dx = f (cpt (X))2 dx. 
n n 

On the other hand, for all xeR": 

To prove this, we remark that the functions bjCPh and 
b jCPt are constant on the cells; 

( h-eo) 
(Jh M + ; l , 

so it is sufficient to consider a point x=M +hjed2, MeRh 
and for such a point x there are four cases to consider, 
according to the sign of CPh (M) and the sign of CPh (M + hie i)' 

Finally, (11.13) gives: 

f (cph'"(X))2 dx ~ 0, 

n 

which proves that the function CPt = (Uh - v) + is zero on Q 

and hence (11.12) follows. 
Likewise, by putting Vh = (Uh + v) - in (11. 6) we prove 
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that: 

VxeO, 

and (11.11) follows. 

Weak convergence in L 00 (D) 

It is well known that L 00 (D) is the dual of L 1 (D); hence, 
by (11.11) (cf. Appendix), we see that there exists a 
u*eLOO(O) and a sequence hi ~O such that 

uh.lu ~ u* in the weak star topology of L 00 (D). 

This means that for each function lPeL1(O): 

lim f Uh'(X) q>(x) dx = f u.(x) q>(x) dx. 
h'->O 

U U 

Hence Uh' converges to u* in the sense of distributions and 
consequently u* = u. 1 Likewise, from every subsequence 
of Uh we can extract a subsequence which converges to U 

in the weak star topology of L 00 (D); this means that the 
family Uh as a whole converges to U for the weak star 
topology of L 00 (D). 

11.4. The Method of Fractionary Steps 

We now want to investigate how the method offractionary 
steps applies to the problem of solving (11.7). The space 
Vh is finite dimensional, so we are in the situation of the 
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remark in Section 6.1. The space Vh is now endowed with 
the following scalar products: 

(Uh' Vh)h = f Uh(X) Vh(X) dx 
n 

«Uh' Vh))ih = (Uh' Vh)h + (~iUh' ~iVh)h (i = 1, ... , n) 

«Uh' Vh))h = (uh, Vh)h + L (~iUh' ~iVh)h· 
We put (i= 1, ... , n; m=n): 

All conditions of Section 6.1 are satisfied: 

(Xi = ')Ii = min (1, A/n). 

The approximation scheme outlined in (6.14) now takes 
the following form: 

(11.15) (u~+iln - u~+(i-l)/n, Vh)h + 'raih(u~+i/n, Vh) = 

= 't' I .t;(x) vh(x) dx, 

n 

'v'Vh E vh , 

where f- L~= 1 It is an arbitrary decomposition off into 
elements of L 2 (0). 

To render (11.1 5) more explicit, we follow the same 
procedure as for (11.8). We decompose u~ + if n into com­
ponents with respect to the basis consisting of the WhM: 
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and we write (11.15) with Vh=WhP, PeU~: 

(11.16) ~P(hl ... hn) + L Taih(whM, WhP) = 
MeDh 1 

=(u~+(i-l)/n,WhP)h+T f h(x)dx. 

IJh(P) 

It is easy to see, as in the case of (11.8), that the linear 
system (11.16) has a positive definite matrix. The impor­
tant point in the present case is the fact that the system 
(11.16) uncouples into partial systems corresponding with 
sets of M eU~ lying on the same line parallel to the coor­
dinate axes. It is seen that these partial systems have 
a positive definite tridiagonal matrix, which makes their 
actual solution rather easy to compute, by Gauss elimi­
nation. 

Remark. We can, as in the case of (11.9), write (11.15) 
in the form 

(11.17) - Tbfu~+lI'(p) + (1 + :) u~+i/'(p) = 

= u~+(i-t)/n(p) + T(h t •.• hn)-l f hex) dx, 

IJh(P) 

VPeU! (i=I, ... ,n; r=O, ... ,N). 

A numerical application 

The preceding considerations, and in particular those of 
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this section have been applied to the numerical solution 
of the equation: 

-Au + u =/, u Ir=O 

in Q= ]1,2[ x ]1,2[ cR2, with: 

/=/1+/2 
/1 = X2 (Xl - 1) (Xl - 2) (X2 - 3) 

/2 = - 2(X2 - 1) (X2 - 2). 

The exact solution, which we know in advance, and that 
we actually want to rediscover, is: 

U = (Xl - 1) (Xl - 2) (X2 - 1) (X2 - 2). 

The following table gives the normalized error: 

IUh - rhulh 
eh=----

IUhlh 

for the indicated values of T,h (=hl =h2 = step length for 
the variables) and N (=number of iterations). 

T h= 1/10 h= 1/20 h= 1/30 
eh N eh N eh N 

1/100 0.267 x 10-2 49 0.181 x 10-2 48 0.153 x 10-2 48 
1/200 0.696 x 10-3 83 0.468 x 10-3 81 0.394 x 10-3 81 
1/300 0.315 x 10-3 113 0.211 x 10-3 112 0.177 x 10-3 112 
1/400 0.179 x 10-3 143 0.120 x 10-3 142 0.101 x to-3 142 

The computation time is approximately proportional 
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to the number of iterations and the number of cells used. 

11.5. Miscellaneous Remarks 

(i) All the preceding results can be extended to problems 
(11.1) and (ll.2)withA,=O. Thecoercivity of the exact prob­
lem is obtained using the so-called Poincare Inequality; in 
the discrete case we can use a discrete Poincare Inequality; 
some classical techniques and their discrete extensions are 
available to prove a maximum principle. 

(ii) It is not difficult to study the approximation of prob­
lems (11.1) and (11.2), using the two approximations of 
the space H~ (D) described in Chapter 10, and appropriate 
approximations of a and I. However, the particular tech­
niques developed in Sections 11.3 and 11.4 (discrete 
maximum principle and fractionary step method) are not 
applicable in such a direct way. In the case of the con­
forming finite element approximation, the methods of 
Chapter 5 concerning estimation of the error work out 
easily. All these questions are left as exercises. 

(iii) Using the preceding approximation of HJ (D) one 
can extend the results of Sections 11.1 and 11.2 to more 
general second-order Dirichlet problems (involving, for 
example, mixed derivatives Diju). Many other Dirichlet­
type problems of higher order can be set in the framework 
of Chapter 1, and approximated by the methods of Chapters 
3 and 4, using appropriate techniques, very close to the 
techniques used for problems (11.1) and (11.2). 
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NOTES 

1 The hypothesis l> 0 is put here for simplification. The case l = 0 
can be handled with suitable modifications. Some cases with l> 0 
even can be treated too. (See Section 1l.S(i).) 
2 Which shows (11.10). 



CHAPTER 12 

EXAMPLE II: THE NEUMANN PROBLEM 

12.1. The Exact Problem 

We are in the situation discussed in Section 1.2; Q is 
a bounded open set in R" with boundary r, we put 
H=L2(Q) and V=H1(Q) and these spaces are provided 
with their usual Hilbert structure (cf. Chapter 7): 

(f, g) = I f(x) g(x) dx 
D 

If I = (f, /)1/2, 'Vf, gEH 

" 
«u, v)) = (u, v) + L (DiU' Div) 

1=1 

/lu/l = «u, U))1/2, 'Vu, VE V. 

The injection of V into H is continuous (lui ~ /lull, VUE V) 
and V, which contains I!)(Q), is dense in H. 

The form a(u, v) is the same as in Chapter 11 : 

" 
a(u, v) = L (DiU, DiV) + A(U, v), A> 0, 

i=1 

so the only difference with Section 11.1 is the change of 
space V. 
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Theorem 1 of Chapter 1 gives in this case: 
For each given I in L 2 (0), there exists one and only one 

ueH1 (0) such that: 

(12.1) a (u, v) = I (v) , 

If we substitute v=({Je!»(O), which is allowed, we see 
like in Section 11.1, that u satisfies the equation: 

(12.2) - Au + AU = I 

in the sense of distributions on O. It follows from (12.2) 
that AueL2(0). 

We now take the scalar product of each of the members 
of (12.2) with veH1 (0), but in the L2(0) sense. We obtain: 

- (Au, v) + A(U, v) = (I, v). 

As ueHl(O), AueL2(O), veH1(0), we can use the gener­
alized Green's formula (7.5) and then we find: 

n 

L (DiU, DiV) + A(U, v) = (I, v) + ('Y1U, Yov). 
i= 1 

Comparing with (12.1) gives us then: 

(12.3) (Y1U, Yov) = O. 

As v is arbitrary in H1 (0) and Yo is a surjection of H1 (0) 
onto H1/2 (r) (cf. Section 7.2), equality (11.3) shows that: 

Y1U = 0 in H- 1/ 2 (r). 
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So finally: 
The solution of (12.1) is the solution of the Neumann 

problem: 

- Au + AU =f 
(12.4) 

')'IU = 0 (or "ou = 0"). ov r 

12.2. Approximation by Finite Differences 

We apply the results of Chapter 4 to the approximation 
of problem (12.1) or (12.4) by the method of finite dif­
ferences. We use the external approximation of the space 
HI CQ) from Section 9.2. The forms ah and Ih are the 
following: 

(12.5) ah(uh, Vh) = i~ f ~iUh(X) ~jVh(X) dx + 
!2 

+ A f Uh(X) Vh(X) dx 
Rn 

(12.6) <lh' vh) = f f(x) vh(x) dx. 
!2 

Condition (4.1) holds with cxo=min(1, A) and condition 
(4.2) holds with P= If I· Conditions (4.5) to (4.8) hold too, 
and this can be checked in the same way as in Section 11.4. 
One must use note 1 of Chapter 9. 
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Approximated problem 

We have to find (cf. Section (4.3») the UhE Vh such that: 

We write this in the form: 

where the unknowns are the numbers uh(M), and the set 
of these numbers is the solution of the following system 
(where Vh = WhP): 

= f f(x)dx, VPEQ~ . 

O'h(P) 

We see, like in (11.8) that the matrix of system (12.8) is 
symmetric and positive definitite. 

Remark. The computation of the matrix of system (12.8) 
has to be done numerically; this matrix depends on the 
measure of the sets uh(M)nQ for points M on the bound­
ary (that is to say for points M such that M EQl and 
uh(M) has non empty intersection with Q and with the 
complement of IJ). For the same reason (12.8) cannot be 
converted into an equation analogous to (11.9). 
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Convergence result 

Let U be the solution of (I 1.1) and let Uh be the solution 
of (12.7). Theorem 2 of Chapter 4 is applicable and Uh 

converges strongly to u; this means in this case: 

Iimuh /.0 = U 
h .... O 

lim DjUh /.0 = DiU (i = 1, ... , n) 
h .... O 

in the strong topology of L 2 (D). 

Remark. ForfeLOO(D) it can be shown that the solution 
U of (12.1) belongs to La;) (D) and satisfies: 

1 
lI u llv"'(u) ~ lllfllv"'(U). 

Just like in Section 11.3, it can be shown that the solution 
Uh of (12.7) satisfies: 

1 
lI uhllv"'(U) ~ ~ IIfllv"'(u) , 

and Uh converges to u for the weak star topology of La;) (D). 

12.3. The Method of Fractional Steps 

Now we will study the application of the method of frac­
tional steps to the problem of solving (12.7). The space 



126 NUMERICAL ANALYSIS 

Vh is finite dimensional and we are in the situation of the 
remark of Section 6.1. The various scalar products on Vh 

are: 

(Uh' Vh)h = f Uh(X) Vh(X) dx 
Rn 

«Uh' Vh))ih = (Uh' Vh)h + 

+ f bjUh(X) bjVh(X) dx (i = 1, ... , n) 

a 

«Uh' Vh))h = (uh• Vh)h + itl f bjUh(X) bjVh(X) dx. 
a 

We put (i= I •... , n; m=n): 

a .. (u •• v,) = f ~iU.(XPiV.(X) dx + ~(u •• v,J •. 
a 

All conditions of Section 6.1 are satisfied (IXi=}'i=min 
(1, A/n)). 

The approximation scheme (6.14) becomes now: 

= 'C f hex) vh(x) dx, 
a 

where f L~ = 1 h is an arbitrary decomposition off into 
elements of L 2 (.0). 
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If we decompose ~+i/n with respect to the basis con­
sisting of the WhM, Me.o!, we obtain: 

and if we write (12.9) witp. Vp=WhP, Pe.o~, we see that the 
set of eM is the solution of the system: 

(12.10) ep (hl'" hn) + L -raih(WhM' whP) = 
Men"l 

= (u~+(i-l)/n, WhP)h + -r f hex) dx. 

a,,(p) 

System (12.10) is linear in the eM' and its matrix is sym­
metric and positive definite. Just as in (11.16) this system 
uncouples into partial systems corresponding with sets of 
M e.o! lying on the lines parallel to the coordinate axes. 
Each partial system has a symmetric positive definite 
tridiagonal matrix. The inversion of such matrices is quite 
a standard procedure. 

A numerical application 

The example in this case is: 

-Au + 2u = f in .0 = ]0, 1 [x ]0, 1 [ (.0 C R2) 

au 
- =0 av r 
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with: 

f = 2(n2 + 1) cos nX1 cos nX2 

and exact solution: 

U = cos nX1 cos nX2 • 

The table gives the normalized error: 

IUh - rhulh 
eh=----

Iuhlh 

for different values of't', h( =h1 =h2) and N. 

l' h = 1/10 h= 1/20 
eh N eh 

1/10 0.375 x 10-2 5 0.932 x 10-2 

1/20 0.374 x 10-2 10 0.927 X 10-2 

1/40 0.372 x 10-2 18 0.907 x 10-2 

1/80 0.371 x 10-2 36 0.897 x 10-2 

1/160 0.370 x 10-2 70 0.891 X 10-2 

1/320 0.370 x 10-2 198 0.888 x 10-2 

1/640 0.370 x 10-2 275 0.887 x 10-2 

1/1280 0.370 x 10-2 548 0.886 x 10-2 

1/2560 0.370 x 10-2 1094 0.885 x 10-2 

N 

5 
10 
18 
35 
69 

137 
273 
545 

1088 

The computation time is approximately proportional 
to the number of iterations and the number of cells used. 

Remark. The remarks made in Section 11.5 are also valid 
here. The methods are applicable to more general Neumann 
type problems, mixed Dirichlet-Neumann problems, trans­
mission equations, elasticity equations, etc. 



PART III 

A NONLINEAR ELLIPTIC 

EQUATION 



CHAPTER 13 

THE EXACT PROBLEM 

We win describe here the nonlinear elliptic problem that 
we want to study, and we prove existence and uniqueness 
of the solutions of this problem. Existence is shown by the 
Galerkin method, which at the same time gives first 
method for approximate solution of the equation. 

We do not develop a general approach of the approxi­
mation of non-linear elliptic problems, although the meth­
ods in the sequel are applicable to a large class of such 
problems. 

13.1. Existence and Uniqueness Theorem 

Let 0 be an open bounded set in Rft whose boundary r is 
sufficiently regular, for example, satisfies (7.3) with r= 1. 
As before (., .) and /./ stand for the scalar product and 
norm in L2(0). We call V the space H~(0)r.L4(0) pro­
vided with the norm: 

IIull = II u llHl(u) + II u llL4(u)' 

It is easy to see that V is a Banach space: indeed, if Ull is 
a Cauchy sequence in V, then it is a Cauchy sequence as 
well in H1 (0) as in L4(0) and hence converges in these 
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spaces to limits which are necessarily equal to the same 
function u since convergence in both these spaces implies 
convergence in L 2 (Q); hence ue V and Uy converges to u 
in V. 

Let a(u, v) and b(u, v) be the following forms defined 
on Vx V: 

n 

a(u,v)= L (Diu,Div)+A(U,V), A>O, 
i=l 

b(u, v) = a(u, v) + f u3 (x) vex) dx 
!l 

Clearly a(u, v) is a continuous bilinear form on Vx V; if 
u and v are in L4(Q), then u3eL4/3(Q) and u3veLl(Q) so 
that b(u, v) is well defined for Vu, ve V. 

THEOREM. 1. For each givenfin L2(Q) there exists one and 
only one u in V such that: 

(13.1) b(u, v) = (f, v), VveV. 

This function satisfies: 

- Au + AU + u3 = f 
(13.2) You = 0 (or "u Ir = 0"). 

Proof. (a) Interpretation of (13.1): If u satisfies (13.1), 
then we take v=cpeP)(Q) in (13.1), and then we get: 

itl (Djx, Djcp) + f (Au (x) + u3 (x) - f(x» x 

!l xcp(x)dx=O, 
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and because qJ is arbitrary in !»(Q), this means that: 

- Au + A.U + u3 = f 
in the sense of distributions in Q. 
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On the other hand, ueHJ(Q) means that 'l'ou=O or 
'u I r=O" (cf. Section 7.2). Henceeachfunctionu of V that 

satisfies (13.1) is solution of (13.2). 
(b) Uniqueness of solutions of (13.1): Let Ul and U2 be 

two elements of V that satisfy (13.1) and let U=Ul -U2' 
Then we have: 

b(Ul' v) - b(U2' v) = 0, 

and if we put v = u, then we get 

VveV, 

a(u, u) + I (u~ (x) - ui (x)) (Ul (x) - U2 (x)) dx. 

n 

Since the function e -+ e3 is increasing, we evidently have: 

(ui (x) - ui (x» (Ul (x) - U2 (x» ~ 0 a.e. 

and hence: 

I (ui (x) - u~ (X»(Ul (x) - U2 (x» dx ~ 0, 
n 

so that indeed 

a(u, u) ~ 0 
A.lul2 ~ 0, 

and hence u=O, Ul =U2' 
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(c) Existence of a solution ~f (13.1): This is proved in 
Section 13.3. In 13.2 we give a few preliminary results. 

Remark. It is proved in the same way as in (b) above, that: 

(13.3) b(u, u - v) - b(v, u - v);?; 0, Vu, VE V. 

13.2. Lemmas 

LEMMA 1. The space V is separable (in other words, there 
exists a dense, countable family in V). 

Proof. Consider the space: 

and the map (ij from V into F: 

The map (ij is a nonsurjective isomorphism of normed 
spaces. We know that the spaces LP(Q) are separable; 
hence F is separable and V too. 

It follows from this lemma that in V, like in any other 
separable normed space, there exist total sequences con­
sisting of linear independent elements. 
LEMMA 2. {u, v} ~b (u, v) is a continuous map from V x V 
into R. 

Proof. Because {u, v}~a(u, v) is a continuous bilinear 
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form on V x V, we only have to prove that the map: 

(13.4) {u, v} --+ I u3 (x) v (x) dx 
D 

is continuous. 
Now the map u--+u 3 is continuous from L4(Q) into 

L4/3(Q). For u, u*' v, V*E V (or just in L4(Q» the HOlder 
inequality gives: 

I u3(x) V (x) dx - I u;(x) v*(x) dx ~ 
D D 

~ I u3(x) (V (x) - v*(x» dx + 
D 

+ I (u 3 (x) - u; (x» v* (x) dx ~ 
D 

~ Ilu3I1L4/3(D) IIv - v*"L4(D) + 
+ lIu 3 - u;IIL4/3(D) II v*IIL4(D) • 

The continuity of map (12.4) follows from this last in­
equality. 

LEMMA 3. Let X be afinite dimensional Hilbert space, with 
scalar product [., .] and norm [.], and let P be a continuous 
map from X into itself such that: 

(13.5) [P(;),;] > 0 for [;1 = k > o. 
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Then there exists ~EX, [~]~k, such that: 

P(~) = o. 

Proof This is an easy consequence of a classical theo­
rem, namely the Brouwer fixed point theorem. The proof 
of this theorem, which is rather long and technical, can be 
found in Dunford and Schwartz [1]. The statement of the 
theorem is: "Let D be a closed ball in a finite dimensional 
space and S a continuous map of D into itself. Then there 
exists at least one point ~ED such that S(~) =~." 

Suppose that P has no zero in the ball with center 0 and 
radius k in X. Then the following map of D into itself is 
continuous: 

So there exists an ~oED such that: 

If we take the norm of both sides, we see that [~o]=k, 
and if we take the scalar products of both sides with 
P(~o), we find: 

[P(~o), ~o] = - k [P(~o)] < o. 

and this contradicts (13.5). 
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13.3. The Galerkin Method 

Setting up the method 

Let W1' W2' ••• , be a free and total sequence in V (see 
Lemma 1). Let Vm be the space spanned by W1'''' Wm. We 
now are going to find, just as in the linear case, for each 
fixed m, a Um E V m such that: 

(13.6) b(um,v) = (/, v), 

We cannot use the projection lemma in this case; and 
we are going to use Lemma 3, to prove the existence of a 
Um which satisfies (13.6). We apply Lemma 3 with the 
following conditions: 

X = Vm with an arbitrary scalar product; 

for example, if: 
m 

U = L eiWi, 
i=1 

we take 
m 

[u, v]m = L ei'1i' 
i=1 

m 

V = L '1iWi, 
i=1 

Because Vm is finite dimensional, the norm [.J associated 
with this scalar product is equivalent to any other norm; 
hence there exists a constant em, depending on m, such 
that: 
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The map P, defined on Vm will be: 

m 

U 1-+ P(u) = L {b(u, Wi) - (f, Wi)} Wi' 
i= 1 

The continuity of P follows easily from Lemma 2. On the 
other hand, for U= L~l~iWi we have: 

m 

[P(u), u]m = L ~i {b(u, Wi) - (f, Wi)} = 
i= 1 

= b(u, u) - (f, u) ~ 

~ AluI2 -Ifilul ~ 
2 2 1 

~ ACm [u]m - - If I [u]m· 
Cm 

So it follows that [P(u), u]m>O for [u]m=k and k large 
enough (k> I fll AC3 ). The hypotheses of Lemma 3 are 
satisfied, and hence there exists a Um E V m such that P (um) = 
= 0, which means: 

b(um, Wi) = (f, Wi)' 

Hence Um satisfies (13.6). 

Passage to the limit 

i = 1, ... , m. 

We put V=Um in (13.6); then we get: 

(13.7) b(um• um) = (f, um) 

b(um• um) ~ Iflluml ~ If I "Um"Hl(U) 
min(l, l) Ilumllil(D) + lI umI114(U) ~ IflllumIIHl(U) 
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(13.9) 
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4 1 2 
IIum llL4(.Q) ~ min(l, ..:t) If I . 

Moreover, from (13.9) follows also: 

(13.10) lIu!IIL"'(D) ~ {min~l, ,l) 1/12 t4 
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Since balls in Hl(Q), L4(Q), L4/3(Q) are weakly com­
pact, we see (by successively extracting three subsequen­
ces) that there exists a subsequence m' -+ 00 such that: 

(13.11) Um,-+U in the weak topology of Hl(Q) 

(13.12) Um ,-+U* in the weak topology of L4(Q) 

(13.13) u! ,-+q> in the weak topology of L 4/ 3 (Q). 

It follows immediately that U=U* because (13.11) and 
(13.12) imply that Um' converges to U and to U* respect­
ively, in the weak topology of L 2 (Q) or in the sense of 
distributions on Q. 

However, it is not at all evident that q> = u3 and this 
difficulty is the essential difference with the linear case of 
Chapter 2. To circumvent this difficulty we are going to 
use a method which can also be used for a large class of 
nonlinear equations. 

Let WE U m?; 2 V m and let j be the smallest integer such 
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that we Vj; for all m' > j we have according to (13.6): 

and with (13.3) we get: 

By (13.11) and (2.8): 

lim a(w, um,) = a(w, u); 
rn' -+ ex> 

according to (13.12) and the definition of weak conver­
gence in L4(0) (w3 e L4/3(0» we have: 

l,i!'f w3 (X)um,(x) dx= f w3 (x)u(x)dx. 
n n 

Hence we get in the limit: 

(13.14) b(w, w - u) ~ (f, w - u). 

According to Lemma 2 each of the members of (13.14) 
depends continuously on w, in the topology of V. Since 
Um~l Vm is dense in V, and (13.14) holds for all weUm~l 
Vm, the inequality still holds by continuity for all weV. 

Now, for a fixed arbitrary element of V, we write (13.14) 
with: 

w = U + AV, AeR; 
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and hence: 

Ab(u + AV, v) ~ A(/, v). 

If A > 0, we find by division by A: 

b(u + AV, v) ~ (/, v), 

and when A--+O (cf. Lemma 2): 

b(u, v) ~ (/, v). 
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By considering the case A <0, we get the opposite in­
equality, and by comparing the two inequalities, we find: 

b(u, v) = (/, v). 

This proves that u satisfies (13.1) and this completes the 
proof of Theorem I. 

Result of the approximation 

Let us work out the preceding, to obtain an approximation 
result concerning u. 

We can prove exactly as above, that every sequence 
extracted from Urn contains a subsequence that converges 
(in the weak topology of Hi (Q) and in the weak topopogy 
of L4(Q» to a solution of(l3.1), which means to u. Under 
these conditions the sequence Urn as a whole converges (in 
the weak topology of Hi(Q) and of L4(Q» to urn. 

Next we consider the expression: 
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With an argument similar to the one used in Chapter 2, 
we show that: 

lim Xrn = O. 
rn-+oo 

According to (13.3): 

min(l, A) Ilurn - ullio1(D) ~ a (urn - U, Urn - u) ~ X m , 

and hence Urn converges to u in the strong topology of 
H~Q). 

We note on the other hand, that the approximate 
Equation (13.6) has at most one solution. This is proved 
in the same way as in the case of Equation (13.1). 

The preceding remarks lead us to the following theorem: 

THEOREM 2. The approximate equation (13.6) has a unique 
solution Urn E V rn' 

For m-+ 00, Urn converges in the strong topology of H~( Q) 
to a solution of (13.1). 

Remark. It can be shown that Urn converges to u in the 
strong topology of L4(Q) and hence in the sense of the 
norm of V. 

Remark. Though Equation (13.6) has a unique solution, 
the actual computation of the solution (13.6), which is 
equivalent to solving a system of algebraic equations, is 
not easy. However, there exist algorithms for solving 
systems of nonlinear algebraic equations. 
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APPROXIMATE PROBLEMS 

We study the approximate solution of problem (13.1) by 
a finite difference method. 

14.1. External Approximation of the Space V 

The space F and the operator ware those as defined in 
Lemma 1 of Chapter 13: 

F = L4(Q) X L2(Q)"+1 

w:u~wu = (u, U, D1u, ... , Dllu). 

We use the notations introduced in Section 7.1. For all 
heYt', Vh is the space of step functions: 

provided with the norm: 
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Vh is finite dimensional and the dimension is equal to the 
number n(h) of points of Dl (as the set of functions WhM, 

Me Dl constitutes a basis of V!). 
The operator Ph is defined as follows: 

PhUh = (uh la, Uh la, (; 1 Uh la, ... , (;nUh la), YUh e Vh , 

where g la stands for the restriction to Q of the function g. 
The restriction operators are defined as in (9.5) 

(14.1) (rhu)(M) = u(M), YMeDL Yue"Y= PJ(Q). 

PROPOSITION 1. {w, F}, {Vh' Ph' rhheJt' define a stable and 
converg ent generalized external approximation of the space V. 

Proof The operators Ph are linear, injective, continuous 
and have norm less than or equal to 1; hence they are 
stable, and the approximation too. 

We now show that this approximation is convergent. 
According to Proposition 4 of Chapter 3, we have to 
show that for each uePJ(Q): 

lim rhu In = U in the strong topology of 
h-+O 

L2(Q) and L4(Q) 

lim (;ihrhU In = DiU in the strong topology of 
h-+O 

L2(Q) (i = 1, ... , n). 

(PJ(Q) is dense in V). Actually, these results are already 
contained in the proof of Proposition 3 of Chapter 9. 

Condition (ii) of the definition of a convergent external 
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approximation (cf.3.4) is easily checked if one takes 
Proposition 3 of Chapter 9 into account. If Uh ' is a sequence 
of elements of V h , (h' -+0) such that Ph ,Uh , converges to: 

cP = (CPo, CPl, •.. , CPn+l) 

in the weak topology of F, then: 

lim Uh' In = CPo in the weak topology of L4(D) 
h'~O 

lim Uh, In = CPl in the weak topology of L2 (D) 
h'~O 

lim ~iUh' In = CPH 1 in the weak topology of L2 (D) 
h'~O 

(i=l, ... ,n). 

It follows that Uh' 1.0 converges in the weak topology of 
L 2( D) (or in the sense of distributions) to CPo and to CPl; 
hence: 

CPo = CPl EL4 (D). 

By the already mentioned proposition, we see that 
CPt EH~(D) and CPi+1 =DiCPl (i = l, ... ,n) so that CPoE V and 
cp=wcpo· 

14.2. Approximate Equations 

For Uh' VhE Vh' we put: 

(14.5) (Uh' Vh)h = f Uh(X) vh(x) dx 

n 
IUhlh = (Uh' Uh)!,2 
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ah(Uh, Vh) = itl f (jiUh(X) (jiVh(X) dx + ).(Uh' Vh)h 
n 

bh(Uh' Vh) = ah(Uh, Vh) + f (Uh(X))3 Vh(X) dx. 
n 

We observe, as in (13.3) that: 

(14.6) bh(Uh, Uh - Vh) - bh(Vh, Uh - vh) ~ 

~ ah(uh - Vh, Uh - Vh) ~ o. 
With the function f we associate fhE Vh, Ji,= rhf. 
The approximate problem can now be formulated as 

follows: 
To find UhE Vh such that: 

PROPOSITION 2. Problem (14.7) has a unique solution. 
Proof. Uniqueness is shown as in (13.1); if Uth and U2h 

are two solutions of (14.7) and if Uh=Uth-U2h' then: 

bh(Ulh' Vh) - bh(U2h' Vh) = 0, 

in particular: 

bh(Ulh, Uh) - bh(U2h, Uh) = 0, 

and by (14.6): 

ah(Uh, Uh) ~ 0 

;'IUhl~=O, 

which proves that Uh = 0, Ulh = U2h. 
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The existence of the solution follows, as in the case of 
(13.6), from Lemma 3 of Chapter 13, applied to the follow­
ing situation: X = Vh with the scalar product of (14.5). 
The map P is defined as follows: 

P(uh) = L {bh(Uh' WhM) - (f", WhM)h} WhM' 
MeUh 1 

The map bh is continuous from Vh x Vh into R, which is 
checked as in Lemma 2 of Chapter 13. Hence P is continu­
ous on Vh' On the other hand (the set of the WhM forms an 
orthogonal basis of Vh with respect to the scalar product 
(14.5)): 

(P(Uh)' Uh)h = (hI'" hn) x 
x L {bh (Uh' WhM) - (f", WhM)} Uh (M) 

MeUh 1 

(hI'" hn)-l (P(Uh), Uh)h = bh(Uh, Uh) - (f", Uh)h ~ 

~ A IUhl~ - 1f"lh IUhlh, 

and this is strictly positive for IUhlh=k and k large enough 
(k > (1/A) 1f"lh)' 

So the hypotheses of Lemma 3 of Chapter 13 are satis­
fied, and hence there exists a Uh E Vh such that P (uJ = 0, or: 

bh(Uh, WhM) = (Ih, WhM) , 'riM E{J~ ; 

so Uh satisfies (14.7). 

Remark. Equation (14.7) is equivalent to an algebraic 
system of equations for the set of the UhM; we will see in 
Section 14.3 how the method of fractionary steps can be 
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suitably adapted to get a practical method for the actual 
computation of the solution of this equation. 

The convergence theorem is as follows: 

THEOREM 1. For h~O, the solution Uh 01 (14.7) converges 
weakly to the solution U 01 (12.1) and moreover: 

(14.8) lim Uh la=u 
h-+O 

(14.9) lim~iuhla=Diu 
h-+O 

in the strong topology 01 
L2(Q) 

in the strong topology oiL 2(Q) 
(i = 1, ... ,n). 

Proof. When we put Vh = Uh in (14.7) we get: 

bh(Uh, Uh) = (Ih, Uh)h 

bh(Uh, Uh) ~ I/hlh IUhlh' 

Because of (9.3), Ifh I ~ III (fh= rhl), and hence 

it. f (6,u, (x), We + Alu,l: + 
a 

1 
(14.10) IUhlh ~ ~ III 

+ f (u,(x)), We .;;; Ifllu.l. 
a 

(14.11) f (6,U,(X))2 dx .;;; ~ Ifl2 (i = 1, ... , n); 
a 
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(14.12) f (u,(x», dx '" ~ 1/12. 
D 

Under these conditions, there exists a sequence h'-+O 
such that: 

(14.13) lim Uh' 1.0 = U'" 
h'-+O 

(14.14) lim Uh' 1.0 = U"'''' 
h'-+O 

(14.15) lim Diuh' 1.0 = Ui (i = 1, ... , n). 
h'-+O 

This means that Ph,Uh' converges in the weak topology of 
F to qJ = (u"" U"'''', Uh ... , un) and according to Proposition 
1, U. E V and qJ = wu., that is to say: 

(14.16) U •• = U., 

Let W be an arbitrary element of V and Wh= ThW, If we 
write (14.7) with Vh=Wh-Uh' and use (14.6), we see that: 

(14.17) bh(Uh, Wh - Uh) = U;" Wh - Uh)h 

b h (Wh' Wh - Uh) ~ (f", Wh - Uh)h' 

It is easy, by Proposition 1 and (14.13) to (14.16), to 
pass to the limit in this inequality, by letting h' -+0. Since 
PhWh converges to row in the strong topology of F: 

lim Wh 1.0 = W 
h-+O 

in the strong topologies of 

L2(0) and L4(0) 
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lim (jiWh 1.0 = Diw in the strong topology of 
h .... O 

L2(Q) (i = 1, ... , n). 
Hence: 

lim ah,(wh" Wh' - Uh') = a (w, W - u*) 
h' .... O 

lim f(Wh,(X))3 (Wh'(X) - Uh'(X)) dx = 
h' .... O 

.0 

= f (w(x»' (w(x) - u.(x» dx 
n 

h' .... O 

(f,. 1.0 converges to f in the strong topology of L2(Q)). 
Finally: 

VweV. 

This last inequality shows, just like in the case of (13.14) 
that U* is the solution of (13.1) and hence U*=U. 

From every sequence extracted from Uh we can extract 
a subsequence for which (14.13) to (14.16) hold, with 
U* = u: This proves that convergence holds for the se­
quence Uh as a whole; PhUh converges to WU in F, or, in the 
terminology of Chapter 3, Uh converges weakly to u. 

To establish (14.8) and (14.9), we consider the expres­
sion: 
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According to (14.7): 

and 

lim(ih, Uh - rhU)h = O. 
h->O 

By Proposition 1, it is easily verified that: 

lim bh (rhU, Uh - rhU) = O. 
h->O 

Hence limh->o Xh=O, and by (14.6): 

lim ah (Uh - rhu, Uh - rhu) = 0; 
h->O 

which means: 

limf (Uh(X) - rhu(x))2 dx = 0 
h-+O 

n 

lim f (OiUh(X) - Oirhu(X))2 dx = 0 (i = 1, ... , n) 
h->O 

n 

and because of Proposition 1: 

lim f (rhu (x) - U (X))2 dx = 0 
h->O 

n 

lim f (Oirhu (x) - Diu (x)? dx = 0 (i = 1, ... , n). 
h->O 

n 

151 
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whereby (14.8) and (14.9) are established. Theorem 1 is 
proved. 

Remark. One may prove that Uh In converges to U in the 
strong topology of L 4( .0), and then conclude that Uh con­
verges strongly and discretely to u. 

14.3. The Method of Fractionary Steps 

We are going to adapt the method offractionary steps to 
the solution of (I 4. 7) for fixed h. 

We introduce the forms: 

a .. (u,. vJ = f ~,u,(x) ~,v,(x) dx + ~ (u,. vJ, 
n 

We associate with these continuous linear operators 
Aih in Vh, defined by: 

Let J;.= L~=lhh be an arbitrary decomposition of J;. 
into elements of Vh• 

For each integer N and for each real positive number T, 

we define recursively a family of elements of Vh (cf. 
Chapter 6). These we denote by: 

U~+ ilm, 0 ~ r ~ N - 1, 1 ~ i ~ m (m = n + 1). 
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We start from an element u~, which is arbitrarily chosen 
in Vh. When u~, ... , u~+(i-l)/m are known, u~+ilm is defined 
as follows: For i = 1, u~+l/m is the solution in Vh of" 

(14.18) (u~+l/m - u~, Vh)h + 

+ I (u~+1/m(x»3 Vh(X) dx = 0, 

D 

The uniqueness of the solution of (14.18) is immediately 
clear. We can conclude existence from Lemma 3 of 
Chapter 13, but it is simpler to remark that (14.18) is 
equivalent to the following uncoupled algebraic system: 

(14.19) ~M + 'C~~ = 11M, VMeQL 

where 11M=U~(M) is known, and where eM=U~+l/m has to 
be found. 

For 2 ~ i ~ m, u~+ ilm is defined as the solution in Vh of: 

(14.20) (u~+(i+l)/m - u~+(i-l)/m, Vh)h + 
+ 'Caih(U~+ilm, Vh) = 

= 'C (hh' Vh)h' VVh e Vh . 

Existence and uniqueness of solutions of (14.20) follow 
from the projection theorem. 

We observe that Equations (14.20) are linear and fur­
thermore identical to Equations (11.16). Equations (14.19) 
are totally uncoupled algebraic equations of the third 
degree. 

We can estimate the difference between the last element 
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u: and the solution Uh of (14.7) by the following proposi­
tion: 

PROPOSITION 3. For all n, n=O, ... , N: 

where: 
II 

811 = 80 (1 + Y't) + ~'t"2 L (1 + Y't")j-II 
j=l 

II 

~ = n L Ihh - AihUh I: 
i= 1 

Y = min (1. ~). 
PROPOSITION 4. For 't"~O and N~oo such that 't"N~oo, we 
have: 

limlu~ - uhl~ = o. 
The proofs of these propositions are quite similar to 

those of Theorems 1 and 2 of Chapter 6. We will not dis­
cuss them further. 

A numerical application 

We illustrate the preceding method by the following 
example: 
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- Au + Itu + u3 = f in Q = ]0, 1[ x ]0, 1( (D c RZ) 

u /r=O 

with: 

f = - 200Xl (Xl - 1) - 200Xl (Xl - 1) + 
+ 100ltXl (Xl - 1) Xl (Xl - 1) + 

+ 106xf (Xl - 1)3 X~ (XZ - 1)3. 

The exact solution is: 

u = 100Xl (Xl - l)xl(x2 - 1). 

T h = 1/10 h= 1/20 

A=1 A= 100 A=l A= 100 

e" N eh N eh N eh N 

1/100 0.199 x 10-1 20 0.662 X 10-1 13 0.220 x 10-1 19 0.664 x 10-1 13 
1/200 0.537 x 10-3 31 0.201 x 10-1 20 0.591 X 10-3 31 0.202 x 10-1 20 
1/300 0.245 x 10-3 42 0.961 x 10-2 27 0.270 x 10-3 42 0.963 x 10-9 27 
1/400 0.140 x 10-3 51 0.560 x 10-2 33 0.154 x 10-3 51 0.561 x 10-2 33 
1/500 0.907 x 10-4 60 0.366 X 10-2 39 0.997 x 10-4 60 0.367 X 10-2 39 

These results are quite sensitive to changes in the values 
of It. The computation time is approximately proportional 
to the number of iterations and the number of cells used. 



APPENDIX 

TOPOLOGICAL VECTOR SPACES 

We recall without proof a few results concerning topolog­
ical vector spaces. We only consider spaces over K, K = R 
or C. 

Topological vector spaces 

Let E be a set endowed with a vector space structure over 
K together with a topology. We say that these two struc­
tures are compatible if: 

(i) the map {x,y}~x+y from E xE into E is con­
tinuous; 

(ii) the map {..l, x}~A.x from K x E into E is continu­
ous. 

The set E endowed with these two compatible structures 
is called a topological vector space, real if K = R, complex 
ifK=C. 

A normed space, and in particular a prehilbert space, 
endowed with its vector space structure, and with the 
topology associated with the norm, is a simple example of 
a topological vector space. 

Seminorm 

Let E be a vector space over K. A seminorm on E is a map 
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p from E into R such that: 

(i) p(x)~O, 'VxeE; 
(ii) p(AX) = IAlp(x), 'VxeE, 'VAeK 

(iii) p(x+ y)~p(x)+ p(y), 'Vx, yeE. 

We say that p is a norm if moreover p(x) =1=0 for all 
x=l=O. We call the set {x /p(x-a)<p} an open p-ball 
with center a and radius p. 

f!I'-topology on a vector space 

Let {JjJ be a family of semi norms on E. We call any finite 
intersection of open p-balls with center a, pef!l', an open 
{JjJ-ball. 

The .9'-topology on E will be the topology whose open 
sets consist of arbitrary unions of open .9'-baIIs. Such a 
topology can be shown to be compatible with the vector 
space structure of E. 

Among the properties of {JjJ-topologies we mention the 
following ones: 

(i) the (JjJ-topology is Hausdorff if and only if: 

'VxeE, x =1=0, 3pe{JjJ , p(x) > 0; 

(ii) a sequence xn converges to x in the f!I'-topology if 
and only if: 

'Vpef!l', limp (xn - x) = O. 
n ..... oo 
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The weak topology of a Hilbert space 

Let E be a Hilbert space with scalar product «., .)) and 
norm 11.11. 

For each y of E, we define the seminorm Py: 

py(X) = I«x, y))I, VxeE. 

Let f!JJ be the family of seminorms {Py}yeB' The corre­
sponding f!JJ-topology is called the weak topology of the 
Hilbert space E. By contrast, the topology associated with 
the norm is called the strong topology of E. 

The weak topology of E is Hausdorff (for X=FO, 
p,ix) = IIxIl 2 >0). A sequence XII converges to X in this 
topology if and only if: 

VyeE, lim «XII' y)) = «x, y)). 
"-+00 

We observe the following: A sequence XII converges 
strongly to X if and only if x,. converges weakly to X and 
!lx,.11 converges to !lxll. 

These conditions are obviously necessary, in order that 
x,. converges strongly to x. Conversely, let us assume that 
XII converges weakly to X and II x,. II converges to II xII ; then: 

Ilx,. - xl12 = IIx,.1I2 + IIxl12 - 2PAe«x,., x)) 

converges to 0, which proves the statement. 

Weak topologies of a normed space and its dual 

Let E be a normed space and E' its dual (the space of 
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linear continuous maps from E into K), equipped with the 
dual norm. 

The weak topology of E, denoted by (f(E, E'), is the 
topology associated with the following family of semi­
norms {Py}yeEI: 

py(x) = I(x, y)l, \:fxeE, 

where (., .) stands for the scalar product of the duality 
between E and E'. 

The weak star topology of E', denoted by (f(E', E), is 
the topology associated with the family of semi norms 
{Px}xeE: 

\:fyeE'. 

By contrast, we call the topology of E (or E') defined by 
the norm the strong topology of E (or E'). 

It is easily verified that the weak star topology of E' is 
Hausdorff. It is also true, but less obvious, that the weak 
topology of E is Hausdorff. 

If E is a Hilbert space, then the two weak topologies 
which are defined on E are actually the same, as the de­
fining families of seminorms are the same, by the Riesz 
theorem, which states that there exists a canonical iso­
morphism of E onto its dual. 

Compactness theorem 

An important result, which we often used in the text, and 
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which we will now state, without proof, is the following 
(cf. Dunford and Schwartz [1]): 

Let E be a normed space and E' its dual. The closed balls 
of E' are compact and sequentially compact for the weak 
star topology (1(E', E). 

In particular, if Yn is a bounded sequence of E', then 
there exists a subsequence Ynl and an element Y of E' such 
that Ynj converges to Y in the weak star topology of E', in 
other words: 

'r/xEE, lim (x, Ynj) = (x, y). 
i-+ <Xl 

Likewise, for a bounded sequence Xn in a Hilbert space 
E, there exists a subsequence xnl and an element x of E 
such that xnl converges to x in the weak topology of E, in 
other words: 

'r/YEE, lim «(xnl, y)) = ((x, y)). 
i-+oo 
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