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1.1 Matrices and their properties

Def. Transpose of a matrix : If 4 is any matrix of order m x n , then a matrix obtained from 4 by

inter changing its rows and columns is called the transpose of the matrix 4 and is denoted by 4’ or AT

|
4

which is of order n x m.

The operation of interchanging rows with columns is called transposition. Symbolically " if

A= [ a; ]mx" then 4’ = [a ﬂ']nm i.;., (i, ))th element of 4 = (J, i)th element of 4'.

Properties of transpose : If A’ and B’ denote transpose of 4 and B respectively th_éh
() (4) = 4 o
(ii)(A+ B) = A'+ B’ , where A and B are conformable for addition.
(iii) (k4) = k A’ , where k is any number, real or complex.

(iv)(4B) = B'A’, where 4 and B are conformable for mul;\iplicatijé)n.‘ =

(v)( A") = (A')" , A being a square matrix and » is a positi\}c integer.

Def. Conjugate of a matrix : If 4 is any matrix of order m x n whose elements are complex numbers,
then a matrix obtained from A4 by replacing each of its elements by their corresponding complex
conjugate is called the conjugate of 4 and is dénoted by A where A is also of same order m x n.

where a; is complex conjugate of a, .

mxn

Symbolically, if 4= [a,.j ]mx" thefi A= [EU]

Note : If the elements of the{_matrix A.vare all real numbers then 4 = A4.

Properties of conjugate IfZand B denote the conjugate of 4 and B respectively then

(i) (4)=4
' ‘(ii)( A +B) =Z + B, where 4 and B are conformable for addition.
(iii) (kA)= k A , where k is any complex number.

(iv) (4 B) -4B , where 4 and B are conformable for multiplication.

N Py

—

v) ( A" ) = ( A )" , where 4 is a square matrix and » is a positive integer.

The greater the obstacle, the more glory in achieving it. -Moliere

—
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Def. Transposed conjugate of a matrix : If 4 is any matrix of order m x n, then the transpose of the

conjugate of 4 is called transposed conjugate of 4 and is denoted by A% or A", Symbolically if

A= [a,.j:lmxn, then 4 = [Zi,.j]mxn and 4" =(4) = [c‘ij,.]nxm.
Properties of transposed conjugate : If 4" and B* denote the transposed conjugate ‘of 4 and B

respectively, then

O (4) =4 | <
: (ii)(4+B) = 4"+ B", where 4 and B are conformable for addition. | ¥ T o

(iif) (k4 )‘ =k A", where k is any comp]ex number.

7/

(iv)(4B)" = B" A", where 4 and B are conformable for addition.
v) (A”)‘ = (A')" , where 4 is any square matrix and » is a +ve integer: it

Note : If k is any real number then (k 4)" = k 4" because in this case ‘l?v =k

Def. Singular and Non-singular Matrix : A square matrix4 is séii'd to be singular or non-singular
according as |[A|=0 or |4|#0 7

Def. Adjoint of a square Matrix : Let 4 = [a,/.]‘n'm be the squaré matrix of order n and 4;; be the

corresponding cofactor of gy in |4|, then the matrix

A, ,, _Az'i ........ A,
B=[4]=[4]=|" & o e
A, A, e 4,,

is called the adjoint of 4 and is denoted by adj. 4. Thus the adjoint of a matrix is the transpose of the
matrix formed by the co-factors of 4. .

Def. Inverse of a square matrix : Let 4 be a square matrix of order ». If there exists a square matrix
B of order n such.thét AB = BA = I, , then the matrix 4 is said to be invertible and the matrix B is
- called inversé of the matrix 4 and is denoted by AL, |

| Note (i) If the matrix B is inverse of 4 then 4 is the inverse of B.

(ii) For the products AB and BA both to be defined and be equal it is necessary that 4 and B are both
square matrices of the same order. Thus non-square matrices cahnot possess inverse. ‘

The following theorem shows that if a matrix possesses an inverse, then the inverse must be unique.
Results :

1. If 4 be any n-square matrix, then A(adj. 4) = (adj. A) 4 =|4| I, where I, is the unit matrix of order

n.

- Add value to everyday. Sharpen your skills and your understanding.
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2. If 4 is a non-singular matrix of order » , then |adj. 4] = |A4|"~ !

3. Adjoint of a non-singular matrlx in non-singular.

4. IfAisa non-smgular matrlx of order n, then adj. (adj. 4) = |4|"”%4.

5. If A and B are two square matrices of same order then adj. (4B) = (adj. B) (adj. 4)
6. If A is a square matrix then adj. A’ = (adj. A)’, where 4’ is the transpose of matrix 4.
7. Inverse of a square matrix , if it exists, is unique.

8. A square matrix 4 is invertible if and only if A‘ is non singular i.e. |4] # 0.

/

adj. 4
| 4]

9. If 4 is a non singular matrix then 4™ =

10. A singular matrix cannot have an inverse.

11. Reversal law for inverse : If 4 and B be non singular matrices then (AB) = B'IA’

12. Generalization of Reversal law for inverse : If 41, Aa,............ A,, be non smgular matrices of same

order then (A44ycc..d) ' =4, A \.......... At AT
13. If 4 is non singular matrix then (4*)"' =(47")*, where k is an& positive integer.

14.If 4 is a non-singular matrix then ’A“' ’ = I_/III

15. If 4 is a non-singular matrix then ANt = (A"')'.

16. If 4 is a non-singular matrix then (_adj.A)f] =adj. 4™

17. The reversal law for multiplication holds for adjoint, inverse, transpose and transposed conjugate
but it does not hold for cohjugate

Def. Diagonal matrlx AmatnxA I:a ] is called a diagonal matrix if a;=0for V i=#j

In other words, a: Square matrix is a diagonal matrlx if its non-diagonal elements are zero.

Remark : An n-rowed diagonal matrix whose dlagonal elements are dj, ds, .......... , d, can be
repres_ented,vas diag. (d), da, ... , dn).

Def. 5calar matrix : A square matrix is called a scalar matrix if 4 is a diagonal matrix and all

diagonal elements of are equal.

Mathematically A4 =|:a,.j ]n ) is a scalar matrix if

(i) a;,=0 forall i=j (ii) a;=k, where k is any number

Life is filled with possibilities.

A o e
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Def. Upper triangular matrix : A matrix is an upper triangular matrix if all eleménts below the

principal diagonal are zero. Mathematically A4 =|:a,.j:|m is a upper triangula} -matrix if

a;=0 forall i>j.

Def. Lower triangular matrix : A matrix is called lower triangular matrix if all elements .abo_ve the

principal diagonal are zero.:Mathematically A= [a,,j ]m is a upper triangular matrix if

a;=0 forall i<.
Def. Triangular matrix : A matrix which is either upper triangular or lower triangular is called a

triangular matrix. -

Remark : Every diagonal matrix is botH upper and lower triangular.

% 42
A
‘\ :.1“0’

Def. Super upper triangular matrix : A matrix is said to be super upper'fﬁangular matrix if all

triangular matrix if a, =0 forall i2 /.
Def. Super lower triangular matrix : A matrix is said to'be super lower triangular matrix if all

elements above and on the principal diagonal are zero. Mathematically 4 =|:a,.j ]m is a super lower
tfiangular matrix if a, =0 forall i< ;. | |

Def. Backward diagonal matrix : A ma(trvixiiA = [a,j ]m is called a backward diagonal matrix

if ay=0if i+j#n+1.

Def. Backward scalar matrig& : A matrix 4 = [a,.j ]m is called a backward scalar matrix if

|k ifi+j=n+l
P10 ifi+jEn+l
Def. Symmetric matrix : A square matrix 4 is said to be symmetric if 4’ = 4.
or
A square matrix 4 = [a,.j] said to be symmetric if a;; = a;; for all i and j.
1 1-i  2+i
, | 1-i 2 3+2i| are symmetric matrices.
c 2+i 3+42i 3

~ 0

- a h
: ) 1 3

e.g. the matrices are ,|h b
3 4

g h

Def. Skew-symmetric matrix : 4 square matrix A is said to be skew-symmetric if 4’ = - 4

or

A square matrix 4= I:a,j] is said to be skew-symmetric if a, =-a, for all i and ;.

No man ever became great without many and great mistakes. - William E. Gladstone
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0 —4 0 a b 0 i 2
e.g. the matrices [4 —0 :l, -a 0 c|, |—-i 0  1-i| are skew-symmetric.
Lb o-c Of [-2 -1+4i O

Def, Hermitian matrix : A square 4 is said to be hermitian if4* =4

or
A square matrix 4= [a,,] is said t be Hermitian if a; = E; for all i and j.
1 2+i 1-2i

1 3-i
e.g. The matrices [3+, 5 ], 2—-i 2 3i
: 142 -3i 3

Def. Skew-hermitian matrix : A square matrix 4 is said to be skew-hef%itian if A"=-4
or
A square matrix 4 = [a,.j] is said to be skew-hermitian if a; = -ZJ—, for all i andj.
3i 1+i 2-3i
-1+i ~0- "+ 5+i | are skew-hermitian matrices.

0 3+ Siil
-2= 3i =5 + i -4

.. The matrices
(9] g € matrices [_3 +51 21

Results A :
1. The diagonal elements of a symrrietric matrix are arbitrary.
2. The dlagonal elements of a skew-symmetrlc matrix are all zero.
3. The diagonal element of a hermltlan matrix are purely real.
4, The diagonal elements of a skew-hermitian matrix are either zero or purely imaginary.
ResultsB: .~ & '
1IfAis a square matrlx then
(1) A4 + A’ is symmetrlc _ (i1) A — A’ is skew-symmetric
(iii) A+ 4" is hermitian ' (iv)4 — A" is skew-hermitian
2. If 4 is any square matrix, then |
(1)4A4' and A'A are both symmetric (ii) A4’ and A'A are both hermitian

3.If 4 is symmetric then k4 is symmetric, where k is any number real or complex.

4. If 4 is skew-symmetric then k4 is skew-symmetric, where & is any number real or complex.

Real success is finding your lgfe work in the work that you Iove - David McCullough |
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5. If A is hermitian then k4 is hermitian, where & is any real number.

6. If A is skew-hermitian then kA is skew-hermitian, whére k is any real number.
7.1If 4 is hermitian then i is skew-hermitian.

8. If 4 is skew-hermitian then i4 is hermitian.

9. If 4 and B are symmetric matrices of same order, then

(i) A+B, A-B, AB+ BA are symmetric (i) AB — BA is skew-symmetrié (iii) BAB, ABz;ig are
A

Y3
pro - 1
AN &
.,x,.“",,«:'*

10. If 4 and B are skew-symmetric matrices of same order, then : P }

(i) A+ B,A— B, AB— BA are skew-symmetric (ii) AB + BA is symmetric (111) BAB ABA are skew-

symmetric.

symmetric. ' ; S ?X'v“ \ %
sl |

. 11.If 4 and B are hermltlan matrices of same order , then

()A+B, A-B, AB+ BA are hermitian (i)4B - BA is skew-hermltlan (111) BAB ABA are

hermitian.
12.If 4 and B are skew-hermitian matrices of same order, then . o
(i)A+B,A-B, AB—BA are skew-hermitian (ii) ABBA is hermitian (i) BAB.ABA are
skew-hermitian |
13.1f 4 and B are symmetric matrices of same order, then prove that AB is symmetric iff 4B = BA.
14.1f 4 and B are hermitian matrices of same order , then prove that 4B is hermitian if and only if
AB=BA. W
15.If A and B are square matrices of same otder then
(i) B'AB is symmetric or skew-symmetric according as 4 is symmetric or skew-symmetric.
(ii) B* AB is hermitian or.skew-hermitian according as 4 is hermitian or skew-hermitian.
16. If A4 is a symmetric r'n‘afrix t,ha‘ii‘_A" is also symmetric for all positive integers n.
17.1fAisa skew-symmetﬁc mattix than 4" is symmetric if » is a positive even integer and 4" is
skew-symmetric if 7 is positive odd integer.
18. If A'is a herm1t1an matrix then A” is also hermitian for all positive integers n.
19.1fdisa skew-hermltlan matrix then A” is hermitian or skew-hermitian according as n is a pos1t1ve
" even mteger or an odd integer. '
20. If 4 is a non-singular and symmetric matrix then adj. 4 is also symmetric.
21. If A is a skew-symmetric matrix of order », then adj. Ais symmetric or skew-symmetric according
as n is odd or even. |
22. Determinant of a skew-symmetric matrix of odd order is always zero.
23. Determinant a skew-symmetric matrix of even order with integral entries is always a perfect

square.

Creattvtty means believing you have greatness -Dr. Wayne D. Dwyer
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0 .. 0 4
d, : :
24. Let A= be a backward diagonal matrix then
d, 0 0
[ﬁ] 0 ifniseven ! 1,.(1(.‘_‘%.;5&
(i) det(4)=(-1)2)d,d,--d, (ii) trace (4) = d,, ifnisodd "3 )
Results C :

1. Every square matrix is uniquely expressible as the sum of a symmetric rri‘z;.}tri}g:éhdaa' J
skew-symmetric matrix. . !
2. Every square matrix is uniquely expressible as the sum of a hennitié{r'lf_r:ﬁ\gtrifc‘ and a skew-hermitian
matrix. £ s
3. Every square matrix 4 can be uniquely expressed as A=P t zQ Wh:é're P and Q are hermitian
matrices. ' | | |
4. Every hermitian matrix 4 can be written as 4= B+iC whe}e B is real symmetric and C is real
skew- symmetric. | v
:Ex'vgr."cirse 1.1
1. (i) Compute the adjoint of the!matrix A={ ? :]and verify that (adj.4) 4= 4|1.
cosr .—sina 0 '
(if) For the matrix | wsﬁianz"d:v ; cosa 0|, verify that (adj. 4) A= 4]|1.
Al 0 550 1

@ &

},venfythat ) (adj. 4)" =adj. 4™ (i) (A")":A

N
p—y
o]
N
S |
2 I— |
PN

Il

e E 4 0] i
3 IFA=[ s, B [2 5] , verify that (4B) '=B4"

4, If’A:[i 0} and B=[0, (’)] =1 verify that (i) (4B) = B4’ (i) (4B) =
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o i o
6. 1fA=[2+3’ '], B=[2' 'f],verifythat(i) AB=A4.B (i) (4B) =B 4’

6+5i 0 —-i =i
17 1
7. Expressthe matrix | 2 3 4 | as a sum of a symmetric and skew-symmetric matrices.
5 05
1 0 :5 3
-2 1 6 1 ) e
8. Express 4= 3 : 5 7 4 as a sum of a symmetric and a skew-symmetric matrix. -
4 -4 -2 0

9. Express the following matrices as a sum of hermitian and skew-hermitian mat?fg%s

2 1+i 2431 o T—4i 2 3+5i
G | 2-1 1+2i =i )| 3i 6i 1—511
2-4j 3-2i 4+5i ' -3i 2—j 3

V'

10. Show that the following matrices are orthogonal and hence find theiii;iné\}érse.

JLo2 2]
304 T3 3
. 5 5 o 0212
i = - =
® 4 3 '{‘__(11) 13 3 3
5 5 2 2 1
13 3 3]
(1 1 1]
Y | \/15 \/2-6- "
i) =2 -1 2 vy |—= -=—= 0
2 2 -1
d 1 1
B 2
Answers
SR 1 aoa Il [ 1 2L
~1 S 0 > -2 23 52
--‘;_’9 s -1 1 4 -= -1 0 2 =
702 3 2f+|-3 0 2 8 f + g
3 25 |2 2 o0 4 4 7 5 |7t 20 S
L 4L . 7 31 0 15 3 0
L2 2 ] L2
1 4 342 4+7i 0 -1 -
9. () =|3-2i 2 3+i +% 1 4 -3-3i
4-7i 3-i 8 —i 3-3i 10i

In the long run, we only hit what we aim at. - Henry David Thoreau
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14 2-3i 3+8i | -8 243 3+2i
(ii) -;— 2+3i 0 3-3i| + —2- -2+3i 12i -1-5i
3-8 3+3i 6' -3+2i 1-5i 0
1]
3 4 Ju 2 2 [t 2 2 ‘/15 */i “1§
. -2 1 =2 i -2 -1 2 v —_— —— —
10. (i) 4 3 (11)3 (iii) 3 () Jg \/g Jgi
- == 2 =2 1 2 2 -1 A e @

1.2 Orthogonal and Unitary matrices

>
Def. Orthogonal Matrix : A square matrix 4 is said to be orthogonal if"44'= A'A=1 .1tis clear
from the definition that if the matrix 4 is orthogonal then A = A'

c.g.
cosf —sind cos@ sin@
If 4= , then 4' =
l:sinﬁ_ cosé’] o [—sin&w cose]'
A'A'— cosf -—sinf cosd sin6 _ ~ cos’O+sin’@ cos@sind —sinHcos
“|sin® cos@ ||-sin® cos@| |sin@cosd-coshsinf sin? @ +cos? 6
1 0
= =]
Also A’A cos@ sm9 cosé? —-siné _ 1 0 _7
—sm9 c050 sin@ cosé@ 0 1

Hence 4 is an orthogonal matrlx
" Remark: An Qrthogonal matrix is always non-singular.
Propertles of orthogonal Matrix :
: The. detennlnant of an orthogonal matrix is +1.
) OR
The ébsolute value of determinant of an orthogonal matrix is unity.
Def. Proper and Improper orthogonal matrix : An orthogonal matrix is said to be proper or
improper according as [A|=1 or |4|=-1

2. If A‘ is an orthogonal matrix with |4| =1, then each elemcnt of 4 is equal to its cofactor in |4].

 Believe that you have it, and you will have it. - Latin Proverb




10

3. If A is a orthogonal matrix with |4| = — 1, then each element of 4 is equal to negative of its

cofactor in |4].

4. If A is an orthogonal mz{trix, then A’ is also orthogonal.

5. If A is an orthogonal matrix, then 47! is also orthogonal.

6. The product of two orthogonal matrices of same ordkr is again orthogonal. |

7. Generalization : If 4, A3 ..., , A, be n orthogonal matrices of same ordér then their product
Ay Aae.. A, is also orthogonal. A

n

Def. Orthonormal set : A set of vectors {v,,vz,....,v } is said to be an orthonormal set if < VY, >=Q
.: e &

for i # j and <v,,v, >=1for all i. e.g. the set {(il,0,0),(O,i1,0),(0,0,i1)} is an onﬁdﬁo@al éet.

!;""’"fl}:)h ) 4 ]
8. A matrix is orthogonal iff its rows form an orthonormal set. & )

g
ines in rectangular co-

Solution : Let [, m,, n, (r=1, 2, 3), be the direction cosines of three mutually perpendicular lines.

L m n {4 noh
Let A=\, m, n,| then A=m m m,
L my L m

Lom m || h L, ]
Now, AA=|l, m, n||m m my

L my nm||m o

I} +ml+nt Ll +mmy+nn, Ll +mm,+nn,

=Ll +mm +mpn LD+m+n;  LL+mm +nn,
3 2,2, .2

_131, +mym +mn, Ll +mm,+nn, L +m;+n

0] :

0 if i=j
0 asl,.lj+m,mj+n,.nj={ if i+
1

e
o o =
o = O

1 if i=j

Similarly 4’4 =1 = A is orthogonal
-Hence the direction cosines of three mutually perpendicular lines in rectangular co-ordinate system

coﬁsjtitute the rows of orthogonal matrix. o
Def. Unitary Matrix : A square matrix A is said to be unitary if 44" = 44 =1 . Itis clear from the

definition that if a matrix 4 is unitary then 4™ = 4".

eg y 1[1+i =14i] . " "
g, =— 1S a unitary matrix.
214 1-i v

There is no shortcut. Victory lies in overcoming obstacles everyday.
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H{1+i =1+i 1| 1=i 1-i 114 0 1 0
A ‘=— —-— = e - =1
For, 4 2[l+i l—i]Z[—l—i l+i] 4[0 4] [o 1]

Similarly 4°'4 =1 . Hence 4 isa unitary matrix.

Note : If each element of the matrix 4 is real, then 4 = 4

4= (Z)' =4 ) fud

AA =A'A=1 = AA =AA=1 ;

. A unitary matrix whose elements ar';e all real, is an orthogonal matrix.
Remark : A unitary matrix is always a non-singular matrix.

Def. Normal Matrix : A square matrix 4 is said to be normal if 44" = 4’4 . o
Properties of unitary matrix : | |

1.The transpose of a unitary matrix is unitary.

2.The conjugate of a unitary matrix is unitary. -

3.The transposed conjugate of a unitary matrix is unitary. - ra 2

4. Inverse of a unitary matrix is unitary. |

5. The product of two unitary matrices of same order is again unitary.

6. Generalization : If 4, 4,,............ ,4, be numtary matrices of same order then their product
A4y, 4, is also unitary. -
7. The determinant of a unitary matrix has absolute value 1.

Exercise 1.2

1. Check whether the folldwixf'gmatrices are proper orthogonal or improper orthogonal :

[3 A8 T o 12 5
: St ‘VS:"?Z- . B T3- ses 35
R P o 15a 0 o []
L5 s 13 13

2. Prove that a matrix A = [a] of order 1 is orthogonal if and only if a=+1.

W . a b], b b
3. Show that the matrix 4 = is orthogonal iff 4= y or ¢ where &+ b2 = 1.
o ' c d -b a b -a
4.I1f4isan orthdgonal matrix and if B = AP, where P is non-singular, then prove that PB™' is
orthogonal.

5. If 4 is symmetric and P is orthogonal, then show that P"'4P ié symmetric.

The happiest life is that which consistently exercises and educates what is best in us. - Philip G. Hamerton

S
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6. If A and B commute, then C'AC and C'BC commute if C is orthogonal.
7.1f 4 is skew-symmetric and /+ 4 is non-singular, then B =(1-A4)(1+ A)_I is orthogonal.

8. Show that the following matrices are unitary and hence find their inverse :

1 i
o - iy 2z 2
@) . (ii) .
i 0 : i1
L V2 V2 o\
iy S Lo - v | -1 L 4l
Bli-i -l ; 2 B 25
L2 B2 15]
. a+ic =b+id|, . ) b 2, 2, 12
9. Show that the matrix 4 = i | is unitary if and onlyif a“+b"+c"+d° =1.
b+id a-ic ‘ ‘
10. Show that if 4 is hermitain and P is unitary, then P"AP is hermitian.
11. If 4 is unitary and hermitian matrix, then show that 4 ié-involutory (A2 =] )
12. If 4 is unitary and B = AP where P is non-singular then PB™' is unitary.
13. If A is skew hermitian and (4 - ]) is pon—sin’gular“{hen A+ (4-D"is unitary.
14, Show that the following matrices are umtary
L i 0 0 0

— 0 0 i 00 i 00 (1)010 0 0 i
@|o i 0 i) (0 1 0 (i) |0 0 1 (iv) 0 - 0 0 v) |0 -1 0

0 0 —i 0.0 1] [0 -0 ' i 0 0

L7 0 0 0 -1
15. What do you pot'iéqi‘;ihéboVe matrices.
' | Answers

1. (i) Improper o.rthogonal. (ii) Proper orthogonal (iii) The matrix is not orthogonal.

By |
o
so ) 5] o
5

_ 8-

e 11 1+i
(i) _E[l—i -1]

5

Our aspirations are our possibilities. - Samuel Johnson
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(1= 1 L]
2 2 2
|- L
V.3 B
3-i 4-3i i
2V15 215 215

. 1.3 Idempotent, Involutory and Nilpotent matrices

Def. Idempotent matrix : A square matrix 4 is said to be idempotent matri;;,f’if “Az =4.eg. Zero
matrix and identity matrix.are always idempotent. The matrix [0 Ojl:isg}_wgiys"‘idempotent.

Results :

1. Determinant of an idempotent matrix is always 0 or 1.

2. Trace of a nxn idempotent matrix always belongs to the set {O 1,2,..,n}.

Def. Involutory matrix : A square matrix 4 is sa,lq_ to be mvolutory matrix if 4% =1.e.g. The identity

£17°0 L0
. . L 1 .. 0 .
matrix is always involutory. The matrices |- are always involutory.
0 0 . =I

Results :

1. Determinant of an 1nv01utory matrlx is always 1 or —1.

2. Trace of a nxn mvolutory matrlx always belongs to the set {—n (n-1),..,-1,0,1,2,.. “ }

Def. Nllpotent matrlx A square matrix 4 is said to be nilpotent matrix if there exists a positive
integer k such‘ that* Al =0. e.g. Zero matrix is always nilpotent.
Def Index of mlpotency Let A be a nilpotent matrix then the smallest positive integer k for which
: O 1s called index of nilpotency of 4.
Results
1. Determinant of a nilpotent matrix is always 0.
2. Trace of a nilpotent matrix is always 0.

3. All super lower triangular and super upper triangular matrices are nilpotent.

Life is built of the things we do. The only constructive material is positive action.
R G —— e




14

4. Index of nilpotency of a nilpotent matrix cannot exceed its size. In other words if 4 isa nxn

nilpotent matrix with index of nilpotency kthen k<n.
5.1f 4 is a nxn nilpotent matrix then we must have 4" =0.

6. If A isa nxn matrix such that 4# 0, 4> #0, ..., 4" # 0 then 4 cannot be nilpotent.

Exercise 1.3

1. Show that the following matrices are nilpotent and also find their index of nilpotency.

01100 . }
00111 0111 0 0.0 F
) 4=[0 0 0 1 .1 iy B=|° O 11 (i) C=l ° 01
= . (ii = =l e
® 0 0000 . 0001 " roj0 0 o
0000 "0 0 0
[0 0 0 0 0 - -
01 1 00 2 . (1 1 1]
@iv) D=|0 0 1 v) E={0 0 O . - . f(vi) F=|-1 -1 -1
0 0O 0 0 0] ; (0 0 0
1 1 1 1 2 3
(vii) G=| -1 -1 -1 (viii) H=|-5. -10 =15
1 1 0 3 6 9
: 2. Construct five different nilpotent matrices by taking hint from the matrix H in above question.
a b .
3. Show that the matrix | 1 — 52 , b# 0 is always involutory.
b
4. Show that the following matrices are idempotent :
0ao0 0] = . 000 0
1010 of ' . 000
Wlo s 00 O
0 ¢ 00 0 00O

5. What do you notice in above matrices.

Be courageous! Have faith! Go forward. - Thomas A. Edison
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Miscellaneous Exercise
1. Suppose 4 is invertible. Show that if 4B=AC, then B =C . Give an example of a nonzero matrix
A such that AB=AC but B=C.
2. Find 2x2 invertible matrices 4 and B such that 4+ B#0 and A+ B is not invertible.
| 2 1 10
3. Let 4= and B=|0 1 1]. (a) Find 4". (b) Find B". -
01 1o 0 1l ik

- i 2] 4w P14
4. Find all real triangular matrices A such that 4°=B, where (a) B=[O 5_’5] ,(b),..B:[O 9]'

5. Let A=[3 i:l . Find all numbers k for which A4 is a root of the polynbmiél:

@) f(x)=x=Tx+10 (b) g(x)=x*-25 (©) h(x)=x*-4
| 107 _ A
6. Let B= . Find a matrix 4 such that 4" =B.
126 27
[1 8 5
7. Let B={0 9 5 |[.Find a triangular matrix 4 with positive diagonal entries such that A’=B.
00 4 L |

8. Using only the elements 0 and:’ﬁl, ﬁh_cl,thé1 number of 3x3 matrices that are :
(a) diagonal  (b) upper triangular (c) non-singular and upper triangular. Generalize to

nxn matrices.

9. Let D, =kl , the scalar matnx belongmg to the scalar &, show that :

(@) D, A=kd" g " (b) BD, =kB ) D, +D,.=D,,, d) D,D,=D,,.

\-10 Suppose, AB C where A and C are upper triangular.

(a) Find 2x 2 -nonzero matrices 4, B, C where B is not upper triangular.

(b) Suppose A is also invertible. Show that B must also be upper triangular.

: 2 x 3 7 -6 2x
11. Find x, y, z such that 4 is symmetric, where (a) 4=|4 5 y| (b) A=|y 2z =2]|.
z 1 7 x -2 5

12. Suppose A and B are symmetric. Show that the following are also symmetric :

@ A+B (b) kA, for any scalar & (c) A

_ It takes time to be a success, but time is all it takes.

s A S —
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(d) 4", for n>0 (e) f(A), for any polynomial f(x).
13. Find a 2x2 orthogonal matrix P whose first row is a multiple of (a) (3, 4) (b) (1,2)
14. Find a 3x3 orthogonal ;natﬁx P whose first two rows are multiple of : |
~ (a) (1,2,3) and (0,-2,3) (b) (1,3,1) and (1,0,-1)
15. Suppose 4 and B are orthogonal matrices. Show tht AT.,A“1 , AB are also orthogonal.

1 11
3 -4 1 =2
16. Which of the following matrices are normal ? A=[ A :|, B=|: }, C=|0 1 1}.
[0 0T

3 x+2i  yii %
17. Find real numbers x, y, z such that 4 is hermitian, where 4=|3-2i 0 ¢1+z1 )
- yi 1:5&':'\ X -1

18. Suppose 4 is a complex matrix. Show that 44" and A4"A4 are hermltlan

19. Let 4 be a square matrix. Show that (a) A+ 4" is hermitian, (b) A A is skew—hermltlan (c)

A=B+C, where B is hermitian and C is skew hermitian.

20. Determine which of the following matrices are unitary : .

z —_@ Lei o | 1 —-i =1+
i

j_ 2 13:5[1 ' 1+} C=o| i 1 14

R R e l+i -l+i 0

2 2 ;

A=

21. Suppose 4 and B are unitary. Show thgi v"\""A'%,A",AB are unitary.

22. Determine which of the following fnétrices are normal A=[3+.4l 5 13.] and B=|i1 1 , 0 :l
oS i +3i
o ‘(‘L .

2"‘,
L ’B:o 0,c=22
12771 00

1 2] 4 3]
2. A;[ ” ; ‘13=|: 3

Answers

0 3 3 0]
-1 n —n(n l)-
3 (a)[ 21”} ® 01
0 1

2 3] =2 =31 [2 =77 [=2 7 ,
- @ [0 5]’[0 =5 [o —5]’ {o 5} (b) none '

Do not settle for less than an extraordinary life.
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5. (@) k=2, () k=-5 (c) none
1o 1 2 1
6. [2 3] 7. 073 1
0 0 2

8. All entries below the diagonal must be 0 to be upper triangular, and all diagonal entries must be 1

to be ‘nonsingular. (a) 8; 2" (b) 28; 212 © 2% 2"

1] 1 2] . [4 6
10'(a)'A=[O.o]’5=[3 4]’ C'{o o]

11. (a) x=4, y=1, z=3, ’(b) x=0,'y=-6, z any real number.

3 _4 12
5 75 NN
. , (b
R P N L R
5 5 NG
1 2 3] [ 1 3% A9
N VRN VRN V) NTERN TR W
-2 3 1 -1
14. (a 0 —_ = )| == 0 —
© NN ONE %
2 3 2 £F 2 3
[Vi57 V157 157 V22 V22 22
16.4,C

17. x=3, y=0, z=3

: 1 . Lo, g
19. (c) Hint : Lgt B=—2-(A+A) and C==(4-4')

20. 4,B,C
2. 4

Keys to success : Research your ideas, plan for success, expect success, and just do it. -John S. Hinds
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Sr. Matrix | Definition A+B | AB | A| tr(4)
No. |
1 Diagonal a, =0,i#]
2 | Scalar c; _{0 , i1#]
Pk, i=j
3 Lower a;=0,i<j iy,
triangular ) 4
4 | Upper a;=0,i>] |
triangular /
5 | Super lower a;=0,i<j ’f o
triangular
6 Super upper a;=0,i2j
triangular
7 | Backward 0 , i+j#n+l
diagonal %= {ai , i+ j=n+l
8 | Backward _{0 , i+ jENE]
scalar Tk, it j=nt]
9 Symmetric A'= A | f
10 | Skew-symmetric | 4" —A
11 | Hermitian A=A
12 | Skew-hermitian..| 4= —A
13 Orthogonal‘{: \ : AA'=1
14 | Unitary T A4 =1
15 | Normal AA = A'A
Ide}r"h’potent A* =4
17 Involutory A =1
18’; Nilpotent A =

Out of difficulties grow miracles. - Jean De La Bruyere
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2.1 Determinantal rank

Def. Minor of a matrix : Let 4 be an m x n matrix, then the determinant of every square sub-matrix

- of 4 is called a Minor of the matrix 4 and the o_rder of the sub-matrix is called order of minor.

Y
S
v

Def. Determinantal Rank : Let 4 = [g,],,, be an m x n matrix, then a non-negative integer r is

called the determinantal rank of 4 iff

(i) there exists at least one minor of 4 of order r which is not zero.

(i) every minor of 4 of order greater than 7 is zero.

In other words, determinantal rank of a matrix is the highest order of a non-iero minor of the matrix.

The rank of a matrix is generally denoted by p(4) .

Results :

. If A is a matrix of order m x n then its determinantal rank is less than or equal to minimum of m
and n i.e. p(4) < min.{m, n}. For example, if a matrlx Ais of order 3 x 5 then clearly the largest

possible order of any minor of matrix 4 is 3 and hence p(4) < 3.
2. Determinantal rank of a zero matrix is always 0 because it has no non-zero minor of positive order.
3. Determinantal rank of non-zero matrix is alWa)rg greater than 0.
4. If A is non-singular square matrix of order n th'en its determinantal rank is »n because the
determinant of matrix 4 i.e. lAI is the non-zero minor of highest order n.
S. If A is.a singular square matrlx of order n then its rank is less than » because there is only one
minor of order ni.e. |A|, whlch is zero. So highest non-zero minor of 4 will be of order less than ».
6. If every minor of order r of a matrlx A vanishes then every minor of order » + 1 of 4 also vanishes.
Itisso because every mmor of order r + 1 is a sum of scalar multiples of minors of order r.
Example 1 : If A 1s an n-rowed square matrix of rank (n — 1), show that adj 4 = 0.

' Solutlon As: p(A) = 1 — 1, so there is atleast one minor of 4 of order (n —1) which does not vanish
and: hence there is atleast one element in A whose cofactor is non-zero. Also we know that elements of
adj;. A-are the co-factors of elements of 4 and hence adj 4 is a non-zero matrix.

Exériiple 2 : Show that no non-zero skew-symmetric matrix is of rank one.
Solution : Let_ us prove this result for a 4 x 4 skew symmetric matrix. The method of proof can be

used for a skew-symmetric matrix of any order.

All of our dreams can come true if we have the courage to pursue them. - Walt Disney
e — -




0 a b ¢
-a 0 d e
Let f A= b -d 0 f
—-c -e —-f 0

If a,b,c,d,e, f are all zero, then p(4) = 0 which is not the case here. If at least one of these

c . .
of matrix Ais ¢ # 0.

elements say c is non-zero, then the second order minor

Hence p(4) 22 and so p(4) #1. : . e 2
: P2 O
1 1 1
Example 3 : Find therank of thematrix | x y 2z |,x, )2 being all real. X
’ 2y 2 i, y.
1 1 1 1 1 1 g
Solution:Let A=| x y 2z |,s0ld|=|x y z|=(x-»¥ e"f)j({g—x)(x+y+z)
PRI PR S

Now the following cases arise :

Case (i) : Ifx, y, z are all different and x + y + z=0, then |4| = 0 and so p(4) <2

1 1

=y—x#0 " : [ x,y are different ]
Xy :

But

So there is a minor of order 2 of 4, which does not vanish and hence p(4) = 2.
Case (ii) : If x, y, z are all differep'ty,gndx.ﬁ-v y+z#0,then |4]#0 andso p(4)=3
Case (iii) : If any two of x, y, z arép_qua’i (say x =y) then |[4| = 0.

1
=z-x#0 and so p (4) =2.
X z

Now x =y # z , then the mli_vn'br

Case(iv): If x=y=2z fﬁen A=|x x x

. Here every minor of order 2 vanishes but there is a minor of order 1, which does not vanish (‘. 1 is an

element of 4 which is not zero) , so p(4)=1.
Example 4 : Prove that rank of transpose of a matrix is equal to the original matrix.
Solution : Let 4 be any matrix of rank . Then according to the definition, 4 has at least one non-zero

minor of order r and all minors of order » + 1 are zero. Now minors of A’ are same as that of 4

because value of a determinant does not change when rows and columns are interchanged. Hence A’

It’s in your moments of decision that your destiny is shaped. - Anthony Robbins
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has also a non-zero minor of order » and all the minors of order » + 1 of 4’ are zero. So,
p(4)=r=p(4)
_ . .Exercise 2.1
1. Find the rank of the following matrices
3 ' 3 . “v
11 . J
@ |5 (ii) (iif) [o 0 7 o] ”
AR
0 _ |
] 20 3 -1 -1
2 00 1 2 3 _\1'“'(31 ; .
iv) [0 2 0 ™M|-2 4 -9 PRCH)) BN
00 2 3 6 4 £ /s
- 6 3 0 -7
' i . 0
154 6 . T2 11 ‘(; 0 .
|2 7 5 9 (viii) | 073 2 a | ¢
3 96 12 2 4 3 -
10 0 .. aj,.,
2. Find the rank of the following matrices ;
(3 4 1 2 s To =12 (1 2 -1 3
@[3 21 4 Lo G473 1 (i) | -2 -4 4 -7
|7 6 2 4 - L4 2 3 12 1 2
[1 5 6 08 g g ; (2 2 2
iv)|2 7 5 \ ) viy[2 2 2
396 -2 3 0l 2 2 2
- -3 2 11 -
‘ 1 x x*
3. Find therank of 4= |1 y »?
¢ ’ 1 z 2°

4. Let A and B be two square matrices of order . If p(4) = p(B) = n, prove that p(4B) =n and

- conversely.

5. If 4 is a square matrix of order n and p(4A)<n-2 then adj 4 = O.

e o —

Reach for the moon. If you fall short at least you’ll be among the stars.




3a-8 3 3
6. Find the value of a so that p(4)< 2, where 4 is the matrix 3 3a-8 3
? 3 3 3a-8

x+p ¢ r
7. Findxsothat4=| p .x+q r |hasrank3.

p. q x+r

8. Show that rank of a matrix > rank of every sub-matrix of it. 4 : "5
. - g
0100 3 P )
0.164=] 2 % 1 O find p(4) and p(a?) i i
. = in n .
000 1| CPAEEP
0 000 :  oa Y

10. Show that rank of a matrix with each element unity is one.

11. Prove that if 4 is a skew-symmetric matrix of odd order say n theq p(A)< n

1 1 -1 -1 -2 -1 ,
12.If A=|2 -3 4| and B=|6 12 6 |.Findtherank of 4, B, 4 + B, AB and B4 with the
3 -2 3 5 10 5 '

help of minors of the corresponding matrices.

a 0 1
13. Find a so that the rank of the matrix A=| 1 2. a | is less than 3. Also find the rank for these values
1203
of a.
Answers

LML a1 @1 o @Gv)3 V)3  (vi)3 (vii)2 (viii)2 (ix)Oifa=0andnifa=0
2.()3 ()2 (@i)2 . )2 (V)3 (vi) 1
3 if X#Y, Y#2z, Z#X

3.pA)=452 if either x=y or x=zand y#z

1 ifx=y=z
11
3
12. p(4) =2, p(B) =1, p(A+B) = 2, p(AB) =0, p(BA) =1 13. a=0,3; p(4) =2

6. é,=-§-, 7. x#20,x=—-(p+q+r) 9. p(A)=3, p(4*)=2

There are no limitations to any of our dreams. - Gene Simmons
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2.2 Linear Independence and dependence

Def. Linearly dependent vectors : The vectors v, , ¥, ,...., v, are said to be linearly dependent if

there exist scalars g, , @, ,...., @, (not all zero) such that ay, +a,v, +...+a,v, = 0.

OR »
Some finite vectors are said to be linearly dependent if their linear combination can be made zero f‘
without taking all scalars zero. . o

Def. Linearly independent vectors :iVectors which are not L.D. are called L.I.
OR

Vectors v , v, yeeerene. , v, are called linearly independent if , whenever
av, +aV, +..+a,v, =0 for some scalars‘a,’s ,then g, =a, =.....= a,!:-‘zi:p
OR 6/
Some finite vectors are said to L.I. if the only way to make theif‘lineaf eembination zero is to take all
scalars zero. e,
Def. An infinite subset of V' is said to be linearly independent if every finite subset of S is linearly
independent , otherwise it is linearly dependent. |
Results: ra
1. The empty set is defined to be linearly independent
2. A set containing only the zero vector i e. {0} is linearly dependent
3. Aset contammg only a non-zero vector is linearly independent.
4. If two vectors are L.D., then one of them i is a scalar multiple of other.
5. A set which contam the null wvector ‘0’ is linearly dependent.
6. Every super set of: a lmearly dependent set is linearly dependent.
7. Every subset of a lmearly independent set is lmearly independent.

"~ 8.Ifa vector v:is* a lmear combination of vectors v, , v, ,...., v, then the set {v,v, , v, ,..., v,} is

hnearly dependent

9.1fthe set {v , v, ,...,v,} isL.I andtheset {v,,v,,..,v,, v} is L.D., then vis a linear
combination of the vectors Vs V) s V,
10. The set of non-zero vectors v, , v, ,...., v, is L.D. iff one of the vectors v,(r >1) is a linear

combination of the preceding vectors.

11. A square matrix 4 is singular if and only if its columns (rows) are linearly dependent.

Our intentions create our reality. - Dr. Wayne W. Dyer

o =
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Exercise 2.2
1. Determine which of the following sets of vectors are linearly dependent and which are linearly
~ independent . | '
H@2,3,1)(-1,4,-2),(1,18,-4)
(i) (0,2,-4),(1,-2,-1),(1,-4,3) |
(i) (1, 1, 1), (1,2, 3), (0, 1, 2) |
(iv) (2,3,-1,-1),(1,-1,-2,-4),(3,1,3,-2),(6,3,0,-7) f“”’:?mf:s:-%*
v{,-5-2,3),(1,0,0,-1),(1,0,2,4)
vi)(1,-2,1),(2,1,-1),(7,-4,1)

(vii) ¢ = (1, O,.‘..,,O) , €= (0, L..s0) sy €,= (0, 0,...,1)
17717 [a | B g gl
2. (i) Find a if the vectors | =1 [ ,{ 2 |, | O | are linearly dependent, =, kT
3 -3] 11
1] 1] [t -
(ii) Find p if the vectors | =1 |, | p |, | O |are linearl_y"dépendent .
3 3] 1
1] [-t 3
(iii) Find a if the vectors | 2 |, | 4 |, |0 |are linearly dependent .
31 L O a
. 2] [ 37 5
(iv) Find k if the vectors | O |, | =1 | , | =1 |are linearly dependent .
Lk LS 1
Fa . 236
3. Show that the three row vectors as well as the three column vectors of the matrix | 0 4 2 |are
52 2

linearly independent.

4, Pr‘bye that/;a- square matrix A is singular if and only if its column (rows) are linearly dependent.

Answers
1. (i) Linearly dependent (ii) Linearly dependent (iii) Linearly dependent .
(iv) Linearly dependent (v) Linearly independent (vi) Linearly dependent

(vii) Linearly independent

2. () a=1 ()p=-1 (i)a=6 (v)k=-4

Action mdy not bring happiness, but there is no happiness without action. - William James
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2.3 Row rank and Column rank

Def. Row rank : The maximnm number of linearly independent rows of a matrix 4 is called the row
rank of 4 and is denoted by p,(4).
Def. Column rank : The maximum number of linearly independent columns of a matrix 4 is calied

column rank of A and is denoted by p.(4) .

Elementary operatlons There are s1x elementary operations, three elementary row operatlons and

" ;

&

three elementary column operat1ons These are given below: ' » #P

. { S ). .
Def. Elementary Row operations : The following three types of operations on the;rows of a matrix
are called elementary row operations. ' S

(i) The interchange of any two distinct rows of a matrix. If the zth row is mterchanged with jth row,

then it is denoted by R, <> R, or R, ;.

(ii) The multiplication of any row (each element of the ;ow),by a fixed non-zero scalar. If ith row is
multiplied by & # 0 then it is denoted by R, >k R, or R;tk). |

(iii) The addition to the elements of a row, a ﬁxed scalar mdltiple of the corresponding elements of
another row. If k times the elements of jth row are added to the corresponding elements of ith
row then it is denoted by R, —)R +kR ot R, j(k)

Def. Elementary column operatxo_ns - T}}e followmg three types of operations on the columns of a

matrix are called elementary column'opefations.

(i) The interchange of any'tWO distinct columns of a matrix. If the ith column is interchanged with
Jth column, then ltr1$ denoted by C, &C; orC .
(ii) The multxpllcatlon of any column (each element of the column) by a fixed non-zero scalar. If ith
columpy’ tsfgtgltlphed by k # 0 then it is denoted by C, >k C, or Ci(k).
(iii) :I‘he addition to the elements of a column, a fixed scalar multiple of the corresponding elements
of another column. If £ times the elements of jth column are added to the corresponding
 elements of ith column then it s denoted by C,~C, +£C, or C, (k).

Def. Row equivalent matrices : A matrix 4 is said to be row equivalent to a matrix B if B can be

obtained from 4 by applying, in succession, a finite number of elementary row operations on 4 and we

. R
write A ~B.

Success is not where you are in life, but the obstacles you have overcome. -Booker T. Washington
e .
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Def. Column Equivalent matrices : A matrix 4 is said to be column equivalent to a matrix B'if B can lI

be obtained from 4 by applying in succession a finite number of elementary column operations on 4

and we write A< B.
Def. Equivalent Matrices : Two matrices 4 and B are said to be equivalent if one can be obtained
from the other by applying a finite number of elementary operations in succession. Then we write

A~B. | p

4
%
£ “l
AP

Def. Row-echelon form of a matrix : A matrix is said to be in row-echelon form if

S

(i) All zero rows, if any, are at the bottom of the matrix.

a
£ %

(ii) First non-zero element of every row is on the right hand side of the first non-zero element in the _

preceding row. : V, 2

Remark : The first non-zero element of any row is called key-element or protal efement or pivot of

that row. sy i

Def. Row reduced echelon form of a matrix : A matrix is said to be'i"rt'%e"»v reduced echelon form if

(i) It is in row echelon form. h |

(ii) Every key element is unity. i

(iii) The elements above the key element in every column are all zero.

Def. Column-echelon form of a matrix : A matrix is said to be in column-echelon form if

(i) All zero columns, if any, are at the extreme right of the matrix.

(ii) First non-zero element of every column is b_elbw the first non-zero element in the preceding
column. '

Remark : The first non-zero element of any column is called key-element or pivotal element or pivot

of that column. ,

Def. Column reduced echelqrt form of a matrix : A matrix is said to be in column reduced echelon

form if ! |

(i) It is in column eeheion form. (i) Every key element is unity.

(iii) The elements to the left of the key element in every row are all zero.

Note : If A'is in row echelon form, then its transpose A’ is in the column echelon form.

"Results : '

L The elementary operations do not alter the rank of a matrix.

2. For any matrix 4, p,(4) =p(4) = pc(4).

Proof : Let p,(4) = r and let B be the matrix obtained when 4 is reduced to row-echelon form. Then

by definition of row-rank, B contains » key elements (or 7 non-zero rows) and all the zero rows are at
the bottom of B. Removing all the zero rows (if any) and those columns which do not contain a key

element, we will obtain a minor of order  of the triangular form

Always keep a window open in your mind for new ideas.
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Gy Cpp e c,
0 ¢ C,,
|Cl= where c;; #0, ¢ #0,.......... ,Crr20
0 0 ... c,,
Then, |C|=¢;; Cyereernne c,, # 0. Also, any minor of order r + 1 (if any) will contain atleast one zero

row at its bottom and hence p(B) = r. But elementary row operations do not alter the rankand Bis :5*:»‘ '

obtained from A by.elementary operatlons SO

Therefore , p(A) r =pp(4)

s b

: (/
Hence rank of 4 and row rank of 4 are equal. Similarly, we can prove that‘r/é.‘nk éf \4-and column rank

of A are equal. Therefore p,(4) = p(4) = p(4)

3. Let A be a mxn matrix, then rank of 4 is atmost min{(m,n)} is p(A4) <min{m,n}.

&

A=0 iff p(4) =0 or zero matrix is the only matrix whose rank is zero.
. A#0 iff p(A4)21 or rank of a non zero matrix is atleast one.”

W

6. Let 4 be nxn matrix, then p(4) is niff det4#0 or p(fi)<n iff detA=0

. OR
p(4)=n iff 4 is non-singular (mvertlble) or p(A) < n iff 4 is singular (non-invertible).

7. Let 4 and B are two matrices ofsame 51ze . then lp(4)-p(B)|<p(4+B)<p(4)+p(B)

8. Let4 and B are two matrices such that AB is defined, then p(AB) < min {p(A),p(B)}
ic. p(4B)<p(4) and p(4B) < p(B)

9. LetAd bed mxnmzmxand Bisa nx p matrix, then p(4B) = {p(A) ?f p(B)=n
. s p(B) if p(4)=n
| OR
@ L‘etA be a mxn matrix and B be a nx p matrix if rank of any one matrix is n, then p(4B) is
‘éqgal to the rank of other matrix.

10. Frobenius inequality of rank : Let 4 and B are two nx n matrices, then p(A4)+p(B)<p(4B)+n

We cannot always control what goes on outside, but we can control what goes on inside.

e
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Corallary : If 4 is a nilpotent matrix of size # and index of nilpotency is 2 i.e., 4> =0 then

Proof : Put B= 4 in Frobenius inequality p(4)+ vp(A) < p(A2)+ n

= p(4)< B]

[+ p is always non negative integer] ingh

= 2p(4)<0+n =p(4)<

NS

: Def. Nullity of a matrix : The dimension of the null space of matrix is called its‘nullity.ﬂ g K

11. Rank-nullity theorem :Sum of rank and nullity of a matrix is always equal to 1tsr3umbero
columns. - o :
Def. Gram Matrix : Let 4 be any real matrix then the matrix 44' and 4'4 arecalled Gram Matrix

w.r.t. 4.

Remark : The gram matrix is always symmetric.

12. p(4)=p(4)=p(4)=p(4')=p(44')=p(4'4)
13. If p(4)=n-1 then p(adjd)=1.
Proof : By Frobenius inequality, p(4)+ p(B) < p(AB)+ n
Taking B =adjA4, we have |
p(A)+ padi4) < p(dadjd)+n

= n-l+padia) < p(|41,)+n [ Since A adj A = |4|1,]
=  n-1+p(adjd) <0+n H [Since p(A4)=n-1, therefore|d|=0.]
= padgaHs<t L .

Since, p(d)=n-1 =. adjd#0
= pladiHz1 @
From (1) and (2), p(adj4) =1

Experience tells you what to do. Confidence allows you to do it. - Stan Smith
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Exercise 2.3

1. Reduce the following matrices to the row reduced echelon form, Also find their row rank‘.

of!

(iv) | 2
3

2 -3
5 -4

-1

|

1 -3

-6

Y

(if)

[1

4

1

3

(-1 2
0

0

2 3 4
4 1 2
31 2

-1
0
0 0

S o0 O
-0 O O

0 -1 2
Gii)| 4 3 1
(4 2 3
P gy 1
1%o0 2
21 -3 3

2. Reduce the following matrices to the column reduced echelon form, Also ﬁnd théll’ column rank.

1
(|3
0

0 1
2 5
4 4

1
1
-4

(ii)

1 2 0
2 6 -3
3 10 -6

3. Find the rank of the following matrices without using mitpors :

(i)

(iv)

N (vii)

W
N
¥

x)

0 2
1 =2

0 1

1 =2 -1
2 -4 3
-1 2 6
2 3 4
31 2
-1 2 2
101 /1,
3 245 U,
0 474724

2
-3
1

4
5

1
-3
2

(3 2 0 -1 -1

-5
1
6

) “ ’:; 1
“(it)" 1
2

1

2

v) 3
6

1

(viii) ,|3
[ 6
. 4
(xi) 10
|16

o N KN

1

1

1
2
3
4

1

N = WW

9
12

11 1 1
1 3 =21
(111)2 39

33 0 3

2 4 3
(iii) 1 2 -1

-1 =2 6

(4 4 0 3
i) [-2 3 -1 5

|1 4 8 7

-1 (120-1
2 (ix) |2 6 -3 -3
3 3 10 -6 -5
8
-1
7
15

4. Using only 0’s and 1°s, list all possible 2x2 matrices in row reduced echelon form.

5. Using only 0’s and 1’s, find the number # of possible 3x 3 matrices in row reduced echelon form.

B

Everything you want is on the other side of fear. - Jack Canfield

e
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Answers
1 00 1
. 9
Ll % 77 and (4)=2 @ lo 1 0 L |and py(a)=3
(1) 01 2 Prla)= 9 Pr\-
0 01 u
I 9 _~
[ 77
Lo 1000
Gi)| 0 1 =2 |, pp(4)=2 (v)|0 1 0 0fand pe(d)=3 ... . &
00 O 0 01 2
100 0 100 -1 2] ¢ =
0100 ' 010 0 1%, .~
d pp(4) =4 i % |aid p,(4)=3
) 001 0 and p,(4) (vi) 00 1 2{%1%’ pr(4)
000 1 00 00 %0
2. ()2 (i) 2 (iif) 3
3.2 ()3 )2 (V2 M3 )3 vi)2 (i3 (02 (04 (xi)2
1 011 171 o]fo 1]fo o | |
4. 5: , , , , 5. 16
0 110 0f]0 O[]0 O0]|0 O
2.4 Normal form
Def. Normal form of a mz’itr_ix : (Canonical form) : Any of the following form of a matrix are
called normal (canoniCal).foth <
I, : O I
’ Ip,. vl [I, : O] , .... | where I, is the identity matrix of order r.
O : O e

a=1 o | © 1 0], || then pay=r
I_.‘,rooor[, ],O en p(4)=r

, I O
Theorem : If 4 is an m x n matrix of rank 7, then A4 is equivalent to the matrix l:o’ 0] which is

. normal form.

Proof : If 4 is null matrix then clearly it is in the normal form so let 4 # O

Your ability will grow to match your dreams. - Jim Rohn
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Let a; = A be a non-zero element of 4. We can bring this to (1, 1) position i.e., top left position

by interchanging the first row with the ith row and then the first column with jth column. Thus 4 is

equivalent to matrix B with A'# 0 as its (1, 1) entry.

Now operate R, (i—) so that first entry of B becomes 1. By subtracting suitable multiplies of

first row from the remaining rows, we can make all elements 0 in the first column below the first

element. P
Similarly, by subtracting suitable multiples of the first column from the rema.lffmg columns of

B, we make all elements 0 except the first element in the first row. Let the néw matrxxbe C.

Thus , ' A~C=1 o4 °
0 D O D

If D = 0, we stop, otherwise we repeat the argument with D. The row and column operations will not

change the entries in the first row and first column.

1 0 0
I, O
Thus, we can obtain A~|0 1 0 |=]|"?
0O E|
0 0 E

Continuing the above process, after a finite number of row and column operations, we have

' -l O ".'.'{ : .b"".:, "‘ e
-4 “‘. i Ok G)_ , _’ “which is the normal form.
. o [, 0]
Since P(A)=" and rank of | * =k . Therefore r =k

[0 O]

Exercise 2.4

Reduce the folioyyiﬁék‘)ipgtfi‘ces to the normal form and hence find their ranks :

2 g, 111 11 1 1 2 -1 3
L[-10 2/ 2. |1 -11 3.2 -1 -1 4.1-2 -4 4 -7
s 3 3011 301 1 1 2 1 2
‘ 2 -2 0 6 2 b

3 1 -1 2 -1 4 2 0 2 3.2 1 2

5. 6 6. |4 2 -1 2| 7 8.2 -1 2 5
0 2 2 2 0 1o 5 302

| 1 -2 1 2

13 -1 :-3]




o 1 3 6 1 -1 2 =37,
9 1 4 1] 10 4 10
s 8 9 4 0 3 0 4
0 1 0 2
Answers
| - [5L o
1. I, p=3 ! 2. L, p=3 | 3. [0 0],p=2
- 12 O_ ) . ,i‘»‘,;ﬂg&&
a. 0 o) P2 5. [1,0],p=3 6. -[139]__,9?} b
L 0] I 0 o
7. ’ ,p=3 8 |7 |, p=3 9. [1,0],p=3 . 10.1,,p=4
| 0 o)'° [0;0} p [50].p L 10w

2.5 Elementary Matrices

Def . A matrix obtained from a unit matrix by a single elementary transformation is called an
elementary matrix (or E-matrix). | _ ;
For example, if we operate R, <> R, , R,—> R,—3R,, R,—> R, +2R, on the unit matrix

1 0 0]

- 0
I,=10 1 0 [, we obtain the following élémentary matrices | ] .
0 0 1] 0

1
, 0
-3

S O~
—_ O O
oS = O
—_ O O

1 0 0]
210
0 01

Notation for e!emen:tary'ma'fi"i‘ces :

(i) E; will dehotg:thé“elementary matrix obtained by intefchanging the i™ and j™ row of a unit
matrix. d

(ii) £ will denote the elementary matrix obtained by interchanging the i™ and /™ column of a ﬁnit
matrix. .

(iii) {E,. (k) will denote the elementary matrix obtained by multiplying the i™ row of a unit matrix by a
non-zero number k. | . |
(iv) F, (k) will denote the elementary matrix obtained by multiplying the i™ column of a unit matrix by

~ anon-zero number .

(v) E, (k) will denote the elementary matrix, obtained by adding to the elements of the i" row of a

unit matrix the products by any number k of the corresponding elements of the 7 row.

You must learn JSrom your past mistakes, but not lean on your past successes. - Denis Waitley
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(vi) F;; (k) will denote the elementary matrix, obtained by adding to the elements of the i column of

a unit matrix the products by any number k of the corresponding elements of the jth column.
Remark : Here it should be noted that matrices obtained by interchanging the i" and j row of a unit

matrix or by interchanging the i and /" column of a unit matrix are same. Therefore, we have

E =F

ij ij
Similarly , we have E (k)= F(k)
But it is very interesting to note that £, (k) = F, (k)
Result 1 : The elementary matrices are non-singular. \%
Proof. We know that there are three type of elementary matrices, namely,

E,, E (k) and E, (k)

i

B,

Now, E; is obtained from identity matrix by interchange of two rows (or cblumns), SO
|E,,|=—|1]|=-1#0 s
: _ Again, E (k) is obtained from identity matrix by multipljix}gtﬁe; ith row (or column) by  &( # 0), so
|E,(k)|=k|1|=k.1=k;t0 .‘
Finally, E,(k) is obtained from identity matfik'- bybmultiplying the jth row (or column), by k£ and then
adding it to ith row (or column) S0, by propertles of determinants, we have | E; (k)| =|/|=1=0.

Hence, elementary matrices are non- smgular

" Result2: Let 4 and B are two matrices of order m S< nand n x p. Then any elementary row operation
applied on 1 the pre- factor of. AB or on the product 4B gives the same result.

Another form of above resu}t LetB= PA, where P and 4 are the matrices conformable for
multiplication. If aﬁy eleméntary row operation is applied on B then on the right hand side it will be
‘applied.on pre-factor P only.

Result 3 If A is'an m x n matrix and E an elementary row matrix of order m, then EA is the same as
»the matnx obtamed from A by applying the elementary row operation to which E corresponds.
Result 4: Let A and B are two matrices of order m x nand n x p. Then any elementary column
oper_atlon applied on thf; post-factor of AB or on the product AB gives the same result.

Result S : If 4 is an m x » matrix and F an elementary column matrix of order », then AF is the same
as the matrix obtained from 4 by applying the elementary column operations to which F corresponds.

Result 6 : The inverse of any elementary matrix is also an elementary matrix of same type.

Your habits will determine your qimlity of life.

— — s
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Result 7 : Inverse of elementary matrices :

@ E'=E, (i) g,f'(k)=5,(%j (iii) Ej' (k)= E,(~k)
ORI G N CR ACRATH

Result 8 : Two matrlces A.and B are equivalent if and only if there exist non-smgular matrices P and
A
Q such that PAQ = - B. , P Y
{' DT ‘?‘
Proof: Let4 and B be equivalent. Then, B can be obtained from 4 by applying i in successwn a ﬁrﬁ‘?e

number of row and column operations. Let E,, E,.,......, E, ; F, F,,......, F, be the elementary matnces

corresponding to the row and column operatlons which reduce 4 to B. Since each elementary row

(column) operation of a matrix can be brought about by pre-multlphcatlon (post multlphcatlon) with

the corresponding elementary matrix, therefore, we have &7
E E,E, AF, Fy couuu.... F.=B

p seseeeene

=  PAQ=B where P=E,...EE, and Q=F F,..; F‘xf"

P and Q are non-singular matrices since the elementary matrices are non-smgular and product of non-
singular matrices is non-singular.

Cor 1: If 4 is an m x n matrix of rank r, then there exist non-singular matrices P and Q of order m and

I, O
n respectively, such that PAQ = [(; O]

. I, O
Proof : Since 4 is of rank r, 4 is equivalent to the matrix [0’ O] in the normal form.

e I, O
..there exists non-singular;mat-rices P and Q of order m and n respectively, such that PAQ = I:(; Oj| .

Cor.2: Ifdisa squa;e non-singular matrix of order » then, there exist non-singular matrices P and
O such that PAQ =1,.. _
Proof : Since every matrix is equivalent to its normal fo.rm so A is equivalent to 7,
. There exist non-singular matrices P and Q (as in the above theorem) such that PAQ = I,
mCor.» 3 : Every non-singular matrix can be expressed as a product of elementary matrices.
Proof: LetAbea non-singular matrix of order ».
. there exists non-singular matrices P and Q (by above theorem) such that PAQ = I,
Let P=EE,....E, and Q=FF,...F, where E,E,,.. ,E, and F,F,..,F, are elementary

matrices.

Thus, EE,..E A FF,..F.=1

All leaders are readers. - Jim Rohn
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= A=E . .EE'F.F'F"
= A is the product of elementary matrices since the inverse of an elementary matrix is an

elementary matrix.

Cor. 4 : (i) If 4 is non-singular, then p(4B)-=p(B) and p(B4) = p(B).
(ii) If P and Q are non-singular, then p(PAQ)=p(4).

Proof: (i) Every non-singular matrix can be expressed as the product of elementary matnges A§Lso, i
elementary row (column) operations are equivalent to pre-multiplication (post multlpllcatlorf) ‘with the
corresponding elementary matrices and elementary matrices do not alter the: \ghank of a matrlx Hence,
the result.

(ii) Directly follows from part (i).

Result 9 : The rank of the product of two matrices cannot exceed the rank of either matrix.

ie., o p(4B) < p(4) and p(AB) ( ).

Working rule to express a non-singular matrix as a product of elementary matrices :

(i)  First reduce the. glven matrix 4 into the unit matrix by using elementary row operations and
elemenfary column operations. . _ '

(ii) Suppose E\, B3y ... , E, are the eleihentary matrices corresponding to the elementary row
operatlons which are applled in, successwn in above step (i). Similarly let F, F,,....... ,F, be the
elementary matrices correspondmg to the elementary column operations which are applied in
succession in above step (i).

(i) Thenwecanwrite I, =(E,..,E)A(F, FiF) o (1)

Here it sh_(_)uldib;é“ﬁot_ed that the matrices E,'s are written in reverse order on left of 4 and the
matriceg ,;'F,;’s‘a__re written in direct order on right of 4.
o v'[s 4 ‘
(iv) #By (1), we have

1

(E iy EY' I (F, FywsinF)" = (B, By E) " (E, . ByE,) A (F Fy....F,) (F, FyF,)

You can turn negative consequences into positive rewards simply by changing your habits now.

m—
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1

Example 1 : Express 4=| -1

2

Solution : The given matrix is
Operating R,— R, +2R, ,

Operating R, ~> R,+R, ,

Operating R, <> R, ,

Operating R, > R, -2R,,

Operating C, »C,-7C, ,.

Operating R3 = — % R,,

2

1
2 | as the product of elementary matrices.

12 1
A4={-1 0o 2
2 1 3
12 1
A~[-1 0 2
0 7

.- 2 1

A~ 0 2 3

17

10 0
A~ 1 7
| 0 -11
! 0 0
A~ 0 1 0
0 0 -1l
(1 0 0
A~[0 1 0
(0 0 1

*~We note that applying the elementary operations

R3,2(2) ’ RZ,I(I)’ C2,I(_2)’ C3'|(—-1), R2,3a R3,2 (—2), Cs,z("'7) ’ Rs ("LJ

we can reduce 4 to 1.

If E,,(2), E, (), F,(=2), F,(-1), E,, E,,(-2), F,,(-7), E{_IITJ are the cbrresponding

elementary matrices then

11

Remember, if you want a different result, do something different.
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I “[EH) Ey(-2) By By() En(z)} A [ B2 By-D) Fa-7)]
= A=|:E3(_%) E32 ("2) Ezs EZl(l) E32(2)i| I:FZI(_z) FZ&]("I) Fsz("7) ]—l

= 4=(E,@)" (E,0)" (E,)" (En( 2))" [ (‘Il'i)) (Fa-7)" (Fa,('-‘l))" (@,(;2).\)*';3»_

= 4= Ey(-2) Ey(-D) Ey En(2) Ey(-11) Fy(D) Fy(D) Fy(2)
1 0 oJ[ 1 0 0] [100] [100][gt 0 70
= 4= 0 1 Off-1 1 0 00 1 010 0., 10
0 -2 1 0 0 1 0 10 0 2 1 0 0 -11
1 00 1 0 1 1 20
017 010 010
0 01 0 0 1 0 0 1
Working Rule to find P and Q so that PAQ is in normal@form :
(1) If A isa mxn matrix then we write 4= [,,A4 I, L ¢}

where I, and I, denotes the ldentlty matrices of order m and n respectively.

(i) Check theentry g, . If ay, # 0 , its okay but if a;1 =0, then make it non-zero by suitable
row operations or column operations. Any row operation which is applied on L.H.S. of (1) is
also to be applied on pre — factor I, of RH.S. of 1). Similarly any column operation which is
applied on L.H.S. of (1)is also io be applied on post factor I, of R.H.S.

(iii) Make q,, equalété‘-il_ bj? ﬁii;ltiplying first row by -;1— and apply the same row operation on the

1
pre-factor of R H S

(1v) Make O’s below ay by applying row operation and apply the same row operation on pre-factor
of R. H S

(V) Make O’S on the right of a;; by applying column operations and apply the same column

operatlons on the post factor of R.H.S.

Evetyday is a gift, that is why it is called the present
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(vi) Repeat the above process on a,, , @y 5.o.n.... until all non — diagonal elements on the L.H.S.

. I O : .
become zero and suppose we have obtained { C; o :l = P A Q and then r is the rank of the

matrix 4.

Example 2 : Find the non-singular matrices P and Q such that PAQ is in the normal form, where

N

Pi
AP

]
4 ‘(

0
0

1 2 3 =2
A=12 =2 1 3
3 0 4 1
J1 2 3 =2 ;
Solution: A = (2 .-2 1 3 [ the matrix A is of order 3x4 , so we cgnsidgrfffi' - A
30 4 1)
1 2 3 =2 1 ?2“’3’
A=LAL e |2 =21 3|=1/0 01 0
3.0 4 1 0
| 0 01
Operating R, > R, +(-=2)R, , R, > R, +(-3)R,, we get
1 2 3 =2 00 (1) (1) g 8
0 -6 =5 7 1 0| 4 0010
0 -6 =5 7 0 1
0 0 01
Operating R, = R, +(-1)R, , we get
1 2 3 -2 1 0 0 (1) (1) g g
.}('OA—6—57=—210A0010
10 0 0 O -1 -1 1
| 0 0 01
Operating C, - C, -‘F(—Z)C, , C; > C,+(-3)C,, C, > C,+2C, , we get
1 0 0 0 1 0 0 (1) "12 _03 3
0_6_57=—210A0'010
0 0 0 O 1' -1 1
0 0 0 1
1 Lo
1 100 0] 1 00 f
Operating Cz—>(——6—JC2,weget 01 -5 7(=|-2 1 0]4]0 oy 0
0 0 0

l-

To the world you may be one person, but to one person you may be the world. - Paulette Mitchell
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Operating C; - C;+5C,, C, = C,+(-7)C,

o4 1
1000 1 00 31 273 I, : O
01 00[=|2 1of40 = = 2| = |. = P4Q
0000 |- -11 |o 0 1 o 0 : 0 |
0 0 0 1]
-l'l_l.'_i_l-
173 T3 73
we =l 10|, =0 L 32 A L
were‘l. , s "% %
-1 - 0 0 1 0
0 0 0o 1|

Exercise 2. 5
1. Find the elementary matrices corresponding to the followmg elementary operations. Also find the

inverse of the elementary matrices and verify your answer.

HR, DR )R WG MGE) )G
2. Express the following matnces as,a product the elementary matrices

1 2 -1 w38 3 1 21 1 -1 -1

1] 2 5 -2 (11) 1 43 Ggi) |3 1 2 ivy|4 2 2

1 2 1 1 3 4 01 2 2 2 0

3. For the following ﬁnd non-smgular matrices P and Q such that PAQ is in normal form and hence
determine the rank of A i

' 1 1 1 1 1 2
(1) 2 2 —6 - 1 2 -1 divl1 -1 -1 il 2 3
. 11 111 - . A\
L. 2 2 3 4 1 :
31 1 0 -1 -1
1
2. -1 5 1 2 -1 2 ! 5 2
5 1 4 -2 | )| 1 5 -2 3 (vii) L Dy 3 3
1 -4 11 -19 1 2 1 2 e T
1 1 2 3

What 'have you done today to help you reach your lifelong goals? - Brain Tracy

—— —
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Answers

0 0 -1]]1
0}010 0
2|0 0 1]]0

0

1

0

0 011 o 0][1 0 01 0
Gi)[3 1 o|{o -5 oflo 1 o][0 1
0 1flo o 1J[0 1 1f[0 0
(iv) ‘
1 0 0]t o o]ft o 0][1 0 0][1
41 0|lo 1 ofl|lo 6 ofl|lo 1 0|]0
00 1|2 0 1]|lo o 1]{lo 4 1]]0

3. Although the matrices P and Q are not unique here we are giving one of the answers

1 -1/3 8/3
) 1/2 0 :
() P= g and Q=0 1/3 1/3|; p(4)=2
0 0 1
Lo 1 -2 -3
i) P= d o=|0 "1 2|; pA)=2
) [3/2 —1/2} and € | P
0.0 1
[ 1 0 O 1 -1 0
(i) P= | 1/2 -1/2 0 [and Q=|0 1 =-1|; p(4)=2
-2 -1 1 0 0 1
(10 0 1 -1 -1 ,
(ivyP={-1 1 0|and Q=0 1 =-1|; p(d)=2
[-1 11 0 0 1
(0 0 : (1) ‘11//77 9/11/179 9/12/177
(v P=|0 1/3 -5/3| and Q= o o0 -7 o ; p(A) =2
1 -2/3 1/3 B
- 0 0 0 1/31
SR 1 =2/3 1/3 -4/3
vi) P=| -1 1 and Q= g /3 173 _10/3 : p(A) =3
| -1/2 0 1/2 f c
100 0 1

The only way to discover the limits of the possible is to go beyond them into the impo;vsible. - Arthur C. Clark
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1 0 0 0 1 -1 -1/3 -3/4
(vii) P 1/3 0 -1/3 0 i 0 0 1 -5/3 -3/4 (A) 3
vii) P = an = 3 =
5/16 —-3/16: -1/8 0 o0 1 -3/4|"F
-1 0 0 1 0 0 0 1

P
AV 4

You cannot have everything, but you can try.
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3.1 System of linear equations

System of non-homogeneous linéar equations : Consider a system of m linear non-homogeneous

equations in 7 unknowns xi, X2,..:....... s Xn
'v“/
apX, +ap%, F s +a,x, =b
Ay Xy F+ Ay Xy Fereerenenen +a,,x, =b, T
...................................................... r nen(1)F
X F Qin Xy F s +a,,x,=b, |

This system can be written as a single matrix equation AX= B

4 G e G, X
: a a X.
: a9 2 2
where A= " , X=1. , B=
Ay Quy e Gy mxn Xy ,,,'('15::,” ‘ mxl

The matrix A4 is called the co-efficient matrix of the system of equat1ons (1). Any set of values of
b A ,x, which simultaneously satlsfy all these equatlons is called a solution of system (1).
When the system of equations has one or .more solhtlons the equations are said to be consistent,

otherwise they are said to be inconsistent..

( a, Ay a,, b,
G Gy e Gy b,
The matrix [4:B] =| ..ol .. wee oo 1, ... | is called the Augmented matrix of the given
| G ;::4",.2 Qin b, |
system.
Resultsi:

¥

4 The sy§;te;n "of linear equations AX = B is consistent i.e., possesses a solution if and only if the

; co-efﬁc1ent matrix A and the augmented matrix [4 : B] are of the same rank.
2. j’-;’,If 4 be an n x n square matrix and X and B be n x 1 matrices then the system of equations

- AX'= B possesses a unique solution if the matrix 4 is non-singular (i.e., if. 4™ exists).

Believe you will be successful and you will. - Dale Carnegie

e




2

3. | Working rule for finding a solution of a system of non-hsmogeneous linear eqnations AX=B:
Write the augmented matrix [4 : B] and reduce it to row echelon form to find the rank of [4 : B]

and 4. Now |
(i) If p[A4:B]# p(4), the system of equations is inconsistent.

- (ii) If p[4: B]= p(4) = number of unknowns, the system is consistent and has a unique, solution.
- (iii) If p[4: B]= p(4) < number of unknowns , the system is consistent and has an infinite humber

of solutions. In thls case if there are n unknowns and p(A)=r, then by gwmg arbltrary ya‘lues t0

n — r unknowns, we get the values of r unknowns ' ) T o

Exercise 3.1
1. (i) Show that the system of eqnatio/ns R,
2x+6y+11=0 , 6x+20y—62+3=0 , 6y—18z+1=0 isnot Consistent.
(ii) Solve the equations : S : A\
x+y+2z+w=5, 2x+3y—-z-2w=2 , 4x+5y§+3z -i7
(iii) Check whether the following system equations is ‘éonmstent or not :
2x - y+z 4 , 3x-y+z=6 , 4x- y+22 7 , =X+y-2z=9

2. Check the consistency of the following system" of equatlons and find the solution if it is consistent :

() 2x-3y+z=9, x+y+z=6, X= y+z 2

(ii) 4x+3y+2z=—7 2x+y 4z-— '_;;1‘,%, x+2y+z—1 :

(ii) x+2y+3z+4t =0, 2x+3y+4z=1, 3x+4y+t=2 , dx+z+2=3
3. Check the consistency of the folloWing system of equations and solve if it is consistent :

(i) x+3y-z=4 2x+y+z 7 , 2x—4y+4z=6 , 3x+4y=11

(i) x-4y-3z ;-—16 2x+7y+122 48, 4x-y+62z=16 , 5x-5y+3z=0

(iii) 2x - y+3z 3 , X+2y-z-5w=4 , x+3y-2z-Tw=5
4. For what values of a and b do the system of equationg

| " Xx+y+5z=0, x+2y+3az=b, x+3y+az=1

have (i) no solution (ii) unique solution  (iii) infinitely many solutions.

5. For what value of a and b do the system of equations
X+2y+3z=6, x+3y+5z=9, 2x+5y+az=>bhave

(i) no solution (ii) a unique solution (iii) more than one solution?

6. Investigate the values of A and p so that the equations .
2x+3y+52z=9, Tx+3y-2z=8, 2x+3y+Az=u have

(i) no solution (ii) a unique solution (iii) an infinite number solution.

A man has two names: the one he is born with and the one that he makes Sor himself.
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7. For what value of A, the equations x+y+z=1, x+2y+4z=1, x+4y+10z=1° havea

solution and solve them completely in each case.

8. Show that the equations —2x+y+z=a, x-2y+z=b, x+ y—2z=c have no solution unless

a+b+c=0 in which case they have infinitely many solutions. Find the solution when |

‘35f§§z i 6)';

a=lL,b=1lc=-2,

, 1 =2 =-1](x][-1
9. For what value of A, does the system 3 -1 2 y 1 | has
0 1 Az 1

/

(i) no solution  (ii) unique solution  (iii) More than one solution N
10.Solve the system of equations Ax+2y-2z=1, 4x+2iy-z=2, . 6x+ 6y+ Az =3 considering
specially the case when . = 2. {

11. Determine whether each of the following systems is linear :

(@) 3x—4y+2yz=8 (b) ex+3y=n (o) 2x-3y+hke=4
12. Solve:(a) mx=2. (b) 3x+2=5x+7—2x () 6x+2-4x=5+2x-3
13. Solve each of the following systems : al | :
(a) 2x+3y=I (b) 4x-2y=5" (c) 2x-4=3y (d) 2x-4y=10
Sx+7y=3 ~6x +3y=1 5y—x=5 3x—6y=15
14. Consider f;zich of the followiq’gﬁ systems iﬁtunknowns xand y:
(@) x-ay=1 (b) ”axl+3vy=2 (c) x+ay=3
ax—4y=>b 12x+ay=b 2x+5y=b

For which values of af:qaéézvééch' system have a unique solution, and for which pairs of values (a, b)

does each system have more than one solution ?

15. Solve: ™ _
- (a);;{’h}x.gg,.y'+zz=4 (b) x-2y+3z=2 (c) x+2y+3z=3
U 2%%3y+62=10 2x—3y+8z=7 2x+3y+8z=4
 3x+6y+10z=17 3x-4y+13z=8 Sx+8y+19z=11
16. Solve :
(@ x-2y=S5 (b) x+2y-3z+2t=2 (€) x+2y+4z-5t=3
2x+3y=3 2x+5y—-8z-6t=5 3x-y+5z+2t=4
3x+2y=7 : 3x+4y-5z+2t=4 Sx-4y+6z+9t=2

Take a risk - jump out of your comfort zone!




17. Solve:
(@) 2x-y—-4z=2 (b) x+2y-z+3t=3
4x—2y—62z=5 2x+4y+4z+3t=9
6x-3y—8z=8 3x+6y—z+8t=10
18. Consider each of the following systems in unknowps x, y, z
(@ x-2y=1 (b)) x+2y+2z=1 (c) x+y+az=1 )
x—-y+az=2 S B x+ay+3z=3 x+ay+z=4 ya ;»%‘
ay+9z=b ' x+1ly+az=b ax+y+z= =BY | n‘é

For which values of a does the system have a umque solution, and for which pairs. of values (a, b)

does the system have more than one solution ? The value of b does not have any/effect on whether

N o o

the system has a unique solution. Why‘7 ,\QJ :
19. Write v as a linear combination of u,, u,, u, , where : i }'7-‘;“‘: 5 «

(@ v=(4,-92), u,=(1,2,-1), u,=(1,4,2), u,=(1,-3,2); »

(b) v= (la 3’2), u= (1, 2, 1)9 U, = (2’ 6, 5), U, = (ls 7, 8) ;

© v=(1,4,6), u=>1,1,2), =235, u=3,58)

Answers
1. (ii) Inconsistent system (iii) Incqpei‘gféqt .
4 e S 3T s 3

2. () x=11, y=2, z=-T7 ()x=-—, y==, z=——

Wx=1l, y=2, 2 s e ,

9 1 Bty

=—, ==, = —— t=—‘-_f—

W) x=1p Y= 2= T

. 17 4 1.3 9,16 6, 16
3.(0) x=—=—= ===z i) x=—=k+—, =——k+—, z=k

W x=7-3% y_s«s‘f'= W) x==Skt3 ys-ghag, =

(iii) x=2-% +k2, :y L 1+k +2k2, z=k1, w=k, '
4. (i) a=1, b;ﬁ% (11) a#l, bis aIbltrary (iii)) a =1, b=%

() a=8,b#15 (ii) a#8, b may have any value (iii)) a=8, b=15

) A=5 p#9 (i) A #5,u arbitrary (i) A=5, p=9

‘ForA=1; x=1+2k, y=-3k, z=k ,for A=2; x=2k, y=1-3k, z=k%

8. x=z-1, y=z-1 9. (i) A =1, (ii) A # 1 (iii) More than one solution is not possible.
10. x=-1?:-—k, y=k,z=0

11. (a) no, (b) yes, (c) linearx, y, z, not linear in x, y, z, &

Success comes from having dreams that are bigger than your fears. - Terry Litwiller
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12. (a) ng , (b) no solution, (c) every scalar k is a solution.
n
13. (@) (2,-1), - (b) no solution, ©) (5, 2), d (5+2a,a)
14. () a#12,(2,2),(-2,-2), (b) a=16,(6,4),(-6,-4), © a *%G(’J

15. (a) (2,1,—;-);_ (b) no solution, © u=(-7a-1,2a+2,a).

16. (@) (3,-1), - (b) u'-—-(—-a, 1+2a,4a,0), (c) no solution

17f (a) u=(%av+2, a,%), (b) u=(—;—(7—-5b—4a),a,%(1+b),b)

18.@ a5, O avsadas G,

() a#1 and a#-2,(-2,-5) -
19, (a) 2,1, 3 ®) 4,-2,1 (g), not possible

W

o1
i
't‘iﬁ‘fm

System of homogeneous linear equations :

Consider a system of m homogeneous linear equations in » unknowns

AXy + By oenih @), X, = 0
Ay Xy + Xy Feererierenn+ 8y, %, =0
............................ rrerrereesnenenesaenes (1)
X F By Xy F e, +a,,x,=0|
This system can be written as a single matrix equation4AX=0 ... ()
{%i
® Lo A % e O 1 0
&l ay Ay .. o a X. 0
:'1’< Whe: A,= 21 22 2n , X = '2 , 0 =

i R ;

m2 e G mxn Xn nx1 ) mx1

The nﬁatrix A is called the co-efficient matrix of the system of equations (1).
Obvidusly' x, =0, x, =0,....... ,x, =0 ie, X =0 is always a solution of system (1). it is called a

trivial (or obvious) solution of system (1).

Man is not the creature of circumstances; circumstances are the creatures of man. - Benjamin Disraeli




"~ Results :

.~ 1. Since zero solution is always a solution of a homogeneous system so the system of homogeneous
linear equations is always consistent.
2. Linear combination of solutions of a homogeneous system is also a solution.

Suppose X; and X; are two solutions of (2). Then their linear combination kX, +k,X, is also a

solution of (2), where k; and & are any arbitrary numbers. Since X; and X; are solutions of (2), g
%

AX,=0 and AX,=0 = A(kX,+kX,)=kAX, +kAX, = k(O)+k(0)=0 i, |

£8 &
EYT
R

Hence k, X, +k, X, is also a solution of (2).

Remark : Linear combmatlon of solutlons of a non-homogeneous system need not be a solutlon

3. A homogeneous system of n linepr equations in » unknowns , whose determmant of co- efﬁ01ents

does not vanish, has only trivial solution. ' o '

| 4. A system of m homogeneous equations in » unknowns has a solutlon other than trivial solutlon if
and only if rank » of the coefficient matrix A4 is less than n, the number of unknowns .

5. The number of linearly independent solutions of m homogeneous lmear equations in »n variables

AX=0 is(n-r), where r is the rank of the matrix A )

6. Working rule for finding the solution of the system of homogeneous equation AX=0:
Reduce the coefficient matrix 4 to echelon form by applying elementary row transfonnatlons only
and find the rank of the matrix 4. Let it be'r then |

() If p(A)=n, the number of unknowns, Athen zero solutlon (trivial solution) is the only solutlon

Nl

(i) If p(4) <n, the number of unknowns, then the system will havé infinitely many solutions of

which (n - r) solutions are 11near1y independent. These linearly independent solutions are obtained-
by giving arbitrary values to (n r) unknowns and solving for remaining » unknowns.

7. Dimension of solutlon space of the homogeneous system AX =O is n—r where »n is number of
unknowns and r is the rank of the matrix 4.

[ General solution:of non J= ( Particular solution of non] N ( General solution of corresponding)
homogeneous system homogeneous system homogeneous system

Remark : The set of all solutions of a non-homogeneous system does not form a vector space and
- therefore, there is no question of its basis and dimension.

9. In a homogeneous system, .

(i) If no. of variables > no. of equations, then the system has infinitely many solutions.

(ii) If no. of variables < no. of equations, then the system has either unique or infinitely many
solutions.

Proof : (i) Let AX =0 be a system such that 4 is an mxn matrix, where n>m. Then,

r=rank of 4 <min{m,n}=m<n

We will either find a way or make one. - Hannibal
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= n-r>0 = n-r2l = system has atleast 1 free variable
=  system has ix}ﬁnitely many solutions.
(ii) Let AX =0 be a system such that 4 is an mxn matrix, where n<m,
then r =rank of A <min{m,n}=n = n-rz0.
If n—r =0, then there is no free variable and hence system has a unique solution i.e.,
x=0,y=0, z =0 (only trivial solution)
If n—r >0, then there is atleast 1 free variable and hence the system has infinitely :r‘tiié.'ﬁ){usdliitiohs.
10. In a non-homogeneous system, \
(1) If no. of variables > no. of equations, then the system has either no solutlon or ulﬁrutely many
solutions.
(ii) If no. of varlables < no. of equations, then the system may have no solutxon umque solution or
infinitely many solutions. v R
11. (i) If AY =0 has infinitely many solutions, then AX. = B has elther no solution (if relation is not
malntamed) or infinitely many solutions (if relatlon 1s malntalned)
(ii) If AX =0 has a unique solution, then AX = B has elther unique solution or no solution.
| Exercnse 3.2

1. Solve the following system of equatlons and show they can have only trivial solution:

(i) x-y+z=0 4 (i) x-y+z=0
Xx+2y-z=0 sl =3x+y-4z=0
2x+y+3z=0 . ' Tx-3y-9z=0

| ' _ 4x-2y+5z=0
2. Solve the followiné systemof eeuations :

@) X— y+22 3w 0 (i) - x+2x,+x,+x,=0
3x+2y *4z+w 0 3x, +2x, +3x;~4x, =0

4x 2y+9w 0 4x,+x,-x,=0

3 Solve the following system of equations completely :

i) 3x-y-z+2w=0 (ii) x-2y+z-w=0 (i) 4x+2y+z+3u=0
—6x-2y+2z+4w=0 x+y-2z+3w=0 6x+3y+4z+Tu=0
12x+3y—4z-6w=0 4x+y—-5z+8w=0 2x+y+u=0

Sx-Ty+2z-w=0

Things do not change - we change. - Henry David Thoreau




4. (i) Find the value of & such that the system of equations x+ky+3z = O, 4x+3y+kz=0,
2x+y+2z=0 hasa ﬁon-trivial solution.
(ii) Find the value of & such that the system of equations
' (3k—8)x-+3y+3z =0
3x+(Bk-8)y+3z=0

3x+3y+(Bk-8)z=0 g : 1"":;;%
has a non-trivial solution. ' o U v

5. Find the dimension and a basis of the general solution /¥ of each of the following hgﬁlogéﬁeous

systems : ' e ! SN Y
(@) x—y+2z=0 " (b) x+2y-3z=0 (©) x+2y+3z+t=0
2x+y+2z=0 2x=5y+2z=0 ;,~j2'x','-i-_:4;)'iilf‘;7z+4t=0
Sx+y+42=0 x-y-dz=0 . 3446y +102+50=0
6. Find the dimension and a basis of the general solution Wofeach of fhe following systems :
() x, +3%, +2x, —x, —x;=0 (b) 2;, —’:1x2 +3x, —x, +2x,=0
2x,+6x, +5x, + x, —x;=0 3?x"’,'—6x2+5x3-2x,,+4x5=0‘
5% +15x, +12x; +x, =3x,=0 k4 5x, —=10x, + 7x, —3x, +18x,=0
"7 Answers
1. () x=y=2z=0 (ii) x=y=z=0
2. () x=k, y= 123/«, z =%k w=k (i) = -%k, %= —%k, % = -f-:-k, x, =k
3. () x=k, Cy=ky zSk, w=ik
3 2

(ii) x =k '—%kz’, y=k —%kz, z=k, w=k,

(i) x=k, u=k,, y=—2k—k, z=—k,
9 11 2
4. i k=0,— 11 k:— —_
@) 5 (ii) 3 or 3
5.(a) dimW =1, =(-1,1,1)  (b) dimW =0, no basis, (c) dimW =2,u4,=(-2,1,0,0), u,=(5,0,-2,1)
6. (a) dimW=3,u4,=(-3,1,0,0,0), u,=(7,0,-3,1,0), 4,=(3,0,-1,0 1)
() dimW =2, u=(2, 1,0,0,0), u,=(-12,0, 12, 14, 1)

ImaéinatiOn is more important than knowledge. -Albert Einstein
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4.1 Vector Space (Definition and Examples)

Def . Vector Space : Let F be a field. A non empty set V together with two binary operations called
vector addition “+’ (internal composition in V) and scalar multiplication ‘.’ (external composition in
VoverF),is called a vector space over the field F , if following axioms are satisfied :
I. V is-an additive abelian group : |

(i) Visclosed under addition: w+veV forall u,veV.

(ii) Associativity : w+(v+w)=(u+v)+w forall u, v, weV Sy
- (iii) Existence of additive identity : There exists an element 0 eV éuch h}gt_ u+0=u=0+u
forall v e V. This element ‘0’ is called zero vector.
(iv) Existence of additive inverse : Foreach u eV , there exist an element v € V such that
u+v=0=v+u.v is called additive inverse of # and is geQOtgad?b:y f-u’
(v) Commutativity : u+v=v+u forall u;veV. | % ‘ |
II. Vis closed under scalar multiplication: aueV fot';:‘ avll‘ "Zz' .e F,ueV.
III. Scalar multiplication satisfies the following properties

(i) au+v)=au+av forallu,veV, a EF )

(ii) (a+bu=au+bu forall a, be F u e V

(iii) (ab)u=a(bu) forall a, b ek, ueV

(iv) lLu=u for all ueV Whe_re. t 1’ is the multiplicative identity of F.
We, then , write that V' is ajveé,tpr space over F or V(F) isa vector space.
Remarks : . ;
1 . The elements of V are called vectors and the elements of F are called scalars.
2. Here, by the word vector , we do not mean a quantity having magnitude and direction both.
Smnlarly, byrthe word ‘scalar’ , we do not mean a quantity having magnitude only and no direction,
These two defimuons of vector and scalar are commonly used in physics and applied mathematics. In
a vcctor.space V(F), by the word ‘vector’, we just mean the elements of V and by the word
‘scaiér’ , we just mean the elements of F.
3. Inall, a vector space has ten properties. We have divided these ten properties into three parts. In
part I, we have five properties of additive abelian group , in part I we have one property that scalar

multiplicatidn is closed and in part III, we have four properties of scalar multiplication.

. ‘We must never be afraid to go too far, for success lies just beyond. -Marcel Proust
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Properties of vector space': If 0 denotes the zero element of F and 0 denotes the zero element of

vector space V over F, then |

) a0 =0 forall aéF

(i) 0u=0 for all ueV

(iii) (-)u = —u forall ueV |

(iv) a(-u)=—(au)=(-a)u forall aeF and ueV ' A
4

(v) a(u-v)=au—-av forall aeFand u,veV

.
(vi) au=0 = a=0 or u=0 | | | ¢
(vii) au=bu and u#0 = a=b .
(viii) au=av and a=0 = ‘u=v. “‘

Exercise 4.1
1. (Number system) : Which of the following are vector Spaces | s
() z(z) | (i) Q(2) ' '\':-,-»(m) R(Z) " (iv) C(2)
™ 2@ o) Q@ . o) RQ) vii) €(Q)
(ix) Z(R) ®) QR) xi) R(R) (xii) C(R)
(xiii) Z(C) (xiv) Q(C) (xv) R(C) " (xvi) C(C)
2. (n-tuples) : Show that the following are the vector spaces :
@ C'(C) A c*(’“) (i) C"(Q)
@) R'(R) »:z.wj“"‘:() 2 (0) v Q'(Q)

Notation : M, (,FS) {[a,j] a,eF } Set of all mx n matrices whose entries are from F.

3. (Ma“friceS) Show that the following are the vector spaces :.

(i) M ( ) over C (i) M,,,(C) over R (iii) M,,,(C) over Q
(1v) ,,,,,( ) over R ) M, ,(R) over Q vi) M, ,(Q) over Q -
Notation : P,(F)= {ao +ax+....+a,x":a, € Fand n is a fixed non negative integer}

= Set of all polynomials of degree atmost » with coefficients from F and the zero

polynomial.

They can because they think they can. -Virgil
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4. (Polynomials of degree atmost n) :_Show that the following are the vector spaces :

(@ P,(C) over C . (i) P,(C) over R (iii) P,(C) over Q

(iv) P,(R) over R (v) P,(R) over Q (vi) P,(Q) over Q

Notation : P(F)= {ao +aXx+....+a,x":a, € Fand » is any non negative integer} 4
= Set of all polynomials with coefficients from F. | Ay %

5. (All polynomials) : Show that the following are the vector spaces :

@) 'P((C)jover oF (i) P(C) over R (iii) P(C) over Q o

(iv) P(R) over R (v) 'P(R) over Q (vi) P(Q)over @ ..
6. (Fl‘mctiohs) : Show that the set V of all real valued continuous functiohs of x defined on interval

[0,1]isa vector space over the field R of real numbers with respect to -vector addition and scalar
multiplication defined by  (f; + f,)x =f,(x)+ f,(x) forall f : f2 eV
(af))x = af,(x) forall aeR _fl e V
7. (Finite vector spaces) : Show that the following are the :yector spaces :
() Z'overZ, (i) M, ,(Z,)overZ, i ;(iii) P(Z,)overZ,
8. Find the number of elements in the vectogl? Spaces éiven in above question.

9. Write all the elements of following veefqg spaees :

(i) Z5overZ, (i) ZoverZ, (iii) Z2overZ,
(iv) ZjoverZ, P ) M,,(Z,)overz, (vi) M,;(Z,)over Z,
i) B (Z,)overZ, . & ' (viii) B, (Z,)over Z, (ix) P(Z,)overZ,

10, Show that every fieldls aa vector space over itself.

11. Show that everyheld isa a vector space over its subfield .

12. Let R be the set of all positive real numbers. Define the operations of addition and scalar

A, multlphcatlon as: u+v=uy forall u,veR" and au=y" forall ueR* , aeR. Show that
R’ is a vector space over R.

13. Let V= {(a ,b)1a,be R} then show that V is not a vector space over reals under addition

and scalar multiplication defined as in each one of the following cases :

(i) (@,b)+(c,d)=0, b+d) and k(a , b)=(ka , kb)

That which is achieved the most, still has the whole of it’s future yet to be achieved. -Lao Tsu
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(i) (a, b)+(c,d)=(a+c, b+d) and k(a, b)=(0, kb) .A
(iii) (@, b)+(c, d)=(a+c, b+d) and k(a, b)=(ka, d)
) (a,8)+(c, d)=(a+d, b+c) and k(a, b)=(ka, kb)

) (a5)+(c d)=(a+c, b+d) and k(a, b)=(a, b)

i) (a,0)+(c, d)=(0, 0) and k(a, b)=(ka, kb)

(vii) (a, b)+(c, d)=(ac, bd) and k(a, b)=(ka, kb) ,mﬁ:‘yb&
14. Prove that the set of all vectors in a plane over the field of real numbers is a vector spaéé over R }

with respect to vector addition and scalar multiplication.

. ; » X 2 3 P g
15. Prove that the set of all matrices of the form [ y} , where x,y e Cjithe set of complex
—y x Ry, T

numbers , isa vector space over C with respect to matrix addition. and”‘Scala'r multiplication

16. Show that the set Q(\/— ) {a +bJ2:abe Q} is a vector space over Q w1th respect to the

vector addition and scalar multiplication defined as (a +b\/_ ) +(c + d\/_ 2)=(a+c)+(b+ d)\/_

and a(a+ b2 2)=ax +ba2 where a,b,c,d and ¢ are all rational numbers.

17. Show that the set V of all polynomials with constant term 2 over R is not a vector space over R.
Further tell which fixed value can be ass1gned to the constant term so that V can become a vector
space. g H

:

18. Let V be the set of ordered pairé (a, b) ®fteal numbers with addition in ¥ and scalar
multiplication on ¥ defined by (d,b)-i—(c,d):(a +c¢,b+d) and k(a, b)=(ka, 0). Show that ¥/ ;
satisfies all the axioms;-of%q vector space except 1-v=v. Hence this axiom is not a consequence of
the other axioms. .. o,

19. Show that the ax10m u +v “v+uofa vector space can be derived from the other axioms.

The great end of life is not knowledge, but action. -Thomas Henry Huxley
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5.1 Subspaces

Def. Subspace : Let V(F) be a vector space. A non empty subset W of V is said to be a subspace of
Vif W itselfis a vector space over F with the same vector addition and scalar multiplication as for V.
Remarks : ‘ o , ; ‘
1. For every vector space V , the entire space V and zero space {0} are always subspaces of Ve{nd‘ére
called improper subspaces. All subspaces other than these two are called proper subspaces
2. Itisclear that in any subset W of V , associativity of addition , commutat1v1ty of addition and four
properties of scalar multlphcatlon are always satisfied. i.e., out of ten propsrtles Qf a vector space ,
six are always satisfied in every subset. So to prove W a subspace our main emphasis is on the
four remaining properties, namely, closure bf addition, existence of *add:i:’t"i\"e identity , existence of
additive inverse and closure of scalar multiplication.
Def. Linear sum of subspaces Let W, and W; be two subspaces of a vector space V , then linear
sum of W, and W, is denoted by W, + W, and is deﬁned as
Wit Wy = {wm+w, : weW,w, e:,WZ} .
Further a vector space V is said to be linear_sgur'rf ;o_f its subspaces W, and W, if every v €V can be
expressed as v=w,+w, ; w, e W, w, e W,.’
Def . Direct sum of subspaces : ‘A vect'oir‘“spabe/V(F) is said to be direct sum of its two subspaces W,
and W, if every ve V can be uniduely expressed as
v=w+w,; WeW ,wmeW,
We denote the direct sum of Wi‘and Wy by W,@W,.
Def . Disjoint subspaces Let V(F) be a vector space. Two subspaces W; and W, of V are said to
be dxsjomt if thelr 1nte;sect10n is the zero subspace, i.e. W,N'W, = {0}.
Remark By ;wo disjoint sets A and B we mean that thexr intersection is empty. That intuition
should not be ‘mixed up with the definition of disjoint subspaces.
Results : |
1. A'ﬁecéssar'y and sufficient condition for a non empty subset W of a vector space V to be a subspace
of V is that W is closed under addition and scalar multiplication. \ _
2. A necessary and sufﬁcient condition for a non — empty subset W of a vectbr space V(F) to be a

subspace of Visthat au+ve W forall u,veW and aeF.

- You can change the way you feel by changing the way you think.
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3. A necessary and sufficient conditions for a non empty subset W of a vector space V(F) to be a

subspace are : (i) u-veW forallu,veW (i) aueW forallaeF,ueW.

4. A necessary and sufficient condition for a non empty subset W of a vector space V(F) be a

subspace of Visthat au+bve W forallu,veW ; a,beF.

5. The intersection of two subspaces of a vector space V(F) is again a subspace of V(F).

6. The union of two subspaces of a vector space V(F) may not be a subspace of V(F) . p
e.g., Consider the vector space V3(R) where V3 = {(x,y,2): x,y,zeR} thenit can‘begg!égly
checked that W; = {(x, 0, 0): xeR} and W, = {(O , ¥, 0): yeR} are both subspaceofVa,j?
Now consider , W, U'W, = {(x,0,0)0r(0,y, 0) wherex , y&R}

Now (1,0,0) and (0,1, 0) belongs to W,UW, but(1,0,0)+(0, 1 0) (1 1 0) g W,uW,
Hence W, U W, is not closed under addition and so it is not a subspace of V3(R)

7. The union of two subspaces is a subspace iff one is contained in _Lhe other.

8. Linear sum of two subspaces is a subspace. _

9. The necessary and sufficient conditions for a vector space,V(F) to be a direct sum of its subspaces
W, and W, are that i) V=W +W, .3 @) W,nWw, = {0}. ° .

The necessary and sufﬁc1ent condition for a vector space V to be direct sum of i 1ts two subspaces are

that V is linear sum of these two subspaces and they are disjoint. ' .

Exercise 5.1
1. Let V be a vector space"éfi‘len by V= R’={(x,,2) :x,5,z¢€ R} then which of the
followmg are subspaces of V overR?
(i) W= {(x y z) 3x+y z=0,x,y,zeR}
: "s A,
(i) W= {(x_, Vs Qz;{ x+y-z=0,2x+3y-2z=0, x,y,zeR}
(i) 'W

Il

{(x ;\}’,Z)i x+yéO,x,y,zeR}
(iv) W = {(x,y,z):x2+y2+2251, x,y,zeR}

2. Let V be the vector space of all n — square matrices over reals .Which of the following sets of
matrices are subspaces of V.

(i) all scalar matrices (i1) all singular matrices

(iii) all diagonal matrices (iv) all upper triangular matrices

(v) all skew symmetric matrices.

When you believe in yourself and dream big, anything is possible.
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3. Prove that the intersection of any family of subspaces of a vector space is a subspace .
4. Let V=R> be the vector space over R. Prove that W is a vector sub space over R where
={(x,y,2) : ax+by+cz=0; x,y,zeR]}.

OR

Show that any plane passing through the origin is a subspace of R’ : . )

5. Let V(R) be the vector space of all function from R to R (reals). Prove that the fol]owmg subse}s
are the subspaces of V(R) '

(a) set of all odd functions (b) se,t of all even functions (c) set of all contmuous functlons

6. Let V be the vector space of all functions from R to R (reals). Let W and: Wz denotes the

* subspaces of all even functions and all odd functions respectively . Prove that;\V is the direct sum

of Wy and W, | oY

7. Let M 2(R) denotes the vector space of all 2x 2 matrices over reals ‘Determine which of the

following are subspaces of M,, z(R)

i) W= {[z z] :a,b,ceR} ' (11)W {[ :l aeR}'

(i) W = {[g g] :aeR} " )W {g 2] :a,beR}

W)W = {AeM,,R) :A’=A] Vi)W = {AeM,,R) : A*=1}

il

il

(Vi) W = {A eM,,(R) : A is sisgular}' '.

8. Let P,(x) denotes the vector space of all polynomials of degree at the most 4 over the field of real
numbers. Determme "WAh:ic.h‘-lof the following are subspaces of P,(x)

M W= {f(x) “c%stam term of f(x)= 1} )W = {f(x): deg f(x)=2]}

(i) W =, { /(%) : deg f(x)<2} © GVW = {f(x): coeff. of x in f(x) is zero)

v) W"— {f (x) fQ)y=f4)=0} ’ (vi) W = {f(x): constant term of f(x) = 0}

9. In:the vector space V =R?(R). Consider W, ={(,0) :xeR}, W,={0, x) : xeR},
W, ={(x, x) : xeR}.Prove that W, W,, W3 are subspaces of R (R) and prove that

i V= Wew, i) V= Weow, '

We cannot discover new oceans until we have the courage to lose sight of the shore. -Muriel Chen
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10. Let V be a vector space given by : V = R? =.{(x ,V,2):X,Y,2€ R}. Which of the following

are subspaces of V over R ?

() W={(x,y,2): x-3y+4z=0,x,y,zeR} () W= {(x,2y,32): x,y,zeR}

(iii) W = {(x, x,x): xeR} , vy W= {(x,y,2): x,y,2zeQ}

VW= {(x,y,2): x20,x,y,zeR} V) W= {(x,y,2):x=0x,y, zeR}

11. Let V be a vector space of polynomials of degree < 6. Which of the following are subspg_ges f V2
Here f(x)eV :

0 W= {f(x):f(0)=1} () W= {f(x) : degf (x)s4}

(i) W = {f(x) = f (l)=0 f (3):_9} vy W = { f(x) : cqé‘fﬁciéét‘bf,ﬁcz is1or —1}
(v) W = {f(x) : having positive coefficient}
12. If a vector spaceV is the set of all real valued continuous functions over-R, then show that the set

2
W of solutions of differential equations 3%— Z +2y =0 is a'subspace of V.

13. Give an example to show that the linear sum of twa sdbspieees"need not be always the direct sum .
.14, Let V' be the vector space of all nxn real matrlces Let W, and W, be the set of all nxn real
symmetric and skew-symmetric matrices respecnvely -Then prove that

| (i) W, isasubspace of V. ;

(i) W, is a subspace of V.

(iii) V=W, @ W,.

The best way to predict your future is to create it.
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SCQ ' X, = 2%, —2x; +3x, =0 has
(a) no solution
1. Under which one of the following condition (b) only one solution (0,0,0,0)
does the system of equations (c) infinite number of solutions
1 2 4 x 6_’ ‘ (d) only two solutions
=| 4
212 Y - 7. The system of equations
1 2 a-4] |z aJ ¥—y+3z=4
have a unique solution ? ' : x+z=2
(@) forall aeR (b) a=38 Xx+y-z=0
(c)forall aeZ - (d) a#8 (a) a unique solution
) . (b) finitely many solutlorgg
2. The system of equations (c) infinitely many ¢ solutlons
Sxty+z=l (d) no solution
2x+3y~z=5 o
x+2y-kz=4 g 8. Consider the"e'quation AX = B, where
where % R, has an infinite number of A= —1.,, " 2' and B= 3 then
solutions for ' | 2, 3»—1 ’
(@ k=0 1 () k=2 () k3 (a) the equation has no solution.
(CSIR NET Dec 2012)

(b) [ ] is a solution of the equation

3. What is the dimension of the vector space

formed by the solution of the system ofthe ) (c) there exists a non-zero unique solution
following equations ? . (d) the equation has infinitely many solution

X +x,+x=0 .
9. The system of the equations

X +2x,=0 . :‘ omp o 2x+y=5
-’szx3=0 x=-3y=-1
() 1 (b) 2 ©3 (d)0 3x+4y =k is consistent, when kis
(@)1 (b)2 OF (d) 10

4, If the system of equatlons x-2y-3z=1,
(p+2)z=3,@p+1)y +z= is inconsistent, 10, The value of « for which the system of

then what 18 the*\iglué'of p” equation
%y ~ =
@2 ® e GL @2 x+y+z=0
‘ My, . y+2z=0
5. '-*The SYstem of equatlon and kx+y+z 1, ax+2=0 has more than onglsolutlon .
x+hkytz= =k, x+y+kz =k’ does not have a (a) -1 (b0 (C)E (d)1
solution, if kis equal to
(@) 0 -(b) 1 (c) -1 (d) -2 11. The system of equations
x+2y+z=9

6. The system of equations
dx,+x,=3x,—x,=0
2%, +3%, +x, - 5%, =0

2x+y+3z=17
can be expressed as




12.

- - [ x|
1 21 _ 9
@15 1377
_ 2]
- ar E3
il 21 91
®15 1 37]7)”
L ey
- _~x_ - -
1 21 19
@l 1 3|2 |77
L z] Y
(d) None of these
If 3x+2y+2z=0
x+4y+z=0 ,
2x+y+4z=0 ’

be a system of equation, then
(a) it is inconsistent

~(b) it has only the trivial solution x =0,

13.

14.

15.

y=0,z=0

(c) it can be reduced to a single equation and
so a solution does not exist

(d) the determinant of the matrix of
coefficient is zero

m.
Then,

(a) for every bin R",Mx =5 has umque
solution

(b) for every bin R", Mx= :b has asolutlon
but it is not unique -

(c) there exists b e R" for which Msx = bhas

no solution ,
(d) None of the above

Let Abe'a mxn matrix with row rank =7 =
column rank “The dimension of the space of
solutions of the system of linear equation
AX =0 is
(@ r

(c) m—r

(b) n—r
(d) min(m,n)—r

Let Abe an mxn matrix where m<n.
Consider the system of linear equation

AX = b, where bis an mx]1column vector
and b # 0. Which of the following is always
true?

(a) The system of equations has no solutlon
(b) The system of equations has a solution if

Let M bea mxn(m < n) matrix with rank "

16.

17.

19.

20.

and only if it has mﬁmtely many
" solutions.
(c) The system of equations has a unique
solution.
(d) The system of equations has atleast one
solution.

The set of all solutions to the system of

equations (1-7)x, —ix, =0,

2x,+(1-1i)x, = 0is given by

(@) (x,x,)=(0,0)

®) (6,%) = (LD o

©) (x,x) = c( (cos%ﬂsm—fjﬁ
A

where c is any: con’lplex number
~.3\ s

(d) (x,x,) = c(cos%ﬂ— pisin

> G

3”) where c is
4
any complex number.

Let S bc_ the solutlon space of a set of

‘mhomogeneous linear equations with real

coefficients in nunknowns. If 4 is the matrix
of this system of equations, then

(a) dimension S =n—rank 4

(b) dimension S is always »

(c) dimension S is infinite

(d) dimension S =n+rank 4 -

L

. Consider the system of linear equations

x+y+z=3x-y-z=4,x-5y+kz=6
Then, the value of & for which this system 4
has an infinite number of solutions is’

(a) k=-5 (b) k=0
() k=1 d) k=3
Find the value of £ for which the following

simultaneous equations x+ y+z =3;
x+2y+3z=4;x+4y+kz= 6W1llnothavea
unique solution. -

@0 (b) 5
(c)6 d7
In the matrix equation 4X = B, which of the

following is a necessary condition for the

existence of atleast one solution for the

unknown vector X ?

(a) Augmented matrix [4 : B] must have the
same rank as matrix 4.

(b) Vector B must have only non-zero
elements.
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21.

22.

23.

24.

(é) Matrix A4 must be singular.
(d) Matrix 4 must be square.

Solution‘ for the éystem defined by the set of
equations 4y +3z =8;2x-z=2and
3x+2y=5is

(a) x= Oy—lz-:

(b) x=0;y —4-;—;2 =2

I /
(c)x-l,y-—z.,z—Z :
.(d) not exist
Consider the system of simultanequs
equations |
X+2y+z=62x+y+2z=6; x+y+z=5
The system has

(a) unique solution

(b) infinite number of solution
(c) no solution

(d) exactly two solutions

Consider the system
x+y+z=0;x-y-z=0

then the system of equation have
(a) no solution W
(b) infinite number of solutlon

(c) unique solution

(d) None of the above

For the set of: equatlons
X, + 2205 % +4x4 =2
3%, +6x, +.3x] +12x, =6
The followmg statement is true

:(a) only the trivial solution

25.

Xi=x,=x,=x,=0 exists

(b) there are no solution
(c) a unique non-trivial solution exists
(d) multiple non-trivial solutions exists

Let Abe a 4x3matrix whose columns form
a linearly independent set which conclusion
is justified i.e., which are true?

(a) The set of rows in A is linearly

\‘.’i,, i .
system of “equatlon AX =

dependent.
(b) The equation Ax=b1is consistent for

every bin R*.

(c) The equation Ax = 0has a non-trivial
solution.

(d) There is a matrix Bs.t. AB=1,.

. Let Abe an mxnmatrix,b € R", thenthe

system of equations A% =b hasa solutlon if
and only if _ 5

(a) b e column space of A

(b) b erow space of A

() b=0 et

(d) rank[4, b ] >, rankA

.Let 4 be a 3x3 matrlx and consider the

g

1

0 |. Then,

-1

(a)if the system is consistent, then it has a
unique solution.

(b) if A is singular, then the system has

infinitely many solution
(c) if the system is consistent, then the

|4]#0
(d) if the system has a unique solution, then
A is non-singular

. A system of linear equations

x+2y-z=11; 3x+y-2z=10, x-3y=5
(a) no solution

(b) exactly one solution

(c) exactly 3 solution

(d) infinitely many solution

. Let A be an mx»n matrix and

b=(b,,b,,....b,)" be a fixed vector. Consider
a system of m linear equations Ax = b, where
X = (X, X500 %, )

Consider the following statements.

I. If rank # the system has a unique solution.
II. If rank < n, the system has
infinitely many solutions.




o
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30.

31.

32.

33.

III. If =0, the system has atleast one 34.

solution.
Which of the following is correct? -
(a) I and II are true

(b) I and III are true
(c) Only I is true
(d) Only III is true
35.
A homogeneous system of 5 linear equation
in 6 variables admits
(a) no solution in R®
(b) a unique solution in R®
(¢) infinitely many solutions in R®
(d) finite, but more than 2 solutions in R®
Consider the system of equations 36.
Ax =0where 4 is a 2x3matrix. Then, it
must be true that
(a) there is a solution x# 0
(b) there are atleast two linearly independent
solutions »
(c) any solution x satisfies x, +x, +x; =0
(d) any two solutions are linearly dependent
37.

Consider the non-homogeneous system of £
linear equations Ax = b, where Ais mxn, /%
X eR", beR", then '
I. the corresponding homogeneous sYstem
Ax =0 has unique solution=5'Ax = b has'
infinitely many solutions for each vector bin
Rﬂl E
II. the corresponding hombgeneous system
Ax = 0 has a non zerg solutxon:>there isa

vector bin R" for whlch Ax bhas no
solution

Choose the corfect. code

(a) Iand Il are. true™”

(b) I is true but II is false

(©)lis false but II is true

(d) both 1 and II are false

The system of equations
x+y+z=0
3x+6y+2z=0
ax+2y+z=0

has infinitely many solutions, then « is equal
to

7 5
()7 (b) 3 (0)7 (d)4

Let A be a 5x4 matrix with real entries
such that 4x =0 if and only if x =0 where

_ xisa 4xI vectorand 0 is null vector.
Then, the rank of 4 is

() 2 1
(CSIR NET Dec 2013)

M4 @5

Consider the equation 2x+2y =1and
2x-2y=1over Z,. What is the solution of

(x,) ? 4
(a) (1,1) but not (2,0) (b (2,0)But.d

(¢) Both (1,1) and (2,0) (d)‘(;lfmb)

fot (1,1)

Let 4 be an mx n, matrix of rank n with real

entries. Choose the correct:statement.

1. Ax=b hasa solutlon for any b.

2. Ax=0 does not hé‘ve a solution.

3. If Ax =b hasa solution, then it is umque.

4. y4=0 for'some nonzero y, where '
denbdtesthe transpose of the vector y.

(CSIR NET June 2015)

Let. A be a nxm matrix and b be a nx1
vector (with real entries). Suppose the

- equation Ax=5b, xeR" admits a unique

solution. Then we can conclude that

1. mzn 2. nzm
3.n=m 4. n>m
(CSIR NET June 2016)
-------------- Y oF o Ju——

1. Consider a homogenous system of linear

equation 4Ax=0, where 4 is an mxn real

matrix and n>m. Then which of the

following statements are always true ?

(1) Ax=0 has a solution

(2) Ax=0 has no nonzero solution

(3) Ax=0 has a nonzero solution

(4) Dimension of the space of all solutions is
at least n—m. -

(CSIR NET June 2014)

2. LetAbea3x4 andbbea 3ximatrix with

integer entries. Suppose that the system

Ax=>b has a complex solution. Then

(1) Ax=b has an integer solution.

(2) Ax=b has a rational solution.

(3) The set of real solutions to Ax=0 has a
basis consisting of rational solutions.




KIDING X SIARKN ACADELMLY

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak Ph. 09728862122

| NET : Linear Algebra Assignment 2 Page 5 |

(4) If b#0 then 4 has positive rank.
‘ (CSIR NET Dec 2014)

W

N,
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--------------- SCQ R*is /are subspace(s) ?
(a) X only (b) Yand Z
1. Consider the real vector space ¥ =R’ and (c) X,Yand Z (d) X and Z

4. Suppose X = {(a,b,c,d) b-c= 4}; [0,1] such that
L = 1 ints i
Y= {(a, be,d)ia=b+ c} j[" (()x1)1 0 at a finite number of points in
51

following of its subsets

L S={(xyz)eV:x=y=0} 5.

IL. T={(x,y,z)eV:x=0}

L W ={(x,y,z) eV :z#0}

Which one of the following statement is .
correct? : :
(@) S,T and W are subspaces
(b) Only S and W are subspaces

- (c)Only T and W are subspaces
" (d)Only S and T are subspaces | 6.

If V is the real vector space of all mapping
fromR to

R,V ={feV:f(-x)=/(x)} and

V,={feV:f(-x)=-f(x)}, then which one

of the following is correct ?

(a) Neither ¥, nor ¥V, is a subspace of V. #

(b) V, isasubspace of V,but V, isnota
subspace of V. .

(c) ¥, is not a subspace of V', but V,isa

subspace of V.
(d) Both ¥} and V, are subspace of V

Let R be the set of all real number and

R? ={(x,%,): % € Ryx, GR} Then, which 8.

one of the followmg 1s a subspace of R?over
R? Mg,

@ {(x.%,): % >O % >0} .
(®) (xl,x2 x,e]R x, >0}

(d) (xl >

{
(c) { (x,,%;) 1x, <0,x, <0}
{

x,eR}

9. Consider the set of all functions f defined on

Z= {(a,b,c,d) :b=0,c= d}
Which of these subset of the vector space

‘(d) None%of the above.

7. ThesetV {(x,y) e R*:xy>0}is

(b) not a vector subspace of R?, since every

Let W, ,W, ,W, be subspace of a vector
space V such that W; W, .Then, whxch one
of the following is correct ? 4

@ W, n(W, +W,) =W, +W, mW w

) W, A, +7,) =0, +F, O,

©) W, n(W, +W3)=W2 +W, NW,

(d) None of the above ’

Which one of the following is correct?
(a) Ris a vector space over N .

(b) Ris a vector space over C.

(c) Risa'vector space over Z.

(a)a vector subspace of R?

element does not have an inverse in V

(c) not a vector subspace of R?, since it is
not closed under scalar multiplication

(d) not a vector subspace of R?, since it is
not closed under vector addition
(GATE 2004)

If V and W are subspaces of R", then

(a) V' UW is necessarily a subspace of R"

(b) V' UW is never a subspace of R”

(c) V' UW is a subspace of R"if and only if
one of V,W is contained in the other

(d) ¥ UW is a subspace of R"if and only if
one of V,W in {0}

II. f hasalocal maximaatx=1/2
III. f hasalocal extrema atx =1/2
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11.

12.

13.

14.

Then, the correct code is
(a) only (I) is vector space over R
(b) only (II) is vector space over R
(c) only (III) is vector space over R
(d) None of the above

Which of the following sets are subspaces of
P (the vector space of all polynomials)

(a) {peP: degree of p=4}

(b) {p € P: degree of p =3}

(c) {pe P: degree of p<4 and p'(0) =1}
(d) None of the above

Which of the following sets are subspaces of
the space C(a,b) of all real-valued

continuous functions defined on the open
interval (a,b)

(a) {f €C(a,b): f(x)) =0,x, € (a,b)}
(b) {f €C(a,b): f'(x)=0, forall xe(a,b)}

© {feC( b): f[“”’) }

(d) None of the above

Which of the following sets are subspaces of
the space C(a,b) of all real-valued

continuous functions defined on the open,
interval (a,b) . Y

@ (FeCan f@=rrey

(b){f € C(a,b):2/"(x)+3xf 2(x)
= f'(x)+x* f(x) =0}

() {feC(a,b): f f(x)dx “,0}
(d) Allof the above ~ -

Which of the:follo‘,mn‘g sets is not a subspace
of C(a,b)

@ / €Cap): ‘ lim, /(5)=0)
(b) {feC(a,b) hm g, /() =1

(©) {f € C(-o0, °°) f (x)=f(=x)}
(d) All of the above

Let V be the vector space of all 2x 2

matrices over R . Then, the set ¥, consisting

of all matrices 4 for which 4> =4,

(a) is a subspace of V

(b) is not a subspace of ¥ as it is not closed
with respect to vector addition

(c)isnota subspace of V as 1t is not closed
w.r.t. scalar multiplication =~
(d) Both (b) and (c) '

15. Let V¥ be the vector space of all nxn:

matrices ovér R . Then, the set ¥, consisting

of all matrices which commute with a given

matrix Mie., W={MeV:4AM = M4}

~ () is a subspace of V

~ (b) is not a subspace of ¥ as it is not gosed
w.r.t. vector addition

(c) is not a subspace of V as it 1s nof“élosed

w.r.t. scalar multlphcatlon p
(d) None of the above g,

16. Which of the followmg is not & vector

subspace of the Yedtor % pag”e of polynomials
with real coefﬁcmntﬂv@ b/
(a) W consists: of ‘all: plolynomlals divisible
by x ¢
(b) W ={p(x)e V:ip®)=0}

W= (p(x)eV: p(a)= p(-a),ae R}

“(d) W consists of all polynomials with
" intégral coefficient

“ 17. Consider the set of all functions f defined on
“% [0,1] such that

I f[%) -

V. f(0)=f(1)

1
L f[.z.] -
L. f(x)=xf(x)
Then, the correct code is
(a) only I is vector space.

(b) only I and IV are vector spaces.
(c) only I, IIT and IV are vector spaces.

f (d) all are vector spaces.

1. Vbe the vector space of all nx nreal matrices

over R and W, ,W, be the collection of all

symmetric and skew symmetric matrices
respectively in V, then
(a) W, is a subspace of V

(b) W, is not a subspace of V'
(c) W,is asubspace of V
(d) W,is not a subspace of V'

2. Vbe the vector space of all nxncomplex

matrices over C and W,,W, be the collection
of all hermitian and skew hermitian matrices
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respectively in 7, then
(a) W,is asubspace of V'

(b) W,is not a subspace of V
(c) W,is asubspace of V'
(d) W,is not a subspace of V'

. V'be the vector space of all nx ncomplex
Matrices over R and W,,W¥, be the collection

of all hermitian and skew hermitian matrices
respectively in V, then
(a) W,is asubspace of V'

- (b) W, is not a subspace of V'
(c) W,is asubspace of V
(d) w,is not a subspace of V'

4

. In the vector space R? (R) , consider the
subsets

A={(x,y):x+y=0},
C={(x)xy=0},

Then

(a) A is a subspace’

(b) Bis a subspace

(c) Cis asubspace
(d) Disa subspace

B={(x,y):x—y=0}

. In the vector-space ]R J conslder the

subsets 7y, . v
{(x y):x? ! Y —0}

{(’_"y)"‘.,;,r-,,, =0}

Then | o

(2) 4 is a subspace

”(b) Blsasubspace

(d) B is not a subspace

. Let V'be the vector space of all real valued
functions defined on [0, 1]. Let W, , W, , W,
be the collection of all continuous functions,

differentiable functions, monotonic functions
respectively in V, then

D={(x,y):f-=0,y¢0} Ng
Yy Ny

(a) W, isasubspace
(b) W, is a subspace
(c) W,is asubspace
(d) All are subspaces

. Let M be the vector space of all 3x3 real

210 PRA

matrices and let 4= 0 2 0|
00 3)

Which of the following are subspaces of M?

(a) {XeMXA AX} 7 §

(b) {XeM: X+A A+X}

(c) {XeM trace(AX }

(d) {Xewy det(“AX) 0}

t- (CSIR NET June 2011)

AU
U

space and W= {[aU] a;=a, } and

W2={[ay]"x":a,j=—aﬂ} then
(@) V=W +W, (b) V=W, ®W,
(c) W,nW,={0} d) V=W, W,

9. If V is the real vector space of all mapping

fromRto R, W, ={f eV : f(~x)= f(x)}
and W, ={f eV : f(-x)=-f(x)}, then

(@) V=W +W, (b) V=W, ®W,
(© W,nW,={0} A V=W,UW,

10. Let V,,V, be subspaces of a vector space V.

Which of the following is necessarily a
subspace of V' ?
() Nnh
(b) VUV,
(© V,+V2={x+y:xe V.yel,}.
@ V\W,={xeV; and ye ¥}
- (CSIR NET June 2012)



4

11. For arbitrary subspaces U, Vand W of a
finite dimensional vector space, which of the
following hold

@ UNV+W)cUNV+UNW

(b) UN(V+W)oUNV+UNW

© (UNV)+W c(U+W)N(V +W)

@ (UNV)+wW o (U+W)NIV +W)
(CSIR NET Dec 2014)

- 12. Which of the following are subspaces of the
vector space R’ ?

(a) {(x,y, )'x+y-0}
() {(x,5,2):x-y=0} |
(c) { x,¥,2): x+y-1} L
@ {(x,,2):x-y=1}

(CSIR NET June 2015)

13. Let 4 be an mxn real matrix and b e R”

with 620

1. The set of all real solutions of Ax=5 isa
vector space.

2. If u and v are two solutions of 4x =5,
then Au +(1 A)v is also a solution of
Ax=0b forany AeR. s

3. For any two solutions « and v of /Ix b
the linear combination Au +(1 X)v 1s*’

also a solution of Ax =5 only when
0<A<l.
4. Ifrank of 4 is n, then, Ax b has at most
one solution. ey A
(CSIR NET Dec 2015)
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6.1 Linear combinations

Def . Linear Combination : Let V(F) be a vector space. A vector veV is said to be Linear

Combination (L.C) of the vectors v, ,.V, suececunen. , v, € V if v can be expressed as

V=aV +aV, te. +a,v, Where @, @ soeeeveennnne. , a, € F are scalars.

combinations-of finite nurnber of elements of S is called linear span (or span) of S. It,;s dengted by
M,§3
<s> or L(S) i.e. L(S)=<S> = {Za,.v,. :a,eF,veS, n ﬁnite}. ,

i=l

Remarks : By e
(i) Here it should be noted very carefully that the set S may be ﬁmte or éﬁ te but L(S) contains

A

linear combinations of only finite number of elements of S . {}p fact , linear combination of infinite

elements is not defined , in general .

vector space V , forany ve S , we can write v =1.v e I(S) = S g L(S)

(iii) The linear span of empty set g is definedf%‘%e«{O}
S

. . B
Results : . 8 Q J
" SNl g

;'
AR

1. The set of all linear combinati 'ns ofa non—empty set S of a vector space V(F) is the smallest

subspace of V(F) containing S.

OR

In a vector space V L(S é? smallest sub — space containing S.
2. L(W) =W if ng a}%"gbspacg of V. '
Def. GeneratmﬁQpannmg) set : A non empty set S of vector space V is called a generating set of
. Vif every element veVisa linear combination of finite number of elements of Sie, V = L(S).
Def Fuf%!y generated vector space : As clear by its name , a vector space V over F is said to

: "‘ﬁmtely generated if it is generated by finite number of vectors.
eg “R" and P (IR) are finitely generated vector space.
Def. Infinitely generated vector space : A vector space V over a field F is called infinitely generated

if it can not be generated by finite number of vectors e.g. the vector space P(R) of all polynomials

We can do aizything we want to, if we stick to it long enough. - Helen Keller




2

~ over a field is infinitely generated vector space. The vectors {1 ,x,x’ ..., x",....} generates P(R)

but no finite set can generate P(R).

Exercise 6.1

. Express the vector v = (4, =5, 9, —=7) as a linear combination of vectors v =_(1,1,—2, D,
v,=(3,0,4,-1), v,=(-1,2,5, 2)
. Is it possible to express the vector v=(2,~5, 4) as a linear combination of v = =(1,-32 y‘°a.nd

=(2,-1,1). . .

. Consider the vector v=(1,-2, k) in R*(R). For what value of & (if any) the“‘v:?& v can be

<D

} in the vector space of. 2x2 matr/iﬁﬁgflmear combination of

expressed as a lmear combination o;f vectors v, =(3,0,~-2) and v, = (2%

N I
"Flo -1 T 0] ®To o)

. Find the i;pndition on a, b, c such that the mafrix ] is a linear combination of

ol el s

. If Sand T are two non-empty subsets of a vector space V(F), then show that
@ ScT = L(S)CL(T)
(b) L(SUT) = L(S)‘g- L(T)
) LALE®)-= L(S)%u@}
Is the vector (3 -—l 0 —l)ff'n the subspace of R" spanned by the vectors v, =(2,-1,3,2) ,

3
. Express the vector v = |:1

v =11, 1/38) and v, =(1,1,9,-5)?

. Let@\ﬁ— R’(R) and S={v,=(1,1,0), v,=(0,-1,1) , v;=(1,0, 1) }.Prove that
(a c)?‘*e L(S) iff a=b+c. |
9 In‘thewcomplex vector space C*(C) does (1+i,1~i) belongsto <(1+i,1),(1,1-i)>?

10. Which of the following polynomials belong to the vector space generated by

(6" +2x ,x*+2 ,1-x} -

() 3x*+x+5 (i) 2x° +3x7 +3x+7 ' (iii) x* +7x+2

11. Consider the vectors #=(1,2,3) and v=(2,3,1) in R’.

(a) Write w=(1,3,8) as a linear combination of  and v.

Only those who risk going too far can possibly find out how far one can go. -1.S. Eliot
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(b) Write w=(2,4,5) as a linear combination of u and v.
(c) Find k so that w=(1,k, 4) is a linear combination of ¥ and v.

(d) Find conditions on a,b,c so that w=(a,b,c) is a linear combination of % and v.

12. Write the polynomial f (t)=at2 +bt +¢ as a linear combination of the polynomials p,=(- 1')'
- il

p=t-l, .Ps =l.

'bl

13. Show that span(S) = spanS U;{ 0}. That is, by joining or deleting the zero vector fmm

not change the space spanned by the set.

" Answers
I v==3v,+2v,-v, 2. No 3. k=-8 |
5. a+b+2c=0 7. No 9. Yes
11. (8) w=3u~u, (b) Impossible  (c) k=35-1

12. Using f=xp, +yp, +zp;, we get x=a, y=2a+b, z=d+b+c.

6.2 Linear md@)? ﬁnce and dependence
<,
é‘y Y 7
Def. Linearly dependent (L.D. )Qvec;:;, - Let V be a vector space over a field F. The vectors

Vi s V) ey ¥,

are said to bg lineatly”dependent if there exist scalars a,, a, ..., a, (not all zero)

e
e, Rt OR

Some finite vectéxfeﬁald to be linearly dependent if their linear combination can be made zero
&

4’:.
Ay

o

mthoutﬁtaklng,qll scalars zero.
DefLLlneal;{Z' mdependent (L.L) vectors : Vectors which are not L.D. are called L.I.
% ’ OR

Vectqrs Vi 5 V3 seeeeeny ¥, are called linearly independent if, whenever

ay, +ay, +....+a,v, =0 for some scalars g;’s,then g, =gq, =.....=q, =0

OR

Success comes to those who dare to begin.
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Some finite vectors are said to be LI if the only way to make their linear combination zero is to take
all scalars zero. . |

Def. An infinite subset of V is said to be linearly independent if every finite subset of S is Iiheaily
independent , otherwise it is linearly dependent.

Results : |

1. The empty set is defined to be linearly independent.

2. (i) A setcontaining only the zero vector i.e. {0} is linearly dependent.
(ii) A set containing only a non — zero Qector is lihearly independent.
A set which contains the null vector ‘0’ is linearly dependent.

If two vectors are L.D. , then one of them is scalar multiple of other.

Every super set of a linearly dependent set is linearly dependent.

Every subset of a linearly indépendent set is linearly independent.

:(‘ﬁ

If a vector v is a linear combination of vectors Vi s V) seevenenns , v, the z;wset {v Vi 5 Vysererereness Uy}

NS, AW

is linearly dependent.

[}

Jftheset {v, , v, yeoeeenne , v,} isL.I and the set {v, , szgw ........ ; v} isL.D., then vis a linear

- Va4
combination of the vectors v, , v, ,uuu..... > Vs 4 y

9. The set of non — zero vectors v, v, ,.......... " ji)f a vector space V(F) is L.D. iff one of the vectors
Uy
v,(r >1) is a linear combination of the prgc %’éctors.
10. To determine that given vectors.ire % or¥L.I.

Input : Vectors v, , v, yeeruness v:f:;zdréﬁﬁyen.

Output: v, v, sy v, L.D. of'L.L
/{“33
Working Steps : A""‘

| (1v) If "system (1) has a non-trivial solution i.e. atleast one g, is non-zero, then v, , Vy sy ¥, B1E
linearly dependent.
- Remark : In above method , we are not required to find the actual values of 2 A7 A , a, rather

our only need is to decide whether the system has a non — trivial solution or not.

Your success is only limited by your desire.
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11. To determine that given vectors are L.D. or L.I.

Input : Vectors v, , v, ,ecereveenne , v, are given.

L]
Output: v, , V; seeevernrennne ,v, L.D. or LL
Working Steps : '

(i) Construct a matrix A by writing the given vectors in the column.

(if) Reduce the matrix A into row echelon form by using elementary row operation.

(iif) Number of non — zero rows gives therank of Aie. p(A).If p(A) = numl; r 2 o
. of A, then given vectors are L.I. and if p(A) <number of columns of et glvén vectors
- areL.D. )W A@l
12. Vectors constructed from given L.I. vectors : Let v, v,,....,v, are [é‘%:stors;éhd suppose

Wy, Wy, W, are constructed as o

W = a v +apy, Faeeta,y,
W, = ay V) +AyV; ot ay,V,
Wy = GV + ¥y + oo+ @, ViF

of ‘above system, then

T

Let A= I: ] denotes the coefﬁcwntm& :

-
N

()] if m>n then W Wysens W, af"e,LD

(ii) if m < n then w,w,,...., W, ‘*'areLﬁlfp (4)=m and L.D.if p(4)<m
RS o’

| . ’ g Exercise 6.2 .
1. Det'efmine Whekh%:tk;olldwi\;g set of vectors are linearly dependent or independent
® {, w%@ 2,3),0, 1, 2)} nR*(R)
(11) {% 1, @,1,-, 7,4, 1)} in R*(R)
iy
{(1 2,3),2,3,4,0,1, 2} nR(R)
(1v) 2,3,-1,-),(,-1,-2,-4,3,1,3,-2,6,3,0,-7)} inR(R)

{
m{1,2,3,4,0,1,0,0,0,0,1,1),0,1,0,0)} inR*(R)
{

o

(vi)
G {0,1,0,1,1,0,0,1,0,1),0,1,0,1,1),(,1,1,1, I} inR*(Q)

1,1,0,0,0,1,-1,0,(0,0, 0,3} inR(R)

Dream y_our wildest dreams and you will live a wild life.




(viii){(1+i , 20), (1, 1+i)} in C? (]R)
(x) {+i, 2, 1, 1+)} in C*(C)
2. In the vector space of polynomials of degree <4, which of the following vectors are L.1.

G 2+x+l,x,1 | (i) x* +2x+1,x° —x+1,x+1

(i) x*+x°, x* =1, +x% X’ +x, x+1 (iv) x*-x, ¥+1, x* -1

3.
linearly mdependent : w\ .

4. Prove that the four vectors (1, 0, O) ©,1,0,0,0,1)and (1,1 *ﬁ)@r&@ly dependent
but any three of them are linearly 1ndependent i

5. Prove that the non — zero rows in an echelon matrix form a lmearl¥h m%eﬁdent set.
1 1] [a P i&»ri’

6. Find o ifthe vectors (1|, | 2 [,| 0| are linearly dependent
3] 3] [t \

7.1f u,v, w are linearly independent , then shovy that thvectors U+ vV, v-w, u-2v+w are

.’\‘.'

pro km"‘a‘

i,
8. Prove that the vectors (q, , a,) and %) “h‘ ]R2 (R) are linearly dependent if a,b, —~a,b, =0.

linearly independent.

9. If v, and v, are vectors m\{g F , show that the set {v,, v, , av, + bv,} is linearly

dependent.

10. Show that if {v, , v, ,.‘mﬁ?} is a linearly independent set of vectors and gq, ,a, ,.......,; a,_, are

13 In the vector space R(Q) , prove that the set {1, u} isL.IL iff u is irrational.

14. Under what conditions on scalar a e C , the vectors (1+a, 1-a) and (1-a, 1+a) in C? (C)

are linearly dependent. _
15. Let u , v, w be the vectors of V(F) and a,b e F. Show that the set {u , v, w} is L.D. if the set
{u+av+bw, v, w} isLD. '

16.1f u, v, w are L.I. in V(F) , then show that u+v, v+w, w+u areL.L

You may be disappointed if you fail, but you are doomed if you do not try. -Beverly Sills ?
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17. Show that the set {1 , #} is linearly dependent in the vector space C(C) but {1 ,i} is linearly

independent in the vector space C(R).

18. Determine whether the following vectors in R* are linearly dependent or independent :
@@ 1,2,-3,1),(3,7,1,-2),(1,3,7,—4), (®) (1,3,1,-2),(2,5,-1,3),(1,3,7,-2).

19. Determine whether the following polynomials u, v, w in IP(¢) are linearly dependent or

TN

independent _ ’ o @

(@) u=L=4 +3t+3,v=r + 20 +4 -1, w=20 — 11 =3t +5
() u=t=5>=2t+3, v= -4 =3t +4, w=28 -T2 =Tt +9.
20. Show tnat the following functions f, g, 4 are linearly indepencient :
@ J(0)=¢, g(0)=sint, ()= ®) ()= g(1)=e", h(1)8 '_]
21. Show that u=(a,b) and v=(c,d) in R? are linearly depend%donly if ad -be=0.

22, Suppose u, v, w are linearly independent vectors. Pro js linearly independent where :

@@ S={u+v-2w,u—v-w,u+w} (b) S= {u+v —3W u+3v—w, u+w}.

s

span()) span(’,)={0}. 2 Zés::-;;zé}?%sfﬁ"""

5 ”‘%'«':w}' .
24. Suppose v;,V,,....,, are linea@y@de ndent. Prove that S is linearly independent where

23. Suppose {u;,...,u,,W,,..,w,} is a linearly 1ndependent subset of V. Show that

@ S={ay,a,,,....a,v, } and each’a, # 0.
) S={vi,eees Vs W, Vi " '

My W
al g ..-e;"'
& A %’ i

£ |
"Ry Answers

andw va and b, #0.

S

1. (i) Lfinearly: dependent (ii) Linearly' dependent (iii) Linearly Independent

(IV) Llne%y dependent (v) Linearly dependent (vi) Linearly Independent
(vu) Linearly dependent (viii) Linearly Independent ~ (ix) Linearly dependent

2. (1) ‘Linearly Independent (ii) Linearly Independent | (iii) Linearly dependent
(iv) Linearly Independent 6. a=1 '
18. (a) Dependent (b) Independent 19. (a) Independent . (b) Dependent

 Success is committing to give your best no matter what the circumstances.
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6.3 Basis and dimension

Def. Basis of a vector space : Let V be a vector space over the field F, A set of vectors
Y, Vypeeiseunny ¥, €V is called a basis of V if B
@D Vs Vg perenininn ,v, are LI. and (i) v,, v, ,..‘......‘.., v, span V .

Remark : The basis for a vector space is not um'que

1ndependent set 1f

/

(i) Sis linearly independent.

(ii) No proper superset of § is linearly independent i.e. if SG § W

independent.
Results :

1. Asetof vectors Vs Vy sererennnne , v, €V isabasisof V 1i each element of V can be uniquely

expressed as a linear combination of the vectors, , v, , ..........
. If S={w,v, ,...,v, }spans a vector space éf(ﬁ) there exists a subset of S which is a basis of V.

. A minimal generatmg set is always aBhsis th ﬁmtely generated vector space.

w HOWON
>
E
g
=
5
@
B
\<
5
&
3
o
=
8‘
1= G
Lt
‘8
et
(7%

\’”8.
5
(V]
w2
»
(o
&,
7
5
™
=h
=.
o
<
(1o}
(4]
=
(<}
"
o
L
@
[N
3
Q
-
o
-
3
<3
o
o

JIfES = {u1 7 u,,} spans a“vector space V(F), then any n+1 vectors in V are linearly

:-!
dependent % ¥
"‘ ¥
6. If Visa ﬁmtely generate s eetér space , then any two basis of V have same number-of elements.
called dlmen3103§‘b’f V and is denoted by dimV. _
If dmﬁ\l,ﬁ}n then V is called » dimensional vector space. A vector space of finite dimension is

Def . Dlmensmn pga vector space The numbers of elements in any basis of a vector space V(F) is

led finite dimensional vector space .
7 fdxm“V =n and S = {y,, v, ... » v,} isL.I. subset of V then S is a basis of V.
OR .
A L.I set of n vectors in a n-dimensional vector space is always a basis .
8. IfdimV=nand S={v,,v,,....,v,} generates V then S is a basis of V.
- OR

A generating set of n vectors in a n-dimensional vector space is a basis .

He who conquers others is strong. He who conquers himself is mighty. -Lao Tzu
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Tables of basis : 3
Table 1
Sr. No. | Vector space Standard basis General basis Dimension
() B {a+ib}st.a+ib#0 1
2 C(R) {1,1} {a+ib,c+id}s.t. ad-bc#0 '
3 c(Q) b
4 R(R) {1}
R@ |-
6 Q(Q) {1
{ L;
Sr. No. | Vector, space Standard basjs- = %;7” General basis Dimension
1 c” ((c) t. 0,1,450),. AnynL.L vector§ n
2. C"(R) (1, o,...,og;;:(bfl,... wers(0,0,...,1)] | Any 2n L.L vectors | 27
-:(;i;o,:..,o),(o, iyer150)500005(0,0..00)
3 c” Q \.% :-;: - ,,55" e 0
4 w@)@i {(1,0,1-,0),(0,L,...,0),....,(0,0,...,1)} | Anyn LI vectors |n
- : — —
k Any n L.I. vectors | n

Never let your fears be the boundaries of your dreams.
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Table 3
Sr. | Vector space Standard basis General | Dimension
No. basis
1 | M,,(CoverC |[1 0 .. 0][0 1 Any | mn
000 .. 0[|0 0 mn
- LI
0 - 0100 vectors
|2 | M,,(C)overR
3| M (Chove B R
4 s .f.,M"’,%%):B{'érR Same as 1 Any mn | nin
LI
E ' _ véctor,s
S | M,,(R)overQ | - - o
6 | M,,(Q)overQ | Sameas 1 Any mn | mn -
L.I
vectors

Never stop learning. If you learn one new thing everyday, you will overcome 99% of your competition.
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Table 4
| Sr. No. | Vector space . | Standard basis General basis Dimension
1 P,(C)overC {l,x,x2; ..... ,x"} | Any (n+1) L.L vectors | n+1
2 P,(C)overR (13,22, X Any'2'(n+l) L.L vectors | 2(n+1)
1,ix, 02y iX"
|3 P,(C)overQ | - ===
4 P,(R)overR { {L,x,2%,...,x"} | Any (n+1)L.L vectors
!
5 P,(R)overQ | - -
6 P,(Q)overQ {1,x,x2, ..... ,x"} Any (n+l)L tors,w wn+1
r"m“ &
W&M’
Table 5 %ﬂ
Sr.No. | Vector space Standard ba§is 1}General basis Dimension
1 P(C)overC {l,x,x2 } === o
‘ d' - i?_‘.-'
2 P(C)overR 0 l,{x, ‘. == ©
P A~ S
ko
3 P(C)over Q - o
4 P(R)overR {Lx,x,....} o
mii ;

5. %"@%eﬁ@ﬁ =

%(Q) over Q {l, X, X2, } - ©

Never give up! Failure and rejection are only thé Sirst step to sdcceediﬁg. ~Jimmy Valvano

N
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Exercise 6.3

1. Which of the following set are L.1. generating set, basis of the vector space (C(]R) .

@ {13} | (ii) {1,2,1'} (i) {2,3i} (iv) 2,31',%1}

) {24,3i) - (vi) {2,i;3i} (vii) {2,3,4-5}  (vii) {1;}1-1'} ~

(ix) {1,2+3i} (x) {2+3i, 4+6i} | (xi) {2+31,3+4i}  (xii) {111?%’

i) {3,141 - (xiv) {4,3) xv) {i,=i) ()fVl){l-Hg,l f’z’f}
2. Determine whether or not the following sets form a basis of R*(R). o b

M {4,3,2), @, 1,0, (1,1,-D} i) 40,3, 2 (2@,<1,1,'1>}'

(iii) {(1,0,0),(1,1,0),(4,5,0)} ) {@2, 4,-3 m, » D, (0,1,-D}

™ {1,2,D,6,0,-1),2,-1,0,6,2, D} {&

3. Determine whether or not the following sets form a basis of R#(R),
(i) {(1,0,0,0),(1,2,0,0),(1,2,3,0),(1,2,0,4 Yo
(ii){(l,O‘,0,0),(O,l,0,0),(0,0,1,0),(0,0,:0; 1
i) (1, =2,5, =3),(0,7,-9,2),(0,0, 1 0), (050,0, 1)}

4, Let {u,v,w} beabasis for the vector space ~Prove that the sets {u+v, v+w, w+u} and
1' J ns‘

{u,u+v,u+v+w} arealso bases o&%;ﬁ
5. Show that the set {(1,0,0) 9(1v,~1‘c~,“0) 1,1, 1)} is a basis of C*(C) but not a basis of C*(R)

3 A
or C (Q) /‘é.;
3

a%gfgglutlons of the differential equation Z—xz- -7 Z -6y =0. Show that

~v

V(R)isa 3 - ﬁ;mensmnal real vector space. Find a basis of this vector space.
7. Let ‘f’ M, (@) be the vector space over the field C. Which of the following subsets ¥ of V' are

’subspaces In case of a subspace find the dimension ard a basis of .
) “W = set of all diagonal matrices in V.

'(u) W = set of all scalar matrices in V.

(iii) W = set of all lower triangular matrices in V.

(iv) W = set of all upper triangular matrices in V.

(V) W = set of all super lower triangular matrices in V.
(vi) W = set of all super upper triangular matrices in V.
(vii) W = set of all backward diagonal matrices in V.

Believe in yourself and you will be unstoppable. -Emily Guay
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(viii) W = set of all backward scalar matrices in V.
(ix) W = set of all symmetric matrices in V.

(x) W = set of all skew symmetric matrices in V.
(xi) W = set of all hermitian matrices in V.

(xii) W = set of all skew hermitié.ﬁ matrices in V.
(xiii) W = set of all orthogonal matrices in V.
(xiv) W = set of all unitary matrices in V.

(kv) W = set of all normal matrices in V.

(xvi) W = set of all idempotent matrices in V.

(xvii) W = set of all involutory matrices in V.

: . i! /
(xviii) W = set of all nilpotent matrices in V. ‘3 S

¢
8. Let ¥ =M, (C) be the vector space over the field R . Whicl:?t.oﬁtth owing subsets W of V' are

subspaces. In case of a subspace find the dimension

and basisioBW.
(i) W = set of.all diagonal matrices in V. \Wa
(iiy W = set of all scalar matrices in V.
(111) W = set of all lower triangular matnces m V
~ (iv) W = set of all upper triangular matggc s |
(V) W = set of all super lower i,tmqngular matrices in V.
(vi) W = set of all super uppcamangylar matrices in V.
(vii) W = set of all backward dxagonal matrices in V.
(Vlll) W = set of all backward scalar matrices in V.
(ix) W =setof a,l etnc 'matrices in V.
(x) W= set ofﬁ kew syrrf;metnc matrices in V.
(x1) w 7~set of all hermitian'matrices in V.
(xu) W =$ ”yof all skew hermitian matrices in V.
. ﬁ(xm) W = set of all orthogonal matrices in V.
%‘% j(wl’v) W = set of all unitary matrices in V.
%%) W = set of all normal matrices in V.
‘('xvi) W = set of all idempotent matrices in V.
(xvii) W = set of all involutory matrices in V.

(xviii) W = set of all nilpotent matrices in V.

The door to Success is the one marked PUSH.

e = ST
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9. LetV=M,, (]R) be the vector space over the field R . Which of the following subsets W of V' are

subspaces. In case of a subspace find the dimension and a basis of 1.
(i) W = set of all diagonal matrices in V. -
(ii) W = set of all scalar matrices in V.
(iii) W = set of all lowér triangular matricesin V. ,

(iv) W = set of all upper triangular matrices in V.

(v) W = set of all super lower triangular matrices in V.
(vi) W = set of all super upper triangular matrices in V.
(vii) W = set of all backward diagonal matrices in V.
(viii) ¥ = set of all backward scalar matrices in V.

(ix) W = set of all symmetric ma;rices inV.

(x) W = set of all skew symmetric matrices in V.
(xi) W = set of all hermitian matrices in V.

(xii) W = set of all skew hermitian matrices in V.
(xiii) W = set of all orthogonal matrices in V.
(xiv) W = set of all unitary matrices in V.

xv) W= set of all normal matrices in V. »
(xvi) W = set of all idempotent matrlces in &,

(xvii) W = set of all mvolutory ma shn f

(xviii) W = set of all nilpoter t'fiiatric
10. Find the dimension of followin irﬁ 2’%@ space over R ?

M v={{a,], 9= Q&gft-f-_/ n+1}

(11)V {[ "],.»s: ‘,»._ wa};lor n}

V) ¥ ={(x10 Xy Figp ) 2 %y Xy +%, =0:x R}
(Vi) V= {(x%g 00000 K100 ) 1 3y = Xy =vveee = Xy AN Xy + Xy + X0 = 0, X, € R}
(viii) V = {(x,,xz,... ,X,) X, + X, + X +....+ X, =0 where k is the largest odd ihtegér less than n}

(ix) V ={(x, %5500 ,x,,):x3 = x,, for k 21}

Don’t wish for it...work for it!
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® V={la,],, :a =ayif i+j=k+]}

(xi) V = {[a,,]m: a, =0 if i divides j}

i) ¥ ={p(x) e A(R): p(1) =p(2)=P(3)}
(i) ¥ ={p(x) € B(R): p(1) = p(2) = p(3) =0}
(iv) ¥ = {[a,,] =ay,a,=a, Vi, 7}
(xv)V={(xl,x2, ..... ,xn5:x1=x4=x9=.....=0}

(xvi) V = {[a] ra;=-a;andaq;=01if j= 1}

(xvii) V={[a,,]m 1a,=0if |i- j|=1]

(xviii) V' = {[a,.j :Lx" ra;=0if i+jis even} - -
(xix) V = {ao +AX+ e+ Gx' ™ @ @, =0 if i=3n forigome integer n}

(xx) V={[a,.j:|n 1 ay —Olfzorj—landqj—-a }

(xxi) V ={(x »,2,t): x+y+2t O2x ?‘z 0,3x+2t+2=0}
(xxii)V-{(x,y,z,t) yé- Z t-"'

(xxiit) V' = {x,y,zt 2x+y-Q«*x+y+z—7t=O}

(xxiv) ¥ ={

xl,xz,xfml ?xw;i-x, =0, X; + %5 = 0,...., Xgy + Xg = 0}

(
(xxv) V @{( \yzo g.f)"t x, =0 if i is a perfect square}
A

i o

(a) U= (
-2,1,3,-1), u,=(-2,4,-2,-6,2), u,=(1,-3, 1 2,1), u,=3,-7,3,8,-1)

11.Find a suEsat of’u] ,,u;,u, that gives a basis for W = span(u,) of R’ where :
‘]Q 2 3) u2=(l’2’_ ’_2’ 1)9 u3=(33 5’_ ’—2, 5)3 u4=(l, 29 1,—194)

a (1 0,1,0,1), u,=(1,1,2,1,0) u,=2,1,3,1,1), #=(12,1,1,1)
@ u=(,0,1,1,1, 4=(1,201), u=(,1,234), u=42 5406

12. Consider the subspaces U={(a,b,c,d);b-2c+d=0} and W={(a,b,c,d):a=d,b=20} of R*.
Find a basis and the dimensionof : @) U, ()W, .. () UnW

Success is heilher magical nor mysterious. Success is the natural consequence of consistently applying the basic fundamentals.
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13. Find a basis and the dimension of the solution space W of each of the following homogeneous
systems : .
(b) x+2y-z+3s-4t=0

2x+4y422—s+51=0
2x+4y—-2z+45-2t=0

(@) x+2y—-2z+2s—t=0

x+2y—z+3s-2t=0
2x+4y-Tz+s+t=0

14. Find a homogeneous system whose solution space is spanned by the following sets of three vectors :
(a) (l’ _2, Os 3, _1)’ (2a —39 23 5’ _3)9 (la —2’ 1, 2a _2)
() (1,1,2,1,1), (1,2,1,4,3),(3,5,4,9, 7).

15. Determine whether each of the following is a basis of the vector space [P (t)

@ {1,
(b) {1+, t+1%,

Py 1
a’ff*!%gm

b

144, 14148, 1+t +2 48, .o, 1+t+2 40+ 41"},
t2+t3', oy PR gy,

?n;,,g
16. Find a basis and the dimension of the subspace /¥ of lP’( ) spanned by::

(@) u=r+22-2t+1, v=+3" -3t +4, w=2 +1* -7t -7

(b) u=£+12=3t+2,v=20+1> +t—4, w=41> +3

o 3l 2}0 ey
o

Answers

Byl ‘3“"'5%’
1. (i) L.L, generating set, ba515 ~
(iii) L.I., generating setéi;ﬁis
(v) L. D not a generati efuﬁot a basis

(ii) L.D., generating set, not a basis
(iv) L.D., generating set, not a basis

(vi) L.L, generating set, basis

(vii) L.D., generﬁﬁgg &t; i a basis

(ix) L.L, gen%t set basis

(x1) LI generatmg set, basis
(xm) I%,,generatmg set, basis

v) 1;D., not a generating set, not a basis

2. (i)"Yes
3. (i) Yes

(ii) Yes
(ii) Yes

(iii) No
(iii) Yes

7. (i) Yes;n

n(n—1)
2

(ii) Yes;1

(v) Yes;

n(n—1)
2

(vi) Yes;

‘ (iv) Yes

(viii) L.I., generating set, basis

(x) L.D., not a generating set, not a basis
(xii) L.D., generating set, not a basis
(xiv) L.L, generating set, basis

(xvi) L.D., generating set, not a basis

(v) No

~—

(iii) Yes; n(n_+l

(iv) Yes;

n(n+l)
2

(vii) Yes;n (viii) Yes ; 1

IfI can dream, I can act and if I can act, I can become. —Poh Yu Khing
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n(n+1)

ix) Yes:
(ix) Yes 5

(xiii) No
(xvii) No

8. (i) Yes;2n
(v) Yes; n(n—1)
(ix) Yes ; n(n+1)
(xiii) No
(xvii) No

9, @) Yes;n -

n(n—1)
2

V) Yes;

(ix) Yes , n(n + 1)

(xiii) No
(xvii) No

10. () n*—n

(x) Yes; n(n2-l)
(xiv) No

(xviii) No

(ii) Yes;2

(vi) Yes; n(n-1)
(x) .Yes; n(n—1)
(xiv) No

(xviii) No

(ii) Yes;1

(vi) Yes; nr—

(x) Yes; ﬂ’—’-—)

(xiv) No
(xvm) No

(11){% %%

(xvii) n*—=2n+2

(xxi) 2

(xxv) 1971

(b) uy,uy,uy

| (xi) Yes; n?

@iv) n(n2—1)

(xi) No (xii) No

(xv) No (xvi) No

(i) Yes; n(n+1) Gv) Yes; n(n+1) *

(vii) Yes , 2n (viii) Yes ; 2

(xii) Yes % ,,

(xv) No

. n+1)
2

% (xii) Yes: n(n—1)
(igy) No (xvi) No
(i) (n—2)" (iv) n’—n

(vii) 50 (viii) n-1

?)

(xv) n—[\[r;]

LA

+
2

. 2 _ _7_1_
xi) n [1

(xviii) l%z-] (xix) 67

(xxii) 2 (xxiii) 2

©) u,uy,uy; @) u,u,,u,

Your dreams minus your doubts equal your true worth.

— —




18

12. (2) dimU=3, (b) dimw=2, (©) dim(UNW)=1

13. (a) Basis: {(2,-1,0,0,0), (4,0,1,—1,0), (3,0,,0,1)}; dimw =3.

14. (a) 5x+y;z—s=0,x+y—z—t=0; ) 3x-y-z=0, 2x-3y+s5=0, x-2y+1=0
15. (a) Yes. (b) No, since dirﬁIP,, (t)=n+l, but the set contains only » elements

16.(a) dimW=3 (b) dimW#¥ =3 17. dimW =2

6.4 Basis and subspaces of finite vector spaces .,

Results : RN o
1. Let V, (Z p) be a finite vector space of dimension r over the field Z , thm%vfd’t‘éfnumber of

n! AT .‘ :'}-';‘,v.j:"m

G zi(z,) (i) Z2 (z;) (iv) Z3 (z,)
) M“(Z2) vii) A(Z,) (viii) P( )
2 ; sm al and 2-dimensional subspaces of the following vector spaces.

Hence find thq*total number of proper subspaces and subspaces. Also write all the distinct basis and

9“

all subspaces ,

Oz (Z,a) i) B(z,) (iii) Z3(2,)

Answers '

1. (1)-28 (i) 24 (iii) 240 (iv) 1872
(v) 27998208 (vi) 1010880 (vii) 840 (viii) 1872

2. (i) 1-dimensional 7, 2-dimensional 7, total subspaces 16, no. of distinct basis 28.
(i) 1-dimensional 13, 2-dimensional 13, total subspaces 28, no. of distinct basis 1872.

(iii) 1-dimensional 13, 2-dimensional 13, total subspaces 28, no. of distinct basis 1872. .

The path to success is to take massive determined action. -Anthony Robbins
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7.1 Row space, column space and null space of a matrix

Def. Row space of a matrix : The space generated by rows of a matrix is called its row space. If 4 is

a mxn real matrix then its row space is a subspace of R”.

Def. Column space of a matrix : The space generated by columns of a matrix is called its co@sﬁx

space. If 4 is a mxn real matrix then its column space is a subspace of R™.

ay G - G|
1 a a we  a
Apl Qp2 - Amp b “‘\;5‘5"

Result : The dimension of row space and of the column s ofj matrix are both equal to the rank of
the matrix. . pﬁ

Def. Null space of a matrix : Let 4 be a mxn niatrix then null space of 4 is defined as

A5,
AN,

0%, wheré ¥ isa nx1 vector and 0 isa mx1 vector.
w

st

Null space of a 4 ={J?:A"-

Clearly null space of 4 is a subsp%ces‘of]%” : |
Result : If 4 is a mxn matrix the;lﬁzﬁ%rggxffsion of null space of 4 is n—r, where r is the rank of the
matrix A. _
Identical subspaces : Let QJV

.

let S; and Szbethé"ifigpa‘.pnin sets respectively. Then W; and W, are identical i.e. W, =W, if

' W2 be two subspaces of a finite dimensional vector space V and

every vector gﬁ_Sﬁé%% be expressed as linear combination of vectors of S; and every vector of S,

S A . .
as linear combination of vectors of S;.

A b 8
can be expresséd
* N oy

_s‘é"‘A and B are two matrices such that AB is defined. Then row space of 4B is contained in

thg;rbw space of B and the column space of 4B is contained in the column space of 4.
2. Suppose 4 and B are row reduced echelon matrices. Then A4 and B have the same row space if and

only if they have the same non zero rows.

e

" The only dq’[fe_ren.ce between dreams and achievements is hard work. -Mayor Chris Bollwage
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Exercise 7.1

1. Find the dimension of row space and column space of each of the following matrices :

1 3 =2 5 4 1 2 =3 =22 : 1 1 2
1 4 1 3 5 11 3 2 0 4 5 5
@1y 4 2 4 3P Ols g 7. 2 © 15 5
2 7 -3 6 13 2 1 -9 -10| °: -1 =2 2

. Fork=1.2,...,5, find the number n, of linearly independent subsets consisting of k columns fér
/?“"l-a,zﬁa .

each of the following matrices :

11023
@ 4|1 2 0 2 5, ’- ®) B=
13027 . 7
1 2 1 1 6
2 4 3 3 15
. t = s B=
Let@ 4= | , , 3 11 ®)
4 8 6 16 7 32

For each matrix (where Cj,....,C, denote its column) :; <

(i) Find its row canonical form M.

(ii) Find the columns that are linear combir_ggtf%ﬁ of preceding columns.

(iii) Find columns (excluding Cy) that form'abasis for the column space.

(iv) Express Cy as a linear com'gsiﬁat‘io he basis vectors obtained in (iii).

. Determine which of the following m’;ﬁices have the same row space :

té‘v“ﬁ
1 -1 3
-1 2
, C=[2 -1 10
3 -1
3 =51

. Determine Wﬁl of'the following subspaces of R® are identical :
£ span[( ;'1,—1) 2,3,-1), (3,1,-5)], W,=span[(1,-1,-3), (3,-2,-8), (2,1,-3)]
_i.‘-“:‘W-—sp (q 1,1, (1,-1,3), 3,-1,7)] ’

.Ciji';Determme which of the following subspaces of R* are identical :
W span[(1, 2, 1,4), (2,4,1,5), (3,6,2,9)], W,=span[(1,2,1,2), (2,4,1,3)],
W, =span[(l, 2, 3, 10), (2,4, 3, 11)]

True success in life is not measured by how much you make, but by how much of a difference you make.
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7. F ind two different basis for (i) the row space and (ii) the column space of each matrix M :
0 0 3 1 4 1 2 1 0 1
1 3 1 2 1 1 2 2 1 3
M= , b) M= .
@M3 9 4 5 2 ®M=3 6 s 2 7
4 12 8 8 7| - 2 4 1 -10

""i

8. Show that if any row is deleted from a matrix in echelon (respectively, row reduced echeloﬁ’)‘&g%,

9, Let r =rank (A + B) Find 2 >§2 matrices A and B such that :

(@) r<rank(4 ), rank(') "~ (b) r=rank(4)=rank(B)

, Answers
l.(a) 3 (b) 2 () 3
2.( m=4, n,=5, m=n,=ns=0(b) m=4, n,=6,1

12010
3. ) () M=|]
@ O M=,

S
S O =

0
(i) C,,G;,C;

o

(iv) C,=3C,+C, +2C;.
(b) i M= (ii) Cz’Cs’Cs

e i
(i) c,,ca,c,q,%}‘y:zg,,' (iv) C,=C,-C,+2C,

4. Aand are rox*v equivalent to ] but not B.
0
1

, but not W,
_0 1
1 2 0

6. W, and W, are row equivalent to 00 1

1
],butnot W,.
3

7. (@ @) (1,3,1,2,1), (0,0,1,-1,-1),(0,0,0,4,7); C,C,,C,.

The secret of success is consistency of purpose. -Benjamin Disraeli




®) @) (1,2,1,0,1),0,0,1,1,2) @ G,C,.
11 -1 -1 10 0 2 1 0] _[oo
@ Az[o 0]’ B=[0 0] o A{o o]’ B'[o o] © A'[o o]’ B‘[o 1]

7.2 Sums, direct sums and intersections

Results : - ' . g*l

1. If W, and W, are two subspaces of a vector space V(F) , where V is finite dimension: 4 }

Then dim(W, + W,) =dim W, +dim W, —dim(W,; "' W,) .

2. If a finite dimensioﬁal vector sgace_‘,-V is a direct sum of its two subspacgs\;ﬁgi‘l @}ﬁthen
dimV= dim W +dim W. iy

-
&y

JiS5+1s a generating set of

3. If S, is a generating set of /#; and S, is a generating'set of /, thens
Wi +W,. P.
4, If B, is a basis of ¥} and B, is a basis of /¥, then Bl uB is g*geheratmg set of W) +W,, but not

necessarily a basis.

5. Suppose VK;VI@,....,W, are subspaces of a vector pace V,i&hen

(i) span(W,,Wy,....W,) =W, + W, +.. +W ..... %,

i) If S, spans W, for i= 1....,r, gheP%S,’u US, spans W, + W, +...+W,.
’*%e ;;i‘i’fﬁﬁl&

*«’ Exercise 7.2

CLIEW, and 7, are two-dlﬁl,«%}lonal subspaces of R?, then show that 7, N/, = {0} .
2. Suppose W, and are Su dﬁes of ¥ such that dimW, =4, dimW, =5, and dim¥=7. Find the

possible dlme f W NW,.
3. Let ﬁ> and W be subspaces of R* for wh1ch dimW, =1, dimW, =2, and W, & W,. Show

that]R3 WGBW

4, Consxder the following subspaces of R® :
W =span[(1,-1,-1,-2,0), (1,-2,-2,0,-3), (1,-1,-2,-2,1)]
W, =span[(1, -2, -3, 0,-2), (1,-1,-3,2,-4), (1,-1,-2, 2,-5)] :
(a) Find two homogeneous system whose solution spaces are W, aﬁd W, , respectively.

(b) Find a basis and the dimension of W, "W,.

If the mind of man can believe, the mind of man can achieve. -Napolean Hill
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5. Let W,,W,,W, be the following subspaces of R’ :
W, ={(a,b,c):a=c}, W, ={(a,b,c):a+b+c = 0}, W, é{(0,0,c)}
Show that : (a) R*=W, +W,, (b) R*=W,+W,, (c) R’=W,+W,. When is the sum direct ?

6. Suppose W,,W,,W, are subspaces of a vector space V. Show that

(W, "W,)+(W, "W,) < W, (W, +W,) . Find subspaces of R* for which equality does not ho as

7. Let Vbe the vector space of n-square matrices. Let W, be the subspace of upper tnan* ax matnces

‘s

J

and let W, be the subspace of lower triangular matrices. Find : (a) W N, (E)jf +W

. Answers -
2. dim(W, "W,)=2,3 or 4 pate
4.(2) (i) 3x+4y—z-1=0 (i) dx+2y-5=0 By J
4x+2y+s5=0 9x+2y+;%&»
(b) Basis: {(1,-2,-5,0,0), (0,0,1,0,-1)}; dlm(U(}W)
5. The sum is direct in (b) and (c) :« :

b 4
6.1In R?, let W,,W,,W, be, respectwely,@ x , the x—axis, the y—axis.

7. (a) Diagonal matrices, (b) V

7.3 Coordinates

Def. Co ordinate Vector FIEHHE set B ={v, vy, ,V,} s a basis of a vector space V(F) , then a
vector ve V can b e;cpressed uniquely as v=ay +a,v, +......... +a,v, for some scalars
LA
,"ﬂ}‘e cogfﬁcxents @,,8y,......,a, in the linear combination of v are called co — ordinates of v relative to

the baSlS B. The vector (a,,a,,......,a,) is called the coordinate vector of v relative to the basis of B.

- To conquer without risk is to triumph without glory. -El Cid




6.

Exercise 7.3

1. In R*(R), find the coordinates of vector u w.r.t. abasis (u, , u, , u;) where
G u= (4,5,6); u=(-1,1,1) -, ,=(-11,0) , u,=(1,0,-1)
() u=@,0,-1D) ; #=0,1,-1),4=>01,1,00 , u,=(1,0,2).

N

2. In C*(C), find the coordinates of (2, 3 +4i, 5) w.r.t. the basis {(1, 0, 0), (1, 1, 0), (1, 1, 1)} ,

3. The vectors u,=(1,~2) and u,=(4,~7) form a basis S of 'R?. Find the coordinates vector{y] of v

relative to S where : (a) v=(5,3), (b) v=(a,b).

kg

. ' & ? kid
4. The vectors u,=(1,2,0), u,=(1,3,2),,"4,=(0,1,3) form a basis S of R’. Ei‘x'i‘_gv_/th%‘)ydinates vector

[v] of v relative to S where (a) v=(2,7,-4), (b) v=(a,b,c).
5.8 ={t3 +12, 2+, 4], 1} is a basis of P,(R). Find the coordinates vector[v] of v relative to S

'
where  (a) v=2£+1—41+2 (®) .v=af’ +§“b£§;&;t‘-”ct+d.

6. Let ¥=M,,. Find the coordinates vector [4] of 4 relatngg:\.fto'i Swhere :

1 171 =111 1] [1 0 '?3 -5 ‘ a-b
S T 1 T P AR

R4

Answers

&

£

1 ()(15. -10,9) i) € -3,3, -2)
2, -3-2i , -2+4i ,5 ¢ 3. (a) [47,13], (b) [-7a—4b, 2a+b]

,s”.‘\,%t}
4.@) [11,43,-10], %%);pc—%na, —c+3b—6a, c—2b+4a]

[a,b-c,é—b-i—a, d-c+b-a]

7.4 Extension to basis

Extension theorem : If V is a finitely generated vector space , then any set of linearly independent
vectors can be extended to a basis of V.

Method : To extend a given linearly independent set of V to form a basis.

Input: A linearly independentset S = {v,, v, ,.ccu... ,V,} of avector space V is given where

dimV=n.

Real success is finding your life work in the work that you love. -David McCullough
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Output : A basis B of V such that ScB.
Working Steps : '
(i) Let S'= {e,,€, seercrurees ,e,} denotes the standard basis of V.

(ii) Asdim V=n and S already contains m elements , so we have to choose n—m vectors out of

A

then take e;. g : \
(iv) Now select the vector e; and check the linear independence of e; together‘ e set obtained in
step (iii). If these are linearly dependent then remove e; and if lineg ly@%gpendent then take es.

(v) Repeat the above process for ez, €4 ,.......... until n—m vectors | &' are selected. These
n—m vectors together with S form a basis B of V. w
W . R .
%‘mﬁ%f
Exerclse 7. 4{

@ {1,2,3),@2, -2,0)} (if) {&»0%‘2) » (2,-1, 4} - @) {(1,1,1),(1,0,0)}
2. Extend the set {(0,0,0,3), (1 J, 0% 0) é(o -1,0)} to form a basis of R*.

.Lx

3. Extend theset S={(1,1, 0)}..g3;to-fon1$_1 two different bases of R? (R).

4. Extend the set {(1,2, 3,4,3) , (2, 3:6, 1,2)} to form a basis of R®.

s Answers

1. The answer 1s’n\‘t uruque however one answer of each part is given
(l) ”{(l 2 3) (2 "2’0)’(1 ’030)}

,4),(1,0,0)

{(0, 0,0,3),(1,1,0,0) ,(o, 1, -1,0),(0,1,0,0)}.
3.{(1,1,0),(1,0,0,0,1, D} , {(1,1,0),(0,1,0),(0,0,1)}

Creativity means bélievirig you have greatness. -Dr. Wayne D. Dwyer

B — —
” o
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7.5 Complementary subspace

Def. Complementary Subspace : Let W be a subspace of a finite dimensional vector space V(F). If
there exist a subspace W' of V such that V is direct sum of Wand W' jie. V= W® W', then W’

is called complementary subspace (or simply complement) of W .

Results

1. Every subspace W of a finite dimensional vector space V(F) has a complementary subspaciﬁ\
anddim W' = dim V-dim W. _ e Y '

2. Complement of a subspace need not be unique. c

3. Method : To determine a complement of a subspace.
Ihput : A subspace W is given.

Output : Complementary subspace W'.

Working Steps :
(i) First find a basis of W.
(ii) Extend this basis to form a basis of V.

(iii) Generate a subspace W' by the additional vecto}S§used to extend the basis.

(iv) This W' is a complement of W. &

iéerclse 7.5
1. Find a complement of a subspace W mg\ed by (1, -2,5,-3) ,(2,3,1,~4) and (3, 8, -3,-5)

.x"

in R*(R).

. ‘% 7.6 Quotient spaces

A

Def '“Coset §Let V(F) be a vector space and W be a subspace of V ,/'then for any v e V, then the set

W +v= {w+ viwe W} is called right coset of W formed with v or generated by v. Since the vector

space V(F) is commutative w.r.t addition, so W+v=v+ W and so it is known as simply coset of W
formed with v.

Results :
1. Let W be a subspace of a vector space V(F) and let v/ W be the set of all cosets of Win V i.e.‘

Success is having your best day everyday.
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v/ W= {v+W : veV} then V/W is a vector space under the operations defined by
U+W)+(v+W)=w+v)+W and a(u+W)=au+W
and V/W is called quotient space of V w.r.t. W.
2. Let W be a sub space of a finite dimensional vector space V(F) , then
dim(V/W)=dimV -dimW .

Remark : To find the basis of V/ W we first'extend the basis of W to form a basis of V and“then t

:L

the cosets of W formed with add;tlonal vectors which are used for extension of basis,s These cosets

form a basis of V/W. o @ g.;.;:

Exercise 7.6 -
1. Determine dim V/W ,where V=C(R) , W=R(R). = %

2. Determine dimV/W where V=C*(R), W=R*(R), &

3.Let A= {(x,y,0),x,yeR} and B = {(O y, ""fv be two subspaces of IR’(IR).

0
Vcnfy that dim((A + B)/A) =dim(B/AN B) ¢
4. If W is a subspace of R3(R) generated b%&, 0),(1,1,0)}, find basis and dimension of
VW, P %
5. IF V isa vector space of all 2x2#Mm3 ngés over R and W is the set of all 2x 2 diagonal matrices
szce of V. Also find dim (V/W).

over R, then show that W is a slib:

c

6. Let V bethe vector spie{{pl 2x2 matrices over C. Let W, = {[b —a] ta,b,ce C},

.....

b v
W, ={[ ? A TQ@ b ce C} be two subsets of V. Verify that W; and W, are subspaces of V
—a c

)'_‘.:Zi:';.- 3 t?MM)=dim[ ¥, )
: v w. )

2 \Vl.m W,

_ Answers .
1.1 2.2 4. Basis= {W+(0,0,1)} , dim=1 5. 2

Fear begins to melt away when you begin to take action ona goal y‘ou‘really want. -Robert G. Allen

— — SRR
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True-False questions :

Answer true or false. If false, prove it with a counterexample.

1

2.
3.

. If u,,u,,u; ,u, are linearly independent, then u,,u,,u, are linearly independent.

If u,,u,,u, spanV, then dim¥V =3.
If 4 is a 4x8 matrix, then any six ¢o,IMns are linearly dependent.

If u,,u,,u, are linearly independent, then u,,u,,u, ,w are linearly dependent.
If u,,u,,u, ,u, are linearly independent then dimV >4.

If u,,u,,u, span V, then w, u,,u,,u, span V.

If any column is deleted from a matrix in echelon form, then the resulting matnxxs s‘ﬁllm echelon

. g {
form. L Ay, b

If any column is deleted from a matrix in row canonical form, then the ré
row reduced echelon form. '
If any column without a pivot is deleted from a matrix in row g&ﬁ‘émca form, then the resulting

matrix is in row reduced echelon form. e e

We lift ourselves by our thoughts. We climb upon our vision of ourselves. -Orison Swett Marden
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8.1 Linear transformations

Def. Linear Transformation : Let U and V be two vector spaces over a same field F , then a function
T: U— V is called a linear transformation or vector space homomorphism if
() T(u+v)=Tw)+T() forall u,veU 2
(ii) T(au)=a T(u) for all aeF,ueU ’ e
Remark : The above two propemes in the definition of L.T. can be combined into a smgle property ,
namely , T(au+bv) = aT(u) +bT(v) forall a,beF and u,veU ; e
Def. Linear Operator : A linear transformation is called a linear operator 1f the ‘\)eetof space on both |
'sides is same. Ny
.Def. Linear Functional : A linear transformation is called a linear ﬁmctlonallf the vector space on
the right hand side is the field of scalars. - i
Def. Injective (one — one) Linear Transformation : A‘linear ‘tra{néfblnnation T:U—>Viscalled
injective or one-one if for any u ,veU, Tu)=T() "}u—_>" i = v
OR uzv = T@)=T() ie. different elen'fe'nts has different images.
Def. Surjective (onto) Linear Transformatlon A lmear transformation T : U— V is called

surjective or onto if foreach veV thefegs an element ue U s.t. T(u) =vi.e. each element of V

S 3
229
Wt

has a pre-image in U. T, ,
Def. Bijective Linear Transformatlon A linear transformation T : U—V is called bijectve if it is

one - one and onto both. A bljectlve lmear transformation is also known as vector space isomorphism.

li

Exercise 8.1

1. Determme Wthh *?f the following mappings are linear transformation. .
) T ]R1 - lR2 defined by Tx,y,2)=(,2x+y)
- (ii) T.lRS——) R? defined by TG, y) =2, y)
(i) T:R > R'definedby  T(r,y,2)=Q@x+y,z,x,y+])-
(iv)T:R’ —» R*defined by Tx,y,2) = (x|,y,2)
(v) T:R* > R defined by  T(x, y)=x*+)’
2. Determine which of the following mappings are linear transformation. Further if a mapping.is

linear transformation then find whether it is one-one or onto or neither or both.

Take a risk-jump out of your comfort zone!
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(i) T:R?— R*defined by T(x , y) = (xcos@+ ysinf , —xsinf+ ycos6)

(i) T:R*®—> R’ defined by T(x,y,z)=(x—y,y—z,z—x)

(iii) T : C(R) > C(R) defined by T(x+iy)=x-iy

(iv) T: C(R) »> C(R) defined by Tx+iy)=x

(v) T:-R* >R defined by T(x , y) = [2x+3))|

(vi) T:R? > R definedby - TG, y)=xy
(vii) T:R® - R’ defined by TGx,y,2)=E+y, 3z, 0)
(viii) T:R*> - R*defined by "~ T(x,y,2)=(x,ay,z), a is a non-zero real number

3. Zero mapplng LetU and V be any vector spaces then the mapping O:U — Vg deﬁned by
O()=0 forallu e U is called zero mapping. Prove that zero mapping is a 11neargt‘?ansfonnatxon
4. Identity mapping : Let V be any vector space then the mapping I: V —)'V deﬁned by I(v)=v forall
veV is called identity mapping. Prove that identity mapping is-a llnear transformatlon
5. Projection mapping : The mapping T:R? v~ R? deﬁne%d byﬁT(x, y,z) (x,y,0) is called projection
of space onto the xy -plane. Prove that T is a linear transformaﬁon
6. Define the following projection mappings and prove thatzthey are linear :
(i) Projection mapping of space onto the yz —plane
(ii) Projection mapping of space onto the xz —plane
(iii)Projection mapping of space onto . -,axns
(iv)Projection mapping of space onto y -axis.
(v) Projection mapping of space onto z -axis.
7. Translation mapping : The mappmg T:R® - R’ defined by T(x,y,z) = (x+a,y+b,z+c) is called
| translation mappmg, where_ a,rb,c are real constants. Prove that T is not a linear transformation.
8. Rotation mappm% The mapping T:R*® — R’defined by

T(x,y,z) (xcos6' ysin@,xsinf@+ ycosb, z)
>
rotates awector v about the z —axis through ‘ T(v)

i anangle @ in anti clockwise sense.

; 0 S
g >y
(as shown in the adjoining figure.)

Prove that T is a linear transformation. S x y

9. Reflection mapping : The mapping T:R? — R?

defined by T'(x,y) = (xcos268 + ysin26,xsin 26 - y cos 26) : \

reflects a vector v about the line passing through origin 0

an_d making an angle @ with positive x —axis.

Nothing happens unless first a dream. -Carl Sandberg
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(as shown in the adjoining figure.) .
Prove that T is a linear transformation.

10. Matrix mapping : Let A be a mx nmatrix over a field F. The mapping T:F" — F" defined by

T(v)= A(v) forall ve F" is called matrix mapping. Prove that T is a linear transformation."

11. Derivative mapping : Let P(R ) denotes the vector space of all real polynomials. A mapping
D:P(R)-=P(R) defined by D(f (x)) f'(x) forall f(x)eP(R) is called derlvatlve mappmg
Show that D is 4 linear operator on P( R). Further tell whether D is one — one or onto or nelther or
both. g e

1 yd ;‘: £ '
12. Integral mapping : Let V be the vector space of all integrable functions on?i]R :J'he mapping T :

V— R defined by T(f)= I f(x)dx forall feV and a, be R"»‘i;:_célled"integral mapping.

Show that T is a linear functional.

13. Let ¥ be the vector space of all polynomials over R and g(t) 1s a ﬁxed polynomial in V.

‘i. & ':},

A mapping T : ¥V — Ris defined by T(f)= If(t) g(t) dt-where a,beRand feV

Show that T is linear functional. | S
14. Let M,(F) be the vector space of all %@; n matnces over a field F. Let M be a fixed nxn matrix.

Which of the followmg mappmgs T M,,(F) —> M, (F) are linear :
1) TA) = for all A € M .
(i) T(A) = for all AeM,(F)
(ii1) T(A) = AM + MA for all AeM,(F)

(iv) T(A) = MA+AM forall AeM,(F)
) T(A) = AM ’gly\'IA forall AeM,(F)

(vi) T(A);"{;- "A+M forall AeM,(F) ,
(vi)) T(A) = M+A forall AeM,(F)

15. Let M (R ) be the vector space of all 2x2 real matrices and P,(R) be a vector space of

all polynomial of degree at most 2 with real coefficients. A mapping 7': M,(R) > B(R)is

b ;
defined by T[IZZ dD= a+(b+c) x+dx*. Show that T is linear transformation. Further

We will either find a way or make one. -Hannibal

AT A
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tell whether T is injective or surjective or both or none.
16. Consider the linear map T :R? — R? defined by T'(x, y)=(3x+5y, 2x+3y) and the
unit circle S={(x,y):x* +y*=1} in R’ ,then find (i) T(S) (i) T7'(S).
17. Consider the linear map T :R*® — R? defined by T'(x,y,2)=(x+y+2z, y—-22,y-32) and
the unit sphere S={(x,y,z):x’+y*+2z>=1} in R®, then find (i) T(S) (i) T7'(S).
18. Let H be the plane x+2y—3z=4 in R’ and let T be the linear map in problem 17,
then find :

(W) I(H) - (i) T7'(H).
_ ’ . ) Answers ,
1. G) Yes (i) No ° (iii) No @) No () No. = ‘g
2. (i) L.T. and both one—one and onto. (ii)) L.T. but nelther one one nor onto.
(iii) L.T. and both one —one and onto. (iv) L.T. but nelt,beg ogg - one nor onto.
(v) notaL.T. (vi)nota L.T. e
(vii) L.T. but neither one — one not onto. (vm)- L- ’I‘ and both one — one and onto.
14. (i), (ii), (iii), (iv), (v) A
16. (i) 13x*-42xy+34y*=1, . (i) 133?2 +42xy +34y*=1

17.() ¥ -8xy+26y" +637-38yz+1422 ~L, . “G) ¥ +2xy+3y* +2xz—8yz +142°=1
18. (i) x-y+2z=4, () x+62z=4

8.2 ’:.P-rfpperties and construction of linear transformations

Results : )
l. Let T : U-—)Vr"'bealiner transformation. Then prove the following'

@ T(Q) 0" "whereOOnLH S.isof U and 0' on R.H.S.isof V.
| (11): -T(—u) =—T() forall ueU
(i) ’m; ~u,)=T()-T(u,) forall u,u,eU
(iv)‘ T(au, +au, +......... +au,) = aT@w)+a,T(u,)+..... +a,T(u,) where u, e U
and g;’s are scalars.
2. LetT : U—V be a linear transformation and vectors u, , u, ,......... ,u, ety are
linearly dependent , then prove that T(x,) , T(%,) ,......... ,T(u,) are also linearly

dependent.

If at first you don’t succeed, dust yourself off and try again. -Aaliyah
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OR
A linear transformation T : U— V carries L.D. vectors of U into L.D. vectors of V.
3. Images of L.I. vectors under a linear transformation need not be L.I.
4, Let T : U=V bea linear transformation. Then prove that T is one — one iff it

carries linearly independent vectors to linearly independent vectors.

5. Let T : U—V be alinear transformation and T(y,) ,T(w,) ,......... ,T(u,) are L.I.,

then show that u, , u, ,......... , U, are also L.I.

6. Pre —images of L.D. vectors under 2 linear transformation need not to be L.D,#%» -
7. LetT : U—>V be an onto linear transformation. Show that T is one-one’ 1ff pre-m:ages

of L.D. vectors under T are L.D. vectors. , "
Def. Equality of two linear transformations : Let T;, T, : U—>V be, two lmear transformation. Then

Ty and T, are said to be equal if T,(»)=T,(u) forall ueU and then we wnte Ti=T;

8. Let T, T, : U—>V be two linear transformations an”d Upsy, u2 , ..... , u, beabasis of

U. If T,(u) = T,() for alli,then T, = T, k‘

e :1" i
V.QR
If two linear transformations agree on a ba§”"§* f their domain , then they are equal.

9. Let U and V be two vector spaces where dlva is finite. Let {u, , u, ,..., u,} bea
basisofUand v, , v, ,...., v, be -any’ n vectors in V. Then there is a unique linear
transformation T : U—V _such that T(u‘)=v» i=1,2,..,

10. Two finite dlmensmna{vectorspaces over the same field are 1somorph1c if and only if
they have the same dlmensmn; 4 '
11. Everyn— dlmqgsxsnal vector space V(F) is isomorphic to F".
12. Foraany fieldF, 'F" = F" iff n=m.
13. TI_’here}i&“sﬁ'?%g;éné — one onto linear transformation from R™ to R” where m = n.
METHOD 8.2.1: To find T when image of a basis set is given.
Input:Let T : U—V be alinear transformation. A basis {#, , u, ,...., u, } of U is given and
T(u) =v,, T(4,) =v,.... and T(u,) =v, are given.

Output : Defining formula for T.

You are what you repeatedly do. Excellence is not an event-it is a habit. -Arisiotle




Working Steps :
(i) Take any arbitrary vectoru of U and let u=ay +au,+....+au, ... ¢))
(ii) Solving (1), find the values of g, , g, ,....., g,.

(iii) Substitute the values of q, , 4, ,...., a, , in (1) itself and then apply T on both sides to
obtain the relation T(v) =a,T(w)+a,T(w,)+....+a,T(u,)
(iv) Now use the given values of T(,), T(,),....,T(1,) to get T(u) =ay, +a,, +....+a,y, ‘ v

. "‘4;=u\‘,~:~r .‘!“l
and thus T is found. =

METHOD 8.2.2 : To find T when image of a subset of a basis is given

v

Input : Let T : UV bealn‘lear transformation and dim U =n. A L.I set’ {ul ﬁq“ u,} , where

m<nisgiven and T(w) =v,, T@w,) =v,,..,T(4,) =v, aregiven.

Output : Defining formula for T. o
Working Steps :
L. “AC. 3
(i) First extend the set {,,u,,....,u,} to a basis of U and lfe‘teth;g:pagiase%btained be
{5ty seees Uy Uppyysenstdy} -

(ii) There is no condition on T(u,,,) ,...,T(u, )so ,f%gour 51mp11c1ty we assume that
\“/

Tw,,)=-.=Twu,)=0

Remark : T(u,,,),....T(u, ) n} above method can be taken any vectors of V. So the answer of this
xg
problem is not unique but there are infinitely many linear transformations satisfying the conditions

given in the example However 4n case images of vectors of a whole basis are given , then T is
unique. Ay,
PR Exercise 8.2
1 lee %eg&’ample of a linear transformation to show that a linear transformation not necessarily
cames a LI settoaL.l set.
2. tWhat is the necessary and sufficient condition for a linear transformation to carry a L.I. set to a L.I.
set.

-3. Which of the following vector spaces are isomorphic to each other:
@ BM®) - (i) My(R) (i) R°(R) (iv) C(R) (V) My (R)
(Vii A (R) (vii) K(R) (viii) C*(R) () R'R) (x) M,,(R)

Success comes from having dreams that are bigger than your fears. -Terry Litwiller
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4. Find a linear transformation in each of the following cases and verify your answer.
(i) T :R? >R? suchthat T(2,3) = (4,5) and T(1,0)=(0,0)
(i) T :R* > R® suchthat T(2,-5)= (-1 2,3 and TG3,4=(0,1,5)
(iii) T : R* > R? suchthat T(1,1,1)=(2, 1), T(1,1,0=2,1), T(1,0,0)=(2, 1)
(iv) T :P,(R) = P,(R) such that T(1+x)=14+x , T(2+x)=x+3x* and T(x?)=0

p.
A

5. Find a linear transformation in the followmg cases , which maps

i A {5‘5’ .
Q) (1,1, and(1,1,2)inR}to (1 0) and (1,-1) in R? respectively.
(i) (1,2,3)and (0,1,2)inR%to(1, 1) and (1, 2) in R respectively. {ff"?-i“i

Also verify your answer in both (i) and (ii). £l
6. Show that there exists no linear transformation 7:R* — R? such that.T (1 ,;,1';;(1 ,2), T(,2)=
(1,9,T@,3)=2,4). L -
7. Does there exist a linear transformation T:R? —->1R2 such thatT (l 1) 1,2,

-4x+3y 13x-4y 37x+
7Y "«f(xyy):( ? y y)

4.G) T(x y)~(4y Sy) S =

3°3 ,
(i) T(x,y,2) = Qx,x) & ,‘,,(lv)'sér(éi'+bx+cx2) (~a+2b)+bx+3(a-b)x?.

5. The answer is not unique, but by takirig image of third vector as (0, 0), the answers are

) Ty, 2) = (x,x - 2)@ Tym (ii) T(x, y, 2) = (- x +y, - 3x + 2y)
e

I ,ﬁ':

&

8.3 Matrix of a linear transformation

Def. Ordered basxs A basis of a vector space is called an ordered basis if its vectors are written in a

certain spec1fic order.e.g. Let B={v,,v,, v} isabasis of a vectors space V. Let us change
the o'rjdf:r ofits vectorsand let B’ = {v, , v, v,} , then B and B’ are same basis but different ordered

basis since order of three vectors in B and B' is different.
Note : It may be difficult for a curious reader to digest above definition , because he or she may think
that if we change the order of vectors in a basis , then how this can affect our subject. The answer to

this curiosity is : As far as our previous work of linear transformation is concemed , the order of

Hope doesn’t guarantee anything-hard work does.
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vectors is a useless thing , but in the associated matrix of a linear transformation (which we are going

to study now) , the order of vectors certainly has an effect. We will see it soon.

Def. Matrix of a Linear Transformation relative to ordered basis :

Let B= {ul I 7 A ,yu,band B'= {v , v, ,cceeee » V,,} be ordered basis for the finite

dimensional vector spaces U and V respectively and let T : U—V be a linear transformation.

Since T(y,) , T(&4,) seeeeeenene ,T(w,)eVand {v , v, yeuruune » V,} is a basis of V, each T(y;) can be}'g
‘expressed uniquely as a linear combination of the vectors v,,v,........... 3V -
Let  T(u)=a,v,+a,v, +.u... +a,,v, ,
‘ '. e
T(u,) = aw, +a,v, +..eee. +a,,V, '
T,)=a,v,+a,,v, ... +a,,v, where a;€ F. | |
. ] [
‘ e 4 e Gy

. . ‘ . i a, Gp . a
The coefficient matrix of the above system is a nxm matrix givenby | > 7 2m

a

n‘ anz oo a

nm
;‘i >

The transpose of this matrix is a mxn matrix cglféﬁ;ghg matrix of T w.r.t. ordered basis B and B',

o

all a2| e a

nl

denoted by [T :B . B'] and is glvenby » [’1‘ . B, Bv] alz Ay, . Q4

alm a2m amn

Remarks : (1) It should be noted that the order of matrix of a linear transformation
T:U->Vis. mxn i.e. dimV x dimU.

) Whenever bas;s B and B ére not mentioned in any problem , they are understood to be taken as

standard basxs {:‘

(3) If U -~V and B is the basis used on both sides , then the matrix of T is denoted by [T : B]
' mstead of [T:B,B].
O SQmetlmes matrix of T is denoted by [T'] or m(T), when the bases are understood.
(5) The matrix [T : B, B'] depends very sensitively on the ordered basis B and B' of U and V. The
order (arrangement) of the vectors of B determines the order (arrangement) of the columns of
‘matrix [T : B, B]. Similarly, order of the vectors of B’ determines the order of the rows of

matrix [T : B, B']. '

Believe you will be successful and you will. -Dale Carnegie
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Short cut method : To find the matrix of a linear transformation7:R™ — R" in standard basis on
both sides , there is a simple technique

Pick up the first coordinate in the defining formula of T. The coefficients of x , y , z etc. in this
coordinate are written in the first row of the matrix. | p
Similarly , pick up the second coordinate in the defining formula of T. The coefficients of x my ‘z

etc. in this coordinate are written in the second row of the matnx, and so on. B, )

METHOD : To find T when matrlx is given v , "";‘»

Input: Let T : U—V be a linear transformation where dim U =» and dmef=m

Two ordered basis B = {u,,u,,.......... o,u,} and B' = {v,v,,......... 'Vt ofU andV respectively are

given and the matrix [T : B, B'] is given.

Output : The defining formula of T.

Working Steps : iy
(i) T(u,) isequal to linear combination of v,,v,,........ ‘ 3 ; by using scalars of first column
of [T:B,B]. ’, |
Similarly, T(u,) isequal to linear combmatfgﬁ\ ﬁv|, Vysurerersens ,V, by using scalars of second

%

“column of [T : B, B'] and so on o, i

(if) We are ready with T - 1mages ‘ot a a bas1$ of U. Now find T by using Method 8.2.1.
Shortcut method : If we are given thié matrix [T : B,B’] and we are required to find defining
formula for T , then follow. these steps

Multiply the scalars in the ﬁrst row by x y,z etc. and add. This gives the first coordinate of
defining formula; By

Similarly , the second, third and other co — ordinates can be found.

‘k‘% ,

1. Find the matrix [T : B, B’] for the linear transformation T : R? — R? defined by

Exercise 8.3

T(x,y) = (x,—y) where
(1)B= (e]sez) ’ B' = {(191)’(19_1)}
(i)B = {(1,1,(1,0)} , B'={(2,3),(4,5)}

You cannot have everything, but you can try.
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2. Find the matrix representing the linear transformation T : R* — R* defined by
T(x,y,2) = (x+y+2,2x+2,2y—2,6 y). relative to the standard basis of R’® and R*.

3. Let C(R) denotes the vector space of complex numbers over real numbers and T be a linear
operator on C(R) defined by T(x+iy)=x—iy forall x,ye R.Determine the matrix of T

relative to the basis B = {l1+14,1+2i}

4. Write the matrix of linear transformation T : A (R) = P,(R) defined by T(a, +a,x + azx + a3x )

= a,+(a, +a,)x +(a, +a,)x* relative to the bases B = {L,x-1,(x-1)%(x-1°} and

B'={l, x, x*} respectively.

1 2],

5. Find the linear transformation T : R* - R’ whose matrixis | 0 1 relanve to'ordered basis
-1 3]
5 \"'.f\:'&_‘”'@-"'

B={(1,1),(-1,1)} and B' = {(1,1,1),(1,-1,1),(0 ,'g‘.;‘i);};;

alos 1
6. Describe the linear operator T on R? determined by the matnx g , relative to the ordered
4 Z 4
basis B={(1,0), (1, 1)}. 'y
N . .‘A:‘ 4 ”' ./ ; ’ 1 _1
7. Describe the linear map T : R? — R*/determined by the matrix A = | -2 3 |, relative to the
0 1

ordered basis B = {(1, 1), (0, ‘2v)}~a.nd:: B'={0,1,1),(1,0,1),(1,1,0)}.

8. If the matrix of a linear; transfonnatlon T on R’ relative to the ordered basis

”Ww ‘
W 0 1 1
—{(100)(010)(001)}1s 1 0 -1];
1
‘ A3 . \(i' _1 _1 0
Fmd the matnx relatlve to the basis B' = {(0,1,-1),(-1,1,0),(1, )}

9 Let Vv be a vector space of some particular real functlons and B = {1,¢,€,te'} is a basis for V.

Le‘t‘ D : V=V be the differential operator on V i.e. D(f) = % Find the matrix [D : B].

. ,
10. Let M,(R) be the vector space of all 2x2 real matrices and M = [a d} be a fixed matrix.
c

Find the matrix [T] of each of the following linear operators T relative to the standard basis B of

, 1 0][o 1][o o][0 o ,
M,(R) given by B—{I:O 0],[0 O]’[l O]’[O l]}.Also find trace and determinant of [T].

If we always look back, we lose sight of what’s ahead. -Justin Sims
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(i) T(A) = MA (i) T(A)=AM (iii) T(A) = MA + AM
(iv) T(A=MA - AM (v) TA=AM - MA

11. Find the matrix in standard basis of the linear transformations :
(i) Zero linear transformation from R* to R’.

(ii) Identity operator on R,
(iii) Projection mappmg T:R®—> R3 defined by T(x,y,2) = (x,y,0)

;‘"T By ft.‘

1 23 4
(vi) Matrix mapping T: R* — R* defined by T (u) = 4(u) where A = 0 2 -1
2" 5 8 7

(vii) T:P(R) - R* defined by T (a0 +ax+ax’ + a3x3!)f(ao -an,,,_a‘,"' + 2a2,2a2 +3ay,3a;)

3 W e
LR

b A\
(viii) T:M,(R) - B(R) defined by T[[a d]):a+(b’§:t‘-;c+d)x+(a—d)x2 +ex?

12. For each linear transformation L on R?, fi én the: matnx A representing L (relative to the

usual basis of R?): ;_;,v

[s

(i) L is the rotation in R? cogt%clockmse by 45",

(ii) L is reflection in R? about the lm% y=X.
(iii) L is defined by L(l 0) (3 S) and L(0,1)=(7,-2).
(iv) Lis defined bf‘»b(l 1) (3 7) and L(1,2)=(5,—4).
13.Let D denote"\the g}ﬂ’erentlal operator ; that is, D(f(t))=df / dt . Each of the following sets is a

basis /Qf a vector space V of functions. Find the matrix representing I) in each basis :

Ty

(i) { mte?'} (i) {1,,sin3¢,cos3¢} (iii) {e te’ tzes’}

Answers

11 9 s 11 1

|2 ” 2 2 2 0 3 4

1. @ 11 2 3. [T:Bl =

O @] T, [][_2_3}

2 2 2 06 0

The only way to discover the limits of the possible is to go bey'ond them into the impossible. -Arthur Clark
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{0 0 0-1
410 01 =2 5. T(x,y)=QRy-x,y,3y-3x)
10 -1 2
6. T(x,y)=(7"+623y,2x‘;1°yJ 7. T(x,y)=(2y—4x,x,y-2)
1
1 0 0 g 0 3 g
8.10 -1 0 C 9% :BI=| o
0 0 0 |
0 001
a 0 b 0 ’ '
10. (il) [T ] 0a0.b "’trace of [T] =2(a+d)=2trace(M), det[T] &(?"' :b ‘)2 (d t M)?
. = > =la = e R = —0C) =
c 0d o0 , | (. bey=(de
0 ¢c 0 d % B 4
. ae¢00 o é‘iﬁ'ﬁh
. b d 0 0 i . 2 2
(i) [T])= 0 0 , trace of [T] = 2(a+d)=2trace(M) , det[T] = (ad —bc)" = (detM)
a c ;
0 0 b d

ot
Ak

2a c b 0

b a+td 0 b|° “?*f‘t.;. traéé of [T] = 4(a +d)=4trace(M)
(ii1) [T]= :
: c

0 a+d c¢|” = det[T]=4(ad -bc)(a+d)® = 4(det M)(trace M)’
0 ¢ b 2d]-
P {‘\.) s
0 - &/
' - -d- o0 b .
@iv) [T]= b 479, ¢ Gest” , trace of [T] =0, det[T] =0

0 d-a -
0 e -b 0

” 0 ¢ b 0

T
) 7=

—-C

0 = b 0

L [V2 2 o1 307 12
12. (i) |;/5 \/-2-jl (i) [l O:l (iii) [5 _2:| >iv) [18 _11]

b
, trace of [T] =0, det[T] =0

If you can dream it and you want it bad enough, then the reality will become real.
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100 2(1) g g 510
13.6G) [0 2 1 @ |00 o 3 i) [0 5 2
0 0 2 0 0 5
0 03 0
s k.

The toughest part of working up the ladder is fighting through the crowd at the bottom.
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9.1 Range space and Null space

Def. Null Space or Kernel of a Linear Transformation : Let T : U— V be a linear
transformation. The null space (kernel) of T-is denoted by N(T) or Ker(T) and is defined as
N(T)=ker T= {ue U : T(4)=0}. In words, the null space is the subset of U consisting of all vectOrs

/‘4;’ \;X‘L }4
whose image under T is 0.

\’.\
]

ol
Def. Range or image of a Linear Trapsformation Let T : U—>V be a linear transformatlon “

\,6

then range of T or image of T is detioted by R(T) or T(U) and is defined as R(T) {T(u) U e U}.

In words range of T is the set of all those vectors of V which are images of vectors of U under T.
Results : oy

1.If T : U>V is a linear transformation , then N(T) , the null space‘gf T ‘is”e vsubspace of U.
2.Let T:U—V be a linear transformation ,then T is one- one 1f and onlyflf N(T) = {0}.

3.Let T: U —»V bealinear transformatlon then range; iof; T isa subspace of V.

Def . Rank and Nullity of a Linear Transformation : Let T U—) V be alinear transformatlon The
rank of T is denoted by p (T) and is defined as the dxmensgon of R(T). Fhe nulllty of T is denoted

by 4 (T) and is defined as the dimension o g
4, Sylvester’s law : If T: U—-)Vlsalmear rmatxon then

Rank T+Nullity T=dim U 1. e p(T) ¥ y(T) dimU .

5.Let T : U>V be alinear transfonnatlon where U and V are finite dimensional vector spaces cf
same dimension, then T is.Gpe — one 1ff T is onto.

6.IfT:VoVisa lmear oéperator on V, then R(T)AN(T) = {0} iff T(T(»))=0 = T(v)=0.

7. Fundamental. theorem of vector space homomorphism : Let T : U—V be a linear transformation,
then U/KerT &, T'(U) .

8.If T : U -—>V is'a onto linear transformation , then U/KerT = V.

W+W, ~ W,
W, = WAnW,

9 If W, and %z are two subspaces of a vector space then

Method 9.1 : To find range space of a Linear Transformation
Input : A linear transformation T : U—V is given.
Output : Range space R(T) and rank of Ti.e. p(T)

Develop the habit of changing your habits.




Woricing Steps :

(1) To find range space R(T) , we need a basis of U and for the sake of simplicity we
eonsider the standard basis ¢, , e, ,......... s €,.

(ii) Range space is generated by T-images of vectors of basis i.e.
R(T)=<T(e,) ,T(&;) o' T(e,) >

(iii) Now we have a generatihg set of R(T) so find a basis of R (T) by techniques of vector 4
spaces i.e. either by sele"ctin'g"a maximal L.L set out of {T(e,) ,T(e,) 5...c..... ,» T(e,)} or-‘f)y,;.;;;
row echelon method.

(@iv) The number of elements in the basis gives the rank of Ti.e. p(T).

r'r;'. Ao

Alternative Method 9.1 : Range space of a linear transformation is the column space of its matrix.

‘K\(

Method 9.2 : To find null space of a linear transformation-

Input : A linear transformation T : U—V is given. i S
Output : Null space N(T) and nullity of T i.e. u(T). e \w
Working Steps : . B

) Take any arbitrary vector ¥ € U and substitute T(u)=~0” »Here a system of equations
is obtained. ,
(ii) Solve the system of equations obtained in sﬁep @). 'r;fhere are two possible cases.
Case (a) : If u =0 is only solution of above sx‘é{ér\x_\x__ﬁién N(T)= {0} and so x(T)=0.
Case (b) : If system has non - tﬂyial.soiﬁﬁqps%;»lt};en number of free variables , say r, gives the
dimension of N(T) and so (T) = nullity of" T =r. Further, let 4, , u, ,......... , u, be the solutions
by setting one of the free variable equal to 1 (or any non — zero constant) and the remaining free
variables equal to 0, then;f_:{.;élif:; Uy peveernnee , u,} is a basis of N(T).
Alternative Method 9.2 Null 'spé?ce of a linear transformation is the null space of its matrix.
Method 9.3 : To*ﬁnd a lmear transformation when a generating set of range space is given.
Inpyt Let T.: U=V be a linear transformation and dim U=n. A generating set
v, vz, , v,} where k <n of R(T)is given.
- Output: Defining formula of T.
Working Steps :
(i) Take any basis of U, for simplicity , we can take the standard basis {e, , e, ,......... ,e,}.
(ii) Two possibilities are there
Case (a) : If k=nthentake T(e) =vi , T(e,)=v,....... ,T(e,)=v, and find T by Method 8.2.1
Case (b): If k<nthentake T(e) =vi , T(e)=v,5...... ,T(e,)=v, and T(e,,) = cvuren =T(e,) =
0 and find T by Method 8.1.

Remember, if you want a different result, do something different.
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Remark : In above method , T does not exist if k> n.

Method 9.4 : To find a L.T. when a generating set of null space is given.
Input: Let T : U—V be a linear transformation and dim (U) = n.
A generating set {u, , ¥, ,.peucneee. , U} of N(T) is given.

Output : Defining formula of T.

Working Steps :

(i) First check that the set {y, , u, [y , 4.} is L.I. or not. If yes , its okay. If no'
reduce it to .a maximal L.I. set . ) fﬁwp e

(ii) Let the L.I. set obtained in step (i)be S= {u,, t; oo ,u) wherers;z«‘5 |

Clearly, S is a basis of N(T).

seees 4, } Out of the

r+l

(iii) Now extend the set S to a basis Bof Uand let B= {u, , u, ,,u,,u

vectors of B only v, , u, ,...., u, belong to null space andj;k_gthe_r's do not

oo
belong to N(T), so we assume Y
'3
T(u) =0 %
T(uy) =0 :
........... S v": ‘\\"g
Tw,) =0 W L Gt

r i ;
& s
and T(u = an 1 — ]
(Ure1) y nor{mznggo;a‘gector, say v

r+l

v,,,} isa L.l set.

r+l?

T(ur2) = any non — zero“vector, say v,,, such that {v

.....................................

W )
T(u,,)’n_w= “any n?gxt— zero vector say v, such that {v,,,,v,,,,....,v,} isa L.L set.

(iv) Now find:T by: Method 8.2.1
‘ ) . \Iy,:t‘yf -

%, | Exercise 9.1
Qe

1 Fmd ;R(T)}, rank (T), N(T) and nullity (T) for the following linear transformations and
Verify the Sylvester law.
(i) T: R*—>R? definedby T(x,y,z) = (x+y,y+2)
(i) T: R*—>R® definedby T(x,y) = (x+y,x-y,y)

You can turn negative consequences into positive rewards simply by changing your habits now.

B ——— v i 0 S e RO A SR Y B - g
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2. A linear transformation T : R*> = R® is-as T(1,2)=(3 ,—1, 5) and T(0, 1)=(2,1,-1).
Find the defining formula for T and then find range space , rank , null space and nullity.
3. Find range space , rank , null space and nullity for zero operator O : V—V defined by
O(x) =0 for all x and identity operator I : V—V defined by I(x) =x for all x, where
V is a finite dimensional vector space.
4. (i) Find a linear transformation T : R® — R® whose range space is generated by (1,0, —1)
and (1,2,2).
(ii) Find a linear transformation T : R* = R® whose range space is generated by (1, 2 ,3)
and (4,5,6). o
5. (i) Find a linear transformatjon T : R* - R® whose null space is spanned by (?,3, gt, 1)
and (1 0,1,1). 4

'S
WA,
AN

and (0, -3, 4). - ({@

L
6. Let V be the vector space of all 2x2 real matrices a%wet M [ ! 5 :] be a fixed

matrix. Let T: V—V be a function defined by T(A) =r;:l;\,'IA forall AeV. Then

- (i) Prove that T is a linear transformation.

(ii) Find range space and rank of T.
(iif) Find null space and nullity of T.
(1v) Verify the Sylvester law.
7 Let T V-V bealinear map such that R(T) =N(T), where V is finite dimensional.

Prove that dim V is ever,.

9. Is thereahnear transformatlon T : R* > R*suchthat p(T) =3 and u(T) =2.
10. Let T R? - sze a llnear transformation defined by T(x, y)=(y, 0) . Prove that
RMO=N@). -

. ; P '
L ' : 1 2
11; Let'V'be the vector space of all 2x2 real matrices and let M = [O 3] be a fixed

matrix. Let T : V—V be the linear xﬁap defined by T(A)=AM-MA. Find R(T),
rank , N(T) and nullity. Then verify the Sylvester Law.

12. Find range space, null space, rank and nullity of the following linear transformations :
(i) Zero linear transformation from R* to R>.

(ii) Identity operator on R’.

Your ability will grow to match your dreams. —Jim Rohn
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(iii) Projection mapping T:R® — R? defined by T(x,y,z) = (x,,0)
(iv) Rotation mapping T:R® — R*defined by T'(x,y,z)=(xcosé - ysin8,xsin€+ ycosé,z)
(v) Reflection mapping T:R? — R? defined by T'(x, y) = (xcos26 + ysin 28, xsin 26 — y cos 26)

1 2 3 4 ;
(vi) Matrix mapping T: R* — R® defined by T (4) = A(u) where |0 1 2 -1 **ﬁ;
2 58 7 T

(vii) T:P(R) - R* defined by T(c_}o +ax+a,x’ +ax’ )=(a0 +a,,a, +2a,,2a, + 3a3,3a3) )

b & L /d a}! .
(viii) T:M,(R) = A (R) defined by T[[a dD=a+ (b+c+d)x+ (a—d)x{2 i—!—ox’

(i) A=|2 -1 2 -1}, (i) B= 2%; _1 ,_,1'~
1 -3 2 =2 2% O 3

Find a basis as well as the dimension of the kernel and the image of each linear map.

14. Let ¥ =P,y(t), the vector space of polynomlals of degree <10. Consider the linear map

D*:V — V', where D* denotes the fourth deﬁva ve d*(f)/dt*. Find a basis and the
ey

dimension of (i) the image of III) SR, (ii) the kernel of D*

J
‘Hj

"':“;?. 5
Answers

L @ ROD=R’, p(T), =2, and N(D) = <(1, -1,1)> and u(T) =
Basis of N(T) is notumque , it can be multiple of (1 ; =1, 1) as well.
(i) R(T) = <'"‘(‘;‘1'-;»§1 ,0),(1, -1,1)>, p(T) =2 and N(T) = {0}, u(T) = 0.
Basm& of R(T) is not unique.
2. T(x y) 2y-x,y-3x, 7x-y),R(M=<1,3,-7,2,1,-1) >,
P(T) =2 and NM={0} , u(T) = 0.
3.R(0)={0}, p(0) =0 and N(O)=V, u(0)=dimV;R(I)=V, p(I)=dim V and
NI = {0} , xI) =0
4.(4) T(x,y,2) = (x+y,2y, =x+2y) (i) T(x,y, 2) = (x+4y, 2x+5y, 3x+6y)

Ask yourself, “ Am I now ready to make some changes.” —-Jack Canfield
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5. (i) Answer is not unique. It depends upon the vectors used to extend the basis and their
~ images. However , ifwe,.take T(0,,1,0=(1,0,0)and T(0,0,0,1),(0,1,0)

then answeris T(x, y, z) = (z_'x_%l,y_x.,.g,o)

(ii) Answer is not unique. However, with T(1, 0, 0)=(1, 0, 0, 0) the answer is
T(x,y,2) =(x,0,0,0)

6. (i) R(T)= < [1 0] , [0 1'] > and p(T)=2 (i) N(T) = < [l OHO 1] > and y(T)=\2

-2 0 0 -2 1 010 1
8. 3 -9, No.
13. () dim(Ker 4) =2, {(4,-2,-5,0), (1,-3,0, 5)}; dim(Im 4) =2, {(1 2, 1) go 1 1)}
(i) dim(Ker B) =1, {(-1,%, 1,1)); InB=R°. %w“’
14. () {L6,7%,...0%, (i) {17} |

fo i
vy

9.2 Singular and non,“sng gl rtransformatlon
% S

Def. Singular Linear Transformation : A lineagi,’t"i‘ansfonﬁation T : U—V is said to be singular if
there exists a vector u # 0in U such that T(x) = O }‘3‘

In words , image of at least one non — zero vector of U under T is the zero vector.

Def. Non Singular Linear Transformanon s’ A linear transformation T : U—>V is said to be non —

smgular if it is not singular. .
‘.:,“;r."x OR

A linear transformation TU—)V is said to be non — singular if T(w)=0 = u=0.
» i b OR

A linear transforrﬁé;tiqi:i“' T : U— V is said to be non — singular if 0e U is the only vector whose
image under T:is 0 |
Results ' ‘
1: A linear transformatlon T : U— V is non - singular iff T is one — one.
2. Alinear transformation T : U— V is non — singular iff N(T) = {0}.
3. A linear transformation T : U—V is non - singular iff T cafﬁes linearly independent
vectors of U into linearly independent vectors of V.
4. Let U(F) is a finite dimensional vector space and let T : U—V be a linear -

transformation. Then U and R(T) have the same dimensions iff T is non — singular.

- Keep going, for success lies just around the corner for those who refuse to quit.

— —




RISING Y STAR ACADEMY

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : : 07838699091 -
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob 09728862122

| NET ; Linear Algebra 9 - Page 7 |

5. Let T: U—> V be a linear transformation , then the'following conditions are equivalent :
(i) Tisnon- singular.b
(i1) T is one — one.
(i) N(T) = {0}
(iv) T carries linearly independent vectors to linearly independent vectors. \
(v) dim U = dim R(T). ::ii%
Remark : If dim U dim V = finite then , we can add condition (vi) to above theorem, namely, &

. / / : LM
(vi) T is onto s

Def. Full rank matrix : A matrix is said to be of full rank if its rank is as large a§ wfsbl"e, In other
words a mxn matrix A is said to be of full rank if rank (A)=min{m, n} a )

Results :

1. Let T:U -V be a linear transformation where dimU < dim V and A be the matrix of T.
Then T cannot be onto and T is one-one if and only if the matnx Avis of full rank.

2. Let T:U >V be alinear transformation where dim U “> dme and A be the matrix of T.
Then T cannot be one-one and T is onto if and only if the;matrlx A is of full rank.

3. Let T:U = ¥ be a linear transformation where dimU =dimV and A be the matrix of T.

;:” B

Then T is either both one-one and onto orﬂ th%n’ one-one nor onto. Further T is one-one

Remark : In above results U and f’are ‘ﬁ?ﬁte dimensional.

' Exercise 9.2
1. Which of the fol}owxng lmear transformations are singular or non — singular. In case of a
singular llneefum;fon;latlon find a non zero vector u such that 7(u) =0.
@) T R’ - R’ defmed by T(x,y,2)=(x+z,x-z,)
(if). T IR2 — R’ defined by T(x, »)=(x+y,x~y,¥)
(i) T : ]R"—)]R" definedby T(x,y,z,)=(2x,y,z+t, 0)
(iv) Zero linear transformation from R* to R®.
(v) Identity operator on R*.
(vi) Projection mapping T:R® — R?* defined by T'(x, y,z) =(x, y,0)

(vii) Rotation mapping T:R*® — R*defined by T'(x,y,z) = (xcosé - ysin8,xsin 6 + ycosb, z)

Experience tells you what to do. Confidence allows you to do it. —Stan Smith

i e v i
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(viii) Reflection mapping T:R? — R? defined by T(x,y) = (xcos26 + ysin 26, xsin 26 - ycos 26)

. 1 2 3 4
(ix) Matrix mapping T: R* — R® defined by T (u) = A(u) where |0 1 2 -1
2 5 8 7

(x) T:B(R) > R* defined by T(a0 +ax+ax’ +a3x3)=(a0 +a,,a,+2a,,2a, +3a,,3a,)

i b ’
(xi) T:M,(R) > B(R) defined by T(l:a d]]=a+(b +c+d)x+(a-d)x* +cx° %
c FEE ey i3 ,:,r’
1 10 T
2. Given the linear transformation Y = | 2 3 1| X, show that :
| ; 235 Ve

(i) it is singular :

(i) the images of linearly independent vectors X;=(1, 1, 1), Xz"(2 1"C and X3=(1, 2,3)
" are linearly dependent. £ {w A

. 3. Setup lmear transformation R® — R® which carries e, into (1 2 3), e, into(3,1,2), e
1nto (2, -1, —1) . Show that the linear transformation i IS s1ngular

4. Let T: R? - R?be a linear transformation deﬁned by -
CT(x, y) (ax + by, cx + dy) , where a, b c d € R. Prove that T is non - smgular iff

Z Z #0.
P Answers
L. (i) Non-singular lw (ii) Non-singular (iif) Singular; u=(0,0,1,-1)
(1v) Singular ; ‘u -(x, ¥z, t) (v) Non-singular (vi) Singular; u=(0,0,z)
(vii) Non-sméular | (viii.) Non-singular (ix) Singular ; u =(1,-2,1,0)
x) Nox}%mgular .(xi) Non-singular

9.3 Algebra of linear transformations

Def. Sum of Linear Transformations : Let U and V be two vector spaces over the field F. Let T} :
U—>V and T; : U—V be two linear transformations We define the sum of T and To by T, + T :

U—Vbysetting (T, +T2) u=T(u) + T2(u) forall ueU.

Everything you want is on the other side of fear. —-Jack Canfield
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Def. Scalar multiplication of linear transformation : Let T : U—V be a linear transformation and

aeF be any scalar then scalar multiplication of T with a is denoted by aT : U—V and is defined as

@T)u=a(T (u) forall ueU.

Results : ,

1. Sum of two linear transformations from a vector space U(F) to a vector V(F) is also a
linear transformation. B <\

2. Scalar multiplication of a linear transformation from a vector space U(F) toa vector:

V(F) is also a linear transformation/ v
Def. Composition (Product) of two Linear Transformations : Let U, V.;-W b%ﬁge vector spaces
overafield F.Let T, : U~V and T; : V=W be two linear transformatxons We define
Ty T,:U—>W, called product (composition) of T, and T; by settmg ‘Q:f“

(LT =T,(Tw) forallueU. . =y
3. Composition of two linear transformations is again a lmear transfonnatlon
Remark : (1) T) and T, be two linear transformations thgn T“gT] is defined under the condition that
range of T; ¢ domain of Tb. ; ‘x;.. :
Similarly , T|T; is defined under the condition that ;range of T2 < domain of T.
These two conditions can be remembered by{ &‘echmque that composition of two linear
transformations is defined when range of post factor transformation < domain of pre - factor
transformation. LY

Def. Invertlble Linear Transformatmn A linear transformation T : U— V is called mvertlble if T

is one — one and onto and mvhrse of Tiswrittenas T™' : V- U such that
T(u) Iv 1ff u— T ).
%

4, Suppose a lmear transformatlon T :U—Visone - one and onto. Then the inverse

mappmg T ' V—>U is also a linear transformation.

5. Let T U—)V be a mvertlble linear transformation. Then

d T is also invertible and (T ) =T

(ii) aT is also invertible for any scalar a #0 and (aT)" =a”' T.
6. If T, and T, are two invertible linear operators on a vector space V(F) , then T; Tz is
also invertible and (T, T,)" =T;' T.

We cannot always control what goes on outside, but we can control what goes on inside.
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7. Let U and V be two vector spaces over the fieldF. Let T{: U—V andT; : U->V
be two linear transformations then p (T;+T,) < p (T))+p (T,).

8. Let Ty : UV and T, : V> W be two linear transformations. Then
(i) if T,T, is one— one, then T is one — one
(ii) if T,T; is onto , then T is onto.

9. Let T : U=V and T;:V—>W be two linear transformations. Then v
@) A(LT) < A(T,)

(i) p(T,T,) = p(T,), if Ty is invertible (non- singular). W \
10. Let Ty and T; be two lmear operators on a vector space V(F) and [T,] and [Tz] denote the matrices
of Ty and T, relative to-a ofdered basis B= {v,, v;5ceeueuee. » V,}. Then the qgmces of the

‘;:‘ Q\N

operator T| + T, AT and T, T, with respect to the basis B are given by ’
@) [Ti+Ty] = [Th] +[T2] (i) [AT\]=K[Ti] . (lu) [Tsz] [Ti][T2].

Remark : Some times, the matrix of a linear operator T i is denoted by m(T) In view of this notation
the above theorem can be given as : G

@A) m(T +T,)=m(T) +m(T,) (ii) m(kT) km(T) (ul) m(T, T. ) m(T) m(T,)
11.Let T: V— V be a linear operator and A be any matnx of T w.r.t. some ordered basis

and f(x) be any polynomial. Then j(A) is the matnx of (T) w.r.t. the same ordered basis.

ﬁ‘a’\v‘

- Exercise 9.3

L T:R*>R,T,:R >R’ and*‘;T; :R? > R? be the linear transformations defined
by Ti(x,y,2)= (y x'*'+w
Find the deﬁmng formulae 1f exist , for the following linear transformations.
BN TiTs (11) Tz T; (iii) T3 Ty (iv) T3 T2 V) T3T1+ T3 Ta.

2. Let TL R3—>R2 be defined as T,(x , ¥, z) =(3x , 4y-2z) and T, : R* > R? be

T ,(x,y,2)=2z,x-y) and T;(x, y)=(y, 2x).

deﬁned as "1‘ (x ¥)=(-x,y). Compute T, Tz and T, T.

3 Let T1 and T, be linear operators on R?defined by T,(x , y) = (0, x) and
T,(x,») =, x). Compute Ty +Ty,2T,—3T) , To Ty, Ty T2, T2, T2

4, Let. T and S be linear operators on R*defined by T(x , y ,z) = (x—3y-2z,y-4z),
S(x,y,z)=(x,4x—y,2x+3y). Show that ST # TS. ‘

5.Let T: R*> R’ isdefined by T(x,y,2z)=(0,x,y). Show that
" T#0, T?#0 but T°=0. |

There are essentially two things that will make us wiser : the books we read and the people we meet. —Charles Jones
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6. Show that each of the following operators T on R’ is invertible and find T™
() T(x,y,2)=0Cx,x=y,2x +y + 2)
(i) T(x,y, 2)=(x=3y-2z,y-4z,'z2)
Gii) Tx,y,2)=(x+z,x-z, y) £

7. Let T : R’ =R’ is linear operator defined by T(x y,2)=(0, 0, x) Show that T¢. but
T’=0.

8. Give an example of two linear tfansformatlons T; and T, such that T; T, = O but Tz( #; % O
9. Let P(R) be the vector space of all real polynomials. Consider the derlvatlve @ng@

o

@

and integral mapping T defined as D(f(x))=/'(x) and T(f(x))= f f (x) dxﬁS ow that TD =7

10. Let T : V=V be a linear operator such that rank (T2) = rank (T) where V is finite
dimensional. Prove that R(T)AN(T) = {0}.

Answers

1. (i) not defined (ii) not deﬁnedﬂ» (i) T‘T(x y,2)=(x +z, 2y)
V) BTy, )=k-y, 4 Mﬁ/ V) (LT, +TT,) (%, y, 2)=Q2x-y+z, 2y+42)
2. (T,T)(x,y,z2)=(-3x, 4y “33) and: T, T, is not defined.
3.(M+T)(x,y) = (¢,2) (2T %T)(x N=@y,-x); TLTx,»=,0
LTk = 0.9 TE.»N=¢,»  Tx,»=0,0.

6. 1)) T (x Yy, z) ’(3“4'—§—y z- x+y)

(n)T (x y z) (x+3y+14z y+4z,2)

iii T—‘ Xy, +Z. ’1_:_})_
(iii) (.yZ) (2 S %57

If you realized how powerful your thoughts are, you would never think another negative thought. —Peace Pilgrim




12

9.4 Coordinate vectors

Def. Coordinate Vector : If B = {u,,u,,......,u,} is a basis for a vector space V(F) , then a vector

ueU canbe expressed as ¥ =au, +a,u, +.........+a,u, . The coordinate vector (a,,a,,........... ,a,)is
9
a, 4
expressed as a column vector | .° | is denoted by [#, B] and is called coordinate vector of u rclgtlve
: gl
a, )
to the basis B .
Results: . . ' L7
p i s{{i - “,g,

1. LetUand V bé finite dimensional vector spaces and let B = {u,,uy,e.... ,u } and B'={v,v;,....,V,,}
be ordered basis for U and V respectively. If T: U—>V bea lmear
transformation , then forany ue U, [T(x),B']=[T:B, B'] [u B]

Remark If U=V and B = B', then above theorem takes the form [T(u) B]=[T: B][%,B].

Exercise 9}4
1. Let T : R® =R’ be a linear operator deﬁned as T(x,, Xy, X )=(2x, + x5, x, —4x,, 3x,).
Find the matrix of T relative to the basis’ {(1 l 1) (1,1,0,(,0,0)} and then
verify that [T, B] [, B] = [T@), B]/ foﬁall ueR’.
2. LetT: R’ — R? be a linear transqunatlon defined by T(x,y,2z)=(2x+y—-2z, 3x-2y+4z).
Find the matrix of T relﬁti‘};‘: to ordéfed'basis B ={1,1,1),(1,1,0),(1,0,0)} of R? and
By={(1,3),(1,4)}. of33>lR?" "Also verify that : [T : By, B;] [u,B)] = [T(x), B)

3. LetT bea hnear operator on R? whose matrix relative to the basis B={(1,1),(-1,0)} is

[3 Y ] Wlthout ﬁndmg the defining formula for T,find the image of the vector (0, 2) under T.

1
. Answers
3303 3 11 5
1. |-6 -6 =2 2. [ | g 3} 3. (4,2
6 5‘ -1 v

Some men have thousands of reasons by they cannot do what they want to; all they need is one reason why they can.

-]
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9.5 Change - ofi- basis

Def . Change - of - basis or Transition matrix : Let V be a vector space of dimension » and

B, ={u , tuy e ,u,} and B, ={v,, v, e , v,} beits two bases. Then each vectors in Bz

= \
v, = a4l + Ay . +a,u,
. ("'f
V, = Ayl + Aplly + e +a,u,
. /
V, = At + AUt +a,u, he

Let P denotes the transpose of the matrix of coefficients in above system

ay dy -t 4y
a a see a
. 12 9 n
ie. P=1 . : 0
Vg
‘r
a'n a2 oo a

n nn i
This matrix P is called the change -of - basis matrlx or transmon matrix from the basis B, to B;. Since

the vectors v, , v, yueeenae , v, are linearly 1ndependent the matrix P is invertible and its inverse P~

‘&% .':‘
 is called change — of — basis matrix from B, o, ‘%} $°
' “K»;

Results : W’Jﬁ

1. Let V be a vector space of dlmensﬁnn and B, ={y, , 4, suurueuuun. s u } and

(ER
é

B to By. Then for’ gﬁi‘yeéfbr veV, we have P[v,B,]=[v,B,] and [v,B,]=P"[1,B] .

i

Remark : The above theorem can be easily remembered, if written in words, as follows.

‘{3?
(Co 7ordmate vector ] (Transmon matrix ][Co - ordinate vector)

of u in B, from B, to B, ofu inB,

and

(Co - ordinate vector ) ( Inverse of transition ]( Co - ordinate vector)

of vinB, ~ | matrix from B, to B, ofu in B,

Success is not where you are in life, but the obstacles you have overcome. ~Booker T. Washington
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Def . Similar matrices : Two matrices A and B are said to be similar if there exists a non —
singular matrix C such that A = C'BC.
2. Similar matrices have same determinant.

3. Let T be the transition matrix from the basis B; = {x,} to the basis B, = {y,} ina

vector space V. Then for any linear operator Ton V, [T, B,;] = P™'[T, B,]P.
OR 1

Let T:V—V be alinear opefétor. Then matrices of T relative to any two ordered basis - )w"

of V are always similar. ]
Def. Determinant of a linear operator : Let V be a finite dimensional vector space and T: V - V
be a linear operator. Then det [T] is defined to be determinant of matrix of’ T relatxve to any ordered
basis of V. e el
Def. Similar linear operators : Two linear operators T; and T, on_a;,ygéfqgk{sﬁéce V(F) are said to
be similar if there exists a invertible linear operator Pst. T, = P! T; P’ :
4, If T,, T, are similar linear operators on a finite dlmenswnal vcctor space V(F), then

det[Ty] = det[T]. w7

: Exercnse 9.5
1. Let B, denotes the standard basis of R> and B2 = {(1,0,1),2,1,2),01,2,2)}
be another basis of R*. Then b
(i) Find the change — of — basis matnxfrom B, to B;
(ii) Find the change — of — basié ;atgix'hom B, to B,
(iii)Find the coordinate \_{echr of ( 1,'0, 3) relative to the basis B, , using change of basis
matrix. , : '
2. Let B = {(1 —2) (3 »—4)} and B,={(1,3),(3,8)} betwo bases of R% Then
(1) Find the chang)?-of -basis matrix P from B; to B,.
(ii) Fmdthe change-of-basis matrix Q from B; to B,
(111) Fmd the coordinate vector [v, B;] of v=(x, y) relative to B
(w) Find the coordinate vector [v, Ba] of v=(x, y) by using change — of — basis
matrix. . .
(v) Directly find the coordinate vector [v,B;] of v=(x, y) .
(v1) Compare the answers of (iv) and (v). Are they equal ?
3.LetT: R2> ]R2 be a linear operator defined by T(x , y)=(5x + y, 3x— 2 y) and
- let Bl {(1,2), (2 3)}and B, ={(1,3), (1,4)} be two ordered basis of T

(i) Fmd the matrik of T relative to basis B;.

The only thing you have to fear is not giving 100%.
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(ii) Find the change — of — basis matrix from B; to B,.

(iii) Find the matrix of T relative to basis B, , using part (i) and (ii).
(iv) Directly find the matrix of T relative to the basis B,.

(v) Compare the answers of part (iii) and ,part' (iv). Are they same ?

1 1 1 -2
. Let A= d P= .
4. Le [2 _3:] an [3 _S:I

(i) Find B=P'AP .. (ii) Verify that tr(B)=tr(4) (iii) Verify that det (B) det(A)
5. Find the trace and determinant of each of the following linear maps on R’ : IS4
(i) F(x,y,z)=(x+3y,3x-2z, x-4y-3z) b

(i) G(x,p,z)=(p+32, 2x~4z, 5x+7)

6. Suppose S ={u,u,} isabasis of Vand T:¥ -V is defined by T(u,) 3u, —2u, and

T (u,) =u, +4u, . Suppose S'={w,w,} is a basis of Vfor whxch wl =u, +u, and

b\

P

W, = 2u, +3u, .

«'&?‘

s
(i) Find the matrices 4 and B representing T’ reliitive to the bases Sand S respectively.

(ii) Find the matrix P such that B= P~ ’AP”‘ G
&/ vs;;!

Y ‘ f*'zw‘
:gm _om.  Answers
g “’1.'{:
1 2 1 ., %’_\7@/ 4 -'2 _2 3 7
.G |01 2 s, ) |2 1 -2 (iii) | —4
1 2 2 L -1 0 1 2
;‘f?%{‘ﬁ.
13 A T e ’ 3
-= 18- 2x-Zy
. AN :i;" .. _14 "36 .
2. () P=|+2 (i) Q = (iii) 2
{ S . 5 13 Y
G — ‘}'« x+—
“ r—8x’:4‘¥l3y : -8x+3y
“(1v)’ i
L ) [_,)x_y} , (vi) yes.
. [-23 -39 35 35 41
3 q .
D1 ys 26] @ [—1 —2] (i) [—27 -32]

To be successful you must decide exactly what you want to accomplish, and then resolve to pay the price to get it.

e L . A AT O Y A AR PR . B T s e WRRRS Sh O S
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@iv) [ 35

)

-27 =32

(v) yes.

4. (i) [-34, 57; -19,32]

(ii) tr(B)=tr(d)=—2

(iii) det(B)=det(4)=-5

5. (i) w(F)=-2,det(F)=13

(ii) t(G) =0, det(G)=22

6. () 4=[3,1; -2,4),B=[8,11; -2,-1] (ii) P=[1,2; 1,3]

/ oy . :
’ A oy : i
N
B
£ S
¥

The only thing youﬁave to fear is not giving 100%.
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10.1 Eigen values and eigen vectors(Definition)

Def. Eigen values and eigen vectors of a linear operator : Let T be a linear operator on a vector

space V(F). If there exists a non zero vector ve ¥ such that T (v)=lv forsome A€ F, then v is
A

called an eigen vector of T corresponding to A and A is called an eigen value of T correspongiggm}y

to v.
Remark : Eigen vector is also called characteristic vector and eigen value is also called charactenstlc
value (root). )I

Def. Eigen values and eigen vectors of a matrix : Let A be a square matrlx of of:derfn over a field F.
If there exists a non — zero column vector X € F" such that AX =4X for some /1 €F,then X is
called an eigen vector of A corresponding to 4 and A is called an clgen value of A corresponding

to X.

- 1, ,v'
B,
o

" S
Exercise 10.1

-

2 1 =2 ¥
1. Let A={2 3 -4, which of the followigg&e’ctqgs are eigen vectors of 4.
11 -1 s YA "2

1
G v =|-1| Gi) v,=|0
0 1)

(Vi) v +v,

2. True or false : Sum of two elgen vectors of a matrix is again an eigen vector.
3. Let T:R* R’ be{g hnear operator defined by
T(x,y, z) (3x —(:y +’ z Tx-5 y+2z,6x—6y+2z) then which of the followmg vectors are
)

elgen vectors of T

G % = (11,0) (if) v, ={0,4,4) (iif) v =(1,0,2)
@iv) v, +v, V) v+v, (vi) v, +v,
_ | -

4, Let A= [2 1:] then which of the following vectors are eigen vectors of 4

_ 1 . 1 ;
(i) v = [1 +i] (i) v, =[l—i:| (iii) vy = [é] (IV) V= |:(1):| V) v =|:i:| .

If you want your dreams to come true then WAKE UP!




1 i 1 1 0
5. Showthat | 0| and | ~1-i | are eigen vectors of the matrix (0 1 1 | but their sum is
0 2 v 0 -2 -1

not an eigen vector.
6. If A and B are similar matrices such that B= P'AP and if X is an eigen vector of A
corresponding to eigen value A , then prove that P™' X is an eigen vector of B

corresponding to eigen value A.-

)

eee Mee 0o o Ay \
’ h a e \Q":.?.Sé@

o 0 0 - 1

0
0 _
7. If A isa nxn matrix givenby A=|{0 1 a - -+ 0 i.e.Aisamatri:\g,»iﬁ«.
. . , l g"/
a

then show that the column matrices X,;(i=1, 2 ,......... , n) with ) j“‘j: entry sin(—ij-”—l]
. V' n +
. L Vg
are eigen vectors of A. Also find the corresponding elgqpfyglu;c‘;s) of A.
[Hint : Use the formulae sin24=2sin Acos 4 and sinC +§in D = 2sin(c hl DJCOS(%QJ ]
- ,Qﬁ,id J |
i, @ Answers

7. a+ 2cos(i) are the eigen vaiﬁés.

“10.2 Evaluation of eigen values and eigen vectors
& : Part I
Result 1:LetT: V(F)—> V(F) be a linear transformation, then A € F is an eigen value of T iff
T - Al.is singular. - ' .
Result2 : Let A be a nxn matrix over a field F. Then AeF is eigen value of A iff A— Al is

singulari.e |A-AI|=0.

If you continue to work hard, success will follow you.
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Def. Characteristic polynomial : Let A be a nxn matrix over a field F. The function

fA) = |A - AI| is a polynomial in A of degree n. This polynomial is called characteristic polynomial

of A.

Def. Characteristic equation : Characteristic equation of a matrix A is given by |A -Al |=0 or
1= A0 o

Result 3 : Roots of characterlstxc equatlon of a matrix are the eigen values of that matnx Ha, B

Result 4 : Let T be a linear operator on a finite dimensional vector space V(F). If A is the matnx of

T with respect to any ordered ba515 B, thena scalar A€F is an eigen valugof Tv 1ff /I is an elgen
& 'w

value of A . § »
Result5 :Let T be a linear operator on a finite dimensional vector space V(F ) If A is the matnx of -

T with respect to some ordered basis B of V, then a vector ve V is.an exgén vector of T

corresponding to the eigen value A iff its coordinate vector X relatlv_e to the basis B is an eigen
e, i

vector of A corresponding to its eigen value A.

17-\‘

Result 6 : We know that the coordinate vector of a vector i 1p the standard basis is equal to itself. So

by above result we can say that if we are working: m the standard basis then a vector is eigen vector
of T if and only if it is eigen vector of A , wherevA 1s s'the matrix of T relative to the standard basis .
v,ﬂ . S ‘F‘

Result 7 : It is clear that, to find the, elgen valueséand eigen vectors of a linear operator T we just have

to find out the eigen values and eigen vec%ors of matrix of T relative to standard basis .

g
A 3
Part II

a characteristic vector of a linear operator , there exists one and only one

Result 1 : Corresponding fo
characteristic value %w o
Result 2 : Corresponding to a characteristic root of a linear operator there exists more than one
character‘;etr_l\c vectors. In fact every non zero scalar multiple of a characteristic vector is also a
ehar’aeter'isﬁé}veetor.

Iiema‘rk: All eigen vectors together with zero vector form a subspace of V called eigen space. Let
us define it formally.

Def. Eigen Space : Let A be an eigen value of a linear operator T then the eigen space with respect to

A is denoted by E, and is given by E,={v: T(v)=4v}.

Success is to stand in the presence of God unashamed.




4

Result 3 : Let T be a linear operator on V(F). If A is an eigen value of T, then the eigen space of A
ie. E, isa subspace of V(F).

Def.'Algebraic multiplicity of an eigen value is the number of times it appears as the root of the
. characteristic equation.

Def. Geometric multiplicity of an eigen value is defined to be the dimension of its eigen space.
Result4: 1<GM.<AM. fo; each eigen value.

Remark : (i) If AM. of an eigen value is 1, then clearly its G.M. is also 1.

(ii) IFAM is 2, then G:M. is 1 or 2

(iii) fFAM.is 3,thenGM.=1o0r2or3 »
Result5: . P ‘

s

(i) Fora 2x2 matrix A, the characteristic equation is A% - (trd) A +det A= 0 et

(if) For a 3x3 matrix A, characteristic equation is 4’ —(tr A)A* + (A,, + Aq,z 2 A:,3 /1 det4=0,
a/

where A4, denotes the co-factor of a,

(iii) For a nxn matrix 4, characteristic equation is A" - § 2."" + S ﬂ."" ...... +(-1)"S, =0,
1 n

where S, is the sum of the principal minors of order k

Result 6 : Let T be a linear operator on a finite dlmensmnal vector space V(F). Let

Ay Ay e , 4, be distinct eigen values of 'I@nd vl R , v, be their corresponding eigen
?
vectors, then v,,v,,....... ,V, are hnearly 1ndep n¢eriff

. : } Flgsr OR
On a finite dimensional vector space-, the characteristic vectors corresponding to distinct characteristic

values are always linearly indépendent.

ok Exercise 10.2
1. For each of the followmg matrices find all eigen values (real or complex), construct their

A. M : G M table and find a basis for each eigen space.

P 2 . [2 4] o [3 -13
(') [3 2] LN 6} W, —3}
o | (8 —6 2 1 -3 3
(iv) [ | J Vv |-6 7 -4 i) |3 -5 3

B (2 4 3 6 -6 4

We can do anything we want to, if we stick to it long enough. —Helen Keller
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1 1 0] 000 -
. 1 0 0 O
(vii) 0 1 1 (viii)
010 -2
0 -2 -1 ,
001 0
2. For each of the following linear operators , find all eigen values(real or complex),
construct their A.M.-G.M. table and a basis for each eigen space. fﬁrwgga
(i) T(x,»)=@x +3y,x + 5y) .
(i) T(x, »)=(»,—x) N .

Gii) T(x,y,z)=Bx-y+z, Tx=5y+z, 6x-6y+22)

irs v “{‘\w,g;f“!

(V) T(x,y,2z)=@x+y-z,2x+5y-2z ,x+y+22)

3. Let T be a linear operator on a finite dimensional vector space V(F) Th ﬁ‘O is the
4

characteristic value of T iff T is singular. ‘
4. Let A be a real matrix of type nxn and A be its real exgen value Show that there exists

an eigen vector X of A corresponding to eigen value 1 such that X is also real.

"ff:;/
Answers
A

A [GMTAM] ‘. (*“1 £
aSSO ={(-
ANORSTEEE : =(CLDY

’ basis; ofE -{(2 3)}

41 1 1 S
‘t;\‘s«n"
A|GM.|AM

1 |GM |AM| . . .
Gi) (27 .1 71 basis of E,, ={(3+2i,1)}
S| besis of B ={(3-2i,1))
- [Z[eM.]aM. basis of & g
(!V) ]+1 1 1 asis o 1+i {(1)}
f:.‘v 1-i 1 1 baSIS OfE.]—i "‘{(1’1)}

You can change the way you feel by changing the way you think.

N




1 |GM.[AM. , :
01 I basis of E;, ={(1, 2, 2)}
)] 3T 1 |3 basis of E; ={(2, 1, -2)}
5T 1 I basis of E; ={(2, -2, 1)}
M. | A
) 416G M basis of E_, ={(1, 1, 0),(-1, 0, 1)}
i) =2 2 2 | 2
y | basisof E,={((1,1,2)}
A|GM. | AM. )
1 1 n basis of E, = {(1, 0, 0)} _,
(vii) ; . 1 L basis of E; = {(i, —=1-1i, 2)} A
T3 7 Basis of E_, = {(i, 1-i, —2)} - ‘ ;j}_}i‘
A|GM. | AM.
GM, AM basis of E, ={(-1, i, -1, i)} Y
(viii)| i 1 2 | . i . v e
ST 1 > basis of E_, ={(~i, 1, =i, 1)} S
A[GM.[AM] . . \ P
. basis of E, ={(3,-1)} ¢
2.0 (2] 1 1| :
T 1 1 basis of Eg ={(1,1)} ¥
. B w
| ry ] baSISOfE-f={(l,1)}
A|GM. |AM,| -
M { basis of E, ={(1,1, 0)}
(i (2 | 1 2 | g 2
211 T “basis of E_, ={(0, 1, 1)}
. TGM [AM.
e G AM basis of E; ={(1, 0,1),(1, -1, 0)}
w32 |. 2 ’ -
S e Al 7 basis of E, ={(1, 2, 1)}

When you believe in yourself and dream big, anything is possible.
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10.3 Diagonalization

Def . Diagonalizable operator : A linear operator T on a finite dimensional vector space is said to be

diagonalizable if there exist an ordered basis B of V such that'matrix of T with respect to Bis a

A4
|

diagonal matrix
Def. Diagonalizable matrix : A nxn matrix ‘A’ is said to be diagonaiizable if there exist.a non :—’é\#

&
i
o

singular matrix P such that P~ AP = D , where D is a diagonal matrix.
’ OR

P
£ / Vo
A square matrix is said to be diagonalizable if it is similar to a diagonal matnx 3 ﬁ{

P JResult 1 : A matrix (or linear operator) is diagonalizable if and only if A M G'.M for each elgen

value.

P%esult 2 : A matrix whose all eigen values are distinct is, a]ways dlagonahzable

yg Result 3 : A nxn matrix (or linear operator) is dlagonahzable 1f and only if it has n lmearly
independent eigen vectors. . }‘*f :
Result 4 : A linear operator T on a finite diménsional vector space V(F) is diagonalizable iff -
there exist a basis of V in which all vectors ar’?ggen vectors of T.

ResultS : Let Abea nxn dlag(}nahzable matnx and let X, , X, ,......., X, be nlinearly independent

eigen vectors of A. If P=[X, )(Zi‘*”?f.fi.TX ,]is a nxn matrix formed by taking X,,X,,........X, as_

of 4.

Exercise 10.3

rrrrr

%V""’&p

1. Whlch of. thE‘Tfollovwng matrices A are diagonalizable (a) over R (b) C. In case A is
,f,dlagonalxzable find a matrix P and a matrix D such that P"'4P =D .

R T2 4 i
D1 2} S 6] W -3]
- (8 -6 2 [1 -3 3
.11 .
(iv) B 1] v) -6 7 -4 (vi) 3 -5
. 2 4 3 6 -6 4

To be number one, you have to train like you are number two.




Lo o
i) |01 1 vl | o
' 0 -2 -1

001 0

2. Which of the following operators T are diagonalizable (a) over R (b) C.In case T is
diagonalizable find a matrix P and a matrix D such that P"'4P=D.
@ Tx,y) = Gx +3y,x +5)y)
(i) T(x ,y)=(y,-x).
Gii) T(x,y,2)=@x-y+z, Tx=5y+z, 6x-6y+2z)

(v) T(x, y , 2)=@x+y-%, 2x+5y~2z , x+y+22)

3 Let 4=| 2 .
-2 3

(i) Find eigenvalues and corresponding eigenvectors. ‘
(ii) Find a nonsingular matrix P such that D =P~ 4P is dlagonal
(ii) Find 4* and f(4) where f(f)=¢*-5¢ +7¢* —z: Fia )

(iv) Find a matrix B such that B*= 4.

-m{

1. (i) dlagonallzable over R and C- both“ e
(ii) neither diagonalizable over R. nor ove? C.
(iii) not dlagonallzable over R but dlagonahzable over C.
(lv)not diagonalizable over R but diagonalizable over C.
(v)diagonalizable over. R’ and (C both.
(vi) dlagonahzable over R and C both.
(vii) not dlagonahzable over R but diagonalizable over C.
(v111)ne,1ther diaéonahzable over R norover C.

2 (1) dlagonahzable over R and C both. |
(11) not diagonalizable over R but dlagonallzable over C.
(111) neither diagonalizable over R nor over C.

(iv) diagonalizable over R and C both.

-2

13 21846 21845 4/3 -1/3
A A= iv) B=
@) f(4)= [_25 32] [—43690 43691] . @) [-2/3 5/3]

3.(0) A=Lu=(11); A=4,v=(1,-2) (i) P=E 1}

Live your imagination, not your history. —Stephen Covy
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10.4 Properties of eigen values

Results : ‘

1. Eigen values of a lower triangular, uppef fn'angulaf and diagonal matrices are just the
diagonal elements.

Sum of all eigen values of a matrix is equal to its trace.

Product of all eigen values of a matrix is equal to its determinant.

All eigen values of a non singular matrix are non zero.

Atleast one eigen value of singular matrix is 0.

If sum of elements of each row of a matrix is &, then & is an eigen value of th .

If sum of elements of each column of a matrix is &, then k is an elggn ya%e of that matrix.
) {l %

The number of eigen values (counting multiplicities) of a #x »n matrix:is always n.

© P N AW

The eigen values of A and 4’ are same. -

L_ A , St
10.If A is an eigen value of A, then A* is an eigen value of ‘4* ,'Where k is a positive integer.
11.If A is an eigen value of matrix A corresponding to the ‘(éi(gen vector v then A" is an

eigen value of 4" corresponding to the elgen vector v, where n is a positive integer.

,’v /‘ "" Hr} .
12.1f A is an eigen values of a non smgular matrlx A, then % is an eigen value of 47",

6’,‘7! i =
13. If A is an eigen values of a non smgular matrix A, then det 4

‘7

is an eigen value of adjoint

of Ai.e. adj A.
Exercise 10.4
41,
L If A= 2 S*W 2 , then find the eigen values 4, 47", 4%, 4°, A'and adjA.

A

2. dethe eigen values of the following matrices :

1 2 2 4 1 3
G) A=| 0 6 -1 (i) B=[2 3 7
-8 2 11 2 4 -

Success is not the position you stand, but the direction in which you look.
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3. If eigen values of a 3x3 matrix are -7, 8, 9 then find the value of x in the matrix

4 * *
¥ 5 x| '

¥ ¥ ¥

4, Find the eigen Values of the following matrices :

L1 1111 |
J1 111

@111 (ii) (iif) 4=[a,] suchthat a,=1 forall i
1111

)

. -

01

- ‘ 1.1
5. Consider the matrix A;[ ’ ] , find the eigen values and eigen vectors gf A a%j:

What do you notice.

Answers

5. Eigen values of A and 4' are always same but eigen vgctors xﬁéy be different.
W ¥

10.5 Characteristic and mifjxhal polynomial

Def. Annihilating polynomial of a mat&i_x :*N‘p;(}lynomial f (x) is said to be an annihilating

polynomial of a matrix A if f ( A):o - "l

- Remark : Let f(x) be anaannihilating polynomial of A and g(x) be any other polynomial, then
f (x) g(x) isalso'an éﬁi}i}iilé{iing"polynomial of A.
Proof : f(4)=0 ':'(%:i_v:éh), Consider f(4)-g(4) = 0-g(4)=0 = f(x)g(x) isalsoan
annihilating polynomial of A.
Remark : B:y._.above remark, it is clear that we can construct infinitely many annihilating polynomials
b'y;gsin‘g ‘one annihilating polynomial.
Def. Minimal polynomial of a linear operator(matrix) : The minimal polynomial m(x) of a linear
operator T is defined to be monic polynomial of lowest degree of which T is a root.
We know that if A is a matrix of T and f{x) be any polynomial, then f(A) is the matrix of f(T). In
particular, f(T) = 0 if and only if £ (A) = 0. Therefore, we can say that T and A has same minimal _

polynomials.

If you always do what you’ve always done, you’ll always be what you are now.
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| Result 1 : Cayley Hamilton Theorem : Every square matrix satisfies its characteristic polynomial.
OR

If ¢(x) is the characteristic polynomial of a matrix A, then ¢(4)=0.
“OR
Characteristic polynomial is an annihilating polynomial.

Result2 : If Aisa nxn matrix and k> n isa positive integer then A* can be expressed as‘the lmear

A R,
. P (a7 N . L
combination of 7, A4, A%,....., A"". . . A @ 4
) ! ‘ : ‘{rﬂ‘&';}' }"
Result3 : Let Abe a nxn matrix and W = (A” nx 0) then dimW <n. . (7

Result 4 : If A is a nxn non-singular matrix then 4™ can be expressed as the lmear combination of

P °"e !
é’,: l‘ b
fio.

I, A, A%,....., A" for all positive integers m. 3
/’
Result 5 : Let A be a nxn non-singular matrix and W = ( ‘ne Z) the “dim

Result 6 : The minimal polynomial of a matrix is unique.;- it

Result 7 : If m(x) is the minimal polynomial of a matrix A’ And f(x) be an annihilating pol.\:'riomial .
then m(x) divides f(x). _

If ' (x) is a polynomial such that f(4)= O and 1t‘m(x) is the minimal polynomial of 4, then there

exists a polynomial g(x) such thaé/(x)if‘fﬁ}(x) q(x).

Result 8 : The minimal polynomial of.a’ matrix divides its characteristic polynomial.

Result 9 : Let m(x)and c(la'c);?fdepgtes the minimal and characteristic polynomial of a matrix
. . e 1
respectively. Then, m[x)i‘afnd jc(x) have the same distinct linear factors.

¥ OR

If c(x)=(x i*b{‘jﬁf(x-az)a’ ...... (x~a,)*, then m(x) is of the form (x-a,)* (x~a, )" .....(x~a,)*

,where, 1< ,B <q,

S50l

Result 10 : Let m(x)and c(x) denotes the minimal and characteristic polynomial of a nxn matrix
/

respectively then ¢(x) divides (m(x))".

Result 11 : A scalar A is an eigen value of a matrix A if and only if A is a root of the minimal

polynomial of A.

Life is too short to ponder the “what if’s” and fear rejection. —-T.Dufek
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Result 12 : A matrix is non singular iff constant term in the minimal polynomial is non zero.
Result 13 : Minimal polynomial of a matrix is of degree 1 iff the matrix is a scalar matrix.

Result 14 : A matrix is diagonalizable if and only if its minimal polynomial has no repeated linear

factors (i.e. all factors must be with single power in m(x)).

Exercise 10.5 «
4 1 -1
1. Let A=[2 5 =2{,thenfind
11 2
@) efx) . . (ii) m(x) (iii) Is A dlagonahzéable

x{m ol
R

(iv) Find five different anmhllatmg polynomials of A. ;
2. Find ¢(x) and m(x) of each of the following matrices and then ﬁnd\whlch of them are

¢ N

% { Gy
diagonalizable : TR W
5 6 4 -2 2] 3 =2 2
(i)[ 5 2] (i)|6 -3 4 “:“"’ (i) [4 -4 6
: 3 -2 3 2 -3 5
1 23 6 —2 2
(iv) 4=[2 3 1 (V)A= 22, |
31 2 : §2¢ 13

3. Find c¢(x) and m(x) of each of;herfo.ll:‘c;;;i‘r}xg linear transformations and then find which of
| them are diagonalizable : |

() TCry) = (2%, 4x-55) \

© (i) T(x, y, z) (x+y, 2x+3y+z —2x+3y+5z)

(iii) T(x, v, z) (x+y+z 2y+2z,2y+32)

NOs c( ) (x 1) (x+2)  (@)e(x)=(x+2) (x=7)’ (x+4)

5 Fmd the eigen values of nxn idempotent, mvolutory and nilpotent matrices. Also find
c(x) and m(x).

6. Let A bea 100x100 idempotent matrix such that 0 is an eigeh value of A with algebraic
multiplicity (A.M.) is 40, then find the other eigen values of A.

You can get everything you want if you help enough others get what they want. fZig Ziglar
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Answers

2. () c(x)=x?=3x+2, m(x)=x>=3x+2

(ii) c(x)=x* —4x* +5x =2, m(x)=x*-3x+2

(ifi) c(x)=x"—4x* +5x =2, m(x)=x' —4x? +5x =2

(iv) c(x)=x>-6x"=3x+18,m(x)=x>-6x*-3x+18 ,

(v) c(x)=x-12x"+36x-32, m(x)=x*-10x+16 % ‘
3. (i) c(x)=x* +3x-10, m(x)=x 4 3x—10 ,%%g;j5’

(i) c(x)=x"-9x% +18x, m(x)=x>-9x?+18x % 4 4

(iil) c(x)=x’—6x2 +9x—4, m(x)=x? —5x+4 q :

r+"’

6. 1 with AM. 60 o c“‘*%”

10.6 Diagonalizibilityﬂ%;fs%{%gv_éﬁecial matrices

Result 1 : Let 4 be a real symmetric matrix. If » axfa v are eigen vectors corresponding to dlg”ﬁﬁt’

eigen values then u and v are orthogonal. e, (u, v) =0.

)4 ‘,

Result 2 : Let 4 be a real symmetnc matnx then‘there exists an orthogonal matrix P such that P~'4P

is diagonal. A ot
g " )b,yf;)p :,v

yResult 3 : If two matrices are similar, %trheﬁ their D C T E R M are same,

here D-determinant ; C—chagacteristic polynomial ; T—trace ;. E-eigen values ; R-rank ;

~minimal polynomial

Rt J

a"
Result 4 : If A and Bwsare two nxn matnces such that anyone (or both) of them is non singular then
AB and BA are. sxmllar and therefore their D C T E R M are same.

‘‘‘‘‘

but: R.;M may ‘or may not be same.

It is no sin to attempt and fail. The only sin is to not make the attempt. —-Suellen Fried

—




14

Result 6 : Spectrum of eigen values :

< Skew symmetric and skew hermitian

/ \K Orthogonal and unitary
-1 8] 1

Symmetric and hermitian

Involutary

Nilpotent - Idempotent Y’A‘{‘:‘

Result 7 : Table of eigen valwes and diagonalizibility :

S.No. Matrix Eigenvalues  [{ ‘ﬁggdnélizable
1. Real symmetric Real S % overR
2. Hermitian Real over R
3. | Real skew-symmetric | Oor purely imaginary over C
4. Skew-Hermitian Oor purely iﬁl@gina.ry over C
5. Orthogonal of'modulus unity over C
6. Unitary :‘.z,;"vbvﬁ‘r»godulus unity over C
7. Idempotent. . < Oorl over R
8. Involutary -lorl ~ overR
9. Nilpotent . 0 not diagonalizable

P“Result 8-:.A non zero nilpotent matrix is never diagonalizable. In other words, if a nilpotent matrix A

is diagonalizable thenA=0 K

'S Exercise 10.6
1. For eachiof the following symmetric matrices &, find its eigenvalues, a maximal
-’:;or_filogona;l set S of eigenvectors, and an orthogonal matrix P such that D= P'4P is

diagonal :

01 17 2 2 4
(i) A=1 0 1 (i) 4=|2 5 8
110 4 8 17

Your current conditions do not reflect your ultimate potential. ~Anthony Robbins

— —
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1 10 {2 0 0

2. Let A=|0 2 0]and B=[0 2 2/|.Show that 4 and B have different characteristic
0 01 0 01

polynomials (and so are not similar), but have the same minimal polynomial. Thus

nonsimilar matrices may have the same minimal polynomial.

. Answers
—L -1 0- —_:2_ 1
2 2 6 Als
1 1 -2 2 A3
1. ) A==-1,2; P=|—= —= i) 1=122; P= o &
K N 717«;—4
1 1 1 *2 **2
V3 B B
‘\"v,,’m«.,,. ‘
% i

10.7 Block Matrices and compamon matrices

| S
¥
/

Using a system of horizontal and vertical (dashed) hnes we can partition a matrix 4 into submatrices
called blocks (or cells) of 4. Clearly, a gwen mat;lx may be divided into blocks in different ways.
Def. Block square matrix : A squar’c matnx l;(%ild to be block square matrix if there are same °
number of horizontal and vertical’ lme: Zﬁ’& they are placed symmetrically..
Def. Block diagonal matrix : A block square matrix is said to be block diagonal matrlx if all the non-
diagonal blocks are zero matnces '
Def. Block upper tnangular matrlx A block square matrix is said to be block upper triangular
matrix if all the blocks below the diagonal are zero matrices. ‘
Def. Block lowe tnangular matrix : A block square matrix is said to be block lower triangular
matnx if all the blocks above the diagonal are zero matrices.
. Def Block triangular matrix : A block square matrix is said to be block triangul trix if either it
is block upper triangular or block lower triangular matrix. a
The matrlces A, Band C (given below) are block lower triangular, block upper triangular and block

diagonal matrices respectively.

When you think big, your results are big. ~Thomas J. Vilord




1 —250 010] 1i—2L0 14'37 2 sgo oioT
2 31000 01374816 0 210 010
----- i Rotbntenl aded —t=——pm———t— ————pe—— ==
A=|5 1127710 B={01 012 710 c=[0 014 210
0 010 410 01010 415 0 013 510
8 6“:5 4:’3 'o:To :r‘o o‘;3 0 o’: om

Remark : Clearly, every block diagonal matrix (B.D.M.) is block triangular matrix (B.T.M.)

CPT Result : Let 4 is a block triangular matrix with diagonal blocks 4,,,4,,......4,, and let ¢,(x) be*,
the characteristic polynomial of 4, and ¢(x) be the characteristic polynomial of A then o
PR :

€)=, ()0, ()., (5. e

In words characteristic polynom1a1 of a block triangular matrix is the product of the characterlsnc

polynomlals of the diagonal blocks.

MLD Result : Let 4 is a block diagonal matrix with dlagonal blocks A, l,A22 ...... A, and let m,(x) be

Aa!

the minimal polynomial of 4, and m(x) be the minimal polynomxal of A then
m(x) =l.c.m.[ml (x), mzti(x),......-y,fm,(x)] .

In words minimal polynomial of a block diagqngf matnx is the L.c.m. of the minimal polynomials of

the diagonal blocks.

DPT Result : Let 4 is a block tnangularmatnx with diagonal blocks 4,,, 4,,......4,, then
_ det(4)=det(4, }det(4y).......det(4,).

Def. C(Smpamon matrlx : Let f (x) be a monic polynomial of degree n i.e.

f(x)=x"+a _,x + ot azx +a,x +a, then the following four matrices are known as companion

 matrix of f (x)
00 0 .0 -a] " [-a, 10 .. 00

1 00 . 0 -g -a,, 01 .. 00
010 ..0 -g P P

Ambition is success’s best friend.
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[0 1 0 .. 0 0] [(~a,, -a,, -a, -a, -a,|
o 0 1 . 0 0 1 0 .. 0 0 0
0 0 o .. O 0 0 1 w 0 0 0
o 0 0 .. 0 1 0 0 .. 0 1 0
- - -a, .. -a,, -a,| | 0 o .. 0 O 0_ |

CMCM Result : Let A be companion matrix of a monic polynomial f(x) then characiﬂ rlg;a%ld

minimal polynomials of A are f(x) itself.

Exercise 10.7

(2 5 0 0 0] 3 2 0 0 0]
02000 1 4000
matrices (i) 4={0 0 4 2 0 (i) C={0 0 3 1 0
00350 00130
0 0 00 7 0 0 0 0 4
2 113 4 R
2 211 0| [4 B
2 1M g [C D] %thenshowthat iv|=41D}-1]c].
0 0{0 1 Ve
3. Find a matrix 4 whose ;r‘x“li’r:ximal polynomial is :
(i) ¥ -5x"+6x+87%, (i) x'-5x"-2x"+Tx+4
Answers

1. () c(x>='(%ﬁ'i)’<x—7>2, m(x) = (x~2)’(x="7)
(i) e(@)= (x=3)%, m(x)=(x-3)’
(i) e(x)=(x=2) (x=4)*(x=5), m(x)=(x—2)(x—~4)(x-5)

There is only one way to fail and that is to quit.

Y
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Def. Basic Jordan Block : B, (1)=

10.8 Jordan Canonical Forms

(4 1 O]
A1
1
O A

i.e A (eigen value) on diagonal entries, 1’s on super-diagonal and 0’s elsewhere.

K

Def. Jordan Block : J,(1)=

O

3, (4)

B, (1)

B"‘ (ﬂ) | Y

}

 i.e. basic Jordan blocks on diagonal entries and 0’s elsewﬁer:é; ..

Def. Jorddn Canonical form : J,=

S:}&

r Jn, ( /1') N (\2};
A

O::

i.e Jordan blocks on diagoqalﬁéptdes and 0 elsewhere.

Remark : Matnx—-—‘-—-) c(x),m(x),

, where n=n+n,+......

o (%)

—U1 [Blocks and their sizes|—2—|J.C.F.|

Some res’iilts; 2

1, Diagonal rhatrices are the most beautiful matrices of this world.

2. 7 ordan canonical form of a matrix is always an upper triangular matrix.

3. Jordan canonical forms are not the diagonal matrices but they are very close to the

diagonal matrices. In a Jordan Canonical Form, all non diagonal elements are 0 except

some or all 1’s on the super diagonal.

4. If a matrix is diagonalizable, then its Jordan canonical form is a diagonal matrix.

If you want to win, go and meet those who lost.




RISING % STAR ACADEMY

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
| NET Linear Algebra 10 Page 19 |

5. Every matrix is not diagonalizable over C but every matrix has a Jordan canonical form

over C. In other words, we can say that every matrix is trianigularizable over C.

Jordan Canonical forms of nilpotent Mat_xjices :
Result 1 : 0 is the only eigen value of a nilpotent matrix.

Result 2 :Let A be a nx n nilpotent matrix with index of nilpotency £, then

c(x)=x"_  and m(x)=x*. oty

Result 3 : Let A be.a nilpotent matrix, %hen the number of basic Jordan blocks is equé%’o‘ ;tl{g:;ullity
_gf;_A_. ‘ ¥
oR P

For a nxn nilpotent matrix with index of nilpotency ‘A’ and rank ‘7’ we haﬁg
(@) e(x)=x"
(i) m(x)=x Wong,
(iii) Decomposition for the basic Jordan blocks is ' y

n=k+k +k,+....+k, where k >k, >~"k22 lrf;k >1 and m+1=n-r

Result 4 : Let A and B are any two nxn matnces If AB is mlpotent then BA is also nilpotent.
& M

Result 5: Let A and B are any two px n mlpotent ‘matrices such that AB=BA then A+B and AB are

also nilpotent. s:f .
Rt

. ‘ Exercise 10.8

1. Construct the following basic Jordé;h blocks :

() B,(~1) G B,() (iii) B, (0) (iv) B,(-1)
@ BQ) ‘”""i:% i) 3,(0) i) By(-1) (wiii) B,(1)
(i) B,(0){ me T ®B(-) xi) B(1) (xii) B, (0)

2. Determme all the possible Jordan canonical forms with the following data :
@ e (x-7) (e 41)'s m(x)=(x=7) (x41)
(i) c(x)=(x=1)" (x+1)%; m(x)=(x=1) (x +1)
(iii) c(x)=(x+2)" (x=3)’; m(x)=(x+2)’ (x-3)°
(iv) o(x)=(x-1) (x+2)*; m(x)=(x=1)’ (x+2)’

I will...until. -Brian Tracy

o . ., . e ‘__
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3. Find the Jordan canonical forms for the following matrices :

(iif) - [

0
vi) | 0
0

1 23 : 01 2
(i) A=[2 4 0 (i) B=|-1 0 -3
303 23 0
2 1+2i 0 -1
iv) D= E=
) [—1+2i —3i:| ® [1 o}
0200 s 4
.. 0 00
(vii) q— 03 0 0 (viii) H—l:__421_ -5j|
0 4 0 0 ;
4. Find the Jordan canonical forms for the following nilpotent matrices :
[0 1 1 0 0]
0111
00111 0011
@ 4=|0 0 0 1 1 (i) B=
0001
00000
0000
0 000 0 -
[0 1 1 0.0 2
(iv) D=[0 0 1 (v) E=|0-. 00
0 00 000
111 | 1 2 3
(vii) G=[-1 -1 -1| . (viii) H=|-5 -10 -15
11 0] v o 3 6 9
AN Answers
. “"L
o [-1% 00 [1 100
gt <110 0110
U ..
®lo 0 -1 1 Wl 011
0 0 0 -1 0 0 01
-1 1 0 1 1 0
iv) [0 -1 1 W) |0 1
0 0 -l 0 01

S O © ©

(vi) F=|-1

o O O -
o O = O
o = O O

O O —
oS = O
|

S O © O

o O O O

—4—21}

O O =

" The best way to cheer yourself up is to cheer everybody else up. —-Mark Twain

R
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Life is change; growth is optional. Choose wisely. -Karen Kaiser Clark
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-(3\/3-1)1'
2 0 i 0
(iv) ) [ ]
—(3«/§+1)i 0 -i
0o T
5 2 J
(4 0 /—3)+/-398+294i /—3)—-398+294i
o |0 where 4, = (230 A g 5, _(i=3) =398+ 290
: _0 A 10 10
000 0
... {0 0 0 O 2 o . 1 0
(vii) 000 0 (viii) [0 _2] (ix) [0 _1]
0001 |
g (1, (1)2 g 01 00 0_;‘1—«:.;91‘.10
() 00010 i) 0 010 i) 0 x‘()O 0
~loo o o o 0 0 01 00 0 1
| 0000 oo oo
000 0 0 : L)
01 0 0 1o
avlo 0 1 wi) [0 0 0
00 0 00 0
01 0]
i) [0 0 1
000

Everything changes when you change. -Jim Rohn
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11.1 Quadratic Forms (Definition and examples)

Def. Quadratic Fo;'m : An expression q in n variables is called a quadratic form if it is an.
homogeneous expression of degree two.
Def. Matrix of a quadratic form : Let g be a quadratic form in variables x,,x,,.....,x, over
a field F. A nxn matrix A is said to be matrix of g if
(i) Ais symmetric.
X
(i) g(X) = X'AX, where | 2 |=X

Xn

Def. Real Quadratic Form : A-quadratic form is said to be real if its matrix A is over the
real field R and the column vector X is in the vector space R”.

Note : We shall confine our study to real quadratic forms only. Therefore , unless otherwise

stated , a quadfatic form will be understood to be a real quadratic form.

Method : To write the matrix of a quadratic form.

Input : A quadratic form ¢(X) is given.

Output : Symmetric matrix of g(X).

Working Steps : The matrix of the quadratic form is given by

i . 1
coeff of x} L coeft ofxx, - L coeffof X%,
2 2
1
A= —2~coeff ofx,x, coeffofx] .. %coeff of x,x,
L coeft of X, X, -;—coeff ofxx, -+  coeffofx’ J

The harder I work, the luckier I get. —James Thurber




Method : To find a quadratic form when its matrix is given ..

Input : Matrix of a quadratic form A = [a,]] is given.

nxn

X
X,

Working Steps : (i) Take X =

X

n

(if) Compute X'AX and we get the required quadratic form.

Exercise 11.1

s/

1. Which of the fol]owiné are quadratic forms :

0 x*+y* —xy+yz+dy (i1) x,2~2x,x2+x§r4x,xzx,
(i) x7 +x; +3x] -2x, x, (iv) X2+ +22=dxy+2xz+3yz+5
(v) ¥’ +y +z =2xy (Vi) X +x, %, =X, X,

2. Write the symmetric matrices of the following quadraﬁc forms :

(1) x7+2x)+x; —2x.x, +X, X, +4x, x, (i) (x+y) +(z+1)°

(ii1) ‘x,xz +3x, x,+2x, X, (iv) ax® +2hxy +by?

(v) ax’ +by* +cz* +2hxy+2 fyz+2g zx (vi) x}=2x} +3x} —4x, x, +6x.x,
(vii) 2x* +4y* +327 =2xy | (viii) x, x, +x, X; +X; X,

3. Write the quadratic forms corresponding to following symmetric matrices :

| 4 2 4 2 53
(1) L 2] @@il2 3 5 @i)[S 0 4
. 4 5 7] 3 4 1
a1
(v)|3 1 7 V)0 b 0 (i)
2 50 3 2
7 _O 0 ¢
4 Lo 2 1 2 4
L 2 J
Answers
1. (i) No (i1) No (iii) yes (iv) No (v) Yes (vi) Yes

Continuous learning is the minimum requirement for success in any field! —Denis Waitley
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o =

(ii) (iii)

= o
O O =
o O — —
—_ - O O
_— — O O

N | —
o Nlw

e

<

p—
| E—

S Q

S
| S|

.__.
—_
N W

o

v) (vi)|Q -2 =2 (vii) [-1 4 0|  (viii)

e > 9
~ o x>

a S 0q
o = =

= N —

N —

3. (i) x}+8x, x,+2x] (ii) %7 +3x; +7x; +4x,x, +8xx,+10x, x,
(iti) 2x2 +x2+10x, %, +6x %, +8x, x;, (V) x7 +x; +x] +6x,x, +8x, x,+7x, X,

(v) ax’+by*+cz’ (vi) x? +2x7 +3x2 +4x] +10x, x, +4x, x, +2x, x, +4x, X,

11.2 Diagonalization

Def. Discriminant of a quadratic form :.Tl;ex:diéé;iminant of a quadratic form is defined to be
the determinant of its matrix i.e. for q&X)= X'A X , the discriminant of g(X) is det (A).

Def. Rank of a quadratic form : ‘Rank of a quadratic form is defined to be the rank of its
matrix.

Def. Singular and non - singular quadratic forms : A quadratic form is said to be singular if |
its discriminant is zero ; otherwise it is called non — singular. |

Def. Let g(X)= X'AX be any quadratic form. A substitution X =BY in it is called a

linear transformation of the quadratic form. Further , if B is singular then the linear
transformation X =BY is called singular and if B is non — singular then it is called non —
singular.

Result 1 : A quadratic form remains a quadratic form when subjected to a linear
transformation.

Result 2 : The rank of a quadratic form is invariant under a non — singular linear

transformation.

Dream big dreams. Only big dreams have the power to move men’s souls. ~Marais Aurelius
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Def. Diagonal quadratic form : A quadratic form ¢(X) = X'A X is called diagonal if

. - D, O o :
matrix A is of the type o0 0 where D, is a diagonal matrix of order .

OR
A quadratic form ¢ in the variables x, , x, ,.......... , X, is called canonical or diagonal if it is
—_ 2 2 2
represented as ¢ = a;x; +a,X; +ooeennenn. +a,x, , where r<n.

Def. Diagonalization : The proceés of transforming a quadratic form into a diagonal form is
called diagonalization. ‘
There are many methods to diagonalize a quadratic form. Among them we shall discuss two
methods. Before those we see a theorem first.

Result 3 : Every real quadratic form of rank » can be reduced to the form

dyl+d,y; + .. +d.y? , d #0 by the application of a linear transformation.

OR

Every real quadratic form on a field can be reduced to a diagonal form.

Method : To diagonalize a quadratic form.
Input : A quadratic form.
Output : Equivalent diagonal quadratic form and equations of transformation.
Working Steps : |
(1) F ind the symmetric matrix A of the given quadratic form.
(ii) Form the augmented matrix [A : I].
(iii) Check the entry ). If a;, #0 its okay but if a;; =0 then make it non - zero by .
‘ suitable row operations and corresponding column operations.
(iv) Makes 0’s below aq;; by applying row operations.
(v) Apply the corresponding column operations of step (iv) to make 0’s on the right ofa,.
(vi) Repeat the above Process on d,, , as,.... so on untill A is diagonalized. Then
augmented matrix [A : I] is transformed to a matrix, say, [D : P'].
(vii) The equations of transformation are X =PY and diagonal form of given quadratic form is

2 2 2
2 2 7 I Vgt +d,,y, .

Def. Rank, Index and Signature of a quadratic form : The number of non - zero terms in
the diagonal form of a quadratic form is called its rank and is denoted by ».

The nurmiber of positive terms in the diagonal form of a quadratic form is called its index and

_ Iamthe captain of my soul. I am the master of may fate. —William Henley
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is denoted by p. _
The number 2p - is called signature of a quadratic form and is denoted by s.

Example 1 : Reduce to diagonal form and find the rank , index and signature of the

following quadratic forms : x? 4 y* +422 -9t —2xy —4yz + 6yt — 61x —121z.

1 -1 0 =3

o . oo . -1 1 -2 3

Solution : The matrix of the given quadratic form is A = 0 2 4
-3 3 -6 -9

Consider the augmented matrix [A : ] =

[
|
N
S
|
(@)
o O O -

=1 0 -3 1 000
: 0 -2 0 1100
Operating R, - R, +R, ,R, - R, +3R,, t ~
perating K, 2 1 4->' ++3R, wege‘ o o4 0010
0 -6 -18 3001
1 0 0 O 1 0 00
; 0 0 -2 0 1 1700
Operating C, »C,+C, ,C, »C,+3C, ,we get ~
p gL 2T by 4 i g 24 00 1 0
0 0 -6 -18 3001
1 0 0 0 1 0 0.0
Operating R, &R, , C, ¢>.C, , we get |04 =2 -6 10010
' : ' 02 0 0 :1100
0 -6 0 -18 : 3 0 0 1
[1 0 0 0 i1 0 0 0]
1
Operating R, —>le ,C, —>1C2 , we get _ 10 1 -1 =3 0 0 3 0
2 2
0 -1 0 0 1100
0 -3 0 -1I8 30 0 1,

When you start doing what you love to do, you will never work another day in your life. —Brian Tracy




[1 00 0 {10 0 0]
01 -1 =3 0 0 % 0
Operating R, - R, +1R, ,R, - R, +3R, , we get~ 0 0 -1 -3 [ 1 % 0
3
0 0 -3 =27 30 =1
L 2
[1 0 0 0 1°0 0 0]
| 01 0 0 i00 20
Operating C, = C, +1.C, , C, = C, +3C, , we get ~
,pera'mg 3 >4 20 “yq 4 2 g 00 -1 -3 11 _1_ 0
oo : 2
3
0 0 -3 =27 30 =1
L 2
[1 0 0 0 -1 0 0 O]
01 0 O 0 O 1 0
R, > R, +(-3)R, , C, = C, +(=3)C,,we get ~ | f =[D: P']
' 00 -1 0 1 1 = o
2
00 0 -18: 0 -3 0 1]
Thus the diagonal form is y +y2 - y2 18y} .
and rank = 4 , index = 2 , signature = 0.
. (1 0 1 0] y
oo 3]
Equations of transformations are given by X =PY ie. | ’|= 1 1 &
5110 = = 0|»
2 2
llo o o 1

: 1 ~

e, X =y+y, , X, =y;-3y, , = ‘2')’2 +'2')"3 and x,=y,.

Def. Canonical quadratic form : A quadratic form ¢(X)=X' A X is said to be canonical if
(1) it is diagonal.

(ii)all non — zero elements on the diagonal of A are either 1 or ~1.
OR

A quadratic form ¢(X) in the variables {x, , X, ,...cc..... ,x,} is called in canonical form if

= 2 2 2
gX) = tx; x5 . tx, where r<n

In the middle of difficulty lies opportunity. —Albert Einstein
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Example 2 : Reduce the quadratic form x* + y? + 42% =92 = 2xy —4yz + 6yt — 6tx — 12tz into

canonical form and also find the equations of transformation and rank , index , signature.

Solution : For the given quadratic form we have already obtained in example (3) that

1T 00 0 1 0 0 0]

01 0 0 0w oo Lo

A:1 ~ 2
0.0 -1 0 11 Lo

2

00 0 -18 10 -3 0 1]

100 0:1 0 0 0
010050050
“loo-10:1 1 L o|TDFI
2
00 0 -1:0 - o0 -1
i ' V2 V18]

Thus the canonical form of quadratic form is  y? +y2 - y? - 2.

Equations of transformations are given by,

1 01 0

: 1
X 0 0 1 ——|X
x 2|,
X=PY ie | ’l=| 1 1 2
X3 0 —2- 5 0 Vs
Xy 1 Vs

0 0 O
i Nl

. 1 1 1 1
ie. x[=y|+y3 s X, =y3—73-y4 N x3=—)’2+—y3 and X, = \/ﬁy‘a.

2 2

Also, rank , index and signature are given by same manner as in the diagonal form.

SoRank=4 | Index = 2 and Signature =0.

Achievement comes when you decide to live your possibilities!
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Def. Canonical quadratic form over complex field : A quadratic form ¢(X)=X"A X is said

. I O
to be in canonical form if matrix A is-of the type A = [é O:| , where I, denotes the
identity matrix of order r.
OR
A quadratic form q(X) in the variables {x, , x; ,........... ,X,} is called in canonical form

" :
overC ¢(X) = x/+x2+ .. +x! ,r<n

Example 3 : Reduce the quadratic form X +'y? +428 =91* —2xy - 4yz + 6yt - 61x 121z into

canonical -form over complex field and also find the equations of transformation.

Solution : For the given quadratic form we have already obtained in Example 5 that

(100 0:1 0 0._0T7
01 0 0 :0 O

AT~y o 20 0 11 1

000 -1:0 -
2

(1 0 0 01 0 0 0 |
010030010
2
“loot1o0:i i LY oo TD:F]
2
0001 0 -1 0 —Li
L 2 N

Thus the canonical form of quadratic formis ™ y? + y2 +y; + y2.

- Equations of transformations are given by

1 0 i 0
|
X 0 0 i —-——i||N
| )
_ . X, Y2
X=PY ie. = 1 1.
X3 0 5 —2-1 0 W
X4 1 Vs
0 0 0 —i
I N

We need men who can dream of things that never were. —John F. Kennedy
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. : . 1, 11, R
e x=y+iy  nmTip=ive, nToytaiy ad x = oy

Lagrange’s method of diagonalization : .

Input : A quadratic form ¢(X)= X'A X.

Output : Diagonal form of ¢(X) .

Working steps :

(i) If quadratic form is given in the, matrix notation then first change it into polynomial

expression form. Let the variables used are x, , x, ,.......... y X,

(ii) Collect the terms containing x; in one bracket and take the coefficient of x} common

outside the brécket_to make it unity.
' 2
(iii)Complete the square by adding and subtracting [% coefficient of x,) .

(iv)Repeat the above process for x, , x; ,..... and so on.

(v) Give the name @,y +a,y? +......+a,y? to the last obtained expression , this is the
required diagonal form and the equations‘iof;;v_r‘_ar'i_“s‘formation are given by values of

Vi s Yy seens Y, interms of X, , Xy yeiy X000

Example 4 : Apply Lagrange’s method to reduce the following to the diagonal form
2x2+2y* 4322 —4yz + 2xy ~4dzx.

Solution : The given quadratic form can be expressed as (2x’ + 2xy —4xz) +2y* —4yz +32°

2[x? +x(y=22)]+2y* —4yz +32°

2[x? +x(y—2z)+%(y—22)2]+2y2 —-4yz+32° »—;—(y—2z)2

-2

=2 x+—;-(y—2z) +2y2-—4yz+322>--;-(y2+4zz-—4yz)

= ol ] 7.3, 2
= 2lx+=(y=-22)| +=y" -2yz+z
L 2 1 2
r q2
1 3 4
= 2 x+=(y-2z)| +=|y'==yz |+ 2
i 5 )J z[y 3y] '

Success could be described as 50/50-50% vision and 50% action.
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i

2
1 3 2 4 4 2 2 2 2
2lx+—(y-2 +=| Yy ——yz+—2z |+2° ==z
[x 2(y Z)} 2[}) 375 ] 3

' ’ 2 12
1 3 2 1,
. —(y - — - + -
2{x+2(y.2z)] +2[y 32] 32

. , 3 1
2y + _2_y22 + 5)’32

. 1 2
where y]=x+§-y—2 ) y2=y——3—z, Yi=2.

Exercise 11.2

1. Diagonalize the following quadratic forms and also find the rank , index and signature.

1 2 3
(i) x*+2y*=72" —dxy+8xz (i) xy+yz-2xz i) Xx'2 -2 -4
' 3 -4 -3

(iv) 2x7 +2x +3x] —dx;x, — 4x,x, + 2x,x, (v)  x*-2y*+3z'-4yz+62x

2. Reduce the following quadratic forms into canonical form and also find the equations of
transformations. Also find rank , index and sigpature.

(i) x}+3x} +5x]+4x, x, +4x, x, +10x, x,

1 2 31
3 2 -4 6 2 2 2 2
(i) X' 3 9 3 X (i) 2x +2x; +3xy —4x, x; —4x, %, +2x, x,
1 2 31

3. Reduce the following quadratic forms into form Zd, ¥} and also find the equatiohs of

transformations.
. 1 -2 4
() 2x7 +2x2 +3x2 —dx, x, —4x, x, +2x, X, . i Xx|-2 2 0]|x
| 4 0 -7|

(1i1) X, X, + X, X5 4+ X, X, + X, X3 + X3 X, ‘
4. By using the Lagrange’s method diagonalize the followingﬁuadratic forms.
(1) x7+2x2 =7x} —4x, x,+8x, x, '
| (ii) 2% +5x; +19x} —24x] +8x, x, +12x, x, +8x, x, +18x, x, - 8x, x, —16x.3‘x4

5. Reduce the real quadratic form

It is hard to fail, but it is worse. never have tried to succeed. ~Theodore Roosevelt
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x2 +3x2 +8x7 —8x] +4x, x, +6x, X, +4x, X, +10x, X, +16x, x, +20x; x,

to canonical form over‘ (i) R (i) C. Also find the rank and index and write the matrix of

transformation.
- Answers
1. () y2-2y2+9y: , rank =3 index = 2 signature = 1.
(ii) »} —-}ny +2y7 rank = 3 index =2 signature = 1.
TR V' - . .
(iii) y, =6y; +?)’3 ) rank = 3 index = 2 signature = 1.
. 2 3 2 1 2 . .
(iv) 2y +—2-y2 +§y3 , rank =3  index = 3 signature = 3.
(v) yi-2yl-4y; , rank =3 index =1 signature = —1.

2. (i) yl-y2+y? , rank =3, index =2, signature = 1
Equations are x, =y, —2}/2—2\/_2-}/3 , X, =y2‘+Ly3 , Xy = 1 Vs
270

(ii) y] -y, rank = 2 , Index = 1, signature =0.

Equations are x, =y,-—§2-2——3y3—y‘1 s x2=-‘v\/2§ s X3 =y 5 Xy =)y

(iii) 2 +y; +y;,rank =3 , index = 3, signature = 3.

. 3 1 ) 1 2
3. (i) 2y,2+-2—y§+3-y§ , equations are x,=y,55y2+5y3 , x2=y2+-§-y3 y X3 =Y,

(i) y2-2y2 +9y ,equations are x, =y, +2y, +4y, , X, =y, +4y, , X, =y,

1
(iii) y} -—Zyzz - ! —%y} , equations are

1 1 1 1 1
X =yl-_2'y2-y3~3y4 ’ x2=y|+—2"y2—y3'°'2'y4 s x3=y3—5y4 s Xy =)y

4. (i) yi-2y;+9; (i) 2y} =3y} +4y!

You have to expect things of yourself before you can do them. —Michael Jordan




1 -5 =2 -1
0o 2 1 -1
5. () yP+y’=y;rank=3 ;index =2 ;|0 0 0 1

0 l 0 O
L 2 J

(1 -5 =2i -1] °

0 2 -1

@ yi+yi+y2 310 0 0 1
0L 0 o
L 2 -

11.3" Definiteness of the‘quadratic forms

Def. Positive definite quadratic form : A real quadratic form g = X-'A X is called positive

definite if ¢ is always positive for all non-zero real values of X and is zero only if X = 0.

A quadratic form ¢(x, , X, ,........ ,X,) 1s positive definite if in its diagonal form (over reals)

2 o,
q= ax +a,x; +....+a,x; where a, , a, yo...... , a, are all positive real numbers.

Further in this form we see that rank = index=n i.e.p=r=n.

Def. Negative definite quadratic form : A real quadratic form g = X'A X is called negative

definite if q is always negative for all non-zero real values of X and is zero only when X = 0.

Further in this form we see that rank = n and index =0 i.e.»=n and p=0.

Def. Positive semi - definite quadratic form : A real quadratic form g = X'A X is called

positive semi — definite if g is always > 0 for all real values of X .
A quadratic form g(x, , X, siee... , X,) is positive semi — definite if in its diagonal form
(over reals) at least one variable out of x, , x, ,........ , X, is absent and all remaining
variables are present with positive coefficients i.e.

2

q=axl +ax; +...+ax’ , r<n,where g ,a, ... ,a, are all positive real numbers.

Further in this form we see that‘rank = index <n i.e.p=r<n.

The difference between the impossible and the possible lies in a man’s determination. —Tommy Lasorda

-
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Def. Negative semi - definite quadratic form : A real quadratic form g = X'A X is called
negative semi — definite if g is always < 0 for all real values of X .

A quadratic form g(x, , x, ,eceeee ,x,) is negative semi — definite if in its diagonal form
(over reals) at least one variable out of X, , x, y........ , x. is absent and all remaining

variables are present with negative coefficients i.e. -
g=-ax!-ax!-...—ax’,r<n, where a ,a, ,....,a, areallpositive real numbers.
Further in this form we see that rank < »n,and index =0 i.e.»<nandp=0.

/
Def. Indefinite Quadratic form : A real quadratic form ¢ = X'A X is called indefinite if ¢
can assume both positive and negative values for different real values of X.
A quadratic form g(x, , X, ... , x,) is indefinite if in its diagonal form (over reals) at least
one negative and one positive term is present.
Def. Let g = X'A X be areal quadratic form. The definiteness of the matrix A is defined

to be the definiteness of the quadratic form g.

Example : Determine the definiteness of the quadratic form.

6x? +25y? +612* —=24xy ~36xz+76yz.

6 -12 -18
Solution : The matrix of the giveh quad’ratic formis A = |=12 25 38
-18 38 61

We have already obtained the diagonal form of this quadratic form in Example 4, namely,

6y} +y} +3y2. Clearly this canonical form contains all the three variables and also with

positive coefficients, therefore the given quadratic form positive definite.

Exercise 11.3

1. Determine the definiteness of the following quadratic forms using the digonalization process
(i) 6x*+3y* +32' —4xy-2yz+4zx (i) 9x*+y* +4z* +6xy—4yz—122x
(i) —21x*~11y2 =222 +30xy+8yz—122x  (iv) ~y?=2xy+2yz

(v) 2x7+4x7 +8x2 = 2xx ~2xx, +2xx, (Vi) x* =2y +3z% ~4yz+62x

Make your life a masterpiece; imagine no limitations on what you can be, have or do. —Brian Tracy
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(vii) =3x2 =4y +222 = 2yz + xz + Txy

2. Prove that —y?+2yz —2xy is indefinite.

Answers
1. (i) Positive Definite (ii) Positive Semi definite  (iii) Negative Semi definite
(iv) Indefinite (v) Positive definite (vi) Indefinite '

(vii) Indefinite

11.4 Sylvester’s Criterion

Example : Write down all‘the minors, principal minors and the leading principal minor of
order 1,2,3 for a 3x3 matrix. 1
a, Gy G
Solution : Let A=|a,, a,, a,;
a3 Gy Gy
(i) Minors of order 1 : a,,,a,,,8,5,0,,,05,,0,5,85,,83,, 855

Principal minors of order 1 : a,,,a,,,4;; .

Leading principal minor of order 1 : a,, .

ex g Gy Ayl |Gy Gun| |9 Gu| |9 A |9 9
(i1) Minors order of 2 : , s _ , s 1,
Gy, G| (G Q| |Gy Gy |Gy Gy |95 43
ay Al (92 3| 9 G| |9 9
b H b
a3y Oy |G Gy [An Gy [0y Gy
a a. a a a
. . " 12 TRLT n An
Principal minors of order 2 : s , i
ay Ayl (G G3f |Gy Gy
[ ]
. . . A 9,
Leading Principal Minor of order 2 :
Ay Ay

a, 4 9,
(iii) Minor of order 3 =|a,, a,, ay]|.
a4y Gy a4y
There is only one minor of order 3 which acts as principal minor and leading principal minor

as well. _

The way to get started is to quit talking and begin doing. —Walt Disney
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Result : Let A=[a,,:|

B nxn

be a matrix, then

(i) Number of all minors of order rxr is ("C,)2

(ii) Number of all principal minors of order rxr is "C,.

(iii) Number of leading principal minor of »xr is 1.

Theorem 1 : A quadratic form ¢(X)= X TAX is positive definite iff all the leading principal |

minors of A are positive.

Particular Cases :

a, 4ap a, 4,

(1) The matrix Az{ ] is positive definite iff a,, >0 ,

a, ay ay, apn

a, a, a; '
(ii) The matrix A=|a,, a,, a,, |is positive definite iff * -
a0 Gy Ay (18P _

a3 Gy Gy

a a
" 12
a, >0,

a
21 22
a,, Ay, Ay

Theorem 2 : A quadratic form g (X)=X"AX is negative definite iff all the leading

principal minors are alternatively negative and positive, starting with first.

Particular cases :

a, a,

. . q a, |. . o .
(i) The matrix A:F ! '2J is negative definite iff a, <0 , >0

a, a4y

a, A9y

a, G, a;
(ii) The matrix 4=|a,, a,, a,, |is negative definite iff

a, G, a;

>0 , a4y a4, ay|<0

Ay Gy Ay

Dreams are the reality of tomorrow. ~Dean Marshall
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Theorem 3 : A quadratic form g(X)=X"AY is positive semi definite iff 4 is singular i.e
|4| =0 and all other principal minors are non-negative,

Particular cases :

: . ay, a,|. o . o a, 4a,

(i) The matrix A= is positive semi-definite iff a,, 20, a,, 20 and =0
a4y 9y T
ay a, G

(ii) The matrix A=|a,, a,, a, | is positive semi-definite iff
LTI PR ¥

e @y Gy 4y a5 n 4y
a,20,a,20,a,20, |, >0, >0, 20 and |4]=0
LTI a3 G5 a4 a4y °

" Theorem 4 : A quadratic form ¢(X)= X" AX is negative semi definite iff |4| = 0and all

principal minors of even order of 4 are non-negative while those of odd order are non-positive.

Particular Cases :

. . a” a|2 . . . . . all a|2
(i) The matrix A= is negative semi-definite iff a,, <0, =0
a; 4y a, 4y
: ay Gy 4 )
(ii) The matrix A=|a,, a,, a,; | is negative semi-definite iff
a3 Gy A4y
a, a a, aq a, a
a,£0,a,<0,a,<0, [ "?lz0 ,[" "lz0,|* "®|20and|4|=0.
4 4an a3 4 a4y Gy

Theorem 5 : A quadratic form ¢(X)= X" AX is indefinite iff at least one of the following

condition is satisfied.
(i) 4 has negative principal minor of even order. 4
(ii) A has positive principal minor of odd order and negative principal minor of even order.

Particular Cases :

a, a,].:
(i) The matrix A{ ! 'Z:J is indefinite iff |4|<0 and 4, and a,, are of opposite signs.

dy apn

Don’t think problem, think opportunity.
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a, Gy a; ,
- (ii) The matrix A=|a,, a, a,, | is indefinite iff
ay Gy Ay

a 3
! <0 or

(1)

a, 4y

(ii) Outof a,,,a,, ,q33,|A| at least one is positive and at least one is negative.
/!

Theorem 6 : A quadratic form q(Xx) = XTAX is positive semi-definite if |4| = Oand the other

leading principal minors are positive.

Particular Cases :

a, a,

(i) The matrix 4= :I is positive semi-definite if a,, >0 , det(4)=0

a, ay

a, 4, 4a;

21> 0 and det(4)=0

(ii) The matrix A=|a,, a,, a,, | is positive semi-definite if a,, >0,
a
21 22

a; Gy Gy ‘
Theorem 7 : A quadratic form ¢(X)=X"AX is Negative Semi-definite if det(4)=0 and

the other Principal Minor of odd order are negative and of even order are positive.

‘mvﬂ) n Value Theorem For definiteness : A quadratic form g(X)=X"AX is

(i) Positive definite iff all elgen value of 4 are positive.

(ii) Negative definite iff all eigen value of 4 are negative.

(iii) Positive semi-definite iff at-least one eigen value is zero and all other eigen values are
non-negative.

(iv) Negative semi-definite iff at-least one eigen value is zero and all other eigen values are non-
positive.

(v) Indefinite iff at-least one eigen value is positive and at-least one eigen value is negative.

Exercise 11.4

1. Determine the definiteness of the following quadratic forms using the Sylvester’s Criterion .

(i) 6x’+3y* +142° +dxy+4yz+182x (ii) x*+y* +2° —xy+yz—2x

(iii) —x2=2y? =22 +2xy+2yz (iv) —x?-3y*-22°

The door to success is the one marked PUSH.
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(v) =21x? +30x,x,=12x,%, —11x; +8x, x, +2x;
2. Prove that the quadratic form ax? + 2hxy +by? is positive definite iffa>0and A’ <a b .
3. For a positive definite quadratic form X'A4 X , prove that|A| >0.

4. If two matrices 4 and B are positive definite then what can you say about the positive

definiteness of the following :

(i) A+B (i) 4B (iii) A° (iv) ABA
(v) A'BA (vi) 44 (vii) A44'
. Answers
1. (i) Positive Definite =~ (ii) Positive definite - (iii) Negative definite
(iv) Negative definite ' (v) Negative semi-definite

Eﬁ:fﬁ:@ 01‘ /? (Cua/"cobcc@éc 7%'7m7 > The et of all
values wé/cﬁ Cap e altaimed jﬂy a @sz/ﬁ(d/m

%Ozrm 5 Called s )%0/%6
IQC%U/M’ %?)ﬁaﬁe ot LD cndl £ Sp (//L,/cw@/ﬁcﬂ%/( %@rm

s Lo, )
UI) 760/’56 of ND nd /Vjﬁ 7ucw}//%MC %@?{W)
R (—L, 0]

U’,"O /QQW5 @% I D OLMZC//C[LAC /%@?rm -3 Ceob ob)

If you want to double your success rate, you need to double your failure rate. ~-Thomas John Watson J.
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12.1 Inner product space (Definition and examples)

Def. Inner Product : Let V be a vector space V over F where F is the field of complex numbers or
real numbers. A mapping ( , ): VxV —F iscalled an inner product if it satisfies the following

axioms :

(i) (u,v) = (v,u), the complex conjugate of (v,u)
(i) (u,u)2 0 and (u,u) =0 iff u=0
(iii) (au +bv, w) = a(u, w)+b(v, w) for all u,v,weVand a,beF.
The space V equipped with an inner product is called an inner product space.
OR
A vector space V over F (F being the field of complex numbers or real numbers) is called an inner
product space if for any two elements u,v e V , there is defined an element of F , denoted by
(u,v) ,satisfyiﬁg the following axioms :
i) (u,v) = Zv—,;)_ , the complex conjugate of (v,u)
(ii) ()2 0 and (u,u) =0 iff =0
(iii) (au +bv,w) = a(u,w)+b(v,w) forall u,v,we Vand a,beF.
Remarks : .
(1) Axioms (i), (ii) and (iii) in the definition of Inner Product Space are called Symmetry , Non-
negativity and Linearity respectively.
(2) If F is the field of real numbers , then V is called real inner product space or Euclidean space. In
this case the axiom (i) is stated as : (¥,v) = (v,u)
(3) If F is the field of complex numbers , then V is called compfex inner product space or Unitary

space.

(4) It should be noted that by axiom (i) , we have, (u,u) = (u,u) so that (u,u)is a real number and

hence (u,u) 2 0 in axiom (ii) is justified.

Some standard inner products :

1. Let u =(x,x,,.....,x,) and v=(y,¥,,.....,) be any two vectors in R" then the standard inner

product is defined as (u,v) = x,y, + X, ), +.... + X, ),

If you worry about yesterday’s failures, then today’s successes will be few.
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Exercise 12.1
1. For u=(x,,x,) and v=(y,,),) € (Cz_ show that (u,v) = 2x,;,+xl;;+x2;,+x2y_2 is an inner product
on C*.
2. Consider the vector space R*(R). For u =(x,,x,) and v=(y,,5,) , show that (u , v) defined by
(4,v) = Xy, — %, ¥, — %y, +4x,y, is an inner product on R?.
3. For u=(x,x,) and v=(},,5,),showthat (u,v)=xY,+x, does not define an inner product on
CYC). |

4. Let V be the vector space over C of all complex valued continuous functions on the
. ' “ b
interval [a ,b]. Define the ifiner producton Vas (f(¢), g(t)) = _[f (t) g(t) dt . Show

that V is an inner product space.
5. In C(C), let u=(1+i,i,-1) , v=(1+2i,1-i,2i). Find (4, v) and (v, ») and verify that :
() (uv)=(v,u) (ii) (u,v)+(v,u)=2Re(w,v) (iii) @v)~ (v,u) =2Im(u,v)
6. (a) Letu=(1,2),v=(-1,1)e R*. If wisa vectors.t. (u,w)=—1 and (v, w) =3, find w.
C)If u =(,-3,D), 4, =(2,1,~4), u, = (6,~7,8) e R*, find u & R® such that’(u,u,) = -1,
(uuy)==1, (uu;)=17. '

7. (a) Let V be the vector space of all real polynomials of degree < 2, show that

' |
(f(x).g(x))= .[f(x)g(x) dx forall f(x)g(x)eV isan inner product on V.

(b) If f(x)=x"+x-4 and g(x)=x-1,then find (f(x),g(x)) and (g(x),g(x)).

Answers

72 , 8
6. (a) [—E’Ej ®)(,1,1) 7.0) 8, 5

12.2 Properties of an inner product

~ Let V (F) be an inner product space then for all a,b,c € Fand u,v,we V, we havé

(@) (auv)=a(u,) () (4 +v,w) = (s W) + (v, W)
(i) (v, W) = (s ) = (v, W) (iv) (uav)=a(u,v)

(v) (,bv+cw)=b(u,v)+c(u,w) _ (Vi) (v +w) = (u,v)+(u,w)
(Vi) (v —w) = (1, ) = (4, W) (viii), (0,v) = (u,0)=0

. Knowing is not enough; we must apply. 'Willing is not enough; we must do. —~Johann Wolfgang von Geothe
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(ix) (u,v)=0 forallveV = u=0 x) (u,w) ='(v,w) forall we V& u=v
Def. Norm of a vector : Let V be an inner product space and ve V. Then norm (length) of v,
denoted by ||v || , is defined as ||v | = J,v) =, )"

We take only non-negative value of square root and so norm of a vector is always a non — negative
‘real number.

Def. Unit Vector : A vector v of an inner product space V is called a unit vector if ||v]| = 1.

Result 1 : In an inner product space V over the field F , then
@ |av]=|a| |v| forallaeF,veV (ii) ﬁ is always a unit vector.
v
Result 2 : Cauchy schwarz inequality : Let V be an inner product space. Then for arbitrary vectors

u,veV , we have |(u,v)|<| 4| ||

Further , equality holds if and only if # and v are linearly dependent.

Result 3 : Triangle’s inequality : Let V be an inner product space , then for all w,ve V , we have
v < [+ [v] -

Further if |[u+v|| = |ju]|+|v , then u and v are linearly dependent.

Remark : In the above result‘, we have that if |ju+v||=|ju|+|]v| , then u and v are

linearly dependent.

Now , we give an example to show that converse of this is not true , in general , i.e., if # and

v are linearly dependent , then it is not necessary that [lu+ v =|Juf| +|]v| .

For this , consider standatd inner product on R*.

Let u = (1,-2,2) ,v=(-2,4,-4)e R’ then u and v are linearly dependent as v = -2u
We have : 4| = J@u) = JL1+(=2)(=2)+22 = JI+4+4=3

and V] = Joov) = (22 +4.4+(4)(4) = JA+16+16 =6

Thus [u| + |v] =3+6 =9

Also, u+v = (~1,2,-2) and

[+ = S vutvy= JEDD+22+(2)(-2) = Vi+d+4 =3

The man who can drive himself farther once the efforts gets painful, is the man who will win. -Roger Bannister




Clearly |ju+v| = [Ju]+|V].
Result 4 : Parallelogram law : If » and v are vectors in an inner product space , then
ool = = 2+ 2]

Result 5 : Every inner product space is a metric space.

Result 6 : Every inner product space is a normed linear space.

Exercise 12.2

1. Let V(R) be a vector space of all real polynomial with inner product defined by
-
(f:8) = [f(x)g(x) dx
J x

If f(x)=x+1 and g(x)=x-1 thenfind (f,g) and |g].

" (o P (a oo
Sanl«{Shr} {Swr}
=1 i=|

i=|

2. For x,y e€R , prove that

12

| 172 ) »
3. Prove that : s{ﬂ f (x)|2 dx} {'ﬂg(x)|2 dx} where f(x) and g(x) are continuous
0 0 .

[£(0)g(x) a
0

complex valued functions on [0, 1].
4. Ifu=(-2,-3,5) and v= (4,6,-10) € R?, verify that |(u,v)| = |u|.|v]. Why does the equality occur

here ?

, prove that (¥ +v,u-v)=0.

5. If u,v are vectors in a real inner product space s.t. |Ju| =||v

Answers

- 12.3 Orthogonality

Def. Orthogonal Vectors : Let V be an inner product space and u, v be vectors in V. Then u is said
to be orthogonal to v (written u Lv)if (u,v)=0.

Here note that :

(i) If ulv ,then(w,v)=0 and so (v,u)=m=0.Hence ulviffvlu.

(ii) Since (0, u) =0 for all u € V so the zero vector is orthogonal to every veetor.

(iii) LetueVsuchthat w Lu then (u ,U) = 0 = wu=0.Hence the zero vector is

the only vector which is orthogonal to itself.

Never let the Sfear of striking out get in your way. —Babe Ruth
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(iv) If (u,v)=0, then (au,v) =a(u,v)=a.0=0. Hence if u L v , then any scalar multiple of
u is also orthogonal to v .
Def. Orthogonal Set : A subset S of inner product space is_ said to be orthogonal if (4,v)=0
forall u,veS such that u # v i.e. every two distinct vectors of S are orthogonal. ‘
Def. Orthonormal Set : A subset S of an inner product space V(F) is called an orthonormal
set if (i) ||| =1 forall ueS
(i) (u,v)=0 | forall u,veS §uch that u#v
i.e. if every element of S is a unit vector and every two different vectors of S are orthogonal.
_Jo if i)
/ 1 ifi=j
Result 1 : In an inner product space , an orthogonal set of non — zero vectors is linearly independent.
Result 2 : In an inner product spacé, an orthonormal set is linearly independent.
Result 3 : Let {u,uy,........ ,u,} be an orthonormal basis of an inner product space V and € V be an

n
arbitrary vector , then u = Z(u,u,)ui = (U, u))uy + @, 0, + ... +(u,u,)u,

i=1
OR

Let {u,uy,cecuce. ,u,} be an orthonormal Basis of.an inner product space V and u € V be an

arbitrary vector , then the coordinates of u relative to this basis are (u,u,) , 1<i<n.

Result 4 : Let {u) uyseennene. ,u,} be an orthogonal basis of an inner product space Vand ueV bean
arbitrary vector , then u = z(u u) = u) (u uz) TR ( da )

Sl Wl el Tl
Result 5 : Bessel’s inequality : If {, , u, ,......... , u,} is any finite orthonormal set in an inner

product space V(F) and if v is any vector in V(F) , then Z|(v u, )[ ”v[]

Further, the equality holds iff v is in the subspace spanned by {y, , u, ,......... s U}

Result 6 : If {u, , u, ,.......... , u,} is an orthogonal set of non zero vectors in an inner product space

V, then for any vector ve V

" v f ,
$ 1l o pp s fodl Jol ol e

21— .

Be absolutely determined to enjoy what you do. ~Gerry Sikorski
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Result 7 : Gram-schmidt orthogonalisation process : Every finite dimensional inner product space
has an orthonormal basis.

Result 8 : Construction : If an ordinary basis {u,,u,,u;} of an inner product space is given then an

orthonormal basis {v,,v,,v,} is constructed in the following manner :

y, =
=L
g - b
U, s Wy =y — (U, )V, ; v, =m
Uy wy =y = (Uy, V)V, = (U3, 1,)V, wz
v, = —
T wil

| / Exercise 12.3

1. Construct an orthonormal basis of R*(R) ;vith standard inner product givcﬁ the'basis {u,,u,,u;}
Whgre . |
@ w4 =MLY w=0-21) , 4 =(1,23)
(i) 4y = (3,0,4) u =(=1,0,7) , u, =(2,9,11).

2. Construct an orthonormal basis of C*(C) with standard inner product given the basis {u,,4,,4,}
where u, = (1+i0.1) | u,=(21-2i,2+i) , uy=(1-i,0,-i). |

3. Construct an orthonormal basis w.r.t. standard inner product for the subspace of R* generated by
(1,1,-1,1) and (1,0,1,2) .

4. Let V be the vector space over R of all real polynomials of degree < 2. Define an inner product on

. 1
Vas (f,g)= J-f(x)g(x) dxfor f,g e V. Construct an orthonormal basis of V.
] ' v

) _
5. Let V be the vector space of real functions satisfying % - 5% +6y=0.InV, inner product is

0
defined as (u,v)= Ju.v dx u,veV.Find an orthonormal basis of V.

-0

3 2
6. Let V be the vector space of real functions satisfying f_{_ 61——{44-1 11}’__ 6y=0.InV, inner
dx dx dx
s, 0 ' v
product is defined as (u,v) = Iu.v dx u,veV.Find an orthonormal basis of V.

-0

7. Prove that two vectors ¥ and v in a real inner product space V are orthogonal if
and only if |[|u+ v”2 = ”u”2 + ”v”2 (This is known as Pythagoras theorem)

8. Let V be a complex inner product space. If u and v are orthogonal , then

Be all that you can be. ~ARMY slogan
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e + v||2 = "u"2 + ||v|]2 . However, the converse need not be true.

9. Showthatif Visa compiex inner product space , then u,v € V are orthogonal if
and only if ||au +bv|!2 = ||au||2 +[pv[| forall a,beC.

10. If {u,v} is an orthonormal set in an inne..r product space V , then [ju—v||= 2

Answers

o (bRiadaieal ool
1-5i 3+3i)(7-—i -5 —6+3i)

PN !
> ("2“(1“)’5’5J (2\/3’4\/3’4«/' 230 2430 2430

2
{1 2x-1\3 , (x -x+-é-]3~/§5}

5. {2&2",~/g(5e3“ —4e2x)}
6. {\/Ee",ée“ ~4e* ,\J6 (IOe“ ~12¢* +3¢* )}'

12.4 Orthogonal complement

Def. Orthogonal subspaces : Let V(F) be an inner product space. Two subspaces

W, and W, of V are said to be orthogonal to each other if (w,,w,)=0 forallw, € W, and w, e W,
Def. Orthogonal complement : Let V(F) be an inner product space and W be a subspace of V.
The orthogonal complement of W , denoted by W+, is given by |

Wt = {ve V:(v,w)=0 for all we W} i.e. orthogonal complement of W is collection of all
those vectors of V which are orthogonal to every element of W. Clearly , we have

(w,w,) =0 forall u.», eW andw, e W*.

Thus W and W* are orthogonal to each other.

Result 1 : Let W be a subspace of an inner product space V(F) , then W™ is a subspace of V. i.e.

orthogonal complement of a subspace is also a subspace.

There is no achzevement without goals. —Robert J. Mckame




8

Result 2 : Let V(F) be any inner product space , and W be a subspace of V , then prove that

() {0}*=V (i) V' = {0} (i) WnW*={0} (iv) W,cW,=>WcW

Result 3 : Let W be a subspace of an inner product space V(F). If {u,,u,,....... ,u,} is a basis of W,
then we W* iff (w,u,)=0 1<i<n. In other words, w is orthogonal to each element of W iff w is
orthogonal to all the elements in a basis of W.

Result 4 : If W is a subspace of a finite dimensional inner product space V, then V=W ® W* ie. Vis

a direct sum of W and W+.

Result 5 : Let V(F) be a finite dimensional inner product space and W be a subspace of V. If

{u, U550, } is an orthonormal basis of W and {v;,v,,.......... ,v,,} is an orthonormal basis of W+
Result 6 : Let V be an inner product space and W be a subspace of V , then

(i) Wc W™ (i) W=W™ if Vis finite dimensional  (iii) W* = W+

Result 7 : If W, and W, are subspaces of a finite dimensional inner product space , then

(@) (W, +W,) =Wt AW (i) (W, A W,)* = Wi+ W;

Def. Orthogonal projection : If W is a subspace of a finite dimensional inner product space V , then
we know that V=W @ W+, By definition of direct sum , every element ve V can be uniquely
expressedas v=w+w , where weW and weW*.

The vectors w and w' are called orthogonal projections of v on the subspaces W and W*.

Exercise 12.4
l. Let W be a subspace of R*(R) generated by the vectors »,=(1,2,3, —=2) and
u,=(2,4,5, -1). Obtain a basis for W*.
2. Consider R*(R) with standard inner product defined in it. Let W bea subspace of R’ spanned
by the vectorw = (2, =1, 6). Find the projection of the vector v =.(4 ,1,2)on Wand W,
Result 1: Let V(F) be an inner product space and Sbea subspace‘of V. If L(S) denotes the

linear span of S, then prove that
(i) s*=[L®)]
(i) L(S) cS*

(iii) L(S)= S* if V is finite dimensional.

. In the middle of difficulty lies opportunity. —Albert Einstein
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orthonormal set in \‘/(F)_ s.t. i|(v , u,)|2= ||v||2 forall ve V then{y, , , ,......... , u,;} is a basis of V.

i=l

First say to yourself what you would be, then do what you have to do. -Epictetus







