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Preface

Due to the increasing miniaturization according to Moore’s law, classical circuit
design will reach soon its limits. Reversible computation is an interesting alternative,
since it provides a fundamental approach to the design of low-power circuits, a
very critical aspect already in today’s circuit design. Beyond that aspect, reversible
circuits can be used as a starting point for synthesizing quantum circuits. Quantum
computers can efficiently solve problems such as factorization, while the best known
classical algorithms have sub-exponential complexity. In this emerging research
field, first approaches to key design steps have been proposed, but they suffer from
problems regarding complexity and scalability. Furthermore, most of the existing
approaches are not optimal. Theoretical studies looking at the complexity of the
underlying circuits are hard to perform, and so far only few results in this field are
available.

In this context, this book introduces important new optimization approaches as
well as complexity analysis that present various improvements compared to the
state-of-the-art methods. The book has considered these two aspects on the different
levels of the design flow of quantum circuits: the reversible level, the mapping level,
and the quantum level. First, the book provides insight and guidance in all major
aspects of optimizing the implementation of a reversible function as a circuit of
reversible or quantum gates. Second, it gives an extensive overview of upper bounds
on the number of gates needed in reversible and quantum circuits. New and tighter
bounds are provided based on several synthesis approaches, mapping schemes, and
gate libraries.

Bremen, Germany Nabila Abdessaied
January, 2016 Rolf Drechsler
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Chapter 1
Introduction

During the last decades, the number of transistors in integrated circuits has been
doubled approximately every 18 months (also known as “Moore’s Law”). Even
if this procedure may continue in the upcoming years, the conventional computer
hardware technologies are going to reach their limits in the near future. In particular,
the power dissipation is going to become crucial. While nowadays the power
dissipation is particularly caused, e.g., by nonideal behavior of transistors and
materials, a more fundamental limit (namely “Landauers Barrier” [69]) will be
approached. Landauer stated that each time information is lost during computation,
the energy is dissipated. Extrapolating the recent achievements in the development
of classical CMOS technologies, this amount of power dissipation will halt further
miniaturization in the near future [157].

As a consequence, researchers intensely studied alternative technologies and
in this context, reversible circuits are promising. In fact, they allow bijective
operations only, thereby, they do not lose information during the computation and,
thus, can avoid power dissipation caused by information loss [18, 98]. Reversible
computation [38] has proven itself as a very promising research area, especially for
applications to emerging technologies. This is confirmed by its results in emerging
applications such as quantum computation [66, 98, 125, 141] which has shown
promising results for solving certain problems exponentially faster than any known
classical algorithm by exploiting quantum mechanical effects [42, 43]. In contrast to
Boolean logic, quantum bits (qubits) represent not only the classical 0 and 1 states
but also any complex combination or superposition of both, leading to a significant
speed-up in computing. It has been shown that, for example, using a quantum circuit
makes it possible to solve the factorization problem [125] in polynomial time using
the factorization algorithm by Shor [125, 141], while for classical circuits only sub-
exponential methods are known. Furthermore, the Deutsch-Jozsa algorithm [41] as
well as the Grover search [56] algorithm are famous examples showing the power of
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2 1 Introduction

quantum computing. The design and fabrication of these machines have progressed
rapidly in the past decade, with many research groups now routinely fabricating and
operating small quantum computers in physical systems [28, 97].

Quantum computing does not only provide challenges for physicists but also
offers a variety of challenging and interesting problems to the field of computer
science. Large parts of quantum computers perform classical computations which
can be described in terms of classical Boolean functions instead of arbitrary
unitary operations as are used for general quantum computing. However, since all
quantum transformations need to be reversible, the classical computations need to
be described in terms of reversible functions [98] to be used in the model. But
since reversible logic is subject to certain characteristics and restrictions, the design
methodology of circuits and systems following the reversible computation paradigm
significantly differs from the established (classical) design flow. Many concepts and
methods developed for classical hardware design in the last decades have to be
redeveloped in order to support these new technologies. Accordingly, significant
progress has been made in the design of reversible and quantum circuits in the last
years. The synthesis of a quantum circuit from such a Boolean function is typically
conducted by a three-stage (see Fig. 1.1) procedure: (1) a reversible circuit realizing
the Boolean component is generated for which existing reversible logic synthesis
algorithms such as [46, 85, 135] are used, (2) mapping techniques are applied to
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Fig. 1.1 Design flow for quantum circuits inspired from [107]
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transform the reversible circuit into a functionally equivalent reversible circuit that
consist of specific gates [15, 91, 98], and (3) the technology mapping of the resulting
circuits to quantum circuits that consist only of quantum gates from a determined
library [15, 92, 133]. Each of these steps present a major level in the design flow as
shown in Fig. 1.1: reversible level, mapping level, and quantum level. Within each
level, an optional process is applied to improve the obtained result.

The flow starts with the reversible level where the synthesis of reversible
circuit takes place. Synthesis algorithms describe techniques to find a reversible
circuit that realizes a given reversible function. The most common gate libraries
to realize reversible circuits consist of mixed-polarity multiple-controlled Toffoli
gates (MPMCT) or single-target gates (ST). Several approaches have been pro-
posed [46, 85, 132, 135, 145] to synthesize a given function. Typically, the majority
of these approaches do not guarantee optimal realizations, in fact, the algorithms
that do guarantee an optimal solution (e.g., [146]) are only applicable to small
circuits having four to six lines. As a result, in order to optimize synthesis
results with respect to some target technology, several post-synthesis optimization
approaches [88, 128] are used to reduce the circuits with respect to a given cost
metric. Among the cost metrics we find the number of gates and the number of
lines. Other important metrics are the number of quantum gates and the gate delay
(depth).

MPMCT gates and ST gates offer a convenient representation to model the
functionality of a reversible circuit but they are still too abstract to be used as
quantum operations. Many aspects, particularly those considering fault tolerance
and error correction properties, cannot be effectively considered on that abstraction
level. Therefore, reversible circuits are mapped to quantum circuits that only consist
of gates from a particular gate library. For this purpose, the reversible circuit is
mapped to a functionally equivalent Toffoli circuit in the mapping level. In other
words, each ST gate and Toffoli gate in the circuit with more than two control
lines is mapped into a circuit of Toffoli gates with at most two control lines
(NCT). The MPMCT gates mapping algorithms were introduced in [15, 91, 98].
Afterwards, the mapped circuit is optimized with respect to technology dependent
cost metrics [75, 150] in the post-mapping step.

In the quantum level, the technology mapping step maps reversible circuits to
quantum circuits that only consist of gates of a gate library suitable for the target
technology. For this purpose, each Toffoli gate of the reversible circuit is replaced,
with respect to a particular gate library, with an optimal circuit of functionally
equivalent quantum gates [10, 15]. Quantum libraries consist of a few quantum gates
that typically act on at most 2 qubits: one of the currently prominent libraries is the
CliffordCT [98] library and the NCV gate [15] library. After mapping the reversible
circuit to its equivalent quantum circuit, the obtained quantum circuit is optimized
by applying algorithms that aim at obtaining cheaper realizations.

While this layered approach allows convenient reuse of circuits between appli-
cations, the resulting circuits are typically far from optimal, particularly because the
structure of the high-level circuit may allow gates to be omitted [76, 107, 150]. As
a result, researchers have proposed cost-aware optimization algorithms [75, 88, 91]
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from reversible circuits into intermediate or low-level quantum gate libraries. Such
optimizations avoid the overhead of applying primitive gate optimization and
achieve better results [12, 86].

Following these methods, this book presents solutions to the major obstacles
facing the optimization of quantum circuits (e.g., gate movement, cost reduction,
applied heuristics) in the different levels of its design flow shown in Fig. 1.1.
Several cost-aware optimization techniques for quantum circuit are introduced on
the reversible level [1, 6], the mapping level [5, 8], and the quantum level [2, 3, 9].
Since the nonoptimality of quantum circuits derives mainly from the exponential
complexity of reversible circuits [108], other work of this book investigates the
required number of gates to implement reversible functions and, hence, presents
tighter upper bounds [4, 7, 134] for the number of gates needed in a reversible or
quantum circuit.

1.1 Book Overview

This book focuses on two aspects. First, the optimization of reversible and quantum
circuits. Second, an extensive study of the complexity of reversible gates and
reversible circuits as well as quantum circuits is presented.

1.1.1 Optimization of Quantum Circuits

At the reversible level, two new different optimization approaches which target
the reduction of the quantum cost are presented. So far, the existing optimization
approaches at this level are usually heuristic and employ restricted moving rules to
find local optimizations. Therefore, a new optimization algorithm [6] that handles
positive and negative controls and allows more freedom to rearrange gates into a
circuit compared to the existing moving rules is given. Furthermore, since existing
optimizations cannot guarantee optimality for small circuits, a new approach is
proposed [1] that exploits Boolean satisfiability techniques allowing an exhaustive
yet efficient search of any possible reduction and hence ensures optimal results.
For larger realizations, the application of simulated annealing is considered to find
further possible reductions that could not be found using existing approaches.

At the mapping level, a new mapping algorithm [5] for decomposing single-
target gates is described. Since each ST gate contains a Boolean control function, the
given method attempts to find smaller ST gates based on a functional decomposition
of the control function. It consists of breaking a large ST gate into smaller ones
using additional lines. This technique leads to circuits with cheaper quantum cost.
Furthermore, a new optimized mapping methodology [9] to decompose reversible
circuits consisting of MPMCT gates into quantum circuits is introduced.



1.1 Book Overview 5

At the quantum level, new algorithms [3, 9] that aims at reducing the quantum
cost for a given NCV or CliffordC T based circuit are described. Furthermore,
an optimization technique for reducing the depth of NCV based circuits using
additional lines [2] is proposed.

1.1.2 Complexity Analysis

To compare the efficiency of different synthesis approaches, the resulting circuits
are evaluated in terms of cost metrics which depend on the targeted technology.
Among these metrics the number of gates and quantum cost present the major
criteria in the evaluation process. As a second direction, throughout this book, a
detailed overview studying the complexity in terms of the number of gates or the
quantum cost for a given circuit in different levels is given. Tighter upper bounds
for the number of gates that are required to implement a reversible function in
a reversible or quantum circuit are determined. This is important as an approach
to understand the complexity of reversible circuits, but also to give an overall
quality measure of the different reversible synthesis methods. Previous research
has investigated this topic based on specific synthesis algorithms and using a
specific gate library [76, 108]. This book presents extensions of the upper bounds
to more gate libraries. As reversible gate libraries, The complexity analysis covered
reversible circuits based on reversible gate libraries (ST gates, MPMCT gates, and
NCT gates) and quantum circuits based on quantum gate libraries (the semi-classical
NCV library [15] and the CliffordC T library).

This book provides upper bounds for a reversible or quantum gate library on
each level of the design flow. Figure 1.2 illustrates the layered mapping approach
from which the upper bounds have been derived. For instance, in the reversible
level, new upper bounds on the number of ST gates required to synthesize any
reversible function [4] are presented. Along with the number of gates required for
the realization of a reversible function, in the case of MPMCT gates it is further
investigated how many of such gates are required to realize one single-target gate.
After mapping these circuits into circuits that are solely composed of NCT gates
based on three different mapping schemes, the complexity of reversible gates and
circuits at this level [134] is derived. Finally, after mapping NCT circuits into
quantum circuits with respect to a quantum gate library, new upper bounds [7] on
the quantum cost to implement ST gates, MPMCT gates, and reversible circuits
using the NCV library as well as the CliffordC T library are derived. The book
provides several new and tighter bounds that are calculated using several synthesis
approaches and mapping schemes.

Table 1.1 gives an overview of all the considered configurations. The first column
lists all the gate libraries while the remaining columns describe the function class
for which bounds are given.
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Fig. 1.2 Mapping model

1.2 Outline

This book consists of three main chapters which cover the optimization and
complexity analysis of quantum circuits in the three major level of their design
flow: (1) the reversible level, (2) the mapping level, and (3) the quantum level. These
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Table 1.1 Overview of the presented bounds

Gate library One MPMCT gate One ST gate Reversible circuit

ST gates Section 3.4.1

MPMCT gates Section 3.4.3 Section 3.4.4

NCT gates Section 4.4.1 Section 4.4.2 Section 4.4.3

NCV gates Section 5.4.1.1 Section 5.4.1.2 Section 5.4.1.3

CliffordC T gates Section 4.3.3 Section 5.4.2.2 Section 5.4.2.3

chapters are preceded by a background chapter and summarized by conclusions. The
following outlines the main aspects of this book chapter by chapter.

Chapter 2 provides the required background to keep this book self-contained.
First, Boolean functions and decomposition are introduced. Since several of the
algorithms in the book are based on formal representations of functions, Boolean
proof techniques such as SAT solvers are briefly reviewed. Reversible logic,
quantum computation, and cost metrics for reversible and quantum circuits are
introduced next. The chapter concludes with a review of decision diagrams with
sufficient examples and references.

Chapter 3 considers optimization and complexity on the reversible level. The
chapter starts with a discussion of previous work. This allows the reader to easily
identify the contribution of this book. Various optimization techniques, such as
exact algorithms, rule-based approaches, or simulated annealing, are presented.
All proposed algorithms have been implemented and evaluated on benchmark
functions. This allows to understand the effect of the individual steps very well.
The second part of the chapter provides a very detailed analysis of the complexity
of reversible circuits. Based on the complexity analysis existing upper bounds have
been improved and extended to more gate libraries.

Chapter 4 considers optimization and complexity analysis at the mapping level
where individual reversible gates are mapped to sequences of less complex gates.
The chapter starts with a discussion of previous work. Several examples are given
that allow for an easy understanding of the complex topic. Then, two improved
mapping algorithms for ST gates and MPMCT are discussed and experimentally
evaluated. Finally, several upper bounds are proven on the complexity of the
resulting circuits in this level.

Chapter 5 presents new optimization methods to improve quantum circuits in
different quantum libraries. Furthermore, it gives new complexity analysis for
quantum circuits. Here, the reduction of the depth of the circuit is considered as
well as the quantum cost. Again, all proposed algorithms have been implemented
and evaluated on benchmark functions. This chapter concludes with complexity
analyses of quantum circuits based on two different gate libraries.

Chapter 6 summarizes the results of the book and provides directions for possible
future work.



Chapter 2
Background

To keep the book self-contained, this chapter briefly introduces the basics on
reversible logic, quantum circuits, and other required concepts. The chapter consists
of seven parts: the first section introduces the basic definitions and notations of
Boolean functions while the second section reviews existing Boolean decomposi-
tion. The third and the fourth sections give an overview of exclusive sum of products
and Boolean satisfiability, respectively. The fifth section provides a summary on
the principles of reversible logic required later in this book. Similarly, the sixth
section gives an introduction on quantum computation and quantum circuits. The
later section details the different metrics used as a quality-measure of reversible and
quantum realizations. Finally, decision diagrams are reviewed.

2.1 Boolean Functions

A Boolean function is defined as follows.

Definition 2.1 (Boolean Function). Let B
defD f0; 1g denote the Boolean values.

Then we refer to

Bn;m
defD ff j f WBn ! Bmg

as the set of all Boolean functions with n inputs and m outputs. There are 2m2n
such

Boolean functions. We write Bn
defD Bn;1 to denote the set of Boolean 1-output

functions.
Assume that each multiple-output function f 2 Bn;m is represented as a tuple

f D .f1; : : : ; fm/ where fi 2 Bn for each i 2 f1; : : : ;mg and hence f .X/ D
.f1.X/; : : : ; fm.X// for each X 2 Bn. The functions fi.X/ are called primary outputs.

© Springer International Publishing Switzerland 2016
N. Abdessaied, R. Drechsler, Reversible and Quantum Circuits,
DOI 10.1007/978-3-319-31937-7_2

9
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Fig. 2.1 Boolean functions.
(a) (_) Function. (b) 1-bit
full adder function x1 x2 y

0 0 0
0 1 1
1 0 1
1 1 1

x1 x2 Cin Cout S

0 0 0 0 0
0 0 1 0 1
0 1 0 0 1
0 1 1 1 0
1 0 0 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1

a b

The behavior of a Boolean function can be specified by enumerating the
outputs respond to the inputs values. This input/output relationship is commonly
enumerated in a tabular form, called a truth table in which all permutations of the
inputs are listed on the left, and the outputs of the function are listed on the right.

Example 2.1. Figure 2.1a shows the truth table of a function with 2 inputs and
1 output. This function represents the OR function (_). Figure 2.1b presents the
truth table of a multi-output function with 3 inputs and 2 outputs. This specification
presents the behavior of the 1-bit full adder.

2.2 Boolean Function Decomposition

Boolean function decomposition describes the problem of expressing a Boolean
function of n variables as a functionally equivalent composition of simpler Boolean
functions of less than n variables. Several types of Boolean function decomposition
that have been proposed in the last decades are outlined in the following.

2.2.1 Ashenhurst Decomposition

When a function f 2 Bn can be decomposed (see Fig. 2.2) into

f .X/ D h.g.X1;X2/;X2;X3/
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Fig. 2.2 Ashenhurst
decomposition X1 g

h fX2

X3

Fig. 2.3 Curtis
decomposition X1 g

h fX2

X3

g2

···

gk

with g 2 BjX1jCjX2j, h 2 BjX2jCjX3jC1, X D X1 [X2 [X3, and X1 \X2 D X1 \X3 D
X2 \X3 D ;, then it is referred to as Ashenhurst decomposition. If X2 D ;, then the
decomposition is called disjoint, otherwise it is called a non-disjoint decomposition.
The set X1 is called bound set and the set X3 is called free set.

Example 2.2 ([155]). Consider the Boolean function

f D x1 Nx2 _ x1x3 _ x1 Nx4 _ Nx2 Nx3x4
f can be decomposed using the Ashenhurst decomposition. One possible disjoint
decomposition of f is as follows.

f .x1; x2; x3; x4/ D h.x1; x2; g/

g.x3; x4/ D Nx3x4
h.x1; x2; g/ D Nx2g _ x1 Ng

2.2.2 Curtis Decomposition

A generalization of the Ashenhurst decomposition was suggested by Curtis [31]
where g can have multiple outputs (see Fig. 2.3), i.e.,

f .X/ D h.g1.X11/; g2.X12/; : : : ; gk.Xk/;X2;X3/

with gi 2 BjXji j (where i D 1 � � � k and j D 1; 2), h 2 BjX2jCjX3jCk, X D X1[X2[X3,
and X1 \ X2 \ X3 D ;.
Example 2.3 ([155]). Consider the Boolean function

f D Nx1x2x3x4 Nx5 _ Nx1 Nx4.Nx2 _ Nx3/ _ x1x2x3x4 _ x1x4.Nx2 _ Nx3/ _ x1x5 _ Nx4x5:
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Fig. 2.4 Bi-decomposition X1 g

h

� fX2

X3

One possible disjoint Curtis decomposition associated with f is as follows.

f .x1; x2; x4; x5/ D h.g1; g2; x4; x5/

g1.x1; x2; x3/ D x1

g2.x1; x2; x3/ D x1 Nx2 _ x2x3

h.g1; g2; x4; x5/ D Ng1 Ng2 Nx4 _ Ng1g2.x4 ˚ x5/ _ g1 Ng2x4 _ g1g2 Nx4

2.2.3 Bi-decomposition

When a Boolean function can be decomposed into two sub-functions [117]
(see Fig. 2.4) f .X/ D g.X1/ˇ h.X2/, with g 2 BjX1j, h 2 BjX2j, X D X1 [ X2, and
X1 \ X2 D ;, then the decomposition is called bi-decomposition. The ‘ˇ’ can be
any binary Boolean operation (typically _, ^,˚, or˝). This decomposition is also
known as the simple decomposition.

Example 2.4 ([155]). Consider the Boolean function

f D Nx1x2 Nx3 _ x1x2 Nx3 _ x1 Nx2x3:

f can be decomposed into the following non-disjoint bi-decomposition:

f .x1; x2; x3/ D g.x1; x2; x3/ ^ h.x2; x3/

g.x1; x2; x3/ D x1x3 _ x2

h.x2; x3/ D Nx2 _ Nx3

2.2.4 Multiplexer Decomposition

If a Boolean function can be decomposed into three sub-functions (see Fig. 2.5)

f .X/ D l.X4/ ^ g.X1;X3/˚ Nl.X4/ ^ h.X2;X3/
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Fig. 2.5 Multiplexer
decomposition

X1 g

h

l

1

0
fX2

X3

X4

with g 2 BjX1jCjX2j, h 2 BjX2jCjX3j, l 2 BjX4j, X D X1 [ X2 [ X3 [ X4, and
X1\X2 D X1\X3 D X2\X3 D ;, then it is referred to as multiplexer decomposition.

Example 2.5 ([155]). Consider the Boolean function f .x1; x2; x3/ D Nx1x2x3 _
x1 Nx2x3_x1x2 Nx3 In the following, a possible multiplexer decomposition for f is given:

f .x1; x2; x3/ D l.x1/g.x2; x3/˚ Nl.x1/h.x2; x3/
h.x2; x3/ D x2x3

g.x2; x3/ D x2 ˚ x3

l.x1/ D x1

2.3 Exclusive-OR Sum of Products

Exclusive-OR sum-of-products (ESOPs, [113])

f D
kM

iD1
x

pi1
i1
^ � � � ^ x

pili
ili

(2.1)

are two-level descriptions for Boolean functions in which a function is composed
of k product terms that are combined using the exclusive-OR (EXOR,˚) operation.
A product term is the conjunction of li literals where a literal is either a propositional
variable x1 D x or its negation x0 D Nx. ESOPs are the most general form of two-level
AND-EXOR expressions.

Each n-variable function has an infinite number of ESOP representa-
tions [113]. As a result, many heuristic minimization approaches have been
proposed (e.g., Exmin [116] and EXORCISM [93]) to find the ESOP expression
with a small number of product terms. In addition, exact ESOP minimization
algorithms have been developed (e.g., [60, 114, 115, 137]), which are able to
find the ESOP expression with the smallest number of product terms. However,
they require a large computation time and are therefore only applicable to small
functions.
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Several restricted subclasses have been considered in the past, e.g., positive
polarity Reed-Muller expressions (PPRM [113]), in which all literals are positive,
or fixed polarity Reed-Muller expressions (FPRMs, [113]), in which each variable
must have the same polarity in all product terms. There are further subclasses
(e.g., kronecker expressions (KROs) [34] and pseudo kronecker expressions [71]
(PSDKROs)) and most of them can be defined based on applying the follow-
ing decomposition rules. An arbitrary Boolean function f .x1; x2; : : : ; xn/ can be
expanded as

f D NxifNxi ˚ xifxi (Shannon)

f D fNxi ˚ xi.fNxi ˚ fxi/ (positive Davio)

f D fxi ˚ Nxi.fNxi ˚ fxi/ (negative Davio)

with co-factors fNxi D f .x1; : : : ; xi�1; 0; : : : ; xn/ and fxi D f .x1; : : : ; xi�1; 1; : : : ; xn/:

The inclusion relationships between the subclasses of AND-EXOR expressions
can be stated as the following: PPRM � FPRM � KRO � PSDKRO � ESOP.

Example 2.6. Consider the truth table of the 1-bit full adder specified in Fig. 2.1b,
the output carry function is defined as follows.

Cout.x0; x1;Cin/ D x0Cin _ x1Cin _ x0x1:

The PPRM representation is obtained by applying only the positive Davio decom-
position for each variable.

Cout.x0; x1;Cin/ D x0Cin ˚ x1Cin ˚ x0x1Cin ˚ x0x1:

The FPRM representation is obtained by applying either the positive or the negative
Davio decomposition for each variable. In the following, we apply the positive
Davio decomposition to the variables x0 and Cin while for the variable x1, we apply
the negative Davio decomposition.

Cout.x0; x1;Cin/ D Cin ˚ x0 ˚ x0 Nx1 ˚ Cin ^ Nx1 ˚ Cin ^ x0 Nx1:

The optimal ESOP expression with minimal product terms is either

Cout.x0; x1;Cin/ D Cinx0 ˚ NCinx1 ˚ Nx0x1
or

Cout.x0; x1;Cin/ D Cinx0 ˚ Cinx1 ˚ x0x1:
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2.4 Boolean Satisfiability and SAT Modulo Theory

The conjunctive normal form (CNF) consists of a conjunction of clauses. A clause
is a disjunction of literals and each literal is a propositional variable or its negation.

The Boolean satisfiability (SAT) problem is defined as follows.

Definition 2.2 (Boolean Satisfiability). Let h be a Boolean function in CNF, i.e., a
product-of-sum representation. Then, the SAT problem is to find an assignment for
the variables of h such that h evaluates to 1 or to prove that such an assignment does
not exist.

Example 2.7. Let F D .x1_x2/^.x1_Nx3/^.Nx2_x3/^.Nx2_Nx4/, then x1 D 1; x2 D 0,
x3 D 0, and x4 D 0 is a satisfying assignment for F. The value of x1 ensures that the
first two clauses become satisfied while the value of x2 ensures that the remaining
clauses become satisfied.

SAT is one of the central N P-complete problems. It was the first known
N P-complete problem that was proven by Cook in 1971 [30]. Despite this proven
complexity today there are SAT algorithms which solve many practical problem
instances very fast. Application domains are for example automatic test pattern
generation [70, 123], logic synthesis [156], diagnosis [126], and verification [19,
29, 102]. For SAT solving several (backtracking) algorithms have been proposed
[35, 36, 45, 72, 95].

The basic search procedure to find a satisfying assignment is shown in Fig. 2.6
and follows the structure of the Davis Putnam Logemann Loveland (DPLL)
algorithm [35, 36]. The description follows the implementation of the procedure
in modern SAT solvers. While there are free variables left (c), a decision is made (e)
to assign a value to one of these variables. Then, implications are determined due
to the last assignment by BCP (f). This may cause a conflict (g) that is analyzed.
If the conflict can be resolved by undoing assignments from previous decisions,
backtracking is done (h). Otherwise, the instance is unsatisfiable (i). If no further
decision can be done, i.e., a value is assigned to all variables and this assignment
did not cause a conflict, the CNF is satisfied (d).

Due to the tremendous improvements in the recent past, several researchers
investigated the combination of SAT solvers with decision procedures for decid-
able theories resulting in SAT modulo theories (SMT) [21, 44]. An SMT solver
integrates a Boolean SAT solver with other solvers for specialized theories. SMT is
about checking the satisfiability of first-order formulas containing operations from
various theories such as bit-vectors, arithmetic, arrays, uninterpreted functions, and
recursive data-types. Here the SAT solver works on an abstract representation (also
in CNF) of the problem and steers the overall search process, while each (partial)
assignment of this representation has to be validated by the theory solver for the
theory constraints. Thus, advanced SAT techniques together with specialized theory
solvers can be utilized.

SMT solvers are available to handle complex formulas such as Z3 [37], Math-
SAT [24], Boolector [23], and Yices [44].
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Problem P

(a) Formula F

(b) CNF

(c) Free var. left?

(e) Decision

(f) Propagation

(g) Conflict?

(h) Resolve Conflict?

(i) UNSAT

(d) SATNo

No

OK

Yes

Yes

No

Fig. 2.6 DPLL algorithm in modern SAT solvers

Example 2.8. Let F D .x2 C x3 D �1/ ^ .x3 > 3x4/ ^ .x1 C x3 < 1/ ^ .x1 C
x2 > 0/ be a conjunction of four clauses that contain formulas over theories. Then,
x1 D 1; x2 D 1; x3 D �2, and x4 D �1 is a satisfying assignment for F. The values
of x2 and x3 ensure that the first clause becomes satisfied while x4 ensures this for the
second clause and the assigned value of x1 asserts the satisfiability of the remaining
two clauses.

2.5 Reversible Logic

In contrast to classical design, reversible computation is restricted to operations
which can be performed in an invertible fashion. This reversibility builds the basis
for many emerging technologies that may replace or at least enhance classical
computer chips. Examples include applications in the domain of
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Fig. 2.7 Examples of
Boolean functions. (a) f1:
Irreversible function. (b) f2:
Reversible function

x1 x2 x3 y1 y2 y3

0 0 0 0 0 0
0 0 1 1 0 0
0 1 0 0 1 0
0 1 1 0 1 1
1 0 0 0 1 1
1 0 1 1 0 1
1 1 0 1 1 1
1 1 1 1 1 0

x1 x2 x3 y1 y2 y3

0 0 0 0 0 0
0 0 1 0 1 0
0 1 0 1 0 0
0 1 1 1 0 1
1 0 0 0 0 1
1 0 1 0 1 1
1 1 0 1 1 0
1 1 1 1 1 1

a b

• Low power computation, where the fact that no information is lost in reversible
computation can be exploited (cf. [17, 18, 69]),

• Adiabatic circuits, a special low power technology that reversible circuits are
particularly suited for (cf. [100]), and

• Quantum computation, which enables the solution of many relevant problems
significantly faster than with classical circuits (cf. [98]).

To let the reader be familiar with the concept of reversibility, we introduce in
the following the basics on reversible logic. The first part presents the properties of
reversible functions. The second part defines the common reversible gates that are
used in this book. Finally, reversible circuits and their characteristics are given with
examples.

2.5.1 Reversible Function

Definition 2.3 (Reversible Function). A function f 2 Bn;n is called reversible if f
is bijective, i.e., if each input pattern is uniquely mapped to a corresponding output
pattern and vice versa. Otherwise, it is called irreversible. Clearly, if f is reversible,
then its number of inputs is equal to the number of outputs.

In other words, each reversible function f 2 Bn;n is a bijection that performs a
permutation of the set of input patterns. Therefore, a reversible function f 2 Bn;n

can be represented by a permutation of f0; 1; : : : ; 2n � 1g, i.e.

�f
defD .nat.f .0; : : : ; 0; 0//; : : : ; nat.f .1; : : : ; 1; 1/// (2.2)

where nat W Bn ! f0; 1; : : : ; 2n � 1g maps a bit-vector to its natural number
representation. Further, f can be represented as a 2n�2n Boolean permutation matrix
˘f where

�
˘f
�

r;c

defD �
�f .c/ � r

�
: (2.3)
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Example 2.9. The function f1 presented in Fig. 2.7a is irreversible. Despite that the
number of inputs is equal to the number of outputs, there is no unique input-output
mapping (e.g., both inputs 011 and 100 map to the same output 011). In contrast,
the function f2 outlined in Fig. 2.7b is reversible, since each input pattern maps to a
unique output pattern and the number of inputs is equal to the number of outputs.

The output permutation after applying f2 is computed in the following:

�f2 D .nat.f .000//; nat.f .001//; : : : ; nat.f .110/; nat.f .111///

D .nat.000/; nat.010/; : : : ; nat.110/; nat.111//

D .0; 2; 4; 5; 1; 3; 6; 7/

The permutation matrix is in the following:
00
0

00
1

01
0

01
1

10
0

10
1

11
0

11
1

000 1 0 0 0 0 0 0 0

001 0 0 0 0 1 0 0 0

010 0 1 0 0 0 0 0 0

011 0 0 0 0 0 1 0 0

100 0 0 1 0 0 0 0 0

101 0 0 0 1 0 0 0 0

110 0 0 0 0 0 0 1 0

111 0 0 0 0 0 0 0 1

x1/y1
x2/y2
x3/y3

Inputs

O
ut
pu

ts

P f2 =

An irreversible function can be embedded into a reversible specification by
adding extra variables to achieve a bijective function. An embedding is not unique
and the choice of embedding can have a very significant effect on the number of the
variables of the resulting function [89, 136].

Assume f D .f1; : : : ; fm/ 2 Bn;m and g D .g1; : : : ; gm0/ 2 Bn;m0 , where m0 � m.
We write f D gjm in case fi.X/ D gi.X/ for each X 2 Bn and each i 2 f1; : : : ;mg
and say that f is the m-projection of g.

Definition 2.4 (Embedding [136]). A function g 2 Bn;mCk embeds f 2 Bn;m, if g
is injective and f � gjm. The function g is called an embedding and the additional k
outputs of g are referred to as garbage outputs. Furthermore, c additional input
variables might be added such that n C c D m C k in order to obtain a reversible
function for the embedding g. The additional c inputs are referred to as constant
inputs.

More precisely, given an m-output irreversible function f on n variables, a
reversible function g with m C k outputs is determined such that g agrees with f
on the first m components. Then, bijectivity can readily be achieved, e.g., by adding
additional inputs such that f evaluates to its original values in case these inputs are
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assigned the constant value 0 and each output pattern that is not in the image of g is
arbitrarily distributed among the new input patterns.

Let �.f / denote the number of occurrences of the most frequent output pattern in

the truth table of a. Then, `.f /
defD dlog2 �.f /e is the minimum number of garbage

outputs (denoted by k) required to convert an irreversible function to a reversible
function. Thus, if k D `.f /, then the embedding g is called optimal. Different
algorithms that perform an embedding of irreversible functions based on their truth
table description have been proposed in the past, e.g., [76, 89, 136].

Example 2.10. The 1-bit full adder specified in Fig. 2.8a is a Boolean function
f 2 B3;2. It can be embedded into a function g 2 B3;4 which is illustrated in
Fig. 2.8b. The most frequent output pattern in f is 01. This pattern is repeated three
times in rows 2, 3, and 5. Then, �.f / D 3. As can be seen, the number of additional
garbage outputs are k D 2 and `.f / D dlog2 �.f /e D 2 D k, hence the embedding g
is optimal. Two additional constant inputs are added to ensure the reversibility of the
final embedded functional, i.e., the same number of inputs and outputs. The result
of adding a constant input for the embedding function g shown in Fig. 2.8b is given
in Fig. 2.8c.

x1 x2 Cin Cout S

0 0 0 0 0
0 0 1 0 1
0 1 0 0 1
0 1 1 1 0
1 0 0 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1

x1 x2 Cin Cout S g1 g2

0 0 0 0 0 0 0
0 0 1 0 1 0 0
0 1 0 0 1 0 1
0 1 1 1 0 0 1
1 0 0 0 1 1 1
1 0 1 1 0 1 1
1 1 0 1 0 1 0
1 1 1 1 1 1 0

C x1 x2 Cin Cout S g1 g2

0 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0
0 0 1 0 0 1 0 1
0 0 1 1 1 0 0 1
0 1 0 0 0 1 1 1
0 1 0 1 1 0 1 1
0 1 1 0 1 0 1 0
0 1 1 1 1 1 1 0
1 0 0 0 1 0 0 0
1 0 0 1 1 1 0 0
1 0 1 0 1 1 0 1
1 0 1 1 0 0 0 1
1 1 0 0 1 1 1 1
1 1 0 1 0 0 1 1
1 1 1 0 0 0 1 0
1 1 1 1 0 1 1 0

a b

c

Fig. 2.8 Embedding of the 1-bit full adder function. (a) 1-bit full adder function. (b) Garbage
outputs. (c) Constant input
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2.5.2 Reversible Gates

Reversible functions in Bn;n can be realized by reversible circuits that consist of at
least n lines and are constructed as circuits of reversible gates that belong to a certain
gate library. Prominent reversible logic gates are Toffoli [139], Fredkin [49], and
Peres [101]. In the case where a reversible gate library contains a smallest complete
set of reversible gates which can be used to implement any reversible function, the
library is called a universal gate library. The most common universal gate library
consists of Toffoli gates [139], and single-target gates [40, 140]. In the following,
we define each of these libraries.

Definition 2.5 (Single-Target Gate). Given a set of variables X D fx1; : : : ; xng,
a single-target (ST) gate Tg.C; t/ with control lines C D fxi1 ; : : : ; xikg � X, a
target line t 2 X n C, and a control function g 2 Bk inverts the variable on the
target line, if and only if g.xi1 ; : : : ; xik/ evaluates to true. All other variables remain
unchanged. If the definition of g is obvious from the context, it can be omitted from
the notation Tg.C; t/.

Example 2.11. Figure 2.9 shows the diagrammatic representation of a single-target
gate based on Feynman’s notation. The target line is denoted with the symbol˚.

Given n Boolean variables, the maximum number of variables that can be
involved in a controlling function of an ST gate is n � 1 and the remaining variable
would be used to compute the target for that gate. A controlling function g of an
ST gate denotes an arbitrary Boolean function of n� 1 Boolean variables. It is well
known that the number of possible Boolean functions with n � 1 variables is 22

n�1
,

hence with n different variables taken each as a target line we get n � 22n�1
possible

ST gates as depicted in Table 2.1.

Definition 2.6 (Toffoli Gate). Mixed-polarity multiple-control Toffoli (MPMCT)
gates are a subset of the single-target gates in which the control function g can be
represented with one product term g W C D .xi1 ; xi2 ; : : : ; xik/ 7!

Vj
kDi xp

i . Multiple-
control Toffoli gates (MCT) are a subset from MPMCT gates in which the product
terms can only consist of positive literals.

For drawing circuits, we follow the established conventions of using the symbol
solid black circles (	) to indicate positive controls and white circles (ı) to indicate

Fig. 2.9 Single-target gate
representation

x1

x2
...

xn−1

xn

x1

x2
...
xn−1

xn⊕g(x1,x2, . . . ,xn−1)

g
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Table 2.1 Number of
reversible gates using n lines

Gate type Formula Number of gates

NOT n � �n�1
0

�
n

CNOT n � �n�1
1

�
n � .n� 1/

Toffoli n � �n�1
2

� n�.n�1/�.n�2/

2

NCT n �
2P

iD0

�
n�1

i

�
n �
�

n�.n�1/

2
C 1

�

MCT n �
n�1P
iD0

�
n�1

i

�
n � 2n�1

MPMCT n �
n�1P
iD1

�
n�1

i

� � 2i n � 3n�1

ST n � jBn�1j n � 22n�1

Arbitrary P2
n

2n .2n/Š

x1 x1

x2 x2

. .. .. .

xn−1 xn−1

xn xn ⊕ (x̄1 ∧·· ·∧xn−1)

x1 x1

x2 x2

. .. .. .

xn−1 xn−1

xn xn ⊕ (x1 ∧·· ·∧xn−1)

. .. .. .x1 x1

xn−1 xn−1

xnx3 xn ⊕ (x̄1 ∧·· ·
x2 x2

x3 ⊕ (x1 ∧x2)

−1 xn−1

xnx2 xn ⊕ (x1

x1 x1

x2 ⊕ x̄1 xnx1 xn ⊕gx1 ⊕1

a b

c
d e

Fig. 2.10 Toffoli library. (a) MPMCT gate. (b) MCT gate. (c) Toffoli gate. (d) CNOT gate.
(e) NOT gate

negative controls. Also, MPMCT gates can be represented as a diagrammatic
representation as a single-target gate representation.

Example 2.12. Figure 2.10a shows an MPMCT gate with mixed polarity control
lines over the set of variables X D fx1; : : : ; xng, while Fig. 2.10b shows an MCT
gate with positive control lines. The reaming figures present the Toffoli gate, the
CNOT gate, and the NOT gate.

An MCT gate with two controls is called Toffoli gate, while when it has only one
control it is called a CNOT gate, and in case it has no control it is named a NOT gate.
When a library contains only gates form the gate set type { NOT, CNOT, Toffoli },
then this library is referred as NCT library. It is called the MCT library when only
MCT gates are used, otherwise it is called the MPMCT library.
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x1

x2

x3

x1

x2

x′
3 = x3 ⊕ f(x1,x2)

f
x1 x1

x2 x2

x3 x′
3

x1 x1

x2 x2

x3 x′
3

a b c

Fig. 2.11 ST gate with a controlling function (_) given by Fig. 2.1b. (a) ST gate. (b) MPMCT
circuit. (c) MCT circuit gate

With n different variables, the total number of the conceivable NOT gates is equal
to n as depicted in Table 2.1 since each variable can have a NOT gate. Furthermore,
the number of all the possible CNOT and Toffoli gates are n � .n � 1/ and n � �n�1

2

�
,

respectively. This is calculated as the following: in a set X, the total number of
subset having k elements is the sum of all the combinations with k elements from
that set. If the set has n � 1 elements, the number of k-combinations is equal to
the binomial coefficient

�n�1
k

�
. Assuming that we have as a starting point n different

sets, hence we have n multiplied by the total number of combinations. Therefore the
total number of gates that an NCT library and MCT library is the total number of
binomial coefficients with k D 0; 1; 2 and k D 0; 1; 2; : : : ; n � 1, respectively
where k denotes the number of controls. Consider the possible number of MPMCT
gates in an MPMCT library over n variables. It is the same as the number of MCT
gates except that we add the possibility of negative controls. Hence, the number of
MPMCT gates is n �Pn�1

iD1
�n�1

i

� � 2i and given
Pn

iD1
�n

i

� � xi � yn�i D .x C y/n, one
can deduct that this the total number of possible MPMCT gates is n � 3n�1.

Since its controlling function is Boolean, an ST gate can be expressed in terms of
a circuit of MPMCT or MCT gates, which can be obtained from an ESOP or PPRM
expression [113], respectively.

Example 2.13. Figure 2.11a shows a single-target gate. The controlling function
of this gate is the (_) function specified in Fig. 2.1b. The equivalent MPMCT gate
circuit is given in Fig. 2.11b, while Fig. 2.11c shows its correspondent MCT gate
circuit.

2.5.3 Reversible Circuits

A reversible circuit is defined as follows.

Definition 2.7 (Reversible Circuit [107]). A combinational reversible circuit is
an acyclic combinational logic circuit in which all gates are reversible, and are
interconnected without explicit fan-outs and loops.

Boolean functions can be synthesized to a reversible circuit after embedding
them to reversible functions. Therefore, in general a reversible circuit contains n
inputs with p primary inputs and c constant inputs with p C c D n. At the output
side, there are m primary outputs and k garbage outputs with kCm D n. Figure 2.12
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0

g1
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gk
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ym

Reversible
circuit

p Primary
inputs

c Constant
inputs

k Garbage
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m Primary
outputs

Fig. 2.12 Reversible circuit structure inspired from [107]

x1 = 1 1 1 1 g0

x2 = 1 0 0 0 g1

Cin = 0 0 0 0 S= 0

0 0 0 1 Cout= 1

x1 = 0 0 0 0 g1

x2 = 1 1 1 1 g2

Cin = 1 1 1 1 S= 0

0 0 0 1 Cout= 1

a b

Fig. 2.13 Reversible circuits for 1-bit full adder as specified in Fig. 2.8. (a) MPMCT library based
circuit. (b) MCT library based circuit

depicts the general structure of a reversible circuit. Note that when the function
is bijective, there are neither constant inputs nor garbage outputs. This follows
from [122], where it has been shown that any reversible function f 2 Bn;n can
be realized by a reversible circuit with n lines when using MCT gates. This means
that it is not necessary to add any temporary lines (referred to as ancilla) to realize
the circuit.

Definition 2.8 (Ancilla). Let G be a reversible or quantum circuit. An ancilla is an
additional line whose input is arbitrary or set to a constant value and is used in a
way throughout the circuit to compute intermediate results.

Reversible functions can be realized by reversible circuits that consist of at least n
lines and are constructed as circuits of reversible gates that belong to a certain gate
library (e.g., NCT, MCT, or MPMCT library [139]).

Example 2.14. Figure 2.13a shows different MPMCT gates in a circuit forming a
reversible circuit that realizes the embedded 1-bit full adder specified in Fig. 2.8b.
The annotated values demonstrate the computation of the gates for a given input
assignment, while Fig. 2.13b depicts the equivalent circuit based on MCT gates.

2.6 Quantum Computation

In this section, we present briefly the fundamental concepts of quantum states and
systems. Then, we introduce quantum libraries and several examples of quantum
physical realizations.
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2.6.1 Quantum Systems

Quantum computation [98] provides a new paradigm of computation based on the
so-called qubits instead of bits. In contrast to Boolean logic, qubits do not only
represent Boolean 0’s and Boolean 1’s, but also the superposition of both.

Definition 2.9 (Qubit). A qubit j'i (bra-ket notation introduced by Paul Dirac) is

a vector
h

a0
a1

i
where a0; a1 2 C such that

ja0j2 C ja1j2 D 1: (2.4)

If a0 D 1, then j'i represents the classical 0, denoted j0i with j0i �
�
1

0

�
, and

if a1 D 1, then j'i represents the classical 1, denoted j1i, with j1i �
�
0

1

�
. Any

state of a qubit may also be written as

j'i D a0j0i C a1j1i: (2.5)

Using quantum computation and qubits in superposition, functions can be
evaluated with different possible input assignments in parallel. It is not possible
to obtain the current state of a qubit. Instead, if a qubit is measured, either 0 or 1 is
returned depending on a respective probability, i.e., 0 is returned with a probability
of ja0j2 and 1 is returned with a probability of ja1j2. After the measurement, the
state of the qubit is destroyed.

The state of a quantum system with n � 1 qubits is given by an element of
the tensor product of the single qubit spaces, i.e., a linear combination of the 2n

tensor states j0 � � � 0i, j0 � � � 1i, : : :, and j1 � � � 1i, which are the tensor products of
basis states. Consequently, a quantum state is represented as a normalized vector
of length 2n (called the state vector), whose components denote the amplitude for
each tensor state. The state of an n-qubit quantum system can be represented as the
following equation:

j i D
X

X2f0;1gn
aXjXi (2.6)

with

X

X2f0;1gn
jaXj2 D 1 (2.7)
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Example 2.15. Consider two states of a 1-qubit quantum system j i D aj0iC bj1i
and j'i D cj0i C dj1i. The state space of the composite system j˚i is the tensor
product of the state spaces of the component systems j i and j'i. Then:

j˚i Dj i ˝ j�i
D.aj0i C bj1i/˝ .cj0i C dj1i/
Dac.j0i ˝ j0i/C ad.j0i ˝ j1i/C bc.j1i ˝ j0i/C bd.j1i ˝ j1i/

with j0i ˝ j0i D
�
1

0

�
˝
�
1

0

�
D

2

6664

1

�
1

0

�

0

�
1

0

�

3

7775 D

2

664

1

0

0

0

3

775 D j00i. Similarly calculated,

the tensor products j0i ˝ j1i, j0i ˝ j1i, and j0i ˝ j1i are equal to j01i, j10i, and
j11i, respectively. Hence,

j˚i D acj00i C adj01i C bcj10i C bdj11i:

A state of a n-qubit quantum system is referred to as an entangled state when it
cannot be written as any combination of the states of the individual qubits. In other
words, the state cannot be represented as the tensor product of n single qubits.

Definition 2.10 (Entanglement). Let j i denote a composite state. Then j i is
said to be entangled if j i cannot be expressed in the form:

j i D j 1i ˝ j 2i (2.8)

otherwise is said to be separable.

Example 2.16. The bell state [16] jˇi D 1p
2
j00i C j11i is an entangled state. Also

any state j�i D aj00i C bj11i is an entangled state provided that a ¤ 0 and b ¤ 0.
While the state j i D aj10iCbj11i is a separable state since j i D aj10iCbj11i D
j1i ˝ .aj0i C bj1i/:
Definition 2.11 (Unitary Matrix). A matrix U is unitary if U�U D UU� D I
where U� D .U�/T is the conjugate transpose of U.

Example 2.17. Consider the matrix U D
�
1 0

0 i

�
.

Its conjugate transpose is U� D
�
1 0

0 �i

�
. Since UU� D

�
1 0

0 1

�
and U�U D

�
1 0

0 1

�
,

hence U is a unitary matrix.

Following the theory of quantum mechanics, the evolution of a quantum system
due to a quantum operation can be described by a unitary transformation matrix U.
Here, the columns correspond to the output state vectors that result when applying
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the respective operation to the tensor states as inputs. Thus, the entry uij of the matrix
describes the mapping from the input tensor state jjii to the output tensor state jiji.
Example 2.18. Consider the bell state [16] which is a 2-qubit quantum system
defined by jˇi D 1p

2
j00i C j11i. In the following, we determine the unitary

transformation matrix U that represents the 2-qubit quantum system jˇi:

jˇi D 1p
2
j00i C j11i

D 1p
2
j00i C 0j01i C 0j10i C 1j11i

D 1p
2

2

664

1

0

0

0

3

775C 0

2

664

0

1

0

0

3

775C 0

2

664

0

0

1

0

3

775C 1

2

664

0

0

0

1

3

775 ; hence;

U D

2

6664

1p
2
0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

3

7775

2.6.2 Quantum Libraries

Since most of the known quantum algorithms include a large Boolean component
(e.g., the database in Grover’s search algorithm and the modulo exponentiation
in Shor’s algorithm), the design of these components is often conducted by a
two-stage approach: (1) realizing the desired functionality as a reversible circuit
and (2) mapping the resulting circuit to a functionally equivalent quantum circuit.

The technology mapping is the process where a reversible circuit is converted
to a quantum circuit using a selected set of gates from a technology library. The
technology mapping is also called decomposition or transformation. The currently
known mappings of MCT/MPMCT gates into quantum circuits using ancillae have
been introduced in [15, 91, 98]. In the scope of this book, we are considering circuits
that realize pure Boolean functionality but still need to be realized using quantum
gates in order to embed them into quantum algorithms such as Deutsch-Josza [41],
Grover [56], or Shor [125, 141].

Definition 2.12 (Quantum Gate). In general, a quantum gate acting on n qubits
represents a 2n � 2n unitary matrix [98]. A single qubit gate U.t/ over the inputs
X D fx1; : : : ; xng consists of a single-target line t 2 X, while a two qubit gate
(also denoted as single-control gate) U.c; t/ comprises, in addition, a single control
line c 2 X with t ¤ c. Quantum gates are also called elementary gates.
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Different libraries of quantum gates have thereby been introduced for this purpose.
In the literature, the NCV library [15] is frequently applied. This library is defined
in the following:

Definition 2.13 (NCV Library). We consider the gate library fNOT;CNOT;V;V�g
as a universal quantum gate set for implementing any reversible function. The V
and V� gate are both the square root of the CNOT gate since two adjacent identical
V , or V�, gates are equivalent to a CNOT gate. The V� gate is the inverse of the
V gate (Table 2.2).

Table 2.2 Gate definitions Type Symbol Matrix Diagram

NOT N

"
0 1

1 0

#

CNOT C

2

6664

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

3

7775

Controlled V V

2

6664

1 0 0 0

0 1 0 0

0 0 1Ci
2

1�i
2

0 0 1�i
2

1Ci
2

3

7775
V

Controlled V�1 V�

2

6664

1 0 0 0

0 1 0 0

0 0 1�i
2

1Ci
2

0 0 1Ci
2

1�i
2

3

7775
V†

Hadamard H 1
p

2

"
1 1

1 �1

#
Z

Z-gate Z

"
1 0

0 �1

#
H

Phase S

"
1 0

0 i

#
S

Phase�1 S�

"
1 0

0 �i

#
S†

T-gate T

"
1 0

0 e
i�
4

#
T

T-gate�1 T�

"
1 0

0 e
�i�
4

#
T †
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Table 2.3 Possible qubit
values for NCV gates

x NOT.x/ V.x/ VC.x/

0 1 v0 v1

v0 v1 1 0

1 0 v1 v0

v1 v0 0 1

≡
V

a b

c d

V V†

≡
V V† V†

≡
V† V V†

≡
V V V

Fig. 2.14 NCV quantum mapping of different Toffoli gates. (a) Toffoli with two positive controls.
(b) Toffoli with a negative and a positive control. (c) Toffoli with a positive and a negative control.
(d) Toffoli with a negative controls

If circuits with Boolean inputs use NCV gates only, the value of each qubit at each
stage of the circuit is restricted to one of f0; v0; 1; v1g, where v0 D 1Ci

2

�
1
�i

�
and

v1 D 1Ci
2

��i
1

�
. The NOT , V , and VC operations over these four-valued logic are

given in Table 2.3. As shown, NOT is a complement operation, V is a cycle, and VC
is the inverse cycle.

Example 2.19. Figure 2.14 shows quantum circuits consisting of NCV gates. Each
of these circuits depicts one of the minimal realizations of a Toffoli gate with respect
to the polarity assignments for its controls.

Recently, there has been particular interest in quantum circuits composed of
CliffordCT gates. This is motivated by the importance of fault tolerance in quantum
computations [144]. Unlike the NCV library, the CliffordCT library is universal for
quantum computation, i.e., every quantum system can be realized by it [22] as well
as its gates can be implemented in a fault-tolerant way [26, 61].

Definition 2.14 (CliffordCT Library). We consider the library fH;Z; S;T;CNOTg
as the universal gate set for implementing any quantum system. Note that the S�,
T�, and NOT gates can be implemented with ZS, ZST , and HZH, respectively. The
S and S� gates are square roots of the Z gate. Similarly, the T and T� gates are given
by matrices that are the fourth root of the Z gate (See Table 2.2).

A single qubit gate G.t/ over the inputs X D fx1; : : : ; xng consists of a single-
target line t 2 X, while a CNOT gate G.c; t/ comprises, in addition, a single control
line c 2 X with t ¤ c.
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Fig. 2.15 CliffordC T
quantum mapping of different
Toffoli gates. (a) Toffoli with
two positive controls. (b)
Toffoli with a negative and a
positive control. (c) Toffoli
with a positive and a negative
control. (d) Toffoli with a
negative controls

≡
T T †

T T † T †

H T T H

≡
T T

T † T T †

H T T † H

≡
T † T

T T † T

H T T † H

≡
T † T †

T † T T

H T T H

a

b

c

d

Table 2.4 Number of quantum gates using n lines

Gate/library type Formula Number of gates

Noncontrolled gatea n � �n�1
0

�
n

Single-control gatea n � �n�1
1

�
n � .n� 1/

NCV n � � 0
n�1

�C 3n � �n�1
1

�
n � .3n� 2/

CliffordC T 6n � � 0
n�1

�C n � �n�1
1

�
n � .nC 6/

Arbitrary 1 1
aNCV or CliffordC T gate

Example 2.20. Figure 2.15 shows the quantum realizations consisting of
CliffordC T gates. These circuits represent the optimal realizations of Toffoli
gates with all possible polarities that its controls might take.

The major cost-aware objective in CliffordC T circuits is to minimize the number
of T gates and particularly the T-depth of the circuit due to the fact that the cost of
the fault tolerant implementation of a T gate can exceed the cost of implementing a
Clifford gate by a factor of 100 or more [10].

Table 2.4 outlines the total number of elementary gates that can be implemented
over n variables. For example the NCV library has n � .3n � 2/ different quantum
gates while the CliffordCT library contains n � .nC 6/ gates, where n is the number
of possible qubits. The number of quantum arbitrary gates is infinite if we consider
the infinite roots of the Z, NOT , or CNOT gates.
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2.6.3 Quantum Circuits

Definition 2.15 (Quantum Circuit). A quantum circuit is formulated as circuits of
quantum gates over one or two qubits from a particular library. Unary quantum gates
apply its operations at the respective qubit, while two-qubit gates have a control
qubit in addition. The respective operation at the target qubit is performed if the
control qubit is 1. A quantum circuit can be represented by a unitary matrix that is
computed as the product of the matrices representing the individual gates.

A quantum circuit can be obtained through two different strategies: (1) a
reversible circuit is synthesized, then each MPMCT gate is mapped to its quantum
circuits [15, 91], or (2) direct synthesis finds the suitable circuit of quantum gates
that can represent a given unitary matrix based on decomposition or exhaustive
search. Many algorithms have been presented for NCV library [55, 82] as well as
for the CliffordC T library [51, 65].

Example 2.21. The circuits depicted in Fig. 2.16a, b are the NCV and CliffordC T
quantum circuits, respectively, for the reversible circuit shown in Fig. 2.13b realizing
a 1-bit full adder.

When a resulting mapped circuit does not produce any entangled state, it is called
a Semi-Classical Quantum Circuit.

Definition 2.16 (Semi-Classical Quantum Circuit). A Semi-Classical Quantum
Circuit (SCQC) is a quantum circuit in which if all the initial input quantum states of
the circuit are in the base states j0i or j1i (classical values), the quantum states of all
gate controls in the circuit are also in the base states j0i or j1i [154]. Entanglement
does not occur in SCQCs as long as their inputs are initialized to classical values.

x1 g

x2 g

Cin S

0 V V V† V V V† Cout

x1 T T † T † g

x2 T T † T T † T † g

Cin T T † S

0 H T T H H T T H Cout

a

b

Fig. 2.16 Mapping of the 1-bit full adder reversible circuit in Fig. 2.13b. (a) NCV based quantum
circuit. (b) CliffordC T based quantum circuit
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V† H H

NCV Clifford+T

V† H H

NCV Clifford+T

a b

Fig. 2.17 Examples of entangled and SCQC quantum circuits. (a) Entangled circuits. (b) SCQC
circuits

A quantum circuit is called an entangled circuit when it generates an entangled
state for some given binary input state. If the state of a qubit is either v0 or v1,
and is applied to the control of a two-qubit gate, an entangled state may occur.
Consequently, the resulting output state cannot be represented by the combination
of individual qubit states.

Example 2.22. The circuits shown in Fig. 2.17a are entangled circuits. Consider the
circuit in Fig. 2.17a. (1), it generates an entangled state for the input state vector
h0; 0; 1i and the resulting output state vector cannot be separable into 3 single-
qubit state vectors. The circuits sketched in Fig. 2.17b present two SCQC quantum
circuits.

2.7 Cost Metrics for Reversible and Quantum Circuits

To compare the efficiency of different synthesis approaches it is important to
evaluate the resulting circuits. Depending on the target application, different metrics
are applied to measure the complexity of a given circuit.

2.7.1 Quantum Cost

The quantum cost denotes the required effort to transform a reversible circuit to
a quantum circuit. The quantum cost depends on the used quantum library, and it
is denoted as NCV quantum cost (NCV-cost) when the NCV library is used and
T-depth when the CliffordC T library is used.

Definition 2.17 (NCV-Cost). The NCV-cost of a quantum circuit is the total
number of quantum gates that form the circuit, while it denotes the number of
required elementary gates to decompose that circuit to a quantum circuit.

Example 2.23. Consider the NCV based quantum circuit that implements a 1-bit
full adder shown in Fig. 2.18a. This circuit is an optimal realization with respect
to the NCV-cost. The quantum circuit has an NCV-cost of 6. An equivalent circuit
outlined in Fig. 2.16a has an NCV-cost of 12.
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x1 g

x2 g

Cin S

0 V V V V† Cout

x1 T T † g

x2 T T † g

Cin T T † S

0 H T † T S H Cout

a b

Fig. 2.18 Quantum circuits realizing a 1-bit full adder. (a) Optimal NCV circuit. (b) Optimal
CliffordC T circuit

Table 2.5 Quantum cost for MPMCT gates with c controls

Number of controls (c) NCT gate-count NCV-cost .C2/a T-depth

0 1 1 0

1 1 1 0

2 1 5 3

3 4 20 12

4 10 40 30

� 5 8.c� 3/[15] 40.c� 3/ 24.c� 3/
aIn case all the controls are negative, the NCV-cost is incremented by 2

Definition 2.18 (T-Depth). The T-depth is the number of T-stages in a quantum
circuit where each stage consists of one or more T or T� gates performed in parallel
on separate qubits.

The motivation for that cost measure originates from the fact that the T gate is
significantly larger compared to the other gates in the circuit. The T-count of a
Clifford C T circuit is the total number of T and T� gates in the circuit, while the
H-count denotes the total number of H gates in a quantum circuit.

Example 2.24. The Clifford C T optimal circuit with respect to the T-depth of a
1-bit full adder is depicted in Fig. 2.18b. This circuit has a T-depth of 2, T-count
of 8, and H-count of 2, while its equivalent realization sketched in Fig. 2.16b has a
T-depth of 6, T-count of 14, and H-count of 4.

The quantum cost can be directly calculated from a reversible circuit. It is
calculated based on the principles proposed originally in [15]. First, each MPMCT
gate in a given circuit is mapped to an NCT circuit, then each Toffoli gate in the
later circuit is evaluated by its quantum cost. Finally, one can obtain the quantum
cost of a reversible circuit by computing the sum of quantum cost for each gate. For
more details, the reader is refereed to Sect. 4.1.1.

Table 2.5 reports all the different quantum costs as well as the gate-count of an
NCT circuit for each MPMCT gate.

Example 2.25. In Fig. 2.19, the MPMCT based reversible circuit has an NCV-cost
of 107 and a T-depth of 63. Based on Table 2.5, we will calculate the quantum cost
for each gate, and then the cost for the whole circuit.
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Fig. 2.19 MPMCT based
reversible circuit

x1 y1

x3 y3

x4 y4

x5 y5

x6 y6

x7 y7

x8 y8

The NCV-cost is obtained in the following:

NCV-costg1 D 1
NCV-costg2 D 40 � .5 � 3/ D 80
NCV-costg3 D 5
NCV-costg4 D 1
NCV-costg5 D 20

NCV-costG D
5X

iD1
NCV � costgi D 1C 80C 5C 1C 20 D 107

The T-depth is calculated with the same way:

T-depthg1 D 0
T-depthg2 D 24 � .5 � 3/ D 48
T-depthg3 D 3
T-depthg4 D 0
T-depthg5 D 12

T-depthG D
5X

iD1
T-depthgi

D 0C 48C 3C 0C 12 D 63

2.7.2 Number of Gates

Definition 2.19 (Number of Gates). This metric is related to reversible circuits. It
is referred to the total number of gates in a reversible circuit. It is also denoted as
gate-count.

Example 2.26. The reversible circuit shown in Fig. 2.19 has a number of gates of 5.
Figure 2.20a illustrates a reversible circuit with a number of gates of 6.
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x1 g2

x2 g2

Cin S

0 Cout

x1 g2

x1 g2

Cin S

0 Cout

x1 g2

x2 g2

Cin S

0 Cout

a b

c

Fig. 2.20 Reversible circuits realizing a 1-bit full adder. (a) First realization. (b) Second realiza-
tion. (c) Optimal circuit regarding the gate-count

This metric is used to evaluate a given realizations for a reversible function.
However, this metric does not give any information about the quantum cost of the
corresponding quantum circuit. The minimization based on this metric does not
guarantee a minimization of the quantum cost and the inverse is also not true. In
fact it is possible that two different realizations for the same reversible function
have different gate-count in a strictly increasing order, but the quantum cost for the
first realization is more expensive than the second.

Example 2.27. Figure 2.20 shows two different realizations of a 1-bit full adder
and a third optimized circuit for both in terms of the number of gates. Although, the
first reversible circuit depicted in Fig. 2.20a has more gates (6 gates) than the circuit
presented in Fig. 2.20c (4 gates), the first realization is cheaper in terms of quantum
cost than the second circuit. More precisely, the NCV-cost and the T-depth of the
first circuit are 10 and 3, respectively. The second circuit has an NCV-cost of 12
and a T-depth of 6. Consider the circuits given in Figs. 2.22b and 2.20c. The first
circuit has more gates as well as higher quantum cost than the second. Therefore,
as mentioned above, minimizing a circuit with respect to the gate-count does not
guarantee a minimization on the quantum cost.

2.7.3 Number of Lines

Definition 2.20 (Number of Lines). The number of lines refers to the total number
of the input variables or the output variables used in a reversible or a quantum circuit.

Note that if the function to be synthesized is reversible, the number of circuit lines
can be equal to the number of the inputs. However, in the case where the Boolean
function to be synthesized is irreversible, then additional variables (i.e., constant
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inputs and garbage outputs) are unavoidable [76]. Therefore, there are several
optimization approaches that target the reduction of the number of lines in reversible
circuits [148].

Example 2.28. Figure 2.22a shows a reversible circuit with a number of lines of
4, where the number of primary inputs, constants, primary outputs, and garbage
outputs are 3, 1, 2, and 2, respectively.

2.7.4 Depth

This metric recognizes whether gates can be applied in parallel which can lead to a
reduction in the execution time of a circuit. This cost metric is related to quantum
circuits composed by the NCV library or the CliffordC T library.

Definition 2.21 (Depth). Let Ui.Ci; ti/ and UiC1.CiC1; tjC1/ be two consecutive
quantum gates. These gates can be applied concurrently if

jCi [ CiC1 [ fti; tiC1gj D jCij C jCiC1j C 2:

In other words, if the lines used by each gate (both control and target line) are
disjoint. Let G be a quantum circuit with k elementary quantum gates, then G can be
partitioned into d 
 k subcircuits whose gates can be pairwise applied concurrently.
We refer to the minimal d as the depth of the circuit.

It is defined as a sub-sequence of gates in a circuit that can be applied in parallel.
We assume in this book that two or more gates can operate at the same level if they
operate on disjoint qubits and can be grouped together in the circuit.

Example 2.29. The quantum circuit that realizes a 1-bit full adder illustrated in
Fig. 2.21 has an NCV-cost of 6. Gates in position 2 and 3 can be applied concurrently
because they don’t share any line together. The same for gates in positions 4 and 5.
Hence, the depth of this circuit is 4.

Fig. 2.21 Quantum depth for
a 1-bit full adder circuit

x1 g

x2 g

Cin S

0 V V V V† Cout
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Fig. 2.22 NCV quantum circuits realizing the Toffoli gate given in Fig. 2.10c. (a) First realization.
(b) Second realization

2.7.5 Nearest Neighbor Cost

Many physical realizations of quantum circuits permit limited interaction distance
between gate qubits [47]. For example, trapped ions (cf. [58]), liquid nuclear mag-
netic resonance (cf. [68]), and architectures based on the original Kane model [62]
assume that the computations are only performed between adjacent (i.e., nearest
neighbor) qubits [47].

Hence, synthesis of quantum circuit with nearest neighbor quantum gates has
became an important research branch [27, 59, 63, 96, 107, 151]. This cost is referred
to nearest neighbor cost.

Definition 2.22 (Nearest Neighbor Cost). Let Ui.Ci; ti/ be quantum gate. The
nearest neighbor cost (NNC) of Ui is defined jCi� ti� 1j, i.e., the distance between
the control and the target lines of an elementary gate. Let G be a quantum circuit
with k elementary quantum gates. Then, the NNC of G is defined as the sum of the
NNCs of its gates:

kX

iD0
jCi � ti � 1j (2.9)

Optimal NNC for a circuit is 0, where all quantum gates are either 1-qubit
or 2-qubit gates performed on adjacent qubits. The NNC is also denoted by the
interaction cost.

Example 2.30. The quantum circuits given in Fig. 2.22 are possible quantum real-
izations for a Toffoli gate. The first implementation is an optimal circuit regarding
the quantum cost. It has an NCV-cost of 5 but an NNC of 1, while the second circuit
represents an optimal circuit with respect to the NNC since it has an NCV-cost of 9
but an NNC of 0.

2.8 Decision Diagrams

2.8.1 Binary Decision Diagrams

A binary decision diagram (BDD) is a standard data structure for representing
Boolean functions. The general concepts for BDDs are briefly outlined in this
section, nevertheless, the reader is referred to the literature for a comprehensive
overview [25, 67].
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Let X D x1; : : : ; xn be the variables of a Boolean function f 2 Bn. A BDD
representing the function f is a directed acyclic graph with nonterminal vertices N
and terminal vertices T � f? ; >g where N \ T D ; and T ¤ ;. Each nonterminal
vertex v 2 N is labeled by a variable from X and has exactly two children, low v
and high v. The directed edges to these children are called low-edge and high-edge
and are drawn dashed and solid, respectively. A nonterminal vertex v labeled xi

represents a function denoted �.v/ given by the Shannon decomposition [121]

�.v/ D Nxi�.low v/C xi�.high v/ (2.10)

where �.low v/ and �.high v/ are the functions represented by the children of v
with �.? / D 0

k

å
i=0

|Ci − ti −1|

and �.> / D 1.

T ⊆ { ⊥ , 	 }

The BDD has a single start vertex s with �.s/ D f .
A BDD is ordered if the variables of the vertices on every path from the start

vertex to a terminal vertex adhere to a specific ordering. Not all of the variables
need to appear on a particular path, but a variable can appear at most once on any
path. A BDD is reduced if there are no two nonterminal vertices representing the
same function. Hence, the representation of common sub-functions is shared. In the
following, only reduced and ordered BDDs are considered and for briefness referred
to as BDDs.

Multiple-output functions can be represented by a single BDD that has more than
one start vertex. Common sub-functions that can be shared among the functions
decrease the overall size of the BDD. In fact, many practical Boolean functions can
efficiently be represented using BDDs, and efficient manipulations and evaluations
are possible.

Example 2.31. Figure 2.23a illustrates the Shannon decomposition from (2.10).
A binary decision diagram for the 1-bit full adder Boolean function, described by
the truth table outlined in Fig. 2.8a, is given in Fig. 2.23b.
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Fig. 2.23 Binary decision diagrams. (a) Shannon decomposition. (b) BDD for a 1-bit full adder

2.8.2 Quantum Multiple-Valued Decision Diagrams

A quantum multiple-valued decision diagrams (QMDD) [87] is a directed acyclic
graph representing and manipulating rn � rn complex-valued matrices including
the unitary matrices required to represent n-qubit quantum gates and circuits
with r pure logic states. The fundamental idea is a recursive partitioning of the
respective transformation matrix and the use of edge and vertex weights to represent
various complex-valued matrix entries. More precisely, a transformation matrix of
dimension rn � rn is successively partitioned into r2 sub-matrices of dimension
rn�1 � rn�1. This partitioning is represented by a directed acyclic graph (QMDD)
with the following properties:

• There is a single terminal vertex representing the complex number 1 without any
outgoing edge.

• Nonterminal vertices are labeled by an r2 valued selection variable and have r2

outgoing edges designated e1, e2, : : :, er2 .
• There is a single root vertex which has a single incoming edge (the root edge)

that itself has no source vertex.
• Every edge (including the root edge) has an associated complex-valued weight

and edges with a weight of 0 (0-edges) point to the terminal vertex.
• There are no redundant vertices, i.e., no nonterminal vertex has r2 identical

outgoing edges (destinations and weights).
• Nonterminal vertices are unique, i.e., no two nonterminal vertices labeled by the

same selection variable have the same set of outgoing edges (destinations and
weights).

• Nonterminal vertices are normalized (see details in the following section).

Each assignment to the selection variables corresponds to choosing the respective
sub-matrices in the partitioning process, and as a result, to some matrix entry. Thus,
for any entry of the rn � rn matrix the QMDD can be evaluated in at most n steps by
multiplying the weights on the path from the root vertex to the terminal vertex that
is determined by the respective assignment.



2.8 Decision Diagrams 39

x1 y1

x2 V y2

x3 y3

00
0

00
1

01
0

01
1

10
0

10
1

11
0

11
1

000 0 0 1 0 0 0 0 0

001 0 0 0 1 0 0 0 0

010 1 0 0 0 0 0 0 0

011 0 1 0 0 0 0 0 0

100 0 0 0 0 0 1+i
2 0 1−i

2

101 0 0 0 0 1+i
2 0 1−i

2 0

110 0 0 0 0 0 1−i
2 0 1+i

2

111 0 0 0 0 1−i
2 0 1+i

2 0

x1/y1
x2/y2
x3/y3

Inputs

O
ut
pu

ts

x1/y1

x2/y2 x2/g2

x3/y3

1

0 0

0 0

0 0

1+i
2

−i−i

a

b
c

Fig. 2.24 Unitary matrix representations. (a) Quantum circuit based on the NCV library.
(b) Transformation matrix. (c) QMDD

Example 2.32. Consider the NCV based circuit G of Fig. 2.24a. The transformation
matrix, UG, of the circuit is obtained by the multiplication of the unitary matrices of
its gates in a reversed order.

The transformation matrix for the first gate, Ug1 , is the tensor product of the
matrix representing a controlled V gate and a line which acts as an identity gate:

Ug1 D Uv ˝ UI

D

2

6664

1 0 0 0

0 1 0 0

0 0 1Ci
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The matrix of the NOT gate, Ug2 , is calculated by the Kronecker product of the
identity matrix, the NOT matrix, and the identity matrix:

Ug2 D UI ˝ UI ˝ UNOT

D
�

1 0
0 1

�
˝
�
0 1
1 0

�
˝
�

1 0
0 1

�
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2
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3

777777777775

The transformation matrix, UG, that represents the circuit G is obtained by
multiplying the matrices Ug2 and Ug1 :

UG D
1Y

iDn

Ugi D Ug2 � Ug1

D

2
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Hence, the unitary matrix describing the behavior of this circuit depicted in
Fig. 2.24a is given in Fig. 2.24b. The QMDD for this matrix is given in Fig. 2.24c.
The edges from each nonterminal vertex point to four sub-matrices. Each edge has
a complex-valued weight. For clarity, edges with weights equal to 1 are omitted and
edges with weight 0 are indicated as stubs. In fact, they point to the terminal vertex.

Here, the unique root vertex labeled by the pairing x0=yo represents the whole
matrix and has four outgoing edges targeting child vertices representing from left to
right:

• the top-left sub-matrix where x1 D 0 maps to y1 D 0,
• the top-right sub-matrix where x1 D 1 maps to y1 D 0,
• the bottom-left sub-matrix where x1 D 0 maps to y1 D 1, and
• the bottom-right sub-matrix where x1 D 1 maps to y1 D 1.

This decomposition is repeated at each partitioning level until the terminal vertex
that represents a single matrix entry 1 is reached. The vertices are normalized by
dividing the weights of all outgoing edges by a normalization factor (here: such that
the leftmost edge with a nonzero weight has weight 1). This factor is propagated
to referencing edges, e.g., the factor 1Ci

2
is propagated downwards from the x1=y1-

level to the x3=y3-level in Fig. 2.24b. By this, structurally equivalent sub-matrices
are compressed to a shared vertex (highlighted in same color in Fig. 2.24b). This
procedure is repeated for each level until a single terminal vertex labeled by 1
is created in the bottom. To obtain the value of a particular matrix entry, one has
to follow the corresponding path from the root to the terminal vertex and multiply
all edge weights on this path. For example, the matrix entry 1Ci

2
from the bottom

“rightmost” sub-matrix of Fig. 2.24b can be determined as the product of the weights
on the highlighted path of the QMDD in Fig. 2.24c.

A reversible function has the same number of inputs and outputs and maps each
input pattern to a unique output pattern. In particular, a reversible function with n
variables describes a permutation �2n of the set f0; 1; : : : ; 2n � 1g. This permutation
can also be described using a permutation matrix, i.e., a 2n�2n matrix˘f as defined
in Sect. 2.5.1. Since the QMDD [87] is a data structure that can represent the rn � rn

unitary matrices used to describe quantum operations over r-valued logic. In the
case where r D 2, a unitary matrix is in fact a permutation matrix. Hence, QMDDs
are also suitable for representing and manipulating reversible functions.

Example 2.33. Figure 2.25a shows the truth table for the reversible function of a
1-bit full adder. Its permutation matrix is depicted in Fig. 2.25b. Its output pattern
has only one input pattern. Therefore, each row has only one 1. The QMDD for the
permutation matrix in Fig. 2.25b is shown in Fig. 2.25c. Two out of the sixteen 1-
paths (paths from the root vertex to a 1 -terminal) have been randomly chosen and
are highlighted in bold representing the mappings 0000 7! 0000 and 1110 7! 1011.
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Fig. 2.25 1-bit full adder reversible function and its different representations. (a) Truth table.
(b) Permutation matrix. (c) QMDD

Since QMDDs involve multiple edges from vertices and are applicable to both
binary and multiple-valued problems, the QMDD package is not built using a
standard decision diagram package, but the implementation employs well-known
decision diagram techniques. QMDDs are ordered in a manner analogous to BDDs.
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Hence, the vertex labels along any path from the start vertex adhere to a fixed
ordering and no label appears more than once on any path. QMDDs are also reduced
in a manner analogous to BDDs so each vertex represents a unique sub-matrix and
the representation of common sub-matrices is shared.

The size of a unitary transformation matrix grows exponentially with respect to
the number of input/output variables. However, QMDDs [87] provide an efficient
data-structure which enables a much more compact representation of unitary
matrices. QMDDs are canonical representations, if normalization of edge weights
(as described in [87]) is performed. Thus, they are very convenient for equivalence
checking.



Chapter 3
Optimizations and Complexity Analysis
on the Reversible Level

Several synthesis approaches have been proposed to determine a reversible circuit
realization for a given function. Significant improvements [46, 88, 132, 145] have
been proposed. Yet, the majority of the synthesis approaches do not guarantee
optimal realizations, in fact, the algorithms that do guarantee an optimal solution
(e.g., [146]) are only applicable to small circuits of about 4–6 lines. Moreover,
synthesis approaches are not aware of the technology for which the circuit is physi-
cally designed. As a result, several post-synthesis optimization approaches [88, 128]
have been proposed to minimize a given circuit after it has been synthesized. Post-
synthesis optimization approaches are used to reduce the circuits with respect to a
given cost metric in quantum computing architectures, e.g., the number of lines, the
depth, the cost to ensure linear nearest neighbor constraints, etc.

In this chapter, we aim at reducing the quantum cost and studying the complexity
analysis of circuits in the reversible level. This chapter is structured as follows.
Section 3.1 reviews the related work. Then, in Sects. 3.2 and 3.3, we give two
approaches for the optimization of reversible circuits regarding the quantum cost
metric. Section 3.4 describes a study for complexity analysis of reversible circuits
and the chapter is concluded in Sect. 3.5.

3.1 Related Work

In the following, we review the different optimization algorithms. Then, we briefly
summarize the existing work on the complexity of reversible circuits.

© Springer International Publishing Switzerland 2016
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3.1.1 Optimization Approaches of Reversible Circuits

Due to the inherent complexity of reversible circuits, usually local optimization
strategies are implemented, i.e., subcircuits are analyzed for possible reductions.
The most employed optimization approaches are categorized into rule-based opti-
mization, template matching, or additional line based optimization. These post-
synthesis techniques attempt to apply templates or reduction rules by deleting
identical gates or replacing circuits of gates with smaller ones using the moving
rule [74, 78, 118].

3.1.1.1 Moving Rules

A moving rule enables the rearrangement of gates into a circuit without changing
the functional behavior of a circuit. In the following, we review the classical moving
rule as well as the different improvements proposed to extend this rule.

Classical Moving Rule

This rule was originally defined in [78] as the following property.

Property 3.1. Two adjacent gates can be interchanged if and only if the target for
each gate is not a control for the other gate, i.e., in a reversible circuit, gate G1.C1; t1/
can be interchanged with gate G2.C2; t2/ if and only if t1 … C2 and t2 … C1.

Example 3.1. In the Fig. 3.1a, the first gate can be moved to the sixth position
because its target does not coincide to any control of the gates 2, 3, 4, and 5. At
the same time, its control line does not coincide with the targets of the gates 2, 3, 4,
and 5. Meanwhile, the third gate cannot be moved to the fourth position because its
target is in the same line as the control of the fourth gate.

Extended Moving Rule Based on LLP

As mentioned above, the classical moving rule is too restrictive and hence does not
allow all possible gate reductions and deletions. Therefore, the classical moving
rule was extended as described in [86, 110] allowing further moving abilities for
each gate in the circuit. The new moving rule is defined in the following property.

0 0 0 0 0 0 0 1

0 0 0 1 1 0 0 0

0 1 2 2 3 3 2 2

ba

Fig. 3.1 Moving rules. (a) Classical moving rule. (b) Extended moving rule-based on LLP
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Property 3.2. A gate can be moved from one end of a subcircuit to the other end if
its controls are on lines that are invariant with respect to the circuit and its target is
on a non-controlling line.

To identify whether a line is invariant, an algorithm called line labeling procedure
(LLP) labels the line segments in a circuit [110]. This labeling is such that if two
segments of a circuit line have the same label, those segments realize the same
function. A label is an assignment of a number to each line after each gate. The
labels are increased for targets which change the functionality, and are restored to
a prior value when a set of gates realizing the identity operation is found [110]. If
the label is the same at the beginning and the end of the segment, then the line is
invariant.

Example 3.2. Figure 3.1b shows the result of applying LLP on a reversible circuit.
The annotations in black outline the lines labeling after each gate. The sixth gate can
be moved to the third position since its control lines have the same value in position
3 and 6 and therefore they are invariant. Also, its target line does not contain any
control between the third and the sixth gate. This movement is not possible with the
classical moving rule because the gate at position 6 is blocked by the fifth gate.

3.1.1.2 Rule-Based Procedure

Rule-based optimization (cf. [12, 33, 128, 130]) suggests a specific set of subcircuits
together with cheaper replacements. Rule-based approaches are typically motivated
by some synthesis techniques and often exploit reoccurring circuit structures. These
approaches are not complete, i.e., they cannot guarantee an optimal circuit after
optimization. However, the approaches are greedy meaning that optimization is
always applied if a reduction can be achieved. Consequently, they suffer from not
being able to escape local optima.

The degree of optimization in a rule-based approach depends on the considered
subcircuit-rules (see the example of a subcircuits set outlined in Fig. 3.2) that are
used in the search method to find matching subcircuits. The latter task is the most
complex part in these algorithms.

Example 3.3. Figure 3.3 presents an optimization of a reversible circuit using the
rule-based approach. The first circuit depicts the original circuit. The gates in
positions 2 and 1 represent the first circuit of the rule given in Fig. 3.2a. Therefore

≡

a

≡

b

≡

c

≡

d

Fig. 3.2 Examples of MPMCT rules. (a) Rule 1. (b) Rule 2. (c) Rule 3. (d) Rule 4
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a b c d

Fig. 3.4 Templates with 2 or 3 inputs from [79]. (a) Template 1. (b) Template 2. (c) Template 3.
(d) Template 4

this circuit can be replaced by the second circuit which is cheaper in term of quantum
cost (NCV-cost or T-depth). Hence the resulting circuit has a lower quantum cost
than the original realization.

3.1.1.3 Template Matching Procedure

The template matching algorithm explained in [79, 88] is an efficient optimization
technique. Given a set of templates which is a special class of identity circuits, the
algorithm tries to determine subcircuits that match a part of a template. In this case,
the determined subcircuit can be replaced with the inverted remaining part of the
template due to reversibility. If the remaining part is smaller, the overall circuit size
can be reduced.

Example 3.4. Figure 3.4 presents a set of templates with two or three inputs taken
from [79].

Template matching approaches [78, 79, 119] are more powerful than rule-based
approaches. A template is a generic circuit that realizes the identity function.
Generic means that one template represents a set of identity circuits. Templates
were initially proposed in [88] and their definition has been adjusted several times
in the past. The current widely accepted definition [105] is as follows.

Definition 3.1 (Template). A template is a circuit with m gates that realizes the
identity function such that each subcircuit of size less than

˙
m
2

�
cannot be reduced

by any other template.

Note that a template consists of two different line types which we call C-lines
and T-lines that should not be mistaken for control lines and target lines of a
gate (cf. Fig. 3.5a). A C-line of a template is a line in which all gates only have
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Fig. 3.5 Template disposition. (a) Original template. (b) Duplication. (c) Removal. (d) Replace-
ment. (e) Rotation

control lines but no target lines, all other lines are T-lines. This separation is of
use since any C-line can be duplicated, removed, or replaced without changing
the functionality of the circuit. This is illustrated by means of Fig. 3.5b, c, and d,
respectively. In addition, the order of the gates can be rotated being wrapped at
the circuit boundaries, again without changing the functionality as it is an identity
circuit. This is illustrated in Fig. 3.5e.

Since a template is an identity circuit it can be split anywhere in the middle
and the left part equals the inverse of the right part and vice versa. The template
matching algorithm is applied in order to reduce the circuit size or its costs. It
takes a circuit and tries to find subcircuits that match a part of a template. If
that part is longer or more expensive than the remaining part, the subcircuit is
replaced by the inverse of that part. The matching procedure tries to find the first
gate and then subsequently looks for the other gates which do not need to be
necessarily adjacent by applying the time consuming moving rule. The search of
subcircuits applicable for substitution is the bottleneck of the template matching
algorithm for which several problem-solving methods have been proposed in the
recent past [78, 79, 119]. Since these algorithms are based on heuristics, it cannot
be ensured that a matching subcircuit can always be found.
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a a

b b
c c

d d

a a

b b
c c

d d

Original Circuit

a a

b b
c c

d d

Simplified circuit

Simplification

F F−1

F Mapping

Replacing F with F−1

Fig. 3.6 Optimizing a reversible circuit based on template matching

Example 3.5. Figure 3.6 illustrates the basic template matching algorithm. It shows
a template in the lower left corner with a left and a right part. A subcircuit matching
the left part of the template is found in the original circuit; hence, this subcircuit
can be replaced with the inverse of the right part of the template yielding a smaller
simplified circuit of less cost.

3.1.1.4 Exploiting Additional Circuit Lines

Keeping the number of circuit lines as small as possible is important. This is
mainly motivated by the fact that each circuit line has to be represented by a
qubit, which is a very limited resource. Nevertheless, evaluations have shown that
a (slight) extension of a circuit with additional lines may have significant benefits.
For example in [15, 91, 98], it has been demonstrated that a larger number of circuit
lines allow for a much cheaper mapping of reversible circuits to quantum circuits in
terms of quantum cost.

In [145], evaluations showed that using twice the number of circuit lines reduces
the quantum costs by up to two orders of magnitude. Eventually, this led to a post-
synthesis optimization approach [33, 90, 152] which enables reductions in quantum
costs of up to 69 % only by adding a single additional line to the circuit. The
general idea of this optimization approach is to use new circuit lines in order to
save factor of gates control lines, then the gates that have shared the same factor
reuse the computed gate in the helper line. This reduces the size of these gates and
thus decreases the quantum cost of the circuit since the controls of some gates are
reduced.

Example 3.6. Figure 3.7 shows an example of an optimized reversible circuit based
on an additional line. The original circuit is given in Fig. 3.7(a), The gates in this
circuit have a common control factor. Hence, the quantum cost of this circuit can
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x1 f1
x2 f2
x3 f3
x4 f4
x5 f5
x6 f6
x7 f7

a b
h = 0 h

x1 f1
x2 f2
x3 f3
x4 f4
x5 f5
x6 f6
x7 f7

Fig. 3.7 Optimizing a reversible circuit with one additional line taken from [152]. (a) Original
circuit. (b) With one additional line

be reduced as shown in Fig. 3.7(b) by adding an additional line h (at the top of the
circuit), the factors are computed and saved on line h. After using the computed
factor by the gates, the line h is reset to its original value. The application of this
procedure leads to a reduction of the NCV-cost and T-depth from 190 and 114 to 70
and 42, respectively.

3.1.2 Complexity of Reversible Circuits

Motivated by the fact that upper bounds play a significant role in evaluating the
complexity of synthesized reversible circuits, many methods for obtaining the upper
bounds for given functions have been already studied.

In [76], it has been proven that every reversible function over n variables can be
realized with less than

n � 2n (3.1)

MCT gates. This upper bound was obtained from transformation based synthesis
approaches as initially presented in [88]. The algorithm traverses each of the 2n

rows of the truth table representation of a function and for each row adds at most
one gate per column (i.e., variable).

In [77], it has been proven that every reversible function of 3 variables can be
realized with 8 or less gates using the MCT library and 6 or less gates using the
MPMCT gates. Then, in [52], it has been demonstrated that the implementation of
any 4-bit reversible function requires at most 15 MCT gates.
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3.2 Exact Quantum Cost Optimization

So far, the proposed template matching algorithms do not guarantee to find all
possible subcircuits to that can be replaced by smaller ones [78, 79, 119]. Recently, a
graph based algorithm was presented for exact template matching [105]. This algo-
rithm can find all minimal circuits if a complete set of templates is given. However,
it is applicable only for 3-qubit circuits. To overcome the search limitation of the
template matching algorithm, we propose a new approach [1] that exploits Boolean
satisfiability techniques allowing an exhaustive but yet efficient determination of
subcircuits according to a given set of templates. For this purpose, the search for a
subcircuit is formulated as a decision problem and encoded as a Boolean formula
that is afterwards solved using an SMT solver. If the instance is satisfiable, the
matching subcircuit can be replaced by the second half of the template. Otherwise,
it can be concluded that the template cannot be used for further reductions of the
circuit quantum cost. We have compared the exact template matching algorithm to
the search method presented in [88, 119]. Experimental results show quantum cost
reductions of up to 20 % in comparison with the circuit optimized by the method
presented in [88, 119].

The remainder of the section is organized as follows. In Sect. 3.2.1 the general
structure of our approach is explained, while details on the SMT encoding are
provided in Sect. 3.2.2. Finally, experimental results are given in Sect. 3.2.3.

3.2.1 General Idea

In this section, we are proposing a new search method that determines matching
subcircuits in a circuit for a given template. We do not change the general concepts
for template matching as presented in [88]. Instead of applying heuristics for the
search, we suggest an optimal and efficient template matching algorithm based
on SMT which allows to exhaustively explore the full search space and therefore
guarantees that a matched subcircuit is found if it exists.

Figure 3.8 outlines the proposed approach. Given a template with m gates and
the original circuit, the proposed algorithm creates a Boolean formula encoding
the decision problem whether there exists a subcircuit in the original circuit that
matches the first k gates of the given template. While initially setting k  m, k is
decremented by 1 as long as the Boolean formula is unsatisfiable. If the formula is
satisfiable the matched subcircuit can be extracted from the satisfying assignment
that is returned from the SMT solver. The template length k is only decreased as
long as the left part of the template is larger in cost than the right one.



3.2 Exact Quantum Cost Optimization 53

a a

b b
c c

d d

Circuit
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Template

k← 5
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Encoding Solver
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d d
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k← k−1
a a

b b
c c

d d

Replacement

Simplified circuitTemplate

Fig. 3.8 Encoding the search method as an SMT instance

3.2.2 Encoding Using SMT

This section describes the proposed approach in detail. The encoding as a decision
problem is explained by listing all constraints that are necessary for searching a
correct match of a given template in a circuit.

3.2.2.1 Decision Problem

The overall decision problem can be stated as follows. Let G D g1 � � � gd be a circuit
of n lines and T D g01 � � � g0d0 be a template of n0 lines with gj D Tj.Cj; tj/ and
gi D Ti.Ci; ti/ for j D 1; : : : ; d and i D 1; : : : ; d0, respectively. The considered lines
are defined over the variables fx1; : : : ; xng and fx01; : : : ; x0n0g, respectively. Can the
first k 
 d0 gates of the template T be matched in G, i.e., can positions m1; : : : ;mk

in G be found such that the gates can be moved together and match the first k gates
of T .

Note that the order of lines in the template does not necessarily need to
match the original order of lines in the circuit. As a result, besides the matching
positions m1; : : : ;mk also a line reordering l1; : : : ; ln0 is part of the solution, if the
template can be matched such that the matched subcircuit must have lower quantum
cost than the remaining subcircuit of the template.
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a a

b b
c c

d d

a b
a a

b b
c c

d d

Fig. 3.9 Reversible circuit and template. (a) Circuit. (b) Template

Example 3.7. Figure 3.9a and b shows a circuit and a template, respectively. The
first k D 4 gates of the template can be matched to the gates in the circuit at
positions m1 D 3, m2 D 4, m3 D 5, and m4 D 6 when a line mapping l1 D
1, l2 D 3, l3 D 2, and l4 D 4, i.e., x1 7! x01, x2 7! x03, x3 7! x02, and x4 7! x04.

3.2.2.2 Gate Positions and Line Mapping

The variables m1; : : : ;mk and l1; : : : ; ln0 represent gate and line indices in the
intervals Œ1; d� and Œ1; n0�, respectively. A one-hot encoding is used for all these
variables, i.e.,

mi 2 Bd for i D 1; : : : ; k
and

lj 2 Bn0

for j D 1; : : : ; n0

such that �m1 D � � � D �mk D �lj D � � � D �ln0 D 1, where the sideways sum �

denotes the number of all 1 bits in a bit-vector. The single bit that is set in the vectors
denotes the respective index.

Two constraints are sufficient to enforce both the ordering of the positions mi and
guarantee the one-hot encoding, i.e.,

0 < mi < miC1 for i D 1; : : : ; k � 1

and

^

i¤j

.mi ^mj D 0/ ^ .�M D k/

with M D Wk
iD1 mi being the bit-mask containing all position indices. The line

mapping variables do not have to follow an order; however all bit-vectors need to
be one-hot encoded and they must all be different from each other, i.e.,

^

i¤j

.li ^ lj D 0/ ^
n̂

jD1
lj ¤ 0 ^

n̂

jD1
lj D 1 : : : 1„ƒ‚…

n times

:
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3.2.2.3 Circuits and Templates

In order to represent circuits, we are adopting two different encodings which are
both used later for restraining the mapping. They both share the property that control
lines and targets are separately represented as bit-masks, however once in vertical
and once in horizontal orientation. For the circuit’s lines, we are following the
horizontal scheme, i.e., for each control line and for each target line we add bit-
vectors

ci 2 Bd with ciŒj�, xi 2 cj

and

ti 2 Bd with tiŒj�, xi D tj

for i D 1; : : : ; n and j D 1; : : : ; d. Note that the bit-vector indices start from 1.

Example 3.8. The encoded bit-vectors for the circuit lines of the initial circuit from
Fig. 3.9a are illustrated in Fig. 3.10.

For the templates we are using a slightly different encoding that captures the
different modification possibilities that exist for the templates and have been
illustrated in Fig. 3.5. Furthermore, for the encoding we assume that the template
can be extended to at most n lines such that it fits the circuit. Also, let us assume
that the template has 	 T-lines. Then the first n � 	 circuit lines for the template are
defined as follows.

ci
0 2 Bk with ci

0 D
n0�	_

jD0
Qcj (i 
 n � 	 )

and

ti
0 2 Bk with ti

0 D 0 : : : 0 (i 
 n � 	 )

with

Qcj 2 Bk with

(
0 � � � 0 if j D 0;
QcjŒ`�, x0j 2 c` otherwise.

Fig. 3.10 Circuit encoding c1 = 1001100 t1 = 0000001
c2 = 0010010 t2 = 1001000
c3 = 0110111 t3 = 0000000
c4 = 1000001 t4 = 0110110
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Fig. 3.11 Template encoding

c1′ = c̃0 ∨ c̃1 ∨ c̃2 t1′ = 00000
c2′ = c̃0 ∨ c̃1 ∨ c̃2 t2′ = 00000

c3′ = 10010 t3′ = 01001
c4′ = 00000 t4′ = 10110

c̃0 = 00000 c̃1 = 01101 c̃2 = 10110

č1 č2 č3 č4 č5
ť1 ť2 ť3 ť4 ť5

That is, there are no targets on these lines and a control line can be either one of all
possible C-lines (encoded as Qc>0) or also 0 : : : 0 (encoded as Qc0) indicates that the
line is not used by the template. The lines for i > n � 	 are encoded exactly in the
same manner as for the original circuit lines:

ci
0 2 Bk with ciŒj�, xi 2 cj (i < n � 	 )

and

ti
0 2 Bk with tiŒj�, xi D tj (i < n � 	 )

Example 3.9. The encoded bit-vectors for the circuit lines of the template from
Fig. 3.9b are illustrated in Fig. 3.11. Notice that the order of the C-lines given in
Fig. 3.9b does not matter anymore and is encapsulated in the Qcj variables.

From the bit-vectors ci
0 and ti

0 we are deriving new bit-masks Lcj and Ltj that
describe the circuit in a vertical orientation, i.e., each bit-vector corresponds to a
gate instead of a line. These are bit-vectors

Lcj 2 Bn with Lcj
0Œi� D ci

0Œj�

and

Ltj 2 Bn with Ltj0Œi� D ti
0Œj�:

Example 3.10. The encoded bit-vectors Lcj and Ltj that represent the controls and the
target of each gate in the template are given in Fig. 3.11 at the bottom of each gate.

3.2.2.4 Mapping Template Gates to Circuit Gates

Given all bit-vector encodings from above, we can define the constraints that map
template gates to circuit gates with respect to a line mapping. For this purpose, we
make use of the function @ defined as follows.
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@ WBn �Bn !B (3.6)

@ W.a;b/ 7!a ^ b ¤ 0

where a;b 2 Bn. We use the function only in cases where b is one-hot encoded,
hence, the function evaluates to true if and only if the one bit that is set in b is also
set in a. Given that, we can formalize the most important mapping for the encoding
which maps the template gates to the circuit gates, expressed as

Lcj @ li D ci @ mj and Ltj @ li D ci @ mj

with i D 1; : : : ; n and j D 1; : : : ; k. This formula is explained in the following.
Assuming there is a control line in the jth gate of the template at the line where
line i maps to. Then, there must be also a control line in the jth gate chosen by the
mapping mj in the original circuit at line i and vice versa. The same applies for
target lines. Notice that the fact that we have vertical and horizontal encodings for
the template and the circuit gates plays a key role in this encoding.

3.2.2.5 Moving Rule

The encoding given so far is not sufficient yet, since at the current state, arbitrary
gates in the original circuits can be matched although it might not be possible to
move them together. As a consequence, the moving rule needs to be encoded into
the SMT instance as well.

In order to have a formal representation of the moving rule, we make use of the
moving rule graph that has been introduced in [118]. In a moving rule graph, each
vertex represents a gate of the circuit and two gates are connected by an edge if and
only if the gates cannot be interchanged by moving.

Example 3.11. The moving rule graph for the circuit shown in Fig. 3.9a is depicted
in Fig. 3.12.

We write gi < gj if gj cannot be moved before gi and gate gi cannot be moved
past gj. Since the moving rule is transitive, gi < gj if and only if there exists a path
between the vertex representing gi and the vertex representing gj in the moving rule
graph.

Fig. 3.12 Moving rule graph
for circuit in Fig. 3.9a

1 73 4 6

2

5
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This leads to the final constraint which ensures the moving capabilities. For
all 0 < i < j < k 
 d such that gi < � � � < gj < gk and there is no j0 such
that gi < gj0 < gk, add the constraint

MŒi� ^MŒk�)MŒj�:

These constraints can be easily generated with the help of the moving rule graph.

Example 3.12. Given the moving rule graph in Fig. 3.12, the extracted constraints
are as follows.

MŒ1� ^MŒ7�)MŒ2� MŒ1� ^MŒ7�)MŒ5�

MŒ1� ^MŒ7�)MŒ6� MŒ1� ^MŒ6�)MŒ4�

MŒ1� ^MŒ4�)MŒ3� MŒ3� ^MŒ7�)MŒ6�

MŒ3� ^MŒ6�)MŒ4� MŒ4� ^MŒ7�)MŒ6�

3.2.2.6 Quantum Cost

With the SMT instance consisting of all the conditions encoded above, taking into

account that k �
l

d0

2

m
, we obtain a gate-count reduction when a match is found.

However as explained in Sect. 2.7.2, this optimization might not lead to a quantum
cost reduction. Hence, it is important to mention that after finding a match, it is
mandatory to check if the removal of the matched gates and replacing them by the
second sequence of it may lead to a quantum cost reduction (the fact of replacing,
adding, removing template control lines or rotating the template gates may affect
the quantum cost of the mapped or the remain sequence of the template), otherwise
the solution is not taken into account. In some cases, this can be repeated more than
hundred times before finding a suitable match that brings a quantum cost reduction.
Therefore, the quantum cost condition must be encoded into the SMT instance.

If the first k gates of a template match k gates in a circuit, then such subcircuit
must be cheaper with respect to quantum cost to the reaming d0 � k gates of
the templates. In order to determine the quantum cost of a given circuit, we define
the variables qc1; : : : ; qck, q1, and, q2 to represent the quantum cost of its gates, the
quantum cost of the first k gates of a template, and the quantum cost of the remaining
d0 � k gates, respectively.

The quantum cost [15] ( qci) for each gate is calculated as follows.

qci D

8
ˆ̂̂
ˆ̂̂
<̂

ˆ̂̂
ˆ̂̂
:̂

1 if � Lci 
 1;
5 if � Lci D 2;
20 if � Lci D 3;
50 if � Lci D 4;
40.� Lci � 3/ otherwise.

for i D 1; : : : ; d0, where the sideways sum � denotes the number of all 1 bits in a
bit-vector.
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Note that the encoding above for the quantum cost is done with respect to the
NCV-cost, while the quantum cost with respect to the T-depth is encoded as follows.

qci D

8
ˆ̂̂
ˆ̂̂
<̂

ˆ̂̂
ˆ̂̂
:̂

0 if � Lci 
 1;
3 if � Lci D 2;
12 if � Lci D 3;
30 if � Lci D 4;
24.� Lci � 3/ otherwise.

The quantum cost of a subcircuit is defined as the sum of the quantum cost of its
gates. This implies that the quantum cost of the first subcircuit of T with k gates is

q1 D
kX

iD0
qci

while the quantum cost of the remaining subcircuit with d0 � k is

q2 D
d0X

iDkC1
qci:

To make sure that the matched subcircuit in the circuit is cheaper than the
remaining subcircuit, the following condition:

q1 > q2

must hold.

3.2.3 Experimental Results

The proposed approach has been implemented in CCC. In order to read the
reversible circuits as well as the templates, we used the open source toolkit for
reversible and quantum circuits design RevKit [129]. The SMT problem, i.e., the
template matching problem is encoded using the metaSMT [57] framework which
provides the use of SAT and SMT solvers directly over its API. Different solvers
can be used within the metaSMT framework; in our experiments the Boolector [23]
SMT solver turns out to be the most efficient one.

We used specifications provided in [73, 147] as benchmarks. Each one has
been embedded using the algorithm described in [136] and synthesized by the
transformation based synthesis technique presented in [88]. We have adopted
this synthesis algorithm that produces MCT circuits since the heuristic template
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matching [88, 119] does not support circuits containing MPMCT gates when this
work is carried out. We have compared our approach to the one proposed in [88]
and used the same set of templates that is presented in the work.

Table 3.1 summarizes the obtained results for the conducted experiments. The
first five columns (Original benchmark (OB)) give the name of the circuits (ID) as
well as the number of lines (L), the number of gates (GC), the NCV-cost (NCV), and
the T-depth (TD). In the next columns, the obtained results for the heuristic template
matching approach (Heuristic TM (HTM)) and the proposed exact approach (Exact
TM (ETM)) are presented. For each circuit, the number of gates, the NCV-
cost (NCV), the T-depth (TD), and the run-times in seconds (Time) are given with
respect to the applied technique.

The later four columns (HTM/OB) present the quality regarding the NCV-cost
and the T-depths of the optimized circuits using the heuristic template matching
compared to the original circuits. The quality of optimized circuits using SMT
based template matching compared to the original circuits is given by the next four
columns (ETM/OB), and the improvements of the SMT based approach over the
heuristic approach are summarized by the last four columns (ETM/HTM).

Considering the quantum cost (NCV-cost or T-depth), for most of the circuits,
significant cost reduction can be observed when applying the new approach.
Applying the heuristic approach reduces the quantum costs by around 20 % for
all circuits. It can be clearly observed that these results are improved by the SMT
based approach. In fact, our proposed approach leads to an NCV-cost reductions
of 35% on average, 21 % in the worst case (f2), and 52 % in the best case (4gt13).
Similarly, our algorithm yields substantially cheaper circuits in terms of T-depth.
More precisely, an average improvement of around 37 % was accomplished by our
proposed algorithm. Furthermore, our technique achieved smaller NCV-cost and T-
depth for the majority of the benchmarks in comparison with the heuristic approach.
The additional improvement of the NCV-cost reaches 19 % on average, while the
T-depth can be further reduced with more than 19 %. The results clearly confirm
the impact of our approach to the circuit costs. The close similarity between the
reduction percentage of the NCV-cost and the T-depth returns to the fact that each
of them is a constant factor of the number of Toffolis in each MPMCT gate in a
circuit. The slight difference derives from considering the NOT and CNOT gates
with an NCV-cost of 1 and a T-depth 0.

3.2.3.1 Gate-Count Evaluation

The graph in Fig. 3.13 provides the number of gates for the original bench-
marks (hashed-lines bar graph), the gate-count for the optimized benchmarks after
applying the heuristic approach (white bar graph), and the gate-count for the
optimized benchmarks via the SMT approach (dotted bar graph). We observe that
the circuits having the smallest quantum cost have the greatest gate-count in the
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Fig. 3.13 Gate-count evaluation

majority of the cases. This clearly confirms that optimizing a reversible circuit with
respect to the gate-count would not lead to an optimization of the quantum cost as
explained in Sect. 2.7.2. As a hypothesis, circuits with larger number of reversible
gates are likely to have smaller quantum cost.

3.2.3.2 Time Evaluation

The time evaluation is shown graphically in the plot in Fig. 3.14a. The values of
the x-axis and the y-axis denote the benchmarks and the run-time, respectively. The
plot contains two different scenarios: the run-time of the heuristic approach needed
to optimize a circuit (white bar graph) and the run-time of our technique (dotted
bar graph). Heuristic template matching is already known to be a time consuming
process. However, one can clearly observe that the new approach needs an enormous
computation time compared to the heuristic method. This is expected due to the fact
that the match is determined exhaustively by the SAT solver, which needs higher
run-time to provide the answer. Therefore a larger increase in the gate-count results
in a sharply augmented run-time.

The plot in Fig. 3.14b outlines the required run time to optimize benchmarks with
the same number of gates, but different numbers of lines. The time is correlated not
only to the number of gates in a circuit but also to the number of lines because the
considered set of templates is dynamically created with respect to the number of
lines in the circuit. The larger number of lines the circuit has, the larger number
of templates is considered in the search. Therefore, the required run time increases
when the number of lines is increased.
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(b) Correlation of the ETM runtime and the circuit lines

3.2.3.3 Synthesis Evaluation

Finally, to determine the best optimized realization with respect to NCV-cost and
T-depth, the corresponding circuits for each benchmark are generated using the
following MCT based synthesis approaches: the transformation based synthesis
(TBS [88]) and the Reed-Muller synthesis (RMS [82]).

The experimental results are shown graphically in the plots in Fig. 3.15a. The
values of the x-axis and the y-axis (logarithmic scale) denote the benchmark and
the NCV-cost, respectively. Each plot contains two different scenarios including
the NCV-cost of the circuits obtained from the RMS synthesis approach (white
bar graph) and the NCV-cost of the circuits synthesized by the TBS synthesis
approach (dotted bar graph). One can deduce that the circuits resulting from the
Reed-Muller synthesis approach [82] in most of the cases have lower NCV-cost in
comparison with the other TBS synthesis techniques. The similar observations are
found for the T-depth as shown in Fig. 3.15b.
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Fig. 3.15 Quantum cost evaluation of different synthesis approaches. (a) NCV-cost. (b) T-depth

3.3 Heuristic Quantum Cost Optimization

This section presents approaches to optimize the quantum cost of reversible circuits
based on the rewrite rules from [127]. Two quantum cost optimization approaches
are presented. The first method aims at reducing the cost by applying a greedy
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approach, whereas the second method is based on simulated annealing. Both
improvements have been published in [6]. The application of simulated annealing
can not only attain local optimum but also possibly global optimum [64], hence
it can find further subcircuits to be replaced with smaller ones. The rewrite
rules support this freedom by allowing a higher flexibility in gate movement
compared to the existing moving rules. As confirmed by an experimental evaluation,
improvements on quantum cost of up to 17 % in the first case and up to 30 % in the
latter case can be observed.

The remainder of the section is structured as follows. The first section outlines
the simulated annealing approach. Section 3.3.2 introduces the rewriting rules and
Sect. 3.3.3 gives a detailed description of the implementation of the presented
approach, and eventually the experimental results are evaluated in Sect. 3.3.4.

3.3.1 Simulated Annealing

Assume that S is a solution to a given problem. Let M be a move that can be
performed on S. M will have an effect on the cost of S. The objective of optimization
is to repeatedly perform moves to S such that the cost of S is reduced. The greedy
algorithm is a simple heuristic optimization technique. With the problem at hand, it
would only perform moves that lower the cost. The obvious problem with such an
approach is that it can get stuck in a local optimum (see Fig. 3.16). Kirkpatrick et al.
[64] suggest an optimization technique called simulated annealing that is based on
statistical mechanics.

The idea of simulated annealing is based on random selection of moves (or
transitions) on a given solution. Each move will have an effect on the cost of the
solution. The moves can be cost-increasing, cost-decreasing, or cost-neutral. Cost-
decreasing moves are always accepted. Simulated annealing uses the concept of
temperature (it plays a significant role in statistical mechanics) to deal with the
cost-increasing moves. Initially, the temperature is set to a quite large value and it
decreases after each iteration by a cooling rate. Cost-increasing moves are accepted
with a probability that depends on the temperature. In the beginning, many cost-
increasing moves are accepted. As the temperature decreases, fewer and fewer
moves are accepted. Finally, the procedure stops when the system reaches a stable
state, i.e., no moves are accepted. The process of reversible circuit optimization is
well suited for simulated annealing. Gates can be moved within the circuit. The
move may be associated with an increased cost of the circuit. On the other hand, a
gate may be moved adjacent to another gate that is identical. In this case both gates
can be removed, since Toffoli gates are self-inverse, and the cost will be reduced.

Simulated annealing has been used in the synthesis of reversible circuits, e.g.,
in [109], the authors have presented a simulated annealing based Quine-McCluskey
approach to synthesize a reversible circuit. Also, the synthesis algorithm presented
in [32] has used simulated annealing to transform ESOP cubes.
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3.3.2 Rewriting Rules

The moving rules summarized in Sect. 3.1 are restraining the movement of gates into
a circuit. On the other hand, the rewriting rules introduced in [127] are general for
both MCT and MPMCT subcircuits and have more freedom for gate rearrangement.
Based on these rules, we extract three scenarios for moving a gate from one position
to another as shown in Fig. 3.17.
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a

b c d

Fig. 3.18 Circuit optimization using different moving rules. (a) Original realization. (b) Classical
moving rule. (c) Extended moving rule. (d) Rewriting rules

Example 3.13. Consider the reversible circuit depicted in Fig. 3.18a. Its NCV-cost
is 39 and its T-depth is 21. Using the classical moving rule, the gate in position 1
can be moved to position 2. Hence, the gates in position 2 and 3 can be merged
into one gate as shown in the circuit depicted in Fig. 3.18b. No more reductions are
possible. The obtained circuit has an NCV-cost of 34 and a T-depth of 18. But if
we consider the extended moving rule, one can move from the circuit in Fig. 3.18b
also the gate in position 3 to the position 7 since its control line is invariant and its
target line does not contain any controls between position 3 and 7. Thus the moved
gate would be removed with its neighbor because they form an identity circuit. The
obtained circuit is shown in Fig. 3.18c and has an NCV-cost of 32 and a T-depth
of 18. Now if we use the rewriting rules, one can move the gate in position 3 from
the circuit in Fig. 3.18c to position 4 by applying the rule shown in Fig. 3.17c. As a
result, the moved gate forms an identity with the gate in position 5, and both can be
removed. The resulting circuit is presented in Fig. 3.18d. It has an NCV-cost of 27
and a T-depth of 15.

In the following, we will consider the rewriting rules for optimizing reversible
circuits and show through the experimental results its efficiency in reducing the
quantum cost of reversible circuits.

3.3.3 Algorithms

To show the advantages of applying simulated annealing to reduce the quantum cost
of reversible circuit, we compare it with the well known approach for optimizing
reversible circuits based on exhaustive search. For this purpose, in this section we
introduce as a first step a greedy approach combined with the rewriting rules. Then,
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Fig. 3.19 Applied reductions. (a) Rule 1. (b) Rule 2. (c) Rule 3. (d) Rule 4. (e) Rule 5

as a second step, we define the simulated annealing approach. Both approaches are
applied to subcircuits with a common target. Note that gates can be rearranged to
create such a subcircuit using rewriting rules. Each MPMCT optimization procedure
finds possible reductions in the circuit by moving gates across the circuit and making
them adjacent. The gates may either be cancelled when they are identical or may
be reduced to a less expensive subcircuit using the five different rules sketched in
Fig. 3.19.

3.3.3.1 Greedy Approach

Given a reversible circuit G D T1.C1; t1/ : : : Tk.Ck; tk/ with k gates over variables
x1; : : : ; xn, this algorithm optimizes the circuit by applying a greedy approach. For
the computation, we are making use of the variables k, pos, and 
cost to denote
the size of the circuit, the gate position, and the cost variable respectively. The
remaining variables (i, j, and optimized) are used to control the algorithm loops.

The pseudo-code for the greedy algorithm is given in Algorithm 1. For each gate
(line 2), this technique searches over the circuit for a gate that has the same target.
A found gate (line 6) can be merged with the requested gate only when the rewriting
process reduces the quantum cost of the targeted reversible circuit (line 10). When
a reduction is applied, the optimization restarts the same process from the first gate
of the circuit (line 18).
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Algorithm 1: Greedy algorithm
Input: Reversible circuit G
Output: Optimized circuit G0

1 k Size(G)
2 i 0

3 while i < k do
4 j iC 1
5 optimized False
6 while j < k do
7 pos SearchGate(G; i; jC 1; k)
8 if pos < k then
9 
cost  RewriteCost(G; i;pos)

10 j posC 1
11 if 
cost < 0 then
12 RewriteMerge(G; i;pos)
13 optimized True
14 end
15 else
16 j k
17 end
18 end
19 if optimized then
20 i 0

21 else
22 i iC 1
23 end
24 end

3.3.3.2 Simulated Annealing Approach

Given a reversible circuit G D T1.C1; t1/ : : : Tk.Ck; tk/ with size k over variables
x1; : : : ; xn. This algorithm optimizes the circuit by applying simulated annealing.
For the computation, we are making use of the variables k, T , frozen, l, and 
cost

to denote the size of the circuit, the used temperature, the stopping criterion, the
number of generated perturbation, and the cost variable, respectively. The remaining
variables (i, j, and optimized) are used to control the algorithm loops.

The algorithm is listed in Algorithm 2. We have chosen the initial temperature
and the number of perturbation as factors of the number of gates in the initial circuit
while the stopping criterion is set to 0 regardless of the size of the circuit and should
not exceed 5 (see lines 2, 3, and 4). For a predetermined number of times l (line 9),
the algorithm generates two different positions of gates (line 10 and 11) denoted by
loc and pos. Then, it calculates the rewriting cost for rearranging them together (line
12). If the cost is decreased then the solution is accepted, i.e., the gates are merged
together (line 14). Otherwise the solution is accepted with a certain probability
(line 18). After each loop the temperature T is decreased (line 24) and the stopping
criterion frozen is reset to 0 when the circuit has changed (line 26) otherwise the
variable is incremented (line 28). This process is repeated until the stopping criterion
reaches the value 5.
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Algorithm 2: Simulated annealing
Input: Reversible circuit G
Output: Optimized circuit G0

1 k Size(G)
2 T  10k
3 frozen 0

4 l 100k
5 while frozen > 5 do
6 j iC 1
7 optimized False
8 i 0

9 for i D 0 to l do
10 pos Random(0,k)
11 loc Random(0,k)
12 
cost  RewriteCost(G, pos,loc )
13 if 
cost < 0 then
14 RewriteMerge(G, pos, loc )
15 optimized True
16 else
17 q Random(0,1)

18 if q < e�

cost

T then
19 RewriteMerge(G, pos, loc )
20 optimized True
21 end
22 end
23 end
24 T  0:8T
25 if optimized then
26 frozen 0

27 else
28 frozen frozenC 1
29 end
30 end

3.3.4 Experimental Results

The algorithms described above have been implemented in the open source toolkit
RevKit [129]. The experimental evaluation has been carried out using the bench-
marks taken from [73, 147], embedded by the procedure given in [136]. The
obtained reversible functions are then synthesized by the QMDD based synthesis
algorithm presented in [131] that scales well with the number of variables and
generates circuits based on the MPMCT gate library. We have observed that our
approaches lead to reversible circuits with smaller NCV-cost and T-depth compared
to the approach presented in [86, 112].

The experimental results presented graphically depicted in Fig. 3.20a show the
NCV-cost of optimized reversible circuits with respect to different optimization
algorithms. The values of the x-axis and the y-axis denote the name of benchmarks
and the NCV-cost, respectively. The plot contains three scenarios: the NCV-cost of
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optimized reversible circuits based on the LLP approach [130] (hashed-lines bar
graph), the NCV-cost of circuits optimized with greedy approach (white bar graph),
and the NCV-cost of the optimized circuits based on simulated annealing (dotted
bar graph) One can clearly see that the greedy approach outperforms the LLP
approach [130] based on the extended moving rule. While the simulated annealing
approach produces circuits with the smallest NCV-cost in comparison with the
other approaches. The same comparison is made with respect to T-depth in the plot
shown in Fig. 3.20b.

Our results capture the following values: (1) the results of the line labeling
procedure [130] (LLP), (2) the results of the greedy optimization approach (GA), (3)
the results of optimized reversible circuits using the simulated annealing approach
(SA), (4) the quality of optimized circuits using line labeling procedure compared
to the original circuits (OB) that were synthesized using the synthesis approach
described in [131], (5) improved quality with respect to the NCV-costs and the T-
depths of the resulting circuits from the greedy approached compared to the original
benchmarks, (6) the improvement of the greedy approach over the line labeling
procedure, (7) the quality of optimized circuits using the simulated annealing
compared to the original circuits, and (8) the improvement of the simulated
annealing approach over the greedy approach.

The results are summarized in Tables 3.2 and 3.3. For each function, we show
the number of lines (L), the NCV-cost (NCV), and the T-depth (TD). In addition to
these metrics, we add the required run-time in seconds (Time) for each approach.
The NCV-cost and the T-depth improvements are provided in the columns denoted
by INCV and ITD, respectively.

3.3.4.1 Greedy Approach

We have compared our greedy approach to the line labeling procedure. Table 3.2
summarizes the obtained results for the conducted experiments. We observed that
the greedy approach outperforms the currently best known approach based on
extended moving rule as outlined in Table 3.2.

For most of the functions, the greedy approach enables a reduction of T-depth
and NCV-cost. The T-depth can be reduced by 21 % on average, 2 % in the worst
case (4gt11), and 66 % in the best case (3_17), while the reduction of the NCV-cost
with respect to the original benchmarks, reaches 21 % on average.

3.3.4.2 Simulated Annealing Approach

The results from the simulated annealing approach are given in third, fifth, and
sixth columns of Table 3.3. Our proposed second approach leads to significant
reductions on the T-depth and the NCV-cost. Over all circuits, reductions up to
34 % can be obtained on the NCV-cost. Also, it enables further improvements of
the overall T-depth. The T-depth is reduced by 35 % on average, 15 % in the worst
case (pm1), and in the best case (mod5mils) by 85 %.
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As can be clearly observed, the effect of incorporating the simulated annealing
algorithm for reversible circuit optimization is significant. By rearranging the gates
in a random way, further reductions are achieved which confirms the idea outlined
in Sect. 3.3.1. This approach outperforms the greedy approach for most of the
functions. For example, the realization of the function hwb4 is reduced by 8 %
when the greedy approach is applied. Then, an additional 32 % of improvement
is achieved by applying simulated annealing. In general, the simulated annealing
approach leads to additional quantum cost reductions of 14 % on average compared
to realizations optimized with the greedy approach.

Since the positions of gates to be rearranged are selected in a random way,
different results for the same benchmark are obtained each time the simulated
annealing is applied. Table 3.4 shows the NCV-cost and T-depth variation for each
benchmark. For each benchmark, the simulated annealing is applied 100 time.
Table 3.4 displays the lower (Min) and the upper (Max) extremes that an NCV-
cost or a T-depth can take after applying the simulated annealing optimization.
The percent difference is denoted by IVNCV for the NCV-cost and IVTD for the
T-depth. Consider the benchmark mod5mils (originally it has an NCV-cost of 282),
the optimization may results to an NCV-cost that varies between 42 and 132. The
random choice of gates has a big impact on the reduction of the NCV-cost and the
T-depth; the percent difference is 36 % and 37 % on average for the NCV-cost and
the T-depth, respectively.

3.3.4.3 Time Evaluation

The graph in Fig. 3.21 indicates the gate-count on a reversible circuit on the x axis
and the run-time in seconds on the y axis. The white bar graph shows the run-time of
the greedy approach while the dotted bar graph depicts the run-time of the simulated
annealing approach. The run-time of the greedy approach outperforms the run-time
required by the simulated annealing. This is explained by the number of iterations
needed by the latter approach to freeze the temperature.

3.3.4.4 Synthesis Evaluation

To determine the best realization synthesis approach with respect to the NCV-
cost and T-depth, for each benchmark, the corresponding circuits based on the
following two MPMCT based synthesis approaches and two MCT based synthesis
approaches are generated: the QMDD based synthesis approach (QMDD) [131],
the Young subgroups based synthesis approach (YSG) [135]), the Reed-Muller
synthesis approach (RMS) [82]), and the transformation based synthesis approach
(TBS) [88]). Then we optimized the obtained circuits using the simulated annealing
approach.
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Fig. 3.21 Time evaluation

The experimental results are shown graphically in the plots of Fig. 3.22a. The
values of the x-axis and the y-axis (logarithmic scale) denote the benchmark and
the NCV-cost, respectively. Each plot contains four different scenarios: the NCV-
cost of the optimized circuits generated by the QMDD synthesis (dashed-lines bar
graph), the TBS synthesis (white bar graph), the YSG synthesis (dotted bar graph),
and the RMS synthesis (black bar graph). In most of the cases, the optimized circuits
originally synthesized by the RMS approach [82] outperforms the other synthesis
techniques in terms of producing lower NCV-cost. The same observations are found
for the T-depth as shown in Fig. 3.22b.

3.3.4.5 Exact Template Matching

In the following, we compare the template matching approach from Sect. 3.2
and the simulated annealing based approach. The experimental results are shown
graphically in Fig. 3.23b. The values of the x-axis and the y-axis (logarithmic
scale) denote the benchmark and the T-depth, respectively. Each plot contains three
different scenarios: the T-depth of the original quantum circuits (dashed-lines bar
graph), the T-depth of the optimized circuits based on simulated annealing (white
bar graph), and the T-depth of the optimized circuits based on exact template
matching (dotted bar graph). One can observe that the T-depth of the optimized
circuits using exact template matching outperforms the T-depth obtained after
applying simulated annealing. The same analysis are concluded for the NCV-cost
as shown in Fig. 3.23a.
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Fig. 3.22 Quantum cost of optimized circuits obtained from different synthesis approaches.
(a) NCV-cost evaluation. (b) T-depth evaluation
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3.4 Complexity Analysis of Reversible Circuits

To compare the efficiency of different synthesis approaches, it is important to
evaluate the resulting circuits. Depending on the target application, different metrics
are applied to measure the complexity of a given circuit. Among these metrics, we
find the number of gates, the gate delay (depth), and the quantum cost with respect
to used quantum gate libraries. For more details the reader is referred to Sect. 2.7.

In this section, we investigate upper bounds on the number of gates that in general
are needed to implement reversible circuits. This is important as a first approach to
understand the complexity of reversible circuits, but, as mentioned, also to give
an overall quality-measure of the different reversible synthesis methods. Previous
research has investigated this topic based on specific synthesis algorithms and using
a restricted gate library [76, 108]. The exact bounds are known for reversible circuits
with at most four variables [52]. Furthermore, many studies have focused on the
upper bound of the number of elementary quantum gates in reversible circuits [76,
108]. These upper bounds are specific to the special domain of quantum computing.

Our work is an improvement over previous reported upper bounds as well as an
extension of the upper bound to a more general gate library. The improvement is
achieved by combining a synthesis method based on Young subgroups [39] with
decomposition of exclusive sum-of-products (ESOP) expressions into the different
gate libraries [54, 149]. The work has been published in [4].

The following section describes in more depth the general idea, both of how to
find the upper bounds and synthesizing using Young subgroups. In Sect. 3.4.3.1,
the functions decomposition based upper bounds on MPMCT gates are described,
while in Sect. 3.4.3.2, the ESOP expressions based upper bounds on MPMCT gates
are explained and the improvements are discussed in Sect. 3.4.4.1.

3.4.1 Complexity of Single-Target Circuits

In this section we review the size of reversible circuits based on single-target gates
Given an n-variable reversible function f .x1; : : : ; xn/ 2 Bn;n We may decompose

f into three n-variable reversible functions

f D g1 ı f 0 ı g2 (3.7)

such that g1 D Tl.C; i/ and g2 D Tr.C; i/ are single-target gates with target line
i and control functions l, r over the variable set C D x n xi, while f 0 is a function
that does not change in line i; in other words f 0i .x/ D xi. Such a decomposition can
always be found for all 1 
 i 
 n [39].

A synthesis algorithm can readily be derived by recursively applying the
decomposition to all variables. Eventually f 0 will be the identity function and the last
two single-target gates g1 and g2 collapse to one gate Tl˚r.X; i/. This immediately
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implies a linear upper bound for single-target gates: each n-variable reversible
function f can be realized with at most

ucST.n/ D 2n � 1 (3.8)

single-target gates [134]. If the decomposition is applied to all lines in numerical
order, the resulting circuit is called a V-shape

x1 y1
x2 y2. .
. .. .

xn yn

g 1

g 2
n−

1

g 2

g 2
n−

2

g n· · · · · ·

··· · · ·

referring to the distribution of the target lines. A more detailed description of the
algorithm can be found in [39].

The above synthesis approach, called the Young subgroup synthesis, was ini-
tially proposed in [39], then later re-implemented based on binary decisions
diagrams (BDD) and presented in [135].

Example 3.14. Figure 3.24 shows an example application of the synthesis algo-
rithm. First, the columns x2, x3, and f2, f3 are copied to the second and the fifth block
of the extended truth table, respectively (the values are underlined). Afterwards, the
columns x01 and f 01 are filled in a way such that they have the same values column-
wise by still ensuring reversibility. This is, e.g., done by filling x01 with a 0 in the
first row. To ensure reversibility in the fifth row a 1 is inserted since x2 and x3 have
the same value. After that, the same value of x01 is copied as a value to f 01 in the
same row. Again, to ensure reversibility f 01 is assigned 0 in row 6. This process is
repeated until all values of x01 and f 01 have been assigned. Thereafter, the same step
is performed for the second column on both sides of the extended truth table. Note
that afterwards both middle blocks are equal except for the last column. After the
extended truth table has been filled the control functions for the gates can be read.
As an example, the first column in the second block changes whenever Nx2x3 or x2 Nx3
holds, hence the control function is x2 ˚ x3.

3.4.2 Complexity of MPMCT Circuits

This section first gives upper bounds for the realization of single-target gates in
terms of MPMCT gates and then gives upper bounds for reversible circuits in
general.

To the best of our knowledge, no works thus far have studied the upper bound
on the number of MPMCT gates in reversible circuits and compared them to upper
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Fig. 3.24 Synthesis based on Young subgroups

bounds for MCT circuits. However, due to the incorporation of negative control
lines in recent synthesis (e.g., [131]) and optimization approaches (e.g., [127]) this
consideration becomes important.

3.4.3 Upper Bounds for Single-Target Gates

In the following sections, we describe different techniques to obtain us.n/ with
respect to the MCT and MPMCT gate libraries.

3.4.3.1 Upper Bound Based on Function Decomposition

First, we present a method to obtain upper bounds based on exact synthesis
techniques [54, 149] which guarantee a minimal circuit representation combined
with function decomposition.

Theorem 3.1. An n-bit single-target gate can be realized with at most

us.n/ D 3 � 2n�3 � 2 (3.9)

MCT gates, if n � 5.

Proof. The proof is obtained by induction on n. For the base case let n D 5.
Using exhaustive search we enumerated all 65,536 Boolean functions that can
be represented by a 5-bit single-target gate and for each one we obtain the
minimal circuit using an exact synthesis approach [54]. The largest circuit required
10 D 3 � 25�3 � 2 MCT gates.
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Fig. 3.25 Single-target gate
decomposition. (a) MPMCT
case. (b) MCT case
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For the induction step, we assume that the result holds for n variables and con-
sider a single-target gate using nC 1 lines. By applying the Shannon decomposition
the control gate can be decomposed into two n-bit single-target gates and two NOT
gates (see Fig. 3.25). According to the inductive hypothesis, the single-target gates
in that circuit can be realized with at most 3 � 2n�3 � 2 gates. Hence, the single-target
gate on nC 1 lines requires

2 � .3 � 2n�3 � 2/C 2 D 3 � 2.nC1/�3 � 2

gates. �

Theorem 3.2. An n-bit single-target gate can be realized with at most

us.n/ D 3 � 2n�4 (3.10)

MPMCT gates, if n � 5.

Proof. We use the same proof as for Theorem 3.1. In the base case we used an
exact synthesis approach that also considered negative control lines [149], and
obtained 6 D 3 � 25�4 gates for the largest minimal circuit.

In the induction step we used the Shannon decomposition but the circuit
construction without the additional two NOT gates (see Fig. 3.25) resulting in

2 � .3 � 2n�4/ D 3 � 2.nC1/�4

gates. �

3.4.3.2 Upper Bound Based on ESOP Expressions

Tighter upper bounds for reversible circuits can also be obtained by combining the
synthesis approach outlined in Sect. 3.4.1 using upper bounds for the size of ESOP
expressions.
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Table 3.5 Summary of
upper bounds for realizing a
single-target gate

Single-target gate
Method MCT MPMCT

Decomposition 3 � 2n�3 � 2 3 � 2n�4

ESOP expressions 2n�1 29 � 2n�8

Existing bound n2n

2n�1
[76] N/A

Theorem 3.3. An n-bit single-target gate can be realized with at most

us.n/ D 2n�1 (3.11)

MCT gates.

Proof. This follows from the PPRM representation, which is canonical for a given
function when disregarding the order of product terms. Hence, there exists a control
function g 2 Bn�1 which PPRM expression consists of all 2n�1 product terms. �

Theorem 3.4. An n-bit single-target gate can be realized with at most

us.n/ D 29 � 2n�8 (3.12)

MPMCT gates, if n � 8.

Proof. The best known upper bound on the number of product terms in a minimum
ESOP form for an n-variables Boolean function is

29 � 2n�7 with n � 7: (3.13)

This upper bound was presented in [50]. Hence, the ESOP expression of the control
function g 2 Bn�1 consists of at most 29 � 2n�8 product terms. �

Table 3.5 summarizes the proposed upper bounds to represent a single-target gate
using Toffoli gates in the MCT and MPMCT gate libraries.

3.4.4 Upper Bounds for Reversible Circuits

Using the complexity of a single-target gate (see previous section), a better upper
bound is derived for MPMCT circuits.

Theorem 3.5. Any reversible function over n variable can be implemented with at
most, if n � 8

ucMPMCT.n/ 
 29.2n � 1/ � 2n�8 (3.14)

MPMCT gates.



88 3 Optimizations and Complexity Analysis on the Reversible Level

Table 3.6 Summary of upper bounds for representing a reversible
function

Reversible circuit
Method MCT MPMCT

Decomposition 3n2n�2 � 4n� 3 � 2n�3 C 2 3n2n�3 � 3 � 2n�4

ESOP expressions n2n � 2n�1 29n2n�7 � 29 � 2n�8

Existing bound n2n [76] N/A

Table 3.7 Upper bounds on number of gates in a reversible circuit

Number of variables
Upper bound 2 3 4 5 6 7 8 9 10 Impr. (%)

Existing 8 24 64 160 384 896 2048 4608 10,240

ESOP (MCT) 6 20 56 144 352 832 1920 4352 9728 11

Decomposition (MCT) 6 20 42 90 242 598 1410 3230 7258 31

Decomposition (MPMCT) 3 10 21 54 132 312 720 1632 3648 64

ESOP (MPMCT) 3 10 21 54 99 208 435 986 2204 71

Proof. Since each reversible function of n variables can be realized as a circuit
consisting of 2n � 1 single-target gates based on the Young subgroup synthesis
approach, any MPMCT circuit can be synthesized in

.2n � 1/ � us.n/ (3.15)

where us.n/ is the largest number of Toffoli gates required to represent a single-
target gate. The best upper bound for single-target gate is 29 � 2n�8. Hence the upper
bound of MPMCT circuits is 29.2n � 1/ � 2n�8. �

Based on the different upper bounds of a single-target gate, Table 3.6 summarizes
the tighter upper bounds to represent a reversible circuit using Toffoli gates in the
MCT and MPMCT gate libraries.

3.4.4.1 Analysis

To get a better intuition how the new bounds compare to the existing one, we listed
their absolute values for up to 10 variables in Table 3.7. The first row gives the
number of lines in the reversible circuits. In the next rows, the obtained results
for the existing upper bound and the proposed upper bounds are presented. For
the proposed approaches the average improvement compared to the existing upper
bound is given in the last column.

The upper bound for the MCT gates obtained by function decomposition shows
better improvements compared to the MCT gate upper bound derived using ESOP
minimization. Exploiting the exact synthesis approach in the calculation of the MCT
upper bound enables further improvements, which reach 31 % on average.
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On the other hand, results clearly confirm that the ESOP minimization based
upper bound on the number of MPMCT gates is better than the upper bound
obtained by the approach using function decomposition.

By applying the ESOP based upper bound, an average improvement of 71 %
can be obtained compared to the best known upper bound. Furthermore, there is
an additional improvement of 31 % in comparison with the best MCT gates upper
bound.

For the best upper bound, the overall improvement is

1 � .2n � 1/ � 29 � 2n�8

n2n
D 1 � 29

128
C 29

n28
> 1 � 29

128
� 77%: (3.16)

The overall improvement can be calculated in the same way for the remaining
bounds as well.

3.5 Summary

In this chapter, we gave a new search method for applying templates in the template
matching algorithm. Instead of using heuristics for matching gates, the problem
is encoded into an instance of Boolean satisfiability and therefore an exhaustive
examination of the search space is ensured. The proposed approach ensures that
these subcircuits are always found if they exist. Experimental results demonstrate
that template matching yields smaller circuits when applying the new method for
a subcircuit determination. The outlined approach leads to improvements of 19 %
on average in terms of quantum cost compared to the heuristic template matching
approach. However, this approach is feasible only for small circuits because the
response time grows excessively fast according to the number of gates.

Then, we introduced optimization approaches that are scalable with large
reversible circuits based on rewriting rules. We presented two different strategies:
a greedy approach and a simulated annealing approach. The proposed algorithms
achieve significant reductions (with respect to the NCV-cost and T-depth), specially
when simulated annealing is considered. Experimental results show that the given
approaches enable reductions of the quantum costs by up to 17 % on average
compared to the currently known techniques.

Finally, we studied the complexity of reversible circuits and gave better upper
bounds for MCT as well as MPMCT based reversible circuits compared to the
known bounds given in [76]. Based on the Young subgroups synthesis approach,
we demonstrated that a reversible function of n variables can be implemented with
at most 3n2n�3 � 3 � 2n�4 MPMCT gates.



Chapter 4
Optimization and Complexity Analysis
on the Mapping Level

The common gate library for the synthesis of reversible circuits consists of mixed-
polarity multiple-control Toffoli gates or single target gates. Such gates offer a
convenient representation to model the functionality of a reversible circuit but are
not universal for quantum operations. Many aspects, particularly those considering
fault tolerance and error correction properties, cannot be considered effectively
at this abstraction level. Consequently, after deriving and optimizing a reversible
circuit for a given function as it is explained in the previous chapter, the next
step consists of mapping the circuit into a quantum circuit. For this purpose, the
following steps are usually applied: (1) Performing circuit transformation such that
the circuit consists only of NCT gates. (2) Mapping each 2-control Toffoli gate to an
optimum quantum circuit composed of gates from a given library. Many algorithms
have been proposed to accomplish the first step, i.e., to map an MPMCT circuit to
an NCT circuit. In the following section we review the different mapping strategies
for MPMCT or ST based circuits. Then, in Sect. 4.2 we introduce an enhanced
mapping approach for the ST based circuits. Later, in Sect. 4.3 we propose an
efficient mapping methodology targeting the Clifford C T library based circuits
in order to minimize their T-depth. Finally, we study the complexity of mapped
circuits, i.e., reversible circuits based on the NCT gate library in Sect. 4.4.

4.1 Related Work

In the following, we review the different mapping strategies used to decompose
MCT and MPMCT circuits. Then, we briefly summarize the existing work on the
complexity of NCT circuits.

© Springer International Publishing Switzerland 2016
N. Abdessaied, R. Drechsler, Reversible and Quantum Circuits,
DOI 10.1007/978-3-319-31937-7_4
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Fig. 4.1 Quantum mapping of a Toffoli gate. (a) Toffoli gate. (b) NCV circuit. (c) CliffordC T
circuit

Fig. 4.2 Mapping an MCT
gate using the Barenco
et al. (Lemma 7.2).
(a) 4-control gate. (b)
Barenco et al. (Lemma 7.2)
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4.1.1 Mapping Approaches

Different mapping techniques have been introduced to transform an MPMCT gate
into an NCT circuit. The complexity of the resulting circuit depends mainly on the
number of used ancillas. Free ancilla mapping algorithms are either exponential
[15, Lemma 7.1] or polynomial [138], whereas mapping approaches using addi-
tional ancillas produce, for a given MPMCT gate, a linear complexity NCT
circuit [15, 91, 98]. In the following, we review the proposed mapping algorithms
that transform an MPMCT gate into an NCT circuit consisting of a linear number
of gates.

4.1.1.1 Barenco et al. Mapping

Barenco et al. Lemma 7.2 According to [15], a c-control MCT gate with c � 2
available ancillae can be mapped directly to an NCT circuit that consists of

4.c � 2/ (4.1)

2-control Toffoli gates. Since each Toffoli gate has an NCV-cost of 5 and a T-depth
of 3 as shown in Fig. 4.1, the obtained NCT circuit has an NCV-cost of

20.c � 2/ (4.2)
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and a T-depth of

12.c � 2/: (4.3)

Example 4.1. Figure 4.2b illustrates resulting circuit after mapping a 4-control
MCT gate using Lemma 7.2 since it has two additional helper lines. The circuit
comprises 4.4 � 2/ D 8 2-control Toffoli gates. The resulting circuit has an NCV-
cost of 5 � 8 D 40, and a T-depth of 3 � 8 D 24.

In [75], Maslov and Dueck have optimized the above algorithm to reduce the
NCV-cost of NCV based circuits. Each Toffoli gate is replaced by a Peres gate

P

= =
V V V†

(4.4)

or its inverse

P†

= =
V V† V†

(4.5)

Both gates use four NCV gates instead of 5, as it is depicted above. The mapping
algorithm explained above is then further optimized by removing the first V gate
from each Peres gate and the last V� gate from each inverse Peres gate using the
moving and reduction rules defined in [83]. Therefore, each Peres or its inverse gate
is replaced by the ˛P gate

aP
=

V V†

(4.6)

where the inverse of the ˛P gate is the same as the ˛P gate. Note that the two upper
“points” of the circuit are left as Peres gates since they cannot be further optimized.
To summarize, according to Maslov and Dueck, each Toffoli gate resulting from the
mapping algorithm based on Lemma 7.2 is mapped to ˛P gates except two of them
are mapped to Peres gates. Hence, the resulting circuit has an NCV-cost of

12.c � 2/C 2: (4.7)

Example 4.2. The circuit depicted in Fig. 4.3b presents the original transformation
for the 4-control gate with 2 ancillae while the circuit depicted in Fig. 4.3c is the
mapped circuit with respect to the mapping such that each Toffoli gate is replaced
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Fig. 4.3 NCV-cost optimized Barenco et al. (Lemma 7.2) mapping. (a) 4-control gate. (b) Barenco
et al. (Lemma 7.2). (c) Toffoli gates replacement. (d) Optimized mapping regarding the NCV-cost

by either a Peres gate, its inverse (in grey rectangle) or an ˛P gate. The circuit has
an NCV-cost of 12.4� 2/C 2 D 26 instead of 40 when no optimization is applied.

This approach is also valid for MPMCT gates. In [83], the authors proved that an
MPMCT gate with some but not all negative controls can be implemented with the
same NCV-cost as an MCT gate with the same number of controls.

Barenco et al. Lemma 7.3 According to [15], an MPMCT gate T.C; t/ with jCj �
3 is mapped to the following 4 gates circuit:

T.C1; a1/ ı T.C2 [ fa1g; t/ ı T.C1; a1/ ı T.C2 [ fa1g; t/ (4.8)

where C D C1 [ C2, C1 \ C2 D ;, jC1j D d jCj2 e, and jC2j D jCj � jC1j.
The resulting circuit consists of two identical gates with jC1j controls and two

other identical gates with jC2j controls, such that each of them is placed alternately.
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Fig. 4.4 Mapping an MCT gate using the Barenco et al. (Lemma 7.3). (a) 7-control gate.
(b) Barenco et al. (Lemma 7.3). (c) Final mapping based on Barenco et al. mapping

If no free line is available, an additional line must be added to the circuit. Note that
the circuit restores the value on a1 and therefore it can be reused for all gates. The
ancilla line a1 can neither be in C nor can it be t.

Example 4.3. Figure 4.4a shows a 7-control MCT gate. Applying Lemma 7.3
mapping algorithm results in the circuit depicted in Fig. 4.4b. Note that a1 is
considered as the helper line, jC1j D d 72e D 4, and jC2j D 7 � jC1j D 3.

The Barenco et al. (Lemma 7.2) algorithm can be applied as a second step to map
each of the four gates obtained from the Barenco et al. (Lemma 7.3) algorithm as
explained above. The final circuit consists of

8.c � 3/ (4.9)

2-control Toffoli gates, an NCV-cost of

24.c � 3/C 8 (4.10)

and a T-depth of

24.c � 3/: (4.11)
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Fig. 4.5 Mapping an MCT gate using the Nielsen and Chuang mapping. (a) 7-control gate.
(b) Nielsen and Chuang mapping. (c) Final mapping based on Nielsen and Chuang mapping

In the rest of this book, we denote the one ancilla mapping algorithms (Lemma 7.3)
and (Lemma 7.2) proposed by Barenco et al. by B1 and B2, respectively.

Example 4.4. The four obtained gates after mapping the 7-control gate using the
B1 mapping shown in Fig. 4.4b have enough ancillae to apply the B2 mapping.
Therefore, each of them is mapped to a Toffoli circuit. The final circuit is given in
Fig. 4.4c and it consists of 8.7 � 3/ D 32 Toffoli gates. The resulting circuit has an
NCV-cost of 5 � 32 D 160 and a T-depth of 3 � 32 D 96.

4.1.1.2 Nielsen and Chuang Mapping

According to Nielsen and Chuang [98], if the ancilla line in the previous transforma-
tion is assigned to the 0 state, the fourth gate in (4.8) can be omitted. This approach
leads to circuits with cheaper quantum cost, however, if there is no free line set to
the 0 state, an additional line is required. The Nielsen and Chuang mapping results
in an NCT circuit that consists of the following number of 2-control Toffoli gates

6.c � 3/; (4.12)
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an NCV-cost of

18.c � 3/C 6; (4.13)

and a T-depth of

18.c � 3/: (4.14)

In the remainder of this book, we denote the one ancilla mapping algorithms
proposed by Nielsen and Chuang with NC.

Example 4.5. Figure 4.5b shows the resulting circuit after applying the NC transfor-
mation to the 7-control MCT gate depicted in Fig. 4.5a. Each of the resulting three
MCT gates could be mapped using the B2 algorithm. The final result is depicted in
Fig. 4.5c. Using an ancilla line set to 0 leads to a circuit with 6 � .7�3/ D 24 Toffoli
gates, an NCV-cost of 5 � 24 D 120, and a T-depth of 3 � 24 D 72. For the same
MCT gate, it is obvious that using an arbitrary valued ancilla in the B1 mapping
produces an NCT circuit with larger number of Toffoli gates and hence results in an
expensive quantum cost.

4.1.1.3 Miller et al. Mapping

Miller et al. [91] have proven that an MPMCT gate can be mapped directly to a
quantum circuit by making use of V gates. In particular, a Toffoli gate T.C; t/ may
be mapped to the following circuit:

V.a1; t/ ı T.C1; a1/ ı V�.a1; t/ ı T.C2; a1/ ı V.a1; t/ ı T.C1; a1/

ı V�.a1; t/ ı T.C2; a1/ (4.15)

In this case, the control set C2 has one fewer line, at the expense of 4-control V=V�

gates. An ancilla is required, but similar to the Barenco et al. approach any free line
may be used rather than a new one set to the 0 state. A c-control MPMCT gate can
be realized, if c � 5, with at most

8.c � 3/ (4.16)

Toffoli gates. In addition, four NCV gates are required. Thus the obtained circuit, if
the B2 is applied as a second step, has an NCV-cost of

24.c � 4/C 12 (4.17)

and a T-depth of

24.c � 4/: (4.18)
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Fig. 4.6 Mapping an MPMCT gate using the Miller et al. mapping. (a) 7-control gate. (b) Miller
et al. mapping. (c) Final mapping based on Miller et al. mapping

Table 4.1 Number of NCT gates and quantum cost of a c-control MPMCT gate

Mapping Ancillae NCT NCV-cost T-depth

Barenco et al. (Lemma 7.2) [15, 83] c� 2 4.c� 2/C 4 12.c� 2/C 2 12.c� 2/
Barenco et al. (Lemma 7.3) [15] 1 8.c� 3/C 4 24.c� 3/C 8 24.c� 3/
Nielsen et al. [98] 1a 6.c� 3/C 4 18.c� 3/C 6 18.c� 3/
Miller et al. [91] 1 8.c� 4/C 8 24.c� 4/C 12 24.c� 4/C 8

aThe ancilla is initialized to 0

In the remainder of this book, we denote the one ancilla mapping algorithms
proposed by Miller et al. with MI.

Example 4.6. An example of the MI transformation is illustrated in Fig. 4.6b. The
obtained circuit consists of 8.7 � 4/ D 24 Toffoli gates, and it has an NCV-cost of
40.7 � 4/C 4 D 124 and a T-depth of 24.7 � 4/C 8 D 80.

Table 4.1 summarizes the number of NCT gates, the NCV-cost, and the T-depth
for the B1, NC, and, MI when they are applied to a c-control MPMCT gate with
c � 5. In particular, for the one ancilla mappings, these metrics are calculated taking
into account that the B2 is considered as a second step in the mapping of MPMCT
gates. Note that the mapping of a c-control MPMCT gate with all negative controls
and .c � 2/ ancillae will require only 2 additional NOT gates. Furthermore, the
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Fig. 4.7 Mapping of multiple targets gate. (a) MCT gates with common controls. (b) Multiple
target gate. (c) New mapping

mapping of a c-control MPMCT gate with all negative controls will require 8, 6,
and 8 additional NOT gates using the B1 algorithm, the NC algorithm, and the MI
algorithm, respectively.

4.1.1.4 Miscellaneous

It has been shown in [80, 150] that the implementation of k c-control MCT gates
with common controls can be done with an NCV-cost of

2.k � 1/C 24.c � 3/C 8 (4.19)

and a T-depth of

24.c � 3/: (4.20)

Note that the cost is derived from the B1 mapping algorithm. In fact, a circuit of
MPMCT gates with the same controls (Fig. 4.7a) can be presented by only one gate
known as multiple target gate (Fig. 4.7b). To implement this circuit, we need .2k�2/
CNOTs and one MPMCT gate with c-control. Therefore, the NCV-cost is 2k � 2C
24.c � 3/C 8 D 2kC 24.c � 3/ instead of k.24.c � 3/C 8/.

Sasanain et al. [86, 110, 112] proposed techniques to reduce the NCV-cost of
the MI mapping strategy by rearranging the variables of C1 and C2 and performing
post-mapping optimizations.
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4.1.2 Complexity of NCT Circuits

The synthesis algorithm presented by Shende et al. in [122] provides a constructive
upper bound such that a reversible function over n variables can be realized with at
most

cNCTB1.n/ 
 9n2n C o.n2n/ (4.21)

NCT gates.
A stronger upper bound can be found using the transformation based synthesis

algorithm. In [76], it has been proven that an n-variable reversible function can be
realized with at most

cNCTB1.n/ 
 5n2n C o.n2n/ (4.22)

NCT gates when the B1 mapping is applied.

4.2 Improving the Mapping of Single-Target Gates

Albeit providing a high-level representation for reversible circuits, the lower bound
of the size of a reversible circuit consisting of Toffoli gates is exponential as we
have seen in the last chapter. In other words, for every number of variables there
exists a reversible function for which the size of the minimal circuit is exponential.
In order to avoid this complexity when addressing large reversible functions and
circuits, recently single-target gates are considered as a representation for reversible
circuits because of their linear complexity as shown in [39]. Besides that, synthesis
approaches presented in [39, 135] are based on this gate representation. However, for
technology mapping into quantum circuits, so far single-target gates are mapped into
circuits of Toffoli gates which are then independently mapped using the Barenco
et al. mapping described in Sect. 4.1.1.

In the following, we describe a new mapping flow for determining quantum gate
realizations for single-target gates. Since each single-target gate contains a Boolean
control function, our method attempts to break large single-target gate into smaller
ones using additional lines. As shown by our experimental evaluations, working on
the higher level abstraction allows significant cost reductions. In the best case, we
were able to reduce the costs of the quantum circuit by 75 % and in the average
by about 20 % for both the NCV and the CliffordC T gate libraries. The mapping
method has been published in [5].
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4.2.1 Motivation

So far, there is no mapping approach into quantum circuits that directly targets the
single-target gates as it is done for the MCT or MPMCT gates. To map single-target
gates, we aim at decomposing them into MPMCT gates so that we can afterwards
map each obtained MPMCT gate using the approach explained above.

The mapping of a single-target gate to an MPMCT circuit is so far done by
computing the ESOP expression of its controlling function, then each cube in the
obtained expression is represented by an MPMCT gate as outlined in Fig. 4.8a.

Many Boolean decompositions, that have been summarized in Sect. 2.2, show
their efficiency [94] in reducing the complexity of a Boolean function of n variables
by decomposing it to simpler Boolean functions of less than n variables. Motivated
by this, we aim at studying the impact of applying different kinds of Boolean
decomposition while mapping single-target gates to MPMCT gates. Unlike the
standard mapping, before determining the ESOP expression of the controlling
function, we simplify such function using the Boolean decomposition, e.g., bi-
decomposition, Ashenhurst, and Curtis decomposition, etc. Our new mapping flow
for single-target gate based circuits is sketched in Fig. 4.8b. First, the ST gate is
split to three simpler ST gates by decomposing its controlling function f to simpler
sub-functions g1, g2, and g3 using the Boolean decomposition. Then, each ST gate
is transformed to an MPMCT subcircuit by determining the ESOP expression of its
controlling function and substituting each cube with an MPMCT gate. Finally each
MPMCT gate is mapped into an NCT circuit using the Barenco et al. algorithm
reviewed in Sect. 4.1. Note that, in this example we used two ancilla set to 0 to
compute the ST gates with the controlling functions g1 and g2, respectively. To
restore the initial value of each ancilla, we reapply the two gates.

4.2.2 Mapping of Single-Target Gates

This section describes how Boolean decomposition can be applied to map reversible
circuits composed of single-target gates into quantum circuits. Only the Young
subgroup synthesis, for both the truth table based variant [39] and the BDD-based
variant [135], makes use of single-target gates. However, due to the complexity of
reversible circuits based on Toffoli gates (see, e.g., [4]) single-target gates are a
preferable choice especially for large circuits.

Figure 4.9 shows how the functional decomposition of a single-target gate’s
control function can be used to generate less complex circuits. In the following
we assume that the control function of the single-target gate that should be mapped
depends on the variables x1; : : : ; xn�1.

Figure 4.9a shows the mapping approach for a disjoint Ashenhurst-Curtis
decomposition. The variables are partitioned into four sets of variables represented
as X1, X2, X3, and X4. First, the inner functions g1, g2, and g3 are computed
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Fig. 4.8 Mapping flows for single-target gate based circuits. (a) Mapping flow for a single-target
gate. (b) Proposed mapping flow for a single-target gate
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Fig. 4.9 Different types of decomposition. (a) Ashenhurst-Curtis. (b) MUX. (c) AND (^). (d) OR
(_). (e) XOR (˚). (f) XNOR ($)

and each of their results is stored on an additional ancilla that is initialized
with a constant 0 value. Having the resulting values on these lines the outer
function can be computed and afterwards the constant values on the ancillae are
restored by reapplying the inner functions. Also, a decomposition based on the
MUX operation can be analogously performed by using 3 ancillae set to 0 (see
Fig. 4.9b). Figure 4.9c, d show non-disjoint bi-decomposition based on the AND

and OR operation, respectively. The sub-function f depends on variables in X1 and
X2 and the sub-function g depends on variables in X2 and X3. As can be seen,
the construction follows the representation of the Ashenhurst-Curtis decomposition
shown in Fig. 4.9a. Whether a decomposition is disjoint or non-disjoint does not
have an effect on the circuit construction but only on the size of the single-target
gates in terms of their support.
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Using bi-decomposition based in the XOR and XNOR operator, one can update
the target line directly as can be seen in Fig. 4.9e, f.

Algorithm 3 describes the Boolean decomposition of each single-target gate in a
reversible circuit. First, 3 ancillae are added to the circuit (lines 3–6). Afterward, for
each ST gate, the algorithm attempts to break it into smaller ST gates (lines 12). If
a decomposition is found, then the ST gate is replaced with the new subcircuit that
contains the smaller ST gates depending on the type of the retrieved decomposition
(lines 15–37). After this step, each obtained ST gate is mapped to an MPMCT
circuit. Finally, the resulting circuit is mapped to a quantum circuit using one of
the mapping approaches defined in Sect. 4.1.

The remainder of this section discusses an example application of the approach
illustrated in Fig. 4.10. The starting point is a single-target gate that is controlled by
the control function

f .x1; x2; x3; x4/ D Nx1 Nx2 Nx3 Nx4 _ Nx1x2 Nx3x4 _ x1 Nx2x3 Nx4 _ x1x2x3x4

as also illustrated in its specification.
Decomposing the single-target gate using the standard mapping requires finding

an ESOP representation of the function. One can obtain a smaller one in terms of
literals by applying the exorcism [93] ESOP minimization tool. The resulting Toffoli
gate circuit is depicted in the upper box of Fig. 4.10. The circuit consists of 4 Toffoli
gates each having two controls. Mapping it into quantum circuits using the algorithm
presented in [15] gives quantum costs of 21 for the NCV gate library and a T-depth
of 12 when using the CliffordCT gate library. Each Toffoli gate has a T-depth of 3.

Applying our proposed flow, we will first find a disjoint bi-decomposition

f .x1; x2; x3; x4/ D g.x1; x3/ ^ h.x2; x4/

with g.x1; x3/ D Nx1 Nx3 ˚ x1x3 and h.x2; x4/ D Nx2 Nx4 ˚ x2x4. Next, each of the result-
ing single-target gates controlled by g and h is mapped to Toffoli circuits as it is
shown in the reversible circuit depicted in Fig. 4.10b. Each ST gate has two Toffoli
gates with only one control while the last gate computes the AND of both sub-
functions using a Toffoli gate with two controls. Finally, the resulting reversible
circuit is mapped to a quantum circuit with the same algorithm used in the standard
flow. The number of NCV gates of the resulting circuit is 13 (compared to 21) and
the T-depth is 3 (compared to 12).

4.2.3 Experimental Evaluation

In order to confirm the benefits of incorporating the Boolean decomposition
technique into the mapping flow of reversible circuits to quantum circuits described
in Sect. 4.2.2, we have implemented the proposed idea in the open source toolkit
RevKit [129]. The starting point is reversible circuits obtained from applying
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Algorithm 3: Boolean decomposition of an ST circuit
Input: Reversible ST circuit G
Output: Reversible ST circuit G0

1 k Size(G)
2 i 0

// Adding 3 ancillas set to 0 to the new circuit G0

3 while i � 3 do
4 addAncilla.ai;G0/

5 i iC 1
6 end
7 i 0

8 while i < k do // Terminate?
9 g Gate(G, i)

10 t target(g)// the target of the ST gate
11 type �1 // the type of the decomposition

// find a decomposition for the controlling function of g.
If found, G" will contain the small ST gates

12 G" BooleanDecompostion(g, type)
13 g1 Gate(G", 1)
14 g2 Gate(G", 2)
15 if type D AND then

// g3 implements the AND operation
16 g3 T.fa1; a2g; t/
17 G0  G0 ı g1 ı g2 ı g3

// restore the value of the ancillas a1 and a2
18 G0  G0 ı g1 ı g2
19 else if type D OR then

// g3 implements the OR operation
20 g3 T.fa1; a2g; t/
21 G0  G0 ı g1 ı g2 ı g3

// restore the value of the ancillas a1 and a2
22 G0  G0 ı g1 ı g2
23 else if type D XOR then
24 G0  G0 ı g1 ı g2
25 else if type D XNOR then

// g3 implements the NOT operation
26 g3 T.;; t/
27 G0  G0 ı g1 ı g2 ı g3
28 else if type D MUX then
29 g3 Gate(G", 3)

// g4 implements the MUXER operation
30 g4 T.fa1; a2g; t/˚ T.fNa1; a3g; t/
31 G0  G0 ı g1 ı g2 ı g3

// restore the value of the ancillas a1 and a2
32 G0  G0 ı g1 ı g2
33 else // the controlling function of the ST gate g could not

be decomposed
34 G0  G0 ı g
35 end
36 i iC 1
37 end



106 4 Optimization and Complexity Analysis on the Mapping Level

.i 4

.o 1
0000 1
0101 1
1010 1
1111 1
.e

x1
x2
x3
x4
t

x1
x2
x3
x4
t⊕ f

f

STG gate

ESOP of f
x1 x1
x2 x2
x3 x3
x4 x4

t t

Toffoli sub-circuit

x1 x1
x2 x2
x3 x3
x4 x4

t t

NCV-cost
20

T -depth
12

Quantum sub-circuit

MPMCT
mapping

Barenco et al.
mapping

.i 4

.o 1
0000 1
0101 1
1010 1
1111 1
.e

x1
x2
x3
x4
t

x1
x2
x3
x4
t⊕ f

f

STG gate

ESOP of f
X1 g g X1

X2 h h X2

t t

0

0

STG sub-circuit
x1 x1
x2 x2
x3 x3
x4 x4

t t

0

0

Toffoli sub-circuit

x1 x1
x2 x2
x3 x3
x4 x4
t t
0
0

NCV-cost
13

T -depth
3

Quantum sub-circuit

.i 2

.o 1
00 1
11 1
.e

ESOP of h and g

MPMCT
map.

Barenco et al.
mapping

Boolean
decomp.

a

b

Fig. 4.10 Example of mapping a single-target gate. (a) Mapping example using the classical
mapping flow. (b) Mapping example using the new mapping flow

the BDD-based version of the Young subgroup synthesis [135], which creates
reversible circuits composed of single-target gates. We used the BDS-PGA tool [142]
to decompose each control function of a single-target gate to smaller ones. We
restricted the decomposition of each single-target gate to at most three smaller
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single-target gates in order to limit the use of additional lines to at most 3. To map the
resulting smaller gates into circuits of Toffoli gates we used the ESOP minimization
algorithm implemented in EXORCISM [93]. Finally, we applied the Barenco et al.
mapping algorithm explained in [15].

4.2.3.1 Quantum Cost Evaluation

Experimental results are shown in Fig. 4.11a. In the graph, the NCV-cost obtained
after applying the classical mapping is shown in white bar graph and the NCV-cost
derived from the mapping algorithm based on Boolean decomposition is outlined
in dotted bar graph. One can clearly see the efficiency of our new mapping approach
on reducing the quantum cost. The same observation can be made for the T-depth
depicted in Fig. 4.11b.

Detailed results are reported in Table 4.2. All benchmarks, names, and original
lines are listed in the first and second columns, respectively. Then, the number of
lines (L), the number of gates (GC), the NCV-cost (NCV), the T-depth (TD), and the
required run-times in seconds (Time) are provided for the synthesized circuits based
on standard mapping and the synthesized circuits based on Boolean decomposition
are explained in Sect. 4.2.2.

We provide absolute and relative improvement in the last two columns for
quantum costs in terms of the NCV and the CliffordC T gate libraries. The NCV-
cost improvement of the circuits obtained by the proposed technique with respect
to the realized circuits without taking into account the Boolean decomposition
is given in the columns denoted by INCV. The procedure presented above yields
circuits with lower NCV-cost comparing to circuits obtained by standard mapping.
Table 4.2 shows an improvement percentage in terms of NCV-cost by approx. 20 %
on average, 9 % in the worst case (bw), and in the best case (cycle2) by 48 %.

The T-depth cost reductions and its relative improvement are provided in the
columns denoted by ITD. Also for this gate library, realizations with fewer T-depth
are achieved by applying our technique. The T-depth is reduced by 24 % on average,
9 % in the worst case (bw), and in the best case (mod5d1, and mod5d2) by 75 %.

4.2.3.2 Time Evaluation

Figure 4.12 sketches the run-time required by the classical mapping algorithm
(white bar graph) and its equivalent required by the Boolean decomposition based
mapping (dotted bar graph). The benchmarks are sorted in an increasing order with
respect to the quantum cost (NCV-cost and T-depth) (see Table 4.2 to read the
corresponding metrics for each benchmark). The run-time for both approaches is
correlated with the quantum cost. Furthermore, although the Boolean decomposition
based mapping run-time is higher than the one required by the classical mapping
approach, the difference is not too large.
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Fig. 4.12 Time evaluation

4.2.4 Remarks and Observations

Applying the BDS-PGA tool [142] to find a decomposition for an ST gate control
function, it first searches for an algebraic decomposition and only looks for a
Boolean decomposition if the first attempt is not successful. This process is
performed recursively for each resulting sub-function until Boolean functions with
at most two inputs are reached. We modified the tool such that recursion stops after
maximum three decomposition in order to keep a reasonable number of additional
lines.

We refer to the common set as the intersection of the bound set and free
set in Ashenhurst-Curtis decomposition and as the intersection of supports in bi-
decomposition. We have observed that for large common sets the results of the
standard mapping approach outperform our approach. To ensure good results, we
only decomposed functions with a small common set. We also noticed that bi-
decomposition based on XOR and XNOR is less effective compared to the standard
mapping since EXORCISM finds efficient ESOP representations. Consequently, we
adapted the BDS-PGA tool such that it does not try to find bi-decomposition based
on XOR or XNOR.

Finally, factorization with respect to a single variable cannot usually improve the
overall result since the incorporation of the variable on the ancilla does not minimize
the functional support. We have therefore turned off this option in the BDS-PGA tool.

To summarize, we looked for function decomposition with a small common set
and allowed bi-decomposition only for the OR, AND, and MUX operator.
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4.3 Improving the Mapping of MPMCT Gates
to Clifford C T Circuits

While automated Clifford C T optimization techniques exist [11], no optimized
mapping approaches with respect to the T-depth have yet been developed for the
CliffordC T library. Therefore, in this section, we present mapping schemes based
on existing algorithms to produce circuits of low T-depth. No previous mapping
scheme has considered this quantum cost metric explicitly. We present

• an improved algorithm to map c-control MPMCT gates into CliffordCT circuits
using .c � 2/ ancillae, and

• an improved algorithm to map c-control MPMCT gates into CliffordCT circuits
using one ancilla

These algorithms are then used to map reversible circuits into CliffordC T circuits,
taking into account the ancillae available at each reversible gate. The mapping
approaches have been published in [8].

This optimized reversible circuit mapping approach, integrated into our design
flow for quantum circuits, allows for significant T-depth reduction compared to
existing mapping approaches and CliffordC T circuit optimization algorithms. As
confirmed by an experimental evaluation, improvements of the T-depth of up to
65 % can be observed. This clearly demonstrates the efficiency of our approaches
on optimizing the cost of CliffordC T circuit.

4.3.1 Clifford C T Aware Reversible Circuit Mapping

Many algorithms have been proposed to map MPMCT gates as described in
Sect. 4.1.1 that mainly address the reduction of the quantum cost of quantum
circuits based on the NCV library [15, 75, 91, 111, 150]. Comparatively, no method
targeted the optimization of mapping approaches for the Clifford C T library. So
far Clifford C T circuits have only been considered in pre- and post-mapping
optimizations, e.g., [11], an optimization algorithm is given which takes mapped
NCT circuits and reduces their T count and depth. The work presented in [92]
reduces the T-depth of quantum circuits by applying optimizations either at the
reversible, pre-mapping, or quantum level. In [120], the author has given a class of
circuits with a T-depth of one by using a sufficient number of ancillae.

Following the previous observations, we propose mapping schemes that for the
first time take into account the CliffordCT gate library and the T-depth cost metric.
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Algorithm 4: Mapping algorithm
Input: Reversible MPMCT based circuit G
Output: Quantum CliffordC T based circuit G0

1 k Size(G)
2 i 0

3 while i < k do
4 g Gate(G, i)
5 c Size(Controls(g))
6 a Size(Ancillas(g))
7 if c < 2 then
8 G0  G0 ı g
9 else if c D 2 then

10 G0  G0 ı ToffoliMapping(g)
11 else
12 if a � d cC1

2
e then

13 G0  G0 ı MultipleAncillasMapping(g)
14 else
15 G" ;
16 G" OneAncillaMapping(g)
17 j 0

18 while j < 4 do
19 g Gate(G", j)
20 G0  G0 ı MultipleAncillasMapping(g)
21 j jC 1
22 end
23 end
24 end
25 i iC 1
26 end

4.3.2 Proposed Mapping Approaches

At a high level, our mapping scheme proceeds by first deciding on a mapping from
a c-control MPMCT gate to Toffoli gates based on the number of available ancillae.
Then, we use an optimized version of the mapping to get an efficient CliffordC T
circuit. In particular, as sketched in Algorithm 4, for a given reversible circuit on n
lines consisting of gates gi D T.Ci; ti/ the algorithm maps each gate according to
the following case distinction, using c D jCij to refer to the number of controls and
a D n � c � 1 to refer to the number of free lines.

Case 1: (c < 2) The gate gi is already contained in the Clifford C T gate
library and is directly added to the quantum circuit (see
line 8).

Case 2: (c D 2) The gate gi is mapped to its (T-depth) optimal quantum
circuit according to Fig. 4.1c (see line 10).
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Case 3: (a � d cC1
2
e) We apply a mapping scheme based on the B2 mapping that

returns quantum circuits with a T-depth of 4.c� 1/ (see lines
12–13). This case is detailed in Sect. 4.3.3.1.

Case 4: (otherwise) We map the gate with respect to a mapping scheme based on
the B1, NC, or MI mapping (see lines 15–16). This case is
detailed in Sect. 4.3.3.2.

If there exists a gate T.Ci; ti/ such that jCij D n � 1, we add one additional line to
the circuit before starting the mapping. Thus, it is ensured that there exists at least
one ancilla line when applying the mapping in Case 4.

4.3.3 MPMCT Gates Mapping

Table 4.3 summarizes the T-depth for B1, B2, NC, and MI mapping algorithms
defined in Sect. 4.1.1 when applied to an MPMCT gate with c control lines for
c � 5. These bounds are obtained by directly mapping each two-control Toffoli to
an (optimal) T-depth three circuit. Likewise, we map the 1-control V to an optimal
circuit with a T-depth of 2. In the following we derive better upper bounds by
making use of T gate cancellations.

The remainder of this section describes our optimized mappings for each type of
MPMCT circuit into CliffordC T gates.

4.3.3.1 MPMCT Gates Mapping Using c � 2 Ancillae

In the following we present a mapping scheme based on the B2 mapping, using c�2
ancillae. We present the mapping by applying series of rewrites to the B2 mapping.

Lemma 4.1. A c-control MPMCT gate with c � 4 can be realized with a T-depth of

8.c � 2/: (4.23)

Proof. We first note that the T-depth for a c-control MPMCT gate is the same as
the T-depth for a c-control MCT gate. In particular, we may write the MPMCT gate

Table 4.3 T-depth for a c-control MPMCT gate

Mapping Ancillae CliffordC T

B1 (Barenco et al. (Lemma 7.3 [15])) 1 24.c� 3/
NC (Nielsen and Chuang [98]) 1a 18.c� 3/
MI (Miller et al. [91]) 1 24.c� 4/C 8
B2 (Barenco et al. (Lemma 7.2 [15])) c� 2 12.c� 2/

aThe ancilla is initialized to 0
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as an MCT gate by adding NOT gates. Since the NOT gates are irrelevant to the
T-depth, we may thus calculate the T-depth for an MPMCT gate by calculating the
T-depth of an MCT gate with the same number of controls.

We now show that the B2 mapping gives a T-depth of 8.c � 2/. To do so, we
introduce the (2-control) !X gate

!X W jxyzi 7! e
i�
4 xjxy.x ^ y˚ z/i

where !X� is inverse of the !X gate. We may write a two-control Toffoli gate as the
2-control !X with an added T� gate:

=
T †

wX
=

T T T †

T † T

T † T †

or equivalently as a !X� gate with an additional T gate. Note that the circuit symbol
for the !X gate is ambiguous as to which control has the added phase rotation. For
our purposes, it suffices to assume the top-most control always has the additional
phase. Similar to the iX gates introduced in [120], the !X gate serves as a convenient
way to factor a T=T� gate out of the two-control Toffoli, and observe the cancellation
of T gates between adjacent controls. An algebraic treatment of this cancellation
property is also possible [11].

We use T-gate cancellations to reduce every Toffoli in the B2 mapping of a
multiple control Toffoli to a !X or !X� gate. As shown in Fig. 4.13, two control
Toffolis with the same target are alternately mapped to either the!X or the!X� gate.
Since no gate appears between each matching pair’s top-most control, the T� and T
gates may then be cancelled. Thus, we see that the T-depth is given by 4.c� 2/u!X ,
where u!X is the T-depth of the !X gate, since the !X� gate may be implemented by
reversing and inverting the !X gate. The !X gate can be implemented in T-depth 2,
as shown in Fig. 4.13d. Thus, a c-control MPMCT gate can be realized with T-depth
8.c � 2/ using the B2 mapping. �

The above theorem assumes that no constant ancilla is added, except for those
needed in the multiple control Toffoli decompositions. Recent results [11, 120] show
that better T-depths can be achieved with a relatively small number of constant
ancillae.

The previous bounds on T-depth looked at the T-depth required to implement a
particular two-control Toffoli gate. However, it was shown in [3] that much more
T-depth reduction is available if the number of Hadamard gates can be reduced.
In this section, we consider these optimizations and give better MPMCT mapping
technique. Note that in practice circuits of better T-depth can be found by moving
phase gates between the Toffoli gate subcircuits [11].
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a1 a1

a2 a2

a3 a3

a1 a1

a2 a2

a3 a3

T † T

T † T T † T

T † T T

T † T T †

a1 wX wX† a1

a2 wX wX† wX wX† a3

a3 wX wX† wX wX† a3

wX wX†

a1 wX wX† a1

a2 wX wX† wX wX† a3

a3 wX wX† wX wX† a3

wX wX†

c

a b

d

Fig. 4.13 Optimized B2 mapping with respect to T-depth. (a) 5-control gate. (b) B2 mapping
(Lemma 7.2). (c) Toffoli gates replacement. (d) Optimized B2 mapping

Lemma 4.2. A c-control MPMCT gate with c � 4 can be realized with a T-depth of

4.c � 1/ (4.24)

using the B2 mapping with c � 2 ancillae.
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Proof. We first note that the T-depth for a c-control MPMCT gate is the same as
the T-depth for a c-control MCT gate. In particular, we may write the MPMCT gate
as an MCT gate, conjugated on some bits by NOT gates. Since the NOT gates are
irrelevant to the T-depth, we may thus calculate the T-depth for an MPMCT gate by
calculating the T-depth of an MCT gate with the same number of controls.

Consider the c-control MPMCT gate mapped using the B2 algorithm as shown
in Fig. 4.13b. Note that every Toffoli shares either two controls, or a control and a
target with another Toffoli, with nothing in between. In particular, we may rewrite
every Toffoli with a doubly controlled Z gate and two Hadamard gates on either side
of the target line. For matched pairs of Toffolis sharing a target, the Hadamard gates
cancel:

U ≡
H Z H H Z H

U ≡
H Z Z H

U

By rewriting every Toffoli with a 2-control Z gate and two Hadamard gates on
either side of the target bit, we can remove each two Hadamard gates having same
target (see Fig. 4.14a). Recall that controlled phase gates are symmetric in that the
target behaves like a control [133], i.e.,

Z

≡ Z ≡
Z

By applying this fact (see Fig. 4.14b), we may observe that each 2-control Z
gate now shares exactly two controls with another gate, a fact that can be used to
eliminate T gates by using the iZ-gate [120], defined as

iZ W jxyzi 7! !4xyz�2xyjxyzi

where ! D e
i�
4 . We denote the inverse of the iZ gate by iZ�. The iZ gate implements

the 2-control Z gate up to some smaller phase using only 4 T-gates:

iZ

≡
T

T †

T † T

For each pair of 2-control Z gates that share two controls, one is written as an iZ
gate and a 1-control S� gate, and the other is written as an iZ� and a 1-control S
gate (see Fig. 4.14c)—the 1-control S=S� gates then cancel (see Fig. 4.14d).
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a1 H Z H H Z H a1

a2 H Z Z H H Z Z H a2

a3 H Z Z H H Z Z H a3

H Z Z H

a

a1 Z H Z H Z Z H Z H Z a1

a2 Z H H Z Z H H Z a2

a3 Z H H Z H H a3

H H

b

S† S

a1 iZ H iZ H iZ† iZ H iZ† H iZ† a1
a2 iZ H S† S H iZ† iZ H S† S H iZ† a2
a3 iZ H S† S H iZ† H S† S H a3

H S† S H

c

a1 iZ H iZ H iZ† iZ H iZ† H iZ† a1

a2 iZ H H iZ† iZ H H iZ† a2

a3 iZ H H iZ† H H a3

H H

d

Fig. 4.14 Optimization of B2 mapping with respect to T-depth. (a) Toffoli gates replacement.
(b) Swoping the target and a control of the Z gates. (c) Z gates replacement. (d) Redudant gates
reduction
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iwZ

≡
T

T †

T

a

iwZ

≡
T †

T

T

b

iwZ

≡
T †

T †

T †

c

Fig. 4.15 CliffordCT implementations for mixed-polarity i!Z gates. (a) iZ gate with two positive
controls. (b) iZ gate with a negative and a positive control. (c) iZ gate with negative controls

To further optimize this mapping, we define a refinement of the iZ gate—the i!Z
gate

i!Z W jxyzi 7! !4xyz�2xy�zjxyzi

where ! D e
i�
4 and i!Z� is its inverse. This gate may be implemented in T-depth 1

(see Fig. 4.15), and together with a T� gate on the target implements the iZ gate:

iZ

≡
T † iwZ

≡
T

T †

T † T

Figure 4.16a shows the B2 mapping of the 5-control MCT gate where iZ gates
have been replaced with i!Z=i!Z� gates, and the T gates are either cancelled or
parallelized (see Fig. 4.16b). Note that the 4 “points” of the circuit are left as iZ gates
since they cannot be parallelized further. The extra phase gates from the outermost
circuits (see Fig. 4.16b) are also cancelled despite being physically separated in the
circuit, since each ancilla is returned to its initial state as shown in Fig. 4.16c.

To complete the analysis, we note that each iZ=iZ� gate can be mapped to 4 T
gates in depth 2 [120], while each i!Z=i!Z� gate can be mapped into a quantum
circuit with a T-depth of 1 (see Fig. 4.15). This gives a total T-depth of

4.c � 2/C 4 D 4.c � 1/:

�

Note that this bound is tighter than the T-depths achieved by T-par [11], showing
that their heuristic approach is nonoptimal in some cases. Moreover, using a single
0-valued ancilla, the T-depth may be reduced to 4.c�2/. Specifically, using a single
ancilla in the zero state, the iZ/iZ� gates may be mapped to a circuit with a T-depth
of 1 [120], giving a total T-depth of 1 for each two-control Toffoli in the original
mapping—i.e., 4.c � 2/.
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a1 T † iwZ H iZ H iwZ† T T † iwZ H iZ† H iwZ† T a1
a2 T † iwZ H H iwZ† T T † iwZ H H iwZ† T a2
a3 iZ H H iZ† H H a3

H H

a

a1 T † iwZ H iZ H iwZ† iwZ H iZ† H iwZ† T a1
a2 T † iwZ H H iwZ† iwZ H H iwZ† T a2
a3 iZ H H iZ† H H a3

H H

b

a1 iwZ H iZ H iwZ† iwZ H iZ† H iwZ† a1
a2 iwZ H H iwZ† iwZ H H iwZ† a2
a3 iZ H H iZ† H H a3

H H

c

Fig. 4.16 T-depth of the 5-control MCT gate using B2 mapping. (a) iZ gate replacement. (b)
Redundant gates reduction. (c) Final mapping result

Next, we give the T-depth of MPMCT gate using a single ancilla mapping
algorithms B1, NC, and MI. For each, a c-control MPMCT gate is broken down
into m-control and c � m C 1 or c � m-control MPMCT gates, which are further
decomposed using the B2 mapping. In addition to the optimized B2 mapping
explained above, we further reduce the T-depth by using the self-inverse property of
MPMCT gates to cancel additional T=T� gates.

4.3.3.2 MPMCT Gates Mapping Using One Ancilla

In this section we give optimized mapping schemes using one ancilla based on the
B1, NC, and MI mappings. In each mapping algorithm, a c-control MPMCT gate
is decomposed into m-control and .c � m C 1/-control (or .c � m/-control in the
case of the MI mapping) MPMCT gates, which are further decomposed using the
optimized B2 mapping explained above.
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Lemma 4.3. A c-control MPMCT gate with c � 5 controls can be realized with a
T-depth of

8.c � 2/ based on the B1 mapping; (4.25)

6.c � 2/C 2 based on the NC mapping; and (4.26)

8.c � 3/C 4 based on the MI mapping (4.27)

Proof. Consider the B1 mapping, as in Fig. 4.4b. If we map the first two MPMCT
gates using the B2 mapping above, then use the inverse (obtained by reversing the
circuit and replacing each T gate with T�) of the B2 mapping for the remaining
MPMCT gates, we can cancel an additional 8 T gates. Specifically, for each pair
of MPMCT gates (first and third or second and fourth), the value on the target line
of either dashed iZ gate shown in Fig. 4.16c is constant. As in the proof of the B2
upper bounds, we may then replace each dashed iZ gate with an i!Z gate and cancel
the extra T gates. The result is a total reduction of 8 levels of T-depth, giving a total
T-depth for a c-control MPMCT gate of

2 � 4.m � 1/C 2 � 4.cC 1 � m � 1/ � 8 D 8.c � 2/:

Using the same argument for the NC mapping, additional T=T� gate (and layer of
T-depth) from the first and third MPMCT gates are removed. The resulting mapping
has a T-depth of 6.c � 2/ when c is even and 6.c � 2/C 2 when c is odd.

Finally, consider the MI mapping. We use the same argument to reduce each of
the four multiple control Toffolis by one layer of T-depth. We further note that each
1-control V gate may be mapped in T-depth 1. In particular, we first map each V to
1-control S gates conjugated by Hadamards

V
≡ T

H T T † H

then cancel adjacent Hadamards. The 1-control S gates are then mapped alternately
into !S/!S� gates

S
≡

T wS
≡ T

T T †

where !S maps jxyi to !2xy�yjxyi. As shown in the following:
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a1 a1

H wS wS† wS wS† H

the additional T=T� gates cancel, leaving 4 !S/!S� gates, each of which is mapped
to two T=T� gates in T-depth 1. The total T-depth for the MI mapping scheme is
then at most 2 � 4.m � 1/C 2 � 4.c � m � 1/ � 8C 4 D 8.c � 3/C 4. �

While the NC mapping clearly gives the best T-depth, it should be noted that it does
so by using a zero-valued ancilla and so may require an extra line to be added where
the B1 and MI mappings do not.

4.3.4 Experimental Results

In this section we present the experimental results of the proposed approaches for
mapping mixed-polarity Toffoli gates into the CliffordC T gate library.

The mapping approaches above have been implemented in the open source
toolkit RevKit [129] and tested on a suite of benchmarks taken from [73, 147].
The Benchmarks were embedded using the algorithm proposed in [136], then the
resulting reversible functions were synthesized with the approach outlined in [135].

4.3.4.1 Mapping of MPMCT Gates

The experimental results presented graphically in the plot in Fig. 4.17a show the
T-depth of mapped MPMCT gates with up to 15 controls based on B1. The values
of x-axis and the y-axis denote the number of controls and the T-depth, respectively.
The plot contains three different scenarios: the T-depth of the MPMCT gates
mapped using the original B1 (blue line), the T-depth of the mapped MPMCT using
B1 and then optimized with Tpar [11] (red line), and the T-depth of the MPMCT
gates mapped using the optimized B1 (green line) as described in Sect. 4.3.2.
The results show that our approach has achieved the smallest T-depth for each
MPMCT gates in comparison with the two other mentioned methods. The overall
improvement of the T-depth reaches 60 and 14 % with respect to the original B1
and Tpar, respectively. The same observation can be concluded for the B2 mapping
as outlined in Fig. 4.17b.
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Fig. 4.17 T-depth of mapped
MPMCT gates and circuits.
(a) T-depth of MPMCT gates
using B1. (b) T-depth of
MPMCT gates using B2
mapping. (c) T-depth of
MPMCT gates using one
ancilla mappings
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The plots in Fig. 4.17c show the optimized T-depth of mapped MPMCT for up to
15 controls using one ancilla. It is clear that the results of the optimized NC mapping
approach are better than the optimized B1 and MI mapping approaches.

4.3.4.2 Mapping of Reversible Circuits

The obtained results are shown in Table 4.4. For each benchmark we show the
name (ID), the number of lines (L), and the number of gates (GC). Then we
apply the mapping algorithms B2, NC, and MI, respectively, when the gate has
no sufficient ancillae to apply B1. For each case, we give the T-depth of the original
mapping algorithm (TD0), the T-depth of the improved mapping algorithm (TD1),
the required run-time in seconds (Time), and the T-depth improvement ITD,
respectively.

Experiments demonstrate the efficiency of the proposed mapping methodologies
with respect to original mapping algorithms. Compared to the best previously
introduced methods, we show that our mapping yields substantially smaller circuits.
More precisely, improvements of around 57, 54, and 54 % can be achieved on
average for B2, NC, and MI, respectively. In the best case, the T-depth of the circuits
can even be reduced by more than 54 % for each mapping approach.

Next, we compared the efficiency of each mapping algorithm with respect to
the obtained T-depth. The plot in Fig. 4.19 shows the T-depth of each circuit using
the three different mapping strategies B2 (dashed-lines bar), NC (white bar), and
MI (dotted bar). As expected, since the MI approach is an improvement of the B1
algorithm, we clearly see that MI outperforms B1. As shown in the experimental
results, the NC algorithm beats each of B1 and MI algorithms, this is explained by
the fact of omitting an MPMCT gate on the mapping due to the use of an ancilla
line set to the constant value 0. An interesting question for future research is when
the cost of adding extra 0-valued ancillae outweighs the extra T-depth incurred by
using the B2 or MI approach.

Finally, we compare the following synthesis approaches in terms of the resulting
T-depth: the QMDD based synthesis approach [131], the transformation based
synthesis approach (TBS [88]), the Young subgroups based synthesis approach
(YSG [135]), and the Reed-Muller synthesis approach (RMS [82]). The experi-
mental results are shown graphically in the plots of Fig. 4.18. The values of x-axis
and the y-axis (logarithmic scale) denote the benchmark and the T-depth. The plot
contains four different scenarios: the T-depth of the mapped circuits generated by
the QMDD synthesis (dashed-lines bar), the TBS synthesis (white bar), the YSG
synthesis (dotted bar), and the RMS synthesis (black bar). Note that each benchmark
is optimized by the simulated annealing approach. Thereafter, the optimized circuits
are mapped using the NC algorithm. In most of the cases, the mapped circuits
originally synthesized by the RMS approach [82] as well as the YSG approach [135]
outperform the other synthesis techniques in terms of producing lower T-depth.
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Fig. 4.18 T-depth of circuits obtained from different synthesis approaches
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Fig. 4.19 T-depth of mapped circuit using one ancilla mapping algorithms

4.4 Complexity Analysis of NCT Circuits

In this section, we present tighter upper bounds on the number of NCT gates needed
to realize an MPMCT gate, an ST gate, and a reversible circuit. Both multiple
controlled Toffoli gates and mixed-polarity Toffoli gates have been considered for
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Table 4.5 Number of NCT gates for an MPMCT gate with c controls

Mapping Ancillae NCT

B1 (Barenco et al. (Lemma 7.3 [15])) 1 8.c� 3/
NC (Nielsen and Chuang [98]) 1a 6.c� 3/
MI (Miller et al. [91]) 1 8.c� 4/C 4b

B2 (Barenco et al. (Lemma 7.2 [15]) c� 2 4.c� 2/
aThe ancilla is initialized to 0
bFour NCV gates

this purpose. The calculation of the bounds is based on the transformation based
synthesis approach and the Young subgroups based synthesis approach that results
in circuits using the ST gate library. The study has been published in [7, 134].

4.4.1 Upper Bounds for MPMCT Gates

Theorem 4.1. A c-control MPMCT gate can be realized, if c � 5, with at most

• umNCTB1.c/ 
 8.c � 3/
• umNCTNC.c/ 
 6.c � 3/
• umNCTMI.c/ 
 8.c � 4/C 4
• umNCTB2.c/ 
 4.c � 2/
NCT gates. Note that these bounds are upper bounds.

Proof. The upper bounds for B1 and B2 are proven in [15].
In the NC mapping two of the three resulting MPMCT gates have

˙
c
2

�
controls

while the third one has c C 1 � ˙ c
2

�
controls. Each of these gates is mapped with

respect to the B2 mapping, giving

umNCTNC.c/ 
 2 � 4
�˙

c
2

� � 2�C 4 �cC 1 � ˙ c
2

� � 2�


 4 �cC ˙ c
2

� � 5� :

For an even c, we have umNCTNC.c/ 
 6
�
c � 10

3

� 
 6.c � 3/, and for an odd c, we
have u.c/ 
 6.c � 3/.

In the MI mapping two of the resulting four MPCMCT gates have
˙

c
2

�
controls

while the other two have c � ˙ c
2

�
controls. Applying B2 mapping yields

umNCTMI.c/ 
 2 � 4
�˙

c
2

� � 2�C 2 � 4 �c � ˙ c
2

� � 2�


 8.c � 4/

Toffoli gates. In addition, four NCV gates are required. �
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Table 4.5 summarizes the above upper bounds for the number of Toffoli gates
given by each mapping from the previous section when applied to an MPMCT gate
with c � 5 control lines. Note that for the MI mapping four additional NCV gates are
included and that four additional NOT gates need to be added in case the MPMCT
gate has only negative control lines.

4.4.2 Upper Bounds for Single-Target Gates

4.4.2.1 Upper Bounds Based on PPRM Expressions

Tighter upper bounds for reversible circuits can be obtained by combining the
synthesis approach outlined in the previous section using MCT gates and upper
bounds for the size of PPRM expressions. We make use of the following lemma:

Lemma 4.4.

X

1�i�
l

n
2

m
i

 
n

i

!
D
8
<

:
n � 2n�2 n even

n � 2n�2 C nC1
4

� n
nC1
2

�
n odd

X
l

n
2

m
<i�n

i

 
n

i

!
D
8
<

:
n � 2n�2 n even

n � 2n�2 � nC1
4

� n
nC1
2

�
n odd.

Proof. Taking into consideration that

nX

iD1
i

 
n

i

!
D n � 2n�1 (4.28)

i

 
n

i

!
D .n � .i � 1//

 
n

n � .i � 1/

!
(4.29)

we consider the cases when n is even and n is odd. n is even: we have

˙
n
2

� D n

2
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Then

n
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iD1
i

 
n

i

!
C

nX

iD n
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i

 
n

i
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D n � 2n�1

n
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n is odd: we have
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� D nC 1
2

Then
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Hence

nX

iD nC3
2

i

 
n

i

!
D n � 2n�2 � nC 1

4

 
nC1
2

n

!

nC1
2X

iD1
i

 
n

i

!
D n � 2n�2 C nC 1

4

 
nC1
2

n

!

�

Corollary 4.1. From Lemma 4.4, we derive the following inequations for n � 6:

4 �

l
n
2

m

X

iD0
.i � 2/

 
n

i

!
C 8 �

nX

iD
l

n
2

m
C1
.i � 3/

 
n

i

!

 .6n � 24/ � 2n�1 (4.30)

4 �

l
n
2

m

X

iD0
.i � 2/

 
n

i

!
C 6 �

nX

iD
l

n
2

m
C1
.i � 3/

 
n

i

!

 .5n � 21/ � 2n�1 (4.31)
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!
C 8 �
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 .6n � 28/ � 2n�1 (4.32)

Proof. We consider the cases when n is even and n is odd.
n is even: we have

˙
n
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� D n

2
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Then
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Then

4 �
nC1
2X

iD1
.i � 2/

 
n

i

!
C 8 �

nX

iD nC3
2

.i � 3/
 

n

i

!

D 4 �
nC1
2X

iD1
i

 
n

i

!
� 8 �

nC1
2X

iD1

 
n

i

!
C 8 �

nX

iD nC3
2

i

 
n

i

!
� 24 �

nX

iD nC3
2

 
n

i

!

Lemma 4.4D 4

 
n � 2n�2 C nC 1

4

 
nC1
2

n

!!
� 8

 
2n�1 C

 
nC1
2

n

!!

C 8
 

n � 2n�2 � nC 1
4

 
nC1
2

n

!!
� 24

 
2n�1 �

 
nC1
2

n

!!

D .6n � 32/ � 2n�1 � .n � 15/
 

nC1
2

n

!

Since
� nC1

2
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 3 � 2n�3, we get
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.i � 3/
 

n

i

!


 .6n � 32/ � 2n�1 � .n � 15/ � 3 � 2n�1

D .6n � 24/ � 2n�1 � 8 � 2n�1 � .n � 15/ � 3 � 2n�3

D .6n � 24/ � 2n�1 � .3n � 13/ � 2n�3


 .6n � 24/ � 2n�1:

The other inequations are obtained using the same argument. �

Theorem 4.2. An n-variable single-target gate with n � 6 can be realized with at
most

• usNCTB1.n/ 
 .6n � 30/ � 2n�2
• usNCTNC.n/ 
 .5n � 26/ � 2n�2
• usNCTMI.n/ 
 .6n � 34/ � 2n�2

NCT gates.
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Proof. An n-variable single-target gate can be realized with at most usMCT.n/ D 2n�1
MCT gates. This follows from the PPRM representation, which is canonical for a
given function when disregarding the order of the product terms. Hence, there exists
a control function g 2 Bn�1 for which the PPRM expression consists of all 2n�1
product terms, and therefore

usMCT.n/ 
 2n�1 

n�1X

iD0

 
n � 1

i

!
(4.33)

with
�n�1

i

�
being the total number of product terms that have i literals, i.e., the total

number of Toffoli gates that have i controls. Consider now the number of gates after
mapping to the NCT gate library: in [83], it has been shown that each MPMCT
gate, with i controls and i 
 ˙

n�1
2

�
, can be decomposed to 4.i � 2/ Toffoli gates.

Otherwise, it can be decomposed to a circuit using one of the mapping algorithms
that requires one ancilla.

When the B1 mapping is chosen as a one ancilla mapping algorithm, each
MPMCT gate, with i controls and i >

˙
n�1
2

�
can be decomposed to 8.i� 3/ Toffoli

gates. We thus have

usNCTB1.n/ 
 4 �

l
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2

m

X

iD0
.i � 2/

 
n � 1

i

!
C 8 �

n�1X

iD
l

n�1
2

m
C1
.i � 3/

 
n � 1

i

!

Corollary 4.1
 .6.n � 1/ � 24/ � 2.n�1/�1


 .6n � 30/ � 2n�2:

When the NC mapping is applied, to decompose the i-control MPMCT gates
with i >

˙
n�1
2

�
, then each gate can be mapped to 6.i � 3/ Toffoli gates. Therefore
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2

m

X

iD0
.i � 2/

 
n � 1

i

!
C 6 �

n�1X

iD
l

n�1
2

m
C1
.i � 3/

 
n � 1

i

!

Corollary 4.1
 .5.n � 1/ � 21/ � 2.n�1/�1


 .5n � 26/ � 2n�2:

When the MI mapping is adopted, each i-control MPMCT gate with i >
˙

n�1
2

�
can

be decomposed to 8.i � 4/ Toffoli gates. We thus have
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usNCTB1.n/ 
 4 �

l
n�1
2

m

X

iD0
.i � 2/

 
n � 1

i

!
C 8 �

n�1X

iD
l

n�1
2

m
C1
.i � 4/

 
n � 1

i

!

Corollary 4.1
 .6.n � 1/ � 28/ � 2.n�1/�1


 .6n � 34/ � 2n�2:

�

4.4.2.2 Upper Bounds Based on General ESOP Expressions

Even tighter bounds can be obtained when using general ESOP expressions instead
of PPRM expressions. Note that this includes the consideration of negative control
lines.

Theorem 4.3. An n-variable single-target gate can be realized, if n � 6, with at
most

• usNCTB1.n/ 
 29.n � 4/ � 2n�5
• usNCTNC.n/ 
 87

4
.n � 4/ � 2n�5

• usNCTMI.n/ 
 29.n � 5/ � 2n�5

NCT gates.

Proof. The best known upper bound on the number of product terms in a minimum
ESOP form for an n-variables Boolean function is [50]

29 � 2n�7 with n � 7: (4.34)

Hence, the ESOP expression of the control function g 2 Bn�1 consists of at most 29�
2n�8 product terms. Each product term has at most n�1 terms in the worst case, and
so mapping a product term (i.e., MPMCT gate with at most n � 1 controls) using
the B1 mapping gives at most 8.n � 4/ Toffoli gates. Hence, at most 29.n � 4/ �
2n�5 Toffoli gates are required when the B1 mapping is applied. Therefore, we have
usNCTB1.n/ 
 29.n � 4/ � 2n�5.

The remaining upper bounds may be observed using the same argument. �

4.4.2.3 Upper Bounds Based on Functional Decomposition

In this section, we derive upper bounds based on functional decomposition in an
induction proof. We use exact bounds for the base case that were found using
exhaustive search in combination with optimal synthesis [54].
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x1 x1
x2 x2
...

...
xn−1 xn−1

xn xn

xn+1 gn+1

x1 x1

x2 x2

x3 x3

x4 x4

x5 g

ba

Fig. 4.20 ST gate decomposition based on MCT gates. (a) ST gate decomposition. (b) MCT
circuit

Theorem 4.4. For an n-variable single-target gate we have for n � 6:

• usNCTB1.n/ 
 .5n � 31/ � 2n�1 C .2n�4 � 2/
• usNCTNC.n/ 
 .15n � 93/ � 2n�3 C .2n�4 � 2/
• usNCTMI.n/ 
 .5n � 36/ � 2n�1 C .2n�4 � 2/
NCT gates, where the first term in each bound refers to the number of Toffoli gates
and the second term refers to the number of NOT gates.

Proof. We first show an upper bound of usMCT.n/ D 2n�5 � 10 C 2n�4 � 2 for
the number of MCT gates if n � 5. The proof is obtained by induction on n. For
the base case let n D 5. Using exhaustive search we enumerated all 65,536 Boolean
functions over four variables that can be represented by a 5-bit single-target gate and
for each one we obtain the minimal circuit using an exact synthesis approach [54].
The largest circuit required ten MCT gates as depicted in Fig. 4.20b:

usMCT.5/ D 1C 3C 0C 5C 1 D 10; (4.35)

where the terms partition the Toffoli gates by their number of controls from 4
controls to 0 controls.

In the induction step, let’s consider an .nC 1/-bit single-target gate. By applying
the Shannon decomposition the gate can be decomposed into two n-bit single-target
gates and 2 NOT gates (see Fig. 4.20a), we obtain

usMCT.nC 1/ D 2 � usMCT.n/C 2
D 2.2n�5 � 10C 2n�4 � 2/C 2
D 2n�4 � 10C 2n�3 � 4C 2
D 2.nC1/�5 � 10C 2.nC1/�4 � 2

Hence, a single-target gate on n lines requires at most 2n�5 � 10 C 2n�4 � 2 MCT
gates.
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For the mapping to NCT gates we need to take a closer look at the number of
controls for each MCT gate. According to (4.35), we have the following distribution
for each n-bit single-target gate:

#controls n � 1 n � 2 n � 3 n � 4 n � 5 0

#gates 2n�5 3 � 2n�5 0 5 � 2n�5 2n�5 2n�4 � 2 (4.36)

As an example, consider now the B1 mapping which requires 8.n�3/NCT gates
for an MCT gate with n controls. Therefore:

usNCTB1.n/ D2n�5.8.n � 4/C 3 � 8.n � 5/C 5 � 8.n � 7/C 8.n � 8//C .2n�4 � 2/
D2n�2..n � 4/C 3.n � 5/C 5.n � 7/C .n � 8//C .2n�4 � 2/
D2n�1.5n � 31/C .2n�4 � 2/

The bounds based on the other mappings can be derived analogously. �

Better bounds can be found when extending the decomposition-based approach for
MPMCT gates.

Theorem 4.5. An n-variable single-target gate can be realized, if n � 6, with at
most

• usNCTB1.n/ 
 .3n � 16/ � 2n�1
• usNCTNC.n/ 
 . 94n � 12/ � 2n�1
• usNCTMI.n/ 
 .3n � 19/ � 2n�1

NCT gates.

Proof. We are using the same idea for the proof as for Theorem 4.4. The largest
minimal circuit contains six MPMCT gates and is shown in Fig. 4.21b. Together
with the decomposition depicted in Fig. 4.21a an upper bound for the number of
gates usMPMCT.n/ D 2n�5 � 6 is obtained for n � 6.

As an example, consider again the B1 mapping which requires 8.n � 3/ NCT
gates for an MPMCT gate with n controls. Based on the new bound for MPMCT

x1 x1
x2 x2
...

...
xn−1 xn−1

xn xn

xn+1 gn+1

x1 x1

x2 x2

x3 x3

x4 x4

x5 x5

a b

Fig. 4.21 ST gate decomposition based on MPMCT gates. (a) ST gate decomposition.
(b) MPMCT circuit
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gates and the following distribution for each n-bit single-target gate:

#controls n � 1 n � 2 n � 3 n � 4 n � 5
#gates 2 � 2n�5 2n�5 2 � 2n�5 2n�5 0

(4.37)

We have

usNCTB1.n/ 
 2n�5.2 � 8.n � 4/C 8.n � 5/C 2 � 8.n � 6/C 8.n � 7//
D .6n � 32/2n�2

D .3n � 16/2n�1

NCT gates. The bounds based on the other mappings can be derived analogously.

�

Comparing the upper bounds for single-target gates based on ESOPs and function
decomposition, we observe that general PPRM expressions give the best upper
bounds. In fact, it gives the exact number of MCT gates and their exact number
of controls. In the remainder of this book, we will focus on the upper bounds that
are derived from PPRM expressions.

4.4.3 Upper Bounds for NCT Circuits

In the following, we give new upper bounds on the size of NCT circuits for
general reversible functions using the transformation based synthesis approach with
different mapping strategies:

Theorem 4.6. Using the transformation based synthesis algorithm, an NCT based
circuit has at most

• ucNCTB1.n/ 
 .10n � 28/ � 2n�1
• ucNCTNC.n/ 
 .9n � 25/ � 2n�1
• ucNCTMI.n/ 
 .10n � 32/ � 2n�1

NCT gates.

Proof. A reversible circuit synthesized with the transformation based approach has
at most n NOT gates, .n� 1/ � 2nC1 � n2C 4 CNOT gates, and

Pn�1
iD2

�n
i

�
MCT gates

where i denotes the number of controls on each gate.
Based on the B1 mapping, after mapping the

Pn�1
iD2

�n
i

�
MCT gates, we get

4 �P
l

n
2

m

iD2 .i � 2/
�n

i

�C 8 �Pn�1
iD
l

n
2

m
C1.i � 3/

�n
i

�
NCT gates. Hence,
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ucNCTB1.n/ 
 nC .n � 1/ � 2nC1 � n2 C 4C 4 �

l
n
2

m

X

iD2
.i � 2/

 
n

i

!

C 8 �
n�1X

iD
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m
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.i � 3/
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i

!

Corollary 4.1
 nC .n � 1/ � 2nC1 � n2 C 4C .6n � 24/ � 2n�1


 .10n � 28/ � 2n�1 C n � n2 C 4 
 .10n � 28/ � 2n�1

Using the NC mapping,

ucNCTNC.n/ 
nC .n � 1/ � 2nC1 � n2 C 4C 4 �
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m

X

iD2
.i � 2/
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.i � 3/

 
n

i

!

Corollary 4.1
 nC .n � 1/ � 2nC1 � n2 C 4C .5n � 21/ � 2n�1


.9n � 25/ � 2n�1 C n � n2 C 4

.9n � 25/ � 2n�1 C n � n2 C 4

.9n � 25/ � 2n�1

Using the MI mapping,

ucNCTMI.n/ 
 nC .n � 1/ � 2nC1 � n2 C 4C 4 �

l
n
2

m

X

iD2
.i � 2/
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i
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n�1X

iD
l
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2
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.i � 4/

 
n

i

!

Corollary 4.1
 nC .n � 1/ � 2nC1 � n2 C 4C .6n � 28/ � 2n�1


 .10n � 32/ � 2n�1 C n � n2 C 4

 .10n � 32/ � 2n�1

�
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4.5 Summary

In this chapter, we first proposed a mapping approach that starts with single-target
gates and therefore differs from the standard mapping approach that has been known
as the state-of-the-art for the last two decades. We observed that incorporating
Boolean decomposition in the mapping process of single-target gates often leads
to better quantum realizations. Motivated by this, we introduced an improved
mapping scheme which uses a constant number of ancillas and exploits the Boolean
decomposition when generating the quantum gate circuits for a given single-target
gate. Our approach results in quantum circuits with a smaller NCV quantum cost
as well as a lower T-depth cost compared to the results achieved by the standard
mapping. Experiments show that considering the Boolean decomposition on the
mapping of ST gates leads to a quantum cost reduction of 20 % on average compared
to standard mapping scheme.

Then, we extended and improved the existing mapping algorithms of reversible
circuits into quantum circuits using the CliffordC T quantum library. To the best of
our knowledge, no mapping algorithm has been presented for the CliffordC T gate
library so far. Our novel mapping approaches lead to smaller T-depth reduced by
more than 50 % compared to previous work as shown in the experimental results. In
particular, we have shown that the NC together with B1 mapping algorithm is the
best mapping strategy with respect to T-depth.

Finally, we studied the complexity of NCT circuits obtained after applying the
B1, B2, NC, and MI mapping algorithms. We gave the upper bounds on the number
of NCT gates required to realize MPMCT gate, ST gate, and general reversible
circuits with respect to each mapping approach. We proved that reversible function
over n variables can be realized with at most .10n � 28/ � 2n�1, .9n � 25/ � 2n�1,
or .10n � 32/ � 2n�1 NCT gates based on the mapping approach B1, NC, or MI,
respectively.



Chapter 5
Optimizations and Complexity Analysis
on the Quantum Level

After mapping a reversible circuit into a functionally equivalent quantum circuit,
the resulting circuit is not optimal with respect to considered cost metrics due to the
existing non-optimal synthesis as well as mapping approaches, particularly for large
circuits. Moreover, physical developments for emerging technologies constantly
lead to new constraints, e.g., the depth and the NNC. For that reason, post-mapping
optimizations are applied to optimize the value of the cost metrics with respect to the
used library. In particular, many existing optimization methods target the reduction
of the quantum cost and the depth [83, 128] of quantum circuits. In the following
section, related work is summarized. Afterwards, a depth optimization approach is
given in Sect. 5.2. Then, in Sect. 5.3 an algorithm for reducing the quantum cost is
explained. Finally a study of the complexity of quantum implementations is given
in Sect. 5.4.

5.1 Related Work

We review the existing optimization algorithms targeting the quantum cost and the
depth. Then, we briefly present the complexity of quantum circuits implementing
reversible functions.

5.1.1 Optimization of Quantum Circuits

5.1.1.1 NCV-Cost Reduction

There are many post-mapping optimization schemes that aim at reducing the
NCV-cost for circuits based on the NCV library. These techniques attempt to apply
templates or reduction rules by deleting identical gates or replacing circuits of gates

© Springer International Publishing Switzerland 2016
N. Abdessaied, R. Drechsler, Reversible and Quantum Circuits,
DOI 10.1007/978-3-319-31937-7_5
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V V†
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h

Fig. 5.1 Quantum templates with 2 or 3 lines. (a) Template 1. (b) Template 2. (c) Template 3.
(d) Template 4. (e) Template 5. (f) Template 6. (g) Template 7. (h) Template 8
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Fig. 5.2 Reduction rules for the NCV circuits. (a) Rule 1. (b) Rule 2. (c) Rule 3

x1 g1

x2 g2
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x2 g

Cin S

0 V V V† V V V† Cout

b
x1 g

x2 g

Cin S

0 V V V V† Cout

c

Fig. 5.3 Simplification of an NCV circuit for the 1-bit full adder taken from [81]. (a) Original
circuit. (b) Mapped circuit. (c) Optimized circuit

with smaller ones. For this purpose, the gates are rearranged together to match
the reduction rules by means of moving rules. For example, the quantum template
matching algorithms that are proposed in [80, 83, 103, 104, 106] employ the classical
moving rules (CMR) defined in Sect. 3.1.1.1. Figures 5.1 and 5.2 show a set of
templates and several reduction rules for optimizing NCV circuits.

Example 5.1. A quantum circuit for the 1-bit full adder can be constructed from the
reversible implementation shown in Fig. 5.3a. First, each gate is substituted with its
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Fig. 5.4 LLP moving rule 0 1 1 1 1 1 1 2 2 1 V 2

0 0 0 1 1 0 0 0 0 0 0

0 0
V† 1 1 V 2 2 V 3 3

V† 4 4 4

Fig. 5.5 DDMF moving rule V†

V V†

quantum realization. After applying the template matching algorithm, gates 5 and 6
match the template given in Fig. 5.1a, similarly for gates 11 and 12. Furthermore,
gates 4 and 6 can be moved together and match the template outlined in Fig. 5.1b.
Therefore, six gates are deleted leading to the circuit shown in Fig. 5.3c.

Also, different rule-based algorithms have been presented [86, 111, 128]. In
particular, the approach given in [112] has proven its efficiency due to the use of
better gate movement properties. Indeed, the moving rules based on LLP have given
further possible gate rearrangement in comparison with the CMR. However, this
procedure does not find all the line segments that have the same functionality.

Example 5.2. As depicted in Fig. 5.4, the circuit between the second gate and the
ninth gate present an identity circuit, i.e., the first gate can be moved to last position.
Accordingly, the labels on the input side of the second gate and the output side of the
ninth gate should be the same. Besides, the third line between the circuit from the
position two to the position nine should not contain any control, which is not true in
this case. Thus, taking into account the LLP constraints, the two gates could not be
moved together although it is possible.

To overcome this problem, Sasanian et al. in [112] propose the Decision
Diagrams for Matrix Functions (DDMF) data structure instead of LLP to represent
functions on circuit line segments. Using the DDMF allows to find all identity
segments and gives additional gate reduction. The limitation of this representation
is that it is only applicable to reversible circuits and a certain class of quantum
circuits called Semi-Classical Quantum Circuits (SCQC). For SCQC, entangled
gates should be removed and replaced by SCQC sub-circuits. Removing the
entanglement adds extra quantum costs that are sometimes comparable to the
improvements achieved by the LLP procedure.

Example 5.3. Even though the first gate in Fig. 5.5 could be moved next to the last
gate since the cascade from the second till the seventh gate is the identity circuit,
but the DDMF approach cannot be applied to this circuit because it contains an
entangled state generated from the first gate.
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Fig. 5.6 An optimal T-depth
implementation of the 1-bit
full adder

x1 T T g

x2 T T † g

Cin T T † S

0 H T † T S H Cout

5.1.1.2 T-Depth Reduction

The optimization methods for the CliffordCT circuits mainly focus on reducing the
number of T gates and the T-depth of the resulting circuits. This is because fault-
tolerant implementations of T gates are considerably more expensive than those of
the Clifford gates [11, 48]. Thus, several algorithms have been proposed to minimize
the T-count [53] and the T-depth [10, 11, 120].

The algorithm presented in [53] describes a method that performs an exhaustive
search for a circuit that implements an n-qubit unitary matrix U by use of the
minimal number of T gates. Similarly, the work introduced in [10] addressed
the exact optimization of T-depth for small circuits composed of four qubits at
maximum. This is done by applying an exhaustive search algorithm to find the
optimal T-depth realization.

Example 5.4. Figure 5.6 depicts a quantum circuit based on the CliffordCT library
and taken from [10]. This circuit is an optimal T-depth implementation for the
1-bit full adder shown in Fig. 5.3a. It is derived using the T-depth optimization
algorithm [10] mentioned above.

Another approach proposed an algorithm for reducing the T-depth of quantum
circuits over the gate library {CNOT, T} [11]; that is, the CliffordCT library without
the Hadamard gate. The algorithm deletes redundant T gates by computing the total
phase and parallelizing the T gates through matroid partitioning. The idea is based
on decomposing a given function into minimal number of linear Boolean functions.
Then, re-synthesizing each one with an optimized T-depth realization. Later in [11],
this algorithm is extended for circuits built with the CliffordCT library. In this case,
the same approach is applied to the subcircuits between the H gates, afterwards an
optimization process is applied which detects the identical gates and deletes them.

In [120], a class of circuits were proposed where the T-depth can be reduced to
1 by using a sufficient number of ancillae.

Example 5.5. Figure 5.7 shows a circuit that realizes a 1-bit full adder using four
additional ancillae set to 0. The circuit has a T-depth of 1.

5.1.1.3 Depth Reduction

Beyond the quantum cost, the depth of a quantum circuit is important. Although
several synthesis approaches that consider depth have recently been introduced
(cf. [13, 14, 20, 83]), the majority of design methods do not consider this metric.
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Fig. 5.7 A T-depth 1 implementation of a 1-bit full adder

As an example, in [13, 14] a cycle representation is chosen and input cycles
are partitioned into three subsets. Each subset is synthesized independently on a
different set of ancillae (initialized to zero) in parallel. This method requires 2n
additional lines and focuses only on reducing the depth of reversible circuits rather
than the quantum circuits. This is crucial since the execution times for two reversible
gates can differ significantly when the respective quantum circuit mapping is taken
into account. Another post-synthesis approach has been presented in [83] that makes
use of a special class of templates to reduce the depth of a given NCV circuit.

5.1.2 Complexity of Quantum Circuits

Many studies have focused on the upper bound of the number of elementary quan-
tum gates in quantum circuits. The transformation based algorithm as mentioned
in [82] leads to quantum circuits over the NCV library with an NCV-cost of at most:

11n � 2n C o.n � 2n/ (5.1)

Comparatively, in [108] the authors have confirmed that using a cycle based
synthesis approach, any reversible function over n variable can be realized with
at most

8:5n � 2n (5.2)

NCV gates.

5.2 Depth Optimization for NCV Circuits

In this section, we present an idea on how depth of quantum circuits can be reduced
by adding an ancilla to the circuit. Based on this idea, two depth-optimization
approaches are presented. The first method aims at reducing the depth by applying
the reduction gate-per-gate, whereas the second method focuses on the whole
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Algorithm 5: Circuit depth
Input: Quantum circuit G D T1.C1; t1/ � � �Tk.Ck; tk/
Output: Depth d
// Initialize

1 d 1

2 i 1

3 j 1

4 for j 1 to Lines(G) do
5 bj  0

6 end
7 while i < k do // Terminate?
8 foreach j 2 Ci [ ftig do bj  bj C 1 // Apply gate
9 j 0

10 while j < Lines(G) and bj ¤ 2 do // Gates do not overlap?
11 j jC 1
12 end
13 if j ¤ k then // When gates overlap
14 for j 0 to Lines(G) do
15 if j 2 Ci [ ftig then
16 bj  1

17 else
18 bj  0

19 end
20 d dC 1
21 end
22 end
23 i iC 1
24 end

circuit. Our optimization techniques enable a concurrent application of gates which
significantly reduces the depth of the circuit. Experiments show that reductions
of 28 % on average can be achieved by the proposed schemes compared to the
original depth of given circuits. Both methods have been published in [2].

Algorithm 5 computes a circuit depth d. Given a quantum circuit

G D g1.C1; t1/ : : : gk.Ck; tk/

over n variables x1; : : : ; xn. The algorithm determines the depth d of the circuit
according to Definition 2.21 (see page 35) by applying a greedy search to gates
that can be executed in parallel. For the computation, we are making use of the
integers b1; : : : ; bn.

Example 5.6. Figure 5.8c illustrates the depth for the reversible circuit shown
in Fig. 5.8b.

Although the coherence time (the time a qubit can keep its quantum state) and
the gate operation time (the time a gate needs to perform its operation) may vary
from one technology to another (cf. Table III, [84]), keeping the overall execution
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Fig. 5.8 Quantum depth. (a) Reversible circuit. (b) Quantum circuit. (c) Depth computing

time as small as possible is essential in all these cases. Consequently, the depth
metric can be applied in a generic manner, as it provides a proper model which can
be considered already at the synthesis stage in the absence of precise technological
constraints. Motivated by this, we investigate in the rest of this section how the depth
of a quantum circuit can be reduced. The remainder of this section is structured
as follows. The general idea is presented in Sect. 5.2.1. Afterwards, both proposed
approaches are described and evaluated in Sects. 5.2.2 and 5.2.3, respectively.

5.2.1 General Idea

Keeping the number of circuit lines as small as possible is required in the synthesis
of quantum circuits. This is mainly motivated by the fact that each circuit line
has to be represented by a qubit, which is a very limited resource. Nevertheless,
evaluations also showed that a (slight) extension of a circuit with additional lines
may have significant benefits. For example in Sect. 4.1.1, it has been demonstrated
that a larger number of circuit lines allow a much cheaper mapping of reversible
circuits to quantum circuits in terms of gate count. In [145], evaluations showed that
using twice the number of circuit lines reduces the NCV-cost by up to two orders of
magnitude. Eventually, this led to a post-synthesis optimization approach [90] which
enables reductions in NCV-cost of up to 69 % only by adding a single additional line
to the circuit.

In this section, we show that similar concepts also help in reducing the depth of
quantum circuits. We are following the established design flow reviewed in Chap. 1,
i.e., first a reversible circuit is realized which afterwards is mapped to a quantum
circuit. Indeed, by incorporating an additional ancilla during this process makes a
depth-aware optimization possible.

Following the concept from [90], ancillae (initialized to 0) can now be applied in
order to “buffer” values of circuit lines so that they can be reused later by other gates.
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Fig. 5.9 Depth reduction using an ancilla. (a) Initial circuit. (b) Circuit with reduced depth

Whenever the current value of an ancilla h is 0, another signal line x can be copied
to h by appending a copy gate C.fxg; h/ to the circuit. The ancilla can be restored
with the same gate if no other gate has used h as target line in between.

In [90], this buffering has been exploited to remove common control lines
connections between Toffoli gates in order to reduce the NCV-cost. However, the
same concept can be similarly applied to reduce the depth of quantum circuits as
illustrated by the following example.

Example 5.7. Figure 5.9a shows a circuit in which no gate can be performed in
parallel since all the gates share the same control line b. In Fig. 5.9b, an ancilla has
been added to copy the value of b. By performing this, the gates can be rearranged
which reduces the depth from 8 to 6.

Clearly, Example 5.7 presents a rather artificial circuit. However, based on this
general idea we are proposing different optimization approaches whose evaluations
show that indeed a significant reduction of depth in quantum circuits can be
achieved.

5.2.2 Optimization Approaches

Motivated by the general idea outlined above, two optimization approaches are
proposed in this section which aim at reducing the depth by exploiting additional
circuit lines. The first approach follows a local scheme, i.e., considering each Toffoli
gate independently, while the second approach considers the whole circuit instead.

5.2.2.1 Consideration of Single Gates

The availability of an ancilla as introduced in the previous section allows for an
improvement of the mapping scheme reviewed in Sect. 4.1.1. Recall that, using the
default mapping scheme, each Toffoli gate is mapped to a quantum realization of
depth 5 as shown in Fig. 5.10b. However, as the second and the third gate share
the same control line, an additional ancilla allows for a concurrent execution of



5.2 Depth Optimization for NCV Circuits 149

V V V† 0 0
V V V†

V V V† 0 0
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Fig. 5.10 Proposed depth-aware mapping for each single gate. (a) Toffoli gate. (b) Original
mapping. (c) Proposed mapping. (d) Peres gate. (e) Original mapping. (f) Proposed mapping.
(g) Inverse Peres gate. (h) Original mapping. (i) Proposed mapping. (j) ˛P gate. (k) Original
mapping

Fig. 5.11 Application of the
local scheme to the circuit
from Fig. 5.8a

a a

b b
c c

d d
0 0

V V V† V V V†

both gates as shown in Fig. 5.10c. Additionally, since the copy gates can be inserted
without increasing the depth, a depth reduction for the quantum circuit realization
for each Toffoli gate from 5 to 4 can be obtained.

Example 5.8. Consider again the reversible circuit from Fig. 5.8a. Using the estab-
lished mapping scheme from Sect. 4.1.1, the resulting quantum circuit has a depth
of 12 (as shown in Fig. 5.8b; none of the gates except for the single NOT gate can
be executed concurrently). In contrast, applying the additional ancilla as proposed
in Fig. 5.10b, the circuit depicted in Fig. 5.11 results. This reduces the depth from
12 to 9.
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Note that this procedure can also be applied to MPMCT gates with more than two
control lines. In fact, the best mapping schemes for NCV library (as described in
Sect. 4.1) decompose these gates using either the NC or the MS mapping algorithm
depending on the number of available ancilla. The obtained circuit consists of
Peres, inverse Peres, and ˛P gates. In this case, the depth-optimized mapping
consists of replacing each Peres and its inverse to the quantum gates as proposed
in Fig. 5.10f, i such that the depth of both gates is reduced from 4 to 3. Note that ˛P
gates are mapped to their equivalent quantum circuits without applying any depth-
optimization technique.

Algorithm 6 outlines the approach explained above. First, a reversible circuit is
mapped using the NC mapping combined with the optimized B2 mapping approach
(line 3). Then each Toffoli, Peres, and its inverse gate is replaced with its equivalent
depth-optimized quantum circuits (lines 11–17). Each ˛P gate is replaced by its
original quantum circuit with (line 18). Note that each NOT and CNOT is pended
directly to the quantum circuit.

This scheme is not beneficial in all cases. In fact, if two concurrent Toffoli,
Peres, or Inverse Peres gates are mapped to a quantum circuit, the original mapping
leads to better results. This is illustrated in Fig. 5.12. Applying the original mapping
scheme to the two Toffoli gates shown in Fig. 5.12a leads to the quantum circuit as
shown in Fig. 5.12b. As both Toffoli gates are applied concurrently, also the resulting
quantum gate circuits can be applied concurrently, i.e., a depth of 5 results. Applying
the proposed scheme from Fig. 5.10b would worsen the result. In fact, the ancilla
together with the required copy gates would increase the depth to 7 as shown in
Fig. 5.12c.

Consequently, this scheme is only applied in cases where an actual depth
improvement can be achieved. However, experiments summarized in Sect. 5.2.3
clearly confirm that substantial improvements with respect to the depth can be
achieved. As a drawback, this obviously comes with the price of increased NCV-
cost in the resulting circuit. Nevertheless, experiments show the resulting increase
is moderate.

5.2.2.2 Consideration of the Whole Circuit

While so far the ancilla has been exploited in a local context, also a global
consideration turns out to be beneficial. After mapping a circuit to its NCV quantum
equivalent circuit, the idea is to identify subcircuits of gates sharing the same control
line (see line 4 in Algorithm 7) and use the ancilla in order to partition the gates.
Then, each consecutive pair of gates in such a circuit can be concurrently executed
by using the original control line for the first gate and the copied value at the ancilla
for the second gate (see lines 8–10 in Algorithm 7).

Example 5.9. Figure 5.13a shows a quantum circuit composed of gates that share
the same control lines. Using the ancilla, an equivalent realization as shown in
Fig. 5.13b can be derived. This reduces the depth from 5 to 4.
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Algorithm 6: Local depth optimization

1 Input: Reversible circuit G
Output: Local Depth optimized quantum circuit Q
// Initialize

2 i 1

// mapping of a reversible circuit using the NC algorithm
combined with MS algorithm. The obtained circuit contains
NOT, CNOT, Toffoli, Peres, inverse Peres, and ˛P gates.

3 G0  ReversibleMapping.G/// G0 D T1.C1; t1/ � � �Tk.Ck; tk/
4 AddAncilla.a1;Q/
5 while i < k do // Terminate?
6 g Gate(G’, i)
7 c jCij
8 if c < 2 then
9 Q Q ı g

10 else if c D 2 then
// Each Toffoli, Peres, or inverse Peres gate is mapped
to its equivalent depth optimized quantum circuit

11 if IsToffoli.g/ then
12 Q Q ı NewToffoliMapping.g/
13 else if IsPeres.g/ then
14 Q Q ı NewPeresMapping.g/
15 else if IsInversePeres.g/ then
16 Q Q ı NewInversePeresMapping.g/
17 else if IsAlphaPeres.g/ then
18 Q Q ı AlphaPeresMapping.g/
19 end
20 end
21 i iC 1
22 end

Fig. 5.12 Application of the
local scheme to concurrent
Toffoli gates. (a) Original
circuit. (b) Original mapping.
(c) Proposed mapping

V

V

V

V

V†

V†

0 0

V V V†

V V V†

a b

c



152 5 Optimizations and Complexity Analysis on the Quantum Level

Algorithm 7: Global depth optimization
Input: Quantum circuit G D T1.C1; t1/ � � �Tk.Ck; tk/
Output: Global Depth optimized quantum circuit G
// Initialize

1 i 0

2 AddAncilla.a1;G/
3 while i < k do // Terminate?

// find the subcircuit S=Tl.c; tl/ ı � � � ı Tk.c; tk/ such that all
the gates share the same control line c

4 S CommonControl.G; i/
5 if Size(S) > 4 then
6 j 0

// copy the value of the line c to the ancilla a1 by
adding the CNOT gate T.c; a1/ where l is the position
where the gate will be inserted

7 InsertGate.G; l;T.c; a1//
8 while j < Size(S) do
9 Tj.c; tj/ Tj.a1; tj/

10 j jC 2
11 end

// restore the value of the ancilla a1 by adding the
CNOT gate T.c; a1/

12 InsertGate.G; kC 2;T.c; a1//
13 end
14 i kC 3
15 end

Fig. 5.13 Consideration of
the whole circuit. (a) Original
circuit. (b) Resulting circuit a a

b b
c c

d dV†

V†

V
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b b
c c
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Fig. 5.14 Application of
global scheme to the circuit
from Fig. 5.8a
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This scheme can additionally be improved by applying the moving rule for quantum
circuits. As a result, gates can be moved through the circuit which might lead
to larger subcircuits of gates sharing the same control line. In this case, a more
substantial reduction can be achieved.

Example 5.10. Consider again the quantum circuit shown in Fig. 5.8b. The second,
fifth, sixth, and seventh gate share the same control line b and can be moved together
(note, although the third and the tenth gate have control line b, they cannot be moved
to a consecutive circuit). Exploiting that, this circuit can be optimized leading to the
circuit shown in Fig. 5.14. This reduces the depth from 12 to 9.
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Note that this scheme also increases the NCV-cost of the resulting circuit. However,
since for each identified subcircuit only two copy gates have to be added, the
increase is almost negligible.

5.2.3 Experimental Results

In order to confirm the efficiency of the proposed idea, the approaches described
above have been implemented and experimentally evaluated. For this purpose, the
open source toolkit RevKit [129] has been applied.

Table 5.1 provides the obtained numbers. For all benchmarks listed in the first
column, the number of lines (Lines), the NCV-cost (NCV), and the depth (Depth) of
the respective circuit realizations as well as the run-time in seconds (Time) required
to perform each depth-optimization approach are provided. We distinguish between
the following circuits:

• ORIGINAL BENCHMARK (OB) represents the circuits synthesized with the
Young subgroups based synthesis approach (YSG [135]), optimized using
simulated annealing, and mapped to NCV quantum circuits using the NC
mapping algorithm combined with the B2 mapping algorithm as described in
Sect. 4.1.1 (see page 92) without any depth-optimization.

• OPTIMIZED CIRCUITS (OC) represent the circuits that have additionally been
optimized using the rule-based techniques reviewed in Sect. 5.1.1.1.

Both, the initial circuits and optimized circuits, allow for a comparison to the circuits
obtained by the proposed techniques, namely:

• Circuits that have been obtained using the optimization scheme that considers
single gates (LOCAL) as described in Sect. 5.2.2.1.

• Circuits that have been obtained using the optimization scheme that considers the
whole circuit (GLOBAL) as described in Sect. 5.2.2.2.

The percentage depth improvement of the circuits obtained by the proposed
techniques with respect to the original benchmark is provided in the columns
denoted by DOB. The DLOCAL denotes the depth-improvement of depth-optimized
circuit using local approach with respect to the depth-optimized circuits using
the global approach. The percentage NCV-cost decrease after applying our depth-
aware approaches with respect to the already NCV-cost optimized circuits is given
in the column denoted by NCVOC

Independent of the optimization schemes proposed above, the depth of quantum
circuits can be improved using existing optimization schemes that originally aimed
for NCV-cost reduction. In particular, the application of reduction rules as already
explained in Sect. 5.3 is beneficial. This reduces the NCV-cost but also improves the
depth of the circuits with 9 % on average compared to the depth of the original
benchmarks. Accordingly, such NCV-cost optimizations are applied to already
depth-optimized circuits.
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It can be observed that our first approach leads to significant improvements (26 %
on average, 11 % in the worst case for ham15, and up to 71 % in the best case
for parity). Our second approach enables further improvements. For example, the
depth of the benchmark (hw5) can be reduced from 331 to 212 (using the local
approach from Sect. 5.2.2.1) or 190 (using the global approach from Sect. 5.2.2.2).
In the majority of the cases, the global based optimization outperforms the local
based optimization with additional reduction of 3.68 and 28 % on average compared
to the depth obtained by the local approach and the original benchmark, respectively.

As discussed above, these improvements in the depth may come at the price
of higher NCV-cost. As our evaluations show, this particularly holds for the local
consideration of single gates (see columns denoted LOCAL). Here, the NCV-cost is
increased by 9.36 % on average compared to the already optimized circuit.

Compared to original circuits, improvements of more than 28 % on average,
14 % in the worst case (3_17), and 70 % in the best case (ex1) can be achieved
if the global scheme is applied. These achievements are possible with an increase of
4 % on average in the NCV-cost compared to the optimized circuit. Although this
eventually results in the consideration of another qubit to be physically realized, the
possible benefits with respect to timing and particularly decoherence time might be
worth the overhead.

In summary, by applying local and global methods to the already optimized
circuits, significant depth reductions can be achieved keeping less NCV-cost in the
meantime according to the original circuits. Further improvement results (3 % on
average) can be reached when the global approach is applied comparing to the local
approach.

5.3 NCV-Cost Optimization

Optimizing quantum circuits is mainly based on the moving rules applied in a local
manner, i.e., quantum gates are rearranged according to specific rules or to line
values as reviewed in Sect. 3.1.1.1. To overcome these limitations, an optimization
approach based on the equivalence checking aiming to reduce the NCV-cost is
proposed. This technique allows to trace the global functionality of the circuit
instead of inspecting each line functionality separately from each other. This will
guarantee to find all the possible gate rearrangements and thus to apply all possible
reductions in the quantum circuit. The application of equivalence checking in the
optimization of quantum circuits leads to further NCV-cost reduction. As confirmed
by an experimental evaluation, improvements on NCV-cost of 6% on average can
be observed compared to the best known NCV-cost optimization approach. The
approach has been published in [9].
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The remainder of the section is structured as follows. The first section outlines
the proposed approach. Then, a detailed description of the implementation of the
presented approach is given in Sect. 5.3.2. Finally, experimental results are given in
Sect. 5.3.3.

5.3.1 Proposed Idea

Here, we present an approach for reducing quantum gates based on equivalence
checking of quantum circuits. To do that, we move the gate in question to the desired
position, then we check whether the obtained circuit is implementing the original
specification. Thus, we do not have to track each line value, and allow moving the
gate only to the position that has the same line value. When the initial circuit is
equivalent to the modified one, we apply the deletion or reduction rules. Otherwise,
we restore the gate to its original position.

Equivalence checking for quantum functionality has been considered in the past.
There are several existing equivalence checking methods for circuits (e.g., based
on simulation [143], decision diagrams [87, 124], or Boolean satisfiability [153]).
The QMDD data structure shows efficiency in terms of memory and time for
representing the quantum functionality [99].

We present an approach based on QMDD equivalence checking to optimize
quantum circuits. We are introducing an extension of the commonly applied moving
rules which allow additional gate rearrangement and thus further gate reductions.
As the experiments in Sect. 5.3.3 confirm, the application of our approach leads to
further NCV-cost reductions of the resulting quantum circuits.

Figure 5.15 sketches the proposed idea: the gate at position i can be reduced with
another gate at position j. To determine the possibility to move the gate at position j
after the gate located at position i, we move it to position i C 1, then we check if
the obtained circuit is equivalent to the original one. The reduction rule is applied to
the gates if the circuits are equivalent. Otherwise, the gate j is moved to its original
position.

V† V

· · · · · · · · ·

i j

≡
?

V† V

· · · · · · · · ·

i

i+
1 j

Move

Fig. 5.15 Optimizing quantum circuits based on equivalence checking
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Fig. 5.16 Gate
rearrangement based on
QMDD equivalence checking

V† V V V V† V V†

V† V V† V

Example 5.11. In the circuit presented in Fig. 5.16, the gates in position 5 and 15
surrounded by red rectangles can cancel each other. We check the possibility of
moving the gate on position 5 to position 12 using the QMDD equivalence checking
tool. By applying the LLP, the movement is not possible because the target line
contains controls and the control line is not invariant between positions 5 and 12.
This gate rearrangement cannot also be applied when the DDMF algorithm is
adopted because this circuit is containing gates that lead to entangled states.

5.3.2 Application

Equivalence checking of two different quantum circuits is a memory-consuming
process for larger circuits. Also, including equivalence checking in the optimization
of a circuit is computationally expensive due to the high number of possible gate
rearrangements in the circuit. Therefore, we give below three different alternatives to
overcome this problem. Then, we show the best scenario with respect to the required
runtime in the experimental results.

5.3.2.1 Whole Circuit

In a naive way, the optimization can be applied to the whole quantum circuit by
making the equivalence checking of the modified circuit against the original one. To
do that, we build the respective QMDD for each circuit, i.e., each one is constructed
recursively by multiplying it with each gate QMDD. Since the multiplication is a
costly operation, then, the larger the circuit is, the more the time is consumed.

Example 5.12. Figure 5.17 shows a quantum circuit. To determine the possibility
of moving the gate in position 15 after the gate located in position 4, we move it to
position 5. Then, we construct the QMDD for the original circuit in the green box,
as well as the modified one to test their equivalence.
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V† V V V V† V V†

V† V V† V

Fig. 5.17 Optimization using different filters

5.3.2.2 Subcircuit

In this case, we take into consideration when building the QMDD only the involved
gates instead of considering all the gates of the circuit. In fact, we consider only the
subcircuit between the position of the gate that could be moved and the position of
the gate that could be reduced with that gate. By adopting this strategy, we decrease
the number of multiplications required to build each QMDD.

Example 5.13. Figure 5.17 shows the considered subcircuit in the red box. Only
gates between position 4 and 16 are considered.

5.3.2.3 Line Filtered Sub-Circuit

Since the size of the QMDD increases exponentially with the number of lines in
a quantum circuit, we consider, in addition to subcircuit restriction, only the used
lines in that subcircuit. Hence, we construct the QMDD for the involved gates and
lines only.

Example 5.14. Figure 5.17 depicts the line-gate filtered subcircuit in the blue box.
Only gates between positions 4 and 16 are considered, and only the lines between 2
and 6 are taken into account since the first and last lines are not used in the subcircuit
between positions 4 and 16.

5.3.3 Experimental Results

This section provides experimental results for quantum circuit optimization using
the QMDD equivalence checking package. The proposed idea has been imple-
mented in the open source toolkit RevKit [129] combined with the QMDD
package [87]. The experimental evaluation has been carried out using the bench-
marks taken from [73], and [147].

In total, two different aspects are studied: the results of our technique (with
respect to the NCV-cost) in comparison with previous approaches, and the quality of
our approach (with respect to the run-time) when applying different filters described
above in Sect. 5.3.2.
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5.3.3.1 NCV-Cost Evaluation

To compare our approach with existing algorithms, we have generated for each
benchmark its corresponding optimized circuits from the following optimization
approaches: the algorithm based on the CMR, the algorithm based on the line
labeling approach (LLP), the algorithm based on the decision diagrams for matrix
functions approach (DDMF), and our algorithm using the QMDD based equivalence
checking (QMDD).

Table 5.2 summarizes the obtained result. All benchmarks are listed in the first
column. Then, the number of lines (L), the NCV-cost (NCV0), the NCV-cost when
entanglements are removed (NCV1). The resulting NCV-cost (NCV) and the needed
run-time in seconds (Time) are provided for the different algorithms mentioned
above.

The NCV-cost reductions and the relative improvements obtained by the pro-
posed technique compared to the three different approaches (CMR, LLP, and
DDMF) are provided in the columns denoted by 
NCV and INCV, respectively.

As can be seen, the non-entangled circuits are more expensive compared to the
entangled circuits in particular when the original reversible circuit contains MPMCT
gates with more than three controls. Only the DDMF approach cannot support the
entangled circuit and for that reason, it does not outperform the CRM and the LLP
algorithms in several cases because the input circuits to be optimized are initially
more expensive.

Over all circuits, our algorithm leads to better reduction in the size of the resulting
quantum circuit. The percent improvement of the NCV-cost exceeds 6% on average
compared to the CRM approach, the LLP approach, and the DDMF approach.

5.3.3.2 Time Evaluation

The required run-times for each of the three strategies explained in Sect. 5.3.2 are
shown graphically by means of the plot in Fig. 5.18. The values of x-axis and
the y-axis (logarithmic scale) denote the benchmark (line, NCV-cost) and the run-
time, respectively. The plot contains three different scenarios: the run-time when
the whole circuit is considering (dashed-lines bar), the run-time when a subcircuit
is considered (white bar), and the run-time when line filtering is considering
(dotted bar).

One can clearly see that the best run-time is obtained when the subcircuit
alternative is adopted. However considering the whole circuit is a time-consuming
task as was expected from the beginning. This returns to the large number of needed
multiplication to build a QMDD compared to the subcircuit or line filtered QMDD.
In addition, in most of the cases, the line filtered QMDD strategy has a similar run
time compared to the subcircuit based one. This scenario does not outperform the
subcircuit based technique because of the required time to find the filtered lines each
time an equivalence checking is called which can make this strategy be the worst
choice when the number of lines in the circuit and the number of built QMDD is
large (alu1).
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Fig. 5.18 Time evaluation of the used filters

5.4 Complexity Analysis of Quantum Circuits

We provide an extensive overview of upper bounds on the number of gates needed
in quantum implementation of reversible gates as well as reversible circuits. The
study has been published in [7].

5.4.1 Complexity of NCV Quantum Circuits

This section first gives upper bounds for the realization of MPMCT and ST gates
in terms of NCV gates and then gives upper bounds for reversible circuits based on
NCV gates.

5.4.1.1 NCV-Cost for MPMCT Gates

Theorem 5.1. A c-control MPMCT gate with c � 5 can be realized with at most

• umNCVB1.c/ 
 24.c � 3/C 12
• umNCVNC.c/ 
 18.c � 3/C 10
• umNCVMI.c/ 
 24.c � 4/C 16
• umNCVB2.c/ 
 12.c � 2/C 2
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NCV gates. When the MPMCT gate has only negative controls four additional NOT
gates are needed.

Proof. The first and last upper bounds have been already proven in [83], while
the second and the third bounds are calculated using the circuit structure for each
mapping approach.

In the NC mapping, two of the three resulting MPMCT gates have
˙

c
2

�
controls

while the third one has c C 1 � ˙ c
2

�
controls. Each of these gates is mapped with

respect to the B2 mapping, giving

umNCVNC.c/ 
 2
�
12
�˙

c
2

� � 2�C 2�C 12 �cC 1 � ˙ c
2

� � 2�C 2C 4

 12 �cC ˙ c

2

� � 5�C 10

For even c, we have umNCTNC.c/ 
 18
�
c � 10

3

�C 10 
 18.c� 3/C 10, and for odd
c, we have u.c/ 
 18.c � 3/C 10.

In the MI mapping two of the resulting four MPCMCT gates have
˙

c
2

�
controls

while the other two have c � ˙ c
2

�
controls. Applying B2 mapping yields

umNCTMI.c/ 
 2
�
12
�˙

c
2

� � 2�C 2�C 2 �12 �c � ˙ c
2

� � 2�C 2�C 4C 4

 24.c � 4/ � 16

Toffoli gates. �

Table 5.3 summarizes the above theorem, along with the number of ancillae used by
each mapping approach.

5.4.1.2 NCV-Cost for Single-Target Gates

Corollary 5.1. From Lemma 4.4, we derive the following inequations for n � 6:

l
n
2

m

X

iD0
.12.i � 2/C 2/ �

 
n

i

!
C

nX

iD
l

n
2

m
C1
.24.i � 3/C 12/ �

 
n

i

!

 .18n � 63/ � 2n�1

(5.3)

Table 5.3 NCV-cost for an MPMCT gate with c controls

Mapping Ancillae NCV

B1 (Barenco et al. [15, Lemma 7.3]) 1 24.c� 3/C 12 [83]

NC (Nielsen and Chuang [98]) 1a 18.c� 3/C 10
MI (Miller et al. [91]) 1 24.c� 4/C 16
B2 (Barenco et al. [15, Lemma 7.2]) c� 2 12.c� 2/C 2 [83]

aThe ancilla is initialized to 0
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Proof. We consider the cases when n is even and n is odd. n is even: we have
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We have
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Since
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 .18n � 63/ � 2n�1

The other inequations are obtained using the same argument. �

Theorem 5.2. An n-variable single-target gate can be realized, if n � 6, with at
most

• usNCVB1.n/ 
 .18n � 81/ � 2n�2
• usNCVNC.n/ 
 .15n � 70/ � 2n�2
• usNCVMI.n/ 
 .18n � 90/ � 2n�2

NCV gates.

Proof. Using the B1 mapping, we have
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Corollary 5.1
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Using the NC mapping, we have
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Corollary 5.1
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Using the MI mapping, we have
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Corollary 5.1
 .18.n � 1/ � 72/ � 2n�2
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5.4.1.3 NCV-Cost for Quantum Circuits

In the following, we present the complexity of NCV circuits using the transforma-
tion based synthesis approach with different mapping strategies.

Theorem 5.3. Using the transformation based synthesis algorithm, an n qubit NCV
circuit with n � 6 has the following upper bound on the number of NCV gates:

• ucNCVB1.n/ 
 .11n � 33/ � 2n

• ucNCVNC.n/ 
 .9:5n � 29:5/ � 2n

• ucNCVMI.n/ 
 .11n � 38/ � 2n

Proof. A reversible circuit synthesized with the transformation based approach will
have at most n NOT gates, .n� 1/ � 2nC1 � n2C 4 CNOT gates, and
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i

�
MCT

gates where i denotes the number of controls on each gate.
Based on the B1 mapping, we see that
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Corollary 5.1
 nC .n � 1/ � 2nC1 � n2 C 4C .18n � 63/ � 2n�1


 .11n � 33/ � 2n C n � n2 C 4

 .11n � 33/ � 2n

The other upper bounds are calculated using the same method. �
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Table 5.4 Updated T-depth for an MPMCT gate with c controls

Mapping Ancillae CliffordC T

B1 (Barenco et al. [15, Lemma 7.3]) 1 8.c� 2/
NC (Nielsen and Chuang [98]) 1a 6.c� 2/C 2
MI (Miller et al. [91]) 1 8.c� 3/C 4
B2 (Barenco et al. [15, Lemma 7.2]) c� 2 4.c� 1/

aThe ancilla is initialized to 0

5.4.2 Complexity of CliffordCT Quantum Circuits

This section first presents the existing upper bounds on the T-depth of MPMCT
gates. Afterwards, new upper bounds on the T-depth required to realize MPMCT
gate, ST gate, and quantum circuits are then given.

5.4.2.1 T-Depth for MPMCT Gates

Table 5.4 summarizes the upper bounds for the T-depth of each mapping defined
in Sect. 4.1.1 when applied to an MPMCT gate with c control lines for c � 5.
These upper bounds are obtained by directly mapping each two-control Toffoli to
an (optimal) T-depth 3 circuit. Likewise, we map the controlled V to an optimal
T-depth 2 circuit. In the following, we derive better upper bounds by making use of
T gate cancellations.

Theorem 5.4. A c-control MPMCT gate with c � 5 controls can be realized with
T-depth at most

• umCLFB1.c/ 
 8.c � 2/
• umCLFNC.c/ 
 6.c � 2/C 2
• umCLFMI.c/ 
 8.c � 3/C 4
• umCLFB2.c/ 
 4.c � 1/
Proof. Please refer to the proofs of Lemmas 4.2 and 4.3 �

5.4.2.2 T-Depth for Single-Target Gates

Corollary 5.2. From Lemma 4.4, we derive the following inequations for n � 6:
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 .6n � 14/ � 2n�1 (5.6)
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l
n
2

m

X

iD0
4.i � 1/ �

 
n

i

!
C

nX

iD
l

n
2

m
C1
.6.i � 2/C 2/ �

 
n

i

!

 .5n � 11/ � 2n�1 (5.7)

l
n
2

m

X

iD0
4.i � 1/ �

 
n

i

!
C

nX

iD
l

n
2

m
C1
.8.i � 3/C 4/ �

 
n

i

!

 .6n � 16/ � 2n�1 (5.8)

Proof. We consider the cases when n is even and n is odd. n is even: we have
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Using Lemma 4.4, we obtain
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D .6n � 20/ � 2n�1 � .2n � 18/
 

n
nC1
2

!


 .6n � 20/ � 2n�1 � .2n � 18/ � 2n�1


 .6n � 14/ � 2n�1 � .2n � 12/ � 2n�1 
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The other inequations are obtained using the same argument. �

Theorem 5.5. An n-variable single-target gate with n � 6 can be realized with a
T-depth of at most

• usCLFB1.n/ 
 .6n � 20/ � 2n�2
• usCLFNC.n/ 
 .5n � 16/ � 2n�2
• usCLFMI.n/ 
 .6n � 22/ � 2n�2

Proof. Based on the B1 mapping, we obtain
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Corollary 5.2
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Based on the NC mapping, we obtain
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Based on the MI mapping, we obtain
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5.4.2.3 T-Depth for Quantum Circuits

So far, the studies of the upper bounds on reversible quantum circuits have been
given on circuits over the MCT, NCT, and NCV libraries, but not over the CliffordC
T library. In this section we study and compare the T-depth of such circuits.

Theorem 5.6. Using the transformation based synthesis approach, an n-variable
reversible function can be realized over CliffordC T with a T-depth at most

• ucCLFB1.n/ 
 .6n � 14/ � 2n�1
• ucCLFNC.n/ 
 .5n � 11/ � 2n�1
• ucCLFMI.n/ 
 .6n � 16/ � 2n�1

Proof. For an n-variable reversible function, the synthesis approach produces a
circuit with at most n NOT gates, ..n�1/ �2nC1�n2C4/ CNOT gates, and
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MCT gates where i denotes the number of controls on each gate. The T-depth of a
NOT or a CNOT gate is 0.

Based on the B1 mapping, we obtain at most
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Based on the NC mapping, we obtain at most
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Based on the MI mapping, we obtain at most
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5.5 Summary

In this section, we introduced depth optimization for NCV quantum circuits based
on an additional ancilla. Two approaches, namely gate based and circuit based, have
been considered. Experimental results for the two methods have shown significant
depth reductions which reach over 28 % for quantum circuits. Although these
methods increase the NCV-cost, applying further improvements to the quantum
circuits has fixed the problem.

Afterward, we proposed an optimization approach of quantum circuits based on
the equivalence checking. We observed that the existing moving rules do not lead
to find all the possible reductions in the circuit. Motivated by this, we introduced
an improved optimization approach which exploits the equivalence checking when
finding gates to be reduced. Improvements of 6 % on average in the NCV-cost have
been observed compared to the LLP and the DDMF based optimization approaches.

Finally, we studied the complexity of the quantum implementations of reversible
circuits and gave upper bounds for MPMCT gates, ST gates, and quantum circuits
that consist of the NCV or the CliffordC T gates.



Chapter 6
Conclusions

In this book several approaches have been presented to optimize quantum circuits
as well as to analyze their complexity on the three major level of the design flow
depicted in Fig. 6.1. The achieved contributions on each level have been described
in separate chapters. Accordingly, on each level of the design flow, two approaches
have been described to improve the cost of the final realization. Besides, an extensive
study of the complexity of implementing a given function has been outlined.

In Chap. 3, a post-synthesis optimization technique has been proposed that
reduces the quantum cost of the circuit by applying an efficient template matching
algorithm. The question “find all subcircuits that can be replaced by cheaper
alternatives” has been formulated as a satisfiability instance, therefore ensuring to
finding all possible reductions. For this purpose, SMT solvers have been exploited.
Experiments show that despite the exponential complexity of the addressed prob-
lem, the given technique is effective particularly for small circuits. By applying the
proposed approach, the circuit cost can be reduced by 19 % on average. For large
circuits, simulated annealing has been applied to reduce the quantum cost. The given
algorithm picks up random gates from a circuit and checks for possible reductions
using the rewriting rules that allow more freedom in rearranging gates inside a
circuit. The application of this strategy compared to existing greedy algorithms has
shown its efficiency to generate optimized results with an improvement of 17 % on
average compared to the currently known approaches. Later on, the complexity of
circuits in the reversible level has been considered. Better upper bounds for MCT as
well as MPMCT based reversible circuits have been determined. The given bounds
have been derived based on the Young subgroups synthesis approach.

In Chap. 4, the mapping of reversible circuits into NCT circuits has been
illustrated by two approaches. The first approach proposes an improved mapping
algorithm of reversible circuits that consist of ST gates. Since each ST gate contains
a Boolean control function, the given method attempts to find a decomposition based
on its BDD representation. It consists on breaking large ST gates into smaller ones
using three additional lines. This enables significant reductions in the quantum cost

© Springer International Publishing Switzerland 2016
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Fig. 6.1 Book contributions

of resulting circuits. Experiments show that considering Boolean decomposition in
the mapping of ST gates leads to improvements of 20 % on average in the resulting
quantum cost compared to standard mapping algorithm. The second approach
presents an improved mapping of MPMCT circuits into CliffordC T quantum
circuits. Here, the existing mapping algorithms (B1, B2, NC, and MI) have been
optimized in order to translate MPMCT gates into reduced T-depth CliffordC T
circuits. Experiments show that the outlined approach leads to a significant T-depth
reduction of 50 % on average compared to existing mapping algorithms. Next, upper
bounds on the number of NCT gates needed to realize an MPMCT gate, an ST gate,
and a general NCT reversible circuit have been given.

In Chap. 5, an optimization approach that aims for the reduction of depth in the
process of mapping a reversible circuit into a quantum circuit has been introduced.
For this purpose, an improved (local) mapping of single gates as well as a (global)
optimization scheme considering the whole circuit have been presented. In both
cases, we incorporate the idea of exploiting additional circuit lines which have
been used in order to split a chain of serial gates. Our optimization techniques
enable a concurrent application of gates which significantly reduces the depth of
the circuit. Experiments show that reductions of approximately 28 % on average
can be achieved when following this scheme. Then, a second optimization approach
has been described in which an NCV circuit resulting from a technology mapping
approach has been optimized in terms of the quantum cost. Here, the use of
the QMDD based equivalence checking is more efficient in optimizing NCV
circuits than the existing optimization approaches. Experiments illustrate that the
proposed algorithm indeed is able to efficiently generate cheaper NCV-cost with
an improvements of 6 % on average compared to the LLP and the DDMF based
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Table 6.1 Complexity of reversible and quantum circuits

MPMCT Technology NCT NCV CliffordC T
complexity mapping complexity complexity complexity
Sect. 3.4.4 Sect. 4.1.1 Sect. 4.4.3 Sect. 5.4.1.3 Sect. 5.4.2.3

3.2n� 1/ � 2n�4 [4]
B1 [15] .10n� 28/ � 2n�1 .11n� 33/ � 2n .6n� 14/ � 2n�1

NCa [98] .9n� 25/ � 2n�1 .9:5n� 29:5/ � 2n .5n� 11/ � 2n�1

MI [91] .10n� 32/ � 2n�1 .11n� 38/n � 2n .6n� 16/ � 2n�1

a The used ancilla is initialized to 0

Table 6.2 Summary for gate and circuit complexity

Gate library MPMCT gate ST gate Circuit

ST 0 1 2n� 1
MPMCT 1 3 � 2n�4 3.2n� 1/ � 2n�4

NCT 6.c� 3/ .5n� 26/ � 2n�2 .9n� 25/ � 2n�1

NCV 18.c� 3/C 6 .15n� 70/ � 2n�2 8:5n � 2n [108]

CliffordC T 6.c� 2/C 2 .5n� 16/ � 2n�2 .5n� 11/ � 2n�1

optimization approaches. Finally, upper bounds for MPMCT gates, ST gates, and
quantum circuits that consist of the NCV or the CliffordC T gates have been
presented. Table 6.1 outlines the upper bounds for reversible and quantum circuits
using the mapping methods B1, NC, and MI. Note that the table sketches the
circuit upper bounds derived from the transformation based synthesis approach [88].
Table 6.2 summarizes the best known upper bounds to represent an MPMCT
gate (first column), a single-target gate (second column), and a circuit (third column)
using ST gates, MPMCT gates, NCT gates, NCV gates, and CliffordC T gates.

As can be seen from Tables 6.1 and 6.2, a comprehensive overview of upper
bounds for the most commonly used reversible and quantum gate libraries has been
proposed in this book. Most of the bounds are tighter than the previously known
ones. The bounds can be used to evaluate the quality of synthesis approaches.
Although several bounds have been proposed, concrete circuit realizations for worst
case functions are still missing. Knowing such functions would be very helpful for
evaluating the limitations of known and new synthesis approaches.

In contrast to electronic circuits, there exist no standard realization of a quantum
computer; for two different realizations of quantum computers, different libraries
of gates are applicable with different cost metrics. Each library requires additional
constraints in the circuit such as having the nearest-neighbor on NCV circuits and
reduced T-depth on CliffordCT circuits. Incorporating these constraints in quantum
circuits need to be considered. Our future work in the field of reversible and quantum
circuits optimization will focus first on determining efficient algorithms to reduce
the T-depth of quantum circuit in the quantum level, and second to find cost-aware
methods to transform quantum circuits from a given quantum gate library to another.
We will investigate the different methodologies to obtain cheaper Clifford C T
circuits. Since our QMDD based approach guarantee an optimal NCV-cost reduction
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for NCV circuits, we will study the possibility of mapping NCV circuits into
CliffordC T circuits and compare it with the best existing mapping algorithm for
mapping reversible circuits into CliffordCT circuit. Then, we will aim at finding an
improved algorithm to reduce the quantum cost of CliffordC T circuits as well as
their depth.

As a next step in the complexity analysis of reversible and quantum circuits, we
will focus on the classification of reversible functions and investigate its application
to circuit complexity. In particularly, we will consider the effect of negating and
permuting input and output variables. Then, we will compute the number of
resulting equivalence classes and study the complexity of reversible circuits for
functions in the same class. We also will extend our considerations for linear and
affine transformations.
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