Chapter 11

Riemann Integral

Motivation: problems and outstanding issues. Another basic concept of mathematical anal-
ysis is the concept of the Riemann integral. Historically, a number of problems led to the
introduction of this concept. Next, we shall mention some of them.

Problem 1. One of the issues that worried mathematicians from the earliest times was the
determination of the surface area of a planar object. Before we focus on the solution to this
problem let us recall few basic facts about surface areas of simple planar objects such as a
triangle, rectangle, or polygon. (Note that a polygon can be constructed from triangles.) In
elementary geometry we learn how to calculate surface areas of these simple planar objects.
Their surface areas have some simple natural properties. For example, the surface area of a
planar object that is obtained by putting together several planar objects is equal to the sum
of the surface areas of the individual objects. Furthermore, the surface area of any part of
a planar object is less than the area of the whole object. We shall keep these properties in
mind as we shall start thinking about the surface areas of more complicated planar objects.

Let there be an orthogonal coordinate system defined in a plane. Let I C R be an
interval and a, b (a < b) are given points in [. Let function f: I — R be bounded and
non-negative on [a, b|.

The set of points in the plane
M(f; a, b) = {(z,y) € R* z € [a,b], 0 <y = f(x)}

will be called a curved trapezoid associated with function f and interval [a,b] (Figure 11.1).
Let us further assume that function f is continuous at every point of interval [a,b] and
calculate the surface area of the curved trapezoid M(f; a, b).
(Note that we have shown in section 10.2 that this task leads to the determination of the
primitive function. However, its existence has not been guaranteed and will be proven only
in section 11.5 based on the properties of the Riemann integral. )

Let n be an integer. Let g, x1, ... x, be numbers for which

a=20<11< ... <Tp1<xp,=0>b
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and let
m; = min f(x)M; = max f(zx)i=1,2,..., n.

xe[xi,lfzi] xe[xiflfxi]
Then numbers
n n
Z mz’(%‘—1 - xi)a Z Mi(Ii—1 - %)
i=1 i=1
represent the surface areas of the polygons consisting of the rectangles with sides of length

Ti_1 — Ty, My, or ;1 — iy, My i =1,2, ..., n (Figures 11.2, and 11.3, respectively, where
n=").

THEOREM 11.0.1. Proof. Il
Note 11.0.1.

Example 11.0.1. Calculate the following indefinite integrals on the mazimal sets
a) [ £=dx; b) [Pu(zx)dx, where P, is a polynome of the m-th degree x +— a,x™ +
oot ar+ag, v €R and a; €R for i=0,1,...,m; ¢) [ = dx.

sin x

Solution: a) Using the definition of the Riemann integral the answer is 0.
b) The integral diverges.

The definition of the derivative of a function depending on a single variable (chapter 8)
was motivated by two basic problems — a geometric one (construction of a tangential to
the graph of the function) and a physical one (need to find the instantaneous velocity of a
motion with known trajectory). Another two problems: the evaluation of a surface area and
the calculation of a trajectory of a moving point whose velocity is known, despite being at
first glance very different, lead to mathematical problems closely related to the concept of a
function differentiability.

The goal of the next two chapters is to develop the constructs that are needed to solve
problems of this type. Hence in this chapter we shall deal with the concept and basic
propreties of a primitive function, Newton and indefinite integral of a real-valued function
of a single variable, and we shall introduce some methods to calculate them.

In the next chapters, on the Riemann and generalised integral, further application and

extension of these results will be presented.

11.1 Primitive Function

The task to find a primitive function is in some sense the inverse problem to the problem
to find a proper derivative of a given function. (A function f is primitive to its derivative
f'.) However, contrary to the calculation of derivatives there is no simple set of rules for the
calculation of the primitive function in terms of the elementary functions.
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Strongly Primitive Function

One of the basic types of the primitive function is introduced in the following definition:

Definition 11.1.1. Let f: (J C R) — R and I C J is an interval (of any type). We say
that function F : I — R is strongly primitive (or is a strong potential) to function f on

interval I if

Veel: F'(z) = f(x).
Note 11.1.1. 1. From the definition 10.9.1 it follows directly that function F'is differentiable
on interval I which, according to theorem ??, means that F' is continuous on I, F' € C(I).

2. The sine function is strongly primitive to the cosine function on interval (—oo, +00). Tt
can be seen from example 6.8.4 that the strongly primitive function on R to a discontinuous

function ) . \ (0}
2z sin - —cos—; w € R\ {0
f.%){oy res
is a function F ) . \ (0}
xsin,, z€R\{0
F'“"H{o, x=0.

Similarly, there exists a strongly primitive function on (0,1] to a function f: z s 2723, z €
(0,1], namely F : z+ 32'/3 x € (0,1].

Example 11.1.1. Prove that there exists no strongly primitive function on R to a function

( 1, zeR*
sgn:wr—>{ 0, =0
k_l’ reR™.

Solution: If the strongly primitive function F' on R to function sgn existed then according
to the corollary to theorem ?? the derivative F”’(z) would not have points of discontinuity
of the first kind on R. This is, however, in contradiction with the requirement that F'(z) =
sgnz, € R. (Point 0 is a point of discontinuity of the first kind of the sgn function.)

The sufficient conditions for the existence of the strongly primitive function are listed in
chapter 12.
Now let us focus on the problem of the correctness (uniqueness) of the strongly primitive

function.

THEOREM 11.1.1. (i) Let F be the strongly primitive function to function f on interval
I. Then for any C' € R the function = — F(z)+ C, x € I, is also strongly primitive to
function f on I.

(ii) Let F' and G be strongly primitive functions to function f on interval /. Then there

exists a unique constant C' € R such that

Veel: F(x)=G(z)+ C.
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Proof. (i) The statement follows directly from definition 10.9.1.
(ii) If both F and G are strongly primitive functions to f on I then Vo € I : (F—G)'(x) = 0.
According to corollary 1 (part ') to theorem 2.8.4 function F' — G is a constant function

on . The uniqueness of this constant can be shown indirectly. O]

Note 11.1.2. 1. The strongly primitive function on an interval is not defined uniquely. If
it exists then there are infinitely many of them, differing from each other by a constant.

2. It is, however, easy to see that if function f has a strongly primitive function on
interval I then to every point (zg,y0) € I x R there exists one and only one strongly
primitive function F to f on I such that (xg,yo) € F. (The graph of F' passes through the

point (g, Yo)-)

Primitive Function

In example 1 we saw that even such a simple function as the sgn function does not have a
strongly primitive function on R. Hence it is sensible to extend the concept to a wider class

of functions.

Definition 11.1.2. Let f: (J C R) — R and [ C J is again an interval. We say that

function F : I — R is primitive (or is a potential) to function f on interval I if
() Fec,
(ii) a finite set M C [ exists such that

VeeI\M: F'(z) = f(x).

Note 11.1.3. 1. The concept of the primitive function is the generalisation of the concept
of the strongly primitive function. In fact, definition 10.9.1 is obtained from definition 10.9.2
for M = (.

2. Function f: z — |z|, z € R is a primitive function to the sgn function on R, with
M = {0}, and function F} : x +— 2y/z, x > 0 is primitive to unbounded function

5 for =0

i IH{ ﬁ, for x € (0,+00).

There is a similar statement on the uniqueness of the primitive function as there was for

the strongly primitive function.

THEOREM 11.1.2. (i) Let F be the primitive function to function f on interval I and
C € R. Then function = — F(z)+ C, x € I is also a primitive function on [ to function f.
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(ii) Let F and G be primitive functions to function f on interval I. Then there exists one

and only one constant C' € R such that
Veel: F(x)=G(z)+ C.

(iii) If a function f has a primitive function on I then for any z¢ € I, yo € R there exists
one and only one primitive function F' to f on I such that F(zq) = yo.

Proof. Statement (i) is obvious.
(ii) There exist finite sets My C I, My C I such that

Vee I\M,: F'(z) = f(z), VYeel\M: G(z)= f(z).
The set M = M; U M, is a finite set in [ and
Vee I\M: F'(z) = f(z) = G'(2).

Since F' € C(I), G € C(I), according to part b) of example 2.8.4 there exists a constant
C € R such that F(z) — G(z) = C for all x € I. The uniqueness is obvious.

(iii) It is seen immediately that if G is a primitive function to f on [ then F': x+— G(z) —
G(x0) 4+ yo, € I is the only primitive function to f on [ with the required properties. [J

Sample Problem 11.1.1. Let ¢y, ¢y, ..., ¢n; U1, ..., I, be real numbers and let g = a <
21 <2y < ... <Tpm_1 < Ty =0b. On interval [a,b] we define the "step-like" function
) cj, v=uwx5 Jj=0,1,...,m
f[['l—>{l“ JZG(ZEi_l,lL‘Z‘), 1=1,...,m.

Prove that function

.r ll(ac — (L’(]> T e [Jfo,xl)
F:x— { ZQ(ZE—I1>+Z1(1’1—I0> T € [IL‘l,[EQ)
Uln(T = Zm1) H b1 (T — T2) + .+ hi(21 — 20), T € [T1, T

is primitive to function f on interval |a,b|.
Solution: Let M be the finite set of points {xg, x1, ..., 2} C [a,b]. Then

Vi € [a,b]\ M : F'(z) = f(z)
and the statement is proved.

Note 11.1.4. 1. Note that the concepts of the strongly primitive function and primitive
function have been defined on an interval. Both concepts may be extended to more general
sets on R. However, the crucial assumption that [ is an interval should be kept in the
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uniqueness theorems (part (ii) of theorem 10.9.1 and parts (ii) and (iii) of theorem 10.9.2).

For example, functions

x, z € (0,
1

r+1, ze(0,
r+1, x€(1, 1

f:a:»—>{ ;g and g:a:‘v—>{x7 ’3:6(,
are primitive (also strongly primitive) to function z — 1, z € (0,1)U(1,2), on (0,1)U(1,2).
Nevertheless the difference f — ¢ is not a constant.

2. Further generalisation of the concept of the primitive function can be obtained when
set M in definition 10.9.2 is countable. In this case the primitive function to the Dirichlet
function is any real constant (since ), the rational number set, is countable). (See, for
example, textbook |?], p. 359.)

Note 11.1.5. It is obvious that a function defined on I C R may not have a primitive

function on /. For instance, function

Fire 5, for =0
' 1 for z€(0,1]

has no primitive function on [0, 1]. On interval (0, 1], the primitive function to f is a function
x+—Inz, z € (0,1].

The set of all functions f: I — R whose primitive function on interval I C R exists
will be denoted as P(I).

Sample Problem 11.1.2. Let f : (a,b) — R have a point of discontinuity of the first
kind at point zg € (a,b). Furthermore, let Fj (F3) be the primitive function to restriction
flia,z0) (fl(zo,)) such that proper limits lim Fj(x) and hm Fy(z) exist. Show then that

T—T x—mco

a primitive function F' to function f on interval (a,b) exists and

{ ( ) x € (a,x9), (k€R)
{ Fy( x € (x0,b)
L hm F1 )+ k= lim Fy(x), x= .

Solution: From the continuity of functions F; and F, on intervals (a,zo) and (zo,b), re-

spectively, and from the choice of constant k = lim_ Fy(r) — lim Fy(z) it follows that F' is

$—>CEO (E—>£EO

continuous on (a,b). That means that finite sets M; C (a,x¢) and My C (xg,b) exist such
that F|(x) = f(z) for all z € (a,z9)\ My and Fj(z) = f(x) for all x € (z9,b) \ M. Hence
F'(z) = f(z) for all z € (a,b) \ (M; UMy U {z0}).

This example shows how to construct a primitive function to a discontinuous function
with points of discontinuity of the first kind. This construction will be used frequently and
will be referred to as "gluing".
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Problems

1.

fsx— ], v €R; o :
6. Prove that tan™!'z + cot™'z = 7 for any z € R.
Answers
2. Yes, it does.
3. Yes, it does.
5. Fi: x—In(—x)+¢, € (—00,0);

Show that the existence of the primitive function to f 4 ¢ on interval I does not

guarantee the existence of the primitive functions to f and g, separately, on I.

function to g on J exists.

. Let functions f and f+ g have primitive functions on J C R. Find out if a primitive

Find out if primitive functions to f and ¢ on J C R exist provided the primitive

functions to f+g¢ and f —g on J exist.

Prove that there exists no primitive function to function = — x(z), = € I, where x is

the Dirichlet function and I C R is an arbitrary interval in R.

Find all primitive functions to the functions defined below together with their definition

domains:

fliiUHiame(_OQO); Ja:

f3: xl—>%,$€(—O0,0)U(O,—|—OO); f4:

Fy: z—Inz+c¢ x e (0,400);

. In(—z)+ ¢, x€(—00,0)
Fg'x'_){lnqucQ, z € (0,400)
(a special case: F3: x+— Inz+¢, x € R\ {0});

Fy: x— x[z] —M, z € [0,n];

1.3
& +c, z€l0,+00)

F5I[l§"—>{ 23
—% +¢, € (—00,0);

Fy does not exist.

T i, z € (0, +00);
x— [z], z € [0,n], n € N;

%, x € R\ {0}
xr—>{07 x=0.
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11.2 Riemann Integral and Its Properties

Inspired by the preceding section we are ready to claim that determining the trajectory of
a moving particle out of its velocity given as a function of time effectively means finding
the primitive function to the velocity function. In this section, besides the properties of the
Riemann integral we shall show that when calculating the surface area one is again faced

with the issue of finding the primitive function.

Riemann Integral

Before addressing the surface area question we shall study the following concept and its

properties:

Definition 11.2.1. Let [ be an interval in R and f € P(I). Let F' be a primitive function
to f on I and let [a,b] C I. Then the difference F'(b) — F'(a) is called a Riemann (definite)
integral (R-integral) of function f from a to b. It is denoted as (N) [° f(z) dz. We also say
that f is Riemann integrable on [a,b]. (The difference F(b) — F(a) is denoted as [F(x)]? or
Fz)lh)

Note 11.2.1. The definition of the Riemann integral is correct, ¢.e. its value does not

depend on the choice of the primitive function.

Sample Problem 11.2.1. Calculate the Riemann integral from a to b of the following
functions: a) fi =sgn; b) fo: x— sgnx, x € R\ {a,b}, fola) =1 € R, fo(b) = ¢y € R;
¢) the function defined in sample problem 2.10.1; d) an unbounded (in the neighbourhood
of point 0) function

22 sin & — 27 cos 75 forx # 0

. z2
f3.x|—>{0 for x =0,
fora=-1,b=1.

Solution: For the first two cases

(N) [ sgue e = [Jalls = 0] ol = (V) [ fa(w)

d) It is easy to see that
z? sin % forx #0
0 forz =0

is a strongly primitive function to function f3 on R, and hence

F3:x»—>{

(N) /11 f3(z)dz = F3(z)|', =sinm —sin7 = 0.
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Note 11.2.2. In the case when [; > 0 for : =1, ..., m, the Riemann integral in example
1 ¢) gives a very intuitive geometrical interpretation — the surface area of the histogram-

shaped object in figure 10.1.

Note 11.2.3. Note that the N-integral is defined on a closed interval. The extension of this
concept to include an arbitrary (also unbounded) interval will be introduced in chapter 13.

Basic Properties of the N-integral

THEOREM 11.2.1. Let J C R be an interval, a € J, b€ J, f € P(J) and M C J is a
finite set.

(ii)

(iii) For function k: z+— c € R, z € J\ M the following is true:
b
(N) / k(z)dz = (b — a).

Proof. (i) Taking the assumptions into account it follows that the primitive functions
to functions f and ¢ on interval J differ by a constant and the statement is then

obvious.

(ii) Let F' be a primitive function to f on J. Then

(iii) According to example 2.10.1 the primitive function to function k on interval J is

F: xz— c(x —a), x € J. The result then follows trivially.
[l

THEOREM 11.2.2. Let a and b be numbers from interval J C R, C} € R, (5 € R, and
feP(J) and g € P(J). Then (Cyf + Csg) € P(J) and

@) da + Cy (N) /bg(m) d.

a

V) [0 7@) + Cagla) de = L (N) [

a
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Proof. Let F' and G be primitive functions to f and g, respectively, both on interval J.
Then C,F + CyG is a primitive function to Cf + Cyg and the following relations hold:

(N) [lb[(]lf(x) + ng(l')} dez = ClF<b) + CQG(b) — ClF(CL) - CQG((I) =
= Gi[F(b) — F(a)] + C2[G(b) — G(a)] =

= ) [ f@yde+ ) [ g)d

a a

and the proof is done. Il

THEOREM 11.2.3. Let a, b and ¢ be numbers from interval J C R, and let f € P(J).
Then

) [ @yde =) [ e+ (V) [ f) e

Proof. Let F' be a primitive function to f on interval J. Then

() [ f@)de = F) - F() = [F®) - F(0)] +[Fle) - F(a)]

P

= ) [ r@de+ ) [ de

and the proof is done. Il
Using the method of mathematical induction and theorem 10.10.3 one can state

Corollary 11.2.1. Let zg, 71, ..., £, be numbers from interval J C R, and let f € P(J).
Then

Tn

(N) K"f(x)dx:(N) A f(:z;)dx+...+(N)/ f(o)dz.

0 Tn—1

THEOREM 11.2.4. Let J C R be an interval, a € J, b€ J, a<b,and f € P(J) and
g € P(J) be such that f > ¢ on interval [a,b]. Then

b

) [ r@yde = () [ gta)ds

a

Proof. Let F' (G) be a primitive function to f (¢ ) on interval J. There exist finite sets
M, C J and My C J such that

Vee J\ My : F'(z) = f(x),

and
Vo e J\ My : G'(z) = g(x).

Thus for any = € J\ (M; U My)
(G—F)(z)=(9— f)z) 2 0.

10
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That means that the difference G — F' is a non-decreasing function on J (compare with

sample problem 8.4.2 part a)) and hence

b
(N) A (g — f)(z)de = [G(b) — F(b)] — [G(a) = F(a)] = 0.
The proof is then easily completed using theorem 10.10.2. [

Corollary 11.2.2. Let a, b, cand d be numbers from interval J C R such that a < ¢ <
d < b and let g € P(J) be a non-negative function on interval [a,b]. Then the following

relations hold: ,
(V) [ g@)de =0

and
b

) [ o) de < ) [ g(a) do.

a

Proof. The first inequality follows from theorem 10.10.4 for f : x +— 0, = € [a,b]. The
second inequality is obtained using the corollary to theorem 10.10.3 for this specific case:

o) dz > () / " o) da.

]

) [ gyde= (V) [y de+ ) [“ga)de+ (V) [

The following theorem discusses the integral representation of the primitive function:

THEOREM 11.2.5. Let a and z be numbers from interval J C R and let f € P(J).
Then function
F xl—>(N)/ fOydt,  wel,

is the primitive function to function f on J with the property F(a) = 0.

Proof. Let us denote a primitive function to f on J as G. We then get

Thus a finite set M C J exists such that

d

Ve e J\M: —(N) [ f@dt=T@) = fla).

which completes the proof. O

11
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Surface Area as Primitive Function

The numerical evaluation of the surface area of two-dimensional objects has been one of the
oldest mathematical tasks. The area’s axiomatic definition for so-called elementary regions
is introduced in section 12.2. There it is also shown that this definition of the surface area is
correct (that means the surface area of an elementary region exists and is defined uniquely)
and the surface area of elementary regions can be expressed using the Riemann integral.
Here we shall focus on the relation between the surface area P(f; ¢, d) of a curved

trapezoid
M(fsc,d)={(x,y) €ER% z € [c,d] C [a,0], 0<y < f(2)},

where function f: [a,b] — R is continuous on interval [a,b] (figure 10.2), and the primitive

function to f.

THEOREM 11.2.6. Let function f : [a,b] — R be continuous and non-negative on
interval [a,b] and let for every = € (a,b] a surface area of a curved trapezoid M(f; a, x)

exist. Then function
N P(f;a,x) for z € (a,b]
Pr 0 for z =a

is the strongly primitive function to function f on [a,b].
Proof. Let xy € [a,b). Continuity of function f implies
Ve>030<d<b—xoVa € [xg,x0+6): flzo) —€< f(z) < f(zo) + €

From this observation and due to well-known (natural) properties of surface areas that agree
with our intuition, and also based on the non-negativity of function f we obtain

[f(z0) — €] 0 < max{[f(z0) — €] 9,0} < P(f; wo, xo+ ) < [f(xg) + €] 0,

which means that the surface area of the largest rectangle placed inside a curved trapezoid
M(f; xo, zo + §) is not greater than the surface area of the trapezoid, and the latter is in
turn not greater than the surface area of the smallest rectangle containing the trapezoid.

Furthermore we have
P<f7 a, x0)+P<f7 Zo, x0+6) :P<f7 a, ;U0—|-(5)’

which means that the sum of the surface areas of curved trapezoids M (f; a, zp) and
M(f; xo, o + ) (the two pieces we break trapezoid M(f; a, zo + ¢) into) is equal to
the surface area of trapezoid M(f; a, o+ 9).

From these relations we get

pf(130+5) —pf(l’o) _f<x0) < e

12



11.2 Riemann Integral and Its Properties 13

If in this inequality one considers the limits § — 0" and then ¢ — 0T, then the relation
Py (w0) = f(x0) emerges. The analogous statement, p’; (vo) = f(xo) for zy € (a,b], for
the left derivative is shown in the same way. Thus we can conclude that p'(z) = f(z) for
arbitrary x € [a, b] and the proof is done. O

Corollary 11.2.3. Let J C R be an interval and function f: J — R be continuous and
non-negative on J. If for any interval [a,b] C J (a € R, b € R) the surface area P(f; a, b)
of a curved trapezoid M (f; a, b) exists then the strongly primitive function to f on J
exists and the following relation holds:

P(f; a, b) = (N) ff(x) du.

Proof. Based on theorem 10.10.6 a strongly primitive function = +— p¢(x), = € [a,b] to
function f exists on any interval [a,b] C J, and therefore it exists on the whole interval J.
Furthermore, from the definition of the N-integral it follows that

(N) [ ) de = py(8) — py(a) = P(f5 0, 1)
since ps(a) = 0. =

Note 11.2.4. In section 11.5, we shall prove an even stronger statement than the one in the
corollary above. Here we just quote the stronger statement:
Every continuous function on an interval in R has a strongly primitive function on this

interval.

Problems

1. Find all a € R for which the Riemann integral (N) fi f(z)dx exists for
fioe { =% x#0

where ¢ € R.
c, z=0

2. Calculate the following N-integrals provided they exist:
2
a) (N)/Qmax(l,:c4) dz
_+7r/2
b) (N)/ ) x sgn(sinz) de
—m/2

c) (N)/_llf(iv)dx for /- x|—>{ (1—a2)V2, ze(-1,1)

ceR, r=—1lorxz=+1,
2
d) (N) A 27] da.

3. Find out if function

. [, 2 #0
fiam { A
is Riemann integrable. Consider separately the following three intervals: [—1,1],

[—1,0] and [—2,—1]. If it is, calculate the Riemann integral.

13
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4. Prove the corollary that follows after theorem 10.10.3.

5. Show that the following statement is true:
Let a < ¢ < b be real numbers, and f € P([a,c]) and f € P([c,b]). Then f €
P([a,b]) and

W) [ f@ydr+ () [ @)de =) [ fa)dr

c

6. Formulate and prove the theorem on the N-integral of a sum of functions (analogous

to theorem 10.10.2) for an arbitrary finite number of terms.

7. Calm(lilate , q , q ,
g2 a 2 a 2
a) ﬁ(N)Le dz, o (N)L e " dz, db(N)L e ¥ dz,
where a € R, b e R.

d (sinz)!/3
b) T (N) / sin ' #*dt, for x € [-7/2,+7/2],
x T
T i —1 sin 1/n
tdt tant dt
¢l 05 TdE o e (tant) AE
z—0 x z—0 [(4(sint)l/n dt

8. Calculate the surface area of two-dimensional planar objects bounded by the following
curves:
a) the z axis, graph of function z — |z|> (z € R), and lines z = —1 and z = 1;
b) the graphs of functions z +— 2*> —2 (r € R) and z — —2?+2 (z € R).
Answers
1 a<l1.

2 a) 12/5,b) 7%/4,¢) 7, d) 5 —1In3/In2.

3 f is Riemann integrable only on the last of the three intervals. The result is In 2.

2

7a)0, —e @, e b)

8 a) 1; b) HV/2.

Z(sinz) P cosx —sin 2 ¢) 1, 1.

11.3 Indefinite Integral

In section 2 we saw that the hard part in the calculation of the N-integral consists of the
determination of the primitive function to a given function on an interval under consideration.
Therefore, in this section we shall focus on different alternative methods for finding the

primitive function.

14



11.3 Indefinite Integral 15

Concept of Indefinite Integral

We already know from theorem 10.9.1 that the primitive function to a given function is not
uniquely determined. If a single primitive function to f on an interval I exists, then there
are infinitely many of them, differing from each other by an additive constant.

Definition 11.3.1. The set of all primitive functions to f: (J C R) — R on an interval
I C J will be called an indefinite integral of function f on I and denoted by a symbol
[f(x)dx, x € 1.

Note 11.3.1. 1. Function f iscalled an integrand, the symbol [ is referred to as the integral
sign, and letters dz denote the integration variable (2 in this case). The meaning of the
integration variable is as follows: calculating the derivative with respect to the integration
variable z of any function from the set [ f(xz)dz on I\ M (M is a finite subset of I) one
obtains restriction f|p .

2. If F' is a primitive function to f on I we shall write

/f(x)dxéF(x), r el or /f(x)dxz{F(x)—i—cheR, r €l

For instance [e?*dz = 1e?* =: F(z), z € R since %5(z) =€ for z € R.
i

3. The indefinite integral will usually be sought on the so-called maximal set A\ R which
does not have to be an interval but could also be a union of a finite number of intervals that
satisfies the following statement: If f has a primitive function on set B then B C A. For

example,
L.
/—dx =In|z|, z¢€ (—00,0)U(0,+00)
T

1 c 3 2
/x_§ dr = ixg, x € (—00,0) U (0, +00).

Basic Indefinite Integrals

The following indefinite integrals can be derived from the rules for derivatives (section 8.2):

1. /deéo, r€R
2. /ldx::/dxéx, relR

l.nJrl
3. /x”dxéi, rz€R (ne€N).
n—+1
If n € R\ {—1}, the formula holds for x € R™. For some values of n the formula is
valid on an extended set (see, e.g. part 3 of the last note);

1 c 1 c _
4. /—dx:lnx, r € RT, /—dx:ln(—x), reR
x x
1
<0r /—dxéln|x|, xER\{O})
x

15



11.3 Indefinite Integral

16

11,’

1 c 1 ¢ _

5./ dr =tan 'z, z€eR, /7dx:—cot e, z€eR
1+ a2 1+ a2

6 / L < gin ! € (~1,1) /

. ———dr=sin""z, ze€(-11), T = — cos
V1—a? \/l—x2

7. /ezdxéew, reR

a/I
) Tdr = R RT\ {1
8 /a de <=, reR(aeR"\{1})

9. /sinxd$ = _—cosz, T€ER

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

©

20.

21.

C .
/cosxdx =sginx, x€R

1
———dz = —cotz, wx€ |)(kn,7m+kn)
/ (sinx)? kLGJZ
1 m T
———dr =tanx, xe |J(kr— < k7 + =)
/(cos x)? kLeJZ 2 2

/sinhajdx < coshz, z€R

/coshxdx < sinhz, z€R

| Gnap

| oy

In order to speed up calculations the following formulas are often useful:

/

[ =

/

Le

/

1
dz
Var+1

1

2 —1 2

t f
f’:v

f(z)
Let f:

1 c
dz = —cothz, z€R\ {0}

1 c
dr =tanhzx, xz€R

=In(z++va2+1), ze€R

dr =ln(z +va2-1), z € (1,+0)
r—1

+1
: (I CR) — R (] is an interval) be differentiable on /. Then
de=In|f(z)], ze€{z€l; f(z)# 0}

dr == In

, zeR\{-1,1}

(I CR) — R (I is an interval) be differentiable on I. Then

/(Zr 2= 2/f(x), zefzel; f(z)>0}

16
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11.3 Indefinite Integral 17

Formulas 17-21 can be easily verified by performing the derivative on the right-hand sides,
or with the use of forthcoming theorems 3 or 4.

Based on the formulas listed above one can calculate indefinite integrals for just a narrow
class of functions. Hence in the following text we shall develop integration methods allowing
us to transform integrals of a wide class of functions in such a way that the formulas above
can be applied. We warn the reader right here that such a transformation may not be
possible for every function f € P(I). For instance, indefinite integrals [cosz?dx, x € R;
fe_“*’2 dz, x € R, although they do exist (see note 4.10.2), cannot be expressed in terms of
the elementary functions (and, therefore, cannot be transformed into any of the formulas
1-21 for an elementary function f). Similarly, neither of the integrals [ *2%dz, z € R\ {0}
and [ ﬁ dz, x € R\ {—1} belongs to the set of the elementary functions. (A complex
proof of the last statement can be found in textbook [2].) There is no general solution to
this problem.

Decomposition Method

THEOREM 11.3.1. Let ki, ..., k,, be real numbers and indefinite integrals [ f;(z)dz =

F;(x) exist on interval [ C R for ¢ =1,...,m. Then the following indefinite integral exists
/ [Z kifi(m)] dr £ S kFi(z), zel
i=1 i=1
Proof. The assumptions imply that finite sets M; C I, 7 =1, ..., m exist such that

Set M U™, M; is also a finite subset of I and the following relation holds

m / m m
i=1 i=1 i=1
which means that the proof is done. Il

Note 11.3.2. The statement in theorem 10.11.1 is usually written in the following form

/ Li:; kifi(x)] dz = g’% /fi(l“) dv, x€J

Sample Problem 11.3.1. Calculate the following indefinite integrals on their respective
maximal sets

a) [ #5dx; b) [Py,(z)dz, where P, is a polynomial of degree m z — apa™ + ...+
amr+ag, r €R and a; €R for i =0,1, ..., m;c¢) [ = du.

sin x

Solution: a) Using formulas 5 and 19 one obtains

2 1—22+1 2 1 1 1 —1
/7dx:/ vl dx:/idx—/idxéflnx —tan" 'z
=1 (22 —=1)(22+1) 2 —1 2?2 +1 2 x+1

17



11.3 Indefinite Integral 18

for x e R\ {—1,1}.

/P dx—/[Zaixi] dx:Zai/xidx:Z ,ai .z eR.
i=0 i+1

1=0

¢) Using formula 20 one finds

in2z 2z 1o 1 z
dx B sm2—|—6052d B 251r12d+ cos.2C1 ) T 1 f—l ; x
- = S =dr= [ =——>dzx = z = In |sin =|—In |cos =| = In [tan
sin x 2 sin 5 Cos 3 oS 5 sin 3 2 2 2

for z € |J (km, km + ).

keZ

Method of Integration By Parts

Let F' and G be the primitive functions to functions f and ¢ on interval I C R. In
general, it is not true that product F'G is the primitive function to function fg. That is
because (FG) = F'G+ FG' = fG+ Fg on I. However, the following theorem holds:

THEOREM 11.3.2. Let f € P(I) and g € P(I) where [ f(z)dx = F(x), [g(x)dx =
G(z), = € I and furthermore let fG € P(I) (or Fg € P(I)). Then also Fg € P(I) (or
fG e P(I)) and

/f(:z:) G(z)dz + / F(z)g(z)dz < F(2)G(z), ze€l. (11.1)

Proof. Let fG € P(I) and [ f(x)G(x) = H(x), * € I. Then a finite set M C I exists
such that

Ve e I\M: (FG—H)(x) = f(z)G(z) + F(z)g(x) — f(2)G(x) = F(z)g(x).

That means that function F'G — H is primitive to F'g on I and Fg € P(I). The second
part of the statement follows from theorem 10.11.1 and relation

/ (FGY(z)dz £ F(2)G(z), zel
which completes the proof. O

Note 11.3.3. Theorem 10.11.2 on integration by parts is of large practical significance.
However, when applied we shall use [ f(z)G(z)dx = F(x)G(x) — [ F(x)g(z)dz, = € I,
instead of (10.9).

Sample Problem 11.3.2. Calculate the following indefinite integrals on their maximal sets
a)/ x cos z dz; b)/ sin~! 2 da;

Solution: a) If we choose f: z+ cosz, v € R and G: z+— z, v € R then F: z —
sinz, z € R and g: x— 1, x € R and according to theorem 10.11.2

. . C .
/m COS$d$::l?SlHZE—/SlH[L’d:l?::ESIIl$+COS{E

18



11.3 Indefinite Integral 19

for x € R.
b) Let us choose f : x +— 1, x € (=1,1) and G : x + sin"'x, 2 € (—1,1). Then
F:ao—z ze(-1,1) and g: z— ﬁ, xz € (—1,1). Now using formula 21 we have

< gsin"lz+ V1 — 22

1 —2z
P .
sin” xdx = x sin m+f/7dx
/ 2/ V1—2a?
for z € (—1,1). According to theorem 6.8.4 (see also problem 6a.8.4) the primitive function
that has been found above can be extended to include the closed interval [—1,1]. Then one

can write

/sin_lxdx Zasin ' +V1—22 1€ [-1,1].

Sample Problem 11.3.3. Prove that for indefinite integral I, (z) = [ #—s= dr on R the

(14=z2)™
following recurrent relation holds
1 T 2n —1
I, — I(z), z€R, 11.2
where n € N.
Solution: Choosing f: z+— 1,z € R and G: = — m, x € R one finds F': z +—
r,z€R and g: z— (Hinﬁ, x € R. Then according to theorem 10.11.2

i ZEQ

I,(x) = (1+x2)n+2n/(1+x2)n+1dx:

x 2+ 1 1
- T o [T /7d
(1+x2)n +2n / (1+x2)"+1 X n (1+$2)n+1 x
x
= m—2nln+1(x)+2n]n(:c), reR

This easily simplifies to formula (10.10)

Note 11.3.4. Note that the N-integral formula (10.9) can be written in the form

) [Trmcma+w) [TFo g0 = PG,

Zo

for x € I and xy € I (compare with theorem 5.10.2).

Substitution Method

The basic theorems describing the substitution method are obtained from the theorem on
the derivative of a composite function (the chain rule):

THEOREM 11.3.3. Let I; and I be intervals in R and f : Iy — R. Let function
¢ : Iy — I, be differentiable on I. Then for f € P(I;), and F being strongly primitive
function to f on I the composite function Fo f is strongly primitive function to function

(fo QS)QSI on [2.

19



11.3 Indefinite Integral 20

Proof. Since F'(t) = f(t) for t € I; then according to theorem 2.8.2 on the derivative of a
composite function the following equality holds:

(Fo¢)(z) = (Flog)(z).¢'(z) = (fod)(x). ¢ (2)
for x € I,. ]

Note 11.3.5. 1. Using the indefinite integral the statement in theorem 3 can be expressed

in the form
[(Fe0)@)¢'(@)de = [ f(t)dt (11.3)
for t = ¢(x), © € I,. Alternatively, the N-integral can be used in the form

b(x)

) [[(foo))d/(s)ds = (V) [ f(e)at

0 #(z0)

for x € Iy, xg € Is.

2. Theorem 3 can be applied in the following sense: when calculating the integral on the
left side of equation (10.11) in the actual calculation one introduces ¢(z) =t and symbol
¢'(z)dzx is then replaced by dt.

Sample Problem 11.3.4. Calculate

]::/ 1 dx
zInx

on the maximal set.
Solution: Let ¢ : = — Inz, x € RT \ {1}. Restrictions |1y and ¢|n,) satisfy the
conditions of theorem 3. Therefore (dt = %dx)

L. e
I= / Zdt =In|t| for t € (—o0,0)U (0,+00)

and hence
I=In|lnz|, =€ (0,1)U(1,+00).

If the primitive function to function (fo¢).¢" is known then the primitive function to

function f can be calculated using the following theorem:

THEOREM 11.3.4. Let I; and I, be intervals in R and f : I; — R. Let function
¢ : Iy — I, be a bijection and has proper derivative ¢'(t) # 0 on interval Io. If (fo¢).¢' €
P(I,) and @ is its primitive function on I, then function Go¢™' (¢! is the inverse

function to ¢) is primitive to f on Ij.

Proof. A finite set My C I, exists such that
Vit € [2 \ M2 : G,(t) = (fo ¢)<t)¢/(t)

20



11.3 Indefinite Integral 21

Since ¢ is a bijection set M; := ¢(Ms) is finite. Then according to the theorem on the
derivative of composite (theorem 2.8.2) and inverse (theorem 4.8.2) functions the following
relation holds for all x € I, \ M,

(G207 (@) = (€07 a) . (67 (@) = [(o0)o0™(0) . s

The last equality completes the proof. O

= f(z)

Note 11.3.6. 1. Using the indefinite integral the statement in theorem 4 can be expressed
by the following formula

[ f@)de= [(fe0)()6' () at
for t = ¢~ '(x), x € I,. Alternatively, the N-integral can be used in the form
v oL (a) ,
(N) [ Fls)yds= (V) [, (fed) (D)6 ()t
for x € I, xg € 1.

2. In order to calculate integral [ f(z)dz theorem 4 can be used with substitutions
x = ¢(t) and dz = ¢'(t)dt.

Sample Problem 11.3.5. Calculate [+/1+ 22dz on R.
Solution: 1. Consider ¢ : t — sinht, t € R. ¢ is a bijection and for ¢ € R we have
¢'(t) = cosht > 0. The assumptions of theorem 4 are therefore satisfied. Hence

/\/1+x2dx:/\/1+sinh2tcoshtdt:/cosh2tdt

for t = sinh ™' = In(z++v/22 + 1), # € R. (We have applied the identity cosh® z —sinh?z =
1, for z € R.) Furthermore we have

1 1 1 St
/COSthdt: Z/e2tdt+§/ dt—i—z/e_%dt: i—l—zstht, teR.
That implies
o1 1.
/\/1 F o7 de £ JIn(e + Va7 £1) + 7 sinh2In(e + Va2 + D] forz € R

2. Using integration by parts with f: z+— 1+ 2% € R and G: z+— 1, x € R one
gets

o 1 1
/\/1—|—x2dx:§1n(x—|—\/x2—|—1)+§x\/:c2+1, z € R.

Formally, the two methods give different results. However, one can work out the derivatives
of the two results and easily see that both results are correct. As an independent check, one

can recall theorem 2.10.1, part (ii):

1
VeeR: zva?+1= §sinh[21n(;1:—|— Va2 + 1) +c.

Choosing x = 0 in this formula we get ¢ = 0 and hence the equality of the two results.

21



11.4 Integration of Special Types of Functions 22

Note 11.3.7. Note that theorem 3 can be used with much weaker assumptions about func-
tion ¢ than theorem 4. In theorem 3, the bijection is not required and neither is the
assumption ¢'(t) # 0.

Problems

1. Find recurrent relations for the following indefinite intergals:
a) I,(x) = [sin" zdz,
b) Ju(x) = [cos" zdz.

2. Use both integration by parts and substitution method for the calculation of indefinite
integral [ /22 —1dx where x € (—o0,—1) U (1, +00), and compare the two results.

3. Calculate (on R)
. 1 - 1'2, |.T| S 1
a) /f(:c)dx, where [ : x|—>{ S

22 +1
b) [ e

Answers

1. a) I(z) = —2sin" 'z cosz + 211, o(x) for n € N, n > 2;

n

b) Ju(x) = 2cos™ ' x sinw 4+ 221, 5(x) for n € N, n > 2.

2. Va2 —1— SInlz + Va2 —1].

3.a) x— % for |z| < 1; and = — £|z| + g sgnz for |z > 1;

b) F: x— %tamfl “;2\;51, z € R\ {0}; F(0) = 0. (Use the following change of

variables: x — % = t\/ﬁ)

11.4 Integration of Special Types of Functions

The goal of this section is to show the ways how to find indefinite integrals of some impor-
tant and frequent classes of real functions. For practical purposes we limit ourselves to show
only the description of several useful algorithms without the ambition to provide the rigor-
ous formulations. Hence in each particular case the validity conditions must be considered

separately.

11.4.1 Integration of Rational Functions

Recall that in theorem 6.4.3 we have introduced the decomposition of a purely rational single
variable function into partial fractions. According to this theorem and theorem 1.10.3 the

22



11.4 Integration of Special Types of Functions 23

problem of integration of such rational functions is reduced to the problem of integration of
individual partial fractions.
Since for k€ N and k #1

1 e (z—a)™F
/<x_a)kdx:( 1_)k , z€R\{a}

and

1 c
/ de =In|zr —al, zeR\{a}

r—a
then the only remaining problem in the integration of rational single variable functions is
the calculation of the primitive function to function z — Wf;iifq)’“ x € R, where A, B, p
and ¢ are real numbers, k € N, and the discriminant p? — 4¢q of the quadratic expression

in the denominator is negative. Taking the decomposition

A
Az+B A 2 +p B -

(22 +pr+qF 2@ +pr+qF (22 +pr+g)F

into account the indefinite integral of the first term can easily be found based on theorem
3.10.3 (the first theorem on substitution) using the change of variables z*+px+¢q =t while

20 +p c A 2 1—k
de s 2 R, k # 1
2/ (@2 + pr + q)F Sa—pw TretaT veR kS

2x + ¢ A
2/3:2 px]j-q xz;ln(xQ—i—px—l—q), r € R.

The denominator of the second term can be expanded according to

2

x2+px+q:(z+g) +o-L = (q-L —2 | +1

2 4 4 qg—2

4
Then the primitive function to the second term can be obtained using the change of vari-

~1/2

able t = (z +2) (q - %) / (theorem 3.10.3). This substitution transforms the original
integral [ (xugi&q)k into integral [ (tﬁitl)k. The latter integral can be obtained using the
recurrent formula (2.10.3) found in problem 3.10.3. The procedure described above can now

be summarised in

THEOREM 11.4.1. The indefinite integral of an arbitrary rational single variable function
on its definition domain belongs to the set of the elementary functions.
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11.4 Integration of Special Types of Functions 24

11.4.2 Integration of Trigonometric Functions

Next, we shall explicitly show the substitutions used to transform the integrals of type
/R(sinx,cos r)de, zeMCR (11.4)

into integrals of rational functions. Function R : (u,v) — R(u,v) from R? to R is a
rational function of two variables.

Integral (10.12) can be calculated using the substitutions shown below (and theorem
3.10.3). Each of the substitutions transforms the integrand into a rational single variable

function.

1. If R is an odd function in the first of its two variables, R(—sinz,cosz) = —R(sinz, cos z)
then a substitution cosx =t, x € R, can be used.

2. If R(sinz,—cosx) = —R(sinz,cosz) then a substitution sinz = ¢, z € R, can be
used.

3. If R(—sinz,—cosz) = R(sinz,cosx) then a substitution tanz = t,
T € Uez (—g +km, 5+ /mr) , can be used.

4. For an arbitrary rational function R of two variables a substitution tan$ = ¢ can be
used. (This substitution can also be used in the previous three cases although the calculation
is most of the times technically more involved.)

The last substitution, tan§ =t, for # € (-, 7), t € R, leads to the formulas

5 T T 2 tan £ 2t
sinx = 2 sin — cos —
2 2 tan? + 1 t2 +1

o T s 11—t
cosT = cos” — — sin” — =
2 2 1412
2
r=2tan 't, dr=-——dt.
1+ ¢

It is now clear that integral (1) transforms into a rational function in terms of variable ¢.

Sample Problem 11.4.1. Calculate [ ——— 1+ —dr on R.
Solution: Based on the ideas above we can use either the change of variable tanz =t
or tan§ = t. We shall use both substitutions:

a) With the change of variable tanxz =t the conditions of theorem 3.10.3. are satisfied

on every interval (—g +km, 5+ k?ﬂ') , k € Z. Since z‘;;# = t? one gets cos’zr = 1it2 and
on any interval (—g +km, 5+ k:7r) , k € Z, the following relations hold:
cos” x dz
/ — - dr =
14 cos?x 1 4 cos? x cos? x
2 t
= é—tam_l—,tER

2+t2_2/1+ V2 2
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11.4 Integration of Special Types of Functions 25

Thus one finds

1 c V2 4 <tanx>
/7dx = — tan
1+ cos?x 2 V2

on any interval (—g +km, 5+ k:w) ke Z.

The calculation is, however, not completely finished, since the function found at the end
is not primitive to function f: x +— (14 cos?z)™!, 2 € R everywhere on set R. Using the
"gluing" construction of example 3.10.1 the primitive function (indefinite integral) obtained
above can now be continuously extended at points 7 + km, k € Z in such a way that new
extension F will be the primitive function to function f: z — (1 +cos*z)™!, z € R on R.
For k € Z let us denote

2 t
Fy xr—>§tan‘1< an:c>’ T € (

T + 2km, — + 2k:7r)

2
2 t
Fopy1: o — \g_tanl < anx) : x € (—g + (2k + 1), g + (2k + 1)7r>

and

Cy = lim Fopa1(z) — lim Fop(x) = —
x—»(—g+(2k+1)7r)+ :c—><g+2k’7r)7

™2
y

Then the primitive function F' is

={ ?tanfl (taﬁ) ™2 g ( T+ 2kn, T+ ka)
F:xw— { ?taﬂ‘1 (te‘%), ve(-I+ 2k—|— ), 2+ (2k + 1))
L —“T\/i, r=5+km, keZ

Besides that F' also is the strongly primitive function to f on R. Recalling theorem 6.8.4
this can be seen from
P (T L R 1
F (§+k;7r) = lim F'(z)= lim

(gﬂm)+ (gﬂm)+ 1+cos?z

9 T

:1:Fl<g+lm> and hence F’(g—l—lm):l:(l—i—cos 5) 1.

b) Substitution ¢ : x + tan also satisfies the conditions of theorem 3.10.3. on an

interval (—7 + 2km, m + 2k7), k € Z. Then cos’z = %, cos® % = 1+t2, t € R. For any
r € (—m+ 2km, m+ 2/m)
2cos® £ 2 + 1
/ dr = —/ e R.
1+Cos2 1—1-00829520082”” t4+1

The rational function that has been obtained here is more complicated than in case a).
The only benefit of this substitution is that we find primitive functions on larger intervals.
However, since we are seeking the primitive function on R the obtained result must again
be extended by "gluing".
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11.4 Integration of Special Types of Functions 26

11.4.3 Integration of Irrational Functions

p/q
/Rlx, <ax+b> ]dx
cx+d

where a, b, ¢ and d are real numbers and p and ¢ are integers, g # 0, can be transformed

a) An indefinite integral of type

into an integral of rational functions using a change of variable
<a:c - b> 1/
=1t.
cr+d
1+v1i+x
1—vV1i+x

integrand into an integral of rational functions.

Solution: The definition domain of the integrated function is (—1,0) U (0, +00). Here
we shall use the substitution (1+ x)/6 = ¢ that satisfies the conditions of theorem 3.10.3
on these intervals (¢t € (0,1)U (1,+00)). According to the theorem, on each of the intervals

1—|—\/l—|—md 1—1—\/1—1—956 dx c /t5(1+t3)
—_—]r = _—- _— = _—
1—1+x 1—vV1+x 6(1 + x)>/6 1—t2

b) The integration of an irrational function of type R(z, vax? + bx + ¢), where R is an

irrational function of two variables, depends on the existence of the real roots of quadratic

form vaxz?+bxr+c (a, b and ¢ are real numbers).

1. If x; < xo are the real roots such that az? + bxr + ¢ = a(x — x1)(z — z2) for x € R

Sample Problem 11.4.2. Transform / dx on the definition domain of the

(14 x)°/® dt.

then (assuming that a < 0) one can write

Var? +bxr +c=+v—a(x — 1) 277 forae (21, x9)

r — I

and the calculation of the remaining integral can be accomplished using the method of part
a).

2. If the quadratic term has no real roots then function z +— Vax? +bx + ¢ has a
non-empty definition domain only for a > 0 and ¢ > 0.

The integration of this function can be reformulated in terms of the integration of a
rational function by one of the following Euler substitutions:

Var? +br+c=+ax +t

or

Vax? +bx +c =zt ++/c.

These substitutions can also be used if ax? + bz + ¢ has real roots. In such a case, the first
substitution is useful for @ > 0 and the second one for ¢ > 0.
When used in actual calculations it is necessary to check the intervals where the substi-

tution theorems are satisfied in terms of the new variables.
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11.4 Integration of Special Types of Functions 27

11.4.4 Integration of Transcendent Functions

a) The integral of a transcendent function z — R(e*”), v € A C (—o0,+00) ( R is a rational
function of a real single variable) can be turned into the integral of a rational function using
the change of variable t = e**

b) The integral of a function z +— R(Inz) X, 2 € A C (—o0,+00) is transformed into an
integral of a rational function using the change of variable lnx = ¢.

Finally we note that mastering the methods of integration requires independent and

honest calculation of a sufficient number of problems and exercices.

Problems

1. Prove in full detail that all substitutions suggested in this section transform the re-

spective integrals into integrals of rational functions.

2. Calculate
a) [ ffl for z € R.
b) f(1+f dz for x > 0.

) Hmjor x € (—oo,—1)U (-1, +00)
d) I(z) = [onzes 4p for ¢ c R

sin® z+cos®

e) [\/Sdx for z € [0, +00).

)]

Answers

1 1
2. a) YW Inz? 4+ 2v2 4 122 — V2 + 1 + 3 [tan~' (zv/2 + 1) + tan~ ' (zv2 — 1)];

— 21tan" % ;

6
b) gx% — 4z% + 1825 +

3 1 4
c) 7+flnziwherez:x+\/x2+x+l;

22z +1) 2 [2z+1J3

2 2 tan 2 2 —4/2 tan 2
) o)< Y2HEVZ o tandr V202 tande
4 4422 4 4—2v2
T o + 1 T km
Z(\/2+\/_—\/2_ ){ o ]7 x%1+77k627
T km
IE+2) = lim [
(+35) (2);

e) In(e” +ve2r + 1) +sin (e ™).
The definition of the derivative of a function depending on a single variable (chapter 8)
was motivated by two basic problems — a geometric one (construction of a tangential to

the graph of the function) and a physical one (need to find the instantaneous velocity of a
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11.5 Primitive Function 28

motion with known trajectory). Another two problems: the evaluation of a surface area and
the calculation of a trajectory of a moving point whose velocity is known, despite being at
first glance very different, lead to mathematical problems closely related to the concept of a
function differentiability.

The goal of the next two chapters is to develop the constructs that are needed to solve
problems of this type. Hence in this chapter we shall deal with the concept and basic
propreties of a primitive function, Newton and indefinite integral of a real-valued function
of a single variable, and we shall introduce some methods to calculate them.

In the next chapters, on the Riemann and generalised integral, further application and
extension of these results will be presented.

11.5 Primitive Function

The task to find a primitive function is in some sense the inverse problem to the problem
to find a proper derivative of a given function. (A function f is primitive to its derivative
f'.) However, contrary to the calculation of derivatives there is no simple set of rules for the

calculation of the primitive function in terms of the elementary functions.

Strongly Primitive Function

One of the basic types of the primitive function is introduced in the following definition:

Definition 11.5.1. Let f: (J C R) — R and I C J is an interval (of any type). We say
that function F : I — R is strongly primitive (or is a strong potential) to function f on

nterval I if
Veel: F'l(z) = f(x).

Note 11.5.1. 1. From the definition 10.9.1 it follows directly that function F'is differentiable
on interval I which, according to theorem ??, means that F' is continuous on I, F' € C([).

2. The sine function is strongly primitive to the cosine function on interval (—oo, +00). It
can be seen from example 6.8.4 that the strongly primitive function on R to a discontinuous

function ) . \ (0}
2z sin —cos—; weR\{0
f.xH{O’ rer
is a function F ) . \ (0}
xsin_, x€R\{0
F”H{o, x=0.

Similarly, there exists a strongly primitive function on (0, 1] to a function f: x + 2723 x €
(0,1], namely F: z + 323 x € (0,1].
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11.5 Primitive Function 29

Example 11.5.1. Prove that there exists no strongly primitive function on R to a function

( 1, zeR*
sgn:xl—>1 0, =0
\_1’ r e R™.

Solution: If the strongly primitive function F' on R to function sgn existed then according
to the corollary to theorem ?? the derivative F’(z) would not have points of discontinuity
of the first kind on R. This is, however, in contradiction with the requirement that F'(z) =
sgnz, x € R. (Point 0 is a point of discontinuity of the first kind of the sgn function.)

The sufficient conditions for the existence of the strongly primitive function are listed in
chapter 12.
Now let us focus on the problem of the correctness (uniqueness) of the strongly primitive

function.

THEOREM 11.5.1. (i) Let F be the strongly primitive function to function f on interval
I. Then for any C' € R the function = — F(z)+ C, x € I, is also strongly primitive to
function f on 1.

(ii) Let F' and G be strongly primitive functions to function f on interval /. Then there
exists a unique constant C' € R such that

Veel: F(x)=G(z)+ C.

Proof. (i) The statement follows directly from definition 10.9.1.

(ii) If both F and G are strongly primitive functions to f on I then Yz € I : (F—G)'(x) = 0.
According to corollary 1 (part ') to theorem 2.8.4 function F' — G is a constant function
on I. The uniqueness of this constant can be shown indirectly. [

Note 11.5.2. 1. The strongly primitive function on an interval is not defined uniquely. If
it exists then there are infinitely many of them, differing from each other by a constant.

2. It is, however, easy to see that if function f has a strongly primitive function on
interval I then to every point (xo,79) € I X R there exists one and only one strongly
primitive function F' to f on I such that (x,yo) € F. (The graph of F' passes through the

point (zo, Yo)-)

Primitive Function

In example 1 we saw that even such a simple function as the sgn function does not have a
strongly primitive function on R. Hence it is sensible to extend the concept to a wider class
of functions.

Definition 11.5.2. Let f: (J C R) — R and [ C J is again an interval. We say that

function F : I — R is primitive (or is a potential) to function f on interval I if
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11.5 Primitive Function 30

(i) Fec),
(ii) a finite set M C I exists such that

Vee I\M: F'(z) = f(z).

Note 11.5.3. 1. The concept of the primitive function is the generalisation of the concept
of the strongly primitive function. In fact, definition 10.9.1 is obtained from definition 10.9.2
for M = (.

2. Function f: z — |z|, z € R is a primitive function to the sgn function on R, with
M = {0}, and function F; : x +— 2y/x, x > 0 is primitive to unbounded function

. 5 for x=20
firae ﬁ, for x € (0,+00).

There is a similar statement on the uniqueness of the primitive function as there was for

the strongly primitive function.

THEOREM 11.5.2. (i) Let F' be the primitive function to function f on interval I and
C € R. Then function = — F(z)+ C, x € I is also a primitive function on [ to function f.
(ii) Let F and G be primitive functions to function f on interval I. Then there exists one
and only one constant C' € R such that

Veel: F(x)=G(z)+ C.

(iii) If a function f has a primitive function on I then for any z¢ € I, yo € R there exists
one and only one primitive function F' to f on I such that F(zq) = yo.

Proof. Statement (i) is obvious.
(ii) There exist finite sets M; C I, My C I such that

Vee I\ M, : F'l(x) = f(z), VYexel\M: G'(z)=f(z).
The set M = M; U M, is a finite set in [ and
VeeI\M: F'(z) = f(z) =G (2).

Since F' € C(I), G € C(I), according to part b) of example 2.8.4 there exists a constant
C € R such that F(z) — G(z) = C for all x € I. The uniqueness is obvious.

(iii) It is seen immediately that if G is a primitive function to f on [ then F': x+— G(z) —
G(xo) + yo, € I is the only primitive function to f on [ with the required properties. [

30



11.5 Primitive Function 31

Sample Problem 11.5.1. Let ¢y, ¢, ..., ¢n; U1, ..., I, be real numbers and let g = a <
21 < Ty < ... <Tp_q1 < Ty =0b. On interval [a,b] we define the "step-like" function
) ¢, rv=ux; J=0,1...,m
f‘r'—){ll; xe(xiflaxi)v 22177m

Prove that function

|{ l1($ - xO) x € [$0,$1)
F:zw— { lo(x — x1) + 1 (21 — 20) T € [x1,22)
L lm(x - xm71> + lm,1($m,1 - .I'm,2> + ...+ ll('xl - .1'0), VIS [xmfla $m]

is primitive to function f on interval [a,b].
Solution: Let M be the finite set of points {xg, 1, ..., x,n} C [a,b]. Then

Vo € [a,b]\ M : F'(z) = f(z)
and the statement is proved.

Note 11.5.4. 1. Note that the concepts of the strongly primitive function and primitive
function have been defined on an interval. Both concepts may be extended to more general
sets on R. However, the crucial assumption that [ is an interval should be kept in the
uniqueness theorems (part (ii) of theorem 10.9.1 and parts (ii) and (iii) of theorem 10.9.2).

For example, functions

)

x z € (0, 1
1 2)

f:ac»—>{ ’ <
r+1, x€(1,

are primitive (also strongly primitive) to function z — 1, x € (0,1)U(1,2), on (0,1)U(1,2).

z+1, x€(0,
1

) .
and g¢g: z+— . ve(l

1
2)
Nevertheless the difference f — ¢ is not a constant.

2. Further generalisation of the concept of the primitive function can be obtained when
set M in definition 10.9.2 is countable. In this case the primitive function to the Dirichlet

function is any real constant (since ), the rational number set, is countable). (See, for
example, textbook [?], p. 359.)

Note 11.5.5. It is obvious that a function defined on I C R may not have a primitive

function on I. For instance, function

Fore 5, for z=0
' 2, for z€(0,1]

has no primitive function on [0, 1]. On interval (0, 1], the primitive function to f is a function

z+—Inz, z € (0,1].

The set of all functions f : I — R whose primitive function on interval I C R exists
will be denoted as P(I).
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Sample Problem 11.5.2. Let f : (a,b) — R have a point of discontinuity of the first
kind at point o € (a,b). Furthermore, let F; (F,) be the primitive function to restriction
flia,20) (f|(zo,)) such that proper limits lim Fi(z) and lim, Fy(z) exist. Show then that

T—Ty x—»xo
a primitive function F' to function f on interval (a,b) exists and
( F ( ) x € (a,z0), (k€R)
{ F T € (ZL‘(), b)
L. hm F1 )+ k= lim Fy(x), x= .
on x—»xo

Solution: From the continuity of functions F; and F on intervals (a,z() and (zo,b), re-
spectively, and from the choice of constant k = lim Fy(x) — lim Fy(z) it follows that F is

l’—>$0 $—>CE0

continuous on (a,b). That means that finite sets M; C (a,zo) and My C (z0,b) exist such
that Fj(z) = f(x) for all z € (a,z0) \ My and Fj(z) = f(z) for all x € (xo,b) \ M,. Hence
F'(z) = f(x) for all = € (a,b)\ (M1 U MU {zo}).

This example shows how to construct a primitive function to a discontinuous function
with points of discontinuity of the first kind. This construction will be used frequently and
will be referred to as "gluing".

Problems

1. Show that the existence of the primitive function to f 4 ¢ on interval I does not
guarantee the existence of the primitive functions to f and g, separately, on I.

2. Let functions f and f+ g have primitive functions on J C R. Find out if a primitive
function to ¢ on J exists.

3. Find out if primitive functions to f and g on J C R exist provided the primitive
functions to f+¢g and f— g on J exist.

4. Prove that there exists no primitive function to function z +— x(z), = € I, where x is
the Dirichlet function and I C R is an arbitrary interval in R.

5. Find all primitive functions to the functions defined below together with their definition

domains:

flixH%,.fE(—O0,0); fgl.]]H%,Ie(O,—l-OO);
fs:x— 1 xe(-00,0)U(0,+00); fi: x> [z], z€[0,n], neN;

z € R\ {0}

1
fs: x—xlz|, z €R; f6:93r—>{8: 0

6. Prove that tan™'z + cot™'z = 7 for any z € R.
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11.6 Riemann Integral and Its Properties 33

Answers

2. Yes, it does.
3. Yes, it does.

5. Fi: x—In(—x) +¢, =€ (—00,0);

Fy:z—Inx+c x e (0,+00);
_ In(—z) + ¢, x€(—00,0)

Fg'x'_){lnx%—c% x € (0,+00)
(a special case: Fy: z+— Inz+c¢, x € R\ {0});
Fy: z— xfz] — W, z € [0,n];

13

& +c,  1€l0,+00)

Fy - x»—>{ 23
—% +¢, € (~00,0);

Fy does not exist.

11.6 Riemann Integral and Its Properties

Inspired by the preceding section we are ready to claim that determining the trajectory of
a moving particle out of its velocity given as a function of time effectively means finding
the primitive function to the velocity function. In this section, besides the properties of the
Riemann integral we shall show that when calculating the surface area one is again faced
with the issue of finding the primitive function.

Riemann Integral

Before addressing the surface area question we shall study the following concept and its
properties:

Definition 11.6.1. Let I be an interval in R and f € P(I). Let F be a primitive function
to f on [ and let [a,b] C I. Then the difference F'(b) — F'(a) is called a Riemann (definite)
integral (R-integral) of function f from a to b. It is denoted as (N) [° f(z) dz. We also say
that f is Riemann integrable on [a,b]. (The difference F'(b) — F(a) is denoted as [F(z)]% or
F(z))s.)

Note 11.6.1. The definition of the Riemann integral is correct, i.e. its value does not
depend on the choice of the primitive function.

Sample Problem 11.6.1. Calculate the Riemann integral from a to b of the following
functions: a) fi =sgn; b) fo: x — sgnz, v € R\ {a,b}, fala) =c1 € R, fo(b) = c2 € R;
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11.6 Riemann Integral and Its Properties 34

¢) the function defined in sample problem 2.10.1; d) an unbounded (in the neighbourhood
of point 0) function

2xsinz%—2§cos;—2 for z # 0
fs xr—>{0 for x = 0,

fora=-1,b=1.

Solution: For the first two cases

() [senade = [lallh =10l ~lal = (V) [ o) da-

d) It is easy to see that
z? sin % forx # 0
0 forx =0

is a strongly primitive function to function f3 on R, and hence

ngl’b—){

(N) /_11 f3(z)do = F3(x)|', =sinm —sin7 = 0.

Note 11.6.2. In the case when [; > 0 for : =1, ..., m, the Riemann integral in example
1 ¢) gives a very intuitive geometrical interpretation — the surface area of the histogram-
shaped object in figure 10.1.

Note 11.6.3. Note that the N-integral is defined on a closed interval. The extension of this
concept to include an arbitrary (also unbounded) interval will be introduced in chapter 13.

Basic Properties of the N-integral

THEOREM 11.6.1. Let J C R be an interval, a € J, b€ J, f € P(J) and M C J is a
finite set.

(1) If f‘J\M = g\J\M then

(ii)

(iii) For function k: x+— c € R, x € J\ M the following is true:
b
(N) / k(z)dz = c(b — a).
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Proof. (i) Taking the assumptions into account it follows that the primitive functions
to functions f and ¢ on interval J differ by a constant and the statement is then

obvious.

(ii) Let F' be a primitive function to f on J. Then

(iii) According to example 2.10.1 the primitive function to function k on interval J is
F: 2w c(r—a), z € J. The result then follows trivially.
L

THEOREM 11.6.2. Let a and b be numbers from interval J C R, C; € R, (5 € R, and
feP(J) and g € P(J). Then (Cif + Cag) € P(J) and
b

) | (O (2) + Cag(a)] dz = C (V) / " f@)da + Cy (V) | (@) dz.

a

Proof. Let F' and G be primitive functions to f and g, respectively, both on interval J.
Then CF + CyG is a primitive function to Cf + Cyg and the following relations hold:

(N) Ab[clf(x) + Cogla)dz = CLF(B) + CoG(b) — C1F(a) — CoGla) =
= C1[F(b) — F(a)] + C5[G(b) — G(a)] =
= o) [ f@yde M) [ g
and the proof is done. -

THEOREM 11.6.3. Let a, b and ¢ be numbers from interval J C R, and let f € P(J).
Then

) [ fayde = () [*f@)de+ ) [ 1)

c

Proof. Let F be a primitive function to f on interval .J. Then

() [ f@)de = F) - F(@) = [F®) - F(0)] +[Fle) - Fla)]
= ) [ f@yde+ () [ f)dr

and the proof is done. Il

Using the method of mathematical induction and theorem 10.10.3 one can state
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Corollary 11.6.1. Let zg, 21, ..., =, be numbers from interval J C R, and let f € P(J).
Then

Tn

Tn 1
(N) / f(z)dz = (N) / fl@)dz+ ...+ (N) / f(2)dz.

T xo Tn—1
THEOREM 11.6.4. Let J C R be an interval, a € J, b€ J, a < b, and f € P(J) and
g € P(J) be such that f > ¢ on interval [a,b]. Then

b

) [ r@yde = () [ gta)ds

a

Proof. Let F' (G) be a primitive function to f (¢ ) on interval J. There exist finite sets
M, c J and M, C J such that

Vo e J\ My : F'(z) = f(2),

and
Ve e J\ My : G'(z) = g(x).

Thus for any = € J \ (M; U Ms)
(G—F)(x)=(9—f)(x) 2 0.

That means that the difference G — F' is a non-decreasing function on J (compare with

sample problem 8.4.2 part a)) and hence

(NV) Ab(g — @) dz = [G(b) = F(b)] = [G(a) — F(a)] = 0.

The proof is then easily completed using theorem 10.10.2. O

Corollary 11.6.2. Let a, b, cand d be numbers from interval J C R such that a < ¢ <
d < b and let g € P(J) be a non-negative function on interval [a,b]. Then the following

relations hold: ,
(N) [ g@)de >0

and
b

V) [ @) de < ) [ g(a) do.

a

Proof. The first inequality follows from theorem 10.10.4 for f : x +— 0, = € [a,b]. The
second inequality is obtained using the corollary to theorem 10.10.3 for this specific case:

bg(x) dz > (N) Adg(:c) dz.

]

) [ gty de = () [“gt@)de+ () [“ga)de+ ) [

The following theorem discusses the integral representation of the primitive function:
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THEOREM 11.6.5. Let a and z be numbers from interval J C R and let f € P(J).
Then function
F- .Tl—>(N)/ fydt, xel

is the primitive function to function f on J with the property F(a) = 0.

Proof. Let us denote a primitive function to f on J as G. We then get

() [ F@dt = Ga) - Gla)

Thus a finite set M C J exists such that

Ve e J\M: =(N) [ fdt=T@) = fla)

which completes the proof. O

Surface Area as Primitive Function

The numerical evaluation of the surface area of two-dimensional objects has been one of the
oldest mathematical tasks. The area’s axiomatic definition for so-called elementary regions
is introduced in section 12.2. There it is also shown that this definition of the surface area is
correct (that means the surface area of an elementary region exists and is defined uniquely)
and the surface area of elementary regions can be expressed using the Riemann integral.
Here we shall focus on the relation between the surface area P(f; ¢, d) of a curved

trapezoid
M(f; e, d) = {(z,y) € R* x € [e,d] C [a,b], 0 <y < f(a)},

where function f: [a,b] — R is continuous on interval [a,b] (figure 10.2), and the primitive
function to f.

THEOREM 11.6.6. Let function f : [a,0] — R be continuous and non-negative on
interval [a,b] and let for every = € (a,b] a surface area of a curved trapezoid M(f; a, x)

exist. Then function
R P(f;a,z) for x € (a,b]
Pr 0 for z =a

is the strongly primitive function to function f on [a,].
Proof. Let xy € [a,b). Continuity of function f implies
Ve>030<d<b—xgVa € [rg,z0+0): flwg) —e< f(x) < f(zg) + €.

From this observation and due to well-known (natural) properties of surface areas that agree
with our intuition, and also based on the non-negativity of function f we obtain

[f(x0) — €] 6 < max{[f(x0) — €] 6,0} < P(f; o, 20 + ) < [f(x0) + €4,
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which means that the surface area of the largest rectangle placed inside a curved trapezoid
M(f; xo, ko + J) is not greater than the surface area of the trapezoid, and the latter is in
turn not greater than the surface area of the smallest rectangle containing the trapezoid.

Furthermore we have
P<f7 a, I0>+P<f7 Xo, I0+5):P(f, a, Cl:‘(]—i_5)7

which means that the sum of the surface areas of curved trapezoids M(f; a, xy) and
M(f; xo, o + 0) (the two pieces we break trapezoid M(f; a, zo + ) into) is equal to
the surface area of trapezoid M (f; a, o+ 0).

From these relations we get

ps(xo +6) — pr(x0)

— f(l'o) < €.

If in this inequality one considers the limits § — 0" and then ¢ — 0%, then the relation
Py (w0) = f(xo) emerges. The analogous statement, p’; (zo) = f(xo) for zy € (a,b], for
the left derivative is shown in the same way. Thus we can conclude that p'(z) = f(z) for
arbitrary z € [a,b] and the proof is done. O

Corollary 11.6.3. Let J C R be an interval and function f: J — R be continuous and
non-negative on J. If for any interval [a,b] C J (a € R, b € R) the surface area P(f; a, b)
of a curved trapezoid M (f; a, b) exists then the strongly primitive function to f on J
exists and the following relation holds:

b

P(fia.0) = () [ f(x)dw.

a

Proof. Based on theorem 10.10.6 a strongly primitive function = +— pg(x), = € [a,b] to
function f exists on any interval [a,b] C J, and therefore it exists on the whole interval .J.
Furthermore, from the definition of the N-integral it follows that

() [ ) de = py(8)  py(a) = P(f 0, 1)
since pg(a) = 0. =

Note 11.6.4. In section 11.5, we shall prove an even stronger statement than the one in the
corollary above. Here we just quote the stronger statement:
Every continuous function on an interval in R has a strongly primitive function on this

interval.
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Problems
1. Find all a € R for which the Riemann integral (N) [ f(z)dx exists for

x x#0

where ¢ € R.
c, =20

f:rax— {
2. Calculate the following N-integrals provided they exist:
2
a) (N)/ max (1, z%) dz
-2

+7/2
b) (N)/ o x sgn(sinz) dz

c) (N)/_lf(x)dx for f:a:»—»{

a o *[27] da.

3. Find out if function

(1—2®)V2 ze(-1,1)
ceR, r=—lorxz=+1,

. [, 2 #0
fiae { A
is Riemann integrable. Consider separately the following three intervals: [—1,1],

[—1,0] and [—2,—1]. If it is, calculate the Riemann integral.
4. Prove the corollary that follows after theorem 10.10.3.

5. Show that the following statement is true:
Let a < ¢ < b be real numbers, and f € P([a,c]) and f € P([c,b]). Then f €
P(la,b]) and

) [ @+ ) [ fade =) [ fa) e

[

6. Formulate and prove the theorem on the N-integral of a sum of functions (analogous

to theorem 10.10.2) for an arbitrary finite number of terms.

7. Calc%late , d , d ,
g2 a g2 a g2
a) @(N)Le dz, 1 (N)[l e " dz, db(N)L e " dz,
where a € R, b € R.

1/3

d (sinz)
b) — (V) / sin ' #*dt, for x € [-7/2,+7/2],

dx
T i —1 sin 1/n
tdi tant dt
c) limeL, lim Otanx( ajn ) , n € N.
20 x z—0 [1T(sint)l/n dt

8. Calculate the surface area of two-dimensional planar objects bounded by the following
curves:
a) the z axis, graph of function x — |z|* (x € R), and lines z = —1 and = = 1;
b) the graphs of functions z +— 2? —2 (r € R) and z +— —2?+2 (x € R).
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Answers

1l a<l.
2 a) 12/5,b) /4, ¢) m,d) 5 —In3/In2.
3 f is Riemann integrable only on the last of the three intervals. The result is In 2.

7a)0, —e~ %, e b) L(sinz)?Pcosz —sin' 2 ) 1, L.

11.7 Indefinite Integral

In section 2 we saw that the hard part in the calculation of the N-integral consists of the
determination of the primitive function to a given function on an interval under consideration.
Therefore, in this section we shall focus on different alternative methods for finding the

primitive function.

Concept of Indefinite Integral

We already know from theorem 10.9.1 that the primitive function to a given function is not
uniquely determined. If a single primitive function to f on an interval I exists, then there
are infinitely many of them, differing from each other by an additive constant.

Definition 11.7.1. The set of all primitive functions to f: (J C R) — R on an interval
I C J will be called an indefinite integral of function f on I and denoted by a symbol
[ flz)dz, x € 1.

Note 11.7.1. 1. Function f is called an integrand, the symbol [ isreferred to as the integral
sign, and letters dz denote the integration variable (z in this case). The meaning of the
integration variable is as follows: calculating the derivative with respect to the integration
variable x of any function from the set [ f(z)dz on I\ M (M is a finite subset of I) one
obtains restriction f|p .

2. If F' is a primitive function to f on I we shall write

/f(x)dxéF(x), r el or /f(x)dx:{F(x)—i—cheR, €l

For instance [e**dz = e =: F(z), z € R since 4 (z) = €* for z € R.
3. The indefinite integral will usually be sought on the so-called maximal set A\ R which

does not have to be an interval but could also be a union of a finite number of intervals that
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satisfies the following statement: If f has a primitive function on set B then B C A. For

example,

Lo
/de =Inlz|, z¢€ (—00,0)U(0,+00)

¢ 3
/x_% dr = 51‘%7 €T € (—OO, 0) U (O, —|—OO)

Basic Indefinite Integrals

The following indefinite integrals can be derived from the rules for derivatives (section 8.2):

1. /deéo, r€R

2. /1dx::/dxé$, reR

xn—l—l
3. /x”dzé?, r€R (n€N).
n
If n € R\ {—1}, the formula holds for x € R*. For some values of n the formula is
valid on an extended set (see, e.g. part 3 of the last note);

Lo e Lo -
4. /—dx:lnx, r € R, /—dx:ln(—x), zeR
T T
L.
(or /—da::ln|w|, xGR\{O})
T

1 c 1 c _
5./ de =tan~'z, z€R, / dr = —cot™'z, z€R
1+ 2?2 1+ 22

1

dr =sin"'z, z¢€(-1,1), !

< —cos 'z, xe(-1,1)

6. /ﬁ /ﬁd“”

7. /exdxéex, reR

8. /aﬂfdxé @ LcR(aeRY\{1})

Ina’
9. /sinxdxé—cosx, reR

10. /cosxdx =sinz, xz€R

1 c
11. /(dx:—cotm, v e |J(kr,m+kn)

sin x)? s

1 s T
12, / do < tanz, ae | )(kr— = kr+ =
(cos ) r=tanwz, =x kLGJZ( T ook 2)

13. /sinhxdxécoshx, relR
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14. /cosh:cdx =sgsinhz, z€R

1
15. ————dx = —coth R
5 / e x cothz, x€ R\ {0}

1
16. ———dz = tanh R
6 /(Coshx)2 T anhz, x €

In order to speed up calculations the following formulas are often useful:

17 =ln(z+Va2+1), z€R

1
) —d
/\/xQ—i—l v

18 dr = In(x + Va2 —1), € (1,+0c0)

1
' /\/xQ -1
1 _
19. /dxélln vl
x?—1 2 Jrz+1
20. Let f: (I CR) — R (I is an interval) be differentiable on I. Then

f'(@) | e
de=In|f(z)|, xe€{zel; f(2)#0
I @), we{zel; f(z)#0)
21. Let f: (I CRR) — R (I is an interval) be differentiable on I. Then

/\;%dmém/f(:v), vef{zel; f(z) >0}

Formulas 17-21 can be easily verified by performing the derivative on the right-hand sides,

., zeR\{-1,1}

or with the use of forthcoming theorems 3 or 4.

Based on the formulas listed above one can calculate indefinite integrals for just a narrow
class of functions. Hence in the following text we shall develop integration methods allowing
us to transform integrals of a wide class of functions in such a way that the formulas above
can be applied. We warn the reader right here that such a transformation may not be
possible for every function f € P(I). For instance, indefinite integrals [cosz?dx, x € R;
fe*zz dz, x € R, although they do exist (see note 4.10.2), cannot be expressed in terms of
the elementary functions (and, therefore, cannot be transformed into any of the formulas
1-21 for an elementary function f). Similarly, neither of the integrals [ *2%dz, z € R\ {0}
and [ ﬁ dz, z € R\ {—1} belongs to the set of the elementary functions. (A complex
proof of the last statement can be found in textbook [2].) There is no general solution to
this problem.

Decomposition Method

THEOREM 11.7.1. Let ki, ..., k,, be real numbers and indefinite integrals [ f;(z)dz =
F;(z) exist on interval [ C R for ¢ =1,...,m. Then the following indefinite integral exists

/ li kifi(x)] dz = ékF(w) vel
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Proof. The assumptions imply that finite sets M; C I, 7 =1, ..., m exist such that
Set M U™, M; is also a finite subset of I and the following relation holds

Veel\ M (f: kZFZ> (x) = f:kzFZ’(l’) = f}klfl(x)

=1 i=1

which means that the proof is done. O

Note 11.7.2. The statement in theorem 10.11.1 is usually written in the following form

/ Lil kifi(x)] do = i’ﬂ /fi(ﬂﬁ) dz, =€

Sample Problem 11.7.1. Calculate the following indefinite integrals on their respective
maximal sets

a) [ —#5dz; b) [ Py(x)dz, where P, is a polynomial of degree m x — a,a™ + ... +
amr+ag, r €R and a; €R for i =0,1, ..., m;c) [ = da.

sin x

Solution: a) Using formulas 5 and 19 one obtains

2 1—22+1 2 1 1 o 1 —1
/7dx:/ vl dx:/idx—/idx:flnx —tan" 'z
-1 (22 —=1)(22+1) 2 —1 2?2 +1 2 x+1
for x e R\ {—1,1}.

b) /Pm(x)dx:/[z:aixi] dx:Zai/a:idx:Z ,jjl:c”l, xr €R.
i=0 i=0 v

=0

¢) Using formula 20 one finds

2

2 x 1 .. x 1 €T
/ dz _ [om g oS §dx—/7gsmgd$+/7§ms§dxiln sinx‘—ln cosx‘ =In tanx‘
sin x 2 sin % cos cos Z sin £ 2 2 2
2 2 2 2
for x € | ) (km,km + 7).
kez

Method of Integration By Parts

Let F' and G be the primitive functions to functions f and ¢ on interval I C R. In
general, it is not true that product F'G is the primitive function to function fg. That is
because (FG) = F'G+ FG' = fG+ Fg on I. However, the following theorem holds:

THEOREM 11.7.2. Let f € P(I) and g € P(I) where [ f(z)dx = F(x), [g(x)dx =
G(z), v € I and furthermore let fG € P(I) (or Fg € P(I)). Then also Fg € P(I)
fG € P(I)) and

(or

/ f(2) Gx)dz + / F(z) g(z)dz £ F(2) G(z), z€l. (11.5)
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Proof. Let fG € P(I) and [ f(x)G(x) = H(x), * € I. Then a finite set M C I exists
such that

Ve e I\M: (FG—H)'(z) = f(2)G(z) + F(z)g(z) — f(x)G(x) = F(x)g(x).

That means that function F'G — H is primitive to F'g on I and Fg € P(I). The second
part of the statement follows from theorem 10.11.1 and relation

/ (FGY(z)dz £ F(2)G(z), zel
which completes the proof. O

Note 11.7.3. Theorem 10.11.2 on integration by parts is of large practical significance.
However, when applied we shall use [ f(z)G(z)dx = F(2)G(x) — [ F(x)g(z)dz, z € I,
instead of (10.9).

Sample Problem 11.7.2. Calculate the following indefinite integrals on their maximal sets
a)/ x cos z dz; b)/ sin~! 2 dx;

Solution: a) If we choose f: z+ cosz, v € R and G: z+— z, v € R then F: z —
sinz, r € R and ¢g: x— 1, v € R and according to theorem 10.11.2

. . C .
/a: cosxdx:x81nx—/81nxdx:x51n$+cosx

for z € R.
b) Let us choose f : x — 1, x € (=1,1) and G : z ~ sin"'xz, 2 € (=1,1). Then
F:zxw—uz, ze(—1,1) and g: z— ﬁ, z € (—1,1). Now using formula 21 we have

der £ rsin 'z + V1 — 22

/sin_lxdm =z sin_lx+1/_2x

2/ V1—a?
for © € (—1,1). According to theorem 6.8.4 (see also problem 6a.8.4) the primitive function
that has been found above can be extended to include the closed interval [—1,1]. Then one

can write

/sin’lxdx Zrsin 'z +V1—22 ze[-1,1]

Sample Problem 11.7.3. Prove that for indefinite integral I, (z) = [ m dz on R the

following recurrent relation holds

_i T +271—1
© 20 (14 22)n 2n

I () I,(z), zé€R, (11.6)
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where n € N.

Solution: Choosing f: z+— 1,z € R and G : = — m, x € R one finds F: = +—

r,r€R and g: x+— (lfaj‘%, x € R. Then according to theorem 10.11.2

x x?

I(x) = (1+x2)n+2n/<1+x2)n+1dx:

T 2+ 1 1
= gt [ [ de =
T T B SR e B R e
T
= m—annH(x)qLinn(x), z eR.

This easily simplifies to formula (10.10)

Note 11.7.4. Note that the N-integral formula (10.9) can be written in the form

V) [Cr@ G+ (V) [ P g dt = [F)GE),

0 Zo

for x € I and xy € I (compare with theorem 5.10.2).

Substitution Method

The basic theorems describing the substitution method are obtained from the theorem on
the derivative of a composite function (the chain rule):

THEOREM 11.7.3. Let I; and I, be intervals in R and f : I; — R. Let function
¢ : Iy — I, be differentiable on I,. Then for f € P(I;), and F being strongly primitive
function to f on I; the composite function Fo f is strongly primitive function to function

(fod)d' on Is.

Proof. Since F'(t) = f(t) for t € I; then according to theorem 2.8.2 on the derivative of a
composite function the following equality holds:

(Fog)(x) = (Flo¢)(z).¢'(x) = (fod)(x).¢'(x)
for x € I5. L]

Note 11.7.5. 1. Using the indefinite integral the statement in theorem 3 can be expressed
in the form
[(Fea)@)d' (@) da = [ (bt (1L.7)
for t = ¢(x), © € I,. Alternatively, the N-integral can be used in the form
@ , ()
(V) [ (Fe0)()¢'(s)ds = (N) [ fleyat

0 #(z0)
for x € Iy, xg € Is.
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2. Theorem 3 can be applied in the following sense: when calculating the integral on the
left side of equation (10.11) in the actual calculation one introduces ¢(z) =t and symbol
¢'(x)dz is then replaced by dt.

Sample Problem 11.7.4. Calculate

1
= / dz
zlnx
on the maximal set.

Solution: Let ¢ : = — Inz, x € RT\ {1}. Restrictions |1y and ¢|n,«) satisty the
conditions of theorem 3. Therefore <dt = %dx)

L. e
I :/gdt =lIn|t| for ¢t € (—o0,0)U (0,+00)

and hence
I=In|lnz|, z€(0,1)U(1,+oc0).

If the primitive function to function (fo¢).¢" is known then the primitive function to
function f can be calculated using the following theorem:

THEOREM 11.7.4. Let I; and I, be intervals in R and f : I; — R. Let function
¢ : Iy — I, be a bijection and has proper derivative ¢'(t) # 0 on interval Io. If (fo¢).¢' €
P(I,) and @ is its primitive function on I, then function Go¢~' (¢! is the inverse
function to ¢) is primitive to f on Ij.

Proof. A finite set My C I, exists such that

Vi€ L\ My: G'(t) = (fo)(t)o'(1).

Since ¢ is a bijection set M; := ¢(Ms) is finite. Then according to the theorem on the
derivative of composite (theorem 2.8.2) and inverse (theorem 4.8.2) functions the following
relation holds for all z € I \ M;
_ _ _ _ 1
(Gogp ) () = (G'o0™")(@) . (671 (@) = [(fod)od () . ———— = f(2)
¢o¢~1)(z)

The last equality completes the proof. Il
Note 11.7.6. 1. Using the indefinite integral the statement in theorem 4 can be expressed
by the following formula

[ f@yde= [(F0)0)8(t)dt

for t = ¢~!(x), x € I,. Alternatively, the N-integral can be used in the form

W) [seas =) [1 7 eawsna

¢~ 1(z0)
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for x € I, xg € 1.
2. In order to calculate integral [ f(z)dx theorem 4 can be used with substitutions
x = ¢(t) and dx = ¢'(t)dt.

Sample Problem 11.7.5. Calculate [+/14 22dz on R.
Solution: 1. Consider ¢ : t — sinht, t € R. ¢ is a bijection and for £ € R we have
¢'(t) = cosht > 0. The assumptions of theorem 4 are therefore satisfied. Hence

/\/1+x2dx:/\/1+sinh2tcoshtdt:/coshztdt

for t = sinh™' 2 = In(z4++/22 + 1), € R. (We have applied the identity cosh? z —sinh?z =
1, for x € R.) Furthermore we have
1 1 1 ct1
/costhdt _ 1/e%hwr 5/ dt + Z/e—%dt £+ sinh2t, tER
That implies

1 1
/\/1+x2d:p = §1n(m—|— vaz+1)+ 151nh[21n(x+\/m2+ 1)] for z € R.

2. Using integration by parts with f: z+— 1+ 22, x€R and G: z+— 1, z € R one
gets

o1 1
/\/1+x2dx:§1n(x+\/x2+1)+§x\/x2+l, z €R.

Formally, the two methods give different results. However, one can work out the derivatives
of the two results and easily see that both results are correct. As an independent check, one
can recall theorem 2.10.1, part (ii):

1
VeeR: azva?+1= 5 sinh[2In(z + V22 + 1)] + ¢
Choosing x = 0 in this formula we get ¢ = 0 and hence the equality of the two results.

Note 11.7.7. Note that theorem 3 can be used with much weaker assumptions about func-
tion ¢ than theorem 4. In theorem 3, the bijection is not required and neither is the
assumption ¢'(t) # 0.

Problems

1. Find recurrent relations for the following indefinite intergals:
a) I,(x) = [sin" zdz,
b) Ju(x) = [ cos" zduz.

2. Use both integration by parts and substitution method for the calculation of indefinite
integral [+/z? —1dx where x € (—00, —1) U (1, +00), and compare the two results.
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3. Calculate (on R)
. - Z’2, ’.Z" S 1
a) /f(x)dx, where f xl—>{ L= 2], Ja| > 1

241
dz.
b) /£E4—|—1 v

Answers
1. a) [(z) = —2sin" 'z cosz + =21, o(z) for n€ N, n > 2;
b) Ju(z) =2 cos" ' x sine 4+ =1, _o(z) for n€ N, n > 2.

2. Va2 —1—IInjz + V22 —1].

3. a) x— % for |z| <1;and = — £|a| + §sgnx for |z| > 1;

b) F: x Jstan™! ’f\g, z € R\ {0}; F(0) = 0. (Use the following change of

variables: © — % = t\/§)

11.8 Integration of Special Types of Functions

The goal of this section is to show the ways how to find indefinite integrals of some impor-
tant and frequent classes of real functions. For practical purposes we limit ourselves to show
only the description of several useful algorithms without the ambition to provide the rigor-
ous formulations. Hence in each particular case the validity conditions must be considered

separately.

11.8.1 Integration of Rational Functions

Recall that in theorem 6.4.3 we have introduced the decomposition of a purely rational single
variable function into partial fractions. According to this theorem and theorem 1.10.3 the
problem of integration of such rational functions is reduced to the problem of integration of

individual partial fractions.
Since for k € N and k # 1

1 e (z—a)™F
/<x_a)kda;—( 1—)1<; , z€R\{a}

and

1 c
dr =1 — R
/m—ax nler—al, zeR\{a}

then the only remaining problem in the integration of rational single variable functions is

the calculation of the primitive function to function z +— ﬁisz, x € R, where A, B, p
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and ¢ are real numbers, k£ € N, and the discriminant p? — 4¢ of the quadratic expression

in the denominator is negative. Taking the decomposition

Ax+ B _é 2x+p N B—%
(22 +pr+q)* 2 (22 +pr+q)F (22 + pr+q)F

into account the indefinite integral of the first term can easily be found based on theorem
3.10.3 (the first theorem on substitution) using the change of variables z*+px +¢q =t while

2 +p c A 9 1—k
dr = — eR, k#1
2/ (22 + pr + q)¥ v 2(1—/{;)(96 Trrta)t @ k7

2z + ¢ A
2/x2+pxiqd —1n(a:2+px+q), r €R.

The denominator of the second term can be expanded according to

x2+px+q:(x+

2 2 [ p ? -|

2 p

R Gl [ S R
4

Then the primitive function to the second term can be obtained using the change of vari-

able t = (z+2) (q——) s

integral [ (a:2+2++q)k into integral [ (ﬁiitl)k. The latter integral can be obtained using the

(theorem 3.10.3). This substitution transforms the original

recurrent formula (2.10.3) found in problem 3.10.3. The procedure described above can now

be summarised in

THEOREM 11.8.1. The indefinite integral of an arbitrary rational single variable function
on its definition domain belongs to the set of the elementary functions.

11.8.2 Integration of Trigonometric Functions

Next, we shall explicitly show the substitutions used to transform the integrals of type
/R(sinx,cos r)de, zeMCR (11.8)

into integrals of rational functions. Function R : (u,v) — R(u,v) from R? to R is a
rational function of two variables.

Integral (10.12) can be calculated using the substitutions shown below (and theorem
3.10.3). Each of the substitutions transforms the integrand into a rational single variable
function.

1. If R is an odd function in the first of its two variables, R(— sinz,cosx) = —R(sinx, cosx)

then a substitution cosxz =t, x € R, can be used.
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2. If R(sinx,—cosz) = —R(sinx,cosz) then a substitution sinx = ¢, = € R, can be
used.

3. If R(—sinz,—cosz) = R(sinx,cosx) then a substitution tanz = ¢,

T € Urez (—g +km, 5+ k7r> , can be used.

4. For an arbitrary rational function R of two variables a substitution tan § ={¢ can be
used. (This substitution can also be used in the previous three cases although the calculation
is most of the times technically more involved.)

The last substitution, tan§ =t, for x € (—m,7), t € R, leads to the formulas

x x 2 tan 3 2t

sinszsin§ COS§:tan2§+1 :t2+1

W T . ,x  1—1t?
cosx = cos” — —sin” — =
2 2 142
1 2
r=2tan 't, dr= dt.
1+ t2

It is now clear that integral (1) transforms into a rational function in terms of variable ¢.

Sample Problem 11.8.1. Calculate fmdx on R.
Solution: Based on the ideas above we can use either the change of variable tanx =t
or tan 3 =t. We shall use both substitutions:

a) With the change of variable tanx =t the conditions of theorem 3.10.3. are satisfied

. . a2
on every interval (—% + km, T+ kr), k € Z. Since 52 = ¢? one gets cos’x = T

on any interval (—% + km, % + km), k € Z, the following relations hold:

and

1 cos’z  dx
/ — dr =
14 cos?z 14 cos? z cos? z
2 -1

dt
= tan

1 dt . t
2—|—t2_§/ ¢ 2_72 727
1+ (J5) V2 V2

teR.

Thus one finds
1 e V2 | (tanz
/ ————dr = —tan —
1+ cos?z 2 V2
on any interval (—g +km, 5+ lmr) ke Z.

The calculation is, however, not completely finished, since the function found at the end
is not primitive to function f: x +— (14 cos?z)™!, z € R everywhere on set R. Using the
"gluing" construction of example 3.10.1 the primitive function (indefinite integral) obtained
above can now be continuously extended at points 7 + k7w, k € Z in such a way that new
extension F will be the primitive function to function f: z — (1+cos*z)™!, z € R on R.
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For k € Z let us denote

2 t
Fo: x— \é_tan_l < a\;gv) , T € (—g + 2km, — + 2]{577')
\/5 . [tanx s s
F2k+1:a:»—>2tan1<\/§>, 1:6(—§+(2k+1)7r,§+(2k+1)7r>

and 3
2
Cy = lim Fopa(z) — lim For(x) = _ve

x—»(—g+(2k+1)7r)+ cc—><g+2k:7r)7 2

Then the primitive function F' is

I{ ‘/itaun_1 (t%x) -2 g (=2 + 2km, 2 + 2k7r)
F:xw— { ftanfl(%"’), ve(-I+ QkJ—I— w2+ (2k + 1))
L -2, x="T+kr, keZ

Besides that F' also is the strongly primitive function to f on R. Recalling theorem 6.8.4

this can be seen from
1
F <E+k7r> — lm Fl(z)= lim — —
12 (g+/m)+ (z) (g+kw)+1+coszx

=1=F" (g +/<:7r) and hence F’ (g—i-knr) =1= (1—1—0052 ;T)_l.

b) Substitution ¢ : x + tan also satisfies the conditions of theorem 3.10.3. on an

interval (—7 + 2km, m + 2k7), k € Z. Then cos’z = 8:;;2’ cos® % = 1+t2, t € R. For any
x € (=7 + 2km, 7 + 2km)
2cos® £ 2 + 1
/ dr = —/ e R.
1+Cos2 1—1-00829520082”” t4+1

The rational function that has been obtained here is more complicated than in case a).
The only benefit of this substitution is that we find primitive functions on larger intervals.
However, since we are seeking the primitive function on R the obtained result must again
be extended by "gluing".

The definition of the derivative of a function depending on a single variable (chapter 8)
was motivated by two basic problems — a geometric one (construction of a tangential to
the graph of the function) and a physical one (need to find the instantaneous velocity of a
motion with known trajectory). Another two problems: the evaluation of a surface area and
the calculation of a trajectory of a moving point whose velocity is known, despite being at
first glance very different, lead to mathematical problems closely related to the concept of a

function differentiability.
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The goal of the next two chapters is to develop the constructs that are needed to solve
problems of this type. Hence in this chapter we shall deal with the concept and basic
propreties of a primitive function, Newton and indefinite integral of a real-valued function
of a single variable, and we shall introduce some methods to calculate them.

In the next chapters, on the Riemann and generalised integral, further application and
extension of these results will be presented.

11.9 Primitive Function

The task to find a primitive function is in some sense the inverse problem to the problem
to find a proper derivative of a given function. (A function f is primitive to its derivative
f'.) However, contrary to the calculation of derivatives there is no simple set of rules for the
calculation of the primitive function in terms of the elementary functions.

Strongly Primitive Function

One of the basic types of the primitive function is introduced in the following definition:

Definition 11.9.1. Let f: (J C R) — R and I C J is an interval (of any type). We say
that function F : I — R is strongly primitive (or is a strong potential) to function f on

interval I if

Veel: F'(z) = f(x).

Note 11.9.1. 1. From the definition 10.9.1 it follows directly that function F'is differentiable
on interval I which, according to theorem ??, means that I is continuous on I, F' € C(I).

2. The sine function is strongly primitive to the cosine function on interval (—oo, +00). It
can be seen from example 6.8.4 that the strongly primitive function on R to a discontinuous

function ) ) \ (0}
2x sin—- —cos—; x € R\ {0
fiae { . el
is a function F
2?sinl, zeR\ {0}

F::z:»—>{07 v —0.

Similarly, there exists a strongly primitive function on (0,1] to a function f: z+ 2723, z €
(0,1], namely F : z+ 32'/3 2 € (0,1].

Example 11.9.1. Prove that there exists no strongly primitive function on R to a function

[ 1, zeR*
sgn:xr—>{ 0, =0
\_1’ reR™.
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Solution: If the strongly primitive function F' on R to function sgn existed then according
to the corollary to theorem ?7? the derivative F’(z) would not have points of discontinuity
of the first kind on R. This is, however, in contradiction with the requirement that F'(z) =
sgnz, x € R. (Point 0 is a point of discontinuity of the first kind of the sgn function.)

The sufficient conditions for the existence of the strongly primitive function are listed in
chapter 12.
Now let us focus on the problem of the correctness (uniqueness) of the strongly primitive

function.

THEOREM 11.9.1. (i) Let F' be the strongly primitive function to function f on interval
I. Then for any C' € R the function x — F(z)+ C, x € I, is also strongly primitive to
function f on I.

(ii) Let F" and G be strongly primitive functions to function f on interval /. Then there
exists a unique constant C' € R such that

Veel: F(x)=G(z)+ C.

Proof. (i) The statement follows directly from definition 10.9.1.

(ii) If both F and G are strongly primitive functions to f on I then Yz € I : (F—G)'(x) = 0.
According to corollary 1 (part ') to theorem 2.8.4 function F' — G is a constant function
on I. The uniqueness of this constant can be shown indirectly. [

Note 11.9.2. 1. The strongly primitive function on an interval is not defined uniquely. If
it exists then there are infinitely many of them, differing from each other by a constant.

2. It is, however, easy to see that if function f has a strongly primitive function on
interval I then to every point (zg,y0) € I x R there exists one and only one strongly
primitive function F to f on I such that (xg,yo) € F. (The graph of F' passes through the

point (zo, Yo)-)
Primitive Function

In example 1 we saw that even such a simple function as the sgn function does not have a
strongly primitive function on R. Hence it is sensible to extend the concept to a wider class
of functions.

Definition 11.9.2. Let f: (J C R) — R and [ C J is again an interval. We say that
function F : I — R is primitive (or is a potential) to function f on interval I if

(i) FeC),
(ii) a finite set M C I exists such that

Vee I\M: F'(z) = f(z).
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Note 11.9.3. 1. The concept of the primitive function is the generalisation of the concept
of the strongly primitive function. In fact, definition 10.9.1 is obtained from definition 10.9.2
for M = 0.

2. Function f: z +— |z|, x € R is a primitive function to the sgn function on R, with
M = {0}, and function F} : x + 2y/x, x > 0 is primitive to unbounded function

. 5 for =0
hiwe { %, for x € (0,+00).
There is a similar statement on the uniqueness of the primitive function as there was for

the strongly primitive function.

THEOREM 11.9.2. (i) Let F' be the primitive function to function f on interval I and
C € R. Then function x — F(z)+ C, x € I is also a primitive function on I to function f.
(ii) Let " and G be primitive functions to function f on interval I. Then there exists one

and only one constant C' € R such that
Veel: F(x)=G(z)+ C.

(iii) If a function f has a primitive function on I then for any zy € I, yo € R there exists

one and only one primitive function F' to f on I such that F(zg) = yp.

Proof. Statement (i) is obvious.
(ii) There exist finite sets M; C I, My C I such that

Vee I\ M : F'l(x) = f(z), VYaxel\My: G'(x)=f(z).
The set M = M; U M, is a finite set in [ and
VeeI\M: F'(z) = f(z) =G ().

Since F' € C(I), G € C(I), according to part b) of example 2.8.4 there exists a constant
C € R such that F(z) — G(x) = C for all x € I. The uniqueness is obvious.

(iii) It is seen immediately that if G is a primitive function to f on [ then F': x+— G(z) —
G(zo) + Yo, v € I is the only primitive function to f on I with the required properties. [J

Sample Problem 11.9.1. Let cg, ¢1, ..., ¢u; 11, ..., L, be real numbers and let xp = a <
21 <Ty< ... <Tp_1 < Ty =0 On interval [a,b] we define the "step-like" function
) ¢, rv=u=x; 7J=01,...,m
fo{l“ JZG(ZL‘Z‘_l,IZ‘), 1=1,...,m.

Prove that function

(1 (x — xo) T € [z9, 1)
F:xw— < blx—axp)+ (21 — 20) T € [11,12)
Uln(T = Zm1) + b1 (@1 — T2) + .+ li(21 — 20), T € [T1, T
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is primitive to function f on interval [a,b].
Solution: Let M be the finite set of points {xg, x1, ..., X} C [a,b]. Then

Va € [a,b]\ M : F'(z) = f(z)
and the statement is proved.

Note 11.9.4. 1. Note that the concepts of the strongly primitive function and primitive
function have been defined on an interval. Both concepts may be extended to more general
sets on R. However, the crucial assumption that [ is an interval should be kept in the
uniqueness theorems (part (ii) of theorem 10.9.1 and parts (ii) and (iii) of theorem 10.9.2).

For example, functions

z, x 1)
2)

(0,
r+1, ze(1

(1,

are primitive (also strongly primitive) to function x — 1, z € (0,1)U(1,2), on (0,1)U(1,2).

r+1, x€(0,
x, re(l

f:xr—>{ E and g:x»—>{

Nevertheless the difference f — ¢ is not a constant.
2. Further generalisation of the concept of the primitive function can be obtained when
set M in definition 10.9.2 is countable. In this case the primitive function to the Dirichlet

function is any real constant (since ), the rational number set, is countable). (See, for
example, textbook [?], p. 359.)

Note 11.9.5. It is obvious that a function defined on I C R may not have a primitive

function on /. For instance, function

Fiae 5, for =0
- 1, for x€(0,1]

has no primitive function on [0, 1]. On interval (0, 1], the primitive function to f is a function
x—Inz, z € (0,1].

The set of all functions f : I — R whose primitive function on interval I C R exists
will be denoted as P(I).

Sample Problem 11.9.2. Let f : (a,b) — R have a point of discontinuity of the first
kind at point zg € (a,b). Furthermore, let Fj (F3) be the primitive function to restriction
flia,20) (f|(zo,)) such that proper limits lim Fi(z) and lim Fy(z) exist. Show then that

T—Ty T—Ty

a primitive function F' to function f on interval (a,b) exists and

( Fi(z)+Fk, z € (a,z9), (ke€R)
Flz) = { Fy(x), x € (xo,b)
| lim Fi(z) + k= lim Fy(z), z= .
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Solution: From the continuity of functions F; and F, on intervals (a,zo) and (zo,b), re-
spectively, and from the choice of constant k = lim Fy(x) — lim Fy(z) it follows that F is

IE—>$O fE—>£EO

continuous on (a,b). That means that finite sets M; C (a,zo) and My C (x0,b) exist such
that F|(xz) = f(z) for all x € (a,z)\ My and Fj(z) = f(x) for all x € (z9,b) \ M. Hence
F'(z) = f(z) for all z € (a,b) \ (My UMy U {z0}).

This example shows how to construct a primitive function to a discontinuous function
with points of discontinuity of the first kind. This construction will be used frequently and

will be referred to as "gluing".

Problems

1. Show that the existence of the primitive function to f 4 ¢ on interval I does not

guarantee the existence of the primitive functions to f and g, separately, on I.

2. Let functions f and f+ g have primitive functions on J C R. Find out if a primitive

function to g on J exists.

3. Find out if primitive functions to f and g on J C R exist provided the primitive
functions to f+g¢ and f — g on J exist.

4. Prove that there exists no primitive function to function = — x(x), x € I, where y is
the Dirichlet function and I C R is an arbitrary interval in R.

5. Find all primitive functions to the functions defined below together with their definition
domains:

flixl—>%,$€(—00,0); fg:$l—>%,3?€(0,+00);

fa: .CEH%, x € (—00,0) U (0,+00); fi: x> [z], z€[0,n], n € N;
1

fs: z— x|, v €R; fﬁzx»—>{8

6. Prove that tan~'z + cot™'z =7 for any = € R.

Answers

2. Yes, it does.

3. Yes, it does.
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5. Fi: x—1In(—x)+¢, € (—00,0);
Fy: z—Inx+c z € (0,400);

. In(—z) 4+ ¢, x € (—00,0)
F3'x'_>{lna:+cg, z € (0,4+00)
(a special case: Fy: z+—Inz+c¢, x € R\ {0});

Fy: x— x[z] —w, z € [0,n];

$3
T +ec,  x€l0,+00)

F5 - :c»—>{ 5
—% +c, € (—00,0);

Fy does not exist.

11.10 Riemann Integral and Its Properties

Inspired by the preceding section we are ready to claim that determining the trajectory of
a moving particle out of its velocity given as a function of time effectively means finding
the primitive function to the velocity function. In this section, besides the properties of the
Riemann integral we shall show that when calculating the surface area one is again faced
with the issue of finding the primitive function.

Riemann Integral

Before addressing the surface area question we shall study the following concept and its

properties:

Definition 11.10.1. Let I be an interval in R and f € P(I). Let F' be a primitive function
to f on I and let [a,b] C I. Then the difference F'(b) — F'(a) is called a Riemann (definite)
integral (R-integral) of function f from a to b. Tt is denoted as (N) [° f(z) dz. We also say
that f is Riemann integrable on [a,b]. (The difference F(b) — F(a) is denoted as [F(x)]2 or
F(z)).)

Note 11.10.1. The definition of the Riemann integral is correct, i.e. its value does not

depend on the choice of the primitive function.

Sample Problem 11.10.1. Calculate the Riemann integral from a to b of the following
functions: a) fi =sgn; b) fo: x— sgnx, x € R\ {a,b}, fala) =1 € R, fo(b) = 3 € R;
¢) the function defined in sample problem 2.10.1; d) an unbounded (in the neighbourhood
of point 0) function

tn T 2 s
2z sin 7z — % cos 55 forw #0

f3:x'_>{0 for x =0,

fora=-1,b=1.
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Solution: For the first two cases

() [ semrde = [lells = ]~ lol = (V) [ o) da-

d) It is easy to see that
2? sin % forx #0

F?’:xH{o forz =0

is a strongly primitive function to function f3 on R, and hence

(N) /_11 f3(z)dz = F3(z)|', =sin7 —sin7 = 0.

Note 11.10.2. In the case when [; > 0 for ¢ =1, ..., m, the Riemann integral in example

1 ¢) gives a very intuitive geometrical interpretation — the surface area of the histogram-

shaped object in figure 10.1.

Note 11.10.3. Note that the N-integral is defined on a closed interval. The extension of
this concept to include an arbitrary (also unbounded) interval will be introduced in chapter

13.

Basic Properties of the N-integral

THEOREM 11.10.1. Let J C R be an interval, a € J, b€ J, f € P(J) and M C J is a

finite set.

(1) If f|]\M = g|J\M then

(i)
) [ fayde=0, V) [ f@yde=-o) [" ) dr

(iii) For function k: z+— c € R, z € J\ M the following is true:

(N) Lbk(x) dz = c(b— a).

Proof. (i) Taking the assumptions into account it follows that the primitive functions

to functions f and ¢ on interval J differ by a constant and the statement is then

obvious.
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(ii) Let F' be a primitive function to f on J. Then

(iii) According to example 2.10.1 the primitive function to function £ on interval J is
F: 2w c(r—a), v € J. The result then follows trivially.
0

THEOREM 11.10.2. Let a and b be numbers from interval J C R, C} € R, (5 € R,
and f € P(J) and g € P(J). Then (Cyf + Csg) € P(J) and
b

() [1C15@) + Cog) de = & (V) [ f@)da+ G (V) [ g d

a

Proof. Let F' and G be primitive functions to f and g, respectively, both on interval J.
Then C1F + CyG is a primitive function to Cf + Cyg and the following relations hold:

(N) Ab[le(:c) + Cog(z)]dr = COLF(b) + CoG(b) — C1F(a) — CyG(a) =
= O\[F(b) — F(a)] + Cy[G(b) — G(a)] =
= o) [ @+ ) [ gt d,
and the proof is done. -

THEOREM 11.10.3. Let a, b and ¢ be numbers from interval J C R, and let f € P(J).
Then

) [ fayde = () [*f@)de+ ) [ f@)de

C

Proof. Let F' be a primitive function to f on interval J. Then

) [ f@)de = F) - F(@) = [F®) - F(0)] +[F(e) - Fla)]

and the proof is done. O
Using the method of mathematical induction and theorem 10.10.3 one can state

Corollary 11.10.1. Let zg, 1, ..., 2, be numbers from interval J C R, and let f € P(J).
Then

(N) Ajnf(x)dx:(N) / fl)dz + ...+ (N) / fla)da.
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THEOREM 11.10.4. Let J C R be an interval, a € J, b€ J, a <b,and f € P(J) and

g € P(J) be such that f > ¢ on interval [a,b]. Then
) [ f@yaez () [ gt do

a

Proof. Let F' (G) be a primitive function to f (g ) on interval J. There exist finite sets
M, Cc J and M, C J such that

Ve e J\ M : F'(z) = f(z),
and

Ve e J\ My : G'(z) = g(x).
Thus for any = € J\ (M; U M)

(G—F)(x)=(9—f)(x) 2 0.

That means that the difference G — F' is a non-decreasing function on J (compare with

sample problem 8.4.2 part a)) and hence

b
(V) [ (9= D) de = [GO) = FB)] - [Ga) = F(a)] > 0.
The proof is then easily completed using theorem 10.10.2. O

Corollary 11.10.2. Let a, b, cand d be numbers from interval J C R such that a < ¢ <
d < b and let g € P(J) be a non-negative function on interval [a,b]. Then the following
relations hold:

() [ gaydr>0

and
b

) [ @) de < ) [ g(a) do.

a

Proof. The first inequality follows from theorem 10.10.4 for f : x +— 0, = € [a,b]. The
second inequality is obtained using the corollary to theorem 10.10.3 for this specific case:

) [ gy de= (V) [ gty de+ ) [“ga)det (V) [

g2y de > (N) / " o) da.

O
The following theorem discusses the integral representation of the primitive function:

THEOREM 11.10.5. Let a and x be numbers from interval J C R and let f € P(J).
Then function
F JZH(N)/ fd,  wel

is the primitive function to function f on J with the property F(a) = 0.
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Proof. Let us denote a primitive function to f on J as G. We then get

() [ f@dt = Ga) - Gla)

Thus a finite set M C J exists such that

d

vee ANM: L) [ pwar= T = s),

which completes the proof. Il

Surface Area as Primitive Function

The numerical evaluation of the surface area of two-dimensional objects has been one of the
oldest mathematical tasks. The area’s axiomatic definition for so-called elementary regions
is introduced in section 12.2. There it is also shown that this definition of the surface area is
correct (that means the surface area of an elementary region exists and is defined uniquely)
and the surface area of elementary regions can be expressed using the Riemann integral.
Here we shall focus on the relation between the surface area P(f; ¢, d) of a curved

trapezoid
M(f;c,d)={(z,y) €R* z € [c,d] C[a,b], 0 <y < f(z)},

where function f: [a,b] — R is continuous on interval [a,b] (figure 10.2), and the primitive

function to f.

THEOREM 11.10.6. Let function f : [a,b] — R be continuous and non-negative on
interval [a,b] and let for every = € (a,b] a surface area of a curved trapezoid M(f; a, x)

exist. Then function
. P(fia x) for z€(ab]
bro 0 for z=a

is the strongly primitive function to function f on [a,b].
Proof. Let xy € [a,b). Continuity of function f implies
Ve>030 <0 <b—xo Ve e [rg,x0+9): flzg) —e< fx) < flag) +e

From this observation and due to well-known (natural) properties of surface areas that agree
with our intuition, and also based on the non-negativity of function f we obtain

[f(z0) — €] 0 < max{[f(z0) — €] 9,0} < P(f; w0, zo+ ) < [f(x0) + €] 0,

which means that the surface area of the largest rectangle placed inside a curved trapezoid
M(f; xo, To + 9) is not greater than the surface area of the trapezoid, and the latter is in
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turn not greater than the surface area of the smallest rectangle containing the trapezoid.

Furthermore we have
P(fa a, l‘o)‘f’P(f, X, $0+5) :P(f7 a, $0+5)7

which means that the sum of the surface areas of curved trapezoids M(f; a, xy) and
M(f; xo, o + 0) (the two pieces we break trapezoid M(f; a, zo + ) into) is equal to
the surface area of trapezoid M (f; a, o+ 9).

From these relations we get

ps(xo +6) — pr(x0)
)

— f(.’l?o) < €.

If in this inequality one considers the limits § — 0" and then ¢ — 07, then the relation
P (z0) = f(zo) emerges. The analogous statement, p’ (z9) = f(xo) for xo € (a,b], for
the left derivative is shown in the same way. Thus we can conclude that p(z) = f(z) for
arbitrary « € [a,b] and the proof is done. O

Corollary 11.10.3. Let J C R be an interval and function f: J — R be continuous and
non-negative on J. If for any interval [a,b] C J (a € R, b € R) the surface area P(f; a, b)
of a curved trapezoid M(f; a, b) exists then the strongly primitive function to f on J
exists and the following relation holds:

b

P(fsa,b) = (N) [ fla)de.

a

Proof. Based on theorem 10.10.6 a strongly primitive function = +— ps(z), = € [a,b] to
function f exists on any interval [a,b] C J, and therefore it exists on the whole interval J.
Furthermore, from the definition of the N-integral it follows that

b
(N) [ f(@)dz = ps(6) = pyla) = P(f: a. D)
since pys(a) = 0. O

Note 11.10.4. In section 11.5, we shall prove an even stronger statement than the one in
the corollary above. Here we just quote the stronger statement:
Every continuous function on an interval in R has a strongly primitive function on this

interval.

Problems
1. Find all @ € R for which the Riemann integral (N) [ f(z)dx exists for

x™ x#0

where ¢ € R.
c, z=0

fiom{
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2. Calculate the following N-integrals provided they exist:
2
a) (N)/2max(1,:c4) dz
_+7r/2
b) (N)/ z sgn(sinzx) de

—7/2

o W) [

(1—2%)712 2e(-1,1)

_1f(x)dx for frxH{ceR, r=—lorxz=+1,

a o " 27 da.

3. Find out if function

. 2|7 2 #0
fiae { S
is Riemann integrable. Consider separately the following three intervals: [—1,1],

[—1,0] and [—2,—1]. If it is, calculate the Riemann integral.
4. Prove the corollary that follows after theorem 10.10.3.

5. Show that the following statement is true:
Let @ < ¢ < b be real numbers, and f € P([a,c]) and f € P([c,b]). Then f €
P(la,b]) and

c b b

(N) [ fa)de+ () [ f@)de = () [ f)de.

6. Formulate and prove the theorem on the N-integral of a sum of functions (analogous
to theorem 10.10.2) for an arbitrary finite number of terms.

7. Calculate
Ty [fede, Loy [fede, L v) [T
a) V) [ e, V) [ de, L) [,
where a € R, b € R.

1/3

d (sinz)
b) — (N) / sin” ' dt, for x € [-7/2,+7/2],

dx
x . —1 sin x 1
tdt tant)t/" dt
c) lim‘foL, lim Otanx( z?n ) , n € N.
x—0 €T z—0 fO (sm t)l/n dt

8. Calculate the surface area of two-dimensional planar objects bounded by the following
curves:
a) the x axis, graph of function x — |z|*> (v € R), and lines z = —1 and z = 1;
b) the graphs of functions z + z*> —2 (r € R) and z — —2?+2 (z € R).

Answers

1 o<1
2 a) 12/5,b) 7%/4,¢) 7, d) 5—In3/In2.
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3 f is Riemann integrable only on the last of the three intervals. The result is In 2.

7 a)0, —e @, e b) Z(sinz) P cosx —sin 2y ¢) 1, 1.

11.11 Indefinite Integral

In section 2 we saw that the hard part in the calculation of the N-integral consists of the
determination of the primitive function to a given function on an interval under consideration.
Therefore, in this section we shall focus on different alternative methods for finding the

primitive function.

Concept of Indefinite Integral

We already know from theorem 10.9.1 that the primitive function to a given function is not
uniquely determined. If a single primitive function to f on an interval I exists, then there
are infinitely many of them, differing from each other by an additive constant.

Definition 11.11.1. The set of all primitive functions to f: (J C R) — R on an interval
I C J will be called an indefinite integral of function f on I and denoted by a symbol

[flx)dx, x € 1.

Note 11.11.1. 1. Function f is called an integrand, the symbol [ is referred to as the
integral sign, and letters dz denote the integration variable (z in this case). The meaning of
the integration variable is as follows: calculating the derivative with respect to the integration
variable z of any function from the set [ f(x)dz on I\ M (M is a finite subset of I) one
obtains restriction f|p .

2. If F is a primitive function to f on I we shall write

/f(:p) de £ Fz), v €1 or /f(x) dz = {F(z) + c}|oer, z € 1.

1e* = F(z), z € R since %£(z) =€* for z € R.

3. The indefinite integral will usually be sought on the so-called maximal set A\ R which

For instance [ e**dz =

does not have to be an interval but could also be a union of a finite number of intervals that
satisfies the following statement: If f has a primitive function on set B then B C A. For

example,

1
/;dx S Injz|, z € (—00,0)U (0, +00)

¢ 3 2
/ZL‘_% dz = §m§7 x € (—00,0) U (0, +00).



11.11 Indefinite Integral 65

Basic Indefinite Integrals

The following indefinite integrals can be derived from the rules for derivatives (section 8.2):

1. /deéo, r€R

2. /1dx::/dxéx, reR

+1

3. /x”dxé%, z€R(neN).
n
If n € R\ {-1}, the formula holds for € R*. For some values of n the formula is

valid on an extended set (see, e.g. part 3 of the last note);
1 c n 1 c _
4. /—dx:lnx, r€RT, /—dx:ln(—x), reR
x x

<0r /idxélnm, xER\{O})

1
14 22

1 c
D. / dr £tan"'z, z €R, /

de £ —cot™ 'z, z€R
1+ a2

1

dr =sin"tz, z¢€(-1,1), < !

=—cos z, ze€(—11)

6. /ﬁ /ﬁdx

7. /exdxéex, reR

a/ac
: Tdr = R RT\ {1
8 /adx —, zeR(@eR"\{1})
9. /sinxdx < —cosz, w€ER

10. /cosxdx =sinz, x€R

1
11. /(dxé—cotx, ze |J(kr, 7+ kn)

sin x)? s
1 T ™
12. /701 S tanz, ze || (kr— = kr4 L
(cos 1)? r=tanx, =x kLéJZ( T o kTt 2)

13. /sinhxdx = coshz, z€R

14. /cosh:cdx =sinhz, z€R

1
15. ———dz = —coth R
5 / (Sinh )2 x cothz, z € R\ {0}
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1 c
16. /7d < tanhz, z€R
(cosh x)? . aniLz, &

In order to speed up calculations the following formulas are often useful:

17 =ln(z+Va2+1), z€R

1
. ——d
/\/x2+1 .

1 )

18. /md“ln(wwx?—l% z € (1, 400)
1 e 1 —1

19. /7(1“":*1“36 , veR\{-1,1}

x?—1 2 z+1
20. Let f: (I C R) — R (I is an interval) be differentiable on /. Then

f'(x) < .
[ e Eml@], e {ze 5 f2) £0)
21. Let f: (I C R) — R (I is an interval) be differentiable on /. Then
/@) = ), ze{zel; f(z

[ it =@, welzeli f:)>0)

Formulas 17-21 can be easily verified by performing the derivative on the right-hand sides,
or with the use of forthcoming theorems 3 or 4.

Based on the formulas listed above one can calculate indefinite integrals for just a narrow
class of functions. Hence in the following text we shall develop integration methods allowing
us to transform integrals of a wide class of functions in such a way that the formulas above
can be applied. We warn the reader right here that such a transformation may not be
possible for every function f € P(I). For instance, indefinite integrals [cosz?dx, x € R;
fe_”ﬂ2 dz, = € R, although they do exist (see note 4.10.2), cannot be expressed in terms of
the elementary functions (and, therefore, cannot be transformed into any of the formulas
1-21 for an elementary function f). Similarly, neither of the integrals [ ®2%dz, z € R\ {0}

xT

and [ ﬁ dz, z € R\ {—1} belongs to the set of the elementary functions. (A complex
proof of the last statement can be found in textbook [2].) There is no general solution to
this problem.

Decomposition Method

THEOREM 11.11.1. Let &, ..., k,, be real numbers and indefinite integrals [ fi(z) dz =

F;(x) exist on interval I C R for ¢ =1,...,m. Then the following indefinite integral exists
/ [Z k,;fi(x)] dz £ S kiFi(z), zel.
i=1 i=1
Proof. The assumptions imply that finite sets M; C I, 7 =1, ..., m exist such that

Vee I\M;Vi=1,...,mF/(x)= fi(z) (€R).
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Set M U™, M; is also a finite subset of I and the following relation holds
m / m m
i=1 i=1 i=1

which means that the proof is done. Il

Note 11.11.2. The statement in theorem 10.11.1 is usually written in the following form

/ Lf; kifi(x)] dz = ﬁ;k‘, /fi(x) de, ze€J.

Sample Problem 11.11.1. Calculate the following indefinite integrals on their respective
maximal sets

a) [ =25 dz; b) [ Py(x)dz, where P, is a polynomial of degree m x +— a,a™ + ... +
ax+ag, r €R and a; €R for i =0,1, ..., m;c) [ = da.

Solution: a) Using formulas 5 and 19 one obtains

2 1— 2 1 2 1 c1 -1
/ dx—/ e dx:/ dx—/idx:flnx —tan "'z
xt—1 (x2 = 1)(x2+1) 2 —1 241 2 r+1
foerR\{ 1,1}

b) [ Pua dx—/[Zax]daz—Zaz/azdx—Z Hx”l, rER.

ZOZ

sinx

¢) Using formula 20 one finds

in2Z 2z lant 1 z
/ dr _ psin’y +cos g dx —/72 S 5 da:+/ 29983 dz = 1In sinx‘—ln cosx‘ =1In tanx‘
sin x 2 sin 5 €os 5 cos 3 sin 5 2 2 2

for z € |J (km, km + ).

keZ

Method of Integration By Parts

Let F' and G be the primitive functions to functions f and ¢ on interval I C R. In
general, it is not true that product F'G is the primitive function to function fg. That is
because (FG) = F'G+ FG' = fG+ Fg on I. However, the following theorem holds:

THEOREM 11.11.2. Let f € P(I) and g € P(I) where [ f(z)dz = F(z), [g(x)
G(z), z € I and furthermore let fG € P(I) (or Fg € P(I)). Then also Fg € P(I
fG € P(I)) and

dz <
) (or

/ f(z) Gz) da + / F(z)g(z)dz < F(z)G(z), ze€l. (11.9)
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Proof. Let fG € P(I) and [ f(x)G(x) = H(x), * € I. Then a finite set M C I exists
such that

Ve e I\M: (FG—H)'(z) = f(2)G(z) + F(z)g(z) — f(x)G(x) = F(x)g(x).

That means that function F'G — H is primitive to F'g on I and Fg € P(I). The second
part of the statement follows from theorem 10.11.1 and relation

/ (FGY(z)dz £ F(2)G(z), zel
which completes the proof. O

Note 11.11.3. Theorem 10.11.2 on integration by parts is of large practical significance.
However, when applied we shall use [ f(z)G(z)dx = F(2)G(x) — [ F(x)g(z)dz, z € I,
instead of (10.9).

Sample Problem 11.11.2. Calculate the following indefinite integrals on their maximal

sets
a)/ x cos z dz; b)/ sin! z da;

Solution: a) If we choose f: x+ cosz, v € R and G: x+— z, v € R then F: z —

sinz, r € R and g: z — 1, z € R and according to theorem 10.11.2
/q: cosxdxr = xsinx — /sinxdx = gsinz + cosz

for x € R.
b) Let us choose f : x — 1, x € (=1,1) and G : z + sin"'x, 2 € (=1,1). Then
F:aoz—z ze(-1,1) and g: z— ﬁ, xz € (—1,1). Now using formula 21 we have

C . —
r=xsin 'z +V1— 22

1 —2x
- -
sin~ xdx = x sin a:+f/7d
/ 2 1—2?
for x € (—1,1). According to theorem 6.8.4 (see also problem 6a.8.4) the primitive function
that has been found above can be extended to include the closed interval [—1,1]. Then one

can write

/sin’lazdx Zzsin 'z +V1-22 ze€[-1,1]

Sample Problem 11.11.3. Prove that for indefinite integral [,(z) = [ m dz on R the
following recurrent relation holds

_i T +2n—1
©2n (1 + 22)n 2n

I () I,(z), z€R, (11.10)
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where n € N.

Solution: Choosing f: z+— 1,z € R and G : = — m, x € R one finds F: = +—

r,r€R and g: x+— (lfaj‘%, x € R. Then according to theorem 10.11.2

x x?

I(x) = (1+x2)n+2n/<1+x2)n+1dx:

T 2+ 1 1
= gt [ [ de =
T T B SR e B R e
T
= m—annH(x)qLinn(x), z eR.

This easily simplifies to formula (10.10)

Note 11.11.4. Note that the N-integral formula (10.9) can be written in the form

V) [Cr@ G+ (V) [ P g dt = [F)GE),

0 Zo

for x € I and xy € I (compare with theorem 5.10.2).

Substitution Method

The basic theorems describing the substitution method are obtained from the theorem on
the derivative of a composite function (the chain rule):

THEOREM 11.11.3. Let I; and Iy be intervals in R and f : I; — R. Let function
¢ : Iy — I, be differentiable on I,. Then for f € P(I;), and F being strongly primitive
function to f on I; the composite function Fo f is strongly primitive function to function

(fod)d' on Is.

Proof. Since F'(t) = f(t) for t € I; then according to theorem 2.8.2 on the derivative of a
composite function the following equality holds:

(Fog)(x) = (Flo¢)(z).¢'(x) = (fod)(x).¢'(x)
for x € I5. L]

Note 11.11.5. 1. Using the indefinite integral the statement in theorem 3 can be expressed
in the form
[(Fea)@)d' (@) da = [ (bt (11.11)
for t = ¢(x), © € I,. Alternatively, the N-integral can be used in the form
@ , ()
(V) [ (Fe0)()¢'(s)ds = (N) [ fleyat

0 #(z0)
for x € Iy, xg € Is.
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2. Theorem 3 can be applied in the following sense: when calculating the integral on the
left side of equation (10.11) in the actual calculation one introduces ¢(z) =t and symbol
¢'(x)dz is then replaced by dt.

Sample Problem 11.11.4. Calculate

1
= / dz
zlnx
on the maximal set.

Solution: Let ¢ : = — Inz, x € RT\ {1}. Restrictions |1y and ¢|n,«) satisty the
conditions of theorem 3. Therefore <dt = idx)

L. e
I :/gdt =lIn|t| for ¢t € (—o0,0)U (0,+00)

and hence
I=In|lnz|, ze€(0,1)U(l,+0).

If the primitive function to function (fo¢).¢" is known then the primitive function to
function f can be calculated using the following theorem:

THEOREM 11.11.4. Let I; and I> be intervals in R and f : I; — R. Let function
¢ : Iy — I, be a bijection and has proper derivative ¢'(t) # 0 on interval Io. If (fo¢).¢' €
P(I,) and @ is its primitive function on I, then function Go¢~' (¢! is the inverse
function to ¢) is primitive to f on Ij.

Proof. A finite set My C I, exists such that

Vi€ L\ My: G'(t) = (fo)(t)o'(1).

Since ¢ is a bijection set M; := ¢(Ms) is finite. Then according to the theorem on the
derivative of composite (theorem 2.8.2) and inverse (theorem 4.8.2) functions the following
relation holds for all z € I \ M;
_ _ _ _ 1
(Gogp ) () = (G'o0™")(@) . (671 (@) = [(fod)od () . ———— = f(2)
¢o¢~1)(z)

The last equality completes the proof. Il
Note 11.11.6. 1. Using the indefinite integral the statement in theorem 4 can be expressed
by the following formula

[ f@yde= [(F0)0)8(t)dt

for t = ¢~!(x), x € I,. Alternatively, the N-integral can be used in the form

W) [seas =) [1 7 eawsna

¢~ 1(z0)
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for x € I, xg € 1.
2. In order to calculate integral [ f(z)dx theorem 4 can be used with substitutions
x = ¢(t) and dx = ¢'(t)dt.

Sample Problem 11.11.5. Calculate [+/1+ 22dz on R.
Solution: 1. Consider ¢ : t — sinht, t € R. ¢ is a bijection and for £ € R we have
¢'(t) = cosht > 0. The assumptions of theorem 4 are therefore satisfied. Hence

/\/1+x2dx:/\/1+sinh2tcoshtdt:/coshztdt

for t = sinh™' 2 = In(z4++/22 + 1), € R. (We have applied the identity cosh? z —sinh?z =
1, for x € R.) Furthermore we have
1 1 1 ct1
/costhdt _ 1/e%hwr 5/ dt + Z/e—%dt £+ sinh2t, tER
That implies

1 1
/\/1+x2d:p = §1n(m—|— vaz+1)+ 151nh[21n(x+\/m2+ 1)] for z € R.

2. Using integration by parts with f: z+— 1+ 22, x€R and G: z+— 1, z € R one
gets

o1 1
/\/1+x2dx:§1n(x+\/x2+1)+§x\/x2+l, z €R.

Formally, the two methods give different results. However, one can work out the derivatives
of the two results and easily see that both results are correct. As an independent check, one
can recall theorem 2.10.1, part (ii):

1
VeeR: azva?+1= 5 sinh[2In(z + V22 + 1)] + ¢
Choosing x = 0 in this formula we get ¢ = 0 and hence the equality of the two results.

Note 11.11.7. Note that theorem 3 can be used with much weaker assumptions about
function ¢ than theorem 4. In theorem 3, the bijection is not required and neither is the
assumption ¢'(t) # 0.

Problems

1. Find recurrent relations for the following indefinite intergals:
a) I,(x) = [sin" zdz,
b) Ju(x) = [ cos" zduz.

2. Use both integration by parts and substitution method for the calculation of indefinite
integral [+/z? —1dx where x € (—00, —1) U (1, +00), and compare the two results.
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3. Calculate (on R)
. - Z’2, ’.Z" S 1
a) /f(x)dx, where f xl—>{ L= 2], Ja| > 1

241
dz.
b) /£E4—|—1 v

Answers
1. a) [(z) = —2sin" 'z cosz + =21, o(z) for n€ N, n > 2;
b) Ju(z) =2 cos" ' x sine 4+ =1, _o(z) for n€ N, n > 2.

2. Va2 —1—IInjz + V22 —1].

3. a) x— % for |z| <1;and = — £|a| + §sgnx for |z| > 1;

b) F: x Jstan™! ’f\g, z € R\ {0}; F(0) = 0. (Use the following change of

variables: © — % = t\/§)

11.12 Integration of Special Types of Functions

The goal of this section is to show the ways how to find indefinite integrals of some impor-
tant and frequent classes of real functions. For practical purposes we limit ourselves to show
only the description of several useful algorithms without the ambition to provide the rigor-
ous formulations. Hence in each particular case the validity conditions must be considered

separately.

11.12.1 Integration of Rational Functions

Recall that in theorem 6.4.3 we have introduced the decomposition of a purely rational single
variable function into partial fractions. According to this theorem and theorem 1.10.3 the
problem of integration of such rational functions is reduced to the problem of integration of

individual partial fractions.
Since for k € N and k # 1

1 e (z—a)™F
/<x_a)kda;—( 1—)1<; , z€R\{a}

and

1 c
dr =1 — R
/m—ax nler—al, zeR\{a}

then the only remaining problem in the integration of rational single variable functions is

the calculation of the primitive function to function z +— ﬁisz, x € R, where A, B, p
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and ¢ are real numbers, k£ € N, and the discriminant p? — 4¢ of the quadratic expression

in the denominator is negative. Taking the decomposition

Ax+ B _é 2x+p N B—%
(22 +pr+q)* 2 (22 +pr+q)F (22 + pr+q)F

into account the indefinite integral of the first term can easily be found based on theorem
3.10.3 (the first theorem on substitution) using the change of variables z*+px +¢q =t while

2 +p c A 9 1—k
dr = — eR, k#1
2/ (22 + pr + q)¥ v 2(1—/{;)(96 Trrta)t @ k7

2z + ¢ A
2/x2+pxiqd —1n(a:2+px+q), r €R.

The denominator of the second term can be expanded according to

x2+px+q:(x+

2 2 [ p ? -|

2 p

R Gl [ S R
4

Then the primitive function to the second term can be obtained using the change of vari-

able t = (z+2) (q——) s

integral [ (a:2+2++q)k into integral [ (ﬁiitl)k. The latter integral can be obtained using the

(theorem 3.10.3). This substitution transforms the original

recurrent formula (2.10.3) found in problem 3.10.3. The procedure described above can now

be summarised in

THEOREM 11.12.1. The indefinite integral of an arbitrary rational single variable func-
tion on its definition domain belongs to the set of the elementary functions.

11.12.2 Integration of Trigonometric Functions

Next, we shall explicitly show the substitutions used to transform the integrals of type
/R(sinx,cos r)de, zeMCR (11.12)

into integrals of rational functions. Function R : (u,v) — R(u,v) from R? to R is a
rational function of two variables.

Integral (10.12) can be calculated using the substitutions shown below (and theorem
3.10.3). Each of the substitutions transforms the integrand into a rational single variable
function.

1. If R is an odd function in the first of its two variables, R(— sinz,cosx) = —R(sinx, cosx)

then a substitution cosxz =t, x € R, can be used.
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2. If R(sinx,—cosz) = —R(sinx,cosz) then a substitution sinx = ¢, = € R, can be
used.

3. If R(—sinz,—cosz) = R(sinx,cosx) then a substitution tanz = ¢,

T € Urez (—g +km, 5+ k7r> , can be used.

4. For an arbitrary rational function R of two variables a substitution tan § ={¢ can be
used. (This substitution can also be used in the previous three cases although the calculation
is most of the times technically more involved.)

The last substitution, tan§ =t, for x € (—m,7), t € R, leads to the formulas

x x 2 tan 3 2t

sinszsin§ COS§:tan2§+1 :t2+1

W T . ,x  1—1t?
cosx = cos” — —sin” — =
2 2 142
1 2
r=2tan 't, dr= dt.
1+ t2

It is now clear that integral (1) transforms into a rational function in terms of variable ¢.

Sample Problem 11.12.1. Calculate fmdx on R.
Solution: Based on the ideas above we can use either the change of variable tanx =t
or tan 3 =t. We shall use both substitutions:

a) With the change of variable tanx =t the conditions of theorem 3.10.3. are satisfied

. . a2
on every interval (—% + km, T+ kr), k € Z. Since 52 = ¢? one gets cos’x = T

on any interval (—% + km, % + km), k € Z, the following relations hold:

and

1 cos’z  dx
/ — dr =
14 cos?z 14 cos? z cos? z
2 -1

dt
= tan

1 dt . t
2—|—t2_§/ ¢ 2_72 727
1+ (J5) V2 V2

teR.

Thus one finds
1 e V2 | (tanz
/ ————dr = —tan —
1+ cos?z 2 V2
on any interval (—g +km, 5+ lmr) ke Z.

The calculation is, however, not completely finished, since the function found at the end
is not primitive to function f: x +— (14 cos?z)™!, z € R everywhere on set R. Using the
"gluing" construction of example 3.10.1 the primitive function (indefinite integral) obtained
above can now be continuously extended at points 7 + k7w, k € Z in such a way that new
extension F will be the primitive function to function f: z — (1+cos*z)™!, z € R on R.
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For k € Z let us denote

\/5 _, (tanx s
ng.a:»—>7tan <\/§>, T E (—§+2k7r —1—2]{:7r)
\/5 . [tanx s ™
F2k+1:x»—>2tan1<\/§>, 1:6(—§+(2k+1)7r,§+(2k+1)7r>
and V3
2
Cy = lim Foppi(x) — lim Fy(x) = Ve
o (T +(2k+1)m) " o—(Z+2kr)” 2

Then the primitive function F' is

{gtan_l (%)—%2, x € (—% + 2k, f—i—2k7r)
F: :L"—>{ ?tam’1 (taﬁ), v€ (=2 +(2k+ 1) I+ (2k+ 1)7)
{ -2, r=3%+kr, keZ

Besides that F' also is the strongly primitive function to f on R. Recalling theorem 6.8.4

this can be seen from
1
F%f+m}:1m Flz)= lim — =
T2 (g+/m)+ () (g+k7r)+ 1+ cos?z

=1=F" (g +/<:7r) and hence F’ (g—i-knr) =1= (1—1—0052 ;T)_l.

b) Substitution ¢ : z +— tan% also satisfies the conditions of theorem 3.10.3. on an

2
interval (— + 2k, 7+ 2k7), k € Z. Then cos?z = U800 cos? 2 t € R. For any

(1+12)2> 2 = 1+t2’
x € (=7 + 2km, 7 + 2km)

1 2(:052£ t2+1
/————dx:/ —/ t teR.
1+ cos?x 1+COSQ$2COSZx t4+1

The rational function that has been obtained here is more complicated than in case a).

The only benefit of this substitution is that we find primitive functions on larger intervals.
However, since we are seeking the primitive function on R the obtained result must again
be extended by "gluing".
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