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Preface

This book is devoted to the study of the main concepts on survival for killed Markov
processes and dynamical systems. The first computations on the number of survivals
after a long time in branching process was done by Kolmogorov (1938). Later on
Yaglom (1947) showed that the limit behavior of sub-critical branching processes
conditioned to survival was given by a proper distribution. This pioneer work trig-
gered an important activity in this field.

Quasi-stationary distributions (QSD) capture the long term behavior of a process
that will be surely killed when this process is conditioned to survive. A basic and
useful property is that the time of killing is exponentially distributed when starting
from a QSD, which implies that the rate of survival of a process must be at most
exponential in order that QSD can exist.

The study of QSD on finite state irreducible Markov chains started with the pi-
oneering work Darroch and Seneta (1965). For these processes many of the fun-
damental ideas in the topic can be easily developed. In particular, the Perron–
Frobenius theory for finite positive matrices gives all the required information. Thus,
the exponential rate of survival is the Perron–Frobenius eigenvalue. The QSD is
the Perron–Frobenius normalized eigenmeasure, and the chain of trajectories that
are never killed (Q-process) is governed by an h-process where h is the Perron–
Frobenius eigenfunction. This relation between a QSD and the kernel of the Q-
process is also encountered in many other processes. In the finite case, the fact that
the eigenvalues are isolated simplifies the study. Since the dominant eigenvalue is
simple, the QSD attracts all the conditioned measures, and is the quasi-limiting dis-
tribution, or the Yaglom limit. When the transition kernel is symmetric, the spectral
decomposition contains all the data that allow one to understand the survival phe-
nomenon of the chain.

For general countable state Markov chains, this study started in Seneta and Vere-
Jones (1996). We give a detailed proof of the characterization of QSDs as a finite
mass eigenmeasure due to Pollett, and we give a more general result on the existence
of QSDs, which states that if there is no entrance from infinity then exponential sur-
vival is a necessary and sufficient condition to have a QSD. We follow the original
proof done in Ferrari et al. (1995a). We study also in details the symmetric chains

vii



viii Preface

and monotone chains. We also give conditions in order that the exponential decay
rate be equal to the Kingman decay parameter of the transition probability.

An important literature has been devoted to time-continuous birth-and-death
chains in the last 25 years, many of these works take their basis in the spectral
representation given in McGregor (1957a, 1957b). We revisit some of these results.
An important problem appears because under exponential survival, the set of QSDs
can be a continuum or a singleton. We give the criterion, due to Van Doorn (1991),
to identify which case occurs. This is done in terms of the parameters of the chain.
When there is a continuum of QSDs one can identify the Yaglom limit, it corre-
sponds to the minimal QSD This result is due to Good (1968). On the other hand,
the spectrum can be continuous, and the fact that, in general, there is no spectral gap
raises a delicate technical problem. But a useful point is that the bottom of the spec-
trum is the exponential rate of survival. For birth-and-death chains, we derive the
classification of the associated Q-process (as transient, recurrent or positive recur-
rent) by studying the exponential asymptotic rate function of the survival probability
when the chain is restricted to be above some barrier. For some particular birth-and-
death chains, we identify explicitly the QSD and other significant parameters and
properties.

We present some results for one dimensional diffusions on the half-line killed
at the origin. We study the problem of QSD for diffusions that have nice behavior
at 0 and at ∞. In this framework, we also study the Q-process and its recurrence
classification in relation with spectral properties of the generator of the initial dif-
fusion. We also consider one dimensional diffusions that present singularities at 0
and/or at ∞, and we study for them the problems of existence and properties of
QSD. This generalization is motivated by some models in mathematical ecology.
These chapters on one dimensional diffusions find their source of inspiration in the
work of Mandl (1961). The main tools come from the spectral theory of the Sturm–
Liouville operators. The study of QSD in population dynamics is a very active topic
nowadays, we include some of the results in the chapters on birth-and-death chains
and diffusions.

We also consider the case of dynamical systems (with discrete time evolution)
with a trap in the phase space. A QSD in this context deals with trajectories which
do not fall into the trap. There are many analogies with the stochastic case concern-
ing the questions, the results and their proofs. The QSDs for dynamical systems
have been first studied in the context of expanding systems in Pianigiani and Yorke
(1979). We discuss in particular Gibbs QSDs for symbolic systems and absolutely
continuous QSDs for repellers. For both cases, we use a similar technique of proof
based on quasi-compact operators analogous to those used in the thermodynamic
formalism.

One of the main objects in our study is the associated Q-process, that is, the pro-
cess having trajectories that survive forever, as well as its relations with the QSD
and the spectral properties. For a branching process, the Q-process was introduced
by Spitzer (unpublished) and in Lamperti and Ney (1968). In this book, we study
the Q-process and describe it as an h-process with respect to the eigenfunction h

having the same eigenvalue as the minimal QSD. This is done for Markov chains,
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one-dimensional diffusions and expanding dynamical systems, giving a unified ap-
proach. Thus, it appears that the Gibbs invariant measure for topological Markov
chains described by Bowen–Ruelle–Sinai can be interpreted as the stationary mea-
sure of a Q-process associated to a process that is killed in a region having the
Pianigiani–Yorke as its QSD.

The problem of existence of a QSD is in a sense more difficult than the problem
of proving the existence of an invariant measure since one has to determine also the
rate of decay of the probability of survival. This also implies that the equation for
the QSD is nonlinear.

Several techniques have been used in the literature to prove existence and some
of them will be explained in details in the present book. Without trying to be ex-
haustive, one can mention the abstract techniques relying on the Tychonov fixed
point theorem (see Tychonov 1935), Krein’s lemma (Oikhberg and Troitsky 2005),
and the Krein–Rutman Theorem (Dunford and Schwartz 1958). Birkhoff’s Theo-
rem on Hilbert’s projective metric can also be useful (see Eveson and Nussbaum
1995). Many results are based on spectral techniques, and in particular on vari-
ous extensions of the Perron–Frobenius Theorem like in the theory of the Ruelle–
Perron–Frobenius operator Ruelle (1978), Bowen (1975), the spectral theory of
quasi-compact positive operators (see, for example, Ionescu Tulcea and Marinescu
1950 and Nussbaum 1970), and the uniform ergodic theorem (Yosida and Kakutani
1941).

The literature on QSDs is quite large and covers many fundamental and applied
domains. This book does not pretend to cover them all. We have not included the
developments of QSDs in all directions, for instance, we do not treat the case of
branching processes where several seminal results can be found in the book Athreya
and Ney (1972) and where there is a lot of active research nowadays. We have
selected some of the topics which either have called the attention of specialists, or
where the authors of this book have made some contributions.

This book is not intended to be a complete exposition of the theory of QSDs. It
mostly reflects the (present) interest of the authors in some parts of this vast field.

In Chap. 2 dealing with general aspects of QSDs, we have mainly gathered some
of our own research. We also point out that only Sects. 2.1, 2.2, 2.3 are needed to
read independently the other chapters.

Pierre Collet
Servet Martínez

Jaime San Martín

Paris, France
Santiago, Chile
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Chapter 1
Introduction

1.1 Quasi-Stationary Distributions

In the framework of this theory, there is a Markov process evolving in a domain
where there is a set of forbidden states that constitutes a trap. The process is said to
be killed when it hits the trap and it is assumed that this happens almost surely. We
investigate the behavior of the process before being killed, more precisely we study
what happens when one conditions the process to survive for a long time.

Let us fix some notation. The state space is X endowed with a measurable
structure. We consider a Markov process Y = (Yt : t ≥ 0) taking values in X and
(Px : x ∈ X ) is the family of distributions, Px , with the initial condition x ∈ X . As
said, there is a measurable set of forbidden states which we denote by ∂X (some-
times we will denote this set by X tr because it does not necessarily coincides with
the boundary of X ). Its complement X a :=X \ ∂X is the set of allowed states. Let
T = T∂X be the hitting time of ∂X . We will assume that there is sure killing at ∂X ,
so Px(T <∞)= 1 for all x ∈X a. We will be mainly concerned with the trajectory
before extinction (Yt : t < T ), so without loss of generality, we can assume Yt = YT
when t ≥ T , that is, the set of forbidden states is absorbing, or a trap. A sketch of
various trajectories is shown in Fig. 1.1.

Among the main concepts in our study are the quasi-stationary distributions
(QSDs, for short), these are distributions that are invariant under time evolution
when the process is conditioned to survive. More precisely, a probability measure ν
on X a is called a QSD (for the process killed at ∂X ) if for every measurable set B
contained in X a,

Pν(Yt ∈ B|T > t)= ν(B), t ≥ 0.

Here, as usual, Pν =
∫
X a Px dν(x).

The existence of a QSD for killed processes, its description, the convergence to
it of conditioned processes, its role in the process conditioned to never be killed,
and the behavior of the killing time constitute the core of this work. On the other
hand, since only few results exist for general processes, we prefer to introduce these
problems in concrete contexts, as discrete Markov chains and dynamical systems.

P. Collet et al., Quasi-Stationary Distributions, Probability and Its Applications,
DOI 10.1007/978-3-642-33131-2_1, © Springer-Verlag Berlin Heidelberg 2013
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2 1 Introduction

Fig. 1.1 Trajectories killed at
the trap x = 0

1.2 Markov Chains

The study of QSDs on Markov chains have been extensively developed since the
pioneering work (Yaglom, 1947) on branching process, and the classification of
killed processes introduced in Vere-Jones (1962). The description of QSDs for finite
state Markov chains was done in Darroch and Seneta (1965).

Below we describe some of the main problems of the theory on long time sur-
vival and QSDs on Markov chains. To avoid technical difficulties in this section, we
prefer to introduce the ideas for discrete time Markov chains. But, in the next chap-
ters, except the one devoted to QSDs of dynamical systems, we will only consider
continuous time because this is the case of the major part of the bibliography de-
voted to QSDs of Markov processes. Some of the questions we set will be answered
in the following chapters where we will also give precise references.

So, let us assume X is countable and Y = (Yt : t ∈ Z+ = {0,1, . . .}) is a discrete
time Markov chain taking values in X . We assume that (Yt : t < T ) is irreducible on
X a and that the process is surely killed, Px(T <∞)= 1 for x ∈X a. In this context,
a QSD is a probability measure ν on X a that satisfies

Pν(Yt = x|T > t)= ν(x) ∀x ∈X a, t ∈ Z+.

From the irreducibility condition, one obtains that every QSD ν charges all points
in X a. On the other hand, since Y is absorbed at time T , the condition of a QSD
takes the form

Pν(Yt = x)= ν(x)Pν(T > t) ∀x ∈X a, t ∈ Z+.

Let ν be a QSD. We proceed to prove that when starting from ν, the killing time
T at ∂X is geometrically distributed, that is,

∃α = α(ν) ∈ [0,1] such that Pν(T > t)= αt ∀t ∈ Z+.
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Since ν is a QSD, the Markov property gives the following equalities for all t, s ≥ 0:

Pν(T > t + s) =
∑

x∈X a

Pν(T > t + s, Ys = x)

=
∑

x∈X a

Pν(T > t + s|Ys = x)Pν(Ys = x)

=
∑

x∈X a

Px(T > t)ν(Ys = x)Pν(T > s)= Pν(T > s)Pν(T > t).

Then, the geometrical distribution of T starting from ν follows. We avoid trivial
situations, and so α(ν) ∈ (0,1). We denote by θ(ν) := − logα(ν) ∈ (0,∞) the ex-
ponential rate of survival of ν, it verifies Pν(T > t) = e−θ(ν)t for all t ∈ Z+. Fur-
thermore, when ν is a QSD, we get

∀θ < θ(ν): Eν

(
eθT

)
<∞.

Hence, a necessary condition for the existence of a QSD is that some exponential
moments be finite:

∀x ∈X a∃θ > 0: Ex

(
eθT

)
<∞.

A solidarity argument, based upon irreducibility, shows that the quantity

θ∗ = sup
{
θ : Ex

(
eθT

)
<∞}

does not depend on x ∈X a, we call it the exponential rate of survival of the process
Y (killed at X a). The above discussion shows that θ∗ > 0 is a necessary condition
for the existence of a QSD. When this condition holds, we say that the process Y is
exponentially killed.

Let P = (p(x, y) : x, y ∈X ) be the transition matrix of Y , Pa = (p(x, y) : x, y ∈
X a) be the transition kernel restricted to the allowed states, and denote by Pa

(t) =
(p(t)(x, y) : x, y ∈X a) the t th power of Pa for t ∈ Z+.

Let ν be a probability distribution on X a, we denote by ν′ = (ν(x) : x ∈X a) the
associated row probability vector indexed by X a. We have Pν(Yt = y)= ν′Pa

(t)(y).
In the case ν is a QSD, there exists an α ∈ (0,1) such that Pν(T > t) = αt for all
t ∈ Z+. So, if ν is a QSD, ν′ must verify

∀t ∈ Z+: ν′Pa
(t) = αtν′.

This is equivalent to ν′Pa = αν′ and so ν′ must be a left-eigenvector of Pa with the
eigenvalue α ∈ (0,1). Observe that the eigenvalue is related to ν′ by the equality
α = ν′Pa1= Pν(T > 1), where 1 is the unit vector (all its components are 1). Note
that the equation of a QSD is nonlinear in ν because α also depends on ν.

Let X a be finite; the sure killing condition is equivalent to Pa1≤ 1 and at some
x0 ∈ X a there is a loss of mass, that is,

∑
y∈X a p(x0, y) < 1. In this case, the exis-

tence and uniqueness of a QSD follow straightforwardly from the Perron–Frobenius
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theory. Indeed, since Pa is a positive, irreducible, strictly substochastic matrix, this
theory ensures the existence of a simple eigenvalue α ∈ (0,1) of Pa that has left- and
right-eigenvectors ν and ψ , respectively, that can be chosen to be strictly positive.
Moreover, the associated eigenvectors of any other eigenvalue cannot be positive.
We can impose the following two normalizing conditions:

ν′ψ = 1, ν′1= 1,

where ν′ψ =∑
x∈X a ψ(x)ν(x). In particular, ν is a probability vector. Let us see

that ν is a QSD. From ν′1= 1, we get

Pν(T > t)= ν′P (t)1= αt ,

which shows that ν is a QSD, and it is clearly the unique one. Also θ =− logα is
the exponential rate of survival.

The Perron–Frobenius Theorem also gives

∃β ∈ [0, α) such that Pa
(t) = αtψν′ +O

(
βt

)
,

or equivalently, p(t)(x, y)= αtψ(x)ν(y)+O(βt ). So, in the finite case, one has

∀x ∈X a: Px(T > t)=
∑

y∈I a

p(t)(x, y)= αtψ(x)+O
(
βt

)
.

When a probability measure ν defined on X a satisfies the property

∀y ∈X a∃ν(y) := lim
t→∞Px(Yt = y|T > t),

it is called a quasi-limiting distribution, or a Yaglom limit. As defined, it is indepen-
dent of x ∈X a.

Notice that

∀x ∈X a, α =− lim
t→∞

1

t
Px(T > t),

so the Perron–Frobenius eigenvalue is the exponential rate of survival of the process
starting from any initial distribution.

When the chain evolves in an infinite countable set, the following problems on
QSDs can be set:

Problem 1.1 The problem of existence of a QSD. From the discussion, a necessary
condition for the existence of a QSD is that the process is exponentially killed. Un-
der this condition, we will give the proof that a sufficient condition for the existence
of a QSD is that the process does not come from infinity in finite time (that is, for all
fixed positive time, it is not possible to be killed before this time when the process
starts arbitrarily far away). As shown for birth-and-death chains, this condition on
non-coming from infinity is clearly unnecessary for the existence of a QSD.
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Problem 1.2 The problem of uniqueness of a QSD. As we shall see for exponen-
tially killed time-continuous birth-and-death chains, there are two possibilities: (i) if
the chain comes from infinity in finite time, there is a unique QSD, and (ii), in the
opposite case, there is a continuum of QSDs, in fact, there is one QSD νθ for each
θ ∈ (0, θ∗], where θ∗ is the exponential rate of survival of the process. The problem
of the interpretation of the extremal QSD νθ∗ appears.

Problem 1.3 The problem of the domains of attraction. If ρ is a probability dis-
tribution on X a and we consider the conditional evolution Pρ(Yt ∈ •|T > t), we
would like to know if it converges; and when the answer is positive and there are
several QSDs, we would like to know to which of the QSDs it converges.

For birth-and-death chains, we will give the proof that this limit exists for all
Dirac measures ρ = δx and it coincides with the extremal QSD, that is,

∀y ∈X a: νθ∗(y)= lim
t→∞Px(Yt = y|T > t).

When there is a unique QSD (for instance, for birth-and-death chains that are expo-
nentially absorbed and coming from infinity in finite time), a problem is when all
distributions ρ belong to the domain of attraction of the QSD.

For initial distributions different from the Dirac measures, a complete answer
to the question of domains of attraction is very hard. In fact, it is answered in a
satisfactory way only (in the context of diffusions) for the Brownian motion with
strictly negative constant drift.

Let us study the process of trajectories that survive forever. From the Markov
property, we get

Px(Y1 = x1, . . . , Yk = ik, T > t)= Px(Y1 = i1, . . . , Yk = ik)Pxk (T > t − k).

In the finite case, we can go further. In fact, the computations already done give the
following ratio limit result on the survival probabilities:

∀x, y ∈X a: lim
t→∞

Px(T > t − k)

Py(T > t)
= αk

ψ(x)

ψ(y)
.

Hence,

lim
t→∞Px0(Y1 = x1, . . . , Yk = xk|T > t)=

k∏

l=1

(

α
ψ(xl)

ψ(xl−1)
p(xl−1, xl)

)

.

Therefore, in the finite case, the process of trajectories that survive forever, Z =
(Zt : t ≥ 0), whose law is given by

Px(Z1 = x1, . . . ,Zk = xk) := lim
t→∞Px(Y1 = x1, . . . , Yk = xk|T > t), x ∈X a,
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is a Markov chain taking values on X a, with transition probability

p̃(x, y) := Px(Z1 = y)= α
ψ(y)

ψ(x)
p(x, y).

Observe that P̃ = (p̃(x, y) : x, y ∈X a) is a stochastic matrix because

∑

y∈X a

p̃(x, y)= α
∑

y∈X a

p(x, y)
ψ(y)

ψ(x)
= 1.

In this finite case, and under irreducibility, the chain Z is obviously positive recur-
rent, and from the equalities

(νψ)′P(y)=
∑

x∈I a

ν(x)ψ(x)p̃(x, y)= αψ(y)
∑

x∈I a

ν(x)p(x, y)= ν(y)ψ(y),

νψ = (ν(x)ψ(x) : x ∈ I a) is the stationary distribution for Z. To avoid confusion,
we denote by P̃ the law of the process Z given by the transition matrix P̃ .

For a general Markov chain, the following problem is put:

Problem 1.4 Existence and classification of the process Z of trajectories that sur-
vive forever. For birth-and-death chains, we show the existence of the process Z.
To do it, we extend to birth-and-death chains the result showing that the ratio be-
tween the components of the right-eigenvector correspond to the limit ratios of the
survival probabilities. In relation with the classification of the process Z (following
Vere-Jones classification), we supply a criterion based on the exponential rate of
survival which ensures when the process Z is positive recurrent, null-recurrent or
transient.

We have discussed the convergence in distribution of the initial piece of trajec-
tory,

lim
t→∞Pρ(Y0 = x0, . . . , Yk = xk|T > t)= P̃ρ(Z0 = x0, . . . ,Zk = xk).

In the finite case, the quasi-limiting behavior allows getting the convergence of the
final piece of trajectory. It is given by

lim
t→∞Pρ(Yt = x0, . . . , Yt−l = xl |T > t)= Pν(Yt = x0, . . . , Yt−l = xl |T > l),

where ν is the quasi-limiting distribution.
Note that this limit distribution on the last piece of the trajectory requires the

existence of the quasi-limiting distribution and the limit ratio of the survival proba-
bilities. Hence, by previous discussion, this limit behavior can be also retrieved for
the birth-and-death chains that are exponentially killed.
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1.3 Diffusions

In this section, we give a simple example of a QSD for a diffusion. We refer to
Pinsky (1985) for a more general case and to Chaps. 6 and 7 for other diffusions in
dimension one.

In this section, we denote by X a compact, connected domain of Rn with a regu-
lar boundary, and the process Y· will be the n-dimensional Brownian motion killed
on ∂X . We will prove the existence of a QSD for this process. When necessary, we
will use the notation Yx· to denote the process starting at x.

Theorem 1.1 Under the above hypothesis, the Brownian motion killed on ∂X has
a QSD which is absolutely continuous with respect to the Lebesgue measure.

Proof From the spectral theory of elliptic partial differential operators (see, for ex-
ample, Davies 1989), it is well known that the Dirichlet Laplacian in X has a largest
eigenvalue −λ < 0 with an associated eigenfunction u which is nonnegative and
bounded, namely

Δu=−λu,
u≥ 0 and u|∂X = 0.

From Ito’s formula (see, for example, Gikhman and Skorokhod 1996) we have
for any function f which is twice continuously differentiable and with compact
support contained in the interior of X that

eλt/2f
(
Yx
t∧T

)= f (x)+ 1

2

∫ t∧T

0

(
Δf

(
Yx
s∧T

)+ λf
(
Yx
s∧T

))
ds +Mt

where (M·) is a martingale. Therefore,

eλt/2
Ex

(
f (Yt∧T )

) = f (x)+ 1

2
E

(∫ t∧T

0

(
Δf

(
Yx
s∧T

) + λf
(
Yx
s∧T

))
ds

)

= f (x)+ 1

2
E

(∫ t∧T

0

(
Δf

(
Yx
s∧T

)+ λf
(
Yx
s∧T

))
ds

)

.

Using integration by parts, we get

E

(∫

X
u(x)

(
Δf

(
Yx
s∧T

)+ λf
(
Yx
s∧T

))
dx

)

= 0.

Therefore, by Fubini’s Theorem, we obtain

eλt/2
∫

X
u(x)Ex

(
f (Yt∧T )

)
dx =

∫

X
u(x)f (x) dx.
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Fig. 1.2 The density of
u(0, x) of the initial
distribution

Fig. 1.3 Time evolution
u(t, x) of the density

Let ν denote the positive measure with density u (dν = udx), the above formula
can be rewritten

Eν

(
f (Yt∧T )

)= e−λt/2
∫

X
f dν.

Since this formula holds for any function f which is twice continuously differen-
tiable and with compact support contained in the interior of X , and since u vanishes
on the boundary, we conclude that ν is a QSD. Note also that, since u is bounded
and hence integrable, we can normalize ν to a probability measure. �

One can give other proofs of this theorem avoiding the use of the spectral theory
of elliptic operators, using, for example, the spectral theory. Results for more general
diffusions in dimension one will be proved in Chaps. 6 and 7.
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Fig. 1.4 (Left) P(T > t) as a function of t . (Right) logP(T > t) as a function of t

Spectral theory allows, in particular, one to prove the existence of a Yaglom
limit and to show that the rate of convergence is exponential (we will see more on
this in later chapters). Here we illustrate these properties using a simulation for the
one dimensional Brownian motion on the interval [−1,1]. We start with the initial
condition which is absolutely continuous with respect to the Lebesgue measure with
density drawn in Fig. 1.2.

In Fig. 1.3, we show the time evolution of the density, normalized to have integral
one. We clearly see convergence to the density of the Yaglom limit (π cos(πx/2)/4
in this case) which is drawn in black at the end of the surface.

One can also look at the time evolution of the survival probability P(T > t).
This is shown in Fig. 1.4 on the left. On the right, we plotted the logarithm of this
quantity as a function of time, clearly showing convergence to a straight line, namely
that P(T > t) decays asymptotically exponentially.

1.4 Dynamical Systems

A classical system (in physics, chemistry, biology, etc.) is described by the set X
of all its possible states, often called the phase space of the system. At a given
time, all the properties of the system can be recovered from the knowledge of the
instantaneous state x ∈ X . The system is observed using the so-called observables
which are real-valued functions on X . Most often the space of states X is a metric
space (so we can speak of nearby states). In many physical situations, there are even
more structures on X : Rd , Riemannian manifolds, Banach or Hilbert spaces, etc.

As a simple example one can consider a mechanical system with one degree of
freedom. The state of the system at a given time is given by two real numbers: the
position q and momentum p. The state space is therefore R2. A continuous material
(solid, fluid, etc.) is characterized by the field of local velocities, pressure, density,
temperature, etc. In that case, one often uses phase spaces which are Banach spaces.
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As time goes on, the instantaneous state changes (unless the system is in a situa-
tion of equilibrium). The time evolution is a rule giving the change of the state with
time. It comes in several flavors and descriptions summarized below:

(i) Discrete time evolution. This is a map f from the state space X into itself
producing a new state from an old one after one unit of time. If x0 is the state of
the system at time zero, the state at time one is x1 = f (x0), and more generally,
the state at time n is given recursively by xn = f (xn−1). This is often written
xn = f n(x0) with f n = f ◦ f ◦ · · · ◦ f (n times). The sequence (f n(x0)) is
called the trajectory or the orbit of the initial condition x0.

(ii) Continuous-time semi-flow. This is a family (ϕt : t ∈ R
+) of maps of X satis-

fying

ϕ0 = Id, ϕs ◦ ϕt = ϕs+t .

The set {ϕt (x0) : t ∈ R
+} is called the trajectory (orbit) of the initial condi-

tion x0. Note that if we fix a time step τ > 0, and observe only the state at
times nτ (n ∈ N), we obtain a discrete time dynamical system given by the
map f = ϕτ . A flow is a family (ϕt : t ∈R) of maps of X satisfying the above
two conditions for any t and s in R. Note in particular that ϕ−t is the inverse
of ϕt .

(iii) A differential equation on a manifold associated to a vector field F

dx
dt
= F(x).

This is, for example, the case of a mechanical system in the Hamiltonian for-
malism. Under regularity conditions on F, the integration of this equation leads
to a flow.

(iv) There are other more complicated situations like nonautonomous systems (in
particular, stochastically forced systems), systems with memory, systems with
delay, etc., but we will not consider them below.

A dynamical system is a set of states X equipped with a time evolution. If there
is more structure on X , one can put more structure on the time evolution itself. For
example, in the case of discrete time, the map f may be measurable, continuous,
differentiable, etc.

Assume now that the phase space X is equipped with a Borel structure, and
let ν0 be a Borel probability measure on X . To any dynamical system on X , we
can now associate a stochastic process. We explain how this is done for the case of a
discrete time evolution, the case of continuous time is similar. Let f be a measurable
map of the phase space X as above, and let ν0 be a probability measure on X . Let
Y be a measurable space, and let Y be a measurable map from X to Y . We can
consider Y as a Y -valued random variable by the usual construction. Namely, for
any measurable B ∈Y , we define

P(Y ∈ B)= ν0
(
Y−1(B)

)
.
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Fig. 1.5 Time evolution with
a trap

More generally, we can define a discrete time stochastic process on Y by the se-
quence (Yn : n ∈ Z+) of random variables defined by

Yn = Y ◦ f n.

In these processes defined by dynamical systems, the time evolution is deterministic,
but the initial condition is chosen at random. This randomness is propagated by the
time evolution. There is no loss of generality if we assume that X =Y and Y is the
identity mapping.

A measure ν on X is called an invariant measure for the map f if for any mea-
surable set B ∈ B(X ) we have

ν
(
f−1(B)

)= ν(B).

We recall that f−1 denotes here the set-theoretic inverse, or in other words, f−1(B)

is the set of preimages of points in B

f−1(B)= {
x : f (x) ∈ B}

.

The definition is the same for a semi-flow.
As explained above, to the map f and the measure ν, we can associate stochastic

processes. If the measure ν is invariant, it is easy to verify that these processes are
stationary.

We now consider the particular setting corresponding to quasi-stationary mea-
sures. We assume that a measurable subset X tr of the phase space X is given, which
is a hole or a trap. Namely, when an orbit reaches X tr, the time evolution stops (al-
though the dynamical system may be well defined on X tr). See Fig. 1.5 for a sketch
of this evolution.

Let T = TX tr be the first time an initial condition x reaches the trap X tr, namely,
f j (x) /∈ X tr for 0≤ j < T (x) and f T (x)(x) ∈ X tr. It is convenient to define T = 0
on X tr.

In this situation, it is natural to define the sequence (Xn) of sets of initial condi-
tions which do not reach X tr before time n, namely Xn = {T > n}. The sets Xn can
also be defined recursively by X0 =X \X tr, and

Xn+1 =Xn ∩
{
x : f n+1(x) /∈X tr}.
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Note that we also have

Xn =
n⋂

j=0

f−j (X0).

We recall that there are several natural questions associated to this situation.

Problem 1.5 Given an initial distribution ν0 on X , what is the probability that a
trajectory has survived up to time n > 0? (For example, if ν0 is the Dirac measure
on one point.)

In other words, what is the behavior of ν0(Xn). Often one can say something only
for large n.

Problem 1.6 Assume a trajectory initially distributed with ν0 has survived up to
time n > 0. What is the distribution at that time (of the surviving trajectory)?

In other words, can we say something about

ν0(f
−n(B)∩Xn)

ν0(Xn)
,

B a measurable subset of X .
We recall that the Yaglom limit of the measure ν0 is defined as the limit of the

above measure when n tends to infinity (if the limit exists). It may depend on the
initial distribution ν0.

A related object is a quasi-stationary measure (QSD).
We recall that ν (a probability measure on X ) is quasi-stationary if for any n≥ 0

ν(f−n(B)∩Xn)

ν(Xn)
= ν(B)

for any measurable set B . If there is no trap, this is a stationary measure.

Problem 1.7 Are there trajectories which never reach the trap A? (T =∞).
If so, how are they distributed?
How is this related to Problem 1.6?

To get some intuition about these questions in the case of dynamical systems, we
now discuss a simple example where explicit computations can be performed.

The phase space X is the unit interval [0,1]. Consider the map f given by
f (x) = 3x (mod 1). In Fig. 1.6 we show the graph of f , and in Fig. 1.7 the ge-
ometrical construction of one iteration.

It is easy to verify that the Lebesgue measure Leb is invariant, namely, for any
Borel set B

Leb
(
f−1(B)

)= Leb(B). (1.1)

Indeed, it is enough to verify (1.1) for a finite union of disjoint sub-intervals of
[0,1], and in fact for each interval separately. By a simple computation, one obtains
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Fig. 1.6 The map f (x)= 3x
(mod 1)

Fig. 1.7 The map f (x)= 3x
(mod 1) with the trap
]1/3,2/3[ (in red),
geometrical construction of
an iterate (in green) falling
into the trap after one step

immediately for the interval I = (a, b)⊂ [0,1]

f−1(I )= (a/3, b/3)∪ (
(a + 1)/3, (b+ 1)/3

)∪ (
(a + 2)/3, (b+ 2)/3

)
,

and therefore,

Leb
(
f−1(I )

)= 3(b/3− a/3)= b− a = Leb(I ).

As explained above, given an initial distribution, we have a discrete time stochastic
process.

The probability space is [0,1] and the process is defined recursively by Yn+1 =
f (Yn).

We use the interval ]1/3,2/3[ as a trap.
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The normalized Lebesgue measure ν = 3Leb/2 on X0 = [0,1/3] ∪ [1/3,1] is
quasi-stationary.

The proof is an easy computation from the definition in the discrete time case.
As we will see later (see Lemma 8.2), it is enough to check that

ν(f−1(B)∩X1)

ν(X1)
= ν(B),

for any Borel set B ⊆X0. Moreover, by completion, it is enough to check this iden-
tity for a finite union of disjoint intervals, and this follows if we can check it for
any interval (a, b)⊂X0. A simple computation (as above for the invariant measure)
leads to

X1 = [0,1/9] ∪ [2/9,1/3] ∩ [2/3,7/9] ∩ [8/9,1].
Therefore,

Leb(X1)= 4

9
and ν(X1)= 2

3
.

As above, for I = (a, b), we have

f−1(I )= (a/3, b/3)∪ (
(a + 1)/3, (b+ 1)/3

)∪ (
(a + 2)/3, (b+ 2)/3

)
,

and therefore, if I ⊂X0,

f−1(I )∩X1 = (a/3, b/3)∪ (
(a + 2)/3, (b+ 2)/3

)
.

This implies

Leb
(
f−1(I )∩X1

)= 2

3
(b− a).

Therefore,

ν(f−1(I )∩X1)

ν(X1)
= 3Leb(f−1(I )∩X1)/2

2/3
= 3

2
(b− a)= ν(I ).

It is easy to verify inductively that

ν(Xn)=
(

2

3

)n

.

Namely, we have the answer to Problem 1.5: the probability of surviving up to time
n when the initial condition is distributed according to the QSD ν.

The set of initial conditions which never die is

K =
⋂

n

Xn

which is the Cantor set. K is of zero Lebesgue measure. Moreover, during the re-
cursive construction, if we start with the Lebesgue measure (or the QSD ν), Xn is
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a union of triadic intervals which have the same length and hence the same weight.
We get at the end the Cantor measure which is singular with respect to the Lebesgue
measure (or the QSD ν). So there is little connection with the nice QSD. Intuitively,
a QSD (or a Yaglom limit) describes the distribution of trajectories which have sur-
vived for a large time but most of them are on the verge of falling in the trap.

Problem 1.7 deals with trajectories that will never see the trap, this is very differ-
ent. In the case of dynamical systems, these trajectories concentrate on a very small
set which is invariant and disjoint from the trap.

Problem 1.6 (distribution of survivors at large time) and Problem 1.7 (eternal
life) have very different answers.



Chapter 2
Quasi-Stationary Distributions: General Results

In this chapter, we introduce the main concepts in a general context of killed pro-
cesses. Thus, in Sect. 2.2, we give the definition of quasi-stationary distributions
(QSDs). In Theorem 2.2 of Sect. 2.3, we show that starting from a QSD the killing
time is exponentially distributed, and in Theorem 2.6 of Sect. 2.4, we show that
the killing time and the state of killing are independent random variables. In The-
orem 2.11 of Sect. 2.7, we give a theorem of existence of a QSD in a topological
setting without any assumption on compactness or spectral properties.

2.1 Notation

We will consider a Markov process Y = (Yt : t ≥ 0) taking values in a state space X
which is endowed with a σ -field B(X ). Let us fix some notation:

• M(X ) is the set of real measurable functions defined on X ; M+(X ) (respec-
tively, Mb(X )) is the set of positive (respectively, bounded) elements in M(X );

• P(X ) is the set of probability measures on (X ,B(X )).

When X has a topological structure, B(X ) denotes its Borel σ -field. In this case,
we denote by C(X ) the set of continuous functions and by Cb(X ) its bounded ele-
ments.

Let v be a measure on X and f ∈M(X ). If
∫
f dv is well defined then we

set v(f ) = ∫
f dv. This is the case if f ∈ L1(v), or when f ∈M+(X ), or when

v ∈P(X ) and f ∈Mb(X ).
Let us fix X a topological space endowed with its Borel σ -field B(X ). Let Y be

a Markov process taking values in X satisfying the conditions we fix below.
Let Ω be the set of right continuous trajectories on X , indexed by points in

[0,∞). So ω = (ωs : s ∈ [0,∞)) ∈Ω means that ωs ∈ X and ωs = limh→0+ ωs+h
for all s ∈ [0,∞). Let (Ω,F) be a measurable space where F contains the σ -field
generated by all the projections prs :Ω→X , ω→ prs(ω)= ωs , s ≥ 0. For t ≥ 0 let
Θt :Ω→Ω be the operator shifting the trajectories by t , so Θt(ω)= (ωs : s ≥ t).

P. Collet et al., Quasi-Stationary Distributions, Probability and Its Applications,
DOI 10.1007/978-3-642-33131-2_2, © Springer-Verlag Berlin Heidelberg 2013
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The process Y = (Yt : t ≥ 0) takes values on X and its trajectories belong to Ω .
We denote by F = (Ft : t ≥ 0) a filtration of σ -fields such that Y is adapted to F,
so for all t ≥ 0 Ft ⊇ σ(Ys : s ≤ t) the σ -field generated by the process up to time t .
Let (Px : x ∈X ) be a family of probability measures defined on (Ω,F). We assume
that Y is a Markov process with respect to the family (Px : x ∈X ), that is,

• Px(Y0 = x)= 1 for all x ∈X ;
• For all A ∈F the function x→ Px(A) is B(X )-measurable;
• Px(Θt (Y ) ∈A|Ft )= PYt (A) Px- a.s., ∀x ∈X and ∀A ∈F .

We assume that X is a Polish space (metric, separable and complete) and that
the Markov process Y is standard in the sense of Definition 9.2 in Blumenthal and
Getoor (1968). In particular, Y is strong Markov. We denote by

TB = inf{t > 0 : Yt ∈ B}, B ∈ B(X ),

the hitting time of B , where as usual we put inf∅ =∞. Since the Markov process Y
is standard, TB is a stopping time. When B = {x0} is a singleton, we put Tx0 instead
of T{x0}.

2.2 Killed Process and QSD

In this theory, there is a set of forbidden states for the process, denoted by ∂X .
We assume that ∂X ∈ B(X ) and ∅ �= ∂X �= X , this last condition is to avoid trivial
situations. Its complement X a :=X \ ∂X is called the set of allowed states. Let

T = T∂X ,

be the hitting time of ∂X , it is called the killing time (or extinction time in popula-
tion models).

All the quantities in this study will only depend on YT = (Yt∧T : t ≥ 0), the
process stopped at ∂X , and so there is no loss of generality in assuming Yt = YT
for t ≥ T . Then Y = YT and T is an absorption time. We note that except when we
look for the region where the process is absorbed, we will be mainly concerned with
the trajectory before killing (Yt : t < T ).

In our framework, we will assume that there is sure killing at ∂X ,

∀x ∈X a: Px(T <∞)= 1. (2.1)

In particular, this means that there is no explosion. Condition (2.1) is equivalent to

∀ρ ∈P
(
X a): Pρ(T <∞)= 1,

where as usual we put Pρ =
∫
X a Px dρ(x) for any ρ ∈ P(X a). Relation (2.1) obvi-

ously implies

∀x ∈X a: Px(T <∞) > 0, (2.2)

then,

∀ρ ∈P
(
X a) ∃t (ρ) ∀t ≥ t (ρ): Pρ(T > t) < 1. (2.3)
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Condition (2.2) (and hence the stronger condition (2.1)) implies that there cannot
exist stationary distributions supported by X a because if ρ is one of them, from
(2.3) we should have ρ(Yt ∈X a) < 1 for t ≥ t (ρ), which contradicts the stationarity
because ρ(Y0 ∈X a)= 1.

Let us define the quasi-stationary distributions.

Definition 2.1 ν ∈P(X a) is said to be a QSD (for the process killed at ∂X ) if

∀B ∈ B
(
X a) ∀t ≥ 0: Pν(Yt ∈ B|T > t)= ν(B).

So, ν is a QSD if

∀B ∈ B
(
X a) ∀t ≥ 0: Pν(Yt ∈ B,T > t)= ν(B)Pν(T > t). (2.4)

Since Y is stopped at time T , we have Pν(Yt ∈ B,T > t) = Pν(Yt ∈ B) for all
B ∈ B(X a), and the condition of QSD takes the form

∀B ∈ B
(
X a) ∀t ≥ 0: Pν(Yt ∈ B)= ν(B)Pν(T > t). (2.5)

From the previous observation, condition (2.2) ensures that a QSD cannot be
stationary.

2.3 Exponential Killing

Let ν be a QSD. The first remark is that when starting from ν, the killing time at
∂X is exponentially distributed (see Ferrari et al. 1995b). Let us state it.

Theorem 2.2 If ν be a QSD, then

∃θ(ν)≥ 0 such that Pν(T > t)= e−θ(ν)t ∀t ≥ 0,

that is, starting from ν, T is exponentially distributed with parameter θ(ν).

Proof Since ν is a QSD, from relation (2.4) we get that all g ∈M+(X a) and all
g ∈Mb(X a) verify

∀t ≥ 0: Eν

(
g(Yt )1T>t

)= ν(g)Pν(T > t). (2.6)

By taking the measurable function g(x)= Px(T > s), x ∈X a, and since
∫
X a g dν =

Pν(T > s), we get

∀t ≥ 0: Eν

(
PYt (T > s)1T>t

)= Pν(T > s)Pν(T > t).

From the Markov property, it is verified that ∀t, s ≥ 0

Pν(T > t + s)= Eν(1T>t+s)= Eν

(
1T>tE(1T>t+s |Ft )

)

= Eν

(
1T>tEYt (1T>s)

)= Pν(T > s)Pν(T > t).

So, there exists some θ ≥ 0 such that Pν(T > t) = e−θt ∀t ≥ 0. Then, the result
follows. �
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Remark 2.3 For discrete time, the argument in the proof of Theorem 2.2 shows that
when starting from a QSD ν, the killing time at ∂X is geometrically distributed, so
Pν(T > n)= κ(ν)n for all n≥ 0, where κ(ν)= Pν(T > 1).

The coefficient θ(ν) verifies θ(ν)=− 1
t

logPν(T > t) ∀t > 0. So, when the pro-
cess starts from ν, θ(ν) is its exponential rate of survival, which is stationary in
time.

Theorem 2.2 gives Pν(Y0+ ∈ ∂X )= 0. Then, from (2.3) we get 0 < Pν(T > t) <

1 for ν a QSD, and so θ(ν) ∈ (0,∞).
From (2.4) and Theorem 2.2, we get that ν ∈ P(X a) is a QSD if and only if it

verifies

∃θ ∈ (0,∞) ∀B ∈ B
(
X a) ∀t ≥ 0: Pν(Yt ∈ B,T > t)= ν(B)e−θt . (2.7)

In this case, θ = θ(ν).
When ν is a QSD, we get

∀θ < θ(ν): Eν

(
eθT

)
<∞,

and we deduce

∀θ < θ(ν), ν-a.s. in x: Ex

(
eθT

)
<∞. (2.8)

The exponential moment condition can be written in the following way.

Proposition 2.4 We have the equality

θ∗x := sup
{
θ : Ex

(
eθT <∞)}= lim inf

t→∞ −1

t
logPx(T > t), (2.9)

and a necessary condition for the existence of a QSD is the existence of a positive
exponential moment, or equivalently, a positive exponential rate of survival:

∃x ∈X a: θ∗x > 0. (2.10)

Proof The fact that (2.10) is necessary for the existence of a QSD follows from (2.8)
and (2.9). We now prove the equality (2.9). Note that the result will follow once we
show the following relation for a nonnegative random variable W :

sup
{
θ : E(

eθW
)
<∞}= lim inf

t→∞ −1

t
logP(W > t). (2.11)

The inequality ≤ in (2.11) follows from Markov’s Inequality applied to all nonneg-
ative θ such that E(eθW ) <∞,

E
(
eθW

)≥ eθtP(W > t) ∀t ≥ 0.

Let us prove the other inequality. First, observe that for every distribution func-
tion F , Fubini’s Theorem gives

∫ ∞

0
θeθt

(
1− F(t)

)
dt =

∫ ∞

0
eθt dt

∫ ∞

t+
dF(u)=

∫ ∞

0+

(∫ u

0
θeθt dt

)

dF(u)

=
∫ ∞

0

(
eθu − 1

)
dF(u)=

∫ ∞

0
eθu dF (u)− (

1− F(0)
)
.
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Then
∫ ∞

0
eθt dF (t)= (

1− F(0)
)+

∫ ∞

0
θeθt

(
1− F(t)

)
dt. (2.12)

Note that

lim inf
t→∞ −1

t
logP(W > t)= sup

{
θ ′ : ∃C <∞ ∀t ≥ 0,P(W > t)≤ Ce−θ ′t

}
. (2.13)

Now, if θ ′ > 0 satisfies P(W > t) ≤ Ce−θ ′t ∀t ≥ 0, from (2.12) we get that any
θ ∈ (0, θ ′) verifies:

E
(
eθW

)= P(W > 0)+
∫ ∞

0
θeθtP(W > t)dt ≤ P(W > 0)+Cθ

∫ ∞

0
e−(θ ′−θ)t dt

= P(W > 0)+C

(
1

θ ′ − θ

)

<∞. (2.14)

The inequality ≥ in (2.11) follows from (2.13) and (2.14). �

Remark 2.5 Note that if ν is a QSD then Eν(e
θ(ν)T )=∞. Then, if θ > 0 satisfies

the condition

sup
(
Ex

(
eθT

) : x ∈X a)
<∞,

there cannot exists a QSD ν with θ(ν)= θ because otherwise we should have

∞= Eν

(
eθ(ν)T

)≤ sup
(
Ex

(
eθ(ν)T

) : x ∈X a)
<∞.

2.4 Independence Between the Exit Time and the Exit State

Let us show that when the process starts from a QSD, the killing time and the state
where it is killed are independent random variables (see Martínez 2008).

Theorem 2.6 Let ν be a QSD (for the process killed at ∂X ). Then T and YT are
Pν -independent random variables.

Proof We already proved that the QSD property implies Pν(T ∈ (s, s + ds]) =
θ(ν)e−θ(ν)s ds. Let E ∈ B(∂X ) be a measurable set contained in ∂X . The Markov
property and the QSD definition Pν(Ys ∈ •|T > s) = ν(•) imply that for all real
a > 0 and every integer n≥ 0,

Pν

(
T ∈ (

na, (n+ 1)a
]
, YT ∈E

)= Pν(T > na,Y(n+1)a ∈E)
= Pν(Y(n+1)a ∈E|T > na)Pν(T > na)

= Pν(Ya ∈E)e−θ(ν)na.
We sum over all n≥ 0 to get

Pν(YT ∈E)=
(

1

1− e−θ(ν)a

)

Pν(Ya ∈E).
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So, the independence relation follows:

Pν(T ≤ a,YT ∈E)= Pν(Ya ∈E)=
(
1− e−θ(ν)a

)
Pν(YT ∈E)

= Pν(T ≤ a)Pν(YT ∈E). �

From this relation, we find

d

da
Pν(Ya ∈E)

∣
∣
∣
∣
a=0

= θ(ν)Pν(YT ∈E). (2.15)

Remark 2.7 Let us give the proof of the above property in discrete time. For n≥ 0,
we have

Pν(T = n+ 1, YT ∈E)= Pν(T > n,Yn+1 ∈E)
= Pν(Yn+1 ∈E|T > n)Pν(T > n)

= Pν(Y1 ∈E)Pν(T > n).

When we sum over all n≥ 0 and use Pν(T > n)= κ(ν)n, we obtain

Pν(YT ∈E)= 1

1− κ(ν)
Pν(Y1 ∈E).

Since P(T = n+ 1)= (1− κ(ν))κ(ν)n, we find the result

Pν(T = n+ 1, YT ∈E)= Pν(YT ∈E)Pν(T = n+ 1) ∀n≥ 0.

Example: The independent case Let Y k , k = 1, . . . ,K , be K independent Markov
processes taking values in Xk . Assume that each Yk is killed at time Tk when it hits
∂X k . Let ∂X = ⋃K

k=1 ∂X k ×∏
l �=k Xl . Then, the product measure ν = ⊗K

k=1 ν
k

is a QSD for the product process Y = (Y k : k = 1, . . . ,K) killed at the region
∂X . Indeed, the killing time is T = inf{T k : k = 1, . . . ,K}. Moreover, in this
case the exponential rate of survival is θ =∑K

k=1 θk . From the equalities Pν(T
k ∈

(t, t+dt], T l > t ∀l �= k)= θke
−θt dt and Pν(T ∈ (t, t+dt])= θKe−θt dt , we find

Pν(T = Tk)= Pν(YT ∈ ∂X k ×∏
l �=k Xl)= θk/θ .

2.5 Restricting the Exit State

Let E ⊂ ∂X be such that P(YT ∈E) < 1. We will consider the process that hits the
boundary at ∂X \E. For this purpose, let Ω∗ =Ω \ {YT ∈E} = {YT /∈E} with the
restricted σ -field F∗ = F |Ω∗ . We endow this space with the family of conditional
probability measures

P
∗
x(A)= Px(A|YT /∈E), x ∈X ∗ :=X \E,A ∈F∗.

Consider the process Y ∗ = (Y ∗t : t ≥ 0), with Y ∗t := Yt∧T on Ω∗, so it is the restric-
tion of YT to Ω∗. The process Y ∗ takes values in X ∗. We define ∂X ∗ = ∂X \ E
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and the killing time T ∗ = inf{t ≥ 0 : Y ∗t ∈ ∂X ∗}. The set of allowable states is
X a =X ∗ \ ∂X ∗.

Proposition 2.8 Y ∗ is a Markov process with respect to the probability measures
(P∗x : x ∈ X ∗). The process Y ∗T ∗ takes values in ∂X ∗ with the measure P

∗
x(Y

∗
T ∗ ∈

C)= Px(YT ∈ C|YT /∈E) for x ∈X ∗, C ∈ B(∂X \E).
Moreover, if ν is a QSD for Y killed at T , the probability measure ν∗ defined on

X a by

ν∗(B)= 1

Pν(YT /∈E)
∫

B

Px(YT /∈E)ν (dx), B ∈ B
(
X a)

, (2.16)

is a QSD for the process Y ∗ killed at T ∗.

Proof Let us see that Y ∗ is a Markov process. Since P
∗
x(Y

∗
t = x ∀t ≥ 0) = 1 for

x ∈ ∂X ∗, we can assume that the starting point satisfies x ∈X a. For s ≥ 0 let F∗s be
the σ -field Fs restricted to Ω∗ = {YT �∈E}. For 0≤ s < t we have

E
∗
x

(
g

(
Y ∗t

)∣
∣F∗s

)= Ex

(
1

Px(YT �∈E)g(Yt∧T )1YT �∈E
∣
∣
∣
∣F
∗
s

)

1YT �∈E

= EYs∧T

(

g(Y(t−s)∧T )1YT �∈E
1

Px(YT �∈E)
)

1YT �∈E = E
∗
Y ∗s

(
g

(
Y ∗t−s

))
.

Then, the Markov property holds.
The only thing left to prove is that the measure ν∗ given in (2.16) is a QSD for

the process Y ∗ killed at T ∗. We have

P
∗
ν∗

(
Y ∗t ∈ B,T ∗ > t

)

=
∫

X a
P
∗
x

(
Y ∗t ∈ B,T > t

)
ν∗ (dx)

=
∫

X a

1

Px(YT /∈E)Px(Yt ∈ B,T > t,YT /∈E)Px(YT /∈E)
Pν(YT /∈E)ν (dx)

= Pν(Yt ∈ B,T > t,YT /∈E)
Pν(YT /∈E) .

Then, from the QSD property of ν and the Markov property satisfied by Y , we find
for B ∈ B(X a) that

P
∗
ν∗

(
Y ∗t ∈ B,T ∗ > t

)= 1

Pν(YT /∈E)
∫

B

Py(YT /∈E)Pν(T > t)ν (dy)

= Pν(T > t)

Pν(YT /∈E)
∫

B

Py(YT /∈E)ν (dy).
We conclude that

P
∗
ν∗

(
Y ∗t ∈ B

∣
∣T ∗ > t

)=
∫
B
Py(YT /∈E)ν (dy)

∫
X a Pz(YT /∈E)ν (dz) = ν∗(B).

Then ν∗ fulfills the QSD requirements. �
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2.6 Characterization of QSD by the Semigroup

Let (Pt : t ≥ 0) be the semigroup of the process before killing at ∂X (often this
semigroup is only denoted by (Pt )). Then

Ptf (x)= Ex

(
f (Yt ), T > t

)
, x ∈X a, (2.17)

and it acts on the set Mb(X a) of real measurable bounded functions defined on X a.
The Markov property implies that it verifies the semigroup equation

Pt ◦ Ps = Pt+s = Ps ◦ Pt on Mb

(
X a)

.

We denote 1= 1X a . Then Px(T > t)= Pt1(x) for x ∈X a.
Let (Mb(X a),‖ · ‖∞) be the Banach space, where

‖f ‖∞ = sup
{∣
∣f (x)

∣
∣ : x ∈X a}

.

Note that Pt is a linear contraction on (Mb(X a),‖ · ‖∞),
‖Pt‖∞ ≤ 1 where ‖Pt‖∞ := sup

{‖Ptf ‖∞ : f ∈Mb

(
X a)

,‖f ‖∞ ≤ 1
}
.

Notice that for any g ∈Mb(X ) and x ∈X a we have

Ex

(
g(Yt )

)= Ex

(
g(Yt ), T > t

)+ g(YT )Px(T ≤ t).

In particular, if g(y) = 0 ∀y ∈ ∂X , we get Ex(g(Yt )) = Ex(g(Yt ), T > t) for all
x ∈X a.

For any measure v on X a, the set of quantities (v(Pt1B) : B ∈ B(X a)) defines
a measure on X a which is denoted by P

†
t v. So, by linearization this action can be

also defined for all finite signed measures. Hence the action of the semigroup on the
space of measures on X a, or the space of signed finite measures on X a, is defined
by

∀f ∈Mb

(
X a): (

P
†
t v

)
(f )= v(Ptf ).

We note that P †
t is also a semigroup acting in these spaces of measures, that is,

P
†
t+s = P

†
t ◦ P †

s .

In fact,

P
†
t

((
P †
s v

)
f

)= (
P †
s v

)
(Ptf )= v(PsPtf )= v(Pt+sf )=

(
P

†
t+sv

)
f.

For all v ∈ P(X ) we have

∀f ∈Mb

(
X a) ∀t ≥ 0: v(Ptf )= Ev

(
f (Yt )1T>t

)
.

Hence, from (2.6) and (2.7), ν ∈ P(X ) is a QSD if and only if it satisfies

∃θ > 0 such that ∀f ∈Mb

(
X a) ∀t ≥ 0: ν(Ptf )= e−θt ν(f ),

or if and only if

∃θ > 0 such that ∀t ≥ 0: P
†
t ν = e−θt ν. (2.18)

The parameter θ turns out to be equal to θ(ν), the exponential rate of survival of ν.
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Let us show that there exists some QSD when the eigenmeasure equation (2.18)
is satisfied by a finite measure but for a fixed strictly positive time (result shown in
Collet et al. 2011). For this purpose, the following observation is useful. Since by
definition the process Y is adapted to the filtration F = (Ft : t ≥ 0), it is progres-
sively measurable (for instance, see Revuz and Yor 1999, Proposition 4.8), that is,
for all t ≥ 0 the map

[0, t] ×Ω→X , (s,ω)→ Ys(ω),

is B([0, t])⊗Ft measurable. Then also the killed process YT is progressively mea-
surable with respect to the filtration (Ft∧T : t ≥ 0) (see Revuz and Yor 1999, Propo-
sition 4.10) and by integrating over Ω we deduce that Pt1B is measurable in t .

Lemma 2.9 Let ν̃ ∈ P(X a) and β > 0 be such that P †
1 ν̃ = βν̃. Then β < 1 and

there exists a QSD ν whose exponential rate of survival is θ := − logβ > 0.

Proof Let 1= 1X a . From condition (2.3), there exists some integer n > 0 such that
Pν̃ (T > n) < 1. From βn = (P

†
n ν̃)1= Pν̃ (T > n) < 1, we get βn < 1, so β < 1 and

θ := − logβ > 0. We must show that there exists ν ∈P(X a) such that P †
t ν = e−θt ν

for all t ≥ 0.
Since Pt1B is measurable in t , for all B ∈ B(X a), the following quantity is well-

defined:

ν(B) :=
∫ 1

0
eθs ν̃(Ps1B)ds.

By linearity and monotonicity, we get that ν is a finite measure on (X a,B(X a)). By
definition of P †

s , we can write

ν(B) :=
∫ 1

0
eθs

(
P †
s ν̃

)
(B)ds.

Let t ∈ (0,1]. We have

P
†
t ν(B)= ν(Pt1B)=

∫ 1

0
eθsP †

s ν̃(Pt1B)ds =
∫ 1

0
eθsP

†
t+s ν̃(B)ds

=
∫ 1−t

0
eθsP

†
t+s ν̃(B)ds +

∫ 1

1−t
eθsP

†
t+s ν̃(B)ds

=
∫ 1

t

eθ(u−t)P †
u ν̃(B)du+

∫ 1+t

1
eθ(u−t)P †

u ν̃(B)du

= e−θt
∫ 1

t

eθuP †
u ν̃(B)du+ e−θt

∫ t

0
eθueθ

(
P †
u P

†
1 ν̃

)
(B)du

= e−θt ν(B),

where in the last equality we use P †
1 ν̃ = e−θ ν̃. (Note that the integrals

∫ 1−t
0 and

∫ 1
t

vanish when t = 1.) In particular, we proved P †
1 ν = e−θ ν and so P †

n ν = e−nθν.
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For t > 1, we write t = n+ r with 0≤ r < 1 and n ∈N= {1,2, . . .}. We have

P
†
t ν = P †

r P
†
n ν = e−nθP †

r ν = e−nθ e−rθ ν = e−θt ν.
Now we normalize ν. We have shown that it verifies the QSD condition (2.18). �

2.7 Continuity Assumptions

Let us recall one of the theorems of Krein in Oikhberg and Troitsky (2005), we refer
to Theorem 4 therein. Let (B,≤,‖ · ‖) be an ordered normed space and assume that
there exists an element e ∈ B that satisfies ‖e‖ = 1 and e ≥ x for all x ∈ B with
‖x‖ ≤ 1. Then, every positive operator R : B→ B is such that its adjoint R∗ has a
positive eigenvector v. The positivity property of v ∈ B∗ means that v(b)≥ 0 for all
b ≥ 0. This theorem implies the following result on the existence of QSD.

Proposition 2.10 Assume that X a is a compact Hausdorff space and that P1 pre-
serves the set of continuous functions: P1(C(X a)) ⊆ C(X a). Then there exists a
QSD.

Proof The set C(X a) is an ordered normed space, endowed with the usual order
between functions and the supremum ‖ · ‖∞ norm. The function 1 verifies the con-
dition f ≤ 1 for all f ∈ C(X a) with ‖f ‖∞ ≤ 1. Since P1 : C(X a)→ C(X a) is a
positive operator, the above Krein’s Theorem states that P ∗1 : C(X a)∗ → C(X a)∗
has a positive eigenfunction. The Riesz Representation Theorem implies that this
eigenfunction is a positive finite measure v. Hence P ∗v = βv for some β , and we
necessarily have β > 0. The probability measure ν = v(1)−1v verifies P ∗1 ν = βν.

Since P ∗1 = P
†
1 on C(X a)∗, from Lemma 2.9 we get that ν is a QSD. �

Now we state an existence result of a QSD when X a is not necessarily compact.
It can be found in Collet et al. (2011). We recall that the set of bounded continu-
ous functions Cb(X a) becomes a Banach space when equipped with the supremum
norm.

Theorem 2.11 Assume that P1 maps Cb(X a) into itself, P1 : Cb(X a)→ Cb(X a).
Also assume that the following hypothesis holds: ∃ϕ0 ∈ Cb(X a) such that ϕ0 ≥ 1
and it verifies

Hypothesis 2.1 For any u≥ 0, the set ϕ−1
0 ([0, u]) is compact.

Assume also that there exist three constants c1 > γ > 0 and β > 0 such that

P11≥ c11

and for any h ∈ Cb(X a) with 0≤ h≤ ϕ0

P1h≤ γ ϕ0 + β.

Then, there exists a QSD.
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Proof In the dual space Cb(X a)∗, we define for any real K > 0 the convex set KK

given by

KK =
{
v ∈ Cb

(
X a)∗ : v ≥ 0, v(1)= 1, sup

h∈Cb(X a),0≤h≤ϕ0

v(h)≤K
}
.

We observe that for any K large enough the set KK is nonempty. It suffices to
consider a Dirac measure δx at a point x ∈X a and to take K ≥ ϕ0(x).

Since for any K ≥ 0, KK is an intersection of weak* closed subsets, it is closed
in the weak* topology. We now introduce the nonlinear operator R with domain
KK and defined by

Rv = P ∗1 v
v(P11)

.

Note that since P11 > c11, we have v(P11) ≥ c1v(1) and the operator R is well
defined on KK . We obviously have Rv(1) = 1. We now prove that R maps KK

into itself.
Consider h ∈ Cb(X a) with 0≤ h≤ ϕ0. Since

P1h≤ γ ϕ0 + β,

and obviously

0≤ P1h≤ γ
‖P1h‖
γ

,

we get

0≤ P1h≤ γ min
(
ϕ0,‖P1h‖/γ

)+ β.

Therefore, since the function h′ =min(ϕ0,‖P1h‖/γ ) satisfies h′ ∈ Cb(X a) and 0≤
h′ ≤ ϕ0, we conclude that for v ∈KK

Rv(h)≤ γ v(h′)+ β

c1
.

From the bound v(h′)≤K , we get

Rv(h)≤ γ v(h′)+ β

c1
≤ γ

c1
K + β

c1
≤K

if K > β/(c1− γ ). Therefore, for any K large enough, the set KK is nonempty and
mapped into itself by R.

It is easy to show thatR is continuous on KK in the weak* topology. This follows
at once from the continuity of the operator P1. We can now apply Tychonov’s Fixed
Point Theorem (see Tychonov 1935) to deduce that R has a fixed point. This implies
that there is a point v ∈KK such that P ∗1 v = v(P11)v. The proof will be finished
once we prove that v can be represented by a measure ν on X a, that is,

∀f ∈ Cb
(
X a): v(f )=

∫
f dν.

(Since v(1)= 1, ν will be necessarily be a probability measure.) Let � : [0,∞)→
[0,1] be a continuous and nonincreasing with � = 1 on the interval [0,1] and
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�(2) = 0 (so � = 0 on [2,∞)). For any integer m ≥ 1 let vm be the continuous
positive linear form defined on C(X a) by

vm(f )= v
(
�(ϕ0/m)f

)
.

This linear form has support in the set ϕ−1
0 ([0,2m]) in the sense that it vanishes

on functions which vanish on this set. Since ϕ−1
0 ([0,2m]) is compact by Hypothe-

sis 2.1, the form vm can be identified with a nonnegative measure νm on X a, namely,
for any f ∈ Cb(X a) we have

∀f ∈ Cb
(
X a): vm(f )=

∫
f dνm.

We now prove that this sequence of measures (νm : m ≥ 1) is tight. Let u > 0 and
define the set

Ku = ϕ−1
0

([0, u]).
By Hypothesis 2.1, for any u > 0 this is a compact set. We now observe that

1Kc
u
≤ (

1−�(2ϕ0/u)
)
.

Therefore,

νm
(
Kc
u

)≤ νm
(
1−�(2ϕ0/u)

)= vm
(
1−�(2ϕ0/u)

)

= v
(
�(ϕ0/m)

(
1−�(2ϕ0/u)

))
.

We now use the following facts: the function ϕ0�(ϕ0/m)(1 − �(2ϕ0/u)) is in
Cb(X a) and satisfies

u

2
�(ϕ0/m)

(
1−�(2ϕ0/u)

)≤�(ϕ0/m)
(
1−�(2ϕ0/u)

)
ϕ0 ≤ ϕ0,

and v ∈KK ; then from definition of KK we obtain that

v
(
�(ϕ0/m)

(
1−�(2ϕ0/u)

))≤ 2

u
v

(
�(ϕ0/m)

(
1−�(2ϕ0/u)

)
ϕ0

)≤ 2K

u
.

In other words, for any u > 0 we have for any integer m≥ 1

νm
(
Kc
u

)≤ 2K

u
.

The sequence of measures (νm : m ≥ 1) is therefore tight, and we denote by ν an
accumulation point which is a nonnegative measure on X a. We now finish the proof
by showing that for any f ∈ Cb(X a) we have ν(f ) = v(f ). For this purpose, we
write

v(f )= v
(
�(ϕ0/m)f

)+ v
((

1−�(ϕ0/m)
)
f

)
.

We now use the inequality

ϕ0 ≥
(
1−�(ϕ0/m)

)
ϕ0 ≥m

(
1−�(ϕ0/m)

)
,

and (1−�(ϕ0/m))ϕ0 ∈ Cb(X a) to conclude
∣
∣v

((
1−�(ϕ0/m)

)
f

)∣
∣≤ v

((
1−�(ϕ0/m)

)|f |)≤ ‖f ‖v(
1−�(ϕ0/m)

)≤ K

m
.
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Hence, for any f ∈ Cb(X a) we have

∣
∣v(f )− νm(f )

∣
∣≤ K

m
.

From the tightness, we get limm→∞ νm(f )= ν(f ) for all f ∈ Cb(X a) (see Billings-
ley 1968), and therefore ν(f )= v(f ), which completes the proof of the theorem.

�



Chapter 3
Markov Chains on Finite Spaces

In this chapter, we introduce the main problems on QSDs for irreducible finite
Markov chains. In Sect. 3.1, we show that there is a unique QSD which is the nor-
malized left Perron–Frobenius eigenvector of the jump rates matrix restricted to the
allowed states. The right eigenvector is shown to be the asymptotic ratio of survival
probabilities. In Sect. 3.2, it is proved that the trajectories that survive forever form
a Markov chain which is an h-process of the original one with weights given by
the right eigenvector. In Sect. 3.3, we give some computations when the jump rate
matrix restricted to the allowed states is symmetric. In Sect. 3.5, we compute the
unique QSD for the random walk with barriers. In Sect. 3.6, we prove a Central
Limit Theorem for the chain conditioned to survive when time is discrete.

3.1 Existence of a QSD

Let Y = (Yt : t ≥ 0) be a Markov process taking values in a finite set I with conser-
vative jump rate matrix Q = (q(i, j) : i, j ∈ I ). Then, the transition probability is
given by,

∀i, j ∈ I : pt(i, j)= Pi (Yt = j)= (
eQt

)
(i, j),

where eQt =∑
n≥0

Qntn

n! is the exponential of the matrix Q and eQt (i, j) denotes
the (i, j)th entry of eQt . (In general, M(i, j) denotes the (i, j)th entry of a matrix
M .)

Let ∂I ⊂ I be the set of forbidden states and T = inf{t ≥ 0 : Yt ∈ ∂I }. Since the
points in ∂I can be assumed to be absorbing, we have q(i, i) = 0 for i ∈ ∂I . Let
I a = I \ ∂I be the set of allowed states and Qa = (q(i, j) : i, j ∈ I a). Then, the
transition probability before killing is given by

∀i, j ∈ I a: pt(i, j)=
(
eQ

at
)
(i, j). (3.1)

We recall that (Pt = eQ
at : t ≥ 0) denotes the killed semigroup. Observe that

Qa1≤ 0 where 1= 1I a is the unit vector in I a. We assume that Qa is an irreducible
matrix, that is,

P. Collet et al., Quasi-Stationary Distributions, Probability and Its Applications,
DOI 10.1007/978-3-642-33131-2_3, © Springer-Verlag Berlin Heidelberg 2013

31

http://dx.doi.org/10.1007/978-3-642-33131-2_3
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∀i, j ∈ I a, i �= j,∃n > 0,∃i1, . . . , in−1 ∈ I a \ {i, j} all different

such that q(ik, ik+1) > 0 ∀k = 0, . . . , n− 1, where i0 = i, in = j.
(3.2)

Then pt(i, j) > 0 for all i, j ∈ I a and t > 0, that is, (Yt : t < T ) is irreducible.
We also assume the existence of some i0 ∈ I a that satisfies (Qa1)(i0) < 0. Hence,
since I is finite and Qa is irreducible, we get that condition (2.1) is satisfied:
Pi (T <∞)= 1 for all i ∈ I a. In fact, in this irreducible finite case with absorb-
ing forbidden states, conditions (2.2) and (2.1) are equivalent.

The Perron–Frobenius theory asserts (see Theorem 1.2 in Seneta 1981) that there
exists an eigenvalue −θ < 0 of Qa that has left- and right-eigenvectors ν and ψ ,
respectively, that can be chosen to be strictly positive. The vectors are written as
column vectors, and ν′ denotes the row vector, the transposed ν. We can impose the
following two normalizing conditions

ν′ψ = 1, ν′1= 1,

where ν′ψ =∑
i∈I a ψ(i)ν(i). In particular, ν is a probability vector. Let us see that

ν is a QSD and θ is the exponential rate of survival. From (3.1) we get
(
ν′Pt

)
(j)= (

ν′eQat
)
(j)= e−θt ν(j),

so

Pν(T > t)= ν′Pt1= e−θt . (3.3)

Then,
(
ν′Pt

)
(j)= ν(j)Pν(T > t),

proving that ν is a QSD (see condition (2.5)).
On the other hand, as part of the Perron–Frobenius Theorem, we have

∃γ <−θ such that eQ
at = e−θtψν′ +O

(
eγ t

)
, (3.4)

or equivalently,

pt(i, j)= e−θtψ(i)ν(j)+O
(
eγ t

)
.

Then, θ is the exponential rate of survival for the process, that is,

∀i, j ∈ I a: θ =− lim
1

t
logpt (i, j).

Also we get that the probability of survival verifies

∀i ∈ I a: Pi (T > t)=
∑

j∈I a

pt (i, j)= e−θtψ(i)+O
(
eγ t

)
. (3.5)

Thus, the following quasi-limiting behavior is obtained:

∀i ∈ I a, ∀j ∈ I a: lim
t→∞Pi (Yt = j |T > t)= ν(j). (3.6)

This property was shown in Darroch and Seneta (1965). When ν ∈ P(I a) satisfies
property (3.6), it is called a quasi-limiting distribution, or a Yaglom limit.
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On the other hand, (3.5) implies

∀i, j ∈ I a: lim
t→∞

Pi (T > t)

Pj (T > t)
= ψ(i)

ψ(j)
.

Then, the ratios between the components of the right-eigenvector correspond to the
asymptotic ratios of the survival probabilities.

The same estimations imply

∀i, j ∈ I a: lim
t→∞

Pi (T > t − s)

Pj (T > t)
= eθs

ψ(i)

ψ(j)
.

Let us give some possible behaviors of initial distributions for which the killing
time is exponentially distributed.

Proposition 3.1

(i) Let ρ be a probability measure on I a for which ∃α > 0 such that Pρ(T > t)=
e−αt ∀t ≥ 0. Then its parameter is the Perron–Frobenius eigenvalue: α = θ

and Pρ(T > t)= e−θt ∀t ≥ 0.
(ii) If the row sums of Qa are constant then ψ = 1 and all probability measures

ρ on I a verify the exponential distribution property Pρ(T > t)= e−θt ∀t ≥ 0.
However, by irreducibility only one of them is a QSD.

(iii) Assume the chain is a random walk killed at 0, that is, I = {0, . . . ,N}, Q is
conservative, ∂I = {0} and for j ∈ I we have: q(0, j) = 0 and q(i, j) = 0 if
and only if |i − j | > 1 for i ∈ I a. Hence, if ρ is a probability measure for
which ∃α > 0 such that Pρ(T > t) = e−αt ∀t ≥ 0, then α = θ and ρ is the
unique QSD.

Proof Part (i) follows straightforwardly from (3.5). Let us show part (ii). Denote
by −c the constant row sum of Qa, so (Qa)n1= (−c)n1. Then, for all probability
measures ρ, we have

Pρ(T > t)= ρ′eQat1= e−ctρ′1= e−ct .

Let us prove (iii). We have

∀n≥ 1: (−α)n = dn

dtn
Pρ(T > t)

∣
∣
∣
∣
t=0
= ρ

(
Qa)n1. (3.7)

Since the first coordinate of Qa1 is the unique one which is different from 0 and
in general for all n ∈ {1, . . . ,N} the first n coordinates of Qa1 are the unique ones
different from 0, there is a unique solution to (3.7). Since ρ is a probability measure,
this unique solution is necessarily the QSD. �

Remark 3.2 Let Q = (q(i, j) : i, j ∈ I ) be a nonconservative irreducible jump
rate matrix. Then, the associated chain looses mass at the states bI = {i ∈ I :∑

j∈I q(i, j) < 0}. To each state i ∈ bI , we add a new state ∂i which is absorb-
ing, and we define q(i, ∂i)=−∑

j∈I q(i, j). In this framework, ∂ = {∂i : i ∈ bI } is
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the set of forbidden states and T = inf{T∂i : i ∈ bI } is the killing time. Let ν be the
unique QSD of Y , the relation (2.15) in the proof of Theorem 2.6 gives

Pν(YT = ∂i)= ν(i)q(i, ∂i)∑
j∈bI ν(j)q(j, ∂j )

.

3.2 The Chain of Trajectories That Survive Forever

Let 0 < s1 < · · ·< sk < t and i0, . . . , ik ∈ I a. From the Markov property, we obtain

Pi (Ys1 = i1, . . . , Ysk = ik, T > t)= Pi (Ys1 = i1, . . . , Ysk = ik)Pik (T > t − sk).

Then,

lim
t→∞Pi0(Ys1 = i1, . . . , Ysk = ik|T > t)

= Pi0(Ys1 = i1, . . . , Ysk = ik)

(

lim
t→∞

Pik (T > t − sk)

Pi0(T > t)

)

= eθsk
ψ(ik)

ψ(i0)
Pi0(Ys1 = i1, . . . , Ysk = ik)

=
k∏

l=1

eθ(sl−sl−1)
ψ(il)

ψ(il−1)
Pil−1(Ysl = il),

where we put s0 = 0. Therefore, the law of the process Z = (Zt : t ≥ 0) starting
from i ∈ I a is given by

Pi (Zs1 = i1, . . . ,Zsk = ik) := lim
t→∞Pi (Ys1 = i1, . . . , Ysk = ik|T > t).

Then, Z is a well-defined Markov chain taking values on I a, called the survival
process, and its transition probability kernel is given by

Pi (Zs = j)= eθs
ψ(j)

ψ(i)
Pi (Ys = j).

Its jump rate matrix Q̃= (q̃(i, j) : i, j ∈ I a) satisfies

q̃(i, j)= q(i, j)
ψ(j)

ψ(i)
if i �= j, q̃(i, i)= θ + q(i, i). (3.8)

Observe that Q̃ is conservative because
∑

j∈I a

q̃(i, j)=
∑

j∈I a

q(i, j)
ψ(j)

ψ(i)
+ θ =−θ + θ = 0,

where we used
∑

j∈I a q(i, j)ψ(j)=−θψ(i).
In this finite case, and under irreducibility, the chain Z is obviously positive

recurrent. Moreover, the probability measure

νh= (
ν(i)ψ(i) : i ∈ I a)

, (3.9)
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is the stationary distribution for the process Z. In fact, it suffices to verify (νh)′Q̃
= 0, which follows from

(
(νh)′Q̃

)
(j)=

∑

i∈I a

ν(i)ψ(i)q̃(i, j)= θν(j)ψ(j)+
∑

i∈I a

ν(i)ψ(i)q(i, j)
ψ(j)

ψ(i)

= θν(j)ψ(j)− θν(j)ψ(j)= 0.

Below we denote by P̃ the law of the process Z given by the jump rate matrix Q̃

defined in (3.8).
Let us summarize what happens with some pieces of the trajectory of the process

conditioned to survive. For any fixed u > 0 and every ρ ∈ P(I a):

• We already proved the following convergence in distribution of the initial piece
of trajectory:

lim
t→∞Pρ

((
Ys, s ∈ [0, u]

) ∈ •|T > t
)= P̃ρ

((
Zs, s ∈ [0, u]

) ∈ •).
• From the quasi-limiting behavior (3.6), we have the convergence of the final piece

of trajectory:

lim
t→∞Pρ

((
Ys, s ∈ [t − u, t]) ∈ •|T > t

)= Pν

((
Ys, s ∈ [0, u]

) ∈ •|T > u
)
.

Here ν is the unique QSD. This equality is a consequence of the following rela-
tions:

lim
t→∞Pρ(Yt−u = i|T > t − u)= ν(i),

lim
t→∞

Pρ(T > t − u)

Pρ(T > t)
= eθu = 1

Pν(T > u)
,

and

Pρ

((
Ys, s ∈ [t − u, t]) ∈ •|T > t

)

= Pρ(T > t − u)

Pρ(T > t)

∑

i∈I a

Pρ(Yt−u = i|T > t − u)

× Pi

((
Ys, s ∈ [0, u]

) ∈ •, T > u
)
.

• Let us see what happens with the renormalization of the whole trajectory. Con-
sider the space of right continuous trajectories taking values in I a and the time
belonging to [0,1], and let Vu be its projections at time u ∈ [0,1]. The following
limit law is well-defined:

∀s0 = 0 < s1 < · · ·< sn < 1= sn+1, i0, i1, . . . , in, j ∈ I a:
P̄i0(Vs1 = i1, . . . ,Vs1 = in,V1 = j)

= lim
t→∞Pi (Ys1t = i1, . . . , Ysnt = in, Yt = j |T > t).

Let us compute it. Put in+1 = j , we have



36 3 Markov Chains on Finite Spaces

P̄i (Vs1 = i1, . . . ,Vs1 = in,V1 = j)

=
(

n∏

k=0

Pik (Y(sk+1−sk)t = ik+1

Pik (T > (sk+1 − sk)t)

)(
n∏

k=0

Pik (T > (sk+1 − sk)t)

Pν(T > (sk+1 − sk)t)

)
Pν(T > t)

Pi0(T > t)
,

where we used Pν(T > t)=∏n
k=0 Pν(T > (sk+1 − sk)t). Since ν(ψ)= 1, from

(3.5) we get

lim
t→∞

Pik (T > (sk+1 − sk)t)

Pν(T > (sk+1 − sk)t)
=ψ(ik),

and so

P̄i (Vs1 = i1, . . . ,Vs1 = in,V1 = j)=
(

n∏

k=1

ν(ik)ψ(ik)

)

ν(j).

Therefore, the limit renormalized law P̄i is such that the projections (Vs : s ∈
[0,1]) are all independent with V0 ∼ δi , V1 ∼ ν and Vs ∼ νψ for all s ∈ (0,1).

3.3 Symmetric Case

Assume the irreducible jump rate matrix Qa is symmetric with respect to some
measure π = (πi : i ∈ I a), that is,

πiq(i, j)= πjq(j, i), i, j ∈ I a.

Denote by Dπ the diagonal matrix associated to π , so (Dπ )ij = πiδ(i, j) where
δ(i, j) is the Kronecker’s delta, δ(i, j)= 1 if i = j and δ(i, j)= 0 otherwise. Then,
D1/2
π QaD−1/2

π is a symmetric matrix.
Let M = (m(i, j) : i, j ∈ I a) be the orthogonal matrix formed by the normalized

eigenvectors of D1/2
π QaD−1/2

π . Then D1/2
π QaD−1/2

π =MDM ′, where M ′ denotes
the transposed matrix of M and D is the diagonal matrix made of the eigenvalues
of Qa. These eigenvalues are denoted by {−dk : k ∈ I a}. From (3.4) we get that all
these eigenvalues are negative and dominated by the Perron–Frobenius eigenvalue
−θ of Qa, so

∀k ∈ I a: dk ≥ θ. (3.10)

Then, we have

q(i, j)=−
√
πj

πi

∑

k∈I a

dkm(i, k)m(j, k),

which can be written as

q(i, j)=−
√
πj

πi

∫ ∞

0
x dΓi,j (x), (3.11)
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where Γi,j is a signed measure, its total variation measure ‖Γi,j‖ = Γ +i,j + Γ −i,j is
supported on (0,∞) and satisfies

‖Γi,j‖
(
(0,∞) \ {

dk : k ∈ I a})= 0 and Γi,j
({dk}

)=m(i, k)m(j, k). (3.12)

Since M is orthogonal,

∀i, j ∈ I a:
∑

k∈I a

m(i, k)m(j, k)= δ(i, j).

Hence,

Γi,i
(
(0,∞)

)=
∑

k∈I a

Γi,i
({dk}

)=
∑

k∈I a

m(i, k)2 = 1, (3.13)

and so Γi,i is a probability measure. From (3.10) we get that θ is the smallest value
in the support of Γi,i with weight m(i, k0)

2, where k0 is such that −θ = dk0 .
Notice that the Cauchy–Schwarz Inequality and the orthogonal condition of M

gives

∀i, j ∈ I a:
(∑

k∈I a

∣
∣m(i, k)m(j, k)

∣
∣
)2

≤
(∑

k∈I a

m(i, k)2
)(∑

k∈I a

m(j, k)2
)

≤ 1.

Then,

∀i, j ∈ I a: ‖Γi,j‖
([0,∞)

)≤ 1. (3.14)

Also the Cauchy–Schwarz Inequality and orthogonality implies that for every inter-
val [a, b),
( ∑

k∈I a:dk∈[a,b)

∣
∣m(i, k)m(j, k)

∣
∣
)2

≤
( ∑

k∈I a:dk∈[a,b)
m(i, k)2

)( ∑

k∈I a:dk∈[a,b)
m(j, k)2

)

.

Therefore,

∀a < b: (‖Γi,j‖
([a, b)))2 ≤ ‖Γi,i‖

([a, b))‖Γj,j‖
([a, b)). (3.15)

We have e(D
1/2
π QaD−1/2

π )s =D1/2
π eQ

asD−1/2
π and so

eQ
as =D−1/2

π MeDsM ′D1/2
π .

Then, by using (3.11), we get

ps(i, j)= eQ
as(i, j)=

√
πj

πi

∑

k∈I a

e−sdkm(i, k)m(j, k)

=
√
πj

πi

∫ ∞

0
e−sx dΓi,j (x). (3.16)

Notice that the columns of the matrix M̃ = D−1/2
π M are the eigenvectors

of Qa, and they are orthogonal with respect to the inner product 〈f,g〉π =
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∑
i∈I a f (i)g(i)πi induced by π . The (i, j)th element of M̃ is m̃(i, j) = m(i, j)/√
πi . With this notation,

q(i, j)=−πj
∑

k∈I a

dkm̃(i, k)m̃(j, k)=−πj
∫ ∞

0
x dΓ̃i,j (x),

and

ps(i, j)= πj
∑

k∈I a

e−sdk m̃(i, k)m̃(j, k)= πj

∫ ∞

0
e−sx dΓ̃i,j (x), (3.17)

where Γ̃i,j = (πiπj )
−1/2Γi,j .

3.4 Conditions for Lumping

Let us state some conditions for lumping based upon the hypothesis that the killing
time is exponentially distributed. This occurs, for instance, when the initial distribu-
tion is a QSD, see (3.3) and Proposition 3.1.

Let us introduce briefly what a lumping process is. Assume Y = (Yt : t ≥ 0)
is an irreducible Markov chain taking values on a finite set I with conservative
jump rate matrix Q = (q(i, j) : i, j ∈ I ). Let I0, . . . , Is be a partition of I . Define
Ĩ = {0, . . . , s} and take the lumping function ξ : I → Ĩ given by ξ(i) = a when
i ∈ Ia . That is, for all a = 0, . . . , s, the function ξ collapses all the states in Ia into
a single state a. The process Ỹ = (Ỹt : t ≥ 0) defined by Ỹt = ξ(Yt ) is said to satisfy
the lumping condition if it is a Markov chain.

The usual lumping condition is

∀a, b ∈ {0, . . . , s} with a �= b,∀i, j ∈ Ia :
∑

k∈Ib
q(i, k)=

∑

k∈Ib
q(j, k). (3.18)

Since Q is conservative when (3.18) is satisfied, we also get

∀i, j ∈ Ia :
∑

k∈Ia
q(i, k)=

∑

k∈Ia
q(j, k). (3.19)

Let us see that condition (3.18) implies that Ỹ is a Markov chain and its jump
rate matrix Q̃= (̃q(a, b) : a, b ∈ Ĩ ) verifies

∀i ∈ Ia : q̃(a, b)=
∑

k∈Ib
q(i, k).

First, note that for all a ∈ {0, . . . , s} the matrixQIa×Ia = (q(i, j) : i, j ∈ Ia) has con-
stant row sums (see (3.19)). Then, by Proposition 3.1(ii), we get that when starting
from any state i ∈ Ia the time of leaving Ia , or equivalently, of reaching the com-
plement I \ Ia , is exponentially distributed with parameter q̃(a, a)=∑

k∈Ia q(i, k).
Hence

∀i ∈ Ia : Pi (TI\Ia > t)e−q̃(a,a)t = Pa(̃τ > t),
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where τ̃ = inf{t > 0 : Ỹt �= Ỹ0} denotes the holding time for Ỹ . On the other hand,
from (3.18) and (3.19), we also get

∀i ∈ Ia : Pi (YTI\Ia ∈ Ib)= q̃(a, b)= Pa(Ỹτ̃ = b).

These relations imply that for all 0≤ t0 < · · ·< tn and all a0, . . . , an+1 ∈ {0, . . . , s}
we have

P(Ỹtn+1 = an+1|Ỹtn = an, . . . , Ỹt0 = a0)

= P(Ỹtn+1 = an+1|Ytn = in)= P(Ỹtn+1 = an+1|Ỹtn = an),

for all in ∈ Ian . Then Ỹ is Markovian.
In what follows, we fix I = {0, . . . , �} with � ≥ 1 and we consider a two-state

lumping process, with the partition I0 = {0}, I1 = {1, . . . , �}. So, the lumping func-
tion satisfies ξ(0)= 0 and ξ(i)= 1 for all i ∈ I1. In our Proposition 3.3 (see below),
we shall give a more general condition than (3.18) ensuring that Ỹ = (ξ(Yt ) : t ≥ 0)
is a Markov chain. This condition is related to positive exponential rate of survival at
state 0. For this purpose, let us consider ∂I = {0} as the forbidden set, then I a = I1
and T = inf{t > 0 : Yt = 0} is the hitting time of state 0 for the process Y .

As announced, our result will contain as a particular case the condition (3.18)
which in this context reduces to

∀i ∈ I1: q(i,0)= q(1,0). (3.20)

When (3.20) is satisfied, Ỹ is a Markov chain with jump rate matrix Q̃ given by

q̃(0,0)= q(0,0), q̃(0,1)=−q(0,0),

q̃(1,0)= q(1,0), q̃(1,1)=−q(1,0).

Since Qa has constant row sums c=−q(1,0), we get that, starting from any initial
distribution on I1, the random time T is exponentially distributed with parameter
q(1,0) (see Proposition 3.1(ii)).

Let us state our generalization. The holding time of Y is denoted by τ = inf{t >
0 : Yt �= Y0}. The transition distribution from 0 to I1 is

e= (ei : i ∈ I1) with ei = P0(Yτ = i)= q(0, i)
∑

j∈I1
q(0, j)

.

We are in an irreducible finite case and we denote by θ the spectral radius. We know
that there exists a unique QSD (for the process killed at {0}) and its exponential rate
of survival is θ .

Proposition 3.3 Assume that when the transition distribution from 0 to I1 is e, the
random time T is exponentially distributed. (This condition is satisfied when e is a
QSD.) If the distribution of Y0 is a convex combination of δ0 and e then the process
Ỹ = (Ỹt : t ≥ 0) is a Markov chain taking values in {0,1} with jump rate matrix Q̃
given by

q̃(0,0)= q(0,0), q̃(0,1)=−q(0,0), q̃(1,0)= θ, q̃(1,1)=−θ.
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Proof Since the killing time T is exponentially distributed under e, from Proposi-
tion 3.1(i) we deduce that its parameter is necessarily θ . We define the distribution
ζ on {0,1} by: ζ({0})= P(Y0 = 0), ζ({1})= P(Y0 �= 0)= 1− ζ({0}).

There is a unique (in distribution) Markov chain W = (Wt : t ≥ 0) taking values
in {0,1} such that the initial distribution is ζ and the jump rate matrix Q̂ is given by
q̂(0,0)=−q̂(0,1)= q(0,0), q̂(1,0)=−q̂(1,1)= θ . This process is characterized
by the sequence of independent sojourn times at 0 and 1, which are exponentially
distributed with parameters −q(0,0) and θ , respectively.

On the other hand, the process Ỹ is realized as follows. Since Y0 is chosen at
random with the distribution ζ({0})δ0 + ζ({1})e, we get Ỹ0 ∼ ζ . If Y0 = 0 then
Ỹ remains at 0 according to an exponential distribution with parameter −q(0,0).
If Y0 �= 0 then, conditionally on this event, this initial state has the distribution e.
By hypothesis, Ỹ remains at 1 for a time whose distribution is exponential with
parameter θ . The process Ỹ then continues afresh. In this way, Ỹ and W have the
same distribution and the result is shown. �

3.5 Example: Finite Killed Random Walk

Let us study the QSD for the finite random walk with absorbing barriers, see Fig. 3.1.
Take an integer N > 1 and two positive values λ > 0 and μ > 0. Let us con-
sider the time-continuous random walk Y = (Yt : t ≥ 0) on the state space I =
{0, . . . ,N} with jump rate matrix Q= (q(k, j) : k, j ∈ I ) given by: q(k, k+1)= λ,
q(k, k − 1)= μ, q(k, k)=−(λ+μ) for k ∈ {1, . . . ,N − 1} and such that all other
values q(k, j) vanish. In particular, q(0, k) = 0 = q(N,k) for k ∈ I , so the states
{0,N} are absorbing. The forbidden set of states is ∂I = {0,N}, then I a = {1, . . . ,
N − 1}. Since (Yt∧T : t ≥ 0) is irreducible, there exists a unique QSD ν which is the
normalized Perron–Frobenius left-eigenvector. Let us compute it.

Since ν = (ν(k) : k ∈ I a) is a left-eigenvector of Qa, it must satisfy ν′Qa =−θν′
for some θ > 0, so

−(λ+μ+ θ)ν(1)+μν(2)= 0,

λν(k − 1)− (λ+μ+ θ)ν(k)+μν(k + 1)= 0, k ∈ {2, . . . ,N − 2},
λν(N − 2)− (λ+μ+ θ)ν(N − 1)= 0.

These equations are equivalent to

ν(0)= 0= ν(N);
λν(k − 1)− (λ+μ− θ)ν(k)+μν(k + 1)= 0,

k ∈ {1, . . . ,N − 1}.
This system admits a solution of the form

ν(k)=Aak+ +Bak−, k ∈ {0, . . . ,N},
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Fig. 3.1 Trajectories killed at
the boundary

where

a± = 1

2μ

(
(λ+μ− θ)±

√
(λ+μ− θ)2 − 4λμ

)
.

The constants A,B must be such that ν(k) > 0 for k ∈ {1, . . . ,N − 1} and they
are also fixed by the boundary conditions ν(0) = 0 = ν(N). From ν(0) = 0, we
get A + B = 0, so B = −A and A �= 0. From A(aN+ − aN− ) = 0 and A �= 0, we
find the necessary condition (λ+μ− θ)2 < 4λμ and we assume it. Note that (λ+
μ− θ)2 = 4λμ only for θ = θ± where θ± = (λ+ μ)±2

√
λμ. Hence the condition

(λ+μ− θ)2 < 4λμ is equivalent to θ ∈ (θ−, θ+).
Let us write the solutions in polar coordinates (r, ϕ). The modulus r > 0 satisfies

r2 = 1

4μ2

(
(λ+μ− θ)2 + 4λμ− (λ+μ− θ)2

)= λ

μ
,

and the angle ϕ is such that

ϕ = χ(θ) where χ(θ)= arctg

(√
4λμ− (λ+μ− θ)2

(λ+μ− θ)

)

, θ ∈ (θ−, θ+). (3.21)

With this notation, a+ = reiϕ and a− = re−iϕ . The conditions A(aN+ − aN− ) = 0
and A �= 0 imply sin(Nϕ) = 0, that is, Nϕ = 2πk for some k ∈ Z. In order that
the solutions be real, we take A= Ci with C �= 0 and real, and we can also choose
C > 0. Since A(ak+ − ak−) > 0 for k = 0, . . . ,N − 1 and A(aN+ − aN− ) = 0, we

must necessarily have Nϕ = 2π , so ϕ = 2π/N . Hence ν(k) = 2C(
√

λ
μ
)k sin(kϕ)

for k = 1, . . . ,N − 1.
The function χ(θ) defined in (3.21) is such that its restrictions

χ : (θ−, λ+μ)→ (0,∞) and χ : (λ+μ,θ+)→ (0,∞)

are onto and one-to-one,

so there are exactly two values θ0 ∈ (θ−, λ+μ) and θ1 ∈ (λ+μ,θ+) satisfying the
equality χ(θ)= 2π/N .
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On the other hand, the matrix Qa can be written as

Qa =−(λ+μ)

(

I+ 1

(λ+μ)
M

)

, (3.22)

where I is the identity matrix and M = (m(k, j) : k, j ∈ I a) is the matrix with val-
ues m(k, k + 1) = −λ, m(k + 1, k) = −μ for all k ∈ {1, . . . ,N − 2} and all other
values m(k, j) vanish. Since M/(λ+μ) is strictly substochastic, its spectral radius
is strictly smaller than 1, and from (3.22) we deduce that the spectral radius of Qa

is strictly smaller than λ+ μ. Since the eigenvalue −θ having left-eigenfunction ν
is minus the spectral radius of Qa, we deduce that θ = θ0 is the unique value in the

interval (λ+μ− 2
√
λμ,λ+μ) such that arctg(

√
4λμ

(λ+μ−θ0)
2 − 1)= 2π/N . Finally,

we fix the constant C > 0 in such a way that

C−1 = 2
∑

k∈I a

(λ/μ)
k
2 sin(2πk),

which implies
∑

k∈I a ν(k)= 1.

3.6 The Central Limit Theorem for a QSD

Let us assume the time is discrete. So, Y = (Yn : n ≥ 0) is a Markov chain taking
values in I , ∂I is the set of forbidden states, I a = I \ ∂I is the set of allowed states,
and the time evolution is given by the stochastic kernel P = (p(j, l) : j, l ∈ I ). Let
T be the hitting time of ∂I , we assume that Pi (T <∞) = 1 for all i ∈ I a, that
YT = (Yn : n < T ) is irreducible and that the strictly substochastic matrix P a =
(p(j, l) : j, l ∈ I a) is aperiodic.

From the Perron–Frobenius Theorem, the spectral radius of P a is a strictly posi-
tive simple eigenvalue, we denote it by κ and it satisfies κ ∈ (0,1). Moreover, there
is a unique pair of left- and right-eigenvectors ν and ψ of P a associated to κ , that
is, ν′P a = κν′, P aψ = κψ , which verify the normalizing conditions

ν′1= 1, ν′ψ = 1.

Hence ν and νψ = (ν(j)ψ(j) : j ∈ I a) are probability distributions on I a. The
vector ν is the unique QSD, and from the aperiodicity of P a it is also a quasi-
limiting distribution, that is, it satisfies

∀j, l ∈ I a: lim
n→∞Pj (Yn = l|T > n)= ν(l).

Then for all f : I a →R we have

∀j ∈ I a: lim
n→∞Ej

(
f (Yn)|T > n

)= ν′f.

Also aperiodicity implies that the Markov chain Z = (Zn : n ≥ 0) that gives the
evolution of trajectories surviving forever has the transition matrix P̃ = (p̃(j, k) :
j, k ∈ I a) given by

p̃(j, l)= lim
n→∞Pj (Y1 = l|T > n)= κ−1p(j, l)

ψ(l)

ψ(j)
.
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Moreover, the distribution νψ is the stationary distribution associated to P̃ . Hence,

∀j ∈ I a: lim
l→∞ lim

n→∞Ej

(
f (Yl)|T > n

)= (νψ)′f.

We shall prove the following Central Limit Theorem.

Theorem 3.4 Assume P a is aperiodic. Let f : I a → R be a function such that
(νψ)′f = 0. Then the following limit exists

η2 = lim
N→∞

1

N
Eν

((
N−1∑

n=0

f (Yn)

)2∣
∣
∣T >N

)

.

Assume that η �= 0. Then, the following convergence in distributions holds

lim
N→∞ν

(
1√
N

N−1∑

n=0

f (Yn)≤ t

∣
∣
∣T >N

)

= 1√
2π

∫ t

−∞
e
− x2

2η2 dx.

Proof For a function g : I a → R, we denote by Dg the diagonal matrix indexed
by I a × I a such that Dg(j, j)= g(j). Let z ∈ C be small in modulus and take the
matrix P(z)= P aDezf , its coefficients are p(z)(j, l)= p(j, l)ezf (j). Then

ν′P(z/
√
N)n1= Eν

(
e

z√
N

∑N−1
n=0 f (Yn)

, T > N
)
.

On the other hand, P(z) is analytic on z and P(z)=∑
l≥0 z

lPl with Pl = 1
l!P

aDf l .
By perturbation on z in a neighborhood around the origin, there exists a unique
eigenvalue κ(z) of maximal modulus which is simple. Let ν(z) and ψ(z) be a left-
and a right-eigenvectors of P(z) associated to κ(z). Also by perturbation around the
origin, we get the analytic expansions

κ(z)=
∑

l≥0

zlκl, ν(z)=
∑

l≥0

zlνl, ψ(z)=
∑

l≥0

zlψl,

for z in a neighborhood of z= 0, and such that κ(0)= κ , ν(0)= ν and ψ(0)=ψ .
We can impose the following normalizing conditions on ν(z) and ψ(z):

ν′ψ(z)= 1 and ν(z)′1= 1 in a neighborhood of z= 0. (3.23)

We claim that κ1 = 0, let us prove it. Recall P aψ = κψ . In the equality
P(z)ψ(z) = κ(z)ψ(z), the evaluation of the coefficient of z gives the equality of
functions P1ψ + P aψ1 = κ1ψ + κψ1. Let us apply ν′ to this equality and use
ν′P a = κν′ to obtain ν′(P1ψ)= κ1ν

′ψ = κ1. But

ν′(P1ψ)= ν′(PDf ψ)= ν′P a(fψ)= κν′(fψ)= 0.

We have shown the claim κ1 = 0. Hence κ(z)= κ + κ2z
2 +O(z3) where O(z3) is

such that O(z3)/z3 is finite for z in a neighborhood of the origin, but z �= 0.
From the perturbation theory, we have P(z) = κ(z)ψ(z)ν(z) + R(z) with

R(z)h(z) = 0 and ν(z)R(z) = 0. Also we can assume that for some ε > 0 small
enough, the spectral radius of R(z) is bounded above by some 0 <K < κ − 2ε for
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all |z|< ε. Hence, for N big enough and any spectral norm ‖ · ‖ of the matrices, we
have

P(z)N = κ(z)Nψ(z)ν(z)+R(z)N ,

with sup
{∥
∥R(z)N

∥
∥ : |z|< ε

}≤ (κ − ε)N . (3.24)

Hence, for all z ∈C and N big enough such that |z|/√N < ε, we have

Eν

(
e

z√
N

∑N−1
n=0 f (Yn)

, T > N
)

= ν′P(z/
√
N)N1

= κ(z/
√
N)Nν′ψ(z/

√
N)ν(z/

√
N)′1+ ν′R(z/

√
N)N1.

Let s be real and N big enough such that |s|/√N < ε. We have

Eν

(
e

is√
N

∑N−1
n=0 f (Yn)

∣
∣T >N

)

= κ−N
(
κ(is/

√
N)Nν′ψ(is)ν(is/

√
N)′1+ ν′R(is/

√
N)N1

)
.

From (3.24) the term κ−Nν′R(z/
√
N)N1 goes to 0 as n → ∞. Hence, from

κ(is/
√
N)= κ − κ2s

2/N +O(s3/N3/2), we get

lim
N→∞κ−Nκ(is)N =

(

1− κ2s
2

N
+O

(
s3

N3/2

))

= e−κ2s
2
,

and then

lim
N→∞Eν

(
e

is√
N

∑N−1
n=0 f (Yn)

∣
∣T >N

)= e−κ2s
2
ν′ψ(is)ν(is)′1= e−κ2s

2
, (3.25)

where in the last equality we used the normalizing conditions (3.23). Hence, if we
are able to show that κ2 �= 0 we will prove that 1√

N

∑N−1
n=0 f (Yn), conditioned to

T > N , converges in distribution to a centered Gaussian distribution with variance
2κ2 as N goes to ∞.

By differentiating twice expression (3.25), evaluating it at s = 0, and by using
the Dominated Convergence Theorem, we get

lim
N→∞

d2

ds2

(
Eν

(
e

is√
N

∑N−1
n=0 f (Yn)

∣
∣T >N

))∣
∣
s=0 =−2κ2.

Hence,

lim
N→∞Eν

(
1

N

(
N−1∑

n=0

f (Yn)

)2∣
∣
∣T >N

)

= 2κ2.

From the hypothesis, this coefficient does not vanish, hence the result follows. �



Chapter 4
Markov Chains on Countable Spaces

The main result of this chapter is the existence theorem of a QSD when the process
is exponentially killed and satisfies a condition of not coming from infinity in finite
time. This is given in Theorem 4.5 in Sect. 4.4. In Theorem 4.4 of Sect. 4.3, the
QSDs are characterized as solutions of an eigenvalue problem associated to the jump
rate matrix of the allowed states. In Sect. 4.5, we give conditions in order that the
exponential decay of the transition probabilities be the same as the exponential rate
of survival. Section 4.6 is devoted to symmetric semigroups (for some measure) and
we supply the spectral decomposition as a limit of finite truncations. For a monotone
process, the exponential rate of convergence and the stationary distribution of the
ergodic process are compared with the exponential rate of survival and the QSD,
respectively, when we impose killing; this is done in Sect. 4.7.

4.1 The Minimal Process

Let I be a countable set and Q = (q(i, j) : i, j ∈ I ) be a conservative jump rate
matrix, so

∀i ∈ I a: q(i, i) >−∞ and
∑

j∈I
q(i, j)= 0.

Let ∂I be the set of forbidden states and I a = I \ ∂I . Let Qa = (q(i, j) : i, j ∈ I a)

be the transition rate matrix restricted to the allowable set of states. We assume that
Qa is irreducible (it verifies property (3.2)).

We also assume

∃i ∈ I a: q(i, ∂I ) > 0, where q(i, ∂I ) :=
∑

j∈∂I
q(i, j), (4.1)

and so Qa is a defective jump rate matrix.
As usual we put

qi =−q(i, i) i ∈ I.
P. Collet et al., Quasi-Stationary Distributions, Probability and Its Applications,
DOI 10.1007/978-3-642-33131-2_4, © Springer-Verlag Berlin Heidelberg 2013
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Since the states in ∂I are absorbing, we have qi = 0 for all i ∈ ∂I .
All the notions related to a QSD only depend on the trajectory before killing, so

we can assume that the set of forbidden states ∂I is a singleton. We assume this
condition and we denote ∂I = {0}, where 0 denotes a state that does not belong to
I a. So, I = I a ∪ {0} and q(i, ∂I )= q(i,0) for i ∈ I .

We will consider the semigroup (Pt = (pt (i, j) : i, j ∈ I ) : t ≥ 0) which is the
minimal solution associated to Q. This is the transition probability realized with a
finite (but arbitrary) number of jumps with the rates given by Q. Thus, the transition
probability verifies

pt(i, j)= lim
n→∞f

(n)
t (i, j)

where f (0)
t (i, j)= δ(i, j)e−qi t and the sequences f (n)

t (i, j), n ≥ 1, satisfy the fol-
lowing backward and forward iteration equations:

f
(n)
t (i, j)= f

(0)
t (i, j)+

∑

k �=i

∫ t

0
q(i, k)f (n−1)

s (k, j)e−qi (t−s) ds, (4.2)

f
(n)
t (i, j)= f

(0)
t (i, j)+

∑

k �=j

∫ t

0
f (n−1)
s (i, k)q(k, j)e−qj (t−s) ds. (4.3)

We assume that the minimal solution is the unique solution to the backward equa-
tions

∀i, j ∈ I, t ≥ 0: p′t (i, j)=
∑

k∈I
q(i, k)pt (k, j), (4.4)

where p′t (i, j) = dpt (i, j)/dt is the derivative of pt(i, j) with respect to time t .
This implies that (Pt : t ≥ 0) is honest:

∑
j∈I pt (i, j) = 1 for all i ∈ I and t > 0.

See Theorem 3.3 in Anderson (1991) and discussions following it. Moreover, we
also assume that the minimal solution is also the unique solution to the forward
equations

∀i, j ∈ I, t ≥ 0: p′t (i, j)=
∑

k∈I
pt (i, k)q(k, j). (4.5)

We denote by Y = (Yt : t ≥ 0) the associated Markov chain, so pt(i, j) =
Pi (Yt = j) is the transition probability. We call it, as well as its transition proba-
bility, the minimal process. By irreducibility, pt(i, j) > 0 for all i, j ∈ I a, t > 0, so
(Yt : t < T ) is an irreducible chain.

From irreducibility and condition (4.1), we get Pi (T <∞) > 0 ∀i ∈ I a, which
is condition (2.2). As announced, we will assume that the stronger condition (2.1)
does hold:

∀i ∈ I a: Pi (T <∞)= 1.
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4.2 The Exponential Killing Condition

As already defined, τ is the initial holding time, τ = inf{t > 0 : Yt �= Y0}. So, when
starting from i ∈ I , τ is distributed as an exponential with mean 1/qi . Also we
define

τ(t)= inf{s > t : Ys �= Yt }.
So, τ = τ(0).

From (2.10), a necessary condition for the existence of a QSD is the existence of
an exponential moment, that is,

∃i ∈ I a ∃θ > 0: Ei

(
eθT

)
<∞. (4.6)

As we know from Proposition 2.4 and relation (2.9), condition (4.6) is equivalent
to the exponential rate of survival condition:

∃i ∈ I a ∃θ ′ > 0: Pi (T > t)≤ Ce−θ ′t , ∀t ≥ 0.

Let us show the following property concerning the uniform exponential moment.

Lemma 4.1 Since (Yt : t < T ) is irreducible, condition (4.6) is equivalent to the
uniform exponential moment property

∃θ > 0 ∀i ∈ I a: Ei

(
eθT

)
<∞. (4.7)

All θ > 0 satisfying (4.7) must verify

∀i ∈ I a: θ < qi. (4.8)

Moreover, θ∗i defined in (2.9) does not depend on i ∈ I a, that is,

θ∗ := sup
{
θ : Ei

(
eθT

)
<∞}=− lim inf

t→∞
1

t
logPi(T > t), (4.9)

does not depend on i ∈ I a. Then,

∀i ∈ I a: θ∗ ≤ qi . (4.10)

Proof The last relation (4.10) is a consequence of (4.8). The relations (4.7) and (4.8)
will be consequences of the following relations. Fix i ∈ I a and assume θ > 0 is such
that Ei (eθT ) <∞. From Pi (τ ≤ T )= 1, we get Ei (eθτ ) <∞. Since Ei (e

θτ )=∞
when qi ≤ θ , we deduce qi > θ and Ei (e

θτ ) = qi/(qi − θ). Now, we are able to
show that

(
Ei

(
eθT

)
<∞, q(i, j) > 0

) ⇒ Ej

(
eθT

)
<∞. (4.11)

This follows straightforwardly from the strong Markov property:

Ei

(
eθT

)= Ei

(
eθτEYτ

(
eθT

))= 1

qi − θ

( ∑

j∈I :q(i,j)>0

q(i, j)Ej
(
eθT

)
)

.
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From irreducibility, we get that Ei (eθT ) <∞ implies Ej (eθT ) <∞ for all j ∈ I a,
and so the equivalence between (4.6) and (4.7) is verified. We have also proved
relation (4.8).

Finally, from (2.9) and (4.11), we get that θ∗i does not depend on i ∈ I a, and so
(4.9) holds. �

From (2.9), relation (4.7) is also equivalent to the condition

∃θ ′ > 0 ∀i ∈ I a: Pi (T > t)≤ Ce−θ ′t , ∀t ≥ 0.

Proposition 2.4 implies straightforwardly the following result in terms of θ∗ de-
fined in (4.9).

Proposition 4.2 A necessary condition for the existence of a QSD is θ∗ > 0. More-
over, when ν is a QSD, it verifies θ(ν)≤ θ∗.

Any QSD that verifies θ(ν)= θ∗ will be called an extremal QSD.
Observe that since the forbidden state 0 is absorbing, we get

∀i ∈ I a: pt (i,0)= Pi (T ≤ t).

Condition (2.5), in order that a probability measure ν be a QSD, is written as

∃θ > 0 ∀j ∈ I a ∀t ≥ 0:
∑

i∈I a

ν(i)pt (i, j)= e−θt ν(j).

Note that irreducibility implies that every QSD charges all points in I a.

4.3 The Infinitesimal Characterization of a QSD

This section is devoted to characterizing QSDs as (normalized) finite mass eigen-
measures of Qa. This result, due to Nair and Pollett (1993), will be shown in detail.
The proof presented in Nair and Pollett (1993) uses strongly results and elements
introduced in Tweedie (1974) and Pollett (1986). Among these elements are the
subinvariant measures, a notion that will be discussed in Sect. 4.5.

First, we give the following characterization of θ(ν), a result proved in Nair and
Pollett (1993).

Proposition 4.3 When ν is a QSD, it verifies θ(ν)=∑
i∈I a ν(i)q(i,0).

Proof The forward equation in (4.5) computed for j = 0 is p′t (i,0) =∑
k∈I pt (i, k)q(k,0). By integrating it, we obtain

∀i ∈ I a: pt(i,0)=
∑

k∈I
q(k,0)

∫ t

0
pu(i, k) du.
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Hence
∑

i∈I a

ν(i)pt (i,0)=
∑

k∈I
q(k,0)

∫ t

0

∑

i∈I a

ν(i)pu(i, k) du.

Since ν is a QSD, we find

(
1− e−θ(ν)t

)=
∑

k∈I
ν(k)q(k,0)

∫ t

0
e−θ(ν)u du.

Since
∫ t

0 e
−θ(ν)udu= (1− e−θ(ν)t )/θ(ν), the result is shown. �

The following result describes the QSD in terms of the q-matrix, it is due to
Nair and Pollett (1993) and it uses Tweedie (1974) and Pollett (1986). Our proof
expands and simplifies some of the original arguments, but it follows closely the
original proofs. We use the vector notation (ν′Qa)(j) =∑

i∈I a ν(i)q(i, j). Recall
our assumption that the minimal solution is honest and that it is the unique solution
to the backward and the forward equations.

Theorem 4.4 A probability measure ν is a QSD if and only if it verifies

ν′Qa =−θν′ with θ =
∑

i∈I a

ν(i)q(i,0) and θ ≤ qj ∀j ∈ I a. (4.12)

Proof Let us first show that if ν is a QSD then it verifies (4.12). Let θ = θ(ν) =∑
i∈I a ν(i)q(i,0). Note that (4.8) implies θ ≤ qj ∀j ∈ I a. Fix j ∈ I a and put

I a(j)= I a \ {j}. The QSD property gives
∑

i∈I a(j)

ν(i)pt (i, j)=
(
e−θt − pt (j, j)

)
ν(j)= ((

e−θt − 1
)+ (

1− pt(j, j)
))
ν(j).

Let I a(j,N) be an increasing sequence of finite sets converging to I a(j) as N

increases to ∞. We have
∑

i∈I a(j,N)

ν(i)pt (i, j)≤
((
e−θt − 1

)+ (
1− pt(j, j)

))
ν(j),

and so by dividing by t and by taking lim t→ 0+ in the above expression, we get
∑

i∈I a(j,N)

ν(i)q(i, j)≤ (−θ − q(j, j)
)
ν(j).

Then, by making N →∞ and since the terms in the sum of the left-hand side are
all positive, we deduce

∑

i∈I a(j)

ν(i)q(i, j)≤ (−θ − q(j, j)
)
ν(j).

We have shown
∑

i∈I a ν(i)q(i, j) ≤ −θν(j). Let us prove the other inequality.
Since ν(i)≤ 1, we get
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e−θt ν(j)=
∑

i∈I a(j)

ν(i)pt (i, j)

≤
∑

i∈I a(j,N)

ν(i)pt (i, j)+ ν(j)pt (j, j)+
∑

i∈I a(j)\I a(j,N)

pt (i, j)

≤
∑

i∈I a(j,N)

ν(i)pt (i, j)+ ν(j)pt (j, j)+ 1− pt (j, j)− pt(j,0)

−
∑

i∈I a(j,N)

pt (i, j).

By rearranging the above expression, by dividing by t and taking limt→0+ , we find
(−θ − q(j, j)

)
ν(j)≤

∑

i∈I a(j,N)

ν(i)q(i, j)− q(j, j)− q(j,0)−
∑

i∈I a(j,N)

q(i, j).

Take N → ∞ in the above expression and use that the jump rate matrix Q

is conservative to get limN→∞
∑

i∈I a(j,N) q(i, j) = −q(j, j) − q(j,0). Thus,
we have proved (−θ − q(j, j))ν(j) ≤ ∑

i∈I a(j) ν(i)q(i, j), so the inequality∑
i∈I a ν(i)q(i, j) ≥ −θν(j) holds. Therefore, we have shown that if ν is a QSD

then it verifies ν′Qa = −θν′ with θ = θ(ν). The condition θ(ν) ≤ qj ∀j ∈ I a fol-
lows from θ(ν)≤ θ∗ and (4.10).

Let us now prove the converse. So assume that ν verifies ν′Qa = −θν′ with
θ = ∑

i∈I a ν(i)q(i,0) and θ(ν) ≤ qj ∀j ∈ I a. We must show that ν is a QSD.
Recall that the transition probability of the minimal process verifies pt(i, j) =
limn→∞ f

(n)
t (i, j) where f (0)

t (i, j)= δ(i, j)e−qi t and f (n)
t (i, j), n≥ 1, satisfy (4.2)

and (4.3).
We must prove that ν verifies the relation

∀j ∈ I a:
∑

i∈I a

ν(i)pt (i, j)= ν(j)e−θt .

In this purpose, define the matrix Q∗ = (q∗(i, j) : i, j ∈ I a) by

q∗(i, j)= (
q(j, i)+ θδ(i, j)

)ν(j)

ν(i)
. (4.13)

Since θ(ν) ≤ qj ∀j ∈ I a, the matrix Q∗ is a conservative jump rate matrix. Let us
consider the minimal process associated to Q∗, so its transition probability veri-
fies p∗t (i, j) = limn→∞ f

(n)∗
t (i, j) where f (0)∗

t (i, j)= δ(i, j)e−q∗i t and f
(n)∗
t (i, j)

verifies the backward and the forward evolution equations for n≥ 1:

f
(n)∗
t (i, j)= f

(0)∗
t (i, j)+

∑

k �=i

∫ t

0
q∗(i, k)f (n−1)∗

s (k, j)e−q∗i (t−s) ds, n≥ 1,

f
(n)∗
t (i, j)= f

(0)
t (i, j)+

∑

k �=j

∫ t

0
f (n−1)∗
s (i, k)q∗(k, j)e−q

∗
j (t−s) ds, n≥ 1.

We will show by recurrence on n that

∀n≥ 0 ∀i, j ∈ I a: ν(i)f
(n)
t (i, j)= e−θt ν(j)f (n)∗

t (j, i). (4.14)
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Since −q∗i =−qi + θ , we get ν(i)f (0)
t (i, j)= e−θt ν(j)f (0)∗

t (j, i), so (4.14) holds

for n = 0. Let n ≥ 1, so we assume that ν(i)f (n−1)
t (i, j) = e−θt ν(j)f (n−1)∗

t (j, i)

is verified for all i, j ∈ I a. From the backward iteration (4.2) and since 0 is an
absorbing state, all i, j ∈ I a verify

ν(i)f
(n)
t (i, j)= ν(i)f

(0)
t (i, j)+

∑

k∈Ia
k �=i

∫ t

0
ν(i)q(i, k)f (n−1)

s (k, j)e−qi (t−s) ds.

(4.15)

From (4.13), we get ν(i)q(i, k) = ν(k)q∗(k, i) for i �= k in I a. On the other hand,
the recurrence hypothesis gives

ν(k)f (n−1)
s (k, j)= e−θsν(j)f (n−1)∗

t (j, k).

We recall −qi =−q∗i − θ . We put all these elements together in (4.15) to obtain

ν(i)f
(n)
t (i, j)= e−θt ν(j)f (0)∗

t (j, i)

+ e−θt ν(j)
∑

k∈Ia
k �=i

∫ t

0
f (n−1)∗
s (j, k)q∗(k, i)e−q∗i (t−s) ds.

Then, we use the forward evolution equation (4.3) for f
(n)∗
t (j, i) to get

ν(i)f
(n)
t (i, j)= e−θt ν(j)f (n)∗

t (j, i). Hence, (4.14) is verified.
We now take the limit n→∞ in (4.14) to obtain

∀i, j ∈ I a ∀t ≥ 0: ν(i)pt (i, j)= e−θt ν(j)p∗t (j, i). (4.16)

We now claim that (p∗t (j, i) : j, i ∈ I a, t ≥ 0) is honest, that is, ∀j ∈ I a :∑
i∈I a p∗t (j, i)= 1, Note that this property implies

∀i, j ∈ I a ∀t ≥ 0:
∑

i∈I a

ν(i)pt (i, j)= e−θt ν(j)
∑

i∈I a

p∗t (j, i)= e−θt ν(j),

and so ν is a QSD, which finishes the proof. Let us show the claim. Since (pt (i, j) :
i, j ∈ I, t ≥ 0) is honest and since ν is a probability vector, we have

∑

i∈I a

∑

j∈I a

ν(i)pt (i, j)=
∑

i∈I a

ν(i)
(
1− pt (i,0)

)= 1−
∑

i∈I a

ν(i)pt (i,0). (4.17)

From Fubini’s Theorem and equality (4.16), we get

∑

i∈I a

∑

j∈I a

ν(i)pt (i, j)=
∑

i∈I a

∑

j∈I a

e−θt ν(j)p∗t (j, i)= e−θt
∑

j∈I a

ν(j)

(∑

i∈I a

p∗t (j, i)
)

= e−θt
∑

j∈I a

ν(j)
(
1− p∗t (j,∞)

)

= e−θt − e−θt
∑

j∈I a

ν(j)p∗t (j,∞), (4.18)
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where p∗t (j,∞) is the probability that the Markov process governed by (p∗t (j, i) :
j, i ∈ I a, t ≥ 0) explodes for the first time before or at t . On the other hand,
since q(0,0) = 0, the forward differential equation in j = 0 gives p′t (i,0) =∑

k∈I a pt(i, k)q(k,0), and so,

pt (i,0)=
∑

k∈I a

(∫ t

0
pu(i, k) du

)

q(k,0).

Then, by using again Fubini’s Theorem and (4.16), we obtain

∑

i∈I a

ν(i)pt (i,0)=
∑

i∈I a

∑

k∈I a

(∫ t

0
ν(i)pu(i, k) du

)

q(k,0)

=
∑

i∈I a

∑

k∈I a

(∫ t

0
e−θuν(k)p∗u(k, i) du

)

q(k,0)

=
∑

k∈I a

ν(k)q(k,0)
∫ t

0
e−θu

(∑

i∈I a

p∗u(k, i)
)

du

=
∑

k∈I a

ν(k)q(k,0)
∫ t

0
e−θu

(
1− p∗u(k,∞)

)
du.

Now we use the equality θ = θ(ν)=∑
k∈I a ν(k)q(k,0) to get

∑

i∈I a

ν(i)pt (i,0)= θ

∫ t

0
e−θu −

∫ t

0

(∑

k∈I a

ν(k)q(k,0)p∗u(k,∞)

)

du

= (
1− e−θt

)−
∫ t

0

(∑

k∈I a

ν(k)q(k,0)p∗u(k,∞)

)

du.

Then

1−
∑

i∈I a

ν(i)pt (i,0)= e−θt +
∫ t

0

(∑

k∈I a

ν(k)q(k,0)p∗u(k,∞)

)

du.

Hence, from (4.17) we deduce

∑

i∈I a

∑

j∈I a

ν(i)pt (i, j)= e−θt +
∫ t

0

(∑

k∈I a

ν(k)q(k,0)p∗u(k,∞)

)

du.

By comparing it with (4.18), we get that p∗u(k,∞) = 0 for all k ∈ I a. Therefore,
(p∗t (j, i) : j, i ∈ I a, t ≥ 0) is honest and ν is a QSD. �

4.4 Conditions for Existence of a QSD

For countable state Markov chains, a reciprocal to the necessary condition θ∗ > 0
for the existence of a QSD was established in Ferrari et al. (1995a). Let us state it.
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Theorem 4.5 Assume sure killing Pi (T <∞) = 1 for some (or equivalently, for
all) i ∈ I a, and

∀s > 0: lim
i∈I a: i→∞Pi (T < s)= 0. (4.19)

Under these conditions, the existence of the exponential moment property (4.6) is
necessary and sufficient for the existence of a QSD. Moreover,

θ∗ = sup
{
θ(ν) : ν QSD

}
, (4.20)

and when Ei (e
θ∗T ) <∞ for some (or equivalently, for all) i ∈ I a then there exists

an extremal QSD.

Remark 4.6 For birth-and-death chains, discrete and continuous, the fact that the
existence of an exponential moment was sufficient for the existence of a QSD was
shown in Van Doorn (1991), Ferrari et al. (1995b) and Van Doorn and Schrijner
(1995).

The proof follows in detail the one given in Ferrari et al. (1995a). Let us first
introduce some useful probabilistic constructions done in Ferrari et al. (1995a).

4.4.1 The Resurrected Process

For ρ ∈ P(I a), define Q(ρ) = (q(ρ)(i, j) : i, j ∈ I a) by

q(ρ)(i, j)= q(i, j)+ ρ(j)q(i, ∂I ), i, j ∈ I a. (4.21)

It is easily checked that the matrix Q(ρ) is a conservative jump rate matrix. We
will construct a Markov process Y (ρ) = (Y

(ρ)
t : t ≥ 0) with jump rate matrix Q(ρ)

starting from a distribution ρ0 in I a. First, take a sequence of independent processes
Y (i) = (Y

(i)
t : t ≥ 0), each driven by the jump rate matrix Q. We assume that the first

one of these copies, Y (1), starts from distribution ρ0, and all the others, Y (i) with
i ≥ 2, start from ρ. For i ≥ 1, denote T (i) = inf{t ≥ 0 : Y (i)

t ∈ ∂I }. Consider

R0 = 0, Ri =
i∑

j=1

T (j), i ≥ 1.

Observe that limi→∞Ri =∞ P-a.s. The process Y (ρ), defined by

Y
(ρ)
t =

∑

i≥1

Y
(i)
t−Ri−1

1
(
t ∈ [Ri−1,Ri)

)
, (4.22)

fulfills the requirements: it starts from ρ0 and its jump rate matrix is Q(ρ). The
process Y (ρ) is called the resurrected process because at each time that the process
hits the forbidden states it is immediately resurrected with distribution ρ.
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Let us introduce an additional element in the proof of Ferrari et al. (1995a). Note
that the following transformation in P(I a),

ρ→ ϕ(ρ) where ϕ(ρ)′Q(ρ) = 0, (4.23)

is well-defined for all ρ ∈ P(I a) such that Eρ(T ) <∞. Indeed, in this case the
process Y (ρ) is positive recurrent and ϕ(ρ) is its (unique) stationary distribution.
From Theorem 2.4.2 in Asmussen (1987), we have the explicit expression:

ϕ(ρ)(i)= 1

Eρ(T )

∫ ∞

0
Pρ(Yt = i) dt. (4.24)

Note that by definition of Q(ν) in (4.21) we have that

ν′Q(ν) = 0 ⇔ ν′Qa =−θ(ν)ν′. (4.25)

Then, following Theorem 4.4, ν is a QSD if and only if ν is a stationary measure
for the process Y (ν) such that θ(ν) ≤ qi ∀i ∈ I a. We note that the last condition
will be a consequence of our construction because we will show θ(ν)≤ θ∗, and so
(4.10) gives the condition. Observe that (4.23) implies that the relation (4.25) can be
written as: The probability measure ν on I a is a QSD if and only if ν = ϕ(ν), that
is, if it is a fixed point for the transformation ϕ.

4.4.2 The Proof

The proof also requires the following elements. Let F be a distribution function
concentrated on [0,∞). Consider a renewal process defined by a sequence of inde-
pendent random variables distributed as F . The distribution function of the residual
time of this renewal process, denoted by ΨF , is given by

ΨF(s)= 1

m1(F )

∫ s

0

(
1− F(x)

)
dx,

where m1(F ) =
∫∞

0 (1− F(x)) dx is the first moment of F . It is well-known and
easy to check that an exponential law is a fixed point for the transformation Ψ .

Let ρ ∈P(I a), and let Fρ be the distribution function of the killing time T when
the process starts from law ρ. From (4.24), we get the following key equality:

Fϕ(ρ) = Ψ
(
Fρ

)
. (4.26)

Indeed,

1− Fϕ(ρ)(s)= 1

Eρ(T )

∫ ∞

0

∑

i∈I a

Pρ(Yt = i)Pi (T > s)dt

= 1

Eρ(T )

∫ ∞

0
Pρ(T > t + s) dt

= 1

Eρ(T )

∫ ∞

s

Pρ(T > t) dt = 1−Ψ
(
Fρ

)
(s).
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Then, equality (4.26) follows from

Eρ(T )=
∫ ∞

0
Pρ(T > t) dt =

∫ ∞

0

(
1− Fρ(t)

)=m1(F ).

Note that the existence of the exponential moment property (4.6) implies that the
sequence Ψ n(F δi ) is well-defined for all n≥ 1. Indeed, Fn = Ψ n(F δi ) satisfies

1− Fn+1(s)= 1

m1(Fn)

∫ ∞

s

(
1− Fn(t)

)
dt,

and, by integration by parts, it is deduced that for all k ≥ 0,

m1(Fn)= mk+2(Fn)

(k + 2)mk+1(Fn+1)
,

where we denote by ml(G) the lth moment of the distribution G. So,

mk+1(Fn+1)= mk+2(Fn)

(k + 2)m1(Fn)
= mk+3(Fn−1)

(k + 2)(k + 3)m1(Fn)m1(Fn−1)
,

and by induction we find

mk+1(Fn+1)= mk+n+2(F )

(k + 2) · · · (k + n+ 2)m1(Fn) · · ·m1(F )
.

Hence, by taking k = 0 in this formula, we obtain

m1(Fn+1)= mn+2(F )

(n+ 2)!m1(Fn) · · ·m1(F )
.

The existence of an exponential moment implies mn(F) <∞ for all n, so the in-
duction argument gives m1(Fn) <∞ for all n. Then, for all n ≥ 1, Ψ n(F δi ) is
well-defined. An important step in the proof done in Ferrari et al. (1995a) is that
the existence of the exponential moment property (4.6) implies that the sequence
Ψ n(F δi ) converges along subsequences to a well-defined exponential law. More
precisely, the following result holds.

Lemma 4.7 Assume that for some C <∞ and θ0 > 0, the distribution F sup-
ported on [0,∞) verifies 1 − F(t) ≤ Ce−θ0t ∀t ≥ 0. Then, there exist θ ≥ θ0
and a strictly increasing subsequence N = {ni : i ≥ 1} in N such that Ψ nF con-
verges to an exponential distribution with parameter θ , as n→∞, n ∈N . That is,
∀t ≥ 0 : lim n∈N

n→∞
(1−Ψ nF(t))= e−θt ∀t ≥ 0.

For its proof, we refer to Ferrari et al. (1995a). The next step is the following one.

Lemma 4.8 Assume sure killing, condition (4.19) and the existence of an exponen-
tial moment. Then, ∀θ ′ ∈ (0, θ∗) there exist some θ ∈ [θ ′, θ∗] and ν̄ ∈ P(I a) such
that when the process starts from ν̄ the time of killing is exponentially distributed
with parameter θ , that is, Pν̄ (T > t)= e−θt ∀t ≥ 0.

If Ei (eθ
∗T ) <∞ for some i ∈ I , then ∀θ ′ ∈ (0, θ∗) the choice of θ = θ∗ fulfills

the above result.
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Proof Fix i ∈ I a. By definition of θ∗, we have that for all θ ′ ∈ (0, θ∗) there exists
C(θ ′) such that Pi (T > t) ≤ C(θ ′)e−θ ′t ∀t ≥ 0. Therefore, Lemma 4.7 applied to
F = Fδi gives the existence of a subsequence N and θ ≥ θ ′ such that Fn = Ψ nF δi

verifies

∀t ≥ 0: lim
n∈N
n→∞

(
1− Fn(t)

)= e−θt . (4.27)

Let us see that the set of measures {νn = ϕn(δi) : n ∈N } is tight. Fix ε > 0. From
(4.26) and (4.27), we deduce that there exists t (ε) > 0 such that

∀n ∈N : 1− Fn
(
t (ε)

)
< ε.

Now

1− Fn
(
t (ε)

)= Pνn
(
T > t(ε)

)=
∑

j∈I a

νn(j)Pj
(
T > t(ε)

)
,

and so

νn
(
j ∈ I a : Pj

(
T > t(ε)

)≥ 1/2
)≤ 2ε.

From (4.19), we get that the set {j ∈ I a : Pj (T ≤ t (ε))≥ 1/2} is finite and verifies
νn(j ∈ I a : Pj (T ≤ t (ε)) ≥ 1/2) > 1 − 2ε. This shows that {νn : n ∈ N } is tight.
Therefore, there exists ν∞ ∈ P(I a) such that for some subsequence N ′ of N one
has νn→ ν∞, as n→∞, n ∈N ′. We have

Pν∞
(
T > t(ε)

)=
∑

j∈I a

ν∞(j)Pj
(
T > t(ε)

)= lim
n→∞,n∈N ′

∑

j∈I a

νn(j)Pj
(
T > t(ε)

)

= lim
n→∞
n∈N ′

(
1− Fn

(
t (ε)

))= e−θt .

By definition of θ∗, we get that θ ∈ [θ ′, θ∗]. Finally, note that the above proof also
shows that if Ei (eθ

∗T ) <∞ then the above construction can be done for θ = θ∗. �

The following result will finish the proof of Theorem 4.5.

Lemma 4.9 Assume sure killing, condition (4.19) and the existence of an expo-
nential moment. Then there exists a QSD ν whose killing time is exponentially dis-
tributed with parameter θ given by Lemma 4.8, so Pν(T > t)= e−θt ∀t ≥ 0.

Proof For any θ define the set

Pθ = {
ρ ∈P

(
I a) : ∀t ≥ 0,Pρ(T > t)= e−θt

}
.

From the last lemma, we know that the set Pθ is nonempty. It is clear that Pθ is a
convex set.

To avoid cumbersome notation, we assume I a = N. The set P(I a) is en-
dowed with the metric d(ρ1, ρ2)=∑

i∈N 2−i |ρ1(i)− ρ2(i)|. For a sequence (ρn :
n≥ 1) and ρ included in P(I a), we have d(ρn,ρ)→ 0 as n→∞ if and only if the
pointwise convergence holds ρn(i)→ ρ(i) as n→∞.
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Note that the argument developed in the proof of Lemma 4.8 shows that every
sequence (ρn : n≥ 1) in Pθ is tight. So, it has some limit point ρ∞ ∈ P(I a). Obvi-
ously, Pρ∞(T > t)= e−θt , and so ρ∞ ∈Pθ . This shows the compactness of Pθ .

From relation (4.26), Fϕ(ρ) = Ψ (Fρ), and since an exponential distribution is
invariant under Ψ , we find that ϕ(Pθ )⊆Pθ . Now, we shall prove that ϕ :Pθ → Pθ

is a continuous transformation. We recall (4.24),

ϕ(ρ)(i)= 1

Eρ(T )

∫ ∞

0
Pρ(Yt = i) dt.

Let (ρn : n ≥ 1) be some sequence in Pθ that converges to ρ ∈ Pθ . Observe that
Eρn(T ) = 1/θ = Eρ(T ) for all n ≥ 1. From Fatou’s Lemma, we get that for all
subset L⊆N,

lim inf
n→∞

∑

i∈L
ϕ

(
ρn

)
(i)= lim inf

n→∞ θ

∫ ∞

0

∑

j∈N
ρn(j)

∑

i∈L
Pj (Yt = i) dt

≥ θ lim inf
n→∞

∫ ∞

0

∑

j∈N
ρ(j)

∑

i∈L
Pj (Yt = i) dt

=
∑

i∈L
ϕ(ρ)(i). (4.28)

Since this also holds for Lc, we get that the equality holds in (4.28). Finally, by
taking L= {i} and L= {i}c , we can conclude

lim inf
n→∞ ϕ

(
ρn

)
(i)= ϕ(ρ)(i)= lim sup

n→∞
ϕ

(
ρn

)
(i).

Then ϕ(ρn)→ ϕ(ρ) as n→∞. The continuity of ϕ in the metric d follows.
Since ϕ : Pθ → Pθ is a continuous transformation acting on a convex compact

metric space Pθ , it has some fixed point ν (see Tychonov 1935). Since the equality
ϕ(ν)= ν is equivalent to ν being a QSD, the existence of a QSD is shown.

Finally, the equality θ∗ = sup{θ(ν) : ν is a QSD} follows from the fact that for
each θ ′ ∈ (0, θ∗) we can find some θ ∈ [θ ′, θ∗] for which there exists a QSD with
the exponential rate of survival θ . �

Remark 4.10 In relation to quasi-limiting distributions (which satisfy (3.6)) for
countable infinite Markov chains in discrete time, more general conditions for their
existence were supplied in Kesten (1995).

4.5 Kingman’s Parameter and Exponential Rate of Survival

We will state sufficient conditions for the exponential rate of survival to coincide
with the exponential rate of the transition probabilities. Let us introduce this last
quantity. For an irreducible and surely killed Markov chain, the exponential rate of
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the transition probabilities, denoted by θK and called the Kingman’s parameter, is
well-defined and does not depend on i, j ∈ I a,

θK =− lim
t→∞

1

t
logpt (i, j); (4.29)

see Kingman (1963). This parameter verifies θK ≤ inf{qi : i ∈ I a}, a subadditive
argument gives pt(i, i)≤ e−θK t ∀i ∈ I a, t ≥ 0, and it can be shown that for all pairs
i, j ∈ I a there exists a finite constant Cij such that pt(i, j)≤ Cij e

−θK t ∀t ≥ 0.
From pt (i, j)≤ Pi (T > t) for i, j ∈ I a, we get

θ∗ = lim inf
t→∞ −1

t
logPi (T > t)≤ lim sup

t→∞
−1

t
logPi (T > t)≤ θK.

Hence, if under some conditions we are able to show θ∗ = θK , then we will also get
that the exponential rate of survival is the limit θ∗ = limt→∞− 1

t
logPi (T > t) ∀i ∈

I a. A trivial case is θK = 0 because it implies θ∗ = θK = 0.
To get sufficient conditions in order that the equality θ∗ = θK be satisfied for

some strictly positive value, let us first state some previous results on subinvariant
measures.

Let μ be a measure on I a and θ ≥ 0. Then, μ is said to be a θ -subinvariant
measure of Qa if it satisfies

∀j ∈ I a: (
μ′Qa)

(j)≤−θμ(j),
and it is a θ -subinvariant measure for the semigroup (Pt ) if

∀t ≥ 0, ∀j ∈ I a: (
μ′Pt

)
(j)≤ e−θtμ(j). (4.30)

In Tweedie (1974), it was shown that if μ is a θ -subinvariant measure of Qa with
θ ≤ inf{qi : i ∈ I a} then it is a θ -subinvariant measure for (Pt ). (The proof of this
fact can be found in the arguments and constructions supplied in the proof of Theo-
rem 4.4.) The converse was also shown in Tweedie (1974), if μ is a θ -subinvariant
measure for (Pt ) then θ ≤ inf{qi : i ∈ I a} and μ is a θ -subinvariant measure of Qa.

If μ is a subinvariant measure for (Pt ) and for some j ∈ I a we have μ(j) =
0, irreducibility implies μ = 0, the null measure. Hence, a nontrivial subinvariant
measure is strictly positive.

We can also define an analogous concept when the semigroup acts on the right.
A nonnegative function ϕ = (ϕ(j) : j ∈ I a) is a θ -subinvariant function for the
semigroup (Pt ) if

∀t ≥ 0, ∀i ∈ I a: (Ptϕ)(j)≤ e−θtϕ(j).
As before, if ϕ(j)= 0 then ϕ = 0, the null function. Hence, a nontrivial nonnegative
θ -subinvariant function for (Pt ) is strictly positive.

Let us show that for every θ ∈ (0, θK ] there exist strictly positive θ -subinvariant
measures and strictly positive θ -subinvariant functions. The θ -subinvariant mea-
sures will be constructed as limits of subinvariant measures for the discrete skeletons
of the original chain. First, let us fix δ > 0. From (4.29), we get

∀i, j ∈ I a: lim
n→∞

(
pnδ(i, j)

)1/n = e−θKδ. (4.31)
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Put p̂(i, j) := pδ(i, j), so p̂(n)(i, j) := pnδ(i, j). The matrix P̂ = (p̂(i, j) : i, j ∈
I a) is the (strictly substochastic) transition matrix of the Markov chain Ŷ = (Ŷn :=
Ynδ : n≥ 0) which is surely killed at the killing time T̂ = inf{n≥ 0 : Ŷn /∈ I a}. Note
that |δT̂ − T | ≤ δ.

Define the series P̂ij (r) :=∑
n≥0 p̂

(n)(i, j)rn for i, j ∈ I a and r ≥ 0. It is known,
see Theorem 6.1 in Seneta (1981), that there exists a common convergence radius
for these series,

R =
(

lim
n→∞

(
p̂(n)(i, j)

)1/n
)−1

,

so for all i, j ∈ I a, P̂ij (r) <∞ for r ∈ [0,R) and P̂ij (r) =∞ for r > R. From
(4.31), we find R = eθKδ .

For i ∈ I a, denote by T̂i = inf{n > 0 : Ŷn = i} the hitting time of i ∈ I a for the
chain Ŷ . Note that T̂i can be infinite. A standard proof shows that

∀j ∈ I a: Ei

(
T̂i∧T̂−1∑

n=0

1{Ŷn=j}R
n

)

<∞; (4.32)

see Lemma 2.3 in Sect. 5.2 in Anderson (1991). Below we show the existence
of subinvariant measures for (Pt ) by using the existence of subinvariant mea-
sures in discrete time: a measure μ is α-subinvariant for (P̂ n) if (μ′P̂ n)(j) ≤
e−αnμ(j) ∀j ∈ I a ∀n≥ 0, and this happens if and only if it is α-subinvariant for P̂ ,
that is, (μ′P̂ )(j)≤ e−αμ(j) ∀j ∈ I a.

The following result is stated in Kingman (1963), see Theorem 2.7 in Sect. 5.2
of Anderson (1991). Also see Theorem 6.2 in Seneta (1981) for the discrete time
case.

Lemma 4.11

(i) Let i0 be fixed. For any θ ∈ [0, θK ], the measure μδ,θ , defined by

∀j ∈ I a: μδ,θ (j)= Ei0

(T̂i0∧T̂−1∑

n=0

eθδn1{Ŷn=j}

)

, (4.33)

takes strictly positive finite values, and it is θδ-subinvariant for (P̂ n):

∀n≥ 0, ∀j ∈ I a:
∑

i∈I a

μδ,θ (i)p̂(n)(i, j)≤ e−θδnμδ,θ (j). (4.34)

(ii) For any θ ∈ [0, θK ], there exist a strictly positive measure μθ = (μθ (j) : j ∈ I a)

and a strictly positive function ϕθ = (ϕθ (j) : j ∈ I a) which are θ -subinvariant
for (Pt ).

Proof (i) Put μ := μδ,θ . Since θ ∈ [0, θK ], we have eθδ ≤ R, so (4.32) implies that
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μ is finite. Let us show that μ is θδ-subinvariant for P̂ . Since T̂ < T̂i0 implies
YT̂i0∧T̂ /∈ I a, we get

μ(j)≥ Ei0

(T̂i0∧T̂∑

n=1

eθδn1{Ŷn=j}

)

=
∞∑

n=1

Ei0

(
eθδn1{T̂i0∧T̂≥n}1{Ŷn=j}

)
.

By developing this last term, we find

μ(j)≥
∞∑

n=1

eθδnEi0
(
E

(
1{T̂i0∧T̂ <n}c1{Ŷn=j}|σ(Ŷk : k < n)

))

=
∞∑

n=1

eθδn
(∑

k∈I a

Ei0

(
1{T̂i0∧T̂ <n}c1{Ŷn−1=k}Ek(1{Ŷ1=j})

)
)

= eθδ
∑

k∈I a

p̂(k, j)

(

Ei0

( ∞∑

n=1

eθδ(n−1)1{T̂i0∧T̂≥n}1{Ŷn−1=k}

))

= eθδ
∑

k∈I a

p̂(k, j)μ(k).

Then, μ is θδ-subinvariant.
Let us prove (ii). Fix t > 0. Now we allow δ to vary in (4.33). We consider

δ = 1/N for N ≥ 1 and define μθ := lim infN→∞μ1/N,θ . Let t ≥ 0 be fixed. We
take a sequence of positive integers (nN :N ≥ 1) such that t = limN→∞ nN/N .

Since for δ = 1/N we have p̂(nN )(i, j)= pnN/N(i, j), by continuity of ps(i, j)
on s ∈R+ we obtain

lim
N→∞ p̂(nN )(i, j)= lim

N→∞pnN/N(i, j)= pt (i, j).

Take δ = 1/N and n= nN in (4.34) and compute liminf. By using Fatou’s Lemma,
we get for all j ∈ I a,

∑

i∈I a

(
lim inf
N→∞ μ1/N,θ (i)pnN/N(i, j)

)
≤ lim inf

N→∞

(∑

i∈I a

μ1/N,θ (i)pnN/N(i, j)

)

≤ lim inf
N→∞ e−θnN/Nμ1/N,θ (j).

We have shown

∀j ∈ I a:
∑

i∈I a

lim inf
N→∞ μθ(i)pt (i, j)≤ e−θtμθ (j).

This holds for all t ≥ 0, so μθ is a θ -subinvariant measure for (Pt ). Note that the
measure μθ takes strictly positive values because from definition μδ,θ (i0) = 1 for
all δ > 0 and so μθ(i0)= 1.

Now, fix θ ∈ [0, θK ]. We will show that there exists a strictly positive function
ϕ that is θ -subinvariant for (Pt ). Let μ := μθ be a strictly positive θ -subinvariant
measure for (Pt ). Define

∀t ≥ 0, ∀i, j ∈ I a: p∗t (i, j) := μ(j)pt (j, i)/μ(i).
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It is easily checked that (P ∗t = (p∗t (i, j) : i, j ∈ I a) : t ≥ 0) is a semigroup, and it is
substochastic because

∑
j∈I a p∗t (i, j)≤ e−θt . Notice that

− lim
t→∞

1

t
logp∗t (i, j)= θK.

Then, by the part already proved, for all θ ∈ [0, θK ] there exists a strictly positive
θ -subinvariant measure ρ = (ρ(j) : j ∈ I a) for the semigroup (P ∗t : t ≥ 0). Thus,

∀i ∈ I a:
∑

i∈I a

ρ(i)p∗t (i, j)≤ e−θtρ(j).

Since p∗t (i, j)ρ(i) = μ(j)pt (j, i)ρ(i)/μ(i), the positive function ϕ given by
ϕ(i)= ρ(i)/μ(i) is θ -subinvariant for (Pt ). �

Let us prove that if the set of states connected to the killing state {0} is finite, then
θ∗ = θK , the subinvariant measures are finite and the positive subinvariant functions
are lower-bounded. This result is Theorem 3.3.2(iii) in Jacka and Roberts (1995).

Proposition 4.12 Assume that the set I ∗0 := {i ∈ I a : qj,0 > 0} is finite.

(i) We have

θ∗ = θK and θ∗ = lim
t→∞−

1

t
logPi (T > t). (4.35)

(ii) If θK > 0, then for all θ ∈ (0, θK ] any θ -subinvariant measure μθ has finite
mass. When μθ

∗
is normalized, we get

Pi (T > t)≤ e−θ∗t

μθ
∗
(i)

. (4.36)

Moreover, for all θ ∈ (0, θK ] any strictly positive θ -subinvariant function ϕθ is
lower-bounded by a strictly positive value.

Proof Since 0≤ θ∗ ≤ θK , for proving (4.35) we can assume θK > 0, and it suffices
to show θ∗ ≥ θK .

We denote by Sj = ∫∞
0 1Yt=j dt the total time spent in j ∈ I a. We have

Ei

(
Sj

)=
∫ ∞

0
pt(i, j) dt.

Let TI∗0 = inf{t ≥ 0 : Yt ∈ I ∗0 } be the hitting time of I ∗0 . From the hypothesis
Pi (TI∗0 ≤ T ) = 1 for all i ∈ I a, and since Pi (T <∞) = 1, we have Pi (TI∗0 <∞)

= 1. Obviously, Ek(Sk) ≥ Ek(τ ) for k ∈ I ∗0 , where τ = inf{t ≥ 0 : Yt �= Y0} is the
holding time. These relations imply

∀k ∈ I a:
∑

j∈I∗0

∫ ∞

0
pt(k, j) dt = Ek

(∑

j∈I∗0
Sj

)

= Ek

(

EYT
I∗0

(∑

j∈I∗0
Sj

))

≥ Ek

(
EYT

I∗0
(τ )

)≥min
{
Ej (τ ) : j ∈ I ∗0

}=min
{
q−1
j : j ∈ I ∗0

}
.

(4.37)
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Let θ ∈ (0, θK ] and let μ be a θ -subinvariant measure. Let us prove that μ has
finite mass. By integrating equations (4.30) with respect to time, we get

∀j ∈ I a:
∑

k∈I a

μ(k)

∫ ∞

0
pt(k, j) dt ≤ μ(j)

θ
.

Then,
∑

k∈I a

μ(k)

(∑

j∈I∗0

∫ ∞

0
pt(k, j) dt

)

≤ 1

θ

(∑

j∈I∗0
μθ(j)

)

.

From (4.37), we have
∑

j∈I∗0
∫∞

0 pt(k, j) dt ≥min{q−1
j : j ∈ I ∗0 } for all k ∈ I a, and

then we obtain

∑

k∈I a

μ(k)≤
∑

j∈I∗0 μ
θ(j)

θ min{q−1
j : j ∈ I ∗0 }

<∞,

proving that μ has finite mass. We normalize it, so by using (4.30), we get

μ(i)Pi (T > t)≤
∑

j∈I a

μ(j)Pj (T > t)=
∑

j∈I a

(∑

k∈I a

μ(j)pt (j, k)

)

≤ e−θt
∑

j∈I a

μ(j)= e−θt .

By taking θ = θK , we obtain Pi (T > t) ≤ e−θK t /μ(i). Then θ∗ ≥ θK and both
relations (4.35) and (4.36) are shown.

The only thing left to prove is that for θ ∈ (0, θK ], all θ -subinvariant strictly
positive functions ϕ are lower-bounded by a strictly positive constant. Note that

∑

j∈I∗0

∫ ∞

0
pt(i, j)ϕ(j) dt ≤

∑

j∈I a

∫ ∞

0
pt (i, j)ϕ(j) dt ≤

∫ ∞

0
e−θtϕ(i) dt = ϕ(i)

θ
.

From (4.37),
∑

j∈I∗0
∫∞

0 pt(i, j) dt ≥ min{q−1
j : j ∈ I ∗0 }, so we obtain the result

ϕ(i)≥ θ min{q−1
j : j ∈ I ∗0 } ∀i ∈ I a. �

4.6 Symmetric Case

Let us assume there exists some measure π = (πi : i ∈ I a) such that Qa is symmet-
ric with respect to π , that is,

∀i, j ∈ I a: πiq(i, j)= πjq(j, i).

Let (IN : N ≥ 1) be an increasing sequence of finite subsets such that IN ↗ I a as
N ↗∞. Let Q(N) = (q(i, j) : i, j ∈ IN) be the truncated jump rate matrix and let

p
(N)
t (i, j)= (

eQ
(N)t

)
(i, j)= Pi (Yt = j, TI a\IN > t) (4.38)
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be the truncated kernel. The matrix Q(N) is symmetric with respect to the restriction
of π to IN . Let {d(N)k : k ∈ IN } be the set of eigenvalues of Q(N), which are all

negative and denote by D(N) the diagonal matrix whose elements are {d(N)k : k ∈
IN }. Recall the decomposition given in (3.16),

p
(N)
t (i, j)=

√
πj

πi

∫ ∞

0
e−tx dΓ (N)

i,j (x),

where Γ (N)
i,j is a signed measure supported on (0,∞). When i = j , Γ (N)

i,i is a prob-
ability measure. Let

Γ
(N)
i,j = Γ

(N)+
i,j − Γ

(N)−
i,j ,

∥
∥Γ (N)

i,j

∥
∥= Γ

(N)+
i,j + Γ

(N)−
i,j .

From (3.12) and (3.13), we get that the total variation measure ‖Γ (N)
i,j ‖ satisfies

∥
∥Γ (N)

i,j

∥
∥

(
(0,∞) \ {−d(N)k : k ∈ I a})= 0,

Γ
(N)
i,j

({−d(N)k

})=m(N)(i, k)m(N)(j, k),

where M(N) = (m(N)(i, j) : i, j ∈ I a) is the orthogonal matrix formed by the nor-
malized eigenvectors of (D(N)

π )1/2Qa(N)(D(N)
π )−1/2.

From (3.14), we get that the masses of the positive measures Γ (N)+
i,j and Γ

(N)−
i,j

are bounded by 1. The Helly’s Theorem implies the existence of an infinite subse-
quence (Nl : l ≥ 1) and of measures Γ +i,j , Γ −i,j such that

Γ
(Nl)+
i,j → Γ +i,j and Γ

(Nl)−
i,j → Γ −i,j vaguely as l→∞. (4.39)

Therefore, the signed measure

Γi,j = Γ +i,j − Γ −i,j (4.40)

is well-defined, and (3.14) implies that the mass of the total variation measure
‖Γi,j‖ = Γ +i,j + Γ −i,j is bounded by 1:

∀i, j ∈ I a: ‖Γi,j‖
([0,∞)

)≤ 1.

When i = j , Γi,i is a measure whose mass is bounded by 1. Moreover,
∫ ∞

0
e−tx dΓ +i,j (x)= lim

l→∞

∫ ∞

0
e−tx dΓ (Nl)+

i,j (x),

∫ ∞

0
e−tx dΓ −i,j (x)= lim

l→∞

∫ ∞

0
e−tx dΓ (Nl)−

i,j (x).

Put

θ∗N = lim inf
t→∞ −1

t
logPi (T > t, TI a\IN ≤ t),

we have that the spectrum of Q(N) satisfies θ∗N = inf{d(N)k : k ∈ 1, . . . ,N}. From

lim inf
t→∞ −1

t
logPi (T > t)≤ lim inf

t→∞ −1

t
logPi (T > t, TI a\IN ≤ t),

we get {d(N)k : k ∈ I a} ⊂ [θ∗,∞).
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Remark 4.13 From Γ
(N)+
i,j ({0}) = 0 = Γ

(N)+
i,j ({0}) ∀N , we get ‖Γ +i,j‖({0}) =

‖Γ −i,j‖({0})= 0. Therefore, from

‖Γi,j‖
({0})= 0 ∀i, j ∈ I a and

{
d
(N)
k : k ∈ I a}⊂ [

θ∗,∞)
,

we get
∫∞

0 dΓi,j =
∫∞
θ∗ dΓi,j , where the domain of integration is the set [θ∗,∞)∩

(0,∞).

Recall that the closed support of a measure v, denoted by Support(v), is the
smallest closed set in R such that its complement has no mass, v(Support(v)c)= 0.
We have θ0 = inf Support(v), a finite number, if and only if v((−∞, θ0)) = 0 and
for all ε > 0 we have v([θ0, θ0 + ε)) > 0. The support of a signed measure v is by
definition the support of the total variation measure ‖v‖ = v+ + v−.

Proposition 4.14 Assume that there exists an increasing sequence of finite subsets
(IN :N ≥ 1) such that IN ↗ I a as N ↗∞ and

∀t ≥ 0, ∀i ∈ I a: lim
N→∞Pi (TI a\IN ≤ t)= 0. (4.41)

Then Γi,i is a probability measure ∀i ∈ I a. Moreover, θK = inf Support(Γi,j ) ∀i, j ∈
I a and

pt(i, j)=
√
πj

πi

∫ ∞

θK

e−tx dΓi,j (x).

If, in addition to condition (4.41), the set I ∗0 = {k ∈ I a : q(k,0) > 0} is finite, then
θ∗ = inf Support(Γi,j ), so

pt(i, j)=
√
πj

πi

∫ ∞

θ∗
e−tx dΓi,j (x). (4.42)

Furthermore, the following relation is satisfied:

Pi (T > t)=
∑

k∈I a

q(k,0)
√
πk

πi

∫ ∞

θ∗
e−tx

x
dΓi,k(x). (4.43)

Proof From (4.38) and condition (4.41), we deduce

∀t ≥ 0, ∀i, j ∈ I a: lim
N→∞p

(N)
t (i, j)= pt (i, j).

Hence,

pt (i, j)=
√
πj

πi

∫ ∞

0
e−tx dΓi,j (x),

If i = j , we evaluate this formula at t = 0 to get that Γi,i is a probability measure.
Let us show that for all i, j ∈ I a we have θK = inf Support(Γi,j ). We first prove

it for i = j . Fix i ∈ I a and denote by θ0 = inf Support(Γi,i) which is nonnegative.
For all ε > 0,

pt(i, i)≥ e−t (θ0+ε)Γi,i
([θ0, θ0 + ε]).
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From (4.29), we deduce θK ≤ θ0 + ε for all ε > 0, so θK ≤ θ0. Then, if θ0 = 0, we
obtain the equality θK = θ0 = 0. Assume θ0 > 0. In this case, we find

pt (i, i)≤ e−tθ0Γi,i
([θ0,∞)

)≤ e−tθ0,

and so θK ≥ θ0. We have proved θK = inf Support(Γi,i). Then, in the case θK > 0,
we have shown that we necessarily have ‖Γi,i‖([0, θK))= 0 ∀i ∈ I a.

Let us show the result for a pair i, j . Denote θ0 = inf Support(Γi,j ), we first prove
θ0 ≥ θK . This obviously holds if θK = 0, and in the case θK > 0 we use (3.15) with
[0, θK) to obtain

∀i, j : (‖Γi,j‖
([0, θK)

))2 ≤ ‖Γi,i‖
([0, θK)

)‖Γj,j‖
([0, θK)

)= 0.

This implies θ0 ≥ θK . In the case θ0 > θK , we deduce that for all θ ∈ (θK, θ0) the
following relation is satisfied:

eθtpt (i, j)=
√
πj

πi

∫ ∞

θ0

e−t (x−θ) dΓi,j (x)→ 0 as t→∞,

which contradicts (4.29). We conclude θK = inf Support(Γi,j ) ∀i, j ∈ I a.
Under the additional hypothesis that I ∗0 is finite, we get θ∗ = θK , and then rela-

tion (4.42) is satisfied. Let us show (4.43). We first evaluate the forward equations
(4.5) at the killing state j = 0. We have

∀s ≥ 0, ∀i ∈ I a: p′s(i,0)=
∑

k∈I
ps(i, k)q(k,0).

Since q(k,0) = 0 except for k ∈ I ∗0 , the last sum is finite, and it runs over k ∈ I ∗0 .
By integrating this equation in the interval (t,∞) and using the fact that the process
is surely killed, we get

Pi (T > t)= 1− pt (i,0)=
∑

k∈I∗0
q(k,0)

∫ ∞

t

ps(i, k).

Then, by using equality (4.42) and Fubini’s Theorem, we obtain

Pi (T > t)=
∑

k∈I∗0
q(k,0)

√
πk

πi

∫ ∞

t

(∫ ∞

θ∗
e−sx dΓi,k(x)

)

ds

=
∑

k∈I∗0
q(k,0)

√
πk

πi

∫ ∞

θ∗
e−tx

x
dΓi,k(x).

Hence, relation (4.43) is proved. �

Remark 4.15 Since by hypothesis the process Y is nonexplosive, when from each
state the chain can only jump to a bounded number of states, then there does always
exist a sequence of finite sets (IN :N ≥ 1) that verifies (4.41).

Proposition 4.16 Assume conditions (4.41) and that I ∗0 = {k ∈ I a : q(k,0) > 0} is
finite. Then,

lim
t→∞ e−θ∗tpt (i, i)= Γi,i

({
θ∗

})
. (4.44)
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Moreover, we have the following solidarity property: If Γi0,i0({θ∗}) > 0 for some
i0 ∈ I a then Γi,i({θ∗}) > 0 ∀i ∈ I a.

The exponential killing condition θ∗ > 0 is necessary in order that ∃i0 ∈ I a such
that limt→∞ e−θ∗tpt (i, i) > 0.

Proof From (4.42), we have pt(i, i) =
∫∞
θ∗ e

−tx dΓi,i(x). By the Dominated Con-
vergence Theorem, we have that for all δ > 0,

lim
t→∞ e−θ∗t

∫ ∞

θ∗+δ
e−tx dΓi,i(x)= 0.

Hence

Γi,i
({
θ∗

})≤ lim inf
t→∞

∫ θ∗+δ

θ∗
e−t (x−θ∗) dΓi,i(x)≤ lim sup

t→∞

∫ θ∗+δ

θ∗
e−t (x−θ∗) dΓi,i(x)

≤ Γi,i
[
θ∗, θ∗ + δ

]
.

Then, the first part is shown. To prove the solidarity property of the second
part, an argument based upon irreducibility suffices. This is given by the inequal-
ity ph+t+s(i, i) ≥ ph(i, i0)pt (i0, i0)ps(i0, i) for fixed s, h > 0. The inequalities
ph(i, i0) > 0 and ps(i0, i) > 0 give the second part.

The final part is a simple consequence of Γi,i{0} = 0. �

A state i ∈ I a is called R-positive if limt→∞ e−θK tpt (i, i) > 0 (see Anderson
1991, Sect. 5.2, therein it is also shown that the limit exists). Now, under the as-
sumptions of Proposition 4.16, we have θK = θ∗, so we can rephrase the result as:
A state i is R-positive if and only if the spectral measure Γi,i gives positive measure
to the bottom of the spectrum.

From the solidarity property, we can refer to the R-positive chain when some
state is R-positive. When this happens, it can be shown that there exists a unique
θ∗-invariant measure. If this measure is finite, it can be proved that its normalization
is a QSD (θ∗ being its exponential rate of survival). For these results, see Seneta and
Vere-Jones (1996) and Proposition 2.10 in Anderson (1991), Sect. 5.2.

4.7 Comparison of Exponential Rates for a Monotone Process

We will give some comparisons between the stationary distribution and the QSD,
and between the exponential rates of survival and the exponential ergodic coeffi-
cients. This will be done in the framework of monotone processes. Here Y = (Yt :
t ≥ 0) is an irreducible positive recurrent Markov chain taking values in the count-
able set I .

As before pt(i, j)= Pi (Yt = j), and denote by P t = (pt (i, j) : i, j ∈ I ), t ≥ 0,
the associated semigroup. (Recall that notation (Pt ) is reserved to the killed semi-
group). We assume that the Markov chain Y is positive recurrent with stationary
distribution π = (πi : i ∈ I ), so

π ′P t = π ′ for all t ≥ 0.
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Consider the exponential rate of convergence to equilibrium starting from the distri-
bution δi for i ∈ I ,

α∗(i)= sup
{
α : ∃C <∞,

∥
∥δ′iP t − π ′

∥
∥

TV ≤ Ce−αt
}
, (4.45)

where ‖•‖TV is the total variation metric.
Let � be a partial order on I . A function f : I → R is called monotone if

i � j implies f (i) ≤ f (j). It induces the following stochastic order relation be-
tween probability measures: For ρ1, ρ2 ∈ P(I ), we put ρ1 � ρ2 if ρ1(f ) ≤ ρ2(f )

for all monotone functions f (where ρ(f ) =∑
i∈I f (i)ρ(i)). The Markov semi-

group (P t : t ≥ 0) is said to be monotone with respect to � if

i � j ⇒ δ′iP t � δ′jP t ∀t ≥ 0.

Proposition 4.17 Assume that the Markov semigroup (P t : t ≥ 0) defined by Y

is monotone. In addition, suppose that the countable state space I has a strictly
smallest element 0 in I , that is, 0 ≺ j for all j ∈ I \ {0}. Consider the process
YT = (Yt∧T : t ≥ 0) with hitting time T = inf{t > 0 : Yt = 0}. Let ν be a QSD for
YT , then (a) π � ν and (b) θ(ν)≤ α∗(0).

Proof We will repeat the proof done in Martínez and Ycart (2001) which uses cou-
pling arguments.

(a) Since the process is monotone and since δ0 � ν, from the Strassen’s Theo-
rem (see Lindvall 1992), we can construct a Markov process (W 1,W 2) with right
continuous trajectories taking values in I × I starting from the distribution δ0 ⊗ ν

such that each coordinate evolves with semigroup (P t ) and W 1 � W 2
P-a.s. Let

T 2 = inf{t ≥ 0 :W 2
t = 0}. Since W 1 �W 2, we get W 1

T 2 =W 2
T 2 = 0. We redefine

the process at time T 2 by resurrecting W 2 with distribution ν. Since W 1
T 2 = 0 and

the coupling is Markovian, at T 2 we are as at the initial time t = 0 with distribution
δ0 ⊗ ν, so the same construction can be done once again. This iterative procedure

gives a monotone coupling (W
1
,W

2
), W

1 �W
2
, for which W

1
evolves with semi-

group (P t ) and W
2

evolves with semigroup (P (ν)
t ) (see the construction of the res-

urrected process (4.22)). Since ν is a stationary distribution for (P (ν)
t ) (recall (4.25))

and limt→∞‖δ′0P t − π ′‖TV = 0, we conclude π � ν.
(b) Let (U1,U2) be a Markovian coupling, both components evolving with semi-

group (P t ) and such that U1
0 ∼ δ0 and U2

0 ∼ π . Also from the Strassen’s Theorem,
we can assume U1 � U2 a.s. Let T ′ = inf{t ≥ 0 : U1

t = U2
t } and T ′′ = inf{t ≥ 0 :

U2
t = 0}. Since T ′ ≤ T ′′, we get P(T ′ > t) ≤ P(T ′′ > t) = Pπ (T > t). From Doe-

blin’s Inequality, we find P(T ′ > t)≥ ‖δ′0P t − π ′‖TV. Then

Pπ (T > t)≥ ∥
∥δ′0P t − π ′

∥
∥

TV.

Now, let (V 1,V 2) be a Markovian coupling, both components evolving with semi-
group (P t ), and such that V 1

0 ∼ π and V 2
0 ∼ ν. Let T (i) = inf{t ≥ 0 : V i(t) = 0}.

From part (a) we can assume T (1) ≤ T (2). Then
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∥
∥δ′0P t − π ′

∥
∥

TV ≤ Pπ (T > t)= P
(
T (1) > t

)≤ P
(
T (2) > t

)= Pν(T > t)= e−θ(ν)t .

The result follows. �

We point out that part (b) can be also deduced from (4.20) and Theorem 2.1 in
Lund et al. (1996). Indeed, in this work, it was shown that θ∗ ≤ α∗(0) under the
same hypotheses we had on the order relations, including the existence of a smallest
element. Since θ(ν) ≤ θ∗ for all QSDs ν, the part (b) follows directly. Other order
relations involving QSDs can be found in Collet et al. (2003).



Chapter 5
Birth-and-Death Chains

In this chapter, we study QSDs on birth-and-death chains. In Sect. 5.1, we describe
the quantities relevant for this study. The main tools for describing the QSDs are
the Karlin–McGregor decomposition and the dual process, which are supplied in
Sect. 5.2.

Among the main results of the chapter is the description of the set of QSDs done
in Theorem 5.4 of Sect. 5.3: exponential killing implies that there exist QSDs; if
∞ is a natural boundary, there is a continuum of QSDs; when ∞ is an entrance
boundary, there is a unique one. In Theorem 5.8 of Sect. 5.4, it is shown that the
extremal QSD is a quasi-limiting distribution. The process of survival trajectories is
studied in Sect. 5.5 and its classification is given in Theorem 5.12. In Sect. 5.6, it is
proved that the QSDs are stochastically ordered, the extremal QSD is the minimal
one. In Sect. 5.7, explicit conditions on the birth-and-death parameters ensuring
discrete spectrum are supplied. Some examples of killed birth-and-death chains can
be found in Sect. 5.9. In the last Sect. 5.10, we study QSDs for a population model
where each individual is characterized by some trait, and it can die or gives birth to
a clonal or a mutated individual.

5.1 Parameters for the Description of the Chain

Let Y = (Yt : t ≥ 0) be a birth-and-death chain taking values in Z+ = {0,1, . . .}. Its
jump rate matrix Q is such that q(i, i− 1)= μi (death rates), q(i, i+ 1)= λi (birth
rates), q(i, i)=−(λi +μi) and all the other coefficients vanish. The chain is killed
at ∂I = {0}, and the set of allowed states is N= {1,2, . . .}. We assume that the birth
and death rates (λi,μi : i ∈ N) are strictly positive. Obviously, μ0 = 0. Since we
impose killing at 0, λ0 = 0. We recall the notation pt (i, j)= Pi (Yt = j).

We assume that the chain is surely killed at 0,

∀i ∈N: Pi (T <∞)= 1 with T = inf{t ≥ 0 : Yt = 0}.
P. Collet et al., Quasi-Stationary Distributions, Probability and Its Applications,
DOI 10.1007/978-3-642-33131-2_5, © Springer-Verlag Berlin Heidelberg 2013
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This property implies

∀i ∈N: Pi (T∞ <∞)= 0,

where

T∞ = lim
N→∞TN, with TN = inf{t ≥ 0 : Yt =N}.

Indeed, as already stated, sure killing implies there is no explosion.
Note that the backward and forward equations (4.4) and (4.5) have respectively

the following form. For all i, j ≥ 0 and all t ≥ 0,

p′t (i, j) = μipt (i − 1, j)− (λi +μi)pt (i, j)+ λipt (i + 1, j), (5.1)

p′t (i, j) = λj−1pt(i, j − 1)− (λj +μj )pt (i, j)+μj+1pt (i, j + 1), (5.2)

where we put λ−1 = 0.
Consider π = (πi : i ∈N) with the coefficients

π1 = 1 and πi =
i−1∏

j=1

λj

μj+1
, i > 1. (5.3)

The relations πi+1/πi = λi/μi+1 ∀i ∈ N, imply that the birth-and-death chain is
reversible with respect to π , that is,

∀i, j ∈N: πiq(i, j)= πjq(j, i). (5.4)

(Relation that only needs to be verified for j = i + 1.) Put

A=
∑

i≥1

(λiπi)
−1, B =

∑

i≥1

πi, C =
∑

i≥1

(λiπi)
−1

i∑

j=1

πj ,

D =
∑

i≥2

(μiπi)
−1

∑

j≥i
πj =

∑

i≥1

(λiπi)
−1

∑

j≥i+1

πj =
∑

i≥2

πi

i−1∑

j=1

(λjπj )
−1.

(5.5)

We have

C +D =AB, (A=∞⇒ C =∞), (B =∞⇒D =∞). (5.6)

It is well known that the assumption on sure killing, Pi (T <∞)= 1 ∀i ∈ N, is
equivalent to A=∞. Indeed, the quantities ui = Pi (T <∞), i ≥ 0, verify the set
of equations

ui = λi

λi +μi
ui+1 + μi

λi +μi
ui−1, i ≥ 1, u0 = 1.

By iterating these quantities, it is shown that u1 = 1 is equivalent to A=∞. So, the
assumption of sure killing is A=∞. Hence, we also have C =∞. These assump-
tions are taken all along the chapter.
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Let us now consider the quantities wi = Ei (T ), i ≥ 0. They satisfy the equations

wi = 1

λi +μi
+ λi

λi +μi
wi+1 + μi

λi +μi
wi−1, i ≥ 1, w0 = 1.

The analysis of these quantities in the case A=∞ allows proving that B <∞ holds
if and only if Ei (T ) <∞ for all i ≥ 1. Analysis for both A and B can be found in
Karlin and Taylor (1975, Theorem 7.1, Chap. 4).

Let us give meaning to C and D. We follow the approach developed in Ander-
son (1991, Sect. 8.1). Let us do it first for D. For each n ≥ 1, consider the chain
Y (n) = (Y

(n)
t : t ≥ 0) reflected at n, so taking values on {0,1, . . . , n}. Its parameters

(λ
(n)
i ,μ

(n)
i : i = 0,1, . . . , n) coincide with the original ones λ(n)i = λi , μ

(n)
i = μi ,

with the unique exception λ
(n)
n = 0. So, when the chain is at n, it waits for an ex-

ponential time of parameter μn before jumping to n− 1. Observe that this chain is
also surely killed at 0. Denote by T

(n)
i the first time that the chain Y (n) hits i, and

denote yi = Ei (T
(n)
i−1) for i ∈ {1, . . . , n}. From the Markov property, these quantities

verify the equations

yi = 1

λi +μi
+ λi

λi +μi
(yi+1 + yi) for 1≤ i < n and yn = 1

μn
.

It is not difficult to show that yi = (λiπi)
−1 ∑n

j=i πj for i = 1, . . . , n. Then D =
limn→∞

∑n
i=1 yi . The Markov property gives

D = lim
n→∞En

(
T
(n)
0

)
.

Regarding the quantity C, the analysis is done on the reflected birth-and-death
chain Y [r] = (Y

[r]
t : t ≥ 0) taking values in N with the same parameters as for Y with

only one exception: if the chain Y [r] is at state 1, it waits for an exponential time
of parameter λ1 before jumping to state 2. In this chain, let T [r]j be the first time

that the process Y [r] hits j and define zi = Ei (T
[r]
i+1), i ≥ 1. The Markov property

implies that

zi = 1

λi +μi
+ μi

λi +μi
(zi−1 + zi)i ≥ 2, z1 = 1

λ1
.

It is easy to show that zi = (λiπi)
−1 ∑i

j=1 πj for i ≥ 1. Hence C =∑
i≥1 zi . From

the Markov property, we find

C = lim
n→∞E1

(
T [r]n

)
.

So, C =∞ is the condition for having infinite mean time of explosion for the re-
flected chain.



72 5 Birth-and-Death Chains

Let us note that D <∞ implies B <∞. From Karlin and Taylor (1975, Theo-
rem 7.1, Chap. 4), we also get

B +D = lim
n→∞En(T ). (5.7)

Since we are assuming A=∞ (and so C =∞) there are only two possibilities
left for ∞ in the Feller classification:

• If D =∞ then ∞ is a natural boundary;
• If D <∞ then ∞ is an entrance boundary.

In both cases, the minimal solution is the unique solution to the backward and
forward equation, see Anderson (1991, Sect. 8.1, p. 262).

5.2 Polynomials, Representation and Duality

In the analysis of the birth-and-death chains, a main role is played by the family
of polynomials (ψi(θ) : i ≥ 0) defined by ψ0(θ) ≡ 0 and the following recurrence
relations:

ψ1(θ)≡ 1, λiψi+1(θ)− (λi +μi− θ)ψi(θ)+μiψi−1(θ)= 0, i ∈N. (5.8)

The polynomial ψi(θ) is of degree i − 1 when i ≥ 1. By definition, the sequence
ψ(θ) := (ψi(θ) : i ∈N) verifies

Qaψ(θ)=−θψ(θ). (5.9)

Also notice that f =ψ(θ) is the unique solution to the equation Qaf =−θf up to
a multiplicative constant.

It can be shown that for i ≥ 2 the roots of the polynomial ψi(θ) are all real;
moreover, they are simple and strictly positive. Let us denote them by a1,i < · · ·<
ai−1,i . When i varies, they verify the interlacing property (see Karlin and McGregor
1957b and Theorem 5.3 in Chihara 1972),

ak,i+1 < ak,i < ak+1,i+1 ∀k = 1, . . . , i. (5.10)

Therefore, there exists

ξk = lim
i→∞ak,i , k ≥ 1. (5.11)

The interlacing property of the roots also gives

ξ1 = sup
{
θ ≥ 0 :ψi(θ) > 0 ∀i ≥ 1

}
. (5.12)

In the rest of this chapter, we put IN = {1, . . . ,N}. For all N ≥ 1, we denote by

ψ(N)(θ) :=ψ(θ)|IN =
(
ψ1(θ), . . . ,ψN(θ)

)
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the restriction of ψ(θ) to IN .
From definition of the function ψi(θ) and the truncated matrix Q(N), it is easy to

see that for each k ∈ IN the vector ψ(N)(ak,N+1) is an eigenvector of Q(N),

Q(N)ψ(N)(ak,N+1)=−ak,N+1ψ
(N)(ak,N+1).

Hence, (ψ(N)(ak,N+1) : k ∈ IN) is a set of N independent eigenvectors of Q(N).
The eigenvalues of Q(N) are minus the zeros of ψN+1, and so

{
d
(N)
k : k ∈ IN

}= {ak,N+1 : k ∈ IN }.

Therefore, we find for Γ (N)
1,1 defined in (3.12) and (3.13)

∀N ≥ 1: a1,N = inf Support
(
Γ
(N)

1,1

)
. (5.13)

Let us give more insight to the spectral decomposition of the truncated matrix
Q(N). Let 〈f,g〉π = ∑

j∈I a f (i)g(i)πi be the inner product defined by π in R
N

and ‖ · ‖π = 〈· , ·〉1/2
π be the π -norm. The matrix Q(N) is symmetric and negative

definite with respect to 〈· , ·〉π . Since (ψ(N)(ak,N+1) : k ∈ IN) is a complete set of
eigenfunctions of Q(N), it is a basis of orthogonal functions of (RN, 〈· , ·〉π ). Then
for all f ∈R

N ,

Qaf = −
∑

k∈I a

ak,N+1

‖ψ(N)(ak,N+1)‖2
π

〈
f,ψ(N)(ak,N+1)

〉
π
ψ(N)(ak,N+1)

= −
∫ ∞

0
θ

〈
f,ψ(N)(θ)

〉
π
ψ(N)(θ) dΓ (N)(θ),

where Γ (N) =∑
n∈IN δxk,N with xk,N = ak,N+1/‖ψ(N)(θ)‖2

π . Then

eQ
(N)tf =

∫ ∞

0
e−θt

〈
f,ψ(N)(θ)

〉
π
ψ(N)(θ) dΓ (N)(θ).

The transition probability p
(N)
t (i, j) of the semigroup generated by Q(N) is given

by

p
(N)
t (i, j)= eQ

(N)t (i, j)= (
eQ

(N)t1{j}
)
(i),

where 1{j} is the function that verifies 1{j}(i)= δ(i, j). Then, we obtain the follow-
ing formula:

∀i, j ∈ IN : p
(N)
t (i, j)= πj

∫ ∞

0
e−θtψ(N)

i (θ)ψ
(N)
j (θ) dΓ (N)(θ). (5.14)

From ψ
(N)
1 (θ)≡ 1, π1 = 1, we get

p
(N)
t (1,1)= π1

∫ ∞

0
e−θt dΓ (N)(θ)=

∫ ∞

0
e−θt dΓ (N)(θ),
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and so Γ (N) = Γ
(N)

1,1 = Γ̃
(N)

1,1 , where Γ
(N)

1,1 and Γ̃
(N)

1,1 are the measures defined in
(3.16) and (3.17).

Formula (5.14) admits a limit when N → ∞, giving the so-called Karlin–
McGregor representation. In this formula, it is shown (see Karlin and McGregor
1957b) that there exists a measure Γ supported by [θ∗,∞)∩ (0,∞) such that

∀i, j ∈N: pt(i, j)= πj

∫ ∞

0
e−tθψi(θ)ψj (θ) dΓ (θ). (5.15)

In Anderson (1991, Theorem 2.1 in Sect. 8.2), the Karlin–McGregor representa-
tion is shown, and its proof is based upon a recurrence argument on i, j . Below we
give the constructions that are required and the main steps of the proof.

The class of sets (IN : N ≥ 1) verifies condition (4.41) because the chain Y is
assumed to be nonexplosive and from each state in N a birth-and-death chain can
jump only to two states (see Remark 4.15). Besides, the set I ∗0 = {k ∈N : q(k,0) >
0} = {1} is a singleton. Then we can apply Proposition 4.14 to have

∀i, j ∈N: pt(i, j)=
√
πj

πi

∫ ∞

0
e−tθ dΓi,j (θ)= πj

∫ ∞

0
e−tθ dΓ̃i,j (θ).

Here Γi,j are signed measures whose total variation measures have mass smaller or
equal to 1 and Γ̃i,j = (πiπj )

−1/2Γi,j . We recall Γi,i are probability measures. Let
us put

Γ := Γ1,1 = Γ̃1,1, (5.16)

so

pt (1,1)=
∫ ∞

0
e−tθ dΓ (θ).

From Proposition 4.14, the construction of Γi,i done in (4.39) and (4.40), relation
(5.13) and definition (5.11), we also get

ξ1 ≤ θ∗ = inf Support(Γ ). (5.17)

Since the measure Γ is supported in the domain [θ∗,∞)∩ (0,∞), instead of the
integral

∫∞
0 ·dΓ we can also put

∫∞
θ∗ ·dΓ .

Let us prove that the representation (5.15) is verified for j = 1, that is,

∀i ≥ 1: pt(i,1)=
∫ ∞

0
e−tθψi(θ) dΓ (θ). (5.18)

By definition Γ = Γ1,1, so the formula holds for i = 1. For the induction step, we
assume it has been proved up to i, we will show that it is verified for i+ 1. By using
the Dominated Convergence Theorem, we differentiate this equality to get

p′t (i,1)=−
∫ ∞

0
θe−tθψi(θ) dΓ (θ). (5.19)
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From the backward equation (5.1),

λipt (i + 1,1)= p′t (i,1)−μipt (i − 1,1)+ (λi +μi)pt (i,1).

By writing pt (i − 1,1) and pt (i,1) as in (5.18) and p′t (i,1) as in (5.19), and using
the recurrence relation (5.8), we obtain

λiψi+1(θ)=−θψi(θ)−μiψi−1(θ)+ (λi +μi)ψi(θ),

and we find

λipt (i + 1,1)=
∫ ∞

0
e−tθ λiψi+1(θ) dΓ (θ).

Then, the induction follows. We have shown that (5.18) is verified. Let us now prove
the general case in (5.15),

∀i, j ≥ 1: pt (i, j)= πj

∫ ∞

0
e−tθψi(θ)ψj (θ) dΓ (θ),

by induction on j . It holds for j = 1, assume that it holds up to j and let us prove
it for j + 1. By using the Dominated Convergence Theorem, we differentiate the
above equality and get

p′t (i, j)=−πj
∫ ∞

0
θe−tθψi(θ)ψj (θ) dΓ (θ), i, j ≥ 1.

From the forward equation (5.2),

μj+1pt (i, j + 1)= p′t (i, j)− λj−1pt (i, j − 1)+ (λj +μj )pt (i, j),

and the recurrence relation (5.8),

πjλjψj+1(θ)=−πjθψj (θ)− πjμjψj−1(θ)+ πj (λj +μj )ψj (θ),

we find

μj+1pt (i, j + 1)= πjλj

∫ ∞

0
e−tθψi(θ)ψj+1(θ) dΓ (θ).

Since πjλj /μj+1 = πj+1, (5.15) is verified for (i, j+1). This shows formula (5.15)
and finishes the proof of the Karlin–McGregor representation.

Let 〈f,g〉Γ =
∫
fg dΓ be the inner product defined in L2(Γ ), which is the set of

real functions f with domain R+ and such that ‖f ‖2
Γ := 〈f,f 〉Γ is finite. Observe

that when we evaluate (5.15) at t = 0, we get that the polynomials are orthogonal,

∀i, j ∈N: πj 〈ψi,ψj 〉Γ = πj

∫ ∞

0
ψi(θ)ψj (θ) dΓ (θ)= δ(i, j).

Also ψi ∈ L2(Γ ) with ‖ψi‖Γ = 1/
√
πi .
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We recall that from Proposition 4.14 we have θK = θ∗, and so

∀i ∈N: θ∗ = − lim
t→∞

1

t
logPi(T > t), (5.20)

and ∀i, j ∈N, θ∗ = − limt→∞ 1
t

logpt (i, j).
Also, from Proposition 4.16, we get limt→∞ e−θ∗tpt (1,1) = Γ1,1({θ∗}). Then

Γ ({θ∗}) is the necessary and sufficient condition in order that the chain be R-
positive, θ∗ > 0 being a necessary condition in order for this to happen.

Let us obtain the following expression for the survival probabilities:

∀i ≥ 1: Pi (T > t)= μ1

∫ ∞

θ∗
e−tθ

θ
ψi(θ) dΓ (θ). (5.21)

It is shown in a completely similar way as when proving relation (4.43) in Proposi-
tion 4.14. In fact, from the forward equation (5.2), we get

∀i ∈N, s ≥ 0: p′s(i,0)= μ1ps(i,1).

By integrating this equation in the interval (t,∞), by using the fact that the process
is surely killed and from expression (5.18), we obtain

Pi (T > t)= 1− pt(i,0)= μ1

∫ ∞

t

ps(i,1) ds = μ1

∫ ∞

t

∫ ∞

θ∗
e−tθψi(θ) dΓ (θ) ds.

Hence, Fubini’s Theorem implies equality (5.21). By evaluating this expression at
i = 1 and t = 0, we obtain

μ1

∫ ∞

θ∗
1

θ
dΓ (θ)= 1. (5.22)

Proposition 5.1 We have θ∗ = ξ1.

Proof From (5.17), we are reduced to showing the converse, ξ1 ≥ θ∗. Fix N and put
T≥N = inf{t ≥ 0 : Yt ≥N}. By definition of the truncated kernel Q(N), there exists
some cN > 0 that verifies

∀t ≥ 0: P1(Yt = 1, t < T ∧ T≥N } =
(
eQ

(N)t
)
(1,1)≥ cNe

−a1,N+1t .

By definition of θ∗, we deduce θ∗ ≤ a1,N+1. The result is shown. �

Let us introduce the dual birth-and-death chain defined in Karlin and McGregor
(1957a). All the parameters and quantities related to it will be written with a su-
perscript .̂ The dual chain takes values in N = {1,2, . . .} and its birth and death
parameters are given by

λ̂i = μi, μ̂i = λi−1, i ∈N,
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in particular, μ̂1 = 0. Then, the coefficients π̂i verify

π̂1 = 1, π̂i =
i−1∏

r=1

λ̂r

μ̂r+1
=

i−1∏

r=1

μr

λr
= μ1

μiπi
, i ∈N. (5.23)

Also, the associated family of polynomials (ψ̂i(θ) : i ≥ 0) verify ψ̂0(θ)≡ 0 and

ψ̂1(θ)≡ 1, μiψ̂i+1(θ)= (μi + λi−1 − θ)ψ̂i(θ)− λi−1ψ̂i−1(θ), i ∈N.

(5.24)
Let us prove that the following relations between both classes of polynomials is
satisfied (see Karlin and McGregor 1957a, Van Doorn 1985):

∀i ∈ Z+: ψi+1(θ)−ψi(θ)= π̂i+1ψ̂i+1(θ) (5.25)

and

∀i ∈N: ψ̂i(θ)− ψ̂i+1(θ)= μ−1
1 πiθψi(θ). (5.26)

First, let us show (5.25). By using

μiπ̂
−1
i+1 = λiπ̂

−1
i and the shifted relation λi−1π̂

−1
i−1 = μi−1π̂

−1
i ,

we find that for i ∈N,

0 = μiπ̂
−1
i+1

(
ψi+1(θ)−ψi(θ)

)− (μi + λi−1 − θ)π̂−1
i

(
ψi(θ)−ψi−1(θ)

)

+ λi−1π̂
−1
i−1

(
ψi−1(θ)−ψi−2(θ)

)
.

From the uniqueness of the family of polynomials satisfying (5.24), we deduce
equalities (5.25). We note that (5.25) holds for i = 0 because π̂1 = 1.

Let us now prove (5.26). From (5.25) and (5.8), we get

ψ̂i+1(θ)− ψ̂i(θ) = 1

μiπ̂i

(
λi

(
ψi+1(θ)−ψi(θ)

)−μi
(
ψi(θ)−ψi−1(θ)

))

= 1

μiπ̂i
θψi(θ).

Then, (5.23) shows the result. Note that the equality (5.26) implies

∀i ∈N: ψ̂i(0)= 1. (5.27)

It can be shown (see Theorem 7.1 in Chihara 1972 and Kijima et al. 1997) that
the zeros of both families of polynomials (ψ̂i(θ) : i ≥ 0) and (ψ̂i(θ) : i ≥ 0) verify
the set of inequalities,

0 < â1,i < a1,i < · · ·< âk,i < ak,i , k = 1, . . . , i. (5.28)

The above relations allow one to get the following increasing property, which is
a stronger version of (5.12).
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Proposition 5.2 Assume θ∗ > 0. Then,

θ ≤ θ∗ ⇒ (
ψi(θ) > 0 and ψi(θ) < ψi+1(θ) ∀i ∈N

)
. (5.29)

In particular, θ ≤ θ∗ implies ψi(θ)≥ 1 for all i ∈N.

Proof The last relation follows from (5.29) and ψ1(θ)≡ 1. Let us show (5.29).
Recall ξ1 = θ∗. From (5.28), we get ξ̂k ≤ ξk for all k ≥ 1, in particular, ξ̂1 ≤ ξ1.

We are assuming A = ∞ and θ∗ > 0. Since this condition implies B <∞, we
are under the hypotheses that in Kijima et al. (1997) allow showing ξ̂1 = ξ1 (see
Case 4.1 in this reference). Since ψ̂i(θ) > 0 when θ ≤ ξ̂1, from (5.25) we deduce
(5.29). �

We introduce the following measure

dΓ d(θ)= μ1

θ
dΓ (θ), (5.30)

which is supported on [θ∗,∞)∩ (0,∞). From (5.22), Γ d is a probability measure.
Equality (5.21) can be written as

∀i ∈N: Pi (T > t)=
∫ ∞

θ∗
e−tθψi(θ) dΓ

d(θ).

In particular, when we evaluate at t = 0, we find that

∀i ∈N:
∫ ∞

θ∗
ψi(θ) dΓ

d(θ)= 1. (5.31)

We observe that Support(Γ d)= Support(Γ ).
Let us show that the family of polynomials (ψ̂i(θ) : i ∈ N) is orthogonal with

respect to the measure Γ d . From (5.25) and (5.26), we find for j > i + 1:

∫ ∞

θ∗

(
ψ̂i(θ)− ψ̂i+1(θ)

)
ψ̂j (θ) dΓ

d(θ) = πi

π̂j

∫ ∞

θ∗
ψi(θ)

(
ψj (θ)−ψj−1(θ)

)
dΓ (θ)

= 0.

Let us take j ≥ 2. For all l ≤ j − 1, we have

∫ ∞

θ∗

l−1∑

i=1

(
ψ̂i+1(θ)− ψ̂i(θ)

)
ψ̂j (θ) dΓ

d(θ)= 0.

Then, since ψ̂1 ≡ 1,
∫ ∞

θ∗
ψ̂l(θ)ψ̂j (θ) dΓ

d(θ)=
∫ ∞

θ∗
ψ̂1(θ)ψ̂j (θ) dΓ

d(θ)=
∫ ∞

θ∗
ψ̂j (θ) dΓ

d(θ).
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Now, we use equalities (5.25) and (5.31) to obtain

∫ ∞

θ∗
ψ̂j (θ) dΓ

d(θ)= 1

π̂j

∫ ∞

θ∗

(
ψj(θ)−ψj−1(θ)

)
dΓ d(θ)= 0.

Hence,
∫∞
θ∗ ψ̂l(θ)ψ̂j (θ) dΓ

d(θ)= 0 when l ≤ j − 1, and so by the symmetry of the
argument, we show it for all l �= j . The orthogonality is shown.

Observe that from (5.15) we have πi
∫∞
θ∗ ψ

2
i (θ) dΓ (θ) = 1. We claim that the

following set of equalities hold:

∀i ≥ 1: π̂i

∫ ∞

θ∗
ψ̂2
i (θ)= 1.

For i = 1, it follows from π̂1
∫∞
θ∗ ĥ

2
1(θ) dΓ

d(θ) = ∫∞
θ∗ dΓ d(θ) = 1. Now, with the

same computations as above, we obtain

∫ ∞

θ∗

(
ψ̂i(θ)− ψ̂i+1(θ)

)
ψ̂i+1(θ) dΓ

d(θ)

= πi

π̂i+1

∫ ∞

θ∗
ψi(θ)

(
ψi+1(θ)−ψi(θ)

)
dΓ (θ)

= 1

π̂i+1
.

Since
∫∞
θ∗ ψ̂i(θ)ψ̂i+1(θ) dΓ

d(θ)= 0, the claim is shown.

5.3 Structure of the Set of QSDs

As we saw, each vector ψ(θ)= (ψi(θ) : i ∈N) is a right-eigenvector of Qa associ-
ated to the eigenvalue −θ and it is unique up to a multiplicative constant. From the
equality θ∗ = ξ1, the eigenvector ψ(θ) is strictly positive when θ ≤ θ∗. The birth-
and-death chain is reversible with respect to π . Then if we choose C(θ) > 0, any
strictly positive constant for θ ≤ θ∗, the measure νθ = (νθ (i) : i ∈N) defined by

∀i ∈N: νθ (i)= C(θ)ψi(θ)πi

is a strictly positive left-eigenvector of Qa associated to the eigenvalue −θ . So, it
verifies νθQa =−θνθ . Observe that by evaluating at i = 1, and since ψ1(θ)= 1=
π1, we find C(θ)= νθ (1), so we can write

∀i ∈N: νθ (i)= νθ (1)ψi(θ)πi . (5.32)

On the other hand, in Proposition 4.2, it was proved that θ∗ > 0 is a necessary
condition for the existence of QSDs for Markov chains on countable states; and
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from Proposition 4.3 and Theorem 4.4, we get that a QSD ν must necessarily verify
ν′Qa =−θ(ν)ν′ with

θ(ν)=
∑

i∈N
ν(i)q(i,0)= ν(1)μ1. (5.33)

Hence, ν is a QSD if it verifies the following system of equations

∀i ∈N: λi−1ν(i − 1)+μi+1ν(i + 1)= (
λi +μi − ν(1)μ1

)
ν(i), (5.34)

with ν(0)= 0. Observe that (5.33) can be written as θ = νθ (1)μ1 when νθ is a QSD.
Then, for θ ≤ 0, νθ is a positive measure but it cannot be a QSD.

Remark 5.3 For instance, in the case θ = 0, the left-eigenfunction νθ verifies

ν0(i)= ν0(1)πi

(

1+
i−1∑

j=1

j∏

l=1

μl

λl

)

,

but as shown it cannot be a QSD.

Let us assume

θ∗ > 0.

The candidates to be QSDs are the measures νθ for θ ∈ (0, θ∗]. Note that we
proved that νθ = (νθ (i) : i ≥ 1) is a QSD if and only if it is a probability distribution
on N,

∑
i≥1 νθ (i)= 1, and if it verifies (5.34). This result was shown in Theorem 3.1

in Van Doorn (1991).
The following characterization of the set of QSDs is given in Theorem 3.2 in Van

Doorn (1991). (For the last part of the statement also see Cavender 1978.)

Theorem 5.4 Let A=∞. Assume θ∗ > 0. If D <∞, then νθ∗ is the unique QSD.
When D =∞, the set of QSDs is given by the continuum (νθ : θ ∈ (0, θ∗]).

Proof Let us consider θ ∈ (0, θ∗]. From relations (5.32) and (5.26), we have νθ (i)=
νθ (1)ψi(θ)πi and ψ̂i(θ)− ψ̂i+1(θ)= μ−1

1 πiθψi(θ) for i ≥ 1. Hence, by using θ =
μ1νθ (1), we get the expression

νθ (i)= ψ̂i(θ)− ψ̂i+1(θ).

Therefore, by using ψ̂1 ≡ 1, we get

N∑

i=1

νθ (i)= 1− ψ̂N+1(θ).
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Hence
∑

i∈N νθ (i)= 1⇔ limN→∞ ψ̂N(θ)= 0, and we get the equivalence

∀θ ∈ (
0, θ∗

]: νθ is a QSD ⇔ lim
N→∞ ψ̂N(θ)= 0. (5.35)

Recall that for i ≥ 2, the polynomial ψ̂i(θ) is of degree i − 1 and all its roots
(̂aj,i : j = 1, . . . , i − 1) are strictly positive and simple. Let θ ∈ (0, θ∗). Since
ψ̂i(0)= 1 for all i ≥ 1 (see (5.27)), we get

ψ̂i(θ)= ψ̂i(θ)

ψ̂i(0)
=

i−1∏

j=1

(

1− θ

âj,i

)

. (5.36)

From the interlacing property (5.10), we find

ψ̂i(θ)=
i−1∏

j=1

(

1− θ

âj,i

)

>

i−1∏

j=1

(

1− θ

âj,i+1

)(

1− θ

âj,i+1

)

= ψ̂i+1(θ).

Then, the sequence ψ̂i(θ) is decreasing and it converges to the limit:

∀θ ∈ (
0, θ∗

): lim
i→∞ ψ̂i(θ)=

∏

j≥1

(

1− θ

ξ̂j

)

. (5.37)

Recall that the sequence ξ̂j is increasing, ξ̂j = ξj and ξ1 = θ∗ > 0.
From (5.37), we obtain limi→∞ ψ̂i(θ

∗) = limi→∞ ψ̂i(ξ1) = 0, and then νθ∗ is
always a QSD.

On the other hand, (5.37) also implies

∀θ ∈ (
0, θ∗

): lim
i→∞ ψ̂i(θ) > 0 ⇔

∑

j≥1

ξ−1
j <∞. (5.38)

Since the right-hand term does not depend on θ ∈ (0, θ∗), we get from (5.35) and
(5.38) that:

• If
∑

j≥1 ξ
−1
j <∞ then the unique QSD is νθ∗ ;

• If
∑

j≥1 ξ
−1
j =∞ then (νθ : θ ∈ (0, θ∗]) is the set of all QSDs.

The above argument was given in Chihara (1972) and it was further developed in
Van Doorn (1986) in the framework of QSDs.

The only thing left to prove is the equivalence

D <∞ ⇔
∑

j≥1

ξ−1
j <∞. (5.39)

Since âj,i ↘ ξj for all j ≥ 1, we get

i−1∑

j=1

â −1
j,i ↗

∑

j≥1

ξ−1
j . (5.40)
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From (5.36), we have that

mi =−
i−1∑

j=1

â −1
j,i (5.41)

is the coefficient of order 1 (in θ ) of the polynomial ψ̂i(θ). From equation (5.24)
and since the constant term is ψ̂i(0)= 1, we find

μimi+1 = (μi + λi−1)mi − 1− λi−1mi−1,

where m0 =m1 = 0 and m2 =−1/μ1. By iteration, we get

mi+1 −mi =−
i∑

j=1

1

μi

(
i−1∏

l=j

λl

μl

)

=−πi
i∑

l=1

(λlπl)
−1.

Hence

mi+1 =− 1

μ1
πi + πi

i∑

j=1

πj

j∑

l=1

(λjπj )
−1.

This expression, together with (5.40) and (5.41), gives

∑

j≥1

ξ−1
j = 1

μ1

∞∑

j≥1

+
∑

j≥1

πj

j∑

l=1

(λjπj )
−1 = 1

μ1
B +D.

Since D <∞ implies B <∞, the last equality shows the equivalence (5.39). �

Recall that the relation (5.7) is B + D = limn→∞En(T ). Again by using that
D <∞ implies B <∞, from the last theorem we get that there exists a unique QSD
only when there is an exponential moment and the mean killing time is uniformly
bounded. The conditions A=∞, D <∞ and B <∞ imply that ∞ is an entrance
boundary, then Theorem 5.4 can be rephrased in the following way.

Theorem 5.5 Assume the birth-and-death process is exponentially killed. Then the
extremal QSD νθ∗ does exist.

If ∞ is an entrance boundary then νθ∗ is the unique QSD, and when ∞ is a
natural boundary, the set of QSDs is the continuum (νθ : θ ∈ (0, θ∗]).

Let us show that for birth-and-death chains the QSDs are determined by the ex-
ponential distribution property of the killing time.

Proposition 5.6 Let ν be a probability measure on N for which ∃θ > 0 such that
Pν(T > t)= e−θt ∀t ≥ 0. Then ν is a QSD.
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Proof By integrating the forward equations (5.2) for j = 0, we find pt(i,0) =
μ1

∫∞
0 pu(i,1) du. Multiplying by ν(i), summing over N and using Pν(T > t) =

e−θt , we get

1− e−θt = μ1

∫ t

0
Pν(Yu = 1) du. (5.42)

By differentiating at t = 0, we obtain θ = μ1ν(1). Now, we integrate (5.2) for j > 0
to get

pt(i, j) = λj−1

∫ t

0
pu(i, j − 1) du− (λj +μj )

∫ t

0
pu(i, j) du

+μj+1

∫ t

0
pu(i, j + 1) du.

In a similar way as before, we obtain

Pν(Yt = j) = λj−1

∫ t

0
Pν(Yu = j − 1) du− (λj +μj )

∫ t

0
Pν(Yu = j) du

+μj+1

∫ t

0
Pν(Yu = j + 1) du. (5.43)

From relations (5.42) and (5.43), we obtain a system of equations that must be sat-
isfied by (ν(i) : i ∈ N) in terms of θ = μ1ν(1). Moreover, this system is a linear
recurrence on n ∈ N so it has a unique solution. But this system of equations is
the same as the one satisfied by a QSD, thus ν must satisfy (5.34). Since ν is a
probability measure, we deduce that it must be a QSD. �

5.4 The Quasi-limiting Distribution

The following result, useful in the study of ratio limit behavior, can be found in Van
Doorn (1991).

Lemma 5.7 Define

M(t)=
∫ ∞

θ∗
e−t (θ−θ∗) dΓ d(θ).

Let w : [θ∗,∞)→R be a measurable and Γ d -integrable real function, continuous
at θ∗ and vanishing at θ∗, w(θ∗)= 0. Then, it verifies

lim
t→∞M(t)−1

∫ ∞

θ∗
e−t (θ−θ∗)w(θ) dΓ d(θ)= 0. (5.44)

Proof (i) Suppose Γ d((θ∗, θ∗ + δ))= 0 for some δ > 0, so necessarily Γ d({θ∗}) >
0 (because θ∗ = inf Support(Γ d)). Then, limt→∞M(t) = Γ d({θ∗}). On the other
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hand, from w(θ∗) = 0, w is Γ d -integrable, and by using the Dominated Conver-
gence Theorem, we find

lim
t→∞

∫ ∞

θ∗
e−t (θ−θ∗)w(θ) dΓ d(θ)= lim

t→∞

∫ ∞

θ∗+δ
e−t (θ−θ∗)w(θ) dΓ d(θ)= 0.

Thus the result.
(ii) Assume Γ d((θ∗, θ∗ + δ)) > 0 for all δ > 0, so θ∗ is an accumulation point of

the support. Fix ε > 0 and let δ > 0 be such that |w(θ)|< ε for all θ ∈ [θ∗, θ∗ + δ).
Then

∣
∣
∣
∣

∫ ∞

θ∗
e−t (θ−θ∗)w(θ) dΓ d(θ)

∣
∣
∣
∣ ≤ ε

∫ θ∗+δ

θ∗
e−t (θ−θ∗) dΓ d(θ)

+
∫ ∞

θ∗+δ
e−t (θ−θ∗)

∣
∣w(θ)

∣
∣dΓ d(θ).

We have

M(t)−1ε

(∫ θ∗+δ

θ∗
e−t (θ−θ∗) dΓ d(θ)

)

≤ ε.

On the other hand, Γ d([θ∗, θ∗ + δ/2]) > 0. We have

M(t)≥
∫ θ∗+δ/2

θ∗
e−t (θ−θ∗) dΓ d(θ),

and then the result will be shown once we prove

(∫ θ∗+δ/2

θ∗
e−t (θ−θ∗) dΓ d(θ)

)−1(∫ ∞

θ∗+δ
e−t (θ−θ∗)

∣
∣w(θ)

∣
∣dΓ d(θ)

)

→ 0

as t→∞.

Define the function

∀θ ∈ [
θ∗ + δ,∞): gt (θ) :=

(∫ θ∗+δ/2

θ∗
e−t (θ−θ∗) dΓ d(θ)

)−1

e−t (θ−θ∗)
∣
∣w(θ)

∣
∣.

It verifies

∀θ ∈ [
θ∗ + δ,∞): gt (θ)≤ Γ

([
θ∗, θ∗ + δ/2

])−1
e−tδ/2

∣
∣w(θ)

∣
∣.

So the Dominated Convergence Theorem gives the result. �

In Good (1968), it was shown that the quasi-limiting distribution (3.6) exists and
that it is the extremal QSD νθ∗ . Let us prove it.
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Theorem 5.8 Assume A=∞ and θ∗ > 0. Then the following limit exists and veri-
fies

∀i ∈N, ∀j ∈N: lim
t→∞Pi (Yt = j |T > t)= νθ∗(j).

Proof We follow the proof in Van Doorn (1991). From relations (5.15), (5.21) and
definition (5.30), we find

Pi (Yt = j |T > t)= pt(i, j)

Pi (T > t)
= πj

μ1

∫∞
θ∗ θe

−tθψi(θ)ψj (θ) dΓ
d(θ)

∫∞
θ∗ e

−tθψi(θ) dΓ d(θ)
.

Recall the definition of M(t) and the relation (5.44) stated in Lemma 5.7. We ob-
serve thatψi(θ

∗) > 0 ∀i ≥ 1, then we can considerw(θ)=ψi(θ)−ψi(θ
∗) in (5.44),

to obtain

lim
t→∞M(t)−1

∫ ∞

θ∗
e−t (θ−θ∗)ψi(θ) dΓ

d(θ)=ψi

(
θ∗

)
. (5.45)

Since θ∗ > 0, we can also take w(θ)= θψi(θ)ψj (θ)− θ∗ψi(θ
∗)ψj (θ

∗) to get

M(t)−1
∫ ∞

θ∗
e−t (θ−θ∗)θψi(θ)ψj (θ) dΓ

d(θ)= θ∗ψi

(
θ∗

)
ψj

(
θ∗

)
.

Now, by putting all the elements together and by using (5.33) and (5.32), we con-
clude

Pi (Yt = j |T > t) = πj

μ1

θ∗ψi(θ
∗)ψj (θ

∗)
ψi(θ∗)

= θ∗

μ1
πjψj

(
θ∗

)= νθ∗(1)πjψj

(
θ∗

)

= νθ∗(j).

The result is shown. �

5.5 The Survival Process and Its Classification

Let us give the following result for the process of survival trajectories as an h-
process. See Jacka and Roberts (1995), and Martínez and Vares (1995) for the dis-
crete time case. We assume θ∗ > 0, which implies the existence of a QSD.

Proposition 5.9 Let θ∗ > 0. The process Z = (Zt : t ≥ 0) whose law starting from
i ∈N is given by

Pi (Zs1 = i1, . . . ,Zsk = ik) := lim
t→∞Pi (Ys1 = i1, . . . , Ysk = ik|T > t)

is a Markov chain and its transition kernel is

∀i, j ∈N: Pi (Zs = j)= eθ
∗s ψj (θ

∗)
ψi(θ∗)

Pi (Ys = j). (5.46)
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Proof Observe that when we take w(θ)= es(θ−θ∗) − 1 and apply (5.44), we get

lim
t→∞

M(t − s)

M(t)
=M(t)−1

(∫ ∞

θ∗
e−t (θ−θ∗)

(
es(θ−θ∗)− 1

)
dΓ d(θ)

)

+ 1= 1. (5.47)

Now, we have

lim
t→∞Pi0(Ys1 = i1, . . . , Ysk = ik|T > t)

= Pi0(Ys1 = i1, . . . , Ysk = ik) lim
t→∞

Pik (T > t − sk)

Pi0(T > t)
.

On the other hand, from formulas (5.21), (5.30), (5.45) and (5.47), we get

lim
t→∞

Pj (T > t − s)

Pi (T > t)

= lim
t→∞

∫∞
θ∗ e

−(t−s)θψj (θ) dΓ
d(θ)

∫∞
θ∗ e

−tθψi(θ) dΓ d(θ)

= lim
t→∞ esθ

∗M(t − s)−1
∫∞
θ∗ e

−(t−s)(θ−θ∗)ψj (θ) dΓ
d(θ)

M(t)−1
∫∞
θ∗ e

−t (θ−θ∗)ψi(θ) dΓ d(θ)

(

lim
t→∞

M(t − s)

M(t)

)

= esθ
∗ ψj (θ

∗)
ψi(θ∗)

.

Then, the result follows. �

So, the extremal QSD νθ∗ is the significant one for describing the survival process
Z because it is the quasi-limiting distribution.

From (5.46), we get that the process Z is a birth-and-death chain taking values
in N (so reflected at 1), and its birth and death parameters (λi : i ∈ N), (μi : i ∈ N)

verify

∀i ∈N: λi = ψi+1(θ
∗)

ψi(θ∗)
λi = νθ∗(i + 1)

νθ∗(i)
μi+1, (5.48)

∀i ∈N: μi =
ψi−1(θ

∗)
ψi(θ∗)

μi = νθ∗(i − 1)

νθ∗(i)
λi−1. (5.49)

Observe that, as expected, these formulas give μ1 = 0. Also it holds that

λi +μi = λi +μi − θ∗.

The classification of the stopped process YT was introduced in Vere-Jones
(1962). Based upon the results already found for the survival process Z, the clas-
sification can be presented in the following form. The chain YT is said to be θ∗-
transient (respectively, θ∗-null recurrent, or θ∗-positive recurrent) if Z is transient
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(respectively, null recurrent, or positive recurrent). To show which of these prop-
erties is verified at each case, it is useful to compute the vector π = (πi : i ≥ 1)
analogous to (5.3): π1 = 1 and

πi =
i−1∏

r=1

λr

μr+1
=

i−1∏

r=1

(
ψr+1(θ

∗)
ψr(θ∗)

)2
λr

μr+1
=ψi

(
θ∗

)2
πi, i > 1. (5.50)

The constants A, B , C, D are the analogs of A, B , C, D in (5.5), but computed with
π , λ and μ instead of π , λ and μ. This gives:

A =
∑

i≥1

(
ψi+1

(
θ∗

)
ψi

(
θ∗

)
λiπi

)−1
, B =

∑

i≥1

ψi

(
θ∗

)2
πi,

C =
∑

i≥1

(
ψi+1

(
θ∗

)
ψi

(
θ∗

)
λiπi

)−1
i∑

j=1

ψj

(
θ∗

)2
πj ,

D =
∑

i≥1

(
ψi+1

(
θ∗

)
ψi

(
θ∗

)
λiπi

)−1
∞∑

j=i+1

ψj

(
θ∗

)2
πj .

We have that the process YT is θ∗-transient if A<∞ and θ∗-positive recurrent
when it is θ∗-recurrent and B <∞.

From now on, we assume D =∞, so ∞ is a natural boundary and there is a
continuum of QSDs.

Lemma 5.10 Under the assumption D =∞, we have that YT is θ∗-positive recur-
rent if and only if B <∞.

Proof We claim that D ≥D. In fact, from Proposition 5.2, we have that ψi(θ
∗) is

increasing with i ≥ 1, so

D ≥
∑

i≥1

ψi+1
(
θ∗

)
ψi

(
θ∗

)(
ψi+1

(
θ∗

)
ψi

(
θ∗

)
λiπi

)−1
∞∑

j=i+1

πj

=
∑

i≥1

(λiπi)
−1

∞∑

j=i+1

πj =D.

Then D =∞. From (5.6), we get ∞= C +D = AB . Hence B <∞ implies A=
∞, and the result follows. �

We will develop an approach based on the behavior of the sequence of the expo-
nential rates of survival to classify the limit Markov chain Z. For this consider the
following sequence of killing times that expresses more and more restrictions. Let
a ≥ 1 be fixed and consider the hitting time of the set of states {0, . . . , a − 1},

Ta−1 = inf{t > 0 : Yt ≤ a − 1}.
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So Ta−1 = T when a = 1. We denote by YTa−1 = (Yt∧Ta−1 : t ≥ 0) the process
stopped at {0, . . . , a − 1}. It is always assumed that the initial distribution of YTa−1

is concentrated on the set of states {a, a+1, . . .}. Note that when dealing with YTa−1

it can be assumed that λi = 0= μi for i < a. We observe that A=∞ also implies
Pi (Ta−1 <∞)= 1 for some i ≥ a (or for all i ≥ a).

From (5.20), there exists the limit exponential rate of survival of the chain YTa−1 ,
which is

θ∗(a) =− lim
t→∞

1

t
logPi(Ta−1 > t), i ≥ a.

By solidarity property, this limit does not depend on the initial condition i ≥ a.
The sequence (θ∗(a) : a ∈ N) is nondecreasing in a. Note that θ∗(1) = θ∗ is the
exponential rate of killing of the original chain.

The following property is verified.

Lemma 5.11 We have the equivalence

θ∗ > 0 ⇔ [∃a ≥ 1 : θ∗(a) > 0
]
.

Proof If θ∗ > 0, it is obvious that θ∗(a) > 0 ∀a ≥ 1. Let us prove the converse.
Assume that θ∗(a0) > 0 for some a0 ≥ 1. We can assume a0 > 1; for if not, it

is trivial. Note that it suffices to show that starting from any a ≥ 1 the time of first
visit to a − 1 has a finite exponential moment, that is, there exists θa > 0 such that
Ea(e

θaTa−1) <∞, where Ta−1 = inf{t > 0 : Yt = a − 1}. In fact, this proves that
T has a finite exponential moment because, from the Markov property, Ea(eθT )=∏a

j=1 Ej (e
θTj−1) is finite for all 0 < θ ≤min{θj : j = 1, . . . , a}.

We need to show that for all a ∈ {1, . . . , a0} the exponential moment Ea(eθTa−1)

<∞ is finite for some θ > 0. This property will be shown by induction on a =
a0, a0 − 1, . . . ,1. It holds for a = a0 because, from our assumption and by taking
θa0 ∈ (0, θ∗(a0)), we get

∀a > a0, ∀θ ≤ θa0 : Ea

(
eθTa−1

)≤ Ea

(
eθTa0−1

)
<∞.

Now we show the induction step. Assume that for some a ∈ {2, . . . , a0} ∃θa > 0
such that Ea+1(e

θaTa ) <∞, then we will get the existence of θa−1 > 0 such that
Ea(e

θa−1Ta−1) <∞. This will be done by studying the sequence of times of succes-
sive visits to a, starting from a, before visiting a−1. Let (Em :m≥ 1) be a sequence
of i.i.d. random variables distributed exponentially with parameter λa + μa . These
random variables represent the time spent at a in each successive visit.

On the other hand, consider (Lm :m≥ 1), a sequence of i.i.d. random variables,
where the common distribution is the one of the hitting time at a, under Pa+1. We
also take them independent from (Em : m ≥ 1). The last ingredient we need is M ,
a random variable geometrically distributed with parameter 0 < ε = λa

λa+μa < 1, that
is, P(M =m)= (1− ε)εm for all m ∈ Z+. M represents the number of excursions
from a to a, prior to visiting a − 1 for the first time. The variable M is taken inde-
pendent from (Em :m≥ 1), (Lm :m≥ 1).
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It is straightforward to show that under Pa :

Ta−1 ∼
M∑

m=1

Em +
M−1∑

m=1

Lm.

From
∑M

m=1Em +∑M−1
m=1 Lm ≤

∑M
m=1(Em +Lm), we get

∀θ > 0: Ea

(
eθTa−1

)≤
∞∑

m=1

(
E

(
eθ(E1+L1)

))m
(1− ε)εm.

We notice that for 0≤ θ < min(θa, λa +μa) one has E(eθ(E1+L1)) <∞. From the
Monotone Convergence Theorem, we have

lim
θ↘0

E
(
eθ(E1+L1)

)= 1.

Therefore, there exists θa−1 > 0 such that for all θ ∈ (0, θa−1)

E
(
eθ(E1+L1)

)
<

1

ε
,

and then Ea(e
θa−1Ta−1) <∞. Hence, the result follows by induction. �

Let us write the parameters, measures and processes already obtained for YTa−1 .
We put

π(a)
a = 1 and π

(a)
i =

i−1∏

j=a

λj

μj+1
, i > a.

On the other hand, since we assumed D = ∞ and θ∗(a) > 0 ∀a ≥ 1, there is a
continuum of QSDs (ν(a)θ : θ ∈ [0, θ∗)), the extremal one being ν

(a)

θ∗(a) . Each one of

these QSDs, ν(a)θ = (ν
(a)
θ (i) : i ≥ a), verifies

λi−1ν
(a)
θ (i − 1)+μi+1ν

(a)
θ (i + 1)= (λi +μi − θ)ν

(a)
θ (i), i ≥ a,

where ν(a)θ (i)= 0 for i < a. Let θ ∈ [0, θ∗). Then the function

ψ(a)(θ): {i ∈N : i ≥ a}→ (0,∞) given by ψ
(a)
i (θ)= ν

(a)
θ (i)

πiν
(a)
θ (1)

verifies Qa(a)ψ(a)(θ) = −θψ(a)(θ), where Qa(a) is the jump rates’ matrix Qa re-
stricted to {a, a + 1, . . .}, more precisely,

ψ(a)
a (θ)≡ 1, λiψ

(a)
i+1(θ)− (λi +μi − θ)ψ

(a)
i (θ)+μiψ

(a)
i−1(θ)= 0, i ≥ a,

(5.51)
where ψ(a)

a−1(θ)≡ 0.
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The process Z(a) = (Z
(a)
t : t ≥ 0) conditioned to survival starting from i ≥ a,

P
(
Z(a)
s1
= i1, . . . ,Z

(a)
sk
= ik

) := lim
t→∞Pi (Ys1 = i1, . . . , Ysk = ik|Ta−1 > t),

is a birth-and-death chain taking values in {a, a+ 1, . . .} reflected at a. Its birth and
death parameters (λi : i ≥ a), (μi : i ≥ a) verify μ(a)a = 0, and for i > a,

λ
(a)

i = ψ
(a)
i+1(θ

∗(a))
ψ
(a)
i (θ∗(a))

λi =
ν
(a)

θ∗(a) (i + 1)

ν
(a)

θ∗(a) (i)
μi+1,

μ
(a)
i = ψ

(a)
i−1(θ

∗(a))
ψ
(a)
i (θ∗(a))

μi =
ν
(a)

θ∗(a) (i − 1)

ν
(a)

θ∗(a) (i)
λi−1.

The following equality holds λ
(a)

i +μ
(a)
i = λi +μi − θ∗(a).

The constants A
(a)

, B
(a)

, C
(a)

, D
(a)

are the analogs of A, B , C, D, but for a
instead of a = 1.

The chain YTa−1 is θ∗(a)-transient (respectively, θ∗(a)-null recurrent, or θ∗(a)-
positive recurrent) if Z(a) is transient (respectively, null recurrent, or positive recur-
rent). Based on the behavior of the sequence of survival rates, in Theorem 1 in Hart
et al. (2003), the following classification result was shown.

Theorem 5.12 Let 1≤ a ≤ b, then:

(a) If θ∗(a) < θ∗(b) for some b > a then YTa−1 is θ∗(a)-positive recurrent. When
a ≥ 2 we also get θ∗(a−1) < θ∗(a).

In particular, θ∗(a) < θ∗(b) for b > a implies that Y is θ∗-positive recurrent.
(b) If θ∗(a) = θ∗(b) for some b > a then YTb−1 is θ∗(b)-transient and θ∗(b) = θ∗(b+1).

For the proof of Theorem 5.12, we need to establish some notation and some
intermediate results.

Lemma 5.13 Let β > 0 and p > a. Assume that ψ(a)
i (β) is increasing in i ∈

{a, . . . ,p}. Then, so is ψ
(a)
i (β ′) for β ′ ∈ [0, β]. Moreover, we have ψ

(a)
i (β ′) >

ψ
(a)
i (β) for i ∈ {a + 1, . . . , p}.

Proof Since ψ(a)
i (β) is increasing, (5.25) implies that ψ̂(a)

i (β) is positive when i ∈
{a, . . . ,p}. Hence β ≤ â

(a)
1,p the first zero of ψ̂(a)

p . Then, ψ̂(a)
i (x) and ψ

(a)
i (x) are

both strictly decreasing on [0, β] for all i ∈ {a, . . . ,p}. Hence, ψ(a)
i (β ′) > ψ

(a)
i (β)

for i ∈ {a + 1, . . . , p}. �

Now, we introduce the discrete Wronskian. For two vectors u,v ∈R
N, we define

w :=w(u,v) ∈R
N by

wi = (ui+1 − ui)vi − ui(vi+1 − vi)= ui+1vi − uivi+1.
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Lemma 5.14 Let 1 ≤ a < b. Let θ ≤ θ ′. Fix the vectors u and v by ui = ψ
(a)
i (θ)

and vi =ψ
(b)
i (θ ′), i ≥ 1. Then the Wronskian w(u,v) verifies

wi = 1

λiπ
(b)
i

(
(
θ ′ − θ

) i∑

r=b
urvrπ

(b)
r −μbub−1

)

, i ≥ b. (5.52)

Proof From definition, relation (5.51) and by development, we find for i ≥ b,

wi −wi−1 = (ui+1 + ui−1)vi − ui(vi+1 + vi−1)

= μi

λi
(−ui−1vi + uivi−1)− (uivi−1 − ui−1vi)+ (θ ′ − θ)

λi
uivi,

then we obtain

wi = μi

λi
wi−1 + (θ ′ − θ)

λi
uivi . (5.53)

By noting that wb−1 = ubvb−1 − ub−1vb =−ub−1, we iterate (5.53) to get the re-
sult. �

Lemma 5.15 Let a < b and assume θ∗(a) < θ∗(b). Then, for all β ∈ (θ∗(a), θ∗(b)],
we have

ψ
(a)
i+1(θ

∗(a))
ψ
(a)
i (θ∗(a))

<
ψ
(b)
i+1(β)

ψ
(b)
i (β)

, i ≥ b. (5.54)

Moreover,

(
θ∗(b) − θ∗(a)

) ∞∑

r=b
ψ(a)
r

(
θ∗(a)

)
ψ(b)
r

(
θ∗(b)

)
π(b)
r = μbψ

(a)
b−1

(
θ∗(a)

)
. (5.55)

Proof Assume that wp(ψ
(a)• (θ∗(a)),ψ(b)• (β)) > 0 for some p ≥ b. We know that

there exists θ̄ > θ∗(a) such that ψ(a)
i (θ̄ ) is increasing in i ∈ {a, . . . ,p}. So, from

formula (5.52), we get

(β − θ̄ )

p∑

r=b
ψ(a)
r (θ̄ )ψ(b)

r (β)π(b)
r > μbψ

(a)
b−1(θ̄).

Thus wp(ψ
(a)• (θ̄),ψ

(b)• (β)) > 0. Then, since ψ(b)
i (β) is positive and strictly increas-

ing for all i ≥ b and ψ
(a)
p (θ̄) > 0, we deduce that ψ(a)

p+1(θ̄ ) > ψ
(a)
p (θ̄) > 0, so that

ψ
(a)
i (θ̄ ) is increasing in i ∈ {a, . . . ,p,p + 1}. Hence, also from (5.52), we deduce

that wp+1(ψ
(a)• (θ̄ ),ψ

(b)• (β)) > 0.

By applying this argument in an inductive way, we find that ψ(a)
i (θ̄ ) is increasing

in the variable i ≥ a, but this is a contradiction to θ̄ > θ∗(a). Then, we deduce that
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wp(ψ
(a)• (θ̄),ψ

(b)• (β)) ≤ 0 for all p ≥ b. From (5.52), we get that this inequality
must be strict for all p ≥ b. Then formula (5.54) holds.

Let us now show (5.55). We have proved wp(ψ
(a)• (θ∗(a)),ψ(b)• (θ∗(a)))≤ 0, then

(5.52) gives us the inequality ≤ in (5.55). So, we are left with proving the opposite
inequality.

Let p > b be as large as necessary. We can always find β ′ > θ∗(b) such that
ψ
(b)
i (β ′) is strictly increasing for i ∈ {b, . . . ,p}. Since β ′ > θ∗(b), there exists s > p

such that ψ(b)
s+1(β

′) ≤ ψ
(b)
s (β ′) and we fix s as the smallest value bigger than p

satisfying this condition. We get ws(ψ
(a)• (θ∗(a)),ψ(b)• (β ′)) > 0. Now, by definition

of s, ψ(b)
i (β ′) is strictly increasing for i ∈ {b, . . . , s}, with s ≥ p. Since Lemma 5.13

implies ψ(b)
r (θ∗(b)) > ψ

(b)
r (β ′), we find

(
β ′ − θ∗(a)

) ∞∑

r=b
ψ(a)
r

(
θ∗(a)

)
ψ(b)
r

(
θ∗(b)

)

>
(
β ′ − θ∗(a)

) s∑

r=b
ψ(a)
r

(
θ∗(a)

)
ψ(b)
r

(
β ′

)
π(b)
r π(b)

r ≥ μbψ
(a)
b−1

(
θ∗(a)

)
.

Letting β ′ ↘ θ∗(b) allows one to get the inequality ≥ in (5.55). This proves the
lemma. �

Let us now finish the proof of Theorem 5.12. Let us show part (a). So assume
that for some a < b we have θ∗(a) < θ∗(b). We must prove that YTa−1 is θ∗(a)-
positive recurrent. From Lemma 5.10, we only need to verify B

(a)
<∞. From rela-

tion (5.54), we have ψ(a)
i (θ∗(a)) ≤ ψ

(a)
b (θ∗(a))ψ(b)

i (θ∗(b)) (recall ψ(b)
b (θ∗(b)) = 1).

Then, from (5.55), we find

B
(a) −

b−1∑

i=a

(
ψ
(a)
i

(
θ∗(a)

))2
π
(a)
i =

∞∑

i=a

(
ψ
(a)
i

(
θ∗(a)

))2
π
(a)
i

≤ ψ
(a)
b

(
θ∗(a)

)
π
(a)
b

∞∑

i=a
ψ
(a)
i

(
θ∗(a)

)
ψ
(b)
i

(
θ∗(b)

)
π
(b)
i

= (
θ∗(b) − θ∗(a)

)−1
μbπ

(a)
b ψ

(a)
b

(
θ∗(a)

)
ψ
(a)
b−1

(
θ∗(a)

)

<∞.

We have proved B
(a)

<∞, so the first part of (a) follows.
Let us show the second part of (a), that is, 1 < a < b and θ∗(a) < θ∗(b) imply

θ∗(a−1) < θ∗(a). Suppose the contrary, that is, θ∗(a−1) = θ∗(a). Thus, from (5.52),
we get

wi :=wi

(
ψ
(a−1)
i

(
θ∗(a−1)),ψ(a)

a

(
θ∗(a)

))=−μaψ
(a−1)
a−1 (θ∗(a−1))

λiπ
(a)
i

=− μa

λiπ
(a)
i

.
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For p > a, the last equality implies

ψ
(a−1)
p (θ∗(a−1))

ψ
(a)
p (θ∗(a))

−ψ(a−1)
a

(
θ∗(a−1)) =

p−1∑

r=a

wk

ψ
(a)
r+1(θ

∗(a)ψ(a)
r (θ∗(a))

= −μa
p−1∑

r=a

1

ψ
(a)
r+1(θ

∗(a))ψ(a)
r (θ∗(a))λrπ(a)

r

.

Then,

ψ(a−1)
p

(
θ∗(a−1))

=ψ(a)
p

(
θ∗(a)

)
(

ψ(a−1)
a

(
θ∗(a−1))−μa

p−1∑

r=a

1

ψ
(a)
r+1(θ

∗(a))ψ(a)
r (θ∗(a))λrπ(a)

r

)

.

(5.56)

Since YTa−1 is θ∗(a)-positive recurrent, we have A
(a) =∞, and so there exists some

large p′ for which

ψ(a−1)
a

(
θ∗(a−1))<μa

p′−1∑

r=a

1

ψ
(a)
r+1(θ

∗(a))ψ(a)
r (θ∗(a))λrπ(a)

r

.

Hence ψ(a−1)
a (θ∗(a−1)) < 0, which is a contradiction, and we conclude θ∗(a−1) <

θ∗(a). Thus, part (a) of Theorem 5.12 has been proved.
Let us show part (b) of Theorem 5.12. Assume θ∗(a) = θ∗(b) for some b > a.

From equality (5.56), we deduce that A
(b)

<∞, so YTb is θ∗(b)-transient. On the
other hand, if θ∗(b) = θ∗(b+1), we should deduce from part (a) that YTb is θ∗(b)-
positive recurrent, which is a contradiction. This finishes the proof.

5.6 Comparison of QSDs

We recall that for two probability vectors ρ = (ρ(i) : i ∈N) and ρ′ = (ρ′(i) : i ∈N)

we put ρ′ � ρ and said that ρ′ is stochastically smaller than ρ if ρ′(f )≤ ρ(f ) for
any increasing real function f with domain N. It is easy to check that ρ′ � ρ if and
only if all j ∈N satisfy

∑j

i=1 ρ
′(i)≥∑j

i=1 ρ(i).
A stronger order relation between probability vectors is the following one. We

put ρ′ � ρ if and only if the sequence (ρ(i)/ρ′(i) : i ∈N) is increasing. To show that
this order is stronger than �, observe that, since ρ′ and ρ are probability vectors,
ρ′ � ρ implies the existence of some k ∈N such that

· · · ≤ ρ(k− 1)/ρ′(k − 1) < 1≤ ρ(k)/ρ′(k)≤ · · · .
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From this set of inequalities, we find that all j ∈N necessarily satisfy
∑j

i=1 ρ
′(i)≥

∑j

i=1 ρ(i).
The next result can be found in Cavender (1978).

Proposition 5.16 Let θ, θ ′ ∈ (0, θ∗], θ < θ ′. Then νθ ′ � νθ , and in particular
νθ ′ � νθ .

Proof Recall that the family of QSDs verifies (5.34), with θ ∈ (0, θ∗]:
∀i ∈N: λi−1νθ (i − 1)− (

λi +μi − νθ (1)μ1
)
νθ (i)+μi+1νθ (i + 1)= 0.

Let 0 < θ < θ ′ ≤ θ∗. Define the sequences ρ and ρ′ by ρ(i) = νθ (i) and ρ(i) =
νθ ′(i) for i ∈ N. If (ρ(i)/ρ′(i) : i ∈ N) is not increasing in i ∈ N, there will exist
some k ≥ 1 (we take the smallest one) such that

ρ(k − 1)/ρ′(k − 1)≤ ρ(k)/ρ′(k) > ρ(k+ 1)/ρ′(k + 1).

Note that k = 1 if and only if ρ(1)/ρ′(1) > ρ(2)/ρ′(2). Since ρ′ is a QSD and the
coefficients of ρ and ρ′ are strictly positive, we have

∀i ∈N: λi−1ρ
′(i − 1)

ρ(i)

ρ′(i)
− (

λi +μi − ρ′(1)μ1
)
ρ′(i) ρ(i)

ρ′(i)

+μi+1ρ
′(i + 1)

ρ(i)

ρ′(i)
= 0.

Then

λk−1ρ
′(k − 1)

ρ(k − 1)

ρ′(k − 1)
− (

λk +μk − ρ′(1)μ1
)
ρ′(k) ρ(k)

ρ′(k)

+μk+1ρ
′(k + 1)

ρ(k + 1)

ρ′(k + 1)
< 0.

Hence λk−1ρ(k − 1)− (λk +μk)ρ(k)+μk+1ρ
′(k)+ ρ′(1)μ1ρ(k) < 0, which is a

contradiction to the fact that ρ verifies the QSD property. �

The next result was shown in Ferrari et al. (1995b).

Proposition 5.17 Assume ∀i ≥ 1 : λi + μi = c is a constant. Then for all θ, θ ′ ∈
(0, θ∗] with θ < θ ′, νθ ′ has a tail exponentially lighter than νθ , more precisely,

∀i ∈N: νθ ′(i)

νθ (i)
≤ θ ′

θ

(
c− θ ′

c− θ

)i−1

.

Proof Let θ ∈ (0, θ∗]. We know from relation (4.8) that c = λi + μi ≥ θ . On the
other hand, if c = θ the right-hand side in (5.34) will vanish and there cannot exist
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the QSD νθ . Therefore, we can assume c > θ . Let us define

zi(θ)= μi+1νθ (i + 1)

(c− θ)νθ (i)
. (5.57)

So, the QSD equation is equivalent to

z1(θ)= 1 and ∀i ∈N: zi+1(θ)= 1− λi−1μi

(c− θ)2zi(θ)
.

Since zi(θ) > 0, the above evolution equation implies that zi+1(θ) ∈ (0,1) ∀i ∈ N.
An inductive argument gives that for all i ∈ N, zi(θ) decreases with θ ∈ (0, θ∗]. In
fact, if 0 < θ ≤ θ ′ ≤ θ∗ zi(θ ′)≤ zi(θ), then (c− θ ′)2zi(θ ′)≤ (c− θ)2zi(θ), and so
zi+1(θ

′)≤ zi+1(θ).
By iterating expression (5.57), we get

νθ (i + 1)= νθ (1)

(
i∏

j=1

zj (θ)

μj+1

)

(c− θ)i,

and then

νθ ′(i + 1)

νθ (i + 1)
= νθ ′(1)

νθ (1)

(
i∏

j=1

zj (θ
′)

zj (θ)

)(
c− θ ′

c− θ

)i

.

For 0 < θ ≤ θ ′ ≤ θ∗, we have
∏i

j=1
zj (θ

′)
zj (θ)

≤ 1. Since νθ (1)= θ/μ1, the result fol-
lows. �

Since in Proposition 5.17 we assume λi + μi = c is a constant, it applies to
discrete Markov chains. In this case, in the QSD equation, λi and μi are respectively
the jump probabilities to go to the right and to the left from site i, and so their sums
are equal to c= 1.

5.7 Action on �2
π and Discrete Spectrum

We will prove that Qa admits a spectral decomposition on �2
π = {(fn : n ∈N) ∈C

N :∑
n∈N |fn|2πn <∞}. Afterwards we give conditions in order for the Qa to have a

discrete spectrum, that is, pure point spectrum without a finite accumulation point.
In the case θ∗ > 0 and

∑
i∈N πi <∞, we study the conditional limiting behavior

when the spectrum has a gap after θ∗.
We recall that Qa = (q(i, j) : i, j ∈ N) verifies πiq(i, j) = πjq(j, i), see (5.4).

Let 〈f,g〉π = ∑
n∈N f (n)g(n)πn be the inner product on �2

π and let ‖f ‖π =
(〈f,f 〉π )1/2 be the associated norm.

Notice that for every function f :N→R, Qaf can be defined pointwise by

∀n ∈N: Qaf (n)= μnf (n− 1)− (λn +μn)f (n)+ λnf (n+ 1). (5.58)
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Consider the following dense linear domain in �2
π :

D
(
Qa)=

{

f ∈ �2
π :

∑

n∈N

(
μnf (n− 1)− (λn +μn)f (n)+ λnf (n+ 1)

)2
πn <∞

}

.

We have

D
(
Qa)= {

f ∈ �2
π :Qaf ∈ �2

π

}
, (5.59)

and Qa :D(Qa)→ �2
π is well-defined.

We recall that we defined Γ = Γ1,1 in (5.16) in Sect. 5.2.

Theorem 5.18 The operator Qa :D(Qa)→ �2
π has spectral decomposition

Qa =−
∫ ∞

θ∗
θ dEθ , (5.60)

where (Eθ : θ ∈ [θ∗,∞)) is a right-continuous increasing family of orthogonal pro-
jections and the integral − ∫∞

θ∗ runs over the domain [θ∗,∞) ∩ (0,∞) (if needed,
we put Eθ ≡ 0 for θ < θ∗). Moreover,

∀t > 0: eQ
at :=

∫ ∞

θ∗
e−θt dEθ

is an analytic semigroup, and we have the equality

Pt =
∫ ∞

θ∗
e−θt dEθ (5.61)

on the set of bounded functions in D(Qa). In particular,

pt(i, j)= π−1
i

∫ ∞

θ∗
e−θt d〈Eθ1{j},1{i}〉 = π−1

i

∫ ∞

θ∗
e−θt dEi,j (θ), (5.62)

where Ei,j (B) =
∫
B
d〈Eθ1{j},1{i}〉π for B ∈ B(R+) is a finite signed measure on

(R+,B(R+)), and for j = i, Ei,i is a probability measure. Furthermore,

Γ = E1,1, (5.63)

and

Ei,j # E1,1 with
dEi,j
dE1,1

(θ)= πjψi(θ)ψj (θ), E1,1-a.s.

Proof We first state some properties of the operator Qa : D(Qa)→ �2
π , allowing

one to get a spectral decomposition.
If (f k : k ∈ N) ⊂ D(Qa) is such that f k → g ∈ �2

π and Qaf k → h ∈ �2
π as

k→∞, then necessarily for all n ∈N,

h(n)= lim
k→∞

(
μnf

k(n− 1)− (λn +μn)f
k(n)+ λnf

k(n+ 1)
)=Qag(n).

So, g ∈D(Qa) and Qag = h. Then, Qa :D(Qa)→ �2
π is a closed operator.
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Let IN = {1, . . . ,N}. We denote by �
2(N)
π the set of functions f ∈ �2

π such that

f |I a\IN ≡ 0. We identify �
2(N)
π with R

N which is the space where the truncated

matrix Q(N) = (q(i, j) : i, j ∈ IN) acts. Notice that the set
⋃

N∈N �
2(N)
π is dense in

�2
π .

SinceQ(N) is symmetric with respect to π andQa is closed, we find 〈Qaf,g〉π =
〈f,Qag〉π ∀f,g ∈ D(Qa). We claim that Qa : D(Qa)→ �2

π is self-adjoint; this
means

D
(
Qa∗)=D

(
Qa)

and Qa =Qa∗ on the domain D
(
Qa∗).

We recall that

D
(
Qa∗)= {

g ∈ �2
π : ∃g∗ ∈ �2

π such that
〈
Qaf,g

〉
π
= 〈

f,g∗
〉
π
∀f ∈D

(
Qa)}

,

and Qa∗g = g∗ for all g ∈ D(Qa∗). This map is well-defined because when g ∈
D(Qa∗), the density of D(Qa) implies that the element g∗ is unique. Let us show
the self-adjointness.

Since 1{j} ∈ D(Qa) ∀j ∈ N, we can take f = 1{j} in 〈Qaf,g〉π = 〈f,g∗〉π to
obtain 〈Qa1{j}, g〉π = g∗(j)πj =Q∗g(j)πj ∀j ∈N. On the other hand, by defining
Qag pointwise as in (5.58), we get 〈Qa1{j}, g〉π = 〈1{j},Qag〉π =Qag(j)πj . We
have shown Q∗g(j) = Qag(j) ∀j ∈ N. By definition, we have Q∗g ∈ �2

π , then
(5.59) implies g ∈ D(Qa), so D(Qa) = D(Qa∗) and Qa∗ = Qa. The claim has
been proved.

Since Qa :D(Qa)→ �2
π is self-adjoint, it has spectral decomposition

Qa =
∫ ∞

−∞
θ dEθ ,

where (Eθ : θ ∈ (−∞,∞)) is a right-continuous increasing family of orthogonal
projections, see Riesz and Nagy (1955, Sect. VIII.120).

On the other hand,

∀f ∈D
(
Qa): − 〈

Qaf,f
〉
π
=

∑

i∈N
(λi +μi)

(
f (i)− f (i + 1)

)2
πi +μ1f

2
1 π1.

In particular,

∀f ∈D
(
Qa) \ {0}: − 〈

Qaf,f
〉
π
> 0. (5.64)

Then 0 does not belong to the spectrum of Qa. We also have

inf
{−〈

Qaf,f
〉
π
: ‖f ‖π = 1

}= lim
N→∞ inf

{−〈
Qaf,f

〉
π
: ‖f ‖π = 1, f ∈ �2(N)

π

}
.

Since the spectrum of −Q(N) satisfies {aj,N : j ∈ IN } ⊂ [θ∗,∞)∩ (0,∞), we get

inf
{−〈

Qaf,f
〉
π
: ‖f ‖π = 1

}≥ θ∗. (5.65)
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Then, the relation (5.60) is shown:

Qa =−
∫ ∞

θ∗
θ dEθ ,

where from (5.64) and (5.65) the integral runs on the domain [θ∗,∞) ∩ (0,∞).
From the spectral decomposition, we get that

∀t ≥ 0: eQ
at :=

∫ ∞

θ∗
e−θt dEθ

is a semigroup. By using the Dominated Convergence Theorem, it is shown that this
semigroup is analytic. So, it verifies the backward and forward equations

(
eQ

at
)′ =QaeQ

at = eQ
atQa,

and our condition A=∞ guarantees that the unique solution to these equations is
given by the minimal semigroup (Pt ) (see the end of Sect. 5.1). We have proved
(5.61), that is, the equality

Pt =
∫ ∞

θ∗
e−θt dEθ

is satisfied on the set of bounded functions in D(Qa). Since

pt(i, j)= (Pt1{j})(i)= π−1
i 〈Pt1{j},1{i}〉π ,

we obtain that (5.62) holds. Then,

pt(1,1)=
∫ ∞

θ∗
e−θt dE1,1(θ).

Since p0(1,1)= 1, we get that pt (1,1) is the Laplace transform of the distribution
probability E1,1,. On the other hand, from (5.15) and by usingψ1(θ)≡ 1 and π1 = 1,
we get

pt(1,1)=
∫ ∞

θ∗
e−tθ dΓ (θ),

where Γ is a probability distribution on (0,∞). Since the Laplace transform de-
termines the distribution (see Sect. VII.6 in Feller 1971), we find Γ = E1,1,. Then
(5.63) is satisfied.

From the spectral decomposition and relation (5.15), we get

pt (i, i)=
∫ ∞

θ∗
e−θt dEi,i (θ)= πi

∫ ∞

θ∗
e−tθ

(
ψi(θ)

)2
dΓ (θ).

Then, also by arguing that the Laplace transform determines the distribution, we get
Ei,i # E1,1 and dEi,i

dE1,1
(θ)= πi(ψi(θ))

2.
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Let i �= j . We have Ei,j ≤ 1
2 (Ei,i + Ej,j ) because by polarization Ei,i + Ej,j +

2Ei,j is equal to the measure defined by d〈Eθ(1{i} − 1{j}),1{i} − 1{j}〉π , which is a
positive measure. Hence

Ei,j # Ei,i + Ej,j # E1,1.

From

pt(i, j)=
∫ ∞

θ∗
e−θt dEi,j (θ)= πj

∫ ∞

θ∗
e−tθψi(θ)ψj (θ) dΓ (θ),

we deduce

Support
(
E+i,j

) = {
θ ≥ θ∗ :ψi(θ)ψj (θ) > 0

}∩ Support(Γ ) and

Support
(
E−i,j

) = {
θ ≥ θ∗ :ψi(θ)ψj (θ) < 0

}∩ Support(Γ ).

Finally, again by using the fact that the Laplace transform determines the distribu-

tion, we conclude
dEi,j
dE1,1

(θ)= πjψi(θ)ψj (θ). �

Remark 5.19 Assume θ∗ > 0. We recall that Γ ({θ∗}) > 0 is a necessary and
sufficient condition in order that the birth-and-death chain be R-positive. But
Γ ({θ∗}) > 0 is equivalent to the fact that θ∗ is an eigenvalue of Qa :D(Qa)→ �2

π .
Since f = ψ(θ) is the unique solution to Qaf = −θf up to a multiplicative con-
stant, θ∗ is a simple eigenvalue and the associated eigenfunction is proportional to
ψ(θ∗). Hence, the chain is R-positive if and only if ψ(θ∗) is an eigenfunction of
Qa :D(Qa)→ �2

π , in particular, ψ(θ∗) ∈ �2
π .

Now, let us recall (5.32),

∀j ∈N: νθ∗(j)= cψj

(
θ∗

)
πj = c < 1{j},ψ

(
θ∗

)
>π with c= νθ∗(1). (5.66)

In the next result, we require the existence of a gap after the bottom point of the
spectrum.

Proposition 5.20 Assume θ∗ > 0 and
∑

j∈N πj <∞. If Qa has a spectral gap after
θ∗, that is, Support(Γ ) ∩ [θ∗, θ∗ + ε)= {θ∗} for some ε > 0, then the conditional
evolution of every probability measure ρ ∈ P(N) that satisfies

∑

n∈N

ρ2
j

πj
<∞ (5.67)

converges to νθ∗ , that is,

∀j ∈N: Pρ(Yt = j |T > t)= νθ∗(j). (5.68)
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Proof Define ρ/π(i) = ρ(i)/πi ∀i ∈ I a. From hypothesis (5.67), we have ρ/π ∈
�2
π . Notice that ρ(f )= 〈ρ/π,f 〉π ∀f ∈ �2

π . From the condition
∑

j∈N πj <∞, we

get 1 ∈ �2
π . Then Pt1 ∈ �2

π and
∫∞

0 d〈Eθf,1〉π = 〈f,1〉π is finite ∀f ∈ �2
π .

Hence,

Pρ(Yt = j |T > t)=
∑

i∈I a ρ(i)pt (i, j)∑
i∈I a

∑
k∈I a ρ(i)pt (i, k)

= ρ(Pt1{j})
ρ(Pt1)

= 〈ρ/π,Pt1{j}〉π〈ρ/π,Pt1〉π .

Since θ∗ ∈ Support(Γ ), the gap hypothesis implies Γ {θ∗} > 0. Then θ∗ is a sim-
ple eigenvalue and ψ(θ∗) is an eigenfunction, so necessarily ψ(θ∗) ∈ �2

π . Then,
ψ̂(θ∗) := ψ(θ∗)/‖ψ(θ∗)‖π is a normalized eigenfunction, and for all bounded
function h,g ∈D(Qa), we have

〈h,Ptg〉π = e−θ∗t
〈
g, ψ̂

(
θ∗

)〉
π

〈
h, ψ̂

(
θ∗

)〉
π
+

∫ ∞

θ∗+ε
e−θt d〈Eθh,g〉π .

Hence,

ρ(Pt1{j})
ρ(Pt1)

= e−θ∗t 〈1{j}, ψ̂(θ∗)〉π 〈ρ/π, ψ̂(θ∗)〉π +
∫∞
θ∗+ε e

−θt d〈Eθρ/π,1{j}〉π
e−θ∗t 〈1, ψ̂(θ∗)〉π 〈ρ/π, ψ̂(θ∗)〉π +

∫∞
θ∗+ε e−θt d〈Eθρ/π,1〉π

.

By the Dominated Convergence Theorem, we get

lim
t→∞

∫ ∞

θ∗+ε
e−(θ−θ∗)t d〈Eθρ/π,1{j}〉π

= 0= lim
t→∞

∫ ∞

θ∗+ε
e−(θ−θ∗)t d〈Eθρ/π,1〉π = 0.

By using (5.66), we obtain

Pρ(Yt = j |T > t)= lim
t→∞

ρ(Pt1{j})
ρ(Pt1)

= 〈1{j}, ψ̂(θ
∗)〉π

〈1, ψ̂(θ∗)〉π = c′νθ∗(j)

for some constant c′. So, necessarily c′ = 1 and the limit is νθ∗ . Then, (5.68)
holds. �

Now we turn to the conditions ensuring discreteness of the spectrum of the oper-
ator Qa :D(Qa)→ �2

π .
The measure Γ = Γ1,1 was constructed as the limit of spectral measures of

the truncated matrices Q(N), and the spectral measures of these truncated matrices
charge the roots 0 < a1,N < · · · < aN−1,N of the polynomial ψN(θ) when N ≥ 2.
By the interlacing property (5.10), the limit ξk = limN→∞ ak,N exists for k ≥ 1. The
sequence (ξk : k ∈N) is increasing, and we define

ξ∞ := lim
k→∞ ξk.
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It is straightforward to show, see Van Doorn (1985), that Support(Γ ) is discrete, that
is, constituted of isolated points, only when

ξ∞ =∞. (5.69)

In this case,

Support(Γ )= {ξk : k ≥ 1}.
So, under condition (5.69), from (5.15) we get

pt(i, j)= πj
∑

k∈N
e−ξktψi(ξk)ψj (ξk)Γ

({ξk}
)
, (5.70)

where Γ ({ξk}) > 0 and
∑

k∈N Γ ({ξk})= 1.
The first eigenfunction ψ(ξ1) is strictly positive and all other eigenfunctions

(ψ(ξk) : k ≥ 2) do not have a defined sign. Since ψ1 ≡ 1, this is written as

∀k ≥ 2,∃ik such that ψik (ξk) < 0.

This follows from the equality ξ1 = sup{θ ≥ 0 :ψk(θ) > 0 ∀k ≥ 1}, see (5.12).

Theorem 5.21 The operator Qa :D(Qa)→ �2
π has discrete pure point spectrum if

and only if ξ∞ =∞. In this case, the spectrum consists of isolated simple eigenval-
ues {−ξk : k ≥ 1} with eigenfunctions {ψ(ξk) : k ≥ 1}. The eigenfunction ψ(ξ1) is
strictly positive and all other eigenfunctions (ψ(ξn) : n ≥ 2) do not have a defined
sign.

The relation (5.70) holds, pt(i, j)= πj
∑

k∈N e−ξktψi(ξk)ψj (ξk)Γ ({ξk}), with

∀k ∈N: Γ (ξk)=
∥
∥ψ(ξk)

∥
∥−2
π
.

Proof The first part is a simple consequence of Theorem 5.18. The set of eigen-
values is {ξk : k ∈ N}, let Eξk − Eξ−k

be the eigenspace associated to −ξk . From

(5.9) and the discussion after it, f = ψ(θ) is the unique solution to Qaf = −θf
up to a multiplicative constant. Hence, all the eigenvalues are simple and the asso-
ciated eigenfunctions are proportional to ψ(ξk), so necessarily ψ(ξk) ∈ �2

π . Denote
ψ̃(ξk) = ψ(ξk)/‖ψ(ξk)‖π , the normalized eigenfunction associated to −ξk . Since
Qa : D(Qa)→ �2

π is self-adjoint, the set of eigenfunctions {ψ̃(ξk) : k ∈ N} is an
orthonormal family on �2

π , and for all g ∈D(Qa),

Qag =−
∑

k∈N
ξk

〈
ψ̃(ξk), g

〉
π
ψ̃(ξk),

and so for all g bounded in D(Qa) we find

Ptg =
∑

k∈N
e−ξ t

〈
ψ̃(ξk), g

〉
π
ψ̃(ξk).

Since 1{j} ∈ �2
π for all j ∈ I a and ψ̃j (ξk)= π−1

j 〈1{j}, ψ̃(ξk)〉π , we obtain
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pt(i, j)= π−1
i 〈Pt1{j},1{i}〉π = πj

∑

k∈N
e−ξkt ψ̃i (ξk)ψ̃j (ξk).

From

pt (i, j)= πj
∑

k∈N
e−ξktψi(ξk)ψj (ξk)Γ

({ξk}
)
,

we conclude Γ (ξk)= ‖ψ(ξk)‖−2
π . �

In the sequel, we will give some conditions for the Qa to have a discrete spectrum
on �2

π . These conditions and the result we give now follow closely Kreer (1994).
Below we denote by O(1/j) a quantity depending on j that satisfies O(1/j)→ 0
as j→∞.

Proposition 5.22 The assumptions

lim
j→∞μj =∞= lim

j→∞λj , lim
j→∞

μj

λj
= q with q �= 1; (5.71)

λj

λj+1
= 1+O

(
1

j

)

,
μj

μj+1
= 1+O

(
1

j

)

, (5.72)

imply that the operator Qa :D(Qa)→ �2
π has a discrete spectrum, and so the rela-

tions stated in Theorem 5.21 are satisfied.

Proof Let D1/2
π be the diagonal matrix D1/2

π whose (j, j)-term is
√
πj (also con-

sidered in the finite case in Sect. 3.3). Define R = D1/2
π QaD−1/2

π , which is a tri-
diagonal symmetric matrix. The diagonal elements of R are the same as those of
Qa, that is, R(j, j)=−qj ; and the nondiagonal terms are given by R(j, j + 1)=√
λjμj+1 =R(j + 1, j).

Let �2 = {(fn : n ∈ N) ∈ C
N :∑n∈N |fn|2 <∞}. We have that D−1/2

π : �2 → �2
π

is an isometry satisfying R = D1/2
π QaD−1/2

π , and so the spectrum of Qa on �2
π is

the same as the one of R on �2. Then, the spectrum of R is contained in (−∞, θ∗].
Let z > 0, so it is not in the spectrum of R. We will find conditions ensuring

that (R − zI)−1 is a compact operator, that is, (R − zI)−1B1 is compact where B1
denotes the unit ball in �2 and I denotes the identity operator. Let D be a diagonal
matrix whose elements are the diagonal elements of R, so its ith element is −qi for
i ∈ N. Let M = R −D and D̂ =D− zI. Then R − zI=M + D̂ = (I+MD̂−1)D̂.
The matrix MD̂−1 is a tri-diagonal matrix whose diagonal elements vanish and it
satisfies

(
MD̂−1)

(i, i + 1)=−R(i, i + 1)

qi+1 + z
,

(
MD̂−1)

(i + 1, i)=−R(i + 1, i)

qi + z
.

Then, under the condition

∃z > 0 ∃δ > 0 ∀i ∈N: R(i, i − 1)

qi−1 + z
<

1

2+ δ
and

R(i, i + 1)

qi+1 + z
<

1

2+ δ
, (5.73)
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we have ‖MD̂−1‖�2 < 1. In this case, the Neumann expansion implies that (I +
MD̂−1)−1 is a bounded linear operator on �2.

Since by hypothesis qi = λi + μi →∞ as i→∞, the elements in D̂−1(B1)

satisfy

lim
n→∞

(

sup
f∈D̂−1(B1)

∑

i≥n
|fi |2

)

= 0,

and so D̂−1(B1) is relatively compact (see Dunford and Schwartz 1958, Exercise 3,
Sect. IV.13). Hence D̂−1 is a compact operator acting on �2. Since (I+MD̂−1)−1 is
a bounded operator, we obtain that (R − zI)−1 = D̂−1(I+MD̂−1)−1 is a compact
operator. Therefore, R has a compact resolvent.

The restrictions R(i, i + 1)/(qi+1 + z) < 1/(2+ δ) and R(i + 1, i)/(qi + z) <

1/(2+ δ) are respectively equivalent to

∀i ∈N: (2+ δ)
√
λiμi+1 < z+min{λi+1 +μi+1, λi +μi}.

These inequalities are equivalent to the following ones:

∀i ∈N: Vi(δ) <
z

μi+1
and V ′i (δ) <

z

μi
,

where

Vi(δ)= (2+ δ)

√
λi+1

μi+1

(√
λi

λi+1
− 2

2+ δ

)

−
(√

λi+1

μi+1
− 1

)2

and

V ′i (δ)= (2+ δ)

√
λi

μi

(√
μi+1

μi
− 2

2+ δ

)

−
(√

λi

μi
− 1

)2

.

Hence, conditions (5.71) and (5.72) imply that there exists δ > 0 such that

lim sup
i→∞

Vi(δ) < 0 and lim sup
i→∞

V ′i (δ) < 0.

On the other hand, for all δ > 0 and all i0 ∈N, we can find z > 0 such that

sup
{
Vi(z, δ) : i ≤ i0

}
< 0 and sup

{
V ′i (z, δ) : i ≤ i0

}
< 0.

Hence, conditions (5.71) and (5.72) imply (5.73), and so R has a compact resolvent.
We deduce from Theorem 6.29 of Sect. III.8 in Kato (1995) that R has a pure point
spectrum that can only accumulate at 0. Then, Qa has a discrete spectrum. �
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5.8 The Process Conditioned to Hitting Barriers

We are assuming thatD =∞, so∞ is a natural boundary. For θ = 0, the polynomial
family ψ(0)= (ψi(0) : i ∈N) is given by

ψi(0)= 1+
i−1∑

j=1

j∏

l=1

μl

λl
.

Fix i ∈N and let M > i. From Qaψ(0)= 0, we have

Ei

(
ψYt∧TM∧T (0)

)=ψi(0).

By taking t→∞ on the left-hand side and using Pi (TM ∧ T <∞)= 1 and ψ0(0)
= 0, we get

lim
t→∞Ei

(
ψYt∧TM∧T (0)

)=ψM(0)Pi (TM < T ).

Therefore,

∀M > i: Pi (TM < T )= ψi(0)

ψM(0)
. (5.74)

Proposition 5.23 Assume D =∞. Let i0, . . . , ik ∈ N, s0 = 0 < · · ·< sk . Then, the
following limit exists

Pi0

(
Z0
s1
= i1, . . . ,Z

0
sk
= ik

) := lim
M→∞Pi (Ys1 = i1, . . . , Ysk = ik|T < TM).

The process Z0 = (Z0
t : t ≥ 0) is a Markov chain and its transition jump matrix

Q̂= (̂q(i, j) : i, j ∈N) is given by

∀i, j ∈N: q̂(i, j)= q(i, j)
ψj (0)

ψi(0)
.

Proof We take sk <M . From the Markov property and (5.74), we get

Pi0(Ys1 = i1, . . . , Ysk = ik, sk < T < TM) = Pi0(Ys1 = i1, . . . , Ysk = ik)Pik (T < TM)

= Pi (Ys1 = i1, . . . , Ysk = ik)
ψik (0)

ψM(0)
.

Note that ik ∈N implies sk < T . Then, by using (5.74) again, we obtain

Pi0(Ys1 = i1, . . . , Ysk = ik|T < TM) = Pi0(Ys1 = i1, . . . , Ysk = ik)
ψik (0)

ψi0(0)

=
k−1∏

l=0

q̂(il , il+1).

The result follows. �
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5.9 Examples

Below we compute some of the quantities in three examples of birth-and-death
chains. We recall that λ0 = 0 = μ0. Below λ and μ represent two strictly positive
constants.

5.9.1 The Random Walk

The random walk λi = λ, μi = μ. This case was treated in Cavender (1978); Seneta
and Vere-Jones (1996). The system of equations associated to the QSD equality
ν′Qa =−θν′ is equivalent to

pν(i − 1)+ (1− p)ν(i + 1)= γ ν(i), i ≥ 1, (5.75)

where ν(0)= 0 and

p = λ

λ+μ
, γ = 1− θ

λ+μ
.

In order for some γ to exist for which there exists a probability measure as a solution
of (5.75), a necessary and sufficient condition is p < 1/2, which is equivalent to
μ> λ. In this case, the set of γ ’s for which there exists such a solution is the interval
[γ ∗,1) with γ ∗ = 2

√
p(1− p). Then θ∗ = (λ+μ)(1− 2

√
p(1− p))= (λ+μ)−

2
√
λμ. For each γ ∈ [γ ∗,1), or equivalently, for θ ∈ (0, θ∗], the associated QSD

(which, by abuse of notation, we denote by νγ instead of νθ ) νγ = (νγ (i) : i ∈N) is

νγ ∗(i)=Ai

(√
p

1− p

)i−1

=Ai

(√
λ

μ

)i−1

and

νγ (i)= B

((
γ +Δ

2(1− p)

)i−1

−
(

γ −Δ

2(1− p)

)i−1)

for γ ∈ (
γ ∗,1

)
,

where A and B are normalizing constants and

Δ=
√
γ 2 − 4p(1− p)= 1

(λ+μ)

√
(λ+μ− θ)2 − 4λμ.

We claim that the process YT is θ∗-transient. Indeed, we use (5.50) to show that π
verifies

πi =
i−1∏

r=1

(
νγ ∗(r + 1)

√
μ

νγ ∗(r)
√
λ

)2

=
i−1∏

r=1

(
(r + 1)

r

)2

= i2.

Then

A=
∑

i≥1

√
i

i2
√
(i + 1)

√
λμ

<∞,

and the θ∗-transience is shown.
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5.9.2 The Linear Birth-and-Death Chain

Let λi = iλ and μi = iμ for i ∈N, with μ> λ. This case was treated in Van Doorn
(1991). Here θ∗ = μ− λ and the extremal QSD νθ∗ verifies

∀i ∈N: νθ∗(i)=
(
λ

μ

)i−1(

1− λ

μ

)

.

By using (5.48) and (5.50), we get

∀i ∈N: λi = iλ and πi = i

(
λ

μ

)i−1

.

Hence, the process YT is θ∗-positive recurrent.

5.9.3 The M/M/∞ Queue

In this case, λi = λ and μi = iμ for i ∈ N. This example was treated in Martínez
and Ycart (2001). Consider the generating function

g(s)=
∑

i≥1

νθ (i)s
i , s ≥ 0,

where νθ verifies (5.34). We find

g(s)= 1+ (1− s)θ/μeλs/μ
(−1+L(θ, s)

)
,

where

L(θ, s)= λ

μ

∫ s

0
(1− x)−θ/μe−λx/μ dx.

The function L(θ,1) is smooth and strictly increasing in the interval of θ ∈ (0,μ).
Since L(0,1)= 1− e−λ/μ and L(0,μ)=∞, there exists a unique θ0 ∈ (0,μ) such
that L(θ0,1) = 1. If θ > θ0, we get that for s close enough to 1 the following in-
equality holds: −1 + L(θ, s) > 0. From g(1) = 1, we get that g decreases close
to s = 1. Therefore, in the domain θ > θ0, the function g cannot be the generator
function of some νθ , so θ∗ ≤ θ0 <μ.

On the other hand, in Martínez and Ycart (2001) it was also shown that the expo-
nential rate to equilibrium of this chain satisfies α∗(0)= μ (see (4.45)). Therefore,
the inequality θ(ν) ≤ α∗(0) proved for monotone process turns to be strict in this
case. Indeed, θ∗ = sup{θ(ν) : ν QSD}<μ= α∗(0).
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5.10 Structured Birth-and-Death Processes with Mutations

We consider a discrete model describing a structured population whose dynamics
takes into account all reproduction and death events. Each individual is character-
ized by a trait which is a heritable quantitative parameter. During the reproduction
process, mutations of the trait can occur, implying some variability in the trait space.
In the general model, the individual reproduction and death rates, as well as the mu-
tation distribution, depend on the trait of the individual and on the whole population.
In particular, cooperation or competition between individuals in this population are
taken into account.

In a general model (see Collet et al. 2011), the set of traits is a compact metric
space. Here we will deal with a simplified model, so we assume that the set of traits
is A, a finite set.

At a given time, the structured population is described by an atomic measure on
the trait space with integer weights, these weights are the numbers of individuals
with the given trait. Then, the time evolution is an atomic measure-valued process
on the trait space. The state space is thus the collection I of finite point measures on
A, which is a countable set. So, a configuration x ∈ I is described by (xa : a ∈A)
with xa ∈ Z+ = {0,1, . . . }, where only a finite subset of elements a ∈ A satisfy
xa > 0. The finite set of present traits (i.e. traits of alive individuals) is denoted by
{x} := {a ∈ A : xa > 0} and called the support of x, its cardinality is denoted by
#x. We denote by ‖x‖ =∑

a∈{x} xa the total number of individuals in x. The void
configuration is denoted by x = 0, hence #0= ‖0‖ = 0, and we define I a = I \ {0}
the set of nonempty configurations.

The clonal birth rate, the mutation birth rate and the death rate of an individual
with trait a in a population x ∈ I are denoted respectively by λc

x,a , λm
x,a and μx,a .

The total reproduction rate for an individual with trait a ∈ {x} is equal to λx,a =
λc
x,a + λm

x,a . We assume that λc
x,a > 0 and μx,a > 0 for all x ∈ I a and a ∈A.

For each a ∈A, let κa be a probability measure on A \ {a}, ∑
b∈A\{a} κa(b)= 1,

that represents the probability distribution of the trait of the new mutated individual
born from a. To simplify notations, we express the mutation part using location
kernel G(x,b) given by

∀x ∈ I ∀b ∈A: G(x,b)=
∑

a∈{x}
xaλ

m
x,aκa(b).

Note that the ratio G(x,b)/
∑

c∈AG(x, c) is the probability that, given there is a
mutation from x, the new trait is located at b.

Let Y = (Yt : t ≥ 0) be a Markov process taking values on I and with càdlàg
trajectories, defined by the following jump rates’ matrix Q= (q(x, x′) : x, x′ ∈ I ):

q(x, x + δa) = xaλ
c
x,a, a ∈ {x} (clonal birth);

q(x, x − δa) = xaμx,a, a ∈ {x} (death);
q(x, x + δb) =G(x,b), b �∈ {x} (mutated birth);
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and

−q(x, x)=
∑

a∈{x}

(
q(x, x + δa)+ q(x, x − δa)

)+
∑

b∈A\{x}
q(x, x + δb).

All other values of q(x, x′) vanish. As usual we put qx := −q(x, x) for x ∈ I . The
trajectories of the process Y starting from x are such that after an exponential time
of parameter qx , the process jumps to x + δa for a ∈ {x} with probability q(x, x +
δa)/qx , or to x− δa for a ∈ {x} with probability q(x, x− δa)/qx , or to a point x+ δb
for b ∈ A \ {x} with probability distribution q(x, x + δb)/qx . The process restarts
independently at the new configuration.

Since q0 = 0, 0 is an absorbing state, which is natural for a population dynamics.
We denote by T = inf{t > 0 : Yt = 0} the time of extinction. In what follows, we will
assume that the process is a.s. extinct when starting from any initial configuration:

∀x ∈ I : Px(T <∞)= 1.

So, in our setting, we assume that competition between individuals yields the
discrete population to extinction with probability 1. We will exhibit some conditions
ensuring the existence of a QSD.

Denote by

∀k ∈ Z+: Ik =
{
x ∈ I : ‖x‖ = k

}

the sets of configurations with a fixed number of individuals. It is also useful to
introduce the following parameters:

μ = lim inf
k→∞

(
inf
x∈Ik

inf
a∈{x}μx,a

)
, μ= lim sup

k→∞

(
sup
x∈Ik

sup
a∈{x}

μx,a

)
,

λ = lim sup
k→∞

(
sup
x∈Ik

sup
a∈{x}

λx,a

)
.

Note that when λ < ∞ we also have supλ < ∞ where supλ :=
supx∈I supa∈{x} λx,a . On the other hand, when μ > 0, we deduce that infμ > 0
where infμ := infx∈I infa∈{x}μx,a .

Theorem 5.24 Under the following assumption

λ < μ≤ μ<∞, (5.76)

there exists a QSD.

Proof To show the existence of a QSD, we shall use Theorem 4.5, so we must prove
that its hypotheses are fulfilled, and for this we must prove that the following two
properties are satisfied:

∀s > 0 ∀ε > 0 ∃k0 = k0(ε, s) ∀k ≥ k0: sup
x∈Ik

Px(T < s) < ε; (5.77)
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and the existence of an exponential moment

∃θ > 0: Ex

(
eθT

)
<∞. (5.78)

Let us show (5.77). Let (Rn : n ≥ 1) be a sequence of independent random
variables such that Rn is exponentially distributed with mean (μn)−1. From the
definition of the process Y and μ, we have that for all x ∈ Ik , Px(T < s) ≤
P(

∑k
n=1Rn < s). On the other hand, it is known that

∑
n≥1(μn)

−1 =∞ implies
P(

∑
n≥1Rn =∞)= 1 (see Lemma (33) in Sect. 5.5 in Freedman 1971). Then, for

all s > 0 and all ε > 0 there exists k0 = k0(ε, s) such that for all k ≥ k0 we have
P(

∑k
n=1Rn ≥ s)≥ 1− ε. Then, (5.77) is satisfied.

The proof will be finished once we show that Y is exponentially killed, which
is (5.78). Note that from the hypothesis of the theorem, we have supλ <∞ and
infμ> 0. Let us introduce the following notation: for any integer m≥ 1,

λ̂m = sup
0<‖x‖≤m

1

m

∑

a∈{x}
xaλx,a

and

μ
m
= inf‖x‖=m inf

a∈{x}μx,a.

Since supλ <∞, we have supm≥1 λ̂m <∞. On the other hand, infμ > 0 implies
infm≥1μm

> 0. We claim that the hypothesis of Theorem 5.24 implies

lim sup
m→∞

λ̂m ≤ λ < μ= lim inf
m→∞ μ

m
. (5.79)

Let us show this claim. By definition of λ and (5.76), we need only to prove the first
inequality. By definition of λ, for any ε > 0, there exists an integer K(ε) such that
for any k >K(ε) we have

sup
x∈Ik

sup
a∈{x}

λx,a ≤ λ+ ε.

Therefore, for m≥K(ε),

λ̂m ≤ sup
0<‖x‖≤K(ε)

1

m

∑

a∈{x}
xaλx,a + sup

K(ε)≤‖x‖≤m
1

m

∑

a∈{x}
xaλx,a.

This implies

lim sup
m→∞

λ̂m ≤ λ+ ε.

Since this holds for any ε > 0 the claim follows.
To show the existence of exponential moment of Y , it is useful to introduce a

birth-and-death process X = (Xt : t ≥ 0) on Z+ killed at 0, with individual birth
rates (̂λm :m≥ 1) and individual death rates (μ

m
:m≥ 1). The result will be shown
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once we prove that ‖Y‖ is dominated by X and that X is exponentially killed. In
fact, this ensures that ‖Y‖ is exponentially killed, and so also Y .

Let us first prove that ‖Y‖ is dominated by X. We introduce a coupling on the
subset J of I ×Z+ defined by

J = {
(x,m) ∈ I ×Z+ : ‖x‖ ≤m

}
.

The coupled process is defined by the nonzero rates

J (x,m;x + δa,m+ 1) = xaλ
c
x,a, a ∈ {x},

J (x,m;x + δb,m+ 1) =G(x,b), b �∈ {x},
J (x,m;x,m+ 1) = m̂λm −

∑

a∈{x}
xaλx,a,

J (x,m;x − δa,m− 1) = μ
m
xa1‖x‖=m, a ∈ {x},

J (x,m;x − δa,m) = xa(μx,a −μ
m
1‖x‖=m), a ∈ {x},

J (x,m;x,m− 1) = mμ
m
1‖x‖<m,

J (0,m;0,m+ 1) = m̂λm,

J (0,m;0,m− 1) = mμ
m
.

It is easily checked that the marginals of this process have respectively the laws of
Y and X. On the other hand, when the coupled process starts from J , it remains in
J forever, so the domination follows.

As noted, from the coupling it suffices to show that X is exponentially killed.
We claim that starting from any k the time of first visit to k − 1 has exponential

moment, that is, there exists θk > 0 such that Ek(e
θT X

k−1) <∞ for all θ ≤ θk , where
we put T X

l = inf{t > 0 : Xt = l} for l ∈ Z+. This proves that T X
0 has exponential

moment, starting from any k because Ek(e
θT X

0 )=∏1
j=k Ej (e

θT X
j−1) which is finite

for all 0 < θ ≤min{θj : j = 1, . . . , k}.
The condition (5.79), namely lim supm→∞ λ̂m < lim infm→∞μ

m
, implies there

exists n0 such that for n≥ n0

0 < λ̂∗n < μ∗n, where λ̂∗n = sup
l≥n

λ̂l,μ∗n = inf
l≥nμl.

From the results of Van Doorn (1991) on linear birth-and-death chain, we get that
for the birth-and-death chain X (killed at any n≥ n0) there exists θn ≥ μ∗n− λ̂∗n > 0
such that

En+1
(
eθnT

X
n

)
<∞.

Therefore, the existence of exponential moment for n ≥ n0 is satisfied. The exis-
tence of exponential moment for T X

0 follows from the solidarity property shown in
Lemma 5.11. Thus, the result is proved. �
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We observe that Theorem 5.24 also holds even when μ <∞ in (5.76) is not
verified. In fact, in Collet et al. (2011) it was shown under the unique condition
λ < μ and also when the set of traits A is a compact metric space. Theorem 2.11 is
a keystone to study the existence of a QSD in this more general case.



Chapter 6
Regular Diffusions on [0,∞)

6.1 Hypotheses and Notations

The purpose of this chapter is to develop the theory of QSDs in the framework of
one dimensional diffusions absorbed at 0. So here the space is X = R+ and the
trap ∂X = {0}. Some of the applications of this theory can be found in models of
ecology, economy (see Sect. 7.8 in the next chapter) and Markov mortality models
(see Steinsaltz and Evans 2004).

In what follows, we assume (Bt ) is a Brownian motion that starts at x, under Px .
The main object of this chapter is the diffusion X = (Xt : t ≥ 0) given by the unique
solution to the stochastic differential equation (SDE)

Xt = Bt −
∫ t

0
α(Xs) ds. (6.1)

In this chapter, we shall assume that α ∈ C1(R+), although most of the results hold
for piecewise C1 functions. Under this condition, there exists a unique solution to
the SDE (6.1), with initial condition x > 0, up to an explosion time.

The main interest of this chapter is to develop the theory of QSDs for the process
X under the hypothesis that∞ is a natural boundary (see Hypothesis H in (6.4)). Af-
ter studying the finite interval case in Sect. 6.1.1, and some other preliminaries, we
prove a ratio limit theorem for the unbounded interval in Sect. 6.2.2, Theorem 6.15.
The main result of the chapter can be found in Sect. 6.2.4, Theorem 6.4, where the
Yaglom limit is shown, as well as the existence of the Q-process. The rest of the
chapter is devoted to the study of the h-process associated to X (Theorem 6.35) and
the R-classification of X (Theorems 6.45 and 6.50). We finish with some examples
in Sect. 6.7.

We denote by Ta the hitting time of a, that is, Ta = inf{t > 0 :Xt = a}. In what
follows, we denote T = T0. Then the process X is well defined up to τ = T ∧ T∞.
We shall mainly consider the case where Px(T∞ <∞) = 0, which means that the
process cannot explode to ∞ in a finite time. In the context of Markov processes,
τ = T will be the explosion time of X. We are interested in the absorption to 0
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and we define, as usual, Xt = 0 for t > τ . Associated to X we consider the sub-
Markovian semigroup given by

Ptf (x)= Ex

(
f (Xt ), t < T

)
,

defined in principle for all bounded and measurable functions f . We denote by
pt(x, y) the transition density of this semigroup. Under some extra conditions on α,
this transition density can be computed using the Girsanov’s Theorem by

pt(x, y) dy = e−
∫ y
x α(ξ) dξ

Ex

(
e−

1
2

∫ t
0 α

2(Bs)−α′(Bs) ds,Bt ∈ dy, t < T
)
.

The generator of this semigroup depends on the behavior of α near ∞, but is
given by

L= 1

2
∂xx − α∂x (6.2)

when applied to smooth functions with compact support contained in (0,∞). Unless
specified, we shall denote by L the second order differential operator given by (6.2)
and by L∗ its formal adjoint given by

L∗u= 1

2
∂xxu+ ∂x(αu).

The functions given by γ (x)= 2
∫ x

0 α(z) dz and

Λ(x)=
∫ x

0
eγ (z) dz

will be relevant for our study. The importance of Λ lies on the fact that it satisfies
( 1

2∂xx − α∂x)Λ = 0, Λ(x) > 0, for x > 0, and Λ(0) = 0. This implies that Λ(X)
is a nonnegative local martingale. Λ is called the scale function of X. The other
important piece of information is the measure defined as

dμ(y) := e−γ (y) dy.

We notice that this measure is not necessarily finite and μ is half the speed measure
of X. The unbounded operator L is formally self adjoint in L2 (dμ), which here
means that for all f,g ∈ C2

0((0,∞)) we have

∫
L(f )g dμ=

∫
fL(g) dμ.
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On the other hand, we point out that L∗ acts naturally on L2 (dΛ) and is formally
self adjoint there, that is, for all f,g ∈ C2

0((0,∞)) we have1

∫
L∗(f )g dΛ=

∫
fL∗(g) dΛ.

Let us introduce some of the elements we need for the spectral study of L. Con-
sider the eigenfunction ϕλ, the solution of L∗ϕλ = −λϕλ, with the boundary con-
ditions ϕλ(0) = 0, ϕ′λ(0) = 1. Also, ψλ denotes the solution of Lψλ = −λψλ,
with the boundary conditions ψλ(0) = 0, ψ ′λ(0) = 1. Since α is regular at 0, the
C2 functions with compact support contained in [0,∞), vanishing at 0, belong to
the domain of L. This is the main reason why we impose the boundary condition
ψλ(0) = 0. The other condition ψ ′λ(0) = 1 is imposed for a normalization of the
eigenfunctions (see Coddington and Levinson 1955, p. 226). The spectral proper-
ties of L∗ and L are related by the equality ϕλ = e−γ ψλ. We point out that ψλ and
ψ ′λ satisfy the equalities

ψ ′λ(x)= eγ (x)
(

1− 2λ
∫ x

0
ψλ(z)e

−γ (z) dz
)

= eγ (x)
(

1− 2λ
∫ x

0
ϕλ(z) dz

)

,

ψλ(x)=
∫ x

0
eγ (y)

(

1− 2λ
∫ y

0
ϕλ(z) dz

)

dy.

(6.3)

Then ψλ(x),ψ
′
λ(x),ψ

′′
λ (x) are continuous functions of (x,λ).

We shall use the theory developed in Coddington and Levinson (1955). For that
purpose, we introduce the operator Au = 1

2∂xxu + 1
2 (∂xα − α2)u. We denote by

u(x,λ) the solution to the problem Au=−λu with u(0)= 0 and u′(0)= 1. These
functions are related to the eigenfunctions of L by the equality

ψλ(x)= u(x,λ)e
1
2 γ (x).

Notice that A is an unbounded self adjoint operator on L2 (dx).
The main hypothesis of this chapter, denoted by H, is

H:
{
J1= ∫∞

0 eγ (x)(
∫ x

0 e−γ (z) dz) dx =∞,

J2= ∫∞
0 e−γ (x)(

∫ x

0 eγ (z) dz) dx =∞.
(6.4)

According to Feller’s classification (see Feller 1952), this means that ∞ is a
natural boundary for the process. Under Hypothesis H, we have (see Azencott 1974)

1Given a measure ρ, the integral
∫ b

a
f (x)dρ(x) is interpreted as the integral over the closed interval

[a, b], unless a or b are±∞ in which case they are excluded from the integral. When it is necessary
to exclude, for example, the point a, we shall use the notation

∫
(a,b] f (x)dρ(x).
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for any s > 0

lim
x→∞Px(s < T )= 1,

lim
M→∞Px(TM < s)= 0,

(6.5)

which means that the process can neither explode from, nor explode to, infinity in
finite time. On the other hand, Itô’s formula gives

Λ(x) = Ex

(
Λ(XT∧TM∧s)

)

= Ex

(
Λ(M),TM < T ∧ s)+Ex

(
Λ(Xs), s < TM ∧ T

)

≥ Ex

(
Λ(Xs), s < TM ∧ T

)
. (6.6)

Then the Monotone Convergence Theorem implies that Ex(Λ(Xs), s < T )≤Λ(x).
Similarly, we have for x ∈ (0,M)

Px(TM < T )= Λ(x)

Λ(M)
. (6.7)

In particular, we have, using (6.5),

Px(T =∞)= Λ(x)

Λ(∞)
. (6.8)

We introduce the second hypothesis we use in most of our results

H1: ∀x > 0 Px(T =∞)= 0. (6.9)

This hypothesis is equivalent to Λ(∞)=∞ (recall that we assume the drift is reg-
ular near 0).

Under Hypotheses H, the operator A is of the limit point type at infinity. This
means that for every (or equivalently, for some) complex value ζ the ODE Au= ζu

has a solution which is not square integrable (see Coddington and Levinson 1955,
Theorem 2.1).

To see that A is of the limit point type, it is enough to consider ζ = 0. The
function u0 = Λe−γ /2 satisfies Au0 = 0 and is not in L2 (dx) as the following
inequality shows

∫ ∞

0
e−γ (x)Λ2(x) dx ≥Λ(z)

∫ ∞

z

e−γ (x)Λ(x)dx =∞.

Here we have used that Λ is increasing and positive on (0,∞) and J2=∞.
The study of general one-dimensional diffusions can be reduced, under suitable

conditions on the diffusion coefficient, to the previous setting. In fact, consider the
solution of

dYt = σ(Yt )dBt − h(Yt ) dt, Y0 = y,
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where we assume σ > 0, σ ∈ C1(R),
∫∞

0
1

σ(u)
du =∞. Take F(y) = ∫ y

0
1

σ(u)
du,

then F ∈ C2(R) and F−1 exists. By Itô’s formula, we obtain

F(Yt )= F(y)+Bt −
∫ t

0
α

(
F(Ys)

)
ds,

where α(x) = ( h
σ
+ 1

2σ
′) ◦ F−1(x). If we consider the process Xt = F(Yt ), X0 =

x = F(y) then

dXt = dBt − α(Xt ) dt.

Since the hitting time of 0 is the same for both processes, T X
0 = T Y , we get

P
(
X ∈A, t < T X

0 ,X0 = x
)= P

(
Y ∈ F−1(A), t < T Y

0 , Y0 = y
)
.

Therefore, for our purposes it is enough to study the semigroup associated with the
process (Xt ).

The multidimensional analogues of the results we are going to consider (see
mainly Theorem 6.26) have been studied by Pinsky (see Pinsky 1985) in bounded
regions. The methods he used are based upon the theory of Stroock and Varadhan
about the martingale problem. We remark that for unbounded regions, as occurs in
our case where the domain is (0,∞), the Hypotheses 2 and 3 of Pinsky do not hold,
in general. This is due to the fact that the spectrum of L is not necessarily discrete.
This is the case, for instance, if the drift α is a positive constant.

6.1.1 QSDs on a Bounded Interval

In this section, we consider the diffusion X living inside the interval (0, b) and the
process killed at 0 and b. In this situation, both ends 0 and b are regular points for
the diffusion X. We will see that the killed semigroup

P
(b)
t f (x)= Ex

(
f (Xt ), t < T ∧ Tb

)

has a discrete spectrum.
Using Girsanov’s Theorem, we conclude that P (b)

t has a kernel with respect to
the Lebesgue measure given by (see Theorem 3.2.7 of Royer 1999 for a similar
calculation)

p(b)(t, x, y) dy = e
1
2 (γ (x)−γ (y))Ex

(
e−

∫ t
0 ℘(Bs) ds,Bt ∈ dy, t < T ∧ Tb

)
,

where ℘ = 1
2 (α

2 − α′). Thus, P (b)
t has a symmetric kernel with respect to μ given

by

r
(b)
t (x, y)= e

1
2 (γ (x)+γ (y))Ex

(
e−

∫ t
0 ℘(Bs) ds, t < T ∧ Tb|Bt = y

)e−
(y−x)2

2t√
2πt

.
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We point out that for each t > 0 and x ∈ [0, b] the function r(b)t (x, y) is well defined
dy-a.s. If we define C = C(b) = max{− 1

2 (α
2(x)− α′(x)) : 0 ≤ x ≤ b}, we obtain

the following Gaussian bound for r(b)

r
(b)
t (x, y)≤ e

1
2 (γ (x)+γ (y)+Ct) e

− (y−x)2
2t√

2πt
,

and the following uniform bound

r
(b)
t (x, y)≤ κ(t, b)= max

x,y∈[0,b]2
e

1
2 (γ (x)+γ (y)+Ct) e

− (y−x)2
2t√

2πt
. (6.10)

We shall show later that r(b) has a smooth version.
On the other hand, in L2([0, b], dx) there is a complete orthonormal basis θn,b of

eigenfunctions for the operator A with Dirichlet boundary conditions at x = 0 and
x = b (see Coddington and Levinson 1955, Chap. 7). Thus, there exists a sequence
of numbers rn,b > 0 and eigenvalues λn,b such that θn,b(x) = rn,bu(x,λn,b). The
completeness theorem says that

∫ b

0

∣
∣f (x)

∣
∣2
dx =

∞∑

n=1

|rn,b|2
∣
∣
∣
∣

∫ b

0
f (x)u(x,λn,b) dx

∣
∣
∣
∣

2

. (6.11)

The mass distribution Γb associated to [0, b] is given by the distribution concen-
trated on {λn,b : n≥ 1} with weight |rn,b|2 at λn,b , thus

∫ b

0

∣
∣f (x)

∣
∣2
dx =

∫ ∣
∣g(λ)

∣
∣2
Γb (dλ)

where

g(λ)=
∫ b

0
f (x)u(x,λn,b) dx.

We notice that each u(•, λn,b) is zero at x = 0 and x = b, which means that
u(•, λn,b) changes sign on R+ (being a solution of Au = −λn,bu it cannot satisfy
u′(b) = 0 because in this case it is the zero function). This shows that the support
of Γb is contained in J = {λ : u(•, λ) changes sign in R+}. The basic oscillatory
theorem for second-order linear ODE (see Coddington and Levinson 1955, Theo-
rem 1.1) allows us to conclude that J is an interval. Since u(•,0) is nonnegative
(actually, positive in (0,∞)), we conclude that J ⊂ (0,∞). We also have the fol-
lowing important property.

Lemma 6.1 Each λn,b is simple and the only possible accumulation point of the set
{λn,b : n≥ 1} is ∞.
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Proof Assuming that λn,b = λk,b , for n �= k, we conclude that u(•, λn,b) and
u(•, λk,b) are equal because they satisfy the same second order differential equa-
tion with the same boundary conditions at 0. Since they are orthogonal, we arrive at
a contradiction.

The function of λ given by u(b,λ) is analytic and not constant, which implies
that there cannot exist a sequence (λm) which accumulates on a finite point λ ∈ C

for which u(b,λm)= 0. �

This result shows that we can assume without loss of generality that

0 < λ1,b < λ2,b < · · ·< λn,b < λn+1,b < · · · .
Given the relation between the eigenfunctions of A and L, we can translate the

previous discussion as follows. The linear operator Ψb defined as

g(λ)= Ψb(h)(λ)=
∫ b

0
h(x)ψλ(x) dμ(x)

is an isomorphism between L2([0, b], dμ) and L2 (dΓb). Its inverse is given by
Ψ−1
b (g)(x) = ∫

g(λ)ψλ(x) dΓb(λ). This is obtained by replacing h = f e1/2γ and
dμ= e−γ dx. We also get

∫ b

0

∣
∣h(x)

∣
∣2
dμ(x)=

∫ ∣
∣g(λ)

∣
∣2
dΓb(λ).

Consider � ∈ C2
0((0, b)) and take h= L�. Then integration by parts shows that

∫
L�(x)ψλ(x) dμ(x)=

∫
�(x)Lψλ(x)dμ(x)=−λ

∫
�(x)ψλ(x) dμ(x).

This equality for any � implies that ΨbL = KΨb on C2
0((0, b)), where K is the

(unbounded) operator of multiplication by −λ in L2 (dΓb). Then L̄b, the minimal
closure of Lb , has the domain given by the functions h ∈ L2([0, b], dμ) such that
−λΨb(h)(λ) ∈ L2 (dΓb). This minimal closure satisfies L̄b = Ψ−1

b KΨb . Also the
resolvent of L̄b can be obtained from this isomorphism Ψb . For ζ ∈ C such that
$ζ > 0, we get

Ψb
(
ζ I − L̄b

)−1
(h)(λ)= 1

ζ + λ
Ψb(h)(λ).

In particular, for every n≥ 1 and h ∈ L2([0, b], dμ), we have

∫ ∞

0

∣
∣
(
I − 1/nL̄b

)−1
h(x)

∣
∣2
dμ(x) =

∫ ∞

0
(1+ λ/n)−2

∣
∣g(λ)

∣
∣2
dΓb(λ)

≤
∫ ∞

0

∣
∣g(λ)

∣
∣2
dΓb(λ)=

∫ ∞

0

∣
∣h(x)

∣
∣2
dμ(x).
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This implies that L̄b is the generator of a uniquely determined contraction semi-
group (T (b)

t ) of class C0 in L2([0, b], dμ) (see, for example, Corollary 7.1, Sect. IX
in Yosida 1980), and moreover,

ΨbT
(b)
t (h)(λ)= e−λtΨb(h)(λ).

This gives the formula

T
(b)
t h(x) =

∫
e−λtψλ(x)

∫ b

0
h(y)ψλ(y) dμ(y)dΓb(λ)

=
∑

n

|rn,b|2e−λn,bt
∫ b

0
h(y)ψλn,b (y) dμ(y)ψλn,b (x).

According to Theorem 4.1, Chap. 7 in Coddington and Levinson (1955), this series
converges uniformly in x ∈ [0, b], t ∈R+. We now prove that this semigroup is the
one associated to the killed process (Xt∧T∧Tb ).

Proposition 6.2 For all t , all x ∈ [0, b] and all h ∈ L2([0, b], dμ),

Ex

(
h(Xt ), t < T ∧ Tb

)= T
(b)
t h(x).

We also have the representation (that holds for all t > 0 and almost surely in x, y)

r
(b)
t (x, y)=

∑

n

|rn,b|2e−λn,btψλn,b (x)ψλn,b (y), (6.12)

where the series converges uniformly on [ε,∞) × [0, b]2, for every ε > 0. This
representation gives a continuous version of the transition kernel r(b) on (0,∞)×
[0, b]2.

Proof Consider a compactly supported function g(λ) and define

h(x) =
∫
g(λ)ψλ(x) dΓb(λ)=

∑

n

|rn,b|2g(λn,b)ψλn,b (x),

u(t, x) = T
(b)
t h(x)=

∑

n

|rn,b|2e−λn,bt g(λn,b)ψλn,b (x).

Recall that both series are actually a finite sum. It is straightforward to prove that
u ∈ C1,2 solves the differential problem

∂tu = Lu,

u(t,0) = u(t, b)= 0,

u(0, x) = h(x).
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Applying Itô’s formula to the function (s, x) → u(t − s, x), we obtain for
x ≤ b, s ≤ t

u(t, x)= Ex

(
u(t − s ∧ T ∧ Tb,Xs∧T∧Tb )

)= Ex

(
u(t − s,Xs), s < T ∧ Tb

)
.

If we take s = t , we conclude that

T
(b)
t h(x)= u(t, x)= Ex

(
h(Xt ), t < T ∧ Tb

)= P
(b)
t h(x).

A density argument shows simultaneously that (P (b)
t ) is a contraction semigroup on

L2([0, b], dμ) and that (T (b)
t )= (P

(b)
t ).

Consider now a nonnegative continuous function supported on [0, b] and com-
pute

∫
Ex

(
h(Xt ), t < T ∧ Tb

)
h(x)dμ(x)

=
∫∫

h(x)h(y)r
(b)
t (x, y) dμ(y)dμ(x)

=
∫
T
(b)
t h(x)h(x) dμ(x)

=
∑

n

|rn,b|2e−λn,bt
(∫

h(y)ψλn,b (y) dμ(y)

)2

.

For t > 0 the density r(b)t (x, y) is bounded (see (6.10)), which gives the inequality

l∑

n=1

|rn,b|2e−λn,bt
(∫

h(y)ψλn,b (y) dμ(y)

)2

≤ κ

(∫
h(y)dμ(y)

)2

,

for all l ≥ 1, all h (κ = κ(t, b) is given in (6.10)). If we now take a sequence (hm)
converging to the Dirac mass at z ∈ [0, b], we conclude that

l∑

n=1

|rn,b|2e−λn,bt
(
ψλn,b (z)

)2 ≤ κ,

and therefore, the series
∑

n

|rn,b|2e−λn,bt
(
ψλn,b (z)

)2

is convergent and bounded by κ . The Cauchy–Schwarz Inequality shows that the
series

ζ(t, x, y)=
∑

n

|rn,b|2e−λn,btψλn,b (y)ψλn,b (x)
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is also absolutely convergent for any x, y ∈ [0, b] and bounded by κ . Now, we show
the series is uniformly convergent in t, x, y.

In fact, the equality ψ ′λ(x) = eγ (x)(1 − 2λ
∫ x

0 ψλ(z)e
−γ (z) dz) implies for λ ≥

0 that |ψ ′λ(x)| ≤ eγ (x)(1 + 2λ
∫ x

0 |ψλ(z)|e−γ (z) dz). Hence, there exists a constant
K =K(b) such that, for all λ≥ 0, x ∈ [0, b],

∣
∣ψ ′λ(x)

∣
∣≤K

(

1+ 2λ
∫ b

0

∣
∣ψλ(z)

∣
∣dz

)

. (6.13)

We also get

∣
∣ψλ(x)

∣
∣≤Kb

(

1+ 2λ
∫ b

0

∣
∣ψλ(z)

∣
∣dz

)

.

Using the inequality (a+ b)2 ≤ 2(a2+ b2), we obtain the following uniform domi-
nation, for t ≥ t0 > 0, x ∈ [0, b],

ζ(t, x, x) =
∑

n

|rn,b|2e−λn,bt
(
ψλn,b (x)

)2

≤ 2K2b2
∑

n

|rn,b|2e−λn,bt
(

1+ 4λ2
n,b

(∫ b

0

∣
∣ψλn,b (z)

∣
∣dz

)2)

.

Let us define

G(t0)=max
λ≥0

{(
1+ λ2)

e−λt0
}
<∞, H(t0)= 4 max

λ≥0

{
λ2e−λt0/2}

<∞.

Hence,

ζ(t, x, x) ≤ 2K2b2G(t0)
∑

n

|rn,b|2
1+ λ2

n,b

+ 2K2b2H(t0)

∫ b

0

∫ b

0

∑

n

|rn,b|2e−λn,bt0/2
∣
∣ψλn,b (z)

∣
∣
∣
∣ψλn,b

(
z′

)∣
∣dzdz′

≤ 2K2b2
[

G(t0)
∑

n

|rn,b|2
1+ λ2

n,b

+H(t0)b
2κ(t0/2, b)

]

<∞.

This last quantity is finite because, according to Coddington and Levinson (1955),
the measure Γb satisfies (where M is independent of b)

∑

n

1

λ2
n,b + 1

|rn,b|2 ≤M <∞.

This argument and Cauchy–Schwarz Inequality show the uniform convergence of
the series defining ζ on [t0,∞)× [0, b]2. Therefore, this function is continuous in
the three variables on (0,∞)× [0, b]2.
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We shall prove that for all t > 0 r
(b)
t (x, y) = ζ(t, x, y) dx dy-a.s. For that pur-

pose, we consider two continuous functions f and h. We get from the Dominated
Convergence Theorem

∫∫
f (x)h(y)ζ(t, x, y) dμ(x)dμ(y)

=
∑

n

|rn,b|2e−λn,bt
∫
h(y)ψλn,b (y) dμ(y)

∫
ψλn,b (x) dμ(x)

=
∫∫

f (x)h(y)r
(b)
t (x, y) dμ(x)dμ(y),

implying that ζ(t, x, y)= r
(b)
t (x, y) holds dμ(x)dμ(y)-a.s. �

In what follows, we use the continuous version of r(b) given by the series (6.12).

Proposition 6.3

(i) r(b) ∈ C1,2((0,∞), [0, b]2) and

∂t r
(b)
t (x, y) = Lxr

(b)
t (x, y)= Lyr

(b)
t (x, y),

r
(b)
t (x,0) = r

(b)
t (x, b)= 0,

r
(b)
0 (x,•) dμ = δx(•).

On the other hand, r(b)t (x, x), as a function of t , is decreasing for every fixed x.
(ii) (Harnack) Consider 0 < δ < 1 and x0 > 0 for which 3δ ≤ x0. Then, there exists

a constant C = C(x0) which depends only on the coefficients of L and not on
b, such that for all 5δ2 < t , |x − x0|< δ, b > x0 + 3δ and 0≤ y ≤ b,

r
(b)
t (x, y)≤ Cr

(b)

t+δ2(x0, y).

Moreover, since r(b)t (•,•) is symmetric, we have the following extension. Let
0 < δ < 1 and x0 > 0, y0 > 0 for which 3δ ≤ (x0 ∧ y0). Then, there exists
a constant C = C(x0, y0) which again depends only on the coefficients of L
and not on b, such that for all 5δ2 < t , |x − x0| < δ, |y − y0| < δ and every
b > x0 ∨ y0 + 3δ,

r
(b)
t (x, y)≤ Cr

(b)

t+2δ2(x0, y0).

(iii) (Uniform Hölder continuity) Consider 0 < δ < 1 and again x0 > 0, y0 > 0 with
3δ ≤ (x0 ∧ y0). Take also t0 > 5δ2 and define

A1 =
{
(t, x, y) : t0 − δ2/4≤ t ≤ t0,

∥
∥(x, y)− (x0, y0)

∥
∥≤ δ/2

}
,

A2 =
{
(t, x, y) : t0 − δ2 ≤ t ≤ t0,

∥
∥(x, y)− (x0, y0)

∥
∥≤ δ

}
.
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Then, there exist C = C(x0, y0), β = β(x0, y0), independent of b, such that for
all b ≥ x0 ∨ y0 + 3δ and all ξ = (t, x, y), ζ = (s, u, v) ∈A1 we have
∣
∣r(b)t (x, y)− r(b)s (u, v)

∣
∣

≤ Cδ−β
(∥
∥(x, y)− (u, v)

∥
∥+ |t − s| 1

2
)β sup

{
r
(b)

t ′
(
x′, y′

) : (t ′, x′, y′) ∈A2
}
.

Proof We recall that r(b)t (x, y) =∑
n |rn,b|2e−λn,btψλn,b (x)ψλn,b (y). We shall dif-

ferentiate this series term by term. For that purpose, we use the bound |ψ ′λ(x)| ≤
K(1+ 2λ

∫ b

0 |ψλ(z)|dz), see (6.13). Hence we get the domination, for t ≥ t0 > 0,
∑

n

|rn,b|2e−λn,bt
∣
∣ψλn,b (y)

∣
∣
∣
∣ψ ′λn,b (x)

∣
∣

≤K
∑

n

|rn,b|2e−λn,bt
∣
∣ψλn,b (y)

∣
∣
(

1+ 2λn,b

∫ b

0

∣
∣ψλn,b (z)

∣
∣dz

)

≤K

(∑

n

|rn,b|2e−λn,bt
∣
∣ψλn,b (y)

∣
∣

+ 2
∫ b

0

∑

n

|rn,b|2e−λn,btλn,b
∣
∣ψλn,b (y)

∣
∣
∣
∣ψλn,b (z)

∣
∣dz

)

≤K
[
κ(t0/2)

] 1
2

[∑

n

|rn,b|2e−λn,bt0
] 1

2 + 2Kb sup
λ≥0

{
λe−λt0/2}

κ(t0/2) <∞.

This last term is finite again because the measure Γb satisfies
∑

n

1

λ2
n,b + 1

|rn,b|2 ≤M <∞.

This allows us to differentiate term by term to get

∂xr
(b)
t (x, y)=

∑

n

|rn,b|2e−λn,bt ∂xψλn,b (x)ψλn,b (y).

For the second derivative with respect to x, we notice that ψ ′′λ = 2αψ ′λ − 2λψλ.

Similar arguments show that r(b) ∈ C1,2((0,∞), [0, b]2) and ∂t r
(b)
t (x, y) =

Lxr
(b)
t (x, y)= Lyr

(b)
t (x, y). The boundary conditions

r
(b)
t (x,0)= r

(b)
t (x, b)= 0

are obtained immediately. For all continuous function h and all x ∈ (0, b), we have,
as t→ 0,

∫
h(y)r

(b)
t (x, y) dμ(y)= Ex

(
h(Xt ), t < T ∧ Tb

)→ h(x),

since the trajectories of X are continuous. This shows part (i).
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Parts (ii) and (iii) are deduced from the standard Harnack’s Inequality for a
nonnegative solution of a parabolic differential equation. The reader may consult
Karatzas and Shreve (1988, Theorem 1.1 and Lemma 4.1), where we have taken
R = 2δ and θ = 5/4. �

These two propositions are the basis to show the main result of this section. We
denote by λb = λ1,b and ψ = r1,bψλ1,b . The function ψ is the unique solution to

Lψ =−λbψ , ψ(0)=ψ(b)= 0,
∫ b

0 ψ2 dμ= 1, ψ ′(0) > 0.

Theorem 6.4

(i) Uniformly in x, y the following holds:

lim
t→∞ eλbt r

(b)
t (x, y)=ψ(x)ψ(y).

In particular, ψ is nonnegative in (0, b), which implies it is positive there.
(ii) For all h ∈ L2([0, b], dμ) and uniformly in x,

lim
t→∞ eλbtEx

(
h(Xt ), t < T ∧ Tb

)=ψ(x)

∫
h(y)ψ(y)dμ(y).

In particular, by taking h≡ 1, we get

lim
t→∞ eλbtPx(t < T ∧ Tb)=ψ(x)

∫
ψ(y)dμ(y).

(iii) The Yaglom limit holds: for all bounded and measurable functions h and uni-
formly in x on compact sets in (0, b), we have the limit

lim
t→∞Ex

(
h(Xt)|t < T ∧ Tb

)=
∫
h(y)dν(y),

where ν is the QSD given by the density ψ(z)e−γ (z)∫
ψ(y)e−γ (y) dy . Recall that ϕλ1,b (z)=

ψλ1,b (z)e
−γ (z) which yields that the Yaglom limit is the probability measure

whose density (with respect to the Lebesgue measure) is proportional to ϕλ1,b .
(iv) Let ξ be any probability measure supported on (0, b). Then for all h ∈

L2([0, b], dμ),

lim
t→∞Eξ

(
h(Xt )|t < T ∧ Tb

)=
∫
h(y)dν(y).

(v) The following ratio limits hold

lim
t→∞

r
(b)
t+s(x, y)
r
(b)
t (z,w)

= e−sλb ψ(x)ψ(y)
ψ(z)ψ(w)
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uniformly on compacts in [0,∞)× (0, b)4 and

lim
t→∞

Px(t < T ∧ Tb)
Py(t < T ∧ Tb) =

ψ(x)

ψ(y)

uniformly on compacts in (0, b)2.

Proof The only point that requires some detail is (iv). The result is clear when ξ has
a density with respect to μ that belongs to L2 (dμ). Nevertheless, this is the general
case since

Eξ

(
h(Xt+1)|t + 1 < T ∧ Tb

)= Eω

(
h(Xt )|t < T ∧ Tb

)
,

where dω(x)= C−1
∫
r
(b)
1 (z, x) dξ(z) dμ(x), where the normalizing constant C =

∫∫
r
(b)
1 (z, y) dξ(z) dμ(y). It is straightforward to show that the density of ω with

respect to μ is bounded. �

6.2 QSDs on [0,∞)

We consider now the diffusion X on [0,∞) killed at 0. Under H, we have that ∞
is a natural boundary for the process. Then, according to Coddington and Levinson
(1955, Theorem 3.1), there exists a distribution function Γ (λ) over R such that

g(λ)= J f (λ)=
∫ ∞

0
f (x)u(x,λ)dx (6.14)

is an isomorphism from L2 (dx) to L2 (dΓ ) and its inverse is given by

f (x)= J −1g(x)=
∫

R

g(λ)u(x,λ)dΓ (λ). (6.15)

Equality (6.14) is interpreted in the L2 (dΓ ) sense as follows:

lim
b→∞

∫ ∞

0

∣
∣
∣
∣g(λ)−

∫ b

0
f (x)u(x,λ)dx

∣
∣
∣
∣

2

dΓ (λ)= 0.

Similar interpretation holds for (6.15). We also know that the measure Γ satisfies
the integrability condition

∫

R

1

1+ λ2
dΓ (λ) <∞. (6.16)

The measure Γ is an accumulation point of Γb , as b→∞. Actually, in the limit
point case, Γ is the limit of Γb as b→∞. We also know that the support of Γ
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is included in the adherence of the interval J = {λ : u(•, λ) changes sign in R+} ⊂
R+.

As in the finite interval case, the linear operator Ψ defined as

g(λ)= Ψ (h)(λ)=
∫ ∞

0
h(x)ψλ(x) dμ(x)

is an isomorphism between L2 (dμ) and L2 (dΓ ), whose inverse is given by

Ψ−1(g)(x)=
∫ ∞

0
g(λ)ψλ(x) dΓ (λ).

This is obtained again by replacing h= f e1/2γ and dμ= e−γ dx. We also get

∫ ∞

0

∣
∣h(x)

∣
∣2
dμ(x)=

∫ ∞

0

∣
∣g(λ)

∣
∣2
dΓ (λ).

Consider � ∈ C2
0((0,∞)) and take h= L�, then integration by parts shows that

∫ ∞

0
L�(x)ψλ(x) dμ(x)=

∫ ∞

0
�(x)Lψλ(x)dμ(x)=−λ

∫ ∞

0
�(x)ψλ(x) dμ(x).

And then ΨL= KΨ holds on C2
0 . Let L̄ be the minimal closure of L. It is easy to

prove that if h ∈ L2 (dμ) and h is in the domain of L̄ then −λΨ (h)(λ) ∈ L2 (dΓ )

and this minimal closure satisfies L̄ = Ψ−1K̄Ψ , where K̄ is the minimal closure
of (K,Ψ (C2

0)). It is easy to show that K̄(g)(λ) = −λg(λ). For � ∈ C such that
$� > 0, we get Ψ (�I − L̄)−1(h)(λ) = 1

�+λΨ (h)(λ), and also for every n ≥ 1 and

h ∈ L2 (dμ) we have

∫ ∞

0

∣
∣
∣
∣

(

I − 1

n
L̄

)−1

h(x)

∣
∣
∣
∣

2

dμ(x) =
∫ ∞

0

(

1+ λ

n

)−2∣
∣g(λ)

∣
∣2
dΓ (λ)

≤
∫ ∞

0

∣
∣g(λ)

∣
∣2
dΓ (λ)=

∫ ∞

0

∣
∣h(x)

∣
∣2
dμ(x).

This implies again that L̄ is the generator of a uniquely determined contraction
semigroup (Tt ) of class C0 in L2 (dμ), and moreover ΨTt (h)(λ)= e−λtΨ (h)(λ).

This gives the formula

Tth(x)=
∫ ∞

0
e−λtψλ(x)

∫ ∞

0
h(y)ψλ(y) dμ(y)dΓ (λ).

We prove this semigroup is the one associated to the killed process (Xt∧T ).

Proposition 6.5 The semigroup (Pt ) has an extension to L2 (dμ) and that extension
is (Tt ).
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Proof We use the semigroup (T (b)
t ) associated to L with Dirichlet boundary condi-

tions at x = 0 and x = b, which is given by

T
(b)
t h(x)=

∫ ∞

0
e−λtψλ(x)

∫ ∞

0
h(y)ψλ(y) dμ(y)dΓb(λ).

Here we assume that h ∈ L2([0, b], dμ). Using what we have proved for the finite
interval case, we have for all t, b, all 0≤ x ≤ b and all h ∈ C0((0, b))

Ex

(
h(Xt ), t < T ∧ Tb

)=
∫ ∞

0
e−λtψλ(x)

∫ ∞

0
h(y)ψλ(y) dμ(y)dΓb(λ). (6.17)

We divide the integral on the right side in two pieces:

In,b =
∫

[0,n]
e−λtψλ(x)

∫ ∞

0
h(y)ψλ(y) dμ(y)dΓb(λ),

Jn,b =
∫

(n,∞)

e−λtψλ(x)

∫ ∞

0
h(y)ψλ(y) dμ(y)dΓb(λ).

The first integral converges pointwise (see Coddington and Levinson 1955) in t, x,
when b→∞, to

In =
∫

[0,n]
e−λtψλ(x)

∫ ∞

0
h(y)ψλ(y) dμ(y)dΓ (λ).

On the other hand, the Dominated Convergence Theorem shows that the left-hand
side of (6.17) converges pointwise in t, x, when b→∞, to

Ex

(
h(Xt ), t < T

)
.

Notice that under H we have T ∧ Tb ↑ T . This argument also shows that Jn,b also
converges pointwise in t, x, when b→∞, to a certain limit Jn. So far we have the
equality

Ex

(
h(Xt ), t < T

)= In + Jn.

The isometry between L2([0, b]) and L2 (dΓb) gives that

∫ b

0
J 2
n,b(z) dμ(z) =

∫

(n,∞)

e−2λt
(∫

h(y)ψλ(y) dμ(y)

)2

dΓb(λ)

≤ e−2nt
∫ ∞

0

(∫
h(y)ψλ(y) dμ(y)

)2

dΓb(λ)

= e−2nt
∫
h2(z) dμ(z).
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Therefore, from Fatou’s Lemma, we conclude the inequality

∫
J 2
n (z) dμ(z)≤ e−2nt

∫
h2(z) dμ(z),

showing that Jn converges to 0 in L2 (dμ). Finally, In converges, in the same sense,
to Tth, which shows that

Pth(x)= Ex

(
h(Xt ), t < T

)= Tth(x)

holds in the sense of L2 (dμ). Hence, (Pt ) has an extension to L2 (dμ) and that
extension coincides with (Tt ). �

We denote by λ the infimum of the closed support for Γ . Clearly, we have that
λ≥ 0.

Definition 6.6 We define the quantity

λ+ = sup
{
λ :ψλ(•)≥ 0

}
.

Since ψ0 = Λ is nonnegative, we conclude that λ+ ≥ 0. In Mandl (1961), the
following result is proved.

Lemma 6.7

λ= λ+.

In particular, ψλ(•)≥ 0.

Proof We know that λ+ ≥ 0 and ψλ+ ≥ 0. On the other hand, the support of Γ is
included in {λ :ψλ changes sign}, which allows us to conclude that λ+ ≤ λ. Then,
it is enough to prove that ψλ has constant sign.

Assume that ψλ changes sign. Then there are 0 < x0 < x1 < x2 < x3 <∞ such
that ψλ > 0 on I = (x0, x1) and ψλ < 0 on J = (x2, x3). By a continuity argument,
we can find ε > 0 such that

∀λ≤ λ≤ λ+ ε ψλ(x) > 0 for x ∈ (x0, x1),

∀λ≤ λ≤ λ+ ε ψλ(x) < 0 for x ∈ (x2, x3),

Γ
([λ,λ+ ε/2])> 0.

Take two nonnegative continuous functions f,h, not identically 0, whose sup-
ports are included in (x0, x1) and (x2, x3), respectively. Then,

∫
f (x)Pth(x) dμ(x)=

∫
e−λt

∫
f (x)ψλ(x) dμ(x)

∫
h(y)ψλ(y) dμ(y)dΓ (λ).
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We divide the integral in λ in two pieces:

I =
∫ λ+ε

λ

e−λt
∫
f (x)ψλ(x) dμ(x)

∫
h(y)ψλ(y) dμ(y)dΓ (λ),

J =
∫

(λ+ε,∞)

e−λt
∫
f (x)ψλ(x) dμ(x)

∫
h(y)ψλ(y) dμ(y)dΓ (λ).

Notice that

I ≤
∫ λ+ε/2

λ

e−λt
∫
f (x)ψλ(x) dμ(x)

∫
h(y)ψλ(y) dμ(y)dΓ (λ)

≤ e−(λ+ε/2)t
∫ λ+ε/2

λ

∫
f (x)ψλ(x) dμ(x)

∫
h(y)ψλ(y) dμ(y)dΓ (λ)

≤ −C1e
−(λ+ε/2)t ,

for some positive C1 that depends on f,h, ε, but not on t . On the other hand,

J 2 ≤
∫ ∞

λ+ε
e−λt

(∫
f (x)ψλ(x) dμ(x)

)2

dΓ (λ)

×
∫ ∞

λ+ε
e−λt

(∫
h(y)ψλ(y) dμ(y)

)2

dΓ (λ)

≤ e−2(λ+ε)t
∫
f 2 dμ

∫
h2 dμ.

Thus, J ≤ C2e
−(λ+ε)t , for some finite constant that does not depend on t . Therefore,

for large t , we get
∫
f (x)Pth(x) dμ(x) < 0, which is not possible, and the result is

proved. �

Notice that ψλ(x) > 0 for x > 0, otherwise ψλ must change its sign in (0,∞).

6.2.1 Existence and Regularity of a Kernel with Respect to μ

We shall prove that the semigroup (Pt ) has a regular kernel with respect to μ. The
starting point is the following lemma.

Lemma 6.8

(i) For all t > 0, x, y, as b increases to ∞, we have

r
(b)
t (x, y) ↑ rt (x, y).
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This limit kernel is finite and symmetric. For all x > 0, the function r•(x, x) is
decreasing; for all 0 < t,x ∈R+, the function rt (x,•) belongs to L2 (dμ) and
for all h ∈ L2 (dμ)

Pth(x)=
∫
h(y)rt (x, y) dμ(y).

Also
∫
(
∫
h(y)rt (x, y) dμ(y))

2 dμ(x)≤ ∫
h2(y) dμ(y).

(ii) (Harnack) Consider 0 < δ < 1 and x0 > 0 for which 3δ ≤ x0. Then, there exists
a constant C = C(x0) which depends only on the coefficients of L such that for
all 5δ2 < t , |x − x0|< δ, y ≥ 0,

rt (x, y)≤ Crt+δ2(x0, y).

Furthermore, since rt (•,•) is symmetric, we have the following extension. Let
0 < δ < 1 and x0 > 0, y0 > 0 for which 3δ ≤ (x0 ∧ y0). Then, there exists a
constant C = C(x0, y0) which again depends only on the coefficients of L,
such that for all 5δ2 < t , |x − x0|< δ, |y − y0|< δ,

rt (x, y)≤ Crt+2δ2(x0, y0).

(iii) (Hölder continuity) Consider 0 < δ < 1 and again x0 > 0, y0 > 0 with 3δ ≤
(x0 ∧ y0). Take also t0 > 5δ2 and define

A1 =
{
(t, x, y) : t0 − δ2/4≤ t ≤ t0,

∥
∥(x, y)− (x0, y0)

∥
∥≤ δ/2

}
,

A2 =
{
(t, x, y) : t0 − 2δ2 ≤ t ≤ t0,

∥
∥(x, y)− (x0, y0)

∥
∥≤ δ

}
.

Then, there exists C = C(x0, y0), β = β(x0, y0) such that we have

∣
∣rt (x, y)− rs(u, v)

∣
∣≤ Cδ−β

(∥
∥(x, y)− (u, v)

∥
∥+ |t − s| 1

2
)β
rt0−2δ2(x0, x0),

for all ξ = (t, x, y),χ = (s, u, v) ∈ A1. In particular, r is continuous on
(0,∞)×R

2+.

Proof Let h be a nonnegative and compactly supported measurable function. Then,
Ex(h(Xt ), t < T ∧Tb) is monotone increasing in b, proving that r(b)t (x, y) is mono-
tone increasing for all t > 0, x, y and all b > x ∨ y. Thus, by the Monotone Conver-
gence Theorem, we have, for all x, t ,

∫
h(y)r

(b)
t (x, y) dμ(y)= Ex

(
h(Xt ), t < T ∧ Tb

) ↑ Ex

(
h(Xt ), t < T

)
.

This proves that the limit kernel rt (x, y) exists for t > 0, x, y and it is finite dμ(y)-
a.s. (the set of measure 0 where it is infinite depends, in principle, on t, x). Moreover,
r is a kernel for the semigroup (Pt ).

Part (ii) follows at once from Proposition 6.3. This also shows that rt (x, y) is
finite for all t > 0, x, y and part (i) is also proved.
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For part (iii) we obtain, as in the cited proposition, a bound that depends on

sup
(t ′,x′,y′)∈A2

{
rt ′

(
x′, y′

)}
.

Now, we show how to replace this bound by rt0−2δ2(x0, x0). So let us start with
(t ′, x′, y′) ∈ A2 and we move from x′ to x0. We use Harnack’s Inequality with a
step of size δ. Then we have

rt ′
(
x′, y′

)≤ C(x0)
prt ′+pδ2

(
x0, y

′),

with p = 0 when x′ = x0, otherwise p = 1. Similarly, if we move from y′ to y0 then

rt ′
(
x′, y′

)≤ Cp(x0)C
i(y0)rt ′+(p+i)δ2(x0, y0).

Now we can move from y0 to x0 with a step size of δ each time and then we have
the existence of C̄ = C̄(x0, y0) and an integer n = n(x0, y0) (n reflects the num-
ber of times Harnack’s Inequality is used to move from y0 to x0) such that for all
(t ′, x′, y′) ∈A2

rt ′
(
x′, y′

)≤ C̄rt ′+(n+p+i)δ2(x0, x0).

The result is obtained by noticing that r•(x0, x0) is decreasing. �

Lemma 6.9

(i) For each x, t > 0, the function λ→ e−λtψλ(x) belongs to Lp (dΓ ), for all
1≤ p ≤ 2. Also for any a > 0, the function λ→ e−λt

∫ a

0 |ψλ(x)|dx belongs to
Lp (dΓ ), for all 1≤ p ≤ 2.

(ii) For all t > 0, x, y ∈R+,

rt (x, y)=
∫
e−λtψλ(x)ψλ(y) dΓ (λ). (6.18)

(iii) r ∈ C1,2((0,∞),R2+) and

∂t rt (x, y)= Lxrt (x, y)= Lyrt (x, y),

rt (x,0)= 0,

∀h ∈ C0
(
(0,∞)

)
lim
t→0

∫
h(y)rt (x, y) dμ(y)= h(x).

(iv) For all t > 0, x > 0, we have

∂yrt (x, y) =
∫
e−λtψλ(x)ψ

′
λ(y) dΓ (λ),

∂yrt (x,0) = ∂yrt
(
x,0+

)=
∫
e−λtψλ(x) dΓ (λ).
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Proof (i) Let us first prove e−λtψλ(x) ∈ L2 (dΓ ), for all t > 0, x ∈ R+. For that
purpose, fix t > 0, x > 0 (for x = 0 the property is obvious). Consider a nonnegative
continuous function h with support contained in (0,∞) and such that h(x) > 0.
Then, for any n≥ 0,

∫∫
h(y)h(z)rt (z, y) dμ(y)dμ(z) =

∫
e−λt

(∫
ψλ(z)h(z) dμ(z)

)2

dΓ (λ)

≥
∫ n

0
e−λt

(∫
ψλ(z)h(z) dμ(z)

)2

dΓ (λ).

We now take a sequence of such functions h converging to the Dirac mass at x to
conclude the inequality

rt (x, x)≥
∫ n

0
e−λtψ2

λ(x) dΓ (λ).

The Monotone Convergence Theorem then gives

rt (x, x)≥
∫
e−λtψ2

λ(x) dΓ (λ),

proving the case p = 2. Since e−λt belongs to Lp (dΓ ), for all 1 ≤ p, Hölder’s
Inequality implies that e−λtψλ(x) ∈ Lp (dΓ ) for 1≤ p ≤ 2.

For the second part, consider first a small b > 0. We notice that for all λ≥ 0 and
0≤ x ≤ b, we have an upper bound of the type

∣
∣ψ ′λ(x)

∣
∣≤A(b)

(

1+ 2λ
∫ x

0

∣
∣ψλ(y)

∣
∣dy

)

,

where A(b)= e2bmax{|α(z)|:z∈[0,b]} depends only on b (see (6.13)). Hence we deduce
for all 0≤ x ≤ b

∫ x

0

∣
∣ψλ(u)

∣
∣du ≤

∫ x

0
A(b)

(

1+ 2λ
∫ u

0

∣
∣ψλ(y)

∣
∣dy

)

udu

≤ A(b)
b2

2
+ 2bA(b)λ

∫ x

0

∫ u

0

∣
∣ψλ(y)

∣
∣dy du,

and Gronwall’s Inequality then shows
∫ b

0

∣
∣ψλ(y)

∣
∣dy ≤A(b)

b2

2
e2b2A(b)λ.

We choose now b such that 2b2A(b) < t and we obtain that e−λt
∫ b

0 |ψλ(x)|dx ∈
Lp (dΓ ). If a > b, we split the integral

∫ a

0 |ψλ(x)|dx into two pieces and we need
to show that

e−λt
∫ a

b

∣
∣ψλ(x)

∣
∣dx ∈ Lp (dΓ ).
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We only show the case p = 2 (the other cases are similar). We have

∫
e−2λt

(∫ a

b

∣
∣ψλ(x)

∣
∣dx

)2

dΓ (λ)

≤ (a − b)

∫
e−2λt

∫ a

b

∣
∣ψλ(x)

∣
∣2
dx dΓ (λ)

≤ (a − b)

∫ a

b

r2t (x, x) dx ≤ C(a, b, t)(a − b)2r2t (a, a),

where in the last inequality we have used Harnack’s Inequality (which gives a finite
C(a, b, t)) and the fact that r•(a, a) is a decreasing function.

(ii) We denote by ζ(t, x, y) = ∫
e−λtψλ(x)ψλ(y) dΓ (λ). We shall prove that

ζ = r . For that purpose, fix t > 0, and take two nonnegative continuous functions
h and l whose supports are compact and contained in (0,∞). Let us denote by
K ⊂ (0,∞) a compact set containing the supports of h and l. Let us fix x0 ∈ K.
Then, using Harnack’s Inequality and the monotonicity of r•(x0, x0), we conclude
the existence of a constant C that depends only on K, x0, t such that for all x ∈K

rt (x, x)≤ Crt (x0, x0).

Hence,
∫
e−λt

∫
h(x)

∣
∣ψλ(x)

∣
∣dμ(x)

∫
l(y)

∣
∣ψλ(y)

∣
∣dμ(y)dΓ (λ)

≤
∫∫

h(x)l(y)

(∫
e−λt

∣
∣ψλ(x)

∣
∣2
dΓ (λ)

)1/2

×
(∫

e−λt
∣
∣ψλ(y)

∣
∣2
dΓ (λ)

)1/2

dμ(x)dμ(y)

≤
∫∫

h(x)l(y)
(
rt (x, x)

)1/2(
rt (y, y)

)1/2
dμ(x)dμ(y)

≤ Crt (x0, x0)

∫∫
h(x)l(y) dμ(x)dμ(y).

An application of Fubini’s Theorem gives

∫∫
h(x)l(y)rt (x, y) dμ(x)dμ(y) =

∫
h(x)Pt l(x) dμ(x)

=
∫∫

h(x)l(y)ζ(t, x, y) dμ(x)dμ(y),

proving that (6.18) holds dμ(x)⊗ dμ(y)-a.s. We shall now prove that ζ is regular.
This is done by application of the Dominated Convergence Theorem, together with
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the following inequality for all λ≥ 0 and 0≤ x ≤ z,

∣
∣ψ ′λ(x)

∣
∣≤K

(

1+ 2λ
∫ z

0

∣
∣ψλ(y)

∣
∣dy

)

.

Thus, we can differentiate under the integral defining ζ to obtain

∂xζ(t, x, y)=
∫
e−λt ∂xψλ(x)ψλ(y) dΓ (λ).

Similarly, we get ζ ∈ C1,2((0,∞) × R
2+), and ζ is the solution to the problem in

part (iii).
Given that r is Hölder continuous and coincides almost surely with ζ , we con-

clude that r = ζ on (0,∞)×R
2+, and the result is proved.

(iv) The result follows from the Dominated Convergence Theorem. �

Remark 6.10 Representation 6.18 is similar to the representation of Karlin–
McGregor in the context of birth-and-death processes; see (5.15).

On the other hand, using the representation

r
(b)
t (x, y)= e

1
2 (γ (x)+γ (y))Ex

(
e−

∫ t
0 ℘(Bs) ds, t < T ∧ Tb|Bt = y

) 1√
2πt

e−
(y−x)2

2t

where ℘ = 1
2 (α

2 − α′), and the Monotone Convergence Theorem, we obtain

rt (x, y)= e
1
2 (γ (x)+γ (y))Ex

(
e−

∫ t
0 ℘(Bs) ds, t < T |Bt = y

) 1√
2πt

e−
(y−x)2

2t .

We need the following result to control the behavior of ψλ near λ (see Lem-
mas 6.48 and 6.49 for further details).

Lemma 6.11 Assume that ψλ0 is positive on the interval (0, x0]. Then there exists
ε > 0 such that ψβ is positive in the same interval, for all β ∈ [λ0 − ε,λ0 + ε].

Also, if ψλ0 is nonnegative on [0, x0] and β < λ0 then ψλ0(x) < ψβ(x) for all
x ∈ (0, x0].

Proof The proof is based on the continuity of ψλ(x),ψ
′
λ(x) in both arguments. Con-

sider a > 0 small enough such that ψ ′λ0
(x) > 1/2 for all x ∈ [0, a]. By continuity,

this inequality holds for all β close to λ0. Thus, for all these values of β and all
x ∈ [0, a], we have

ψβ(x)≥ x

2
.

To finish the first part, consider c = inf{ψλ0(x) : x ∈ [a, x0]} > 0. Then, again by
continuity, for all β close to λ, we have inf{ψβ(x) : x ∈ [a, x0]}> c/2 > 0, and the
lemma is proved.
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Let us prove now the second part of this lemma. Clearly, ψλ0 is positive on
(0, x0), otherwise if it has a zero in that interval then it is negative in some part
of it (it cannot happen that ψλ0(a) = ψ ′λ0

(a) = 0). Now, consider the Wronskian
W(x) = ψβ(x)ψ

′
λ0
(x) − ψ ′β(x)ψλ0(x). On the one hand, W(0) = 0, and on the

other hand,

W ′(x)=−2α(x)W(x)− 2(λ0 − β)ψβ(x)ψλ0(x),

or equivalently,
(
Weγ

)′ = −2eγ (λ0 − β)ψβψλ0 .

This shows that while ψβ,ψλ0 are positive on (0, a) the function Weγ is strictly
increasing there and then W is positive on (0, a). This happens at least in a small
neighborhood of x = 0, that is, for some small a > 0. Since

(
ψλ0

ψβ

)′
= W

ψ2
β

,

the ratio
ψλ0
ψβ

is strictly increasing in the same interval [0, a]. Since, this ratio is 1 at
x = 0 (by l’Hôpital’s Rule), we conclude the strict inequality

ψλ0(x) < ψβ(x),

for all x ∈ (0, a]. This shows that ψβ is positive on (0, x0], and then again ψλ0 <ψβ

in this interval. �

Corollary 6.12 The sequence (λ1,n)n is strictly decreasing and its limit is λ. Also,
we have the lower bound for the mass that Γ puts at λ

Γ
({λ})≥

(∫
ψ2
λ(x) dμ(x)

)−1

. (6.19)

Proof We recall that λ1,n is the bottom of the spectrum of L on the interval [0, n]
with Dirichlet boundary conditions at x = 0 and n. This means in particular that
ψλ1,n is positive on (0, n) and ψλ1,n (n)= 0. This implies that ψλ1,n is negative for all
values x ∈ (n,n+ε) for some small ε > 0. On the other hand, the function ψλ1,n+1 is
nonnegative on [0, n+ 1]. Then, according to Lemma 6.11, we have λ1,n+1 ≤ λ1,n,
but since ψλ1,n+1 �= ψλ1,n , we deduce that λ1,n+1 < λ1,n. The same argument shows
that λ < λ1,n for all n. Again Lemma 6.11 shows that 0 ≤ ψλ1,n (x) ≤ ψλ(x) for
x ∈ [0, n].

The convergence of (Γn) to Γ and the fact that λ is the minimum of the closed
support of Γ imply for all ε > 0 such that λ+ ε is a point of continuity for Γ

0 <Γ (λ+ ε)− Γ (−1)= lim
n→∞Γn(λ+ ε)− Γn(−1),

where −1 plays no role and it is a point to the left of the support of Γ , which then is
clearly a point of continuity for that measure. Since the support of Γn is contained
on [λ1,n,∞), we conclude that λ1,n ≤ λ+ ε for all n large enough. We conclude the
convergence λ1,n ↓ λ.
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On the other hand, if n is large enough such that λ1,n < λ+ ε, we get (see (6.11))

Γn(λ+ ε)− Γn(−1)=
∑

k:λk,n≤λ+ε
|rk,n|2 ≥ |r1,n|2 =

(∫ n

0
ψλ1,n (x)

2 dμ(x)

)−1

.

The conclusion is that Γ ({λ}) ≥ lim supn(
∫ n

0 ψλ1,n (x)
2 dμ(x))−1. Finally, since

ψ2
λ1,n

1[0,n] ↑ψ2
λ , we get the lower bound

Γ
({λ})≥

(∫
ψ2
λ(x) dμ(x)

)−1

. �

We end this section with the next proposition that will be useful for the asymp-
totic analysis of Px(t < T ).

Proposition 6.13 We have the following exact formulas for the distribution and
density of T :

Px(t < T )= Λ(x)

Λ(∞)
+

∫ ∞

λ

e−λt

2λ
ψλ(x)dΓ (λ),

∂

∂t
Px(t < T )=−1

2

∂

∂y
rt (x,0)=−1

2

∫ ∞

λ

e−λtψλ(x) dΓ (λ).

(6.20)

Proof We shall prove first ∂
∂t
Px(t < T )=− 1

2
∂
∂y
rt (x,0). For that purpose, take 0 <

h< 1 and

Px(t < T )− Px(t + h < T )= Ex

(
PXt (T ≤ h), t < T

)
.

Consider now 0 < ε < 1/2 fixed. We have Py(T ≤ h) ≤ Pε(T ≤ h) for all y ≥ ε,
and we shall prove Pε(T ≤ h)= o(h). This probability is split into two terms:

Pε(T ≤ h)= Pε(T ≤ h,T1 ≤ h)+ Pε(T ≤ h < T1). (6.21)

For the first term, consider β = max{−α(z) : z ∈ [0,1]} and the process dYt =
dBt + β dt with Y0 = ε. Since Xt ≤ Yt for all t ≤ T ∧ T1, we obtain

Pε(T ≤ h,T1 ≤ h)= Pε(T1 < T ≤ h)≤ Pε

(
T Y

1 ≤ h
)
.

Since Y is a Brownian motion with constant drift, is easy to estimate Pε(T Y
1 ≤ h)=

o(h).
For the second term in (6.21), we use Girsanov’s Theorem

Pε(T ≤ h < T1) = Eε

(
e

1
2 [γ (ε)−

∫ T B0
0 (α2(Bs)−α′(Bs)) ds], T B

0 ≤ h < T B
1

)

≤ KPε

(
T B

0 ≤ h
)= o(h),

where K = e
1
2 [γ (ε)+hmax{|α2(z)|+|α′(z)|:z∈[0,1]}].
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So far we have proved that

Px(t < T )− Px(t + h < T )= Ex

(
PXt (T ≤ h),Xt ≤ ε, t < T

)+ o(h).

Using the same technique, we can prove

Pz(T ≤ h,T1 ≤ h)= o(h),

uniformly for z ∈ [0, ε]. Again, using Girsanov’s Theorem, we obtain for z ∈ [0, ε]

Pz(T ≤ h < T1) = e
1
2 γ (z)Pz

(
T B

0 ≤ h < T B
1

)+ o(h)

= e
1
2 γ (z)Pz

(
T B

0 ≤ h
)+ o(h)= e

1
2 γ (z)G(z/

√
h)+ o(h),

where G(w)= 2
∫∞
w

1√
2π
e− u2

2 du.
From this discussion, we obtain

Px(t < T )− Px(t + h < T ) = Ex

(
e

1
2 γ (Xt )G(Xt/

√
h),Xt ≤ ε, t < T

)+ o(h)

=
∫ ε

0
rt (x, z)G(z/

√
h)e−

1
2 γ (z) dz+ o(h)

= h

∫ ε/
√
h

0

rt (x, v
√
h)

v
√
h

vG(v)e−
1
2 γ (v

√
h) dv.

Now, we use the Dominated Convergence Theorem. From Lemma 6.9, we get, as h
goes to zero, the pointwise convergence

rt (x, v
√
h)

v
√
h

e−
1
2 γ (v

√
h)→ ∂

∂y
rt (x,0).

Since v
√
h≤ ε, we need only to dominate rt (x,z)

z
for 0 < z < ε, and this is done as

follows:
∣
∣
∣
∣
rt (x, z)

z

∣
∣
∣
∣≤max

{∣
∣
∣
∣
∂

∂y
rt (x, y)

∣
∣
∣
∣ : y ∈ [0, ε]

}

.

On the other hand, from Lemma 6.9, we get

∣
∣
∣
∣
∂

∂y
rt (x, y)

∣
∣
∣
∣≤

∫ ∞

λ

e−λt
∣
∣ψλ(x)

∣
∣
∣
∣ψ ′λ(y)

∣
∣dΓ (λ).

The last ingredient we need is the inequality

∣
∣ψ ′λ(y)

∣
∣≤ eγ (y)

(

1+ 2λ
∫ y

0

∣
∣ψλ(z)

∣
∣e−γ (z) dz

)

≤A

(

1+ 2λ
∫ ε

0

∣
∣ψλ(z)

∣
∣dz

)

,
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where A is a constant that depends on ε. The integrability condition of Lemma 6.9
gives

lim
h→0

Px(t < T )− Px(t + h < T )

h
= ∂

∂y
rt (x,0)

∫ ∞

0
vG(v)dv = 1

2

∂

∂y
rt (x,0)

= 1

2

∫ ∞

λ

e−λtψλ(x) dΓ (λ).

The result for the tail distribution of T is obtained by Fubini’s Theorem. This is sim-
ple in the case λ > 0. Now, we provide the proof in the case λ= 0. For that purpose,
consider ε > 0 small enough such that ψλ(x) > 0 for all λ ∈ [0, ε]. Integrating the
formula for the density of T , we get

Px(t < T )− Px(T =∞) = 1

2

∫ ∞

t

∫ ∞

0
e−λsψλ(x) dΓ (λ)ds

= 1

2

∫ ∞

t

∫ ε

0
e−λsψλ(x) dΓ (λ)ds

+ 1

2

∫ ∞

t

∫ ∞

ε

e−λsψλ(x) dΓ (λ)ds.

For the first term, we can use Tonelli’s Theorem (the integrand and the measures
are nonnegative) and for the second term we can use Fubini’s Theorem (see the
integrability at Lemma 6.9) to obtain that

Px(t < T )− Px(T =∞)=
∫ ε

0

e−λt

2λ
ψλ(x)dΓ (λ)+

∫ ∞

ε

e−λt

2λ
ψλ(x)dΓ (λ),

and the second term is finite due to the integrability condition at the mentioned
lemma. The left-hand side is obviously finite, which implies that the first integral
in the right-hand side is finite. In this first integral, the function being integrated is
nonnegative, which implies it is integrable. Finally, since Px(T =∞)= Λ(x)

Λ(∞)
(see

(6.8)), we conclude

Px(t < T )= Λ(x)

Λ(∞)
+

∫ ∞

0

e−λt

2λ
ψλ(x)dΓ (λ). �

Remark 6.14 A straightforward consequence of this result is that Γ puts no mass at
λ= 0, which is not trivial only when λ= 0.

6.2.2 A Ratio Limit for the Diffusion on (0,∞)

In this section, we prove a general ratio limit theorem, which is essentially the same
proved in Mandl (1961) plus a pointwise version.
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Theorem 6.15 The following ratio limit holds:

lim
t→∞

rt (x, y)

rt (x′, y′)
= ψλ(x)ψλ(y)

ψλ(x′)ψλ(y′)
, (6.22)

uniformly in x, x′, y, y′ on compact sets of (0,∞).
Moreover, if ξ is a probability measure with bounded support contained in (0,∞)

and A,B are two bounded measurable sets in R+ of positive Lebesgue measure,
then

lim
t→∞

Eξ (Xt ∈A, t < T )

Eξ (Xt ∈ B, t < T )
=

∫
A
ψλ(z) dμ(z)∫

B
ψλ(z) dμ(z)

=
∫
A
ϕλ(z) dz∫

B
ϕλ(z) dz

. (6.23)

Proof We start proving (6.22). Using the same ideas as in the proof of Lemma 6.7,
we get this ratio is equivalent to the ratio

∫ λ+ε
λ e−λtψλ(x)ψλ(y) dΓ (λ)

∫ λ+ε
λ e−λtψλ(x′)ψλ(y′) dΓ (λ)

for every fixed ε > 0. Consider a > 0 such that x, x′, y, y′ ∈ (0, a]. We can assume
that ε is small enough such that for all λ ∈ [λ,λ + ε] and all x ∈ (0, a] we have
ψλ(x) > 0 (see Lemma 6.11, where λ0 = λ).

Now, from the Intermediate Value Theorem, we have

∫ λ+ε

λ

e−λtψλ(x)ψλ(y) dΓ (λ)=ψλ(t,ε)(x)ψλ(t,ε)(y)

∫ λ+ε

λ

e−λt dΓ (λ),

for some λ(t, ε) ∈ [λ,λ+ ε] (λ(t, ε) may also depend on x, y). A simple argument
using lim sup and lim inf shows that (6.22) holds by letting first t →∞ and then
ε→ 0.

The second assertion (6.23) is obtained by dividing numerator and denominator
by rt (x0, x0), for some fixed x0, and then using the Dominated Convergence The-
orem. The domination is obtained from Harnack’s Inequality (jointly with the fact
that r•(x0, x0) is decreasing). The last equality in (6.22) comes from the relation
between ψλ and ϕλ. �

6.2.3 The Case Λ(∞) < ∞

We study in this section the simplest case where Λ(∞) <∞. According to (6.8),
this happens if and only if Px(T =∞) > 0 for all x > 0. This implies that Λ is
bounded, and also

lim
t→∞Px(t < T )= Px(T =∞) > 0.
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On the other hand, from Hypothesis H, we have
∫∞

0 e−γ (x)Λ(x)dx =∞. Since Λ
is nonnegative, increasing and bounded, we deduce that

∫∞
0 e−γ (x) dx =∞, that is,

the measure μ is not finite.

Theorem 6.16 Assume hypotheses H and Λ(∞) <∞ hold.

(i) For all x > 0, we have the existence of the following exponential rate η =:
limt→∞− log(Px(t<T ))

t
= 0.

(ii) Let ξ be a probability measure with compact support contained in (0,∞) and
A a bounded measurable set, then limt→∞ Pξ (Xt ∈A|t < T )= 0. In particu-
lar, for all x > 0,

lim
t→∞Px(Xt ∈A|t < T )= 0.

(iii) For all x, y > 0 and s > 0, limt→∞ Px(t+s<T )
Py(t<T )

= Λ(x)
Λ(y)

.
(iv) For all s ≥ 0, all x > 0 and A ∈ B(C([0, s])), we have

lim
t→∞Px(X ∈A|t < T )= Px(Z ∈A),

where Z is the following h-transform of X

Px(Z ∈A)= Ex

(
Λ(Xs)

Λ(x)
,X ∈A, s < T

)

.

The transition density of Z is given by Px(Zs ∈ dy)= Λ(y)
Λ(x)

Px(Xs ∈ dy, s < T )

for x > 0, y > 0 and s ≥ 0, and Z is the unique solution to the SDE

dZt = dBt +
(
Λ′(Zt )

Λ(Zt )
− α(Zt )

)

dt, Z0 = x.

Proof Parts (i) and (iii) follow immediately from the fact that Px(T = ∞) =
Λ(x)
Λ(∞)

> 0. Part (iv) follows from the Markov property and the Dominated Con-
vergence Theorem.

Now, we prove part (ii). We consider two different cases. If λ > 0 then for t ≥ 2

Pξ (Xt ∈A, t < T )

=
∫ ∞

λ

e−λt
∫
ψλ(x)dξ(x)

∫

A

ψλ(y)dμ(y)dΓ (λ)

≤ e−λt/2
∫∫

A

[∫ ∞

λ

e−λt/2
∣
∣ψλ(x)

∣
∣
∣
∣ψλ(y)

∣
∣dΓ (λ)

]

dμ(y)dξ(x)

≤ e−λt/2
∫

[
rt/2(x, x)

]1/2
dξ(x)

∫

A

[
rt/2(y, y)

]1/2
dμ(y)

≤ Ce−λt/2rt/2(x0, x0)≤ Ce−λt/2r1(x0, x0).
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Here again we have used Harnack’s Inequality and the fact that r•(x0, x0) is a de-
creasing function. The constantC depends on x0,A and the support of ξ . This shows
that Pξ (Xt ∈A, t < T ) tends to 0.

On the other hand, Pξ (t < T ) ≥ ∫
Px(T =∞) dξ(x) = ∫

Λ(x)
Λ(∞)

dξ(x) > 0, and
the result holds in this case.

It remains to consider the case where λ = 0. According to (6.23), we have for
any bounded and measurable set B

lim sup
t→∞

Pξ (Xt ∈A, t < T )

Pξ (t < T )
≤ lim

t→∞
Pξ (Xt ∈A, t < T )

Pξ (Xt ∈ B, t < T )
=

∫
A
ψ0(x) dμ(x)∫

B
ψ0(x) dμ(x)

.

Now it is enough to make B ↑R+ to get

lim sup
t→∞

Pξ (Xt ∈A, t < T )

Pξ (t < T )
≤

∫
A
Λ(x)dμ(x)

∫
Λ(x)dμ(x)

= 0. �

When Λ(∞) <∞, the limit conditional distribution Pξ (Xt ∈ •|t < T ) is the
Dirac mass at∞ and η= 0. Nevertheless, λ may be (strictly) positive, as it is shown
by the next example.

Example 6.17 Assume that α is constant. The distribution of Xt on {t < T } is ex-
plicitly known and the spectrum of L is also known. Theorem 6.16 is quite simple
to prove in this case (see Knight 1969 and Williams 1970 in the case α = 0 and
Martínez and San Martín 1994 for the case α > 0). We have λ= α2/2 independently
of the sign of α, and H always holds. When α < 0, that is, the drift is positive, the
probability of eventually hitting 0 is smaller than 1, and in this case Λ(∞) <∞.
When α ≤ 0, we have η= 0 and the limit distribution of Theorem 6.16 corresponds
to a three dimensional Bessel process BES(3, |α|) (see Rogers and Pitman 1981). In
this case, according to the cited theorem, one has limt→∞ Px(Xt > b|t < T ) = 1,
for all finite b.

6.2.4 The Case Λ(∞) = ∞

Through this section, we shall assume that H1 holds, that is, Λ(∞) =∞ and the
process X is absorbed with probability one. We start with the following result which
gives some basic relations among the eigenfunctions ψλ and ϕλ.

Lemma 6.18 The following statements are equivalent for λ > 0:

(i) ψλ (or equivalently, ϕλ) is nonnegative;
(ii) ψλ is strictly increasing;

(iii) ϕλ is positive on (0,∞) and integrable.
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Moreover, if any of these conditions hold then

lim
M→∞

ψλ(M)

Λ(M)
= 0; (6.24)

∫ ∞

0
ϕλ(x) dx = 1

2λ
; (6.25)

Ex

(
ψλ(Xt), t < T

)= e−λtψλ(x) for all x > 0, t ≥ 0. (6.26)

Proof Let us start with the representation (6.3):

ψ ′λ(x) = eγ (x)
(

1− 2λ
∫ x

0
ψλ(z)e

−γ (z) dz
)

= eγ (x)
(

1− 2λ
∫ x

0
ϕλ(z) dz

)

,

ψλ(x) =
∫ x

0
eγ (y)

(

1− 2λ
∫ y

0
ϕλ(z) dz

)

dy.

In what follows, we denote by ψ =ψλ and ϕ = ϕλ.
Let us prove (i)⇒ (ii). If we assume that ψ ′(x0) < 0, then for all x ≥ x0 we have

ψ ′(x)= eγ (x)−γ (x0)eγ (x0)

(

1− 2λ
∫ x

0
ϕ(y)dy

)

≤ eγ (x)−γ (x0)ψ ′(x0).

Thus, ψ(x)≤ψ(x0)+ e−γ (x0)ψ ′(x0)(Λ(x)−Λ(x0)), which is eventually negative
because Λ(∞)=∞. We deduce that ψ is increasing. Let us show that ψ is strictly
increasing. Since ψ(0)= 0 and ψ ′(0)= 1, we deduce that ψ(z) > 0 for any z > 0.
Now, assume ψ is constant on some interval [x, y]. Hence, for z ∈ (x, y), we get
1
2ψ

′′(z)− α(z)ψ ′(z)= 0 �= −λψ(z), which is a contradiction, and (ii) is proved.
(ii)⇒ (iii). From (6.3), we get for all x > 0 that 1− 2λ

∫ x

0 ϕ(y)dy ≥ 0 and so
∫∞

0 ϕ(y)dy ≤ 1
2λ . The function ψ is positive on (0,∞), and therefore ϕ is also

positive there.
(iii)⇒ (i) is trivial.
Let us now show that limM→∞ ψ(M)

Λ(M)
exists. From Itô’s formula, we get

Ex

(
ψ(Xs∧TM∧T )

) = ψ(x)− λEx

∫ s∧TM∧T

0
ψ(Xt) dt

= ψ(M)Px(TM < T ∧ s)+Ex

(
ψ(Xs), s < TM ∧ T

)
.

On the other hand, since ψ is increasing, we obtain
∣
∣Ex

(
ψ(Xs), s < TM ∧ T

)∣
∣≤ψ(M)Px(s < T ),

which converges to 0 as s→∞. Hence, from the Monotone Convergence Theorem,
we deduce

ψ(x)− λEx

∫ TM∧T

0
ψ(Xt) dt =ψ(M)Px(TM < T )=ψ(M)

Λ(x)

Λ(M)
.
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Therefore, the following limit exists

lim
M→∞

ψ(M)

Λ(M)
= ψ(x)− λEx

∫ T

0 ψ(Xt) dt

Λ(x)
.

Now, if limM→∞ ψ(M)
Λ(M)

> 0, we obtain from H that
∫∞

0 ϕ(x)dx = ∫∞
0 ψ(x)×

e−γ (x) dx =∞, which contradicts (iii). Thus, limM→∞ ψ(M)
Λ(M)

= 0.

On the other hand, if
∫∞

0 ϕ(z) dz < 1
2λ , we would obtain from (6.3),

lim infx→∞ ψ(x)
Λ(x)

> 0, which is a contradiction, and so (6.25) is proved.

Finally, we prove (6.26). For that purpose, consider the function eλtψ(x) and
apply Itô’s formula at the time t ∧ TM ∧ T to get

eλtEx
(
ψ(Xt), t < TM ∧ T

)+ψ(M)Ex
(
eλTM ,TM < t ∧ T )=ψ(x).

The first term on the left-hand side converges monotonically to (here we use that
ψ ≥ 0)

eλtEx
(
ψ(Xt), t < T

)
.

Then, the result will follow as soon as we show that the second term tends to 0. This
term is bounded by

eλtψ(M)Px(TM < T )= ψ(M)Λ(x)

Λ(M)
,

and the conclusion follows from (6.24). �

Corollary 6.19 Assume λ > 0 then

(i) For all λ ∈ (0, λ], we have ϕλ ∈ L1 (dx), or equivalently, ψλ ∈ L1 (dμ) and
∫
ψλ(x)dμ(x)= 1

2λ
.

Moreover, the measure μ is finite and 1 ∈ L2 (dμ).
(ii) The following limit exists in L2 (dΓ )

b(λ)= lim
a→∞

∫ a

0
ψλ(x)dμ(x).

Moreover, b(λ)= 1
2λ dΓ -a.e.

Proof (i) According to Lemmas 6.7 and 6.11, the function ψλ is nonnegative for
all λ ≤ λ. Now, Lemma 6.18 shows that ϕλ ∈ L1 (dx) for all 0 < λ ≤ λ. Since
ψλ = ϕλe

γ , we conclude that ψλ ∈ L1 (dμ) for the same values of λ. This lemma
also shows that

∫
ψλ(x)dμ(x)= 1

2λ
.
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The function ψλ is nonnegative and strictly increasing (see again Lemma 6.18) and
γ is regular on [0,∞), thus the measure μ is finite, and in particular 1 ∈ L2 (dμ).

(ii) We know that b(λ)= ∫
ψλ(x)dμ(x) is well defined and belongs to L2 (dΓ )

(since 1 ∈ L2 (dμ)). Moreover, we have

Px(t < T )= Pt1(x)=
∫ ∞

λ

e−λtψλ(x)b(λ)dΓ (λ).

According to Proposition 6.13, this integral is equal to
∫∞
λ

e−λtψλ(x)
1

2λ dΓ (λ) (re-

call that Λ(∞) = ∞). Since ΨPt = e−λtΨ and Ψ is an isometry, we conclude
b(λ)= 1

2λ for almost all λ. �

Lemma 6.20 Assume ξ is a probability distribution with compact support con-
tained in (0,∞). Take any sequence (tn) converging to ∞, for which Pξ (Xtn ∈
•|tn < T ) converges weakly in R+ to a probability measure ν, and define θ =
ν({∞}). Then, either θ = 1, in which case ν = δ∞, or θ < 1, in which case nec-
essarily ϕλ ∈ L1 (dx) and

dν(x)= θ dδ∞(x)+ (1− θ)
∫
ϕλ(z) dz

ϕλ(x) dx.

Proof Notice first that by a compactness argument such sequence and limit always
exist in the compact set R+. Also, if θ = 1, we have ν = δ∞. So in the rest of the
proof, we assume that θ < 1. This is equivalent to the existence of a finite z0 for
which

lim
n→∞Pξ (Xtn ≤ z0|tn < T )= ν

([0, z0]
)
> 0.

Using Theorem 6.15, we conclude that for all z > 0 we have

lim
n→∞Pξ (Xtn ≤ z|tn < T )= ν

([0, z])= ν
([0, z0]

)
∫ z

0 ϕλ(x) dx∫ z0
0 ϕλ(x) dx

.

We deduce that ϕλ ∈ L1 (dx) and

lim
n→∞Pξ (Xtn ≤ z|tn < T )= ν

([0,∞)
)

∫ z

0 ϕλ(x) dx∫∞
0 ϕλ(x) dx

= (1− θ)
∫ z

0 ϕλ(x) dx∫∞
0 ϕλ(x) dx

. �

Corollary 6.21

(i) ϕλ ∈ L1 (dx)⇔ λ > 0;
(ii) If ϕλ /∈ L1 (dx), the Yaglom limit exists and is given by δ∞, that is, for all ξ

probability measure with bounded support contained in (0,∞) and all z≥ 0

lim
t→∞Pξ (Xt ≥ z|t < T )= 1;
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(iii) If ϕλ ∈ L1 (dx) then for all probability measures ξ with bounded support con-
tained in (0,∞) and all z≥ 0

lim inf
t→∞ Pξ (Xt ≥ z|t < T )≥

∫∞
z

ϕλ(x) dx
∫∞

0 ϕλ(x) dx
.

Proof (i) Assume that ϕλ /∈ L1 (dx). Then λ cannot be positive because of
Lemma 6.18 and the fact ϕλ = e−γ ψλ is nonnegative (see Lemma 6.7). On the
other hand, if ϕλ ∈ L1 (dx) then λ cannot be 0 because ϕ0 = e−γΛ /∈ L1 (dx) (see
Hypothesis H).

(ii) According to the previous lemma, if (tn) is a sequence for which Pξ (Xtn ∈
•|tn < T ) converges weakly to a probability measure ν on R+, then necessarily
ν({∞})= 1, otherwise ϕλ is integrable. From this we have the convergence to δ∞.

(iii) Consider a fixed probability measure ξ with bounded support contained in
(0,∞) and z≥ 0. Take a sequence (tn) converging to ∞ such that

lim
n→∞Pξ (Xtn ≥ z|tn < T )= lim inf

t→∞ Pξ (Xt ≥ z|t < T ).

Take a further subsequence (tnk ) and a probability measure ν on R+ such that
Pξ (Xtnk

∈ •|tnk < T ) converges weakly to ν. According to the previous lemma,
we get that for some θ ∈ [0,1] we have

dν(x)= θ dδ∞(x)+ (1− θ)
∫
ϕλ(z) dz

ϕλ(x) dx.

Then we deduce

lim inf
t→∞ Pξ (Xt ≥ z|t < T ) = lim

k→∞Pξ (Xtnk
≥ z|tnk < T )

= θ + (1− θ)
∫
ϕλ(x) dx

∫ ∞

z

ϕλ(x) dx ≥
∫∞
z

ϕλ(x) dx
∫
ϕλ(x) dx

. �

Remark 6.22 The main result of this section is to prove that in (iii) the limit actually
exists and coincides with the probability measure with density (with respect to the
Lebesgue measure)

ϕλ(x)∫
ϕλ(y) dy

.

Corollary 6.23 For any x > 0, there exists a constant L(x) > 0 such that for all
s ≥ 0

Px(Xs ≥ x|s < T )≥ L(x).
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Proof From the previous corollary, we obtain

lim inf
s→∞ Px(Xs ≥ x|s < T )≥

⎧
⎨

⎩

1 if ϕλ /∈ L1 (dy),
∫∞
x ϕλ(y) dy∫∞
0 ϕλ(y) dy

if ϕλ ∈ L1 (dy).

From Girsanov’s Theorem, we get, with h= α2 − α′,

Px(Xs ≥ x|s < T ) ≥ Px(Xs ≥ x, s < T )

≥ e
γ (x)

2 Ex

(
e−

1
2

∫ s
0 h(Br ) dr− γ (Bs )

2 , s < T ∧ Tx+1
)

≥ eC(x)+D(x)sPx(s < T ∧ Tx+1),

where 2C(x)= γ (x)−max{γ (y) : y ∈ [0, x + 1]} and 2D(x)=−max{h(y) : y ∈
[0, x + 1]}. The last term is computed under the Brownian law, and the result fol-
lows. �

Theorem 6.24
For all x > 0, the following limit exists and is independent of x

0≤ η= lim
t→∞−

log(Px(t < T ))

t
.

Proof Consider a fixed x > 0. The existence of the limit is guaranteed by the sub-
additive theorem. Indeed, the strong Markov property and the previous corollary
yield

Px(t + s < T ) = Ex

(
PXs (t < T ), s < T

)

≥ Px(t < T )Px(s < T )Px(Xs ≥ x|s < T )

≥ L(x)Px(t < T )Px(s < T ).

Here we have used that Py(s < T )≥ Px(s < T ) whenever y ≥ x. Hence, the func-
tion t → a(t) = − log(Px(t < T )) − log(L(x)) is subadditive, and therefore the
limit

η(x)= lim
t→∞−

log(Px(t < T ))

t

exists. We shall prove that η does not depend on x.
Clearly, η(x) ≥ η(y) if x ≤ y. On the other hand, Harnack’s Inequality implies

that for t ≥ 1 there exists a constant C = C(x, y) such that for all z

rt (y, z)≤ Crt+1(x, z).

Integrating this inequality yields Py(t < T )≤ CPx(t + 1 < T ). Then η(y)≥ η(x),
proving the result. �
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Corollary 6.25 We have the inequality η ≤ λ. Moreover, if ϕλ /∈ L1 (dx) then η =
0= λ.

Proof For any bounded measurable set B of positive Lebesgue measure and a fixed
x > 0, we have Px(t < T )≥ Px(Xt ∈ B, t < T ). This last quantity is given by

∫ ∞

λ

e−λtψλ(x)

∫

B

ψλ(y)dμ(y)dΓ (λ).

As we have done before, this integral is asymptotically equivalent to

∫ λ+ε

λ

e−λtψλ(x)

∫

B

ψλ(y)dμ(y)dΓ (λ),

for all ε > 0 small enough. We recall that we can assumeψλ(x)≥ a,
∫
B
ψλ(y)dμ(y)

≥ a, for some a > 0 and all λ ∈ [λ,λ+ ε]. Thus

∫ λ+ε

λ

e−λtψλ(x)

∫

B

ψλ(y)dμ(y)dΓ (λ)≥ a2e−(λ+ε)tΓ
([λ,λ+ ε])

we conclude that η ≤ λ+ ε, from where the first part follows.
The second part holds because λ= 0, when ϕλ /∈ L1 (dx). �

Now we can state the main theorem of this chapter. We point out that the exis-
tence of the Yaglom limit and that of a QSD for killed one-dimensional diffusion
processes have been proved by various authors, following the pioneering work by
Mandl (1961) (see, e.g., Collet et al. 1995a; Martínez and San Martín 1994; Stein-
saltz and Evans 2007; Kolb and Steinsaltz 2012 and references therein).

Theorem 6.26 Assume Hypotheses H and H1 hold.

(i) (Yaglom limit) For any x > 0, the family (Px(Xt ∈ •|t < T ))t converges
weakly, as t→∞, to

{
δ∞ if ϕλ /∈ L1 (dx),

ν if ϕλ ∈ L1 (dx),

where in the second case the measure ν has a density proportional to ϕλ. We
notice that the classification for the limit is the same as

{
δ∞ if λ= 0,
ν if λ > 0.

(ii) We have Γ ({λ})= (
∫
ψ2
λ(z) dμ(z))

−1 and for all x, y > 0

lim
t→∞ eλt rt (x, y)=ψλ(x)ψλ(y)Γ

({λ}), (6.27)
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which is 0 in the case λ= 0 because Γ ({λ})= 0 (Remark 6.14). Also, for all
x > 0, it holds

lim
t→∞ eλtPx(t < T )=

{
Γ ({λ})

2λ ψλ(x) if λ > 0,
0 otherwise.

(6.28)

(iii) For all s ≥ 0 and all x > 0, we have limt→∞ Px(t+s<T )
Px(t<T )

= e−λs , proving that
η= λ.

(iv) For all x > 0 and all t > 0, we have the bound

Px(t < T )

P1(t < T )
≤ Λ(x)

Λ(1)
+ 1, (6.29)

and the limit

lim
t→∞

Px(t < T )

P1(t < T )
= ψλ(x)

ψλ(1)
. (6.30)

(v) For all s ≥ 0, all x > 0 and A ∈ B(C([0, s])), we have

lim
t→∞Px(X ∈A|t < T )= Px(Z ∈A).

The distribution of Z is an h-transform of X, whose transition density is given
by

Px(Zs ∈ dy)= eλs
ψλ(y)

ψλ(x)
Px(Xs ∈ dy, s < T )

for x > 0, y > 0 and s ≥ 0, and Z is the unique solution to the SDE

dZt = dBt +
(
ψ ′λ(Zt )

ψλ(Zt )
− α(Zt )

)

dt, Z0 = x. (6.31)

Remark 6.27 There are examples where Λ(∞)=∞, Hypothesis H is verified, the
condition μ(R+) <∞, but still λ= η= 0. It suffices to take α(x)= 1

1+x .

Proof (i) We shall assume first that ϕλ ∈ L1 (dx), or equivalently, that λ > 0. In this
situation, ψλ ∈ L1 (dμ) and

∫
ψλ(z) dμ(z) = 1

2λ . Also the measure μ is finite and

1 ∈ L2 (dμ).
Recall that

Px(t < T )= Pt1(x)=
∫ ∞

λ

e−λt

2λ
ψλ(x)dΓ (λ).

Using the same ideas as in the proof of Theorem 6.15, we obtain that this integral,
as t→∞, is equivalent to

ψλ(x)

2λ

∫ λ+ε

λ

e−λt dΓ (λ)
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for all ε > 0, sufficiently small. On the other hand, if B is a bounded measurable
set, we get that Px(Xt ∈ B, t < T ) is equivalent to

∫

B

ψλ(z) dμ(z)ψλ(x)

∫ λ+ε

λ

e−λt dΓ (λ)

also for all ε > 0 small enough. We conclude that

lim
t→∞Px(Xt ∈ B|t < T )= 2λ

∫

B

ψλ(z) dμ(z)=
∫
B
ψλ(z) dμ(z)∫
ψλ(z) dμ(z)

.

This shows that the set of probability measures (Px(Xt ∈ •|t < T ))t is tight in R+
and, by Lemma 6.20, we obtain the desired weak convergence of this family to the
probability measure ν on R+ whose density with respect to μ is

ψλ(z)∫
ψλ(y)dμ(y)

,

and part (i) is proved.
(ii) We start with the formula rt (x, y)=

∫∞
λ

e−λtψλ(x)ψλ(y) dΓ (λ) to get

rt (x, y)= e−λtψλ(x)ψλ(y)Γ
({λ})+

∫

(λ,∞)

e−λtψλ(x)ψλ(y) dΓ (λ).

So we need to prove that
∫
(λ,∞)

e(λ−λ)tψλ(x)ψλ(y) dΓ (λ) converges to 0, which
we do by the Dominated Convergence Theorem. This integral may be divided into
two pieces. The first one is

∫

(λ,λ+ε)
e(λ−λ)tψλ(x)ψλ(y) dΓ (λ),

for some fixed ε > 0. To show that this integral converges to zero, it is enough to
bound the integrand on the interval [λ,λ+ ε] by a constant. For the other term, that
is, the integral over [λ+ ε,∞), we assume t > 1 and we use the inequality

∣
∣e(λ−λ)tψλ(x)ψλ(y)

∣
∣≤ e−λβ

∣
∣ψλ(x)ψλ(y)

∣
∣

where β = ε
λ+ε . This upper bound is integrable by Lemma 6.9, proving (6.27).

Formula (6.20) and the fact that Λ(∞)=∞ give

Px(t < T )=
∫ ∞

λ

e−λt

2λ
ψλ(x)dΓ (λ).

Then, (6.28) is shown using the same technique as before.
The only thing left to prove is Γ ({λ}) = (

∫
ψ2
λ(z) dμ(z))

−1. Formula (6.19) is

exactly the inequality Γ ({λ})≥ (
∫
ψ2
λ(x) dμ(x))

−1, and we show now the opposite
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one. For that purpose, we use equality (6.26)

Ex

(
ψλ(Xt), t < T

)= e−λtψλ(x),

valid for λ ∈ (0, λ]. This equality shows that

e−λt
(∫ n

0
ψ2
λ(x) dμ(x)

)2

Γ
({λ})

≤
∫ ∞

λ

e−λt
(∫ n

0
ψλ(x)ψλ(x) dμ(x)

)2

dΓ (λ)

=
∫ n

0
ψλ(z)Ez

(
ψλ(Xt ),Xt ≤ n, t < T

)
dμ(z)

≤
∫ n

0
ψλ(z)Ez

(
ψλ(Xt), t < T

)
dμ(z)

= e−λt
∫ n

0
ψ2
λ(z) dμ(z).

Hence we deduce

Γ
({λ})≤

(∫ n

0
ψ2
λ(z) dμ(z)

)−1

,

from where the desired inequality follows.
(iii) Notice that

Px(t + s < T )

Px(t < T )
=

∫∞
λ

e−λ(t+s) ψλ(x)2λ dΓ (λ)
∫∞
λ

e−λ(t) ψλ(x)2λ dΓ (λ)
.

The proof then is similar to that of part (i).
(iv) The same type of arguments show that (6.30) holds. We shall now prove the

domination (6.29). The inequality is obvious if x ≤ 1. So, assume that x > 1 and
consider

P1(t < T ) ≥ P1(Tx < T , t + Tx < T )= P1(Tx < T )Px(t < T )

= Λ(1)

Λ(x)
Px(t < T ).

Here we have used (6.7), and the desired inequality is proved.
Part (v) follows from (iii), (iv), the strong Markov property and the Dominated

Convergence Theorem. Indeed, conditioning at time s, we get

Px(X ∈A|t < T )= Px(t − s < T )

Px(t < T )
Ex

(
PXs (t − s < T )

Px(t − s < T )
,X ∈A, s < T

)

.
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The domination follows from (6.29) and the fact that (see (6.6))

Ex

(
Λ(Xs), s < T

)≤Λ(x). (6.32)

We now prove the results under the hypothesis ϕλ /∈ L1 (dx), or equivalently,
λ= 0. In this case, notice that ψ0 =Λ and ϕ0 =Λe−γ .

Part (i) was proved in Corollary 6.21, and part (ii) is straightforward in this case.
As for part (iii), notice that

1 ≥ Px(t + s < T )

Px(t < T )
≥ Ex(PXt (s < T ), t < T )

Px(t < T )

≥ Px(Xt ≥ z|t < T )Pz(s < T )

holds for all z > 0. From part (i), we deduce that the lower bound converges to
Pz(s < T ), as t→∞ for all z > 0. Hence we conclude

1≥ lim sup
t→∞

Px(t + s < T )

Px(t < T )
≥ lim inf

t→∞
Px(t + s < T )

Px(t < T )
≥ lim

z→∞Pz(s < T )= 1.

(iv) We notice that domination (6.29) holds independently of the value of λ.
Let us prove the limit result in (6.30). Since vt (x) = Px(t<T )

P1(t<T )
is increasing in x

and the family of functions (vt )t>0 is bounded by the continuous function Λ(x)
Λ(1) + 1,

we can apply the Helly’s Theorem (see, for example, Coddington and Levinson
1955, p. 233) to get the existence of a subsequence tn→∞, such that vtn converges
to a increasing nonnegative function w (w may depend on the subsequence (tn)).
Obviously, w(0)= 0, w(1)= 1 and w(x)≤ Λ(x)

Λ(1) + 1.
Let us show w(y) > 0 for y ∈ (0,1). Indeed, consider y < x and compute

vt (y) = Py(t < T )

P1(t < T )
≥ Py(t + Tx < T,Tx < T )

P1(t < T )
≥ Py(Tx < T )Px(t < T )

P1(t < T )

= Λ(y)

Λ(x)
vt (x).

From this inequality, we get

w(x)≤ Λ(x)

Λ(y)
w(y)

for any x ≥ y. From w(1)= 1, we conclude w(y) > 0. Let us now show the continu-
ity of w for x > 0. Since w is increasing, it is enough to prove that w(x+)≤w(x−).
We have w(x + h) ≤ Λ(x+h)

Λ(x−h)w(x − h) for h > 0, and the continuity of Λ implies
w(x+)≤w(x−), as we wanted.

The Markov property shows that

Px(tn + s < T )

Px(tn < T )

Px(tn < T )

P1(tn < T )
= Ex

(
vtn(Xs), s < T

)
.
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The left side converges to w(x), while the right side, due to the Dominated Conver-
gence Theorem (see (6.29) and (6.32)), converges to Ex(w(Xs), s < T ). Thus, for
all s ≥ 0 and all x ≥ 0

w(x)= Ex

(
w(Xs), s < T

)
. (6.33)

The goal is to prove that w(x) = Λ(x)
Λ(1) , from where we have a unique accumula-

tion point for (vt )t and therefore the convergence. Consider the function G(x) =
Λ(x)
Λ(1) −w(x). We know this function is continuous on (0,∞) and it is nonnegative
on [1,∞). Let us prove it is nonnegative on R+. In fact, if there exists x0 < 1 for
which G(x0) < 0 then

min
{
G(x) : x ∈ (0,1)

}
Px0(s < T )≤ Ex0

(
G(Xs), s < T

)≤G(x0) < 0.

Letting s converge to ∞, and since Px0(T =∞)= 0, we arrive at a contradiction.
Therefore, G≥ 0.

From G(1) = 0, G ≥ 0 and E1(G(Xs), s < T ) ≤ G(1) = 0, we deduce G = 0
with respect to the measure P1(·, s < T )-a.e. for any s > 0. Given that G is con-
tinuous, to achieve the result, i.e. G ≡ 0, it is enough to prove that for any fixed
interval [a, b], P1(Xs ∈ [a, b], s < T ) is strictly positive for some (every) s > 0.
Now P1(Xs ∈ [a, b], s < T ) ≥ P1(Xs ∈ [a, b], s < T , s < TM) and this quantity is
positive by the Cameron–Martin formula and the fact that it is such for the Brownian
motion.

Hence, we have for all x > 0 the equality w(x) = Λ(x)
Λ(1) , implying in particular

that w is continuous at 0, and it is independent of the subsequence (tn). This finishes
the proof of (iii).

Finally, part (v) is proved in the same way it was proved under the hypothesis
λ > 0. �

Remark 6.28 Notice that in parts (i), (ii), (iii) we can replace the initial distribution
δx by any distribution ξ with bounded support contained in (0,∞). Also the results
hold when the initial distribution is given by hdμ with h ∈ L2 (dμ).

In general, the convergence in part (i) depends on the initial distribution. For
example, in the case λ > 0, each of the functions ϕλ, for λ ∈ (0, λ] is nonnegative
and integrable. We shall see in the next section that ϕλ(x) dx∫

ϕλ(z) dz
is a QSD, that is, for

any measurable set A and any t ≥ 0 (see Definition 2.1 and Theorem 2.2),

Pϕλ dx(Xt ∈A, t < T )= e−λt
∫

A

ϕλ(y) dy.

In particular,

Pϕλ dx(Xt ∈A|t < T )=
∫
A
ϕλ(y) dy∫
ϕλ(z) dz

.

Hence, the asymptotic distribution is not the one given in (i).
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The following result gives some extra information on the asymptotic behavior of
the exit probability.

Proposition 6.29

lim sup
t→∞

eλtPx(t < T )≤ ψλ(x)

2λ

(

sup
a>0

{

ψλ(a)

∫ ∞

a

ϕλ(y) dy

})−1

.

Proof From Itô’s formula, we get

ψλ(x) = Ex

(
eλ(t∧T∧TM)ψλ(Xt∧T∧TM )

)

= ψλ(M)Ex
(
eλTM ,TM < t ∧ T )+ eλtEx

(
ψλ(Xt ), t < T ∧ TM

)
.

Now,

ψλ(M)Ex
(
eλTM ,TM < t ∧ T )≤ eλtψλ(M)Px(TM < T )= eλtψλ(M)

Λ(x)

Λ(M)
.

This term tends to 0 as M→∞ (see Lemma 6.18). Then,

ψλ(x)= eλtEx
(
ψλ(Xt ), t < T

)≥ψ(a)Px(Xt ≥ a|t < T )eλtPx(t < T ).

The result follows from Theorem 6.26. �

In the case η= 0, we have some extra information.

Proposition 6.30 If η= 0 then

(i) Λ(Xs)1s<T is a Px -martingale;
(ii) For any x > 0, we have Px(T Z <∞ or lima↗∞ T Z

a <∞)= 0, where Z is the
h-transform defined in Theorem 6.26 part (iv);

(iii) For all s ≥ 0, all x > 0 and A ∈ B(C([0, s])),
lim
t→∞Px(X ∈A|t < T )= lim

M→∞Px(X ∈A|TM < T )= Px(Z ∈A).

Proof (i) We notice that w(x)= Ex(w(Xs), s < T ) (see (6.33)), but w =Λ/Λ(1),
proving that

Λ(x)= Ex

(
Λ(Xs), s < T

)
.

The strong Markov property then shows the result.
(ii) Let T Z

a = inf{t ≥ 0 : Zt = a}, SZ = lima↗∞ T Z
a , and let G(y) = 1

Λ(y)
for

y > 0. A straightforward computation shows that 1
2G

′′ +(Λ′
Λ
−α)G′ = 0. Therefore,

by Itô’s formula, if 0 < ε < x < a,

G(x)= Ex

(
G(ZT Z

a ∧T Z
ε
)
)=G(ε)Px

(
T Z
ε < T Z

a

)+G(a)Px
(
T ε
a < T Z

ε

)
,
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from which we deduce that Px(T Z
a < T Z

ε ) = G(x)−G(ε)
G(a)−G(ε) . Since G(0+) = ∞, we

obtain Px(T
Z
a < T Z

0 )= 1, ∀a > x. Hence

Px

(
SZ ≤ T Z

)= 1.

An application of Girsanov’s Theorem leads to

Ex

(
Λ(Xs)

Λ(x)
,X ∈A, s < Ta, s < Tε

)

= Px

(
Z ∈A, s < T Z

a , s < T Z
ε

)

for A ∈ B(C([0, s])), 0 < ε < x < a. Now, let ε→ 0, a→∞ to obtain

Ex

(
Λ(Xs)

Λ(x)
,X ∈A, s < T

)

= Px

(
Z ∈A, s < SZ

)
.

On the other hand,

Λ(x)=Λ(M)Px(TM ≤ s, TM < T )+Ex

(
Λ(Xs), s < TM ∧ T

)

and Px(TM < T )= Λ(x)
Λ(M)

imply that

Px(s < TM |TM < T )= Ex

(
Λ(Xs)

Λ(x)
, s < TM ∧ T

)

.

The Monotone Convergence Theorem allows us to conclude

lim
M→∞Px(s < TM |TM < T )= Ex

(
Λ(Xs)

Λ(x)
, s < T

)

= Px

(
s < SZ

)
.

The middle term is equal to 1 by (i), and we get Px(s < SZ ≤ T Z
0 )= 1 for any s > 0.

Thus (ii) is proved.
(iii) Consider

Px(X ∈A, s < TM |TM < T ) = Ex

(
PXs (TM < T )

Px(TM < T )
,X ∈A, s < TM, s < T

)

= Ex

(
Λ(Xs)

Λ(x)
,X ∈A, s < TM, s < T

)

= Px

(
Z ∈A, s < T Z

M

)
.

Finally, limM→∞ Px(X ∈A, s < TM |TM < T )= Px(Z ∈A, s < SZ)= Px(Z ∈A),
and limM→∞ Px(X ∈ A,TM ≤ s|TM < T ) ≤ limM→∞ Px(TM ≤ s|TM < T ) = 0,
which allows us to conclude the result. �

Example 6.17. (Continuation) When the drift is a negative constant, that is, α > 0,
we have η = λ = α2/2 and Theorem 6.26 was shown in Martínez and San Martín
(1994). In this case, we have limt→∞ Px(Xt ∈ E|t < T ) = ∫

E
α2ye−αy dy for any

E ⊂R+.
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Example 6.31 Consider the case where α(x) = x, that is, X is a Ornstein–
Uhlenbeck process. Then Λ(∞)=∞, λ= 1, the measure μ is finite and moreover
the operator L has a discrete spectrum on L2 (dμ) (see, for example, Mandl 1961).
Nevertheless, it has a continuum family of QSDs indexed by λ ∈ (0,1], which have
densities with respect to the Lebesgue measure of the form e−xUλ, where Uλ is a
parabolic cylindric function (see Lladser and San Martín 2000 for the domain of
attraction of each QSD).

The fact that λ= η, under the hypothesis of Theorem 6.26, allows us to get some
information about the dependence of λ on α. For this purpose, we denote Λα , λ(α)
and η(α) the quantities Λ, λ and η associated to α.

Corollary 6.32 Assume that α ≥ β are C1 functions that satisfy H,H1. Then

λ(α)≥ λ(β).

In particular, if α(x)≥ k ≥ 0, for all x ≥ 0, where k is a constant, then λ(α)≥ k2

2 .

Proof The main ingredient of the proof is the fact λ(α) = η(α) and λ(β) = η(β).
On the other hand, let

dXt = dBt − α(Xt ) dt, X0 = x,

dYt = dBt − β(Yt ) dt, Y0 = x.

Since α ≥ β , we get Xt ≤ Yt for every t , and so T (X)≤ T (Y ). Therefore, for every
s ≥ 0,

Px

(
T (X) > s

)≤ Px

(
T (Y ) > s

)
,

which implies that λ(α)≥ λ(β). �

Corollary 6.33 Let α be a nonnegative C1 function that satisfies H,H1. Then
λ(α) ≤ (lim supx→∞ α(x))2/2. In particular, if α is also decreasing λ(α) =
(limx→∞ α(x))2/2.

Proof The result is obvious if lim supx→∞ α(x) =∞. Let dXt = dBt − α(Xt ) dt

with X0 = x. Consider β > lim supx→∞ α(z) and take x0 large enough such that for
all z ≥ x0 it holds α(z) ≤ β . Also, we consider the process dYt = dBt − β dt with
the initial condition Y0 = x.

Assume that x > x0. Then Yt ≤Xt for all t ≤ Tx0(X). Therefore, for any such x
and all s ≥ 0,

Px

(
T (X) > s

)≥ Px

(
Tx0(X) > s

)≥ Px

(
Tx0(Y ) > s

)= Px−x0

(
T (Y ) > s

)
.

Then λ(α)≤ β2

2 and the first part follows. For the second part, it is enough to notice
that α ≥ limz→∞ α(z). �
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6.3 Characterization of the QSD Family

We shall study the set of QSDs associated to the process X. We recall that a
probability measure ν supported on (0,∞) is a QSD if there exists a parameter
β = β(ν) ∈ [0,∞) such that for any measurable set B ⊂R+, any t ≥ 0 it holds (see
Theorem 2.2)

∫
Ex(Xt ∈ B, t < T )dν(x)= e−βt ν(B).

The following result gives the complete classification of the QSDs.

Theorem 6.34 The family of QSDs is empty when η = 0. This is the case when
Λ(∞) <∞ or Λ(∞)=∞, λ= 0. If η > 0, that is, Λ(∞)=∞ and λ= η, then for
every QSD ν we have β(ν) ∈ (0, λ] and

dν = ψβ dμ∫
ψβ(x)dμ(x)

.

Proof Consider a QSD ν. If μ(B) = 0 then for all x > 0 we have Ex(Xt ∈ B,

t < T )= ∫
B
rt (x, y) dμ(y)= 0, and we deduce that ν has a density with respect to

μ. Let us call this density h. Using Fubini’s Theorem, we obtain that h satisfies the
following equation (dx-a.s.)

h(x)= eβt
∫
rt (z, x)h(z) dμ(z).

Let us fix t > 0 and consider a dense set of E ⊂ R+ such that for all y ∈ E∫
rt+1(x, y)h(x) dμ(x) <∞. Using Harnack’s Inequality, we conclude that for ev-

ery y > 0 there exists a constant C = C(t, y) such that

sup
{z:|z−y|≤y/2}

rt (x, z)≤ Crt+1
(
x, y′

)
,

where |y−y′| ≤ y/2 and y′ ∈E. This shows that h is locally bounded in (0,∞) and
it has a continuous version there. So in what follows, we assume that h is continuous
and positive on (0,∞). The symmetry of r shows that for x > 0

h(x)= eβt
∫
rt (x, z)h(z) dμ(z)= Ex

(
eβ(t∧T )h(Xt∧T )

)
,

where we have defined h(0) = 0 (we still do not know if h is bounded near 0 or
continuous at 0). The strong Markov property shows that h(Xt∧T ) is a martingale,
and then Doob’s Sampling Theorem yields for x ∈ (ε,M) the relation

h(x)= Ex

(
eβ(TM∧Tε∧n)h(XTM∧Tε∧n)

)
.

Since h is positive on [ε,M], we deduce that

Ex

(
eβ(TM∧Tε∧n)

)≤ h(x)

min{h(z) : z ∈ [ε,M]} ,
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and the Monotone Convergence Theorem implies

Ex

(
eβ(TM∧Tε)

)≤ h(x)

min{h(z) : z ∈ [ε,M]} .

Finally, the Dominated Convergence Theorem shows

h(x)= h(M)Ex
(
eβTM ,TM < Tε

)+ h(ε)Ex
(
eβTε , Tε < TM

)
. (6.34)

On the other hand, if we take B =R+ in the definition of a QSD, we get

e−βt =
∫

Px(t < T )dν(x)≥ ν
([x0,∞)

)
Px0(t < T ).

We consider x0 > 0 such that ν([x0,∞)) > 0. Using Theorems 6.24 and 6.26, we
deduce 0 ≤ β ≤ λ. Since Px(t < T ) < 1 for all x ≥ 0, we deduce that β > 0. This
shows the result when λ= 0. So in what follows, we assume implicitly that λ > 0.

Let us define g(x)= h(1)
ψβ(1)

ψβ(x). The result is proved as soon as we show h= g.
Using Itô’s formula, we deduce that

g(x) = Ex

(
eβ(TM∧Tε)g(XTM∧Tε )

)

= g(M)Ex
(
eβTM ,TM < Tε

)+ g(ε)Ex
(
eβTε , Tε < TM

)
.

We consider x = 1 and we take ε→ 0 to conclude that

h(1)= g(1)= g(M)E1
(
eβTM ,TM < T

)
.

This also shows that the limit exists in (6.34) and is given by

h(1)= h(M)E1
(
eβTM ,TM < T

)+ h(0+)E1
(
eβT , T < TM

)
.

This proves that h(0+) exists and is finite. Since h(0+) ≥ 0 and g(1) = h(1), we
deduce that h(M) ≤ g(M) for any M ≥ 1. In other words, the function G(x) =
g(x)− h(x) is nonnegative for x ≥ 1. Assume that G(x0) < 0 for some x0 ∈ (0,1),
then

min
{
G(x) : x ∈ (0,1)

}
Px0(s < T )≤ Ex0

(
G(Xs), s < T

)=G(x0) < 0.

If we take s→∞ in this inequality, we get 0≤G(x0) < 0, which is a contradiction,
and therefore G≥ 0, or equivalently, h≤ g.

Finally, 0 = G(1) = E1(G(Xs), s < T ) and we deduce that G(x) = 0 almost
surely for the measure P1(Xs ∈ dx, s < T ). This measure is given by

rs(1, x)e
−γ (x) dx

which has a positive density in (0,∞). This fact, together with the continuity of G,
shows that G= 0 on (0,∞) (in particular, h(0+)= g(0+)= 0). We conclude that
h= g, proving the result. �
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6.4 h-Processes Associated to X

In this section, we show how the different h-processes associated to each λ ∈ [0, λ]
appear in a limit procedure for the conditional process. When Λ(∞) < ∞ or
Λ(∞) =∞ but λ = 0 (that is, η = 0) this is essentially studied in Theorem 6.16,
part (iv), and Theorem 6.30, part (iii).

For the rest of this section, we assume that α satisfies H,H1 and λ > 0. Hence,
we have η = λ and ψλ ∈ L1 (dμ) for λ ∈ (0, λ]. Also, each of these ψλ induces a
QSD given by the probability measure whose density with respect to μ is propor-
tional to ψλ.

According to Theorem 6.26, part (iv), for all s ≥ 0, all x > 0 and A ∈
B(C([0, s])), the limit

lim
t→∞Px(X ∈A|t < T )= Ex

(

eλs
ψλ(Xs)

ψλ(x)
,X ∈A, s < T

)

exists and it is an h-transform of X. The aim of this section is to show how to
get a similar result for each λ ∈ [0, λ) with a suitable conditioning that approaches
“T =∞”.

For that purpose, let us consider an increasing sequence of stopping times (SλM)
associated to ψλ, defined as follows:

SλM = inf
{
s > 0 : Fλ(Xs, s)≥M

}
,

where Fλ(x, s)= eλsψλ(x) for x ≥ 0, s > 0. The main result of this section is

Theorem 6.35 Assume α satisfies H,H1 and λ > 0. Then, for any λ ∈ (0, λ), s ≥ 0,
x > 0 and A ∈ B(C([0, s])),

lim
M→∞Px

(
X ∈A|SλM < T

)= Ex

(

eλs
ψλ(Xs)

ψλ(x)
,X ∈A, s < T

)

.

To prove this result, we need the following lemmas.

Lemma 6.36 For every λ < λ, we have that ψλ is a strictly increasing positive
function on R+ and

lim
M→∞ψλ(M)=∞.

Proof In the case λ = 0, we have ψ0 = Λ and the result is verified in this case.
Hence in the rest of the proof we restrict ourselves to the case λ �= 0 and λ < λ.

First, let us show ψ = ψλ is not bounded. On the contrary assume ∀x ∈ R+
that |ψ(x)| ≤ K . Consider F(x, t) = ψ(x)eλt . Then, by Itô’s formula, we have
ψ(x)= Ex(F (Xs, s), s < TM ∧ T )+ψ(M)Ex(e

λTM ,TM < s ∧ T ).
Since eλTM1TM<s∧T ≤ (eλs ∨ 1)1TM<s , we obtain

∣
∣ψ(x)

∣
∣≤KeλsPx(s < T )+K

(
eλs ∨ 1

)
Px(TM < s).
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Letting M→∞, we get |ψ(x)| ≤KeλsPx(s < T ). From Theorem 6.24 and since
λ < η = λ, we obtain eλsPx(s < T )→ 0 as s→∞. This yields ψ = 0, which is a
contradiction, so we deduce that ψ is not bounded.

Now, let us show that ψ only vanishes at x = 0. On the contrary let x0 > 0 be
such that ψ(x0)= 0 and ψ(x) > 0 for x ∈ (0, x0). By Itô’s formula, we obtain

∣
∣ψ(x)

∣
∣= ∣

∣Ex
(
ψ(Xs)e

λs, s < Tx0 ∧ T
)∣
∣≤ max

y∈[0,x0]
∣
∣ψ(y)

∣
∣eλsPx(s < T )→ 0

as s→∞. Therefore, we get that ψ(x) is strictly positive for x > 0.
Let us now prove that ψ is increasing. Assume there exist x < y for which

ψ(x) > ψ(y). In the case λ < 0, take z < x such that ψ(z) = ψ(y). Denote by
x̄ ∈ (z, y) a point verifying ψ(x̄)=maxr∈[z,y]ψ(r). Then

1

2
ψ ′′(x̄)= 1

2
ψ ′′(x̄)− α(x̄)ψ ′(x̄)=−λψ(x̄) > 0,

which is a contradiction. Assume now λ > 0. Since ψ is not bounded, there
exists z > y such that ψ(x) = ψ(z). Consider x̄ ∈ (x, z) such that ψ(x̄) =
minr∈[x,z]ψ(r) > 0, then

1

2
ψ ′′(x̄)= 1

2
ψ ′′(x̄)− α(x̄)=−λψ(x̄) < 0,

which again is a contradiction. Hence ψ is increasing.
Finally, if ψ(x)=ψ(y) for x < y, we see that ψ is constant on [x, y], and there-

fore,

0 �= −λψ(z)= 1

2
ψ ′′(z)− α(z)ψ ′(z)= 0

for z ∈ (x, y). The result follows from this. �

Lemma 6.37 For any λ ∈ (0, λ], we have

(i) ψλ(x)= λEx(
∫ T

0 ψλ(Xs) ds), for all x ≥ 0.
(ii) Ex(ψλ(Xs), s < T )= e−λsψλ(x) for all x ≥ 0, s > 0.

Proof (i) Using Itô’s formula, we get

ψ(x) = ψ(M)Px(TM < T )+ λEx

∫ TM∧T

0
ψ(Xs)ds

= ψ(M)
Λ(x)

Λ(M)
+ λEx

∫ TM∧T

0
ψ(Xs)ds.

From Lemma 6.18 and formula (6.24), the proof is completed for part (i).
(ii) Again from Itô’s formula, we get

ψ(x)= Ex

(
ψ(Xs)e

λs, s < TM ∧ T
)+ψ(M)E

(
eλTM ,TM < s ∧ T )

.
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Since

ψ(M)Ex
(
eλTM ,TM < s < T

)≤ψ(M)eλsPx(TM < T )= ψ(M)

Λ(M)
Λ(x)eλs,

the last term converges to 0 as M→∞, and the result follows. �

Lemma 6.38 For 0 < λ< λ, we have:

(i) Px(S
λ
M < T )= ψλ(x)

M
if ψλ(x) ∈ (0,M).

(ii) limM→∞
Px(S

λ
M<T∧s)

Px(S
λ
M<T )

= 0.

Proof (i) We shall write SM instead of SλM and ψ instead of ψλ. Take x such that
ψ(x) ∈ (0,M). If t ≤ SM ∧ T then Xt ∈ [0,ψ−1(M)]. Therefore, from Itô’s for-
mula, we get

ψ(x) = Ex

(
F(XSM∧T∧s , SM ∧ T ∧ s)

)

=MPx(SM < T ∧ s)+Ex

(
F(Xs, s), s < SM ∧ T

)
.

Now Ex(F (Xs, s), s < SM ∧ T ) ≤MPx(s < T ), which converges to 0 as s→∞,
proving the first part of the lemma.

(ii) We can assume ψ(x) < M . On the set {SM < T ∧ s}, we have ψ(XSM ) =
Me−λSM ≥Me−λs . Therefore, Tψ−1(Me−λs) ≤ SM .

Hence,

Px(SM < T ∧ s)
Px(SM < T )

≤ Px(Tψ−1(Me−λs) < T )

Px(SM < T )
= M

ψ(x)

Λ(x)

Λ(ψ−1(Me−λs))
.

Put N =ψ−1(Me−λs), then ψ(N)=Me−λs and N converges to ∞ with M .
Thus, Px(SM<T∧s)

Px(SM<T )
≤ eλs

Λ(x)
ψ(x)

ψ(N)
Λ(N)

converges to 0 as M→∞. �

Proof (Theorem 6.35) Let θs be the shift operator by s units of time. We denote S•
instead of Sλ• . It can be checked that SMe−λs ◦ θs = SM − s on the set {s ≤ SM <∞}.
Observe that on this set ψ(Xs) ≤Me−λs , therefore from Lemma 6.38(i), we have
PXs (SMe−λs < T )= ψ(Xs)

M
eλs . Now, by using the Markov property, we get

Px(X ∈A, s ≤ SM < T )

Px(SM < T )
= Ex

(
PXs (SMe−λs < T )

Px(SM < T )
,X ∈A, s < T, s ≤ SM

)

= Ex

(

eλs
ψλ(Xs)

ψλ(x)
,X ∈A, s < T, s ≤ SM

)

.

This last term converges, as M→∞, to

Ex

(

eλs
ψλ(Xs)

ψλ(x)
,X ∈A,T > s

)

because 1{SM≥s} ≥ 1{T
ψ
−1
λ

(Me−λs )≥s} ↗ 1{T∞≥s} = 1 Px -a.e.
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To finish the proof, we use Lemma 6.38, part (ii), to get the result. Indeed,
∣
∣
∣
∣Px(X ∈A|SM < T )− Px(X ∈A, s ≤ SM < T )

Px(SM < T )

∣
∣
∣
∣≤

Px(SM < T ∧ s)
Px(SM < T )

,

which converges to 0 as M tends to ∞. �

6.5 R-Positivity for X

We give necessary and sufficient conditions in order that a one-dimensional diffu-
sion X killed at 0 be R-positive. This means that the process Z whose law is the
conditional law of X to never hit the origin is positive recurrent. Our conditions are
stated in terms of the function λ, where λ(z) is the bottom of the spectrum of the
eigenvalue problem associated to the diffusion killed at z.

Let T X
z = Tz = inf{t > 0 :Xt = z} be the hitting time of z. We are mainly inter-

ested in the case z= 0 and we denote T = T0. As usual, XT corresponds to X killed
at 0. Most of the functions and parameters we consider in this section will depend
on α. To avoid overburdening notation, we shall explicitly denote such dependence
only if it is necessary. We will consider the diffusion X killed at different points. In
this sense, it is useful to introduce the notation α(z) which is the restriction of α to
the region [z,∞). Since most of the time we will deal with the process X killed at
0, we shall use α as synonymous to α(0), when there is no possible confusion.

Throughout this section, we shall assume that α satisfies H and most of the time
we shall assume also H1, which is Λ(∞)=∞, that is, absorption is certain.

Fix some z ∈R+. The eigenvalue problem 1
2v
′′(x)−α(x)v′(x)=−λv(x) v(z)=

0, v′(z)= 1 has a unique solution in [z,∞) denoted byψz,λ;α . When there is no pos-
sible confusion about α, we shall use the simple notation ψz,λ. This unique solution
satisfies for x ≥ z

ψ ′z,λ(x) = eγ (x)−γ (z)
(

1− 2λ
∫ x

0
ψz,λ(ξ)e

γ (z)−γ (ξ) dξ
)

,

ψz,λ(x) =
∫ x

0
eγ (y)−γ (z)

(

1− 2λ
∫ y

0
ψz,λ(ξ)e

γ (z)−γ (ξ) dξ
)

dy.

The functions ψz,λ(x),ψ
′
z,λ(x) are continuous on (z, λ, x).

We denote by λα(z), or simply by λ(z) if there is no possible confusion, the value
given by λ(z) = max{λ : ψz,λ is positive in (z,∞)}. We know that λ(z) is charac-
terized by λ(z)=max{λ :ψz,λ is increasing on [z,∞)}. We point out that ψz,λ(z) is
strictly increasing.

Under H,H1, we have the following useful characterization for any x > z:

λ(z)= lim
t→∞−

log(Px(t < Tz))

t
.

From this representation, we conclude that the function λ(•) is increasing on R+.
We point out that a simple coupling argument shows that λα is increasing also in
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α, that is, if α ≥ β on [z,∞) and both functions satisfy Hypotheses H and H1 then
λα(z)≥ λβ(z) (see Corollary 6.32).

According to Theorem 6.26, the following limit exists for x > 0 fixed and defines
a diffusion Z

lim
t→∞Px(Xs ∈A|t < T ) = eλ(0)sEx

(
ψ0,λ(0)(Xs)ψ0,λ(0)(x),Xs ∈A, s < T

)

= Px(Zs ∈A).
This diffusion satisfies the SDE (see (6.31))

dZt = dBt − φ(Zt ) dt, where φ(y)= α(y)− ψ ′0,λ(0)(y)
ψ0,λ(0)(y)

and takes values on (0,∞). In fact, it never reaches 0 because its drift is of order 1/x
for x near 0. The transition density for Z is (with respect to the Lebesgue measure)

pZ(t, x, y)= ψ0,λ(0)(y)

ψ0,λ(0)(x)
eλ(0)tpt (x, y).

From Remark 6.10, we get for x > 0, y > 0

pZ(t, x, y) dy = ψ0,λ(0)(y)

ψ0,λ(0)(x)
e−

∫ y
x α(ξ) dξ

Ex

(
e−1/2

∫ t
0 hα(Bs) ds,Bt ∈ dy, t < T

)
,

where hα = α2 − α′ − 2λα(0). This function hα will be used below to compare the
qualitative behavior of the diffusion Z for different drifts.

When Λ(∞) <∞, a similar result holds according to Theorem 6.16, by replac-
ing λ(0) by η= 0 and ψ0,λ(0) by Λ.

Our main tool is to kill the process X at different levels. Let us introduce some
notation. Consider a fixed x > 0, and we kill X at x. The associated limiting process
Zx has a drift given by (see (6.31))

−φx(y)=
ψ ′x,λ(x)(y)
ψx,λ(x)(y)

− α(y) for y > x.

A straightforward computation yields the following relation between the eigenfunc-
tion for Zx killed at z, for z > x, and the two eigenfunctions for X one killed at z
and the other at x. For any λ ∈R and any y ≥ z,

ψz,λ−λ(x);φx (y)=
ψz,λ;α(y)ψx,λ(x);α(z)

ψx,λ(x);α(y)
, (6.35)

where we have put λ(x)= λα(x). This relation also holds if we replace λ(x) by any
β ≤ λ(x). From this relation, we get λφx (z) = λα(z) − λα(x). The following two
results give some basic information about the limiting process Z.
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Theorem 6.39 Assume α satisfies H and H1. Then

φ(x)= α(x)−ψ ′0,λ(0);α(x)/ψ0,λ(0);α(x)

satisfies H on [z,∞) for all z > 0. This means

∫ ∞

z

e−γ Z(x)
∫ x

z

eγ
Z(ξ) dξ dx =

∫ ∞

z

eγ
Z(x)

∫ x

z

e−γ Z(ξ) dξ dx =∞,

where γ Z(y)= 2
∫ y

a
(α(ξ)−ψ ′0,λ(0)(ξ)/ψ0,λ(0)(ξ)) dξ and a > z is a fixed constant.

The proof of this theorem is based on the following lemma, for which we assume
neither H nor H1.

Lemma 6.40 Assume α is locally bounded and measurable. Let λ < 0, then the
following two conditions are equivalent:

(i) ψ0,λ is unbounded;
(ii)

∫∞
0 eγ (x)

∫ x

0 e−γ (y) dy dx =∞.

Proof We denote by ψ =ψ0,λ. Since

ψ(x)=Λ(x)− 2λ
∫ x

0
eγ (y)

∫ y

0
ψ(z)e−γ (z) dz dy

and the fact that λ < 0, we get that ψ is strictly increasing.
Hence, if Λ(∞)=∞, both conditions (i) and (ii) are satisfied. Therefore, for the

rest of the proof we can assume Λ(∞) <∞.
Suppose that (ii) holds. For x > 1, ψ −Λ can be bounded from below by

−2λ
∫ x

1
eγ (y)

∫ y

1
ψ(z)e−γ (z) dz dy

≥−2λψ(1)
∫ x

1
eγ (y)

∫ y

1
e−γ (z) dz dy

≥−2λψ(1)

[∫ x

0
eγ (y)

∫ y

0
e−γ (z) dz dy

−
∫ 1

0
eγ (y)

∫ y

0
e−γ (z) dz dy −Λ(x)

∫ 1

0
e−γ (z) dz

]

.

Then, ψ is unbounded.
Now, assume

∫∞
0 eγ (x)

∫ x

0 e−γ (y) dy dx <∞. We shall prove that ψ is bounded.
Indeed, take a large x0 such that −2λ

∫∞
x0

eγ (y)
∫ y

0 e−γ (z) dz dy ≤ 1/2. For x > x0,
we have
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ψ(x) ≤ v(x0)+Λ(∞)− 2λψ(x)
∫ x

x0

eγ (y)
∫ y

0
e−γ (z) dz dy

≤ ψ(x0)+Λ(∞)+ψ(x)/2.

Therefore, ψ is bounded by 2(ψ(x0)+Λ(∞)). �

Proof (Theorem 6.39) We denote by ψ = ψ0,λ(0);α . We also recall the notation
γ Z(y) = 2

∫ y

a
φ(ξ) dξ = γ (y)− γ (a)− 2 log(ψ(y)/ψ(a)), for some a > 0 fixed.

Then,

∫ ∞

z

e−γ Z(y)
∫ y

a

eγ
Z(ξ) dξ dy =

∫ ∞

z

ψ2(y)

ψ2(a)
e−γ (y)

∫ y

a

ψ2(a)

ψ2(ξ)
eγ (ξ) dξ dy

≥
∫ ∞

z

e−γ (y)
∫ y

a

eγ (ξ) dξ dy =∞,

where we have used the monotonicity of ψ and Hypotheses H,H1 for α.
For the other integral involved in condition H, we consider two different situa-

tions. In the first one, we assume λ(0)= 0. In this case, ψ =Λ and φ = α −Λ′/Λ.
Since dΛ(y)= eγ (y) dy, an integration by parts yields

∫ x

z

eγ
Z(y)

∫ y

a

e−γ Z(ξ) dξ dy

=
∫ x

z

eγ (y)

Λ2(y)

∫ y

a

Λ2(ξ)e−γ (ξ) dξ dy

=
∫ z

a

Λ2(y)e−γ (y)
(

1

Λ(z)
− 1

Λ(x)

)

dy +
∫ x

z

Λ(y)e−γ (y)
(

1− Λ(y)

Λ(x)

)

dy.

Since Λ increases to ∞, we can take xn ↑∞ such that Λ(xn)=Λ(n)/2. Then,

∫ ∞

z

eγ
Z(y)

∫ y

a

e−γ Z(ξ) dξ dy

≥
∫ z

a

Λ2(y)e−γ (y)
(

1

Λ(z)
− 1

Λ(x)

)

dy +
∫ n

z

Λ(y)e−γ (y)
(

1− Λ(y)

Λ(xn)

)

dy

≥
∫ z

a

Λ2(y)e−γ (y)
(

1

Λ(z)
− 1

Λ(x)

)

dy + 1

2

∫ n

z

Λ(y)e−γ (y) dy,

which converges to infinity because α satisfies H.
We are left with the case λ(0) > 0. In this situation, we deduce that (see Corol-

lary 6.21)

∫ ∞

0
ψ0,λ(0);α(y)e−γ (y) dy <∞ and

∫ ∞

0
e−γ (y) dy <∞.
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The last conclusion follows from the fact that ψ0,λ(0);α(•) is nonnegative and strictly
increasing on [0,∞).

Now, consider w(y)=ψz,0;α(y)= e−γ (z)(Λ(y)−Λ(z)). Using (6.35), we have

ψz,−λ(z);φ(y)= w(y)ψ(z)

ψ(y)
.

From Lemma 6.40, the proof will be finished as soon as we prove w/ψ is un-
bounded. So, let us assume w/ψ ≤D on [z,∞). Then,

∫ ∞

z

w(y)e−γ (y) dy ≤D

∫ ∞

z

ψ(y)e−γ (y) dy

which is finite. On the other hand,
∫ ∞

z

w(y)e−γ (y) dy = e−γ (z)
∫ ∞

z

Λ(y)e−γ (y) dy −Λ(z)

∫ ∞

z

e−γ (y) dy.

This quantity is infinite because α satisfies H. We arrive at a contradiction, and the
result is proved. �

The second result supplies the recurrence classification of Z in terms of in-
tegrability properties of ψ0,η . Recall that if Λ(∞) <∞ we have η = 0, and if
Λ(∞)=∞ then η= λ(0).

Theorem 6.41 Assume α satisfies H. The process Z is

(i) Positive recurrent if and only if
∫∞

0 ψ2
0,η(x)e

−γ (x) dx <∞;

(ii) Null recurrent if and only if
∫∞

0 ψ2
0,η(x)e

−γ (x) dx =∞,
∫∞
a

ψ−2
0,η(x)e

γ (x) dx =
∞ for some a > 0 (or all a > 0);

(iii) Transient if and only if
∫∞
a

ψ−2
0,η(x)e

γ (x) dx <∞ for some a > 0 (or all a > 0).

Proof Let v =ψ0,η;α and consider, for a > 0, the function

ΛZ(y)=
∫ y

a

eγ
Z(z) dz= v2(a)

∫ y

a

v−2(z)eγ (z)−γ (a) dz.

We first notice that ΛZ(0+)=−∞ because v(x)= x+O(x2) for x near 0. On the
other hand, if ΛZ(∞)=∞ then Z is recurrent (see 5.5.22 in Karatzas and Shreve
1988). In the case ΛZ(∞) <∞, for any x > 0, it holds

Px

(
lim
t↑S Zt =∞

)
= Px

(
inf

0≤t<S Zt > 0
)
= 1,

where S is the explosion time of Z. In this case, the process Z is transient. Hence,
Z is transient if and only if ΛZ(∞) <∞, which is equivalent to

∫ ∞

a

v−2(z)eγ (z) dz <∞.
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Let T Z
b be the hitting time of b > 0 for the process Z. The process Z is positive

recurrent when Ex(T
Z
b ) <∞, for any x, b ∈ (0,∞). Using the formulas on p. 353

in Karatzas and Shreve (1988) and the fact that the speed measure for Z is given by

dm(x)= 2
e−γ (a)

v2(a)
v2(x)e−γ (x) dx,

we deduce that Z is positive recurrent if and only if
∫∞

0 v2(x)e−γ (x) dx <∞. �

6.5.1 R-Classification

The classification of Z induces the R-classification of the killed diffusion XT . We
shall state necessary and sufficient conditions for α to be R-positive in terms of
the function λ. We introduce a concept of a gap and we will prove that there exists
a gap when the diffusion is R-positive. This concept of a gap is analogous to the
condition already used in Ferrari et al. (1996) to show R-positivity of Markov chains
on countable spaces.

We also point out that the notion of R-positivity for diffusions extends the stan-
dard definition of R-positivity introduced by Vere-Jones (see Vere-Jones 1967) for
nonnegative matrices, which in terms of the Perron–Frobenius theory reduces to the
fact that the inner product of the left and right positive eigenvectors is finite (see
Seneta 1981, Theorem 6.4). Hence, this notion turns out to be nontrivial only for
processes taking values on infinite spaces. In the context of one-dimensional statis-
tical mechanics with an infinite number of states, R-positivity of the transfer matrix
associated to the Hamiltonian was shown to be a necessary and sufficient condition
for the existence of a unique Gibbs state Kesten (1976). The material of this section
is taken from Martínez and San Martín (2004).

We start with the R-classification of X.

Definition 6.42 The process XT , or equivalently, α, is said to be R-positive (re-
spectively, R-recurrent, R-null, or R-transient) if the process Z is positive recurrent
(respectively, recurrent, null recurrent, or transient).

Recall that Corollary 6.21 states that under both H,H1 we have

λ(0) > 0 ⇔
∫ ∞

0
ψ0,λ(0)(x)e

−γ (x) dx <∞.

Using that ψ0,λ(0) is an increasing function, we deduce that λ(0) > 0 is a necessary
condition for R-positivity. Moreover, whenever XT is R-positive, it holds

∫ ∞

0
e−γ (x) dx <∞.
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The probabilistic meaning of this fact is that the process W whose drift in R is
−α(|x|) is positive recurrent. In fact, the invariant probability measure of W has a
density proportional to e−γ (|x|).

We introduce a new concept that will be important in the R-classification.

Definition 6.43 α has a gap at x with respect to y < x if λ(x) > λ(y).

We are mainly interested in gaps with respect to y = 0, in which case we just say
that α has a gap at x. We notice that if α has a gap at x so does at any z > x.

Definition 6.44 Consider λ(∞)= limx→∞ λ(x). We define x̄ = inf{x ≥ 0 : λ(x)=
λ(∞)} ≤∞.

Theorem 6.45 Assume H,H1 hold.

(i) If α has a gap at some z > 0 then α is R-positive and α has a gap at any x > 0.
(ii) If for some z > 0 the function α(z) is R-positive then α(y) is R-positive for

0≤ y ≤ z and λ is strictly increasing on [0, z]. In particular, α has a gap at z.
(iii) If α does not have a gap then α(z) is R-transient for any z > 0.

Remark 6.46 We notice that if λ(∞) = ∞ then necessarily α has a gap, which
implies that α is R-positive. We also point out that if α is R-transient then x̄ = 0
and λ(0)= λ(∞).

Before we prove this theorem, we need some lemmas. We first investigate some
extra properties about the eigenfunctions ψz,λ. A useful tool will be supplied by the
Wronskian W [f,g], between two C1 functions f and g, which we recall is given
by W [f,g](x)= f ′(x)g(x)− f (x)g′(x). Once f and g are fixed, we shall simply
write W(x) instead of W [f,g](x).

Lemma 6.47 For any a > 0 there exists λ̃ > λ(0) such that ψ0,λ is strictly increas-
ing on [0, a] for any λ ∈ [λ(0), λ̃].

Proof The result follows from the facts that ψ ′0,λ(x) is jointly continuous and
ψ0,λ(0) is strictly increasing on [0,∞). �

Lemma 6.48 Assume ψ0,λ is increasing on [0, a]. Then, for all τ < λ the func-
tion ψ0,τ is also increasing on [0, a]. Moreover, for x ∈ (0, a] it holds: ψ0,τ (x) >

ψ0,λ(x); ψ ′0,τ (x) > ψ ′0,λ(x) and the ratio ψ ′0,τ (x)/ψ0,τ (x) is a strictly decreasing
continuous function of τ on the region (−∞, λ]. In particular, the above properties
hold for λ= λ(0) on (0,∞).

Proof We first notice that if ψ0,λ is increasing on [0, a] then it is strictly in-
creasing in the same interval. In fact, from the equality ψ ′λ(x) = eγ (x)(1 −
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2λ
∫ x

0 ψλ(z)e
−γ (z) dz), we conclude that ψ ′0,λ > 0 on [0, a). Consider the Wron-

skian W(x) = W [ψ0,λ,ψ0,τ ](x) = ψ ′0,λ(x)ψ0,τ (x) − ψ0,λ(x)ψ
′
0,τ (x). A straight-

forward computation shows that W(0)= 0 and

W ′ = 2αW − 2(λ− τ)ψ0,λψ0,τ ,

or equivalently,

W(x)=−2(λ− τ)eγ (x)
∫ x

0
e−γ (ξ)ψ0,λ(ξ)ψ0,τ (ξ) dξ.

If ψ0,λ,ψ0,τ are increasing on [0, b] then W(x) < 0 on this interval, and therefore

ψ ′0,λ(x)
ψ0,λ(x)

<
ψ ′0,τ (x)
ψ0,τ (x)

for x ∈ (0, b].

This implies that ψ0,τ is increasing in [0, a] (otherwise take the first x∗ < a where
ψ ′0,τ (x∗)= 0 to arrive at a contradiction). We deduce

ψ ′0,λ(x)
ψ0,λ(x)

<
ψ ′0,τ (x)
ψ0,τ (x)

for x ∈ (0, a]. (6.36)

Moreover, by integrating (6.36), we get for any ε > 0

ψ0,λ(x) <
ψ0,λ(ε)

ψ0,τ (ε)
ψ0,τ (x).

Since limε↓0ψ0,λ(ε)/ψ0,τ (ε)= 1, we obtain

ψ0,λ(x)≤ψ0,τ (x) ∀x ∈ (0, a],
which, together with (6.36), implies ψ ′0,λ(x) < ψ ′0,τ (x). Finally, the ratio ψ ′0,τ (x)/
ψ0,τ (x) is clearly continuous on τ for any x ∈ (0, a]. �

Let z ≥ x ≥ 0 be fixed. Consider the Wronskian W =W [ψx,λ,ψz,τ ] in the re-
gion [z,∞), which is given by W(y)=ψ ′x,λ(y)ψz,τ (y)−ψx,λ(y)ψ

′
z,τ (y). One has

W(z)=−ψx,λ(z) and W ′ = 2αW + 2(τ − λ)ψx,λψz,τ . Therefore, for y ≥ z,

W(y) = e2
∫ y
z α(ξ) dξ

(

W(z)+ 2(τ − λ)

∫ y

z

ψx,λ(η)ψz,τ (η)e
−2

∫ η
z α(ξ) dξ dη

)

= e2
∫ y
z α(ξ) dξ

(

−ψx,λ(z)+ 2(τ − λ)

∫ y

z

ψx,λ(η)ψz,τ (η)e
−2

∫ η
z α(ξ) dξ dη

)

.

(6.37)

Lemma 6.49 Assume that for x < z fixed, λ(x) < λ(z). Then, for τ ∈ (λ(x), λ(z)]
and y ∈ [z,∞), we have

W [ψx,λ(x),ψz,τ ](y) < 0. (6.38)
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In particular, for y ∈ [z,∞),

ψ ′x,λ(x)(y)
ψx,λ(x)(y)

≤ ψ ′z,λ(z)(y)
ψz,λ(z)(y)

. (6.39)

Furthermore,

2
(
λ(z)− λ(x)

)
∫ ∞

z

ψx,λ(x)(η)ψz,λ(z)(η)e
−2

∫ η
z α(ξ) dξ dη=ψx,λ(x)(z). (6.40)

Proof Let λ(x) < τ ≤ λ(z). Assume that (6.38) does not hold, that is, for some finite
y0, the following strict inequality holds:

2
(
τ − λ(x)

)
∫ y0

z

ψx,λ(x)(η)ψz,τ (η)e
−2

∫ η
z α(ξ) dξ dη > ψx,λ(x)(z).

By Lemma 6.47 and an argument based on continuity, we get the existence of λ̃ ∈
(λ(x), τ ) such that

(a) ψx,λ̃ is increasing on [x, y0];
(b) 2(τ − λ̃)

∫ y0
z
ψx,λ̃(η)ψz,τ (η)e

−2
∫ η
z α(ξ) dξ dη > ψx,λ̃(z).

From (6.37), we have

W [ψx,λ̃,ψz,τ ](y0)=ψ ′
x,λ̃
(y0)ψz,τ (y0)−ψx,λ̃(y0)ψ

′
z,τ (y0) > 0.

Since ψz,τ is increasing (see Lemma 6.48), we get ψ ′
x,λ̃
(y0) > 0, and therefore

ψx,λ̃ is strictly increasing on a small interval [y0, y0 + δ]. If there exists a point
y∗ > y0 such that ψ ′

x,λ̃
(y∗) = 0, we arrive at a contradiction. In fact, consider the

smallest possible y∗. From (6.37) and relation (b), we get W [ψx,λ̃,ψz,τ ](y∗) > 0,
and therefore ψ ′

x,λ̃
(y∗) > 0. The conclusion is that ψx,λ̃ is strictly increasing on

[x,∞), but this is again a contradiction because λ̃ > λ(x). Therefore,

2
(
τ − λ(x)

)
∫ ∞

z

ψx,λ(x)(η)ψz,τ (η)e
−2

∫ η
z α(ξ) dξ dη ≤ψx,λ(x)(z)

holds, and (6.38) and (6.39) follow.
Now, let us prove (6.40). Take a large t0 and find a τ̃ > λ(z), close enough to

λ(z), such that ψz,τ̃ is increasing on [z, t0]. Since τ̃ > λ(z), there exists t1 > t0, the
closest value to t0, where ψ ′

z,τ̃
(t1)= 0, then W [ψx,λ(x),ψz,τ̃ ](t1) > 0. From (6.37),

we get

2
(
τ̃ − λ(x)

)
∫ t1

z

ψx,λ(x)(η)ψz,τ̃ (η)e
−2

∫ η
z α(ξ) dξ dη > ψx,λ(x)(z).
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Using Lemma 6.48, the inequality ψz,τ̃ ≤ ψz,λ(z) holds on [z, t1]. Therefore, we
obtain

2
(
τ̃ − λ(x)

)
(∫ ∞

z

ψx,λ(x)(η)ψz,λ(z)(η)e
−2

∫ η
z α(ξ) dξ dη

)

>ψx,λ(x)(z).

Thus, (6.40) is proved by passing to the limit τ̃→ λ(z). �

Proof (Theorem 6.45) (i) Let us prove that the existence of a gap at some z > 0 is
sufficient for α to be R-positive. From Lemma 6.49, by integrating inequality (6.39)
(where x = 0), we get

ψ0,λ(0)(y)≤ ψ0,λ(0)(y0)

ψz,λ(z)(y0)
ψz,λ(z)(y), for 0 < z < y0 < y.

From this inequality and (6.40), we get

∫ ∞

y0

ψ2
0,λ(0)(y)e

−γ (y) dy ≤ ψ0,λ(0)(y0)

ψz,λ(z)(y0)

∫ ∞

y0

ψ0,λ(0)(y)ψz,λ(z)(y)e
−γ (y) dy

≤ ψ0,λ(0)(y0)

ψz,λ(z)(y0)

ψ0,λ(0)(z)

2(λ(z)− λ(0))
e−γ (z) <∞.

This shows that α is R-positive.
Now we prove that if α has a gap at z > 0 then it has a gap at any x > 0. Without

loss of generality, we can assume that x < z. If there is no gap at x, we have λ(0)=
λ(x). For the sake of simplicity, we denote λ= λ(0). Using (6.37), the Wronskian
W =W [ψ0,λ,ψx,λ] is

W(y)=ψ ′0,λ(y)ψx,λ(y)−ψ0,λ(y)ψ
′
x,λ(y)=−ψ0,λ(x)e

2
∫ y
x α(ξ) dξ for x ≤ y.

Therefore, we get

(
ψ0,λ

ψx,λ

)′
(y)= W(y)

ψ2
x,λ(y)

=−ψ0,λ(x)
e2

∫ y
x α(ξ) dξ

ψ2
x,λ(y)

.

Consider x < y0 and integrate the above equality on [y0, y] to obtain

ψ0,λ(y)=ψx,λ(y)

(
ψ0,λ(y0)

ψx,λ(y0)
−ψ0,λ(x)

∫ y

y0

e2
∫ η
x α(ξ) dξ

ψ2
x,λ(η)

dη

)

. (6.41)

The assumption of having a gap at z > x and the assumption λ(0)= λ(x) ensure
that λ(z) > λ(x) and that α(x) has a gap at z with respect to x. Therefore, using the
part of the theorem already proved, α(x) is R-positive. So far we have the statement

α(x) is R-positive and λ(x)= λ(0). (6.42)
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We shall prove that this leads to a contradiction. We first remark that the following
integral is finite

∫ ∞

x

ψ2
x,λ(x)(η)e

−2
∫ η
x α(ξ) dξ dη <∞,

which implies for any y0 ≥ x (we use that
∫

1dx = ∫
f/f dx)

∫ ∞

y0

e2
∫ η
x α(ξ) dξ

ψ2
x,λ(x)(η)

dη=∞.

This is a contradiction to (6.41) because at some large y we obtain (recall that λ=
λ(0))

ψ0,λ(x)

∫ y

y0

e2
∫ η
x α(ξ) dξ

ψ2
x,λ(η)

dη >
ψ0,λ(y0)

ψx,λ(y0)
,

and therefore ψ0,λ(0)(y) < 0. Thus, we have proved that α has a gap at x.
(ii) Take y < z. If α(z) is R-positive and λ(z) = λ(y), we get a contradiction as

we have done for (6.42). Thus, λ(z) > λ(y), so α(y) has a gap at z with respect to y,
which implies that α(y) is R-positive, and λ is strictly increasing on [0, z].

(iii) We notice that α does not have a gap at any x > 0, and therefore λ(0)= λ(x).
From (6.41), we find

∫ ∞

y0

e2
∫ η
x α(ξ) dξ

ψ2
x,λ(0)(η)

dη <∞.

Therefore, α(x) is R-transient. �

In the next result, we investigate further the R-classification of α(x), relating this
problem to the behavior of λ.

Theorem 6.50 Assume H,H1 hold. Then, the function λ is strictly increasing on
[0, x̄), and α(x) is R-positive for x ∈ [0, x̄). λ is constant on [x̄,∞) and α(x) is R-
transient on (x̄,∞). λ is continuous in [0,∞); it is C1 on [0,∞) except perhaps
at x̄. Moreover, λ′ satisfies, for x ∈ [0, x̄),

∫ ∞

x

ψ2
x,λ(x)(y)e

−2
∫ y
x α(ξ) dξ dy = 1

2λ′(x)
. (6.43)

In particular, λ′(x) > 0 on [0, x̄).
Finally, when 0 < x̄ <∞, we have that α(x̄) is R-recurrent. It is R-null if and

only if λ′(x̄−) = 0, and it is R-positive if and only if λ′(x̄−) > 0 (that is, if λ′ is
discontinuous at x̄).
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It is worth noticing that a formula similar to (6.43) holds for λ(x)

∫ ∞

x

ψx,λ(x)(y)e
−2

∫ y
x α(ξ) dξ dy = 1

2λ(x)
.

This is a particular case of the relation (6.25) established for any λ ∈ (0, λ(x)].

Lemma 6.51 Assume that α is R-transient. Then, there exists ε > 0 such that any
solution of the problem v′′ − 2αv′ = −2λ(0)v whose initial conditions satisfy 0 ≤
v(0)≤ ε, |v′(0)− 1| ≤ ε is positive on (0,∞).

Proof We begin by fixing some constants used in the proof. Let a1 > 1 be the
smallest solution of log(a1)/a1 = (4e)−1 and a∗ > a1 the smallest solution of
log(a∗)/a∗ = (2e)−1. We notice that a∗ < e, and for any a∗ < a < e we have
(2e)−1 < log(a)/a < e−1.

We denote by w = ψ0,λ(0) and we choose ε > 0 small enough such that the
following conditions are satisfied: v is positive on (0,1],

max
{
w(1)/v(1), v(1)/w(1)

}≤ a1 and ε

∫ ∞

1
w−2(x)eγ (x) dx ≤ (4e)−1.

For a ∈ (a∗, e), we shall prove that v(x) > w(x)/a on [1,∞). Suppose the contrary.
Since v(1)/w(1)≥ 1/a1 > 1/a, we obtain that

1 < x(a) := inf
{
x > 1 : v(x)≤w(x)/a

}
<∞.

Consider the Wronskian W =W [w,v]. It is straightforward to prove that W(x)=
v(0)eγ (x). Since v is positive on the interval [1, x(a)], we obtain

w(x)= w(1)

v(1)
v(x) exp

(∫ x

1

W(y)

w(y)v(y)
dy

)

for x ∈ [
1, x(a)

]
.

Using the relations w(x(a)) = v(x(a))a > 0 and v(x) ≥ w(x)/a on [1, x(a)], we
obtain

av
(
x(a)

)≤ w(1)

v(1)
v

(
x(a)

)
exp

(

v(0)a
∫ x(a)

1

eγ (y)

w2(y)
dy

)

.

Therefore,

log(a)

a
≤ log(w(1)/v(1))

a
+ ε

∫ ∞

1

eγ (y)

w2(y)
dy ≤ (2e)−1,

which is a contradiction. Thus, we have proved that v ≥w/a∗ on [1,∞); in partic-
ular, v is positive. �

Corollary 6.52 Assume that α(0) is R-transient and α̃ is an extension of α(0). Then,
there is δ > 0 such that λα̃(x)= λα(0) for x ∈ [−δ,0].
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Proof Consider ε > 0 given by Lemma 6.51. If δ > 0 is sufficiently small, we have,
for fixed x ∈ [−δ,0), that v = ψx,λα(0);α̃ satisfies 0≤ v(0)≤ ε, |v′(0)− 1| ≤ ε and
v is positive on (x,0]. Therefore, from the previous lemma, v is positive on (x,∞),
which implies that λα̃(x) ≥ λα(0). The opposite inequality follows from the fact
that λα̃ is an increasing function. �

Proof (Theorem 6.50) From Theorem 6.45, it follows that λ is strictly increasing
on [0, x̄), and in the same interval α(x) is R-positive. Also α(x) is R-transient in the
region (x̄,∞).

Let us now prove that λ is continuous on [0,∞). We use the continuity ofψx,λ(y)

on x,λ, y. Consider x ∈ [0, x̄). As z decreases to x, the right-hand side of (6.40)
converges to 0 and the integral on the left-hand side stays bounded away from zero.
Therefore, we deduce the right continuity of λ at x. For x ∈ (0, x̄], we obtain the left
continuity of λ in the same way. The only thing left to prove is the right continuity
at x̄. If it were the case that λ(x̄) < λ(∞), we would get a contradiction with (6.40)
by letting z decrease to x̄ because for all z > x̄ we have λ(∞)= λ(z).

An application of the Dominated Convergence Theorem leads us to conclude
from (6.40) that

∫ ∞

x

ψ2
x,λ(x)(y)e

−2
∫ y
x α(ξ) dξ dy = 1

2λ′(x)
, (6.44)

and we deduce that λ is C1 on [0, x̄).
Let 0 < x̄ <∞. From the definition of x̄, we have λ(y) < λ(x̄) for any y < x̄,

and according to Corollary 6.52, we obtain that α(x̄) is R-recurrent.
From (6.39), if x < z < x̄ < y0 ≤ y, we have

ψ2
x,λ(x)(y)

ψ2
x,λ(x)(y0)

≤ ψ2
z,λ(z)(y)

ψ2
z,λ(z)(y0)

.

Using the Monotone Convergence Theorem in (6.44), we can pass to the limit to x̄
and conclude that

∫ ∞

x̄

ψ2
x̄,λ(x̄)(y)e

−2
∫ y
x̄ α(ξ) dξ dy = lim

x↑x̄
1

2λ′(x)
.

Therefore, α(x̄) is R-positive if and only if limx↑x̄ λ′(x) > 0. �

The R-classification already obtained for α(x), x > 0, can be put in terms of
points of increase from the left for the function λ. In fact, α(x) is R-recurrent (re-
spectively, R-transient) if and only if x is a point of increase (respectively, con-
stancy) from the left for λ. The distinction between R-null and R-positive is done
by the left derivative. Thus, in order to obtain the R-classification of α(0), we rely on
extensions of α(0) to the left of 0. Clearly, the classification of α(0) does not depend
on the chosen extension. To fix notations, α̃ is said to be an extension of α(0) if α̃ is
defined on [−ε,∞) for some ε > 0 and α̃(0) = α(0). From Theorems 6.45 and 6.50,
we directly obtain the following characterization.
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Theorem 6.53 Assume H,H1 hold.

(i) α(0) is R-transient if and only if for some (any) extension α̃, 0 is a point of
constancy for λα̃ .

(ii) α(0) is R-positive if and only if for some (any) extension α̃ one has λ′
α̃
(0−) > 0.

As a matter of completeness,
(iii) α(0) is R-null if and only if for some (any) extension α̃, 0 is a point of increase

for λα̃ and λ′
α̃
(0−)= 0.

Remark 6.54 As a straightforward consequence, we get that α is R-transient when-
ever it is periodic and satisfies H,H1. A slight generalization is the following one.
Consider a subperiodic function α in [0,∞), that is, α(x+a)≤ α(x) for some a > 0
and for all x ≥ 0, which also satisfies H,H1. A simple comparison argument gives
λ(a) ≤ λ(0), thus λ is a constant function. Take α̃ any subperiodic extension of α.
Again a comparison argument shows that 0 is a point of constancy for λα̃ , implying
that α is R-transient.

Furthermore, the following result is verified.

Proposition 6.55 Let x ≥ 0 and assume α(x) is R-positive. Then, for any z > x,
the function φx satisfies hypotheses H and H1 on [z,∞). Moreover, α has a gap
at y with respect to z if and only if φx has a gap at y with respect to z, where
y > z > x. This last condition ensures that Zx killed at z is R-positive; in particular,
λφx (z) > 0.

Proof From Theorem 6.39, the function φx satisfies Hypothesis H in the region
[z,∞), for z > x. Hypothesis H1 for φx in [z,∞) follows from

∫ ∞

z

e2
∫ y
z φx(ξ) dξ dy =ψ2

x,λ(x)(z)

∫ ∞

z

e2
∫ y
z α(ξ) dξ

ψ2
x,λ(x)

(y)
dy.

The last quantity is infinite because α(x) is R-positive. The rest of the proof follows
immediately from relation (6.35). �

We now establish a comparison criterion to study R-positivity.

Theorem 6.56 Assume the functions α,β satisfy H,H1 and any one of the following
three conditions:

(C1) α,β are C1 and hα = α2 − α′ − 2λα(0)≥ hβ = β2 − β ′ − 2λβ(0) on [0,∞);
(C2) α ≥ β and λα(∞)= λβ(∞);
(C3) α ≤ β and λα(0)= λβ(0).

Then, the following properties hold:

(i) If β is R-transient then α is R-transient;
(ii) If α is R-positive then β is R-positive.
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Proof We first assume α and β verify condition (C1). We denote by λ = λα(0),
τ = λβ(0), v = ψ0,λ;α and w = ψ0,τ ;β . Now, consider the function H = v′w −
vw′ − (α − β)vw. A simple computation yields

H ′ = (α + β)H + vw(hα − hβ).

By hypothesis, the function hα − hβ is nonnegative, which implies

H(x)= e
∫ x

0 (α(ξ)+β(ξ)) dξ
∫ x

0
v(y)w(y)

(
hα(y)− hβ(y)

)
e−

∫ y
0 (α(z)+β(z)) dz dy ≥ 0.

Therefore, we get v′/v − α ≥ w′/w − β on (0,∞). Integrating this inequality and
using the relation limε↓0 v(ε)/w(ε)= 1, we obtain

w2(x)e−2
∫ x

0 β(z) dz ≤ v2(x)e−2
∫ x

0 α(z) dz.

Then, properties (i) and (ii) follow from the criteria given in Theorem 6.41.
We now assume (C2) holds. Let β̃ and α̃ be any pair of extensions of β and α,

respectively, defined on [−ε,∞) for some ε > 0 and satisfying β̃ ≤ α̃. By compari-
son, we have the inequality λβ̃(x)≤ λα̃(x), valid for all x ≥−ε.

Let us prove relation (i). Since β is R-transient, we have λβ̃(x) = λβ(0) =
λβ(∞), for all x < 0 close enough to 0. By hypothesis and comparison, we get

λα(∞)= λβ(∞)= λβ̃(x)≤ λα̃(x)≤ λα(∞),

which implies that 0 is a point of constancy for λα̃ , proving that α is R-transient.
Now let us prove (ii). If β has a gap then it is R-positive. So for the rest of

the proof, we can assume that λβ(0) = λβ(∞). By hypothesis and comparison,
we have λα(∞) = λβ(∞) = λβ(0) ≤ λα(0) ≤ λα(∞), so λβ(0) = λα(0). Since
λα(0) = λα(∞) and α is assumed to be R-positive, Theorem 6.53(ii) implies that
λ′
α̃
(0−) > 0. From λβ̃(x) ≤ λα̃(x), we get λ′

β̃
(0−) ≥ λ′

α̃
(0−) > 0. By using again

Theorem 6.53(ii), we conclude that β is R-positive.
The proof that (C3) implies (i) and (ii) is similar to the previous one. �

We remark that among the conditions of Theorem 6.56, (C2) is the easiest one to
verify. The other two conditions depend on λα(0), λβ(0) which, in general, are not
simple to compute.

Two special cases are studied in the following result.

Corollary 6.57 Assume α satisfies H,H1.

(i) If

α(∞) := lim inf
x→∞ α(x) >

√
2λ(0), (6.45)

then the process XT is R-positive. A sufficient condition for (6.45) to hold is for
some b > 0

α(∞)≥ ((
sup

{
α(x) : x ∈ [0, b]})2 + (π/b)2

) 1
2 . (6.46)

In particular, the condition limx→∞ α(x)=∞ implies that XT is R-positive.
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(ii) Assume the following limit exists α(∞) := limx→∞ α(x) ≥ 0. If α(∞) ≤ α(x)

for all x ≥ 0 then λ(0)= α(∞)2/2, and the process XT is R-transient. In par-
ticular, this holds whenever α is a nonnegative decreasing function.

Lemma 6.58 Let b > 0 and consider

λ̂(b)= sup
{
λ :ψ0,λ is increasing on [0, b]}.

Then,

λ(0) < λ̂(b) <
(
D2 + (π/b)2

)
/2, where D = sup

{
α(x) : x ∈ [0, b]}. (6.47)

Proof The first inequality in (6.47) follows from Lemma 6.47. For proving the
second inequality, consider the function g(x) = eDx sin(πx/b). g is positive on
(0, b), it verifies g(0) = g(b) = 0 and the equation g′′ − 2Dg′ = −2λg, where
λ = (D2 + (π/b)2)/2. Assume that v = ψ0,λ is increasing on [0, b]. Using the
Wronskian W =W [v,g], we deduce that W ′ = 2DW+2v′g(α−D), and therefore,

0 <W(b)=−g′(b)v(b)= 2e2Db
∫ b

0
e−2Dxv′(x)g(x)

(
α(x)−D

)
dx ≤ 0,

which is a contradiction. Therefore, ψ0,λ cannot be increasing on [0, b], proving
that λ̂(b) < (D2 + (π/b)2)/2. �

Proof (Corollary 6.57) The proof is based on a comparison with the constant drift
case. To prove (i), we notice that (6.45) implies λ(x) > λ(0) for any large enough x.
Therefore, α has a gap, which ensures that α is R-positive. The fact that condition
(6.46) is sufficient for (6.45) follows from property (6.47) in Lemma 6.58.

We now prove (ii). For any ε > 0, there exists x0 large enough and such that
λ(x) ≤ (α(∞) + ε)2/2 for x ≥ x0, proving that λ(∞) ≤ α(∞)2/2. On the other
hand, the condition 0 ≤ α(∞) ≤ α(x) for all x ≥ 0 ensures that λ(0) ≥ α(∞)2/2,
proving that λ(x)= α(∞)2/2 for all x ≥ 0. The rest of the prove is based on The-
orem 6.56. Indeed, take β to be the constant function α(∞). Condition (C2) in
Theorem 6.56 is satisfied, and since β is R-transient we get α is also R-transient. �

One is tempted to believe that α is R-positive whenever it is increasing, non-
constant, and eventually positive. This is the case when α is unbounded, but in the
bounded case α is not R-positive, in general. In this direction, the following result
gives a sufficient integral condition in order for the XT to be R-transient.

Proposition 6.59 Assume that α is bounded on [0,∞), it satisfies H,H1 and
α(∞)= limy→∞ α(y)≥ α(x) for all x ≥ 0. Also we assume that α(∞) > 0. If

∫ ∞

0

(
α(∞)− α(x)

)(
α(∞)x + 1

)
dx <

1

2e
,

then XT is R-transient, that is, λ(0)= λ(∞)= α(∞)2

2 .
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Example 6.60 Let α(x)= 1−K/(1+x)3. From condition (6.46) in Corollary 6.57,
it follows that for large values of K , α is R-positive. In an opposite way, from
Proposition 6.59, we find that for small values of K , α is R-transient.

Proof (Proposition 6.59) Consider the nonnegative function f (x)= α(∞)− α(x).
Let β be the constant function β = α(∞). Denote by τ = λβ(0) the bottom of its

spectrum, which is τ = α(∞)2/2. We shall prove λα(0) = τ . Put v = ψ0,τ ;α and
w = ψ0,τ ;β . We notice that w(x) = xeβx . At this point, we do not know if v is
nonnegative.

From w′′ − 2βw′ = −2τw and v′′ − 2(β − f (x))v′ = −2τv, we deduce that the
Wronskian W =W [w,v] is given by

W(x)= 2e2βx−2
∫ x

0 f (y)dy

∫ x

0
f (z)w′(z)v(z)e−2βz+2

∫ z
0 f (y)dy dz.

Since w′ and f are nonnegative, if v is positive on some interval (0, x0] then W

is nonnegative in that interval. This implies the inequality v(x) ≤ w(x) for all x ∈
[0, x0]. Hence, using the explicit form for w, we obtain the following upper bound
for W

W(x)≤ 2e2βx
∫ x

0
f (z)w′(z)w(z)e−2βz dz= 2e2βx

∫ x

0
f (z)z(βz+ 1) dz. (6.48)

On the other hand, for x ∈ (0, x0], we have the equality

w(x)= v(x) exp

(∫ x

0

W(y)

w(y)v(y)
dy

)

.

Now, consider the function g(a)= log(a)/(2a), which is nonnegative for a ≥ 1 and
attains its maximum at a = e, with g(e)= 1/(2e). Moreover, g is strictly increasing
on [1, e) and strictly decreasing on (e,∞]. From the hypothesis

∫∞
0 f (z)(βz +

1) dz < 1/(2e), there exists a unique ā ∈ [1, e) such that

∫ ∞

0
f (z)(βz+ 1) dz= log(ā)

2ā
.

We shall prove that v ≥w/ā. For this purpose, take any a > ā, sufficiently close to
ā, in order to have g(a) > g(ā). Assume that x(a) := inf{x > 0 : v(x) < w(x)/a} is
finite. Notice that x(a) > 0. Since v is positive on (0, x(a)], we have

av
(
x(a)

)=w
(
x(a)

)= v
(
x(a)

)
exp

(∫ x(a)

0

W(y)

w(y)v(y)
dy

)

.

Therefore, since v(x)≥w(x)/a on [0, x(a)], we get from (6.48)
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log(a) =
∫ x(a)

0

W(y)

w(y)v(y)
dy ≤ a

∫ x(a)

0

W(y)

w2(y)
dy

≤ 2a
∫ x(a)

0

e2βy

w2(y)

∫ y

0
f (z)z(βz+ 1) dz

≤ 2a
∫ ∞

0

1

y2

∫ y

0
f (z)z(βz+ 1) dz= 2a

∫ ∞

0
f (z)(βz+ 1) dz.

This implies that

g(a)= log(a)

2a
≤

∫ ∞

0
f (z)(βz+ 1) dz= g(ā),

obtaining a contradiction. Thus, x(a)=∞.
We have proved that

ψ0,α(∞)2/2;α ≥w/ā,

implying that ψ0,α(∞)2/2;α is nonnegative. Hence, λα(0) ≥ α(∞)2/2. The oppo-
site inequality follows from a comparison with the constant case α(∞). Thus,
v =ψ0,λ(0);α ≥w/ā.

Finally, since α ≤ α(∞) we get

ψ0,λ(0);α(x)−2e2
∫ x

0 α(ξ) dξ ≤ ā2w(x)−2e2α(∞)x = (ā/x)2,

and α is R-transient from Theorem 6.41, part (iii). �

6.6 Domain of Attraction for a QSD

In this section, we study the following problem. Given a QSD ν, what can we say
about the probability measures ζ with support on (0,∞) that are attracted to ν under
the conditional evolution. More precisely, we introduce the following concept.

Definition 6.61 Given a QSD ν, we say that the probability measure ζ supported
on (0,∞) is in the domain of attraction of ν if

lim
t→∞Eζ

(
f (Xt )|T > t

)=
∫
f (x)dν(x),

for all continuous and bounded functions f : (0,∞)→R.

It is a difficult problem to give general conditions under which a probability
measure ζ is in the domain of attraction of a QSD. We notice that each QSD ν is
in its domain of attraction since ν is a fixed point for the conditional iteration. The
existence of the Yaglom limit ν can be rephrased as: For every x > 0, the Dirac
measure at x is in the domain of attraction of ν.
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In this section, we shall assume that X solves the SDE

dXt = dBt − α dt, X0 = x0 > 0, (6.49)

where α > 0 is constant. That is, X is a Brownian motion with negative drift. We
shall present here mainly the results of Martínez et al. (1998).

The relevant quantities are γ (x)= 2αx, Λ(x)= 1
2α (e

2αx−1) and the speed mea-
sure dμ(y)= e−2αy dy. The drift satisfies Hypothesis H and Λ(∞)=∞, and it is
straightforward to show that λ= α2/2. For every λ ∈ (0, α2/2), the right eigenfunc-
tion ψλ is given by (recall that we use the normalization ψλ(0)= 0,ψ ′λ(0)= 1)

ψλ(x)= eαx sinh
(
x

√
α2 − 2λ

)
, x ≥ 0,

and for the extremal value λ= α2/2 we have

ψλ(x)= xeαx, x ≥ 0.

Thus, for every λ ∈ (0, α2/2] there is a QSD νλ, which is moreover absolutely
continuous with respect to the Lebesgue measure and its density is proportional
to ϕλ = e−γ (y)ψλ(y), that is,

dνλ(y)=
{
Mλe

−αy sinh(y
√
α2 − 2λ)dy, y ≥ 0 if λ ∈ (0, α2/2),

Mλye
−αy dy, y ≥ 0 if λ= α2/2,

where in each case Mλ is a normalizing constant. In what follows, we denote by
ν = να2/2, the QSD associated to λ.

We shall denote by qt (x, y) the transition kernel of X with respect to the
Lebesgue measure, which is well known and given by

Px(Xt ∈ dy, t < T )= qt (x, y) dy = e−
α2
2 t e−α(y−x)pt (x, y) dy, x > 0, y > 0,

where pt (x, y)= 1√
2πt

(e−
(x−y)2

2t −e− (x+y)2
2t ) is the transition kernel of a killed Brow-

nian motion (this corresponds to α = 0). We shall denote by pt(x, y)= 1√
2πt

e−
(x−y)

2t

the transition density for the standard Brownian motion.
Integrating p over y ∈ R+, we obtain one of the main formulas we require in

what follows

Px(t < T )= eαx−
α2
2 t

∫ ∞

0
e−αypt (x, y) dy =

∫ ∞

t

x√
2πu3

e−
(x−αu)2

2u du. (6.50)

Using the explicit formula of q , we can refine the results obtained in Theo-
rem 6.26.
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Proposition 6.62 The QSD ν whose density is proportional to ϕλ(y) = ye−αy is
the Yaglom limit. On the other hand, we have the limits

lim
t→∞ t

3
2 e

α2
2 t qt (x, y)= 2xy√

2π
e−α(y−x),

lim
t→∞ t

3
2 e

α2
2 t
Px(t < T )= 2x

α2
√

2π
eαx.

(6.51)

Remark 6.63 It is straightforward to show that the limits in (6.51) are uniform in x
on compact sets of [0,∞) and in α on compact sets of (0,∞).

One important tool for studying the domain of attraction of a QSD is the follow-
ing characterization of a QSD.

Lemma 6.64 Assume that ν is a probability measure supported on [0,∞) such
that for all t ≥ 0,Pν(t < T )= e−ct holds for some finite c. Then c ∈ (0, α2/2] and
ν = νc, that is, ν is a QSD.

Proof Since ν is supported on [0,∞), we conclude that Pν(t < T ) = ∫
Px(t <

T )dν(x) < 1, and therefore c > 0. Clearly, ν{0} < 1, otherwise c = ∞. Now,
take any x0 > 0 such that ν([x0,∞)) > 0 to conclude that Pν(t < T ) ≥ Px0(t <

T )ν([x0,∞)). Here we have used the obvious monotonicity of Px(t < T ) on the
initial condition x. From the asymptotic given by (6.51), we get c ≤ α2/2.

We have to show that ν = νc . For that purpose, we notice that

Pν(t < T )= e−ct = Pνc (t < T ),

which is equivalent to having for all t ≥ 0

e−ct =
∫ ∞

t

∫ ∞

0

1√
2πu3

e−
x2
2u xeαx dνc(x) du

=
∫ ∞

t

∫ ∞

0

1√
2πu3

e−
x2
2u xeαx dν(x) du.

In particular, this implies that for all u > 0 the measures e− x2
2u xeαx dνc(x) and

e− x2
2u xeαx dν(x) are finite (here we have used the monotonicity of both measures

with respect to u). Differentiating with respect to t , we obtain for all t > 0
∫ ∞

0
e−

x2
4t

[
e−

x2
4t xeαx

(
dνc(x)− dν(x)

)]= 0.

Integrating by parts, we get for all t > 0
∫ ∞

0
G(x)e−

x2
4t dx = 0,



182 6 Regular Diffusions on [0,∞)

with G(x) = x
∫ x

0 e− v2
4t veαv (dνc(v)− dν(v)). Using that (e− x2

4t : t > 0) is a com-
plete family (see Brown 1968, pp. 42–43), we deduce that G≡ 0, and the result is
shown. �

In the next result, we study the domain of attraction for the QSDs that are not
extremal.

Theorem 6.65 Assume that ζ is a probability measure with support contained in
(0,∞) and with a density ρ that satisfies

lim
x→∞−

1

x
logρ(x)= β ∈ (0, α).

Then ζ is in the domain of attraction of νλ where λ= λ(β)= αβ − β2/2.

Proof We shall prove that the family of probability measures ζt (•) := Pζ (Xt ∈
•|t < T ) for t ≥ 0 is tight in (0,∞). Then, we shall prove that any possible weak
limit ν satisfies

Pν(t < T )= e−λ(β)t ,

and the result will follows from the previous lemma.
Tightness. The proof is quite technical and we refer the reader to Martínez et al.

(1998) for details. The first step is to obtain a crude lower estimate of Pζ (t < T )=∫∞
0 Px(t < T )ρ(x) dx. For that purpose and for each fixed ε > 0 such that ε <

ε0 =min{α−β2β , 1
2 }, consider β+ = β(ε)= β(1+ ε) < α. Let λ+ = λ(β+)= αβ+ −

(β+)2/2, in particular α−√α2 − 2λ+ = β+. Then, the density of νλ+ is equivalent
to Mλ+e

−β+x for large values of x. Hence, there exists x0 = x0(ε) such that for all
x ≥ x0

ρ(x)≥Mλ+e
−αx sinh

(
x

√
α2 − 2λ+

)=Mλ+ϕλ+(x).

Thus, we obtain

Pζ (t < T ) ≥
∫ ∞

0
Px(t < T )Mλ+ϕλ+(x) dx −

∫ x0

0
Px(t < T )Mλ+ϕλ+(x) dx

= e−λ+t −
∫ x0

0
Px(t < T )Mλ+ϕλ+(x) dx

≥ e−λ+t − Px0(t < T ).

Now using the asymptotic behavior of Px0(t < T ) given by (6.51), we find a t0 =
t0(ε) such that for all t ≥ t0

Pζ (t < T )≥ 1

2
e−λ+t . (6.52)
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To prove tightness for the family (ζt : t > 0) as t→∞, it is enough to find θ > 0
and a constant C such that for all large t we have Eζ (e

θXt , t < T ) ≤ CPζ (t < T ).
We start by noticing that

Eζ

(
eθXt , t < T

) =
∫ ∞

0
Ex

(
eθXt , t < T

)
ρ(x)dx

=
∫ ∞

0

∫ ∞

0
eθy+α(x−y)−

α2
2 tpt (x, y) dyρ(x) dx.

The integral in the x variable is divided into four regions: [0,M], [M,at], [at, bt],
[bt,∞), and we call them successively I, II, III, IV . We first chooseM =M(ε) such
that K = K(ε) = sup{ρ(x)e−β−x : x ≥M} <∞, where β− = β−(ε) = β(1− ε).
In what follows, we also denote by λ− = λ(β−)= αβ− − (β−)2/2.

Of the four integrals, the simplest to bound is I , and we consider 0 < θ ≤ θI =
α/2 for which

I =
∫ M

0
Ex

(
eθXt , t < T

)
ρ(x)dx ≤ EM

(
eθXt , t < T

);

here we have used the monotonicity of X on its initial position. This last integral is

I ≤
∫ ∞

0
eθyeα(M−y)−

α2
2 tpt (M,y)dy

= eθM−(αθ−θ2/2)t
∫ ∞

0
e(α−θ)(M−y)−(α−θ)2t/2pt (M,y)dy

= eθM−(αθ−θ2/2)t
PM(t < T̃ ),

where T̃ is the time to hit zero for a Brownian motion with constant drift −(α − θ).
The probability PM(t < T̃ ) decays like t−3/2e−(α−θ)2t/2 (uniformly on θ , see Re-
mark 6.63). Hence, there exists tI = tI (ε) ≥ t0(ε) and AI = AI (ε) <∞ such that
for all t > tI we have

I ≤ eθMAI e
− α2

2 t ≤ 2eθMAI

e−λ+t

2
≤ 2eθMAIPζ (t < T ).

The last inequality follows from (6.52). Defining CI = CI (ε, θ)= 2eθMAI , we ob-
tain the desired bound for I . We also define εI = ε0.

Let us now consider II. We bound in this case p by p. We assume that 0 < a <

α − β < α − β− and 0 < θ ≤ θII = β
3 < β− to get (we also assume that at >M)

II ≤
∫ at

M

∫ ∞

0
eθy+α(x−y)−

α2
2 tpt (x, y) dyρ(x) dx

=
∫ at

M

∫ ∞

0
eθypt (x, y + αt) dyρ(x) dx
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= e−λ−t
∫ ∞

0
e(θ−β−)y

∫ at

M

ρ(x)eβ
−xpt

(
x, y + (

α− β−
)
t
)
dx dy

≤ Ke−λ−t
∫ ∞

0
e(θ−β−)y

∫ at

−∞
pt

(
x, y + (

α− β−
)
t
)
dx dy

≤ K√
2π

e−λ−t
∫ ∞

0
e(θ−β−)y

∫
1
(

u≤ at − y − (α − β−)t√
t

)

e−
u2
2 dudy

≤ K√
2π

e−λ−t
∫ ∞

0
e(θ−β−)y dy

∫
1
(
u≥ (

α− β− − a
)√

t
)
e−

u2
2 du.

For z > 0, we use the standard Gaussian bound
∫∞
z

e− u2
2 du ≤ ∫∞

z
u
z
e− u2

2 du =
1
z
e− z2

2 . Thus we get the upper bound

II ≤ K

(β− − θ)(α − β− − a)
√

2πt
e−(λ−+(α−β−−a)2/2)t .

We impose that λ− + (α − β− − a)2/2≥ λ+, which is equivalent to

αβ(1− ε)− β2(1− ε)2/2+ (
α − β(1− ε)− a

)2
/2≥ αβ(1+ ε)− β2(1+ ε)2/2,

which turns out to be equivalent to

βε + 2
√
(α − β)βε ≤ α − β − a.

Hence, we take εII =max{ε : βε + 2
√
(α − β)βε ≤ α − β − a} ∧ ε0 and also con-

sider tII = tII(ε, a)= 1∨ M(ε)
a
∨ t0(ε) to get for all t ≥ tII

II ≤ CIIPζ (t < T ),

where CII = CII(ε, a, θ)= 2K(ε)
(β−−θ)(α−β−−a)√2π

.

Let us now bound III. Once again we replace p by p and obtain

III ≤
∫ bt

at

∫ ∞

0
eθypt (x, y + αt) dyρ(x) dx

=√2πt
∫ bt

at

pt (x,αt)

∫ ∞

0
eθypt (y,0)ey(x−αt)/t dyρ(x) dx

≤
∫ bt

at

x

at
pt (x,αt)

∫ ∞

0
ey(θ+b−α) dyρ(x) dx

= 1

a(α− (b+ θ))

∫ bt

at

x

t
pt (x,αt)ρ(x) dx.

Obviously, we have imposed that a < b and

b+ θ < α. (6.53)

We take θIII(b)= 1
2 (α − b).



6.6 Domain of Attraction for a QSD 185

On the other hand, using (6.50), we get

Pζ (t < T )≥
∫ bt

at

x

t + 1

∫ t+1

t

pu(x,αu)duρ(x)dx.

The idea is to replace pu(x,αu) in the last integral by pt(x,αt). For that purpose,
we study the function g(u) =√upu(x,αu) in the region at < x < bt < αt < αu.
The derivative of this function is

g′(u)= g(u)
(x2 − α2u2)

2u2
≥−α

2

2
g(u).

This inequality implies that

√
t + 1

∫ t+1

t

pu(x,αu)du≥
∫ t+1

t

√
upu(x,αu)du≥

√
t

1+ α2/2
pt (x,αt).

Hence, if we take tIII = 1, we obtain the lower bound for all t ≥ tIII

Pζ (t < T )≥
(

t

t + 1

)3/2 1

1+ α2/2

∫ bt

at

x

t
pt (x,αt)ρ(x) dx,

which implies that

III ≤ CIIIPζ (t < T ),

with CIII = CIII(ε, a, b, θ)= 23/2 1+α2/2
a(α−(b+θ)) . We also take εIII = ε0.

We are left we the term IV , on which we also replace p by p. We take tIV =
tIV(ε, b) ≥ t0(ε) ∨ 1, large enough such that for all t ≥ tIV , x ≥ bt one has ρ(x) ≤
e−β−x . Thus, we get

IV ≤
∫ ∞

bt

∫ ∞

0
eθy+α(x−y)−β−xpt (x, y + αt) dy dx

= e−λ−t
∫ ∞

0
e(θ−β−)y

∫ ∞

bt

pt
(
x, y + (

α − β−
)
t
)
dx dy.

We also consider 0 < θ < θIV = β/3. We split the integral over [0,∞) in two pieces
S1 and S2. Take δ > 0 and assume that b > δ+α−β−, which is compatible with the
restriction given in (6.53) if δ < β−−θ . Notice that β−−θ ≥ β/2−β/3= β/6 > 0.
Hence, if y ≤ δt then y + (α − β−)t ≤ (δ + α− β−)t ≤ bt , and therefore we get

S1 = e−λ−t
∫ δt

0
e(θ−β−)y

∫ ∞

bt

pt
(
x, y + (

α − β−
)
t
)
dx dy

≤ e−λ−t
∫ δt

0
e(θ−β−)y dy

∫ ∞

bt

pt
(
x,

(
δ + α − β−

)
t
)
dx

≤ e−λ−t

(β− − θ)
√

2πt(b− (δ + α − β−))
e−(b−(δ+α−β−))2t/2.
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Once again we use that λ+ − λ− = 2(α − β)βε, so if we assume that b ≥ δ + α −
β− +√4(α − β)βε, and since t ≥ 1, we get

S1 ≤ 1

(β− − θ)
√

2π(b− (δ + α − β−))
e−λ+t ,

which is dominated by Pζ (t < T ) for large t according to (6.52). Hence we need
to impose 0 < δ ≤ β− − θ −√4(α − β)βε. For this restriction to be feasible, we
require that β− − θ −√4(α − β)βε > 0, which will be satisfied because below we
impose the strongest condition on ε.

The final term to study is

S2 = e−λ−t
∫ ∞

δt

e(θ−β−)y
∫ ∞

bt

pt
(
x, y + (

α − β−
)
t
)
dx dy

≤ e−λ−t
∫ ∞

δt

e(θ−β−)y dy = 1

β− − θ
e−(λ−+(β−−θ)δ)t .

We impose that λ− + (β− − θ)δ ≥ λ+, or equivalently, (β− − θ)δ ≥ 2(α − β)βε.
Therefore, we need ε to verify

2(α − β)βε

β− − θ
≤ β− − θ −√

4(α − β)βε.

A stronger requirement is obtained by imposing that θ ≤ θIV = β/3 and

2(α − β)βε

β/6
≤ β/6−√

4(α − β)βε.

So, we take εIV =max{ε : 12(α− β)ε +√4(α − β)βε ≤ β/6} and for any 0 < ε ≤
εIV consider δ = δ(ε)= 2(α−β)βε

β−−θ , θ ≤ θIV = β/3. Thus, if t ≥ tIV , we get

IV ≤ CIVPζ (t < T ),

where CIV = CIV(ε, b, θ)= 2( 1
β−−θ + 1

(β−−θ)√2π(b−(δ+α−β−)) ).
Finally, we decide to take a fixed 0 < ε < min{εI , εII, εIII, εIV}, a := 1

2 (α−β)≤
α − β− < b := δ(ε) + α − β− + √4(α − β)βε, 0 < θ ≤ min{θI , θII, θIII(b), θIV}
and C = CI (ε, θ)+ CII(ε, a, θ)+ CIII(ε, a, b, θ)+ CIV(ε, b, θ). Then, for all t ≥
t̄ =max{tI (ε), tII(ε, a), tIII, tIV(ε, b)}, we have

Eζ

(
eθXt |t < T

)≤ C,

and then (ζt (•)= Pζ (Xt ∈ •|t < T ) : t ≥ t̄ ) is tight.
Uniqueness of the limit measure. Let us prove now that for all s > 0 one has

lim
t→∞

∣
∣
∣
∣
∂

∂s
logPζ (t + s < T )+ λ(β)

∣
∣
∣
∣= 0.
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Consider �u =
∫∞

0
x
u
pu(x,αu)ρ(x) dx, then Pζ (t + s < T ) = ∫∞

t+s �u du. Hence,
the quantity to be studied is

∂

∂s
logPζ (t + s < T )= −�t+s

Pζ (t + s < T )
.

Using l’Hôpital Rule, to justify the claim it is enough to show that

lim
u→∞

∂
∂u
�u

�u
=−λ(β).

In order to prove this, we split the integral defining � in two pieces:

J =
∫ M

0

x

u
pu(x,αu)ρ(x) dx and L=

∫ ∞

M

x

u
pu(x,αu)ρ(x) dx.

It is straightforward to prove that �u ≥ Ce−λ+(u) and | ∂
∂s
J | ≤ Ce−α2u/2. Also, it is

quite simple to show that J /�u converges to 0. Differentiating L, we obtain

∂

∂s
L=

(

− 3

2u
− λ(β)

)

L+R.

It is possible, and tedious, to show that R/�u converges to 0 (see Martínez
et al. 1998). Using the Intermediate Value Theorem for a ratio, it follows that
∂
∂s

logPζ (t + s < T ) is bounded for all large values of t , uniformly on compact
sets of s.

Now, we conclude the proof of the theorem. Assume that (Pζ (Xtk ∈ •|tk < T ) :
k ≥ 1) converges weakly to ν, which is, of course, a probability measure supported
on [0,∞). For s ≥ 0 fixed, consider the function h(x)= Px(s < T ). h is a continu-
ous and bounded function, then

e−λ(β)s = lim
k→∞

Pζ (tk + s < T )

Pζ (tk < T )
= lim

k→∞Eζ

(
h(Xtk ) | tk < T

)

=
∫
h(x)dν(x)= Pν(s < T ).

We conclude that ν = νλ(β). Thus, there is a unique weak limit for Pζ (Xt ∈ • | t < T )

as t tends to infinity, and this limit is the QSD νλ(β), proving the result. �

In the next result, we study the domain of attraction for the extremal QSD ν.

Theorem 6.66 Assume that ζ is a probability measure with support contained in
(0,∞) that satisfies

lim inf
x→∞ − 1

x
log ζ

([x,∞)
)≥ α.

Then ζ is in the domain of attraction of ν.
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Proof The first part of the proof consists in proving that we can assume that ζ has a
continuous density that satisfies

lim inf
t→∞ − logρ(x)

x
≥ α. (6.54)

For that purpose, consider the density h(x) given by

h(x)dx = Pζ (X1 ∈ dx|1 < T )= c

∫ ∞

0
eα(w−y−α2/2)p (1,w,y) dζ(w)dx,

where c is a normalizing constant. Replacing p by p, we obtain the upper bound

h(x) ≤ c√
2π

∫ ∞

0
e−

(w−x−α)2
2 dζ(w)

= c√
2π

(

e−
(x+α)2

2 +
∫ ∞

0
ζ

([w,∞)
)(−(w− x − α)

)
e−

(w−x−α)2
2 dw

)

.

For the last equality, we have used integration by parts. Consider θ ∈ R for which
there exists w0 large enough, such that for all w ≥ w0 we have ζ([w,∞)) ≤ eθw .
Replacing this upper bound, we get for x ≥w0

h(x) ≤ c√
2π

(

e−
(w0−x−α)2

2 +
∫ ∞

w0

eθw|w− x − α|e− (w−x−α)2
2 dw

)

≤ c√
2π

(

e−
(w0−x−α)2

2 + e
θ2
2 +θαeθx

∫ ∞

−∞
|w− x − α|e− (w−x−α−θ)2

2 dw

)

≤ c√
2π

(
e−

(w0−x−α)2
2 + e

θ2
2 +θαeθx

(|θ |√2π + 2
))
.

We deduce that h satisfies lim infx→∞− logh(x)
x

≥−θ , implying that

lim inf
t→∞ − logh(x)

x
≥ lim inf

t→∞ − log ζ([x,∞))

x
≥ α.

On the other hand, if η is the probability measure whose density is h, we get for all
t ≥ 0

Pζ (Xt+1 ∈ •|t + 1 < T )= Pη(Xt ∈ •|t < T ),

showing we can assume that ζ has a continuous density ρ verifying (6.54).
The case where lim infx→∞− logρ(x)

x
> α is straightforward to study due to the

inequality Px(t<T )
P1(t<T )

≤ Cxeαx (see Martínez and San Martín 1994) and the fact that

ρ(x) ≤ e−(α+a0)x , for some a0 > 0 and large x. Indeed, from the Dominated Con-
vergence Theorem and (6.51), we get

lim
t→∞

Pζ (t < T )

P1(t < T )
=

∫ ∞

0
xeα(x−1) dζ(x),
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and again from (6.51)

lim
t→∞ t3/2e

α2
2 t
Pζ (t < T )= 2

α2
√

2π

∫ ∞

0
xeαx dζ(x).

Let us denote by ρt the density at time t of the conditional evolution

ρt (y) dy = Pζ (Xt ∈ dy|t < T )= e− α2
2 t

Pζ (t < T )

∫ ∞

0
eα(x−y)pt (x, y) dζ(x).

For a fixed y, we have pt (x, y)≤ Cexy/t , and the integrand is dominated by e(α+a0)x

for large x and t ≥ y/a0. Again the Dominated Convergence Theorem yields

lim
t→∞ t3/2

∫ ∞

0
eα(x−y)pt (x, y) dζ(x)=

2ye−αy√
2π

∫ ∞

0
xeαx dζ(x).

Hence, we get the limit

lim
t→∞ t3/2ρt (y)= ye−αy

α2
= ρ∞(y),

which is a density in (0,∞). Scheffe’s Lemma allows us to show that ρt converges
to ρ∞ in L1 (dx) and a fortiori the measures Pζ (Xt ∈ •|t < T ) converge weakly to
ν, showing the result in this case.

For the rest of the proof, we assume that ρ is the density of ζ which is a continu-
ous function and there exist x0 > 0 and a continuous positive and strictly decreasing
function ε : [x0,∞)→R+ such that limx→∞ ε(x)= 0 and

ρ(x)≤ e−αx+ε(x)x,

for all x ≥ x0.
For large t , we define Ψ (t) = sup{s : s

t
= 4ε(s)} and Ψ (t) = Ψ (t) ∨ tγ , with

γ ∈ (1/2,1) being a fixed number. This function satisfies the following properties:

lim
u→∞Ψ (u)=∞, lim

u→∞
Ψ (u)

u
= 0, and for large t ,

Ψ (t)

t
≥ 4ε(t).

We define h(x)= ρ(x)eαx and consider the following quantities

K(t, y) =
∫ Ψ (t)

0
h(x)e−

x2+y2

2t sinh
xy

t
dx,

L(t, y) =
∫ ∞

Ψ (t)

h(x)e−
x2+y2

2t sinh
xy

t
dx,

M(t) =
∫ Ψ (t)

0
h(x)e−

x2
2t sinh

xy

t
dx.
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With these definitions, we get

ρt (y)= K(t, y)+L(t, y)
∫∞

0 e−αz(K(t, z)+L(t, z)) dz
.

The result will be proved as soon as we show the following relations:

lim
t→∞

K(t, y)

M(t)
= y,

lim
t→∞

L(t, y)

M(t)
= 0,

(6.55)

lim
t→∞

∫ ∞

0
e−αzK(t, z)

M(t)
dz=

∫ ∞

0
ze−αz dz,

lim
t→∞

∫ ∞

0
e−αz L(t, z)

M(t)
dz= 0.

(6.56)

Using that z≤ sinh z≤ zez, we obtain

e−
z2
2t zM(t)≤K(t, z)≤ e

Ψ (t)z
t zM(t),

and then (6.55) and (6.56) follow. For the other two relations, we shall study L(t, y)
more closely. Consider a large t such that Ψ (t)≥ x0. In what follows, we denote by
εt = ε(Ψ (t)), then

L(t, y)≤
∫ ∞

Ψ (t)

eεt e−
(x−y)2

2t dx = eε
2t/2+εt y

∫ ∞

Ψ (t)

e−
(x−y−εt t)2

2t dx.

If t is large enough such that Ψ (t)/t ≤ α/2 and εt ≤ α/2, we obtain that for some
constant A (see details in Martínez et al. 1998)

∫ ∞

0
e−αzL(t, z) dz≤A

(
t

Ψ (t)
e−

Ψ (t)2
4t +√te− αΨ (t)

12

)

.

If we use that Ψ (t)≥ tγ , we get the upper bound
∫ ∞

0
e−αzL(t, z) dz≤A

(
t1−γ e−t2γ−1 +√te− αtγ

12
)
.

Finally, for every K and every large t , we have M(t) ≥ e
−K2

2t

t

∫ K

0 h(x)x dx. If we

take K such that
∫ K

0 h(x)x dx > 0, we obtain the desired two relations, and the
proof is concluded. �

We finish this section with two examples that show how difficult it is to character-
ize the domain of attraction of each QSD. The first example considers as the initial
measure the mixture ζε = εν + (1− ε)νλ, where 0 < λ < λ. For every 0 < ε < 1,
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the probability measure ζε is in the domain of attraction of ν; nevertheless, ζε can
be arbitrarily close to νλ, in bounded variation, by taking small ε.

The other example is more sophisticated and the details can be found in Martínez
et al. (1998). It is possible to construct a probability measure ζ and a sequence of
times (tn : n ∈N) converging to infinity, with the following properties

0 < β1 = lim inf
x→∞ − log ζ([x,∞))

x
< β2 = lim sup

x→∞
− log ζ([x,∞))

x
< α,

lim
n→∞Pζ (Xt2n ∈ •|t2n < T )= νλ(β1)(•),
lim
n→∞Pζ (Xt2n+1 ∈ •|t2n+1 < T )= νλ(β2)(•).

We refer to reader to the article Lladser and San Martín (2000) where the authors
study the domain of attraction of a QSD in the context of an Ornstein–Uhlenbeck
process.

6.7 Examples

In this section, we examine some interesting special cases.

6.7.1 Drift Eventually Constant

We now study the case when the drift is eventually constant, where further explicit
computations can be made. The setting is α(x) = θ for all x ≥ �, for some � ≥ 0.
When θ > 0, conditions H, H1 and μ(R+) <∞ hold.

Proposition 6.67 Assume α is eventually constant with θ > 0. Then, there exists
θ = θ(�) such that XT is R-positive if and only if θ > θ , XT is R-null if and only if
θ = θ , and XT is R-transient if and only if θ < θ . The value θ is the unique solution
of

ψ ′
0,θ2/2

(�)

ψ0,θ2/2(�)
= θ.

The condition θ > θ is equivalent to λ(0) < θ2/2. Moreover, λ(0) admits the follow-
ing representation

λ(0)= sup

{

λ≤min
(
λ̂(�), θ2/2

) : ψ
′
0,λ(�)

ψ0,λ(�)
+

√
θ2 − 2λ≥ θ

}

,

where λ̂(�)= sup{λ :ψ0,λ is increasing on [0, �]}.
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In the special case α(x)= θ01{x<�} + θ1{x≥�} with θ > θ0, the critical value θ is
given by the implicit formula θ = θ0 + χ cot(χ�), where χ is uniquely determined
by θ0 =−χ cot(2χ�) and χ ∈ [π/4�,π/2�).

In the latter special case, the dependence of θ on �, θ0 verifies the homogeneity
condition

θ(�, θ0)= θ(1, �θ0)

�
.

It can be proved easily that θ is increasing in θ0 and decreasing in �, with asymptotic
values

lim
�→0

θ(�, θ0)=∞, lim
�→∞ θ(�, θ0)= θ0,

lim
θ0→0

θ(�, θ0)= π/4�, lim
θ0→∞

θ(�, θ0)=∞.

Moreover, using the inequality π ≤ 4x cot(x)(1 − 2x cot(2x)) ≤ π2 for x ∈
[π/4,π/2), we obtain

θ0 + π

4�(1+ 2�θ0)
≤ θ ≤ θ0 + π2

4�(1+ 2�θ0)
.

If �= 0, that is, the drift is constant on [0,∞), the process XT is R-transient. We
observe that the above criterion gives θ =∞.

Proof Since for a constant drift −θ the bottom of the spectrum is θ2/2, we get
λ(�)= θ2/2, and a simple computation yields ψ�,λ(�)(x) = (x − �)eθ(x−�). In par-
ticular, u−2

�,λ(�)
(x)e2θ(x−�) = (x − �)−2, which is integrable near ∞. Therefore, α(�)

is R-transient, and the result follows when �= 0. In the sequel, we shall assume that
� > 0. We observe that λ(0)≤ θ2/2.

We denote by λ̂ = λ̂(�) = sup{λ : ψ0,λ is increasing on [0, �]}. From Lem-
ma 6.58, we have

λ(0) < λ̂ <
(
D2 + (π/�)2

)
/2, where D = sup

{
α(x) : x ∈ [0, �]}.

We notice that ψ ′
0,λ̂
(�) = 0, otherwise for some λ > λ̂ we would have that ψ0,λ is

increasing on [0, �], contradicting the maximality of λ̂.
The mapping ψ ′

0,τ 2/2
(�)/ψ0,τ 2/2(�) − τ , as a function of τ , is continuous and

strictly decreasing on [0,
√

2λ̂], positive at 0 and negative at
√

2λ̂. Therefore, there

exists a unique root of this function in (0,
√

2λ̂) which we denote by θ . This root
verifies

ψ ′
0,θ2/2

(�)

ψ0,θ2/2(�)
= θ and

[

θ ≤ θ⇔
(ψ ′

0,θ2/2
(�)

ψ0,θ2/2(�)
≥ θ and θ ≤

√
2λ̂

)]

.
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Let us take

λ∗ = sup

{

λ≤min
(
λ̂, θ2/2

) : ψ
′
0,λ(�)

ψ0,λ(�)
+

√
θ2 − 2λ≥ θ

}

. (6.57)

As before, one can easily prove that λ∗ satisfies 0 < λ∗ < λ̂.
The equivalence θ > θ⇔ λ∗ < θ2/2 plays an important role in the sequel, and it

follows from

λ∗ = θ2/2 ⇔
(ψ ′

0,θ2/2
(�)

ψ0,θ2/2(�)
≥ θ and θ ≤

√
2λ̂

)

⇔ θ ≤ θ.

We shall now prove that λ∗ = λ(0). Take any λ ≤ min(λ̂, θ2/2). The function
ψ0,λ is increasing on [0, �]. The question is to determine the values of λ for which
ψ0,λ is increasing in (�,∞). For this purpose, consider the solution of

1

2
f ′′(x)− θf ′(x)=−λf (x), x ∈ [�,∞),

with boundary conditions f (�) = ψ0,λ(�), f
′(�) = ψ ′0,λ(�). Obviously, f = ψ0,λ

on [�,∞). For the analysis of this solution, we consider two possible cases. When
ρ =√θ2 − 2λ > 0, the solution is given by

f (x)= eθ(x−�)
(
A sinh

(
ρ(x − �)

)+B cosh
(
ρ(x − �)

))
.

The condition for having an increasing (nonnegative solution) is equivalent to A≥
−B . From the boundary conditions, we obtain

0 < f (�)=ψ0,λ(�)= B, f ′(�)=ψ ′0,λ(�)= θB + ρA.

We needA≥−B , which is equivalent toψ ′0,λ(�)≥ (θ−√θ2 − 2λ)ψ0,λ(�). In other
words,

ψ ′0,λ(�)
ψ0,λ(�)

+
√
θ2 − 2λ≥ θ.

On the other hand, in the case λ= θ2/2 (then necessarily θ2/2≤ λ̂), the solution is

f (x)= (
C(x − �)+B

)
eθ(x−�),

where B = ψ0,θ2/2(�) > 0 and C = ψ ′
0,θ2/2

(�) − θψ0,θ2/2(�). The condition for
having a nonnegative solution is C ≥ 0, which is equivalent to

ψ ′
0,θ2/2

(�)

ψ0,θ2/2(�)
≥ θ.

In summary, we have shown that f is positive if and only if λ ≤ λ∗. In particular,
ψ0,λ∗ is positive on [0,∞), proving that λ∗ ≤ λ(0). On the other hand, since ψ0,λ(0)
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is positive and λ(0)≤min(λ̂, θ2/2), the argument given above allows us to conclude
the equality λ∗ = λ(0).

Thus, in the case λ(0) < θ2/2, from (6.57) one gets

ψ ′0,λ(0)(�)
ψ0,λ(0)(�)

+
√
θ2 − 2λ(0)= θ,

which in the previous notation amounts to A=−B . Therefore, the solution ψ0,λ(0)

is, for x > �,

ψ0,λ(0)(x)=ψ0,λ(0)(�)e
(θ−
√
θ2−2λ(0))(x−�).

In particular, ψ2
0,λ(0)(x)e

−γ (x) = ψ2
0,λ(0)(�)e

−γ (�)e−2
√
θ2−2λ(0)(x−�) for x > �,

which is integrable, and therefore XT is R-positive.
On the other hand, if λ(0)= θ2/2, one has ψ0,λ(0) = eθ(x−�)(C(x − �)+B) for

x ≥ �, with B > 0 and C ≥ 0. Then, the function

ψ2
0,λ(0)(x)e

−γ (x) = (
C(x − �)+B

)2
e−γ (�),

is not integrable near ∞.
In summary, XT is R-positive if and only if λ(0) < θ2/2, which we have proved

to be equivalent to θ > θ .
Now, we prove that α is R-transient if and only if θ < θ . Remark that λ(0) =

θ2/2 holds under both conditions of the claimed equivalence. Since ψ0,θ2/2(x) =
eθ(x−�)(C(x − �)+B) for x ≥ �, we get that α is R-transient if and only if C > 0,
or equivalently,

θψ0,θ2/2(�) < ψ ′0,θ2/2(�),

which holds if and only if θ < θ .
Finally, we give an explicit formula for θ when α(x) = θ01{x<�} + θ1{x≥�} and

θ > θ0. In this case, the solution ψ0,λ for λ > θ2
0 /2, is

ψ0,λ(x)= eθ0x

χ
sin(χx),

where χ =
√

2λ− θ2
0 , and therefore θ =√2λ is the unique solution of

√
2λ= ψ ′0,λ(�)

ψ0,λ(�)
= θ0 + χ cot(χ�)=

√
χ2 + θ2

0 .

We obtain the relation θ0 = −χ cot(2χ�), from which we get the desired value
of θ . �
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6.7.2 x̄ Can Be R-Positive

In the ultimately constant case, if x̄ > 0, α(x̄) is always R-null (Proposition 6.67),
then the transition from R-positive to R-transient occurs through an R-null point.
We show that this is not always the case, that is, we exhibit an example were 0 <
x̄ <∞ and α(x̄) is R-positive. Let us construct it. Take a function g verifying the
following conditions:

(i) g > 0 on (0,∞), g(0)= 0 and g′(0)= 1;
(ii)

∫∞
0 g2(x) dx <∞;

(iii) g+g′ is positive, limx→∞ g′′(x)/(g(x)+g′(x))= 0 and the integrability con-
dition

∫∞
0 |g′′(x)/(g(x)+ g′(x))|dx <∞.

For instance, g(x)= x/(1+ x)2 does the job.
Fix some a > 0. Let α be such that α(x) = 1+ g′′(x − a)/(2(g(x − a)+ g′ ×

(x − a))) for x ≥ a. Obviously, we have λ(∞)= α(∞)2/2= 1/2. Since the func-
tion v(x) = g(x − a)e(x−a) solves the problem v′′ − 2αv′ = −v on (a,∞) with
the boundary conditions v′(a) = 1, v(a) = 0 and it is positive on (a,∞), we get
λ(a) = λ(∞) = 1/2. On the other hand, from (ii) and (iii), it can be checked that
α(a) is R-positive. From Theorem 6.45, part (ii), we conclude x̄ = a.

6.7.3 x̄ = ∞ for Some Bounded Drifts

Let us now show that for some bounded drifts we can have x̄ = ∞. Take a se-
quence 0 < bn < 1 converging towards 1. Consider x0 = 0, xn+1 = xn+π/

√
1− b2

n

and define α(x) = bn for x ∈ [xn, xn+1). We have λ(∞) = 1/2. Let us prove that
λ(xn) < 1/2. The solution of v′′ − 2αv′ = −v with v(xn) = 0, v′(xn) = 1 is given
by

v(x)= e(x−xn)
√

1− b2
n

sin
(
(x − xn)

√
1− b2

n

)
for x ∈ [xn, xn+1).

Since v(xn+1)= 0, we obtain that λ(xn) < 1/2, and therefore x̄ =∞.



Chapter 7
Infinity as Entrance Boundary

7.1 Introduction

In this chapter,1 we study QSDs for one dimensional diffusions where we allow the
drift to have a singularity at the origin and an entrance boundary at +∞. The main
motivation for studying this situation comes from models in ecology and economics
(see Examples 7.8.1 and 7.8.2 at the end of this chapter).

Consider X to be a drifted Brownian motion

dXt = dBt − α(Xt ) dt. (7.1)

Of particular interest is the case

α(x)= 1

2x
− rx

2
+ cσx3

8

obtained after a suitable change of variables in the so-called logistic case (see Ex-
ample 7.8.1).

It is also worth noticing that the behavior of α at infinity may violate Mandl’s
conditions. For example, in the logistic case

∫ ∞

1
e−γ (z)

∫ z

1
eγ (y) dy dz <∞,

where γ (y) := 2
∫ y

1 α(x)dx.
This unusual situation prevents us from using the results of the previous chapter.

A main tool for studying these type of diffusions is the spectral theory of its semi-
group, which we discuss in Sect. 7.3, specifically in Theorem 7.3. In Sect. 7.5, we
study the Yaglom limit; see Theorem 7.13. Later, in Theorem 7.24 of Sect. 7.7, we

1This chapter is based on the work done by us in collaboration with Patrick Cattiaux, Amaury
Lambert and Sylvie Méléard in the article Quasi-stationary distributions and diffusions models in
population dynamics. Annals of Probability 37, 1926–1969 (2009).

P. Collet et al., Quasi-Stationary Distributions, Probability and Its Applications,
DOI 10.1007/978-3-642-33131-2_7, © Springer-Verlag Berlin Heidelberg 2013
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http://dx.doi.org/10.1007/978-3-642-33131-2_7


198 7 Infinity as Entrance Boundary

prove that this limit is the unique QSD when the process comes down from infinity
(see Definition 7.22).

An important role will be played by the measure μ which is proportional to the
speed measure of X and was defined as

dμ(y) := e−γ (y) dy.

We shall obtain L2 (dμ) estimates for the heat kernel, and the main point is that
starting from any x > 0, the law of the process at time t is absolutely continuous
with respect to μ with a density belonging to L2 (dμ).

We end the chapter with applications to some biological models and a study of
Shiryaev’s martingale.

7.2 Basic Properties of X

Since the drift maybe singular at 0, we consider

Λ(x)=
∫ x

1
eγ (y) dy,

where γ (y)= ∫ y

1 2α(u)du. Also we need to consider

κ(x)=
∫ x

1
eγ (y)

(∫ y

1
e−γ (z) dz

)

dy.

For most of the results in this chapter, we shall assume sure absorption at zero,
that is, for all x > 0

H1: Px(τ = T < T∞)= 1.

It is well known (see, e.g., Ikeda and Watanabe 1988, Chap. VI, Theorem 3.2) that
H1 holds if and only if

Λ(∞)=∞ and κ
(
0+

)
<∞.

We notice that H1 can be written as Px(limt→∞Xt∧τ = 0)= 1.
We shall now discuss some properties of the law of X up to T . Using Girsanov’s

Theorem (see Cattiaux et al. 2009, Proposition 2.2 for details), we obtain that for
any bounded Borel function F : C([0, t])→ R, the expectation Ex[F(X)1t<T ] is
given by

E
Wx

[

F(ω)1t<T (ω) exp

(
1

2
γ (x)− 1

2
γ (ωt )− 1

2

∫ t

0

(
α2 − α′

)
(ωs) ds

)]

where E
Wx denotes the expectation with respect to the Wiener measure starting

from x, and Ex denotes the expectation with respect to the law of X starting also
from x. From this representation, we obtain some properties about the density (or
kernel) of X at time t > 0.
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Theorem 7.1 Assume H1. For all x > 0 and all t > 0, there exists some density
r(t, x, ·) that verifies

Ex

[
f (Xt )1t<T

]=
∫ ∞

0
f (y)r(t, x, y) dμ(y)

for all bounded Borel functions f .
Moreover, if there exists some C > 0 such that α2(y)−α′(y)≥−C for all y > 0,

then for all t > 0 and all x > 0,

∫ ∞

0
r2(t, x, y) dμ(y)≤ 1

2πt
eCt eγ (x).

Proof Consider the density given by the Girsanov’s Theorem

G(ω)= 1t<T (ω) exp

(
1

2
γ (ω0)− 1

2
γ (ωt )− 1

2

∫ t

0

(
α2 − α′

)
(ωs) ds

)

.

Then we get

Ex

[
f (Xt )1t<T

] = E
Wx

[
f (ωt )E

Wx [G|ωt ]
]

=
∫
f (y)EWx [G|ωt = y] 1√

2πt
e−

(x−y)2
2t dy

=
∫ ∞

0
f (y)EWx [G|ωt = y] 1√

2πt
e−

(x−y)2
2t +γ (y) dμ(y),

because E
Wx [G|ωt = y] = 0 if y ≤ 0. Hence, the law of Xt restricted to non-

extinction has a density with respect to μ given by

r(t, x, y)= E
Wx [G|ωt = y] 1√

2πt
e−

(x−y)2
2t +γ (y).

In particular, we obtain

∫ ∞

0
r2(t, x, y) dμ(y) =

∫ ∞

0

1

2πt
e−

(x−y)2
t

+2γ (y)(
E
Wx [G|ωt = y])2

e−γ (y) dy

≤
∫ ∞

0

1

2πt
e−

(x−y)2
t

+γ (y)
E
Wx

[
G2|ωt = y

]
dy,

from where the result follows. �

Notice that the measure μ is a natural one since the kernel of the killed pro-
cess is symmetric in L2 (dμ). This property allows us to use the spectral theory for
symmetric operators, which is the main objective of the next section.
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7.3 Spectral Theory

As usual, C∞0 ((0,∞)) denotes the space of infinitely differentiable functions on
(0,∞) with compact support. We introduce the inner product

〈f,g〉μ =
∫ ∞

0
f (u)g(u)dμ(u),

and consider the symmetric form

E(f, g)= 〈
f ′, g′

〉
μ

with domain D(E) = C∞0 ((0,∞)). We shall use the theory of Dirichlet forms, for
which we recommend Fukushima (1980) or Fukushima et al. (1994), and for details
in our particular case Cattiaux et al. (2009). The basic fact is the existence of a
nonpositive self adjoint operator L on L2 (dμ) with domain D(L) ⊇ C∞0 ((0,∞))

such that for all f and g in D(E) it holds E(f, g) = −2
∫∞

0 f (u)Lg(u)dμ(u) =
−2〈f,Lg〉μ. For g ∈ C∞0 ((0,∞)), we have

Lg = 1

2
g′′ − αg′.

L is the generator of a strongly continuous symmetric semigroup of contractions on
L2 (dμ) which we denote by (Pt : t ≥ 0). Under H1, this semigroup coincides with
the semigroup of X killed at 0, that is, Ptf (x)= E[f (Xx

t )1t<T ].
Let (Eλ : λ ≥ 0) be the family of spectral projections associated to −L. Since

−L is nonnegative, this family is concentrated on R+. In particular, we have the
representation

∫
Ptfg dμ=

∫∞
0 e−λt d〈Eλf,g〉μ for all t ≥ 0, f, g ∈ L2 (dμ). One

important fact is the pointwise limit, for any f ∈ L2 (dμ),

lim
t→∞

∫
(Ptf )

2 dμ= 0 for any f ∈ L2 (dμ). (7.2)

For that purpose, consider a compact set K ⊂ (0,∞) and split the integral in two
terms as

∫
(Ptf )

2 dμ =
∫

(
Pt (f 1K + f 1Kc)

)2
dμ

≤ 2
∫

(
Pt (f 1K)

)2
dμ+ 2

∫
(
Pt (f 1Kc)

)2
dμ

≤ 2
∫

(
Pt (f 1K)

)2
dμ+ 2

∫
(f 1Kc)2 dμ.

For every fixed ε > 0, we may choose K large enough such that the second term, in
the latter sum, is bounded by ε. On the other hand, we approximate f 1K in L2 (dμ)

by f̃ 1K for some continuous and bounded function f̃ , up to ε. Now, thanks to
H1, we know that Pt (f̃ 1K)(x) goes to 0 as t goes to infinity for any x. Since
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∫
(Pt (f̃ 1K))2 dμ =

∫
K
f̃ P2t (f̃ 1K)dμ, we prove the claim using the Dominated

Convergence Theorem.
Now we shall introduce the main assumption on α for the spectral study of (Pt ):

H2: C =− inf
y∈(0,∞)

α2(y)− α′(y) <∞ and lim
y→∞α2(y)− α′(y)=+∞.

Remark 7.2 Hypothesis H2 implies that α is unbounded near ∞ (actually, |α(x)|
tends to infinity as x→∞) and α−(x) or α+(x) tend to 0 as x ↓ 0 (see Cattiaux
et al. 2009). If, in addition, H1 holds then α(x)→∞, as x→∞.

We may now state the main result from the spectral point of view.

Theorem 7.3 If H2 is satisfied, −L has a purely discrete spectrum 0≤ λ1 < λ2 <

· · · . Furthermore, each λi (i ∈ N) is associated to a unique (up to a multiplicative
constant) eigenfunction ψi of class C2((0,∞)) which satisfies the ODE

1

2
ψ ′′i − αψ ′i =−λiψi. (7.3)

The sequence (ψi : i ≥ 1) is an orthonormal basis of L2 (dμ), ψ1 can be chosen to
be strictly positive on (0,∞).

For g ∈ L2 (dμ),

Ptg =
∑

i∈N
e−λi t 〈ψi, g〉μψi (7.4)

holds in the L2 (dμ) sense, and then for f,g ∈ L2 (dμ),

lim
t→∞ eλ1t 〈g,Ptf 〉μ = 〈ψ1, f 〉μ〈ψ1, g〉μ.

If, in addition, H1 holds, then λ1 > 0.

Proof For f ∈ L2 (dx), consider the auxiliary semigroup

P̃t (f )= e−
γ
2 Pt

(
f e

γ
2
)
, (7.5)

which is well defined in L2 (dx) since f e
γ
2 ∈ L2 (dμ). (P̃t : t ≥ 0) is then a strongly

continuous semigroup in L2 (dx), whose generator L̃ coincides on C∞0 ((0,∞))

with 1
2
d2

dx2 − 1
2 (α

2 − α′) since C2
0(0,∞) ⊂ D(L), and e

γ
2 ∈ C2(0,∞). The spec-

tral theory of such a Schrödinger operator on the line (or the half-line) is well
known. We shall use the results in Chap. 2 of Berezin and Shubin (1991) with the
appropriate modifications. In our case, there is a small difficulty because the po-
tential v = (α2 − α′)/2 does not necessarily belong to L∞loc near 0. Nevertheless,
since we have assumed that v is bounded from below by −C/2, we may consider
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H = L̃− (C/2+ 1). This means that we replace v by w = v+C/2+ 1≥ 1, which
only produces a translation of the spectrum. For f ∈ C∞0 (0,∞), we have

−(Hf,f ) = −
∫ ∞

0
Hf (u)f (u)du=

∫ ∞

0

(∣
∣f ′(u)

∣
∣2
/2+w(u)f 2(u)

)
du

≥
∫ ∞

0
f 2(u) du, (7.6)

and H has a bounded inverse operator. The spectrum of H (hence of L̃) will be
discrete if, for example, H−1 is a compact operator. For that it is enough to show
that M = {f ∈D(H);−(Hf,f )≤ 1} is relatively compact. This is proved in The-
orem 3.1 of Berezin and Shubin (1991) when w is locally bounded and it has the
appropriate asymptotic behavior. In our situation, w may explode to infinity near 0,
but this is not a problem because the set M is included into the corresponding one
when we truncate w near the origin. Then the spectrum of L is discrete.

On the other hand, all the eigenvalues of L̃ are simple (Proposition 3.3 in Berezin
and Shubin 1991), and, of course, the corresponding set of normalized eigenfunc-
tions (ηk : k ≥ 1) is an orthonormal basis of L2 (dx). Hence (e

γ
2 ηk) is an or-

thonormal basis of L2 (dμ) and each ψk = e
γ
2 ηk is an eigenfunction of L. We can

choose them to be C2((0,∞)) and they satisfy (7.3). For every t > 0, and for every
g,f ∈ L2 (dμ), we have

∑∞
k=1 e

−λkt 〈ψk,g〉μ〈ψk,f 〉μ = 〈g,Ptf 〉μ.
In addition, if g and f are nonnegative, we get

0≤ lim
t→∞ eλ1t 〈g,Ptf 〉μ = 〈ψ1, f 〉μ〈ψ1, g〉μ,

because λ1 < λ2 ≤ · · · and the sum
∑∞

k=1 |〈ψk,g〉μ〈ψk,f 〉μ| is finite. It follows
that 〈ψ1, f 〉μ and 〈ψ1, g〉μ have the same sign. Changing ψ1 into −ψ1 if necessary,
we may assume that 〈ψ1, f 〉μ ≥ 0 for any nonnegative f , hence ψ1 ≥ 0. Since
Ptψ1(x)= e−λ1tψ1(x) andψ1 is continuous and not trivial, we deduce thatψ1(x) >

0 for all x > 0. Using (7.2), we get for g ∈ L2 (dμ)

0= lim
t→∞〈Ptg,Ptg〉μ = lim

t→∞ e−2λ1t 〈g,ψ1〉2μ,

showing that λ1 > 0. �

Remark 7.4 Note that λ1 corresponds to the bottom of the spectrum of −L (in
L2 (dμ)) and this value of the spectrum was denoted as λ in the previous chapters.

The following result, similar to Lemma 6.9 in the previous chapter, gives some
extra information about the kernel r .

Proposition 7.5 Under H1 and H2, we have the following expansion

r(t, x, y)=
∞∑

k=1

e−λktψk(x)ψk(y), (7.7)
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uniformly on compact sets of (0,∞)× (0,∞)× (0,∞).
Therefore, on compact sets of (0,∞)× (0,∞) we get

lim
t→∞ eλ1t r(t, x, y)=ψ1(x)ψ1(y). (7.8)

Proof Using Theorems 7.1 and 7.3, for every smooth function g compactly sup-
ported on (0,∞), we have

n∑

k=1

e−λkt 〈ψk,g〉2μ ≤
∞∑

k=1

e−λkt 〈ψk,g〉2μ

=
∫ ∫

g(x)g(y)r(t, x, y)e−γ (x)−γ (y) dx dy.

Letting g(y)dy tend to the Dirac measure at x and using the regularity of ψk and r ,
we deduce that

n∑

k=1

e−λktψk(x)
2 ≤ r(t, x, x).

The series
∑∞

k=1 e
−λktψk(x)

2 converges pointwise, which by the Cauchy–Schwarz
Inequality implies the pointwise absolute convergence of

ζ(t, x, y) :=
∞∑

k=1

e−λktψk(x)ψk(y)

and the bound for all n

n∑

k=1

e−λkt
∣
∣ψk(x)ψk(y)

∣
∣≤√

r(t, x, x)
√
r(t, y, y).

Using Harnack’s Inequality (see, for example, Krylov and Safonov 1981), we get

√
r(t, x, x)

√
r(t, y, y)≤ CKr(t, x, y)

for any x and y in the compact subset K of (0,∞). Using the Dominated Conver-
gence Theorem, we obtain that for all Borel functions g,f with compact support in
(0,∞)

∫∫
g(x)f (y)ζ(t, x, y)e−γ (x)−γ (y) dx dy

=
∫∫

g(x)f (y)r(t, x, y)e−γ (x)−γ (y) dx dy.

Therefore, ζ(t, x, y)= r(t, x, y) dx dy-a.s., which proves the almost sure version of
(7.7).
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Since ψk are smooth eigenfunctions, we get the pointwise equality

e−λktψk(x)
2 =

∫∫
r(t/3, x, y)r(t/3, x, z)e−λkt/3ψk(y)ψk(z)e

−γ (z)−γ (y) dy dz

= e−λkt/3〈
r(t/3, x,•),ψk

〉
μ

〈
r(t/3, x,•),ψk

〉
μ

which, together with the fact r(t/3, x,•) ∈ L2 (dμ) and Theorem 7.1, allows us to
deduce that

∑∞
k=1 e

−λktψk(x)
2 is given by

∫∫
r(t/3, x, y)r(t/3, x, z)

∞∑

k=1

e−λkt/3ψk(y)ψk(z)e
−γ (z)−γ (y) dy dz

=
∫∫

r(t/3, x, y)r(t/3, x, z)r(t/3, y, z)e−γ (z)−γ (y) dy dz= r(t, x, x).

Dini’s Theorem then proves the uniform convergence in compacts of (0,∞) for the
series

∞∑

k=1

e−λktψk(x)
2 = r(t, x, x).

By the Cauchy–Schwarz Inequality, we have for any n

∣
∣
∣
∣
∣

∞∑

k=n
e−λktψk(x)ψk(y)

∣
∣
∣
∣
∣
≤

( ∞∑

k=n
e−λktψk(x)

2

)1/2( ∞∑

k=n
e−λktψk(y)

2

)1/2

.

This, together with the Dominated Convergence Theorem, yields (7.8). �

7.4 Sufficient Conditions for Integrability of ψ1

In this section, we study some properties of the eigenfunctions ψi , including their
integrability with respect to μ. In particular, we are interested in the integrability of
ψ1 because this function will generate a QSD. First, we relate the integrability of
this function with the flux of particles at 0.

Proposition 7.6 Assume that H1 and H2 are satisfied. Then
∫ ∞

1
ψ1e

−γ dx <∞,

F (x)= ψ ′1(x)e−γ (x) is a nonnegative decreasing function and the following limits
exist

F
(
0+

)= lim
x↓0

ψ ′1(x)e−γ (x) ∈ (0,∞], F (∞)= lim
x→∞ψ ′1(x)e−γ (x) ∈ [0,∞).
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The function ψ1 is increasing and
∫∞

1 e−γ (y) dy < ∞. Moreover,
∫∞

0 ψ1(x)×
e−γ (x) dx = F(0+)−F(∞)

2λ1
. In particular,

ψ1 ∈ L1 (dμ) if and only if F
(
0+

)
<∞.

Remark 7.7 Note that g = ψ1e
−γ satisfies the adjoint equation 1

2g
′′ + (αg)′ =

−λ1g, and then F(x) = g′(x) + 2α(x)g(x) represents the flux at x. Then ψ1 ∈
L1 (dμ), or equivalently, g ∈ L1 (dx) if and only if the flux at 0 is finite.

Proof Since ψ1 satisfies ψ ′′1 (x)− 2αψ ′1(x) =−2λ1ψ1(x), we obtain for x0 and x

in (0,∞)

ψ ′1(x)e−γ (x) =ψ ′1(x0)e
−γ (x0) − 2λ1

∫ x

x0

ψ1(y)e
−γ (y) dy, (7.9)

and F =ψ ′1e−γ is decreasing. Integrating further gives

ψ1(x)=ψ1(x0)+
∫ x

x0

(

ψ ′1(x0)e
−γ (x0) − 2λ1

∫ z

x0

ψ1(y)e
−γ (y) dy

)

eγ (z) dz.

If for some z0 > x0 it holds that ψ ′1(x0)e
−γ (x0) − 2λ1

∫ z0
x0
ψ1(y)e

−γ (y) dy < 0, then
this inequality holds for all z > z0 since the quantity

ψ ′1(x0)e
−γ (x0) − 2λ1

∫ z

x0

ψ1(y)e
−γ (y) dy

is decreasing in z. This implies that for large x the function ψ1 is negative.
Indeed, consider z1 > z0 such that for all z ≥ z1 we have ψ ′1(x0)e

−γ (x0) −
2λ1

∫ z

x0
ψ1(y)e

−γ (y) dy ≤−a, for some a > 0. Then, we get the following inequal-
ity for all x ≥ z1

ψ1(x)≤ψ1(z1)− a
(
Λ(x)−Λ(z1)

)
.

Since Λ(∞)=∞, we deduce that ψ1 is eventually negative. This is a contradiction,
and we deduce that for all x > 0

2λ1

∫ ∞

x

ψ1(y)e
−γ (y) dy ≤ψ ′1(x)e−γ (x).

Hence, ψ1 is increasing and, being nonnegative, it is bounded near 0. In particular,
ψ1(0+) exists. Also we deduce that F ≥ 0 and that

∫∞
1 e−γ (y) dy <∞. We can take

the limit as x→∞ in (7.9) to get

F(∞)= lim
x→∞ψ ′1(x)e−γ (x) ∈ [0,∞),

and ψ ′1(x0)e
−γ (x0) = F(∞)+2λ1

∫∞
x0

ψ1(y)e
−γ (y) dy. From this equality the result

follows. �
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In the next results, we give a couple of sufficient conditions for the integrability
of the eigenfunctions. The first one is

H3:
∫ 1

0

1

α2(y)− α′(y)+C + 2
e−γ (y) dy <∞,

where as before C =− infx>0(α
2(x)− α′(x)).

Proposition 7.8 Assume that H1, H2 and H3 are satisfied. Then ψi belongs to
L1 (dμ) for all i.

Proof Recall that ηi = e−
γ
2 ψi is an eigenfunction of the Schrödinger operator H

introduced in the proof of Theorem 7.3. Replacing f by ηi in (7.6) thus yields

(C/2+ 1+ λi)

∫ ∞

0
η2
i (y) dy =

∫ ∞

0

(|η′i |2(y)/2+w(y)η2
i (y)

)
dy.

Since the left-hand side is finite, the right-hand side is finite; in particular,
∫ ∞

0
w(y)ψ2

i (y) dμ(y)=
∫ ∞

0
w(y)η2

i (y) dy <∞.

As a consequence, using the Cauchy–Schwarz Inequality, we get, on the one hand,

∫ 1

0

∣
∣ψi(y)

∣
∣dμ(y) ≤

(∫ 1

0
w(y)ψ2

i (y) dμ(y)

) 1
2
(∫ 1

0

1

w(y)
dμ(y)

) 1
2

<∞,

thanks to H3. On the other hand,

∫ ∞

1

∣
∣ψi(y)

∣
∣dμ(y) ≤

(∫ ∞

1
ψ2
i (y) dμ(y)

) 1
2
(∫ ∞

1
dμ(y)

) 1
2

<∞,

according to Proposition 7.6. We have thus proved that ψi ∈ L1 (dμ). �

We now obtain sharper estimates using properties of the Dirichlet heat kernel.
For this reason, we introduce the hypothesis

H4:
∫ ∞

1
e−γ (x) dx <∞ and

∫ 1

0
xe−

γ (x)
2 dx <∞.

Proposition 7.9 Assume H2 and H4 hold. Then all the eigenfunctions ψk belong
to L1 (dμ), and there is a constant K1 > 0 such that for any x ∈ (0,∞) and any k

∣
∣ψk(x)

∣
∣≤K1e

λk e
γ (x)

2 .

Moreover, ψ1 is strictly positive on R
+, and there is a constant K2 > 0 such that for

any x ∈ (0,1] and any k
∣
∣ψk(x)

∣
∣≤K2xe

2λk e
γ (x)

2 .
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Recall the semigroup P̃t defined in (7.5) is given for f ∈ L2(R+, dx) by

P̃tf (x)= E
Wx

[

f
(
ω(t)

)
1t<T exp

(

−1

2

∫ t

0

(
α2 − α′

)
(ωs) ds

)]

,

where E
Wx denotes the expectation w.r.t. the Wiener measure starting from x. The

proof of Proposition 7.9 needs some basic estimate on the kernel p̃t (x, y), which
we summarize in the following lemma (see Cattiaux et al. 2009, Lemma 4.5).

Lemma 7.10 Assume condition H2 holds. There exists a constant K3 > 0 and a
continuous increasing function B defined on [0,∞) satisfying limz→∞B(z) =∞
and such that for any x > 0, y > 0 we have

0 < p̃1(x, y)≤min
{
e−

(x−y)2
4 e−B(max{x,y}),K3p

D
1 (x, y)

}
.

Here pDt is the Dirichlet heat kernel in R
+ given for x, y ∈ R

+ by pDt (x, y) =
1√
2πt

(e
−(x−y)2

2t − e−
(x+y)2

2t ).

Proof (Proposition 7.9) As a consequence of the previous lemma, the kernel
p̃1(x, y) defines a bounded operator P̃1 from L2(R+, dx) to L∞(R+, dx). As a
byproduct, we get that all the eigenfunctions ηk of P̃1 are bounded, and more pre-
cisely, |ηk| ≤K1e

λk .
One deduces also from the previous lemma that the kernel defined for M > 0 by

p̃M1 (x, y) = 1x<M1y<Mp̃1(x, y) is a Hilbert–Schmidt operator in L2(R+, dx), in
particular, it is a compact operator (see, for example, Conway 1990, pp. 177, 267).
Consider also P̃M

1 , the operator with kernel p̃M1 . From Lemma 7.10, we obtain the
following estimate, in the norm of operators acting on L2(R+, dx),

∥
∥P̃M

1 − P̃1
∥
∥
L2(R+,dx) ≤ C′e−B(M)

where C′ is a positive constant independent of M . Since limM→∞B(M)=∞, the
operator P̃1 is a limit in norm of compact operators in L2(R+, dx) and hence com-
pact. Since p̃1(x, y) > 0, the operator P̃1 is positivity improving (if f ≥ 0 and f is
not the zero function then P̃1f > 0), implying that the eigenvector η1 is positive.

We now claim that |ηk(x)| ≤K2 xe
2λk for 0 < x ≤ 1. We have from Lemma 7.10

and the explicit expression for pD1 (x, y) the existence of a constant K3 such that

∣
∣e−λkηk(x)

∣
∣ ≤ K3

∫ ∞

0
pD1 (x, y)

∣
∣ηk(y)

∣
∣dy

≤ K3‖ηk‖∞
√

2

π
e−

x2
2

∫ ∞

0
e−

y2

2 sinh(xy) dy.
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We now estimate the integral in the right-hand side. Using the convexity of sinh, we
get sinh(xy)≤ x sinh(y)≤ x

2 e
y , for x ∈ [0,1], y ≥ 0 which yields

∫ ∞

0
e−

y2

2 sinh(xy) dy ≤ x

2

∫ ∞

0
e−

y2

2 ey dy,

proving the claim. Together with hypothesis H4, this estimate implies that ψk be-
longs to L1((0,1), dμ).

Since ψk(x)= ηk(x)e
γ (x)

2 , we have

∫ ∞

1
|ψk|dμ≤

(∫ ∞

1

∣
∣ηk(x)

∣
∣2
dx

)1/2(∫ ∞

1
e−γ (x) dx

)1/2

<∞,

which implies ψk ∈ L1((1,∞), dμ). This finishes the proof of the proposition. �

Remark 7.11 If α and α′ extend continuously up to 0, Hypotheses H2, H3 and H4
reduce to their counterparts at infinity.

7.5 QSD and Yaglom Limit

In this section, we study the existence of a QSD. One of the main technical prob-
lems here is that the drift may explode at 0. This could cause that ψ1, a possible
candidate to induce a QSD, is not integrable. For this reason, we shall work under
the following assumption.

Definition 7.12 We say that Hypothesis H0 is verified if H1, H2 hold and ψ1 ∈
L1 (dμ) (which is the case, for example, under H3 or H4).

When ψ1 ∈ L1 (dμ), a natural candidate for being a QSD is the normalized mea-
sure ψ1〈ψ1,1〉μ dμ, which turns out to be the conditional limit distribution. This is sug-
gested by Theorem 7.3 and the main result of this section is the following theorem.

Theorem 7.13 Assume that Hypothesis H0 holds. Then

dν1 = ψ1

〈ψ1,1〉μ dμ

is a QSD, that is, for every t ≥ 0 and any Borel subset A of (0,∞),

Pν1(Xt ∈A|t < T )= ν1(A).

Also for any x > 0 and any Borel subset A of (0,∞),

lim
t→∞ eλ1tPx(t < T )=ψ1(x)〈ψ1,1〉μ,

lim
t→∞ eλ1tPx(Xt ∈A, t < T )= ν1(A)ψ1(x)〈ψ1,1〉μ.

(7.10)



7.5 QSD and Yaglom Limit 209

This implies, since ψ1 > 0 on (0,∞), that

lim
t→∞Px(Xt ∈A|t < T )= ν1(A),

and the probability measure ν1 is the Yaglom limit distribution. Moreover, for any
probability measure ρ with compact support in (0,∞) we have

lim
t→∞ eλ1tPρ(t < T )= 〈ψ1,1〉μ

∫
ψ1(x) dρ(x),

lim
t→∞ eλ1tPρ(Xt ∈A, t < T )= ν1(A)〈ψ1,1〉μ

∫
ψ1(x) dρ(x),

lim
t→∞Pρ(Xt ∈A|t < T )= ν1(A).

(7.11)

Proof Thanks to the symmetry of the semigroup, we have for all f in L2 (dμ),
∫
Ptfψ1 dμ=

∫
fPtψ1 dμ= e−λ1t

∫
fψ1 dμ.

Since ψ1 ∈ L1 (dμ), this equality extends to all bounded f . In particular, we may
use it with f = 1(0,∞) and with f = 1A . Noticing that

∫
Pt (1(0,∞))ψ1 dμ= Pν1(t < T )〈ψ1,1〉μ

and
∫
Pt1Aψ1 dμ= Pν1(Xt ∈A, t < T )〈ψ1,1〉μ, we have shown that ν1 is a QSD.

The rest of the proof is divided into two cases. First, we assume that μ is a
bounded measure. Thanks to Theorem 7.1, we know that for any x > 0, any set
A⊂ (0,∞) such that 1A ∈ L2 (dμ) and for any t > 1,

Px(Xt ∈A, t < T ) =
∫

Py(Xt−1 ∈A, t < T − 1)r(1, x, y) dμ(y)

=
∫
Pt−1(1A)(y)r(1, x, y) dμ(y)

=
∫

1A(y)
(
Pt−1r(1, x, ·)

)
(y) dμ(y).

Since both 1A and r(1, x, ·) are in L2 (dμ) and since H2 is satisfied, we obtain using
Theorem 7.3

lim
t→∞ eλ1(t−1)

Px(Xt ∈A, t < T )= 〈1A,ψ1〉μ
〈
r(1, x, ·),ψ1

〉
μ
. (7.12)

Since
∫
r(1, x, y)ψ1(y) dμ(y)= (P1ψ1)(x)= e−λ1ψ1(x),
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we get that ν1 is the Yaglom limit.
If μ is not bounded (i.e. 1(0,∞) /∈ L2 (dμ)) we need an additional result to obtain

the Yaglom limit. This lemma is a consequence of Harnack’s Inequality and its proof
can be found in Cattiaux et al. (2009). �

Lemma 7.14 Assume ψ1 ∈ L1 (dμ) then for all x > 0, there exists a locally
bounded function Θ(x) such that for all y > 0 and all t > 1,

r(t, x, y)≤Θ(x)e−λ1tψ1(y). (7.13)

If (7.13) holds then eλ1t r(t, x, ·) ∈ L1 (dμ), and this function is dominated by
Θ(x)ψ1. Theorem 7.1 shows that r(1, x, ·) ∈ L2 (dμ), and then we can apply The-
orem 7.3 to r(t, x, ·) = Pt−1r(1, x, ·) to deduce that limt→∞ eλ1t r(t, x, ·) exists in
L2 (dμ) and is equal to

eλ1
〈
r(1, x, ·),ψ1

〉
μ
ψ1(·)=ψ1(x)ψ1(·).

Recall that convergence in L2 implies almost sure convergence along subse-
quences. Therefore, for any sequence tn→∞ there exists a subsequence t ′n such
that

lim
n→∞ eλ1t

′
nr

(
t ′n, x, y

)=ψ1(x)ψ1(y) for μ-almost all y > 0.

Since

Px

(
t ′n < T

)=
∫ ∞

0
r
(
t ′n, x, y

)
dμ(y),

Lebesgue’s Bounded Convergence Theorem yields

lim
n→∞ eλ1t

′
nPx

(
t ′n < T

)=ψ1(x)

∫ ∞

0
ψ1(y) dμ(y).

That is, (7.12) holds with A = (0,∞) for the sequence t ′n. Since the limit does
not depend on the subsequence, limt→∞ eλ1tPx(t < T ) exists and is equal to the
previous limit, hence (7.12) is still true. The rest of this part follows as before.

For the last part of the theorem, that is, for passing from the initial Dirac mea-
sures at every fixed x > 0 to the compactly supported case, we just use that Θ(•)
is bounded on compact sets included in (0,∞). This finishes the proof of Theo-
rem 7.13. �

The positive real number λ1 is the natural killing rate of the process. Indeed, the
limit (7.10) obtained in Theorem 7.13 shows for any x > 0 and any t > 0,

lim
s→∞

Px(t + s < T )

Px(s < T )
= e−λ1t .

Let us also remark that

Pν1(t < T )= e−λ1t .
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7.5.1 Speed of Convergence to the Yaglom Limit

We now study the speed of convergence to the Yaglom limit. Informally, this speed
of convergence is dominated by the difference between the two first eigenvalues as
it is suggested by the expansion (7.4) in Theorem 7.3. In order to control the other
terms in that expansion, we need the following result.

Lemma 7.15 Under conditions H2 and H4, the operator P1 is bounded from
L∞(μ) to L2 (dμ). Moreover, for any compact subset K of (0,∞), there is a con-
stant CK such that for any function f ∈ L1 (dμ) with support in K we have

‖P1f ‖L2 (dμ) ≤ CK‖f ‖L1 (dμ).

Proof Let g ∈ L∞(μ), since

|P1g| ≤ P1|g| ≤ ‖g‖L∞(μ),
∫ ∞

1
|P1g|2 dμ ≤ ‖g‖2

L∞(μ)

∫ ∞

1
e−γ (x) dx,

where the last integral is finite by H4. We now recall that (see (7.5))

P1g(x)= e
γ (x)

2 P̃1
(
e−

γ
2 g

)
(x).

It follows from Lemma 7.10 that uniformly in x ∈ (0,1] we have using Hypothesis
H4

∣
∣P̃1

(
e−

γ
2 g

)
(x)

∣
∣≤O(1)‖g‖L∞(μ)

∫ ∞

0
e−

γ (y)
2 e−

y2

4 y dy ≤O(1)‖g‖L∞(μ).

This implies

∫ 1

0
|P1g|2 dμ=

∫ 1

0

∣
∣P̃1

(
e−

γ
2 g

)
(x)

∣
∣2
dx ≤O(1)‖g‖2

L∞(μ),

and the first part of the lemma follows. For the second part, we have from the Gaus-
sian bound of Lemma 7.10 that for any x > 0 and for any f integrable and with
support in K ,

∣
∣P̃1

(
e−

γ
2 f

)
(x)

∣
∣ ≤ O(1)

∫

K

e−
γ (y)

2 e−
(x−y)2

2
∣
∣f (y)

∣
∣dy

≤ O(1) sup
z∈K

e
γ (z)

2 sup
z∈K

e−
(x−z)2

2

∫

K

e−γ (y)
∣
∣f (y)

∣
∣dy

≤ O(1)e−
x2
4

∫

K

e−γ (y)
∣
∣f (y)

∣
∣dy
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since K is compact. This implies
∫ ∞

0
|P1f |2 dμ=

∫ ∞

0

∣
∣P̃1

(
e−

γ
2 f

)
(x)

∣
∣2
dx ≤O(1)‖f ‖2

L1 (dμ)
. �

We can now use the spectral decomposition of r(1, x, ·) to obtain the desired
speed of convergence.

Theorem 7.16 Under conditions H2 and H4, for all x > 0 and any measurable
subset A of (0,∞), we have

lim
t→∞ e(λ2−λ1)t

(
Px(Xt ∈A|t < T )− ν1(A)

)

= ψ2(x)

ψ1(x)

( 〈1,ψ1〉μ〈1A,ψ2〉μ − 〈1,ψ2〉μ〈1A,ψ1〉μ
(〈1,ψ1〉μ)2

)

. (7.14)

Proof Let h be a nonnegative bounded function with compact support in (0,∞).
By using the semigroup property, Lemma 7.15 and the spectral decomposition for
compact self adjoint semigroups (see Theorem 7.3), we have for any t > 2,
∫

Px(Xt ∈A, t < T )h(x)dx

= 〈
heγ ,Pt1A

〉
μ
= 〈

P1
(
heγ

)
,P(t−2)P11A

〉
μ

= e−λ1(t−2)〈P1
(
heγ

)
,ψ1

〉
μ
〈ψ1,P11A〉μ + e−λ2(t−2)〈P1

(
heγ

)
,ψ2

〉
μ
〈ψ2,P11A〉μ

+R(h,A, t)

with
∣
∣R(h,A, t)

∣
∣ ≤

∑

i≥3

e−λi(t−2)
∣
∣〈P1

(
heγ

)
,ψi

〉
μ
〈ψi,P11A〉μ

∣
∣

≤ e−λ3(t−2)
∥
∥P1

(
heγ

)∥
∥
L2 (dμ)

‖P11A‖L2 (dμ),

because λ1 < λ2 < λ3 < · · · , the Cauchy–Schwarz Inequality and Parseval’s Iden-
tity. Note that since P1 is symmetric with respect to the scalar product 〈 , 〉μ,
we have 〈P1(he

γ ),ψ1〉μ = e−λ1〈heγ ,ψ1〉μ and similarly for ψ2. We have also
〈ψ1,P11A〉μ = e−λ1〈ψ1,1A〉μ and similarly for ψ2. It follows immediately from
Lemma 7.15 that for any fixed compact subset K of (0,∞), any A and any h satis-
fying the hypothesis of the proposition with support contained in K ,

∣
∣R(h,A, t)

∣
∣≤O(1)e−λ3(t−2)‖h‖L1 (dμ) ≤O(1)e−λ3(t−2)‖h‖L1 (dx),

since h has compact support in (0,∞). Therefore, letting h tend to a Dirac mass,
we obtain that for any compact subset K of (0,∞), there is a constant DK such that
for any x ∈K , for any measurable subset A of (0,∞), and for any t > 2, we have

∣
∣Px(Xt ∈A, t < T )− eγ (x)ψ1(x)〈ψ1,1A〉μe−λ1t − eγ (x)ψ2(x)〈ψ2,1A〉μe−λ2t

∣
∣
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is bounded from above by DKe
−λ3t . The proposition follows at once from

Px(Xt ∈A|t < T )= Px(Xt ∈A, t < T )

Px(Xt ∈ (0,∞), t < T )
. �

7.6 The Q-Process

We describe in this section the law of the process conditioned to be never extinct,
usually called the Q-process. This is similar to what we have proved in Theo-
rem 6.26(iv) and we give here only the main points of the proof.

Proposition 7.17 Assume H0 holds. For all x > 0 and s ≥ 0, we have for all s ≥ 0
and all A ∈ B(C([0, s]))

lim
t→∞Px(X ∈A|t < T )=Qx(A),

where Qx is the law of a diffusion process on (0,∞) with transition probability
densities (w.r.t. the Lebesgue measure) given by

q(s, x, y)= eλ1s
ψ1(y)

ψ1(x)
r(s, x, y)e−γ (y),

that is, Qx is locally absolutely continuous w.r.t. Px and

Qx(X ∈A)= Ex

(

1A(X)e
λ1s

ψ1(Xs)

ψ1(x)
, s < T

)

.

Proof First check, thanks to Fubini’s Theorem and κ(0+) <∞ in Hypothesis H1,
thatΛ(0+) >−∞. We can thus slightly change the notation (for this proof only) and
define Λ as Λ(x)= ∫ x

0 eγ (y) dy. From standard diffusion theory, (Λ(Xt∧T ); t ≥ 0)
is a local martingale, from which it is easy to derive that for any y ≥ x ≥ 0, Py(Tx <
T )=Λ(y)/Λ(x).

Now define v(t, x)= Px(t<T )
P1(t<T )

. The same ideas used in the proof of (6.29) shows

that for any x ≥ 0, v(t, x) ≤ Λ(x)
Λ(1) + 1. Now, thanks to Theorem 7.13, for all x it

holds eλ1tPx(t < T )→ψ1(x)〈1,ψ1〉μ as t→∞, and

lim
t→∞v(t, x)= ψ1(x)

ψ1(1)
.

Using the Markov property, it is easily seen that for large t ,

Px(X ∈A|t < T )= Ex

[
1A(X)v(t − s,Xs), s < T

]P1(t − s < T )

Px(t < T )
.
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The random variable in the above expectation is positive and bounded from above
by 1+Λ(Xs)/Λ(1), which is integrable (see below). So we obtain the desired result
using the Dominated Convergence Theorem.

To see that Ex(Λ(Xs)1s<T ) is finite, it is enough to use Itô’s formula with the
harmonic function Λ up to time T ∧ TM . Since Λ is nonnegative, it follows that
Ex(Λ(Xs)1s<T∧TM ) ≤ Λ(x) for all M > 0. The Monotone Convergence Theo-
rem yields Ex(Λ(Xs)1s<T )≤Λ(x) (here we have used H1). �

Recall that ν1 is the Yaglom limit.

Corollary 7.18 Assume H0. Then for any Borel subset B ⊆ (0,∞) and any x,

lim
s→∞Qx(Xs ∈ B)=

∫

B

ψ2
1 (y) dμ(y)= 〈ψ1,1〉μ

∫

B

ψ1(y) dν1(y).

Proof We know from the proof of Theorem 7.13 that eλ1sr(s, x, ·) converges to
ψ1(x)ψ1(·) in L2 (dμ) as s→∞. Hence, since 1Bψ1 ∈ L2 (dμ),

ψ1(x)Qx(Xs ∈ B)=
∫

1B(y)ψ1(y)e
λ1sr(s, x, y) dμ(y)→ψ1(x)

∫

B

ψ2
1 (y) dμ(y)

as s→∞. We remind the reader that dν1 =ψ1 dμ/〈ψ1,1〉μ. �

Remark 7.19 The stationary measure of the Q-process is absolutely continuous
w.r.t. ν1, with Radon–Nikodym derivative 〈ψ1,1〉μψ1, which, thanks to Proposi-
tion 7.6, is nondecreasing.

7.7 Uniqueness of QSD

In this section, we study the uniqueness of the QSD. We relate this problem to the
behavior at ∞ of the process X. In the problem of uniqueness, it is natural to study
the notion of quasi-limiting distribution (q.l.d.).

Definition 7.20 A probability measure π supported on (0,∞) is a q.l.d. if there
exists a probability measure ν such that the following limit exists in distribution

lim
t→∞Pν(Xt ∈ •|t < T )= π(•).

We say also that ν is attracted to π , or is in the domain of attraction of π , for the
conditional evolution.

Obviously every QSD is a q.l.d. because such measures are fixed points for the
conditional evolution. We prove that the reciprocal is also true, so both concepts
coincide.
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Lemma 7.21 Let π a probability measure supported on (0,∞). If π is a q.l.d. then
π is a QSD. In particular, there exists θ ≥ 0 such that for all s > 0

Pπ (s < T )= e−θs .

Proof By hypothesis, there exists a probability measure ν such that

lim
t→∞Pν(Xt ∈ •|t < T )= π(•)

in distribution. That is, for all continuous and bounded functions f , we have

lim
t→∞

Pν(f (Xt ), t < T )

Pν(t < T )
=

∫
f (x)dπ(x).

If we take f (x)= Px(Xs ∈A, s < T ) then, since f (x)= ∫
A
r(s, x, y) dμ(y), an ap-

plication of Harnack’s Inequality and of the Dominated Convergence Theorem en-
sures that f is continuous in (0,∞).

First, take A= (0,∞), so that f (x)= Px(s < T ). Then, we obtain for all s ≥ 0

lim
t→∞

Pν(t + s < T )

Pν(t < T )
= Pπ (s < T ).

The left-hand side is easily seen to be exponential in s, and then there exists θ ≥ 0
such that

Pπ (s < T )= e−θs .

Second, take f (x)= Px(Xs ∈A, s < T ) to conclude that

Pπ (Xs ∈A, s < T ) = lim
t→∞Pν

(
f (Xt )|t < T

)

= lim
t→∞Pν(Xt+s ∈A|t + s < T )

Pν(t + s < T )

Pν(t < T )

= e−θsπ(A),

and then π is a QSD. �

Under Hypothesis H0 (see Theorem 7.13), the measure dν1 = ψ1〈ψ1,1〉μ dμ is the
Yaglom limit, which in addition is a q.l.d. attracting all initial distributions with
compact support on (0,∞). Here again, our assumptions on the behavior of α at in-
finity will allow us to characterize the domain of attraction of the QSD ν1 associated
to ψ1. This turns out to be entirely different from the cases studied in the previous
chapter.

Definition 7.22 We say that the diffusion process X comes down from infinity if
there is y > 0 and a time t > 0 such that

lim
x↑∞Px(Ty < t) > 0.
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This terminology is equivalent to the property that ∞ is an entrance boundary
for X (for instance, see Revuz and Yor 1999, p. 283).

Let us introduce the following condition

H5:
∫ ∞

1
eγ (y)

∫ ∞

y

e−γ (z) dz dy <∞.

Tonelli’s Theorem ensures that H5 is equivalent to
∫ ∞

1
e−γ (y)

∫ y

1
eγ (z) dz dy <∞. (7.15)

If H5 holds then for any y ≥ 1,
∫∞
y

e−γ (z) dz <∞. Applying the Cauchy–Schwarz

Inequality, we get (x − 1)2 = (
∫ x

1 e
γ
2 e−

γ
2 dz)2 ≤ ∫ x

1 eγ dz
∫ x

1 e−γ dz, and therefore,
H5 implies that Λ(∞)=∞.

Remark 7.23 It is not obvious when Condition H5 holds. In this direction, the fol-
lowing explicit conditions on α, all together, are sufficient for H5 to hold:

• α(x)≥ q0 > 0 for all x ≥ x0;
• lim supx→∞

α′(x)
2α2(x)

< 1;

• ∫∞
x0

1
α(x)

dx <∞.

Now we state the main result of this section.

Theorem 7.24 Assume H0 holds. Then the following are equivalent:

(i) X comes down from infinity;
(ii) H5 holds;

(iii) ν1 attracts all initial distributions ν supported in (0,∞), that is,

lim
t→∞Pν(Xt ∈ •|t < T )= ν1(•).

In particular, any of these three conditions implies there is a unique QSD.

The proof of Theorem 7.24 requires some previous results.

Proposition 7.25 Assume H1 holds. If there is a unique QSD that attracts all initial
distributions supported in (0,∞), then X comes down from infinity.

Proof Let π be the unique QSD that attracts all distributions. We know that Pπ (t <
T ) = e−θt , for some θ ≥ 0. Since absorption is certain, θ > 0. For the rest of the
proof, let ν be any initial distribution supported on (0,∞), which by hypothesis is
in the domain of attraction of π , that is, for any bounded continuous f ,

lim
t→∞

∫ ∞

0
Pν(Xt ∈ dx|t < T )f (x)=

∫ ∞

0
f (x)dπ(x).
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We now prove that for any λ < θ , Eν(eλT ) <∞. As in Lemma 7.21, we have for
any s

lim
t→∞

Pν(t + s < T )

Pν(t < T )
= e−θs .

Now pick λ ∈ (0, θ) and ε > 0 such that (1+ ε)eλ−θ < 1. An elementary induction
shows that there is t0 such that for any t > t0, and any integer n,

Pν(t + n < T )

Pν(t < T )
≤ (1+ ε)ne−θn.

Breaking down the integral
∫∞
t0

Pν(s < T )eλs ds over intervals of the form (n,n+1]
and using the previous inequality, it is easily seen that this integral converges. This
proves that Eν(eλT ) <∞ for any initial distribution ν.

Now fix λ= θ/2 and for any x ≥ 0, let g(x)= Ex(e
λT ) <∞. We want to show

that g is bounded, which trivially entails that X comes down from infinity. Thanks
to the previous step, for any nonnegative random variable Y with law ν,

E
(
g(Y )

)= Eν

(
eλT

)
<∞.

Since Y can be any random variable, this implies that g is bounded. Indeed, observe
that g is increasing and g(0)= 1, so that a := 1/g(∞) is well defined in [0,1). Then
check that

dν(x)= g′(x)
(1− a)g(x)2

dx

is a probability density on (0,∞). Conclude computing
∫
g dν. �

Proposition 7.26 The following are equivalent

(i) X comes down from infinity;
(ii) H5 holds;

(iii) For any a > 0 there exists ya > 0 such that supx>ya Ex[eaTya ]<∞.

Proof Since (i) is equivalent to∞ being an entrance boundary and (ii) is equivalent
to (7.15), we must show that “∞ is an entrance boundary” and (7.15) are equivalent.
This will follow from Kallenberg (1997, Theorem 20.12(iii)). For that purpose, con-
sider Yt =Λ(Xt). Under each one of the conditions (i) or (ii), we have Λ(∞)=∞.
It is direct to prove that Y is in natural scale on the interval (Λ(0),∞), that is, for
Λ(0) < a ≤ y ≤ b <∞=Λ(∞)

Py

(
T Y
a < T Y

b

)= b− y

b− a
,

where T Y
a is the hitting time of a for the diffusion Y . Then,∞ is an entrance bound-

ary for Y if and only if
∫ ∞

0
y dm(y) <∞,
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where m is the speed measure of Y , which is given by

dm(y)= 2dy

(Λ′(Λ−1(y))2
,

see Karatzas and Shreve (1988, formula (5.51)), because Y satisfies the SDE

dYt =Λ′
(
Λ−1(Yt )

)
dBt .

After a change of variables, we obtain

∫ ∞

0
y dm(y)=

∫ ∞

1
e−γ (y)

∫ x

1
eγ (z) dz dx.

Therefore, we have shown the equivalence between (i) and (ii).
We continue the proof with (ii)⇒ (iii). Let a > 0, and pick xa large enough so

that
∫ ∞

xa

eγ (x)
∫ ∞

x

e−γ (z) dz dx ≤ 1

2a
.

Let J be the nonnegative increasing function defined on [xa,∞) by

J (x)=
∫ x

xa

eγ (y)
∫ ∞

y

e−γ (z) dz dy.

Then check that J ′′ = 2αJ ′ − 1, so that LJ = −1/2. Set now ya = 1 + xa , and
consider a large M > x. Itô’s formula gives, for S = t ∧ TM ∧ Tya ,

Ex

(
eaSJ (XS)

)= J (x)+Ex

(∫ S

0
eas

(
aJ (Xs)+LJ (Xs)

)
ds

)

.

From LJ =−1/2, and J (Xs) < J (∞)≤ 1/(2a) for any s ≤ Tya , we get

Ex

[
eaSJ (XS)

]≤ J (x).

But J is increasing, hence for x ≥ ya one obtains the inequality 1/(2a) > J(x) ≥
J (ya) > 0. It follows that Ex(ea(t∧TM∧Tya ))≤ 1/(2aJ (ya)), and finally Ex(e

aTya )≤
1/(2aJ (ya)) because of the Monotone Convergence Theorem. So (iii) holds.

Finally, it is clear that (iii)⇒ (i). �

Proposition 7.27 Assume H0 holds. If there exists x0 such that supx≥x0
Ex(e

λ1Tx0 )

<∞, then ν1 attracts all initial distributions supported on (0,∞).

The proof of this result requires the following control near 0 and∞.

Lemma 7.28 Assume H0 holds, and supx≥x0
Ex(e

λ1Tx0 ) <∞. For h ∈ L1 (dμ)

strictly positive in (0,∞), we have
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lim
ε↓0

lim sup
t→∞

∫ ε

0 h(x)Px(t < T )dμ(x)
∫
h(x)Px(t < T )dμ(x)

= 0, (7.16)

lim
M↑∞ lim sup

t→∞

∫∞
M

h(x)Px(t < T )dμ(x)
∫
h(x)Px(t < T )dμ(x)

= 0. (7.17)

Proof We start with (7.16). Using Harnack’s Inequality, we have for ε < 1 and
large t ,

∫ ε

0 h(x)Px(t < T )dμ(x)
∫
h(x)Px(t < T )dμ(x)

≤ P1(t < T )
∫ ε

0 h(z) dμ(z)

Cr(t − 1,1,1)
∫ 2

1 h(x)dμ(x)
∫ 2

1 dμ(y)
,

then

lim sup
t→∞

∫ ε

0 h(x)Px(t < T )dμ(x)
∫
h(x)Px(t < T )dμ(x)

≤ e−λ1〈ψ1,1〉μ
∫ ε

0 h(z) dμ(z)

Cψ1(1)
∫ 2

1 h(x)dμ(x)
∫ 2

1 dμ(y)
,

and the first assertion of the statement follows.
For the second limit, we set A0 := supx≥x0

Ex(e
λ1Tx0 ) <∞. Then for large M >

x0, we have

Px(t < T )=
∫ t

0
Px0(u < T )Px

(
Tx0 ∈ d(t − u)

)+ Px(t < Tx0).

Using that limu→∞ eλ1uPx0(u < T ) = ψ1(x0)〈ψ1,1〉μ, we obtain that B0 :=
supu≥0 e

λ1uPx0(u < T ) <∞. Then

Px(t < T ) ≤ B0

∫ t

0
e−λ1uPx

(
Tx0 ∈ d(t − u)

)+ Px(t < Tx0)

≤ B0e
−λ1tEx

(
eλ1Tx0

)+ e−λ1tEx

(
eλ1Tx0

)≤ e−λ1tA0(B0 + 1),

and (7.17) follows immediately. �

Proof (Proposition 7.27) Let ν be any fixed probability distribution whose support
is contained in (0,∞). We must show that the conditional evolution of ν converges
to ν1. We begin by claiming that ν can be assumed to have a strictly positive density
h with respect to μ. Indeed, let

�(y)=
∫
r(1, x, y) dν(x).

Using Tonelli’s Theorem, we have
∫ ∫

r(1, x, y) dν(x) dμ(y) =
∫ ∫

r(1, x, y) dμ(y)dν(x)

=
∫

Px(T > 1) dν(x)≤ 1,



220 7 Infinity as Entrance Boundary

which implies that
∫
r(1, x, y) dν(x) is finite dy-a.s.. Also � is strictly positive by

Harnack’s Inequality. Finally, define h= �/
∫
�dμ. Notice that for dρ = hdμ

Pν(Xt+1 ∈ •|t + 1 < T )= Pρ(Xt ∈ •|t < T ),

showing the claim.
Consider M > ε > 0 and any Borel set A included in (0,∞). Then

∣
∣
∣
∣

∫
Px(Xt ∈A, t < T )h(x)dμ(x)

∫
Px(t < T )h(x) dμ(x)

−
∫ M

ε
Px(Xt ∈A, t < T )h(x)dμ(x)
∫ M

ε
Px(t < T )h(x) dμ(x)

∣
∣
∣
∣

is bounded by the sum of the following two terms

I1 =
∣
∣
∣
∣

∫
Px(Xt ∈A, t < T )h(x)dμ(x)

∫
Px(t < T )h(x) dμ(x)

−
∫ M

ε
Px(Xt ∈A, t < T )h(x)dμ(x)
∫
Px(t < T )h(x) dμ(x)

∣
∣
∣
∣,

I2 =
∣
∣
∣
∣

∫ M

ε
Px(Xt ∈A, t < T )h(x)dμ(x)
∫
Px(t < T )h(x) dμ(x)

−
∫ M

ε
Px(Xt ∈A, t < T )h(x)dμ(x)
∫ M

ε
Px(t < T )h(x) dμ(x)

∣
∣
∣
∣.

We have the bound

I1∨ I2≤
∫ ε

0 Px(t < T )h(x) dμ(x)+ ∫∞
M

Px(t < T )h(x) dμ(x)
∫
Px(t < T )h(x) dμ(x)

.

Thus, from Lemma 7.28, we get

lim
ε↓0,M↑∞ lim sup

t→∞

∣
∣
∣
∣

∫
Px(Xt ∈A, t < T )h(x)dμ(x)

∫
Px(t < T )h(x) dμ(x)

−
∫ M

ε
Px(Xt ∈A, t < T )h(x)dμ(x)
∫ M

ε
Px(t < T )h(x) dμ(x)

∣
∣
∣
∣= 0.

On the other hand, using (7.11), we have

lim
t→∞

∫ M

ε
Px(Xt ∈A, t < T )h(x)dμ(x)
∫ M

ε
Px(t < T )h(x) dμ(x)

=
∫
A
ψ1(z) dμ(z)∫

R+ ψ1(z) dμ(z)
= ν1(A),

independently of M > ε > 0, and the result follows. �

The following corollary of Proposition 7.26 describes how fast the process comes
down from infinity.

Corollary 7.29 Assume H0 and H5. Then for all λ < λ1,

sup
x>0

Ex

[
eλT

]
<∞.
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Proof We have seen in Sect. 7.5 (Theorem 7.13) that for all x > 0, limt→∞ eλ1t ×
Px(t < T ) = ψ1(x)〈ψ1,1〉μ < ∞, i.e. Ex[eλT ] < ∞ for all λ < λ1. Applying
Proposition 7.26 with a = λ and the strong Markov property, it follows that
supx>yλ Ex[eλT ] <∞. Furthermore, thanks to the uniqueness of the solution of
(7.1), Xx

t ≤ X
yλ
t a.s. for all t > 0 and all x < yλ, hence Ex[eλT ] ≤ Eyλ [eλT ] for

those x, completing the proof. �

The previous corollary states that the killing time for the process starting from
infinity has exponential moments up to order λ1.

The uniqueness of the QSD for birth-and-death chains coming down from infinity
was studied in Theorem 5.5 in Sect. 5.3.

7.8 Examples

7.8.1 A Biological Model

The following singular diffusion appears in some biological models (for details, see
Cattiaux et al. 2009):

dVt =
√
σVt dBt + h(Vt ) dt. (7.18)

We assume that h ∈ C1([0,∞)) and h(0)= 0. The main hypothesis on h is

HH:

⎧
⎪⎪⎨

⎪⎪⎩

(i) lim
x→∞

h(x)√
x
=−∞,

(ii) lim
x→∞

xh′(x)
h(x)2

= 0.

In biological models, HH holds for any subcritical branching diffusion, and any
logistic diffusion. Concerning assumption (i), the fact that h goes to −∞ indicates
strong competition in large populations, resulting in negative growth rates (as in the
logistic case). Assumption (ii) is more technical, but it is fulfilled for most classical
biological models.

Theorem 7.30 Let V be the solution of (7.18). If h satisfies assumption HH, then
for all initial laws with bounded support, the law of Vt conditioned on {Vt �= 0}
converges exponentially fast to a probability measure ν, called the Yaglom limit.

The law Qx of the process V starting from x and conditioned to be never extinct
exists and defines the so-called Q-process. This process converges, as t →∞, in
distribution, to its unique invariant probability measure. This probability measure is
absolutely continuous w.r.t. ν with a nondecreasing Radon–Nikodym derivative.

If, in addition, the following integrability condition is satisfied
∫ ∞

1

dx

−h(x) <∞,
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then V comes down from infinity and the convergence of the conditional one-
dimensional distributions holds for all initial laws, so that the Yaglom limit ν is
the unique QSD.

7.8.2 Shiryaev Martingale

We came to this model in a correspondence with professor Shiryaev. The question
was about the problem of a QSD in the context of the process

dXt =Xt dBt + dt, X0 = x0 > 0,

called Shiryaev martingale. Here there are two different cases. First, where the pro-
cess is absorbed at a > 0 starting from x > a, and the more interesting case where
the process is absorbed at 0 and a, starting from x ∈ (0, a). Let us first explain what
happens in the former case.

I. QSD for (a,∞)

It is better to state this problem for a diffusion of the type

dYt = dBt − α(Yt ) dt, Y0 = y0,

which is obtained by defining Yt = log(Xt ), and we get

dYt = dBt +
(
e−Yt − 1/2

)
dt, y0 = log(x0).

In particular α(y)= 1/2− e−y , and the state space considered is (log(a),∞). For
simplicity, in some places we shall denote b = log(a). In this situation, the theory
of the QSD for Y holds under the hypothesis of Chap. 6, that is, when α satisfies
Hypothesis H,

∫ ∞

b

∫ x

b

eγ (ξ) dξe−γ (x) dx =
∫ ∞

b

∫ x

b

e−γ (ξ) dξeγ (x) dx =∞,

where γ (x) = 2
∫ x

b
α(ψ)dψ . This hypothesis is that infinity is a natural boundary

for Y and it prevents the process to explode to and from ∞. Also H1 is satisfied,
that is,

Λ(∞)=
∫ ∞

b

eγ (y) dy =∞.

The spectrum of the infinitesimal generator of the process Y absorbed at b in
L2 (dμ) is included in (−∞,−λ] and this top of the spectrum λ= λ(b) is charac-
terized by the supremum of λ for which there is a nonnegative solution u= ub,λ to
the eigenvector problem

L∗u=−λu, u(b)= 0, u′(b)= 1.



7.8 Examples 223

Here L∗u= 1
2u
′′ + (αu)′. We impose u(b)= 0 because we want to absorb Y at b,

and the drift is regular at b. In what follows, we denote by Sz the hitting time of z
for the process Y .

According to Theorem 6.26, we have

(i) 0≤ λ=− limt→∞
log(Py0 (t<Sb))

t
, that is, λ is the exponential tail parameter for

the distribution of Sb , which does not depend on y0.
(ii) For all λ ∈ (0, λ], the solution uλ is nonnegative and integrable, and it defines a

QSD, that is, if dνλ(y)= uλ(y) dy/
∫∞
b

uλ(z) dz then

Pνλ(t < Sb) = e−λt ,

Pνλ(Yt ∈ dy, t < Sb) = e−λt dνλ(y), and, of course,

Pνλ(Yt ∈A|t < Sb) = νλ(A).

One of the main difficult points is to prove that λ(b) > 0. We have studied in
Sect. 6.5 this function as a function of b. This function is obviously increasing in b
and it satisfies

lim
b→∞λ(b)= (1/2)2/2= 1/8 > 0

because asymptotically α ≈ α(∞)= 1/2, and for the constant drift α(∞) the result
is well known to be α(∞)2/2. So, for large enough b, we know that λ(b) > 0.
The question is if for all b one has λ(b) > 0. Moreover, for large b one has that
λ(b)= 1/8 (see Proposition 6.59, at least when e−b(b+ 3) < e−1, which gives, for
example, that for b ≥ 3 one is certain that λ(b) > 0).

The conclusion that λ(b) > 0 can be achieved by comparison with a two-valued
drift α̃(y) = D1b≤y≤3 + 1

41y>3. If D < 0 is sufficiently negative then α ≥ α̃ and
then absorption is faster for the process with drift α than for the one with drift α̃.
Then λα(b)≥ λα̃(b) and the latter can be estimated to be strictly positive. It is also
clear that limb→−∞ λ(b) = 0. Once it is known that λ(b) > 0, then Theorem 6.26
shows:

(iii) For any y > b the Yaglom limit exists, that is,

lim
t→∞Py(Yt ∈A|t < Sb)= ν(A),

where ν is the probability measure whose density with respect to dy is propor-
tional to the extremal uλ.

(iv) For any y > b and any s > 0,

lim
t→∞Py(Ys ∈A|t < Sb)= eλsEy

(
uλ(Ys)

uλ(y)
, s < Sb

)

,

which means that over [0, s] the conditioned process converges to an h-process
defined by uλ.
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In terms of the original process X, the absorption rate is the same (because Ta =
Sb), and there is a one parameter family of QSDs whose densities, with respect to
dx, are proportional to

ga,λ(x)= uλ(log(x))

x
, x > a,

where ga,λ(a) = 0 and g′a,λ(a) > 0 for λ ∈ (0, λ(log(a))]. Each of these functions
g = ga,λ verifies the second order o.d.e.

1

2

(
x2g

)′′ = g′ − λg,

or (LX)
∗g =−λg.

This process shows an interesting feature. For large values of a, the absorption
rate is constant 1/8, and for small values of a this absorption rate tends to 0.

II. QSD in (0, a)

As before we make a change of variable to get a diffusion of the type

dYt = dWt − α(Yt ) dt, Y0 = y0,

which is obtained by defining Yt =− log(Xt ), dWt =−dBt to get

dYt = dWt −
(
eYt − 1/2

)
dt, y0 =− log(x0).

In particular, α(y)= ey − 1/2, and the state space considered is (− log(a),∞) (as
before b = − log(a)). Contrary to the previous case, Hypothesis H is not verified.
Nevertheless, α satisfies Hypotheses H1,H2,H3,H4, that is, α satisfies H0. On the
other hand, it also satisfies H5 and the measure dμ= e−γ dx is finite. We summa-
rize the results proved in this chapter.

(i) −L (and −L∗) has a purely discrete spectrum 0 < λ1 < λ2 < · · · on L2 (dμ).
Furthermore, each λi is associated to a unique (up to a multiplicative constant)
eigenfunction ψi of class C2((b,∞)), which also belongs to L1 (dμ). This
function satisfies the following o.d.e. on (0,∞):

1

2
ψ ′′i − αψ ′i =−λiψi.

(ψk) is an orthonormal basis of L2 (dμ), ψ1 can be chosen nonnegative and if
so, this eigenfunction is strictly positive on (b,∞). We also have the pointwise
representation for the transition densities for Yt∧Sb , uniformly on compact sets
of (0,∞)× (b,∞)× (b,∞):

r(t, x, y)=
∞∑

k=1

e−λktψk(x)ψk(y).



7.8 Examples 225

(ii) Therefore, on compact sets of (0,∞)× (b,∞)× (b,∞), we have

lim
t→∞ eλ1t r(t, x, y)=ψ1(x)ψ1(y).

(iii) The probability measure dν1 =ψ1 dμ/
∫∞
b

ψ1(y) dμ(y) is a QSD, namely, for
every t ≥ 0 and any Borel subset A of (b,+∞),

Pν1(Yt ∈A|t < Sb)= ν1(A),

and for any y > b and any Borel subset A of (b,+∞),

lim
t→∞ eλ1tPy(t < Sb) = ψ1(y)

∫
ψ1(z) dμ(z),

lim
t→∞ eλ1tPy(Yt ∈A, t < Sb) = ν1(A)ψ1(y)

∫
ψ1(z) dμ(z),

lim
t→∞Py(Yt ∈A|t < Sb) = ν1(A).

The probability measure ν1 is the Yaglom limit distribution.
(iv) ν1 is the unique limiting conditional distribution, that is,

lim
t→∞Pν(Yt ∈A|t < Sb)= ν1(A),

for any Borel set A and any initial distribution ν supported on (b,∞). In par-
ticular, ν1 is the unique QSD.

As we can see, there is no mention of the boundary conditions of the eigenfunc-
tionsψi , which are assumed to be in the domain of the infinitesimal generator of Y in
L2 (dμ). The drift is regular at b, and one can show that ψ1(b)= 0,ψ ′1(b) > 0. The
exact value of this derivative is related to the normalization

∫∞
b

ψ2
1 (z) dμ(z)= 1. In

terms of the original diffusion, the eigenvalue problem is

1

2

(
x2gλ

)′′ = g′λ − λgλ

with gλ(a) = 0 and g′λ(a) = 1. Is not difficult to prove that for all λ ∈ [0, λ1] the
associated eigenfunctions gλ are nonnegative and integrable. In particular, g0 is
proportional to the density of an invariant measure (!) for the sub-Markov process
Xt∧Ta . This is impossible because the process is absorbed at a and then Xt∧Ta is
loosing mass. So, what is the problem? To understand it, let us come back to the
transformed process Y . For λ= 0, we have that

ρ(x)=
∫ x

b

eγ (z) dz

is integrable on [b,∞) with respect to μ, that is, 1/r = ∫∞
b

ρ(x)e−γ (x) dx <∞
and ρ verifies Lρ = 1/2ρ′′ − αρ′ = 0. But a problem arises here, ρ does not belong
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to L2 (dμ), thus it is not in the domain of the generator in this space. On the other
hand, in order to prove that rρ dμ is invariant, that is,

Prρ dμ(Yt ∈A, t < Sb)= r

∫

A

ρ dμ,

one needs to use integration by parts for h(y)= ρ(y)e−γ (y) which satisfies the equa-
tion 1/2h′′ + (αh)′ = 0. This computation gives an extra positive term at ∞, repre-
senting the flux there and is given by

(
h′ + 2αh

)∣
∣∞ = h′(b)+ 2α(b)h(b)= h′(b) > 0.

The conclusion is that rρ dμ is not invariant.
Recapitulating, to have an invariant measure, it is not enough to solve the o.d.e.

(x2g)′′ = 2g′ with Dirichlet conditions at a, using positivity and integrability, be-
cause in order that g be in the domain of the infinitesimal generator one typically
needs extra hypotheses at 0 which, in general, are difficult to get, especially in the
case where the coefficient of the diffusion term produces a singularity at 0. Finally,
there is a unique λ1 > 0 such that (x2g)′′ = 2g′ −2λ1g has a nonnegative, integrable
solution, which is also a QSD. This value of λ1 satisfies

lim
t→∞ eλ1tPx(t < Ta)= g(x)

∫ a

0
g(z) dz,

for all x ∈ (0, a). Of course, λ1 = λ1(a) and similarly g = ga , which we recall
satisfies the normalization

∫ a

0 g2(x) dx = 1.



Chapter 8
Dynamical Systems

In this chapter, we study the existence of a QSD for a dynamical system with a
trap. The result for subshifts of finite type with a Markovian trap is given in The-
orem 8.20, Sect. 8.2. In Sect. 8.3, we study dynamical systems with a trap in the
context of differential systems with some expanding conditions. The Pianigiani–
Yorke QSD is given in Theorem 8.32. The main tool we use, in both cases, is the
spectral analysis of a Ruelle–Perron–Frobenius operator.

We recall (see Sect. 1.4) that a (discrete time) dynamical system is given by a
map f :X →X . The map f describes the evolution of the state during one unit of
time, and the orbit of an initial condition is obtained by applying f recursively.

For a Borel subset B ⊆ X , and an initial condition x ∈ X , we denote by TB(x)

the first time the orbit reaches B . We consider a fixed forbidden region called a
trap and denoted by X tr. The time to reach this trap is denoted by T = TX tr . The
formalism of this chapter also covers the case where f : X0 → X with X0 a strict
subset of X . In this case, we put X tr =X \X0.

We denote by Xn = {T > n} the set of initial conditions whose orbit has not
reached X tr up to time n. For a given probability measure ν0, we are interested in
quantities like

ν0(T > n)= ν0(Xn),

and

ν0
(
f−n(B)|T > n

)= ν0(f
−n(B)∩Xn)

ν0(Xn)
,

where B is a measurable subset of X .

8.1 Some General Results

We start by deriving some simple, but useful lemmas.
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Lemma 8.1 For any n≥ 1 we have

Xn = f−1(Xn−1)∩X0 =Xn−1 ∩ f−n(X0)=Xn−1 ∩ f−n+1(X1).

For any k ≤ n,

f k(Xn)⊆Xn−k

and

f k(Xn\Xn+1)⊆Xn−k\Xn−k+1.

Proof The first two statements follow immediately from the definition of Xn. To
prove the third result, assume there exists x ∈Xn\Xn+1 such that f k(x) ∈Xn−k+1.
Then for any k + 1 ≤ j ≤ n + 1 we have f j (x) = f j−k(f k(x)) ∈ X0, and
f j (x) ∈X0 for 0 ≤ j ≤ k ≤ n since x ∈ Xn. Therefore, x ∈ Xn+1, and we have
a contradiction. Together with the second assertion, this proves the lemma. �

Lemma 8.2 Assume the measure ν satisfies

ν(f−1(B)∩X1)

ν(X1)
= ν(B), (8.1)

for any Borel set B ⊆X0. Then ν is a QSD.

Proof The proof is recursive. Let n ≥ 1, and assume that we have already proved
that

ν(f−n(B)∩Xn)

ν(Xn)
= ν(B),

for any Borel set B ⊆X0. We have

Xn+1 =Xn ∩ f−n−1(X0)=Xn ∩ f−n(X1).

Therefore, using the recursion hypothesis, we get

ν(f−n−1(B)∩Xn+1)

ν(Xn+1)
= ν(f−n−1(B)∩ f−n(X1)∩Xn)

ν(f−n(X1)∩Xn)

= ν(f−n(f−1(B)∩X1)∩Xn)

ν(f−n(X1)∩Xn)

= ν(f−1(B)∩X1)ν(Xn)

ν(X1)ν(Xn)
= ν(B). �

We now recall a lemma about the exponential decay of the probability of survival
in a QSD. The proof in the case of dynamical systems is particularly simple.
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Lemma 8.3 Let ν be a QSD for the map f and the trap X tr. With the above nota-
tions, we have

ν(Xn)= ν(X1)
n = ν(T > n).

Proof The proof is recursive. The lemma is trivially true for n= 0 and n= 1. As-
sume the result holds up to n≥ 1. We have from the definition of a QSD

ν(Xn+1)= ν
(
Xn ∩ f−n(X1)

)= ν(Xn)ν(X1),

and the result follows. �

We now give a general result on the set theoretic support of the QSD measures.
We define the set X̃0 by

X̃0 =
∞⋂

n=0

f n(Xn).

It is easy to see that

X̃0 =
{
x ∈X0 : ∀n,∃(y0, . . . , yn) ∈X n+1

0 , y0 = x,f (yj )= yj−1 ∀1≤ j ≤ n
}
.

Proposition 8.4 If ν is a QSD, then

ν
(
X̃ c

0 ∩X0
)= 0.

Proof If ν is a QSD, we have for any measurable subset B of X0 and for any integer
n≥ 1

ν(B)ν(Xn)= ν
(
f−n(B)∩Xn

)≤ ν
(
f−n

(
B ∩ f n(Xn)

))
. (8.2)

We now observe that the sequence of sets (f n(Xn)) is decreasing since

f n(Xn)= f n−1(
f (Xn)

)⊆ f n−1(Xn−1).

Therefore, using B =X0 ∩ (f n(Xn))
c in (8.2), we have

ν
(
X0 ∩ f n(Xn)

c
)≤ 1

ν(Xn)
ν

(
f−n

(
X0 ∩ f n(Xn)

c ∩ f n(Xn)
))= 0.

The proposition follows immediately. �

The next proposition is a kind of reciprocal of the previous one (see Demers and
Young 2006).

Proposition 8.5 Assume there exists a sequence (yn) in X0 satisfying for any n≥ 1
f (yn)= yn−1, and f (y0) /∈X0. Then there exists a QSD.
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Proof We will, in fact, construct a continuum of QSDs Fix ρ ∈ (0,1), and define
the atomic measure

ν = 1

1− ρ

∞∑

n=0

ρnδyn,

where δyn is the Dirac measure in yn.
For any measurable subset B of X0, we have

ν
(
f−1(B)∩X1

) = 1

1− ρ

∞∑

n=1

ρn1f−1(B)(yn)=
1

1− ρ

∞∑

n=1

ρn1B
(
f (yn)

)

= 1

1− ρ

∞∑

n=1

ρn1B(yn−1)= ρν(B).

The proposition follows immediately. �

We define the set

X∞ =
∞⋂

n=0

Xn.

This is the set of initial conditions whose trajectory stays forever in X0. We have
f (X∞)⊆X∞, and if ν is a QSD, ν(X∞)= 0.

For the existence of a sequence (yn) as in the previous proposition, we can state
the following result.

Proposition 8.6 Assume X0 is closed and for any n, X0\Xn is contained in a com-
pact subset of X c∞, and Xn\Xn+1 �= ∅. Then there exists a QSD.

Note that if for some integer n, Xn\Xn+1 �= ∅ (this means that all orbits “die” in
a uniformly bounded time) then from Lemma 8.3 it follows that there cannot exist
any QSD.

Proof By Lemma 8.1, for any n we have

f n(Xn\Xn+1)⊆X0\X1

and

f n+1(Xn+1\Xn+2)= f n
(
f (Xn+1\Xn+2)

)⊆ f n(Xn\Xn+1).

Moreover, by hypothesis, we have for any n

f n(Xn\Xn+1) �= ∅.
Let (x0

n) be a sequence of points such that for any n

x0
n ∈ f n(Xn\Xn+1).
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Therefore, for each n we can find points x1
n, . . . , x

n
n with xkn ∈ Xk\Xk+1 such that

for each 1≤ k ≤ n

f
(
xkn

)= xk−1
n .

Since for each k, Xk\Xk+1 is contained in a compact set, we can apply Cantor’s
diagonal procedure to the double sequence (xkn). Namely, there exists a sequence
(nj ) of integers such that (x0

nj
) converges to a point z0 ∈ X0\X1. We can now find

a second sequence (j�) of integers with j1 = 1 such that the sequence (x1
nj�
) also

converges to a point z1 ∈X1\X2. Note that by continuity of f we have f (z1)= z0.
Continuing this procedure, we construct a sequence (zr ) such that for any r ≥ 0

zr ∈Xr\Xr+1

and

f
(
zr+1)= zr .

Note that since X0 is closed we have (zr )⊆ X0. We now claim that there is a finite
integer r such that f r(z0) /∈ X0. Assume the opposite, then z0 ∈ Xn for all n, and
in particular, z0 ∈ X∞. Since all the Xn are closed, X∞ is also closed. On the other
hand, by hypothesis, X0\X1 is contained in a compact set disjoint from X∞, and we
have a contradiction. �

8.1.1 Counterexamples

It is easy to construct various examples where QSDs do not exist. For example,
if Xn = ∅ for some n, the existence of a QSD would contradict Lemma 8.3. As
an example of this situation, we consider for X the unit circle T, and for f the
rotation by an angle α irrational with respect to 2/π . Let the trap be an open interval
I = ]ϑ1, ϑ2[ (ϑ1 �= ϑ2). We claim that the function TI is bounded. Note that f
is invertible, and its inverse f−1 is the rotation by the angle −α. We claim that
the countable sequence of open intervals (f−n(I )) is an open covering of T. This
follows at once from the fact that every orbit is dense (see, for example, Robinson
2008). Since (f−n(I )) is a covering of the compact set T by open sets, we can
extract a finite cover. This implies that TI is bounded, and, by Lemma 8.3, no QSD
can exist.

8.2 Gibbs Measures and QSDs

In this section, we will construct QSDs which are analogs to the Gibbs states of
statistical mechanics. We first introduce some notations and recall some definitions
and results about Gibbs measures which will be useful later on.
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8.2.1 Notations and Gibbs Measures

We will denote by A a finite alphabet. There is no loss of generality to assume that
A is

A = {
1, . . . , |A |},

where |A | is the cardinal of the alphabet.
For S ∈A Z and for two integers p ≤ q (p may be −∞ and q may be +∞), it is

convenient to denote by S
q
p the sequence (Sp, . . . , Sq) (more generally, we denote

by a
q
p a sequence (ap, . . . , aq) of elements of A ). If S and S′ are two elements of

A Z, and if p ≤ q and r ≤ s are four integers with q and r finite (p may be −∞ and
s may be +∞), we will define the concatenated sequence Sqp • S′sr by

(
Sqp • S′sr

)
j
=

{
Sj for p ≤ j ≤ q,

S′j+r−q−1 for q + 1≤ j ≤ s − r + q + 1.

For a finite sequence aqp (recall p and q are integers with p ≤ q), we denote by Caqp
the associated cylinder set (or shortly, the cylinder) which is the subset of A Z given
by

Caqp =
{
S ∈A Z : Sj = aj for p ≤ j ≤ q

}
.

We now define a metric d on A Z as follows. For S and S′ in A Z, let

δ
(
S,S′

)=min
{|k| : Sk �= S′k

}
.

In words, δ(S,S′) is the minimal distance to the origin of a position where the two
sequences differ. We now choose a real number ρ ∈ ]0,1[ and define the distance d
by

d
(
S,S′

)= eδ(S,S
′).

It is left to the reader to verify that d is a metric (and even an ultrametric). Moreover,
equipped with this metric, A Z is a compact set. The metric d depends on the number
ρ ∈ ]0,1[. It is left to the reader to verify that the topology does not depend on ρ.
In the sequel, we will fix ρ = 1/2 once and for all, but the qualitative results are
independent of ρ. A cylinder set is open and closed in this metric. We will denote
by C(A Z) the set of continuous functions on A Z. This is a Banach space when
equipped with the sup norm (see, for example, Dunford and Schwartz 1958). It is
easy to verify that the characteristic function of a cylinder set is continuous.

We recall that a function U defined on A Z is α-Hölder (α ∈ ]0,1]) if there exists
a constant C > 0 such that for any S and S′ we have

∣
∣U(S)−U

(
S′

)∣
∣≤ Cd

(
S,S′

)α
.
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In the sequel, we will denote by Hα(A Z) the set of α-Hölder functions. This is a
Banach space when equipped with the norm (see Dunford and Schwartz 1958)

‖U‖Hα(A Z) = sup
S �=S′

|U(S)−U(S′)|
d(S,S′)α

+ sup
S

∣
∣U(S)

∣
∣.

More generally, we will use the notation C(F ) and Hα(F ) for the set of continu-
ous functions and for the set of α-Hölder continuous functions of a metric space F .
If F is compact, these spaces are Banach spaces for the sup norm and for the Hα

norm, respectively.
Let M be a matrix of size |A | × |A | with entries equal to zero or one. We will

denote by XM the subset of S ∈A Z defined by

XM = {
S ∈A Z : ∀j ∈ Z,M(Sj , Sj+1)= 1

}
.

In other words, the matrix M describes which letter can follow a given letter. One
can also think that the matrix M describes very unsophisticated grammatical rules.
It is left to the reader to verify that XM is closed, and hence compact. A finite
sequence aqp (with q > p) will be called M compatible (or M compatible) if

M(aj , aj+1)= 1

for all p ≤ j ≤ q−1. It follows immediately from this definition that if aqp is a finite
sequence of elements of the alphabet A , we have Caqp ∩XM �= ∅ if and only if aqp
is M compatible. In the sequel, we will only consider cylinder sets defined by M

compatible sequences.
In the sequel, we will always assume that the matrix M is irreducible and aperi-

odic, namely, there is an integer kM ≥ 0 such that MkM has all its entries nonzero.
This has the following important consequence.

Lemma 8.7 Let p ≤ q and r ≤ s with r ≥ kM + q . Then for any pair of M compat-
ible sequences aqp and bsr , we can find an M compatible sequence csr such that

c
q
p = a

q
p, and csr = bsr .

The proof is left to the reader.
The shift map (shift, for short) σ :A Z→A Z is defined on by

∀j ∈ Z: (σS)j = Sj+1.

It is left to the reader to verify that the shift map is continuous and the subset XM

is invariant. Moreover, σ is invertible on XM , and its inverse is the shift in the other
direction. The dynamical system given by the metric space XM and the shift is
called a subshift of finite type (the subshift of finite type defined by the matrix M).
It follows easily from the fact that M is irreducible and aperiodic that the subshift
of finite type defined by M is topologically strongly mixing (see Denker et al. 1976
for the definition).
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This dynamical system has, in general, many invariant measures. An interest-
ing class of invariant measures are the Gibbs measures (Gibbs states) coming from
statistical mechanics of one dimensional spin systems (see Bowen 1975 or Ruelle
1978). They are defined as follows. Let U be a (real) Hölder continuous function.

Definition 8.8 A measure μ on XM is a Gibbs measure if

(i) μ is shift invariant;
(ii) There exist two constants P and C > 1 such that for any M compatible cylinder

set Caqr and any S ∈ Caqr
1

C
≤ μ(Caqr )e

P (q−r)e−Φ
q
r (S) ≤ C

where

Φ
q
r (S)=

q∑

j=r
U

(
σ jS

)
.

The number P is called the pressure of the potential U by analogy with statistical
mechanics of one dimensional discrete spin systems (we refer to Bowen 1975 and
Ruelle 1978 for more details and properties of the Gibbs measures). The reader is
invited to consider the case where the potential U depends only on the two symbols
S0 and S1 and to make a connection with Markov chains on a finite state space.

In the sequel, we will assume that the potential U(S) depends only on the sym-
bols Sj for j ≥ 0. This is not a real restriction due to a theorem of Ruelle. We refer
to Bowen (1975) and Ruelle (1978) for the details.

A main tool in the study of the Gibbs measures described above is the Ruelle–
Perron–Frobenius operator PM . We will denote by

XM,+ = {
S ∈A Z+ : ∀j ∈ Z+,M(Sj , Sj+1)= 1

}
.

The set of M compatible sequences a∞0 . Note that this is a compact subset which
is invariant by the shift, but σ is not invertible on this set. The dynamical system
defined by XM,+ and σ is called a unilateral subshift of finite type. The operator
PM acting on a function g ∈ C(XM,+) is defined by

(PMg)(S)=
∑

a∈A
M(a,S0)=1

g(a • S)eU(a•S),

where S ∈ XM,+. Note that the sum is over the symbols a ∈ A such that the se-
quence a • S = (a, S0, S1, . . .) is M compatible. It is left to the reader to verify that
if the potential U is an α-Hölder function, then PM is a bounded operator in Hα

(and in any Hβ with β ∈ ]0, α]). A better notation for the Ruelle–Perron–Frobenius
operator associated to the potential U should be PM,U. However, in the sequel,
we will fix the potential once and for all and vary only the matrix M . This is why



8.2 Gibbs Measures and QSDs 235

we alleviated the notation by not mentioning explicitly the potential. The following
formula is an easy consequence of the definition

PM(hg ◦ σ)= gPM(h). (8.3)

The Gibbs measure for a Hölder potential is constructed out of two pieces which
are given by the following theorem.

Theorem 8.9 For a given potential U ∈ Hα on XM,+ (α ∈ ]0,1]), there exist a
unique real number P and a unique probability measure ζ on XM,+ satisfying

P†
Mζ = eP ζ

or in other words,
∫
(PMg)dζ = eP

∫
g dζ,

for any continuous function g on XM,+. There is also a unique positive continuous
function ϕ on XM,+ such that

PMϕ = eP ϕ

and
∫
ϕ dζ = 1.

The measure dμ= ϕ dζ given on the cylinder set Cap0
of XM,+ by

μ(Cap0
) = e−(p+1)P

∫

XM,+
P

p+1
M (ϕ1C

a
p
0
) dζ

= e−(p+1)P
∫

XM,+
ϕ

(
a
p

0 • S∞0
) p∏

j=0

e
U(apj •S∞0 )

dζ
(
S∞0

)

is invariant with respect to the shift, it is also exponentially mixing on functions in
Hβ(XM,+) for β ∈ ]0, α[. This measure is a Gibbs measure and satisfies for any
g ∈ C(XM,+)

e−P
∫

PM(gϕ)

ϕ
dμ=

∫
g dμ.

This theorem is often called the Ruelle–Perron–Frobenius Theorem. The mea-
sure ζ is often called a transverse measure. We refer to Bowen (1975) and Ruelle
(1978) for the proofs and definition of mixing. Recall (see the previous references)
that a probability measure on XM,+ is completely determined by its values on the
cylinder sets (Cap0

).
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It is easy to extend the above measure μ to a Gibbs measure on XM . Namely, for
any p < q with p < 0, we define for aqp M compatible

μ(Caqp )= μ
(
σpCaqp

)
.

It is left to the reader to verify that this measure satisfies all the assumptions of a
Gibbs measure, and is exponentially mixing (see Bowen 1975 and Ruelle 1978).

The Ruelle–Perron–Frobenius operator has some analogy with the transition
probability for Markov chains. Let (Ω,f ) be a dynamical system. We denote by
K the Koopman operator defined by

K (g)= g ◦ f.
This operator defines the time evolution on the observables, and is analogous to the
action of the Markov transition matrix on functions (see also the definition of the
semigroup associated to a Markov process in (2.17) of Sect. 2.6). If one were to
find an invariant measure, one would have to look at the adjoint of this operator.
Assume now that a measure μ0 is such that the image measure μ0 ◦ f−1 (f−1

denotes the set theoretic inverse) is absolutely continuous with respect to μ0 with
density h0. In this case, we may look for an invariant measure absolutely continuous
with respect to μ0. For any (square integrable) functions g1 and g2, we have by an
easy computation, assuming that the equation f (y) = x has only countably many
solutions for any x,

∫
g2K (g1) dμ=

∫
g2g1 ◦ f dμ

∫
L (g2)g1 dμ

where

L (g)(x)=
∑

y,f (y)=x
h0(y)g(y).

A nonnegative eigenfunction of eigenvalue 1 of L will be the density with respect
to μ0 of an invariant measure.

8.2.2 Gibbs QSD

We now consider a matrix M ′ with the same dimension as M and with entries also
equal to zero or one. We denote by P ′, ζ ′ and ϕ′ the elements given by Theorem 8.9
for the operator PM ′ acting on continuous functions with domain XM ′,+.

From now on, we assume that M “dominates” M ′ in the following sense

M(i, j)= 0 =⇒ M ′(i, j)= 0.

In other words, M ′ allows fewer transitions than M . We will also assume that M ′
is irreducible and aperiodic, namely, there exists an integer kM ′ such that the matrix
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M ′kM ′ has all its entries nonzero. Obviously, this implies that M itself is irreducible
and aperiodic.

The results below can probably be extended to more general cases. We now de-
fine the trap X tr the subset of XM given by

X tr = {
S ∈XM :M ′(S0, S1)= 0

}
.

Recall that if S ∈XM , we have M(S0, S1)= 1, so X tr is the subset of sequences in
XM such that the pair of symbols in position zero and one is prohibited by the matrix
M ′ although allowed by M . We now want to explore the existence of a Yaglom limit
for this trap and initial Gibbs measure μ associated to the α-Hölder potential U.
We will first work with the unilateral shift on XM,+. Recall that we assumed the
potential U is defined on this set. The Ruelle–Perron–Frobenius operator PM ′ will,
of course, play a role, and we can apply Theorem 8.9 to this operator. There is,
however, another useful operator PM ′,M whose action on a function g ∈ C(XM,+)
is given by

PM ′,Mg(S)=
∑

a∈A
M ′(a,S0)=1

g(a • S)eU(a•S).

It is left to the reader to verify that this is a bounded operator on C(XM,+). Note
also that C(XM ′,+) is invariant by PM ′,M , and on this space this operator coincides
with PM ′ . Moreover, for any integer p ≥ 1,

P
p

M ′,Mg(S)=
∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

g
(
a
p−1
0 • S)p−1∏

j=0

e
U(ap−1

j •S)
. (8.4)

We have, of course, with the notations of Sect. 1.4 X0 = XM,+\X tr, and more
generally,

Xn =
{
S ∈XM,+ :M ′(Sj , Sj+1)= 1, for 0≤ j ≤ n

}
.

It follows immediately from (8.3) and the last statement of Theorem 8.9 that if
g ∈ C(XM,+), we have

∫
1Xn

g ◦ σn dμ=
∫ n∏

j=0

1X0 ◦ σ jg ◦ σn dμ= e−nP
∫

X0

(
Pn

M ′,Mϕ
)
g dζ. (8.5)

We see with this formula that it is interesting to investigate the spectral properties
of the operator PM ′,M . We will first derive two useful lemmas.

Lemma 8.10 Assume the potential U is α-Hölder for some α ∈ ]0,1]. Then there
exists a constant D > 0 such that for any κ,κ′ ∈ XM,+, for any integer p ≥ 1,
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and for any finite sequence a
p−1
0 , M compatible and satisfying M(ap−1,κ0) =

M(ap−1,κ
′
0)= 1, we have

∏p−1
j=0 e

U(ap−1
j •κ)

∏p−1
j=0 e

U(ap−1
j •κ′)

≤ eDd(κ,κ
′)α .

The proof is left to the reader.

Lemma 8.11 Assume the matrix M ′ is irreducible and aperiodic and denote by kM ′
the smallest integer such that the matrix M ′kM ′ has all its entries nonzero. Assume
the potential U is α-Hölder for some α ∈ ]0,1]. Then there exists a constant C > 0
such that for any S,S′ ∈XM,+ and any integer p we have

P
p

M ′,M1(S)

P
p

M ′,M1(S′)
≤ eCd(S,S

′)α .

Proof We first consider the case where d(S,S′) < 1. Then it follows from the def-
inition of the distance d that S0 = S′0. Let ap−1

0 be M ′ compatible and such that
M ′(ap−1, S0)= 1. Then M ′(ap−1, S

′
0)= 1, and, by Lemma 8.10, we have

p−1∏

j=0

e
U(ap−1

j •S) ≤ eDd(S,S
′)α

p−1∏

j=0

e
U(ap−1

j •S′)
.

Therefore, the lemma follows in this case if we take C >D by summing over ap−1
0

and using formula (8.4). If S0 �= S′0 and p > kM ′ , we observe that for any a
p−1
0 ,

M ′ compatible and such that M ′(ap1 , S0) = 1, it follows from Lemma 8.7 that

we can find a finite sequence b
kM ′
0 which is M ′ compatible, with b0 = ap−kM ′ and

M ′(bkM ′ , S
′
0)= 1. Denote by a′p−1

0 the finite sequence a
p−1−kM ′
0 • bkM ′0 . It follows

from Lemma 8.10 that

p−1∏

j=0

e
U(ap−1

j •S) =
p−1−kM ′∏

j=0

e
U(ap−1

j •S)
p−1∏

p−kM ′
e

U(ap−1
j •S)

≤
p−1−kM ′∏

j=0

e
U(ap−1

j •S)
e
kM ′ ‖U‖Hα(XM,+)

≤ e
2kM ′ ‖U‖Hα(XM,+)eD

p−1∏

j=0

e
U(a′p−1

j •S′)
.
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Summing over a
p−1−kM ′
0 = a′p−1−kM ′

0 and then over ap−1
p−kM ′ and a′p−1

p−kM ′ , we get

P
p

M ′,M1(S)≤ e
2kM ′ ‖U‖Hα(XM,+)eD|A |kM ′Pp

M ′,M1
(
S′

)
.

Since d(S,S′)= 1, the result follows in this case by taking

C >D + 2kM ′‖U‖Hα(XM,+) + kM ′ log |A |.
Finally, it remains to prove the result in the case p ≤ kM ′ . Since M ′ is irreducible
and aperiodic, for any S0 ∈A there is an a ∈A such that M ′(a, S0)= 1. It is the
easy to verify that there exists a constant C > 1 such that

1

C
≤ inf

0≤p≤kM ′
inf

S∈XM,+)
P

p

M ′,M1(S)≤ sup
0≤p≤kM ′

sup
S∈XM,+)

P
p

M ′,M1(S)≤ C.

This finishes the proof of the lemma. �

The following lemma will be used several times later on.

Lemma 8.12 For any g ∈ C+(XM,+), with g not identically zero, there exists an
integer pg such that for any integer p ≥ pg we have

inf
S∈XM,+

P
p

M ′,Mg > 0.

Proof Let S0 be such that g(S0) > 0. Since g is continuous, there is a number
1 > ε > 0 such that for any S′ with d(S0, S

′) ≤ ε we have g(S ′) ≥ g(S0)/2. Let p
be an integer such that p > kM ′ − 2 log ε−1. Using Lemma 8.7 and (8.4), it follows
easily that in the formula

P
p

M ′,Mg(S)=
∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

g
(
a
p−1
0 • S)p−1∏

j=0

e
U(ap−1

j •S)

there exists a sequence ap−1
0 , M ′ compatible with M ′(ap−1, S0)= 1 and such that

d
(
a
p−1
0 • S,S0

)
< ε.

Indeed, one takes a
p−1−kM ′
0 = (S0)

p−1−kM ′
0 and uses Lemma 8.7 to complete the

sequence. We conclude that there exists a number c > 0 such that for any S we have

P
p

M ′,Mg(S)≥ cg(S0). �

As observed above, PM ′,M is a bounded linear operator in the Banach space
C(XM,+). Denote by C+(XM,+) the set of continuous nonnegative functions on
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XM,+. It is easy to verify that C+(XM,+) is a cone with nonempty interior (the ball
of radius 1/2 centered around the constant function 1 is contained in C+(XM,+)).
It is also easy to verify that the bounded linear operator PM ′,M maps the cone
C+(XM,+) into itself. Therefore, by a theorem of Krein (see Oikhberg and Troitsky
2005), there is an element ζM ′,M of the dual Banach space C(XM,+)† which is
an eigenvector of the adjoint operator P†

M ′,M . Moreover, ζM ′,M is nonnegative on

C(XM,+), and since XM,+ is compact, it follows that ζM ′,M is a positive measure
(in particular, ζM ′,M(XM,+) > 0; see, for example, Dunford and Schwartz 1958).
Let λ be the associated eigenvalue, namely, for any function g ∈ C(XM,+), we have

∫

XM,+
PM ′,Mg dζM ′,M = λ

∫

XM,+
g dζM ′,M. (8.6)

We have, since the constant function 1 belongs to C(XM,+),
∫

XM,+
(PM ′,M1) dζM ′,M = λ

∫

XM,+
1dζM ′,M = λζM ′,M

(
XM,+)

. (8.7)

It is easy to verify from the definition of PM ′,M and the irreducibility of M ′ that
there exists a constant c > 0 such that

inf
S∈XM,+

(PM ′,M1)(S)≥ c.

Using the identity (8.7), this implies λ > 0. We define P ∗ by

P ∗ = logλ.

It is now convenient to introduce the operator P̃M ′,M defined by

P̃M ′,M = e−P ∗PM ′,M (8.8)

which satisfies
∫
(P̃M ′,Mg)dζM ′,M =

∫
g dζM ′,M

for any g ∈ C(XM,+).

Lemma 8.13 There exists a constant C > 0 such that for any integer n

e−C ≤ P̃n
M ′,M1≤ eC.

Proof The proof follows at once from Lemma 8.11 and the identity
∫

XM,+
P̃n

M ′,M1dζM ′,M = ζM ′,M
(
XM,+)

,

which is an immediate consequence of (8.6). �
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In order to derive some spectral properties of the operator PM ′,M , we first recall
the definition of a quasi-compact operator.

Definition 8.14 An operator L in a Banach space B is quasi-compact (quasi-
strongly completely continuous in the older terminology) if there exists a constant
C > 0 and a sequence (Kp) of compact operators such that ‖Ln‖ ≤ C for any inte-
ger n, and

lim
n→∞

∥
∥Ln −Kn

∥
∥= 0.

Theorem 8.15 Assume the matrix M ′ is irreducible and aperiodic and the potential
U is α-Hölder for some α ∈ ]0,1]. Then, for any β ∈ ]0, α[, the operator PM ′,M is
quasi-compact in the Banach space Hβ(XM,+).

Proof For each integer p ≥ 1 and for each finite sequence ap−1
0 which is M ′ com-

patible, we choose once and for all a sequence κ(ap−1
0 )= (κ0,κ1,κ2, . . . ) ∈XM,+

such that M ′(ap−1,κ0) = 1, and we define a bounded linear operator Δp on
C(XM,+) by

Δpg(S)= e−pP ∗
∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

g
(
a
p−1
0 •κ(

a
p−1
0

))p−1∏

j=0

e
U(ap−1

j •S)
.

We now estimate the norm of the operator P̃
p

M ′,M − Δp in Hβ(XM,+). For any

g ∈Hβ(XM,+), using d(ap−1
0 • S,ap−1

0 •κ(ap−1
0 ))≤ 2−p , we obtain

sup
S∈(XM,+)

∣
∣P̃p

M ′,Mg(S)−Δpg(S)
∣
∣

≤ sup
S∈(XM,+)

e−pP ∗
∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

p−1∏

j=0

e
U(ap−1

j •S)∣∣g
(
a
p−1
0 • S)

− g
(
a
p−1
0 •κ(

a
p−1
0

))∣
∣

≤ ‖g‖Hβ(XM,+)2
−pβ sup

S∈(XM,+)
e−pP ∗

∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

p−1∏

j=0

e
U(ap−1

j •S)

= ‖g‖Hβ(XM,+)2
−pβ sup

S∈(XM,+)
P̃

p

M ′,M1(S).
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Therefore, using Lemma 8.13,

sup
S∈(XM,+)

∣
∣P̃p

M ′,Mg(S)−Δpg(S)
∣
∣≤ eC‖g‖Hβ(XM,+)2

−pβ.

Similarly, if p = 2q and d(S,S′)≥ 2−q , we have from the previous estimate

∣
∣(P̃2q

M ′,Mg(S)−Δ2qg(S)
)− (

P̃
2q
M ′,Mg

(
S′

)−Δ2qg
(
S′

))∣
∣

≤ 2eC‖g‖Hβ(XM,+)2
−pβ ≤ 2eC‖g‖Hβ(XM,+)2

−qβd
(
S,S′

)β
.

We now assume d(S,S′) < 2−q . We have

∣
∣(P̃2q

M ′,Mg(S)−Δ2qg(S)
)− (

P̃
2q
M ′,Mg

(
S′

)−Δ2qg
(
S′

))∣
∣

≤ |I1| + |I2|,

where

I1 = P̃
2q
M ′,Mg(S)− P̃

2q
M ′,Mg

(
S′

)
and I2 =Δ2qg(S)−Δ2qg

(
S′

)
.

We observe that if d(S,S′) < 1 then S0 = S′0. Therefore,

I1 = e−pP ∗
∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

(

g
(
a
p−1
0 • S)p−1∏

j=0

e
U(ap−1

j •S)

− g
(
a
p−1
0 • S′)

p−1∏

j=0

e
U(ap−1

j •S′)
)

= I1,1 + I1,2,

where

I1,1 = e−pP ∗
∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

(
g

(
a
p−1
0 • S)− g

(
a
p−1
0 • S′))p−1∏

j=0

e
U(ap−1

j •S)

and

I1,2 = e−pP ∗
∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

g
(
a
p−1
0 • S′)

(
p−1∏

j=0

e
U(ap−1

j •S) −
p−1∏

j=0

e
U(ap−1

j •S′)
)

.
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For I1,1, we observe that d(ap−1
0 •S,ap−1

0 •S′)≤ 2−pd(S,S′); therefore, using the
estimate (8.13), we obtain

|I1,1| ≤ 2−pβd
(
S,S′

)β‖g‖Hβ(XM,+)e
−pP ∗ ∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

p−1∏

j=0

e
U(ap−1

j •S)

= 2−pβd
(
S,S′

)β‖g‖Hβ(XM,+)P̃
p

M ′,M1(S)≤ 2−pβeCd
(
S,S′

)β‖g‖Hβ(XM,+).

For I1,2, we have

|I1,2| ≤ ‖g‖Hβ(XM,+)e
−pP ∗ ∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

∣
∣
∣
∣
∣

p−1∏

j=0

e
U(ap−1

j •S) −
p−1∏

j=0

e
U(ap−1

j •S′)
∣
∣
∣
∣
∣

= ‖g‖Hβ(XM,+)e
−pP ∗ ∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

p−1∏

j=0

e
U(ap−1

j •S)

×
∣
∣
∣
∣
∣
1−

p−1∏

j=0

e
(U(ap−1

j •S′)−U(ap−1
j •S))

∣
∣
∣
∣
∣
.

Using Lemma 8.10 and the estimate (8.13), we obtain

|I1,2| ≤DeDd
(
S,S′

)α‖g‖Hβ(XM,+)P̃
p

M ′,M1(S)

≤DeD+C2−q(α−β)d
(
S,S′

)β‖g‖Hβ(XM,+).

Finally, since S0 = S′0, we have

I2 = e−pP ∗
∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

g
(
a
p−1
0 •κ(

a
p−1
0

))
(
p−1∏

j=0

e
U(ap−1

j •S) −
p−1∏

j=0

e
U(ap−1

j •S′)
)

,

and we can estimate this term the same way as we estimated I1,2. We obtain

|I2| ≤DeD+C2−q(α−β)d
(
S,S′

)β‖g‖Hβ(XM,+).

Regrouping all the estimates, we conclude that there exists a constant C′ > 0 such
that for any integer p

∥
∥P̃

p

M ′,M −Δp

∥
∥
Hβ
≤ C′2−p(α−β)/2. (8.9)
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We now estimate the norm of the operator Δp in Hβ(XM,+). We have using the
estimate (8.13)

∣
∣Δpg(S)

∣
∣ ≤ e−pP ∗‖g‖Hβ(XM,+)

∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

p−1∏

j=0

e
U(ap−1

j •S)

= ‖g‖Hβ(XM,+)P̃
p

M ′,M1(S)≤ eC‖g‖Hβ(XM,+).

If S0 �= S′0, we obtain

∣
∣Δpg(S)−Δpg

(
S′

)∣
∣≤ 2eC‖g‖Hβ(XM,+)d

(
S,S′

)
.

Assume now S0 = S′0. We have

Δpg(S)−Δpg
(
S′

)

= e−pP ∗
∑

a
p−1
0 M ′compatible

M ′(ap−1,S0)=1

g
(
a
p−1
0 •κ(

a
p−1
0

))
(
p−1∏

j=0

e
U(ap−1

j •S) −
p−1∏

j=0

e
U(ap−1

j •S′)
)

,

and this quantity can be estimated in the same way as we estimated I1,2. We obtain

∣
∣Δpg(S)−Δpg

(
S′

)∣
∣≤DeD+Cd

(
S,S′

)β‖g‖Hβ(XM,+).

We conclude that

sup
p
‖Δp‖Hβ (XM,+) ≤ 2eC +DeD+C.

Therefore, using (8.9), we obtain

sup
p

∥
∥P̃

p

M ′,M
∥
∥
Hβ (XM,+) ≤ C′ + 2eC +DeD+C. (8.10)

We now observe that the operator Δp is of finite rank and hence compact (see Dun-
ford and Schwartz 1958). The estimates (8.9) and (8.10) imply that the operator
P

p

M ′,M is quasi-compact in the Banach space Hβ(XM,+). �

For quasi-compact operators, there is an important result of Yosida and Kakutani
known as the Uniform Ergodic Theorem concerning their spectral theory. We now
recall this result (see Dunford and Schwartz 1958 or Yosida and Kakutani 1941).

Theorem 8.16 (Uniform Ergodic Theorem) Let L be a quasi-compact operator.
Then the eigenvalues of modulus one (if any) are of finite number and with finite
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multiplicity. Let s be their number. If s > 0 we will denote these eigenvalues of
modulus one by λ1, . . . , λs . The operator L can be written

L=
s∑

i=1

λiPi +R

where the Pi are spectral projections associated to the eigenvalues λi (the sum is
taken to be zero in the above formula if s = 0). They have finite dimensional range
and satisfy P 2

i = Pi for 1≤ i ≤ s, and PiPj = 0 for i �= j . Moreover, the operator
R has spectral radius ρ < 1 (namely, limn→∞‖Rn‖1/n = ρ < 1). This operator
satisfies also RPi = PiR = 0 for 1 ≤ i ≤ s. Therefore, outside the complex disk
|z| ≤ ρ, the spectrum of L consists only of the eigenvalues λ1, . . . , λs .

We can now apply the uniform ergodic Theorem 8.16 to the operator P̃M ′,M .
From the existence of the measure ζM ′,M , we conclude that 1 belongs to the spec-
trum of P̃M ′,M (recall that the spectrum of the adjoint of P̃M ′,M is the complex
conjugate of the spectrum).

We will now prove that the only eigenvalue of modulus one is the number 1, and
this is an eigenvalue of finite multiplicity.

Lemma 8.17 The operator P̃M ′,M has in Hβ(XM,+) an eigenvalue 1 of multiplic-
ity one, and the eigenvector ϕ∗ can be chosen strictly positive on XM,+.

Proof It follows from Lemma 8.13 that the functions gn defined for any n≥ 1 by

gn = 1

n

n−1∑

j=0

P̃
j

M ′,M1

satisfy gn ≥ e−C . Moreover, by the Uniform Ergodic Theorem 8.16 and Proposi-
tion 8.15, it follows that this sequence converges in Hβ(XM,+) to a function ϕ∗
which should also satisfy ϕ∗ ≥ e−C . Since

P̃M ′,Mgn = n+ 1

n
gn+1 − 1

n+ 1
,

we conclude by taking the limit that ϕ∗ is an eigenvector of P̃M ′,M of eigenvalue
one which is obviously strictly positive. Assume there exits a ϕ̃, an eigenvector of
P̃M ′,M of eigenvalue 1 and not proportional to ϕ∗. If ϕ̃ is not real, its real and
imaginary parts must be eigenvectors of P̃M ′,M of eigenvalue 1. Therefore, it is
enough to assume ϕ̃ real. Let η be the smallest real number such that

g = ϕ̃ + ηϕ∗ ≥ 0.

In particular, by continuity of g and compactness of XM,+, there is an S0 ∈ XM,+
such that g(S0) = 0. However, since g ≥ 0, we have, by Lemma 8.12, that for p
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large enough

P̃
p

M ′,Mg > 0.

But this is a contradiction since

P̃
p

M ′,Mg = g

vanishes in S0. Therefore, the eigenvalue one of P̃M ′,M is of multiplicity one. �

From now on, we will denote by ϕ∗ the eigenvector of P̃M ′,M of eigenvalue 1
satisfying

∫
ϕ∗ dζ = 1.

Lemma 8.18 Let g ∈Hβ(XM,+) be a nonnegative function which is not propor-
tional to ϕ∗ (otherwise the result is obvious). Then there exists a constant γ ≥ 0
such that for any S ∈XM,+ we have

lim
n→∞

∣
∣(P̃n

M ′,Mg
)
(S)− γ ϕ∗(S)

∣
∣= 0.

Proof We define recursively a sequence of nonnegative numbers (γn) and a se-
quence of nonnegative function (gn) in Hβ(X+0 ) by

γn = inf
S∈XM,+

P̃n
M ′,Mg(S)

ϕ∗(S)

and

gn = P̃n
M ′,Mg− γnϕ

∗.

In particular, gn ≥ 0 and

inf
S∈X+

0

gn(S)= 0.

From the relation

P̃n+1
M ′,Mg = γn+1ϕ

∗ + gn+1 = P̃M ′,M
(
P̃n

M ′,Mg
)

= P̃M ′,M
(
γnϕ

∗ + gn
)= γnϕ

∗ + P̃M ′,M(gn),

we derive γn+1 ≥ γn and

P̃M ′,M(gn)≥ gn+1.

Since the operator P̃M ′,M is quasi-compact (see the definition and Proposi-
tion 8.27), we have

sup
n

∥
∥P̃n

M ′,Mg
∥
∥
Hβ(XM,+) <∞,
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and for any n

γn ≤
‖P̃n

M ′,Mg‖Hβ(XM,+)
infS∈XM,+ ϕ∗(S)

≤ C
‖g‖Hβ(XM,+)

infS∈XM,+ ϕ∗(S)
<∞.

Therefore, the nondecreasing sequence (γn) converges to a nonnegative num-
ber γ . Assume that (gn) does not converge to zero in C(X+0 ). We are going to derive
a contradiction. Since the sequence (gn) is bounded in Hβ(XM,+) it follows from
Ascoli’s Theorem (see, for example, Dunford and Schwartz 1958) that this sequence
is compact in C(XM,+). Let g∗ denote a nonzero accumulation point, namely,

g∗ = lim
j→∞gnj

for some infinite sequence of integers (nj ). Since g∗ ≥ 0 is not identically zero, it
follows from Lemma 8.12 that there is an integer p such that

P̃
p

M ′,Mg∗ > 0.

In particular, there is a number δ > 0 such that

P̃
p

M ′,Mg∗ = δϕ∗ + u

with u≥ 0. We have

P̃
nj+p
M ′,Mg = γnj+pϕ∗ + gnj+p = P̃

p

M ′,M
(
P̃

nj
M ′,Mg

)

= γnj ϕ
∗ + P̃

p

M ′,Mgnj ≥
(

γnj + inf
S

P̃
p

M ′,Mgnj (S)

ϕ∗(S)

)

ϕ∗.

However,

lim
j→∞

(

γnj + inf
S

P̃
p

M ′,Mgnj (S)

ϕ∗(S)

)

≥ γ + δ,

and for large j we have a contradiction to the definition of γnj+p ≤ γ . Therefore,
all the accumulation points of the sequence (gn) are equal to zero and hence this
sequence converges to zero. �

The following theorem establishes some spectral properties of the operator
PM ′,M .

Theorem 8.19 Assume the matrix M ′ is irreducible and aperiodic and the potential
U is α-Hölder for some α ∈ ]0,1]. Then, for any β ∈ ]0, α[, the spectrum of the
operator PM ′,M in the Banach space Hβ(XM,+) consists of a positive eigenvalue
eP

∗
with eigenspace of dimension 1 and an eigenvector ϕ∗ which can be chosen

strictly positive. The function ϕ∗ and the number P ∗ can be chosen independent
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of β . The corresponding linear form which is an eigenvector of the adjoint for the
same eigenvalue can be chosen as a probability measure ζM ′,M .

Moreover, there exists ρ∗ ∈ ]0, eP ∗ [ such that the rest of the spectrum of PM ′,M
is contained in the disk {z ∈C : ‖z‖ ≤ ρ∗}.

Finally, we have the equalities P ∗ = P ′ and ϕ′ = aϕ∗|XM ′,+ , where a > 0 is a
normalizing constant.

Proof By the Uniform Ergodic Theorem 8.16, we know that there are only finitely
many eigenvalues of modulus 1, and, by Lemma 8.17, we know that the eigenvalue 1
is simple. Assume ξ is a nonzero eigenvector of P̃M ′,M in Hβ(XM,+) of eigenvalue
λ of modulus 1 with λ �= 1. We can write

ξ = ξ1 − ξ2 + i(ξ3 − ξ4)

with ξi ≥ 0 and ξi ∈ Hβ(XM,+) for i = 1, . . . ,4. Moreover, since ξ is not iden-
tically zero, at least one of these functions must be not identically zero. Applying
Lemma 8.18, we conclude that the sequence (P̃n

M ′,Mξ(S)) converges for any S. But
this sequence is also equal to (λnξ(S)) which cannot converge, unless λ= 1. This
proves that 1 is the unique eigenvalue of modulus 1. The stated spectral properties
follow from the Uniform Ergodic Theorem 8.16 and formula (8.8).

The last statement of the theorem follows from the fact that C(XM ′,+) is invariant
by PM ′,M , and on this space this operator coincides with PM ′ . �

We can now prove a result about the Yaglom limit of the measure μ and the
existence of a QSD.

Theorem 8.20 Under the above assumptions on M and M ′, for any Gibbs measure
μ associated to an α-Hölder potential U, there exists a QSD ν given by

dν = ϕ∗
∫
X0
ϕ∗ dζ

dζ (8.11)

where ζ is defined in Theorem 8.9. Moreover, ν(T > n) = en(P
′−P), that is, the

exponential survival rate of ν is P − P ′.
For any function g ∈ C(XM), we have

lim
n→∞

1

μ(Xn)

∫

Xn

g ◦ σn dμ=
∫

X0

g dν. (8.12)

Furthermore, there are two constants C > 0 and ρ ∈ ]0,1[ such that for any
g ∈ C(XM) we have

∣
∣
∣
∣

1

μ(Xn)

∫

Xn

g ◦ σn dμ−
∫

X0

g dν

∣
∣
∣
∣≤ C‖g‖C(XM)ρ

n. (8.13)

In particular, ν is the unique QSD with continuous Radon–Nykodim derivative with
respect to ζ .
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Proof Let g ∈ C(XM). From (8.5), we have

1

μ(Xn)

∫

Xn

g ◦ σn dμ=
∫
Xn

g ◦ σn dμ
∫
Xn

dμ
=

∫
X0
(Pn

M ′,Mϕ)g dζ∫
X0
(Pn

M ′,Mϕ)dζ
.

From Theorem 8.19, we obtain that

lim
n→∞

1

μ(Xn)

∫

Xn

g ◦ σn dμ=
∫

X0

g dν,

proving that ν is a QSD. Relations (8.12) and (8.13) also follow from this discussion.
To finish the proof, we only need to identify the exponential survival rate of ν. This
is obtained by noticing that

ν(X1)

∫

X0

ϕ∗ dζ =
∫

X0

1X0 ◦ σϕ∗ dζ = e−P
∫
PM

(
1X0 ◦ σ1X0ϕ

∗)dζ

= e−P
∫

X0

PM
(
1X0ϕ

∗)dζ = e−P
∫

X0

PM,M ′
(
ϕ∗

)
dζ

= eP
′−P

∫

X0

ϕ∗ dζ,

from where the result follows. �

It also follows that the QSD ν constructed above is the Yaglom limit of all the
initial distributions absolutely continuous with respect to the measure ν.

It also follows easily from Theorem 8.19 that for any Borel set D

lim
n→∞

ζ(D ∩Xn)

ζ(Xn)
= ζM ′,M(D ∩X∞)

ζM ′,M(X∞)
.

The shift on the invariant set X∞ equipped with the Gibbs state of potential U is an
analog of an h-process.

8.3 Pianigiani–Yorke QSD

We now consider a particular case where X0 ⊂ f (X0), with strict inclusion. We start
with a simple, but rather typical example. The phase space is the complex plane C

and the map f is given by

f (z)= z2.

For R > 1, let AR be the annulus

AR =
{
z :R−1 ≤ |z| ≤R

}
.
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It is easy to verify that

f (AR)=AR2 .

Let R0 > 1 be a fixed number, and let X0 =AR0 . A simple computation leads to

Xn =A
R2−n

0

for any integer n. Let Leb denote the Lebesgue measure of R2. We have

Leb(Xn)= π
(
R22−n

0 −R−22−n
0

)
.

Therefore, for large n, we get

Leb(Xn)= 4π2−n logR0,

namely the probability of survival up to time n when starting with the Lebesgue
measure decays exponentially fast. This suggests looking for an absolutely contin-
uous QSD (see Lemma 8.3). More generally, assume we start with a measure (on
X0) which is absolutely continuous with respect to the Lebesgue measure and with
density h. For any integrable function g, we would like to say something for large n
about the integral

∫

Xn

g ◦ f nhdLeb.

Instead of using z as the variable, we can try to use f n(z). The transformation is not
bijective, but we can decompose the integral over subsets of Xn where the map is
bijective. We obtain

∫

Xn

g ◦ f nhdLeb=
∫

X0

( ∑

y∈Xn,y2n=z

h(y)

4n|y|2(2n−1)

)

g(z) dLeb(z).

If we define

Ph(z)=
∑

y∈X1,y
2=z

h(y)

4|y|2 ,

an easy computation leads to

Pnh(z)=
∑

y∈Xn,y2n=z

h(y)

4n|y|2(2n−1)
,

and we have
∫

Xn

g ◦ f nhdLeb=
∫

X0

Pnhg dLeb.
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Since the equation y2 = z has two roots for any y ∈ X0, and both roots satisfy
|y|2 = |z|, we obtain that the function h(y)= |y|−2 (defined on X0) satisfies

Ph= 1

2
h.

Therefore, for any integer n and any integrable function g, we have

∫

Xn

g ◦ f nhdLeb= 2−n
∫

X0

ghdLeb,

and the measure hdLeb is a QSD with rate of survival 1/2.
The careful reader is invited to verify that, as expected from Lemma 8.3, for any

n (not only asymptotically),

∫

Xn

hdLeb= 4π2−n logR0.

We now state some more general hypotheses in view of generalizing the above ex-
ample. We will denote by IntF the interior of a set F .

H1 The set X is Rd for some d ≥ 1, finite.
H2 The set X0 is open, connected with compact closure (in particular, it has a pos-

itive Lebesgue measure), and X 0 ⊆ Intf (X0).
H3 The map f is C1+α in a neighborhood V of X 0, and there is a constant a < 1

such that

sup
x∈V

∥
∥(Dfx)

−1
∥
∥≤ a.

Note that by the Open Mapping Theorem (see Dieudonné 1969), it follows from
Hypotheses that f (IntX0) is an open set. We define recursively as before for n≥ 1

Xn =Xn−1 ∩ f−n(X0).

We first prove two simple topological lemmas.

Lemma 8.21 For any integer n ≥ 1, we have f (IntXn) = IntXn−1 and f (X n) =
X n−1. Moreover, the set

X∞ =
⋂

n

X n = lim
n→∞X n

is nonempty, compact and invariant.

Proof Since the sequence (X n) is a decreasing sequence of compact sets, none of
them being empty (since f n(X n)=X 0), the fact that X∞ is nonempty and compact
follows (see Dieudonné 1969). �
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If r is a positive number and x ∈ R
d , we denote by Br(x) the ball of R

d of
radius r and center x. We will use several times the following version of the Inverse
Function Theorem.

Theorem 8.22 There are two positive numbers ε0 and ε1 < ε0 such that if y0 ∈X 0

and x1 ∈ f (X 0)∩X 0 satisfy

∣
∣x1 − f (y0)

∣
∣≤ ε0,

then there exists a unique y1 ∈X 0 such that

f (y1)= x1 and |y1 − y0| ≤ ε1.

Moreover, the map x1 → y1 defined on the ball Bε0(y0) is C1. Its differential has a
norm of at most a.

Proof By Hypotheses H2 and H3, and since the map f is open (see Dieudonné
1969), there is a number δ0 > 0 such that

d
(
X 0, ∂f (X 0)

)
> δ0,

where ∂f (X 0) denotes the boundary of f (X 0) (recall that X 0 ⊂ f (X 0)). Since X 0

is compact, there is a number δ1 > 0 with δ1 ≤ δ0 such that for any z0 ∈X 0 we have

f
(
Bδ1(z0)

)⊆ Bδ0(z0).

Since X 0 is compact, we can choose this number δ1 independent of z0. By the
Inverse Function Theorem (see Dieudonné 1969), and Hypothesis H3, for any y0 ∈
X 0 we can find two numbers ε1 < ε0 < δ1 such that f is a C1- diffeomorphism from
Bε1(y0) to its image which contains Bε0(x0). Since X 0 is compact, we can choose
these numbers ε1 and ε0 independent of y0. The results follows from the fact that
by hypothesis x1 ∈ Bε0(x0)⊆ f (Bε1(y0)). �

We now define the Ruelle–Perron–Frobenius linear operator P , mapping func-
tions on X0 to functions on f (X0) by

Pg(x)=
∑

y∈X0,f (y)=x

g(y)

J (f )(y)
,

where J (f ) denotes the Jacobian of f . As before, this operator is useful due to the
following relation whose recursive proof is left to the reader

∫

Xn

g ◦ f n dLeb=
∫

X0

Pn1g dLeb. (8.14)
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We now state some elementary properties of the operator P . We denote as in
Sect. 8.2.2 by C(F ) (respectively, Hβ(F )) the set of continuous (respectively, β-
Hölder (β ∈ ]0,1])) functions on the bounded set F . These are Banach spaces when
equipped with the respective norms

‖g‖C(F ) = sup
x∈F

∣
∣g(x)

∣
∣ and ‖g‖Hβ(F ) = sup

x,y∈F,x �=y
|g(x)− g(y)|
|x − y| + sup

x∈F
∣
∣g(x)

∣
∣.

Lemma 8.23 The operator P is continuous on C(X 0) and also on Hβ(X 0) for any
β ∈ ]0, α]. It maps the cone C(X 0)

+ of nonnegative continuous functions into itself.

The proof is left to the reader.
By Krein’s Lemma (see Oikhberg and Troitsky 2005), we conclude that there is

a positive measure ζ on X 0 and a number λ0 ≥ 0 such that for any g ∈ C(X 0) we
have

∫

X 0

Pg dζ = λ0

∫

X 0

g dζ.

It is easy to verify that for any x ∈X 0, we have

P1X 0
≥ a1X 0

,

and since 1X 0
∈ C(X 0), we conclude that

aζ(X 0)≤ λ0ζ(X 0),

which implies (since ζ(X 0) > 0, by Krein’s Lemma) λ0 ≥ a. We now define the
operator P̃ by

P̃ = λ−1
0 P. (8.15)

It is easy to verify that for any integer p ≥ 1

P̃pg(x)= λ
−p
0

∑

y∈Xp,f p(y)=x

g(y)

J (f p)(y)
. (8.16)

The following lemma will be used several times.

Lemma 8.24 Let x and x′ in X 0 be such that |x− x′| ≤ ε0 (see Lemma 8.22). Then
for any integer p, there exists a bijection F (p)

x,x′ between the two sets

{
y ∈X p : f p(y)= x

}
and

{
y′ ∈X p : f p

(
y′

)= x′
}

such that for any y ∈X p with f p(y)= x we have for any 0≤ j ≤ p

∣
∣f j (y)− f j

(
F
(p)

x,x′(y)
)∣
∣≤ ap−j

∣
∣x − x′

∣
∣.
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There is also a constant C > 0 such that for any integer p

sup
x,x′,

|x−x′|≤ε0

sup
y∈Xp,

f p(y)=x

∣
∣
∣
∣1−

J (f p)(y)

J (f p)(F
(p)

x,x′(y))

∣
∣
∣
∣≤ C

∣
∣x − x′

∣
∣α.

Proof Let y ∈ Xp be such that f p(y) = x. Using recursively Lemma 8.22, we
conclude that there exists a unique y′ ∈ Xp such that f p(y′) = x′, and for any
0 ≤ j ≤ p − 1 we have |f j (y) − f j (y′)| ≤ ε1. There is indeed a better estimate,
namely, from Hypothesis H3, we get

∣
∣f j (y)− f j

(
y′

)∣
∣≤ ap−j

∣
∣x − x′

∣
∣.

Therefore, we have constructed a bijection F (p)

x,x′ between the two sets

{
y ∈X p : f p(y)= x

}
and

{
y′ ∈X p : f p

(
y′

)= x′
}

such that for any y ∈X p with f p(y)= x and for any 0≤ j ≤ p we have

∣
∣f j (y)− f j

(
F
(p)

x,x′(y)
)∣
∣≤ ap−j

∣
∣x − x′

∣
∣.

This finishes the proof of the first part of the lemma. We now observe that there is a
constant D > 0 such that for any x and x′ in X 0 we have

J (x)

J (x′)
≤ eD|x−x′|α .

This follows from the fact that the function logJ (x) is Hölder of exponent α.
Therefore,

J (f p)(y)

J (f p)(F
(p)

x,x′(y))
=

p−1∏

j=0

J (f )(f j (y))

J (f )(f j (F
(p)

x,x′(y)))

≤ e
D

∑p−1
j=0 |(f j (y)−f j (F (p)

x,x′ (y))|α ≤ e
D

∑p−1
j=0 a

α(p−j)|x−x′|α

≤ eD|x−x′|α/(1−aα). �

We will also need the following lemma.

Lemma 8.25 For any ε > 0 there exists an integer p = p(ε) > 0 such that for
any y ∈ X p and any x′ ∈ X 0, we can find y′ ∈ X p such that f p(y′) = x′ and
|y − y′| ≤ ε.

Proof Let ε0 be as in Lemma 8.22. Since X 0 is compact, it can be covered by a
finite number M of open balls of radius ε0/3. Denote by x1, . . . , xM the centers of
these balls (which belong to X 0). We claim that for any x ∈ X 0 and any x′ ∈ X 0,
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there is a sequence of q indexes 1 ≤ j1 < j2 < · · · < jq−1 < jq with q ≤M such
that x ∈ Bε0(xj1), x

′ ∈ Bε0(xjq ), and for any 1≤ � < q

Bε0(xj�)∩Bε0(xj�+1) �= ∅.

This follows at once from the connectedness of X 0. Let

p =− log((M + 1)ε−1)

loga
.

We can now apply Lemma 8.24 to construct q points y�, 1 ≤ � ≤ q in X p , which
satisfy

• f p(y�)= xj� for any 1≤ �≤ q ,
• ‖f j (y�)− f j (y�+1)‖ ≤ ap−j ε0 for any 1≤ �≤ q − 1 and any 0≤ j ≤ p,
• ‖f j (y)− f j (y1)‖ ≤ ap−j ε0 for any 1≤ �≤ q ,
• there exists y′ ∈ X p , f p(y′) = x′, and ‖f j (yq) − f j (y′)‖ ≤ ap−j ε0 for any

1≤ �≤ q .

By the triangle inequality, we have

∣
∣y′ − y

∣
∣≤ |y − y1| +

∣
∣yq − y′

∣
∣+

q−1∑

�=1

|y� − y�+1| ≤ (M + 1)ε0a
p ≤ ε.

�

We now derive a uniform estimate on the functions P̃p1(x).

Lemma 8.26 There exists a constant C > 1 such that for any x in X 0, and any
integer p, we have

1

C
≤ P̃p1(x)≤ C.

Proof Assume first x and x′ are such that |x − x′| ≤ ε0 (see Lemma 8.22). By
Lemma 8.24, we have

P̃p1(x)

P̃p1(x′)
=

∑
y∈Xp,f p(y)=x

1
J (f p)(y)

∑
y′∈Xp,f p(y′)=x′

1
J (f p)(y)

=
∑

y∈Xp,f p(y)=x
1

J (f p)(y)
∑

y∈Xp,f p(y)=x
1

J (f p)(F
(p)

x,x′ (y))

≤ sup
y∈Xp,f p(y)=x

J (f p)(F
(p)

x,x′(y))

J (f p)(y)
≤ C1.

Since X 0 is compact and connected, there is an integer M such that for any x and
x′ in X 0, we can find a finite sequence x0, . . . , xk with k ≤M , x0 = x, xk = x′, and
|xj − xj+1| ≤ ε0 for 0≤ j ≤ k − 1 (see Dieudonné 1969).
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Therefore, for any x and x′ in X 0, we have

P̃p1(x)

P̃p1(x′)
=

k−1∏

j=0

P̃p1(xj )

P̃p1(xj+1)
≤ CM

1 .

This estimate implies for any x ∈X 0

C−M1 = C−M1

ζ(X 0)

∫

X 0

P̃p1dζ ≤ P̃p1(x)≤ C1M
1

ζ(X 0)

∫

X 0

P̃p1dζ ≤ CM
1 .

The lemma is proved with C = CM
1 . �

Proposition 8.27 The operator P̃ is quasi-compact in Hβ(X 0) for any β ∈ ]0, α[.

We will denote by D the diameter of X 0.

Proof From Hypotheses H2, H3, the compactness of X 0 and Lemma 8.21, it fol-
lows that there is a number δ > 0 such that for any y ∈X 1, the ball Bδ(y) of radius
δ centered at y is contained in X 0.

Let η be a nonnegative C∞ function in R
d such that η(x) = 0 if |x| ≥ 2, and

satisfying
∫

Rd

η(z) dz= 1.

For any integer p, we define the operator Δp by

Δpg(x)= 1

2Dapλp0

∑

y∈Xp,f p(y)=x

1

J (f p)(y)

∫
η

(
y − z

2Dap

)

g(z) dz.

We first observe that since the integral of η is one
∣
∣
∣
∣

1

2Dap

∫
η

(
y − z

2Dap

)

g(z) dz− g(y)

∣
∣
∣
∣

=
∣
∣
∣
∣

1

2Dap

∫
η

(
s

2Dap

)
(
g(y + s)− g(y)

)
ds

∣
∣
∣
∣≤

(
4Dap

)β‖g‖Hβ(X 0)
.

Therefore, using Lemma 8.26,
∣
∣P̃pg(x)−Δpg(x)

∣
∣

= 1

λ
p

0

∣
∣
∣
∣

∑

y∈Xp,f p(y)=x

1

J (f p)(y)

(

g(y)− 1

2Dap

∫
η

(
y − z

2Dap

)

g(z) dz

)∣
∣
∣
∣

≤ (
4Dap

)β‖g‖Hβ(X 0)
P̃p1(x)≤ C

(
4Dap

)β‖g‖Hβ(X 0)
.



8.3 Pianigiani–Yorke QSD 257

We conclude that if |x − x′|> ap/2 we have

∣
∣(P̃pg(x)−Δpg(x)

)− (
P̃pg

(
x′

)−Δpg
(
x′

))∣
∣≤ 2C(4D)βaβp/2

∣
∣x − x′

∣
∣β.

Assume now |x − x′| < ap/2, and p > 2 log ε1/ loga. Then, using Lemmas 8.24
and 8.26, we have

∣
∣P̃pg(x)− P̃pg

(
x′

)∣
∣ = 1

λ
p

0

∣
∣
∣
∣

∑

y∈Xp,f p(y)=x

g(y)

J (f p)(y)
−

∑

y′∈Xp,f p(y′)=x′
g(y′)

J (f p)(y′)

∣
∣
∣
∣

= 1

λ
p

0

∣
∣
∣
∣

∑

y∈Xp,f p(y)=x

g(y)

J (f p)(y)
− g(F

(p)

x,x′(y))

J (f p)(F
(p)

x,x′(y))

∣
∣
∣
∣

≤ 1

λ
p

0

∣
∣
∣
∣

∑

y∈Xp,f p(y)=x

g(y)

J (f p)(y)
− g(F

(p)

x,x′(y))

J (f p)(y)

∣
∣
∣
∣

+ 1

λ
p

0

∣
∣
∣
∣

∑

y∈Xp,f p(y)=x

g(F
(p)

x,x′(y))

J (f p)(y)
− g(F

(p)

x,x′(y))

J (f p)(F
(p)

x,x′(y))

∣
∣
∣
∣

≤ apβ
∣
∣x − x′

∣
∣β‖g‖Hβ(X 0)

P̃p1(x)

+ ‖g‖Hβ(X 0)
sup
y∈Xp,

f p(y)=x

∣
∣
∣
∣1−

J (f p)(y)

J (f p)(F
(p)

x,x′(y))

∣
∣
∣
∣P̃

p1(x)

≤ C
(
apβ

∣
∣x − x′

∣
∣β +C

∣
∣x − x′

∣
∣α

)‖g‖Hβ(X 0)

≤ C
(
apβ +Cap(α−β)/2)∣

∣x − x′
∣
∣β‖g‖Hβ(X 0)

.

Similarly, we have

∣
∣Δp(x)−Δp

(
x′

)∣
∣

= 1

λ
p

0

∣
∣
∣
∣

∑

y∈Xp,f p(y)=x

1

J (f p)(y)

1

2Dap

∫
η

(
s

2Dap

)

g(y − s) ds

−
∑

y′∈Xp,f p(y′)=x′
1

J (f p)(y′)
1

2Dap

∫
η

(
s

2Dap

)

g
(
y′ − s

)
ds

∣
∣
∣
∣

≤ 1

λ
p

0

∣
∣
∣
∣

∑

y∈Xp,

f p(y)=x

(
1

J (f p)(y)
− 1

J (f p)(Fx,x′(y))

)
1

2Dap
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×
∫
η

(
s

2Dap

)

g(y − s) ds

∣
∣
∣
∣+

1

λ
p

0

∣
∣
∣
∣

∑

y∈Xp,f p(y)=x

1

J (f p)(Fx,x′(y))

×
(∫

η

(
s

2Dap

)

g(y − s) ds −
∫
η

(
s

2Dap

)

g
(
y′ − s

)
ds

)∣
∣
∣
∣

≤ C
(
apβ +Cap(α−β)/2)∣

∣x − x′
∣
∣β‖g‖Hβ(X 0)

.

This estimate implies

lim
p→∞

∥
∥P̃p −Δp

∥
∥
Hβ (X 0)

= 0.

It is easy to verify that the operator Δp maps continuously Hβ(X 0) to Hα(X 0),
and therefore is compact as an operator from the Banach space Hβ(X 0) to itself.
This finishes the proof of the proposition using Definition 8.27 of quasi-compact
operators. �

We can now apply the Uniform Ergodic Theorem 8.16. From the existence of
the measure ζ , we conclude that 1 belongs to the spectrum of P̃ (recall that the
spectrum of the adjoint of P̃ is the complex conjugate of the spectrum).

We will now prove that the only eigenvalue of modulus one is the number 1, and
this is an eigenvalue of finite multiplicity.

Lemma 8.28 Let g ∈Hβ(X 0) be a nonnegative function such that

lim
n→∞‖g‖C(X n)

> 0.

Then there is an integer p such that

inf
x

P̃pg(x) > 0.

Proof Let x0 ∈X∞ be such that

lim
n→∞‖g‖C(X n)

= g(x0).

Let

ε =
(

g(x0)

2‖g‖Hβ(X 0)

)1/β

.

Using Lemma 8.25 applied to any x′ ∈ X 0 and y = x0 ∈ X p(ε), we conclude that
there exists y′ ∈X p(ε) with f p(y′)= x′ and

g
(
y′

)≥ g(x0)− ‖g‖Hβ(X 0)
εβ ≥ g(x0)

2
.
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Using formula 8.16 and the nonnegativity of g, we get

P̃pg
(
x′

)≥ λ
−p
0 A−p g(x0)

2
,

where

A= sup
x∈X 0

J (f )(x). �

Lemma 8.29 The operator P̃ has an eigenvalue 1 of multiplicity 1, and the eigen-
vector ϕ can be chosen strictly positive on X 0.

Proof It follows from Lemma 8.26 that the functions gn defined for any n≥ 1 by

gn = 1

n

n−1∑

j=0

P̃j1

satisfies gn ≥ C−1. Moreover, by the Uniform Ergodic Theorem 8.16 and Proposi-
tion 8.27, it follows that this sequence converges in Hβ(X 0) to a function ϕ satisfy-
ing also ϕ ≥ C−1. Since

P̃gn = n+ 1

n
gn+1 − 1

n+ 1
,

we conclude by taking the limit that ϕ is an eigenvector of P̃ of eigenvalue 1 which
is obviously strictly positive. �

Lemma 8.30 Let g ∈Hβ(X 0) be a nonnegative function. Then there exists a con-
stant γ ≥ 0 such that for any x ∈X 0 we have

lim
n→∞

∣
∣(P̃ng

)
(x)− γ ϕ(x)

∣
∣= 0.

Proof We assume that the function g is not proportional to ϕ, otherwise the result
is obvious. We define recursively a sequence of nonnegative numbers (γn) and a
sequence of nonnegative function (gn) in Hβ(X 0) by

γn = inf
x∈X 0

P̃ng(x)

ϕ(x)

and

gn = P̃ng− γnϕ.

In particular, gn ≥ 0 and

inf
x∈X 0

gn(x)= 0.
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From the relation

P̃n+1g = γn+1ϕ + gn+1 = P̃
(
P̃ng

)= P̃(γnϕ + gn)= γnϕ + P̃(gn),

we derive γn+1 ≥ γn and

P̃(gn)≥ gn+1. (8.17)

Since the operator P̃ is quasi-compact (see the definition and Proposition 8.27), we
have for any n

γn ≤
‖P̃ng‖Hβ(X 0)

inf
x∈X 0

ϕ(x)
≤ C

‖g‖Hβ(X 0)

inf
x∈X 0

ϕ(x)
<∞.

Therefore, the nondecreasing sequence (γn) converges to a nonnegative num-
ber γ . Assume that (gn) does not converge to zero in C(X 0). We are going to derive
a contradiction. Since the sequence (gn) is bounded in Hβ(X 0), it follows from As-
coli’s Theorem (see, for example, Dieudonné 1969) that this sequence is compact in
C(X 0). Let g∗ denote a nonzero accumulation point, namely

g∗ = lim
j→∞gnj

for some infinite sequence of integers (nj ). If g∗|X∞ ≥ 0 is not identically zero, it
follows from Lemma 8.28 that there is an integer p such that

P̃pg∗ > 0.

In particular, there is a number δ > 0 such that

P̃pg∗ = δϕ + u

with u≥ 0. We have

P̃nj+pg = γnj+pϕ + gnj+p = P̃p
(
P̃nj g

)

= γnj ϕ + P̃pgnj ≥
(

γnj + inf
x

P̃pgnj (x)

ϕ(x)

)

ϕ.

However,

lim
j→∞

(

γnj + inf
x

P̃pgnj (x)

ϕ(x)

)

≥ γ + δ,

and for large j , we have a contradiction to the definition of γnj+p ≤ γ .
It only remains to consider the case where all accumulation points g∗ vanish on

X∞. Let (nj ) be a diverging increasing sequence of integers such that (in C(X 0))

lim
j→∞gnj = g∗,
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where g∗ vanishes on X∞. Using iteratively (8.17), we get for any j > j ′

gnj ≤ P̃nj−nj ′gnj ′ ,

which implies for any x ∈X 0

gnj (x)≤ sup
y∈X nj−nj ′

gnj ′ (y)P̃
nj−nj ′1(x)≤ C sup

y∈X nj−nj ′
gnj ′ (y), (8.18)

where the last inequality follows from Lemma 8.26. We now choose two increasing
sequences of integers (j�) and (j ′�) such that the sequences (nj ′� ) and (nj� − nj ′� )

diverge. Since the sequence of compact sets (X n) is decreasing, we have (see
Dieudonné 1969)

lim
�→∞ sup

y∈X nj�
−n

j ′
�

d(y,X∞)= 0.

Since the functions (gnj ) are uniformly continuous and g∗ vanishes on X∞, we
conclude that

lim
�→∞ sup

y∈X nj�
−n

j ′
�

gnj ′
�

(y)= 0.

Using (8.18), we conclude that

g∗ = lim
�→∞gnj�

= 0,

namely, all the accumulation points of the sequence (gn) are equal to zero, and hence
this sequence converges to zero. �

Theorem 8.31 Under Hypotheses H1, H2, H3, for any β ∈ ]0, α[, the spectrum of
the operator P in the Banach space Hβ(X 0) consists of a positive eigenvalue λ < 1
with eigenspace of dimension 1 and an eigenvector ϕ which can be chosen strictly
positive. The function ϕ and the number λ do not depend on β . The corresponding
linear form which is an eigenvector of the adjoint for the same eigenvalue can be
chosen as a probability measure ζ independent of β . Moreover, there exists ρβ ∈
]0, λ[ such that the rest of the spectrum of P̃ is contained in the complex disk
|z| ≤ ρβ .

Proof Let ϕ∗ be an eigenvector of P̃ in Hβ(X 0) with eigenvalue λ satisfying
|λ| = 1. We can write

ϕ∗ = ϕ∗R,+ − ϕ∗R,− + i
(
ϕ∗I,+ − ϕ∗I,−

)

where ϕ∗R,± and ϕ∗I,± denote four nonnegative functions in Hβ(X 0), satisfying
ϕ∗R,+ϕ∗R,− = 0 and ϕ∗I,+ϕ∗I,− = 0. Applying Lemma 8.30, we conclude that

P̃nϕ∗ = λnϕ∗
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converges when n tends to infinity to a multiple of ϕ. Therefore, λ = 1 and this
eigenvalue is nondegenerate. The rest of the theorem follows by applying the Uni-
form Ergodic Theorem 8.16 and the definition (8.15). �

We can now state the main result for this section.

Theorem 8.32 Under Hypotheses H1, H2, H3, the map f has a unique QSD ν

on X0 absolutely continuous with respect to the Lebesgue measure. Moreover, if h
denotes the density of this QSD (dν = hdLeb), there are two constants C > 0 and
ρ ∈ ]0,1[ such that for any g ∈ C(XM) we have

∣
∣
∣
∣

1

ν(Xn)

∫

Xn

g ◦ f n dLeb−
∫

X0

ghdLeb

∣
∣
∣
∣≤ C‖g‖C(X0)ρ

n.

Proof This result follows at once from (8.14) and Theorem 8.31. �

8.3.1 An Application to the Newton Method

As an example, we consider the problem of solving the polynomial equation z3 = 1.
The roots are, of course, well known (the three cube roots of unity 1, j , j2), but one
can investigate on this simple example the behavior of the Newton method which
is often used to find roots of more complicated equations. This method consists in
iterating a map (see, for example, Henrici 1974) which in this case is given by

R(z)= 2z

3
+ 1

3z2
.

It is easy to verify that the three roots of unity are the only fixed points (R(z)= z),
and the derivative of R vanishes at these points. It is known that if one starts with
an initial condition z0 near one of the roots, the iteration

zn+1 =R(zn),

converges very fast (doubly exponentially fast) to the root. However, there are start-
ing points whose orbits never converge. We refer to Eckmann (1983), Hubbard et al.
(2001) for more information.

Let Ξ∞ denote the set of initial conditions whose orbit does not converge to any
of the fixed points 1, j or j2. This set turns out to be in this case the Julia set of
the map R (see, for example, Blanchard 1984 and Lyubich 1986 for definitions and
results).

The part of this set near the origin is drawn in black in Fig. 8.1.
In order to apply the preceding results about the existence and properties of

QSDs, we first conjugate the transformation by a map sending the fixed point 1
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Fig. 8.1 The Julia set for the
Newton method of z3 = 1

Fig. 8.2 The Julia set for the
map f

to infinity. One can use, for example, the (bijective) map

H(z)= 1

z− 1
.

Instead of using R, it is therefore equivalent to use the map

f (z)=H ◦R ◦H−1(z)= 2z3 + 6z2 + 3z

3z+ 2
.

This map has two fixed points with zero derivative at 1+ j and 1+ j2 (and a third
one at infinity).

The map f is again a rational map. We will denote by J its Julia set which is
now a compact set (see Fig. 8.2). We have also conjugated the map by a rotation to
obtain nicer pictures.
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Recall that a critical point of a rational map is a point where the derivative van-
ishes. The map R and hence the map f have only three critical points which are all
fixed points. Therefore, we conclude by Theorem 8.1 in Blanchard (1984) that the
Julia set J is hyperbolic, namely, there is a number K0 > 1 and an integer n0 such
that

inf
z∈J

∣
∣f n0 ′(z)

∣
∣ >K0.

By the chain rule, we have for any z

f n0 ′(z)=
n0−1∏

j=0

f ′
(
f j (z)

)
.

Since −2/3 /∈ J , f ′ is continuous (and therefore bounded on J ). This implies that
f n0 ′ is continuous on a neighborhood of the compact set J . Therefore, there exists
a number ε0 > 0 and a number K > 1 such that

inf
z,d(z,J )≤ε0

∣
∣f n0 ′(z)

∣
∣ >K,

where d(z, J ) denotes the distance from z to J , namely,

d(z, J )= inf
u∈J |u− z|.

Lemma 8.33 There exists a number ε1 > 0, ε1 < ε0, such that if we define

X0 =
{
z : d(z, J ) < ε1

}
,

then

f n0(X0)⊃X0.

Proof Let z ∈ J . Since |f n0 ′(z)| > K , we can apply the Inverse Function Theo-
rem to f n0 (see Dieudonné 1969). This implies that there exists a number ε̃1 > 0,
which may depend on z such that f n0 ′ is a bijection from Bε̃1(z) to its image. More-
over, we can assume ε̃1 > 0 small enough so that ε0 > ε̃1 > 0 and for any ε ≤ ε̃1

f n0
(
Bε(z)

)⊃ B(1+K)ε/2
(
f n0(z)

)
.

Moreover, it follows from the Inverse Function Theorem that the numbers ε̃1 are
bounded away from zero uniformly in z ∈ J . We can take for ε1 the infimum of
these numbers, and the result is proved. �

A set X0 with f (X0) ⊃ X0 is shown in Fig. 8.3, together with its first iterate.
Figure 8.4 shows the same sets with the Julia set. Figures 8.5 and 8.6 show the
equivalent sets in the original coordinates.
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Fig. 8.3 The boundary of a neighborhood of the three critical points of the map f in green on the
left, together with their image in magenta on the right. The connected set X0 satisfies f (X0)⊃X0

Fig. 8.4 Julia set, boundary
of a neighborhood of the
three critical points of the
map f in green, together with
their image in magenta. The
connected set X0 satisfies
f (X0)⊃X0

It is easy to verify that Hypotheses H1, H2 and H3 of Sect. 8.3 are satisfied. We
can therefore apply Theorem 8.32 to conclude that the map f n0 has an absolutely
continuous QSD. The density is bounded above and below away from zero.

We can now apply the inverse of the conjugation H to come back to our initial
picture.

Going back to the initial picture, we get
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Fig. 8.5 The boundary of a neighborhood of the three critical points of the map R in green on the
left, together with their image in magenta on the right

Fig. 8.6 Julia set, boundary
of a neighborhood of the
three critical points of the
map R in green, together with
their image in magenta

8.4 Other Results

8.4.1 Other Proofs

There are several different proofs of the results we have presented in the previous
section. In both cases, we have used the method of quasi-compact operators. One can
also use projective techniques (based, for example, on the contraction properties of
Hilbert projective metric of cones due to Birkhoff). We refer to Pianigiani and Yorke
(1979), Collet et al. (1994, 1995b) for results using this technique, and to Demers
and Young (2006) for a general review.
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8.4.2 Absolutely Continuous QSD

Other examples of QSDs which are absolutely continuous with the one dimensional
conformal measure have been constructed in Liverani and Maume (2003). See also
Collet and Galves (1995) for a case of small holes. In higher dimension and for hy-
perbolic systems, one can try to construct QSDs which are absolutely continuous in
the unstable direction. We refer to Collet et al. (2000), Chernov et al. (1998, 2000),
Chernov and Markarian (1997a, 1997b), Demers (2005a, 2005b), Demers and Liv-
erani (2008), Bruin et al. (2010), Demers et al. (2010) and Demers and Young (2006)
for more results and details.

8.4.3 Properties of a QSD

Although a QSD is not invariant, one can wonder about the process obtained by
conditioning upon survival. In Collet and Martínez (1999), the following Central
Limit Theorem was proved for the Gibbs QSD (8.11) described in Sect. 8.2, Theo-
rem 8.20. The result can be stated as follows (using the same notations).

Theorem 8.34 Assume the hypothesis of Theorem 8.20 hold (in particular, the po-
tential U is α-Hölder). Let g be an α-Hölder function such that

∫
ϕ∗g dζ = 0

and

lim
N→∞

1

N

∫
Xn
(
∑N−1

n=0 g ◦ σn)2ϕ∗ dζ
∫
Xn

ϕ∗ dζ
�= 0.

The limit always exists, and we denote by η the nonnegative square root of this
nonnegative number. Then

lim
N→∞

∫
Xn

1∑N−1
n=0 g◦σn≤t√Nϕ

∗ dζ
∫
Xn

ϕ∗ dζ
= 1√

2π

∫ t

−∞
e−u2/(2η) du.

We refer to Collet and Martínez (1999) for the proof which uses the properties
of the Ruelle–Perron–Frobenius operator given above. The proof of this theorem is
similar to the one of Theorem 3.4 in Chap. 3 which is an analogous result for finite
Markov chains.

8.4.4 Decay of Probabilities

The result of Lemma 8.3 suggest asking more generally if one can prove at least
an asymptotically exponential decay for dynamical systems with holes. This ques-
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tion was investigated in several papers starting with Eckmann and Ruelle (1985), in
connection with Lyapunov exponents for an invariant measure on a repeller. We re-
fer to Lopes and Markarian (1996), Vaienti (1987), Froyland and Stancevic (2010),
Bahsoun and Bose (2010), Keller and Liverani (2009), Araújo and Pacifico (2006),
Bahsoun (2006), Collet et al. (1999), Baladi et al. (1999) and Afraimovich and Buni-
movich (2010) for details.
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