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This volume is dedicated to Marc Roubens on the occasion of his sixtieth
anniversary.

Our distinguished colleague Marc Roubens is 60 this year. He has set high
standards in research and teaching, and many colleagues have benefited from
his deep and broad knowledge and have been infected by his enthusiastic
lecturing style.

His fundamental contributions cover a wide range of fields of applied
mathematics, comprising the areas of preference modelling, clustering and
control in fuzzy set theory, multicriteria decision aid in operations research,
and data analysis in statistics.

Marc Roubens’ personal qualities of commitment, integrity, leadership
and initiate leave lasting impression on his colleagues, students and friends.
This volume is a token of their appreciation and friendship.



Preface

“Knowledge is power”, is a phrase taken for granted by many people. In
our world, however, we should be aware of several limitations complicating
the exploitation of the available information. Different forms of incomplete-
ness (such as uncertainty, imprecision, vagueness, partial truth and the like)
pervade our knowledge.

The aim of this volume is to show that incomplete knowledge can indeed
be exploited, thereby leading to a more complete power.

Philippe Vincke’s paper extends the well-known preference structures con-
sisting of three binary relations: strict preference, indifference and incompara-
bility. Allowing also weak preference, he characterizes those structures which
can be represented by numerical functions and thresholds. The resulting pref-
erence structures yield a general framework for already known families like
complete or partial pseudo-orders, semiorders and interval orders.

Philippe Fortemps and Jacques Teghem propose the Multi-Objective Fuz-
zy Area Compensation method for solving multi-objective linear program-
ming problems involving imprecision. Fuzzy numbers are understood as im-
precise probability distributions for modelling the imprecision present in the
available information. The main features of their approach are described and
a comparison with well-known methods is presented.

Vincenzo Cutello and Javier Montero introduce a generalization of classi-
cal utility theory using rational fuzzy preference relations for modelling basic
preferences. In their approach rationality itself is a fuzzy concept. The main
contribution consists of a boosting procedure answering a linearization of the
alternatives.

Didier Dubois, Endre Pap and Henri Prade present an important exten-
sion of probabilistic mixtures, which play a key role in classical utility theory,
to the case of decision under non-probabilistic uncertainty. After introducing
and investigating pseudo-additive measures and the counterpart of proba-
bilistic independence of events, hybrid mixtures are defined in an axiomatic
way. The obtained family is hybrid indeed: it combines probabilistic and pos-
sibilistic mixtures by using a threshold. Based on such mixtures, optimistic
and pessimistic hybrid utility functions are also studied.

Javier Montero, Ana del Amo and Elisenda Molina study additive re-
cursive rules of aggregation. Recursiveness, from a theoretical point of view,
generalizes the associativity property assuring consistency of the aggregation.



Vill

At the same time, recursiveness makes it possible to explain key rules at a
practical level.

Ronald R. Yager considers the problem of maximizing information con-
tained in fusion of possibly conflicting data. Two approaches are suggested,
each based on some type of meta-knowledge. The first type is a measure of
credibility assigned to subsets of observations. The credible fused value is cal-
culated from a subset containing not too conflicting information. The second
type means prioritization of observations, indicating discount of data if there
is conflict with higher priority observations.

Hannu Nurmi and Janusz Kacprzyk’s contribution focuses on plausible
aggregation methods using fuzzy preference relations in social choice (group
decision making). Basic incompatibilities and paradoxes in the classical the-
ory may be avoided by the use of fuzzy preferences. Three approaches are
considered. The first is based on the aggregation of individual preference
relations and then defining various solutions. The second defines solutions
directly from individual fuzzy preferences, while the third uses fuzzy tourna-
ments.

Salvatore Greco, Benedetto Matarazzo and Roman Slowinski’s paper con-
tains interesting results on the fuzzy extension of the rough approximation
of decision classes in multicriteria decision making. The approach is based
on their previous methodological changes of the original rough set theory
as well as their earlier fuzzy extension of the rough approximation by using
dominance and similarity relations together.

Jean-Luc Marichal presents an important contribution to the aggregation
problem in multicriteria decision aid. By using the Choquet integral as an
adequate aggregation operator, it is possible to take into account interactions
among criteria. For better understanding of the behavioral properties of the
aggregation, the author presents and discusses some indices offering a better
understanding of the global importance of criteria, the interaction among
criteria, the tolerance of the decision maker, etc.

Michel Grabisch and Christophe Labreuche study the problem of being
symmetric or asymmetric when using different evaluation scales in the frame-
work of multicriteria decision making and decision under risk and uncertainty.
The Choquet and the Sipos integrals are involved and compared. While the
Choquet integral does not allow to differentiate between negative and positive
numbers, the Sipos integral does.

Jean-Pierre Barthélemy investigates the possibility of extending the basic
Dempster-Shafer theory to sets of events more general than Boolean alge-
bras. He therefore approaches capacities, belief and necessity functions in an
ordinal way, having in mind applications in non-classical logic and artificial
intelligence.

February 7, 2000 J. Fodor, B. De Baets, P. Perny
Budapest, Gent, Paris
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Summary. This paper is concerned with preference models including four rela-
tions: strict preference (P), weak preference (Q), indifference (I) and incompara-
bility (J). The purpose is to establish conditions allowing to represent these four
relations by numerical functions and thresholds, in order to generalize previous re-
sults concerning complete or partial semiorders and interval orders, pseudo-orders
and {P,Q, I} - preference structures.

Keywords: Preferences, numerical representations, thresholds.

1 Introduction

Many researches have been devoted, these last years, to the development
of preference models which are less restrictive than the traditional weak order
{(or complete preorder). The cristicism about the transitivity of indifference
(Luce, 1956) [4] led to structures such as the semiorder or the interval or-
der which were thoroughly analyzed (see for example Fishburn, 1985 [2], or
Pirlot and Vincke, 1997 [5]). The introduction of different degrees of pref-
erence led to the definition of pseudo-orders (Roy and Vincke, 1987 [10]),
{P,Q, I} - preference structures (Vincke, 1988 [14]) and valued (or fuzzy)
relations (Roubens and Vincke, 1985 [7], Doignon et al., 1986 [1], Fodor and
Roubens, 1994 [3]). The necessity of modeling incomparability led to an in-
creased interest in partial relations (Roubens and Vincke, 1984 [6], Roy, 1985
(8D).

This paper is concerned with preference models including the four re-
lations which are most present in the multicriteria decision-aid tools based
on the outranking approach (Roy and Bouyssou, 1993 [9]): strict preference,
weak preference, indifference and incomparability. Strict preference and in-
difference are the usual components of the weak order (preference structure
associated to the traditional decision too! used in management, economy or
decision theory). The reader is referred to Roy (1985) [8] for the justification
and intuitive meanings of weak preference and incomparability. Our purpose
is to establish the conditions which allow to represent these four relations
by numerical functions and thresholds, in order to generalize the concepts
mentioned here above.



2 Definition and notations

Let A denote a finite set of elements a,b,¢,... and |A|, its number of
elements. A binary relation S on the set A is a subset of the cartesian product
A x A, that is, a set of ordered pairs (a,b) such that a and b belong to A:
S C A x A. If the ordered pair (a,b) is in S, we denote (a,b) € S or aSbh; if
not, (a,b) ¢ S or a~Sb. Let S and T be two relations on the same set A. The
following notations will be used.

S C T iff aSb = aTh,Va,b € A (inclusion),
a(SUT)b iff aSb or (inclusive) aTh (union),
a(SNT)b iff aSb and aTb (intersection),
aSTbHiff c € A: aSc and cT'b,

aS?biff Ic € A : aSc and cSb.

A binary relation S on the set A is :

reflexive iff aSa,Va € A,

irreflezive iff a—Sa,Va € A,

symmetric iff aSb = bSa,Va,b€ A,

antisymmetric iff aSb = b—Sa,Va,b € A such that a # b,

asymmetric iff aSb = b—~Sa,Va,b € A,

complete iff aSb or bSa,Va,b € A such that a # b,

transitive iff aSb,bSc = aSec,Va,b,c€ A,

negatively transitive iff a-~Sb,b~Sc = a~Se,Va,b,c, € A,

an equivalence relation iff it is reflexive, symmetric and transitive,

a strict partial order iff it is asymmetric and transitive,

a partial order iff it is reflexive, antisymmetric and transitive,

a partial preorder or simply a preorder iff it is reflexive and transitive,
a weak order iff it is asymmetric and negatively transitive,

a complete preorder iff it is reflexive, transitive and complete,

a complete order iff it is reflexive, transitive, antisymmetric and complete,
a strict complete order iff it is asymmetric, transitive and complete.

The complement S¢, the converse S and the dual S¢ are respectively
defined by

aS° iff a~Sbh,
aSb iff bSa,
aS% iff b-Sa.

Definition 1 A {P,Q, I, J} - preference structure on a set A is a set of four
binary relations P (strict preference), Q (weak preference), I (indifference)
and J (incomparability), defined on A, such that :

e Va,b € A,aPb or bPa or aQb or bQa or alb or aJb (exclusive or);
e P and Q) are asymmelric;



o [ is reflexive and symmetric;
o J is irreflerive and symmetric.

Given a {P,Q,I,J} - preference structure, we define the four following
irreflexive relations:

S5, =P*UPQUPIUPQUQPUQ*UQI,
Se =S5, UIPUIQ,
S3=25 UIPU@-P,

Sy =85,U S;3.

The numerical representation we are interested in consists in assigning,
to every element a of A, a real value g(a) and thresholds g(g(a)) and p(g(a))
in such a way that strict preference, weak preference or indifference between
a and b can be represented by some inequalities between these numerical
quantities. More precisely, we say that a {P, @, I, J} - preference structure is
representable by the model M; iff there exist a real-valued function g, defined
on A, and real-valued functions ¢ and p, defined on R, such that Va,b € A,

o) w)p(wn (;am+«mwx
1 g(b) + a(g(d)) = gla),
alb= {g<a) +a(g(a) > g(b),
0<qg<p

This model generalizes the traditional two thresholds model (see for in-
stance Vincke, 1992 [15], page 14) were two actions are indifferent when their
values differ by less than the small threshold, one action is strictly preferred
to the other when its value is much larger (with a difference greater than
the large threshold) and one action is weakly preferred to the other when its
value is rather larger (with a difference comprised between the small and the
large thresholds). Due to the presence of incomparability, the implications,
in model (M), cannot be reversed.

In model (M3), the only condition imposed to the threshold functions is the
fact that, Va € A,

0 < gq(g(a)) < p(g(a)).

We will also consider some additional conditions which express a sort of co-
herence between the principal function g and the thresholds; we respectively
denote by (M), (M3) and (M4) the obtained models:



M; with
(Mz) {g(fo > g(b) & g(a) + a(g(a)) > g(b) + a(g(d)),

( ) {Ml with
3 g(a) > g(b) & g(a) + p(g(a)) > g(b) + p(g(b)),

M, with
(My) { g(a) > g(b) & g(a) + q(g(a)) > g(b) + q(g(b))
« g(a) + p(g(a)) > g(b) + p(g(b)).

Finally, we denote by (M]) the model (M;) where the simple implications
are replaced by double implications, and by (M}), (M}) and (M}) the derived
models with the additional conditions.

3 Main result

Theorem 1 For each k € {1,2,3,4}, the following conditions are equivalent

e {P,Q,I,J} is representable by model (My),
e the relation Sy is acyclic.

The proof is given in appendix 1.

Its interest resides in the fact that the possibility of numerically repre-
senting the preference structure is very easily testable; moreover the proof
of the theorem is constructive, so that it provides an algorithm to build the
functions. In the next sections, we will study the algebraic properties which
are imposed on P, @, and J by the models (M}) and make the connections
with the results existing in the literature.

4 Algebraic conditions on P,Q,1,J.

It is well known that structures like interval orders, semiorders or pseudo-
orders can be characterized by algebraic conditions as, for example,

PIP C P,
P21 =4,
QIP C P,

We present in this section algebraic conditions which are implied by the
models (M) (k = 1,2,3,4) and which generalize the previous ones. Let us
denote by (Dg), k = 1,2, 3,4 the following sets of algebraic conditions.



(QIQ CQUPUJ,
QIPC PUJ,
PIPC PuUJ,
| PQP C PU J;

[ Papar-o
(D2) 4 ;2%?222@’_ ’
L QPNIQ =0

(ggl)’(I Q)2 =90
Ny =0,
(D)4 ponrz =4,

| PQNQI=1;
(D2),
(D4) (D3)v
PIQCPUJ.

Theorem 2 For each k € {1,2,3,4}, the acyclicity of Sy, (which, by Theorem
1, is equivalent to the representability of {P,Q,I,J} by model (My)), implies
conditions (Dy,).

The proof is given in appendix 2.

The interest of these algebraic conditions is that they are not only neces-
sary, but also sufficient, when J = @, to have a numerical representation with
two thresholds, as shown in theorem 3.

Theorem 3 For each k € {1,2,3,4}, the following conditions are equivalent
when J = 0:

o {P,Q,I,J} is representable by model (M}),
e the relation Sy, is acyclic,
o the conditions (Dy) are satisfied.

This theorem is a consequence of Theorems 1 and 2 and of the results
presented in Vincke (1988) [14]. The reader will also find in this last reference
some other variants of the model (M]) for the case where J = 0.



5 Particular cases

When J = 0, the model (M) is the pseudo-order (see Roy and Vincke,
1987 [10]) and the other models are particular cases of the {P,@Q, I} - struc-
tures studied in Vincke (1988) [14] and in Tsoukias and Vincke (1998) [13].
If J = P = {), the models (M7) and (M) respectively are the usual interval
order and semiorder.

When P = § and J # 0, we obtain the structures which were presented
in Roubens and Vincke (1985 [7], chapter 4) for introducing the concepts of
partial interval order and partial semiorder.

6 Outranking relation associated to a {P,Q,I,J} -
structure

It is usual, in multicriteria decision analysis, to have an outranking rela-
tion S and to deduce from S the different preference situations. Given a re-
flexive relation S and working with the boolean logic, at most three preference
situations can be defined: strict preference, indifference and incomparability.
They are deduced from S as follows:

aPb iff aSb and bS¢a,
alb iff aSb and bSa,
aJb iff aS°b and bS¢a.

It has been proved (see Tsoukias and Vincke, 1995 {11]) that no other situa-
tion can be described on basis of S, using the boolean logic. In particular, it is
not possible to characterize an hesitation between strict preference and indif-
ference (called weak preference by B. Roy, 1985 [8]) or to make a distinction
between an incomparability due to ignorance and an incomparability due to
a conflict. In order to be able to model such situations, it is necessary to
extend the logic: this was done and illustrated in Tsoukias and Vincke (1995
[11], 1997 [12], 1998 [13]). The obtained formal language, which is based on
a four-valued logic, allows to define (at most) ten different preference situa-
tions on basis of a given relation S. The {P,Q,I,J} - preference structure
presented here can be described and characterized, in this language, from a
relation S, six of the ten possible situations being absent. We do not develop
this aspect here but the interested reader will find all the necessary elements
in the previously mentioned references.

7 Appendix 1: proof of Theorem 1

i) If {P,Q,I,J} is representable by (M;), then S; is acyclic
Let aS1b : 3¢ such that either aPc and ¢(PUQ U I U Q) or aQc and
¢(P U QU Ib; in the first case, we obtain, by model M,

9(a) > g(c) +p(g(c)) > g(b);




ii)

iii)

iv)

in the second case, we have

g(a) > g(c) + q(g(c)) > g(b).

In conclusion, aS1b implies g(a) > g(b), so that S; cannot contain a
cycle.

If S; is acyclic, then {P,Q, I, J} is representable by (M;)

As S, is acyclic, there exists an element a such that aS°b, Vb # a : take
g(a) = 0. In A\ {a}, there exists an element b such that bP¢,Vc # b:
take g(b) = 1. Continue this procedure and you obtain a function g such
that, Va, b € A,

aSib = g(a) > g(b).
Now, Va € A, define p(g(a)) and ¢(g(a)) in such a way that

a)) < g(z),Vz : zPa, _
) > 9(y),Vy :a(PUQUIUQ)y,
) < g(2),Vz: 2(PU Q)a,

a)) > g(t),Vt: a(PUQUI),

This is always possible because

zPa(PUQUIUQ)y = xSy = g(z) > g(y),
2(PUQ)a(PUQUIt = 251t = g(z) > g(t),
zPa(PUQU It = zSit = g(z) > g(t).

If {P,Q,I,J} is representable by (M>), then S, is acyclic
Let aS2b, so that aS1b or a(TPUIQ)b. If aS1b, then g(a) > g(b) by i).
If Je such that alc and ¢(P U Q)b, then, by model M,

g9(a) +q(g(a)) > g(c) > g(b) + q(g(b)),

so that

g(a) > g(b).

In conclusion, aS3b implies g(a) > g(b), so that S» cannot contain a
cycle.

If S, is acyclic, then {P,Q, I, J} is representable by (M)

As S is acyclic, there exists a function g such that, Va,b € 4,

aSab = g(a) > g(b)

(by a similar reasoning as in ii).
Now, Va € A, define p(g(a)) and ¢(g(a)) in the same way as in ii) but
with the additional condition that

g9(a) + q(g(a)) > g(b) + q(g(b)) when g(a) > g(b).



vi)

vii)

This is always possible for the same reasons as in ii) and because the
existence of an element ¢ such that

a(PUQUI)c and ¢(P U Q)b,
which imposes

g(a) + q(g(a)) > g(c) > g(b) + q(9(d)),

also implies aS2b and thus g(a) > g(b).

If {P,Q,I,J} is representable by (Mj3) then S; is acyclic

Let aS3b, so that aS1b or a(IPUQP)b. If aS; b, then g(a) > g(b) by i).
If 3¢ such that a( U Q)c and cPb, then, by model M3,

g(a) + p(g(a)) > g(c) > g(b) + q(9(b)),

so that

g(a) > g(b)-

In conclusion, aS3b implies g(a) > g(b), so that S3 cannot contain a
cycle.

If S5 is acyclic, then {P,Q, I, J} is representable by model (M3)

As S is acyclic, there exists a function g such that, Va,b € A,

aSsb = g(a) > g(b)
(by a similar reasoning as in ii).

Now, Va € A, define p(g(a)) and g(g(a)) (in the same way as in ii) but
with the additional condition that

g(a) + p(g(a)) > g(b) + p(g(b)) when g(a) > g(b).

This is always possible for the same reasons as in ii) and because the
existence of an element ¢ such that

a(PUQUIUQ)c and cPb,
which imposes
9(a) +p(g(a)) > g(c) > g(b) + p(g(b)),

also implies aS3b and thus g(a) > g(b).
If {P,Q,I,J} is representable by (M4), then Sy is acyclic
Immediate consequence of iii) and v).




viii) If Sy is acyclic, then {P,Q,I, J} is representable by model (Mj)
The proof is obtained in combining the reasonings made in iv) and vi).
Remark that the simultaneous existence of ¢ and d such that

a(PUQUI)c and c(P U Q)b,
{ b(PUQUIUQ)d and dPa,

which would impose the non-desirable properties

{ g(a) + q(g(a)) > g(b) + q(g(b)),
g(b) +p(g(b)) > g(a) + p(g(a)),

is impossible because of the asymmetry of Ss.

8 Appendix 2 : proof of Theorem 2

i) The acyclicity of S; implies conditions (D)

If a(QIQ)d, there exists ¢ such that a(QI)c and c@b; in this case, b(PU
Q U I)a would imply aSic and ¢S;a, which is impossible, so that a(P U
QU J)b.
If a(QIP U PIP U PQP)b, there exists ¢ such that a(QI U PI U PQ)c
and cPb; in this case, b(P U Q U I U @)a would imply aS;c and ¢Sib,
which is impossible, so that a(P U J)b.

ii) The acyclicity of Sy implies conditions (Ds)
As S; D 51, the proof of conditions (D;) have been established in i). If
(PUQ)2NI? # 0, there exist a, b, ¢, d such that a(PUQ)c, c¢(P UQ)b,
ald and dIb, so that d(IP U IQ)c and ¢(QI U PI)d, giving dSzc and
¢Sad, which is impossible. If (P? U QP) N IQ # @, there exist a,b,c,d
such that a(PUQ)c, cPb,ald and dQb, so that d(IPUIQ)c and cPQd,
giving dSsc and ¢Sad, which is impossible.

iii) The acyclicity of S3 implies conditions (D3)
As S3 D 51, the proof of conditions (D;) have been established in (i).
If P2n(IUQ?) # 0, there exist a,b, c,d such that aPc,cPb,a(I U Q)d
and d(I U Q)b, so that d(IPUQP)c and ¢(PI U PQ)d, giving dSsc and
¢Ssd, which is impossible.
If PQN(I2UQI) # 0, there exist a, b, c,d such that aPc,cQb,a(IUQ)d
and dIb, so that d(IP U QP)c and ¢QId, giving dSsc and ¢Ssd, which
is impossible.

iv) The acyclicity of Ss implies conditions (D)
As Sy = S2 U S3, the proof of conditions (D;) and (D3) have been
established in (ii) and (iii). If aPIQb, there exists ¢ such that aPc and
cIQb; in this case, b(PUQUIUQ)a would imply ¢S4b and bS4c, which
is impossible, so that a(P U J)b.
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Summary. Fuzzy set theory is well-suited for modelling imprecision inherent to
industrial reality. Whilst a stochastic approach implies the difficult determination
of probability informations, fuzzy sets can be understood as imprecise probability
distributions. We first recall that the area compensation method for the compar-
ison of two fuzzy numbers is consistent with this framework. We derive then a
comparison index in the same interpretative context.

We exemplify the use of the comparison tools for solving multi-objective lin-
ear programming problems with imprecision: MOFAC (which stands for Multi-
Objective Fuzzy Area Compensation), in a context where the relevant information
is assumed as imprecise probabilities. Finally, we perform a comparison with well-
known methods, STRANGE and FLIP, in order to exhibit the main features of the
proposed approach.

1 Introduction

One of the possible goals for implementing fuzzy sets in mathematical models
is to enhance the latter as far as the imprecision is concerned. The literature
related to the conjunction of imprecision-minded fuzzy sets and mathematical
programming models is particularly wide. For comprehensive surveys, we re-
fer the reader to (Rommelfanger and Stowiniski 1998) or, alternatively, to (Lai
and Hwang 1992, Sakawa 1993). On the other hand, Roubens and Teghem’s
(1991) paper on the comparison of fuzzy and stochastic methodologies de-
serves to be read; the authors draw further prospects in both domains.

Imprecision is the information characteristic arising from partial knowl-
edge. For example, the sentence “we leave Belgium this week—end” gives a
piece of incomplete information about the departure day: it is either Satur-
day or Sunday. Imprecision is always represented by a disjunctive set, i.e.
only one value inside this set is allowed. A typical example of imprecision is
an error interval, which encodes the set of possible values of one uni-valued
variable.

Imprecision is quite inherent to the industrial reality. On the one hand,
it makes no sense to consider that industrial data are as precisely measured
as it is assumed in academic models. A lot of uncontrollable parameters can
influence the value of variables, while precise measurement would require loss
of time or intrusive experiments. On the other hand, the current evolution of
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the market prescribes very fast modification of the production range. There-
fore, new products or new production methodologies are to be scheduled with
very few information about the data. Before giving any precise value to data,
one should remember this maxim: “future is no more what it has been”.

Stochastic mathematical programming is a rather well-known field of re-
search, but very few has been actually done in the determination of the
probability informations required for those models. As a matter of fact, the
difficulties of stochastic programming is not only computational. For example,
when you want to optimize the assignment of your money amount to portfo-
lio, you need precise probability distribution about the value the shares can
reach in the future. It is somehow counter-intuitive to ask so precise infor-
mation to the DM, especially if new shares have appeared on the market.
If he turns himself to stochastic models, it is probably because he lacks of
knowledge.

Three main difficulties arise in Multi-Objective Fuzzy Linear Program-
ming (MOFLP). The first issue is concerned with a meaningful treatment
of the fuzzy objective(s); and the second one is a consistent interpretation
of the inequality constraints (for a survey, see Rommelfanger and Slowiriski
1998). And last but not least, in case of several objectives, one has to se-
lect among the different crisp Multi-Objective Programming approaches (see
Vanderpooten and Vincke 1989, Slowiriski 1997). There exists also Bellman
and Zadeh’s (1970) approach to fuzzy linear programming (see also Dubois
and Fortemps 1999), but these works are related to flexibilities (i.e. control-
lable parameters) rather than to uncertainty.

As far as the interpretation of fuzziness is concerned, it has been shown
in Dempster’s (1967) framework, that membership functions of fuzzy num-
bers can be viewed as imprecise probability distributions (Dubois and Prade
1987, Fortemps and Roubens 1996). In other words, we consider in this pa-
per the difficult problem of a meaningful and consistent treatment of fuzzy
numbers in a mathematical model with imprecision. According to (Fortemps
and Roubens 1996), the area compensation method for comparing two fuzzy
numbers is recalled, in Section 2, to build a ranking relation between all the
fuzzy numbers. Section 3 is devoted to derive a new comparison index in the
same interpretative context. This index will be used in the treatment of in-
equality satisfaction. Therefore, it makes sense to apply these two methods to
mathematical programming models where the relevant information consists
of imprecise probabilities.

In Section 4, we exemplify the use of the area compensation methods
on fuzzy linear programming. We apply it in Section 5 in the context of
interactive multi-objective linear programming. The method is illustrated
on a didactic example in Section 5.3. Finally in Section 6, we perform a
comparison with a stochastic programming method (STRANGE, Teghem et
al. 1986, Teghem 1990) and a fuzzy one (FLIP, Slowinski 1986, Stowinski
1990).
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2 The Area Compensation

The literature concerned with the choice among alternatives characterized
by fuzzy numbers is particularly productive, since this problem occurs in a
cluster of fields like approximate reasoning, multicriteria decision making and
mathematical programming. Some of the proposed methods for the compar-
ison of fuzzy numbers have been reviewed by Bortolan and Degani (1985)
and, more recently, by Chen and Hwang (1992).

In this paper, we recall the area compensation method (Fortemps and
Roubens 1996). The authors merged a revised version of the procedure pro-
posed by Roubens (1990) and the ranking by total integral value by Liou and
Wang (1992). This leads to a very intuitive ranking method which enjoys a
mathematical interpretation in terms of imprecise probabilistic distribution.

2.1 Notations

We consider the set R of normalized convex fuzzy numbers. Recall that a
fuzzy number A is a fuzzy set on the real line R defined by the membership
function p4(z),z € R with

max fi4(z) = 1
pa(y) > min{pa(z), pa(2)}, V2 >y > 2 € R

The a-level sets Ay, = {z € R : pa{z) > a} are convex subsets of R
whose lower and upper limits are represented by a, = inf;er{z : pa(z) > a}
and @, = sup,cp{z : pa(z) > a}. For the sake of simplicity, we suppose
that both limits are finite. The following results can be adapted to the case
of infinite-support fuzzy numbers, but it is not really relevant to the field of
mathematical programming,.

2.2 The Idea of Area Compensation

Roubens (1990) proposed an intuitive comparison method based on the area
compensation determined by the membership functions of two fuzzy numbers.
And Fortemps and Roubens (1996) revised it in order to explicitly obtain a
ranking as well as a defuzzification procedure. Let us first recall it. We define
the area in favour of A > B w.r.t. the left and right parts of the fuzzy
numbers:

SL(A>B) = / (@, — b,] da Sr(A>B) = / [@a —50] da
U(A,B) V(A,B)

ey

where

UAB)={al0<a<1, g, >b,} V(A,B)={al0 < a <1, @4 > by}
(2)
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Fig. 1. Comparing A to B

The different areas are drawn on Figure 1.

C(A > B), the global degree to which A is larger than B, is naturally
computed as the sum of all arguments in favour of A > B minus the sum of
the antagonistic ones. The magnitude of C(A > B) represents how much the
coalition in favour of A wins against the one in favour of B.

C:RxR-R
(A,B) > C(A>B)
1

_1[ Si(A>B)+Sr(A>B)
C(42B) = 2{—SL(B>A)—SR(B>A) (3)
so that C(B > A) = —C(A > B). We consider that
A>Biff CA>B)>0 4)

This relation C(A > B) induces a complete ranking of all fuzzy numbers,
which corresponds to the defuzzification function § : B — R defined in the
following theorem.

Theorem 1 (Fortemps and Roubens 1996)

C(A > B) = §(4) - §(B) Q
where
5 =3 [ (@ +7) do (©)
Therefore, equation (4) can be rewritten as
A> B i §(4) > §(B) ("

The function ¥ : B — R is a mapping from the set of fuzzy numbers to
the set of real numbers R, where the ordering is natural. This defuzzification
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function is the mean of the two areas defined by the vertical axis and respec-
tively by the left and the right slope of the fuzzy number (see Fig. 2). Both
areas describe in fact how much the number A is greater than 0: the first one
(@) in an optimistic way, the second (a,) in a pessimistic one. In the context
of imprecise probability distribution and Dempster’s (1967) framework, both
areas correspond to extreme mean values. Briefly, a fuzzy set can be viewed
as describing a set of admissible probability measures. Therefore, the mean
value of a fuzzy set can be stated as the interval of mean values w.r.t. all these
admissible probability distributions (Dubois and Prade 1987). This interval
is denoted by [E.(A), E*(A)] for any fuzzy number A, where

E.(A) = /1 a, do E*(A) = /1 @, da. (8)
0 0
and E,(A) + E*(A
sy = AL+ B o

Fig. 2. Mapping a fuzzy number A to the real set R: the first picture represents
the area limited by the left slope (or E.(A)), the second one is defined by the right

slope (or E*(A)). The mapping § consists of computing the arithmetic mean of
those two areas.

In (Fortemps and Roubens 1996), further details are presented about the
properties of this comparison method for fuzzy numbers; in particular, its
linearity: VA, B € R,Vec € R:

F(A4) € Ay =cl{z: pa(z) > 0} (
3.4 =cFA) (
F(A+B) =F(A) +3(B) (

where “cl” denotes the set closure.

a)
b) (10)
c)

3 Comparison Index

The comparison method that has been designed in Section 2 on the basis
of the area compensation results from a defuzzification procedure. In other
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words, C(A > B) evaluates a slack between A and B, this distance being
measured on the same scale as A and B.

In contrast, several other comparison methods give an index with value in
the unit interval [0, 1]. In such a way, different inequalities can be appreciated
on a common scale. In this section, we propose such a comparison index
related to the area compensation, as well as to the imprecise probability
interpretation of fuzzy numbers.

On the other hand, the comparison of two fuzzy numbers A and B can
be considered as a multicriteria problem. Indeed, there may simultaneously
exist elements in favour of A > B, A = B and A < B. When comparing
two alternatives A and B in a multicriteria framework, some criteria could
be in favour of the preference of A over B, the indifference or the reverted
preference.

In fact, our aim is to construct a triple index (I(4 > B),I(A = B),I(A <
B)) such that, VA, B € R, we have

IA>B)+I(A=B)+I(A<B) =1 (11)

where I(A > B) (resp., I(A = B)) represents how much A is strictly greater
than (resp., equal to) B. Indices associated with non-strict inequalities will
also be defined and used extensively in applications.

3.1 Deriving the Comparison Index

Again, we consider the comparison of two fuzzy numbers A and B, as pre-
sented in Section 2. We denote by S(A > B) the total area in favour of A > B,
ie., S(A> B) = S.(A > B) + Sr(A > B) (see Section 2.2). Therefore, we
have

S(A>B) = /1 [ — min (8g,bs) + g, — min (a,,b,)] da (12)
0

In a similar way, it makes sense to consider S(A = B) as the total area
claiming that A is equal to B:

. ‘
S(A=DB) =/ [min (@a, ba) — max(a,,b,)] da (13)
0
We denote by S(A, B) the total area involved in the comparison problem
. ,
S(A,B) = / [max (@,bs) — min(a,,b,)] do (14)
0

One could observe that

S(A,B) = S(A> B) +S(A=B)+S(A < B) (15)
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The total area involved in the comparison scheme is partitioned into three
separated parts (see Figure 3). It is worth noting that the area marked by a
star (x) is taken into account two times in S(A > B) and one time negatively
in S(A = B). Therefore, the total contribution of this area to S(A, B) is
counted one time only.

Fig. 3. The partition of the areas

We propose to consider the following indices

54> B)
IM>B%’ﬂAm+SM=B) (16)

. 25(4=B)
IA4=8) = sa B +5(A=B) (4"

_ 5(4<B)
IA<B)= si By 7 5(a< B) (18)

and because of relation (15), we have the desired property that the three
indices sum up to one (Eqn. (11)).

It appears that I(A > B) may be greater than 1, or smaller than 0, for
example when A and B have disjoint supports. In such a case, there doesn’t
exist a value z such that p4(z) > 0 and ug(z) > 0, and |S(A = B)| measures
how much A is different from B. Even if this is not a usual behaviour for a
comparison index, we decide to keep the current definition of I(A > B) for
three main reasons. First, it leads to easy computation (see below). Then, it
satisies property (11). Finally, it encompasses the following thresholded index
I*, which can always be used instead of I.

Iifo<r<i
= 0ifI<0
1ifI>1
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See also the Note 3.3 below.

In the definition of our comparison indices, we have decided to concentrate
on the shared area as well as on the total area. With such indices, we are able
to distinguish between the 3 cases of figure 4. Those three cases are typical.
For the middle case, which is the most symmetrical one, the common area is
the area of B and neither A nor B may be declared greater than the other.
The two other cases can be obtained either by increasing the common area
(the left slope of B reaches the one of A) or by reducing it.In both cases, A
will be declared greater than B, but with a different degree, since the common
area S(A = B) is different.

Fig. 4. Three typical cases for the comparison of two fuzzy numbers (A in bold
lines and B in thin lines)

For the weak inequality index, we propose to consider
I(A>B)=I(4> B) + %I(A - B) (19)

so that I(A > B) + I(A < B) = 1. On the other hand, the difference index
is defined as

I(A#B)=1-I(A=B) (20)
=I(A>B)+I(A< B) (21)

In the case where I(A = B) is negative, we have obviously I(A4 # B) > 1.
In the next section, we will state some properties of these comparison

indices as well as cope with the computational issues. At the same time, we
will present a probabilistic interpretation of these indices.

3.2 Properties — Interpretation

As a very first property, one would like to have intuitive results for the com-
parison of any fuzzy number with itself. Since S(A > A) = S(A < 4A) =0
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and S(4 = A) = 5(4, A), we have
IA>A)=0 I(A=A)=1 I(AzA):% A£A4)=0 (22)

Indeed, it is desirable that our indices do not declare that A is strictly greater
than itself, but that A is equal to A.

There is no doubt that the indices I(A > B),I(A = B) and I(A # B)
are quite hard to compute, since they involve the integration of minimum
function over membership functions. On the other hand, this difficulty dis-
appears for the evaluation of the weak comparison index I{A > B), which
is quite easy to determine. Hopefully, this index is particularly relevant to
Mathematical Programming, since most of the constraints are modelled by
weak inequalities.

Proposition 1

| B E*(A) — E.(B)
VA,BER, I(A>B) = FA-EA+EE BB

where E*(A) (resp., E.(A)) is the upper (resp., lower) mean of A (see Equa-
tion (8)).

Recalling that the imprecise probability distribution underlying the fuzzy
number A is characterized by an interval mean value [E.(A), E*(A)], I(4 >
B) can be understood as the comparison of the relevant intervals. The de-
nominator of the ratio is equal to the sum of the length of both intervals,
whilst the numerator is the largest length in favour of A > B.

The property below establishes a link between the comparison index I
and the area compensation method.

Proposition 2

C(A > B)

VA,Be®R, I(A>B)= (E*(A) — E.(A)] + [E*(B) - E.(B)]

1
3 + [ (24)

In conclusion, the behaviours of I(A > B) and C(A4 > B) are equivalent.

Theorem 2

VABER, I(A>B)>;eC0(A2B)20654)>5B) (25

3.3 Note

Other comparison indices could be investigated in order to establish the mul-
ticriteria aspects of the comparison of two fuzzy numbers.
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A priori it could appear relevant to define indices I'(A > B), I'(A = B)
and I'(A < B) which still satisfy relation 11:

I'A>B)+I'(A=B)+I'(A< B) =1

but requiring the three indices to be non-negative (whilst in Section 3.1,
I(A = B) can be negative).
A possibility — among others — is to consider the positive part of the
areas:
1
S'(A>B)= / ([ — max (g0,50)]* + [min (Basa,) ~b,]"
0

+ 22 —a]"] da (26)
S’(A:B):/Ol [[min (Garba) — max(ga,l_Ja)]Jr] da (27)

With respect to the three cases of figure 5, the three indices S'(4A >
B), S'(A = B) and S'(A < B) correspond’ to the total areas of regions
(1) + (2) + (3), (4) and (5) + (6) + (2"), respectively. One of the two regions
(2) and (2') has necessarily to be empty.

Fig. 5. Three cases for the non negative-indices

The total area S’(A, B) considered in these comparison indices is the same
as the total area S(A, B) of Section 3.1:
S'(A,B) =S'(A>B)+ S5 (A=B)+ S'(A< B) =S(A,B)

! The values of S(A > B), S(A = B) and S(A < B) from Section 3.1 correspond
the total areas of (1)+2(2)+(3), (4)—(2) - (2') and (5) +(6) +2(2'), respectively.
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If we define
, _ S'(A > B) o _ S'(A = B)
I(A>B)—m I'(A=B) = S'(4, B)
and S'(A> B) + §'(A = B)
T(42B)= (4, B)
we have then
1 +
o« —by|" d
II(A 2 B) _ fO [a’ = ] o4 (28)

- fol (max(@q, ba) — min(a,, b,)) da
These indices satisfy the following properties:

I'(A=B)=0&ceither '(A>B)=1,I'(A<B)=0
or I'(A>B)=0,I'A<B)=1

I'(A>B)=1& b, <a,,Va

I'A>B)=1&1b, <a,,Va

ba < o, Vau

When @, — b, > 0, Va, i.e., when b; < @; (see Figure 5a. and b.), the
numerator of Equation (28) is the same as the one of relation (23): in this
particular case, it is equal to E*(A) — E.(B).

However, the indices are definitely more difficult to use than those pro-
posed in Section 3.1 and, in general, they cannot be related to the results of
Section 2.

We arrive at the same conclusion with other tentatives to define such
non-negative indices.

4 Multi-Objective Fuzzy Linear Programming: The
MOFAC Method

There is no need to recall that fuzzy linear programming gives birth to a
large literature. Recent surveys of this domain have been made by Lai and
Hwang (1992, Chapter 4) and Rommelfanger and Slowiriski (1998).

Different models have been investigated, involving imprecise resources,
technological coefficients or objective coefficients. Basically, the common pro-
cedure consists of a “defuzzification” of the imprecise objective and of the
constraints to give rise to an associated deterministic problem. Differences
appear in the way the defuzzification is performed.

In case the objective involves fuzzy coefficients, it may be transformed into
one crisp criterion through the use of any ranking procedure (see, e.g., Tanaka
et al. 1984). Another approach leads to several crisp criteria: Rommelfanger
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et al. (1989) consider two extreme cases, the “worst” and the “best” ones, and
solve the associated multi-objective linear programming (MOLP) problem.

As to fuzziness in the constraints, Ramik and Rimanek (1985) propose to
use the set-inclusion concept. Therefore, they transform a fuzzy constraint
into several crisp ones, depending on the fuzzy number shape. Tanaka et al.
(1984) define an optimism degree e for the DM and compare fuzzy numbers
with respect to their a-section. Namely, they transform a fuzzy inequality
into two crisp ones corresponding to the boundaries of the a-cut intervals.

By the way, it is nowadays undoubted that the multiobjective paradigm
commands attention. In most decision problems, several, generally conflict-
ing, criteria are to be considered. Typically, they arise from various decision
makers or from various viewpoints. A single criterion procedure is some-
times possible, when conversion rates between heterogeneous issues can be
identified. But, in general, the estimation of a global utility function is not
straightforward and the utility approach not always pertinent(Vanderpooten
and Vincke 1989).

Uncertainty models and the multiobjective paradigm have been combined.
For a recent state-of-the-art, we refer the reader to (Stowiriski and Teghem
1990b).

4.1 Problem Statement

We consider the following multiobjective linear program (MOLP):

i 21 =CiT
“maximize”
Z =CiT
(P) AT < B (29)
such that
AnZ < B,
i >0
where T is a column vector of n crisp positive decision variables, C1,...,Cy
are row vectors of fuzzy cost coeflicients, and A; and B; (i = 1,...,m) are

the row vector of fuzzy coefficients and the fuzzy right-hand side of the i-th
constraint, respectively. In this Section, capital letters are used to denote
fuzzy numbers, whilst small letters represent crisp variables or values.

As stressed in (Stowinski 1990) and in (Lai and Hwang 1992), the key
question in fuzzy MOLP is the comparison of fuzzy numbers, either in the
constraints or in the objectives. The comparison principle should meet two
basic requirements: it has to be meaningful and computationally efficient.

We have already shown that the area compensation principle induces a
comparison that supports the imprecise probability interpretation of a fuzzy
set. We still have to prove that it allows a transformation of a fuzzy MOLP
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into a crisp (also called deterministic) multiobjective linear programming
problem.

4.2 Problem Defuzzification

First of all, we would like to stress on the distinction between constraints
and objectives. The formers help to determine which alternatives are fea-
sible. Their prescription is rather strong and their satisfaction is often in
practice the main purpose of a problem solving procedure. Meanwhile, objec-
tives describe preferences among feasible solutions. They provide information
on how to choose the final solution. Whilst the satisfaction of the constraints
is crucial, the real optimization of the objectives is only a wish !

Therefore, the defuzzification of the constraints commands more attention
than the objectives. While a direct treatment of the objectives is performed,
it makes sense to allow the DM to interactively set safety levels for the con-
straints.

The objectives are naturally considered by means of the area compensation
method. In fact, the comparison procedure based on the index C(A > B)
induces a ranking on the set of fuzzy numbers related to the natural rank-
ing on R by the defuzzification function §. Therefore, to find the “optimal”
solution of a problem with respect to a fuzzy criterion — in the sense of the
area compensation principle — amounts to find the optimal solution of the
same problem with respect to the defuzzified criterion.
We can thus replace the fuzzy criterion

n
Z,; = Z C,-ja:j
j=1

by the defuzzified criterion; and recalling that ¥ is linear, we obtain

Z Cijz; z § (Cij) Z CijTj (30)
j=1

where c;; denotes the defuzzified coefficient F(Cj;).

The constraints require a specific, but consistent, treatment. In view of fu-
ture relaxation or strengthening of the constraints, we need to adopt the
same scale to measure all constraint satisfactions. This leads us to prefer the
comparison index I. Supporting the same interpretation as §, the comparison
index basically ranges over the unit interval.

Considering the constraint A;Z < B;, we can write

C(AZ < Bi) 20 & I(AT < B;) > o; (31)
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or, equivalently,

E*(Bi) - E*(Zii_f) S0
E*(B;) — E.(B;) + E*(A;T) — E.(4;z) —

(32)

if we denote by o; the satisfaction requirement of this constraint. Since the
mean operator F is linear and that every decision variable is to be positive,
we may write
E*(Bi) — 3; Bu(Aij)z;
E*(B;) - Ev(Bi) + X;(E*(Aij) — Eu(Aij)lz; ~

> 0; (33)

or

> [0iE* (Ay) + (1= 0:)Eu(Aij) 7 < (1 - 0:)E*(B;) + 0:E.(Bi)  (34)

- .
It is worth noting that, with o; =1 /2, this comes down to the initial con-
straint A;T < B; defuzzified via the function §. But, with other values of o,

a stronger (if o; increases) constraint or a weaker (if o; decreases) one can
be obtained. In particular, when o; = 1, we reach the worst case:

) E*(Ay)z; < Eu(Bi)
J
Namely, the upper mean value of A;Z is constrained to be smaller than the
lower mean value of B;.

In summary , as soon as satisfaction levels o; have been specified for the
constraints ( = 1,...,m), the MOFAC method transforms the fuzzy MOLP
into a crisp one, using either the defuzzification function § for the objec-
tives, or the comparison index I for the constraints. This defuzzification is
straightforward because the problem is linear. Finally, we obtain

21 =0T
“maximize” :
ZE = ~kf
(Pr) 'z S (35)
such that
agl T S
] >0

where a7 is obtained as the weighted mean [0:E*(4;;) + (1 — 03) Ex(4i;)],
bg" = [(1 - O'i)E*(Bi) + O’iE*(Bi)] and Cij = .7'-(0”)

Remark that we allow different satisfaction requirements for the different
constraints.
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5 Interactive Procedure

In the literature (see, e.g., Steuer 1985, Vanderpooten and Vincke 1989,
Stowiriski 1997), the authors proposed various iterative methods to determine
efficient solutions of a MOLP problem. They consist of successive unicriterion
optimization of a weighted aggregated objective. At each step, new efficient
solutions are computed and in general the DM is asked to relax objective
requirements and/or to modify the weight vector. This kind of procedures
ends up with a set of efficient solutions for a given MOLP problem.

Since in our model, the decision maker is allowed to specify lower bounds
(7) for the safety indices, new MOLP problems are iteratively generated.
They are solved through the same procedure.

Many procedures for MOLP are available and can be applied to problem
(P5). Moreover, the main interest of this paper is not the use of one method
or another. Therefore, for the sake of simplicity in this example,we decide to
choose a very basic approach to solve the MOLP problem, relying in some
sense on Gonzales et al.’s (1985) work.

5.1 A Multi-Objective Procedure

After the formulation of MOLP problem (P) and the definition of the fuzzy
coefficients, the associated deterministic problem (P5) is built for a uniform
vector & = {3,...,%}. In practice, the DM may stipulate another initial
g-vector.

By individually optimizing each objective of this MOLP problem, one
obtains the extremal efficient solutions. In general, k efficient solutions are
found. Let & be the set of the currently considered efficient solutions. &' =
(resp. §") is the set of new efficient solutions (resp., efficient facets).

From each k-tuple of efficient solutions of S, a new efficient solution is
obtained by the optimization of the aggregation of the k objectives with the
weights determined as in (Gonzales et al. 1985), i.e., the hyperplane H go-
ing through the k selected points of S is determined and the coefficients of
the hyperplane equation are used as weights. Optimizing with these weights,
an efficient solution ¥ is searched for in the direction orthogonal to the hy-
perplane . If 7 belongs to the hyperplane, then the feasible part of # is
an efficient facet F, i.e., a set of efficient solutions, add this facet to S”.
Otherwise, add 7 to &'.

Once all the solutions §’s have been generated — at the first iteration,
only one solution ¥ is obtained — , the set S’ is added to S. The DM is then
asked to remove solutions from S until the cardinality of S (|S]) is less than,
or equal to, k + 1.

At this step, the set S contains compromise solutions and S” is a set
of efficient facets. Check for each facet F in S”, if S contains at least one
point of F. If not, the facet F' has been disqualified by preferred compromise
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solution in S; thus, remove F from §". If |S| < k, then stop. Otherwise, if the
set S has been modified, loop to the computation of new efficient solutions
(with &’ = 0).

The decision maker may perform the final choice among the sets S and
S". If he is fully satisfied by one of these solutions, stop. Otherwise, he may
revise the requirements on the constraint satisfaction levels encoded in the
vector &. Graphical tools as well as the value of the slack variables can help
the DM in this interactive step.

This leads to a new deterministic MOLP problem (Pg) which can be
treated as previously. To speed up the resolution of this new problem, one
can consider the weight vectors used to obtain the solutions of S in the
resolution of (P5). This gives a very efficient starting point for the procedure,
since the previous interactive phases can be summarized through this kind
of information.

5.2 Some Remarks

It stems from the procedure description that the DM intervenes at two stages.
First, he is asked to specify the “safety parameters” @, determining which
constraints require a stronger satisfaction or a weaker one. Moreover, when
new efficient solutions are considered for problem (Ps), the DM guides the
selection of which solution Z € S has to be replaced by 3’s, implicitly revising
the weights used in the aggregation of the criteria.

In other words, when trying to improve a criterion value, there are two
distinct ways of reacting: either playing with the multiobjective nature of the
problem (by changing the weights) or playing with the constraints satisfaction
(through the safety levels).

The authors are aware that this method has difficulties to attain some
efficient solutions, in particular when the number of objectives if greater
than two. Since our purpose is not to design a new interactive procedure but
to exemplify the use of our comparison indices, our choice has been guided
by simplicity rather than by efficiency.

5.3 On the Example
We consider the following problem (Slowinski and Teghem 1990a):

Zy = Criz1 + Crazo

Zy = Cnzy + Craxo

Anzy 4+ Apxe < By

Agizy + Asazs < By
Ty, T2 > 0

“maximize”
(P) such that (36)

The possibility distribution of the uncertain coefficients are depicted on Fig-
ure 6.
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Fig. 6. Possibility distributions of uncertain coefficients (Stowiniski and Teghem
1990a)

First Step In the first step of the interactive procedure, vector 7 is fixed to
(3, 3)- The associated deterministic problem is

z1 = 235$1 +999$2

29 = —4.6x, +7.825

4.5z1 + 4.3z, <23
T1,T2 2 0

“maximize”
(P#) | such that (37)

The two extremal efficient solutions obtained by individual optimization of
each objective are

21 22 T1 X3 51 S2
30.03 —5.88(5.11 0.00{50.70 0.00
6.14 4.800.00 2.46| 0.00 12.42

=4

<
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where s; and s; are the slack variables associated to the first and second
inequality constraint of the problem, respectively. For example, s; = 30.25 4
41’1 - 1231‘2

The equation of the hyperplane (here a line) containing those two points
in the criteria space is

21 + 22372 — 16.879 =0

Therefore, to find the next efficient solution, we optimize the aggregated
criterion z = 21 + 2.2372,, subject to the constraints of (Pz). It provides us
with the following efficient solution:

21 22 T1a X2 81 82
w|20.23 3.71|2.11 3.14/0.00 0.00

The decision maker decides to keep the three solutions S = {i, 7, w}. But,
no new efficient solution is obtained, since both facets defined by {@,w} and
{v, @} are eflicient.

The decision maker is now allowed to modify the requirement levels.

Second Step He decides to consolidate the satisfaction of the first constraint
by increasing the value of ¢;. The new level vector is

o = (0.93,0.50)
which leads to the MOLP problem

z1 = 23.5z1 +9.99z-
2o = —4.6x, +7.82,
—3.656x; + 12.902z2 < 27.885
4.5z, + 4.3z0 < 23
T1,T2 Z 0

“maximize”

(P5) such that (38)

The DM also decides to re-use the same optimization weight sets as in
the previous step, namely (1,0), (0,1) and (1,2.237).

21 22| Ir T2 51 S2
30.03 —5.88(5.11 0.00{46.57 0.00
5.40 4.21/0.00 2.16| 0.00 13.71
w|21.17 2.78(2.40 2.84| 0.00 0.00

S

Here again, two efficient facets are determined and the proposition is made
for the DM to revise his satisfaction requirements.
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Third Step He is now willing to increase the value of criterion z;. When
considering the unicriterion optimization of z; in the previous step, it can
be observed that the second constraint was saturated. Therefore, to enhance
the value of z;, we need to relax the o3 requirement. For example, we adopt

7' = (0.93,0.30)
and solve the MOLP problem

z = 235.’171 +9.993,‘2
Z9 = —4.6:1,'1 +781’2
—3.656x; + 12.902z; < 27.885
432, + 4.02x3, <25
I,T2 Z 0

“maximize”

(Pzn) such that (39)

Three efficient solutions are generated, as well as efficient facets,

21 22 T1 T3 S1 52
33.15 —5.67|5.50 0.34{43.66 0.00
5.40 4.21]/0.00 2.16] 0.00 13.71
25.14 2.42{2.99 3.01| 0.00 0.00

g A 2

Finally, the decision maker chooses w as his best compromise.

This solution is the target point chosen in (Slowinski and Teghem 1990a)
for comparison purposes. It allows to “simulate” actions of the DM going in
a given direction.

6 Comparison of MOFAC with STRANGE and FLIP

The same example has been treated by both methods STRANGE and FLIP
(see Stowinski and Teghem 1990a). Therefore, we may compare our procedure
to a typically stochastic approach — namely STRANGE (Teghem et al. 1986)
— and to a fuzzy one — FLIP (Slowinski 1986). Both methods are explicitly
described in Stowinski and Teghem’s (1990b) book and put into competition.

Since we said that any MOLP procedure can be chosen to solve the as-
sociate deterministic problem, we will mainly focus on the model differences.
Is uncertainty modelled in the same way? What about risk? These are the
main viewpoints for the comparison of MOFAC with STRANGE and FLIP.

6.1 Uncertainty Modelling

STRANGE language for input data is based on scenarios; they encodes in
a discrete way a set of possible realizations. They are defined globally for
each objective as well as for each constraint. In general, the experts estimate
extreme cases and a few intermediate ones.
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Increasing the number of scenarios leads to a larger number of criteria
and, therefore, to a larger number of linear programming problems to be
solved in order to compute the pay-off table.

FLIP uses the fuzzy number language. The information about uncer-
tain coefficients is represented separately and in a continuous way. This less
schematic representation goes together with a more extensive mathematical
treatment.

The number of objectives and constraints are fixed, since the associated
deterministic MOLP problem involves one criterion per fuzzy objective and
two deterministic constraints per fuzzy one. But, for each objective, a fuzzy
goal has to be determined.

MOFAC approach is somewhere in-between those two methods. The im-
precise probability distribution on each uncertain coefficient is modelled by a
continuous fuzzy number but doesn’t require important mathematical effort.
The number of criteria and of constraints are equal in the fuzzy problem and
in the deterministic one; and no goal is needed.

6.2 Risk and Safety

In the treatment of the risk of violating constraints, two main methodologies
can be exhibited (Roubens and Teghem 1991). On the one hand, Chance Con-
strained Programming (CCP) approach considers the risk independently for
each uncertain constraint and imposes a bound on this risk; namely, FLIP be-
longs to this class of procedures. On the other hand, Stochastic Programming
with Recourse (SPR) consists of a global measure of the constraint violation,
through an additional objective aggregating the different slack variables in
excess. This class is exemplified by STRANGE. Our approach to safety is
more related to FLIP one and to CCP procedures, since each constraint is
characterized by one specific satisfaction requirement o, which can be fixed
by the DM. In FLIP, two satisfaction indices (pessimistic and optimistic) are
associated to each constraint.

However, a SPR methodology can be easily designed coherently with the
probabilistic interpretation of a fuzzy number. For instance, it could be pro-
posed to aggregate in an additionnal objective the slack variables in excess
and defuzzified them by means of the proposed function F.

In MOFAC, the information about the constraint safety may be enhanced
by the graphical analysis of the fuzzy numbers (AZ and B) representing the
fuzzy constraint (AZ < B). It will give some clues about constraints that
need to be reinforced.

6.3 Interactive Procedure — Computation

In STRANGE, whose interactive spirit is similar to the STEM method, the
DM is asked in the interactive phases to indicate an objective on which he is
ready to relax as well as the maximum level of this relaxation. In FLIP as well
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as in our approach, the DM specifies the safety requirements and supervises
the generation of successive efficient solutions.

On the other hand, our approach requires much less computational effort
as others, since FLIP leads to multiobjective linear fractional programming
problems (if the objective memberships are linear!) and STRANGE involves
a higher number of constraints and criteria.

It is worth noting that the shape of the membership functions has no in-
fluence in MOFAC. Each coefficient is essentially represented by its lower and
upper mean values, due to the imprecise probability interpretation. Should
this be considered as too restrictive, the defuzzification of each coefficient
could take into account weight functions as presented in (Fortemps and
Roubens 1996).

In STRANGE, precisely defined probability about scenarios are consid-
ered and a global risk objective to be minimized is introduced; FLIP uses
fuzzy numbers as a kind of possibility distributions and defines different safety
requirements for each constraint. In MOFAC, the imprecision on probability
risk is modelled by fuzzy numbers and each constraint satisfaction is managed
independently.
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Summary. We present here a (better yet, the problems involved with a ) gener-
alization of classical utility theory when basic preferences are stated by means of
“rational” fuzzy preference relations. Rationality of fuzzy preference relations will
be measured according to general fuzzy rationality measures. A utility function is
proposed and introduced by using a ”boosting” procedure on the fuzzy preference
relations which may assure a linearization of the alternatives, still maintaining or
improving rationality.

Mathematics is a language in which one cannot
ezpress unprecise or nebulous thoughts.
H. Poincaré

What exactly is Mathematics? Many have tried but
nobody has really succeeded in defining mathematics;
it 25 always something else.

S.M. Ulam

(Adventures of a mathematician)

1 Introduction

Fuzzy logic is nowadays a remarkably well formalized mathematical frame-
work for dealing in a precise and formal way with concepts deriving from
unprecise knowledge or thoughts. This is particularly true in the general area
of decision making. Wherever a finite collection of alternatives must be an-
alyzed, compared so to pick one, it is often the case the human beings tend
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to loose precision and clarity of mind. Although they are pretty able to pair-
wise compare the alternatives. Fuzzy preference relations represent a good
formal methodology for producing algorithmic solutions to decision making
problems. Utility theory has been traditionally formalized and used in such
areas. Its axiomatic foundation, though, relies upon non fuzzy and non con-
tradictory preference relations. Not very human-like in many applications
today.

For instance, the amazing growth of the Internet and the WWW, the
social and economic issues involved with it have caused an enormous interest
in the design, testing and production of software systems which are able to
help and interact with human participants in the (virtually handled) eco-
nomic world. Such software systems are commonly denoted by ”Intelligent
Systems” and have evolved in body (implementation level), mind (inferential
core) and scope from classical expert systems.

In particular, they must do a good job of acting on their environment
(see [21]). And if we want to define them to be ”rational agents” or "ideal
rational agents”: for each possible sequence of inputs, an ideal rational agent
does whatever action is expected to mazimize its performance measure, on the
basis of the evidence provided by the inputs and whatever built-in knowledge
the agent has.

Ezample 1. The first example of intelligent agent is given by one of the as-
pects of e-commerce. A company who is planning to have a marketing activity
using its web server would need a software system which :

e keeps track of the customers requests

e ”localizes” the requests to the customer profiles so to offer specific infor-
mation to specific customers (common advertising activity done already
on a simple basis using ” cookies”)

e ”learns” customer preferences from statistical data

e ?understands” from customer requests what new products could be of
interest and feasible to offer given the company resources and interests;

e "redirects” the customers to other links (friendly company links) when it
is necessary

e searches the web for information on competitors activities

e gives general advice and suggestions to the company managers, etc.

]

Ezample 2. A second example can be derived by the growing interest on
distance education using the web. Many higher education institutions are
already working on it and have started offering degrees which are almost
entirely done on the web. In such a scenario, one could think of intelligent
agents which act as tutors for specific disciplines. For instance, an ”interactive
mathematics tutor”, would check typed formulas and results, would offer
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suggestions and corrections, would understand the student preferences in
terms of material and timing. The agent would have to decide which topics
to stress, what exercise to assign, what suggestions to give, etc. O

In both of the examples described above, decisions must be made under
probabilistic uncertainty using as well approximate reasoning techniques.

We will now describe a formal framework (see [7,8]) to solve (at least par-
tially) such kind of decision problems. We will start from the classical axioms
of utility theory and then we will describe a possible extension by introducing
fuzzy preferences and rationality of preferences. To define rationality we will
make use of general fuzzy rationality measures (see [4]).

2 The fuzziness of rationality

Rationality of individuals is clearly a fuzzy concept, therefore the closer an
intelligent agent is to a human being the fuzzier will be its associated concept
of rationality. Rationality can be seen as consistency of (degree of) prefer-
ences. Such a consistency of preferences is in fact a combination of explicit
and implicit consistency. Explicit consistency is the absence of explicit contra-
dictions, i.e. statements of type P AP, and implicit consistency is related to
the judgment criteria (and their use) upon which the opinions are ultimately
based.

To each individual one can assign a value of rationality between 0 (ab-
solute irrationality) and 1 (absolute rationality). This value (degree) of ra-
tionality can be assigned in many different ways, and each of these different
assignments corresponds to a different criterion for measuring the rationality
of an individual. These criteria are called fuzzy rationality measures. Fuzzy
rationality measures have been introduced and formalized in [2-5].

2.1 Fuzzy preferences

Fuzzy preference relations were introduced by Zadeh [25] in order to capture
degrees of preferences (see also [10,13,14,19,26] for an extensive introduction).
Two different alternatives may be considered to be better than a third one,
but one preference may not be as intense as the other. In this way, given
a finite set of alternatives or states X, a fuzzy binary preference relation is
defined as a fuzzy set over all pairs of the cartesian product X x X, so that
its membership function, x4 : X x X — [0, 1], associates to each pair (z,y)
the strength or intensity of preference u(z,y) between z and y, measured
in the unit interval. More intuitively, u(z,y) gives the degree to which z
is not considered to be worse than y. That is to say, p is understood as
the weak fuzzy preference, with a strict and an indifference part. Reflexivity
(u(z,z) =1 for all z) is therefore implied. Moreover, we shall be assuming
here that such a measure of intensity of preference y is defined on an absolute
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scale. This strict cardinal framework is indeed a strong assumption, but it has
been justified in the past by some authors, within some particular context
(see [23], for example).

Without such an assumption, many operations on preferences may not
be meaningful at all. Addition and subtraction on intensities of preference
need an interval scale at least, and multiplication requires that intensities are
measured at least on a ratio scale (see [18,24] for an extensive discussion on
measurement theoretic aspects of fuzzy sets).

2.2 Complete fuzzy preference relations

In some cases, we can also assume that the fuzzy binary preference relations
u are complete, where completeness is defined as

u(z,y) + ply,z) > 1 Vz,y € X.

Completeness is required in order to assure that the set of states is feasible
and comprehensive (see [16], for example, for an axiomatic discussion). Then,
the values

pr(z,y) = p(z,y) + ply,z) — 1
pB(z,y) = p(z,y) — pr(z,y)
MW($7 y) = M(yv ’T) - MI(:L" y)

can be understood, respectively, as the degree to which the two alternatives
are indifferent (zIy), the degree of strict preference of = over y (zBy, = is
better than y) and the degree of strict preference of y over z (zWy, z is
worse than y). In this way, preference between two alternatives z and y will
be explained by means of these three intensity values (zBy, Iy, tWy), each
one associated to one possible crisp relation between both alternatives in such
a way that

pB(z,y) + pr(z,y) + pw(z,y) =1 Vz,y € X.

2.3 Incomplete fuzzy preference relations

If p(z,y) + u(y,z) < 1, the value 1 — p(z,y) — u(y,z) can be understood
either as the degree to which the comparison has not been accepted or the
two alternatives are both rejected (see [1]).

Therefore, given an arbitrary fuzzy preference relation u for any fixed pair
of alternatives, z,y we define

ppr(z,y) = max(pu(z,y) + p(y,z) — 1,0)
pnr(z,y) = max(1 — p(z,y) — p(y,x),0)
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in order to capture the degrees of possitive indifference and negative indiffer-
ence (incomparability). Notice, in particular that ppy(,y) is the Lukasiewicz
T-norm representing in this case £ > y and y > z (see [16,13]). It is then
obvious that the meaning of the expressions

pB(z,y) = p(z,y) — ppr(z,y)
pw(z,y) = p(y,z) — ppr(z,y)

is kept. Obviously, this model is based on the assumption that both posi-
tive and negative indifference are basically indifferences, so that standardized
(complete) preferences can be defined

vt (z,y) = plz,y) + pni(z,y) =1 - pw(y, z)

The p* will be called the completion of u.
Moreover, each value

o(z,y) =1~ puni(z,y) = min{u(z,y) + u(y, z),1} (1)

can be associated to the degree to which the comparison between the pair of
alternatives z,y is being supported.

2.4 Fuzzy rationality measures

Given now a complete (or the completion of a non complete one) fuzzy pref-
erence relation p, we must assign to p a degree or rationality. In the context
of fuzzy binary preference relations, a standard assumption to characterize
consistency or rationality is max-min transitivity (see [25] and [10,26]). Un-
der this hypothesis if z is better than y with intensity u(zx,y) and y is better
than z with intensity u(y, z) then the degree to which z is better than z, i.e.
u(z, 2), can never be lower than both values u(z,y) and u(y, z). The intuitive
meaning of this property which extends transitivity is clear. As pointed out
in [10], the strength of the link between two elements must be greater than
or equal to the strength of any chain involving other elements. However, the
property of being max-min transitive is crisp, that is, each relation either is
or is not max-min transitive. Therefore, assuming max-min transitivity as
key property for consistency and therefore rationality, does not allow a fuzzy
classification.

General fuzzy rationality measures, that is to say functions p which map
fuzzy preference relations into the interval [0,1] and which allow a fuzzy
classification have been introduced in [4]. Let us recall the axiomatic definition
of any fuzzy rationality measure p.

(R1) Foundation: If X is a finite set of alternatives, then p(u) = 1 for any
crisp binary preference p being a strict chain on X.
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(R2) Name Invariance: Given g : X x X — [0,1] and a permutation

m:X — X then

p(u™) = p(p)
where u™(z,y) = p(n(z),n(y)) for all z,y € X.

(R3) Symmetry:

p(=) = p(p)

where
“w(z,y) = ply, ).

for all z,y € X.

(R4) Principle of persistent degree of rationality Let Y be a non-
empty finite set of alternatives and let x be an extra alternative not be-
longing to Y. Let us consider a fuzzy preference p:Y xY — [0,1] such
that u(y,z) = 1, u(z,y) = 0,Vy € Y1,Vz € Y, for some Y1,Ys partition of
Y, and an extension u' such that

K(y,2) = u(y,2),Vy,z €Y
,u’(yax) = 11#'($,y) =0,Vyen
w(z,z) =1,p4'(2,2) = 0,YVz €Y,

p(z,z) =1

Then it must be
p(u') > p(p).

The last axiom of fuzzy rationality measures partitions the set of rationality
measures into three sets: normal, pessimistic and optimistic.

(R5) Regularity: Given p: X x X — [0,1] defined over X, (Z,§) arbitrary
pair of alternatives, let P,(Z,§) be the collection of pair of real numbers
(a,b) such that
() 0<uz, 9 +a<1
(ii) 0 < pu(@z)+b<1

(i) p(Z,9)+p(@ 2z)+a+b2>1
For every pair (a,b) € P,(Z,y) we will denote by

AU(("Ea g)1 (a‘a b))
the fuzzy preference relation defined as follows
wE,9) +aif (z,y) = (Z,9)
Au((2,9), (a,0))(z,y) = § u(7,Z) + b if (z,y) = (7, %)
w(z,y) otherwise

Let p be a fuzzy rationality measure, then
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(1) pis normal if
p(Au((Z,9), (a,0))), p(Au((2,9),(a,—0))), p(Au((Z,9),(a,a)))

are monotone functions of a.

(2) p is pessimistic if there exists a value a € [0, 1] such that
(2.1) p(A,((2,7),(5,0))) > p(A,((Z,7),(c,0)))
(2-2) p(Au((Z,7), (b,=b))) > p(Au((Z,9), (¢, =¢)))
(2.3) p(Au((2,9), (5,0))) > p(Au((Z,), (c,)))
for all b, ¢ such that eithera >b>cora<b<ec.

(3) p is optimistic if there exists a value a € [0, 1] such that
(3.1) p(Au((2,7), (5,0))) < p(Au((Z,7),(c,0)))
(3'2) p(A“((fi:, 17), (b’ —b))) S p(Au((fay)a (C, —C)))
(3'3) p(AI-L(('i‘v :’7)’ (bﬁb))) S p(AM( "Ea g)a (C, C)))
for all b, ¢ such that eithera >b>cora<b<ec.

2.5 Some examples

We will now give some examples of fuzzy rationality measures. The proofs
that they satisfy the appropriate axioms can be found in [4].

o A fuzzy preference relation p is maz-min transitive whenever

p(z,y) > min{u(z, 2), u(z,v)}

for all z and for any fixed pair of alternatives z,y.
Let us define

1if p is max-min transitive

Pmazmin(p) = {0 otherwise

The above is a pessimistic fuzzy rationality measure.

e Next example is based upon Orlovsky’s choice set of unfuzzy nondomi-
nated alternatives. Let us define for any arbitrary non-empty subset Y of
alternatives

Yinp = {z € Y|u(z,y) > u(y,z),Yy € Y}

for any given fuzzy preference p : X x X — [0,1]. Then the following
map is an optimistic fuzzy rationality measure:

H 1 I . m
pn () = {:)nm{IY"‘_—'UND]lYUND #0ifYiNp #0,VY C XY #0 ;

otherwise

Note that g will take value 1 if and only if there is just one unfuzzy non-
dominated alternative for each non-empty set of alternatives. Moreover,
value O is reached if and only if there exists some subset with no un-
fuzzy nondominated alternatives. In between these two cases, the larger
the choice sets are, the lower is the degree of rationality. Therefore, this
rationality measure captures the fact that usually a unique final decision
must be chosen, and the bigger is the choice the more complex will be
the procedure required to select an alternative.
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e If we just assign value 1 whenever all choice sets Y}y, are not empty
and value 0 otherwise, we will get the following normal fuzzy rationality
measure (see [15] for a necessary and sufficient condition for the existence
of Orlovsky’s choice set):

1if Yy, #0,VY C XY #0
UND .

punp(p) = {0 otherwise

If we consider the dual set of the set of unfuzzy nondominated alterna-
tives, i.e., the set of unfuzzy dominated alternatives, defined as follows:

YYp = {z € Y|u(z,y) < p(y,z),Vy €Y}

for any non empty set of alternatives Y C X. Then the following mapping
defines another normal fuzzy rationality:

Lif XGNpUXEp #0
0 otherwise ’

po(p) = {

This last fuzzy rationality measure captures the fact that from a decision
point of view, a fuzzy binary preference relation will become a decision
aid procedure whenever either a set of alternatives which is equivalent
from a decision point of view has been given, or we are able to choose a
smaller subset (best or worst alternatives), in such a way that the number
of alternatives to be considered in the next step is reduced.

2.6 Some more comments on fuzzy rationality measures

There is a significant computational problem related with fuzzy rationality
measures and the feasibility of their use in real life applications. Indeed, some
of the rationality measures proposed, though intuitively (and axiomatically)
sound, appear to be quite complex from a computational point of view (see
(6])-

Finally, we must point out the importance of the completeness assump-
tion. Rationality measures, as considered in this paper, do not apply to non
complete fuzzy preference relation, although incomparable alternatives in-
deed appear in practice (see [11-13,16] for a general approach to valued pref-
erence binary relations, where weak and strict intensity preferences, together
with indifference and incomparability, are simultaneously modeled). Ratio-
nality under incomparability (as modeled in [12]) appears then to be a very
interesting subject for future research.

3 The axioms of utility theory

First of all, we will introduce a reminder about the axioms of utility theory,
following [21].
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Let us assume a "rational” agent and a set of basic alternatives or states,
Aj,..., Ay Such states can be combined to obtain new ones which are ba-
sically lotteries. In details, if we have the states Ay, As,..., A; then for any
probability value pi,ps, ..., such that Zi:l p; = 1 we obtain the lottery
(fll o Zl ) , that is to say, the state where with probability p; we have

1 o A
A;. The axioms of utility theory which would follow, will not be concerned
with utility but with preferences. Preferences can be modeled as a binary
relation pu(A;, A;) € {0,1} defined over the set of states. In particular,

o if u(A;, A5) > u(Aj, A;) we say that the agent strictly prefers A; to A;,
ie. A; - Aj;

o if pu(A;,A;) = u(A;, A;) we say that the agent is indifferent to the two
states, i.e. A; ~ A;; (and such an indifference could be either ”positive”
or "negative”);

o if u(A;, Aj) > p(Aj, A;) we say that the agent does not prefer A; over
A;, ie. Ay = Aj. Such a preference is denoted as ”weak” preference.

The agent rationality can be characterized, for example, with the absence
of (either strict or weak) preference cycles (see [20]). If the binary relation is
complete (i.e. u(A;, A;) = 1or u(A;, A;) = 1 holds for every pair A;, A; € X)
weak acyclity condition is equivalent to classical crisp transitivity of weak
binary relations. Classical crisp binary order preference relations, that is,
those relations verifying reflexivity and transitivity, represent ideal examples
of consistent crisp preference relations. An alternative weaker proposal of
consistency for crisp binary relations based on the idea of quasi-transitivity
has been given in [22], by assuming transitivity just for the associated strict
preferences. This alternative assumption can be justified from a theoretical
point of view because it is well known that transitivity does not in practice
hold for indifferences (see also [20]).

The above considerations are formally translated into the first two ax-
ioms below. The remaining four axioms are, instead, related to the way the
preference relation evolves when we move onto lotteries built from the given
states.

(A1) Orderability: given any two states A;, A; it must be true
(Ai = Aj) V (Ai ~ Aj) V (A < 4j)

(A2) Transitivity: given any three states A;, Aj, Ay it must be true
(Ai = Aj) N (45 = Ap) — (A = Ap)

(A3) Continuity: this axiom expresses the fact that if (4; > A; > Ay)
then there exists a probability value p such that the agent is indifferent
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between A; and the lottery where that yields A; with probability p and
Ay, with probability 1 — p, that is to say

Ai > Aj = Ap — Tl (ff,- jh”) ~ 4
(A4) Substitutability:
Ai~Aj— (i 1/;:) ~ (j’] 1/Ihp>
(A5) Monotonicity:
Ai- 4o {p2qe <£, 12_1’) = (z, 1A_.q>}
i j i j

(A6) Decomposability:
1—
P 1 N(p (1-p) (l—p)(l—q))
A; (Aj A, ) A; Aj Ap

3.1 The utility principle

Given the above axioms, there exists a real valued function U which verifies

U(4;) > U(AJ) o A - A;
U(A,) = U(AJ) “ A NA]'

Such a function, defined over the set of states and lotteries, can be sup-
posed to be normalized, that is to say, to have values between 0 (minimal
utility) and 1 (maximal utility). A possible way to define a utility function is
the following:

e let A be a state of maximal utility and A’ be a state of minimal utility;

o define U(A) =1 and U(A’) = 0;
e for any other state A;, in view of axiom (A3), there exists a probability

value p such that
(P 1-p
Ai <A A’ )

Put then U(A;) = p.
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4 The axioms of fuzzy utility theory

Let Ay,..., A, be a set of basic alternatives or states. Since our intelligent
agent is supposed to be rational, we suppose that its preference relation u
defined over the set of basic alternatives must verify p(u) > 0, for some fuzzy
rationality measure p. Such a property is obviously the extension to the fuzzy
case of the axioms (A1) and (A2) of utility theory, above described.

(FA1) Rationality:
p(u) >0
4.1 Extending the set of alternatives

Next question we need to address is the following: how do we extend i when

p

a lottery ( 5 ‘ 1; ) is added to the set of alternatives, in such a way that
1

J
the rationality value does not decrease 7 Let A, be a basic state, then

wan (2 107))

must clearly be equal to

b /‘I’(AhyAi) lfp'__ 1
o 1(An,A4;)ifp=0

In general, we will assume

(FA2) Extension: for any probability value p, and basic alternatives A;, A;,
and Ay

min(u(An, Ai), p(An, A;)) < p(An, (le)z 1/1;”))

and
p 1-p
p(Ap, | 4. 7)) < max(u(An, Ai), w(An, 4;))
A A
Analogously,

min(u( s, An), w4y, 42)) < (51 P 0

and

ﬂ((i 1/;?) , Ap) < max(u(Ai, An), u(4;, An))

In particular, we have
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o for u(Ap, A;) = 1 and for any p,
p l-p
pn, 4 < an (317 <
o for u(A;, Ap) =1 and for any p,
p 1-
/’I’(AjiAh) < H((Az A]'p> :Ah) <1
As a consequence, if p(Ap, A;) = p(Ai, Ap) =1

1-—-
p1(An, 45) < pr(An, (JZ Ajp))‘

1

Axiom (FA2) is justified by the axiom of persistent rationality. Indeed, if
we can partition the set of basic alternatives into Y; and Y3 such that

WA, A') = L (A, A) = 0O,YA€ Y}, VA' € Y

the above assumption will guarantee us that the rationality of the ex-
tended preference relation will not decrease.

In view of axiom (FA2) we can propose an analytical definition of the
fuzzy preference relation, to be axiomatically justified.

Definition 1 (F-def). For any probability value p, and alternatives A;, A;,
and Ap

(A, (i lgj’)) = pu(An, A;) + (1 — p)u(An, 4;)
and
"((i 15,?) ,An) = pu(4i, An) + (1 - p)u(4;, An).

Moreover, given any k > 2, X,,..., Xy alternatives and p;,...,px such that
K pi =1 we extend p as follows

_(PpP1 - Pk
o let B = X, o Xi )

e given any alternative A and probability value g let

O:(;l1 (1;{‘5)131 (1;(‘:)1%)

then
g 1—-q\, _
“(C’(A B ))‘1'

=
~~
o
(5=
Vil
_
——
AP
i
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From (F-def) it follows that

]_ —
pr(An, (i A]_p)) = ppr(Ai, Ar) + (1 — p)ur(4;, An).

It also follows that the decomposability axiom is properly extended.
Notice that in case p is crisp, and A; > A > Aj;, then we may suppose

that pu(Ap, (ﬁ l;{'p)) = 1if p < 1/2 and 0 otherwise. Analogously, we
i j
1-—

may suppose that pu( ( £ A ‘p) ,Ap) = 1if p > 1/2 and 0 otherwise. That
i j

is to say, we put 1/2 as a threshold and we increase p to 1 if it is at least
1/2, whereas we decrease to 0 if it less than 1/2. In this case, for p = 1/2,

we obtain Ap ~ ( X lg.p ) , which, without differences in intensity of
i j

preferences, seems to be the only appropriate understanding of axiom (A3)
of continuity. We can conclude then that axiom (FA2) as extended by (F-def)
is also a fuzzy extension of axiom (A3).

4.2 The problem of indifference

(P 1-p _(p 1-p A =
Let now X = (Ai A, ) and YV = A, An ) I pr(Ai,A;) =1 can

we automatically claim that pr(X,Y) = 1 ? The answer is no! Indeed, we
must take into account the preference values which relate A; and A; to Ap.
Following (F-def) we have

o forp =1, M](X,Y) = /"’I(AivAJ')
o forp=0, pr(X,Y) =1

In general, we have

pr(X,Y) = p*ur(Ai, A;) + p(1 - p)(ur(Ai, An) + pr(4;, An)) + (1 - p)?

4.3 Monotonicity‘
The monotonicity condition is implied by (F-def). Specifically, suppose that
1-p q l—q)
Ai,Aj) > p(Aj,A;) and let X = | P dY:(
p( i) > (4, 4;) and le (Ai A; ) an A A
then for all probability values p,q we have
X, Y) = pg+ (1 - p)gu(4;, A:) + p(1 — Qu(4i, 4;) + (1 - p)(1 - ¢)
and
w(Y, X) = pg + (1 — q)pu(A;, Ai) + q(1 — p)pu(Ai, A;) + (1 - p)(1 - q)
Thus
/"(Xy Y) - /"(Ya X) = a()u’(A]'aA]') - /"(Ajv Az))
where o = p(1 — ¢) — (1 — p)q and it is clear that o > 0 if and only if p > gq.



46

4.4 How do we define a utility function?

We use the 5-th and last axiom of fuzzy rationality measures
‘We have the following

Theorem 1 (Boosting Theorem). If p is either a normal or an optimistic
fuzzy rationality measure, by using the regularity aziom we can obtain from
u a fuzzy preference relation p* such that

o p(p*) = p(p)
o for every pair of alternatives (z,y) such that u(x,y) < p(y,z) we have

pw(z,y) < p*(y,x)

e for every pair of alternatives (z,y) either
- w(z,y) = (y,z), or
- max{,u*(:c, y)a,u'*(ys :E)} = 1: or
— min{p*(z,y), 4" (y,2)} = 0.

Proof. Let (Z,y) be an arbitrary pair of alternatives. Suppose, w.l.o.g. that
wZ,9) > (g, 2)-

Suppose first that p is normal. Since from the regularity condition we
have that p(A,((Z,7), (a, —a))) is a monotone function of a then

o if for a > 0 we have that p(A,((Z,7), (a,—a))) does not decrease we
can reach either the value A,((Z,%),(a,—a))(Z,§) = 1 or the value
Aﬂ((jvg)v (a, _a))(gai) =0.

e if instead for a > 0 we have that p(A,((Z,7), (a, —a))) decreases then by
choosing a = —(u(Z, ) — 1(¥,Z))/2 < 0 we have that

~ 4,((=,7), (0, ~))(2,5) = A,((&,7), (a,~0)) 3, 3).
- p(AlL((i7 g)a ((1,, '—a’))) increased.

In both cases the theorem is proven when p is normal.
Suppose now that p is optimistic. We know that there exists a value
a € [0,1] such that

p(All((f:a :’7)7 (b’ 0))) S p(A,,((:Z, 5)7 (C, 0)))
for all b, ¢ such that eithera >b>cora<b<e.

o If u(Z,9) +a < 1and u(y,z) —a > 0 then p(AL((Z,7), (b, —b))) is a non
decreasing function of b for b > a and so we can reach either the value
A,((Z,7), (b, -b))(Z,7) = 1 or the value A,((Z,7), (b, —b))(7,%) = 0.

o if a = 1 — pu(Z,7) then p(AL((%,7), (b, —b))) increases when b decreases
from 1 — u(Z,7) to u(y,z) — u(Z,y). So we reach a situation where
Au(®,9), (5,0)(2,5) = (7, 2).

e Analogously if u(g,Z) —a=0

0
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Remark 1. The proof of the theorem is quite easy although technically te-
dious. It can be done locally by taking two alternatives at a time z,y and
either decreasing (alt. increasing) u(z,y) and/or increasing (alt. decreasing)
1(y, z). For pessimistic f.r.m. our intuition suggests that it is possible to take
two alternatives, increase on one hand and then readjust things all over so to
have a higher degree of rationality. It can be easily seen by considering some
examples with max-min transitivity which is a pessimistic fuzzy rationality
measure. Therefore, it can be also somehow generalized to the pessimistic
case, although we have no formal and definite proof yet.

We can now pick the best and worst alternatives by respectively maxi-
mizing and minimizing the function

u(@) =Y pa(z,y) - Y pw(z,y)
vEe —

Whenever, the boosting theorem allows us to partition X in several subsets
X1,..., Xy such that for every x € X; and y € X; if i < j then either
plz,y) =1 and p(y,z) < 1, or p(z,y) > 0 and u(y,z) = 0, the above choices
are in some sense the result of a linearization of the alternatives. Note also
that the above definition is consistent with the famous Debreu’s theorem ([9])
that for mutual preferential independent preference values (i.e. for each pair
(z,y) the value u(z,y) does not depend on the other alternatives) the utility
function can be seen as a linear combination of utility values dependent only
on the single alternative.

Finally, once we find the alternatives of maximal and minimal utility we
can act as in the crisp case.

5 A simple example

Consider the following fuzzy preference values over a set of four alternatives.

1 10.2]0.8]0.6
0.9] 1 10.5]0.4
0.5]0.6} 1 (0.3
0.6/0.7)0.8| 1

Suppose the entry (4, j) of the array gives us the value u(z;,z;). It can be
easily seen that py(u) = 0 since Yiyp =0 for Y = {1, 72,z3}.

We now try to boost the preference values hoping to linearize and im-
proving the rationality.

For instance, if we put u(zs,z3) = 0.6 then {z1,z,,z3};yp = {z2} and
pN(p) =1/2

Now, we remember that

pr(z,y) = p(z,y) + ply,z) = 1
pB(z,y) = p(z,y) — pr(z,y)
pw(z,y) = u(y, =) — pr(x,y)



48

and we have the following table for the values (ur, uB, pw)

0.1,0.1,0.8

0.3, 0.5, 0.2

0.2,04,04

0.1, 08, 0.1

0.2,04,04

0.1, 0.3, 0.6

0.3, 0.2, 0.5

0.2,04,04

0.1, 0.2, 0.7

0.2,04, 0.4[0.1, 0.6, 0.3

0.1, 0.7, 0.2

It follows that

u(z1) =1-14=-04
w(zy) =1.5-11=04
u(z3) =08-1.6=-0.8
u(z4) =1.7-09=0.38

Therefore, z4 is the alternative of maximal utility whereas z3 is the alterna-
tive of minimal utility.

6 Final comments

We described a possible fuzzy extension of the classical axioms of utility the-
ory. Qur goal is to provide a framework for decision making under uncertainty
and approximate knowledge to be a part of any ”intelligent system” inferen-
tial core. We would like to stress the fact that our formalization is certainly
not the only possible one (for another formalization see for instance [17]).
The novelty of this approach rests in the use of fuzzy rationality measures to
formalize ”reasonable orderings” of alternatives or lotteries and in the math-
ematical possibility to partially readjust the fuzzy preferences so to make the
decisional problem easier. Many questions about the proposed formalization
remain unanswered and seem to us to be good topics for future investigations.
Let us mention two which are both related to the boosting theorem.

1. Clarify what happens when we are dealing with pessimistic fuzzy ratio-
nality measures.

2. Even when dealing with normal or optimistic fuzzy rationality measures,
the proposed theorem is not an algorithm. How do we algorithmically
proceed and when do we stop ?
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Abstract. A basic building block in the standard mathematics of decision under
uncertainty is the notion of probabilistic mixture. In order to generalize decision
theory to non probabilistic uncertainty, one approach is to generalize mixture sets.
In the recent past it has been proved that generalized mixtures can be non trivially
defined, and they have been instrumental in the development of possibilistic utility
theory. This paper characterizes the families of operations involved in generalized
mixtures, due to a previous result on the characterization of the pairs of continuous
t-norm and t-conorm such that the former is conditionally distributive over the
latter. What is obtained is a family of mixtures that combine probabilistic and
possibilistic mixtures via a threshold. It is based on a restricted family of t-conorm/
t-norm pairs which are very special ordinal sums. Any practically useful theory of
pseudo-additive measures must use such special pairs of operations in order to
extend the additivity property, and the notion of probabilistic independence.

1 Introduction

Utility theory is based on the notion of mathematical expectation. Its ax-
iomatic foundations, following von Neumann and Morgenstern [19] rely on
the notion of probabilistic mixtures, see [15]. It has been recently shown by
Dubois et al. in [6] that the notion of mixtures can be extended to pseudo-
additive measures ( sometimes called decomposable measures, see (9,16,20]),
including the case of possibility theory (see [12]). Possibilistic mixtures strik-
ingly differ from probabilistic measures, because they account for a non-
convex structure. However, changing sum into maximum, and the product
into a triangular norm, possibilistic mixtures have properties that parallel
those of probabilistic mixtures. In particular, possibilistic mixtures form the
underpinnings of possibilistic utility theory, as proposed by Dubois and Prade
in [11] and more recently systematized by Dubois, Godo et al. in [7].

The aim of this paper is to address the following question: what else re-
mains possible beyond possibilistic and probabilistic mixtures? This question
is addressed, from a mathematical point of view, by taking advantage of a

* The paper was written during the stay of the second author as visiting professor
at University Paul Sabatier, in Toulouse, in June, 1999.
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result of Klement et al. obtained in [16] on the relaxed distributivity of trian-
gular norm over a triangular conorm (called conditional distributivity). This
result has a drastic consequence on the notion of mixtures. Beyond possibilis-
tic and probabilistic mixtures, only a form of hybridization is possible such
that the mixture is possibilistic under a certain threshold, and probabilistic
above.

A related question is the one of a counterpart to probabilistic indepen-
dence for pseudo-additive measures. Namely what type of operation is math-
ematically consistent for obtaining the uncertainty of a conjunction of pre-
scribed events as a function of the individual uncertainty of such events?
Such events are called separable. The same distributivity property must be
satisfied between the t-conorm characterizing the pseudo-additive measure,
and the triangular norm expressing separability.

Mixtures and separability are closely linked within utility theory, see [5].
The role of separability is to let the probability of a sequence of independent
events in composite lotteries to be evaluated. And mixtures enable the reduc-
tion of such composite lotteries to be carried out. This paper thus addresses a
key question in the theory of pseudo-additive measures, since the possibility
of specifying separable events is a basic practical issue in any uncertainty
theory.

The paper is organized as follows. Section 2 is a refresher on triangular
norms. Section 3 states the mathematical result concerning the conditional
distributivity on t-norm theory. Section 4 is a refresher on pseudo-additive
measures. Section 5 motivates the rest of the paper on the problem of sep-
arable events and lays down the families of pseudo-additive measures where
this notion makes sense. Section 6 recalls the notion of generalized mixtures
and presents the hybrid mixture. Section 7 is devoted to decomposition of
S-measure in binary trees. Section 8 displays the hybrid utility functions they
induce in details.

2 Triangular conorms and norms

Triangular conorms and norms are applied in many fields as fuzzy sets, fuzzy
logics and their applications, in the theory of generalized measures and in
nonlinear differential and difference equations (see [16,20,22]).

Definition 1. A triangular conorm (t-conorm for short) is a binary opera-
tion on the unit interval [0,1], i.e., a function S : [0,1]2 — [0, 1] such that for
all z,y,z € [0,1] the following four axioms are satisfied:

(S1) Commutativity S(z,y) = S(y, z),
(82) Associativity S(z,S(y,z)) = S(S(z,y),2),
(S3) Monotonicity

S(z,y) < S(x,2) whenever y < z,
(S4) Boundary Condition S(z,0) = z.
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If S is a t-conorm, then its dual t-norm T : [0, 1]? — [0, 1] is given by

Example 1. The following are the four basic t-norms together with their dual
t-conorms:

(i) Minimum Tjs and maximum Sy, given by
TM(I,y) = min(w,y), SM(zay) = ma,x(x, y)a
(ii) Product Tp and probabilistic sum Sp given by

Tp(z,y)=z-y, Sp(z,y)=z+y-z-y,
(iii) Lukasiewicz t-norm T and Lukasiewicz t-conorm Sy, given by
Tr(z,y) = max(z+y —1,0), Sip(z,y) =min(z +y,1),
(iv) The weakest t-norm, the drastic product Tp, and the strongest t-conorm

Sp given by

_ [ min(z,y) if max(z,y) =1,
Tp(z,y) = {0 otherwise,

_ [ max(z,y) if min(z,y) =0,
Sp(z,y) = { 1 otherwise.

A general way of constructing new t-norms (t-conorms) from given t-
norms (t-conorms) is given in the following theorem, see [16]:

Theorem 1. Let (T} )rex be a family of t-norms and let {Jax, Bx[}rek be a
family of pairwise disjoint open subintervals of the unit interval [0,1] (i.e.,
K is an at most countable index set). Consider the linear transformations
(r * [ar, Be] = [0, 1])rex given by

Uu— g
Pr() = Be — o’

Then the function T : [0,1]2 — [0, 1] defined by

R T D

is a triangular norm, which is called ordinal sum of summands T}, k € K.
We shall write T = (< a, B, Tk >)kck-

In a quite analogous way, a triangular conorm S can be defined as an ordinal
sum of a family (Si)rex of t-conorms, putting max instead of min in (1) and
we shall write S = (< ag, Bk, Sk >)rek.

The following representations hold, see [16,22]:
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Theorem 2. A function S : [0,1]2 — [0,1] is a continuous Archimedean
triangular conorm,i.e., for all z €]0,1[ we have S(z,z) > z, if and only if
there exists a continuous, strictly increasing function s : [0,1] — [0, +o0] with
5(0) = 0 such that for all z,y € [0,1]

S(z,y) = s~ (min(s(z) + s(y), 5(1)))-

The analogous theorem holds for continuous Archimedean triangular norms:

Theorem 3. A function T : [0,1] — [0,1] is a continuous Archimedean
triangular norm,i.e., for all x €]0,1[ we have T(z,z) < z, if and only if
there exists a continuous, strictly decreasing function t : [0,1] — [0, +o0]
with t(1) = 0 such that for all z,y € [0,1]

T(z,y) =t~ (min(t(z) + t(y), £(0))).

The functions s and ¢ from Theorems 2 and 3 are then called additive gen-
erators of S and T, respectively. They are uniquely determined by S and T,
respectively, up to a positive multiplicative constant.

We have the following representation for arbitrary continuous t-conorm
and t-norm, see [16].

Theorem 4. A function S : [0,1]2 = [0,1] ( a function T : [0,1]% — [0,1])
is a continuous t-conorm (t-norm) if and only if S (T) is an ordinal sum
whose summands are continuous Archimedean t-conorms (t-norms).

The t-conorm S (t-norm T') is called strict if it is continuous and strictly
monotone on the open square ]0,1[%. The continuous t-conorm S (t-norm

T) is called nilpotent if each a €]0,1[ is a nilpotent element of S (of T),

i.e., for every a €]0, 1 there exists n € N such that a(sn)

ag? ) =0 ), where agn) is the n-th power of a given by S(a,...,a) (respectively

T(a,...,a)) repeating a n-times. The class of continuous Archimedean t-
conorms (t-norms) consists of two disjoint classes: strict and nilpotent.

The following important characterization of a strict t-norm and a nilpo-
tent t-conorm will enable us to simplify the approach in this paper, see [16].

= 1 ( respectively

Theorem 5. A function T : [0,1)2 — [0, 1] is isomorphic to Tp, i.e., there
is a strictly increasing bijection ¢ : [0,1] — [0,1] such that for all z,y € [0,1]
we have

T(z,y) = ¢~ (Tr(¢(2), ¢(¥))

if and only if it is a strict t-norm.

Theorem 6. A function S : [0,1]2 — [0, 1] is isomorphic to Si, i.e., there
is a strictly increasing bijection ¢ : [0,1] — [0, 1] such that for all z,y € [0,1]
we have

S(z,y) = ¢~ (Silp(2), p(¥))

if and only if it is a nilpotent t-conorm.
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3 Conditional distributivity

It is well-known (see [16]) that a t-norm T is distributive over a t-conorm on
the whole square [0, 1)? if and only if S = Sp. We shall relax this condition
to require distributivity only on a smaller region, see [3,2,16].

Definition 2. A t-norm T is conditionally distributive over a t-conorm S if
for all z,y, z € [0, 1] we have

(CD) T(z,5(y,2)) =S(T(z,y),T(xz,z)) whenever S(y,z) < 1.

The continuity of T and S implies that distributivity can be extended for a
wider domain.

Proposition 1. Let a continuous t-norm T be conditionally distributive over
a continuous t-conorm S. Let z,y,z € [0,1] and y and z are such that
S(y,z) = 1 and for every b < y we have S(b,z) < 1 or for every ¢ < z
we have S(y,c) < 1, then the distributivity T (z, S(y, 2)) = S(T(z,v),T(z, 2))
holds.

We shall need the following theorem from [16] which gives the complete char-
acterization of the family of continuous pairs (S,T) which satisfy the condi-
tion (CD).

Theorem 7. A continuous t-norm T is conditionally distributive over a con-
tinuous t-conorm S if and only if there exist a € [0, 1], a strict t-norm T and
a nilpotent t-conorm S* such that the additive generator s* of S* satisfying
§*(1) = 1 is also a multiplicative generator of T' such that

T=(<0,a,T1 >,<a,1, T >)
where T} is an arbitrary continuous t-norm and
S=(<a,1,8 >).

We denote by (< Sar, S* >, < T3, T’ >), the pair of continuous t-conorm
S and t-norm T from Theorem 7.

Ezample 2. (i) The extreme case a = 0 for the pair (< Sps, S >, < T, Tp >
)o, T1 arbitrary, gives us the pair S;, and Tp represented in Figure 1

(ii) The other extreme case a = 1 for the pair (< Sy, S >, < T1,Tp >)1,
where T is an arbitrary continuous t-norm, gives us the pair Sy and T}
represented in Figure 2

(iii) Let @ = 0.2. Then the pair (< Sp, St >,< T1,Tp >)o.2 is given on the
Figure 3
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Fig.1. Case a =0

4 Pseudo-additive measures

Let X be a fixed non-empty finite set.

Definition 3. Let S be a t-conorm and let .4 be a o-algebra of subsets of
X. A mapping m : A — [0,1] is called a pseudo-additive measure, shortly
S-measure, if m(@) = 0,m(X) =1and if for all A, B € A with ANB =0 we
have

m(AU B) = S(m(A), m(B)).
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Fig.2. Casea=1

Each S-measure m : P(X) — [0,1] is uniquely determined by the values
m({z}) with z € X.

Remark 1. In the general case when X is an arbitrary non-empty set (also
infinite) there is an additional condition on m in Definition 3 namely that
it is continuous from below. In this case, if S is a left continuous t-conorm,
then a set function m : 4 — [0, 1] satisfying m(@) = 0 is an S-measure if and
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Fig.3. Caseof 0 <a <1

only if for each sequence (A,) of pairwise disjoint elements of .4 we have

m( G An) = 532 m(An).

n=1

Ezample 8. Each measure m : A — [0,00] with Range(m) C [0,1] is an
Sp-measure. Let P : A — [0,1] be a probability measure. Then for each
a € ]-1,00[ \ {0} the set function m, : A — [0, 1] defined by

ma(A) = % (@ +a)P® —1)
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is an S5%W-measure for the Sugeno-Weber t-conorm S5%(z,y) = min(z +
y + azy, 1), see [16]. We have my = (s3%)~! o P, where s3" is the unique
additive generator of S5% which satisfies 3 (1) = 1.

Ezample 4. A set function m : P(X) — [0,1] is Sy-measure if and only if
for all A, B € A we have

m(AU B) = Sy (m(A), m(B)).

Usually it is called possibility measure, denoted by IT and the corresponding
distribution by =, see [12,20,26]. Namely for an arbitrary function = : X —
[0,1], the set function IT : P(X) — [0,1] defined by II(A) = sup{n(z) |
z € A} is an Spr-measure. We remark that only for X finite the notions of
Sar-measure and possibility measures coincide.

Remark 2. If m : A — [0,1] is an S-measure and ¢ : [0,1] — [0,1] an
increasing bijection, then ¥~ om : A — [0,1] is an Sy-measure, where Sy
is defined by

Sp(z,y) =97 (S(¥(2), $(¥))) -

The S-measures presented in Examples 3 and 4 are special cases of (o-)
S-decomposable measures [9,20,25].

5 Separable events

A basic notion in probability theory is independence. Beyond its philosophical
appeal, probabilistic independence is instrumental for simplifying computa-
tions in stochastic modeling ( as in Markov processes and Bayesian networks).
If a theory of pseudo-additive measures has to be useful in practical appli-
cations for uncertainty modeling, some counterpart of independence must be
exhibited for them.

The main issue in probabilistic independence is the existence of special
events Aj,..., A, such that

P(AiN...N4,) =[] P(4y).

Such events are called independent events. In order to preserve the compu-
tational advantages of independence, any operation * for which it could be
established that

P(Al n...N An) = *?=1P(Ai),

would do. However the Boolean structure of sets of events and the additivity
of the probability measure, impose considerable constraint on the choice of
operation *. Especially for any pair of events A and B such that the following
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properties are requested for a single operation *
Condition (x):

P(ANB) = P(A) x P(B)

P(ANnB) = P(4) * P(B)

P(ANB) = P(A) « P(B)

P(AnB) = P(A) » P(B),
the only possible choice for * covering all possible ranges of P is the product.
See [5] for the case when * may depend on A and B (that is x4p # *zp). Here
we shall study the possible operations * in the condition (*) when changing
P for a pseudo-additive measure based on a t-conorm S. A first remark is

that it is natural to require that * be a continuous triangular norm. If A = X
is a sure event, then A and X are independent, and it follows that

m(ANX) =m(A4) *xm(X) =m(A4) 1 =m(A4).

Commutativity and associativity of * reflect the corresponding properties for
conjunctions. It is also very natural that *x be non-decreasing in each place
and continuous.

Remark 3. We set aside the exotic cases of non-continuous operations, or the
problems resulting from finite setting, namely when operation * would not be
regular (e.g., associative, non monotonic) on the finite set {m(4) | A C X},
see Halpern [14].

We try to find which triangular norms can be used for extending the notion
of independence for pseudo-additive measures in the sense of a prescribed
triangular conorm. Since the term independence has a precise meaning in
probability theory, we shall speak of separability instead. In particular

Definition 4. Two events A and B are said to be *-separable if
m(AN B) = m(A) *m(B)
for a triangular norm *.

Let A, B,C be three events such that BN C = () and that the pairs (A, B)
and (A, C) are made of separable events. Suppose m is an S- measure. Then
only the equality

AN(BUC)=(ANB)U(ANC)

induces strong constraints on the choice of * when S is fixed. Namely, we
have

m(AN(BUCQ)) = S(m(ANB),m(ANC))
= S(m(A4) *x m(B),m(4) *m(C)).
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Now, in probability theory, if disjoint sets B and C are independent from
A, then B U C is independent of A as well. Here again, in order to make
the separability a computationally attractive property, the same property is
taken for granted, i.e.,

m(AN(BUCQC)) =m(A) *xm(BUC).
Hence the following identity must hold
m(A) x S(m(B),m(C)) = S(m(A4) * m(B), m(4) * m(C)) (2)

for all (A, B,C) such that BNC = @, (A, B) separable, (4, C) separable.
Note that if m(A) = 1 or 0, this property is always satisfied.

Assume m(BUC) < 1in (2). Then the above equation coincides with the
conditional distributivity property. It must hold for all S- measures. Then
Theorem 7 ( using Theorems 5, 6 which reduce all situations to the case in
Example 2 for some a € [0, 1]) provides the only possible choices for the pair
(S, *). Namely for some a € [0, 1]

e for S the ordinal sum of max on [0, a] and Sy, on [a, 1] for some a € [0, 1];
e for * the ordinal sum of any continuous t-norm T3 on [0, a] and the prod-
uct Tp on [a,1].

Hence the pseudo-additive measure is an hybrid set function m : P(X) —
[0, 1] such that for AN B = § we have (see Theorem 1)

m(AUB) = {a+ (1 — a) min (m(l’i);a + m(lli)a_a,l) if m(A4) > a,m(B) > a

max(m(A), m(B)) otherwise.

There is no way of satisfying (2) if m is such that m(B) + m(C) > 1
for some B, C that are independent. So the only reasonable pseudo-additive
measures that prevent this situation from happening while ensuring the nor-
malization, and admitting of an independence concept, are

e probability measures ( and * = product);

e possibility measures ( and * is any t-norm);

¢ pure hybrid measures m such that there is a €]0, 1{ which gives for A and
B disjoint

m(A) + m(B) —a if m(4) >a,m(B) >a

m(AUB) = { max(m(A), m(B)) otherwise,

and for independence:

+ (mA)- a)(m(B) =% if m(A) > a,m(B) > a
m(ANB) =< q. T(—i—l J—l) if m(A) < a,m(B) <a
min(m (A), (B)) otherwise,




62

and the normalization condition reads
Z m({z}) = 1+ (card({z, m({z}) > a}) — 1) - a.
{z}.m({z})>a

The following example of S-measure will be used for the construction of
hybrid probabilistic-possibilistic mixture.

Ezample 5. We take (< Sp, St >,< T1,Tp >)o.2 and define an S-measure
m:P({1,2,3,4,5}) — [0,1] for the one point sets as:
my = 0.75,ms = 0.4, m3 = 0.25, myq = 0.15,ms5 = 0.05.

We see that m; +mo+ms3 = 14 2a = 1.4. Then the other values of S-measure
m are given , for two points sets by:

mye = 0.95,m13 = 0.8, m14 = my5 = 0.75,
mas = 0.45, Moy = mgs = 0.4,
mg3q = mgs = 0.25, mys = 0.15,
for three points sets by:
mye3 = 1,mya4 = 0.95,m125 = 0.95,m134 = 0.8;m135 = 0.8;m145 = 0.75,
Mosq = 0.45,maszs = 0.45, moys = 0.4, msy5 = 0.25,

for four points sets by:
m1234 = 1,M1235 = 1,mi245 = 0.95, M1345 = 0.8,m2345 = 0.45,

and m12345 = 1,m((0) = 0.

We see that the behavior of this S-measure is probabilistic-like if the
values of all elements which are in the considered set are greater than 0.2.
The behavior of this S-measure is purely possibilistic if the values of all
elements which are in the considered set are less than or equal to 0.2.

6 Hybrid mixtures

We shall use here the results of [6], Section 5, in a somewhat modified version.
Namely, we shall start with a pair of t-conorm and t-norm instead of taking
a pair of more general operations (&, ®) on [0, 1] called in [6] semisum and
semiproduct, respectively. This gives no restrictions by [6], Corollary 2.

Let (S,T) be a pair of continuous t-conorm and t-norm, respectively,
which satisfy the condition (CD). Then by Theorem 7 they are of the form

(< Sm,S* >, < T >)a,

for a € [0, 1], where S* is a nilpotent t-conorm, T} an arbitrary t-norm and 7"
a strict t-norm. We define the set 5 of ordered pairs (a, 8) in the following
way

Ps = {(a,8) | (2, 8) € [0,1], S(a, B) = 1}.
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Definition 5. An extended mixture set is a quadruple (G, M, T, S) where G
is a set and M : G2 x &5 — G is a function (extended mixture operation )
such that the following conditions are satisfied:

M1l. M(z,y;1,0) = z;
M2. M(z,y;0,8) = M(y,z; 8, a);
M3. M(M(z,y;a,8),y;7,0) = M(z,y; T(a,v),S(T(6,7),T(,1))).

The conditions M1-M3 imply by [6],Lemma 1, the following condition
M4. M(z,z;a,8) = z.

In the classical framework (see [15]) M1-M3 imply one further important
property of mixture operation. This property holds for extended mixture
under some additional supposition, [6], Lemma 1 (second part). We formulate
it in a slightly more general form (actually in [6], Section 6., it is used just
in this form).

Lemma 1. Suppose M is an extended mizture, i.e., M1-M3 holds for M.
Then

M5 M(M(z,y;a,8), M(z,y;7,0); A, 1)
= M(z,y; S(T(a,A), T(7, 1), S(T(B,N), T (3, 11)) holds for all z,y € G and
all (a,B),(7,9), (A, ) € &', where &' is a non-empty subset of g, if and
only if

T(v,5(a,B)) = S(T(v,0),T(v,8)),

i.e., T is distributive over S on &'.

Let (S,T) be a pair of continuous t-conorm and t-norm, respectively, such
that they satisfy the condition (CD) with a € [0, 1]. We restrict ourselves to
the situation (< S, St >,< T1,Tp >)a, since this is the most important
case and all other cases can be obtained by isomorphisms (see Theorems 5,
6).
We define the set ¢’ = P, of ordered pairs (@, 8) in the following way

P50 = {(o, B) | (o, B) €la, 1,0+ = 1+a or min(e, B) < a,max(a,B) = 1}.

We have &5, C 5. By Proposition 1 we have that for every o, 8,7 € $5,
the distributivity holds.

We define now the hybrid mixture set, which is an extension of the mixture
sets investigated in [15] and [6).

Definition 6. A hybrid mixture set is a quadruple (G, M, T, S) where G is
a set, (S,T) is a pair of continuous t-conorm and t-norm, respectively, which
satisfy the condition (CD) and M : G2 x &g, — G is a function (hybrid
mixture operation ) given by

M(z,y;a,8) = S(T (o, z), T(B,y)).
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As shown above, it is enough to restrict to the case
(< Sum,SL >, < T, Tp >)a-

Then it is easy to verify that M satisfies the axioms M1-MS5 on @5 ,. This
kind of mixtures exhausts the possible solutions to M1-M5, but were not
considered in [6] in their full generality.

7 Decomposition of S-measure in binary trees

Let us show the main appeal of M1-M5. Any probability distribution on a
finite set X can be represented as a sequence of binary lotteries. A binary
lottery is 4-uple (A, &, z,y) where A C X and a € [0, 1] such that P(A) = «,
and it represents the random event that yields x if A occurs and y otherwise.
Let p be a probability on X such that p; = p(z;),z; € X. Assume X =
{z1,z2,z3} then p can be described by the following trees on Figure 4

The binary tree is obtained as follows: First partition X into {z;} and
{z2,z3} with probabilities p; and ps + ps, respectively, then partition X \
{z1} into {z2} and {x3} with probabilities p2/(p2 + ps3) and p3/(p2 + p3),
respectively. The two trees of Figure 4 are equivalent, provided that the
probability of z; is calculated by performing the product of weights on the
path from the root of the tree until the leaf z.

More generally, suppose m is a S-measure on X = {z, 2,23} and m; =
m({z;}). Suppose we want to decompose the ternary tree on the Figure 5
into the binary tree so that they are equivalent.

Then the reduction of lottery property enforces the following equations

S(U17U2) = 17 T(/J'7vl) = ma, T(,LL, UZ) =ms,

where T is the triangular norm that expresses separability for S-measures.
The first condition expresses that (vi1,v2) is in the mixture set (with no
truncation for t-conorm S allowed). If these equations have unique solutions,
then by iterating this construction, any distribution of a S-measure can be
decomposed into a sequence of binary lotteries. This property is basic in
probability theory since it explains why probability trees can be used as a
primitive notion for developing the notion of probability after Shafer [23].
The problem of normalization takes us to the following system of equa-
tions
ap = T(/J'7 Ul)a Qg = T(,u’, U?)a S(”l;”?) =1 (3)

for given a; and as. Applying Corollary 2 from [6] we know that there gen-
erally exists an unique solution (u,v1,v2). We are interested in the analytical
forms of (u,v1,v2). We suppose without loss of generality that a; > as. In
the following we assume that 77 = min.

Then we have the following cases:
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y4i p2 p3

Fig. 4. Probability tree and the corresponding binary trees

Case I. Let a; > a,a2 > a. Then (3) reduces to

a1=a+(u—a)(v1—a),
l—a

vy ay Bm0)—a)
1—-a

1=v +v3 —a.



66

Fig. 5. S-measure tree and the corresponding binary trees

We obtain the unique solution

(1-a)(a —a) (1-a)(oz —a)
,a +
a; +az — 2a a; +az — 2a

).

(1, v1,12) = (@1 + a2 —a,a +

Case II. Assume a; > a > ag. From (3), it follows that u > a. Hence
T = min in the second equation of (3) since the result is less that a. Hence
vy = ay. Hence S = max and it enforces v; = 1, and u = a3. So the triple

(lu’7 U1, 'U2) = (alv 17 a2)
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is the unique solution to :
max(vy,v2) =1,

(B —a)(v —a)

o =a+ 1—a

b

az = min(p, va).

Case III. Assume a; < a; < a. Then S = max. Namely, to prove
that S = max we have to prove that the solutions vy > a and vy > a
are impossible. Indeed if this is assumed, then 7" = min and it follows that
i = a1 = g, a contradiction. Hence S = max. Assume v; = 1. Then the
first equation in (3) yields ¢ = ;. Assuming 7' = 77 = min the second
equation of (3) leads to v = as. Hence the same solution (04,1, as) as in
case II. Note that assuming v, = 1 leads to a contradiction since then p = a»
and equation oy = T'(as,v1) has no solution.

The remaining case is when oy = as = o < a. If § = max, one of v;
and vy is 1 and u = a. It is easy to check that if T' is not Tjs = min,
the solution to (3) is v1 = ve = 1. However this solution is not unique if
T = min. We can choose any triple (u,v1,v2) = (@,1,v2) with vy € [a,1].
However it is natural, by symmetry, to request that v; = vs. In that case
we always find the unique solution v; = vy = 1 if § = max. Unfortunately
S = max is not compulsory either. Indeed we may look for values v; and
ve in ]a,1{ such that v; + v2 = 1+ a, and T(u,v1) = @, and T(y,v2) = a.
Clearly in this case T = min (since v; > a,v2 > a and @ < a), and u = a.
Again we are entitled to request , by symmetry, that v; = vs. It yields
v1 = v2 = (1 + a)/2 as another symmetric solution. From a practical point
of view a natural objection against this probabilistic-like solution is that the
limit of case III solution when a; comes close to as is (g, v1,v2) = (a,1,1),
and not (i, v1,v2) = (@, (14a)/2, (1+a)/2). To conclude, although the binary
decomposition equation (3) has many solutions in this symmetric pathological
case, the only plausible one is (a, 1, 1).

Ezample 6. Considering Example 5 we have the following tree of binary lot-
teries given at Figure 6
It can be checked for instance that the weight of z, is mga = T(0.45,0.84).

8 Hybrid utility

Let (S,T) be a pair of continuous t-conorm and t-norm, respectively, of the
form (< Sup,SL >, < Th,Tp >),. Let u1,us be two utilities taking values in
the unit interval [0, 1] and let 1, o be two degrees of plausibility from &g ,.
Then we define the optimistic hybrid utility function by means of the hybrid
mixture as

U(u,ug; pa, p2) = S(T(u1, i), T(uz, p2)).
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Fig. 6. S-measure tree and the corresponding binary trees
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We shall examine in details this utility function.
Case I. Let p3 > a,p2 > a, ie., y1 + p2 = 1+ a. Then we have the
following subcases:

(a) Let uy > a@,u2 > a. Then we have

(ul - a’)(iu’l —a) a+ (UZ - a)([lz - a’)) (4)

U(uy, ug; pa, p2) = S(a + T4 : T

Then a + 5"—_';%%2 > a for all 4 = 1,2. Hence by (4)

uy (g — a) +ua(l = p)
l1-a

U(ul , U2; K1, N2) =
(b) Let u; < a,uz > a. Then we have

(us = )(z — @)

U(u1,uz; pa, p2) = S(u1,a + -

(=) =a)

1—-a

(c) In a quite analogous way it follows for u; > a,uz < a that

U —a —a
U(ul,U2;p,1,u2) =a+ (_1___1_1(_/_“_)
—-a

(d) Let u3 < a,us < a. Then
U (u1, ua; a1, p2) = max(ur, up).

Case II. Let p; < a,p2 =1 (in a quite analogous way we can consider the
case 2 < a,p1 = 1). Then we have the following subcases, where S = max:

(a) Let u; > a,us > a. Then we have
U(ua, uz; pa, pi2) = S(pn, uz) = us.

(b) Let u3 < a,us > a. Then we have

Ulu, ug; pr, o) = S(a-Tl(—a—, . ,Up) = Ug.
(c) Let u3 > a,us < a. Then we have

U(u1,ua; pin, p2) = S(p1,uz) = max(p, uz).

(d) Let u; < a,uz < a. Then we have

u
Uur,ugs pn, p2) = max(a- Ty(2, B, ug).
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For 77 = min the case II and case Id are exactly possibilistic utility.

Although the above description of optimistic hybrid utility is rather com-
plex, it can be easily explained, including the name optimistic.

Case I is when the decision-maker is very uncertain about the state of
nature: both p; and po are high and the two involved states have high plau-
sibility. Case Ia is when the reward is high in both states- then the behavior
of utility is probabilistic. Case Ib (analogously for the case Ic) is when the
reward is low in state z; (u; < a) but high on the other state. Then the
decision-maker looks forward to the best outcome and the utility is a func-
tion of uy and py only. In case Id when both rewards are low, the decision-
maker is possibilistic and again focuses on the best outcome. Case II is when
state x; is unlikely. In cases Ila,b when the plausible reward is good, then
the decision-maker looks forward to this reward. In case IIc where the most
plausible reward is low then the decision maker still keeps some hope that
state 1, will prevail if uy is really bad, but weakens the utility of state z;,
because of its lack of plausibility. This phenomena subsides when the least
plausible outcome is also bad, but the (bad) utility of z;, participates in
the calculation of the resulting utility, by discounting p;, even further. From
the analysis, the optimistic attitude of an agent ranking decisions using the
hybrid utility is patent.

We introduce the pessimistic hybrid utility function U using the utility
function U in the following way

U(uy,ug;pa, p2) =1 —U(1 —ug, 1 — ug; pa, pia).

Then we can give the corresponding interpretations of U as dual interpreta-
tions to the preceding cases of U. Just go again through the above behavior
analysis, interpreting u; and u, and U as disutilities instead of utilities. For
instance, in case IIa,b, the decision-maker is afraid that the worst outcome
occurs (u2 > a is interpreted as penalty).

Ezample 7. We take (< Sp, St >, < T1,Tp >)o.2. and S-measure
m:P({1,2,3,4,5}) = [0,1]
as in Example 5. For five utilities
u; = 0.3,u2 = 0.1,u3 = 0.9,u4 = 0.2,u5 = 0.1

we can calculate the corresponding utility using the binary tree at Figure 6.
and we represent the procedure in Figure 7
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U=044

Fig. 7. Utility binary trees

For ug, we are in case IIb, and for uj we are in case IId. Then u}
max (0.2, min(0.05,0.1)) = 0.2. For uj, again u} = max(0.9, min(0.2,0.15))
0.9. Then

(0.36 — 0.2)(0.9 — 0.2)

up = 0.2+ 08

= 0.34 (case Ic),

and finally

_0.3-0.55+0.34-0.55

v 0.8

= 0.44 (case Ia).



72

9 Conclusions

More details and proofs of theorems stated in this paper can be found in [8]. It
remains a pending problem to find a corresponding axiomatization for hybrid
utility as was done for classical utility theory in [19] and possibility utility
theory in [7,11]. Of interest too is the study of properties of independence in
the setting of hybrid possibility-probabilistic measures.

We remark that the pair of t-conorm S and t-norm T which satisfies (CD)
and the corresponding S-measure give a basis for an integration theory, so
called (S, T)-integral, see [16,17].

Cox’s well-known theorem [4,21], which justifies the use of probability for
treating uncertainty, was discussed in many papers. This approach justifies
both the additivity property and the conditioning rule. Recently, some critical
comments have been made on the universal validity of Cox’s statement, and
some relaxed axioms have been proposed, enabling non-additive functions
to be admissible solutions, see [10,14]. Especially, possibility measures are
examples of such solutions when the set function is no longer requested to
be self-dual. It is clear that the family of pseudo-additive measures exhibited
in this paper is worth studying in Cox relaxed framework, since a natural
form of conditioning can be defined on the basis of the triangular norm in
the pair (S,T) satisfying (CD), leading to an almost regular independence
notion exhibited here.
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Summary. Recursiveness is a generalization of associativity, initially introduced in
order to explain what an Ordered Weighted Averaging (OWA) rule is. In this paper,
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1 Introduction

Fuzzy connectives use to be assumed commutative and associative binary
operators in the unit real interval. But key operators, like Yager’s OWA op-
erators (see, e.g., {17]), and in particular the standard mean, are not binary
operators, despite they are very often applied in order to aggregate informa-
tion. As pointed out in [2-5], associativity is just an easy assumption in order
to define a rule, which must allow us to aggregate information no matter the
number of items to be amalgamated. Of course such a rule must proceed
always in a consistent way, in order to be consider a proper rule.
A rule here is a consistent family of connectives

{¢n 1 [0,1]" = [0,1]}n>1

being each operator ¢, the one to be applied when the number of items is n.
By definition we also assume that all these connectives are continuous and
non-decreasing in each coordinate.

The key problem is then how such consistency should be defined.

Obviously, consistency is not just a matter of finding a compact mathe-
matical formula, but a true constructive idea leading the process of defining
such a family of operations, so we can really understand we are being coherent
all through out the different problems we are faced to.

Recursiveness was introduced in order to guarantee such a consistency,
so there is a unique rule working on different situations (different numbers
of items). Operationality is assured imposing that the aggregation process is
always based upon binary operations. In this way, the existence of an easy
calculus is assured.
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Classical approach assumes the existence of a unique commutative binary
operator (see, e.g., [8,9], or the more general approach given in [18,12]). But as
pointed out in [4], key aggregation operators can not be explained by means
of a sequential application of a unique binary operator. Then it happens that
we may find serious difficulties in understanding the rule to which a given
operator belongs to, i.e., we get confused about how to proceed when we get
more items to be aggregated (see also [5]).

Recursiveness shows that consistency can be also assured allowing the
binary operators evolve, depending on the number of items to be aggregated.

2 Recursiveness

First of all, we realize that many aggregation procedures require a previous re-
arrangement of data. For example, most facts need to be analyzed according
time.

Such a re-arrangement of data must of course define an ordering rule,
so additional data can be allocated keeping all previous re-arrangements.
Otherwise most people will consider that our ordering process is not being
consistent.

Definition 1. Let us denote

Tn(a1,02,... ,8n) = (r, (1)) O, (2)s -« - »Qrn(n))

An ordering rule 7 is a consistent family of permutations {7, },>1 such that
for any possible finite collections of numbers, each extra item a,+; is allocated
keeping relative positions of items, i.e.,

Tnt+1(Q1,82, ... 0, Gny1) =

= (@, (1) 3 Omp (§=1)1 Crrn 1 (5)1 On(G+1) -+ - 1 O (m) )
for some j € {1,...,n+1}.

For example, OWA operators arrange numbers in a decreasing (or in-
creasing) sequence. In this case, we are re-arranging data according to a
pre-existent linear order on the real line. A linear order defined on the item
space defines an ordering rule. But notice that an ordering rule does not
assume a pre-existent order. For example, we may decide to keep data in
its natural sequence, just in the order each one is reaching to us, real time.
Such an identity ordering rule indeed keeps the relative position of previously
ordered elements.

The following definition was then proposed in [5].

Definition 2. A left-recursive connective rule is a family of connective op-
erators

{¢n : [Oa 1]n - [05 1]}n>1
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such that there exists a sequence of binary operators
{Ln:[0,1)? = [0,1]}n>1
verifying

#2(a1,az) = La(ar1), n(2))
¢n(a1; cee ;an) = Ln(¢n—-1(a1r(1)a cee ’aw(n—l))a an(n)) Vn > 2

for some ordering rule 7.

Right recursiveness can be analogously defined, and then we talk about
a recursive rule when both left and right representations hold for the same
ordering rule. Commutative recursive rules will be those recursive rules lead-
ing always to the same result for any possible ordering rule. We talk about
standard recursive rules when they are based upon the identity ordering rule.

In this way recursiveness generalizes the property of associativity, still
assuring an operational constructive consistency, but allowing to explain key

rules in practice, like the mean rule. Alternative approaches can be found in
[10,11,15] and [16].

3 Main result

The main result of this paper follows from the fact that a connective rule
{#n}n>1 is recursive if and only if a set of general associativity equations (in
the sense of Mak [14]) hold for each n, once the ordering rule = has been
already applied:

¢n(a1, e aan) = R'n(a‘lr(l)a ¢n—1(a1r(2); cee 7a7r(n)))
= Ln(¢n—1(a7r(1)a B ,an(n—l))a aw(n))

must hold for all n.

If each one of these binary connectives L,, R, can be assumed to be
defined in the Cartesian product of two non-trivial compact intervals on the
real line, being all of them continuous strictly increasing in each coordinate,
then it can be shown (see Koopmans [13]) that they are commutative and
basically additive, in such a way that it takes the expression

$n(a1,-.. ,an) = Y7 (Y(a1) + ... + ¥(an))

More in general, we consider Mak’s representation result [14]. In order to
apply such a result, we shall restrict ourselves to a certain family of recursive
connective rules: the family of connective rules such that Mak’s assumptions
do apply (see [14], or [1] for an overview).
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Definition 3. A regular recursive connective rule is a family of connective

operators
{¢n : [07 l]n — [O; 1]}n>1

such that there exists a sequence of binary operators

{Ln:[0,1)% = [0,1]}n>1
and
{Rn:[0,1]* = [0,1]}n>1
which are surjective continuous mappings verifying the following conditions:

1. If ' < 1" and 3y’ < y", then L,(z',y') < Ln(z",y") and R,(z',y') <
Rn(z",y")

2. If ¢’ < ", then L,(z',y) < Ln(z",y) for some y and R,(z',y') <
R,(z",y") for some y'

If y < ", then L,(z,y') < Lp(z,y") for some z and R,(z',y') <
R, (z',y") for some z’

3. There is no :z:,- € (0,1) such that L,(z;,Z) =
There is no z} € (0,1) such that R,(z},Z)
There is no T € (0,1) such that L,(Z, x,)
There is no z; € (0,1) such that R,(Z, z})

4. L,(0,y') =0, V' if and only if fL,(y, 0)-—0 Vy'
R,(0,9") =0 Vy"if and only if R,(y",0) =0 Vy"
L,(1,y")=1 Vy if and only if L,(y',1) =1 V¢
R,.(1,y")=1 Vy" if and only if R,(y",1) =1 WVy"

V:c

If we restrict to such a family of operators then we shall be able to char-
acterize basically additive recursive rules, as obtained from Mak’s theorem
[14]. We shall consider first standard rules, where ordering rules do not play
any role. Generalization will be direct.

Theorem 1. Let

{¢n : [Oa l]n - [0’ 1]}n>1
be a regular standard recursive rule. If ¢,, is strictly increasing in each coor-
dinate for all n > 1, then there exists:

(a) p:[0,1] = IRy, continuous and strictly increasing function

(b) {6n:]0,1] = Ry }ns1, family of continuous and strictly increasing func-
tions, and

(c) {cn}n>1, sequence of positive real numbers

in such a way that for all (ay,...,a,) € [0,1]" and for all n > 2 we have

¢n(a1a~-7an) =61-;1 (H Cj ch p(a'k ) (1)

j=2 k=1

where H§=2 c; is taken as 1 whenever £ < 2.
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Proof: Obviously, from the definition {¢n, }n>1 is a standard recursive rule
if, and only if, for all n > 3, the following generalized associativity equation
(in the sense of Mak) holds:

Ln(Rn-1(%,v),w) = Rn(u, Ln-1(v, w)) (2)

Thus, having (a1,...,a,) € [0,1]", taking u = a1, v = ¢n_2(az,...,a,-3)
and w = a, assures the above equation.

Keeping in mind the above relation, we know from [14] that under Mak
assumptions (i.e., {Ln}n>1 and {R,}n>1 binary operators, continuous and
strictly increasing in proper compact non empty intervals) the solution for
equation (2) is basically additive (see also [13]). That is, there exist oy, O, 65,
Dn, @n and r,, continuous and strictly increasing functions over the compact
interval [0, 1], which verify:

Rn-1(u,v) = 07" (pn(u) + ¢u(v)) (3)
Ln-1(v,w) =071 (gn(v) + ra(w)) (4)
Rn(u,b) = 671 (pa(u) + 0,(b)) (5)
Ln(a,w) = 6, (on(a) + rn(w)) (6)

Next, we will prove by induction on n that there exist {cn}n>1, {6n}n>2 and
p in the theorem conditions such that for all n > 4,

bn(z) = c1n—20n-1(x)
0n(Z) = cn-20n-1(x)

n—2
pn(z) = H ij(.'l:)
j=2
qn(Z) = c1Cn—20n_1(x)

n—2
ro(z) =t H ¢;p(zx)
i=2

Being for n = 3:

Previous to the induction on n, we will try out first that it is verified for
n=3.
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Let’s consider
L3 (R2 (u, 'U), w) = R3 (u, Lz (’U, w))

where Ra(a1,a2) = ¢2(a1,a2) = La(ay,az), for all (a;,a2). That way, from
Ry and Ly being (3) and (4) respectively, it is concluded that {o3,ps,¢3}
and {6s,qs,73} are solutions for the functional equation

$2(z,y) = f1(g(z) + h(y))

Therefore, there exist a, b, ¢, real numbers, such that the following relation
is verified:

03(x) = cos(z) +a+b
g3(z) = cp3(z) +a
r3(z) = cgs(z) +b

Without a loss of generality, 03(0) = p3(0) = ¢35(0) = 0 and 65(0) =
¢3(0) = r3(0) = 0 can be assumed. Otherwise, if the three first ones are not
equal 0, then it is possible to define

a3(z) = a3(z) — 03(0), Ps(z) =ps(z) — ps(0) and Gs(z) = gs(z) — g3(0)
Let us check that
¢2(u,v) = Ra(u,v) = 535" (B3(u) + 33 (v))

still holds. Notice that

53 (Ra(u,v)) = 03 (Ra(u,v)) — 03(0)
On the other hand,

p3(u) + g3(v) = ps(u) + gs(v) — p3(0) — ¢3(0)

Sincé $2(0,0) = 0, then

03(0) = o3 (R2(0,0)) = p3(0) + g3(0)

Therefore,
53" (Ba(w) + 8 (v)) = Re(u,v).
In parallel, it would be assumed 05(0) = g3(0) = r3(0) = 0. Consequently,
a = b = 0. Therefore, 03(z) = co3(z), ¢3(x) = cp3(z) and r3(z) = cqs(x).
Assuming p = ps3, d; = 03 and ¢; = ¢, then it is true for n = 3. Particularly,
Ly(a,w) = &5 (62(a) + cip(w)) (M
Rs (u, b) = (5;1 (p(u) + ¢102 (b)) (8)
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Let’s consider if the same relation holds for n = 4.

Absolutely, from the above expression of R3 and taking into account the
general solution of the Mak equation for n = 4, it is concluded that {4, ps, g4}
and {d3,p, c192} are solutions for the functional equation

R3(z,y) = f(9(z) + h(y))
Therefore, following the same reasoning above and taking into account that
L3(0,0) = L3(¢2(0,0),0) = ¢3(0,0,0) = 0

it follows that there exists k; € IR such that:

o4(x) = k185(z) 9)
pa(z) = k1p() (10)
94(z) = k1c102(x) (11)

Analogously, {04, q4,74} and {83, 82, c?p} are solutions for the functional equa-
tion

Ls(z,y) = f~'(g(z) + h(y))
Where tracking the same scheme, it is inferred that there exists ks € IR
verifying;:

04(z) = kds3(x) (12)
qa(x) = kaba() (13)
r4(z) = kaclp(z) (14)

From the expressions (11) and (13) it can be deduced that ky = ck;. There-
fore, assuming ¢y = ki, the recurrent expression for n = 4 is concluded.

To finish, let’s check if the recurrent expression hold for n—1, and likewise
for n. From general solution of Mak’s equation for n — 1, it follows

Rn-1(u,b) = 6715 (pn1(u) + 0n-1(D)) (15)
Laoi(a,w) = 671, (0n-1(a) + Tn-1(w)) (16)

And for n, the expressions result to be:
Rn1(u,v) = 07" (pn(u) + gu(v))
Ln-1(v,w) = 6, (gn(v) + rn(w))
where, following the scheme used above, and considering that
Ln-1(0,0) = Lp—1($n-2(0,--- ,0),0) =0

and

Rn—1(01 0) = Rn—l(O; ¢n—‘2(0y Tty 0)) =0
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there exist k1, k3 € IR, such that:

on(z) = k16,-1(z)
Pu(x) = k1pn-1(z)
gn(z) = k16p-1(z)

whereas

0,,(:1:) = kg(sn_l(:lt)
gn(2) = k2opn—1(z)
r4(x) = korn—1(x)

By induction hypothesis, it follows

0n—1(z) = c1Cn-30n-2(T) = C10p-1(%)

Therefore, from the expressions of g,, it follows that k; = c;k;. Hence, as-
suming ¢,-o = k; and using induction hypothesis to deduce p,—1 and r,—;
from p and {c,...,cn-3}, the partial result that was to be proved is satisfied.

The condition imposed about the positiveness of the constants ¢, n > 1,
is justified by the fact that

en(o) = O'n(O) = pn(o) = Qn(o) = rn(O) =0, Vn2>3

being those strictly increasing functions, which assure the non negativeness
of all the functions we have been dealing with.

Once we have obtained the expression for the binary operators {R,}n>1
and {L,}n>1 depending on

{cn}nzla {Jn}nZ% p

the expression (1) of ¢, is trivially inferred using induction on n by applying
the recursive definition of ¢,,, thus proving the theorem. 0O

As a consequence, it can be shown that given {¢, : [0,1]" = [0,1]}n>1 2
recursive connective rule in the above theorem conditions, then {Ly}»>1 and
{Ry}n>1, are unique in their range (see [1]).

The result established in the above theorem 1 can be extended to the
case in which the recursive rule is not necessarily standard: if the rule is not
standard, let 7 be the ordering rule such that

¢n(a1, ... ,an) = Ru(ara), Ln-1(#n-2(ar@2), - - - sGn(n=1)), 8x(n))) (17)
= Ly (Rn—l(aﬂ'(l), ¢n—2(a7r(2)7 e ’a'vr(n—l))7 ar(n))) (18)
hold Vn > 3.

We can consider
Fn:S, —[0,1]
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with
Sp = {(7r(a:1), e ,w(xn))/(zl,. .. ,IL'n) € [0, 1]"}

in such a way that
Fp(n(z1),...,7(zp)) = dn(z1,... ,2,), Y(m(z1),...,7(xn)) € SnVn > 1

Let F,, be extended over [0,1]". For example, if ¢, is an OWA operator

¢n(.’l:1, v ,mn) = Winfp) ...+ Wn,nTin) V(:L'l, R ,:L'n) € [0, 1]"
then it would be
Fo(z1,...,Tn) = Wi n1 + ...+ WonTn V(Z1,...,T,) € [0,1)"

Assuming that {Fn}n>2 , {Ln}n>2, {Rn}n>2 (Ln, Rn extended in the same
way) verify the recursivity equation (17) we have for all (z1,... ,z,) € [0,1]"

Fn(mly ceiyBn) = Rn(ml; Ln—l(Fn—2(-'L'2a cee y Tno1), mn))
= Ln(Rn—l(zl, Fn-2(m2, cee azn—l); zn))

4 Idempotent additive rules

The above result shows a quite restrictive solution. It is then easy to under-
stand that extra degrees of freedom will vanish by fixing some of the param-
eters {0n}n>1, {cn}n>1 and p. Each particular rule is fully characterized as
soon all this family of parameters is fixed.

For example, a quite frequent assumption is idempotency.

Theorem 2. Let
{0 :[0,1]" = [0,1]} 51

be a regular standard recursive rule such that ¢, is strictly increasing and
idempotent, for all n > 1. Then there exists p : [0,1] = R, continuous
and strictly increasing function, and a real number ¢ > 0, such that for all
(a1,...,6n) € [0,1]", n > 2 we have

¢n(al, .. "an) _ {P_l (11__:" EZ:I ck—lp(ak)) ifetl

T e T pla), fe=1

Proof: From Theorem 1 we know that for all (a;,...,a,) € [0,1]" and n > 2

n—2 n
¢n(a'15 e ’an) = 5;1 (H Cj cllc_lp(ak)> .
1

j=2 k=
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Then, since ¢, is an idempotent aggregator, for all a € [0,1]

a = ¢n(a, “a ,a) = 5;1((3”[)((1)),

being
n—2
1—c?
1-6
H cj, ifep #1
n—2 n 1- (4]
en=[[e;D 4 =1,
j=2 k=1 .
n H Cj, ifep =1
Jj=2

That means, d,, = e,p. Then, the family of functions {6, }n>1 would be de-
termined from the sequence of real numbers {c}n>1 and the unique function
p. Furthermore , ¢, would be

bnlay,...,a,) =p~* Hc]ch plag)

"—2 k=1

1= & e
(g ),

k=1

¢n(a1a"'aa"n) :p_l (':: Zp(ak)) ) c = 1
k=1

for all (ai,...,an) € [0,1]", for all n > 2. Then, taking ¢ = ¢;, ¢, exclusively
depend on ¢ and p.

Taking into account the recurrent expression of the following functions
0n, Ony Pn, qn and 7, for n > 2, that was obtained in the theorem 1 proof, if
follows that the binary operators {Ly}n>1 and {Ry}n>1 in function of ¢ and
p can be expressed:

Ln(a,b) = 6, (on(a) + ra(b))
=p 1(0'n(a) Tn(b )
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and

R, (a, b)—énl( a)+ 0, (b))
n( n(b)
1(P a )

P
2
C; —en—
—p! (HJ-—-Z’ i oa) + Clcne2e 1 p(b))

en (17

=p*(fjcpm)+fﬁlfiﬁmw)

cm 1-cn

if ¢; # 1, whereas
La(a,b) =57 (1~ 2)pla) + o)
Ba(a,) = 5~ (=p(a) + (1 - -)p(0))

if = 1. O
Hence, being {¢n, : [0,1]* — [0,1]}n>1 a rule verifying the above theorem
conditions, for each n > 2, there exists a weights system w;,, i =1,...,n,

and a function p, such that:

Pn(ar,- .. an) = p (Wi np(a1) + -« + Wonp(an)), V(ai,...,an) € [0,1]"
where

(i) Foralli=1,...,n, and for all n > 2

— ;o n+1 .
{l_c'ic’ b= L €0,1), fe#l

1
L=, € 0, ife=1

Win =

n
) > win=1.
i=1

Furthermore, Vn > 1, there exist:

. 1= € (0,1), ifc#l
" li-le1), ife=1

and

o 1 sic#1
" % ©,1), ife=1
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such that

Lu(a,b) = p~' (€ap(a) + (1 — £a)p(b))
Rn(a,b) = P—l ("'np(a) +(1- "'n)p(b))

Therefore, every regular standard recursive rule that is strictly increasing
and idempotent, is made up of aggregation operators that are quasilinear
means with generator function p and weights £,, 1 — £, and r,, 1 — 1, for L,
and Ry, respectively (see [6,7] and [15]).

When dealing with non-standard rules, the above theorem can be ex-
tended as follows:

Theorem 3. Let
{¢ﬂ : [Oa ]-]n - [05 1]}n>1

be a regular recursive rule and 7 the underlying ordering rule. If ¢, is strictly
increasing and idempotent, for all n > 1, then there exist p : [0,1] - Ry,
continuous and strictly increasing function, and a real number ¢ > 0, such
that for all (ay,...,a,) € [0,1]" and n > 2 we have

n

¢'n(a'17 o aan) = p_l ( Ll Z ck—lp(aw(k))) : (19)

1-c?
k=1

Notice that when ¢ = 1 then {¢, : [0,1]" — [0, 1]}n>1 is a commutative
rule:

¢n(aly---1an) :p_l ('rl), Zp(ak)> , VY (a,... yGn) € [071]n (20)
k=1

Being 7 the natural decreasing order, a recursive rule family of special
interest shows up. Concretely, being {¢, : [0,1]® — [0,1]}n>1 the regular
recursive rule and 7 the underlying ordering rule, all the connective operators
are quasi-OWA operators (see Fodor-Marichal-Roubens [10]).

It is very important to notice that adding idempotency is almost fixing
the whole rule from the first aggregation operator. For example, if ¢ is an
OWA operator then the whole rule is settled of OWA operators, and the list
of weights is univocally determined.

5 Final comments

This paper shows how usual additive aggregation rules can be explained in
terms of a recursive approach, and which ones of those additive rules are in
fact recursive.
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Moreover, it is shown how easily we fall into a quite intuitive practical
observation: we have very few consistent choices for the rule as soon as the
aggregation operator of the first two items has been defined.

Acknowledgements: This research has been supported by grant PB95-
0407 from the Government of Spain.
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ABSTRACT. We consider the question of conjuncting data and in particular the
issue of the amount of information that results. It is shown that if the data being
fused is non-conflicting then the maximal information is obtained by simply taking
the intersection of the data. When the data is conflicting the use of the intersection
can result in the fused value having less information then any of its components. In
order to maximize the resulting information in this conflicting environment some
meta knowledge must be introduced to adjudicate between conflicting data. Two
approaches to address this problem are introduced. The first considers using only a
subset of the observations to construct the fused value, a softening of the requirement
that all observations be used. The basic rational of this approach is to calculate the
fused value from a subset of observations that are not to conflicting and consisting of
enough of the observations to be considered a credible fusion. Central to this
approach is the introduction of meta-knowledge in the form of a measure of credibility
associated with the use of different subsets of the observations. The second approach
is based upon the introduction of a prioritization of the observations. In this approach
an observation is essentially discounted if conflicts with higher priority observations.

1. Introduction

An integral part of any decision making process is the determination of the value
of relevant variables. This generally involves a gathering of information about these
variables. When multiple sources of information exist we often must fuse the
knowledge provided by these different sources. A fundamental problem that can arise
when we fuse multiple pieces of knowledge from different sources is that they are
conflicting. The resolution of conflict requires the introduction of some meta-
knowledge in order to help adjudicate the conflict. In this work we consider two
approaches to the adjudication of conflict. One approach is based upon the idea of
only using some subset of the provided knowledge to form the fused value. Central to
this approach is the introduction of meta-knowledge in the form of a measure of
credibility indicating the appropriateness of using a given subset of observations to
calculate the fused value. The basic rational of this approach is to calculate the fused
value from a subset of observations that are not to conflicting and consist of enough
of the observations to be considered a credible fusion. In helping to decide which of
the possible subsets of observations to use in calculating the fused value we are guided
by the principle of trying maximize the amount of information contained in the fused
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value. The second approach to conflict adjudication is based upon the introduction of
a prioritization of the observations. In this approach an observation is essentially
discounted if it conflicts with higher priority knowledge. Again, as we shall see, the
process of information optimization plays a central role in implementing this process.

2. Information Measurement in Approximate Reasoning

In this work we shall use the framework of the theory of approximate reasoning
(AR) [1-3] as it provides a very powerful formalism for the representation,
measurement and subsequent fusion of information. Assume V is some variable
which can take its value in the set X within AR a piece of knowledge about V by a
statement of the form V is ¢ where /A is some specific value, set of values or
linguistic concept. Using the capabilities of fuzzy set theory we can represent_¢{ as a
fuzzy subset over the domain X, we shall denote this fuzzy subset as A. As suggested
by Zadeh [4] this type of statement induces a possibility distribution on X such that
for any element x € X its membership grade in A, A(x), is the possibility that x is
the value of V.

A possibility distribution (fuzzy subset) A associated with a variable V is called
normal if there exists at least one element x* in X such that A(x*) = 1 otherwise it is
called sub-normal. A sub-normal possibility distribution is some indication of
inconsistency or conflict between our knowledge and the fact that V must be an
element in X. We shall indicate this degree of conflict as Con(A) = 1 - Max[A(x)].

Yager [5-8] describes the specificity of a possibility distribution (fuzzy subset) as
a measures of the degree to which the distribution has one element as its
manifestation., it measures the truth of the proposition A has one element and not

many others. Formally a specificity measure is a mapping, Sp: I* — [0, 1] where
Sp(A) indicates the specificity of the fuzzy subset A and which satisfies the following
conditions:
1. Sp(A) = 1 iff A has exactly one element with membership grade one and all other
elements have membership grade zero (a singleton set).
2. Sp(A) = 0 if all the elements have the same membership grade.
3. If A is normal, has at least one element with membership grade one, and if A € B
then Sp(A) = Sp(B).
4. If A and B are non-empty crisp sets and Card(B) = Card(A) then Sp(A) = Sp(B).
Specificity can be used to measure amount of information contained in a
possibility distribution [7,8], the larger the specificity the more information. In spirit
it plays the same role in possibility theory as entropy does in probability theory. Let
us look at this connection between specificity and the information in a possibility
distribution. Uncertainty arises in a situation in which we are not sure what is the
value of a variable, information is a commodity that helps clarify uncertainty. A
proposition V is A, inducing a possibility distribution on V, can be seen as
providing information about the value of V. The more specific a possibility
distribution, the more it points to one element as the actual value of V, the less the
uncertainty and hence the more information.
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There are many possible measures of specificity in order to compare these the
following definition is useful. If Sp and Sp’ are two specificity measures over X we
shall say that Sp is a stricter measure of specificity than Sp' if Sp'(A) = Sp(A) for all
A. In [8] Yager introduced a class of specificity measures called linear specificity
measures.

Definition: Assume X is a set of cardinality n. Let A be a fuzzy subset of X. The

. n
linear measure of specificity of A is defined as Sp(A) = by - 2 b; w; where bj is

i=

the ith largest of the membership grades in A. The w;'s are a collection of weights

n
having the following properties: 1. 2 wi=1,2.wje [0,1] and 3. w; 2 wj ifi <j.
i=2
One property associated with this measure is the fact that Sp(A) < Max,[A(x)].

We see that as the maximum membership grade of a fuzzy subset decreases, all other
membership grades remaining the same, the information in the fuzzy subset decreases.
The specificity is always greater then the difference between the largest and second
largest membership grade, Sp(A) 2 bj - by.- We see that any measure of specificity in
this class is bounded as follows by 2 Sp(A) 2 by - bs.

The weights, the w;'s, distinguish the specificity measures in this class. Two
special members of this class are worth noting. The first measure is when wp =1 and

w; = 0 for i > 2, we shall denote this as S;. In this case S;(A) =by-by. If Spis
any specificity measure then for any fuzzy subset A Sp(A) = S;(A), S;(A) is the
most strict measure of specificity.

Another special specificity measure is the one where w; = 1 ,fori=2, ..., n,
n-1

~ ~ n
we shall denote as Sp, for this measure Sp(A) = by - —1 ; Y by. This measures the
n-1;-
difference between the maximum membership grade and the a2\/erage of all the others..
We can show that this is the most lax measure in our class.

Given a piece of knowledge, a fundamental concern is the determination the truth
of some other statement. In general it is impossible to precisely determine the truth if
the specificity of our knowledge is not one. In an attempt to circumvent this problem
Zadeh [9] introduced two surrogate measures, the measures of possibility and
certainty. Dubois and Prade [10] have investigated these concepts in considerable
detail.

Assume Vis A is a piece of knowledge and let V is B be a proposition whose
validity we are interested in determining. The possibility of V is B given V is A,
denoted Poss[V is B/V is A], is defined as Poss[V is B/V is A] =
Max[A(x) A B(x)]. Essentially this measure captures the degree of intersection of

the two proposition. It is the upper bound on the truth of V is B given V is A, as
such it provides an optimistic measure of the truth of V is B given V is A.

The second measure called the measure of certainty is denoted  as
Cert[V is B/V is A] and is defined as Cert[V is B/V is Al = 1 - Poss[V is
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not B/V is A]. We note that Dubois and Prade [10] refer to this as the measure of
necessity. This concept measures the degree to which A is contained in B. It is the
lower bound on the truth of V is B given V is A, as such it provides a pessimistic
measure of the truth of V is B given V is A.
The value
Range[V is B/V is A] = Poss[V is B/V is A] - Cert[V is B/V is A]

is a measure of our uncertainty with regard to our knowledge of the truth of V is B
given Vis A. Let us see how this uncertainty is effected by the quality of the
information we have with respect to V is A. In the following we shall assume that B
is normal. Let us first consider the situation in which our knowledge, V is A, is

non-conflicting, A is normal, there exists some element x* such that A(x™) = 1. In
this situation we have Poss[V is B/V is A] 2 B(x*) and Cert[V is B/V is A]
< B(x*). In the the most specific case when A is a singleton, A = {x*}, we get
Poss[V is B/V is A] = Cert[V is B/V is A] = B(x*), here we know exactly the

truth of Vis B, it is B(x*). Now consider the situation where A and A' are two
normal sets and A c A', A is more specific then A'. In this situation
Poss[V is B/V is A] 2 Poss[B/A'] and Cert[V is B/V is A] £ Cert[B/A'] and
therefore Range[B/A] < Range [B/A'].

3. Certainty Qualified Propositions

Given a piece of information often we associate with it a measure indicating the
belief we attribute to this information. Zadeh [11, 12], Yager [13], and Dubois and
Prade [14] have investigated this issue. Assume V is A is a statement let & € [0,
1] be the certainty we assign to this proposition, the larger o the more certain, we
shall denote this as

Vis A is o - certainty
and call it a certainty qualified proposition. In [13] it was suggested that a certainty
qualified proposition can be transformed into an unqualified proposition V is B where
B(x) = AX) v (1-0a). We note that if & = 1, then A = B and if &« =0 then B = X.

It appears natural that the more certain a proposition the more information it
should contain. As a matter of fact if o0 = 0 since B = X and Sp(X) = 0 this conjecture
is somewhat reinforced. Assume A is a proposition, let 0. > 09 and let B and B,
be the transformed propositions under these values respectively. From the above
definition of certainty transformation we can see that By < By. Furthermore, if A is

normal then both B and B+ are normal and hence our properties of specificity tells us
that Sp(B1) = Sp(B5). It can be shown [15] that this is indeed the case whether A is
normal or not that is for all A if oy > &y then Sp(A is o) - certain) 2 Sp(A is ap
- certain). From this it follows that for all A and any o, Sp(A) = Sp(A is o -
certain).

While the standard definition for certainty qualification is B(x) = (1 - o) v A(x),

one can consider the use of other t-conorms instead of the Max, B(x) = S(at, A(x)). In
order for a t-conorm to provide a good definition of certainty qualification it should
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satisfy monotonicity, if oy 2 0y then Sp(A is ) - certain) 2 Sp(A is &y -
certain).
Consider the algebraic sum t-conorm, S(u, v) =u + v - uv. If 0] > o then the

elements of the respective certainty qualified propositions are

bj=_a;i+(1 -al)—aj(l -0.1)=61 + 0 aj

Cj =07 + 09 aj
Furthermore if j < k then bj 2 by and ¢; 2 ¢ . Since 0] > &ty and a; £ 1 we also
have i 2 b for all j.

With Sp(A) =aj - 2 wj aj we see that

i=
n n

Sp(B)=by- 3, wibj=0j +aaj - 2, wj(@ +0ya)
j=2 j=2
Sp(B) = al +aaj -(al +G.JZ wj J)—(X.l al-a1]22w 3
=01 Sp(A).
Similarly Sp(C) = oy Sp(A). Since oy > oty we have Sp(B) = Sp(C), and the
desired property holds.

However as the following example illustrates all t-conorms don't satisfy this
condition.
Example. Assume X = {x{, X9} and let A = {—?('—2, i}, Here the specificity is

1 X2
Sp(A) =0.2 - 0=0.2. Consider the Sugeno class of t—conorms
S(u, v) = Min(1,u + v+ K uv)

where K = 2. If B is the o, - certainty transformed proposition where o = 0.5 we get
B={2- 1 Oxs} and the specificity of this is Sp(B) =1 - 0.5 = 0.5 and thus we have

X1
increased our information.

Let us see if we can make some generalization regarding the relationship between
t-conorm operation used in certainty qualification and the monotonicity of
information. Again assume A is a fuzzy subset with membership grades aj > ap > a3

...> a,. Let oy > ¢y (both in the unit interval). Let
B = Ais 0y - certain
C=Ais oy - certain
If S is a t-conorm bj = S(aj, o) and ¢j = S(a, 0p). We note from the ordering of the

n
aj's we have b; 2 b; and ¢; 2 ¢jif i <j. In this situation Sp(B) = by - Y, wj bj and
=h
n n N
Sp(C) =cq - Y W ¢j- Since Y, wj = 1 then we can obtain by = Y wj by and ¢
=2 j=2 j=2

n
= _22 wj ¢q. From this we get
J:
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n
Sp(B) = Z Wj (by - b_])
j=2
n
SpC) = X wileg - -
j=2

A sufficient condition for having Sp(B) = Sp(C) is for by - bj 2cq - G forallj=
2, ..., n, that is if S(ay, &tq) - S(aj, 1) = S(ay, ®p) - S(a;, &tp). Since oy > Ay Oy
>op)andag 2 aj we can more generally express this requirement as
S(a, u) - S(b, u) = S(a, v) - S(b, v)
with a2 b and v > u. We note in the special case when u = 0 (o] =1) we have
a-b2S(, v) - S, v).
This requires the t-conorm to be of such a nature that the addition of a constant
disjunct causes a decrease in the difference.
More generally denoting v =u + A we have
S(a, u) - S(b, u) 2 S(a, u + A) - S(b, u + A).
Rearranging terms we get
S(b, u + A) - S(b, u) 2 S(a, u + A) - S(a, u).
Dividing by A and taking the limit as A — 0 w get as sufficient functions for the t-
conorm that
9S(b, u) -, 9S(a, v)
du  du
for a > b. We shall call a t-conorm satisfying this condition differentially
non-increasing. In the following we shall assume all t-conorms used have this
property.
We shall here consider one form of certainty qualification which is not a
t—conorm, the exponential type qualification. Let A be a proposition we define A is

@ - certain as B where b; = a_(ix' Let oy and ap be two values where oy and oy,
then the transformations of A using these values are B and C respectively where

L (03] L (0.5 .
b_| = aj and cj_aj . In this case

n
o o
spB)=a, ' -3, wja 1
i=2
n
Since Z w;j = 1 we express this as
j=2
n
o o
Sp®)= 3, wj @ -a?

i=2
We see that

n
o o o o
Sp(B)-Sp(C) = X, w;[(@, ! -a - (@]?-a;?)
R e 17y
Iral! - aj‘?‘1 >a)2- ajqz for all aj > aj, 0] > 0y then Sp(B) = Sp(C). Consider

the term a% - b® where 0 < b < a < 1. If we take the derivative of this we get
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a% In(a) - b% In(b).
Since both a and b are less then or equal to 1 then In(b) < In(b) < 0 and therefore
a% In(a) - b% In(b) 2 0.

. o o o o
Thus a® - b* doesn't decrease as o increases and hence a; 1. aj 1> a, 2. aj 2 and

our desired result follows.
4. Fusing Fuzzy Information

We now turn to the issue of fusing pieces of fuzzy information. Assume

Vis A and Vis B are two pieces of information the fusion of these two pieces of

information is V is D where D = A N B, that is D(x) = T(A(x), B(x)) where T is a

t—norm operator. Since T(a, b) < a.it is always the case that AN Bc Aand AN B
< B. Itis also noted that T(a, b) £ Min(a, b).

Let A and B be two fuzzy subsets on the space X, A and B are non-conflicting if

D is normal, Max,[D(x)] = 1. For any t-norm two pieces of information are non-

conflicting if and only if there exists some value x* for which A(x*) = B(x*) =1. We
shall say A and B are conflicting to degree w = 1 - Max,[D(x)]. If D is normal, A and

B are non conflicting, then w = 0. Non conflicting data will have w = 0 for any
choice of t-norm, for conflicting data w will depend upon the t-norm used, although it
will always be greater then zero.

We now consider the issue of information transmission under the conjunction.
Generally we would anticipate that fusing information should result in statements
containing at least as much information that any of the constituents of the fusion, it
should be an information increasing operation (IIO). Indeed if the data being
combined are non-conflicting then their fusion indeed always results in a non-decrease,
in information (specificity) over that contained in either of the individual constituent
pieces. Formally if D = A m B is normal, then for any specificity measure Sp(D) 2
Sp(A) and Sp(D) 2 Sp(B). Thus the fusion of non-conflicting knowledge can be seen
as generally an information increasing operation.

In the case of conflicting information, Max,[D(x)] < 1, as the following example
illustrates, it is possible to obtain less information as a result of conjunction then is
contained in either of the constituents.

Example: In this example we shall use Min for conjunction and assume the
weights in the specificity measure are all equal, Wj =1 . Assume A =
n-
(1,07 053 andB= {08 1 06} then Sp(A) = 1 - ~(o7+05) 0.4 and Sp(B)
Xy’ x2 X3 X2
=1-108+06)= 03. Smce D= {08 0.7 0.5} then Sp(D) = 0.2

2 X1 X2 X3

However it is not always the case that the fuswn of conflicting data results in a
decrease in specificity, examples to illustrate this can easily be constructed. In general
the effect on the specificity in the case of conjuncting conflicting datum is rather
complex, however we can make some observation. we see that the specificity
decreases as Max, [D(x)] decreases, since Con(D) = 1 - Max,[D(x)], it decreases as the
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conflict increases. Secondly we see that it decreases as other membership grades
increase. More generally we see a decrease in specificity, information, occurs as the
difference between the biggest and the remaining membership grades decrease.

As we have just illustrated the standard method for fusing multiple sources of
information, the intersection operation, allows for the possibility of losing
information. In the spirit of building intelligent information systems it would be
desirable to try to obtain information fusion techniques which are able to avoid any
loss of information during fusion. In the following we shall consider some methods
for data fusion which try to maximize the resulting information, we shall call these
information enhancing intersections (IEI). As we have noted the loss of
information during fusion is closely related to the occurrence of conflict between the
data being fused, hence operations which can serve as conflict adjudication methods
appear to be a promising direction. In the following we shall look at some
approaches to constructing IEI"s.

5. Softening of Fusion Requirements

Here we suggest an approach to information maximization based upon a
softening of the requirement that all datum need be considered in the fusion. Assume
P;: Vis A;, i =1 ton, are a collection of propositions whose conjunction results in
a subnormal fuzzy subset, some conflict. One method to reduce the conflict is not to
include all the propositions in fusion. Particularly, one would want to eliminate
propositions that conflict strongly with most of the other propositions. In
implementing such a process we must associate some measure of credibility with
fusions that don't use all the information. In order to accomplish this task we use the
fuzzy measure introduced by Sugeno [16, 17]. We recall if Y = {y1, y2, ... ¥y} is a
set of elements a fuzzy measure [ is a mapping from subsets of Y into unit interval,

W 2Y [0, 1], such that u(@) = 0, (YY) = 1 and if A and B are ordinary subsets of
Y and A c B then pu(A) £ w(B). ‘

In our framework we shall assume Y = P = {Py, P5, .., P}, the set of all
pieces of data we have. For any subset A of P we shall let lL(A) be the credibility we
attribute to the use of the conjunction of the elements in A as the fused value. If A =
{P1, Py, P5} and U(A) = a, then o is the certainty we attribute to the use of just the
propositions Pq, Py and P5 in determining the fused information for all the sources.
Since the use of only these three pieces of knowledge affords us an o degree of
certainty we must qualify the results of their fusion by @, thus our qualified fused

value is Vis D is a - certain where D = A N Ay N As. Letting D be the certainty

transformation of D under o our final result is V is D where D(x) = D(x) v (1 - o).
It should be noted that if we use all the observations, A = P, then p(A) = W(P) =1,
and D= D.

Using these ideas we can now provide a general framework for aggregating
knowledge which tries to maximize the information, specificity, of the resulting
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fusion. Let Pj: Vis A; for i =1 to n be a collection of pieces of knowledge about
V. Let u be a fuzzy measure on the space P = {Py, Py, ..., P;} as described above.
Let E be any subset of P and let Dg be the conjunction of the propositions in E.

Furthermore, let BE be the credibility transformation of D under the certainty value
w(E), DE Dg is U(E)-credible. Our problem then becomes that of finding the
subset E* of 2P such that Sp(DE*) Max [Sp(DE)] We see that our agenda here is

to try to find a subset of P which is both credible and are not to conflicting. It is
clear that this approach always results in a fused value providing at least as much

information as the simple conjunction of all the datum, Sp(Dg*) = SpD-p). It can be
shown [15] that if the P; are not conflicting the maximal information is obtained by

taking the conjunction of all the pieces of information, E* = P, the usual
intersection.

In general it is not necessary to evaluate all the possible fusions to find the most
informative. The introduction of the idea of primary subsets helps in reducing the
number of fusions we need test.. We call a subset E of set 2 a primary subset if:

1. The conjunction of the datum in E is normal, Max,(Dg(x)) = 1

2. The addition of any other datum to E causes it to be non-normal.
Theorem: Assume G is a primary subset and and F is another subset of 2 such that
F < G then B* 2 F.
Proof: Since F ¢ G, D < Df and both Dg and Dg are normal thus Sp(D¢) 2

Sp(Dg) furthermore since u(G) 2 j4(F) then Sp(Dg) 2 Sp(D)

This result informs us that we only need look at the subsets of datum that are
primary or contain primary subsets to find the most specific fusion of the datum. We
shall call these the set of viable fusions.

The result of the process of finding the most informative aggregation is very
dependent on the type of fuzzy measure being used. Let us look at some of the
different types of fuzzy measures we can encounter. In discussing these different
measures we shall find the following definition useful. Assume y and W' are two
fuzzy measures if u(E) 2 W'(E) for all E < P we shall denote this as i > ' and say
that |’ is a stricter measure of certainty.

Consider the measure which we shall denote as |y defined as ux(2P) = 1 and

pux(E) = 0 for all E # P. It can be easily seen that for any other measure W, W(E) 2
x(E). Using this measure we allow no credibility to any aggregation that doesn't use

all the observed data. At the other extreme is the measure u* which we define as

u*(ﬁ) =0 and p*(E) = 1 for all E # @, this is the most lax measure of credibility.
Using this measure we allow complete credibility for any aggregation that uses at
least one piece of observed data, it effectively allows almost complete discounting.
Let us look at the properties of using these special measures. In the case of px it can

be shown that the maximal information is always attained by using a conjunction of
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all the data, the optimal set is 2. In the case of u* if we denote E; = {A;}, the set
consisting of just one datum, then Sp(Dg*) 2 N{ax [Sp{DEi)], thus the
1=1]1ton

information resulting from this type of aggregation is always at least as great as the
information contained in any of the constituent datum. Furthermore, in the case of p*
if F is any subset of constituents whose conjunction is non-conflicting, normal, then
Sp(Dg*) 2 Sp(DE), we get at least as much information as we can get by combining
only the non-conflicting datum.

Assume W and ' are two measures of credibility such that jL > L, it can be
shown that for any definition of specificity, intersection and appropriate definition of
certainty transformation the use of |1 gives us a resulting piece of knowledge having at
least as much information as that of pu'. An implication of this is to tell us the more
lax the credibility measure the more information. It points us to the goal of trying to
use the least strict credibility measure possible in aggregating our data.

Consider now the class of credibility measures called binary fuzzy measures. A
credibility measure p is called a binary measure [18] if W(E) = 0 or 1 for all E. This
class of measures is useful in situations in which a subset of datum is either
completely acceptable or completely unacceptable for finding the fused value. If pu(E)

= 0 then whatever the intersection of the datum in E, Dg = X hence Sp(Dg) = 0.
Thus all the completely unacceptable fusions will provide no information and thus
can't supply the fused value. Thus the optimal subset must have measure 1.

A binary measures is completely determined by the minimal subsets. A minimal
subset E of P is defined as one for which n(E) = 1 and the subset resulting by the
removal of any element from E has a credibility measure of zero, if F < E then
WEF) =0. If Ef, Ep, ..., Eq are the collection of minimal sets then

W(E) =1 if for some i, E; ¢ F
WEF) =0 if for some i, F ¢ E;
A simple algorithm can be used to obtain the set of acceptable fusions for binary
measures
1. Set R = @ and S = Power set of P
2. Select an element in S with the smallest cardinality, denote this F
3. Enquire the value W(F)
4. If W(F) = 0 eliminate F from S. If w(F) = 1 remove F and all subsets
containing F from S add these to R.
5.If S is empty stop
6. Go to step 2.
Once having the set R of subsets with measure one we can now use these to search for
the one with the highest entropy. First a further pruning can be made based on the the
fact that if E < F and Dp is normal then the specificity of D is at least as great as
Dg. The following algorithm provides the necessary pruning.
1.SetR={E/(E)=1} andset T=O
2.Select an element in S with the largest cardinality, denote this F
3. Remove F from R and place itin T
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4. If Max, (Dg(x)) = 1 remove all subsets from R that are contained in F
5. If R is empty stop else go to step 2

The most informative subset of 2, E* must be a member of T.

Another form of credibility measure that is useful is the additive type measure,
W(E) = Z r{{ Pj 1), W(E) is simply the sum of credibility of the individual

jeE

propositions making up E. The use of this measure only requires our obtaining the
credibility of each individual piece of data.

Closely related to this is another class of credibility measures. Here we have one
observation that must be included in every credible fusion, assuming this is Py, then

W(F) = 0if Py ¢ F. Furthermore we associate with each P; a value a; such that o
€ [0, 1] and let
WE)= Y, o; ifPjeE
icE
WE)=0 ifP;e E.
In this case Py is acting like any anchor observation. A generalization of this

can be considered. Let G be a subset of P. We can consider a credible measure as one
that has at least one of the elements in G Here then

WE) = 2 o if there exists at east one element from G in E
ieE
WE)=0 otherwise.
Alternatively we require that all observations in G be contained in any fusion that has
non-zero credibility. here,

WE) = 2 o if all elements in G are in E
ieE
wE)=0 otherwise.

There exists another class of credible measures which are closely related to the
OWA operators. Here we evaluate the credibility of an aggregation by the number of
pieces of data included in the aggregation. In order to implement this we need a
mapping from N = {0, 1, ..., n} into the unit interval, f: N — I such that f(0) = 0,
f(n) = 1 and (i) 2 f(j) for i > j. Using this we evaluate W(E) = f(Card(E)). Here (i)
indicates the credibility we assign to any fusion of i observations.

In many situations it may be impossible to expect a complete description of the
credibility measure. Therefore it becomes important to consider the formation of
credibility measures from partial information. The process of forming credibility
measured from partial knowledge should be guided by the following dictum:

In the face of only partial information about the credibility measure select the

strictest credible measure that satisfies the partial information.

The justification for this dictum is a follows. Let M be the set of all credibility
measures that satisfy the partial information, its clear the chosen measure should be in
M. Furthermore, recall that if B and W' are two credibility measures if u > p' (W' is
more strict then W) then p' will provide a less information. Since we have no
justification to select any measure then that providing the least information we pick
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the most strict measure in M.
One implication of this dictum is that if we have no information about the
credibility measure, all credibility measures are possible, then we use [y, Wsx(P) = 1

and W(E) = O for all others, that is we just allow the intersection of all the data.

As an illustration of the application of this dictum consider a situation in which
all we know is that W(E) = o, where E is some collection of datum. Thus the set of
credibility measures which satisfies the pieces of information are all the measures for
which the credibility of E is o. Using this dictum we obtain the strictest measure
from this class which is

WP =1
WF)=a forallFst. EcFand F# P
W(EF) =0 for all others
In the case in which we know WE1) = o1 and u(Ey) = oy where oy > oy then
WP =1
WE)=0oy ifE; cF
uwE) =0y ifEycFand Ej ¢ F
WEF) =0 for all others

6. Using Prioritization as Meta-Knowledge

Any aggregation technique that tries to avoid the loss of information that arises
when conflicts exist between the data must have a mechanism based on some
meta~knowledge for adjudicating between conflicts. Simply put if one source says
"its a bird" and another says "its a plane" we must decide between the two or be faced
with a conflict. In the preceding we described an approach which allowed us soften the
requirement of fusing all the data. This approach allowed the use of only some of the
data provided by assigning degrees of credibility to fusions using less then all the data.
In this the meta-knowledge used was the credibilities associated with fusions, this
knowledge was represented in terms of a fuzzy measure.

In this section we shall consider another approach to aggregation of data that tries
to adjudicate conflicts. Here our meta-knowledge will be in the form of some kind of
hierarchy or prioritization between our belief in the individual pieces of data. The
effect of this prioritization is to imply that the credibility associated with a piece of
lower priority data is determined by the higher priority data. Thus rather then pre
assigning fixed degrees of credibility to each data in this environment the credibility of
lower priority data is determined by its compatibility with higher priority data. Thus
for example, if observation one has higher priority than data two and if one says "its a
plane" and two says "its a bird" since they are incompatible we assign credibility zero
to data two and simple conclude it is a plane. However, it two says "its a F-16" since
this is compatible with data one we allow it to be considered. In this case the
credibilities are dynamically changed depending upon the observations. We now more
formally describe our approach.

Assume Py: Vis A and Py: V is B are two observations on the variable V and

their exists a priority in our belief of Py over Py. By assigning a priority of P] over
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P, we mean to indicate that the credibility associated with the information contained
in Py will be determined by Py, rather then being fixed. Let o indicate the degree of
credibility assigned to P,, actually it is a variable that is to be determined by the
process described in the following. Let By = Vis B is & - credible be the credibility
transformed value of B, B (x) = S(a, B(x)). The fusion of A and By isDg=AN
By, Dg(x) = T(A(x), By(x)). Our problem then becomes that of finding the D,

which has the highest specificity and using this as our fused value. From our
n

definition of specificity we have Sp(Dg) = qj - Z w; q; where qj is the ith largest of
i=2
the Da(xj), here Da(xj) T(A(xj) S(a, B(xj)) Our problem now becomes finding
o such that Sp(Dg*) = Max gy [0,1] {Sp(Dg)] Having found o* we then have D =
D * as our fused value.
The following simple example illustrates this process.

Example: Assume X = {a, b, ¢, d} and let A = {%, lg}. In this example we shall

4
use as our specificity measure Sp(E) = q; - 1 2 q;, all wj = :—1- .
i=2

i. Let B = {1}. In thi By={l=@l-aall-0yp =AnB,=

i. Le {c}nlscasea{a bcd}aABa
{l;—“, lel, %, %} and Sp(Dg) =1-a - % (1- ). Thus Sp(Dg,) this attains its
maximum value when o = 0. Hence the fused value is D = {l, lg}. Here we note that

a

we have completely discounted the information in B, which totally conflicted with the
higher priority information in A.
ii. Let B = {1, L}. In thi By={1=® Ll 1l1l-0} p, =ANnBy=
ii. Le {bc}nlscasea{abcd}a 1 o
{I-Ta, lg' Q Q} and Sp(Dg) = 1 - L(l - ). In this case Sp(Dg) attains its
maximum value when o = 1 and hence our fused value is Dy* = {-0— lg 0, Q—} Here
c
we have completely used the information in B, which was totally compatible with
higher priority information in A.
ii. Let B = (0, &6, L, 0}, 1n this case B = (122, 5(0,06) 1 1-ay p
b d a b ¢ d
= (l-a _aa S(abO 6) Q Q} Since 1 - o = S(a, 0) < S(a, 0.6) then Sp(Dg) =
S(a, 0.6) - wo(l - o). If we are using the product for S then

Sp(Dg) = & + 0(0.6) - %,”(a) = 0(0.6) + (1 - %)a =2- 0.067c..
Here Sp(Dg) attains its maximum value when o = 0 and hence our fused value is D =
11y
{a, b}

For notational convenience we shall indicate the fusion of A and B, using the

o
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preceding methodology as D = Intsp(A, B), with the understanding that the first

argument is the higher priority data.
Let us look at some properties of this prioritized fusion operation. We note that
this operation is not commutative, Intsp(A, B) # Intsp(B, A). If one of the datum

being fused is the whole space the results become rather simple. Consider first
Intsp(A, X) here By (x) = S(EX_, 1) =1 for all x. Thus By = X and hence Dy, = A N
X = A for all o, hence no opportunity exists for optimization and Intsp(A, X) = A.
Consider now Intsp(X, B) here By (x) = S(a, B(x)) and Doy =X N By =By As we
have previously shown the maximum specificity in this case occurs when &t = 1, By«
=B, hence IntSp(X, B)=B. ’
We shall now look at some of the other properties of aggregating A and B using
the preceding procedure. In the following we shall assume A has priority over B,
A > B, furthermore we shall use D" to denote the fused value, D*= Intsp(A, B).
The first result shows that if A and B are completely non-conflicting then our
fused value using the above procedure is the ordinary intersection.
Theorem: If E= A N B and Max,[E(x)] = 1 then Intsp(A, B)=E.
Proof: Under the premise there exists some value X such that A(’)E) = B(;() = 1.
Consider By, By(x) = S(ar, B(x)), we can easily show that i) Bo(1 c Ba2 ifog > 09

and ii) B¢y is normal for all o since Ba(’i) = 1. Consider Dy = A N By, it follows
from the above that D(xl c D(xz if aq > ap. Since Dy is normal for all o, Do‘(,i) =

1 and A(’)\() = 1, then from the properties of specificity Sp(Dal) 2 SP(Docz) for all otg
> 09. Thus the maximal specificity occurs for o = 1 and hence

D" =Intg(A,B)=E=ANB.
It is interesting to note that if A and B are completely conflicting, A N B =@,
and Sp(A) > 0 then D*# A N B. Since AN B =@ then Sp(ANnB)=0. If welet o
=0 then By = X and Dy = A N X = A and hence Sp(Dg) = Sp(A) > 0.

It can be shown that the procedure described never provides less information then
the simple intersection of A and B, Sp(IntSp(A, B)) 2 Sp(A N B), nor less
information then the higher priority data, Sp(IntSp(A, B)) =2 Sp(A).

Thus far we have considered only the case where we have two pieces of data to

fuse. The extension to the case of multiple pieces of data having a priority
relationship is straight forward. Assume Pq, i =1 to n, are a collection of data, each

of the form V is A;, and furthermore assume that a priority exists among these data,
Py >Py >..>P,. Our approach to this multiple case is the repeated application of
the IntSp operation. Thus we first calculate

Fy = IntSp(Al, Ar)
then for j = 3 to n we calculate

FJ = Intsp(Fj_l, AJ)
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The final value of the intersection F" is equal to F,. Taking advantage of the
fact that Sp(X, A) = A we can now express this process inductively as follows:
1. SetFy=X

2.For j =1 to n calculate Fj = Intsp(Fj_l, Aj).

In general the problem of findin D*, Intg,(A, B), is a rather complex nonlinear
g p g Sp

mathematical optimization problem as we see from recalling the procedure for finding
sk

D".
1. Let B (x) = S(C, B(x))
2. Let D (x) = T(A(x), By(x))
3. Find the value o that maximizes Sp(Dy)
4.Set D* = Dy *.

The key difficulty here is step three, the optimization of Sp(D) with respect to
o.. This optimization is made even more difficult by the fact that Sp(Dg) is a
complex nonlinear function with respect to o. The non-linearity comes from two
sources. The first source of non-linearity results from the use of the aggregation
operators T and S used to construct Dy, from A, B and &. The second source of
non-linearity is introduced by the ordering operation used in the calculation of
specificity.

It would be useful to find some methods for simplifying this procedure. A first
approach to simplification is a selection of T, S and Sp which makes the optimization
problem simpler. An appropriate selection of T and S can eliminate effects of the
first source of non-linearity. Consider the selection T(a, by=aband S(a,b)=a+b-
ab. In this case

By(x) = S(a, B(x)) = o + & B(x)
and

Dg(x) = T(A(x), Bg(x)) = A(x) - & A(x) B(x)
We see the above formulation for D(x) is linear in o.

We can now formulate our optimization problem as a mathematical

programming problem with respect to a. Find o to
Max: Sp(Dg)

subject to:
Da(Xj) = A(Xj) - A(Xj)'B(Xj) i=L2 .,n
0<acx<l

We note that A(Xj) and B(Xj) are known fixed values for a given fusion.

Let us now consider the specificity measure. We recall if F is a fuzzy subset
n
with membership grades f) > fy 2 ... 2 f;, then Sp(F) = f; - z W; fj. Consider the
i=2

n
measure where w; = —L . In this case Sp(F) = 0 f; - 1 E f:. In our
J R -1; J
n-1 n-1 n j=1

problem F = Dy,. Letting H be the largest membership grade in Dy we get
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SpDe =" H -1 (3 A(x)) - o 2 A(xj) B(xj)
n- 1 n- 1 J =1 J =
n
Denoting Z A(xj) aand b= 2 A(xJ)B(xJ) then
j=1
Sp(Dg) =

" H - l ——(a- ab).

Our problem now becomnes that of fmdmg o € [0, 1] that maximizes Sp(Dg) =
nH + ob. The only non-linearity left is with respect to the determination of H, the
largest of the Da(Xj) over j. We can now use a technique, described in [19], which
uses the introduction of binary integer variables to convert this into a linear mixed
integer programming problem for which many efficient codes, such as Lindo, are
available.

Maximize: nH + ob

such that:

(H0<sa<land0<H<1
(2) uj = A(x;) - UA(xp) - B(x;)) fori=1ton
(3)H-y;-Kz;<Ofori=1ton

n
@) Y z=n-1

1=
(5) z; € {0, 1} (z; restricted to be a binary integer variable)
In the above K is some arbitrary large number.
Let us see that this formulation solves our problem. Constraint (1) just restricts
o and H to be in the unit interval. Constraint (5) restricts z; to be binary zero/one

integer variable. Constraint (4) says that only one of z; will be zero, while the others
will be one. Constraint (2) just expresses u; as Dy (x;). The key is the Constraint in
(3). We note that if z; = 1 this constraint is always satisfied while if z; = 0 this
constraint becomes H < u;. Thus this constraint along with constraint (4) implies
that H must be less then or equal one of the u;. Since our objective function increases
with H, then this condition will be satisfied by having v = Max[uy;].

Thus using this mathematical programming formulation we can easily obtain

*
o .

Another approach to the simplification of the determination of the maximal
information intersection, Intsp(A, B), is to turn it into a tractable enumeration
problem and perhaps accept a slightly less then optimal solution. In this approach
there is no need to limit the possible operations used for S, T and Sp.

(1) Provide a discretization of the unit interval into & for j = 1 to q where
O=ej<ey<e3..<eg=1
(2) SetE = {eq,ep,€3,.. eq}
Setf=0,g=0andi=1.
B)Leta=¢;
(4) Calculate
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i. B (xj) = s, B(xj)) forj=1ton
ii. Da(xj-) = T(A(Xj), Ba(Xj)) forj=1ton
iii. Sp(D,)
(5) If Sp(Dgy) > f then set f = Sp(Dgy) and g = ¢;.
(6)ife<qseti=e+ 1and gotostep 3
(7) Set of = g and calculate D*(Xj) = T(A(Xj), Ba*(Xj))
A third approach to simplification involves the use of a direct representation of

D" in terms of A and B without any optimization process. We recall we assumed
Dy =VisA and Vis Bis a - credible in which o is the credibility of V is B.

Because of the priority relationship between Vis A and V is B we indicated that the
credibility of V is B should be a function of its compatibility with V is A. In this
approach we can consider providing some representation of the compatibility between
A and B, o = Comp(A, B). One option is to define o = Poss[B/A] = Max,[A(x) A
B(x)]. Using this definition we see that if the intersection of A and B is normal, they
are compatible, they have some solution in common, then o = 1. On the other hand
if they are completely in compatible, o = 0. More generally, we that « is inversely

related to the degree of conflict between Using this we get that D*(x) = A®X) A (B(x)
v (1 - Poss[B/A])) = (A(x) A B(x)) v (Ax) A (1 - Poss[B/A])). Other possible
representations exist for the characterization of Comp(A, B) however we shall not
pursue them at this point.

7. Conclusion

We considered the problem of data fusion and particularly the information
resulting from the fusion of conflicting data. We first showed that the measure of
specificity provides an appropriate measure for the amount of information contained in
a fuzzy subset. We showed that if the data being fused is completely non-conflicting
then the maximal information is obtained by taking the intersection of all the
observations. When the data is conflicting the use of the intersection can result in a
fused value having less information then any of its components. In order to increase
the information content in this conflicting environment some meta knowledge must
be introduced to adjudicate between conflicting data. Two approaches to address this
problem were introduced. The first approach considered the possibility of using only a
subset of the observations to construct the fused value. Central to this approach was
the use of a measure of credibility assigned to subsets of observations indicating the
appropriateness of using a subset of observations to calculate the fused value. The
basic rational of this approach was to calculate the fused value from a subset of
observations that were not to conflicting and consisted of enough of the observations
to be considered a credible fusion. In this approach the meta-knowledge used was the
measure of credibility. The second approach was based upon meta-knowledge in the
form of a prioritization of the observations. In this approach an observation is
essentially discounted if conflicts with higher priority observations.



106

8. References

[1]. Zadeh, L. A., "A theory of approximate reasoning,” in Machine Intelligence,
Vol. 9, Hayes, J., Michie, D., & Mikulich, L.I. (eds.), New York: Halstead Press,
149-194, 1979.

[2]. Yager, R. R., "Deductive approximate reasoning systems," IEEE Transactions on
Knowledge and Data Engineering 3, 399-414, 1991.

[3]. Dubois, D. and Prade, H., "Fuzzy sets in approximate reasoning Part I: Inference
with possibility distributions," Fuzzy Sets and Systems 40, 143-202, 1991.

[4]. Zadeh, L. A., "Fuzzy sets as a basis for a theory of possibility," Fuzzy Sets and
Systems 1, 3-28, 1978.

[5]. Yager, R. R., "Entropy and specificity in a mathematical theory of evidence,"
Int. J. of General Systems 9, 249-260, 1983.

[6]. Yager, R. R., "Measures of specificity for possibility distributions," in Proc. of
IEEE Workshop on Languages for Automation: Cognitive Aspects in Information
Processing, Palma de Mallorca, Spain, 209-214, 1985.

[7]. Yager, R. R., "On the specificity of a possibility distribution," Fuzzy Sets and
Systems 50, 279-292, 1992.

[8]. Yager, R. R., "Default knowledge and measures of specificity,” Information
Sciences 61, 1-44, 1992.

[9]. Zadeh, L. A., "Fuzzy sets and information granularity," in Advances in Fuzzy
Set Theory and Applications, Gupta, M.M., Ragade, R.K. & Yager, R.R. (eds.),
Amsterdam: North-Holland, 3-18, 1979.

[10]. Dubois, D. and Prade, H., Possibility Theory : An Approach to Computerized
Processing of Uncertainty, Plenum Press: New York, 1988.

[11]. Zadeh, L. A., "PRUF--a meaning representation language for natural
languages," International Journal of Man-Machine Studies 10, 395-460, 1978.

[12]. Yager, R. R., Ovchinnikov, S., Tong, R. and Nguyen, H., Fuzzy Sets and
Applications: Selected Papers by L. A. Zadeh, John Wiley & Sons: New York, 1987.
[13]. Yager, R. R., "Approximate reasoning as a basis for rule based expert systems,"
IEEE Trans. on Systems, Man and Cybernetics 14, 636-643, 1984.

[14]. Dubois, D. and Prade, H., "Fuzzy sets in approximate reasoning Part 2: logical
approaches,” Fuzzy Sets 40, 203-244, 1991.

[15]. Yager, R. R., "Conflict resolution in the fusion of fuzzy knowledge via
information maximization," International Journal of General Systems, (To Appear).
[16]. Sugeno, M., "Theory of fuzzy integrals and its application,” Doctoral Thesis,
Tokyo Institute of Technology, 1974.

[17]. Sugeno, M., "Fuzzy measures and fuzzy integrals: a survey," in Fuzzy
Automata and Decision Process, Gupta, M.M., Saridis, G.N. & Gaines, B.R. (eds.),
Amsterdam: North-Holland Pub, 89-102, 1977.

[18]. Yager, R. R., "A general approach to criteria aggregation using fuzzy
measures," International Journal of Man-Machine Studies 38, 187-213, 1993.

[19]. Yager, R. R., "Constrained OWA aggregation," Fuzzy Sets and Systems 81,
89-101, 1996.



Social Choice under Fuzziness: A Perspective

Hannu Nurmi! and Janusz Kacprzyk?

! Department of Political Science

University of Turku

FIN-20014 Turku, Finland
Email: hnurmiQutu.fi

Systems Research Institute
Polish Academy of Sciences

ul. Newelska 6

01-447 Warsaw, Poland

Email: kacprzyk@ibspan.waw.pl

Summary. The mainstream of social choice (group decision making) theory takes
as its point of departure the assumption that each individual is endowed with a
connected and transitive binary relation of weak preference over the set of decision
alternatives (options, variants, ...). The theory focuses on social choice correspon-
dences (functions) which map the individual preference relations to the set of social
choices (alternatives). In social choice (group decision making) theory under fuzzi-
ness the starting point is the concept of an individual fuzzy preference relation.
Moreover, a fuzzy majority may also be included. The aim is to find plausible ag-
gregation methods using fuzzy preference relations, and possibly a fuzzy majority.
First, we will show how the introduction of fuzzy preference relations may provide
means for a way out of basic incompatibility results and paradoxes in social choice.
Moreover, we will deal with ways of solving compound majority paradoxes using
fuzzy preference relations. Then, taking into account the perspective adopted, we
will sketch some known definitions of social choice solution concepts under fuzzy
preference relations and fuzzy majority, and present three basic approaches: (1) one
based on first aggregating the individual preference relations into collective prefer-
ence relations and then defining various solutions, i.e. subsets of alternatives called
social choices, (2) one based on defining solutions directly from individual fuzzy
preference relations, and (3) one based on fuzzy tournaments.

1 Introduction

Social choice theory has a long albeit discontinuous history. Marquis de Con-
dorcet and Jean-Charles de Borda — two late 18-th century theorists — are
usually named as the founding fathers of the theory (see [13]). Early pioneers
can however be found already in the Middle Ages (see [45]). Indeed, when
tracing the history of a theory which is so closely related to practice as the
theory of group (social) choice is to voting, one is faced with the problem
of determining when a particular author is elaborating a theory itself rather
than pondering upon an application problem. Anyway, the justification of
regarding Borda and Condorcet as social choice theorists is that they started
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from specific assumptions and set out to prove results pertaining to the gen-
eral properties of group decision methods.

The modern axiomatic social choice theory has become notorious for its
negative results. The earliest of them, the famous Arrow [3] impossibility
theorem, gave rise to a whole genre of results showing that various intu-
itively plausible properties of social choice methods are incompatible (see
[40]). These results are based on the assumption that the individual members
of a group are endowed with a connected and transitive preference relation
over pairs of decision alternatives (options, variants, ... ).

In this article we will replace this assumption with two other ones, i.e.
those of an individual fuzzy preference relation and of an individual fuzzy
tournament. We will show how the above helps overcome main paradoxes
and incompatibility results of the theory. Moreover, we will show that the
inclusion of a fuzzy majority amplifies the above.

Our analysis will concern more fundamental issues than just the derivation
of new solution concepts for social choice (group decision making) under
fuzziness which is more often pursued in the literature (for more details on
these, see, e.g, [27], [28], [29], [30], [31], [32], [34], [35], [50], [67], etc.)

The perspective adopted in this paper is less often considered in the lit-
erature, and among more relevant papers along this line of reasoning one
should certainly site [64]; see also [51], [56], [57]-

The organization of the article is the following. First, we present the classic
paradoxes of Borda and Condorcet. Second, we proceed to the notation and
definitions. Third, we outline the two best-known incompatibility results of
modern social choice theory. Fourth, we discuss another class of paradoxes,
i.e. those related to compound majorities. This class of paradoxes has received
relative little attention in the literature although its importance to real world
voting bodies cannot be denied. Fifth, we discuss some solution concepts
based on fuzzy preference relations and fuzzy majorities. Finally, the fuzzy
tournaments are focused upon.

2 Some problems of social choice

The basic setting that the social choice theory (which is practically equated
here with group decision making) focuses upon is as follows. A group consist-
ing of individuals has to make a decision concerning a set of alternatives. In
some formulations of the problem the group has to determine its collective
preference ranking of the alternatives. More often, however, the task is to find
a set of alternatives (or a single alternative) which is collectively (i.e. by the
group as a whole) regarded as best. We shall start with two classic versions
of such a collective choice problem.



109

2.1 Paradoxes of the founding fathers

In 1770 Jean-Charles de Borda appeared in front of the French Academy
of Sciences and presented the following problem. Suppose that a group of 9
individuals is to make a choice from three candidates for an office, A, B and C.
Suppose that the members have somewhat different views of the candidates,
namely 4 members ranking them in the order (i.e. from the best to the worst)
ABC, 3 in the order BC'A and 2 in the order CBA. The views of the group
can thus be depicted as in Table 2.1.

Table 1. Borda's paradox

members 1-4

members 5-7

members 8,9

A
B
C

B
c
A

c
B
A

Borda observed that should the plurality voting method be employed,
then A would get 4 votes, B - 3 votes and C - 2 votes, so that A would win.
In Borda’s opinion A would be, however, a bad choice. To wit, in pairwise
comparison with B, A would be defeated by 5 votes to 4. Similarly, in pairwise
comparison with C, A would loose by 5 votes to 4.

To avoid the possibility of electing a candidate that in pairwise com-
parisons would be regarded worse than any other available candidate by a
majority of voters, Borda proposed a system nowadays called the Borda count
(see, e.g., [17]). In this system the voters give points to alternatives so that
the alternative ranked first receives k — 1 points, the alternatives ranked sec-
ond k — 2 points, ..., the alternative ranked last receives 0 points from the
voter in question. The points given to an alternative by each voter are then
summed up which yields the Borda count of the alternative. The alternative
with the largest Borda count is declared the winner (for a discussion of the
properties of the Borda count, see [21]).

Borda provided therefore a solution to a problem of considerable impor-
tance. His contemporary Marquis de Condorcet later pointed out that the
Borda count is not an entirely faultless system, i.e. it may happen that an
alternative that defeats all the others in pairwise comparisons — known in
modern times as the Condorcet winner — is not necessarily chosen by the
Borda count.

Condorcet’s paradox, however, is related to the following situation (Ta-
ble 2.1). Here three groups of voters consider the alternatives A, B and C
in pairs according to a fixed agenda. Assuming that the groups are of equal
size or that any two of them constitute a majority of voters, one is led to the
conclusion that regardless of which alternative one picks as the winner, there
always exists a majority of voters preferring some other alternative to it.
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Table 2. Condorcet’s paradox

Group I|Group II|Group III|
A B C
B C A
c A B

These two paradoxes started a research tradition which somewhat discon-
tinuously has led to modern social choice theory (see [13], [63]). We now turn
to the basic notation and definitions of the theory.

3 Notation and basic definitions

The following notation and definitions are standard (see, e.g., [48], [61]).
We consider the set N of n voters and a set X of k alternatives (options,
candidates, policies, ...). Each voter i € N is endowed with a complete and
transitive preference relation R; over X. The set of all possible transitive
and complete preference relations of voter 7 is W;. An n-tuple of individual
preference relations is called a preference profile and denoted by RN.

‘We have then the following basic definitions.

Definition 1. A social choice function (SCF, for brevity) is a function F
from the set of preference profiles to X.

The set of all preference profiles involving N is denoted by W,

Definition 2. A social choice correspondence (SCC, for brevity), is a func-
tion from W/ to 2%, the power set of X (the family of all subsets of X
including X and 0).

Thus, a SCF always gives a single alternative (the winner), while SCCs
may produce ties between several alternatives.

Definition 3. A social welfare function (SWF, for brevity) is a function f
from WP to the set of complete and transitive preference relations over X.

Let now F be a SCF and R € W¥. Then, we have the following defini-
tion.

Definition 4. The matriz form game associated with F' and R"N is denoted
by g(f, R"Y) where the strategy set of each i € N is W;, f is the outcome
function, and R; is i’s preference relation over the outcome set X.

In other words, the strategies of voters are their reported preferences over
the decision alternatives.
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Definition 5. An equilibrium point of g(f, RN) is a profile TN € WP if for
alli € N: f(TN)R; f(TN-1i} RY), for all R, € W;. Here TV} denotes the
profile of n — 1 preference relations which is obtained from TV by deleting
i’s preference relation.

This is the best-known equilibrium notion, the so-called Nash equilibrium.
It means that in an equilibrium point no voter regrets for having voted in
the way he or she did, provided that the others stick to their strategies.

Definition 6. A strong equilibrium point, in turn, is a TV € W¥ if for any
coalition S of s voters and for any s-tuple of strategies L° of the members of

S, there exists a voter j € S who regards f(TV) at least as good an outcome
as f(TN-5,L%).

Definition 7. If for any RV € W/, R is an equilibrium point in g(f, RV),
then F' is individually non-manipulable or strategy- proof.

In individually non-manipulable viting systems, it is never beneficial to
an individual not to report his or her true preference relation, provided that
the others do.

Definition 8. An SCF F'is called coalitionally strategy-proofif for any RN ¢
W the strategy RY is a strong equilibrium point.

Clearly if an SCF is coalitionally strategy-proof, and it is also individually
strategy-proof. What is less obvious, however, is that the converse is also true
(see, e.g., [26], Lemma 5.3).

Definition 9. Given the set N of players, a simple game is defined as G =
(N, V) where V is the set of winning coalitions.

We now define a core C(G, X, RV) of a simple game G with the help of a
binary dominance relation, dom. Given a profile RN € W¥ and any z,y € X,
z dom(RY)y if there is a coalition K € V such that z is strictly preferred to
y by all members of K.

Definition 10. The core C(G, X, R") consists of alternatives not dominated
by any other alternatives, i.e. of non-dominated alternatives.

3.1 Some incompatibility results

The best-known result in the modern social choice theory is Arrow’s impos-
sibility theorem (cf., e.g., 3], [40]). It states that unrestricted domain, in-
dependence of irrelevant alternatives, Pareto condition and non-dictatorship
are properties that cannot all characterize any social welfare function.

Definition 11. The function f has unrestricted domain iff it is defined for
the entire Cartesian product.
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Definition 12. The function f is independent of irrelevant alternatives iff
the social preference relation over any two alternatives z and y depends on
the individual preference relations regarding = and y only.

Definition 13. The Pareto condition is satisfied iff zP;y for all individuals
1 implies that zRy. Here P; denotes the asymmetric part of R;.

Definition 14. The Non-dictatorship condition is satisfied when there is no
individual ¢ such that zRy iff zR;y, for all z,y € X.

The above incompatibility result has generated a rich literature in which
the result and its relevance has been discussed (see, e.g., [40]).

We now proceed to another result which has also been viewed as having
fatal implications for democracy. Gibbard—-Satterthwaite’s theorem deals with
SCFs ([22], [65]). It states that all universal and non-trivial SCFs are either
manipulable or dictatorial.

Definition 15. An SCF is universal iff its domain is unrestricted.

Definition 16. An SCF is non-trivial iff for any z € X there is a preference
n~-tuple such that the value of the function is z.

Definition 17. An SCF h is manipulable by individual i in situation (X, S™),
where SV is a fixed preference profile of n individuals, iff h(X,S") = y and
h(X,TVN) = z with 2P;y, and TV can be obtained from SV by changing the
1’s preference relation.

Definition 18. An SCF h is manipulable iff there is a situation (X, S") and
an individual j such that j can manipulate h in (X, SY).

Therefore, Gibbard and Satterthwaite’s theorem states that for all non-
dictatorial, universal and non-trivial SCFs a situation (X, R") exists where
RY is not an equilibrium point.

Condorcet’s voting paradox is the best-known paradox in the theory of
voting. Of somewhat more recent origin are paradoxes related to combining
majorities. The earliest of these paradoxes bears the name of Moise Ostro-
gorski [60].

3.2 Compound majority paradoxes

Ostrogorski’s paradox pertains to situations in which parties competing for
electoral support are characterized by stands taken on various issues. Con-
sider Table 3.2 discussed by Daudt and Rae [16] (see also [12], [44], [62]). In
this example there are two parties X and Y and voters are grouped into four
groups A, B, C and D. The three first groups comprise 20% of the electorate
each, while group D consists of 40% of the electorate. The entries in the ta-
ble indicate which party is considered better by the voters represented by the
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Table 3. Ostrogorski’s paradox

group |issue I|issue 2|issue 3|parly supported
A (20%)] X X Y X
B (20%)| X Y X X
C (20%)| Y X X X
D (40%)| Y Y Y Y

row on the issue represented by the column. Thus, e.g., the voters in group
A consider X better than Y on issue 1.

Now if the party choice of a voter is determined on the basis of the party
regarded better in most issues (assuming that the issues are of equal impor-
tance), then the voters in A, B and C vote for X, whereas the voters in
D vote for Y. Thus, 60% of the voters choose X. However, considering the
issues one at a time, one immediately observes that on each issue party Y is
supported by 60% of the voters. Clearly, it makes a huge difference whether
the issues are voted upon one at a time or simultaneously as party platform.

Anscombe’s [2] paradox belongs to the compound majority paradoxes as
well. It appears to be closely related to Ostrogorski’s paradox. It consists of
the observation that a majority of voters may be in a minority on a majority
of issues to be voted upon. Table 3.2 reproduces Wagner’s [68] example of the
paradox. Assuming that issues are decided by simple majority, a majority of

Table 4. Anscombe’s paradox

voters |issue 1|issue 2|issue 3
voter 1| yes yes no
voter 2| no no no
voter 3 no yes yes
voter 4| yes no yes
voter 5 yes no yes

voters, i.e. voters 1-3, are on the losing side in two issues out of three: voter
1 is in the minority on issues 2 and 3, voter 2 in issues 1 and 3, voter 3 in
issues 1 and 2.

In countries where consultative non-binding referenda are being resorted
to, a particular problem of some importance may be encountered, namely
that of deciding which one is more authoritative: the referendum outcome or
the parliamentary voting outcome. To wit, it may happen that the majority of
voters favours an opinion and the majority of the representatives its negation.
This problem has certain similarities with Ostrogorski’s paradox.
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Table 5. Paradox of representation

opinions|MPs of A|M Ps of B total vote
16 |78/ 9
yes” 5 |11]| 12 64
“no” 6 0 0 36

Consider again an example. Let us assume for the sake of illustration that
the parliament consists of 9 members (MPs) and that there are 100 voters.
Assume, moreover, that the support for each elected member is roughly the
same, i.e. 11 votes for 8 members and 12 votes for 1 member. Let this last
named member be a party B representative. Party A has 6 out of 9 or 2/3
of the parliament seats, while party B has 3 out of 9 or 1/3 of the seats.
Suppose that the support of the parties corresponds to the seat distribution,
i.e. 2/3 of the electorate supports party A and 1/3 party B (see Table 3.2).

Let now a referendum be called in which the voters are asked to answer
either “yes” or “no” to a question. The distribution of votes in both parlia-
mentary elections and the referendum is indicated in the above table. Clearly
“yes” wins the referendum receiving 64 votes out of 100.

Suppose, however, that the same issue is being subjected to a parliamen-
tary vote. Then, assuming that the MPs know the distribution of opinions of
their own supporters, it is plausible to predict that they vote in accordance
with what they think is the opinion of the majority of their supporters. Thus,
the MPs of party A would vote for “no” and the MPs of party B would vote
for “yes”. Obviously, “no” wins by a handsome margin 6 to 3. What is there-
fore the right outcome?

These are some of the problems discussed in social choice theory where
the point of departure, as was pointed out above, is the assumption that the
individuals have connected and transitive preference relations over the set of
alternatives. We now proceed to approach these problems by replacing these
assumptions with “softer” ones.

4 Avoiding the incompatibility results

In probabilistic voting (cf. [24], [25], [53]) the point of departure is that we
know probabilities that individuals assign to various alternatives. These prob-
abilities play an analogous role to the individual preference relations in the
standard theory of collective choice. It is natural to interpret them so that
the more likely an individual is to vote for an alternative, the more desirable
he considers it.

Consider again a finite alternative set X with k elements and denote by g;;
the probability that individual ¢ votes for alternative j, for i = 1,...,n and
j=1,..., k. We assume that, for each i, Xj—;,. rg;; = 1 and ¢;; > 0. We call
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p = (p1,...,Pn) the probability vector of the collectivity or group N. There
are many ways of arriving at this vector as, e.g., the average rule: p; = s;/n
where s; is the sum of probabilities given to alternative j (j = 1,...,k).

It can easily be seen that this remarkably simple rule satisfies all Arrow’s
conditions when the latter are modified to fit into the probabilistic framework
(see [24], [25]). These are the following in the probabilistic framework.

Definition 19. Collective rationality: the collective preference relation over
X induced by the average rule is complete, reflexive and transitive.

Definition 20. Citizen’s sovereignty: for any probability vector p of the
group, there exists an n-tuple of individual probabilities that results in p
when the average rule is applied.

Definition 21. Symmetry: permutation of individuals does not affect the
outcome.

Definition 22. Preservation of unanimity: if every individual assigns a higher
choice probability to alternative i than to alternative j, then so does the col-
lectivity.

Definition 23. rm Pareto principle: if alternative ¢ Pareto dominates alter-
native j, then the collectivity assigns a higher choice probability to ¢ than to
j.

Definition 24. Certainty principle: the collectivity chooses alternative 7 with
certainty, i.e. with probability 1, iff all individuals choose i with probability
1.

Definition 25. Independence of irrelevant alternatives: the choice probabil-
ity or alternative ¢ depends only on the choice probabilities that the individ-
uals assign to i.

Definition 26. Non-dictatorship: no proper subset of individual choice prob-
abilities determines the collective choice probability vector completely.

All these conditions are satisfied by the average rule. First, the collective
choice probability vector, which can be interpreted as a collective preference
relation, produces clearly a connected and transitive relation over the set of
alternatives. Second, an example of individual choice probabilities that guar-
antee the citizen’s sovereignty is one in which all individuals have an identi-
cal probability vector over the alternatives that coincides with the collective
choice probability vector p. Third, when computing the averages of probabil-
ity values, it obviously makes no difference in which order the probabilities
are summed up. Thus, the symmetry is guaranteed. Fourth, unanimity is
preserved since the average of higher probability numbers is obviously larger
than the average of smaller probability numbers. Fifth, the Pareto principle is
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satisfied since if every individual except one is indifferent between i and j, i.e.
assigns an equal choice probability to them, and one individual assigns to i a
higher choice probability than to j, then also the collective choice probability
of i is larger than that of j. Sixth, since the individual choice probabilities
have the maximum value of 1, the only way in which their average value is
1 is when they are all equal to 1. Seventh, the collective choice probability
of i depends on the individual choice probabilities of i being the average
of the latter. Eight, because the outcome of the average rule is determined
by all individual choice probabilities, no individual can alone determine the
outcome.

The crux of the above way to avoid Arrow’s result is thus to assume that
the individuals assign choice probabilities to alternatives. Obviously, this is a
more stringent assumption than that of connected and transitive preference
relations in the sense that the latter assumption implies the former, while the
converse does not hold. In other words, the individual choice probabilities
can be mapped into connected and transitive preference relations, but any
connected and transitive preference relation is consistent with an infinite
number of choice probability vectors. In a way the choice probability vector
induces a preference relation.

The way out of Gibbard-Satterthwaite theorem suggested by Barbera
does not presuppose individual choice probabilities ([5]). Instead, the indi-
vidual preference ranking assumption is the point of departure. A ranking of
alternative set X is a binary connected, asymmetric and transitive relation.
We now define a measure over X as a function which assigns a non-negative
number to each alternative in X. We denote the measure of z € X by m(z).
The weight of the measure m is Zyexm(z).

A scheme is a function that assigns to each profile of strict preferences
a measure with a fixed weight. In the following the schemes are denoted by
f. A special case of measures is one in which the weight equals 1. These are
called lotteries. Barbera calls schemes with weight 1, i.e. lotteries, decision
schemes. The decision schemes thus tell us, given the preference profile, what
is the probability of various alternatives being chosen. Hence, the output of
the decision process is the same as in the case of probabilistic voting.

Three classes of decision schemes are of particular importance:

1. point voting schemes,
2. supporting size schemes, and
3. simple schemes,

and they are defined below.

Definition 27. The point voting schemes are representable by positional
scoring vectors (a1, ...,ar) where a; > --- > ax > 0 and the probability that
alternative z is chosen in a given profile is determined by f(z) = Ziena,(i z)-
Here r(i,z) denotes the rank of alternative z in the individual #’s preference
ordering.
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The choice probability is then determined so that an alternative is given
a score a; every time a voter ranks it to the i’th rank. Clearly, in the Borda
count a; = k — 4. Since we are dealing with decision schemes, the scoring
vectors must be defined so that the sum of scores equals 1.

Definition 28. The supporting size schemes are characterized by supporting
size scoring vectors (bp,...,bp) such that: (a) b, > --- > by > 0, (b) there
exists a number K such that b; + b,—; = K, for each j < n/2, and (c) in
any fixed profile f(z) = Zyex—(y}bs(z,y)- Here s(z,y) denotes the number of
individuals who prefer z to y in the profile.

In decision schemes the scoring vectors have to be calibrated so that
p = (p(z1),...,p(zx)) determined on the basis of f is a probability vector.

Definition 29. The simple schemes are ch_aracterized by pumbers g > 0and
s > 0 such that f(z) = Zyex_{s}XienqVy, + k. Here vy, = 1 if 2Py and
vi, =0if yPiz.

Thus, the score of = is computed so that for all other alternatives y one
counts the number individuals preferring x to y, multiplies this number by ¢
and adds k to the result obtained.

Barbera [5] demonstrates that the set of simple decision schemes is the
interesection of point voting and supporting size decision schemes. From this
one immediately observes that there are decision schemes which allow for
multiple representations.

The first way out of the Gibbard—Satterthwaite theorem is opened by the
following theorem by Barbera [5]: a decision scheme is anonymous, neutral
and non-manipulable iff it is a probability mixture of a point voting and
supporting size decision scheme.

A probability mixture of decision schemes for a fixed profile is defined as

f@) =cafi(@) +- +cfi(z)

where ¢; > 0, for i = 1,...,¢t and X;c; = 1. The proof of this theorem rests
partly on Gibbard’s result [22]. Since both point voting and supporting size
decision schemes exist, one can thus find strategy-proof decision schemes as
well.

One can do somewhat better, though, by characterizing the three types of
decision schemes. With regard to the points voting schemes Barbera proves
the following [5]: a decision scheme is a point voting one iff it is anonymous,
neutral, strategy-proof and satisfies a condition called individual-indepen-
dence. This condition is defined as follows. Consider four preference profiles
P, P', P+, and P % x such that P’ is obtained from P by changing the
individual i’s preference order from P; to P/ and P x « is obtained from Px
by changing the i’s preference order from P;*x to P; x . For any alternative z
we define now the probability gain imputable to ¢ when the profile changes
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from P to P’ as follows: D(z,, P') = f(z,P')— f(z, P). And similarly for Px
and Px*x*. Suppose that P; = P;* and P; = P;*x. The scheme f is individual-
independent iff for the above four profiles, for any ¢ € N and for any z € X,
D(z, P, P') = D(z, P, P**). Intuitively, a scheme is alternative- independent
iff the individual i’s change of mind in an identical way in any two profiles,
ceteris partbus, produces the same probability gain for any alternative.

This characterization of point voting schemes thus enables us to find meth-
ods that are do not give individuals incentives for strategic misrepresentation
of preferences. Barbera [5] gives a similar characterization to supporting size
decision schemes.

Another independence condition is now called for, i.e. the alternative in-
dependence. Consider two preference profiles P and P’ that are related to
each other as, for a fixed pair of alternatives z and y:

1. for all individuals i: either (a) z is immediately above y in the i’s prefer-
ence order or (b) y is immediately above z in the i’s preference order,

2. for all individuals 4, if (a) is the case, then either P; = P/ or P/ is obtained
from P; by exchanging y and z, or if (b) is the case, then either P; = P/
or P/ is obtained from P; by exchanging = and y, and

3. for all indiviuals ¢ and another alternatives z, the rank of z is the same
in P and P'.

Definition 30. A scheme f is alternative-independent iff C(z,y, P, P') =
C(z,y, P*,P x x) when P and P’, on the one hand, and P+ and P * %, on
the other hand, are related to each other according to (1)—(3) given above,
and, moreover, for all individuals ¢: zP;y iff zP; * y and zP/y iff zP; * xy;
C(z,y, P, P') = f(z,P') — f(z, P) denotes the probability gain of z which is
due to y when P is changed to P’.

Barbera’s [5] characterization of supporting size decision schemes can now
be stated: a decision scheme is a supporting size one iff it is anonymous,
neutral, strategy-proof and alternative-independent. Finally, simple decision
schemes are neutral, anonymous, strategy-proof, alternative-independent and
individual-independent. Conversely, all decision schemes having the five last
mentioned properties are equivalent to simple decision schemes.

We thus have two ways of constructing strategy-proof decision schemes:
point voting schemes and supporting size schemes. Any probability mixture
of them will do as well. So, of course, will a scheme that is an intersection of
the two basic schemes, i.e. a simple scheme.

The preceding ways out of the Arrow and Gibbard—Satterthwaite results
make use of opinion aggregation procedures that produce probability distri-
butions over the alternatives. In contexts where the same decision making
body considers problems of equal importance many times in a sequence, one
could with some justification resort to random mechanisms in making the
actual choices. Thus, one could ascertain that right outcomes are reached
in expected values at least. On the other hand, in non-repetitive decision
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contexts where one alternative has to be chosen, the resort to a random
mechanism may be more difficult to justify.

Things get more manageable if one can do with fuzzy sets as decision
outcomes. Then one could simply interpret the probabilities assigned to var-
ious alternatives as membership degrees with respect to the collective goal
set. After all, each alternative has a probability value in the [0,1] interval.
This could obviously be regarded as a membership degree. But are there any
circumstances in which fuzzy sets will suffice as decision outcomes? Surely.
At least such situations in which several lower level bodies separately con-
sider alternatives in order to submit their opinions for aggregation on another
(typically higher) organizational level could fit to this type of output require-
ment. What we then are confronted with is a fuzzy set aggregation problem
which is equivalent to the problem of aggregating fuzzy individual goal sets
or subjective choice probabilities.

Intriligator’s result ([24], [25]), which shows a way out of thr Arrow the-
orem, rests on the assumption of individual choice probabilities. In non-
repetitive choice situations the notion of individual choice probability is not
intuitively obvious. Rather than assuming that a person preferring = to y
makes occasionally a mistake which accounts for a non-zero probability of
y being chosen from {z,y}, one could assume that underlying the choice
probability is a fuzzy preference relation [53].

We obtain the fuzzy preference relation from individual i’s utility function
Ui(z) as follows. First of all, it is well-known from axiomatic decision theory
that the existence of a connected and transitive preference relation over the
set X of alternatives guarantees the existence of a utility function U; that
represents the preferences (see, e.g., [23]).

Thus, if such a preference relation can be assumed, it implies the existence
of a utility function. Next, we define

fjl = gi(flfj,ﬂlt)
for all z; and z; in X so that:
1. gi(a:j,;cl) =0.5 if U,'(.’Ej) = Ui(:L'[),

2. g; is monotone increasing function of U;(z;), and
3. g: is monotone decreasing function of U;(z;).

The probability that individual i votes for alternative z; can be related
to the fuzzy preference relation f; of ¢ as follows:

(i) if f;x > 0.5, then it is not the case that g > gs5,
(ii) if f;x < 0.5, then it is not the case ¢;; > gix, and
(iii) if fix = 0.5, then qij = Qik.

Thus, the fuzzy preference relation f;; generates a probabilistic voting
vector.
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If, instead of individual preference relation, we are given a fuzzy individual
choice function h;(z;) for all z; in X, we can also generate a probabilistic
voting vector. Here h; is the membership function indicating the degree in
which z; satisfies individual ¢’s goals. Let H; denote the sum of membership
degrees of all elements of X in ¢’s goal set. Then g¢;; = h;(z;)/H; gives us the
desired probabilistic voting vector.

We thus have methods that enable us to generate probabilistic voting if
the individuals have either connected and transitive individual weak prefer-
ence relations or fuzzy individual choice functions. Probabilistic voting, in
turn, is a way of avoiding some negative results of social choice theory.

Let us now turn to the compound majority paradoxes to determine if the
theory of fuzzy sets can provide solutions to them.

Consider again Table 3.2 and assume that instead of voting for X and Y
on each issue, the individuals would indicate the degree to which X and YV
satisfy their goal sets with respect to each issue. We thus obtain the result
as in Table 4. The first subscript of the entries refers to the issue and the

Table 6. Example of fuzzy goal sets

group |issue 1]issue 2|issue 3
A (20%) |a1z, 61y |a2z, G2y |@32, a3y
B (20%) b1z,b1y bzz,bzy b3z,bay
C (20%) Clz, Cly | C2z, C2y | C3x, C3y
D (40%)|d1z, d1y |d2z, doy |d3z, day

second to the party. For example, by, indicates the degree to which party ¥
satisfies group B’s goals on issue 2. Each group ¢ can now be characterized by
an ordered pair (i(z),i(y)) where i = A, B,C, D and i(z) (i(y), respectively)
denotes the (weighted or unweighted) sum of goal satisfaction scores of party
X (Y, respectively) in ¢’s goal sets. Similarly, each issue j can be characterized
by a pair (j(z),j(y)) where j(z) (j(y), respectively) denotes the sum of the
goal satisfaction values assigned by the groups to party X (Y, respectively)
on issue j.

Let I(z) = X;i(z) and I(y) = X;i(y), for i = A, B,C, D. Similarly, let
J(z) = Z;j(z) and J(y) = Z;j(y), for j = 1,2,3. Clearly, I(z) = J(z) and
I(y) = J(y). Thus, Ostrogorski’s paradox can be avoided. However, there is
a price to paid for this, namely what we end up with is a distribution of sums
of goal set satisfaction values over the alternatives. What to do with them?

The most obvious way to proceed is to resort to probabilistic decision rule,
i.e. to define first p(z) = I(z)/(I(z) + I(y)) and p(y) = I(y)/(I(z) + I(y)),
and then to employ a random mechanism with two outcomes 03,02 with
probabilities p(z), p(y).
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Anscombe’s paradox and the paradox of representation can be handled
in an analogous way, i.e. by allowing the voters to express their opinions in
the form of membership degrees. The results are then aggregate membership
degree distributions over the alternatives and, thus, probabilistic mechanisms
can be resorted in the determination of the alternative to be chosen (in cases
where membership degree distributions are not adequate).

Having discussed ways of avoiding various incompatibility results of the
social choice theory, we now turn to group choice situations involving fuzzy
relations at the outset. The problem focused upon is that of finding plausible
solutions — that is, sets of intuitively best alternatives - in those situations.

5 Solutions based on fuzzy social preference relation

Bezdek et al. ([10], [11]) discuss the problem of finding the set of undomi-
nated alternatives or other stable outcomes given a collective fuzzy preference
ordering over the alternative set; see also [50].

Consider a nonfuzzy set X and a subset M,, of n-dimensional real space
V. defined as follows

M,={ReV, (0< rij < iy =0,V i + 15 = 1,Vi # 7}

The elements of M, are interpreted as the degrees of individual or group
preference for s; over s;, with r;; = 1 indicating the maximum preference
of s; over sj, r;; = 0.5 indicating indifference between the two, and r;; = 0
indicating a maximum preference of s; over s;. Moreover, each value of Tij
in the open interval (0.5, 1) indicates the intensity of preference of s; over s;,
the intensity varying from “mild” to “strong”.

We now define a couple of solution concepts for voting games with fuzzy
collective preference relation.

Definition 31. The set S, of a-consensus winners is defined as:
8i € S iff Vs; # 551145 > a
with 0.5 < a < 1

Whenever S, is nonempty, it is a singleton, but it does not always ex-
ist. Thus, it may be useful to find other solution concepts that specify a
nonempty alternative sets even when S, is empty. One possible candidate is
a straightforward extension of Kramer’s minimax set ([41]). We call it a set
of minimaz consensus winners, denote it by Sy and define as follows.

Definition 32. Let 7; = max;r;; and 7 = minjmaz;r;;. Then s; € Sy (the
set of minimax consensus winners) iff 7; = 7.
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Clearly Sjs is always nonempty, but not necessarily a singleton. As a
solution set it has the same interpretation as Kramer’s minimax set: it consists
of those alternatives which, when confronted with their toughest competitors,
fare best, i.e. win by the largest score (if # < 0.5) or lose by the smallest one
(if 7 > 0.5).

These solution concepts are based on the social preference relation matrix.
Other ones can be obtained in several ways. For instance, one may start from
a preference profile over a set of alternatives and construct the [r;;] matrix

as follows: . . o
o {12

7‘,']':0 fOI‘i=j

where afj = 1if s;is strictly preferred to s; by voter k, and afj = 0 otherwise.
For the properties of the [r;;] we refer the reader to [66] (see also, e.g., [6],
[14], [15]). -

There is nothing “fuzzy” in the above solutions. As the method of con-
structing the social preference relation matrix suggests, the starting point
can just a be the ordinary preference profile as well.

We now turn to solution concepts which utilize fuzzy preference relations
as essential ingredients in the definition of solution concepts.

6 Solutions based on individual fuzzy preferences

Let us first consider solution concepts that do not require any preference
aggregation at all. One of the best solution concepts is that of a core or
a set of undominated alternatives. Suppose that the decision rule (required
majority) be r.

Definition 33. An alternative s; € X belongs to the core iff there is no
other alternative y € X that defeats x by the required majority r.

We can extend the notion of a core to cover fuzzy individual preference
relations by defining a the fuzzy a-core as follows:

Definition 34. An alternative s; € X belongs to the fuzzy a- core X, iff
there exists no other alternative s; € X such that r;; > a for at least r
individuals.

It is easy to see that if the nonfuzzy core is nonempty, so is X, for some
a € (0,1]. In other words, Ja € (0,1]: core C X,. Moreover, for any two
values aj,az € (0,1] such that a; < @y, we have:

Xax g Xaz

The intuitive interpretation of the fuzzy a-core is obvious: an alternative
is a member of X, iff a sufficient majority of voters does not feel strongly
enough against it.
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Another nonfuzzy solution concept with much intuitive appeal is a mini-
max set (see [41]). In a nonfuzzy setting it is defined as follows.

Definition 35. For each z,y € X denote the number of individuals prefer-
ring z to y by n(z,y). Then define

v(z) = mazyn(z,y)

and
nx = mingv(z)

Now the minimax set is

Qn¥) = {z | v(z) = n+}

Thus, Q(n*) consists of those alternatives that in pairwise comparison
with any other alternative are defeated by no more than nx votes. Obviously,
if n¥x < m/2 , where m is the number of individuals, then @ (nx) is singleton
and z € @(nx) is the core if the simple majority rule is being applied.

Analogously, we can define a the minimaz degree set Q(8) as follows.
Given s;,8; € X and let, for individuals k = 1,...,m:

u,k)(xj) = Maz;irs;

We now define
vp(z;) = mazevh(z;)

Let minjvp(z;) = 8. Then
Q(B) = {z; | vp(z;) = B}

For properties of the minimax degree set, we refer to [50].

Another concept that is analogous to the nonfuzzy mimimax set is a
minimaz opposition set. Let n;; be the number of those individuals for whom
ri; > rj; and let vy = max;n;;. Denote by 7y the minimum of v¢(z;) with
respect to j, i.e.

oy = min;vs(z;)

Then: Q(vs) = {z; | ve(z;) = v}

But, clearly, Q(vy) = Q(n*) since r;; > r;; implies that the individual
prefers alternative z; to z;. Similarly, the preference of z; over z; implies
that r;; > r;;. Consequently, the minimax opposition set does not take into
account the intensity of preferences as expressed in the individual preference
relation matrices.

A more general solution concept, the a-minimaz set denoted Q"‘(v?‘), is
defined as follows. Let n,(z;,z;) be the number of individuals for whom
rij < a (with 0 < a < 0.5) for some value of @ € (0,1]. We now define
Ve, € X : v?(mi) = maz;ne(z;, ;) and v = miniv}’(mi). Then

Q*(vy) = {z; | v§(z:) = 9%}
It can be shown that Q%(v§) C Q(nx*) (see [50]).
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7 Fuzzy tournaments

One purpose of studying fuzzy tournaments is to overcome the difficulties
inherent in the use of conventional solution concepts, namely the fact that
the latter tend to produce too large solution sets and are therefore not de-
cisive enough. Another purpose of our discussion is to apply analogues of
the nonfuzzy solutions to contexts where the opinions of individuals can be
represented by more general constructs than just connected and transitive
preference relations (cf., e.g., [39]).

Let us take a look at a few solution concepts of nonfuzzy tournaments;
for more details and a more extensive coverage, see Nurmi and Kacprzyk’s
paper [58].

Definition 36. Given the alternative set X, a tournament P on X is a
complete and asymmetric relation on X.

In the context of group decision making P can be viewed as a strict
preference relation. When X is of small cardinality, P can be expressed as a
matrix [ps;], pi; € {0, 1} so that p;; = 1 if the alternative represented by row
i is preferred to that represented by column j, and p;; = 0 if the alternative
represented by column j is preferred to that represented by row 1.

Suppose that each individual has a complete, transitive and asymmetric
preference relation over X, and that the number of individuals is odd. Then a
tournament can be constructed through pairwise comparisons of alternatives.
In the ensuing tournament alternative s; is preferred to s; iff the number of
individuals preferreing the former to the latter is larger than the number of
individual preferring s; to s;.

Perhaps the best-known solution concept of tournaments is the Condorcet
winner.

Definition 37. The Condorcet winner is an alternative which is preferred
to all other alternatives by a majority.

The main problem with this solution concept is that it does not always
exist,.

Definition 38. The Copeland winning set UC¢ consists of those alterna-
tives that have the largest number of 1s in their corresponding rows in the
tournament matrix.

In other words, the Copeland winners defeat more alternatives than any
other alternatives do.

Definition 39. The uncovered set is defined by means of a binary relation of
covering. An alternative s; covers another alternative s; iff s; defeats s; and
everything that s; defeats. The uncovered set consists of those alternatives
that are covered by no alternatives (see [46], [47]).
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Definition 40. The Banks set is the set of end-points of Banks chains. Start-
ing from any alternative s; the Banks chain is constructed as follows. First
one looks for an alternative that defeats s;. Suppose that such an alternative
exists and is s; (if one does not exist, then of course s; is the Condorcet win-
ner). Next one looks for another alternative that defeats both s; and s;, etc.
Eventually, no alternative can be found that would defeat all previous ones
in the chain starting from s;. The last alternative which defeats all previous
ones is the end-point of the Banks chain starting from s;. The Banks set is
then the set of all those end points (see [4]).

The following relationships hold between the above mentioned solutions
(cf. [49], [55]):

e all solutions converge to the Condorcet winner when one exists,

¢ the uncovered set includes the Copeland winning set and the Banks set,

¢ when X contains less than 7 elements, the uncovered set and the Banks
set coincide, and

¢ when the cardinality of X exceeds 12, the Banks set and the Copeland
winning set may be distinct; however, they both always belong to the
uncovered set.

Given a group N of n individuals, a collective fuzzy tournament F' = [r;;]
can be obtained through pairwise comparisons of alternatives so that

card{k € N | s;Ps;}
n

Tij =

where Py is a nonfuzzy tournament representing the preferences of individual
k.

Let us now define a strong fuzzy covering relation Cs C X x X as follows
Vi, j,l € {1, v ,m} : SiCSS]' STy 2 ’I‘ﬂ&T‘ij > T

Clearly, the strong fuzzy covering relation implies the nonfuzzy cover-
ing relation, but not vice versa. The set of C's-undominated alternatives is
denoted by UC's.

Definition 41. The weak fuzzy covering relation Cw C X x X is defined as
follows:

Vs, 85 € X ¢
s,‘CWSj & Tij > Ty
&card{s; € X :ry >rj} > card{sp € X :1jp > 1ip}

Obviously, s;Css; implies s;Cws;, but not conversely. Thus, the set of
Cw-undominated alternatives, UCw, is always a subset of UCs. Moreover,
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the Copeland winning set is always included in UC's, but not necessarily in
UCw (see [58]).

If one is looking for a solution that is a plausible subset of the uncovered
set, then UCw is not appropriate since it is possible that UC¢ is not always
a subset of the uncovered set, let alone the Banks set.

Another solution concept, the a-ucovered set, is based on the individual
fuzzy preference tournament matrices. One first defines the fuzzy domination
relation D and an a-covering relation C, € X x X as follows.

Definition 42. s;Ds; iff at least 50% of the individuals prefer s; to s; to a
degree of at least 0.5.

Definition 43. If s;C,s;, then s;Ds; and s;Dqsg, for all sp € X for which
S]'Dask.

Definition 44. The a-uncovered set consist of those alternatives that are
not a-covered by any other alternative.

An obvious candidate for a plausible solution concept for fuzzy tourna-
ments is an a-uncovered set with the smallest value of a.

Other fuzzy solution concepts analogous to their nonfuzzy counterparts
can be defined (see [58]). For example, the a-Banks set can constructed by
imposing the restriction that the majority of voters prefer the next alternative
to the previous one in the Banks chain with intensity of at least a.

All the preceding solutions are based on nonfuzzy majorities exemplified
by “at least 50%”, “at least 2/3”, etc. Fuzzy solutions have, however, been
constructed in a way that makes the notion of majority itself fuzzy as ex-
emplified by “most”, “almost all”, “much more than a half”, etc. (see, e.g.,
various papers by Kacprzyk, Fedrizzi and Nurmi [27], [28], [29], [30], [31],
[32], [34], [35]). While these solutions are clearly applicable whenever fuzzy
membership degrees are given to various linguistic quantifiers, nothing gen-
eral can be said about their “sizes” in comparison to their related nonfuzzy
solutions.

8 Concluding remarks

The social choice theory is riddled with many paradoxes, incompatibilities
and anomalies. Some of them are crucially dependent on the specific as-
sumptions concerning the structure of individual opinions. In particular, the
individuals are assumed to be endowed with connected and transitive prefer-
ence relations over the set of alternatives. The theory focuses upon collective
decision making procedures which are typically modeled as choice functions.
Replacing this focus and the assumption concerning preferences with the fo-
cus on probabilistic voting mechanisms and with the assumption that the
voters be endowed with fuzzy preference relations or fuzzy goal sets does
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away with many of the paradoxical results. In the preceding we have given
an overview of the work that has been done along these lines. Moreover,
we sketched related issues concerned with the determination of social choice
(group decision making) solutions under fuzzy preference relations (including
fuzzy tournaments) and a fuzzy majority.
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Abstract: We consider a sorting (classification) problem in the presence of
multiple attributes and criteria, called MA&C sorting problem. It concerns an
assignment of some actions to some pre-defined and preference-ordered
decision classes. The actions are described by a finite set of attributes and
criteria. Both, attributes and criteria take values from corresponding
domains, however, the domains of attributes are not preference-ordered,
while the domains of criteria (scales) are totally ordered by preference
relations. In order to construct a comprehensive preference model that could
be used to support the sorting task, we are considering a preferential
information of the decision maker (DM) in the form of assignment examples,
i.e. exemplary assignments of some reference actions to the decision classes.
The preference model being inferred from these examples is a set of "if...,
then..." decision rules. The rules are derived from rough approximations of
decision classes made up of reference actions. They satisfy conditions of
completeness and dominance, and manage with possible ambiguity
(inconsistencies) in the set of examples. Our idea of rough approximations
involves two relations together: similarity, being a generalization of classic
indiscernibility relation defined on attributes, and dominance relation defined
on criteria. In this paper, we propose a fuzzy extension of the rough set
approach to MA&C sorting problem.

Keywords: rough sets, fuzzy sets, multiple criteria and attributes, sorting
problem, similarity, dominance, decision rules
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1 Introduction

The rough sets theory has been proposed by Z. Pawlak (1982, 1991) to deal
with inconsistency problems following from information granulation. It operates on
an information table composed of a set U of objects (actions) described by a set Q of
attributes. Its basic notions are: indiscernibility relation on U, lower and upper
approximation of a subset or a partition of U, dependence and reduction of attributes
from Q, and decision rules derived from lower approximations and boundaries of
subsets identified with decision classes. The original rough sets idea has proved to
be particularly useful in the analysis of multiattribute classification problems;
however, it was failing when attributes whose domains are preference ordered
(criteria) had to be taken into account. In order to deal with problems of multicriteria
decision making (MCDM), like sorting, choice or ranking, a number of
methodological changes to the original rough sets theory were necessary (Greco,
Matarazzo and Slowinski, 1999a). The main change is the substitution of the
indiscernibility relation by a dominance relation (crisp or fuzzy), that permits
approximation of ordered sets in multicriteria sorting. In order to approximate
preference relations in multicriteria choice and ranking problems, another change is
necessary: substitution of the information table by a pairwise comparison table,
where each row corresponds to a pair of objects described by binary relations on
particular criteria. In all those MCDM problems, the new rough set approach ends
with a set of decision rules, playing the role of a comprehensive preference model. It
is more general than the classical functional or relational model and it is more
understandable for the users because of its natural syntax. A fuzzy extension of the
rough approximation by dominance relation has already been proposed by the
authors in (Greco, Matarazzo and Slowinski, 1999a and 1999b).

In this paper we propose a further fuzzy extension of the rough approximation
by dominance and similarity relations used together. A crisp case of this kind of
rough approximation has been characterized in (Greco, Matarazzo and Slowinski,
1998c). The paper is organized as follows. Next section presents a comparison of
rough sets theory and fuzzy sets theory. Section three illustrates the motivations for
approximation by joint use of dominance and similarity relations. Section four
introduces rough approximation by fuzzy dominance and similarity relations.
Section five deals with rule induction. Section six presents a didactic example.
Conclusions are grouped in the last section.
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2 Rough sets and fuzzy sets theory

A number of relations exist between the rough sets theory and other
mathematical theories dealing with particular types of vagueness or, more generally,
with "imperfect” data. Let us point out the particularly fruitful complementarity of
fuzzy sets theory and rough sets theory, which has been acknowledged by a large
number of studies (see e.g. Dubois and Prade, 1990, 1992; Pawlak, 1985; Slowinski,
1995; Yao, 1996; Slowinski and Stefanowski, 1994 and 1996). Indeed, both theories
deal with different types of imperfect information that can be encountered together.

As to fuzzy sets, they deal with a type of vagueness arising when the
boundaries of a class of objects are not sharply defined. Informally, a fuzzy set may
be regarded as a class of objects with gradual progression from non-membership to
membership. An object is characterized by a grade of membership intermediate
between zero (non-membership) and one (full membership). Three different
semantics can be associated with the use of fuzzy sets (Dubois, Prade and Yager,
1997).

» a first semantics expressing closeness, proximity, similarity and the like; under this
semantics, objects with membership one are viewed as prototypical (referent)
objects of the fuzzy set, while the other membership grades estimate the closeness
of objects (subjects) to the prototypical ones,

e a second semantics expressing an incomplete or vague state of information under
the form of possibility distributions; this view of fuzzy sets enables imprecise or
uncertain information to be processed,

¢ a third semantics expressing preferences between pairs of objects; the gradedness
introduced by the use of fuzzy sets refines the classic crisp preference structures.

In many situations it is required to consider more than one semantics at a time.
In the following, when using fuzzy sets in conjunction with rough sets, we will
precise the type of semantics considered.

As to rough sets, they deal with a type of vagueness arising when a partition
of objects into classes is ambiguous for the reason of limited discernibility of objects
by the language of their description (attribute values).

It is clear that the two types of vagueness are not exclusive and can appear
together in real world decision problems. This motivates the fuzzy extensions of the
rough set approach.
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3 Rough approximation by dominance relations

As pointed out by Greco, Matarazzo and Slowinski (1998a), the original rough
set approach cannot extract all the essential knowledge contained in the decision
table of multicriteria sorting problems, i.e. problems of assigning a set of actions
described by a set of criteria to one of pre-defined and ordered classes.
Notwithstanding, in many real problems it is important to consider the ordinal
properties of the considered criteria as well as preference-ordered decision classes.

For example, in bankruptcy risk evaluation, if the debt index (total debt/total
activity) of firm A has a modest value, while the same index of firm B has a
significant value, then, within the rough set approach, the two firms are merely
discernible, but no preference is given to one of them with reference to the attribute
"debt ratio". In reality, from the point of view of the bankruptcy risk evaluation, it
would be advisable to consider firm A better than firm B, and not simply different
(discernible). Therefore, the attribute "debt ratio" is a criterion. Let us observe that
the rough set approach based on the use of indiscernibility or similarity relations is
not able to capture the specific kind of inconsistency which may occur when in the
decision table there is at least one criterion. For instance, in the bankruptcy risk
evaluation, which is a sorting problem, if firm A is better than B with respect to all
the considered criteria (e.g. debt ratio, return on equity, etc.) but firm A is assigned
to a class of higher risk than B, then there is an inconsistency which cannot be
captured by the original rough set approach, because these firms are discernible. In
order to detect this inconsistency, the rough approximation should handle the ordinal
properties of criteria. This can be made by replacing the indiscernibility or similarity
relation by the dominance relation, which is a very natural concept within
multicriteria decision analysis.

On the basis of these considerations, Greco, Matarazzo and Slowinski (1998a)
have proposed a new rough set approach to multicriteria sorting problems based on
dominance relation. Let also mention that it is sometimes reasonable to consider
both criteria and attributes (without ordered domains) in sorting problems. More
precisely, a rough set approximation based on a binary relation which is in a part
dominance (with respect to considered criteria) and in a part indiscernibility (with
respect to considered attributes) has been proposed (Greco, Matarazzo and Slowinski
1998b). After that, a more general binary relation which is in a part dominance, in a
part indiscernibility and in a part similarity has been considered (Greco, Matarazzo
and Slowinski, 1998c).
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4 Approximations by means of fuzzy dominance relations

Let us remember that, formally, by an information table we understand the 4-
tuple S=<U,Q,V,f>, where U is a finite set of objects, Q is a finite set of attributes,
V= UVq and V, is a domain of the attribute g, and :UxQ—>V is a total function

qeQ
such that f(x,q)e V; for every qeQ, xeU, called an information function (see

Pawlak, 1991).

Furthermore, an information table can be seen as decision table assuming that
the set of attributes Q=CuD and CnD=, where set C contains so-called condition
attributes, and D, decision attributes.

In this section we refine the concept of rough approximation based on
dominance and similarity by introducing gradedness through the use of fuzzy sets in
the sense of the third semantics, according to the typology given in section 2.

In this section we will use the notion of criterion only when the preferential
ordering of the attribute domain will be important in a given context. Therefore, we
divide the set C of condition attributes in two disjoint subsets:

e the subset of criteria, denoted by C”; the domains of criteria are ordered according
to (let say, increasing) preference,

o the set of nominal or qualitative attributes, denoted by C~; the domains of
attributes are not preference-ordered.

In the crisp case, for each qeC” there exists an outranking relation S, on U
while for each qeC™ there exists a similarity relation Ry on U. For each qeC” and
for x,yeU, “xS;y” means “x is at least as good as y with respect to criterion q” and
S, is supposed to be a complete preorder, i.e. strongly complete and transitive.
Moreover, for each qeC™ and for x,yeU, “xRgy” means “x is similar to y with
respect to attribute ¢ and R, is supposed to be reflexive only. If relation R, is also
symmetric, it is called tolerance relation. In the folllowing, for each PcC we denote
by P” the set of criteria contained in C, i.e. P°"=P~C”, and by P~ the set of attributes
which are not criteria contained in C, i.e. P"=PC".

Let us consider now the fuzzy case. Let S, be a fuzzy outranking relation on
U with respect to criterion qeC’, i.e. Sq:UxU—[0,1], such that Sy(x,y) represents
the credibility of the proposition "x is at least as good as y with respect to criterion
q". Moreover, let Ry be a fuzzy similarity relation with respect to the attribute
qeC’, ie. RgUxU—[0,1], such that Ry(x,y) represents the credibility of the
proposition "x is similar to y with respect to attribute q".
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We assume that S, is a fuzzy partial T-preorder, i.e. that it is reflexive
(Sq(x,x)=1 for each xeU) and T-transitive (T(S4(x,y),S4(y,2))<84(x,z), for each
x,y,zeU) (see Fodor and Roubens, 1995). We assume, moreover, that similarity
relation R, is reflexive. However, for simplicity, we suppose that it is also
symmetric (i.e. for each x,yeU, Ry(x,y)=Rq(y,x)); this means that, strictly speaking,
R, is a tolerance relation.

Using the fuzzy outranking relation Sy, qeC’, and the fuzzy similarity
relation Ry(x,y), q€C", a fuzzy P-dominance relation on U (denoted by Dp(x,y)) can
be defined for each PcC as follows:

De(x,y)= T(q;rp (54(x.y)) q L(Rq("’y»)‘

Given (x,y)eUxU, Dp(x,y) represents the credibility of the proposition "x
outranks y with respect to each criterion q from P~ and x is similar to y with respect
to each attribute from P™. If the attributes in P are all criteria (i.e. P"=P), then
Dp(x,y) represents the credibility of the proposition "x outranks y with respect to
each criterion q from P" or, more synthetically, "x P-dominates y". For simplicity we
shall use this expression also when P"#P.

Now, let CI={Cl,, teM}, M={1,...,n}, be a set of fuzzy decision classes in U,
such that for each xeU, Cl(x) represents the membership function of x to Cl,. We
suppose that the classes of Cl are ordered according to increasing preference, i.e. for
all r,seT, such that r>s, the elements of Cl; are comprehensively better than the
elements of Cl,. For example, in a problem of bankruptcy risk evaluation, Cl, is a set
of unacceptable risk firms, Cl, is a set of high risk firms, Cl; is a set of medium risk
firms, and so on.

On the basis of the membership functions of the fuzzy class Cl;, we can define
fuzzy membership functions of two other sets:

1) the upward cumulative fuzzy set C]7, whose membership function CJ7 (x)
represents the credibility of the proposition "x belongs at least to class Cl,",

1 if 3seM:Cls(x)>0 and s>t
CIf (0)=
CL(x) otherwise
2) the downward cumulative fuzzy set CIf, whose membership function
CI; (x) represents the credibility of the proposition "x belongs at most to class Cl,",
1 if IseM:Cls(x)>0 and s<t
Clf ()=

Cli (%) otherwise
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The P-lower and the P-upper approximations of CIf with respect to PcC are
fuzzy sets in U, whose membership functions (denoted by P[CIf (x)] and
P [ CIZ (x)], respectively) are defined as:

PICI ()] = T (T'ONDe(yx)): CIF (1))
PLCIF (0] = T (TDx(x), CIF ()

E[le (x)] represents the credibility of the proposition "for all yeU, y does not P-
dominate x and/or y belongs to CI7 ", while ?[Clt2 (x)] represents the credibility of

the proposition "there is at least one ye U P-dominated by x which belongs to CI7 ".

Intuitively, E[le (x)] represents the credibility that x belongs certainly to CIF

while ﬁ[CltZ (x)] represents the credibility that x belongs possibly to CI7, taking into
account the information provided by P.

The P-lower and P-upper approximations of CI with respect to PcC (denoted

by B[le (x)] and _ls[le (x)], respectively) can be defined, analogously, as:

PICIF (1= T (T (NDw(xy)), CIF 5
P[CIf(x)] = T; (T(Dp(y,X), CIE (¥))).
Y€

E[le(x)] represents the credibility of the proposition "for all yeU, x does not P-
dominate y and/or y belongs to CI§ ", while ﬁ[le (x)] represents the credibility of

the proposition "there is at least one yeU P-dominating x which belongs to CIf ".
B[le (x)] and §[le (x)] have an intuitive interpretation analogous to that

of P[CIZ(x)] and P[CE (x)].

Let us remark that using the T -implication, denoted by I?w , it is possible
to rewrite the definitions of P[CI7(x)], P[CI7(x)], P[CIF(x)] and P[CIS(x)] in

the following way:

P[CE(X)]= y’eFU (T2 (Dp(y,%), CIF ()
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P[CEZ(x)] = T:J (N(I72x (De(x,y), N(CIF ()D)),
ye
P[CI; (x)] =T I7n (De(x,Y), CIE(Y))),

P[CEE(x)] = T; (N(I72x (De(y,%), N(CIF (YD))-
ye

The following definitions are necessary to introduce the next results. A strict
negation is a strictly decreasing continuous function N:[0,1]—[0,1] satisfying
N(0)=1, N(1)=0. (T, T", N) is a De Morgan triplet iff N(T"(x,y))=T(N(x),N(¥)),
where N is a strict negation. A negation N is involutive iff for all xe[0,1],

N(NX))=x.
Theorem 1 The following results hold:

1) _E[Clt2 X)]<CE )= §[le (x)], for each xeU and for each teM,
2) E[le M1 <ClF ¥ 13[le (x)], for each xeU and for each teM,

3) for (T, T",N) being a De Morgan triplet, if negation N is involutive,
and N(CIZ (x))=CI& (x) for each xeU and t=2,...,n, then

3.1) P[CE(x)] =N(P[CI%,(x)], t=2,...n,
3.2) P[CIF(x)] = N(P[CLZ,,(X)]), t=1,...,n-1,
3.3) P[CI2(x)] = N(P[CIS,; (X)]), t=2,...n,
3.4) P[CIE(x)] = N(P[CE,,(X)]), t=1,...,n-1,
4) given RCP, for each xeU and for each teM,

4.1) P[CEE(x)]2RICIE(X)],

4.2) PICIf ()] 2RICIF (0],

4.3) P[CE (0] <R[CE (],

4.4) PICIF (O] <RICE ()]

Proof. Given a T-norm T, for each a,be[0,1], such that T(a,b)<min(a,b), we
have:
PICE ()] = T (T'(NDe(:)), CIF ()<
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< I;lelll} (T"NDe(y:X)), CIF () <

< T'(N(D#(x,%)), CIf (X))-

Furthermore, remembering that for each xeU, Dp(x,x)=1, and for each a€[0,1],
T"(0,a)=a, we have

T'(N(Dp(x,%)), CIZ (x)) = T'N(D), CI (%)) =T"(0,CIF (X)) = CIf (%)
Thus we proved that P[CI; (x)] < CIf (x).
Given a T-conorm T', for each a,be [0,1], such that T'(a,b)Zmax(a,b), we have

P[CE(X)] = T; (T(Dp(x,y), CIZ (¥)))2
ye
2 max (T(Dr(x.y), CE () 2

> T(DP(X,X), (:lt2 (X)).

Furthermore, remembering again that for each xeU, Dp(x,x)=1, and for each
ae[0,1], T(1,a)=a, we have

T(Dp(x,X), CIf (X)) = T(1, Cl (X)) = CIf (X).

Thus we proved that 5[le(x)]2c1t2 (x). The statement 2) can be proved
analogously.

With respect to 3.1), we have

PICI; ()] = T (T'(N(Dx(y, ), CIf () =
=NC T N (T'ONDs(y0), CIF ()=
=N T (T(x(y), N(CIF (D)=

=N( T (T De(y), CIE (1)) = N(PICEE, ().
ye
Analogous proof can be given for 3.2) - 3.4).

With respect to 4.1), since RcP, we have

Dr(x,y)= T (Sg(x,y)) 2 T (S¢(xy)) = De(x,y)-
qeR qeP

Therefore, for the monotonicity property of T, T" and N, we obtain
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PICI (0] = T (T'(N(s(yx)), CIF (1)) <

< yZU (T"(N(Dr(y:X)), CIF () < RICIF(X)]
thus proving 4.1). The proof of 4.2) and 4.3) is analogous.

Results 1) to 4) of Theorem 1 are fuzzy counterparts of the following
properties characteristic for the crisp rough set approach: 1) (inclusion property) says

that CIf includes its P-lower approximation and is included in its P-upper
approximation; 2) is the same inclusion property but with respect to CIi; 3)
(complementarity property) says that the P-lower (P-upper) approximation of CI7 is
the complement of the P-upper (P-lower) approximation of its complementary set
CI5, (analogous property holds for CIf); 4) (monotonicity property) says that,
using larger sets of attributes, it is possible to obtain more accurate approximations
of CIf: thus, while in the crisp case the lower approximation becomes greater

(precisely - not smaller) and the upper approximation becomes smaller (not greater),
in the fuzzy case the membership degree of the lower approximation increases (does
not decrease) and the membership degree of the upper approximation decreases
(does not increase) when the set of attributes becomes larger.

5 Rule induction

Using the fuzzy dominance relation one is able to induce decision rules from a
decision table. In the following we consider the following decision rules

1) certain decision rules of type D>, which have the following form:
"if f(x,q.) is at least as good as rq; and f(x,qy) is at least as good as rp and ...

and f(x,q,) is at least as good as 1y, and f(X,qp+1) is similar to rgp.; and f(X,qpe2)

is similar to rg, and ... and f(x,q) is similar to rye, then x belongsto CIZ ",

where {41,428} SC, {Q1,925--0p} SC5 (Cqisgzse--sTqp) € Vq1x Vgax...x V¢, and teM;
2) possible decision rules of type D, which have the following form:

"if f(x,qy) is at least as good as ry; and f(x,q) is at least as good as rp and ...
and (x,q,) is at least as good as rq, and f(x,qp+1) is similar to rg,. and f(X,qp+2)
is similar to e, and ... and f(x,q.) is similar to re, then x could belong to

cl;"
where {q.,qz,...,qp}gC>, {41,929} SC7, (TqTq2se-oTgp) € Vaix Vax...x Vg, and te M;
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3) certain decision rules of type D, which have the following form:

"if f(x,q;) is at most as good as rq; and f(x,q;) is at most as good as ry; and ...
and f(x,qp) is at most as good as rq, and f(x,qp+1) is similar to ree; and f(X,qp+2)

is similar to rgy4, and ... and f(x,qe) is similar to ry, then x belongs to CIE",

where {q1,Q2--»Gp}SC s {1,920 5Gp} EC7, (FqioTqzs-osTqp) € VaiXVpx...x Vg, and teM;

4) possible decision rules of type D, which have the following form:

"if f(x,q,) is at most as good as rq; and f(x,q,) is at most as good as ry, and ...
and f(x,q;) is at most as good as ry, and f(X,qy+1) is similar to re,. and f(X,qp+)
is similar to g, and ... and f(x,q.) is similar to 1., then x could belong to

CIE",
where {q1,92,--Gp} SC s {q1:92,---Gp} SC> (TqisTqase-sTqp) € VaixVgax...x Vg, and teM.

With each decision rule r there is associated a credibility x(r).

A statement r: "if f(x,q,) is at least as good as ry; and f(x,q,) is at least as good
as 1y and ... and f(x,qp) is at least as good as rqp and f(X,qp+1) is similar to rgy., and
f(X,qp+2) is similar to rgp.; and ... and f(x,qe) is similar to 1, then x belongs to CIf ",
is accepted as a certain decision rule of type D with a credibility equal to ¥ (r) if
there is at least one weU such that f(w,q,)=rq; and f(w,q,)=rp> and ... and f(w,qe)=Te,
and P[CIZ (W)]=x(t)>0, where P={q,...,Q¢}, P>={q1,...,qp}, P={qp+15:-sqc} -

A statement r: "if f(x,q,) is at least as good as rq; and f(x,q;) is at least as good

as 1y and ... and f(x,q,) is at least as good as ry, and f(x,qp+1) is similar to rey. and
f(X,qp+2) is similar to rep.; and ... and f(x,q.) is similar to ry, then x could belong to

Cl; ", is accepted as a possible decision rule of type Dy with a credibility equal to
x(r) if there is at least one weU such that f(w,q;)=r;; and f(w,q,;)=14; and ... and
f(W,qe)=Tqe, and P[CI7 (W)] = C[CIz (W)] =x(r)20, where P={qy,....qc}, P"={q1,-...qp},
P={qp+1,---s9e}-

A statement r: "if f(x,q;) is at most as good as 1y, and f(x,q,) is at most as good
as rq; and ... and f(x,qp) is at most as good as rqp and f(x,qp+1) is similar to rgy.y and
f(x,qp+2) is similar to rgy.; and ... and f(x,q.) is similar to ry, then x belongs to CIF",
is accepted as a certain decision rule of type D« with a credibility equal to x(r) if
there is at least one weU such that f(w,q,)=rq and f(w,q;)=Tq; and ... and f(w,qe)=Tqe,
and AE[le(w)] =x(r)>0, where P={qy,....q¢}, P"={q1,....0p}, P"={qp+1,---sqc} -

A statement r: "if f(x,q,) is at most as good as ry; and f(x,q) is at most as good

as 1y and ... and f(x,qp) is at most as good as rq, and f(x,qy+) is similar to ry,., and
f(x,qp+2) is similar to rep.; and ... and f(x,q.) is similar to rq, then x could belong to
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CIF", is accepted as a possible decision rule of type D with a credibility equal to
x(r) if there is at least one weU such that f(w,q;)=rq and f(w,q,)=r,; and ... and
f(W,Qe)zrqe’ and P[C:l‘s(\v)] =C[C1?(W)] =X(r)20, Where P={q1,--~,Qe}, P>={ql,-~-,qp},
P={qp+1,-.-,qe}-

The different calculation of credibility for certain and possible decision rules
comes from point 4 of Theorem 1. It says that the credibility of membership of
object xeU to the upper approximation of CIf or CI, teM, does not increase
(usually decreases) when considering larger sets of attributes. In consequence,
considering smaller sets of attributes there is the possibility of overestimating the

credibility of membership of object xeU to the upper approximation of CI¢ or CIf.

Therefore, a possible decision rule built on object weU belonging to P-upper
approximation of cumulative classes should have no greater credibility than the
credibility of the possible decision rule built on the same object weU belonging to
P-upper approximation of the same cumulative classes, where PcC.

A certain decision rule r of type Dy, "if f(x,q,) is at least as good as ry and

f(x,qy) is at least as good as ry and ... and f(x,qp) is at least as good as ry, and
f(X,qp+1) is similar to repe and f(x,qp2) is similar to re; and ... and f(x,q.) is similar

to rqe, then X belongs to CI? "', whose credibility is equal to x(r), is called minimal
q t

if there is no other certain decision rule s: "if f(x,h,) is at least as good as sy and
f(x,h,) is at least as good as sy, and ... and f(x,h,) is at least as good as sy, and
f(x,h+1) is similar to sy and f(x,hy,) is similar to sis and ... and f(x,h) is similar

to s,, then x belongs to CI5 ", whose credibility is (s), such that {h,,....h hy.y,....hg
Y<{qi,e--> Qe Tt is at least as good as sy, I'nz is at least as good as Spy,..., Ik is at
least as g00d as Sy, Tnk+1=Shi+1--» Thg=Shg, V2t, and x(s)2x(r).

One can define analogously the minimality condition for possible decision
rules of type D> and for certain and possible decision rules of type D<. In other

words, by a minimal decision rule we understand such an implication that there is
no implication of at least the same credibility with an antecedent of at least the same
weakness and a consequent of at least the same strength.

6 An example

In Table 1, four firms are described by means of three attribute:
1) q; - net worth,
2) q, - growth rate of sales (%o),
3) g3 - return on equity (%).



143

Let us observe that the domain of attribute q; is not preference-ordered: firm x
having a greater net worth than firm y is not necessarily better because it could be
less profitable. On the contrary, the domains of attributes q, and q; are ordered
according to increasing preference because, in general: firm x having a growth rate
of sales greater than firm y is preferred to y, and firm x having a return on equity
greater than firm y is also preferred to y. Therefore attributes q; and qs are criteria.

Using rough sets analysis we want to explain the return on equity (q;) using
information about net worth (q;) and growth rate of sales (q,). Therefore, return on
equity is the decision attribute and net worth and return on equity are two condition
attributes.

Table 1. Information table

Firm Qi 9z 93
F1 1550 8 17
F2 1450 5 14.5
F3 1050 4 15.5
F4 950 35 14.5

The information contained in Table | has been analysed first using the crisp
rough set approach based on joint use of dominance and indiscernibility (see Greco,
Matarazzo and Slowinski, 1998b). The domain of the attribute net worth has been
divided (discretized) into three subintervals:

- if f(x,q;)<1000, then firm x has a low net worth (code 1),
- if 1000<f(x,q;)<1500, then firm x has a medium net worth (code 2),
- if f(x,q;)>1500, then firm x has a high net worth (code 3).

Also the domain of return on equity has been divided into two preference-
ordered classes as follows:

- if f(x, q; )<15, then firm x is not-highly profitable (code Cl,),
- if f(x, qs )>15, then firm x is highly profitable (code Cl,).

The attribute growth rate of sales has not been discretized. The coded decision
table is presented in Table 2.
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Table 2. Coded decision table

Firm q Q2 q3
F1 3 8 ClL,
F2 2 5 Cl
F3 2 4 Cl,
F4 1 35 Cl,

Using the rough set approach based on joint use of dominance and
indiscernibility, we approximate the class CI; of (at most) non-highly profitable

firms and the class Cl5 of (at least) highly profitable firms. Since only two classes
are considered, in this particular case we have CI;=Cl, and CI5=Cl,.

Let us remember the interpretation of rough approximations of a set XcU,
taking into account the information provided by a subset of attributes P—C:

- P-lower approximation, denoted by B(X) , represents the set of objects belonging
certainly to X,

- P-upper approximation, denoted by is(X) , represents the set of objects belonging
possibly to X,

- P-boundary, denoted by Bnc(X), is the set difference between P(X) and P(X),
and represents the set of ambiguous objects.

The C-lower approximations, the C-upper approximations and the C-
boundaries of the classes Cl,S and Cl% are, respectively, as follows: Q(CIf)={F4},

cleis)=tr2F3.F43, Bnc(ci)=F2F3), cloiz)=(F1y, clciz)=(F1E2F3),
Bnc( CI; )={F2,F3}.

Let us remark that firms F2 and F3 are ambiguous and belong to the boundary,
because firm F2 dominates firm F3 (because F2 and F3 have both a medium net
worth, so they are indiscernible with respect to q;, but F2 has a growth rate of sales
greater than F3), however, F3 is a highly profitable firm and F3 is not.

The following minimal set of decision rules can be obtained from the
considered decision table (within parentheses there are objects supporting the
corresponding rule):



145

1) if f(x,q;)=1, then xe CIf
(F4)

[i.e. if the net worth of the firm is low, then the firm is (at most) non highly
profitable]

2) if f(x,q;)=3, then xe CI5

(F1)
[i.e. if the net worth of the firm is high, then the firm is (at least) highly
profitable]
3) if 4<f(x,q2)<5, then xeCl; U Cl, (F2,F3)

[i.e. if the growth rate of sales is between 4% and 5%, then the firm is non-
highly profitable or highly profitable, and there is not enough information to
make an assignment to exactly one class].

It is clear that the result of the crisp rough set approach based on
indiscernibility and dominance is not completely satisfactory. The assignment of F2
to the highly profitable class is inconsistent with the assignment of F3 to the non-
highly profitable class, because F2 is dominated by F3. However, this dominance is
based on the indiscernibility of F2 and F3 with respect to net worth. Indeed,
according to the adopted discretization, the net worth of F2 and F3 belong to the
same medium subinterval of net worth. In fact, their original values are on the
opposite ends of this subinterval and, intuitively, they should not be considered
indiscernible. Moreover, the assignment of F4 to non-highly profitable class is not
considered inconsistent with the assignment of F3 to highly profitable class, altough
F4 is very similar to F3 on both condition attributes.

We will show that the rough set approach based on joint use of similarity and
dominance (see Greco, Matarazzo and Slowinski 1998c) is better adapted to the
analysis of this case. With respect to net worth, a similarity relation R has been
defined on the sets of firms such that x and y are similar if the difference between
the two net worth scores is smaller than 150; more formally:

xRy iff |f(x,q) - f(y,q2) | < 150.
Using this definition of similarity we approximate again the classes CI and
Cl3. The C-lower approximations, the C-upper approximations and the C-
boundaries of the classes le and Cl§ are, respectively, as follows: Q(le)=®,

clcif)=tF3,F43, Bnc(ci)=F3Fay, clcz)=F1y,  Clciz)=(F1E3Fay,



146

Bnc( CIf )={F3,F4}.

The following minimal set of decision rules can be obtained from the
considered decision table (within parentheses there are objects supporting the
corresponding rule):

1) if f(x,qy) is similar to 1450 and f(x,q,)<5, then x€ CI;
(F2)

[i.e. if the net worth of the firm is similar to 1450 and the growth rate of sales is
at most 5%, then the firm is (at most) non-highly profitable]

2) if f(x,q,)=8, then xe CI5

(F1)
[i.e. if the growth rate of sales is at least 8%, then the firm is (at least) highly
profitable]
3) if f(x,q,) is similar to 950 and 3.5<f(x,q,)<4, then xeCl, U Cl, (F2, F3)

[i.e. if the net worth of the firm is similar to 950 and the growth rate of sales is
between 3.5% and 4%, then the firm is non-highly profitable or highly
profitable, and there is not enough information to make an assignment to
exactly one class].

Let us remark that now the assignment of F4 to a highly profitable class is
inconsistent with the assignment of F3 to the non-highly profitable class, because F3
dominates F4. In fact, F3 dominates F4 because F3 is similar to F4 with respect to
net worth and F3 has a greater rate of sales than F4. On the other hand, the
assignment of F2 is no more inconsistent with another firm: using similarity instead
of indiscernibility, F2 does not dominate F3. Therefore, F2 belongs to the lower
approximation of the non-highly profitable class, which is concordant with intuition.

The obtained results are now more convincing, nevertheless, not completely.
For example, the assignment of F2, F3, and F4 to two different classes is rather
questionable, because the return on equity (qs) of these three firms is quite close to
the threshold separating the two classes. Moreover, due to the adopted definition of
similarity, F3 and F4 are considered "fully" similar with respect to net worth,
however there is a non-negligible difference between the two firms. Perhaps, it
would be better to say that they are similar to a certain degree. Analogous arguments
hold for F1 and F2. Moreover, although F4 has a growth rate of sales worse than F3,
the difference is not high and thus it is not completely false that F4 has a growth rate
of sales as good as F3. To deal with all these problems of graded relations, fuzzy set
approach can be useful.



147

A fuzzy similarity relation for the attribute q; can be defined as follows:

0, if |fxa)-f(y.q)]>200
qu(xy}’)-_- 1 s if f(x,q1)=f(x,q2)
linear , otherwise

It can be interpreted as follows: the similarity is full if the two net worth values are
the same (Rqi(x,y)=1); there is no similarity at all if the difference between the net
worth values of the firms is greater than 200 (Rqi(x,y)=0); in between, there is a zone
of partial similarity (0<Rq(x,y)<1).

A fuzzy outranking relation with a degree of credibility between zero
(completely false) and 1 (completely true) can be defined for criterion gz, as follows:

0 5 lf f(y’ q2) - f(X, Q2) >2
Sq2 (X9 Y) = 1 s if f(x’ q2) 2 f(y9 q2)
linear , otherwise

It can be interpreted as follows: if the return on sales of a firm x is 2% or more
smaller than that of firm y, then x is definitely not as good as y; if the return on sales
of a firm X is equal to or greater than that of firm y, then x is definitely as good as y;
in between, the outranking relation is partially true.

Finally, according to the decision criterion qs, the firms are assigned to two
fuzzy preference-ordered classes: Cli="non-highly profitable firms", and
Cl,="highly profitable firms". The membership functions of these fuzzy classes are
defined as follows:

1 , if f(x,q;)<14%
Chx)=9 0 , if f(x,q;)>16%

linear |, otherwise
and
0 , if f(x,q5)<14%
ClL(x)=¢ 1 , if f(x,q3)>16%
linear , otherwise

Table 3 presents C-lower and C-upper approximations of fuzzy decision
classes, obtained by means of fuzzy dominance defined on C={q;,q,}.
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Table 3. Rough approximations by fuzzy dominance

Fim | qcfx)] | ClCE] | CCBE®] | CICEX)]
F1 0 0 1 1

F2 0.75 0.75 0.25 0.25
F3 0.25 0.5 0.5 0.75
F4 0.5 0.75 0.25 0.5

The following minimal and certain decision rules were obtained from the
decision table presented in Table 3 (each rule is followed by its credibility degree):

1) if the net worth is similar to 1550, then the firm is highly profitable
(credibility=0.5)
2) if the net worth is similar to 1450, then the firm is highly profitable
(credibility=0.25)
3) if the net worth is similar to 1050, then the firm is highly profitable
(credibility=0.5)
4) if the net worth is similar to 950, then the firm is highly profitable
(credibility=0.25)
5) if the net worth is similar to 1450, then the firm is non-highly profitable
(credibility=0.5)
6) if the net worth is similar to 1050, then the firm is non-highly profitable
(credibility=0.25)
7) if the net worth is similar to 950, then the firm is non-highly profitable
(credibility=0.5)
8) if the growth rate of sales is at least 8%, then the firm is highly profitable
(credibility=1)
9) if the growth rate of sales is at least 3.5%, then the firm is highly profitable
(credibility=0.25)

10) if the net worth is similar to 1450 and the growth rate of sales is at most 5%,
then the firm is non-highly profitable (credibility=0.75)
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Furthermore, the following minimal and possible decision rules were
obtained from the decision table presented in Table 3:

1) if the net worth is similar to 1050, then the firm could be highly profitable
(credibility=0.75)

2) if the net worth is similar to 950, then the firm could be highly profitable
(credibility=0.5)

3) if the net worth is similar to 1050, then the firm could be non-highly profitable
(credibility=0.5)

4) if the net worth is similar to 950, then the firm could be non-highly profitable
(credibility=0.75)

5) if the growth rate of sales is at least 4%, then the firm could be highly
profitable (credibility=0.75)

6) if the growth rate of sales is at most 5%, then the firm could be non-highly
profitable (credibility=0.75)

7) if the growth rate of sales is at most 3.5%, then the firm could be non-highly
profitable (credibility=0.75)

7 Conclusion

We introduced and characterized fuzzy rough approximation using fuzzy
dominance and similarity relations considered jointly. This extensions of the rough
set methodology permits to deal with sorting problems where multiple attributes and
criteria are used together to describe the objects. We proved that our extension of the
rough approximation into the fuzzy context maintains the same desirable properties
of the crisp rough approximation of decision classes. A simple example served to
illustrate advantage of the proposed extension.
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Summary. The most often used operator to aggregate criteria in decision making
problems is the classical weighted arithmetic mean. In many problems however,
the criteria considered interact, and a substitute to the weighted arithmetic mean
has to be adopted. It was shown that, under rather natural conditions, the discrete
Choquet integral is an adequate aggregation operator that extends the weighted
arithmetic mean by taking into consideration of the interaction among criteria.
However, since this operator is constructed from coefficients (weights) whose mean-
ing is not always very clear for the decision maker, it is useful to define from these
coefficients some indices that offer a better understanding of the behavioral prop-
erties of the aggregation. We present and discuss the following indices: the global
importance of criteria, the interaction among criteria, the influence of the criteria
on the aggregation, the tolerance of the decision maker, and the dispersion of the
weights on the criteria.

1 Introduction

Let us consider a finite set of alternatives A = {a,b,c,...} and a finite set
of criteria N = {1,...,n} in a multicriteria decision making problem. Each
alternative a € A is associated with a profile z¢ = (zf,...,z%) € R", where,
for any ¢ € N, z} represents the partial score of a related to criterion ¢. We
assume that all the partial scores are defined according to the same interval
scale, that is, they are defined up to the same positive linear transformation.
Particularly, this will enable us to embed the scale in the unit interval [0, 1].

From the profile of any alternative a € A, one can compute a global score
M(z*) by means of an aggregation operator M : R™ — IR, which takes into
account the weights of importance of the criteria. Once the global scores are
computed, they can be used to rank the alternatives or select an alternative
that best satisfies the given criteria.

Until recently, the most often used aggregation operators were the weighted
arithmetic means, that is, operators of the form

M,(z) = i Wi Ty,
i=1
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with ), w; = 1 and w; > 0 for all ¢ € N. However, since these operators are
not able to model in any understandable way an interaction among criteria,
they can be used only in the presence of independent criteria. They are not
appropriate for the aggregation of interacting criteria.

In order to have a flexible representation of complex interaction phenom-
ena between criteria (e.g. positive or negative synergy between some criteria),
it is useful to substitute to the weight vector w a non-additive set function
on N to define a weight not only on each criterion, but also on each sub-
set of criteria. For this purpose the concept of fuzzy measure [23] has been
introduced.

Now, a suitable aggregation operator, which generalizes the weighted
arithmetic mean, is the discrete Choquet integral, whose use was proposed by
many authors (see e.g. [6] and the references there). Of course, the large flexi-
bility of this aggregation operator is due to the use of a fuzzy measure, which
makes it possible to model interaction phenomena existing among criteria.
However, the meaning of the values of such a fuzzy measure is not always
clear for the decision maker. These values, which represent the importance of
each combination of criteria, do not give immediately the global importance
of the criteria nor the degree of interaction among them.

In fact, from a given fuzzy measure, it is possible to derive some indices or
parameters that describe the behavior of the fuzzy measure or, equivalently,
that of the Choquet integral that is used to aggregate the criteria. Alterna-
tively, when the fuzzy measure is not completely known, such indices can
help the decision maker to assess it. This corresponds to the inverse problem
of identifying the weights from parametric specifications on criteria, see [14].

The aim of this paper is to present the following behavioral indices: the
global importance of criteria, the interaction among criteria, the influence of
the criteria on the aggregation, the tolerance of the decision maker, and the
dispersion of the fuzzy measure.

The outline of this paper is as follows. In Section 2 we recall the definition
of the discrete Choquet integral and some of its particular cases. Sections 3, 4,
and 5 are respectively devoted to the importance indices, interaction indices,
and influence indices. Sections 6 and 7 deal with the tolerance of the decision
maker by means of the concepts of conjunction and disjunction degrees as
well as the veto and favor indices. Section 8 introduces a generalization of
the Shannon entropy to measure the dispersion of a fuzzy measure. Finally,
in Section 9 we present a practical example demonstrating the use of the
parameters presented in this paper.

In order to avoid an heavy notation, cardinality of subsets S, T, ... will
be denoted whenever possible by the corresponding lower case letters s, ¢, . . .,
otherwise by the standard notation |S|,|T’], .. .. Moreover, we will often omit
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braces for singletons, e.g., writing a(i), N \ 7 instead of a({i}), N \ {i}. Also,
for pairs, we will often write ¢j instead of {i,j}, as for example a(ij).

For any subset S C N, eg will denote the characteristic vector of S in
{0,1}", i.e., the vector of {0,1}" whose i-th component is 1 if and only if
i€S.

Finally, A and V will denote the minimum and maximum operations,
respectively.

2 The Choquet integral and its particular cases

The use of the Choquet integral has been proposed by many authors as an
adequate substitute to the weighted arithmetic mean to aggregate interacting
criteria, see e.g. [6,12]. In the weighted arithmetic mean model, each crite-
rion ¢ € N is given a weight w; € [0, 1] representing the importance of this
criterion in the decision. In the Choquet integral model, where criteria can
be dependent, a fuzzy measure [23] is used to define a weight on each combi-
nation of criteria, thus making it possible to model the interaction existing
among criteria.

Definition 1. A fuzzy measure on N is a set function v : 2V — [0, 1] satis-
fying the following conditions:

) v(@) =0,v(N) =1,

i) SCT = v(S) <vu(T).

The set of all fuzzy measures on N will be denoted by Fy as we continue.
Moreover, for any fuzzy measure v on N and any permutation 7 on N, v will
denote the fuzzy measure on N defined by mv(7(S)) = v(S) for all S C N,
where 7(S) = {#(i) |7 € S}.

For any S C N, v(S) can be interpreted as the weight of importance of
the combination S of criteria, or better, its importance or power to make the
decision alone (without the remaining criteria).

The concept of Choquet integral was first introduced in capacity theory
[1]. Its use as a (fuzzy) integral with respect to a fuzzy measure was then
proposed by Murofushi and Sugeno [17,18].

Definition 2. Let v € Fn. The Choquet integral of z : N = IR with respect
to v is defined by

Co(z) := Zfﬂ(i) [v(Aw) = v(Aus))],

where (-) indicates a permutation on N such that z1) < ... < T(n). Also
Ay = {(@),...,(n)}, and A(ny1y = 0.
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Thus defined, the Choquet integral has very good properties for aggre-
gation (see e.g. Grabisch [6]). For instance, it is continuous, non decreasing,
comprised between min and max, stable under the same transformations
of interval scales in the sense of the theory of measurement, and coincides
with the weighted arithmetic mean (discrete Lebesgue integral) as soon as
the fuzzy measure is additive. Moreover, in [11,12] the author proposed an
axiomatic characterization of the class of all the Choquet integrals with n
arguments. The statement is the following.

Theorem 1. The operators M, : IR" - IR (v € Fn) are

e linear w.r.t. the fuzzy measure, that is, there exist 2" functions fr : R"™ —
R (T C N), such that

M,= Y u)fr, wvE€Fy.
TCN

e non decreasing in each argument,
o stable for the admissible positive linear transformations, that is,

My(rz+sen)=1M,(z)+s

forallz e R", r >0, s€ R.
o properly weighted by v, that is,

Mv(eS)z'U(S)a SgN, v € Fy,
if and only if M, =C, for allv € Fn.

The axioms presented in the previous characterization are natural enough
in the context of multicriteria decision making. The first one is proposed to
keep the aggregation model as simple as possible. The second axiom says
that increasing a partial score along any criterion cannot decrease the global
score. The third axiom only demands that the aggregated value is stable with
respect to any change of scale. Finally, assuming that the partial score scale is
embedded in [0, 1], the fourth axiom suggests that the weight of importance
of any subset S of criteria is defined as the global evaluation of the alternative
that completely satisfies criteria S and totally fails to satisfy the others.

The fourth axiom is fundamental. It gives an appropriate definition of
the weights of subsets of criteria, interpreting them as global evaluation of
particular profiles.

Now, the Mobius transform of a given fuzzy measure v € Fy is a set
function a : 2V — IR defined by

a(S) = Y _(-1)*u(T), SCN.

TCS
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The transformation is invertible and we have (see e.g. [19])
v(S)=) aT), SCN.
TCS

The Mébius transform enables us to express some functions of v in a simpler
form. For example, the Choquet integral is written [12]

Cy(x) = Z a(T) /\ z;, z € R™.
TCN i€T

We now present some subclasses of Choquet integrals. Any vector w €
[0,1]™ such that }_,w; = 1 will be called a weight vector as we continue.

2.1 The weighted arithmetic mean

Definition 3. For any weight vector w € [0,1]", the weighted arithmetic
mean operator WAM,, associated to w is defined by

n
WAM,,(z) = Zwi z;.
i=1

We can easily see that WAM,, is a Choquet integral C, with respect to
an additive fuzzy measure:

v(S)=Zwi, SCN.
i€eS
The corresponding Mobius representation is given by

a(i) =w;, Vi€N,
a(S) =0, VS C N such that s > 2.

Conversely, the weights associated to WAM,, are given by
w; = v(i) = al4), i€ N.

The class of weighted arithmetic mean WAM,, includes two important
special cases, namely:

e the arithmetic mean n
1
AM(z) = - z;mi,
7=
when w; = 1/n for all i € N. In this case, we have v(S) = s/n for all
SCNanda(i)=1/nforalli € N.
e the k-th projection
Pk(:z;) = Tk,
when wy = 1 for some k € N. In this case, we have v(S) = 1if § 5 k and
0 otherwise. Moreover, we have a(z) = 1 if i = k and 0 otherwise.
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2.2 The ordered weighted averaging operator

Yager [25] defined in 1988 the ordered weighted averaging operators (OWA)
as follows.

Definition 4. For any weight vector w € [0, 1]", the ordered weighted aver-
aging operator OWA,, associated to w is defined by

OWAW (.’E) = Z w; .'E(i)

i=1
with the usual convention that z(;) < --- < 7).

The following result, due to Grabisch [5], shows that any OWA operator is
a Choquet integral w.r.t. a fuzzy measure that depends only on the cardinality
of subsets.

Proposition 1. Let v € Fn. Then the following assertions are equivalent.
i) For any S,S' C N such that |S| = |S’|, we have v(S) = v(S').
it) There exists a weight vector w such that C, = OWA,,.
i11) Cy is a symmetric function.

The fuzzy measure v associated to OWA,, is given by
n
v(S)= > w, SCN, S#0,
it=n—s+1

and its MObius representation by [7, Theorem 1]

a(S) = f (S . 1)(—1)*’*1—1'“;,1_,,, SCN, S#0.

j=o » 7
Conversely, the weights associated to OWA,, are given by
wns =v(SUi) —v(S) = Y a(TUi), i€N, SCN\i.
TCS

The class of ordered weighted averaging operators OWA,, includes some
important special cases, namely:

o the arithmetic mean AM when w; = 1/n for alli € N.
o the k-th order statistic
OSk(z) = Z(k),

when wy = 1 for some k € N. In this case, we have

v(S) = {

a(S) = { (10T ifs>n—k+ 1,

1 ifs>n—-k+1,
0 otherwise,

0 otherwise.
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e the min operator
min(z) = minz;
(2) ieN "’

when w; = 1. In this case, we have v(S) = a(S) =1if S =N and 0
otherwise.
e the max operator
max(z) = maxz;,
ieN

when w,, = 1. In this case, we have v(S) = 1 and a(S) = (—1)**! for all

S #0.

2.3 The partial minimum and maximum operators

Definition 5. For any non-empty subset 7' C N, the partial minimum op-
erator miny and the partial maximum operator maxy, associated to T, are
respectively defined by

miny(z) = min z;,

maxr(z) = min ;.

For the operator miny, we have

1, ST,
v(S) = {0, else,

1, fS=T,
o$) = {0, else.

For the operator maxy, we have

1, ifSNT #0,
v(S) = {0, else,

— (_1)s+1, if ‘_lé S - T)
a(S) = {0, else.

3 Importance indices

The overall importance of a criterion i € N into a decision problem is not
solely determined by the number v(i), but also by all v(T') such that T 3 4.
Indeed, we may have v(i) = 0, suggesting that element i is unimportant, but
it may happen that for many subsets T' C N\ ¢, v(T'U1) is much greater than
v(T), suggesting that 4 is actually an important element in the decision.
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Shapley [22] has proposed in 1953 a definition of a coefficient of impor-
tance, based on a set of reasonable axioms. The importance index or Shapley
value of criterion ¢ with respect to v is defined by:

swiy= 3 Py ) @

TCN\i

The Shapley value is a fundamental concept in game theory expressing a
power index. Its use in multicriteria decision making was proposed in 1992
by Murofushi [15].

Thus defined, it can be interpreted as a weighted average value of the
marginal contribution v(7"Ui) — v(T') of element ¢ alone in all combinations.
To make this clearer, it is informative to rewrite the index as follows:

n—1

TCOEEDS ﬁ 3 P Ui) - o(T)].
t=0 i ’1;%IN=\;

Thus, the average value of v(TUi) —v(T') is computed first over all the subsets
of the same size ¢t and then over all the possible sizes.
It is worth noting that the Shapley value fulfills the following properties:

$(v,i) >0, €N,

and

Note also that, when v is additive, we clearly have v(T' Ui) — v(T) = v(%)
for all i € N and all T C N \ ¢, and hence

¢(v,i) =v(@), €N ()

If v is non-additive then some criteria are dependent and (2) generally does
not hold anymore. This shows that it is reasonable to search for a coefficient
of overall importance for each criterion.

In terms of the MdGbius representation, the Shapley value takes a very
simple form [22]:

Toi

The best known axiomatic supporting the Shapley value is given in the
following theorem, see e.g. [22].

Theorem 2. The numbers ¥(v,i) (i € N,v € Fn):
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e are linear w.r.t. the fuzzy measure, that is, there exist real constants piT
(T C N) such that

Pv,i) = Y pro(T), i€ N,veFn.
TCN
o are symmetric, that is, for any permutation m on N, we have
P(v,1) = P(mwv, m(1)), i€ N,ve Fn.
o fulfill the “null criterion” aziom, that is, for any i € N and anyv € Fn,
v(TU) =v(T) YTCN\i = ¢, =0
o fulfill the “efficiency” aziom, that is,

> pwi)=1, veFn.
=1

if and only if ¥(v,7) = ¢(v,1) for alli € N and all v € Fin.

Let us comment on the axioms presented in this characterization. As
for the Choquet integral (cf. Theorem 1), we ask the importance indices
to be linear w.r.t. the corresponding fuzzy measure. Next, the symmetry
axiom demands that the indices are independent of the name (label) given
to each criterion. The third axiom, which is quite natural, says that when a
criterion does not contribute in the decision problem then it has a zero global
importance. The last axiom naturally acts as a normalization property.

Fuzzy measure v (v, 1)
UWAM., wi
VOWA,, 1 / n

1/t ifieT
Vi
T { 0 otherwise
1/t ifieT
v
maxr { 0 otherwise

Table 1. Importance indices for various fuzzy measures

Table 1 gives the importance indices for fuzzy measures corresponding to
particular Choquet integrals.
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4 Interaction indices

Another interesting concept is that of interaction among criteria. We have
seen that when the fuzzy measure is not additive then some criteria interact.
Of course, it would be interesting to appraise the degree of interaction among
any subset of criteria.

Consider first a pair {i,j} € N of criteria. It may happen that v(z)
and v(j) are small and at the same time v(ij) is large. Clearly, the number
¢(v,1) merely measures the average contribution that criterion ¢ brings to all
possible combinations, but it does not explain why criterion ¢ may have a
large importance. In other words, it gives no information on the interaction
phenomena existing among criteria.

Suppose that ¢ and j are positively correlated or competitive (resp. neg-
atively correlated or complementary). Then the marginal contribution of j
to every combination of criteria that contains ¢ should be strictly less than
(resp. greater than) the marginal contribution of j to the same combination
when 7 is excluded. Thus, depending on whether the correlation between i
and j is positive or negative, the expression

v(TUij) —v(TUi) —v(T Uj) +v(T)

is < 0or >0foral T C N\ ij, respectively. We call this expression the
marginal interaction between ¢ and j, conditioned to the presence of elements
of the combination T' C N \ ij. Now, an interaction index for {7,j} is given
by an average value of this marginal interaction. Murofushi and Soneda [16]
proposed in 1993 to calculate this average value as for the Shapley value.
Setting

(435 0)(T) :=v(TVij) —v(T Ui) —v(TUj) +v(T),

the interaction index of criteria ¢ and j related to v is then defined by

I = 3 LI (a0,

TCN\ij

We immediately see that this index is negative as soon as 7z and j are pos-
itively correlated or competitive. Similarly, it is positive when 7 and j are
negatively correlated or complementary. Moreover, it has been shown in [8]
that I(v,ij) € [-1,1] for all 4,5 € N.

The interaction index among a combination S of criteria was introduced
by Grabisch [8] as a natural extension of the case s = 2. It was also axiom-
atized very recently by Grabisch and Roubens [10]. The interaction indez of
S (s > 2) related to v, is defined by

=y Bt sy,

1
TCN\S (n—s+1)
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where

(Asv)(T) := Y (-1 (L UT).

LCS

In terms of the Mdbius representation, it is written (8]

1
Iv,8)= )  ——=a), SCN ®3)
v Té:st—s+1

Viewed as a set function, it coincides on singletons with the Shapley value
(1). Moreover, it was proved in [9] that the transformation (3) is invertible
and its inverse is written:

a(S)= Y Bi_,I(v,T), SCN,
TDS

where B, is the n-th Bernoulli number, that is, the n-th element of the
numerical sequence {Bp,}nen defined recursively by

By =1,

kg:jo ("B, =0, neN\ {0}

Table 2 gives the interaction indices for fuzzy measures corresponding to
particular Choquet integrals, see [7,12]. For vos, , we have used the convention
that (%) = 0 whenever p < g or ¢ <0.

5 Influence indices

In Section 3 we have presented the concept of overall importance of each
criterion. Now, it would be natural to appraise the global importance (or
influence) of any combination of criteria on the aggregation process.

In [13] the author proposed the following definition of the influence of
criteria on the Choquet integral. Given a subset S C N of criteria, the influ-
ence of S on C, is defined as the average amplitude of the range of C, that
criteria S may control when assigning partial scores to the criteria not in S
at random.

Definition 6. The influence of S C N on C, : [0,1]" = R is defined by
1 1
I(Cy,S) = / / [:hr_r}l Co(z) — lim Cu(w)] dz;, ---dx;,_,,
0 0 J?ES J?GS

where N\ S = {i1,...,in—s}-
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Fuzzy measure v I(v,S) for s > 2

UVWAM,, 0

s~—2

1 s—2 s—j . )

VOWA,, e 'EO( i )( 1) (ws—j—1 — Wn—j)
=

(1) 1fs—2 n—s 5—2
vos n—s+1[<n—k)(—1) +<s——k-—1)]

1

—— fT2S
Uming t—s+1
0 otherwise
_1)s+1
D" ¢ros
VUmaxp t—s+1 )
0 otherwise

Table 2. Interaction indices for various fuzzy measures

;From this definition, the following formulas can be obtained [13]:

_ (n—t—s)!t! o
I(Cy,S) = Tg'v’\s e [p(TUS)~v(T)], SCN, (@
1€, 9 =Y aT) ﬁ% SCN. (5)
Tn_sl;:@

Moreover, we clearly have I(C,,S) € [0,1] for all S C N, and we can see
that the closer I(C,,S) is to 1, the more the subset S has influence on the
aggregation.

As for the interaction index, the influence index coincides on singletons
with the Shapley value (1). However, the transformations (4) and (5), al-
though they are linear, are not invertible.

Table 3 gives the influence indices for particular Choquet integrals, see
[13].
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Choquet integral Cy I{Cy, S)
WAM,, > wi
i€s
- iAsA(n—i+1)A(n-s+1)
OWA. le, n—s+1
EAnsA(n—k+1)A(n—s+1)
OSk
n—-s+1
1 itTns#0
minr [T\ S|+1
0 otherwise
1 ¥Tns#0
0 otherwise

Table 3. Influence indices for various Choquet integrals

6 Conjunction and disjunction degrees

Consider the cube [0,1]" as a probability space with uniform distribution.
Then the expected value of C,(z), that is,

E(C,) = /[0,1]" Cu(2) dz, (6)

represents the average value of the Choquet integral C, over [0,1]™. This
expression gives the average position of C, within the interval [0, 1].
Since the Choquet integral is always internal to the set of its arguments,
that is
minz; < Cy(z) < maxz;, z € [0,1]",

from (6) it follows that
E(min) < E(Cy) < E(max), v € FN.

The relative position of E(C,) with respect to the lower bound of the interval
[E(min), E(max)] is called the conjunction degree or the degree of andness of
C,. It represents the degree to which the average value of C, is close to that
of min.
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Definition 7. The degree of andness of C, is defined by

E(max) — E(C,)
E(max) — E(min)"

andness(C,) :=
Similarly, the relative position of E(C,) with respect to E(max) is called
the disjunction degree or the degree of orness of C,.
Definition 8. The degree of orness of C,, is defined by

E(Cy) ~— E(min)
E(max) — E(min) "

orness(Cy) =

An immediate consequence of these definitions is that
andness(C,) + orness(C,) = 1.

Moreover, we have andness(C,), orness(C,) € [0,1].

These two concepts have been introduced as early as 1974 by Dujmovié [3,4]
in the particular case of power means. Here we have adapted his definitions
to the Choquet integral.

The degree of orness is a measure of the tolerance of the decision maker.
Indeed, tolerant decision makers can accept that only some criteria are satis-
fied. This corresponds to a disjunctive behavior (orness(C,) > 0.5), whose ex-
treme example is max. On the other hand, intolerant decision makers demand
that most criteria are satisfied. This corresponds to a conjunctive behavior
(orness(Cy) < 0.5), whose extreme example is min. When orness(C,) = 0.5
the decision maker is medium (neither tolerant nor intolerant).

Using the identity

/ /\mdw— SCN,
[0,1]

€S

(see [9]) and the expression of C, in terms of the M&bius representation, we
have the following result.

Proposition 2. For any v € Fn, we have

orness(C,) Z
1 icN t+ 1

where a is the Mobius representation of v.

In terms of the fuzzy measure v the degree of orness takes the following
form, see [11].
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Proposition 3. For any v € Fn, we have

._tltl
n-l Z = (),

TGN

orness

that is,

1 n—1

ommess(Cy) = (—,11— ZU(T). (7)
t

n
1

o~
I
F

Corollary 1. Letv € Fy. Then

orness(C,) =0 & C, =min
orness(C,) =1 & C, = max

The concept of orness was defined independently by Yager [25] in the
particular case of OWA operators, see also Yager [26]. His definition is based
on the use of the so-called regular increasing monotone quantifiers, that is,
increasing functions @ : [0,1] — [0,1], with @(0) = 0 and Q(1) = 1, which
represent linguistic quantifiers such as all, most, many, at least k. For any
k € N, Q(k/n) indicates the lowest global evaluation of an alternative that
fully satisfies k criteria:

Q(k/n) = OWA,( (eqa,... an—z+1

Yager then defined

n

orness(OWA,,) 1 ZQ(k/n il Z(k -

k=1

These definitions can be adapted to the more general case of the Choquet
integrals. The average value of the lowest global evaluation over all the alter-
natives that fully satisfy k criteria is given by

Q(k/n) = Z Colex),  k€N.

KCN
IK|=k

The orness of C, can then be defined by

orness(Cy) Z Q(k/n),

and we retrieve (7).
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Choquet integral C, andness(Cy) orness(Cy)
1 1
WAM,, 5 5
OWA.,, ! i(n P i(i 1w
n—1 — n-—1 —
n—k k-1
OS: n—1 n-—1
min nt—1 n—t
T (n—1)(+1) (n—1)(+1)
max n—t nt—1
T (n—1(t+1) n—1)(t+1)

Table 4. Degrees of andness and orness for various Choquet integrals

Table 4 gives the degrees of andness and orness for particular Choquet
integrals.

It can also be interesting to appraise the dispersion of C, around its av-
erage value by calculating its variance, that is,

o2 = — 2 .
(Cy) /[0,1]ﬂ [Co(z) — E(Cy)]" dx

In terms of the Mdobius representation, this expression is written

s+t—|SUT|
(s+D(E+1)(SuT|+2)

(€)= Y a(S)a(T)

S,TCN

For example,

P(WAM,) = = 3 w2,
i=1

2 4
. t
o2 (minTt) = m )
o2 (maxy) = f

t+1D2@+2)°
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7 Veto and favor effects

An interesting behavioral phenomenon in aggregation is the veto effect, and
its counterpart, the favor effect. A criterion k € N is said to be a weto or
a blocker for C, if its non satisfaction entails necessarily a low global score.
Formally, k is a veto for C, if

Co(z) < z € [0,1]™. (8)

Similarly, the criterion % is a favor or a pusher for C, if its satisfaction entails
necessarily a high global score:

Cy(z) > T4, z €[0,1]". (9)

The concepts of veto and favor were already proposed by Dubois and Kon-
ing [2] in the context of social choice functions, where “favor” was called
“dictator”.

A consequence of the definition is that no aggregation operator can model
simultaneously a veto on a criterion and a favor on another one. Indeed it is
not possible to have '

z; <Cy(x) <z; forall z€(0,1]".

Note that if the decision maker considers that a given criterion must abso-
lutely be satisfied (veto criterion), then he/she is conjunctive oriented. Indeed,
by (8) we have orness(C,) < 0.5, which is sufficient. Similarly, if the decision
maker considers that a given criterion is sufficient to be satisfied (favor cri-
teria) then he/she is disjunctive oriented. By (9) we have orness(C,) > 0.5.

The following two results can be easily proved [11].

Proposition 4. Let k € N and v € Fn. Then the following assertions are
equivalent:

i) k is a veto for C,

1) v(T) = 0 whenever T F k (or, equivalently, v(N \ k) =0)
i13) 3 X € [0, 1] such that Vz € [0,1]", with zx < A, we have C,(z) < A

Proposition 5. Let k € N aend v € Fn. Then the following assertions are
equivalent:

i) k is a favor for C,

i1) v(T) = 1 whenever T' 3 k (or, equivalently, v(k) = 1)
i74) A X €]0,1] such that Vz € [0,1]", with T > A, we have Cy(z) > A

It seems reasonable to define indices that measure the degree of veto or
favor of a given criterion. A natural definition of a degree of veto (resp. favor)
consists in considering the probability

Pr[Cy(z) < 2] (resp. Pr[Cy(z) > z])
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where z € [0,1]™ is a multi-dimensional random variable uniformly dis-
tributed. Unfortunately, such an index does not depend always continuously
on v. For example, one can easily show [11] that

1, ifwg=1,

Pr{WAM,, (z) < z4] = { 1/2, otherwise.

As for power and interaction indices, we search for veto and favor in-
dices which are linear with respect to the fuzzy measure. In [11] the author
introduced the following indices, based on an axiomatic characterization:

. (n——t-—l ! .
veto(Cy,1) :=1 Z ———u(T), i€ N,
n- 1 TCN\i (n— 1)t
. 1 (n—t—1)¢ . ,
favor(Cy, 1) := —v(TUi) — —, i€ N.
n—ngN\i (n—1)! -1

In terms of the Md&bius representation of v, these indices are written:

veto(Cy,7) = 1 — (1), i1E€N,
n— 1 N\l
1
f vy ) = - —7 ) )
avor(Cy, 1) = 1 Z o 1 [a(T Ui) + a(T)] 1 tEN
TCN\i

The axiomatic that supports these indices is given in the following result.

Theorem 3. The numbers ¥(C,,7) (i € N,v € Fn):

e are linear w.r.t. the fuzzy measure, that is, there exist real constants pk.
(T' € N) such that

$(Ci) = Y pru(T), i€N,veFy.
TCN

e are symmetric, that is, for any permutation ® on N, we have
"/)(vai)zd)(cn’uaw(i))v ZEN,'UGTN

o fulfill the “boundary” aziom, that is, for any T C N, T # 0, and any
1 €T, we have

¢(minT7i) =1, (TCSp. ’l/)(ma,XT,’l') = 1)
e fulfill the “normalization” aziom, that is, for any v € Fn,

Y(Cy,8) = 9(Cy,§) Vi,jEN
4
¥(Cy,1) = andness(C,) (resp. orness(C,)) Vie€ N.
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if and only if ¥(Cy,i) = veto(Cy,1) (resp. favor(Cy,1)) for alli € N and all
v € Fn.

Let us comment on the axioms presented in this characterization. As for
the importance indices, we ask the veto and favor indices to be linear w.r.t.
the fuzzy measure and symmetric. Next, the boundary axiom is motivated
by the observation that any 7 € T is a veto (resp. favor) criterion for miny
(resp. maxr). Finally, the normalization axiom says that if the degree of veto
(resp. favor) does not depend on criteria, then it identifies with the degree of
intolerance (resp. tolerance) of the decision maker.

It is easy to observe that veto(C,,1), favor(C,, ) € [0,1]. Furthermore, we
have, for any v € Fpy,

|

Z veto(Cy, 1) = andness(C, ),

i=1

Z favor(C,,¢) = orness(C,),
i=1
no(v,i) —1

veto(Cy, ) + favor(C,,7) = 1+ p—

, i€ N.

Thus defined, we see that veto{C,,1) is more or less the degree to which
the decision maker demands that criterion ¢ is satisfied. Similarly, favor(C,, 1)
is the degree to which the decision maker considers that a good score along
criterion 1 is sufficient to be satisfied.

Table 5 gives the veto and favor indices for particular Choquet integrals.

8 Measure of dispersion

Consider the weighted arithmetic mean (WAM) as an aggregation operator.
It is clear that, in such an aggregation process, the use of the information
contained in the arguments z1,...,x, strongly depends upon the weight
vector w. For example, consider two weighted arithmetic means with weights
vectors of the form

(1,0,...,0) and (1/n,...,1/n),

respectively. We note that these operators are quite different in the sense
that the first one focuses the total weight on only one argument (projection
on the first argument) whereas the second one distributes the total weight
among all the arguments evenly (arithmetic mean).

In order to capture this idea, one can define a measure of dispersion
associated to the weight vector of the weighted arithmetic mean WAM,, as
the Shannon entropy of w, see [20,21]:

n
Hy(w) = — Z w; log, w;.
i=1
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Choquet integral C, veto(Cy, 7) favor(C,, 1)
1, n(wi —1/n) 1 n(w;—1/n)
WAM., 2t 2(n—1) st 2(n —1)
OWA.,, ! Z":(n — ) ! i(j 1w
n—1 g n—1 !
j=1 j=1
n—k k-1
OS: n—1 n—1
1 fieT |(_nZt if i
_ =Dt ifieT
nr nt—t—1
PP otherwise|| . m—t—1 i
(n—1)(t+1) = 1)(t T 1) otherwise
_n-t ifieT |(1 ifieT
(n—1)t
e n—-t—1 i ni=t=1_ otherwise
DG+ otherwise (n—D(t+1)

Table 5. Veto and favor indices for various Choquet integrals

Such a function enables us to measure how much of the information in the
arguments is really used. In a certain sense the more disperse the w the more
the information contained in the arguments is being used in the aggregation
process.

Now, consider the ordered weighted averaging operator (OWA). For this
aggregation operator, the measure of dispersion, which should not depend on
a reordering of the arguments, should also be given by the Shannon entropy.
In fact, Yager [25] proposed explicitely to use this concept as measure of
dispersion for the OWA operators.

It is known that H,(w) is maximum only when w corresponds to the
weight vector of the arithmetic mean, see e.g. [24]:

H,(w) =logyn forw=(1/n,...,1/n),
and minimum only when w is a binary vector:
H,(w)=0 ifw; =1 for somei€ N.

Thus, the measure of dispersion can be normalized into

! H,(w) = —-Zwilognwi,
=1

disp(w) = Togyn 2
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so that it ranges in [0, 1].

The author [11, §6.2.4] proposed to define the entropy of a fuzzy measure
v € Fn as a measure of dispersion for the Choquet integral C,,. This measure
should identify with the Shannon entropy when the Choquet integral is either
a WAM or an OWA.

On the one hand, comparing

OWA Z :E(l) Wy

and "
=z [v(Aw) — v(Ais))]
=1
suggests proposing as measure of dispersion for C, a sum over i € N of an
average value of

[v(T U3) — v(T)]log,[v(T UZ) —v(T)], TCN\i

that is, an expression of the form

disp(v Z > pe (T Vi) = o(T)] log, [v(T Ui) — v(T))],

i=1 TCN\i

where the coefficients p; are non-negative and such that ), cn\i Pt = 1.
On the other hand, imposing the condition

C,=0WA, = disp(v)=disp(w)

determines uniquely the coeflicients p;, so that the definition proposed is the
following,.

Definition 9. The entropy of a fuzzy measure v € Fy is defined by

disp(v Z S @t DU Gy — (D)) loga o(T U1) — o(T)]
i=1 TCN\i

When the Choquet integral C, is used as an aggregation operator, this
entropy can be interpreted as the degree to which one uses all the information
contained in the arguments z = (z1,...,z,) when calculating the aggregated
value C,(z).

Interestingly enough, its expression (which is of course non linear w.r.t.
v) is very similar to that of the Shapley value (1). Notice also that this new
definition has yet to be axiomatically characterized. However, to justify its
use, one can show that it fulfills several properties required for an entropy
[11], namely:
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e disp(v) is continuous w.r.t. v.
e disp is symmetric, that is

disp(rv) = disp(v)

for any permutation 7w of N.
We have

0 < disp(v) < 1.
Moreover, disp(v) is maximum (= 1) only when C, is the arithmetic
mean, and minimum (= 0) only when v is a binary-valued fuzzy measure:
v(S) € {0,1} for all S C N. Note that this latter case occurs if and only
if C,(z) € {z1,...,zn} (only one piece of information is used in the
aggregation).
We have

Cy = WAM,, or OWA, = disp(v) = disp(w).

Let k € N be a null element for v, that is, v(T U k) = v(T) for all
T C N\ k. Then
disp(v) = disp(v™V\¥)

where v™V\* is the restriction of v to N \ k.

Fuzzy measure v disp(v)
n
UWAM,, - E w; log,, w;
i=1
n
VOWA.,, - E w; log,, wi
i=1
vOos,, 0
VUminy 0
VUmaxp 0

Table 6. Entropy of various fuzzy measures

Table 6 gives the entropy of fuzzy measures corresponding to particular

Choquet integrals.
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9 An illustrative example

In this final section we give an example, borrowed from Grabisch [6]. Let
us consider the problem of evaluating students in a high school with respect
to three subjects: mathematics (M), physics (P), and literature (L). Usually,
this is done by a simple weighted arithmetic mean, whose weights are the
coefficients of importance of the different subjects. Suppose that the school is
more scientifically than literary oriented, so that weights could be for example
3, 3, and 2, respectively. Then the weighted arithmetic mean will give the
following results for three students a, b, and ¢ (marks are given on a scale
from 0 to 20):

Student|iM P L Global evaluation
(weighted arithmetic mean)

a (18 16 10 15.25
b |10 12 18 12.75
14 15 15 14.625

If the school wants to favor well equilibrated students without weak points
then student ¢ should be considered better than student a, who has a severe
weakness in literature. Unfortunately, no weight vector (wn, wp,wr,) satisfy-
ing wM = wp > wy, is able to favor student c¢. Indeed, we have:

Cr>a <= WL > WM.

The reason of this problem is that too much importance is given to mathe-
matics and physics, which present some overlap effect since, usually, students
good at mathematics are also good at physics (and vice versa), so that the
evaluation is overestimated (resp. underestimated) for students good (resp.
bad) at mathematics and/or physics. This problem can be solved by using a
suitable fuzzy measure v and the Choquet integral.

e Since scientific subjects are more important than literature, the following
weights can be put on subjects taken individually: v(M) = v(P) = 0.45
and v(L) = 0.3. Note that the initial ratio of weights (3,3,2) is kept
unchanged.

e Since mathematics and physics overlap, the weights attributed to the pair
{M, P} should be less than the sum of the weights of mathematics and
physics: v(MP) = 0.5.

» Since students equally good at scientific subjects and literature must
be favored, the weight attributed to the pair {L, M} should be greater
than the sum of individual weights (the same for physics and literature):
v(ML) = v(PL) = 0.9.

e v(§) = 0 and v(MPL) = 1 by definition.



176

The Mobius representation is then given by
a® =0 a(M)=045 a(MP)=-0.40 a(MPL)=-0.10
a(P) =045 a(ML)=0.15
a(L) =030 a(PL)=0.15

Applying Choquet integral with the above fuzzy measure leads to the
following new global evaluations: ,

Student|M P L | Global evaluation
(Choquet integral)

a |18 16 10 13.9
b |10 12 18 13.6
¢ |14 15 15 14.6

The expected result is then obtained. Also remark that student b has still
the lowest rank, as requested by the scientific tendency of this high school.

Now, let us turn to a deeper analysis of the orientation of the school or its
director. From the fuzzy measure proposed, we obtain the following Shapley
value and degrees of veto and favor:

M P L
veto(Cy,1) [0.362 0.362 0.525
favor(Cy,4)[0.575 0.575 0.6
#(v,9) [0.202 0.202 0.417
n * ¢(v,%) |0.875 0.875 1.25

As we can see, it is convenient to scale the Shapley value by a factor
n, so that an importance index greater than 1 indicates an attribute more
important than the average. Moreover, looking at the veto and favor degrees,
we observe that the school seems to favor slightly the students (disjunctive
oriented). This is in accordance with the degree of orness

orness(C,) = 0.583.

We also have E(C,) = 0.542 and o(C,) = 0.180, showing that the global
evaluation is rather dispersed around its typical value 0.542.
Now, the interaction indices for the pairs of criteria are:

P L
M|-0.45 0.10
P 0.10
Moreover, the influence indices are:
P L
M|0.60 0.725
P 0.725
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All these numerical values are also in accordance with the interpretation
of the fuzzy measure.

Finally, the dispersion of the fuzzy measure is given by disp(v) = 0.820,
which is rather satisfactory.

Remark that all these behavioral parameters have been obtained from
a given fuzzy measure. In many practical situations, the fuzzy measure is
not completely available. We might then fix its values from information on
behavioral parameters, see [14].
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To be Symmetric or Asymmetric?
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Summary. The paper addresses the problem of dealing with real numbers for
scores or utilities in decision making, that is, with numbers being positive or nega-
tive. The use of non-additive models, as the Choquet integral, entails the possibility
of having (at least) two choices when defining the Choquet integral for real-valued
integrand, which can be named, after Denneberg, symmetric or asymmetric. The
problem is examined in the frameworks of multicriteria decision making and deci-
sion under risk and uncertainty.

1 Introduction

So far in multicriteria decision making, scores on criteria, considered most
often as satisfaction degrees, i.e. membership degrees to the (fuzzy) set of sat-
isfactory acts, have been positive real numbers in [0, 1] (see e.g. [2]). However,
some authors have advocated the use of larger sets to represent the satisfac-
tion degrees, including negative numbers. This is in fact not uncommon in
multiattribute utility theory [14], positive utilities representing gains, and
negative utilities losses, although the terms “loss” and “gain” refer more to
lotteries and similar devices common in decision under risk and uncertainty.

More in the spirit of multicriteria decision making, as psychologists do,
we can define three types of scales for representing scores on criteria.

e the [0,1] scale, where 0 means the total absence of a property, and 1
the total presence, called bounded unipolar scale (and the corresponding
criterion bounded unipolar criterion). It is suitable for representing the
membership degree in fuzzy sets, the credibility, the satisfaction degree,
etc.

e the set of positive real numbers R* . This means that it is always possible
to find an act with a better utility. Such scales are called unipolar, and
are convenient to represent priority, importance, etc.

¢ the set of real numbers R. The value “0” has then a special role, and
represents a kind of neutrality. In this type of scale, it is always possible
to find (or imagine) a better act or a worse act than a given one. This
type of scale is called bipolar, and is convenient to represent concepts
which can be paired, such as attractivity /repulsion, etc.
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In this paper, we focus on bipolar criteria, and the question arises, if there is
some special treatment for the negative numbers. More specifically:

¢ On a mathematical point of view, how do usual methods generalize when
negative numbers enter the picture?

e On a descriptive point of view, how react human decision makers when
scores are negative, i.e. how do they evaluate acts which are less satisfac-
tory than a given neutral level?

The first question may be of little interest when simple models are used, as
the commonly used weighted average. Therefore, we focus in this paper on
fuzzy integrals models, especially the Choquet integral, as it has been shown
that these models are much more powerful and flexible to represent human
behaviour [7,11].

It is commonly admitted by psychologists that the answer to the second
question is that the behaviour is clearly different, we could say, symmetric.
This entails that models used should reflect this symmetry.

In a second part, we will deal with decision under risk and uncertainty. In
this area, Cumulative Prospect Theory (CPT) has been established [13,23]
to deal with negative utilities. We will show underlying axioms in this theory,
and compare them to their counterparts in multicriteria decision making.

2 Background

We give here basic definitions and results useful in the sequel. We consider a
finite universal set X = {1,...,n}, which could be the (index) set of criteria,
experts, states of the world, etc.

Definition 1. A fuzzy measure [21] or capacity [3] on X is a set function
u:P(X) — [0,1] such that:

(i) p® =0, pX)=1
(if) p(A) < u(B) whenever AC B C X.

For any fuzzy measure p, the conjugate fuzzy measure of p is defined by
B(A) == p(X) — u(A°), VACX, (1)

where A€ is the complement set of A.

Some linear transformations of set functions are useful here, namely the
Moébius transform, well-known in combinatorics [17], and the interaction
transform [8].

Definition 2. Let u be a fuzzy measure. The Mdbius transform of p is given
by:

mt(A) = Y (-1)A-I1BlyB), VACX.
BCA
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The interaction transform is given by:

__ (n - |B| = |ADYBY! 1l-lc]
I*(4) = -1 (CUB),VAC X.

When possible, the superscripts x4 will be omitted.

These transformations are invertible and can be composed (see [5,9] for a full
presentation). For example, p can be recovered from m#* by:

p(A) = > m*(B), VACX, (2)
BCA

The interaction transform is a generalization of the Shapley value [20], and of
the interaction index I;; defined for a pair of elements i, j by Murofushi and
Soneda [16]. The Shapley value of p is the vector ¢# := [¢¥ - -- ¢#] defined
by:

o= Y O DV e ) —u), viex @
KcX\i ’

The interaction index I;; is defined by:

= % Ok O G - wr v -
KcX\{i,j} ’
pE UG+ uK)), ¥ijeX. (4)

Clearly, ¢ = I*({i}), and If; = I*({i, j}).

Since a model based on a fuzzy measure needs 2" coefficients to be defined,
simpler models can be envisaged [8], namely models based on k-additive
measures.

Definition 3. A fuzzy measure is said to be a k-additive measure if I{A) =0
for all coalitions of more than % criteria, and there exists at least one A of
exactly k elements such that I(4) # 0.

An equivalent definition is obtained if I is replaced by m (the M&bius trans-
form).

We introduce now integrals with respect to fuzzy measures. As we are
in the finite case, we assimilate integrand functions (resp. positive integrand
functions) with vectors in R™ (resp. (RT)™).

Definition 4. Let u be a fuzzy measure, and = = (z1,...,z,) € (RT)".
The Choquet integral of z w.r.t p is defined by:

Cu(@ry. .. ,p) = Z[l‘(i) — 21X @), (5)

i=1
where -(;) indicates a permutation on X so that z(;) < z) < -+ < 25y, and
X(i) = {(’L), ce ,(n)}. Also Ty = 0.
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The above definition is valid for positive integrands only. The question arises
how to extend this definition to real-valued integrands, i.e. which may assume
negative values. At least two solutions can be thought of:

C.(z) = Cu(z™) = Cu(z™), VzeR"
Cp(z) :=Cu(z?) ~ Ca(z™), Vz e R

where zt, 2™ are respectively the positive and the negative parts of z, that
is, % := (zF,...,z}), 27 = (a7,...,2;), gF == 2; V0, 2] := —z; VO.

These extensions are respectively named symmetric and asymmetric inte-
grals by Denneberg [4]. The first one was in fact proposed by Sipos [24], and
the second one is the usual definition of the Choquet integral for real-valued
functions. In the sequel, we will denote the Sipos integral by S'u.

The properties of Choquet and Sipos integrals have been studied in [10].
We give here some important results and properties. In the sequel, for any
a,b € R, for any A C X, the notation (a4, bac) denotes a point z in R" such
that z; = a whenever ¢ € 4 and z; = b otherwise.

Proposition 1. Let z € R" and u be a capacity, with Mébius transform m.
The expressions of the Choquet and Sipos integrals are given by:

Cul@) =z(1) + ¥ _ (23 — T(i—1))({(0), ... , (0)}) (6)
1=2
p—1
Su(@) =Y (za) = za+)e{@), -, O} + 2u{(D),...,(®)})
=1
+2pe{E+1D),...,mD + D (2@ — za-1)p{E),--- ,(M)})
i=p+2
()
Cu(@) = D m(A) \ = (8)
ACX i€A
Su@) = 3 mia) [/\ - A\ }
ACX i€A icA
ACX+ i€EA ACX— i€A

where T(1) <. < I < 0< T(p+1) <-- <L T(n), Xt = {'L S Xl:l)i > 0}
and X~ =X\ X*.

Proposition 2. Let z € R® and p be a capacity. The Choguet and Sipos
integrals satisfy the following properties.

(i) extension of the fuzzy measure

C#(lAaoA‘:) = SIL(]-A7OA°) = ,U(A),VA cX. (10)
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(ii) symmetry and asymmetry

Cu(—2) = —C(a) (1)
vu("x) = "Su(z) (12)

(#i) monotonicity
z <zii=1,...,n=>Cu(x1,...,2n) < Culzy,. .. ,Zh) (13)
r;<zhi=1,...,n=8,(z1,...,2a) < Sulzh,... ,zh). (14)

(i) invariance to positive affine transformations

Culazy + B,... ,azn + ) = aCpy(z1,... ,2n) + B, Va>0,YGeR.
(15)

(v) homogeneity

Sulazy,... az,) = aSu(ml,... ,Zn),Va € R. (16)

Proposition 3. [15, Theorem 6.1.1] Let us consider an aggregation operator
M, :R" — R defined with respect to a capacity p. Then M, is the Choquet
integral C,, for all capacities p on X, if and only if M, satisfies the following
properties:

(i) M, is a linear function of p, i.e. My =3 4 x fau(A), where the fa’s
are 2™ functions from R™ to R.
(i) M, is non decreasing in each place.
(i) M, is invariant to positive affine transformations (see Proposition 2 (iv))
(iv) M, is an extension of p (see Proposition 2 (i))

Proposition 4. Let us consider an aggregation operator M, : R* — R
defined with respect to a capacity . Then M, is the Sipo3 integral S, for all
capacities . on X, if and only if M, satifies the following properties:

(L) M, is a linear function of p, i.e. My, =} 4 x fau(A), where the fa's
are 2" functions from R™ to R.

(In) M, is non decreasing in each place.
(H) M, is homogeneous (see Proposition 2 (v)).
(Sh) M, is invariant to positive shifts, i.e. Yz € (R*)", Va >0, M,(z+a) =
M,(z) + a.
(Ind) M, satisfies independence between positive and negative parts, i.e. for
any a,b,¢,d€R*,a>0,0>0,c<0,d<0,VAC N, we have

My(aa,cac) — My(aa,dac) = My(ba,cac) — My(ba,dac)

(Ext) M, is an extension of p.
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The property (Ind) means that the difference My (aa,cac) — My(aa,dac)
does not depend on a: positive scores and negative scores do not interact.

The above properties make clear the fundamental common points and
discrepancies between the two integrals. The main difference lies in the treat-
ment of negative vs. positive numbers. As remarked by Sugeno and Murofushi
[22], if the scores a; are on an interval scale, then the global score computed
by the Choquet integral is also on an interval scale (i.e. relative position of
the zero), and if the scores are on a ratio scale, then the global score com-
puted by the Sipos integral is on a ratio scale (absolute position of the zero).
With the Choquet integral, the zero has no special meaning, hence formula
(6) does not differentiate between negative and positive numbers. On the
contrary, the Sipoé integral makes this difference, and the zero position acts
as a mirror surface. Thus, the Sipos integral makes the symmetry between
positive and negative numbers, as observed by psychologists.

3 Decision with Multiple Criteria

We examine the use of Choquet and Sipo integrals in multicriteria decision
making. We present in a simplified way the framework, avoiding intricacies
(see [10] for a complete construction). Let N = {1,... ,n} be a set of criteria.
Acts are denoted by points z € R™, of which coordinates are the scores or
utilities on each criterion for a given act (we suppose that utility scales have
been built, and that commensurability issues have been solved, using suitable
information from the decision maker).

Let us call any A C N a coalition of criteria. We introduce the notion of
importance of a coalition as follows.

Definition 5. Let A C N be a coalition of criteria. The importance or power
u(A) of coalition A for a given decision maker is defined as the global evalu-
ation of the fictitious act (14,04c), i.e. with z; = 1 if ¢ € A and 0 otherwise.

p(4) :=u(1a,04:), VACN,

where u denotes global utility.

Clearly, the importance of the empty coalition should be zero, and the im-
portance of N should be maximum. Also, it is natural to require that the
importance should be non decreasing when adding a new criterion in a coali-
tion. In other words, we see that u can be taken as a fuzzy measure.

An important consequence of this definition is that the global utility func-
tion « has to coincide with u on all the vertices of [0, 1]”, and so is an extension
of 1 on the whole unit hypercube. A study of the extension problem has been
done in [10], based in pseudo-Boolean functions. It leads to the fact that the
multilinear model, well-known in multiattribute utility theory [14], and the
Choquet integral are natural extensions of the fuzzy measure, the former one
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lacking in fact useful properties, such as scale invariance, for multicriteria de-
cision making. When the extension includes negative numbers, the Choquet
integral splits into the usual Choquet integral and the Sipos integral. In fact,
this is not surprising looking at the characterization results of Choquet and
Sipos (Propositions 3 and 4), which contains the axiom of extension. This
kind of link between the fuzzy measure and the global utility function has
been brought into light by Marichal [15], and is the fundamental axiom in
his result of characterization of Choquet integral.

Also, the previous results (see especially Proposition 2 (ii) and Propo-
sitions 3 and 4) show clearly the difference between Choquet and Sipos in-
tegrals. The main fact is that the Choquet integral supposes an underlying
interval scale (arbitrary zero), while the Sipo integral supposes a ratio scale
with a fixed zero. In multicriteria decision making using bipolar scales (that
is, with positive and negative numbers), the meaning of the zero is that of
a neutral satisfaction: the act is neither good nor bad on this criterion. It is
commonly admitted that human decision makers have a different behaviour
when faced to acts which are good or bad on a given criterion, which advo-
cates the presence of a ratio scale instead of an interval scale.

The following example illustrates this.

Ezample 1. We consider a scientifically oriented school, and three subjects
Maths, Physics and Literature. Let us suppose 2 students with the following
marks:

Student{Maths|PhysicsiLiterature
A 16 12 *x
B 8 4 **

The following behaviour may be observed: since there is some redundancy
between Maths and Physics in the sense that they require more or less the
same kind of ability, a medium score in one of the two can be compensated by
a good score in the other subject. Thus, we can give 15 or 16 to A (provided
the literature is not too bad). But if both are bad as for B, due to the
importance of scientific subjects, one should not be tolerant with such a
student, and something like 4 or 5 should be given as global evaluation.

This example shows that tolerance is observed when scores. are good, and
intolerance when scores are bad, exhibiting a symmetric behaviour. Of course,
the converse of this example may be built as well. We show in the sequel that
the Sipos integral can cope with this example, and not the Choquet integral.
A clear explanation can be obtained by means of the interaction index and
2-additive measures.

The following can be shown [10].
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Proposition 5. Let a € R, and p a 2-additive measure. Then

Cul@) =Y (@iAa)li+ Y (@i Vaj)|Li| + Y ai(¢i - -;' > 1L50)

I;;>0 I;; <0 i=1 j#i
Sule)= Y. (@Aeply+ Y (aiVayl
1,JENT,I;;>0 4,jEN—,I;;>0
+ > (ave)lLl+ D (aiAay)|lyl
i,JEN+,1;;<0 i,jEN=,I;;<0
2wl Dy gl +2d | Y Il
iENt JEN—,I;;<0 iEN— JEN*,I;;<0
~ 1
+Zai ¢i_‘2"Z‘Iij| .
i=1 j#i

with N* = {i € N|a; >0}, and N~ =N\ N*.
This leads to the following interpretation of the interactions in both integrals:

e a positive [;; implies a conjunctive behavior between criteria ¢ and j
if the score for these two criteria is positive, and implies a disjunctive
behavior if the score for the two criteria is negative. This implies that
the decision maker changes his behavior when he considers positive or
negative scores. By contrast, there is no change for the Choquet integral:
positive interaction means a conjunctive behaviour.

¢ anegative I;; implies a disjunctive behavior between criteria ¢ and j if the
score for these two criteria is positive, and implies a conjunctive behavior
if the score for the two criteria is negative. Again, there is no change with
the Choquet integral, which remains disjunctive.

o The Shapley indices appear in the linear part of the sum, in both integrals.

e for the Sipos integral, there is no comparison of scores (by A or V) when
one score is positive an the other negative. This is linked with property
(Ind) in Proposition 4, and shows clearly the dichotomy of the scale.

We continue our preceding example by applying practically the Choquet and
Sipos integrals.

Ezample 2. (example 1 continued) we suppose as before that scientific sub-
jects are more important, and that there is some redundancy between math-
ematics and physics. Moreover, we assume that literature has no interaction
with scientific subjects. The following fuzzy measure could model this (fuzzy
measure form and interaction form are given, u(N) = 1 assumed).

subset A |u(A)|subset A w(A)
Maths 0.6 |Maths, Physics 0.7
Physics 0.6 |Maths, Literature | 0.9
Literature| 0.3 |Physics, Literature| 0.9
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subset A |I(A)|subset A I(A)
Maths 0.35|Maths, Physics -0.5
Physics |0.35{Maths, Literature { 0
Literature| 0.3 |Physics, Literature| 0

Let us suppose the three students A, B, C, with following marks. We indicate
in the table the result of global evaluation by the Choquet and Sipog integrals,
considering that the zero of the scale corresponds to 10 (i.e. the scale has been
shifted of -10).

student|Maths{Physics|Literature|Choquet integral|[Sipo§ integral
A 16 12 10 13.8 13.8
B 8 4 10 8.2 6.2
C 6 6 10 7.2 7.2

Let us consider first A and B. As expected in example 1, the Choquet integral
considers in both cases that Maths and Physics are disjunctive, while the
Sipos integral has a conjunctive behaviour with B (negative scores). Remark
that both coincide for A since scores are positive, and since A and B have
symmetric scores with respect to 10, we can verify the property S,(—a) =
—Su(a).

Student C illustrates the fact that for Choquet integral, B is preferred
to C since B has at least a not too bad score in Maths, which compensates
the very bad score in Physics, and for the Sipos integral, C is better than B
because the bad score in Physics cannot be compensated.

4 Decision under Uncertainty and Risk: Cumulative
Prospect Theory

We turn to a different framework, which is decision under risk and uncer-
tainty. We begin by decision under uncertainty.

Let S ={1,...,n}, n > 3 be the set of states of nature. We consider acts
as mappings f : S — R, identifying the set of acts with R". We denote for
simplicity f(i) by f;, so that act f is denoted (fi,..., fs). Acts may take
positive values (then we speak of gains) or negative values (losses), while
the value 0 is considered as the statu quo (this is the standard vocabulary
of prospect theory [13]). Every act can be divided between the “gain” part,
denoted f*, and the “loss” part, denoted f~, so that f = f* — f~ (in fact,
the usual convention is f = f* + f~, but we have to remain consistent with
section 2).

The fundamental question in decision theory is to represent the preference
relation > on the set of acts, given by the decision maker, by some functional
VR — Rie f>g& V(f) >V(g). Such a V is called a representing
function.
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The most common model for V is subjective expected utility (SEU), which
is of the form:

V(f) = _Zp,- -U(fi) (17)

where U : R — R is the wtility function, considered here to be strictly
increasing, continuous, and unique up to a positive linear transformation
(i.e. it defines an interval scale). The quantities p;, ¢ = 1,...,n define a
probability measure. The first axiomatization of this model was given by
Savage [18].

A second model is the Choquet ezpected utility (CEU) model, which is:

n

V() =D mi Ulfw) (18)

i=1
with decision weights m; = p({(%),...,(n)}) — p({(E + 1),...,(n)}), and
fay £ -+ £ f(n), as already used in section 2. u is a fuzzy measure on

S. CEU has been first axiomatized by Schmeidler [19].

The next model comes from in Cumaulative Prospect Theory (CPT), as
introduced by Tversky and Kahneman [23]. The representing function is de-
fined as:

V()= Ulfa) + Y. =7 - Ulfw) (19)
=1

i=p+1
with f1) < -+ < fip) < 0L fp+1) £ -+ < f(n), and U is unique up to a
multiplication by a positive number, U(0) = 0, and
=t (@), .., ()} = pt{E+1),..., (W)} (20)
=t {@),- ., @O) -t G- D). (21)
Assuming strict increasingness of U, easy computations can show that the
CPT model coincide with the Choquet integral of the real-valued function

U o f (see (6)), while the CPT model is the Sipo integral of this function
(see (7)). Thus the two models coincide if p = 1, and moreover:

CPT(f) = CPT(f+) — CPT(f").

We introduce now an axiomatization of CPT found by Zank [25]. We need
some definitions. First we define a particular class of utility functions.

Definition 6. A utility function U : R — R is an increasing linear/ezpo-
nential utility function for gains (resp. losses) if one of the following holds
for all z > 0 (resp. z < 0):

(1) U(z) = az, with a >0
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(i) U(z) = ae*® + 7, with aX > 0, and 7 € R.

Note that the coefficients «, A, 7 may differ for gain and losses, and since we
impose U(0) = 0, we have 7 = —a.

Definition 7. The preference relation > satisfies constant absolute risk aver-
sion for gains (resp. for losses) if:

(flv"'7fn)_>__(gl""7gn)<$(fl +5,---,fn+€)t(gl+€a--~7gn+5)

whenever for all ¢ = 1,... ,n, the outcomes f;, f; +¢, g;, g; + € are gains (resp.
losses).

Remark that this property is similar to invariance for positive shifts (for the
gain part), in Proposition 4.

We say that two acts f, g are comonotonic if there exists a permutation
o such that fo1) <+ < fon) and go(1) < < Go(n)-

Definition 8. The preference relation satisfies tail independence if

(a1, f1) = (a1, g1:) & (br, f1c) = (b1, gr¢)

provided all acts are comonotonic and I is of the form I = {(1),...,(m)} or

I={{),...,n)}

Tail independence is a stronger version of comonotonic independence (or sure-
thing principle) since it restricts the common part to be in the worst or best
states. It can be shown that CPT implies tail independence.

Finally, as usual we say that > satisfies monotonicity if f > g whenever
firgiforalli € S, and f; > g; for some j. Also, > satisfies continuity if
VfeR*, {glg = f} and {g|g < f} are closed subsets of R".

The following can be shown.

Proposition 6. Assume n > 3. The following statements are equivalent.

(i) CPT holds, with U being a continuous strictly increasing linear/ezponen-
tial utility function, and positive decision weights 77i+ P

(i) > is a weak order, satisfying monotonicity, continuity, tail independence,
and constant absolute risk aversion for gains and losses.

Moreover, if (i) holds, u is unique and U is a ratio scale (i.e. unique up to a
multiplicative positive constant).

Note that the condition on decision weights to be positive is equivalent to
the monotonicity of the fuzzy measure.

A similar result has been also shown by Zank [25] in the framework of
decision under risk. Acts are now considered as lotteries with real-valued
outcomes, named “gain”, “losses”, and “statu quo” when they are positive,
negative , or zero respectively. A lottery is denoted P := (p1,Z1;- .. ;Pn, Zn),
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with the convention that z; < --- < z,,. The lottery can be splitted into the
gain part Pt and the loss part P~, so that P = P* — P~ (again, this is the
convention opposite to the usual one).

Let (1) <+ %) <0 < T(pg1) < - -+ < Z(n). The representing function
V' of Cumulative Prospect Theory (CPT) is defined as:

P n
V(P)=) - Uag)+ Y, mf - Ulza) (22)
i=1 i=p+1

with U(0) = 0, and decision weights defined as:

7'(;" ::w_*_(p(,') + - +P(n)) - w+(p(i+1) +oe +p(")) (23)
m; =w” (pa) + - +pu) —w (Pa) + -+ Piu-1)), (24)
where w is a probability transformation, i.e. a strictly increasing function

from [0,1] to [0,1], such that w(0) = 0 and w(1) = 1. Again, we recognize

here (provided w* = w™) the Sipo§ integral with capacity w* o p, with p
being the probability measure induced by py,... ,pn.
We introduce a special class of utility functions.

Definition 9. The utility function U is said to belong to the positive power
family for gains if

U(z) =0z ot>0,0>0,2>0
and to the positive power family for losses if
Ux)=-0c"|z|?, ¢~ >0,>0,z<0.
We now introduce axioms that characterize CPT.

Definition 10. The preference relation satisfies constant proportional risk
aversion if for all a > 0,

(P1, %15+« 5Pny Tn) = (P15 Y15+ -+ 3Py Yn) &

(p1,0z15. .. ;Pn,0Zp) = (D1,0Y15 - 5 Pny OYn)
whenever all z;’s are gains or all z;’s are losses.

This property is similar to homogeneity (see Proposition 2 (v)). Given two lot-
teries P = (p1,Z1;. .. ; Pn,Zn) and Q = (q1,¥1;-- - ; Gm,Ym), the lottery mix-
ture yP + (1 —v)Q, for any v € [0, 1] is defined as (yp1,Z1;- .- ;YPn, Tn; (1 —
Y41, Y15 -+ ; (1 = ¥)qm, Ym) (up to a suitable reordering of the elements).

Definition 11. The preference relation satisfies tail independence if for all
lotteries P, Q,C,C’, for all v €]0, 1], we have:

YP+(1-7)C=vQ+(1=7)C & yP+(1=7)C"=vQ+ (1-7)C".

whenever outcomes in C,C’ are all greater than those of P and @, or all
smaller.
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As usual, we say that > satisfies stochastic dominance if (p1,Z1;... ;Pn, Tn) =
(P1,¥1;- - ;Pn,Yn) Whenever z; > y; fori =1,... ,n, and z; > y; for some j.
Moreover, > satisfiles simple continuity if for any Ilottery
P = (p1,21;. .. ;Pn, Tn), the sets {(y1,...,¥n)l(P1, 415 ;Pn,yn) = P} and

{1, s yn)l(P1,¥1; -+ - ;Pn,Yn) X P} are closed sets.
The following can be shown.

Proposition 7. The following statements are equivalent.

(i) CPT holds, with positive power utility for gains and losses.

(i) the preference relation > is a weak order, satisfying stochastic dominance,
simple continuity, tail independence, and constant proportional risk aver-
ston for gain and losses.

Moreover, if (i) holds, the probability transformations wt,w™ are unique,
and U defines a ratio scale.

5 Comments, Comparisons and Concluding Remarks

We give a tentative analysis of preceding results in this section.

The results presented in the framework of prospect theory have some
links with the characterizations given in section 2, although the point of view
is completely different: in prospect theory {and more generally in decision
making), the basic material is the preference relation >, and thus all axioms
concern >, while the axiomatization of section 2 is more in the spirit of an
aggregation operator, and thus the basic material is the scores. Nevertheless,
similarities exist and some have been already pointed out above:

e constant absolute risk aversion and constant proportional risk aversion
correspond to invariance to positive shifts and homogeneity respectively.

e monotonicity and stochastic dominance correspond to non decreasing-
ness.

e tail independence correspond to independence between positive and neg-
ative parts. More specifically, the tail independence property in decision
under uncertainty says there is no reversal of preference when the con-
stant part is changed, provided all acts are comonotonic, and the constant
part is at the tail or head of {(1),...,(n)}. This is an ordinal condition.
A strengthening of this condition, assuming that the preference intensity
can be expressed on a difference scale, would be to impose that the dif-
ference of preferences should remain the same. Denoting by d(f,g) the
difference of preference between f and g, the tail independence condition
becomes:

d((ar, fr), (a1, 91<)) = d((br, fre), (b1, g1))

If the difference of preference d(f,g) is modeled by S,(f) — S.(g), we
obtain formally the independence of positive and negative parts. Condi-
tions on acts are different, but very similar: the tail or head condition
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for I means that the indices of the ordered values for ay and f; should
be separated, a weaker condition than the separation in negative and
positive parts. :

On the other hand, the tail independence condition for decision under
risk is very close to the previous one. In additive models of decision,
the key axioms are the sure thing principle (Savage [18], decision under
uncertainty) and the independence axiom (Anscombe and Aumann [1}),
which correspond exactly to the two tail independence conditions where
the comonotonic and the tail conditions have been removed. It has been
proved by Fishburn and Wakker [6] that these two independence concepts
are equivalent under the assumption that if two acts generate the same
lottery, they are indifferent (implicit in our presentation), and also that
the set of states of nature has no atom (i.e. every non singleton subset
with a positive probability includes at least a subset with positive but
strictly smaller probability). For a detailed analysis of the connection
between these two independence concepts, as well as for an historical
perspective of the notion of independence, see Fishburn and Wakker [6].

For the moment, we do not see any link between the results concerning the
interaction index presented in section 3 and the axiomatization in cumulative
prospect theory. Although the interaction index has been axiomatized by
Grabisch and Roubens [12] in the framework of cooperative game theory,
results linking the interaction index with behavioral properties in decision
making are still lacking. This may be a future direction for research.

Now we come back the initial question:

To be or not to be symmetric ... ?

We hope that the paper has brought a clear answer to this. The Choquet
integral (asymmetric side) deals with real numbers being on a difference scale,
that is, the position of the zero is arbitrary, and there is no difference between
positive and negative number. By contrast, the Sipo3 integral (symmetric
side) makes this distinction, and makes a symmetric processing of positive
and negative numbers. The zero is a “true” zero, and the underlying scale is
a ratio scale.
This can be seen clearly by looking:

e at the expression of C,, in terms of u and m (see (6) and (8) and compare
with corresponding formulas for S,,)

» at the expression of C,, for 2-additive measures in terms of the interaction
index (see Proposition 5 and comments below)

e at the axiomatizations in sections 2 and 4. For the Sipo3 integral, an
axiom separating the positive and negative numbers is needed (indepen-
dence for positive and negative parts, and the tail independence).

Using a somewhat pictural comparison, we could say that the Choquet inte-
gral sees the zero level like a transparent glas surface, and the Sipo§ integral
sees it like a mirror surface.
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Thus, clearly the choice lies in the semantic attached to the numbers, or

more specifically to the fact that the universal set of these numbers is bipo-
lar or unipolar. If you are in the bipolar case, like attractivity/repulsion or
gain/loss, then be symmetric. If you are in the unipolar case, like membership
degrees, importance, utility, be asymmetric.
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Summary. In this paper we investigate the theoretical possibility to extend Cho-
quet monotonicity, Dempster-Shafer belief functions as well as necessity functions
to arbitrary lattices. We show, in particular, that every finite lattice admits a belief
function (while the existence of a probability measure on a lattice characterizes its
distributivity). Thus belief functions appear as a good substitute to probabilities
in the framework of a non-classical propositional calculus.

1 Introduction

The theory of expected utility as axiomatized by von Neumann and Mor-
genstern (1947) and Savage (1954) ends up, from Allais (1953), in numerous
paradoxes. Attempts to escape from these paradoxes usually involve a weak-
ening of the axioms of a probability measure. In that framework some models
(see Schmeidler 1986, 1988; Tversky and Kahneman 1992) use Choquet’s ca-
pacities (Choquet 1953), sometimes renamed as “non-additive measures”.

The question of preference aggregation is central in multicriteria decision
aid. Classical aggregation rules are, more or less, based on utilities (cf. Vincke
1989 for a review). When the data are intensities of preferences (the term
“fuzzy preferences” is often used in this context) a lot of aggregation functions
have been designed and studied (Fodor, Marichal and Roubens, 1996; Fodor
and Roubens, 1995, cf. Fodor and Roubens, 1994, for a comprehensive study).
In this context integral derived from Choquet’s capacities (often renamed as
“fuzzy measures”) have been used as aggregation operators (Grabisch, 1996,
Marichal, 1999a,b,c)

Belief functions introduced as “lower probabilities” (i.e. functions ob-
tained as lower bound of probability measures, Dempster, 1967, 1968) and as
“degrees of belief” (Shafer, 1976) appear both as special capacities and as a
generalization of the Bayesian theory of subjective probability. Since Demster
and Shafer pioneer’s work a large amount of literature has been devoted to
belief functions and related topics (like necessity functions, possibility func-
tions, or more generally decomposable measures (on this last point cf. Fodor
and Roubens, 1995; Dubois et al., 1996; Fodor et al., 1997).
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The purpose of this paper is to investigate the theoretical possibility of
extending the basic Dempster-Shafer theory to set of events who are not
structured as Boolean algebras. There are two reasons for such a theoretical
investigation: use of non-classical logics and applications to artificial intelli-
gence.

1. Use of non classical logics. Since Zadeh’s pioneer work (1965) a broad
community is working at the “fuzzification” of notions arising from standard
set theory (introduction of membership functions with values between 0 and
1, definitions of fuzzy measures, ...) and/or classical logics (for instance by re-
placing logical connectors by t-norms and t-conorms, cf. Fodor and Roubens,
1994). Goals for such fuzzifications is to account for uncertainty and approx-
imate reasoning. An alternative way could be: use non-classical logics and
try to manage with standard measurement as far as it is efficient. In that
respect a reasonable probability theory apply as far the lattice induced by
a propositional calculus is distributive. These extension covers intuitionistic
logic and paraconsistent logic (the equality p(z) + p(z*) = 1, where z* is the
negation of z, has to be replaced by p(z) + p(z*) < 1 in the first case, and by
p(z) + p(z*) > 1 in the second). Since Poincaré’s equalities are a necessary
and sufficient condition for distributivity (lemma 4 in this paper), we have to
find a convenient extension of probabilities in the general case. Belief func-
tions that can be defined on any lattice (proposition 4 in this paper) appear
as the natural candidate.

2. Artificial intelligence. Belief functions have numerous applications in
Artificial Intelligence: expert systems, approximate reasoning, Bayesian net-
works etc. They appear also as a promising tool to evaluate knowledge ex-
tracted from data. In this last framework the objects under study are often
structured as lattices. One of the most popular of them is surely the Birkhoff’s
Galois Lattice of a 0/1-array (cf. Barbut and Monjardet, 1971), which has
been rediscovered many times under various names. A fundamental result is
that any lattice is isomorphic to the Galois lattice of some 0/1-array. Since
Dempster-Shafer theory a priori works only on Boolean lattice, its extension
to any lattice deserve to be studied.

This paper is organized as follows: Section 1 provides a straightforward
extension of Choquet’s monotonicity theory, as developed, for finite Boolean
algebras, in Chateauneuf, 1994 and Chateauneuf and Jaffray, 1989, 1994, to
arbitrary lattices. It establishes some links between monotonicity and some
structural properties of lattices. Section 2 is devoted to belief function them-
selves and Section 3 to necessity functions (called “consonant belief functions”
by Shafer).

All the sets occurring in this paper are supposed to be finite. The reader
is assumed to be familiar with basic terms of ordered sets and lattice theories
like ordered set (poset) lower bound, upper bound, (semi) lattice, sublattice,
(semi) lattice homomorphism, lattice isomorphism, etc. Throughout this text
we shall use the following definitions and notations.
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If X is a finite lattice, we denote by z Ay (resp. z V y) the lower bound,
or meet (resp. the upper bound, or join) of z,y € X and by Q (resp. 1) the
lowest (resp. the greatest) element of X. The elements 0 and 1 are called the
trivial elements of X.

We say that y € X covers € X whenever z < y and z < t <y implies
z = t. The lattice X is modular whenever: £ and y cover z A y implies that
z Vy covers z and y, and z V y covers z and y implies that z and y cover
TAYy.

If Y is a subset of the lattice X, we denote, for z € X, by Y (x) the set
{yeY : y <z} Wehave:

z < yimplies Y(z) C Y(y) and Y (zAy) = Y(z)NY (y), Y (2)UY (y) C Y(zVy).

Notice that this last inclusion is not, in general, an equality.

A non-trivial element s € X is said to be join-irreducible if and only if s
is not the upper bound of the set X(s) \ {s}. We denote by S the set of all
join-irreducible elements of X.

A lattice is said to be distributive whenever

(zVyY)Az=(xzA2)V(yAz)

(or equivalently: (zAy)Vz = (zV2z)A(yVz)). A distributive lattice is Boolean
if and only if, for each z € X, there exists z* € X such that z Az* =0
and z V z* = 1. Every finite Boolean lattice is isomorphic to the lattice 2V
(ordered by inclusion) of all the subsets of a finite set U. Every distributive
lattice X may be viewed as a sublattice of a Boolean lattice, since the equality
S(x) US(y) = S(z V y) characterizes distributive lattices. This is a classical
representation theorem (Birkhoff, 1967).

2 Monotonicity

2.1 k-monotone functions

Consider a finite lattice X and a real valued function f defined on X. Fol-
lowing Choquet (1953), we obtain the difference functions Ay f, defined on
X*+1 for each integer k, by the recursive formula:

AO.f = fa
Dpf(,y1,-- 5 Uk) = Der (2,01, -+ Yk—1) — De—1F (@A YR Y15+ - s Yk=1)-
We have:

Dof(2) = f(z),
Aif(z,y) = f(z) - f(zAy),
Do f(z,y,2) = f(x) — flz Ay) = flz A2) + flz Ay A2),
D3f(z,y,2,t) = f(z) = flzny) — flznz) - flzAt) + f(z Ay A z)

+f@AYAD)+fzAzAt)— flzAyAzAL),



198

and more generally:

Brf(@y,- - u) = O (D)Y@ A (Ajesys).
JCK

We say that f is k-monotone whenever
A f > 0.
The proof of the following lemma is obvious.
Lemma 1. f is I-monotone if and only if u < v implies f(u) < f(v).
Lemma 2. A k-monotone function is also k'-monotone for 1 < k' <k.

Proof. The result follows recursively from the fact that

Dpaf(Zy1, - Yk-1) = D f(z, 91,0, Uk-1,0) + De f(O,y1, .-, Yk=1),

and Arf(0,y1,... ,Yk-1) =0. (.

The following example shows a function which is (k — 1)-monotone, but
not k-monotone, for every k. Let X be the lattice with £+2 elements including
the greatest element 1, the least element 0, and k atoms (and coatoms, see
Figure 1). Set f(1) = k-1, f(0) =0, and f(a) = 1, for each atom a. Then
f is (k — 1)-monotone, but not k-monotone.

Figure 1.

Assume that f is 2-monotone and consider u,v € X. If we set z = u V v,
we get :

fluvv) + funv) - f(u) - f(v) 2 0.

Conversely, assume that f satisfies the above inequality and f is 1-mo-
notone. Then, for z,y,z € X, we have 0 < f(z) — f(x Ay) V (z A 2)) by
1-monotonicity, and by 2-monotonicity:

Ay V(Enz) 2 feAy)vVEA)]Ay) + f([(zAY) V(2 A2)] A 2)
—f(Ay) V(zA2)]A(yAz)).
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However, in any lattice we have that [(z Ay) V(z A2)]Ay =z Ay
and [(zAy)V(zA2)A(yAz) =z AyAz Thus, f((Ay)V(zAz) >
f@Ay)+f(zAz)— f(xAyAz) and f(z) - f(zAy) - f(zA2)+ fEAyAz) 2 0.
Hence f is 2-monotone. It follows that f is 2-monotone if and only if it is
1-monotone and, for each z,y we have f(z) + f(y) < f(zVy) + f(z Ay).

More generally, we say that f is weakly k-monotone whenever for each
xx = (£1,...,7x) € X* we have

Ficiskz) > Y ()P f (Ajess;) - (1)
JCK,J#0

We remark that this definition applies from k& = 2, and that if f is weakly
k-monotone, then it is also weakly k’-monotone for 2 < k' < k.

Lemma 3. A k-monotone function is weakly k-monotone.
Proof. Consider (y1,... ,yx) € X*. By k-monotonicity we get:
F (Vi<i<kyi) > Z (=DM f (Va<i<rys) A f (Ajeay;) > 0;
JCK,J#0
that is to say,
ficisrw) + Y (CDMIf(Ajesys) 20,
JCK,J#0
whence the result follows. O

Proposition 1. Let f be a real valued function defined on the lattice X and
let k > 2 be an integer. Then the following two assertions are equivalent:

(i) f is k-monotone,

(i) f is 1-monotone and weakly k-monotone.

Proof. (i) implies (ii) comes from Lemma 3 and 2. To get (ii) implies (i),
consider (z,y1,...,yx) € X*t1. By 1-monotonicity we get

0 < f(z) — f (Vicick(z Ayi)) .
By k-weak-monotonicity we get
FVicisk@Ag) 2 D (DM f(Ajes(z Ayy)) .
JCK,J#0

Hence the result follows. O
The function f is weakly 2-monotone if and only if for z,y € X we have

f@)+ fly) < flzvy) + flmny).
f is weakly 3-monotone if and only if for z,y,z € X we have
f@)+fy)+ f(2) < flavyVa)+ f(mAy)+ f(zVz)+ flynz) = f(zAyAz).

A 2-monotone function on X is also called a convez function. A 1-monotone
function is simply called a monotone function.
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2.2 Metric properties of k-monotonicity

Let f be a real valued function defined on the lattice X. Define the real
valued function dy on X x X by

ds(z,y) = f(y) — f(z) for z < y,

and
df(z,y) =ds(x Ny,z) +ds(z ANy,y)

in the general case.

Clearly, dy satisfies dy(z,z) = 0 for each z € X, and df(z,y) = df(y, )
for all z,y € X. Moreover, f is 1-monotone if and only if d¢(z,y) > 0, for
any z,y € X.

It is well known that f is 2-monotone if and only if dy fulfills the triangle
inequality ds(z,2) < df(z,y) + df(y, 2), for all z,y,z € X. Thus, in this
case dy satisfies the axioms of a distance function. Moreover, this metric is
nothing else than the shortest path metric on the neighbourhood graph of X,
with respect to the lengths |f(y) — f(z)| on the edges zy. In particular, there
exists always a shortest path between z and y that passes through z Ay (for
a review of many such results and references, see Monjardet, 1981).

Proposition 2. The function f is 3-monotone if and only if dy satisfies
2d;(zVyV 2,z ANy A2)) 2 ds(z,y) + df (y, 2) + ds (z, 2).

Proof. Assume that dy fulfills the inequality in the proposition. Then, setting
z =z, we get 2f(z Vy) — 2f(z A y) > 2(f(z) + f(y) — 2f(z A y)). Hence,
fl@)+ fly) < f(z Ay)+ f(z Vy), and f is 2-monotone. Thus we have to
prove that a 2-monotone function f is 3-monotone iff dy satisfies 2ds(z VyV
z,2AyAz)) > ds(z,y) +df(y, 2) + ds(z, z). The function f is 3-monotone iff

flavyvaz) > f(2)+ f)+ f(2) = fmAy) - f@A2) - f(yA2) + f(z Ay Az).

The result comes from the equality ds(z,y) = f(z) + f(y) —2f(z Ay). O

2.3 oo-monotone functions

A function f defined on the lattice X is said to be co-monotone if and only
if it is k-monotone for each integer k.

Proposition 3. Set |X| = n. Then a real valued function defined on X is
oo-monotone if and only if it is (n — 2)-monotone.

Proof. 1t is sufficient to prove that if f is (n — 2)-monotone then it is (n — 1)-
monotone and n-monotone.

f is (n — 1)-monotone. Consider z* = (z1,...,ZTp—1) € X" L. If two
components, or more, of z* are equal, then the required formula holds by
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(n — 2)-monotonicity. If the components of z* are pairwise distinct, then
either 0 or 1 occurs in z*.
Case 1: z; = 0. Then we have

f(VlSiSn—lSL'i) = f(v2§i§n—1wi) = Z (_1)[.]|+1f(/\j€]zj).
JC{2,... k}.J#0

But, if 1 € J, we have Ajesz; = 0. Hence the result follows.

Case 221 =1L Let K ={JCK :1€J},and K”={JCK : 1¢
J, J # 0}. The mapping which associates J \ {1} to J realizes a bijection
from K'\ {1} to K" and, for J € K',

() f(Ajesz;) = (DM (A g 35).-

Hence

> D f(Ajess) = £(1) = F(Vigj<no1T;)-

JCK,J#0

f is n-monotone. Consider =* = (21,... ,Z,) € X™. If two components
of z* are equal, then the inequality (3) holds by 1-monotonicity. If not, then
1 occurs in z* and the result is obtained by the preceding argument. O

For k > 2, we define a k-valuation as a k-monotone function such that
inequality (1) degenerates into the following equality:

FVicichz) = Y ()P f(Ajeszy). (2)

JCK,J#0

f is an oo-valuation if and only if it is a k-valuation for each integer k.
Strict k-valuation (k > 2) is a k-valuation which is strictly 1-monotone. Only
two cases can occur and they are characteristic of the structure of the lattice
X:

1. The existence of a strict 2-valuation characterizes the modularity of X.
2. The existence of a strict k-valuation, with k > 2, characterizes the dis-
tributivity of X.

These results are well-known (cf. Birkhoff, 1967, who calls 3-valuations
distributive valuations).

In this second case a 2-valuation is a k-valuation, for any k& > 2, and
may be computed like a probability measure. The equality (2) (called also
Poincaré’s equality, or inclusion/exclusion formula) are known for the rank
function of a distributive lattice (Barbut and Monjardet, 1971). They can be
easily generalized to any valuation defined on a distributive lattice. All these
results can be summarized in the following lemma.

Lemma 4. Let X be a lattice. Then
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(i) X is modular if and only if it admits a strict 2-valuation.
(1) X is distributive if and only if it is modular and every strict 2-valuation
on X is a 3-valuation.
(ii3) X 1is distributive if and only if it admits a strict 3-valuation.
(iv) X is distributive if and only if it is modular and every strict 2-valuation
on X is an oo-valuation.

In view of Lemma 4 a question arises: does the existence of a k-valuation
on a lattice X induce some structural properties for X? Proposition 4 shows
that the answer is no.

Proposition 4. Any lattice admits an co-monotone function.

Proof. Denote by S the set of all join irreducible elements of the lattice X,
and for z € X, by S(z) the set {t € J : ¢t < z}. We know that in any lattice
z — S(z) is injective, S(zAy) = S(z)NS(y), and S(z)US(y) € S(zVy). For
z € X let f(z) = |S(z)|. From Lemma 4 and since |A4|+|B| = |[ANB|+|AUB],
we get for z1,... ,xx € X that

F(Vi<i<k®i) > |Ur<ick S(zs)|

= Y (-)F(yesS(a;)]

JCK,J#0

> DY f(Ajesw).

JCK,J#0

1

2.4 A representation property for distributive lattices

Choquet’s monotonicity and Dempster-Shafer theory of belief concern alge-
bras of events, i.e. in the finite case a power set 2¥ with union as upper
bound and intersection as lower bound. We shall show that this set theoretic
approach is, in a way, the general approach when the lattice X is distributive.

Define a topological representation of a lattice X by an injective map
¢ from X to some power set 2% such that ¢(z A y) = ¢(x) N #(y) and
d(z Vy) = ¢(z) U $(y). It is well-known that a lattice admits a topological
representation, if and only if it is distributive. (The map z +— S(x) of the proof
of Proposition 4 is a canonical example of a topological representation of a
distributive lattice.) The proof of the following Proposition is straightforward.

Proposition 5. Let X be a distributive lattice, E a set, ¢ a topological rep-
resentation of X into 2% and f a real valued function defined on X. Then
f is k-monotone if and only if f' is k-monotone with f' defined on ¢(X) so
that f'¢ = f.

This (not surprising) result shows that finite point set topologies are suf-
ficient to account for k-monotonicity on distributive lattice.
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3 Belief functions

3.1 Basic considerations

A capacity on the lattice X is a 1-monotone function f on X such that
f(0) =0 and f(1) = 1. A convez capacity is a 2-monotone capacity. A belief
function is an co-monotone capacity. A probability is both a capacity and an
oo-valuation.

We know from results given in Section 2 that

(i) A lattice admits a probability if and only if it is distributive.
(ii) Each lattice admits a belief function.
(iii) The belief functions on point-set topologies constitute the general case
for belief functions on distributive lattices.

3.2 Belief functions and mass assignment

The notion of mass assignment leads to an alternative proof for the existence
of a believe function on any lattice.

A mass assignment on the lattice X is a real valued function w on X such
that w(zx) > 0 for each x € X, w(0) =0, and }__. x w(x) = 1. The element
z of X is said to be a focal element of w if w(x) > 0. The set of all focal
elements of w is called the focus of w and denoted by Foc(w).

Consider a mass assignment w on X and define the real valued function
bel,, by

(B) bel,(z) = Zw(w)

t<z

Shafer (1976) noticed that if X is the lattice of all the events of a given
o-algebra (ordered by inclusion), then bel,, is a belief function. We shall use
this result as a lemma.

Lemma 5 (Shafer, 1976). If X is a finite Boolean lattice then bel, is a
belief function.

The above formula does not give a priori the general form of a belief
function. However, by Md&bius inversion (Rota, 1964) each belief function
may be expressed as bel,, but the ”weights” may be negative (this point has
been intensively studied by Chateauneuf (1994,) Chateauneuf and Jaffray
(1989, 1994).

Lemma 4 extends to any lattice.

Proposition 6. For any lattice X and any mass assignment w on X, the
function bely, is a belief function.
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Proof. Let w be a mass assignment on X. To each z € X, we associate the
set X(z) = {t : t < z}. We know that z < y implies X(z) C X(y),
X(x)UX(y) C X(zVy) and X(z)NX(y) = X(xz Ay). Consider the Boolean
lattice 2% together with the following weight distribution: w'(A) = w(z)
whenever A = X (z) for some z € X, and w'(A) = 0 otherwise. Thus we get
bely (z) = bely (X (z)). For (z1,...,zx) € X*, we have

bely(z1 V...V xg) = bely (X (z1 V... Vi)
> bely, (X(z1)U... U X (zr))

> 3 (=D bely (Nes X (z5))-
JCK,J#£0

But beliu(ﬂjGJX(wj)) = bel,, (X(/\je].’L'j)) = belw(Ajerj), whence the
result follows. O

Lemma 6. If the weight distributions w and w' are such that bel, = bely,
then w = w'.

Proof. 1t is sufficient to consider, for two possible weight distributions w and
w', an element minimal among the elements z that fulfills w(z) # w'(z). O

3.3 Invertible belief functions

We say that a belief function is invertible when there exists a mass assignment
w such that f = bel,. By the preceding remark, the weight distribution
associated with an invertible belief function is unique. If f = bel,,, we shall
say that f is supported by Foc(w).

The invertibility of the belief function f can be tested with the set of
linear inequalities involving the Mdbius function p of the lattice X

() fl@uz,t) >0

0<z<t

3.4 Linear believes

Proposition 7. Let X be a lattice. Then the following four assertions are
equivalent:

(i) X is linearly ordered,

(i) Every capacity on X is an invertible belief function,
(i) Every capacity on X is a belief function,

(iv) Every capacity on X is convez.

Proof. Assume that X = {z,...,z,} is linearly ordered with 1 = z; <
zy <...< 1z, =0. Let f be a capacity on X. Set w(z;) = f(z;) — f(zi-1),
for 2 < ¢ < n, and w(ze) = 0. Then clearly w is a mass assignment, and
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f = bel,,. Hence, (i) implies (ii) and we have just to show that (iv) implies
(1). Assume that X is not linearly ordered. Then there exist two incomparable
elements = and y of X. We have z Ay ¢ {z,y} and 2 Vy ¢ {z,y}. Define
the function f on X by f(t) =0ift <z or t <y, and f(t) = 1 otherwise.
Clearly f is a capacity, but is not convex. O

4 Necessity functions

4.1 Basic results

Following the terminology introduced by Dubois and Prade (1985), we call
a necessity function on the lattice X a real valued function f defined on X
such that f(0) =0, f(1) =1, and

(V) f(z Ay) = min(f(z), f(¥))-

Equality (N) implies the monotonicity of f. Thus, a necessity function f is
a capacity and f(z Vy) > max(f(z), f(y)). A capacity on a linearly ordered
set is clearly a necessity function, whence a belief function. Proposition 7
generalizes this observation.

Recall that a chain of the ordered set X is a subset C of X linearly ordered
by the induced order.

Proposition 8. For a real valued function f defined on the lattice X such
that f(0) = 0 and f(1) = 1, the following two assertions are equivalent:

(i) f is an invertible belief function supported by a chain of X,
(i) f is a necessity function.

Proof. (i) implies (ii). Assume that C is a chain of X and consider the sets
Clz) = {t € C : t < z}. Assertion (ii) will come from the following
facts: for z,y € X, C(zx Ay) = C(z) N C(y) and C(z) C C(y), orC(y) C
C(z). Assume thatC(z) C C(y), then min(f(z), f(y)) = f(z) and f(z A
Y) = Liec(any) W) = Xiec(m) w(t) = f(z). (i) implies (i) is an immediate
consequence of the following lemma. O

Lemma 7. Let M be a finite meet semilattice and let f be a non-negative
real valued function defined on M satisfying equality (N). Then there exists
a chain C of M and a non-negative real valued function g defined on C such

that f(x) = Ztec,th g(t).

Proof. Denote by py < ps < ... < pp the values taken by f. We shall prove
the result by induction on p.

If p =1, then f is a constant and we get the result with C = {0} and
9(0) = pa.

Assume that p > 1 and consider the subset My = {z € M : f(z) > pa}.
From equality (5), M2 is a meet semilattice and the function f, defined on M,
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by fa(z) = f(x) — w1 satisfies the condition (N). By induction, there exists a
chain C’ of M» and a non-negative function g’ defined on C' such that, for
each T € Ma, f(2) = X icon 1<5 9'(t)- We get the result with C' = C' U {0}
and the function g defined by ¢(0) = p1 and g(t) = ¢'(t) otherwise. O

Proposition 7 characterizes the meet semilattice homomorphisms of X
into the real interval [0, 1]. It is worth-noticed that a necessity function will
not, in general, satisfy the dual equality f(z V y) = max(f(z), f(y))-

4.2 Boolean believes

A Boolean capacity on the lattice X is a capacity f such that f(z) € 0,1, for
each £ € X. We denote by B(X) the set of all Boolean capacities on X. For
f € B(X) we denote by X|[f] the set {z € X : f(z) = 1}. Obviously, X[f]
is a final subset of X, i.e., z € X[f] and z < y implies y € X[f]. Conversely,
the characteristic function of a final subset of X is a Boolean capacity.

The set B(X) can be ordered by f < f' whenever f(z) < f'(z) for each
z € X.

Clearly, f < f' if and only if X[f] C X[f']. Thus, B(X) is a distributive
lattice isomorphic to the distributive lattice of all non trivial final subsets of
X. In particular, if @ and w denote respectively the smallest and the greatest
element of B(X), we have X[a] = {1} and X[w] = X \ {0}.

Recall that a filter of a lattice X is a final subset Y of X such that z,y € ¥
implies x Ay € Y. We shall show that only two cases can occur for a Boolean
capacity:

1) X[f] is not a filter and f is not 2-monotone.

2) X|[f] is a filter and f is a belief function.

Proposition 9. Let f be a Boolean capacity on X. The following five asser-
tions are equivalent:

(i) f is 2-monotone,
(i) X[f] is a filter,
(i) f is a mecessity function,
(iv) f is an invertible belief function,
(v) f is a belief function.

Proof. (i) implies (i). If z,y € X[f] then z Ay € X[f] follows from the
inequality f(z) + f(y) < f(z Ay) + f(z Vy).

(i) implies (ii). Assume that X[f] is a filter. Then for z,y € X we have
z ¢ X[f] and y ¢ X[f] imply z Ay ¢ X[f]; = ¢ X[f] and y € X[f] imply
zAy ¢ X[f]; z € X[f] and y € X[f] imply z Ay € X[f]. These assertions
may be summarized into f(z A y) = min(f(z), f(v)).

(i1i) implies (iv) is obvious as well as (iv) implies (v) and (v)-implies

(i). 0
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