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AUTOMATON NOMENCLATURE

For the sake of compactness, abbreviations have usually been
used for the names of the various types of automata and languages
discussed in this book. The following is a summary of the notation
used to construct these abbreviations.

TYPES OF AUTOMATA
OR LANGUAGES

BC

C

PC

TC

PS
NWPS

FS
PD
P
TB
T

PREFIXES

bounded cellular
cellular

pyramid cellular
triangle cellular
parallel/sequential
nonwriting parallel/
sequential
finite-state
pushdown
#-preserving
tape-bounded
Turing

D deterministic

N nondeterministic
OW one-way
TW three-way

U bottom-up

EXAMPLES

SPECIAL TYPES

DLP diameter-limited
perceptron

FRA frontier-to-root
tree acceptor

SUFFIXES

A acceptor
L language
M machine

USED WITH

all

all
FS,PD(#P,TB,T)
FS

PC, TC

NTBL nondeterministic tape-bounded language
DOWFSA deterministic one-way finite-state acceptor
UTCA bottom-up triangle cellular acceptor

xiii



Chapter 1

INTRODUCTION

This book has two potential classes of readers. For those inter-
ested in pattern recognition, it introduces a class of formal ap-
proaches; for those interested in automata theory, it presents some
basic results on two-dimensional languages. The first two sections
of this introduction are addressed-to these two groups of readers.

1.1 FOREWORD ON PICTURE RECOGNITION

Pictorial pattern recognition is a well-established and active
field [1-3], with numerous applications in such areas as document
processing (character recognition), industrial automation (as-
sembly, inspection), medicine (cytology, radiology), and remote
sensing, among many others. Efficient picture recognition
systems are thus a matter of great practical interest. However, rela-
tively little is known about the computational theory of picture
recognition. Given a class of digital pictures (i.e., arrays of
numbers representing gray levels), and a class of allowable opera-
tions on pictures, one would like to be able to answer such ques-
tions as:

(a) What types of recognition tasks are feasible? For what
properties is it possible to determine whether or not a
given picture has the given property?

(b) What is the minimum number of operations (of the given
type) required to perform a given recognition task (for pic-
tures of a given size)?
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(c) How can the minimum required computation time be re-
duced by allowing sets of operations to be performed in
parallel?

This book treats these questions from the rather formal stand-
point of automata theory. Array automata are simple processors
that perform sequences of operations on arrays (e.g., pictures);
their recognition power depends on which operations they are al-
lowed to perform. Cellular array automata are arrays of processors
that operate on pictures in a highly parallel fashion (one processor
per picture element). The capabilities and relative efficiencies of
various types of these automata with respect to various array rec-
ognition tasks are the main subject of this book.

Cellular arrays have been frequently proposed, and in a few
cases, actually implemented, as fast picture-processing machines
(e.g., [4-6)). The growing availability of integrated circuits makes
their realization in hardware increasingly practical. Thus the
material in this book on cellular recognition algorithms (Chapters
5 and 6, in particular) is of potential practical interest to designers
and users of such hardware.

It must be admitted that automata are rather artificial models for
picture processing and recognition. As ordinarily defined, an au-
tomaton has a bounded amount of internal memory (the condition
of which, at a given time, is called the automaton’s “state’’), and
this amount is the same no matter what the size of the input pic-
ture array. Thus an automaton cannot internally perform arith-
metic operations on numbers of arbitrary size. It cannot even
address an arbitrary element of the array, since specifying the
coordinates of that element requires a number of bits that does
grow (logarithmically) with the array size. Instead, it moves
around on the array by making sequences of moves of bounded
size—typically, from a given picture element to one of its
neighbors. Similarly, the automata in a cellular array are each al-
lowed only a bounded amount of internal memory; thus they
cannot address arbitrarily specified cells in the array, but rather
pass information from neighbor to neighbor.

In spite of (or perhaps because of) these restrictions, automaton
models for picture recognition have been extensively studied, and
many theoretical results about their capabilities have been estab-
lished. This book provides a systematic introduction to this work.
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Some work has also been done on other formal recognition
models; a notable example is the monograph by Minsky and Pa-
pert on “Perceptrons” [7], in which linear threshold functions are
used for picture property recognition (see Section 6.3.3). How-
ever, further work is needed on models that are less artificial. It is
hoped that progress will be made in this direction during the
coming years.

1.2 FOREWORD ON AUTOMATA THEORY

This book presents a collection of results on two-dimensional
sequential and parallel (cellular) array acceptors (Chapters 4-7).
For convenience, some of the analogous one-dimensional results
are also reviewed (Chapter 3). Array grammars and their relation
to acceptors are also treated (Chapter 8).

Array acceptors have been much less extensively studied than
string acceptors, and are usually not treated in any detail in
courses on automata and formal languages. However, they have a
number of features that should make them of interest to automata
theorists. Many of the standard one-dimensional results, e.g., the
equivalence of nondeterministic and deterministic finite-state ac-
ceptors, break down in two dimensions. Certain array properties,
such as connectedness, are trivially recognizable in one dimen-
sion, but are much less tractable in two. Array grammars must be
defined in a special (“isometric’’) way in order to ensure that the
application of rewriting rules does not have nonlocal effects on the
array topology. In addition, many simple questions about array
languages remain open. These and many other factors make the
study of two-dimensional languages of special interest (aside from
their relevance to picture recognition, as suggested in Section 1.1).
It is hoped that this book will help to encourage their further study
by automata theorists.

1.3 SCOPE OF THIS BOOK

Chapter 2 reviews a number of topics in digital geometry—the
theory of geometrical properties of subsets of digital pictures. The
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subjects covered include connectedness, surroundedness, arcs
and curves, borders, perimeter, distance, diameter, and geo-
desics. This theory provides the foundations for a number of basic
array automaton algorithms (e.g., border following, region tra-
versal) that are developed in later chapters. From a more practical
standpoint, it serves as a basis for defining and proving the cor-
rectness of various fundamental image analysis operations, such
as object counting (i.e., connected component counting) and chain
encoding [8] of region borders.

Chapter 3 reviews one-dimensional (string) automata and cel-
lular automata, with emphasis on results whose two-dimensional
analogs are treated in the subsequent chapters. Chapter 4 treats
(sequential) array automata, and Chapter 5 deals with cellular
array automata. Chapters 6 and 7 discuss a number of special auto-
maton models, including “‘cellular pyramids,” pebble and push-
down automata, and parallel/sequential array automata. Chapter
8 is concerned with array grammars (including a brief review of
string grammars), both sequential and parallel, and with their re-
lationship to array automata. (Many other ““grammar” models for
picture languages have been proposed, and considerable work has
been done on the use of syntactic methods in pattern recognition;
see [9] for a review of this subject.)

The content of this book is basically mathematical, but an in-
formal approach has been taken, especially in the proofs. Under-
standability has been favored over formal precision. To promote
intelligibility, the most efficient algorithms possible have not
always been given. It is hoped that the presentation will be found
readable even by those having little or no previous exposure to au-
tomata theory.

REFERENCES
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Chapter 2

DIGITAL GEOMETRY

2.1 INTRODUCTION

In the process of analyzing a digital picture, one usually begins
by extracting subsets of various types from the picture; this
process is called ““segmentation” (see e.g., [1, Chapter 8]). One
then proceeds to measure various properties of the extracted
subsets, including geometrical properties such as connectivity,
area, and so on. A variety of algorithms for computing geometrical
properties of digital picture subsets can be found in [1, Chapter 9]
and in [2, Chapter 9].

By digital geometry we mean the mathematical study of geomet-
rical properties of digital picture subsets. This chapter develops
some basic parts of digital geometry, dealing with connected sets,
arcs and curves, borders, area and perimeter, distance and diame-
ter, and geodesics. Many other topics have been omitted, e.g., the
theory of digital convexity; some references on these topics can be
found in Section 2.10.

The material in this chapter provides a theoretical basis for
many standard picture analysis algorithms, involving such tasks
as object counting (i.e., counting the connected components of a
set S) and border following (i.e., following the border defined by a
connected component of a set S and a connected component of its
complement S). Some of these algorithms will play key roles in es-
tablishing the picture recognition capabilities of automata in later
chapters.

In this chapter, a digital picture Z is a finite rectangular array

7



8 2 DIGITAL GEOMETRY

whose elements are called “points” (or sometimes, “pixels”’—
short for “picture elements”’). Each point P of 2 is defined by a
pair of Cartesian coordinates (x, y), which we may take to be inte-
ger valued.

2.2 BASIC CONCEPTS

A point P = (x, y) in a digital picture £ has two types of
neighbors [3]:

(a) its four horizontal and vertical neighbors (4, v) such that
x —u|+ |y —v|=1and

(b) its four diagonal neighbors (u, v) such that |x —u| =
ly —vl =1

We shall refer to the neighbors of type (a) as the 4-neighbors of P,
and to the neighbors of both types, collectively, as the 8-neighbors
of P. The former neighbors are said to be 4-adjacent to P, and the
latter, 8-adjacent. Note that if P is on the border of Z, some of its
neighbors may not exist.

By a path = of length n from P to Q in £ we mean a sequence of
points P = Py, Py, . . . , P, = Q of X such that P, is adjacent to
P;1, 1 =i = n. Note that this comprises two definitions in one,
namely, 4-path and 8-path, depending on whether we use the 4- or
8-definition of adjacency.

Let S be a nonempty subset of 2. To avoid special cases, we shall
usually assume that S does not meet the border rows and columns
of Z. We say that P and Q are connected in S if there exists a path
from P to Q consisting entirely of points of S. Clearly, “connected
in §” is an equivalence relation, since a path of length 0 is a path,
the reversal of a path is a path, and the concatenation of two paths
is a path. The equivalence classes under this relation are called the
connected components of 5. Again, these are all double-duty defini-
tions.

We can also define connected components for the complement S
of S. Evidently, exactly one of these contains the border of Z; we
call it the background component of S. All other components of S, if
any, are called holes in S. If S has no holes, it is called simply-
connected.

One of the main results of this chapter (Section 2.6) will be that
the components of S and of S, under the adjacency relationship,
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define a graph that is a tree. As a refinement of this result, we shall
show that if a component of S and a component of S are adjacent,
then one of them surrounds the other [4]. We shall also define
“digital simple closed curve” and prove the digital Jordan curve
theorem {5], as well as its converse [6]: If S has exactly two com-
ponents and every point of S is adjacent to both of them, then S is
a simple closed curve (Sections 2.4 and 2.5). In addition, we shall
introduce natural metrics on digital pictures {7] and establish
some of their properties, as well as developing some useful for-
mulas for computing the genus of S (Sections 2.7 and 2.8).

Remark 15 The definition of connectedness given above is an
“arcwise’’ definition, rather than a definition in terms of open and
closed sets. We can, however [8], define a topology on 2 in which
the standard notion of connectedness reduces to the definition just
given. Let

M(P) = M(x, y) ={P}, if x +y is odd
= {P and its 4-neighbors}, ifx + y is even

It is not hard to see that the intersection of any two Ms is either an
M or empty. If we take the Ms as a basis for the open sets, then a
set is connected in the resulting topology iff it is 4-connected as
defined above.

Proof: Let U be connected, P € U, and Up be the 4-component
of U containing P. Clearly, Q € Up implies M(Q) N U C Up, and
Q €(U — Up) implies M(Q) NU C U — Up, so that Up and
U — Up are both open in U. Since U is connected, U — Up must
thus be empty, so that U = Up is 4-connected. Conversely, let V
be 4-connected and suppose V = X UY where X NY = 0. Let
P=PyPy,...,Pph=QbeadpathfromPEXtoQ EY, so
that for some m we have P € X, P,..; € Y; then the sum of coordi-
nates of either P, or P,,; must be even, so that either
Pm € M(Ppq1) or Py € M(Py,), which implies that either X or Y
fails to be open, proving that V is connected. O

Remark 2 If 2 were a hexagonal rather than a Cartesian array,
there would be only one type (““6”) of adjacency, connectedness,
etc., and some of the results in this paper could be simplified. We
can simulate a hexagonal array in a Cartesian array by omitting

SThis remark assumes some knowledge of general topology; it can be skipped
by nontopologists.
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one pair of diagonal neighbors, e.g., defining the neighbors of
(i,j)tobe x £1,y), (x,y = 1), and

x-1y=x1), ify is even
x+1,yx1), if y is odd

2.3 ARCS AND CURVES

Our goal in the next section is to prove a Jordan curve theorem,
and a converse to it, for digital curves. Before defining digital
curves, we define digital arcs and establish some of their proper-
ties.

Anarc is a path « =Py, Py, . . . , P, such that

(a) Py =Pyiffi =j, and
(b) P;is a neighbor of P;iffi =j = 1.

These conditions imply that a neither crosses nor “‘touches” itself.
Py and P, are called the endpoints of a.

Since by (a) the set of points of « are all distinct, a can be
regarded as a totally ordered set of points that satisfies (b). Con-
versely, if S is a set of points that can be ordered in such a way that
(b) holds, we can speak of S as being an arc. Clearly, the reversal of
an arc is an arc. We denote by |S| the number of points in S, and
we assume from now on that [S| = 2.

PROPOSITION 2.3.1 S is an arc iff

(c) S is connected;
(d) all but two points of S have exactly two neighborsin S, and
those two have exactly one.

Proof: If S is an arc, it is certainly connected, and every point
Py # Py, P, of S has exactly two neighbors P,., by (b), while P,
and P, have exactly one each. Conversely, if (d) holds, call one of
the exceptional points P,, call its sole neighbor P;, call P,’s re-
maining neighbor P;, and so on. This process must terminate
(since S is finite), and it can only terminate at the other exceptional
point. The resulting sequence Py, P, . . . , P, is certainly an arc,
and it remains to show that it is all of S. Let Q € S not be one of
the Ps; since S is connected, there is a path Q = Q,, . . . ,
Qm =P;in S from Q to some P;. Let Q, = P, be the first point of
this path that is one of the Ps; then Q,_, is not one of the Ps butis
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a point of S that is a neighbor of P;, which contradicts the con-
struction of the Ps. O

Up to now we did not have to specify whether we were using
the 4- or 8-definitions; our results hold for both. Now, however,
we want to prove that an arc S is simply-connected, and this is
only true if we use the proper definitions of connectedness for S
and for its holes. For example, if we use the 4-definition for both,
then the arc

PPP
P P
PP

has a hole. We shall see further examples of this type of behavior
in later sections. Let us assume from now on that we always use the
opposite definitions for S and S. This certainly negates our coun-
terexample; the 4-arc shown above has a 4-hole, but not an 8-hole.
[An intuitive justification for the assumption is as follows: If S

contains two diagonally adjacent points (the Ps in PO ) and we

opP
regard the Ps as adjacent, then we cannot regard the Os (ES) as
adjacent, and vice versa.]
Under the assumption of opposite definitions for S and S, we
can now prove

PROPOSITION 2.3.2 An arc is simply-connected.

Proof: This is clear if the arc S has length 0; suppose it true for
lengthn — 1, and letS = {P,, . . . , P,} be an arc of length n. By
induction hypothesis, since S — {P,} is clearly an arc, any points
Q, Rin S are connected (in the § sense)in S U {P,}. But it s easily
verified (by examining all possible cases) that any occurrence of P,
on a path from Q to R can be replaced by a sequence of points in S.
Thus Q and R are connected in S too, so that S is simply-
connected. O

In other words, a 4-arc has no 8-holes, while an 8-arc has no
4-holes, and a fortiori, no 8-holes.

EXERCISE 2.3.1 S is both a 4-arc and an 8-arc iff it is a horizontal
or vertical straight line segment.



12 2 DIGITAL GEOMETRY

EXERCISE 2.3.2 A path from P, to P, that is as short as possible is
an arc.

A curve (short for “simple closed curve”) is a path y = P,, Py,
. . ., P, such that

(a) Pi =P}lff1 =j,and
(b) P,is aneighbor of P, iffi =j £ 1 (modulon + 1).

These conditions imply that y never crosses or touches itself (ex-
cept for P, touching P,). As in the arc case, we can regard a curve
as a cyclically ordered set, and can regard any such set that sat-
isfies (b) as a curve. Clearly, any cyclic permutation of a curve is a
curve.

The definition of ““curve” just given allows a number of degen-
erate cases. For the 4-definition, the sets

P PP
P; PP ot P; and PP

are all curves; the same is true for

p P P
P; PP, P, P, or P;
PP PP P P
p, P, PP, or PP

by the 8-definition. We shall rule out these cases from now on.

EXERCISE 2.3.3 When we rule out these cases, a 4-curve must
have at least eight points, and an 8-curve, four points. (In particu-
lar, show that there are no 4-curves with 5, 6, or 7 points.)

EXERCISE 2.3.4 No S can be both a 4-curve and an 8-curve.

In analogy with Proposition 2.3.1 we have

PROPOSITION 2.3.3 S is a curve iff

(c) S is connected;
(d) Every point of S has exactly two neighbors in S.

Proof: Analogous to that of Proposition 2.3.1. O

It is not hard to see that if (d) alone holds, S is a union of disjoint
curves, and conversely.
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PROPOSITION 2.3.4 Deleting any point from a curve makes it
an arc.

Proof: This follows immediately from the definitions. O

COROLLARY 2.3.5 A curve has at most one hole.

Proof: It is easily seen that if N(P) is the neighborhood of any
point P of S, then N(P) N S has exactly two components. Thus de-
leting P from S can merge at most two components of S. But by
Proposition 2.3.4, 5 — {P} has just one component; hence S has at
most two. O

What we would next like to prove is that a curve has exactly one
hole; this is basically our Jordan curve theorem. However, here
again we must be careful to use the right combinations of defini-
tions for S and S. For example, if we use the 4-definitions for both,
then the 4-curve

PPP
P PP
PP P
PPP

has two 4-holes; whereas if we use the 8-definitions for both, then
the 8-curve

P
P P
P

has no 8-holes. However, if we use opposite definitions for S and
S, as already proposed, these counterexamples are negated.

2.4 THE JORDAN CURVE THEOREM

Our proof of the Jordan curve theorem is basically similar to a
standard proof of the theorem for polygons; but there are some de-
tails of interest. In Section 2.5 we shall also prove a converse to the
Jordan curve theorem.

For any point P, let hp be the right half-line emanating from
P—in other words, h.,, = {(z, ¥)|z = x}. Let y be a curve and let
P E v.Letp =P,,. . . ,P;bearun of consecutive points of v that
lie on hp, but such that P,_, and P, do not lie on hp. Thus P,_, and
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P;+y must lie on the row above or below hp. If they are both above
or both below, we say that hp touches vy in p; while if one is above
and the other below, we say that hp crosses y in p. If hp crosses y an
odd number of times, we say that P lies inside vy; if an even number
of times, we say that it lies outside.

PROPOSITION 2.4.1 Neighboring points of ¥ are either both in-
side or both outside y.

Proof: 1If they are horizontal neighbors, this is immediate; sup-
pose they are vertical or diagonal neighbors, say P above Q. Let
p=P, ..., P, be arun of consecutive points of y that lie on
hp U hg; thus P,_, and P,,, must each lie on the row above P or the
row below Q. (When P, Q are diagonal neighbors, vy is a 4-curve,
so it cannot leave hp U hq by slipping between P and Q.)

If they are both above (and similarly if both are below), let P,
and P, be the first and last points of p that lie on hq. Then it is eas-
ily seen that hp crosses y in the subruns P,, . . . , P,_; and P4,
..., Py of p, and hq does not cross y in any subrun of p. If no
points of p lie on hq, neither hp nor hq crosses y in any subrun of p.
Thus in either case, the difference between the numbers of
crossings is even (2 or 0).

If P,_, is above and P,,; below {or vice versa), let P, be the first
point of p that lies on hq, and P, the last point of p thatlies on hp.
Then it is easily seen that h p crosses y in thesubrunP,,. . . , P,
of p, and hq crosses y in the subrun Py, . . . , P,, but neither
crosses y in any other subrun of p; thus here again the difference
between the numbers of crossings is even.

Since these remarks hold for any run p, it follows that the dif-
ference between the total number of crossings of y by hpand hqis
even, so that P and QQ are either both inside or both outsidey. [

COROLLARY 2.4.2 Points that are connected in ¥ are either both
inside or both outside v.

Proof: Suppose we had P, Q € y with P inside and Q outside,
and apathP =Py, Py,. .. ,P,=Q in y from P to Q. Then for
some 1 =i = n we have P,_, inside and P, outside; but P,_, and P,
are neighbors, contradicting Proposition 2.4.1. 0

PROPOSITION 2.4.3 The inside and outside of y are both non-
empty.



2.4 THE JORDAN CURVE THEOREM 15

Proof: A point to the right of every point of y (e.g., in the
right-hand column of ) is evidently outside. On the other hand,
letp=P,,. .., b P,bearun of rightmost points of v, so that P,_,
and P, are in the column to the left of p. It follows readily from
the definition of a curve that not all points of p can have their left
neighbors in y. Let P; (r =i = s) have left neighbor P not in vy;
then it is easily seen that hp crosses y exactly once, so P is in-
sidey. 0O

We thus have

THEOREM 2.4.4 A curve has exactly one hole.

Proof: It has at most one, by Corollary 2.3.5. On the other hand,
the inside and outside of y cannot meet the same component of ¥
(Corollary 2.4.2), and both are nonempty; thus ¥ has at least two
components, giving vy at least one hole. [

In fact, we have now shown that the background Z and hole W
of a curve vy are just its outside and inside. Proof: The outside evi-
dently meets Z; hence the inside cannot meet Z. Thus the inside is
contained in W, implying that the outside cannot meet W. Since
every point of y is either inside or outside y, and either in Z or in
W, it follows that Z and W are exactly the inside and outside,
respectively.

We can also show that every point P of y is adjacent to both Z
and W. [Here “adjacent” can mean either 4- or 8-adjacent, since if
a component of S (here y) and a component of S are 8-adjacent,
they are readily also 4-adjacent§] In fact, suppose P were adjacent
to only one of them, say W. We recall that y — {P} is connected
(Proposition 2.3.4); hence for any Q € Z, R € W we have a path
PrQ=0Q0 Q1 ..., Qu=Riny—{P}=vU{P} from Q to
R. Clearly, 7 passes through P, since Q and R cannot be connected
in . Let Q; be a first occurrence of P on v; thus Q,_, is a point of ¥
adjacent to P and hence is in W. But then Q,, . . . , Q- 1s a path
inyfrom Q € Z to Q;—; € W—a contradiction. (The proof is anal-
ogous if P is adjacent only to Z, taking Q; to be a last occurrence of
P on 7 and considering the path Q4;, . . . , Q. from Qi EZ to
R € W.) In summary, we have established

i

5To see this, let P € 5, Q € S, and consider PR ; the Rs must either be in S or

RQ
in §.
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PROPOSITION 2.4.5 The complement of a curve y has exactly
two components, namely the inside and the outside of vy, the latter
being the background component. Moreover, every point of ¥y is
adjacent to both of these components.

Our next goal is to prove that Proposition 2.4.5 actually charac-
terizes curves. Specifically, we shall show that if S is any set such
that S has exactly two components, and every point of S is adjacent
to both of these components, then S is a curve. However, we must
first prove a number of facts about sets whose complements have
(at most) two components.

2.5 SIMPLE POINTS

Let P be a point of S, and let N(P) denote the set of eight
neighbors of P, excluding P itself.

PROPOSITION 2.5.1 The following statements are all equivalent:

(a) S N N(P) has the same number of components (in the S
sense) as S N [N(P) U {P}];

(b) S N N(P) has the same number of components (in the S
sense) as [S N N(P)] U {P};

(c) S N N(P) has just one component adjacent to P (compo-
nent” and ““adjacent” in the S sense);

(d) S N N(P) has just one component adjacent to P (“compo-
nent” and “adjacent” in the S sense).

Proof: The equivalence of (c) and (d) can be easily verified by
enumeration of cases. Clearly, (c) implies (a), since when we ad-
join P, it becomes part of the component to which it was adjacent
and has no effect on the other components (if any). Conversely, if
S N N(P) has two or more components adjacent to P, then when
we adjoin P, these components merge and the number of compo-
nents is reduced; thus (a) implies (c), and analogously, (b) is
equivalent to (d). O

A point of S that has the properties of Proposition 2.5.1 will be
called simple. Evidently, neither an isolated point of S (i.e., a point
of S with no neighbors in S) nor an interior point of S (all of whose
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neighbors are in S) can be simple; whereas a point of S that has
just one neighbor in S is always simple.

PROPOSITION 2.5.2 P is simple iff S — {P} has the same
number of components as S, and S U {P} has the same number of
components as S.

Proof: If P is simple, it is not an isolated point of S, so S — {P}
cannot have fewer components than S. Suppose it has more, i.e.,
there exist Q, R in S — {P} that are connected in S but not in
S — {P}; then there is a path 77 from Q toR in S, and P must be on
7. The points just preceding and following P on 7 must be in com-
ponents of 5§ N N(P) adjacent to P. By (c) of Proposition 2.5.1,
there is only one such component, so that we can find a path
between these points that lies in the component and avoids P—a
contradiction.

Similarly, if P is simple, it is not an interior point of S, so
S U {P} cannot have more components than S; nor can it have
fewer by an argument analogous to that in the preceding para-
graph, using (d) of Proposition 2.5.1.

Conversely, if the conditions hold, P is certainly not an isolated
or interior point. Let , R be points of S adjacent to P that belong
to two different components of N(P) N S. Q, R must be connected
in § — {P}, since it has no more components than S. Let 7 be a
shortest possible path from Q toRin S — {P}; thus s is an arc (Ex-
ercise 2.3.2), and if we adjoin P to r, we get a curve vy. (If P is adja-
cent to some point of 7 other than Q and R, we can use that point
instead of Q or R and obtain a shorter path.) By Proposition 2.4.5,
P has neighbors P’, P” in ¥ that belong to the inside and the out-
side of 7y, respectively, and we can readily pick P’ and P" to be in S.
Since P’ and P" are not connected in ¥y, they are certainly not con-
nected in S; but they are connected in SuU {P}, so it must have
fewer components than S—a contradiction. O

Thus if P is not simple, exactly one of the following must be true: P
is isolated or interior; S — {P} has more components than S (i.e.,
P is a cut point of S); or S U {P} has fewer components than S.

COROLLARY 2.5.3 IfS is simply-connected and P € S is not an
isolated, interior, or simple point, then S — {P} is not connected,
but consists of components that are simply-connected. If S is
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connected and has exactly one hole, S — {P} is either simply-
connected or not connected.

Using these results, we can now prove

PROPOSITION 2.5.4 IfS is simply-connected and |S| > 1, then §
has at least two simple points.

Proof: This is clear if |S| = 2; we proceed by induction on |§|.
Let P be the leftmost of the uppermost points of S, so that P’s
neighborhood looks like

00 O
oP P

P” Q

where P’ or P” is in S and the Os are in S. (This assumes that we
use the 4-definitions for S; the proof for the 8-definitions is analo-
gous.)

If just one of them, say P’, is in S, P is simple, so that by Propo-
sition 2.5.2, S — {P} is still simply-connected. If S — {P} = {P’}
(i.e., |S| = 2), P and P’ are both simple. If not, by the induction
hypothesis, S — {P} has at least two simple points. But it is not
hard to see that any point R # P’ that is simple in S — {P} is also
simple in S, so that S has at least the two simple points P and R.
Similarly, if P’, P", and Q are all in S, P is simple, so thatS — {P}
is still simply-connected and hence has simple points, which read-
ily must also be simple in S.

IfP’',P"arein S butQ € S, then P is not simple, so that by Cor-
ollary 2.5.3, S — {P} is not connected. Thus P’ and P” must be in
different components of S — {P}. If the component containing P’
is {P'}, then P’ is simple in S; but if not, by the induction hy-
pothesis it has at least two simple points, and any of these except
possibly P’ is also simple in S. A similar argument applies to the
component containing P”; thus here again S has at least two simple
points. O

The result of Proposition 2.5.4 can be sharpened as follows: De-
fine an “end” as a point having only one neighbor in S, and a
“corner’” as a point having just two neighbors in S, where the
diagonal neighbor between them is also in S (see the case P',P'’, Q
all in S in the proof). Then S has at least two ends, or an end and
two corners, or four corners. Proof: In our first case (just P’ € S), if
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S — {P} = {P’}, there are two ends, P and P'. If not, S —~ {P} has
the desired points, of which at most P’ can be an end in S — {P}
but not in S, and S has the additional end P. In our third case (P’,
P" €S, Q &85), the two components of S — {P} have the desired
points, and at most P’ and P” can be in these components but not
in S. We can apply similar reasoning to the rightmost of the upper-
most points of S, and to the leftmost and rightmost of the lower-
most points of $, and if the analog of the first or third case holds
for any of them, we are done. If not, the second case (P’,
P", Q € S) holds for all of them, so they are all corners. These re-
marks provide us with the following neat characterization of arcs.

THEOREM 2.5.5 S is an arc iff it is simply-connected and has ex-
actly two simple points.

Proof: The “only if” is clear. Conversely, by the remarks in the
previous paragraph, the two simple points must be ends; thus if
|S| = 2, we are done. We proceed by induction on the number of
points of S, and once again let P be the leftmost of the uppermost
points of 5. If P is an end, it can be seen (by enumeration of cases)
that S — {P}'s simple points are all simple points of S, except pos-
sibly for P’s neighbor; hence S — {P} can only have two ends, and
so is an arc, which implies that S is also an arc, obtained by ad-
joining P to one end of S — {P}. If P is nonsimple, S — {P} con-
sists of two simply-connected components; by the same argu-
ment, each of them (if it has more than one point) has only two
ends and so is an arc. § is then the arc obtained by joining these
two arcs through the added point P. O

Similarly, we can establish a neat characterization of curves:

THEOREM 2.5.6 S is a curve iff it is connected, has exactly one
hole, and has no simple points.

Proof: The “only if” is clear. To prove the “if,” note first that no
P € 5 can have fewer than two neighbors in S (if it had none, we
would have S = {P}, which has no holes; if it had one, it would
be simple). It can also be shown that no point of S can have more
than two neighbors in S. The argument is along the following
lines: If S had interior points, then a border point adjacent to an
interior point would have more than two neighbors; thus it suf-
fices to show that a noninterior P € S cannot have more than two.
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By Corollary 2.5.3, 5 — {P} is either simply-connected or not con-
nected. In the former case, S — {P} has simple points; by enumer-
ation of cases, some of these must be simple in S—a contradiction.
In the latter case, at most one of the components of S — {P} can
have a hole (since S had only one hole); hence another one is
simply-connected and has simple points, some of which (by enu-
meration of cases) must be simple in S—a contradiction. Thus
every P € S has exactly two neighbors in S, which makes S a curve
by Proposition 2.3.3. O

Finally, we can use this last result to prove our desired converse
to the Jordan curve theorem—more precisely, a converse to Propo-
sition 2.4.5:

COROLLARY 2.5.7 LetS be connected, S have exactly two com-
ponents, and any point of S be adjacent to both of these compo-
nents; then S is a curve.

_ Proof: Since any P €S is adjacent to both components,
S U {P} has only one component; hence no P €S is simple,
making S a curve by Theorem 2.5.6. [

Similarly, we have

COROLLARY 2.5.8 S is a curve iff it is connected and not
simply-connected but § — {P} is simply-connected for allP € S.

Proof: Itis not hard to see that S must have points P that are ad-
jacent to only one hole (e.g., consider a rightmost point of S; if it is
adjacent to two holes, consider the point above or below it). Since
S ~ {P} must be simply-connected, S cannot have more than that
one hole, which makes it a curve by Theorem 2.5.6. [

The assumption in Corollary 2.5.7 that S is connected is redun-
dant; we shall show at the end of Section 2.6 that if every point of S
is adjacent to two components of S, then S must be connected.

2.6 BORDERS, ADJACENCY, AND SURROUNDEDNESS

_ Let I' be the graph whose nodes are the components of S and of
S, and in which two nodes are joined by an arc iff the two compo-
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nents are adjacent. (We recall from Section 4 that this always im-
plies 4-adjacency.) We call I' the adjacency graph of S. Our main
goal in this section is to show that I is a tree. Clearly, I is con-
nected, since any two points P, Q of 2 can be joined by a path, and
the sequence of components of § and S encountered by this path
constitutes a path in I between the components containing P and
Q. Thus we need only show that I' can have no cycles. This is
equivalent to showing-that if T is a component of 5, and U, V are
components of S adjacent to T (or vice versa), then T separates U
and V—i.e., any path (in the sense of 5’s connectedness) from U to
V must meet T.

If we knew that U and V had to be in different components of T,
then T clearly would separate them. Suppose they were in the
same component W of T, and let W be the set of points of W that
are 4-adjacent to T; thus U and V would both meet W;. Now
Wy C S, sincea point adjacent to (but not in) the component T of S
cannot be a point of S. Hence if we could prove that Wy is con-
nected (in the $ sense), U and V could not both meet it, since they
are distinct components of S. We shall therefore begin this section
by showing how the results of Section 2.5 can be used to prove
that Wy is connected. Specifically, we shall define an algorithm
that visits a succession of points of Wy, show that the points it
visits are all connected, and prove that it visits all of Wy.

A general version of this border-following algorithm, which we
shall call BF, is as follows: Let X and Y be adjacent components of 5
and S, respectively. We denote by Xy the set of points of X that are
4-adjacent to Y, and call it the Y-border of X; we analogously define
the X-border Yx of Y. Let P and Q¢ be a pair of 4-adjacent points in
X and Y, respectively, and suppose for concreteness that we are
using 8-connectedness for S. We mark P, and Q,, and then pro-
ceed to determine the next pair Py, Q, as follows: Let the points of
N(P,) (the 8-neighborhood of P,), in (say) clockwise order starting
from Qo, be Qo = R{, Rz, . . . ,Rg. If none of the Rsisin§, Pyis
an isolated point of S, and we are done. Otherwise, let R; be the
first of the Rs that is in S. Take Ry, as Q,, R; as P;, and repeat the
process with P;, Q, replacing Py, Q,. Note that Q, is in fact in S
and is 4-adjacent to P,, by definition of the Rs. BF stops when for
some k we have P, = P,, provided one of the Rs is Q. It is clear
that the successive Ps found by BF are 8-adjacent points of S, so
the set of Ps found is 8-connected and is thus a subset of Xy. Simi-
larly, the set of Qs, together with their intermediate Rs (e.g.,
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Qo =Ry, Ry, . . ., Ry = Qy), is a 4-connected subset of Yy. If
we were using 4-connectedness for S, we could use an exactly
analogous algorithm to find a succession of pairs (Q;, P;), starting
from (Qq, Py), by examining the neighborhoods of the Qs.

We must now prove that BF works, i.e., that it does stop and
only after having visited all of Xy (and Yy). Note first that the
points Ry, . . . , R;of 2 examined by BF at each step are all in X or
Y. Thus the operation of BF remains the same if all points of § ex-
cept those in Y and in the background component Z are trans-
ferred from S to S. When this is done, S has at most one hole, so its
component X has at most one hole. (The points of a hole in X that
are adjacent to X must be in S; if X had two holes, we would have
points of S that are not connected to each other or to the back-
ground in X, hence not connected in §, so that S would have two
holes.) Thus it suffices to show that BF works if X has at most one
hole.

If X is simply-connected, we can prove that BF works by induc-
tion on the number of points in X. There is no problem if X has
only a few points. Suppose it has n points, and let P be a simple
point of X (Proposition 2.5.4) so that X — {P} is still simply-
connected. By inducticn hypothesis, BF works for X — {P}; more-
over, it is easily verified that BF’s operation on X differs from its
operation on X — {P} only in the vicinity of P, and correctly re-
flects the changes in Xy and Yy caused by the addition of P. Thus
BF works for all simply-connected Xs.

We can easily show that BF works if X is a curve. Suppose X has
exactly one hole but is not a curve; then by Theorem 2.5.6, it has a
simple point P. Thus we can use an induction argument similar to
that in the previous paragraph to show that BF works in this case
too.

Applying these results to the problem at the beginning of the
section, we see that indeed W,y must be connected, so that distinct
components U, V of S cannot be in the same component W of T,
and so are separated by T. We have thus proved

THEOREM 2.6.1 For any S C 2, the adjacency graph of S is a
tree.

We can prove a little more about the adjacent components of S
and S by introducing the concept of surroundedness. Let U, V be
any disjoint subsets of X; we say that U surrounds V if any 4-path
from V to the edge of X meets U. It is easily verified that “sur-
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rounds’ is a strict partial order relation, i.e., it is irreflexive, anti-
symmetric, and transitive. Clearly, any S C X surrounds its holes
(if any)—indeed, any path (in the sense of S connectedness) from
a hole W to the background Z must meet S, since W and Z are dif-
ferent components of S. On the other hand, Z clearly surrounds S,
and thus surrounds every component of S and every other compo-
nent of S.

PROPOSITION 2.6.2 Let X, Y be adjacent components of S, S,
respectively; then either X surrounds Y or vice versa. Moreover,
exactly one component of S surrounds any given component of S
(and vice versa for nonbackground components of S).

Proof: Two Ys cannot be in the same component of X, as
already shown. Thus at most one Y can be in the background com-
ponent Z of X; all others are in holes in X and so are surrounded
by X. Let P be a rightmost point of X, and Q be P’s right neighbor;
thus Q € S is in some Y, call it Y,. Clearly, X does not surround
Yy, 50Yy C Z. Let 7 be a path from X to the edge of =, and let P, be
the last point of X on #. Then P,;; € § is in some Y, and since 7
does not meet X again, this Y is not surrounded by X and hence
must be Y,. Thus any path # from X to the edge of = meets Yy, so
that Y, surrounds X. O

These observations establish

PROPOSITION 2.6.3 The adjacency tree of S can be regarded as a
directed tree under the relationship of surroundedness; the root of
this tree is the background component Z of S.

EXERCISE 2.6.1 If S is connected, its holes (if any) are simply-
connected.

As a further corollary of Theorem 2.6.1, we can prove the asser-
tion made at the end of Section 2.5. Note first that if U, V are com-
ponents of S and T, W are components of S, it is impossible that U
and V are each adjacent to both W and T, since the adjacency tree
would then contain a cycle. Now let S be a set such that every
point of S is adjacent to two components of S; then S cannot have
two components, by the previous sentence, and so must be con-
nected. We can thus sharpen Corollary 2.5.7 as follows: Let § have
exactly two components and let every point of S be adjacent to
both of these components; then S is a curve.
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2.7 AREA, PERIMETER, AND GENUS

The area |S| of S C T is simply the number of points in S. The
perimeter (S) of S can be defined in a number of ways; perhaps the
simplest of these is the number of points of S that are 4-adjacent to
S. An alternative might be to define (S) as the number of steps re-
quired by BF (Section 2.6) to visit all the borders of all the compo-
nents of S. Note that these two definitions can give rather different
results; e.g., if S is

PPPPPPPP

then the first definition gives (S) = |S| = 8, while the second defi-
nition gives (S) = 14.

A standard measure of the noncompactness (or ““complexity”) of a
simply-connected object T is (T)?/|T|; this measure is commonly
used in both perception psychology and pattern recognition. In
ordinary geometry, for well-behaved objects T, the isoperimetric
inequality guarantees that this ratio is never less than 4, and
achieves this minimum iff T is a circle. In digital geometry, on the
other hand, smallness of this ratio does not correspond to circu-
larity. For example, let O, be the “’digital octagon” whose hori-
zontal and vertical sides have h points each, and whose diagonal
sides have k points each; e.g., O3 is the octagon

ppP
PPPPP
PPPPP
ppppPP

PPP

Ifh = 1, Ope is a diamond; if k = 1, it is a square. It is readily veri-
fied that

[Ome| =[h + 2(k — 1)]* — 4k(k — 1)/2
=h?+4h(k — 1)+ 2k — 1)k — 2)
and
(Ohk> = 4(h - 1) + 4(k - l)

In particular, for a diamond (h = 1), square (k = 1), and equal-
sided octagon, we obtain the results shown in Table 2.1.
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TABLE 2.1

Limit (for
Case Area Perimeter (Perimeter)?/area large figures)
h=1 h? ath — 1) 16(h — 1)*/h? 16
k=1 2kk-1)+1 4k -1) 16(k — 12/Rktk - 1) + 1 8
h=k 7h®*-10nh + 4 8(h — 1) 64(h — 1)2/[7h* — 10k + 4] 64/7 = 9.14

Thus (perimeter)?/area is smaller for a diamond than for either a
square or an equal-sided octagon; the latter is certainly more cir-
clelike than the diamond. In fact, for large digital approximations
to circles, it can be verified empirically that the ratio is about 10.2,
which is even worse than for the equal-sided octagons. It would
seem that this ratio is not as good as a measure of noncompactness
in digital geometry as it is in ordinary geometry. A character-
ization of Ss for which the ratio is ““minimal’ can be found in [9].
We shall return to the topic of perimeter in the next section.

The genus g(s) of S C 2 can be defined as the number of $’s com-
ponents minus the number of its holes. Thus g(S) + g(S) = 2 for
any S, where we are still using opposite types of connectedness for
S and S.

Letv = |S|be the number of points in §; lete the number of hor-

P
P ), and

). Then we

izontally or vertically adjacent pairs of points in S (PP or

let f be the number of 2 X 2 blocks of points in S (gi

can prove

PROPOSITION 2.7.1 If we use 4-connectedness for S, then
g(8)=v —e +f.

Proof: This is trivial if |S| = 1; we proceed by induction. Let P
be the leftmost of the uppermost points of S, so that P’s neighbor-
hood looks like

00 O
OP P
PH Q
where the Os are in S. If P’ and P” are in S, then P is an isolated
point of S; deleting P reduces v by 1, changes neither e nor f, and
reduces g by 1. If P’ is in S and P" is in S or vice versa, deleting P
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reduces v and e by 1 and does not change f; nor does it change g
since P is simple. If P', P", Q are all in 5, deleting P reduces v and f
by 1 and e by 2, and leaves g unchanged since P is simple. Finally,
ifP',P" € SbutQ € S, deleting P reduces v by 1, e by 2, and does
not change f; it also increases g by 1 since P is nonsimple, so that
its deletion either adds a component to S or subtracts one from S
(see Section 2.5). Thus in all cases, if the proposition is true for
S — {P}, it remains true for S. O

Let d be the number of diagonally adjacent pairs of points in
p p
S ( pOp ), and t the number of right-triangle triples

P P PP __PP
(PP, pp,p °F P)' Then, analogously to Proposition 2.7.1, we

can prove

PROPOSITION 2.7.2 If we use 8-connectedness for S, then
g(8)=v —e—d+t —f.

Another approach to computing the genus can be found in [10].

EXERCISE 2.7.1 Let p be a run of points of S on some row of 2,
and let n(p) be the number of runs on the row above that are adja-
cent to p. Then g(S) = (1 — n(p)).

p

2.8 DISTANCE AND DIAMETER

We could define the distance between two points of 2 in the
ordinary Euclidean way; but it seems more natural to use a dis-
crete definition. For all P = (x, y) and Q = (u, v) in Z, let us de-
fine the city block distance d4(P, Q) as |x — u| + |y — v|, and the
chessboard distance dg(P, Q) as max(|x — u|, |y — v|). Note that the
set of points within a given city block distance of P is just a dia-
mond centered at P, while the points within a given chessboard
distance of P form a square centered at P.5 In particular, the points

$One can also define metrics for which the ““disks’’ centered at P are octagons;
for example [7],

max(x —ul, |y — v}, 2(k —u| + |y —v| + 1)/3]
is such a metric.
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Q for which d4(P, Q) = 1 are just the 4-neighbors of P, while the
Qs such that dg(P, Q) = 1 are just P’s 8-neighbors.

It is readily verified that d4 and dg are metrics on 2—i.e., they
are positive definite, symmetric, and satisfy the triangle inequal-
ity. They also have the property that for any P # Q there exists an
R such thatd(P, Q) = d(P, R) + d(R, Q), where both terms on the
right are nonzero.

PROPOSITION 2.8.1 d4(P, Q) is just the length of a shortest
4-pathin 2 from P to Q, and dg(P, Q) is just the length of a shortest
such 8-path.

Proof: 1f thelengthis 1, i.e., the path is P, Q, then P and Q are
4-neighbors, so d4(P, Q) = 1. We proceed by induction on the
shortest path length. Let P = P,, P,, . . . , P, = Q be a shortest
path; then it is easily seen that Py, P,,. . . , P4—;is a shortest path
from P to P,, so that d4(P, P,,) =n — 1 by induction hy-
pothesis. Since Q is a neighbor of P,_,, we have d4(P,—;, Q) = 1;
thus by the triangle inequality, d4(P, Q) = (n — 1) + 1 = n. Con-
versely, if d4(P, Q) =m <n, we can easily construct a path of
length m from P to Q. For example, suppose that P = (i, j) and
Q = (h, k), wherei = h andj = k (the argument is similar ifi = h
and/or j = k). Since dyP, Q) =m, we have |i —h| + |j — k| =
(i +h) +(j — k) =m. But then, e.g., we have paths of length
m from P to Q such as

Po=P, Py=(G+1,j), P,=(0+27j),...,
Pin= (h;j), Pipe1 = (h,j + 1),
Pipeoe=hj+2), ..., Pippyae=0hk=Q

This contradicts the assumption that a shortest path from P to Q
has length n. The proof for dg is analogous. 0O

LetP = P,y,Py,. . . ,P, = Q be a shortest path from P to Q; then
forall0<i=<j=n,P;, ..., P,;is ashortest path from P; to Py,
and the distance from P; to P; is justj — i (where we use 4-paths

for d4 and 8-paths for dg).

As a simple application of the digital concept of distance, we use
it to give a simple proof (based on [11]) that any connected S C X
contains a point whose deletion does not disconnect S (compare
Proposition 2.5.4). Pick any P € S and let Q be a point of S whose
distance from P is a local maximum—i.e., no neighbor R of Q that



28 2 DIGITAL GEOMETRY

belongs to S is farther from P than Q is. [Here ““connected,” ““dis-
tance,” and "“neighbor” should all be used in the same (4- or 8-)
sense.]Then S — {Q} is still connected. Indeed, it suffices to show
that forallP’ €S — {Q} there exists a pathin S — {Q} from P to
P’ (If S — {Q} is empty, we have S = {Q} = {P} and there is
nothing to prove.) Let 7 be a path from P to P’ in S; if Q is not on
m, we are done. Otherwise, let Q' be the point of  just after the
last occurrence of Q, so that Q' is a neighbor of Q. Since Q' is no
farther from P than Q is, a shortest path o' from P to Q' (in S)
cannot contain , by the preceding paragraph. Thus if we adjoin
to 7' the part of = between Q' and P’, we obtain a path from P to P’
inS — {Q}.

We can also define a concept of distance intrinsic to a given set
S. Let the S-distance dg{P, Q) between two points P, Q of S be the
length of the shortest pathin S between P and Q, where we use the
same type of path as for S’s connectedness. Clearly, ds(P, Q)
cannot be less than the ordinary (extrinsic) distance (of the same
type) from P to Q.

We conclude by establishing a simple relationship between the
perimeter of a connected set S and its “intrinsic diameter” [12]. Let
p (5) be the number of steps taken by the BF algorithm in following
all the borders of S. [This is a measure of the total perimeter of S,
but it is not the same as the number (S) of border points of S, since
different borders (where S is adjacent to different components of
S) may have points in common.] Let d(S) be the greatest possible
S-distance between two points of S; we call such a pair of points
diametrically opposite. Then we can prove

THEOREM 2.8.2 d(S) = p(S5)/2.

Proof: We first show that this is true when S is simply-
connected. It is trivial when |S| = 2; we proceed by induction. Let
P, Q be diametrically opposite points of S. If these are S’s only
simple points, then by Theorem 2.5.5, S is an arc. But it is not hard
to see that for an arc we have p(S) =2/|S| — 1 and d(S) =
IS| = 1 < p(S)/2, as desired. Otherwise, S has an end or corner
R other than P and Q. Now deleting R from S cannot change the
S-distance between any other two points, since a path through
an end cannot be a shortest path, while a path through a corner
can be diverted to avoid the corner without changing its length.
Hence d(S — {R}) =d(S)=dg(P, Q). On the other hand,
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p(S — {R}) = p(S), since deleting an end shortens the perimeter,
while deleting a corner does not change it. We thus have, using
the induction hypothesis, d(S) = d(S — {R}) =p(S — {R})/2 =
p(5)/2, completing the proof in the simply-connected case.

We now use induction on the number of holes in S. For any such
hole W, we have p(S) = p(S UW) + |Sw|. (We recall that Sy
denotes the set of points of S adjacent to W.) Let P, Q be diametri-
cally opposite points of S, 7 be a shortest path between P and Q in
S UW,andP’, Q' be the first and last points in which 7 meets Sy .
Clearly, there exists a path 7’ of length <|Sy|/2 fromP’'to Q' in S
(in S, in fact) that we can construct by following the W-border of
S the shorter way around. If we replace the part of 7 between
P’ and Q' by @', we obtain a path 7’ from P to Q in 5 whose
length ¢é(#") is at most |Sy|/2 greater than that of #. Hence
d(S) = ¢ (#") = €(w) + |Sw|/2. But by the induction hypothesis,
we know that (@) =dsw(P, Q) =d(S UW) = p(S UW)/2.
Thus d(S) = p(S UW)/2 + |Sy|/2 = p(5)/2, which completes
the proof. O

2.9 GEODESICS

A (4- or 8-) path is called a geodesic if no shorter path with the
same endpoints exists. It is evident that a geodesic is an arc (see
Exercise 2.3.2), and that any subarc of a geodesic is a geodesic. On
the other hand, a geodesic need not resemble a straight line seg-
ment; for example,

PPP
P
P

is a 4-geodesic. In this section we give several characteristics of 4-
and 8-geodesics [13].

PROPOSITION 2.9.1 The following properties of a 4-arc

a =Py, Py, ..., Pp=1(x0,Y0) (X1, ¥1), . . ., (xn, yn) are
equivalent:

(a) «is a4-geodesic;
(b) « cannot turn right (or left) twice in succession, i.e., left
and right turns must alternate;
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() xo=x;<---=<xp(orall=),andy, =<y, =<--- <y, (or
all =);
(d) I|xo — x| + lyo — ya| = n—i.e., dy(Py, P,) = n.

Proof: To see that (a) implies (b), suppose that « made two suc-
cessive turns in the same direction, e.g.,

Pr+1Pr+2"'Ps—1
P. Py

(the argument for other cases is exactly analogous). Then the path
along a from P, to P, has length s — r; but there is a horizontal
path from P, to P, of lengths — r — 2, so the subarcP,,. . . ,P,is
not a geodesic, and thus neither is a.

We next show that (b) implies (c). Suppose that the initial direc-
tion of « is horizontal toward the right, and that the first turn (if
any) is a left turn (the proofs in other cases are analogous). Let the
turns be at P,,, P,,, . . . , where 0 <n,; <ny <-:--<n. Then
Xo<x;<::-<xpandye =y, =" =Yy, Afterthe first turn,
a is headed vertically upward; thus x,, = x,41 = - - - = x,, and
Yo <Yn1 <+ <y,,. By (b), the second turn must be a right
turn, after which « is again horizontal and headed rightward, so
that x,, <Xnp1 < * <Xpoand Yp, = Yppr1 = * * * = Yp,; and so
on, proving (c). Note that (c) means that if we take any point P, of
the arc as origin, then the subarcs Py, . . . ,PpandP,, . . . ,P,
lie in a pair of opposite quadrants.

Next, we prove that (c) implies (d). At each step along a 4-arc,
either x or y (but not both) changes by 1. Hence if (c) holds, say
Xp=x3=<-- =x,andyo =Yy, = '+ =y, (and similarly in the
other cases), then the number of steps at which the xs increase and
the number at which the ys increase add up to n, which implies
(d).

Finally, we show that (d) implies (a). Any path from (x,, o) to
(xn, y») must have length at least |xo — x| + |yo — yal, since a
coordinate can only change by 1 at each step, and only one coordi-
nate can change at a time. If (d) holds, this bound is n, and since «
has length n, its length is the shortest possible, proving (a). O
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The situation in the 8-arc case is somewhat more complicated.
An 8-arc can turn by either 45° or 90°, e.g.,

P P
p or P P
PPP P P

An 8-geodesic cannot make two successive right or left 90° turns;
nor can it make two successive right or left 45° turns if they take it
from horizontal to vertical, as in the arc

P
p
P

P
PPP

in which there is a shorter path between the endpoints (namely, a
45° straight line). However, an 8-geodesic can make two succes-
sive right or left 45° turns which take it from one diagonal direc-
tion to another, e.g.,

In spite of this greater complexity, we can still prove an analog of
Proposition 2.9.1:

PROPOSITION 2.9.2 The following properties of an 8-arc a = Py,
P,,. .., P, are equivalent:

(@) ais an 8-geodesic;

(b) xo<xy<---<xyforall>),ory, <y, <---<y,(orall
>);

(@) |xo= x|l =nor|yo—yu| =nS

Note that (b) can be interpreted as follows: If we take any point P,,
of the arc as origin, then the subarcs Py, . . . ,Ppand Py, . . .,

SSince |xo — x| and |yo — y,| must each be = (each coordinate can change by
at most 1 at each step), this is equivalent to max(|x, — x,|, lyo — yal) = n; i.e., to
dg(Po, Py) = n.
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P, lie in a pair of opposite diagonal quadrants (quadrants
bounded by the lines at =45° through the origin).

Proof: Thex ory coordinates can each change by at most1 from
point to point along an 8-arc. Hence |x, — x,| = n means that suc-
cessive x;s do differ by 1, and all in the same direction, in order to
achieve a total difference of n; thus xy < x, < - -+ <x, (or all >).
[In fact, we must have x; =xy+1i for all i (0<i=mn), or
X; = xo — i for all such i.] This proves that (¢) implies (b). Con-
versely, xo < x; < - - - < x, means that successive x;s differ by 1
in the same direction, so that |x, — x,| = n; thus (b) imples (c).

On the other hand, since a has length n, we must have
|xo — x,] =nand |y, — y,| <n; an arc of length n cannot involve
coordinate changes of more than n, since each coordinate changes
by at most 1 per step. Now any 8-path from P, to P, must have a
length of at least max(|xg — x,|, |yo — ya). If (c) holds, say
Ixo — xn| = n, the maximum is n; thus «, which has length n, is a
shortest path, proving (a).

Conversely, if (c) fails, we have |xo — x| < nand [y, — y,| <n.
Suppose that x, = x, and yo < y, and thatx, — x4 =<y, —~ y, (the
argument is analogous if any of these =s is =). Then (xy, y,),
(xo+1, yo+1), ..., @ Yot (xa—X0)), (Xn, Yo+
(xn —x9) + 1), . . ., (xa, yn) is a path from (x4, yo) t0 (Xn, Ya)
of length y, — yo <n; thus « is not a shortest path, completing
the proof. O

For any digital arc Py, . . . ,P,, we can define its chord length as
the distance between its endpoints. In this definition, we shall use
4-distance for 4-arcs and 8-distance for 8-arcs. Thus the last parts
of Propositions 2.9.1 and 2.9.2 can be restated as

PROPOSITION 2.9.3 An arc is a geodesic iff its arc length is equal
to its chord length.

We can also give another characterization of geodesics in terms
of arc and chord lengths as follows:

PROPOSITION 2.9.4 The following statements about the digital
arc «a are equivalent:

(a) «is a geodesic;
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(b) Two subarcs of a have equal length iff their chords have
equal length;
(c) Equal chords (of subarcs of a) have equal arcs.

[Note that in the Euclidean plane, condition (b) is satisfied not
only by straight line segments, but by arcs of circles. It has been
shown by Herda that if S is a convex plane object satisfying the
condition that equal arcs of S’s boundary have equal chords, then
S must be a circle. Thus it is somewhat surprising that in a digital
picture, condition (b) is equivalent to being a geodesic.]

Proof: If ais a geodesic, then as we have seen, every subarc of a
is also a geodesic. Hence by Proposition 2.9.3, every subarc of a
has arc length equal to its chord length, which certainly implies
(b). Clearly, (b) implies (c).

Conversely, suppose a is not a geodesic; then the distance
between the endpoints of « is less than its length n. Now a has
subarcs of lengths 1, 2, . . . , n, and their chord lengths cannot
exceed their arc lengths; thus the possible chord lengths are all
less than n (since the only subarc of length n, namely « itself, does
not have chord length n). If (c) holds, unequal arcs must have un-
equal chords; but there are fewer than n possible chord lengths to
assign to the n different arc lengths—a contradiction. O

Interestingly, the other half of condition (b), i.e., the assertion
that equal subarcs of a have equal chords, is not sufficient to make
a a geodesic. For example, consider the 4-arc

PyPy---Pyy
P, P,

This is certainly not a geodesic, but it can be verified that its equat
subarcs have equal chords. However, it turns out that arcs with
this property must “almost’” be geodesics, as we shall see shortly.

Our results here regarding arcs and chords are all based on mea-
suring chord length in terms of city block distance for 4-arcs, and
chessboard distance for 8-arcs. What if we used Euclidean dis-
tance? It turns out that this would be very restrictive. In fact, sup-
pose that for every subarc o’ of «, the Euclidean chord length of '
is equal to its arc length (i.e., to one less than the number of points
in a’). In particular, taking ' = P;, P;;, to have length 1, we see
that P; and P;;, cannot be diagonal neighbors, since for such
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neighbors the Euclidean chord length is \/2. Similarly, taking
a' = P;, Py, Piyy to have length 2, we see that « cannot make any
turns, since at a turn, the Euclidean distance between P,_; and P;,,
is V2. Thus « can have no diagonal steps or turns, and so must be
a horizontal or vertical straight line segment.$

If we require only that the Euclidean chord length of « itself be
equal to its arc length, we obtain a more interesting result. This re-
quirement can be written as

\/(xo - xn)z + (yo - yn)2 =n

so that |xo — x,], |yo — ¥l and n are a Pythagorean triple of non-
negative integers. It is well known that all such Pythagorean triples
(a, b, c), where a® + b% = %, are of the form

a =k(u?—v?), b = 2kuv, c =ku?+ v?)

(or the same with g and b interchanged) for some positive integers
k,u,and v, u = v. For example, the triple (a,b, c) = (3, 4, 5) gives
us 8-arcs such as

Note that this arc is not an 8-geodesic.

On the other hand, suppose that « is a 4-arc satisfying the Py-
thagorean condition. The city block chord length of a 4-arc can-
not exceed the arc length, since each step along the arc contrib-
utes at most 1 to the chord length. Hence we must have

[xo = xa| + |yo —yal=n

If these numbers are a Pythagorean triple, we can write this condi-
tion (canceling k) as

u? — v? + 2uv = u? + p?
which is equivalent to
2uv < 2p? or U=y

SIf we instead measure arc length as the number of horizontal and vertical steps
plus \/2 times the number of diagonal steps, a can still make no turns and hence
must be a horizontal, vertical, or diagonal line segment.
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But sinceu = v, this impliesu = v, so the triple is degenerate: It is
of the form (0, ¢, ¢) or (¢, 0, ¢). This means that |xo — x,] = 0 and
|y0 - y,,| = n, or vice versa, so the arc is a horizontal or vertical
line segment.

If the digital arc a has the property that every proper subarc of «
is a geodesic, we call it a near-geodesic.

PROPOSITION 2.9.5 The following statements about the digital
arc « are equivalent:

(@) ais a near-geodesic;
(b) if either endpoint of « is deleted, it becomes a geodesic;
(c) equal subarcs of « have equal chords.

Proof: The equivalence of (a) and (b) is straightforward. Also, if
(a) holds, then all proper subarcs of a are equal in length to their
chords, so equal proper subarcs have equal chords; also, there is
only one improper subarc (« itself), so (c) holds. We must now
show that (c) implies (a).

We first give the proof for 4-arcs. Clearly, all arcs of length 1 are
equal to their chords. Let the shortest proper subarc not equal to
its chord have length k (if none such exists, we are done). Let
a' =Py, ..., Py besuch a subarc; thus Py, . . . , Py-yis a 4-
geodesic, and we have, e.g.,

Xo=SX1 =0 0 0 = Xp and Yo=Y1 = " SYp

but x4y > xp OF Yr—1 > Yg, i€, xp = x5y — 1 (and yxr—y = yy) or
Yr = Yr-1 — l(and x4—, = x)). Since o' is proper, the original arc
has another point P4, (if necessary, we can take a' in reverse
order), which is a 4-neighbor of P, so that xy; = x; = 1 (and
Yi+1 = Vi) O Ypur = Y £ 1 (and xpyq = xg).

The city block distance |xg — x| + |yo — Yg_1| from Py to Py,
is k —1;, hence dyPy, Pi) =k —2. If xpyy=x,—1 or
Yi+1 = Y — 1, we have dy (P, Pryy) =k — 3, so that du(P,,
Pi1) =k — 4. Thus the equal arcs Py, . . . , Prand Py, . . .,
P4+, have unequal chords—a contradiction. Hence we must have
Xp+1 =Xg + 1 or Yrpa =y + 1. Clearly, if x4 =24, — 1, we
cannot have x4y = x5 + 1, since then (the ys being equal) we
would have Pyy; = Py_y; and similarly with the roles of the xs and
ys interchanged. Thus there are only two possible cases:

(1) xk =241 =1, Y = Yot X1 = Xpe, Y1 = Y + 1
(2) xp =xp—1, Yk = Yk—1 — L, Xps1 = X6+ 1, Yrrr = Y



36 2 DIGITAL GEOMETRY

In case (1), xx must be equal to one of the earlier xs. To see this,
recall that for 0 <i <k —1 we have either x; =x;_; +1 or
x; = x;-1. Thus if xg < x4, the sequence of xs must pass through
the value x,_; — 1 at some point. But if xo = x;_,, the points P,,

, Pr—1 are all collinear, and Py, . . . , P, would be a geodesic,
by Proposmon 2.9.1. Let x; be the last of the xs that is equal to
Xp—1 — L thus 0 <j <k — 1, and we havex; < xj.( = - - * = X1
This implies that y; = y;4, < -+ * < yx_y, so that the (k — j)-point
subarc Py, e, Py has chord length
(k-1 —-(G+1)=k—-j—2 If j >0, this arc has length less
than k, which contradicts our assumption that the shortest proper
subarc not equal to its chord has length k. It remains only to con-
sider the casej = 0, where we have

x0<xl=x2=. = Xy
0= Y1 <Y< - < Ypy

But in this case the city block distance from P; to Py, is
|xks1 = Xa| + {Yxs1 —yal =1 + (k = 1) = k. Thus the equal arcs
Py,. .. ,PrandP,,. . . , Py have unequal chords—a contra-
diction. The proof in case (2) is analogous, as are the proofs for the
other orderings of the xs and ys.

In the 8-arc case, let o' = Py, . . . , P, be defined analogously;
thus Py, . . . , Px—; is an 8-geodesic, so that, e.g.,
Xo < X3 <+ < Xgy but Xp = Xp—1
Suppose it were not true that y, <y, <::-y,; <y, ie.,

suppose we had |y; —yi <|j —k| for some 1=j=<k.
Then dyP;, Pp) = max(|x; — x|, |y; — yi) = max[(k —j — 1),
lv; — yx|] <k —j, contradicting the fact that the subarc Py, . . . ,
Py has length <k and so must be a geodesic by our choice of k.
Thus we must have

Y1 <Yz < <Y but  yo =y,

where the last inequality must hold because otherwise Py, . . .
P, would be a geodesic. It follows thatdg(P,, Py) is eitherk — 2 (1f
Xp < Xg-1 and yo > y,) ork — 1 (otherwise).

As in the 4-case, a has another point Pyy,, and dg(P;, Pg+) must
be the same as dg(P,, P,). Suppose first that x, <x,_; and
yo <yy, so that this distance is k — 2. Then we cannot have
Yr+1 =Yg, since this would give us ygi; —y; >k — 2; thus
Yiee1 =Y — 1. If X34y = x, + 1, we would have Py = Py, if
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X1 = Xg, Pgyqg would be a neighbor of Py_y; and if xyy = 2 — 1,
P41 would be a neighbor of Py_,. Hence this case is impossible.

Next, suppose x < xx_jandy, = yy, so thatdg(P,, Px) = k — 1.
Here we cannot have yii > y,, since this would make
Yr+1 — Y1 = k, and we cannot have yx4; < y, just as in the preced-
ing paragraph; thus yy.; = yx. Here x¢; = x4 is impossible since
Pry1 # Pr, and xp4; = x + 1 is impossible since Pyy; is not a
neighbor of Pi_;; thus x4y = x; — 1. But it is easily seen that this
implies that dy(Py41, Px_s) = 2, contradicting our choice of k.

Finally, suppose that x, = xy_,;. Here again we cannot have
Yi+1 > Y, and we also cannot have y,4; = y, since this would
make P a neighbor of (or the same as) Pj—;. Thus this case too is
impossible, and the proof is complete. [

2.10 CONCLUDING REMARKS

Many other topics could have been included in this chapter;
among these are digital “homotopy” [14], “dimension” [15],
“elongatedness” [7], “'straightness” [16-21], and “convexity”
[22-29], as well as a variety of algorithms for connected compo-
nent tracking and counting [1, 30, 31}, adjacency tree construction
[4], and border finding and following [1, 4, 32]. The interested
reader is encouraged to investigate these topics and to study the
capabilities of automata in recognizing these properties or imple-
menting these algorithms.
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Chapter 3

STRING ACCEPTORS

3.1 INTRODUCTION

The purpose of this and the following chapters is to define
various types of formal machines—automata—that can recognize
given classes of pictures. Before defining these machines for
two-dimensional arrays (i.e., digital pictures), we devote this
chapter to reviewing the analogous concepts in one dimension,
where the machines recognize given classes of strings or ““tapes.”

In order to make the analogy between the one- and two-
dimensional cases more explicit, we have somewhat modified the
usual definitions of the one-dimensional machines; but our defi-
nitions are readily equivalent to the usual ones. We also present a
collection of propositions and theorems about one-dimensional
machines; many of these are standard, while others are given as
preparation for presenting their two-dimensional analogs. We
give informal proofs of many of these results, but occasionally
state them without proof and give references to standard texts in
which proofs can be found.

The computational models described in this chapter are not all
of equal utility; some of them are potentially of practical interest
(e.g., bounded cellular automata), while others are much less so.
However, even the impractical models are pedagogically useful,
since they provide a standard framework for breaking computa-
tions down into small steps.

41



42 3 STRING ACCEPTORS
3.2 AUTOMATA AND ACCEPTORS

3.2.1 Transition Functions and Configurations

Informally, a (one-dimensional) automaton can be thought of as
a “bug” that, at any given time, is in one of a set of states and is lo-
cated at a given position on a tape that contains a sequence of
symbols. The bug operates in a sequence of discrete time steps, at
each of which it

(a) reads the symbol in its current position, erases that
symbol, and replaces it by a (possibly) new one;

(b) changes to a (possibly) new state; and

(¢) moves to a neighboring position, or possibly does not
move.

In general, the new state that the bug goes into, the new symbol
that it writes, and the direction in which it moves all depend on its
current state, on the current symbol, and on the direction in which
the bug last moved. (The reason for making them dependent on
the direction of last movement will be explained later.) Thus the
bug’s behavior is described by a transition function that maps
(state, symbol, direction) triples into (state, symbol, direction)
triples. We call the bug deterministic if each triple maps into a
unique triple; otherwise, we call it nondeterministic and regard it as
mapping triples into sets of triples.

On a more formal level, an automaton M is defined by speci-
fying a triple (Q, V, 8), where

Q is the set of states,

V is the set of symbols (“vocabulary”),

8:Q XV x A—2@VX2 (or -3 X V X A, in the deterministic
case) is the transition function, and

A = {L, R, N} is the set of move directions (“left,” “right,”” and
““no move’’).

A tape is a mapping 7: I — V from the integers into the vocabulary.
A configuration of the automaton (and tape) is a quadruple (g, d, i,
7), where g is M’s current state, d is the direction in which M has
just moved, i is an integer denoting M’s position, and 7 is the cur-
rent tape. The transition function 8 defines a mapping between
configurations in the following way: Let 7, € V be the symbol in
the ith position on 7. Let (¢', v’, d’) be any triple in the image of (g,
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7;, d) under 8, where d and d’ are directions in §; in other words,
suppose that when M is in state g, reads symbol 7;, and has just
moved in direction d, one of the possibilities for its behavior is
that it rewrites 7; as v’, moves in direction d’, and changes to state
q'. Let 7" be the tape that is identical to 7 except that 7; has been
changed to v’ [i.e., ('); = v']. Then the configuration (¢',d’,i’, 7')
is a possible successor to (g, d, i, 7), where

i"=i-1, if d' =1L
=1, if d'=N
=i+1, if d' =R

This formalism corresponds to the intuitive description of M given
in the first paragraph.

3.2.2 Finiteness Conditions

Up to now we have not imposed any restrictions on the sizes of
the state set (Q, the vocabulary V, or the tape 7. From now on we
shall require that

Q be a finite nonempty set containing a special ““initial state”’ g,;

V be a finite nonempty set containing a special ‘’blank symbol”
t; and

7 be of the form §*g$®, where o is a finite nonnull string of
non-#s.

We shall also require that the initial position of the automaton M
be on a non-§ symbol.

An M that satisfies these restrictions will be called a Turing ma-
chine (TM). We shall also consider three special types of TMs:

(a) fpreserving: M neither creates nor destroys #s—in other
words, for all (g’, v’, d') € 8(q, v, d), we have v = ¢ iff
v’ =

(b) Tape-bounded: M “bounces off”’ fs, so that it is essentially
confined to the non-f portion of its input tape. Specifically,
we require that if M has just moved in direction 4 and
reads the symbol §, it must not rewrite the # as anything
else, and must move in directiond’ = d™!, where L' = R
and R™' = L. (We cannot have hadd = N, since initially M
is on a non-§, and it is easily shown by induction that
whenever the move just made is N, the current symbol is
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not §.) Clearly, tape-bounded implies §-preserving. Note
that if M is tape-bounded, we can require 7 to be of the
form $of, since M never visits any other part of 7.

(c) Finite-stateS: M never rewrites any symbols—i.e., (g', v/,
d') € 8(q, v, d) implies v’ = v. (In particular, such an M is
f-preserving.)

The reason we required a transition of M to de-
pend on the direction in which M has just moved
was to allow us to define tape-boundedness as
done here. If M’s current move did not depend on
the previous move’s direction, there would be no
way to guarantee that M bounces off §s; M would
not know which way to move when it reads a .

An alternative possibility for defining tape-
boundedness would be to introduce two special
" symbols, §, and §:, and have §s to the left of
the non-# segment of the tape and #s to its right.
We could then stipulate that whenever M reads a
#, it moves right, and whenever it reads a §, it
moves left. This too would ensure that M bounces
off the fs. To generalize it to rectangular arrays of
non-§s in two dimensions (Section 4.3), we could
introduce two further special ‘4" symbols, #; and
1y, at the top and bottom of the non-{s, and re-
quire that whenever M reads a §; or §;, it moves
down or up, respectively. However, this approach
does not generalize to arbitrary (nonrectangular)
two-dimensional arrays of non- s (Section 3.4.4).

3.2.3 Acceptors and Their Languages

We now introduce the notion of “‘acceptance” of an input tape
by an automaton. Formally, an acceptor A is a triple (M, go, Q 4),
where M = (Q, V, 8) is an automaton, q, € Q is M’s initial state,
and Q4 C Q isasetof special accepting states. We say that A accepts
the tape 7, from position i, if repeated application of M’s transition
function, starting from the configuration (g, N, o, 7o), leads to a

SA better term would be “non(re)writing,” but we use “finite state’” for histori-
cal reasons.
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state set containing some g € Q 4. If M is a Turing machine (and is
t-preserving, tape-bounded, or finite-state), we call A a Turing ac-
ceptor (TA), tpreserving acceptor (§PA), tape-bounded acceptor
(TBA), or finite-state acceptor (FSA), respectively.

As defined so far, acceptance depends on the initial position i,
of A. In the following propositions, we show that this position can
be standardized without changing the set of tapes that are ac-
cepted. From now on, A is a TA with initial tape §*of”, and we
shall speak of A as accepting the siring o if it accepts the tape
o™,

Let L,(A) be the set of strings o that A accepts when its initial
position is at the left end of o. Let L (A) be the set of os that A ac-
cepts from some initial position; in other words, for all o € L (A),
there exists an initial position (on a symbol in o) from which A ac-
cepts o. Let L~(A) be the set of as that A accepts from any initial
position (on any symbol in ).

PROPOSITION 3.2.1 For any A there exists an A’ such that
LAA") = L(A') = L(A). Moreover, if A is §P, TB, or FS, so is A’,
and if A is deterministic, so is A’.

Proof: Given A, we define A’ as follows: From any initial posi-
tion on g, A’ moves leftward, not rewriting any symbols, until it
bounces off a #. As soon as this happens, A’ enters the initial state
of A; thereafter its behavior is identical to that of A. Since o is not
changed by the initial movements of A’, it is clear that A" accepts,
from every initial position, exactly the same os that A accepts from
their left ends. Moreover, the initial movements of A’ do not vio-
late #-preservation, tape-boundedness, or finite-stateness; hence
if A has any of these properties, so has A'. Note also that if A is de-
terministic, so is A’. O

PROPOSITION 3.2.2 For any A there exists an A” such that
L.(A”) = L(A). Moreover, if A is a §PA, TBA, or FSA, so is A”.

Proof: Given A, we define A" as follows: From its initial posi-
tion at the left end of o, A” moves rightward, without rewriting
any symbols. When it reads any non-§ symbol, A” can nondeter-
ministically enter the initial state of A; thereafter its behavior is
identical to that of A. Since its initial behavior has no effect on g, it
is clear that A" accepts o iff there exists an initial position from
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which A accepts o. Clearly, if A is a §PA, TPA, or FSA, so is A", but
note that A” is nondeterministic even if A is deterministic. O

PROPOSITION 3.2.3 For any A there exists an A" such that
L (A"™) = LA(A). Moreover, if A is §P or TB, or is deterministic, so
isA"™.

Proof: A" rewrites each (non-f) symbol x of ¢ as a pair (x, x).
Starting at the left end of o, it then simulates A on the first terms of
these pairs, leaving the second terms intact. If 4 rewrites a §, say
as y, the simulation creates a pair of the form (y, ). If the simula-
tion accepts, A" scans the non-jfs and restores the pairs, to their
initial condition; i.e., it turns pairs of the form (y, f) into #s, and
pairs of the form (y, x) into (x, x). A" then marks the left end of o
and moves to the next symbol. From this starting point, it again
simulates A on the first terms of the pairs; if the simulation ac-
cepts, it restores the pairs, finds the first unmarked symbol, marks
it, and moves to the next symbol. The process described in the
preceding sentence is repeated until every symbol is marked; if
this happens, A" accepts. Clearly, this will happen iff o is in
LA(A). Evidently, A" is 4P, TB, or deterministic if A is. [J

Propositions 3.2.1-3.2.3 imply that in most cases it does not
matter whether we define acceptance from a standard position
(e.g., the left end), from some position, or from all positions. [In-
stead of the left end, we can use any specific position, provided A
can locate that position; e.g., we would not want to use the mid-
point of o as a starting point if A is FS, since an FSA cannot locate
midpoints (see, e.g., Section 3.3.2).] It will be convenient to use
the left-end definition from now on. The set L,(A) will be called
the language of A, and will be denoted by L(A).

3.3 THE LANGUAGE HIERARCHY

A language accepted by a §PA, TBA, or FSA will be called a
#-preserving, tape-bounded, or finite-state language ($PL, TBL,
or FSL). The classes of all such languages will be denoted by
Fip, L, and Lys, respectively, and the class of all languages ac-
cepted by TAs, i.e., the class of TLs, will be denoted by L. We
will use the prefix D if the acceptors are required to be determin-
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istic—e.g., Lprs is the class of languages accepted by determinis-
tic TBAs.

Determinism is not a restriction in the case of arbitrary TAs; it
can be shown that £y = Z5. For the proof see [1, pp. 95-6]; given
an arbitrary TA A, we can define a DTA A’ that systematically sim-
ulates all possible sequences of transitions of A, so that A’ accepts
iff A accepts.

It can also be shown that £z = Fys; the proof depends on the
fact that any FSA can be simulated by a “one-way’’ FSA (see Sec-
tion 3.3.3) that moves only from left to right. Given any one-way
FSA A, we can define a one-way DFSA A’ whose states are sets of
the states of A, and that keeps track of all the states in which A
could possibly be at a given step (see [1, pp. 31-32] for the details).
We define the accepting states of A" as those sets that contain ac-
cepting states of A; thus A’ accepts iff A does.

It is an open question whether £y = £y (and similarly for
tP).

In the remainder of this section, we establish some further in-
clusion relations among the classes of languages accepted by the
various types of TAs.

331 L=

In this section we show that TBAs are as strong as fPAs—i.e.,
they accept the same class of languages. We also show that tape-
bounded FSAs are as strong as non-tape-bounded FSAs. The basic
idea of the proofs is that when a §PA moves onto s, its returning
state(s), if any, can be predicted by an acceptor that never leaves
the non-§s.

Let A be a #PA having |Q| states, and suppose that A enters the
ts by moving off the right-hand end of o, while in some state
p € Q. If A is deterministic, then either it never returns or it re-
turns in some specific state g € Q; if A is nondeterministic, it
either never returns or can return in any of a set of states Q  C Q.
We shall show that if A returns at all, it does so without ever get-
ting farther away than |Q[? from o; in fact, if A can return in state
g, it can return in that state without getting farther than |Q | away
from o.

Let 7 be a legal path (i.e., a sequence of possible moves and
state changes of A) on the §s that causes A to return to o in state g.
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Suppose that the farthest 7 gets away from o is n > [Q* + 1,
where n is as small as possible for any such #r, and where the
number of times that 7 gets n away from o is also as small as pos-
sible. Thus & passes through the n fs to the right of o, which we
shall call #;, . . . , #.. Suppose that s requires N time steps,
which we shall denote by ¢,, . . . , ty.

It is easily seen that there must exist two time steps t;, </, at
each of which A is on §;, and between which it is to the right of #,
and visits §, at least once. Similarly, during the time interval (¢,
ti), there must exist two time steps t;, < t;, at which A is on #,,
and between which it is to the right of §, and visits §, at least once.
Continuing this argument, we obtain a nested set of time step
pairs

by <ty < v v <ty < by, < H <HL, < <H, <H,

in-1 in—1 in-2

such that, foralll =j =n — 1, Aison {;att; and¢;, is to the right
of §; between these times, and visits §, at least once during that
period.

Let g;, q; be the states of A at time steps t;, t{ of m,
1=j<n-—1 Sincen — 1> |Qf, two of the state pairs (g;, g})
must be the same, say (7;, 493 = (9x,qx), wherej < k. For any time
steps t and t’, let w(<t) denote the part of 7 prior to ¢, let w(>t')
denote the part subsequent to t', and let «(t, t') denote the part
betweent and ¢’ (inclusive). Now consider the path 7’ obtained by
concatenating w(<t;), w(t;, ti), and w(>t{). Since q; = gy,
q; = qr, and A stays to the right of its starting point between these
two states, we see that 7’ is a legal path for A on the §s and causes
‘A to return to o in state g after leaving it in state p. Moreover,
during the part of @' corresponding to w(t;,, ti,), A no longer
reaches #,; in fact, it only gets (n — k) to the right of §;, where
j + (n — k) <nsincej < k. Thus 7' is alegal path that either does
not get as far as §,, or gets there fewer times than = did; and this
contradicts our choice of .

We have thus shown that if there exists any legal path for A that
causes it to return to o in state g after leaving it in state p, then
there must exist such a path that never gets farther than |Q|? + 1
from o. This observation allows us to prove

THEOREM 3.3.1 fj:p = jrl‘g.
Proof: Clearly, &r5 C £z, since TBAs are §PAs. Hence we



3.3 THE LANGUAGE HIERARCHY 49

need only show that for any fPA A there exists a TBA A’ that ac-
cepts exactly the same strings as A. Specifically, we define A’ to
simulate A as long as A remains on o If A leaves o, say in statep,
then by the above discussion, A’ can determine whether A ever re-
turns to o in any given state g by internally simulating the behav-
ior of A on the |Q|*> + 1 #s adjacent to o. [Paths that take A farther
than |Q|* + 1 away from o can be ignored, since all return possi-
bilities for A occur on paths that stay within |Q|? + 1 of o, and if
there are no such paths, A never returns. If A accepts without re-
turning to o, we can replace it by an A” that simulates it until it ac-
cepts, then moves back to o and accepts; thus A" accepts exactly
the same strings as A, but never accepts while on s, and so can be
simulated by A’.] Since the fPA (A or A") need only be simulated
on a string of s of bounded length, its simulation by A’ requires
only a bounded amount of internal memory and can be carried out
every time A" bounces off a §. Thus A’ can go into a nonaccepting
absorbing state if A can never return, and into a returning state of
A otherwise, after which A’ continues the simulation of A (unless
acceptance has occurred). Clearly, A’ accepts iff A accepts. O

In the proof of Theorem 3.3.1, if A is finite-state, so is A'; we
thus have

THEOREM 3.3.2 Zipps = Lys.

In the deterministic case, we can give a somewhat different
proof of Theorems 3.3.1 and 3.3.2, based on the fact that when a
deterministic §-preserving automaton moves onto fs, it suffices to
simulate its behavior for about |Q |2 time steps (rather than out to
distance |Q|?). As we shall see in Chapter 4, this deterministic
proof generalizes, in part, to two dimensions; we therefore
present it here.

PROPOSITION 3.3.3 Let A be a deterministic FSA that has |Q |
states, and let the input tape of A be constant,S say z* for somez €
V. Then after less than |Q | steps, the sequence of states of A be-
comes periodic with period m = |Q]|.

Proof: No matter how A moves, it always reads the same

Sn this proposition, we temporarily relax the requirement that the input tape
must be of the form §*o§~.
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symbol z; hence its next state depends only on its current state.
Since A has only |Q | states, some state must occur twice during the
first |Q | steps of A’s operation. Suppose that the states at steps i
andi + m are the same, where 0 <i <i + m =< |Q|. Then the se-

quence of states at stepsi, i+ 1, ... ,7 +m — 1 must be re-
peated at stepsi + m,i + m +1,. . . ,i + 2m — 1, and the same
sequence must then occur at stepsi + km,i +km +1,. . . ,i +

(k + 1)m — 1, for any k = 1, so that after timei — 1 < |Q], A’s
behavior is periodic, with period (at most)y m < |Q|. O

COROLLARY 3.3.4 Let A be a deterministic §PA that has |Q|
states. Then the behavior of A while it is on the § part of its input
tape becomes periodic, with period =|Q |, after <|Q | steps.

Proof: Since A cannot rewrite §s, we can regard it as an FSA as
long as it stayson §s. O

PROPOSITION 3.3.5 Let A be as in Corollary 3.3.4, and suppose
that A moves onto the § part of its tape. Then either A returns to
the non-fs within |Q |* + |Q]| steps, or it never returns.

Proof: Suppose A leaves the non-§ string o at its right end. If it
returns during the nonperiodic part of its behavior (see Corollary
3.3.4), it has returned within |Q| steps, and we are done. Other-
wise, let its position at the beginning of its periodic behavior be k
symbols to the right of o; clearly, 0 < k = |Q|. During a single
period of its periodic behavior, let A’s maximum leftward excur-
sion from its starting position (at the beginning of the period) be i
symbols, and let its net leftward excursion at the end of the period
be n symbols, where evidently h and n each <|Q|. Ifh = k, then A
returns to the non-fs during its first period, i.e., within time
=2|Q]|. If not, and if n =< 0, A never returns to the non-fs. But if
n >0, A is closer to the non-fs at the end of each period than it
was at the beginning, so that eventually it must return. In fact, it
returns within at most j periods, where k — jn < h; this implies
thatj is at most (k — h)/n < k =< |Q|. Thus the total time to return
is at most |Q| (the nonperiodic behavior) + |Q|? (at most |Q]
periods, each of length <|Q|). O

Corollary 3.3.4 and Proposition 3.3.5 provide us with a proof
that ng - °(£DTB and that $DFS = ‘$DTBFS' Indeed, for any DﬁPAA,
we can define a DTBA A’, that simulates A on o. When A leaves o,
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A’ can immediately determine, by simulating a bounded number
of transitions of A, whether A ever returns, and if so in what state,
or whether A accepts without returning; A’ can then continue the
simulation of A or can accept. Clearly A’ accepts iff A does, and if
A is finite-state, so is A’ .

332 % 2 P 2 Pes

It is well known that % 2 Zrg; in fact, one can prove a much

more general proper inclusion result about a hierarchy of tape
bounds (see [1, p. 149]). Thus we see that inability to create or
destroy s reduces the power of a TA. On the other hand, if we
only prohibit creating #s, a TA’s power is not reduced. In fact,
given any TA A, we can define an A’ that simulates A, except that
whenever A creates a #, A’ creates a special symbol 4 not in the
vocabulary of A. For every transition of A when it reads a §, A’ has
both that transition and another one with the # replaced by b Evi-
dently (by induction on the number of elapsed steps) the configu-
rations of A and A’ are the same except that for A’ some {s have be-
come bs. Thus the sequences of states (or state sets) of A and A’ are
the same, so that A’ accepts iff A accepts.

We can also show that $prg ifst . For example, consider the

set of strings o of the form x*y". A DTBA can accept this set by
moving back and forth, alternately erasing xs and ys (changing
them to zs, say) at the ends of the string, and verifying that the last
y is erased just after the last x is erased. On the other hand, sup-
pose this set were accepted by an FSA, call it A. We can assume
without loss of generality that A starts at the left end of o and ac-
cepts at the right end (given any A, simulate it by an A’ that, as
soon as A accepts, moves to the right end and then accepts). Thus
there is a last step at which A crosses the boundary between the xs
and theys. At this step, A is in one of Q possible states, or 24! pos-
sible sets of states. But since there are infinitely many possible ns,
the state (set) of A must be the same for two of them, say n, and n,.
Since A never returns to the xs, its further states do not depend on
the numbers of xs; hence if A accepts x™y™, it must also accept
x™y™—a contradiction.
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3.3.3 Omne-Way Acceptors

In this section we consider TAs that are allowed to move only in
one direction, say to the right. Since we have assumed that a TA
always starts out at the left end of its input string o, such a one-
way TA (OWTA) sees all of 0. Moreover, an OWTA may as well ac-
cept as soon as it sees a {, since from then on it will see nothing
but fs, and can gain no further information about o. (More pre-
cisely: let A be any OWTA, and let A’ simulate A until it sees a §.
At that point, A’ can decide whether A, starting in its current state
and reading only fs, can ever enter an accepting state; if so, A" ac-
cepts, otherwise not.) Note that our OWTA thus always accepts, if
at all, after |o| steps.

For OWTAs there is no restriction in being deterministic,
tape-bounded, or even finite-state. In fact, given any OWTA A,
we can define a deterministic OWTA A’ whose states are the sets
of states of A, and show that A’ accepts iff A does (see the begin-
ning of Section 3.3). The fact that a tape-bounded OWTA can sim-
ulate an arbitrary OWTA was pointed out in the previous para-
graph. Finally, to see that a finite-state OWTA (A’) can simulate an
arbitrary one (A), note that the transitions of A cannot depend on
the symbols that it writes, since it can never go back to read these
symbols. Thus if we define A’ to be the same as A except that it
never rewrites any symbols, we see that the sequences of states of
A and A’ as they scan o are the same, so that A" accepts iff A does.

It is well known that Lowps = Lps; for the proof see [1, pp.
41-44]. Thus the class of languages accepted by one-way acceptors
of any type is just the class of finite-state languages.

3.4 CELLULAR ACCEPTORS

Up to now we have considered automata that operate sequen-
tially by moving around on an input tape and reading one symbol
at a time. In this section we introduce a class of parallel automata
that operate on the entire tape simultaneously. We shall show that
these automata, when regarded as acceptors, are exactly as strong
as TBAs. On the other hand, we shall show that they are generally
much faster than TBAs—i.e., they can often accept in a much
shorter time.
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3.4.1 Cellular Automata and Acceptors

Informally, a cellular automaton is a string of “bugs’” or cells each
of which, at any given time, is in some state. The cells operate in a
sequence of discrete time steps, at each of which every cell reads
the states of its left and right neighbors and changes to a (possibly)
new state. Thus, formally, a cellular automaton K is defined by
specifying a pair (Q, 8), where Q is the set of states and 6 is the
transition function that maps triples of states into sets of states (or
into single states, if K is deterministic); i.e., 8: Q% — 29 (or > Q).
Here, for each cell ¢ of K, 8 maps the triple (state of left neighbor,
state of ¢, state of right neighbor) into the set of possible new
states of ¢; in the deterministic case, this set always consists of a
single element. A configuration of K is simply a mapping from the
integers into Q that specifies the state of each cell of K.

We shall assume from now on that Q is finite and that there is a
special state § € Q such that the initial configuration of K is of the
form §*o¢>, where o is a finite, nonnull string of non- ¢s. If, in ad-
dition, & is §-preserving [i.e., § € 8(p,q,7) impliesq = #, and &(p,
t,r) = {t}forallp, r inQ], we callK a bounded cellular automaton. §
Note that in the bounded case we may as well assume that the
string of cells is finite and has the form fof, since the fs will
always remain fs.

We now introduce the notion of acceptance of an input string (of
states) by K. Formally, a cellular acceptor (CA) C is a triple (K, Qy,
Q.4), where K is a cellular automaton, Q; C Q is a set of initial
states, and Q4 C Q is a set of accepting states, with $ € Q. If K is
bounded, we call C a bounded cellular acceptor (BCA). An input
string is a configuration whose image is in Q,, i.e., a string of the
form g o §>, where o € Qf. We say that C accepts this string (or
for brevity, that C accepts o) if repeated application of K’s transi-
tion function, starting from this configuration, can lead to an “‘ac-
cepting configuration.”” Such a configuration can be defined in a
number of ways (compare Section 3.2.3):

{a) Everyc € C has a state in Q 4.

{(b) Some ¢ € C has a state in Q4.

(¢) A particular ¢, € C—e.g., the one at the left end of c—has
a state in Q4.

SAs in Section 3.3.2, inability to create s is not a restriction on K. We shall as-
sume hereafter that no K ever creates §s.
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Let LA(C), Ly(C), and L(C) be the sets of input strings that C ac-
cepts according to these three definitions. We shall assume here
that accepting states cannot be destroyed, i.e., for allp, r € Q and
all ¢ € Q4, we have &(p, g, r) = {g}. We also assume that ac-
cepting states cannot cause s to be rewritten, i.e., thatif p orr is

in Q,, we have &(p, t, 1) = {t}

PROPOSITION 3.4.1 For any C there exists a C’ such that
LAC'"y = LA(C). Moreover, if C is bounded or deterministic, so is
C'.

Proof: The noninitial states of the cells in C’ are pairs of the
form (x, ), where g is a state of C. At the first time step, c, goes
into state (1, q), where g is its initial state, and all other (non-t)
cells go into states (0, '), where the g’ are their initial states. (This
can be done since ¢, is the only cell whose left neighbor is §.) C'
then simulates C by applying the transition function of C to the
second terms of its states. If a cell ¢ that has a § as a neighbor enters
a state whose second term is in Q 4, ¢ sends out a signal (using the
first items of the states) that spreads from cell to cell, provided that
the cells involved have states whose second terms are in Q 4. If ¢
receives this signal from both sides, it accepts. Clearly, this can
only happen if the initial string was in L~(C). Note that this proof
depends on our requirements that accepting states are never
rewritten and cannot cause s to be rewritten. If not for the first re-
quirement, co could never discover that, at a given time step, every
non-f cell happens to be in a Q4 state; and if not for the second,
the signals from ¢, might never catch up with the (receding) #s. We
have also made use of our assumption that C never creates fs; oth-
erwise the signals could never know that they have seen all of the
non-§cells. O

PROPOSITION 3.4.2 For every C there exists a C" such that
LC") = L(C). Moreover, if C is bounded or deterministic, so is
c".

Proof: We use pairs for the states of C”, as in the proof of Prop-
osition 3.4.1, and ¢, marks itself uniquely at the first time step. C"
then simulates C using the second terms. If any cell’s second term
is in Q 4, that cell sends out signals (using the first terms) to the left
and right; the propagation of these signals does not depend on the
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second terms. If a signal reaches ¢y, it accepts. Clearly, this can
only happen if the initial string was in L (C). O

PROPOSITION 3.4.3 For any C” there exists a C such that
L (C) = L(C"). Moreover, if C" is bounded or deterministic, so is
C.

Proof: We again use pairs for the states of C, and ¢, marks itself
uniquely (with first term 1) at the first step. Moreover, we define
the accepting states of C as the pairs of the form (1, ), whereg &€
Q4; pairs whose first terms are 0 are never accepting states. C
then simulates C” on the second terms of its state pairs. The only
cell of C that can ever enter an accepting state is ¢o; thus L (C) is
trivially just L(C"). O

PROPOSITION 3.4.4 For any C’' there exists a C such that
L~AC) = LC"), and if C’ is bounded or deterministic, so is C.

Proof: We first define an automaton C’ that simulates C' at
odd-numbered time steps and whose states do not change at
even-numbered steps. This is done using pairs of the form (x, q)
for the states of C', wherex = 0 or 1 and q is a state of C’. At time
step 0, each initial state g of a cell of C' is replaced by the state (1,
q). Subsequently, we have (0, 9') € 8((1, q1), (1, 9), (1, q2)) iff g’ €
8(q1, 9. 92), and 8((0, 94), (0, ), (0, 42)) = {(1, 9)} for all states q,, g,
ge of C'. Clearly, the sequence of configurations of C' at odd-
numbered steps is the same as that of C' (at all steps) with (1, g)s
replacing gs. Thus if we define the accepting states of C’ as the
states (1, g) for which g € Q} is an accepting state of C’, it is evi-
dent that the language of C’, by any definition of acceptance, is the
same as that of C'. Clearly, if C' is bounded or deterministic, so is
C.

We now define C to have as noninitial states pairs of the form (x,
q), where g is a state of C’, and where ¢, is uniquely marked, as in
the previous proposition (x = 0 except for ¢, which hasx = 1). C
simulates C’ on the second terms of the pairs. We define the ac-
cepting states of C as all states of the form (2, q), for any accepting
state g of C'. If ¢, enters a state of the form (1, g), with g an ac-
cepting state of C, it immediately changes to state (2, q), irrespec-
tive of its neighbors’ states. The states whose first terms are 2 then
propagate; e.g., if any neighbor of cell ¢ has state (2, ), then the
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next state of ¢ is (2, g), irrespective of its own current state or its
other neighbor’s state. States whose first terms are 2 cannot enter
into any other transitions, so that the simulation of C’ stops at a
given cell as soon as the propagation reaches that cell. Since the
simulation of C' is quiescent at even-numbered time steps, the
propagation must eventually catch up with it (even if C’ is
growing). Thus it is clear that if the simulation of C' accepts at c,,
then every cell of C accepts, and conversely, so that L~(C) =
LAC") = L/C’). Note that if C’ is bounded or deterministic, so is
C. O

Propositions 3.4.1-3.4.4 show that, in all cases, the classes of
languages accepted by every cell, by some cell, and by a specific
cell are the same. [Instead of the cell at the left end, we could use
any cell that can uniquely identify and mark itself at the start of the
processing.] We shall use the left-end definition of acceptance
from now on, and we shall always assume that ¢, is uniquely
marked.

The set L,(C) will be called the language of C, and will be
denoted from now on by L(C). Note that L(C) can contain strings
of any length, depending on how many cells of C were initially in
non-{ states. [C is still considered to be the same CA, no matter
what the length of o may be, as long as C has the same transition
function.] The class of all languages accepted by (D)(B)CAs will be
denoted by L.

It should be mentioned that one can also study CAs in which in-
formation can be transmitted only in one direction, e.g., left to
right. In such a one-way CA (OWCA) the transition function maps
pairs of states [i.e., (state of cell, state of left neighbor)] into states
(or sets of states, in the nondeterministic case). It can be shown
that OWCAs are equivalent to CAs; that nondeterministic
OWBCAs are equivalent to CAs; and that deterministic OWBCAs
can accept most of the BCA languages discussed in Section 3.4.3.
(On OWBCAs see {2].)

Appendix to Section 3.4.1

The assumptions that accepting states cannot be destroyed and
cannot cause #s to be rewritten, used in the proof of Proposition
3.4.1, can be eliminated, but at the cost of making the simulation
very slow. The basic idea is as follows:
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(a) The simulation of C by C' proceeds one step at a time.

(b) After each step, the simulation stops, and a signal is initia-
ted from the ends of C that spreads through accepting
states. If the signal reaches the distinguished cell ¢, from
both sides, ¢, accepts; this can only happen if, at that step
of the simulation, all non-# cells of C are in accepting
states.

(c) If a nonaccepting cell is found, the signal is modified to in-
dicate this. When the modified signal reaches ¢,, it initi-
ates a synchronization process that causes every non- cell
of C' to change state in a special way simultaneously.
When this happens, another step of the simulation of C is
performed.

The synchronization is necessary to insure that every non-{cell of
C’ does its step of the C simulation at the same time.

In order to simulate C one step at a time, we use pairs of the
form (x, q) as states, where g is a state of C. For each transitiong’ €
8(q1, g, q2) of C, we have a corresponding transition (0, ") € 8(g,,
g, q2) of the simulation. Thus initially, the first step of C is simu-
lated, but the simulation stops at that point, since & does not apply
to pairs whose first terms are 0. We then carry out the signal prop-
agation and synchronization steps, as described immediately
below, using the first terms (x) of the states. At the end of this
process, the cells simultaneously change into the states that are the
second terms of their pairs [i.e., (x, g) — g for all x], so that the
next step of the C simulation can take place simultaneously at
every cell. This step turns the cells’ states back into pairs (0, q"), so
that the simulation of C stops again until another signal propaga-
tion and synchronization has been performed. This process is re-
peated until the signal informs ¢, that all non-§ cells of the simula-
tion are in accepting states (second terms in Q 4); ¢y can then ac-
cept.

The signal propagation process is straightforward: If a cell ¢ has
a § neighbor and is in a state of the form (0, ), where g € Q 4,
then ¢ goes into state (1, g); while if g & Q 4, c goes into state (2,
q). Subsequently, any cell ¢ whose state is (0, 4,) and which has a
neighbor in state (2, ;) goes into state (2, g,); while if ¢ has a
neighbor in state (1, 4,), then c goes into state (1, q,) ifg; € Q 4, or
into state (2, q,) if g; & Q 4. The distinguished cell ¢, is an excep-
tion: As long as either of its neighbors is in a state with first term
0, it does not change state. If both of its neighbors are in states



58 3 STRING ACCEPTORS

with the first term 1, and its own state is (0, q) with g € Q,, it
goes into state g (and thereby accepts). If one or both of its
neighbors are in states with first term 2, or its own state is (0, q)
with g & Q 4, it goes into state (3, q), which initiates the synchro-
nization process to be described next.

Finally, the synchronization process operates as follows. As-
sume for simplicity that the distinguished cell ¢, is at the left end
of the string o of non-{s; if it is not, it can send a signal to the left
end, which then acts as an initiator for the synchronization
process. (See [3] for a synchronization construction that is some-
what faster and can proceed directly from an arbitrary initiation
point.)

The left end sends two signals rightward, one of which travels
three times as fast as the other; these signals are represented by
special values of the first terms of the state pairs, say f and s. To
transmit the fast signal, a cell whose left neighbor is § or f (we ig-
nore the second terms from now on) becomes f, while an f be-
comes 0 at the next time step. To transmit the slow signals, a cell
whose left neighbor is § or s becomes s”; an s” becomes ans’, an s’
becomes an s, and an s becomes 0 at the next time step. Thus the
slow signal makes one move rightward at every third time step.
The left end itself (3) changes to 0 as soon as it has initiated the
signals, so that the signals are only sent once.

When the f signal reaches the right end of o, it is transformed
into a left-moving fast signal f': A cell with f as its left neighbor
and # as its right becomes f’; a cell whose right neighbor is f' be-
comes f'; and f' becomes 0 at the next time step. The fast signal
moves leftward until it meets the slow signal at the middle of o
Specifically, if |o| = 2k + 1is odd, then f’ and s” would both reach
the center cell (k + 1) at time step 3k. Thus at step 3k — 1, s is at
cellk andf’atcellk + 2, sothatcellk + 1hass onitsleftandf’on
its right. When this happens, we give cellk + 1 the value w. Simi-
larly, if |o| = 2k is even, f' reaches cell k + 1 at step 3k — 2, and
s” reaches k at step 3k — 3; thus at step 3k — 2, s’ and f' are adja-
cent at cellsk and k + 1. When this happens, we give both of these
cells the value w. Thus when the signals meet, we have 0s at all
cells of o except the midpoint(s), where we have w(s).

To illustrate the signal propagation process, we give two ex-
amples in Table 3.1, for the cases |o| = 5 and 6.

We now carry out an analogous process in which each half of o
is bisected. A w sends fast and slow signals leftward and/or



3.4 CELLULAR ACCEPTORS 59

TABLE 3.1

Step o} = 5k = 2) lo] = 6(k = 3)
0 fls" —— ——  ffs" —————
1 s'" f ——— s'f ————
2 s —f —— s —f ———
3 — " —f — —s" —f ——
4 — 5" ——f" —s" ——f —
5 — s —f' — —s ———f"
6 - —w —— — —s" —f' —
7 ——s' f ——
8 —_——w w ——

rightward through 0s; as soon as it has done so, it becomes a z,
so that it does so once only. [If there are two ws, the left one sends
signals leftward and the right one sends them rightward; if there
is only one w, it sends them out on both sides.] The fast signals
bounce off the ends of o and meet the slow signals at the mid-
points of their segments. Note that the two segments have the
same length (k + 1, if |o| = 2k + 1; k, if o = 2k), so that this
happens at the same time for both segments. When it happens,
we again create ws; o now has z(s) at its midpoint(s) and ws at
its quarter and three-quarter points.

This process is repeated: The ws send out signals through 0s and
become zs; the fast signals bounce off other zs or off the ends of o,
meet the slow signals, and create ws at the segment midpoints.
Again, all these ws are created simultaneously. o now has zs at its
midpoint and quarter points, and ws at its 4, §, 3, and § points, and
we repeat the process again. The successive creations of ws are
summarized in Table 3.2 for the cases [o| = 11 and 12.

Eventually, the zs have only one or two 0s between them, so that
when the signals meet, all the remaining 0s simultaneously turn
into ws. Prior to this, no w orz ever had ws or zs on both sides of
it; but now they all do. We can now use a transition that turns all

TABLE 3.2

S}tep lo] = 11 Step lo] = 12

15 ————— W ——— —— 17 ————— wWw— — — — —
2 ——w-——2z ——w —— 24 ——w ——2z 27 ——Ww — —

24 wwz wwzI wwzI wuw 26 wwz wwzzwuwz wuw
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cells whose first terms are w or z, and which have ws, zs, or s on
both sides, into their second terms, so that another step of C can
be simulated; note that this transition applies simultaneously to
every cell in o.

The number of time steps required to create a w at the midpoint
of a string of length 2k + 11is 3k + 1, and the time to create ws at
the midpoints of a string of length 2k is 3k. At each repetition of
this bisection process, the length of the strings being bisected is
less than half that at the previous repetition (2k + 1 becomes k; 2k
becomes k — 1). Thus the total time required for the synchro-
nization procedure is less than 3|o|[1 + 3 + - - - ] = 3|o|. (This
does not count the time needed for the chief cell to send a signal to
the left end of o to initiate the process, which is at most an addi-
tional |o| time steps.) As mentioned earlier, a more complicated
synchronization procedure can be defined [3] that requires less
than 2|o| time steps; but in any case, the number of steps required
is of order |o|. Thus the simulation of a given C using this method
takes order |o| time steps for each step of C, unlike the simulation
in the proof of Proposition 3.4.1, which is nearly as fast as C itself,
except for the propagation of the acceptance signal (which takes at
most an additional |o| time steps).

3.4.2 Equivalence to Sequential Acceptors
THEOREM 3.4.5 Turing acceptors can simulate cellular acceptors.

Proof: Given a cellular acceptor C with transition function §, we
define a Turing acceptor A that simulates C as follows: The vocab-
ulary of A is the state set of C. To simulate one transition of C, A
systematically scans o, the non-§ part of its tape, say from left to
right. (Since s are never created, A can know when this scan is
finished.) At each step of this scan, A remembers (by storing them
internally) the tape symbols at the two previous positions; in other
words, if A is at positioni, it remembers the symbols g;_; and q;_;
at positionsi — 2 andi — 1. A then reads the symbol g, at position
i and rewrites it as 8(qi~2, -1, 9:)—or, in the nondeterministic
case, as some g in the set 8(q;—2, 91, 4:)- A can then forget q,_,,
memorize 4;, and move on to position i + 1. Thus when A has
reached the right end of o, say at position n, it has written in each
position i a possible new state of the cell of C in positioni — 1. At
this point, A remembers q,- and g, and reads the § at the right of
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o, so it can compute a possible new state for the nth cell of C; it
stores this state internally. [If C is not a BCA, A can write this state
at position n + 1, where there was formerly a #; and A can also
write (in appropriate positions) the new states of the #s adjacent to
a, if C would have changed these to non-#s.]A now does a second
scan, from right to left, and simulates the next transition of C. This
time, A can write the new states in their proper positions, rather
than shifted one over to the right; e.g., in position n, A reads the
current state of the cell in position n — 1, and since A already
knows the current states of the cells in positionsn + 1 (i.e., §) and
n (stored internally), it can immediately write the new state for po-
sition n in that position. Thus in each scan of o from left to right or
from right to left, which takes |o| time steps, A can simulate a com-
plete (parallel) transition of C. A accepts iff its simulation of C ac-
cepts. Note that if C is deterministic, so is A, and if C is bounded,
A is tape-bounded. Note also that this simulation is the fastest
possible, since A cannot modify a tape symbol without visiting
that position, and |o| time steps are needed to visit all of . O

THEOREM 3.4.6 Cellular acceptors can simulate Turing acceptors.

Proof: Given a Turing acceptor A with transition function 6, we
define a cellular acceptor C that simulates A as follows: The nonini-
tial state setof CisV X (Q U {0}) X A x (A U {0}), where Vand Q
are the vocabulary and state set of A, and A = {L, R, N}. At the
first time step, each cellc € C except ¢, goes into a state of the form
(y, 0, N, 0), where y € V is cs initial state. Cell ¢, goes into the
state (x, g0, N, d), where x €V is c¢s initial state, g, is As initial
state, and d € A is a direction in which A can move when it ini-
tially reads x [i.e., 8(x, 4o, N) contains a triple whose third term is
d].

At subsequent time steps, cells whose states and neighbors’
states are of the form (y, 0, N, 0) do not change state. Let ¢’ be a
cell whose state is of the form (x, q, d,, d;), and let (x’, q’, d3) be a
triple in 8(x, g, d,). Then

(@) If d, = N, the new state of ¢’ is of the form (x', g4’, N, d'),
whered’ € Ais the third term of some triple in 8(x’, g, N).
In this case the neighbors of ¢’ do not change state.

(b) Ifd, = L, the new state of ¢’ is (x’, 0, N, 0), and the new
state of the left neighbor of ¢’ is (y, q', L, d’), where (y, 0,
N, 0) was its old state, and where d’ € A is the third term
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of some triple in 8(y, q', L). The right neighbor of ¢’ does
not change state.

(c) Ifd, =R, the situation is analogous to that in (b), with R
replacing L, and the roles of the left and right neighbors in-
terchanged.

Evidently, at any time step there is exactly one cell ¢’ whose state
has the form (x, g, d,, d5), and that cell is at a position in which A
could have been at the given time step.

[The term d; is needed in the state of ¢’ so that its neighbors
know which of them, if any, is to become the new ¢’. If ¢’ did not
pick its own (simulated) direction of motion, and if 8(x, g, d,) con-
tained triples with more than one third term, then both neighbors
of ¢’ (or ¢’ and one of its neighbors, or all three) might try to be-
come the new ¢’. This problem does not arise if A is deterministic,
since in that case 8(x, 4, d,) is always a singleton.]

This process is repeated until the cell ¢’ enters a state (x, g, d,, d5)
for whichg € Q 4, i.e., for which A would have accepted. At this
point, ¢’ sends an acceptance signal to ¢,, and ¢, accepts as soon as
it receives this signal. Thus C accepts iff A does. Note that if A is
deterministic, so is C, and if A is tape-bounded, we can regard C
as bounded. [The latter requires special cases in the simulation to
handle the steps in which A bounces off #s without C actually
having to rewrite §s; the details will not be given here.] Note also
that this simulation is the fastest possible, since C requires only
one time step to simulate each time step of A. [J

Theorems 3.4.5 and 3.4.6 immediately imply
THEOREM 3‘4.7 g(p)c = $(D)T; c-%)(l))BC = g(D)TB‘

Thus we have not created any new classes of languages by intro-
ducing CAs.

3.4.3 Speed Comparisons

As we have just seen, CAs can simulate TAs in real time; hence
any language can be accepted by a (B)CA at least as fast as it can be
accepted by a T(B)A. (This ignores the acceptance signal propaga-
tion process at the end of the simulation, which requires at most
lo| time steps.) On the other hand, some languages can be ac-



3.4 CELLULAR ACCEPTORS 63

cepted more quickly by (B)CAs than by T(B)As. In this section we
discuss comparative acceptance speeds for sequential and parallel
automata.

Let A (or C) be any acceptor, and suppose that there exists a
function f, taking natural numbers into natural numbers, such that
if A accepts the string o at all, it accepts o in at most f(|o]) time
steps. We then say that A accepts in time of order f. For example, if f
is linear, we say that A accepts in linear time; if f is the identity
function, we say that A accepts in real time. We shall use the stand-
ard abbreviation O( ) for “’on the order of ( ).”

It is easily seen that, except in certain special cases, no A or C
can accept in faster than real time. Indeed, suppose A accepts
some string o in m time steps, where m < |o|. Since A cannot
make more than m rightward moves in m time steps, its state at
time m cannot depend on the last |o| — m symbols of o. Thus A ac-
cepts any input string whose first m symbols are the same as those
of o. Similarly, suppose C accepts o inm < |o| steps. The state of
co at step m cannot depend on the initial states of cells farther than
m away from c,; hence C accepts any input string whose first m
states are the same as those of o. We may thus conclude that for
“interesting’’ languages L, the time required to accept any ¢ € L
must be at least |o|.

There exist many simple languages that can, in fact, be accepted
in real time. For example, let Lz be the set of strings in which
a particular symbol x never appears. A deterministic FSA A
that accepts Lz in real time can be defined as follows: A moves
rightward; if it finds an x, it goes into a nonaccepting state and
stops moving; if it reaches a § without finding an x, it accepts. Sim-
ilarly, a BCA C that accepts Lz in real time is defined as fol-
lows: An acceptance signal is propagated leftward from the right
end of o; if it meets an x, it stops; if it reaches ¢, without meeting
an x, C accepts.

On the other hand, there are languages for which parallel accep-
tance is faster than sequential acceptance. An example is the set
L¢ym consisting of symmetrical strings of odd length made up of xs
and ys, except for the center symbol, which is w. It can be shown
[1, p. 145] that if A is any sequential acceptor whose language is
Leym, the time required for A to accept a string o € L, of length
2n + 1 is at least O (n?). For example, we can define such an A in-
formally as follows:
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(a) A memorizes the leftmost symbol of o, erases it (i.e.,
rewrites it as some new symbol z), moves to the right end
of o and compares the rightmost symbol with the mem-
orized symbol. If they are different, A stops moving and
goes into a nonaccepting state. If they are the same, A
erases the rightmost symbol, memorizes the rightmost
non-z symbol, moves to the left end of o and compares the
leftmost non-z symbol with the memorized symbol, and so
on.

(b) This process is repeated until a stage is reached at which
the symbol to be memorized is w rather than x ory. At this
stage, A checks that only zs remain on the other side of the
w, and if so, it accepts.

Readily, acceptance by this A (which is a deterministic TBA) takes
about 2n + 1) + 2n — 1) + - - - + 1 = (n + 1)? time steps.

A deterministic BCA, C, whose language is L, can be defined
informally as follows:

(a) Anx ory that has the w as right neighbor changes to u; one
that has the w as left neighbor changes to v. If the w has x
as left neighbor and y as right neighbor, or vice versa, it
changes to f; otherwise, it remains w.

(b) xs and ys can shift rightward through us and leftward
through vs.

(c) Awv that has { as its right neighbor becomes an acceptance
signal z that can propagate leftward through vs. If z reaches
the w, it changes to a new signal z’ that can propagate
leftward through us.

It is not hard to see that C accepts iff its input string was in Ly,
(otherwise the w would change to t at some point, or there would
be excess xs or ys on one side of the w that did not change to us or
vs, and the acceptance signal could not reach cg). The time re-
quired for acceptance is O(n) (in fact, about 3n), since it takes n
steps for the first v to reach the right end, n steps for z to reach the
w, and n steps for z’ to reach ¢,.

We can consider upper as well as lower bounds on acceptance
time. A nondeterministic acceptor can take arbitrarily long to ac-
cept a given string, since it can make an unbounded number of
nondeterministic transitions into nonaccepting states before it
finally makes one into an accepting state. Similarly, a non-(tape-)
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bounded acceptor can take arbitrarily long to accept, since it can
perform an arbitrarily long computation before it accepts.S On the
other hand, a TBA, if it accepts o at all, must do so in less than
lo + 2]|Q|[V|'°! time steps. [Proof: there are only [V|°! possible
tapes, on each of which the TBA can only be in |o + 2| different
positions (including its positions when it bounces off {s) and in
IQ — Q.| nonaccepting states. If one of these configurations re-
peats, the configurations have become periodic and the TBA can
never accept.] Similarly, if a BCA accepts o at all, it must do so in
less than |Q|'“! time steps. (Using Proposition 3.3.5, we can simi-
larly give an upper bound on the number of time steps within
which a #PA must accept o if it ever does so.)

In the remainder of this section, we give several additional effi-
cient algorithms for acceptance by CAS; all of these algorithms
require time proportional to the string length |o].

(a) Palindromes [4]: Let L be the set of symmetric strings
o = wn®, where w is a nonnull string of xs and ys (say), and »® is
the reversal of w. To accept L, each cell of C sends a signal u left-
ward and rightward if its state is x, and a signal v leftward and
rightward if its state is y. (These signals are erased when they
reach the ends of the string.) If a pair of consecutive cells ever con-
tain different signals (v and v or v and u), it cannot be the center
pair of cells of a palindrome, and its cells mark themselves appro-
priately. Concurrently, the leftmost and rightmost cells send
signals € and r rightward and leftward. These signals meet at the
center pair of cells. Evidently, o is a palindrome iff this pair is un-
marked when the € and r signals meet there. [No other pair can re-
main unmarked, since for any other pair there is a § (whose occur-
rence is signaled by € or r) located symmetrically to a non-f.] The €
signal is then erased, and the r signal becomes an acceptance or re-
jection signal (' or r") that continues on to the left-hand cell; this
cell then accepts or rejects, as appropriate.

(b) Repetitions: Let L be the set of strings 0 = ww, where v is a
nonnull string of (say) xs and ys. To accept L, the rightmost cell of
C sends out a signal u or v leftward, depending on whether its
state is x or y. When this signal has passed it, the next-to-
rightmost cell sends out a 4 or v signal leftward; when both of

SIndeed, given any time bound f, we can design our acceptor so that it first per-
forms some operation that takes longer than f (jo|) time steps—e.g., it computes
f(lo|)*—before accepting.
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these signals have passed it, the third-from-rightmost cell sends
out au orv; and so on. Thus the right end of o generates a string of
leftward-moving us and vs representing the states of the cells in
reverse order. Concurrently, the left end of o sends out a signal ¢
rightward; this meets the string of us and vs in the middle of o.
When they meet, the € stops and becomes an €'. As each u or v
passes the €, it becomes au’ orv’. When a cell in state x ory sees a
u' or v’, its state is erased, and the u’' or v’ becomes a w or z, de-
pending on whether or not it matched (u’ matches x, v’ matches
y). Evidently, this process matches the signals from the cells in the
right half of o with the states of the cells in the left half of o, right-
most first. If they all match, a string of ws is created; otherwise,
some zs are also created. The cell ¢, at the left end receives this
string; if it sees any zs, it rejects; if it sees no zs, and the ws stop
coming, it accepts.

(c) Run length: Let L be the set of strings o of the form (say)
x"y", where n = 1. To accept L, C sends signals € and r rightward
and leftward from its ends. If € sees anything but xs, it changes to
¢’'; if r sees anything butys, it changes tor’. When € and r meet, € is
erased and r turns into r”, which continues leftward. If ¢, receives
r’, it accepts; if it receives r’, it rejects. [Similarly, C can accept,
e.g., {x™y" | m = n}.]

Acceptance of strings of the form x*y "z" is slightly more compli-
cated [4]. Here signals are sent rightward and leftward from the
ends and are also sent rightward from xy pairs and leftward from
yz pairs. If the left-end signal meets a yz signal at an xy boundary,
and these signals have seen only xs with only ys, respectively, we
know that o begins with x"y*. Similarly, if the right-end signal
meets an xy signal at a yz boundary, and they have seen only zs
and only ys, respectively, o ends with y*z*. The left- and right-
end signals can then continue until they meet; if they have seen
only ys since meeting the yz and xy signals, we know that o is of
the form x*y*=¥z¥. The left-end signal can then be erased, and the
right-end signal can continue to ¢q, which then accepts (or rejects,
if one of the conditions failed to be met). We can similarly accept
strings of the form x'yz*%, wherej = iorj = k, by verifying that at
least one of the equality conditions is met.

(d) Parenthesis strings [4]: Let L be the set of well-formed
parenthesis strings o (strings composed of several kinds of paren-
theses can be treated analogously). To accept L, each left parenthe-
sis sends a signal u rightward, and each right parenthesis sends a
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signal v leftward. The right end of o also sends the signal r left-
ward. When a u meets a v, they cancel out. If a v reaches ¢,, it re-
jects; this means that some initial segment of o had an excess of
right parentheses over left parentheses. If au meets r, it changes to
r’, and if v’ reaches cg, it rejects; this means that some final seg-
ment of o had an excess of left over right parentheses. If r reaches
Co, it accepts.

(e} Counting [5]: Let L be the set of strings of (say) xs and ys in
which the numbers of xs and ys are equal (or there are more xs
than ys, etc.). C can accept a language of this type by counting the
numbers of xs and ys and comparing the counts.

To count xs, we shift the xs leftward, and the cells of C simulate
a binary counter with the least significant bit at the left end. Spe-
cifically, the ith cell contains two bits (h;, k;), representing sum
and carry bits, which are initially both 0. When an x reaches the
left end, it is erased, and we add 1 to h, (i.e., if h; = 0, we change
it to 1; if h; = 1 we change it to 0 and change k, to 1). The carry
bits propagate rightward according to the following rules: When-
ever k; = 1, we change it to 0 at the next time step. At the same
time, if h;,, = 0, we change it to 1; if hyy, = 1, we change it
to 0 and change ki, to 1. It is easily seen that after at most |o]
steps, all the xs have been shifted leftward and added into this
counter; and after at most an additional log,|o| steps, the carry
from the last addition has finished propagating.

To accept o iff the numbers of xs and ys are equal, or unequal in
a specified order, C counts the xs and ys simultaneously, using
two independent counters C , and C,. When a signal from the right
end of C has reached the left end and returned to the right end, the
counting must be finished. A second signal can then be sent out
from the right end, one that compares the contents of the two
counters, most significant bit first. If this signal finds that C, and
C, match up to some point, and at that pointC ; has 1 butC, has 0,
we know there are more xs than ys; while if C, and C, match all
the way to the left end of o, we know that the numbers of xs and ys
are equal. This entire process takes linear time, namely, 3|o] time
steps.

A simpler method of comparing the numbers of xs and ys is to
simply shift them leftward, independently of one another, until
they are “packed” (i.e., left-justified). The ith cell contains two
bits (u;, v;) that denote the presence or absence of an x or ay. Ini-
tially, we set u; to 1 if the ith cell contained an x, and v; to 1 if it
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contained ay. On subsequent steps, if u; = 0 and u;y, = 1, we set
u;to1and u,, to 0, and analogously for the vs. It is easily seen that
after- at most |o| steps the 1s in the u;s and v;s are all left-
justified. When a signal from the left end has reached the right
end, this process must be finished. The right end can then send
out a signal that compares the lengths of the strings of 1s in the u
and v bits, which are just the numbers of xs and ys in unary nota-
tion. Thus the entire process takes only 2|o| time steps. We have
given the more complicated construction involving binary coun-
ters because in two dimensions the unary construction would be
much less efficient; see Section 5.5.1.

3.5 CLOSURE PROPERTIES

In this section, we show that the classes of languages defined in
Section 3.3 are closed under various set-theoretic and geometric
operations.

PROPOSITION 3.5.1 A finite intersection of TLs, TBLs, or FSLs is
a language of the same type.

Proof: Let Ay, . .., A, be acceptors for the languages L,,

. ., L, of the given type. Define A as follows: It first simulates
Ay; if the simulation accepts, it simulates A,; and so on, until it
finally accepts if all the simulations accept. For TLs or TBLs, before
carrying out the simulation we first replace each symbol by a pair
of identical symbols, and then perform the simulation of A; on the
second terms of the pairs, leaving the first terms intact; if A ac-
cepts, we restore the original second terms (by setting them equal
to the first terms) and then simulate A,, and so on. Note that this
construction preserves determinism. O

PROPOSITION 3.5.2 A finite union of TLs, TBLs, or FSLs is a
language of the same type.

Proof: Define A so it nondeterministically simulates one of the
A;s; thus A accepts iff one of the A;s would have accepted. [

For TLs and FSLs, the nondeterministic nature of this last proof
is unimportant, since determinism is no restriction (see the begin-
ning of Section 3.3). For TBLs, to handle the deterministic case, we
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can use a different proof: Replace each symbol by an n-tuple of
identical symbols, and then perform simulations of all the A;s
simultaneously, using the ith term of each n-tuple to record the
symbol that A; would have read at that position, and also to record
the location of A;. At each step of the simulation, A scans the
non-§ part of the tape, finds each A;, and simulates its next move.
A simulates the states of the A;s internally, using n-tuples of
states. If some simulation accepts, so does A. [Note that we can
also use this proof for TLs, based on the fact that any TA can be
simulated by a TA that never creates §s (Section 3.3.2), so that
scanning the non-} part of the tape is still possible. We can
also use n-tuples of states to simulate simultaneously all the A;s in
the FSA case; here we can use the fact that it suffices to simulate
one-way FSAs, so that we need not keep track of their locations
since they all move in step.] The same construction can be used
to prove Proposition 3.5.1, except that A accepts iff all the simu-
lations accept.

The complement of an FSL is also an FSL. This again follows
from the fact that we need only consider one-way FSAs; given an
OWEFSA A that accepts L, we simulate it, and if it has not accepted
at the end of its scan, we accept; thus we evidently accept exactly
L. The complement of a TL is not necessarily a TL; see [1, p. 123]. It
is not known whether the complement of a TBL must be a TBL; see
[1, p. 132].

PROPOSITION 3.5.3 Any singleton {0} is an FSL.

Proof: Given o =x, . . . x,, we can define a one-way deter-
ministic FSA A that accepts o. We do this as follows: If A is in its
starting state g, and reads x,, it goes into stateg,; . . . ; if itisin
state q; and reads x;.,, it goes into state g;4+(; . . . ; state g, is an
accepting state. If A is in any state g, (i = 0) and reads any symbol
other than x,,,, it goes into the nonaccepting absorbing state ;.
Clearly, A accepts iff its input is . O

COROLLARY 3.5.4 Any finite set of strings is an FSL.
Proof: Propositions 3.5.2 and 3.5.3. O
Let L, be the set of strings that contain a given substring o,;

then L, is an FSL. Indeed, we can define a DFSA A that scans a
given string from left to right, and whenever it sees the initial
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symbol x of o,, simulates an acceptor for {a,}. If this accepts, so
does A; if not, A returns to that instance of x (which can be located
because it is at a bounded distance away) and resumes its scan. [It
follows by the preceding paragraph that the complement of L,,
i.e., the set of strings that fail to contain a given o, is also an FSL.
In particular, the set of strings that contain or fail to contain a
given symbol is an FSL.]

A subset of an FSL is not necessarily an FSL. For example, the
set of strings {x'y?|i, j = 1} is evidently an FSL. (A one-way DFSA
accepts it by staying in state g, as long as it reads xs; changing to
state g, when it reads a y, and remaining in ¢4, as long as it reads
ys; and accepting if it reaches the right end of o while in state
4:.) On the other hand, as we saw in Section 3.3.2; the subset
{x"y™|n = 1} of this language is not an FSL.

We now consider some geometric operations on languages. For
any string o, let o® denote the reversalof o; i.e.,if o =x;, . . . X,
then o® = x, . . . x,. For any language L, let L} = {o®|0c € L};
we call L® the reversal of L.

PROPOSITION 3.5.5 The reversal of any TL, TBL, or FSL is a lan-
guage of the same type.

Proof: Given an acceptor A for L, we can define an acceptor A’
for L® as follows: Starting at the left end of an input string o, A’
moves to the right end and then proceeds to simulate A with all
move directions reversed; i.e., if A moves right, A’ moves left, and
vice versa. Clearly, the successive configurations of A" are exactly
the reversals of those of A, so that the simulation accepts o® iff A
accepts o. Note that this construction preserves determinism,
finite-stateness, and tape-boundedness. O

For any string o = x; . . . x,, by acyclic shift of o is meant any
string of the form Xy, . . . XX, . . . xp, for some 1 < k < n.
(Note that fork = n, this is o itself.) For any language L, by the cy-
clic closure L of L is meant the set of all cyclic shifts of the strings in
L.

PROPOSITION 3.5.6 If L is a TL, TBL, or FSL, so is L.

Proof: We first consider the FSL case. Let A be a one-way DFSA
that accepts L. Define an A’ that starts at the left end of the given
string o in some state g4 of A and moves rightward. At each move,
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A’ computes two possible state changes for A, one corresponding
to the symbol it actually sees, and the other corresponding to what
would happen if A saw a §. If the latter possibility yields a nonac-
cepting state of A, it is ignored. If it yields an accepting state, A’
continues with two simulations, the original one and a new one in
which A now enters its initial state 4,. The new simulation simply
continues until the right end of o is reached; but the original sim-
ulation continues to compute two alternatives at each step, and to
create another new simulation whenever the § alternative yields
an accepting state. This may happen many times, but the number
of simulations that need be tracked is bounded, since A can only
be in a bounded number of states. Thus at any given stage, A’ is
tracking the original simulation (which may keep on branching)
together with a set of new simulations (which do not branch).
When A’ reaches the right end of o, if any one of these new simu-
lations is in the original state q, A" accepts; in fact, if this happens,
o is a cyclic shift of a string ¢’ in L, and the starting point of ¢’ is a
point at which A’ began that particular new simulation. If none of
the new simulations is in state g, A’ can return to the left end of o
and begin the process again with a new starting state q'. If o is in
L, some starting state of A’ at the left end of L must eventually lead
to acceptance in this way. Note that this construction preserves
determinism; alternatively, we could pick the starting state (and
the point at which A’ switches to a new simulation) nondetermin-
istically. Incidentally, we could have started A’ at the left end
simulating every state of A, and have A’ keep track of a separate
set of simulations for each starting state.

Next, let L be a TBL, and let A be a TBA for L. We define A’ to
move rightward until it marks some nondeterministically chosen
point and begins to simulate A, except that

(a) Whenever the simulation tries to pass the marked point
from the left, or reaches the marked point from the right, it
behaves as though A had reached a §.

(b) Whenever the simulation reaches an end of the string and
moves onto a §, it ignores the §, moves to the other end of
the string, and behaves as if it had moved onto that string
endpoint.

Evidently, the successive configurations of this simulation [except
while moving to another end of the string as in (b)] are essentially
cyclic shifts of configurations of A on a string in L that ends at the
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marked point. Thus the simulation accepts iff o is a cyclic shift of a
string in L.

If L is a TL, we must modify the construction in the preceding
paragraph to allow simulation of rewriting §s. Specifically, we can
modify (a) so that if the simulation rewrites a §, A’ shifts (say) the
initial segment of o (up to the marked point) one space to the left,
symbol by symbol, thus creating a space just after the marked
point. A" then writes the desired symbol in that space, moves the
mark to that symbol, and resumes the simulation. [Alternatively,
A’ can simply create a new copy of ¢ in which the initial segment
(up to the mark) now follows the final segment, and can then carry
out the simulation on that copy.] O

For any language L, let L* denote the set of all concatenations of
stringsinL,ie., LY ={oy . . . oy |n= 1,0/ €EL,1<i=<n} We
shall call L* the (concatenative) closure of L.

PROPOSITION 3.5.7 IfLisa TL, TBL, or FSL, so is L*.

Proof: In the FSL case, we start at the left end of o and simulate
a one-way DFSA A for L, starting in its initial state go. At each
point of o, we compute two possible state changes, as in the proof
of Proposition 3.5.6. If the state change corresponding to a § does
not yield an accepting state of A, we ignore it; but if it does, we
continue with two simulations: the original one and a new one in
which A reenters its initial state go. For both of these simulations,
we compute two possible state changes at each point, and when-
ever the change corresponding to a §yields an accepting state of A,
a new simulation branches off. This may happen repeatedly, but
the total number of simulations that need to be tracked remains
bounded by the state set size of A. When A’ reaches the right end
of o and reads a {, if any of these simulations is in an accepting
state, A" accepts. Evidently, this happens iff there exists a segmen-
tation of ¢ into a concatenation of strings in L, in which the break-
points are just those points at which the simulation had switched
to g¢. Note that this is a deterministic construction; nondetermin-
istically, we could simply pick an arbitrary set of points at which
the simulation is in an accepting state, and switch back to g, at
these points.

In the TBL case, we define A’ to segment ¢ nondeterministically
by placing a set of marks on it, and then to simulate an acceptor A
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for L successively on each of these segments o, treating the marks
as endpoints of g, [see (a) in the proof of Proposition 3.5.6]. If each
of these simulations accepts, A’ accepts. Evidently, this can
happen iff o € L*. In the TL case the proof is similar, except that if
the simulation needs to rewrite a #, A’ shifts the initial or terminal
part of o in order to create a space at the appropriate segmentation
point, as in the proof of Proposition 3.5.6. O

By the concatenation of the languagesL,, . . . , L), we mean the
set of stringsLy . . . Ly ={oy . . . ox |0 EL;, 1 =i =k}

PROPOSITION 3.5.8. Any concatenation of TLs, TBLs, or FSLs is
a language of the same type.

Proof: The proof in the FSL case is analogous to that of Prop-
osition 3.5.7, using one-way DFSAs A,, . . . , A for the lan-
guages L, . . . , Lx. At each branching, we both continue the
current simulation (of the A; that accepted when it read a §) and
begin a new simulation of A4, starting in its initial state; thus we
only allow sequences of branchings that are k long. At any stage,
we may be simulating all k As, and for each of them, we may be in
many different states; but the total number of cases to be tracked is
still bounded (by the sum of the state set sizes of A;, . . . , Ag).
When we reach the right end of o, if a simulation of A is in
an accepting state, A’ accepts; evidently, this happens iff
o0 €L, ... L, The proofs in the TBL and TL cases are just like
those in Proposition 3.5.7, except that we segment o into exactly k
parts, and simulate the appropriate acceptor on each part. O
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Chapter 4

SEQUENTIAL ARRAY ACCEPTORS

4.1 INTRODUCTION

Array acceptors are two-dimensional analogs of the automata
studied in Chapter 3. Here the tape is an infinite two-dimensional
array of symbols, and we shall usually require that all but a finite
number of these symbols are #s. The non-§s may constitute a rec-
tangular subarray, or we may only require them to be a connected
subarray (see Section 2.2); both of these restrictions are general-
izations of the requirement, in Section 3.2.2, that a one-
dimensional tape must be of the form #§*c#*, so that the non-{s
constitute a connected string. We shall first study array acceptors
in the case of a rectangular subarray (Section 4.3), and shall then
consider the generalization to an arbitrary connected subarray
(Section 4.4). The rectangular case is more realistic since digital
pictures are rectangular arrays, but the connected case poses some
interesting research problems. Sequential acceptors will be treated
in this chapter; cellular acceptors will be studied in Chapter 5.

4.2 ARRAY AUTOMATA AND ACCEPTORS

Informally, a two-dimensional automaton is a “bug” that, at any
given time, is in one of a set of states and is located at a given posi-
tion on an array of symbols. Just as in the one-dimensional case,
the bug operates in a series of discrete time steps, at each of which
it

75
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(a) reads the symbol in its current position, erases that
symbol, and replaces it by a (possibly) new one;

(b) changes to a (possibly) new state;

(c) moves to a neighboring position, or possibly does not
move.

Note that we could define “‘neighboring’’ here to mean one of the
four horizontal or vertical neighbors, or we could allow it to in-
clude the four diagonal neighbors as well (see Section 2.2). For
simplicity, we shall always use the first of these definitions in this
chapter. Note that a diagonal move can be accomplished by
making one horizontal move followed by one vertical move (or
vice versa); thus an automaton that is allowed to make diagonal
moves can be simulated, at half the speed, by one that is allowed
to make only horizontal or vertical moves.

In general, the state into which the bug goes, the symbol that it
writes, and the direction in which it moves all depend on its cur-
rent state, on the current symbol, and on the direction in which it
last moved (see Section 3.2). Thus the bug’s behavior is described,
exactly as in the one-dimensional case, by a transition function that
maps (state, symbol, direction) triples into (state, symbol, direc-
tion) triples; the only difference is that there are now five possible
directions (left, right, up, down, and no move), rather than three
(left, right, and no move). We call the bug deterministic if each
triple maps into a unique triple; otherwise, we call it nondetermin-
istic and regard it as mapping triples into sets of triples.

Formally, an array automaton M is a triple (Q, V, 8), where Q, V,
& are defined exactly as in the one-dimensional case (Section
3.2.1), except that A = {L, R, U, D, N} (“left,” “right,” “‘up,”
“down,” and ““no move”’). A tape is a mapping r: I X I =V from
the pairs of integers ( coordinates of array points) into the vocabu-
lary. A configuration is a quintuple (g, 4d, i,j, 7), where g, d, 7 are as
in Section 3.1.1, and (i, j) are the coordinates of M’s position. The
mapping & between configurations induced by the transition func-
tion 8 is defined as follows: Let 7;; € V be the symbol in the (7, j)
position on 7, let (¢', v', d') € 8(g, 7:5, d), and let 7' = 1, except
that 7;; has been replaced by v’; then'(q’, d’,1',j', ') € S(q, d,i,j,
7), where
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=@G,j+1, if d=U
=@,j), if d=N

As in Section 3.2.2, we shall require Q and V to be finite non-
empty sets, where ( contains a special initial state g4, and V con-
tains a special blank symbol . We shall also assume that only a
finite number of tape symbols are non-gs, where § € V. (Further
restrictions on the set of non-{s will be considered in a moment.) If
these restrictions hold, we call M a Turing machine (TM). If M
cannot create or destroy fs, we call it #-preserving (4P); if M
“bounces off” s [i.e., {g’, v', d') € &g, §, d) implies v’ = ¢ and
d =d?', whereL'!'=R,R'=L,U?'=D, D! = U], wecall M
tape-bounded (TB); and if M never rewrites any symbols, we call it
finite-state (FS). There need be no confusion with the one-
dimensional definitions, as long as we know which is meant.

As in Section 3.2.3, we define an array acceptor as a triple
A = (M, g0, Q4), where M is an array automaton, g, is M’s initial
state, and Q 4 is a set of accepting states. We say that A accepts the
tape 1, from position (iy, jo) if repeated application of M’s transi-
tion function, starting from the configurattion (g,, N, iy, jo, 7o),
leads to a state set containing some g € Q 4. The special types of
acceptors (Turing, P, TB, FS) are also defined just as in Section
3.2.3. If ¥ is the (finite) set of non-¢s in 7y, we may also speak of A
as accepting 2.

In Chapter 3 we required that the initial tape 7 of a Turing ma-
chine be of the form §*o$*, where o is a finite nonnull string of
non-gs. As pointed out in Section 4.1, there are two possible gen-
eralizations of this requirement to two dimensions—namely, we
can require that the set 3 of non-fs be rectangular in shape, or
merely that 2 be connected. In Section 4.3 we shall assume that %
is rectangular; the nonrectangular case will be considered in Sec-
tion 4.4.

Before we begin our study of rectangular array acceptors, we
show that an acceptor can verify that its non-¢ input array %
(which we assume to be connected) is, in fact, rectangular. In-
deed, we show that a deterministic, tape-bounded, finite-state
array acceptor can do these things from any starting position; thus
all of the stronger types can certainly do so.

PROPOSITION 4.2.1 There exists a DTBFSA A that accepts a con-
nected array 2, of non-js iff ¥ is rectangular.
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Proof: A moves leftward until it bounces off a #, then upward
until it again bounces off a §; if X is rectangular, this puts A in the
upper left corner of 3. A now operates as follows:

(a)

(b)

()

(d)

(e)

Move down. If that point is §, move back up and continue
with step (b). If not, move left and check that a # is present.
If it is not, reject; if it is, move right and up, and continue
with step (b). (This verifies that the left border of % is lo-
cally straight at its upper end.)

Move up. If that point is not §, reject; if it is §, move back
down, move right, and repeat the process. Continue until
the rightward move hits a §. (This verifies that the top
border of 3, is straight.) Move back and continue with step
(c).

Move down. If that point is §, move back up and continue
with step (d). If not, move right and check that a § is
present. If it is not, reject; if it is, move left and up, and
continue with step (e). (This verifies that the right border
of 3 is locally straight at its upper end.)

Move left, move down, and check that a § is present. If it is
not, reject; if it is, move back up and repeat the process.
Continue until the leftward move hits a §. (This verifies
that the bottom border of 2, is straight.) If this step is ever
reached, accept.

Move left until a § is hit. Move down. If that point is §,
move back up and continue with step (f). If not, move left
and check that a § is present. If it is not, reject; if it is, move
right and up, and continue with step (g). (This verifies
local straightness of the left border.)

Move right, move down, and check that a § is present. If it
is not, reject; if it is, move back up and repeat the process.
Continue until the rightward move hits a §. (This verifies
that the bottom border is straight.) If this stage is ever
reached, accept:

Move right until a ¢ is hit. Move down. If that point is §,
move back up and continue with step (d). If not, move
right and check that a § is present. If it is not, reject; if it is,
move left and up, and continue with step (e). (This verifies
local straightness of the right border.)

It is easily seen that A accepts % iff 3 is rectangular. Note also that
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in the process of accepting a rectangular 2, A does a raster scan of
3, row by row, alternately left to right and right to left. O

4.3 RECTANGULAR ARRAY ACCEPTORS

4.3.1 Rectangular Array Languages

If 3 is rectangular, it is easy to show, just as in Section 3.2.3, that
in most cases the set of s accepted by the acceptors of a given
type is the same whether we require acceptance from all initial po-
sitions, from any initial position, or from some standardized ini-
tial position such as the upper left-hand corner of 3. Specifically,
given an acceptor A, let Lo{A), L (A), and L.(A) be the sets of Xs ac-
cepted by A from all positions, from some position, and from the
upper left corner of 3, respectively. Then we can prove

PROPOSITION 4.3.1 For any A there exists an A’ such that
LA(A") = L(A') = L(A); if A is §P, TB, or FS, or is deterministic,
sois A'.

Proof: The proof is analogous to that of Proposition 3.2.1. From
its initial position, A’ moves leftward until it bounces off a §, and
then upward until it bounces off a §, which puts it in the upper left
corner of 3; it then simulates A. O

PROPOSITION 4.3.2 For any A there exists an A” such that
LJ(A") = Ly(A); if A is §P, TB, or FS, so is A”".

Proof: The proof is analogous to that of Proposition 3.2.2. From
its initial position in the upper left corner of X, A” moves nonde-
terministically rightward and/or downward, and at any step (pro-
vided it is reading a non-§ symbol), it can begin to simulate A.
[Alternatively, A” can do a systematic scan of 3 (see the proof of
Proposition 4.2.1), and at any non-§ step, can nondeterministically
begin simulation of A.] O

PROPOSITION 4.3.3 For any A there exists an A” such that
L(A™) = LA(A); if A is §P, TB, or deterministic, so is A".

Proof: Here again the proof is analogous to that of Proposition
3.2.3: A" does a systematic scan of 3 and simulates A (on first
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terms of pairs) starting from each point of the scan. If the simula-
tion accepts, A erases the traces of the simulation, marks the
starting point, moves on to the next (unmarked) point of the scan,
and repeats the process.5 [

By these propositions, it makes no difference, in most cases,
whether we define acceptance from a standard point such as the
upper left corner (or any point that A can locate), from all points,
or from some point. We shall use the upper-left-corner definition
from now on. The set L.(A) will be called the language of A, and
will be denoted by L(A). [Incidentally, as we shall see in Section
4.4, Propositions 4.3.2 and 4.3.3 hold for arbitrary connected Zs,
but Proposition 4.3.1 must be modified for such 3s.]

4.3.2 The Language Hierarchy

Just as in the one-dimensional case, a rectangular array lan-
guage accepted by a (deterministic) $PA, TBA, or FSA will be
called a (D)4PL, (D)TBL, or (D)FSL, respectively. The classes of all
such languages will be denoted by £y, Lyrs, 0 Lipyrs, and the
class of all languages accepted by (deterministic) TAs will be
denoted by Zpyr. In this section we shall establish some relation-
ships among these classes of languages.

Determinism is not a restriction in the case of arbitrary TAs; in
other words, ¥y = Fr. This can be shown in essentially the same
way as in the one-dimensional case (see Section 3.3): Given an ar-
bitrary TA A, we can construct a DTA A’ that systematically simu-
lates all possible sequences of transitions of A, so that A’ accepts
iff A does. It is an open question whether g = 15 (and simi-
larly for 4P), just as it is in one dimension.

In one dimension, we had s = Frg, but this is false in two
dimensions. The proof of the following theorem is based on [1]:

THEOREM 4.3.4 g i;’t’ms.

Proof: Consider the set of square arrays 3, having odd side
length, composed of xs and ys. Note that a DFSA can recognize
whether or not an array has these properties. [It can test for

§IfA is not §P, erasing the traces of the simulation may not be trivial, since in
the course of it, T may become non-rectangular. However, in Section 4.4.1 we shall
show that a DTBA can in fact scan an arbitrary connected 3.
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squareness by moving diagonally—e.g., alternately down and
right, beginning at the upper left corner, and verifying that it hits
the bottom just at the lower right corner. It can test oddness of side
length by moving along one side of the array and counting modulo
2, and can verify that the array consists of nothing but xs and ys by
doing a raster scan.] We want to accept an array of the above type
iff its center symbol is x.

A nondeterministic FSA can do this as follows: Starting at the
upper left corner, move diagonally downward and to the right. At
some point, nondeterministically chosen, memorize the symbol
just read on the diagonal, and begin moving diagonally down-
ward and to the left. If this reaches the lower left corner (i.e., it hits
the bottom just at the corner), then the memorized symbol was at
the center point of the array; if it is x, the FSA accepts. Evidently,
acceptance occurs iff the center point is x.

To prove that a DFSA cannot do it, we first consider the behav-
ior of such an FSA (call it A) relative to anm X m block (i.e., subar-
ray) of xs and ys. A can enter the block at any one of 4m — 4 posi-
tions, and can be in any one of |Q] states when it enters. (It can
also have just moved in either of two directions, if it enters at a
corner; but this does not appreciably affect our argument.) Simi-
larly, A can leave at4m — 4 places, in one of |Q | states; or it can fail
to leave, but we shall ignore this for the moment. The block thus
defines a mapping from the 4(m — 1)[Q| incoming (position,
state) pairs into the 4(m — 1)|Q| outgoing pairs. There are
[4(m — D|Q[F™'2 such mappings. On the other hand, there
are 2™ possible blocks, and for sufficiently large m we have
[4(m — 1)|Q |]4(m—1)IQI = 24m-DIQlogld(m-DIQI}  (m?) Thus there
must be two different blocks 2} and X, that give rise to exactly the
same mapping.

To complete the proof, suppose that we had an A that could ac-
cept the arrays whose center points are xs. We can assume that A
does its accepting in a standard position, say at the lower right
corner {given any A, we can simulate it until it accepts, then move
to that corner and accept). Let (i, j) be a position in which 2] = x
and X; = y (or vice versa). Construct an array 3, that contains 3}
as a subarray, with its (i, j) point in the center of 3;; the rest of 3,
can be all xs (say). When A accepts Z,, it starts and ends outside
3. Hence A must also accept the array 2, obtained from %, by re-
placing 2 by 3;; but the center point of 3, is y—a contradic-
tion. 0O
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In one dimension (Section 3.3.1), we saw that L = Loy
and Lpyrers = Lyrs- We can show this in two dimensions for de-
terministic acceptors; the nondeterministic case is still open (see
(2.

Note first that Proposition 3.3.3 and Corollary 3.3.4 hold in two
dimensions as well as in one: The behavior of a DFSA on a con-
stant input tape becomes periodic after at most |Q| steps (where
|Q|is the number of states), with period at most [Q], and the same
is true for a D§PA while it is on the § part of its tape. We can also
use these results to prove a two-dimensional analog of Proposition
3.3.5:

LEMMA 4.3.5 Let A be a D§PA that has |Q]| states, and suppose
that A moves onto the § part of its tape, say from the right edge of
the non-4# array 3. Let ¢ be the column (of I X I) that contains this
edge of 2. Then either A returns to ¢ within |Q? + |Q| steps, or
else it never returns.

We now now prove

THEOREM 4.3.6 Zpp = Lora; Lors = Lorers-

Proof: Given any DfPA A, we can construct a DTBA A’ that
simulates A as long as it remains on 3. When A leaves 2, it must
do so at one of the edges, and must enter one of the regions N, E,
W, or S (see the accompanying figure), say region E. Let n,s be the

w e
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rows of I X I that contain the top and bottom of %, and let e,w be
the columns of I x I that contain the right and left columns of 3.
Thus when A enters E, it does so from column e.

By Lemma 4.3.5, A either never returns to e, or it returns in at
most |Q[* + |Q| steps. In particular, if A ever gets farther than
H]QJ? + |Q)) to the right of e, it can never return to e (and hence
can never return to ). Thus A’ can remain on e, starting at the
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point where A left e, and keep track of the state changes of A using
its own states, and of the left/right moves of A using an internal
counter of capacity $#(|Q |2 + |Q|). If this counter overflows without
A having returned to e, A’ can stop the simulation since A will
never return. (Acceptance by A without returning will be dis-
cussed later.) At the same time, A' can simulate the up/down
moves of A on the §s by moving up and down on e. As long as A
remains in E, A’ remains in 3, and no problems arise. If A returns
to e (so that the counter becomes empty), A’ is guaranteed to be in
the proper state and at the point of e where A returns, and it can
resume simulating A on 3.

Suppose that A’ leaves E, say by moving into NE. When this
happens, A’ crosses n, and A (simulating A’ on e) reaches the
northeast corner of 3, where e and n intersect. At this point, A’
can remain at the corner and simulate the up/down moves of A
using a second internal counter of capacity $(|Q|? + |Q]). By the
analog of Lemma 4.3.5, if this counter ever overflows without A
having returned to n, A will never return, and the simulation can
stop. Thus as long as A remains in NE and does not move too far
away from 3 to return, A’ can stay at the corner and simulate all
the moves of A using its two counters. If A leaves NE, it must enter
either E or N, and A’ detects this by noting that one of the coun-
ters is empty. If A enters E, the up/down counter is empty, and A’
resumes simulating the up/down moves of A by moving up and
down on e, as before. Similarly, if A enters N, the left/right coun-
ter is empty, and A’ now simulates the left/right moves of A by
moving left and right on n, as long as A remains in N.

The procedure is analogous if A enters any of the other §
regions. Thus wherever A moves onto the {s, as long as it remains
close enough to 3 so that return is still possible, A’ can simulate A
in such a way that if A does return, A’ is in the proper position and
in the proper state to resume simulating A on 2.

If A accepts 3 without returning to it, this must happen within
IQ | steps, since the behavior of A on the §s is periodic with period
at most |Q |. Thus this will always happen before the counters of A’
have overflowed. If A’ detects the fact that A has entered an ac-
cepting state, A’ can accept immediately, without continuing the
simulation. Thus in any case, A’ accepts iff A does, which proves
the first part of the theorem.

Note finally that in our simulation of A by A’, if A is FS, sois A’,
which proves the second part of the theorem. O
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We can now also prove

THEOREM 4.3.7 Loy 2 Lro; Lons 2 Lors.

Proof: We know that these results are true in one dimension
(see Section 3.3.2). Let L be a set of strings that is in £ but not in
Zrp (in one dimension). If we regard L as a set of n X 1 arrays,
then clearly no two-dimensional TBA can accept £, since this TBA
remains on one row and can thus be simulated by a one-
dimensional TBA. On the other hand, a two-dimensional (D)TA
can accept L by simulating a one-dimensional TA that accepts L.

Similarly, let L be a set of strings that is in £ but not in Fyg
(in one dimension), and regard L as a set of n X 1 arrays. If L were
in Zprg in two dmensions, it would be in Lprgrs (Theorem 4.3.6),
so that a two-dimensional DTBFSA would accept it; but this
DTBFSA could be simulated by a one-dimensional DTBFSA—a
contradiction. O

4.3.3 Three-Way Acceptors

We can also define two-dimensional analogs of the one-way ac-
ceptors treated in Section 3.3.3. Specifically, let us require that A
start at the upper left corner of its input array, and allow A to move
right, left, and down, but not up. Such an A can still do a system-
atic scan of its array, but it can no longer verify that the array is
rectangular. [In fact, A cannot even tell whether two consecutive
rows have the same length; if it verifies that they line up at the left
end, it can no longer do so at the right end.] We shall call such an A
a three-way acceptor (TWA).

Evidently, on ann X 1 array (confined to a single row), a TWA
of a given type (Turing, #P, TB, FS) has the same power as a
one-dimensional acceptor of the corresponding type and can be
simulated by such an acceptor. (If the TWA ever leaves that row,
it can never return to it; thus from then on it reads nothing but s
and can be simulated by a one-dimensional acceptor that remains
on the row.) Hence any proper inclusion that holds for the lan-
guages of one-dimensional acceptors also holds for TWA lan-
guages.

On the other hand, on a 1 X n array (confined to a single col-
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umn), a TWA has the same power as a one-dimensional (D)FSA,
by the same argument as in Section 3.3.3. It follows that a (four-
way) two-dimensional acceptor of any type stronger than an FSA
is strictly stronger than a three-way acceptor of the corresponding
type. This is also true for FSAs, as we see from

PROPOSITION 4.3.8 Los gzmwm.

Proof: Consider the setofn x 2 (i.e., two-row) arrays, say of xs
and ys; we want to accept such an array iff the two rows are iden-
tical. A DFSA can verify this by systematically checking that each
symbol on the top row has an identical symbol below it. On the
other hand, a TWFSA A that has |Q | states must leave the top row
in one of |Q| states at one of n positions. For a given top row r, let
Q - be the set of (state, position) pairs in which A leavesr. (If A is
deterministic, Q , is a singleton.) If the bottom row isr, at least one
such pair (g, i) must result in acceptance (after A has examined the
bottom row). Thus (g, i) cannot be in Q; for any r’ # r, so that
each Q, contains a pair that is in no other Q,. But there are only
n|Q| pairs, and there are 2" different rows, so this is impos-
sible. O

We can also show, as in one dimension, that Lpyrwir = Loyrwrs
and Loyrwrs = Loyrwrsrs - In fact, let A be a TWHPA, and let A’ be
a TWTBA that simulates A on each row. (On any given row, as
long as A does not move down, A’ can simulate it by the argument
in Section 3.3.1.) If A moves down while on 3, A’ also moves
down. Moreover, while simulating the moves of A off 3, A’ can
determine in which states A can move down; if the simulation
enters such a state, A’ can move down to the end of the row below
and continue the simulation. As long as A does not move below
the bottom row of 3, A’ can still determine in which states A can
return to 3, as in Section 3.3.1. If A does move below the bottom
row, A’ can stop the simulation and determine whether A can ac-
cept while on gs. In this simulation, if A is deterministic or
finite-state, so is A’.

On the other hand, nondeterministic TWFSAs are strictly
stronger than deterministic ones, and nondeterministic TWTBAs
are strictly stronger than those that are deterministic:
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PROPOSITION 439 $TWFS ¢ gDTWFSI gTWTB #: fDTWTB .

Proof: Consider the set of arrays of xs and ys that contain two
vertically adjacent xs. A nondeterministic TWFSA can accept this
set by scanning its input array systematically and, when reading
an x, nondeterministically moving down and accepting if it finds
another x; evidently, it accepts iff there exist two vertically adja-
cent xs. On the other hand, let A be a DTWTBA having |Q | states.
Then A must leave the top row of its input array at one of n posi-
tions and in one of |Q | states. Since there are 2™ different top rows,
there must exist two top rows r, and r, that A leaves in the same
state and at the same point. Let j be a position in which r; and r,
differ; say r, has an x in the jth position, whiler, has ay. Consider
the two-row array whose top row is r; or r, and whose bottom row
is all ys except for an x in the jth position. Then if A accepts the
first of these two-row arrays, it also accepts the second. O

4.4 CONNECTED ARRAY ACCEPTORS

4.4.1 Traversal Theorems

If 3 is an arbitrary connected array, the dependence of accep-
tance on the initial position of the acceptor becomes a more com-
plicated problem; the difficulty is that location of a standard initial
position by the acceptor is no longer easy. In fact, it is not even
obvious that an acceptor can visit all of 3 from a given starting
point, so that the acceptor may not even be able to reach the stand-
ard position. We therefore begin this section by proving some re-
sults about the ability of array automata of various types to tra-
verse their input arrays.

PROPOSITION 4.4.1 There exists a DTA that, from any starting
point P on its input array 3, can scan X completely and return to P
with all marks made on 2, in the course of the scan erased.

Proof: Starting at P, the DTA A moves in a rectangular “‘spiral,”
e.g., in the sequence shown on top of the next page, and marks
the points of the spiral, whether they are non-§ or } Moving
in a spiral is accomplished as follows: At any step, A is in a right-
ward, upward, leftward, or downward moving state. When
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16 15 14 13 12
174 3 211
185 P 110
196 7 89
2021. ..

it is in a rightward moving state, at every step it checks to see
whether the point above it is marked, and if so, moves right. If the
point above it is unmarked, it stays at that point and goes into an
upward moving state. The behavior of A while in the other three
types of states is analogous: When it is in an upward (leftward,
downward) moving state, it checks the point on its left (below it,
on its right) at each step; if this point is marked, it moves up (left,
down), but if not, it stays at that point and goes into a leftward
(downward, rightward) moving state.

Since 3, is finite, there will eventually be a complete turn of the
spiral that finds only fs. A detects this event using an internal
counter that is initially set at 0 and can count up to 5. Whenever A
changes direction and is at a §, it adds 1 to the counter, but it resets
the counter to 0 whenever it reads a non-§. Thus the counter
reaches 5 iff A has changed direction four consecutive times
without seeing a non-§. At this point, the marked points form a
rectangle T that entirely contains 2. (No point P’ of 2 can be out-
side T, since there would have to be a path of non-§s between P’
and P, and this path would have to cross the border of T.) Thus A
has now seen all of 3. If desired, A can now retrace the spiral in re-
verse and erase all the marks (or at least erase them from the
non-j§s, if A is not allowed to create $s). When A finishes retracing
the spiral, it has returned to P. O

Proposition 4.4.1 describes a relatively simple method of scan-
ning ¥ that can be implemented by a DTA because of its ability to
move on #s and to mark them. A DTBA can also scan its input
array %, but it must use a more complicated method, as we shall
see next.

THEOREM 4.4.2 There exists a DTBA that, from any starting
point on its input array 3, can scan 3, completely and return to P
with all marks made in the course of the scan erased.
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Proof: The DTBA A can use a graph traversal algorithm to scan
2 (see [3] for the graph version). A uses five marks, 4, v, x, y, and
z, which are mutually exclusive but which do not interfere with
the original symbols of Z. Initially, it marks its starting point P,
with u and then proceeds as follows:

(a) If the current point P has an unmarked non-§ neighbor,
mark P with x and move to such a neighbor, say P’. If not,
go to step (b).
(1) If P’ has a neighbor marked u, mark P’ with ¥, move
back to P (it is the unique neighbor of P’ marked x),
mark P with u, and return to step (a).
(2) If P’ has no neighbor marked u, mark P’ with z, move
back to P, erase all y marks from neighbors of P, mark
P with u, move back to P’ (it is the unique neighbor of
P marked z), mark P’ with u, and return to step (a).
(b) If P has no unmarked non-{ neighbor, erase all y marks
from neighbors of P and mark P with v.
(1) If P has a neighbor marked u, go to such a neighbor
and return to step (a).
(2) If not, stop.

We observe first that step (b2) must be reached eventuaily. In
fact, the algorithm cannot stay in step (a) indefinitely, since at each
pass through (a), a previously unmarked point P’ of 3 is marked
either y or u, and this can only happen a finite number of times.
Moreover, at each entry into step (b), some point P is marked v,
and this too can only happen a finite number of times.

Next we show that at each entry into step (a) the points marked
u form an arcPy, . . . , Py (k = 1) with P, = Pgand P, = P. [Re-
call (Section 2.3) that an arc does not cross or touch itself; i.e., P;
is a neighbor of P; iffj = i = 1.] This is clearly true at the first en-
try into (a), since P, was initially marked u and there are as yet
no other marks. Furthermore, if these properties are true at a given
entry into (a), they are still true at the next entry. Indeed,

(al) If the next entry is via (al), the set of us is unchanged (P
was initially marked u, (a) changed its mark to x, and (al)
changed it back to u).

(a2) If the next entry is via (a2), a new point Q' marked u is
added to the path; P’ has no neighbor marked u (except
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for P after its x is changed back to u), so the path still does
not touch or cross itself.

(b1) If the next entry is via (b1), the mark on P is changed to v,
and the new P is a neighbor of P marked u (if any); by in-
duction hypothesis, this P (= P;_;) is unique, so the path
has been shortened by one point and still does not touch
or cross itself.

Evidently, (b2) can hold only if the path has length 1 (P = P =
P, = P,) since otherwise P does have a neighbor marked u; thus
when the algorithm stops, the current point is P,, and there are no
more points marked u.

Finally, we show that when the algorithm stops, every point of
3, has been marked v. Note first that when it stops, there can be no
points marked x, v, z, or u, and there is at least one point (P,)
marked v. Suppose there were an unmarked point; let P be such a
point whose distance from P,, as measured by the length of a
shortest path in X from P, to P, is as small as possible. Thus P has a
neighbor P’ (the previous point on the path) that is closer to P,
than P, so that P’ must be marked v. Let P” be the neighbor of P
that was last marked v by the algorithm. By (b), just before P” was
marked v, it had no unmarked neighbors. Since P cannot have
been marked u (1s must eventually be changed to vs), it must have
been marked y at that time. But by (al), for P to have been marked
y, it must have had a neighbor P" other than the current point (P")
that is marked u. Thus when P” was marked v, P still had a
neighbor P"” marked u. This u eventually was changed to v by the
algorithm, so that P” was not the last neighbor of P to be marked
v—a contradiction.

The foregoing discussion shows that the algorithm, starting at
P, on an unmarked array X, stops at P, with every point of %
marked with v. It follows that we can modify the algorithm, by in-
terchanging the roles of points marked v and unmarked points, so
that when it starts at P, on an array having every point marked v,
it stops at P, with every point unmarked. Thus the algorithm and
this modification of it define the desired DTBA, and the proof is
complete. 0O

Another DTBA traversal theorem will be given in Section 4.4.2
in the course of proving that a DTBA can distinguish the outer
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border and the hole borders of its input array 2, and can find, e.g.,
the leftmost of the uppermost points of the outer border.

A nondeterministic TBFSA can traverse all of 3 by simply
moving nondeterministically from neighbor to neighbor. How-
ever, it can never know when it has finished; i.e., it can never cor-
rectly make a state change that depends on its having seen all of 3,
and it cannot recognize its starting point if it moves too far away
from that point. The proof of the following result is based on [4].

THEOREM 4.4.3 There exists no TBFSA that, from any starting
point on any input array 3, accepts when and only when it has
visited all of 3.

Proof: Suppose A were such a TBSFA, say having |Q | states. Let
us first consider the behavior of A onn X 1 (i.e., one-row) arrays
that are surrounded by s except possibly at their ends. A can
enter such an array at either end in any of |Q| states, and it can
leave at either end in any of 2'9' sets of states. Thus the number of
possible mappings from entering end and state to leaving end and
state set is (2 - 2!9))2141_ Since this number does not depend on n,
there must be many ns that yield the same mapping, and in partic-
ular, there must be at least one infinite set of ns, say N = {n,, n,,

fs, . . . }, with ny <ny <ng<-- -, that yield the same map-
ping. A similar argument, using 1 X n (one-column) arrays,
shows that there exists an infinite set N' = {ny, nj, . . . } of

lengths all of which yield the same input/output mapping for A.

Since for any 3, A accepts iff it has seen all of 3, this is true in
particular when % is a hollow rectangle one point thick. Let us
choose such a rectangle T that has horizontal side length n; €N
and vertical side length n; € N'. By the definitions of N and N’,
the behavior of A on T is the same no matter which n; € N and
which n’; € N’ we use to define T, in the sense that if A starts in
state g4 at some point of T, the (sets of) states in which A enters
and leaves the various sides of T are the same for all such Ts. Since
A accepts such an T in a finite time, A can only make a finite
number m; of clockwise circumnavigations of T, and a finite
number m, of counterclockwise circumnaviagations, relative to its
starting point, before accepting; these bounds are valid for all such
Ts.

Let S be the rectangular spiral constructed from a succession of
horizontal and vertical line segments of lengths n,, nj, ng, ny,
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, Nam, Nam, Where m = max(m,, m,); e.g., the first two turns
of S mlght look like the accompanying figure. (If two consecutive
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n;s or njs differ by 1, we can skip one of them to insure that the
turns of S never touch one another.) Suppose that A starts out in
state g, from a position on the mth turn of S, i.e., from one of the
segments Hom_1, Ham, Nam—1, OF N3y. By construction of 5, the (sets
of) states in which A enters or leaves the various sides of S are the
same as those for the Ts as long as A never gets to an end of 5. But
in fact, A accepts the Ts after having made at most max(m,, m,)
turns around T, so that, in fact, A never reaches an end of S.
Thus A accepts S without ever having seen its ends—a contra-
diction. O

4.4.2 Connected Array Languages

We can apply the traversal results obtained in Section 4.4.1 to
show that the sets of s accepted by the arbitrary or the tape-
bounded acceptors is usually the same whether we require accep-
tance from all initial positions, from any initial position, or from
some standard initial position such as the ““upper left corner” (left-
most of the uppermost points) of 3. Let Ln(A), L,(A), and L,(A) be
defined as in Section 4.3.1. Then we can prove

PROPOSITION 4.4.4 For any A there exists an A’ such that
LA(A') = L(A") = L(A); if A is P, TB, or is deterministic, sois A'.

Proof: Suppose first that A is not P or TB. From its initial posi-
tion, A’ marks a rectangular spiral that contains %, as in the proof
of Proposition 4.4.1. By moving to the upper left corner of this
spiral and then doing a row-by-row scan, A’ can easily find the
upper left corner of 3. A’ then simulates A, but ignoring the marks
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on the points of the spiral. Clearly, A’ accepts iff A does, and if A is
deterministic, so is A’.

To handle the case where A is §P or TB, we must show that there
exists a DTBA that can find the upper left corner of its input array.
This is shown in the proof of Theorem 4.4.5 immediately
below. 0O

If A is FS, the proof of Proposition 4.4.4 breaks down; in fact,
there does not exist a TBFSA that can find the upper left corner of
its input array. Indeed, suppose A’ were a TBFSA that accepted
when it found this corner. Construct the hollow rectangle T and
rectangular spiral S for A’ as in the proof of Theorem 4.4.3, with
the number of turns of S chosen to exceed the number of turns that
A" makes on T before accepting at T's upper left corner. Then if we
start A’ in the middle of S, it accepts at some northwest corner of S
without ever having found the real upper left corner of 5.

THEOREM 4.4.5 There exists a DTBA that, from any starting
point on its input array 3, can find the upper left corner of 2.

Proof: The proof makes extensive use of the topological proper-
ties of arrays studied in Chapter 2, and in particular, of the
border-following algorithm BF defined in Section 2.6. We first
show that our DTBA A can find the outer border of X; this is the
border along which ¥ is adjacent to the background component of
3., as distinguished from hole borders along which ¥, is adjacent to
other components of 3 (if any).

To find the outer border of 2, A operates as follows:

(a) A moves up until it bounces off a §.

(b) When this happens, A has hit a border of 3. A now marks
its position, say with the mark x, and proceeds to follow
the border, using essentially the border-following
algorithm BF of Section 2.6. (A can evidently check the
neighbors of the x by making a sequence of local moves,
and can determine which of these neighbors is the next
border point specified by BF.) The point x may be on sev-
eral borders of 3, but the'border that A follows is the one
defined by the component of #s containing the § just
above x.

(c) During border following, A keeps track of its net up/down
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(d)

(e)

moves by moving another marker y along the border. Spe-
cifically, whenever A moves down, it marks its current po-
sition on the border (say with z), follows the border back to
y (or to x, if y has not yet been used), erases y, and rewrites
it one step further along the border. A then returns to z,
erases it, and resumes following the border. (Note that y
can never catch up with z, since the number of downward
moves made by A cannot exceed its total number of moves
along the border.) Similarly, whenever A moves up, it
marks its position with z, goes back to y, erases it, rewrites
it one step further back along the border, returns to z,
erases it, and resumes border following. A knows which §
neighbor of the y orz point is the current § neighbor being
used in the BF algorithm; note that the border may pass
through some points twice, so that A must be able to dis-
tinguish between two positions along the border even if
they are at the same point of 3.

If y is in the same position as x when A comes to move it
further back, or if A moves up before y is created, the cur-
rent position of A on the border (as marked by z) is higher
up than the point at which A hit the border (as marked by
x). If this happens, A erases x and y, returns to z, erases z,
and goes back to step (a).

At each entry into step (a), A is higher up than it was at the
previous entry; hence steps (a)—(d) cannot keep repeating
indefinitely, since X is finite. Thus eventually, while exe-
cuting steps (b) and (c), A will get all the way around the
border and back to x without case (d) occurring. This
means that x is at a highest point of the border. Now the
highest points of a hole border are evidently the points of %
just above the highest points of the hole, and cannot have
points of the hole above them. Since x does have above it a
t belonging to the component of §s whose border A has
been following [see steps (a) and (b)], this component
cannot be a hole. Thus when case (d) fails to occur, x is on
the outer border of 3—indeed, on an uppermost point of
this border.

To find the leftmost of the uppermost points on the outer
border, A next moves left until it hits a §, which puts it at a local
“upper left corner” P on the top row of 2. A marks P with x and
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follows the outer border again, starting out leftward, using z to
mark its current position and y to keep track of its net number n of
downward moves, as in the first part of the proof. Let P’ be the po-
sition of A the firsttimen = 0.If P’ = P (i.e., if x is there), P is the
only uppermost point of 3 and we are done. Otherwise, if P is not
the desired upper left corner of X, it is easily seen that P’ must
belong to a run of uppermost points of X that lies to the left of P.
To check this, A marks P’ with z, returns to P (erasing y), erases x,
and follows the outer border again, this time using the relative po-
sitions of x and y to determine its net number m of left/right
moves. [This is done as follows: Each time x is moved one step
along the border (to mark the current position of A), y is moved

two steps, if x made a rightward move;
one step, if x made neither a rightward nor a leftward move; or
no steps, if x made a leftward move.

Thus the number of steps by which y is ahead of x along the
border is the number of rightward moves made by x.] When x
reaches P’, if m < 0, P’ is to the left of P. A can then erase x and y,
return to P’, erase z, and move left until it hits a §, which puts it at
another local upper left corner P” on the top row of % that is to the
left of P. A then takes P" as the new P and repeats the process.
Eventually (since 3 is finite) it must turn out that P” is not to the
left of P, so that P is the desired upper left corner. In that case, A
moves back along the border from P’ toward P, using y and z to
keep track of its net number of downward moves 1, as above. The
first time that # = 0, A has returned to P, which is the upper left
corner of 3. O

We shall show in Chapter 7 (Theorem 7.1.5), using similar
methods, how to construct a DTBA that systematically scans its
input array, row by row, using only four marks. A less parsimoni-
ous construction of such a DTBA is given in [5].

Returning to the relationship between L, Ly, and L., we next
prove

PROPOSITION 4.4.6 For any A there exists an A” such that
L(A"y = L (A), and if A is §P, TB, or FS, so is A”".

Proof: Analogous to the first proof of Proposition 4.3.2. O
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PROPOSITION 4.4.7 For any A there exists an A" such that
LAA™) = L~(A), and if A is P, TB, or deterministic, so is A".

Proof: Analogous to that of Proposition 4.3.3, using Proposi-
tion 4.4.1 or Theorem 4.4.2. 0O

The analog of Proposition 4.4.7 for TBFSAs is false. Let L be the
language consisting of all arrays 2 that fail to contain a particular
symbol x. Evidently, we have L, = L~(A), where A is the TBFSA
that accepts from state g, if it reads any symbol other than x; thus
A accepts 3, from every starting position iff 3, contains no xs. On
the other hand, suppose that we had L, = L.(A") for some TBFSA
A" In analogy with the proof of Theorem 4.4.3, we can construct a
double rectangular spiral S of the form shown in the accompany-
ing figure on which A" behaves in the same way as on a hollow

L] [

rectangle T. If T contains no xs and A" starts at the upper left
corner of T, A" must eventually accept T, without making, say,
more than m turns around T in either direction. If we choose the
two spirals in S to have more than m turns, A" must thus accept S
without ever reaching its ends, so that it accepts S even if there
are xs at its ends—a contradiction.

By Propositions 4.4.4, 4.4.6, and 4.4.7, it still makes no dif-
ference, in most cases, whether we define acceptance from a
standard point, such as the upper left corner, from all points, or
from some point. We shall use the upper-left-corner definition
from now on. The set L (A) will be called the language of A and will
be denoted by L(A).

4.4.3 The Language Hierarchy

We use the same terminology and notation for connected array
languages as we did for rectangular array languages in Section
4.3.2.

Just as for rectangular arrays, we have £pr = £ and Frs

2 Zirs, while the properness of £rp 2 Lprp is an open question

(and similarly for §P).
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We can still show for connected arrays that £pyp = Fprp; but it
is no longer true that £pes = Lprars - In the remainder of this sec-
tion, we prove these results. The proof of the former is based on
[2]); that of the latter is taken from [6].

As in Section 4.3.2, the behavior of a D§PA A while on the § part
of its tape becomes periodic after at most |Q| time steps, with
period at most |Q|. Let o, be the string of Us, Ds, Ls, and Rs that
defines the nonperiodic part of A’s movement on the §s, and let o
be a string that similarly defines a single period of A’s periodic
movement. Suppose that A leaves I at the point P, and let 8 be the
border along which 3 meets the component of #s into which A has
moved. If A ever reenters 3, this must happen at some point P’ of
B.

If the net displacement of A over an entire period o is zero, A
must reenter %, (if at all) either during o, or during the first period
a, i.e., in less than 2|Q | time steps, so that the behavior of A can be
simulated internally by a DTBA that remains on 2. Suppose that
the net displacement is (m, n) # (0, 0). Then if A reenters during
the kth period o, k cannot exceed the length |G| of 8 by more than a
bounded amount, since the reentry point P’ is on 8. Thus A
reenters in at most about |Q || 8] time steps, if it reenters at all.

It follows that the behavior of A while on the s can be simulated
by a DTBA A’ that uses 3 as a tape. In particular, A’ can use S to
compute the position of A relative to P, as well as the state of A, at
each of the |Q||8] time steps. For each of these positions, A’ can
also follow the border 8, compute the displacement of each border
point relative to P (see the proof of Theorem 4.4.5), and check
whether this displacement is the same as the given position of A.
If so, A" can mark that border point, erase all other traces of its
computations on 3, go to the marked point, erase the mark, enter
the appropriate state, and resume simulating A on . If none of the
positions of A during the first |Q ||| time steps coincides with a
point of 8, A will never return to 2. (If A accepts 2 without re-
turning to it, this must happen within 2|Q/| time steps, so that A’
can ascertain this fact as soon as A leaves 2..) This discussion has
established

THEOREM 4.4.8 Zprp = Lise.

On the other hand, we shall now show that prgrs 2 Frrs. To
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this end, consider the set of thin (width 1) upright L-shaped arrays
of, say, xs on a background of gs. We first show that this set is ac-
cepted by a DTBFSA A. In fact, A moves left until it bounces off a
4, then moves up until it bounces off a §. A then verifies that it has
#s on its left and right, moves down, and repeats the process. If at
some stage A finds an x on its right, it verifies that there are §s on
its left and below it and moves to the x on its right. Here A verifies
that there are fs above and below, moves right, and repeats the
process, until its rightward movement bounces off a §. If all of
these verifications are successful, A accepts; if any verification
fails, A stops and does not accept. Evidently, A accepts iff its input
array is as described above.

We next consider the set of such L-shaped arrays for which the
arms have equal length, and show that this set is accepted by a
DFSA A’. In fact, A’ first verifies that its input is L-shaped, as in
the preceding paragraph. It then moves “diagonally’’ across the {s;
i.e., it moves alternately to the left and upward. If, on an upward
move, A’ hits an x, it verifies that this x is at the upper end of the L
and accepts. Evidently, this happens only if the arms of the L are
equal. Note that if the vertical arm is shorter than the horizontal
arm, A’ will move diagonally forever without accepting.

Finally, we show that no DTBFSA can accept just the equal-
armed Ls. Suppose that A” were such a DTBFSA. Consider the set
of one-dimensional arrays of the form u™vu", and let A" be a
DTBFSA that behaves on these arrays exactly as A” behaves on the
Ls, except that when A" is to the left of the v, its moves are 90° ro-
tations of those of A” (so that when A” moves up, A" moves left,
and so on). If A” accepts just the equal-armed Ls, then A" accepts
just the strings u ™vu™ for which m = n. We could thus define a
one-dimensional FSA A" that accepted exactly these strings; but
this is impossible (see Section 3.3.2). We have thus proved

THEOREM 4.4.9 Lprurs 2 Lors.
As in Section 4.3.2, we still have

THEOREM 4.4.10 Lon 2 Lrp; Loms 7 Lors.

The proof is essentially the same as that of Theorem 4.3.7, using
n X 1 arrays, on which DTBFSAs can simulate DFSAs.
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“Three-way”” acceptors (see Section 4.3.3) will not be studied for
connected arrays; it is evident that they would be very weak.

4.5 CLOSURE PROPERTIES

In this section we consider two-dimensional generalizations of
the closure properties discussed in Section 3.5.

A finite intersection of TLs or TBLs is a language of the same
type; the proof is analogous to that of Proposition 3.5.1. Note that
in this proof, after completing each simulation, the automaton A
must restore the original array and return to its starting point (the
upper left corner) before beginning the next simulation; this re-
quires that A be able to scan the non-gs and to find the upper left
corner, and we have established that TLs and TBLs have these
capabilities. A finite intersection of rectangular FSLs is an FSL, as
in Proposition 3.5.1, since no restoration of the original array is
necessary, and it is trivial to find the starting point. We leave open
the question of whether a finite intersection of connected FSLs is
an FSL.

A finite union of TLs, TBLs, or FSLs is a language of the same
type. As in the case of Proposition 3.5.2, we can prove this nonde-
terministically, or we can give a deterministic proof for (TLs or)
TBLs: A scans 3, and updates the position and state of each simula-
tion. We leave open the question of whether a finite union of
DFSLs is a DFSL, as well as the question of whether the comple-
ment of an FSL is an FSL.

Any singleton {3} is a DFSL, since we can always design a DFSA
that goes through a specific sequence of moves and state changes
and verifies that its input array is exactly X. By a similar argument,
any finite set of arrays is a DFSL. A subset of an FSL is not neces-
sarily an FSL; we can use the same example as in Section 3.5. The
set of rectangular arrays that contain, or fail to contain, a given
connected subarray 2, is a DFSL, since we can design a DFSA that
systematically scans the rectangle, and at each position checks
whether 3, is present. On the other hand, the set of connected
arrays that fail to contain a given %, (or even a given symbol x) is
not a DTBFSL, as shown at the end of Section 4.4.2. The set of con-
nected arrays that contain 3 is a nondeterministic TBFSL (the FSA
moves around nondeterministically, and at each position, checks
for 3); we leave open the question of whether it is a D(TB)FSL.
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Cyclic closure, closure, and concatenation operations cannot
readily be defined for connected arrays, but we can define them
for rectangular arrays in both the horizontal and vertical direc-
tions. It is clear that the row or column reversal of a TL, TBL, or
FSL is a language of the same type, just as in Proposition 3.5.5,
and the same is true when both rows and columns are reversed. By
a similar argument, we can easily see that the set of reflections (in
a horizontal or vertical axis, or both), or the set of 90° (or 180° or
270°) rotations of a given connected array language is a language of
the same type.

The cyclic row closure or column closure (or both) of a TL or TBL
is a language of the same type, as in Proposition 3.5.6. Here the
TBA nondeterminstically marks a row and/or a column of the
given array 2, and simulates an acceptor for the given language,
using the marks to define a cyclic shift. Similarly, the TA dissects
3, at the marks and creates an ““unshifted” copy of 3 on which to
do the simulation. We leave open the question of whether cyclic
closures of rectangular array FSLs are FSLs.

In defining the concatenative row (or column) closure of a rec-
tangular array language, or the concatenation of a set of such lan-
guages, we must assume that the numbers of rows (or columns) all
match, so that the resultant array is still rectangular. These opera-
tions preserve TLs or TBLs, as in Propositions 3.5.7 and 3.5.8; we
can nondeterministically segment a given rectangular array by
marking a set of columns (or rows), and then check that each seg-
ment is in the appropriate given language.

The FSLs are not closed under (row or column) concatenation
or closure [7]. To prove this, we first make an observation about
the behavior of an FSA A with respect to a given (horizontal or
vertical) slice of a rectangular array 2. (Compare the discussion of
blocks in the proof of Theorem 4.3.4.) Let 3’ be a subarray of %
consisting of, say, m consecutive rows where each row has length
n. A can enter 3’ at its top row at any of n positions and in any of
|Q| states, and can leave 3’ at its bottom row at any of 2" sets of po-
sitions and in any of 2'?' sets of states (or n and |[Q], if A is deter-
ministic). Thus the number of mappings from (entering position,
entering state) into (set of leaving positions, set of leaving states)
is (2r*IQrIQl = D@HADRIAI, pote that this number is independent of
m, the number of rows. On the other hand, the number of possible
rows, say made up of two symbols x, y, is 2", and the number of
possible nonempty sets of rows is 2¢” — 1. For large, n, 2" is
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greater than (n + |Q|)n|Q |, so that there are more sets of rows than
there are mappings, and there must exist two subarrays having
different sets of rows that give the same mapping for a given A.
(Of course, these sets of rows may have to be quite large; i.e., m
may have to be as large as 2*.)

We can now prove

PROPOSITION 4.5.1 The set of rectangular FS languages is not
closed under horizontal or vertical concatenation.

Proof: The set of all rectangular arrays on, say, x and y is ob-
viously FS, and so is the set of all such arrays whose top and
bottom rows are the same (A does a column-by-column scan and
checks that the first and last elements of each column are the
same). We shall now show that the vertical concatenation of these
two languages is not FS. (An exactly analogous proof can be used
for horizontal concatenation.) Note that this concatenation is just
the set of arrays L in which the bottom row is the same as some
nontop row. For any FSA A let 3, and X, be rectangular arrays that
have different sets of rows R; and R;, but that yield the same map-
ping for A, and letr be a row in R, but not in R,. Let 3} (23) be 3
(22) with some arbitrary row (#r) appended at the top and with r
appended at the bottom. Thus X is in L but 3} is not. We can as-
sume without loss of generality that A starts at the top row and
moves down to the bottom row of its input array before accepting.
Thus if A accepts 35, it also accepts 33, so A cannot accept exactly
L. O

A similar argument can be used to prove
PROPOSITION 4.5.2 The set of rectangular FS languages is not
closed under horizontal or vertical closure.

Proof: Let 3 be an array obtained by vertically concatenating

(a) an arbitrary array of xs and ys,

(b) arow of zs, and

(c) an array of xs and ys whose top and bottom rows are iden-
tical.

Clearly, the set L of all such arrays is FS. On the other hand, it is
not hard to see that the vertical closure L* of L is not FS, by an
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argument analogous to that used in the proof of Proposition 4.5.1:
In the zones between the rows of zs, we must now verify that the
top row is identical to some nonbottom row, which cannot be
done by an FSA. 0O
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Chapter 5

CELLULAR ARRAY ACCEPTORS

5.1 INTRODUCTION

Cellular array acceptors are two-dimensional analogs of the cel-
lular acceptors studied in Section 3.4. They are arrays of cells, all
but finitely many of which are in a special state §. The non-#s may
constitute a rectangular subarray or merely a connected subarray;
as in Chapter 4, we shall consider both possibilities. As in the
one-dimensional case, we shall show that these acceptors define
no new classes of languages, but that they often make acceptance
possible in a much shorter time.

5.2 CELLULAR ARRAY AUTOMATA AND ACCEPTORS

Informally, a two-dimensional cellular automaton is an array of
“cells’”” each of which, at any given time, is in some state. The cells
operate in a sequence of discrete time steps, at each of which every
cell reads the states of its four horizontal and vertical neighbors
and changes to a (possibly) new state. Thus, formally, a two-
dimensional cellular automaton K is defined by specifying a pair
(Q, 8), where Q is the set of states and 8 is the transition function
that maps quintuples of states into sets of states (or into single
states, if K is deterministic)—i.e., 8: Q® — 29 (or — Q). For each
cell ¢ of K, 8 maps the quintuple (state of left neighbor, state of
right neighbor, state of upper neighbor, state of lower neighbor,
state of ¢) into the set of possible new states of ¢, which, in the de-
terministic case, always consists of a single element. A configura-

103
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tion of K is simply a mapping from[ X I (the pairs of integers) into
Q that specifies the state of each ¢ € K.

5.2.1 Neighborhood Size

In the above definition, we used only the four horizontal and
vertical neighbors of each cell c. We could have used other sets of
neighbors; for example, we could have also allowed the states of
the diagonal neighbors of ¢ to affect ¢’s next state. However [1], a
transition that depends on a larger set of neighbors can be simu-
lated by a sequence of transitions involving only the four
neighbors, so that a cellular automaton K that uses a larger neigh-
borhood set can be simulated by a K’ that uses only four
neighbors, at a rate of several time steps of K’ for each time step of
K. For example, suppose that we want to simulate a transition that
depends on the states of the eight (horizontal, vertical, and diag-
onal) neighbors of each cell. One way to do this is for each cell, at
even-numbered time steps, to go into a state of the form (g,

., qs), where the gs are the previous states of the cell and its
four neighbors. If we denote the state of the cell at position (i, j) at
a given odd-numbered time step by g5, then at the following time
step the cell states in the neighborhood of (i, j) are

(qi—l,j+1 iv1.+1s
Gi,5+294i, Qi 5+ N,
(Gi-2,i945F1-1.5+1 (qi—l,j/qi+1,j/qi,j+lr (Gi39i+2.3/ i+ 1,541
Gi-1,5-1.9i-1,1) i,-1,945) Git 1.i-19i+1,5)
(Gi-1,i-1,9i+ 1.5 1,915

Gi,5—2/Fi,5— )

The cell at (i, j) now has available to it the states (at the previous
step) of itself and its horizontal and vertical neighbors, stored in
its own current state; it also has available the previous states of its
diagonal neighbors (as well as the states of other cells at city block
distance 2 from it), stored in the current states of its horizontal and
vertical neighbors [e.g., the state g,_; ;11 of (i,])’s upper left
neighbor is available as the first term of its upper neighbor’s state,
and also as the third term of its left neighbor’s state]. Thus at the
next odd-numbered step, cell (i, j) can go into a new state that de-
pends on the previous states of all eight of its neighbors. This
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process can then be repeated at succeeding pairs of time steps.
Note that it not only requires two time steps of the four-neighbor
automaton to simulate each time step of an eight-neighbor autom-
aton, but it also requires a much larger set of states (quintuples
of the original states are needed at even-numbered time steps).

It can also be shown [1] that a cellular automaton whose transi-
tion function involves only two neighbors in noncollinear direc-
tions, say north and east, can simulate an automaton that has a
larger neighborhood—e.g., the four horizontal and vertical
neighbors. To see this, let us have each cell, at time steps that are
not multiples of 4, go into a state that contains information about
the previous states of its neighbors. Thus the cell at (i, j), at time
steps 1, 2, and 3 (modulo 4), contains information about the states
of those cells shown in Table 5.1.

TABLE 5.1
Step Cells
1 @H G+1,5,6G,j+1)
2 These together with (i + 2,j), i + 1,5+ 1), (i, j + 2)
3 These togetherwith (i + 3,7), i+ 2,j + 1), i+ 1,j + 2),(,j + 3)

Hence at step 3, cell (i, j) knows the states of cell (i +1,j + 1) and
its four neighbors (i +2,j + 1), (i,j +1), (i +1,j +2), and (i +
1, j), so that at step 4, cell (i, j) can go into a new state that depends
on the old states of cell (i + 1, j + 1) and its four neighbors. The
entire process is then repeated. Note that it requires four time
steps of the two-neighbor automaton per time step of the four-
neighbor automaton, as well as a much larger state set. Moreover,
the two-neighbor simulation does not remain stationary; it shifts
downward and to the left by one unit in each four time steps. This
type of simulation would not be appropriate for bounded cellular
automata (see Section 5.2.2). We shall consider only four-neighbor
automata from now on.

5.2.2 Boundedness and Acceptance

We shall assume henceforth that the state set Q is finite and that
there is a special state § € Q such that, in the initial configuration
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of K, all but a finite number of the cells have state . In Section 3.4
we further required that the non-§ cells form a string. There are
two possible generalizations of this requirement to two dimen-
sions: We can require that the array 2 of non-4 cells be rectangular
in shape, or merely that % be connected. We shall consider both of
these possibilities in this chapter.

We say that the transition function 8 of K is §-preserving if

(a) tE€8(p,q,r,5,t) impliest = §;
(b) &p,q,r,s,8) ={t}forallp,g,r,sinQ

If & has these properties, we call K a bounded cellular automaton.
[As in Chapter 3, inability to create §s is not a restriction on K; we
shall therefore assume from now on that & never creates #s.] Note
that in the bounded case we may as well assume that the array of
cells is finite, consisting of % surrounded by a border of §s, since
the #s will never change.

The notion of acceptance of an input array by a cellular autom-
aton K is defined exactly as in the one-dimensional case. For-
mally, a cellular acceptor (CA) C is a triple (K, Qr, Qa), where K is a
cellular automaton with state set Q, Q; C Q is a set of initial states,
and Qa C Q is a set of accepting states, with § € Q;. If K is
bounded, we call C a bounded cellular acceptor (BCA). An input
array is a configuration whose states are all in Q;. We say that C ac-
cepts this array (or, for brevity, that C accepts the non-{ part % of
this array) if repeated application of K’s transition function,
starting from this configuration, can lead to an ““accepting configu-
ration.”

As in Section 3.4.1, we can define an accepting configuration in
three ways:

(a) Every ¢ € C has its state in Q,;

(b) some ¢ € C has its state in Q,; or

(c) a particular cy € C—e.g., the leftmost of the uppermost
cells of Z—has its state in Q,.

We can show, using analogs of Propositions 3.4.1-3.4.4, that in
most cases the classes of languages accepted in these three ways
are the same. The proofs are much simpler for rectangular 3s than
for arbitrary connected 3s; we shall treat the rectangular case in
Section 5.3 and the connected case in Section 5.4.



5.3 RECTANGULAR CELLULAR ACCEPTORS 107
5.3 RECTANGULAR CELLULAR ACCEPTORS

5.3.1 Rectangular Cellular Languages

The analogs of Propositions 3.4.2-3.4.4 for rectangular cellular
arrays follow readily from the observation that the upper left
corner cell ¢, (leftmost of the uppermost cells) can uniquely iden-
tify itself at the start since it is the only cell that has §s both above
it and to its left. In Proposition 3.4.2, when any cell enters an ac-
cepting state in the simulation, it initiates an accepting signal that
spreads in all directions (through non-§s); since % always remains
connected (§s are never created), this signal eventually reaches c,,
which then accepts. Proposition 3.4.3 is immediate: In the simula-
tion, only ¢, can enter an accepting state. In Proposition 3.4.4,
when ¢, accepts in the simulation, it initiates an accepting signal
that spreads in all directions (through non-§s), so that this signal
eventually reaches all of % and causes every cell to accept; by using
a half-speed simulation, we can assure this even if the simulation
is growing.

For Proposition 3.4.1, ¢, identifies itself and C’ simulates C. If ¢,
accepts in the simulation, it sends out a signal that spreads in all
directions through accepting states. We shall show next how this
signal can generate a reply that reaches c, iff every non-§ cell is in
an accepting state. (Here we use the assumptions that accepting
states are never rewritten and cannot cause fs to be rewritten; we
shall see later how these assumptions can be avoided at the cost of
a much slower simulation.) Thus ¢, can accept iff every cell of the
simulation has accepted.

If C is a BCA, the propagation of the reply signal can be done
very simply, since the array 2, of non-{s remains rectangular. Let ¢,
and c; be the cells in the upper right and lower right corners of 2,
respectively; they are uniquely identified by having §s as their
right and upper (or lower) neighbors. When the acceptance signal
a reaches cg, it initiates a signal x that can only spread leftward
through accepting states; thus x reaches all cells of the bottom row
of 2 iff they are all in accepting states. In turn, x initiates a signal y
that can only spread upward through accepting states; thus y
reaches the top of a column of ¥ iff that column consists entirely of
cells in accepting states. When y reaches ¢, it initiates a signal z
that can only spread leftward through cells that have received y.
Thus z reaches ¢, iff y reached the top of every column of 2, so that
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every cell of 2 is in an accepting state, and ¢, can finally accept.
Note that the time required for a to reachczism + n — 2, wherem
is the height and n the width of X; the time required forz to reach
co, if every cell has accepted, is also only m + n — 2. [Indeed, x

reaches the cells of the bottom row at times 0,1, . . . ,n — 1; y
reaches the cells of the top row at times m —1, 1+ (m —
1),...,n-=1+(m—1),; z is initiated at time m — 1 and

reaches each cell of the top row just as y reaches it, so that it
reaches ¢q at time (n — 1) + (m — 1).]

If C is not a BCA, ¥ may not be rectangular, but we can handle
the propagation of the reply signal by generating a rectangle T
containing 2 and transmitting the signals throughout that rec-
tangle. (In Section 5.4 we shall describe a method of signaling that
does not require going outside X even if X is nonrectangular.) In
the following paragraphs we describe one method of doing this,
derived from [2], which generates a square (oriented diagonally)
centered at ¢, that contains 3.

Let us assume that the simulation of C is done at half speed.
Concurrently with this simulation (using first terms of state pairs),
we propagate a signal x outward from c,; i.e., any cell, say in state
g (non-{ or #), not having x as first term, that sees first term x as
one of its neighbors becomes a pair (x, q). Moreover, we record
the direction(s) from which x reaches each cell; e.g., we can do this
by using eight versions of x, denoted by xy, x5, Xg, Xw, Xng, Xnw,
xse, and xgw, to indicate whether x reached the given cell from its
north, south, east, or west neighbor, or from both its north and
east, . . . , or south and west neighbors (it is not hard to see that
these are the only possibilities). This process generates an ex-
panding wave of xs shaped like a square oriented diagonally, with
center at co. We shall assume that the propagation of the xs, like
the simulation of C, takes place at half speed; thus the xs add a
new layer to the expanding square at alternate time steps. (The
reason for this assumption will become clear later.)

As the xs reach each new layer, they send back an “echo’ signal
y to ¢q. (This is done once only at each layer; to ensure this, we
mark the newly created xs with primes that are erased at the next
time step, and only the primed xs initiate the y signals.) The direc-
tional information contained in the xs is used to direct y so that it
travels back to ¢, along the shortest possible paths. For example, if
cell ¢, say in state (x, ), has an x'y, x'yg, OF X'yw, OF an (xx, y),
(xng, y) or (xyw, ¥), in the first term of its south neighbor, it goes
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into state ((x, y), g); and similarly for the other three directions. It
is easily seen that the y signals from a given layer of xs generate a
contracting wave of ys that occupies the successive layers of the
square centered at ¢y, from outermost to innermost. If the ys start
at a layer k steps away from c,, they reach ¢, (from all four sides) k
time steps later. We shall assume that the ys propagate at full
speed and that ys are erased as soon as they are created. It follows
that the successive x layers create waves of ys that are spaced two
units apart and do not interfere with each other.

Each y wave can carry information to ¢, about the x layer that
initiated it and about the other layers through which it passed.
Specifically, if a y is initiated by a cell whose state is of the form
(x, q), where g # §, we shall denote it by y'. (A given y may be
initiated by two x cells; we use y' if either of these cells has a non-§
second term.) Moreover, if a y reaches a cell whose second term is
neither § nor an accepting state of C, we change it to y'. When y
signals reach a cell ¢ from two or more of its neighbors at once, if
any of themisay', we usey' atc also. These conditions imply that
if any cell in the initiating x layer is non-{, or if any cell within the
square of xs is neither § nor accepting, then the y that reaches c,
will be a y'. Conversely, if an unprimed y reaches ¢, (i.e., it
receives y from all four neighbors, and its own state is § or ac-
cepting), we know that

{a) every cell in the initiating layer is { and
(b) every cell in the square is § or accepting.

Since the non-{s always remain connected, (a) and (b) imply that
every non-f cell is in an accepting state. Thus when this happens,
o can accept. Moreover, if it ever does happen, this process will
detect it, since accepting states do not change and do not cause §s
to be rewritten; thus if every non-f is accepting, X stops growing,
and the x propagation catches up with it and reaches a layer of all
#s, so that a y wave is generated that satisfies (a) and (b).

In the construction just given, the x wave never stops prop-
agating. In order to stop it, ¢, (upon acceptance) can send out a
full-speed signal z that erases the xs and ys as it encounters them,
and erases itself when it reaches the §s beyond the outermostxs. If
this is done, the expanding square never grows beyond a
bounded size. Note, however, that this size may be much greater
than the radius of 3; e.g., 3 may stop growing long before its cells
all go into accepting states, so that the square gets much bigger
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than 3 before the y wave detects acceptance. Thus after every cell
of 3 has accepted, the propagation of the acceptance signal y may
take much longer than the diameter of %, which is undesirable.

We can reduce the time to be on the order of the diameter of 3,
by modifying the construction as follows: The square of xs ex-
pands (at half speed) until its outermost layer consists of §s only,
so that it entirely contains 3. The y wave relays this information to
o, which sends out a z signal (at full speed) to stop the expansion
of the xs. (Here the y wave must carry two independent pieces of
information: one about §s in the outer layer, and the other about §s
and accepting states in the interior. Also, the z signal must not
erase xs and ys, but only ““freeze’”” the outermost xs so they cannot
expand. Note that by the time the y wave reaches ¢y and the z
signal reaches the outer layer, the square has tripled in size; but its
radius is still of the same order as that of 3..) The outermost xs con-
tinue to send back y waves even though they have stopped ex-
panding (these waves are now consecutive, but still do not inter-
fere with one another), so that ¢y can continue to check whether
the outer layer is still all § and whether the interior is all # or ac-
cepting. If these conditions are met, ¢, accepts. If non-§s reach the
outer layer (due to continued expansion of 3) before the cells of %
have all accepted, ¢, discovers this from the y signal and sends a
full-speed w signal to the outer layer. Arrival of this signal causes
the outer layer to start expanding again (at half speed), and also to
send a full-speed w’ signal back to ¢y; when ¢, receives w’, it sends
a full-speed z signal to stop the expansion again. During this time,
the square again triples in size. If the non-§s again overtake (or
have already overtaken) its outer layer, the process can be re-
peated. If the cells of 3 ever all accept, 2 stops growing, so the
square eventually expands beyond 2, at which time the y wave
detects the conditions for acceptance. In this construction, the
radius of the square is never more than triple the radius of Z;
hence the time for propagation of the acceptance signal 3, after all
cells have accepted, is on the order of the diameter of 2.

Up to now we have assumed that accepting states never change
and never cause {s to become non-§s. Even without these assump-
tions, we can still verify that every cell (of a simulation of C) has
accepted, but the process is now much slower. The approach is
analogous to that in the appendix to Section 4.3.1; it consists of the
following steps:
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(a) We simulate C one step at a time.

(b) After each step of the simulation, we construct a square
centered at ¢, that contains 2, and check whether every
non-4 cell in this square is simulating an accepting state of
3. [Here C' is not a BCA!]

(c) If so, co accepts; if not, ¢, initiates a two-dimensional syn-
chronization process that causes all the cells of the square
to go into a special state, at which point the non-§ cells
simultaneously simulate another step of 3.

This process is repeated as often as necessary.

The two-dimensional synchronization process is a straightfor-
ward extension of the one-dimensional process described earlier;
see, e.g., [3]. To illustrate how it works, let us suppose for simplic-
ity that we have an m X n upright rectangle 3, of cells with distin-
guished cell ¢, in the upper left corner. By the one-dimensional
construction, ¢, can synchronize the left column of 3, and this
takes O(m) (i.e., on the order of m) steps. Each cell in the left col-
umn can then synchronize its row, and this takes O(n) steps. Thus
in O(m + n) steps, the entire rectangle can be synchronized.

The analogs of Propositions 3.4.1-3.4.4 show that the defini-
tions of acceptance by some cells, all cells, and the upper left cell
(or any cell that can uniquely identify itself) are all equivalent. We
shall use the upper left definition from now on, and shall always
assume that cell ¢, is uniquely marked.

The set of input arrays 3 accepted by C will be called the lan-
guage of C, and will be denoted by L(C). Note that L(C) can contain
arrays of any size, depending on how many cells of C are initially
in non-4 states. [C is regarded as the same CA no matter how big 3,
is, as long as C has the same transition function.] The class of all
languages accepted by (D)(B)CAs will be denoted by £pya)c -

We conclude this section by showing how a DBCA can verify
that its input % is indeed rectangular. Note first that a connected 3,
is rectangular iff it has no concave corners, i.e., iff there are no 2 X
2 patterns in 3 exactly one of whose cells is { (this will be proved
immediately below). Next, note that the presence of concave
corners can be detected, in only two time steps, as follows:

(a) Any cell that has a § as a north, south, east, or west
neighbor is marked n, s, e, or w, respectively.
(b) Any cell that has an s as east neighbor and an ¢ as south
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neighbor, or analogously for the pairs of directions s and
w, n and ¢, and n and w, is marked x.

Evidently, a cell is marked x iff it belongs to a concave corner, e.g.,
xs
e}
order of the diameter of 3, whether or not 3 contains any xs; a
method of doing so will be described in Section 5.4. If 3 contains
no xs, Co can accept.

. Finally, cell ¢q can determine, in a number of time steps on the

PROPOSITION 5.3.1 A connected set 3 is an upright rectangle iff
it has no concave corners.

Proof: Clearly, a rectangle has no concave corners. Conversely,
consider a maximal set of pairwise adjacent runs in which consec-
utive rows of the array meet 2. Since there are no concave corners,
these runs must line up at both ends and none of them can merge
or split; hence they constitute an upright rectangle, and no other
run of points of 3 is adjacent to them. Since X is connected, they
must thus be all of 3. O

Appendix to Section 5.3.1

In this appendix we show how to construct the upright rectangle
T(2) that just contains a given connected 2 [so that there are points
of 3 in the top and bottom rows, and left and right columns, of
T(2)]. We shall call T(X) the framing rectangle of 3 and denote its
extremal rows and columns by ¢, b, €, and 7, respectively.

Our construction is based on a propagation process that repeat-
edly fills concave corners; in other words, if a § cell has two non-§
neighbors on adjacent sides of it (N and E, Nand W,Sand E, or S
and W), we change it to a non-{, say to i We shall show that if this
process is iterated until no further change takes place, the hs
together with 2 itself constitute exactly T(X). Moreover, the
process stops in a number of time steps at most equal tom + n —
2, where m and n are the height and width of T(Z).

Note first that when we fill concave corners, the framing rec-
tangle is not enlarged. Indeed, a § above ¢, below b, to the right of
r, or to the left of € clearly cannot belong to a concave corner; hence
no step of the propagation process can create a j outside T(2).
Since T(2) is finite, the process must stop eventually. On the other
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hand, when the process stops, the resulting set T has no concave
corners, and so by Proposition 5.3.1 must be an upright rectangle;
clearly, the only such rectangle that meets t, b, €, and r is T(3) it-

self.

It remains only to show that this process of constructing T(Z)
takes at most m + n — 2 time steps. We do this in several stages:

(a)

(b)

Let us first observe that T(2) cannot contain a 4-path 7 of s
that has one end on ¢ and the other on b. This is because X
touches both € and r, so that there is a path ' of non-§s in
3 C T(R) from € tor, and 7’ would have to cross m—a con-
tradiction. Similarly, there can be no 4-path of #s in T(X)
that has one end on € and the other onr.

Next, we show that for any point P € T(2), there is a quad-
rant in which 3, surrounds P; in other words, there exists a
pair of adjacent directions (N and E, Nand W,Sand E, or S
and W) such that any 4-path starting at P that moves only
in these directions must hit 3. Indeed, suppose not; then
in all four quadrants there are 4-paths from P that reach the
border of T(2) without meeting 2. The path #” in the NE
quadrant, for example, must hit the border either ont or on
r; suppose it hits t. If the path in either the SE or SW quad-
rant hits the border on b, then by concatenating this path
with 7" we would get a 4-path of §s from f to b (through P),
contradicting (a). Hence the path in the SE quadrant must
hit r, and that in the SW quadrant must hit ¢, so that by
concatenating these paths we get a 4-path of §s from € tor
(through P), contradicting (a). The argument is analogous
if 7" hits r; we would then consider the paths in the NW
and SW quadrants. Thus we obtain a contradiction in
every case, so that (b) must be true.

Let P € T(3), € 2, and suppose that X surrounds P in the
NE quadrant. Thus if we move, e.g., upward from P, we
must hit %; if we then move rightward (if possible), we
must hit ¥ again; if we then move upward, we hit % again;
and so on. The path of §s (or bs) along which we move is a
4-geodesic, since it makes left and right turns alternately
(see Section 2.9); thus the kth point on the path is at city
block distance k from P. Since % is finite, we cannot get far-
ther than a finite city block distance from P; hence this
process of path construction must terminate. But it can
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only terminate at a point that has % both above it and on its
right, so that neither upward nor rightward motion is pos-
sible; thus the terminal point of the path is at a concave
corner of 3. Since the path always remains inside T(3), its
length is less thanm + n — 2.

(d) For any P € T(3), €%, let h be the length of the longest
geodesic from P through s to a concave corner of 3; thus
h <m + n — 2. When we fill the concave corners of 2, this
path is shortened. On the other hand, (a-c) evidently still
hold, so that we can repeat this argument. At each iteration
of concave cormner filling, the longest geodesic length from
P through {s to a concave corner of 3 decreases. Since ini-
tially this length was <m + n — 2, the number of itera-
tions required to reduce it to zero is <m + n — 2. At this
stage, P itself is at a concave corner of 3, and at the next
iteration % swallows up P. Since P was arbitrary, this
means that 3 grows to fill all of T(3) in at mostm +n — 2
iterations.

5.3.2 Equivalence to Sequential Acceptors

In this section we prove that TAs and CAs can simulate each
other, and that the same is true for TBAs and BCAs. This shows
that, in introducing two-dimensional CAs, we have not created
any new classes of languages. The proofs are analogous to those in
Section 3.4.2. To show that T(B)As can simulate (B)CAs, we need
to prove that a DT(B)A can systematically scan its array of non-{s,
and at each point, compute what the transition of the (B)CA’s cell
at that point would have been. This has already been shown for
DTAs in Proposition 4.4.1, and for DTBAs in Theorem 4.4.2. Note
that even when the input array 3 is rectangular, we still need the
traversal result of Proposition 4.4.1 for the TA/CA proof, since 3,
may grow. On the other hand, for rectangular 3s, we do not need
Theorem 4.4.2 in the TBA/BCA proof, since X remains rectangu-
lar, and its traversal is straightforward, e.g., row by row as in the
proof of Proposition 4.2.1.

THEOREM 5.3.2 (D)T(B)As can simulate (D)(B)CAs.

Proof: Given a CA C with transition function 8, we define a TA
A that has a vocabulary consisting of states and pairs of states of C.
At any given stage of the simulation of C by A, the non-§ array 3



5.3 RECTANGULAR CELLULAR ACCEPTORS 115

has a pair of states at each point, one of which represents the cur-
rent state of the corresponding cell of C, while the other represents
the preceding state of that cell. (Initially, 3 consists of just the ini-
tial states of C’s cells.) To simulate one transition of C, A systemat-
ically scans 3,. At each point P of 3, A also examines P’s neighbors,
records the current states of the corresponding cells of C, returns to
P, and computes a new state of the cell at P using 3. A then erases
the previous-state information at C (if any) and replaces it by
new-state information, but leaves the current-state information
intact (since it may be needed to compute new states for neighbors
of P that have not yet been processed). A also marks P to indicate
that it has been processed and resumes scanning 2. When the scan
is complete, every point of 3 is marked and contains a pair of
states, one of which is the former current state (now previous),
while the other is the new state (now current) at that point. A now
scans P again, erases all the marks, and returns to its starting
point; it is now ready to simulate the next transition of C. A ac-
cepts iff its simulation of C accepts.

If C is not a BCA, A must also visit all the s adjacent to 3, during
its scan, check their neighbors, and rewrite them as non-§s if C
would have done so; thus if C is not a BCA, A cannot be a TBA. On
the other hand, if C is a BCA, the simulator A can be a TBA, and if
C is deterministic, so is A. Note that a very large number of transi-
tions of A is needed to simulate a single transition of C; the simu-
lation is very inefficient. (Compare the proof of Theorem 3.4.5,
which provided the fastest possible simulation in the one-
dimensional case.) O

THEOREM 5.3.3 (D)(B)CAs can simulate (D)T(B)As.

Proof: Given a TA A with transition function §, we define a CA
C that simulates A just as in the proof of Theorem 3.4.6. Initially,
the upper left cell ¢, goes into a special state representing the ini-
tial state g, of A, the symbol x at that position, and a direction in
which A can move when it is in state g, and reads symbol x. [This
is easy for rectangular input arrays, in which ¢, is unique, but it is
not so easy for arbitrary connected arrays; see Section 5.4.] At sub-
sequent transitions, the special state moves from cell to cell just as
it did in the one-dimensional case, except that four move direc-
tions are now possible. At any step, exactly one cell is in the spe-
cial state, corresponding to a position and state that A could have
been in at that step. This process continues until the special cell’s
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state represents an accepting state of A. At this point, the special
cell propagates an acceptance signal to ¢y, which can then accept,
so that C accepts iff A does. Note that if A is deterministic, so is C,
and if A is tape-bounded, so is C (if we modify the simulation to
handle the steps in which A bounces off §s without requiring §
cells of C to change state). As in Theorem 3.4.6, this simulation is
the fastest possible, since C requires only one time step to simu-
late each time step of A after the first (except for the propagation of
the acceptance signal at the end). O

Theorems 5.3.2-5.3.3 immediately imply
THEOREM 5.3.4 Loy = Lorr; Lowe = Loyrs-

Note that we have proved these theorems not only for rectangu-
lar input arrays, but for arbitrary connected ones, except for the
problem of ¢, initially identifying itself (in the proof of Theorem
5.3.3) in the arbitrary connected array case; this will be taken case
of in Section 5.4.

5.4 CONNECTED CELLULAR ACCEPTORS

To extend the results of Section 5.3 to arbitrary connected
arrays, we need to show that, in a DBCA,

(a) theleftmost of the uppermost cells can uniquely identify it-
self, and

(b) this cell can interrogate all the cells (e.g., as to whether or
not they are in accepting states) and know when they have
finished replying.

We shall show that these tasks can, in fact, be carried out in time
proportional to the perimeter or diameter of the given array. The
proof of (a) is based on [4].

Given that (a and b) can be done, it is straightforward to extend
the results of Section 5.3 to connected arrays. The analogs of Prop-
ositions 3.4.2-3.4.4 require that (a) holds, while for Proposition
3.4.1 we require both (a) and (b) [in the non-BCA case, (b) is not
needed, since we can use the expanding-square construction of
Section 5.3.1]. The slower procedure based on simulation one step
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at a time, in conjunction with scanning and synchronization, also
applies in the connected case, provided that (a) holds. Note that
we also need (b) to prove that a DBCA can tell whether its input
array is rectangular, as pointed out in Section 5.3.1.

THEOREM 5.4.1 There exists a DBCA in which the leftmost of
the uppermost cells eventually goes into a special state, while no
other cell ever goes into that state.

Proof: Initially, each non-f cell ¢ determines which of its
neighbors (if any) is § and then copies the corresponding informa-
tion from its non-f neighbors. This enables ¢ to determine, if it is
on a border of 3, how the border-following algorithm BF (Section
2.6) would behave at it. In particular, ¢ can tell which of its
neighbors would precede or succeed it at each visit of BF to it. If ¢
would be visited more than once by BF, it keeps the information
about each visit separate by associating it (e.g., via a suitable sub-
script or position in a 4-tuple) with the particular § neighbor(s)
that BF would examine at that visit. For example, if the neighbor-
hood of ¢ is

ats
bcd

k14

and borders are always followed by keeping the {s on the left, then
the predecessor of ¢ with respect to its upper § neighbor is 2, while
its predecessor with respect to its lower § neighbor is d.

Based on this local analysis, ¢ can tell in particular, for each visit
of BF to it, whether its predecessor lies higher or lower than it; in
the former case, ¢ associates an x with that visit, and in the latter
case, a y. In addition, if ¢ is an upper left corner (i.e., its left and
upper neighbors are both §), it marks itself with z. All of this ini-
tial processing requires only a bounded number of time steps.

We now independently process the xs, ys, and zs on each border
of 3. As already pointed out, even if two borders pass through a
given cell, their processes will not interfere, since the marks know
with which § neighbor(s) of ¢ they are associated. We can thus
describe the processing for a single border 8.

In this processing, the ys shift forward along 8 (i.e., in the direc-
tion that BF would take), and the xs shift backward (in the reverse
direction). When an x and a y meet, they cancel out; and when an
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x ory hits az, thatz is erased. We claim that when this process has
gone to completion, the xs and ys will all have cancelled, and all
the zs will be erased except for those on the highest row of 2, (if any);
this will be proved in the next two paragraphs. If 8 is the outer
border of 2, there will in fact exist zs on the highest row of 8. On
the other hand, if 8 is a hole border, it is clear that there cannot
existzs on its highest row, so that for such a border, all the zs will
be erased. Thus when we process all the borders of 3, in this way,
the only remaining zs will be those on the highest row of 3.

To prove that all zs not on the highest row of 8 will be erased,
consider a z, that is not a highest point of 8; then as we move for-
ward along 8 from z,,, we eventually reach a higher point. Let P be
the first such point; then on the segment of 8 between z, and P,
there are more xs than ys. Now consider what happens as the xs
shift backward and the ys shift forward. If a y reaches z, from its
other side, z, is erased; but if no such y reachesz,, the x at P even-
tually reaches z, (since only the ys between z, and P are available
to cancel the xs) and erases it. (Note that by definition, P must also
be higher than any other zs between z, and P, so that they too get
erased.)

Conversely, let z, be on the highest row of 8; then as we move
forward along @ starting at z,, the net number of xs can never ex-
ceed the net number of ys, so that no backward-shifting x can ever
reach z,. Similarly, as we move backward along @ starting at z,,,
the net number of ys (which are upward moves when we go back-
ward!) can never exceed the net number of xs, so that forward-
shifting ys can never reach z,. We can think of the xs and ys
between any two consecutive highest zs (or all around g, if there is
only one highest z) as constituting a well-formed parenthesis
string, which cancels itself out completely in the course of the
shifting; see (d) at the end of Section 3.4.3.

As described up to now, the cancellation process leaves the
highest zs intact, but these cells can never know that they are
highest zs, since no matter how long they wait, they can never
know that an x or y from a very distant higher point is not still on
its way toward them. In order to allow these zs to discover that
they are highest, we must make a small modification in the cancel-
lation process. When an x and a y meet, instead of cancelling, they
turn into ““ghosts,” denoted by x’ and y’, which continue to shift
in the same directions. When anx’ and ay’ meet, they simply pass
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each other; but when an x’ meets a y, the x’ is erased (without af-
fecting the y), and when a y’ meets an x, the y' is erased. It is eas-
ily seen that, on any segment of 8 bounded by two highest zs, at
least one x” and y’ (namely, the last ones to be created) will not be
erased, and these will reach the zs. Thus when az has been hit by
both an x’ and ay’, it knows that no x or y can ever hit it, so that it
must be a highest z. To illustrate this process, we show in Table
5.2 the successive shifting and cancellation steps for a simple ex-
ample. (At subsequent steps, the x’ moves left to z,, and the y’
moves right to z,.)

Concurrently with and independently of all the above, any cell ¢
that is a lower right corner (i.e., whose lower and right neighbors
are #s) marks itself with w. By a process analogous to that
described for the zs, the ws in the lowest row of B identify them-
selves. (Note that, like the zs, they can exist only on the outer
border B, of 3, not on hole borders.) When a w has identified it-
self, it sends out a signal ¢ that travels clockwise around g, (i.e.,
with the §s on the left, starting with the § below the w). If t hits an-
other w, it is erased. If it hits a z that has not yet been identified as
highest, it waits until thatz is either erased or found to be highest.
In the former case, the signal continues to travel. In the latter case,
that z must be the leftmost of the uppermost points of 3, since it is
the first of the highest zs that was reached by ¢ starting from a
lowest w. In other words, that z is the desired c,.

The entire process of uniquely identifying c, takes time propor-
tional to the perimeter of Z. In fact, the initial steps take a
bounded amount of time; the identifications of the highestzs and
lowest ws take times that are fractions of the perimeter; and the
identification of ¢y using t takes time less than the outer perim-
eter.

TABLE 5.2
Step
1 Zy y y X y x y y x x Zq
2 y ' x' y' y x
3 y y’ yV x/ x
4 y y' x’ x
5 y x
6 < v
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In proving the analogs of Propositions 3.4.1-3.4.4 for non-
BCAs, we can first identify c,, e.g., by creating a square that con-
tains % (see Section 5.3.1), and scanning the square row by row
until the leftmost uppermost non-¢ is found. We can then synchro-
nize the square and initiate the simulation; the proofs now pro-
ceed as in Section 5.3.1. The time required, as pointed out in that
section, is proportional to the (greatest) diameter of .

For BCAs, the simulation and the process of identifying ¢y can
proceed concurrently. (We can do this for non-BCAs also, if we do
the identification of ¢y on a copy of the original % while allowing
another copy of 3 to grow, if necessary, under the simulation.) In
Proposition 3.4.1, when ¢, has identified itself and has also (either
before or after identification) accepted in the simulation, it sends
out an interrogatory signal that generates a reply, as in the
theorem to be proved next (or, for non-BCAs, it can use the same
method as in Section 5.3.1). In Proposition 3.4.2, any accepting
cell sends out an acceptance signal; when it reaches ¢, (or when ¢,
identifies itself and finds that this signal has already reached it), c,
accepts. In Proposition 3.4.3, only ¢, can accept, and it can do so
only after it has identified itself. In Proposition 3.4.4, when ¢, ac-
cepts (or identifies itself and finds it has accepted), it sends out an
acceptance signal that causes every other cell to accept. The time
required for transmission of these signals is at most the diameter
of 3; as shown in Section 2.8, this is less than the perimeter of X.

We conclude this section by proving

THEOREM 5.4.2 There exists a DBCA with a distinguished cell
co such that ¢, goes into a special state after it has sent out a signal
and received a reply from the cell farthest from it.

Proof: 1f ¢, is the upper left cell of a rectangular array, this is
easy: ¢,y sends out its signal, which propagates from cell to cell;
i.e., each cell copies the signal from its neighbors. The lower right
cell is uniquely identified by having #s below it and on its right,
and this is the cell farthest from c¢,. When this cell receives the
signal, it emits a reply, which propagates from cell to cell until it
reaches ¢,. When ¢, receives the reply, it knows that the farthest
cell has received its signal and replied, and can go into the special
state.
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For connected arrays, we could use the fact that DBCAs can sim-
ulate DTBAs, as was proved in Section 5.3.2. Cell ¢y could thus ini-
tiate a DTBA simulation that systematically scanned the array (see
Theorems 4.4.2 and 4.4.5), and when finished, erased all its marks
and returned to c¢,; at this point, ¢, could accept. However, this ap-
proach is very slow (compare Section 5.5). Instead, we give a con-
struction that makes extensive use of the DBCA’s parallelism and
requires only time proportional to the intrinsic diameter of the
array.

First, co sends out its signal x, which propagates from cell to cell.
If a cell ¢ receives x from exactly one of its neighbors, ¢ stores the
direction of that neighbor (and also copies x). If ¢ receives x from
two or more neighbors, it stores only one of their directions, ac-
cording to an arbitrary preference ordering (e.g., L, R, U, D). Note
that ¢ receives x after a number of time steps equal to ¢’s city block
distance from cy.

When a cell ¢ receives x from all of its (non-}) neighbors, so that
it has no neighbors that have not yet received x, the distance of ¢
from ¢, must be a local maximum. Such cs initiate a reply signal y,
which will propagate back to ¢, along the paths indicated by the
directions stored in the cells; in other words, if ¢ has received y, its
neighbor ¢’ accepts y from it only if ¢’ is the neighbor of ¢ in the
direction that ¢ had stored. Moreover, if ¢’ has two (or more)
neighbors, say ¢y, c;, for which it is the stored-direction
neighbor, it accepts y only after y has arrived at both c; and c,.

It is easily seen that the stored directions define a directed span-
ning tree of the array, rooted at cy. The reply signal y is initiated
by the leaves of the tree and passes through a node of the tree only
when it has been received by all sons of that node. Thus the time
required for y to reach ¢, is equal to the longest distance from ¢, to
any leaf, i.e., the longest distance from ¢, to any point of %, which
is at most the diameter of 2. O

To apply this result to proving the analog of Proposition 3.4.1,
we change the reply signal from y to y' if it ever encounters a
nonaccepting cell. Thus if ¢, receives y, every cell of the simula-
tion has accepted and ¢, can accept; while if ¢, receives y’, it can
try again later (the simulation proceeds concurrently with the
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signal and reply propagation). If every cell in the simulation even-
tually does accept, ¢y will eventually receive y (since accepting
states never change) and will accept.$

The analogs of Propositions 3.4.1-3.4.4 show that the three defi-
nitions of acceptance are still equivalent even for connected
arrays. We shall use the upper left definition from now on, and
shall always assume that ¢, is uniquely marked. The language L(C)
of arrays accepted by C, and the class £Lpypyc of all languages ac-
cepted by (D)(B)CAs, are defined just as in the rectangular case
(Section 5.3.1).

5.5 SPEED COMPARISONS

As we have just seen, CAs can simulate TAs in essentially real
time, so that any language can be accepted by a CA at least as fast
as it can be accepted by a TA (ignoring the acceptance propagation
steps). On the other hand, some languages can be accepted by
CAs much faster than by TAs. In this section, we discuss compara-
tive acceptance speeds for two-dimensional TAs and CAs.

Let [2| denote the number of elements in the array 3, and let (%)
denote the number of border points of 2. If 3, is rectangular, say
m X n, we have [ =mn and (3) = 2(m + n — 2) (provided
m, n = 2); it follows that [%| < (2)%. In the nonrectangular case,
let T(2) be the framing rectangle of 3 (see the appendix to Sec-
tion 5.3.1), and suppose that T(Z) is m by n. Then 3 has at least
two border points (run ends) in each row of T(Z), and at least two
in each column of 3, so that (3) = max(2m, 2n) = m + n. On the
other hand, || = mn, so that here again we have [Z| < (3)2

For any acceptor A (or C), suppose that for all 3 there exists a
function f, taking natural numbers into natural numbers, such that
if A accepts 2 at all, it does s0 in at most f(3)) time steps. We then
say that A accepts in perimeter time of order f. For example, if f is
linear, we say that A accepts in perimeter time; if f is quadratic, we
say that A accepts in perimeter-squared time; and so on. Similarly,
if there exists a function f such that A accepts any 3, if at all, in at
most f(|2]) time steps, we say that A accepts in area time of order f.
Note that by the remarks in the preceding paragraph, if A accepts

SThe same argument is used to prove that a DBCA can verify its rectangularity:
The reply y becomes y' if it encounters a concave corner; if ¢, receives y, there are
no concave corners. Note that a DBCA could also verify rectangularity by simu-
lating the proof of Proposition 4.2.1, but this would be very slow.
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in area time, it accepts in perimeter-squared time. As usual, we
abbreviate “on the order of ( )” by “O( )".

It is easily seen that, except in certain special cases, no TA can
accept in faster than area time, and no CA can accept in faster than
O(perimeter) time. Indeed, if A accepts 3 in h < |Z| time steps, it
cannot have seen all of %, and so accepts any array that matches
in at most h positions, and is otherwise arbitrary. Similarly, if C
accepts % in h < (Z)/2 time steps, the state of ¢, at step h cannot
depend on the initial states of cells farther than # (in city block dis-
tance) away. For an m X n rectangular array, the farthest point
from c, (the lower-right-hand corner) is at distancem + n — 2 =
3(2); hence the state of ¢, at step h cannot depend on this point.
Thus C accepts any array that matches 2 out to city block distance
h from c,, and is otherwise arbitrary.§

We may thus conclude that for “interesting’” array languages L,
the time required to accept any 3 € L must be at least |3| for TAs,
and at least 3(2) for CAs [or O(3)), in the nonrectangular case].
Note that the ““speed limit”’ for acceptance by two-dimensional
CAs is generally much lower than that for TAs, unlike the case in
one dimension for which both speed limits were the same
(namely, |o).

To illustrate acceptance in minimal time by TAs and CAs, we
may again consider (as in Section 3.4.3) the language L; consisting
of all rectangular arrays in which a particular vocabulary symbol x
never appears. A DTBFSA can accept L; in area time by systemat-
ically scanning X row by row; if it finds an x, it stops and enters a
nonaccepting state; if it completes the scan without finding an x, it
accepts. A BCA that accepts Lz is defined as follows: The bottom
cell of each column initiates a signal y that propagates upward
through non-xs, but is stopped by xs. The rightmost cell of the top
row initiates a signal z that propagates leftward through ys. If z
reaches ¢, (at the left end of the top row), it accepts. Evidently this

SFor arbitrary connected arrays, the farthest point may be much less than (3)
away from ¢, so that nontrivial recognition of certain classes of such arrays in time
of order less than (%) may be possible; but as the rectangular case shows, there do
exist classes of arrays for which O((Z)) is alower bound. On the other hand, as we
saw in Section 2.8, the intrinsic diameter of any 3 (the greatest possible length of a
shortest path in 3 between any two points of 3} is at most half the total perimeter of
Z; thus if acceptance time is O((Z)), the state of ¢, can depend on the state of any
cell in X, however distant, so that there is no class of arrays that requires a lower
bound higher than O(Z)).
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happens iff no column of 3 contains an x. The time required for
acceptance, on an m X n rectangular array, is just n — 1 (for the
propagation of the ys up the columns) +(m — 1) (for the propaga-
tion of the zs across the top row), which is exactly #(3). Thus L; is
an example in which CAs accept much faster than TAs.

Acceptance by CAs in perimeter time is of particular interest,
since this is (on the order of) the fastest time possible. In the
following subsections, we give a number of examples of
perimeter-time acceptance algorithms for CAs. These algorithms
illustrate the value of two-dimensional CAs as fast devices for
array recognition.

It is straightforward to establish analogs of the upper bounds on
acceptance time, discussed at the end of Section 3.4.3, for two-
dimensional TBAs and BCAs; the details will not be given here.

5.5.1 Some Efficient Acceptance Algorithms
for Rectangular Arrays

In this section we describe several perimeter-time (or, equiva-
lently, diameter-time) algorithms for acceptance of specific rectan-
gular array languages by DBCAs. Some perimeter-time algorithms
for connected array languages will be presented in the next sec-
tion.

(A) Row or Column Languages In Section 3.4.4 we gave a
number of efficient algorithms for string language acceptance by
one-dimensional DBCAs. These algorithms required times on the
order of the string length. As an immediate application of these
algorithms to rectangular arrays, consider the set of arrays each of
whose rows belongs to a given string language, e.g., to the palin-
dromes or well-formed parenthesis strings. We can accept such a
set of arrays in O(perimeter) time as follows:

(a) Each row simulates a one-dimensional DBCA, with distin-
guished cell at its left end, that accepts iff the row belongs
to the given string language. This requires Of(array
width = string length) time.

(b) The left-hand column simulates a one-dimensional DBCA,
with distinguished cell at the top, that accepts iff the entire
column consists of accepting states of the row DBCAs. This
can easily be done in O(array height) time, once the rows
have all accepted. The bottom left cell, when its row has ac-
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cepted, initiates a signal that travels upward through
acceptance-marked cells; if it reaches the top, the top cell
accepts.

Thus the total acceptance time is O(width) + O(height) = O(di-
ameter). An exactly analogous scheme can be used to accept arrays
whose columns all belong to a given string language.

(B) Counrting Symbols and Local Patterns We next consider lan-
guages defined in terms of the number(s) of occurrences of partic-
ular symbols. For example, let us consider arrays of xs and ys and
consider the language consisting of all such arrays in which the
number of xs is odd (or even), or in which the number of xs equals
(or exceeds) the number of ys. In Section 3.4.3 we saw that the
analogous one-dimensional languages could be accepted by con-
verting the number of xs to a binary number, stored in the left-
most log,(string length) cells, since we can then check whether the
least significant bit is 0 or 1, to determine the parity of the number
of xs. Similarly, if we simultaneously convert both the number of
xs and the number of ys to binary numbers, both stored in the left-
most cells (without interfering with one another), we can do a
bit-by-bit comparison of these numbers to determine which of the
numbers is greater, or whether they are equal. The binary conver-
sion and comparison processes both take only O(length) time.

In two dimensions, we can similarly convert the number(s) of xs
(and ys) on each row to a binary number. [We assume here that
the rows are at least as long as the columns; this assures that the
final binary numbers for the entire array, which are O(log:(area))
bits long, will fit on the rows, since row length = (area)'? >
loga(area). If the rows are shorter than the columns (which can be
verified in O(perimeter) time; see the beginning of Section 5.5.2),
we use an analogous process with the roles of columns and rows
interchanged.] We must now add up these numbers to obtain a
total sum, say on the top row. To do this, let us first mark the
odd-numbered and even-numbered rows distinctively. [This
takes O(height) time, using a signal that travels from bottom to
top and alternates between two values; see the beginning of Sec-
tion 5.5.2]. We now simultaneously add each even-numbered row
to the odd-numbered row above it; this takes O(log width) time
(see the next paragraph for the details). When the additions are
complete, we shift the sums upward until they are packed into the
upper half of the rows; this takes (height/2) time. We now again
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TABLE 5.3
Old h; h{ New h; New k;
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1

simultaneously add even-numbered rows to the odd-numbered
rows above them, which takes O(log width) time. The entire
process is repeated, until finally the sums corresponding to the top
and bottom halves of the array, in the top two rows, are added to
yield the final sum. The sums never get longer than log(area) <
log(width?) = 2 log(width), which is O(log width). The total
shifting time is height/2 + height/4 + - - - = O(height). The
number of times additions are performed is O(log height) and the
additions take O(log width); thus the total addition time is O((log
height) (log width)) = O(log? width) < O(width). The entire
processing time thus consists of O(width) for the row additions,
O(height) for the upward shifting of rows, and less than O(width)
for the additions of rows—a total of O(height) + O(width) =
O(perimeter) time steps.

The addition of pairs of rows proceeds straightforwardly. Each
cell (say the ith) on an odd-numbered row contains a pair of bits
(hy, ky); initially h; is the ith bit of the sum on that row, and k; = 0.
The cell below it on the even-numbered row also contains a pair of
bits (h{, ki) with k; = 0. At the first step, the cells on the even
rows go into ““blank’ states. The new states of the cells on the odd
rows are determined as shown in Table 5.3. At subsequent steps,
the new states of the odd-row cells are determined analogously, as
shown in Table 5.4.

TABLE 5.4
Old h, Ol k-, New h; New k;
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1
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To ensure that the additions are all done simultaneously as soon
as the rows are packed, we can assume that the lowest nonblank
row is specially marked; this is trivial to do initially, since the
bottom row has #s below it, and the marks can be inherited each
time the lowest nonblank row is added to the row above it. That
row can initiate a signal that propagates upward through non-
blanks. When the signal reaches the top row, it knows that the
packing is complete and can initiate a synchronization process
that causes all the pairs of rows to add at once. The signal propaga-
tion and synchronization steps, in preparation for the ith set of ad-
ditions, take O(height/2i"!) time, the same as the time for the pre-
ceding shifting and packing, so that our time order computation is
not affected.

The new shifting and packing can begin as soon as the first step
of the current addition is performed; but to insure that this addi-
tion is finished before the next one is initiated, we can proceed as
follows: Assume that the cells containing bits of a sum are all
marked, whether the bits are 1s or 0s; this can easily be done when
the initial row sums are created, and can be preserved as part of
the addition process. Concurrently with the addition, we can syn-
chronize the marked cells on the lowest nonblank row; when the
synchronization is done, we know that the addition is also
(nearly) done, and we can initiate the upward signal that will indi-
cate completion of the packing. (A simpler method of counting xs
in a rectangular array is described in [5].)

As a generalization of counting xs, we can count occurrences of

any given local pattern, e.g., x;cx . A uniquely defined cell (such as

the upper left cell) of each such pattern first identifies itself; this
can evidently be done by examining states of neighbors out to a
bounded distance, and takes a bounded number of time steps. We
then count the number of cells that have identified themselves in
this way, and can then apply any desired tests or comparisons to
these counts (e.g., parity, majority, etc.). We can also compute
geometrical properties of the array that can be defined in terms of
local patterns. For example, in an array of xs and ys, the set of xs is
a union of nontouching rectangles iff it has no concave corners
(compare Proposition 5.3.1), and this can be detected by marking
concave corners and detecting the absence of a marked cell. More-
over, such a set of xs is a single rectangle iff it has exactly four
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convex corners, and this too can be easily determined by detecting
and counting the convex corners. To tell whether the rectangles
are, e.g., squares, each northwest corner (i.e., each x that has xs as
right and lower neighbors) can compare the numbers of upper and
left-hand-edge points of its rectangle (we mark these points and
shift the marks leftward or upward, respectively, through xs until
they reach the corner; if they stop coming at the same time, that
rectangle is a square). We can then mark the northwest corners of
squares and subsequently count them.

As another example, the genus of an array of xs and ys (essen-
tially the number of connected components of xs minus the
number of components of ys; see Section 2.7) is equaltov — e + f,
where

v is the number of xs,

e is the number of )’gs and xxs, and

f is the number of ;is

We can count these types of patterns (independently), and com-
bine the counts (subtraction can be done analogously to addition)
to compute the genus. We can thus, in particular, determine
whether the array has some given genus, such as 0 or 1. All these
processes take times proportional to the array perimeter or diame-
ter. We can tell when the counting is complete by, e.g., sending a
signal from the lower right corner; when it reaches the upper left
corner, we know that diameter time (or some multiple of it, if we
use a slow signal) has passed.

(C) Counting Connected Components It is more complicated to
count the connected components in an array of xs and ys. In the
following paragraphs, we describe a method, based on [6]and [7],
of doing this in O(perimeter) time. The method makes use of a
“shrinking” operation that reduces each component of xs or ys to a
single point. We first describe this operation and then show how
it can be used to count components of xs or ys—for example, to
determine whether or not the xs are connected.
Let ¥ denote the operation that

(a) changes a cell from x to y if its right and lower neighbors
are both ys;
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(b) changes a cell from y to x if its right, lower, and lower right
diagonal neighbors are all xs;

and leaves all other cells unchanged. In other words, ¥ deletes
upper left convex corners from the set S of xs, and fills upper left
concave corners. If we are given the neighborhood

P Q

Q"Q
of the point P, then we change P fromx toy iff Q' = Q" = y and
change it from y to x iff Q' = Q" = Q = x. [Equivalently, if we
represent x by 1 and y by 0, it is not hard to show that

YP)=1 iff P+Q =2,P +Q"=2,
or Q"+Q"+Q=3]

Note that ¥(P) depends only on two neighbors and one diagonal
neighbor of P; it requires two time steps to compute. We could
have defined ¥ using other pairs of neighbors (right and upper,
left and upper, left and lower) rather than the right and lower
neighbors; analogous results can be obtained for these alternative
definitions.

We shall next show that, in a sense to be defined more precisely
below, applying ¥ to an array of xs and ys preserves the connect-
edness of both the xs and the ys. Our definition of ¥ assumes that
we use 4-connectedness for the xs and 8-connectedness for the ys.
If we want to use the opposite types of connectedness, we should
define ¥ to change P from x to y iff Q' = Q" =Q =y, and to
change P from y tox iff Q' = Q” = x. [It is not hard to see that this
is equivalent to W(P)=1iff P+ Q=2 o0or P+ Q'+ Q" =2,
where 1 represents x and 0 represents y.]

For brevity, denote W(P) by P'. Let S and S’ be the sets of xs be-
fore and after a given application of ¥, and let S and S’ similarly be
the sets of ys. For any set T, let T;. and T, be the sets of points of 5’
and of ', respectively, that either lie in T or have points of T as
right and lower neighbors. We shall now prove that if U is a com-
ponent of S, then U} is a component of S', and if V is a component
of §, then V}, is a component of S’. (We assume here that U and V
consist of more than one point; if not, it is clear that these points
disappear under ¥ and that U} and V,, are empty.)

Note first that if P’ is in U} but not in U, we have P’ = x butP =
y (since P has points of U as right and lower neighbors, if it were
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x, it too would be in U, since U is a component of xs). Hence P
PP,
P,Py
P, =x and P; = x, we must have P; = x, and similarly P; = x;
thus P’ has neighbors P; and P; that are in both U ‘and U. It
follows that to prove the connectedness of U, we need only show
that any two points that are in both U and U} have a path joining
them in UJ.

Let Q;, Q. be two such points; let 7 be a path joining them in U
( exists since U is connected) that is as short as possible; and let R
be any point on # such that R’ = 0. (If there is no such R, 7 is a
path in U}, and we are done.) Thus R = x and R’ = y, so that the
neighborhood of R is of the form

R;R y
y

Since  is as short as possible, it must pass through both R, and
R3; hence R,, R3 are in U, so that R, = Ry = x. It follows that
Ri = R; = R} = x, so that Ry, R;, R3 are all in U,. We can thus re-
place R by R, on 7, and by doing this for every such R, we obtain a
path 7' in U} from Q, to Q», as desired. Thus U, is connected.

We next show that U} is a component of S'—or equivalently,
that any point of S’ adjacent to U} must be in U}. Suppose first
that the given point P is in both S and §', i.e., P = P’ = x. If P is
adjacent to U, it is in U and hence in U, and we are done. Other-
wise, P must be adjacent to some Q € S for which Q' €S’ is in
U . The neighborhood of P must thus look like

must have a neighborhood in which P, = P, = P3 = x. Since

P R PQ O
Q or RQ:Q;
Q203

where Q,, Q,, Qg are in U (they are all in § since Q =y but
Q' =x; and Q,, Q. are in U since Q' is in U}). Since Q =y but
P’ = x, we cannot have R = y; bu_t if R = x, P is connected to U
and so is in U. Similarly, if PisinS and §’,i.e.,,P = y butP’' =x,
then P has a neighborhood of the form

Py Py

PsP Q
P4Q2Q3
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with Q,, Qz, Q3in S. If Q; or Q, is in U, then it is also in U, so
that P is in U} . Otherwise, P, or P; must be in U}, and if P & U,
this means that P, or P, must be in U; but then Q,, Q;, Qs arein U,
so that P is in U ,—a contradiction. Thus U is a component.

Note finally that if U has more than one point, U} cannot be
empty; for example, if P is the leftmost of the uppermost points of
U, then P’ = x (since either its right or lower neighbor is in S), so
that P is in U’. (By the same argument, if V is a component of S
and has more than one point, V' cannot be empty.)

We now turn to the proof that if V is a component of S, then V', is
a component of S'. Let 7 be a path in V that is as short as possible,
and let p be a run of points of 7 that are not in S', but such that the
points of 77 immediately preceding and following p are in S'. Then
the neighborhood of p must be of the form, e.g.,

Py Py P

Py Qyx
PsPg Qax x
P;Qsx x
Pgx x

where the Qs are in p. Thus P, and Pgare in S’, so that if the point
of 7 preceding p is P or P;, and the point following p is P, or P,
we can replace p by the subpath Pg, P4, which lies in S’. On the
other hand, if the preceding point is Pg, we have P; € S’, and if
the following point is P;, we have P; € S’ so that in these cases p
can be replaced by P;, Pg, P4, by Ps, Py, P2, or by P, Pg, P4, Py, all
in §’. It follows that any (shortest) path in V can be converted into
a path in V. Thus any two points in V , are joined by a pathin V|,
so that V', is connected.

To show that V', is a component, we prove that any point of S’
adjacent to V; must be in it. Let the given point P be in S; its
neighborhood must then be

P,
Py P Qy
Qe

where Q,, Q are in 5. If Q; or Q, is in V', they are both in V, so
that P is in V. Otherwise, P, or P,, say P,, must be in V, so that
Pi = y; butsince P = x, this means thatP, = y, so that P, isin V,
and this implies Q;, Q; inV, proving P € V,. On the other hand,
let P be in §; then if it is adjacent to V, itis in V, hence in V,, and
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we are done. Suppose it is adjacent to a point Q of V', that is not in
V, so that its neighborhood looks like

P PQ R
Q Rl or R2
R

where R, and R, are in V; then P is also in V and hence in V.

Finally, we show that if U is adjacent to V, then LI} is adjacent to
V.. We recall (Section 2.6) that LI adjacent to V implies that U sur-
rounds V or vice versa; suppose the former. Let P be the leftmost
of the uppermost points of V, so that P’s upper neighbor Q isin U.
Then it is not hard to see that P’ €S’ and Q' €§’, so that
PreU;and Q' €V,.

For any component U of 5, leti, and j, be the coordinates of the
leftmost row and uppermost column that contain points of L. Let
P be any point of U at maximum city block distance from (7, j,).
Thus the right and lower neighbors of P cannot be in U and hence
are in S, so that P’ = 0. Thus applying ¥ decreases the maximum
city block distance of U from (i,, j,).

No point of U} can lie to the left of i, or abovej,, since a point to
the left of i, can neither be in U nor have its lower neighbor in U,
and a point above j, can neither be in U nor have its right
neighbor in U. On the other hand, any leftmost uppermost or up-
permost leftmost point of U must be in U/, (as long as U has more
than one point), since such a point must have either its right or
lower neighbor in U. Thus i, and j, are still the leftmost and upper-
most coordinates for U, as they were for U.

The remarks in the last two paragraphs imply that when ¥ is
repeatedly applied, the leftmost and uppermost coordinates (i,, j,)
of any U remain unchanged, but the city block distance of U from
(ix, ju) keeps decreasing. This means that U must eventually shrink
to a single point, which must evidently be the point (i, j,), and
this point then vanishes when ¥ is applied again. The number of
steps required for this to happen is at most (twice¥) the original
maximum city block distance of U from (i, j,). Analogous remarks
apply to any component V of $. (The only exception is the back-
ground component, which is not surrounded by any component
of U.) Note that the time required for a component to shrink to a

§ Since ¥ takes two time steps to apply; we ignore this factor of 2 below.
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point is at most the diameter of its framing rectangle, which is less
than the diameter of 2.

Using ¥, we can design a DBCA that counts connected compo-
nents of xs or ys. We apply ¥ repeatedly; this shrinks every con-
nected component, except for the background component of ys, to
a single point (which then vanishes), in time less than the diame-
ter of 3. When single-point components are created (or initially
present), we can easily detect them, since they are xs all four of
whose neighbors are ys, or ys all eight of whose neighbors are xs.
Thus at the same time that ¥ annihilates them, we can replace
them by special marks, say w and z, that can occupy a cell without
interfering with the processing of the xs and ys by ¥. We can now
count these special marks, as described earlier in this section: Add
them up in each row, then add the row sums. [We know that
O(diameter) time steps suffice for the ws and zs to have all been
created, shifted to the left ends of their rows, and counted there;
thus after O (diameter) time steps we can safely initiate the process
of adding the row sums.] This gives us counts of the numbers of
components of xs and ys in the original 3 (except for the back-
ground component of ys). Thus we can accept % iff, e.g., these
numbers have given values or given parities; e.g., if the xs are
connected, or if there are no holes in the xs (nonbackground com-
ponents of ys). Acceptance based on comparison of these
numbers, e.g., more components than holes, can be done without
using ¥, since the difference between the number of components
of xs and the number of nonbackground components of ys is just
the genus, which can be computed more simply.

We can also use ¥ to define DBCA acceptors for various other
languages. For example, to accept iff the xs consist of a single
closed curve, we can first check the fact that every x has exactly two
xs as neighbors, which implies that the xs are a union of non-
touching simple closed curves (Section 2.3); and we can then check
that the xs are connected (or equivalently, that they have exactly
one hole).

5.5.2 Some Efficient Acceptance Algorithms
for Connected Arrays

In this section we present some perimeter-time algorithms for
DBCA acceptance of specific connected array languages. In partic-
ular, we may consider languages defined by the geometrical prop-
erties of the array 2 (of non-§s) itself. As one example, in Section
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5.3 we showed how a DBCA can accept 3, iff it is rectangular. It is
also easy to define DBCA acceptance algorithms for rectangles
having particular properties, e.g., side lengths odd or even, height
equal to (or greater than) width, etc. For example, to detect
evenness of rectangle width, the upper right corner sends a signal
to the upper left corner (c,), and the signal alternates between two
states, say # and v (i.e., if a cell’s right neighbor is u, the cell be-
comes v, and vice versa), with the initial signal being u; if ¢,
receives v, it accepts. To detect the fact that height is greater than
width, the lower right corner sends a signal to c, that travels
diagonally, i.e., alternately upward and leftward (if a cell’s lower
neighbor is u, the cell becomes v; if a cell’s right-hand neighbor is
v, the cell becomes u). If a u has a § on its left, it becomes a w; this
w moves upward one step and becomes z; z moves upward until it
reaches ¢y, which then accepts. If w reaches c¢,, the height and
width are equal. Algorithms for acceptance of wvarious
nonrectangular array languages will now be described.

(A) Simple-Connectedness To determine whether or not 2 is
simply-connected (i.e., has no holes), we can proceed as follows
[4): In the proof of Theorem 5.4.1 we showed that the distin-
guished cell ¢y of 2 can identify itself in time on the order of the
outer perimeter of 2. (The processes on inner borders may still be
going on, but they will not lead to anything and can safely be ig-
nored.) The outer border of % then marks itself by simulating a
border-following process starting from cg; this again takes outer
perimeter time. [A cell ¢ may be on both the outer border and an
inner border, but this can be detected by checking whether the BF
simulation has made use of all the § neighbors of ¢; if not, the mark
is modified to indicate that ¢ is on more than one border.] After
the marking is completed, each outer border cell ¢, sends out a
signal that moves rightward along its row until it reaches another
border cell ¢, and hits a §; this must happen in a number of time
steps at most equal to the width of %, which is evidently less than
half the outer perimeter. If ¢, is marked (i.e., is on the outer
border), the signal is erased. If ¢, is not marked, or has a modified
mark, the signal generates a reply that moves back along the row
until it reaches ¢;. (If 3 has a hole, this must happen. Indeed, let P
be a hole point that is as far to the left as possible; thus P’s left
neighbor Q is a hole border point. If we move leftward from Q
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through non-fs until we hit a §, the last non-§ must be an outer
border point, since there are no hole points to the left of P. Thus if
2 has a hole, some outer border point must have the property that
when we move rightward from it through non-§s until we hit a f,
the last non-f must be a hole border point.) When this happens (or
if ¢; had a modified mark to begin with), c; generates a signal that
travels around the outer border to ¢,. If ¢, receives such a signal, it
knows that 2, is not simply connected. If it fails to receive such a
signal within (say) twice outer perimeter time after the marking of
the outer border was completed (it can determine this time by
sending a half-speed signal around the outer border), it knows
that 3 is simply-connected, and can accept. The entire process
takes O (outer perimeter) time.

(B) Arcs and Curves To determine whether 2, is an arc or curve
(Section 2.3), ¢, identifies itself and marks the outer border. When
this is finished, each outer border cell verifies that it has no un-
marked neighbors, and at most two marked neighbors. If a cell
fails to verify this, it sends a signal to c,, which then knows that %,
is not an arc or curve. If this signal does not arrive within outer
perimeter time, ¢, knows that 3 is an arc or curve. If two border
cells have only one neighbor, 3 is an arc; if all of them have two
neighbors, 2 is a curve.

(C) Pattern Detection and Counting As we saw in the proof of
Theorem 5.4.2, the distinguished cell ¢, of a DBCA can send out a
signal and receive a reply from every cell in O (diameter) time and
hence in O(perimeter) time. This reply can inform ¢, about the
presence or absence of specific symbols or local patterns in . We
can also determine, e.g., the parity of the number of these
symbols; in fact, each cell can receive parity information from its
sons in the spanning tree and compute its own parity (i.e., the
parity corresponding to the set of cells below it in the tree) for
transmittal to its own father.

Counting specified symbols (or local patterns) is more difficult.
For a non-BCA, there would be no problem; we could simply con-
struct a containing rectangle and use the methods of Section 5.5.1
to count the various types of non-§s in that rectangle. For a BCA,
we can use a different algorithm [8] that once again involves con-
structing a spanning tree. In such a tree, we know that each node
has degree (number of non-§ sons) < 3, since a node has only four
neighbors and one of them must be its father. (The root node of
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the tree has no father, but since it is the upper left corner of %, it
has at most two non-§ sons.) In the following paragraphs, we de-
scribe an algorithm in which each node of the tree successively out-
puts (to its father) the base-4 digits of the number of nodes in its
subtree, least significant digit first. The root node, which has no
father, can shift these digits down the tree so that they are stored
along a longest path S [Let i, the tree height, be the length of such
a longest path; then it is not hard to see that the total number of
nodes in the tree is at most (1 +3 + 3>+ - - - + 3" < 3" oo
that there is room to store this number along the path.]

The basic idea of the algorithm is as follows: We assume that the
tree has been constructed, so that each cell knows which of its
neighbors are its father and its sons. The states of a cell are triples
of the form (x, y, z), where

x = 0,1, 2, or 3 represents a sum digit (to base 4);

y = 0,1, 2, or 3 represents a carry digit. [Since a cell has at most
three non-§ sons, each of which is sending it a base-4 digit
(=3), and since its own digit (the carry digit from the pre-
vious addition) is also =3, it can add these digits and ob-
tain a sum =4 - 3 = 12; this sum can thus be represented
using a pair of base-4 digits, y - 4' + x - 4°.]

z indicates the type of tree node and the action to be taken with
respect to the addition process; the significance of z will be-
come clear in the course of describing the algorithm.

At the first step, each cell changes to state (1, 0, z,) if it is a leaf
node, or to (1, 0, zp) if it is not. At each subsequent step,

(1) A cell in state (1, 0, z¢) remains unchanged unless all its
sons are in states with third terms z, or z,; it then changes
to (1, 0, z3). Informally, the z; indicates that the cell is ready
to add its sons’ inputs; the z4 indicates a cell that has just
added its sons’ inputs.

(2) A cell in state (x, 0, z3) changes to state (x;, X3, z4), where
4x, + x5 = x + (the sum of the digits shifted up from the
cell’s sons). It can be shown, by induction on tree height,
that whenever a cell ¢ is in a state with third term z3, its
sons are all in states with third terms z; orz4, so that they all
have sum digits that can be shifted up to ¢ for addition. It

SThis shifting is understood to be independent of, and not to interfere with, the
upward shifting of the digits to be described below.
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can also be shown that under these circumstances the sec-
ond (carry digit) term of ¢’s state must be zero.

(3) A leaf node cell [in state (1, 0, z,)] shifts its sum digit (1) up
whenever its father has third term z5. It can be shown that
this happens only once.

(4) A cellin state (x, v, z4) remains unchanged unless its father
is in a state with third term z; (or unless it is the root node);
it then shifts x up to its father (or down along the storage
path, if it is the root node), and changes to state (y, 0, z3).

Thus z; serves as a signal to a cell’s sons that they can shift their
sum digits up for addition (2)-(4). This ensures that all sons shift
up at the same time, even though the information may have ar-
rived at the sons at different times (because their subtrees have
different heights). Note that the cell cannot be in a z, state until all
its sons are ready (1). The z, symbol serves as a signal to a cell’s
father that the cell is ready to shift its sum digit up; at the same
time, it serves as a signal to the cell’s sons that the cell is not ready
for them to shift their digits up to it. When a cell shifts a digit up to
its father, its own state changes from z4 to z; (4), indicating to its
sons that it is ready to accept their digits again. Thus as long as
digits remain to be shifted up to a cell, its state alternates between
Z3 and Zg.

It is not hard to prove [8] that a cell at height h = 1in the tree re-
mains in state (1, 0, z,) until step z; + 1, when it changes to state
(1, 0, z3). At the end of that step, all the cell’s sons’ states have
third terms z, or z4. (In general, whenever a cell’s third term is z3,
its sons’ third terms are all z; or z4.) Thus the cell now adds its
sons’ outputs; by induction hypothesis, these are the least signifi-
cant digits (to base 4) of the numbers of nodes in the sons’ sub-
trees, so that the cell’s sum digit is now the least significant digit
of the sum of these sums, i.e., of the number of nodes in its own
subtree. When the cell’s father is ready, the cell outputs this digit,
changes its carry digit to a sum digit, and becomes ready to accept
further inputs from the sons. These can immediately output to it
the next least significant digits of their subtrees’ numbers of
nodes. The cell adds these to its own sum digit, which yields the
next least significant digit of its own subtree’s number. This
process continues until the sons have no further information to
transmit. It can be shown that this takes 37 + 3 time steps: h + 1
until the additions start, and two steps per digit (alternating
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between z; and z, states) until they are finished. Thus the total
time required for the sum to be computed for the entire tree is
about three times the distance from the root cell to the (leaf) cell
farthest from it, which is on the order of the diameter of 3. It is
easy for the root cell to know when this process has been com-
pleted (e.g., by using a signal that travels to a farthest cell at half
speed and then back to the root at full speed; when the return
signal arrives, the elapsed time is essentially 3%).

It is trivial to modify this algorithm to count the number of cells
having a particular state, rather than all the cells; or to count the
number of occurrences of a particular local pattern (a uniquely de-
fined cell in each such occurrence first goes into a special state, and
these states are then counted).
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Chapter 6

PYRAMID CELLULAR ACCEPTORSS

6.1 INTRODUCTION

This chapter introduces a special class of cellular acceptors,
called pyramid acceptors, that can accept many languages in much
less than O (diameter) time, at only a slight cost in additional hard-
ware. A pyramid acceptor is a stack of two-dimensional cellular
automata in which the bottom (“’base’”) layer is 2" X 2%, the next
layer is 2"' X 271, and so on, until the top layer consists of a
single ““apex cell.”” Each cell, in addition to being able to sense the
states of its four neighbors (or “‘brother” cells), can also sense the
states of four ““son” cells in the layer below it, and of a ““father” cell
in the layer above it. The input to be accepted is stored in the base
layer; the other layers are initially in a quiescent state. The inputis
accepted if the apex cell enters an accepting state. Note that the
pyramid has n + 1 layers, so that the minimum number of time
steps required to transmit information from any base cell to the
apex cell is n = log,(2"), i.e., O (log diameter) of the input.

In Section 6.2 we define pyramid acceptors, as well as their an-
alogs, “triangle acceptors,” which accept one-dimensional input.
We also introduce a simplification of these definitions in which a
cell is only allowed to sense the states of its sons (but not of its
brothers or its father), so that information can only flow upward
from the base to the apex. Section 6.3 presents O (log diameter)-
time algorithms for local property detection and counting. Section

§ The material in this chapter is primarily the work of Charles R. Dyer, and origi-
nally appeared in [1,2].
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6.4 compares bottom-up acceptors to finite-state acceptors,
frontier-to-root tree acceptors, and diameter-limited perceptrons.
Section 6.5 describes a number of other triangle and pyramid ac-
ceptance algorithms. In this chapter, all cellular acceptors are
bounded; for brevity, we omit the prefix “B".

6.2 CELLULAR PYRAMIDS

In this section we define a pyramid cellular acceptor. In order to
simplify the exposition of this model, we first present its lower-
dimensional analog—the triangle cellular acceptor. We also intro-
duce a simplification that restricts the neighbor relation to being
“bottom-up.”

6.2.1 Triangle Cellular Acceptors

A triangle cellular acceptor (TCA) is a triangular stack of strings of
cells, where the bottom string is of length 2", the next 2*™!, and so
on. Surrounding the triangle is a border of cells in the boundary
state . The transition function maps sextuples of states into states,
8: Q% — Q (in the nondeterministic case, §: Q% — 29). As with the
CA, we have the usual boundary state restrictions in order to con-
fine the computation to the non-{ cells: § € 8(q, . . .)iffg = §.

Those cells whose states are the arguments of §, for a given cell
¢, consist of ¢’s left and right neighbors (brothers) on its own level,
two son cells of ¢ on the level below it, and one father cell on the
level above it. If ¢ is the i th cell on its level, its sons are cells 2i — 1
and 2i on their level, and its father is cell [ /2] on its level.

The apex cell of the triangle is called the root, and the bottom
level of 2" cells, the base. The height of the triangle is the length of a
shortest path from the root to a cell in the base. Thus a triangle
with a base of length 2* has height » and 2"*' — 1 non-§ cells.

The figure below illustrates a TCA with a base of length 8, where
neighbor cells have been joined by line segments. The non-{ cells
are numbered in left-to-right order on each level. For example, the
father of cell 3 on level 1 is cell 2 on level 2, its left and right
brothers are cells 2 and 4 on its own level, and its left and right
sons are cells 5 and 6 on level 0.



6.2 CELLULAR PYRAMIDS 141

HHFERHERFESRRFEFFFH

A configuration is an assignment of states to each non-# cell. An
input configuration has the form:

p
g8 ¢
£ & 8%
£ 8 &8-858 ¢
t 91 g Ga2'—y o2 8
P st Co L
That is, the input string & = .42 . . . go* defines the initial states

of the cells in the base of the triangle; the rest of the cells are initial-
ized to the quiescent state §. We say that o is accepted by the TCA
if the root enters an accepting state after some finite number of
steps. The language accepted by a TCA is defined as the set of all
strings accepted by it. Note that, for a given n, all of these strings
have length 2".

To illustrate the operation of TCAs, we show how a TCA C can
accept the set L of strings (of length a power of 2) of xs and ys in
which the number of xs is even. The transition function of C is de-
fined as follows: If cell ¢ is in state b, and its sons are both in state x
or both in state y, it goes into state x; if one son is in state x and the
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other in state y, it goes into state y. (The states of its brothers and
father are irrelevant.) The accepting state is x. It is not hard to see
that after k time steps, the cells on level k all change from state §to
states x or y. It is easy to see by induction that if a cell goes into
state x, the number of xs below it on the base (sons of sons . . . of
its sons) is odd, while if it goes into state i, that number is even.
[Proof: This is trivial for cells at level 0; and if it is true for level
k — 1, it is also true for level k, since the sum of two odd or even
numbers is even, while the sum of an odd and an even number is
odd.]If we take y to be the accepting state, we see that the root cell
accepts (or rejects, by going into state x) at time step n. Note that
this acceptance time is equal to the logarithm of the length of the
input. In contrast, recognition of this language by a BCA or TBA
requires time proportional to the length of the input (i.e., linear
time).

6.2.2 Pyramid Cellular Acceptors

A pyramid cellular acceptor (PCA) is a pyramidal stack of arrays
of cells in which the bottom layer has size 2" x 2*, the next lowest
271 X 2771 and so forth, the (n + 1)st layer consisting of a single
cell, called the root. Each cell now has nine neighbors—four son
cells in a 2 X 2 block on the level below, four brother cells on its
own level, and one father cell on the level above. If the cell’s coor-
dinates in its layer are (i, j), its sons’ coordinates are (2i — 1,
2j — 1), (2i —1,2),(2i,2 —1), and (27, 2j), on the layer below;
its brothers’ coordinates are (i — 1,j), (i + 1,j), (i,j — 1), and (i,
j + 1) onits own layer; and its father’s coordinates are (Ji/2], []/2])
on the layer above.

The transition of function & of a PCA maps 10-tuples of states
into states—or sets of states, in the nondeterministic case. Other-
wise, the conventions set up for the TCA still hold. The input
array 3 consists of the initial states of the bottom layer, henceforth
called the base array. The root is again the accepting cell.

Since the pyramid has only n + 1 layers, a PCA has a lower
bound acceptance time proportional to the logarithm of the base
array’s diameter. Furthermore, the additional hardware cost re-
quired to achieve this potential time saving is moderate—less
than a third more cells than in the base (1 + ¥+ (§)?+ - - - =
1/0-9 =9%.
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6.2.3 Bottom-Up Acceptors

Alternative neighborhood definitions can be made that restrict
information transmission through a PCA. In particular, we now
define a simplification in which the only neighbors of a cell are its
sons, so that state information can move only one way up the pyr-
amid. A bottom—up pyramid acceptor (UPCA) is a PCA whose state
transition function is modified to be §: Q% — Q. In this case, the
next state of a cell depends only on the current states of that cell
and its four sons.

Similarly, we define a bottom —up triangle acceptor (UTCA) to be a
TCA in which the transition function is defined as 8: Q® — Q and
the next state of a cell depends only on the current state of the cell
and its two sons. In this chapter we establish some results
regarding the acceptance power of PCAs and TCAs, and in partic-
ular of UPCAs and UTCAs.

6.2.4 PCAs Are Equivalent to CAs

PCAs are faster than CAs for some tasks, but they are not in-
herently more powerful. In fact, a CA can simulate a PCA, though
the simulation is rather inefficient. For simplicity, we demonstrate
this in the one-dimensional case, i.e., we show how a one-
dimensional CA can simulate a TCA.

Since a TCA of base length 2" contains 2**' — 1 cells, we use for
our simulation a CA of length 2™*?; or, equivalently, we use one of
length 27, and have each cell simulate a pair of adjacent cells in a
length-2"*! array. Each CA cell will simulate one TCA cell, with
the correspondence defined by a breadth-first scan of the TCA; for
example, if n = 4, the TCA cells

1
2 3
4 567
891011121314 15

are mapped into the CA cells
0),1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15.

In this mapping, the cell in the ith position has its brother(s) in
positions i = 1, its father in position [i/2], and its sons in posi-
tions 2i and 2i + 1.
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To simulate a single cycle of the TCA, each CA cell must have
access to the states of its corresponding TCA cell’s brothers, father,
and sons (if they exist). It has immediate access to the brothers,
since they are adjacent to it in the CA. If the TCA cell is at the end
of arow, so that it has only one brother (or none, in the case of the
apex cell), the CA can know this fact by specially marking those
cells whose positions are powers of 2, corresponding to begin-
nings of TCA rows; the marks can then inhibit cells 2¢ and 2¢ — 1
from treating each other as brothers. The marking can be done by
a simple adaptation of the son-finding algorithm to be described
immediately below.

To send information about its state to its father cell, a CA cell
sends two signals leftward, one traveling at three times the speed
of the other (i.e., one moving at every time step, the other waiting
two time steps between moves). When the fast signal reaches the
left end of the CA, it bounces back and moves rightward until it
meets the slow signal, at which point the signals cancel out. It can
be readily verified that this meeting takes place first for the signals
from cell 1, then for those from cell 2, etc., so that all the cells can
send their signals out simultaneously without danger of confu-
sion. (Meetings of slow signals with fast signals that are still
moving leftward are ignored.) Moreover, the pair of signals from
cell i meets just at position [i/2]. Thus the signals can inform cell
li/2] about the state of cell i. For cell 1, the meeting occurs at cell 0,
which is not simulating a TCA cell since cell 1 has no father.

Similarly, to send information to its son cells, a CA cell sends a
fast signal leftward and a slow signal rightward. The fast signal
bounces off the left end and moves rightward until it overtakes the
slow signal and they cancel. Again, this happens exactly in se-
quence for the signals from cells 1, 2, . . . , so that the signals can
all be sent simultaneously. Moreover, the signals from cell i meet
just at position 2i, so that the signals can inform cell 2i (and its
neighbor 2i + 1) about the state of cell i. For cells 2", . . .,
2" — 1 the slow signal reaches the right end before being over-
taken; in this case the signals can be allowed to die, since these
TCA cells have no sons.

Note that this process takes time 2**! + 2" = 3 . 2* (the time re-
quired for the messages from cell 15 and cell 7 to reach one an-
other). In other words, simulating a single TCA time step takes the
CA O (diameter) time.

PCAs can simulate CAs, since cells in the base array are identi-
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fiable (only they have § cells as sons). Thus all other cells can re-
main in the quiescent state j while the base array copies the transi-
tions of the CA, using only state information from brother cells. If
the CA’s upper left corner cell ever enters an accepting state, the
father of that cell in the PCA’s base array can detect this and send
an acceptance signal to the root. Therefore, PCAs are equivalent
to CAs.

6.2.5 Nondeterministic UPCAs Are Equivalent to CAs

In this section we show that any nondeterministic (or determin-
istic) CA can be simulated by a nondeterministic UPCA (for brev-
ity: NUPCA). This result was established by A. Nakamura and
C. R. Dyer [3]. Given a CA M, we shall construct an NUPCA B
that simulates a single step of M in O{(diameter) steps of B. Con-
versely, a nondeterministic CA can simulate a NUPCA, as seen in
Section 6.2.4; hence nondeterministic CAs and NUPCAs are
equivalent.

Each base cell in B nondeterministically chooses a state from Q
(the state set of M) at nondeterministically chosen time steps (call
them B-steps), while also remembering the state it chose at the
previous B-step. Thus at the end of B-step t each base cell ¢ stores a
pair of states (p, q) from Q, where p and g are the states chosen by
c at B-steps t and t — 1, respectively.

To check whether or not the new configuration legally follows
from the previous one, we must verify that the new state (g) of
each cell ¢ is in the range of 3 given the previous states (ps) of ¢
and of its four neighbors. In other words, we must verify, for each
block of cells

Cn
Cw C Ce
Cs

that g € 8(p, Pu, Pw, Pe, Ps)- This involves verifying that

(Pn, Gn)
(Pw,aw) (P, q) (Pe. qe)
(Ps, QS)

is one of a finite number of legal patterns (in which g,, 9., 4., and
gs are arbitrary).

We shall see in Section 6.3.1 that a deterministic UPCA can de-
tect arbitrary local patterns in O (diameter) time steps. Using the
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algorithm described there, the root can decide in (diameter + log
diameter) time steps whether the base’s configuration at B-step ¢
was a legal successor to the configuration at B-step t — 1. The
algorithm is easily modified to verify that all base cells choose
their new states synchronously and at intervals = (diameter + log
diameter) time steps, so that the detection algorithm used to con-
firm the legality of B-step t + 1 does not commence before the
legality of B-step ¢ has been tested.

In addition, the root can check for each B-step whether or not
the upper-left-corner base cell was in an accepting state. Hence if
the CA goes through a sequence of configurations leading to
acceptance, the NUPCA can nondeterministically guess the se-
quence, check its legality, and determine that an accepting state
was entered. Note that it does not matter whether the CA is deter-
ministic or nondeterministic.

In one dimension, we shall see in Section 6.3.1 that a deter-
ministic UTCA can detect arbitrary local patterns in (log diameter)
time steps. Hence the base cells in the NUTCA case can enter new
states at each time step, so that the simulation is real time (following
a log diameter start-up delay).

6.2.6 Deterministic UPCAs Are Periodic after
Polynomial Time

If each cell in a UPCA changes state every rth time that its sons
change state, and the cells in the base change state every rth time
step, then the period of the cells in layer k is r¥, so that the apex cell
has period r* = 2" = (2®)%¢" which is polynomial in the base
diameter.

We shall now show that the behavior of any UPCA must be
periodic with period polynomial in the base diameter. To see this,
note that the base cells are finite-state automata with constant
input; hence their outputs are periodic, say with periods m,,

., mg» where each m; = |Q]| (the number of states). Further-
more, given any cell whose inputs are periodic, say with periodsi,
j, u, v, its output must also be periodic with period = |Q| LCM(,
j, u,v), where LCM means “least common multiple”. Thus any cell
in the kth layer has periodic output with period
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|QILCM[|QILCM[|QILCMI. . .JI] (k repetitions)
|QIFLCM][a set of m,s]

Q!

since the m;s all = |Q|, so their LCM = |Q|!. In particular, the apex
cell has period = |QMQ[! = 2™=Q|Q|l = |Q|!(2")'*#'?¥, which is
polynomial in the base diameter.

It follows from these remarks that the complement of a UPCA
language is always a UPCA language. Indeed, given a UPCA A
that accepts the language L, suppose that the cells of A have |Q]
states. We can then construct another UPCA A’ that simulates A
and also “counts” (as in the first paragraph above) with apex cell
period greater than |Q]!(2™)!%¢'9. When the apex cell completes one
period, if the A simulation has not yet accepted its input, A’ can
accept.

Wb IA

6.2.7 “Up-Down’” PCAs Are Equivalent to PCAs

We finally show that if information in a PCA is allowed to move
both upward and downward but not sideways (i.e., the state of
each cell depends on those of its father and son cells, but not on
those of its brother cells), the resulting ““up—down’’ PCA can sim-
ulate an arbitrary PCA. By Section 6.2.4, it suffices to show that
such PCAs can simulate CAs. For simplicity, we show this in one
dimension; the generalization to two dimensions is immediate.

Given a CA with input size m, let n be the smallest integer such
that 2" = m. The input string will be left justified in the base of the
TCA with the rightmost 2® — m cells initialized to state §.

To simulate a single step of the CA, each TCA base cell must
have access to the states of its corresponding CA cell’s two brother
cells. Every two cells that are adjacent in the CA have a least
common ancestor (LCA) in the TCA. Furthermore, the TCA cell
that is the LCA for an adjacent pair in the CA cannot be the LCA
for any other pair. Therefore every two adjacent cells in the base of
the TCA can exchange state information as follows:

At time step 1, cells in layer 1 copy the pairs of states in their
base segments. At time step 2, left (right) sons in layer 0 copy the
right (left) states stored in their father cells. At the same time, cells
in layer 2 store the ordered quadruples of states in their base seg-
ments by copying the state pairs stored in the layer 1 cells. Thus at
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the end of step 1, m/2 LCAs have been found, and at the end of
step 2, each base cell knows the state of one of its brothers. At step
3, left (right) sons in layer 1 copy the third (second) states stored in
their fathers’ quadruples of states and mark them € (or r). Also,
cells in layer 3 compute their own ordered quadruples of states by
copying the first and fourth states from their two sons’ qua-
druples. Thus at the end of step 2, m/4 more LCAs are found in
layer 2. After step 3, the states of these m /4 adjacent cell pairs have
been swapped by the sons of their LCAs. At subsequent steps,
any right (left) son of a father with state marked € (r) copies its
father’s state. In this way, the state information propagates back
down the TCA to the proper brother cell.

Similarly, state quadruples are computed higher and higher in
the TCA until the LCA of every adjacent pair of base cells is found.
Attimen, the root is left with a pair of states, which are the states of
the leftmost and rightmost cells in the base. The brothers of these
cells have state §, and this information can be returned to the
proper base cells in the same manner. Thus simulating one step of
a CA takes 2n or O(log diameter) time for the up—down TCA.

6.2.8 Deterministic CAs Are Stronger than Deterministic
UPCAs

In this subsection we show that deterministic CAs are stronger
than deterministic UPCAs. By Section 6.2.5, it follows that deter-
ministic UPCAs are strictly weaker than nondeterministic. For
brevity, we show this first in the one-dimensional case, and then
indicate how the proof extends to two dimensions.

It is known [4] that there exists a language L not accepted by
any deterministic TBA, but accepted by a deterministic TA that
uses an amount of tape equal to the square of the length of the
input string. Let L' = {gb'"""19!| geL}, where b is a special
“blank” symbol. Thus L' is accepted by a DTBA, since it can
simulate the DTA that has |o|? tape, and can also verify that the
proper number of bs is present.

Suppose L’ were accepted by a DUTCA C. We shall show in the
following paragraphs that, because most of its input consists of bs,
the action of C on an input string in L' of length |of? can be
simulated by a DTBA using only |o| tape. In what follows, let 2"
be the smallest power of 2 that exceeds |o| — 1.
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In the initial configuration of C, the input string o occupies (at
most) the first 2" cells of the base, and the remaining 22" — 2" cells
are bs. Thus many of the cells at higher levels have identical initial
subtree configurations, and hence identical state sequences, since
C is deterministic. In particular, there are at most 2" + 1 distinct
level O cells, namely 2" non-b cells and one b cell. At level k,
0 < k < n, there are 22** cells of which 2*~* have non-bs in their
bases, while the others have identical all-b bases; thus there are at
most 2" * + 1 distinct cells at level k. At each of levels n + 1
through 2n there is exactly one cell with non-b input; hence there
are only two distinct state sequences for cells at any one of these
levels. Summing, we find that there are at most 2™ + 3n ~ 1
distinct cell types in C. Thus, while C has O(2?" cells, only O(2")
of them, at most, have distinct state sequences.

Based on this, we show how a DTBA A having only tape of
length 2" can simulate C. As in Section 6.2.4, we can order the
2m+1 — 1 cells with non-b bases breadth first and map them into the
2" tape positions of A, two per cell. The remainder of C’s cells to
be saved are of two types: 2n cells with all-b input, one each from

levels 0, . . . ,2n — 1; and n cells with non-b input, one at each
oflevelsn + 1, . . ., 2n. Let us map the 2n all-b cells into the left-
most 2n positions of A’s tape, and let us store the n non-b cells in
positionsn + 1, . . . , 2n of the tape.

A can easily mark off blocks of tape of size n by counting its
input tape positions. Hence it can easily find those sections of tape
that contain the extra 3n cells’ states. At any time step, the states
of both sons of an all-b cell are the same and are stored one position
to the left of the given cell’s state. Similarly, the states of the sons
of non-b cells are located immediately to the left of the given cell’s
state. (There is one exception: the cell whose state is in position
n + 1has as its left son the root of the subtree containing the input
string o, and its state is located in position 1.) Thus A can simulate
a transition of C by sequentially accessing the states of the sons
for each of C’s 2! + 3n — 1 cells, as described above and in Section
6.2.4. In particular, the state of the root cell of C is stored at position
2n, which A can find at the completion of each simulation step. If
this cell is in an accepting state, A accepts.

Since A can simulate C, if L’ were accepted by C, it could also
be accepted by A. But this evidently implies that L is accepted by a
DTBA—a contradiction. Thus L’ is not accepted by C, and since it
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is accepted by a DTBA, we see that DTBAs, or equivalently DCAs,
are strictly stronger than DUTCAs.

It follows that nondeterministic UTCAs (which, by Section 6.2.5,
can simulate CAs) are strictly stronger than DUTCAs.

The argument in two dimensions is analogous. We can show that
a DTBA with a 2" X 2" input tape can simulate a DUPCA with
base 22" x 22" making use of the fact that the latter’s cells have at
most 22"2/3 + 3n distinct state sequences. The desired result now
follows from the fact [4] that having |o|* tape gives more power
than having only |o%.

6.3 LOCAL PROPERTY DETECTION AND COUNTING

In this section we describe some basic (U)PCA recognition
algorithms. These include detecting the presence or absence of a
specified local pattern in the input, and counting the occurrences
of such local patterns. These algorithms require only O (log diame-
ter) time.

In describing the algorithms, we shall not use the terminology
of states and transition functions; rather, we shall simply say that
a cell transmits or outputs certain information to its father, or
receives certain information from its sons. We assume as before
that the size of the pyramid base is 2" X 2%, so that the heightisn.
The layers will be numbered 0, 1, . . . , n, starting from the base.

6.3.1 Local Property Detection

We first consider the trivial problem of detecting the presence
(or absence) of a specific value z in the input array. This can be
done as follows. Each base cell compares its input array value to z,
and if they match, the cell transmits a “match bit” to its father. In
addition, every base cell transmits a “’flag bit” to its father, to indi-
cate that the matching has been performed. If a father receives a
match bit from any of its sons, it transmits a match bit to its own
father; and in any case, it transmits the flag bit that it has received.
When the apex cell receives the flag bit, then if it also receives a
match bit, it outputs a success signal; if not, it outputs a failure
signal. Note that if we did not use the flag bit, the apex cell could
not detect the absence of zs, since it would not know whether or
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not the match information has reached it. The time required for
this algorithm is just (log diameter) steps.

Detecting arbitrary local patterns, rather than specific values, is
best done by allowing sidewise transmission of information in the
base. Each base cell can then decide whether it is the “head cell”
(e.g., the leftmost of the uppermost cells) of the given pattern, by
accepting appropriate information from its neighboring cells.
Since the patterns are of bounded size, the amount of information
needed is bounded and presents no special transmission
problems. When a cell discovers that it is the head cell of a pattern,
it can take on a special value, and the presence or absence of these
values can then be detected as just described.

For a UPCA, detecting arbitrary local patterns is harder. The
problem is that if the pattern is in a bad position, say exactly in the
middle of the base, the cells at a bounded height above the base
cannot see all of it and hence cannot detect it. This problem would
not arise if the cells on each layer looked at overlapping neighbor-
hoods on the layer below; but this would require a linearly, rather
than exponentially, tapering pyramid, the height of which would
be proportional to the base diameter rather than to its logarithm,
so that O (log diameter)-time operation would no longer be pos-
sible.

In one dimension, arbitrary local patterns can be detected by a
UTCA using the following brute-force approach. Suppose that the
desired pattern has length k. Each cell at height log k receives a
copy of the entire portion B of the base below it, and decides
which (if any) of the following conditions holds for that portion.

(a) The entire pattern is present in B. We denote this condition
by p (for “pattern match”).

(b) An initial segment of the pattern of length i is present at
the right end of B, 1 =i <k. This condition will be
denoied by p;.

(c) A terminal segment of the pattern of length j is present at
the left end of B, 1 =j <k. We denote this condition

by p;.

If none of these conditions holds, we denote that fact by g. Note
that more than one of them can hold simultaneously. The set of
those that do hold can be represented by a bit pattern of length 2k.
This bit pattern is transmitted to the cells at the next layer above,
and these cells now operate as follows:
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(@) If p is received from either son, transmit p.

(b) If p; is received from the left son, and pj_; from the right
son, 1 =i <k, transmit p.

(c) Otherwise, transmit the left son’s p; information and the
right son’s p; information (if none, transmit g).

Thus these cells too transmit only a bounded amount of informa-
tion. The process is now repeated. It is clear that the apex cell will
transmit p iff the desired pattern is present, and that the entire
process takes log diameter time steps.

In the remainder of this section we describe a UPCA algorithm
for detecting arbitrary k X k patterns in < O(diameter) time. The
one-dimensional algorithm just given does not generalize to two
dimensions, since pieces of the pattern can now occur in a large
number of different positions around the borders of a given block
B of the base, and these must be matched up properly with pieces
on the borders of neighboring blocks.

Let ¢; denote the leftmost k — 1 states in the ith row of the
block B of the base below cell c. Similarly, let ¢/ denote the right-
most k — 1 states in the ith row of B. We design the UPCA so
that the cells in layer k count modulo 2¥ and output alternating se-
quences of 0s and 1s of length 2¥ — 1. (See Section 6.2.6.)

Suppose cell ¢ at height k = [log k] repeatedly receives a copy of
its block B and

(a) decides whether or not the pattern is entirely contained
in B;

(b) starting at time «, outputs ¢; and then ¢/, wherei =t —
k + 1 (mod 2%).

Then a cell ¢ in layer « + 1 can use its modulo 2¢*! counter and
the outputs of its four sons to compute its own ¢; and ¢/ values
(modulo 2%*1), since

c:{kmwm, 1=i=2¢
W), 20 <i < 201
and

c {[C(NE)]{, 1=<i=2¢
" U[e(SE) -, 2 <= 2et

-

where ¢(NW) is ¢’s northwest son, etc.
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Simultaneously, ¢ can decide whether or not the pattern appears
anywhere within its block as follows. Since we need only check
k X k squares that are not entirely contained in one of ¢’s sons’
blocks, we need only reconstruct the 2¥*! X (k — 1) vertical band
centered on the middle column of ¢’s block in order to match across
the vertical crack. In fact, only a k x 2(k — 1) running window of
the band needs to be stored by cell ¢ at any time. Using its modulo
2**! counter and its four sons’ outputs, ¢ can scan its vertical band,
since the ith row of the band is computable at time x + i (modulo
2x+1) by

[c(NW)[c(NE)], i 1=i=or
or
[cSW) Lo [c(SE));—2- if 2% <=2

After time step k + «, ¢ can begin checking whether the entire
pattern is present anywhere in its k X 2(k — 1) window.

In the same way, ¢ can simultaneously scan the 2(k — 1) x 2%*!
horizontal band centered on the middle row of its block in order to
match across the horizontal crack. (This means that the cells at
height « will also have to output the top and bottom k — 1 symbols
in the ith column, 1 =i = 2%, modulo 2%.) If at any time the pat-
tern is found in either band, a success signal is immediately sent
up to the apex cell.

Similarly, each cell in layer m > « + 1 behaves like the cells in
layer k + 1, sequentially scanning their vertical and horizontal
bands of length 2™, starting at time m. Hence, if the pattern is
detectable in layer m, then the apex cell will know this at a time no
later thanm + 2™ + (n — m) = 2™ + n. In the worst case, the pat-
tern is detectable only by the apex cell and time 2" + 7 is required.

If we assume that the k X k pattern occurs at least once and is
equally likely to appear anywhere in the 2" X 2" base, and k <n,
the O (diameter) worst-case bound reduces to O(log diameter)
time in the average case. That is, there are 4"/4™ cells in layer m,
and each checks 2(k — 1)2™ — 3(k — 1)* k X k blocks for the pres-
ence of the pattern. Thus in layer m (m > log k) a total of
2272k — 1) - 2™ — 3(k — 1)*/2*™] k X k blocks are inspected. It is
easily verified that after processing layer («x + 2), over half of the
22" blocks have already been checked. Since the apex cell will know
whether the pattern is detected in any of these layers by time step
4k + n, the O(log diameter) average time bound results.
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6.3.2 Local Property Counting

We next show that a UTCA can count, in 2(log diameter) time
steps, the number of occurrences of some particular symbol z in its
input. Specifically, the apex cell will output, at time steps n to 2n,
the n + 1 bits in the binary representation of this number (which
lies between 0 and 2"), least significant bit first. The generalization
to BPAs is straightforward.

The counting algorithm is defined inductively; we shall prove
that at time steps m to 2m, each cell in the mth layer above the base
(m =0,1,. . . ,n)outputs the number of zs in the portion of the
base below it, least significant bit first. To initialize this, each base
cell (m = 0) outputs, at the end of time step 0, a 1 if its input value
is z, and a 0 otherwise. Now consider a cell ¢ in layer (m + 1). By
induction hypothesis, it receives from its sons at the ends of time
stepsm, . . . ,2m the numbers of zs in their base segments. Cell ¢
can now function as a serial adder: At time stepm + 1, it sums the
two least significant bits of its sons’ numbers and stores the sum
and carry bits. At the end of stepm + 1, it outputs the sum bit. At
stepm + 2, it receives the next least significant bits from its sons,
adds them to the carry bit, stores the resultant carry bit, and out-
puts the sum bit. This process is repeated at stepsm + 3, . . . ,
2m. At the end of step 2m + 1, ¢ outputs the sum bit resulting
from the last addition step, and at step 2m + 2, it outputs the carry
bit resulting from that step. Clearly, ¢’s outputs at steps m + 1,

.. ,2m + 2 = 2(m + 1) are just the bits of the sum of its sons’
outputs, i.e., the number of z’s in ¢’s base segment.

Note that the base cells must output their bits only at time step 0
if this algorithm is to work. To ensure this, the input data can be
erased; or a flag bit can be set that inhibits further output. Once
we know that the base cells produce no output after time step 0, it
is easy to see that the cells in layer k produce no output after the
end of time step 2k. The total time required by the algorithm is 2n,
i.e., twice (log diameter) time.

We next show that a UTCA can count the number of occurrences
of an arbitrary local property in 2(log diameter) time steps. That
is, the apex cell will output, at time steps n through 2n, then + 1
bits in the binary representation of this number, least significant
bit first.

Suppose that the desired pattern has length k = 2*. Each cell in
layer « receives, at time step k, a copy of the block B of the base
below it and outputs, at the end of step «,
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(a) 1 if B matches the pattern, and 0 otherwise;
(b) By, the leftmost segment of B of length k — 1; and
(c) By, the rightmost segment of B of length k.

Now consider a cell ¢ in layer (m + 1). By the induction hy-
pothesis, it receives from its sons at the ends of time steps m,

. ., 2m the number of instances of the given pattern and the
values of By and B}, in their base segments. Let By, Bys be the val-
ues for ¢’s left son, and B}, Bz the values for ¢’s right son. Then
B = By and B}, = B}z can be output by ¢ at the end of time step
m + 1. In addition, B;sB}; is the segment of length 2(k — 1) cen-
tered on the middle of ¢’s base. At most k — 1 occurrences of the
pattern can extend across ¢’s midbase cell, and all the information
for checking these k — 1 positions is contained in the string
BaBi1. Hence at time step m + 1, ¢ can compute and store the
number of times & that the pattern is found crossing ¢’s midpoint
and then add the least significant bit of & to the sum of the least
significant bits of its sons’ counts, which has just been computed.
At step m + 2, ¢ computes its next least significant bit by adding
the next bits from its sons and the next bit of h. This process is re-
peated at stepsm + 3,. . . ,m + ksinceh is a k-bit number. For
the remaining stepsm + « + 1,. . . ,2m + 2, ¢ just sums the re-
maining bits from its sons. Clearly, ¢’s outputs at steps m + 1,

.. ,2m + 2 =2(m + 1) are just the bits of the sum of its sons’
counts and its own count, i.e., the number of times the given pat-
tern occurs in ¢’s base block. The total number of time steps re-
quired by the algorithm is 2n.

This algorithm does not generalize to two dimensions. How-
ever, as pointed out at the end of Section 6.3.1, by allowing
sidewise transmission of information in the base, we can reduce
the problem of counting local patterns to that of counting occur-
rences of a particular symbol; this can be done in O (log diameter)
time by an immediate generalization of the one-dimensional algo-
rithm in which we count to base 4 rather than to base 2.

6.4 COMPARISONS WITH OTHER TYPES OF ACCEPTORS

In this section we compare UPCAs (or UTCAs) with three other
computational models—finite-state acceptors (FSAs), frontier-to-

root tree acceptors (FRAs), and diameter-limited perceptrons
(DLPs). We show that
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(a) UTCAs are stronger than FSAs and can simulate them in
log real time;

(b) UPCAs are stronger than FRAs; and

(¢) UTCAs are stronger than DLPs, if we assume certain
bounds on the precision of the coefficients and threshold
used by the DLPs.

6.4.1 UPCAs and FSAs

We first show that UTCAs can simulate FSAs. It suffices to show
this for an FSA, call it A, that is one-way and deterministic, since
such As can simulate two-way or nondeterministic FSAs. Strings
whose lengths are not powers of 2 can be padded with §s at their
right ends.

Let the state set of A be Q = {g,, . . . , gn}. Each base cell, say
having input value v, constructs the vector (g1, . . . ,gm), whereg/
is the state into which A goes if it reads symbol v while in state g,,
1 =i = m. This vector defines a function from Q into Q. (It is un-
derstood that if A reads a §, it can continue to move but does not
change state.)

We now show that each cell ¢ can compute a vector of states (p,,

., Pm), Where p; is the state in which A would end if it started
in state g; and scanned the segment of the base lying under c. This
is true for the base cells, by the preceding paragraph. Suppose it is
true for the sons ¢’, c” of ¢, and let their vectors be (p1, . . . ,pm)
and (p1,. . . ,pm) respectively. Then the vector (py,. . . ,pnm)of
¢ can be computed as a ““composition” of the vectors of ¢’ and ¢”. In
fact, p; is just p{pn—i.e., it is the ending state in the ¢” vector that
corresponds to t;eginning state p/ (which in turn is the ¢’ ending
state resulting from g;).

The apex cell’s vector (p;, . . . , pn) thus specifies the state in
which A ends if it scans the entire base, starting in state g;, 1 =
i = m. In particular, if A’s initial state gives rise in this way to a
final or accepting state, the apex cell can accept the base, and oth-
erwise not. This process requires n + 1 time steps, i.e., O(log di-
ameter) time; it is faster than the FSA itself, since that requires
2" time steps to scan the base.

UTCAs can also accept many languages that cannot be accepted
by FSAs. A simple example is {x*y¥|n =1,2,. . . ; N =2"1}
The algorithm for accepting this is as follows: If a cell’s sons are
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both xs, it outputs x; if both ys, it outputs y; if x and y (in that
order), it outputs z; otherwise, it outputs w. If the apex cell out-
puts z, the UTCA accepts; otherwise, it rejects. A similar construc-
tion shows that a UTCA can accept languages that are not even
context-free, e.g., {x¥yMuMv¥|n =1, 2, . .. ; M =2"?%. Thus
UTCAs are strictly stronger than FSAs.

It is not clear how to generalize this construction to two dimen-
sions. The problem is that A can enter or leave a given segment B
of the base at many places (i.e., anywhere along B’s perimeter), so
that we can no longer specify A’s behavior relative to B by a vector
of bounded length. Thus it is an open question whether a UPCA
can simulate a two-dimensional FSA.

We shall now show that a UPCA can simulate a special type of
two-dimensional FSA, namely one that can only do a fixed raster
(row-by-row) scan of its input. We can assume that the given FSA
A is deterministic, since for this type of FSA it is easy to show that
nondeterminism gives it no additional power, as in the one-
dimensional case. Our proof is based on the fact that each cell in
layer k can be made to ““count” in such a way that for the first 2¥~!
steps it outputs 0, for the next 2¥~! it outputs 1, and so on, chang-
ing from 0 to 1 or 1 to 0 every 2*~! steps.

At time step 1, each base cell in the UPCA constructs a state
transition vector of length |Q| based on the input value at the cell.
Each nonbase cell ¢ behaves as follows: When c¢’s counter is in
state 0 (1) it constructs the composition of its upper left (lower left)
and upper right (lower right) sons’ transition vectors. Thus a cell
in layer 1 alternately composes the transition vectors of its upper
two and lower two sons. A cell in layer 2 composes vectors from its
upper sons at the first two time steps, and composes its lower
sons’ vectors at the next two steps; and so on. As in the case of the
one-dimensional FSA simulation at the beginning of this section,
it follows that a cell in layer k computes left-to-right row scan tran-
sition vectors for the 2¥ rows in its base in a top-to-bottom se-
quence at times k, k + 1, . . . , k + 2¥ — 1; and this process re-
peats (modulo 2%).

At the same time, each cell ¢ in layer k composes these 2¥ row
scan transition vectors to get a complete raster scan transition
vector for ¢’s base. This is accomplished by having ¢ store a second
cumulative transition vector. When ¢’s counter switches from state
1 to state 0, we must be computing the vector for ¢’s top row. Thus
at this step we initialize the raster scan transition vector with the
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first row’s vector. At all other times, we just compose the current
row r’s vector with the current cumulative vector to obtain a new
cumulative vector describing A’s movement over the top r rows of
¢’s base. In particular, at time n + 2" — 1, the apex cell’s raster
scan transition vector describes the state in which A ends after
scanning the base in raster order when starting in any of its |Q|
states. Thus if A’s initial state gives rise to an accepting state in
this vector, the UPCA can accept; otherwise it rejects its input.

The time n + 2* — 1 required for this simulation is O(diam-
eter). This is faster than A itself, which requires O(area) time to
scan its input. However, a CA can also simulate a raster scan FSA
in O (diameter) time.

Similarly, we can simulate other fixed scanning sequences of an
FSA, e.g., snakelike or column-by-column scans, without signifi-
cantly altering the construction given above. The critical knowl-
edge that we have used here, which is not available in more gen-
eral FSAs, is that the motion of A is fixed in advance and so it is
not necessary to keep track of A’s position on the tape.

We now return to the general problem: How does a UPCA com-
pare with an ordinary FSA, which can move to any of its four
neighbors during a transition? The problem is that A can enter or
leave a given block of base cells at any place along its boundary,
and so the description of A’s behavior on a block grows with the
size of the block. Consequently, we cannot specify A’s behavior
relative to an unbounded size base segment by a state transition
vector of bounded length.

We shall see in Section 6.5 that a UPCA can accept the vertically
symmetric palindromes (i.e., the arrays each of whose rows is a
palindrome). On the other hand, it can be shown, by an argument
similar to that used to prove Theorem 4.3.4, that no FSA can accept
this language. Thus the sets of languages accepted by UPCAs and
FSAs are not the same.

6.4.2 UPCAs and FRAs

A frontier-to-root tree acceptor (FRA) can be defined [5] as having
a finite-state automaton at each node of the given rooted tree. Ini-
tially, the automata at the leaf nodes read their inputs (i.e., the
symbols at these nodes, if any) and generate output states. These
states are sensed by the fathers of the leaf nodes, who use them
(together with their own input symbols) to generate their output
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states; and so on. A node does not compute its output until it has
sensed the outputs of all its sons. The root node’s output indicates
whether or not the input tree has been accepted.

Suppose, in particular, that the tree is a complete 4-ary tree of
depth n; this corresponds exactly to the tree structure of a UPCA
with base size 2" X 2", If we assume that the input symbols are all
b except at the base, then the operation of the FRA can be simu-
lated by a single ““wave” of information passing up the UPCA
from base to apex. This simulation requires exactly log diameter
time (where computing the FRA's state transitions takes unit time).

On the other hand, there are some recognition tasks that a
UPCA can perform that it cannot do in log diameter time; we shall
show immediately below that recognition of palindromes is such a
task. Evidently, such tasks cannot be done by an FRA, since what-
ever the FRA does at all must be done in log diameter time. Thus
UPCAs are stronger than FRAs.

For simplicity, we treat palindrome recognition in the one-
dimensional case, i.e., by a UTCA. We first show that it cannot be
done in less than O (diameter) time. Indeed, acceptance by the
apex cell depends only on the sequence of states of each of its sons,
and there are |Q|* such sequences of length t. Now each half of the
base has |Q]®"™ possible configurations. Thus if + < 2", two of
these configurations, say B; and B,, must give rise to the same
state sequence. This means that if the apex accepts B;B} in t time
steps, where t < 2™}, it must also accept B,BF, which is not a pal-
indrome. Thus no UTCA can accept palindromes in less than
271 = half-diameter time.

We shall now show that there does exist a UTCA that accepts the
palindromes in O(diameter) time. As a preliminary to this, we
show how the cells in the kth layer of a UTCA can be made to
count modulo 2¥—i.e., to change state every 2* time steps. We do
this by outputting 1s from the base cells, repeatedly. A nonbase
cell outputs 1s every other time that it receives 1s from its sons. It
is not hard to see that this implies that the cells in layer k output 1s
at time steps that differ by 2%. We can regard such a cell as initially
being in state 0; changing to state 1 when it receives 1s from its
sons; changing back to state 0, and outputting 1, the next time it
receives 1s from its sons; and so on.

Now suppose that whenever a cell is in state 0, it copies its left
son’s value, and when it is in state 1, it copies its right son’s value.
Thus a cell just above the base (in layer 1) copies its left and right
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sons’ values alternately; a cell in layer 2 copies the left and right
sons of its left son, then the left and right sons of its right son,
repeatedly; and so on. By induction, it follows that a son in layer k
copies the values of the cells below it in the base, in left-to-right
sequence, at times k, k + 1, . . . , k + 2¥ — 1; and this process
then repeats (modulo 2¥). In particular, the apex cell copies the en-
tire base, in sequence, starting at time n.

Using a mirror image of this process, we can also get the apex
cell to scan the base in right-to-left sequence. It can thus compare
the two scans, cell by cell, and accept if their first halves
match—i.e., if no mismatch has been found by the time the apex
cell enters state 1. The total time required for this is n + 2" (the
scans start at time n, when the values begin to reach the apex).
This result is nearly optimal, since we saw above that 2"! is a
lower bound. Two-dimensional palindrome recognition will be
treated in Section 6.5.2.

6.4.3 (U)PCAs and DLPs

A diameter-limited perceptron (DLP) can be defined as operating
in the following way [6]:

(@) It detects the presence or absence of a given local property
in a neighborhood of each point of its input; it is assumed
that the neighborhoods are of some bounded diameter d.

(b} It computes a sum of the form Zap; over the points of its
input, where p; = 1 or 0, depending on whether or not the
property is satisfied at the given point.

(c) It compares the sum to a threshold ¢, and accepts the input
iff the sum is at least ¢.

We have already indicated (see Section 6.2) that a CA (or a
UTCA) can detect the presence or absence of a given local property
in a fixed-size neighborhood of each of its base cells. Let us there-
fore assume that this has already been done, and that the cell has
stored the value 1 if the property holds, and 0 if it does not (or if
the property was not to be computed at that point). We assume that
the number of properties to be computed in this way for each base cell is
bounded, so that the cell can store a bit pattern of bounded size that
indicates which of them are applicable and valid.

Let us further assume that the coefficients a;in step (b) have bounded
precision, so that they too can be stored in the base cells. Thus each
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base cell can compute its portion of the sum 3a;p;, since this sum
includes only a bounded number of terms, each of bounded size.

Finally, we assume that the threshold t in step (c) has precision that
grows at most linearly with the input size. This implies that ¢t can be
stored in the base of a UPCA as a unary number by storing 1s in a
subset of the base cells.

Given all these assumptions, a UPCA can simulate the DLP by
summing the 1s to compute ¢, and also summing the 4;5 to com-
pute 3a;p;. The algorithm for summing the a;s, which are
numbers of bounded size, is a straightforward extension of the
counting algorithm of Section 6.2; e.g., if the g;s are in the range
[0, 7], the cells can sum them by acting as base (r + 1) adders. The
digits of the sum will thus be output by the apex cell at times #,

., 2n. The digits of t will also be output at these times, and if
we sum them too in base (r + 1), we can compare digits serially to
determine whether 3a;p; = t.

In summary, we have shown that (U)PCAs can simulate a
restricted class of diameter-limited perceptrons—namely, those
for which the above three italicized assumptions hold. The simu-
lation requires time 2n = O(log diameter). The DLP computes
2a;p; and compares it with ¢ “instantaneously,”” but this requires
it to sum a very large number of inputs simultaneously, which is
physically unrealistic.

UPCAs can also do many things that DLPs cannot do. As a
simple example, it is known [6] that a DLP cannot determine the
parity of the number of 1s (say) in its input. On the other hand, a
UTCA can do this very simply, as we saw in Section 6.2.1.

6.5 OTHER UPCA LANGUAGES

6.5.1 Some Other UTCA and UPCA Algorithms

UTCAs can also recognize a variety of other input languages;
the following are a few examples:

(a) Connectedness: In one dimension, the set of strings of xs
and ys in which the xs are connected have at most one run of xs.
Thus a UTCA can recognize this set by simulating an FSA, which
checks that there is no xy pattern in the input to the left of a yx pat-
tern. More generally, a UTCA can count connected components of
xs by counting the number of (say) yx patterns and adding 1 to the
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sum if there are xs at the left end of the input. It is an open ques-
tion whether a UPCA can recognize connectedness of the set of xs
in its two-dimensional input, or whether it can count connected
components of xs.

(b) Equality and majority: A UPCA can easily check whether
the number of xs in its input is equal to, or greater than, the
number of ys, by simultaneously counting both of them and com-
paring the counts (see Section 6.3.2). Less trivially, a UTCA can
check whether its input contains exactly two connected runs of xs
both of which have the same length. It verifies that there are ex-
actly two runs by simulating an FSA. At the same time, it counts
the xs to the left of the leftmost xy pattern, by a straightforward ex-
tension of the counting algorithm to inhibit counting xs that lie to
the right of an xy. (Specifically: besides transmitting numbers of
xs, each cell also outputs a special signal z that indicates whether
the part of the base below it contains the pattern xy. If a cell
receives z from its left son, it copies the left son’s count of xs and
ignores the right son’s count; otherwise, it adds the two counts. It
is not hard to see that this results in the cell’s counting the number
of xs to the left of the leftmost xy under it in the base.) Concur-
rently, the UTCA counts the xs to the right of the rightmost yx pat-
tern and compares these two counts, which allows it to determine
whether the runs have equal length (or, for that matter, whether a
particular one of them has greater length than the other).

(c) Closure properties—Union, intersection, and reversal: Triv-
ially, any finite union (or intersection) of UPCA languages is a
UPCA language, since we can construct a UPCA that simulates the
acceptors of these languages simultaneously, and accepts iff one
(or all) of them accept(s). The reversal of a UTCA language is a
UTCA language, since it is accepted by a mirror-image of the
given UTCA. We have seen in Section 6.2.5 that the complement
of a UPCA language is also a UPCA language. A concatenation of
two UTCA languages is a UTCA language, provided we concat-
enate only strings of the same length, since the left and right sub-
trees of the UTCA can then accept the two halves of the base, and
the root (apex cell) can accept if its two sons have accepted. It is
less easy to see whether concatenations involving strings of dif-
ferent lengths, or numbers of strings that are not powers of 2, can
be accepted. This problem is closely related to that of whether
UTCA languages are closed under translation—i.e., if L is a UTCA
language, is there a UTCA that accepts $*ot?" %! forall 0 < k <
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2" — |g|, iff o € L? Shift invariance will be discussed further in
Section 6.5.4.

(d) Parenthesis strings: We conclude this section by exhibiting
a UTCA that accepts the set of well-formed parenthesis strings in
O (log? diameter) time.

Note first that, given any parenthesis string, we can reduce it to
the form )'(, wherei = 0 and j = 0, by repeatedly canceling adja-
cent pairs (). Given two strings whose reduced forms are )i(* and
)*(*, the reduced form of their concatenation is

)i+h—1(k, if ] < h,‘ )i(k+j—h’ if ] >h

A string is well formed iff its reduced form is the null string (i =
j = 0). Thus a UTCA can recognize well-formed parenthesis strings
if each cell can compute the reduced form of the parenthesis string
in the part of the base below it; the UTCA accepts iff the apex cell’s
form is null.

Evidently, a cell just above the base can compute its reduced
form; in fact, we havei = j = 0 if the base contains ();i = 1,j =1
if thebaseis )(;i = 2,j = Qifitis)); andi = 0,j = 2ifitis ((. Sup-
pose that each cell transmits its i and j counts to its father, as in the
standard counting algorithm, using two separate “channels” to
count is and js simultaneously. In order for the father to compute
its own count, given thei,j and h, k counts of its sons, the father
must first determine whether j = h orj = h. It can do this as it
receives the counts for the first time; it must then receive them a
second time in order to do the necessary addition and subtraction
(i+th—jork+j—h).

The timing of this process is as follows: Each cell receives the
inputs from its sons and compares them to determine whether
j = h. For a cell in layer m, these inputs have m bits, since the
numbers are between 0 and 2™!, inclusive. The next time it
receives them, it computes its own (m + 1)-bit outputs. It then
waits for the inputs to begin again, and computes its outputs
again; this process is repeated. Each cell transmits a special flag bit
whenever it begins outputting, so that its father can tell when its
inputs begin.

Itis not hard to see that a cell in layer m first begins to receive its
m-bit inputs at time m(m + 1)/2. It may not begin to receive them
again immediately, because of the possible waiting times men-
tioned above; but the delay, if any, is at most m time steps. Thus it
can compute and transmit its (m + 1)-bit outputs at times sepa-
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rated by not more than 2m + 1. In particular, the apex cell has
computed its output by time at mostdn(n + 1) + 2n + 1 = O (n?),
and if this output is zero, it accepts the input string.

6.5.2 Two-Dimensional Palindromes

In two dimensions, the palindromes may be defined in alterna-
tive ways, depending on the axis of symmetry chosen. In this sec-
tion we present a UPCA algorithm for recognizing vertically sym-
metric palindromes, i.e., arrays that are symmetrical about their
central column.

Before presenting the algorithm, we first show how a cell in
layer k of a BPA can be made to count modulo ab®**? for arbitrary
natural numbers a, b, ¢, d. Since ab%**? = g(b?)(b°)* = ef*, we need
only show how a cell in layer k can have a modulo ef* counter
for constants ¢ and f. We have shown previously how such a
counter is built when ¢ = 1 and f = 2. In the general case, base
cells are defined to output 1s every e time steps, and nonbase
cells output 1s every fth time that their sons’ counters output
1s. Thus layer 0 (base) cells are modulo ef® = e counters. If cells in
layer k are counting modulo ef¥, then it is not hard to see that layer
k 4+ 1 cells’ f-step delay makes these cells modulo f(ef¥) = ef ¥*!
counters.

Recognizing palindromes with a UPCA, as in the one-
dimensional case, is based on performing a fixed sequential scah
of the base. This is implemented by having cells in the kth layer
count modulo 4¥ as described above. The counters can be easily
modified so as to output 0 for the first 4*~! steps, 1 for the next 4¥~*
steps, 2 for the next, and 3 for the last 4~ steps. If a father’s coun-
ter is 0, it copies its NW son’s value; if it is 1, it copies its NE son’s
value; if it is 2, it copies its SW son’s value; and if it is 3, it copies
its SE son’s value. Thus a cell in layer 1 copies its sons’ values at

successive steps in the following order: 01 A cell in layer 2 copies

23
the values of its NW son for four steps, then of its NE son for four
steps, etc., so that it repeatedly copies the values of its base cells in
the following order:

0145
2 367
8§ 91213
101114 15
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By induction, it follows that a cell in layer k copies the values of its
base cells at timesk, k + 1,. . . ,k + 4% — 1; and this process re-
peats modulo 4%,

We can obtain a mirror image of the above scan by simply
changing the order of scanning the sons to :1,’ g
that running both scans simultaneously means the apex cell copies
all pairs of symbols in base cells that are vertically symmetric
about the central column of the base. If all of these pairs of
symbols match, then the UPCA can accept its input. The total time
required is n + 4® — 1. This is nearly optimal, since it can be
shown that the lower bound for UPCA recognition of palindromes
is $(4"), by remarks similar to those in Section 6.4.2. Other types of
two-dimensional palindromes, for example, using horizontal or
central symmetry, can be handled by essentially the same method.
A related question that is still open is whether the apex cell of a
UPCA can copy the symbols in its base in raster order.

It is readily seen

6.5.3 Rectangles and Squares

Let the language Lggcr be the set of input images that contain a
single solid rectangle of xs (with sides parallel to the sides of the
base) on a background of ys. We saw in Proposition 4.2.1 how an
FSA on a two-dimensional tape can recognize Lygcr by checking
each boundary point’s local slope. Minsky and Papert [6] define a
diameter-limited perceptron to recognize Lrgcr by counting the
local property “corner.” That is, input image % € Lyger iff 2 is an
array of xs and ys and

(the number of occurrences of pattern ; 4 )

x
+ (the number of occurrences of pattern z ) <4

where the patterns also include all 90° rotations of each.

A UPCA is not well suited either for simulating the moves of an
FSA (see Section 6.4.1) or for counting local properties (Section
6.3.2). [If we allowed the UPCA to have sidewise transmission in
its base, then the Minsky and Papert method could be imple-
mented on a UPCA and Lggcr would require O (log diameter) time
to be recognized.] We now show how a UPCA can recognize Lggcr
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by a third method, which compares consecutive row cross sections
of the base.

Each row of an input image contained in Lggcy must be of the
form y"x'y’. We shall now prove that each cell ¢ in layer k can out-
put at time steps k to 2k the k + 1 bits in the binary represen-
tations of /1, i, and j for the top row and k', i’, and j' for the bottom
row in ¢’s base. Associated with the first (least significant) bit of
each number will be a flag indicating whether or not the value is
Zero.

Clearly the cells in layer 1 can compute this information. Now
consider a cell ¢ in layer k + 1. By the induction hypothesis, it
receives from its sons at the ends of time stepsk, . . . , 2k the val-
uesofh,i,j, h',i',j’ in their base segments. Let the subscripts 1, 2,
3, 4 denote the northwest, northeast, southwest, and southeast
sons of ¢, respectively. Then ¢’s base has the following form:

yuxe vl ynxiys w1
yhatyh iy row 2
yh;yle.:'; yj:? ’Hx“ y“ row 2k +1
yhsxwyla y y row 2k*1

so that ¢ computes its own h, i, and j values as follows:

(1) ifi,=0andi, =0,thenh =h; + hy,i =0,andj =0;

(2) ifi,#0andi, =0,thenh =hy, i =i, andj =j; + hy;

(3) ifi;=0andi,# 0, thenh =h, + hy, i =i, and | = j;
and

4) ifi; #0,i, #0,j;=0,and h, =0, thenh =k, i =i, +1i,,
andj = J,.

If none of these conditions holds, a failure signal is immediately
propagated up to the root. The addition is performed as in the
UTCA counting algorithm (Section 6.3.2); ¢ functions as a bit serial
adder. Similarly, ¢ computes k', i’, and j' from hj, 13, j3, hy, iy, j4.
Simultaneously, ¢ checks the two middle rows in its base, as
specified by
yrxtytynaty”
ha xlsy y X y
to see whether they match, are of the form y"x'y’, and are consist-
ent with the top and bottom rows. Let these two middle rows be of
the form y"x*h’ and y"x"y”, respectively. If i # 0 and i’ # 0, we
must be considering two rows intersecting a potential rectangle;
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and only if h = h', 1 =i’, and j =]’ can both rows be part of a
legal rectangle. If i =i’ = 0, both rows are scanning only back-
ground; if only one of i and i’ is nonzero, we are seeing either the
top or bottom of the rectangle. In these cases, there is no matching
to be performed; only a consistency check that prevents multiple
rectangles from being accepted. Details will not be given.

By transitivity and the induction hypothesis, we now know that
all nonzero rows in ¢’s base are connected and have the same
description, since every consecutive pair of rows within ¢’s base
has been matched. If a cell ever detects a completed rectangle, a
success signal is propagated to the apex cell, which, if it receives
exactly one such signal, accepts its input. The total time required
by the algorithm is 2n = O (log diameter).

We now indicate how a UPCA can detect the fact that the rec-
tangle of xs in its base is a square. Define Lgq to be the set of inputs
containing a single solid square of xs on a background of ys. Lgq
can be recognized by an FSA, which first checks that the input
contains a single rectangle and then scans from this rectangle’s
upper left corner at 45° toward its opposite corner. If the opposite
corner is reached, the rectangle is a square; otherwise it is not. Lgq
cannot be recognized by a diameter-limited perception that mea-
sures local properties. However, there does exist an order-limited
perceptron for recognizing squares that works by stratification—a
process of sequentially enumerating and testing all possible
starting positions and side lengths for a square in the image [6].
Again, neither of these methods is adaptable for use on a BPA.

A BPA can recognize Lgq in O(log diameter) time by a modifica-
tion of its own rectangle algorithm. Each cell ¢ computes cross sec-
tions of its base segment’s boundary rows and columns. In addi-
tion, if ¢’s base is nonzero, ¢ computes a row and column cross
section of the object contained in its base. This is done as follows:
If ¢’s top and bottom rows have just been computed to be all zeros
and ¢’s middle two rows are nonzero, then ¢’s base bounds the
height of the object. If the object is a rectangle, ¢ outputs one of its
middle rows, which is a row cross section of the rectangle. All cells
above ¢ just copy this cross section while computing their own
boundary cross sections. Similarly, cells copy a column cross sec-
tion if a rectangle’s width is bounded by their base segment.

When a cell detects a completed rectangle, it simultaneously
compares the x counts in the horizontal and vertical cross sections
through the rectangle. If they are equal, a success signal is trans-
mitted to the apex cell, otherwise a reject signal is sent. The apex
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cell accepts its input image if it receives exactly one accept signal
and no reject signals at time step 2n.

Counting the number of rectangles in an input image by a
UPCA involves the same problem encountered in local property
counting (Section 6.3.2). That is, there may be an unbounded
number of rectangles that are detectable only by the apex cell.

The general technique of comparing consecutive row cross sec-
tions used in this subsection is adaptable for recognizing other
fixed-orientation polygons whose boundary slopes are locally test-
able. For example, straight line segments with slopes that are
multiples of 45° (with respect to the bottom edge of the image) are
digitally realized as

X X x
X xx X b x
X x X
0° 45° 90° 135°

Therefore, a UPCA can recognize 45° right triangles with one side
parallel to a side of the base, or diamonds (squares rotated 45°), by
comparing triples of consecutive rows. (Computing the descrip-
tion of the top and bottom two rows of each 2¥ x 2% block is suffi-
cient for this test.) Similarly, straight lines at other fixed orienta-
tions relative to the base are characterized by periodic strings of xs
of bounded length. A UPCA can be constructed to detect these
slopes by examining a bounded number of cross sections above
and below each input row.

It is an open question whether a UPCA can accept the set of
arrays of xs and ys whose xs form a convex subset. However, sev-
eral necessary conditions for a set to be convex can be tested by a
UPCA. A set is row convex if it is connected and each row contains
at most one connected component. This is a property that can be
accepted by a UPCA, since it only requires verifying that there is
at most one run of xs on each row, and that the runs of xs on any
two adjacent rows overlap. Similarly, a UPCA can recognize col-
umn or diagonal convexity.

6.5.4 Size and Position

By definition, PCAs have bases whose dimensions are powers
of 2, so that their inputs must always be of certain sizes. However,
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we can use them to recignize inputs of arbitrary size by padding
the input out (to the next higher power of 2) with §s. It is clear that
this padding need not affect a (U)PCA’s capability to count local
events, to simulate an FSA (in one dimension), to perform linear
threshold operations, or to recognize properties such as parity,
equality, or majority on the non-{ part of its input.

In general, if there exists a PCA C that accepts an input language
L in some standard position (relative to the borders of the base),
then we can construct a PCA that accepts L in any position, by
simply shifting the input to the standard position and then simu-
lating C. This assumes that the standard position is computable by
the PCA.

The situation is more complicated as regards UPCAs, since they
cannot shift their input. For languages that are inherently shift-
invariant, such as parity, equality, majority, parenthesis strings,
etc., there is no problem; but it is harder to see how a UTCA could
accept, say, padded palindromes.

The UPCA is defined so that information can be transmitted
only up the pyramid. If the cells in the base do not have any posi-
tional information in the initial configuration, then they clearly
can never know their positions in the base. By induction, no cell
higher in the UPCA can ever have positional information. Thus no
cell can know the position of its subpyramid in the UPCA and, in
particular, no cell can know that it is the apex cell. Consequently, if
a language is accepted by a UPCA, then every subpyramid must
also accept the language. This enforces strict adherence to the con-
cept of local processing, since the computation on a given cell’s
base must be completed entirely within that cell’s subpyramid.
This implies that all UPCA algorithms must use a balanced
divide-and-conquer method that composes solutions to four
problems with base size 2*~! x 2"! into a single solution to the
size 2™ X 2" problem.
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Chapter 7

SPECIAL TYPES OF ACCEPTORS

7.1 INTRODUCTION

Chapters 3-6 dealt with Turing and cellular acceptors for strings
and arrays. This chapter discusses three specialized acceptor
models:

(a) Pebble acceptors, which cannot rewrite their input but can
make marks on it, with the restriction that only a bounded
number of these marks can exist at any given time.

(b) Pushdown acceptors, which cannot rewrite their input,
but can store a string of symbols in such a way that only
the last symbol in the string can be read (so that to retrieve
a given symbol from the string, all the symbols beyond it
must first be discarded).

(c) Parallel/sequential acceptors, which are one-dimensional
cellular acceptors that read one row of a rectangular input
array at a time, and move up and down to scan the array.

7.2 PEBBLE ACCEPTORS

In Chapters 3 and 4 we discussed finite-state string and array ac-
ceptors, which can read and move around on their inputs but
cannot rewrite any input symbols. Their inability to write makes
these acceptors quite weak. In this section we consider a class of
acceptors, called pebble acceptors or marking acceptors, which have
limited writing ability. Such an acceptor A can make marks on its

171
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input, but only a bounded number of these marks can exist at any
given time. We can think of the marks as ““pebbles” that A puts
down in specified positions. If A wants to make a mark z; that has
already been made, it must first find and erase the existing in-
stance of z; before it can create a new instance. (Informally: if A has
already put down pebble z;, and wants to put it down elsewhere,
A must first go to the position of z; and “pick it up.”)

Formally, we can define a k-pebble acceptor A® as a tape-
bounded acceptor whose state set (J and vocabulary V are of the
special forms

Q=Q x {01
V= (V' x {0, 1} U {#}

and whose transition function & satisfies the following restric-
tions: If state (g,, w1y, . . . ,uy) and symbol (wy, V11, - . ., Vi)
give rise to state (g2, Uz, . . . , ux) and symbol (wy, vay, . . .,
vy), where eachu andv is0or 1, thenw,; = w,, and foreachi, 1 =
i =k, only the following combinations of (uy, vy, Uy, vy) are
possible: (0,0,0,0),(0,1,0,1),(0,1,1,0),(1,0,1,0),and (1, 0, 0,
1). These conditions can be interpreted as follows: the us indicate
which pebbles are currently being ““carried” by A, while the vs
indicate which of them have been put down at the position of the
current symbol (1s indicate the presence of pebbles and 0s indicate
their absence). The five permissible combinations have the inter-
pretations shown in Table 7.1. We assume that the initial state is
(4o, 1, . . ., 1), meaning that A% is initially carrying all the
pebbles. It is not hard to see that, as a consequence of the above

TABLE 7.1
(U 15,0 1i, M g0, Vi) Meaning
(0,0,0,0) A" was not carrying the ith pebble, and it was not at
the current position; hence after the transition, A%
cannot have picked it up or put it down.
(0,1,0,1) The ith pebble was at the current position, but A% did
not pick it up.
(0,1,1,0) The ith pebble was at the current position, and A® did
pick it up.
(1,0,1,0) A% was carrying the ith pebble, and did not put it
down.

(1,0,0,1) A™ was carrying the ith pebble, and did put it down.
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conditions, in any given configuration, for each i, eitheru; = 1 or
there exists exactly one position at which v; = 1. The requirement
that w, = w, means that A® cannot rewrite symbols except in the
sense of picking up and putting down pebbles.

Pebble acceptors on strings and arrays have been studied by
Blum et al. [1, 2], Mylopoulos [3], and Shah [4]; the material in this
section is based on these references.

7.2.1 Pebble String Acceptors

A one-dimensional acceptor having a single pebble (k = 1)isno
stronger than a finite-state acceptor. This can be proved (see [1,
Theorem 7]) by an argument analogous, in part, to that used to
show that in one dimension, one-way acceptors are as strong as
two-way acceptors (see Section 3.3 of Chapter 3). The details will
not be given here.

A two-pebble string acceptor, on the other hand, is stronger
than an FSA. For example, a two-pebble acceptor A® can accept
the set of strings {x™y"|n = 1,2, . . .} by operating as follows: A®
initially puts its pebbles at opposite ends of its input string o and
verifies that the symbols at these ends are x and y, respectively.
A® then moves repeatedly back and forth, and each time it reaches
a pebble, it “pushes” that pebble one position closer to the center
of o (i.e., it picks up the pebble, moves one position closer, and
puts the pebble down again), also verifying that the symbols in
these positions are still x and y, respectively. If these conditions
remain true until the pebbles reach adjacent positions (just on op-
posite sides of the center of o), then ¢ must be of the desired form,
and A*® can accept it.

For any k, it can be shown that there exists an h > k such that
h-pebble acceptors are strictly stronger than k-pebble acceptors
(see, e.g., [1] and [5]). Thus there is an infinite hierarchy of pebble
languages, all containing the finite-state languages and contained
in the tape-bounded languages.

It should be mentioned that, as an alternative to pebble ac-
ceptors, one can consider ““multihead” acceptors, which have a
bounded number of independently movable, read-only heads.
Clearly, a k-pebble acceptor can simulate a k-head acceptor, by
using the pebbles to mark the heads’ positions and internaily rep-
resenting their states; while a (k + 1)-head acceptor can simulate a
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k-pebble acceptor by allowing all but one of its heads to behave
like passive pebbles. Multihead acceptors will not be treated fur-
ther here; see, e.g., [5, 6].

7.2.2 Pebble Rectangular-Array Acceptors

In two dimensions, a one-pebble acceptor is stronger than an
FSA. For example, a deterministic, tape-bounded one-pebble ac-
ceptor AV can decide whether the center symbol in a square, odd-
side-length array 2 of xs and ys is an x, which cannot be done
without the pebble (Theorem 4.3.4). To do this, A starts at the
upper left corner of 3 and moves down the main diagonal (right-
ward and downward). At each point, it puts down its pebble,
memorizes the symbol at that position, and moves rightward and
upward. If it reaches the upper right corner, and the memorized
symbol is x, it accepts. If it does not reach the upper right corner, it
moves back (leftward and downward) to the main diagonal (which
it can detect by the presence of the pebble), and resumes moving
down the main diagonal.

THEOREM 7.2.1 A deterministic, tape-bounded one-pebble ac-
ceptor can determine whether the set of xs in a rectangular array X
of xs and ys is connected.

Proof (see[1], Theorem 4): The acceptor A first checks whether
the rows of ¥ that contain xs form a single run of consecutive rows.
This does not require the use of a pebble; A need only scan X row
by row and determine whether there exists a row that contains xs,
followed by a run of rows that do not, followed by a row that does.
If so, the xs in 3 are evidently disconnected. If the rows with xs do
form a single run, A proceeds to the next step, which is to check
whether the xs in each row are all connected.

To check this for a given row, A scans the row from left to right.
In general the row consists of runs of xs separated by runs of ys. It
evidently suffices to check that any two consecutive runs of xs are
connected. Let P and Q be the last point of a run and the first point
of the next run, respectively. If P and Q belong to the same con-
nected component W of xs, they must lie on the same border of W,
since the same component of ys is adjacent to both of them. Thus
when A reaches P, it puts down the pebble and follows the border
B defined by P and the y immediately succeeding it. At each move
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around B, if A is at a point Q' that has ys on its left, it scans left-
ward until it hits an x (or reaches the border of 3). If this x has the
pebble on it, then Q' is Q, so that Q is connected to P, and A can
pick up the pebble and go on to check the next run end pair on that
row. Otherwise, A returns to Q' and resumes border following. If
A succeeds in following the border completely around until it
reaches the pebble at P again, it knows that () is not connected to
P, so that the xs in 3, are not connected.

Suppose that A has found that the rows containing xs form a
single run, and that the xs in each row are all connected. It then re-
mains only to show that the xs in each two consecutive rows ry, 7y
are connected to each other. If a run of xs in r; is adjacent to a run
of xs in r,, this is immediate; hence we may assume that these
runs are interleaved. In particular, there exists a run p; of xsinr,,
followed (or preceded) by a run of ys that is adjacent to a run p, of
xsinr,. Let P be the last point of p, and Q the first point of p,; then
just as in the preceding paragraph, if P and Q are connected, they
must lie on the same border. A can thus put the pebble at P and
follow this border; at each point Q' that has ys on its left, it scans
leftward through that run of ys and checks whether any of them
has the pebble above it. If so, Q' is Q, and A has verified that the xs
in r; are connected to those in r;. If not, A returns to Q' and re-
sumes border following. If it gets back to P without finding (Q, it
has verified that the xs in r, are not connected to those inr,, so that
the xs in 2, are not connected. If A succeeds in verifying that the xs
in each pair of consecutive rows are connected, it has confirmed
that all the xs in ¥ are connected, and can accept £. O

It is not known whether an FSA can determine connectedness of
the xs in its input array.

COROLLARY 7.2.2 A one-pebble acceptor can determine
whether the set of xs in X is simply-connected.

Proof: A checks that the xs are connected, and analogously
checks whether the ys are connected. (If the border of = does not
consist entirely of ys, the latter check is carried out as if there were
an additional row or column of ys at each edge of .) If the ys are
connected, the xs have no holes. O

It is shown in [1, Theorem 5] that a one-pebble acceptor cannot
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determine whether two simply-connected components of xs W,
and W, are congruent (i.e., differ only by a translation). On the
other hand, a two-pebble acceptor can determine congruence even
for two arbitrary components of xs [1, Theorem 6]. (The proofs of
these results will not be given here.) Hence two-pebble acceptors
on rectangular arrays are strictly stronger than one-pebble ac-
ceptors. This also follows immediately from the one-dimensional
result, if we consider one-row rectangular arrays.

7.2.3 Pebble Connected-Array Acceptors

We saw in Section 4.2 of Chapter 4 that no FSA A can accept just
those connected input arrays that fail to contain a given symbol;
or, equivalently, that no such A can accept its input array 2 only
after A has visited all of 3. Our principal goal in this section is to
show that an acceptor A with four pebbles can do these things. All
acceptors in this section are deterministic and tape-bounded.

PROPOSITION 7.2.3 A three-pebble acceptor A® can find the
outer border of its input array 3.

Proof: See the proof of the first part of Theorem 4.4.5, in which
the marks x, y, z are used as pebbles (i.e., only one instance of
each is used at any one time). O (Compare the proof in [4],
Lemma 3.1.1.)

THEOREM 7.2.4 ([4], Theorem 6) A three-pebble acceptor A®
can find the upper left corner (leftmost of the uppermost points) of
its input array .

Proof: See the second part of the proof of Theorem 4.4.5. [

THEOREM 7.2.5 ([2]; compare [4], Theorem 7) A four-pebble
acceptor A can systematically scan its input array 3 row by row.

Proof: We can assume, by Theorem 7.2.4, that A" starts at a
point on the uppermost row of 3. We shall show below that if A
is on any given row r of X, it can visit all the points of 2 on r. After
having done so, A can find a point of % on r that has a point of %
below it, and thus move to the row below r and repeat the process;
or A® can determine that no such point onr exists, in which caser
is the lowest row of 2 and the scan is complete.
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We shall now show that, starting atany P € % N r, A can visit
the part of 3 N r to the right of P (analogously, A can also visit
the part of 3 N r to the left of P). To do this, A’ moves rightward
on r until it hits a §, say just to the right of Q. It then follows the
border B defined by Q and this §, using pebble z, to mark its cur-
rent position; the positions of pebbles z, and z; relative to z, to
keep count of its net horizontal and vertical displacements m and n
relative to (Q; and the position of pebble z, relative to «; to keep
track of the minimum positive value of m at those steps whenn =
0. (Q itself is not marked.)

The shifting of z, and z3 along 8 is as described in the proof of
Theorem 4.4.5. The first time z3 reaches the same point of 8 as z;
(i.e., n = 0), if z, is also at that point (m = 0), A® has returned to
Q, which must thus be the sole point of r, so that the scan of r is
complete. If m < 0, A? is to the left of Q, and we continue to move
z,around B. If m > 0, we drop z4 at the position of z,, since this is
the minimum positive value of m found so far, and during border
following, we maintain z4 at a constant distance from z,. At subse-
quent times whenn = 0,

(a) If m = 0, we are back at Q, so that z,’s distance from z, is
the desired minimum positive m. We then follow 8 again,
using z,, z,, and z3 as before, but now keeping z, at a fixed
distance from z,. When we reach the point Q' at whichn =
0 and z, is at the same position as z4, we know that we are
at the first point of 3 N r to the right of Q, and can now re-
sume the rightward scan.

(b) If m <0, we continue following 8.

(¢) Ifm > 0andz,is farther from z, than z, is, we continue fol-
lowing 8, since the current m is not the minimum.

(d) If m > 0 and z, is farther from z, than z, is, we move z4 to
the current position of z,, since its old position was not the
minimum; we then resume following g.

It is evident that this process is guaranteed to find the first point of
2 N r to the right of Q. Thus by using this process repeatedly, we
can scan all of 3 N r to the right of P. If z, is never dropped, there
are no points of 2 N r to the right of Q, so that the rightward scan
of 3 Nris complete. I

COROLLARY 7.2.6 There exists a four-pebble acceptor that ac-
cepts % iff 3 does not contain (or contains) a specified symbol.
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If 3 is known to be simply-connected, an FSA can scan 3 by
operating as follows: A moves until it reaches a border 8, which
must be the outer border of 3; it then follows 8, and at each point
P, moves rightward (if possible) until it hits a §, then back again
until it hits a § (which must put it at P), then resumes following 8.
Since from every point of 3, if we move left through non-gs, we
must hit 8, this process must visit every point of 3. Note that A
cannot know when the scan is complete, since it cannot know
when it has finished following 8. However, if we give A one
pebble z, it can use z to mark its starting point on B8, and accept
when it reaches z again [4, Theorem 1]. These remarks imply

PROPOSITION 7.2.7 If 3 is simply-connected, there exists an
FSA that accepts % iff it contains a specified symbol.

PROPOSITION 7.2.8 If 3 is simply-connected, there exists a
one-pebble acceptor that accepts %, iff it fails to contain a specified
symbol.

THEOREM 7.2.9 ([4], Theorem 3) There exists a one-pebble ac-
ceptor AW that accepts E iff it is not simply-connected.

Proof: It is easily seen that % is multiply connected iff, on each
border 8 of %, there exists at least one point P, say at the end of a
horizontal run p of non-§s, such that the other end Q of p is on a
border of % other than 8. Based on this fact, AV operates as
follows: [t moves, say, rightward until it hits a border 8 of Z, say at
P, and puts down z at P. A"Y now moves to the left end P’ of the
horizontal run p of non-§s containing P; this P’ is on some border
B' of 3 (possible the same as 8). AY follows 8'; at each step:

(@) If AW finds z, then P and P’ are on the same border (i.e.,
B = B). In this case, no conclusion can be reached as yet
about the simple-connectedness of 3. A" picks up z,
moves along B3, and repeats the entire process. (Note that if
3, is simply-connected, it will always be the case that 8 =
B’, so that A" will repeat the process indefinitely without
ever accepting.) If AY is at a right end of a run of non-{s
and does not find z, it continues following 8'.

(b) If A™ is at the left end of a run of non-{§s, it moves to the
right end of the run. If it does not find z there, it moves
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back to the left end and continues following 8'. If it finds z
there, it has followed B’ completely around and returned to
P’. If this happens, AY cannot have found z while follow-
ing B’ [i.e., case (a) could not have occurred ], so 8’ must be
different from B. Thus A’ now knows that % is not
simply-connected, and can accept.

By the assertion in the first sentence of the proof, A® accepts iff 2,
is not simply-connected. O

THEOREM 7.2.10 ([4], Theorem 4) There exists a two-pebble ac-
ceptor A® that accepts ¥ iff it is simply-connected.

Proof: A® operates as in the proof of Theorem 7.2.9, except that
it marks its starting point P on 8 with its other pebblez’. If case (b)
never occurs, A® will follow B completely around, verifying at
each stage (where applicable) that 8’ is the same as 3, until it finds
z' again. When this happens, A® knows that 3 is simply-
connected, and can accept. If case (b) occurs, A® halts in a nonac-

cepting state. [

By Theorem 4.4.3, there is no FSA that accepts just those s that
are not simply-connected. Indeed, such an FSA would accept, in
particular, all the hollow rectangles; but as we have seen, any
(tape-bounded) FSA that accepts these rectangles also accepts
some sufficiently large rectangular spiral, which is simply-
connected.

7.3 PUSHDOWN ACCEPTORS

One-dimensional pushdown acceptors (PDAs) have been
widely studied because of their well-known relationship to
context-free grammars [7, Chapters 5 and 12]. Two-dimensional
PDAs have not been widely studied; our main result concerning
them is taken from [8, Theorem 7.1].

A pushdown acceptor can be regarded as an “FSA” A with an
infinite state set of the form Q = Q' X U*, where U is a finite set
called the stack vocabulary, and U* denotes the set of all strings (in-
cluding the null string) composed of symbols in U. The transition
function & of A must satisfy the following conditions: If (g,
Uy . . . Uy)givesriseto (4s, vy . . . v,) under §, where g, g, are
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inQ'anduy . . . Uy, vy . . . Vyarein U¥, then one of (a—c) must
hold:

@ n=m+1landv,. ..Uy =1Uy...Uyp In this case,
we say that A has pushed symbol v, onto the top of its
stack.

(b) n=mandvy . .. v, =uy; ... Uy, Inthiscase, the stack
is unaffected by the transition.

(c) n=m-—-1landv, . .. v, =U; .. . Upy. In thiscase, A

is said to have popped symbol u,, from the top of its stack.

Moreover, g, [and v,, in case (a)] and the move made by A are al-
lowed to depend only on gq,, u,, (the topmost stack symbol), and
the current input symbol (as well as on A’s previous move); they
cannot depend on u,, . . . , Up_. (A can also tell whether its
stack is empty.) In other words, in making transitions, A has no
access to the information contained below the top of its stack. [In
the state (g, 41 . . . U,), 41 is called the internal state of A, and
Uy . . . un,constitutes A's stack contents.]In all of the above, A can
be either one-way or two-way.

7.3.1 String PDAs

To illustrate the operation of PDAs in one dimension, we give a
few simple examples of pushdown languages:

(1) The set of strings {x™"|n =1, 2, . . .} is accepted by a
one-way deterministic PDA A that operates as follows:
Starting at the left end of its input string o, A moves right-
ward. When A reads an x, it pushes a symbol u onto the
top of its stack, so that after reading k xs, its stack contains
the string u*. When A reads a y, it pops a u from the top of
its stack. Unless A reads a succession of xs followed by a
succession of ys, it halts in a nonaccepting state. If it
reaches the right end of o without halting, and its stack has
just then become empty, it knows that the number of ys is
equal to the number of xs, and accepts o. This example
shows that one-way deterministic PDAs are strictly
stronger than FSAs.

(2) The set of symmetric strings (palindromes) o = ww®, where
w is any string on, say, {x, y} and »® denotes the reversal of
w, is accepted by a one-way nondeterministic PDA A that
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©)

operates as follows: Starting at the left end of o, A moves
rightward; when it reads an x or y, it pushes an x or y on
top of its stack. At some point, nondeterministically
chosen, A stops pushing symbols onto its stack. Instead, at
each rightward move, it pops the symbol from the top of its
stack and compares it with the symbol of ¢ in its current
position. If they differ, A halts in a nonaccepting state. If A
reaches the right end of o without halting, and its stack has
just then become empty, we know that the point at which it
stopped pushing and started popping was the midpoint of
o, and that o is symmetric. It can be shown [7, p. 187,
Problem 12.6] that this set of strings is not accepted by any
one-way deterministic PDA; hence for one-way PDAs,
nondeterministic is strictly stronger than deterministic. It
is well known {7, pp. 74-78] that the one-way nondeter-
ministic PDAs accept exactly the context-free languages
(see Section 8.1.2).

Two-way deterministic PDAs can accept languages that are
not context-free, and so are stronger than one-way nonde-
terministic PDAs. For example, consider the set of strings
{xmy™*|n = 1,2, . . .}, which is not context-free [7, p. 66,
Problem 4.15]. To accept this set, A first verifies that the
numbers of xs and ys are equal, as in (1); it then moves
back to the beginning of the ys and verifies in the same way
that the numbers of ys and zs are equal.

A two-way PDA can find the midpoint of its input string
o, e.g., by moving rightward from the left end of o and
pushing us onto its stack at every second move, then
moving leftward and popping us from the stack at every
move; when the stack is empty, the PDA is at the midpoint
of o. As an application of this, we show how a two-way
PDA A can accept the set of repeated strings o = ow,
where w is any string of, say, xs and ys. A first finds the
midpoint of o, then moves leftward, pushing the symbols
that it reads onto its stack; when it reaches the left end, its
stack contains the first half of o, with the first symbol on
top. A then finds the midpoint again and moves rightward,
popping the xs and ys from its stack and comparing them
with the succession of symbols in the right half of o. If a
difference is found at any point, A halts and does not ac-
cept; if A reaches the right end of o without halting, it ac-
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cepts. An analogous construction can be used by a two-way
deterministic PDA to recognize palindromes.

7.3.2 Array PDAs

The ability of PDAs to find midpoints, check symmetry and
periodicity, etc. can be used in two dimensions to define PDA ac-
ceptors for a variety of rectangular array languages; the details are
straightforward. OQur main result in this section deals with deter-
ministic PDAs on simply-connected arrays. (Array PDAs will
always be assumed to be “four-way,” i.e,, able to move in any
direction.) Specifically, we shall prove

THEOREM 7.3.1 There exists a PDA that accepts any simply-
connected input array 3 after it has scanned all of 2.

COROLLARY 7.3.2 If 3 is simply-connected, there exists a PDA
that accepts % iff it fails to contain a specified symbol. (Compare
Propositions 7.2.7 and 7.2.8.)

The proof of Theorem 7.3.1 is by induction on the number of
points in %; it makes use of the fact that any simply-connected %,
contains simple points (see Proposition 2.5.4), and that the opera-
tion of the PDA reamins valid when a simple point is added or de-
leted. The details of the proof will not be given here; they can be
found in [8]. In the remainder of this section, we present the defi-
nition of the desired PDA and illustrate its operation by example.

A has six stack symbols, d, ¢, u, v, €, and r, which are inter-
preted as shown in Table 7.2.

A operates by following the border of X counterclockwise,
starting at a left run end with an initially empty stack. Suppose A
is at the left end of run p. It first scans the points of p from left to

TABLE 7.2

Symbol Interpretation
d downward concavity detected while scanning a run of non-#s
¢ downward concavity detected while following the border of %
u upward concavity detected while scanning a run of non-#s
v upward concavity detected while following the border of X
¢ left end of a run visited
r right end of a run visited
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right and examines their upper neighbors. Every change of upper
neighbors from non-§ to § to non-¢ indicates that an upward con-
cavity has been detected. Each time this happens, if the top
symbol on A’s stack is v, A pops the v; otherwise, A pushes au. A
then returns to the left end of p, and if there is an r on top of its
stack, it pops the r; otherwise, it pushes an €. Next, A scans p from
left to right again, examining lower neighbors. For each change
from non-{ to § to non-§, it pops an e from the top of its stack, or if
there is none, it pushes a d. A then resumes following the border
of 3. Whenever it reaches the right end of a run of non-{s, it pops
an ¢ from the top of its stack, or if there is none, it pushes an r.
Whenever it visits an upward concavity (moving downward from
a left run end, then back upward to a right run end), it pops au, or
if there is none, pushes a v; and whenever it visits a downward
concavity (moving upward from a right run end, then back down-
ward to a left run end), it pops a d, or if there is none, pushes ane.
It can be shown that A’s stack becomes empty again iff % is
simply-connected and A has returned to its starting point. On the
other hand, if ¥ is not simply-connected, the stack does not be-
come empty when the border has been completely followed. These
situations are illustrated by the following simple examples:

Example 1. Let 3 be

1->PPPP«6
2—-P P <5
3-—>PPPP <4

Table 7.3 indicates the events that occur at successive points of
the border of % (starting from point 1) or between pairs of border
points.

TABLE 7.3

Point(s) Current stack Event
1 empty €
1 € d
2 ed 4
3 £de u
3 ¢dtu ¢
4 édéut r
5 édéu r
6 édtur r
1 ¢dturr ¢
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TABLE 7.4
Point(s) Current stack Event

1 empty €

2 ¢ 4

3 (14 €
34 1244 v
4 €ftv r
5 €for €
5,6 v v
6 ¢¢fvv r
7 ¢€fvor r

8 €€évorr 4

8 ¢¢évor d
9 ¢fevord '4
10 €évord€ r
10,11 ¢€fvord e
11 €€€vor '4
12 ¢€vv uu
12 1244 €
12 14444 d
13 eeeed €
14 ceeede r
14,15 ¢eied e
15 12424 ¢
16 142244 r
17 Eeee r
18 1244 r
19 144 r
20 4 r
1 empty ¢

In this case the stack is not empty when A returns to point 1. As A
follows the border repeatedly, the string in the stack continues to
grow and A never accepts.

Example 2. Let 3 be

1—-PP<20

8—>PPPPPPPPPP«7 2—PP«19
95P«10 11-P«<6 5—P«4 3—PP<18
12—-PPPPPPPPPPPPPPPPPP «17
13—PP«14 15—PP«16

In this case the events are as shown in Table 7.4.



7.4 PARALLEL/SEQUENTIAL ACCEPTORS 185
7.4 PARALLEL/SEQUENTIAL ACCEPTORS

This section describes a special type of rectangular array ac-
ceptor that represents a compromise between tape-bounded (se-
quential) and bounded cellular (parallel) acceptors. The former re-
quire large amounts of time, on the order of the array area, for
acceptance, while the latter require large amounts of hardware,
i.e., a number of cells on the order of the array area. The proposed
parallel /sequential acceptor is a one-dimensional cellular acceptor
that reads one row of its rectangular input array at a time and
moves up and down to scan the array. It thus uses a greatly re-
duced amount of hardware (a number of cells on the order of the
array width), but is still able to perform some tasks quickly, in
time on the order of the array diameter.

Acceptors of this type were first introduced in [9]; however,
they violated several of the finiteness restrictions that are usually
imposed on acceptors. In particular, each cell accepted inputs from
all of the others, rather than from a neighborhood of bounded
size. Moreover, acceptance was defined using a counter that
summed the cell outputs on each row and that could count modulo
m, where m could grow with the input size. A more conventional
definition of this type of acceptor was used in [10], on which most
of the material in this section is based.

Formally, a parallel/sequential acceptor (for brevity: PSA) is a

9-tuple A = (Q, g0, Qa, £, V, #, $v, 6, n), where

Q is a finite nonempty set of states,

go € Q is the initial state,

Q4 C Q is the set of accepting states,

t € Q is the blank state,

V is a finite nonempty set of symbols called the tape vocabulary,
# and {, are blank symbols in V,

8:Q X Q x Q XV — 29V s the state transition function, and
@ Q XV — 207101 jg the move function.

The operation of A on a rectangular array 2 can be described as
follows: A consists of a string of cellscy, . . . , ¢, whose length is
equal to the width of %, together with two special “cells” ¢, and
Cn+y that are regarded as permanently in the f state. % has a row of
#s just above its top row and a row of #;s just below its bottom
row. Initially, A is on the top row of % with every cell in state g,.
At any given step, each cell ¢; reads the symbol v in its position,
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senses the states q,, g of its neighbors c;.,, and can go into any
new state g’ and write any new symbol v’ such that (', v') € 8(q,
41, gz, v), where g is the current (old) state of c¢;. The move func-
tion depends only on the (new) state of and symbol read by the
distinguished cell ¢, (which is the only cell having a § on its left):
0 € uw means that A can stay where it is; 1 € y means that A can
move down; —1 € u means it can move up. It is required that
u(g, #) = land w(g, #) = —1for allg; in other words, A bounces
downward from #; and upward from §,. It is understood that ;, and
#, can never be rewritten: (¢', v') € 8(q, 91, g2, $ or §,) implies
v’ = f,or f),, respectively. If ¢, ever enters a state in Q 4, we say that
A has accepted 3. A formal description of the operation of A on X
can be given by introducing the concept of a configuration; the de-
tails will not be given here. The set of arrays accepted by A is
called the language of A, and is denoted by L(A).

To illustrate acceptance of an array by a PSA, consider the set L,
of arrays that contain a specific symbol x. An A that accepts this set
is defined as follows: A starts on the top row of 2 and moves
downward. If any cell ¢; sees an x, it goes into state g, € Q4. If any
cell has its right neighbor in state g,, it goes into state q,. Evi-
dently, iff % contains an x, cell ¢, goes into state g, after at most
m + n time steps, where m and n are the height and width of 2 (m
steps are needed for A to scan 3, from top to bottom, and at most n
steps for the g, signal to reach c,).

THEOREM 7.4.1 The set of languages accepted by PSAs is the
same as that accepted by BCAs.

Proof: A BCA C can simulate a PSA A as follows: Initially, the
cells of C are in the array of states 3. At the first step, the top row of
cells go into the states {g,, v;), where the v;s are their initial states.
The top row then simulates the first transition of A; each cell goes
into a state of the form (g, v, 0). If this transition causes A to move,
the leftmost cell of the row initiates a synchronization process (see
the Appendix to Section 3.4.1) which causes all the cells simulta-
neously to change the third terms of their states to *1 (+1 for a
downward move, —1 for an upward move). At the next step, each
such cell goes into state v, while the cell below it (for + 1, or above
it for —1) goes into state (g4, u) (where u is its previous state). The
next transition of A can now be simulated. If the leftmost cell of the
“active” row (having pairs of triples as states) has first term in Q 4,
an acceptance signal is sent up the left column to the upper left cell
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of C, which then accepts. Note that this simulation requires on the
order of n times real time (where n is the width of X), since O(n)
steps are required for the synchronizations between simulations
of transitions of A. [The simulation can also be done in O(n) times
real time by a TBA, using 2 to record the states of A’s cells.]

Conversely, a PSA A can simulate a BCA C by recording the
states of C’s cells on 2. To simulate a transition of C, A scans 2
from top to bottom. On each row, A remembers the states re-
corded on the two previous rows, computes the new states of the
cells on the row above (compare the proof of Theorem 3.4.5), and
records them on that row. (The next transition is simulated using a
scan from bottom to top, which shifts the recorded new states back
to their proper positions.) When computing the new state of the
upper left cell of C, if ¢, finds that C has accepted, it accepts. Note
that if A is deterministic, so is C, and vice versa. O

In the remainder of this section, we consider two restrictions on
PSAs: not allowing them to rewrite the symbols in 3, and not al-
lowing them to move upward. We use the prefixes D, NW, and
OW to denote ““deterministic,” “‘nonwriting,” and “‘one-way”’
PSAs, respectively. The set of languages accepted by
(DYNW)(OW)PSAs will be denoted by Lpywwyowps - Thus Theorem
7.4.1 can be restated as: Lpps = Lmse-

We first show that nonwriting PSAs are strictly stronger than
FSAs, but strictly weaker than BCAs.

124

THEOREM 7.4.2 Fpys gg(D)NWPS §$(D)BC~

Proof: An NWPSA A can simulate an FSA by having one of its
cells, in a distinguished state, designate the position and state of
the FSA. When the FSA moves right or left, the distinguished state
is passed to the right or left by A; when the FSA moves up or
down, A moves up or down (note that the special cell must send a
signal to ¢, in order for A to do this). When the FSA accepts, the
special cell sends a signal to ¢;, which accepts. Thus NWPSAs can
accept all the FSA languages. Conversely, on a one-row array, an
NWPSA can evidently simulate a one-dimensional BCA, and so
can accept non-FS languages; thus FSAs cannot accept all the
NWPSA languages. These results remain valid if the acceptors in
question are assumed to be deterministic.
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A BCA can simulate an NWPSA, as in the first part of the proof
of Theorem 7.4.1; thus BCAs can accept all the NWPSA languages.
Conversely, on a one-column array, an NWPSA can evidently be
simulated by a one-dimensional FSA; thus NWPSAs cannot accept
all the (one-dimensional) BC languages. These results too remain
valid for deterministic acceptors. O

For one-way PSAs, the ability to write provides no advantage
(compare Section 3.3.3 on one-way TAs and TBAs). In the follow-
ing two theorems, we establish some proper inclusion relations on
the classes of languages accepted by (deterministic) nonwriting
one-way PSAs.

C
THEOREM 7.4.3 Fpownwes £ Lomwrs -

Proof: Let L be the set of 2n(rows) X n(columns) arrays of xs
and ys whose top and bottom halves are identical. (The fact thatan
array is twice as high as it is wide can be verified by a
DOWNWPSA A, e.g., by moving a marker one step to the right
whenever A moves downward, until it reaches ¢,, then moving it
one step to the left per downward move of A, and verifying that
the marker returns to ¢, just as A reaches the bottom row.) To see
that L € ¥pnwes, note that A can check that ¥ has the defining
property of L one column at a time by moving halfway down X
(when the marker reaches c,), storing the top half of the given col-
umn in its row of cells; A then moves the rest of the way down,
comparing the stored top half with the bottom half of the same col-
umn. This can be done repeatedly until all columns have been
checked.

We now show that L & Lownwes. Suppose A were an
OWNWPSA that accepts L. For any top half 2', let Qs be the set of
n-tuples of states in which A could be after scanning %’ and which
can lead to acceptance after the bottom half (3’ again) is scanned.
Then if 3" # ¥’, we must have Qs N Qy = &; indeed, if an n-
tuple v were in both, there would exist some bottom half %" for
which the initial n-tuple v can lead to acceptance, and %" must be
the same as both 3’ and 3¥"—a contradiction. Thus each of the 2%
top halves must give rise to a nonempty set Qy/, and these Qs are
pairwise disjoint. But the number of pairwise disjoint nonempty
subsets of the |Q|"* possible n-tuples of states cannot exceed |Q]",
which is less than 2" —a contradiction. [
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THEOREM 7.4.4 Zoowxurs 5 Lowswrs-

Proof: Let L’ be the set of 2n X n arrays of xs and ys in which
some row occurs in both the top and bottom halves. A nondeter-
ministic OWNWPS can accpet L’ by memorizing an arbitrary row
in the top half and comparing it with an arbitrary row in the
bottom half, and accepting if they are equal. It can tell the top half
from the bottom half, and can check that 3, is 2n X n, by moving a
market as in the proof of Theorem 7.4.3.

Suppose that L’ were accepted by a DOWNWPSA A. When it
leaves the top half of its input array, A must be in one of the [Q["
possible state combinations. Now the number of possible sets of
rows that can occur in the top half is

2n " 2n
(1)*(2)*"‘*(71)
(depending on how many of these rows are distinct). For large n,
this number is greater than |Q|", so that two of the sets, Ry and R,
must yield the same state combination v. Let 7 be a row in R, but
not in R, (or vice versa), and let the bottom half of the array consist
entirely of rs. When A scans n rs, starting in state combination v, it
either accepts or does not accept. In the former case, A accepts top
half R, (not containing r) followed by #n rs, which is incorrect; in

the latter case, A does not accept top half R, (containing r) followed
by n rs, which is incorrect. O

It is an open question whether Fpywes ifZNWPS. As regards the

relationship between one-way PSAs and FSAs, we have

THEOREM 7.4.5 ZLpownwes and Fyps are incomparable. §

Proof: On a one-row array, a DOWNWPSA can simulate a
DBCA, which can accept non-FS languages such as {x"y"|n =
1,2, . . .}. Conversely, consider the set L of rectangular arrays of
xs, ys, and zs in which there is a 4-path consisting of xs and ys
from the lower left to the lower right corner. We assume that, in L,
each x always has exactly two xs or ys as 4-neighbors (except at
the ends of a path) and that the 4-neighbors of each y are all xs.
Thus the xs form a set of disjoint paths, and the ys occur only

§ This result is due to C. R. Dyer.
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where these paths cross. In following a path, when we move onto
a y we always move off it in the same direction. Thus paths can
be followed deterministically, so that a DFSA can accept L by
moving to the lower left corner, following the path that begins
there, and accepting if it reaches the lower right corner.

We now show that no OWNWPSA can accept L. Consider the set
of (2n) X (4n + 1) arrays of xs, ys, and zs in which the bottom row
iszxzx . . . zxz and the array contains a set of inverted-U-shaped
4-paths of xs and ys that do not touch and that cross only at the
ys, each of which connects a distinct pair of xs in the bottom row,
as in the following example (where the zs are represented by
blanks):

XXXXXXXXX

x x
XXXXYXXXX x

x x x x
XXYyxx X XXYxx x
X X x X X x X X

Thus there are n paths (one per pair of xs in the bottom row),
and 2n rows (or fewer) suffice to construct these paths without
touching. The number of possible pairings of xs in the bottom row
s <22n> <2n 2~ 2) -+ - = (2n)!/2"; hence there are (2n)!/2" such
arrays 2; that are topologically distinct.

Suppose A were a OWNWPSA that accepted L. For any two
topologically distinct %; and X; we can easily construct a 4 X
(4n + 1) array 3;; such that the result is in L when %;; is appended
to the bottom of 3;, but not when it is appended to the bottom of
2;. Indeed, let x;, be paired with x; in 3; but not in Z;; then we
simply construct a 4-row array in which there is a path of xs and
ys from the lower left corner to xj, and from x; to the lower right
corner. It follows that the sets of (4n + 1)-tuples of states in which
A can be after scanning ¥,; and X;, and which can lead to acceptance
when the bottom is reached, must be disjoint. But there are only
|Q[#*+1 disjoint sets of (4n + 1)-tuples of states, and this number
is less than (2n)!/2"—a contradiction. O

We conclude this section by showing that a DOWNWPSA can
recognize connectedness (compare Theorem 7.2.1), which is an
open question for FSAs.
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THEOREM 7.4.6 A DOWNWPSA can determine whether or not
the set of xs in a rectangular array % of xs and ys is connected.

Proof: Letry denote the kth row, and Ry the top k rows, of 2. We
shall describe how a DOWNWPSA A, when it is on r,, can con-
struct a string of parentheses that indicates how the runs of xs in
1y are connected in Ry. Specifically, for each component U of xs in
Ry, we put a left parenthesis at the leftmost point (if any) in which
U meets 7y, and a right parenthesis at the rightmost point. (If U
meets 7, in only one point, we put a pair of parentheses at that
point.) This parenthesization is trivial to construct fork = 1, since
Ry = ry; we simply put a left parenthesis at the left end of each run
of xs, and a right parenthesis at the right end.

We now show how, given the parenthesization for r;, A can
construct the parenthesization for ry,;. Suppose that A can deter-
mine (as we shall show in the next two paragraphs) which runs in
1 belong to the same component of xs in Rx. A can then move to
Tx+1, having memorized r, and its parenthesization, and examine
the components of xs in r; U 744y; from this information, A can
easily determine which runs in r,,, belong to the same component
of xs in Ry4;1, and can thus construct the parenthesization of ry,.

For any run p of xs in r;, as we move leftward from p, let (, be
the first left parenthesis for which the count of lefts exceeds the
count of rights. [If p has a left parenthesis at its left endpoint, this
itself is (,.] We claim that (, is just the left parenthesis at the left-
most point of U, N r, where U, is the component of xs in R, that
contains p. Indeed, suppose that some other component V meetsry
between (, and p (this is the only way that other parentheses can
occur between (, and p]. If a pair of runs in V N ry separated a pair
of runs in U, N ry, the paths of xs in Ry joining these pairs would
have to cross, contradicting the fact thatV # U,. Hence all of V N
rx must lie between (, and p, so that V contributes a pair of paren-
theses to the count. Thus the first excess left parenthesis found
while moving left from p cannot come from any other component
V; it must come from U, itself.

It follows that, given any two runs p,, p; of xs in r;, A can tell
whether or not they belong to the same component in R; by
checking whether or not (5, = (,,. As indicated above, this allows
A to construct the parenthesization of r,4,, given that of r,. In par-
ticular, A can tell whether a component of xs that met r, fails to
meet 7,4y. A can also tell when a component of xs reaches the
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bottom row of Z. If exactly one of these events occurs, the xs in %,
are connected; if more than one occurs, they are not. O
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Chapter 8

GRAMMARS

In the previous chapters, we have discussed various types of
string and array acceptors. This chapter introduces grammars that
can be used to either generate or accept ('parse’’) sets of strings or
arrays. It defines a hierarchy of such grammars, and also estab-
lishes equivalences between certain classes of grammars and of ac-
ceptors.

8.1 STRING GRAMMARS

We first consider grammars that generate or parse sets of
strings. Sections 8.1.1 and 8.1.2 review the usual definitions of
such grammars. Section 8.1.3 defines “isometric’” grammars that
rewrite §s, rather than simply extending the given string; this
alternative approach will be important when we treat array
grammars in Section 8.3. Section 8.1.4 discusses various defini-
tions of “parallel” grammars and their relationships to conven-
tional (sequential) grammars.

8.1.1 Grammars

Informally, a (string) grammar G is a mechanism that generates a
set of strings by a process of repeatedly substituting one substring
for another, starting with a standard initial string. The (rewriting)
rules or productions of G specify which substrings can be replaced
by which others. The language of G is the set of strings (usually re-
quired to consist entirely of symbols of a special type, called ““ter-
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minal” symbols) that can be produced in this way. We shall now
define these ideas more precisely.

As we did in Chapter 3 for automata, we shall require that
grammars satisfy certain finiteness and nontriviality conditions.
Specifically, we shall assume that the vocabulary, or set of
symbols, the subset of ““terminal’’ symbols, and the set of rules are
all finite nonempty sets. We shall also assume that the initial string
consists of a single nonterminal symbol s. Under these assump-
tions, we can formally define a (“type 0”) grammar G to be a
quadruple (V, V1, I1, s), where

V is the vocabulary (a finite, nonempty set of symbols),
Vo g V is the terminal vocabulary (# O),

s €V — Vp is the initial symbol or ““start symbol,”” and

I1 is a finite nonempty set of pairs (\, {), where X and { are non-
null$ strings of elements of V. These pairs are called the rules
of G, and are usually written in the form A — { (denoting the
fact that A can be replaced by {).

In order to define the language of G, we must introduce the no-
tion of a ““derivation” in G. We say that the string o' is directly
derived from the string o in G (notation: o g} o') if there exists a
rule A — { of G such that A is a substring of o, and 7 is the result of
replacing some occurrence of A (as a substring of o) by {. We say
that o' is derived from o in G (notation: o >* o) if there exists a
sequence of strings o = oy, 0y, . . . , 0, = o', wheren = 0, such
that o; is directly derived from o;-; in G, 1 =i = n. The set of
strings on V that can be derived in G from the initial strings (con-
sisting of the single symbol s) is called the language of G, and is
denoted by L(G). A sequence of stringss = oy, 0y, - . . , Op =
o' € L(G) for which oy_, ? a; is called a derivation of 7in G. (We
shall omit “in G” from now on unless there is danger of confu-
sion.)

Given any grammar G, there exists a grammar G’ in which ter-
minal symbols are never rewritten by any rule, and such that
L(G') = L(G). In fact, we can define G’ to have nonterminal vocab-
ulary (V — V) UV, where Vi is a set of primed copies of the

5 We require { to be nonnull to prevent the null string from being generated by a
grammar; this corresponds to our requirement, in earlier chapters, that the input
strings of acceptors always be nonnull.
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symbols in V. For each rule A — { of G, we have the rule A’ — ('
in G', where the primes denote the fact that each symbol in V1 is
replaced by the corresponding symbol in Vr. In addition, G’ has
the rules x’ — x for all x € V. Evidently, a string on Vy is deriv-
able in G’ if it is derivable in G (since G’ can derive the corre-
sponding string on V', which can then be changed into a V1 string
using the x’ — x rules), and conversely (since the x' — x rules are
the only rules of G’ that produce symbols in V).§ We shall assume
from now on that grammars never rewrite terminal symbols.

A grammar can function as an “‘acceptor”” by performing deriva-
tions in reverse. Given a string o on V, we say that G parses o if
there exists a sequence of strings ¢ = o,, Opy, . . . , 69 = s such
that oy, is the result of applying a rule A — { of G in reverse (i.e.,
replacing some { by \) to g3, 1 =i =< n. It is clear that this is the
same thing as saying that y, . . . , 0, is a derivation; thus o is
parsed by G iff it is generated by G.

A less trivial equivalence between grammars and acceptors is
provided by

THEOREM 8.1.1 The languages generated by grammars are the
same as the languages accepted by Turing acceptors.

Proof: Let L be generated by G; then we can define a Turing ac-
ceptor A that operates as follows: Given a string o, A creates an s
(separated from o by a distinctive marker) and then (nondeter-
ministically) applies a sequence of rules of G, starting with the s
(and leaving o intact), to produce a sequence of strings oq =5, 7y,
o2, - . . . Ateach step of this process, it compares o; with o; this
can be done by moving back and forth from o; to ¢ and marking
off corresponding symbols if they are the same. If at any stage A
finds that o = o, it accepts. Evidently, this happens iff ¢ € L(G).

Conversely, let L be accepted by A. We shall define below a
grammar G, that generates two copies of an arbitrary string and
simulates the operation of A on one copy. If the simulation ac-
cepts, G4 erases that copy and converts the other copy to a terminal
string. Evidently, a terminal string o is produced by G, in this
way iff o € L(A).

§ Note that if the x — x rules are applied too soon, it may be impossible to com-
plete a derivation, since a rule A’ — {’ may require the presence of some primed
symbol that has already become unprimed.
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The grammar G, has the following sets of rules:

1) s —=s'(x', x)
s" = s'(x, x) for all x in the
s’ = ((g0, N)(x", x)) | vocabulary of A.
5 — ((%/ N)(xm’ x))

These rules generate a string of the form ((g,, N)(x", x)) or
((q0, N)x1, x))(x2, X2) . . . (Xn-1, Xu-1)(Xp, Xn) (Where n > 1).
Primed xs are always at the right end of the string; double-primed
xs, at the left end; and triple-primed xs are always singletons.
Here g, represents the initial state of A at the left end of its input
string.

(2) Forallu,v,w,x,y,z,
@ (g1, d)w, x) = (g2, N)(¢t, x)) for all (qs,t,N) €
8(q.1, w, d), where 8 is the transition function of A,
and where if w is singly, doubly, or triply primed, so
is t. These rules simulate the case in which A changes
state and rewrites a symbol but does not move.
(b) (u, v)(q, d)(w, x)) = (g2, L)(u, v))(t, x)  for all
(g2, t, L) € 8(q1, w, d), where if w is primed, so is t.
These rules handle the case in which A moves left,
provided it is not at the left end of the string of
non-§s.
((qu d)(w"r JC)) - ((QZ, L)(t"/ ﬁ))(t, x) } fOI' all
(g0, d)(w™, x)) = (92, L)E", (', x)
(g2, t, L) € 8(q1, w, d). Rules (b’) handle the case in
which A is at the left end of the non-#s and moves left.
© (g1, d)w, D)y, z) = (t, x)(q2, R)(y, 2)) for all
(g2, t, R) € 8(q1, w, d), where if w is double-primed,
soist. These rules handle the case in which A is not at
the right end of the string and moves right.
(ar, D', x) = (b aw NG ) 1 o
(g1, d)(w™, x)) = (¢, x)((g2, R)E', §))
(92, t, R) € 8(q,, w, d). Rules (c’) handle the case in
which A is at the right end of the non-#s and moves
right.

(b)

()

These rules simulate A on the string, adding pairs of §s at its ends
if necessary. Note that the conventions about single, double, and
triple primes are preserved by these rules. Note also that the simu-
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lation affects only the first terms of the pairs; the second terms are
unchanged, escept that § second terms may be added at the ends.
We assume in (2) that g is not an accepting state of A.

®)

©)

@)

Forallw, x,y,z, where w may be double-primed and y may
be primed, and for all accepting states g, of A,

(Ga, Dw, Oy, 2) = W, x)(qa, d)(y, 2))-

When an accepting state is created, it moves rightward.
For all w, x, y, z, where w may be double-primed,

(qa, d)y’, 2) = (y', 2), 940 if z#4§,
(w, x)((g4, )y, $) = (w, x), q4),
((ga, d)y", 2)) > z.

When (g4, d) reaches the right end of the string, it becomes
g4 if the second term at the right end is non-§, or erases the
t and becomes g, if the second term at the right end is §. If
the string is a singleton, (g4, d) turns it into a singleton ter-
minal (the second term must be non-4 in this case, since the
original string of second terms was nonnull).

For all w, x, y, where w may be double-primed in the sec-
ond case,

(w, 1)y, $), 92) = (w, §), 94),
(w, x)(y, 8), 94) > (w, x), q0) if x #4§

The g4 moves leftward, erasing §s; when it reaches a non-{
second term (which must happen eventually, since the
original string was nonnull), it becomes 4.

For all w, x, y, z, where y may be primed,

(w, )(y,2), q4) = (w, x), qa)z  if x #4,
((y”/ Z)/ qA) - Z.

The g, moves left, turning pairs that have non-$ second
terms into their second terms; if it reaches the left end of
the string, it erases itself, leaving only its pair’s second
term z. Note that z cannot be §, by (4)-(6).

For all w, y, z, where y may be primed,

(w, Py, 2), g4) = ((y, z), 94),
(w", $(y, 2), g4) = 2.

If the g, reaches § second terms (which must lie to the left of
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all the non-§ second terms), it erases them; when it erases
the last one, it also erases itself, leaving only its pair’s sec-
ond term z.

Evidently, this process generates a terminal string (namely, the
original string of second terms; the terminal vocabulary of G, is
the same as the vocabulary of A) iff the simulation of A accepted
that string (of first terms); in other words, G, generates a terminal
string o iff 0 € L(A). O

8.1.2 Special Types of Grammars

A grammar G is called context-sensitive (or “type 1”) if for each
rule A — { of G there exist strings ¢, n, and w on V, where w is non-
null, and a symbol X € V — V;, such that A = é€Xv and { = ¢on.
Thus any such rule rewrites a single nonterminal X, “in the con-
text of” ¢ and m, as a nonnull string w. Note that in such a
grammar, terminals are never rewritten.

We shall call a grammar G monotonic if for each rule A — { of G
we have [\ = [¢.

THEOREM 8.1.2 The languages generated by monotonic gram-
mars are the same as those generated by context-sensitive
gramnars.

Proof: Context-sensitive certainly implies monotonic, since w
nonnull implies |¢X7| < |£wn]|. To prove the converse, we show
that any rule A > { with |A| = |{| can be replaced by a set of
context-sensitive rules without altering the language generated by
the grammar. We can assume, as shown- earlier, that the given
grammar does not rewrite terminals, so that the symbols involved
in the rule A\ — [ are all nonterminals (unless the rule is of the form
x' — x, which is already context-sensitive).

Let A\=X,.. . Xpand (=2, .. .2, where m =n. Then
we can replace A — { by the following sets of context-sensitive
rules:

X1~ Xn
XuXe — X11Xa

Xm—1m=1Xm = Xpme1,m—1Xmm 1)
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These rules successively change the symbols in A to special forms
that are understood to be unique to the given rule and to the given
position in that rule, so that they can only be applied in the given
sequence. If a rule is applied in the wrong place (only the begin-
ning of A is present, or a later part of A is the same as its begin-
ning), the rule sequence (1) cannot go to completion, and there is
no way to get rid of the last-created special symbol (unless the rest
of \ is later created; but if this happens, it cannot depend on the
presence of the special symbols, and so could have happened ear-
lier).

X11Xo2 = Z1Xos
X99X33 = Z3Xs3

Xmm'—)ZmZm+l e Zn (2)

These rules change the special Xs to Zs after the next ones have
been created (except in the case of the last one). As already pointed
out, this process can go to completion only if all the special Xs are
created, which can only happen if all of A is present (or could have
been present). Thus replacing A — { by (1) and (2) cannot change
L(G), since the only way (1) and (2) can create a string free of special
symbols is to simulate a complete application of A — {, and anal-
ogously for all the other rules of G. O

THEOREM 8.1.3 The languages generated by monotonic gram-
mars are the same as those accepted by tape-bounded accep-
tors.

Proof: When a terminal string o is derived from s in a mono-
tonic grammar, the successive strings in the derivation have non-
decreasing lengths, so that none of them is longer than o. Hence
in the first part of the proof of Theorem 8.1.1, A can generate an s
by turning some symbol x of ¢ into a pair (s, x), and then simu-
lating the application of a sequence of rules, creating further pairs
as necessary, and shifting the pairs leftward or rightward if it
comes to the end of ¢. If the string of first terms generated in this
way tries to become longer than o, A cannot possibly be simu-
lating a derivation of o. Thus, in carrying out the proof of the first
part of Theorem 8.1.1 in the case where G is context-sensitive, A
need never move off the non-gs.
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Conversely, in the second part of the proof, note that the rules of
G 4 are all monotonic except for some rules in (4)—(7) which erase
ts; but these rules are not needed if A is tape-bounded, since rules
(2b’) and (2¢’) are never used, so that pairs with § second terms are
never created. [Since the string ends are marked (") and (), the
simulation of A need not involve s at all, even when A bounces
off them.] Thus if A is tape-bounded, G, is monotonic. [

A grammar G is called context-free (or “‘type 2”)if in all rules A —
{ of G, \ is a single nonterminal symbol and { is nonnull. (Evi-
dently, context-free implies context-sensitive.) G is called finite-
state (or ““type 3”) if in all rules A - { of G, A is a single nonter-
minal symbol and { either ends in a single nonterminal symbol,
possibly preceded by terminal symbols, or else { is a nonnull
string of terminal symbols.

THEOREM 8.1.4 The languages generated by finite-state gram-
mars are the same as the languages accepted by finite-state ac-
ceptors.

Proof: Given G, we define an FSA A that operates on its input
string o as follows: A examines the right end of ¢ for matches to
right-hand sides of rules of G. If ¢ = 01¢;, where Z, — {;is a rule
of G, A memorizes Z{, moves to just past the beginning of {; (i.e.,
to the right end of o), and looks for matches of the right end of
024 to right-hand sides of rules of G. If it finds such a match, say
to Zy — {22, where o, = 03{,, this process is repeated, with o be-
coming shorter at each repetition. if at some state A finds that oy =
{nZ -1 matches the right-hand side of a rule of G whose left-hand
side is s, then A accepts o. Evidently, this can happen iff o can be
derived in G, using the succession of rules s — {Z,_y, Z,1 —
CoeiZu—s, « o -, Zo— L2y, Z1— §. Thus A accepts o iff o € L(G).

Conversely, suppose that L is accepted by a one-way FSA A. We
can define a finite-state grammar G that generates L as follows:

(1) s — (g, x) for all x;

(2) (q,x)—>x(gq',y)forallg’ € 8(q, x) and ally, where 8is A’s
transition function, and g is a nonaccepting state of A; and

(3) (g4, x) — x for all accepting states g4 of A.

Here the xs (the vocabulary of A) constitute the terminal vocabu-
lary of G. Thus G generates a string and simulates A’s behavior on
it; it generates an all-terminal string o iff A accepts 0. O
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Theorems 8.1.1-8.1.4 tell us that the languages of (arbitrary,
context-sensitive, finite-state) grammars are the same as the lan-
guages of (Turing, tape-bounded, finite-state) acceptors, respec-
tively. [It can be shown (e.g., [1, pp. 74-78]) that the languages of
context-free grammars are the same as the languages of one-way
nondeterministic pushdown acceptors, but we shall not prove this
here.] Thus introducing these types of grammars has not ex-
panded our language hierarchy.

8.1.3 Isometric Grammars

In this section, we consider grammars in which the left- and
right-hand sides of any rule A — { have the same length—i.e.,
IN| = |¢]. In such “isometric’”” grammars (called ““isotonic” in [2]),
strings grow by rewriting §s, and the initial string is §*s§*. We
shall show that such grammars generate the same set of languages
as do ordinary grammars, and that by suitably restricting them,
we obtain the context-sensitive and finite-state languages. The
restriction that, in any rule A — {, A and { must be of the same size
will prove to be important when we define array grammars in Sec-
tion 8.3.

Formally, an isometric grammar is a quintuple G = (V, V¢, 11, s,
), where F, V¢, II, and s are defined just as in Section 8.1.1, except
that, for all pairs (A, {) € II, we require that

@ [N =1,
(b) A does not consist entirely of §s, and
(c) replacing A by { cannot disconnect or eliminate the non-§s.$

The symbol § €V — Vy is called the blank symbol. Derivations
are defined exactly as in Section 8.1.1. The language of G is the set
of all (nonnull) strings o on V1 such that §*o$> can be derived in G
from the initial infinite string $*sg”.

THEOREM 8.1.5 The languages generated by isometric gram-
mars are the same as those generated by ordinary grammars.

Proof: For any grammar G, we can define an isometric grammar
G' that generates exactly L(G) as follows:

(1) For every rule A — { of G such that |A| = ||, G’ has the rule
AgH~A — r where Y is a special nonterminal symbol.

§ It is not hard to see that condition (c) is equivalent to the following: The non-s
in { exist and are connected; if A has a non-{ at its left (right) end, so does ¢.
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(2) For every rule A — { of G such that |A\| = |{], G’ has the rule
A —> LA

(3) In addition, G’ has the rules x§ — xb, x§ — bx, and #hx —
##x, for all non-§ x. These rules allow #s to be changed into
ks at the right end of the string of non-fs; ks to be shifted
leftward; and 4s to be changed back to s at the left end of
the string.

It is easy to see that G’ can generate a terminal string o (sur-
rounded by ¢s) iff just enough fs are created, and these ks are
shifted into just the right positions, to allow a derivation of ¢ in G
to be simulated using rules in (1) and (2). (The terminal vocabulary
of G’ is the same as that of G.) Thus L(G') = L(G).

Conversely, given an isometric grammar G’, we can define G
such that, for every rule A = [ 0of G’, G has the rule \’ — {’, where
N\ and {' are the same as A and { but with §s, if any, omitted. It is
not hard to see that G can generate a terminal string o iff G’ gener-
ates §a”. (We recall that under G’, the non-§#s remain connected;
thus derivations in G differ from those in G’ only in that when G’
destroys or creates §s at its ends, G simply grows or shrinks.) 0O

THEOREM 8.1.6 The languages generated by isometric gram-
mars that never create §s (i.e., for all rules A — [, there can be §s
in { only in positions corresponding to fs in A) are the same as
those generated by monotonic grammars.

Proof: In the first part of the proof of Theorem 8.1.5, if G is
monotonic, there are no rules of type (2); hence we can omit the
rules fhx — $#x and still guarantee that derivations in G can be
simulated, by creating and shifting in just enough ks to allow the
rules of type (1) to operate. Thus if G is monotonic, we can define
G’ so that it never creates ¢s. In the second part of the proof, if G’
never creates §s, then for all rules A — {of G’ we have |]\'| < |{'}, so
that G is monotonic. [

There are several ways of defining a class of isometric grammars
whose languages are the same as those of the finite-state
grammars. It is evident that if the rules of G are all of the form
Zi™ — {, where |} = m + 1and {is a string of terminals ending in
at most one nonterminal, then L(G) is finite-state; and conversely,
if G’ is finite-state, there is an isometric G of the above form such
that L(G') = L(G). We can also establish a stronger result [3]:
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THEOREM 8.1.7 The languages generated by isometric gram-
mars in which, for all rules A — {, A\ consists of a single nonter-
minal symbol together with #s, and { consists of non-§s,5 are the
same as the languages generated by finite-state grammars.

Proof: By the preceding paragraph, any language generated by
a finite-state grammar is generated by an isometric grammar of the
above form. Conversely, suppose thatG is of the above form. Note
first that if we have generated the string w in G, and X is a symbol
in the interior of w, then X (if it is nonterminal) can only be
rewritten by rules of the form X — Y, since there are no #s adjacent
to X to serve as context. Now eventually we must be able to turn w
into a string of terminals by applying rules of G; if we combine
these rules with the rules that generated w, we obtain a set of
strings @' in which X has been replaced by all the terminals to
which it can give rise, without changing L(G). Thus we can as-
sume that any string generated by G has nonterminals only at its
ends. In particular, we can assume that the right-hand side of any
rule of G has nonterminals only at its ends. Similarly, if X is a non-
terminal at the right end of such a string (of length >1), it can only
be rewritten by rules of the form X§™ — { (as in the preceding
paragraph), and analogously for an X at the left end.

Suppose that the first rule used in a derivation in G has a nonter-
minal only at one end, say the right. Then subsequent rules must
all be of the form X$™ — {, as explained above, so that the part of
L(G) generated by derivations that begin in this way is finite-
state. The argument is analogous if the first rule has a nonterminal
only at the left end, since it is easily seen that if we reverse the def-
inition of a finite-state grammar (i.e., every rule right-hand side
begins with at most one nonterminal), we still obtain exactly the
finite-state languages.

If G has rules of the form s — X, they can be eliminated by let-
ting s go directly into the strings of length >1 that are derivable
from X, or into the singleton terminal symbols that are derivable
from X. Note that in the latter case, these rules can contribute only
finitely many strings to L(G).

Finally, suppose that the first rule used in a derivation has non-
terminal symbols at both ends, and has length >1. As we have
already seen, the nonterminal at the right end can only be

§ Note that rules of this form are analogous to context-free rules, rather than to
finite-state rules.
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rewritten by rules of the form Z#” — {, and analogously for the
nonterminal at the left end. Thus the strings derivable in this way
are essentially concatenations of pairs of strings, each belonging to
a finite-state language, and the set of such concatenations is also a
finite-state language (Proposition 3.5.8). Combining this with the
results of the previous two paragraphs, we see that L(G) is a finite
union of finite-state languages, so that by Proposition 3.5.2 it too
is finite-state. [

8.1.4 Parallel Grammars

As defined in Sections 8.1.1 and 8.1.2, a grammar generates (or
parses) a string by applying only one rule A — { at a time and re-
placing only one instance of A by { when this rule is applied. In
this section, we briefly discuss several approaches to defining par-
allel grammars, in which rules are applied in more than one place at
a time.

We first consider an approach {2]in which we still apply only a
single rule A — { at a given time, but apply this rule by replacing
every instance of A by {. One problem with this approach is that
instances of A can overlap. For example, if we apply the rule XX —
ZZ to the string XXX, in parallel, the result is (presumably) ZZZZ,
since XXX contains two instances of XX; thus application of the
isometric rule XX — ZZ changes the length of the string. (Indeed,
if we apply XXX — ZZ to X™ in parallel, we get Z*™®, so that
applying a length-decreasing rule can increase the string length.)
In ordinary (“’sequential”’) rule application, this could not happen;
applying the rule XX — ZZ to XXX yields either ZZX or XZZ, to
which the rule no longer applies.

Another problem with parallel rule application is that parsing
and generating are no longer inverses of one another. For ex-
ample, applying XX — ZZ to XXX in parallel yields ZZZZ, but
applying ZZ — XX to ZZZZ in parallel yields XXXXXX, since
ZZZZ contains three instances of ZZ. In fact (see [2]), it is not hard
to exhibit a grammar G such that the sets of strings generated and
parsed by G in parallel are disjoint from one another and from
L(G).

The parallel language Lp(G) generated by a given grammar G is
not the same as G’s ’sequential language” L(G) in general, but it is
the same in certain important cases. For example, consider the
finite-state grammars; it is evident that these have the property
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that, at any stage of a derivation, at most one nonterminal symbol
is present. (Grammars with this property are called “linear.”)
Since the rules of a finite-state grammar all have left-hand sides
consisting of a single nonterminal symbol, it is clear that at any
stage of a derivation, a given rule can apply in at most one place;
thus it makes no difference whether a rule is applied sequentially
(i.e., in one place at a time) or in parallel. In other words, if G is a
finite-state (or more generally, a linear) grammar, we have Lp(G) =
L(G).

It can also be shown that the class of languages generated in par-
allel by grammars is the same as the class of languages generated
in the usual way; and similarly for the classes of languages gen-
erated sequentially and in parallel by monotonic grammars. To
prove that any (sequential) language is a parallel language, we
show that for any grammar G, there exists a grammar G’ with
L(G') = L(G), such that at any step of a derivation in G', no rule
applies at more than one place. Specifically, for each rule
Xy ... Xm—Zy...Zyof G, G has therule XiX, . . . Xp—
Z'Zy . . . Z,, where the barred symbols are all nonterminals. We
also give G’ the rule s — §' and the set of rules

XY—>XY and XY —X'Y
for all pairs of nonterminals one of which is primed and the other
is not. These rules initially create a prime and allow it to shift from
symbol to symbol. Since the rules that correspond to those of G all
involve the prime, it is clear that any rule applies at only one place

(evidently, more than one prime never exists). Finally, we give G’
the rules

X'y — Xy’ and 't — xt

for all x, j corresponding to terminal symbols x, y of G (or, if we
do not want to introduce the § symbol, we design G’ so that the
rightmost symbol of any string derivable in it is always uniquely
marked). These last rules allow the prime to shift rightward
through symbols that correspond to terminals, turning them into
terminals as it goes, until it reaches the right end of the string and
vanishes. It is evident that this process can result in a terminal
string iff G’ generated a string of symbols corresponding to termi-
nals, by imitating a derivation in G that leads to a string of termi-
nals; thus the resulting terminal string must be in L(G). (If the last
rules are used too soon, or are not started with the prime at the left



206 8 GRAMMARS

end of the string, a string consisting entirely of terminals will not
be created.) Since in G’, no rule can apply in more than one place,
we have Lp(G') = L(G'); thus L(G) =L(G') = Lp(G'), which
proves that any language is a parallel language. Note also that if G
is monotonic, so is G'.

Conversely, we can show that for any grammar G there exists a
grammar G” that, in effect, applies the rules of G in parallel; thus
Lp(G) = L(G"), so that any parallel language is a sequential lan-
guage. Basically, we define G” to simulate an automaton A (com-
pare the proof of Theorem 8.1.1). Suppose that, at a given stage in
the operation of A, we are ready to apply a rule of G in parallel to
the current string o (initially, this string iss). A picks arule A — {,
scans o, and marks every position in o at which a match to A
begins. It then scans o again and replaces each instance of A by {.
(If instances overlap, the part of o from the start of one instance of
A to the start of the next is replaced by {.) When this process is
complete, we are ready to apply another rule of G. It is not hard to
see that if G is monotonic, so is G". (A detailed description of G"
can be found in [2].)

The remarks in the preceding three paragraphs show that any
(arbitrary, context-sensitive, finite-state) language is an (arbitrary,
context-sensitive, finite-state) parallel language, and conversely.
The analogous result about context-free languages is false. For ex-
ample, consider the context-free grammar whose rules are

5§ —>ss and s — x.

It is not hard to see that the parallel language of this grammar is
the set of strings {x*"|n = 0,1, 2, . . .}; but it is well known that
this is not a context-free language in the ordinary sense (see, e.g.,
[1, p. 57, Theorem 4.7]). Conversely, it can be shown that the
parenthesis-string language, which is context-free [1, p. 67], is not
parallel context-free. On the relationship between context-free and
parallel context-free languages, see [4, 5].

Parallel rule application has a particularly convenient interpreta-
tion for rules that are in the context-sensitive form ¢Xn — fo:
For each instance of £X7 in the given string o, we replace the X by
an .5 In this case, some of the problems mentioned at the begin-

§ Note that this is not the same as replacing each instance of £¢X7 by £wn; for the
rule XX — XZ, applied to the string XXX, replacing XXs by XZs gives XZXZ,
whereas replacing Xs by Zs when they have Xs on their left gives XZZ.
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ning of this section do not arise, since the substrings being re-
placed (i.e., the Xs) cannot overlap, even if the £X%s do overlap.
Parsing and generation are still not always inverses of one an-
other; e.g., if we apply XX — XZ to XXX, we obtain XZZ,
whereas if we apply XZ —» XX to XZZ, we obtain XXZ. On the
other hand, string length can never decrease, since Xs are being
replaced by nonnull strings (ws). The results in the preceding
paragraphs all continue to hold for this modified concept of paral-
lel rule application.

Another approach to defining parallelism for context-sensitive
grammars is to apply rules in all possible positions at the same
time. In other words, given a string o = X, . . . X,, for each X;
we choose a rule £X;n; — & of G that applies to X;in o (i.e.,
such that ¢; precedes X; in o, and »; follows it) and replace X; by
w;. (If no such rule exists, we leave X; unchanged.) This is done in
parallel for every symbol in o; the rule used is chosen indepen-
dently for each X;. Parallel rule-application systems of this kind are
called L-systems [6~8]; if the rules are all context free, they are
called OL-systems. L-systems have been extensively studied as
models of biological growth; they will not be discussed here in de-
tail.

In defining L-systems, it is customary to make no distinction
between terminal and nonterminal vocabularies; the language is
the set of all strings that can be derived from the initial string. An-
other possibility is to define the language as the set of all such
strings that are stable under application of the rules; such strings
correspond, from the biological growth standpoint, to ““adult”
organisms. It is not hard to show [9] that the ““adult languages” of
L-systems are just the context-sensitive languages. In fact, given
an L-system G and a string o, we can easily define a tape-bounded
acceptor A that accepts o iff it is in the adult language of G. [A
first checks that o is stable under G. It then nondeterministically
generates a sequence of strings oy, o3, . . . by applying the rules
of G to the initial string oy, and checks at each step whether o;
matches ¢. Since we have assumed that the rules of G are
context-sensitive (i.e., the ws are nonnull), we know that |oy| =
loy| < |op| = - - ; thus if o is derivable from o in G, no o; can be
longer than o, so A has room to store it, as in the proof of Theorem
8.1.3. Thus if o is derivable in G, A can discover this fact and ac-
cept o.] Conversely, given a context-sensitive grammar G’, we can
define a modified G” such that at any stage of a derivation in G”,
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there is only one place where any rule applies, as shown earlier in
this section. We can thus define an L-system G that simulates G".
[Note that in the definition of G”, as long as the prime remains,
there is always some rule that applies; but the prime disappears
only when all the symbols have been turned into terminals$ ]
Thus the only strings that are stable under the rules of G are the
terminal strings of G”, which are the same as the terminal strings
of G’; hence the adult language of G is just L(G'). If we modify the
definition of an L-system to allow erasing rules (i.e., £Xn — £n), it
can be shown that the adult languages are just the arbitrary
(Turing-machine) languages (but allowing the null string to be in
a language); the proof is analogous. (L-systems that do not allow
erasing rules are called “propagating.”) Similarly, it can be shown
that the adult languages of OL-systems are just the context-free lan-
guages. For the details of these proofs, see [9].

In analogy with Section 8.1.3, one can consider “‘isometric” par-
allel grammars (or L-systems) in which the rules are all of the form
EXm — £Zm, so that strings can grow only by rewriting #s at their
ends. L-systems of this special type are essentially nondetermin-
istic cellular automata, in which the transition function is defined
by the rewriting rules: State X, in the context of states ¢ on the left
and n on the right, can change into state Z. If §s are never
rewritten, they become bounded cellular automata. Note that from
this point of view, we are regarding cellular automata as pattern
generators rather than as acceptors.

8.2 MATRIX GRAMMARS

In this section, we discuss grammars that generate or parse sets
of rectangular arrays. Grammars whose languages are sets of con-
nected (not necessarily rectangular) arrays will be considered in
Section 8.3.

A class of “matrix grammars” [10-12] that generate rectangular
arrays can be informally defined as follows:

(@) A string grammar G generates a string ¢, which will be-
come the top row of the array.

§ This requires a slight modification of the definition of G” so that the prime can
only begin creating terminals when it is at the left end of a string; the details are
straightforward.
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(b) The symbols in ¢ are initial symbols of a set of finite-state
string grammars G, . . . , G,. These grammars operate
in parallel (compare Section 8.1.4) to generate the columns
of the array. Their operation must be coordinated so that in
every column, at any given time, a rule of the same length
is applied, and so that the terminating rules are all applied
at the same time.§

Formally, a matrix grammar M is a pair (G, G), where G is a
grammar and G = {Gy, . . . ,Gulisasetof finite-state grammars,
such that the terminal vocabulary of G is the set {s;, . . . , s,} of
initial symbols of the G;s. (We assume that the nonterminal vocab-
ularies of the G;s are disjoint.) M operates by generating a (hori-
zontal) string o of s;s using the rules of G, then generating a rec-
tangular array from the top row o by applying rules of the G;s in
parallel, and finally terminating simultaneously.

Matrix grammars are of interest because they generate (or parse)
rectangular arrays, but unfortunately the classes of array lan-
guages that they generate are not the same as the classes accepted
by the various types of array acceptors. To see this, let us consider
the following examples:

(@) IfG is finite-state, the language L of M is a finite-state array
language. Indeed, we can define a finite-state array ac-
ceptor A that accepts L as follows: Given a rectangular array
T, A scans the last column ¢, of T, simulates acceptors for
the finite-state column languages, and thus determines to
which of these languages, if any, c,, belongs. A can thus
verify whether a terminating rule of G could have pro-
duced any of the initial symbols s,, that began the genera-
tion of ¢,,. A then scans the next-to-last column c¢,,_,, deter-
mines which symbols s,,_, could have begun its genera-
tion, and verifies whether a rule of G could have produced
any of these symbols together with a nonterminal that then
resulted in s,,. This process is repeated until it has ac-
counted for all of T. Conversely, however, there are (deter-
ministic, tape-bounded) finite-state rectangular array lan-
guages that cannot be generated by any such M. For ex-

5 We can assume without loss of generality that the rules of each G are all of the
forms X — xZ and X — x, where X, Z are nonterminals and x is a terminal. Under
this assumption, it suffices to require that the terminating rules be applied in every
column at the same time.
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ample, consider the set L of square arrays of even side
length whose rows are all of the form x™y* No such M can
generate L, since the string language {x"y"*|n = 1,2, . . .}
is not finite-state. On the other hand, a finite-state array
acceptor can verify that its input array T is in L as follows:
Verify squareness (and evenness of side length) by moving
“diagonally;” then move at “673°” (alternately two steps
upward and one leftward, starting at the lower right
corner) to find a middle column; finally, move down that
column and verify that, in each row, there are xs on its left
and ys on its right. Thus the class of matrix languages for
which G is finite-state is a proper subset of the class of
finite-state array languages. It is not hard to see that we can
require A in the first part of the proof to be deterministic
and tape-bounded; thus these matrix languages are a
proper subset of the deterministic, tape-bounded finite-
state array languages.

If G is context-free, the language of M is not finite-state.
For example, the set L of rectangular arrays of even width
whose rows are all of the form x™" can be generated by
such an M (G generates s{s#; the rules of G, and G, ares; —
xsy, Sy —> x, and those of G, are s, —> ysg, 52 = y), but L
cannot be accepted by a finite-state array acceptor, since
{xmym]i =1, 2, .. .}is not a finite-state string language
(consider the arrays of height 1!). Thus the matrix lan-
guages in general (even for context-free Gs) are not a subset
of the finite-state array languages. Conversely, there are
(deterministic, tape-bounded) finite-state array languages
that are not matrix languages, for any choice of G. For ex-
ample, the set L consisting of all square arrays is not a ma-
trix language, since the termination decision in generating
the columns does not depend on the array width. (The step
numbers at which column termination ¢ occur depend
on the set of s;s that initiated the coluwns; there are only
finitely many such sets and they cannot carry enough in-
formation to provide for a different term nation step for
every top row width.) Thus the matrix languages and the
finite-state array languages are incomparable.

The matrix languages for which G is context-sensitive are a
proper subset of the tape-bounded array languages. For ex-
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ample, the arrays whose columns are all of the form x"y"
are a tape-bounded array language, but are not a matrix
language (since {x"y"*|n =1, 2, . . .} is not a finite-state
string language). Conversely, a tape-bounded acceptor can
scan the columns of a rectangular array, determine which
s;s could have initiated their generation, record these (sets
of) s;s in the top row, and then simulate a one-dimensional
tape-bounded acceptor to verify whether some such set of
s;s could have been generated by G; thus any such matrix
language is a tape-bounded array language. On the other
hand, there are matrix languages (having non-context-
sensitive top rows and height 1) that are not tape-bounded
array languages; thus the tape-bounded array languages
and the matrix languages are incomparable. Finally, the
matrix languages are a proper subset of the Turing rectan-
gular array languages, by arguments similar to those
already given.

It can be shown [13] that the languages of matrix grammars for
which G is context-sensitive are the same as the languages of a spe-
cial class of parallel/sequential array acceptors (Section 7.4)—
namely, the class in which the cells (of the one-dimensional cel-
lular acceptor) do not communicate with their neighbors until the
acceptor has reached the last row of its input array. Other types of
acceptors that are equivalent to matrix grammars are discussed in
[9, 14].

A number of other grammarlike mechanisms can be used to
generate rectangular array languages. In [11, 12], for example, a
grammar generates a string that specifies a sequence of horizontal
and vertical concatenations to be performed on rectangular arrays.
It is understood that when two arrays are horizontally (vertically)
concatenated, they must have the same numbers of rows (col-
umns); hence an (ssuch sequence of concatenation operations gen-
erates a rectangular rray. Another way to insure rectangularity is
to require that all border symbols of a given type (north, south,
east, or west) be:rewritten simultaneously; note that the column
generation process in a matrix grammar is a special case of this
(rewriting all south border symbols at the same time). Such
models have been studied in [15]. We shall not consider these ap-
proaches further here.
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8.3 ARRAY GRAMMARS

This section introduces grammars that generate or parse sets of
connected arrays, and investigates their relationship to array ac-
ceptors. As we shall see, several problems arise with array
grammars that did not arise for string grammars.

An array grammar must operate by replacing subarrays by sub-
arrays, just as a string grammar replaced substrings by substrings.
However, if the two subarrays (A and ‘5, say) are not identical in
size and shape, it is not clear how to replace A by E. One can pre-
sumably shift the rows or columns of the host array relative to one
another so as to make room for =; but this may cause changes in
symbol adjacencies arbitrarily far away from =, since adjacent rows
or columns may shift by different amounts. Thus applying a local
rewriting rule A — E may cause nonlocal changes in the host
array, which seems undesirable. To avoid this problem, we shall
require array grammars to be isometric (see Section 8.1.3); this
means that for any rule A — E, A and E are geometrically iden-
tical, and the array grows (or shrinks) by rewriting (or creating) #s.
For a treatment of nonisometric array grammars, see [16].

A second problem with array grammars is how to insure that
they preserve connectedness (and nonemptiness) of the set of
non-gs. Before formulating conditions for this, we first observe
that in any rule A — E, A must contain non-§s, but they need not
be connected. (In one dimension, as long as the non-fs remain
connected, a rule in which A has nonconnected non-§s could never
apply; but in two dimensions, a globally connected array can con-
tain locally nonconnected parts.) On the other hand, if A has more
than one connected component of non-{s, every such component
must touch the border of A. Our conditions on & are then as
follows:

(1) If the non-#s of A do not touch the border of A, then the
non-#s of 5 must be connected (and nonempty).
2) Othegwise,
(a) every connected component of non-{s in E must con-
tain the intersection of some component of non-§s in
A with the border of A;
(b) conversely, every such intersection must be contained
in some component of non-§s in E.
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PROPOSITION 8.3.1 If conditions (1) and (2) hold, applying the
rule A — = does not disconnect or eliminate the non-§s.

Proof: We assume that non-{s existed and were connected be-
fore A — E was applied. In case (1), the non-§s of A must be the
only non-§s that exist (there cannot be any outside A, since they
would have to be connected to those in A, which would require
that non-#s exist on the border of A); hence when we replace A by
E, the non-fs of E are the only ones that exist, and they are con-
nected by (1).

In case (2), we first show that any two non-fs P, Q not in A re-
main connected when A is replaced by E. If there is a path of
non-s from P to Q that does not meet A, this is clear. Otherwise,
note that each time the path enters and leaves A, it meets only one
component of non-fs in A, and by (2b) the intersection of this
component with the border of A is contained in a component of
non-fs in =E; hence each such segment of the path can be replaced
by a segment in E.

Similarly, if P is not in A and Q is in 5, then by (2a), the compo-
nent of non-4s in E that contains (J also contains the intersection
of some component of non-gs in A with the border of A. Now P
was connected (outside A) to this component and hence to the in-
tersection; thus P is connected to Q.

Finally, if P and Q are both in =, and are not connected, they are
both in components of non-§s that, by (2a), contain intersections
of components of non-fs in A with the border of A. But these
components were connected outside A; hence so were these in-
tersections. (0

It is clear that if (1) did not hold, applying A — E would discon-
nect (or annihilate) the non-§s. If (2a) did not hold, a component of
non-fs in 5 might be created that failed to be connected to the
other non-f#s; while if (2b) did not hold, some non-$s outside E
might be disconnected from the other non-4s.

8.3.1 Array Grammars and Languages

Formally, an (isometric) array grammar is a quintuple G =
(V, Vp, 11, s, §), where all of these are defined just as in Section
8.1.2, except that II is a set of pairs of connected arrays (A, E), for
all of which
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(@) A and E are geometrically identical,
(b) A does not consist entirely of §s, and
(c) E satisfies conditions (1) and (2) of Proposition 8.3.1.

The language of G, L(G), is the set of all (nonnull) connected arrays
3 on V; such that ¥ (embedded in an infinite array of §s) can be
derived in G from the initial array, which consists of a single s
(embedded in an infinite array of §s). Derivations are defined ex-
actly as in Section 8.1, except that they involve replacement of one
subarray by another, rather than of one substring by another.
Parsing is also defined just as in Section 8.1. Note that by Proposi-
tion 8.3.1 and induction, the array resulting from any derivation
always has its non-fs connected.

As in Section 8.1.1, we can (and shall from now on) assume that
terminal symbols are never rewritten by any rule of G.

An array grammar is called monotonic if §s are never created by
any rule—in other words, for all rules A — E of G, there are §s in
E only in positions corresponding to #s in A. We can also define an
array grammar G to be “context free”” if, for all rules A - Eof G, A
consists of a single nonterminal symbol and (possibly) of §s; note
that such rules do use #s as “context.” Similarly, we can call G
linear if G is “context-free’” and, in addition, any E contains at
most one nonterminal symbol; note that at any stage (except the
last) of a derivation in such a G, exactly one nonterminal exists. As
we shall see later, there does not seem to be a good analog of
“finite-state’” for array grammars.

In some of the examples to be given later, it will be convenient
to use compact notation for sets of array rewriting rules that differ
by 90° rotations. We shall denote by A — E (ROT) the set of four
rules in which A and E are both rotated by 0°, 90°, 180°, and 270°.
For example,

XY —- WZ (ROT)

denotes the four rules
XY » WZ

YX - ZW

—

==
NI ISN

Alternatively, we may denote by X(d)Y the pair of adjacent
symbols such that Y is in direction d (U, D, L, or R) from X; thus
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XR)Y = XY, X(L)Y =YX, X(U)Y =~

_X .
X and X(D)Y = Y In this

notation, we may write
Xd)yY » W)z forall d € A={U,D,L,R}
instead of XY — WZ (ROT).

8.3.2 Equivalence to Array Acceptors

Our goal in this section is to prove that (arbitrary, monotonic)
array grammars generate the same classes of languages as (Turing,
tape-bounded) array acceptors. The proofs are based on [17]; see
also [18], which proves an analog of Theorem 8.3.3 using a some-
what different definition of an array grammar. We also discuss the
relationship between finite-state array grammars and array ac-
ceptors; this discussion is based on [19].

THEOREM 8.3.2 The languages generated by array grammars are
the same as the languages accepted by Turing array acceptors.

Proof: Given an array grammar G, we define a TA A that ac-
cepts exactly L(G) as follows: Given an array 2 of non-{s in the ter-
minal vocabulary V; of G, embedded in an infinite array of §s, A
moves around nondeterministically, starting at some point of %,
and rewrites each symbol x (possibly ) that it comes to as (x, §).§
Finally, at some step, A rewrites some x as (x, s); this can only
happen once. After it happens, A begins to simulate rules of G on
the second terms of pairs; pairs with no second term are regarded
as having second term §. Suppose that at some step, A decides to
apply the rule A — E of G. It then searches (nondeterministically)
for one of the non-§ symbols in A (as a second term), marks it,
checks (deterministically) for the other symbols as second terms
(these are in known positions relative to the given symbol), marks
them, and when they have all been found, rewrites these second
terms as the corresponding symbols in E; after this is done, A is
ready to simulate another rule. [While searching, A continues to
rewrite xs as (x, §)s.] At any stage after applying a rule of G, A can
systematically scan the array of non-§s (Proposition 4.4.1) and

5 This is done in order to insure that A is always on a connected set of non-§s; if
A moved onto the fs without rewriting them as pairs, it might be unable to find X
again.
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check whether (a) every non-{ is a pair and (b) the second term of
every pair is the same as its first term. [A can also check, during
some such scan, that the non-# first terms are in fact all in V;.]If
this is found to be true, A accepts X; otherwise, A can resume the
simulation of G. Evidently, A accepts % iff a derivation in G exists
that generates a copy of 3; thus A accepts exactly L(G) (from some
starting point).

Conversely, given A, we define a grammar G that generates ex-
actly L(A) as follows: Starting with an s on a background of §s, G
begins by generating an arbitrary array X of triples of the form
(x, x, 0)or (x, x, 1), where x is any non-§ symbol in the vocabulary
V of A, and where there is always exactly one 1. This can be done
using the rules

1la) s— (x,x, 1),

(1b) (x,x, ) — (x, x, 0)(y, y, 1) ROT),

(o) (x, x, Yy, y,0)— (x, x, 0)(y, y, 1) (ROT), and
Ad) (x, x, 1)— (x, x, (ge, N))

for all x, y # § in V. When (1d) is used, the 1 turns into a pair
(g0, N) representing the initial state and (fictitious) “‘previous
move direction” of A.

Next, G simulates the operation of A on the array of second
terms of the triples; the first terms remain unaffected. This is done
using the rules (for all x, u, v in V)

(2a) (x,y,@,d)—> (x,z,(q'.N))forall (g',z, N) € 8@, y,d);

(2b) (x,y, (g, d)dHu, v, 0)— (x,z, 0)d")u, v, (q', d")) for all
(g'.z,d') € 8@, y,d); and

(2c) (x,y, (@, dNdNg— (x,z, 0)d" )¢, ¢ (@', 4") (similarly),

where § is the transition function of A, and provided that g is not
an accepting state of A.

Finally, if the simulation of A enters an accepting state, the
triples are turned into their first terms using the rules

(3a) (x,y,(g, d))—>xforallx,y €V andallg € Q4, and
Bb) @, v, 0)x - ux(ROT) forallu,v,x €V.

Since V — {§} is the terminal vocabulary of G, this means that G
generates a terminal array of non-#s (the first terms of X) iff A ac-
cepts this array (from some starting point). O



8.3 ARRAY GRAMMARS 217

THEOREM 8.3.3 The languages generated by monotonic array
grammars are the same as the languages accepted by tape-
bounded array acceptors.

Proof: In the first part of the proof of Theorem 8.3.2, note that at
any step of a derivation of 2 in the monotonic array grammar G,
the non-§s are always a subset of 3, since fs can never be created
by G. Thus, we can simulate G using a tape-bounded A that
always remains on X. [A problem arises with this simulation if a
rule A — E of G uses §s as context (i.e., there are #s in A that are
also in the corresponding positions in E); these §s may be outside
3, but A must verify their presence in order to apply the rule. This
can be done using the array scanning process described just prior
to Proposition 4.4.6. Suppose that A is located at position (i, j) and
wants to verify that there is a ¢ in position (i’, j'), where the dif-
ferencesi — i’ andj — j' are known to A. To do this, A marks (i, j),
finds the outer border of 3, and scans % row by row. When A
reaches the row with the marked point, it returns to the outer
border and follows it, using the positions of markers to keep track
of its net up and down moves. If the outer border never reaches
row i', 3 cannot intersect that row, so that position (i’, j') is cer-
tainly §. Otherwise, A marks the points of the outer border that are
on row i’ and scans these rows of %, marking their points. Anal-
ogously, using a column-by-column scan, A finds the marked
point and checks whether the outer border reaches column j'. If
not, (i',j')is §; if so, A marks the points of X that are on columnj'.
If these marks ever encounter the marks on rowi’, (i’,j’) is not §;
otherwise, it is §, and A can rescan 2, erase the marks on row i’
and column j’, rescan %, and return to the marked point (i, j). In
this way, A can verify that §s exist in given positions relative to
some non-{ point of A, and thus check that all of A is present,
without having to leave 3. Note that a similar process may be nec-
essary for the rewriting of A, since the non-#s of A may be sepa-
rated by §s, and A may have to compute the positions of these
non-{s in order to locate them and rewrite them.] After any step of
the simulation, A can scan 3, and check that the first and second
terms are all the same (and all in V7). If so, A accepts; otherwise, it
continues the simulation. Thus A accepts exactly L(G), as in the
proof of Theorem 8.3.2.

In the second part of the proof, note that the only rules of G that
can create fs are the terminating rules (3a) and (3b); and these
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create §s only if triples with § first terms were created by the simu-
lation rule (2¢). But if A is tape-bounded, we can modify (2c) to
have the form

(x,y, @, dNdt— (x,z, @" d'7)d")}

where ¢” is a possible state of A after it has bounced back off the .
Thus when A is tape-bounded, G need never create §s, so that G
can be monotonic. 0O

It does not seem possible to define a natural class of array
grammars whose languages are the same as those of the finite-
state array acceptors. (A generator model that generates exactly the
FSA languages is described in [20]. However, in this model, every
time a given symbol is rewritten, it must be rewritten in the same
way, even though the generation process cannot tell whether or
not this is happening; thus this model requires some means, out-
side the generator itself, to reject arrays in which a rewriting in-
consistency occurs.) Of course, one can always define a class of
array grammars that are capable only of simulating FSAs [21]; but
this is artificial.

In one dimension, the linear grammars (in which, at any step of
a derivation except the last step, exactly one nonterminal symbol
exists) generate more than the finite-state languages (e.g.,
{x»y"|n =1, 2, . . .} is a linear string language, having the
grammar whose rules are s —> sxy, s — xy); whereas the “right
linear”” grammars, in which (until the last step) the sole nonter-
minal symbol is always at the right end of the string, generate ex-
actly the finite-state languages (Theorem 8.1.4). In two dimen-
sions, there is no natural analog of “right linear.”” Moreover, we
shall now show that the languages of linear array grammars are
incomparable with the FSA languages.

We first exhibit an FSA language that cannot be generated by a
linear array grammar. Consider the set of thin upright T-shaped
arrays of xs on a background of §s. This set is accepted by a deter-
ministic tape-bounded FSA that operates as follows: It moves up
until it hits a #, then moves left until it hits a § again. It then
verifies that it is on a row of xs that have §s above and below them,
with exactly one exception that has an x below it and that is not at
either end of the row. Finally, it moves back to the exceptional x
and moves downward, verifying that it is on a column of xs that
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have #s on their left and right. When it reaches the bottom of this
column, if all these verifications have been carried out success-
fully, it accepts.

We now show that the set of such Ts cannot be generated by a
linear array grammar. Suppose G were such a grammar; let the
greatest diameter of any right-hand side of a rule of G be k. Since
the Ts can be arbitrarily large, it is clear that G must generate the
ends of the arms of a large T at different steps in the derivation of
that T. Let these arm ends be P,, P, and P;. One of them, say P,,
can be generated before the point P at the T junction is generated,
but P, and P3 must be generated afterwards. After P is generated,
if the nonterminal moves sufficiently far (>k) down the P, arm, it
can never generate the P; arm, since it cannot return down the P,
arm (which now consists of terminals) or cross the $s (which, once
rewritten, would destroy the shape of the desired thin T).

Conversely, we can exhibit a language that is generated by a
linear array grammar but is not accepted by a tape-bounded FSA.
Let G be the array grammar whose rules are

s — xs, sg — xW;
W x W _ox,
rwW r X
X — Xx, X — Yx;
$Y

Y Y —x.

Informally, the S moves to the right, leaving a trail of xs, until it
changes to a W; the W moves down, trailing xs, until it changes to
an X; the X moves left, leaving xs behind it, until it changestoaY;
and the Y moves up, trailing xs, until it changes to an x. Thus the
language of this grammar consists of four-sided upright rectangu-
lar arcs, composed of xs, that may touch themselves, but cannot
cross themselves. In particular, all the hollow, thin upright rec-
tangles of xs are in this language. But as we have seen (in the proof
of Theorem 4.4.3), any tape-bounded FSA that accepts all such rec-
tangles must also accept various sufficiently large rectangular
spirals (having many more than four sides). Hence the language of
G is not a tape-bounded FSA language.

Another possibility, discussed in [19, 21], is to allow a linear
grammar to rewrite terminal symbols, but not to sense what
symbols are present; for example, in a rule A - E, A would con-
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sist of a single nonterminal Z together with a set of “don’t-care”
symbols, and in applying the rule, we would rewrite whatever
symbols lie in those positions relative to Z. (If we do allow the
grammar to sense which symbols are present, it is at least as
strong as an ordinary linear array grammar and hence can generate
a class of patterns that is not an FSA language, as in the preceding
paragraph.) If we do this, it becomes possible to generate thin
T-shaped patterns (possibly including degenerate Ts with arms
missing); we omit the details here. On the other hand, such a
“blind’’ grammar could not generate the set of arcs (composed of
xs) that do not cross or touch themselves, since the nonterminal
leaving the trail of xs could not know when it was about to cross its
own path; but this set is evidently an FSA language (the FSA
verifies that all but two of the non-fs have exactly two non-§
neighbors). Conversely, a “’blind”’ grammar can generate the set of
all connected arrays of xs; but this is not an FSA language. [Proof:
It contains the set of all thin, hollow rectangles of xs; but if A ac-
cepts such a rectangle, it also accepts a sufficiently large rectangu-
lar spiral without visiting its ends, so that it cannot tell whether or
not there are symbols other than x at the ends.]

An acceptor model that accepts the languages generated by
linear array grammars is described in [3]. However, in this model,
acceptance requires not only entering an accepting state, but also
marking the entire input array, even though the acceptor cannot
tell whether this has been done; thus this model requires some
means, outside the acceptor itself, to reject arrays that have not
been completely marked.

8.3.3 Parallel Array Grammars

In Section 8.1.4, we introduced the idea of parallel rule applica-
tion (rewrite all instances of A as Es, rather than just a single in-
stance), and showed that the classes of languages generated in
parallel by (arbitrary, context-sensitive) grammars are the same as
the classes of languages generated by those types of grammars in
the ordinary way. The proofs apply also to isometric grammars; in
fact, in the proof that any sequential language is a parallel lan-
guage, if G is isometric, so is G’, while in the proof that any paral-
lel language is a sequential language, we know that an isometric
G" can simulate an automaton of the desired type that applies the
rules of G.
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Analogous results can be established for (isometric) array
grammars; the details are straightforward [22]. One can also define
(isometric) array L-systems (the details will be omitted here); as
pointed out in Section 8.1.4, they are essentially nondeterministic
cellular automata.
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