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PREFACE

We thank the faculty and the students of various universities, Engineering colleges and
others for sending their suggestions for improving this book. Based on their suggestions, we
have made the follwoing changes.

(i) New problems have been added and detailed solutions for many problems are given.

(i) C-programs of frequently used numerical methods are given in the Appendix. These
programs are written in a simple form and are user friendly. Modifications to these
programs can be made to suit individual requirements and also to make them robust.

We look forward to more suggestions from the faculty and the students. We are thankful to
New Age International Limited for bringing out this Second Edition.

New Delhi M.K. Jain
S.R.K. Iyengar
R.K. Jain
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CuaprTer 1

Transcendental and Polynomial
Equations

1.1 INTRODUCTION

We consider the methods for determining the roots of the equation
fx)=0 (1.1)
which may be given explicitly as a polynomial of degree n in x or f (x) may be defined
implicitly as a transcendental function. A transcendental equation (1.1) may have no root,
a finite or an infinite number of real and / or complex roots while a polynomial equation (1.1)
has exactly n (real and / or complex) roots. If the function f (x) changes sign in any one of
the intervals [x* — €, x*], [x* x* + €], then x* defines an approximation to the root of f (x)
with accuracy €. This is known as intermediate value theorem. Hence, if the interval [a, b]
containing x* and & where & is the exact root of (1.1), is sufficiently small, then
| x* €& | <b-a

can be used as a measure of the error.

There are two types of methods that can be used to find the roots of the equation (1.1).

(i) Direct methods : These methods give the exact value of the roots (in the absence of
round off errors) in a finite number of steps. These methods determine all the roots at
the same time.

(ii) Iterative methods : These methods are based on the idea of successive approximations.
Starting with one or more initial approximations to the root, we obtain a sequence of
iterates {x,} which in the limit converges to the root. These methods determine one or
two roots at a time.

Definition 1.1 A sequence of iterates {x,} is said to converge to the root & if

klim | x,—& | =0.
Ifx,, x, 4, ..., %, ,,, are m approximates to a root, then we write an iteration method in
the form
Xp 1= Oy, X5 g, s Xh—m+1) (1.2)
where we have written the equation (1.1) in the equivalent form
x = Q).

The function @is called the iteration function. For m = 1, we get the one-point iteration
method

X,,1=0@x,), B=0,1,.. (1.3)

1
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If @(x) is continuous in the interval [a, b] that contains the root and | @'x) | <c < 1lin
this interval, then for any choice of x, [ [a, b], the sequence of iterates {x,} obtained from (1.3)
converges to the root of x = @x) or f (x) = 0.

Thus, for any iterative method of the form (1.2) or (1.3), we need the iteration function
@(x) and one or more initial approximations to the root.

In practical applications, it is not always possible to find § exactly. We therefore attempt
to obtain an approximate root x, , ; such that

| f(xk+1) | <€ 1.4)
and / or | x,,,—%, | <€ (1.5)
where x, and x, , ; are two consecutive iterates and ¢ is the prescribed error tolerance.
Definition 1.2 An iterative method is said to be of order p or has the rate of convergence p, if
p is the largest positive real number for which
l€,,1]<c|g,|? (1.6)
where g, = x, — € is the error in the kth iterate.

The constant c is called the asymptotic error constant. It depends on various order
derivatives of f (x) evaluated at & and is independent of k. The relation

— +1
€,,,=cg+ 0P
is called the error equation.

By substituting x; = & + ¢, for all i in any iteration method and simplifying we obtain the
error equation for that method. The value of p thus obtained is called the order of this method.

1.2 ITERATIVE METHODS FOR SIMPLE ROOTS

A root € is called a simple root of £ (x) = 0, if £ () = 0 and f'(§) # 0. Then, we can also write
f(x) = (x — & glx), where g(x) is bounded and g(§) # 0.

Bisection Method
If the function f (x) satisfies f'(a ) f (b,) < 0, then the equation f(x) = 0 has atleast one real

root or an odd number of real roots in the interval (a,, b,). If m, = 1(a, + b,) is the mid point of

this interval, then the root will lie either in the interval (a,, m,) or in the interval (m,, b,)
provided that f'(m,) # 0. If f (m,) = 0, then m, is the required root. Repeating this procedure a
number of times, we obtain the bisection method

1
mk+ 1= ak + E(bk - ak)9 k = Oy 17 oee (1.7)

(ap, my.q), if flap) f(my,,) <0,
where @a1: 00 )= | (my 1, by, F Flmy ) FlB) <O

We take the midpoint of the last interval as an approximation to the root. This method
always converges, if f (x) is continuous in the interval [a, b] which contains the root. If an error
tolerance € is prescribed, then the approximate number of the iterations required may be
determined from the relation

n = [log(b, — a,) — log €] / log 2.
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Secant Method

In this method, we approximate the graph of the function y = f (x) in the neighbourhood
of the root by a straight line (secant) passing through the points (x, ;, f, ;) and (x,, f;), where
f, = f (x;) and take the point of intersection of this line with the x-axis as the next iterate. We
thus obtain

X — Xp—
xk"'l:xk_—f]]:—f:_llfk’ k=1,2,...
X, - X -
or X, 1= klfzk_fk:f“, k=12, .. (1.8)

where x, ; and x, are two consecutive iterates. In this method, we need two initial approxima-
tions x, and x,. This method is also called the chord method. The order of the method (1.8) is
obtained as

p= %(1+\/5)=1.62.

If the approximations are chosen such that f(x, ;) f(x,) < 0 for each %, then the method
is known as Regula-Falsi method and has linear (first order) rate of convergence. Both these
methods require one function evaluation per iteration.

Newton-Raphson method

In this method, we approximate the graph of the function y = f (x) in the neighbourhood
of the root by the tangent to the curve at the point (x,, f,) and take its point of intersection with
the x-axis as the next iterate. We have the Newton-Raphson method as

Xy =X k=0,1,.. (1.9)

and its order is p = 2. This method requires one function evaluation and one first derivative
evaluation per iteration.

Chebyshev method

Writing f (x) = f (x, + x — x,) and approximating f (x) by a second degree Taylor series
expansion about the point x,, we obtain the method

OV /. _e 2
Xpr1= %k £ 2(xk+1 xp,) £
Replacing x, , ; — x, on the right hand side by (- f, /f,’ ), we get the Chebyshev method
2
I 1[ka "
X =x, - —-=|-=%| =&, k=0,1,.. (1.10)
T 2 A R

whose order is p = 3. This method requires one function, one first derivative and one second
derivative evaluation per iteration.

Multipoint iteration methods

It is possible to modify the Chebyshev method and obtain third order iterative methods
which do not require the evaluation of the second order derivative. We give below two multipoint
iteration methods.
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= k ]
l Xk +1 2 f
fr
x =X, T (1.11)
kel f' (xk + 1)
order p = 3.
This method requires one function and two first derivative evaluations per iteration.
g : f
(ll) xk+1:xk _Ek'
. (X +1)
xk+1=xk+1_f k,+1 (1.12)
I
order p =3.

This method requires two functions and one first derivative evaluation per iteration.

Miiller Method

This method is a generalization of the secant method. In this method, we approximate
the graph of the function y = f (x) in the neighbourhood of the root by a second degree curve and
take one of its points of intersection with the x axis as the next approximation.

We have the method as
X, =%, +@,—x,_ DN, ., =23, .. (1.13)
where h,=x,—-%, 1, h, 1=%, 1-%, o,
N,=h,/h, ;, 8 =1+),
8, = )‘Zk f(xk_z) - 62 f(xk_l) + O\k + 6k) f(xk)’
Ck = )\k ()\kf(xk_z) - 6kf(xk—l) + f(xk))9
29, f(x)
8r \/g/? =493, ¢;, f(x)

The sign in the denominator is chosen so that A, , ; has the smallest absolute value, i.e.,
the sign of the square root in the denominator is that of g,.

A

R+l=

Alternative
We have the method as

2a2
Xy,q= X - : , k=2,3, .. (1.14)
al i '\/al - 4a0a2
where ay=fr, hi=%x,-%, 5, hg=%,-%, ,hg=2%, | —%, ,,

1
a, = B[hf (f,—Ff)— B3 (f,—F,)],

1
%=p [ (fy, = Frt) = ho(fy, = 19,
D = h,hyh,.
The sign in the denominator is chosen so that A, , | has the smallest absolute value, i.e.,
the sign of the square root in the denominator is that of a;.

This method requires three initial approximations to the root and one function evalua-
tion per iteration. The order of the method is p = 1.84.
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Derivative free methods

In many practical applications, only the data regarding the function f (x) is available. In
these cases, methods which do not require the evaluation of the derivatives can be applied.

We give below two such methods.

@) X, 1= % —E, k=0,1,.. (1.15)
8k
_ fx, + 1) =1
k fk ’
order p = 2.
This method requires two function evaluations per iteration.
(i1) X, =%, —w,(x,) —wyx,), k=0,1,.. (1.16)
fr
w,(x,) = ——=
T 8k
(x, —wy (x3))
wy(x,) = 1y =y ()
8k
_ [, +Bf) 1
&L=
Bf

where B # 0 is arbitrary and order p = 3.
This method requires three function evaluations per iteration.

Aitken A2-process
Ifx, , , andx, , , are two approximations obtained from a general linear iteration method
X,,1=@x,), B=0,1,..
then, the error in two successive approximations is given by
&+1701 8,
—_ — 1
€ro =01 & uq = Q&)
Eliminating @, from the above equations, we get
2 —
€re1 =& 4o
Using ¢, = & —x,, we obtain

2
(xp 41— %)

=x,*=x, - 1.17)
: g * Xpvg = 2% 41ty (
(D)
=xk— b}
Axk

which has second order convergence.

A Sixth Order Method

A one-parameter family of sixth order methods for finding simple zeros of f (x), which
require three evaluations of f (x) and one evaluation of the derivative f '(x) are given by

[,
f'(x,)

w, =X,
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s o W) | fx)+AfW,)

T () | flx,) (A -2) fw,)
v ep TG | )= f,) +Df(z,)
ml T (e, | fx,) - 8f(w,) + Df(z,)

n=0,1, ..

with error term
€ = i
n+1 144
where F®=f® &)/ f'(E).
The order of the methods does not depend on D and the error term is simplified when

A =-1/2. The simplified formula for D=0and A=-1/21is
f(x,)
W, =X, T

" f'(x,)
I (%) [ 2f(x,) - fw,) }

[2F;F,-3(2A + 1)FyF,) €%+ ...

=T @) | 2f ) - 5 fw,)

_ ) | ) - fw,)
fx,)=3fw,)

Xp+1= %n f'(xn)

,n=0,1, ..

1.3 ITERATIVE METHODS FOR MULTIPLE ROOTS

If the root & of (1.1) is a repeated root, then we may write (1.1) as
fx)=(-8§"gx)=0
where g(x) is bounded and g(§) # 0. The root & is called a multiple root of multiplicity m. We
obtain from the above equation
f(E) =f'€) == f(m—l) &=0,f (m) &) z0.
The methods listed in Section 1.2 do not retain their order while determining a multiple
root and the order is reduced atleast by one. If the multiplicity m of the root is known in

advance, then some of these methods can be modified so that they have the same rate of
convergence as that for determining simple roots. We list some of the modified methods.

Newton-Raphson method

xk+1=xk_mf_k,7 k=0,1,~-' (1.18)
I
order p=2.
Chebyshev method
- 2 2 o
xk+1=xk‘Mf—k,‘m—[f—k,} fL,, k=0,1, .. (1.19)
2 2 h] h
order p = 3.
Alternatively, we apply the methods given in Section 1.2 to the equation
Gx) =0 (1.20)
where Glx) = RSO

f(x)
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has a simple root & regardless of the multiplicity of the root of f (x) = 0. Thus, the Newton-
Raphson method (1.9), when applied to (1.20) becomes

X - x, - G(xk)
k+1 ™ Tk G'(xk)

flag) £ (xp)

=X, — , k=0,1,2, .. 1.21
or T 1T e~ Flay) £ () (121
The secant method for (1.20) can be written as
Xporfof b1 =%k Foo1fi'
Xpe1™ ' _ '
fif h-1=Te-1l
Derivative free method
X, 1 =%, — Wix,) — Wyx,) (1.22)
_ F(x)
Wi(x,) = 2(x,)
_ F(xk - W1 (xk))
Wyx,) = —g(xk)
_ F(x), +BF(xy) - Flx;)
glx,) = BF(x,)
2
where F(x)=— [ )

fle—f(x) - fx)
and B # 0 is an arbitrary constant. The method requires six function evaluations per iteration
and has order 3.

1.4 ITERATIVE METHODS FOR A SYSTEM OF NONLINEAR EQUATIONS
Let the given system of equations be

fi(xq, %9, ..., x,) =0,

)=0

fo(xq, %9, ..., %,) =0,
............................. (1.23)
[ (xq, %9, .05 %,) = 0.
Starting with the initial approximations x© = (x¥, x{?’, ..., x'?), we obtain the sequence
of iterates, using the Newton-Raphson method as
xkt+D=x® _J-1f® L=0,1,.. (1.24)
where x® = (e, ®, x,®, ., x BT
&) = (fl(k) fz(k) f (k))T
) PEXIEN
£ = £oe,®, 2B, .z ®)
and J is the Jacobian matrix of the functions f,, f,,, ..., f, evaluated at (x,®, x,®, ..., x *). The

method has second order rate of convergence.
Alternatively, we may write (1.24) in the form
J(X(k+1) _ X(k)) =—_f®
and may solve it as a linear system of equations. Very often, for systems which arise while
solving ordinary and partial differential equations, J is of some special form like a tridiagonal,
five diagonal or a banded matrix.
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1.5 COMPLEX ROOTS

We write the given equation
f(z2)=0, z=x+1y

in the form  u(x, y) + iv(x,y) =0
where u(x, y) and v(x, y) are the real and imaginary parts of f (z) respectively. The problem of
finding a complex root of f (z) = 0 is equivalent to finding a solution (x, y) of the system of two
equations

ulx,y)=0

v(x, y) =

Starting with (x(?, y©), we obtain a sequence of iterates {x®), y*} using the Newton-

Raphson method as

D _ £ ) Ll ™®, (k))
y(k+1) y(k) (x (k), (k) y , k=01, .. (1.25)
u u
0x Oy
where J= @ @
Ox Oy (x®, y®)

is the Jacobian matrix of u(x, y) and v(x, y) evaluated at (x*), y®).

Alternatively, we can apply directly the Newton-Raphson method (1.9) to solve f(z) =

in the form
y - f(z)
k+1 k fr ( Zk) ’

and use complex arithmetic. The initial approximation z, must also be complex. The secant
method can also be applied using complex arithmetic.

After one root z, is obtained, Newton’s method should be applied on the deflated polyno-
mial

k=0,1,.., (1.26)

Fez) = 1@
z2-2;

This procedure can be repeated after finding every root. If & roots are already obtained,
then the new iteration can be applied on the function

FH(z) = [2)

(z-20z=29)...(z -2}

The new iteration is

f*(z)
e = TGy
The computation of f #(z,) / f *(z,) can be easily performed as follows
]; :—(1 g [*) = log f(2) —log (z —z;)]
_ f_ 1
f zmy
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Hence, computations are carried out with

@) ') 1

¥ ) z,-2z

Further, the following precautions may also be taken :

(i) Any zero obtained by using the deflated polynomial should be refined by applying
Newton’s method to the original polynomial with this zero as the starting approximation.

(i) The zeros should be computed in the increasing order of magnitude.

1.6 ITERATIVE METHODS FOR POLYNOMIAL EQUATIONS

The methods discussed in the previous sections can be directly applied to obtain the roots of a
polynomial of degree n
P (x)=ayx"+a,x" 1+ .. +a, _,x+a,=0 1.27)
where a, a, ..., a, are real numbers. Most often, we are interested to determine all the roots
(real or complex, simple or multiple) of the polynomial and we need to know
(i) the exact number of real and complex roots along with their multiplicities.
(it) the interval in which each real roots lies.

We can obtain this information using Sturm sequences.

Let f (x) be the given polynomial of degree n and let f|(x) denote its first order derivative.
Denote by f,(x) the remainder of f (x) divided by f,(x) taken with reverse sign and by f;(x) the
remainder of f;(x) divided by f,(x) with the reverse sign and so on until a constant remainder is
obtained. The sequence of the functions f (x), f,(x), f,(x), ..., f,(x) is called the Sturm sequence.
The number of real roots of the equation f (x) = 0 in (a, b) equals the difference between the
number of sign changes in the Sturm sequence at x =a and x = b provided f(a) # 0 and f (b) Z 0.

We note that if any function in the Sturm sequence becomes 0 for some value of x, we
give to it the sign of the immediate preceding term.

If f(x) =0 has a multiple root, we obtain the Sturm sequence f (x), f,(x), ..., f,(x) where
f,_; (x) is exactly divisible by f,(x). In this case, f,(x) will not be a constant. Since f,(x) gives the
greatest common divisor of f (x) and f'(x), the multiplicity of the root of f (x) = 0 is one more
than that of the root of £,(x) = 0. We obtain a new Sturm sequence by dividing all the functions
f @), f1(x), ..., f,(x) by f.(x). Using this sequence, we determine the number of real roots of the
equation f (x) = 0 in the same way, without taking their multiplicity into account.

While obtaining the Sturm sequence, any positive constant common factor in any Sturm
function f(x) can be neglected.

Since a polynomial of degree n has exactly n roots, the number of complex roots equals
(n—number of real roots), where a real root of multiplicity m is counted m times.

If x = & is a real root of P, (x) = 0 then x — & must divide P, (x) exactly. Also, if x = a + if is
a complex root of P, (x) = 0, then its complex conjugate a — i3 is also a root. Hence

fx — (@ +iP)} {x — (@ —iP)} = (x —a)? + B2
=x% - 200 + 02 + B2
=x2+px+q
for some real p and g must divide P, (x) exactly.

The quadratic factor x2 + px + ¢ = 0 may have a pair of real roots or a pair of complex roots.

Hence, the iterative methods for finding the real and complex roots of P (x) = 0 are
based on the philosophy of extracting linear and quadratic factors of P, (x).

We assume that the polynomial P (x) is complete, that is, it has (n + 1) terms. If some
term is not present, we introduce it at the proper place with zero coefficient.
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Birge-Vieta method

In this method, we seek to determine a real number p such that x — p is a factor of P, (x).
Starting with p,, we obtain a sequence of iterates { p, } from
b,(py)

= -——— k=0,1, .. 1.28
pk+1 P Pn'(pk) ( )

b
or Py.1=Pr———, k=0,1,.. (1.29)

n-1
which is same as the Newton-Raphson method.
The values of b, and ¢, , are obtained from the recurrence relations
b,=a,+p,b, 4, i=0,1,..,n
c,=b +p,c. 4, 1=0,1,...,n-1

with co=by=a, b,=0=c,.
We can also obtain s and ¢,’s by using synthetic division method as given below :
D, a, a, a, a, | a,
by Ppby b, s P,y
b, by b, b, ; b,
PrCo  Drly Pirlr2
co cq Cy Cpq
where by=a, and c,=b,=a,.
We have

11111 = 11111 = .

When p has been determined to the desired accuracy, we extract the next linear factor
from the deflated polynomial

Qn—l(n) =

which can also be obtained from the first part of the synthetic division.

P, (x)

- n-1 n—2
=byx +bx"+ . +b,

Synthetic division procedure for obtaining b, is same as Horner’s method for evaluat-
ing the polynomial P ( p,), which is the most efficient way of evaluating a polynomial.

We can extract a multiple root of multiplicity m, using the Newton-Raphson method

b
pk+l=pk:_m = ) k=0,172""
Cn-1
In this case, care should be taken while finding the deflated polynomial. For example, if
m=2,thenask - o,f(x)=b, -~ 0Oandf'(x)=c, ; - 0. Hence, the deflated polynomial is given
by

n—2 n-3 —
CoX +cyx +..+c, o=0.

Bairstow method

This method is used to find two real numbers p and g such that x2 + px + q is a factor of
P (x). Starting with p, q,, we obtain a sequence of iterates {(p,, g, )} from
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P ,1=DP,+0py,
Q.1=9,+0q, k=0,1,.. (1.30)
bncn—‘o‘ B bn—lcn—Z
Cag ™ Cp-3 (¢pg =0, )
A o bn—l(cn—l _bn—l) _bncn—Z
% 0721—2 =Cy-3 (¢ =0, 1)

The values of b;’s and ¢;’s are obtained from the recurrence relations
bj=a,-p,b,1—q,b,y =12, ..,n,
c,=b,—-p,c.1—q,c, 5 1=1,2,..,n-1,

with cy=by=a, c,;=b,=0.

We can also obtain the values of b.’s and c,’s using the synthetic division method as
given below :

where Ap, = -

-D, a, a, a, a, 4 a,
-pib —-Piby -Pib, 5 o S
—4q - ;b -q;b, 5 -q;b, 5
b, b, b, b, , b,
— Pl Dty )
— 43 a6, 3
c, ¢y cy ¢, 1
where by=a, and c,=b,=a,.
We have
lgizrlm b, =0, lgizrzo b,.1=0,
lim = lim =
kﬂmpk p, kﬂm‘Ik q.

The order of this method is 2.

When p and ¢ have been obtained to the desired accuracy we obtain the next quad-
ratic factor from the deflated polynomial

Q ,)=byx"2+bx"3+. .. +b sx+b

which can be obtained from the first part of the above synthetic division method.
Laguerre method

Define A=-P/(x,)/P(x,),

B=A2-P "(x,) /P (x,).
Then, the method is given by
n

Az (n-1) @B -A%)

The valuesP (x,), P,'(x,) and P, "(x,) can be obtained using the synthetic division method.
The sign in the denominator on the right hand side of (1.31) is taken as the sign of A to make
the denominator largest in magnitude. The order of the method is 2.

Xy, =Xpt (1.31)
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Graeffe’s Root Squaring method
This is a direct method and is used to find all the roots of a polynomial with real coeffi-
cients. The roots may be real and distinct, real and equal or complex. We separate the roots of
the equation (1.27) by forming another equation, whose roots are very high powers of the roots
of (1.27) with the help of root squaring process.
Let €, &,, ..., ¢, be the roots of (1.27). Separating the even and odd powers of x in (1.27)
and squaring we get
(agx"+a,x ™2+ P =(a,x " +azx "3+ )%
Simplifying, we obtain
a2x? — (a2 - 2a0a) x> 2+ .+ (- 1"aq,2=0.

Substituting z = — x2, we get
byz"+b,z" +..+b, _,z+b =0 (1.32)
which has roots — &,2, — £,2, ..., — £ 2. The coefficients b,’s are obtained from :
a, a, a, a, a,
- 2040, —20i05 —2040,

+2a4a, +2a0,

b, b, b, b, b,

The (£ + 1)th column in the above table is obtained as explained below:

The terms in each column alternate in sign starting with a positive sign. The first term
is square of the (¢ + 1)th coefficient a,. The second term is twice the product of the nearest
neighbouring pair @, ; and a, , ;. The next term is twice the product of the next neighbouring
paira, , and a, , ,. This procedure is continued until there are no available coefficients to form
the cross products.

After repeating this procedure m times we obtain the equation

Byx"+B,x"1+..+B_,x+B =0 (1.33)
whose roots are R, R,,, ..., R, where
R =-8¢™ i=1,2, ..,n.
If we assume
161> 1 & | >> | &, |,
then | Ry |>> | Ry, | >>..>>| R, |.
We obtain from (1.33)

B. m
| R, | :u=|§i|2
| B;-1]
or log (| &, [)=2"1[log | B, | —log | B, ; |I.

This determines the magnitude of the roots and substitution in the original equation
(1.27) will give the sign of the roots.

We stop the squaring process when another squaring process produces new coefficients
that are almost the squares of the corresponding coefficients B,’s, i.e., when the cross product
terms become negligible in comparison to square terms.
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After few squarings, if the magnitude of the coefficient B, is half the square of the
magnitude of the corresponding coefficient in the previous equation, then it indicates that §, is
a double root. We can find this double root by using the following procedure. We have

R, =- B, and Rk+1=-B’”1
B, B,
B
R,R, ,=R?=| 1
rlpi1 =R, B,
m By .1
or |Rk2|=|zk|2(2)237+.
k-1

This gives the magnitude of the double root. Substituting in the given equation, we can
find its sign. This double root can also be found directly since R, and R, , ; converge to the same
root after sufficient squarings. Usually, this convergence to the double root is slow. By making
use of the above observation, we can save a number of squarings.

If § and €, , ; form a complex pair, then this would cause the coefficients of x"* in
the successive squarings to fluctuate both in magnitude and sign. If §,, €, ., = B, exp (x i@,)
is the complex pair, then the coefficients would fluctuate in magnitude and sign by an
amount 23, cos (m@,). A complex pair can be spotted by such an oscillation. For m suffi-
ciently large, 23, can be determined from the relation

2(2™) ~ Bk +1
g B,
and @is suitably determined from the relation
B
2By cos (m@,) =kl
By,

If the equation has only one complex pair, then we can first determine all the real roots.
The complex pair can be written as §,, §, , ; = p + iq. The sum of the roots then gives
E+ &+ +&  +20+8, o+ ...+ =—a,.
This determines p. We also have | B, |2=p?+¢? Since | B, | is already determined, this
equation gives q.

1.7 PROBLEMS AND SOLUTIONS

Bisection method

1.1  Find the interval in which the smallest positive root of the following equations lies :

(@) tanx + tanh x =0
B)x3-x—-4=0.
Determine the roots correct to two decimal places using the bisection method.

Solution
(a) Let f (x) = tan x + tanh «x.
Note that f (x) has no root in the first branch of y = tan x, that is, in the interval (0, 11/ 2).
The root is in the next branch of y = tan x, that is, in the interval (11/ 2, 311/ 2).
We have f(1.6)=-33.31, [(2.0)=-1.22,
f(2.2)=-0.40, [(2.3)=-0.1391, f(2.4)=0.0676.
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Therefore, the root lies in the interval (2.3, 2.4). The sequence of intervals using the
bisection method (1.7) are obtained as

kooay, by 4 my, fm)f (@, )
1 2.3 2.4 2.35 >0
2 2.35 2.4 2.375 <0
3 2.35 2.375 2.3625 >0

4  2.3625 2.375 2.36875 <0
After four iterations, we find that the root lies in the interval (2.3625, 2.36875). Hence,
the approximate root is m = 2.365625. The root correct to two decimal places is 2.37.
B)Forf(x)=x3—-x—4,wefind f(0)=—4, f(1)=—4, f(2)=2.
Therefore, the root lies in the interval (1, 2). The sequence of intervals using the
bisection method (1.7) is obtained as

k Ay by 4 my, f(my)f (@, )
1 1 2 1.5 >0
2 1.5 2 1.75 >0
3 1.75 2 1.875 <0
4 1.75 1.875 1.8125 >0
5 1.75 1.8125 1.78125 >0
6 1.78125 1.8125 1.796875 <0
7 1.78125 1.796875 1.7890625 >0
8 1.7890625 1.796875 1.792969 >0
9 1.792969 1.796875 1.794922 >0

10 1.794922 1.796875 1.795898 > 0.

After 10 iterations, we find that the root lies in the interval (1.795898, 1.796875).
Therefore, the approximate root is m = 1.796387. The root correct to two decimal places
is 1.80.

Iterative Methods

1.2

Find the iterative methods based on the Newton-Raphson method for finding VN, 1 /
N, N'/3 where N is a positive real number. Apply the methods to N = 18 to obtain the
results correct to two decimal places.

Solution

(@) Let x = N2 or x%2=N.

We have therefore f(x)=x2—N, f'(x) = 2x.

Using Newton-Raphson method (1.9), we obtain the iteration scheme

2
x;—-N
X, 1= Xy~ ’éx , n=0,1,..
n
or xn+l=%[‘xn+xﬁJ7 n=0,1,..
n

For N =18 and x, = 4, we obtain the sequence of iterates
x, =4.25, x,=4.2426, x, = 4.2426, ...
The result correct to two decimal places is 4.24.
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b)Letx=1/N or 1/x=N.
We have therefore
fx)=(1/x)-N, f'x)=-1/x2
Using Newton-Raphson method (1.9), we obtain the iteration scheme

_(Ux,)-N
Xyp1 = Tn CUsd) n=0,1,..
or x,,,=%x,2-Nx, ), n=0,1,..

For N = 18 and x, = 0.1, we obtain the sequence of iterates
x; = 0.02, xy = 0.0328, x5 = 0.0462,
x, = 0.0540, x;=0.0555, xg = 0.0556.
The result correct to two decimals is 0.06.
(c)Let x=N'/3 or x3=N.
We have therefore f(x)=x%—N, ['(x)=3x2
Using the Newton-Raphson method (1.9) we get the iteration scheme
- x _xi_N_l[zx +£J n=0.1
ST Tyt ) e b
For N =18 and x, = 2, we obtain the sequence of iterates
x, =2.8333, x,=2.6363,
%y =2.6208, x,=2.6207.
The result correct to two decimals is 2.62.

Xpt1

1.3 Given the following equations :
@) xt—x-10=0, @{)x—e*=0
determine the initial approximations for finding the smallest positive root. Use these to
find the root correct to three decimal places with the following methods:
(a) Secant method, (b) Regula-Falsi method,
(¢) Newton-Raphson method.
Solution
(i) For f (x) = x* —x — 10, we find that
f(0)=-10,f(1)=-10,f(2) =4.
Hence, the smallest positive root lies in the interval (1, 2).
The Secant method (1.8) gives the iteration scheme
Xp ~ k-1
Xpo1= %k fk—fk_l fk, k—1,2,
With x, = 1, x; = 2, we obtain the sequence of iterates
%y =1.7143, x5 = 1.8385, x, = 1.8578,
x; = 1.8556, xg = 1.8556.

The root correct to three decimal places is 1.856.
The Regula-Falsi method (1.8) gives the iteration scheme
Xp ~ Xp-1
1, k=1,2, ..
fr = fe1

Xpe1= %k~

and fof 1 <0.
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With x, = 1, x; = 2, we obtain the sequence of iterates
xy = 1.7143, f(xy) = —3.0776, &0 (xy, x,),
xy = 1.8385, f(xg) = —0.4135, & O (xy, x5),
x, = 1.8536, f(x,)=—0.0487, &0 (xy, x,),
x; = 1.8554, f(x;) = —0.0045, & 0 (xy, x5),
xg = 1.8556.
The root correct to three decimal places is 1.856.
The Newton-Raphson method (1.9) gives the iteration scheme
. - fxy)
k+1 k fr (xk) ’
With x, = 2, we obtain the sequence of iterates
x, = 1.8710, «x,=1.8558, x,=1.8556.
Hence, the root correct to three decimal places is 1.856.
(@) For f(x) =x —e™*, we find that f(0)=-1, f(1)=0.6321.
Therefore, the smallest positive root lies in the interval (0, 1). For x, = 0, x, = 1, the
Secant method gives the sequence of iterates
xy=0.6127, x,=0.5638, «x,=0.5671, x;=0.5671.
For x, = 0, x; = 1, the Regula-Falsi method gives the sequence of iterates
x, = 0.6127, f (x,) = 0.0708, & O (x, x5),
xy = 0.5722, f (x5) = 0.0079, & O (x, x5),
x, = 0.5677, f (x,) = 0.0009, & O (xy, x,),
x; = 0.5672, f (x5) = 0.00009.
For x, = 1, the Newton-Raphson method gives the sequence of iterates
x, =0.5379, «x,=0.5670, x,=0.5671.
Hence, the root correct to three decimals is 0.567.

Use the Chebyshev third order method with f(x) =x2 —a and with f(x) =1 —a / x2 to
obtain the iteration method converging to a!/2 in the form

Ee1T g | YR x, ) 8x, k %

1 x2) 3 Xy ’
and xk+1=§xk[ —7J+§xk[ |

Perform two iterations with these methods to find the value of /g .

Solution
(i) Taking f)=x2-a, f'x)=2x f"(x) =2
and using the Chebyshev third order method (1.10) we obtain on simplification

2
. xi-a 1(xf-a 1

X, =X~ - —
k+1 k Zxk 2 2xk Xp

k=0,1,..
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1.5

1.6

For a = 6 and x, = 2, we get x, =2.4375, x,= 2.4495.

(ii) Taki W=1-% fa= 2 =
ii) Taking f(x) = xz’fx_x3’fx__x4
and using the Chebyshev third order method (1.10), we obtain

1(«3 1 Y 3
X, =ax,—=| oy |- Ty -=
Re1T TR ol g gl a k X
2 22
N T O L ) R S
2 a 8 a

For a = 6 and x, = 2, we get x, = 2.4167, x, = 2.4495.

Perform two iterations using the sixth order method, to find a root of the following
equations :
@) x*—x—-10=0, x,=2.0; (fi)x—e*=0, x,=1.0.
Solution
(i) First iteration
fx)=x*—x-10,f'(x) = 4«3 — 1,
xy=2,f(xy)) =4, ['(x,) =31, w, = 1.870968, f (w,) = 0.382681,
z, = 1.855519, f (z,)) = — 0.001609, x;, = 1.855585.
Second iteration
f (x)) = 0.000012, f'(x,) = 24.556569, w, = 1.855585,
fw,) =0.000012, z, = 1.855585, x, = 1.855585.
(ii) First iteration
fX)=x—e*f'(x)=1+e™,
x, = 1.0, f (x,) = 0.632121, f'(x,) = 1.367879,
w, = 0.5637882, f (w,) = - 0.046102,
2, =0.567427, f (z) = 0.000445, x, = 0.567141.
Second iteration
f (x;) =—=0.000004, f'(x;) = 1.567145, w, = 0.567144,
f(w,) =0.000001, z, = 0.567144, x, = 0.567144.
Perform 2 iterations with the Miiller method (Eqs. (1.13), (1.14)) for the following
equations :

(a)x3—%=0, x=0, x;=1, x,=

b

[ CY N Xy

() log,x—x+3=0, x0=%, % , Xy =1

Solution

(@) Using the Miiller method (1.13) for £ (x) = x3 — 3, We obtain

First iteration
x,=0,x,=1,%,=0.5,
fo=-0.5,f,=0.5,f,=-0.375,
hy=%xy—x,=-05,h; =x,—x,=1.0,
Ny=hy/h;=-05,8,=1+A,=0.5,
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8y= N5 fy— 85 f1 + (8, + A\)f, =—0.25,
o = M(Aofyy — Oof1 + 1) = 0.1875,
—20,fy
Ay = .
82 % \/gg —40,fy¢y
Taking minus sign in the denominator (sign of g,) we obtain
Ay =—0.5352,
Xy =Xy + (6, —x)A; = 0.7676.
Second iteration
xy=1,%,=0.5,x, =0.7676,
fo=0.5,f,=-0.375, f, =—0.0477,
h, =0.2676, h, =— 0.5, A, = - 0.5352,
3, = 0.4648, g, = 0.2276,
¢, =0.0755, A, = 0.0945,
xg = 0.7929.

Alternative
First iteration
x9=0,2¢,=1,x,=0.5,x, —x; =— 0.5, x, —x, = 0.5, x; —x, = 1.0,
fo=—0.5,f,=05,f,=-0.375,
D = (x, — x;)(x, — x,)(x; —xy) =—0.25, a, = f, = — 0.375,
a; = [ty —x)? (fy— f) — (xy—x )2 (f, — f)) / D} =1,
a, = {[(xy —x )5 — ) — (xy —x))(f, — f,)] / D} = 1.5,

2ay

x3=x2_ >
a+ \/al —4agay

=0.7676.

Second iteration

x,=1,x, =0.5,x,=0.7676, x, — x; = 0.2676, x, — x, = — 0.2324,
x,—x,=—05,f =0.5,f =-0.375, f, = - 0.0477,
D =0.0311, a, = - 0.0477, a, = 1.8295, a, = 2.2669, x, = 0.7929.
(b) Using Miiller method (1.13) with f (x) = log;, x —x + 3, we obtain
First iteration
x,=0.25,x, =0.5,x,=1.0,
fo = 2.147940, f, = 2.198970, £, = 2.0,
hy,=0.5,h; =025, A,=20,
3, =3.0, g,=-1.198970, c, = —0.602060,
A; = 2.314450, x, = 2.157225,
Second iteration
x, = 0.5, x; = 1.0, x, = 2.157225,
fo =2.198970, f, = 2.0, f, = 1.176670,
h,=0.5, h,=1.157225,
A, = 2.314450, 3, = 3.314450,
g, =—3.568624, ¢, = — 0.839738,
A; =0.901587, x, = 3.200564.
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1.7

1.8

Alternative
First iteration
x,=0.25,x,=0.5,x,=1.0,x, —x; = 0.5, x, —x, = 0.75, x; —x, = 0.25,
fo = 2.147940, f, = 2.198970, f, = 2.0, D = 0.09375, a,, = 2.0,
a, =-0.799313, a, = — 0.802747,
2a4

X = Xg — = 2.157225.
B a, - \/af —4aja,
Second iteration

x,=0.5,x, = 1.0, x, = 2.157225, x, — x; = 1.157225,

%y — %, = 1.657225, x, — x, = 0.5, f;, = 2.198970,

f1=2.0,f,=1.176670, D = 0.958891, a, = 1.176670,

a; =—0.930404, a, = — 0.189189, x, = 3.200564.
The equation x = f (x) is solved by the iteration method x, , ; = f (x,), and a solution is
wanted with a maximum error not greater than 0.5 x 10~%. The first and second iterates
were computed as : x; = 0.50000 and x, = 0.52661. How many iterations must be per-
formed further, if it is known that | f'(x) | < 0.53 for all values of x.

Solution
For the general iteration method «x, ,; = f(x,), the error equation satisfies
le,,;|l<cle, |, (wherec=|f'(€) |and0<c<1).

Hence, |&-x,,,|<c|&-x, |
=c | E_xn'i-xn+l_xn+1 |
<c|&-x,,,|+c|x,,,—x,]|.

Thus, we get

| &—x, ., | < 1o | x,,,—x,|,n=0,1,..

For n =1, we have
| &—x, | le_c | x,—2x, | =0.03001

where, we have used ¢ = 0.53.
We also have
| &—x,, 5| <c" | &—x, | £(0.53)" (0.03001).
Now choose n such that
(0.53)* (0.03001) < 5 x 1075.
We find n > 11.

A root of the equation f (x) = x — F(x) = 0 can often be determined by combining the
iteration method with Regula-Falsi :

(1) With a given approximate value x,, we compute
x, = Flxy), x4=Fx)).
(i) Observing that f (x,) = x, — x; and f (x;) = x; — x,, we find a better approximation x '
using Regula-Falsi method on the points (x, x, — x;) and (x, x; —x,).
(i17) The last x' is taken as a new x, and we start from (i) all over again.

Compute the smallest root of the equation x — 5 log, x = 0 with an error less than
0.5 x 10 starting with x, = 1.3.(Inst. Tech. Stockholm, Sweden, BIT 6 (1966), 176)
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Solution
Fromx = F(x), we have F(x) =5 log, x.
First iteration
x, =13, x;=F(x,=1311821,
%y = Flx;) = 1.357081,
fo=%,—x;,=-0.011821, f, =x, —x,=—0.045260.
Using Regula-Falsi method (1.8) on the points (1.3,—0.011821) and (1.311821, — 0.045260),
we obtain
x' =1.295821.
Second iteration
x,=x"=1.295821,
x, = 1.295722, f, = 0.000099,
xy = 1.295340, f; = 0.000382.
Using Regula-Falsi method (1.8) on the points (1.295821, 0.000099) and
(1.295722, 0.000382) we get
x" =1.295854
which is the required root and satisfies the given error criteria.
1.9 The root of the equation x = (1/ 2) + sin x by using the iteration method

1 . 1
xk"l_E +sinx,, x,=

correct to six decimals is x = 1.497300. Determine the number of iteration steps required
to reach the root by linear iteration. If the Aitken A2-process is used after three approxi-
mations are available, how many iterations are required.

Solution

We have § = 1.497300 and x, = 1, g(x) = (1/ 2) + sin x. The linear iteration method
satisfies the error relation

le | <cm |, |.
We now have c=|g@® | =]cos&| =0.073430
and g, = & —x, = 0.497300.
Choose n such that ¢" | g, | <5 x 1077 or
(0.07343)" (0.4973) <5 x 1077
which gives n > 6.
Starting with x, = 1, we obtain from the linear iteration formula
%,,,=1/2)+sinx, =g(x,),k=0,1, ...
x, = 1.34147098, x, = 1.47381998.
Using Aitken A2-process (1.17) we get
x,* = 1.65758094,
x,* = gla,®) = 149991268,
x,* = glx,*) = 1.49748881.
Using Aitken A%-process (1.17) we get
x,** = 1.49738246,
2 = g, ) = 1.49730641,
2, = g(x, ) = 1.49730083.
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1.10

1.11

Using Aitken A2-process (1.17) we get
x, ¥ = 1.49730039,
x5 = gl F) = 149730039,

The Aitken A2-process gives the root as & = 1.49730039, which satisfies the given error
criteria. Hence, three such iterations are needed in this case.

(a) Show that the equation log, x = x? — 1 has exactly two real roots, a, = 0.45 and o, = 1.
(b) Determine for which initial approximation x, the iteration

x,,,=+1+log, x,

converges to a, or 0. (Uppsala Univ., Sweden, BIT 10 (1970), 115).
Solution
(a) From the equation log, x = x2 — 1, we find 4
that the roots are the points of intersection of \>\<
the curves h

y=log,x, and y=x2-1.
Since the curves intersect exactly at two

points x = 0.45 and x = 1, the equation has 5
exactly two roots a; = 0.45 and a, = 1. \

(b) We write the given iteration formula as

y = log, (x)

xv

xn+ 1 =g(xn)

where glx) = J1+log, x .

1
2x,/1+log, x

We have g'lx) =

For convergence, we require | g '(x) | < 1. We find that for
x,<0d;, |g'(x) | >1, hence no convergence,
X, <0, | g'(x) | <1, hence converges to a,.

For x, > x*, where x* is a root of 4x*(1 + log, x) — 1 =0, | g'(x) | < 1, hence the root
converges to a,,.

If an attempt is made to solve the equation x = 1.4 cos x by using the iteration formula

X =14 cosx,

n+1
it is found that for large n, x, alternates between the two values A and B.
(i) Calculate A and B correct to three decimal places.
(i) Calculate the correct solution of the equation to 4 decimal places.

(Lund Univ., BIT 17 (1977), 115)
Solution

Using the given iteration formula and starting with x, = 0, we obtain the sequence of
iterates

%, = 1.4, x, = 0.2380, x, = 1.3605.
For x, > 0.79 (approx.), the condition for convergence, | 1.4 sin x, | < 1, is violated.
However, x, = 1.3 when substituted in the given formula gives x, , ; = 0.374, that is
bringing back to a value closer to the other end. After 28 iterations, we find
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1.12

1.13

Xog = 0.3615, x5 = 1.3095, x,, = 0.3616.

Hence, the root alternates between two values A = 0.362 and B = 1.309.

Using the Newton-Raphson method (1.9) with the starting value x, = 0, we obtain
x, =14, x,=091167, x,=0.88591,
x, =0.88577, x,=0.88577.

Hence, the root correct to four decimal places is 0.8858.

We consider the multipoint iteration method

q fxy)

f' (xk - Bf(xk)/f'(xk))
where a and 3 are arbitrary parameters, for solving the equation f (x) = 0. Determine o
and B such that the multipoint method is of order as high as possible for finding &, a
simple root of f (x) =
Solution
We have

Xpe1 =%~

flx,) _ fE+g,) _ [ ¢ 2 } )
f (xk) f (E+Sk) Ek + 9 Sk +... [1+028k+ ]

= Sk — % Cz Skz + O(8k3)
where ¢, =f® (&) /f' ().

We also have

f'[xk f(xk)J ( +(1-PB)g, +%Bczsz +O(£2)J
(

£ ()
= £ (8)+ [(1 B)sk+—Bchk }f" 63

1 [(1-B)2e2 +..1F" (&) +...

Substituting these expressions in the given formula and simplifying, we obtain the error
equation as

-1
8k+1=8k_a |:€k +6328123 +---j||:1+(1_l3)02 €y +:|

=(1-a),-a [%—(1—[3)}025,% +0(&}),

Thus, for a =1, # 1/2, we have second order methods and fora =1, 3 =1/2, we have
a third order method.
The equation
1 1
+
x+2 x+1
has two roots greater than — 1. Calculate these roots correct to five decimal places.

(Inst. Tech., Lund, Sweden, BIT 21 (1981), 136)

2e~% =
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1.14

Solution

1 pe—
x+2 x+1
f(=0.8)=-1.38,f(0)=0.5,£(1.0) = — 0.0976.

Hence, the two roots of f (x) = 0 which are greater than — 1 lie in the intervals (- 0.8, 0)
and (0, 1). We use Newton-Raphson method (1.9) to find these roots. We have

we find that

From f (x) = 2e™* —

x 1 1
flx)=2e S x+2 x+1
fl@)=—2e" + L
(x+2? (x+1?
and xn+1=xn—;((3;’;)), n=0,1, ..
First root
Starting with x, = — 0.6, we obtain the sequence of iterates as

x, =—0.737984, x,=-0.699338,

xg =—0.690163, x,=-0.689753, x,=—0.689752.
Hence, the root correct to five decimals is — 0.68975.
Second root
Starting with x, = 0.8, we obtain the sequence of iterates

x; = 0.769640, «x,=0.770091, x,=0.770091.
Hence, the root correct to five decimals is 0.77009.
Find the positive root of the equation

2 3

X
et = 1+x+2— +2_ 0%
2

correct to five decimal places.
(Royal Inst. Tech. Stockholm, Sweden, BIT 21 (1981), 242)

Solution
2 3
From f(x)=ex—1-x_? _?eO.Sx
we find £(0)=0, f(1)=-0.0067, f(2)=—0.0404, f(3)=05173.

Hence, the positive root lies in the interval (2, 3). Starting with x, = 2.5 and using the
Newton-Raphson method (1.9)

n+1=xn—M, n=0,1,..
' (x,)
we obtain the sequence of iterates
x, = 2.392307, «x, =2.364986, x,=2.363382,
x, =2.363376, x;=2.363376.
Hence, the root correct to five decimals is 2.363376 + 0.5 x 1076,
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1.15 Assuming that Ax, in the Taylor expansion of f (x + Ax), can be approximated by

1.16

a, f (x)) + ayfAxy) + ayf3(x,) + .., where a;, a,, ... are arbitrary parameters to be
determined, derive the Chebyshev methods of third and fourth orders for finding a
root of f (x) = 0.

Solution
We have
1
f (g + D) = £ (i) + Ax £1(xg) + 5 (8)? £ ()
. %(Ax)3 () + .. =0
Substituting

Dx = a,f (xy) + ay f2(xy) + agf3(xy) + ...

in the above expression and simplifying, we get

[1+a,f'(xy)] f(x) + [azf' (%) + %a% " (xo)} £2(xg)

1
asf o)+ ey 17 Go)+ g a7 (50)| 2030 +...20
Equating the coefficients of various powers of f (x,) to zero, we get
1+a,f'(x)=0 (1.34)
1
af '(xy) + 5 ai f"(xy) =0 (1.35)
1
asf' (xy) + a4 f"(x0)+gaf "' (xy) = 0. (1.36)
Solving for a, a, from (1.34) and (1.35), we obtain
1 1 f"(x)
a, = =T

) T 20l
flxg) 1 f"(xg) Lo
- - 17 (xp),
) 20f Ge® "
X, =x+ M
which is the Chebyshev third order method (1.10).
Solving the equations (1.34), (1.35) and (1.36), we find the same values for ¢, and a, as
given above and
[f" @)l® 1 f"" ()
ag= "~ . st T 4
2[f" (x)]° 6 [f(x9)]

_ f(x) 1 f" (xo)fz(xo) + [l "' (xo) _l{f"(xo)}zl[ f(xo) T
fi(xy) 9 [ ()1 6 f'(xg) 2| f'(xq) [ (xg)

and Xy =X+ A

which is the Chebyshev fourth order method.

(a) Newton-Raphson’s method for solving the equation f (x) = ¢, where c is a real valued
constant, is applied to the function
COS X, when |x|<1

[ = cosx +(x? - 1%, when|x|21"
For which c is x, = (- 1)*, when x, = 1 and the calculation is carried out with no error ?

Ac =

Hence, Ax =
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(b) Even in high precision arithmetics, say 10 decimals, the convergence is troublesome.
Explain ? (Uppsala Univ., Sweden, BIT 24 (1984), 129)
Solution

(a) When we apply the Newton-Raphson method (1.9) to the equation f (x) = ¢, we get the
iteration scheme

flx,)—¢
=X, ———, =0,1, ..
xn+1 n fr (xn) n
Starting with x, = 1, we obtain
%, = 1_cos.l—c:_1
—-sin 1

which gives ¢ = cos 1 + 2 sin 1.
With this value of ¢, we obtain
xo=1, xg=-1,..
and hence x, = (- 1)".
(b) Since f '(x) = 0, between x, and the roots and also at x = 0, the convergence will be
poor inspite of high-precision arithmetic.
1.17 The equation f (x) = 0, where

2 x3 x4

x
@n? 3n? @n?
has one root in the interval (0, 1). Calculate this root correct to 5 decimals.

(Inst. Tech., Linkoping, Sweden, BIT 24 (1984), 258)

f(x)=0.1-x+

Solution
We use the Newton-Raphson method (1.9)
flx,)
xn+l=xn_f,(xn)7 n’=071""
2 3 4 5
where fa@=01-x+2 -2 42 L
4 36 576 14400
2 3 4
frlao)=—1+%-% 4+ % x

2 12 144 2880 '
With x, = 0.2, we obtain the sequence of iterates
x; = 0.100120, «x, =0.102600, x, = 0.102602.
Hence, the root correct to 5 decimals is 0.10260.
1.18 Show that the equation

+1
£ (x) = cos (T[(xs)) +0.148x — 0.9062 = 0

has one root in the interval (- 1, 0) and one in (0, 1). Calculate the negative root correct
to 4 decimals. (Inst. Tech., Lyngby, Denmark, BIT 25 (1985), 299)

Solution
We have from the given function
f(=1)=-0.0542, f(0)=0.0177, f(1)=-0.0511.

Hence, one root lies in the interval (- 1, 0) and one root in the interval (0, 1). To obtain
the negative root, we use the Newton-Raphson method (1.9)
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1.19

1.20

flx,)

X, , =%, = —f'(xn)’ n=0,1, ..
where @) =- [g) sin [%) +0148,
With x, = — 0.5, we obtain the following sequence of iterates :

x, =—0.508199, x,=-0.508129, x,;=—0.508129.
Hence, the root correct to four decimals is — 0.5081.

The equation x = 0.2 + 0.4 sin (x/b), where b is a parameter, has one solution near
x = 0.3. The parameter is known only with some uncertainty : b6 = 1.2 + 0.05. Calculate
the root with an accuracy reasonable with respect to the uncertainty of b.

(Royal Inst. Tech. Stockholm, Sweden, BIT 26 (1986), 398)
Solution
Taking b = 1.2, we write the iteration scheme in the form

x,,,=02+0.4sin [%) n=0,1,..

Starting with x, = 0.3, we obtain

x; = 0.298962, x, =0.298626, x,=0.298518.
Hence, the root correct to three decimals is 0.299.
Find all positive roots to the equation

0 e ar=1

with six correct decimals. (Uppsala Univ., Sweden, BIT 27 (1987), 129)
Solution
We have from the function

f(x) = 10xe™ -1,
fO0)=-1, f(1)=2.6788, f(2)=-0.6337,
and f(a)<0 for a>2.

Hence, the given equation f (x) = 0 has two positive roots, one in the interval (0, 1), and
the other in the interval (1, 2).

We use the Newton-Raphson method (1.9)

flx,)
X, 1= X, _f'(—xn)’ I’L=O, 1,
where £'(x) =10(1 — 2x2) e

With x, = 0.1, we obtain the following sequence of iterates
x; = 0.10102553, x, = 0.10102585, x, = 0.10102585.
Hence, the root correct to six decimals is 0.101026.
With x, = 1.6, we obtain the following sequence of iterates
x, = 1.67437337, x,=1.67960443,
xy = 167963061, x,=1.67963061.
Hence, the root correct to six decimals is 1.679631.
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1.21

1.22

Find all the roots of cos x —x2 — x = 0 to five decimal places.
(Lund Univ., Sweden, BIT 27 (1987), 285)
Solution

For f (x) = cos x — x2

—x, we have
f@<0 for a<—2, f(=2)=—24161,
f(=1)=0.5403, f(0) = 1.0, f(1)=-1.4597,
fb)<0 for b>1.
Hence, f (x) = 0 has a real root in the interval (- 2, — 1) and another root in the interval
(0, 1).
We use the Newton-Raphson method (1.9)

f(x,)

X, ., 1= %n _f'(xn)’ n=0,1, ..
where f'(x) =—(sin x + 2x + 1).
Starting with x, = 0.5 and x, = — 1.5 we obtain the following sequences of iterates :
x, = 0.5, x,=-15,

x; = 0.55145650, %, =—1.27338985,

%y = 0.55001049, xy = —1.25137907,

x5 = 0.55000935, xy =—1.25115186,

x, = - 125115184,
Hence, the roots correct to five decimals are 0.55001 and — 1.25115.
Find a catenary y = ¢ cosh ((x — a)/c) passing through the points (1, 1) and (2, 3).
(Royal Inst. Tech., Stockholm, Sweden, BIT 29 (1989), 375)

Solution

Since the catenary y = ¢ cosh ((x — a)/c) passes through the points (1, 1) and (2, 3), we
have

ccosh [(1-a)e]l =1
ccosh [(2—-a)lc] =3
which can be rewritten as
2-a
cosh™ (8/¢)’
On eliminating a from the above equations, we get
1+ccosh™ (1/c)
~ cosh™ (3/¢)
Define f (¢) = ¢ — g(c). We find that, /(0.5) = — 0.1693,
f£(1.0) = 0.4327. There is a root of f(c) = 0 in (0.5, 1.0).
Using the iteration scheme
c,,1=8c,),n=0,1,..
with ¢, = 0.5, we obtain the sequence of iterates as
c; =0.66931131, ¢, =0.75236778, c,=0.77411374,
c, =0.77699764, c,=0.77727732, c,=0.77730310,

a=1-ccosh(1/c), c¢=

= g(o).
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¢, =0.77730547, c4=0.77730568, c4=0.77730570.
With the value ¢ = 0.7773057, we get @ = 0.42482219.

1.23 The factorial function n ! was first only defined for positive integers n or 0. For reason-
ably great values of n, a good approximation of n ! is f (n) where

1 1
- 2-,-[1/2 x+1/2 = 1+_+ .
fx)=2m'*x e ( o 288x2)

Calculate x to four decimals so that f (x) = 1000.
(Lund Univ., Sweden, BIT 24 (1984), 257)

Solution
Here, the problem is to find x such that
(2m) V2 ¥+ 12 g2 (1 T - 2 ) =1000.
12x 288«

Taking logarithms on both sides, we get

fx) = %ln(2n) +(x +;) Inx—x+

ln(1+1+ : 2)_311110:0
12x  288x

2(1+12x)
x +24x% +288x%

1
and f’(x)=§+1nx—

Use the Newton-Raphson method
v e - fxy)
k+1 k fr (xk) ’
Since 6 ! = 720, we take the initial approximation as x, = 6.0. We get
x,= 6.0, f(xy) =—0.328492, f'(x,) = 1.872778,
x; = 6.175404, f(x)) = 0.002342, f'(x)) = 1.899356,
%y = 6.174171, f (x,) = 0.00000045.
Hence, the root correct to four decimal places is 6.1742.

k=0,1,..

Multiple roots

1.24 Apply the Newton-Raphson method with x, = 0.8 to the equation
flx)=x3—-x2-x+1=0
and verify that the convergence is only of first order. Then, apply the Newton-Raphson
method
flx,)
f'(x,)
with m = 2 and verify that the convergence is of second order.
Solution
Using Newton-Raphson method (1.9), we obtain the iteration scheme
3_,2_ . o
X, =%, —%, n=01,..

Starting with x, = 0.8, we obtain

xn+1=xn_m
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x,=0.905882, x,=0.954132, x,=0.977338, «x,=0.988734.
Since the exact root is 1, we have

& | =] &—x,]| =0.2=0.2x10°
g | =]&-x, | =0.094118 = 0.94 x 10!
| &, | =] &—x, | =0.045868 =~ 0.46 x 10!
| &5 | =] &—x5 | =0.022662 = 0.22 x 107!
e, | =]&-x, | =0.011266 =~ 0.11 x 10!
which shows only linear rate of convergence. Using the modified Newton-Raphson method
X, 1= %, —2%, n=0,1,2, ..
we obtain the sequence of iterates
x,=0.8, x; = 1.011765

x5 = 1.000034, x5 =1.000000.
We now have
| E-x,| =0.2=0.2 x 10°
| £—x, | =0.011765 = 0.12 x 10!
| €—x, | =0.000034 = 0.34 x 10
which verifies the second order convergence.

|80|=
|81|=
|82|=

1.25 The multiple root & of multiplicity two of the equation f (x) = 0 is to be determined. We
consider the multipoint method

flx, +2F Q) f' ()
xk +1° Xp = ' :
21" (x;,)
Show that the iteration method has third order rate of convergence. Hence, solve the
equation

9xt +30x% + 3462 + 30x +25=0 with x,=-1.4
correct to three decimals.
Solution
Since the root & has multiplicity two, we have
fE=Ff'€&=0andf" (&) #0.

Using these conditions, we get

-1

f(x,) _ fE+g,) [1 1 1 5 M 1 1, }

= =g, |=+=¢ +—¢€ +..||1+=€,¢cq +—€5¢cy +...
6k03 24kc4 PRLACIIPR L

) fE+e,) "2
1 1 1
+[ic e, -Led L, )£4+
144 3% 48 % g0 °)7k T
where ¢;=fP@/f"@.

Similarly, we get

f[xk +2 %} =f" @) [zsz +cyEl +7—12(36c4 -11c?) e} +}
k
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ez L) .
Xr)) _ 2| .3 4
d =2¢, +|=¢c, ——c3 |& +O(g;).
o P ‘ (6 + 73 3) p T O
Substituting these expansions in the given multipoint method, we obtain the error
equation
11 1
€ s1™ (ﬂcg _504)82 +0(ey).
Hence, the method has third order rate of convergence.
Taking f(x) = 9x* + 30x3 + 3442 + 30x + 25
and using the given method with x, = — 1.4 we obtain the sequence of iterates
Xy =—14,f, = 1.8944, f, = 12.4160,
2
xo*=x, + f—f? =—1.09485, f,* = 6.47026,
0
1/
X, =%x,— =5, =— 1.66056.
Y

Similarly, we get %y =— 1.66667, x; = — 1.66667.
Therefore, the root correct to three decimals is — 1.667.

Rate of Convergence
1.26 The equation x? + ax + b = 0 has two real roots o and . Show that the iteration method
@) x,, , ; = — (ax, + b)/x, is convergent near x = a'if | o | > | B |.
(i) x, , = —bl(x, + a) is convergent nearx =aif | o | < | B |.
(i) x, , , =— (x,2 + b)la is convergent near x = a if 2| a | < | a+ [ |.
Solution
The method is of the form x, , ; = g(x,). Since a and 8 are the two roots, we have
0+B=-a, of=0.
We now obtain
(i) glx) =—a—blx, g'(x)=>blx2
For convergence to o, we need | g' (a) | < 1. We thus have

b ap B
@ | =|—|=| = |=| =<1
lg@ [ =1-5|722|7|q
which gives | B | < | a |.
(i1) gx) = — blla + x), g'(x)=blla + x)2
For convergence to 0, we require
ap ap a
(o = — == |=|=|<1
= e Tl | T8
which gives | a | < | B |.
(11i) gx) = — X2 + b)la, g'(x)=-2x/a.
For convergence to 0, we require
20 2a
() [ =] —|=| ——=|<1
| & '(a) | @ +p) ‘

which gives 2| o | < | a+B|.
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1.27

1.28

Show that the following two sequences have convergence of the second order with the

same limit /a.

a

. 1 .. 1 2
(L)xn+1=§xn 1+x—2 s (Ll)xn+1=§xn 3—; .

n

If x, is a suitably close approximation to \/q , show that the error in the first formula for
x, , ; is about one-third of that in the second formula, and deduce that the formula
1 3a x>
Xps1™ gxn [6+x_2_7nJ
gives a sequence with third-order convergence.
Solution

Taking the limit as n — o and noting that lim x, =&, lim x,,; =&, where € is the
n - o

n —» o

exact root, we obtain from all the three methods &2 = a. Thus, all the three methods
determine +/a, where a is any positive real number.
Substitutingx, =& +¢,,x, ., =& +¢,,,and a = &2, we get
@D &+e,, =@E+e)[1+8HE+¢)/2

=@E+¢)[1+1+¢g/8)?/2

=€ +¢g)[2-2(/8) + 3(c, %/E2) — ...1/2
=€ 2/(28) + O(g,?). (1.37a)
Hence the method has second order convergence, with the error constant ¢ = 1/(2§).
@) &+¢,, =E+¢) [3—(&+¢ )22

=€ +¢)[1-(g/8) ¢, 2/E2/2

which gives €, _

which gives ¢ = - % e2 +0(2). (1.37b)

Hence, the method has second order convergence with the error constant ¢* = — 3/(2§).

Therefore, the error, in magnitude, in the first formula is about one-third of that in the
second formula.

If we multiply (1.37a) by 3 and add to (1.37b), we find that
g,, =0} (1.38)

It can be verified that O(e 3) term in (1.38) does not vanish.
Adding 3 times the first formula to the second formula, we obtain the new formula

1 3a «Z
which has third order convergence.

Let the function f (x) be four times continuously differentiable and have a simple zero &.
Successive approximations x,, n = 1, 2, ... to § are computed from
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X,41™ E(x;nl + Xy 01)
flx,) g(x,)
h ] = x. - n s n =x, — n

where Trer T () T g (x,)
f(x)
(%) =
EY= )

Prove that if the sequence {x,} converges to &, then the convergence is cubic.
(Lund Univ., Sweden, BIT 8 (1968), 59)

Solution
_ f)
We have glx) = _f' @)
(f'(x))2 -fx)f"(x)
") =
g (F ()
YA€)
.7Cn,+1_xn f,(xn)

fle, )/ (x,)
x;{+1 =Xn ~ " 1 2
1=1[f(x,) f"(x,) 7 (f (x,))7]

B (AN POV CATICR I TICAVAICH] Ny
Fa)| e’ | a)? |

From the formula
— 1 T n
Xn+1 _E(x ni1 tX n,+1)

_ fl,) _l[f(xn)r f(x,) _l[f(xn)r [f"(xn)T .
:

we obtain Xpe1= %n fx,) 2/f&x)| fx,) ') | | f(x,)
(1.39)

)
ity i=1,2,3, ..

Usin x,=&+¢, and c = ,
¢ 7 ®
(x,) 1 1 1
we find }{,(xn) =€, ‘Ecz 5;21 +(§sz _gcs)si *..
f"(x,)

P~ (cg—cyD) e, + ...

Using these expressions in (1.39), we obtain the error equation, on simplification, as

€ .1=En —[sn —%czsi +(%c22 —%cs)si +}
—%[snz Ce eyt cg—c e, + .

- % £, + ] e, + 2¢y(cy— ¢, €, + ] + .
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1 .3 4
=—-=cg€; +O(g,).
6 (

Hence, the method has cubic convergence.
1.29 Determine the order of convergence of the iterative method
Xpe1= (xof(xk) - xkf(xo)) /( f(xk) - f(xo))
for finding a simple root of the equation f (x) = 0.
Solution
We write the method in the equivalent form

(g —xp)f (xp)

- (1.40)
Tl T TR e - flxg)
Substitutingx, =& +¢€,,x, , ;=& +¢,, 1, %, =& + & in (1.40) we get
e, —€ol F(E+Ey)
€ ., 1= €z k0 k (1.41)

) fE+e,) —fE +g4)
Expanding f (§ + €,), f (§ + &,) in Taylor series about the point § and using f (§) = 0, we
obtain from (1.41)

(£, —€0) [e,f ) + 2 ef £ (E)+...]
& 1= €~ ; ) S
(€, —€)f ©)+L (s —€d) [ ) +...

1, 1 -1
=&, —|&p t—Ehcg o X [1+=(g, +Ey)ey +...
2 2
1
=sk—[sk+%s;‘;c2 +,,}x [1_2(5k+50)02+~}

1
_+ 2 2
=3 €,€.Co + O (g%, + €,,°)

where ey =f"@/f"@.

Thus, the method has linear rate of convergence, since €, is independent of k.
1.30 Find the order of convergence of the Steffensen method

xk+l=xk_£_‘_];7 k=07172a-~~

Qo + 1) -1
& = T
where f, = f (x,). Use this method to determine the non-zero root of the equation
fx)=x-1+e* withx,=0.7
correct to three decimals.
Solution
Write the given method as
fi
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Using x, = & + €,, we obtain

f=fE+e) =g, ©+ %sma) ‘.
Fla, +f,) = f[z Uk, + L +)

1 n
=A+f @' © g+ 5@ [1+3f'@) + (@1 g+ ...
Substituting these expressions in the given formula, we get the error equation as

_ er (@) +e; [ " @)+ ...
exf @2+ LIB+ @) E)f )i+ ...
= 1+ @) ’;((g e2 +0(ed).
Hence, the method has second order rate of convergence.
Forf(x)=x-1+e* andx,= 0.7, we get
fo =—0.05340, f(x,+f,) =—0.07901,
8, = 0.47959, x; =0.81135,
f1=0.00872, f(x,+f;) =0.01402,
g, =0.60780, «x,=0.79700,
f2=0.00011, f(x,+f2)=0.00018,
g, =0.63636, x,=0.79683.
The root correct to three decimal places is 0.797.
1.31 Letx =¢ be a simple root of the equation f (x) = 0. We try to find the root by means of the
iteration formula
x; =%, — (F @) (f (x;) = (x; — f (x)))
Find the order of convergence and compare the convergence properties with those of
Newton-Raphson’s method. (Bergen Univ., Sweden, BIT 20 (1980), 262)

Solution

i1~ €

Substituting x; = € + €, we get

fa)=fE+e)=ef'E)+ %S?f ")+
flx,— ) = f[a +{(1—f'(€))si —%s? iz (E““'}j
={(1-f'(2))si—%si2 r" (E)+...}f'(§)
1 . 15, 2 .,
+—{<1—f @)e;, ——€ f (z>+...} FrE)+ ...
2 2
==/ @)g + % (1-3f"®) + (@A @) e+ ..

Substituting x, , ; = & + €, , ; and the above expressions for f (x;) and f (x, — f (x,)) in the
given formula, we obtain on simplification
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1.32

eL(F ) +el @ @)+ ...
£.(f'(£)2 + %{3 SN €2 ...

e fr®, 3 1,17 ® . T
=€ [sl €; f(E) } [1+{2 2f(z)}f'(5) sl+..1

2 ["(©) { 1 }f"(E) }
= . : ; 1 - - cee
g; [sl +€; ) + } |: f &) 8 -+

1 " @) 2
= — 1_ !

2 1-f"() 10
Hence, the method has second order convergence if f'(§) # 1. The error constant is
1 -£'@) f@N2f'(&)).

The error constant for the Newton-Raphson method is f "(E)/(2f '(E)).

A root of the equation f(x) = 0 can be obtained by combining the Newton-Raphson method
and the Regula-Falsi method. We start from x, = & + €, where ¢ is the true solution of
f (x) = 0. Further, y, = f (x), x, = x, — f,/ f, and y, = f; are computed. Lastly, a straight
line is drawn through the points (x;, y;) and ((x, + x,) / 2, y,/ 2). If € is sufficiently small,
the intersection of the line and the x-axis gives a good approximation to &. To what
power of € is the error term proportional. Use this method to compute the positive root
of the equation x* — x — 10 = 0, correct to three decimal places.

€

i+ 1 i

+O(s)

Solution
We have =&+¢€y, x; =& +¢

SFE+ e = e [ @+ 83 1@+ Sed 7 @)+ _edf U+ .
fo _ 1@ +eg)

X = xo__=E+£0

fs f'@E+eg)
e O+ Fed @+ Led O+ Lef PO+ .
F@+e, fr@+Led fm @+ ed fPE+ ...

£, =%

We obtain on simplification

1 1 1 1 7 1
81 = 502 Sg +(§CS _Ecgjsg +(EC§) _ECZCS +§C4)€é +
PO g

e
Equation of the straight line through the points (x,, y,) and ((x, + x,)/2, y,/2) is

where

-2
Y=y, = Yo =201 (x —x,).

xo - xl
. Xg — X
It intersects the x-axis at x =x; — Rl S ¥y1i.
Yo —2y;
The error equation is given by
€y — €
e=g, - —2 1y, (1.42)

Yo ~2¥1
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We have
=f@E +e)

S el @+ e @)+ el )
1 1 1 7 1
= f (E)+|:{_0250 (303 —Ecg)sg +(§CS —50203 +§C4J€g +}
11
+2{4c§s‘(§ }c2+...}

, 1 1 1 5 7 1
= f (E)|:§ Cy 8% + (gcs - EC%)S(S) +(§CS —ECZCS +§C4)83 +...i| .
Similarly, we have

- f'(E)[so .

+—€pCqg +—E€5cCy t...
Co 4
€0 0¢s 24 0 }

6
1 7 5 5
2 g (022_503)834'(60203 _ﬁczl _ZCS)Sg+...:|

1 5 (19 1 Y3 (7 1 1 3).
50—81= 80_50280"‘ ECZ _503 80 + ECzC3“§C4 _502 €0+...

€o & _ ,1 [1+(lc3 —lcg)sg +(lc§’ —10203 +ic4)£g +}
Yo—2y1 ['(@) 6 2 2 2 24

Substituting these expressions in (1.42) and simplifying, we get

153 1 4 5
=|=co ———cCoCs |€5 + O (£)).
€ ( 2 12 23) 0 0

1
2

1
and y,—2y, = f(E)[sO 5

8
Hence, the error term is proportional to €,*and the method has fourth order rate of
convergence.
For the equation f (x) = x* — x — 10, we find that £ (1) < 0, £(2) > 0 and a root lies in (1, 2).
Let x, = 2.

First iteration
xo = 2, yo = f(xo) = 4’ f’(xo) = 319
fo

%, =%~ 57 = 1870968, y, =f(x)) = 0.582681,

xo_

———y, = 1.855703.
_2 1

x=x1—

Second iteration
x,=1.855703, y, = f (x,) = 0.002910, f'(x,) = 24.561445,

x,=xg— 10 _ 1 855585, y, = f(x,) = 0.000012
£ (x)

x=x - 0Ly 1855585,
Yo =2y

Hence, the root correct to three decimal places is 1.856.
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1.33 Determine p, ¢ and r so that the order of the iterative method

qa , ra
xn+1 = pxn + E E
for a3 becomes as high as possible. For this choice of p, ¢ and r, indicate how the error
in x, ,, depends on the error in x,. (Lund Univ., Sweden, BIT 8 (1968), 138)
Solution

3 or x3 = a. We take

fx)=x%-a.
Since £ is the exact root, we have &3 = qa.
Substitutingx, =& +¢,,x,,, =& +¢, ,,anda= &3 in the given method, we obtain

We have x = a!

n+l

-2 2 -5
E+e, ,=pE+¢e)+ Z—Z[1+%J +%[1+%J

qa 2¢, 382 &3
CpEre)+ L)1 P8 B
e 22[ e e e
2 2 3
R L Y S LT
3 3 § 3

€4 Lo En _ 4 En
=pE +e,)+qt [1‘25““3&2‘4&3 +]

2 3
3 3 3
+r8|1-5-2+15-2 -35 2 +...
E[ g g2 g J
or €= +qg+r—1&+(p-2q-5rk,
1
+ E(Sq + 15r) s;f - E%Mq +35r)gi +
For the method to be of order three, we have
p+g+r=1
p—29-5r=0
3q +15r=0

which gives p=5/9,¢q=5/9,r=-1/9.
The error equation becomes

5 3 4
€11 = g2 & T OEL).

1.34 Given the equation f (x) = 0, obtain an iteration method using the rational approxima-
tion
x—a
fx)= bo + byx
where the coefficients a, b, and b, are determined by evaluating f (x) at x,, x, ; and x, .
(i) Find the order of convergence of this method.
(i) Carry out two iterations using this method for the equation
fx)=2x%-3x2+2x -3 =0withx,=0,x, =1,x,=2.
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Solution
We have, from the given approximation
x—ay—(by+bx)f(x)=0.
Substituting x = x,, x, ; and x, , in the above equation, we get
x,—a,—(by+b,x,)f,=0
X1 —y—(by+bx, )f, 1=0
X g =0y —(by+byx; 5)fy 5=0
Eliminating b, from the above equations, we obtain
8o+ ayg, +bxlf,f, ;=0
hy+agh, +bx' f.f, =0

where x0=x,_; —x,, x'=x, 9%,
81=l—ly hy =1, =l 9
8y =% f1 1 =% 1 [ hg =241 0= %4 5 1)

Eliminating b, from (1.47) and (1.48) and solving for a,, we get
ay=— ¥ Zoli-g = Mhofpy _ X201 fr-p)
X' gifyp-g = x0hifyy  F xFMyfio — X' 140
The exact root is obtained from
& - Qg
FO= 4 o
Thus, we obtain the iteration formula

=0 or &=a,

Xre1 = Qo
where a is given by (1.49).
(i) To find the order of convergence of the method, we write (1.50) as
NUM
1 =% T DEN
Substituting x, = & + ¢, and simplifying, we get

(1.43)
(1.44)
(1.45)
.(1.46)

(1.47)
(1.48)

(1.49)

(1.50)

(1.51)

1 1
NUM = Dg, [1+ E(Sk +&,_1 +€,_9)Co +g(ez +s,§_1 +s,§_2 +€,_ 1€ _9)C3

1
+ Z(sk_l +£k_2)£kcg +..}

DEN = (g, — &, ))&, — & ,)(&,_; — & ) "(€)?

1
-D |:1+%(Ek +E,_y +E, )y + E(S}% +e5 1 TE )0y

1 2
3 (€1€p-1 + €48 T Ef18pp) €+

~ f(i) &)
“T e

where 1=2,3, ..

Substituting the expressions for NUM and DEN in (1.51), taking DEN to the numerator

and simplifying we get error equation
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1.35

8n+1 =c 8nsn—l sn_z (1.52)
where c=lc§—lcs.
4 6

From the definition, we have
_ AeP
8n+1 - Asn
— AP — A1 1p
€, =AeP_ or g _=A"/P¢g/

- p — A-1 )
€, 1 =AEh , =A1/PglP

— A-Wp)-Wp*H Vp?
or sn_z_A(P)(P)snP'
Substituting the values of ¢, ,,,€ ;andg, ,in terms of ¢, in the error equation (1.52), we
obtain
— — 2 2
Asg =cg, (A l/pei/p}{A (1/p)«1/p )8};/1) }

: : P — -1<(2/ p)«(1/p?) . 11/ p) H1/ p?)

which gives eP =cA PIAVP) g LU p) HUpT)

Comparing the powers of €, on both sides, we get

1 1
p=1+;+? or p?-p?2-p-1=0

which has the smallest positive root 1.84.
Hence the order of the method is 1.84.
(i) For f (x) = 2x3 — 3x? + 2x — 3 and x, = 0, x; = 1, x, = 2, we obtain
First iteration
f=x—xy=-1,x" =x,-x,==-2,f, =-3,f, =-2,
f2= 5’g1=f2_f1= 7, h1=f2_f0 =8,
=2+ x' %07, (fi= fo)
3 27 x0hfi- % g1 /o

=1.6154.

Second iteration
xo=1, x,=2,x,=1.6154, f,=-2, f,=5, f,=0.8331,
x*=0.8846, x'=-0.6154, g, =—4.1669, h, =28331 g,, x,=1.4849.

The equation x* + x = €, where € is a small number, has a root which is close to €. Compu-

tation of this root is done by the expression
E=c—gt+4¢.
(2) Find an iterative formula x, ,, = F(x,), x, = 0, for the computation. Show that we get
the expression above after three iterations when neglecting terms of higher order.
(ii) Give a good estimate (of the form Ne*, where N and % are integers) of the maximal
error when the root is estimated by the expression above.

(Inst. Tech. Stockholm, Sweden, BIT 9 (1969), 87)

Solution
(i) We write the given equation x* + x = € in the form
£
- x3+1

and consider the formula
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€
X = .
n+1 3
x, +1

The root is close to €. Starting with x, = 0, we obtain

x1=s

%= Ty gm =8+ )T el -4 b s )

=¢—¢e*+ €7, neglecting higher powers of €,
€

T 1+(e-et +€7)3
€

X, = 1+(E—-et +4¢7)? =e—et+4e"+ ..

xg =e—¢gt+4e” + .

(i1) Taking & = € — €* + 4€7, we find that
Error=8*+¢ —e=(c—e*+4e)* +(e—e*+4e")—¢
= 22¢10 4+ higher powers of €.
1.36 Consider the iteration method

X =0(x,), R=0,1, ..
for solving the equation f (x) = 0. We choose the iteration function in the form

@) = x =Yy £ (%) = Vo f 20) = Y3 £ 3(x)
where v,, V,, Y, are arbitrary parameters to be determined. Find the y’s such that the
iteration method has the orders (i) three (ii) four. Apply these methods to determine a

root of the equation x = e*/ 5 with x, = 0.4 correct to three decimal places.
Solution

Substituting x, = & + €,, €,,, = & + €, in the iteration method
X1 =%, = Vil = Vo f 2 — Ysfi

and expanding f, in Taylor series about the point §, we obtain

81 =&~ Vi [f'(E)sk ARG R A S }
~Ya [(f'(&»z ei+f @ f" ©ej+ G (F" @)+ %f’ €)f @)js i +}
_— [(f'(&)f" e+ S (@) @t }
RGO ES ENRCRARCE
- [;vlf"wm Vo £ (O F" (D4 vy (" <€>>3} &

1 ; 1 1 3
- [ﬁ yif (&) +y, (Z (" (8)? +§f'(E)f'” (E))+§v3 (F & Fr (E)} €

+ ...
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If the method is of third order, we have
1- Vlf'(E) =0
1
FN"@+y, F(@©)2=0
11 e
WErer T e
Replacing ¢ by x,, we obtain the third order method
fo \1H"f
X, =X, — et —
k+1 xk fk, 2 (fk’)s
If the method is of fourth order, we have
1- Vlf'(E) =0

1
g W@ +y, (f "©)?=0

which gives

(1.53)

1
6 Vi@ + Yy [ &)+, (F(©)P=0
__1
nE ey
v = — 1 7" @
22
1 f"@ 11" RPNY:
== - N7
¥ [2 @ 6 F® }/(f @
Replacing ¢ by x,, we obtain the fourth order method
IR | S fi'fi |1 f" LA | f
BLETE R 25 |27 6 fi |(F)?P
For the function f (x) = x — e* / 5, we have

which give

(1.54)

1 1 X " —_ 1 X
f(x)—l—5 s f (x)——5e .
Using the third order method (1.53), we obtain

x,=04, fo =0.1016, fo =0.7016, f," =-0.2984,
x,=0.2507, f;=-0.0063, f{ =0.7430, f" =-0.2570,

xy=0.2592, f,=0.00002, f; =0.7408 f," =-0.2592,
%y = 0.2592.
Hence, the root exact to three decimal places is 0.259.
Using the fourth order method (1.54), we obtain
x,=0.4, fo =0.1016, fo =0.7016, fo" =—0.2984, f,"' =-0.2984
x,=0.2514, f;=-0.0058, f{ =0.7428, fi" =-0.2572, f{" =-0.2572
%y = 0.2592
Hence, the root correct to three decimal places is 0.259.
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1.37 The equation
¥ —b5x2+4x-3=0
has one root near x = 4, which is to be computed by the iteration
x,=4
3+(k-4)x, +5x7 —x5
n+l = k

x , kinteger

(a) Determine which value of 2 will give the fastest convergence.
(b) Using this value of &, iterate three times and estimate the error in x,.
(Royal Inst. Tech. Stockholm, Sweden, BIT 11 (1971), 125)
Solution
(a) Let & be the exact root of the given equation. Hence, we get
& 582 +48-3=0
From the iteration formula

kxn+1=3+(k—4)xn+5x,3 —x,BL

we get, on substitutingx, =& +¢ andx, =& +¢,

ke, =(3—4E + 582 —83) + (k — 4 + 108 — 38V)e, + O(£2) (1.55)
Since the root is near x = 4, we can choose & = 4 + 0.
Substituting § = 4 + din (1.55), we obtain

ke, . =(k—12), + O(3¢).
Hence, highest rate of convergence, is obtained when 2 = 12.
For & = 12, we obtain the iteration formula

%, = g B+ 8y, + 5% ~ ).
(b) Starting with x, = 4, we obtain the sequence of iterates
x, =425,  x,=42122, x,=4.2230, x,=42201.

Since the root is correct to two decimal places, maximum absolute error is 0.005.

1.38 A sequence {x,}7 is defined by
x,=5
1

X, = 1—6x3 —%xf{ +8x, —12

Show that it gives cubic convergence to & = 4.
Calculate the smallest integer n for which the inequality
| x,—&| <107
in valid. (Uppsala Univ., Sweden, BIT 13 (1973), 493)
Solution
As n - o, the method converges to
£4_883 4 1128 — 192 = 0.
Hence, the method finds a solution of the equation
flx)=x*—8x3+112x — 192 = 0.
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Substitutingx, =& +¢, andx,, , =& +¢, in the given iteration formula, we get the error
equation

€11 = [1—1624—523 +TE —1z)+&z3 - +8) ,

n+
3., 3.)., [1 1) s 1,

2Er - le2 4| E - el + gt
+[82 25) A VRS AT

For & =4, weget ¢ —18;Q’L+O(£;t).

n+l — E

Hence, the method has cubic rate of convergence.
Taking the error equation as

8n+1=csi, c=1/2
2 n-1 n n
we find g =ceb j=cleed )P =..=c.c3.c” .c® &) =cPe).
where p=@B"-1)/2.
Since g, = | £ —x, | = 1, we have
g, =cl=(1/2)p.

Choosing n such that (1/2)®" 7’2 < 106 we obtain n > 4.

1.39 We wish to compute the root of the equation
e™ =3 log, x,
using the formula
_ 3log, x, —exp(-x,)
> .
Show that, p = 3 gives rapid convergence.
(Stockholm Univ., Sweden, BIT 14 (1974), 254)

X

n+1 n

Solution
Substituting x, =€ + ¢, and x,,; = & + ¢, in the given iteration method, we get

3loge, (& +¢g,) —exp(—-§ -¢,)
el = Ep 7 p

e - %{3 log, £ +3log, [1 +%) — exp (- &) exp (—sn):l

2 2

- sn_%lgg log, & +3[%" —% +O(s;°;)J - exp(-E)[l -€, +%” —H

Since £ is the exact root, e ¢— 3 log, € = 0, and we obtain the error equation as

€., = {1—%[? +e‘EI|sn +0(E2).
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The method will have rapid convergence if
b= §+e—z (1.56)

where € is the root of e — 3 log, x = 0. The root lies in (1, 2). Applying the Newton-
Raphson method (1.9) to this equation with x, = 1.5, we obtain

x; = 1.0563213, «x,=1.113665, x;=1.115447, x,=1.115448.
Taking & = 1.1154, we obtain from (1.56), p = 2.9835. Hence p = 3.
1.40 How should the constant a be chosen to ensure the fastest possible convergence with
the iteration formula

ax, +x,> +1

X, 1= —arl (Uppsala Univ., Sweden, BIT 11 (1971), 225)
Solution
Since lim x, =lim x_ ,=¢§

we obtain from the given iteration formula
fx)=8-8-1=0.

Thus, the formula is being used to find a root of
flx)=x3—-x2-1=0.

=&+¢

Substitutingx, =& + ¢, x we obtain

n+l n+1’

1 -2
(1+0()(E+sn+1)=0((2+sn)+E—2 [1+%”) +1

which gives (1+a)eg, = [cx - E%J g, +O(e?).

For fastest convergence, we must have a = 2 / &3,

We can determine the approximate value of £ by using Newton-Rephson method to the
equation x® —x2 — 1= 0. The root lies in (1, 2). Starting with x,= 1.5, we obtain & =
1.4656. Hence, a = 0.6353.

System of nonlinear equations

1.41 Perform three iterations of the Newton-Raphson method directly or using (1.25) for
solving the following equations :

@) 1+22=0, zo=(1+10)/2.
(1) 23 — 4iz2 — 3¢ = 0, z,=-0.53 - 0.36:.
Solution

(i) Separating the given equation into real and imaginary parts, we get
ule,y)=1+x2-y% vlx,y)=2xy, x,=1/2,y,=1/2
u, =2x, u,=- 2y, v, =2y, v, = 2x.
Using the method (1.25), we obtain
Xpq =%, — [(uvy - vuy)k] / D,
Vo1 =¥, — @ v —vu),l/D,

D=(u, v, - u, v, k=0,1,2, ..
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1.42

We obtain
u, = 1.0, v, =0.5, x,=-0.25, y,=0.75,
u; =05, v,=-0375, x,=0.075, ¥y = 0.975,
u, =0.055, v,=0.14625, x,=-0.00172, y,=0.9973.
(i1) We can proceed exactly as in part (i), or can use the method
o s f(z)
k+1 k fr (Zk)
directly. Starting with z;, = (- 0.53, — 0.36) and using complex arithmetic, we obtain
z; =(-0.5080, — 0.3864), z,=(-0.5088, — 0.3866),
24 =(-0.5088, — 0.3867).
It is required to solve the two simultaneous equations
x=1f(x,y),y =28,y
by means of an iteration sequence. Show that the sequence
Xne1 = f (xn’ yn)’ Yne1 = g(xn’ yn) (1.57)
will converge to a solution if the roots of the quadratic
N-(f+g)N+(fg,~f8)=0
are less than unity in modulus, the derivatives being evaluated at the solution.

Obtain the condition that the iterative scheme

Xne1 = f(xn’ yn)’ Y1 = g(xn+1’ yn) (158)
will converge. Show further that if f, = g, = 0 and both sequences converge, then the
second sequence converges more rapidly than the first.

Solution
Let (&, n) be the exact solution and (¢
have

N,.1) be the error in the (n + 1)th iteration. We

n+1°

X1 =1 (x5, E=1(&n),
Vi1 =8, y,),  n=gE&n)
and the error equations
E+8n+1=f(é+sn’n+nn) :E+snf;c+r|nf;/
n+n,,=8&+¢,n+n,)=n+¢g +n,8
where the derivatives are being evaluated at (€, n). Hence, we have

8n+1 - fx fy (sn)
= =0,1, ..
(nn+1) [gx gyj r]n T O’ ’

which can also be written in the form
E . . =AE  n=0,1,..

where En=(€”) and A= oy .
N, x gy
The characteristic equation associated with A is given by
N—(f,+g)\+(f.8,-f8)=0 (1.59)

Using (1.59) we find that the necessary and sufficient condition for the convergence of
the iterative sequence (1.57) is that the roots of (1.59) must be less than unity in modu-
lus. When f, = g = 0, the roots of (1.63) are obtained as
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1.43

A== If,8: ] or pA) = yIFfy8xl.

The error equations for the iterative scheme (1.58) are obtained as
E4e,,=fE+EN+N)=E+E, f40, 1,
N+n,,,=8E+¢,,,Nn+N)=N+¢, ,8,+N,8,

We get from above

€1 = &L+, 1,
N1 = 8,8, 1+ N, (8.1, + &)

< Gk st
r]n+1 gxfx gxfy+gy r]n ’

or E _ ,=BE n=0,1,..

N B - fx fy

where e fe 8:fy%8)

The necessary and sufficient condition for the convergence of the iteration sequence
(1.58) is that the roots of the characteristic equation associated with B, that is,

N-\Nf.+8,+8.[1,)+[.8,=0 (1.60)
are less than unity in modulus. When f, = g, = 0, the roots of (1.60) are obtained as
A=0,g.f, and pB)=|g.f,| = [PA)
Hence, the iterative sequence (1.58) is at least two times faster than the iterative sequence
(1.57).
The system of equations
ycos(xy)+1=0
sin (xy) +x—-y =0
has one solution close to x = 1, y = 2 Calculate this solution correct to 2 decimal places.
(Umea Univ., Sweden, BIT 19 (1979), 552)
Solution
We obtain from
filx,y)=ycos(xy)+1, flx,y)=sin(xy)+x—y
the Jacobian matrix as

J(x ) = _yrzz sin (xn yn) COS(xn yn)_xnyn Sln(xnyn)
) Ty cos(a,y,) + 1 x, cos (x, y,) -1
and L (x )= 1] x,cos(x,y,)-1 x,y,sin(x,y,)-cos(x,y,)
wIn) = Dl -1-y, cos(x,y,) -yZsin(x,y,)
where D=(x,+y,)y,sin(x,y,)—cos(x,y )y, cos(x, y )+1]

Using the method

Xp+1 = Xy _7-1 fl (xn,yn)J _
(yn+1) ( n) J (xn’ yn,) (fZ (xn,? yn) = 0’ 1’ o

and starting with the initial approximationx, = 1,y,= 2, we obtain the following sequence
of iterates
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First iteration D =5.5256,
(xl) _ (1) _ (— 02563 04044 J ( 0.1677) _ (1.0797)
¥ 2 -0.0304 -0.6582 )\ —0.0907 19454 ) -
Second iteration D =5.0873,
[xzj _ (1.0797) _ (— 0.3038 0.4556) ( 0.0171) _ (1.0861)
Yo 19454 -0.0034 -0.6420 )\ -0.0027 19437 )
Third iteration D =5.0504,
(x3) _ [1.0861) _ [— 0.3086 0.4603) [ 0.00025) _ [1.0862)
Y3 19437 -0.00005 -0.6415/{-0.00002 19437 )
Hence, the solution correct to 2 decimal places is x = 1.09, y = 1.94.
1.44 The system of equations

log, @2 +y)—1+y=0

Jx + xy =0
has one approximate solution (x,, y,) = (2.4, — 0.6). Improve this solution and estimate
the accuracy of the result. (Lund Univ., Sweden, BIT 18 (1978), 366)

Solution

We have from
fi G, y)=log, (X +y)—1+y,
e, y) = Jx +xy

the Jacobian matrix as

2x, (x2+y, +1
(x,?; +y,) (x,% +y,)
Jx,,y,) = 1+2y, 5
—_— xn
2 x,)
. ~(xp +y, +1)
1 " (a2 +y,)
and Jlx ,y)=— noan
I =D~ 1+ 2y, Jx,) 2x,
(24x,) (x2 +3,)
46 - (1+2y,x,) (x? +y, +1)
where D= .

(o +3,)(2y,)
Using the method

Xn+1 | —( *n 1 fl(xn’yn)
= _ =0,1, ..
(yﬂ*'lj (yﬂ) J (xn’yn) [fZ(xn?yn) s O’ ’
and starting with (x,, y,) = (2.4, — 0.6), we obtain the following sequence of iterates
First iteration D = 2.563540,

x1)_( 24) (0936205 -0.465684)(0.040937) ( 2412524
y.) (-06 0.108152  0.362870 )| 0.109193 ) | - 0.644050 )
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1.45

1.46

Second iteration D = 2.633224,
xy | _( 2412524 0.916186 -0.453129 0.000025) _( 2412249
(yzj B [— 0.644050) - [0.122337 0.353998) [— 0.000556) B [— 0.643856)
Third iteration D = 2.632964,
x3)_( 2412249 0916172 -0.453190 0.0000006) ( 2412249
[y3j B (— 0.643856) - (0.122268 0.354070) (— 0.0000007) B (— 0.643856)
Since the result is exact upto six decimal places, we have the solution
x =2.412249 + 106, y =—0.643856 + 1075,
Calculate all solutions of the system
x2+y2=1.12,xy =0.23
correct to three decimal places. (Lund Univ., Sweden, BIT 20 (1980), 389)
Solution
From the system
fiG,y)=x2+y2-1.12, fylx,y)=xy—0.23
we have the Jacobian matrix

2x, 2y,
Sy =]y, x,
1 x, -2y
—1 - - n n
and J (xn’ yn) = 2(.76,21 _ yrzl) |:_ Y zxn:l

Using the method

Xne1 (%) _ g1 f1(x, ) ~
(yn+1) (yn) J (xn,’ yn,) [fZ (xn,yn)j’ n= 07 1, vee

and starting with x, = 1, y, = 0.23, we obtain the following sequence of iterates
First iteration
x)_( 10 0.52793 -0.24285)(-0.0671) _( 103542
[ylj - (0.23) - (— 0.12142 1.05585) ( 0.0) - (0.22185)'
Second iteration

xg )| _(103542) ( 0.50613 -0.21689 0.00131) (103469
0.22185 )

Yy ) -0.10844 101226 ){-0.00029 0.22229
Third iteration
x3 ) _ (103469 050662 -0.21768)(-0.000004) (103469
[yJ B (0.22229) - (— 0.10884 1.01324) ( 0.000001) B (0.22229) :
Hence, the solution correct to three decimal places is obtained as
x =1.035,y = 0.222.
Hence, all solutions of the system are + (1.035, 0.222).
Describe how, in general, suitable values of a, b, ¢ and d may be estimated so that the
sequence of values of x and y determined from the recurrence formula
xn+1 = xn ta f (xn’ yn) + bg(xn’ yn)
Y1 =V cf(xn’yn) + dg(xn’yn)
will converge to a solution of
flx,y)=0, glx,y)=0.
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Illustrate the method by finding a suitable initial point and a recurrence relation of find
the solution of

y=sin(x+y), x=cos(y-—
Solution
Let (&, n) be the exact solution of the system of equations
flx,y)=0, glx,y)=0
Substituting x, = & + €,, y, = n + n, in the iteration method
xn+1 = xn +a f(xn’ yn) + b g(xn’ yn)
yn+1 =yn + cf(xn’yn) + dg(xn’yn)
we obtain the error equations

€ =(1+ 0f+b0g) €, t|a 0f+b0g n +..
n+l Ox Ox dy gy ) '»

Nyt = ( 0f+d0g) 1+caf+da—g n, + -
n Ox Ox Oy ay ) "

Convergence is obtained when

of +b

Ox x 0,

of

-+ b == _
“ oy ay -0

Of +d

o Ox 0,

Of +d

‘o Ty

Solving the above system of equations, we obtain
1 dg 19 1adg 10f

a=——— C = =

Doy’ Doy’ D ox’ " Dox’

of o 0g 0,
where D__f_g__g_f'

l+a

1+

Y1 =Y, T D[ng_i_gn%}, n=0,1, ..
where the partial derivatives are to be evaluated at (x,, y,).
To find the initial approximation for the given system of equations
y=sin(x +y), x=cos(y—
we approximate
sin(x+y)=x+y

cos (y —x) = 1—%(}7—36)2
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and obtain y=x+y or x=0,
x=1-2 (y—x)?ory=.,2.
We have f (x, y) =y —sin (x + y), g(x, y) = x — cos (y —x), and f, = — cos (x +y),
fy: l-cos(x+y),g8, = 1—sin(y—x),gy=sin(y—x).

Consider the system of equations f (x, y) = 0, g(x, y) = 0. Let x = x, + Ax and y = y, + Ay,
where (x, ,) is an initial approximation to the solution. Assume

Dx = A (xy, yo) + Aglxy, yo) + Aglg, yo) + ...

Dy = B,(x, y,) + By(x, yo) + Bslxg, ¥o) + ...
where A, (x, ), B, (x,, y,) are linear in f,, g, ; A, (x,, y,), By (x,, y,) are quadratic in f,,
&, and so on. Use Taylor series method to derive iterative methods of second and third
order.

Solution
We have fxy+Dx,y,+Ay) =0,
glxy + Ax, y, + Ay) =0.
Expanding f and g in Taylor’s series about the point (x,, y,), we get

1
fxg,y) + D f, + Dy f) + 3 [(Ax)? £, + 200 Dy [, + (By)? £, ] + ... =0
1
8lxg, y) + [Dx g, + Dyg) + 2 [(Ax)? g + 20x Dyg,, + (Ay)? 8l +..=0 (1.61)
where partial derivatives are evaluated at (x, y,).
Substituting
A=A +A,+Ag + ..
Ay=B,+B,+B;+ ...
where A’s and B;’s are arbitrary, we obtain
1 1
fb + (Alf;c + Blf;,) + |:§ ‘412 fxx +EBIZ fyy +AlBlfxy +A2 fx +BZ fyil +...=0 (162)

1 1
gO +(A1gx+Blgy)+ |:§A12gxx +§B12gyy +A1B1gxy +A2gx +B2gyi| +...=0. (163)

Setting the linear terms to zero, we get
A1fx+Blfy+f0= 0
A g, +Blgy +8,=0

which gives A =- [MJ
(x07y0)

f:8y — 8xly

B - [%ﬁ@xJ
! 18y =8dy )i )

Hence, we obtain the second order method
Xy =%+ (A, Xpyq = X, + (Apy,
¥1=Y0 + By or Ypr1 =% + (B,
Setting the quadratic terms in (1.62) and (1.63) to zero, we obtain
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A2fx+Bzfy+f2=0
Azgx+Bzgy+g2=0

1
where fo= E(Alzfxx +2A,B, f,, +Bif,,)

1
89 = 5 (Alzgxx + 2AlBl gxy +Blzgyy)

are known values.
Solving the above equations, for A, and B,, we get

_ fZgy _ngy _ 8ol —[28x
2= P2 T T — :
f:8y = 8xfy fr8y = 8.1,
Hence we obtain the third order method
X, =x,+A; +A,,
y1=y0+Bl+Bz,
or X1 =%, +A(x,, y,) + Ayx,, y,),
Vi1 = % + By, ) + Bylay, ).

1.48 Calculate the solution of the system of equations

x3 +y3 =53
2y3 + 24 =69
3x% + 1022 =770
which is close to x=3, y=3, z=2.
(Stockholm Univ., Sweden, BIT 19 (1979), 285)
Solution
Taking filx,y,2) =x3 +y3 - 53,

folx, y,2) = 23 + 24 — 69,
f5lx, y, 2) = 3x5 + 1022 — 770,
we obtain the Jacobian matrix as
3x2 3y% 0
J=| 0 6y* 42°|.
15x* 0 20z

We write the Newton’s method as

JB Ax =_f (k)’ where Ax = x¢+D _ x(%),

For k=0, withx, = 3,y, =3, 2, = 2, we get

27 27 0 1
0 54 32|Ax=-| 1|
1215 0 40 -1

The solution of the system is Ax = [- 0.000195 — 0.036842 0.030921]7.
and xD = x© 4 Ax = [2.999805 2.963158 2.030921]7T.
For k=1, we have JU Ax = — f@ a5
[ 26.998245 26340916 0 } [0.012167}
Ax = -

0 52.681832 33.507273 0.047520
1214.684131 0 40.618420 0.009507
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The solution of the system is
Ax = [0.000014 —0.000477 — 0.000669]7.
and x@xD 4 Ax = [2.999819 2.962681 2.030252]7.
(a) Take one step from a suitable point with Newton-Raphson’s method applied to the
system
10x +sin(x +y) =1
8y —cos?(z-y)=1
12z +sinz =1

(b) Suggest some explicit method of the form x*+V = F(x*)) where no inversion is needed
for F, and estimate how many iterations are required to obtain a solution correct to
six decimal places from the starting point in (a).

(Uppsala Univ., Sweden, BIT 19 (1979), 139)

Solution
(a) To obtain a suitable starting point, we use the approximations

sin (x +y) =0, cos (z—y) =1, sin (z) =0,
and obtain from the given equations x,=1/10,y,=1/4,z,=1/12.
Taking, fi(x,y,2) = 10x + sin (x +y) — 1,

folx,y,2) =8y —cos? (z —y) — 1,

f3(x,y,2) =12z + sinz - 1,
we write the Newton-Raphson method as

JB Ax = _ f (X(k))

10 + cos(x + ) cos(x +y) 0
where J= 0 8 —sin(2(z - y)) sin(2(z —y))|.
0 0 12 +cos z
Taking the initial approximation as x,=1/10,y,=1/4,2z,=1/12, we get
10.939373 0.939373 0 0.342898
0 8.327195 -0.327195 |Ax = —|0.027522 |
0 0 12.996530 0.083237

We solve the third equation for Ax,, then the second equation for Ax, and then the first
equation for Ax;. We obtain the solution as

Ax = [-0.031040 - 0.003557 —0.006405]7,
and x® = [0.068960 0.246443 0.076928].
(b) We write the explicit method in the form

X, 0= 1—0 [1- sin(xn + yn)] = fl(xn’ Yo Zn)9

1
V1= g [1+cos? (z, —y )] =fy(x,,5,,2,),

1
Z2,,1= E [1 + sin(zn)] = f3(xn: Yo Zn)‘

Starting with the initial point x@ = [1/10, 1/ 4, 1/ 12]7, we obtain the following se-
quence of iterates
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xV' =[0.065710, 0.246560, 0.076397]T
x? =[0.069278, 0.246415, 0.076973]T
x® =[0.068952, 0.246445, 0.076925]7
x® =[0.068980, 0.246442, 0.076929]T
x® =[0.068978, 0.246442, 0.076929]7.
Hence, the solution correct to six decimal places is obtained after five iterations.

Polynomial equations

1.50 Obtain the number of real roots between 0 and 3 of the equation

1.51

Plx)=x*—4x3 +3x? +4x -4 =0
using Sturm’s sequence.
Solution
For the given polynomial, we obtain the Sturm’s sequence
fx)=x*—4x3 + 3x2 + 4x — 4,
fi(x) = 2x3 — 6x2 + 3x + 2,
folx) = x% — 3x + 2,
f3(x) =x -2,
fix) = 0.
Since f,(x) = 0, we find that x = 2 is a multiple root of f (x) = 0 with multiplicity 2.

Dividing the elements in the Sturm’s sequence by x — 2, we obtain the new Sturm’s
sequence as

) =23 — 202 —x + 2,
fif) = 222 = 2 — 1,
fax)=x-1,
fifx) = 1.
The changes in signs of /* are given in the following table.

x  ff O ff v
0 + — - + 2

3 + + + + 0

Using Sturm’s theorem, we find that there are two real roots between 0 and 3.

Hence, the polynomial f(x) = 0 has 3 real roots between 0 and 3. One root is 2 which is a

double root.

Determine the multiplicity of the root § = 1, of the polynomial
Plx)=xP—2x*+4x3 —x2 - Tx +5=0

using synthetic division. Find also P '(2) and P "(2).

Solution

Using the synthetic division method, we obtain
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1 1 -2 4 -1 -7 5
1 -1 2 -5
1 -1 3 2 -5 0=P(1)
1 0 3 5
1 0 3 5 0=P'(1)
1 1 4
1 1 4 9=P"(1)/2

Since P(1) = P'(1) =0 and P "(1) # 0, the root 1 is a double root of P(x) = 0.
To find P '(2) and P "(2), we again use the synthetic division method

2 1 -2 4 -1 -7 5
2 0 8 14 14
1 0 4 7 7 19=P(2)
2 4 16 46
1 2 8 23 53=P'(2)
2 8 32
1 4 16 55=P"(2)/2

Hence, we get P '(2) = 53 and P "(2) = 110.
1.52 Use the Birge-Vieta method to find a real root correct to three decimals of the following
equations :
() x® —11x2+32x - 22=0,p = 0.5, () x°—x+1=0,p=-1.5,
(@) x8—x*-x*-1=0,p=15
Find the deflated polynomial in each case.
Solution
Using the Birge-Vieta method (1.29),

b
pk+1=pk_cn , k=0,1, ..

n-1
(where b, = f (x,), ¢, ; = f'(x, ;) and the synthetic division, we obtain the following
approximations.

(i) First iteration p, = 0.5.

0.5 1 -11 32 - 22
0.5 - 5.25 13.375
1 - 10.5 26.75 — 8.625
0.5 - 5.00
1 - 10.0 21.75
8.625
py=0.5+ ———- =0.8966.

2175
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Second iteration p; = 0.8966.

0.8966 1 -11 32 - 22
0.8966 — 9.0587 20.5692
1 — 10.1034 22.9413 — 1.4308
0.8966 — 8.2548
1 — 9.2068 14.6865
0.8966 14308 0.9940
=0. +———=0. .
P2 14.6865
Third iteration p, = 0.9940.
0.9940 1 -11 32 - 22
0.9940 — 9.9460 21.9217
1 — 10.0060 22.0540 —0.0783
0.9940 — 8.9579
1 —9.0120 13.0961
0.9940 70'0783 0.99998
= . + = . .
Py 13.0961
The root correct to three decimals is 1.00.
Deflated polynomial
1 1 -11 32 - 22
1 - 10
‘ 1 - 10 22
The deflated polynomial is x% — 10x + 22.
(i1) First iteration p, = — 1.5.
-15 1 0 0 0 -1 1
-15 2.25 - 3.375 5.0625 —6.0938
1 -15 2.25 - 3.375 4.0625 — 5.0938
-15 4.5 —10.125 20.25
1 -3 6.75 - 135 24.3125
1.5 50938 1.2905
=—15+ - =-1.
P 24.3125 ’
Second iteration p; = — 1.2905.
— 1.2905 1 0 0 0 -1 1
— 1.2905 1.6654 — 2.1492 2.7735 — 2.2887
1 — 1.2905 1.6654 — 2.1492 1.7735 — 1.2887
— 1.2905 3.3308 —6.4476 11.0941
1 — 2.5810 4.9962 — 8.5968 12.8676
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12887

=-1.2905 + =-1.1903.
Py 12.8676
Third iteration p, = — 1.1903
— 1.1903 1 0 0 0 -1 1
— 1.1903 1.4168 — 1.6864 2.0073 — 1.1990
1 — 1.1903 1.4168 — 1.6864 1.0073 - 0.1990
— 1.1903 2.8336 — 5.0593 8.0294
1 — 2.3806 4.2504 — 6.7457 8.0367
0.1990
=-1.1903 + =—-1.1683.
P3 9.0367
Fourth iteration p; = — 1.1683.
— 1.1683 1 0 0 0 -1 1
— 1.1683 1.3649 — 1.5946 1.8630 — 1.0082
1 — 1.1683 1.3649 — 1.5946 0.8630 — 0.0082
— 1.1683 2.7298 — 4.7838 7.4519
1 — 2.3366 4.0947 - 6.3784 9.3149
0.0082
=-1.1683 + =-1.1673.
Ps 8.3149
The root correct to three decimals is — 1.167.
Deflated polynomial
- 1.167 1 0 0 0 -1 1
- 1.167 1.3619 — 1.5893 1.8547
‘ 1 - 1.167 1.3619 — 1.5893 0.8547

The deflated polynomial is given by
x* —1.167x% + 1.3619x2 — 1.5893x + 0.8547 = 0.
(i17) First iteration p, = 1.5.

1.5 1 0 -1 -1 0 0 -1
1.5 2.25 1.875 1.3125 1.9688 2.9532
1 1.5 1.25 0.875 1.3125 1.9688 1.9532
1.5 4.5 8.625 14.25 23.3438
1 3 5.75 9.5 15.5625 25.3126
_15_ 19932 008
P1= 297 953196 ~ S
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1.53

Second iteration p; = 1.4228.

1.4228 | 1 0 -1 -1 0 0 -1
1.4228 2.0244 1.4575 0.6509 0.9261 1.3177
1 1.4228 1.0244 0.4575 0.6509 0.9261 0.3177

1.4228 4.0487 7.2180 10.9207 16.4641

1 2.8456 5.0731 7.6755 11.5716 17.3902

=1.4228 M =1.4045
Py = 222557 173902 T U
Third iteration p, = 1.4045.
1.4045 | 1 0 -1 -1 0 0 -1

1.4045 1.9726 1.3660 0.5140 0.7219 1.0139

1 1.4045 0.9726 0.3660 0.5140 0.7219 0.0139
1.4045 3.9452 6.9071 10.2151 15.0690

1 2.8090 4.9178 7.2731 10.7291 15.7909

_ 14045 20189 ) 1036
Ps = T 157909 Y

The root correct to three decimals is 1.404.

Deflated polynomial

1.404 1 0 -1 -1 0 0 -1

1.404 1.9712 1.3636 0.5105 0.7167

‘ 1 1.404 0.9712 0.3636 0.5105 0.7167

The deflated polynomial is given by
x5 +1.404 x* + 0.9712 x3 + 0.3636 x2 + 0.5105x + 0.7167 = 0.

Find to two decimals the real and complex roots of the equation x° = 3x — 1.
Solution
Taking f (x) = x° — 3x + 1, we find that £ (x) has two sign changes in the coefficients and
thus can have a maximum of two positive real roots. Also, f (—x) = —x° + 3x + 1 has only
one change of sign and hence has one negative real root.
We find that
f(=2)<0,f(-=1)>0,f(0)>0,f(1)<0and £(2) > 0.
Thus, f (x) = 0 has one negative real root in (- 2, — 1) and two positive real roots in the

intervals (0, 1) and (1, 2) respectively. Hence, the given polynomial has three real roots
and a pair of complex roots.

We first determine the real roots using the Birge-Vieta method (1.29) :

b,
Pra=Pr= 7, > k=0,1, ..

n-1
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First real root. Let p, = 0.

0 1 0 0 0 -3 1
0 0 0 0 0
1 0 0 0o -3 1=b,
0 0 0 0
1 0 0 0 -3=c,,
p, =0.3333.
0.3333 1 0 0 0 -3 1
0.3333 0.1111 0.0370 0.0123 — 0.9958
1 0.3333 0.1111 0.0370 — 2.9877 0.0042 = bn
0.3333 0.2222 0.1111 0.0494
1 0.6666 0.3333 0.1481 —2.9383 = c, 1
0.0042
= 0.3333 + = 0.3347.
P2 2.9383

Hence, the root correct to two decimals is 0.33. Let the root be taken as 0.3347.
First deflated polynomial

0.3347 | 1 0 0 0 -3 1
0.3347 0.1120 0.0375 0.0125 —0.9999
‘ 1 0.3347 0.1120 0.0375 - 2.9875 0.0001

The deflated polynomial is
x* +0.3347x% + 0.1120x% + 0.0375x — 2.9875 = 0
with the error in satisfying the original equation as f(0.3347) = 0.0001.
We now find the second root using the deflated polynomial.
Second real root. Let p, = 1.2

12 | 1 03347  0.1120 0.0375 — 2.9875
1.2 1.8416 2.3444 2.8583
1 15347  1.9536 2.3819 ~0.1292=b,
1.2 3.2816 6.2822
1 27347  5.2352 8.6641 = c,
1292
p =12+ 2 91 = 1.2149.
121490 1 03347 01120 00375  —2.9875
12149 18826 24233 2.9896
1 15496 19946  2.4608 0.0021 = b,
12149 33586  6.5036
1 27645 53532 8964d=c,
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0.0021

8.9644
Hence, the root correct to two decimals is 1.21.

Let the root be taken as 1.2147.
Second deflated polynomial

Dy =1.2149 — =1.2147.

1.2147 1 0.3347 0.1120 0.0375 — 2.9875
1.2147 1.8821 2.4222 2.9878
‘ 1 1.5494 1.9941 2.4597 0.0003

The deflated polynomial now is

%3 + 1.5494x2 + 1.9941x + 2.4597 = 0
with the error P, (1.2147) = 0.0003.
We now find the third root using this deflated polynomial.
Third real root. Let p, = — 1.4.

-14 1 1.5494 1.9941 2.4597
-14 — 0.2092 — 2.4989
1 0.1494 1.7849 —0.0392 = bn
-14 1.7508
1 -1.2506 3.5357=c, ,
14420392 ) aggg
=-14+ =-1. .
Py 35357
—1.3889 | 1 1.5494 1.9941 2.4597
— 1.3889 — 0.2229 — 2.4600
1 0.1605 1.7712 0.0003 = bn
— 1.3889 1.7061
1 —1.2284 34773 =¢, ,
0.0003 _

=-13888.

—_1.3889 +
Py 34773

Hence, the root correct to two decimals is — 1.39.
Let the root be taken as — 1.3888.
We now determine the next deflated polynomial

— 1.3888 1 1.5494 1.9941 2.4597
— 1.3888 - 0.2230 — 2.4597
| 1 0.1606 1.7711 0.0000

The final deflated polynomial is
2%+ 0.1606x + 1.7711 =0
whose roots are — 0.0803 + 1.3284:.
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Hence, the roots are
0.3347, 1.2147, — 1.3888, — 0.0803 + 1.3284..
Rounding to two places, we may have the roots as
0.33,1.21,-1.39, - 0.08 + 1.33i.

1.54 Carry out two iterations of the Chebyshev method, the multipoint methods (1.11) and
(1.12) for finding the root of the polynomial equationx3 — 2 = 0 withx, = 1, using synthetic
division.

Solution
Chebyshev method (1.10) is given by

a1 =X — f_]f_lsz—fé’
w2
We use synthetic division method to find f,, /3 and /3.
(2) First iteration x, = 1

k=0,1,..

1 1 0 0 -2
1 1 1
1 1 1 -1=f,
1 2
1 2 3=1x
1
1 3=1y /2
=1 l—l(i) = 1.2222
¥ =1+ 3 3l97) =L .
Second iteration
1.2222 1 0 0 -2
1.2222 1.4938 1.8257
1 1.2222 1.4938 —-0.1743 = fk
1.2222 2.9875
1 2.4444 44813 = f3'
1.2222
1 3.6666 = f' /2
1743 1 (-0.1743)%(7.3332
Xy = 1.2222 + 0.1743 ——.( 0.1743) (73333 ) =1.2599.
44813 2 (4.4813)
(i) Multipoint method (1.11) gives the iteration scheme
* 1/
Xy =X, — ———
kBl = X, 9 fk'
I

X =X, —
k+1 k f'(x]:+1)

We calculate £, £, f' (x,;l) using synthetic division method.
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First iteration x, = 1.

The values of f,, f;' can be taken from the first iteration of Chebyshev method. We have

. 1
=1+—.- =1.1667,
M1 2°3
1.1667 | 1 0 0 -2
1.1667 1.3612 1.5881
ES
1 1.1667 1.3612 —0.4119 = f(xp41)
1.1667 2.7224
1 2.3334 4.0836 = ' (Xp41)
=1+ = 1.2449.
! 4.0836
Second iteration x, = 1.2449.
1.2449 | 1 0 0 -2
1.2449 1.5498 1.9293
1 1.2449 1.5498 - 0.0707 = £,

1.2449 3.0996

1 2.4898 4.6494 = f3'

1 0.0707
* = 1.2449 + = . = 1.2525.
2 I+ o 46494 525
1.2525 | 1 0 0 -2
1.2525 1.5688 1.9649
1 1.2525 1.5688 —0.0351 = f(x47)

1.2525 3.1375

1 25050  4.7063 = [’ (xp41)

0.0707
%y = 1.2449 + 47063 - 1.2599.
(ii1) Multipoint method (1.12) gives the iteration scheme
: f
Xp+1 = X ~ f]:,e
* f(x*+ )
a1 = Xhe1 ~ ],e =
fi

First iteration x, = 1.

The values of f,, f;; can be taken from the first iteration of Chebyshev method, We have

) 1
x =1+ 3 =13333.
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1.3333 | 1 0 0 )
1.3333 17777 2.3702
‘ 1 1.3333 17777 0.3702 = f1
0.3702
x;=1.3333 - = = 1.2099.
Second iteration x, = 1.2099.
1.2099 | 1 0 0 )
1.2099 1.4639 1.7712
1 1.2099 14639 —0.2288 =,
1.2099 2.9277
1 2.4198 4.3916 = [’
* 0.2288
=1.2099 =1.2620
2 T 43916
1.2620 | 1 0 0 )
1.2620 1.5926 2.0099
‘ 1 1.2620 1.5926 0.0099 = [ (xp47)
_ 1.2620 - 29099 _ ) or97
Yo = HEDEVT 43916 T A

1.55 It is given that the polynomial equation
Oxt +12x3 4+ 13x2 +12x +4=0

has a double root near — 0.5. Perform three iterations to find this root using (i) Birge-Vieta
method, (if) Chebyshev method, for multiple roots. Find the deflated polynomial in each case.

Solution
(i) Birge-Vieta method p, = — 0.5
First iteration

—05 |9 12 13 12 4
~45  -375  -4625 - 3.6875
9 75 9.25 7375 03125=b,
~45  -15  -38T5
9 30 7.75 35 =c,
by 2(0.3125)
=py—2 |2t |=-05-2222220 L 6786,
P1=Po {cJ 35
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Second iteration

- 0.6786 9 12 13 12 4
- 6.1074 — 3.9987 — 6.1083 — 3.9981
9 5.8926 9.0013 5.8917 0.0019 = b4
—-6.1074 0.1458 - 6.2072
9 —0.2148 9.1471 —0.3155 = ¢4
b .
Py=p,—2 4 1=-06786 -2 M =—0.6666.
cq -0.3155
Third iteration
— 0.6666 9 12 13 12 4
— 5.9994 — 4.0000 — 5.9994 —4.0000
9 6.0006 9.0000 6.0006 0.0 = b4
— 5.9994 — 0.0008 — 5.9989
9 0.0012 8.9992 0.0017 = ¢4

Since, b, =0, the root is — 0.6666. Again, since b, = 0 and ¢y = 0, the deflated polynomial
is

9x2 + 0.0012x + 8.9992 = 0.
(i) Chebyshev method p, = — 0.5.

First iteration

~05 |9 12 13 12 4
-45  -375 ~ 4625  —3.6875
9 7.5 9.25 7.375 03125 = b,
-45  -15 - 3.875
9 3.0 7.75 35=c,
- 45 0.75
9 -15 8.50=dy=P"(py)/2

Using (1.19) for m = 2, we have the method as

2
by by | [dy
—p.— 44|24 | L2
P1=Po C3 [ch £03J

2
——05- (%) -4(0'3125) (§) ~ —0.6667.
3.5 3.5 3.5

Second iteration

— 0.6667 9 12 13 12 4
—6.0003 —4.0000 —6.0003 —4.0000
9 5.9997 9.0000 5.9997 00=0,
—6.0003 0.0004 — 6.0006
9 — 0.0006 9.0004 —0.0009 = ¢4
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1.56

Since b, = 0, the root is — 0.6667. Again, since b, = 0 and ¢, = 0, the deflated polynomial
is given by
9x% — 0.0006x + 9.0004 = 0.
or x? —0.0007x + 1.00004 = 0.
The exact deflated polynomial equation is x2 + 1 = 0.

Given the two polynomial

P(x) = x5 — 4.8x* + 3.3x2 - 0.05
and Q(x, h) = x5 — (4.8 — h)x* + (3.3 + h)x? — (0.05 — h)
(a) Calculate all the roots of P.

(b) When A << 1, the roots of @ are close to those of P. Estimate the difference between
the smallest positive root of P and the corresponding root of Q.

(Denmark Tekniske Hojskole, Denmark, BIT 19 (1979), 139)
Solution
(a) Writing x? = ¢, we have the polynomial
P(t) = t* — 4.8¢2 + 3.3t — 0.05.
Using Graeffe’s root squaring method, we obtain

0 1 -4.8 3.3 - 0.05
1 23.04 10.89 0.0025

- 6.6 - 0.48
1 1 16.44 10.41 0.0025
1 270.2736 108.3681 0.6250 x 107°

—20.82 — 0.0822
2 1 249.4536 108.2859 0.6250 x 107°
1 62227.0986 11725.8361 0.3906 x 1010

— 216.5718 —0.0031
3 1 62010.5268 11725.8330 0.3906 x 1010

Hence, the roots of P(t) are obtained as

4,V =4.0546, ¢,V =0.7957, t,'V=0.0155,

t,? =39742, ¢,?=0.8117, t,%=0.0155,

t,® =3.9724, ¢,%=0.8121, t,3=0.0155.
Substituting in P(¢), we find that all the roots are positive.
Hence, the roots of the given polynomial P(x) may be taken as

+1.9931, + 0.9012, + 0.1245.

(b) When & << 1, the roots of @ are close to those of P. The approximation to the smallest

positive root x, of P and x] of @ can be approximated from
P=33x2-0.05=0
Q= (3.3 + h)x?—-(0.05-h) = 0.
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. _ 005 o |0.05- h
We obtain X, = /E’ xXq = ‘,—3'3 T

005 _[005-h
33 \33+h

3 el |

[0.05 6.7 0.05 6.7
= —_— 1 - 1 - _h +... = = = = 1.
3.3 [ ( 0.66 ﬂ 33 066 h= 1200

1.57 Using Bairstow’s method obtain the quadratic factor of the following equations (Perform
two iterations)

(@) x* — 3x3 + 20x? + 44x + 54 = 0 with (p, ¢) = (2, 2)
(i) x* — x3 + 6x2 + 5x + 10 = 0 with (p, q) = (1.14, 1.42)
(111) 23 — 3.7x% + 6.25x — 4.069 = 0 with (p, @) = (- 2.5, 3).

0
Hence Xy — X1 = \/

Solution
Bairstow’s method (1.30) for finding a quadratic factor of the polynomial of degree n is
given by
Pra =P, +0p
Qp1=9,+0q,k=0.1, ...
where Ap = — Onns = ba1 Cny

2
Ch2 ~ cn—3 (cn—l - bn—l)

Ag = bn—l (cn—l _bn—l) _bncn—z
=" Cros ~¢,3(c,1 =b,1)

We use the synthetic division method to determine b,’s and ¢;’s.

(i) First iteration p, = 2, q, = 2

-2 1 -3 20 44 54
-2 -2 10 - 56 4
-2 10 - 56
1 -5 28 -2=b 2=b,
-2 14 - 80
-2 14
R 40 ~68=c,,

Ap = —0.0580, Ag = — 0.0457,
pq =1.9420, g, = 1.9543.
Second iteration p; = 1.9420, q, = 1.9543

—1.9420 1 -3 20 44 54
— 1.9543 — 1.9420 9.697364 — 53.682830 0.047927
— 1.9543 9.6568151 — 54.022840
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1 — 4.9420 27.643064 —0.024679 = b, 0.025087 = b,
—1.9420 13.368728  — 75.849649
— 1.9543 13.453401
1 — 6.8840 39.057492  -62.420927 = ¢, ,

Ap =—-0.00072, Ag =-0.000511 p, = 1.9413, q, = 1.9538.
(i1) First iteration p, = 1.14, q, = 1.42.

-114 |1 -1 6 5 10
- 1.42 114 24396  —8.0023 - 0.0416
~1.42 3.0388 - 9.9678
1 -214  7.0196 0.0365=b, , —0.0094=b,
~1.14  3.7392 - 10.6462
- 142 4.6576
1 -328 93388 -59521=c,,
Ap =0.0046, Ag =0.0019, p,=1.1446, q,=1.4219.

Second iteration p, =1.1446, q, = 1.4219

~1.1446 | 1 -1 6 5 10
- 1.4219 ~1.1446 24547  —8.0498 0.0005
- 14219  3.0494 - 10.0
1 —21446  7.0328  —0.0004=b_, 0.0005=b,
- 11446  3.7648 - 10.7314
- 1.4219 4.6769
1 —-32892 93757 -6.0549=c,,

Ap =—0.00003, Ag =0.00003, p,=1.1446, q, = 1.4219.

(iz1) First iteration p, = — 2.5, q, = 3.0.

25 | 1 -37 6.25 — 4.069
-3.0 25  —30 0.625
-3.0 3.6
1 -12 025=b,, 0156=0,
2.5 3.25
-3.0
1 1.3 050=c,,

Op = 0.1174, Ag = 0.0974, p, = — 2.3826, g, = 3.0974.
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Second iteration p, = — 2.3826, q, = 3.0974.

2.3826 | 1 -37 6.25 - 4.069
- 3.0974 2.3826 - 3.1388 0.0329
- 3.0974 4.0805
1 -13174 00138=5b,_,  0.0444=b,
2.3826 2.5379
- 3.0974
1 1.0652 - 05457 =c,

Ap =—-0.0175, Aqg = 0.0325, p, =—2.4001, g, = 3.1299.
1.58 Find all the roots of the polynomial
2 —6x2+11x-6=0
using the Graeffe’s root squaring method.
The coefficients of the successive root squarings are given below.
Coefficients in the root squarings by Graeffe’s method

m 2m

0 1 1 -6 11 -6
1 36 121 36

- 22 - 72
1 2 1 14 49 36
1 196 2401 1296

- 98 — 1008
2 4 1 98 1393 1296
1 9604 1940449 1679616

— 2786 — 254016
3 8 1 6818 1686433 1679616
1 46485124 2.8440562(12) 2.8211099(12)

— 3372866 — 2.2903243(10)

4 16 1 43112258 2.8211530(12) 2.8211099(12)
Successive approximations to the roots are given below. The exact roots of the equation
are 3, 2, 1.

Approximations to the roots
m a, a, oy
1 3.7417 1.8708 0.8571
2 3.1463 1.9417 0.9821
3 3.0144 1.9914 0.9995
4 3.0003 1.9998 1.0000
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1.59 Apply the Graeffe’s root squaring method to find the roots of the following equations
correct to two decimals :

Dx*-2¢+2=0, (1) x3 +3x2-4=0.
Solution
(i) Using Graeffe’s root squaring method, we get the following results :

m 2m
0 1 1 0 -2 2
1 0 4 4
4 0
1 2 1 4 4 4
1 16 16 16
-8 - 32
2 4 1 8 - 16 16
1 64 256 256
32 — 256
3 8 1 96 0 256
1 9216 0 65536
0 — 49152
4 16 1=B,  9216=B, -49152=B, 65536 = B,
Since B, is alternately positive and negative, we have a pair of complex roots based on
B,, B,, B,.
One real root is | &, |16 =9216 or | &, | = 1.7692. On substituting into the given polyno-
mial, we find that root must be negative. Hence, one real is §, = — 1.7692.
To find the pair of complex roots p * ig, we have
B
| B |32=‘B—3 or B=1.0632=+p>+q>.
1
Also, &, +2p=0 or p=0.8846,

q?=p%2-p? or q=0.5898.
Hence, roots are 0.8846 + 0.5898;.

(i1)
m 2m

0 1 1 3 0 -4
1 9 0 16

0 24
1 2 1 9 24 16
1 81 576 256

— 48 — 288
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1.60

2 4 1 33 288 256
1 1089 82944 65536

— 576 — 16896
3 8 1 513 66048 65536
1 263169 4362338304 168

— 132096 — 67239936
4 16 1 131073 4295098368 168

almost half

=B, =B, =B, =B,

Since B, is almost half of the corresponding value in the previous squaring, it indicates
that there is a double root based on B, B; and B,. Thus, we obtain one double root as

& 1%2=18&, %= B, |
which gives | &, | = 2.0000. Substituting in the given equation we find that this root is
negative. Hence, &, = — 2.0.

One simple real root : | &, | = | B, / B, |

which gives &, = 1.0000. Substituting in the given equation, we find that the root is
positive.

Hence, the roots are 1.0000, — 2.0000, — 2.0000.

Consider the equation P(x) = 10x10 + x5 + x — 1 = 0.

Compute the largest positive real root with an error less than 0.02 using the Laguerre
method.

Solution
Let x, = 0.5. We have

p'(x) = 100x° + 5x* + 1, p"(x) = 900x8 + 20x3.
First iteration

P'(0.5)
= — = .2 11
P(0.5) 328511,
P"(0.5)
B=A2- =23.89833,
P(0.5)
10
x,=05+ = 0.5+ 0.20575 = 0.706.

A +,/9(10B - A?)
Second iteration

=— w =—-34.91187
P(0.706)
P"(0.706)
B = Az —_ T = B 42
P(0.706) 887.758
10
x,=10.706 + = 0.6724.

A-1/9(10B - A?)
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Third iteration

P'(0.6724)
A=————-=3928.21138
P(0.6724)
P"(0.6724)
B=A%2- ————~ =154 2.32
P(0.6724) p466362.3
10
xqy=0.6724 + = 0.672654.

A +/9(10B - A?)
The root correct to two decimals is 0.67.



CHAPTER 2

Linear Algebraic Equations and
Eigenvalue Problems

2.1 INTRODUCTION

Let the given system of n equations be written as
A X+ Qe Xg + ...+ @y, x, =b;

Qoq X1 + Qgg X + ... + Ay, X, = b,
a,, % +a,,%,+...+a, x =b,. 2.1)
In matrix notation, we can write (2.1) as
Ax=D)b (2.2)
a1 Qg - Ay
Qg1 Qg -+ Qg,
where A= . | =(a;)
Qu1 Qug 0 Ay,
_ T _ T
x=[x % .. x,]" and b=1[b; b, .. b, I

Definitions 2.1 A real matrix A is
nonsingularif | A | 20,
singularif | A | =0
symmetric if A = AT |
skew symmetric if A = - AT,
null ifaij =0, j=11)n,
diagonal if a;; = 0, i #,
unit matrix ifaij =0,i#j,a;=1,1=1(1)n,
lower triangular if a;=0,j>1,
upper triangular if a = 0,1>],
band matrix if a;; = 0, for j > 7 + p and
i >j+q,with band width p + ¢ + 1,
tridiagonal if a,; = 0, for | i —j | > 1,

71
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n
diagonally dominant if | a;; | 2 Z la; |, i=1(Dn,
o

orthogonal if A1 = AT,
A complex matrix A is
Hermitian, denoted by A* or A, if A = (A)T where A is the complex conjugate of A,
unitary if A1 = (A)7,
normal if AA* = A*A.

Definition 2.2 A matrix A is said to be a permutation matrix if it has exactly one 1 in each row
and column and all other entries are 0.

Definition 2.3 A matrix A is reducible if there exists a permutation matrix P such that
An Ay Ay 0
T _
0 A, or PAP' = A, Ay (2.3)
where A, and A,, are square submatrices.

PAPT=[

Definition 2.4 A real matrix M is said to have ‘property A’ if there exists a permutation matrix
P such that

A, A
PMPT=[ H 12} 2.4
A21 A22 ( )

where A, and A,, are diagonal matrices.

Definition 2.5 A matrix M is positive definite, if x*Mx > 0 for any vector x # 0 and x* = (X)7.
Further, x*Mx =0if x = 0.

If A is a Hermitian, strictly diagonal dominant matrix with positive real diagonal en-
tries, then A is positive definite.
Positive definite matrices have the following important properties :

(@) If A is nonsingular and positive definite, then B = A*A is Hermitian and positive

definite.
(i) The eigenvalues of a positive definite matrix are all real and positive.
(i7) All the leading minors of A are positive.

The solution of the system of equations (2.2) exists and is unique if | A | # 0. It has

nonzero solution if at least one of b, is not zero. The solution of (2.2) may then be written as
x = A1b. (2.5)

The homogeneous system (b, = 0, 7 = 1(1)n) possesses only a trivial solution x; =x, = ... =
x, = 0if | A | # 0. Consider a homogeneous system in which a parameter A occurs. The
problem then is to determine the values of A, called the eigenvalues, for which the system has
nontrivial solution. These solutions are called the eigenvectors or the eigenfunctions and the

entire system is called an eigenvalue problem. The eigenvalue problem may therefore be writ-
ten as

Ax=Ax or (A-ADx=0. (2.6)
This system has nontrivial solutions if
| A=A | =0 (2.7)

which is a polynomial of degree n in A and is called the characteristic equation. The n roots
AL, Ay, .., A, are called the eigenvalues of A. The largest eigenvalue in magnitude is called the
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spectral radius of A and is denoted by p(A). Corresponding to each eigenvalue A,, there exists
an eigenvector x; which is the nontrivial solution of
A-ADx =0. (2.8)
If the n eigenvalues A, i=1(1)n are distinct, then the n independent eigenvectors x,,
i = 1(1)n constitute a complete system and can be taken as a basis of an n-dimensional space.
In this space, any vector v can be expressed as

V=C X +CoXg+ ... +C X . (2.9)
Let the n eigenvalues A, 7 =1(1)n be distinct and S denote the matrix of the correspond-
ing eigenvectors
S=[x, x, .. x1.
Then, STAS=D (2.10)
where D is diagonal matrix and the eigenvalues of A are located on the diagonal of D. Further,

S is an orthogonal matrix. This result is true even if the eigenvalues are not distinct but the
problem has the complete system of eigenvectors.

Norm of a vector x

(i) Absolute norm (/; norm)

n

=l = Il (2.11)
=1
(i1) Euclidean norm

1/2
l1x |}, = (x*x)V2 = {z E? IZJ : (2.12)
1=1

(7i7) Maximum norm (/_, norm)

x|, = max |x;|. (2.13)
1<i<n

Norm of a matrix A

(@) Frobenius or Euclidean norm

. 1/2
FA)=| > lag*| . (2.14)
i1
(1) Maximum norm
IA ||, = max Z |y | (2.15)
(maximum absolute row sum).
A}, = max Z | ay | (2.16)

(maximum absolute column sum).
(iti) Hilbert norm or spectral norm
AL = VA (2.17)
where A = p(A*A). If A is Hermitian or real and symmetric, then
A =p(A2) = [p(A)]? and |[|A ||, = p(A). (2.18)
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Theorem 2.1 No eigenvalue of a matrix A exceeds the norm of a matrix
IA || = gA). (2.19)
Theorem 2.2 Let A be a square matrix. Then

lim A" =0

n —» o

if ||A||< 1, orif and only if p(A) < 1.
Theorem 2.3 The infinite series
I+A+A2+ .. (2.20)

converges if lim A™ =0 . The series converges to (I -A )L

m = w
Consider now the system of equations (2.2) Ax =b.
(@) If A=D, i.e., Dx = b, then the solution of the system is given by
b, .
x,=—, i=1Dn (2.21)
124
where a # 0.
(i) If A is a lower triangular matrix, i.e., Lx = b, then, the solution is obtained as

k-1
xk = {bk - z aijjJ/lkk B k= ]., 2, e, (2.22)

where a,, # 0, £ = 1(1)n. This method is known as the forward substitution method.
(i17) If A is an upper triangular matrix, i.e., Ux = b, then, the solution is given by

xk={bk— zaijjJ/tkk, k=n,n-1,..,1 (2.23)
j=k+1

wherea,, # 0, k£ = 1(1)n. This method is known as the backward substitution method.

2.2 DIRECT METHODS

Gauss Elimination Method

Consider the augmented matrix [A|b] of the system of equations Ax = b. Using elemen-
tary row transformations, Gauss elimination method reduces the matrix A in the augmented
matrix to an upper triangular form

Albl m U]l (2.24)

elimination
Back substitution, using (2.23), then gives the solution vector x. For large n, the opera-
tional count is = n3 / 3. The successive elements after each elimination procedure are obtained
as follow :

Set b =a ., L k=11n (2.25)
with B =b, i=11n.
The elements a;* with i, j 2 k are given by
® _ %k b
— L
a,F = a; g0 i

kk
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i=k +L,E+2,..,n;j=k+1,..,n,n+1

a;V=a; (2.26)
The elements a{¥,al,...,a!™ are called the pivots.

To avoid division by zero and to reduce roundoff error, partial pivoting is normally used.
The pivot is chosen as follows :
Choose j, the smallest integer for which

‘ a;z) = max‘ aél{:) ‘, k <i<n (227)
i

and interchange rows % and j. It is called partial pivoting.

If at the kth step, we interchange both the rows and columns of the matrix so that the
largest number in magnitude in the remaining matrix is used as pivot, i.e., after pivoting

| @, | =max | a; l,,j=kk+1,..,n
then, it is called complete pivoting.

Note that, when we interchange two columns, the position of the corresponding ele-
ments in the solution vector is also changed.

Complete pivoting is safe as errors are never magnified unreasonably. The magnifica-
tion factor is less than or equal to

fn — [(I’L _ 1) x 2 x 31/2 x 41/3 X ... X nl/(n—l)]l/z
for n x n system of equations. For example, we have the magnification factors
n 5 10 20 100

f, 5.74 18.30 69.77 35562.41

which reveals that the growth is within limits. Eventhough, the bound for the magnification
factor in the case of partial pivoting cannot be given by an expression, it is known (experimen-
tally) that the magnification error is almost eight times, in most cases, the magnification fac-
tor for complete pivoting. Complete pivoting approximately doubles the cost, while the partial
pivoting costs negligibly more than the Gauss elimination.

Gauss elimination with or without partial pivoting are same for diagonally dominant
matrices.

Gauss-Jordan Method

Starting with the augmented matrix, the coefficient matrix A is reduced to a diagonal
matrix rather than an upper triangular matrix. This means that elimination is done not only
in the equations below but also in the equations above, producing the solution without using
the back substitution method.

Alb] m. |dl. (2.28)

Jordan
This method is more expensive from the computation view point compared to the Gauss
elimination method. For large n, the operational count is = n%2. However, this method is
useful in finding the inverse of a non singular square matrix.

AL e [T[A. (2.29)

Jordan
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Triangularization Method

In this method, the coefficient matrix A in (2.2) is decomposed into the product of a
lower triangular matrix L and an upper triangular matrix U. We write

A=LU (2.30)

wherelij=0,j>i;uij=0,i>janduii=1.
This method is also called the Crout’s method. Instead of u; = 1, if we take /; = 1, then
the method is also called the Doolittle’s method.
Comparing the elements of the matrices on both sides, we obtain n? equations in n

unknowns, which uniquely determines L and U. We get

2

j-1
Zij=aij_ z likukj: 12 J,
k=1

i-1
u;= aij_zlikukj Li, i<J,
F=1

u, =1
The system of equations (2.2) becomes
LUx = b. (2.31)
We rewrite this system as
Ux =z, (2.321)
Lz =h. (2.32i1)

We first find z from (2.32i7) using forward substitution and then find x from (2.327) using
the back substitution.
Alternately, from (2.32ii) we have

z =L (2.337)
and from (2.32;) we have
x=U1lz (2.33i1)
The inverse of A can be obtained from
Al =U1LL, (2.34)

Triangularization is used more often than the Gauss elimination. The operational count
is same as in the Gauss elimination.

LU decomposition is not always guaranteed for arbitrary matrices. Decomposition is
guaranteed when the matrix A is positive definite.

Cholesky Method (Square Root Method)

If the coefficient matrix in (2.2) is symmetric and positive definite, then A can be
decomposed as
A=LLT (2.35)
where lij =0,5>1.
The elements of L are given by

i1 1/2
Zii =|a; ~ llz , 1= 1(1)n
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j-1
l;= {aij =D i likJ/ljj,
k=1

i=j+1,j+2,..,n;j=11n

l;=0, i< (2.36)
Corresponding to equations (2.33i,ii) we have
z = Lb, (2.371)
x = (L)1 z = (L1)Tz. (2.37i1)
The inverse is obtained as
Al=LDH1L1=(LHTLL (2.38)

The operational count for large n, in this case, is = n®/ 6.
Instead of A = LL”, we can also decompose A as A = UUT.

Partition Method

This method is usually used to find the inverse of a large nonsingular square matrix by
partitioning. Let A be partitioned as

A } (2.39)

where B, C, E, D, are of orders r x r,r x s, s x r and s x s respectively, with r + s = n. Similarly,
we partition A! as

(XY
T
Al= Z T: V} (2.40)
where X, Y, Z and V are of the same orders as B, C, E and D respectively. Using the identity
(1,10
S et S
AAl = 0 IJ
we obtain V=MD-EB!C)yl, Y=-B1(CV,

Z--VEB, X=B1_B1CZ,
where we have assumed that B! exists. If B! does not exist but D! exists then the equations

can be modified suitably. This procedure requires finding the inverse of two lower order matri-
ces, Bland (D-EB!C).

Condition Numbers

Sometimes, one comes across a system of equations which are very sensitive to round off
errors. That is, one gets different solutions when the elements are rounded to different number
of digits. In such cases, the system is called an ill-conditioned system of equations. The meas-
ure of the ill-conditionedness is given by the value of the condition number of the matrix A.
The condition number is defined as

cond (A) = K(A) = ||A ||| A7 || (2.41)
where ||. || is any suitable norm. This number is usually referred to as standard condition
number.

If K(A) is large, then small changes in A or b produces large relative changes in x, and
the system of equations Ax = b is ill-conditioned. If K(A) = 1, then the system (2.2) is well
conditioned. If || . || is the spectral norm, then
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KA) =||Al, 1A, = \/g (2.42)

where A and 1 are the largest and smallest eigenvalues in modulus of A*A. If A is Hermitian or
real and symmetric, we have
*
K(A) = s (2.43)
u*

where A\*¥, p* are the largest and smallest eigenvalues in modulus of A.
Another important condition number is the Aird-Lynch estimate. This estimate gives
both the lower and upper bounds for the error magnification. We have the estimate as
lerll  _lisxll_ x|
Ix|la+T) " [Ix|l ~lIx|Q-T)
where ¢ is the appropriate inverse of A (usually the outcome of Gauss elimination) ; r = Ax - b,
x is the computed solution and 7= ||cA -1 || < 1.

2.3 ITERATION METHODS

A general linear iterative method for the solution of the system of equations (2.2) may
be defined in the form

x®+D - Hx® + ¢ (2.44)
where x*+1 and x*) are the approximations for x at the (¢ + 1)th and kth iterations, respec-

tively. H is called the iteration matrix depending on A and ¢ is a column vector. In the limiting
case, when £ — o, x*) converges to the exact solution

x=A"1h. (2.45)
Theorem 2.4 The iteration method of the form (2.44) for the solution of (2.2) converges to the
exact solution for any initial vector, if || H || < 1 or iff p(H) < 1.
Let the coefficient matrix A be written as
A=L+D+U (2.46)

where L, D, U are the strictly lower triangular, diagonal and strictly upper triangular parts of
A respectively. Write (2.2) as

L+D+Ux=hb. (2.47)

Jacobi Iteration Method

We rewrite (2.47) as
Dx=-L+U)x+b
and define an iterative procedure as

x*k+D = _ DL + U)x® + Db. (2.48)
The iteration matrix is given by
H=-DYL +U). (2.49)

The method (2.48) is called the Jacobi Iteration method.
We write (2.48) as
xk+D = x® _ [T+ DYL + U)] x* + Db
=x®_D1[D+L+Ulx*®+D'b
or x**+D _x® =D (b - Ax®)
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or v =D1r®  or Dv® =r® (2.50)
where vi® = x* +1 _ x(® i5 the error vector and r'®) = b — Ax®is the residual vector. From the
computational view point, (2.50) may be preferred as we are dealing with the errors and not
the solutions.

Gauss-Seidel Iteration Method
In this case, we define the iterative procedure as
D+L)x*+D=_TUx® +b
or xt+D = _ (D + L)1 Ux*® + (D + L) b (2.51)

where H=- (D + L) Uis the iteration matrix. In terms of the error vector, we can write the
procedure as

vE+D =D+ L)y1r® or D+ L)vk+D=rk (2.52)
Successive Over Relaxation (SOR) Method

This method is often used when the coefficient matrix A of the system of equations is
symmetric and has ‘property A’. The iterative procedure is given by

x®+D = (D + wL)?! [(1 - w)D - wU] x* + wD +wL) b (2.53)
where w is the relaxation parameter. In terms of the error vector v, we can rewrite (2.53) as
vE+rD = (D + wLl) 1 r®, or (D + wL) v+ = yyr®, (2.54)

When w = 1, eq. (2.53) reduces to the Gauss-Seidel method (2.51). The relaxation pa-
rameter w satisfies the condition 0 < w < 2. Ifw > 1 then the method is called an over relaxation
method and if w < 1, it is called an under relaxation method. Maximum convergence of SOR is
obtained when

W =W,y x [1-41-p%] ” m (2.55)
where p=p(H,, ,.) and W 1S rounded to the next digit.
The rate of convergence of an iterative method is defined as
v=—In(p(H)), or alsoas v =—log,,(p(H)). (2.56)

where H is the iteration matrix.
The spectral radius of the SOR method is W, — 1 and its rate of convergence is
v=-—In (Wopt -1 orV=-log,, (Wopt -1).

Extrapolation Method
There are some powerful acceleration procedures for iteration methods. One of them is
the extrapolation method. We write the given iteration formula as
xk+D = Hx® + ¢
and consider one parameter family of extrapolation methods as
X(k+ 1 - y [Hx(k) + c] + (1 _ y) X(k) = ny(k)+ yc
where H =yH+(1- y) L. Suppose that, we know that all the eigenvalues of H lie in an interval
la, b], 1 U [a, b], on the real line. Then
pH)<1-]v|d
where d is the distance from 1 to [a, b]. The optimal value of y which gives maximum rate of
convergence is y=2/(2 —a —b).
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24 EIGENVALUE PROBLEMS

Consider the eigenvalue problem
Ax = Ax. (2.57)

Theorem 2.5 (Gerschgorin) The largest eigenvalue in modulus of a square matrix A cannot
exceed the largest sum of the moduli of the elements in any row or column.

Theorem 2.6 (Brauer) Let P, be the sum of the moduli of the elements along the kth row
excluding the diagonal element a,,. Then, every eigenvalue of A lies inside or on the boundary
of atleast one of the circles
| A\—a,, | =P, k=11n.
We have, therefore

n
(@) | A | £ max z e, | (maximum absolute row sum).
12
£=1

n

@) | A ] < max z laj| (maximum absolute column sum).
j=1
(i17) All the eigenvalues lie in the union of the circles

n
| A —a,, | < Z | |
i=1
J*tk
(iv) All the eigenvalues lie in the union of the circles

n
| A=y | <) lagl (2.580)
I3k
These four bounds are independent. Hence, the required bound is the intersection of
these four bounds.
If A is symmetric, then the circles become intervals on the real line.
These bounds are referred to as Gerschgorin bounds or Gerschgorin circles.

Theorem 2.7 If the matrix A is diagonalized by the similarity transformation S~ AS, and if B
is any matrix, then the eigenvalues y, of A + B lie in the union of the disks
| u—A; | <cond_ (S)[|B L, (2.58i1)
where A, A,, ..., A are the eigenvalues of A and cond,, (S) is the condition number of S.
Uéually, B is a permutation matrix.
Let S AS = D. Then we have,
spectrum (A + B) = spectrum [S7(A + B)S]
= spectrum [D + S~ BS]
= spectrum [D + Q]
where Q = (g;) = S BS, and D is a diagonal matix.
By applying Gerschgorin theorem, the eigenvalues of A + B lie in the union of disks

| U=\, —q; | < Z lq;; |

~

F3

~

1
J
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Further, if A is Hermitian, then condition (2.58:7) simplifies to
| H=A; | =n|[B]l,
Let us now consider methods for finding all the eigenvalues and eigenvectors of the
given matrix A.

Jacobi Method for Symmetric Matrices

Let A be a real symmetric matrix. A is reduced to a diagonal matrix by a series of
orthogonal transformations S,, S, ... in 2 x 2 subspaces. When the diagonalization is com-
pleted, the eigenvalues are located on the diagonal and the orthogonal matrix of eigenvectors
is obtained as the product of all the orthogonal transformations.

Among the off-diagonal elements, let | a, | be the numerically largest element. The
orthogonal transformation in the 2 x 2 subspace spanned by a,, a,,, a,;, a,, is done using the

matrix !
S % cos 0 -sinb
1 sin® cos©

The value of 6 is obtained such that (S,*) A 8 * = (S,;*)T AS,* is diagonalized. We find

2a;
tan20= —%—  -Tgc (2.59)
Q; ~ Ay 4 4
w4, a, >0,
Ifa, = a,,, then 0=|_ 14 ‘;’Z =0 (2.60)

The minimum number of rotations required to bring A into a diagonal form is n(n — 1)/ 2.
A disadvantage of the Jacobi method is that the elements annihilated by a plane rotation may
not necessarily remain zero during subsequent transformations.

Givens Method for Symmetric Matrices

Let A be a real symmetric matrix. Givens proposed an algorithm using plane rotations,
which preserves the zeros in the off-diagonal elements, once they are created. Eigenvalues
and eigenvectors are obtained using the following procedure :

(a) reduce A to a tridiagonal form B, using plane rotations,

(b) form a Sturm sequence for the characteristic equation of B, study the changes in

signs in the sequences and find the intervals which contain the eigenvalues of B,
which are also the eigenvalues of A.

(c) using any iterative method, find the eigenvalues to the desired accuracy.

(d) find the eigenvectors of B and then the eigenvectors of A.

The reduction to the tridiagonal form is achieved by using orthogonal transformations
as in Jacobi method using the (2, 3), (2, 4), ..., (2, n), (3, 4), ..., (4, 5), ... subspaces. When
reduction with respect to the (2, 3) subspace is being done, 6 is obtained by setting a,,' = a ;'
= 0, which gives

tanO:ai, _ESQSE (2.61)
Q9 4 4
where A’ is the transformed matrix. This value of 0, produces zeros in the (3, 1) and (1, 3)
locations. The value of 6, obtained by settinga,,*=a,;*=0, when working in the (2, 4) subspace,
that is tan 6 = a,,' / a',,, produces zeros in the (4, 1) and (1, 4) locations. The total number of
plane rotations required to bring a matrix of order n to its tridiagonal form is (n — 1) (n — 2) / 2.
We finally obtain
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b, ¢ 0
¢ by ¢
c, b c
B=| 2 2 7 (2.62)
cn -2 bn -1 cn -1
0 cn -1 bn

A and B have the same eigenvalues. If ¢, # 0, then the eigenvalues are distinct. The
characteristic equation of B is

fo=1MN-B|=0. (2.63)
Expanding by minors, we obtain the sequence { £, }
fo=1fi=A-b,
and f,=A=b)f_—(c, [ 5;2<r<n. (2.64)

Ifnone of the ¢, i = 1, 2, ..., n — 1 vanish, then { /', } is a Sturm sequence. If any of ¢, = 0,
then the system degenerates. For example, if any of the ¢, = 0, then B given by (2.62) is of the

form
P O
B - ( P Q) (2.65)
and the characteristic equation of B is
f,, = (ch. equation of P) (ch. equation of Q). (2.66)

Let V(x) denote the number of changes in signs in the sequence { f; } for a given number
x. Then, the number of zeros of f, in (a, b) is | V(a) — V(b) | (provided a or b is not a zero of £, ).
Repeated application, using the bisection method, produces the eigenvalues to any desired
accuracy.

Let v, be the eigenvector of B corresponding to A,. Then, the eigenvector u, of A is given
by

u, = Sv; (2.67)

where S=8 S, ... S ) is the product of the orthogonal matrices used in the plane rotations.

Householder’s Method for Symmetric Matrices

In Householder’s method, A is reduced to the tridiagonal form by orthogonal transfor-
mations representing reflections. This reduction is done in exactly n — 2 transformations. The
orthogonal transformations are of the form

P=1I-2ww’ (2.68)
where w [ R", such that w = [x, x,, ... x,]7 and
wiw=x2+x2+ .. +x2=1 (2.69)

P is symmetric and orthogonal. The vectors w are constructed with the first (r — 1) components
as zeros, that is

wT=(0,0,..0,x,x , X)) (2.70)

r+1 2 %n

with x2 + 27,1 + ... + x2 = 1. With this choice of w,, form the matrices

P=I-2w wT (2.71)
The similarity transformation is given by
P1AP =PTAP =P AP, (2.72)

Put A = A, and form successively
A=PA P, r=23,..,n-1 (2.73)
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At the first transformation, we find x,’s such that we get zeros in the positions (1, 3),
(1, 4), ..., (1, n) and in the corresponding positions in the first column. In the second
transformation, we find x,’s such that we get zeros in the positions (2, 4), (2, 5), ..., (2, n) and in
the corresponding positions in the second column. In (n — 2) transformations, A is reduced to
the tridiagonal form. The remaining procedure is same as in Givens method.

For example, consider

a1 Qg Qi3 Ay
Qg1 Qgg Qg3 Aoy
Q31 Qg OG33 O3y
Ay Qg9 Q43 Qyq
For the first transformation, choose

A- (2.74)

w,l =10 x, x5 x,]

x5 + x5 +x; = 1. (2.75)

_ [ 2 2 2
We find sy =4ajy tajz tajy

x22 _ 1(14_ a;p sign (alz)J
2 81
_ Gigsign(agy) g sign (@gp)
57 2sx 4T 9six,
This transformation produces two zeros in the first row and first column. One more
transformation produces zeros in the (2, 4) and (4, 2) positions.

(2.76)

Rutishauser Method for Arbitrary Matrices

Set A = A, and decompose A, as

A =LU, (2.77)
with /.. = 1. Then, form A, = U L,. Since A, = UL, = UA, U1, A and A, have the same
eigenvalues. We again write

A, =L,U, (2.78)
with/; = 1. Form A, = U,L, so that A, and A, have the same eigenvalues. Proceeding this way,
we get a sequence of matrices A,, A,, A, ... which in general reduces to an upper triangular
matrix. If the eigenvalues are real, then they all lie on the diagonal. The procedure is very
slow, if A has multiple eigenvalues, and it will not converge if A has complex eigenvalues.

Power Method

This method is normally used to determine the largest eigenvalue in magnitude and the
corresponding eigenvector of A. Fastest convergence is obtained when A’s are distinct and far
separated. Let v be any vector (non orthogonal to x) in the space spanned by the eigenvectors.
Then, we have the algorithm

Yie1= AV,
vk+1=yk+l/mk+l (2.79)
where m, = max | (vp. 1), |-
(Yr+1)r
Then, A = lim g9 (2.80)

k- o (Vk )r
and v, , , is the required eigenvector.
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Inverse Power Method

Inverse power method can give approximation to any eigenvalue. However, it is used
usually to find the smallest eigenvalue in magnitude and the corresponding eigenvector of a
given matrix A. The eigenvectors are computed very accurately by this method. Further, the
method is powerful to calculate accurately the eigenvectors, when the eigenvalues are not well
separated. In this case, power method converges very slowly.

If A is an eigenvalue of A, then 1/ A is an eigenvalue of Al corresponding to the same
eigenvector. The smallest eigenvalue in magnitude of A is the largest eigenvalue in magnitude
of A1, Choose an arbitrary vector y, (non-orthogonal to x). Applying the power method on
Al we have

z,,, =AYy,
yk+1=zk+1/mk+1 (2'81)
where m,, , ; has the same meaning as in power method. We rewrite (2.81) as
Az, 1=y, (2.81a)
yk+1=zk+1/mk+1 (2'81b)

We find z,, , ; by solving the linear system (2.81a). The coefficient matrix is same for all
iterations.

Shift of Origin
Power and inverse power methods can be used with a shift of origin. We have the follow-
ing methods :

Shifted Power Method
zk+D = (A - qD) z%)
It can be used to find an eigenvalue farthest from a given number q.

Shifted inverse power method
25D = (A—qD1z® or (A—gl)z®+D=z®
It can be used to find an eigenvalue closest to a given number g.
In both cases, normalization is done according to (2.815).

2.5 SPECIAL SYSTEM OF EQUATIONS

Solution of tridiagonal system of equations

Consider the system of equations

Ax=Db
91 -n 0
—P2 Qg Iy
where A= ~P3 Q3 13
0 ~Pn 94

A special case of tridiagonal system of equations arise in the numerical solution of the
differential equations. The tridiagonal system is of the form
—Pix +qx;,—Tx,  =b, 1<js<n (2.82)
where p,, r, are given and x, x, , ; are known from the boundary conditions of the given
problem. Assume that
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p;>0,9;>0,r,>0 and gq;2p; +r, (2.83)
for 1 <j < n (that is A is diagonally dominant). However, this requirement is a sufficient
condition. For the solution of (2.82) consider the difference relation

x;=0x;,  +B,0<j<n. (2.84)
From (2.84) we have
X_1=a,_ % +PB (2.85)
Eliminating X from (2.82) and (2.85), we get
r bi+piBi_
q; —p;a;_4 q; —p;q;_4
Comparing (2.84) and (2.86), we have
r bi+piBi_
a J 2ITBF L (2.87)

7 q; =Py 7 g = pjo;
Ifx,=A, then a, =0 and B, = A, so that the relation

Xy = Ooxy + By (2.88)
holds for all x,. The remaining a, B, 1 <j < n, can be calculated from (2.87).
r b+ pA
o= q_’ 1=
1 q;
. = Ty B, = by + Py By
27 gy - pyoy’ 27 gy - pyay
a = r, _ bn * Py Bn -1
" Qn_pnan—l’ " Qn_pnan—l

If x, , ; = B is the prescribed value, then the solution of the tridiagonal system (2.82) is
given as
x,=0,B+p
X1 =01 %, + By (2.89)

Xy = A, + By
The procedure converges if | a; | < 1. This method is equivalent to the Gauss elimina-
tion and also minimizes the storage in the machine computations as only three diagonals are
to be stored.
If the problem is to solve only the tridiagonal system, then, set A = 0, B = 0 in the above
algorithm. This gives, from (2.88), a, = 0, B, = 0. The remaining procedure is the same as
above.

Solution of five diagonal system of equations

Another system of algebraic equations that is commonly encountered in the solution of
the fourth order differential equations is the five diagonal system

Ax=Db
R 1
Qs Ty S 1y 0
where A=|Ps 93 T3 Ss3  13

Pn1 9na Tha Spa
0 Pn QG Ty
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This leads to the recurrence relation

Py * G + 1N+ 8%+ 1%, 5=, (2.90)
2 <j<n - 2. For the solution, assume the recurrence relation
=0 =B VX, 0<jsn. (2.91)

From (2.91), we have
=0 =B = Y%
and Xig=0 5= BioX 1 —VipX;.
Substituting these expressions in (2.90) and simplifying we get

1
= 50 = (5 =¥, 09 4 — 4] (2.92)
where q*=q; =By p*=p; 05+ ;1 g*

r =PV~ B g
Comparing (2.92) with (2.91), we have

a,=(b,-p*) I r¥,

Bi=(s; =Y. 1q%) /1%

yj = t_] / )"*, (2.93)
Setting j = 0 in (2.91) we have
Xy = 0 — ByXy — Yoo (2.94)

This equation is satisfied for all x,, x, only if x, = a,, B, =0 =y,
If x, is prescribed then a, is known. If only a given system is to be solved then we set
a, =x, = 0. Setting j = 1in (2.91), we get

X = Ay — Bxy — VX (2.95)
This equation should be identical with the first equation of the system
1
1= 61 = 5125 — £33]. (2.96)
1
Comparing (2.95) and (2.96) we have
by $1 ty
O =7 Pi=, and vi= (2.97)

The remaining values a;, B, y,, 7 = 2, ... n are obtained from (2.93). Setting j = n in (2.91),
we get
X, =0, = ann+1_ynxn+2' (2.98)
Set y, = 0. If the problem is derived from a boundary value problem in which the values
at the end points are prescribed, then x, , ; =g, , ; is given. Otherwise, set B, = 0. Then (2.98)
gives either
X, =0, - ann+1 or x, =0,

The values x, ,, x ..., X; are obtained by back substitution in the equation (2.91).

n-—2’
2.6 PROBLEMS AND SOLUTIONS
2.1 Show that the matrix
12 4 -
7 1
11 6

is positive definite.
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2.2

Solution
Let x=[x; x, x,]7. Then
x*Ax = X! Ax
12 4 - X
=[xy x5 x5l 4 7 1]

= 12|x; [P +4 (%29 +Xpx1) — (X x5 +21X3) H(Ey x5 +x,73) +7[x, [F +6] a5
Let x,=p,+1iqy, %, =py+iq,, and x;=p,+iq,.
Then,
x*Ax = 12(pl2 + qlz) +8(pypy + q195) — 2(p 05 + q4195)
+ 2(pyps + qoq3) + T2 + ¢, + 6(p.% + ¢.2)
=(p;—Py)* + (@, =gy + 4p, + py)? + 4q, + q,)°

+ (Do +pg)2 +(qy + )% + T(p2 + ¢,2) + 2(p,2 + ¢,2) + 42 + ¢,2) > 0
Hence A is positive definite.
Show that the matrix

15 4 -2 9 0
4 7 1 1 1
-2 1 18 6 6
91 6 19 3
01 6 3 11
is positive definite. (Gothenburg Univ., Sweden, BIT 6 (1966), 359)
Solution
A matrix A is positive definite if x*Ax > 0, x Z 0.
Let x=[p q r s t|T where
p=p,+ipy, q=q,+iq, etc.
We have x*Ax = [1_) q r s t_]A[p qr s t]

= 15| p[” + 4 (pq + pq) -2 (pr + pr)

+9 (ps +ps) +7|q|* +(qr +qr)
+(gs +gs) +(qt +qt) +18]|r|?
+6(rs +r5) +6 (rt +rt) +19| s>
+3(5t +st) +11|t

Substituting p = p, + ip, etc. and simplifying we get

x*Ax = 4(p, +q)? + 2(p, —1)? + 9 p, +5,)?

+4(p, +Q2)2 + 2(p2—r2)2 +9(p, + 82)2
+(g,+r)?+ (g, +5)%+ (g, +t)?
+(qy + 1) + (gy + 8,)% + (g, + 1,)?
+6(r; + 5% + 6(r) +£,))? + 6(ry + s5,)*
+6(ry + 8% + 3(s; + )% + 3(s, + £,)?
+3r 2 +3r,2+t2+1t,”
>0

Hence, A is positive definite.
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1+s -s
A= ( s 1- s)
is given. Calculate p and ¢ such that A" = pA + gI and determine e?.
(Lund Univ., Sweden, BIT 28 (1988), 719)

2.3 The matrix

Solution
1+s -s\(1+s ~-s 1+2s -2s
2_ —_—
We have A —( s 1_3)( s 1-3)—( 2s 1—23)

1+s -s 10
=2( s 1—3)_(0 1)=2A‘I
A=ARA-T1)=2A?2-A=2CA-1)-A=3A-21
A*=A(BA-2I)=3A%2-2A =4A-31
By induction, we get
A"=nA+(1-n)l
Hence,p=nandg=1-n.

We have eA=I+_+_+_+

21 3!

A 1 1
=I+i+§[2A+(1—2)I]+a[3A+(1—3)I]+...
=A|:1+i+i+i+:|+I|:1+i(1—2)+i(1—3)+:|

1 2t 3! 21 3!

=eA+I|:[1+l+i+...)_(l+l+i+...]:|

21 3! 1 21 3!
=eA+1I[(e—1)—-(e—1)] =eA.

2.4 Solve the following system of equations

(a) 4, + x5+ x5 =4 b) X+ Xy —Xg =2
X, +4x,—2x5=4 2x, + 3xy + Sxg=—3
3xy + 2x9 —4x5=6 3xy + 2x9—3x3=6

(1) by the Gauss elimination method with partial pivoting,
(i) by the decomposition method with u; = uy, = uys = 1.

Solution
(a) (1) Consider the augmented matrix (A | b). Using elementary row transformations,
we get
4 1 1|4 4 1 1|4
(A|b)=[1 4 -214 D[O 15/4 - 9/4 3}
3 2 —-41|6 0 5/4 -19/4,|3

4 1 1
010 15/4 - 9/4
0 0 -4

4
3
2
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2.5

Back substitution gives the solution
xg=—1/2, x,=1/2 and x,=1
(i1) Writing A = LU, with u; = 1, we have
4 1 1] [l;; 0 O |[1 uyp ugs
1 4 -2|={ly; Ly 0|0 1 1wy
3 2 4| |l Iy I3[0 O 1

Comparing the elements on both sides and solving, we get

4 0 o0 1 /14 14
L=|1 15/4 0|, U=|0 1 -3/5
3 b5/4 -4 0 o 1

Solving Lz = b, by forward substitution, we get
z=[1 4/5 —-1/2]".
Solving Ux = z, by backward substitution, we have
x=[1 1/2 -1/2]".
(b) (i) Using the elementary row operations on the augmented matrix, we get

11 -1] 2 3 2 -3| 6
(A|b)=[2 3 5 —3:| oj2 3 5|-3
3 2 -3| 6 11 -1 2

3 2 -3| 6 3 2 -3| 6

0ojo 5/3 7|-7,0(0 5/3 7 -7

0 V3 0| O 0 0 -7/5]|7/5

Using, backward substitution, we obtain
x3=—1,%,=0 and x, =1
(i) Writing A = LU, with u; = 1, we have

1 1 - lll 0 0 1 ulz u13
2 3 5|=|ly Ly O0[/0 1 uy

3 2 -3 |l Iy I3||0 0 1
Comparing the elements on both sides and solving, we get
1 00 11 -
L=|2 10, u=|0 1 7
3 -1 7 00 1

Solving Lz =b,wegetz=[2 -7 -1]T
Solving Ux =z, wegetx=[1 0 —1]7.

Find the inverse of the matrix

1 2 1
2 3 -1
2 -1 3

by the Gauss-Jordan method.
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Solution

Consider the augmented matrix (A | I). We have

1

A|D=|2
2

1
oo
0
1
oo
0

The required inverse is
1

16

2.6 Find the inverse of coefficient

11
4 3
3 5

]

| X3

9 111 0 0 1 2 1 1 00
3 -1/0 1 0|0 0-1-3(-2 10
-1 3/0 0 1 0 -5 1/-2 0 1
2 1]1 0 0 1 0 -5|-3 2 0
1 3|2 -10(0(0 1 3 2 -1 0
0 16|8 -5 1 0 0 16 8 -5 1
0 0/-1/2 7/16 5/16

10 1/2 -1/16 -3/16
01 1/2 -5/16 1/16
-8 7 5

8 -1 -3

8 -5 1)

matrix of the system

X 1

Xy 6
4

by the Gauss-Jordan method with partial pivoting and hence solve the system.

Solution

Using the augmented matrix [A | I], we obtain

11 11100 4 3 -1/]0 10
4 3 -110 1 0{~|1 1 1|10 0
35 3/001 35 3/00 1
[1 3/4 -1/4|0 1/4 0 1 3/4 -1/4]0 1/4 0
~ 11 1 1/1 0 0|~|0 14 5/4/1 -1/4 0
|3 5 3/0 01 0 11/4 15/4|/0 -3/4 1
(1 8/4 -1/4|0 14 0 1 3/4 -1/4|0 1/4 0
~ ({0 11/4 15/4|0 -3/4 1|~ |0 1 15/11|0 -3/11 4/11
0 1/4 5/4|1 -1/4 0 0 1/4 5/4|1 -1/4 0
[1 0 -14/11|0 5/11 -38/11
~{0 1 15/11|0 -3/11 4/11
|0 0 10/11]1 -2/11 -1/11
1 0 -14/11 0 5/11 -3/11
~10 1 15/11 0 -3/11 4/11
10 0 1/11/10 -1/5 -1/10
100 7/5 1/5 -2/5
~10 1 0|-3/2 0 1/2
|0 0 1/11/10 -1/5 -1/10
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Therefore, the solution of the system is

2 7/5 15 -2/5]|1 1
Xo |=| —3/2 0 v2||6(=| 12
Xg 11/10 -1/5 -1/10]||4 -1/2

2.7 Show that the following matrix is nonsingular but it cannot be written as the product of
lower and upper triangular matrices, that is, as LU.

1 2 3
2 41

-1 0 2

A=

Solution
We have | A | =10 # 0. Hence, A is nonsingular.

Ly 0 O (|1 wyy ugs
Iy lap 0110 1 uy

Iy lsg I35 ||O O 1

Write A=

Comparing, we get

l1=1,1=2,1;,=-1,

Ujp=2, Uy =3, Ly, =0.
Since the pivot /,, = 0, the next equation for u,, is inconsistent and LU decomposition of
A is not possible.

2.8 Calculate the inverse of the n-rowed square matrix L

1 0
-1/2 1
L= -2/3 1
0 C—(-D/n 1
(Lund Univ., Sweden, BIT 10 (1970), 515)
Solution
Since the inverse of a lower triangular matrix is also lower triangular, we write
L1=(p ;) and
1 0
-1/2 1 Pu 0
-9/3 1 P21 P22 =1
0 ' _(n_l)/n 1 Pn1 Pn2 " Pan

Comparing the elements on both sides, we obtain

1
p11=1;—§p11+p21=0 or po =

b

O DN

2
Doy =1; ~gPn +pg;=0 or pg =

b

2 2
—§p22+p32=0 or p32=§ ; Pgg = 1 ete.

We find pij=j/i, i=].
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1 0
/2 1
Hence, L1l= 1{ 3 2( 31
1/n 2/n - (n-D/n 1
2.9 Given the system of equations
23 00 1
2 4 1 0] _|2
026 A|X|4
0 04 B C
State the solvability and uniqueness conditions for this system. Give the solution when
it exists. (Trondheim Univ., Sweden, BIT 26 (1986), 398)
Solution
Applying elementary row transformations on the augmented matrix, we obtain
23 0 0]1 230 01
2 4 1 02 0 01 10]1
0 26 A4 0 2 6 A|4
0 04 B|C 0 04 B|C
23 0 011 2 30 0 1
0 01101 0 011 0 1
0 04 A2 004 A 2
0 04 B|C 0 00 B-A|C-2
We conclude that
the solution exists and is unique if BZ A,
there is no solution if B=A and C # 2,
a one parameter family of solutions exists if B=A and C = 2,
For B # A, the solution is
x, =(8A-2B-3AC)/ (8B -A)),
xy=(2B—-4A + AC)/ (4B - A)),
xy = (2B - AC) /(4B - A)),
x,=(C-2)/(B-A).
For B = A and C = 2, we have the solution
x = (-0.25, 0.5, 0.5, 0)T + t(— 0.375A, 0.25A — 0.25A, 1)7,
where ¢ is arbitrary.
2.10 We want to solve the tridiagonal system Ax = b, where Ais (N -1) x (N —1) and

-3 1 1
2 -3 1 0 0
2 -3 1
A= , b= 0
0 2 -3 1

0
2 -3 0

State the difference equation which replaces this matrix formulation of the problem,
and find the solution. (Umea Univ., Sweden, BIT 24 (1984), 257)



Linear Algebraic Equations and Eigenvalue Problems

93

2.11

Solution
The difference equation is

2%, —3x,+x,

=0,n=1,2,..,N-1

with x, = — 0.5 and x,, = 0. The solution of this constant coefficient difference equation is

x, =Al" + B 2",
Substituting x,, = 0, we get A = — B 2V. Hence
x, = B(2" - 2N,

We determine B from the first difference equation — 3x; + x, = 1. We have
—3B(2 - 2N) +B(22 - 2MN) = 1.

[ Y

1

(Inst. Tech. Lyngby, Denmark, BIT 24 (1984), 128)

1
The solution is B = m
2n_2N 2n—1_2N—1
Hence, xn=2N+1_2= oN _1 ,n=12 ..
Given
(55 0 0 0 0 35]
0 55 0 0 0 15
0 0 625 0 375 0
A=lo o o 55 0 05"
0 0 37 0 625 0
135 15 0 05 0 55]
(a) Find the lower triangular matrix L of the Cholesky factorization,
(b) Solve the system Ax = b.
Solution
(a) Write
Ly
521 522 . 0
L= |31 ‘2 tfss
Iy lag lLg ly
Isy lso Ly lss Uss
leg log lgs les les lgg

Using LL” = A and comparing we get [ ;- We obtain

LLT x =
L7x =

() We have
Set

b.

z.

p
0

0
0
0

p
0
0

0

7/(2p) 3/(2p)
where p = /55 and ¢ = {31/11.

25
0
15

p
0

2

0 1/(2p) 0 ¢

Solving Lz=b,weget z=(1/p 1/p 04 1/p 02 07T
Solving L’x =z, weget x=(2/11 2/11 0.1 2/11 0.1 0)T.
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2.12 Calculate CTAB when A = LL”, with

1 0 1 2 3 4 1
1 2 5 6 7 8 5
L=11 93 | B=lg 10 11 12} ©=|14}
123 4 13 14 15 16 30

(Umea Univ., Sweden, BIT 24 (1984), 398)
Solution
CTA B = CT(LLY)! B = CT(L")'L'B
= CT(LHTL'B = (L''C)TL1B.
Since L is lower triangular, we have

1 0||l; 0 1 000
1 2 3 4|l Uy lLg ly 0 001
We find
1
-1/2 1/2 0
L1l=
0 -1/3 1/3
0 0 -1/4 1/4
1 2 3 4 1
2 2 2 2 2
1R _ 10 —
and L"B=\y4/3 43 4/3 a3/ L C=|3
1 1 1 1 4
Hence, CTAB = (L'IC)TL'B
=(13 14 15 16).
2.13 Find the inverse of the following n x n matrix
-1 .
X 1 0
x? X 1
A= x3 x2 x 1
_xn—l xn—Z x2 x 1J

(Lund Univ. Sweden, BIT 11 (1971), 338)
Solution

The inverse of a lower triangular matrix is also a lower triangular matrix. Let the in-
verse of the given matrix A be L. Using the identity AL = I, we get

1 h 0 10 -0
x 1 Iy o 01 ... 0
x? x 1 Iy lgg lgg =,

n-1 2 00 -1

X e X x 1 lnl an lnS lnn
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Comparing elements on both sides, we get

ly=1xly +1y,=0, or Iy, =—x,1, =1etc.

1, ifi=j
We find that Li=|—% ifi=j+1
0, otherwise.

Hence, we obtain

2.14 Find the inverse of the matrix

2 -1 2
-1 1 -
2 -1 3

by the Cholesky method.
Solution
Using the Cholesky method, write

i 0 0|1y Iy
A=LLT=|ly; Ly 0] 0 Iy
I3y g I33]| 0 O
Comparing the coefficients, we get
B=210,=2;
lLy=—1/2;1;=2/J2;
I3y =1/2,1,,=1 /2 ;

lyg=0; lg=1.
V2 0 0
Hence, L= —1/1/5 1/\/5 0
V2 0 1

Since L' is also a lower triangular matrix, write

J2 0011100[100

-VUJ2 U2 Of|ly; L, O |=|0 1 0

V20 1|l by B L0001
1/J2 0 0
We find L'=[1/J2 2 0
-1 0 1

Hence, Al=(LL) =L L1=(LH'L!= [

l31
132
l33
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2.15 Find the Cholesky factorization of

2.16

1 -1 0 0 0
-1 2 -1 0 0
0 -1 2 -1 0 .
0 0 -1 2 -1 (Oslo Univ., Norway, BIT 20 (1980), 529)
0O 0 0 -1 2

Solution
Let L = (/,) where [, = 0 for i <.
Writing the given matrix as LL7, we obtain

1 -1 0 0 O Iy 0 0 0 O||lhy Iy Iy lg In
-1 2 -1 0 O lyy I,y 0 0 O 0 by Iy ly Ly
0 -1 2 -1 0|=|lsg Iy lzz 0 0 0 0 Iy lyg Iy
o 0 -1 2 -1 lp b lg Ly O 0 0 0 Iy Iy
o 0 0 -1 2 by Iy lg lsa Iss [0 0 0 0 Iy

On comparing corresponding elements on both sides and solving, we get
l,y=1,1,,=-1,1,=0,i=3,4,5,
lyg=1,130=—-1,1,=0,i=4,5
ly3=1,1;3=-1,153=0,
ly=11,=-1,1,=1.

1 0 0 0O

-1 1 0 00

Hence, L= 0 -1 1 00
0O 0 -1 10

0O 0 0 -11

Determine the inverse of the matrix

11 1
4 3 -
356 3

using the partition method. Hence, find the solution of the system of equations
Xy+x,+x5 =1
dx, + 3xy—x5=6
3x, + 5xy + 3x5 =4
Solution
Let the matrix A be partitioned as

XY
Z |V

and Al= ["'T"

Now,
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D-EB'C=3+[3 5] [

Hence,

The solution of the given system of equations is

V=[D-EB'CY

Y=-BICV= [_

Z--VEB! =—i[3 5][ 3 '1}
10 -

X=B'1-B!CZ
-3 1 1
4

14 02
Al=|-15 0
11 -02

[-3 1]_1[-44
L 4 -1] 10 55

: k-

-0.4]
0.5
~0.1]

3 -1 1

—4 1}[—1}‘10
__1

10

ﬂ(_l_lo):_ 110

4 1

3 -1 1
R

8|_| 14 02
-10| [-15 O

1

}

i

4
5

)

—1—0[—11 2]

14 02 -04][1 1
x=|-15 0 05((6|=|] 0.5
11 -02 -01]/4 -05
2.17 Find the inverse of the matrix
(2 1.0 0
1210
012 1
0 0 1 2
by the partition method.
Solution
We partition the given matrix as
2 110 0
! B|C
A |12t 0| [BIC
01 i 2 1 E E D
10 011 2
and write the inverse matrix in the form
XY
A= 'z'rv'}

Using the fact that AA-! = I, we obtain

B C|/X Y|_[BX+CZ BY+CV| I 0
E D||Z V| |[EX+DZ EY+DV| |0 I
BX+CZ=1, BY+CV=0,

EX+DZ=0, EY+DV=1L

Hence,
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1} 2 -
=
We find B'= 3[_1 2]

Solving the above matrix equations, we get

V=(D_EB_1C)_1=|:4/3 1:|_1=3|: 2 - :l
1 2 ’

X-Bla-cz)-2| * 73
= I- )—5_3 6l

Thus we obtain
4 -3 2 -1

11-3 6 -4 2

-1 _ =

AT=2l 9 4 6 -3
-1 2 -3 4

2.18 (a) What is wrong in the following computation ?
1 001" _f1 0 w0 17"
T = Ao o]

1 o7 L1 0" o 1
‘[1 1} *nx10 [1 1} [0 0}

k
since 0 1 = 0 0 for k= 2.
00 00
1 01]" .
(b) Compute 01 1 exactly. (Lund Univ., Sweden, BIT 12 (1972), 589)

Solution

(a) We know that
(A+B)2=A2+AB + BA + B2=A2 + 2AB + B2

if and only if AB = BA.

In the given example, let

10 0 1
A=[1 J and B=102[O 0}

Then, AB = 1072 [8 ﬂ and BA =107 [é (ﬂ

Hence, AB # BA and therefore the given expression is not valid.

(b) The given matrix is symmetric. Hence, there exists an orthogonal similarity matrix
S which reduces A to its diagonal form D.

(cos 8 -—sin 6)

Let S = sin 6 cos O



Linear Algebraic Equations and Eigenvalue Problems 99

iaq [ cosB sinB)( 1 0.1)(cos6® -sinb
Then, S7AS = (— sin® cos0){01 1 /\sin® cosB

B (1+ 0.1sin 20 0.1cos 26 )—D

0.1cos26 1-0.1sin20
Since D is a diagonal matrix, we choose 6 such that 0.1 cos 26 = 0, which gives 6 = 1t/ 4.
Therefore,
A =SDS! whereD = (1(')1 0?9)

Hence, Al0 = SD10§-1

_ 1(1 —1)(a 0)( 1 1) _ 1(a+b a —b)

“91 110 b){-1 1) 2{a-b a+b
where a = (1.1)1° and b = (0.9)1°.

2.19 Compute Al where

114 1 -8
A=—|7 4 4
94 -8 1
(Uppsala Univ., Sweden, BIT 14 (1974), 254)
Solution
1~ 1 8 -4
We find A2=AA=§ 8 -1 -4
-4 -4 -7
100
A*=A2A2=|0 1 0|=1L
0 01
Hence, AS=AA* =1,
1l - 1 8 -4
A0 = ABAZ - A2=-—| 8 -1 -4]|
-4 -4 -7
2.20. For a linear system of equations of the kind

I-UVl)x=Db
Shermann-Morrisons’s formula gives the solution
T
X = {I + LT} b.
1-V'U
Let¢ UT=[0 1 2,,VT=[1 0 1] and bT'=[1 -1 -3I.
Use Shermann-Morrisons formula to solve the system
Ax=b when A=I-UVT,

(Royal Inst. Tech., Stockholm, Sweden, BIT 26 (1986), 135)
Solution

0 0O

We have Uvl=|1 0 1|, VITU=2.
2 0 2
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2.21

10 0 1 1
Therefore, x=[I-UVT]lb=|-1 1 -1{|-1|=|1|.
-2 0 -1{|-3 1

The matrix A is rectangular with m rows and n columns, n < m. The matrix ATA is
regular. Let X = (AT A)! AT. Show that AXA = A and XAX = X. Show that in the sense
of the method of least squares, the solution of the system Ax = b can be written as
x = Xb. Calculate X when

A=

1 2
1 3} (Lund Univ., Sweden, BIT 25 (1985), 428)
1 4

Solution
Note that AT A is an n x n regular matrix. We have
AXA=AATA)1ATA=AI=A
and XAX = (ATA) 1 ATA (ATA) 1 AT = (ATA)1AT=X.
The given system is
Ax=Db
(ATA1 ATAx=(ATA) 1 ATb
or x = Xb, which is the least square solution of the given problem, as described by

AT(Ax -b)=0.
For the given A, we have
X=(ATA)1 AT

_1[29 -9]f1 1 1]_1[11 2 -7
“6l-9 3|2 3 4|7 6[-3 0 3

NORMS AND APPLICATIONS

2.22 A is a given nonsingular n x n matrix, u is a given n x 1 vector, and v’ is a given 1 x n

vector
(a) Show that
A-uvl)y1=A"1l+aAluv’ A1
where a is a scalar. Determine a and give conditions for the existence of the inverse
on the left hand side.

(b) Discuss the possibility of a breakdown of the algorithm even though A is neither
singular nor ill-conditioned, and describe how such difficulties may be overcome.

(Stockholm Univ., Sweden, BIT 4 (1964), 61)

Solution
(a) We write

A-uv)1=[A0-ATuvD)]1=T-A1uvl )1 A1l
The required inverse exists if

|ATuv? ||<1, or iff p(ATuv?)< 1.
If ||Atuv”| <1, then

I-Alav)y1=T+Aluvl+ (A luvl)?+ ..
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2.23

2.24

Hence,
A-uvD)1=A1+ Aluvl A1+ . =Al+ Aluvl Al
Therefore, a = 1.
(b) The above algorithm may fail if
@O uvl=A, or
@) | I-A1uv? | =0, or
1) ||A T v || 21.
However, if uv’ (an n x n matrix) is nonsingular, then we may write the expansion as
A -uv?)! = ((uv?) [(av?) T A-1])! = - [I- (uv? )L Al (uv?)-L.
Setting H = uv’, we obtain
A-H)'1=-[I-H'A'H! =—[I+H'A+(H'A?+ ..]H!
if [HTA|<1.
Hence, we obtain
A-uvl)yl=—T+HIAH!=-[I+ (uvl)1A] (uv?)1
The matrix B is defined as
B=1+irA?
where I is the identity matrix, A is a Hermitian matrix and i2 = — 1. Show that || B || > 1,
for all real r # 0. || . || denotes the Hilbert norm. (Lund Univ., Sweden BIT 9 (1969), 87)
Solution
We have B =1+ irA2
Since A is Hermitian, we have
B*B = I - irA2)I + irA?) = I + r2A%.
Using the Hilbert norm, we obtain

IBll= JpB*B) =/pd+r2A%) = J1+r2\* >1
where A = p(A) and r £ 0.
Let R be a n x n triangular matrix with unit diagonal elements and with the absolute

value of non-diagonal elements less than or equal to 1. Determine the maximum possi-
ble value of the maximum norm ||R™||. (Stockholm Univ., Sweden, BIT 8(1968), 59)

Solution

Without loss of generality, we assume that R is a lower triangular matrix, R = (rij ),
where

ry=1r;=0fori<j and |r;|slfori>j.
Let R =(;),1l;=0fri<j
Since RR1 = I, we have

1
ryy 1 0(|ly Iy 0 1 0
r33 Tz 1 sy l3p lsg =
0 1

Thi The Tas " 1 lnl ln2 lnS lnn
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Comparing the corresponding elements on both sides, we get
Li=1ry +1y=0 or Iy =—ry,
Fap+Taolyy + 13 =0 or Iy =—(ry +ryly),
Fagg+lg=0 or ly=—rg,
Py + Tyolog + Tyglyy + 14y =0 or Ly =—(ry +rply; + 144l ete.
Hence, we have
|y | <1, [ 15| £2,
|1y | <1, 1, | <22 ..,
|, | <22
Using the maximum norm, we get
[RI<1+1+2+22+..+2"2
=2+2(1+ 2+ ... +2"8) =201,
Hence, the maximum possible value of the maximum norm of R is 271,
2.25 The n x n matrix A satisfies
A*=—-16A2-0641

Show that lim A™ exists and determine this limit.

(Inst. Tech., Gothenburg, Sweden, BIT 11 (1971), 455)
Solution
From the given matrix equation, we have
(A%2+0.81)2=0.

We get A2=_081
A3=—08A,
A*=—-08 A2=(-0.8)2%1,
etc. Hence, Am = (- 0.8y"2 1, if m is even,

A™ = (- 0.8)m -2 A if m is odd.

Asm - o, we have in both cases that lim A™ =0

m - o

2.26 Compute [In (I+ 4 A)]'Y, when

A=B ﬂ and Y=m

correct to four decimals. (Uppsala Univ. Sweden, BIT 27 (1987), 129)
Solution
Since 1 || A ||= 2, we have
2 3 4
In (1 1 A) y=| AL A/ (A/4)° (AT 1y
4 1 2 3 4
1 1717 _.[1
We get, AY = |:1 1j| |:2i| =3 |:1j|,

A%Y = 3(2)m, APY = 3(2?) m
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A"Y = 3(2'”‘1)[3.

1 3/1 1.1 1 1
Hence, |In[T+—A|ly=2|2-2+ 1 1,
ence’[n( 1 ﬂ 2[2 8 24 64 }M

B §[(1/2) (2P (2’ _}H
21 1 2 3 1

3m (1 " 1) H -3m (3) H = 0.6082 H
2 2)11 2 2)11 1
2.27 The matrix A is defined by a;=1, when i + j is even and a,;=0, when i + j is odd. The
order of the matrix is 2n. Show that
A |z =IA L, = n,
where || A ||, is the Frobenius norm, and that

oo k
1
)3 (—) Ar=La, (Uppsala Univ. Sweden, BIT 27 (1987), 628)
e \2n n
Solution
Note that A is of order 2n and is of the form
1 01 0 1 10
0 1010 01
1 01 0 1 10

1010 1 -1
0 1010 -0
Also, A is symmetric. We have

1AL = mgxz lai 1=n, ||All=n? =n.

We have, by multiplying
A2=nA, A3=n2A, .., Ak=pn*1A

n k 2 3
5 e )
= \2n 2n 2n 2n

-

Hence,

=iA+iA+iA+...=i(1+1+i+...)A:lA.
2n 22n 23n 2n 2 22 n
2.28 Consider the matrix
2 -1 -1 1
-1 2 1 -1
A=l_1 1 2 -1

1 -1 -1 2
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(a) Determine the spectral norm p(A).
(b) Determine a vector x with || x ||, = 1 satisfying || Ax [|, = p(A).
(Inst. Tech., Lund, Sweden, BIT 10 (1970), 288)

Solution
(a) The given matrix A is symmetric. Hence, || A [, = p(A).
The eigenvalues of A are given by

|A-=N | =(1-N2(A2-6A+5)=0
which gives A =1, 1, 1, 5. Hence, || A ||, = p(A) = 5.
(b) For A = 5. We have the eigensystem

-3 -1 -1 1
-1 -3 1 -1|__
-1 1 -3 -1|¥70
1 -1 -1 -3

Solving this system, we get x=[1 —1 -1 1]7. Normalizing, such that
Ixlh =] % |2)"2=1,
we obtain the eigenvector as
x=[1/2 -1/2 -1/2 1/2].

2.29 Determine the condition number of the matrix

1 4 9
A=|4 9 16
9 16 25
using the (i) maximum absolute row sum norm, and (ii) spectral norm.
Solution
(Z) We have
1| 31 44 -17 31/8 -44/8 17/8
Al=-=| 44 -56 20|=|-44/8 56/8 -20/8
-17 20 -7 17/8 -20/8 7/8
[| A ||, = maximum absolute row sum norm for A
=max {14, 29, 50} =50.
|| A7 ||, = maximum absolute row sum norm for A!
(31 44 17) (44 56 20) (17 20 7)
=max{| —+—+—| | —+—+=| |—+—=+—=
8 8 8 8 8 8 8 8 8
= max {%, 15, ﬂ} =15.
8 8
Therefore, K(A) = ||A L, AL ||, = 750.

(ii) The given matrix is real and symmetric. Therefore, K(A) = A* / p*, where A* and p*
are the largest and the smallest eigenvalues in modulus of A.

The characteristic equation of A is given by
1-A 4 9
|A-AI|=| 4 9-N 16 |=—-A3+35A2+94\-8=0.
9 16 25-A
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2.30

2.31

A root lies in (0, 0.1). Using the Newton-Raphson method
A3 — 3502 —94\ , +8
Noy1=Ae~ 2
3)\k - 70)\ r 94
with A; = 0.1, we get A, = 0.08268, A, = 0.08257, A, = 0.08257. The root correct to five

places is 0.08257. Dividing the characteristic equation by (x — 0.08257), we get the de-
flated polynomial as

x2 —34.91743x — 96.88313 =0
whose roots are 37.50092, — 2.58349. Hence,
37.50092

, k=0,1,2, ..

K(A) = —————=454.17.
0.08257
0.1a 0.1a
Let A(G) = |: 10 15 j|

Determine a such that cond (A(a)) is minimized. Use the maximum norm.
(Uppsala Univ. Sweden, BIT 16 (1976), 466)
Solution
For the matrix A, cond (A) = ||A || || AL ||.
Here, we have

010 0.Ia

A@=115 15
. A L [ 15 -0la
an @ =005 1-10 01al

Using maximum norm, we get
[|A(0) || = max [0.2 | a |, 2.5],

2|a|+30 2|a|+20}_2|a|+30
lal 7 a7 Ja]

A~ (@) || = max[

1
We have, cond (A(a)) = m [2 | o]+ 30][max [0.2] al, 2.5]]

We want to determine o such that cond (A(a)) is minimum. We have
cond (A(0)) = max [0.4 |[a|+6, 5+ {7—5} = minimum.

al
Choose o such that

75
04]|a|+6=5+—
o]

which gives | o | = 12.5. The minimum value of cond (A(a )) = 11.

Estimate the effect of a disturbance [e

equations
1 2 X1 | 5
2 -1||xg| |0

if e |, €| <10 (Uppsala Univ. Sweden, BIT 15 (1975), 335)

> &IT on the right hand side of the system of
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Solution
The solution of the system of equations Ax = b,is x=A"lb.
if X = x + Ox is the solution when the disturbance &b = [, &,]7 is present on the right
hand side, we obtain
X =A1(b + db).
Therefore, we get, dx=A"18b, or | &x|/<|A]|db].
Since, Al= EI R , we have
512 -1
[|A7L]| = p(A™) = V0.2.
We also have  [|3b ||< V2¢&, where &=max||¢,|,|¢, [
Hence, we obtain || 5x || < /0.4 £ =/0.4 x107%.
2.32 Solve the system
x; + 1.001x, = 2.001
Xy + x5 =2
Compute the residual r = Ay - b for y = [2 0]7 and compare the relative size ||x -y ||/ || x ||
of the error in the solution with the size || r ||/ || b || of the residual relative to the right
side.
Solution
The exact solutionis x=[1 1]7.For y = [2 0]7, the residual is
r=Ay-b
|1 1001|[2]|_[2001]| [-0.001
1 1 0 2 B 0
lxll=0.001, |Ix|=+v2, [b]|=2829,
Ix-yli=2,
x-yil _v2 _) g, el 0001 000ss
Ixll V2 IIb|l 2829
Eventhough, |[r ||/ || b || is very small, y is not a solution of the problem.
2.33 Given the system of equations Ax = b, where

A=|1/3 1/4 1/5

174 15 1/6

the vector b consists of three quantities measured with an error bounded by €. Derive
error bounds for

172 1/3 1/1

(a) The components of x.
(b) The sum of the components y = x; + x, + x,.
(Royal Inst. Tech., Stockholm, Sweden, BIT 8 (1968), 343)
Solution
(a) Let x be the computed solution, when the right hand side vector is in error by db.
Writing X = x + 8x, we have

X =A"1(b+3b)=A"b+A"5b.
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Hence, ox = A15b.
6 -20 15
We find A1=12|-20 75 -60
15 -60 50
Hence, &, =12 [6 &b, — 20 &b, + 15 db,],

&y = 12 [- 20 8b, + 75 db, — 60 &b ],
&y = 12 [15 8b; — 60 db, + 50 db,],
| &, | <12(41e) = 492¢,
| &, | < 12(155¢) = 1860k,
| &, | < 12(125¢) = 1500¢.
(b) The error for the sum of the components, y = x; + x, + x5, is given by
Oy = &y + &, + &xy = 12(8b, — 5 8b, + 5 3b).
Hence, the error bound is obtained as

|Ay |<12(1 + 5 + 5) max | b, | < 132¢.

EIGENVALUES AND APPLICATIONS
2.34 Show that the matrix

2 4
1 2 4 0
1 2 4
0 1 2 4
1 2
has real eigenvalues. (Lund Univ., Sweden, BIT 12 (1972), 435)
Solution
We use a diagonal matrix to transform A into a symmetric matrix.
Write
d; 0
D= dz .
0 d,
and consider the similarity transformation B = D1 AD.
B=D"'AD
1/d, 0 ? ; 4 ) (4 0
~ 1/d, S dy
- 0 1 2 4 ‘
0 d
0 1/d, 1 92 n
2d, 4d,
Vd, 0 d, 2d, 4d; 0
- 0 d,, 2d,, 4d,
0 1/d

n dn—l 2dn
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2 4d,/d, 0
di/dy 2 4d;/d,
d,_5/d, 2 4d,/d,_,
0 d,,/d, 2
The matrix B is symmetric if
ﬁ:z}ﬁ,d_zzzlﬁ,..., dn_l =4 dn .
dZ dl dS d2 dn dn—l

or d? =4dZ,d? =4d2,...,d>_, =4d?>.
Without loss of generality, we may take d, = 1. Then, we get
d =2,d ,=2% d ,=23,..,d =2""1
Therefore, A can be reduced to a symmetric form. Since B is symmetric, it has real
eigenvalues. Hence, A has real eigenvalues.

2.35 Compute the spectral radius of the matrix A~! where

010000

101000

010100

A<lo 01010
000101
000O0T10
(Gothenburg Univ., Sweden, BIT 7(1967), 170)
Solution
The given matrix is symmetric. Consider the eigenvalue problem
(A-ADx =0.

The three term recurrence relation satisfying this equation is

xj_l—)\xj+xj+1=0

with x, = 0 and x, = 0. Setting A =2 cos 6 and x; =&, we get
1-2(cosB)E+82=0

whose solution is & = cos 8 + i sin 8 = e* ©®. Hence, the solution is
x; = C cos jO + D sin j6.

Using the boundary conditions, we get

x,=0=C
%, = 0 =D sin (70) = sin(km.
We get 6=k7n,k=1,2,3,4,5,6.

The eigenvalues of A are 2 cos (10/7), 2 cos (210/7), 2 cos (310/7), 2 cos (41W7), 2 cos (51W7) and
2 cos (6177). The smallest eigenvalue in magnitude of A is 2 cos (3177) = 2 |cos (41W/7)]|.
Hence,

1

-1\ _
PA™) = 2 cos (31/7)°
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2.36

2.37

Which of the following matrices have the spectral radius <1 ?

0 1/3 1/4 [ 12 1/4 -1/4
(@) | -1/3 0 1/2], G| V2 0 -1/4/|,
-1/4 -12 0 -1/4 1/2 -1/4
[ cosa 0 sina [ 05 -0.25 0.75
(c) 0 05 0|, a =518 (d] 025 025 05
|-sina 0 cosa |- 0.5 05 10
(Uppsala Univ. Sweden, BIT 12 (1972), 272)
Solution
(a) Using the Gerschgorin theorem, we find that
|)\|Smax[i, é, E}—é
12" 6 4] 6
Hence, p(A) < 1.

(b) Using the Gerschgorin theorem, we obtain the independent bounds as
@ A<
(i) Union of the circles

1

o1 1
2

4
From (ii) we find that there are no complex eigenvalues with magnitude 1. We also find
that | A—-I| #0and | A+1I | #0.
Hence, A = + 1 are not the eigenvalues. Therefore, p(A) < 1.
(c) By actual computation, we find that the eigenvalues of the given matrix are 0.5 and
e%%, Therefore, p(A) = 1.
(d) By actual computation, we obtain the characteristic equation of the given matrix as

16A3 —28A2 + 17TA -5=0

which has a real root A = 1 and a complex pair whose magnitude is less than 1.
Hence, p(A) = 1.
Give a good upper estimate of the eigenvalues of the matrix A in the complex number
plane. Also, give an upper estimate of the matrix norm of A, which corresponds to the
Euclidean vector norm

51, |)\|s§, sﬁ.
2 4 4

-1 0 1+2
0 2 1-3
1-2¢ 1+ O

A= (Uppsala Univ. Sweden, BIT 9 (1969), 294)

Solution
Since the given matrix A is an Hermitian matrix, its eigenvalues are real. By Gerschgorin
theorem, we have

| A | <max [V5+1, 2++/2, V5 +4/2] = V5 +4/2.

Hence, the eigenvalues lie in the interval [- 5 +/2 ), 5 +2 )], i.e. in the interval
(- 3.65, 3.65).
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2.38

2.39

The Euclidean norm of A is

A= (Z | a; |2)2=(1+5+4+2+5+2)12=419.

(a) A and B are (2 x 2) matrices with spectral radii p(A) = 0 and p(B) = 1. How big can
p(AB) be ?

(b)LetA:B ﬂ B=[%1 Bﬂ

For which B, B, does (AB)* ~ O ask — o ?
(Gothenburg Univ., Sweden, BIT 9 (1969), 294)
Solution

(a) Since p(A) = 0, it implies that the eigenvalues are 0, 0 and that | A | = 0 and trace
(A) = 0. Therefore, A must be of the form

(2 )

Hence, eventhough p(B) = 1, it is not possible to bound p(AB) as a can take any value.

{11 B 1
D
_(B1 1+B
We have AB = (Bl 1+8,
which has eigenvalues 0 and 1 + B, + j3,.
Now, P(AB) = |1+ B, + By].

Hence, for [1+ B, + B, | <1, (AB)* -~ Oask - o.
Calculate f (A) = eA — e, where A is the matrix

2 4 0
[g g ﬂ (Stockholm Univ., Sweden, BIT 18 (1978), 504)

Solution
The eigenvalues of A are A; =0, A, = 2413, Ag=— 2413.

Let S be the matrix having its columns as eigenvectors corresponding to the eigenvalues
of A. Then, we have
STAS=D, and SDS!=A.
where D is the diagonal matrix with the eigenvalues of A as the diagonal entries.
We have, when m is odd

0 0 0
S1A"S=D"= |0 (2J13)" 0
0 0 (- 213"
0 0 0
= (24/13)"71 [0 2J13 0 J = (24/13)"' D.
0 0 -2/13

Hence, Am = (24/13)"1 SDS! = (2J13)™ 7 A,
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Now, f(A)=eA—e—A=2[A+3—1‘A3+%A5 +}
2 4
=2[A+(2Jﬁ) AL 2/13) A+__}
3! 5!
2 4
=2{1+(2‘/1_3) +(2‘/ﬁ) +--}A
3! 5!
2 (2V13)°  (2V13)°
= 2\/ﬁ+ + +...|A
2@{ 3! 51
1
- —— sinh (2/13) A
J13 :
2.40 The matrix
1 -2 3
A=(6 -13 18
|4 -10 14
is transformed to diagonal form by the matrix
1 0 1
T=|3 3 4|, ie. T1AT.
12 2 3

Calculate the eigenvalues and the corresponding eigenvectors of A.
(Uppsala Univ. Sweden, BIT 9 (1969), 174)
Solution
We have the equation
T1AT=D
or AT =TD where D = diag [A\; A, Ajl, and A, A,, A, are the eigenvalues of A.

1 -2 3][1 0 1 10 1A, 0 0
We have, |6 -13 18(|3 3 4|=(3 3 4||0 A, O
4 -10 14||2 2 3| |2 2 3]|0 0 A,

Comparing the corresponding elements on both sides, we obtain A, = 1, A, = -1, A\; = 2.

Since T transforms A to the diagonal form, T is the matrix of the corresponding
eigenvectors. Hence, the eigenvalues are 1, — 1, 2 and the corresponding eigenvectors
are [1 3 2]7, [0 3 2]7, and [1 4 3]7 respectively.

2.41 Show that the eigenvalues of the tridiagonal matrix

a b 0
cg a by

A = Cz a b3
0 c,.1 @

satisfy the inequality

A —a |<2\/(max 16, D(maij |J
J J

(Uppsala Univ. Sweden, BIT 8 (1968), 246)
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Solution
The ith equation of the eigenvalue system is
cj_lxj_l—()\—a)xj+ bjxj+1 =0
withx,=0andx, ,, =0.
Setting A —a =r cos 6 and x; = &/, we get
bjEZ —(rcos @) +c, ;=0

whose solution is

E=[rcosOz \/rz cosZ - 4b; cj_l]/(ij),
Requiring & to be complex, we get

r2cos208<4bec.

1
The solution is then given b; '
E=p=iq
J4bc; ; —r? cos? 6
where b r cose’ _ jCj-1 —T COS
2b; 2;
and x;=p/ [Acos qj+Bsingjl.
Substituting the conditions, we get
x,=0=A
x,,,=0=p"* ! Bsin [(n + 1)g] = sin k1L
kTt
Hence, q= Pt k=12, ..,n.
The required bounds are given by
IN—aP=|rcos8P<4]|bc,l
Hence, |)\—a|<2\/m}ax|bj|mjax|cj|,
2.42 Let P (A) = det (A, — AI), where
a 0 0 ua,
0 a 0 a,;
A = : :
0 0 a a
a, Qpq ay 0

Prove the recurrence relation
PN=(@-NP,_,AN)-a’la-N"2
P(MN=a; -\
and determine all eigenvalues of A .
(Royal Inst. Tech., Stockholm, Sweden, BIT 8 (1968), 243)

Solution
a-A 0 0 a,
0 a-A 0 a, -1
We have P\ = : : : =0, n=0.
0 0 - a-N a
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Expanding the determinant by the first column, we get

a-A 0 - 0 a,,
PV=@-n| ¢ @A 0
Ap1 Qpg " a'z a; - A

o o0 .- 0 a,

_)\0 0 _
1t 4TS .

0 0 - a-A a,

Expanding the second determinant by the first row, we get

g 0 .. 0
PMN=(@-NP,_ W+ 1z-3g2 |0 ¢ 0
00 ... g
=@=NP,_ N+ (12-3a2 (a2
n=23, ..,
where g=a—-A and P/A)=a;-A.
We have P =@-NI[P,_ -aa-N?

=(@-N2[P, ,—(al+a}_})(a—N

=(a — N2 [Pz—(a,zL +a2 | +..+a3)]

=(@-N"2AN-Na+a)+aa,—(a?+... +a,?)
Hence, the eigenvalues are
AN=a,i=12,.,n-2,
and A= %[(aﬂzl) i\/(al -a)? +4(a? +a’_| +... +a§)}
-2 -1 2 -1 1 -
243 Let A=| 2 10| and B=| 1 -1 1
0 01 -1 1 -

A (¢) are the eigenvalues of A + €B, £ 2 0.

Estimate | A, (€) = A,(0) |, =1, 2, 3. (Gothenburg Univ., Sweden, BIT 9 (1969), 174)
Solution

The eigenvalues of A are 1, — 1, 0 and the matrix of eigenvectors is

0 1 1/2 0O 0 2
S= 1 -1 -1 and S1=| 2 1 -2].
172 0 0 -2 -2 4
Wehave S1(A+eB)S=S1AS+eS1BS=D+¢P
where D is a diagonal matrix with 1, — 1, 0 on the diagonal and

1 -4 -3
P=S'BS=(-12 2 3/2
2 -8 -6
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2.44

The eigenvalues of A + €B, (€ << 1) lie in the union of the disks
[ A(e) — A,0) | < €cond (S) [P,
Since, cond_ (S) = || S| ||S™! || = 24 and || P ||, = 16, we have the union of the disks as
| Ae) — A, (0) | <384¢
where A,(0) = 1, A,(0) = — 1 and A,(0) = 0.

A more precise result is obtained using the Gerschgorin theorem. We have the union of
disks as

I)\(s)—)\i(O)—SpiiISSZ |p;j |, or |[AN&)—1-¢]|<TE,

J=1
1]

[ M) +1-2¢|<2¢ and |MNe) +6¢|<10¢.

The eigenvalues of A are real and € B represents a perturbation. Hence, we assume that
the eigenvalues of A + €¢B are also real. We now have the bounds for the eigenvalues as

—6e <\ () — A, (0) < 8¢,

0 < A,(e) — A, (0) < 4,
and —16g < A (e) — A4(0) < 4e.
Alternately, we have that the eigenvalues lie in the interval
—16e < M) —A(0) < 8.

Using the Gerschgorin’s theorem, find bounds for the eigenvalues A of the real n x n
matrix A (n = 3)

a -1 0
-1 a -1
A= -1 o -1
0 -1 a

Show that the components x; of the eigenvector x obey a linear difference equation, and
find all the eigenvalues and eigenvectors. (Bergen Univ., Norway, BIT 5 (1965), 214)

Solution
By the Gerschgorin’s theorem, the bound of the eigenvalues is given by
@ |AN-a|<2,and @) AN ]al+2.
The ith equation of the eigenvalue system is
—X; 5+ (a—)\)xj—xj+1 =0withx,=0andx, ,, =0.
Setting a — A = 2 cos 6 and x; =&/, we get
2_(2cosBE+1=0

[ 2 4
£ = 2cosB++4cos”“0-4 =cos O+isinB=e*®
2
The solution of the difference equation is

x;=Ae"% + Be= 9= C cos jB + D sin j.
Using the boundary conditions, we have
x,=0=C
and %, ,,=0=sin kn= D sin [(n + 1)6]
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kTt

Therefore, 0= ,
n+1l

k=12, ..,n.

Hence, the eigenvalues are given by

)\k=a—2cose=a—2cos[ knt
n+1l

. kT
and the eigenvectors are X j, =sIn (ﬁ], J,k=1,2....n.

2.45 Use Gerschgorin’s theorem to estimate
N, =N ], i=1,2,3
where A; are eigenvalues of

2 3/2 0
A=\1/2 1 0
0 0 -

and Xi are eigenvalues of

_ 1 -1 1
A=A+102%|-1 1 -
1 -1 1

(Lund Univ., Sweden, BIT 11 (1971), 225)
Solution

The eigenvalues of A are 1/2, 5/2 and — 1. The corresponding eigenvectors are found to be
[1-1 017, [8 1 0]7, and [0 O 1]7.

Hence, the matrix
130
S=(-110
0 0 1

reduces A to its diagonal form.

We have
STAS=S1(A+102B)S=S"1AS + 102S'BS
1 -1 1
where B=|-1 1 -1
1 -1 1
1 -3 0 2 2 1
We also have S1=={1 1 0|, SBS=|0 0 O
40 0 4 2 2 1
_ 2 0 0 2 2 1
Therefore, STAS=| 0 5/2 0[/+102|(0 0 0O
0 0 - 2 2 1

By Gerschgorin theorem, we obtain that the eigenvalues of A lies in the union of the
circles
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‘X—(%wxm‘zj <3 x 1072,
X—§‘=Q
2

A —(-1+102) | <4 x 102
which are disjoint bounds.
Hence, we have

A SN A 15 x 1072,

wlcnwl»—A

A= 2, [ hy—A, =0
Ay=—1,|Ag— Ay [<5x 102

ITERATIVE METHODS

2.46

2.47

Given

1/2 3/2
For which values of o does the vector sequence { y, }7 defined by
y,=I+0A+a%A%)y ., n=12, ..
y, arbitrary, converges to 0 as n — «?  (Uppsala Univ. Sweden, BIT 14 (1974), 366)
Solution

A~ [3/2 1/2}

From the given equation y = I+ 0A+0o?A%)y |
we get y, =T+ 0A+ a?A% y
where y is arbitrary.

Hence, lim y - 0if and only if p(I + aA + 02A2%) < 1.

n — o

The eigenvalues of

12 3/2

are 1 and 2. Hence, the eigenvalues of I + 0A + a?AZ are 1 + o + aZ and 1 + 2a + 402 We
require that

[1+a+0a?|<1, and | 1+2a+40?|<1.

The first inequality gives

—l<l+a+02<1, or —2<a(1+a)<0.
This gives, 0<0,a+1>0, or al(-1,0).
The second inequality gives

—1<1+20+402<1, or —2<2a(1+2a)<0.
This given, a < 0, 1 + 2a > 0, or all(- 1/2, 0).
Hence, the required interval is (- 1/2, 0).
The system Ax = b is to be solved, where A is the fourth order Hilbert matrix, the
elements of which are a,; = 1/(i +j) and bT’=(1 1 1 1).Since Ais ill-conditioned, the

matrix B, a close approx1mat10n to (the unknown) A1, is used to get an approximate
solution x, = Bb

A= [3/2 1/2}
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2.48

2.49

202 -1212 2121  -1131
-1212 8181 -15271 8484
2121 -15271 29694 -16968
-1131 8484 -16968 9898

It is known that the given system has an integer solution, however x, is not the correct
one. Use iterative improvement (with B replacing A~') to find the correct integer solution.
(Royal Inst. Tech., Stockholm, Sweden, BIT 26 (1986), 540)

B-=

Solution
Let X be a computed solution of Ax = b and let r = b — AX be the residual. Then,
Ax-X)=Ax-AXx =b-AxX=r, or Adx=r.
Inverting A, we have
ox=A'lr=Br.
The next approximation to the solution is then given by x = x + dx.
We have in the present problem
x,=Bb =[-20 182 -424 28317,
r=b-Ax,=[-0.2667 — 0.2 —0.1619 —0.1369]7,
Ox = Br = [- 0.0294 —2.0443 3.9899 —3.0793]7,
X =X, + 0x = [- 20.0294 179.9557 —420.0101 279.9207]"
= [~ 20 180 — 420 280]”
since an integer solution is required. It can be verified that this is the exact solution.

The system of equations Ax =y, where

a2 3) x=[z] »-

can be solved by the following iteration
x*+D = x4 a(Ax™ —y),

x© = G)

How should the parameter a be chosen to produce optimal convergence ?
(Uppsala Univ. Sweden, BIT 10 (1970), 228)

Solution
The given iteration scheme is

x(n+1) = x(n) 4 G(AX(n) _ y) =+ aA) x(n) _ ay.
Setting n =0, 1, 2, ..., we obtain

xn+1 = qn+1X(O)_a I+ q+..+ qn] y
where q=1+0A.
The iteration scheme will converge if and only if p(I + aA) < 1.
The eigenvalues of [I+ 0A]JareA; =1+ aandA, =1+ 4a.
We choose o such that

[1+a]=]1+4a]

which gives a=-04.
(a) Let A = B - C where A, B, C are nonsingular matrices and set

Bx™ =Cx"V4+y m=1,2, ..
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Give a necessary and sufficient condition so that
lim x(™ = A-ly

m — oo
for every choice of x©.
(b) Let A be an n x n matrix with real positive elements a;; fulfilling the condition

n
Z(ll-jzl, i=1,2,...n
j=1

Show that A = 1 is an eigenvalue of the matrix A, and give the corresponding eigenvector.
Then, show that the spectral radius p(A) < 1. (Lund Univ., Sweden, BIT 9 (1969), 174)

Solution
(a) We write the given iteration scheme in the form
xm = B-1 Cx(m-D 4 B—ly
=BIC) " x® 4+ [I+BIC+BIC2+..+BC)"1|Bly
If |BIC|<1, or p(BIC) < 1, we have

lim x(m) = I- B—lc)—l B—ly — [B—l B- C)]_l B_ly

=(B1!A1Bly=ABBly=Aly.
Hence, p(B~1C) < 1 is the necessary and sufficient condition. || B-!C || < 1 is a sufficient
condition.

n
(b) Let the n x n matrix A = (aij ), a;> 0, with z a; =1, 1=1,2,...,nbe
=1

@11 Qg - Ay,
A=|%1 G2 - dop
Ap1 Qug 0 Qpy
ay;; — A (450 (451}
a Aoo =N -+ @
We have |[A-AlL|= 21 2 1 =0.
a,q (2% Ay T A

Adding to the first column, all the remaining columns and using 2 a; = 1, we obtain
j=1

1-A  ayp aq,
|A - |= 1-A ag —A -+ ay, -0
1-A a, Ay — A
1 Q12 A1
S 1 ay—-A am | _p
1 a,, - a,-A

which shows that A = 1 is an eigenvalue of A.
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2.50

2.51

n
Since A = 1 is an eigenvalue and z a; =1, i1 =1, 2, .., n,it is obvious that the corre-

=1
sponding eigenvector is [1 1 ... 1]71. Using the Gerschgorin theorem, we have

|A |Smax[z aij}g

el
Hence, pA) < 1.
Show that if A is strictly diagonally dominant in Ax = b, then the Jacobi iteration al-
ways converges.
Solution
The Jacobi scheme is

xk+1D = _ D—l(L + U)X(k) +D1p

=-DHYA-D)x*® + Db = I -D'A)x* + D'b.

The scheme converges if || I - DA || < 1. Using absolute row sum criterion, we have

1 n
2 la;l<1, foralli
|aii|j:1’i¢j
n
or la;|> la; |, foralli.

i=Tizj
This proves that if A is strictly diagonally dominant, then the Jacobi iteration converges.
Show if A is a strictly diagonally dominant matrix, then the Gauss-Seidel iteration scheme
converges for any initial starting vector.
Solution
The Gauss-Seidel iteration scheme is given by
xt*D=—D+L)'Ux®+D+L)'b
=—D+L!1TA-D+LIx?+D+L)'b
=I-M+L)TA x?+D+L)!b.
Therefore, the iteration scheme will be convergent if
pI-M+L)'Al <1.
Let A be an eigenvalue of I - (D + L)' A. Therefore,

I-D+L)TA)x=Ax or D+L)x-Ax=2D+L)x
or - a;x; =\ a;x;,1<i<n
j:Z+1 le
n i-1
or Aa..x. = — a::x: — N a::X :
i yvrJ yj
j:Z+1 le
n i-1
or | Aago [ D lag llxg 1+h 1Y byl 4l
j=i+1 Jj=1

Since x is an eigenvector, x # 0. Without loss of generality, we assume that || x || = 1.
Choose an index i such that

|x; | =1 and |x;[<1 forall j#i.
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n i-1
Hence, IMlagls Y lag 1+ 1Yyl
jEie1 =1
i-1 n
or [A] |aii|_z|aij|5 la; |
j=1 Jj=i+1
n
Z |aij|
Therefore, [A] < S l+_11 <1
|aii|_z |aij|
J=1

which is true, since A is strictly diagonally dominant.

2.52 Solve the system of equations
4y +2x9 +x53=4
X, +3x,+x5=4

3xy + 2x5 + 6x5 =7
Using the Gauss-Jacobi method, directly and in error format. Perform three iterations
using the initial approximation, x© =[0.1 0.8 0.5]7.
Solution
Gauss-Jacobi method in error format is given by

Dv® = ¥® where v® =xk+D _x® pk) — | _ A x®)

and D is the diagonal part of A.
We have the following approximations.

4 4 2 1)(01 15 1/4 0 0 )(15 0.375
r%=14|-11 3 1|/08|=10|; v®=| 0 13 0 ||10|=]03333]|,
7 3 2 6)05 2.1 0 0 16)21 0.350

0.1 (0375) (04750 - 10166 -0.25415
xD =x0 +v® =108 |+ 03333 |=| 11333 |; rV = | -0.7249 | ; vV = | —0.2416 |

0.5 0.350 0.850 -17916 -0.2986
0.2209 0.7816 0.1954
x® = x4 v = | 0.8917 |; r® =] 05526 |; v** =] 0.1842 |
0.5514 1.2455 0.2075
0.4163
x® = x@ 4 v@ = | 1.0759 |.
0.7590
Direct method We write
1 1
x, B+ D = " [4 — 200, ® — 2 ®], g k+D = 3 [4 —x,® — x,®)],
xgh D = % [7 — 8, ® — 2x,P].

S

Using x© = [0.1 0.8 0.5]7, we obtain the following approximations.
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x,1'=0475, x,V=11333, «x,1'=0.85,
x,? =0.2209, x,%=0.8917, x,?=0.5514,
x,3=0.4163, x,¥=1.0759, x,% =0.7590.
2.53 Solve the system of equations
dxy +2x9 +x53=4
X, +3x,+x3=4
3xy + 2x5 + 6x5 =7
using the Gauss-Seidel method, directly and in error format. Perform three iterations
using the initial approximation, x© =[0.1 0.8 0.5]7.
Solution
Gauss-Seidel method, in error format, is given by
(D + L) vi® = r®  where v® = x®+1 _ x®) pk) = - A x®

We have the following approximations.

15) [4 0 0O 15 0.375
r9=[(10; |1 38 0o[v®=|10], v\ =] 0.2083
21) |3 2 6 2.1 0.0931

(By forward substitution),

01 0.375 0.475 - 05097
x1 = xO0 4 v = | 0.8 |+]0.2083 |=[10083 |; r'V =| -0.093 |;

05, 10.0931) (05931 - 0.0002
4 0 0 -0.5097 -0.1274
1 3 0(v®?=| -0.093|, v?¥ =| 0.0115|;
3 2 6 -0.0002 0.0598
0.3476 -0.0829
x@ = xM 4 v = [ 10198 |, r? =| - 0.0599 |;
0.6529 0.0002
4 0 0 -0.0829 -0.0207 0.3269
1 3 0|v®=|-00599 | v?® =] -00131|;x? =x? +v? =| 10067 |
3 2 6 0.0002 0.0148 0.6677

Direct method We write
1 1
xl(k +1) _ . [4 — sz(k)—xs(k)]’ xz(k D= [4- xl(k +1) _ x3(k)]

1
x3(k +1) - = [7 - 3x1(k +1) _ 2x2(k + 1)].
6

Using x© = [0.1 0.8 0.5]7, we obtain the following approximations.
x, D =0.475, x,D=1.0083, x,V=0.5931,
x,®=0.3476, x,? =1.0198, x,? =0.6529,
x,®=0.3269, x,8 =1.0067, x,% =0.6677.
2.54 The system of equations Ax = b is to be solved iteratively by
x ,=Mx, +b
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1 k
Suppose A= , k% \/5/2, k real,
2k 1
(a) Find a necessary and sufficient condition on % for convergence of the Jacobi method.
(b) For k£ = 0.25 determine the optimal relaxation factor w, if the system is to be solved
with relaxation method. (Lund Univ., Sweden, BIT 13 (1973), 375)
Solution
(a) The Jacobi method for the given system is
0 %
X 1= - 2k 0 Xn+b=MXn+b.
The necessary and sufficient condition for convergence of the Jacobi method is p(M) < 1.
The eigenvalues of M are given by the equation
A2 —2k2 = 0.
Hence, p(M) = V2 | % |.
The required condition is therefore
V2 k<1 or |k|<1/42.
(b) The optimal relaxation factor is
2 _ 2
Wopt = 2 2
1+41-p2  1+y1-2k
2
= ——= =1.033 for %=0.25.
1+4/(7/8)
2.55 Suppose that the system of linear equations Mx =y, is given. Suppose the system can be

partitioned in the following way.

A, B, 0 0 Xy Y1

B, A, B, 0 —| X2 —| Y2
M=1 B, A; Bj X" X3 Y ys |’

0 0 B; A, X, Va4

A; and B, are p x p matrices and x; and y, are column vectors (p x 1). Suppose that A,,
i =1, 2,3, 4 are strictly diagonally dominant and tridiagonal. In that case, systems of
the type A,v = w are easily solved. For system Mx =y, we therefore propose the following
iterative method

Alxl(n +1) — V- B1 Xz(n)
A2X2(n +1) — Vo — B1 Xl(n) _ B2 X3(n)
A3X3(n +1) — Vs — B2 Xz(n) _ B3 X4(n)
A4X4(n +1) — V- B3 X3(n)
(@) if p = 1, do you recognize the method ?
(i1) Show that for p > 1, the method converges if || A; ! ||< 1/2 and || B, || < 1.
Solution
() When p = 1, it reduces to the Jacobi iterative method.
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(i) The given iteration system can be written as
Ax+D = _ Bx" + y

A, 0 0 O 0 B, 0 o0
{0 A, 0 O (B, 0 B, 0
where A= 0 0 A, 0 and B= 0 B, 0 B,
0 0 0 A, 0 0 B; O
Therefore, xn+D = _ A-1Bx™ + A-ly = Hx" + C
0 A'B, o 0
where H=-A1B=_ A;'B, 0 A;'B, 0
0 A;'B, 0 A;'B;
0 0 A/'B; 0
The iteration converges if | H || < 1. This implies that it is sufficient to have || A; || < 1/2
and || B, || < 1.

2.56 (a) Show that the following matrix formula (where g is a real number) can be used to
calculate A~ when the process converges :

x(n+1) = x(n) 4 q(AX(n) -D.

1 2

q yields the fastest convergence ?

(b) When A = (2 1), give the values of ¢ for which the process in () can be used. Which

(c) Let A be a symmetric and positive definite n x n matrix with smallest eigenvalue A,
and greatest eigenvalue A,. Find g to get as fast convergence as possible.

(Royal Inst. Tech., Stockholm, Sweden, BIT 24 (1984), 398)
Solution
(a) When the process converges, X - x and x**+1 _, x,
Then, we have
x=x+qAx-1),9q#0, or Ax=1 or x=A1l

(b) The iteration converges if and only if p(I + gA) < 1.
The eigenvalues of I + gA are obtained from

1+2g —-A q _

q 1+2g—-A

which gives A=1+3q,1+q.

0

| A | < 1 gives the condition — (2/3) < ¢ < 0. The minimum value of p(I + qA) is obtained
when | 1 + 3¢ |=|1 + q |, which gives ¢ = — 1/2. The minimum value is 0.5.

(c) A is a symmetric and positive definite matrix. Hence, A, > 0. The eigenvalues of the
iteration matrix I + qA are 1 + gA,. The iteration converges if and only if
—1<1+gA <1, or —2<gA <0.
Further, since q <0, the smallest and largest eigenvalues of I + gA are 1 + gA; and
1 + gA, respectively or vice-versa. Hence, fastest convergence is obtained when
11+gh, =1+ )|
which gives g = — 2/(A; + A,).
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2.57

2.58

Given the matrix A =1+ L + U where
12 -2
A=(1 1 1
2 2 1
L and U are strictly lower and upper triangular matrices respectively, decide whether
(a) Jacobi and (b) Gauss-Seidel methods converge to the solution of Ax = b.
(Royal Inst. Tech., Stockholm, Sweden, BIT 29 (1989), 375)

Solution
(a) The iteration matrix of the Jacobi method is
H=-DL+U)=-(L+1)

0 2 -2
=—(1 0 1
22 0

The characteristic equation of H is

A2 -2
1 A 1
2 2 A

The eigenvalues of H are A = 0, 0, 0 and p(H) < 1. The iteration converges.
(b) The iteration matrix of the Gauss-Seidel method is
H=-D+L)'U

1 0 o'[0 2 -2
=—|1 10 00 1
2 2 1 00 O
1 0 O0]f0 2 -2 0o 2 -2
=—|-1 1 0{/|0 O 1/=-{0 -2 3
| 0 -2 1j|0 0 O 0O 0 -2

The eigenvalues of H are A = 0, 2, 2 and p(H) > 1.
The iteration diverges.

[INN-H | = =A3=0.

Solve the system of equations

2x—y=1
—x+2y—-2=0
—-y+2z-w=0
—z4+2w=1

using Gauss-Seidel iteration scheme withx® =[0.5 0.5 0.5 0.5]7. Iterate three times.
Obtain the iteration matrix and determine its eigenvalues. Use the extrapolation method
and iterate three times. Compare the maximum absolute error and the rate of conver-
gence of the methods.

Solution
We solve the system of equations directly.
b+ 101+ y B,y = %[x(k +D oy B
2k +1) = % [y(k +1) 4 w(k)], wk+D = %[1 + 2k + 1)]‘

With x© =[0.5 0.5 0.5 0.5]7, we obtain the following approximate values.
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xP =[0.75 0.625 0.5625 0.78125]7,

x? = [0.8125 0.6875 0.7344 0.8672]7,

x® = [0.8434 0.7889 0.8281 0.9140].
The Gauss-Seidel method is x** 1V = H x* + ¢, where

2 0 0O0['J0o -1 0 0 0800
_ gy |71 2 00 0 0 -1 0|_1/0 480
H=-D+L7U=- 1 20/ [0 0 0 -1]"16l0 2 4 8
0 0 -1 2 0O 0 0 O 012 4
c=D+L)'b= 1_16 8 4 2 9]T.
The eigenvalues of H are given by the equation
| H-AI | = M [)\2 _3) +i}=0,
4 16
whose solution is A = 0, 0, (3 + /5 )/8. The eigenvalues lie in the interval
3-v56 3+.5
la, bl = | ———, .
8 8
We have p(Hgg) = % and rate of convergence (G-S) = — log,,, (3 +8\/g] =0.1841.
2 2 8
We h = = =—=1.6, and
o nave VS oma-b 2-@ 5 ™
-06 08 0 0
0 -02 038 0
H =yH+(1-yI=-06+16H=| 0 _ 0 o
0 01 02 -02
ye=1[08 04 02 0.9]7
The extrapolation iteration scheme is given by x*+1 = ny(k) +ye.
With x9 =105 0.5 0.5 0.5]7, we get
xV =009 0.7 0.6 0.95]7,
x? =[0.82 0.74 0.98 0.9]7,
x® =[0.9 1.036 0.872 0.99]7.
We also have p(Hy) =1-]y|d, whered is the distance of 1 from [a, b] = {#, 3 +8\/§:|

which is equal to 0.3455. Hence,
p(H,) =1 - (1.6) (0.3455) = 0.4472,
and rate of convergence = —log,, (0.4472) = 0.3495. The maximum absolute errors in the

Gauss-Seidel method and the extrapolation are respectively (after three iterations) 0.2109
and 0.1280.

2.59 (a) Determine the convergence factor for the Jacobi and Gauss-Seidel methods for the

system
4 0 2||x 4
0 5 2|lxg|=|-3
5 4 10| x4 2
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(b) This system can also be solved by the relaxation method. Determine w_, and write
down the iteration formula exactly. (Lund Univ., Sweden, BIT 13 (1973), 493)

Solution
(a) We write the iteration method in the form
x(n+1D = Mx™® + ¢.

For Jacobi method, we have

M, =- DXL + U).
For Gauss-Seidel method, we have

M, =-MD+L)'U
The iteration method converges if and only if p(M) < 1.
For Jacobi method, we find
[1/4 0 0 HO 0 2} [ 0 0 —1/2}
M,=-10 15 0 [|[0 0 2|= 0 0 -2/5
0 0 1/10||5 4 0 -1/2 -2/5 0

The eigenvalues of M;are p =0 and pu = J0.41.
The convergence factor (rate of convergence) of Jacobi method is

v=-—1log,, (p(M,)) = —log,, (+/0.41) = 0.194.
For Gauss-Seidel method, we find

4 0 070 0 2 1 [ 50 0 o]0 0 2
My =-/0 5 0| [0 0 2/=——=| O 40 0[/0 0 2
5 4 10| 0 0 0 200 _95 -16 20|l0 0 O

1 0 0 100
=-—10 0 80
20000 0 -82
Eigenvalues of Mg are 0, 0, 0.41.
Hence, the convergence factor (rate of convergence) for Gauss-Seidel method is

v = —log,(p(Mg)) = — log,, (0.41) = 0.387.

2
b) W = “—2(1—\11—112), where p = p(M,)
_ %(1—,/1—0.41) ~1.132.

The SOR method becomes
x7+D=Mx™ + ¢

where M=D + woptL)‘1 [(1- wopt) D- Wt Ul
4 0 o'[-0528 0 -2264
=l o 5 0 0 -0660 -2264
5660 4528 10 0 0  -1320

1 50 0 0}|l-0528 0 - 2264
0 40 O 0 -0.660 -2264

200 _983 -18112 20| o0 0 -1320
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-0.1320 0 -0.5660
- 0 -0.1320 -0.4528
0.0747  0.0598 0.3944
and c=w, D+w,, L'b
50 0 0 4 1.132
= 1132 0 40 0|-3|=| -0.6792
200 | _983 -18.112 20|| 2| |-0.1068
2.60 The following system of equations is given
dx+y+22=4
3x+by+2z="7
x+y+3z2=3

(a) Set up the Jacobi and Gauss-Seidel iterative schemes for the solution and iterate
three times starting with the initial vector x*’ = 0. Compare with the exact solution.

(b) Find the spectral radii of the iteration matrices and hence find the rate of convergence
of these schemes. (Use the Newton-Raphson method, to find the spectral radius of
the iteration matrix of the Jacobi method).

Solution
(a) For the given system of equations, we obtain :
Jacobi iteration scheme

4 0 0)(0 1 2 /4 0 0)\(4
xr+V== 0 15 0 (|3 0 1|x”+| 0 15 0|7
0 o0 v3)l1 10 0 o0 13)\s

0 1/4 1/2 1
=—[3/5 0 1/5] x('”+[7/5]
/3 1/3 0 1
Starting with x© = 0, we get
xD=(1 14 1T,
x? =(0.15 0.6 0.2)7,
x® =(0.75 127 0.75)7T.
Gauss-Seidel iteration scheme

4 0 0\'(0 1 2 4 0 0\'(4
xn+D= -3 5 0 0 0 1|x™+|3 5 0| |7
1138 lo00oO 11 3) (3

L (0 15 30 L (60
=-—10 -9 -6(x"+ |48
60{o -2 -8 60 {24

Starting with x© = 0, we get
xV=(1.0 08 04)7,x?=(06 0.96 0.48)7,
x® =(0.52 0.992 0.496)T.

Exact solution of the given system of equations is [0.5 1 0.5]7.
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2.61

(b) The Jacobi iteration matrix is
0 -1/4 -1/2
= [— 3/5 0 -5
-1/73 -1/3 0
The characteristic equation of M} is given by
60A3 — 23\ + 7 =0.
The equation has one real root in (- 0.8, 0) and a complex pair. The real root can be
obtained by the Newton-Raphson method
_ 60N}, —23A, +7
180A% - 23
Starting with A, = — 0.6, we obtain the successive approximations to the root as
—0.7876, — 0.7402, — 0.7361, — 0.7361. The complex pair are the roots of 60A? — 44.1660A
+ 9.5106 = 0, which is obtained as 0.3681 =+ 0.1518;. The magnitude of this pair
is 0.3981. Hence, p(M) = 0.7876 and v = — log,, (0.7876) = 0.1037.
The Gauss-Seidel iteration matrix is
[0 -1/4 - 1/2}
M, =|0 3/20 110
0 1/30 2/15
The characteristic equation of M is obtained as
60N —17A2+ A =0
whose roots are 0, 1/12, 1/5. Hence,
pP(Mgg) = 0.2,
and Vs = — log,(0.2) = 0.6990.
Given a system of equations Ax = b where
2 -1 0 0 O
-1 2 -1 0 0O
A=| 0 -1 2 -1 O0f, b=
-1
2

M,

A k ,k=0,1,2, ..

R+l

0o 0 -1 2
0O 0 0 -1
Prove that the matrix A has ‘property A’ and find the optimum value of the relaxation

factor w for the method of successive over-relaxation.
(Gothenburg Univ., Sweden, BIT 8 (1968), 138)

[ Y

Solution
Choose the permutation matrix as

Then, PAP"=P| 0 -1 2 -1 o|P”
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0 -1 0 2 0 2 0,-1 0 -1
0 2-1-1 0 | 0 2/-1-1 0
=P|-1 -1 2 0 o0|=|-1-112 0 0
2 0 -1 0 -1 0 -1, 0 2 0
-1 0 0 0 2 -1 07 0 0 2

0 0!-V2 0 -12

0 0/-12 -1/2 0

H. - 7—717/72"7—717727;%"70 777777 0 0
0 -2 0 0 0

-2 0, 0 0 0

The eigenvalues of H; are u* =0, + 1/2, + J3/2. Therefore,

pH,)=3/2 =
2

w =
opt 1+ (1_u2

2.62 The following system of equations is given

4
5

3x +2y=4.5
2+ 3y—2z=5
—-y+22=-0.5

Set up the SOR iteration scheme for the solution.
(a) Find the optimal relaxation factor and determine the rate of convergence.

(b) Using the optimal relaxation factor, iterate five times with the above scheme with

x = 0.

(c) Taking this value of the optimal relaxation factor, iterate five times, using the error

format of the SOR scheme, with x¥ = 0. Compare with the exact solution.
Solution
(a) The iteration matrix of the Jacobi method is given by
3 0 0)\0 2 0 0 -2/3 0
M,=—| 0 13 02 0 -1/=|-2/3 0 13
0 0 12)0 -1 0 0 12 0
Eigenvalues of M ; are A = 0, +,/11/18 . Therefore

p(M)) = p=,11/18.
The optimal relaxation parameter for SOR method is obtained as
_ 2
opt 1+ /—1 ~ “2
p(SOR) = W, — 1 =0.23183.
Hence, rate of convergence of SOR method is
V(SOR) = —log,, (0.23183) = 0.6348.
(b) The SOR iteration scheme can be written as
xn+D - Mx™ + ¢
where, with w = W = 1.23183, we have

w = 1.23183,
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M=D+wL)![1-w)D-wU]

3 0 07" [-0.6954 -2.4636 0
=12.4636 3 0 0 -0.6954 12318
0 - 12318 2 0 0 -0.4636

1 6 0 0|]|-0.6954 -2.4636 0
= —|—4.9272 6 0 0 -0.6954 12318
-3.0347 36954 9 0 0 -0.4636
-0.2318 -0.8212 0
=| 0.1904 04426 0.4106
01172  0.2726 0.0211

and c=uwD+wL)'b

6 0 0
= 12318 4.9272 6 0
-3.0347 36954 9

Hence, we have the iteration scheme

4.5 18477
5 |=10.5357
-0.5 0.0220

-02318 -0.8212 0] 1.8477
x(’“l):[ 0.1904  0.4426 0.4106 x(k)+[0.5357}
0.1172 02726 0.0211] 0.0220
£E=0,1,2, ..
Starting with x© = 0, we obtain
x1 = [1.8477 0.5357 0.0220]7
x? =[0.9795 1.1336 0.3850]7
x® = [0.6897 1.3820 0.4539]7
x4 =[0.5529 1.4651 0.4891]7
x® = [0.5164 1.4902 0.4965]7

(c)
or
We have

3 0
2.4636 3
0 -12318 2

substitution.
First iteration

Second iteration

3
24636
0

which gives,
and

D + Wt L) vk+D = Wt r#
(D +1.2318 L) vk+1D = 1.2318r® where v#+D = x&+1_ X(k)’

and r® =b-Ax®.

4.5- 3x(k) _2y(k)

0
0} v =12318(5.0 - 2x™ -3y™* +2¥

-05+ y(k) _Zz(k)

With x@ = 0, we obtain the following iterations. The equations are solved by forward

viD = xM =[1.8477 0.5357 0.0220]7.

- 2.6046
2 =| - 03455 |,

-12318 2

0 0
3 O|v

-0.0102

v =[-0.8682 0.5978 0.3631]7%
x? =v® + x1 =10.9795 1.1335 0.3851]T.
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Third iteration

3 0 0 -0.8690
2.4636 3 0|v®=| 00315

0 -12318 2 -0.1684
which gives, v® = [-0.2897 0.2484 0.0688]7,
and x® = v® + x? =10.6898 1.3819 0.4539]".

Fourth iteration

3 0 0 -0.4104
2.4636 3 0|v¥® =[-0.0880 |,

0 -12318 2 -0.0319
which gives, v® =[-0.1368 0.0830 0.0352]%,
and x® =v® + x® =10.5530 1.4649 0.4891]7T.

Fifth iteration

3 0 0 -0.1094
2.4636 3 0|v® =|-0.0143

0 -12318 2 -0.0164
which gives v® = [-0.0365 0.0252 0.0073]%,
and x® = v® + x4 =10.5165 1.4901 0.4964]T.

Exact solution is x = [0.5 1.5 0.5].

EIGENVALUE PROBLEMS

2.63 Using the Jacobi method find all the eigenvalues and the corresponding eigenvectors of

the matrix
1 V2 2
A=|V2 3 V2
2 V2 1
Solution

The largest off-diagonal element is a,; = a4, = 2. The other two elements in this 2 x 2
submatrix are a;; = 1 and a4, = 1.

= 1 tan ! (é) =T1/4
2 0

V2 0 -1/VJ2
1 0

S,=| 0
V2 0 12

The first rotation gives

B, = S, 1 AS,
V2 o vJ2]]l 1 V2 2 |[uv2 o0 -2
=l o0 1 0 [|v2 3 V2|l 0o 1 o
-UJ2 0 vJ2(] 2 V2 1||uve o uv2

3 2 0
23 0
0 0 -1
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The largest off-diagonal element in magnitude in B, is a,, = a,; = 2. The other elements
are a,; = 3, ay, = 3.

) . V2 -142 0
0= —tan_l(—]=ﬂ/4 and S, = Uv2 U2 0
2 0 0 0 1
The second rotation gives
50 0
- 01 0
B,=8,"B;S, = 00 -

We have the matrix of eigenvectors as

V2 0 -uy2]| V2 -1V2 o
S=88,=| 0 0 UJ2 1J2 o
VJ2 0 142 0 0 1

=

/2 -12 -1/J2
=|UJV2 vJ2 0
/2 -12 142

The eigenvalues are 5, 1, — 1 and the corresponding eigenvectors are the columns of S.

2.64 Find all the eigenvalues and eigenvectors of the matrix
2 31
3 2 2
121
by the Jacobi method.
Solution

This example illustrates the fact that in the Jacobi method, zeros once created may be
disturbed and thereby the number of iterations required are increased. We have the
following results.
First rotation
Largest off diagonal element in magnitude = a,, = 3.
tan 20 = Za#:g, 0= I
ajp—agp 0 4

0.707106781 -0.707106781 0
S, =(0.707106781  0.707106781 0

0 0 1
A, =S, 1AS, =S/ AS,
5.0 0 2.121320343
- 0 -10 0707106781
2121320343 0.707106781 10

Second rotation
Largest off diagonal element in magnitude = a,.

2
tan 20 = A.
@11 ~Qs3



Linear Algebraic Equations and Eigenvalue Problems 133

2.65

We get 0 = 0.407413458.
(0918148773 0.0 -0.396235825
S, = 0.0 10 0.0
10.396235825 0.0 0.918148773
A, = SZTAISZ
5915475938 0.280181038 0.0
=1{0.280181038 -10 0.649229223
| 0.0 0.649229223 0.08452433
Notice now that the zero in the (1, 2) position is disturbed. After six iterations, we get
A, =S, T AS,
5.9269228 -0.000089 0.0
=|-0.000089 -1.31255436 0.0
0 0 0.38563102

Hence, the approximate eigenvalues are 5.92692, — 1.31255 and 0.38563. The orthogonal
matrix of eigenvectors is given by S = 8,S,S.S S.S.. We find that the corresponding
eigenvectors are

x, = [- 0.61853 —0.67629 - 0.40007]7,
x, = [0.54566 — 0.73605 0.40061]7,
x, = [0.56540 —0.29488 —0.82429]7.

Transform the matrix
1 2 3
M=(2 1 -1
3 -1 1
to tridiagonal form by Given’s method. Use exact arithmetic.

Solution
Perform the orthogonal rotation with respect to a,,, a,,, @5y, @55 submatrix. We get

a3 _ 3 2 . 3
tan6=—"=—, cos0=—,sin0=—7—.
a2 V13 ' V13
Hence, B=SMS=STMS
1 0 0 1 2 3|1 0 0

0 243 343 (|2 1 -1||0 243 -3A43
0 -3413 2413]|3 -1 1]|0 3413 2413

1 V3 0
=|v3 1/13 5/13
0 5/13 25/13

is the required tridiagonal form.



134

Numerical Methods : Problems and Solutions

2.66

2.67

Transform the matrix

A=
2 21
to tridiagonal form by Givens method. Find the eigenvector corresponding to the largest
eigenvalue from the eigenvectors of the tridiagonal matrix.

(Uppsala Univ. Sweden, BIT 6 (1966), 270)

1 2 2
21 2

Solution
Using the Given’s method, we have

i
tan9=aﬁ:1 or 6=—
a12 4
A =S1AS
1 0 0 1 2 2\(1 O 0
_|0 12 M2 |2 1 2||0 V2 -1A2
0 -1~2 142)(2 2 1)(0 V2 142
1 2J/2 0
-|12v2 3 o0
0 0o -1
which is the required tridiagonal form.
The characteristic equation of A, is given by
A-1 -2/2 0
f,=INM-A|=|[-2V2 A-3 0 |=0
0 0 A+1
The Sturm sequence { f, } is defined as
fo =1,
fl =A- 19

fo=A=3)f; = (- 2J2)% ;=\ — 4\ -5,
fo=N+1Df—(02f=A+ DA+ DA -5).
Since, f3(— 1) = 0 and f;(5) = 0, the eigenvalues of A are — 1, — 1 and 5. The largest
eigenvalue in magnitude is 5.
The eigenvector corresponding to A =5 of A  is v, = [1 V2 ool
Hence, the corresponding eigenvector of A is
v=Sv,=[1 1 17

Transform, using Givens method, the symmetric matrix A, by a sequence of orthogonal
transformations to tridiagonal form. Use exact arithmetic.

1 V2 V2 2
V2 V2 -1 V2
A=\ -1 2 V2
2 V2 J2 -3

(Inst. Tech., Lund, Sweden, BIT 4 (1964), 261)
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Solution
Using the Given’s method, we obtain the following.
First rotation

tan@, = =1, 9, =—
an 1 10 , 1 4,
1 0 00 1 0 00
g _|0 VV2 -1v2 00 o 10 1NZ 142 0
1710 V2 1J2 0|7 Pt Tlo -1J2 1Y2 o)’
0 0 0 1 0 0 0 1
1 2 0 2
2 -1 J2 2
A =SAS;=19g J2 1 o =(a').
2 2 0 -3
Second rotation
tan92=a#= N 62=£7
(5P
1 00 0 1 00 0
0 VV2 0 -1/+42 0 1UJ2 0 12
S,=10 0 1 0];8,7=10 0 1 0l;
0 UJ2 0 12 0 -1V2 0 12
122 0 o0
22 0 1 -1|_,*
A, =8,7'A8,=|" 11 -1
0 -1 -1 -4
Third rotation
Aoy n
tan@, = 2+ =_1, 0,=-—,
an 3 o 3 4
10 0o 0 Lo 0 0
0 1 0 0
0 1 0 0
SB= 00 1/\/5 1/\/5 ;SB_1= 00 1/\/5 —1/\/5 ;
00 -1UvV2 142 00 12 142

1 2V2 0 0
242 0 V2 0
A;=8;7A,8; = 0 V2 -12 5/2
0 0 5/2 -5/2
which is the required tridiagonal form.
2.68 Find all the eigenvalues of the matrix

12 -1
21 2
-1 2 1

using the Householder method.
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Solution

Choose w,’ = [0 x, x,] such that x,2 + x,2 = 1. The parameters in the first House-
holder transformation are obtained as follows :

- [,2 2 _
sl_ Q19 +a13 —\/ga

1[, . a 1 2)_J5+2
2 _ |1+ 22 —=|1+= =
x5 2[ 5 51gn(a12)} 2[ \/gJ oJ5
_ Qi3 sign (a12):_ 1
Y3 = 281x9 281%9
1
x2x3=—m,

1 0 0
P,=I1-2w,w,"=|0 -2/J5 1/45
0 1/V5 2/45

The required Householder transformation is

1 -5 0
A,=PAP,=|-V5 -3/5 -6/5

0 -6/5 13/5
Using the Given’s method, we obtain the Sturm’s sequence as
f0= 1afl=)\_1,
2 28
=AN-Z)\-=
I 5 5

f.=A3—3\2_6\ + 16.
3

Let V(A) denote the number of changes in sign in the Sturm sequence. We have the
following table giving V(A)

A fo fi I 13 V(N
-3 + - + - 3
-2 + - - + 2
-1 + - - + 2

0 + — - + 2

1 + + - + 2

2 + + - 0 1

3 + + + - 1

4 + + + + 0

Since f; = 0 for A = 2, A = 2 is an eigenvalue. The remaining two eigenvalues lie in
the intervals (— 3, — 2) and (3, 4). Repeated bisection and application of the Sturm’s
theorem gives the eigenvalues as A, = — 2.372 and A, = 3.372. Exact eigenvalues are

2, (1 = /33)/2.
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2.69 Use the Householder’s method to reduce the given matrix A into the tridiagonal form

4 -1 -2 2

-1 4 -1 -2
A=l_9 -1 4 -1
2 -2 -1 4

Solution
First transformation :

w,=1[0 x, x; x,]7,

_ [ 2 2 2 _
S1=4ajp tag tay =3,

1 DD |_2 2
Sht 1kl TRAR

3
_L\E-L. 1
BTe3V2 e 4T g

1 0 0 0
0 -1/3 -2/3 2/3
P,=1-2w,w,"=|0 -2/3 2/3 13
0 2/3 13 2/3

4 3 0 0
3 16/3 2/3 1/3
A,=PAP, =0 2/3 16/3 -1/3
0 13 -1/3 4/3
Second transformation :
w,=[0 0 x5 x,]7

b

J5
31=\)a§3+a§4 =_3 )
, 1 2/3 J5+2
.7C3 =§ 1+ = =a,

J5/3 245

s+2 -2 1
xf:l-x%:l_ = =
25 ~ 25 20a’

10 0 0

e s 101 0 0
Py=I-2W; W5 =10 0 1-2 -1/45
0 0 -1v/5 1-1/(10a)

4 3 0 0

CpAPp - 3 16/3 -5/3J5) 0
A =PAP =1 _5/3/5) 16/3  9/5
0 0 9/5  12/5

is the required tridiagonal form
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2.70 Find approximately the eigenvalues of the matrix

31

11
Using the Rutishauser method. Apply the procedure until the elements of the lower
triangular part are less than 0.005 in magnitude.

We have the following decompositions :

1 0][3 1
A=A=LU =13 1|lo 2/3

10/3 1
Ay=ULi=|9/9 9/3

1 0][10/3 1
=L, Uy=1115 1|l 0 3/5

17/5 1
Ay =ULy=|1/95 3/5

1 o][17/5 1
=LUs=11/85 1|| 0 10/17

58/17 1
A =Usls =|9/989 10/17

1 0][58/17 1
=LU, =|1/493 1|| 0  289/493

34138 1
A;=Uly = 00012 05862

To the required accuracy the eigenvalues are 3.4138 and 0.5862. The exact eigenvalues

are 2 + /2.
2.71 Find all the eigenvalues of the matrix
111
A=|2 1 2
1 3 2

using the Rutishauser method. Iterate till the elements of the lower triangular part are
less than 0.05 in magnitude.

1 0 O0ffl1 11
2 100-10=L1U1
1 -2 1{]|0 0 1
1 1 1|1 00 4 -1 1
A,=U/L =0 -1 0|2 1 0(=|-2 -10
1 -2 1

0 0 1j|1 -2 1

Solution
We have

A =A=
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1
-1/2

A3=U2L2=[

1
7/38
1/114

A,=UL,-=-

1

A.=UL,-"

1

AG =U,L; =

1

A,=U,L,=

0 0]4
1 0}|0
174 7/6 1||0

-0.035859 H
0.000407 0.044670 1

4.791209
0.036469
0.000084

0.007612
0.000018

-0.001583
0.000001 0.001931 1

19/4
7/8
1/24

0 0
1 0
-11/54 1

4789474
-0.171745
0.001949

0
1

-1V

0
1

4.791285
-0.007586
0.000004

0
1

4.791289
0.001584
0

|

- 0.009231 1”

-1 1

0

-3/2 12| =L,U,
1/6

1/6 1
12 1/2

7/36 1/6

19/4
0
0

1
6/19
0 38/171]

-0.037037 1]
-1011696 0.315789
—-0.045267 0.222222 |
0][4.789474 -0.037037 1
0 0 -1013024 0.351648
0 0 0.206107

1/6

-18/19 LU,

=L,U,

0.007633 1

-0.997316 0.351648

0.009207 0.206107}
0]/4.791209  0.007633
0 0 -0.997374
0 0

-0.001598 1
-1000550 0.344036
-0.001932 0.209265
-0.001598
- 1000553

0| 4.791285
0

1
0.344036
0.209265

- LU,

1
0.345619
0.208597

0 0
0

=Ls Ug

0.000333 1
-0.999886 0.345619

0.000403 0.208597}

Hence, the eigenvalues are approximately 4.791289, — 0.999886 and 0.208597. The
exact eigenvalues are

A=(5G+21)/2=4.791288, A\ =—1and A= (5- /21)/2 = 0.208712

2.72

using power method.

A=

O = = DN
=

Find the largest eigenvalue of the matrix

0

== O =

1
1
2

(Stockholm Univ., Sweden, BIT 7 (1967), 81)
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Solution
Starting with vy =[1 1 1 1] and using the algorithm for power method we obtain
y,=Av,=[4 3 3 4]T
vi=2L_-11 3/4 3/4 1T
my
y,=Av,=[7/2 11/4 11/4 17/2,

Vo= 22 -1 11/14 11/14 117,

my
y;=Av,=[25/7 39/14 39/14 25/7]7,
v,=2% =[1 39/50 39/50 117,

mg

ys=Av,=[317/89 495/178 495/178 317/89]7,

vo=[1 495/634 495/634 1]7,

Ve =Av, =[1129/317 1763/634 1763/634 1129/317]7,

ve=[1 1763/2258 1763/2258 1]7,
After six iterations, the ratios

(¥g),/(vy),r=1,2,8,4

are 3.5615, 3.5616, 3.5616 and 3.5615. Hence, the largest eigenvalue in magnitude is
3.5615. The corresponding eigenvector is [1 0.7808 0.7808 1]7.

2.73 Determine the largest eigenvalue and the corresponding eigenvector of the matrix
4 1 0

1 20 1

0 1 4

to 3 correct decimal places using the power method.
(Royal Inst. Tech., Stockholm, Sweden, BIT 11 (1971), 125)

A=

Solution
Starting with vy =[1 1 1]7 and using power method we obtain the following :
v, =Av,=[5 22 5]

v=2L _[5/22 1 5/227

m,
v, =Av, =[21/11 225/11 21/11]7,
v,= 22 _[21/225 1 21/225]7

my

y, = Av, = [1.24806 20.12412 1.24824]7,

v;= T - [0.06202 1 0.062021",

7
Vs = Av, = [1.24806 20.12404 1.24806]7,
ve= 28 20.06202 1 0.06202]”

mg
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2.74

2.75

After 8 iterations, the ratios (yg),./ (v,),,r =1, 2, 3 are 20.1235, 20.1240 and 20.1235. The
largest eigenvalue in magnitude correct to 3 decimal places is 20.124 and the corre-
sponding eigenvector is

[0.06202 1 0.06202]7.
Compute with an iterative method the greatest charateristic number A of the matrix

00110
00101
A=|1 10 0 1
100 01
01110
with four correct decimal places. (Lund Univ., Sweden, BIT 4 (1964), 131)

Solution
Startingwithv,=[1 1 1 1 1]7and usingthe power method, we obtain the following :

v, =Av,=[2 2 3 2 3]T
vi= L = [0.666667 0.666667 1 0.666667 11

1

v, =Av, =[1.666667 2 2.333334 1.666667 2.333334]7

v, = [0.714286 0.857143 1 0.714286 1]7

Vi3 = Av, = [1.675145 2 2481239 1.675145 2.481239]7

v,; = [0.675124 0.806049 1 0.675124 1]

V= Av,, = [1.675124 2 2481173 1675124 2.481173]7

v,, = [0.675124 0.806070 1 0.675134 1]7
After 14 iterations, the ratios (y,,). / (v5), r =1, 2, 3, 4, 5 are 2.481209, 2.481238,
2.481173, 2.481238 and 2.481173. Hence, the largest eigenvalue in magnitude may be
taken as 2.4812.

Calculate an approximation to the least eigenvalue of A = LL”, where
100
L=|110
111

using one step of inverse iteration. Choose the vector (6 —7 3)T as a first approxima-
tion to the corresponding eigenvector. Estimate the error in the approximate eigenvalue.

(Univ. and Inst. Tech., Linkoéping, BIT 28 (1988), 373)
Solution
The inverse power method is defined by
Z,, =AYy,
Ye+1= 241 / my 41
where m,, is the maximal element in magnitude of z, , ; and y is the initial approxima-
tion to the eigenvector. We have alternately,

Az, ,=LL"z, =y,
yI;c+1= Zk+1 / mk+1'
Set L'z, ,=t, ,.Solve Lt, , =y, and then solve LTz, ,=t¢t, ..
Solving Lt, =y,, wherey,=[6 -7 37, wegett, =[6 —13 10]7.



142

Numerical Methods : Problems and Solutions

2.76

Solving L7z, = t, we get

z,=[19 -23 10]7 and y,=[19/23 -1 10/23]7
Hence, the ratios approximating the largest eigenvalue of A~! are 19/6,23/7, 10/ 3,
i.e.,3.167, 3.286 and 3.333. The approximation to the smallest eigenvalue in magnitude
of A may be taken as 3.2. The exact eigenvalue is 5.0489 (approximately).

Find the smallest eigenvalue in magnitude of the matrix
2 -1 0

_ 1 2 —
0 -1 2

using four iterations of the inverse power method.

A=

Solution

The smallest eigenvalue in magnitude of A is the largest eigenvalue in magnitude of A~L.
We have

3/4 1/2 1/4
Al1=|1/2 1 1/2
1/4 1/2 3/4
Using yErD = A1y k=0, 1..
and vi®=11, 1, 1]7, we obtain

yV=1[15 2, 157 v®»=10.75, 1, 0.75]T

y? =[1.25 175, 1.25]7, v®®=[0.7143, 1, 0.7143]T

y® =[1.2143, 1.7143, 1.2143]7, v®® = [0.7083, 1, 0.7083]7

y® =[1.2083, 1.7083, 1.2083]7, v¥ = [0.7073, 1, 0.7073]7.
After four iterations, we obtain the ratios as

[y(‘“]
H= [V(s)]
Therefore, p=171 and A=1/p=0.5848.
Since | A — 0.5848 I | =0, A = 0.5848 is the required eigenvalue. The corresponding
eigenvector is [0.7073, 1, 0.7043]T
The smallest eigenvalue of A is 2 — J2 =0.5858.

Alternately, we can write
Ay +D =y® k=01 ..

1 0 ojj2 -1 0
or -1/2 1 0|0 3/2 —-1|y*k+D=y®
0 -2/3 1|0 0 4/3
Writing the above system as
Lz® =v® and Uy*+V=z®
we obtain for vO=11, 1, 117,29 =11, 15, 2]T.y®=[15, 2, 1.5]T.
We obtain the same successive iterations as before.

=(1.7059, 1.7083 1.7059).



Linear Algebraic Equations and Eigenvalue Problems 143

2.77 Find the eigenvalue nearest to 3 for the matrix
2 -1 0
_ 1 2 —
0 -1 2
using the power method. Perform five iterations. Take the initial approximate vector as
v® =[1, 1, 1]7. Also obtain the corresponding eigenvector.
Solution

The eigenvalue of A which is nearest to 3 is the smallest eigenvalue (in magnitude) of
A — 3I. Hence it is the largest eigenvalue (in magnitude) of (A — 3I)"1. We have

-1 -1 0 0 -1 1
A—SI=[—1 -1 —1} (A—3I)‘1=[—1 1 —1}.
0 -1 - 1 -1 0
Using y*+*V=(A-3D1v®»,k=0,1,..and v¥ = [1, 1, 1]7, we obtain
y(l) — [0, -1, O]T, v = [0, -1, O]T
y¥=01, -1, 17, v®=[1, -1, 17
y® =12, -3, 2|7, v® =1[0.6667, —1, 0.6667]7
y® = [1.6667, —2.3334, 1.6667]T
v4 =1[0.7143, -1, 0.7143]T
y® =[1.7143, —2.4286, 1.7143]7.
After five iterations, we obtain the ratios as

[y(5)]
H= =" =[2.4000, 243, 2.4000].
v™1,
Therefore, u= 2.4 and A =3 £ (1 /) = 3 + 0.42. Since A = 2.58 does not satisfy | A—2.58 1|
=0, the correct eigenvalue nearest to 3 is 3.42 and the corresponding eigenvector is

[0.7143, — 1, 0.7143]7. The exact eigenvalues of A are 2 + /2 = 3.42,2 and 2 — /2 = 0.59.

A=




CHAPTER 3

Interpolation and Approximation

3.1 INTRODUCTION

We know that for a function f (x) that has continuous derivatives upto and including the
(n + 1)st order, the Taylor formula in the neighbourhood of the point x = x, x, O [a, b] may
be written as

(x - xo

fx)=f(xy) + (x —xp) flag) + " (xo)

w f(n) (xo) + Rn+1( x) (3.1)
where the remainder term R, ,(x) is of the form
(x —x )n+1
R ,(x)= T"D' £ @), x, < & < x. (3.2)
Neglecting R, ,,(x) in (3.1), we obtain a polynomial of degree n :
Plx) = £ () + (x — ) ) + & xO £ (%,

(x - xO f(n)(x ). (3.3)

The polynomial P(x) may be called an interpolating polynomial satisfying the (n + 1)
conditions
fOx) = PYxy),v=0,1,2,..,n (3.4)
which are called the interpolating conditions. The conditions (3.4) may be replaced by more
general conditions such as the values of P(x) and / or its certain order derivatives coincide with
the corresponding values of f (x) and the same order derivatives, at one or more distinct tabu-
lar points, @ <x,<x; <...<x, ; <x, <b.In general, the deviation or remainder due to replace-
ment of a function f (x) by another function P(x) may be written as

E(f, x) =f (x) — P(x). (3.5)
In approximation, we measure the deviation of the given function f (x) from the approxi-
mating function P(x) for all values of x U [a, b].

We now give a few methods for constructing the interpolating polynomials and approxi-
mating functions for a given function f (x).

144
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Taylor Series Interpolation

If the polynomial P(x) is written as the Taylor’s expansion, for the function f (x) about a
point x,, x, O [a, b], in the form

P(x) = f(xy) + (x — x,) f(x,) + % (x — x)? f(xy) + ... + % (x — x)" f ™(x,)

then, P(x) may be regarded as an interpolating polynomial of degree n, satisfying the condi-
tions

P®(xy) =f®(xy), k=0, 1, ... n.
The term
n+l = (n + 1)!
which has been neglected in the Taylor expansion is called the remainder or the truncation
error.

(x —x) L fD (8), xy < E<x

The number of terms to be included in the Taylor expansion may be determined by the
acceptable error. If this error is € > 0 and the series is truncated at the term f™(x,), then, we
can write

1
(n+1!
1 n+l
or m |x—x0| Mn+1S8

where, Mn+1= (Izlslg?g)i | f(n+1)(x) |

| x-x, | n+l | f(n+1)(a) | < ¢

Assume that the value of M, ,; or its estimate is available.

For a given € and x, we can determine n, and if n and x are prescribed, we can determine
€. When both n and ¢ are given, we can find an upper bound on (x — x,), that is, it will give an
interval about x,, in which this Taylor’s polynomial approximates f (x) to the prescribed accu-
racy.

3.2 LAGRANGE AND NEWTON INTERPOLATIONS

Given the values of a function f (x) at n + 1 distinct points x, x;, .. , x,, such that
Xy < Xy < Xy < ... < x,, we determine a unique polynomial P(x) of degree n which satisfies the
conditions

Px,)=f(x,),1=0,1,2, ..., n (3.6)

Lagrange Interpolation
The maximum degree of the polynomial satisfying the n + 1 conditions (3.6) will be n.
We assume the polynomial P(x) in the form
P(x) = 1,(x) f (xy) + 1;(x) [ (%) + ... + 1, (%) f(x,) (3.7
where [ (x), 0 <i <n are polynomials of degree n. The polynomials (3.7) will satisfy the interpo-
lating conditions (3.6) if and only if
0, i#/j,

W)=y =

(3.8)

The polynomial /(x) satisfying the conditions (3.8) can be written as
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(x =2 N —2q)(x =2, N —x;9)...(x —x,,)

l(x) = 3.9
) = ) —3y), =2, ), %)y —2,) 39
w(x)
or [(x) = T w () )W (%)
where w(x) = (x —x,) (x —x)(x —x,).

The functions /(x), i = 0(1)n are called the Lagrange fundamental polynomials and (3.7)
is the Lagrange interpolation polynomial.

The truncation error in the Lagrange interpolation is given by
E (f;x) =f (x) - Px).
Since E, (f;x)=0atx=x,,i=0,1,...,n, then forx 0 [a, b] and x # x;, we define a function
g(t) as
g) = £ (1) = P — If () - Plo)] 2000 2l 2)
(x = x)(x = 2x7)...(x —x,)
We observe that g(t) =0att=xandt=x,1=0,1, .., n
Applying the Rolle’s theorem repeatedly for g(t), g'(¢), ..., and g™(t), we obtain
g™ (&) = 0 where & is some point such that
min (x, X, ..., X, X) < § < max (xy, X, ..., X,, X).
Differentiating g(¢), n + 1 times with respect to ¢, we get
. . (n+D![f(x) — P(x)]
o) =0 - (x = xp)(x —27)...(x =x,)
Setting g*V (&) = 0 and solving for f (x), we get
w(x)

_ _ WA p(n+])
f (x) = P(x) + (n+1)!f ).
Hence, the truncation error in Lagrange interpolation is given by
wx) )
E,(f;%)= 0 @) (3.10)

where min (x, x,, ..., x,, X) < & < max (x,, %y, ..., X, X).
Iterated Interpolation
The iterated form of the Lagrange interpolation can be written as
1

Xpn = %Xp-1

IO,l,...,n—l(x) Xp1—X%

I
IO,l,...,n—Z,n(x) X, —X

0,12, .., %) = (3.11)

The interpolating polynomials appearing on the right side of (3.11) are any two inde-
pendent (n — 1)th degree polynomials which could be constructed in a number of ways. In the
Aitken method, we construct the successive iterated polynomials as follows :

I(x) = f(xy), I,(x) = f (xy),

I,(x) x5 —x
I - 0 0
01 xy—x | I1(x) x7-x
1 Ip(x) x;-x
I — 0,1 1
0.1 20) Xg =%y | Iga(x) x9-x
1 Iy ,(x) x4 —x
I _ 0,1,2 2
0.1.2, 3 X3 ~ Xg 10,1,3(x) X3 —Xx
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This interpolation is identical with the Lagrange interpolation polynomial but it is much
simpler to construct.

Newton Divided Difference Interpolation

An interpolation polynomial satisfying the conditions (3.6) can also be written in the

form
Px) = flxp] + (x —x) f [xg, 27] + (€ — x9)(x — 1) f o, 2, 2] + ...
+ (- xp)x —xy) .. (e —x, ) fxy, xq, ... %, ] (3.12)
where flxgl = f(xp),
Fliey, %] = f(xy) —f(xo)’
X1~ X
flxq, x9] = flxg, x4]
f [xoa xla xz] = Xo — %X 5
f [xo’ Xy o xk] _ f[x17x27"' 7xk] _f[x07x17--- 7xk—1] , (313)

Xp ~Xo
are the zeroth, first, second and kth order divided differences respectively. The polynomial

(3.12) is called the Newton divided difference interpolation polynomial. The function f (x) may
be written as

fx)=Pkx)+ R, (x) (3.14)
where R, ,(x) is the remainder.
Since P(x) is a polynomial of degree < n and satisfies the conditions
fx,)=Pkx,),k=0,1,..,n,
the remainder term R, vanishes at x = x,, & = 0(1)n. It may be noted that the interpolation
polynomial satisfying the conditions (3.6) is unique, and the polynomials given in (3.7), (3.11)

and (3.12) are different forms of the same interpolation polynomial. Therefore, P(x) in (3.12)
must be identical with the Lagrange interpolation polynomial. Hence, we have

f(n +1) ( E)
17 (n+ D!
When a data item is added at the beginning or at the end of the tabular data and if it is
possible to derive an interpolating polynomial by adding one more term to the previously cal-
culated interpolating polynomial, then such an interpolating polynomial is said to possess
permanence property. Obviously, Lagrange interpolating polynomial does not possess this
property. Interpolating polynomials based on divided differences have the permanence prop-
erty. If one more data item (x ,, f, ;) is added to the given data (x,,f;),7 = 0, 1, ..., n, then in the
case of Newton’s divided difference formula, we need to add the term
(x—x)x —x)) ... (x—x) flxg, %, ooy X, 4]
to the previously calculated nth degree interpolating polynomial.

w(x), (3.15)

3.3 GREGORY-NEWTON INTERPOLATIONS

Assume that the tabular points x, x,, ..., x, are equispaced, that is
X, =x,+ih,1=0,1,..,n

with the step size A.
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Finite Difference Operators
We define
Ef (x)=f(x;+ h)
Af(x)=f(x,+h)—f(x,)
Of (x;) =f (x;) —f (x;,— h)

The shift operator
The forward difference operator

The backward difference opera-

tor
h h .
Of(x)=f (xi + E) -f (xi - Ej The central difference operator
1 h h .
uf(x,)= 2 [f(xl + Ej + f(xi —Eﬂ The averaging operator (3.16)
Repeated application of the difference operators give the following higher order differ-
ences :
E"f(x;)=f(x, + nh)
N () = By, — ML = (B - 1
L !
- L
,; v (n—k)!k!f”” *
an(x ) = Dn—lf _ Dn—l L =(1- E—l)n]c;
Z (n k) k! TR
8°f (x;) = 8"}, 1= 8", 4y = (BV2 — ETV21f,
- _ 1k TL‘
= ];)( D =R)k! fini2)-n (3.17)
where, f,=f(x,).
We also have
ALY hk A'fy = Bl hk 0* - (3.18)
Af(x)=hf x), or fx)=I[Af(x)]/h. Errorinf (x): O(h).
D (x) = h%f" (x), or ["(x)=[A%f(x)] / h2 Errorin f"(x) : O(h).
Of (x) = hf' (x), or f(x)=I[0f(@®)] /h. Errorin f'(x): OK).
%f (x) = h%f" (x), or ["x)=[02f(x)] / h% Error in f"(x) : O(h).
&% (x) = %" (x), or ["(x)= [ (x)] / h? Errorin f”(x) : O(h?).
1
f[xoa xl] = Z [Afo] =f0’7
; 2 1 "
f[xoaxlaxz] = 2|h2 Af0= EfO .

The results can be generalized to higher order derivations.
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Table: Relationship among the operaters

E A a 0
1. 1
E E A+l (1- 0t 1453 +6(1+Z?32)
1. 1
_ —Oyl- S+ 1+ - &
A E-1 A 1-0 9 + ( + 4 J
1. 1
O 1-E- 1- (1+40! O -5 0 +6(1+252)
S E1/2 _ E—1/2 A(l + A)_1/2 |:|(1 _ D)—1/2 S
1 ve | 12 1 ) vz _1 _ V2 ( 1 2)
H E(E +E %) (1+2A (1+4) (1 2|Z| (1-0) 1+46
Gregory-Newton Forward Difference Interpolation
Replacing the divided differences in (3.12) by the forward differences, we get
(x = xg) (x —x)x —2x7) 2
P(x) =f, + Tﬂfo TA fot..
N (x —x)x —x9) ... (x —x,,_1) A, (3.19)
n!h"
-D...(s—-n+1
or Play+ hs) = f, + s, + 3(32 R+ ST (f D e (3.20)
n!
- z[ )4
where, s=(x—-x,) / h.Note that s > 0.
The error of interpolation is
. _ S n+lp(n+l)
E(f:x) = (n+1)h £,
Gregory-Newton Backward Difference Interpolation
We have
(x —x,) (x—x)x—x,1) o
Plx)=f, + —-2-0 2 D 2
I h it 2142 &
. (x = 2x,)(x = x,_1) ... (x —x7) onf, 3.21)
n!h"
s(s+1)...(s+n - _,
or P (x +hs)=f, +sOf, + 3(3 Depy Y 0"f,
(3.22)

_Z( 1)’(') uj

where, s=(x-x,) / h. Note that s<0.
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The error of interpolation is
-S n n
E(f;x) = (11 (n N 1) RN E).

3.4 HERMITE INTERPOLATION

Given the values of f (x) and f'(x) at the distinct pointsx;,7 =0, 1, ...,n,x, <x; <x,<..<x, We
determine a unique polynomial of degree < 2n + 1 which satisfies the conditions

Px) =T,
P'x)=f',i=0,1,..,n. (3.23)
The required polynomial is given by

P(x) = z A ()f (x;) + z B; (x)f " (x;) (3.24)
i=0 i=0

where A (x), B,(x) are polynomials of degree 2n + 1, and are given by

Bl(x) = (x - xi) llz(x),
and /(x) is the Lagrange fundamental polynomial (3.9).
The error of interpolation in (3.24) is given by
w? (x)

oz’ En2 (@), x, < E<x,. (3.25)

Egpn(f3 )=

3.5 PIECEWISE AND SPLINE INTERPOLATION

In order to keep the degree of the interpolating polynomial small and also to obtain accurate
results, we use piecewise interpolation. We divide the interval [a, b] containing the tabular
points x, x,, ..., X, where x, = @ and x, = b into a number of subintervals [x, ,,x],i=1,2,..,n
and replace the functionf (x) by some lower degree interpolating polynomial in each subinterval.

Piecewise Linear Interpolation
If we replace £ (x) on [x, ;, x;] by the Lagrange linear polynomial, we obtain
X; X — xi_l

F) =P (x)= ———f, , + 3 (3.26)
Xi-1 7% Xi T Xi-1

i=1,2,..,n.
Piecewise cubic Hermite Interpolation
Let the values of £ (x), f'(x) be given at the points x,, x4, ..., x,.
If we replace f (x) on [x, , x,], by the cubic Hermite interpolation polynomial, we obtain
F x) =P x)=A, (0 f, ;+A [, +B,_x)f'; +Bx) f;', (3.27)
i=1,2,..,n

— x Y
where A. =[1_2(x xl—1)} (x - x;)

-1 _ 27
Xi-1 7% | (o —x;)
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— — . )2
A:[l_Z(x xi)} (x —x;,_7)

i _ 2
X — %9 | (e, —x;-1)

(x - x;_x —x;)?

Bi_l: (xi_l - x,-)z
(x—2x; Nx —x;4 )2
B. = 3.28
' (x; _xi—l)z ( )

We note that piecewise cubic Hermite interpolation requires prior knowledge of f(x; ),
i=0,1,..,n. If weonlyuse f,,i =0, 1, ..., n, the resulting piecewise cubic polynomial will still
interpolate f (x) at x, x,, ..., x, regardless of the choice of m; = f'(x,),7 =0, 1, ..., n. Since P4(x) is
twice continuously differentiable on [a, b], we determine m s using these continuity condi-
tions. Such an interpolation is called spline interpolation. We assume that the tabular points
are equispaced.

Cubic Spline Interpolation (Continuity of second derivative)

We assume the continuity of the second derivative. Write (3.27) in the intervals [x, ,, x,]
and [x;, x;,,], differentiate two times with respect to x and use the continuity of second order
derlvatlves at x;, that is

1111(1) F'x +¢)= 1in(1) F"(x,—¢). (3.29)
€ -
We obtain,
lim F" (x, + £)= —0— (fy =) = — f =2 fs 13.29 ()]
e-0 ' hi2+1 ' ' hia ! hia ! ’ L
- 6 2 ., . 4. .
eh% F'(x;-¢)= ? (fici = 1) +h—i fili + h_L fi'. [3.29 (i7)]
Equating the right hand sides, we obtain
1 2 2 1
Sl O e e L f!
h; fa [hi hi+1)fl hi fisa
3(f_.-f) 3 4
__ 3 L f) 3 =1 5 1,2,..,n-1 [3.29 (iii)]
hi h’z+1
These are n — 1 equations in n + 1 unknowns f;, fi, .., f,. If fu" and f," are pre-
scribed, then from [3 29 (i)] and [3.29 (i1)] for i = 0 and i = n respectively, we obtain
1 3(fi—fy) _1 ,
A, fo fl h1 Ty S [3.29 (iv)]
The derivatives fi ,1=0,1, ..., n are determined by solving the equations [3.29 (iii)] to
[3.29 (v)]. If f; and f, are specified, then we determine £y, f;, ..., f,_; from the equation
[3.29 (iid)].

For equispaced points, equations [3.29 (ii7)] to [3.29 (v)] become, respectively,
Fr b AL L = % For—foi=1,2 . n—1 (3.30)
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h
2f +fi =% Ty 5 fi [3.31 ()
fia +2f, = % (= f) + % n [3.31 (i1)]
where x,—x,_;=h,i=11n.

The above procedure gives the values of f’,i=0,1, .., n. Substituting f, and f;,

13
i=0,1, .., nin the piecewise cubic Hermite interpolating polynomial (3.27), we obtain the
required cubic spline interpolation. It may be noted that we need to solve only an (n — 1) x (n —
1)or an (n + 1) x (n + 1) tridiagonal system of equations for the solution of f;'. This method is
computationally much less expensive than the direct method.

Cubic Spline Interpolation (Continuity of first derivative)
We assume the continuity of the first derivative. Since F(x) is a cubic polynomial, F'"(x)
must be a linear function. We write F"(x) on [x; ;, x,] in the form

X —x (x—2x;_7)
F"(.’XJ) — i F" (xi—l) + -1
X T X1 Xi T Xi-1

F"(x;). (3.32)

Integrating (3.32) two times with respect to x, we get
(x; — x)3 M+ (x - x;_,)°
6h,; ot 6h;

where M, = F"(x;) and ¢, and c, are arbitrary constants to be determined by using the condi-
tions F(x, ;) = f(x, ;) and F(x,) = f (x,). We obtain

F(x) = M, +cx +c, (3.33)

1 1 x
F(x) = 6%, (x;, —2x)° M| + 6h, (x—2x_ M, + h (f.—f_y
x 1 1 MOk
s (M; - M;_Dh,; + 7 G =% 0 1) - 6 G, My —x; i M)h,

=L e — ol -0 - B2 M,

+ GTLL [((x —x;, ) {(x —x;, )= R M,
+i(x —X) +i(x—x ) [ (3.34)
hi i i-1 hi -1/ /3 .

where, x,  <x<x,.
Now, we require that the derivative F''(x) be continuous at x = x, + € as € - 0. Letting
F'(x,—e)=F'(x; + &) as € - 0, we get

h, h 1 h, h, 1
M A Mo+— F—f ==y T A+ = (F =)
6 i-1 3 12 hi f; f;—l 3 12 6 i+1 hi+1 fL+1 fL
which may be written as
h; h; + R hi 1 1 .
EML_]_"' 3 + ML+ 6+ ML+1=a(ﬁ+1_ﬁ)_h_L(f;_f;_l),l=1, 2, ...,I’L—l.

(3.35)
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For equispaced knots A, = A for all i, equations (3.34) and (3.35) reduce to

P = = [0 My, + -5 ) M) + 2 =) £y -
x_Gh X=X i1 T X=X i in x)| fia & it

1 h?
+ Z(x—xi_l) [ﬂ _?MiJ [336 (l)]

and M +4M + M, = % s 2+ 1. ...13.36 (ii)]

This gives a system of n — 1 linear equations in n + 1 unknowns M, M, ..., M,. The two
additional conditions may be taken in one of the following forms.

(@) My, =M, = 0. (natural spline)
(ll) MO = Mn’ Ml = Mn+1’ fO = fn’ fl = fn+1’ hl = hn+1'
(A spline satisfying these conditions is called a Periodic spline)
(iti) For a non-periodic spline, we use the conditions
Fla)=f"a)=f; and F(b) =) = f,.
Fori =0 andi =n, we get

2M0+M1=h£1[f1}:1f0 _fo'J

6 [ fn - fn—l
M, +2M = E [fn - 7}% J (3.37)

This method gives the values of M, =f"(x,),i = 1, 2, ..., N — 1, while in method 1, we were
determining f'(x,). The solutions obtained for M,,i =1, 2, ..., N — 1 are substituted in (3.34) or
[3.36 (i)] to find the cubic spline interpolation. It may be noted that in this method also, we

need to solve only an (n — 1) x (n — 1) tridiagonal system of equations for finding M,.

Splines usually provide a better approximation of the behaviour of functions that have
abrupt local changes. Further, splines perform better than higher order polynomial approxi-
mations.

3.6 BIVARIATE INTERPOLATION

Lagrange Bivariate Interpolation

If the values of the function f(x, y) at (m + 1)(n + 1) distinct point (xi,yj), i=0(1)m,j=0(1)n
are given, then the polynomial P(x, y) of degree atmost m in x and n in y which satisfies the
conditions

P, y)=f(x,y,)=f,;, i=00m, j=0Dn

is given by P,y =) > Xni@Y, ;Wf; (3.38)
720 i=0
w(x) w*(y)

Y ()= ——m———
) (y-—yj)w*y;)

where X i) = x—x)w'(x)’ ™
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and wx) = (x —x)x —x)) ... (x—x,)
wiy) =@ —y,)y —yy) .. v —y,).
Newton’s Bivariate Interpolation for Equispaced Points
With equispaced points, with spacing 4 in x and % in y, we define
Af,y)=fx+hy —fxy=E -1 f(xy)
A fy)=fy+k)—fxy=E-1f(y)
A f,y)=0fx+hy)—0 fxy)=E -12f(xy)
Ayyf(x,y):Ayf(x,y+k)—Ayf(x,y)=(Ey—l)zf(x,y)
A, f,y)=0 1 y+k)—f =004 7F(y)
=E -DE, -Dfxy)=E-1)E -Df(y)
= AyAxf(x, y) = Ayxf(x, y)

Now, f'(xy + mh, yy+ nk) = E" Ey f (xq, yy) = (1 + A )" (1 + D))" f (x, )

= [1+[nll) A, +[’;)Axx +..}[1+[';)Ay +[g)Ayy +} f(x0,50)
- [1+[m)A +[n)A +[m)A +[m)[n)A +[n)A +} flx,y) [3.39 G
1 x 1 y ) xx 1 1 xy 2 yy 070 :

Let x = x,+ mh and y =y, + nk. Hence, m = (x —x,) / h and n = (y - y,) / k. Then, from
[3.39 ()] we have the interpolating polynomial

P(x:y)=f(x0:y0)+ [%(x_xO)Ax +%(y _yO)ij|f(x0:y0)

" 21 [hz (r =)l = x1) By +ﬁ (@ =20)(y =¥0) By +k72 v =5y -y1) Ayy} f(xg, yo) + ...
[3.39 (1)]
This is called the Newton’s bivariate interpolating polynomial for equispaced points.

3.7 APPROXIMATION

We approximate a given continuous function f (x) on [a, b] by an expression of the form

n

f (x) = P(x, cy, ¢y ..y C) = z c; @;(x) (3.40)
where @(x), i =0, 1, ..., n are n + 1 appropriately chlggen linearly independent functions and
€y €y ---» C, are parameters to be determined such that

B0 =Tf - Y e (3.41)
is minimum, where || . ||is a well deﬁnedliloorm. By using different norms, we obtain different

types of approximations. Once a particular norm is chosen, the function which minimizes the
error norm (3.41) is called the best approximation. The functions @(x) are called coordinate
functions and are usually taken as @.(x) = x*, i = 0(1)n for polynomial approximation.
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Least Squares Approximation

We determine the parameters c, c;, ..., ¢, such that

2
N n
I(cy, cqy ..oy ) = ZW(xk)[f(xk)— Z ci(pi(xk)] = minimum. (3.42)
=0 =0
Here, the values of f (x) are given at N + 1 distinct points x, x4, ..., xy.
For functions which are continuous on [a, b], we determine c, c,, ..., ¢, such that
2
b n
Icy, ¢y, oosC) = j Wi(x) {f(x) - 2 ci(pi(x)l dx = minimum (3.43)
¢ i=0

where W(x) > 0 is the weight function.
The necessary conditions for (3.42) or (3.43) to have a minimum value is that
ol

—=0, 1=0,1,..,n (3.44)
dc;
which give a system of (n + 1) linear equations in (n + 1) unknowns c, c,, ..., ¢, in the form
N n
Z W(xy,) |:f(xk) - z ;@ (xy, )} @;(x) =0 (3.45)
=0 =0
b n
or J. Wi(x) [f(x) - Zci(pi(x)} @;(x)dx =0, (3.46)
@ =0
j=0,1,...,n.

The equations (3.45) or (3.46) are called the normal equations. For large n, normal equa-
tions become ill-conditioned, when @(x) = x*. This difficulty can be avoided if the functions ¢,(x)
are so chosen that they are orthogonal with respect to the weight function W(x) over [a, b] that
is

N
Z W (x,)@x,) @ () =0, %], (3.47)
=0
b
or j W(x) Q@) @@)dx =0, i #}. (3.48)
If the functions @,(x) are orthogonal, then we obtain from (3.45)
N
Z W (e, )p; (o ) f ()
¢, = 0y ,i=0,1,2,..,n (3.49)
> W )of ()
En)

and from (3.46), we obtain

b
j W)@, (0)f (x)dx

c ,1=0,1,2, .., n. (3.50)

i

b
j W ()92 (x)dx
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Gram-Schmidt Orthogonalizing Process
Given the polynomials @,(x), the polynomials ¢ (x) of degree i which are orthogonal on
[a, b] with respect to the weight function W(x) can be generated recursively.
We have, @) =1
i-1

G =x-") a,¢,(x) (3.51)

ij(x)xi@j (x)dx

where ,0=0,1,2, ...,n. (3.52)

ir— b 9
[ Wres (e dx
a
Over a discrete set of points, we replace the integrals by summation in (3.52).
Uniform (minimax) Polynomial Approximation

Taking the approximating polynomials for a continuous function f (x) on [a, b] in the

form
P (x)=cy+cix+...+cx" (3.53)
we determine c, ¢y, ..., ¢, such that the deviation
E (f, ¢ Cq, oy €)= [ (x) = P, (x) (3.54)
satisfies the condition
max |E (f, ¢y, Cq5 oo C,) = agljlslb |E (f, ¢y, 15 o ) |- (3.55)

If we denote
€,(x) =f(x) - P, (x),

E (f, x) = max | €,(x) |,

then there are atleast n + 2 points @ = x, < x; < x, ... <x, < x,,; = b where (Chebyshev equi-

oscillation theorem)
ex)=+xE,1=0,1,..,n+1, [3.56 (1)]
(ii) ex;) = —€(x;,1),1=0,1, ..., n. [3.56 (i7)]
The best uniform (minimax) polynomial approximation is uniquely determined under

the conditions (3.56). It may be observed that [3.56 (ii)] implies that
e'x,)=0, 1=1,2,..,n. [3.56 (ii1)]
For finding the best uniform approximation it is sufficient to use [3.56 (ii)] and [3.56 (ii7)].

Chebyshev Polynomials

The Chebyshev polynomials of the first kind 7' (x) defined on [- 1, 1] are given by
T (x) = cos (n cos™ x) = cos nb
where @=coslx or x=cos®.
These polynomials satisfy the differential equation
1-x2)y" —xy +n2y=0.
One independent solution gives T’ (x) and the second independent solution is given by
u,(x) = sin (nB) = sin (n cos™ x). We note that u, (x) is not a polynomial. The Chebyshev
polynomials of second kind, denoted by U, (x) are defined by



Interpolation and Approximation 157

sin 6 \/ 1-x2
Note that U, (x) is a polynomial of degree n.
The Chebyshev polynomials T’ (x) satisfy the recurrence relation
T  (x)=2xT (x)-T, ,(x)
Tyx)=1,T (x) =x.
Thus, we have Tyx) =1,

U () = sin [(n + 6] _ sin [(n + 1) cos ' x]

1="T,x),

T,(x) = x, x =T,(x),

Ty(x) = 22 -1, x%= [Ty(x) + Ty(x)] / 2,
Ty(x) = 4x3 — 3x, x% = [Ty(x) + 3T, ()] / 22,

T,(x)=8x*—8x2+1, «x*=[T,(x)+4T,x) + 3T,x)] /23
We also have

T (x) = cos n® =real part (¢ ) = Re (cos 6 + i sin 6)"

=Re [cos” 0+ [’3 cos” 1 B (i sin ) + [’21) cos" 2 0(isin 92 + }

=x" + [g) "2 (X2 -1+ [Z) (2 -1)2% + ...
=21 4" 4+ terms of lower degree.
The Chebyshev polynomials 7' (x) possess the following properties :

(@) T, (x) is a polynomial of degree n. If n is even, T, (x) is an even polynomial and if n is
odd, T' (x) is an odd polynomial.

(ii) T (x) has n simple zeros x, = cos [ZI;_ 1 TE), k=12, ..., non the interval [- 1, 1].
n

(iz7) T, (x) assumes extreme values at n + 1 points x;, = cos (k1t/ n), k=0, 1, ..., n and the
extreme value at x, is (— 1)%.

(v) | T,(x) | <1,x0[-1,1].
(v) If P (x) is any polynomial of degree n with leading coefficient unity (monic polyno-
mial) and ’f’n (x)=T,x)/ 271 is the monic Chebyshev polynomial, then
-1=x<1

max |fl~’n(x) | < r{laxlan(x)l .

This property is called the minimax property.

(vi) T, (x) is orthogonal with respect to the weight function
Wix) =

0, m#n
1 T (x)T,(x) "y
%dx —, m:n¢0
J.—l ’1_x2 1?[, men
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Chebyshev Polynomial Approximation and Lanczos Economization
Let the Chebyshev series expansion of f(x) 0 C[- 1, 1] be

f) =2+ aT (.
2 =1
Then, the partial sum
a n
Pw)="y * ) T (3.57)
1=0

is very nearly the solution of the mini-max problem

n .

(@)= ) ¢t
To obtain the approximating polynomial P, (x), we follow the following steps :

1. Transform the interval [a, b] to [~ 1, 1] by using the linear transformation

x=1[b-a) + (b + a)l /2, and obtain the new function f (¢) defined on [- 1, 1].

2. Obtain the power series expansion of £ (¢) on [~ 1, 1]. Writing each term #? in terms of

Chebyshev polynomials we obtain

max = minimum.

-1<x <1

00

f =Y L.
=0
The partial sum

n

Pt)= Y ¢T;®) (3.58)
=0
is a good uniform approximation to f (¢) in the sense
max | f()-P,&) | <], q|+]cusl+..<E (3.59)

Given ¢, it is possible to find the number of terms to be retained in (3.59).

This procedure is called the Lanczos economization. Replacing each T'(¢) by its polyno-
mial form, we obtain P, (#). Writing ¢ in terms ofx, we obtain the required economized Chebyshev
polynomial approximation to f (x) on [a, b].

3.8 PROBLEMS AND SOLUTIONS

Taylor Series Interpolation

3.1 Obtain a second degree polynomial approximation to £ (x) = (1 + x)V2 over [0, 1] by means
of the Taylor expansion about x = 0. Use the first three terms of the expansion to ap-
proximate f (0.05). Obtain a bound of the error in the interval [0, 1].

Solution

The Taylor expansion of £ (x) = (1 + x)V2 about x = 0 is obtained as
P = f s xf @+ La2prr L g1 B R
x) = +x t oy ¥ T = 5" 8 16

Taking terms upto x2, we obtain the approximation

x2

f(x)=Px) =1+ §-§~
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3.2

3.3

We have £(0.05) = P(0.05) = 1.0246875.
The error of approximation is given by
3
x n
TE = 37 " @).
3
Hence, | TE | < max |— | max |f" (x)]
O<sx<1 O<sx<1
1 3 1
= 60T gaaa | T 16 - 0O

Expand In(1 + x) in a Taylor expansion about x,, = 1 through terms of degree 4. Obtain a
bound on the truncation error when approximating In 1.2 using this expansion.
Solution
The Taylor series expansion of In(1 + x) about x, = 1 is obtained as

1

1 1 2 1 3 4
— S —1) = = (x — —(x-1D° —-——(x-D* +...
In(1+x) 1n2+2(x 1) 8(x 1)+24(x ) 64(x )

Taking terms upto degree 4, we get

In (1.2) = 0.185414.

A bound on the error of approximation is given by

(x-1°
5!

x-1D5 24
120 (1+x)°

| TE | £ max
1<x<12

f”(x)‘

=0.2 x 1075,

Obtain the polynomial approximation to f (x) = (1 — x)2 over [0, 1], by means of Taylor
expansion about x = 0. Find the number of terms required in the expansion to obtain
results correct to 5 x 103 for 0 <x <1/ 2.

Solution
We have the Taylor series expansion for f (x) = (1 — x)V2 about x = 0 as
n-1 n
x (n-1) X rn)
= ( —_ 0) + — 0)+...
f (%) f(0)+xf(0)+...+(n_1)!f ()+n!f (0)
If we keep the first n terms, then the error of approximation is given by

xn
TE=;f<n>(E),0sEs1/2

where fFW(x) = — %(l 3 @n- 3)) (1- x)~2n-D/2

59" 3
=_M(1_x)—(zn—n/z __ (@n-2)! 1
2" (n-1!2"! 921 ~ 1)1 (1- x)2* D72
(2n-2)!

d Q)= - - 27
an 770 22" 1(n - 1)!



160

Numerical Methods : Problems and Solutions

3.4

3.5

Hence, we find n such that

-n
max |TE|< 2 (2n - 2)! o"3

0<x<1/2 n! 227 1l(n -1

2n-2)!/2
n!(n-1!12%
which gives n = 12. Therefore, atleast 13 terms are required in the Taylor expansion.

IN

0.005

or <0.005

If we use somewhat unsuitable method of Taylor expansion around x = 0 for computa-
tion of sin x in the interval [0, 2] and if we want 4 accurate decimal places, how many
terms are needed. If instead we use the fact sin (TT+ x) = — sin x, we only need the
expansion in [0, 1. How many terms do we then need for the same accuracy.

(Lund Univ., Sweden, BIT 16 (1976), 228)
Solution
Taylor expansion of sin x about x = 0 is given by

. x3 x5 (_1)n—1x2n—1

sinx=x— —"—+—"— -, +———"—

3! 5! 2n-1!
with the error term
(_1)nx2n+1
- M,0<&<x
1E (2n +1)! £

where M = + cos (§) and max | M | =1.

For x O [0, 211, we choose the smallest n so that

(_ 1)n x2n+l
@2n + 1!
(2.,_[)2n+1

0 £0.00005
or @n+1)!

0<x<2m

M ‘ <0.00005

which gives n > 12.

For x O[0, 1], we choose the smallest n so that
(_ 1)n x2n+l
2n+1!

(T[)2n+1

Y <0.00005
or (2n +1)!

max M |<0.00005

0<sx<T

which gives n > 7.

Determine the constants a, b, ¢ and d such that the interpolating polynomial
¥, =y(x, + sh) = ay, + by, + h®(cy + dy{')

becomes correct to the highest possible order.

Solution

The interpolation error is given by
TE = y(x ) — a y(x,) — b y(x;) — h%(cy" (xy) + dy" (x,))
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Expanding each term in Taylor series about x, we obtain
272 313 474
I s n s h mr L
TE =y, + shyg + o Yo t 31 Yo Y y0
b b b d);
— [ (a+b)yy +bhyg +h?| = +c +d |yg + h®| —+d |yy" + B —+ — |yi +...
[(a )Yo Yo (2 c )yo (6 )yo o4 9 Yo
Setting the coefficients of various powers of A to zero, we get the system of equations
a+b=1,
b=s,
2
é +c+d :S—,
2 2
3
Q + d = i’
6 6

3.6

-s(s=1(s -2) g = s(s? - 1)
6 ’ 6

which give a=1-s,b=s,c=

The error term is given by

24 24 2
Determine the constants a, b, ¢ and d such that the interpolating polynomial
y(xy + sh) = ay(x,— h) + by(x, + h) + hlcy'(x, — h) + dy (x, + h)]
becomes correct to the highest possible order. Find the error term.

4 .
E = [s 5 i) Ry () = 2_14 (st — 253 + )Mty (E).

Solution
The interpolating error is written as
TE = y(x, + sh) — ay(x, — h) — by(x,+ h) — hlcy' (x,— h) + dy' (x, + h)].
Expanding each term in Taylor series about x, we obtain
272 313 474
., s°h® s°h® s"h™ 4
TE=y0+shy0+ 2 Yo * 5 yo t 24 yo e

2
—[(a+b)y0+h(—a+b+c+d)y('J +%(a+b—20+2d)y6’

X ht 4
+? (—a+b+3c+3d)yy + ﬁ(a+b —4c +4d)y," +...|.

Putting the coefficients of various powers of & to zero, we get the system of equations
a+b=1,
—a+b+c+d-=s,
a+b-2c+2d=s?
—a+b+3c+3d=s5,
which has the solution a=(6-1)s2+5-2)/4,b=(s+1)(2+s—s2)/4,
c=(+1(s=1)2%/4,d=(s—1)s+1)?/ 4.

The error term is given by
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3.7

3.8

4
TE = L (s*—a-b+4c-4d)y (&)
24
1 4
I 4 2 4,, v
=91 (s*— 252 + 1)h%y (Z).
Determine the parameters in the formula
P(x) = ayx—a)® +a,x—a)?+ayx—a)+a,

such that
P(a) =f(a), P'(a) = f'(a),
Pb)=f(@®), P'(b)=f"').
Solution
Using the given conditions, we obtain the system of equations
f(a)=as,
fla) = a,,

f®)=ayb-a)P+a,b-a)+a,b-a)+a,,
fb) = 3ayb - a)? + 2a,(b - a) + a,,
which has the solution

1
= - b ' ' b
ay= o g5 1@~ FOI+ o [f @)+ 1 B,
3 1 : ,
al = (b_—a)2 [f(b) f(a)] m [Zf (a) + f (b)] ’

a, =fa), ay =f(a).
Obtain the unique polynomial P(x) of degree 5 or less, approximating the function f (x),
where

flag =1,y =2,
"y =1, f(x) =3,
f'lx)=0,f"(x))==2,x;, =x,+ h.
Also find P((x, + x;) / 2).
Solution
We take the polynomial in the form
P(x) = ay + a,(x —xp) + aylx — x)% + azlx — x)® + a,(x — x)* + azx — x)°.
Using the given conditions, with & = x; — x,, we obtain the system of equations
ay=1,a,=2,a,=1/2,
a, + ha, + h2a,+ h®a; + h*a, + hda, = 3,
a, + 2ha, + 3h%a, + 4h3a, + bh*a, = 0,
2a, + 6hay + 12h%a, + 20h%a, = - 2,
which has the solution
ay=1,a,=2,a,=1/2,

1
ag =55 (40 - 24h - 5h?),

1
= —— (=60 + 32k + Th?),
a, 2h4( )
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a5=%(8—4h—h2).

2
Substituting in the given polynomial, we obtain
xo—-|-xl :i 2
[ 9 ) 64 (128 + 20h — h?).

Lagrange and Newton Interpolation

3.9

3.10

For the data (x,, f;), i = 0, 1, 2, ..., n, construct the Lagrange fundamental polynomials
li(x) using the information that they satisfy the conditions /,(x;) = 0, for ¢ #j and =1 for
i=].
Solution
Sincel.(x.)=0fori#j;(x—-x), x-x,), ..., x-x, ), (x-x,,,), .., (x—x,) are factors of [ (x).
Now, li(xﬂ is a polynomial of degree n and (x — x)(x —x,) ... (x —x;, Jx—-x,, ;) ... (x—x, )is
also a polynomial of degree n. Hence, We can write
L(x)=Alx —xp)x —x)) ... (x—x;,_ )x—x;,,) ... (x—x,),
where A is a constant. Since, /.(x,) = 1, we get
Lx;)=1=Alx, —x)x, —x;) ... (x, —x;, ), —x,,) ... (x;, —x).
This determines A. Therefore, the Lagrange fundamental polynomials are given by
(x = 2N —2x9) ... (0 =2, ) — 2;9) ... ( — )

(o; = 20)(o; — 29) o (o7 = 2,1 = %41) .- (7 —2,)

l(x) =

Let f(x) = In(1 + x), x, = 1 and x; = 1.1. Use linear interpolation to calculate an approxi-
mate value of f(1.04) and obtain a bound on the truncation error.

Solution
We have fx)=In(1+x),

£(1.0) =1n (2) = 0.693147,

f(1.1) =1n (2.1) = 0.741937.
The Lagrange interpolating polynomial is obtained as

x—-1.1 x-1
10-11 (0.693147) + 11-10 (0.741937)

which gives  P,(1.04) = 0.712663.
The error in linear interpolation is given by

P,(x) =

1
TE = 91 (= xp)xc — x)f "(€), xp < & <xy.
Hence, we obtain the bound on the error as

1
| TE | < 5 max, | (x—xp)x —x,) | max, [ ") |

1
Since the maximum of (x —x)(x — x,) is obtained atx = (x, +x,) /2 and f"(x) =— 1/(1 +x)2,
we get

1
(1+x)?

1
| TE | < E 4 lﬁxg)]il

~
(]
=
V]
(=

= ——.— =0.0003125.

[0¢]
N
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3.11

3.12

3.13

Determine an appropriate step size to use, in the construction of a table of  (x) = (1 + x)®
on [0, 1]. The truncation error for linear interpolation is to be bounded by 5 x 1072,

Solution
The maximum error in linear interpolation is given by h2M,, / 8, where

M, = max | £"(x)| = max |30(1+x)* | =480.
O<x<1 0<x<1

We choose % so that
6042 < 0.00005
which gives h <0.00091.

(a) Show that the truncation error of quadratic interpolation in an equidistant table is
bounded by

h3
[ﬁ} max | f"(§) |.

(b) We want to set up an equidistant table of the function f (x) = x? In x in the interval
5 <x <£10. The function values are rounded to 5 decimals. Give the step size 4 which
is to be used to yield a total error less than 10~ on quadratic interpolation in this
table. (Bergen Univ., Sweden, BIT 25 (1985), 299)

Solution

(a) Error in quadratic interpolation based on the points x, ,, x; and x,, is given by
(x =2, ) =2 ) —x;47)

TE = Y

@), X; 1< &< X1

Writing (x —x;) / h = ¢, we obtain

t-DE+1
6

TE = h3FME), —1<&<1.

The extreme values of g(¢) = (¢ — 1)¢(t + 1) = #3 — ¢ occur at ¢ = + 1/ /3. Now,

max | g() | =2/(3+/3). Hence,
3

| TE | < ghﬁmaﬂf"’(é)l.

(b) We have f(x) = x? In(x), which gives
m _ g m — 2
Fre= o mglm @ g
Hence, we choose A such that
h3
93
which gives h <0.0580.

Determine the maximum step size that can be used in the tabulation of f (x) = e*in [0, 1],
so that the error in the linear interpolation will be less than 5 x 10%. Find also the step
size if quadratic interpolation is used.

(%) <0.000005

Solution
We have
f=e* fMx)=e*r=1,2, ..
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Maximum error in linear interpolation is given by

h? o hle
— max |e* |=—-
8 0sx<1 8

We choose % so that

2
% <0.0005,
which gives h <0.03836.
Maximum error in quadratic interpolation is given by
9\/§ 0=<x<1 9\/§
We choose & so that
3
e < 00005
93
which gives h <0.1420.

3.14 By considering the limit of the three point Lagrange interpolation formula relative to
Xy, Xy, + € and x, as € - 0, obtain the formula

(g —x)(x + g —2x) (x = 2x9)(xq —x) ,
flx)= (x, - x)° ) + —(x1 "2 ' (xo)
TR
.\ (x = x4) ) + E()
(xl _xo)

1
where E(x) = 8 (x — )2 — x )f " (B).

Solution
The Lagrange interpolating polynomial relative to the points x, x, + € and x is obtained
as
(x =29 —€)x —xq) (x = 29 )x — 1)
P.(x) = (xg) + ——————f(xy +€)
() (g —xy) f(xg §ry —x, +8) fxg
.\ (x —29)x — 29 —€) Flxy).
(x]_ - xO )(xl - xO - E)
Taking the limit as € - 0, we get
— 2 — — —
1imP2(x):(x—x0)2f(xl)+lim|:_ (x xl)(x xO 8) f(xo)
£€-0 (xl—xo) £-0 S(XO_xl)

(x = x9)(x — 1)
e(xy —xq +€)
_ (x - x,)* f(x)+lim[ X-x,  Xx—x)~E
Ty mxg)? €y —x; +€)  €lxy —xq)

€0
N (x = 2x0)(x —x9)

(Flxy) +&f " (xg) + o<s2))}

} (x — x)f (x,)

1 (xg)

X0 X1
(2 = 2)(x + 27 —2x,

_ _ _ 2
_ ) xy) ¢ B %@ —x) g+ ETX iy

(2, = %,)? (9 — x7) (21 = x0)*




166

Numerical Methods : Problems and Solutions

3.15

3.16

The error in quadratic interpolation is given by
(x =29 )x —x9 —€)x —x1)
3!

TE = @)

which in the limit as € — 0 becomes

—_— 2 —
TR - (x x0)3‘(x xl)f’"(ﬁ).

n
Denoting the interpolant of f (x) on the set of (distinct) points x, x4, ..., x, by z L(f
£=0

(x,), find an expression for Z L, (O)x,'g+1 .(Gothenburg Univ., Sweden, BIT 15 (1975), 224)
=0

Solution
We have

(x = 2xp)x = 29) ... (x —x,,)

(n+D)! .

flx)= Z Ly () (xp,) +
=0

Letting f (x) = x™*1, we get

e+l = Z Loxp™ + (x -xy) .. (x—x).
=0

Taking x = 0, we obtain

Z LOx™ = C1)rxp, .x,.
=0

Find the unique polynomial P(x) of degree 2 or less such that
P(1)=1,P(3)=27,P(4) =64
using each of the following methods : (i) Lagrange interpolation formula, (ii) Newton-

divided difference formula and (iii) Aitken’s iterated interpolation formula. Evaluate
P(1.5).

Solution
(i) Using Lagrange interpolation (3.7), we obtain
(x—4)(x - 3) (x = D(x —-4) (x = D(x -3)
= 1 2 — (64
P =115 P o060 %" @ na-3

27 64
=%(x2—7x+12)—?(x2—5x+4)+? (x%2—4x + 3)

=8x2 - 19x + 12.
(i) We form the divided difference table.

x P(x)
1
13
3 27 8
37
4 64
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3.17

Using Newton’s divided difference formula (3.12), we obtain
Py(x) = P [xg] + (x —x) P [, ] + (2 = 2)xc — ) P [x, x4, %]
=1+ @x—-1)(13) + (x — 1(x — 3)(8) = 8x? — 19x + 12.
(i17) Using iterated interpolation (3.11), we obtain

o= o[ 20 B ale sk e
I, = }xo g’g; ﬁg e %‘ 614 i_fc - 21x — 20.
x5 —x; | Log(®) x5 —x 21x -20 4 -«x
= 8x? — 19x + 12.
We obtain Py(1.5) = 1.5.

Suppose f'(x) = e* cos x is to be approximated on [0, 1] by an interpolating polynomial on
n + 1 equally spaced points 0 =x, <x; <x, ... <x, = 1. Determine n so that the truncation
error will be less than 0.0001 in this interval.

Solution
The nodal points are given by

x,=r/n,r=0,1, .., n.
=)
x——|lx-
n n
(=)o) G ) =G =
x——||x- =l=-—| =|=-x,| €=
n n 2 n 2 4
since x, is any point in [0, 1].
Using this result and combining the first and last terms, second and last but one terms,

etc., we get
x(x—l)...(x——n_l)(x—l)‘s—lﬂ
n n 2n

We have f (x) = e* cos x = Rele1*1%]
where Re stands for the real part. We have
FPx) = Re [(1 + i) e1+]

On [0, 1], the maximum of occurs at x = 1/ 2. Hence,

max
O<x<1

max
O<x<1

=Re [2’/2 (cos %T +1isin %T[) (cos x +1sin x)ex}

rm .
=272 cos (Z + x)e )

The maximum truncation error is given by
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(x - 0)x - D(x - 2) ... (x -1

_ n (n+1)
| TE | = Fpes] (n+ 1! orgfsxllf @l
1
< —5——— max 2 D2 oosl (n + 1) T xle
2" (n + D osx<1 4
e

= 22 (4 )
For | TE | £0.0001, we get n = 6.

3.18 Iff(x) = e**, show that
A" f(x) = (e ® — 1)re o,
Solution
We establish the result by induction. Since
Af(x)=e®th) _gax—(gah _1)ea
the result is true for n = 1.
We assume that the result holds for n = m that is
A™ £ (x) = (e *h — 1)y ¢ o,
Then, we have
Am+lf (x) — (e ah _ 1)m [e alx+h) _ e a] — (e ah _ 1)m+le a
and the result also holds for n = m + 1.
Hence, the result holds for all values of n.

3.19 Calculate the nth divided difference of f(x) =1 / x.
Solution

We have Flig, 2, = [1 - 1} / (e, —2g) = — 1/ (g1,

Xy Xg

1 1
+

X1X9  XoXq

flxg, xq, x5 = [— }/ (g —2x,) = (- 1)2/ (241 %5).

Let the result be true for n = k. That is

(- D*
f[xog xl, veey xk] = x0x1 " .
We have forn =% + 1
f[x(), xl’ ceey xk+l]
1
) m (flag, g, ooy Xy q] = g, o0y %D
1 (_ 1)k _ (— 1)k B (_ 1)k+1

B (xk+1 - xo) xlxz e xk+1 xoxl . xk B xOxlx2 . xk+1 )
Hence, flxg, x, ..., x,] = (= D"/ (g, ... x).
3.20 Iff(x) = Ux)V(x), show that

flxg, 211 = Ulx )V [x,, x,1 + Ulx, 2,1V [x,].
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Solution
We have flxg, 2,1 = [Ulx)V(x,) — Ulx)Vix )l / (x; — x,)
= [Vx ){U(x,) — Ulx)} + Ulxy) {Vixy) = Vx )l / (2] — x,)
= VlxUlx,, x,] + Ulx)V [x, x,].
3.21 Prove the relations

() O—A=— A G)A+0O=A/0-0/A
n-1
i) » O, =Df, A, (@) Af.g)=f.Dg +g,, Af.
k=0
W) AF? = (f,+f, O Wi) ACf, 1 g) = @g,0f,—F,08) /| 8,8,
Wid) A1/ £) == AF, | (Ff,)-
Solution

() LHS.=(1-EY)-(E-1)=—(E+E"'-2).
RHS.=—(E-1D(1-E)=—(E+E1-2)

Gi) LHS.=(E-1)+(1-EY)=E-E".
RHS.=(E -1)/A-EYH-1-EY/(E-1)=E-E"

n-1 n-1
(iii) LH.S. = ZAsz - Z(A frs1 = D)
=0 =0

= (Afy—DF)+ (D fy—DF) + o+ (A, — Af, ) = AF, — Af,.
() LHS. =f,,8,,1—1:8 =8 1([11— 1) +1(8,1—8) =80, +[;08;
W) LHS. = 2, = f2 = (fio =) [y + ) = (fi, + ) AF.

fin _1i _ 8ifiv1 ~ [i8in1

(vi) LH.S. = =
81 8i 8:8i+1
=8 — 1) 181 — 81/ (8;8:,1) = 18, — [Ag1 / (8,8,
1 1 1
(wii) LES. = —— = =—=—f; ~furl == DF /).

fir f fifin
3.22 Use the Lagrange and the Newton-divided difference formulas to calculate f (3) from
the following table :

x 0 1 2 4
flx) 1 14 15 5

5 6
6 19

Solution
Using Lagrange interpolation formula (3.7) we obtain

1
P.(x) = 240 (x — D(x = 2)(x — 4)(x — 5)(x — 6)

14
+ 80 () — 2)(x — 4)(x — 5)(x — 6)

15
T (x)(x — )(x —4)(x — 5)(x — 6)

5
* 48 () — D — 2)(x — 5)x — 6)
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3.23

6
~ %0 () — Dlx — 2)(x — 4)(x — 6)

19
+ 240 @) — Dx—2)(x—4)x—5)

which gives f(3) =Py 3) =10.
To use the Newton divided difference interpolation formula (3.12), we first construct
the divided difference table

x f(x)

0 1

1 14 13

2 15 1 -6

4 5 -5 -2 1

5 6 1 2 1 0

6 19 13 6 1 0 0

We obtain the Newton divided difference interpolating polynomial as
P (x) =1+ 13x — 6x(x — 1) + x(x — 1)(x — 2)
=x3 -9 +21x + 1

which gives f(3)=P,3) =10.
The following data are part of a table for g(x) = sin x / x2.
x 0.1 0.2 0.3 0.4 0.5

g(x) 9.9833 4.9667 3.2836 2.4339  1.9177
Calculate g(0.25) as accurately as possible
(a) by interpolating directly in this table,
(b) by first tabulating x g(x) and then interpolating in that table,
(c) explain the difference between the results in (a¢) and (b) respectively.

(Umea Univ., Sweden, BIT 19 (1979), 285)

Solution
(a) First we construct the forward difference table from the given data

x g(x) Og Mg Ng Ag
0.1 9.9833
— 5.0166
0.2 4.9667 3.3335
— 1.6831 — 2.5001
0.3 3.2836 0.8334 2.0002
— 0.8497 — 0.4999
0.4 2.4339 0.3335
- 0.5162
0.5 1.9177

Using these differences, we obtain the interpolating polynomial using the first four points
as
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Py(x) =9.9833 + ¥ 2'1) (- 5.0166)
(x = 0.1)(x -0.2) (x=0.D(x —0.2)(x —0.3)
+ 3.3335) + _
2(0.1)? ( ) 6(0.1)° (=2.5001)

which gives g(0.25) = P,(0.25) = 3.8647.
We write the error term as
(x = 0.D(x —0.2)(x —0.3)(x —04) 4
- - A,y
410.D
since /¥ (§) = A%, / h*, and obtain the error at x = 0.25 as
| Error | =0.0469 = 0.05.
Hence, we have g(0.25) = 3.87 = 0.05.
(b) We first form the table for f (x) = x g(x) and then compute the forward differences.

Error

x f=xg Of Nf D3f N
0.1 0.99833
— 0.00499
0.2 0.99334 — 0.00327
— 0.00826 0.00001
0.3 0.98508 — 0.00326 0.00006
— 0.01152 0.00007
0.4 0.97356 — 0.00319
- 0.01471
0.5 0.95885

Using the first four points and these forward differences, we obtain the interpolating
polynomial as

-0.1 -0. -0.
Py = 0.99838 + Z U (~0.00499) , &7 0D =02) (5 4397)
0.1 2(0.1)
(x = 0.D(x - 0.3)(x -0.3) (0.00001)
6(0.1)
which gives (0.25)g(0.25) = P,(0.25) = 0.989618,
or £(0.25) = 3.958472.
We write the error term in 0.25g(0.25) as
(x = 0.D(x —0.2)(x —0.3)(x —0.4)
By

410.D*
which gives error in 0.25¢(0.25) as 0.000001406 and therefore, error in g(0.25) as
0.000005625.

Hence, we have
£(0.25) = 3.95847 + 0.000006.
(c) Since the differences in (a) are oscillating and are not decreasing fast, the resulting
error in interpolation would be large.
Since differences in part (b) tend to become smaller in magnitude, we expect more accu-
rate results in this case.
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3.24

3.25

In a computer program, quick access to the function 2% is needed, 0 < x < 1. A table with
step size A is stored into an array and the function values are calculated by interpola-
tion in this table.

(a) Which is the maximal step size to be used when function values are wanted correct

to 5 decimal places by linear interpolation ?

(The precision of the computer arithmetic is much better than so.)
(b) The same question when quadratic interpolation is used.

(Royal Inst. Tech., Stockholm, Sweden, BIT 26 (1986), 541)

Solution
We have flx)=2%Ffx)=2(n2),r=1, 2, ...
The maximum errors in linear and quadratic interpolation are given by 42M,, / 8 and
h3M / (94/3) respectively, where

M_ = max | 7).
0<x<1
Since 0 < x <1, we have
M,=2(n2)? and M, =2(In 2)3.

(a) We choose A such that

2
% (In 2)2 < 0.000005

which gives h <0.00645.
(b) We choose A such that
2h3
Z_ (In 2)% £0.000005
93

which gives h <0.04891.
The error function erf (x) is defined by the integral

erf (x) = % J.:e_tzdt,

(a) Approximate erf (0.08) by linear interpolation in the given table of correctly rounded
values. Estimate the total error.

x 0.05 0.10 0.15 0.20

erf (x) 0.05637 0.11246 0.16800 0.22270

(b) Suppose that the table were given with 7 correct decimals and with the step size
0.001 of the abscissas. Find the maximal total error for linear interpolation in the
interval 0 < x < 0.10 in this table. (Linkoping Univ., Sweden, BIT 26(1986), 398)

Solution

(a) Using linear interpolation based on the points 0.05 and 0.10, we have

P = 550,15 058D + 515 o5 011246

We obtain erf (0.08) = P,(0.08) = 0.09002.
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3.26

The maximum error of interpolation is given by

h2
|TE | =,
" —4x |
where M, = 0.0512350.10” )] _ | max 7 e =0.2251.
2
Hence, | TE | = % (0.2251) = 0.000070 = 7.0 x 10-.

(b) In this case, 2 = 0.001 and

M. e T
= max =7 =
2= 02r2010 e Jn oo :
Hence, we have
2
| TE | = % (0.2256758) = 3.0 x 10-5,

The function f'is displayed in the table, rounded to 5 correct decimals. We know that f (x)
behaves like 1 / x when x — 0. We want an approximation of f (0.55). Either we use
quadratic interpolation in the given table, or we set up a new table for g(x) = xf (x),
interpolate in that table and finally use the connection f (x) = g(x) / x. Choose the one

giving the smallest error, calculate f(0.55) and estimate the error.

x f(x) x f(x)
0.1 20.02502 0.6 3.48692
0.2 10.05013 0.7 3.03787
0.3 6.74211 0.8 2.70861
0.4 5.10105 0.9 2.45959
0.5 4.12706 1.0 2.26712

(Bergen Univ., Sweden, BIT 24(1984), 397)

Solution

The second procedure must be chosen as in that case g(x) is a well behaved function as
x — 0 and the interpolation would have the smallest possible error. However, to illus-
trate the difference between the two procedures, we obtain the solution using both the

methods.

We form the forward difference table based on the points 0.5, 0.6, 0.7 and 0.8 for the

function f (x), so that quadratic interpolation can be used.

x f@ Af Df Nf
0.5 4.12706
~ 0.64014
0.6 3.48692 0.19109
— 0.44905
0.7 3.03787 - 0.07130
- 0.32926 0.11979
0.8 2.70861
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3.27

We obtain the quadratic interpolating polynomial based on the points 0.5, 0.6 and 0.7 as

(x - 0.5) (x = 0.5)(x —0.6)
= 7 (-0.64014) + 0.19109
Py(x) = 4.12706 + 01 ( ) 21(0.1)? ( )
which gives 7 (0.55) = P,(0.55) = 3.783104.
The error term is given by
Error (x) = =~ 090X ~08)x 20.1) 47,3

31(01)°
since £ " (&) = A3, / h3. Hence,
| Error (0.55) | = 4.5 x 1073.

Now, we set up a new table for g(x) = x f (x) and form the forward difference table based
on the points 0.5, 0.6, 0.7 and 0.8 for g(x) as

x g(x) Ag Ng g
0.5 2.063530
0.028622
0.6 2.092152 0.005735
0.034357 0.000287
0.7 2.126509 0.006022
0.040379
0.8 2.166888

The quadratic interpolating polynomial for g(x) based on the points 0.5, 0.6 and 0.7 is
obtained as

(x —0.5) (x = 0.5)(x —0.6)
Pz(x) = 2.063530 + 01 (0.028622) + 21(0.0)? (0.005735)
which gives
0.55f(0.55) = g(0.55) = P2(0.55) =2.077124,
or f(0.55) = 3.776589.

(0.55 - 0.5)(0.55 - 0.6)(0.55 - 0.7)

6(0.1)°
Hence, | error in £(0.55) | = 3.3 x 107°.

The graph of a function fis almost a parabolic segment attaining its extreme values in
an interval (x, x,). The function values f, = f (x;) are known at equidistant abscissas x,
x,, Xo. The extreme value is searched. Use the quadratic interpolation to derive x coordi-
nate of the extremum. (Royal Inst. Tech., Stockholm, Sweden, BIT 26(1986), 135)

Error in g(0.55) = (0.000287) = 0.000018.

Solution
Replacing f (x) by the quadratic interpolating polynomial, we have
(x —xq) Afy + (x —xo Nx —%1) 9

Py) = fy+ = ot .

The extremum is attained when

(2x — %y —xq)
2h?

oy

Kfy’

1
Pz’(x)=O=ZAfo+ Azfo

1
which gives x_ .= 3 (kg +x1) —h
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Piecewise and Spline Interpolation
3.28 Determine the piecewise quadratic approximating function of 2 3
the form
8
S, y)=) N; f;
4 4
zo 00,0 |°
for the following configuration of the rectangular network. K
Solution
We have 6 h 7 8

3.29

Ny=@2-h»2-k? /d,
N, =— (2 -h2y(y + k) / (2d),
N, =—x(x-h)y? - k2 /(2d),

N, =x(x—h)y(y +k)/(4d),
N, =x(x + h)y(y + k) / (4d),
Ny =—x(x + h)y? — k%) /(2d),
Ny =x(x—h)yly —k)/(4d), N, =— 2= hr)y)y — k) / (2d),
Ng=x(x + h)y(ly — k) / (4d), d = h2k2,
Determine the piecewise quadratic fit P(x) to £ (x) = (1 + x2)~¥2 with knots at—1,—1/2, 0,
1/ 2, 1. Estimate the error | f— P | and compare this with full Lagrange polynomial fit.
Solution
We have the following data values

x -1 -1/2 0 1/2 1

f 1/ 42 2/ 5 1 2/ 5 1/ 42

We obtain the quadratic interpolating polynomial based on the points —1,—1/2 and 0,
as

Py(x) = D

—12-D\v2 ) @212\ 5 D (1/2)

- %[(2\/5—8\/5 +2410)22 +(V5 ~8v2 +3410)x ++10]

Similarly, the quadratic interpolating polynomial based on the points 0, 1 /2 and 1 is
obtained as

(x +1/2)x [ 1)+ (x + Dx [2)+(x+1)(x+]/2)

P ETVDE-D 2D [£)+ x(x-12)( 1
2V - W2-12)\J5 ) @02 |J2
_ % (2410 - 8Y2 +245)x2 +(8Y2 —3410 —v5)x +4/10].
The maximum error of quadratic interpolation is given by
hM
TE | < 3
| | 93
where h =05 and M, = _Ilrgiiolf"' (x)].

We find  £"(x) = (9x — 6x3)(1 + x2)~7/2,

and M, = max |9x—6x3| max |(1+x2)_7/2|,
37 dsx<1 -1=x<1
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Now, F(x) = 9x — 6x3 attains its extreme values at x2=1/2.

6
max |9x - 6x°|=—
We get | h

-lsx<1
H h TE | < 1 0.0340
ence, we have | | < 1276 = & .

Maximum error occurs at two points, x =+ 1/ /2, in [- 1, 1].

The Lagrangian fourth degree polynomial based on the points —1,-1/2,0,1/2, 11is
obtained as

1 1 2 1 16
R ) e b R O Sl
1 16
+@+1) (x+%)(x—%)(x—1)(4) —(x+1) (x*'a)x(x—l)[:;— ,5)
1 1 2
HarD (5)(5)[3_/5)

1
= m[@ﬁ—m +245)x* +(=/10 +64 -305)x2 +6+45]

The error of interpolation is given by
TE = %(x+1)[x +%)x(x—%) x—-1)F2E), —-1<&<l1.

1
— M
Hence, | TE | < 120 _111221|G(x)| 5

where, Gx)=(kx+1 (x + %) x(x - %) (x-1

=x(x2-1) (xz—i) -2

G(x) attains extreme values when

Ga=bt-P 2 g _1cx<t
4 4
15+ 4145
whose solution is %2 = 0 - 0.0740, 0.6760.

Now, max | G(x)| is obtained for x? = 0.6760.
We obtain, max | Gx)| =0.1135.
M, = max | F¥(x) ]
-lsx<1

= max | (- 12045 + 600x° — 225x)(1 + x2)"12 |

-l<x<1

1
(1+ x2)12

max | H(x)| max
-1<x<1 -1<x <1

H(x) attains extreme values when
H'(x) = 600x*—1800x2 + 225 =0,—1 <sx < 1.
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3.30

3.31

We obtain x2 = 0.1307, which is the only possible value. We have | H(z +0.1307) |
=53.7334. We also have | H(+ 1) | = 255. Hence, M, = 255, and

0.1135
120
S,(x) is the piecewise cubic Hermite interpolating approximant of f (x) = sin x cos x in
the abscissas 0, 1, 1.5, 2, 3. Estimate the error max | f(x)—S5(x) |.
0<

(Uppsala Univ., Sweden, BIT 19(1979), 425)

maximum error = (255) = 0.2412.

Solution
Error in piecewise cubic Hermite interpolation is given by

1
TE = 4_! (x _xi—l)z (x - xi )2 fiU(E)’ xi—l < E < xi'

1 2 2 ;
Hence, | TE | < max |—(x—x;._1)° (x —x;) max | [ (x)]
% sxsx; | 4 %, SX<K;

= g i)’ _max |f7]
Since, f(x)= 5 sin 2x, f'(x) = cos 2x,
" (x) =—2sin 2x " (x) = — 4 cos 2x,
[%(x) = 8 sin 2x,
we have

1] : | Error | < % max | 8sin 2x| =0.0208,

4 0<x<1

1

n [1, 1.5] : | Error | < m 1<x<15 | 8 sin 2x | =0.0012,
1

on[1.5,2]: | Error | £ ———— m | 8 sin 2x | = 0.00099,

16 x 384 15<x<2
: | Error | <imax | 8 sin 2x | = 0.0208.
384 2<x<3

Hence, maximum error on [0, 3] is 0.0208.

Suppose f; = x;% and f; =-2x7° where x; =1/2,i=1(1)4 are given. Fit these values by
the piecewise cubic Hermite polynomial.

Solution

We have the data

i 1 2 3 4
x; 1/2 1 3/2 2
f, 4 1 4/9 1/4
f! - 16 -2 - 16/27 ~1/4

Cubic Hermite interpolating polynomial on [x, ;, x,] is given by
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X 2 [ - - X. 2 -
P3(x)= (x —x;) |:1+2(xr1 x):|fi—1+ (x—x;_1) |:1+2(xL x)j|f;

2 _ 2 —
(21 = ;) (x;1 —x;) (x; — ;1) X=X q

(x = x)(x = 2;_1)°

2
(-1 = x;)

L 2 ) - %) fros

fi'

(xi—l - xi)z
On [1/2, 1], we obtain
Py(x) = 4(x — 12 [1 - 4((1/2) — 0)1(4) + 4(x — (1/2))? [1 - 4(x -DI(1)
+4(x—(1/2) (x — 1%—16) + 4(x — 1)(x — (1/2)%-2)
= — 24x3 + 68x2 — 66x + 23.
On [1, 3/ 2], we obtain
Pyx) =4(x —(3/2))%[1 - 41 —)](1) + 4(x - 1)? [1 — 4(x — (3/2))1(4/9)
+4(x— Dx —(3/2)%=2) + 4(x — (3/2))(x - 1)2(— 16 / 27)
= [~ 40x3 + 188x2 — 310x + 189] / 27.
On [3/2, 2], we have

Py(x) = 4(x — 2)%[1 - 4((3/2) —x)1(4/9) + 4(x — (3/2))* [1 - 4(x - 2)] (1
/4)

+4(c — (3/2))(x — 2)2(— 16 / 27) + 4(x — 2)(x — (3/2))(~ 1/ 4)
= [- 28x3 + 184x2 — 427x + 369] / 108.
3.32 Find whether the following functions are splines or not.

2 2 3
. x“-x+1 1=sx<2 .. -x“-2x°, -1<x<0
@Of@=13, 3 ~ 92<x<3 @FO=1_ 12,193 (<x<1

2 3

-x“-2x°, -1<x<0

@ii) f (x) = 2425, 0<x<l’

Solution

(@) f (x) defines a second order polynomial. Since f (x) and f'(x) are continuous in each of
the intervals [1, 2] and [2, 3], the given function is a quadratic spline.
(it) f (x) defines a third degree polynomial. Since f (x), f '(x) and f "(x) are continuous in
each of the intervals [- 1, 0] and [0, 1], the given function is a cubic spline.
(it) f (x) defines a third degree polynomial. Since f "(x) is not continuous at x = 0, the
given function is not a spline.

3.33 Fit a cubic spline, s(x) to the function 7 (x) = x* on the interval — 1 < x <1 corresponding
to the partition x, = -1, x, = 0, x, = 1 and satisfying the conditions s'(- 1) = f'(- 1) and
s'(1) =£"().
Solution
We have the data

x -1 0 1
f(x) 1 0 1
with my=f'(=1)=-4 and m,=7'(1)=4.

The nodal points are equispaced with 4 = 1. We obtain the equation
my+4m, +my,=3(f,—f) =0
which gives m, =0.



Interpolation and Approximation 179

3.34

Spline interpolation becomes
On the interval [x,,x] :xy=—1,x,=0,h =1
s(x) = (x —x,)? [1 = 20y — )] fy + (x — x)? [1 — 2(x — )] f;
+ (= xp)x —x)2 my + (x —x;)x — x)2m,
=x2(3 + 2k)(1) + (x — 1)2(1 — 2x)(0) + (x + 1)x%(— 4) + x(x + 1)2(0)
=— 203 — &2
On the interval [x,,x,] : x;=0,x,=1,h =1
s() = (x —2x)? [1 - 20x; —0)] f + (0 — )2 [1 = 2(x — x,) £,
+ (0 —x ) —x)2 my + (x - x,)x — )% m,
=(x — DAL + 2x)(0) + 243 — 2x) (1) + x(x — 1)2(0) + (x — 1) x2 (4)
= 203 — x2.

Obtain the cubic spline fit for the data

X -1 0 1 2
f(x) 5 -2 -7 2
with the conditions f(— 1) = f(2) = 1.

Solution
Here, the points are equispaced with 2 = 1. We have the system of equations
m; +4m;+m; =3(f,, - f, ), 1=12

with my=mg=1.
Using the given data, we obtain the system of equations

am, + my, = 3(fy—f,) —m,=—-36

my +4m, = 3(f; — ) —my =12
which give m;=-53/5 and m,=27/5.
Spline interpolation becomes :
On the interval [xy,x,]. x=—1,x,=0,h =1

P(x) = (x —x)? [1 - 20y — )] fy + (x —x0)? [1 = 2(x —x )] f;
+ (- x)x —x Pmy + (x — x))(x — x)*m,
=223 + 2%)(5) + (x + 1)2(1 — 20)(— 2) + x2(x + 1)(1) + (x + 1)2 x(— 53/ 5)

1
=% [2243 + 4x2 — 53x — 10].

On the interval [x,, x,] : 2, =0,x,=1,h=1
P(x) = (x — x)? [1 — 2(xc; — 0)If; + (x — )% [1 = 2(x —x,)If,
+ (- x ) —x,2 my + (x — x,)(x — x,)? m,
=(x-121+2x) (-2) +x2 (3 -20)(=7) +x(x — DA-53/5) + (x — 1) x2 (27/5)

1
=5 [24x3 + 4x2 — 53x — 10].

On the interval [xy, x5] 1 x,=1,x,=2,h=1
P(x) = (x —x5)% [1 = 20, — 0)1f,, + (x — 2,)% [1 = 2(x — x,)]f;
+ (0 =) — 202 my, + (x — x5)(x — x,)2 my
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=x-2)2(-1+20)=7) +x—-12(5-2x)(2)
+(x— D —2)2(27/5) + (x — 2)(x — 1)2
1
=5 [— 58x3 + 250x% — 299x + 72].
3.35 Obtain the cubic spline fit for the data
x 0 1 2 3
f(x) 1 4 10 8
under the end conditions f"(0) = 0 = £"(3) and valid in the interval [1, 2]. Hence, obtain
the estimate of £ (1.5).
Solution
Here the points are equispaced with A = 1. We have the system of equations
M_ +4M, + M, =6, —2f;+f ), 1=12
with M,=M,=0.
Using the given data, we obtain the system of equations
AM, + M,=6(10-8+ 1) = 18
M, +4M, = 6(8 —20 +4) = — 48
which give M, =8,M,=-14.
Spline interpolation on the interval [x,, x,], where x, = 1, x, = 2 becomes
1 1
P(x) = 8 (xy —0)[(xy —x)2 — 11 M, + 6 (x—x )l —x 12— 1M, + (x, — 2)f; + (= x ),
1 1
=56 (2-x) [(2-x)2-11(8) + 6 (x—Dl(x—1)2-1](- 14) + (2 —x)(4) + (x — 1)(10)
1
=3 [ 11x3 + 45x2 — 40x + 18].
We get /(1.5) = P(1.5) = 7.375.
3.36 Fit the following four points by the cubic splines

i1 01 2 3
x 1 2 3 4

13

y, 1 5 11 8
Use the end conditions y; = y5 = 0. Hence, compute (i) y(1.5) and (i7) y '(2).

Solution
Here, the points are equispaced with 2 = 1. We have the system of equations
My +4M;+ M, =60y, -2y, +y; ), i=1,2
with M,=M,=0.
We obtain from the given data
AM, + M, =6(11-10 + 1) = 12,
M, +4M, = 6(8 — 22 + 5) = — 54,
which give M, =102/15, M, =—-228/15.
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Spline interpolation becomes :
On the interval [x,, x,] : xy=1,x, =2, h = 1.
1 1
Py) = & (& - 0)llx, —x? -1 M, + g & xle - xp)?—11 M,

+(x; — )y, + (x —x)y,

1 102
e = (g _12_ _ -
=6 (x = Dlx-1*-1] ( 5 ) +(2-2)(1) + (x - 1)(5)

1
[ — 3_ 2 -
=15 [17x% — 51x? + 94x — 45].

On the interval [x,,x,] :x; =2,x,=3,h = 1.

1
Pyx) = & (xy = 0)l(x, -x)?2-11 M, + % (e —x e — %)% — 11 M,

+ (g —x)y; + (6 —x))y,

_1 2 102
=5 (3 -x)[(8-x)2—-1] [ 15)

N % (x—2) [ — 20 — 1] (— %) +(3—x)5) + (x — 2)(11)

1
=15 [~ 55x3 + 381x2 — 770x + 531].

On the interval [xy, x5] : x, = 3,x5 =4, h = 1.

1
P,(x) = 8 (xg —20)[xg — )2 — 1] M,

1
+ g (-xlla- %)% = 11 My + (x5 — )y, + (€ —x,)y,

= % (4-x)[(4-x)2-1] (— %58) +(4—-x)(11) + (x —3)8)

1
=15 [38x3 — 456x2 + 1741x — 1980].
Since 1.5 0 [1, 2] and 2 0O [1, 2], we have

103
¥(1.5) = P,(1.5) = 40 - 2.575.

94
y'2.0) = P,'(2.0) = 15 = 6.267.

Bivariate Interpolation

3.37 The following data represents a function f (x, y)

X

y 0 1 4
0 1 4 49
1 1 5 53
3 1 13 85

Obtain the bivariate interpolating polynomial which fits this data.
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Solution
Since the nodal points are not equispaced, we determine Lagrange bivariate interpolat-
ing polynomial. We have
e -Dx-4) x _ (x-0)x-4) _ (x-0)(x -1
270-D0O-4" "2 1-01-4)° T2 4-04-1’
v - (y - D(y -3) v - (y-0)y-3) v - (y-0)0y-1)
207 0-1D0-3) "% 1-001-3)° "2 3-0(3-1
2 2
and Py, y)= ) » X,Y,f.
i=0 =0
= X50(Yoo foo + Yo1 for + Yoo fo0)
+ X1 (Yoo f1o+ Yor f11 + Yoo £19) + Xoo(Yoq fog + Yoy for + Yoo fo9)
Using the given data, we obtain
1 1 1
Yoo foo + Yo for + Yoo fon = 3 -4y +3) - 5(3’2—33’) + g()’z—y) =1
4 5 5 2 13 5 2
Yoo fro+ Yor i1 + Yoo frp = 3 v _43""3)_5 =3y + 6 0 -y =y"+4
49 53 85
Yoo foo+ Yor for + Yos foo = 3 0? -4y +3) - o (?—3y) + ) 0% -y)=4y*+49
Hence, we get
1
Py(x, y) = 1 (x? — Bx + 4)(1) — % (22 — 4x)(y? +4) + % (o — x)(4y? + 49)
=1+ 3x2 + xy?
3.38 Obtain the Newton’s bivariate interpolating polynomial that fits the following data

y x 1 2 3
1 4 18 56
11 25 63
3 30 44 82
Solution
We have h=k=1 and

Pz(x, y) =f00 + [(x_xO) Ax + (y—yo) Ay]fOO
+ 3 [ —x)c—x) A~ 20x — x )y —y,) A+ 6=y -y Ao
Using the given data, we obtain
Afoo=Fo—Tfo=18-4=14
A foo=fon—foo=11-4=1
Axxf00=f20_2f10 +f00 =56-36+4=24
By foo=ru—Tiw—To+lp=26-18-11+4=0
D, foo = fog = 2fo1 + o0 =30-22 + 4 = 12.
Therefore,
Pyx,y) =4+ [14(x - 1) + 7@y — D] + 1 [24(x — 1)(x — 2) + 12(y — 1)(y — 2)]
=12x2 + y2 — 22x + 4y + 9.



Interpolation and Approximation 183

3.39 Using the following data, obtain the (i) Lagrange and (ii) Newton’s bivariate interpolat-
ing polynomials.

y x 0 1 2
0 1 3 7
1 3 6 11
7 11 17
Solution
(1) We have
_&-Dx-2) _x(x-2) _xx-1)
00 =D=2 TR D TR @0
y J o= Dy=-2 o yy-2) oy
207 =D-=2 7T MEDTET @0
2 2
and Py(x, y) = z zXzi Yy £
i=0 j=0

=Xp0(Ygoloo + Yoi for + Yoo lo2)
Xo1(Yoo F1o+ Yor 11+ Yoo F19) + Xgo(Yog Fog + Yoy o1 + Yoo Fon)-
Hence, we get
Py(x,y) = % (- Dx—2)y2+y+ 1) —x(x —2)(y2 + 2y + 3)
+ 2 2 -1D2+3y+7)

2

=1l+x+y+x2+xy+y%

(it) We have
Py(x, y) = fo + (x Ax+yAy)f00+% [xe =D A +2xy A +yy = 1) A I,

We obtain

A foo=fo—Too =2

Ayfoo=f01_foo=2’

A, foo =Ta = 2f10 + 100 =2,

B, foo =11 = 2001 +Fo0=2

B, foo =TT~ Tor + o0 =1
Hence, Py, y) =1+ [2x + 2y] + 3 [2(x - )x + 2xy + 2(y — 1)y]

2

=1l+x+y+x2+xy+y%

Least Squares Approximation

3.40 Determine the least squares approximation of the type ax? + bx + c, to the function 2* at
the points x, = 0, 1, 2, 3, 4. (Royal Inst. Tech., Stockholm, Sweden, BIT 10(1970), 398)
Solution
We determine a, b and ¢ such that

4
I= [2% - axi2 - bx; -¢]? = minimum.
i=0
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We obtain the normal equations as
4
[2% —ax? —-bx; —c] =0
=0

ki

4
z [2% —ax? —bx; —clx; =0,

12

I
[=]

[2% - ax? -bx; —clx? =0,

M-

~
I
[=]

or 30a + 10b + 5¢ = 31,
100a + 306 + 10c = 98,
354a + 1006 + 30c = 346,
which has the solution
a=1.143,b=-0.971, c = 1.286.
Hence, the least squares approximation to 2* is
y =1.143x%? — 0.971x + 1.286.

3.41 Obtain an approximation in the sense of the principle of least squares in the form of a
polynomial of the degree 2 to the function 1/ (1 + x2) in the range — 1 <x < 1.
Solution
We approximate the function y = 1/ (1 + x?) by a polynomial of degree 2,

Py(x) = a + bx + cx2, such that
1 1 Is
I= J‘_l{ -a -bx —cx?| dx = minimum .

1+x2

We obtain the normal equations as

) -
j [ 1 2—a—bx—cx2 dx =0,
-1 1+x

1
j [ 1 5 —a—bx—cxz}xdx=0,

-1 1+x
1
j [ 12—a—bx—cx2}x2dx=0~
-1 1+x
Integrating, we get the equations
gy 20T
at o=y,
% _
3
27a+%:2—§
3 5 2’

whose solution is a=32n-5)/4,6=0,c =158 -1 /4.
The least squares approximation is

Py(x) = % [3(21t— 5) + 15(3 — TDx2].
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3.42

3.43

The following measurements of a function f were made :

x -2 -1 0 1 3
fx) 7.0 4.8 2.3 2 13.8

Fit a third degree polynomial P,(x) to the data by the least squares method. As the value
for x = 1 is known to be exact and (1) = 1, we demand that P,(1) = 2 and P5(1) = 1.

(Linkoping Univ., Sweden, BIT 28(1988), 904)
Solution
We take the polynomial as
Py(x) = ay(x — 1 + a,(x — 1)2+ a;(x = 1) + q,

Since, P,(1)=2and P;(1)=1
we obtain a,=2,a, =1
Hence, we determine a, and a,, such that

5

[f (x,) — as(x, — 1)3 — ay(a; - 1)? — (x; — 1) — 2]? = minimum.

i=1

The normal equations are

5 5 5
(i_l)s [ (i_l)ﬁ_ (i_1)5
;x f; asgx azgx

5 5
- ( i_1)4 -2 ( i _1)3 =0,
AN

5

5 5
(- D*f; - (x; - 1° - (x; -D*
;x f; asgx aZZx

5 5
=N -2 -2 (x; -1
22y

1=1
Using the given data values, we obtain
858a, — 244a, = - 177.3,
244a, — 114a, = — 131.7,
which has the solution, a, = 0.3115, a, = 1.8220.
Hence, the required least squares approximation is
Py(x) =2+ (x—1) + 1.822(x — 1) + 0.3115(x — 1)3.
A person runs the same race track for five consecutive days and is timed as follows :
days (x) 1 2 3 4 5
times (y) 15.30 15.10 15.00 14.50 14.00
Make a least square fit to the above data using a functiona +b / x + ¢ / x2.
(Uppsala Univ., Sweden, BIT 18(1978), 115)

0.
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Solution
We determine the values of @, b and ¢ such that

4 2
I= z {yi_a_i_%:l = minimum.

i=0 Yioox
The normal equations are obtained as

4 4 1 4 1

;yi—&z—b;x—l—c;F:O,
/R b S IS SRR i B
2% 2w e e

Using the given data values, we get
5a + 2.283333b + 1.463611¢ = 73.90,
2.283333a + 1.463611b + 1.185662¢ = 34.275,
1.463611a + 1.185662b + 1.080352¢ = 22.207917,
which has the solution, a =13.0065, b =6.7512, ¢ = — 4.4738.
The least squares approximation is
6.7512 4.4738

X x2

f (x) = 13.0065 +

3.44 Use the method of least squares to fit the curve y = ¢, / x + ¢;/x to the table of values :

x 0.1 0.2 0.4 0.5 1 2

y 21 11 7 6 5 6

(Royal Inst. Tech., Stockholm, Sweden, BIT 26(1986), 399)

Solution
We determine the values of ¢, and ¢, such that

6
z [y, — ¢, / x; — ¢;4/x; 1 = minimum.
=1

We obtain the normal equations as

Using the given data values, we obtain
136.5 ¢, + 10.100805 c, = 302.5,
10.100805 ¢, + 4.2 ¢; = 33.715243,
which has the solution, ¢, = 1.9733, ¢, = 3.2818.
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Hence, the required least squares approximation is

1.9733 | 39818

y =
3.45 A function f (x) is given at four points according to the table :

x 0 0.5 1 2
fx) 1 3.52 3.73 - 1.27

Compute the values of a, b and the natural number n such that the sum

4

z [f (x;) — a sin(nx,) — b]?

=1
is minimized. (Uppsala Univ., Sweden, BIT 27(1987) 628)
Solution

Using the method of least squares, the normal equations are obtained as

4
> If(x) —asin (nx,) - 5] = 0,
i=1

[f (x,) — a sin (nx;) — b] sin (nx;) = 0,
=1

4
z [f (x,) — a sin (nx;) — b] x, cos (nx;) = 0.
=1

Substituting the values from the table of values, we get the equations

ap, + 4b = 6.98,
ap, + bp3 =Py
aqq + bQ3 =dqy

where p,=3.52sin(n/2) + 3.73 sin (n) — 1.27 sin (2n),
Py =sin?(n/2) + sin? (n) + sin? (2n),
p5 = sin (n/2) + sin (n) + sin (2n),
q,=1.76 cos (n/2) + 3.73 cos (n) — 2.54 cos (2n),

qy= % sin (n) + % sin (2n) + sin (4n),

1
3= cos (n/2)+cos (n) + 2 cos (2n).

Solving for a and b from the second and third equations, we get
a={P,93—q9,P3)/ (P393 - qyP3),
b=(yq;,- P19y Pyq3—qypy).
Substituting in the first equation, we get
f(n) =6.98(pyq; — P3qs) — P3(P1q3 — P3qy) — 4Pyq; —P145) = 0.
This is a nonlinear equation in n, whose solution (smallest natural number) may be
obtained by the Newton-Raphson method. We have

f(ny)

n =n, — .
k+1 k '
" f (nk)
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3.46

3.47

It is found that the solution n - 0, if the initial approximation n, < 1.35. Starting with
n, = 1.5, we have the iterations as

k nk fk fk'

1 2.11483 - 9.3928 15.277
2 1.98029 1.4792 10.995
3 1.99848 — 0.2782 15.302
4 1.99886 — 0.5680(— 2) 14.677
5 1.99886 — 0.4857(- 5) 14.664

Hence, the smallest natural number is n = 2. The corresponding values of a and b are
a=3.0013 =3.0 and b = 0.9980 = 1.0.
The approximation is
P(x) = 3 sin (2x) — 1.
Let l(x) be a straight line which is the best approximation of sin x in the sense of the
method of least squares over the interval [- T/ 2, 1/ 2]. Show that the residual

d(x) = sin x — l(x) is orthogonal to any second degree polynomial. The scalar product
is given by

. 8 = J'W

2
\ f)g(x)dx. (Uppsala Univ., Sweden, BIT 14(1974), 122)

Solution
Let l(x) = a + bx. We determine a and b such that

2
J o [sin x — @ — bx]? dx = minimum.
We obtain the normal equations as

2
J [sinx —a—bx] dx =0,
-2

w2
J [sinx-—a-bx]xdx=0
-T2

which give a =0,b =24 / 18.

24 . 24
Hence, we find that I(x) = F x, and d(x)=sinx— g X
T

Using the given scalar product and taking P,(x) = Ax? + Bx + C, it is easy to verify that

3

w2 _ o

is always zero. Hence the result.

Experiments with a periodic process gave the following data :

t° 0 50 100 150 200 250 300 350

y 0.754 1.762 2.041 1.412 0.303 | —0.484 | —0.380 | 0.520

Estimate the parameters a and b in the model y =  + a sin ¢, using the least squares
approximation. (Lund Univ., Sweden, BIT 21(1981), 242)
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3.48

Solution
We determine a and b such that
8
z [y, — b — a sin ¢,]2 = minimum.
=1
The normal equations are given by

8 8
8b +a Z smti=; Yis

8 8 8
1 t + a in2 P - 1 -
b;sml ;sm t; ;ylsmtl,
Using the given data values (after converting degrees to radians) we obtain
8b —0.070535 a = 5.928
0.070535 b — 3.586825 a = — 4.655735
which give a =1.312810, b = 0.752575.
The least squares approximation is
y =0.752575 + 1.31281 sin ¢.

A physicist wants to approximate the following data :

x 0.0 0.5 1.0 2.0
f ) 0.00 0.57 1.46 5.05

using a function a e + c. He believes that b = 1.
(i) Compute the values of @ and ¢ that give the best least squares approximation assum-
ing b = 1.
(i) Use these values of a and ¢ to obtain a better value of b.
(Uppsala Univ., Sweden, BIT 17(1977), 369)
Solution
(i) We take b = 1 and determine @ and ¢ such that

4
z [f (x.) — ae®i — c]? = minimum.
=1

We obtain the normal equations as

4 4
( i)_ xi_4 :07
;fx a;e c

4 4 4
Z flx)e™ —a z e —¢ Z e =0,
= = f

=1
Using the given data values, we get
12.756059a + 4¢ = 7.08
65.705487a + 12.756059¢ = 42.223196
which has the solution, a =0.784976, ¢ = — 0.733298.
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The approximation is

f(x) =0.784976 ¢* — 0.733298.
(i1) Taking the approximation as

f(x) = 0.784976 e>* — 0.733298,
we now determine b such that

4
z [f(x;) - pebxi -¢l? = minimum
=1

where p = 0.784976 and q = — 0.733298. We obtain the normal equation

~

[f(x;) = pe™ - gl px;e™ =0
=1
- b - 2b
or x{f(x;)—qle™ —p ) xe =0
2 2
which becomes on simplification
F (b) = 0.651649 €2 + 1.80081 e + 10.78162 €2 — 1.569952 e* = 0
We shall determine b by the Newton-Raphson method. Starting with b, = 1, we obtain

FQ1) _ 0.080983

1T T @ Tt 178101606 © 0.9995.
Hence, b = 0.9995.
3.49 We are given the following values of a function f of the variable ¢ :
t 0.1 0.2 0.3 0.4
f 0.76 0.58 0.44 0.35

Obtain a least squares fit of the form f = ae 3! + be 2,

(Royal Inst. Tech., Stockholm, Sweden, BIT 17(1977), 115)
Solution
We determine a and b such that

4
-3t; -2t.12 . .
I= z [f; —ae 7" —be “']° = minimum.
=

We obtain the following normal equations
4
(f; —ae™ —be )™ =0,
=1
4
(f, —ae ™ —pe™i)e™ =0,
=1
4 4 4
a ze—eti +b e Ot = z f o3t ’
=1 =1 ‘
4 4 4
a Ze_5ti +b z et = Z fi e i
=1 =1 ‘

or
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3.50

Using the given data values, we obtain
1.106023a + 1.332875b = 1.165641,
1.332875a + 1.622740b = 1.409764,
which has the solution a = 0.68523, b = 0.30593.
The least squares solution is
f() =0.68523 e~3 + 0.30593 2.

The second degree polynomial £ (x) = @ + bx + cx? is determined from the condition

d= Z [f (x,) — ¥,]? = minimum

where (x;,y,),i=m(1)n, m <n, are given real numbers. Putting X=x-¢§, Y=y —n,
X =x;,-& Y =y —n, we determine F (x) = A + BX + CX? from the condition

n

D= [F(X)-Y]? = minimum.

Show that F (X) =f(x)—n. Also derive explicit formula for F(0) expressed in Y, when
X, =ihand m =—-n. (Bergen Univ., Sweden, BIT 7(1967), 247)
Solution

We have fx)—y=a+bx+cx?—y

=a+bX+8&+cX+82-Y—n
=(@+b&+c&)+ (b +28)X+cX?-Y-n
=A+BX+CX2-n-Y=FX)-Y

Hence, FX)=A+BX+CX2-n
=(@+bE+c&)+(b+2c8)X+CX2-n =f(x)—n.

Now, F'(0)=B.

The normal equations are, when m = — n,

@2n+DA+B Y X,+C Y XZ=3 Y,
Ain+Bin2+Cin3:2 Xy,
AEXL.2+B2XL.3+CEX;‘:2X?YL-,

Since X; = ih, we have

iXi =O,iXi3 =0 and
Z X?= Z i’h? =2h> Z i2 =% h2n(n + 1)2n + 1).

The second normal equation gives
B z X?= z iRhY,
3 Z iY;

B= i Den+ D
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3.51 A function is approximated by a piecewise linear function in the sense that

) 10 2
J.o {f(x) - iZO ai(pi(x)l dx

is minimized, where the shape functions @, are defined by
_ ‘ 1-10x, 0<x<0.1,

@ = 0, otherwise.
_ 10x -9, 09=<x<10,
Pro = 0, otherwise.

10(x —x;_1), %1 Sx<x;

@ =|100x;1 — %), X SX<X;4

0, otherwise
x, = 0.1i, 7 = 1(1)9.
Write down the coefficient matrix of the normal equations.
(Uppsala Univ., Sweden, BIT 19(1979), 552)
Solution
We obtain the normal equations as

1 10
j [f(x) =Y o (x)] @)dx =0,j=0,1, ..., 10.
0 1=0
For j=0, we have

j:l[f(x) —a,(1 - 10x) — a,(10x)](1 — 10x)dx = 0
which gives

0.1 0.1 0.1
a, j (1-10x)2dx + 1Oa1j 2(1 — 10x)dx = j (1 = 10x)f (x)dx
0 0 0

1 Lo ™
or 30 ag + %0 ay =1, _jo [ (x)(1 — 10x)dx.

Forj=2,3, ..., 8, we have

[7 e -a 40,0 -0,00 - 0,0, gdx

Jj-1

+ [ [F (x) - a; 0 ,(x) — ¢, 0x) —a;,,@,,(x)]@x)dx = 0.

Using the given expressions for @, we obtain

[ 17 60 - 100,45, - ) — 100, — x, ) 106 -, )

If @) — 10a(x;,; — x) — 10a,,,(x — )] 10(x;,; —x)dx = 0

xj

or 100a;_, J.x’ (xc; = 2)(x —x,_)dx + 100a; J.xj (x — xj_l)zdx

xXjq Xj-1
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Xje1

+ 100aj J. (xj+1 —x)?%dx + 100aj+1 J. .M (x —3cj)(3cj+1 —x)dx

X; X

- 10 j F@-x)+10 [ f @k, - vds

which gives
60 "' 60 7 60
For j=1andj=9, we obtain respectively

aj+1 =Ij'

iao +ia1 +—ay =I1;, and i(18 t—ag t—ay =1
60 60 60 60 60 60
Similarly, for j = 10, we have
1 (0 — ag(10 — 10%) — ay,(10x — 9)1(10x — 9)dac = 0
0.9
10
or a [ (10 - 10x)(10x — 9)dx + ay, | " (10s-92dx = [ F@)(10x-9)dx =1,
0.9 0.9 0.9
or ia9+ialo=lm.
60 30
Assembling the above equations for j = 0, 1, ..., 10, we obtain
Aa=b
where a=(agay,...,a,0)0, b=Uy,I, ..., I,)7,
2100 ..0
14 10 ..0
11014 1..0
and A= 60 | :
00 ... 141
00 .. 01 2
3.52 Polynomials P (x), r = 0(1)n, are defined by
- =0, r#s
ZO P (x)P(x;) | 0, r=s "SST
1=

x=-1+ 2] = o(n
n
subject also to P (x) being a polynomial of degree r with leading term x". Derive a
recurrence relation for these polynomials and obtain P(x), P,(x), Py(x) when n = 4.

Hence, obtain coefficients a, a,, a, which minimize

4
Z [(1+ sz )y — (@y+ax; + azx? )2,
90

Solution
As xP,(x) is a polynomial of degree & + 1, we can write it in the form
xP,(x) =d Pyx) +d;P(x) + ... + d, | P, (%) (3.60)
B+l

= » dPx)
; A

where d,,,=1
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We obtain from (3.60)

i n R+l
;xjpkuj)PS(xj) - JZO ZO 4P (x)P(x,). (5.61)

Using the orthogonality conditions, we get from (3.61)
d = Z 2, PP, (x) [ S P(x)). (3.62)
Jj=0 j=0
If s <k — 1, then xP (x) is a polynomial of degree s + 1 < k& and because of orthogonality
conditions, we get

d,=0,s<k-1.
Hence, we have from (3.60)
xP,(x) =d, P, (x)+d,P,(x)+d,, P, (x). (3.63)
Since d,,,, = 1, we can also write the recurrence relation (3.63) in the form
P, ,(x) = (x—b,)P,(x) — c,P, ;(x) (3.64)
where by=dy= Y x;P(x)) / P(x;) (3.65)
=0 =0
e =dyy= 9 % Px )P, (x) / Y Blyx)). (3.66)
J=0 =0

We also have from (3.64)
P,(x)=(x—-b, )P, (x)—c, ;P, ,(x)

Jj=

and S PAxp)= Y @ =b, )P, (x)Px) ¢,y D Py y(x)Pyx)
770 770 /=0

which gives ) x; P, ,(x)Py(x)) = > B(x)).
70 70
Using (3.66), we have

¢, = JZO Pl(x;) / JZO Pli(x)). (3.67)

Thus, (3.64) is the required recurrence relation, where b, and c, are given by (3.65) and
(3.67) respectively.

For n = 4, we have

or x0=—1,x1=—§,x2=0,x3=*,x4=1.
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Using the recurrence relation (3.64) together with P(x) = 1, P_;(x) = 0, we obtain
P,(x))=x-0b,

4 4
where bO = Z ijOZ(xj)/z Poz(xj) =
7=0 =0

Hence, we have P (x) = x

[, W
M-
R

1

[e]

Similarly, we obtain
Pyx)=(x-b)x—c,

where bl—ixPl(x)/ZPl(x)=z 3’/

J=0 J=0 j=0
4 4
2 1 2 _ 1
Z-Pl(x )/Z Po(xj)zg._ xj_E'
= = =y
1
Hence, we get Py(x) =x2 - >

For the problem

4
Z [(A+x2)™" = (dyPy(x,) + dy Py(x,) + dy Py(x,))]? = minimum,
770

we obtain the normal equations as

4
2 [(1+ x?)_l - (dOPO(xJ) + dlpl(xj) + dZPZ(xj))] Po(xj) =0

4
[(L+2)™ = (dyPyla;) + dy Py(x;) + dy Pylx,))] Py(x)) = 0
=0
4
> [A+x))™ —(dyPyl;) +d, Py(x;) + dy Pyl Pyl;) = 0
j=0

The solution of this system is

4
Po(x) _
e [B0] /5 et
4
- Py(x;) -
dl_z [1+x jl/ZPl(X)
4 4
Pz(xj) 9 _ 16
e ] erect

J=0

=]
o o
<

The approximation is give

16( , 1) 166 16
dy Py@) + dy Py(x) + dy Pyfx) = 5 35(962-5):1_75—%92

Hence, we have a, = 166 / 175, a; = 0, a, = — 16 / 35, and the polynomial is
P(x) = (166 — 80x2) / 175.
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4
3.53 Find suitable values ofa,, ...,a, so that Z arTr*(x) is a good approximation to 1/(1 + x)

for 0 < x < 1. Estimate the maximum error of this approximation.
(Note : T (x) = cos rf where cos 6 = 2x — 1).
Solution

It can be easily verified that 7' (x) are orthogonal with respect to the weight function

Wkx)=1/ /x(1-x) and

le(mT(mwz %2 Z¢Z¢o
Jx(l-x) n m=n=0.
Writing
1 * * *
1_ =a0T0 (x) +a1T1 (x) +... +a4T4 (x)
+x
btai J»l T (x)dx J’ [T (x)]? 0.1 4
we obtain ar— 0 (1+x)\/m x(l x ’7'— PR PN

. 1 Twds
which gives %=1l (1+x)\/m
2 (1 T (x)dx

O e 21,234
=l Qo fxa-x"

1t dx 2 (V2 d0
We have a,=— —=_J' = ——I
0" mdo (1+x)Jx(1-x) Tl 1+sin?20 T
w2
where I= J- 1 3 dob = n .
0 1+sin“0 2\/5
Hence, we have a,=1/2.
Similarly, we have,
_ 2 1 (2x Ddx J’Tf/z 2sin20-1
U= A+ 2)x(1-x) (1+sin? 0)
= d9 - —I = —_
T[Uo 2 } 4-372,
1222 -1 -1] jnfz [8sin* 6 - 8sin? 6+ 1] 26
a, = =—
2 0 (1+x)yx(1-x) 1+sin? 8
4

T n Uo (8sin% 0 - 16)d6 + 171} =172 — 24,
T
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2 _fl [4(2x - 1)® -3(2x ~1)]
— dx
mdo  (1+x)/x(1-x)

4 jwz [4(25sin” 8 -1)> ~3(2sin® 6 ~1)]
Y0

1+sin 0

a3=

de

4 J"’z(gz in - 80sin? 0+98)d0 —99]
=1 sin sin ) =140 -99./2,

s

_fl [8(2x - D* —8(2x - 1?2 +1]
X

0 (1+x)\Jx(1-x)
4 jﬂ/z [8(25sin®0 - D* -8(2sin® 6 -1)* +1]
0 1+sin® 0

2
ay =7

de

w2
% UO (128 sin® 6 — 384 sin* 6 + 544 sin2 6 —576)d 0 +5771}

=577./2 — 816.
The maximum error in the approximation is given by | a; |. We have
2 (1 T, (x)dx
a- = — —
Pomd @+x)fx@-x)
jwz 16(2sin?2 8 -1° -20(2sin2 6 -1)3 +5(2sin? 6 -1) 26
0 1+sin? 0

_4
m

w2
_4 [ jo (512 sin® 6 -1792 sin® 6+ 2912 sin* 6 -3312sin® 6 +3362)d 6 —33631}
Tt

= 4756 — 3363./2.
Hence, | a; | = 33632 — 4756 = 0.0002.

Chebyshev Polynomials

3.54 Develop the function f (x) = In[(1 + x) / (1 —x)] / 2 in a series of Chebyshev polynomials.
(Lund Univ., Sweden, BIT 29 (1989), 375)
Solution

0

We write f(x)= Z,arTr (x)

r=0
where X' denotes a summation whose first term is halved. Using the orthogonal proper-
ties of the Chebyshev polynomials, we obtain

1 T
a = %J_l(l — 22V 2f ()T (x)dx = %Jo f (cos 6) cos 0 d6.

. 1 1+x
Since, f(x)= 2 In -2
we have f (cos 6) = In (cot 6/ 2).

2 m
Hence, we have a,=— jo In (cot(B/ 2)) cos 0 d6.
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For r=0, we get
2 (M 0 2 (m 0 2 m 0
ag= 7 J; In [cot (ED de = p J; In (tan (ED de = g J; In [cot (Eﬂ de
Hence, a,=0.
Integrating by parts, we have (for r Z 0)
n Tt
a. = 2|1 sin 70 In cot [E) + 1 j sin rB tan [E) cosec? (9) do
rom|\r 2)l, 2rdo 2 2
_ 2 ("8 g2
Tr Jo sin© LA
We get I, = 1, and @, = 2. For r 2 2, we have
- J'" s1‘n re de _ Tsin (r — 1) 6 cos 6.+cos (r =1 Bsin edG
r—Jo sinB 0 sin 6
T 1 - m
_ lJ' 251n(r. 1) 6 cos 6d9+J‘ cos (r —1) 040
2 Jo sin 6 0
1 (msinr®+sin(r-2)06 1 1
=45 de = — + —
2-[0 sin 6 zIr 21,_2.
Hence, we get
I=1,=1 ,=..=1,ifriseven,
and I=1,=1I,=..=1,ifrisodd
Hence,a,=0ifriseven and a, = 2 / r if r is odd.
Therefore, we get
I ltx z[T1 LY Y} +}
2 1-x 3 5
3.55 Let T (x) denote the Chebyshev polynomial of degree n. Values of an analytic function,

f(x) in the interval — 1 <x < 1, are calculated from the series expansion

f(x) = z arTZr(x)
r=0

the first few coefficients of which are displayed in the table :

r a, r a,
0 0.3155 5 —0.0349
1 —0.0087 6 0.0048
2 0.2652 7 —0.0005
3 - 0.3701 8 0.0003
4 0.1581

(a) Calculate f (1) with the accuracy allowed by the table.
(b) Show the relation T, (x) = T (T (x)), — 1 <x < 1. With s = 2, the series above can be
written as
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0

fx)= z a,T (2x? - 1).

r=0
Use this series to calculate f (v/2 /2) and after differentiation, '(J2 / 2).

() f (x) has got a zero close to x, = J2 /2.

Use Newton-Raphson method and the result of (b) to get a better approximation to this
Zero. (Inst. Tech., Lyngby, Denmark, BIT 24(1984), 397)

Solution
(a) We are given that
T, (x) = cos (2r cos™! x).
Hence, we have
T,,(1) = cos (2r cos™* 1) = cos (0) = 1 for all r.
We have therefore,

f()=) @ =0.3297.
r=0

(b) We have T (x) = cos (s cos™ x)
T (T (x)) = cos (r cos{cos (s cos™ x)})
=cos (rs cosx) =T (x).

We get from f@=) aT2x%-1)
r=0

V2 J o c
f [— => ¢T,00 =) a_ cos(1w/2)

=ay—ay,+a,—.. =0.2039.
We have flx) = z a, T, (2x2 — 1)(4x)
r=0
V2 ) 4 &
A T (0
and f[z \/Erzoarr().

We also have
T(x)=cosrf, 6=cos'x

rsin r@
T!(x)=— .
sin 6
Hence, we obtain
rsin(rrv2) _ . (rm
T.!(0) = sin (172) —rsm( 2 j

We thus obtain

A
' |= Gl la, — 3a, + bay —...] = 2.6231.
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(c) Taking x, = J2/2 and using Newton-Raphson method, we have
flxy) Y2 0.2039

f - _ —
X=X =

f'xe) 2 26231

= 0.6296.

Uniform (minimax) Approximation

3.56

3.57

Determine as accurately as possible a straight line y = ax + b, approximating 1 / x? in
the Chebyshev sense on the interval [1, 2]. What is the maximal error ? Calculate a and
b to two correct decimals. (Royal Inst. Tech., Stockholm, Sweden, BIT 9(1969), 87)

Solution
We have the error of approximation as

€(x) = iz—ax—b.
X

Choosing the points 1, a and 2 and using Chebyshev equi-oscillation theorem, we have

e +¢e(a)=0,
e(@)+¢€(2)=0,

€(a)=0,
or 1—a—b+i—a0(—b=0,
2
a
1
L ou—b+ > —aa—b=o,
4 a
2 0
g3 Ta=0

Subtracting the first two equations, we get a = — 3 /4. From the third equation, we get

a3 = 8/ 3. From the first equation, we get

7 3 1 7 3 3 7 9
2b=—+—0+—=—+—qa +—0 =— +—0 .
4 4 a2 4 4 8 4 8
Hence, b = 1.655.
The maximal error in magnitudeis | €(1) | =] €(@) | = | €(2) |.
Hence, max. error =€ (1) =1—-a -5 =0.095.

Suppose that we want to approximate a continuous function f (x) on | x |[< 1 by a

polynomial P, (x) of degree n. Suppose further that we have found
f)-P x)=a T (x)+r),
where T ,,(x) denotes the Chebyshev polynomial of degree n + 1 with

1 —lan+1 | sia
2n+1 2n
and | 7@ | < ]a,,, | /10, | x| <1.
0.4 % 11
Show that o < lmlefi | f(x) =P, ()| sz—n

where, finally P: (x) denotes the optimal polynomial of degree n for f(x) on | x | < 1.
(Uppsala Univ., Sweden, BIT 13 (1973), 375)
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3.58

3.59

Solution
We h ! Lo
e have W5|Gn+1|527, | Tha1(x)[<1
0.1 0.1
and rix) | €=, , or ——<r(x)s—.
| | 2"(10) 2" 2"
From the given equation
1 1
max )—P x) | 2| a - ) | = -
A e e R e IO

|+|r(x)|s2—n+

Also, max | f(x) - P,(x) | < | q,,, 2"(10)"
1 01 : 1 .01
-—<max|f(x) - P, (x)|s— +—
Hence, ontl  gn TN |f | on | on
which gives (;'—f <max| ()~ P, ()| < %

Determine the polynomial of second degree, which is the best approximation in maxi-
mum norm to +/x on the point set {0, 1/9,4/9, 1}.
(Gothenburg Univ., Sweden, BIT 8 (1968), 343)
Solution
We have the error function as
e(x) = ax? + bx + ¢ — Jx .

Using the Chebyshev equioscillation theorem, we have

€0)+g(1/9 =0,

€(1/9)+¢€4/9 =0,
€4/9) +¢1)=0,

a 1 1
i 1 — +=bp+2c ==
which give 31 9 c 3’
£a+§b +2¢ =1

81 9
ﬂa+§b +2c :é'
81 9 3

The solution of this system is
a=-9/8,b=2,c=1/16.
Hence, the best polynomial approximation is

1
I _ 2
Pyx) = 1¢ (1+32x - 18x2).

Two terms of the Taylor expansion of ¢* around x = a are used to approximate e* on the
interval 0 < x < 1. How should a be chosen ao as to minimize the error in maximum
norm ? Compute a correct to two decimal places.

(Lund Univ., Sweden, BIT 12 (1972), 589)
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3.60

Solution
We have ef=e?+(x—a)*=Ax+B
where A=e¢* and B =(1-a)
We approximate ¢* by Ax + B such that

oDaxX | e*—Ax — B | = minimum.

Defining the error function
ex)=e"-Ax-B
on the points 0, a, 1 and using the Chebyshev equioscillation theorem, we get
€0)+¢&a)=0, or (1-B)+(*—Aa—-B)=0,
ga)+e1)=0, or (e*—Aa—-B)+(e—-A-B)=0,
€@ =0, or e*"—A=0.
Subtracting the first two equations, we get A = e -1.
Third equation gives e*=A =e — 1. Since, A =e?, wegetad =a =1n (e — 1) = 0.5412.
First equation gives B =1 [1+ (1 - a)e?] =0.8941
Hence, the best approximation is
P(x) = (e— 1)x + 0.7882.

Calculate min Orn&lx1 | f(x) — P(x) | where P is a polynomial of degree at most 1 and
p 0O<x<

1.2
fx)= j x_3 dy (Uppsala Univ., Sweden, BIT 18 (1978), 236)
Yy
Solution
1 52 x? 1
W h = _— d = 4 — .
e have f(x) J.x 37 y 7 *3

Let f (x) be approximated by P,(x) = C, where C = (m + M)/ 2, and
- 0. M = _1
m = 012;21[}”(96)] =0,M —&lggl[f(x)] =5
Hence, we get the approximation as Py(x) = 1/4 and
1
ST~ R@I=,.

Now, we approximate f (x) by P,(x) = a, + a,x such that

max | f(x) - Py(x)| = minimum.
O<x<1

Let ex) = 3(1-x%) —a,—ax.
Choosing the points as 0, a, 1 and using the Chebyshev equioscillation theorem, we
have
€(0) + €(a) =0, or (% —ao) +11-a?)-a,-a,a0=0,
ga)+e1)=0, or F(1-0a?)—-a,—a,0-ay,—a,=0,
g(@) =0, or a+a,=0.

Subtracting the first two equations, we get a; = — 1/ 2. Third equation gives a = 1/ 2.
First equation gives a, = 9/ 16. Hence, we obtain the approximation as
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9 x

Pl(x)=1—6 9
We find, max |f(x) - P;(x)|=]£(0)] =| ~ —ay | ==
eund, jeos 1 9 % 716"

. 1
Therefore, we have min max | f(x) - P(x)|=—.
p Osxs<1 16

3.61 Consider the following approximating polynomial :
Determine min || 1 — x — g(x) || where g(x) = ax + bx2 and a and b are real numbers.
g

Determine a best approximation g if

1
IF 1P = || £

Is the approximation unique ? (Uppsala Univ., Sweden, BIT 10(1970), 515)
Solution
Using the given norm, we have

1
I= J;J [1 - x - ax — bx%)? dx = minimum.
We obtain the normal equations as
1
jo (1-x-ax-bx2) xdx=0.
1
J;J (1-x—ax—bx%) x2dx = 0.

Integrating, we get

4a +3b =2,
15a + 126 = 5,
whose solution is a=3,b=-10/3.

The unique least squares approximation is given by

glx) = 3x — 10 x2.

3
Chebyshev Polynomial Approximation (Lanczos Economization)

3.62 Suppose that we want to approximate the function f (x) = (3 + x)~! on the interval
—1 <x <1 with a polynomial P(x) such that
max | f(x)—P(x) | <0.021.

£
(a) Show that there does not exist a first degree polynomial satisfying this condition.
(b) Show that there exists a second degree polynomial satisfying this condition.
(Stockholm Univ., Sweden, BIT 14 (1974), 366)
Solution
We have,on —1<x<1
1 1 1\ 11 1 , 1 4
f(x)= 3+x—3(1+3x) = g §x +Ex gx +...

If we approximate f (x) by P,(x) = (3 —x) /9, then |error of approximation| is greater
than 1/ 27 = 0.04, which is more than the tolerable error.
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If we approximate f (x) by the second degree polynomial
1 1 1 5
P =379 gr ®
Then, | error of approximation | < _—+ 1 + 1 +i +...=0.0185.
’ 81 243 729 2187
Alternately,
f 3 ti |<i+i+i+ —i(1+1+i+ )
| error of approximation | < g Ty tge T T 3 gz
L . 0.0185
T 81|1-(1/3)] 54 T
Expressing P,(x) in terms of Chebyshev polynomials, we get
1 1 1, 1 1 11
P)==-—x+—x?=-Ty-—T)+—.- (T, +T},)
=g TRt TgleTg Ty e
19 1 1
= — - T + — T
54 ° 971 B4 %
If we truncate P,(x) at T';, then max | error of approximation | is 1/54 = 0.0185 and the
total error becomes 0.0185 + 0.0185 = 0.0370, which is again more than the tolerable
error.
Hence, there does not exist a polynomial of first degree satisfying the given accuracy.
P,(x) is the second degree polynomial satisfying the given condition.
3.63 (a) Approximate f (x) = (2x — 1) by a straight line on the interval [0, 1], so that the

maximum norm of the error function is minimized (use Lanczos economization).
(b) Show that the same line is obtained if f is approximated by the method of least

squares with weight function 1/ /x(1-x) .
(c) Calculate the norm of the corresponding error functions in (a) and (b).

(Link6ping Univ., Sweden, BIT 28(1988), 188)

Solution
(a) Substituting x = (¢ + 1)/ 2, we get f (t) = t3 on the interval [- 1, 1].
We want to approximate f (¢) = t3 by a straight line on [- 1, 1]. We write

1
fO)=82=7 BT +Ty

where T, T, are Chebyshev polynomials.

Hence, linear approximation to f(¢)is 3T, /4 =3t/ 4 or linear approximation to f (x)
is 3(2x — 1) / 4. The maximum absolute error is 1/ 4.

(b) We take the approximation in the form
P,(x)=a,+a,(2x—-1)
and determine @, and a, such that

jol ﬁ [(2x — 13 — ay — a; (2 — 1)]? dx = minimum,

We have the normal equations as
J'l [(2x - 1? —ay —a,(2x - Dldx _
0 Ja(1-x)

0,
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which gives

We obtain

=0

b

J'l [(2x - 1)? —ay —a;(2x - DI(2x —1dx
0 Jx(1-x)

a J’l dx J‘l (2x — Ddx J‘l 2x — 1)3
*Jo ,/x(l—x Jx(1-x) Jx(1- x) ©
,fl @x-D o .. ,fl (2x = D’dx ,fl (2x-1*
Ja(l-x) Jx(1-x) Jx(1- x)

do =T,

J-l dx :2J-1 dx :J-TI/Z
0 yx(1-x) 0 Ja-(@x-1?) 2

J'l (2~ 1) xzzj'l—(zx'l)dx =J'm2sinede=0
—2 ’

Vx(1-=x) 0 J(1-@2x-1?)
1(2x-1* 1)2 _(2x-1%dx V2 ., T
Jo x(1- x) J /(1_ (2x - 1?) -[ n/zsm 9ad8= 2’

[y D’ xZZFM:jmsm‘&ede:o
-T2 ’

Vx(1-x) 0 Ja-(2x-1?)

J-l 2z - " dx =2 J.l —(Zx - D'dx = JT[/Z sin* 8d0 = 3n
-1/2 8"

Vx(1-=x) 0 J1-@x-1?)

Hence, we obtain a,=0anda, =3/4.

The approximation is given by

3
P,(x) = 1 2x-1)

which is same as obtained in (a).
(¢) Error norm in (a) is 1/ 4.
Error norm in (b) can be obtained by evaluating E 2.

Hence,

2
2x — 1° —%(Zx —1)} dx

Z_f;[(
_ ,fl (2x - 1)° ,fl (2x - D*

0 Jx(1-x) x(l—x) ,/x(l—x

E[E_2+i)-_“
“2(24 8 16) 32
E=ﬁ=0.3133

16J‘

1 (2x 1?2

Jx(l-x)
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3.64 The function P,(x) = x® — 9x2 — 20x + 5 is given. Find a second degree polynomial P,(x)

such that

o= mnax | Py(x) — Py(x) |

becomes as small as possible. The value of d and the values of x for which | P,(x) — Py(x) |

= 0 should also be given. (Inst. Tech., Lund, Sweden, BIT 7 (1967), 81)

Solution

Using the transformation, x = 2(¢ + 1), we get

P,(t) =8(t + 1)> — 36(t + 1) — 40(¢ + 1) + 5 = 8¢3 — 12¢% — 88t — 63
=—-63T,— 88T, - 6(T, + T, + 2(T, + 3T})
=—-69T,— 82T, — 6T, + 2T,
where — 1<t < 1.
If we truncate the polynomial at T, we have
max | Pyt)—Py(t) | = max, | Py(t) — (— 69T, — 82T, — 6T,) = max | 2T, | = 2.
The required approx1mat10n is
P.(t) =-69T,— 82T, - 6T, =—69 — 82t — 6(2t> — 1) = — 63 — 82¢ — 12¢2
which has the maximum absolute error & = 2.
Substituting ¢ = (x — 2) / 2, we obtain
Py(x) =—3x%—29x + 7.
We also have
| Py(x) —Py(x) | = | x®—6x2+9x—2 | =2

forx=0,1, 3 and 4.

3.65 Find a polynomial P(x) of degree as low as possible such that

2
max|e® = Plx)[<0.05, (Lund Univ., Sweden, BIT 15 (1975), 224)
Solution
Wehave —1<x <1, and
4 6 8 4 6 8
e* T e P AL )
2 6 24 2 6 24
0 12 1 1
[ R
err0r|= ?-‘-F S5| 6'+
=e— [1+1+1 +i +1) | =0.00995.
1! 2! 3! 4!
We now write
Pix)=T (T +T)+ (T +4T, + 3T,)
+ 192 (Tg+ 6T, + 15T2 +107T,)
+ ﬁ (Tg + 8T + 28T, + 56T, + 35T )

1
= 3072 (Tg + 24T + 316T + 26007, + 5379T )
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3.66

Since
1
3072

and the total error (0.00995 + 0.00814 = 0.01809) is less than 0.05, we get the approxi-
mation

(Ty +24T) | < 0.00814

1
< = ——— (3167, + 2600T, + 5379T,)

e 7 3072
-1 [316(8x* — 8x2 + 1) + 2600(2x2 — 1) + 5379]
3072
- b [2528x% + 2672x2 + 3095]
3072

=0.8229x* + 0.8698x2 + 1.0075.

The curve y = e™ is to be approximated by a straight line y = b — ax such that
| b —ax —e™ | £0.005. The line should be chosen in such a way that the criterion is
satisfied over as large an interval (0, ¢) as possible (where ¢ > 0). Calculate a, b and ¢ to
3 decimal accuracy. (Inst. Tech., Lund, Sweden, BIT 5 (1965), 214)

Solution
Changing the interval [0, c] to [- 1, 1] by the transformation x =c(¢ + 1)/ 2, we have the
problem of approximating exp[— c(t + 1) / 2] by A + Bt, satisfying the condition

max | A+ Bt —expl—c(+1)/2] | £0.005.

-1<t<1

2 2
~1_ c(t+1)+c t+1

2 8
with the approximate error of approximation — ¢3(¢ + 1)3 / 48 (where higher powers of ¢
are neglected).

We write f(@t) =expl-c(t+1)/2]

=g(t)

Writing each power of ¢ in terms of Chebyshev polynomials, we obtain

2 2 2

c c c® ¢ ¢ 5

S S PRI P R e
8@ 2 SJ [4 2J 8

2 2 2
C C C C C
= 1_2+8J10+[—2J11+(12+10)

4 16
2 2 2
— 1_£+3L T0+ C__E T1+C_T2'
2 16 4 2 16
If we truncate at T, then g(¢) has maximum absolute error ¢? / 16. We also have
_.3 3
max —c(t+1)3 =< .

-1<t<1| 48 6

We choose ¢ such that the total error

3 2
£+ <0.005.
6
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We solve the equation
¢ P
o + - 0.005, or f(c)=8c3+3c2-0.24=0
using the Newton-Raphson method. The smallest positive root lies in the interval (0,
0.25). Starting with ¢, = 0.222, we get
¢, = 0.223837, ¢, = 0.223826.
Taking ¢ = 0.2238, we obtain
f () =0.8975T,— 0.0994T, = 0.8975 — 0.0994¢
and t=(2x—c)/c=8.9366x— 1.
Hence, f(x) = 0.8975 — 0.0994(— 1 + 8.9366x) = 0.9969 — 0.8883x.
3.67 Find the lowest order polynomial which approximates the function
4
f(x) = Z (- %)
r=0
in the range 0 < x < 1, with an error less than 0.1.
Solution
We first change the interval [0, 1] to [- 1, 1] using the transformation x = (1 + ¢) / 2.
We have
f(x) = 1—x+xz—x3+x4 0<x<1.
F = 1= 5 (L) +£ (1402 =2 (L +0)° +— (1 40"
= E—11t+11t2 il L
16 8 4 8 16
11 1 1 1
=—Ty—-=Ty+=(T, +T) + +3T;
16 0 8 1 8(2 0) 32( 1)+ (T +4T +3T)
- ﬂ 0 _iTl +£T2 .|.iT3 +iT4'
128 32 32 32 128
. 1 < . . .
Since 39 T3 ‘ 128 T, ‘ < 0.1, we obtain the approximation
107 1 5 107 1 5
— T -—T +—T =— ——  +— 2 _
Ft) =198 707557173572 T 198 32" T ¥ -V
5 £ t 87
T 16 32 128
Substituting ¢ = 2x — 1, we obtain the polynomial approximation as
1
glx) = 198 (160x2 — 168x + 131).
3.68 Approximate
X t -
Fw =1 [ Ly
x Jo

by a third degree polynomial P,(x) so that
max | Flx) - Pylx) | < 3x 107
(Inst. Tech., Lund, Sweden, BIT 6 (1976), 270)
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3.69

Solution

We h F()—lJ.x 1+£+i+ﬁ+t4 +t5 + t° +... |dt
¢ have V=% ) 2 6 24 120 720 5040

x  x2 x xt x® x6
=1+—+—+—+ + + +
4 18 96 600 4320 35280
We truncate the series at the x° term. Since, — 1 <x < 1, the maximum absolute error is

given by

1, L 4 <3x107
(71 8@
2 3 4 5
Now, Fx)=1+2+2 42 X X
4 18 96 600 4320
= (Tl) + — 6 ( To) _4(T3 +3T1)
1 1
*+ 4800 (T, + 4T, + 3T,) + oo 69120 (T5 + 5T, + 10T))
14809 1783 103 37 1 1
+ + + T5'

= 0 1 T, + T3 + 4
14400 6912 3600 13824 4800 69120
If we truncate the right side at T, the neglected terms gtive the maximum error as

‘ Ty £0.00022.
4800 69120
The total error is 0.00003 + 0.00022 = 0.00025 < 3 x 10~% Hence, we have
14809 1783 103  , 37 .
x + (2x2 - 1) +—2* (453 -3x)
Py = 14200 T 6912 © T 3600 T3goa A% 3%

37 5+ 103 24 3455 L4799
"~ 3456 1800 13824 4800
The function f (x) is defined by
1px1-e"
fe=—]
Approximate f (x) by a polynomial P(x) = a + bx + cx?, such that

|mlax1 | f(x)—Px) | <5x 103 (Lund Univ., Sweden, BIT 10 (1970), 228)

dt

Solution
We have the given function as

1 t2 t4 tG t8 th
=— 1-— e+ ——+— ——— +...|dt
Fe= Jo[ 2 6 24 120 720

1
xz x4 x6 x8 X 0

R + +
6 30 168 1080 7920
Truncate the series at x8. Since — 1 < x < 1, the maximum absolute error is given by

1 1

116! 13(7!)

=1-

+...=0.00014.
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x*  xt % x®

We get, Px)=1-—+"—-—
6 30 168 1080

1 1
=T _E(TZ +T0)+T4O (T4+4T2+3T0)

0
1 (Tg + 6T, + 15T, + 10T)
~ 5376
+ W1240 (Tg + 8T, + 28T, + 56T, + 35T )
= 0.92755973T, — 0.06905175T, + 0.003253T, — 0.000128T + 0.000007T.
Truncating the right hand side at T',, we obtain
P(x) = 0.92755973T, — 0.06905175T, = 0.9966 — 0.1381x2.

The maximum absolute error in the neglected terms is 0.00339.
The total error is 0.00353.

3.70 The function F'is defined by

F@ = [ exp (- e/ 2)dt
Determine the coefficients of a fifth degree polynomial P(x) for which
| F(x) — Py(x) | <10* when | x | <1
(the coefficients should be accurate to within + 2 x 10?)
(Uppsala Univ., Sweden, BIT 5 (1965), 294)
Solution
We have the given function as

x 2 4 6 8 10
RN e o T

2 8 48 384 3840
PO I X0 L1
=x-——+—- + +
6 40 336 3456 42240

Truncate the series at x°. Since — 1 <x < 1, the maximum absolute error is given by
1 . 1
125G 13256

3 5 7 9
We get P(x)=x—x—+x——x—+ x
6 40 336 3456
=T, - (T +3T)+ (T + 5T, + 10T))

1
21504

= 0.000025.

(T, +7T5 + 21T, + 35T))

1
+ 884736 (Ty + 9T, + 36T, + 84T, + 105T)

=0.889116T, — 0.034736T, + 0.001278T — 0.0000367T"; + 0.0000017.
Neglecting T, and T on the right hand side, we obtain
P(x) = 0.889116x — 0.034736(4x> — 3x) + 0.001278(16x° — 20x3 + 5x)
= 0.0204x% — 0.1645x> + 0.9997x



Interpolation and Approximation 211

3.71

The neglected terms have maximum absolute error 0.000037.
The total error is 0.000062.

Find the polynomial of degree 3 minimizing || g(x) — P(x) ||, where the norm is defined by
(g h)= [ guhtwedx and @) =2" -3 +x.
0

(Umea Univ., Sweden, BIT 19 (1979), 425)
Solution
The Laguerre polynomials defined by

n+1
Ln+1(x) =(=1)n+ 1 e dxn+1 [e—x xn+1]
are orthogonal on [0, ) with respect to the weight function e™. We have
L,x)=1
Lix)=x-1
Ly(x) = 2_4x + 2
L(x)=x%—9x2 + 18x — 6
L,(x) = x* - 1623 + 72x% — 96x + 24
L (x) = x% — 25x* + 200x® — 600x2 + 600x — 120
and 1=Lyx)

x = Ly(x) + L(x)
x2 = Ly(x) + 4L (x) + 2L (x)
x% = Ly(x) + 9L,(x) + 18L,(x) + 6L (x)
x* = L,(x) + 16L,(x) + 72L,(x) + 96L, (x) + 24L (x)
x® = L(x) + 25L (x) + 200L4(x) + 600L,(x) + 600L,(x) + 120L(x).
The given polynomial can be written as
q(x) = x5 —3x% + x
= L (x) + 25L (x) + 197L4(x) + 573Ly(x) + 547L,(x) + 103L (x).
Taking the approximating polynomial in the form
P,(x) = ayLy(x) + a; L(x) + a, Ly(x) + a; Ly(x)
and using the given norm, we want to determine a, a,, a, and a4 such that

[T tgt) - Pyole Lwidx =0, i=0,1,2,3.

or Jm [L; +25L, + (197 —agy)Ly + (573 —a,)L, + (547 —a,)L, + (103 —ay)Ljle™ L (x)dx = 0.
0
Setting i = 0, 1, 2, 3, and using the orthogonal properties of Laguerre polynomials
Jo e~ Li(x)Lj(x)dx =0, i #],

we get a, =103, a; = 547, a, = 573, ay = 197.
Hence, P,(x) =103 + 547(x - 1) + 573(x2 — 4x + 2) + 197(x3 — 9x2 + 18x — 6)
=197x3 — 1200x2 + 1801x — 480.
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Differentiation and Integration

4.1 INTRODUCTION

Given a function f (x) explicitly or defined at a set of n + 1 distinct tabular points, we discuss
methods to obtain the approximate value of the rth order derivative ) (x), r > 1, at a tabular
or a non-tabular point and to evaluate

b
j w(x) f (x) dx,

where w(x) > 0 is the weight function and a¢ and / or b may be finite or infinite.

4.2 NUMERICAL DIFFERENTIATION
Numerical differentiation methods can be obtained by using any one of the following three
techniques :
(i) methods based on interpolation,
(i1) methods based on finite differences,
(i1) methods based on undetermined coefficients.

Methods Based on Interpolation

Given the value of f (x) at a set of n + 1 distinct tabular points x, x,, ..., x,, we first write
the interpolating polynomial P (x) and then differentiate P, (x), r times, 1 < r < n, to obtain

Pn(r)(x). The value of P,fr)(x) at the point x*, which may be a tabular point or a non-tabular point

gives the approximate value of f "’ (x) at the point x = x*. If we use the Lagrange interpolating
polynomial

P,)= Y Li@)f(x) (4.1)
1=0

having the error term
E (x)=f(x) - P, (x)
e —xp) (e —xg) .. (0 — )

(n+1)
(n+1)! A (4.2)
we obtain fO&)=P7 Y, 1sr<n
and E" (x5 = O - P7 (xP) (4.3)

is the error of differentiation. The error term (4.3) can be obtained by using the formula

212
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1 dj (n+1) ‘] :
—_— N= """
(n+1D! dx’ @) (n+j+D!
j=12 .,r
where min (x,, x;, ..., x,, X) < n; < max (s X5 ey X, X).
When the tabular points are equispaced, we may use Newton’s forward or backward
difference formulas.

f(n+j+1) (ﬂj )

For n = 1, we obtain

X — xl X — xo .
fo="p ot T h 44 @)
, fl B fo ..
and f'lx,) = %y - %, k=0,1 ..[4.4 (@)
Differentiating the expression for the error of interpolation
1
E (x)= 3 (x —x)x—x)) f"(), x,<&<x
we get, at x = x, and x = x,
EP (xg)=-EY (x)) = 21 ; @), x <f<a,
For n = 2, we obtain
(x —x1)(x —x9) L o) mx) o (- xg)(x —xy) .
= ...[4.5
P = s —x) (g —x) 0 Gy =) (g —0) 1 (o = 20 — ey 12 1AD )
1
E)(x) = g(x —x)x —x)x —x,) f"(E), x,<E<x, ..[4.5 @)
2%y —x, —x X9 —X Xg =X
() = 0 ~¥1 ~ Xy + 0~ %9 + 0 "%
Fes (xg —xy)(xg —2x5) o (1 =x9)(xy —x5) A (g —xg )2y —29) &
...[4.5 (D))

with the error of differentiation

1
E (x,) = 5 (g =2y —29) f"(&), xy<&<x,.

Differentiating (4.5 i) and (4.5 i) two times and setting x = x,,, we get

fu(xo)=2 |: fO + fl + f2 i| (46)

(xg —2x9)(xg —2x9) (7 —x9)(xy —x5) (x5 —2x0)(xy —x1)
with the error of differentiation

1 1 ) .
EP(x,) = 3 Qo= —x) f"©) + 5 (g =2, — ) [F¥M +£7(ny)]

where x, < &, Ny, N, < x,.

For equispaced tabular points, the formulas [4.4 (ii)], [4.5 (iii)], and (4.6) become,
respectively

f'xy) = —f) ! h, 4.7
f'(eg) = (= 3f, + 4f, =) / (2h), (4.8)
frxy) =fy—2f, +1,) | h? 4.9

with the respective error terms
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h
EP(x) = - 5 1@, <E<x,,

h2
EY(x,) =~ 5 Fr&), x, < & <x,,
Eé”(xo) =—hf" (&), x, < & < x,.
If we write EV )= |7 (x,)- B (x) |
=c h? + O(hP*1)
where ¢ is a constant independent of A, then the method is said to be of

order p. Hence, the

methods (4.7) and (4.9) are of order 1, whereas the method (4.8) is of order 2.

Methods Based on Finite Differences

Consider the relation
2

h
Ef(x)=f(x+h)=f(x)+hf'(x) + 91 "(x) + ...

h?D?
2!

where D = d / dx is the differential operator.

Symbolically, we get from (4.10)

E=e" orhD=InE.
We have 5=E1/2—E_1/2=ehD/2—e_hD/2
=2 sinh (AD / 2).
Hence, hD = 2 sinh™ (5/ 2).
Thus, we have
hD=InE

=[1+hD+ +...Jf(x)=eth(x)

In (1 +A)=A_1A2+1A3—...
2 3

= —1n(1—D)=D+%D2+ glm 3y

> 12
. a2 )5 3
2 sinh [2)—6 22'3!6 + ..
Similarly, we obtain

1 r+1 r(3r +5)
r_ —prN 4+ "7 ATH2 _
N 5 r od A
1 +1 r(3r + 5)
ry — 0" r+2
- D+2r o4 Or+=+ ..
2
U — r+3u6r+2+5r +62r +135 _ .,
24 5760
5o 52 + rbr +22) &* _ ..., (reven)

24 5760

(4.10)

(4.11)

— ..., (rodd)

(4.12)
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2
where, W= [1 + ZJ is the averaging operator and is used to avoid off-step points in the

method.
Retaining various order differences in (4.12), we obtain different order methods for a
given value of r. Keeping only one term in (4.12), we obtain for r = 1

(foo1—1) 1 A, ..[4.13 ()]
flx,) = (f,—f, ) ! h, ...[4.13 (1))
(fou1 — 1) 1 (2h), ...[4.13 (D)
and for r =2
(Froo — 26001 + 1) 1 H2, ..[4.14 )]
) = (f,—2f,, + 1,9 | B2, ..[4.14 (i)
(Froy1 — 20+ 1) | B2 ..[4.14 (i)

The methods (4.137), (4.13i1), (4.14%), (4.14i7) are of first order, whereas the methods
(4.13ii7) and (4.14ii1) are of second order.

Methods Based on Undetermined Coefficients

We write
B FOa,) = i a;f(xpe;) (4.15)
for symmetric arrangement of tabluzl_z;z points and
RO, ) = i a;f (xpe;) (4.16)

for non symmetric arrangement of tabular points.

The error term is obtained as
1
Er(xk ) = F [hr f(r) (xk ) - Zaif(xk+i )]~ (4.17)

The coefficients a;’s in (4.15) or (4.16) are determined by requiring the method to be of a
particular order. We expand each term in the right side of (4.15) or (4.16) in Taylor series
about the point x, and on equating the coefficients of various order derivatives on both sides,
we obtain the required number of equations to determine the unknowns. The first non-zero
term gives the error term.

For m =1 and r = 1 in (4.15), we obtain
hf ') = a_y fx, ) +ayf(x,)+af (x,,,)

1
=(a_+ag+a)f(x,)+(—a_+a)hf'(x,)+ E(a_1 +a) h2f"(x,)
1
*e (—a +a)h3f"(x,)+ ..

Comparing the coefficients of f (x,), hf '(x,) and (h?/ 2) f "(x,) on both sides, we get
a,+a,+a,;=0, —a +a;,=1,a,+a;,=0
whose solution is a, = 0,a_; =—a, = —1/2. We obtain the formula

1 1
hify'= 9 Foix=Fea)s or £y = on 1 = Foa)- (4.18)
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m

The error term in approximating f'(x,) is given by (— h2/6) f" (€), x,_; < & <x, ;.

For m =1 and r = 2 in (4.15), we obtain
R2f",) =a ) +af () +ay f(x,,)
=(aq+ay+a)f(x,)+(—a_+ay) hf'(x,)

1 1
+5 @y +ay) R2f"(x,) + 6 Caata) h3f"(x,)

1 4
+ o (@1t ay) R fi(x,) + ...
Comparing the coefficients of f (x, ), &f '(x, ) and A% f "(x, ) on both sides, we get

a,+a,+a,;=0, —a,+a,=0,a,+a,=2
whose solution is a_; = a; = 1, a, = — 2. We obtain the formula
1
R 1y =fya =2+ i Or £y = n2 (Fyoa = 26 + Frosr)- (4.19)

The error term in approximating f "(x,) is given by (- 22/ 12) fW (§), x, , <& < x, ;.
Formulas (4.18) and (4.19) are of second order.
Similarly, for m = 2 in (4.15) we obtain the fourth order methods
£ = (fy gy 8, o+ 8fyy —foup) | (120) (4.20)
F7(0,) = (= foy + 16f, — 30 f, + 16f,,, — f,0) / (127 (4.21)
with the error terms (2% / 30) f¥(§) and (h*/ 90) ¥ (§) respectively and x, , < & < x, .

4.3 EXTRAPOLATION METHODS

To obtain accurate results, we need to use higher order methods which require a large number
of function evaluations and may cause growth of roundoff errors. However, it is generally
possible to obtain higher order solutions by combining the computed values obtained by using
a certain lower order method with different step sizes.
If g(x) denotes the quantity ™ (x,) and g(h) and g(gh) denote its approximate value
obtained by using a certain method of order p with step sizes & and gh respectively, we have
g(h) = g(x) + ch? + O(hP*Y), (4.22)
glqh) = g(x) + c g? h? + O(hP*Y). (4.23)
Eliminating ¢ from (4.22) and (4.23) we get
200) = q”g(h) - g(qh)
g’ -1
which defines a method of order p + 1. This procedure is called extrapolation or Richardson’s
extrapolation.

+ O(h?*1) (4.24)

If the error term of the method can be written as a power series in A, then by repeating
the extrapolation procedure a number of times, we can obtain methods of higher orders. We
often take the step sizes as h, h /2, h /22, .... If the error term of the method is of the form

E(x,) =ch + c,h? + .. (4.25)
then, we have
g(h) =g(x) + c;h + c,h? + ... (4.26)
Writing (4.26) for &, h /2, h/ 22, ... and eliminating ¢;s from the resulting equations, we
obtain the extrapolation scheme
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9P g(p—l)(h/z) _ g(p—l)(h)
(p) h = N = 1, 2, coe 4-27
g 'P(h) 97 _ 1 p (4.27)
where g O(h)=g(h).
The method (4.27) has order p + 1.
The extrapolation table is given below.
Table 4.1. Extrapolation table for (4.25).
Order
Step First Second Third Fourth
h g(h) gV (h) gP(h) g®(h)
hil2 gh/2) gV(h12) g? (h/2)
h22 g(h /2% gV (h /22
h123 g(h /23
Similarly, if the error term of the method is of the form
E(x,) =g(x) + c;h? + ey h* + ... (4.28)
then, we have
g(h) =gx) + c;h? + ¢, h* + ... (4.29)
The extrapolation scheme is now given by
4pg(P—1)(h/2) _ g(p—l)(h)
P)(h) = =12, .. 4.30
g"(h) 17 1 p (4.30)
which is of order 2p + 2.
The extrapolation table is given below.
Table 4.2. Extrapolation table for (4.28).
Step
Order Second Fourth Sixth Eighth
h g(h) g (h) gP(h) g®(h)
hil2 gh/2) gV(h12) g2h12)
h22 g(h /2% gV (h /22
h/23 g(h /23

The extrapolation procedure can be stopped when

where ¢ is the prescribed error tolerance.

4.4 PARTIAL DIFFERENTIATION

| g® (h)—g*V(h/2)| <t

One way to obtain numerical partial differentiation methods is to consider only one variable at
a time and treat the other variables as constants. We obtain

)
0x (x;,5;5)

(fior; — f, /R +O(R),
= (ﬁ’j - ﬁ—l,j)/h + O(h);

(ﬂ+1,j - ﬂ_l’j (2h) + O(h2 ),

(4.31)
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@ = (ﬂ,J - ﬂ’j_l)/k + O(k), (432)
(fi o1 = £ j-1)/(2R) + O(R?),
where A and & are the step sizes in x and y directions respectively.

[af) (fyjor = £V +OCR),
(xi,yj)

Similarly, we obtain

i o
ax? (5 = (fi—l,j_ in,j +fi+1,j) / h2 + O(h?),
*f o
ay* iy (i =2+ 1 0 | B2+ O3,
o*f
Ox dy = (fi+1,j+1 - fi+1,j_1 - f;—l,j_,,l + fi—l,j—l) / (4hk) + O(h2 + k2).
(xi,yj)

(4.33)
4.5 OPTIMUM CHOICE OF STEP LENGTH

In numerical differentiation methods, error of approximation or the truncation error is of the
form ch? which tends to zero as 2~ — 0. However, the method which approximates f(x) con-
tains A" in the denominator. As A is successively decreased to small values, the truncation
error decreases, but the roundoff error in the method may increase as we are dividing by a
smaller number. It may happen that after a certain critical value of A, the roundoff error may
become more dominant than the truncation error and the numerical results obtained may
start worsening as 4 is further reduced. When f (x) is given in tabular form, these values may
not themselves be exact. These values contain roundoff errors, that is f (x,) = f, + €, where f (x; )
is the exact value and £, is the tabulated value. To see the effect of this roundoff error in a
numerical differentiation method, we consider the method

. (x1) —f(xq)
f(xoh%_

If the roundoff errors in f (x,) and f (x,) are €, and €, respectively, then we have

% "), x,<&<x,. (4.34)

fi=fo €81-€ _h
' = + -— f" 4.35
flxy) h 3 9 ¢ ( )
' fL= 1o
or fllxy) = 3 +RE + TE (4.36)
where RE and TE denote the roundoff error and the truncation error respectively. If we take
— — max "
e=max (| g |,]|&]), and My = crex | £"Co) |
2¢ h
then, we get | RE | < 7 and | TE | < EMZ'

We may call that value of 2 as an optimal value for which one of the following criteria is
satisfied :

@) | RE | = | TE | [4.37 ()]
(i) | RE | + | TE | = minimum. [4.37 (i0)]
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If we use the criterion [4.37(7)], then we have

26 _h
w2 M
which gives hoy =2e/M5, and | RE | =|TE | = JeM,.
If we use the criterion [4.37 (i7)], then we have
2 + b M, = minimum
h 2
hich gi 2 Iy, =0 h, =2eM
which gives — h—z E 9 =0, or opt = 2 .

The minimum total error is 2(eM. 2)1/ 2,

This means that if the roundoff error is of the order 10 (say) and M, = 0(1), then the
accuracy given by the method may be approximately of the order 10~*/2, Since, in any numeri-
cal differentiation method, the local truncation error is always proportional to some power of
h, whereas the roundoff error is inversely proportional to some power of A, the same technique
can be used to determine an optimal value of 4, for any numerical method which approximates
f ), r=1.

4.6 NUMERICAL INTEGRATION

We approximate the integral

b
I= J w(x) f(x)dx (4.38)

by a finite linear combination of the values of f (x) in the form

b n
I= j w(x) f(x)dx = ; Apf () (4.39)

where x,, £ = 0(1)n are called the abscissas or nodes which are distributed within the limits of
integration [a, b] and A,, £ = 0(1)n are called the weights of the integration method or the
quadrature rule (4.39). w(x) > 0 is called the weight function. The error of integration is given
by

b n
R = L w(x) f(x)dx — kzo A flay). (4.40)

An integration method of the form (4.39) is said to be of order p, if it produces exact
results (R, =0), when f (x) is a polynomial of degree < p.

Since in (4.39), we have 2n + 2 unknowns (n + 1 nodes x,’s and n + 1 weights A;’s), the
method can be made exact for polynomials of degree < 2n +1. Thus, the method of the form
(4.39) can be of maximum order 2n + 1. If some of the nodes are known in advance, the order
will be reduced.

For a method of order m, we have
b . n .
j wi)a'de =y N =0,i=0,1, .., m (4.41)
¢ k=0

which determine the weights A,’s and the abscissas x,’s. The error of integration is obtained
from
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R = c FoD(E), a<&<b (4.42)
" (m+1)! ’ ’ '
b m+1 c m+1
where C= j w(x)x™™ dx - E Apxp . (4.43)

4.7 NEWTON-COTES INTEGRATION METHODS

In this case, w(x) =1 and the nodes x,’s are uniformly distributed in [a, b] with x, =a,x, =b
and the spacing 2 = (b — a) / n. Since the nodes x,’s, x, = x,+ kh, k = 0, 1, ..., n, are known, we
have only to determine the weights A,’s, £ = 0, 1, ..., n. These methods are known as Newton-
Cotes integration methods and have the order n. When both the end points of the interval of
integration are used as nodes in the methods, the methods are called closed type methods,
otherwise, they are called open type methods.

Closed type methods
For n = 1 in (4.39), we obtain the trapezoidal rule
b
[[f@de=2 r@+ o) (4.44)

where h = b — a. The error term is given as

3
R, =- % "), a<&<b. (4.45)
For n = 2 in (4.39), we obtain the Simpson’s rule
b
[ Fadx= % [f(a) +4f (“ ; b) + f(b)} (4.46)

where h = (b — @)2. The error term is given by

C
R, = af’”(&), a<&<b.
We find that in this case

b _ 3
c= | x3dx—“’Tw{a3+4[“T+b) +b3}=o

and hence the method is exact for polynomials of degree 3 also. The error term is now given by

c
R2=4—!fl”(2), a<&<b.

b - 4 _\5
We find that C=j A Gl o)) a4+4(a+b) PP P il ) '
a 6 2 120
Hence, the error of approximation is given by
®-a)’ . B .
R,y=————f"@)=—-— (), b. 4.47
25" oggo | ® T 7o [E: ax<is (4.47)

since h=(®b-a)/2.
For n = 3 in (4.39), we obtain the Simpson’s 3 / 8 rule
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cancellation.

jb Fo)da = % [F @) +3f (@ +h) +3f (@ +2h) + £ (b))

where h = (b — a) / 3. The error term is given by

3 ;
Ry=- 55 h°F* ®), a<&<b,

and hence the method (4.49) is also a third order method.

The weights A,’s of the Newton-Cotes rules for n <5 are given in Table 4.3. For large n,
some of the weights become negative. This may cause loss of significant digits due to mutual

Table 4.3. Weights of Newton-Cotes Integration Rule (4.39)

n Ao Ay A, Aq A, As

1 1/2 1/2

2 1/3 4/3 1/3

3 3/8 9/8 9/8 3/8

4 14/ 45 64 /45 24 /45 64 /45 14/ 45

5 95/288 | 375/288 | 250/288 | 250 /288 | 375/288 | 95/ 288

(4.48)

(4.49)

Open type methods
We approximate the integral (4.38) as

b n-1
I= j fx)dx = kzl M), (4.50)

where the end points x, = @ and x, = b are excluded.
For n = 2, we obtain the mid-point rule

j *f(o)dx = 20 f(a +b)

where h = (b — a) / 2. The error term is given by

(4.51)

3
Rf%f"(é).

Similarly, for different values of n and 4 = (b — a) / n, we obtain

n=3: =%[f(a+h)+f(a+2h)].

Ry=— R f" (). (4.52)

n=4: I= [2f (@ + h) —f (@ + 2h) + 2f (a + 3h)].

14
R, = o= 1O F@). (5.53)

=?Z [11f (@ + h) + f(a + 2h) + f (@ + 3h) + 11f (a + 4h)].

9i 5 f£iv
R5_144h f (E)a

n=5: I

(4.54)

where a<¢&<b.
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4.8 GAUSSIAN INTEGRATION METHODS

When both the nodes and the weights in the integration method (4.39) are to be determined,
then the methods are called Gaussian integration methods.

If the abscissas x,’s in (4.39) are selected as zeros of an orthogonal polynomial, orthogonal
with respect to the weight function w(x) on the interval [a, b], then the method (4.39) has order
2n + 1 and all the weights A, > 0.

The proof is given below.

Let £ (x) be a polynomial of degree less than or equal to 2n + 1. Let g, (x) be the Lagrange
interpolating polynomial of degree < n, interpolating the data (x, f;),i =0, 1, ..., n

qn(x) = z lk(x) f(xk)
k=0

Ti(x)
(x = x,) 0 (x5,)
The polynomial [f (x) — q,(x)] has zeros at x, x;, ... x,. Hence, it can be written as
fx)—-q,x)=p,, () r,(x)
where r (x) is a polynomial of degree atmost n and p, ,,(x;) =0,i =0, 1, 2, ... n. Integrating this
equation, we get

with L(x) =

b
jbw(x) [f (x) —q,(x)] dx = j w(x) p, () r (x) dx

or jb w(x)f (x)dx = Jb w(x)q, (x) dx + jbw(x)pml(x) r,(x) dx.

The second integral on the right hand side is zero, if p, , (x) is an orthogonal polyno-
mial, orthogonal with respect to the weight function w(x), to all polynomials of degree less
than or equal to n.

We then have

b b T
J' w(x) f(x) dx = j wx) g, () dxe =y Nf )
@ @ £=0

b
where M= [ w0 10 dx.
This proves that the formula (4.39) has precision 2n + 1.
Observe that l?(x) is a polynomial of degree less than or equal to 2n.

Choosing f (x) = lj2 (x), we obtain

b n 9
[ we dx = ;Ak 12(xy)-
Since lj(xk )= 3;, we get _
b
N = [ we B@de > 0.

Since any finite interval [a, b] can be transformed to [- 1, 1], using the transformation
‘e (b—a)t+(b+a)
2 2

we consider the integral in the form
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j L () f(0)dx = i Mpf(xy) (4.55)
-1 =0

Gauss-Legendre Integration Methods
We consider the integration rule

1 _ n
[ fedx= kzo Auf (). (4.56)

The nodes x,’s are the zeros of the Legendre polynomials
1 dn+1
2"+ D! dx™*!
The first few Legendre polynomials are given by
Pyx)=1, P,x)=x Pyx)=3Bx?-1)/2, Py(x)=(5x3-3x)/2,
P (x) = (35x* — 30x2 + 3) / 8.
The Legendre polynomials are orthogonal on [- 1, 1] with respect to the weight function
w(x) = 1. The methods (4.56) are of order 2n + 1 and are called Gauss-Legendre integration
methods.
For n = 1, we obtain the method

1 1 1
(M =f|-—=|+f|+=
[.f f[ @j f[ Jg) (4.58)
with the error term (1/135) f® (§),- 1< & < 1.
For n = 2, we obtain the method

.[_11 f(x)dx = % [5f(~/3/5) +8£(0) +5f(\/3/5)] (4.59)
with the error term (1/15750) f©® (§), -1 < & < 1.

The nodes and the corresponding weights of the method (4.56) for n < 5 are listed in
Table 4.4.

Table 4.4. Nodes and Weights for the Gauss-Legendre Integration Methods (4.56)

P . (x)= [(x2 — 1)n+1], (4.57)

nodes weights
n X, A,

+ 0.5773502692

0.0000000000
+ 0.7745966692

+ 0.3399810436
+ 0.8611363116

0.0000000000
+ 0.56384693101
+ 0.9061798459

+ 0.2386191861
+ 0.6612093865
+ 0.9324695142

1.0000000000

0.8888888889
0.5555555556

0.6521451549
0.3478548451

0.5688888889
0.4786286705
0.2369268851

0.4679139346
0.3607615730
0.1713244924
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Lobatto Integration Methods

In this case, w(x) = 1 and the two end points — 1 and 1 are always taken as nodes. The
remaining n — 1 nodes and the n + 1 weights are to be determined. The integration methods of
the form

1 n-1
L FGdx=Aof (=D + 3 Ayf(x,) +X,f(D (4.60)
k=1

are called the Lobatto integration methods and are of order 2n — 1.
For n = 2, we obtain the method

[} rwdx=2 170+ 470+ p0) (4.61)

with the error term (— 1/90) f®(¢), - 1< € < 1.

The nodes and the corresponding weights for the method (4.60) for n < 5 are given in
Table 4.5.

Table 4.5. Nodes and Weights for Lobatto Integration Method (4.60)

n nodes x, weights A,
+ 1.00000000 0.33333333
0.00000000 1.33333333

3 + 1.00000000 0.16666667
+ 0.44721360 0.83333333

4 + 1.00000000 0.10000000
+ 0.65465367 0.54444444
0.00000000 0.71111111

5 + 1.00000000 0.06666667
+ 0.76505532 0.37847496

+ 0.28523152 0.55485837

Radau Integration Methods

In this case, w(x) = 1 and the lower limit — 1 is fixed as a node. The remaining n nodes
and n + 1 weights are to be determined. The integration methods of the form

1 n
[ f@dx=hof D+ Y Nyfixy) (4.62)
k=1

are called Radau integration methods and are of order 2n.
For n = 1, we obtain the method

Urde= e+ 31
[ fede=2 £ 1)+2f(3) (4.63)

with the error term (2/27) f"(&),-1< & < 1.
For n = 2, we obtain the method

[ redx=2ren- 16+£f[1'£J+ 16'£f[1”g

18 5 18 5
with the error term (1/1125) f® (&), -1 <& < 1.

J (4.64)
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The nodes and the corresponding weights for the method (4.62) are given in Table 4.6.

Table 4.6. Nodes and Weights for Radau Integration Method (4.62)

n nodes x,, weights M,
— 1.0000000 0.5000000

0.3333333 1.5000000

2 — 1.0000000 0.2222222
— 0.2898979 1.0249717

0.6898979 0.7528061

3 — 1.0000000 0.1250000
- 0.5753189 0.6576886

0.1810663 0.7763870

0.8228241 0.4409244

4 — 1.0000000 0.0800000
- 0.7204803 0.4462078

0.1671809 0.6236530

0.4463140 0.5627120

0.8857916 0.2874271

5 — 1.0000000 0.0555556
— 0.8029298 0.3196408

— 0.3909286 0.4853872

0.1240504 0.5209268

0.6039732 0.4169013

0.9203803 0.2015884

Gauss-Chebyshev Integration Methods

We consider the integral

1 n
L%:ZO Mf ) (465)
where w(x) =1/ ,/1-x? is the weight function. The nodes x,’s are the zeros of the Chebyshev
polynomial
T,..x) =cos (n + 1) cos™ x). (4.66)
The first few Chebyshev polynomials are given by
Tyx) =1, T (x) =x, Ty(x) = 2x2 -1,
Ty(x) = 4x3 — 3x, T,(x) = 8x* — 8x2 + 1.
The Chebyshev polynomials are orthogonal on [- 1, 1] with respect to the weight func-

tion w(x) =1/ /1 - x2 . The methods of the form (4.65) are called Gauss-Chebyshev integration
methods and are of order 2n + 1.
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We obtain from (4.66)

oo [k DT
Y= om +1

The weights A,’s in (4.65) are equal and are given by

J, k=01, .., n (4.67)

Tt
A, = Py k=0,1,..,n. (4.68)

For n = 1, we obtain the method

L fx) s 1 1
dx = — N —
j—l Il_xz * 2|:f[ '\/2)+f[’\/2):| (4'69)
with the error term (11/ 192) f@(§), -1 < & < 1.

For n = 2, we obtain the method

1 _m J3 J3
L = fadx = {f[— 7J +£(0) + f[;ﬂ (4.70)

with the error term (11/ 23040) f©® (§), -1 < & < 1.

Gauss-Laguerre Integration Methods

We consider the integral

jowe_xf(x)dx =S Mfay) 4.71)
k=0

where w(x) = e is the weight function. The nodes x,’s are the zeros of the Laguerre polynomial

dn+1
dxt1
The first few Laguerre polynomials are given by

Ly x)=1, Lix)=x-1,Lyx)= x%2—4x + 2,

L,(x) = x3 - 9x2 + 18x — 6.
The Laguerre polynomials are orthogonal on [0, o) with respect to the weight function

e¢*. The methods of the form (4.71) are called Gauss-Laguerre integration method and are of
order 2n + 1.

L (x)=(=1rlex [e=* x"+1] (4.72)

For n = 1, we obtain the method

J.:e'xf(x)dx =2 +4‘/§ £2-2)+2 '4‘/5

with the error term (1/6) f?®(§),-1<& < 1.
The nodes and the weights of the method (4.71) for n < 5 are given in Table 4.7.

F(2+42) (4.73)
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Table 4.7. Nodes and Weights for Gauss-Laguerre Integration Method (4.71)

n

nodes x,,

weights A,

1

0.5857864376
3.4142135624

0.4157745568
2.2942803603
6.2899450829

0.3225476896
1.7457611012
4.5366202969
9.3950709123

0.2635603197
1.4134030591
3.5964257710
7.0858100059
12.6408008443

0.2228466042
1.1889321017
2.9927363261
5.7751435691
9.8374674184
15.9828739806

0.8535533906
0.1464466094

0.7110930099
0.2785177336
0.0103892565

0.6031541043
0.3574186924
0.0388879085
0.0005392947

0.56217556106
0.3986668111
0.0759424497
0.0036117587
0.0000233700

0.4589646740
0.4170008308
0.1133733821
0.0103991975
0.0002610172
0.0000008955

Gauss-Hermite Integration Methods

We consider the integral

jw e fwds =3 Ny (4.74)
k=0

X

where w(x) = e is the weight function. The nodes x,’s are the roots of the Hermite polynomial

9 dn+1
xn+1

H  (x)= (11 (™). (4.75)

The first few Hermite polynomials are given by
H(x) =1, H,(x) = 2x, Hy(x) = 2(2x% - 1),
H,(x) = 4(2x3 — 3x).
The Hermite polynomials are orthogonal on (- oo, o) with respect to the weight function
w(x) = ¢~*". Methods of the form (4.74) are called Gauss-Hermite integration methods and are
of order 2n + 1.
For n = 1, we obtain the method

© e _Inl (1 1
J_we fladx =% H ﬁ} + f[ﬁﬂ (4.76)
with the error term (J1/48)f® (§), — 0 < & < oo
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For n = 2, we obtain the method

fwe-xz f(x)dx = % [f[— g} +4£(0) + f[gﬂ (4.77)

with the error term (y/1/960)f ©(£), — 0 < & < oo,

The nodes and the weights for the integration method (4.74) for n < 5 are listed in
Table 4.8.

Table 4.8. Nodes and Weights for Gauss-Hermite Integration Methods (4.74)

n nodes x, weights M,
0 0.0000000000 1.7724538509
1 + 0.7071067812 0.8862269255
2 0.0000000000 1.1816359006
+ 1.2247448714 0.2954089752
3 + 0.5246476233 0.8049140900
+ 1.6506801239 0.0813128354
4 0.0000000000 0.9453087205
+ 0.9585724646 0.3936193232
+ 2.0201828705 0.0199532421
5 + 0.4360774119 0.7264295952
+ 1.3358490740 0.1570673203
+ 2.3506049737 0.0045300099

4.9 COMPOSITE INTEGRATION METHODS

To avoid the use of higher order methods and still obtain accurate results, we use the compos-
ite integration methods. We divide the interval [a, b] or [~ 1, 1] into a number of subintervals
and evaluate the integral in each subinterval by a particular method.

Composite Trapezoidal Rule

We divide the interval [a, b] into N subintervals [x, ;,x;],i=1, 2, ..., N, each of length
h=®-a)/ N,xy,=a,xy=bandx,=x,+1th,i=1,2,...,N—-1 We write

j * Floda = j " Foda + j P rydx 4o+ [ f)ds. (4.78)

XN-1
Evaluating each of the integrals on the right hand side of (4.78) by the trapezoidal rule
(4.44), we obtain the composite rule

b
[ pooax= % )+ 20, 4 Fy 4 oo+ Fr )+ fi] (4.79)
where £, = f (x.).
The error in the integration method (4.79) becomes
3
Ri== T f 7€) + ") + ot [y <E < (480
Denoting

f"(n)=max | f"(x) |,a<n<b

asx<b
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we obtain from (4.80)

Nh? (b-a) b-a) ,,
n - n = n . 4' 1
1o [ = e 1= A ) (4.81)

| Ry | <

Composite Simpson’s Rule

We divide the interval [a, b] into 2N subintervals each of length & = (b — a) / (2N). We
have 2N + 1 abscissas x, X, ..., Xop With x) =@, x5 = b, x, =x, +ih,i=1,2, ..., 2N - 1.

We write

jb fo)dx = j:zf(x)dx " j Feodx +.. +jx” fx)dx. (4.82)

XoN-2
Evaluating each of the integrals on the right hand side of (4.82) by the Simpson’s rule
(4.46), we obtain the composite rule

jb F@dx =l w4+ fy 4 oot fo )+ 2+ o+ et Fg) + -

a 3

(4.83)

The error in the integration method (4.83) becomes

hS 4 4

R,=- % [FPE) + (&) + oo + FUEN], Xy o < & < Xy (4.84)

Denoting f(n) = max | fx) |,a<n<bd

we obtain from (4.84)
NB® ®-a)P (b-a) ;
R < iv - iv — h4 w( ) (485)
| By | = =55~ () ossont | W=—o0 f*n

4.10 ROMBERG INTEGRATION

Extrapolation procedure of section 4.3, applied to the integration methods is called Romberg
integration. The errors in the composite trapezoidal rule (4.79) and the composite Simpson’s
rule (4.83) can be obtained as

I=1I,+ch%+coht +ch® + .. (4.86)

I=Ig+dh*+d,h8 +d,h8 + ... (4.87)
respectively, where c¢’s and d s are constants independent of 4.
Extrapolation procedure for the trapezoidal rule becomes

4m I%m—l)(Mz) _ I%m—l)(h)

RIOE Y

m=1,2,.. (4.88)

where I (h) = 1, (h).
The method (4.88) has order 2m + 2.
Extrapolation procedure for the Simpson’s rule becomes
A" (2) - 18V (h)
4™t -1 ’

IV (h) = m=1,2,. (4.89)

where Ing)(h) = I (h).
The method (4.89) has order 2m + 4.
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4.11 DOUBLE INTEGRATION

The problem of double integration is to evaluate the integral of the form

I= ijf(x,y)dx dy .

(4.90)

This integral can be evaluated numerically by two successive integrations in x any y

directions respectively, taking into account one variable at a time.

Trapezoidal rule
If we evaluate the inner integral in (4.90) by the trapezoidal rule, we get

—c (b
I= dz ¢ j [f(x,¢) + flx,d)] dx.
Using the trapezoidal rule again in (4.91) we get
b-a)d -
r= Lj” Fla,c)+fb,0)+fad +fb,dl
The composite trapezoidal rule for evaluating (4.90) can be written as

hk
Ip= 4 [{ oo + Fors + 2foq + fog + -+ Fo )}

I

N-1
+2 z {fio i +2fqa +fig +ooo +fi 1))
=

+{fvo s + 20y + g + o + fN, )]
where h and % are the spacings in x and y directions respectively and
h=b-a)/ N,k=(d-c)/ M,
x;=xy+th,1=1,2,..,N-1,
¥, =yotJjkj=12, .., M-1,
Xy=a,xy=b,y,=c,y,,=d.

(4.91)

(4.92)

(4.93)

The computational molecule of the method (4.93) for M = N =1 and M = N = 2 can be

written as
2

1 1 1 1
hk hk
" =1 2 2
(4) (4) 4

1 1

1 2 1
Trapezoidal rule Composite trapezoidal rule

Simpson’s rule
If we evaluate the inner integral in (4.90) by Simpson’s rule then we get
b
Iy = g J. [f(x,c)+4f(x,c +k) +f(x,d)]dx
where £ =(d—-c)/2.

(4.94)
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Using Simpson’s rule again in (4.94), we get

_h_9k f@c)+fa,d+f®,c)+f(b,d)

+4{f@a+h,c)+fla+h,d+f(b,c+k)
+f(a,c+k)+16f(a+h,c+k) (4.95)
where h=(0b-a)/2.
The composite Simpson’s rule for evaluating (4.90) can be written as

k N N-1

— {foo +4 Z foi-10 +2 Z fai.0 +f2N,0}
M N-1
2 {fozj 1+42 foic1,2j1 +2 2 fai2j f2sz—1}
o o1

2 {fozj +42 foic1,2; +2 2 f2i,2) +f2sz}

N-1
{fo om t4 z foi-tom +2 z foiom *1an, ZM} (4.96)

where A and % are the spacings in x and y dlrectlons respectlvely and
=0b-a)/2N),k=(d-c)/(2M),
X, =x,+1th,1=1,2,..,2N -1,
yj=y0+jk,j= 1,2,..,2M -1,
Xy =@, X =b,y,=0C, Y9, =d.
The computational module for M = N =1 and M = N = 2 can be written as

1 4 2 4 1
] 4
1 4 16 8 16 4
8 4
hk |, (hk) 51,
9 9
1 1
4 6 8 6 4
1 1
4 4 2 4 1
1
Simpson’s rule Composite Simpson’s rule

4.12 PROBLEMS AND SOLUTIONS

Numerical differentiation

4.1 A differentiation rule of the form

(&) = Ao fy + 0y f1 + 0y fy
where x, = x, + kh is given. Find the values of a, a, and a, so that the rule is exact for
f O P,. Find the error term.
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Solution
The error in the differentiation rule is written as

TE = f'(xy) — 0o f (xg) — 0 f(x)) — 0y f (x,).
Expanding each term on the right side in Taylor’s series about the point x,, we obtain

TE = - (0, + a; + a,) f (x,) + (1 — A(o; + 2a,)) f'(x,)

h? I
Y (a; +40,) f"(x,) — e (g + 8ay) f"(xy) — ...
We choose a, a, and a, such that
Oy + 0, +0a,=0,
a,+20,=1/h,
o, +4a,=0.

The solution of this system is

a,=-3/(2h), a0, =4/(2h), a, =—1/(2h).
Hence, we obtain the differentiation rule

f'(xy) = (= 3f, + 4f, — [,) / (2h)
with the error term
I h?

TE = ?(al +80,y) f"(&) =~ Y @), x5 <& <x,.
The error term is zero if f (x) O P,. Hence, the method is exact for all polynomials of
degree < 2.

4.2. Using the following data find f'(6.0), error = O(h), and f "(6.3), error = O(h?)

x 6.0 6.1 6.2 6.3 6.4
f ) 0.1750 — 0.1998 - 0.2223 —0.2422 — 0.2596

Solution

Method of O(h) for f'(x,) is given by

ey = = g + ) = )

With x, = 6.0 and 2 = 0.1, we get

1
01 [£(6.1)—f(6.0)]
1

=01 [-0.1998 — 0.1750] = — 3.748.

Method of O(h?) for f "(x,) is given by

7'(6.0) =

1
f(xy) = W [f (g =) = 2f (xp) + [ (xy + h)]
With x, = 6.3 and 2 = 0.1, we get

£"(6.3) = [f(6.2) —2f(6.3) + f(6.4)] = 0.25.

(0.1)2
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4.3

4.4

Assume that f (x) has a minimum in the interval x, ; <x<x, ,, wherex, = x, + kh. Show
that the interpolation of f (x) by a polynomial of second degree yields the approximation

1 (fn+1 - fn—l)2 _
fn_ 8 [fn+1 _2fn +fn—1J’fk _f(xk)

for this minimum value of f (x). (Stockholm Univ., Sweden, BIT 4 (1964), 197)
Solution

The interpolation polynomial through the points (x, ,, £, ), (x,, f,) and (x4, f,,;) is
given as

1
fx)=Ff(x, )+ Z(x -x, )Of, |+ ﬁ (x—x,_)x—x)N0 |

Since f (x) has a minimum, set f'(x) = 0.

Therefore f'x) = lAfn_l + iz (2x—x,  —x,) 0%, =0
h 2h
. . 1 A fn—l
which gives *min = (x, +x, )—h A2 fiy ’

Hence, the minimum value of f (x) is

S - [
+ # B (x, —%,-1)—h AAann__ll} B (X,_1 —x,) = h AAzf;:l 0
Since x, —x,_, = &, we obtain
Fn = Fra Mo~ -,
—f,—Of, , + 8A2—1f1 4BF, | D%, | — AOF, 2 — (%, )P
=f,- 8A21fl (ADF,_, + B, ) B2, + A(OF, )

Using
Afn—l =fn _fn—l’ Azfn—l =fn+1 - 2fn-'-fn—l’

and simplifying, we obtain

frs1 =2 afois * o 1 [ (fror = fra)’ J

_ _ n+l — _
=S =2y fo) 8\ o -2+

Define
- y(x +2h) +4y(x +h) -3y(x)
2h

S(h) =
(a) Show that
y'() = S(h) = ¢, h? + ¢y h3 + c;h* + ...
and state c;.
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(b) Calculate y'(0.398) as accurately as possible using the table below and with the aid of
the approximation S(A). Give the error estimate (the values in the table are correctly

rounded).
X 0.398 0.399 0.400 0.401 0.402
f(x) 0.408591 0.409671 0.410752 0.411834 0.412915
(Royal Inst. Tech. Stockholm, Sweden, BIT 19(1979), 285)
Solution

(a) Expanding each term in the formula

S(h) = i [— y(x + 2h) + 4y(x + h) — 3y(x)]

in Taylor series about the point x, we get

, h* h . Th* .
S(h) =Yy (x) — ?y (x)- Ty (x) - E y (x) — ...
=y(x) —c h? —c h® —cyht — ...
Thus we obtain
y' () = S(h) = c;h? + ¢, h® + cght + ...

where ¢, = y"(x) / 3.
(b) Using the given formula with x, = 0.398 and 2 = 0.001, we obtain

¥'(0.398) = — L [~ y(0.400) + 4y(0.399) — 3y(0.398)]

2(0.001)
=1.0795.

The error in the approximation is given by

n* R (1
Error = ¢ h? = 3 y" (xg)= 5 (h—3 A3y0J

1
= ﬁ@% - 3y2 + 3y1 _yo)
1
=3 [y(0.401) — 3y(0.400) + 3y(0.399) — ¥(0.398)] = 0.
Hence, the error of approximation is given by the next term, which is

1,5 ; R (1
E ~ 3_ = hS w ~ (_ A4 )
rror = cyh Y (xg) 2\ fo

1
= 4—h(y4—4y3 + 6y, — 4y, +y,)

1
=4h [y(0.402) — 4y(0.401) + 6y(0.400) — 4y(0.399) + y(0.398)]
=-0.0005.

4.5 Determine a, B, y and d such that the relation
a+b
y’[T) =ayla)+Byd) +yy"(a) + dy"(b)

is exact for polynomials of as high degree as possible. Give an asymptotically valid ex-
pression for the truncation erroras | b6 -a | - 0.
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Solution
We write the error term in the form

a+b
TE =y [ 9 ) —ay(a)-Byb)-yy"(a) - dy"(b).
Letting (a +b)/2=s,(b—a)/2=h/2=t,in the formula, we get
TE=y'(s)—ay(s—t)—By(s+t) —yy"(s—t) — dy"(s + t).
Expanding each term on the right hand side in Taylor series about s, we obtain
TE =—(a + By(s) + {1 —t(B—a)} y'(s)

t? 3
_ {E (a+B)+y +6} y'(s) — {%(B—a) +#d —y)} y"(s)

2

A ey + L@yl y i
24 2

t° £
- {120(8_q)+6(6_y)} y (S)_...

We choose a, 3, yand 0 such that
a+p=0,

-0+PB=1/t=2/h,
hZ
?(G+B)+y+6=0,

h? h

— (—a —(®-y =0.

15 (—a+p)+ 2( y)
The solution of this system is

oa=—-1/h,B=1/h, y=h/24 and O=-h/24.
Since,

t* t? | Bt h?
ﬂ(B"‘G)*‘?(é +v) _{ﬁ(a +B +?(5 +y)} =0,

we obtain the error term as

h® h?
TE=—{3840 (I3—0()+48(5—y)}y ©

11 .
=—ht | "= |y @) = 4.0
g (1920 576)3“ ) = oo hiy (@), a <E<b.

4.6 Find the coefficients a_’s in the expansion
D= Z a, po’°
s=1

(h = 1, D = differentiation operator, L = mean value operator and & = central difference
operator) (Arhus Univ., Denmark, BIT 7 (1967), 81)
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Solution

Since p = [1 + 212, we get
. o) 20 . . 41( 9 2u . .10
hD = 2 sinh™! [—) = —sinh [—) =— = __ginh™! (—)
2w 2) 1+ (3% 2
62 -1/2 5
=2 {1 + —} sinh ™! (—)
4 2
182 3(&) 12
=pl1-=2 212 -] -—— 8 +..
24 8|4 22(31)

12 5 (212
=p|:5 56 +?55 (4.97)
The given expression is
D =aud+a,pd® + az ud + ... (4.98)
Taking 2 = 1 and comparing the right hand sides in (4.97) and (4.98), we get
(- D" (n})?

Ay =0, Ay 1 = ©Qn+ 1!

4.7 (a) Determine the exponents %, in the difference formula

., floag +h) =2f(xg) +flxg —h) | B,
JRENE 2 + LZI a; h
assuming that f (x) has convergent Taylor expansion in a sufficiently large interval

around x,,.

(b) Compute f"(0.6) from the following table using the formula in (a) with 4 = 0.4, 0.2
and 0.1 and perform repeated Richardson extrapolation.

x fx
0.2 1.420072
0.4 1.881243
0.5 2.128147
0.6 2.386761
0.7 2.657971
0.8 2.942897
1.0 3.5569753

(Lund Univ., Sweden, BIT 13 (1973), 123)
Solution
(a) Expanding each term in Taylor series about x, in the given formula, we obtain
ki=20,i=1,2,..
(b) Using the given formula, we get
f(1.0) - 2£(0.6) + £(0.2)

h=04: f"(0.6)=
7(0.6) (0.4)?

=1.289394.
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£(0.8) - 2f(0.6) +f(0.4)

=02: £"(0.6)= = 1.265450.
h=0 £"(0.6) 02)? 65450
h=0.1: f"(0.6)= 0.0 - 2(’; ((1))‘3) +105) 1.259600.

Applying the Richardson extrapolation
pr_ AhNa Bl
MRS 4
where i denotes the ith iterate, we obtain the following extrapolation table.

Extrapolation Table

h O(h?) O(h% O(hS)
0.4 1.289394
1.257469
0.2 1.265450 1.257662
1.257650
0.1 1.259600

4.8 (a) Prove that one can use repeated Richardson extrapolation for the formula
p flx+h)=2f(x) +f(x —h)
fx) = B2
What are the coefficients in the extrapolation scheme ?
(b) Apply this to the table given below, and estimate the error in the computed f"(0.3).

x fx
0.1 17.60519
0.2 17.68164
0.3 17.75128
0.4 17.81342
0.5 17.86742

(Stockholm Univ., Sweden, BIT 9(1969), 400)
Solution
(a) Expanding each term in the given formula in Taylor series, we get
flx+h)-2f(x) +f(x —h)
72
If we assume that the step lengths form a geometric sequence with common ratio 1/ 2,
we obtain the extrapolation scheme
4 fln = Filyan
4'-1 7

=f"(x) +c h? +c bt + ...

filh =

where i denotes the ith iterate.

i=1,2, ..
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4.9

(b) Using the given formula, we obtain for x = 0.3
£(0.5) -2£(0.3) + f(0.1)

h=02: f"0.3)= 02)? =—0.74875. (4.99)
0.4) -2£(0.3) +£(0.2)
h=01: f"(0.3)= A (];(1)2 A =-0.75. (4.100)
Using extrapolation, we obtain
f£"(0.3) = —0.750417. (4.101)
If the roundoff error in the entries in the given table is < 5 x 105, then we have
4 107°
roundoff error in (4.99) is < % = 0.0005,
(0.2)
-6
roundoff error in (4.100) is < ‘L)((Z);;O =0.002,
4(0.002) + 0.0005
roundoff error in (4.101) is < ( )3 = 0.0028,
and the truncation error in the original formula is
TE=~" 083~ L 5 £0.3)
12 T 12m2 '

[£(0.5) —4f(0.4) + 6(0.3) —4f(0.2) + £(0.1)] = 0.000417.

" 1282
By use of repeated Richardson extrapolation find f'(1) from the following values :

x fx)

0.6 0.707178

0.8 0.859892

0.9 0.925863

1.0 0.984007

1.1 1.033743

1.2 1.074575

1.4 1.127986

Apply the approximate formula
+h)- -h
f'(xo) = f(xo ) f(xo )

2h
with 2 =04, 0.2, 0.1.

(Royal Inst. Tech., Stockhlom, Sweden, BIT 6 (1966), 270)
Solution
Applying the Richardson’s extrapolation formula

£, = 4ifi'—1,h _fi'—l,zh
bl 4 -1

where i denotes the ith iterate, we obtain

, 1=12,...
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h O(h?) O(h*) O(h®)
0.4 0.526010
0.540274
0.2 0.536708 0.540299
0.540297
0.1 0.539400

4.10 The formula
D,=@Qh 1 @Bf(a)-4f(@—-h)+[(a-2h))
is suitable to approximation of f'(a) where «x is the last x-value in the table.
(a) State the truncation error D, — f'(a) as a power series in A.
(b) Calculate f'(2.0) as accurately as possible from the table

x f(x) x f(x)

1.2 0.550630 1.7 0.699730

1.3 0.577078 1.8 0.736559

1.4 0.604826 1.9 0.776685

1.5 0.634261 1.95 0.798129

1.6 0.665766 2.0 0.820576

(Royal Inst. Tech., Stockholm, Sweden, BIT 25 (1985), 300)
Solution
(a) Expanding each term in Taylor series about a in the given formula, we obtain
D —f’(a)——ﬁf'"(a)+ﬁf”’(a)—ﬂf”(a)+
h N 4 60

Hence, the error in D, — f'(a) of the form ¢, h? + ¢, h3 + ...
(b) The extrapolation scheme for the given method can be obtained as
2i+1 ] _ '
b fitvn ~ fityon
f;,h - 2i+1 -1 ’
where i denotes the ith iterate. Using the values given in the table, we obtain

=12, ..

h=04: f'2.0) = ﬁ [3f(2.0) — 4 (1.6) + £ (1.2)] = 0.436618.
h=02: f'2.0) = le) [3f(2.0) — 4 (1.8) + £ (1.6)] = 0.453145.
h=01: f'2.0) = ﬁ [3f(2.0) — 4 (1.9) + £ (1.8)] = 0.457735.
h=0.05: f'(2.0) = 2(07105) [3f(2.0) — 41 (1.95) + (1.9)] = 0.458970.

Using the extrapolation scheme, we obtain the following extrapolation table.
Extrapolation Table

h O(h?) O(h®) O(h*) O(hd)
0.4 0.436618
0.458654
0.2 0.453145 0.459352
0.459265 0.459402
0.1 0.457735 0.459399
0.459382
0.05 | 0.458970

Hence, £'(2.0) = 0.4594 with the error 2.0 x 1075,
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4.11 For the method

- 3f(xy) +4f(x)) = f(xy) _ B

f’(xo) = 2h ? f’”(E), xo < E < xz
determine the optimal value of A, using the criteria
@ |RE|=]|TE|,
(@) | RE | +| TE | = minimum.
Using this method and the value of 4 obtained from the criterion | RE | = | TE |,

determine an approximate value of f'(2.0) from the following tabulated values of
f(x)=log,x

x 2.0 2.01 2.02 2.06 2.12

fx) 0.69315 0.69813 0.70310 0.72271 0.75142

given that the maximum roundoff error in the function evaluations is 5 x 107,
Solution

If €, €, and ¢, are the roundoff errors in the given function evaluations f,, f; and f,
respectively, then we have

(oo Sfot4fi—fy  —8eg +de —ey A,
= + +—
f'(xg) oh oh 3 3]
_3 +4 —
) (W 1 2hf1 2 RE +TE.
Usinge=max (| g, [, | & |, | & |),
and M, = xozlfgxxz | £ @) |,
2
we obtain | RE | SE, |TE|S%.
2h 3
Ifweuse | RE | = | TE |, we get
8 _ h*M,
2h 3
U3
12¢ 12¢
: : 3. 2% - | ===
which gives h3 = M, or hy, = [ Ms}
482/3 M?}/S
and |RE|=|TE|=W
Ifweuse | RE | + | TE | = minimum, we get
4 Myh*: . .
74. = minimum
o -4e 2Mh 6e )’
which gives 72 3 = 0, or h, = Vs .

Minimum total error = 623 €23 M}/3.
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When, f (x) = log, (x), we have

m p— - — l
M; = 20892312 77 @)1= 2,085 58,12 B4
Using the criterion, | RE | = | TE | and € =5 x 1075, we get
hoy = (4 12 x 5 x 10613 = 0.06.
For h = 0.06, we get
(.0 ~(069315) +4(072271) ~0T5142 _ o0
012
If we take A = 0.01, we get
£1(2.0) = -3(0.69315) +4(0.69813) —0.70310 — 0.49850.

0.02
The exact value of f'(2.0) = 0.5.

This verifies that for A < hopt, the results deteriorate.
Newton-Cotes Methods
4.12 (a) Compute by using Taylor development

02 42
x
J. dx
0.1 COS X
with an error < 1076,

(b) If we use the trapezoidal formula instead, which step length (of the form 107*,
2 x 107* or 5 x 107*) would be largest giving the accuracy above ? How many decimals
would be required in function values ?

(Royal Inst. Tech., Stockholm, Sweden, BIT 9(1969), 174)

Solution
02 ,2 0.2 2 4 -1
(@) j s dx:j x2 1—x—+x——... dx
0.1 COS X 0.1 2 24
0.2 2 4 3 5 7 0.2
=J. x? 1+x—+5i+__, dx = x_+x_+5i+___
0.1 2 24 3 10 168 o1

=0.00233333 + 0.000031 + 0.000000378 + ... = 0.002365.
(b) The error term in the composite trapezoidal rule is given by
hz n
| TE | < E(b @ 0122202 AN

2

~ 120 0154202 | £"() .

We have f(x) = x2 sec x,

f'(x) = 2x sec x + x2

sec x tan x,

2

f"(x) =2 sec x + 4x sec x tan x + x2 sec x (tan2 x + sec2x).

Since [ "(x) is an increasing function, we get

o max | f(x) | = £7(0.2) = 2.2503.
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4.13

We choose % such that

2
% (2.2503) < 1074, or 2 < 0.0073.

Therefore, choose A =5 x 10-3 = 0.005.

If the maximum roundoff error in computingf;,i = 0, 1, ..., n is €, then the roundoff error
in the trapezoidal rule is bounded by

n-1
| RE | <t 1+2 2+1|e=nhe=(b-a)k=0.1c.
2 =

To meet the given error criterion, 5 decimal accuracy will be required in the function

values.

Compute

using trapezoidal and Simpson’s rules with the number of points 3, 5 and 9. Improve the

J‘l xPdx
0 %% +10

results using Romberg integration.

Solution

For 3,5 and 9 points, we have A =1/2,1/4 and 1/ 8 respectively. Using the trapezoidal

forp=0,1

and Simpson’s rules and Romberg integration we get the following

p=0: Trapezoidal Rule
h O(h?) O(h*) O(h®)
1/2 0.09710999
0.09763534
1/4 0.09750400 0.09763357
0.09763368
1/8 0.09760126
Simpson’s Rule
h O(h*) O(h®) O(h®)
1/2 0.09766180
0.09763357
1/4 0.09763533 0.09763357
0.09763357
1/8 0.09763368
p=1 Trapezoidal Rule
h O(h?) O(h% O(hS)
1/2 0.04741863
0.04811455
1/4 0.04794057 0.04811657
0.04811645
1/8 0.04807248




Differentiation and Integration

243

Simpson’s Rule

h O(h%) O(hS) O(h?®)
1/2 0.04807333
0.04811730
1/4 0.04811455 0.04811656
0.04811658
1/8 0.04811645

4.14 The arc length L of an ellipse with half axes a and b is given by the formula L = 4aE(m)
where m = (a% — b?) / a? and

w2
Hmhi)u—mmF@MdQ

The function E(m) is an elliptic integral, some values of which are displayed in the

table :

m

0

0.1

0.2 0.3

0.4

0.5

E(m)

1.57080

1.53076

1.48904

1.44536

1.39939

1.35064

We want to calculate L when a =5 and b = 4.

(a) Calculate L using quadratic interpolation in the table.

(b) Calculate L applying Romberg’s method to E(m), so that a Romberg value is got with
an error less than 5 x 1075,

Solution

(¢) Fora=5and b =4, we havem =9/25 = 0.36.
Taking the points as x, = 0.3, x; = 0.4, x, = 0.5 we have the following difference table.

x fx of Nf

0.3 1.44536
— 0.04597

0.4 1.39939 — 0.00278
— 0.04875

0.5 1.35064

The Newton forward difference interpolation gives

We obtain
Hence,

(b) Using the trapezoidal rule to evaluate

Py(x) =1.44536 + (x— 0.3)

- 0.04597
01

E(0.36) = P, (0.36) = 1.418112.
L = 4aE(m) = 20E(0.36) = 28.36224.

+(x—-0.3)(x—0.4) [‘

w2
Hmhi)u—mmﬂwmd@m=a%

and applying Romberg integration, we get

(Trondheim Univ., Sweden, BIT 24(1984), 258)

0.00278
2(0.01) )
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h O(h?) O(h%)
method method
/4 1.418067
1.418088
/8 1.418083

Hence, using the trapezoidal rule with A = 11/ 4, A = 11/ 8 and with one extrapolation, we
obtain E(m) correct to four decimal places as
E(m) =1.4181, m = 0.36.

Hence, L = 28.362.

1/2

4.15 dx.

Calculate J. -
0 sinx

(a) Use Romberg integration with step size & = 1/ 16.
(b) Use 4 terms of the Taylor expansion of the integrand.

(Uppsala Univ., Sweden, BIT 26(1986), 135)
Solution

(a) Using trapezoidal rule we have with
1
h= 2 : sin 1/2

where we have used the fact that 1111% (x/sinx) =1.
x -

h 1
=5 [f@+f®) = [1 + } =0.510729

po L 1= 2[1eol 22 220 507088
T4 -8 sin 1/4 sin1/2 )|~ )
L1 poLliagf ve 28 38 12
8 16 sin /8 sin 2/8 sin 3/8 sin 1/2
1 1 1/16 2/16 3/16 4/16
h=— [=—|1+2{— + — +— :
16 32 sin /16 sin 2/16 sin 3/16 sin 4/16
5/16 6/16 7/16 +
T sin5/16  sin6/16  sin 7/16

=0.507126.

Using extrapolation, we obtain the following Romberg table :

Romberg Table

h O(h?) O(h*) O(h%) O(n®)
1/2 0.510729
0.507074
1/4 0.507988 0.507068
0.507068 0.507069
1/8 0.507298 0.507069
0.507069
1/16 0.507126

ﬂ = 0.507298.




Differentiation and Integration 245

() We write
1/2 x
I= J‘0 x3 x5 x’ d
X —=-—+=_-_-_+
6 120 5040

-1
1/2 2 4 6
Y 6 P E S S A | RS
0 6 120 5040

1/2 2
=J {1+x—+ix4+ 31 x8 +..}dx

6 360 15120

=|lx+—+

18 1800 105840

/
x® 7x5 31x’ v
- + +... = 0.507068.
0

1
4.16 Compute the integral -[0 y dx where y is defined through x = y ¢, with an error < 10

(Uppsala Univ., Sweden, BIT 7(1967), 170)
Solution

We shall use the trapezoidal rule with Romberg integration to evaluate the integral.
The solution of y e — x = 0 for various values of x, using Newton-Raphson method is
given in the following table.

x y x y
0 0 0.500 0.351734
0.125 0.111780 0.625 0.413381
0.250 0.203888 0.750 0.469150
0.375 0.282665 0.875 0.520135
1.000 0.567143

Romberg integration gives

h O(h?) O(hY) O(h®)
method method method
0.5 0.317653
0.330230
0.25 0.327086 0.330363
0.330355
0.125 0.329538

The error of integration is 0.330363 — 0.330355 = 0.000008.

The result correct to five decimals is 0.33036.

2 = cos x is given by

4.17 The area A inside the closed curve y2 + x
a
A=4 -[0 (cos x - x2) V2 dx
2

where o is the positive root of the equation cos x = x*.
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(a) Compute a to three correct decimals.
(b) Use Romberg’s method to compute the area A with an absolute error less than 0.05.
(Linképing Univ., Sweden, BIT 28(1988), 904)
Solution
(a) Using Newton-Raphson method to find the root of equation
f(x)=cosx—x2=0

we obtain the iteration scheme

cos x;, — X2
Xpog =Xp, + m, k=01, ..
Starting with x, = 0.5, we get
0.627583
x, =05+ 1479426 = 0.924207.
-0.251691
x, = 0.924207 + 9646557 0.829106.
xy = 0.829106 + % =0.824146.
-0.000033
x, =0.824146 + T0.389260 0.824132.

Hence, the value of a correct to three decimals is 0.824.
The given integral becomes

0.824
A=4 -[0 (cos x — x2)V2 dx.

(b) Using the trapezoidal rule with 4 = 0.824, 0.412 and 0.206 respectively, we obtain
the approximation

4(0.824
A= % [1+0.017753] = 1.677257
4(0.412
A= % [1 +2(0.864047) + 0.017753] = 2.262578.
4(0.206
A= % [1 +2(0.967688 + 0.864047 + 0.658115) + 0.017753]
=2.470951.
Using Romberg integration, we obtain
h O(h?) O(h*) O(h%)
method method method
0.824 1.677257
2.457685
0.412 2.262578 2.545924
2.540409
0.206 2.470951

Hence, the area with an error less than 0.05 is 2.55.
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4.18 (a) The natural logarithm function of a positive x is defined by

1 dt

x t

We want to calculate In (0.75) by estimating the integral by the trapezoidal rule T(h).
Give the maximal step size A to get the truncation error bound 0.5(1073). Calculate
T(h) with A = 0.125 and & = 0.0625. Extrapolate to get a better value.

(b) Let £, (x) be the Taylor series of Inx atx = 3/4, truncated ton + 1 terms. Which is the
smallest n satisfying

| £,@) —Inx | <0.5(1073) for all x O [0.5, 1].
(Trondheim Univ., Sweden, BIT 24(1984), 130)

Inx=-

Solution
(a) The error in the composite trapezoidal rule is given as

G-awh® ,, . K,
|B|s=—2m @)= @),

where f"(§) = (F08X | £"(x) |.
Sincef(t)=—1/t,wehavef't)=1 /12 f"t)=—2 /3

=4.740741.

and therefore =~ max [f"(#)|= max |~
075<t<1 0.75<t<1| ¢
Hence, we find A such that

2
" (4.740741) < 0.0005
48

which gives & < 0.0712. Using the trapezoidal rule, we obtain
h=0.125:t,=0.75,¢, = 0.875, t, = 1.0,
A25(01 0 2 01
I=- u[—+— +—} =—0.288690.
2 |ty t ¢t
h =0.0625:t,=0.75,t, = 0.8125, t, = 0.875, t, = 0.9375, t, = 1.0,
0.0625 | 1 1 1 1 1
I=——— | —+2| —+—+—|+—|=-0.287935.
2 |t t, oty t3) t,
Using extrapolation, we obtain the extrapolated value as
I=-0.287683.
(b) Expanding In x in Taylor series about the point x = 3/ 4, we get

Inx=In3/4) + (x—%)(%)

2 2 n _ _ -1 n
_(x_é) ,1,(%) +...+(x—§) M(é) +R
4 2 \3 4 n! 3 "

with the error term

(x = 3/4)" n1(-D"

Rn= (n+1)‘ En+1 ,0.5<E<1.
We have
n+l 1
| R | < max x—§ max |—= =" 7"
n (n+1) 05sx<1 4 05<x<1| "+l n+12




248 Numerical Methods : Problems and Solutions

We find the smallest n such that
1
R
(n+ D2l S 0.0005
which gives n = 7.

4.19 Determine the coefficients a, b and c in the quadrature formula

J. "y(x)dx = h(ay,+ by, +cy,) + R

where x; = x, + ih, y(x;) = y,. Prove that the error term R has the form
R =ky™(E), x,<&<x,
and determine £ and n. (Bergen Univ., Sweden, BIT 4(1964), 261)
Solution
Making the method exact for y(x) = 1, x and x? we obtain the equations
x,—xy=hla+b+c),

1
E(x%—xg) =hlax,+bx, +cx,),

%(xf -x3) = hlaxs +bx? +cxl).

Simplifying the above equations, we get
a+b+c=1,
b+2c=1/2,
b+4c=1/3.
which givea=5/12,6=2/3andc=-1/12.
The error term R is given by

C m
R=§y (), x,<&<x,

1 3 3 5, _h*
where C=J. xPdx—hlaxd +bx} +cx ]=T.
Xo

Hence, we have the remainder as
4

h m
R=27Y .
Therefore, k=h*/24 and n=3.
4.20 Obtain a generalized trapezoidal rule of the form
x h

jxolf(x)dx = 5o+ )+ ph2F5 = 1),
Find the constant p and the error term. Deduce the composite rule for integrating

b

j fx)dx,a =x,<x; <xy..<xy=0.

Solution
The method is exact for £ (x) = 1 and x. Making the method exact for f (x) = x2, we get

%(xf -x3) = g (xg +x7) + 2ph3(x, — x,).
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4.21

Since, x; = x, + h, we obtain on simplification p = 1/ 12.
The error term is given by

C
Error = a "(&), xy<&<x

x h

where C= j "x3dx - [5 (x§ +x3) +3ph?(x] -xf)} - 0.
Xo

Therefore, the error term becomes

Error = al o), xy<&<x,

x 5
where C= I xtdx —[ﬁ(xé +x1) +4ph®(xg —xf)} = hﬁ

% 2 30
Hence, we have the remainder as

n
[ —— w .
Error = (&)

Writing the given integral as

jb F(x)dsx = J.xlf(x)dx + [P fde +. + [ Faodx

XN-1
where x,=a,x,=b, h=(b—a)/ N, and replacing each integral on the right side by the
given formula, we obtain the composite rule

2

b
L f(x)dx :g[f0 +2f, iy + o ) ] + }1‘—2 (Fo = Fio)-

Determine a and B in the formula
n-1
Jb f(x)dx =h Z [f (x;) + o hf '(x) + BR2 f"(x)] + O(RP)
@ =0

with the integer p as large as possible.  (Uppsala Univ., Sweden, BIT 11(1971), 225)
Solution
First we determine the formula

J.xlf(x)dx:h[a fo+tbfy tcfy'l.

Making the method exact for £ (x) = 1, x and x%, we geta =1, b =h /2 and ¢ = h?/ 6.
Hence, we have the formula

X1 h , h2 "
Lof(x)dx:h{fo pl el }
which has the error term

C "
TE = Ef €)

where C= Ix1x3dx -h [xg + %xg + hzxo} = %
%o
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Using this formula, we obtain the composite rule as

jb f(x)dx = j F(x)dx + j Fx)dax +... +j F(x)dx

n-1 2
h T h n
-+ i+

The error term of the composite rule is obtained as

4
| TE | = 2—4 | F7E) +FE) + o+ F7(E) |

nh* . . (b-a)h® "

wherea < §<b and f"(§) =max | f"(x) |,a <x <b.

4.22 Determine a, b and ¢ such that the formula

joh f(x)dx = h {af(O) +bf (g) + cf(h)}

is exact for polynomials of as high degree as possible, and determine the order of the

truncation error. (Uppsala Univ. Sweden, BIT 13(1973), 123)
Solution
Making the method exact for polynomials of degree upto 2, we obtain
fx)=1: h=hla+b+ec), or a+b+c=1.
h2
fl)=x: o =hC ey, or lbee=1
h? 2
Flx) =22 =@l reh®) o 1pee=1.

Solving the above equations, we geta =0,b=3/4andc=1/4.
Hence, the required formula is

h
[ = % (3£ (h 1 3) + F (W),

The truncation error of the formula is given by

C
TE=73,"®,0<&<h

h bh? ht
_ 3 dv — | 222 3|l=2
where C_ondx h[27 +ch} 36
Hence, we have
h4
TE = — —— £"(&) = O(h%).

216
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4.23

4.24

Find the values of a, b and ¢ such that the truncation error in the formula

h
.[—hf(x)dx = hlaf (= h) + bf (0) + af ()] + h2%c [f'(= h) —f'(h)]

is minimized.

Suppose that the composite formula has been used with the step length A4 and 4 / 2,

giving I(h) and I(h / 2). State the result of using Richardson extrapolation on these
values.

(Lund Univ., Sweden, BIT 27(1987), 286)
Solution

Note that the abscissas are symmetrically placed. Making the method exact for f(x) = 1,
x2 and x*, we obtain the system of equations

f(x)=1 :2a+b =2,

fx)=x2:2a—4c=2/3,

fx)=x*:2a -8 =2/5,
which givesa =7/15, b=16/15, c¢=1/15.
The required formula is

h _h h: .
J_hf(x)dx =15 [7f (= h) + 16 (0) + 7f (R)] + ET [f'(=h)=F"(R)].

The error term is obtained as
c
R=af’”(€), —h<&<h

h h 12 16
6 6 7
= dx - 14h°)-—h" |= 7
where C J._hx X [15( ) 15 } 105 h'.
Hence, we get the error term as

X :
1795 fou&),—h<&<h.

The composite integrating rule can be written as

b
j flx)dx = 1% [7(Fy + F,) + 16(F; + fy + v + o ) + 14y + fy + oo + )]
52
+ 1 (fy' — fan) + O(h").
The truncation error in the composite integration rule is obtained as
R=chb+c,h8 + ..
If I(h) and I(h / 2) are the values obtained by using step sizes & and A / 2 respectively,
then the extrapolated value is given
I=[641ICh/2)—1Ih)]/63.

Consider the quadrature rule

R=

jb f(x)dx = Z w. f(x,)
1=0

where w; > 0 and the rule is exact for f (x) = 1. If f (x,) are in error atmost by (0.5)107*,
show that the error in the quadrature rule is not greater than 107 (b —a) / 2.
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Solution
We have w; > 0. Since the quadrature rule is exact for f (x) = 1, we have

n

Zwi=b—a,

1=0
We also have

n

Z wi [f(xl)_f*(xl)]

=0

| Error | =

< > wilfla)-f*x)]
i=0

L
<(0.5)10%* ) Wi=3 (b-a)l0*,
1=0

Gaussian Integration Methods

4.25 Determine the weights and abscissas in the quadrature formula

[ = i Afxy)

with x; = — 1 and x, = 1 so that the formula becomes exact for polynomials of highest
possible degree. (Gothenburg Univ., Sweden, BIT 7(1967), 338)
Solution

Making the method

j_llf(x)dx =AF D+ A (x) + Ay f(xg) + A F(1)

exact for £ (x) = x,1 =0, 1, ..., 5, we obtain the equations

A +A,+ A+ A =2, (4.102)
A+ A, +Ax, + A =0, (4.103)
A +Axd +Agx? + A, = 3 (4.104)

—A +Axd + Al + A =0, (4.105)
Al +A2x;L + A3x§‘ +A, = 5’ (4.106)]
~A +Axs + Agxd +A, = 0. (4.107)

Subtracting (4.104) from (4.102), (4.105) from (4.103), (4, 106) from (4.104) and (4.107)
from (4.105), we get

4
3 =A,(1-x3) +A;(1-x3),
0=Axy(1-x3) + Agxg(1-x3),
15 =A2x22(1— x3) + Agxi(1-x3),

0=A,x3(1-x3) + Agxi (1 -x3).
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Eliminating A, from the above equations, we get
xy=A,(1- x%)(x3 —Xy),
T5 = Az’sz(l - x%)(x3 - xz),

4
5" = A, x5 (1-x3) (g —x,),

which give x5 =—1/5,xy=—x,=1/+/5 andA; =A,=1/6,A,=A,=5/86.
The error term of the method is given by

TE_—f”‘(E) -1<&<1

where C= J x5 —[A; + AgxS + Agx§ +A,] = i 3? —%.
Hence, we have  TE = 23625 FUue).
4.26 Find the value of the integral
_ J'3 cos .2x dx
2 1+sinx
using Gauss-Legendre two and three point integration rules.
Solution
Substituting x = (¢ + 5) / 2 in I, we get
B J'3 cos 2x J' cos(t +5)
2 1+smx 2 11+ sin ((z +5)/2)

Using the Gauss-Legendre two-point formula

J.—11f(x)dx=f(%)+f(_%j

1
we obtain =5 [0.56558356 — 0.15856672] = 0.20350842.

Using the Gauss-Legendre three-point formula

oo o]

1
we obtain I= 18 [~ 1.26018516 + 1.41966658 + 3.48936887] = 0.20271391.
4.27 Determine the coefficients in the formula

h
j; V2 f ()dx = QR)VHAS (0) + A, f(h) + A, f(2h)] + R

and calculate the remainder R, when f " (x) is constant.
(Gothenburg Univ., Sweden, BIT 4(1964), 61)
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Solution
Making the method exact for £ (x) = 1, x and x2, we get
fx)=1: 2J2h = J2h (A, + A, + A,)
or Aj+A; +A,=2.
4h~2h
flx)=x: 3 - Vor (A h + 2A,h)
4
or A +2A,= 3
8h%J2h
flx)=x2: —5 - J2h (A2 + 4A,h?)
8
or A +4A, = 5
Solving the above system of equations, we obtain
A,=12/15,A,=16/15and A, = 2/ 15.
The remainder R is given by
C
R = af’”(&), 0<&<2h
2h
where C= j x V2 (x®)dx - J2h [A P + 8A,h3 = ﬂhm.
0 105
Hence, we have the remainder as
8V2 7/
R=——nh "(€).
315 @
4.28 In a quadrature formula

jl(a —Of(dx = A f(—x)+ AfO0) + A fx)+ R
-1

the coefficients A |, A, A; are functions of the parameter a, x; is a constant and the
error R is of the form Cf®(€). Determine A_, A, A, and x,, so that the error R will be of
highest possible order. Also investigate if the order of the error is influenced by differ-
ent values of the parameter a. (Inst. Tech., Lund, Sweden, BIT 9(1969), 87)

Solution

Making the method exact for £ (x) = 1, x, x2 and x® we get the system of equations
A +A)+ A, = 2a,

2

% AL +A)=- 3,
2a

x% (A—l + Al) = ?7

2
xi’(—A_l +A1) =- g:
which has the solution
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8a 5 3
wetn Sl f]

9 9
The error term in the method is given by

c
R="5fu®), ~1<g<1

1 4 4
where C= | (@=wuxde~lx! (A, +A)) =0

Therefore, the error term becomes

C
R=51/"®), ~1<&<1

(Y oNBg. 5 8
where C= j_l(a x)x’dx —x7(-A  +A)=— 175"
1
Hence, we get R=- 9695 o).

The order of the method is four for arbitrary a. The error term is independent of a.
4.29 Determine x; and A, in the quadrature formula below so that g, the order of approxima-
tion will be as high as possible

1
[ @x% + D v = A, F () + Ay f () + Ay f () + R.

What is the value of 0 ? Answer with 4 significant digits.
(Gothenburg Univ., Sweden, BIT 17 (1977), 369)

Solution
Making the method exact for £ (x) =x%,i =0, 1, 2, ..., 5 we get the system of equations
10
A +A,+A = 3
Ay + Ay, + Ay =0,
Alx% + Agxj + Agx; :%:
Axd + Agxl + Al = 0,
34
A xf + Agxy + Agxy =5
1%1 2% 3%3 35
Ale +Agxs + Agxd =0,
10
which simplifies to A;(x; —x,) + Ay(xg —x,) = 3 %
22
Al(x3 - xl)xl + Az(x3 - xz)xz = — T5’
22
Ajlxg - xl)xf + Ay (x5 — 29 )x22 =Ex3,
34
Al(x3 - xl)x§ + Az(x3 - xz )xz = _g’

4 4 _
Al(x3_x1)x1 +A2(x3 _xz)xz - x3

b

35



256 Numerical Methods : Problems and Solutions

22
or Ay —20y)xp —2y) = 57 XpXy ¥
22
Al(x3 - xl)(xz — xl)xl = - T5(x2 + x3),
22 34
A (g — x)(x, —x)x] = 15 Yo% + 35
34
Al(x3 - xl)(xz —_ xl)xi == g(xz + x3),
1
Solving this system, we have x} = g O X =% 0.8138 and x,x,=0.
For x, = 0, we get x5 = — x;
11
A =——5 =11072,
15x7
10
A, = 3 - 2A,=1.1190, A, = 1.1072.

For x, = 0, we get the same method.
The error term is obtained as

c
R=af’”(£), -1<¢&<1

1
where C=| ©2x%+1) x%dx — [A, x5 + Ax8 + A.x8] = 0.0867.
1 11 242 343

The order o, of approximation is 5.

4.30 Find a quadrature formula

J‘ fodx () )
\/96(17 =0, (0) +0,f + 05/ (1)

which is exact for polynomials of highest possible degree. Then use the formula on

J‘l dx

0 feox®

and compare with the exact value. (Oslo Univ., Norway, BIT 7(1967), 170)
Solution

Making the method exact for polynomials of degree upto 2, we obtain

1 dx
forf(x)=1: II=JOW=O(1+G2+O(3,
for f(x) = x : J szldxx = O, + 0y,

1

forfeo =t 1= [ o2

a, + dsg,
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1

o odxe _ ! dx ot ode B
where Il_'[) \/x(l_x)_z'[o \/1—(2x—1)2 _J._l\/l—tz - t—1_n’

L @¢+D

_J'l xdx _ZJ'l xdx =J'
2 x0T f1o@e -2 o142

dt

Tt

2.[1\/1 2 2.[1\/1 R

L@E+D”

j\/x(l x) J\/l (2 - 1)2__'[ L1-¢2

1 J'l dt 3m

t t
== —dt+—J ——dt +— =—.
4j—1m 2 —1\/? 4 —1\/@ 8
Hence, we have the equations
O, +0y+ 0y =T

la +a =E
2 2 3 27
1o, +q. 23T
4 2 3 8 )

which gives a, =11/ 4, a, =1/2, a; =1/ 4.
The quadrature formula is given by
fdx _m [ ( 1) }
=—|fO)+2f = |+FD|.
j x(1-x) 4 ! ! 2 !
We now use this formula to evaluate

PO Y S S i 2
0 \/x—x3 0 \/1+x \/x(l—x) 0 Jx(1-x)

where f (x) = 1/{/1+x .
We obtain

T 22 \/_
I=— 2.62331.
4 { R }
The exact value is

I =2.62205755.

4.31 There is a two-point quadrature formula of the form

I, =w, f (x;) + wyf (x,)

1
where —1<x; <x,<1and w, >0, w, > 0 to calculate the integral I f(x)dx.
-1

1
(a) Find w,, w,, x, and x, so that I, = I f(x)dx when f (x) = 1, x, x> and x3.
-1
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b
(b) To get a quadrature formula I, for the integral I fx)dx, let x. = a + ih,

i=0,1,2, .. n,where h = (b — a) / n, and approximate J.xi f(x)dx by a suitable
Xi-1

variant of the formula in (a). State I .
(Inst. Tech. Lyngby, Denmark, BIT 25(1985), 428)
Solution
(a) Making the method

flf(x)dx =w, fx) +w, f(xy)
exact for £ (x) = 1, x, x? and x3, we get the system of equations
Wy +w, =2,
wix; + wyx, =0,
wle +wyxs =2/3,
w,x? +wyxs =0,

whose solution is Xg=—x;=1/ J§, wy=w, =1.

Hence J._llf(x)dx=f(—1/\/§) +£(1//3)

is the required formula.
(b) We write

I, = ij(x)dx

= J.:lf(x)dx +J.:2 flx)dx +... +J.:_ F@dx + . + J':n_ Fods

where x,=a,x,=b,x,=x,+ih,h=(b—-a)/n.
Using the transformation

1 h
x = E[(xi —x, Jt+(x; +x;, )] = 9 t+m,

where m, = (x;, + x; ;) / 2, we obtain, on using the formula in (a),

_h _hy/3 NG
[ ot Jf[ )

Hence, we get

4.32 Compute by Gaussian quadrature
J'l In (x + 1)

Ve -x)

The error must not exceed 5 x 1072, (Uppsala Univ., Sweden, BIT 5(1965), 294)
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4.33

Solution
Using the transformation, x = (¢ + 1) / 2, we get

_ J'l In (x + 1) J'l In {( +3)/2}
0 ,/x(l—x J1-1¢2

Using Gauss-Chebyshev integration method

f ﬂt) =dt = ; A F()

@2k +1Dm

AN=mt/(n+1),k=0,1,..,n
we get for f(t) =In {(¢ + 3) / 2}, and

where Oa 17 ey 1,

n=1: I= g:f[— %) + f[%ﬂ = 1.184022,
n=2 I= g _f[— ?J +£(0) +f[§ﬂ - 1.182688,
o o)A A5 )

=1.182662.
Hence, the result correct to five decimal places is I = 1.18266.

Calculate

1
jo (cos 2x)(1 - x2) V2 dx

correct to four decimal places. (Lund Univ., Sweden, BIT 20(1980), 389)
Solution

Since, the integrand is an even function, we write the integral as
cos (Zx) cos (Zx)

=L el

Using the Gauss-Chebyshev integration method, we get for f (x)
(see problem 4.32)

= (cos (2x)) / 2,

n=1: I=0.244956,
n=2: I=0.355464,
n=3: I1=0.351617,
T T 3 T
n=4: 1I= 5 {f(cos (1—())) + f(cos( D f(0) + f(— cos (1—0‘7) + f( cos(l—o)ﬂ
= 0.351688.

Hence, the result correct to four decimal places is I = 0.3517.
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4.34 Compute the value of the integral
J'1-5 2 -2 +sin (x -1) +x2
05 1+(x -1)2
with an absolute error less than 104 (Uppsala Univ., Sweden, BIT 27(1987), 130)
Solution
Using the trapezoidal rule, we get
1
h=10: 1= 9 [£(0.5) + f(1.5)] = 1.0.
1
h=05 =7 [£(0.5) + 2f (1) + f(1.5)] = 1.0.
Hence, the solution is I = 1.0.
4.35 Derive a suitable two point and three point quadrature formulas to evaluate

2 1/4
J. ( - 1 ] dx
0o \sinx

Obtain the result correct to 3 decimal places. Assume that the given integral exists.
Solution

The integrand and its derivatives are all singular at x = 0. The open type formulas or a
combination of open and closed type formulas discussed in the text converge very slowly.
We write

1/4 14
w2 1 w2 x

J. - dx = J. T VE 2 dx
0o \sinx 0 sin x

- jomz x V4 (x)dx.

We shall first construct quadrature rules for evaluating this integral.

We write

2 -1/4 _ o
jo x f(x)dx—i:zo Nf).-

Making the formula exact for f (x) = 1, x, x2, ..., we obtain the following results for n = 1
and 2

X, A;
n=1 0.260479018 1.053852181
1.205597553 0.816953346
n=2 0.133831762 0.660235355
0.739105922 0.779965743
1.380816210 0.430604430

Using these methods with £ (x) = (x / sin x)1/4, we obtain for
n=1: I1=1.927616.
n=2: I=1.927898.

Hence, the result correct to 3 decimals is 1.928.
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4.36 Compute

W2 cos x log, (sin x)
jo 1+sin? dx
sin“ x
to 2 correct decimal places. (Uppsala Univ., Sweden, BIT 11(1971), 455)
Solution

Substituting sin x = e, we get

I__jo ¢ [1+e_2tJdt

We can now use the Gauss-Laguerre’s integration methods (4.71) for evaluating the
integral with £ (¢) = ¢/ (1 + e %). We get for

n=1: I=-10.3817 + 0.4995] = — 0.8812.

n=2: I=-10.2060 + 0.6326 + 0.0653] = — 0.9039.

n=3: I=-10.1276 + 0.6055 + 0.1764 + 0.0051] = — 0.9146.

n=4: I=-10.0865 + 0.5320 + 0.2729 + 0.0256 + .0003] =— 0.9173.
n=>5: I=-10.0624 + 0.4537 + 0.3384 + 0.0601 + 0.0026 + 0.0000]

=-0.9172.
Hence, the required value of the integral is — 0.917 or — 0.92.

4.37 Compute
0.8 ;
J’ (1 L sin xj dx
0 x

correct to five decimals. (Umea Univ., Sweden, BIT 20(1980), 261)
Solution
We have

0.8 1
I=08+ j (Smxjdx.
0 X

The integral on the right hand side can be evaluated by the open type formulas. Using
the methods (4.50) with f (x) = sin x / x, we get for

n=2: I=0.8+0.87(0.4)=1.57883"7.
3(08 0.8 1.6
n=3: I=08+ E (?) |:f (?J + f(?ji| = 1.576581.
0.8
n=4: I=0.8+ (?) [2/(0.2) — f(0.4) + 2f (0.6)] = 1.5720717.
n=>5: I=0.8+ [gf) x [11£(0.16) +£(0.32) +£(0.48) + 11£(0.64)] = 1.572083.

Hence, the solution correct to five decimals is 1.57208.

4.38 Integrate by Gaussian quadrature (n = 3)

J’Z dx
11+x37
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Solution
Using the transformation x = (¢ + 3) / 2, we get

2 dxe 11 dt
o e ap
1 1+x° 2J-1 1+[(+3)2]
Using the Gauss-Legendre four-point formula
1
J f(x)dx = 0.652145 [£(0.339981) + f (- 0.339981)]
-1
+0.347855 [£(0.861136) + f (— 0.861136)]

1
we obtain I = 3 [0.652145 (0.176760 + 0.298268) + 0.347855(0.122020 + 0.449824)]
= 0.254353.

4.39 Use Gauss-Laguerre or Gauss-Hermite formulas to evaluate

00 e_x 00 e_x
o) dx, @) [ £ —dx,
0 1+x 0 sin x
00 e_xz o0 2
(i) | 5 dox, @) [~ e dx.
—ol+x -
Use two-point and three-point formulas.
Solution

(i, i1) Using the Gauss-Laguerre two-point formula

|| ¢ Flxdx = 0.853553 £ (0.585786) + 0.146447 £ (3.414214)

-X

we obtain I = J.o 1e+ dx =0.571429, where f(x) =
x

1+x°

I,= [ o™ sinx dx = 0.432459, where f (x) = sin x.
0
Using the Gauss-Laguerre three-point formula

jwe_xf(x)dx =0.711093 £ (0.415775) + 0.278518 f (2.294280)
0
+0.010389 £(6.289945)

e—x

1+x

we obtain I = J'O dx = 0.588235.

I,= ["e™ sin x dx = 0.496030.
0
(iit, iv) Using Gauss-Hermite two-point formula
J e_xzf(x)dx = 0.886227 [£(0.707107) + f (- 0.707107)]

2

0 X 1
we get I,= j_w 1e+ — dx = 1181636, where f (x) = 1.

00 _xz
I,= J._we dx =1.772454, where f (x) = 1.
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4.40

Using Gauss-Hermite three-point formula

_[_wwe'xzf (x)dx = 1.181636 £ (0) + 0.295409 [f (1.224745) + f (~ 1.224745)]

—x2
we obtain 1= | g dx = 1417963,
— +x

1= [ e dx = 1772454,
Obtain an approximate value of

1
I= j (1-x2)Y2 cos x dx
-1

using

(a) Gauss-Legendre integration method for n = 2, 3.
(b) Gauss-Chebyshev integration method for n = 2, 3.
Solution

(a) Using Gauss-Legendre three-point formula

[ rede= 2 57(- J08) +87(0) +57 06

we obtain I= % [54/0.4 cos +0.6 +8 +5+0.4 cos +/0.6]
=1.391131.

Using Gauss-Legendre four-point formula

1
j_lf(x)dx = 0.652145 [£(0.339981) + f (— 0.339981)]
+0.347855 [£(0.861136) + f (— 0.861136)]

we obtain I=2x0.652145 [{/1- (0.339981)2 cos (0.339981)]

+2 x 0.347855 [,/1-(0.861136)* cos (0.861136)]

=1.156387 + 0.230450 = 1.3868837.

(b) We write I= J._ll [1- %2 cos x dx :J' 1

1
-1

. f(x) dx
-x

where f (x) = (1 — x?) cos x.
Using Gauss-Chebyshev three-point formula

[ == rwax= l‘HﬁJ +£0) +f[— ﬁﬂ

— s|fl 2 2

we obtain I

- %[E cos g +1+ % cos g} = 1.386416.
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4.41

4.42

Using Gauss-Chebyshev four-point formula

J._ll 1 flx)dx = g [£(0.923880) +£(0.382683) + f (- 0.382683) + f (- 0.923880)]

w/l—xz

. s
we obtain I=—

4

The Radau quadrature formula is given by

[2(0.088267) + 2(0.791813)] = 1.382426.

[ s =Bif 1+ S Hf G0+ R
, 3

Determine x,, H, and R for n = 1.
Solution
Making the method
1
j_l feodx =B, f(-1) + H,f(x)+R

exact for £ (x) = 1, x and x2, we obtain the system of equations
B, +H =2,
-B,+Hx, =0,
B, +Hxi =2/3,
which has the solutionx, =1/3, H, =3/2,B, =1/2.
Hence, we obtain the method

' L3241
[ fwde= re+21(3).

The error term is given by

C m
R=73 &), —1<&<1

1 4
where C= J._l x3dx —[- By +Hx?] =§.
Hence, we have
2
R=2_7f &, -1<&<1
The Lobatto quadrature formula is given by
1 n-1
[ fGdx =B, f - 1+ B, 1) + Z H,f(x;)+ R
=1

Determine x,, H, and R for n = 3.
Solution
Making the method

1
j_l f()dx=B,f(—1)+Byf(- 1)+ H,f (x)) + Hyf (x,) + R

exact for f(x) =x%, i =0, 1, ..., 5, we obtain the system of equations
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B, +B,+H +H,=2,
—-B,+B,+Hx, + Hyx, =0,
B, + B, +H1xf + Hyx3 =§,
—~B,+B,+Hx} + Hyxj =0,
B, + B, +Hle + Hyxy =§,

~B, +B,+ H x; + Hyx3 = 0,

or
2 2 _4
Hl(l_xl) +H2(1_X2 :g,
H,(1-x)x, + Hy(1-23)x, = 0,
Hl(l—x%)x% + H,(1-x2)x2 =1i5,
H,(1-x})x} + Hy(1-x3)x5 =0,
or
9 4
H,(1-x7)(x,—x,) = gxz,
9 4
H (1-x7)(xy —x)x; = — 15’
4
H (1-a7)(xy—x))x2 = 15 %
Solving the system, we get x,x, =—1/5, and x; = — x,,

The solution is obtained as
x1=1/\/5,x2=—1/\/§,
H =H,=5/6,B,=B,=1/6.
The method is given by

! _1 5 1 1
j_lf(x)dx—g [F D +f(D]+ g{f[ﬁ}f[_?ﬂ'

The error term is

c
R=af’”(£), -1<¢&<1
1
where C=I x%dx = [By + By + Hyx% + Hyx$]
-1
NENEPEL R 1
|17 \8 75 525

2
23625

Hence, we have

R=

fUe), -1<&<1.
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4.43

4.44

Obtain the approximate value of

1 _
I=I e ™ cosxdx
-1

using

(a) Gauss-Legendre integration method for n = 2, 3.
(b) Radau integration method for n = 2, 3.

(c) Lobatto integration method for n = 2, 3.
Solution

(a) Using Gauss-Legendre 3-point formula

[ = X [5;” [— \E J +8f(0) +5f [\E H

we obtain I=1.324708.
Using Gauss-Legendre 4-point formula

1
j_lf(x)dx = 0.652145 [£(0.339981) + f (— 0.339981)]

+ 0.347855 [£(0.861136) + f (- 0.861136)]
we obtain I=1.311354.
(b) Using Radau 3-point formula

1 2
j f)de=2F(=1) +
-1 9

16+J€f 1-J6 +16—J€ 1+6
18 5 s |75

we obtain I=1.307951.
Using Radau 4-point formula
1
j 1f(x)olx =0.125000 f (- 1) + 0.657689 f (- 0.575319)
+ 0.776387 £(0.181066) + 0.440924 f(0.822824)
we obtain I=1.312610.
(c) Using Lobatto 3-point formula
1 1
[ ferde= 17D +4£(© + )
we obtain I =1.465844.
Using Lobatto 4-point formula
1
j_l f(x)dx =0.166667 [f(— 1) +7(1)] + 0.833333 [£(0.447214) + (- 0.447214)]
we obtain I=1.296610.
Evaluate
1=[ e=*1
Jo e " log(1 + x) dx

correct to two decimal places, using the Gauss-Laguerre’s integration methods.
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Solution

Using the Gauss-Laguerre’s integration methods (4.71) and the abscissas and weights
given in Table 4.7, with f (x) = log;, (1 + x), we get for

n=1: I=0.2654.
n=2: I=0.2605.
n=3: I=0.2594.
n=4: I=0.2592.

Hence, the result correct to two decimals is 0.26.

4.45
formula

=

Solution
Making the method
J‘ e” f (@)

N

exp (- t)f(t)

Calculate the weights, abscissas and the remainder term in the Gaussian quadrature

dt = A f(t) + A f (t) + CFP(E).
(Royal Inst. Tech., Stockholm, Sweden, BIT 20(1980), 529)

dt=A f(t)+A,[(t,)

exact for f (¢) = 1, t, t2 and #3 we obtain

A +A,

1 ¢ _
A3+ A3 :—j t72e 7t dt
1“1 242 \/E 0

=— | e dI=—.

Jm J.0 NE:
1 (=

Aty +Agty = = _[0 Jte'dt

=%Lt

\/_ J. (substitute & = T)

> Jn
2

=1.

(integrate by parts)

- %Jmidt=

Al +Agty =

et (integrate by parts)

=l
ﬁj’o \/Ze_tdt:Z

(integrate by parts)

3/2e—tdt — E

Simplifying the above system of equations, we get

Aty

Ayt~

—t)=t,—

tl)tl =

1
E:
1,3
2% ¢
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15
Aty —t)t? = 1y T g
ltz -3 itz 15
which give t,= 2 14 = 41 g .
ey alaTy
Simplifying, we get
316
4¢2 —12t,+3=0, or t,= 2\/—.
We also obtain
1 5 1 6 2T g
Hence, the required method is
1 (~e” _3+46 ,(3-46). 3-J6 .[3+/6
— [ 5= rwar = f + f
Jrdo 6 2 6 2
The error term is given by
c
R=—"77"Q), 0<&<o
4!
_i w7/2_td_A 4+A 4
where C= \/ﬁ o t'"e t-1 111 ztz]
7 [
= o/ )s 52 et dt — [Ast] + Ayty]
4 4
105 _3+6(3-v6) _3-v6(3+6) 105 81_3
~ 16 6 2 6 2 T 16 16 2°
Hence, the error term is given by f%(¢) / 16.
4.46 The total emission from an absolutely black body is given by the formula

21 J'°° Vvdv

E= _[0 E(v)dv = 3 Jo oWT 1"

Defining x = hv / kT, we get
g 2mh [£)4 [ xdx
¢ Lh 0 e* -1
Calculate the value of the integral correct to 3 decimal places.
(Royal Inst. Tech., Stockholm, Sweden, BIT 19(1979), 552)

Solution
We write

o -3 ™ 3
7o x°dx _ J‘ oot | X dx
0 e*-1 Jo 1-e7*
Applying the Gauss-Laguerre integration methods (4.71) with £ (x) = x3/ (1 —e™), we get
for
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4.47

4.48

n=1 I=6.4137217,
n=2: I=6.481130,
n=3 I=6.494531.
Hence, the result correct to 3 decimal places is 6.494.

0.5
(a) Estimate I j Slm Y dx dy using Simpson’s rule for double integrals with both
+ xy

step sizes equal to 0.25.
(b) Calculate the same integral correct to 5 decimals by series expansion of the integrand.
(Uppsala Univ., Sweden, BIT 26(1986), 399)
Solution

(a) Using Simpson’s rule with 4 = £ = 0.25, we have three nodal points each, in x and y
directions. The nodal points are (0,0), (0,1/4),(0,1/2),(1/4,0),(1/4,1/4),(1/4,
1/2),(1/2,0),(1/2,1/4)and (1/2,1/2). Using the double Simpson’s rule, we get

- g 00 () (o) afrod)ear (33 (3:3)
olog)rarlis) i3]

1
= Taa [0+0+0+4(0+0.235141 + 0.110822) + 0 + 0.443288 + 0.197923]

=0.014063.
(b) Using the series expansions, we get

V2 (1/2 4
= -[0 -[0 (1+xy) " sin xydx dy

12 (1/2 3,3
= J. J. (1-xy +x2y? —...)[xy XY +...]dx dy
o Jo 6

V2 (12 5 5 101 101
_ 202,02 3.8 9 4.4 5.5 6,6 4
J.o J.o [xy YTV 7Y T120" Y T120™ Y }dxdy

_ J-lfz x _«x® 5x® 5xt 101x® _ 101x° I
- 8 24 384 960 46080 107520

1 1 . 5 5 . 101 101
T 64 576 24576 153600 17694720 96337920
Evaluate the double integral

1( 2
N a—
0\J1 (T+x*)(1+y")

using

(i) the trapezoidal rule with & = & = 0.25.
(i) the Simpson’s rule with 4 = £ = 0.25.
Compare the results obtained with the exact solution.

0

+...=0.014064.



270 Numerical Methods : Problems and Solutions
Solution
Exact solution is obtained as
1 9y 2y 1 o1l 9 12
1= 17 d. | =3 [In(1 +%2] [in(1+y)]
1
= E(ln 2)In(5/2) =0.317562.
With A = & = 1/ 4, we have the nodal points
(xl‘a yl‘)’ = 07 1’ 2, 37 4’.] = 07 ]-a 2, 37 47
wherex, =1/4,1=0,1, ...,4;yj= 1+(j/4),;j=0,1, ..., 4.
Using the trapezoidal rule, we obtain
1= [ ] e ydyd
=)k X, y)ayax
1
= SJ.O [f(xa yo) + Qf(x, yl) + zf(xayz) + Qf(x, y3) +f(x7 y4)] dx
hk 1
=4 IS, + 28, +4S,] = a(s1 + 28, +48,)
where S, =f(xgyy) + [ (xpy) +f(xp5)+[ (x5, 5,)=0.9.
3 3
Sy= Y 1Giy0) + Fer vl + Y 1 (xg, 3) + f (. 3] = 3.387642.
i=1 =
3
Sy= D [ (x,3)) +f (x,,75) + f (x;, y;)] = 3.078463.
=1
Hence, we get I =0.312330.
Using Simpson’s rule, we obtain
kol
=5 [, P30+ 4F ey + 41 (6 39+ 2F (e, 39 + £ (5, 3] e
hk
= ? [T, + 2T, + 4T, + 8T, + 16T]
1
= 1aa [T, + 2T, + 4T, + 8T, + 16T ]
where T, =f(xg,y) +1 (x5, +[(x5,5,)+f(xy,5,)=0.9.
Ty=f(x9,5)) +f (x5, 5, + [ (x,¥5) +f (x4, y,) = 1.181538.
To=f(xp,y) +[(xpy) +F (X, 55) + [y, 55) +F(xy,5,)
+f(xg,y) +F(x,50) + [ (x5, ) + 1 (x5, 55)
= 2.575334.
Ty=1f(xy, 5 + [ (x9,¥5) + [ (21, y5) + f (x5, 5,) = 1.395131.
To=f(x;,y)+[ (x5, 5) + [ (x},55) + [ (x5, y5) = 1.314101.
Hence, we get I=0.317716.
4.49 Evaluate the double integral

5 5 dx
I (L e

using the trapezoidal rule with two and four subintervals and extrapolate.
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4.50

Solution

With & = & = 2, the nodal point are
(1,D,(3,1,5,1),(1,3),(3,3), (5, 3), (1, 5), (3, 5), (5, 5).

Using the trapezoidal rule, we get

1= 22 (00,1427 (1,84 £(1,5)+ 21 f3, D+ 23, 8) +£(3, 5)
5D+ 2 (5,3) + 5, 5)

=4.1345.
With & = & = 1, the nodal points are
@n,i=12,..,5,j=1,2 ..., 5.
Using the trapezoidal rule, we get

1

=4 FQ,D+2((1,2)+f(1,3)+fQ,4)+f(1,5)
+2(f(2, 1), +2(f(2,2) + f(2,3) +f(2,4) + f(2, 5))
+2{(fB, D +2(f(3,2)+f(3,3)+f(3,4) + f (3, 5)}
+2(f(4, D+ 2(f(4,2)+f(4,3) +f(4,4) + [ (4, 5)}

+fB, D+ 2(f(5,2)+£(5,3)+1(5,4) +f(5,5)]
= 3.9975.
Using extrapolation, we obtain the better approximation as
4(3.9975) — 4.1345
I= 3
A three dimensional Gaussian quadrature formula has the form

= 3.9518.

101 p1
j_lj_lj_lf(x,y,z)dxdydz =f(a,a,0)+f(=a,a,a)+f(a,-a,aq)

+f(@,0,—-a)+f(—a,—a,0)+f(-a,a,—a)
+f(@,-a,—-a)+f(-a,—a,—a)+R

Determine a so that R = 0 for every f which is a polynomial of degree 3 in 3 variables i.e.

3

f= Z a;x'y’z"  (Lund Univ., Sweden, BIT 15(1975), 111)

i,/ F=0
Solution

For i =j =k =0, the method is exact.
The integral

1l p1
j j j x'y/z* dxdydz =0
ad-1Ja
when i and / or j and / or % is odd. In this case also, the method is exact.
For f (x, y, 2) = x?y%22, we obtain
8 _gas.
27
The value of o is therefore a =1/ /3.

Note that o = — 1/ /3 gives the same expression on the right hand side.



CHAPTER D

Numerical Solution of Ordinary
Differential Equations

5.1 INTRODUCTION

Many problems in science and engineering can be formulated either in terms of the initial
value problems or in terms of the boundary value problems.

Initial Value Problems

An mth order initial value problem (IVP), in its canonical representation, can be written
in the form
u™ =f(x, u ', ..., umD) (5.17)
ul@)=n,, u'@=ny, .., u" V@ =n (5.1 1)
where m represents the highest order derivative.
The equation (5.1 7) can be expressed as an equivalent system of m first order equations

m

y=u,
yi =Yg
yZ' = y3 ’
yn;,—l =YV
ym’ =f(x) y17y27 sy ym)~ (5.2 l)
The initial conditions become
@) =ng, @ =n,, ..,y (@=n,. (5.2 ii)
The system of equations (5.2 i) and the initial conditions (5.2 i7), in vector form becomes
y' =f(x,y),
y(@) =n, (5.3)
where v=0; vo..5,])5 n=M; ny..nl”

f,y)=1lyy y3-- fIr.
Thus, the methods of solution for the first order initial value problem (IVP)

dy _
dx = fx, y),
y(a) =n, (5.4)

may be used to solve the system of first order initial value problems (5.3) and the mth order
initial value problem (5.1).

The behaviour of the solution of (5.4) can be predicted by considering the homogeneous
linearized form

272
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dy
dx - )\ya
yla)=n, (5.5)

where A may be regarded as a constant. The equation (5.5) is called a test problem.

We will assume the existence and uniqueness of the solution of (5.4) and also that f (x, y)
has continuous partial derivatives with respect to x and y of as high an order as required.

Boundary Value Problems

An mth order boundary value problem (BVP) can be represented symbolically as
Ly =rx),
Uuy =Y, M= 1,2,...m (5.6)
where L is an mth order differential operator, r(x) is a given function of x and U, are the m
boundary conditions.
The simplest boundary value problem is given by a second order differential equation of
the form
—y" +pl)y' + qlxly = r(x), (5.7)
where p(x), g(x) and r(x) are continuous functions of x or constants, with one of the three
boundary conditions

(@) first kind : y(@) =y, y(b) =V,, (5.8)
(ii) second kind :  y'(a) =vy,, y'(b) = Y,, (5.9)

(iti) third kind : a,y(@) —a,y'(a) =y,
byy(®) + b,y () =Y, (5.10)

A homogeneous boundary value problem possesses only a trivial solution y(x) = 0. We,
therefore, consider those boundary value problems in which a parameter A occurs either in the
differential equation or in the boundary conditions, and we determine values of A, called
eigenvalues, for which the boundary value problem has a nontrivial solution. Such a solution is
called an eigenfunction and the entire problem is called an eigenvalue or a characteristic value
problem.

In general, a boundary value problem does not always have a unique solution. However,
we shall assume that the boundary value problem under consideration has a unique solution.

Difference Equations

A k-th order linear nonhomogeneous difference equation with constant coefficients may
be written as

oY min ¥ O Ymap g+ - F @Y, =@, (5.11)
where m can take only the integer values and a,, a,, a,, ..., a, are constants.
The general solution of (5.11) is of the form
¥, = ym(H) + ym(P) (5.12)
where y_ ) is the solution of the associated homogeneous difference equation
QoY+ @Y p g+t ayy, =0 (5.13)

and y, ) is any particular solution of (5.11).
In order to obtain y ), we attempt to determine a solution of the form
Y =& (5.14)
Substituting (5.14) into (5.13), we get the polynomial equation
&t + @ &l 4 L+, Em=0
or aff+a 81+ . +aq,=0. (5.15)
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This equation is called the characteristic equation of (5.13). The form of the complemen-
tary solution y_#) depends upon the nature of the roots of (5.15).

Real and Unequal Roots
If the roots of (5.15) are real and unequal, then the solution of (5.13) is of the form
y B =CEm 4 CEM+ ...+ CE™ (5.16)
where C/'s are arbitrary constants and ¢, i = 1(1)k are the real and unequal roots of (5.15).

Real and p, (p < k) Equal Roots
The form of the solution (5.16) gets modified to
¥ =C+Cym+ ..+ CP ) E"+C, &+ ..+ C g (5.17)
where §,1=¢&,= ...=Ep=E.

Two Complex Roots and % — 2 Distinet and Real Roots

The form of the solution (5.16) becomes
v, =rm(C, cos mB + C, sin mB) + C,&,™ + ... + C,§,™ (5.18)
where §=a+iB & =a—ip and r2=(a%+p?),0=tant (B/a).

The particular solution y_* will depend on the form of @ .If @ = ¢,a constant, then
we have
v, P =0/ (@, +a,+..+a,). (5.19)
From the form of the solutions (5.16)-(5.18), we conclude that the solution of the differ-
ence equation (5.13) will remain bounded as m — o if and only if the roots of the characteristic
equation (5.15), & ;, lie inside the unit circle in the complex plane and are simple if they lie on
the unit circle. This condition is called the root condition.

Routh-Hurwitz Criterion

To test the root condition when the degree of the characteristic equation is high, or the
coefficients are functions of some parameters, we use the transformation

1+z
=1-2 (5.20)
which maps the interior of the unit circle | § | = 1 onto the left half plane z < 0, the unit circle

| & | =1 onto the imaginary axis, the point & = 1 onto z = 0, and the point § =— 1 onto z = — o
as shown in Fig. 5.1.

Imz

O
Re z

Fig. 5.1. Mapping of the interior of the unit circle onto the left half plane.
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Substituting (5.20) into (5.15) and grouping the terms together, we get
byt + b2+ . +b,=0 (5.21)
This is called the transformed characteristic equation.
Fork=1,weget b,=a,-a;,b, =a,+a,
For k =2,weget b,=a,—a;+a,b, =2(,—a,),b,=a,+a;+a,,
For k=3, weget b,=a,—a;+a,—a, b, =3a,-a, —a, + 3a,,
by=3ay,+a,—a,—3a;,b;=a,+a,+a,+a,.

k
Note that b, = z a;,
i=0

Denote

by by by -+ by
by by by -+ by
0 by by - by
0 by by -+ bypy

0 0 O by
where bj > 0 for all j. Routh-Hurwitz criterion states that the real parts of the roots of (5.21) are
negative if and only if the principal minors of D are positive.
Using the Routh-Hurwitz criterion, we obtain for
k=1: b,>0,b,>0,
k=2: b,>0,b,>0,b,>0, (5.22)
k=3: b,>0,b,>0,b,>0,b,>0,b,b,-b;b,>0,
as the necessary and sufficient conditions for the real parts of the roots of (5.21) to be negative.

If any one or more of the bs are equal to zero and other b’s are positive, then it indi-
cates that a root lies on the unit circle | & | = 1. If any one or more of the b/s are negative, then
there is atleast one root for which | &, | > 1.

5.2 SINGLESTEP METHODS

We consider the numerical solution of the initial value problem (5.4)

dy _
dx_f(x,y)9 x[l[a, b]
y(a) =n.

Divide the interval [a, b] into IV equally spaced subintervals such that
x,=a+nh, n=0,1,2,..,N,
h=b-a)/N.
The parameter 4 is called the step size and x,, n = O(1)N are called the mesh or step
points.
A single step method for (5.4) is a related first order difference equation. A general
single step method may be written as
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Vpe1 =V +h O 1,8, 5,5, 1), n=0,1,2,.. (5.23)
where @is a function of the arguments ¢ ,¢,,,,v,,7,,,, # and also depends on f. We often write
it as @ (¢, y, h). This function @is called the increment function. Ify, ,, can be obtained simply by
evaluating the right hand side of (5.23), then the method is called an explicit method. In this
case, the method is of the form

Yns1=Yn +h (p(tn’ Yw h)

If the right hand side of (5.23) depends on y, ., also, then it is called an implicit method.
The general form in this case is as given in (5.23).
The local truncation error T, ; at x, ,, is defined by

T, =y ) -yx)-hot ,t,yE. ) yt),h). (5.24)
The largest integer p such that
| BT, | = O (5.25)

is called the order of the single step method.
We now list a few single step methods.

Explicit Methods

Taylor Series Method

If the function y(x) is expanded in the Taylor series in the neighbourhood of x = x,, then
we have
2 hp
Voe1 =V, +hY', + 57 R y, P

p
n= O, 1, 2, ceey N— 1 (5.26)
with remainder
p+l
Boi= (a1 0 €)%, <& <y

The equation (5.26) is called the Taylor series method of order p. The value p is chosen so

that | R il | is less than some preassigned accuracy. If this error is €, then
WLy DE ) | <(p+1)le
or hp+1 | f(p) (En) | < (p + 1) ! €.

For a given A, this equation will determine p, and if p is specified then it will give an
upper bound on 4. Since & is not known, | f ? (€ ) is replaced by its maximum value in [x, b].
As the exact solution may not be known, a way of determining this value is as follows. Write
one more non-vanishing term in the series than is required and then differentiate this series p
times. The maximum value of this quantity in [x, b] gives the required bound.

The derivatives y, 7, p = 2, 3, ... are obtained by successively differentiating the differ-
ential equation and then evaluating at x = x,. We have
y'@) = flx, y),
y'@) =f, +ff,
y"' @) =fo +2ff, +f2fyy +f, (f + 1T
Substituting p = 1 in (5.26), we get
Yy =y, +hf,n=01N-1 (5.27)
which is known as the Euler method.
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Runge-Kutta methods

The general Runge-Kutta method can be written as

14
Vo1 =Vp+ » WK, n=0,12,N-1 (5.28)
1=1
i-1
where Ki = hf Xn +cih7 Yn t z Qim Km
m=1

with ¢, = 0.

For v = 1, w, = 1, the equation (5.28) becomes the Euler method with p = 1. This is the
lowest order Runge-Kutta method. For higher order Runge-Kutta methods, the minimum
number of function evaluations (v) for a given order p is as follows :

p|23456

v| 23468
We now list a few Runge-Kutta methods.

Second Order Methods

Improved Tangent method :
Yne1 =Yn + Ky n=0(N -1, (5.29)
K =hf(x,y,),

K=t )
9 = f n 27yn 2 .

Euler-Cauchy method (Heun method)

1
yn+1 =yn + E (Kl + KZ)’ n= 0(1)N_ 1’ (530)

K, =hf(x,y,),
K,=f(x, + by, + K.

Third Order Methods
Nystrom method
1
Vo1 =V, + 8 (2K + 3K, + 3K,), n=0(1)N -1, (5.31)
K =hf(x,y,),

2 2
K =h +_h, +_K ’
2 f[xn 3 Yn 3 1)

2 2
K,=h +=h,y, +-K,|.
3 f[xn 3 Yn 3 2)

Heun method

1
Yne1 =¥n + 7 K +3Ky), n=0N -1, (5.32)
Ky =hf (x, y,),



278 Numerical Methods : Problems and Solutions

1 1
K =h +—h’ + = K
2 f[xn 3 n 3 1)

2 2
R3=hf[xn+3h’yn +3R2)_
Classical method

1
Y1 =Ynt g (K, +4K,+K,), n=0(1)N -1, (5.33)
K, = hf(x, y,),
1 1
K = h +_h, +_K ’
2= hf [xn 2 Yn 2 1)
K,=hf(x,+h,y, —K +2K,).

Fourth Order Methods
Kutta method

1
Vo1 =V, + 3 (K;+3K,+3K;+K,), n=0(1N -1, (5.34)
K, =hf(x,y,),

1 1
K2=hf [xn +§h7yn +§K1)7

K, =hf [xn +§h,yn _éKl +K2) ,
K,=hf(x,+h,y, + K -K,+K)).
Classical method
Vol =V, + % (K, + 2K, + 2K, + K,),n=0(1)N - 1, (5.35)
K, =hf(x,y,),

1 1
K2= hf [xn +§h,yn +§K1)

1 1
K, =If [xn b +2K2)

K, =hf(x, +hy, +K,).

Implicit Runge-Kutta Methods
The Runge-Kutta method (5.28) is modified to

Yne1 =p t z w;K;,n=0(1)N -1, (5.36)
1=1
where K =hf [xn +ch, y, + 2 a;n, Km].
m=1

With v function evaluations, implicit Runge-Kutta methods of order 2v can be obtained.
A few methods are listed.
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Second Order Method
Ype1 =Y, + Ky, n=0DN -1, (5.37)

1 1
Kl = hf [xn +§h,yn +2-K1) .
Fourth Order Method

1
yn+l =yn + E (Kl + KZ)’ n = 0(1)N— 1, (538)

1 43 1 1 V3
K1=hf[xn +[§_?Jh7yn +ZK1 +[z‘?JK2J,

1.3 1. 43 1
K2=hf[xn +[2+?Jh7yn +[Z+?JK1+ZK2J.

5.3 MULTISTEP METHODS

The general k-step or multistep method for the solution of the IVP (5.4) is a related k-th order
difference equation with constant coefficients of the form
Yni1 =Y ¥ Ay, gt e T Yy g
+h ByYns1+by , + .. +b,y ) (5.39)
or symbolically, we write (5.39) as
p(E) Ynke1 ™ ho(E) y’n—k+1 =0
where p) =&t —at1l-0a,82 .. —q,
0(&) =by&k + b &1+ b, 82 + .+, (5.40)
The formula (5.39) can be used if we know the solution y(x) and y'(x) at %2 successive
points. The k-values will be assumed to be known. Further, if b, = 0, the method (5.39) is

called an explicit or a predictor method. When b, # 0, it is called an implicit or a corrector
method. The local truncation error of the method (5.39) is given by

k k
Tn+1 = y(xn+1) - z aiy(xn_i+1) —h z biy’(xn_i+1)~ (5.41)
=1 0

Expanding the terms on the right hand side of (5.41) in Taylor’s series and rearranging
them we obtain

T,..=Coy(x,) + Cihy'(x,) + Coh2y"(x,) + ...
+C Py Pox,) + C, y AP yP* D ) + .. (5.42)

k
where Cy=1- z a

k
z b (1-m)*l, q=11)p. (5.43)
m=0
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Definitions
Order : If C0=C1=...=Cp=0
and C_, #0in (5.42), then the multistep method (5.39) is said to be of order p.

p+1
Consistency : If p 21, then the multistep method (5.39) is said to be consistent, i.e., if

C,=C;=0o0r
p(1)=0 and p'(1)=o(1). (5.44)
Convergence : If }}imo y,=ykx,),0<n<N (5.45)

and provided the rounding errors arising from all the initial conditions tend to zero, then the
linear multistep method (5.39) is said to be convergent.

Attainable Order of Linear Multistep Methods

As the number of coefficients in (5.39) is 2%k + 1, we may expect that they can be deter-
mined so that 2% + 1 relations of the type (5.43) are satisfied and the order would be equal to
2k. However, the order of a k-step method satisfying the root condition cannot exceed % + 2. If
k is odd, then it cannot exceed % + 1.

Linear Multistep Methods

We now determine a few wellknown methods which satisfy the root condition.

Putting y(¢) = e! and e’ = € into (5.39), we get

p(&) —log & a(¢) = 0. (5.46)

Ash - 0,& - 1 and we may use (5.46) for determining p(¢) or o(§) of maximum order if
a(&) or p(&) is given.

If o(§) is specified, then (5.46) can be used to determine p(§) of degree k. The term
(log &)a(&) can be expanded as a power series in (§ — 1) and terms upto (§ — 1)* can be used to
give p(§). Similarly, if p(§) is given, we can use the equation

o(E) - % 0 (5.47)

to determine o(§) of degree < k. The term p(&) / (log &) is expanded as a power series in (§ — 1),
and terms upto (§ — 1)* for implicit methods and (§ — 1)*! for explicit methods are used to get
o(&).
Adams-Bashforth Methods
p(§) =1 (E-1),

k-1

o®) =& Dy, A-E"

1
ym+§y_1+...+my0=1,m=0,1,2,... (5.48)
We have the following methods.

@D k=1:y,=1.
yn+l =yn + hy’n
1
T . = 3 h?y"(x,) + O(h®), p =1.

i) k=2;y,=1,y,=1/2.

h 7 I
Y1 =Vn T E (3yn_ yn—l)’
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5 3.,m 4
Tn+1=E h’y" (x,) + O(h*), p = 2.
(1) k=3 : Yo=1v,=1/2,y,=5/12.
Y1 =Yn T % (23y’n - 16yrlL—1 + 5yr2—2 ),
3
T, = 3 hty®(x ) + O(h5), p = 3.
Nystrom methods
p(g) = g2 (&2 - 1),
k-1
o@®=g1 Y y, a-ghn
m=0
1 1 2, m=0 .
ym+2ym_1+...+—m+1y0— L m=12,.. (5.49)
We have the following methods.
@) k=2: Yo=2,Y, =0.

yn+1 = yn—l + 2h’y’n’

3
T = % ¥ (x ) + Ok, p = 2.
@) k=3: Yo=2,¥,=0y,=1/3.

h I 1 1
Ype1=Yna T g (7yn_ 2yn—l + yn—Z)’
h4
T .= 3 ¥y (x) + Oh%), p =3.
Adams-Moulton Methods

p&) =& @€ -1,

k
o®) =2 D y,1-
1 1

1 L m=0
Vot G¥mat et 1Y%= 0, m=12,.. (5.50)
We have the following methods.
WDk=1: Yo=1ly=—1/2.
Y1 =Y t g ( yn’+1 +yn, )
1
T, =- Iz h3y" (x,) + O(hY), p =2.
@ k=2

Yo=1y=-1/2,y,=—1/12.
h ) '
Yn1=Yn ¥ 19 (5Yn+1 + 8y, — Yn-1),

1
T, =- o1 h*y® (x,) + Oh®), p = 3.
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1 1 1
@i k=3: y0=1,y1=_§,y2=_ﬁ’y3=_ﬁ'

h I I r
yn+1 =yn + ﬂ (9yn+1 + 19y’n_5yn—1 + yn—Z),

T

n+1l

_ B s s 6
== 790 h*y® (x,) + O(h®), p = 4.
Milne Method

p(&) = &2 (82 - 1),

k
oE) = & ZO v, (1—&ym

1 2, m=0
el _1-1, m=1
Vg YT a1 0 S| o) =23 (5:51)
We have the following method.
k=2: Yo=2,¥,=—2,Y,=1/3.

h 1 1 !
yn+1 =yn,—l + g (yn+1 + 4yn + yn—l),

1
T .. =- %0 h5y® (x )+ O(hS), p = 4.
Numerical Differentiation Methods
0(&) = &, p(&) of degree k. (5.52)

We have the following methods.

@ODk=1: Vpa1 =Vn + hYns1,
hZ
T, . =- 5 y'(x,)+OMh3), p=1.
. 4 1 2 )
@) k=2: Va1 = gyn—gyn_l+ghyn+1,
2h°
T . =- ¥ (x )+ Oh?), p=2.
18 9 2 6 )
(iti) k=3 : yn+1—11yn—11yn_1+11yn_2+11h3’n+1,
3
T,.,.=- 5 hty® (x,) + O(h%), p = 3.

5.4 PREDICTOR CORRECTOR METHODS

When p(§) and a(&) are of the same degree, we produce an implicit or a corrector method. If the
degree of o(§) is less than the degree of p(§), then we have an explicit or a predictor method.
Corrector method produces a non-linear equation for the solution at x, , ;. However, the predic-

tor method can be used to predict a value of Y. and this value can be taken as the starting
approximation of the iteration for obtaining y, ., using the corrector method. Such methods
are called the Predictor-Corrector methods.
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Suppose that we use the implicit method

k
Yna1 = th fn+1 + Zl (amyn—m+1 + hbmfn—m+1)

tofindy, ;.
This equation may be written as
y=FQ) (5.53)
where Y=Yt
Fly)=hb,f(x,,,y) +c

k
c= le (amyn—m+1 + hbmfn—m+1)‘

An iterative method can be used to solve (5.53) with suitable first approximation y©.
The general iterative procedure can be written as

Yy = F(y®), s =0, 1, 2, ..... (5.54)

which converges if

h a f(xn+19 y) bO
oy

‘ <1. (5.55)

P(EC)™ E method
We use the explicit (predictor) method for predicting y?, and then use the implicit

n+l
(corrector) method iteratively until the convergence is obtained. We write (5.54) as

P:  Predict some value @,

E: Evaluate f(x,,,, y%,),

C: Correct y) = hbof (x,,1, ¥9) +¢,

E: Evaluate f(x,,,, y'V)),

D

C: Correct y% =hb,f(x,,;, y1,

The sequence of operations
PECECE ...CE (5.56)

is denoted by P(EC)™ E and is called a predictor-corrector method. Note that the predictor may
be of the same order or of lower order than the corrector method.

If the predictor is of lower order, then the order of the method PECE is generally that of
the predictor. Further application of the corrector raises the order of the combination by 1,
until the order of the corrector is obtained. Further application may atmost reduce the magni-
tude of the error constant. Therefore, in practical applications, we may use only 2 or 3 correc-
tor iterations.

PM pCMc Method

For m = 1, the predictor-corrector method becomes PECE. If the predictor and the cor-
rector methods are of the same order p then we can use the estimate of the truncation error to
modify the predicted and the corrected values. Thus, we may write this procedure as PM, CM,.
This is called the modified predictor-corrector method. We have

) +ec.
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Y, = yB) = C, Ry, ) + O,

n+l
Y@, ) — 5y = C) hpH1y () + O(hP*2), (5.57)

(c)

where y#) and yi),

represent the solution values obtained by using the predictor and correc-
tor methods respectively. Estimating #7+! y»*D(x ) from (5.57), we may obtain the modified
predicted and corrected values m ,, and y, ; respectively and write the modified predictor-
corrector method as follows :

Predicted value :

n+l1

k
(L) pn+l = z (air?)yn—m+l + hb;r?)fn—m+l)‘
m=1

Modified predicted value :
(i) M, =D,y + O (B = OO, -,

Corrected value :

k
(lll) S hbof(xn+1’ mn+1) + z (amyn—m+1 + hbmfn—m+1)‘
m=1

Modified corrected value :

(w) Yne1 = Cni1 + C;C+)1 (C;C‘f)l - C;{)l )_1 (pn+l - Cn+l)‘ (558)

The quantity (p, — c¢,) in (5.58 (i) required for modification of the first step is generally
put as zero.

5.5 STABILITY ANALYSIS

A numerical method is said to be stable if the cumulative effect of all the errors is bounded
independent of the number of mesh points. We now examine the stability of the single step and
multistep methods.

Single Step Methods

The application of the single step method (5.23) to the test problem (5.5) leads to a first
order difference equation of the form

Y1 =EXNR)y, (5.59)
where E(A i) depends on the single-step method.
The analytical solution of the test problem (5.5) gives
¥, ) =eryx). (5.60)
To find the error equation, we substitutey, ., =€, ; +y(x, ) into (5.59) and use (5.60) to
get

€,,1 = EAR) g, — [M — EQAR)] y(x,)
=EM e, -T,, (5.61)
where T, is the local truncation error and is independent of €.

The first term on the right side of (5.61) represents the propagation of the error from the
step x, to x ., and will not grow if | E(A h) | < 1.
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Definitions
Absolute Stability : If | EAA h) | €1, A <0, then the single step method (5.23) is said to
be absolutely stable.

Interval of Absolute Stability : If the method (5.23) is absolutely stable for all A 2 O (a, )
then the interval (q, B) on the real line is said to be the interval of absolute stability.

Relative Stability : If EQ\ h) < eM, A > 0, then the singlestep method (5.23) is said to be
relatively stable.

Interval of Relative Stability : If the method (5.23) is relatively stable for all A 2 O (q, p),
then the interval (q, ) on the real line is said to be the interval of relative stability.

Multistep Methods

Applying the method (5.39) to (5.5) and substituting y, = €, + y(x ), we obtain the error
equation

k k
€pe1 = z Cp €1 t Ah z bm €rmel ~ Tn+1 (5.62)
m=1 m=0

where T, is the local truncation error and is independent of €.

We assume that 7', is a constant and is equal to 7. The characteristic equation of (5.62)
is given by

p(&) — hra(§) = 0. (5.63)
The general solution of (5.62) may be written as
T
€, =A & +A 8L + .+ ALY + oD (5.64)
where A, are constants to be determined from the initial errors and &,,, &,,, ..., §,, are the

distinct roots of the characteristic equation (5.63). For A — 0, the roots of the characteristic
equation (5.63) approach the roots of the equation
p) = 0. (5.65)
The equation (5.65) is called the reduced characteristic equation. If €, &, ..., §, are the
roots of p(§) = 0, then for sufficiently small 4 A, we may write
§,=8. A+ NK+O0(| Nh|?),i=101) (5.66)
where Kk, are called the growth parameters. Substituting (5.66) into (5.63) and neglecting terms
of O (| A h |?), we obtain

o(§;) .
K, = F0(E)’ i=1(1)k. (5.67)
From (5.66), we have
gn = En Mk = 1(1)k. (5.68)
For a consistent method we have, p'(1) = o(1). Hence, we get k; = 1 and (5.66) becomes
§,=1+hAN+O(| AR |?). (5.69)

Definitions
The multistep method (5.39) is said to be
stableif | &, | <1,i# 1.

unstable if | &, | > 1 for some i or if there is a multiple root of p(§) = 0 of modulus
unity.
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weakly stable if s are simple and if more than one of these roots have modulus
unity.
absolutely stableif | €, | <1,A<0,i=1(1) .
relatively stable if | €, | < | &, |, A>0,1i=2(1k.
A-stable if the interval of absolute stability is (— oo, 0).
To obtain the interval of absolute stability of a multistep method, we often use the
Routh-Hurwitz criterion.

5.6. SYSTEM OF DIFFERENTIAL EQUATIONS

The system of m equations in vector form may be written as

dy
a = f(x) Y15 Vo5 +oo ym)9

y(0) = n, (5.70)

where y= [yl Yo ~~ym]T) n= [rll Ng - r‘Im]T’

51 Y95 Ym)

f— f2 (x5y15y25“'ym)

fm (x>y1,y2"“ym)
The singlestep and multistep methods developed in Sections 5.2 and 5.3 can be directly
written for the system (5.70).
Taylor Series Method

We write (5.26) as

’ h? ®)
yn+l=yn+hyn+§ y”+"'+ﬁ v, ”,
n=0,1,2,..N-1, (5.71)
where B o= [yB oy Ly T

Second order Runge-Kutta Method
The second order Runge-Kutta method (5.30) becomes

1
V1=Y,+ 9 K, +Ky),n=0,1,2,..,N-1,

where K=K Ky..K,. 17, j=1,2.
and Kil = hf; (xn’ yl, n’ yZ,n s ym, n)’
KiZ = hf;(xn + h’ yl, n + Kll’ yZ,n + KZl [ ym, n + Kml)
1=1,2,..,m.

Fourth Order Runge-Kutta Method
The fourth order Runge-Kutta method (5.35) becomes
1
V1 =Y, + 8 (K, + 2K, + 2K, + K)),
n=0,1,2..,N-1, (5.72)
where K=K, K, .K 17, j=1,2,3, 4,

mj
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and Ki1=hf;(xn’y1,n yZ,n""’ym,n)

h 1 1 1

K4 =h4 X +—, n+—K N n+—K s s Ym.n +_Km

i2 fl( nty ), g f11 Yo, g 2 Ym, 2 1)
h 1 1 1

K, ;= hf, (xn +§’y]’" +§K127y2,n +§K227"'7ym,n "'Zsz),

1{1‘4:hf;(xn+h’y1,n+K13’y2,n+K23’""ym,n+Km3)

1=1,2, ..., m.

Stability Analysis

The stability of the numerical methods for the system of first order differential equa-
tions is discussed by applying the numerical methods to the homogeneous locally linearized
form of the equation (5.70). Assuming that the functions f; have continuous partial derivatives
(of; 1 dy,) = a;, and A denotes the m x m matrix (a,,), we may, to terms of first order, write (5.70)
as

dy

dr = (5.73)
where A is assumed to be a constant matrix with distinct eigenvalues A, i = 1(1)n. The analytic
solution y(x) of (5.73) satisfying the initial conditions y(0) = ) is given by

y(®) = exp (Ax) n (5.74)
where exp (Ax) is defined as the matrix function
(Ax)*

exp (Ax) =1+ Ax + + .. (5.75)

21
and Iis a unit matrix.
The transformation y = PZ, where P is the m x m non-singular matrix formed by the
eigenvectors corresponding to A, Ay, ..., A, L.e.,
P=ly,y,..y,1
transforms (5.73) into a decoupled system of equations

dZ
= -DZ (5.76)
dx
Ay
where D=
0 A,

Application of the Taylor series method (5.71) to (5.76) leads to an equation of the form
Vo= EDA) v, (5.77)

where E(Dh) represents an approximation to exp (DA). The matrix E(DA) is a diagonal matrix
and each of its diagonal element E (A %), s = 1(1)m is an approximation to the diagonal element
exp (A h), s = 1(1)m respectively, of the matrix exp (Dh). We therefore, have the important
result that the stability analysis of the Taylor series method (5.71) as applied to the differential
system (5.73) can be discussed by applying the Taylor series method (5.71) to the scalar equation

y =Ny (5.78)
where A, s = 1(1)m are the eigenvalues of A. Thus, the Taylor series method (5.71) is absolutely
stableif |[E_(A_h) | <1,s=1(1)m, where Re(A)) < 0 and Re is the real part of A_.
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Multistep Methods
The multistep method (5.39) for (5.70) may be written in the form

k k
yn+1 = z @ yn—m+1 +h z bm fn—m+1 (579)
m=1 m=0

where a,’s and b, ’s have the same values as in the case of the method (5.39).
The stability analysis can be discussed by applying the method (5.79) to (5.73) or (5.78).

Boundary Value Problems
5.7 SHOOTING METHODS

Consider the numerical solution of the differential equation (5.7)
-y +pX)y +q)y=rx), a<x<b
subject to the boundary conditions (5.10)
ayy(@) - ay'(@ =y,
boy(d) +b,y'(b) =y, (5.80)
where a, a,, by, by, y; and y, are constants such that
aya,20,a, | +|a, |20,
byb, 20, | by | +|b; |20, and |a, |+ | b, | #0.
The boundary value problem (5.7) subject to the boundary conditions (5.80) will have a
unique solution if the functions p(x), g(x) and r(x) are continuous on [a, b] and q(x) > 0.
To solve the differential equation (5.7) subject to (5.80) numerically, we first define the
function y(x) as
y(x) = Q) + Py @ (x) + [y, @,(x) (5.81)
where |, and p, are arbitrary constants and @s are the solutions on [a, b] of the following
IVPs:

— @y +p) @y +qlx) @ = rx),

@yla) =0, ¢'y(a) = 0. (5.82)
- @ +p)Q)| +qx)p =0,
@) =1, ¢ (a)=0. (5.83)
- @5 +p)@, +qlx)p, =0,
@,a) =0, @4a) = 1. (5.84)
The first condition in (5.80) will be satisfied by (5.81) if
oMy —a1Hy =Yy, (5.85)

The shooting method requires the solution of the three initial value problems (5.82),
(5.83) and (5.84).

Denoting @.(x) = w’ *Y(x) and @ (x) = v *V(x), i = 0, 1, 2, the IVPs (5.82)-(5.84) can be
written as the following equivalent first order systems.

o7 &) ¢))
w v w (0) 0
[vu)} = [pv(l) + qu® _r} ) [v(l) (0)} = [0}, (5.86)

@7 @) @ (0) 1
[132)} = [pv<2)v+ qwm} ) [lj(z) (0)} = [0}, (5.87)
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@7 @) ® )] o
[Z:j(s)} = [pv<3)v+ qw<3)} ; [Z:}(s) (0)} = [1}, (5.88)

Now, any of the numerical methods discussed in Sections 5.2 and 5.3 can be applied to
solve (5.86), (5.87) and (5.88). We denote the numerical solutions of (5.86), (5.87) and (5.88) by

respectively.

w, v 5 v®, w® s w®, 0® 5 i=0,1,..,N (5.89)
respectively.
The solution (5.81) at x = b gives
Y = w{ + pw? + ), (5.90)
y'(0) = 0§ + ol + Hyvd. (5.91)

Substituting (5.90) and (5.91) into the second condition in (5.80) we obtain
(bowﬁ) + blvj(\%)) M+ (bowﬁ) + blvj(\?)) Hy =Yy — (bow;}) + blvﬁ\})). (5.92)
We can determine p, and p, from (5.85) and (5.92).

Thus, the numerical solution of the boundary value problem is given by
y(xi) = wED + |.11w£2) + |.12 wEB), 1= 1(1)N— 1 (593)

Alternative

When the boundary value problem in nonhomogeneous, then it is sufficient to solve the
two initial value problems

- @ +pl) @) +qx) @ =rx), ..[6.94 ()]

— @ +p) @)+ qx) @, = rx) ..[6.94 (i)
with suitable initial conditions at x = a.
We write the general solution of the boundary value problem in the form
y(x) = MA@, (x) + (1 = N) @y(x) (5.95)
and determine A so that the boundary condition at the other end, that is, at x = b is satisfied.

We solve the inital value problems [5.94 (i)],[5.94 (ii)] upto x = b using the initial
conditions.

(i) Boundary conditions of the first kind :
¢,(@) =y, ¢j(a) =0,
@a) =y, Pya) = 1.
From (5.95), we obtain
y®) =y, =A@ (b) + (1 =N @,b),
. . Y2 — @(b)
which gives A= 0.(6) - 0, ®)
(it) Boundary conditions of the second kind :
¢,(@) =0, ¢j(a) =y,
@) =1, @ya) = ;.

, ¢,(b) % @,b). (5.96)
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From (5.95), we obtain
y'(b) =y, =A@ (b) + (1—N) @yb).
_ Yo — @5 (b)
@ 1(0) - @y (D)
(iti) Boundary conditions third kind :
¢@) =0, () ==y, / ay
@la) =1, @'ya) = (a, -V, / a,.
From (5.95), we obtain
y(b) = Ap,(b) + (1 - A) @',(D),
Y'(B) = A @'yb) + (1 —\) @'y(b).
Substituting in the second condition, b, y(b) + b, y'(b) = Y,, in (5.10), we get
Yo = byA @ (B) + (1= N) @,(b)] + b, [A @'(B) + (1 —A) @'4(b)]

which gives , @4(b) # @y(b). (5.97)

which gives
A\ = Yo — [b6y @ (b) +b; @y (D)]
[6y@,(b) +b, @1 (b)] - [by ®(D) +b; ¢, (b)]

The results obtained are identical in both the approaches.

(5.98)

Nonlinear Second Order Differential Equations
We now consider the nonlinear differential equation
y'=fy ), a<x<b

subject to one of the boundary conditions (5.8) to (5.10). Since the differential equation is non
linear, we cannot write the solution in the form (5.81) or (5.95).

Depending on the boundary conditions, we proceed as follows :
Boundary condition of the first kind : We have the boundary conditions as
y@)=y, and y(d)=y,.
We assume y'(a) = s and solve the initial value problem
y' =1y y),
ya) =y, y'(a)=s (5.99)
upto x = b using any numerical method. The solution, y(b, s) of the initial value problem (5.99)
should satisfy the boundary condition at x = 6. Let

@ (s) =y, s)— VY, (5.100)
Hence, the problem is to find s, such that @(s) = 0.
Boundary condition of the second kind : We have the boundary conditions as
y(@ =y, and y'(d) =Yy,
We assume y(a) = s and solve the initial value problem
y'=fy ¥,
y(@)=s,y'(a) =y, (5.101)

upto x = b using any numerical method. The solution y(b, s) of the initial value problem (5.101)
should satisfy the boundary condition at x = b. Let

Ws) =y'(b, 8) — Yy (5.102)
Hence, the problem is to find s, such that @(s) = 0.
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Boundary condition of the third kind : We have the boundary conditions as
a,y@) —a;y'(@) =y,
byy(®) + b y'(b) = ,.
Here, we can assume the value of y(a) or y'(a).
Let y'(a) = s. Then, from
ay,y(@) —a,y'(a) =y, we get yla) =(a;s+vV,) / a,.
We now solve the initial value problem
y'= f(x: Y, y’)’
ya)=(a;s+Y) / ayya)=s, (5.103)
upto x = b using any numerical method. The solution y(b, s) of the initial value problem (5.103)
should satisfy the boundary condition at x = b. Let
@s) =b,y(b, s) + b, y'(b, 5) -, (5.104)
Hence, the problem is to find s, such that @(s) = 0.
The function @(s) in (5.100) or (5.102) or (5.104) is a nonlinear function in s. We solve the
equation
@s)=0 (5.105)
by using any iterative method discussed in Chapter 1.

Secant Method

The iteration method for solving @(s) = 0 is given by
s® — gk=D
(e+1) = (k) _ - ) =1,2 5.106
s s W) — g@s®D) @), k=1,2, ( )

which s© and sV are two initial approximations to s. We solve the initial value problem (5.99)
or (5.101) or (5.103) with two guess values of s and keep iterating till

| @(s%+D) | < (given error tolerance).

Newton-Raphson Method
The iteration method for solving @(s) = 0 is given by

k)
os™)
slhD) = k) , k=0,1,

..... (5.107)
(p: (S(k))
where 59 is some initial approximation to s.
To determine @'(s*)), we proceed as follows :
Denote y, =y(x, s),y, =y'(x, s), y, =y"(x, s).
Then, we can write (5.103) as
¥ =fy, ¥, ..[5.108 ()]
ya)=(a;s+vy) / ayyla)=s. ...[(5.108 (i7)]
Differentiating [5.108 (i)] partially with respect to s, we get
9 gy O O0x, Of %y, O Oy
0s Ox 0s 0y, 0s Oy, O0s
of a 0 :
_Of O, Of oy (5.109)

" 0y, 0s dy. Os
since x is independent of s.
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Differentiating [5.108 (ii)] partially with respect to s, we get

9 % 0
5 D@l = gt b @l =1

Let v = 0y . Then,we have
ds
, w0 [ays}_ b [%}_ .
U= o T aw Los )T os Lox ] o VY

Lo _ 2 1[%)_0 Cie 7% R
U_ax_Ox s\ ox )|~ os | 0x* ds Vs

From (5.108) and (5.109), we obtain

0
o = % 5y, ¥) v+ g @y, y )0 5111 ()
v(a) =a; / ay v'(a) = 1. ...[5.111 (@0)]

The differential equation [5.111 (7)] is called the first variational equation. It can be
solved step by step along with (5.108), that is, (5.108) and (5.111) can be solved to gether as a
single system. When the computation of one cycle is completed, v(b) and v'(b) are available.

Now, from (5.104), at x = b, we have

ae . oy, Oy _ ,
T =bo 5 by o =byu(d) + b (b). (5.112)

Thus, we have the value of @'(s*)) to be used in (5.107).
If the boundary conditions of the first kind are given, then we have
a,=1,a,=0,b,=1,b,=0 and @s)=y(b)=Y,.
The initial conditions (5.110), on v become
v(a) =0, v'(a) = 1.
Then, we have from (5.112)
do

s - v(b). (5.113)

5.8 FINITE DIFFERENCE METHODS

Let the interval [a, b] be divided into N + 1 subintervals, such that
xj=a+jh,j=0, 1,..,.N+1,
where x,=a,xy,;=band h=(b—-a)/ (N + 1).

Linear Second Order Differential Equations

We consider the linear second order differential equation

—y" +pl)y' + qlx)y = r(x) (5.114)
subject to the boundary conditions of the first kind
y(@) =y, y(b) =Y, (5.115)

Using the second order finite difference approximations

, 1
y (xj) = o [)’j+1—yj_1],

" _~ 1
i) = Wz Wjer = 205 + 4l

at x = x;, we obtain the difference equation
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1 1
i W1 =2y, +y, )+ = 0,1 —yi) plx) + qlx) y; = r(x), (5.116)
B2 it op Vi J j 770 j
j=1,2,..,N.
The boundary conditions (5.115) become
Yo = Y1 Yns1 = Yo
Multiplying (5.116) by A2/ 2, we obtain

h? :
Ay 1 +By +Cy, = 3 rix), j=1,2,..,N (5.117)

2

The system (5.117) in matrix notation, after incorporating the boundary conditions,
becomes

1 h h? 1 h
where 4;=- (1+§p(xj)j,3j =[1+7q(xj)}cj =- (1-519(%)).

Ay=b
where y= [yl’ Yos eeeee ’ yN]T
2 24 2C r
b= % |:r(x1) - hEY1 , r(xz), ..... . r(xN_l), r(xn) _hLZyzi| )
A2 BZ CZ

Ay1 By Cya

0 Ay By

The solution of this system of linear equations gives the finite difference solution of the
differential equation (5.114) satisfying the boundary conditions (5.115).
Local Truncation Error

The local truncation error of (5.117) is defined by

2

2
Expanding each term on the right hand side Taylor’s series about x;, we get

Tj= A3y ) + By + Cyly,) — == 1 (1)

4
T,=- }21—4 [y(E,) - Qp(xj) Y&, j=1,2,..,N
where X4 < & < Xi\p and X4 < &, < X1
The largest value of p for which the relation
T, =0 (h*?)
holds is called the order of the difference method. (5.118)
Therefore, the method (5.116) is of second order.

Derivative Boundary Conditons
We now consider the boundary conditions

a,y(a) —a,;y'(a) =y,
byy(®) + b,y () = y,. (5.119)
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The difference equation (5.116) at the internal nodes,j =1, 2, ..., N gives N equations in
N + 2 unknowns. We obtain two more equations using the boundary conditions (5.119). We
obtain the second order approximations for the boundary conditons as follows.

. a
(i) Atx =x,: aoyo—ﬁ[yl—y_l]=yp
. 2ha0 2h

Yotyr+—VYi- (5.120)
a; a;

or Y=

by
At x=xygt DoV + on ne =Nl = Yoo

2hby o 2h V. (5.121)
by by

The values y ; and y,,, can be eliminated by assuming that the difference equation
(5.116) holds also for j = 0 and N + 1, that is, at the boundary points x, and x,;, ;. Substituting the
values of y ; and y,;,; from (5.120) and (5.121) into the equations (5.116) forj =0 and j=N+1,

we obtain two more equations.

or N2 =IN—

.. a
D Atx=x,: ayy,— ﬁ (= 3y, + 4y, —¥5) = Vp,
or (2hay + 3a,)y, — 4a,y, + a,y, = 2hy,. (5.122)

by
Atx =xp,,  byyy, + % Byne1— N +In1) = Yo
or biyn.1—4biyy + 2hby+ 3b,)yy,, = 2R Y, (5.123)
Fourth Order Method when ' is Absent in (5.114)

Consider the differential equation

-y +qx)y=rx),a<x<b (5.124)
subject to the boundary conditions of the first kind
y@) =y, y(b) =Y, (5.125)
We write the differential equation as
y" =gy — ) = fx, y). (5.126)

A fourth order difference approximation for (5.126) is obtained as
h2 n n n .
yj_l—Zyj+yj+1= E(yj_l +10y] +yj+1)’ J= 1, 2,...,N, (5.127)

which is also called the Numerov method.
We can also write the method as

* 5h® n* n*
[1‘5%—1}3@—1 ‘{2 +qu':|yj +{1_qu+1 Yint=T 1, [riy + 107+ 7,41,
(5128)

where r =r(x),q,=qx),i=j-1,j,j+1
The truncation error associated with (5.127) is given by

A
Ty=— sy @), <E<i,.
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Derivative boundary conditions (5.119)
Fourth order approximations to the boundary conditions
ayy(@) —a;y'(a) =y,
byy(®) +b,y'®) =Y,
are given as follows.
72
Atx=x,: y,=y,+hYo "'?[yb' + 2y1)]
2

where =y, +—=y5 +—uvg.
Y1/9= Yo 23’0 8 Yo

Solving (5.130) for y;, we get

1 h n n
Yo = Z(yl - Yo) _g(yo +2y179).

Substituting in [5.129(1)], we get an O(h*) approximation valid at x = a as

1 h ., " 1
Z(yl = o) ‘g[yo +2y19] = a_l(a(ﬂ’o_yl)'

r hz " n
Atx=xy: Yy=Yna—hyn+a + ?[23’1\”1/2 + YN+l

2

where IYn+1/2= IN +§yz'v + gy}'v .

Solving (5.132) for yy,;, we obtain

1 h n n
= 7 Oner =N + = 2YN+12 Y YNal .

YN+ 6

Substituting in [5.129(ii)], we get an O(h*) aproximation valid at x = b as

1 h n n 1
*(yN+1 _yN) +*(2yN+1/2 +yN+1) = _(yz - boyN+1)~
h 6 b,

Nonlinear Second Order Differential Equation y" = f(x, y)

We consider the nonlinear second order differential equation

y' =1, )
subject to the boundary conditions (5.119).
Substituting
1

"

Y= g W — 2+ )

72
in (5.134), we obtain

Yis1 — Qyj Y= hzf(xj: yj)a J=1L,2,.,N
with the truncation error

ht
TE = Eyw(a), Xy <E<x,y.

...[6.129()]
..[6.129Gi1)]

(5.130)

(5.131)

(5.132)

(5.133)

(5.134)

(5.135)
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The system of equations (5.135) contains N equations in N + 2 unknowns. Two more
equations are obtained by using suitable difference approximations to the boundary conditions.
The difference approximations (5.120), (5.121) or (5.122), (5.123) at x = e and x = b can
be used to obtain the two required equations. The totality of equations (5.135), (5.120), (5.121)
or (5.135), (5.122), (5.123) are of second arder.
We write the Numersév method for the solution of (5.134) as
2
Vi~ 2 +y;, = 1o [Fion + 10+ £,4] (5.136)
which is of fourth order, that is, TE = O(A5).
Suitable approximations to the boundary conditions can be written as follows :
52
At x=x,: hyy=y1—Y¢— ry [2f (xg, ¥o) + (g, ¥ (5.137)
52
At x=xyg: by, =YNa—In 6 [F Geps yo0) + 2f (15 Vi) (5.138)
The truncation error in (5.137) and (5.138) is O(h%).

Substituting in (5.119), we obtain the difference equations corresponding to the bound-
ary conditions at x = x, and x = x,,,; respectively as

2
(hay+a)y,—ay, + % 2fy + 1) = hy, (5.139)
b, h?
hboyn1 + 010N —yn) + 6 (fy + 2fy,1) = Yy (5.140)

Alternately, we can use the O(h?) difference approximations (5.131) and (5.133) at the
boundary points x = a and x = b.

The difference approximations discussed above produce a system of (N + 2) nonlinear
equations in (N + 2) unknowns.

This system of nonlinear equations can be solved by using any iteration method.
5.9 PROBLEMS AND SOLUTIONS

Difference Equations

5.1 Solve the difference equation
Yy —2sinxy, +y, ;=0

when y, =0 and y; = cos x. (Lund Univ., Sweden, BIT 9(1969), 294)
Solution
Substituting y, = A &, we obtain the characteristic equation as

2_2(sinx)E+1=0
whose roots are &, = — ie™® = sin x — i cos «x, §, = ie™® = sin x + i cos x.
The general solution is given by

y, = Cli"em* + Cy(— 1)1 ein,
The initial conditions give
C,+C,=0,

C,ie™™ — Cyle™ = cos x,
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5.2

5.3

or i(C; - C,) cos x — (C; + C,) i sin x] = cos x.
We get C, —C,=1/iand C, + C, =0, whose solution is
C,=1/(2i),C,=—-1/(20).
The general solution becomes
~ (i)n+1
Yn = 9
Find y, from the difference equation

[(_ 1)n einx _ e—inx]‘

i lAZ =0,n=0,1,2
yn+1+2 Y, ,n , 1,2, ...

when y,=0,y,=1/2,y,=1/4.
Is this method numerically stable ? (Gothenburg Univ., Sweden, BIT 7(1967), 81)
Solution

The difference equation may be written in the form

3

1
Ynsg = g Yn2 + 9 Yn = 0.

The characteristic polynomial
g -8 =0

has the roots 1, 1, —1 / 2. The general solution becomes
y,=C,+Cyn +C, (—%) .

The initial conditions lead to the following equations

C1-1|-C3={),
Cl+CZ_§CS=E’
1 1
CI+QCZ+ZCS =Z,

which give C;=1/3,C,=0,C;=-1/3.
Hence, the solution is

1 1
= =1+ (- —]

The characteristic equation does not satisfy the root condition (since 1 is a double root)
and hence the difference equation is unstable.

Show that all solutions of the difference equation
Yne1 ™~ 2)\yn TV = 0

are bounded, when n — o if — 1 < A < 1, while for all complex values of A there is atleast
one unbounded solution. (Stockholm Univ., Sweden, BIT 4(1964), 261)

Solution
The characteristic equation
2208 +1=0

has the roots E=hAx A2 -1.

The product of roots satisfies the equation &,¢, = 1.
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54

The general solution is given by

Yp = Clzrll +CZ Eg
Now, | y, | isboundedif | §; | <land | &, | < 1.
For Areal and | A | <1, § is a complex pair given by

E p=Axi1-N

and | & , | = 1. Hence, both the solutions are bounded.
For complex values of A, € is also complex, but they do not form a complex pair. However,
[& 1 1&]=1
Hence, either | &, | >1, | & | <lor | & | <1, | & | > 1 while satisfying the above
equation. Hence, there is one unbounded solution.
(i) Each term in the sequence 0,1,1/2,3/4,5/8, ..., is equal to the arithmetic mean of
the two preceeding terms. Find the general term.
(i) Find the general solution of the recurrence relation
yn+2 + 2byn+l + Cyn =0
where b and c are real constants.

Show that solutions tend to zero as n — o, if and only if, the point (b, ¢) lies in the
interior of a certain region in the b-c plane, and determine this region.

Solution
@) Ifyy, yq, .- v, is the sequence, then we have

1
yn+2 = E(yn+l +yn)’ or 2yn+2 =yn+1 +yn

which is a second order difference equation with initial conditions

Yo = 0, = 1.
The characteristic equation is
282_-¢-1=0

whose roots are 1, — 1/ 2.
The general solution becomes

1 n
yn=Cl+ CZ (_E)
Using the initial conditions, we obtain C; =2/3,C,=-2/3.
Hence, the general term becomes

(it) The characteristic equation of the given difference equation is
&2 4+26€+c=0

whose roots are E=—b= \/bz -c.
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5.5

The general solution of the difference equation is given cA
by (0.1)

yn=Clzrll+CZE,2L'
Now, y, - 0 as n - o if and onlyif | &, | <1 and

| & | <1

Substituting & = (1 +z) /(1 —z), we get the transformed R

characteristic equation as -1/2,0) ? (1/2,0) b
1-26+¢)22+2(1—-c)z+1+2b+c¢=0.

The Routh-Hurwitz criterion requires that (0,-1)
1-2b+¢20,1-c=0,and1+2b +c¢=0.

Therefore, | §, | <1and hencey, -~ 0asn - «ifthe Fig. 5.2. Stability region

point (b, ¢) lies in the interior of the triangular region
of the b-c plane bounded by the straight lines
c=1,2b-1=¢,1+2b+c=0

as shown in Fig. 5.2.
Solve the difference equation

A%y + 30y -4y =n?
with the initial conditions y, = 0, y, = 2.  (Stockholm Univ., Sweden, BIT 7(1967), 247)
Solution

Substituting for the forward differences in the difference equation we obtain

yn+2+yn+1_6yn=n2'

Substituting y, = A &" in the homogeneous equation, we obtain the characteristic equa-
tion as

2+8-6=0
whose roots are &, = -3 and §, = 2.
The complementary solution may be written as

Yn'= Cy(= 3y + C, 2.

To obtain the particular solution, we set

W = an2+bn +c
where a, b and ¢ are constants to be determined.
Substituting in the difference equation, we get
[an+22+bn+2)+cl+lan+12+b(n+1)+cl—6[an’+bn+cl=n
or —4an? + (6a — 4b)n + (5a + 3b — 4c) = n?.
Comparing the coefficients of like powers of n, we obtain
—4a=1,6a —4b =0, 5a + 3b —4c = 0.
The solutionis a=—-1/4,b=-—3/8 and c¢=-19/32.
The particular solution becomes
m__ 1, 8 19
"TT 4" T8 82
Thus, the general solution of the difference equation takes the form

2
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y,=C(=3)+C,2" - ?; (8n? + 12n + 19).
The initial conditions y, = 0, y, = 2 yield the equations
C,+C,=19/32,
9C, +4C, =139/ 32,
whose solution is C; = 63/ 160, C, = 32/ 160.
The general solution becomes

Yo = 160 [63(— 3)" + 32(2)" — 40n? — 60n — 95].
5.6 Find the general solution of the difference equation
n
Vo1 — 2V, = on [Link6ping Univ., Sweden, BIT 27 (1987), 438]

Solution
The characteristic equations is § — 2 = 0, which gives & = 2.
The complemetary solution is given by

y,=A2"
We assume the particular solution in the form
n B
¥, = 2_” A+ z—i
Substituting in the difference equation we obtain
n+1 B, n 2B, n
2n+1 1 2n+1 _227A1 - 2n = 27’
n 3 1 (1 3 n
— |-=A — | ZA -=B;|=—
or I s
Comparing the coefficients of n / 2" and 1/ 2", we get
3 1 3
—§A1=1, §A1—531=0,
which gives A =-2/3,B;=-2/9.

The particular solution becomes

)
Yp=— 3 9 .

Therefore, the general solution is given by

2 2
¥, = A2" — (g nr 5) 27,
5.7 A sequence of functions £, (x), n = 0, 1, ... defines a recursion formula
fr1@®) =2xf (x)—f, ;(x), | x| <1
fox) =0, fi(x) = 1.
(a) Show that f, (x) is a polynomial and give the degree and leading coefficient.

(b) Show that
Ty | [x* -1 1| T,(x)

where T (x) = cos (n cos1x). (Univ. Stockholm, Sweden, BIT 24(1984), 716)



Numerical Solution of Ordinary Differential Equations 301

5.8

Solution

The characteristic equation of the given recurrence formula is
-2 +1=0

with | x | <1 and having the roots & =x +iy1-x2.
We may write x = cos 8. Then, we obtain & = e*®,
The general solution becomes
f,(x) = A cos (n6) + B sin (n6).
Using the conditions f(x) = 0 and f;(x) = 1, we obtain
A=0,B=1/sin6.
Therefore, the general solution is given by

sin (n0)
L= "gne
(a) We have
sin(n+10 sin(nB)cos O cos(nB)sin O
frn ) =  sin® " sin 6 * sin 6 =xf,@)+ T, )
where T (x) = cos (n6) = cos (n cos™ x).
Hence, f1(x) = x fi(x) + Tj(x) = 1

fole) =x filx) + Ty (x) =x + x = 2x
fo@) = x fo(x) + Ty(x) = x(2x) + (2x% — 1) = 2242 — 1
f,(x) = x fy(x) + Tylx) = x(22x2 — 1) + (4o — 3x) = 2323 — 4

Thus, £, (x) is a polynomial of degree n — 1 and its leading coefficient is 2"~1.
(b) We have
cos (n + 1)0 = cos (n6) cosb — sin (n6) sin 6,
or T .,(x)=xT (x) — (1 -x2)f (x).
We may now write

fn+1(x) - X 1 fn(x)
T, | |2 -1 x||T, (]

Consider the recursion formula
yn+1 = yn—l + 2h’yn’
=1 =1 2 1 + ﬁ + ﬁ
Yo=Ly,=1+h+h AR
Show that y, —e" = O(h?) as h - 0, for nh = constant.
(Uppsala Univ., Sweden, BIT 14(1974), 482)
Solution
The characteristic equation is
&2 20 -1=0,
whose roots are &, =h+(1+hH2

1., 1
_ Sp2 -t 6
1+h+2 8h + O(hY)

—eh %;ﬁ +O(h*) =e” [1 —%h3 +O(h4)).
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EZh =h-— (1 + h2)1/2
_ (1—h slpz 1y +O(h6)j
2 8
-hy 1,3 4 -h 1.3 4
=—|e +gh +0Oh%)|=-e 1+gh +0O(h%) |.
The general solution is given by
¥, =Ci&% +Co€yy
where C, and C, are arbitrary constants to be determined using the initial conditions.
Satisfying the initial conditions and solving for C, and C,, we get
Y1~ &on 1
C,=—=2 =1+ ——=h*+ 0.
! €1 ~&an 12
€1n Y1 1.3
C,=——==——h" + O(h*.
? €1n ~&an 12
Substituting for C; and C, into the general solution, we have
1 1 1
- 1+—h3+0h4) *n (1—— h2+0h4)+— — 1)L 3o 4
= (145 h0 +OU e (1= L £ 0 |+ 2o (11 e + 0089
= e —%xnhzex” + O(h3)
where x, = nh.
Hence, we obtain
y, - e* = O(h?).
5.9 The linear triangular system of equations

2 -1 0.001
-1 2 -1 0| [0002
-1 2 -1 |__|0003

-1 2 -1| |0998
0 -1 2 0.999
can be associated with the difference equations

n
g T2, —x, = 1000° n =1(1)999,

xy =10, %759, = 0.
Solve the system by solving the difference equation.
(Lund Univ., Sweden, BIT 20(1980), 529)

—X

Solution

The characteristic equation of the difference equation is
—-82+28-1=0

whose roots are 1, 1.

The complementary solution is given by

M =, + Cyn.
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5.10

Since, & = 1 is a double root of the characteristic equation, we assume
) =Cyn?+Cyn?

where the constants C; and C, are to be determined.

Substituting in the difference equation, we get

Col-(n=12+2n*—(n+ 1?1+ C, [-(n =17 + 2n® —(n + 1] = 10%0

n
or —2C3—6nC4=M.
Comparing the coefficients of like powers of n, we obtain
C,=0,C, =-1/6000.
The general solution becomes
3

6000
The constants C, and C, are determined by satisfying the boundary conditions. We get

C,=0,C,=1000/6.
Hence, we have the solution

x,=C;+Cyn—

1
- _ 3_106 _
x, = 5000 (n3-10%n), n = 1(1)999.
We want to solve the tridiagonal system Ax = b, where Ais (N — 1) x (N — 1) and
-3 1 0 1
2 -3 1 0
2 -3 1 0
A= . IR ) b =
2 -3 1 0
0 2 -3 0
State the difference equation which replaces the matrix formulation of the problem, and
find the solution. (Umea Univ., Sweden, BIT 24(1984), 398)
Solution
Assuming that x = [x; x, ... xy_,]7, we get the difference equation

2x, ,—3x,+x,,,=0,n=1,2,..,N-1
For n = 1, the difference equation is 2x;, — 3x; + x, = 0.

To match the first equation — 3x, + x, = 1 in Ax = b, we set x, = — 1/ 2. Similarly,
comparing the difference equation for n = N — 1 and the last equation in Ax = b, we set
xy=0.

Hence, The boundary conditions are x, = — 1/ 2, and x,, = 0.
The characteristic equation of the difference equation is
&2-38+2=0

whose roots are £ =1, & = 2.
The general solution becomes

x, =C +C2"
The boundary conditions give
C,+Cy=-1/2,

C,+ C2N=0.
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5.11

The solution of this system is

oN-1 1
Ci=———,C,=————.
17 9N 17727 909V -
The general solution is given by
2n—1 - 2N—1
TN

Consider the recursion formula for vectors

y(0) =a
1+2s -5 0
-s 1+2s -s
where T=
-s 1+2s ~-s
0 -s 1+2s

Is the formula stable, i.e. is there any constant % such that | y™ | <k foralln>0?
(Royal Inst. Tech., Stockholm, Sweden, BIT 19(1979), 425)

Solution
The matrix may be written as
T=I+sd
2 -1 0
-1 2 -1
where J=
-1 2 -1
0 -1 2

The recursion formula may be written as
y*=Ay" + Ac,j=0,1, 2, ...
where A=I+sd)
Setting j=0,1, 2, ..., n, we get
yD = Ay© + Ac,
v? = AyD + Ac
=A%y + (A + DAc,
vy = Ary©® 4 (A1 4 A2 4+ DAe
=Ary® + I-AMI-A)! Ac
since, T+ A+AZ+ ..+ A" )T -A)=1-A" and I — A)! exists.
The method is stable if || A || < 1. We know that if A is the eigenvalue of oJ, then the
eigenvalue [, of Ais (1 + sA)~!, where
A, = 4 sin? [%) i (1) (M - 1).

Thus, we have
1

T 1+4ssin? (VE2M))’

n i = UM - 1).
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Hence, 0 < p, < 1, for s > 0.
For s < 0, we may also have 1 + 4s <—1 and hence | y, | < 1.
This condition gives s <—1/2. Hence, the method is stable fors <—1/2 or s > 0.

Initial Value Problems
Taylor Series Method

5.12 The following IVP is given
y' = 2x + 3y, y(0) = 1.
(a) If the error in y(x) obtained from the first four terms of the Taylor series is to be less
than 5 x 107 after rounding, find x.

(b) Determine the number of terms in the Taylor series required to obtain results cor-
rect to 5 x 1078 for x < 0.4

(c) Use Taylor’s series second order method to get y(0.4) with step length 2 = 0.1.
Solution
(a) The analytic solution of the IVP is given by

y(x) = %esx —%(Sx +1).

We have from the differential equation and the initial condition
¥(0) =1, y'(0) =3,y"(0) = 11,
y"(0) = 33, y “(0) = 99.
Hence, the Taylor series method with the first four terms becomes

11 5, 11 ;4
= gt 4=
y(x) 1+3x+2x zx.
The remainder term is given by
4
X (@)
R, =— ).
47 5 ¥y
Now | R, | <5 x 10~° may be approximated by
4
X 3x
2 99 -5
od e <5x107,
or x%3 < 0.00001212, or x < 0.056.

(This value of x can be obtained by applying the Newton-Raphson method on
f(x) = x%% — 0.00001212 = 0).
Alternately, we may not use the exact solution. Writing one more term in the Taylor
series, we get
11 , 11 5 33
— i + = +—,4
y(x) 1+3x+2x 2x g <
Differentiating four times, we get y“(x) = 99. We approximate max| y“(&) | = 99.
Hence, we get
4
x
—yP©

R | =
|4| 24_

99
<= 4
24 *

99
Now, o1 x* <5 x 107°, gives x < 0.059.
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(b) If we use the first p terms in the Taylor series method then we have

p
max || max | yP(E)| <5 x 1076
0<x<0.4| p! |£000,0.4]

Substituting from the analytic solution we get

(0.4)?
p!

(11) 37 2e12<5x 108 or p > 10.

Alternately, we may use the procedure as given in (a).
Writing p + 1 terms in the Taylor series, we get

(1p3»r2

p!
Differentiating p times, we get y?(x) = (11)3”2. We approximate
max | yP(&) | = (11)3P2,

yx)=1+3x+ ..+ x

Hence, we get

Ed ) 6
max (11)372<5 x 10
0<x<04 p!

(0.4)?
p!
(c) The second order Taylor series method is given by

2

h n
Vo1 =V T AYn + 7yn,n=0, 1,2,3

or (11)372<5 x 105, which gives p > 10.

We have Yn=2x +2y,
Yo =2+3y, =2+32x, +3y,)=2+6x,+9y,.
With A = 0.1, the solution is obtained as follows :
n=0,x,=0: Yo=1
Yo=2x0+3y,=3
Yo =2+6x0+9x1=11,
(0.2

y1=1+0.13) + x 11 = 1.355.

n=1x=01: ¥ =2x0.1+3(1.355) = 4.265.
y1 =2+ 6x0.1+9(1.355) = 14.795.

1
Yo=Yy, +hY1 + Ehzyl"

0.2

=1.355 + 0.1(4.265) + (14.795) = 1.855475.

n=2x,=02: y;=2x0.2+3(1.855475) = 5.966425.
yg =2+6x0.2 +9(1.855475) = 19.899275.
2

r h "
Yg=Yg+ hys + DRL

0.2
2

=1.855475 + 0.1(5.966425) + (19.899275) = 2.5516138.
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n=3,x3=03: y3=2x0.3+3(2.5516138) = 8.2548414

yy = 26.764524 2

v, = 2.5516138 + 0.1(8.2548414) + 9

= 3.5109205.
Hence, the solution values are
¥(0.1) = 1.355, ¥(0.2) = 1.85548,
(0.3) = 2.55161, y(0.4) = 3.51092.
5.13 Compute an approximation to y(1), ¥'(1) and y"(1) with Taylor’s algorithm of order two
and steplength 4 = 1 when y(x) is the solution to the initial value problem
y" + 29" +y —y=cosx,0<x<1,y(0)=0,y'(0) =1, y"(0) = 2.
(Uppsala Univ., Sweden, BIT 27(1987), 628)

(26.764524)

Solution
The Taylor series method of order two is given by
52
y(xy + h) =y(xy) + hy'(x,) + ?y”(xo).
h2
Yy + h) =y'(x) + hy"(x,) + > " (x).
B2
(xy) + 7y(4)(x0).
We have y(0) =0, y'(0) =1, y"(0) = 2,
y"(0)=-2y"(0)-y"(0) +y(0) + 1 =— 4,
y4(0) =-2y"(0) — y"(0) +y'(0) = 7.
For h =1, x, = 0, we obtain
y(1) =2,y (1) =1,y"(1)=3/2.
Alternately, we can use the vector form of the Taylor series method. Setting y = v,, we
write the given IVP as

Uy Uy Uy 0
Ug = U3 s | Ug (0) =1 )
Ug COS X +U; —Uy —2v3 | |V 2

or v=Ffwv),vi0=[0 1 2]T.
where v =[v, v, v,

m

y'(xy + h) =y"(xy) + hy

The Taylor series method of second order gives
2
v(1) =v(0) + A v'(0) + % v"(0) = v(0) + v'(0) + 0.5 v"(0)

We have v(0)=[0 1 2]T

Uy 1
V’(O) — U3 (0) = 2
cos x +v; —vy — 203 -4

Uy’ 2
v'(0) = vg' 0)=|-4
—sinx +v;' —vy' — 2vg' 7
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Hence, we obtain

v;(D y(D 0 1 2 2
v,(D =y |=[1]+] 2]|+05|-4]|=| 1
(| [y ] [2] |-4 70 |15

5.14 Apply Taylor series method of order p to the problem y' =y, y(0) = 1 to show that
h? x
TS x,e .

| -y, | <

Solution
The p-th order Taylor series method for y' =y is given by

h? h?
Yoy = 1+h+2—! +oo+t— y,=Ay,n=0,1,2 ..

p!

2 p

where A=1+h+h—+...+h—.
21 p!

Settingn =0, 1, 2, ..., we obtain the solution of this first order difference equation which
satisfies the initial condition, y(0) =y, = 1, as

h? AN
y, =Ar= | 1+h+——+. +— |
n 21 p!
The analytic solution of the initial value problem gives
yx,) = e™.
Hence, we have

n* IZAN RP*
— — pnh _ 6h ,(n-1h
yx,) -y, =e" (1+h+ 5 +...+p!} Sn(p+1)!e en=Dh,

Since, nh =x, and 0 < 6 < 1, we get

p
| =50 | p+1™"°

Xp

Runge-Kutta Methods

5.15 Given the equation
Yy =x+siny
with y(0) = 1, show that it is sufficient to use Euler’s method with the step 4 = 0.2 to
compute y(0.2) with an error less than 0.05.
(Uppsala Univ., Sweden, BIT 11(1971), 125)
Solution

The value y(0.2) with step length 4 = 0.2 is the first value to be computed with the help
of the Euler method and so there is no question of propagation error contributing to the
numerical solution. The error involved will only be the local truncation error given by

1
| T, | =§h2 | ") |,0<&<h.
Using the differential equation, we find

¥"(@) =1+ cos(y(§)) y'(€§) = 1 + cos(y(&)) [ + sin (y(&))].
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5.16

We obtain (nax, | ¥"(€) | <2.2.

Hence, we have

1
| Ty | < (0.2)22.2 = 0.044 < 0.05.

Consider the initial value problem
y =x(y +x) -2, y(0) = 2.
(a) Use Euler’s method with step sizes A = 0.3, A~ = 0.2 and & = 0.15 to compute ap-
proximations to y(0.6) (5 decimals).

(b) Improve the approximation in (a) to O(h%) by Richardson extrapolation.

(Link6ping Inst. Tech., Sweden, BIT 27(1987), 438)
Solution
(a) The Euler method applied to the given problem gives

Vo1 =Y, +hlx, @y, +x,)-2],n=0,1,2, ..

We have the following results.

h=03:

n=0,x,=0: Y1=Y,+03[-2]=2-0.6=14.

n=1x,=03: y,=y,+0.3[0.3(, +0.3)-2] =1.4-0.447 = 0.953.
h=02:

n=0,x,=0: Y1=Y,+02[-2]=2-04=16.

n=1x,=02: y,=y, +0.2[020y,+0.2) —2]=16+0.0416+0.2)—0.4=1.272.
n=2x,=04: y;=y,+0.2[0.4(y, +0.4)-2]

=1.272 + 0.08(1.272 + 0.4) — 0.4 = 1.00576.
h=0.15:
n=0,x,=0:  y =y,+0.15-2]=2-03=17.
n=1x,=015: y,=y, +0.15[0.15(, + 0.15) — 2]

=1.7 + 0.0225(1.7 + 0.15) — 0.3 = 1.441625.
n=2x,=030: y;=y,+0.15[0.3(y, + 0.3) — 2]

=1.441625 + 0.045(1.441625 + 0.3) — 0.3 = 1.219998.
n=3x,=045: y,=y,+0.15[0.45(y, + 0.45) — 2]

=1.2199981 + 0.0675(1.6699988) — 0.3 = 1.032723.

(b) Since the Euler method is of first order, we may write the error expression in the
form

y(x, h) = y(x) + ¢, + ch? + cghd + ..
We now have
¥(0.6, 0.3) = y(0.6) + 0.3c, + 0.09¢c, + O(h3).
¥(0.6, 0.2) = ¥(0.6) + 0.2¢c; + 0.04c, + O(h®).
(0.6, 0.15) = y(0.6) + 0.15¢, + 0.0225¢, + O(h>).
Eliminating c,, we get
p =0.2y(0.6, 0.3) — 0.3y(0.6, 0.2)
=—0.1y(0.6) + 0.006¢, + O(h®).
q = 0.15y(0.6, 0.2) — 0.2y(0.6, 0.15)
=-0.05y(0.6) + 0.0015c, + O(h).
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Eliminating c,, we have
0.0015 p — 0.006 g = 0.00015y(0.6) + O(h®).
Hence, the O(A3) result is obtained from
0.0015 p - 0.006 g
(0.6) = 0.00015 =10p —-40gq.
From (a) we have
(0.6, 0.3) = 0.953 ; ¥(0.6, 0.2) = 1.00576 ; and (0.6, 0.15) = 1.03272.
Substituting these values, we get
p=-0.111128, g = - 0.05568, and
(0.6) = 1.11592.
5.17 (a) Show that Euler’s method applied to y'=Ay,y(0) =1, A <0 is stable for step-sizes

—2 <\ h <0 (stability means that y, — Oasn — o).
(b) Consider the following Euler method for y' = f(x, y),
Yns1=Vn +p1hf(xn’ yn)
Vnsz =Vpe1 + P (X, 1, Y41, =0,2,4, ..
where p,, p, > 0 and p; + p, = 2. Apply this method to the problem given in (a) and show
that this method is stable for

1 1
<)\h<0’if1_ﬁ<p1’p2<1+ﬁ'
(Link6ping Univ., Sweden, BIT 14(1974), 366)

P1Ps

Solution
(a) Applying the Euler method on y' = Ay, we obtain

Y1 =1 +An)y,, n=0,1,2, ..
Settingn =0, 1, 2, ..., we get

y, =1 +A)"y,.
The solution which satisfies the initial condition y, = 1, is given by
y,=@1+A)", n=0,1,2,..
The Euler method will be stable (in the sensey, — 0 asn — o) if
| 1+A2 | <1,A<0, or —2<Ah<0O.

(b) The application of Euler’s method gives

Yns1 = (1 +pihNYy,

Vo = L+ PNy,
or Ypeo = L+ p AN + phN)y, .
The characteristic equation of this difference equation is

§2 = (1 + p, AN + pyhN).
The stability condition | § | < 1 is satisfied if (using the Routh-Hurwitz criterion)
(@) 1-@1Q + p;ANA + pyhA) > 0,
and @) 1+ 1+ p AN + pyhA) > 0.
The condition (z) is satisfied if
— 2R\ - p; p,h% A2 > 0,

2
or —hAp;p, [
P1P2

<h\A<O.

+ h)\) >0, or -
P1Py
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The condition (i7) is satisfied if

>0

2
1 49— 1
\VP1P2 P1D2

2+ 2hA +pp, A2A2>0  or [ Dp1Dy AN +
A sufficient condition is
1

- P1P2
Substituting p, = 2 — p;, we have

2

>0, or 2p,p,—1>0.

1
2p7 —4p, +1<0, or (py 1= 5 <0.

Similarly, we obtain

< 0.

DO | =

(p,— 12—
Hence, if follows
1 1
1-—<p,p,<1l+—.
2 TPttt
5.18 (a) Give the exact solution of the IVP y' = xy, y(0) = 1.

(b) Estimate the error at x = 1, when Euler’s method is used, with step size A = 0.01. Use
the error formula

hM
| y(x)—y(x, s h) | < oL lexp (x, —a) L — 1]
when Euler’s method is applied to the problemy' =f(x,y); y(x) =A,ina<x <b and
h=®b-a)/ N,x,=a+nhand | of/dy | <L; | y"x) | <M.

(Uppsala Univ., Sweden, BIT 25(1985), 428)

Solution

(a) Integrating the differential equation
1dy
y dx x

. 2
we obtain y = ce* /2.

The initial condition gives  y(0) =c¢ = 1.

The exact solution becomes y(x) = e 12,

(b) We have at x = 1,

‘i =|x|<sL=1,
0y
| y"Go) | = (1 +x2)e* 2< M = 3.297442,
| y(x,) —yx,; h) | < % [(0.01) 3.297442] (e — 1) = 0.0283297.
Hence, we obtain
| ¥(x)-y(x ; h) | <0.03.
5.19 Apply the Euler-Cauchy method with step length 4 to the problem
Yy =-y,50) =1
(a) Determine an explicit expression for y,.
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(b) For which values of % is the sequence {y, }; bounded ?
(c) Compute }}i_l}go {(y(x ; h) —e™) | h?%}.
Solution
Applying the Euler-Cauchy method
K =hf(x,,y,),
K,=hf(x, +h,y, +K)),
Yps1=Vn+ %(K1 + K,),
toy' = —y, we obtain
Kl == hyn:
K,=-hly,-hy,)=—h(1-h)y,

yn+1= [1_}1‘ +%hz)yn'

(a) The solution of the first order difference equation satisfying the initial condition
y(0) = 1 is given by

(b) The sequence {y, }¢’ will remain bounded if and only if

‘1—h+%hz <1, or O<h<2

(¢) The analytic solution of the IVP gives y(x )= e .
We also have

2 3
e‘h=1—h+h——h—e—9h, 0<B<1.
2 6

The solution in (@) can be written as

3 n 3 "
y, = [e_h + % +0(h4)) - {e‘h [1+% +O(h4)ﬂ

1+ @ +0O(h%) 1
=eh 6 =eh 4 5% e h? + O(h%).
Hence, at a fixed point x, =x, and 2 - 0, we obtain
lim @&;h)-e™ 1
ioo Tz Tgre”
5.20 Heun’s method with step size A for solving the differential equation
¥y =fx,y),y0)=c
can be written as
K =hfx,y,,
K,=hf(x, +hy, +K),

1
yn+1=yn+§ (K1+K2)‘
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(a) Apply Heun’s method to the differential equation y' = Ay, ¥(0) = 1. Show that
y, = [HAR)"
and state the function H. Give the asymptotic expression for y, — y(x,) when A - 0.
(b) Apply Heun’s method to the differential equation y' = f(x), y(0) = 0 and find y,.
(Royal Inst. Tech., Stockholm, Sweden, BIT 26(1986), 540)
Solution
(a) We have K, =My,
K,=MAh (y,+Ahy,) =An(1+Ah)y,,

1
Yns1=¥nt 5 Ahy, + Ah (1 +AR)y, ]

= (1+ A +%()\h)2) Y.

This is a first order difference equation. The general solution satisfying the initial con-
dition, y(0) = 1, is given by

yn=(1+m1+%mhﬂ).
Therefore, we have

HO\h) =1+ Ah + % (\R)2.

The analytic solution of the test equation gives
y(x,) = (M),
Hence, we may write y, in the form

y, = [em —%()\h)s +O(h4)} = ehnh [1—%n()\h)3 +O(h4)}

1
=y(x,) = %, N b2 M + O(hY)

Therefore, the asymptotic expression for y, — y(x ) is given by

i [P
(b) The Heun method for y' = f(x), becomes
v [ pdx =T,

where T(h) is the expression for the trapezoidal rule of integration.
5.21 Consider the following Runge-Kutta method for the differential equation y' = f (x, y)
1
Vpe1=Y, + 6 (K, + 4K, + K,),
K, =hf(x, y,),
h K

K =h += y +=L|
2 f [xn 9 Yn 9 )
K,=hf(x,+h,y - K +2K,).
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(a) Compute y(0.4) when

,_ Yt
Y=Y 0=
and 2 = 0.2. Round to five decimals.
(b) What is the result after one step of length 2z when y' = -y, y (0) = 1.

(Lund Univ., Sweden, BIT 27(1987), 285)

Solution
(a) Using y, = 1, h = 0.2, we obtain

K—oz_—y"”(’}—oz
(=02 T | =02
Y0 +0.1+0.1
| 0 +0.1-0.1

yo —0.2 +0.48 +0.2
¥y —0.2 +0.48 02

} =0.24.

} = 0.27407.

1
y; =1+ 8 (0.2 +0.96 + 0.27407) = 1.23901.
Now, using y, = 1.23901, x, = 0.2, we obtain

y1+0.2
K =02|——=|=0.277.
y; +0.13850 +0.3
K,=02 =0.31137.
=027~ 013850 —03 | = 031137
vy, —0.277 +0.62274 +0.4
K,=02 =0.33505.
3 y; —0.277 +0.62274 - 0.4

1
Yo=Y+ 5 (0.277 + 4 x 0.31137 + 0.33505) = 1.54860.

(b) For f(x,y) =—y, we get
K, =-hy,,

K2=—h(y0——hy0) [h+ h)yo’

_h[yo*'hyo"'z( h+%h2)y0j=(_h+h2_h3)yo’
Y1 y0+—[ hyy + 4( h+lh2jyo+(-h+h2 ‘h3)yoj
h3)

(1 h+= hz—

C7>|b—‘ |-

Therefore, ¥, = (1 -h+ Ehz
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5.22 Use the classical Runge-Kutta formula of fourth order to find the numerical solution at
x = 0.8 for

d
d—z = fx+y,y(0.4) =041.

Assume the step length 4 = 0.2.
Solution
For n =0and 2 = 0.2, we have
x,=04,y,=0.41,
K, = hf (x5, y,) = 0.2 (0.4 + 0.41)2 = 0.18,

3 1 1 12
K, =hf[x0 + o Yo EKl) =0.2 [0.4 +0.1+041 +§ (0.18)} =0.2,

h 1 1 vz
K, = hf(xo A TEO EKZJ =02 [0.4 +0.1+0.41 +2 (0.2)}
=0.2009975,
K, =hf (xy+h, y,+ Ky = 0.2 [0.4 + 0.2 + 0.41 + 0.2009975] 2
=0.2200907.

V1=V + % (K, + 2K, + 2K, + K,)
=0.41 + 0.2003476 = 0.6103476.

Forn =1,x, =0.6, and y, = 0.6103476, we obtain

K, =0.2200316, K,, = 0.2383580, K, = 0.2391256, K, = 0.2568636,

¥y = 0.6103476 + 0.2386436 = 0.8489913.
Hence, we have y(0.6) =0.61035, y(0.8) = 0.84899.

5.23 Find the implicit Runge-Kutta method of the form
Ypi1= Yt WK + Wy K,

K, = hf (),

K, =hf(y, + a(K, + K,)),
for the initial value problem y' = £ (y), y(¢,) = y,.
Obtain the interval of absolute stability for y' = Ay, A < 0.
Solution
Expanding K, in Taylor series, we get

1
K, = hf, + ha(K, + K,) f, + Eha2 (K, + K, f,,

+ % ha® (Ky + K £, + wooee.
where f,=0f (x,) I 0y.
We assume the expression for K, in the form
K,=hA +h?A, + BPA  + ...
Substituting for K, and equating coefficients of like powers of 4, we obtain
Al = fn’
A,=2af, fy,
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Ay =aA,f, + 2%, f2 = 202, ] + 2a%f2f,,,

We also have

h2 h3
e, , ) =yk)+hy'(x)+ 7y” (x,) + o Y ) +
where vy =f
yll - ]Z“yﬁ

" =fyyf2 + fyzf, ......
The truncation error in the Runge-Kutta method is given by
Tn+1 =yn+1_y(xn+l)
=y, + Whf, + W, [hf, + h? 2af,f,

+ 13 (2a%, f} + 2a2F2f, )] — [y(x,) + hf,

ntyy

h? h? 2 9 4
+?f;/fn+F fifa +1ufy 1+ Oh®).
To determine the three arbitrary constants a, W, and W,, the necessary equations are
W, +W,=1,
2W,a=1/2,
2W,a?=1/86,

whose solutionisa =1/3, W,=3/4, W, =1/4.
The implicit Runge-Kutta method becomes

Kl = hf(yn),

1
K, =hf (yn +§(K1 "'Kz)),

1
Yy o1=Vn+ 1 (K, + 3K,).
The truncation error is of the form O(h*) and hence, the order of the method is three.
Applying the method to y' = Ay, A <0, we get

K1=)\hyn=}7yn’
K —h)\(y +2(K, "'Kz)) =h (y +~hy +1sz
2 = n 3 - n 3 n 3 .
Solving for K,,, we get

_ A1+ /3)
2T -3 n
where h = hA.

7 ' 7 1 2
Therefore, yn+1=yn+l}7yn+% —1+(£L/3) L= 1+(2h/3l+(h /6) .
4 4 | 1-(h/3) 1-(h /3)

The characteristic equation is
1+(2h /3)+(h%/6)
1-(h /3)
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For absolute stability we require | & | < 1. Hence, we have

h 2 p2 A
_|1-—= z T _n
[ 3j<1+3h+ <1 3
The right inequality gives
_  p2 h
h+?<0, or €(6+}7)<0

Since, & < 0, we require 6 + & > 0, which gives 4 > — 6.
The left inequality gives
A
2+ 3 +t g > 0

which is always satisfied for h >—86.

Hence, the interval of absolute stability is 2 0O(— 6, 0).
5.24 Determine the interval of absolute stability of the implicit Runge-Kutta method

1
Yns1=Vn + Z(3K1+K2)’

h 1
K =h t—,y, +-K
1 f(xn 3 Yy 3 1)

K,=hf(x, +h,y, +K),
when applied to the test equation y' = Ay, A < 0.
Solution
Applying the method to the test equation we have

1
Kl = h)\(yn +3K1),

or K, = L_ Vs where i = Ah.
1-(h/3)
K =i +K)=h .\ h h+(2h%/3)
= + = — =
2 n T I " 1-h /3 [»

Therefore, 1-(h/3)

The characteristic equation of themethod is same as in example 5.23. The interval of
absolute stability is (— 6, 0).

5.25 Using the implicit method
yn +1° yn + Kl’

{1+(2h/3>+(h2/6)}
yn+1= n

h 1
K, =hf [tn + o In +§K1),

find the solution of the initial value problem
y=2+y2y(1)=2, 1< t<1.2with A =0.1.
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5.26

Solution
We have f(t,y) = t? + y2. Therefore,

GRS

We obtain the following results.
n=0: h=01,¢,=1,y,=2.
K, =0.1[(1.05)2+ (2 + 0.5 K))?] =0.51025 + 0.2 K, + 0.025 K 2.

This is an implicit equation in K, and can be solved by using the Newton-Raphson method.
We have

F(K,)=0.51025-0.8 K, + 0.025 K2,
F'(K)) =-0.8 + 0.05K].

We assume K{” = 1 f (¢, v, = 0.5. Using the Newton-Raphson method

(s)
K&+ =K, - % §=0,1, ...
We obtain KV =0.650322, K?' = 0.651059, K\® = 0.651059.
Therefore, K, = Ki3) =0.651059 and y(1.1) =y, = 2.651059.
n=1: h=01,¢ =11,y = 265106

K, =0.1[(1.15)* + (2.65106 + 0.5 K,)?|
=0.835062 + 0.265106 K, + 0.025 K?

F(K,) = 0.835062 — 0.734894 K, + 0.025 K2
F'(K;)=-0.734894 + 0.05 K,.
We assume K\” = hf(¢,,y,) =0.823811. Using the Newton-Raphson method, we get

Kil) =1.17932, Kiz) =1.18399, KiB) =1.18399.
Therefore, K, =K{® =118399 and y(1.2)=y, = 3.83505.

Solve the initial value problem
u' =-2tu? u(0) =1
with 2 = 0.2 on the interval [0, 0.4]. Use the second order implicit Runge-Kutta method.
Solution
The second order implicit Runge-Kutta method is given by

u. =uj+K1,j=O,1

J+1
h 1
Kl = hf(tj +§,Uj +§K1)
1 2
which gives K =-h (th+ h) (uj +§K1) .

This is an implicit equation in K, and can be solved by using an iterative method. We
generally use the Newton-Raphson method. We write
2

1 2 1
F(K) =K +h2t +h) (uj + 2K1J =K, +0.2(2t;+0.2) (uj + 2K1)
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1 1
We have F'(K)=1+h (2tj +h) (uj + EKl) =1+02 (2tj +0.2) (uj + EKl)'
The Newton-Raphson method gives
KD _ gl _ F (K{")

w5 5=0, 1,...
F' (K7™)
We assume K" - hf@;, u), j=0,1.
We obtain the following results.
j=0; ty=0,uy=1, K\ =— h(2t,uy) = 0,

F(K)=0.04, F(K{”) = 1.04, K{¥ = - 0.03846150,
F(K")=0.00001483, F'(K(V) = 1.03923077, K{® = — 0.03847567
F(K{?)=0.30 x 105,

Therefore, K, = K{¥ = - 0.03847567,
and w(0.2) = u, = uy + K, = 0.96152433.
j=1; t,=0.2, u; = 0.96152433, K1” = — h(2t,u}) = — 0.07396231,

F(K{”)=0.02861128, F '(K{”) = 1.11094517, K{® = 0.09971631,
F(K{")=0.00001989, F '(K{") = 1.10939993, K{” = — 0.09973423,
F(K{?)=0.35x 107, F'(K®) = 1.10939885, K\® = — 0.099773420.
Therefore, K, = K{¥ =-0.09973420,
and u(0.4) = u, = u, + K, = 0.86179013.

Multistep Methods

5.27 Find the solution at x = 0.3 for the differential equation
y=x-y2,y0)=1
by the Adams-Bashforth method of order two with 2 = 0.1. Determine the starting val-
ues using a second order Runge-Kutta method.

Solution
The second order Adams-Bashforth method is
h ) )
Yyo1=Y, + 2 By, — Yn-1,n=1,2, ...

We need the value of y(x) at x = x; for starting the computation. This value is deter-
mined with the help of the second order Runge-Kutta method

1
yn+1=yn+§(K1+K2)’
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K, =hf(x,,y,),
K,=hfx, +h,y +K).
We have y=x-y%,y,=1,%,=0,
K, =0.100-1)=-0.1,
K, =0.1(0.1-(1-0.1)? =-0.071,

1
y;=1+ 9 (-0.1-0.071) = 0.9145.
yo=0-1=-1,

y1 =0.1-(0.9145) = - 0.73631.
Using the Adams-Bashforth method, we now obtain

0.1 ,
Vo=Vt o (8y1 — Yo)

0.1
=0.9145 + 9 (-3 x0.73631 + 1) = 0.85405.
vy = 0.2 —(0.85405)? = — 0.52940,

0.1 , ,
Y3=Ya+ o (3y2 ~—¥1)

=0.85405 + % (3 x (- 0.52940) + 0.73631) = 0.81146.
Therefore, we have
y, =0.9145, y, = 0.85405, y, = 0.81146.
5.28 Derive a fourth order method of the form
Vne1= Wy o+ hby, +cy,_y +dy, o +ey,_3)
for the solution of y' = f(x, y). Find the truncation error.
Solution
The truncation error of the method is written as
Ty =00, ) -y, o) - hlby'(x,)
+ey'(x, )+dy'(x, ) +ey'(x, 5l
=Cyy(x,) + Cihy'(x,) + Coh%y"(x ) + Cah3y" (x,)
+C hAy D (x) + CohPy® (x) + .......
To determine a, b, ¢, d and e we have the following equations
Cy=1-a=0,
C,=1+2a-b+c+d+e)=0,

1
C2=§(1—4a)+(c+2d+3e)=0,

1 1
C3=g(1+8a)—§(c+4d+9e)=0,
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5.29

5.30

1 1
C4=£(1—16a)+ g(c+8d+27e)=0

whose solutionis,a =1,6=21/8,¢=-9/8,d=15/8,e=—3/8.
Thus, we obtain the method

h ! ! ! I
yn+1=yn_2+§(21yn =9y, -1 * 15y, 5 = 3yn3 );

with the truncation error

T

n+1

1 1 27
- | —(1+32a) —— 16d +81, 5 0(5) (8) = 2= 15 A(5)
_[120( +32a) o1 (c + + e)}h y® (&) = 80h Y21 (&)

wherex, ,<&<x, ..

Ifp(&) = (€ —1) (€ — A) where A is areal and -1 <A < 1, find o(§), such that the resulting
method is an implicit method. Find the order of the method for A = — 1.

Solution

p§) E-DA-A+E -1

We have o(§) = log £ = log(1+E-1

~ E-DIA-A)+E -D]

TIE-D-1E-D?+L1E -D® -]

-1
=[(1-MN+ {2—1)[ { E-1- (E -1)2 +H
3—)\

=1-A+ (E—l)+ (E 12— —— (E 12 +O(E-1)%

Hence, g =1-A+ 3 — (E —1)2

Thus, we find that for A # — 1, the order is 3 while for A =—1, the order is 4.

One method for the solution of the differential equation y' = f(y) with y(0) = y, is the
implicit mid-point method

1
Yns1=Yy thf E(yn + Y1) |

Find the local error of this method. (Lund Univ., Sweden, BIT 29(1989), 375)
Solution
The truncation error of the method is given by

1
Tn =y(xn+1)_y(x )_hf[_(y(xn)+y(xn+1)))

—y(x)+hy(x)+—h2 "(x,)
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1 1 9
=hy'(x,) + Eh y"(x,) + h3y" (x )—h|f, + Ehy,'l +=h%y) 4. fy
1 lhy' +lh2y" + i +
gl g * R F Yy T
Wehave  y'=f, y" =ff, ¥" = ff2 +[%,.
On simplification, we obtain
1
T, ..=- ﬁhs f, @fF-ff,), +Oh.

5.31 Consider an implicit two-step method

h
Y,o1—1+a)y +ay, = E[(5+a)y7{+l +8(1-a)y, -~(1+5a)y, 4]

where — 1 < a < 1, for the solution of the initial value problem y' = f (x, y), y(x,) = ¥,.
(i) Show that the order of the two-step method is 3if a #— 1 andis 4 ifa = - 1.
(i) Prove that the interval of absolute stability is (— 6(a + 1) / (@ — 1), 0) and that the
interval of relative stability is (3(a + 1) / (2(a — 1)), ).
Solution
(@) The truncation error of the two-step method is given by
Tn+1 =y(xn+1)_ 1+ a)y (xn) +ay (xn—l)

- % (G+a)y(x,,)+81-a)y'x,)—(1+5a)y(x, I
=Cyy(x,) + Cihy'(x,) + Coh?y"(x,) + Cah3y™(x,) + C,htyW(x ) + ...
where C,=0,C,=0,C,=0,C,=0, C;=—(1+a)/24.
Hence, the truncation error is
1 a-1
T, 1= ah* y® (x,) + (WJ R®y® (x,) + O(hS).
Therefore, the two-step method has order 3 if a« #— 1 and order 4 if @ = —1.
(i) The characteristic equation of the method is given by

[1_%(5 +a)JEZ _ ((1+a) +§E(1 —a))& + [a +%(1 +5a)J =0.

Absolute Stability : Setting & = (1 + z) / (1 — z ), the transformed characteristic equation
is obtained as

h _
[2(1"'0&) +§(1 —G)J 22+ 2 [(1—(1) —%(1 +a)J z—h(1-a)=0.
The Routh-Hurwitz criterion is satisfied if

21 +a) + %(1—a)>0,

(1—a)—%(1+a)>0,
h (1-a)>0.
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For h <Oand—1<a< 1, the conditions will be satisfied if 2~ O (- 6(1 + a) / (1- a), 0).

Hence, the interval of absolute stability is hO=61+a)/(1- a), 0).
Relative Stability : 1t is easily verified that the roots of the characteristic equation are

real and distinct for all 2 and for alla. The end points of the interval of relative stability

are given by &, = &,, and &,, = — &,,. The first condition is never satisfied that is, the
interval extends to + o, ; the second condition gives
9 _ - 3e+)
— — = h = .
1+a)+ 3h(l a)=0 or 2a-1

Hence, the interval of relative stability is

E D[3(a+1), ooj,
2(a-1)

5.32 Determine the constants a, 3 and y so that the difference approximation

yn+2_yn—2+a(yn+l_yn—l)=h<[3(fn+1+fn—1)+yfn]

for y' = f(x, y) will have the order of approximation 6. Is the difference equation stable
forh=07? (Uppsala Univ., Sweden, BIT 9(1969), 87)

Solution
The truncation error of the method is given by

Tn+1 =y(xn +2) _y(xn—Z) + O((y(x,Hl) _y(xn—l))
—hBWx,,)+y 0, ))+yylx)l
=Cyyx,) + Cihy'(x,) + Coh%y" (x,) + C4h3y" (x,)

+ C,hty @ (x ) + Cshoy®) (x))

+Cehby® (x ) + C;h"y ™ (x,) +

1
where C,=0, C,=4+2a-2B-v,C,=0, C3=g(16+20()— B,

1

C,=0, Cy= S (64+20)— =, C,=0, C,

=120 12
Setting C, =0, = 1, 3, 5, we obtain

a=28 B=12, y=36 and C,=1/35.
The sixth order method is

1
~ 5040

(256 + 20) —

Ynsot 28yn+1_28yn—1_yn—2=h<12fn+1+36fn+12fn—1)

with the truncation error

1

T .= 35 Ry (x,) + O(RY).

The reduced characteristic equation (k2 = 0) is
&4+ 2883288 -1=0

whose roots are &=1,—-1,-0.03576, — 27.96424.

Since the root condition is not satisfied, the method is unstable.

B
360
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5.33

5.34

The difference equation

1 a
_ — + - =—h , h > 0,a>0
(1+a) (yn+l yn) (1+a) (yn yn—l) yn a
which approximates the differential equation y' = — y is called strongly stable, if for

sufficiently small values of 2 lim y, = O for all solutions y,. Find the values of a for

n — o

which strong stability holds. (Royal Inst. Tech., Stockholm, Sweden, BIT 8(1968), 138)
Solution
The reduced characteristic equation (k2 = 0) is

2_(1-a)¢-a=0.
whose roots are 1, — a. The root condition is satisfied if | @ | < 1. The characteristic
equation is given by

E2_-1-a-h(l+a)é-a=0.
Setting & = (1 + z) / (1 — z), the transformed characteristic equation is obtained as
2(1-a)-h(1+a)]22+2(1+a)z+h(1l+a)=0.
Since, |a| <1,wegetl+a>0.
The Routh-Hurwitz criterion is satisfied if
O0<h<2(1-a)/ 1 +a)
To solve the differential equation y' = f'(x, y), y(x,) = y,, the method

18 4h
IYn 417 1_9()’”_ yn—2)+yn—3+T9 (fn+1+4fn+4fn—2+fn—3)

is suggested.

(a) What is the local truncation error of the method ?

(b) Is the method stable ? (Lund Univ., Sweden, BIT 20(1980), 261)
Solution

The truncation error of the method may be written as

18
Tn +1 =y(xn+1)_ Tg (y(xn)_y(xn—Z))_y(xn—3)

- % W', ) +4y'(x)+4y'(x, o) +y'(x, )
=Cyyx )+ Cihy'(x,) + Coh?y"(x)) + Coh3y" (x) + ...
where C,=0=C;=C,,Cy=2/3.
Hence, the truncation error becomes

2
T, =3 5" (x,) + O,

n

The reduced characteristic equation is (set & = 0)
18
4_ %3 _zy_1_
3 19 (&-9-1=0

whose roots are + 1, (9 + 1,/280 ) / 19.
The roots have modulus one and hence the root condition is satisfied.
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5.35

The characteristic equation is given by
(19-4h)E* - (18 + 162 ) & + (18— 16A) E— (19 + 4h) =0
where h =M <0.
Let the characteristic equation be written as
att+bE + 2 +dE +e=0.
Substituting £ = (1 + z) / (1 — z), we obtain the transformed characteristic equation as
vozt+uv 22 +v,22+v,z2+0,=0
where vo=a—-b+c—d+e, v, =4a—2b+ 2d — 4e,
vy = 6a — 2c + 6e, vy =4a + 2b — 2d —4e,
vy=a+b+c+d+e.
Substitutinga = 19— 4h ,b == (18 + 16k ),c =0,d = 18 — 16k, and e = — (19 + 4}, ), we
obtain the transformed equation as
6h z*+562° — 12122+ 20z — 10k = 0.
The necessary condition for the application of the Routh-Hurwitz criterion is v, > 0.
Since & < 0, this condition is violated. Hence, there is atleast one root which lies in the

right half-plane of the z-plane. Hence, the method is unstable for 2 > 0. It is stable for
h =0 and so we may conclude that the method is weakly stable.

For the corrector formula

Ypi1~ W, 1=Ay, +By, ,+h(Cy,.y + Dy, +Ey,_,)+T
we have T = O(hP).
(a) Show that A=9(1-a)/8,B=—-(1-a)/8, and determine C, D and E.
(b) Find the zero-stability conditions.
Solution
(a) Expanding each term in the truncation error in Taylor’s series, we have
T=yx,, )—ayl, ;)—Aylx,)—-Bykx, ,)
—-h(Cy'(x,, )+ Dy'(x,) + Ey'(x, ;)
=Cyyx,) + Cihy'(x,)+ C,h2y"(x,)
+ C3h3y" (x,) + C,hty@ (x) + O(hP)
where C,=1-a-A-B,
C,=1+a+2B-(C+D+E),

C,=5 1-a-4B)-(C-D)
1 1
C3=E (1+ 0(+SB)—§(C+E),
1 1
C4=Q (l—a—IGB)—g(C—E).
Setting C;, = 0,i=0, 1, ..., 4, we obtain

1

9 1
=§(1—G),B=— (1_a)’C=_ﬁ(G_9),

|

1 1
D= 5(9 +7a), E = £(170( -9).
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5.36

(b) The reduced characteristic equation is (set 2 = 0)

23—2(1—G)E2—GE+%(1—G)=0,

with one root & = 1 and the other two roots are the roots of

1 1
2 - _ - _ —
&+ 8(90( 1€ + 8(0( 1)=0.

Setting & = (1 +z )/ (1 — z), we get the transformed equation as

1 1
1-a)z2 + 2(9— cx)z+z(3+5cx)=0.

Routh-Hurwitz criterion gives the conditions 1 —a > 0,9 — a > 0, and 3 + 5a > 0 which
give a [ (— 0.6, 1). Hence, the root condition is satisfied if — 0.6 < a < 1. Therefore, the
method is stable for -0.6 < a < 1.

Use the two-step formula

h I I I
Yne1= Vo1t g Onen YAV T yny)
to solve the test problem y' = Ay, y(0) =y,, where A < 0.

Determine lim |y, | and lim y(x,) wherex, =nh, h fixed, and y(x) is the exact solution

n - o n — oo

of the test problem. (Uppsala Univ., Sweden, BIT 12(1972), 272)
Solution
We apply the method to the test equation y' = Ay, A < 0, and obtain

_i; 4h h
[1 EJyn+l_?yn_[1+§Jyn—l=o'

The characteristic equation is given by

h 4h h
1- —|eg2_ e |1+—=|_
oh (. k)" R
whose roots are & = [3 + [1 +3J }/[1— 3]

TS B A N .
—1+h+—+—+— +— +,.. ~ 5
2 6 24 12 e roh
— — o \1/2 —
2h h? h
I IO P -
. 2 3 _
B YOO C Cu DS (e™3 + ¢ h?),
3 18 54
where ¢, =N/180 and c,=2A3/81.

The general solution of the difference equation is

Y = ALY, + BEy,
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5.37

We have gr = (eM + ¢ hd)r =Mt (1 + ¢ hPe™) = M (1 + ne,hPe™ + )
n\°h®
~ e}\nh 1+
180 )
We also find £, = (= 1 (M3 4 ¢ 31 = (= 1 e ™IS(L 4 ¢ i3y

2 13,3
~ (_ 1y, ki3 | 1+ —nA’h
= (= 1)% [ 81” )

Hence, the general solution is
5

nA 2
Aok | 14+ 5 1y k3| 1+ 2 )\3h3)
y, = Ae [ 180 J+B( 1re [ 81n

For A < 0, the limiting value as n — o is given by

n- o n - o 180 noo

The first term on the right tends to zero whereas the second term oscillates and tends to
infinity.

. YY) n\ s ~Anh/3 2 .3;3
lim y, =A lim ™| 1+——A° | . B lim (- D)"e™ [1+an)\h)

Therefore, we obtain ,}HT:O |y, | = oo
In the limit, the analytic solution tends to zero

,}120 y(xn) = lim ™ = 0.

n - o

The formula

3h’ ] ] ] r
Yne3=Vn T ?(yn + 3yn+1+ 3yn+2 + yn+3)

with a small step length 4 is used for solving the equation y' = — y. Investigate the
convergence properties of the method. (Lund Univ., Sweden, BIT 7(1967), 247)

Solution

The formula may be written as p(E)y, — ho(E)y, = 0, where

pE)=8 -1 and 0(&):%(E3+322+3E+1)=%(E+1)3.

The roots of the reduced characteristic equation are 1, w, ¥ where w is the cube root of
unity. The growth parameters are given by

&) g
K. = , =1, 4, 0.
it p €
Weh & +1°
Ki=—""——%
e have : 8&§’~
We obtain the following values for the growth parameters.
. 18
Jj=1: ¢&=1, K1=§.I=1.
: 11+w? _ 1
=2: & = == =-=,
J 270 K 8 8
: 10+whH? 1
=3: = 0)2, Ky=——FF— = ——.
/ & 58 W 8
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5.38

The difference equation has the following approximate roots.
&, =81-hk +O0MR?), j=1,2,3.
&, =1-h+O0Mh?).

£, - (1+%+O(h2))[—%+£i],

2
h 1 V3.
E3h= (1+8+O(h2))[_2_7ll.

The solution of the difference equation becomes
y,=C,(1—h+OMP"

+C, (1+% +O(h2)) [—

h (1 J3Y
+C3(1+8+O(h2)) [—Z—L—J

n . nT
=Ce™ + (= 1) e/ (al e +a, sin ?)

The first term is the desired solution of the differential equation. The second term arises
because the first order differential equation is discretized with the help of the third
order difference equation. The behaviour of the extraneous solution is exactly opposite
to that of the analytic solution. This term oscillates and grows at an exponential rate
and no matter how small initially, it over shadows the first term if x, = nA is sufficiently
large. The roots of the reduced characteristic equation satisfy the root condition. Hence,
the method is weakly stable.

(a) Show that if the trapezoidal rule is applied to the equation y' = Ay, where A is an
arbitrary complex constant with negative real part, then for all 2 > 0
|yn|<|y0|’n=172’3'"

(b) Show that if A is a negative definite symmetric matrix, then a similar conclusion
holds for the application of the trapezoidal rule to the system y' = Ay, y(0) given,
h>0. (Stockholm Univ., Sweden, BIT 5(1965), 68)

Solution
(a) The trapezoidal rule is

b, . ,
Vpro =Y, + E(yn+1 +y,), n=0,1,2..
Substituting y' = A y, we obtain
1+ AR/2
Ine1 = [ 1- Ah/2
Hence, the growth factor is given by
1+ QAA/2)1/[1-QART2).

}yn, n=0,1,2..
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Setting (Ah / 2) = u + iv where u and v are real with u < 0, we get

1+u)+iv 1+u? +0v2 +2u vz
= | ———]| |y.]

W =1 a-w - 1+u® +v? -2u

Since u < 0, the growth factor is always less than one. Hence
|yn | < |y0 |)n=172""
(b) Since A is a negative definite symmetric matrix, the eigenvalues of A are real, nega-
tive and distinct. We define the matrix

Y=y, ¥y Y,
formed by the eigenvectors of A.
Using the transformation y = Yz, we get for the system
y =Ay
z' =Dz
where D = Y-'AY is the diagonal matrix with the eigenvalues located on the diagonal.
We get similar conclusion as in (a), since A is an eigenvalue of A.

Predictor-Corrector Methods

5.39 Let a linear multistep method for the initial value problem

y'=fx ), y0) =y,
be applied to the test equation y' = — y. If the resulting difference equation has at least
one characteristic root a(k) such that | a(k) | > 1 for arbitrarily small values of A, then
the method is called weakly stable. Which of the following methods are weakly stable ?

(@) Y1 =Yny + 20 (x,, 3,).
b))y, =—y,+2y, +2hf(x,,y,)
Vi1 =Ypa + 2hF (x,, 3,).
(©) Yps1=—4y,+ by, 1 +20C2f, +f, ;)

Y1 = Vna + %h[f(xrwl’ yn+1) + 4fn +fn—l]
fi=f(x,y). (Gothenburg Univ., Sweden, BIT 8(1968), 343)
Solution
Apply the given methods to y' = —y.
(a) The difference equation is obtained as
Yne1=Vpa— 2h’yn
The characteristic equation is given by

&2+ 2hE-1=0.
Setting & = (1 + z) / (1 — z), the transformed characteristic equation is obtained as
—hz?2+2z2+h=0.

Applying the Routh-Hurwitz criterion, we find that there is at least one root which lies
in the right half plane of the z-plane or there is atleast one root of the characteristic
equation which is greater than one.

The reduced characteristic equation is &2 — 1 = 0, whose roots are 1, —1. Hence, the
method is weakly stable.
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5.40

(b) The difference equation is obtained as
Y ==Yy + 2,4 —2hy,

Yne1 =V~ 2h§n'
The composite scheme is given by

Y41 =V~ 2h’[_yn + 2yn—l - 2h’yn]
or Yy — (2h + 4h%)y —(1-4h)y, , =0.
The characteristic equation is given by
&2 (2h + 4h*E - (1—4h) = 0.
The reduced characteristic equation is &2 — 1 = 0, whose roots are 1, — 1.
Setting & = (1 + z) / (1 — z), the transformed characteristic equation is obtained as
(8h + 2h?)z% + 2(1 — 2h)z + (1 — 2h) = 0.
The Routh-Hurwitz criterion requires
3h+2h%2>0,1-2Ah>0 and A(1-2h)>0.
We obtain the condition as 4 < 1/ 2. The method is absolutely stable for 4 < 1/ 2.
Hence, the method is not weakly stable.
(c) The difference equation is obtained as

Vsl =— 4yn + 5yn_1 - 2h(2yn + yn_l)
h _
Y1 =Vnaa— g (yn+1 + 4yn +yn—l)
Eliminating ¥,,;, we obtain the difference equation

2h2 h

Y1 =Vpa t 3 InT g (6—-2h)y, ;.

The characteristic equation is given by
£ - % h?E - [1-2’1 +§hz) =0
Setting & = (1 + z) / (1 — z), the transformed characteristic equation is obtained as
h2?+ 2(1—h +§h2)z+(h—§h2) =0.
The Routh-Hurwitz criterion requires
h>0,1-h+ % h2>0 and h(l‘gh)>0.

The third inequality gives 4 < 3 /2, which also satisfies the second equation. The method
is absolutely stable for A < 3/ 2.

Hence, the method is not weakly stable.
The method in (a) is the only weakly stable method.

Find the characteristic equations for the PECE and P(EC)?E methods of the P-C set
h
Yno1 =Yn+ 5 BYn = Y1)

h '
yn+1 =yn + E (yrl?+1 + yn)'
when applied to the test equation y' = Ay, A < 0.
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5.41

Solution
We apply the P-C set to the test equation y' = Ay and get

A
P: yE+1 =yn+ 7 (3yn_yn_1)9

E:  ya=Ayia,

Ah = 3 n?
C: yn+l=yn+2(y5+1+yn)=(1+h+zh )yn_Tyn—la
E: yn'+1=)\yn+1’
where i = Ah.
The characteristic equation of the PECE method is obtained as
= 39\, h*
2_|1+h+—nh +— =
o (1E e Si)e T
The next corrector iteration is given by
3 — 3 h?
Yna1 =V t E|:(1+h +Zh )yn _Tyn—l +ynj|

Apply the P-C set

P: yn+1=yn+hfn’

C: yn+1=yn+%(fn+l+fn)

to the test problem y' =-—y, y(0) = 1.

(a) Determine an explicit expression for iy, obtained using P(EC)"E algorithm.

(b) For which values of &, when the corrector is iterated to converge, is the sequence
{3, bounded ?

(c) Show also that the application of the corrector more than twice does not improve the
results.

Solution

(a) The P(EC)™E method can be written as

yfzoﬁ-)l =yn+hfn’

s
Yy =y, + E(fn(ill) + fn), s =1(Dm,

— .,(m)
Yni1 = Yn+1o

(s=1) _ (s—-1)
Where fnil - f(xn+1?yns+1 )
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When applied to the test problem y' = — y, the above P(EC)"E scheme becomes
Yuir = (L =Ry,

h2
Y1 = Y +g [-(1-R)y, -y, = [1'h +7Jyn,

h n*
Yt = I +§{—[1 —h +7Jyn —yn}

2 _ m+1
yffﬂ‘[l h+— h—+ +%Jy"
2
=

1-h{l+ (- p)+( PP+ ..+ (p)ly,
1 (- p)*! 1
1- 2p 1-(-p) H%L:m[l—p—Z(—p) Ay,

where p=h/2.
Therefore, we have

1_ p _2(_p)m+2
Yna1 = 1+p In.

The solution of the first order difference scheme satisfying the initial condition becomes

[1—p -2(- p)m*? }n
Yu = .

1+p
(b) If the corrector is iterated to converge, i.e., m — o, the last equation in (a) will con-
verge if p < 1, or 0 < h < 2, which is the required condition.
(c) The analytic solution is y(x) = 7%,
so that Y, ) =ehylx).
The local truncation error is given by

Tn+1 =Vns1~ y(xn+1)
| 1-(2) - 2(-hi2)" R
= 1+ (h/2) I
We find that
1-(h/2) —2=h/2)™* ol
1+ (h/2)
1
becomes — 3 h? + O(h®) for O corrector,

1
-5 h3 + O(h*) for 1 corrector,
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1
Iz h3 + O(h*) for 2 correctors,

1
12 h3 + O(h*) for 3 correctors.

We thus notice that the application of the corrector more than twice does not improve
the result because the minimum local truncation error is obtained at this stage.

5.42 Obtain the PMpCMC algorithm for the P-C set
h I I
Yne1 = Vn + E (3yn - yn—l)

h
Yot =Yn + o W1 * )
Find the interval of absolute stability when applied toy’ =Ay, A <0.
Solution
First, we obtain the truncation error of the P-C set.

h 5
TE) = y(x,,,) - y(x,) - 3 [By'(x,) —y'(x, )] = 12 h3y™(x,) + ...

P _ 5

or Yy, ) — Yns1 ET h3y"(x,) + ...

and Tn(f{ =ylx,, ) —yx,) — g ly'(x,,) +y'(x)] = — le h3y"(x) + ...
or ylx, ) -y = —%lﬁy’” (x,)+ ...

Comparing with (5.57), we get C}} =5/12, ¢, =-1/12,

and [y -cht=-2.

From (5.58), we now write PMp CM, algorithm as
h I I
Pp1=Y,t E(Syn - yn—l)’
5
My =Ppaa— g(pn_ Cn)’
h I I
Co1 =y, + E(mn+1 +y,),

1
Yus1=Cpp1 t g(pn+1 - cn+1)‘
Applying the method ony’' = Ay, and substituting p, = b,&", ¢, = b,&", m, = b, &" and
y, = b,&" into the PM CM, algorithm we obtain

b1az = [E + % (3¢ - 1)Jb4,
5 5
by & = (E‘ g)bl "'gbz,

R, L E
e [“EJZM B
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5.43

1 5 1
=b, =—b, +=
67 6° 6
where b, i = 1(1)4 are arbitrary parameters and h = MAh.

Eliminating b’s we get the characteristic equation as

g2 0 0 6-%1+30)

1
by=by+ 2by - by,

6E-5 5 —6F 0 o
0 & -8 -(1+9 | 7
-1 -5 0 6

where 0 = A /2. Expanding the determinant, we obtain

683 —3 (502 + 60 + 2)&2 + 2(30 + 106%) £ — 562 = 0.
Setting & = (1 + z) / (1 — 2), the transformed equation is obtained as
v2® + 022 + v,z + V3= 0,
where v, =4(3 + 60 + 1062), v, = 4(6 + 30 — 56?),

v, = 4(3 — 66— 562), v, = — 126.
The Routh-Hurwitz criterion requires v, > 0 and v,v, — v vy > 0.

Since 6 <0, we find v, > 0,,v, > 0 for all 6. We use Newton-Raphson method to find
0 < 0 satisfying v,v, —v v, > 0. We obtain — 0.6884 < 6 < 0. For these values of 6, we find
that v, >0, v, > 0.

Hence, the second order modified Adams predictor-corrector (PM pCMC) method is abso-
lutely stable for all 8 in the interval [- 0.6884, 0).

The formulas

h I I T T
yE+1 =y, t ﬂ (55yn - 59yn—1 + 37yn—2 - 9yn—3) + T1

h U U I I
Yni1 =Vnt o4 9y* i1+ 19y, =By 1t ¥n2) + T,
may be used as a P-C set to solve y' = f (x, y). Find T, and T, and an estimate of the
truncation error of the P-C set. Construct the corresponding modified P-C set.
Solution
We have
h
T, =y, ) —ylx,) - 94 [65y'(x,) — 59y'(x, )+ 3Ty'(x, o) —9y'(x, ;)]
=Cyx,) + Cihy'(x)+ Ch2y"(x,)
+ Ch3y" (x,) + C,htyP(x ) + CRPyOx ) + ...
251

— =~ 15,,5)
= 720h yAE)

wherex, ;<& <x, ;.
Similarly, we obtain

h
Ty=ykx, ) —yx,) - 94 9y'(x,,) + 19'(x,) — 5y'(x, )+ y'(x, ,)]

=Cyy(x,) + Cihy'(x,) + Cyh?y"(x,)
+ C3h3y" (x,) + ChtyP(x,) + CshSy®x,) + ...
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19
—_ =2 5,0
where x, , <&, <x,,,. The estimate of the truncation error is obtained as follows :
251

19
Yo )=y, =— %iﬁy@(xn) + O(h®),

3
Yne1 _yrDL+1 = §h5y(5)(xn) + O(hG)

251
Therefore, yx, )= yE+1 + 270 W,e1 _yE+1)’

19
y(xn+1) =Vna1— % (yn+1 - yE+1)‘

The modified P-C method may be written as

h ! ! ! I
Puy1=Yn + ﬂ(55yn - 59yn—1 + 37yn—2 - 9yn—3),

251
m, 1=Ppy1— 270 (pn - Cn)’

h ! I U I
Coy1 =Y, t ﬂ [9mn+1 - 19yn - 5yn—1 + Yn-al,
19
Yus1=Cpp1 t 2770(pn+1 - cn+1)‘
5.44 Which of the following difference methods are applicable for solving the initial value
problem.
y +Ay=0,y0)=1,A>0.
For what values of A are the methods stable ?

1 h , ,
Zyn—l +§ (Zyn + yn—l)

y1 =y, +h@2y. —y'_;) (predictor)

1
(a)yn+1= Eyn B

h
®) Yne1 =Y 2 (yELl +y,) (corrector)

using the corrector just once. (Gothenburg Univ., Sweden, BIT 6(1966), 83)
Solution
(a) Substituting y' = — Ay, A > 0, in the method we get the difference equation as

1 2-— 1 A
yn+1—(§‘§h)yn+[Z+§Jyn_1=0

where h = MAh.
The reduced characteristic equation is given by (set 2 = 0)
1 1
2_ ¢+
& 2E 4 0

whose roots are (1 + i+/3)/ 4.
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We have | § | = 1/2 and the root condition is satisfied. The characteristic equation of
the method is given by

2_(1_25 1 E =
& (2 3h)§+[4+3J 0.

Setting & = (1 + 2) / (1 — z), we get the transformed characteristic equation as
V22 +0,2+0,=0
Tk, [3 h

3 _ _
where Vo=, T gl T ———J, vz=Z+h,h >0

4 3

Routh-Hurwitz criterion is satisfied if 0 < & < 9 / 4. Hence, the method is absolutely
stable in this interval.

(b) We have
P yEﬂ :(1—25)3/” +i7yn_1
E: th == Ey,?ﬂ
C %[(1—25)%1 *hy, .+, =(1=h +hY)y, -h;yn-l

Y1 =V~
E: Yo+t :_Eynﬂ'
where & >0.
The characteristic equation of the PECE method is obtained as
o 72
21— +h2%E +% - 0.

Setting & = (1 + z) / (1 — 2), the transformed characteristic polynomial is obtained as
[z-;?+§;72)z2+(2—;72)z+ t@-h=o.

The Routh-Hurwitz criterion is satisfied if
4-2k +372>0,2—h%>0,h(2-h)>0.

We obtain 22 <2, or h <+/2 as the required condition.
System of differential equations

5.45 Use the Taylor series method of order two, for step by step integration of the initial
value problem

y' =xz+1,y(0) =0,
Z'=—xy,2(0) =1,
with2=0.1and 0 <x<0.2.
Solution
The second order Taylor series method for the IVP can be written as
2

I h "
Vps1 =Y, + hy, + 5 Ins

h2
=z +hz'+ —z
n n 2

"

z "

n+l
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Using the differential equations, the second order Taylor series method becomes

2.2 2
Vpo1 = [1— hzxnjyn +[hxn +%J z +h,

B2 B2 h?
Zn+1=[_h’xn_7jyn+[1_ 2 Jzn_?xn'

With A = 0.1, we obtain

(0.1)?

n=0,x,=0: y,=0+ +0.1=0.105, z, = 1.

(0.1)2

J 1+0.1=0.219995.

2 4 2
2,= [— 0.D% - %J 0.105 + [1 - (0'21) J - (0'21) x 0.1=0.997875.

2 2
n=1,2,=01: y,= [1—%) 0.105 + [0.1 x 0.1+

Therefore, the required values are
vy, =0.105, y, = 0.219995, z, = 1.0, z, = 0.997875.
5.46 The system
Yy =z
Z'=-by-az
where 0 <a <24b, b > 0, is to be integrated by Euler’s method with known values. What

is the largest step length A for which all solutions of the corresponding difference equa-
tion are bounded ? (Royal Inst. Tech., Stockholm, Sweden, BIT 7(1967), 247)

Solution
The application of the Euler method to the system yields
Yn+1 = Vn + hzn
2,,,=2,+h(=by —az
n=0,1,2, ..
We write the system in the matrix form as

Yn+1 | — 1 h Yn _
Ey I [
The characteristic equation of A is given by
&2 - (2-ah)é +1—ah+bh?>=0.

Using the transformation § = (1 + z) / (1 — z), we obtain the transformed characteristic
equation as

(4 — 2ah + bh?)z? + 2(a — bh)hz + bh? = 0.
The Routh-Hurwitz criterion requires
4 —2ah +bh?=0,a —bh 20, bh%> 0.
As b > 0, we require
2-Vbh)?+22Jp —a)h 20,
a—-bh =0.
Since 0 < a < 2/b, the conditions will be satisfied if 0 < A <a / b.

)

n
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5.47

5.48

Euler method and Euler-Cauchy (Heun) methods are used for solving the system
¥y ==kz,y(x) =y,
2' = ky, 2(xy) =z, k> 0.

If the numerical method is written as

|:yn+1:| A |:ynjl
Zn+1 yn
determine A for both the methods. Does there exist a value of 2 for which the solutions
do not grow exponentially as n increases.
Solution
Let fit,y,2)=—kz fyt,y,2)=ky.
Euler method gives
Y1 =Yn t hfl(tn’ Y Zn) =yn_hk Zp
2,,,=2,+hfyt, y,,2)=2,+hky,.
In matrix notation, we can write
1 -hk
Joalz]), v [f 2]

The eigenvalues of A are A, , =1+ ihk.

Since, | A | = \/1+A2%E%2 >1,y, - ©asn - . Hence, Euler method diverges.
Euler-Cauchy method gives

|:yn+1i| - |:ynj| + 1 [Kn} + 1 |:K12i|

Zn+1 2, 2 Kan] 2[Ks

where K, =hf\t,y,z2,)=—hkz,.
KZl = hfZ(tn’ Yw Zn) = hkyn’
K,=hft, +h,y, + K,z +K,)=—kh(z, +khy,),
K, =hfyt, +h,y, +K ,z, +K,)=kh(y, —khz)

In matrix notation, we write the system as

el | = n 1- (B*h%)2 -
Bj A B} where A = [ (ihh ' 1- (klzel}zlz )/2}'
The eigenvalues of A are A, , = [1 - (k*4?)/ 2] = ikh.

Since, | A | = {1+ (k%h%)/4 >1,y, - wash - . Hence, Heun’s method also diverges.

Therefore, for both the methods, there does not exist any value of 4 for which solutions
do not grow exponentially as n increases.
The classical Runge-Kutta method is used for solving the system

Yy =—kz,yx) =y,

2" = ky, z2(x,) = 2,
where £ > 0 and x, x, y, y,, 2 and z, are real. The step length % is supposed to be > 0.
Putting y, =y(x, + nh) and z, = 2(x, + nh), prove that

yn+1 :A yn
Zn+1 Zn

where A is a real 2 x 2 matrix. Find under what conditions the solutions do not grow
exponentially for increasing values of n. (Bergen Univ., Norway, BIT 6(1966), 359)
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Solution
We apply the classical fourth order Runge-Kutta method to the system of equations
y =f(x,y,2)=—kz,
Z'=gx,y,2) =ky.
We have for o= kh,
K =hfx,y,2,)=—khz =-az,
ly=hglx,,y, 2,) =khy,=ay,,

h l 1 1
K,=h + =y, vtz +L|=_kh|z, +-ay, |=-az, - o2y
2 f[xn 9 In Zn 2) (Zn 9 yn) Zn 9 Yn

x +ﬁ + =
Zz=hg n 27yn

9 Kl’zn +_llj = kh (yn +;(_azn))

:qy —lazz
n 2 n’

h 1 1 1 2
ly=hg (xn+2’yn +§K2’Zn +212) =kh (yn_azn - a yn)
1 3 1,
=|la-—a -—aZ ,
( 4 )y” 2 "
1 3 1 o
K,=hf(x,+h,y, +K;, 2, +1,)=—Fkh |z, + G_Za y"_Ea 2,

2,1 4 1 3
=(_G +ZG yn+ -a +§a Zn,

ly=hg (x, +h,y, +K,,z, +1;) =kh [yn —%O(Zyn +(—(x +%a3)znj

1 3 2 1 4)
=la-=a +-a? +=a
( 2 jy" ( 2 )

1
Vo1 =Vn + E(K1 + 2K, + 2K, + K)

a2 a* ad
—|1-—+= +| - +—

1
Zu1=2,t g Iy +2l,+ 205+ 1)

ad a? a*
=|a-— +|1-— +—
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Thus, we have the system of difference equations
a? ot al
1-—+— —a +—
Yn+1 | — 2 24 6 |[Yn
Zp41 al a? at|lz.
a-——  1-——t—
6 2 24
The characteristic equation is given by
2 4 3
R g —a +—
2 24 0
ol a? a* -
o-— 1-—+—|[-¢
2 24
We obtain
2 4 3
g=1-L 4% Jiila-L
2 24 6
We have
2 4)\2 32
le2=1- 9| wla-2 ) =L (576 - 806 + a®).
2 24 6 576
Now, | & |2< 1gives | 576 — 8a® + a® | <576,
or — 576 <576 — 8a® + a8 < 576.
The right inequality gives a? < 8. The left inequality is satisfied for these values of a.
Hence, for 0 < a2 < 8, the solutions do not grow exponentially for increasing values of 7.
5.49 The solution of the system of equations

Y =u, y(O) =1,
u' =—4y-2u, u(0)=1,
is to be obtained by the Runge-Kutta fourth order method. Can a step length 42 = 0.1 be
used for integration. If so find the approximate values of y(0.2) and u(0.2).
Solution
We have K =hu,
Iy =h(-4y, —2u),

K,=h [u + % (-4hy, —2hu, )} =—2h% +(h-h%u,,
ly=(—4h +4h%)y —2hu,,
Ky=(-2n%+2h%)y, +(h—hu,,
ly=(—4h +4h?)y, + (- 2h + 2R3 ,
K,=(—4h?+4h3)y, + (h—2h%+ 2hYu ,
l,=(—4h + 8h%—8h%)y + (—2h + 4h3 - 4h)u ,

yn+1 = [1_2}1‘2 +§h3)yn +[h _hz +%h4) un

n

U .= (—4h+4h2 —fh“)yn +(1—2h i dps —gh“j u
w 3 3 3
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5.50

or [ynﬂ} _| 1-2n* +(4/3)R® h-h%+@1/3)h* [y}
Ups1| |—4h +4h* —(4/3)h* 1-2h +(4/3)h® —(2/3)h* || U
For & = 0.1, we obtain

Y1 || 0.98133 0.09003 [y, |_ Aldn

Upe | |—0.36013 0.80127 ||u, |~ |u, |
We find that the roots of the characteristic equation &2 — 1.7826¢ + 0.818733 = 0, are
complex with modulus | § | <0.9048. Hence, 2 = 0.1 is a suitable step length for the
Runge-Kutta method.

We have the following results.

—0,x.=0: v a0 ]2 A [1]2[1.07136]
rTh [uj A[uo} A[l 0.44114
_ _o01-. |yeloalyi] A[107186]_[ 1.09107
n=1x=01: [uz}A[uj A[0.44114 -0.03236 |

Find the values of y(0.4) and u(0.4) for the system of equations
Yy =2y+u,y0)=1,
u' =3y +4u, u(0) =1,
using the fourth order Taylor series method with 4 = 0.2.
Solution
We have

2 1
y =Ay, wherey = [ﬂ and A = [3 4]

Differentiating the given system of equations, we get
7 6
"no__ o 2 —
y'=Ay =A%y = [18 19}y,

32 31

| 157 156
v — m o _ Adyy —
y'=Ay" =Aly = [468 469}3"

Substituting in the fourth order Taylor series method
2 3 4

—_ +h ! + h_ n +_ym + h_y”;
yn+1 yn yn 2 Yn 6 n 24 n
2 3 4
1+hA+ A2 A8 P e Yo
2 6 24
we get
2
y 1o+ ip2 103 193,00y AR 81,5 156, y
Upi1 3h+§h2 +%h3 +@h4 1+4h +Eh2 +%h3 +469h4 u,
2 6 24 2 6 24

For i = 0.2, we have

a1 |2 [1593183 0371733][y, | .
1.1152  2.3366 w PPEY L

Un+1 n
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Therefore, we obtain
0. vol _[1]. [»] _[1964866
=t wo |y L1 w1, 34518
-1: N1 _|1.964866 | |y _| 4313444
nEa uy] o, 134518 | |uy| ., |10.256694
5.51 To integrate a system of differential equations

y =f(x,y), y, is given,
one can use Euler’s method as predictor and apply the trapezoidal rule once as correc-
tor, i.e.

Vo =Y, +hf(x,,y)

Voo =V + 2 (5,9, 4 £ (5,0 Vi)
(also known as Heun’s method).
(@) If this method is used on y' = Ay, where A is a constant matrix, then y, , = B(h)y,.
Find the matrix B(h).
(b) Assume that A has real eigenvalues A satisfying A, O [a, b], a <b < 0. For what values
of A is it true that lim y, =07?

n — oo

(c) If the scalar equation y' = Ay is integrated as above, which is the largest value of p
for which

Y
hm —yn € yO , X = nh:
h-0 hP
x fixed, has finite limit ? (Royal Inst. Tech., Stockholm, Sweden, BIT 8(1968), 138)

Solution
(a) Applying the Heun method to y' = Ay, we have

Y1 =Y, + hAy, = 1+ hA)y,,
h h
Vi1 =Y+ 5 [AV, HAYLa]l =y, + O [Ay, + AT +1A)Y,]

h2
=|[I+hA +—A%|y .
2 n

2
Hence, we have B(h) = I + hA + %Az_

(b) Since A has real eigenvalues A, A? will have real eigenvalues A2. The stability
requirement is p(B(A)) < 1. Hence we require

h2
1+ hA, +7)\% <1

This condition is satisfied for A\, (-2, 0). Since A, O[a, bl,a <b <0} nhn%o y,=0if

O<h<-2/a.
(¢c) Here, we have

h2\2

yn+1=[1+)\h+ Jyn, n=0,1,2,..
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5.52

272\"
yn=[1+)\h+)\2h J yO'

" 1
Hence, Y= [e“‘ SN +O(h4)} Yo = &k [1— Nouh? +0(h4)} Yo
— e}\xnyo _ gl h2)\3xne)\ xnyo + O(h4).
We find
Ax,
. Yn—€ Yo _ 1 13 g,
}LIP% 52 = —gyo)\ x,e" .

Therefore, we obtain p = 2.
Consider the problem
y' = Ay

1 -2 1
y(0)=|:01|:A=|: 1 _20i|

(a) Show that the system is asymptotically stable.
(b) Examine the method

h
Yne1 =Vn ¥ §(3Fn+l_Fn)

for the equation y' = F(x, y). What is its order of approximation ? Is it stable ? Is it

A-stable ?

(c) Choose step sizes & = 0.2 and & = 0.1 and compute approximations to y(0.2) using the
method in (b). Finally, make a suitable extrapolation to 2 = 0. The exact solution is

y(0.2) = [0.68 0.036]7 with 2 significant digits.

(Gothenburg Univ., Sweden, BIT 15(1975), 335)

Solution
(a) The eigenvalues of A are given by
-2-A 1 B
1 -20-A| "
We obtain A, = — 20.055, A, = — 1.945.
The eigenvectors corresponding to the eigenvalues are
A =-20.055: [-1 18.055]T.
A, =—1945: [18.055 1]T.
The analytic solution is given by
y=Fk, [18_.0155} 20055 1 | [18.(1)55} 1945
Satisfying the initial conditions we obtain
k,=-3.025 x 1073, k, = 0.055.
The system is asymptotically stable, since as x — o, y(x) - 0.

0.

(b) The truncation error may be written as

h
T1 = Y 000) =305 = 5 1B'(,) = ')l = = h%"®)

where x, <& <x . Therefore, the method is of order one.
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Applying the method to the test equation y' = Ay, A < 0, we get
¥, =l1-h/2/1-3n/2)y,
where 4 = Ah.
The characteristic equation is
1-h/2
§=1-3hi2-
For A < 0, we have % < 0 and the stability condition | & | < 1 is always satisfied.
Hence, the method is absolutely stable for 5 [ (— o, 0). The method is also A-stable
as lim y =0 forall 2 <O.

n - o

h
(c) The method Yn1 =Int g (8F , -F)

when applied to the given system, leads to the equations
h
Y1 =Ynt o [B(=2y1 41 + o i) = & 2y1 , + 55 ,)]

h
y2, n+l = y2, nt E [3@1, n+l 2Oy2, n+1) - (yl, n_ 20y2, n)]

1+3h  =3h/2||Yin+1|_| L+h  —h/2 || Yin
O |-8h/2 1+30h]|yo 1| |~h/2 1+10h) ¥,

Inverting the coefficient matrix, we obtain

|:y1,n+1j| __ 1 [an alz} [yl, n }
Yo,n+1| D(h) [ @21 Qo2 || Y2 n
where D(h) =1+ 33h + (351 / 4)h? a;; =1+ 31h + (117 / 4)h?,
@ =h, ay =h,ay, =1+ 13h + (117 / 4)h2,
We have the following results.
h=02: y(0) =[1 017, y(0.2) = [0.753 0.018]”.
h=0.1: y(0)=[1 0]7, y(0.1) = [0.8484 0.01931]7,
y(0.2) = [0.720 0.026]7.
The extrapolated values are given by
y(0.2) = 2y(0.2; 0.1) — y(0.2 ; 0.2)

_9 0.720 | _(0.753 | _{ 0.687
~“10.026| |[0.018| |0.034
Shooting Methods
5.583 Find the solution of the boundary value problem
y'=y+x, x20][0,1],
¥(0)=0,y1)=0

with the shooting method. Use the Runge-Kutta method of second order to solve the
initial value problems with A = 0.2.
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Solution

We assume the solution of the differential equation in the form
() = @) + [y @, (%) + Py @y(x)

where ,, 4, are parameters to be determined.

The related initial value problems are given by

I: Qo =@ + %,

@(0) = 0, ¥ (0) = 0.
II: 91 =@,

9,(0) =0, @}(0) = 1.
I - ®5 = q,

®,(0) =1, @;(0) = 0.
The solution satisfies the boundary condition at x = 0. We get
¥(0) =0 =@y(0) + Py ¢y (0) + Uy %,(0) = 0 + py(0) + 1y
which gives |, = 0. Hence, we have
y®x) = @) + Py @, (x)
and it is sufficient to solve the initial value problems I and I1.
We write these IVP as the following equivalent first order systems

. W(l) ,= V(l)
I yo WD 4y

where WY = @,. The initial conditions are

Wb(0) = 0, VIP(0) = 0

wol [y®
II: [V(z)} = [W(z)

where W@ = @,. The initial conditions are
w (2)(0) =0, V(Q)(O) =1
With A =02 and [W VP17 =1[00]7,

W] (13 | [WP] [La? 0
n _ n 2
we have V;EP1 = 3 1+ El B2 Vél) + b X, + [% hz}

w (102 027 [w®] [0.02 0
or v |Tlo2 1o2||ve |Tl02]% T 002]

W] T o Wi | [ 0.008
For n=0:"1yw |=lo02]" "1 |v» | =|0.0804
WiV [ 0.03224 W] [0.0816064
nE2yo | = |oasseos)’ =07 iV | = 03337281
oy (Wb [0.1659841
"R v | T loss67238 |
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Similarly, for [W® V{?17=[0 1]7, we have from

W] [L02 02][w®
VT lo2 102 |ve |
W@l To2 [W;‘”} [0.408}
F =0: Lol = , =1: =
or n _V1(2):| _102i| n VZ(Z) 0.0804
, (W2 T 063224 w2 | [0.8816064
n= V4P | T|1.183608]° " T |v® | 7| 13337202
. Wi2 | [1.1659826
TEE |V | T 15236074

The boundary conditions at x = 1 will be satisfied if
y(1) =@ + (1) =0
__® WY
or Uy = 0D W =—0.142355.
The solution is given as y(x) = @y(x) — 0.142355 @,(x)
yielding the numerical solution
¥(0.2) = - 0.28471 x 1071, y(0.4) =—0.500808 x 1071,
(0.6) =— 0.577625 x 107, y(0.8) =—0.438946 x 1071,
¥(1.0) = 0.

Alternative
We write the general solution of the boundary value problem as
y(x) = Agy(x) + (1 = N) @,(x)
and determine A so that the boundary condition at x = b = 1 is satisfied.
We solve the two initial value problems
o' =@, +x, @,0) =0, g;(0) =0,
@ =@, +x,@(0) =0, @(0) = 1.

Using the second order Runge-Kutta method with 4 = 0.2, we obtain the equations (see
equations of system 1)

{W,E?l} [1.02 0.2} {W,f”} [0.02} [ 0 } 0193 4 i 19
i = i + x, + yn=40,1,24,9,451=1, 4.
v, 02 102]|VvY¥ 0.2 0.02

where Wh=q, VO=q, WO =g, V=g,
Using the conditions =1, W* =0, V¥ =0, we get

wyP 0 7 [w®] [00087 [Wy"| [0.03224
ViV | T1002] |y | T [0.0804] | V5" | T [0.183608

wL | [0.081606] |W:" | [0.165984
vV | 70333728 | V¥ | T |0.536724 | -
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Using the conditions i =2, Wo(z) =0, VO(Z) =1, we get
w2 [o02]|w®] [04167] |Ws¥| [0.66448
V2 | 7104 |v4? | T |[11608 | | V5¥ | T | 1367216 )

w2 0.963213 {Wg”} 1.331968
{Vf):l - [1.667456} Vi | = [2.073448}'
From (5.96), we obtain
W5(2)
Hence, we get y(x) = 1.142355 W(x) — 0.142355 WP(x).
Substituting x = 0.2, 0.4, 0.6, 0.8 and 1.0 we get
(0.2) = —0.028471, y(0.4) = — 0.0500808,
(0.6) = — 0.0577625, y(0.8) = — 0.0438952,
¥(1.0) = 0.
5.54 Find the solution of the boundary value problem
x2y" =2y +x=0,x 0[2, 3]
y(2)=y(3)=0

with the shooting method. Use the fourth order Taylor series method with 4 = 0.25 to
solve the initial value problems. Compare with the exact solution

y(x) = (1922 — 5x3 — 36) / 38x.

A= =1.142355 (since y, = 0).

Solution
We assume the solution of the boundary value problem as
Y(x) = @) + 0, () + Py@Py(x)
where ,, 4, are parameters to be determined.
The boundary value problem is replaced by the following three initial value problems.
I: x2Qg — 2@, +x =0, @2) =0, ¢ (2) = 0.
II . x2ey — 2@, =0, ¢,(2) =0, 9(2) = 1.
II: x%@,—2¢,=0, @,2) =1, 9',(2) = 0.
Using the boundary conditions, we get
¥(2) =0=@)2) + 1,0,(2) + Py@,(2) = 0 + 0 + py(1)
which gives p, = 0.
¥(3) =0 =@3) + p,0,(3)
which gives p; = - @,(3) / ¢,(3).
Hence, it is sufficient to solve the systems I and II.
The equivalent systems of first order initial value problems are
I: @) =Ww@
(P'O(x) =W =y,
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o = Vv w _l ,
' V(l)
wo ) W(D(Z) 0
and |:V(1) j| = xiz W(l) _% ’ with |:V(1) @) = ol
II : @) =W @
Ox) =W @ =V @
Oy x) =V =(@2/x2)W®,
W(Z) ' V(Z) ) W(Z) (2) 0
and V(Z) = (2/ xZ) W(z) ) Wlth V(z) (2) = 1l
Denote y = [W® V @]T ; = 1, 2. Then, the Taylor series method of fourth order gives
hZ 2 h4
- +hl+_ ny moy T (4)'
yn+1 yn yn 2 Yn 6 Yn 24 Yau

I : For the first system, we get

hV® 26> W - ht
hy' = [t (/0w - 1}} Y= [2152 VO -4 /) WO +t2}’
e [2 ht2 VO - 465 WO + pt }
Y =670 WO —g3v D 443 |

i _ | 1680 W - 8% VI~ 4he?
Y= =80/ 0 ¢ WP +40£4 VD +20¢4
The Taylor series method becomes

w e @i w by
V(l) n+1— ay; Qoo V(l) n+ b2

where  a;;=1+2-(2/3)3+2/3)t4, ap=h[l+2/3)—(/3),

},t=h/x.

1 s 8.5 10 4} 4 5
= — 2t_2t +—t° ——1t = 2_ — 43 —4
Qg x[ 3 3 y Qg9 =1 +1 3t +3t,
2 3 22 5
—h|l-—=+t—=-— - _ R R
bl_h{ 26 6]172_ t+2 3zf+6t.

We obtain the following results, with A = 0.25.
xy=2,(t/x)=1/8 W» =0, V¥ =0.
a,, = 1.014486, a,, = 0.251139, b, = — 0.015055,
ay, = 0.111572, a,, = 1.013428, b, = — 0.118286.
WiV =—-0.015055, VP = —0.118286.
x, =225 /x)=1/9.
a,, = 1.011533, a,, = 0.250914, b, = — 0.013432,
a,, = 0.089191, a,, = 1.010771, b, = — 0.105726,
Wyb =—0.058340, V¥ = - 0.226629.
x,=25,(t/x)=0.1
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5.565

ay, = 1.0094, a, = 0.25075, b, = — 0.012125,
a,, = 0.072933, a,, = 1.008833, b, = — 0.095583,
Wil =-0.127841, V¥ = —0.328469.
xy=2.75,(t / x)=1/11.
a,; = 1.007809, a,, = 0.250626, b, = —0.011051,
ayy = 0.060751, a,, = 1.007377, b, = — 0.087221,
Wb =-0.222213, vV = - 0.425880.
II : For the second system, we obtain the system

W(l) ~ a;; Qg W(l)
V(l) n+1— Ay oy V(l) .

where a,,, a,y, a,; and a,, are same as defined in system 1.

We obtain the following results.
xo=2,(t/x)=1/8: W2 =0.251139, V2 = 1.013428.
x,=2.25,(t/x)=1/9: W2 =0.508319, V;? = 1.046743.
xy=2.5,(t/x)=01: W =0.775568, V;* = 1.093062.
x,=2.75,(¢ /x)=1/11: W,2 =1.065574, V,2 = 1.148242.

WP 0222213
Hence, we obtain |, =— WEZ) = 055574 = 0.210514.
We get y(x) = @,(x) + 0.210514 ¢, (x).
Setting x = 2.25, 2.5, 2.75, 3.0, we obtain
y(2.25) = 0.037813, y(2.5) = 0.048668,
y(2.75) = 0.035427, y(3.0) = 0.0000001.

The error in satistying the boundary condition y(3) = 0is 1 x 1077,

Use the shooting method to solve the mixed boundary value problem
u'=u-4xe*,0<x<1,
u)—-u'0)=—1ul)+u'(Q)=-e.
Use the Taylor series method

I hz n h3
=u +hui+ — uj +—u
j it 9 6

m

u. j -

J+1

2
I I n 1
'o=u' + oy

Ujry = U huj uj

to solve the initial value problems. Assume 2 = 0.25. Compare with the exact solution

u(x) = x(1 — x) e*.
Solution
We assume the solution in the form
u(x) = uy(x) + Py () + Py uy(x)
where u(x), u,(x) and u,(x) satisfy the differential equations
ug —uy=-4xe*, uy —u; =0,

"

Uy —u,=0.
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The initial conditions may be assumed as
uy(0) =0, u5(0)=0,
u,(0)=1, u(0)=0,
uy(0) =0, uy(0)=1.
We solve the three, second order initial value problems

uo" =u0—4xex’ u0(0)=0, u6(0)=0,
ui = u;. u,(0) =1, uj(0) =0,
ug = uy, uy(0) =0, us(0)=1

by using the given Taylor series method with 2 = 0.25. We have the following results.
@ i=0,u,,=0,u50=0.

Hence, Ug j = Uy = 4xj e, Up'; = ug j — 4(xj +1e", j=0,1,2, 3.

2 h3
= ! = c—dx. e )+ [y - . *j
Ug jy1 = Ugj+ hug j + 2 (g, ; —4x;e’)+ 5 [ug ; —4(x; + De™]

2 3
= [1+%Ju0’j +[h +%Ju0"j - [§h3 1+ xj)+2h2xj}exj

=1.03125 Uy ; + 0.25260 uy ; —(0.13542 x; + 0.01042)e™.
2
uo,'j+1 = uOIJ + h[uo’j - 4xj exj] + ? [ud’j - 4(xj + 1)er]

h%)
= huo,j + [1"' 7}&0,1 - 2[2hxj +h% (1 + xj)] e

= 0.25 u, | + 1.03125 ug ; — 2(0.5625x, + 0.0625)e™ .

Therefore, we obtain
u,(0.25) = ug = —0.01042, u,(0.25) = ug, 1 = — 0.12500,
u,(0.50) = Uy o =—0.09917, u,(0.50) = Uy, o = — 0.65315,
u,(0.75) = U, 5 =— 0.39606, u,(0.75) = up 5 =— 1.83185,
u,(1.00) = Uy, 4 =—1.10823, u,(1.00) = ug, 4 = —4.03895.

e _ .
@)i=1, Uy o= 1, ujy= 0.
n m I .
Wy =uypuy = Uy J=0,1,2,3.

2 h3 ,

— ! E— . — -
Uy 1= Uyt hul,j+ Uy j+t— Uy

h? K’
= |1 g+ A el = 108125 u, |+ 0.25260 u',
2
Uy =y thuy 9 s
2

h”
= huy ; + [1+ 7) uyj =0.25u; ;+1.03125uy

Hence,
u,(0.25) = Uy g = 1.03125, ©1(0.25) = up'y = 0.25,

uy(0.50) =u; ,=1.12663,  uj(0.50)=uy', = 0.51563,
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1,(0.75) = u, 5 = 1.29209, u(0.75) = '3 = 0.81340,
1,(1.00) = u; , = 153794, uj(1.00) = u;'y = 1.16184.

(i) i = 2, Uy = 0, ug (=1,

u2",J :u2,j’u2',"’j = u2',j7j= O: ]-, 27 3.

Since the differential equaton is same as for u,, we get
Ug iy = 1.03125 uy ; + 0.25260ug, ;
Ugja1 = 0.25 u, ; +1.03125u3
Hence, u,(0.25) = Uy = 0.25260,
uy(0.50) = u, , = 0.52099,
uy(0.75) = u, 5 = 0.82186,
uy(1.00) = uy, =1.17393,
From the given boundary conditions, we have

or

u3(0.25) = ug 1 = 1.03125,
u3(0.50) = uz 5 = 1.12663,
u4(0.75) = ug 5 = 1.29208,
ug(1.00) = ug 4 = 1.53792.

a,=a,=1,b,=b,=1,y,=—1y,=—e.
My —Hp=—1
[,(1) + (D] 1y + [(D) + ug (D] by = — e — fug(D) + g (D]

2.699781, + 2.71185 , = 2.42890.

Solving these equations, we obtain p; = — 0.05229, pu, = 0.94771.
We obtain the solution of the boundary value problem from

u(x) = uy(x) — 0.05229 u,(x) + 0.94771 uy(x).

The solutions at the nodal points are given in the Table 5.1. The maximum absolute
error which occurs at x = 0.75, is given by

max. abs. error = 0.08168.

Table 5.1. Solution of Problem 5.55.

x; Exact : u(x) u;
0.25 0.24075 0.17505
0.50 0.41218 0.33567
0.75 0.39694 0.31526
1.00 0.0 - 0.07610

Alternative

Here, we solve the initial value problems
ui —u;=—4xe’, u(0)=0, u;(0)=—(y; / a;) =1,
Uy —uy=—4xe*, uy(0) =1, uy(0) = [(a,—vy,) / a,] = 2.

Using the given Taylor’s series method with 4 = 0.25, we obtain (as done earlier)
U; 1y =1.03125 u; ; +0.25260 u;; —(0.13542x; + 0.01042)e™

ui,'j+1 =0.25 u;;+ 1.03125 ul'J — 2(0.5625xj +0.0625)¢™
i=1,2 and ;j=0,1,2,3.
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Using the initial conditions, we obtain

u,(0.25) = u, ; = 0.24218, u1(0.25) = uy ; = 0.90625,
u,(0.50) = u, , = 0.42182, u1(0.50) = u ', = 0.47348,
u,(0.75) = u, 5 = 0.42579, u1(0.75) = uy 3 = - 0.53976,
u,(1.00) = u, , = 0.06568, u1(1.00) = uy'y =-2.50102.
uy(0.25) = u, ; = 1.52603, u3(0.25) = ug ; = 2.18750,
uy(0.50) = u, , = 2.06943, u3(0.50) = ug o = 2.11573,
uy(0.75) = uy 5 = 2.53972, u3(0.75) = ug 3 = 1.56571,
uy(1.00) = u, , = 2.77751, u3(1.00) = ug 4 = 0.19872.
Using the boundary conélition at x = 1, we obtain, on using (5.98),
Ao —e —[ug(D) +u'y (1] _ -5.69451 — 1.05298.

(D +uq (D] - [ug (D) +uy (D] —2.43534 —2.97623
Hence, we have
u(x) = Auy(x) + (1 = Nuy(x) = 1.05228 u,(x) — 0.05228 u,(x)
Substituting x = 0.25, 0.5, 0.75 and 1.0, we get
u(0.25) = 0.17506, u(0.50) = 0.33568,
1(0.75) = 0.31527, u(1.00) = — 0.07609.
These values are same as given in the Table except for the round off error in the last
digit.
Use the shooting method to find the solution of the boundary value problem
y" = 6y?,
y(0)=1,y(0.5)=4/9.
Assume the initial approximations
y'(0)=0,=-1.8, y'(0)=a, =-1.9,
and find the solution of the initial value problem using the fourth order Runge-Kutta

method with 2 = 0.1. Improve the value of y'(0) using the secant method once. Compare
with the exact solution y(x) = 1/ (1 + x)2.

Solution
We use the fourth order Runge-Kutta method to solve the initial value problems :
I: y" = 6y?,
¥(0)=1,y'(0) =-1.8,
II : y" = 6y?,

y(0)=1,y'(0)=-1.9,
and obtain the solution values at x = 0.5. We then have

4 4
8lag) =y(ay; ) — g, glay) =yla;;6) - o
The secant method gives

O, — 0,
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The solution values are given by

x y(0)=1 y(0)=1 y(0)=1 y(0)=1
a,=—1.8 a,=—1.9 a = 1.998853 y'(0)=-2
0.1 0.8468373 0.8366544 0.8265893 0.8264724
0.2 0.7372285 0.7158495 0.6947327 0.6944878
0.3 0.6605514 0.6261161 0.5921678 0.5917743
0.4 0.6102643 0.5601089 0.5108485 0.5102787
0.5 0.5824725 0.5130607 0.4453193 0.4445383

Difference Methods
5.57 Use the Numerov method with 2 = 0.2, to determine y(0.6), where y(x) denotes the

solution of the initial value problem
y'+xy=0, y(0)=1,y'(0)=0.
Solution
The Numerov method is given by
h2 n n n
Yns1— 2yn-'-yn—l = E(yrwl + 10yn + yn—l)’ nzl
2

== E [xn+l Y1 T loxn Yot X yn—l]

Solving for y ., we get

h? h?
1+ E Tn+1 Yna1 = 2yn —Ypa1— E [1Oxnyn + xn—lyn—l]'

Here, we require the values y, and y, to start the computation. The Numerov method
has order four and we use a fourth order single step method to determine the value y,.
The Taylor series method gives

K2 K3 ht
y(h) = y(0) + Ay'(0) + o ¥y"(0) + ?y’"(O) + ay(‘”(O).
We have y(0)=1, y'(0)=0, ¥y"(0)=0, y"(0)=—1, y9(0) =0,
y®(0) =0, y©(0) = 4.
Hence, we obtain
h®  hS
hy=1-—+— +
) 6 180
For h = 0.2, we get
3
y(0.2)=y, =1- 027, <0.9986667.

We have the following results, using the Numerov method.

h? h?
n=1: {1 + Er (0.4)} Yo =291 —¥o— 1z [10(0.2)y, + 0]
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= B [2(0 9986667) — 1 - 0.04 {2(0 9986667)}} = 0.9893565
F Y27 100183337 12 =Y '
h? h*
n=2: {1 + D) (0,6)} Yg=2Yy— Y — 1z [10(0.4) y, + 0.2 y,]
1 0.04
or y;= 1002 2(0.9893565) — 0.9986667 — 6{10(0'4) 0.9893565 +(0.2) 0.9986667}
= 0.9642606.
5.58 Solve the boundary value problem

YV +(1+x2)y+1=0, y(x1=0

with step lengths 2 = 0.5, 0.25 and extrapolate. Use a second order method.
Solution

Replacing x by — x, the boundary value problem remains unchanged. Thus, the solution
of the problem is symmetrical about the y-axis. It is sufficient to solve the problem in the
interval [0, 1]. The nodal points are given by

x,=nh,n=0,1,2, ... , N

where NA = 1.
The second order method gives the difference equation

or

1
ﬁb’n_l_Zyn*‘ Yo oql + (1+x,2L)yn+ 1=0,

-y, 1 +2-QQ+22)hy, - y,, ;= h4n=0,1,2, ..., N.

The boundary condition gives y, = 0.
Forh =1/2, N =2, we have

n=0: -y 4+ (T /Dy, -y, =1/4,
n=1: —Yo+@27/16)y, —y,=1/4.

Due to symmetry y ; = y; and the boundary condition gives y, = 0.
The system of linear equations is given by

7/4 -2 Yo 171
-1 27/16]7 |y;|~ 4|1

whose solution is y, = 0.967213, y, = 0.721311.
For h =1/4, N = 4, we have the system of equations

31/16 -2 0 0 Yo 1
-1 495/256 -1 0 yi| 11
0 -1 123 /64 -1 Y2|=16|1
0 0 -1  487/256||vs 1

Using the Gauss-elimination method to solve the system of equations, we obtain

Yo =0.941518, y, = 0.880845, y, = 0.699180, y, = 0.400390.

Using the extrapolation formula

1
y(x) = §(4yh/2 _yh),

the extrapolated values at x = 0, 0.5 are obtained as

Yo = 0.932953, y, = 0.691803.
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5.59 Use a second order method for the solution of the boundary value problem
y'=xy +1, x 00, 1],
y'(0) +y(0)=1,y(1) =1,
with the step length & = 0.25.
Solution

The nodal points are x, = nh, n = 0(1)4, h = 1/ 4, Nh = 1. The discretizations of the
differential equation at x =x, and that of the boundary conditions atx =0 andx = x,, =

1 lead to
1
—ﬁ W, 1—2y,+y,.1) +x,y,+1=0, n =0(1) 3,
Y1~ Y-
B =Ly =

Simplifying we get
¥, 1+ @+xhPy, -y, . =—h% n=01)3
Ya= 2hy0 +y— 2h, y,=1

We have the following results.

1
n=0,x,=0: —y_1+2y0—y1=—T6,
1
n=1luy=025: —yo+ 3By, —y, =— 7,
1
n=2x,=05: —y1+%y2—y3=—1—6;
: 131 1
n=3,x,=0.75: _y2+ﬁy3_y4=_1_6’
and y_1=%y0+ yl—%,y4=1.
Substituting for y ; and y,, we get the following system of equations
3/2 -2 0 0 Yo 9
-1 129/64 -1 0 v1 1 1
0 -1 65/ 32 -1 Y2 |==1g 1
0 0 -1 131/64| |y -15

Using the Gauss elimination method, we find
Yo =—17.4615,y, =—5.3149, y, = —3.1888, y, = — 1.0999.
5.60 A table of the function y = f (x) is given
x 4 5 6 7

y  0.15024 0.56563 1.54068 3.25434
X 8 9 10

y 551438 7.56171 8.22108
It is known that f satisfies the differential equation

where n is a positive integer.
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(a) Find n.
(b) Compute f(12) using Numersv’s method with step size 1.
(Uppsala Univ., Sweden, BIT 8(1968), 343)

Solution
(a) The application of the Numerov method at x = 5 gives, with 2 =1,

1 n " "
V4= 25+ yg= E(y“ +10y5 +yg )

or 12y, — 24y, + 12y, = yi +10y5 + yg.
We now use the differential equation and the given data to find Y1, ¥5 and ¥ . We have,
x,=4,x,=5,x; =6, and

=_(1_1_n(n+1)j - n(n+1)

4 16 16 ¢
4 nn+1 1
[ 1—_— = — o
Vs ( 5 95 )y5 0.113126 + 25 n(n + 1)y,
no_ (1_é_M) — 0.51356 i ( 1)
Yo =T\" 6 86 P HE

Substituting into the Numersév method, we get
8.36074 = 0.278439 n(n + 1),
or n(n + 1) -30.027187 = 0.

Solving for n, we get
-1+11.0049
n=——g = 5.0025 = 5.
Hence, we obtain n = 5.
(b) We take n = 5 and apply Numerov’s method at x = 10 and 11.
We have at x = 10,
12y,, — 24y,, + 12y4 = Y9 + 10y10 + y11

., -4 _30
where Y10 =~ 10 100)Y10=" 2.466324,

. (1_ 4 _30) _
yg =— 9 g1 Y=~ 1.400317.
- [1_4 _30) -
yi1=— 11 191 )11 =—0.388430y,;.
Substituting, we get 12.388430 y,, = 24y,, — 12y, — 26.063557.
Simplifying, we get y,; = 6.498147.
We have at x = 11,
12y, — 24y, + 12y, = Y1z + 10y11 + y1p.

1 5 11

3 94 P127 T ggqV12
Substituting, we get  12.458333 y,, = 24y, — 12y,, + 10y{1 + y1p

=20.1157y,; — 12y,, + Y10
Simplifying, we get y,, = 2.375558.

where Yig =— [1
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5.61 Find difference approximations of the solution y(x) of the boundary value problem
y" +8(sin? x)y =0, 0 <x < 1,
y0) =y =1
taking step-lengths 2 =1/4 and A~ = 1/6. Also find an approximate value for y' (0).
(Chalmer’s Inst. Tech., Gothenburg, Sweden, BIT 8(1968), 246)
Solution
The nodal points are given by x, = nh, n =0(1) N,
Nh =1.
We apply the second order method at x = x, and obtain
¥, 1—-2y,+y, . +8h%sin?(nx, )y =0
or -y, _1+[2— 8h%sin*(nx )y, —y,, ,=0.
The boundary conditions become y, = y, = 1.
The solution is symmetrical about the point x = 1 / 2. It is sufficient to consider the
interval [0, 1/ 2].
For h =1/4, we have the mesh points as 0,1/4 and 1/ 2.
We have the following difference equations.

9 1 1 7
n=1: -y, + _8'1_6'5 ¥, =¥y =0, or Ty —Yy=
2-8.1 .1 3
n=2: EEAN GRS Yo—¥3=0, or —2y1+§y2=0,
since y, = y,.
Solving, we get y, = 2.4, y, = 3.2.
We also find
_ Y17 Yo =M=56
Yo T T, 0.25 >

which is a first order approximation.
A second order approximation is given by
1
yo = % [— 3y, + 4y, —y,] = 6.8.
For h =1/ 6, we have the mesh points as 0,1/6,1/3 and 1/ 2.
We have the following system of equations

35/18 -1 0 1[y,] 1
-1 11/6 -1 ||y, =H
0 -2 16/9]|ys| (O

where we have incorporated the boundary condition y, = 1, and have used the symmet-
ric condition y, = y,.
The solution is obtained as y, = 1.8773, y, = 2.6503, y, = 2.9816.

A first order approximation to y¢ is given by

.1
Yo = Iy, —,l = 5.2638.
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A second order approximation to Yo is given by
. 1
Yo = A [— 3y, + 4y, — ¥, = 5.5767.
5.62 Determine a difference approximation of the problem
d 2 dy}
_— (1 +x )_ —y =2
dx[ de | 7YY L
y(=1)=y(1)=0.
Find approximate value of y(0) using the steps 2 = 1 and 4 = 0.5 and perform Richardson
extrapolation. (Royal Inst. Tech., Stockholm, Sweden, BIT 7(1967), 338)
Solution
We write the differential equation as
(1+x2)y" +2xy —y=x%+ 1.
The boundary value problem is symmetric about at x = 0. Therefore, it is sufficient to
consider the interval [0, 1].
A second order difference approximation is given by
1 2x,
ﬁ 1+ xrzz)(yn—l_zyn+ yn+1)+ E (yn+1 _yn—l)_yn= xrzz + 1,
or Q+x2-hx)y, —20+x) +h2y, + 1+ x; +hx)y, | =h¥x; +1).
For A = 1, we have only one mesh point as 0. We have the difference approximation as
¥ 1—3y,+y; =1, which givesy,=—-1/3, since y ; =0=y,.
For h = 1/2, we have two mesh points as 0 and 1/ 2. We have the following difference
approximations.
9 1
n=0x,=0: y_l—Zy0+y1=Z, or —9y,+8y;=1
1 11 3 5 5
n=1,x1=§: yo—zy1+§y2=T6, or 4y0—11y1=2.
Solving, we get y, = —0.3134, y, = — 0.2276.
The extrapolated value at x = 0 is given by
1
Yo= 3 [4y, ;5 (0) —y, (0)] =—0.3068.
5.63 Given the boundary value problem

3 4
1 +xD)y" + (5x+;)y’+—y+1=0,

3
y(—=2) =y(2) = 0.6.
(a) Show that the solution is symmetric, assuming that it is unique.
(b) Show that when x = 0, the differential equation is replaced by a central condition

4
4y"+ Sy +1=0
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5.64

(c) Discretize the differential equation and the central condition at x, = nh,
n=xN,xN-1, .., =1, 0 and formulate the resulting three point numerical

problem. Choose 2 = 1 and find approximate values of y(0), y(1) and y(- 1).

(Royal Inst. Tech., Stockholm, Sweden, BIT 18 (1978), 236)

Solution
(a) Replacing x by — x in the boundary value problem, we get

3
1+22)y" (—x)+ (5x+;) Yy (—x)+ %y(—x)+ 1=0,

y(2) = y(- 2) = 0.6.
The function y(— x) satisfies the same boundary value problem.
Hence, we deduce that the solution is symmetric about x = 0.
(b) Taking the limits as x — 0, we get

. 3 4 4
1 2 " ! " —
lim [(1+x )y +(5x+—ny +3y+1:|=4y + 3y+1—0.

(c) The discretization of the differential equation at x = x, may be written as
1 2
ﬁ 1+ xn) (yn—l_zyn+yn+l)

1 3 4
_— |5 + — - _ —
+ oh [ *n xnj (yn+1 yn—l) + 3yn+1_0’

nz0,n==1,+2 ... , =N -1).
At n = 0, we get from the central condition

4 4
ﬁ@_1—2y0+y1)+§y0+1=0.

Due to symmetry, we need to consider the discretization of the boundary value problem

at n = 0(1)N — 1, with the boundary condition y,, = 0.6.
For h = 1, we have the following difference equations.

4
n=0, x,=0: 4(—2y0+2y1)+§y0+1=0,

3

1 3 4
n=1, x1=11 (1+x%)(y0—2y1 +y2)+2[5x1+x—lj (yZ_yO) +—y1+1=0,

and y, = 0.6.
Simplifying, we get

-20/3 8 ||¥o -1

2 8/3| |y |~ |46

The solution is obtained as y, = 1.1684, y, = 0.8487.
We solve the boundary value problem

Q1+x2)y" —y=1,
y'(0)=0,y(1)=0

with the band matrix method. The interval (0, 1) is divided into N subintervals of lengths
h =1/ N .Inorder to get the truncation error O(h?) one has to discretize the equation
as well as boundary conditions by central differences. To approximate the boundary
condition at x = 0, introduce a fictive x, = — & and replace y'(0) by a central difference
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approximation. x, is eliminated by using this equation together with the main difference
equation at x = 0.

(a) State the system arisen.
(b) Solve the system with A =1/ 3. Use 5 decimals in calculations.
(c) If the problem is solved with 2 = 1/ 4 we get y(0) = — 0.31980.
Use this result and the one of (b) to get a better estimate of y(0).
(Inst. Tech., Linkoping, Sweden, BIT 24(1984), 129)
Solution
The nodal points are x, = nh, n = 0(1)N.
(a) The second order discretization of the boundary condition y'(0) and the differential
equation is given by

%(3’1—y_1)=0,
1
ﬁ 1+ erL)(yn—l_Zyn +yn+1) Y= 1,
and y,=0.
After simplification we obtain, for
n=0: 2+hY)y,—2y, = — h?
1<n<N-1: -+ n?h?y, _,+[2+@n%+ DA%y, - (1 +n?h?)y ,  =-h2

and y, =0,withy , =y,.
(b) For h = 1/ 3, we have the system of equations
19/9 -2 0 Yo 1
-10/9 21/9 -10/9||y,|-_1]1
0 -13/9 3 ||y,| 9l1
whose solution is

¥ = 0.32036, y, = — 0.28260, y, = — 0.17310.
(c) We have ¥(0, h) =y, + ¢;h% + O(h3).

1 C
Therefore, y(o’ Z) =y(0) + 1—é + O(h®),

3
Richardson extrapolation (eliminating C,) gives
¥(0) = [16y,, , (0) —9y,,, (0)] / 7 = — 0.31908.
5.65 (a) Find the coefficients a and b in the operator formula
&% + ad* = h2D%(1 + b&?) + O(h8®)

(d) Show that this formula defines an explicit multistep method for the integration of

the special second order differential equation y" = f (x, y).

Prove by considering the case f (x, y) = 0 that the proposed method is unstable.

(Stockholm Univ., Sweden, BIT 8(1968), 138)

1
y(07 —j = y(0) + % + O(h3).
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5.66

Solution
(@) We assume that the function y(x) O CP+1 [a, b] for p > 1. Applying the difference
operator on y(x,), the truncation error 7' is written as
T =&yx,)+adylx,)—h%1+b)y" (x)
We know that

4 6 8

h h
2 = h2y" (4) (6)
yx,) = h%y"(x,) + 127 (x,) + ¥ (x,) + 20160

(8)
360 ¥y (x,) + ...

6 8
54y(xn) — h4y(4)(xn) + F y(G) (xn) + %y(S) (xn) + ..

8

n h
&2y" = h2y@) 6 ®)
y'(x,) =h%yP () + 12° (x,) + 360” (x,) +

Substituting the expansions in the truncation error, we obtain
T, =Cyh?y"(x,) + C,hty™® (x,) + Cchly® (x,) + Ceh8y® (x) + ...
1 1 a b
where CZ:O’C4=E+a_b’ CG=7360+€_E'
Setting C,=0,C,=0wegeta=120,b=2/15.
The truncation error is given by

1 a b
Tn= [20160 80 _%) hEy® ) + O

23
_ 8 /(8 10
= 72600 h®y® (x,) + O(h'0)

(b) The characteristic equation when f(x, y) = 0, is

1
124 (F_1)t=
EE-1+ 55 G-1*=0

whose roots are 1, 1, — 9 + 4./5 .
The root condition is not satisfied. Hence, the method is unstable.

(a) Determine the constants in the following relations :

h5* = DX(1 + ad® + bdY) + O(hY),

hD = pd + a,A3 E1 + (hD)Xa, + ag pd + a,8%) + O(A").
(b) Use the relations in (a) to construct a difference method for the boundary value
problem

YV (x) = p)y(x) + gx)
¥(0), y(1), y'(0) and y'(1) are given.
The step size is A = 1/N, where N is a natural number. The boundary conditions should

not be approximated with substantially lower accuracy than the difference equation.
Show that the number of equations and the number of unknowns agree.

(Uppsala Univ., Sweden, BIT 8(1968), 59)
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5.67

Solution
(a) Applying the difference operators on y(x ), we obtain the truncation error at x = x, as
T? = 3'y(x,) — hH1 + a® + b3)y™® (x,) + O(h1)
= Czhby©(x ) + CehBy®(x ) + O(h10)
1 1 a
where Ce=g_a’08=%_ﬁ_b'
Setting C; = 0, Cg = 0, we obtain a = 1/6, b = —-1/720.
Next, we apply the first derivative operator AD on y(x,) and write as
TV =hy'x,) -pdy(x,) — a3 y(x, —h)
—hYay + ag Ud + a,&) yW (x) + O (A7)

1
=hy'(x,) =5 v, ) =y, Dl -aylyx, )
=3ylx, , ) +3ylx,) -y, )] —ht(a, +a,y? (x)
1
-5 hlag [y® (x,, ) —y? (x, )]
= Cyh3y® (x )+ C hty®W (x )+ Csh5y® (x) + Cohby© (x ) + O(RT)

1 a
where C,=- g—al,C4=—?1—a2,
1 a; a,
Cs==120~ 2 Wl 19 "%

Setting C,=C, = C, = C; =0, we obtain
a,=-1/6,a,=1/12,a,=1/30, a, = 1/72.
(b) The difference scheme at x = x, , can be written as

1 1
Yy = ht [1+ 562 -%54) [pCx,)y, + qlx,)],
n=11)N-1,
1 _ 1 1 1
y'(x)=ht [HQ’n - EASE 1ynil + h3(12 + %L@ o 62) px )y, +qx)l,
n=0,N.

When 7 = 1, the first equation contains the unknown y_, outside [0, 1]. This unknown
can be eliminated using the second equation at n = 0. Similarly, whenn =N — 1, the first
equation contains, y, ,, outside [0, 1] which can be eliminated using the second
equation at n = N. Further, y(0), y(1) are prescribed. Hence, we finally have (V — 1)
equations in N — 1 unknowns.

The differential equation y" +y = 0, with initial conditions y(0) =0, y(h) = K, is solved
by the Numersv method.

(@) For which values of % is the sequence {y,}; bounded ?
(b) Determine an explicit expression fory, . Then, compute y, when & = 176 and K = 1/2.
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Solution

The Numerév method
2

h n n n
yn+1_2yn+yn—1= E(yn+1 +10y, + ¥p-1 )
is applied to the equation y" = —y yielding
yn+1_ZByn +yn—1=0

5 .9 1 2)
=|1-—h 1+ —h
where B ( 12 )/( 12 .

The characteristic equation is
&2_2BE+1=0

whose roots are §=B+B?-1.

(a) The solution y, will remain bounded if

2 2 2
5 .9 h K2
B*<1, (1-—’1) S| 1+ -~ (6-h»)<0.
or 12 12 or 5 ( )

Hence, we obtain 0 < A% < 6.

(b) Since, | B | <1, let B =cos 0. The roots of the characteristic equation are given by
& = cos 0 + i sin 6, and the solution can be written as

y,=C, cos n8 + C, sin n8.
Satisfying the initial conditions, we obtain

y() = Cl = 09
y;,=K=C,sin6, or C,=K/sin 6.
in n@
We have Y, = SlTln .
sin 6

For n =6, h =176 and K = 1/2, we have
B= 0= 1_3 _ 1+i i 4
=cos O = 1236 12° 36 = 0.865984,

1 sin 66

Hence, Y6=3 sin = —0.0005.

and 6=0.523682.

5.68 A diffusion-transport problem is described by the differential equation for x > 0,

py"+Vy =0,p>0,V>0,p/V << 1 (and starting conditions at x = 0).
We wish to solve the problem numerically by a difference method with stepsize A.

(a) Show that the difference equation which arises when central differences are used for
y" and y' is stable for any 4 > 0 but that when p/# is too small the numerical solution
contains slowly damped oscillations with no physical meaning.

(b) Show that when forward-difference approximation is used for y' then there are no
oscillations. (This technique is called upstream differencing and is very much in use
in the solution of streaming problems by difference methods).

(c) Give the order of accuracy of the method in (b).

[Stockholm Univ., Sweden, BIT 19(1979), 552]
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Solution

(a) Replacing the derivatives y" and y' in the differential equation by their central dif-
ference approximations, we obtain

174
h—pz = 290+ ) * 5 O =¥, 0) + OB =0,

Neglecting the truncation error, we get

Vh Vh
1+ — | Vp1 — 20, H|1-——|¥1=0
2p 2p

The characteristic equation is given by

) g, 12
zp 5—23+ zp =0,

or (1+Re)82-28+(1-Re)=0
where Re = Vh /(2p) is called the cell Reynold number.

The roots are given by £ =1 and & = (1 — Re) / (1 + Re).

The solution of the difference equation is given by

1-Re)"
yn=Cl+CZ[1+ReJ

when (p / h) is too small, that is
Hence, move if Re >> 1, then the solution will contain slowly damped oscillations.

(b) Let now the forward difference approximation to y' be used. Neglecting the trunca-
tion error we get the difference equation

1+V_h yn+1_2 1+V_h yn+yn—l=0’
p 2p

or (1+2Re)y,,,—2(1+Re)y, +y, ;=0.
The characteristic equation is given by
(1+2Re)&2-2(1+Re)E+1=0,
whose roots are § = 1 and 1/ (1 + 2Re). The solution of the difference equation is
B
(1+2Re)"
Hence, for Re > 1, the solution does not have any oscillations.

y,=A+

(¢) The truncation error of the difference scheme in () is defined by

Vh Vh
T,= [1 + ?) Y1) =2 [1 * 5) yix,) + ¥, ).
Expanding each term in Taylor’s series, we get
T = [K y (x,)+ y" (xn)} h? +O(h?)
n b

where x, | <&<x ;.

The order of the difference scheme in (b) is one.
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5.69 In order to illustrate the significance of the fact that even the boundary conditions for a
differential equation are to be accurately approximated when difference methods are
used, we examine the differential equation

y' =y

cosh x

cosh (1)

We put x, = nh, assume that 1 / & is an integer and use the difference approximation
I = W = 20, +20) /2.

Two different representations for the boundary conditions are

with boundary conditions y'(0) = 0, y(1) = 1, which has the solution y(x) =

(1) symmetriccase: y ; =y, ;yy=1L,N=1/h,
(2) non-symmetric case

Yo=Y IN= 1.
(a) Show that the error y(0) — y, asymptotically approaches ah? in the first case, and bh
in the second case, where a and b are constants to be determined.

(b) Show that the truncation error in the first case is O(A2) in the closed interval [0, 1].
[Stockholm Univ., Sweden, BIT 5(1965) 294]
Solution

(a) Substituting the second order difference approximation into the differential equa-
tion, we get the difference equation

h2
yn+1_2 [1+7Jyn+yn_1=0~

The characteristic equation is given by

h2
£2_2 [1+2Ja+1=0
, L2 9 12
with roots &,=1+ % + [[1"'7} - 1}

1/2

2 h2 2 3
=1+h_+h 1+— =1+h+h—+h7+...
2 4 2 8

1
= eh 1—h3+0h4)
e( 24 ")

2 h2 2 v 2 3
h R h h
Ezh=1+?_[[1+2j 1:| =1—h+7—?+...

1
=eh 1+—h3+0h4)
€ ( 24 ")

The solution of the difference equation may be written as
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_n ;3 4 o n ;3 4
Yp=Cret (1 ga " TOU ))J’Cze h(1+24h O ))

where C, and C, are arbitrary parameters to be determined with the help of the
discretization of the boundary conditions.

(1) Symmetric case : We have y ; =y,. Hence, we obtain
1 .3 4 1 .3 4
C,eh [1 ah +0(h ))+Cze‘h [1+24h +O(h ))

1 _ 1.3 4
=Cle‘h[1+24h3+0(h4))+02eh (1 o2t YOG ))

We get C, = C,.
Next, we satisfy y, = 1, Nh = 1.

1 1
yy=C,e (1—24h2 +O(h3)) +C el (1"'24}12 +O(h3)) =1.

Since C, = C,, we obtain

1
Ci= [2 cosh (1) = (A2 / 12) sinh (1) + O(A®)]
1 _ A% sinh (D) 5]
~ 2cosh (1) [1 24 cosh (1) +O%)
1 h? sinh (1) 3
_ 1
~ 2cosh (1) { * 24 cosh (1) +O(")

The solution of the difference equation becomes

2
y,=C, {2 cosh x,, - x’ig sinh xn} .

1 h? sinh (D)
Yo =2C, = cosh (1) * 24 cosh? (1)
We get from the analytic solution y(0) = 1/ cosh (1).
Hence, we have y(0) —y, = ah?,
i sinh (1)
24 cosh? (1)
(2) Non-symmetric case : y, =y, yy = 1.

+ O(h®).

where a= =—0.020565.

Satifying the boundary conditions, we obtain
C,+C,=C,e"+ Cye + OR3),
or (e"-1)C,=1-e")=C, + O(h3),

h? 3 h2
or h+ =+ OR®) Cl={h—2+0(h3)}cz

R (. h
or C, = {[1+ E) [1— E) O(hz)} C,=[1-h+O0m?)C,
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yy=Cie+ Cyet + O(h®),
or 1=[1-h)e+el+0R?)] C,.
Neglecting the error term, we obtain

C. - 1 B 1 1- he h
27 2cosh(1)—he  2cosh (1) 2 cosh (1

1 he
= 1+
2 cosh (1) 2cosh (D) |’
where the O(h2) term is neglected.

# 1-h + L
Cr=0=RC,= 3 cosh (1) 2 cosh (1)
where the O(h2) term is neglected.

Thus, we have ¥o=C;+C,
_ 1 [2_h+ he } 1 [2+hsinh(1)}
2 cosh (1) cosh (1) 2 cosh (1) cosh (1)
[ 1, hsinh(D) }
~|cosh (1) 2cosh? (D)
h{ sinh (1)
YO =% = cosh () ~Yo=" 5[2 cosh? (1)J = 12 ah.

We have bh =12 ah, or b =12a =- 0.24678.
(b) Hence, from (a), in the symmetric case the truncation error is O(h2) while in the
nonsymmetric case it is O(h).
A finite difference approximation to the solution of the two-point boundary value problem
y' =f(x)y + glx), x Ola, bl
y(a)=A,yb)=B
is defined by
—h2(y, =2y, + V) + )y, =—8x,),1sn<N-1,
and Yo=A,yy=B,
where N is an integer greater than 1, ~ = (b —a) / N, x, = a + nh, and y, denotes the
approximation to y(x,).
(i) Prove that if f(x) 20, x O [a, b] and y(x) O C* [a, b], then
2

| yx,) -y, | < ;—4 M, (x, — )b —x,)

where M, = xlél[%’)%] | ¥ (@) |.

(i) Show that with N = 3, the difference scheme gives an approximation to the solution
of

y'—y=1, x0][0, 1]
y(0)=0, y(1)=e -1,

for which | y(x,) -y, | < , 0<sn<3.

_€
864
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Solution
(@) The difference equation at x = x, is defined by
-y, 1+, -y, +hfy, =—ghtn=11N-1
Incorporating the boundary conditions y, = A and y,, = B into the difference equations,
we write the system of equations in matrix notation as

Jy + h2Fy =D
2 -1 0 fi 0
-1 2 -1 fo
where J= , F=[0 .
-1 2 -1 fn-1
0 -1 2

Y=y L D=[A-h%, —h%, .. B-h%g, 1T
Exact solution satisfies the equation
Jy(x,)+h?Fyx)=D-T
where T = [T T, ... TN_l]T is the truncation error.

In order to find the error equation, we put y, = y(x,) + €, in the difference equation and
obtain

Je+h?Fe=T
where e=lg gy ... gy 1T
The truncation error is given by
T,=y(x,,) - 2y(x,) + y(x, ;) — B2 (x,) y(x,) — h2g(x,)

= h—4 YO @), x . <E&<x
12 > “n-1 n+1l°
X
Hence, | T, | < e M, M,= Jnax | ¥@ () |.
Since f(x) = 0, x O [a, b] we have
J+h2F>d.

The matrices J and J + A% F are irreducibly diagonal dominent with non-positive off
diagonal elements and positive diagonal elements. Hence, J and J + A2 F are monotone
matices.

If follows that (J + A2F)! < J-1.
Hence, we get e=J+A2F)1T<JT.

We now determine J-! = (j ; ;) explicitly. On multiplying the rows of J by the jth column
of J-1, we have the following difference equations.

@) - 2‘]'1’1' _jZ,j =0,

@) —Jjiq;+2J; ;= Ju1, =0, 25sisj-1,
@) —Jiy,j*+20jj =1 = 1
(iv) ~Ji1,;*2J; j=Ji1,;=0, j+1<i<N-2,

(v) —Jngj*2inq;=0
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On solving the difference equations, we get

(N-j) . _ .
—— i<
. N s,
Ji,j = . .
JNZD s
N
Note that the matrix J-1is symmetric. The row sum of the nth row of J! is
z o n(N n) (xn -a)b -x,)
= - 2h? '
Thus, we have
(x, —a)b -x,)
< M R 1
& | 12 4 2h*
B2
or | y(x,) =y, | < e M, (x,—a)b—x,).

(it) We are given that
N=3,flx)=1,gx)=1,A=0,
B=¢-1,a=0,6=1,h=1/3.

We have ¥4 (x) = y"(x) = y(x) + 1.
Therefore, M, = m%XH [y® (x) | = m%xn [y)+1 | =e—-1+1=e.

Maximum of (x, —a)(b —x,) occurs for x, = (a +b)/2 and its maximum magnitude is
(b—-a)?/4=1/4. Hence

e
| y(x,) =y, | S86—4,0Sns3.

Consider the homogeneous boundary value problem
Y+ ANy =0,
y(0) =y(1) =
(a) Show that the application of the fourth order Numerov method leads to the system

A
§ Jp——
[ 1+)\/12}y‘°
where A = hZ A.

(b) Show that the approximation to the eigenvalues by the second and fourth order meth-
ods are given by 2(1 — cos n Th) / h% and 12(1 — cos nTh) / [h%(5 + cos nTh)], 1< n <N
— 1, respectively, where A =1 / N.

(c) Noticing that A = n? T8, show that the relative errors
A, -h2\,
N

n

for the second and the fourth order methods are given by A A%/ 12 and N2 h* [ 240,
respectively, when terms of higher order in 2 are neglected.



370

Numerical Methods : Problems and Solutions

Solution
(a) The application of the Numerév method leads to the system

A
yn+l_2yn+yn—l+ E (yn+l+ 1Oyn+yn—l)=0’
n=12.N-1,

A

S E—— )
1+r/1277

or _yn+l+2yn_yn—l

n=12,..,N-1,
where A = h2A.
Incorporating the boundary conditions we obtain

A
[J_ 1+1/12 Ij y=0.
(b) For the second order method, we have
Ypop =211 =(A/2]ly, +y, =0,
Yo=yn=0.
The characteristic equation of the difference equation is given by
E2-2[1-A/2]&+1=0.
Substitute cos 8 =1—(A/2). Then the roots of the characteristic equation are given by

E=cosO+1isinb= e* Le. The solution of the difference scheme becomes

y, = C; cos n8 + C, sin nb.
Boundary conditions y(0) =0, y(1) =0lead to C, = 0, C, sin (N6) = 0, or 6 =n11/ N. Since
h =1/ N, we have

1
1- 3 A, =cos B=cos (mTh), or A =2[1-cos(nTh),
2
or /\n:ﬁ [1 - cos (n TA)].
Similarly, for the Numerév method, we substitute
1-5M/12 5
1+Aa/12 ~

and find that 6 =nm/ N = nmh.
The eigenvalue is given by

12[1- h
{[1—5An}/[1+1)\n}}=cos(nnh),or A, = L= cos (n 1th)

12 12 5+cos(nTth)

or

_12]1-cos(nmh)
" R2|5+cos(nTh) |’
(c) The analytical solution of the eigenvalue problem gives A = n? 2.

1 1
We have 1—COS(nT[h)=1—1+Enzﬂzhz—ﬁn4Tl4h4+O(h6)

_1oaege [1—1—12;12 2 B2 +0(h4)}

For the second order method, we obtain
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2
=l A, = B [1 - cos (n TtA)]
1
- 22 [1— 5 n?m h? +O(h4)},

Thus, the relative error in the eigenvalue is given by

A, -h2N, A

Zn B %n _ Nn g 4

A =12 h?% + O(h?).

We have

-1
[5 + cos (n TA)| ! = [6—%712 ™ A2 +in4 ¢t Bt +O(h6)}

-1
_ 1[1—{in2 NI S g +O(h6)H

6 12 144
_ 1[1+in2 2 b2 +O(h6)}
6l 12
1= cosnmh)l [1)(1;12 n2 hz) [1—1112 A2+ L opt o g +O(h6)}
[5 + cos (n TTh)] 6/)\ 2 12 360
1 5 2 6] - L o 2[1_i 4 4h4+OhG}
x[1+12n 2 h +O(h)}—12nn2h T )
1 12 [1-cos(n 1h)]

1
= — 2 2 — 4 474 6
RE M2 Brcosumh)] =T [1 50" h* +0(h )}

Therefore, for the Numersév method, the relative error is given by

MhZhe L iy ous - L A2 ey o
A 240 240 " '

5.72 Solving the differential equation y" =y, 0 < x < 1, with boundary conditions

y(0) = y(1) = 1, is associated with minimizing the integral
1
I= J.(y'z +y%) dx.
0

Find I, using the approximate solution y = 1 + ax(1 + x).
[Lund Univ., Sweden, BIT 29(1989), 158]

Solution
1
We have 1= J.[az(l— 2x)% +1+2a(x —x2%) +a? (x —x%)?] dx
0
_ i a?+1+ 1 a.
30 3
Setting dI / da = 0, we find that the minimum is obtained for a = -5/ 11.
61
Hence, we get I . =— =0.9242.

min 6
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5.74

Solve the boundary value problem
y'+y*=0,
¥(0)=0,y(1) =1,
by minimizing the integral

1
I= J(Sy'z -2y%) dx.
0

Use the trial function y = ax + bx?. Compute ¢ and b as well as the minimum value.
[Lund Univ., Sweden, BIT 29(1989), 376]
Solution

The boundary condition y(1) = 1, gives a + b = 1. Substituting y(x) = ax + bx?, in the
integral and simplifying we obtain

1
= j [3(a + 2bx)2 - 2 (ax +bx2)3] dx
0

=3 [az +2ab +éb2)—2[la3 +3 a2 + L ap? +lb3)
3 4 5 2 7

1
R P 2 —
=70 [a® — 66a* + 150a — 260],

For minimum value of I, we require dI / da = 0, which gives
a®? — 44a + 50 = 0.
Solving, we get

a=22- /434 =1.1673 and

b=1-a=-0.1673.
The other value of a is rejected.
We find I . =2.47493.
In order to determine the smallest value of A for which the differential equation

y' = ﬁ Y = A3 + x)y,
y(=1)=y(1)=0,

has non-trivial solutions, Runge-Kutta method was used to integrate two first order
differential equations equivalent to this equation, but with starting values y(- 1) = 0,
y'(=1)=1.
Three step lengths £, and three values of A were tried with the following results for y(1)

A A 0.84500 0.84625 0.84750
2/10 0.0032252 0.0010348 — 0.0011504
4/30 0.0030792 0.0008882 — 0.0012980
1/10 0.0030522 0.0008608 — 0.0013254

(a) Use the above table to calculate A, with an error less than 1075.
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(@)

5.75

(b) Rewrite the differential equation so that classical Runga-Kutta method can be used.
[Inst. Tech., Stockholm, Sweden, BIT 5(1965), 214]

Solution
Note from the computed results that y(1) is a function of A. Denote the dependence as
y(1, N).
We now use the Miiller method to find the improved value of A.
The parameter values for various values of A are as follows :

A, 5 =0.84500, A, ; = 0.84625, A, = 0.84750

h,=M\,—\, ; =0.84750 — 0.84625 = 0.00125.
h, =N, ;-\, ,=0.84625 - 0.84500 = 0.00125.

hk
u: =]_,
= har
O, =1+p,=2.

& = Wi V2= 8 Ypo1 + (g +8) 3
= Yp-2 ~4Yp-1 T 3Vs.
Cro=t, (Mo =8 Y, 1 + V) =Yy 0= 2V 1 + e
20, v
8r \/g}% — 498, Cy yp,
The sign in the denominator is chosen as that of g,.
N1 =N+ A =Ny p) s
We obtain A =2/10: g, =—0.0043652, C, =0.0000052,
W, = —0.5267473, A, = 0.8468416.
h=4/30: g, =—0.0043676, C, =0.0000048,
W,., = —0.593989, A, = 0.8467575.
h=1/10: g, =—0.0043672, C, =0.0000052,
W,., = — 0.6065413, A,,, = 0.8467418.
Hence, the eigenvalue is obtained as 0.84674.

Mps1 =—

(b) Substituting y' = z we have two first order differential equations
y =z
T B+x
with initial conditions y(—1)=0,2(-1) = 1.
This system can be used with prescribed A and A to find y(1).

z— A3 +x)y,

Obtain the numerical solution of the nonlinear boundary value problem

[

1
u’=§(1+x+u)3
u0)-u0)=-1/2,'Q)+ul)=1
with 2 =1/ 2. Use a second order finite difference method.
Solution
The nodal points are x, = 0,x, =1/2, x, = 1. We have
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a0=—1,a1=—1,y1=—1/2,b0=b1=y2=1.
The system of nonlinear equations, using (5.135), (5.137), (5.138), becomes

211 . 1 1
(1+h)u0—u1+? §(1+x0+u0) +E(1+x1 +u1) _§=
2

— U+ 2y —uy + — (1+ax,+u)?=0

h?[1 5 1 5
—u + (1 +hu,+ g(1+x1+u1) +§(1+x2 +uy)® | —h = 0.

2
The Newton-Raphson method gives the following linear equations
_ , 1
§+1(1+u(()s))2 _1+i(§ +u§$)) 0
2 8 16\ 2 ©)
3(3 2 Bug
-1 2+§[§+u9) -1 Au®
1(3 2 3.1 Bu”
0 -1+—(—+u¥>) S+ @+uy)
16\ 2 2 8 |
I 3 (s) (s) 1|1 ()13 1 (3 (S)JS 1 W
—uy —u; +—=|=A+uy’)’ +=| = +u -=
PR T R R P 4
9 pon® o 13, oY
=_ —u6)+2u§)—u§)+g(§+u§))
3
s L 3 (5 ) +fe i
2 8(6\2 3 2 |
and ul =ul +0ul  u =ul e uSY = ul + pul.

Using u(()") =0.001, uiO) =-0.1, uéO) = 0.001, we get after three iterations
ué3) =—0.0023, u§3) =-0.1622, uéB) =—0.0228.

The analytical solution of the boundary value problem is

u(x) = L—x—l.

w(0)=0, u(1/2)=-0.1667, u(1) = 0.



Sample Programs In C

PROGRAM 1

/APROGRAM BISECTION

Findings simple root of f(x) = 0 using bisection method. Read the end points of the interval
(a, b) in which the root lies, maximum number of iterations n and error tolerance eps.*/

#include <stdio.h>
#include <math.h>

float f();

main()

{
float a, b, x, eps, fa, fx, ff, s;
int i, n;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Please input end points of interval (a, b),\n”);
printf(“in which the root lies\n”);

printf(“n: number of iterations\n”);

printf(“eps: error tolerance\n”);

scanf(“%f %f %d %E”,&a, &b, &n, &eps);
fprintf(fp,“A = %f, B = %f, N = %d,”, a, b, n);
fprintf(fp,“EPS = %e\n”, eps);

/*Compute the bisection point of a and b */

x = (a + b)/2.0;
for(i=1;1<=n;i++)
{

fa = f(a);

fx = f(x);

375
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if(fabs(fx) <=eps)
goto 11;
ff = fa * fx;
if(ff < 0.0)
x = (a + x)/2.0;
else
{
a=x;
x = (x + b)/2.0;

}

printf(“No. of iterations not sufficient\n”);

goto 12;

11: fprintf(fp,“TTERATIONS = %d,”,1);

fprintf(fp,“ ROOT = %10.7f, F(X) = %E\n”, x, fx);

printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);

fclose(fp);
12: return 0;

}
/********************************************************/
float f(x)

float x;

{ float fun;

fun = cos(x) - x * exp(x);
return(fun);

}
/********************************************************/
A =0.000000, B = 1.000000, N = 40, EPS = 1.000000e-04
ITERATIONS = 25, ROOT = 0.5177526, F(X) = 1.434746E-05

/********************************************************/

PROGRAM 2

/APROGRAM REGULA-FALSI

Finding a simple root of f(x)=0 using Regula-Falsi method. Read the end points of the interval
(a, b) in which the root lies, maximum number of iterations n and the error tolerance eps. */

#include <stdio.h>
#include <math.h>
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float ();

main()
{
float a, b, x, eps, fa, fb, fx;
int i, n;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input the end points of the interval (a, b) in”);
printf(“which the root lies”);

printf(“n: number of iterations\n”);

printf(“eps: error tolerance\n”);

scanf(“%f %f %d %E”, &a, &b, &n, &eps);
fprintf(fp,“a = %f b = %fn = %d”, a, b, n);

fprintf(fp,” eps = %e\n\n”, eps);

/¥*Compute the value of f(x) at a & b and calculate the new

approximation x and value of f(x) at x. */
for G=1;1<=n;i++)
{ fa = f(a);
fb = f(b);
x=a-(a-b)*fa/(fa-fb)
fx = f(x);

if(fabs(fx) <= eps)

/*Iteration is stopped when abs(f(x)) is less than or equal to eps.
Alternate conditions can also be used. */

goto 11;
if((fa * fx) < 0.0)
b =x;
else
a=x;
}
printf(“\nITERATIONS ARE NOT SUFFICIENT”);
goto 12;

11: fprintf(fp,“Number of iterations = %d\n”, i);
fprintf(fp,“Root = %10.7f, f(x) = %e\n”, x, fx);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);

12: return 0;

}
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float f(x)
float x;
{ float fun;
fun = cos(x) - x * exp(x);
return(fun);

}

/********************************************************/

a =0.000000 b = 1.000000 n = 20 eps = 1.000000e-04
Number of iterations = 9
Root = 0.5177283, f(x) = 8.832585e-05

/********************************************************/

PROGRAM 3

/APROGRAM SECANT METHOD

Finding a simple root of f(x) = 0 using Secant method. Read any two approximations to the
root, say, a, b; maximum number of iterations n and the error tolerance eps. The method
diverges if the approximations are far away from the exact value of the root.  */

#include <stdio.h>
#include <math.h>

float f();

main()
{
float a, b, x, eps, fa, fb, fx;
int i, n;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input any two approximations to the root ”);
printf(“n: number of iterations\n”);

printf(“eps: error tolerance\n”);

scanf(“%f %f %d %E”, &a, &b, &n, &eps);
fprintf(fp,“a = %f b = %fn = %d”, a, b, n);
fprintf(fp,” eps = %e\n\n”, eps);

/¥*Compute the value of f(x) at a & b and calculate the new
approximation x and value of f(x) at x. */
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for 1 =1;1i<=n;i++)
{ fa = f(a);
fb = f(b);
x=a-(a-b)*fa/(fa-fb)
fx = f(x);
if(fabs(fx) <= eps)

/* Iteration is stopped when abs(f(x)) is less than or equal to eps.
Alternate conditions can also be used. #/
goto 11;
a=bh;
b =x;
}
printf(“\nITERATIONS ARE NOT SUFFICIENT”);
goto 12;
11: fprintf(fp,“Number of iterations = %d\n”, i);
fprintf(fp,“Root = %10.7f, f(x) = %e\n”, x, fx);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
12: return 0;

}

/********************************************************/

float f(x)
float x;
{ float fun;
fun = cos(x) - x * exp(x);
return(fun);

}

/********************************************************/

a =0.100000 b = 0.200000 n = 40 eps = 1.000000e-04
Number of iterations = 5
Root = 0.5177556, f(x) = 5.281272e-06

/********************************************************/

PROGRAM 4

/* PROGRAM NEWTON-RAPHSON METHOD

Finding a simple root of f(x) = 0 using Newton-Raphson method. Read initial approximation
xold. Maximum number of iterations n and error tolerance eps. */

#include <stdio.h>
#include <math.h>
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float ();
float df();
main()
{
float xold, eps, fx, dfx, xnew;
int i, n;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input value initial approximation xold\n”);
printf(“n: number of iterations\n”);

printf(“eps: error tolerance\n”);

scanf(%f %d %E”, &xold, &n, &eps);

fprintf(“fp,“Input value initial approximation xold\n”);
fprintf(fp,“ number of iterations n,”);

fprintf(fp,“ error tolerance eps\n”);

fprintf(fp,“xold = %f n = %d eps = %e\n\n”, xold, n, eps);

/*Calculate f and its first derivative at xold */
for(i=1;1<=n;i++)
{ fx = f(xold);
dfx = df(xold);
xnew = xold - fx / dfx;
fx = f(xnew);
if(fabs(fx) <= eps) goto 110;

/* Tteration is stopped when abs(f(x)) is less than or equal to eps.
Alternate conditions can also be used.  */
xold = xnew;
}
printf(“\nITERATIONS ARE NOT SUFFICIENT”);
goto 120;
110:
fprintf(fp,“Iterations = %d”,i);
fprintf(fp,” Root = %10.7f, f(x) = %e\n”, xnew, fx);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
120: return 0;
}

float f(x)
float x;
{ float fun;
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fun = cos(x) - x * exp(x);
return(fun);

}

/********************************************************/

float df(x)
float x;
{ float dfun;
dfun = - sin(x) - (x + 1.0) * exp(x);
return(dfun);

}

/********************************************************/

Input value initial approximation xold

number of iterations n, error tolerance eps

xold = 1.000000 n = 15 eps = 1.000000e-04
Iterations = 4 Root = 0.5177574, f(x) = 2.286344e-08

/********************************************************/

PROGRAM 5

/% PROGRAM MULLER METHOD

Finding a root of f(x) = 0 using Muller method. Read three initial approximations x0, x1 and
x1, maximum number of iterations n and error tolerance eps. */

#include <stdio.h>
#include <math.h>

float f();

main()
{
float x, x0, x1, x2, fx, x0, fx1, fx2;
float al,dl, c, g, p, q, eps;
int i, n;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input three initial approximations : x0, x1, x2\n”);
printf(“number of iterations : n, \n”);

printf(“error tolerance : eps\n”);

scanf(“%f %f %f %d %E”, &x0, &x1, &x2, &n, &eps);
fprintf(fp,“Input three initial approximations x0, x1, x2\n”);
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fprintf(fp,“Number of iterations n and error tolerance eps\n”);
fprintf(fp,“x0 = %f, x1 = %f, x2 = %f\n”, x0, x1, x2);
fprintf(fp,“n = %d, eps%e\n”, n, eps);

/¥*Compute f(x) at x0, x1 and x2 */
for(i = 1;1<=n;i++)
{ fx0 = f(x0);
fx1 = f(x1);
x2 = f(x2);

/*Calculate the next approximation x */
al = (x2 - x1)/ (x1 - x0);
dl =1.0 + al;
g=al*al *fx0-dl *dl * fx1 + (al + dl) * fx2;
c=al * (al * fx0 - dl * fx1 + fx2);
q=g*g-4.0*dl *c*fx2;
if(q < 0.0)
q=0.0;
p = sqrt(q);
if(g < 0.0)
P=-P;
al=-2.0*dl *fx2/ (g + p);
x =x2 + (x2 - x1) * al;
fx = f(x);

if(fabs(fx) <= eps) goto 110;

/* Tteration is stopped when abs(f(x)) is less than or equal to eps.
Alternate conditions can also be used. */
x0 = x1;
x1 = x2;
X2 = Xx;
}
printf(“ITERATIONS ARE NOT SUFFICIENT \n”);
fprintf(fp,“ \nITERATIONS ARE NOT SUFFICIENT");
goto 120;
110:
fprintf(fp,“ITERATIONS = %d ROOT = %10.7{”, i, x);
fprintf(fp,” F(x) = %e\n”, fx);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n");
fclose(fp);
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120: return 0;
}

/********************************************************/

float f(x)
float x;
{ float fun;

fun = cos(x) - x * exp(x);

return(fun);
/****i***************************************************/
Input three initial approximations x0, x1, x2
Number of iterations n and error tolerance eps
x0 =-1.000000, x1 = 0.000000, x2 = 1.000000
n = 10, eps1.000000e-06
ITERATIONS =4 ROOT = 0.5177574 F(x) = 2.286344e-08

/********************************************************/

PROGRAM 6

/#PROGRAM BAIRSTOW METHOD
Extraction of a quadratic factor from a polynomial
x**n + a[l1] * x**(n - 1) + ..... + a[n-1] * x + a[n] = 0}
of degree greater than two using Bairstow method. n gives the degree of the polynomial. ali]

represents coefficients of polynomial in decreasing powers of x. p & q are initial approxima-
tions. m is the number of iterations and eps is the desired accuracy. */

#include <stdio.h>
#include <math.h>

main()

{
float a[10], b[10], c[10], p, q, cc, den, delp;

float delq, eps;
int i,n,m,j, k, 1;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input initial approximations of p & q:\n”);
printf(“Degree of polynomial : n,\n”);
printf(“Number of iterations :m,\n”);
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printf(“Desired accuracy :eps,\n”);

scanf(“%f %f %d %d %E”, &p, &q, &n, &m, &eps);
fprintf(fp,” Input initial approximations of p & q:\n”);
fprintf(fp,“Degree of polynomial: n,\n”);
fprintf(fp,“Number of iterations :m,\n”);
fprintf(fp,“Desired accuracy :eps,\n”);

fprintf(fp,“p = %f, q = %f, n = %d”, p, q, n);
fprintf(fp,“m = %d, eps = %e\n”, m, eps);

/* Read coefficients of polynomial in decreasing order */
printf(“Input coefficients of polynomial in decreasing”);
printf(“ order\n”);
fprintf(fp,“Coefficients of polynomial are\n”);
for G=1;1<=n;i++)

{ scanf(“%f”, &alil);
fprintf(fp,” %.4f1” alil);
}
fprintf(fp,“\n”);

/* generate b[k] & c[k] */
for (j = 1;j <= myj++)
{ bl1l] = a[l] - p;
b[2] = a[2] - p * b[1] - q;
for (k = 3; k <= n; k++)
blk] = alk] - p * blk-1] - q * b[k-2];
c[1] = b[1] - p;
cl2] =bl2] - p * c[1] - q;
l=n-1;
for (k = 3; k <=1; k++)
clk] = blk] - p * c[k-1] - q * c[k-2];
cc = ¢[n-1] - b[n-1];
den = c[n-2] * ¢[n-2] - cc * ¢[n-3];
if(fabs(den) == 0.0)
{ fprintf(fp,“WRONG INITIAL APPROXIMATION\n”);
printf(“\n WRONG INITIAL APPROXIMATION\n”);
got 12;
}
delp = -(b[n] * ¢[n-3] - b[n-1] * c[n-2]) / den;
delq = -(b[n-1] * cc - b[n] * ¢[n-2]) / den;
p =p + delp;
q =q + delg;
if((fabs(delp) <= eps) && (fabs(delq) <= eps))
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goto 12;
}
printf(“ITERATIONS NOT SUFFICIENT\n”);
fprintf(fp,“ITERATIONS NOT SUFFICIENT\n”);
goto 13;
12: fprintf(fp,“ITERATIONS = %d, P = %11.7e, ”, j, p);
fprintf(fp, “Q = %11.7e\n”, q);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
fclose(fp);
13: return 0;

}

/********************************************************/

Input initial approximations of p & q:
Degree of polynomial: n,
Number of iterations :m,
Desired accuracy :eps,
p = 0.500000, q = 0.500000,n = 4 m = 10, eps = 1.000000e-06
Coefficients of polynomial are
1.0000 2.0000 1.0000 1.0000
ITERATIONS = 7, P = 9.9999994e-01, Q = 1.0000000e+00

/********************************************************/

PROGRAM 7

APROGRAM GAUSS ELIMINATION METHOD

Solution of a system of nxn linear equations using Gauss elimination method with partial
piviting. The program is for a 10x10 system. Change the dimension if higher order system is to
be solved. */

#include <stdio.h>
#include <math.h>

main()
{
float a[10][11], x[10], big, ab, t, quot, sum,;
int n, m, 1, 1, j, k, jj, kpl, nn, ip1;
FILE *p;

fp = fopen(“result”,“w”);
printf(“Input number of equations : n\n”);
scanf(“%d”, &n);
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fprintf(fp,“Order of the system = %d\n”, n);
m=n+1;

l=n-1;

printf(“Input the augmented matrix row-wise\n”);
fprintf(fp,“Elements of the augmented matrix :\n”);

for 1 =1;1i<=n;i++)
{ for j =1;j <=m;j++)
{ scanf(“%f”, &alillj]);
fprintf(fp,“ %.6f, alil[j]);
}
fprintf(fp,“\n”);
}
for (k =1; k <=1; k++)
{ big = fabs(a[k][k]);
=k
kpl=k +1;
for(i = kpl; i <=n; i++)
{ ab = fabs(ali][k]);
if((big - ab) < 0.0)
{ big = ab;
=1
}
}
if(Gj - k) > 0)
{ for j =k;j<=m;j++)

{ t=aljjlljl;
alijllj) = alkl[jl;
alkl[jl = t;

}
}
for (i = kpl;i<=n;i++)
{ quot = ali][k]/alk][k];
for (j = kpl;j <= m; j++)
alilljl = alillj] - quot*alk]l[jl;
}
for (i = kpl;i<=n;i++)
ali][k] = 0.0;
}
x[n] = a[n][m]/a[n][n];
for (nn = 1; nn <= 1; nn++)
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{ sum = 0.0;
i=n-nn;
ipl=1i+1;
for(j = ipl;j <= n; j++)
sum = sum + ali][jl*x[jl;
x[i] = (alil[m] - sum)/ali][il;
}
fprintf(fp,“SOLUTION VECTOR\n”),
for 1 =1;1i<=n;i++)
fprintf(fp,” %8.51, x[i]);
fprintf(fp,“\n”);
printf(“PLEASE SEE FILE ‘result’ FOR RESULTS\n”);
return 0;

}

/********************************************************/

Order of the system = 3
Elements of the augmented matrix :
1.000000 1.000000 1.000000 6.000000
3.000000 3.000000 4.000000 20.000000
2.000000 1.000000 3.000000 13.000000
SOLUTION VECTOR
3.00000 1.00000 2.00000

/********************************************************/

PROGRAM 8

/APROGRAM JORDAN METHOD

Matrix inversion and solution of NXN system of equations using Gauss Jordan method. If the
system of equations is larger than 15x15, change the dimensions if the float statement.  */

#include <stdio.h>
#include <math.h>

main()
{
float a[15][15], ai[15][15], b[15], x[15];
float  aal15][30], big, ab, t, p, sum,;
int n,m, m2, i, j, lj, k, kp1l, jj, 1k, 1i, 13;

FILE *p;



388 Numerical Methods

: Problems and Solutions

fp = fopen(“result”,“w”);
printf(“Input order of matrix : n\n”);
scanf(“%d”, &n);
printf(“Input augmented matrix row-wise\n”);
for G=1;1<=n;i++)
{ for G =1;j<=n;j++)
scanf(“%f”, &alillj]);
scanf(“%f”, &bli));
}
fprintf(fp,“Order of the system = %d\n”, n);
fprintf(fp,“Elements of the augmented matrix :\n”);
for 1 =1;1i<=n;i++)
{ for j=1;j<=n;j++)
fprintf(fp,” %8.41”, alil[j]);
fprintf(fp,“ %8.4f\n”, blil);
}
m=n +n;
m2=n+1;
/* Generate the augmented matrix aa. */
for G =1;1<=n;i++)
{ for G =1;j<=n;j++)
aalil[jl = alilljl;
}
for G=1;1<=n;i++)
[ for (j = m2;j <=m;j++)
aalil[j] = 0.0;
}
for G=1;1<=n;i++)
[ j=i+n;
aalil[j] = 1.0;
}

/*Generate elements of b matrix. */

for (Ij = 1; lj <= n; [j++)
{ /*Search for the largest pivot. */

k=1
if(k < n)
L=k
big = fabs(aalk][k]);
kpl =k + 1;

for(i = kpl; i <= n; i++)
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{ ab = fabs(aali][k]);
if((big - ab) < 0.0)

{ big = ab;
=43
}
}
/*Interchange rows if required. */
if(Gj - k) 1= 0)

{ for j =k;j<=m;j++)
{ t= aa[ij] []],
aaljjllj] = aalklljl;
aalkl[jl = t;
}
}
}
p = aalljlll;
for (i = 1j; 1 <= m; i++)
aalljl[i] = aalljl[i] / p;
for (Ik = 1; 1k <= n; lk++)
{ t=aallk][lj];
for (li = 1j; li <= m; li++)
{if((Ik - 1j) 1= 0)
aa[lk][li] = aa[lk][li] - aa[lj][1i] * t;
}

}
for 1 =1;1i<=n;i++)
{ for j = m2;j <= m;j++)
{ B=j-mn;
aifi](13] = aalil[jl;
}
}
fprintf(fp,“\n INVERSE MATRIX\n”),
for 1 =1;1i<=n;i++)
{ for G =1;j<=n;j++)
fprintf(fp,” %11.51”, ailil[j]);
fprintf(fp,“\n”);
}
for 1 =1;1i<=n;i++)
{ sum = 0.0;
for (k = 1; k <= n; k++)
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sum = sum + aili][k] * b[k];
x[i] = sum;

}
fprintf(fp,“\n SOLUTION VECTOR\n”);
for 1 =1;1i<=n;i++)

fprintf(fp,” %11.51”, x[i]);
fprintf(fp,“\n”);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
fclose(fp);
return 0;

}

/********************************************************/

Order of the system = 4
Elements of the augmented matrix :

3.0000 4.0000 2.0000 2.0000 6.0000
2.0000 5.0000 3.0000 1.0000 4.0000
2.0000 2.0000 6.0000 3.0000 3.0000
1.0000 2.0000 4.0000 6.0000 6.0000

INVERSE MATRIX
0.59756  —0.46341 0.17073 —-0.20732
—0.14024 0.35366  —0.18293 0.07927
—0.18902 0.08537 0.23171 —0.06707
0.07317 -0.09756 —0.12195 0.21951
SOLUTION VECTOR
1.00000 0.50000 —0.50000 1.00000

/********************************************************/

PROGRAM 9

/APROGRAM GAUSS-SEIDEL

Program to solve a system of equations using Gauss-Seidel iteration method. Order of the
matrix is n, maximum number of iterations is niter, error tolerance is eps and the initial
approximation to the solution vector x is oldx. If the system of equations is larger than 10x10,
change the dimensions in float. */

#include <stdio.h>
#include <math.h>

main()

{
float a[10][10], b[10], x[10], oldx[10], sum, big, c;
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float eps;
int n, niter, 1, j, ii, jj, k, 1;
FILE *fp;

fp = fopen(“result”,“w”);

printf(“Input the order of matrix : n\n”);
printf(“Input the number of iterations : niter\n”);
printf(“Input error tolerance : eps\n”);
scanf(“%d %d %e”, &n, &niter, &eps);
fprintf(fp,“n = %d, niter = %d, eps = %e\n”, n, niter, eps);
printf(“Input augmented matrix row-wise\n”);
fprintf(fp,“Elements of the augmented matrix\n”);
for (i = 1;1 <= n; i++)
{ for G =1;j<=n;j++)
[ scanf(“%f”, &alillj]);
fprintf(fp,“%f ”, alil[j]);
}
scanf(“%f”, &bli));
fprintf(fp,“ %f\n”, bli]);
}
printf(“Input initial approx. to the solution vector\n”);
fprintf(fp,“Initial approx. to solution vector :\n”);
for (i = 1;1 <=n; i++)
{ scanf(“%f”, &oldx[i]);
fprintf(fp,“%f 7, oldx[i]);
}
fprintf(fp,“\n”)
for 1 =1;1i<=n;i++)
x[i] = oldxl[il;

/¥*Compute the new values for x[i] */
for (ii = 1; ii <= niter; ii++)
{ for(i=1;i<=n;i++)
{ sum = 0.0;
for G = 1;j <= n; j++)
{ if(G-5)!=0)
sum = sum + ali][j] * x[jl;
}
x[i] = (b[i] - sum) / alil[i];
}
big = fabs(x[1] - oldx[1]);
for (k = 2; k <= n; k++)
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{ ¢ =fabs(x[k] - oldx[k]);
if(c > big)
big = c;
}
if(big <= eps)
goto 110;
for 1=1;1<=n;1++)
oldx[1] = x[1];
}
printf(“ITERATIONS NOT SUFFICIENT\n”);
fprintf(fp,“ITERATIONS NOT SUFFICIENT\n”);
goto 120;

110: fprintf(fp,“Number of iterations = %d\n”, ii);
fprintf(fp,“Solution vector\n”);
for(i=1;1<=n;i++)

fprintf(fp,” %17, x[i]);
fprintf(fp,“\n”);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
120: return 0;
}

/********************************************************/

n = 4, niter = 30, eps = 1.000000e-06
Elements of the augmented matrix
3.000000 4.000000 2.000000 2.000000 6.000000
2.000000 5.000000 3.000000 1.000000 4.000000
2.000000 2.000000 6.000000 3.000000 3.000000
1.000000 2.000000 4.000000 6.000000 6.000000
Initial approx. to solution vector :
0.100000 0.100000 0.100000 0.100000
Number of iterations = 28
Solution vector

1.000000 0.500000 -0.500000 1.000000

/********************************************************/

PROGRAM 10

/# PROGRAM POWER METHOD

Program to find the largest eigen value in magnitude and the corresponding eigen vector of a
square matrix A of order n using power method. If the order of the matrix is greater than 10,
change the dimensions in float. */
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#include <stdio.h>
#include <math.h>

main()
{
float lambda[10], a[10][10], v[10], y[10], max, sum, eps;
float big, c;
int i, j, n, ii, niter, k, 1;
FILE *fp;

fp = fopen(“result”,“w”);

/* Read the order of matrix A, number of iterations, coefficients of matrix A and the initial
vector c.*/

printf(“Input the order of matrix :n\n”);
printf(“Input number of iterations : niter\n”);
printf(“Input error tolerance : eps\n”);
scanf(“%d %d %e”, &n, &niter, &eps);
fprintf(fp,“Order of the matrix = %d\n”,n);
fprintf(fp,“Number of iterations = %d\n”, niter);
fprintf(fp,“Error tolerance = %e\n”, eps);
printf(“Input the coefficients of matrix row-wise\n”);
fprintf(fp,“Elements of the matrix\n”);
for 1 =1;1i<=n;i++)
{ for G =1;j<=n;j++)
[ scanf(“%f”, &alillj]);
fprintf(fp,“ %f, alil[j]);
}
fprintf(fp,“\n”);
}
printf(“Input the elements of the approx. eigen vector\n”);
fprintf(fp,“Approx. eigen vector\n”);
for (i = 1;1 <=n; i++)
[ scanf(“%f”, &vli]);
fprintf(fp,“ %f”, v[il);
}
fprintf(fp, “\n”);
for (ii = 1; ii <= niter; ii++)
{ for(i=1;i<=n;i++)
{ sum = 0.0;
for (k = 1; k <= n; k++)
sum = sum + ali][k] * v[k];
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ylil = sum;
}
for 1 =1;1i<=n;i++)

lambdali] = fabs(yl[il / v[i]);

/¥ Normalise the vector y. */
max = fabs(y[1]);
for i =2;1i<=n;i++)
{ if(fabs(y[i] > max)
max = fabs(yli]);
}
for 1 =1;1i<=n;i++)
vli] = ylil / max;
big = 0.0;
forG=1;i<=n-1;j++)
{
for G=j+1;i<=n;i++)
{
¢ = fabs(lambdalj] - lambdali]);
if(big < ¢)
big = c;

}
if(big <= eps)
goto 11;
}
printf(“NUMBER OF ITERATIONS NOT SUFFICIENT\n”);
fprintfifp,“NUMBER OF ITERATIONS NOT SUFFICIENT\n”);
goto 12;
11: fprintf(fp,“Number of iterations = %d\n”, ii);
fprintf(fp,“Approx. to Eigen value =),
for 1=1;1<=n;1++)
fprintf(fp,“ %f”, lambdal1]);
fprintf(fp,“\n”);
fprintf(fp,“Eigen-vector = ”);
for 1=1;1<=n;1++)
fprintf(fp,” %f”, v[1]);
fprintf(fp,“\n”);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
12: return 0;

}
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Order of the matrix = 3
Number of iterations = 20
Error tolerance = 1.000000e-04
Elements of the matrix

—15.000000 4.000000 3.000000
10.000000  —12.000000 6.000000
20.000000 —4.000000 2.000000

Approx. eigen vector

1.000000 1.000000 1.000000

Number of iterations = 19

Approx. to Eigen value =  19.999981 20.000076
Eigen-vector = —1.000000 0.499998  1.000000

PROGRAM 11

/% PROGRAM : LAGRANGE METHOD

Programme for Lagrange interpolation. */

#include <stdio.h>
#include <math.h>

main()
{
float x[10], y[10], xin, yout, sum,;
int n, i, j;
FILE *p;

fp = fopen(“result”,“w”);
/* Read in data. */

printf(“Input number of points : n\n”);
scanf(“%d”, &n);
fprintf(fp,“Number of points = %d\n”, n);
printf(“Input the abscissas \n”);
fprintf(fp,“The abscissas are :\n”);
for 1=1;i<=n;i++)

{ scanf(“%f”, &xli]);

fprintf(fp,“%8.41”, x[i]);
}
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fprintf(fp, “\n”);
printf(“Input the ordinates\n”);
fprintf(fp,“The ordinates are :\n”);
for 1 =1;1i<=n;i++)

[ scanf(“%f”, &ylil);

fprintf(fp,“%8.41", ylil);

}

fprintf(fp,“\n”);

/* Read in x value for which y is desired.  */

printf(“Input value of x for which y is required \n”);
scanf(“%f”, &xin);
fprintf(fp,“The value of x for which y is required is ”);
fprintf(fp,“%5.3f\n”, xin);

/¥ Compute the value of y. */

yout = 0.0;
for (i = 1;1 <= n; i++)
{ sum =ylil;
for G = 1;j <= n; j++)
{ ifi!=}))
sum = sum * (xin - x[j]) / (x[i] - x[j]);
}
yout = yout + sum;
}

fprintf(fp,“Lagrange interpolation based on %d points\n”,n);

fprintH)fp,“At x = %5.3f, y = %8.5f\n”, xin, yout);

printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n");
fclose(fp);

return 0;

}
/********************************************************/
Number of points = 6
The abscissas are :

0.0000 1.0000 2.0000 4.0000 5.0000 6.0000
The ordinates are :

1.0000 14.0000 15.0000 5.0000 6.0000 19.0000
The value of x for which y is required is 3.000
Lagrange interpolation based on 6 points
At x = 3.000, y = 10.00000

/********************************************************/
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PROGRAM 12

/¥ NEWTON-GREGORY INTERPOLATION
Program for interpolation in a uniformly spaced table using Newton-Gregory formula. */

#include <stdio.h>
#include <math.h>

main()
{
float yl[101, d[10], xi, xf, %, h, fm, fj;
float yout, fnum, fden, x0, y0,u, ffx, ffxx;
int n, m, i, j, k;
FILE *p;

fp = fopen(“result”,“w”);

/* Read in starting value and last value of x, the step size and the y values. n gives the total
number of nodal points. */

printf(“Input the number of abscissas,\n”);
printf(“starting value of x,\n");
printf(“last value of x and\n”);
printf(“the step size\n”);
scanf(“%d %f %f %f”, &n, &xi, &xf, &h);
fprintf(fp,“The number of abscissas = %d\n”, n);
fprintf(fp,“The starting value of x = %f\n”, xi);
fprintf(fp,“The last value of x = %f\n”, xf);
fprintf(fp,“The step size = %f\n”, h);
printf(“Input the ordinates\n”);
fprintf(fp,“The ordinates are :\n”);
for G=1;1<=n;i++)

[ scanf(“%f”, &ylil);

fprintf(fp,“%f”, ylil);

}

fprintf(fp,“\n”);

/¥ Read in value of x for which y is desired and m the degree of the polynomial to be used.
Maximum value of m is 15. */

printf(“Input x for which interpolation is required \n”);
printf(“and the degree of polynomial\n”);

scanf(“%f %d”, &x, &m);

fprintf(fp,“The value of x for which interpolation is ”);
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fprintf(fp,“required is %f\n”, x);
fprintf(fp,“The degree of polynomial = %d\n”, m);
fm=m + 1;
fix =x-xi-fm *h/2.0;
ffxx = xf-x-fm *h/2.0;
if(ffx > 0.0)
{ ifffxx <= 0.0)
j=n-m;
else
j=&-xi)/h-fm/2.0 +2.0;
}
else
=1
fj=J;
x0 =xi + (fj - 1.0) * h;
y0 =yljl;

/* Calculate required differences d[i] and y. */
for (i = 1; 1 <= m; i++)
t dlil = ylj+11 - y[jl;
J=i+1
}
for G =2;j <=m;j++)
[ for (i=j;i<=m;i++)
[ k=m-1i+]j;
dlk] = d[k] - d[k-1];
}
}
u=(x-x0)/h;
yout = yO0;
fnum = u;
fden = 1.0;
for i=1;1<=m;i++)
{ yout = yout + fnum/fden * dlil;
foum = foum * (u - i);
fden = fden * (1 + 1);
}
fprintf(fp,“Newton-Gregory interpolation of degree %d\n”, m);
fprintf(fp,“At x = %7.5f, y = %7.5f\n”, x, yout);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
fclose(fp);
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return 0;

}

/********************************************************/

The number of abscissas = 5

The starting valueof x = 0.100000

The last value of x = 0.500000

The step size = 0.100000

The ordinates are :

1.400000 1.560000 1.760000 2.000000 2.280000

The value of x for which interpolation is required is 0.250000
The degree of polynomial = 4

Newton-Gregory interpolation of degree 4

At x = 0.25000, y = 1.65500

/********************************************************/

PROGRAM 13

/% CUBIC SPLINE INTERPOLATION

Program for cubic spline interpolation for arbitrary set of points. The second derivatives at the
end points are assumed as zeros (natural spline). */

#include <stdio.h>
#include <math.h>

main()
{
float x[20], y[20], sdr[20], a[20], b[20], c[20], r[20];
float t, xx, dxm, dxp, del, f;
int n, i, j, nm1l, nm2, k;
FILE *p;

fp = fopen(“result”,“w”);

/¥ Read n the number of points, x and y values. */
printf(“Input number of points\n”);
scanf(“%d”, &n);
fprintf(fp,“Number of points = %d\n”, n);
printf(“Input abscissas\n”);
fprintf(fp,“The abscissas are :\n”);
for 1=1;i<=n;i++)
{ scanf(“%f”, &x[i]);
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fprintf(fp,“%f”, x[il);
}
fprintf(fp,“\n”);
printf(“Input ordinates\n”);
fprintf(fp,“The ordinates are :\n”);
for (i=1;i<=n;i++)
{ scanf(“%f”, &ylil);
fprintf(fp,“%f”, ylil);
}
fprintf(fp,“\n”);

/* Read the value of x for which y is required. */
printf(“Input x for which interpolation is required\n”);
scanf(“%f”, &xx);
fprintf(fp,“The value of x for which interpolation ”);
fprintf(fp,“is required is %f\n”, xx);

/* Calculate second order derivatives needed in cubic spline interpolation. a, b and ¢ are the
three diagonals of the tridiagonal system. r is the right hand side.  */

nm2 =n - 2;
nml =n - 1;
sdr[1] = 0.0;
sdr[n] = 0.0;
c[1] = x[2] - x[1];
for i =2;1<=nml;i++)
{ clil = x[i+1] - x[il;
ali] = c[i-1];
blil = 2.0 * (ali] + c[iD);
r[i] = 6.0%((yli+1]-y[il/clil-(y[il-y[i-1]/c[i-1D);
}

/* Solve the tridiagonal system. */
for i =3;1<=nml;i++)
{ t=alil/bli-1];
blil = bli] - t * c[i-1];
rli] = r[i] - t * r[i-1];
}
sdr[nm1] = r[nm1] / b[nm1];
for (i = 2;1 <=nm2; i++)
{ k=n-1i;
sdr[k] = (r[k] - c[k] * sdr[ k + 1]) / b[kI;
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/¥ Calculate the corresponding value of y. Find the proper interval. */
for (i = 1;1 <= nml; i++)
{ti=1
if(xx <=x[1 + 1])
goto 11;
}
11: dxm = xx - x[jl;

dxp = x[j + 1] - xx;

del = x[j + 1] - x[jl;

f = sdr[j] * dxp * (dxp * dxp / del - del)/6.0;

f=f+sdr[j + 1] * dxm * (dxm * dxm / del - del) / 6.0;

f=f+yljl *dxp/del + y[j + 1] * dxm / del;

fprintf(fp,“At x = %6.4f, interpolated value using”, xx);

fprintf(fp,“%d points is y = %8.4f\n”, n, 1),

printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);

fclose (fp);

return 0;

}
/********************************************************/
Number of points = 5
The abscissas are :

0.000000 1.000000 2.000000 3.000000 4.000000

The ordinates are :

1.000000 2.000000 33.000000 244.000000 1025.000000
The value of x for which interpolation is required is 1.750000
At x = 1.7500, interpolated value using 5 points is y = 21.1819

/********************************************************/

PROGRAM 14

/% TRAPEZOIDAL RULE OF INTEGRATION

Program to evaluate the integral of f(x) between the limits a to be using Trapezoidal rule of
integration based on n subintervals or n+1 nodal points. The values of a, b and n are to be read
and the integrand is written as a function subprogram. The program is tested for

fix)=1/1 +x). */

#include <stdio.h>
#include <math.h>



402 Numerical Methods : Problems and Solutions

float f();
main()
{
float a, b, h, sum, x, trap;
int n, i, m;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input limits a & b and no. of subintervals n\n”);
scanf(“%f %f %d”, &a, &b, &n);
fprintf(fp,“Limits are a = %f, b = %f\n”, a, b);
fprintf(fp,“Number of subintervals = %d\n”, n);
h=(b-a)/n;
sum = 0.0;
m=n-1;
for i=1;1<=m;i++)

{ x=a+1%*h;

sum = sum + f(x);

}
trap = h * (f(a) + 2.0 * sum + f(b)) / 2.0;
fprintf(fp,“Value of integral with %d ”, n);
fprintf(fp,“Subintervals = %14.6e\n”, trap);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
return 0;

}

/********************************************************/

float f(x)
float x;
{ float fun;
fun =1.0/ (1.0 + x);
return(fun);

}
/********************************************************/
Limits are a = 0.000000, b = 1.000000
Number of subintervals = 8
Value of integral with 8 subintervals = 6.941218e-01

/********************************************************/
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PROGRAM 15

/% SIMPSON RULE OF INTEGRATION

Program to evaluate the integral of f(x) between the limits a to b using Simpsons rule of inte-
gration based on 2n subintervals or 2n+1 nodal points. The values of a, b and n are to be read
and the integrand is written as a function subprogram. The program is tested for

fix)=1/1 +x). */

#include <stdio.h>
#include <math.h>

float f();
main()
{
float a, b, h, x, sum, sum1, sum2, simp;
int n,i,nl, n2;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input limits a & b and half the no. of ”);
printf(“subintervals n\n”);
scanf(“%f %f %d”, &a, &b, &n);
fprintf(fp,“The limits are a = %f, b = %f\n”, a, b);
h=(Mb-a)/ (2.0 *n);
sum = f(a) + f(b);
suml = 0.0;
nl=2%n-1;
forG=1;i<=nl;i=1i+2)

{ x=a+1%*h;

suml = suml + f(x);

}
n2=2%n-2;
sum2 = 0.0;
for G =2;1<=n2;i=1i+2)

{ x=a+1%*h;

sum2 = sum2 + f(x);

}
simp = h * (sum + 4.0 * sum1 + 2.0 * sum2) / 3.0;
fprintf(fp,“Value of integral with ”);
fprintf(fp,“%d Subintervals = %14.6e\n”, 2 * n, simp);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
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return 0;

}

/********************************************************/

float f(x)
float x;
{ float fun;
fun =1.0/ (1.0 + x);
return(fun);

}

/********************************************************/

The limits are a = 0.000000, b = 1.000000
Value of integral with 8 subintervals = 6.931545e-01

/********************************************************/

PROGRAM 16

/# ROMBERG INTEGRATION

Program to evaluate the integral of f(x) between the limits a and b using Romberg integration
based on Trapezoidal rule. Values of a, b and desired accuracy are to be read and the integrand
is written as a function subprogram. Array r gives Romberg table. n gives number of extrapo-
lations. The program is tested for f(x) = 1/ (1 + x). */

#include <stdio.h>
#include <math.h>

float f();

main()
{
float r[15][15], a, b, h, jj, kk, x, diff, eps;

int n, i, j, k, m, 1, ii;
int x1, x2;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input limits a & b, \n”);

printf(“the maximum no. of extrapolations n and\n”);
printf(“the error tolerance eps\n”);

scanf(“%f %f %d %E”, &a, &b, &n, &eps);
fprintf(fp,“The limits are : a = %f, b = %f\n”, a, b),
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fprintf(fp,“The maximum number of extrapolations = %d\n”, n);
fprintf(fp,“The error tolerance = %11.4e\n”,eps);
i=1;
h=b-a;
r[1][1] = 0.5 * h * (f(a) + f(b));
for (ii = 1; ii <= n; ii++)
{ h="h/2.0;
x2 = 1;
for (x1 =1; x1 <= (ii - 1); x1++)
X2 =x2 * 2;
j=x2
i=i+1;
r[il[1] = 0.5 * r[I - 1][1];
for (k = 1; k <=j; k++)
{ x=a+(2.0*%k-1.0) *h;
rlil[1] = r[i][1] + h * f(x);
}
for (k = 2; k <=1; k++)
{

x2 = 1;
for (x1 =1; x1 <= (k - 1); x1++)
X2 = x2 * 4,
Jjj=x2*rfillk - 1] - r[i - 1]k - 1];
kk =x2 - 1;

rlil[k] = jj/kk;
}
diff = fabs(r[il[i] - r[i][i - 1]);
if(diff <= eps)
{ fprintf(fp,“Romberg table after %d ”, i - 1);
fprintf(fp,“extrapolations\n”);
for 1=1;1<=1;1++)
{ for(m=1;m<=1 m++)
fprintf(fp,“%10.6f ”, r[l][m]);
fprintf(fp,“\n”);
}
goto 12;

}
printf(“Number of extrapolations are not sufficient\n”);
fprintf(fp,“Number of extrapolations are not sufficient\n”);
goto 11;



406 Numerical Methods : Problems and Solutions

12: printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
11: return 0;

}
/********************************************************/
float f(x)

float x;

{ float fun;
fun =1.0/(1.0 + x);
return(fun);

}

/********************************************************/

The limits are : a = 0.000000, b = 1.000000
The maximum number of extrapolations = 5
The error tolerance = 1.0000e-06
ROMBERG TABLE AFTER 3 EXTRAPOLATIONS
0.750000
0.708333 0.694444
0.697024 0.693254 0.693175
0.694122 0.693155 0.693148 0.693147

/********************************************************/

PROGRAM 17

/4 EULER METHOD FOR SOLVING FIRST ORDER INITIAL VALUE PROBLEM

Program to solve an IVP, dy/dx = f(x,y), y(x0) = y0, using Euler method. The initial values x0,
y0, the final value xf and the step size are to be read. f(x,y) is written as a function subprogram.

*/

#include <stdio.h>
#include <math.h>

float f();

main()
{
float x0, y0, h, xf, x, y;
int 1, iter;
FILE *p;

fp = fopen(“result”,“w”);
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printf(“Input initial point x0, initial value y0,\n”);
printf(“step size h and final value xf\n”);
scanf(“%f %f %%f”, &x0, &y0, &h, &xf);
fprintf(fp, “Initial point x0 = %f, initial ”, x0);
fprintf(fp),“value y0 = %f\n”, y0);
fprintf(fp,“Step size = %f\n”, h);
fprintf(fp,“Final value = %f\n” xf);
iter = (xf-x0)/h + 1;
for i = 1; 1 <= iter; i++)
{ y=y0+h*f(x0,y0);
x=x0 + h;
if(x < xf)
{ x0=x;
yo=y;

}
fprintf(fp,“At x = %6.4f, y = %12.6e\n”,x, y);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
fclose(fp);
return 0;

}

/********************************************************/

float f(x, y)
float x,y;
{ float fun;

fun=-20*x*y*y;
return(fun);

}

/********************************************************/

Initial point x0 = 0.000000, initial value y0 = 1.000000
Step size = 0.100000

Final value = 1.000000

At x =1.0000, y = 5.036419e-01

/********************************************************/

PROGRAM 18

/% RUNGE-KUTTA CLASSICAL FOURTH ORDER METHOD

Program to solve the IVP, dy/dx = f(x,y), y(x0) = yO using the classical Runge-Kutta fourth
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order method with steps h and h/2 and also computes the estimate of the truncation error.
Input parameters are: initial point, initial value, number of intervals and the step length h:
Solutions with h, h/2 and the estimate of truncation error are available as output. The right
hand side f(x,y) is computed as a function subprogram. */

#include <stdio.h>
#include <math.h>

float f();

main()
{
float u[20], v[40], x0, yO0, h, k1, k2, k3, k4;
float h1l, v1, te, x1, ul;
int n, i, m, nn, ij;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input initial point x0, initial value y0,\n”);
printf(“number of intervals n and step size h\n”);
scanf(“%f %f %d %f1”, &x0, &y0, &n, &h);
fprintf(fp,“Initial point x0 = %f, initial ”, x0);
fprintf(fp,“value y0 = %f\n”, y0);
fprintf(fp,“Number of intervals = %d,\n”, n);
x1 = x0;
for (m = 1; m <= 2; m++)

{ iflm==1)

{ nn=n;

u(0) = y0;

else
{ nn=2%n;
h=h/2.0;
v[0] = yO0;
}

for i=1;1<=nn;i++)

{ iflm==1)
{ ul =uli-1];
hl=h/2.0;

k1l =h * f(x0, ul);
k2 =h * f(x0 + h1, ul + 0.5 * k1);
k3 =h * f(x0 + h1, ul + 0.5 * k2);
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k4 =h * f(x0 + h, ul + k3);
uli] = ul + (k1 + 2.0 * (k2 + k3) + k4)/6.0;
x0 = x0 + h;

else
{ vl=vl[i-1];
hl=h/2.0;
k1l =h * f(x1, v1);
k2 =h * f(x1 + h1, vl + 0.5 * k1);
k3 =h * f(x1 + h1, vl + 0.5 * k2);
k4 =h * f(x1 + h, vl + k3);
vii] =v1 + (k1 + 2.0 * (k2 + k3) + k4)/6.0;
x1 =x1+h;

}
te = 16.0 * (v[nn] - uln]) / 15.0;
fprintf(fp,“Step = %4.2f\n”, 2.0%h);
fprintf(fp,“Solution at nodal points\n”);
for G=1;1<=n;i++)
fprintf(fp,“%11.71”, ulil);
fprintf(fp,“\n”);
fprintf(fp,“Step = %4.2f\n”, h);
fprintf(fp,“Solution at nodal points\n”);
for G=1;1<=2*n;i++)
{
ifi==n+1)
fprintf(fp,“\n”);
fprintf(fp,“%11.7f”, v[il);
}
fprintf(fp,“\n”);
fprintf(fp,“Estimate of truncation error at ”);
fprintf(fp,“xf = %12.5e\n” te);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
return 0;

}

float f(x,y)
float x,y;
{ float fun;
fun=-20*x*y*y;
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return(fun);

}

/********************************************************/

Initial point x0 = 0.000000, initial value y0 = 1.000000

Number of intervals = 5,

Step = 0.10

Solution at nodal points

0.9900990 0.9615382 0.9174306 0.8620682 0.7999992

Step = 0.05

Solution at nodal points
0.9975063 0.9900990 0.9779951 0.9615384 0.9411764
0.9174311 0.8908685 0.8620689 0.8316008 0.8000000

Estimate of truncation error at xf = 7.62939e-07
/********************************************************/

PROGRAM 19

/4 MILNE’S METHOD FOR SOLVING FIRST ORDER IVP

Program to solve an IVP, dy/dx = f(x,y), y(x0) = y0, using Milne-Simpson method. The initial
values x0, y0, the final value xf and the step size h are to be read. Starting values are calcu-
lated using classical fourth order Runge-Kutta method. Adams-Bashforth method of third or-
der is used as a predictor and Milne-Simpson method is iterated till

abs(yold - ynew) <= err where err is error tolerance. */

#include <stdio.h>
#include <math.h>

float f();

main()
{
float x[21], y[21], k1, k2, k3, k4, %0, yO0;
float h, 10, f1, 2, f3, x1, y1, p, yold, eps;
int n, i, miter, iter, niter, m;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input initial point x0, initial value y0\n”);
printf(“number of steps m, step size h,\n”);
printf(“error tolerance eps\n”);
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scanf(“%f %f %d %f %E”, &x0, &y0, &m, &h, &eps);
fprintf(fp,“Initial point = %f\n”, x0);
fprintf(fp,“Initial value = %f\n”, y0);
fprintf(fp, “Error tolerance = %e\n”, eps);
printf(“Input maximum number of iterations per step\n”);
scanf(“%d”, &niter);
fprintf(fp,“Maximum number of Milne iterations = ”);
fprintf(fp,“%d \n”, niter);
x[0] = x0;
yl0] = y0;
for G=1;1<=2;i++)
{ x1=x[1i-1]
yl=yli-1];
kl1=h *flxl,yl);
k2 =h *f(x1 + 0.5 * h, y1 + 0.5 * k1);
k3 =h *f(x1 + 0.5 * h, y1 + 0.5 * k2);
k4 =h * f(x1 + h, y1 + k3);
ylil = y1 + (k1 + 2.0 *k2 + 2.0 * k3 + k4) / 6.0;
x[i] = x1 + h;
}
miter = 0;
for i =3;1<=m;i++)
{ iter =0;
x1 =x[i-1];
yl=yli-1];
f0 = f(x[i - 31, y[i - 3D);
fl =1fx[i - 2], yli - 2]);
2 = f(x1, yl);
ylil =yl +h *(23.0 * {2 -16.0 * f1 + 5.0 * f0) / 12.0;
x[i] = x1 + h;
p=yli-2] +h*(4.0*{2+f1)/3.0;
12:  yold = ylil;
iter = iter + 1;
miter = miter + 1;
3 = f(x[i], yold);
ylil =p + h *13/3.0;
if((fabs(yold - y[i]) - eps) <= 0)
goto 13;
if (iter > niter)
{

printf(“Iteration bound is not sufficient”);
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fprintf(fp,“Iteration bound is not sufficient”);
goto 11;
}
goto 12;
13:  printf(“ ”);
}

fprintf(fp,“Step = %6.4f\n”, h);

fprintf(fp,“Total number of Milne correctors used = ”);

fprintf(fp,“%d \n”, miter);

fprintf(fp,“Solution at nodal points\n”);

for i=1;1<=m;i++)

{
fprintf(fp,“%11.7f”, ylil);
if(i == 5)
fprintf(fp,“\n”);
}
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
11: fclose(fp);

return 0;

}
/********************************************************/
float f(x,y)

float x,y;

{ float fun;
fun = - 2.0 *x *y *y;
return(fun);

}

/********************************************************/

Initial point = 0.000000

Initial value = 1.000000

Error tolerance = 1.000000e-06

Maximum number of Milne iterations = 5

Step = 0.1000

Total number of Milne correctors used = 28

Solution at nodal points
0.9900990 0.9615382 0.9174208 0.8620606 0.7999858
0.7352871 0.6711303 0.6097542 0.5524795 0.5000020

/********************************************************/
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PROGRAM 20

/% SHOOTING METHOD FOR SOLVING SECOND ORDER LINEAR BVP

Program to solve the linear two point boundary value problem

u” = p[xl(du/dx) + q[x]u + r[x] = G(x, u, du/dx), ula] = s1, u[b] = s2, by shooting method using the
super-position principle. The intial value problem is solved by the fourth order Runge-Kutta
method for 2x2 system. It requires two approximations of the slope of the solution curve at the
starting point of integration. The linear function G is given as a function subprogram. */

#include <stdio.h>
#include <math.h>

float f();
float g0);

main()
{
float u[501, v[501, w[50], k[3][5], h, a, b, ya, yb, va;
float x0, x1, x2, ul, v1, cl, ¢2, appl, app2;
int n,i,j, ij;
FILE *p;

fp = fopen(“result”,“w”);

printf(“Input end points of interval of integration ”);
printf(“a & b,\nvalues at boundary points ya & yb,\n”);
printf(“two approximations to the slope appl & app2,\n”);
printf(“number of intervals n\n”);
scanf(“%f %f %f %f %f %ft”, &a, &b, &ya, &yb, &appl, &app2);
scanf(“%d”, &n);
fprintf(fp,“End points are a = %4.2f, b = %4.2f\n”, a, b);
fprintf(fp,“Values at boundary points are ya = %4.2f”, ya);
fprintf(fp,“,yb = %4.2f\n”yb);
fprintf(fp,“Two approximations to the slope are:\n”);
fprintf(fp,“appl = %f, app2 = %f\n”, appl, app2);
fprintf(fp,“Number of intervals = %d\n”, n);
h=(b-a)/n;
ul0] = ya;
v[0] = app1;
x0 = a;
for G = 1;j <= n; j++)

{ x1=x0+h/2.0;

x2 =x0 + h;
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ul = ulj-1];
vl = v[j-1];
for i=1;1i<=2;i++)

kl[il[1] = h * f(, x0, ul, v1);
for i=1;1i<=2;i++)

klil[2] = h * {(4, x1, ul + 0.5 * k[1][1], v1 + 0.5 * k[2][1]);
for G=1;1<=2;i++)

k[il[3] = h * f(d, x1, ul + 0.5 * k[1][2], v1 + 0.5 * k[2][2]);
for G=1;1<=2;i++)

k[i][4] = h * f(i, x2, ul + k[1][3], v1 + k[2][3]);
uljl =ul + (k[1][1] + 2.0 * (k[1][2] + k[1][3]) + k[1][4])/ 6.0;
v[jl = v1 + (k[2][1] + 2.0 * (k[2][2] + k[2][3] + k[2][4]) / 6.0;

x0 =x0 + h;
}
w(0) = ya;
v[0] = app2;

x0 = a;
for j = 1;j <= n; j++)
{ x1=x0+h/2.0;
x2 =x0 + h;
ul =wl[j - 1I;
vl=v[j-1l;
for i=1;1<=2;i++)
k[i][1] = h * f(i, X0, ul, v1);
for i=1;1<=2;i++)
k[i][2] = h * f(i, x1, ul + 0.5 * k[1][1], v1 + 0.5 * k[2][1]);
for i=1;1<=2;i++)
k[i][3] = h * f(i, x1, ul + 0.5 * k[1][2], v1 + 0.5 * k[2][2]);
for i=1;1<=2;i++)
kli][4] = h * f(i, x2, ul + k[1][3], v1 + k[2][3]);
wlijl = ul + (k[1][1] + 2.0 * (k[1][2] + k[1][3]) + k[1][4]) / 6.0;
vijl = vl + (k[2][1] + 2.0 * (k[2][2] + k[2][3]) + k[2][4]) / 6.0;
x0 =x0 + h;
}
c2 = (yb - u[n])/(w[n] - ulnl);
¢l =1.0-c2;
for 1 =1;1i<=n;i++)
uli] = ¢l * ufi] + ¢2 * wlil;
fprintf(fp,“Step h = %6.2f\n”, h);
fprintf(fp,“Solution at nodal points\n”);
forG=1;i<=n-1;i++)
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fprintf(fp,“%12.5e ”, ulil);
fprintf(fp,“\n”);
printf(“\nPLEASE SEE FILE ‘result’ FOR RESULTS\n\n”);
return 0;

}

float f(, x, z1, z2)
float x, zl, z2;

int 1;
{ float fun;
ifi ==1)
fun = z2;
else
fun = g(x, z1, z2);
return(fun);

/****i***************************************************/
float g(xx, zz1, zz2)

float xx, zzl, zz2;

{ float fung;
fung = zz1 + xx;
return(fung);

/****i***************************************************/
End points are a = 0.00, b = 1.00
Values at boundary points are ya = 0.00, yb = 0.00
Two approximations to the slope are:
appl = 0.100000, app2 = 0.200000
Number of intervals = 5
Steph = 0.20
Solution at nodal points
-2.86791e-02  -5.04826e-02 -5.82589e-02 -4.42937e-02

/********************************************************/
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Absolute norm, 73
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A-stable methods, 286
Adams-Bashforth method, 280
Adams-Moulton method, 281
Aird-Lynch estimate, 78
Aitken’s A%-method, 5
Aitken’s interpolation, 146
Asymptotic error constant, 2
Augmented matrix, 74

B

Backward substitution method, 74
Bairstow method, 10

Best approximation, 154
Birge-Vieta method, 10

Bisection method, 2

Boundary value problem, 273
Brauer Theorem, 80

C

Characteristic equation, 274
Characteristic value problem, 273
Chebyshev equioscillation theorem, 156
Chebyshev method, 3, 6
Chebyshev polynomial, 156, 225
Cholesky method, 76

Chord method, 3

Closed type method, 220
Complete pivoting, 75

Complex roots, 8

Composite trapezoidal rule, 228
Composite Simpson’s rule, 229

Index

Condition number, 77
Consistency, 280
Convergence, 280
Coordinate functions, 154
Corrector method, 279
Crout’s method, 76

D

Derivative free methods, 5, 7
Deflated polynomial, 11
Difference equations, 273
Direct methods, 1

Doolittle’s method, 76
Double integration, 230

E

Elementary row transformation, 74
Eigenfunction, 72, 273
Eigenvalues, 72, 273

Eigenvalue problem, 72, 80

Error equation, 2

Euclidean norm, 73

Euler method, 276

Euler-Cauchy method, 277
Explicit method, 276, 279

Explicit Runge-Kutta method, 277
Extrapolation method, 79, 216

F

Finite differences, 148
Forward substitution method, 74
Frobenius norm, 73

G

Gauss-Chebyshev integration methods, 225
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Gauss-Hermite integration methods, 227

Gauss-Jordan method, 75

Gauss-Laguerre integration methods, 226
Gauss-Legendre integration methods, 223

Gauss-Seidel iteration method, 79
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Gerschgorin bounds, 80
Gerschgorin circles, 80
Gerschgorin theorem, 80

Givens methods, 81

Graeffe’s root squaring method, 12

Gram-Schmidt orthogonalization, 156
Gregory-Newton backward difference
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Gregory-Newton forward difference
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Growth parameter, 285

H

Hermite interpolation, 150
Hermite polynomial, 227
Heun method, 277

Hilbert norm, 74
Householder method, 82
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Illconditioned, 77

Implicit method, 276, 279
Implicit Runge Kutta methods, 278
Increment function, 276
Initial value problem, 272
Intermediate value theorem, 1
Interpolating conditions, 144
Interpolating polynomial, 144
Inverse power method, 84
Iterated interpolation, 146
Iteration function, 1

Iterative method, 1

Iteration matrix, 78

J

Jacobi iteration method, 78
Jacobi method, 81

Jacobian matrix, 7

K
Kutta method, 278

L

Lagrange bivariate interpolation, 153
Lagrange fundamental polynominal, 146
Lagrange interpolation polynominal, 146
Langrange interpolation, 145

Laguerre method, 11

Laguerre polynomial, 226

Lanczos economization, 158

Least square approximation, 155
Legendre polynomial, 223

Lobatto integration methods, 224
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Maximum norm, 73

Midpoint rule, 221

Milne-Simpson methods, 282

Minimax property, 157

Modified predictor-corrector method, 283
Miiller method, 4

Multiple root, 6

Multiplicity, 6

Multipoint iteration method, 3

Multistep method, 279

N

Natural spline, 153

Newton bivariate interpolation, 154
Newton-Cotes integration methods, 220
Newton divided difference interpolation, 147
Newton-Raphson method, 3, 6
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Non-periodic spline, 153

Normal equations, 155

Numerical differentiation method, 212, 282
Numerov method, 294

Nystrom method, 277, 281

o

Orthogonal functions, 155
Open-type methods, 221

Optimum choice of steplength, 218
Order, 2, 214, 219, 276, 280

Over relaxation method, 79

|

Partial differentiation, 217

Partial pivoting, 75

Partition method, 77

Periodic spline, 153

Piecewise cubic Hermite interpolation, 150
Piecewise interpolation, 150
Piecewise linear interpolation, 150
Pivot, 75

Power method, 83

Predictor method, 279
Predictor-corrector method, 282
Property A, 72

q

Quadrature rule, 219

R

Radau integration methods, 224
Rate of convergence, 2

Reduced characteristic equation, 285
Regula falsi method, 3

Relatively stable, 285, 286
Relaxation parameter, 79

Residual vector, 79

Richardson’s extrapolation, 216
Romberg integration, 229

Root condition, 274
Routh-Hurwitz criterion, 274
Runge-Kutta method, 277
Rutishauser method, 83

S

Secant method, 3
Shooting method, 288
Simpson’s rule, 220
Simpson’s 3/8th rule, 220
Singlestep methods, 275
SOR method, 79
Spectral norm, 73
Spectral radius, 73
Spline interpolation, 151
Square root method, 76
Steffenson’s method, 33
Sturm sequence, 9, 82

T

Taylor series interpolation, 145
Taylor series method, 276

Test problem, 273

Trapezoidal rule, 220
Triangularization method, 76

U

Under relaxation method, 79
Uniform approximation, 156
Uniform (minimax) polynomial

approxomation, 156
Unstable, 285

W

Weakly stable, 286
Weight function, 155, 219
Weights, 219
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