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Preface

Over the past two decades, multi-body dynamics has emerged as one of the major
tools in the design and analysis of complex mechanical system. However, in the
field of robotics, its application is not so comprehensive. Further, multi-legged
robotics is an emerging technology and a lot of research is yet to be done before a
full proof robust system is developed to fulfill the human needs. Most of the
available literature about multi-body dynamic modeling of multi-legged robots is in
form of journal, conference proceedings, monographs, etc. However, only a handful
of books are available online or published in this field. This book deals with
constrained rigid multi-body dynamics. It presents a systematic approach to kine-
matics and coupled multi-body dynamic modeling along with the study of gener-
ating path and gait of a realistic six-legged robotic system locomoting in 3D
Cartesian space on various terrains like sloping surface, staircase, and some
user-defined rough terrains with straight-forward, crab, and turning motion capa-
bilities. The book outlines the most effective way of handling the kinematic and
dynamic constraints and discusses in detail the foot–ground interaction mechanics,
energy efficiency, and stability (both dynamic and static) of a realistic six-legged
robot. Further, the book deals with computer simulations carried out in MATLAB
and subsequent validation using Virtual Prototyping (VP) tools and real experiment.
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Nomenclature

Latin Symbols

AG0G 3�3 Transformation matrix that maps
dynamic reference frame (G) into static global
reference frame (G0)

AG0Ni3 3�3 Transformation matrix that maps
reference frame (Ni3) into reference frame
(G0)

AL0G 3�3 Transformation matrix that maps
dynamic reference frame (G) into TB body
reference frame (L0)

AL0L0 ij 3�3 Transformation matrix that maps
reference frame (L0

ij) into reference frame (L0)

AL00 i3Li3 , AL000 iLi Transformation matrices that map reference
frames (Li3) into reference frame (L00

i3) and
(L000

i3) respectively
Ai is a square matrix, 2 R

3;3

Ae, Be, Au, Bu are combined matrices
Bi is a square matrix, 2 R

3;3

c An auxiliary variable, 2 R
1 8

CB, CL, CT COM of the trunk body, COM of the payload,
aggregate center of mass of the system
respectively

Ck Center of mass of the rigid body ‘k’ of the
hexapod (here, k = 0 designates combination
of trunk body and payload; k = ij designates
link ij, for i = 1 to 6, j = 1 to 3)

Ci COM of the interactive contact volume of the
foot tip with the terrain

Cpi COM of footpad

xv



Cmax Maximum damping
Di is a square matrix, 2 R

3;3

D(q) Coupled mass and inertia matrix of the system
in terms of generalized coordinates

d Diameter of footpad
dij Joint offset distance
e Force exponent (mostly material property and

e > 1 for stiff spring)
Es Specific energy consumption
fK, fU Total summation of known and unknown

forces and moments, respectively
cf Vector of constraint reaction forces and

torques of the joints in terms of Cartesian
coordinates, 2 R

114

f(pG0 ; vG0 ) Vector of applied forces and torques

FG
i ; F

G0
i

Vector of the ground reaction forces at the foot
of leg i with respect to G and G0, respectively

FG0
e Vectors representing the centrifugal, Coriolis,

gyroscopic, and gravitational forces acting on
the combined mass of the trunk body and
payload with respect to frame G0

mFG
i Vector of resultant compliant impact force

with respect to frame G
FG0
Cm

Vector of gravitational forces acting on the
system with respect to frame G0

G Dynamic reference frame corresponding to
XYZ axes system

Go Static global reference frame corresponding to
XYZ axes system

g Acceleration due to gravity
�H An auxiliary variable known as Hessian

matrix, 2 R
18�18

HG0 Total angular momentum of the system
expressed in G0

hc Depth of the centroid of the interactive contact
volume from the plane XY

h0in Height of the terrain at the point of touch by
swing leg i with the ground at nth cycle

hl Vertical height that gives the measure of
energy stability level

Hmin Maximum height of the topography on the
path of the trajectory of swing leg i at nth
cycle

xvi Nomenclature



Δh Clearance between the maximum height of
trajectory (along Z-direction) of swing leg
i and Hmin at nth cycle

i Leg number (here i = 1 to 6)
j Joint number (here j = 1 to 3)
JLCkx; J

L
Cky; J

L
Ckz, J

L
Ckxy; J

L
Ckyz; J

L
Ckzx

Mass moment of inertia of the rigid body ‘k’
of the system about x, y, z, xy, yz, and zx with
respect to frame L0 respectively [here, L = L0

for k = 0; L = L0
ij for k = ij]

JLCk
, JLPk

Mass moment of inertia matrix of the rigid
body ‘k’ of the system with respect to the
points Ck and Pk, respectively, represented in
the local (body-fixed) frame L [here, L = L0

for k = 0; L = L0
ij for k = ij]

J, _J Jacobian matrix and its derivative,
respectively, for the kinematically transformed
system in terms of generalized coordinates

Jrij , J
0
rij 3 � 6 Jacobian matrices of the inverse

kinematics
_Jrij , _J0rij 3 � 6 Time derivative of the Jacobian matrices

K Characteristic stiffness of the boundary surface
considered in MSC.ADAMS®

k Body part number (here, k = 0 designates
combined trunk body and payload; k = ij
designates link ij)

l Edge or segment of support polygon
considered as the rotation axis

li Leg offset distance, that is, minimum
projective distance between the points at Si
and Pi3

lij Kinematic link length of link ij
l0i3 Minimum distance between rotating axis of

joint i3 and foot-pad center
L0 Body-fixed reference frame located at point P0

on the trunk body
LG0 Total linear momentum of the system

expressed in G0

L0
i, L00

i Reference frames on joint i1 indicating
successive joint states respectively

L0
i1, L00

i1 Reference frames on joint i2 indicating
successive joint states respectively

L0
i2, L00

i2 Reference frames on joint i3 indicating
successive joint states respectively
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Li3, L0
i3, L00

i3, L000
i3 Reference frames located at tip point Pi3 and

parallel to reference frame G; parallel to
reference frame L00

i2; signify reference frame
for crab angle during crab motion; signify
reference frame for turning angle during
turning motion respectively

mB, mL, mij Masses of trunk body, payload, and links ij,
respectively

m Number of divisions of a gait cycle
mb Mobility of the system
MG0

ij
Torque at the jth joint of ith leg,

Mij,min and Mij,max Torque limitations at the jth joint of ith leg
MkðpG0

k Þ Mass matrix of the rigid body ‘k’ in terms of
Cartesian coordinates, 2 R

6;6

M (pG0 ) Combined mass matrix of the system in terms
of Cartesian coordinates, 2 R

114;114

MG0
0

Vector of joint torques acting on the trunk
body and payload (combined)

MG0
e , MG0

ei
Vectors representing the centrifugal, Coriolis,
gyroscopic, and gravitational moments acting
on the trunk body, payload, and leg i with
respect to frame G0 respectively

MG0
i Vector of joint torques of leg i, 2 R

18

MG0 Overall joint torque vector, 2 R
18

n Number of gait cycles
nc Number of kinematic joint constraints
ng Number of grounded legs
O Global origin or point of coincident of the

reference frames G0 and G
p Boundary penetration (�z1) at which

MSC.ADAMS® solver applies full damping
Pav Average power consumption
pGk Vectors of Cartesian coordinates of point Pk

with respect to G0

pG Overall vectors of Cartesian coordinates of the
system with respect to G

pG0 Overall vectors of Cartesian coordinates of the
system with respect to G0

Pk Point representing the origin of the local
reference frame located on the rigid body ‘k’
of the hexapod

PT
r ðx; yÞ, PT

r ðx; zÞ 2 � 3 matrix projectors

xviii Nomenclature



PrðyÞ, PrðzÞ 1 � 3 matrix projectors
q0, qi, q Generalized coordinates of the trunk body, leg

i and overall system respectively
qGC (pG0 ; vG0 ) Vector of centrifugal forces and gyroscopic

terms
Qi Friction coefficient matrix, 2 R

4;3

rL0CLP0
, rL0CTP0

, rL0SiP0
Displacement vector from point P0 to CL, CT,
and Si, respectively represented in reference
frame L0

rL
0
i1

Pi1Si , r
L0 i2
Pi2Pi1

, rL
0
i3

Pi3Pi2
Displacement vectors from point Si to Pi1, Pi1

to Pi2, Pi2 to Pi3, respectively, in their local
reference frames L0

i1, L0
i2 , and L0

i3

rL
0
ij

CijPij

Displacement vector from point Pij to Cij

represented in reference frame L0ij
rGC0O, r

G
CijO, r

G
CmO

Displacement vector from point O to C0, Cij,
and Cm represented in reference frame
G respectively

rGPs
i3O

Displacement vector of the tip point Pi3 of leg
i at any instant of time

rGP0O
Displacement vectors represented in reference
frame G from point O to P0

rGPijO
Displacement vectors represented in dynamic
reference frame G from point O to Pij (for j =
1 to 3)

rGSiO Displacement vectors represented in dynamic
reference frame G from point O to Si

_rGP0O, €r
G
P0O

Translational velocity and acceleration vectors
of point P0 respectively, represented in
reference frame G

_rGPijO, €r
G
PijO

Translational velocity and acceleration vectors
of point Pij respectively, represented in
reference frame G

rG0
CmO

Displacement vector from point O to Cm

represented in reference frame G0

rG0
Cm=l

Vector from line P13P53 to COG with respect
to frame G0 and is orthogonal to line P13P53

r0G0

Cm=l
Vector obtained by rotating vector rG0

Cm=l
about

line P13P53, until it lies in plane I (vertical
plane which includes the line P13P53, that is
edge l)

_rG0
PijO, €r

G0
PijO

Translational velocity and acceleration vectors
of point Pij respectively, represented in
reference frame G0

Nomenclature xix



Si Origin or point of coincident of the reference
frames L0

i and L00
i associated with joint i1

s0, sc0 Linear and angular stroke of the trunk body
respectively

sT Total distance travelled during locomotion
sfw Full swing stroke of Leg i
s000 Distance covered by the trunk body per

division per duty cycle
t0 Start time of the trunk body motion
t1 Time at which velocity of trunk body reaches

maximum
t2 Time at which the trunk body starts

decelerating
t3 End time of the trunk body motion
ts3
�
�
n

End time of the swing leg motion for the nth
cycle

tsstart Start time of the swing leg motion
tsend End time of the swing leg motion
TG0
i

Vectors of moments at the foot of leg i with
respect to G0

TG0
Cm

Resultant moment acting at COG

u Velocity vector of the overall system in terms
of generalized coordinates

_u Acceleration vector of the overall system in
terms of generalized coordinates

vNi3
xy Slip velocity

vs Stiction transition velocity
vd Friction transition velocity
vG0
k

Velocity vector of the rigid body ‘k’ of the
system measured with respect to G0 in the
Cartesian system

vref Reference velocity
vt0 Initial rate of change of displacement (linear or

angular) of the trunk body with respect to
point P0 is considered to be,

vt1 Maximum rate of change of displacement
(linear or angular)

W Symmetric positive definite matrix, 2 R
18;18

z Distance function of the impact
z1 Trigger distance (vertical) between COM of

foot-pad (Cpi) and edge of foot-pad (H)
_z Derivative of z to impact
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Greek Symbols

aG, bG, hG Angles representing slope, banking, initial position of the robot on
the terrain, respectively

a0, b0, h0 Angular displacement of trunk body along X-, Y-, and Z- directions
with respect to frame L0, respectively

hi1, bi2, bi3 Angular displacement of joint i1 located at Si, joint i2 located at Pi1,
joint i3 located at Pi2, respectively

c Fixed angle between frames L0 and L0
i

/ Twisted angle of the coxa
w Bounding angle between li3 and l0i3
Wl Angle between r0G0

Cm=l
and unit vector ẑ

Xl Angle between rG0
Cm=l

and r0G0

Cm=l

hc Crab angle
hLi3i3

Turning angle
es Slip angle
ls Coefficient of static friction
ld Coefficient of dynamic friction
f Friction angle
di Angle of inclination of the flat surface of the footpad with respect to

reference frame G
v Angle subtended by the impact force mFG

i with the point Ci

s Vector of ground reaction forces/ moments and coupled joint torques
k Vector of the Lagrange multipliers, 2 R

nc
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Chapter 1
Introduction

In this chapter, a brief introduction is given to the multi-legged robots walking in var-
ious terrains. Moreover, it covers the advantages and disadvantages of legged robots
followed by its practical applications and methodologies involved in the modeling
of multi-legged robots.

1.1 Introduction to Multi-legged Robots

Over the past two decades, the field of robotics has emerged as one of the major
areas of challenge and intense research, whether it is either all-terrain robot (ATR)
or autonomous underwater vehicle (AUV) or articulated robotic hand or exoskele-
ton robotics suit. Again, each of these sub-areas has to tackle some of the major
technological challenging areas like (i) sensors, (ii) mobility and power, (iii) navi-
gation, (iv) communication and control, and (v) autonomy. Keeping pace with time,
the field of ATR has emerged as one of the interesting and provoking grounds to
researchers worldwide due to its wide choice of consideration, whether it is either
legged or wheeled or tracked vehicles or hybrid vehicles for locomotion. So far
as high degree of terrain adaptability and maneuverability, that is, capabilities of
stepping over obstacles or ditches, climbing over obstacles or maneuvering within
a confined area of space is concerned, legged robots are preferred to others, since
they can negotiate any kind of hostile environment. It can adjust its leg lengths to
maintain its body level and leg extensions to position the body’s center of gravity
during travel. The traveled path consists of a series of discrete points only in contact
with the terrains, not like a continuous path followed by a wheeled or tracked robot.

Today, research in robotics aims to build intelligent and adaptive walking robots
to meet increasing demand for performing tasks, which are dangerous and difficult
for human beings, e.g., anti-terrorist action, detection of bomb exploration, disaster
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2 1 Introduction

salvation, planetary exploration, etc. An adaptivemulti-legged robot will have to plan
its collision-free path along with the gait in such situations during its locomotion to
accomplice the given task. However, it is important to note that an intelligent and
adaptive walking robot or autonomous walking robot cannot perform satisfactorily
with a low energy efficiency due to the fact that it has to carry all driving and control
units in addition to its trunk body and payload. Therefore, long duration mission
is subject to power supply constraints. Hence, minimizing the energy consumption
during locomotion is important for an autonomous multi-legged robot system used
for service application. Reduction in energy consumption for any service application
robot not only helps it to travel long but also miniaturizes the actuators leading to
reduced body weight and cost.

1.2 Legged Robot’s Locomotion

A gait of a multi-legged robot is defined as a sequence of legs followed during
locomotion in coordination with the body’s movement. Gaits are basically of two
types: periodic gaits (wave gaits, equal-phase gaits, etc.) and aperiodic gaits (free
gaits, adaptive gaits, etc.), as shown in Fig. 1.1. A periodic gait is suitable for a
smooth and flat terrain, while an aperiodic gait is applicable to rough terrains (e.g.,
various obstacles including rocks, soils, sands, slanted surface, and ditches, etc.).
Also, gaits can be classified as level-walking gaits and obstacle-crossing gaits, etc.
[10]. Level-walking gaits can be categorized into two types: gaits according to the
terrain condition (i.e., gaits on perfectly smooth terrain) and gaits on terrain that
contains forbidden areas. It is to be mentioned that level-walking gaits are generally
suitable for smooth terrain and do not require the body to be raised, lowered, or tilted
during walking. However, if the terrain irregularities exceed a certain, limit, the body
must be raised, lowered, or tilted in accordance with the legs movement.

During locomotion on various terrains, a multi-legged robot might have to move
along straight paths, ascend and descend sloping terrains, take turns or move in
transverse direction at certain crab angle to avoid some obstacles, and others, as the
situation demands. Such movements are possible only with some of the important
level-walking gaits on various terrains. A brief description of each gait is given
below. Straight-forward walking is defined here as the straight walking, the direction
of motion of which remains parallel to the position of the longitudinal axis of the
robot’s body at the start of the gait, by taking also into consideration the changes
in body orientation (roll, pitch, and yaw angles) and variation in body height of the
robot in various terrains. In other words, here, the angle between the direction of
motion and the longitudinal axis of the robot’s body is zero. Likewise, crab walking
is defined as the walking in a direction other than the longitudinal axis of the robot
body in a various terrains with the changes in body orientation (roll, pitch, and yaw
angles) and height. The angle which governs the crab walking is called the crab angle
and is defined as that between the direction of motion and the longitudinal axis of the
robot body. Similarly, for turning gaits, the walking motion of the robot is considered
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around a turning center with the head changing direction instantaneously, as it turns.
The other conditions like changes in body height, body orientation (roll, pitch, and
yaw angles) are kept similar to that of other gaits mentioned above.

Gaits can be further classified on the basis of walking, namely static and dynamic
gaits. Static gait is characterized by slow motion with negligible dynamic effects
(neglecting the inertial forces) during locomotion, while the dynamic gaits are fast
and their dynamic effects are significant taking into account the inertial forces.More-
over, the dynamic gait generation problem of a multi-legged robot working in the
environment containing some sloping surface, ditch, and staircases is a challenging
task. However, coordination of various leg joints so as to produce the desired gait pat-
tern and maintain stability during locomotion is extremely complex [6]. To achieve
it, development of a robust controller, which controls velocity and posture of the
robot while maintaining a cyclic gait, is required. Therefore, a good mathematical
model of the complexmulti-legged roboticmechanism describing the kinematics and
dynamic behavior is necessary, so that it will be able to address the abovementioned
issues and analyze energy consumption of legged robots.

1.2.1 Leg Mechanisms and Comparisons: Multi-legged
Robots

The most important feature of any multi-legged robot is the number of legs which
actively take part in the locomotion. The number of legs depends on the application
for which the robot is built and the variety of different features that it includes. A
balance between the two needs to be studied in terms of stability, speed, reliability,
weight, and overall cost. The design of the legs can be varied with the variation
in the degrees of freedom. Although the configuration of each leg of a robot is
similar to a manipulator, the design requirements are different due to high payload-
to-weight ration. The leg designs can be broadly classified into three categories,
namely (a) straight-line mechanism, (b) articulated mechanism, and (c) pantograph
leg mechanism.

The straight-line mechanism of the legs corresponds to the propelling motion
of the trunk body with single degree of freedom. This makes the control simpler.
However, there is limitation in such type of design like poor adaptability, restricted
workspace, and fixed gait.

Articulated leg mechanism has been the most popular design for multi-legged
robots. The mechanism has three degrees of freedom (three rotary joints), two at
the hip joint and one at the knee joint. In such type of mechanism, two of the joint
actuators are mounted on the trunk body, thereby making the leg lighter and reducing
the inertia effect of the swing leg on other parts. However, such mechanism has two
kinds of variants: (a) insect type and (b) mammalian type. The key variation is in the
placement of the knee joint. The knee joint in insect type legs is placed laterally at a
height from the hip joint, whereas in mammalian type legs it is placed directly below
the hip. Although both the variants have large workspace and simplified kinematics,
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insect leg type is desirable, because it is less likely to change joint torque signs
compare to mammalian leg type [6].

Themechanical design of the legs adopting pantograph legmechanism is spatially
complex. However, the mechanism can provide straight-line motions in horizontal
and vertical directions. It also helps in amplifying the hip motion at the foot. The
linkage also allows the actuators to be kept close to the trunk body, thereby, reducing
the inertia effects.

Generally, a statically stable multi-legged robot is used in the form of a four-
legged, six-legged robot, or more. However, studies show that a six-legged robot is
better suited than others for maneuverability over any kind of terrain. It has many
advantages compared to two- or four-legged robots like,

• provides better static stability
• less susceptible to deadlock situations
• more robust, as it is able to walk with one or two failed legs (it is possible to define
stable gaits by using either four or five legs).

Also, compared to eight- or more-legged robots, six-legged robot’s power consump-
tion is less, since with the increase in number of the legs a lot of actuators are to
be controlled through a continuous coordination in addition to complicacies in kine-
matics and dynamics of legged mechanisms [1, 4, 5, 7–9]. Therefore, a six-legged
robot is a kind of optimal robotic structure to be used for various terrains.

1.2.2 Advantages of Multi-legged Robots

Locomotion of a robot on any rough-uneven-loose terrain is a complex task and is best
possible with legs only. This advantage of legged locomotion is due to the fact that
legged systems use isolated footholds that optimize support and traction. Wheeled
and tracked vehicles follow any terrain surface in a continuous manner, and hence
their performance is limited by the degree of unevenness of the terrain. A legged
system on the other hand can choose the best area on the terrain for foot placement.
In other words, it is well adaptive to uneven terrains, namely the legs can be arranged
(lengthened and shortened) according to the level changes, and they can jump over
obstacles or holes.However, these footholds are isolated from the rest of the body, and
hence its performance is limited by the best footholds. Other than this, legged systems
provide active suspension, which does not exist in wheeled or tracked systems. This
means that the system can decouple the path of the trunk body from the paths of the
feet, which helps it to travel freely and smoothly despite pronounced variations in
the terrain. Even the system can step over obstacles which means in principle, the
performance of legged robot can, to a great extent, be independent of the detailed
roughness of the ground. Therefore, it is to be noted that this decoupling is used by
any legged system to increase its speed and efficiency on rough terrain. Again, a
legged system can have control on the force distribution through the foothold points.
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In this way, an efficient utilization of the footholds provides further improvement
for the vehicle-ground interaction. Further, when a legged system locomotes in an
environment, it causes less damage to the terrain surface compare to the wheeled and
tracked systems do [6]. Consideration of all these advantages makes the application
of a legged system in various fields far superior to wheeled and tracked systems.

1.2.3 Disadvantages of Multi-legged Robots

Even though there are many advantages, legged robots possess few drawbacks also
which are required to be dealt with. For example, the locomotion kinematics and
dynamics of legged mechanisms are complicated. A lot of actuators are to be con-
trolled through a continuous coordination for achieving synchronized motion and
fulfilling the required task. Therefore, its control is considerably tough in compari-
son with wheeled or tracked systems. Moreover, its energy consumption is high, in
contrast to its payload-to-weight ratio which is low compared to wheel and tracked
robots. Again, in multi-legged robots each of the joints is driven by a separate motor
which is the heavier compare to the link. Also, the number of motors in each leg is
equal to the number of degrees of freedom (DOF) which leads to a cumulative many
motors in the system of multiple legs. In general scheme, the motors are placed on
the joints though there are few exceptions in the design of multi-legged robots. These
motor weights in the legs are quite comparable to that of the trunk body. Normally,
the actuators on a leg are serially connected. Therefore, the weight a leg can carry is
limited by the power of the weakest actuator on the leg. During locomotion with a
specified gait (e.g., tripod gait with three legs in swing and three in support phase),
the legs in swing phase do not contribute to carrying of the payload; however, there
exists an extra weight which the system has to bare at the cost of energy. These factors
due to the ‘legs’ also contribute to the low ratio of payload-to-weight of legged sys-
tems. Further, Hardarson et al. [2] also mentioned a drawback of multi-legged robot,
that is, the vehicle suffers a force impact in a pulse form in every step which may
result in rocking on the body. However, there are studies to overcome such impulses
with proper force distribution [3]. In comparison with wheel robot, the speed of
legged robot is very less in a plain, regular surface. However, the legged robot can
achieve higher speeds than wheeled or tracked system on highly rough terrain. Since
the development of multi-legged robot is a newly developing field, compared to
wheeled and tracked systems, there are no well-established technologies for legged
systems.

1.2.4 Applications of Multi-legged Robots

Multi-legged robots have an edge over tracked or wheeled robots so far locomotion
over various terrains are concerned. Some of the application areas of legged loco-
motion are like terrestrial exploration or particle gathering from surfaces of planets
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including earth or moon, recoveries of objects or human beings from the regions of
fire or earthquake disasters, locomotion in forests and agricultural lands, inspection of
nuclear power plants, security or surveillance, safe transportation in crowded places,
etc. However, in the recent past there is a lot of demand for autonomous multi-legged
robots that can perform some of the hazardous tasks and substitute human interven-
tions, e.g., anti-terrorist action, detection and defusing of bombs, hostile territory
exploration, etc.

1.3 VP Tools for Modeling and Analysis of Multi-legged
Robots

Over the last three decades, a lot of study has been carried out by different researchers
on multi-legged robots. The four main important issues which are vividly studied
include gait planning, dynamics, control, and stability (both static and dynamic)
analysis of multi-legged robots. Most of the studies involved the design and develop-
ment of the robot system for real experiment and subsequently validation. However,
in the recent past, use of virtual prototyping (VP) tools in integrated product devel-
opment like robotic system has been a current trend in research. The later approach
has advantages over the first, like lower development cost, reduction in the number
of real prototypes for testing, less time for design modification and prototype devel-
opment, etc. Based on such VP tools, several simulation models can be developed
and used for study, design optimization, stability (dynamic and static), gait analysis,
development of control algorithms, etc. The steps involved in the later approach are
summarized in Fig. 1.2.

The book consists of five chapters. The contents of each chapter are described
below in brief.

Chapter 2 reviews the variety of aspects of multi-legged locomotion which are
basically the kinematics, dynamics, foot-terrain interaction, energy efficiency and
stability analysis of multi-legged robots.

Fig. 1.2 Methodology in modeling and analysis of multi-legged robots using VP tools
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Chapter 3 essentially covers the generalized kinematic formulations of the prob-
lems related to straight-forward, crab, and turning gaits of the six-legged robot on
various terrains. Section 3.1 gives a description of the present problem along with
gait terminologies. Section 3.2 with sub-sections describes a generalized analytical
framework that involves methodology to solve kinematics of the system in various
terrains with proposed path planning and gait planning. Section 3.3 describes some
case studies to test the performance of the model through computer simulations.

Chapter 4 formulates the problem for coupled non-linear dynamic systems and
analyzed the optimal feet forces, energy consumption, and stability of the robot in
various terrains. Section 3.1 is related to the analytical formulation of the coupled
dynamical model with foot-ground interaction mechanics, optimal feet force distri-
bution, and stability analysis of the robotic system in various terrains. Thereafter,
Sect. 3.2 illustrates some case studies to test the effectiveness of the developed model
through computer simulations.

Chapter 5 validates the developed analytical model with that of VP tools and
experiments. The aim of this chapter is to prove the robustness of the developed
analytical formulation and provide theoretical basis for developing algorithms for
robot motion control.

1.4 Summary

This chapter provides a brief introduction to multi-legged robots, its advantages and
disadvantages, practical applications, and methodology to be followed in modeling
and analysis of multi-legged robots. Finally, it provides the organization of this book.
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Chapter 2
Multi-Legged Robots—A Review

In this chapter a comprehensive literature survey has been carried out formulti-legged
robots. Different aspects of multi-legged robot locomotion pertaining to kinematic,
dynamics, foot-terrain interaction, energy efficiency and stability are discussed. The
survey has resulted into the identification of gaps in the literature. This is followed
by aims and objectives of the present work and notable contributions made in this
study.

2.1 Gait Planning of Multi-Legged Robots

As mentioned in previous chapter, there are two primary reasons to employ legs
(rather than wheels) for locomotion, such as (a) discrete foothold and (b) rapid
traversal over a variety of mild obstacles. But still, the full fledged application of
legged robots for service purposes is yet to come in the limelight. The reason for such
poor state of the art of multi-legged robot technology is mainly due to its poor energy
efficiency. Moreover, walking robots are indeed much more complex than expected,
not only due to mechanism complexities of the formed closed kinematic loops but
also adding to it are electronic systems and control algorithms for this kinematic
chains. The situation becomes more complex with the increase in number of legs
and degrees of freedom (DOF) of each leg as discussed in previous chapter. All these
issues address to one basic problem, that is, close coordination among constituent
elements of the robotic system. Such coordination occurs in two levels: (a) local
coordination,which involves control of individual joints of a leg to achieve desired tip
control and (b) global coordination, which deals with several chains of multiple legs.
Both these types of coordination involve the development of gait control algorithms,
thereby, leading to the development of goodmathematical models that could describe
the kinematics and dynamics of the complex multi-legged robotic mechanisms. A
considerable amount of work had been carried out by various investigators on these
areas for multi-legged robot systems [11, 37, 180, 181].
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2.1.1 Kinematics of Multi-Legged Robots

Most of the previous studies on kinematics were based on the consideration that
legged robots are parallel mechanism systems [177, 196]. However, the kinematics
of legged robots are farmore complicated compared to the parallel mechanism robots
like Gough-Stewart platform mechanism etc. [4, 30, 75, 76, 87, 133, 137, 193–195]
due to added number of DOF in the system [101]. Moreover, the foot placement and
lifting of a leg in a walking robot change the total topology of the mechanism. Also,
due to more number of driven joints, the control of a legged robot is much more
complex than that of parallel robots. The developed kinematics models for the multi-
legged robots by some other researcherswere simplifiedwith the assumptions like the
steady-state condition of the trunk body for different speeds, zero pitching and rolling
angles of the trunk body, no change in the leg’s position (i.e., no slippage) in support
phase [43, 62, 188]. A few researchers tried to investigate the kinematics of legged
robots using screw theory and vector algebra [69, 181], while others modeled multi-
leggedwalking robot usingDenavit-Hartenberg parameters [33] to derive kinematics
equations. Further,most of the studies tried to develop the kinematicmodels of legged
robot by treating trunk body, swing legs and support legs as separate entities; [5, 11,
13, 115, 141, 155, 158, 159, 161, 162]. However, that could not depict the actual
motion behavior of the robotic system. If the motion of the legged robots is closely
studied, it reveals that the movement of a swing leg depends not only on the motion
of its own joints, but also on the movement of support legs and angular motions (roll,
pitch, yaw motions) of the trunk body in 3D Cartesian space. Therefore, dependency
of all the legs with respect to each other cannot be avoided while developing the
kinematic model of the system. In addition, synchronization of the legs movement in
the system has to be dealt with proper gait sequencing as discussed in Sect. 1.2 [121].
If the kinematics of the system is not correctly analyzed, it will largely affect both the
stability as well as dynamics of the system. More recently, researches have showed
the study of radially symmetric six-legged robots [19, 107, 181], a move from the
approach to consider rectangular six-legged robots. Somemore studies on kinematics
of multi-legged robots have also been reported recently [49, 166]. However, in all
such studies, the kinematic models were simplified by neglecting one or the other
issues. Those studies carried out by various investigators were focused mainly on
the design and gait generation of a six-legged robot on flat terrain. In addition to
that, the developed control algorithms were mainly suitable for locomotion over flat
terrain, although some efforts had been made for uneven terrain locomotion [5, 111,
171]. Also, none of those models was suitable enough to be used in various terrains.
Moreover, the kinematic models were developed for some specific kinds of motion
like straight-forward or crab [40, 191] or turning motion [65, 130, 140] etc. on flat
terrain. However, with the advance of technology, there is an ample scope to expand
the robot’s capabilities and achieve the kinds of real tasks for which they are suitable.
Many of these tasks require trajectory tracking [43, 62, 158, 182, 185] in 3DCartesian
space, but the research conducted in this direction is not very comprehensive. In other
words, the kinematic model should be versatile enough to mimic all issues related to
trunk body movement, motion planning, gait and foot trajectory planning of a real
robot in any kind of spatial environment. Subsequently, the kinematic model should
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also provide aid to the constrained dynamic model of a realistic six-legged robot to
study the realistic foot-ground interaction, power consumption, dynamic gait stability
of the system etc. Most of the previous models were unable to emphasize upon
these issues due to considerable simplifications assumed in the kinematic models, as
discussed above.

2.1.2 Dynamics of Multi-Legged Robots

Legged robots as parallel leg mechanism with various types of configurations like
two- [169], four- [179], six- [143, 145], eight- [174] andmulti-legged were studied in
the past depending on the application, environment, speed and stability requirements.
Most of those models were simplified to avoid the complexities involved in the robot
dynamics. The model capabilities were limited to the study of the dynamics of the
system locomoting on flat terrain [80, 143], though a very few models in the recent
past were developed for locomotion on uneven terrain [145, 156]. Further, the studies
were based on single leg dynamics [135] or trunk body and legs as separate entities
or in some cases the effects of mass and inertia of legs were neglected [140, 143,
149, 158]. Different methods were used for formulation of the dynamics of legged
robot systems like Newton–Euler method [37, 74, 178], Lagrange’s method [74,
143], Kane’s method [84, 138], Featherstone algorithm [44], Variational methods
[10] and others. In this regard, some notable contributions by researchers worldwide
are worth mentioning.

Pfeiffer et al. [129] investigated the dynamics of a stick insect walking on flat ter-
rain. Freeman and Orin [46] studied an efficient dynamic simulation of a four-legged
robot using a decoupled tree-structure approach. Lin and Song [109] developed a
dynamicmodel ofwalking robots to study the dynamic stability and energy efficiency
during walking along a straight path. Further, a free-body diagram approach to derive
the dynamic equation based on Newton-Euler method for a six-legged walking robot
was developed by Lin and Song [109]; Barreto et al. [11]. Bennani and Giri [12]
modeled multi-legged robotic system using a unified dynamic modeling approach,
which is based on the use of Newton-Euler formulation and explicit formulation of
kinematic holonomic constraints for the closed-loop mechanisms. Based on work of
Huang and Zhao [71] and a suitable dynamic manipulability ellipsoid, Zhao et al.
[198] proposed a systematic method to perform dynamic analysis in the task space
for six-legged robots. Silva et al. [158, 160, 161, 163] developed dynamic model of
a six-legged robot with segmented trunk body and joints at the legs. Moreover the
studies of some other researchers [15, 70, 127, 176] using various other methods of
dynamic formulation for legged robots are worth mentioning.

The dynamic models of realistic legged robots are highly non-linear. In any real-
istic legged robots, the coupling effects and non-linearity in the dynamics of the
swing legs on the support legs and main body are essential and should be taken into
account. In addition to this, non-linearity in the interaction dynamics of the robot
with the ground should also be considered in the model, though mimicking a real
situation is difficult. The preceding section briefly discusses on this issue.
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2.1.3 Foot-Ground Contact Modeling

Foot-ground interaction mechanics is of considerable importance in legged robots
maneuvering in various terrains and has been in focus since the last decade. The
magnitude of contact force has significant effect on its dynamic behavior and sub-
sequently, upon the controller design. Therefore, modeling of contact between the
foot and ground, that is, an appropriate contact force model is essential to properly
investigate the dynamic behavior of a realistic robot. However, for all types of avail-
able contact force models, Hertzian contact theory [153] remains the basic model to
begin with for mechanical systems.

The study of contact dynamics inmechanical systems revolves, commonly around
three fields, which are as follows: (i) consideration of friction at the contact surface,
that is, tangential component of contact force varies, while its normal component
is assumed to be constant. It is limited to contacts with negligible normal motion
and simplified geometry [24, 32, 61, 98, 152]; (ii) consideration of a frictionless
contact surface i.e. tangential component of contact force is assumed to be zero,
while its normal component varies. It is limited to collision of multi-body systems
with perfectly frictionless contact surfaces [73, 90] (iii) general contact model by
considering both tangential and normal components of the forces at the contact and
taking into account impact and friction in contact interface like that found in the
studies of Han and Gilmore [60], Yang et al. [183], Gonthier et al. [55], Gaul and
Mayer [52], Rajaei and Ahmadian [136]. Han and Gilmore [60] developed an impact
model by considering normal and tangential components of the contact force, and
static and dynamic coefficient of friction at the contact interface. Yang et al. [183]
investigated the effect of normal force on hysteresis loop that could describe the full-
slip or full-stick condition. Gonthier et al. [55] generalized contact model included
normal compliance, energy dissipation and friction force using seven parameters,
namely,μS ,μC , σ o, σ 1, σ 2, vS and τ dw, whereμS is the stiction coefficient,μC is the
Coulomb friction coefficient (sliding), σ o is the stiffness, σ 1 is a damping coefficient,
σ 2 is the viscous damping coefficient, vS is the velocity at which the Stribeck effect
occurs, τ dw is the dwell-time dynamics time constant. Gaul and Meyer [52] modeled
impact force between the contact surfaces adopting a non-linear stiffness in the
model. Rajaei and Ahmadian [136] generalized the Iwan model to take into account
the effect of normal load variation in the contact along with friction in the tangential
direction.

Legged robots are also multi-body dynamical systems, where the contact models
must take into account the events like impact [167, 168, 186] and frictional contact
mechanics [60] of leg-tip with the ground for successful design and optimization
of the forces, torques etc. [21, 144, 164]. Both the events couple the normal and
tangential (a discontinuous function of sliding velocity and independent of tangen-
tial displacement) contact forces, thereby, playing a fundamental role in the design,
performance analysis, simulation and control of legged robots. Every time a leg-tip
touches the ground with a non-zero velocity, impact phenomenon occurs. This phe-
nomenon defines the transition between the swing motion of the legs and contact
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state characteristics, thereby imposing kinematic constraints on the foot [14]. Grad-
ually the impact transforms into a frictional contact force problem [81, 151, 199]
with slippage of the leg-tip on the terrain. When the contact points are in sliding
phase, it gives rise to tangential velocities on the impact plane. However, in real life,
situation may arise when any contact point can undergo sticking phenomenon.When
the contact point sticks, it restricts the motion of the point and a stick-slip transition
phase occurs, leading to two possibilities: stick or reverse slip [35, 167]. Such contact
models can be classified into two types: rigid and compliant.

Most of the previous models dealing with contact force distribution in multi-
legged robots considered the phenomenon as a rigid-body point contact (only force
components) without impact and any slippage, thereby did not analyze the actual
contact under each foot [26, 37, 57, 80, 91, 139, 142]. However, it is to be noted that
rigid-body point contact fails to capture the full range of contact phenomena like
the deformation of the leg-tip during the impact landing. Hence, a few researchers
considered the leg as a compliant multi-articular structure [16, 56, 59] as discussed
above. A few other researchers [23, 53] considered compliant at leg-tip and studied
explicitly the normal contact force models, which are expressed as the functions of
local position along normal and its rate. This compliance in the model at the inter-
action zone between foot and ground is necessary to absorb the unexpected impacts.
Marhefka and Orin [113]; Goldsmith [54] and Ahmadi and Buehler [1] modeled the
compliance as linear spring-damper with one spring. The contact model was simple
with discontinuity at the initial time of impact due to the form of the damping term
and sticking effect at the time of separation, holding the objects together. Feather-
stone [41] dealt with such kind of sticking effect by adding a state variable. Bibalan
and Featherstone [17], studied the contact phenomenon with linear spring-damper
considering two springs, which is a bit improved model since the contact force is
continuous. Such compliant contact phenomenon was first successfully described
using a non-linear spring damper visco-elastic model at the contact point of a sphere
and the ground by Hunt and Crossley [73]. The model is well-known and is gener-
ally called the compliant normal contact force model which had also been described
in the studies of Marhefka and Orin [113], Zhang and Sharf [197], Lankarani and
Nikravesh [99], Ding et al. [34], Song et al. [164]; Vasilopoulos et al. [173]. The
model was further modified by Lee and Wang [103], Gonthier et al. [55], Azad and
Featherstone [9] throughmodifications of a single exponent following a different line
of reasoning. Silva et al. [158, 160, 161, 163] modeled the foot-ground interactions
dynamics of a six-legged robot using non-linear spring damper system at the tip and
subsequently, developed an algorithm for foot force feedback control systems.

Besides the compliant normal contact force, there is also lateral or tangential
contact force (also called friction force), which appears during the contact as men-
tioned above [7, 93, 123]; Gonthier et al. [57]. The most widely employed friction
force model is the simple classical coulomb’s (or Amonton’s) model [8, 89, 172].
However, its mathematical properties complicate the dynamic simulation for both
the constrained rigid body dynamics and compliant contact models. Therefore, grad-
ually the model was further modified with due attention to presliding hysteresis and
time-lag effects like the Dahl’s model [32], Lugre’s model [19, 24, 36], Lueven
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model [98, 170], GMS model [2, 18], Iwan model [78, 136]. Such models were
considered with the goal of minimizing algorithm complexities and simulation time.
Whatsoever, together with the compliant normal contact force model, it overcomes
the discontinuity in contact force with time, handle impacts, micro-slip, hysteresis
and local adhesion [7]. Further, upon the interaction of a foot with a deformable ter-
rain, three contact forces and moments each are generated due to deformation of the
contact area unlike hard point contact, where only three contact force components
are generated. Though a few studies illustrated the idea of contact moments [36], its
effects on the dynamics of the legged system were neglected. A better approach for
tackling the real foot-ground contact situation is very essential. The present study
proposes a foot-ground contact model with slip for a hexapedal robotic system, tak-
ing into consideration the visco-elastic compliant normal contact force model and
velocity-based coulomb’s frictional contact forcemodel at the interaction area;which
means generation of three forces and three moments on the foot. No such study on
a hexapedal robotic system has been found in the literature.

2.2 Power Consumption Analysis of Multi-Legged Robots

Energy consumption is one of the major issues till date for autonomous multi-legged
robots. An autonomous robot is unable to function satisfactorily with low energy
efficiency, since it has to transport the payload along with the trunk body and drive
control units. It is important to note that long duration missions, such as planetary
exploration, under-ground mining, location and deactivation of bombs are subjected
to power supply constraints. A reduction in power consumption by such robots will
not only help to travel longer distances, but also reduce the size of the actuators,
leading to reduction in weight and cost. Therefore, in the present state of the art,
various aspect need to be improved and optimized [157]. To determine its efficiency,
various researchers had adopted different approaches. Although such attempts could
find the optimal values of feet forces for the multi-legged robot, they might not be
suitable for real-time implementations. The reason behind is that we do not yet have
approaches, which are general and flexible enough to cope with different types of
irregular uneven terrains through which a robot would have to maneuver [82]. Thus,
there is still a need for the development of an energy efficient and computationally
tractable approach for estimation of optimized feet forces and torques.

In dynamics of legged robotswith active force control, the criticality lies in the suc-
cessful transmission of the body forces to the feet in contactwith the ground. For static
stability of multi-legged robots, minimum of three legs should be in contact with the
ground at any instant.Now, if the reaction force vector on eachgrounded foot has three
components, the feet force distribution problem becomes indeterminate. Hence, the
system is redundant, that is, the solution is not unique because the number of degrees
of freedom never equals the number of functional constraints. Therefore, infinite
number of solutions exists for the interactive forces and moments in a constrained
inverse dynamics problem subjected to additional contact constraints. In general,
such redundancy is resolved using optimization methodologies. The methodologies
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are adopted to optimize various performance criteria and find the optimal solution
corresponding to (a) foot force distribution [72, 85, 112], (b) selection of gait param-
eters [85, 114, 135], (c) energy efficient mechanical structure [64, 165], (d) torque
distribution in joints [37, 142], (e) slippage of leg-tip or (f) deployment of energy
storage devices to recover energy [3, 154] etc. Themost practical performance objec-
tives are like minimization of the sum of the squares of the ground reaction forces
(naturalistic assumption according to report of Full and Tu [45]; minimization of the
sum of the squares of the joint torques since heat energy loss at each joint is pro-
portional to the square of the joint torques; minimization of power consumption for
increased efficiency; minimization of tangential contact forces to avoid foot slippage
etc. There are also several other alternate objective functions, which can be formu-
lated and implemented. They are like minimization of internal force, minimization of
load balance, maximization of safety margins on friction constraints, maximization
of walking velocity etc.

In most of the proposed cases, the objectives are achieved using optimization
methods that are mainly based on Linear Programming (LP) method [88, 92, 125],
Compact-Dual LP (CDLP) Method [26, 28], pseudo inverse [50, 79, 106, 142],
Quadratic Programming (QP) [37, 86, 108, 115, 120], compact QP method [27, 29],
analytical methods [20, 51, 94, 110, 127], and others. These methods are evaluated
to find the optimal solution for force distribution and subsequently, a real time imple-
mentation on the development of control algorithms for legged robots. A more vivid
description of some of the notable work in the field of study is mentioned in the text
to follow.

In the study of foot forces’ distribution in support legs of walking robot, Klein
and Kittivatcharapong [91] used LP method to achieve the objective of sum of the
squares of the tip point force components of the robot legs and conclude that applica-
tion of suchmethods in real time is difficult, since it leads to discontinuity in solution.
Arikawa and Hirose [6] addressed the relationship between power consumption and
walking gait for a quadruped robot using a simplified model (leg dynamics was not
taken into account). Here, computation of the feet forces in the legs in contact with
the terrain were achieved using two objectives: at first, by maximizing the walking
velocity and using LP algorithm; and secondly, by minimizing power consumption
and using non-linear optimization algorithm calledDavidon-Frecher-Powellmethod.
Similarly, Cheng and Orin [28] used CDLP method to optimize the foot force distri-
bution. Thismethod couldmake real time solution of theLP problem feasible, but like
Klein and Kittivatcharapong [91], they were unable to overcome the discontinuity
in solution. Likewise, pseudo inverse method had been utilized by many researchers
(like, [109, 122, 132, 148]) to solve the feet forces’ distribution problem. Roy et al.
[143] developed two approaches to estimate optimal feet force distribution and joint
torques of a six-legged robot for straight motion using pseudo inverse method. In
that study, the foot-ground contact had been modeled as hard point contact, which
is far from being realistic consideration. Moreover, the focus was on study of gaits
over flat terrain. The pseudo inverse method can be used as an alternative to sim-
plify LP method for the problem at hand, though the solution is an approximation.
Moreover, the gradual distribution of forces that occurs in real robots when lifting
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or placing the foot was not possible with such technique. Though such method was
able to provide feasible solutions to the indeterminate equilibrium equation related
to forces andmoments equations; equality [109, 132] and inequality constraints [46],
it was not efficient for more complex problems. So, more computationally efficient
methods like QP were opted by many researchers. It is suitable for large problems
and produces continuous solutions.

Nahon and Angeles [120] presented the force distribution problem in mechani-
cal fingers as a QP problem in their study of grasping. They solved the constrained
optimization problem with the objective of minimizing the internal forces or norm
of joint torques. It was seen to yield continuous and faster solutions compared to
the LP or pseudo inverse method. Based on QP method, Chen et al. [27] developed
a new approach by combining it with transformed friction constraints for optimal
force distribution of quadruped robots. Further, Cheng et al. [29] and Chen et al. [26]
combined the merits of compact formulation and QP to develop the compact-QP
method for solving force distribution problem. The optimization algorithm could
accept both linear and quadratic objective functions, such as minimum force, mini-
mum load balance, maximum safety margin on friction constraints. The studies by
Marhefka and Orin [115] showed the detailing of different approaches like inter-
nal force minimization, weighted norm of joint torque minimization, and power
minimization using QP method to optimize the force distribution in the robot legs
and subsequently, minimize the power supplied to each of the joint actuators. It
was inferred that minimization of the sum of squares of the joint torques produces
satisfactory performance considering real power dissipation in comparisonwithmin-
imization of internal forces that often produces poor power performance. Similarly,
Erden and Leblebicioglu [37] studied the torque distribution in six-legged robots
by formulating the objective function as minimization of the sum of the squares of
the joint-torques, and minimization of the sum of the squares of the tip point force
components using QP method. The authors utilized modified simplex method along
with Lemke’s Complementary Pivoting Algorithm to compute optimum foot force
and torque distributions. It was concluded from the simulation results that the former
approach could give better energy efficient distribution in comparison to the later.
The results of the above studies were important in the current context of the work
for justification of formulating the objective function as minimization of the sum of
the squares of the joint torques for minimum energy consumption.

Kar et al. [86] determined the feet forces’ distributions in the legs of a six-legged
robot with the help of sequential QP method using locomotion performance objec-
tives like minimization of energy consumption of a walking robot. Though the solu-
tions of feet forces are optimal, they might not be suitable for real time implementa-
tion due to the iterative nature of the method. Besides feet forces’ distributions, they
performed an energy efficiency analysis with respect to structural parameters, inter-
action forces, friction coefficient and duty factor of wave gaits, based on a simplified
model of six-legged robot. It was observed that power consumption decreases with
the increase in the number of supporting legs. Analysis was also carried out to study
the effects of lateral offset, coefficient of friction at foot-ground interface, duty factor
on energy consumption. However, such studies were carried out on simplified model
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and flat terrain. It is to be noted that some studies like that of Kar et al. [86] and Lin
and Song [109] considered instantaneous power consumption of the model to be the
product of instantaneous joint torques and joint velocities. Such models did not take
into consideration the energy, which might be dissipated through each of the motors
governing the motion of each joint. For that, the objective of minimizing the sum of
the squares of the joint torques could be considered as a criterion of dissipated energy
in the actuators of autonomous multi-legged robots used for service applications.

Others, like, Zhou et al. [201] proposed a new method called Friction Constraint
Method (FriCoM) to find the optimal solution of feet forces for the grounded legs of a
quadruped robot during locomotion. Themethod is efficient and computes solution at
a faster rate compared to pseudo-inverse or incrementalmethod. So, it ismore suitable
compared to pseudo-inverse or incremental method for real-time implementation.
However, the method is not appreciable, since it did not consider the performance
objective function. Further, Jiang et al. [79] used an exhaustive search method to
obtain optimal feet forces in six-legged robots.

A few other researchers like Lapshin [100] proposed an energy efficient model of
a walkingmachine and obtained few results from the point of view of gait-parameters
only. Marhefka and Orin [114] selected optimal walking parameters for a six-legged
robot on the basis of minimization of power over an entire locomotion cycle. They
performed an analysis of average power consumption with respect to the parameters
of wave gaits, based on a simulation model of the hexapod. Nishii [122] calculated
optimal gait pattern based on minimization of the energetic cost of locomotion of
legged robots. Here, the integral of weighted sum of the product of instantaneous
joint torques and joint angular velocities were taken in addition to squares of the
joint torques as the energetic cost, which was analyzed with respect to duty factor
and velocity in the walking of a two joint six-legged robot. Also, Zhoga [200],
Zelinski [189] and Silva et al. [159, 162] analyzed energy efficiency of multi-legged
locomotion systems by taking leg dynamics and torque into account. However, in
their studies, consideration of the type of joint actuator was not taken into account,
although its contribution to energy consumption is significant. Lin and Song [109]
developed the dynamic model of a quadruped walking robot and analysed the feet
forces’ distribution and energy efficiencywith respect to duty factor and velocity. The
robot’s legs were massive, which meant effect of inertia was high and subsequently
energy dissipation was also high.

Erden and Leblebicioglu [38] performed an energy efficiency analysis of a six-
legged robot with wave gaits. Minimum energy consumption analysis for some spe-
cific gait strategies were carried out to determine the controlling parameters. More-
over, the authors proposed a phase modified wave gait for more energy efficient
walking of six-legged robot. In the recent past, Santos et al. [146] developed an algo-
rithm for six-legged robots moving on irregular terrain with alternating tripod gait
and formulated the objective function as minimization of the energy consumption
by using Nelder–Mead simplex method [97]. Hong and Cipra [67, 68] developed an
analytical method to solve the multi-contact force distribution problem. Boyd and
Wegbreit [22] proposed a new interior–point algorithm for contact force distribution.
It has a complexity that is linear with the number of contact forces.
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Though the above approaches give a vivid outlook of the foot force distribution
and energy consumption analysis of legged robots, they possess certain limitations,
which are listed below.

• Most of the studies on walking dynamics were conducted with simplified models
of the legs and body. However, for a better understanding of the dynamics of the
system, coupled-dynamical model of the robot that can study the inertia effects of
a swing leg on the support legs and other swing legs is necessary to build.

• Kinematics and dynamic models based on a realistic foot-ground interaction of the
robot in various terrain conditions are necessary to develop for addressing some
important issues of walking, such as dynamic stability, energy efficiency and its
on-line control.

• Validation of the developed model using VP tools prior to development of first
physical prototype is yet to be done.

• Even though the attempts that were made by different researchers (as evident
from the literature survey) were able to compute the optimal distribution of feet
forces, they might not suitable for real-time implementations because the used
optimization techniques were iterative in nature.

Therefore, there is a scope for improvement of the kinematic and dynamic models
for estimation of optimal feet forces and joint torques along with energy efficiency,
dynamic stability and on-line control of legged robots, vis-à-vis, six-egged robots.

On various terrains, locomotion onlywith straight-forward gait is not possible. So,
omni-directional walking gaits like crab and turning must be used for accomplishing
the task. Literature survey reveals that there are a very few studies on crab and turning
gaits, though they are equally important for omni-directional maneuverability. In this
regard, a few important studies like that of Hirose [63], Kumar and Waldron [95],
Lee and Orin [104], Yoneda et al. [188], Saranli et al. [150], Kamikawa et al. [83],
Estremera and Santos [39], Roy and Pratihar [142] are worth mentioning. However,
to the best of author’s knowledge, the studies on kinematic and dynamic analysis of
crab and turning gaits of legged robots were not complete and confined to locomotion
on flat terrain and that too, with simplified models. An attempt has been made in the
present study to carry out kinematic and dynamic analysis of a six-legged robot with
all these gaits on various terrains.

2.3 Stability Analysis of Multi-Legged Robots

Besides energy efficiency inmulti-legged robots,maintaining stability is an important
consideration in the development of any control algorithm for the multi-legged robot
locomotion. As discussed above, agility is very much desirable in negotiating rough
terrain. However, stability of the multi-legged system is also an obvious goal to
achieve simultaneously, since toppling down carries risk of physical damage to the
system along with slowing down to achieve the target. Six-legged robotic system
provides better stability compared to other multi-legged robots (two-, three-, four-
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or five-) and has a number of stable gait configurations. Several stability measures
based on both static and dynamic stability have been carried by various researchers
in the history of legged robots.

The stability of legged robots was first studied by McGhee and Frank [116] who
defined the concept of static stability of an ideal walking robot on flat terrain using
center of gravity projection method. The authors defined an ideal robot, which was
assumed to havemassless legs and no effect of system dynamics. According to center
of gravity (COG) projection method, a vehicle is statically stable, if the projection of
its COG lies within the support polygon. The method was extended to maneuverabil-
ity over uneven terrain by Iswandhi and McGhee [77], where support polygon was
defined by the horizontal projection of the real footholds. Thereafter, the concept of
static stability margin (SSM) was introduced, which is the smallest perpendicular
distance from the COG to the edge of the support polygon. However, SSM involves
complex calculations, which Lee et al. [102] tried to avoid by approximating SSM
to obtain longitudinal stability margin (LSM) for six-legged robots during straight-
forward and crab motion. Similarly, Zhang and Song [190] adopted analytical and
graphicalmethods to calculate LSM forwave-crab gait of a quadrupedwalking robot.
LSM is nothing but the minimum distance from COG to the front and rear edges
of the polygon taken along longitudinal axis. Min et al. [119] suggested a unique
crab gait, which minimizes longitudinal gait stability margin according to variation
in crab angle of a quadruped. The study also analyzed the effects of variations of
footholds on stability and maximum permissible stroke. Further, Zhang and Song
[191] introduced the concept of crab longitudinal stability margin (CLSM) giving a
more logical reasoning by considering the walking robot as non-ideal, where inertia
effects are significant. CLSM is the minimum distance from COG to the front and
rear edges of the polygon taken along the direction of motion of the robot. Figure 2.1

Fig. 2.1 Support polygon and static stability margins
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shows support polygon and different static stability margin, namely SSM, LSM and
CLSM.

All the above mentioned stability margins (SSM, LSM, CLSM etc.) were devel-
oped based on geometrical concepts and were independent of height of the COG and
kinematic and dynamic parameters. However, for better stability measures, these
parameters should not be ignored. A better stability measure called energy stability
margin (ESM) was proposed by Messuri and Klein [117], which is defined as the
minimum potential energy required by the robot to tip over the edges of the support
polygon. Thereafter, Hirose et al. [66] generalized the stability criteria for walking
robots by normalizing ESM using the robot’s weight, which is commonly defined as
normalized energy stability margin (NESM). Likewise, Roy and Pratihar [141, 142]
analysed the stability of six-legged robots using the concept of NESM. A few other
studies carried out, based on static stability for locomotion planning with crab and
turning gaits are discussed, in brief.

Considering kinematic limit of joint motion and optimal gait stability margin,
Lee and Bien [105] proposed a three-stage hierarchical strategy for planning crab
gaits of a quadruped robot. From stability point of view, Santos and Jimenez [144]
reported some advantages of crab and turning discontinuous gaits over continuous
wave gaits of a quadruped robot. A new gait generation algorithm was proposed by
Estremera et al. [40] for the development of free crab gaits for the hexapod robots on
natural terrains. Some heuristic rules capable of planning leg motions accurately and
guaranteeing stability for a non-periodic gait was included in conventional tripod
gait to obtain a real free gait. These heuristic rules did rely on the definition of foot
lifting instants and computation of new footholds.

In multi-legged robots, turning gaits are one of the most essential gaits for omni-
directional walking. Orin [125] analyzed turning motion of a six-legged robot taking
into consideration the crab angle. Hirose et al. [65] studied the turning motion of
a quadruped robot. To optimize the turning gait, two criteria had been adopted in
that study- (a) Criteria 1: Achieving maximum rotational speed of the trunk body.
It had been assumed that, at any time only one leg of the robot was lifted and the
returning speeds of all legs were equal though the returning paths were different
in length. This led to different duty factor for different leg. Hence, to select the
optimum duty factor for each leg, a nonlinear programming technique was used. (b)
Criteria 2: Maximizing the rotational angle of the trunk body in one cycle. Since
the angle of rotation was determined by the static stability and leg workspaces,
a set of nonlinear equations and inequalities were established, and the variables
were optimized using nonlinear programming techniques. The effectiveness of the
technique had been proven through computer simulations and experiments using a
quadruped walking vehicle model. Zhang and Song [190] studied the turning gait
of a quadrupedal walking chair. The maximum rotation angle was determined by
the leg workspaces alone, which was different from the approach used by Hirose
et al. [65]. In this study, they adopted a combined analytical and graphical methods
and developed several turning gaits. Zhang and Song [192] extended this work for
stability analysis of spinning gaits and circling gaits of a quadrupedwalkingmachine.
Cho et al. [31] proposed an optimal turning gait of a four-legged robot, which could
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minimizewalking speed keeping stabilitymargin larger than a certain required value.
The proposed gait was sufficiently flexible, so as to permit crab walking, turning and
pure rotational walking about a robot’s geometric center. Miao and Howard [118]
described an algorithm for generating a tripod turning gait, which could maximize
the rotation angle and also optimize the stability. Recently, Yang [184, 185] studied
crab gaits and turning gaits of a hexapod robot with a locked joint failure during
tripod walking. In the recent past, a different static stability measure was carried out
by Wang et al. [180] for locomotion of symmetric six-legged robots. A comparative
study was carried out by the researchers with those of rectangular six-legged robots
from the stability point of view. The authors defined the stability margin based on
geometry for insect, mammalian and mixed gaits, as the longest step the robot can
stretch without losing stability. Further, some studies used body position and posture
controlmethod tomaintain the stability of the legged robots, as depicted in the studies
of [25, 47, 58].

The above stability criterias are suitable, when the robot’s dynamics is negligible.
However, when a robot executes any kind of motion, the stability cannot be adjudged
properly with static stability measures due to dynamic effects that arise due to its
movements. Only dynamic stability criteria can give the better measures of its sta-
bility margin commonly named as dynamic stability margin (DSM), though efforts
in this regard are meager. Vukobratovic and Juricic [175] were the first to propose
dynamic stability criteria for biped robots based on zero-moment point (ZMP). Orin
[126] proposed dynamic stability criteria for multi-legged robots, which is an exten-
sion of COG projection method. Momentum-based stability criteria had also been
defined by a few researchers. Lin and Song [109] developed a dynamic model of
a quadruped walking machine and tried to study the dynamic stability and energy
efficiency for straight-forward motion using the concept of DSM. The dynamic sta-
bility margin showed a decreasing trend with the increasing velocity and decreasing
stroke length. Koo and Yoon [92] also developed a dynamic model of a quadruped
walking robot and tried to measure the stability for the dynamic gait at every instant
using angular momentum principle, naming it as dynamic gait stability measure
(DGSM). This work has been extended to measure the dynamic stability of hexa-
pod walking robots in the present study. A few other dynamic stability criteria like
Force-Angle Stability Margin (FASM) for mobile manipulators [128], Normalized
Dynamic Energy Stability Margin (NDESM) for quadruped robots [48] etc. were
also proposed that accounted for the presence of inertial effects in the system.

Hence, the aims and objectives of the present work are set as follows:

(a) Kinematic analysis including foot trajectory and gait planning of a realistic six-
legged robot walking on various terrains like sloping surface, staircase and some
user defined rough terrains etc.,

(b) Coupled non-linear dynamical modeling of robots with realistic three dimen-
sional feet-ground contact model, considering visco-elastic compliance effect
and slippage of feet tip,

(c) Studying the effects of walking parameters on energy consumption and static or
dynamic stability of the said robot during gait generation over various terrains,
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(d) Simulation of the different gait or walking patterns over various terrains using
VP techniques and validation through real experiments.

However, the present work does not focus on the following issues:

1. Frictions on the joints of the legs,
2. Large deformation and large leg-tip contact area during impact of feet tip with

the ground,
3. Rebound on impact,
4. Compliance of entire leg of the robot.

2.4 Summary

This chapter provides an insight into the various studies carried out by researchers
worldwide on kinematics, dynamics, energy efficiency and stability of legged robots
moving on a variety of terrains with different walking gaits. The drawbacks have
clearly been brought out after thoroughly conducting a literature survey. This is
followed by both aims and objectives of the present work as well as an overview of
the subsequent chapters.
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Chapter 3
Kinematic Modeling and Analysis
of Six-Legged Robots

In this chapter, an integrated approach to carry out kinematic modeling and computer
simulations of the motions and mechanisms of six-legged robots producing straight-
forward, crab, and turning gaits are explained. New path planning approaches are
suggested for the straight-forward, crab and turning motion analysis of the robot
walking over any kind of terrain varying from flat to rough in three-dimensional
Cartesian spacewith the desired gait pattern. Computer simulations have been carried
out to test the effectiveness of the developed analyticalmodel. Themodel is capable of
investigating various kinematic parameters of the six-legged robot like displacement,
velocity, acceleration, and trace of the position of aggregate center of mass.

3.1 Description of the Problem

The problem may be stated as follows: A six-legged robot has to plan its walking
parameters during straight-forward, crab, and turning motions on various terrains in
such a way that it can tackle those situations by consuming minimum amount of
energy after ensuring optimal feet forces distributions and satisfying the conditions
of static and dynamic stability.

3.1.1 Description of Proposed Six-Legged Walking Robot

In the present book, a 3D CAD model (Fig. 3.1) of an axisymmetric realistic six-
legged robot is developed in a commercially available solid modeler named (CATIA
V5) computer aided three-dimensional interactive application version 5 by executing
the two main steps as described below [6]:
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Fig. 3.1 A realistic six-legged robot a 3D CAD model, b Close view ‘P’

Step 1: Modeling of the components of the robot in the part modeling workbench
Step 2: Assembling of the components in assembly workbench using suitable
constraints.

The 3D CAD model as shown in Fig. 3.1 comprises of a trunk body (shape
resembling a rectangle) and six identical legs. The three legs on either side of the
central axis of the rectangular body are equally disseminated. Each leg is made
of three links, namely coxa, femur, and tibia with their lengths being denoted by
lij, where i = 1 to 6 represents the leg and j = 1 to 3 indicating the number of
joint. The links are interconnected by two revolute joints (joints i2 and i3) and are
connected to the trunk body by a third rotary joint (joint i1). Each joint of a leg is
individually controlled by one actuator or DC servomotor. Hence, every single leg
has three DOF which means with six legs of the robot there are eighteen DOF. These
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eighteen DOF corresponding to eighteen joint angles of the robot are required to
work in a synchronized way to achieve the desired task. Hence, the spatial system
can be considered to have a six DOF trunk body and eighteen DOF legs (=3DOF
× 6legs), which collectively constitute a maximum of twenty-four mobility levels
of the robotic system. The main components of the robot are made of aluminum
(density: 2.74 × 10−6 kg/mm3). The total mass of the robot without any payload is
estimated to be equal to 2.456 kg.

3.1.2 Gait Terminologies and Their Relationships

Let us first review the following terms and their relationships with respect to wave
gaits [5] of a six-legged robot:

• Gait: It is defined as the time and location for placing and lifting of each foot,
coordinated with the motion of the body, in order to move the body from one place
to another.

• Transfer or swing phase: Transfer phase of a leg is the period during which the
foot is in air in a walking cycle.

• Support phase: It is the period during which the foot is placed on the ground in a
walking cycle.

• Cycle time (T ): It is the time for a complete cycle of leg’s locomotion of a periodic
gait.

• Duty factor (DF): It is the time fraction of a cycle time (T ), duringwhich a particular
leg is in support phase.

• Stride (λ): It is the distance through which the center of gravity translates during
one complete locomotion cycle.

• Body stroke (linear, s0 or angular, sc0): It is the distance through which the trunk
body moves during a complete support phase per cycle.

• Leg stroke (Rs): It is the distance through which the foot is translated relative to the
trunk body during the support phase. Leg stroke must be within the leg workspace.

• Periodic gait: A gait is called periodic, if similar states of the same leg during
successive strokes occur at the same interval for all legs, that interval being the
cycle time. Otherwise, it is a non-periodic gait.

• Symmetric gait: A gait is called symmetric, if the motion of legs of any right-left
pair is exactly half a cycle out of phase.

• Regular gait: It is a gait with the same duty factor for all the legs.
• Wave gait: It is a periodic, regular, and symmetric gait, in which the sequence of
placing events of the legs on each side runs from the rear leg and proceeds toward
the front leg. Therefore, the gait creates a wave of stepping from the rear to front.

• Crab axis: It is the axis, which goes through the body center and is aligned with
the direction of body motion.

• Crab angle (θ c): It is defined as the angle from the longitudinal axis of the robot
body to the direction of motion.
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• Lateral offset (li): It is the shortest distance between vertical projection of the hip
on the ground and the corresponding track.

• Full swing (s f
w ): The distance traveled by the swing leg (end-to-end support) per

cycle along the direction of motion.

3.2 Analytical Framework

The following assumptions are made in the present work:

• Robot executes motion planning in three-dimensional Cartesian space.
• A number of feet hold positions are already known before executing motion of the
robot in various terrains.

• Predefined trunk body motion, swing leg motion, and slip trajectory are governed
by cubic polynomials. This leads to variation in the trunk body height with respect
to the various terrains throughout the motion.

• Slip occurs between the leg tip and the terrain during support phase and its mag-
nitude is small. Further, the slip trajectory has been eased out to a straight path in
the horizontal plane of the local frame of reference.

3.2.1 Reference System in Cartesian Coordinates

In this book, the robot is considered as a rigid multi-body system with multiple
reference frames (both global and local frames) attached to it. Shown in Figs. 3.1 and
3.2,G0 and G represent the static global and dynamic reference frames, respectively.
The respective frames corresponding to XYZ coordinate systems coincide at O. The
system has been generalized by means of orientation vector of Bryant angles [1],
such that, (1) ηG = [αG βG θG]T denotes the orientation vector between G0 and G as
shown in Fig. 3.2. These angles take into account the terrain elevation along the three
axes, i.e., αG denotes sloping angle, βG represents banking angle, and θG indicates
initial angular position of the robot with respect to the frame G0; (2) η0 = [α0 β0

θ0]T denotes the orientation vector between G and L0 as shown in Fig. 3.1.
The reference frame L0, fixed to the body, is affixed to an arbitrarily chosen

location P0 on the trunk body (refer to Fig. 3.3). The local reference frames are
attached at each joint i1, i2, and i3 to signify successive joint states at any instant
of time, that is, at time t (one state) and at time t + Δt (successive state) after
infinitesimally small rotation. More accurately, it can be said that frames L′

i and L′′
i

are positioned at point Si, frames L′
i1, and L′′

i1 at point Pi1 and frames L′
i2 and L′′

i2
at point Pi2. Furthermore, frames L′

i3 and Li3 (Li3 is considered parallel to frame G)
are positioned at the tip point Pi3. This point follows an estimated trajectory in 3D
Cartesian space (refer to [2]). To signify the crab angle (θ c) and turning angle (θ

Li3
i3 ),
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Fig. 3.2 References frames
G0, G showing three
successive rotations

Fig. 3.3 Reference frames
and Vector diagram of leg ‘i’
during support phase a plan
view, b elevation view



38 3 Kinematic Modeling and Analysis of Six-Legged Robots

two more reference frames have been considered at point Pi3, that is, L′′
i3, L

′′′
i3. This

has reference to Fig. 3.4b, c, respectively.
The displacement vectors represented in dynamic reference frameG from pointO

to P0, Si, Pij (for j = 1 to 3) are given by rGP0O , r
G
Si O

, and rGPi j O , respectively. Similarly,
the vectors of Cartesian coordinates of P0, Pij with respect to G are represented,
respectively, by,

pG
0 = ((rGP0O)T,ηT

0 ))
T ∈ R

6, (3.1)

pG
i j = ((rGPi j O)T,ηT

i j ))
T ∈ R

108, (3.2)

Fig. 3.4 Topography of terrain and swing leg trajectory planning for ith leg a straight-forward
motion, b crab motion, c turning motion
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where

rGP0O = [ xGP0O yGP0O zGP0O ]T, (3.3)

η0 = [α0 β0 θ0]
T, (3.4)

rGPi j O = [ xGPi j O yGPi j O zGPi j O ]T, (for i = 1 to 6, j = 1 to 3) (3.5)

ηi j = [αi j βi j θi j ]T, (for i = 1 to 6, j = 1 to 3) (3.6)

The displacement vector of the trunk body and the joints of each leg are first
computed in reference to dynamic reference frameG. Thereafter, it is transformed to
static global reference frameG0 using the transformmatrix,AG0G (refer to Appendix
A.1). Therefore, the vector of Cartesian coordinates of P0, Pij with respect toG0 are,
respectively, given by,

pG0
0 = ((rG0

P0O
)T,ηT

0 ))
T ∈ R

6, (3.7)

pG0
i j = ((rG0

Pi j O
)T,ηT

i j ))
T ∈ R

108, (3.8)

Since every joint (i.e., joint i1, i2 and i3 as shown in Fig. 3.1) of leg ‘i’ has one
DOF revolute joint,

αi1 = βi1 = αi2 = θi2 = αi3 = θi3 = 0, (3.9)

that is, the Bryant angles (Eq. 3.6) can be further reduced to,

ηi1 = [0 0 θi1]
T, (3.10)

ηi2 = [0 βi20]
T, (3.11)

ηi3 = [0 βi30]
T, (3.12)

respectively, by following Z-Y-Y convention.
The kinematic diagram of ith leg of the realistic six-legged robot is shown in

Fig. 3.3. Here, φ denotes the twisted angle of the coxa (in the present book, φ = 0),
li is the distance between the projection of the points Si and Pi3 on the plane XY of
frame G commonly termed as the lateral offset, d is the diameter of the footpad, l ′i3
is the distance between joint i3 and footpad center. The offset distance between the
links of the ith leg is denoted by di1, di2, and di3, respectively.

From the geometrical configuration shown in Fig. 3.3, the subsequent relations
are achieved:
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Table 3.1 Physical parameters of the robot

Components Effective dimension (m) Mass (kg)

Trunk Body aT = 0.420; bT = 0.160; cT = 0.090 0.650

Payload aP = 0.150; bP = 0.090; cP = 0.040 4.244

Link i1 li1 = 0.085 0.150

Link i2 li2 = 0.120 0.041

Link i3 li3 = 0.100 0.110

NB: In the present book, twisted angle of the coxa, φ = 0 deg; li = 218.5 mm; di1 = 8 mm; di2
= 17.75 mm; di3 = 19.75 mm; d = 25 mm; aT , bT, and cT are dimensions of the trunk body as
shown in Fig. 3.1a. Similarly, aP , bP, and cP are dimensions of the payload as shown in Fig. 3.1b

Bounding angle,

ψ = tan−1(d
/
2l ′i3

)
, (3.13)

Kinematic link length,

li3 = l ′i3
/
cosψ, (3.14)

The ranges of the joint variables: θ i1, β i2, β i3 for turning motions are limited by
the geometrical structure of the robot. Table 3.1 shows the physical parameters of
the realistic hexapedal robot.

3.2.2 Kinematic Constraint Equations

The kinematic constraints of the multi-legged robotic system relate the orientation
and position of the trunk body, joint ij (i = 1 to 6, j = 1 to 3) and foot tip (in both
support and swing phase) with respect to frame G, which are ultimately transformed
to frame G0 using the transform AG0G . As discussed in Sect. 3.1.1, the trunk body
consists of six DOF. Every leg consists of three rotary joints located at Si, Pi1 and
Pi2, while each of the feet tips is assumed to be spherical joint in stance phase located
at Pi3 (refer to Fig. 3.3). In the following section, the vector loop and orientation
loop equations [1] depicting the orientation and position of P0, Si, Pij of leg i are
considered with respect to frame G. Refer to Table 3.2.

Now, the overall set of explicitly constrained position equations that governs the
system at any instant are represented by the functions,

(a) With respect to frame G,

g
(
pG) = 0 ∈ R

114 (3.15)
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Table 3.2 Constraint loop equations (Refer to Appendix A.2)

Loop Vector loop equation Joint Orientation loop equation

OP0SiO rGP0O +rGSi P0 −rGSi O =
03
or

rGP0O + AGL0rL0
Si P0

−
rGSi O = 03

Si
[Joint Ji1]

AGL ′′
i

︸ ︷︷ ︸
free
rotation

.AL ′′
i L

′
i

︸ ︷︷ ︸
free
rel.vel.

.AL ′
i L0

︸ ︷︷ ︸
fixed
rotation

. AL0G
︸ ︷︷ ︸
free
rotation

= I3

or AGL ′′
i = AGL0 .AL0L ′

i .AL ′
i L

′′
i

OSiPi1O rGSi O + rGPi1Si −
rGPi1O = 03
or

rGSi O + AGL ′′
i r

L ′′
i

Pi1Si
−

rGPi1O = 03

Pi1
[Joint Ji2]

AGL ′′
i1

︸ ︷︷ ︸
free
rotation

.AL ′′
i1L

′
i1

︸ ︷︷ ︸
free
rel.vel.

.AL ′
i1L

′′
i1

︸ ︷︷ ︸
fixed
rotation

.AL ′′
i G

︸ ︷︷ ︸
free
rotation

=

I3 or

AGL ′′
i1 = AGL ′′

i1 .AL ′′
i L

′
i1 .AL ′

i1L
′′
i

OPi1Pi2O rGPi1O + rGPi2Pi1 −
rGPi2O = 03

or rGPi1O +
AGL ′′

i1r
L ′′
i1

Pi2Pi1
−

rGPi2O = 03

Pi2 [Joint
Ji3]

AGL ′′
i2

︸ ︷︷ ︸
free
rotation

.AL ′′
i2L

′
i2

︸ ︷︷ ︸
free
rel.vel.

.AL ′
i2L

′′
i1

︸ ︷︷ ︸
fixed
rotation

.AL ′′
i1G

︸ ︷︷ ︸
free
rotation

=

I3 or

AGL ′′
i2 = AGL ′′

i1 .AL ′′
i1L

′
i2 .AL ′

i2L
′′
i2

OPi2Pi3O rGPi2O + rGPi3Pi2 −
rGPi3O = 03

or rGPi2O +
AGL ′′

i2r
L ′′
i2

Pi3Pi2
−

rGPi3O = 03

rGPi3O − rGi = 03

(b) With respect to frame G0

g
(
pG0

) = 0 ∈ R
114 (3.16)

The function g(pG) or g
(
pG0

)
has both kinematic joint constraints and driving

constraints that results into mobility (mb) of the system [4], as given by

mb = 6nb − nc, (3.17)

where nb is the total number of rigid bodies of the system and nc is the number of
kinematic joint constraints. The robotic system in this book has only revolute joints.
Therefore, a simple formula has been derived such that,
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nc = 5(nb − 1) + 3ng (3.18)

Here, ng is the number of grounded legs.
In the present system, there are 108 kinematic joint constraint equations, if all

the legs are in support, 99 kinematic joint constraint equations, if three legs are in
support, 102 kinematic joint constraint equations, if four legs are in support, and so
on. The vector of Cartesian coordinates are represented by,

pG = ((pG
0 )T, (pG

1 )T, (pG
2 )T, (pG

3 )T, (pG
4 )T, (pG

5 )T, (pG
6 )T)T ∈ R

114, (3.19)

pG0 = ((pG0
0 )T, (pG0

1 )T, (pG0
2 )T, (pG0

3 )T, (pG0
4 )T, (pG0

5 )T, (pG0
6 )T)T ∈ R

114,

(3.20)

pG
i = ((pG

i1)
T, (pG

i2)
T, (pG

i3)
T)T ∈ R

18, (3.21)

pG0
i = ((pG0

i1 )T, (pG0
i2 )T, (pG0

i3 )T)T ∈ R
18. (3.22)

The vector of Cartesian coordinates pG
i j and pG0

i j for (i = 1 to 6, j = 1 to 3) can
obtained from Eqs. (3.2) and (3.8), respectively. Therefore, the holonomic constraint
equations governing the state of the trunk body and ith leg of the robotic system are
depicted by a set of equations, as shown in Eq. (3.23).

gi (pGi ) =

⎛

⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

g1(pG
0 )

g2(pG
0 )

g3i (pG
i )

g4i (pG
i )

g5i (pG
i )

g6i (pG
i )

g7i (pG
i )

g8i (pG
i )

g9i (pG
i )

⎞

⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

≡

⎛

⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜
⎝

rGP0O − ∫
f(t)

η0 − ∫
g(t)

rGP0O + AGL0rL0
Si P0

+ AGL ′′
i r

L ′′
i

Pi1Si
− rGPi1O

PT
r (x, y).AL ′′

i G .AGL ′
i .Pr (z)

rGPi1O + AGL ′′
i1r

L ′′
i1

Pi2Pi1
− rGPi2O

PT
r (x, z).AL ′′

i1G .AGL ′
i1 .Pr (y)

rGPi2O + AGL ′′
i2r

L ′′
i2

Pi3Pi2
− rGPi3O

PT
r (x, z).AL ′′

i2G .AGL ′
i2 .Pr (y)

rGPi3O − rGPs
i3O

⎞

⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟
⎠

=

⎛

⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

03
03
03
02
03
02
03
02
03

⎞

⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

(3.23)

Further, the present problem is about solving the joint displacements, velocities,
and accelerations for a selected trunk body motion and swing leg trajectory for a
specified gait on various grounds. g1(pG

0 ) and g2(pG
0 ) that denotes the trunk body

motion constraints and g9i (pG
i ) denoting swing legmotion constraints are considered

as the driving constraints in the present problem PT
r (x, y), PT

r (x, z), Pr(z), and Pr(y)
are mainly the matrix projectors (refer to Appendix A.1). Further, f(t) and g(t), the
translational and angular constraint derivatives governing the trunk body motion at
given instant of time, are detailed in Sect. 3.2.5.1. Also, due to trajectory planning
(refer to Sect. 3.2.5.2) and gait planning (refer to Sect. 3.2.6) of leg i, rGPs

i3O
is the
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Table 3.3 Coordinates of the local components of the robotic system (in mm)

Location Leg 2, Leg 4, Leg 6 Leg 1, Leg 3, Leg 5

Si rL0
S2P0

= (80.0, 191.3, 23.5)T

rL0
S4P0

= (80.0, −18.7, 23.5)T

rL0
S6P0

= (80.0, −228.7, 23.5)T

rL0
S1P0

= (−80.0, 191.3, 23.5)T

rL0
S3P0

= (−80.0, −18.7, 23.5)T

rL0
S5P0

= (−80.0, −228.7, 23.5)T

Pi1 r
L ′′
i

Pi1Si
= (li1.cφ , di1, li1.sφ)T r

L ′′
i

Pi1Si
= (−li1.cφ , di1, li1.sφ)T

Pi2 r
L ′′
i1

Pi2Pi1
= (li2, di2, 0)T r

L ′′
i1

Pi2Pi1
= (−li2, di2, 0)T

Pi3 r
L ′′
i2

Pi3Pi2
= (li3, −di3, 0)T r

L ′′
i2

Pi3Pi2
= (−li3, −di3, 0)T

coordinates of the tip point of link li3 at any instant of time (both the stance and swing
phases. The local components of Si, Pi1, Pi2 and Pi3 are fixed for a robotic structure

and are given by rL0
Si P0

, rL
′′
1

Pi1Si
, r

L ′′
i1

Pi2Pi1
, r

L ′′
i2

Pi3Pi2
, respectively, (refer to Table 3.3 for the

specified coordinates of robot). Also, AGL0 , AGL ′
i , AGL ′′

i , AGL ′
i1 AGL ′′

i1 , AGL ′
i2 , AGL ′′

i2

are the transformation matrices related to different local frames with respect to frame
G. AL ′′

i G , AL ′′
i1G , AL ′′

i2G are orthogonal matrices of AGL ′′
i , AGL ′′

i1 , AGL ′′
i2 , respectively.

The transformation matrices are mentioned in Appendix A.3.

3.2.3 Inverse Kinematic Model of the Six-Legged Robotic
System

It is necessary to calculate the explicit inverse kinematic solutions of the system
for controlling a six-legged robot in 3D Cartesian space, which basically refers to
determination of joint angles of the leg i (for i = 1 to 6) for the specified trunk body
and leg-tip displacement of leg i at given instant of time.

First of all, the joint variables θ i1, β i2, β i3 (in both stance and swing phases) of
leg i of the six-legged robot are determined from the inverse kinematic model and
subsequently, the velocities and accelerations (both linear and angular) are calculated.
In the support phase (shown in Fig. 3.4), the position vector of Si with respect to frame
G and frame L′

i3 can be determined by using vector loop equations, respectively, as
depicted by

rGSi Pi3 = rGP0O + rGSi P0 − rGPi3O (3.24)

and

r
L ′
i3

Si Pi3
= −r

L ′
i3

Pi3Pi2
− r

L ′
i3

Pi2Pi1
− r

L ′
i3

Pi1Si
(3.25)
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It is to be noted that: rGP0O and rGPi3O , the position vectors, are time dependent and,
respectively, govern themotions of trunk body and swing leg’s trajectorywith respect
to the frame G. Further, joint angles at any instant of time for locomotion analysis of
the robot over various terrains are computed from the developed inverse kinematic
model with suitable boundary conditions (predefined time derivative functions of the
trajectories of both the trunk body and swing legs).

Equation (3.24) can also be written as follows:

rGSi Pi3 = AGL ′
i3 .r

L ′
i3

Si Pi3
= (ai , bi , ci )

T(say), (3.26)

where ai, bi, ci denote the coordinates of rGSi Pi3 and

AGL ′
i3 = AGL ′′

i2 = AGL0 .AL0L ′′
i2 (3.27)

(frames L ′
i3 and L ′′

i2 are parallel)

It is to be considered that AL0G and AGL0 are orthogonal transformation matrices
calculated using transformations given in Appendix A.3.

Now, rearranging Eqs. (3.26) and (3.27) to obtain the governing equation of the
system as follows:

AL0G .rGSi Pi3 = AL0L ′′
i2 .r

L ′
i3

Si Pi3
(3.28)

The joint angles are obtained through method of elimination using suitable trans-
formation matrices (refer Appendix A.3) and coordinates of the local components.
They are summarized as follows:

θi1 = γ − 2nπ − 2 tan−1((ki1 ± ki4)
/

(di + ki2)), n ∈ I (3.29)

βi2 = φ − 2nπ − 2 tan−1((ki6 ± ki7)
/
ki8), n ∈ I (3.30)

βi3 = 2nπ ± 2 tan−1
√

(1 − ki5)
/

(1 + ki5), n ∈ I (3.31)

where

di = di1 + di2 − di3 (3.32)

ki1 = −(ai (cosβ0 cos θ0) + bi (cosα0 sin θ0 + sin α0 sin β0 cos θ0)

+ ci (sin α0 sin θ0 − cosα0 sin β0 cos θ0)) (3.33)
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ki2 = −(−ai (cosβ0 sin θ0) + bi (cosα0 cos θ0 − sin α0 sin β0 sin θ0)

+ ci (sin α0 cos θ0 + cosα0 sin β0 sin θ0)) (3.34)

ki3 = −(ai (sin β0) − bi (sin α0 cosβ0) + ci (cosα0 cosβ0)) (3.35)

ki4 =
√
k2i1 + k2i2 − d2

i (3.36)

ki5 = (
(ki3 − li1. sin φ)2 + (ki4 − li1. cosφ)2 − l2i2 − l2i3

)/
2li2.li3 (3.37)

ki6 = (ki3 − li1.sφ) (3.38)

ki7 =
√

(ki3 − li1.sφ)2 + (ki4 − li1.cφ)2 − (li2 + li3.ki5)2 (3.39)

ki8 = li2 + li3.ki5 + ki4 − li1.cφ (3.40)

To compute the swing phase angles, it is necessary to substitute k ′
i1 = −ki1,

k ′
i2 = −ki2 and k ′

i3 = −ki3.

3.2.4 Terrain Model

In the current book, the topology of the terrain along the path of robot’s locomotion
varies from smooth to irregular that includes flat plain, slope, staircase, banking,
undulation, etc. It is to be noted that in the present work, the data points of the
topology are already predefined. Further, the kinematics of the robotic system can
be intimately connected to the represented terrain in two methods.

Method I: In this method, the robot performs foot placement at ideal position,
which results from the path (both trunk body and legs) and gait planning. The two
points that are considered with respect to frame Li3, namely Pi3 (starting point of
swing) and P′

i3 (subsequent end points of swing), defines the topology of the terrain.
The terrain height denoted by h′

in (i is the leg number and n is the duty cycle number)
is measured along Z-axis with respect to frame Li3 (as shown in Fig. 3.4) such that the
foot tip of swing leg i lands on the terrain in the nth cycle. Themaximum terrain height
denoted byHmin (i is the leg number andn is the duty cycle number) and is taken along
Z-axis with respect to frame Li3 and is basically the height of the terrain along the
path of swing in the nth cycle. Finally, the data points computed with respect to frame
Li3 are transformed to reference frameG using suitable transformation matrices. The
values of h′

in and Hmin are provided as inputs for computer simulations.
Method II: This methodmainly deals with the issue of map-based foot placement

and subsequently, path generation. Based on the availability of the topographical
information of the terrain (given as input), the robot can carry out its path planning
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from initial to final position. The three-dimensional CAD model of the topography
is developed and the data points are extracted from it with respect to the reference
frame G. During simulation, maximum height (Hmin) of the terrain which the swing
leg has to overcome along its path in the workspace is calculated using the developed
algorithm. Moreover, the terrain height h′

in with respect to local frame Li3, that is,
zGPi3O with respect to frameG in support phase is determined based on the information
of the coordinates xGPi3O and yGPi3O . This means the foot tip of leg i searches for the
possible foot placement location during each time step and subsequently calculates
the coordinate of the location that assists the robot to continue an efficient gait.

In both themethods, it is assumed that themaximumheight of the swing trajectory
is always greater than the maximum height of topography through which the leg
traverses and the difference is given by Δh.

3.2.5 Locomotion Planning on Various Terrains

In the current book, attempt has been made to make the motion characteristics of
the legged robot (both trunk body and swing legs) more realistic compare to the
previous studies by various researchers worldwide. For that motion of the trunk
body (for location P0) and leg tip of swing leg (for location Pi3) are modeled based
on Automated Dynamic Analysis of Mechanical Systems (ADAMS) step function
[3]. The function approximates the Heaviside step function with a cubic polynomial.
It is given by the following expression:

h = ha + a.�2(3 − 2�), for ta to tb (3.41)

where

a = hb − ha, (3.42)

(ha = initial step value at time ta, hb = final step value at time tb)

� = (t − ta)/(tb − ta) (3.43)

Equation (3.41) has a smooth function value during the transition over a specified
interval of an independent variable. The function has a continuous first derivative
with smooth changes at the transition point whichmakes it the basis for consideration
in this book.
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3.2.5.1 Motion Planning for Robot’s Body

The motion planning of the trunk body of the robot should be such that there is
an uninterrupted and continuous motion for the given initial position, orientation
(roll, pitch, and yaw), and maximum rate of change of angular displacement of the
trunk body. In this book, the angular and translational constraint derivatives are given
by g(t) = [gx(t) gy(t) gz(t)]T and f(t) = [ fx (t) fy(t) fz(t)]T, respectively. The
six driving constraint equations representing the six degrees of freedom of the trunk
body govern the state of the inverse kinematics problem. Assumption of such driving
constraints makes the locomotion of the trunk bodymore realistic, such that the body
can be raised, lowered, or tilted with the legs’ movements in a synchronized way.
This is much necessary for a robot to maneuver in an irregular terrain with stable
gaits strategy. It is to be noted that these constraints are assumed to follow a cubic
polynomial [refer to (Eq. 3.41)] as discussed earlier.

(a) Calculation of angular displacement rate inputs

Mathematically,

η̇0 = g(t) ∈ R
108 (3.44)

Along X-direction (Pitching):
The rate of change of angular displacement [i.e., gx(t)] of the robot for three cycles
along X-direction of frame G is assumed to follow a pattern as shown in Fig. 3.5.
The mathematical expression is given as follows:

Cycle-1

gx(t) = α̇0|t=t0 + aα̇0

∣
∣
1.�as |21.(3 − 2�as |1) for t0 to t1|1

= α̇0|t= t1|1 for t = t1|1
= α̇0|t= t1|1 − aα̇0

∣∣
1.�ds |21.(3 − 2�ds |1) for t1|1 to t s3

∣∣
1

(3.45)

Fig. 3.5 Angular displacement rate versus time
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where

aα̇0

∣∣
1 = α̇0|t=t1|1 − α̇0|t=t0;

�as |1 = (t − t0)
/

( t1|1 − t0);
�ds |1 = (t − t1|1

/
( t s3

∣∣
1 − t1|1).

(3.46)

Here, α̇0|t=t0 and α̇0|t= t1|1 are angular displacement rates of the trunk body along
X-direction of frame G at time t = t0 and t = t1|1, respectively; t s3

∣∣
1 is the end time

of Cycle-1. Similarly,
Cycle-2

gx(t) = α̇0|t= t s3 |1 − aα̇0 |2.�as |22.(3 − 2�as |2) for t s3
∣
∣
1 to t1|2

= − α̇0|t= t1|2 for t = t1|2
= − α̇0|t=t1|2 + aα̇0

∣∣
2.�ds |22.(3 − 2�ds |2) for t1|2 to t s3

∣∣
2

(3.47)

where

aα̇0

∣
∣
2 = α̇0|t= t1|2 − α̇0|t= t s3 |1;

�as |2 = (t − t s3
∣∣
1)

/
( t1|2 − t s3

∣∣
1);

�ds |2 = (t − t1|2)
/

( t s3
∣∣
2 − t1|2).

(3.48)

Here, α̇0|t= t s3 |1 and α̇0|t= t1|2 are angular displacement rates of the trunk body

along X-direction at time t = t s3
∣
∣
1 and t = t1|2, respectively; t s3

∣
∣
2 is the end time of

Cycle-2. Similarly,
Cycle-3

gx(t) = α̇0|t= t s3 |2 + aα̇0

∣∣
3.�as |23.(3 − 2�as |3) for t s3

∣∣
2 to t1|3

= α̇0|t= t1|3 for t = t1|3
= α̇0|t= t1|3 − aα̇0

∣
∣
3.�ds |23.(3 − 2�ds |3) for t1|3 to t3

(3.49)

where

aα̇0

∣∣
3 = α̇0|t= t1|3 − α̇0|t= t s3 |2;

�as |3 = (t − t s3
∣
∣
2)

/
( t1|3 − t s3

∣
∣
2);

�ds |3 = (t − t1|3)
/

(t3 − t1|3).
(3.50)

Here, α̇0|t= t s3 |2 and α̇0|t= t1|3 are angular displacement rates of the trunk body

along X-direction at time t = t s3
∣
∣
2 and t = t1|3, respectively; t3 is the total cycle time

for Cycle-3.

Along Y-direction (Rolling):
The same procedure as above is followed in the case of gy(t) having angular
orientation angle β0.
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Along Z (Yawing) only during TURNING Motion:
The governing function for yaw during turning, i.e., the rate of change of angular
displacement [i.e., gz(t)] of the trunk body at any instant of time along Z-axis of
frame G is given by,

gz(t) = θ̇0
∣∣
t=t0

+ aθ̇0
�2

a(3 − 2�a) for t0 to t1
= θ̇0

∣∣
t=t1

for t1 to t2
= θ̇0

∣∣
t=t2

− aθ̇0
�2

d(3 − 2�d) for t2 to t3

(3.51)

where

aθ̇0
= θ̇0

∣∣
t=t1

− θ̇0
∣∣
t=t0

�a = (t − t0)/(t1 − t0)

�d = (t − t1)/(t2 − t1) (3.52)

Here, t0 is the initial time of start of trunk body motion, t1 is the time taken to
reach the maximum angular displacement rate, t2 is the time of start of retardation of
the trunk body, t3 is the total time of motion of the robot. Once the angular constraint
derivative g(t) is calculated, the angular velocity of the trunk body (Gω0) can be
calculated from the expression as mentioned below.

Gω0 =
⎛

⎝
cosβ0 cos θ0α̇0 + sin θ0β̇0

− cosβ0 sin θ0α̇0 + cos θ0β̇0

sin β0α̇0 + θ̇0

⎞

⎠ (3.53)

where η̇0 = [
α̇0 β̇0 θ̇0

]T
are the rate of change of angular displacement of the trunk

body along their respective axes.

(b) Calculation of translational displacement rate inputs

Mathematically,
Translational displacement rate is given by

ṙGP0O = f(t) ∈ R
3, (3.54)

where the function f(t) governs the translational motion of the trunk body at any
instant of time.

Straight-forward Motion
During straight-forward motion, the translational displacement of the trunk body is
considered along Y-axis with respect to G.

Along X-direction:

fx (t) = 0 (3.55)
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Along Y-direction:

fy(t) = ẏGP0O
∣∣
t=t0

+ avy .�
2
a .(3 − 2�a) for t0 to t1

= ẏGP0O
∣∣
t=t1

for t1 to t2
= ẏGP0O

∣∣
t=t1

− avy .�
2
d .(3 − 2�d) for t2 to t3

(3.56)

where,

�a = (t − t0)/(t1 − t0)
�d = (t − t2)/(t3 − t2)

avy = ẏGP0O
∣∣
t=t1

− ẏGP0O
∣∣
t=t0

(3.57)

Here, ẏGP0O
∣∣
t=t0

and ẏGP0O
∣∣
t=t1

are translational displacement rates of the trunk
body along Y-direction of frame G at time t = t0 and t = t1, respectively. Similarly,

Along Z-direction:
Cycle-1

fz(t) = żGP0O
∣∣
t=t0

+ avz
∣∣
1.�as |21.(3 − 2�as |1) for t0 to t1|1

= żGP0O
∣
∣
t= t1|1 for t = t1|1

= żGP0O
∣
∣
t= t1|1 − avz

∣
∣
1.�ds |21.(3 − 2�ds |1) for t1|1 to t s3

∣
∣
1

(3.58)

where

avz
∣∣
1 = żGP0O

∣∣
t= t1|1 − żGP0O

∣∣
t=t0

;
�as |1 = (t − t0)/( t1|1 − t0);

�ds |1 = (t − t1|1)
/

( t s3
∣∣
1 − t1|1).

(3.59)

Here, żGP0O
∣
∣
t=t0

and żGP0O
∣
∣
t= t1|1 are translational displacement rates of the trunk

body along Z-direction at time t = t0 and t = t1|1, respectively. Similarly,
Cycle-2

fz(t) = żGP0O
∣∣
t=t s3 |1 − avz

∣∣
2.�as |22.(3 − 2�as |2) for t s3

∣∣
1 to t1|2

= −żGP0O
∣∣
t= t1|2 for t = t1|2

= −żGP0O
∣∣
t= t1|2 + avz

∣∣
2.�ds |22.(3 − 2�ds |2) for t1|2 to t s3

∣∣
2

(3.60)

where

avz
∣∣
2 = żGP0O

∣∣
t= t1|2 − żGP0O

∣∣
t= t s3 |1;

�as |2 = (t − t s3
∣∣
1)

/
( t1|2 − t s3

∣∣
1);

�ds |2 = (t − t1|2)
/

(t s3
∣∣
2 − t1|2). (3.61)
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Here, żGP0O
∣∣
t=t s3 |1 and żGP0O

∣∣
t= t1|2 are translational displacement rates of the trunk

body along Z-direction at time t = t s3
∣∣
1 and t = t1|2, respectively. Similarly,

Cycle-3

fz(t) = żGP0O
∣∣
t= t s3 |2 + avz

∣∣
3.�as |23.(3 − 2�as |3) for t s3

∣∣
2 to t1|3

= żGP0O
∣∣
t= t1|3 for t = t1|3

= żGP0O
∣∣
t= t1|3 − avz

∣∣
3.�ds |23.(3 − 2�ds |3) for t1|3 to t3

(3.62)

where

avz
∣∣
3 = żGP0O

∣∣
t= t1|3 − żGP0O

∣∣
t= t s3 |2;

�as |3 = (t − t s3
∣∣
3)

/
(t1|3 − t s3

∣∣
3);

�ds |3 = (t − t1|3)
/

(t3 − t1|3). (3.63)

Here, żGP0O
∣
∣
t=t s3 |2 and żGP0O

∣
∣
t= t1|3 are translational displacement rates of the trunk

body along Z-direction at time t = t s3
∣∣
2 and t = t1|3, respectively.

Crab Motion
Along X-direction:
During crab motion, the velocity function f x(t) along X-direction of frameG is given
by:

fx (t) = ẋGP0O
∣∣
t=t0

+ avx .�
2
a .(3 − 2�a) for t0 to t1

= ẋGP0O
∣
∣
t=t1

for t1 to t2
= ẋGP0O

∣∣
t=t1

− avx .�
2
d .(3 − 2�d) for t2 to t3

(3.64)

where,

�a = (t − t0)/(t1 − t0)

�d = (t − t2)/(t3 − t2)

avx = ẋGP0O
∣∣
t=t1

− ẋGP0O
∣∣
t=t0

(3.65)

Here, ẋGP0O
∣∣
t=t0

and ẋGP0O
∣∣
t=t1

are translational displacement rates of the trunk
body along X-direction at time t = t0 and t = t1, respectively. Similarly,

Along Y-direction:

fy(t) = fx (t). tan θc (3.66)

where θ c is the crab angle.
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Along Z-direction:
Cycle-1

fz(t) = żGP0O
∣
∣
t=t0

+ avz
∣
∣
1.�as |21.(3 − 2�as |1) for t0 to t1|1

= żGP0O
∣∣
t= t1|1 for t = t1|1

= żGP0O
∣∣
t= t1|1 − avz

∣∣
1.�ds |21.(3 − 2�ds |1) for t1|1 to t s3

∣∣
1

(3.67)

where

avz
∣∣
1 = żGP0O

∣∣
t= t1|1 − żGP0O

∣∣
t=t0

;
�as |1 = (t − t0)/ (t1|1 − t0);
�ds |1 = (t − t1|1)/ (t s3

∣∣
1 − t1|1). (3.68)

Here, żGP0O
∣∣
t=t0

and żGP0O
∣∣
t= t1|1 are translational displacement rates of the trunk

body along Z-direction at time t = t0 and t = t1|1, respectively. Similarly,
Cycle-2

fz(t) = żGP0O
∣∣
t=t s3 |1 − avz

∣∣
2.�as |22.(3 − 2�as |2) for t s3

∣∣
1 to t1|2

= −żGP0O
∣∣
t= t1|2 for t = t1|2

= −żGP0O
∣∣
t= t1|2 + avz

∣∣
2.�ds |22.(3 − 2�ds |2) for t1|2 to t s3

∣∣
2

(3.69)

where

avz
∣∣
2 = żGP0O

∣∣
t= t1|2 − żGP0O

∣∣
t= t s3 |1;

�as |2 = (t − t s3
∣∣
1)/ (t1|2 − t s3

∣∣
1);

�ds |2 = (t − t1|2)/ (t s3
∣∣
2 − t1|2). (3.70)

Here, żGP0O
∣∣
t=t s3 |1 and żGP0O

∣∣
t= t1|2 are translational displacement rates of the trunk

body along Z-direction at time t = t0 and t = t1|2, respectively.
Cycle-3

fz(t) = żGP0O
∣
∣
t= t s3 |2 + avz

∣
∣
3.�as |23.(3 − 2�as |3) for t s3

∣
∣
2 to t1|3

= żGP0O
∣∣
t= t1|3 for t = t1|3

= żGP0O
∣∣
t= t1|3 − avz

∣∣
3.�ds |23.(3 − 2�ds |3) for t1|3 to t3

(3.71)

where

avz
∣∣
3 = żGP0O

∣∣
t= t1|3 − żGP0O

∣∣
t= t s3 |2;

�as |3 = (t − t s3
∣∣
3)/ (t1|3 − t s3

∣∣
3);
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�ds |3 = (t − t1|3)/(t3 − t1|3). (3.72)

Here, żGP0O
∣∣
t=t s3 |2 and żGP0O

∣∣
t= t1|3 are translational displacement rates of the trunk

body along Z-direction at time t = t s3
∣∣
2 and t = t1|3, respectively.

Turning Motion
Along X-direction:

During turning motion, the velocity function f x(t) along X-direction of frame G
is given by:

fx (t) = −ρ0gz(t) sin θ0, (3.73)

where ρ0 is the turning radius of point P0.

Along Y-direction:

fy(t) = −ρ0gz(t) cos θ0, (3.74)

Along Z-direction:
Cycle-1

fz(t) = żGP0O
∣∣
t=t0

+ avz
∣∣
1.�as |21.(3 − 2�as |1) for t0 to t1|1

= żGP0O
∣∣
t= t1|1 for t = t1|1

= żGP0O
∣∣
t= t1|1 − avz

∣∣
1.�ds |21.(3 − 2�ds |1) for t1|1 to t s3

∣∣
2

(3.75)

where

avz
∣∣
1 = żGP0O

∣∣
t= t1|1 − żGP0O

∣∣
t=t0

;
�as |1 = (t − t0)/ (t1|1 − t0);

�ds |1 = (t − t1|1)/ (t s3
∣∣
1 − t1|1).

(3.76)

Here, żGP0O
∣∣
t=t0

and żGP0O
∣∣
t= t1|1 are translational displacement rates of the trunk

body along Z-direction at time t = t0 and t = t1|1, respectively. Similarly,
Cycle-2

fz(t) = żGP0O
∣∣
t= t s3 |1 − avz

∣∣
2.�as |22.(3 − 2�as |2) for t s3

∣∣
1 to t1|2

= −żGP0O
∣∣
t= t1|2 for t = t1|2

= −żGP0O
∣∣
t= t1|2 + avz

∣∣
2.�ds |22.(3 − 2�ds |2) for t1|2 to t s3

∣∣
2

(3.77)

where

avz
∣∣
2 = żGP0O

∣∣
t= t1|2 − żGP0O

∣∣
t= t s3 |1;

�as |2 = (t − t s3
∣∣
1)/ (t1|2 − t s3

∣∣
1);

�ds |2 = (t − t1|2)/ (t s3
∣∣
2 − t1|2). (3.78)
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Here, żGP0O
∣∣
t= t s3 |1 and żGP0O

∣∣
t= t1|2 are translational displacement rates of the trunk

body along Z-direction at time t = t s3
∣∣
1 and t = t1|2, respectively. Similarly,

Cycle-3

fz(t) = żGP0O
∣∣
t= t s3 |2 + avz

∣∣
3.�as |23.(3 − 2�as |3) for t s3

∣∣
2 to t1|3

= żGP0O
∣∣
t= t1|3 for t = t1|3

= żGP0O
∣∣
t= t1|3 − avz

∣∣
3.�ds |23.(3 − 2�ds |3) for t1|3 to t3

(3.79)

where

avz
∣∣
3 = żGP0O

∣∣
t= t1|3 − żGP0O

∣∣
t= t s3 |2;

�as |3 = (t − t s3
∣∣
3)/ (t1|3 − t s3

∣∣
3);

�ds |3 = (t − t1|3)/(t3 − t1|3). (3.80)

Here, żGP0O
∣∣
t= t s3 |2 and żGP0O

∣∣
t= t1|3 are translational displacement rates of the trunk

body along Z-direction at time t = t s3
∣
∣
2 and t = t1|3, respectively.

It is to be noted to solve the inverse kinematics of the system, the velocity of the
trunk body, vG0 = (ṙGP0O , Gω0) ∈ R

6, is provided as an important input in addition
to others as discussed in the next subsections. Next, using the transformation matrix
AG0G , the velocity vector of the trunk body is transformed to frame G0.

3.2.5.2 Swing Leg Trajectory Planning

The swing leg trajectory planning of six-legged robots in 3D Cartesian space is an
important consideration for locomotionon rough terrain and is one of the fundamental
steps in the study of kinematics and dynamics of the system. A variety of swing leg
trajectories for execution of straight-forward, crab, and turning motions have been
proposed to achieve smooth motions on different terrains. However, it is to be noted
that with straight-forward, crab or turning gait strategy, the trajectory planning is
computationally intensive.

The robot in the current work has the capability to regulate its parameters in
accordance with the terrain topology. The feet tip of the swing leg traverses through
a predefined trajectory in 3D Cartesian space with the strokes of the swing legs
placed on the outer side comparatively longer than those placed on the inner side.
Now, the computation of the coordinates of the trajectory of the swing is carried out
with respect to local frame Li3. Thereafter, computed data points (local coordinates)
of the swing trajectory of the leg are converted to global coordinates with respect to
the frame G.

The steps mentioned below are essential for the calculation of the tip-point trajec-
tory coordinates during swing phase and feet-hold position of the leg during stance
phase.
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Step 1. Select initial inputs to calculate the trajectory of swing leg i (with respect
to frame G). The relevant inputs are as follows:

For trunk body (a) Linear stroke, s0 (for straight-forward or crab motion)
or angular stroke sc0 (for turning motion), (b) initial position
and orientation, (c)maximum rate of change of displacement
(both angular and translation).

For Legs (a) initial joint positions with respect to local frames, (b) ini-
tial joint angles, (c) trajectory ascend (γ xz, γ yz) and descend
angles

(
γ ′
xz , γ ′

yz

)
.

For Terrain (a) terrain height at the initial point of support, i.e.,hin (height
of point
Pi3 w.r.t. frame G) and subsequent heights at the end of
swing phases, i.e., h′

in , (b) maximum height of terrain Hmin,
(c) minimum gap between maximum height of swing and
maximum height of terrain Δh (refer to Fig. 3.4).

Other Relevant Inputs (a) crab angle, θ c, and (b) turning radius, ρ0.

Step 2. Calculation of the foot tip’s motion parameters during swing leg trajectory
planning with respect to the frame Li3 (refer to Fig. 3.4) using BCs Pi3

(initial foothold position), Qi3 (point at which swing height reaches the
maximum and translational velocity along Z with respect to frame G is
zero), Ri3 (point at which translational velocity along X with respect to
frame G reaches the maximum), Ti3 (point of start of retardation), and P′

i3
(point of foothold after the end of swing phase). Also, the turning foot-tip
radius ρ i, as shown in Fig. 3.4, is calculated from the forward kinematics
discussed in Sect. 3.2.2. For more details of trajectory planning of swing
leg, readers may refer to Appendix A.4.

Step 3. Transformation of the foot tip’s motion parameters from local reference
frame Li3 to Quadrant Infotech (I) Pv frame G.
It is necessary to calculate the foot tip’s motions parameters (position,
velocity, acceleration, etc.) with respect to frame G once the same has been
done with respect toLi3. Vector loop equations with suitable transformation
matrices as stated below (refer to Fig. 3.4) are used. Therefore,

rGPs
i3O

= rGPi3O + AGLi3 .rLi3
Ps
i3Pi3

(Straight−forward) (3.81)

rGPs
i3O

= rGPi3O + AGL ′′
i3 .r

L ′′
i3

Ps
i3Pi3

(Crab) (3.82)

rGPs
i3O

= rGPi3O + AGL ′′
i3 .r

L ′′
i3

Ps
i3Pi3

(Turning) (3.83)

Here, the suffix s for the point Ps
i3 represents swing, A

GLi3 = I3 (identity
matrix), AGL ′′

i3 = ALi3L ′′
i3 , AGL ′′′

i3 = ALi3L ′′′
i3 . One may refer to Appendix A.4

for more details.
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Step 4. Transformation of the foot tip’s motion parameters from frame G to G0 for
a fixed orientation vector ηG using the transform AG0G .

It is to be noted that the θ c shown in Fig. 3.4b is kept fixed for a given gait cycle,
whereas θ

Li3
i3 shown in Fig. 3.4c varies with respect to time for a given gait cycle.

The absolute range of θ c for the present robotic system is limited to 20° ≤ θ c ≤ 90°.
Moreover, in this book, it is assumed that the full swing stroke of swing leg i (i.e., s f

w )
is twice the body stroke s0 (linear) or sc0 (angular) for straight-forward and turning
motion while for crab motion, s f

w = s0.

3.2.5.3 Foot Slip During Support Phase

Tomake themotion of the legs more accurate, an attempt has beenmade by consider-
ation foot slip during foot–terrain interaction in support phase [2]. The translational
velocity along Z-direction approaches to zero gradually and subsequently, slip occurs
till the beginning of the next swing phase. It is assumed that the slip of the leg tip takes
place in XY plane of reference frame G, at a slip angle, εs and the slip velocity, vNi3

xy
with respect to local frame Ni3 (refer to Fig. 3.6a) instantaneously becomes equal to
zero at the time of lift from point Pi3 of the next phase. Further, the slip velocity of
the support leg instantaneously approaches zero at the time of takeoff at point Pi3.
Also, the slip trajectory, on simplification, is a straight path, which initiates at the
beginning of support phase (point P′

i3) and terminates at the start of next swing phase
Pi3 (refer to Fig. 3.6a). The slip velocity vNi3

xy is assumed to be regulated by a cubic
polynomial like Eq. (3.41) and is given by

Fig. 3.6 Foot slip during support phase of ith leg a a scheme of foot-terrain interaction kinematics,
b slip velocity versus time
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vNi3
xy (t) = vNi3

xy

∣∣
t=t su0

+ axy .�2
axy (3 − 2�axy ) for t

su
start to t su1

= vNi3
xy

∣∣
t=t su1

for t su1 to t su2
= vNi3

xy

∣∣
t=t su2

− axy .�2
dxy

(3 − 2�dxy ), for t su2 to t suend

(3.84)

where for every support phase of leg i, t sustart, t
su
1 , t su2 , and t suend (suffix su represents

support) indicate the initial start time (at point P′
i3), time taken to reach maximum

slip velocity, time of start of retardation, and end time of leg’s slip (at point Pi3 of
the next swing phase), respectively, (refer to Fig. 3.6b). Also,

axy = vNi3
xy

∣
∣
t=t su1

− vNi3
xy

∣
∣
t=t su0

(3.85)

�axy = (
t − t su0

)
/
(
t su1 − t su0

)
(3.86)

�dxy = (
t − t su1

)
/
(
t su2 − t su1

)
(3.87)

The values of t sustart and t
su
end can easily be computed for a leg in support phase during

a duty cycle as discussed in the next Sect. 3.2.6. Further, assuming the relation as
mentioned below, the values of t su1 and t su2 can also be obtained.

�t su = t su1 − t sustart = t suend − t su2 (3.88)

The slip velocity with respect to reference frame G is given by the expression:

vGxy = AGNi3 .vNi3
xy (3.89)

Here, the transformation matrix AGNi3 = I3, since the frame local Ni3 is assumed
to be parallel to frame G.

The slip velocities components along horizontal and vertical axes are given by
the subsequent expressions:

vGx = vGxy . cos εs = vNi3
xy . cos εs (3.90)

vGy = vGxy . sin εs = vNi3
xy . sin εs (3.91)

The displacement of the leg tipwith respect to frameG at any instant of time during
slip (i.e., rGPsu

i3 O
as shown in Fig. 3.6a) can be computed by integrating Eqs. (3.90)

and (3.91) with respect to time t. Thereafter, using the transformation matrix AG0G ,
the displacement of the tip can be computed with respect to static global reference
frame G0. Here, it is assumed that the magnitude of slip velocity is small. If there is
too much slip of the leg tip, the robotic structure will be staggered and the preferred
motion of the robot for achieving a specific task may not be possible. It is to be
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noted that the importance of foot–terrain interaction mechanics lies in its dealing
with coupled-dynamics problems as discussed in Chap. 4.

3.2.6 Gait Planning Strategy

For the motion of the robot’s legs to be in sequential manner, it is mandatory to
have an efficient algorithm and an effective gait planning to focus on the movement
of the trunk body and legs walking on the straight, curved, or crab path in various
terrains. In this book, the gait strategies with duty factor (DF)= 1/2, 2/3, 3/4 (refer to
Fig. 3.7) for locomotion have been emphasized accompanied by the total gait cycle
time, swing phase time, and stance phase time [5]. Throughout the straight-forward
and crab motions, the robot moves in a straight-forward or crab path with linear
stroke, s0 of the trunk body, whereas during turning motion, the robot starts to move
in a circular path with radius, ρ0 (at point P0) and angular stroke, sc0 of the trunk
body.

To generalize the calculation for motion, initially the rate of change of displace-
ment (linear or angular) is taken as vt0 for the trunk body with respect to point P0

is considered to be, and while the maximum rate of change of displacement (linear
or angular) is vt1 . Figure 3.7 shows the rate of change of displacement of the trunk

Fig. 3.7 Wave gaits under
investigation a DF = 1/2,
b DF = 2/3, c DF = 3/4



3.2 Analytical Framework 59

body with respect to frame G with n gait cycles (a) along Y-axis for straight-forward
motion, (b) along X-axis for crab motion, and (c) along Z-axis for turning motion.

For the robot, the total time of motion is equivalent to the time taken to complete
n duty cycles, i.e., t s3

∣∣
n = t3 (where suffix s represents swing) and is calculated as

follows:

t3 = t0 + 2�t + (1
/
vt1)[sT − (vt0 + vt0t1

/
2).(1

/
�′

a) − (vt1 − vt0t1
/
2).(1

/
�′

d)]
(3.92)

vt0t1 = vt0 − vt1 , (carb) (3.93)

�t = t1 − t0 = t3 − t2, (assumed) (3.94)

sT = n.(ms ′′
0 ), (3.95)

where sT is the total distance covered; m represents the number of divisions of a gait
cycle (in this case: m = 6); Figure 3.8 shows the displacement of trunk body s ′′

0 per
division in a gait cycle; Δt is the duration of acceleration and deceleration of the
trunk body; �′

a and �′
d denote the first-order derivatives of �a and Δd with respect

to time, respectively; t0, t1, and t2 have usual meanings as discussed in Sect. 3.2.5.1.
Refer to Appendix A.5 for the detailed time calculations in gait planning.

In the present work,

vt0 = ẏGP0O
∣∣
t=t0

(straight−forward) (3.96)

= ẋGP0O
∣∣
t=t0

(crab) (3.97)

= ρ0 θ̇0
∣∣
t=t0

(turning) (3.98)

and

vt1 = ẏGP0O
∣∣
t=t1

(straight−forward) (3.99)

= ẋGP0O
∣∣
t=t1

(crab) (3.100)

Fig. 3.8 Rate of change of
displacement (linear or
angular motion with respect
to frame G) for the trunk
body
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= ρ0 θ̇0
∣∣
t=t1

(turning) (3.101)

The termination time for each of the gait cycles is calculated as follows:

t s3
∣∣
1 = t1 + (

1
/
vt1

)[
m.s ′′

0 − (
vt0 + vt0t1

/
2
)
.
(
1
/

�′
a

)]
(3.102)

t s3
∣∣
2 = t s3

∣∣
1 + m.s′′0

/
vt1 (3.103)

...
...
...

t s3
∣∣
n−1 = t s3

∣∣
n−2 + m.s′′0

/
vt1 (3.104)

t s3
∣
∣
n

= t3, (3.105)

where t s3
∣∣
1, t

s
3

∣∣
2, …, t s3

∣∣
n−1 and t s3

∣∣
n are the termination time of gait Cycle-1, 2, …,

(n − 1) and n, respectively.
After calculating the end time for each gait cycle, the time of swing and support

phase for each leg, during the cycle, are in accordance with the gait diagram, as
shown in Fig. 3.8. This helps in developing a proper synchronization between the
legs and trunk body.

3.2.7 Evaluation of Kinematic Parameters

The evaluation of joint angles with respect to time leads to that of the kinematic
motion parameters for a specified gait and motion planning of the robot on various
terrains. These parameters include both velocity (both translational and angular),
acceleration (both translational and angular) of the links as well as trace of aggregate
center of mass of the robot, etc. as discussed in Sect. 3.2.8. The velocity and acceler-
ation vectors of the links i1, i2 and i3 of ith leg with respect to G are represented by,
vGi j = ((ṙGPi j O)T, (Gωi j )

T)T ∈ R
108, v̇Gi j = ((r̈GPi j O)T, (Gω̇i j )

T)T ∈ R
108, respectively,

where i = 1 to 6, j = 1 to 3.
The translational velocities and accelerations of the links are calculated based on

the constrained kinematic equations set represented by Eq. (3.23). On keen analysis
of the locomotion of a legged robot, it is revealed that the calculation of angular
velocities

(
G0ωi j

)
and accelerations

(
G0ω̇i j

)
of the joints of all the legs with respect

to global reference frame are very critical. They are dependent on the coordinates
of both P0 and Pi3, during the swing phase, whereas they are dependent only on the
coordinates of P0, during the support phase. A summary of the mathematical details
is as given below (refer to Appendix A.6 for details).



3.2 Analytical Framework 61

A. For support legs,

(i) Link angular velocities

Angular velocity vector of the link ij during support phase is given by

Gωi j = Jri j .ṗ
G
0 , (3.106)

where Jri j is a Jacobian matrix, the details of which are given in Appendix A.7; ṗG
0 is

the first-order derivative of pG
0 (vector of cartesian coordinates) with respect to time

[refer to (Eq. 3.1)].

(ii) Link translational velocities

For the links i1, i2, and i3 of leg i, the translational velocity vectors are given by
ṙGPi1O , ṙ

G
Pi2O

and ṙGPi3O , respectively. They are obtained by differentiating the functions,
g3i (pG

i ), g5i (pG
i ), and g7i (pG

i ), respectively, of Equation set (3.23). Therefore,

ṙGPi1O = ṙGP0O + AGL0 .Gω̃0.r
L0
Si P0

+ AGL ′′
i .Gω̃i1.r

L ′′
i

Pi1Si

= ṙGP0O − AGL0 .r̃L0
Si P0

.Gω0 − AGL ′′
i .r̃

L ′′
i

Pi1Si
.Gωi1 (3.107)

ṙGPi2O = ṙGPi1O + AGL ′′
i1 .Gω̃i2.r

L ′′
i1

Pi2Pi1
= ṙGPi1O − AGL ′′

i1 .r̃
L ′′
i1

Pi2Pi1
.Gωi2 (3.108)

ṙGPi3O = ṙGPi2O + AGL ′′
i2 .Gω̃i3.r

L ′′
i2

Pi3Pi2
= ṙGPi2O − AGL ′′

i2 .r̃
L ′′
i2

Pi3Pi2
.Gωi3 (3.109)

Here,AGL0 ,AGL ′′
i ,AGL ′′

i1 ,AGL ′′
i2 are the transformationmatrices related to different

local frames with respect to frame G (refer to Appendix A.3); rL0
Si P0

, r
L ′′
i

Pi1Si
, r

L ′′
i1

Pi2Pi1
,

r
L ′′
i2

Pi3Pi2
are the local coordinates, respectively, obtained from Table 3.3; Gω0 is the

trunk body angular velocity obtained using Eq. 3.53; Gωi1, Gωi2, and Gωi3 are the
angular velocity vectors of the links i1, i2, and i3, respectively, and calculated using
Eq. (3.106).

(iii) Link angular accelerations

The angular acceleration vector of the link ij during support phase is given by

Gω̇i j = Jri j .p̈
G
0 + J̇ri j .ṗ

G
0 , (3.110)

where J̇ri j is derivative of the Jacobian Jri j , the details of which are given in Appendix
A.7; p̈G

0 is the second-order derivative of pG
0 (vector of Cartesian coordinates).
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(iv) Link translational accelerations

For the links i1, i2, and i3 of leg i, the translational acceleration vectors are given by,
r̈GPi1O , r̈

G
Pi2O

, and r̈GPi3O , respectively. They are obtained by differentiatingEqs. (3.107),
(3.108), and (3.109), respectively, with respect to time. Therefore,

r̈GPi1O = r̈GP0O − AGL0 .r̃L0
Si P0

.Gω̇0 − AGL ′′
i .r̃

L ′′
i

Pi1Si
.Gω̇i1 + AGL0 .Gω̃0.

Gω̃0.r
L0
Si P0

+ AGL ′′
i .Gω̃i1.

Gω̃i1.r
L ′′
i

Pi1Si
(3.111)

r̈GPi2O = r̈GPi1O − AGL ′′
i1 .r̃

L ′′
i1

Pi2Pi1
.Gω̇i2 + AGL ′′

i1 .Gω̃i2.
Gω̃i2.r

L ′′
i1

Pi2Pi1
(3.112)

r̈GPi3O = ṙGPi2O − AGL ′′
i2 .r̃

L ′′
i2

Pi3Pi2
.Gω̇i3 + AGL ′′

i2 .Gω̃i3.
Gω̃i3.r

L ′′
i2

Pi3Pi2
(3.113)

Here, Gω̇0 is the trunk body angular acceleration vector obtained by taking the
derivative of Gω0 [refer to Eq. (3.53)], and for the links i1, i2, and i3, Gω̇i1, Gω̇i2

and Gω̇i3 are the angular acceleration vectors, respectively, and calculated using
Eq. (3.110).

B. For swing legs,

(i) Link angular velocities

During swing phase, the angular velocity vector of the link ij is given by

Gωi j = Jri j .ṗ
G
0 + J′

ri j .ṗ
G
i3, (3.114)

where Jri j and J′
ri j represent the Jacobian matrices (detailed in Appendix A.7); ṗG

0

and ṗG
i3 are the first-order derivative of p

G
0 and pG

i3, respectively, with respect to time
[refer to Eqs. (3.1) and (3.2)].

(ii) Link translational velocities

For the links i1, i2 and i3 of leg i, the translational velocity vectors are obtained by
differentiating the functions, g5i (pG

i ), g7i (pG
i ), and g9i (pG

i ), respectively, of Equation
set (3.23). Therefore,

ṙGPi1O = ṙGPi2O − AGL ′′
i1 .Gω̃i2.r

L ′′
i1

Pi2Pi1
= ṙGPi2O + AGL ′′

i1 .r̃
L ′′
i1

Pi2Pi1
.Gωi2 (3.115)

ṙGPi2O = ṙGPi3O − AGL ′′
i2 .Gω̃i3.r

L ′′
i2

Pi3Pi2
= ṙGPi3O + AGL ′′

i2 .r̃
L ′′
i2

Pi3Pi2
.Gωi3 (3.116)

ṙGPi3O = ṙGPs
i3O

(3.117)

Here, ṙGPs
i3O

is obtained by taking time derivative of Eqs. (3.81), (3.82), and (3.83),
respectively, for straight-forward, crab, and turning motion.
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(iii) Link angular accelerations

The angular acceleration vector of the link ij during swing phase is given by,

Gω̇i j = Jri j .p̈
G
0 + J̇ri j .ṗ

G
0 + J′

ri j .p̈
G
i3 + J̇′

ri j .ṗ
G
i3, (3.118)

where J̇ri j and J̇′
ri j are derivatives of the Jacobian matrices Jri j and J′

ri j , respec-

tively, the details of which are given in Appendix A.7; p̈G
0 and p̈G

i3 are the first-order
derivatives of pG

0 and pG
i3, respectively, with respect to time [refer to Eqs. (3.1) and

(3.2)].

(iv) Link translational accelerations

For the links i1, i2, and i3 of leg i, the translational acceleration vectors are obtained
by differentiating Eqs. (3.115), (3.116), and (3.117), respectively, with respect to
time. Therefore,

r̈GPi1O = ṙGPi2O + AGL ′′
i1 .r̃

L ′′
i1

Pi2Pi1
.Gω̇i2 − AGL ′′

i1 .Gω̃i2.
Gω̃i2.r̃

L ′′
i1

Pi2Pi1
(3.119)

r̈GPi2O = r̈GPi3O + AGL ′′
i2 .r̃

L ′′
i2

Pi3Pi2
.Gω̇i3 − AGL ′′

i2 .Gω̃i3.
Gω̃i3.r̃

L ′′
i2

Pi3Pi2
(3.120)

r̈GPi3O = r̈GPs
i3O

(3.121)

Here, r̈GPs
i3O

is obtained by taking time derivative of Eq. (3.117). Gω̇i1, Gω̇i2 and
Gω̇i3 are the angular acceleration vectors of the links i1, i2, and i3, respectively, and
calculated using Eq. (3.118).

After calculating the kinematic motion parameters with respect to G, it is neces-
sary to represent them with respect to global reference frame G0. The translational
velocities and accelerations are given by the following equations, respectively:

ṙG0
Pi j O

= AG0G .ṙGPi j O , (3.122)

r̈G0
Pi j O

= AG0G .r̈GPi j O , (3.123)

where AG0G is the transformation matrix for transformation of frame from G to G0.
Now, since in the present model the angular orientation vector ηG that defines the
terrain topology (refer to Sect. 3.1) is constant, the angular motion parameters with
respect to frame G0 are equal to that with respect to frame G. Therefore,

G0ωi j = Gωi j (3.124)

G0ω̇i j = Gω̇i j (3.125)



64 3 Kinematic Modeling and Analysis of Six-Legged Robots

Hence, with respect to G0, the velocity and acceleration vectors of the links i1,
i2, and i3 of ith leg are represented by vG0

i j = ((ṙG0
Pi j O

)T, (G0ωi j )
T)T∈ R

108, v̇G0
i j =

((r̈G0
Pi j O

)T, (G0ω̇i j )
T)T ∈ R

108, respectively, where i = 1 to 6, j = 1 to 3.

3.2.8 Estimation of Aggregate Center of Mass

The study of aggregate COM of the robotic system is crucial, if the robot is maneu-
vering over various terrain. For the stability of the robot, it is crucial to observe the
COM of the system. It gives a proper perception of the leg characteristics, that is,
whether the legs are able to provide necessary support to the trunk body of the system
and there is a proper synchronization among the different legs. If the COM is not
correctly scrutinized, a situation may arise, when the system may lose balance and
falls, or there is a greater energy consumption due to inefficient motion. Mathemat-
ical calculations have been carried out to determine the variation of the aggregate
COM of the system as mentioned below.

Position vector of the COMs of each component with respect to G (refer to
Fig. 3.9),

rGC0O = rGP0O + rGC0P0 = rGP0O + AGL0rL0
C0P0

(3.126)

rGCi1O = rGPi1O + rGCi1Pi1 = rGPi1O + AGL ′
i1 .r

L ′
i1

Ci1Pi1
(3.127)

rGCi2O = rGPi2O + rGCi2Pi2 = rGPi2O + AGL ′
i2 .r

L ′
i2

Ci2Pi2
(3.128)

rGCi3O = rGPi3O + rGCi3Pi3 = rGPi3O + AGL ′
i3r

L ′
i3

Ci3Pi3
(3.129)

Fig. 3.9 Position of COM of each of the components of the robot
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where

rGSi O = rGP0O + AGL0rL0
Si P0

(3.130)

rGPi1O = rGSi O + AGL ′′
i r

L ′′
i

Pi1Si
(3.131)

rGPi2O = rGPi1O + AGL ′′
i1r

L ′′
i1

Pi2Pi1
(3.132)

rGPi3O = rGPi2O + AGL ′′
i2r

L ′′
i2

Pi3Pi2
(3.133)

Equations (3.130), (3.131), (3.132), and (3.133) are obtained from Table 3.2. It
is to be taken into account that the parallel axis transformation leads to, AGL ′

i1 =
AGL ′′

i AGL ′
i2 = AGL ′

i1 , and AGL ′
i3 = AGL ′′

i2 .
The combined CM of trunk body (TB) and payload (PL) w.r.t frame L0 can be

written as,

rL0
C0P0

= mBr
L0
CB P0

+ mLr
L0
CL P0

m0
(3.134)

where

m0 = mB + mL (3.135)

Here, mB, mL, m0 are the masses of the trunk body, payload and combined mass,
respectively; rL0

CB P0
, rL0

CL P0
, and rL0

C0P0
are the displacement vector from point P0 to

CB, CL and C0, respectively, represented in reference frame L0.
The aggregate COM of the robotic system with respect to the frame G is given

by:

rGCmO = m0rGC0O
+ ∑6

i=1

∑3
j=1 mi jrGCi j O

mT
(3.136)

where
Total mass of the system,

mT = m0 +
6∑

i=1

3∑

j=1

mi j (3.137)

Here, mij is the mass of link lij (i = 1 to 6, j = 1 to 3), rGC0O
and rGCi j O

are the
displacement vectors from points C0 (location of combined center of mass (COM)
of trunk body and payload) and Cij (location of COM of link lij) represented in frame
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Table 3.4 Coordinates of the local components of COM of the robotic system (in mm)

Component Position vector Local position coordinates (in mm)

Trunk body rL0
CB P0

(0, 16, 74)T

Payload rL0
CL P0

(0, 72.5, 64.5)T

Legs
r
L ′
i j

Ci j Pi j

(i = 1, 3, 5; j = 1) (71.217, −7.218, −14.036)T

(i = 1, 3, 5; j = 2) (71.443, −16.039, −0.183)T

(i = 1, 3, 5; j = 3) (99.253, −3.515, 0.059)T

(i = 2, 4, 6; j = 1) (−71.217, −7.218, −14.036)T

(i = 2, 4, 6; j = 2) (−71.443, −16.039, −0.183)T

(i = 2, 4, 6; j = 3) (−99.253, −3.515, 0.059)T

G. The positional coordinates of the displacement vectors, rL0
CB P0

, rL0
CL P0

, and r
L ′
i j

Ci j Pi j
(i = 1 to 6; j = 1 to 3) are given in Table 3.4.

Therefore, aggregate COM of the system with respect to frame G0 is given by

rG0
CmO

= AG0G .rGCmO (3.138)

Equation (3.138) is generalized to calculate the aggregate center of mass of the
robot locomotion over any kind of terrain with the predefined motion planning and
gait planning.

3.3 Numerical Simulation: Study of Kinematic Motion
Parameters

In this section, the capabilities of the developed kinematic model to tackle various
terrain conditions are tested with three types of 3D examples, each with case studies
adopting thewave gaits, since they are some of the standard gaits for six-leggedwalk-
ing robots. The input parameters, which can be controlled in the proposed model and
the subsequent output parameters, which can be obtained from computer simulations
are as listed below:

Simulation Inputs

• Initial position and orientation of the trunk body (pG
0 )

• Initial joint angles (θ i1, β i2, β i3)
• Turning radius (ρ0)
• Crab angle (θ c)
• Translational displacement rate of the trunk body ( ṙGP0O

∣∣
max

)

• Angular rate of the trunk body ( η̇0

∣∣
max)• Stroke of the trunk body (s0/sc0)• Duty factor (DF)
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Fig. 3.10 Flowchart of
computational algorithm for
the inverse kinematic
analysis

• Number of cycles (n)
• Terrain orientation (ηG)
• h′

in [terrain height difference between nth foot-tip placement and (n− 1)th foot-tip
placement of swing leg i] measured with respect to frame Li3

• Maximumheight of terrain in path of swing takenwith respect to foot-tip placement
at (n − 1)th cycle (Hmin) measured with respect to frame Li3

• Distance between leg tip and maximum height of terrain (�h)
• Maximum slip velocity (vf )
• Slip angle (εs)
• Lateral offset (li).

Simulation Outputs

• Joint position (rG0
Pi j O

or ηi j )

• Joint velocity (ṙG0
Pi j O

or G0ωi j )

• Joint acceleration (r̈G0
Pi j O

or G0ω̇i j )

• Position of the aggregate center of mass in meters (rG0
CmO

).

To carry out the inverse kinematic analysis of the system, a flowchart is developed
as given in Fig. 3.10. It describes the steps to be followed to carry out the analysis.

3.3.1 Case Study 1: Robot Motion in an Uneven Terrain
with Straight-Forward Motion (DF = 1/2)

In the following case study, an effort has been made to carry out kinematic
analysis of the realistic six-legged robot executing straight-forward motion
on an uneven terrain. The required simulation input parameters are given
as follows: The orientation and position of P0, at time t = 0, with respect
to frame G are given by pG

0 = {0, 0.45, 0.15,−1, 2, 0}T ; Considering all
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the initial velocity components as zero, the maximum translational and angular dis-
placement rates of the trunk body are given by ṙGP0O

∣∣
max

= {0, 0.15, 0.001}T and

η̇0

∣∣
max = {−0.01, 0.02, 0}T. Besides these, the other essential inputs are ηG = (0,

0, 0)T, θ i1 = ± 20°, β i2 = ±16°, β i3 = ±69° (for i = 1 to 6). The other significant
inputs are associated with the topography of the terrain, namely (i) Hmin (maximum
height of terrain in path of swing taken with respect to foot-tip placement at (n −
1)th cycle) with respect to frame Li3 and (ii) h′

in (terrain height difference between
nth foot-tip placement and (n − 1)th foot-tip placement of swing leg i) with respect
to frame Li3 (refer to Fig. 3.4). Hence, for n= 3, i.e., for three duty cycles, the values
of Hmin are in the order of [Hmi1, Hmi2, Hmi3] for i = 1 to 6, such that, [0.06, 0.06,
0.06] corresponds to the respective heights of terrain, Hmin the legs has to overcome
during swing. Similarly, the values of h′

in are in the order of [h′
i1, h

′
i2, h

′
i3] for i = 1

to 6, such that, [0.005, 0.010, 0.005] corresponds to leg 1, [0.010, 0.015, −0.005]
corresponds to leg 2, [0.005, 0.015, −0.01] corresponds to leg 3, [0.02, 0.−015, −
0.005] corresponds to leg 4, [0.015, −0.005, 0.01] corresponds to leg 5 and [0.02,
−0.01, 0.005] corresponds to leg 6 (all values are in m). The value of �h is kept
constant, i.e., 0.002 m. Additionally, the maximum value of slip velocity is assumed
to be zero with a slip angle of εs = 0°. The lateral offset (li) equal to 0.2185 m, is
also kept constant. If not mentioned, the relevant units are as given in Sect. 3.3.

The simulations are run for three duty cycles, i.e., n = 3 and s0 = 0.15 m with
average time step (h) = 0.05 s in a commercially available compiler MATLAB. The
total time taken to complete three cycles has been calculated as 6.95 s (first cycle:
2.45 s; second cycle: 2.05 s and third cycle: 2.45 s). The second cycle time is kept
always less compare to first and third cycle due to the fact that the first and third cycles
are subjected to acceleration and deceleration, respectively. The rates of change of
displacement (both translational and angular) of the trunk body, during motion on an
uneven terrain, are as shown in Fig. 3.11. The variation of body height during motion
is taken care of by the translational displacement rate input along Z-axis (refer to
Fig. 3.11c). Also, the roll and pitch motions are depicted by the angular displacement
rate input along X and Y, respectively, (refer to Fig. 3.11d, e). The yaw motion along
Z-axis is neglected, since the robot moves in a straight-forward manner.

According to the motion planning algorithms (refer to Sects. 3.2.5, 3.2.6, and
3.2.7), the position, velocity, and acceleration of the leg tip Pi3 (i = 1 to 6) are
computed with respect to frame G0. The coordinates of the leg tip Pi3 are plotted in
3D Cartesian space for all the legs, as shown in Fig. 3.12. The projections show that
for different cycles the support points of the legs on the terrain are at different heights
which confirm that the system is moving on an uneven terrain. Also, the effect of
slip has been neglected in the present study.

Inverse kinematic analysis of the robot shows the computed graphs of angular
displacement, velocity, and acceleration of the joints in leg 2 for illustration (refer to
Fig. 3.13). Figure 3.13a, d, g shows that the angular displacements of the joints are
within the expected limits. This concludes that interference between legs could be
avoided during the motion of the robot. The magnitude of angular velocities of joint
22 and 23 (refer to Fig. 3.13e, h) is higher compare to that of joint 21. Figure 3.13b
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Fig. 3.11 Rate of change of displacement of a trunk body on an uneven terrain for three duty cycles
with respect to frame G a translational along X-axis, b translational along Y-axis, c translational
along Z-axis, d angular along X-axis, e angular along Y-axis, f angular along Z-axis

shows that the angular velocity of joint 21 of leg 2 during support phase is less
compare to that during swing phase, which is required for close coordination of the
joint motion during a cycle. Also, the angular velocities of all the joints of leg 2 varied
steadily at a faster rate during swing phase compare to that during support phase.
Further, during swing phase, the acceleration rates are seen to be higher and change
abruptly (refer to Fig. 3.13c, f, i) compare to that during swing phase, where the
variation is not much and magnitudes are low. Further, the position of the aggregate
center of mass of the system during straight-forward motion with DF = 1/2 in 3D
Cartesian space obtained analytically is as shown in Fig. 3.14. Though the variation
in the position of COM of the robot with respect to time along X- and Y-directions
(computed with respect to G0) are small, it is not smooth, since the robot has to
traverse through an uneven terrain with small undulations.

3.3.2 Case Study 2: Crab Motion of the Robot on a Banked
Terrain (DF = 3/4)

Another case study is about the typical application of crab motion during maneuver-
ability of the robot on a banked surface with DF= 3/4. The robot moves transversely
on a banking surface (banking angle = 30°) and a positive crab angle (θ c) of 70°.
Unlike straight-forward motion, the X and Y (horizontal and vertical)-translational
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Fig. 3.12 3D motion trajectory of leg tip Pi3 on an uneven terrain with respect to frame G0 a leg
1, b leg 2, c leg 3, d leg 4, e leg 5, and f leg 6

displacement rates of the trunk body during crabmotion are related. Hence, the trans-
lational velocity components of the trunk body with respect to frame G is assumed
to follow the relationship given by Eqs. (3.64) and (3.66).

The relevant kinematic motion inputs are mentioned below: At time t
= 0, the initial position and orientation of P0 with respect to frame
G are given by pG

0 = {0, 0.45, 0.15, 0, 0, 0}T . Also it is assumed
that when the motion of the robot starts, the value of angular velocity
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Fig. 3.13 Graphs of the kinematic analysis of a realistic six-legged robot during straight-forward
motion using wave gait (DF = 1/2) on an uneven terrain for leg 2. Joint 21 a angular displacement,
b angular velocity, c angular acceleration. Joint 22 d angular displacement, e angular velocity,
f angular acceleration. Joint 23 g angular displacement, h angular velocity, i angular acceleration

and accelerations is zero, although the maximum translational and angular
displacement rates are given by ṙGP0O

∣∣
max

= (
ẋGP0O , ẋGP0O . cot θc, 0.001

)T
where

ẋGP0O = 0.02 m/s and η̇0

∣∣
max = {0.01, 0.02, 0}T. Further, the initial values of the

joint angles of the robot follow a notation (θ i1, β i2, β i3) where i = 1 to 6 is (± 20°,±
16°, ± 69°), respectively. The orientation of the terrain is given by ηG = (0, 30, 0)T.
Also, the other significant inputs are associated to the topography of the terrain and
measured with respect to frame Li3. The values of Hmin are in the order of [Hmi1,
Hmi2, Hmi3] for i = 1 to 6 and three duty cycles (n = 3) such that, [0.015, 0.015,
0.015] corresponds to the respective maximum heights of terrain along Z (Hmin) the
legs has to overcome during swing. Since the terrain surface is flat, h′

in = 0 for all
duty cycles. The value of �h (=0.002 m) is constant throughout. Additionally, the
maximum value of slip velocity is assumed to be zero with a slip angle of εs = 0°.
The lateral offset (li) is equal to 0.2185 m and the crab angle (θ c) as mentioned above
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Fig. 3.14 Variation of aggregate COM of the system during locomotion on an uneven terrain with
straight-forward motion in frame G0

is equal to 70°. The units of the different kinematic parameters, if not mentioned are
as given in Sect. 3.3.

For n = 3, i.e., for three duty cycles simulations are tried out, with DF = 3/4,
body stroke, s0 = 0.027 m, and average time step (h) = 0.01 s in MATLAB. The
elapsed time for three duty cycles is computed as 5.9 s with the time period of the
first, second and third cycles observed as 2.05 s, 1.80 s, and 2.05 s, respectively,
as computed using Eq. (3.92). It has been observed that the time for the second
cycle is comparatively lesser than the time for first and last cycles. This is due to
the smooth acceleration and deceleration of the trunk body during the first and last
cycles, respectively, thereby, making the motion more realistic. The rates of angular
and translational displacement for the trunk body during the robot’s motion along
the banked surface are calculated using equations given in Sect. 3.2.5.1 (refer to
Fig. 3.15).

In the present case, the translational and angular displacement rates along Z-axis
are assumed zero, i.e., the trunk body is always at a constant height with respect to
the frame G in contrast to the previous case study in which the trunk body executes
motion in an uneven terrain with varying body height. The trajectory of the tip point
in 3D Cartesian space with respect toG0 and reference axis XYZ is plotted for all the
legs (refer to Fig. 3.16). Computation of the kinematic parameters (position, velocity,
acceleration) is based on the motion and gait planning algorithms as discussed in
Sects. 3.2.5, 3.2.6 and 3.2.7. Since the banking surface is assumed flat, no such
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Fig. 3.15 Rate of change of displacement of a trunk body on a banking surface for three duty cycles
with respect to frame G a translational along X-axis, b translational along Y-axis, c translational
along Z-axis, d angular along X-axis, e angular along Y-axis, f angular along Z-axis

abrupt changes in foothold positions during the robot’s motion has been observed in
the projections along respective axes shown in Fig. 3.16.

Figure 3.17 shows the angular parameters (displacement, velocities and acceler-
ations) for various joints of leg 3. It is interesting to note that angular displacement
of joint 11 is not kept constant (as expected for a constant crab angle θ c = 70°)
due to the presence of angular motions in the trunk body along the horizontal and
vertical axes with respect to frame L0 (refer to Fig. 3.17a). The angular displacement
rates of joint 32 and 33 varied, respectively, in the range of (−22.5°, −7.5°) and
(−87.5°, −45°) approximately (refer to Fig. 3.17d, g) and are within the expected
limits. However, in crab motion interference between legs is not possible.

Further, it has been observed that due to small angular displacement variation there
is a small change in the rate of angular velocity of joint 31 as shown in Fig. 3.17b. The
angular velocities of the joint 32 and 33 of leg 3 varied steadily at a faster rate during
swing phase compare to that during support phase which can be well interpreted
from Fig. 3.17e, h. Further, during swing phase the acceleration rates are higher and
changes abruptly (refer to Fig. 3.17c, f, i) in comparison with the rates during swing
phase when variation is not much and magnitudes are low. Further, the position of
the aggregate center of mass of the system in 3D Cartesian space during crab motion
and DF= 3/4 is traced along XYZ-axis system with respect toG0 (refer to Fig. 3.18).
The COM variation is steady in XYZ-axis system, measured with respect to G0.

Turning motion capabilities of the robot with the developed kinematic model has
also been tested with the help of case studies described later, in Chap. 5, Sect. 5.2.
The simulated results in that case have been validated with the results obtained using
VP tools.
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Fig. 3.16 3D motion trajectory of leg tip Pi3 (i = 1 to 6) on an uneven terrain with respect to frame
G0 a leg 1, b leg 2, c leg 3, d leg 4, e leg 5, and f leg 6

3.4 Summary

In this work, a classical approach has been applied to develop a generalized kine-
matic model of six-legged robot and simulation of the motions and mechanisms in
3D Cartesian space has been developed. The kinematic model is capable enough
of carrying out complex motion analysis (such as straight-forward, crab, turning,
etc.) of the robotic system negotiating various terrains (even to uneven, flat level to
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Fig. 3.17 Graphs of the kinematic analysis of a realistic six-legged robot during crab motion on a
banking surface using wave gait (DF = 3/4) for leg 3. Joint 31 a angular displacement, b angular
velocity, c angular acceleration. Joint 32 d angular displacement, e angular velocity, f angular
acceleration. Joint 33 g angular displacement, h angular velocity, i angular acceleration

elevated, and others) with the parameters like support foot-tip slippage condition;
varying trunk body height; trunk body velocity with roll, pitch, and yaw motions;
body stroke; lateral offset; crab angle, etc. The performance of the system has been
evaluated through computer simulations, thereby, obtaining all the feasible solutions
corresponding to displacement, velocity, acceleration, aggregate COM of the sys-
tem at any instant of time. The developed algorithms for motion planning (of both
trunk body and swing leg trajectory planning) have substantial impact on the inverse
kinematic analysis of the closed chain formed during the stance phase of the feet rel-
ative to the trunk body motion or open chains formed during the swing phase of the
feet in such a spatially complex environment. Furthermore, the developed constraint
equations can be used as the direct aid to study the constrained, coupled multi-body
dynamics of the robot with impact and slip phenomena.
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Fig. 3.18 Variation of Aggregate COM of the system during locomotion on a banked surface
(banking angle, βG = 30°) with crab motion in frame G0
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Chapter 4
Multi-body Inverse Dynamic Modeling
and Analysis of Six-Legged Robots

In this chapter, investigations conforming to the optimal feet forces’ distributions
under body force and foot–ground interactions for a realistic robot locomoting on
various terrains have been explained. The constrained inverse dynamics model is
formulated as a coupled dynamical problem using Newton–Euler (NE) approach
in Cartesian coordinates. Kinematic transformations approach is implemented,
whereby the robot kinematics in Cartesian space with large implicit constraints
is transformed to joint space with a reduced explicit set of constrained equations
to tackle the complexities and make the computation less intensive. The chapter
also proposes a three-dimensional (3D) foot–ground interaction mechanics model
with the compliance contact. The model is categorized as the deformable foot
on hard terrain (little deformation) and developed based on (a) compliant contact
force model to describe foot–ground collision and (b) Amonton–Coulomb’s friction
model to describe stick and slip phenomenon. Further, energy consumption and
stability measures are also carried out in the present work. The efficacy of the
developed dynamic model was tested using few case studies.

4.1 Analytical Framework

The present section deals with the analytical modeling of realistic hexapedal robot,
and hence, is applicable to any other legged robot design. It forms both closed and
open chain kinematic loops creating a complex mechanical system. When the legs
are coupled to one another through a trunk body and also through the ground, it
forms a closed chain kinematics loop and the legs are said to be in the support
phase. Likewise, for an open chain kinematics loop, one of the legs is in swing phase
and is connected to one another only through the trunk body. Forces and moments
transmit through these kinematic chains from one leg to another, and hence, dynamic
coupling exists. The dynamics equations of motion of such a complex mechanism of
the hexapedal system maneuvering in various terrains are described in the following
sections by taking into consideration multiple reference systems attached to it in
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Cartesian coordinates (both global and local) as discussed in Sect. 3.2.1. Some of
the important assumptions made in the book are as follows:

1. All the kinematic link lengths are rigid.
2. The contact area of leg tip and subsequent deformation is negligibly small. Also,

inertial forces due to the deformation are negligible.
3. TheCoulomb’s frictionmodel is assumed to follow cubic polynomials for smooth

transitions. The model is based on stiction to transition velocity and vice versa
and is related to static and dynamic coefficients of friction, respectively.

4. Joint frictions are neglected.
5. Rebound on impact is neglected.

4.1.1 Implicit Constrained Inverse Dynamic Model

Multi-body dynamical models for legged robot systems are typically characterized
bymanyDOF, contact constraints or collision events, variety of potential feet–ground
interaction models and mass-inertial parameter settings due to changing load con-
ditions. Also, for a multi-body system like a hexapedal robot, complexities in the
dynamical model arise due to the dynamic coupling caused by the kinematic con-
straints in each loop (formed by the support legs and the trunk body) and overde-
terminate input mechanisms. Such dynamic models are required for the realistic
simulation of legged system behaviors and, thereby, fine-tuning the gait parame-
ters, geometrical design parameters, and feedback control, etc., for real-life robots.
The present problem uses recursive Newton–Euler approach to carry out the inverse
dynamic or kinetostatic analysis of the system (Bastos et al. [2]; Bessonnet et al.
[4]; Otten [29]. This means that a particular motion of the system is sought, and
the purpose is to find out the forces and moments that must work on the system to
generate such a motion.

The dynamic modeling of a spatial hexapedal robotic structure is a vast problem
that leads to a huge number of equations. In the present case, there are 114 (= 6nb,
where nb = 19, is the number of rigid bodies of the system) implicit constrained
dynamic equations in the system. They are expressed in over complete Cartesian
coordinates

(
pG0
)
in frame G0, such that

M
(
pG0
) · v̇G0 = cf + f

(
pG0 , vG0

)+ qGC
(
pG0 , vG0

)∈ R
114 (4.1)

cf = (gp
(
pG0
) · T(pG0

))T · λ; ∈R114 (4.2)

f
(
pG0 , vG0

) = fK + fU ; ∈R114 (4.3)
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Table 4.1 Mass moment of the inertia of the six-legged robot

Components Mass moment of inertia (×10−6 kg m2)

Jxx Jyy Jzz Jxy Jyz Jzx

Trunk body 16652.9 2518.5 16897.2 0 0 0

Payload 8524.2 3430.9 10823.2 0 0 0

Link i1 70.83 108.38 56.74 −3.50 −2.18 −4.96

Link i2 20.19 86.70 100.26 12.9 1.0 −7.1

Link i3 98.45 87.52 20.78 1.23 × 10−4 1.73 – 1.95 ×
10−5

NB Jxx ≡ J L0
CB x

or J L0
CL x

or J
L ′
i j

Ci j x
; Jyy ≡ J L0

CB y
or J L0

CL y
or J

L ′
i j

Ci j y
and so on. Refer to Appendix

A.8

where

vG0 =
(
(vG0

0 )T, (vG0
1 )T, (vG0

2 )T, (vG0
3 )T, (vG0

4 )T, (vG0
5 )T, (vG0

6 )T
)T∈ R

114 (4.4)

and

v̇G0 =
(
(v̇G0

0 )T, (v̇G0
1 )T, (v̇G0

2 )T, (v̇G0
3 )T, (v̇G0

4 )T, (v̇G0
5 )T, (v̇G0

6 )T
)T∈ R

114 (4.5)

are the velocity and acceleration vectors of the system, respectively; cf∈ R
114 being

the vector of constraint reaction forces and torques of the joints linked with system
coordinates; f

(
pG0 , vG0

)
is the vector of both known and unknown applied forces and

torques denoted by fK and fU , respectively; qGC
(
pG0 , vG0

)∈ R
114 is the vector of

centrifugal forces and gyroscopic terms; gp
(
pG0
) ·T(pG0

)∈ R
nc,114 is the constraint

Jacobianmatrix;λ∈ R
nc is the vector of the Lagrangemultipliers;M

(
pG0
)∈ R

114,114

is the combined mass matrix of the robotic system. The mass moment of inertias of
the main components of the six-legged robot are given in Table 4.1.

The set of nonlinear Eqs. (3.16), (4.1), (4.2), and (4.3) is called the system of
differential algebraic equations (DAEs). These DAEs govern the state of the robot
with respect to frame G0 at any instant of time.

In rigid multi-body systems like six-legged robots, it is often difficult to model
the complex structure. Hence, one has to opt for methods like the free-body diagram
(FBD) to model the dynamics of system [1]. In the present case, following this
approach, the Newton–Euler equations are obtained for every rigid body forming the
total system as shown in Fig. 3.1a. The total system in the present context means
the robotic structure formed by the nineteen rigid bodies: (a) trunk body, (b) coxa
(link i1, i = 1–6), (c) femur (link i2, i = 1–6), and (d) tibia (link i3, i = 1–6). Each
of the bodies is isolated to build the FBD diagram with all the external forces and
torques/moments, as shown in Fig. 4.1. The external forces to the structure are the
gravity and friction forces on the feet tips (joint frictions are neglected). Further, the
external torques/moments are the actuator torques/moments on feet tips. The forces
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Fig. 4.1 Free-body diagram of the main components of the six-legged robot a Trunk Body b Coxa
(link i1), c Femur (link i2), d Tibia (link i3) (workless constraint reaction forces, inertia forces, and
torques are not shown in figure)

and torques/moments that are internal to the system are handled in an explicit way,
along with the inertial and Coriolis forces. The Newton–Euler approach applies the
vectorial dynamic equations to each of the isolated bodies of the system discussed
in Appendix A.8. The overall set is achieved by joining all the element equations.

4.1.2 Newtonian Mechanics with Explicit Constraints

The implicit constrained dynamics Eq. (4.1) expressed in overcomplete Cartesian
coordinates

(
pG0
)
is often undesirable due to a large number of equations, which

makes the problem computationally intensive. Hence, it is better to express the
dynamics in generalized coordinates (q). A kinematic transformation is carried out
to describe the position and velocity components in terms of q Bennani and Giri [3].
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This is done through explicit constraints given by the forward kinematic function,

pG0 = h(q)∈ R
114 (4.6)

where

q = ((q0)T, (q1)T, (q2)T, (q3)T, (q4)T, (q5)T, (q6)T
)T∈ R

24 (4.7)

q0 ≡ pG0
0 =

(
(rG0

P0O
)T, (η0)

T
)T∈ R

6 (4.8)

qi = (θi1, βi2βi3)
T i = 1−6∈ R

18 (4.9)

Here, the twenty-four generalized coordinate vectors q∈ R
24 are chosen as six

spatial coordinates of the trunk body and eighteen rotational coordinates of the joint
angles of the system. Refer to Appendix A.9.

The vector of velocity constraint equations of the system that relates the Cartesian
space velocities

(
vG0∈ R

24) and joint space velocities
(
u∈ R

24) is given by the
expression:

vG0 = J · u∈ R
114 (4.10)

Differentiating (4.10) with respect to time gives the expression of the acceleration
constraint equations of the system such that

v̇G0 = J · u̇ + J̇ · u∈ R
114 (4.11)

where J∈ R
114,24 is the Jacobian matrix of the system in terms of q, linked to ground

reaction forces and coupled joint torques as discussed later. Also, it is to be noted that
multiplication of the term cf by Jacobian matrix J eliminates the constraints forces,

JT · cf = 0 (4.12)

Therefore, the transformation of the inverse dynamic model (in terms of q) is
realized by considering the following relation:

D(q)u̇ + C(q, q̇) = τ,∈R24 (4.13)

whereD(q) is the coupled mass and inertia matrix of the robotic system expressed in
terms of generalized coordinates, τ is the vector of ground reaction forces/moments
and coupled joint torques.

Also,

D(q) = JTM(pG0)J∈ R
24×24 (4.14)
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C(q, q̇) = JTM(pG
0 )J̇u∈ R

24 (4.15)

τ = JT
[
f(pG0 , vG0) + qGC(pG0 , vG0)

]∈ R
24 (4.16)

Twenty-four numbers of equations are obtained in terms of ground reaction
forces/moments and coupled joint torques by substituting the necessary input values
in Eq. (4.13). The equations are further re-arranged as described in the following
paragraph.

The first set of six equations of (4.13) describes the dynamic behavior of the
trunk body and payload (combined) at any instant of time with respect to forces and
moments such that

∑
FG0
i + FG0

e = 03∈ R
3 (4.17)

∑
(sG0

i × FG0
i ) + MG0

0 + MG0
e = 03∈ R

3 (4.18)

The following set of eighteen equations of (4.13) describes the correlations
between the joint torques and ground reaction forces and moments on the legs,
so that for leg i,

MG0
i = −B−1

i

(
AiF

G0
i + DiT

G0
i + MG0

ei

)
∈ R

3 (4.19)

where MG0
i is the vector of joint torques of leg i denoted by [MG0

i1 MG0
i2 MG0

i3 ]T;
MG0

ei is the vector representing the centrifugal, Coriolis, gyroscopic, and gravita-
tional moments acting on the leg i denoted by [MG0

ei1 MG0
ei2 MG0

ei3 ]T; Bi= [1 0 0; 0 1
1; 0 0 1]T ; Ai and Di are the square matrices denoted by [ai1x ai1y ai1z; ai2x ai2y ai2z;
ai3x ai3y ai3z]T and [di1x di1y di1z; di2x di2y di2z; di3x di3y di3z]T , respectively; s

G0
i is the

displacement vector from point P0–Pi3 represented in reference frame G0; M
G0
0 is

the vector of joint torques acting on the trunk body and payload (combined) denoted

by
[
0 0

∑6
i=1 M

G0
i1

]T
; FG0

e and MG0
e are the vectors representing centrifugal, Cori-

olis, gyroscopic, and gravitational forces and moments, respectively, acting on the
combined mass of the trunk body and payload; FG0

i and TG0
i are the ground reaction

forces and moments at the foot of support leg i with respect to G0 denoted by vec-
tor [FG0

i x FG0
iy FG0

i z ]T and [T G0
i x T G0

iy T G0
i z ]T, respectively, discussed in Sect. 3.1.3.2.

Further, for swing legs, FG0
i = 03; T

G0
i = 03.

4.1.3 Three-Dimensional Contact Force Model

A legged robot makes contact with its environment during execution of its tasks.
Therefore, contact modeling is an unavoidable part of the studies in this field and
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is classified into two types: rigid and compliant. Rigid body contact models are
developedmainly based on an assumption of ‘point contact,’ although it is impossible
for real bodies to sustain nonzero impact forces at one point. As contact occurs
over a certain region in 3D space, rigid body contact models are not accurate to
model such impacts. The most appropriate models for such interaction mechanics
are known as compliant (viscoelastic) contact force models. Using these models,
various types of terrains can be simulated by lumped parameters with appropriate
characteristics [37, 22]. Moreover, such contact models are capable of taking into
account the nonlinear characteristics involved in the interface, thereby mimicking
some level of natural dynamics and/or assisting in force control. In the present book,
a foot–ground interaction model has been proposed. It is based on deformable foot
on hard terrain with little deformation. The model defines the nonlinear interactive
forces and moments with respect to viscoelastic compliant contact force theory and
Amonton–Coulomb’s friction law.

4.1.3.1 Compliant Contact Impact Model

It is to be noted that the foot characteristic of the robot’s leg (that includes geo-
metrical shape, dimensions, material, etc.) has significant effect on the mechanics
of interaction. In the current model, the foot of the robot is assumed to be made
of rubber material which has embedded spring and damping characteristics. These
characteristics influence the interaction mechanics of the foot with the terrain when
it makes an oblique impact. Further, the following assumptions are made:

(a) Distributed contact force on the impacting bodies is substituted by an effective
force at a point. This point is designated as P′

i3 (initial point of contact). It is to
be remembered that this distributive contact force acts in an infinitesimally small
contact area which is much less than the characteristic length of the colliding
pad (refer to Fig. 4.2).

Fig. 4.2 Foot–terrain interaction model a before impact b after impact (Cpi-COM of the footpad)
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(b) Both the foot and terrain are considered as rigid except the interacting zone
surrounding the contact point. The interacting zone has a small contact volume
with COM at Ci where compliancy between the contacting bodies exists.

(c) Contact zone is administered by a viscoelastic model, and energy losses due to
elastic vibrations are small.

Figure 4.2 shows the foot–terrain interaction process that occurs between the
footpad and the terrain. It is to be noted that when z is less than z1, contact detection
is initiated. As soon as contact is detected, the centroid (Ci) of the engulfed volume
is calculated. Subsequently, the points (P′

i3 and D) which are the closest points,
respectively, from each of the body’s surface fromCi are computed (refer to Fig. 4.3a,
b). Here, the pointsP′

i3 andD are themeeting points of the perpendicular linesCiP′
i3

and AB as well as CiD and HB, respectively. The line joining the two P′
i3 and D is

the line of oblique impact force between the feet tip and terrain. Further, line P′
i3D

is the line along which the resultant impact force mFG
i acts as shown in Fig. 4.3b.

From Fig. 4.3a, it is also seen that the Z-axis of the local frame Ni3 is perpendicular
to the terrain surface, whereas the Y-axis is aligned with the longitudinal direction

Fig. 4.3 Foot–terrain interaction mechanics with compliance contact for leg i a Deformable foot
on hard terrain (with negligible deformation) during support phase, bClose view ‘P’ of the 3D inter-
action area of the foot tip with resultant compliant contact and ground reaction forces, c Direction
of foot slip (top view), d Force vector diagram
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of the motion of the robot. The point Ci lies on the plane ABH and is at a depth, hc
(COM of the contact volume) from the plane XY. χ is the angle subtended by the
impact force mFG

i with the point Ci, that is, ∠CiP′
i3D. Further, the lines AB, DJ, and

HE are parallel and lie on a common plane. The point I lies on the line joining AB,
which is the direction of leg slip with origin at point P′

i3. Refer to Appendix A.10
for trigonometrical relationships.

When the feet tip impacts obliquely on the terrain, the resultant compliant impact
force mFG

i (refer to Fig. 4.2b and Fig. 4.3b) with respect to frame G is resolved
into three components (along X-, Y-, and Z-axis, respectively) acting at P′

i3 and is
expressed as follows:

mFG
i =

[
mFG

ix
m FG

iy
m FG

iz

]T
. (4.20)

The compliant normal impact force mFG
iz for a deformable foot (hard) and hard

(little deformation) terrain follows an impact function. The function consists of elastic
force and damping force. Therefore, mFG

iz depends mainly on the foot’s deformation,
its velocity, contact stiffness, damping, etc. (Liang and Xin [19] The impact-based
contact model in the present book is based on the nonlinear Hunt–Crossley model
(Hunt and Crossley [15] with the introduction of somemodifications (MSC.ADAMS
Documentation [28]). Hence, the compliant normal impact force is given by

mFG
iz =

{
0

K (z1 − z)e − Cmax.ż. f (z)

}
z > z1
z ≤ z1

(4.21)

where f (z) is a MSC.ADAMS® step function that follows a cubic polynomial such
that

f (z) = STEP(z, z1 − p, 1, z1, 0) ≡ 1 − āz .�
2
z (3 − 2�z) (4.22)

āz = 1; (4.23)

�z = (z − z1 + p)
/
p; (4.24)

Here, z is the distance function, z1 is the trigger distance, and ż is the derivative of z
to impact. It is also be seen that when the distance between the two objects is less than
the free length of z (refer to Fig. 4.2) that is when z≤ z1, the impact function activates.
Also, e is the contacting force index (generally material property) where e > 1 for
stiff spring. Again, K denotes the characteristic stiffness of contact that depends
on material and shape of the impacting bodies considered in MSC.ADAMS®, Cmax

represents the maximum damping, which is 1% of K (thumb rule), p is the damping
ramp up distance (�z1), that is, boundary penetration at which MSC.ADAMS®

solver applies full damping (refer to Fig. 4.2). However, in practice it is very difficult



86 4 Multi-body Inverse Dynamic Modeling and Analysis of Six-Legged …

to tune the stiffness (K) and damping parameters (Cmax) of such contact models, and
hence, causes numerical difficulties for multi-contact systems.

Subsequently, the force becomes nonzero and can be divided into two parts: an
exponential spring force and a damping force that follow a step function (Mahapatra
et al. [24]. Both these forces are strictly positive in nature, and hence, oppose the
compression that occurs during penetration.

Further, the resultant of the components of the tangential compliance contact
impact forces (mFix,

mFiy) in the region is given by mF ixy such that

mFG
ixy =

√
(
mFG

ix

)2 +
(
mFG

iy

)2
(4.25)

It is to be noted that force mFG
ixy acts along the line P′

i3A whose direction is
opposite to the direction of slip velocity vNi3

xy , which acts at an angle εs with the
X-axis of the local frame Ni3 (refer to Fig. 4.3c).

4.1.3.2 Interactive Forces and Moments

During landing of foot on the terrain, if there is zero impact, the resultant ground
reaction force in the foot of leg i with respect to frame G is given by

F′G
i =

[
F ′G
ix F ′G

iy F ′G
iz

]T
(4.26)

When there is impact during landing as discussed in Sect. 4.1.3.1, the force mFG
i

can be expressed vectorially as follows:

m �FG
i = n̂.mFG

i , (4.27)

where n̂ is the unit vector along the direction DP′
i3, (refer to Fig. 4.3) and is given

by

n = [ sin χ cos εs − sin χ sin εs cosχ
]T

. (4.28)

Substituting Eq. (4.28) in (4.27), we get

m �FG
i = mFG

i sin χ cos εs î − mFG
i sin χ sin εs ĵ + mFG

i cosχ k̂. (4.29)

Again, from Fig. 4.3(b), it can be stated that

mFG
ixy = mFG

i sin χ, (4.30)

mFG
iz = mFG

i cosχ. (4.31)
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Substituting Eqs. (4.30) and (4.31) in Eq. (4.29),

m �FG
i = mFG

ixy cos εs î − mFG
ixy sin εs ĵ + mFG

iz k̂., (4.32)

Again from Eqs. (4.30) and (4.31),

mFG
ixy = mFG

iz tan χ. (4.33)

Substituting Eq. (4.33) in Eq. (4.32), we get

m �FG
i = mFG

iz tan χ cos εs î − mFG
iz tan χ sin εs ĵ + mFG

iz k̂, (4.34)

or

mFG
i = [mFG

iz tan χ cos εs −mFG
iz tan χ sin εs

m FG
iz

]T
. (4.35)

By comparing (4.35) and (4.20), we get

mFG
ix = mFG

iz tan χ cos εs, (4.36)

mFG
iy = −mFG

iz tan χ sin εs, (4.37)

The resultant reaction force vector (refer to Fig. 4.3d) acting at foot tip during
impact with respect to G is given by

�FG
i = �F′G

i + m �FG
i . (4.38)

Again, substituting Eqs. (4.20) and (4.26), in (4.38),

FG
i = (mFG

ix + F ′G
ix ) · î + (mFG

iy + F ′G
iy ) · ĵ + (mFG

iz + F ′G
iz ) · k̂, (4.39)

or

FG
i =

[
FG
ix FG

iy FG
iz

]T
, (4.40)

where

FG
ix = mFG

ix + F ′G
ix , (4.41)

FG
iy = mFG

iy + F ′G
iy , (4.42)

FG
iz = mFG

iz + F ′G
iz . (4.43)
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Thereafter, transforming the net ground reaction force vectorFG
i , (i.e.,with respect

to frame G) at the foot of leg i with respect to frame G0, the expression obtained is
as follows:

FG0
i = AG0GFG

i = AG0GF′G
i + AG0GmFG

i = F′G0
i + mF′G0

i , (4.44)

where AG0G∈ R
3,3 is the transformation matrix (refer to Appendix A.3 that maps

reference frame (G) into reference frame (G0).
Further, during interaction of foot with the terrain, interactive moments are also

developed. They are approximated by the products of the resultant reaction force and
their related arms. Therefore, moments about a point H (refer to Fig. 4.3b) are given
by

�Ti = −−→
HP′

i3 × �Fi = �ri × �Fi , (4.45)

Therefore, with respect to frame Ni3

�TNi3
i = �rNi3

i × �FNi3
i , (4.46)

or

TNi3
i = r̃Ni3

i · FNi3
i . (4.47)

where �rNi3
i is the displacement vector represented in frame Ni3 from point P′

i3 to H.
Refer to Appendix A.10 to calculate the coordinates of the vector �rNi3

i .
Hence,

TG
i = AGNi3TNi3

i , (4.48)

and

TG0
i = AG0GTG

i = AG0GAGNi3TNi3
i = AG0Ni3 r̃Ni3

i FNi3
i , (4.49)

where AG0Ni3∈ R
3,3 is the transformation matrix (refer to Appendix A.3 that maps

reference frame (Ni3) into reference frame (G0)). Since, it is assumed that G and Ni3

are parallel,

FNi3
i = FG

i , (4.50)

Substituting Eqs. (4.50) and (4.44) in Eq. (4.49) gives

TG0
i = AG0Ni3 r̃Ni3

i FG
i = AG0Ni3 r̃Ni3

i AGG0FG0
i . (4.51)
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4.1.3.3 Amonton–Coulomb’s Friction Model

In the present problem, other than the normal contact force, frictional contact force
also does exist. During momentary impact, the slip angle εs is assumed to be zero.
Gradually, this momentary impact of the foot end at the initial point of contact(
P′

i3
)
is followed by sliding phenomenon of the system or slip (assumed to follow

straight path in the XY plane) till the leg lifts off at Pi3 for swing (Mahapatra et al.
[23]. It is to be remembered that in such scenario the static friction coefficient (μs)
between the foot and ground steadily changes to dynamic friction coefficient (μd).
The phenomenon conforms to the Amonton–Coulomb’s friction law in this book.
Therefore, the tangential forces with respect to frame G are given by

∣∣FG
ixy

∣∣
s
=
∣∣∣∣
∣

√
(
FG
ix

)2 +
(
FG
iy

)2
∣∣∣∣
∣
s

≤ μs F
G
iz , (for static friction, no slip condition)

(4.52)

∣
∣FG

ixy

∣
∣
d

=
∣∣
∣∣∣

√
(
FG
ix

)2 +
(
FG
iy

)2
∣∣
∣∣∣
d

= μd F
G
iz (for dynamic friction,with slip condition)

(4.53)

where μs and μd are the coefficients of static and dynamic friction, respectively,
which depend on the materials in contact; also FG

ixy is the net tangential force at the
contact point. Further, the coefficient of friction (μs or μd) is the tangent of an angle
formed by the normal force (adjacent side) and tangential force (opposite side), that

is, ζ = tan−1(FG
ixy

/
FG
iz ) where ζ is the friction angle (Fig. 4.3a). In 3D space, a

static or dynamical friction cone at a point on any surface is formed by the friction
angle (Cheng and Orin [7]; Chen [6]; Takemura et al. [39]; Mahapatra et al. [24].
It is to be further noted that slip will not occur if the net tangential force remains
within the static friction cone. However, when slip occurs, the net tangential force is
governed by the dynamical friction cone.

To avoid slippage during point contact, the static friction cone constraint is gov-
erned by the nonlinear inequality constraint in Eq. (4.52). Further, for smooth exe-
cution this nonlinear inequality constraint equation is transformed into a linear set of
four inequality constraint equations that forms a friction pyramid within the friction
cone. In the present book, the ith leg which is in contact with the terrain is subjected
to such a set of four inequality constraint equations and can be expressed in matrix
form with respect to G as follows:

Qi .FG
i ≥ 04 (4.54)

Substituting Eq. (4.44) in Eq. (4.54)

Qi .AGG0 .FG0
i ≥ 04, (4.55)
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where Qi is the friction coefficient matrix, as given below.

Qi =

⎡

⎢⎢⎢
⎣

−1 0 μeff

0 0 μeff

0 −1 μeff

0 0 μeff

⎤

⎥⎥⎥
⎦

, (4.56)

where

μeff = μs

/√
2, (for static friction) (4.57)

= μd

/√
2 (for dynamic friction) (4.58)

Similarly, Eq. (4.53) corresponds to a dynamic friction cone constraint and comes
into picture only during slip. It can be further represented as a set of four linear
equality constraint equations for the ith leg in contact with the terrain as follows:

Qi .FG
i = 04, (4.59)

or

Qi .AGG0 .FG0
i = 04 (4.60)

In addition to the friction inequality constraints given by Eq. (4.54) or equality
constraint givenbyEq. (4.59), another inequality constraint equationmust be satisfied
by the feet of the robot called normal force inequality constraint. The boundary
condition is such that only positive vertical forces (definite foot contact with the
terrain) are exerted by the feet on the terrain. Therefore,

FG0
i z ≥ 0, (4.61)

But, Eqs. (4.55) and (4.60) already imply Eq. (4.61). Hence, Eq. (4.61) is a redun-
dant set of equation and may be excluded from the formulation. Further, the torsional
frictional constraints (static or dynamic) corresponding to moment components at
the point of contact are neglected in the current book unlike the case of soft finger
contact, which should satisfy torsional friction constraints (Cheng and Orin [7].

During transition of the state of a system from static to dynamic motion, it is
observed that the maximum static friction (stiction) force is always more than the
dynamic friction force (developed during sliding motion). This is attributed to the
fact that as the relative velocity gradually increases, the friction coefficient gradually
decreases from its static to dynamic value. Many of the earlier studies by researchers
had disregarded this transition, thereby, neglecting the continuity of friction. In that
case, the friction coefficient has a sudden shoot from zero to a finite nonzero value that
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Fig. 4.4 Variation of
coefficient of friction (μ)
with slip velocity (V Ni3

xy )

never reveals the true phenomenon. To get over such a situation, the present book
has admitted this transition phase for continuity of friction. It is analogous to the
MSC.ADAMS® Coulomb’s friction model. The model is a velocity-based friction
model for contacts. Such a friction model can increase the efficiency of compliant
contact simulations with smooth transitions as described in Fig. 4.4.

The coefficient of friction is expressed as a function of velocity and is given by
(MSC.ADAMS Documentation [28]

μ(vNi3
xy ) = −μd .sgn(v

Ni3
xy ),

= − f1(v
Ni3
xy ).sgn(vNi3

xy )

= f2(v
Ni3
xy )

for
∣∣vNi3

xy

∣∣ > vd
for vs ≤ ∣∣vNi3

xy

∣∣ ≤ vd
for−vs < vNi3

xy < vs

(4.62)

TheMSC.ADAMS® step functions f1
(
vNi3
xy

)
and f2

(
vNi3
xy

)
are governed by a cubic

polynomial [same as Eq. (3.41)] and are given by

f1
(
vNi3
xy

) = STEP
(∣∣vNi3

xy

∣∣, vd , μd , vs, μs
)
, (4.63)

f2
(
vNi3
xy

) = STEP
(
vNi3
xy ,−vs, μs, vs,−μs

)
(4.64)

where vNi3
xy is the slip velocity at contact point; vs is the stiction transition velocity;

vd is the friction transition velocity; sgn
(
vNi3
xy

)
is the signum function defined by

sgn
(
vNi3
xy

) =

⎧
⎪⎨

⎪⎩

+1,vNi3
xy > 0

0,vNi3
xy = 0

−1,vNi3
xy < 0

, (4.65)



92 4 Multi-body Inverse Dynamic Modeling and Analysis of Six-Legged …

It is to be noted that when the value of vs approaches closer to zero, the model
approaches stiction. However, MSC.ADAMS® does not allow vs = 0, so it is impos-
sible to model perfect stiction. The four characteristics (μs, μd , vs, vd) are user-
specified. The values ofμs andμd are kept between 0 and 1, such thatμd is typically
lower than μs, which is logical, since it is easier to keep a body in motion across
a horizontal surface compared to start its motion from rest. Further, it is important
to note that vd is greater than vs by definition. The coefficients of friction for every

slip velocity are calculated which must be multiplied by the normal force
(
FG0
i z

)
to

calculate the actual Coulomb friction force.

4.1.4 Static Equilibrium Moment Equation

In the present book, the static equilibriummoment equations for the six-legged robot
can be affirmed as the conservation of the moments around the origin G0 (refer to
Fig. 4.5). Therefore,

TG0
Cm

+ r̃G0
CmO

FG0
Cm

+
∑

(TG0
i + r̃G0

Pi3O
FG0
i ) = 03 (4.66)

where r̃G0
Pi3O

and r̃G0
CmO

are the skew symmetric matrix of the location vectors of the
foot tip in the support phase and COMof the whole system, respectively, with respect
to origin O in frameG0; F

G0
Cm

is the vector of gravitational forces acting on the system

denoted by
[
0 0 mT g

]T
, mT is total mass of the system (refer to Sect. 3.2.8), g

is acceleration due to gravity. The term ‘TG0
i + r̃G0

Pi3O
FG0
i ’ is the external moment

that illustrates the way ground is reacting to the six-legged motion with respect to
base-frame origin G0.

To balance the system, the resultant moment acting on the system about Cm must
be zero, that is,

TG0
Cm

= 0 (4.67)

Fig. 4.5 Forces and
moments with respect to G0
acting on the COG of a
six-legged robot with
supported foot tip at any
instant (schematic)
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Therefore, Eq. (4.66) reduces to

r̃G0
CmO

FG0
Cm

+
∑

(TG0
i + r̃G0

Pi3O
FG0
i ) = 03 (4.68)

4.1.5 Actuator Torque Limits

The resulting joint torques and feet force distributions on the supporting legs also
depend on the physical limits of actuator torques that controls the motion of the
joints. Therefore, maximum joint torque constraints is given by

Mi j,min ≤ MG0
i j ≤ Mi j,max for i = 1−6, j = 1−3, (4.69)

where MG0
i j is the torque at the jth joint of ith leg,Mij,min andMij,max are the limiting

torques at the jth joint of ith leg. It is to be noted that these limiting torques are
usually decided based on the motor specifications.

4.1.6 Optimal Feet Forces’ Distributions

As already discussed in Chap. 1, legged systems are superior to traditional vehicles
withwheels or trackswith respect to agility, terrain adaptability, andmaneuverability.
However, from energy consumption point of view, they are still less efficient com-
pared to wheels and tracks. Therefore, in the present state of development, several
features need to be optimized.

In the present book on six-legged robots, the inverse dynamic solution to the equi-
librium equations (Eq. (4.19)) is not unique, that is, feet forces and moments, joint
torques (54 unknowns) have finite number of solutions according to the equation. To
determine the best possible solution of the unknowns, the joint torques must satisfy
the physical constraints as mentioned in Sects. 4.1.2, 4.1.3, 4.1.4, and 4.1.5. Now,
the task is to execute Eq. (4.19) using optimization techniques by introducing an
objective function. Literature survey shows that joint torque can be estimated based
on the concept, ‘power loss in the armature resistance of an electrical motor (actu-
ators) used to rotate a rotary joint is proportional to the square of the joint torque’
(Fukushima and Hirose [10]. Hence, in the present book, minimization of the sum
of the squares of the joint torques has been considered as an objective function to
make the problem more realistic. The objective function is subjected to equality and
inequality constraints, (refer to Sects. 4.1.2, 4.1.3, 4.1.4, and 4.1.5) like force and
moment balance equations of the trunk body and payload [Eqs. (4.17) and (4.18)],
interactive forces and moments equations [Eqs. (4.44) and (4.51), respectively], fric-
tion constraints due to interaction with terrain [Eqs. (4.55), (4.60), and (4.61)], static
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equilibriummoment equation [Eq. (4.68)], and actuator torque limitation constraints
[Eq. (4.69)] on the resulting feet force distribution. It is important to note that what-
ever method may be adopted to find the force distribution solution, all the constraints
associated with the optimization function must be satisfied.

Mathematically, the objective function can be written as follows (Erden and
Leblebicioglu [8]; Chen et al. [6]; Li et al. [18]; Mahapatra et al. [24]:

Objective function:

S(TG0) = 1

2

(
MG0

)T
WMG0 , (4.70)

whereW∈ R
18×18 is a symmetric positive definite matrix (Erden and Leblebicioglu

[8], MG0∈ R
18 is the overall joint torque vector. Equation (4.70) entails quadratic

optimization function, which means QP is to be applied. Moreover, QP has some
advantages, like, (a) continuous solutions are produced under smooth constraint
changes, (b) splitting of the design variables into positive and negative parts is not
necessary, (c) more efficient for large problems like the present one, and (d) allows
a quadratic optimization rather than linear one.

The function is further expressed in terms of primary variables
(
FG0
)
, that is, it is

rewritten in standard QP form after rearranging the terms (refer to Appendix A.11)
as follows:

min
FG0

: S(FG0) = 1

2

(
FG0
)T
H̄F

G0+cTFG0 (4.71)

subject to

Ae · FG0 = Be, (4.72)

Au · FG0 ≥ Bu, (4.73)

and

FG0
min ≥ FG0 ≥ FG0

max (4.74)

where H∈ R
18×18 is an auxiliary variable called the Hessian matrix. It is a Jacobian

square matrix that includes the coefficients of all the quadratic terms of the objective
function. c∈ R

18 is also an auxiliary variable. Ae, Be, Au, and Bu are the combined
matrices as given in Appendix A.11.

Hence, the coupled dynamical system is mathematically expressed as a con-
strained optimization problem and solved in MATLAB using QP approach to
determine the finite ranges of contact forces and moments distributions in all the
legs, which are considered to be appropriate according to the criteria described by
Eqs. (4.72)–(4.73).
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4.1.7 Energy Consumption of a Six-Legged Robot

In multi-legged robots, energy consumption is one of the key factors for its perfor-
mance. A multi-legged robot maneuvering in different environmental conditions to
achieve its goal, consuming minimum energy is one of the most challenging prob-
lems. The main reason for the energy consumption in such robots is due to the energy
consumed by the actuators attached at the joints of the legs. Further, the consumption
of energy by the actuators depends on various gait parameters, vehicle parameters,
terrain parameters, etc. Subsequently, the gait parameters include duty factors, stroke,
cycle time, swing height, etc. Vehicle parameters include weight of the robot, vary-
ing height of the trunk body and velocity (linear/angular) of the trunk body and the
swing legs.

Terrain parameters include slope, height of terrain, friction between leg tip and
terrain, etc.

In the present work, all the above parameters can be varied for different duty
factors. Therefore, for a specific terrain condition, energy consumption depends on
all the parameters mentioned above. Finally, to determine the energy consumption
at each joint and thereafter by the system, it is necessary to calculate the angular
velocities (refer to Sect. 3.2.7) and torques in joints (refer to Sect. 4.1.6).

Energy consumption at each joint is given by

Pi j (t) = MG0
i j (t).G0ωi j (t). (4.75)

For the six-legged robots, total energy consumption by the system is given by

Ptot =
6∑

i=1

3∑

j=1

Pi j (t). (4.76)

Therefore, average power consumption by the system is given by

Pav = Ptot
N

= Ptot
T
/
h

, (4.77)

where T is the total time taken by the robot to execute the motion, and h is the time
step.

Here, it has to be mentioned that for a specified task, the total energy consump-
tion is more important than the average power consumption, since the objective is
to minimize the total energy expenditure over a fixed distance. But again, energy
is the integral of power consumption over time, which means that minimization of
energy results if the average power consumption isminimized. There are possibilities
that a particular task is fulfilled in shorter time than expected by consuming higher
average energy, so that the total dissipated energy becomes less. In such a scenario,
it is more appropriate to compare the energy efficiencies of various types of loco-
motion of multi-legged robots using energy consumption per weight per travelled
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distance, commonly termed as, specific energy consumption (Kar et al. [16]; Erden
and Leblebicioglu [9] or specific resistance (Marhefka and Orin [25]; Bombled and
Verlinden [5]. It is unitless.

Specific energy consumption (Es) is defined as follows:

Es= ED

mT gsT
= Pav

mT gvt1
, (4.78)

where
mT = m0 +∑6

i=1

∑3
j=1 mi j , (refer to Eq. (3.137)) and

sT = n.(ms ′′
0 ). (refer to Eq. (3.95))

where ED is the energy required to traverse a total distance of sT , with a total mass of
mT ; Pav is the average power consumption; vt1 is the velocity of the robot. Further,
Eq. (4.78) is a dimensionless quantity and can be treated as the index of energy effi-
ciency in this study for different types of motion (straight-forward, crab, or turning,
etc.).

4.1.8 Stability Measures of Six-Legged Robots

Like, energy consumption, the stability criterion can also be treated as a performance
index of legged robots. There are two main types of such criteria, namely (a) static
stability criteria and (b) dynamic stability criterion.Whenever, during the locomotion
of a legged robot, the static stability criteria are not met, it cannot be characterized
as statically stable but is considered to be undergoing the dynamic transient process.

In the present work, both static and dynamic stability criteria have been applied to
the six-legged robot to check its stability in different static and dynamic situations.
The following sections discuss the statically stable walking based on ESM, NESM,
and dynamically stable walking based on DGSM.

4.1.8.1 Statically Stable Walking Based on ESM and NESM

In statically stablewalking, the inertial forces acting on the system are neglected. This
can be related to the fact of slow speed of statically stable gaits, where gravitational
forces are more predominant than motion-dependent forces. Thereafter, the plan is to
maintain the vertical projection of the COG of the systemwithin the support polygon
(Santos et al. [35] formed by the support points of the feet in contact with the ground.
Otherwise, if the projection of the COG is near to the edge of the support polygon,
a small momentum of the robot or an external force or uncertainties in the position
of COG may bring instabilities in the system and in the worst case, it may cause the
robot to topple. This may lead to damage of the system itself and, thereby, failing to
locomote as desired. Hence, a measure for stability of the robot like stability margin
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can be applied in the motion and gait planning, so that, instabilities in the system can
be detected and avoided.

The simplest and one of the popular stability criteria is called the static stability
margin (SSM). SSM is defined as the minimum distance between the projection of
the COG and the edges of the support polygon. The criterion is first proposed by
McGhee and Frank [26] based on geometric concepts, which is also independent
of COG height. Thereafter, energy-based stability criterion that gives a quantitative
measure of the impact energy the robot can withstand without overturning and also
considers the height of the COG is proposed by Messuri and Klein [27]. It is called
the energy stability margin (ESM) and is defined as the minimum of the potential
energy (PE) stability levels required to tumble the robot around the edges of the
support polygon. It can be expressed as follows:

SESM =
ng
min
l

(mT ghl), (4.79)

where l denotes the edge or segment of support polygon considered as the rotation
axis, ng is the number of support/grounded legs, and hl is the vertical height that
gives the measure of energy stability level.

For a six-legged robot, Fig. 4.6 gives a geometrical interpretation for calculation
of the vertical height hl, where points P13 and P53 represent the footholds of two
support legs in a tripod gait configuration case. The line segment joining P13 and P53

represents support edge l, more specifically, l = 1 of the support polygon P13P43P53

for tripodgait configuration. Plane I is a vertical plane,which includes the lineP13P53,
that is edge l. rG0

Cm / l
is a vector from line P13P53 to COG with respect to frame G0 and

is orthogonal to line P13P53. Unit vector ẑ represents the upward vertical direction.

Fig. 4.6 Derivation of energy stability margin a Projection of COG of the robot on vertical plane
I. The line P13P53 represents support edge l of a support polygon, b Tripod gait configuration with
support polygon P13P43P53 and COG of the six-legged walking robot
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Now, the vector r′G0

Cm / l
is obtained by rotating vector rG0

Cm / l
about line P13P53, until

it lies in plane I. Also, 	l is the angle between rG0
Cm / l

and r′G0
Cm / l

, and 
l is the angle

between r′G0
Cm / l

and unit vector ẑ. Now, for (a) flat plane, 
l ≡ αG = 00 (αG is the
sloping angle as defined in Sect. 3.2.1); (b) inclined plane, 
l ≡ αG , and (c) uneven
terrain; the value of 
l is determined from the position coordinates of the support
legs of the robot.

Hence, the vertical height hl through which the COG of the system would move
when the vector rG0

Cm / l
is rotated about the given edge l to the vertical plane I is given

by

hl =
∣∣∣r′G0

Cm / l

∣∣∣ cos
l −
∣∣∣rG0

Cm / l

∣∣∣ cos	l cos
l (4.80)

Again,

∣∣
∣r′G0

Cm / l

∣∣
∣ =

∣∣
∣rG0

Cm / l

∣∣
∣ (4.81)

Substituting, Eq. (4.81) in Eq. (4.80),

hl =
∣∣∣rG0

Cm / l

∣∣∣(1 − cos	l) cos
l (4.82)

Hence, ESM for edge l of the support polygon,

SESM =
ng
min
l

(
mT g

∣∣
∣rG0

Cm / l

∣∣
∣(1 − cos	l) cos
l

)
(4.83)

SESM can be found in a more simplified way, by calculating the maximum height
of COG such that

hlmax =
∣∣
∣rG0

Cm / l

∣∣
∣cos
l for	l = 90◦ (4.84)

Maximum attainable PE of the system about the edge l of the support polygon is
given by

(PE)max/ l = mT g
∣
∣∣rG0

Cm / l

∣
∣∣ cos
l (4.85)

PE of the system is given by

(PE)sys = mT gTr
G0
CmO

(4.86)

(gT is the gravitational acceleration vector)
Net potential energy of the system,
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(PE)net = (PE)max/ l − (PE)sys

Hence, ESM for edge l of the support polygon,

SESM =
ng
min
l

((PE)net) (4.87)

where ng is the number of grounded legs.
Substituting Eqs. (4.85) and (4.86) in (4.87), we get

SESM =
ng
min
l

(
mT

(
g
∣∣
∣rG0

Cm / l

∣∣
∣ cos
l − gTrG0

CmO

))
, (4.88)

The vector rG0
Cm / l

which is orthogonal to the edge l is calculated as follows:

rG0
Cm / l

= rG0
Cm P53

−
(
rG0
Cm P53

.êl
)
êl , (4.89)

where

rG0
Cm P53

= rG0
Cm O

− rG0
P53O

, (4.90)

êl =
(
rG0
P13O

− rG0
P53O

)/∥∥∥rG0
P13O

− rG0
P53O

∥∥∥. (4.91)

Here, êl is the unit vector along the edge l with the positive direction from foot
P53 toward foot P13 (as shown in Fig. 4.6) to make outward rotation, and rG0

P13O
and

rG0
P53O

are the position vectors from the origin of G0 to the feet P13 and P53 expressed
in G0, respectively.

During the robot’s locomotion, the position of all the feet tips (swing and support)
with respect to COG of the system (obtained as discussed in Sect. 3.2) and the vector
formulation provides a simple efficient method of calculating ESM. It is a more
general formulation, which is applicable to variety of terrain conditions. Further,
Hirose et al. [14] proposed the normalized energy stability margin (NESM) which
is a normalization of the ESM with respect to the robot’s weight. It is expressed as
follows:

SNESM = SESM
mT g

(4.92)

In the present book, a stability analysis based onNESMhas also been performed in
Sect. 4.2.2. Other than these, there are a few other SSMs, which have been developed
by researchers worldwide, but are not so widely used.
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4.1.8.2 Dynamically Stable Walking Based on DGSM

The static stability measurements, whatsoever, may be very appealing due to simple
calculations involved, but such simplicity is achieved at the cost of neglecting the
dynamics of the system that may disturb robot’s stability. It is seen that the utility
of SSM is lost as the legged motions become more dynamic, and hence, a better
indicator of stability called dynamic stability measure is required, as discussed in
Sect. 2.3. It is to be remembered that dynamic stability in legged robot’s can be
achieved even if the projection of the center of mass of the robot is not within the
support polygon using the dynamic balancing principle. Generally, as discussed in
Sect. 2.3, stability margin is evaluated for each supporting edge at any instant. The
dynamic stability value for that instant is nothing but the minimum stability margin.
In the present book, dynamic stability of six-legged robots has been carried out to
determine the chances of tumbling of the walking robot over a support edge by taking
into consideration the angularmomentum about the edge at any instant. Such stability
measure has been termed as dynamic gait stability measure (DGSM). Themotivation
for such studies has been taken from the work of Koo and Yoon [17] for checking
dynamic stability measure for quadruped robots. Several physical quantities could
be considered for the DGSM, such as kinetic energy, linear and angular velocities,
angular momentum, and moment about a line.

(a) Calculation of LG0 ,

Total linear momentum of the system expressed in G0 is given by

LG0 = AG0G .LG, (4.93)

where LG is the linear momentum about O of the system expressed in G and is equal
to the sum of the linear momentums of the trunk body, payload, and the links of all
the legs expressed in G (Refer to Fig. 3.9). It is given by

LG = LG
C0O +

6∑

i=1

3∑

j=1

LG
Ci j O (4.94)

where LG
C0O

is the linear momentum of the trunk body and payload (combined)
expressed in frameG;LG

Ci j O
is the linearmomentumof the jth link in ith leg expressed

in frame G.
From linear momentum principle, (Hahn [13] the expression

LG
C0O = m0ṙGC0O (4.95)

LG
Ci j O = mi j ṙGCi j O (4.96)
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where ṙGC0O
is the time derivative of position vector rGC0O

from origin of G to the COM
of the trunk body and payload (combined); ṙGCi j O

is the time derivative of position

vector rGCi j O
from origin of G to the COM of the jth link in ith leg.

Substituting Eqs. (4.95) and (4.96) in Eq. (4.94),

LG =
⎛

⎝m0.ṙGC0O +
6∑

i=1

3∑

j=1

mi j .ṙGCi j O

⎞

⎠ (4.97)

(b) Calculation of HG0

Total angular momentum of the system expressed in G0 is given by

HG0 = AG0G .HG (4.98)

whereHG is the total angular momentum about O of the system expressed in G and
is equal to the sum of the angular momentums of the trunk body, payload, and the
links of all the legs expressed in G. It is given by,

HG = HG
0 +

6∑

i=1

3∑

j=1

HG
i j (4.99)

whereHG
0 is the angular momentum of the trunk body and payload (combined) about

O expressed in frame G;HG
i j is the angular momentum of the jth link in ith leg about

O expressed in frame G.
For trunk body and payload,

HG
0 = rGC0O × LG

C0O + rGP0O × LG
C0P0 + HG

P0 (4.100)

[for details refer to (Hahn [13]]
where

LG
C0P0 = m0.ṙGC0P0 (4.101)

HG
P0 = AGL0 .JL0

P0
.Gω0 (4.102)

For link ij,

HG
i j = rGCi j O × LG

Ci j O + rGPi j O × LG
Ci j Pi j + HG

Pi j (4.103)

where

LG
Ci j Pi j = mi j .ṙGCi j Pi j (4.104)
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HG
Pi j = AGL ′

i j .J
L ′
i j

Pi j
.Gωi j (4.105)

Here,AGL0 andAGL ′
i j are the transformationmatrices, and the details of which are

obtained from Appendix A.3; JL0
P0

is the mass moment of inertia matrix of the trunk
body with respect to the point P0, represented in the local (body-fixed) frame L0;

J
L ′
i j

Pi j
is the mass moment of inertia matrix of the trunk body with respect to the point

Pij, represented in the local (body-fixed) frame L′
i j . For details of mass moment of

inertia, refer to Appendix A.8.
Substitution of the values of equation in Eq. (4.99) leads to (Mahapatra et al. [24]

HG = rGC0O × LG
C0O + rGP0O × LG

C0P0 + HG
P0

+
6∑

i=1

3∑

j=1

(
rGCi j O × LG

Ci j O + rGPi j O × LG
Ci j Pi j + HG

Pi j

)

= (rGC0O × m0.ṙGC0O + rGP0O × m0.ṙGC0P0

)

+
6∑

i=1

3∑

j=1

(
rGCi j O × mi j .ṙGCi j O + rGPi j O × mi j .ṙGCi j Pi j

)

+ AGL0 .

⎛

⎝JL0
P0

.Gω0 +
6∑

i=1

3∑

j=1

AL0L ′
i j .J

L ′
i j

Pi j
.Gωi j

⎞

⎠ (4.106)

(c) Angular momentum with respect to a supporting edge on the ground

To determine the angular momentum about supporting edge l (refer to Fig. 4.6), the
moment of the systemwith respect to any ground point (say P13) has to be calculated.
Hence, angular momentum of the system about a point P13 on the ground is given
by

HG0
P13

= rG0
P13O

× LG0 + HG0 (4.107)

where rG0
P13O

is the relative position vector rP13O from point P13 to the origin O
expressed in G0.

Again, the rotation of the system about the edge l is given by the angular
momentum vector of Eq. (4.107) projected to the edge l.Mathematically,

HG0
l = HG0

P13
.êl =

(
rG0
P13O

× LG0 + HG0

)
.êl (4.108)

(d) Reference angular momentum about the supporting edge on the ground

According to conservation of energy,

(KE)net = (PE)net
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∣∣− 1
2mT v

2
re f

∣∣ = mT

(
g
∣∣∣rG0

Cm / l

∣∣∣ cosΨl − gTrG0
CmO

)

vre f =
√

2
(
g
∣∣∣rG0

Cm / l

∣∣∣ cosΨl − gTrG0
CmO

)
(4.109)

where vref is the magnitude of the reference velocity, and rG0
CmO

is the position of the
center of mass of the system obtained from Eq. (3.138).

The reference velocity vector vref is given by

vref = vref.êref (4.110)

where êref is the direction of the reference velocity and is outer normal to the
plane formed by the locations of tip points P13 and P53 and Cm of the system.
Mathematically, it is expressed by

(i) êre f = rG0
P53Cm

× rG0
P13Cm∣∣∣rG0

P53Cm
× rG0

P13Cm

∣∣∣
, If Z − component of rP53Cm × rP13Cm is positive

(4.111)

(ii) êre f = − rG0
P53Cm

× rG0
P13Cm∣∣∣rG0

P53Cm
× rG0

P13Cm

∣∣∣
, If Z − component of rP53Cm × rP13Cm is negative

(4.112)

The statement in the right-hand side of Eqs. (4.111) and (4.112) designates
whether the COG has passed over the edge or not. If Z-component of rG0

P53Cm
× rG0

P13Cm

is positive, COG has not tipped over the edge yet. Therefore, reference angular
momentum about a supporting edge l may be defined as the minimum angular
momentum needed to tip over the edge, assuming the robotic system as a simple
inverted pendulum. It is computed as follows:

H ref
l =

(
rG0
Cm / l

× mT vre f
)
êl (4.113)

Equations (4.89), (4.91), and (4.110) are substituted in Eq. (4.113) to obtain the
reference angular momentum about edge l.

(e) Dynamic gait stability measure (DGSM)

Gait stability value for edge l is defined as follows:

SlH = H ref
l − HG0

l , (4.114)

where the value of SlH should always be positive; otherwise, the system will topple
due to dynamical instability. The value of SlH with respect to all the edges of the
support polygon at any instant is calculated. Therefore, DGSM which is nothing
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but the minimum value among the stability values SlH is given by the following
expression:

DGSM = min
{
SlH , l = 1, 2, . . . nl

}
(4.115)

4.2 Numerical Illustrations

The performance of the developed dynamic model has been tested using computer
simulation. The additional input parameters over and above that are mentioned in
Sect. 3.3 are as follows:
Additional inputs

• Stiffness (K)
• Force exponent (e)
• Damping (Cmax)
• Penetration depth (p)
• Static coefficient of friction (μs)
• Dynamic coefficient of friction (μd)
• Stiction transition velocity (vs)
• Friction transition velocity (vd)
• Mass of the trunk body (mB)
• Mass of payload (mL)
• Mass of the links (mij)
• Mass moment of inertias (Jxx, Jyy, Jzz, Jxy, Jyz, and Jzx)

Simulation Outputs

• Feet forces ( [FG0
i x FG0

iy FG0
i z ]T

• Joint torques ( [MG0
i1 MG0

i2 MG0
i3 ]T)

• Feet-tip moments [T G0
i x T G0

iy T G0
i z ]T

• Energy consumption (Pav)
• NESM
• DGSM

A flowchart shown in Fig. 4.7 illustrates the steps to be followed to carry out the
inverse dynamic analysis.

4.2.1 Study of Optimal Feet Forces’ Distribution

In the present work, numerical simulations have been carried out under a variety
of terrain conditions and gait strategies to check the performance of the proposed
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Fig. 4.7 Flowchart of computational algorithm for the inverse dynamic analysis of the six-legged
robot negotiating various terrains

Table 4.2 Contact
parameters

Stiffness (K) 10 × 108 N/m

Force exponent (e) 2.2

Damping (Cmax) 10 × 106 N/m/s

Penetration depth (p) 1.0 × 10−5m

Static coefficient of friction (μs) 0.3

Dynamic coefficient of friction (μd ) 0.1

Stiction transition velocity (vs) 0.01 m/s

Friction transition velocity (vd ) 0.1 m/s

algorithm as discussed in Sect. 4.1. The physical parameters’ values of the robot
model are as described in Table 3.1. The contact parameters’ (refer to Table 4.2)
values supplied as used inputs to the proposed model are basically assumed to be
default input values used by MSC.ADAMS® to solve contact problems. It is to be
noted by varying the parameters (as shown in Table 4.2), a variety of walking and
running surfaces can be simulated.

4.2.1.1 Case Study 1: Robot Motion in an Uneven Terrain
with Straight-Forward Motion (DF = 1/2)

An attempt has beenmade in the present work to carry out the dynamic analysis of the
case study included in Sect. 3.3.1. The kinematic analysis of the system is performed
with predefined input parameters using MATLAB solver as already discussed in
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Sect. 3.3.1. Here, multi-body dynamic analysis of the system has been carried out
with the motion inputs obtained from the study of kinematics. The simulation study
is conducted in MATLAB for three duty cycles (n = 3) with time step h = 0.05 s
and trunk body stroke length (s0) of 0.150 m.

The elapsed time for three duty cycles is computed as 6.95 s. The computed kine-
matic motion parameters (displacement, velocity, acceleration, etc.), based on the
motion and gait planning algorithms, are provided as necessary inputs to the inverse
dynamics model with compliant contact. Besides those parameters, the physical and
contact parameters defined in Tables 3.1 and 4.2 are also given as the inputs. The
study is carried out with the assumption that there is no slippage of the leg pad on
the surface. Additionally, the actuator torque is limited to ±6 Nm for calculating the
optimal joint torques, feet forces, etc. The optimization algorithm used is interior-
point-convex quadprog that satisfies the boundary conditions corresponding to the
objective function for each iteration.

Figure 4.8 shows the optimal distribution of normal feet forces (FG0
i z ) in all the

legs of the six-legged robot. It is observed that with wave gait strategy (DF= 1/2), the
support phase and swing phase times are equal. It followed a wave sequence like first
half cycle: legs 1-4-5 are in support phase and legs 2-3-6 are in swing phase; second
half cycle: legs 2-3-6 are in support phase and legs 1-4-5 are in swing phase. The
sequence is followed for all the three cycles. Investigation reveals that the patterns
of the normal feet forces (FG0

i z ) in legs 1-2, 3-4, and 5-6 are similar, although the
patterns are out of phase by 180° and a slight variation in the magnitude of feet
forces’ distribution is observed. Similar patterns is attributed to the fact that wave
gaits are regular and symmetric, with the left and right legs (i.e., legs 1-2, 3-4, 5-6)
are in phase of a half cycle. The variation in magnitude is attributed to the possibility
of the robot locomoting on an uneven terrain in the present problem. The graphs also
show that as the leg collided with the ground, high shoot out in forces is observed,
which is attributed to the momentarily impact of the leg tip with the ground. This is
considered as realistic in the present work. The zero magnitude straight line in the
graphs (refer to Fig. 4.8) means no contact of the leg tip with the ground, which is
due to the leg being in swing phase. Further investigation reveals that as the robot
executes motion, the magnitude of normal feet forces on the front legs increases
while that of the rear legs decreases till the start of a new cycle. This is due to the fact
that as the leg moves forward in a straight-forward motion, the entire COG of the
system shifts forward leading to more load distribution in front legs compared to that
in the rear legs (refer to Fig. 4.8a, b, e, and f). Also, it is interesting to note that the
normal feet forces’ variation in the middle legs is less and magnitude is somewhat
constant (refer to Fig. 4.8c and d), which is due to the close location of the foot holds
to the COG of the system during the support phase. Further, the average vertical
forces are more in the middle legs compared to that of the front and rear legs. The
distribution patterns are found to be similar to that given by Santos et al. [34].

Figure 4.9 shows that at any instant of time the summation of all the normal feet
forces with respect to G0 balanced the weight of the six-legged robot with payload
(i.e., 65.7 N) except during impact. Amomentary impulsive force is generated during
impact at the start of support phase, such that Fig. 3.9a and b displayed the horizontal
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Fig. 4.8 Normal contact force distribution on the leg tips of the six-legged robot with respect to
frame G0 while moving in an uneven terrain with tripod gait a Leg1, b Leg2, c Leg3, d Leg4,
e Leg5, f Leg6
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Fig. 4.9 Summation of forces distribution with respect to frame G0 a
∑

Fix , b
∑

Fiy, c
∑

Fiz ,
where i = 1–6 for DF = 1/2 with straight-forward motion on an uneven terrain

components of forces (FG0
i x and FG0

iy ) which did exist, although their net magnitude
is not significant enough (approximately in the range of 0.1–0.2 N if momentary
impact force is neglected). Similarly, a momentarily shoot out peak in the normal
reaction foot force FG0

i z is also observed in Fig. 4.8c.
Figure 4.10 shows the torque distributions in various joints (joint i1, joint i2, and

joint i3) of all the legs (i = 1–6). Some important facts are noted from the plots, like
torques during the swingphases are lowand subjected to less variations in comparison
with that of the torques acting on the joints during support phase. Moreover, during
support phase, the maximum torque is experienced by middle joint (joint i2). For the
front legs (leg 1 and 2), the joint torque increased, while in the rear legs (leg 5 and 6) it
is seen to decrease. This is accredited to the fact that during straight-forward motion,
the body moves forward, leading COG of the system to move forward. The forward
movement of the COG indicates an increase in front loading and decrease in rear
loading in the system. Again, the middle legs are subjected to less variations due to
closeness of the support legs toward the COG. The most striking fact to be discussed
is that of the effect of momentarily impact on the joint torque, when the leg collides
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Fig. 4.10 Torque distribution in various joints of the six-legged robot while traversing an uneven
terrain with tripod gait and straight-forward motion a Leg1, b Leg2, c Leg3, d Leg4, e Leg5, f Leg6

with the ground at the start of support phase. It is seen that there is momentary shoot
out peak in the magnitude of joint torque of its own leg while the impact is seen to
have considerable effect on the other legs (small spikes) due to coupling effects.

The variations of instantaneous power (Pin) consumption throughout a locomotive
cycle of the six-legged robot are shown in Fig. 4.11. There is momentary change
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Fig. 4.11 Variation of total
power consumption by the
joints of all the legs during
straight-forward motion with
tripod gait on an uneven
terrain

(increase or decrease) in the value of instantaneous power consumption at intervals,
when the support and swing legs change stance. The average power (Pav) consumed
by the system at any instant is computed to be 1.27 W neglecting friction losses at
the joints.

4.2.1.2 Case Study 2: Crab Motion of the Robot on a Banked Surface
(DF = 3/4)

The present case study deals with the dynamic analysis of a realistic six-legged robot
whose kinematic analysis has been carried out in Sect. 3.3.2. As already discussed,
kinematic analysis of the system has been performed with the help of computer
simulations in MATLAB solver by predefining the input parameters. In the current
section, multi-body dynamic analysis of the system has also been carried out through
computer simulations inMATLAB, to prove the efficacy of the developed algorithm.
Relevant kinematic motion inputs (like displacement, velocity, acceleration, etc.,
computed in Sect. 3.3.2) along with other physical inputs mentioned in and Table 4.2
are used to solve the present problem. The study has been carried out with actuator
torque limits of±6 Nm and without slippage for calculation of optimal joint torques,
feet forces, power consumption, etc. The optimization algorithm selected is interior-
point-convex quadprog that satisfies the boundary conditions corresponding to the
objective function for each iteration. Computer simulations are run for three cycles,
with the body stroke (s0) of 0.027 m and time step size of 0.01 s as previously
mentioned. The total simulation time is 5.9 s with time period of first, second, and
third cycles as 2.05 s, 1.80 s, and 2.05 s, respectively, as computed using Eq. (3.92).

Figure 4.12 shows the optimal distribution of normal feet forces obtained through
computer simulations. It is seen that for each cycle with DF = 3/4, the robot’s legs
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Fig. 4.12 Normal contact force distribution on the leg tips of the six-legged robot with respect to
frame G0 while moving on a banking surface with crab motion and DF = 3/4 a Leg 1, b Leg 2,
c Leg 3, d Leg 4, e Leg 5, f Leg6
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follow a wave pattern such that the legs in support phases are sequenced by (1) legs
1-2-3-5-6 (2) legs 1-3-4-6 (3) legs 1-2-4-5-6 (4) legs 2-3-4-5. Further, it is observed
that although the legs 1-2, 3-4, and 5-6 are out of phase by 180°, their normal feet
forces follow a similar pattern. Also, it is seen that impact forces are generated when
the legs collide with the terrain. These impact forces are nothing but momentary
peaks (very short duration, i.e., in the range of milliseconds) as shown in Fig. 4.12.

It is to be noted that the momentary impact of forces on the leg that is landing
has effects on the force distribution in the other legs in support phase. This is caused
due to coupling effects in the system. Again, it is seen that for any cycle, the normal
force distribution (FG0

i z ) in the front legs (leg 1 and 2) is more compared to that in
the rear legs (leg 5 and 6). This is attributed to the fact that as the robot’s leg moves
forward and to the right (crab angle = 70°), along with the trunk body, the COG of
the system also moves in that direction. This leads to more force distribution in the
front legs compared to that of the rear legs. It is also noticeable in Fig. 4.12 that when
legs 1 and 6 are in swing phase, that is, legs 2-3-4-5 are in the support phase, force
distribution in legs 2 and 3 is more compared to legs 4 and 5. Again, both in the legs
2 and leg 3, force distribution is almost equal and so is the case with leg 4 and leg 5.
A similar case has been observed when leg 2 is in swing phase (refer to Fig. 4.12.)
and so on.

Again from Fig. 4.13, it is seen that at any instant of time, the sum of all the
normal feet forces with respect to frame G0 balanced the weight of the six-legged
robot with payload (i.e., 65.7 N) except during impact (refer to Fig. 4.13c). Further, it
is observed from the graph that at the instant the foot comes in contact with the ground
(i.e., start of support phase), a momentary impulsive force is generated whose effects
are also visualized in the graphs showing horizontal components of forces, that is,
FG0
i x and FG0

iy , (Fig. 4.13a and b) aswell in the normal reaction force, FG0
i z (Fig. 3.13c).

The net magnitude of forces in X- and Y-direction of frame G0 is very small and in
approximate ranges of ±0.5 N and −0.15 N to +0.05 N, respectively.

Figure 4.14 shows the torque distribution in the various joints of the legs for three
duty cycles with DF= 3/4. It is seen that during swing phase, the variations of torque
in various joints are less compared to that during support phase. Also, it is observed
that the magnitude of torque in the first and last joints of each leg is much less in
comparison with that on the middle joints. In addition to that, torque distribution in
themiddle joint of the rear legs is less compared to that in themiddle joint of the front
legs. In addition to that, torque in middle joint of the front legs is more compared to
that of the rear legs, which is attributed to the different values of moment arms during
crab motion from left to right (positive X-axis) at the given crab angle of 70°. Further,
it is interesting to note that the momentary impact forces are generated as soon as
the legs collide with the ground during support phase. The impact forces are seen to
significantly affect the torques in the joints of its own legs while having considerable
effect on the joints of other legs (small peaks) due to the coupling effects. Refer to
the close view of ‘A’ and ‘B’ in the Fig. 4.14.

The instantaneous power consumption (Pin) by the robot is as shown in Fig. 4.15.
It is found that at times when the swing and support legs change stance peaks are
generated that have either increasing or decreasing trend. The average power (Pav)
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Fig. 4.13 Summation of forces distribution with respect to frame G0 a
∑

Fix , b
∑

Fiy, c
∑

Fiz ,
where i = 1–6 for DF = 3/4 and crab motion on a banking surface

consumed by the system (neglecting friction losses at the joints) in three cycles is
1.16 W (approximately).

4.2.2 Study of Performance Indices—Power Consumption
and Stability Measure

Energy consumption and stability are two of the important criteria that have been
selected as useful indices in the present study to evaluate the static and dynamic walk
of the six-legged robot during wave gait strategy. Here, locomotion of the robot has
been considered on various terrains having straight-forward, crab, and turningmotion
capabilities and using wave gait strategies with DF = 1/2, 2/3, and 3/4. Further,
computer simulations are run for studying four important walking parameters that
decide the power consumption and stability of the robot during locomotion with
different gait strategies as mentioned above. The parameters are, namely (a) velocity
of the trunk body ( ẏGP0O

∣∣
t=1

for straight-forward or ẋGP0O
∣∣
t=t1

for crab or θ̇0
∣∣
t=t1

for
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Fig. 4.14 Torque distribution in various joints of the six-legged robot while moving on a banked
surface (banking angle 30°) with DF= 3/4 and crabmotion a Leg1, b Leg2, c Leg3, d Leg4, e Leg5,
f Leg6
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Fig. 4.15 Variation of total
power consumption by the
joints of all the legs during
crab motion with DF = 3/4
on a banked surface

turning), (b) body stroke
(
s0/sc0

)
, (c) height of the trunk body (zGP0O ), and (d) lateral

or radial offset of leg (li). In addition to this, crab angle (θ c) is also considered as
one of the variable parameters in the present study. The energy consumption of the
system is expressed in terms of outputs like (i) average power consumption (Pav), (ii)
specific energy consumption (Es), whereas the stability of the system is represented
in terms of outputs like (iii) net energy stability margin (NESM), and (iv) dynamic
gait stabilitymeasure (DGSM). The formulation of the above outputsmay be referred
to Sects. 4.1.7 and 4.1.8.

The kinematic analysis of the system has been carried out using the inputs as
mentioned below (notations have their usual meaning).

I. Straight-forward motion: For the robot, initial position of the trunk body is
given by, pG

0 = {0, 0.45, zGP0O , 0, 0, 0
}T
, ẋGP0O

∣∣
t=t1

= 0, żGP0O
∣∣
t=t1

= 0,

α̇0 = β̇0 = θ̇0 = 0. For the terrain, ηG = (30°, 0, 0) T ,Hmin = 0.015m, h′
in = 0,

�h = 0.002 mm. Moreover, the initial joint angles (θ i1, β i2, β i3) of the legs are
also calculated from inverse kinematics formulation and given as inputs in the
simulation. The simulations are run for three duty cycles (n = 3) with DF =
1/2, 2/3, and 3/4 for various parameters under study, likely ẏGP0O

∣∣
t=t1

, s0, zGP0O
and li, respectively, in MATLAB. Unless otherwise mentioned, the values of
the parameters were ẏGP0O

∣
∣
t=t1

= 0.1m/s; s0 = 0.15 m; zGP0O = 0.15m; and
li= 0.22 m.

II. Crab motion: For the robot, the initial values are expressed as pG
0 =

{
0, 0.45, zGP0O , 0, 0, 0

}T
, żGP0O

∣∣
t=t1

= 0, α̇0 = +0.01 rad/s, β̇ =
+0.02 rad/s. For the terrain, ηG = (0, 300, 0) T , Hmin = 0.015 m, h′

in = 0,
�h = 0.002 m. The initial joint angles (θ i1, β i2, β i3) of the legs are calculated
from inverse kinematics formulation and given in the simulation as inputs. Like
straight-forward motion, the simulations are run for three duty cycles (n = 3)
with DF= 1/2, 2/3, and 3/4 for various parameters to be studied, like ẋGP0O

∣∣
t=t1

,
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s0, zGP0O , li and θ c, respectively, in MATLAB. It is to be noted that the value
of ẏGP0O

∣∣
t=t1

is obtained using the Eq. (3.66). Unless otherwise mentioned, the

values of the parameters are ẋGP0O
∣∣
t=t1

= 0.04m/s; s0 = 0.03 m; zGP0O = 0.15m;
li = 0.22 m; and θ c = 80°.

III. Turning motion: For the robot, the initial values of pG
0 are computed by inte-

grating the Eqs. (3.54) and (3.44). Also, the following values are considered:
θ0|t=t0 = 30◦, ρ0 = 1.5 m, α̇0 = +0.01 rad/s, β̇ = +0.02 rad/s. For the terrain,
the following numerical values are set: ηG = (0, 300, 0) T , Hmin = 0.005 m,
h′
in = 0, �h = 0.002 m,. The initial joint angles (θ i1, β i2, β i3) of the legs that

vary with the different types of variable parameters and gait strategies are also
given as inputs. Like straight-forward and crab motions, the simulations are run
for three duty cycles (n = 3) with DF = 1/2, 2/3, and 3/4 for various parame-
ters, like θ̇0

∣
∣
t=t1

, sc0, z
G
P0O

and li in MATLAB. Unless otherwise mentioned, the

values of the parameters are: θ̇0
∣∣
t=t1

= 0.1 rad/s; sc0 = 0.12m; zGP0O = 0.15m;
and li = 0.22 m.

Further, dynamic analysis has also been carried out with the assumption that the
foot tip touches the ground with impact and leg pad does not slip on the surface. The
physical and contact parameters related to the six-legged robot given in Tables 3.1
and 4.2, respectively, are also supplied as the inputs. Additionally, the actuator torque
is limited to ±6 N-m for calculation of optimal feet forces, joint torques, etc., and
interior-point-convex quadprog has been chosen as the optimization algorithm such
that at each iteration, the boundary conditions corresponding to the objective function
are satisfied. Energy consumption and stability of the robot are analyzed by varying
the abovementioned gait parameters, which are discussed, in detail, below.

4.2.2.1 Effect of Trunk Body Velocity on Energy Consumption
and Stability

The effect of trunk body velocity on energy consumption and stability in the six-
legged robots is quite significant. In this study, the trunk body velocity is an indepen-
dent variable and plotted along X-axis, while the energy consumption and stability
measure are dependent variables and plotted along Y-axis. The results are shown in
Figs. 4.16 and 4.17, respectively. It is observed from Fig. 4.16a, c, and e that for a
particular value of the duty factor, average power consumption (Pav) increased with
velocity for all the three types of motion (straight-forward, crab, and turning). How-
ever, total power consumption will increase with the decrease in trunk body velocity
(linear/angular), since to travel the same amount of distance; the robot would have
to spend more time leading to more consumption of energy. Therefore, the energy
consumption is quantified based on specific energy consumption as discussed in
Sect. 4.1.7. Specific energy consumption (Es) is found to decrease with increase in
velocity (linear/angular) as shown in Fig. 4.16b, d, and f. Moreover, for a particular
velocity, Pav and Es are seen to increase with the increase in duty factor (DF). This
is because the time period of a locomotion cycle decreases with the increase in duty
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Fig. 4.16 Dependence of average power consumption (Pav) and specific power consumption (Es)
on velocity of trunk body a Pav for straight-forward motion, b Es for straight-forward motion, c Pav
for crab motion, d Es for crab motion, e Pav for turning motion, f Es for turning motion. Sloping
angle (αG) of terrain= 30° (considered for straight-forward motion); Banking angle (βG) of terrain
= 30° (considered for crab and turning motion)
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Fig. 4.17 Variations of net energy stability margin (NESM) and dynamic gait stability measure
(DGSM) with velocity of trunk body a NESM for straight-forward motion, b DGSM for straight-
forward motion, c NESM for crab motion, d DGSM for crab motion, e NESM for turning motion,
f DGSM for turning motion. Sloping angle (αG) of terrain = 30° (considered for straight-forward
motion); Banking angle (βG) of terrain = 30° (considered for crab and turning motion)
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factor, thereby resulting in the higher angular velocity and angular acceleration of
the system, and consequently, the energy consumption became more.

Another issue that has an effect on the power consumption with the increase in
duty factor is the number of grounded legs. More number of grounded legs means
the system has to overcome more frictional forces during its movement. The trend
complies with the studies reported by Lin and Song [20]. Further, the curves plotted
for different duty factors in Fig. 4.16b, d, and f shows that there is a maximum
velocity of the trunk body for which Es is a minimum. However, due to dynamic
constraints of the joint actuators, the linear or angular velocity of the robot cannot
be increased beyond a limit.

Figure 4.17 shows the plotted graphs related to the stability of the system (both
NESM and DGSM) that varies with trunk body velocity for different duty factors.
It is seen that with the increase in trunk body velocity of the system, the NESM
decreases which means the system is subjected to instability with the increase in
velocity. On the other hand, DGSM of the system is also seen to decrease as velocity
of the system increases. This has occurred because the time period of each locomotion
cycle decreases with the increase in trunk body velocity, thereby shortening the time
period of the dynamic gaits. Now, due to decrease in the time period, the velocity
of the swing leg increases which leads to higher angular momentum of the system
at any instant, thereby, degrading the stability. The present study can be correlated
with the studies reported by Lin and Song [20]; Garcia and Santos [11]. Also, it is
found that for a particular trunk body velocity, NESM and DGSM increases with the
increase in duty factor as expected.

4.2.2.2 Effect of Stroke on Energy Consumption and Stability

The computed results of the performance indices (here, energy consumption and
stability) with respect to the body stroke for three locomotion cycles during straight-
forward, crab, and turning motions of the robot with wave gaits of different duty
factors are plotted in Figs. 4.18 and 4.19, respectively. The ranges of body strokes
have been kept different for different type of motion, as shown in the Figs. 4.18
and 4.19, and had been chosen after closely studying the workspace of the legs. It
is observed that increase in the body stroke increases both Pav and Es, respectively,
for all the three types of motion and duty factors for a specified input velocity,
body height, and leg offset. This is due to the fact that the robot’s leg during swing
and support phase translates more, that is, covers more distance for larger strokes
compared to that for shorter strokes. Again, with the increase in stroke, the angular
velocity and angular acceleration of the joints also increase, whichmeans higher joint
torques. This ultimately leads to increase in energy consumption. Also, it is found
that (refer to Fig. 4.18) for a particular body stroke, the energy consumption (both
Pav and Es) increases with the increase in duty factor. This is attributed to the fact
that at a particular body stroke, the time period of each locomotion decreases with the
increase in duty factor which means the angular velocity and angular acceleration of
the joints are increased for movement of the legs in a synchronous manner. Besides
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Fig. 4.18 Dependence of average power consumption (Pav) and specific power consumption (Es)
on body stroke a Pav for straight-forward motion, b Es for straight-forward motion, c Pav for crab
motion, d Es for crab motion, e Pav for turning motion, f Es for turning motion. Sloping angle
(αG) of terrain = 30° (considered for straight-forward motion); Banking angle (βG) of terrain =
30° (considered for crab and turning motion)
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Fig. 4.19 Variations of net energy stability margin (NESM) and dynamic gait stability measure
(DGSM) with body stroke a NESM for straight-forward motion, b DGSM for straight-forward
motion, c NESM for crab motion, d DGSM for crab motion, e NESM for turning motion, f DGSM
for turning motion. Sloping angle (αG) of terrain = 30° (considered for straight-forward motion);
Banking angle (βG) of terrain = 30° (considered for crab and turning motion)
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that, with the increase in duty factor, more number of legs are in contact with the
ground. This means more frictional force is required to be overcome for the motion
of the robot.

The effects of body stroke (linear/angular) on the minimum value of NESM and
DGSM are shown in Fig. 4.19. It is seen that the minimum values of NESM increase
with the increase in stroke which agrees with the work of McGhee and Frank [26]
for static gait stability of the robot. Similar characteristics have been observed for
the overall DGSM that corresponds to dynamic gait stability and are in agreement
with the work carried out by Koo and Yoon [17]. Moreover, a commonly known fact
that gait stability increases with increase in duty factor (for both static and dynamic
gaits) had also been established through the graphs plotted in Fig. 4.19.

4.2.2.3 Effect of Body Height on Energy Consumption and Stability

The effects of variation of the trunk body height on energy consumption and stability
have been carried out in the present study. The robot locomotes on various terrains,
like up the hill during straight-forward motion (αG = 30°) and on banked surface
(βG = 30°) during crab and turning motion with wave gaits of different duty factors,
as mentioned earlier. The variations of energy consumption (i.e., Pav and Es) and
stability (i.e., NESM and DGSM) with trunk body height are shown in Fig. 4.20 and
3.21, respectively. The graphs in Fig. 4.20 show that for a particular duty factor, as
the height of trunk body increases, both the average power consumption and specific
energy consumption of the system increase (Luneckas et al. [21]; Roy and Pratihar
[32]. The reason is that as the height of the trunk body increases, the legs are raised
higher keeping other parameters (trunk body velocity, leg offset, stroke, maximum
height of swing leg, etc.) constant. This means the joints of the legs have to move
faster leading to increase in the velocity and acceleration of the joints. Hence, the
joints experience more torque, thereby, leading to more energy consumption by the
robot. Again, it is found that as the duty factor increases, the energy consumption
also increases for a particular height of the trunk body. This is due to the fact that
for a particular body height, with increase in duty factor, the time period of each
cycle decreases, leading to higher angular velocity and acceleration in the joints to
synchronize the robot’s motion. Also, it is seen that with the increase in duty factor,
the number of grounded legs increases, which means more frictional forces in the
leg tips are required to overcome the robot’s motion, though the force distribution in
the feet reduces.

Figure 4.21 shows the variations of minimum values of NESM and DGSM with
the change in the height of the trunk body during straight-forward, crab, and turning
motions with three different duty factors. It has been noticed that for a particular
duty factor, if the parameters like trunk body velocity, leg offset distance, and trunk
body stroke are kept constant, the minimum values of NESM and DGSM decrease
with the increase in trunk body’s height. This leads to instability in the system of the
robot due to the increase in COG of the system in the support plane formed by the
supporting legs. The study is found to conform with the work of Garcia et al. [12].
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Fig. 4.20 Dependence of average power consumption (Pav) and specific power consumption (Es)
on the height of the trunk body a Pav for straight-forward motion, b Es for straight-forward motion,
c Pav for crab motion, d Es for crab motion, e Pav for turning motion, f Es for turning motion.
Sloping angle (αG) of terrain = 30° (considered for straight-forward motion); Banking angle (βG)
of terrain = 30° (considered for crab and turning motion)
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Fig. 4.21 Variations of net energy stability margin (NESM) and dynamic gait stability measure
(DGSM) with height of the trunk body a NESM for straight-forward motion, bDGSM for straight-
forward motion, c NESM for crab motion, d DGSM for crab motion, e NESM for turning motion,
f DGSM for turning motion. Sloping angle (αG) of terrain = 30° (considered for straight-forward
motion); Banking angle (βG) of terrain = 30° (considered for crab and turning motion)
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4.2.2.4 Effect of Leg Offset on Energy Consumption and Stability

The effect of change in leg offset distance for energy consumption and stability has
been carried out for three different types of motion and duty factors (DF) = 1/2,
2/3, and 3/4. As shown in Fig. 4.22, the values of Pav and Es increase with the
increase in lateral/radial offset distance for a particular duty factor (Santos et al.
[33]; Lin and Song [20]. The reason behind is that, a finite number of reaction force
vectors that cross the hip/knee joint are reduced with increase in offset distance.
Further, to synchronize the motion of the robot, the magnitude of joint velocities and
accelerations is found to increase with the increase in leg offset (all other parameters
are kept constant).

Consequently, the joint torque values increase leading to more energy consump-
tion. It is also to be noted that (refer to Fig. 4.22) for a fixed offset distance, the
energy consumption increases with the increase in duty factor due to reduced value
of time period of each cycle (all other parameters like body stroke, body height, and
trunk body velocity are kept constant).

From the graphs plotted in Fig. 4.23, it is observed that the minimum values of
NESM and DGSM increase as the offset distance increases for a particular duty
factor. This is due to the increases in the projected foothold area of the support legs
on a plane with the increase in leg offset. This helps the COG of the system to move
around in a more wider space.

4.2.2.5 Effect of Variable Geometry of Trunk Body on Energy
Consumption and Stability

On the basis of geometrical configuration, six-legged robots are classified into two
categories, namely (a) rectangular with bilateral symmetry (Erden and Leblebicioglu
[8, 9]; Roy and Pratihar [31] and (b) hexagonal with radial symmetry (Wang et al.
[40]. Energy consumption, stability of such types of robots with typical gait and path
planning has been studied. In the present case, an attempt has been made to study
the effects of geometrical variations of the trunk body on energy consumption and
stability for straight-forward, crab, and turning motions. The geometry of the trunk
body is varied by shifting the locations of joint 1 of leg 3 and leg 4 to the points S3 and
S4, respectively, thereby changing the configuration of the robot from rectangular to
hexagonal. It is varied by ‘�x’ along X-direction of the local reference frame L0, as
shown in Fig. 4.24.

Computer simulations are run for three cycles in MATLAB with the necessary
inputs as mentioned previously. The mass of the trunk body is kept the same for all
values of shift (�x) to study their effects on power consumption and stability of the
system. It is observed from the graphs plotted in Fig. 4.25 that the average power
consumption and specific power consumption decreased due to the said shifting.
Study also showed that the maximum reduction in energy expenditure for the hexag-
onal body shape (i.e., at �x = 0.1 m) is about 12.5%, 7.1%, and 6.1% with respect
to rectangular body shape (i.e., at �x = 0.0 m) for straight-forward motion, crab,
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Fig. 4.22 Dependence of average power consumption (Pav) and specific power consumption (Es)
on leg offset a Pav for straight-forward motion, b Es for straight-forward motion, c Pav for crab
motion, d Es for crab motion, e Pav for turning motion, f Es for turning motion. Sloping angle
(αG) of terrain = 30° (considered for straight-forward motion); Banking angle (βG) of terrain =
30° (considered for crab and turning motion)
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Fig. 4.23 Variations of net energy stability margin (NESM) and dynamic gait stability measure
(DGSM)with leg offset aNESM for straight-forwardmotion,bDGSMfor straight-forwardmotion,
c NESM for crab motion, d DGSM for crab motion, e NESM for turning motion, f DGSM for
turning Motion. Sloping angle (αG) of terrain = 30° (considered for straight-forward motion);
Banking angle (βG) of terrain = 30° (considered for crab and turning motion)
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Fig. 4.24 Schematic top view of the six-legged robot showing shift of joint location S3 and S4 by
�x

and turning motion, respectively. The is due to the fact that as the shape of the body
changes from rectangular to hexagonal, distribution of support-foot forces improved,
thereby, leading to better torque distribution in the joints.Hence, the energy efficiency
also improved. In this regard, the study of Santos et al. [33] is noteworthy, although
the study is restricted to only a particular type of hexagonal configuration instead
of varying it as carried out in the present study. Again, with the increase in duty
factor (DF = ½–3/4), the power consumption is found to increase. This could be
attributed to the fact that as DF increases, the time period of each cycle decreases
for that particular �x leading to increase in angular velocity and acceleration of the
joints to synchronize the robot’smotion.Moreover, with increase in duty factor, more
number of legs comes to support phase at any instant of time, thereby, leading to
more frictional forces that are required to overcome for the movement of the robot.

However, the stability margin of the system is found to increase with the increase
in the value of �x. It is observed in Fig. 4.26 that the minimum values of NESM
and DGSM increase with the increase in �x. The reason is that as �x increases, the
support area of the polygon formed by the legs in support phase increases. Also, the
stability increases with the increase in duty factor, since more number of legs are in
the support phase with the increase in the duty factor. The study can be correlated
with the work carried out by Preumont et al. [30] and Takahashi et al. [38] which
showed that stability margin of statically stable six-legged robots with hexagonal
body shapes is better compared to rectangular robots.
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Fig. 4.25 Dependence of average power consumption (Pav) and specific power consumption (Es)
on variable geometry of trunk body a Pav for straight-forward motion, b Es for straight-forward
motion, c Pav for crab motion, d Es for crab motion, e Pav for turning motion, f Es for turning
motion. Sloping angle (αG) of terrain = 30° (considered for straight-forward motion); Banking
angle (βG) of terrain = 30° (considered for crab and turning motion)
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Fig. 4.26 Variations of net energy stability margin (NESM) and dynamic gait stability measure
(DGSM) with variable geometry of trunk body a NESM for straight-forward motion, b DGSM
for straight-forward motion, c NESM for crab motion, d DGSM for crab motion, e NESM for
turning motion, f DGSM for turning motion. Sloping angle (αG) of terrain = 30° (considered for
straight-forward motion); Banking angle (βG) of terrain = 30° (considered for crab and turning
motion)
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4.2.2.6 Effect of Crab Angle on Energy Consumption and Stability

In the present study of crab motion analysis, the effect of crab angle variation on
energy consumption and stability has also been studied, in addition to the other
variable parameters discussed in Sects. 4.2.2.1–4.2.2.5. The minimum crab angle is
determined from the geometrical constraints of the robot and is limited to 20°.

It is observed (refer to Fig. 4.27) that at a particular duty factor, if the parameters
like body stroke, body height, trunk body velocity, leg offset, etc., are kept constant,
the average power consumption and specific energy consumption increase with the
increase in crab angle from 20° to 90°. This is due to the fact that as the crab angle
increases, the trunk body velocity component along Y increases for the same X-
component of its velocity as per Eq. (3.66). Subsequently, the joint velocity and
acceleration increase to synchronize the gait sequence. This leads to the increase in
joint torque and energy consumption of the robot. Further, it is found that at lower
crab angles, the rate of increase in Pav and Es is less compared to that at higher crab
angles, as seen from Fig. 4.27.

Further, the energy consumption is found to increase with the increase in duty
factor. This is due to the fact that for a specific body stroke and velocity, if the
duty factor increases, the time period decreases. This leads to increase in velocity
and acceleration of the joints which in turn increases the energy consumption. The
study can be correlated with the investigation done by Sanz-Merodio et al. [36]. It
showed that the increase in crab angle increases the mechanical power consumption
of six-legged robots.

Like energy consumption analysis, stability (both statically and dynamically sta-
ble) of the system is also carried out to calculate the changes in NESM and DGSM
(refer to Fig. 4.28) with respect to crab angle. It is found that the robot is statically
and dynamically stable for the wave gaits and environment under consideration. Fur-
ther, it is seen that the stability (both NESM and DGSM) is seen to increase with

Fig. 4.27 Dependence of average power consumption (Pav) and specific power consumption (Es)
on crab angle a Pav b Es. Banking angle (βG) of terrain = 30°



132 4 Multi-body Inverse Dynamic Modeling and Analysis of Six-Legged …

Fig. 4.28 Variation of net energy stability margin (NESM) and dynamic gait stability measure
(DGSM) with crab angle a NESM b DGSM banking angle (βG) of terrain = 30°

crab angle for a particular duty factor. It could be explained that as the crab angle
increases, the projected foothold area distribution on either side of the motion axis
of the robot increases during support phase. Also, it is seen that stability increases
as duty factor increases, which is a known fact, since there are more number of legs
in support phase at any instant of time during the robot’s locomotion.

4.3 Summary

In this work, a generalized analytical coupled multi-body inverse dynamics model of
a realistic six-legged robot locomoting on various terrains is developed. The multi-
body dynamicmodeling consists of rigidmulti-body kinematic linkages, wherein the
coupling effects have been considered along with the compliant contact impact and
slip of the feet tip of support legs. The coupled dynamic model used in the present
investigation can effectively tackle the inertia effects of swing leg on the support
legs, which has not been addressed before. A large number of kinematic constraint
equations. (114 equations) in terms of 3D Cartesian coordinates have been effec-
tively reduced to 24 constraint equations in terms of generalized coordinates using
kinematic transformation algorithms for efficient computation. Feasible solutions are
obtained using quadratic optimization function for the contact dynamic model with
consideration of impact and frictionmodels. The quadratic optimization problem has
been formulated as minimization of the sum of the squares of joint torques subjected
to both equality and inequality constraints for efficient distribution of feet forces in
the support legs, joint torques, energy consumptions etc. The performance of the
developed model has been tested using computer simulations. It is observed that a
momentarily impulsive force is generated when the foot tip collides with the terrain
at the instant when the leg comes to support phase from swing phase. A sudden
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shoot in the normal reaction force is observed. The study of the analytical data and
the graphs also show the effects of impact on the joint torques of its own leg and
that of others due to coupling effects. Moreover, it is also observed that the middle
revolute joint of each leg experiences more torque compared to the other joints at
any instant of time. Other findings include the higher values of joint torques during
support phase compared to that during swing phases for all the legs which is obvious,
since the weight of the trunk body and payload are transferred to the ground through
these support legs.

Simulation results for the study of energy consumption (average power consump-
tion and specific energy consumption) and stability (net energy stability margin and
dynamic gait stability measure) for the straight-forward, crab, and turning motions
of the six-legged robot with three different duty factors, namely DF = 1/2, 2/3, and
3/4 on various terrain conditions have showed that a less power consumption and
an increase in stability of the robot can be achieved by an appropriate selection of
gait (i.e., duty factor) and its affecting parameters like walking velocity, body height,
body stroke, leg offset, varying trunk body geometry from rectangular to hexagonal,
and crab angle on various terrain conditions. Like, it is found that average power
consumption increased with the increase in either of the walking parameters as men-
tioned above. However, the average power consumption decreased with the increase
in transverse shift of the middle joints. On the other hand, stability (both NESM and
DGSM) decreased with increase in body velocity or body height, but increased with
increase in body stroke or leg offset or crab angle or transverse shift of the middle
joints. Based on the plots, one could choose a proper duty factor and gait parameters
to ensure the minimum energy consumption and positive gait stability.
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Chapter 5
Validation Using Virtual Prototyping
Tools and Experiments

In this chapter, a fewcase studies are carried out to validate the analytical results based
on developed formulation in the book with the simulated results in MSC.ADAMS®

(Automated Dynamic Analysis of Mechanical Systems), which is a commercially
available rigid multi-body dynamics numerical solver. The previously developed
models are not validated, and if done, it is totally experimental, which is time-
consuming and might not be cost effective. The chapter provides implementation of
the developed algorithms on a virtual model of a six-legged robot and improving its
performance using VP technology prior to developing its physical prototype. The
present model of the realistic six-legged robot has emphasized upon all such issues
for negotiating various terrains. Further, validation using experiments has also been
carried out to prove the robustness of the developed algorithm.

5.1 Modeling Using Virtual Prototyping Tools

Today, the development of a product, right from the conceptual design stage has
taken leapfrog worldwide due to tools like virtual reality (VR) and virtual prototyp-
ing (VP). These tools help designers and engineers to understand the full implications
of product’s technical requirements elaborated in the design and the associated anal-
ysis. Ullman [1] and Pratt [2] pointed out that up to 70% of the total life cycle costs
of a product are committed by decisions made in the early design stage. In VP, CAD
softwares are used to build the virtual prototypes, which are digital representation
of the geometry and attributes of the products. Further, to replace or supplement
physical testing of the prototypes, high-fidelity physics-based software tools, that is,
computer aided engineering (CAE) softwares are used to test or analyze the perfor-
mance of the product. This has proved to be much better way to design innovative
products. The designers get immense opportunities to optimize their design, ana-
lyze them to find design flaws, and make changes well before a real prototype is
made. The VP paradigm can be applied at all stages of a product development, from
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requirements definition to sustainment. Therefore, it can be inferred that, virtual pro-
totyping enables shorter product development cycles, reduced physical prototyping
costs, better decision-making, and better quality of the products. This has been pos-
sible with the advancement in faster computation facilities where large problems can
be handled and well validated with high confidence level. The use of virtual proto-
typing by industries is rapidly growing. This offers them the potential for keeping
its edge over other organizations that are relying on the traditional “design, build,
physical test, fix” paradigm. The present work has taken the advantage of such tools
to develop and analyze its performance prior to the development of the system.

5.2 Numerical Simulation and Validation Using VP Tools
and Experiments

The VP involves the following important steps: (1) development of the CAD model
of the hexapod using solid modeler CATIAV5, (2) defining the joints and contacts in
CATIA SimDesigner Workbench, (3) exporting as a MSC.ADAMS® compatible file
format, (4) pre-processing, execution, and post-processing of the results of analysis
in MSC.ADAMS® (refer to Mahapatra et al. [3]).

5.2.1 Validation of Kinematic Motion Parameters

The kinematic motion parameters obtained through computer simulations are
validated using VP tools.

5.2.1.1 Case Study 1: Crab Motion of the Robot to Avoid Obstacle
on a Flat Terrain

The case study shows the typical application of crab motion during the robot’s loco-
motion on aflat terrainwith duty factor of 2/3. The robotmoves in transverse direction
with a positive crab angle of 70° (refer to Fig. 5.1). Here, the X and Y-translational
velocity components of the trunk body are not independent unlike straight-forward
motion. Therefore, the translational velocity components of the trunk body with
respect to frame G are assumed to follow the relationship:

ṙGP0O = (
ẋGP0O , ẋGP0O · cot θc, 0

)T
(4.1)

where ϑc is the crab angle.
At time t = 0, the position and orientation of P0 with respect to frameG are given

by pG
0 = {0, 0.45, 0.15,−2, 2, 0}T. Assuming all the initial velocity components as
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Fig. 5.1 Snapshots of a realistic six-legged robot simulated in ADAMS to avoid an obstacle on the
way with crab motion capabilities using equal phase gait (DF = 2/3)

zero, the maximum translational and angular velocities reached by the trunk body are
assumed to be as follows: ẋGP0O = 0.02m/s, α̇0 = +0.01 rad/s, β̇0 = +0.02 rad/s.
In addition to the above, the other necessary inputs are ηG = (0, 0, 0)T , ϑi1 =
±(90◦ − ϑc), βi2 = ±16◦, βi3 = ±69◦ (for i = 1–6), maximum height of swing
along Z with respect to G = 0.015 m. Also, the maximum slip velocity is assumed
to be equal to 0.001 m/s with a slip angle of εs = 45°. The simulations are run for
three duty cycles, i.e., n = 3 with DF = 2/3 and s0 = 0.02 m, in MATLAB. Once
calculated in MATLAB, the relevant motion data of the trunk body and leg tip are
imported into MSC.ADAMS® as the inputs.

The simulations are run inMSC.ADAMS® solver for a total cycle timeof 6.5 swith
a time step of h= 0.02 s, as obtained using Eq. (2.92). Figure 5.1 displays some snap-
shots (interactive display frames) of the robot (simulated in MSC.ADAMS®), while
walking on a flat terrain with crab motion capabilities to avoid an obstacle (equal
phase gait strategy with DF = 2/3). The analytical solutions for various kinematic



140 5 Validation Using Virtual Prototyping …

parameters (both translational and angular displacements, velocities, accelerations,
etc.) as obtained by computing in MATLAB are validated with the simulated results
of MSC.ADAMS®. Both the results are in close proximity of one another, which
validates the mathematical model developed for crab motion. Figure 5.2 shows the
comparative graphs of angular parameters (displacement, velocities, and accelera-
tions) for various joints of leg 1. It is interesting to note that angular displacement
of joint 11 is not kept constant (as expected for a constant crab angle θ c) due to the
presence of angular motions in the trunk body along X and Y axes with respect to
frame L0 (refer to Fig. 5.2a). Moreover, the other joint angles are found to be within
the expected limits. The differences in the values of angular displacement of the legs
vary in the range of (−0.4°, 4°) approximately.

Fig. 5.2 Comparative graphs of the kinematic analysis of a realistic six-legged robot during crab
motion using equal phase gait (DF = 2/3). Joint 11 a Angular displacement, b Angular velocity,
cAngular acceleration. Joint 12,dAngular displacement, eAngular velocity, f Angular acceleration.
Joint 13 g Angular displacement, h Angular velocity, i Angular acceleration
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5.2.1.2 Case Study 2: TurningMotion of the Robot on a Banked Surface

In the present case study, an attempt has been made to maneuver the robot without
payload over a banking surface using its turning motion capabilities with DF = 1/2.
The rate of change of translational displacement (along X, Y, and Z) of the trunk
body with respect to frame G follows the relationship, as given in Eq. (2.54).

At time t = 0, the position and orientation of P0 with respect to frameG are given
by pG

0 = {1.3, 0.75, 0.15, 0, 0, 30}T. The initial velocity components are assumed
to be equal to zero. The maximum rate of change of angular displacement of the
trunk body along Z direction with respect to frame L0 is assumed to be equal to
θ̇0

∣∣
max = θ̇0

∣∣
t=t1

= +0.1 rad/s with α̇0 = 0, β̇0 = 0, in the present case. The
turning radius of the trunk body throughout the motion of the robot is considered as
ρ0 = 1.5m. The initial joint angles θ i1 of all the joints of the robot are calculated using
some geometrical relations described in Appendix A.4. Here, all the joint angles are
noted in the order of [θ i1, β i2, β i3] (for i = 1–6) as [5°, −16°, −69°] for leg 1,
[12°, 16°, 69°] for leg 2, [12°, −16°, −69°] for leg 3, [18.5°, 16°, 69°] for leg 4,
[22°, −16°, −69°] for leg 5, [27.5°, 16°, 69°] for leg 6. In addition to the above, the
other necessary inputs are ηG = [0,−15◦, 0]T, maximum height of swing along Z
with respect to frame Li3 = 0.005m(= Hm in + �h) for all duty cycles. Since the
terrain surface is flat, h′

in = 0 for all duty cycles. Also, the maximum slip velocity is
assumed to be equal to 0.001 m/s with a slip angle of εs = 45◦. The simulations are
run for three duty cycles, i.e., n = 3 with DF = 1/2 and sc0 = 0.120m in MATLAB.

The total time of motion of the robot for three duty cycles is calculated to be
equal to 5.75 s (first cycle—2.05 s, second cycle—1.65 s, and the third cycle—2.05 s,
respectively) by Eq. (2.92). The second cycle time is found to be less compared to the
first and third cycle timedue to the effects of acceleration anddecelerationon the trunk
body in the starting and ending of cycles, respectively. The variations of the angular
displacement rates of the trunk body during the robot’s motion along the banked
surface are computed using Eqs. (2.41) and (2.51) followed by the computation of
the translational displacement rates of the trunk body, based on the Eq. (2.54) (refer to
Fig. 5.3a, b). It could be observed fromFig. 5.3a, b that the translational displacement
rate along Z-axis and angular displacement rate along X and Y axes are zero. This
means that the trunk body is always kept at a constant height with respect to the
frame G in the present case study.

The position, velocity, and acceleration of the leg tip Pi3 (i = 1–6) are computed
with respect to frame G0 based on the motion and gait planning algorithms, as
discussed in Sects. 3.2.5 and 3.2.7. The trace of the position of Pi3 (i = 1–6) is
plotted in 3D Cartesian space, as shown in Fig. 5.4. The projections of the 3D
motion trajectories of all the legs on the XY plane show the curve paths followed
by the robot’s legs to execute turning motion. Here, the effect of slip is negligible,
since the slip velocity (in XY plane) is very less compared to the swing velocity of
the legs. Figure 5.5 shows the translational velocity of the tip of leg 1 in XY plane
of frame G during the support phase for a given gait sequence that illustrates the
slippage. The maximum slip distance obtained from calculations is approximately
equal to 0.001 m.
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Fig. 5.3 Trunk body motion on a banked surface for three duty cycles a rate of change of
translational displacement, b rate of change of angular displacement

Fig. 5.4 3D motion trajectory of tip Pi3 on a banked surface with respect to frame G0 for a legs 1
and 2, b legs 3 and 4, c legs 5 and 6
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Fig. 5.5 Translational velocities of tip point P13 (leg 1) with respect to frame G, showing slip
motion during support phase in XY plane

After the computations in MATLAB are over, the relevant motion data (veloc-
ity) of the trunk body and leg tip are imported into MSC.ADAMS®, as the inputs.
The simulations are subsequently run in MSC.ADAMS® solver for a total cycle of
5.75 s with a time step of h = 0.05 s. Some of the snapshots of the robot simulated
in MSC.ADAMS®, while traversing the banked surface using wave gait strategy
and turning motion capabilities are shown in Fig. 5.6. The robot follows the gait
sequences: leg 1–4–5 in swing phase and 2–3–6 in support phase during a half
cycle. During the next half cycle, leg 1–4–5 is in support phase and 2–3–6 is in
swing phase. The simulated results are in agreement with the computed data of the
proposed motion planning algorithm, which further can prove its efficacy. The cor-
responding simulation time is indicated for each snapshot. The results of kinematic
analysis of leg 1 obtained in MATLAB are compared with those of MSC.ADAMS®,
and a close match is obtained (refer to Fig. 5.7). The joint angles are lying within the
expected limits, which showed that at no time during the motion, the configuration of
the robot is staggered and there is no interference among the legs during the motion.
The differences in the values of angular displacement of the legs varied in the range
of (−3.8°, 9.1°) approximately. Also, the magnitude of angular velocities of joint 12
and 13 (refer to Fig. 5.7e, h) is less compared to that of joint 11 (refer to Fig. 5.7b).
Moreover, Fig. 5.7b shows that the angular velocity of joint 11 during swing phase
varies steadily at a faster rate compared to that during support phase. Maximum
angular velocity of the joint occurred during swing phase of the cycle, which is due
to the effect of trunk body motion on the swing motion of the robot’s leg. Further, the
position of aggregate COMof the system in 3DCartesian space obtained analytically
has been compared with the simulated results inMSC.ADAMS®. The analytical data
are in close agreement with those obtained with MSC.ADAMS® (refer to Fig. 5.8).
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Fig. 5.6 Snapshots of a realistic six-legged robot simulated inMSC.ADAMS® for maneuverability
over a banking surface with turning motion capabilities using wave gait (DF = 1/2)

5.2.1.3 Case Study 3: Turning Motion of the Robot in an Uneven
Terrain

Locomotion analysis of a six-legged robot over an uneven terrain is complex. An
attempt has been made in the present case study to explore the turning motion capa-
bilities of the robot with payload on such terrains with DF = 1/2. The surface irreg-
ularities of the terrain are assumed to be small with values ranging from 5 to 8 mm
with respect to local frame Li3 on the path of the leg swing. To make the motion of
robot realistic on such topography, both translational and angular displacement rates
of the trunk body are taken into consideration. The angular displacement rates of the
trunk body are governed by functions gx(t), gy(t), and gz(t) along their respective
axes, whereas the translational displacement rates (along X, Y, and Z) of the trunk
body are governed by Eq. (3.54), as discussed in Sect. 3.2.5.1.
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Fig. 5.7 Comparative graphs of the kinematic analysis of a realistic six-legged robot during turning
motion on a banked surface using wave gait (DF = 1/2) for leg 1. Joint 11 a Angular displacement,
b Angular velocity, c Angular acceleration. Joint 12 d Angular displacement, e Angular velocity,
f Angular acceleration. Joint 13 gAngular displacement, hAngular velocity, iAngular acceleration

In the present case, at time t = 0 s, the position and orientation of the point
P0 with respect to frame G are given by pG

0 = {1.73, 1.0, 0.15, 1,−2, 30}T. The
initial velocity components of the bodies in the system are assumed to be equal
to zero. The maximum and minimum rate of change of angular displacements of
the trunk body along the axes X and Y with respect to frame L0 are given by
α̇0|max,min = ±0.01 rad/s, β̇0

∣∣
max,min = ±0.01 rad/s, whereas the maximum rate

of change of angular displacement of the trunk body along Z is assumed to be equal
to θ̇0

∣∣
max = θ̇0

∣∣
t=r1

= +0.1 rad/s. Similarly, the maximum rate of change of transla-
tional displacements of the trunk body along the respective axes with respect to frame
G are given by ẋGP0O

∣∣
max

= − ρ0θ̇0
∣∣
max sin θ0

∣∣
t=t1

, ẏσ
P0O

∣∣
max

= − ρ0θ̇0
∣∣
max cos θ0

∣∣
t=t1

and żGP0O
∣
∣
max

= 0.005m/s (refer to Fig. 5.9). The turning radius (ρ0) of the point
P0 on the trunk body is assumed to be equal to 2.0 m. Also, the joint angle θ i1 (i
= 1–6) for the robot’s initial configuration is calculated using geometrical relations
given in Appendix A.4. If the joint angles of leg i are in the order of [θ i1, β i2, β i3]
(for i = 1–6), then the corresponding joint angles are [11.5°, −16°, −69°] for leg 1,
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Fig. 5.8 Comparison of the analytical results of the aggregate COM of the system with respect to
frame G0 during turning motion on a banked surface. with that of MSC.ADAMS®

Fig. 5.9 Trunk body motion on an uneven terrain for three duty cycles a rate of change of
translational displacement, b rate of change of angular displacement

[18°, 16°, 69°] for leg 2, [16.5°, −16°, −69°] for leg 3, [22.5°, 16°, 69°] for leg 4,
[24°, −16°, −69°] for leg 5, [29.5°, 16°, 69°] for leg 6. The other relevant inputs
are related to the topography of the terrain, namely (i) Hmin and (ii) h′

in with respect
to frame Li3 (refer to Fig. 3.4). For three duty cycles (n = 3), the values of Hmin

are in the order of [Hmi1, Hmi2, Hmi3] for i = 1–6, such that, [0.005, 0.005, 0.005]
corresponds to leg 1, [0.006, 0.008, 0.003] corresponds to leg 2, [0.004, 0.005, 0.002]
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corresponds to leg 3, [0.006, 0.006, 0.004] corresponds to leg 4, [0.006, 0.008, 0.003]
corresponds to leg 5, and [0.005, 0.005, 0.005] corresponds to leg 6 (all values are
in m). Similarly, the values of h′

in are in the order of
[
h′
i1, h

′
i2, h

′
i3

]
for i = 1–6, such

that, [0.003, 0.005, −0.003] corresponds to leg 1, [0.004, 0.006, 0.0] corresponds to
leg 2, [0.0042, 0.004, −0.002] corresponds to leg 3, [0.002, 0.002, −0.003] corre-
sponds to leg 4, [0.0064, 0.006, 0.0] corresponds to leg 5, and [0.003, 0.005, 0.003]
corresponds to leg 6 (all values are in m). The value of �h is kept equal to 0.002 m.
In addition to the above, the other necessary inputs are ηG = [0, 0, 0]T. Since, there
is slippage of the legs during support phase, the maximum slip velocity is assumed
to be equal to 0.005 m/s with a slip angle of εs = 45◦ for all the legs. The simulations
are run for three duty cycles with DF = 1/2 and sc0 = 0.150m in MATLAB.

The total simulation time computed in MATLAB to execute the motion of the
robot for three duty cycles is 5.45 s (first cycle—2.0 s, second cycle—1.45 s, third
cycle—2.0 s), as calculated using Eq. (2.92). It is to be noted that the robot completes
the second cycle faster than the other two. This is due to the effects of acceleration
and deceleration time of the robot during the first and third cycles, respectively. In
the present case study, the vertical height of the trunk body is not kept constant and
it varied with time due to the rate of change of translational displacement along Z
and that of angular displacement in YZ and XZ planes (refer to Fig. 5.9).

The kinematic motion parameters (like position, velocity, and acceleration) of
the tip point Pi3 (i = 1–6) are calculated with respect to frame G0 based on the
motion and gait algorithm (refer to Sects. 3.2.5 and 3.2.7). The data points of the
path followed by the robot’s leg tip during turning motion are plotted in 3D Cartesian
space, as shown in Fig. 5.10. Also, the projected data points on the XY plane showed
the curved path followed by the robot during turning. The effect of slip velocity
on the path of trajectory of the robot’s leg is small, though there is a slippage of
approximately 0.005 m in the XY plane during the support phase of the legs.

To validate the computed results in MATLAB, the velocity data of the trunk
body and the leg tip Pi3 are imported into MSC.ADAMS® as relevant inputs and
preprocessed. The simulations are run in MSC.ADAMS® solver for the total cycle
time of 5.45 s with a time step of h= 0.05 s, as computed inMATLAB. Visualization
of the simulated data (refer to Fig. 5.11) of the robotmaneuvering on an uneven terrain
shows that the motion of the robot is stable and according to the desired sequence
of 1–4–5 and 2–3–6 walking gait. This also proves the efficacy of the proposed
motion planning algorithms. The corresponding simulation time is indicated for
each snapshot. Moreover, the comparative study of the kinematic motion parameters
of leg 6 shows that the results are in close agreement (refer to Fig. 5.12). The joint
angles are within the expected limit, which also proves that the robot’s configuration
is not staggered and collision between the legs can be avoided during the robot’s
motion. The deviation of the angular displacement of leg 6 is in the approximate
range of (5.9°, −12.2°). Another observation can be made from the plotted graphs
of the angular velocities of joints 61, 62, and 63 (refer to Fig. 5.12b, e, h) like the
magnitude of angular velocity of joints 62 and 63 is less compared to that of joint 61.
A close look on Fig. 5.12b shows that during the swing phase, the angular velocity
of joint 61 varies steadily at a faster rate compared to angular velocity of that joint
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Fig. 5.10 3D motion trajectory of leg tip Pi3 on an uneven terrain with respect to frame G0 a legs
1 and 2, b legs 3 and 4, c legs 5 and 6

during support phase. Moreover, the maximum angular velocity of the joint occurs
during the swing phase of a cycle. This is due to the effect of trunk body motion on
the swing motion of the robot’s leg. So, the joint i1 (i = 1–6) is the most predominate
joint, since it controlled the motion sequence of the legs of the robot.

Further, comparative analysis of the displacement of the aggregate COM of the
robot with payload is carried out. The results are plotted in Fig. 5.13 to show that the
analytical results are in close agreement with the MSC.ADAMS® results. Moreover,
the COM varied in 3D Cartesian along X, Y, and Z with respect to frame G0, which
gives a realistic picture of the robot’s motion in various terrains. The results further
prove the efficacy of the method of analysis introduced in this contribution for the
kinematics of the system.
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Fig. 5.11 Snapshots of a realistic six-legged robot simulated in MSC.ADAMS® for maneu-
verability over an uneven terrain with turning motion capabilities using wave gait (DF =
1/2)

5.2.2 Validation of Dynamic Motion Parameters

Thedynamicmotionparameters obtained throughcomputer simulations are validated
using VP tools and experiments.

5.2.2.1 Case Study 1: Staircase Climbing of the Robot
with Straight-Forward Motion

In the present case study, maneuverability of the realistic six-legged robot climbing
up a staircase (breadth, bs = 0.25 m; height, hs = 0.05 m) has been analyzed with
DF = 1/2. The kinematic analysis of the system has been performed with predefined
parameter inputs using MATLAB solver and thereafter, multi-body dynamic anal-
ysis of the system is carried out with the motion inputs obtained from the study of
kinematics.
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Fig. 5.12 Comparative graphs of the kinematic analysis of a realistic six-legged robot during turning
motion on an uneven terrain using wave gait (DF = 1/2) for leg 6. Joint 11 a Angular displacement,
b Angular velocity, c Angular acceleration. Joint 12 d Angular displacement, e Angular velocity,
f Angular acceleration. Joint 13 gAngular displacement, hAngular velocity, iAngular acceleration

The frames G0 and G are assumed to be parallel and coincident at origin O,
that is, ηG = (0, 0, 0)T. The robot’s trunk body remains parallel to the slope of
staircase at any instant of time. Therefore, initial position and orientation of P0 with
respect to frame G are given by pG

0 = {0, 0.412, 0.235, tan−1(hs/bs), 0, 0}T. The
corresponding initial joint angles are calculated from the CAD model and taken
in the order of [θi1, βi2, βi3](for i = 1−6), so that these angles become equal to
[5°, −16°, −69°] for leg 1, [12°,16°, 69°] for leg 2, [12°, −16°, −69°] for leg 3,
[18.5°, 16°, 69°] for leg 4, [22°, −16°, −69°] for leg 5, [27.5°, 16°, 69°] for leg
6. The initial velocity of the trunk body moving parallel to the slope is assumed to
be vyz = 0.1m/s. The maximum swing height of each leg along Z with respect to
local frame of reference (Li3) attached to leg tip at Pi3 (start point of swing) became
equal to Hm in + �h = 0.072m, where Hmin is the maximum height of the terrain
on the path of swing leg i in the nth duty cycle, �h is the additional clearance
between terrain and swing height Hmin (refer to [3]). The value of landing height
with respect to frame Li3, at the instant the leg comes to support is assumed to be
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Fig. 5.13 Comparison of the analytical results of the aggregate COM of the system with respect
to frame G0 during turning motion on an uneven terrain with that of MSC.ADAMS®

equal to h′
in = hs = 0.05m. The maximum slip velocity (vf ) is assumed to be equal

to 0.001 m/s with a slip angle of εs = 45◦. The simulation operation is carried out in
MATLAB for three duty cycles (n = 3) with time step (h) of 0.05 s and trunk body’s
stroke length (s0) of 0.125 m.

The elapsed time for three duty cycles is computed as 8.6 s with the time period
of first, second, and third cycles as 3.0 s, 2.6 s, and 3.0 s, respectively. The computed
kinematic motion parameters (displacement, velocity, acceleration, etc.), based on
the motion and gait planning algorithms are provided as necessary inputs to the
inverse dynamics model. Besides those parameters, the physical and contact param-
eters defined in Tables 3.1 and 4.2, respectively, are also given as inputs. Additionally,
the actuator torque is limited to ±6 Nm for computation of optimal feet forces, joint
torques, etc. The optimization algorithm chosen is interior-point-convex quadprog
that satisfies the boundary conditions at each iteration corresponding to the objective
function.

Subsequently, to validate the analytical model using VP tools, the 3D CADmodel
is preprocessed in CATIA SimDesigner and imported into MSC.ADAMS®, so that
relevant inputs like joint angular velocities (results obtained analytically), contact
parameters of the interacting surface, etc., could be defined for the CAD model
before execution. In the present case, MSC.ADAMS® solver uses a default gear stiff
(GSTIFF) integrator (backward differentiation formulation) algorithm to solve the
DAEs of the dynamic problem [4]. Here, the time interval of 0.05 s has been kept the
same as that obtained analytically for developing the simulation of the system. The
computed results like the optimal force distribution in the legs, joint torques, power



152 5 Validation Using Virtual Prototyping …

consumptions obtained by using (a) analytical method and (b) MSC.ADAMS® are
analysed over three gait cycles keeping the total cycle time same. The results are in
close agreement, which proves the efficacy of the developed algorithm.

Figure 5.14 shows the optimal distribution of feet forces
(
FG0
i z

)
in all the legs

of the six-legged robot plotted against time interval of h = 0.05 s. For the wave

Fig. 5.14 Normal contact force distribution on the leg tips of the six-legged robot with respect
to frame G0 while ascending a staircase with tripod gait. a Leg 1, b leg 2, c leg 3, d leg 4, e leg 5,
f leg 6
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gait strategy with DF = 1/2, the support and swing phase times are kept equal for
all the legs. It followed a wave sequence like (1) legs 1–4–5 in support phase and
legs 2–3–6 in swing phase; (2) legs 2–3–6 in support phase and legs 1–4–5 in swing

phase. The graphs reveal that the pattern of the normal reaction foot force
(
FG0
i z

)

experienced by the legs 1–2, 3–4, and 5–6 are similar except that the pattern is out
of phase by 180°. This can be attributed to the fact that wave gaits are regular and
symmetric, with the right and left legs of each column having a phase difference of
a half cycle. Also, it is seen that when a leg is in swing motion, the forces in that leg
is zero and denoted by straight line. When the robot climbs upstairs, the entire COG
of the system moves forward. This could be well explained by the graph, since the
normal feet forces on the front legs in support phase increase, while that on the rear
legs decrease with time till the start of next swing phase. Moreover, the variations
of normal force distributions in the middle legs (refer to Fig. 5.14c, d) are found to
be less and the values are approximately constant. This is attributed to the fact that
the foothold positions of the legs during support phase are close to the COG of the
system.

It is also interesting to note that summation of all the normal reaction feet forces at
any instant of timewith respect toG0 balanced theweight of the six-legged robotwith
payload (i.e., 65.7 N) except during impact, which is assumed to last for the fraction
of a second (refer to Fig. 5.15c). A momentary impulsive force is generated, when
the leg tip collides with the terrain at the start of support phase. There is a sudden
shoot in the normal reaction foot force FG0

i z , as can be well observed from Fig. 5.15c.
It is also important to mention that the horizontal components of forces (FG0

i x and
FG0
iy ) did exist, although their magnitude is not significant enough (Fig. 5.15a, b).

Similarly, it is observed that the summation of the moment of forces acting at the

Fig. 5.15 Summation of forces and moments distribution with respect to frame G0 a
∑

Fix ,
b

∑
Fiy , c

∑
Fiz , d

∑
Tix , e

∑
Tiy , f

∑
Tiz , where i = 1–6
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foot-tips of support legs (refer to Fig. 5.15d, e) are insignificant and kept within the
average range of +0.075 to −0.01 Nm (MATLAB) excluding the sudden shoots due
to impact.

Figure 5.16 shows the torque distributions in all the joints of the legs. It is observed
that the torque values during support phases are significantly higher compared to that

Fig. 5.16 Torque distribution in various joints of the six-legged robot while ascending a staircase
with tripod gait. a Leg 1, b leg 2, c leg 3, d leg 4, e leg 5, f leg 6
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Fig. 5.17 Snapshots of a realistic six-legged robot simulated in MSC.ADAMS® while climbing a
staircase with tripod gait

during swing phase for each leg. Also, the torque experienced by joint i2 of each
leg is higher compared to that experienced by the other two joints at any instant of
time. Moreover, torque variations in the middle legs are less compared to that of the
front and rear legs (refer to Fig. 5.16c, d), since the location of the joints of these
legs are close to the COG of the system. It is also interesting to note that the impact
force (sudden high shoot out as shown in Fig. 5.14) experienced by any leg, when it
touches the ground has significant effect on the joint torques (sudden high shoot out
as shown in Fig. 5.16) of its own leg as well as considerable effect (small spikes as
shown in Fig. 5.16) on the joints of other legs.

Figure 5.17 shows the snapshots of the simulations carried out inMSC.ADAMS®

of a realistic six-legged robot ascending a staircase. From the motion of the robot,
it is evident that the system is stable and followed a desired tripod gait sequence of
1–4–5 and 2–3–6.

5.2.2.2 Case Study 2: Experimentation with a Hex Crawler HDATS
Robot Maneuvering on a Concrete Floor
with Straight-Forward Motion

An attempt has been made to correlate the experimental results of a real six-legged
robot with the simulated results of a realistic one without any payload for DF = 1/2.
To stay as closely as possible to the reality, simulation environment has been kept the
same, as it would be executed on real robot. The experimental results are compared
with that of analytical results of the proposed model executed in MATLAB as well
as that obtained by solving in MSC.ADAMS® subjected to the same initial inputs
for all the three modes of measurement.

Experiment has been carried out with a commercial Hex Crawler HDATS Robot
moving on a flat concrete floor with straight-forward motion to obtain feet forces’
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Fig. 5.18 Experimental
set-up of a Hex Crawler
HDATS robot showing the
data acquisition system

distributions data. It is conducted using a complete program installed on the robot
that could give command to the robot to perform straight-forward motion with DF=
1/2, trunk body stroke length (s0) of 0.085 m, and trunk body velocity of 0.075 m/s.
The experiment is said to be completed after three duty cycles (n = 3). To measure
the feet forces, the head ends of the piezoresistive flexiforce sensors (six in numbers)
are attached to the footpad of each leg (refer to Fig. 5.18), while the conductive leads
at the tail end are attached to a flexiforce adapter circuit (filter cum amplifier circuit)
for obtaining steady noise-free force data. Each of the adapters is connected to an
Arduino UNO board (refer to Fig. 5.18), which is further connected to a remote
computer through com-port for real-time data acquisition. The data is filtered in
MATLAB for further processing. It is to be noted that the calibration of each of the
sensor is a must and is carried out using standard force measuring gauge. Further,
using three degree polynomial curve fit, a relationship is obtained between the sensor
reading and actual reading.

Simulation is carried out for the developed inverse dynamic model in MATLAB
for three duty cycles with the total time of analysis computed as 8.16 s (first cycle—
2.88 s, second cycle—2.4 s, third cycle—2.88 s) and time step of 0.08 s. Similarly,
computation is performed in MSC.ADAMS® solver using the CAD model keeping
all the conditions similar. The experimental data for the distribution of normal feet
forces are compared with the analytical and simulated data for over three duty cycles
with respect toG0, as shown in Fig. 5.19. Looking at the plotted graphs of the normal
feet forces distribution in the different legs obtained by variousmethods (experiment,
analytical, and MSC.ADAMS®), it could be inferred that the distribution trends
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Fig. 5.19 Comparative study of the normal contact force distribution on the leg tips of the six-
legged robot with respect to frame G0 moving on a concrete floor with straight-forward motion and
tripod gait. a Leg 1, b leg 2, c leg 3, d leg 4, e leg 5, f leg 6

are similar and in close agreement. It is also noticeable that though the developed
mathematical model and the MSC.ADAMS® model of the realistic six-legged robot
could generate an impact force instantaneously at the beginning of contact of feet tip
with the ground during support phase, no such impact force has been observed during
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Fig. 5.20 Comparative
study of the summation of
the normal contact force
distribution, Fiz (i = 1–6)
with respect to frame G0

the experiment. The reason for such a behavior might be due to the fact that flexiforce
sensors are not sensitive enough to sense the impact, which is instantaneous.

A comparative study of the summation of normal contact forces which should be
equivalent to weight of the six-legged robot is illustrated in Fig. 5.20. At any instant,
the experimental values are less compared to the computed ones. Moreover, it is also
observed that for the three cycles, the sum of forces obtained experimentally varied
in the range 20.0–23.5 N (approx.), while computationally the range is found to be
from 24 to 25 N (approx.). Such variations in the experimental data are clearly due
to the different portion of the area of leg tip of the Hex Crawler coming in contact
with the ground during support phase, the most effective being at the time when the
value of θ i1 is close to zero. This means that at every instant, the flexiforce sensor
must be adjusted so that it comes into adequate ground contact, which is somewhat
difficult with such type of sensor configuration. Such sensors should be customized
to adapt the geometrical shape of the pad in contact with the ground, which is beyond
the scope of the present book. But, overall the validation proves the efficacy of the
proposed model with respect to trend followed by the normal force distribution.

Snapshots of the experimental (refer to Fig. 5.21) and simulated (refer to Fig. 5.22)
data in MSC.ADAMS® show that the motion of the robot is stable and in accordance
with the desired tripod gait sequence of 1–4–5 and 2–3–6.

5.2.2.3 Case Study 3: Experimentation with a Hex Crawler HDATS
Robot Maneuvering on a Concrete Floor with Crab Motion
Motion (DF = 1/2)

Like the previous case study (refer to Sect. 5.2.2.2), experimentation is also carried
out with the available infrastructure on the Hex Crawler HDATS robot executing
crab motion (DF = 1/2) on a flat concrete floor. Simulations have also been carried
out inMSC.ADAMS® on a realistic six-legged robot that replicates the Hex Crawler,
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Fig. 5.21 Snapshots of a Hex Crawler HDATS robot moving on a concrete floor with tripod wave
gait and straight-forward motion

Fig. 5.22 Snapshots of a realistic six-legged robot simulated in MSC.ADAMS® moving on a
concrete floor with tripod gait and straight-forward motion

keeping the environment same as that of the real experiment. Further, the developed
analytical model is executed in MATLAB using the same boundary conditions as
that of the realistic six-legged robot simulated in MSC.ADAMS®.

Experiment with the Hex Crawler has been conducted using reprogrammable
code installed on the robot, such that it could perform crab motion with DF = 1/2,
body stroke (s0) of 0.025 m, and trunk body velocity of 0.010 m/s along X-direction
maintaining a crab angle (θ c) of 60° with respect to the longitudinal axis (Y-axis).
The experiment is considered to be completed after three duty cycles (n = 3). Like
the previous case study, data acquisition system arrangement is kept identical to
measure the distributive feet forces (refer to Fig. 5.18). Calibration of the flexiforce
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sensors is done using standard gauge as discussed in the earlier section. The data are
filtered in MATLAB for further processing. The same procedure has been followed
as mentioned in Sect. 5.2.2.2.

Simulation is run in MATLAB using the developed inverse dynamic model for
three duty cycles with the total time of executing the motion as 16.0 s (first cycle—
5.5 s, second cycle—5.0 s, third cycle—5. 5 s) and time step of 0.05 s. Likewise, the
CAD model with similar boundary conditions as that applied to the dynamic model
is simulated using MSC.ADAMS® solver. The analytical data of the distribution of
normal feet forces for three duty cycles are compared with the simulated data of
MSC.ADAMS® and experimental data with respect to G0 as shown in Fig. 5.23.
A close look at the plots shows that the distribution of normal feet forces in the
different legs obtained from experiments, simulation in MATLAB and simulation
in MSC.ADAMS® follow a similar trend and are in close agreement. Further, the
graphical plots in case of the analytical and MSC.ADAMS® models of the realistic
six-legged robot shows sudden shoot outs (instantaneous force), which are due to
collision of the leg tip with the ground. In case of experiment with Hex Crawler, no
such shoot outs are observed in the plots though there is collision of the leg tip with
the ground. This can be well explained with the fact that the flexiforce sensors are
not sensitive enough to calculate the instantaneous impact.

The summation of all the normal reaction forces (excluding impact force during
landing) equals to the total weight of the system at any instant during walking.
Figure 5.24 gives an illustration of the summation of forces calculated analytically,
using MSC.ADAMS® and experimentally. It is observed that the summation of the
forces obtained fromexperiments is less compared to the computed ones inMATLAB
and MSC.ADAMS®. Moreover, it has also been observed that for the three cycles,
the sum of forces obtained experimentally varied in the range 21.2–22.9 N (approx.),
analytical results varied in the range 23.9–24.2 N (approx.) excluding impact force
and MSC.ADAMS® results varied in the range 24.15–24.4 N (approx.) excluding
impact force. Such variation of the experiment results in comparison with computed
results might be well explained from the fact the force sensor attached to the leg
pad is not having proper contact with the ground during the motion of the Hex
Crawler. To minimize the error, such type of force sensors should be customized to
adapt to the configuration of the portion of the pad in contact with the ground, but
it is beyond the scope of the present book. Keeping aside, the validation proves the
efficacy of the proposed model with respect to the distribution pattern of the normal
force distribution.

Snapshots of the experimental (refer to Fig. 5.25) and simulated (refer to Fig. 5.26)
data inMSC.ADAMS® display that themotionof the robot is stable and in accordance
with the desired tripod gait sequence of 1–4–5 and 2–3–6.
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Fig. 5.23 Comparative study of the normal contact force distribution on the leg tips of the six-
legged robot with respect to frame G0 moving on a concrete floor with crab motion and tripod gait.
a Leg 1, b leg 2, c leg 3, d leg 4, e leg 5, f leg 6

5.3 Summary

Both kinematic as well as dynamic analysis have been carried out analytically and
their performances have been tested using available VP tools. A realistic CADmodel
has been developed, preprocessed with similar boundary constraints as the analytical
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Fig. 5.24 Comparative study of the summation of the normal contact force distribution, Fiz (i =
1–6) with respect to frame G0 during crab motion

Fig. 5.25 Snapshots of a Hex Crawler HDATS robot moving on a concrete floor with tripod wave
gait and crab motion

model, solved in a numerical solver (MSC.ADAMS) and further post-processed for
visualization of the computed data. Computation of data of the kinematic motion
parameters, distribution of the feet forces, joint torques in the legs under different
boundary conditions for the analytical model are found to be in close agreement with
the MSC.ADAMS data. The experiments carried out with the available infrastruc-
ture on a real robot of similar geometrical parameters and under suitable boundary
conditions have also confirmed the effectiveness of the developed algorithm. Such
validation paves the way for further design iterations with the developed algorithm,
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Fig. 5.26 Snapshots of a realistic six-legged robot simulated in MSC.ADAMS® moving on a
concrete floor with tripod gait and crab motion

to improve the performance of the robot, thereby, aiming to find energy efficient
model for six-legged robots under different surface conditions and gait strategies
prior to the development of the first physical prototype.

Computer simulations results and subsequent validations using VP tools and
experiments prove that the developed model is reliable and will be useful in the
design and development of suitable control algorithms of six-legged robots. It is to
be further noted that energy consumption and stability are two very important perfor-
mance indices, which play key roles in the design and development of autonomous
multi-legged robots. The parametric studies related to the effects of gait parame-
ters on energy consumption and stability margins (both static and dynamic) will be
useful in the selection of suitable gait parameters for a specific type of motion. The
work carried out in the present work related to modeling, simulation, and subsequent
validation of the complex kinematics and dynamics of a realistic six-legged robot
maneuvering in various terrains, may be considered as one of the significant steps
toward making such robots autonomous. However, for such autonomous robots, it
is necessary to know input-output relationships of the governing parameters prior to
execution of any specific task.

Further, for actual implementation of the developed algorithms in real robots, it
is necessary to address the issues like online processing of the terrain information
using sensors and/or cameras, design and development of suitable control scheme
along with adaptive controller (must be able to provide controller gain values) and
others. Hence, the developed model can serve as a tool for researchers, who would
like to predict the performance of the legged robotic system during its locomotion on
various terrains moving with straight-forward, crab and turning motion capabilities
and adopting different gait strategies.
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Appendix A.1 Matrix Projectors

PT
r (x, y) =

[
1 0 0
0 1 0

]
(A.1)

PT
r (x, z) =

[
1 0 0
0 0 1

]
(A.2)

Pr (y) = [
0 1 0

]T
(A.3)

Pr (z) = [
0 0 1

]T
(A.4)

Appendix A.2 Loop Equations w.r.t Frame G

Each of the joints of the system has been described by geometric relations between
frame G and/or relative (local) coordinates and body-fixed vectors and orientations.
The geometric relations are included in the system model equations by means of
suitably chosen projections and representations of vector loop equations and/or ori-
entation loop equations. The appendix describes the derivation of the loop equations
represented with respect to frame G located at origin O (refer to Fig. A.1a). L0 is
the body-fixed reference frame located at point P0 on the trunk body. L′

i and L′′
i are

the local frames of the successive joint states respectively located at Si as shown in
Fig. A.1b. Similarly, the local frames L′

i j and L′′
i j are located at Pij where j = 1 to 2

(refer Fig. A.1b). Li3 and L′
i3 are the tip-point reference frames located at Pi3 (refer

to Fig. 3.3b). Also, rGP0O , r
G
Si O

, and rGPi j O (j = 1 to 3) are the displacement vectors
from point O to P0, Si, and Pij, respectively, represented in global reference frame

© Springer Nature Singapore Pte Ltd. 2020
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Cognitive Intelligence and Robotics, https://doi.org/10.1007/978-981-15-2953-5

165

https://doi.org/10.1007/978-981-15-2953-5_3
https://doi.org/10.1007/978-981-15-2953-5


166 Appendix

Fig. A.1 Reference frames and vector loops of the robotic system: a isometric view, b view ‘M’

G. Here, φ is twisted angle of the coxa (in the present study φ = 0). Loop equations
(both vector loop and orientation loop) of the system are derived as given below:

1. Loop OP0SiO

Joint ‘Ji1’ (refer to Fig. 3.1a) is considered to be a revolute joint, with rotation about
z-axis by ‘θ i1’. The constraint equations are,

(a) Vector Loop Equation w.r.t. G

With respect to frame (G), the vector loop equation can be written as,

rGP0O + rGSi P0 − rGSi O = 03 (A.5)

or

rGP0O + AGL0rGSi P0 − rGSi O = 03 (A.6)

(b) Orientation Loop Equation w.r.t. G

AGL0 .AL0G = I3 (A.7)

or

AGL ′′
i︸ ︷︷ ︸

f ree
rotation

. AL ′′
i L

′
i︸ ︷︷ ︸

f ree relative
rotation

. AL ′
i L0︸ ︷︷ ︸

f i xed
rotation

. AL0G︸ ︷︷ ︸
f ree
rotation

= I3 (A.8)

or

AGL ′′
i = AGL0 .AL0L ′

i .AL ′
i L

′′
i (A.9)

https://doi.org/10.1007/978-981-15-2953-5_3
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NB:
Transformation of frame from G to L0,

AL0G =
⎡
⎣ c2c3 c1s3 + s1s2c3 s1s3 − c1s2c3

−c2s3 c1c3 − s1s2s3 s1c3 + c1s2s3
s2 −s1c2 c1c2

⎤
⎦

where c1 = cosα0, s1 = sin α0, c2 = cosβ0, s2 = sin β0, c3 = cos θ0, s3 =
sin θ0.
Using orthogonal property of the matrix we have,

AGL0 = (AL0G)−1 = (AL0G)T

Transformation of frame from L′
i to L′′

i ,

AL ′′
i L

′
i︸ ︷︷ ︸

L ′
i→L ′′

i

=
⎡
⎣ ci1 si1 0

−si1 ci1 0
0 0 1

⎤
⎦(CCW about z-axis)

where ci1 = cos θi1, si1 = sin θi1
Using orthogonal property of the matrix we have,

AL ′
i L

′′
i = (AL ′′

i L
′
i )−1 = (AL ′′

i L
′
i )T

2. Loop OSiPi1O

Joint ‘Ji2’ (refer to Fig. 3.1a) is considered to be a revolute joint with rotation about
y-axis by ′β ′

i2. Therefore,

(a) Vector Loop Equation w.r.t. G

With respect to frame (G), the vector loop equation can be written as,

rGSi O + rGPi1Si − rGPi1O = 03 (A.10)

or

rGSi O + AGL ′′
i r

L ′′
i

Pi1Si
− rGPi1O = 03 (A.11)

(b) Orientation Loop Equation w.r.t. G

AGL ′′
i .AL ′′

i G = I3 (A.12)

https://doi.org/10.1007/978-981-15-2953-5_3
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or

AGL ′′
i1︸ ︷︷ ︸

f ree
rotation

.AL ′′
i1L

′
i1︸ ︷︷ ︸

f ree
rel.vel.

.AL ′
i1L

′′
i︸ ︷︷ ︸

f i xed
rotation

. AL ′′
i G︸ ︷︷ ︸

f ree
rotation

= I3 (A.13)

or

AGL ′′
i1 = AGL ′′

i .AL ′′
i L

′
i1 .AL ′

i1L
′′
i1 (A.14)

NB:
Transformation of frame from L0 to L ′

i ,

AL ′
i L0︸ ︷︷ ︸

L0→L ′
i

=
⎡
⎣ cγ −sγ 0
sγ cγ 0
0 0 1

⎤
⎦(CW about z-axis)

where cγ = cos γ, sγ = sin γ , γ being the angle between frames L ′
i and L0.

Using orthogonal property of the matrix we have,

AL0L ′
i = (AL ′

i L0)−1 = (AL ′
i L0)T

Transformation of frame from Local (L′
i1) to Local (L ′′

i1),

AL ′′
i1L

′
i1︸ ︷︷ ︸

L ′
i1→L ′′

i1

=
⎡
⎣ ci2 0 −si2

0 1 0
si2 0 ci2

⎤
⎦(CCW about y-axis)

where ci2 = cosβi2, si2 = sin βi2.
Using orthogonal property of the matrix we have,

AL ′
i1L

′′
i1 = (AL ′′

i1L
′
i1)−1 = (AL ′′

i1L
′
i1)T

3. Loop OPi1Pi2O

Joint ‘Ji3’ (refer to Fig. 3.1a) is considered to be a revolute joint, with rotation about
y-axis as ′β ′

i3

(a) Vector Loop Equation w.r.t. G

With respect to frame (G), the vector loop equation can be written as,

rGPi1O + rGPi2Pi1 − rGPi2O = 03 (A.15)

https://doi.org/10.1007/978-981-15-2953-5_3
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or

rGPi1O + AGL ′′
i1r

L ′′
i1

Pi2Pi1
− rGPi2O = 03 (A.16)

(b) Orientation Loop Equation w.r.t. G

AGL ′′
i1 .AL ′′

i1G = I3 (A.17)

or

AGL ′′
i2︸ ︷︷ ︸

f ree
rotation

. AL ′′
i2L

′
i2︸ ︷︷ ︸

f ree relative
rotation

.AL ′
i2L

′′
i1︸ ︷︷ ︸

f i xed
rotation

. AL ′′
i1G︸ ︷︷ ︸

f ree
rotation

= I3 (A.18)

or

AGL ′′
i2 = AGL ′′

i1 .AL ′′
i1L

′
i2 .AL ′

i2L
′′
i2 (A.19)

NB:
Transformation of frame from L ′′

i to L ′
i1,

AL ′
i1L

′′
i︸ ︷︷ ︸

L ′′
i →L ′

i1

=
⎡
⎣ cφ 0 sφ

0 1 0
−sφ 0 cφ

⎤
⎦(CW about y-axis)

where cφ = cosφ, sφ = sin φ, φ being the angle between frames L ′′
i and L ′

i1.
Using orthogonal property of the matrix we have,

AL ′′
i L

′
i1 = (AL ′

i1L
′′
i )−1 = (AL ′

i1L
′′
i )T

Transformation of frame from local (L ′
i2) to local (L ′′

i2),

AL ′′
i2L

′
i2︸ ︷︷ ︸

L ′
i2→L ′′

i2

=
⎡
⎣ ci3 0 −si3

0 1 0
si3 0 ci3

⎤
⎦ (CCWabout y-axis) where ci3 = cosβi3, si3 = sinβi3.

Using orthogonal property of the matrix we have,

AL ′
i2L

′′
i2 = (AL ′′

i2L
′
i2)−1 = (AL ′′

i2L
′
i2)T

4. Loop OPi2Pi3O

Joint ‘Ji4’ is considered to be a spherical joint between link ‘i3’ and ground.
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(a) Vector Loop Equation w.r.t. G

rGPi2O + rGPi3Pi2 − rGPi3O = 03 (A.20)

or

rGPi2O + AGL ′′
i2r

L ′′
i2

Pi3Pi2
− rGPi3O = 03 (A.21)

(b) Constraint position equation if ‘rGi ’ is a point on the planned trajectory,

rGPi3O − rGi = 03 (A.22)

Appendix A.3 Important Transformation Matrices

AGG0 =
⎡
⎢⎣

cosβG cos θG cosαG sin θG + sin αG sin βG cos θG sin αG sin θG − cosαG sin βG cos θG

− cosβG sin θG cosαG cos θG − sin αG sin βG sin θG sin αG cos θG + cosαG sin βG sin θG

sin βG − sin αG cosβG cosαG cosβG

⎤
⎥⎦

(A.23)

AL0G =
⎡
⎢⎣

cosβ0 cos θ0 cosα0 sin θ0 + sin α0 sin β0 cos θ0 sin α0 sin θ0 − cosα0 sin β0 cos θ0

− cosβ0 sin θ0 cosα0 cos θ0 − sin α0 sin β0 sin θ0 sin α0 cos θ0 + cosα0 sin β0 sin θ0

sin β0 − sin α0 cosβ0 cosα0 cosβ0

⎤
⎥⎦

(A.24)

AG0G = (AGG0)−1 = (AGG0)T (A.25)

AGL0 = (AL0G)−1 = (AL0G)T (A.26)

AG0L0 = AG0G .AGL0 (A.27)

AGLk = AGL0 .AL0Lk (A.28)

AL0Lk =
⎡
⎣ cos(γ − θi1) cos λ1 sin(γ − θi1) −cos(γ − θi1)sinλ1

−sin(γ − θi1) cos λ1 cos(γ − θi1) sin(γ − θi1)sinλ1

sinλ1 0 cos λ1

⎤
⎦ (A.29)

where

(i) If Lk = L ′′
i = L ′

i1, then λ1 = 0, (L ′′
i and L ′

i1 are parallel frames)
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(ii) If Lk = L ′′
i1 = L ′

i2, then λ1 = φ − βi2 (L ′′
i1 and L ′

i2 are parallel frames)
(iii) If Lk = L ′′

i2 = L ′
i3, then λ1 = φ − βi2 − βi3 (L ′′

i2 and L ′
i3 are parallel frames).

ALi3Lk=
⎡
⎣ sinλ2 cosλ2 0

−cosλ2 sinλ2 0
0 0 1

⎤
⎦ (A.30)

where

(i) If Lk = L ′′
i3, then λ2 =θc,

(ii) If Lk = L ′′′
i3, then λ2 =θ

Li3
i3 .

Here, θc and θ
Li3
i3 are the crab and turning angles executed during crab and turning

motion of the robot, respectively.

AG0Ni3 = AG0G .AGNi3 (A.31)

AGNi3 = I3(since, G and N i3 are assumed parallel) (A.32)

where I3 is an identity matrix.

Appendix A.4 Trajectory Planning of Swing Leg

Trajectory planning of tip point Ps
i3 of the swing is carried in 3D Cartesian space

(refer to Fig. 3.4).

I. Straight-Forward and Turning Motion

During straight-forward and turning motion, the swing leg follows a 3D trajectory
in the Cartesian space with respect to local frames Li3 and L′′′

i3, respectively. The
mathematical calculations in sections (a) and (b) are for the points Pi3, Qi3, Ti3, and
P′

i3 located in the trajectory of swing leg i and measured with respect to local frame
Li3 during straight-forward motion. Refer to Fig. 3.4a, c.

(a) Calculation of coordinates of points Pi3, Qi3, Ti3, and P′
i3 with respect to

frame Li3

Coordinates of Pi3

x Li3
Pi3

= 0; (A.33)

yLi3
Pi3

= 0; (A.34)

https://doi.org/10.1007/978-981-15-2953-5_3
https://doi.org/10.1007/978-981-15-2953-5_3
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zLi3
Pi3

= 0 (A.35)

Coordinates of Qi3

x Li3
Qi3

= x Li3
Pi3

+ �zPi3Qi3 . tan γxz (A.36)

yLi3
Qi3

= yLi3
Pi3

+ �zPi3Qi3 . tan γyz (A.37)

zLi3
Qi3

= Hmi1 + �h (A.38)

where

�zPi3Qi3 = zLi3
Qi3

− zLi3
Pi3

= Hmi1 + �h (A.39)

Coordinates of Ti3

x Li3
Ti3

= x Li3

P ′
i3

+ �zP ′
i3Ti3 . tan γ ′

xz (A.40)

yLi3
Ti3

= yLi3

P ′
i3

− �zP ′
i3Ti3 . tan γ ′

xz (A.41)

zLi3
Ti3

= zLi3
Qi3

= zLi3
Ri3

= Hmi1 + �h (A.42)

where

�zP ′
i3Ti3 = zLi3

Ti3
− zLi3

P ′
i3

= Hmi1 + �h − h′
i3 (A.43)

(γxz, γyz) are the angle of ascend and (γ ′
xz, γ

′
yz) are the angle of descend of the

trajectory in XZ and YZ plane, respectively.
Coordinates of P′

i3

x Li3

P ′
i3

= x Li3
Pi3

= 0; (A.44)

yLi3

P ′
i3

= yLi3
Pi3

+ s f
w (A.45)

zLi3

P ′
i3

= h′
i3 (A.46)

Here, s f
w designates the full stroke of swing leg during the turning motion. It is to

be noted that for turning motion, the calculations will be with respect to local frame
L′′′
i3.
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(b) Swing leg trajectory planning with respect to frame Li3

Along X-axis:

xei = ai0 + ai1.t + ai2.t
2/2 + ai3.t

3/3 (Pi3 toQi3)

= bi0 + bi1t + bi2t
2 + bi3t

3 + bi4t
4 + bi5t

5 (Qi3 to Ti3)

= ci0 + ci1.t + ci2.t
2/2 + ci3.t

3/3
(
Ti3 to P′

i3

)
(A.47)

The fourteen coefficients ai0, ai1, ai2 … ci3 and so on are computed using suitable
boundary conditions and are given in Table A.1.

Along Y-axis (Pi3 to P′
i3):

yei = yLi3
Pi3

+ ayPP′
i

.�2
PP ′ .(3 − 2�PP ′) (A.48)

where

ayPP′
i

= yLi3

P ′
i3

− yLi3
Pi3

(A.49)

�PP ′ = (
t − t sstart

)
/
(
t send − t sstart

)
(A.50)

d�PP ′/dt = 1/
(
t send − t sstart

)
(A.51)

Table A.1 Boundary conditions

Time Equation no. Condition

BCs (t0 to t1) At t = t sstart , (1) xei = xei |t=t sstart = xPi3
(2) ẋei = ẋei |t=t sstart = 0

(3) ẍei = ẍei |t=t sstart = 0

BCs (t1 to t2) At t = t s1 , (4) xei = xei |t=t s1
= xQi3

(5) ẋei = ẋei |t=t s1
= ẋQi3

(6) ẍei = ẍei |t=t s1
= ẍQi3

At t = t sm , (7) ẋei = ẋei |t=t sm
= ẋRi3 = 0

At t = t s2 , (8) xei = xei |t=t s2
= xTi3

(9) ẋei = ẋei |t=t s2
= ẋTi3

(10) ẍei = ẍei |t=t s2
= ẍTi3

BCs (t2 to t3) At t = t send , (11) xei = xei |t=t send
= xP ′

i3

(12) ẋei = ẋei |t=t send
= 0

(13) ẍei = ẍei |t=t send
= 0

Addl BC (14) xei |t=t sstart = xei |t=t send
i.e. xPi3 = xP ′

i3
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Along Z-axis:

zei = zLi3
Pi3

+ azPQ
i

.�2
PQ .(3 − 2�PQ) (Pi3 toQi3)

= zLi3
Qi3

(Qi3 to Ti3)

= zLi3
Ti3

− azT P′
i

.�2
T P ′ .(3 − 2�T P ′)

(
Ti3 to P′

i3

)
(A.52)

where

azi PQ = zLi3
Qi3

− zLi3
Pi3

(A.53)

azi T P ′ = zLi3
Ti3

− zLi3

P ′
i3

(A.54)

�PQ = (
t − t sstart

)
/
(
t s1 − t sstart

)
(A.55)

�T P ′ = (
t − t s2

)
/
(
t send − t s2

)
(A.56)

Superscript ‘s’ indicates swing. For every swing phase of leg i, t sstart , t
s
1 , t

s
2 , and

t send indicate the start (point Pi3), end of acceleration (pointQi3), start of deceleration
(point Ti3), and end (point P′

i3) time, respectively.
Therefore, the coordinates of vector rLi3

Ps
i3Pi3

(refer to Eq. (3.81)) are given by,

rLi3
Ps
i3Pi3

= (xei , yei , zei )
T (A.57)

It is to be noted that for turning motion, the calculation procedure will be the
same for measurement of the coordinates with respect to local frame L′′′

i3 such that
the coordinates of vector rLi3′′′

Ps
i3Pi3

(refer to Eq. (3.83)) are given by,

r
L ′′′
i3

Ps
i3Pi3

= (xei , yei , zei )
T (A.58)

(a) Calculation of turning angle θ
Li3
i3 (i = 1 to 6) during turning motion

In the present study, the turning angle θ
Li3
i3 has been introduced to execute the turn-

ing motion of the robot. Figure A.2 gives the kinematic scheme (top view) of the
robot during turning motion with tripod wave gait. Some trigonometrical relations
are established with respect to frame G, and the turning angle is calculated and
generalized for other duty factors and gait strategy.

(i) Angular displacement per stroke of the trunk body,

�θ c
0 = sc0/ρ0 (A.59)

https://doi.org/10.1007/978-981-15-2953-5_3
https://doi.org/10.1007/978-981-15-2953-5_3
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Fig. A.2 A kinematic scheme of the robot (top view) during turning motion with tripod wave gait
(only one-half cycle)

sc0 = ms ′′
0 (A.60)

where m is the number of divisions of a gait cycle

(ii) Angular stroke of the swing leg (full swing),

s f
w = 2.ρi . sin(�θ c

0/2) (A.61)

(iii) ∠Si Pi3O = sin−1((ρSi sin (K1.�θ c
0

/
m)
)/

li
)

(A.62)
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(iv) ζi = π − ∠Si Pi3O − K1.�θ c
0/m (for interior legs (i = 1, 3, 5) (A.63)

= ∠Si Pi3O + K1.�θ c
0/m (for exterior legs (i = 2, 4, 6)) (A.64)

(v) δi = tan−1

(
mS2S1 − mSi O

1 + mS2S1 .mSi O

)
for i = 1 to 2

= tan−1

(
mS4S3 − mSi O

1 + mS4S3 .mSi O

)
for i = 3 to 4

= tan−1

(
mS6S5 − mSi O

1 + mS6S5 .mSi O

)
for i = 5 to 6 (A.65)

(vi) Slopes:

mSi O = yGSi O/xGSi O for i = 1 to 6 (A.66)

mS2S1 = (yGS2O − yGS1O)/(xGS2O − xGS1O) (A.67)

mS4S3 = (yGS4O − yGS3O)/(xGS4O − xGS3O) (A.68)

mS6S5 = (yGS6O − yGS5O)
/

(xGS6O − xGS5O) (A.69)

(vii) θi1|t=t0 = ζi − δi (A.70)

The turning foot-tip radius (ρi ) and the turning radius of joint i1 of leg ‘i’ (ρSi )

are calculated from the forward kinematics of the system as discussed in Sect. 3.1,
such that,

ρi =
√(

xGPi3O
)2 + (

yGPi3O
)2

(A.71)

ρSi =
√(

xGSi O
)2 + (

yGSi O
)2

(A.72)

Therefore, the turning angle θ
Li3
i3 (i= 1 to 6) for any gait configurationwith respect

to frame G is given by the relation:

θ
Li3
i3

∣∣∣
n

= ψSi

∣∣
t=t0|1 + [

6(n − 1) + m2 + m1
/
2
]
�θ c

0/m (A.73)

where

ψSi = tan−1
(
mSi O

)
(A.74)

https://doi.org/10.1007/978-981-15-2953-5_3
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Table A.2 Coefficients of turning angle θ
Li3
i3 (i = 1 to 6)

Gait Coefficients Leg1 Leg2 Leg3 Leg4 Leg5 Leg6

DF = 1/2 m2 3 0 0 3 3 0

m1 3 3 3 3 3 3

K1 1.5 1.5 1.5 1.5 1.5 1.5

DF = 2/3 m2 4 1 2 -1 0 3

m1 2 2 2 2 2 2

K1 2 1 0 0 2 1

DF = 3/4 m2 4.5 1.5 3 0 1.5 4.5

m1 1.5 1.5 1.5 1.5 1.5 1.5

K1 2.25 0.75 1.5 2.25 0.75 2.25

m1 = no. of divisions of a gait cycle corresponding to swing angle,
m2 = no. of divisions of a gait cycle covered before swing starts.
Table A.2 gives the numeric values of the different coefficients of turning angle

θ
Li3
i3 (i = 1 to 6) at the start of leg swing during nth cycle for different gaits

II. Crab Motion

During crab motion, the swing leg is assumed to plan its trajectory in the XZ plane
of local frame L′′

i3 (refer to Fig. 3.4b).

(a) Calculation of coordinates of points Pi3, Qi3, Ti3, and P′
i3 with respect to

frame L′′
i3

Coordinates of Pi3

x
L ′′
i3

Pi3
= 0; (A.75)

y
L ′′
i3

Pi3
= 0; (A.76)

z
L ′′
i3

Pi3
= 0 (A.77)

Coordinates of Qi3

z
L ′′
i3

Qi3
= Hmi1 + �h (A.78)

�zPi3Qi3 = z
L ′′
i3

Qi3
− z

L ′′
i3

Pi3
= Hmi1 + �h (A.79)

x
L ′′
i3

Qi3
= x

L ′′
i3

Pi3
+ �zPi3Qi3 . tan γxz (A.80)

Here γxz|a (given) is the angle of ascend of the trajectory in XZ plane.

https://doi.org/10.1007/978-981-15-2953-5_3
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Coordinates of T i3

z
L ′′
i3

Ti3
= z

L ′′
i3

Qi3
= Hmi1 + �h (A.81)

�zP ′
i3Ti3 = z

L ′′
i3

Ti3
− z

L ′′
i3

P ′
i3

= Hmi1 + �h − h′
i3 (A.82)

y
L ′′
i3

Ti3
= 0 (A.83)

x
L ′′
i3

Ti3
= x

L ′′
i3

P ′
i3

− �zP ′
i3Ti3 . tanγxz|d (A.84)

Here, γxz|d (given) is the angle of descend of the trajectory in XZ plane.
Coordinates of Point P ′

i3

x
L ′′
i3

P ′
i3

= sw(= s0) (A.85)

y
L ′′
i3

P ′
i3

= 0 (A.86)

z
L ′′
i3

P ′
i3

= h′
i3 (A.87)

(b) Swing leg trajectory planning with respect to frame L ′′
i3

Along Z-axis:

zei = zei |t=t s0
+ azPQ

i
.�2

PQ .(3 − 2�PQ) for t sstort ≤ t ≤ t s1 (Pi3 toQi3) (A.88)

= zei |t=t s1
for t s1 ≤ t ≤ t s2 (Qt3 to Ti3) (A.89)

= zei |t=t s3
− azT P′

i
.�2

T P ′ .(3 − 2�T P ′) for t s2 ≤ t ≤ t send
(
Ti3 to P′

t3

)
(A.90)

where

zei |t=t sstart = z
L ′′
i3

Pi3
, zei |t=t s1

= z
L ′′
i3

Qi3
, zei |t=t s2

=L ′′
i3

Ti3
, zei |t=t send

= z
L ′′
i3

P ′
i3

(A.91)

azPQ
i

= zei |t=t s1
− zei |t=t sstart = z

L ′′
i3

Qi3
− z

L ′′
i3

Pi3
(A.92)

azT P′
i

=
∣∣∣ zei |t=t send

− zei |t=t s2

∣∣∣ = z
L ′′
i3

Ti3
− z

L ′′
i3

P ′
i3

(A.93)

�PQ = (
t − t sstart

)
/
(
t s1 − t sstart

)
,�T P ′ = (

t − t s2
)
/
(
t send − t s2

)
(A.94)
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Along X-axis:

xei = xei |t=t sstart + axPP′
i

.�2
PP ′ .(3 − 2�PP ′) for t sstart ≤ t ≤ t send(Pi3 to P′

i3)

(A.95)

ẋei = 6axi P P ′ .�PP ′(1 − �PP ′).d�PP ′/dt (A.96)

ẍei = 6axi P P ′(1 − 2�PP ′)(d�PP ′/dt)2 (A.97)

where

xei |t=t sstart = x
L ′′
i3

Pi3
, xei |t=t send

= x
L ′′
i3

P ′
i3

(A.98)

axi P P ′ = xei |t=t send
− xei |t=t sstart = x

L ′′
i3

P ′
i3

− x
L ′′
i3

Pi3
(A.99)

�PP ′ = (
t − t sstart

)
/
(
t send − t sstart

)
(A.100)

d�PP ′/dt = 1/(t send − t sstart ) (A.101)

Superscript ‘s’ indicates swing. For every swing phase of leg i, t sstart , t
s
1 , t

s
2and

t send indicate the start (point Pi3), end of acceleration (pointQi3), start of deceleration
(point Ti3), and end (point P′

i3) time, respectively.

Therefore, the coordinates of vector r
L ′′
i3

Ps
i3Pi3

(refer to Eq. (3.82)) are given by,

r
L ′′
i3

Ps
i3Pi3

= (xei , 0, zei )
T (A.102)

Appendix A.5 Time Calculations for Gait Planning

I. Calculation of Total Time Taken to Complete n-duty Cycles

For all the n-duty cycles, the body stroke (s0 or sc0) of the trunk body is assumed to
be constant.

s0 or s
c
0 = ms ′′

0 (A.103)

Total displacement for n-cycles,

sT = n.s0 = n.sc0 = n.m.s ′′
0 (A.104)

Again,

https://doi.org/10.1007/978-981-15-2953-5_3
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Displacement during 1st cycle,

s1 = (vt0 + vt0t1/2).(1/�
′
a) + vt1( t

s
3

∣∣
1 − t1) (A.105)

(refer to Fig. 3.8).
where vt0 , vt0t1 and vt1 have their usual meanings as discussed in Sect. 3.2.6. It is to be
noted that the displacement value during the velocity ramp is obtained by integrating
Eq. (3.56) for straight-forward or Eq. (3.64) for crab or Eq. (3.51) for turning motion.

Likewise,

s2 = vt1( t
s
3

∣∣
2 − t s3

∣∣
1) (A.106)

...
...
...

sn−1 = vt1( t
s
3

∣∣
n−1 − t s3

∣∣
n−2) (A.107)

sn = (vt1 − vt0t1/2).(1/�
′
d) + vt1(t2 − t s3

∣∣
n−1) (A.108)

Therefore, net displacement,

sT = s1 + s2 + · · · + sn−1 + sn (A.109)

= (vt0 + vt0t1/2).(1/�
′
a) + (vt1 − vt0t1/2).(1/�

′
d) + vt1(t2 − t1) (A.110)

Comparing (A.104) and (A.110),

n.m.s ′′
0 = (vt0 + vt0t1/2).(1/�

′
a) + (vt1 − vt0t1/2).(1/�

′
d) + vt1(t2 − t1) (A.111)

Substituting the values of t1 and t2 from Eq. (3.94) we get,

n.m.s ′′
0 = (vt0 + vt0t1/2).(1/�

′
a) + (vt1 − vt0t1/2).(1/�

′
d) + vt1((t3 − �t) − (t0 + �t))

(A.112)

or t3 = t0 + 2�t + [n.m.s ′′
0 − (vt0 + vt0t1/2).(1/�

′
a) − (vt1 − vt0t1/2).(1/�

′
d)]/vt1

II. Calculation of End Time for Each of the Duty Cycles

It is to be noted that displacement of trunk body during any cycle (linear or angular)
is same, such that,

s1 = s2 = s3 · · · = sn = m.s ′′
0 (A.113)

Therefore,
1st cycle (time range t0 to ts3

∣∣
1),

https://doi.org/10.1007/978-981-15-2953-5_3
https://doi.org/10.1007/978-981-15-2953-5_3
https://doi.org/10.1007/978-981-15-2953-5_3
https://doi.org/10.1007/978-981-15-2953-5_3
https://doi.org/10.1007/978-981-15-2953-5_3
https://doi.org/10.1007/978-981-15-2953-5_3
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Comparing (A.113) and (A.105)

m.s ′′
0 = (vt0 + vt0t1/2).(1/�

′
a) + vt1( t

s
3

∣∣
1 − t1)

or t s3
∣∣
1 = t1 + [m.s ′′

0 − (vt0 + vt0t1/2).(1/�
′
a)]/vt1 (A.114)

Similarly,
2nd cycle (time range ts3

∣∣
1 to ts3

∣∣
2),

t s3
∣∣
2 = t s3

∣∣
1 + m.s ′′

0/vt1

...
...

... (A.115)

n − 1th cycle (time range ts3
∣∣
n−2 to ts3

∣∣
n−1),

t s3
∣∣
n−1 = t s3

∣∣
n−2 + m.s ′′

0/vt1 (A.116)

nth cycle (time range ts3
∣∣
n−1 to ts3

∣∣
n),

t s3
∣∣
n = t s3

∣∣
n−1 + [m.s ′′

0 − (vt0 − vt0t1/2).(1/�
′
d)]/vt1 (A.117)

Appendix A.6 Kinematic Velocity and Acceleration

From equation set (3.23)

rGP11O = rGP0O + AGL0rL0
Si P0

+ AGL ′
i r

L ′
i

Pi S′
i

(A.118)

Differentiating with respect to time,

ṙGPi1O = ṙGP0O + AGL0 .Gω̃0.r
L0
Si P0

+ AGL ′′
i .Gω̃i1.r

L ′′
i

Pi1Si

= ṙGP0O − AGL0 .r̃L0
Si P0

.Gω0 − AGL ′′
i .r̃

L ′′
i

Pi1Si
.Gωi1 (A.119)

Calculation of Angular Velocities

For Trunk Body
The derivative of transformation matrix from frame L0 to G is given by (refer to
(Hahn 2003)),

https://doi.org/10.1007/978-981-15-2953-5_3
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ȦGL0 =
(

∂AGL0

∂α0
.α̇0 + ∂AGL0

∂β0
.β̇0 + ∂AGL0

∂θ0
· θ̇0

)

c =
(

∂AGL0

∂α0
,
∂AGL0

∂β0
,
∂AGL0

∂θ0

)
.

⎛
⎝ I3.α̇0

I3.β̇0

I3.θ̇0

⎞
⎠

= ∂AGL0

∂η0
.η̇0 (A.120)

Now,

Gω̃0 = AL0G .ȦGL0 (A.121)

After substitutions and arranging, we get angular velocity of trunk body as,

Gω0 = (
Gωx0,

G ωy0,
G ωz0

)T =
⎛
⎝ cosβ0 cos θ0α̇0 + sin θ0β̇0

− cosβ0 sin θ0α̇0 + cos θ0β̇0

sin β0α̇0 + θ̇0

⎞
⎠ = K0(η0).η̇0

(A.122)

where K0(η0) ∈ R
3×3 is the kinematic matrix associated with trunk body and

η̇0 = (
α̇0, β̇0, θ̇0

)T =
(
dα0

dt
,
dβ0

dt
,
dθ0
dt

)T

= ∂η0

∂pG
0

.ṗG
0 (A.123)

pG
0 = ((rGP0O)T ,ηT

0 ))T = ( xGP0O yGP0O zGP0O α0 β0 θ0 )T ∈ R
6 (A.124)

ṗG
0 = ((ṙGP0O)T , η̇T

0 ))T = ( ẋGP0O ẏGP0O żGP0O α̇0 β̇0 θ̇0 )T ∈ R
6 (A.125)

For Link i1,
Similar to Eq. (A.120),

ȦGL ′′
i = ∂AGL ′′

i

∂ηi1
.η̇i1 (A.126)

and

Gω̃i1 = AL ′′
i G .ȦGL ′′

i (A.127)

Differentiating Eq. (3.6) with respect to time (substituting j = 1),

η̇i1 = (
α̇i1, β̇i1, θ̇i1

)T =
(
dαi1

dt
,
dβi1

dt
,
dθi1
dt

)T

= ∂ηi1

∂pG
0

.ṗG
0 (A.128)

https://doi.org/10.1007/978-981-15-2953-5_3
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Therefore, angular velocity of link i1 is given by,

Gωi1 = (
Gωxi1,

G ωyi1,
G ωzi1

)T = Ki1
(
ηi1

)
.η̇i1 = Ki1

(
ηi1

)
.
∂ηi1

∂pG
0

.ṗG
0 = Jri1 .ṗ

G
0

(A.129)

where

Jri1 = Ki1

(
ηi1

)
.
∂ηi1

∂pG
0

∈ R
3×6 (A.130)

=
⎡
⎢⎣

0 0 0 0 0 0
0 0 0 0 0 0

∂θi1
∂xGP0O

∂θi1
∂yGP0O

∂θi1
∂zGP0O

∂θi1
∂α0

∂θi1
∂β0

∂θi1
∂θ0

⎤
⎥⎦ (A.131)

Ki1(ηi1) ∈ R
3×3 is the kinematic matrix associated with link i1; ∂ηi1

∂pG0
∈ R

3×6

Similarly, for the links i2 and i3,

Gωi2 = (
Gωxi2,

G ωyi2,
G ωzi2

)T = Jri2 .ṗ
G
0 (A.132)

Gωi3 = (
Gωxi3,

G ωyi3,
G ωzi3

)T = Jri3 .ṗ
G
0 (A.133)

Appendix A.7 Jacobian Matrices

J =
⎡
⎣ 0 0 0 0 0 0
b21 b22 b23 b24 b25 b26
c31 c32 c33 c34 c35 c36

⎤
⎦ (A.134)

For i = 1 to 6

1. For Jacobians J ≡ Jri j and J ≡ J′
ri j

i. j = 1, m = 1 to 6,
b2m = 0,
c3m = ∂θi j/∂V,

where V ε pG
0 for Jri j or V ε pG

i3 for J
′
ri j

ii. j = 2 to 3, m = 1 to 6,
b2m = ∂βi j/∂V,

c3m = 0,
where V ε pG

0 for Jri j or V ε pG
i3 for J

′
ri j
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2. For Jacobians J ≡ J̇ri j and J ≡ J̇′
ri j

i. j = 1, m = 1 to 6,
b2m = 0,
c3m = ṗT

0 .Dθi j ,V , where V ε pG
0 for J̇ri j

= ṗT
0 .Dθi j ,V + ṗT

i3.D
′
θi j ,V , where V ε pG

i3 for J̇′
ri j

ii. j = 2 to 3, m = 1 to 6,
b2m = ṗT

0 .Dβi j ,V , where V ε pG
0

=ṗT
0 .Dβi j ,V + ṗT

i3.D
′
βi j ,V

, where V ε pG
i3 for J̇′

ri j
c3m = 0,

Also,

DA,V =
[

∂

∂xGP0O

(
∂A
∂V

)
∂

∂yGP0O

(
∂A
∂V

)
∂

∂zGP0O

(
∂A
∂V

)
∂

∂α0

(
∂A
∂V

)
∂

∂β0

(
∂A
∂V

)
∂

∂θ0

(
∂A
∂V

) ]T

D′
A,C =

[
∂

∂xGPi3O

(
∂A
∂V

)
∂

∂yGPi3O

(
∂A
∂V

)
∂

∂zGPi3O

(
∂A
∂V

)
∂

∂αi3

(
∂A
∂V

)
∂

∂βi3

(
∂A
∂V

)
∂

∂θi3

(
∂A
∂V

) ]T

A ∈ (θi1, βi2, βi3),

βi3 = f
(
rGP0O , rGPi3O ,η0

)

β̇i3 =
[

∂βi3

∂xGP0O

∂βi3

∂yGP0O

∂βi3

∂zGP0O

∂βi3

∂α0

∂βi3

∂β0

∂βi3

∂θ0

][
ẋGP0O ẏGP0O żGP0O α̇0 β̇0 θ̇0

]T

+
[

∂βi3

∂xGPi3O

∂βi3

∂yGPi3O

∂βi3

∂zGPi3O

][
ẋGPi3O ẏGPi3O żGPi3O

]T

β̈i3 =
[

∂βi3

∂xGP0O

∂βi3

∂yGP0O

∂βi3

∂zGP0O

∂βi3

∂α0

∂βi3

∂β0

∂βi3

∂θ0

][
ẍGP0O ÿGP0O z̈GP0O α̈0 β̈0 θ̈0

]T

+
[

∂βi3

∂xGPi3O

∂βi3

∂yGPi3O

∂βi3

∂zGPi3O

][
ẍGPi3O ÿGPi3O z̈GPi3O

]T

+
[

∂2βi3

∂
(
xGP0O

)2 ∂2βi3

∂
(
yGP0O

)2 ∂2βi3

∂
(
zGP0O

)2 ∂2βi3

∂α2
0

∂2βi3

∂β2
0

∂2βi3

∂θ2
0

]

×
[ (

ẋGP0O
)2 (

ẏGP0O
)2 (

żGP0O
)2

α̇2
0 β̇2

0 θ̇2
0

]T

+
[

∂2βi3

∂
(
xGPi3O

)2 ∂2βi3

∂
(
yGPi3O

)2 ∂2βi3

∂
(
zGPi3O

)2
]
.
[ (

ẋGPi3O
)2 (

ẏGPi3O
)2 (

żGPi3O
)2 ]T
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Appendix A.8 Parameters Affecting the Dynamics
of the Six-Legged Robot

Summary of the parameters affecting the dynamics of the six-legged robot taken
with respect to G0 [refer to (Hahn 2002)].

1. Mass matrix of the rigid body ‘k’:

Mk(p
G0
k ) =

[
mk .I3 −mk .AG0L .r̃LCk Pk

mk .
(
r̃LCk Pk

)T
.ALG0 JLPk

]
,∈ R

6,6 (A.135)

where moment of inertia,

JLPk = JLCk
+ mk .

{(
rLCk Pk

)T
.rLCk Pk .I3 − rLCk Pk .

(
rLCk Pk

)T}
(A.136)

such that,

JLCk
=
⎡
⎢⎣

J L
Ck x

−J L
Ck xy

−J L
Ck xz

−J L
Ck yx

J L
Ck y

−J L
Ck yz

−J L
Ck zx

−J L
Ck zy

J L
Ck z

⎤
⎥⎦ (A.137)

and

r̃LCk Pk =
⎡
⎣ 0 −zCk Pk yCk Pk

zCk Pk 0 −xCk Pk

−yCk Pk xCk Pk 0

⎤
⎦ (A.138)

I3 is the 3 by 3 identity matrix.

2. Acceleration matrix of the rigid body ‘k’:

v̇G0
k =

[
G0 r̈G0

PkO
G0ωk

]
,∈ R

6 (A.139)

3. Applied forces and moments of the rigid body ‘k’:

Applied forces,

FG0
Wk

= [
0 0 −mkg

]T
(A.140)

Applied moments,
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Table A.3 Unknown forces and moments acting in different components of the six-legged robot

Components Fkx Fky Fkz Mkx Mky Mkz

Trunk body and
payload

0 0 0 0 0 M11 + M21 + M31
+ M41 + M51 +
M61

Link i1 (j = 1) 0 0 0 0 Mi2 −Mi1

Link i2 (j = 2) 0 0 0 0 −Mi2 + Mi3 0

Link i3 (j = 3) FG0
i x FG0

iy FG0
i z T G0

i x −Mi3 + TG0
iy T G0

i z

NB: FG0
i x = mFG0

i x + F ′G0
i x ; FG0

iy = m FG0
iy + F ′G0

iy ; FG0
i z = m FG0

i z + F ′G0
i z

ML
Wk

= r̃LCk Pk .F
L
Wk

,∈ R
3 (A.141)

where

FL
Wk

= ALG0 .FG0
Wk

,∈ R
3 (A.142)

Total applied forces and moment,

fk
(
pGo
k , vG0

k

)
= fKk + fUk (A.143)

where
Known forces and moments,

fKk =
[
0 0 −mkg ML

Wkx
ML

Wk y
ML

Wkz

]T
(A.144)

Unknown forces and moments,

fUk = [ Fkx Fky FkzMkxMkyMkz ]T (A.145)

(refer to Table A.3)

4. Centrifugal forces and gyroscopic terms of the rigid body ‘k’:

qG0Ck =
[

−mk .AG0L .G0ω̃k .
G0ω̃k .rLCk Pk

−G0ω̃k .JLPk .
G0ωk

]
∈ R

6 (A.146)

Corollary 1

(i) L = L0 for k = 0, designates trunk body and payload (combined)

Combined COM of trunk body and payload,
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rL0
C0P0

= mBr
L0
CB P0

+ mLr
L0
CL P0

m0
∈ R

3 (A.147)

Combined mass of trunk body and payload,

m0 = mB + mL (A.148)

where CT and CL are the locations of the COM of the trunk body and payload,
respectively; rL0

CB P0
and rL0

CL P0
are the positions of CB and CL from P0 with respect to

frame L0; mB and mL are the masses of trunk and payload, respectively.

Mass moment of inertia:

J L0
C0x

= J L0
CBx

+ mB

(
x L0
C0P0

− x L0
CB P0

)2 + J L0
CL x

+ mL

(
x L0
C0P0

− x L0
CL P0

)2
(A.149)

J L0
C0 y

= J L0
CB y

+ mB

(
yL0
C0P0

− yL0
CB P0

)2 + J L0
CL y

+ mL

(
yL0
C0P0

− yL0
CL P0

)2
(A.150)

J L0
C0z

= J L0
CBz

+ mB

(
zL0
C0P0

− zL0
CB P0

)2 + J L0
CL z

+ mL

(
zL0
C0P0

− zL0
CL P0

)2
(A.151)

J L0
C0 yx

= J L0
C0xy

= J L0
CBxy

+ mB

(
x L0
C0P0

− x L0
CB P0

)(
yL0
C0P0

− yL0
CB P0

)

+ J L0
CL xy

+ mL

(
x L0
C0P0

− x L0
CL P0

)(
yL0
C0P0

− yL0
CL P0

)
(A.152)

J L0
C0zy

= J L0
C0 yz

= J L0
CB yz

+ mB

(
yL0
C0P0

− yL0
CB P0

)(
zL0
C0P0

− zL0
CB P0

)

+ J L0
CL yz

+ mL

(
yL0
C0P0

− yL0
CL P0

)(
zL0
C0P0

− zL0
CL P0

)
(A.153)

J L0
C0xz

= J L0
C0zx

= J L0
CBzx

+ mB

(
zL0
C0P0

− zL0
CB P0

)(
x L0
C0P0

− x L0
CB P0

)

+ J L0
CL zx

+ mL

(
zL0
C0P0

− zL0
CL P0

)(
x L0
C0P0

− x L0
CL P0

)
(A.154)

(ii) L = L′
i j for k = ij designates link ij, for i = 1 to 6, j = 1 to 3. Here, Cij is the

location of the COM of link ij; mij is the mass of link ij.

Total summation of applied forces and moments:

f
(
pG0 , vG0

) = f0
(
pG0
0 , vG0

0

)
+

6∑
i

3∑
j

fi j
(
pG0
i j , vG0

i j

)
for i = 1 to 6, j = 1 to 3

= fK0 + fU0 +
6∑
i

3∑
j

(
fKi j + fUi j

)
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= fK0 +
6∑
i

3∑
j

fKi j + fU0 +
6∑
i

3∑
j

fUi j

= fK + fU (A.155)

where
Summation of known forces and moments,

fK = fK0 +
6∑
i

3∑
j

fKi j (A.156)

Summation of unknown forces and moments,

fU = fU0 +
6∑
i

3∑
j

fUi j (A.157)

Total summation of centrifugal and gyroscopic terms:

qGC
(
pG0 , vG0

) = qG0C0 +
6∑
i

3∑
j

qG0Ci j (A.158)

Appendix A.9 Kinematic constraints with respect to G0

1. Position Constraints with respect to G0

For ith leg,

(
pG0
0

pG0
i

)24×1

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

rG0
P0O
η0

rG0
P0O

+ AG0L0rL0Si P0 + AG0L
′′
i r

L ′′
i

Pi1Si
Pr (z).P

T
r (z).ηi1

rG0
P0O

+ AG0L0rL0Si P0 + AG0L
′′
i r

L ′′
i

Pi1Si
+ AG0L

′′
i1r

L ′′
i1

Pi2Pi1
Pr (y).P

T
r (y).ηi2

rG0
P0O

+ AG0L0rL0Si P0 + AG0L
′′
i r

L ′′
i

Pi1Si
+ AG0L

′′
i1r

L ′′
i1

Pi2Pi1
+ AG0L

′′
i2r

L ′′
i2

Pi3Pi2
Pr (y).P

T
r (y).ηi3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

24×1

(A.159)

In Eq. (A.159), Pr denotes the matrix projectors; rL0
Si P0

, r
L ′′
i

Pi1Si
, r

L ′′
i1

Pi2Pi1
, r

L ′′
i2

Pi3Pi2
are the

local position of points Si, Pi1, Pi2 and Pi3 with respect to frames L0, L′′
i , L′′

i1 and
L′′

i2 respectively and are fixed for a robotic structure; AG0L0 , AGL ′
i , AGL ′′

i , AGL ′′
i1 ,
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AGL ′
i2 , AGL ′′

i2 are the transformation matrices related to different local frames with
respect to frame G. AL ′′

i G , AL ′′
i1G , AL ′′

i2G are orthogonal matrices of AGL ′′
i , AGL ′′

i1 ,
AGL ′′

i2 , respectively.

2. Velocity Constraints with respect to G0

For ith leg,

(A.160)

(
vG0
0

vG0
i

)24×1

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I3 03,3 03,3 03,3 03,3
03,3 I3 03,3 03,3 03,3

I3 −AG0L0 .r̃L0
Si P0

−AG0L ′′
i .r̃

L ′′
i

Pi1Si
03,3 03,3

03,3 03,3 Pr (z).PT
r (z) 03,3 03,3

I3 −AG0L0 .r̃L0
Si P0

−AG0L ′′
i .r̃

L ′′
i

Pi1Si
−AG0L ′′

i1 .r̃
L ′′
i1

Pi2Pi1
03,3

02,3 02,3 02,3 Pr (y).PT
r (y) 03,3

I3 03,3 03,3 03,3 −AG0L ′′
i2 .r̃

L ′′
i2

Pi3Pi2
02,3 02,3 02,3 02,3 Pr (y) .PT

r (y)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

24×15

.

⎛
⎜⎜⎜⎜⎜⎝

ṙG0
P0O

G0ω0
G0ωi1
G0ωi2
G0ωi3

⎞
⎟⎟⎟⎟⎟⎠

15×1

(A.161)Also,

G0ωi1 = [ 0 0 G0ωi1z]T
G0ωi2 = [ 0 G0ωi2y 0 ]T
G0ωi3 = [ 0 G0ωi3y 0 ]T (A.162)

Pr (y) = [ 0 1 0 ]T ,Pr (z) = [ 0 0 1 ]T (A.163)

Hence,

AG0L ′′
i .r̃

L ′′
i

Pi1Si
.G0ωi1 = ti1.G0ωi1z (A.164)

AG0L ′′
i1 .r̃

L ′′
i1

Pi2Pi1
.G0ωi2 = ti2.G0ωi2y (A.165)

AG0L ′′
i2 .̃r

L ′′
i2

P ′′
i3Pi2

.G0ωi3 = ti3 ·G0 ωi3y (A.166)
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where ti1, ti2, ti3 ∈ R
3×1

And

Pr (z).PT
r (z).G0ωi1 = si z .G0ωi1z (A.167)

Pr (y).PT
r (y).G0ωi2 = siy .G0ωi2y (A.168)

Pr (y).PT
r (y).G0ωi3 = siy .G0ωi3y (A.169)

where

siy = [ 0 1 0 ]T , si z = [ 0 0 1 ]T , (A.170)

Substituting Eqs. (A.163)–(A.170) in Eq. (A.161),

(
vG0
0

vG0
i

)24×1

=
[
I6 06,3
R0i Ri

]24×9

.

(
u0
ui

)9×1

(A.171)

where

vG0
i

(
ṗG0
0 , ṗG0

i

)
= Ji (q0,qi ) · ui (q̇0, q̇i ) (A.172)

where q0 and qi are the vectors of generalized coordinates.

u0 = ((ṙG0
P0O

)T , (G0ω0)
T )T ∈ R

6 (A.173)

ui = [ G0ωi1z
G0ωi2y

G0ωi3y ]T ∈ R
3 (A.174)

R0i =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

I3 −AG0L0 .r̃L0
Si P0

03,3 03,3
I3 −AG0L0 .r̃L0

Si P0
03,3 03,3
I3 −AG0L0 .r̃L0

Si P0
03,3 03,3

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

18×6

; (A.175)

Ri =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−ti1 03,1 03,1
si z 03,1 03,1

−ti1 −ti2 03,1
03,1 siy 03,1
−ti1 −ti2 −ti3
03,1 03,1 siy

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

18×3

(A.176)
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Overall velocity constraint set of the system with respect to G0 is defined by,

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

vG0
0

vG0
1

vG0
2

vG0
3

vG0
4

vG0
5

vG0
6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

114×1

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I6 06,3 06,3 06,3 06,3 06,3 06,3
R01 R1 018,3 018,3 018,3 018,3 018,3
R02 018,3 R2 018,3 018,3 018,3 018,3
R03 018,3 018,3 R3 018,3 018,3 018,3
R04 018,3 018,3 018,3 R4 018,3 018,3
R05 018,3 018,3 018,3 018,3 R5 018,3
R06 018,3 018,3 018,3 018,3 018,3 R6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

114×24

.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u0
u1
u2
u3
u4
u5
u6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

24×1

=: vG0 =: J =: u
(A.177)

3. Acceleration constraints with respect to G0

Differentiating Eq. (A.177) with respect to time gives,

(
v̇G0
0

v̇G0
i

)24×1

=
[
I6 06,3
R0i Ri

]24×9

.

(
u̇0
u̇i

)9×1

+
(
06
Ni

)24×1

(A.178)

or

v̇G0
i

(
p̈G0
0 , p̈G0

i

)
= Ji (q0,qi ) · u̇i (q̈0, q̈i ) + J̇i (q̇0, q̇i ) · ui (q̇0, q̇i ) (A.179)

u̇0 = ((r̈G0
P0O

)T , (G0ω̇0)
T )T ∈ R

6 (A.180)

u̇i = [ G0 ω̇i1z
G0 ω̇i2y

G0 ω̇i3y ]T ∈ R
3 (A.181)

(A.182)

Overall acceleration constraint set of the system with respect to G0 is defined by,
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⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

v̇G0
0

v̇G0
1

v̇G0
2

v̇G0
3

v̇G0
4

v̇G0
5

v̇G0
6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

114×1

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I6 06,3 06,3 06,3 06,3 06,3 06,3
R01 R1 018,3 018,3 018,3 018,3 018,3
R02 018,3 R2 018,3 018,3 018,3 018,3
R03 018,3 018,3 R3 018,3 018,3 018,3
R04 018,3 018,3 018,3 R4 018,3 018,3
R05 018,3 018,3 018,3 018,3 R5 018,3
R06 018,3 018,3 018,3 018,3 018,3 R6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

114×24

.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u̇0
u̇1
u̇2
u̇3
u̇4
u̇5
u̇6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

24×1

+

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

06
N1
N2
N3
N4
N5
N6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

24×1

=: v̇G0 =: J =: u̇ =: J̇ · u
(A.183)

Appendix A.10 Geometrical Interpretation of the Interaction
Region

Considering �ABH (refer to Fig. A.3),

∠BAH = δi

HA = a = p/ sin δi (A.184)

HB = b = p/ cos δi (A.185)

Here, p is the maximum depth of penetration, and δi is the angle subtended by the
bottom face of the footpad with the ground and is expressed by,

δi = π/2 − (β2 + β13 − ψ) (A.186)

Fig. A.3 Feet–ground interaction between leg-tip (rubber pad) and ground a segmented volume,
b total volume
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where β i2 and β i3 are the angular displacement of the joints andψ is the bounding
angle expressed by (refer to Mahapatra et al. 2015),

ψ = tan−1
(
d/2l ′i3

)
(A.187)

Here, d is the diameter of footpad and l ′i3 is the length of the tibia from rotation
axis to the center of footpad, i.e., point G.

Also,

sin δi = p/(d/2 − rb) (A.188)

where rb is the distance from the chord of interception to the center of circle of
the bottom face of the footpad.

Thus,

AG = rb = d/2 − p/ sin δi (A.189)

Let y be the perpendicular distance of the �PQS from the center of footpad as
shown in Fig. A.3a.

From �GRQ,

sin ξ = QR/QG = 2y/d (A.190)

and

cos ξ = QR/QG =
√
d2 − 4y2/d (A.191)

Thus,

PQ = ra = QG. cos ξ − AG = d/2. cos ξ − rb (A.192)

Substituting Eq. (A.191) in Eq. (A.192),

PQ = ra = 1

2

√
d2 − 4y2 − rb (A.193)

Since �PQS and �ABH are equivalent triangles,

∠BHA = ∠SQP = π/2

and

∠BAH = ∠SPQ = δi
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SQ = PQ. tan δi = ra . tan δi =
(
1

2

√
d2 − 4y2 − rb

)
. tan δi (A.194)

From �AGK,

AK =
√

(d/2)2 − r2b (A.195)

Area of the intercepted �PQS is given by,

Ay = 1/2. SQ.PQ = 1

2
PQ2.tanδi=1

2
r2a .tanδi (A.196)

Volume of a slice of infinitesimal thickness with this triangular cross-section PQS,

dV = Ay .dy

Then, volume of the interaction region,

V =
∮

dV =
+AK∫

−AK

Aydy =
∫ +AK

−AK

1

2
r2a .tanδi .dy = tanδi .

√
(d/2)2−r2b∫
0

r2a . dy

(A.197)

Considering the segment�PQS in Fig. A.3a, whose centroid is atM and the depth
into the ground being the length WM (designated by h),

UV = 2

3
SQ,VM = 1

3
SQ, (A.198)

And,

UM = UV − VM = 1

3
SQ (A.199)

∠UMW = δi (A.200)

Now,

WM = UM · cos δi = 1

3
SQ · cos δi (A.201)

Substituting Eq. (A.194) in Eq. (A.201),

WM = ra · sin δi/3 (A.202)
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Therefore, the depth of COM of the contact volume is given by,

P′
i3Ci = hc =

∮
WM · dV /

∮
dV (A.203)

Substituting Eqs. (A.202) and (A.197) in (A.203),

hc = sin δi .

√
(d/2)2−r2b∫
0

r3a · dy/3.

√
(d/2)2−r2b∫
0

r2a . dy (A.204)

Substituting Eq. (A.193) in Eq. (A.204),

hc = sin δi

32

⎡
⎣3d2(16r2b + d2) cos−1(2rb/d) − 2rb(8r2b + 13d2)

√
d2 − 4r2b(

d2 + 2r2b
)√

d2 − 4r2b − 3rbd2 cos−1
(
2rb

/
d
)

⎤
⎦

(A.205)

Similarly, support distance of the segment �PQS is given by,

VP = 2/3ra (A.206)

For entire contact volume,

JA = re =
∮

VP · dV /

∮
dV (A.207)

Substituting Eqs. (A.206) and (A.197) in Eq. (A.207),

re = 2.

√
(d/2)2−r2b∫
0

r3a · dy/3.

√
(d/2)2−r2b∫
0

r2a . dy (A.208)

Substituting Eq. (A.204) in Eq. (A.208),

re = 2hc/ sin δi (A.209)

HJ = DCi = d/2 − rb − re (A.210)

In �DCiP′
i3,

Let

∠DP′
i3Ci = χ (A.211)
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From trigonometrical relationships,

∠DCiP
′
i3 = π/2 + δi (A.212)

From laws of triangles,

P′
i3D = w =

√
h2c + (d/2 − rb − re)2 + 2hc(d/2 − rb − re) sin δi (A.213)

cosχ = P′
i3D

2 + P′
i3C

2
i − DC2

i

2P′
i3D.P′

i3Ci
(A.214)

P′
i3D

2 = P′
i3C

2
i + DC2

i + 2P′
i3Ci · DCi · sin δi (A.215)

Substituting Eq. (A.215) in (A.214),

χ = cos−1
((
P′
i3Ci + DCi · sin δi/P

′
i3D

)) = (hc + (d/2 − rb − re) · sin δi )/w
(A.216)

Appling laws of triangles to �BD P′
i3,

BD = P′
i3D · cosχ/ cos δi = w · cosχ/ cos δi (A.217)

Now,

HD = HB − BD = (p − w · cosχ)/ cos δi (A.218)

Appendix A.11 Objective Function and Evaluation
of the Constraints

The appendix describes how the torque minimization problem is put into the form of
a QP problem in the current work. The overall joint torque vector is represented by,

MG0 = [
(MG0

1 )T (MG0
2 )T (MG0

3 )T (MG0
4 )T (MG0

5 )T (MG0
6 )T

]T ∈ R
18 (A.219)

Further, MG0
i (i = 1 to 6) is the torque vector of each joint and is the function

of primary variables, which in this case are the foot forces FG0
i x , FG0

iy , and FG0
i z . It is

obtained by substituting Eqs. (A.73) and (A.62) in Eq. (A.37) such that,

MG0
i = −B−1

i

(
AiF

G0
i + DiT

G0
i + MG0

ei

)

= UiF
G0
i + Vi (A.220)
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where

TG0
i = AG0Ni3 r̃Ni3

i AGG0FG0
i ∈ R

3 (A.221)

Ui = −B−1
i

(
Ai + DiAG0Ni3 r̃Ni3

i AGG0

)
∈ R

3 (A.222)

Vi = −B−1
i MG0

ei ∈ R
3 (A.223)

Likewise, the overall joint torque vector,

MG0 = UFG0 + V (A.224)

where

U =

⎡
⎢⎢⎢⎣
U1 03 . . . 03
03 U2 . . . 03
...

...
. . .

...

03 03 . . . U6

⎤
⎥⎥⎥⎦ ∈ R

18×18 (A.225)

FG0 = [
(FG0

1 )T (FG0
2 )T (FG0

3 )T (FG0
4 )T (FG0

5 )T (FG0
6 )T

]T ∈ R
18 (A.226)

V = [
VT

1 V
T
2 V

T
3 V

T
4 V

T
5 V

T
6

]T ∈ R
18 (A.227)

Now, substituting Eq. (A.224) in Eq. (3.70), the objective function can be written
as,

S(TG0) = 1

2

(
UFG0 + V

)T
W
(
UFG0 + V

)

= 1

2

((
FG0

)T
UTWUFG0+VTWUFG0+(FG0

)T
UTWV + VTWV

)

= 1

2

((
FG0

)T
UTWUFG0+(UTWV

)T
FG0+(UTWV

)T
FG0+VTWV

)

= 1

2

((
FG0

)T
UTWUFG0+(UTWV

)T
FG0+(VTWV

))

= 1

2

(
FG0

)T
H̄F

G0+pTFG0+1

2
VTWV (A.228)

(W is a symmetric matrix)
where

H̄ = UTWU, (A.229)

c = UTWV (A.230)

https://doi.org/10.1007/978-981-15-2953-5_3
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The last termofEq. (A.228) does not depend onFG0 . So the newobjective function
can be described by a new equation,

S(FG0) = 1

2

(
FG0

)T
H̄F

G0+cTFG0 (A.231)

1. Force-moment equality constraints:

Equation (4.68) in matrix form is written as,

r̃G0
CmO

FG0
Cm

+
∑

(TG0
i + s̃G0

i FG0
i ) = 03 (A.232)

Substituting Eq. (A.221) in (A.232) and rearranging,

∑
(AG0Ni3 r̃Ni3

i AGG0 + s̃G0
i )FG0

i = −r̃G0
CmO

FG0
Cm

or

∑
KiF

G0
i = −r̃G0

CmO
FG0
Cm

(A.233)

where

Ki = AG0Ni3 r̃Ni3
i AGG0 + s̃G0

i ∈ R
3 (A.234)

Therefore, for all the six legs,

KFG0 = −̃rG0

CO
m
FG0

CGm
m

(A.235)

where

K = [
K̃1 K̃2 K̃3 K̃4 K̃5 K̃6

] ∈ R
3×18 (A.236)

Rearranging Eq. (4.17),

I0FG0 = −FG0
e (A.237)

where

I0 = [
I3 I3 I3 I3 I3 I3

] ∈ R
3×18 (A.238)

I3 is an identity matrix.
Similarly Eq. (4.18) reduces to,

RFG0 = −MG0
0 − MG0

e (A.239)

https://doi.org/10.1007/978-981-15-2953-5_4
https://doi.org/10.1007/978-981-15-2953-5_4
https://doi.org/10.1007/978-981-15-2953-5_4
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where

R = [
s̃G0
1 s̃G0

2 s̃G0
3 s̃G0

4 s̃G0
5 s̃G0

6

] ∈ R
3×18 (A.240)

Combining equality constraint Eqs. (A.235), (A.237), and (A.239), the overall set
of equality constraints is given by:

Ae.FG0 = Be (A.241)

where

Ae =
⎛
⎝K
I0
R

⎞
⎠,∈ R

9×18 (A.242)

Be = −
⎛
⎝ r̃G0

CmO
FG0
Cm

FG0
e

MG0
0 + MG0

e

⎞
⎠ ∈ R

9 (A.243)

2. Joint torque inequality constraints:

For each joint (Eq. (4.69)),

Mi j,min ≤ MG0
i j ≤ Mi j,max (A.244)

For each leg i,

⎛
⎜⎝

Mi1,min
Mi2,min
Mi3,min

⎞
⎟⎠ ≤

⎛
⎝MG0

i1

MG0
i2

MG0
i3

⎞
⎠ ≤

⎛
⎝Mi1,max

Mi2,max
Mi3,max

⎞
⎠ (A.245)

Mi,min ≤ MG0
i ≤ Mi,max ∈ R

3 (A.246)

For all the legs,

Mmin ≤ MG0 ≤ Mmax ∈ R
18 (A.247)

Substituting Eq. (A.224) in Eq. (A.247),

Mmin ≤ UFG0 + V ≤ Mmax (A.248)

which means,

UFG0 ≥ Mmin − V (A.249)

https://doi.org/10.1007/978-981-15-2953-5_4
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and

−UFG0 ≥ V − Mmax (A.250)

3. Friction force inequality constraints:

Combining Eqs. (4.55) and (4.60),

QiAGG0FG0
i ≥ 04 (A.251)

Therefore, composite friction force inequality constraints for all the legs,

QFG0 ≥ 024 (A.252)

where

Q =

⎡
⎢⎢⎢⎣
Q1.AGG0 03 . . . 03

03 Q2.AGG0 . . . 03
...

...
. . .

...

03 03 . . . Q6.AGG0

⎤
⎥⎥⎥⎦ ∈ R

24×18 (A.253)

Combining Eqs. (A.249), (A.250), and (A.252), the overall set of inequality
constraints is given by:

Au · FG0 ≥ Bu (A.254)

where

Au =
⎛
⎝ U

−U
Q

⎞
⎠ ∈ R

60×18 (A.255)

Bu =
⎛
⎝Mmin − V
V − Mmax

024

⎞
⎠ ∈ R

60 (A.256)
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