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Preface to ‘—th_é Second ‘Edition

The second revised edition of the book incorporates many suggestions
made by my friends and colleagues. Numerous ‘errors of the earlier
edition have been weeded out. A number of problems have been added
at the end of different chapters. = Chapters 10 and 11 on Laws of Large
Numbers and Ceuntral Limit Theorem have bzen enlarged and completely

" rewritten,

I gratefully acknowledge the sug'geAstions and corrections received
from the large number of teachers and students using the book, in parti- -

_cular, from Profs M.S. Prasad,. M.S. Chikkagoudar, Dr. N.R. Mohan °

and others. Iam lookimg forward to receiving similar suggestions from

_the readers in future: also.

Dharwad L S R B. RAMDAS BHAT
May, 1985 ‘ ' ' '
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~ Preface to the First Edition

'Whilé téaéﬁing the subject of probébility“ theory to pbst—g’fadﬁate
students of statistics I could find books dealing with either from a very -

_ low mathematical Jevel or from a highly sophisticated mathematical level.

Books written for students Wwith only the knowledge of graduate Tevel

~mathematics are hard to find. To fill this gap the present book is written.”

It forms the contents of a ‘one-year probability theory which the author
has taught for a number of ‘years.  The background -needed is a good
knowledge of mathematical analysis including Riemann integration and

. some familiarity with probability theory. Even though the book does not
 assume ary previous kinowledge of measure theory and develops probabi-

lity theory in afseIf-contair;ed‘manﬁgr those who had previous knowledge. .-
of measure theory can cover the contents of the book quickly, probably

in about half the time, i.c., in'one semester. -

Chapter 1 of the book introduces 'set theory and defines event as a
set. of outcomes of an experiment. In this chapter set-theoretical back- '
ground is provided for defining probability‘on a class of events, which is

“done in Chapter 3.~ Chapter 2 discusses properties of another important

_concept, viz., random variable as 2 measurable function. . A'salient feature

. of the book is to distinguish *“definition” of probability from the “method™

" ofits calculation. AXiomatic definition is given and its properties as a

_finite measure are studied. - Distribution "fjunction,s’of r.v.’s and general

.~ distributions are introduced in Chaper 4. These play an important role

v in'the study of statistics. Distribution functions ‘which are mixtures of
" discrete and continuous distributions are highlighted in thé book.

" Expectations are defined similar to Lebesgué;Stieltjes integral, ‘Chapter
5 is self-contained and does not assume any previous knowledge of the -
theory of Lebesgue integration.  Chapter 6 is concerned not only with -

" the definitions of the various modes of convergence of a sequence of r.v.’s,
“yiz., convergence in probability, convergence almost surely, convergence
“in'rth mean, and convergence in distribution, ‘but discusses their inter-

r_eiatiqnsh_ips; There is a section on the initerchange of limits and exXpec-
tations, - Double and iterated integrals are defined and Fubini theorem
stated in the last section. Characteristic. function is an important tool of.

probability analysis. ‘Some basic” properties which are used in later

"chapters, particularly in Chapters 8.and 11 are derived in Chapter 7.

Weak convergence of distributions, which is related to weak convergence

- of probability measures is animportant concept amenable to »prhisticated
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@athematical éna]ysis. This is touched briefly in Chapter 8. -

Concept of independence occurring in probability theory does not have-

a parallel in measure theory. How this condition of independence affects
-the probability measure defined on the probability -space induced by a
sequence of r.v.’s is discussed in Chapter 9. Convergence and stability
" properties of a series of independent r.v.’s and laws of large numbers are

the topics of Chaptér 10. Convergence to normal law, the so-called .
central limit theorem, is der1Ved for the umvanate and p-varlate cases in -

Chapter 11.

A specxal feature of the book which makes it dlﬂ'erent from the usunal
texts, is the treatment of condmonal probability. It is defined on the
space of measurable subsets of a measurable set. ‘Conditional expec-

;tatxon is defined and its properties studied in Chapter 12. As an illustra-
tion, simple properties of a martingale are deduced, Markov chain with -

finite state space is analysed in the last Chapter 13 as an introduction to
the study of Markov processes. The latter is a subject of intense research

actmty during the last threec decades and has been analysed usmg '

“highly sophisticated mathematical tools. If the student’s interest is

kindled to take up further study in th:s area, the purpose of wntmg thls )

chapter is fulfilled.
A notable feature of this book is the coilectxon of theoretlcal and
_numerlcal problerss given at the end of each’ chapter. Complementary

topics not covered in the chapter are aiso mentxoned here. A few of '~
these, have been taken from the questlon papers set at different umversxty S
‘exammanons The author gratefully ackuowleuges his mdebtedness to-*
,_these universities. Phrases such- as ‘how’ > ‘why >, ‘prove’ have been

inserted at different places to guard the 1nexper1enced student against

 _assuming a few statements to be true lntultlvely, rather than derxvmg the
missing steps loglcally Emphasxs, throughout the book, is on rigorous -

derivation of various results, startmg from the definitions - aud assump-

tions.” It is hoped that such derxvatlons WOuld train a student m analyncal -

“and logical thinking.
-1 don’t propose to list the books and the authors whose work mspxred

h me to write the present work, because it is bound to be incomplete. My -

teachers. at Berkeley, parncuiarly Prof. M. Loéve, are responsxble for

rousing my interest in the subject of probability theory. If some readers . '
feel that the present book is an enlarged versmn of Loeve s classncal.

treatise, there is some justification for it.

lam mdebted to’ the University. Grants Commlssmn for provxdmg
financial assistance to write this book. 1 am mdcbted to my friends,
colleagues and students for their valuabie cntlc1sm and comments

’Dharwad P L B RAuuAs BHAT

 December, 1980
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1. Sets and 'Cl_asses of Events

1.1 THE EVENT

In everyda"y life we come across many phenomena, the nature of. which

cannot be predicted in advance or many experiments, whose outcomes o
may not be known precisely.  However we may know that the outcome

has to be one of the several possibilities. The weight of a newborn baby .

cannot be known before the birth, except that it may lie in a certain . -
range. When a coin is tossed, we know that the outcome has to be either -

"2 head or a tail; but we do not know the outcome of a’ particular throw
in advance. . ' R
By a statistical experiment or simply experiment we mean not only an

‘experiment such as the tossing of a coin or the observation of the number -

of defects in a certain sample of N items chosen from the daily produc-.
~ tion, in which the possible outcomes are finite; but also the observation
" of a phenomenon such as the weight of a new born baby, or the weather
condition of a certain region, where the number of possible outcomes is.
infinite.- The concept of experiment is fundamental to the study of pro-

’ ba_bflity -theory, because it is concerned with assigning chances to the ..
outcomes of the statistical experiment or to possible state of nature and

studying them..”

Let us denote by e, the typical outcome of an experiment E. @ is-

called a samplé_point.' The totality of all outcomes-of £ ‘will be denoted
by ©Q and is called the sample space. A collection of outcomes of E'in

which we ate interested will be called an event. Thus anevent is a subiset

. of Q. The number of sample points may be finite, countable-or uncount-

: ablg as illustrated by the following e_xamples. _ ‘ o

Example‘ 11 An industrial engineer may be interested in. detérmining - - '

the proportion of defectives produced by a certain machine. He may
_ choose n items from the daily production and classify - each one of them
. as defective (D) or not (G)- The number of possible outcomes of this

" .experiment is 2% .The typical outcome may be represented by an g:_tpg!é

consisting of D’s and G’s as (DDG.:.GD), which may be denoted by o,
‘«The number of defectives in a sample of 5-does not exceed 2”7 isan
_ event. It consists of sample points (DDGGG),. (DGDGG), (DGGDG), .

(DGGGD), (GDDGG), (GDGDG), (GDGGD), .(GGDDG), (GGDGD),

" (GGGGG). L

(GGGDD), (DGGGG), (GDGGG), (GGDGG), (GGGDG), (GGGGD),
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'Example 1.2. A textile manufacturer may. observe the number of faults
‘in a yard of cloth chosen from the daily production. The possible

outcome may be represented by a number 0, 1, 2,...". Thus Q =
{0, 1, 2 .} confains countably infinite number of points.- “The number
of faults per yard exceeds 57 i is an event, containing the sample points
6, 7,... . “The number of faults is 37 is an event containing only one
sample point 3.

i?.xample 1‘.3. The managing director of a company may be interested -
in knowing the profit (or loss), &, which is likely to"occur to his company
in the coming year. Since & may be positive or negative and may take
any value, Q may be taken to be {— © < © < co} ‘Profit will -exceed .

" & is an event consisting of all those «» which exceed @. It may be written
‘as{o o> a}. Similarly {o: a2 < 0 << D}isan event consisting of all

those w which lie in the range (4, b), reprcsentmg the event that proﬁt

~will lie.in the range (a, b).

Events will be denoted by Latin letters A B C,..., etc. Many a tlme

" the events will consist of all those sample points « which obey a certain -
 relation, as is the case in Example 1.3, {w: o satisfying - a relatxon R}
_is an.event consisting of all those «’s which satisfy. the relation R.: The

event consisting of a. smgle outcome w, will be denoted by {we}. Itisa
singleton and is also called a szmple event, If the event contains o, and
w, it is denoted . by {e2y, 0} and is a double-ton. ‘For convenience, we.’

* shall consider the subsct of Q containing no point, viz., the empty set &,

to be an event and shall call it an impossible event. Sxmllarly the whoie

" space. Q will be called a sure event. -

Any collectlon of events is a class of events.. Classes will be denoted '

by scrlpt letters 7, &, %, etc. - In example 1.1 the sample space Q con-
~“tains only ‘a finite number of sample points.- Herce the number of all -

possible subsets of Q is also finite. If Q contains » points, there are 27
subsets of Q. The class of all subsets of Q is. called the power set of Q.

. Note that the power-set isa class The number of pomts m a set is called,
its cardmahty

Example 14, Let Q= {0, ®, ©,}. Then the power set consists of the
8 events {4}, {“31}’ {"-’2}’ {ogh (04, ), {‘»01, “)3} {mz, “’3}’ {0y, _C"m "’3} .

- (What is the power set of Q when Q ={cwy, g, g, odD

It must be emphasrzed here that the “experimenter may be interested

‘only in a particular class of ‘outcomes and not in all events.” In Example

1.1, suppose the expenmenter isinterested only in the total number of

_defective items in the observed sample. - If o»; denotes the outcome of

observing 7 defectives, Q w11l contain only 6 satmple points, @y, €q,--+>0-
{wi}is a snnple event in the present case, but a composite event con-

taining (§) sample pomts in the case of Example 1.1. | The power set of
Q m the present case is only a subciass of the power set ot‘ Example 1. l.

~
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We shall use the following abbreviations which have become standard
in mathématical texts. -

Symbol - Meaning " Example
(= . element of w e 4, Aded
K3 not an element of ' o¢gd ’
= logical implication a>bb>c=>a > c
T logical cquivaiénce azbandbzasa= b
2 such that ' :
3. there exists
- ifand only if
¥ ' , each, a.ll or every B

12. ALGEBRA OF SETS -
(a) SBT-OPBRATIONS ‘

- Since events are sets of sample pomts it is essential that. one becomes
- familiar with the algebra of sets, in order to understand manipulations-
. involving “events. ‘In ‘the following we. assume that € is given. The
important set operations are: [ Gomplementatlon (i) Inclusxon and
Equahty, and (m) Union and Intcrsectxon - AR

(1) Complementatwn To every set A we can associate anothcr set A°
consisting of alt points of (& not contamed in 4. A" is callcd the com= -

plement of A. Symbohcally,

Evldently, Q"‘ = qb and ¢¢ =

Example LS. Suppose a-coin is tossed 3 times. - The pOSSlble outcomes~~
.. may be denoted by - v
HHH, HHT HTH THH HTT, THT TTH TTT

0)1, \ Wgy . (1)3, 034, gy (.v)a', 0)7, Wg -
- If A is the event that at least one head turns up,
{"’p @gyeeny 07}

f then A° = {TTT} = {wg} represents the event that no_head turns up
If B 1s the event that exactly one head turns up, _ﬁhen :

= {5, v 0)7}: = {ayseees s ‘03}

8 latter reptescntmg the event that the number of heads turnmg up is not-

{o) méA} - .(1._1)-'-
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equal to one. - In general, complements of events are evernts (see section

1.4).

(i)a Inclusion: If all points of a set A are also points of another set B,
then we say that 4 is a subset of B or, 4 is included in or contamed in B
This i is dcnoted by A C B or B D 4. Symbolically, .

ACBes(@eAd=>0c B, (1'.2)

Ev;dently (1) AC A4, (reﬂexmty)

o

(il) AC'.”B BCC#(@EA»@EB:&EC)
=>4 C C (transitivity). .~ . (1 3)
In Example 1 5, B is mcluded in 4. '

If O represents the collection of all students, 4, who pass in ﬁrst class o
: 7and B, who pass, then 4 — B. It may be noted that

(A9 = {o: m¢A¢-‘}_ {m mEA}“ , . ,(1»,4)',

- -andif 4 C B, then

, S aeo By, @y

Students who do ‘not pass form a subset of those who do not pass in

~first class.

We shall see later that a subset of an event may not be an event

(u)b Equalzty If AcC B and B [ A, then A and B are said to be . .

~ equal, denoted by A = B, . Thus in any problem, in order to establish :
. .the equahty of two sets A and B we have to prove that ~

NCXSS A) (m € B).
Sincé inclusion: relatlon is reﬁexwe and transmve. equality relatxon is -

" also reflexive and transitive. Tt is also symmetnc, e, 4= B«» B=4A.

(iif) VUn.zon and-Intersection: If A and B are two sets, then the set of all

-points « which belong to éither A or B is called 4 union Bandis denoted

by A U B. .The set of all points which belong to both 4 and Bis called -
4 mtersectwn B and is denoted by 4 n B. ' Symbolically )

4 U B = {w ocdoroec B} {0 belongs to at least one of
: - the sets 4 or B} (1.6) .

ANB={o:a e_A andoe B} =fo'oc bou;,A and B}. (1.7)-
If 4 C B, B PP
4U B = B ANB=4 (Why?) ¢ )|

_ Example 16 In Examplcl 5, 1f" )
="{all the 3 tosses result in- the same outcome},
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. = {")1’ ms}’:
Cand . . - B'= {the 3 tosses have at most one tail},
B = {éls‘mz, Vg, 0)4}, D A
then AU B= {ml,'wz, @y, @y wﬂ}’,
4N B {4}

if A (B == ¢ then 4 and B are said to be dtSjomt or mutually exclusive.
In this case aqnd only in this case A 1J B will be denoted by 4 -+ B.
Thus, 4 +4- A¢.= Q.. W¢ use this notation throughout the book.

If 4 < B, B N A will be denoted by B — 4 and is called the proper
difference of Band 4. B = A and A are disjoint and (B A) + A=B.
We may note that Ao = Q- A Many a time 4 N. Bis wrltten as AB
omlttmg . '

We may note tha.t

ABCAA AB AB° C B;

4B C B, B—AB = BA° C B.
Hence AB° and B4¢ are disjoint. AB° 4+ B4 = A4 A B is called the
symmetric difference of Aand B, A is called. the symmetric difference .

operation. While the proper difference .is defined only if 4 < B, sym-
metric difference is always defined. - (Mark 4- A Bon a Venn-diagram!)

" We may note that AB + 4B = A.

Unions, intersections and dlﬁ'erences of events‘are events (see sec I 4)

Exgmple 1.7. Suppose Q is the real line R consisting of all reaI pomts» o
o, S . . .
{m —0 < @< 0}

={o: coE(—oo a)}={co<:a},.
' ={o: “’e(c’d)} {c<_‘°<d},
’Then’“. AnB—<]>,xfa<ic<d

=(c, a),lfc<a<d
(c,d),1f6<d<a

Since 4 U B= ot etther wtaore< o <d, it will not be an
interval if @ < ¢ << d, even though 4 and B are intervals. ’
fa<c dc>D B,and 45y B=4°, 4° N B = B. NotethatA‘—

e, ), B = (—, c] U A oo) Thus the complement of an interval. :

need not be an 1nterva] :
The definition of union of an arbxtrary posslbly uncountable number

~ of sets is given by

u 4 {wEQ mEA,forsomeleI}, , ! (1.9)
R -

';where I:ié an -arbitrary - mdqx. set assume_d nonempty. If Iis finite we
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have a finite union. If Iis countable and is gwen by 1, 2 , we have a -

countable umon denoted by U A; Slmﬂarly thc intersection of A;(l el

S
'['}'Alma‘:tocﬂ'me.d-foraﬂzel} o ’ (I 10)
: 134 .

The operations of J and N} are’ reflexive, commutative, assocxatlve
and distributive as can be easily verified How?).

() AUA=4,40n 4= 4; Reflexive)
() AUB=BUAANB=Bq 4; (Commutative)
(111)(AUB)UC AUBYC= AU@BUC
=dUQU B;
(AOB)OC AnBﬂC AN(BNCO)
=ANCNB; (Assoc:atwe)
(MAanO ANBUEnNC; :
AUBNC) = AUBNMUAUC). (Dlstnbutwe) _
From (iv) we conclude  that A(B+C) = 4B + AC aud more generally
o | A(zB,)_zAB - "

. By the dcﬁmtlon of Ae, - o .
_ L. AU L =040 A =4,
Now - (AnB)‘-{m w¢ AN B, ,
R = {o :  does not belongto bothA andB},
= {o : either ¢ A or'e ¢ B},

C=goyBs. @,

 Replacing 4 by A° and B by B* in (1.11), we have
(Ac n Bc)c = (Ac)c U (Bc)c =4 U B )
and hence takmg complementatlon of both sxdes,

Aanc—(AuB)c ’ . o (1.12)

;_This may be proved dlrectly also.- In general if dniel are *arbitrgfy .
o ( U A;)c = {w :  does not be]ong to even one A,, ie 1}, |

| {w w¢AgforeachoneoflEI}, e 7
| - Q,A‘_ o o (\1.13}
and ( n A,)" = {w @ does not belong to each one of A; s}

={o: @ does not belong to at Ieasn one A,},
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—yds = (19

iel

(1.13) and (1.14) are known as de Morgan rules (or formulae) for
deriving complements.

LemMa 1.1: Given a class {4, i - ='1 2,..., 1} 'bf n sets there exists'a .

class {B;, i = 1, 2, , B} af dxsyomt sets such that,

UA,—zB, L (1.19)

=1

' VProof The Lemma will be proved by 1nduct10n Evidently .

AU dy = Ay + ddy =B By, say, ‘ (1.16)

where B, and B, are disjoints..
Thus the Lemma is true for 7=12. Suppose it is true for a,]l n <m> 2

Then_. a -L—J1 A= (U Ai)UAmﬂ,'

i=1

= ( g By UAm+1 (by mductlon hypothems)

= .E.B,H-EB,)é Amias T by LI6)
i=1 o L P .

= 2 By + Bm+1’ say,

i=1

where Bmyq and 2 By are disjoint and hence B’,,Hrl and B;are d:smmt for -
i=1,2,..,m(Why?). Hence the Lemma holds fon n=m-+ 1 and by

mduction, for arbitrary n. (’xx)1
Note that B, C 4, for all i.

" CoroLLarY 1.1: :B Aj= A+ A5 Ay + A A5 Ay - (1T
| Iy 454, , |

"This is the extension of Lemma 1.1 to the countable case. - It tells us

how to get a countable class of disjoint sets, starting from a countable

- _class of arbltrary sets, such that their unions are equal. - Thus, in future, '
- we may assume that we are givena countable class of disjoint sets, with-
~“out loss of generality. (Is the class. {B;} on the RHS of (1.17) unique?)

Proof: Suppose o & SaA"' Then o belongs to some A4;. Thus o may
p Y : ) !

belong to Al or «» may belong 'toeAf. Tn the latter case « has to belong
to A, or A;. "Thus either w &€ 434, or © & 4; 45. In the latter case &

has to belong to 4y or Aa Continuing in this manner, » has to belong .

1l sigaify the end of the proof.
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“to either 4, A1A2, A AL A 3, voiy AL A4S, ...y 51 4, ete. Hence o€ RHS
of (1.17). - '

Conversely, if o= RHS of (1. 17), o & A5 48, ..., Ak Ak for some

k. But AS ‘ ooy A1 Ai  Ax. Hence o € 4; for some k. Thus

o& U 4k which establishes the equwa]ence of the two sets on' the
o e B

two si"des of (1 AD. (M)

: (b) SBQUENCES, LiMITs

A sequence of sets {A,.} is said to be’ monotone zncreasmg if 4nC Ansq

for each n. Smce in this case U Ar = A4y U Ap = Ai 1s called the fimit

of the sequence. Symbohcaliy thxs is wntten as A,,’[~ A If 4, ‘_') Apy for
each n, the sequence {4,} of sets is said: to be monotone decreasmg Then

[’] Ay =4, and ﬂ Ay ="41is ca]led the ‘unlt of {A,,} This i wrltten.

k1.

as 4, \],A
Example 1.8 Let A,._{m O<o< l—lln}c(--oo ) = Q Then

At A={0:0< o< 1}. Let By={n: :0 < w <1+ 1/n}. Then B, B=
{0:0< @< 1} It may be noted thatA is the union of 4,’s and B -

is the intersection of B,’s.

If A, ), then 452, If A4, J,A then by de Morgan ru]e xt follows that
434 4° (Why?).

'So far we defined the hmlt of a monotone sequence of sets. Now

_we shall proceed to define it for an arbltrar:y sequencc For any, sequ-

ence {A,,}, deﬁne
B,, == inf AI, == ﬂ Ak,

kzn  ~ k=n

={0ie belongmg to all A, s except perhaps Agsn A,;.,};_

kz2n - k=n

C m-supAk— U Ak,
. - {010 belonglng to at least one of A,., Angyerc}s |

, Then {B,} is a monotone mcreasmg sequence (Why?) with limit

-~ B= U n A,,=hmmfA,,-hmA

=l Ken

' and {C,.} is a monotone dccreasmg sequence with ]lmlt

C ﬂ U A,,—hmsupA,=hmA

. n-l k-n

vadently B is the set of all points. whlch belong to all but a finite num-

‘ber of 45's. By de Morgan rule. Cc = (hm inf Ay) = {(o © belongmg
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to only finite 4,’s}. Thus Cis, the set of all pomts whlch belong to
infinitely many 4,’s. Ifw belongs to all but a finite number - of 4,’s, it
beiongs to infinitely many of them. Heice, '

- lim 4, C fim 4,.. ‘ (1.18) -

¥f lim 4, = lim 4, = 4, say, then limit of {4,} is said to exist and 4 is
called the limit. If {4,}is monotone, decreasing or increasing, then the
limit as defined now coincides with the one given earlier. If {4} is not

monotone and A exists, then we write 4, - 4. We also say that {4}

converges to 4. . It shou.ld be noted that ltm A, and Hm A,, will always
exist, even though lim 4, may not exist.

Example 1.9.. Let 4, be the set of points (x, y) of the Cartesian pIane

‘lying within the rectangle bounded by the two axes-and the Imes X=n

and y = I/n ie.

o dy={(x ) 0<x<n, o<y < l/n} '(x,y)_eRa. .
Ewdently {An} is not monotone. ButC, C {(x, ) 0 Lx< ‘oo, 0< ;;<1/n}
and ©C=Tim 4, ={(*, »):0<x < w0, y=0k ’

 Similarly, B, = 0 4xC{(x2):0<x<ny=0kand

B = lim A, = {(% 7:0 < x<w,y=0}=lim dy=C

s the hmlt of {A,,}

' Example 1 10. Consxder the sequencc {4} where

Av={0:10<0<b+ (~1y),” (b>1)

‘Th'en» . cn__{[‘“0<"‘<b+(lln)] lfnlseven,

[w:0< o <b+ (L(n+ 1))], if n is odd, -

. and, .hmA,, - {0:0 < 0 < B).

B, '_{[m 0<w<b—(1/n)]1fnisodd
[w: 0<m<b—- (ll(n-l- 1))] 1fnls even;

andhence» hmA = {010<0< b}’

Then iim 4, ;é lxm An and {40} does not converge

13 FIELDS AND o-FIELDS

(a) CrosuRe

Suppose #isa class of sets. If by performmg a 'éertam operation on

.~ one or more elements of &7, we obtain an element of thc same class, we
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say that the class is closed under that operatlon For example, if
ded=Acd, -

" (4¢ € o/ whenever 4 belongs to Ja?) then & is sald to be closed under E

complementatlon If ' ,

4, Be s> AUBe - (1.19)

then . is said to be closed under umons We may note that by mduc—

tion (1 19) nnplles that : '

4y, 4 Aeﬂwumeﬂvn<w. aa@

‘ AThus (1 19) nnplles closure of o« under finite umons Similarly, if
A Be&i::-AnBe,a’l ) - (1.21)
then Al,'Ag, A E&y;"nAgeM V—n<00 (1 22)

" Hence (1.21) lmplles that o7 is closed under finite intersections. Thus,

in order to establish closure under finite intersection (or umon) itis

suﬁiclent if we estabhsh (1 21) (or 1.19). :

‘ Example 111, Let ¥be the class of all intervals of the form (x, c0},
X € R, considered as subset of the real line. NoW (1.19) and .21y

are satisfied for %, since, -
(% YU (> ) = (8, oo),
x, Oo)ﬂ(ys ‘0) = (¥, ©), -
where U= mm (x, y) and v = max (x, ». Hence € is closed under ﬁmte
’ umons and finite mtcrsect:ons But

(x, oo) (—c0, x]gfs%
Hence € is nclt.closed under c"omplementanon.
Example 1.12, 00nslder the class % of all mtervals of the form (a b),

_a,beR(a<b) and ¢. Then,
(@ Bnie, d) = ¢, 1fa<b<c<dorc<d<:a<b

(c,b), 1fa<c<b<d
=(a,_d), fecae<d<h, -

(@@,ua<c<d<f

(a,b), 1fc<a<b<d

Thus,-’g is closed under ﬁmte mtersecttpns. But itis not closed under
 complementations or unions, because. :

o




_sa'rs AND CLASSES OF BVENTS ' - 11

(a,br ~( 0, a]u[b oo)¢? ,
and (a,6)U(e, d) is notan interval, if a<tb <c<d, orc<d<a<b

(b) FIELD , MINIMAL FIE‘LD, PARTITION

- A nonempty class of sets 7, closed under complementatxon and -finite
'mtersectlons, is called a ﬁe!d {‘;‘3

-

_LEMMAI 2 A field is closed under  finite unions. Conversely, a - class

c?osed under complementatzons and ﬁmte unions is a ﬁeld

‘Proof' Suppose 7 is a field. Then. S
@ Ae&eﬁAceM ' . S (1.23)

} Hence .sa? is closed under ﬁmte unions a]so

Conversely, suppose o isa class such that (1 23) holds true for every
4 € & and : . .

(i) Ay g, 4y € =>'GJA. e .
. e =1

Then proceeding as above and using de Morgan rule, we can prove that
& is closed under finite intersections also. Hence we have the Lemma. (¥) - -

From the Leimma, a field is sometimes defined as a class closed under

"compiementatlons, finite mtersectlons .and/or ﬁmte unions. Evidently, if

.sailsaﬁeld
AEM»ACE&V . ‘ o
sAdysesd, e Qeo (.25

(i) Ay, 4y, dr € A = A A,e o. ' O 1.29).
i=1 i s
‘But- . A, Az,..-.,A,,eM:»AI,- G ot Ace&i (byl 23)
AR »ﬁA:ed. (b‘y1.24)
i=1
- (,r"]lAg)" e o, O 1. )
- =>£Jl 4y = &7 o . (by de Morgan rule) ‘

=ANLed, ie ped (1.26)

_ I—Ience we have the following Lemma

LEmMa 1. 3: Every ﬁeld contains the empty set ¢ and the whoIe space Q.
-The class containing only ¢ and Qis a field. Tt is the smallest field

~and is contamed in every other ﬁeld It is called the degenerate or trzvzal

ﬁe’,
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ﬁéld. The power set cons1st1ng of every subset of Q is- also a field and
is the la;gest field. Ifa field contains 4, it has- to contain 4° and hence

contains the class
. {AA $, Q}. @.2n
‘But this class is a- ﬁeld contained in every field containing 4. ’I‘herefore

it is the smallest field containing 4. (What i is the smallest field contain-
B,)')\m_a;az."«w-’* )

_ Example 1 13. Let AI, Az, A be such that A, nd;i=9¢ for all 4, j=

1,2,3.0 #)) and 2 4 = Q Thus Q is subdivided with 3 mutually

exclusive and e,xhaustzve sets To determme the field contdining the class

Ay, Ay A, it is sufficient if we add to the above class the sets ¢, 4; +
A Ayt Ay 4, 4 A, and Q. . Sinee A, + 4, AAs,Al-l—A = Ap
4, —}— As = Al, the resulting class .

(b, Ay Az,Aa, A+ Ay 4y + As, A+ 4,0 (L 28)

is closed under complementatlons and finite unions; hence it is a field.

: »It is the smallest field ‘containing {4, 4, 4s}-

Consxder an arbitrary class % of sets. The smallest field contammg €

W 1s “ealicd ithe7 i ,mmal _ﬁeld containing ¥ or the field generated by 4. Itis

o

. contained in every feld containing €. If %, (i € I) denote the fields

containing %” then &, n C, is the mlmmal field containing %’ denoted

by F(%). Th:s follows. from the following theorem 1.1 and the fact
that %is contamed in %, (see also Neveu (1965), p. 14) .

’ THEORBM 1.1:. The mtersectwn of arbztrary number of ﬁelds isd ﬁeld

Proof Let % i = ) be the fields indexed by points of a nonempty set

: Whlch may be finite, countable or uncountable Let.%, = n% ., the class - ’

-of all sets common to all %,. ‘Since each one of the %; contams ¢ and 0,

_ %, contains ¢ and Q. Suppose A e @y then A€ C, ¥ € I Hence

A° (= %, for all i i “Thus 4 & %, and €, 1s closed inder complemen-—

 tation.

If.AkE%,(k—I 2 ,n),thenAke‘:‘%g, VlEI Then nAkE%
for au ieland hence it belongs to n €, =%, 1mplymg that "f 1s closed .
under finite intersections. Hence ? isa field. (")

‘We may note that even though the intersections of two or more fields
isa field, the unions of two fields may not be a ﬁeld e.g {A 42 4, Q},
{B, B'-’ '$s Q} are two fields, but their union '

. 4,45 BB 45, Q} L (.29
‘is ’not-_a field. S ' o

3
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Let {41} = 1,2,..,nbea class of disjoint sets such that 3 A,

j=l

Thus, {4;} are mutunally exclusive and exhaustnve Then {4;} is called a

partztzon of Q. In this case,

—'A +A3+ +Am (A1+A2)c -=As + A¢+ H-+Am
and so on. Hence the class '

& 4y Az, Ay Ayt Ay Ayt Agy ity Ay Ay Ay + Ay Ay iy
Apg + Apoy F Apsers 4, + A ot da= Q) (1.30)

contaiﬁing 6,  and the unionsof 4,’s taken one set at a time, 2 sets at

' ~ a time, ete., which is therefore closed under finite unions,is also closed’

under complementations. Thus it is a field. It isthe minimal field

C{ni= 120

oIt coﬁtains (‘n )+(n)++ (7n )= 27 sets.
. . 0 1 ) \n .

Partition 7’ is said to be finer than partition 7, or &, coarser
than &', if the minimal field #(=7") containing 2/’ contains the minimal
fleld & (M) containing &.  For example, {4, A¢} is coarser than {4, B4¢,
(4'U B)}; {AB, ABe, BAC, (A U ‘B)?} is finer than both these partitions.
This may be .verified by obtalmng the mlmmal ﬁelds contalnmg these_'
partitions. -

" We have secen that it is very easy to obtain & (%), the mmlmal field

 containing a class %, if € is a partition.  In general to obtain % (%) we
. . may proceed along the following steps: = -

(i)~ Obtain &, = {¢, Q, 4, 4°, such that" elther A e % or A° e %} .

" where 4 C Q. vadently ‘Kl is closed under complementatlon and
“¢ontains %. - , . .

(i) Obtam the class (6 contammg ﬂ Bk, where Bk c ?1, k -1

2,0, Bys and n being arbltrary Now % ,:is closed under ﬁmte mter— _

sectmns. but not under complementatxon ;
- (i) - Obtain %, the class of all finite unions of paxr-wxse d1s501nt sab- .
sets bélonging- to #,. Since they also contain complements, €y is a field .

and is the minimal ﬁe}d contamlng %. (Prove ')

* Example 1.14. Let € = {4,.B}. Then =

| fg‘_’{qs Q, 4, 4 B, B,
Gy = {%y, AB, ABc A°B, Ach}, . : .
@, = (€, AB - A°Bo, AB° AcB AB ABe AcB
' A +AB¢+A°B° AB+A‘B+A°B°‘ ABy
+ 4B -+ Ach},
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%5 is the smallest field containing €. It comcndcs with the mlmma} field
containing the partition {45, 45¢, ACB A¢B¢}, The minimal field "con--
taining {4, B, C} is the minimal field containing the partition, {4BC, .
A°BC, AB°C, ABC¢, A°BeC, AB<C¢, A*BC<, A°B°C<} (Why?), -

(c) o-FIELD BORBL FIELD

- Closure under ﬂmte ‘operations does not xmply closure under countable
operations. In Example 1.11, we have seen that the’ class € of all inter-
“yals of form (%, oo), x & R is closed under finite intersection. But it is
not closed under countab!e mtersectlons, because ' .

ﬂ(x~1/n ) =[x, ©) ¢ .

e A nonempty class of sets whxch is closed under complementat\ons and.

“Eountable unions (or countable intersections) is called a o ﬁeId vidently .
1t is a fiéld closed under countable operations of union “and ‘Ttersection
~ (How?). It possesses all the properties of a field, hence contains ¢ and
Q. If % contains onlya finite number of sets-and is a field, it is also a
o-field. However a field contammg an mﬁmte number of " sets may not
bea o-ﬁeld ' : :

Example 1 15 Let Q= 1,2, 3, 4,.)and € be the class of subsets A4
of Q such that either 4 contains a finite number of pomts or A¢ contains

" a finite number of points. Evidently € is closed under complementation.

It is also closed under finite unions; becau;e A U B will contain a finite
number of points if each one of 4 aad Bi is finite and (AUB) = A°NB° '

will contain a finite number of points if either A° is finite or B¢ is finite. '

Thus cither 4 B contains a finite number of points or (A {J) B)® contains .
a finite number of points. Hence AU Be €. T hus € is a ﬁeld :
But € is not a ¢-field. Let .

=2 @=1, )

Then U A; {2 4,6...}, is nelther finite nor. ltS complcmcmﬁ is ﬁmte R

Hence lt does: not belong to%. : :
- By Theorem 1.1, intersection of arbxtrary number of ﬁelds isa ﬁeld
Follow_mg similar steps we gan prove Theorem 1.2.

3,

THEOREM 1 2: The mtersecuan af an arbztrary number of a—ﬁelds isa
ofield. - N - : y .

) Gtven a class %, thc miinimal u-ﬂeld contammg the class @ willbe
denoted by o(%). Ttis the Tiitersection of all.o-fields containing €. Itis

also called the c‘ﬁeld generated by . If % is ﬁnlte. the mmlmal feld - -
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F (93) containing % coincides with the minimal o-field o(%) containing %.
To obtain o(%) from a given class %, wefollow the same steps (i) (m) B
.- used in the procedure of obtaining F(E ), except that in step 2 we allow
n to be infinite. .

. Example 1.16, Consider the class € of all intervals of ‘the form(——oo x),
X & R, as subsets of the real line R. This class is closed under finite’
intersections, but not under complementation nor under countable inter-
sections, Let o(%) = # be the minimal o-field . containing #. Then #

‘ {?‘Y* @t

contains intervals of the form [x, o); which are complements of sets of

- the form (- oo, x). It contains intervals of the form

(— 0, a] r] (_oo a + l/n), (by countable 1nters‘.=.cuon),}l
!

w\} N V) \ @, ) = (—co, al, _ (by complementation) (1 30
g (a,b)_( 0, b)ﬂ(a ©) (@ <-b), .
- S/’T_N\~ (a, b), [a, b), etc., for a, bER = - J _ _
N / 4 is called the Borel fieldof ‘subsets of thc real line. The sets of .@ L

re called Borel sets™=Botel field and Borel sets play a very important |
ole in the study of. probablhty theory.

" Lewua 1,4: Let %y be the class of all intervals of .the form (a b)
'(’a'Z—b—)lz; bER but arbztrary Then o(%,) = #.

* Proof: By (1.31), (4, b) € @, for all a, b, Hence %, cgz By dcﬁmtlon'
of minimal o-field, o(%;) < 4.

To prove inclusion in. the reverse dxrectlon, we note that by deﬂmtlon ‘

' of o(%), o
. U (——n, x)'E a(?,), V x
=>( 0, x)eu(%,) VX
. =¥ C a(%,) .
" where % 'is deﬁned in Example 1.16. Hence :
‘ o(%) U(gl) :
‘ j' But o(%) % and therefore (%) = o(%) = &- (*)

In the same manner as above, one can prove -that the Borel ﬁeld is -~

the mxmmal field contammg any one of the followmg classes,
%, _{( oo,x],xe.R}
% = {(a bl,a < b,a,b & R}, :
€, ={abl,a<babc R}, ' 1.32)
(€, ={ab,a<babc R, :
B = {[x, ), % € R},' ete. .




16 ) MODERN: PROBABILITY THEORY

~ Thus, # contains all subsets of R of the above form and their com-
plements, countable unions and intersections. However % is not the
class of all subsets of R. Examples of subsets of R which are not Borel
“sets can be had from any book on measure theory. : :
if x € R, singleton {x} is a Borel set, since -
{x} = (— 0, x}Nlx, ).

Hence any countable subset of R, containing 2 countable union of single-
tons is a Borel set. Thus {0,1,2,..} is a Borel set. But an uncountable
_-‘union of such singletons, viz., a subset ‘containing an uncouniable num-
ber of points of the real line may not be a Borel sct. ' '

Example 1.17. The Borel field %, “of subsets of the real plane R is
defined as the minimal o-field containing all open rectangles of the form

B = {(> y): a<x<bhe<cy<dha< b, ¢ <d, - ' (1.33)
" fof, a, b; c; d belonging to R and arbitrary. Taking o

B, = {(x, Na<x< b+ e ccy< d} E’-.%.‘
) ~7ﬂBn-ﬂ{(x,y)ia‘<'x<b,c<,y<d}e%' '
Thus, a]i_half—open- rectangles with- at least one-side open and-at least

one side closed are Borel sets. Similarly all closed rectangles are also
Borel sets. - Since in_ﬁnitc recta1xgles’ of the form Y ,

(x<bhe<y<di= U{—.n<x<"b,é4.y<d},
= N ) N " " . . . - !
and {a‘<‘x,c_<y'<d}_= U{a<x<n,c<y<d},

they also belong to %, In fac‘é, all these classes of rectangles generate - -
@, (Whyd e
" Similarly Borel field 2, of subsets of R”, the n-dimensional Euclidean - -
space with typical point (X, Xz>:+0 Xn)s 18 geneta_ted by n-dirnensional
open rectangles of the form ' ST e
i . B —:.{(xll"'s Axn): q < -xf <_'biari ﬁ"l, 2:-{-777‘}r _(1'34) -
a e R b ER, arbitrary, or by rectangles, closed on one or more of
its 27 sides. For example, it is generated by rectangles of the following ‘
form : o T o

B = {_(5:1,..., x,,): a; < Xp é_‘b[, i=1, 2,..., n}. @
o-field is also called as o-algebra by some authors (see Halmos, P.R.
(1950)). Theoren 1.3 is useful in determining whether a certain class is
a o-field or not. ‘A field & is said to be a monotone field, if it is closed
 under monotone operations, i:e. if limd, € Z, whenevef{A,.} is & mono- - -
tone sequence of sets of #, i.e. : S : -
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A, eﬁ' An 'rA :AEJZF
and ‘ : ,,eﬁ.,A,,{,A:;»AE.?".

TuEoREM }.3: 4 d-ﬁcfld.is.a nmonotone ﬁeld and conversely.

‘:»Pro'of' Letﬁbeaa-ﬁeldandA'éf IfA,.fA then 4 = UA isa

: countable union of sets of #. Hence 4 & Z. Similarly 1f A,, § 4,
. Ae . Hence ¥ is a monotone field.
Conversely, let # be a monotone field and let 4, 4,,...be sets belong—

ing to .. Then U Ay and ﬂ Ak belong to 3"‘ smceg"" isa ﬁeld These -

k=1
are monotone sequences WhOSe lumts U A and ﬂ A} must belong to .
-] .

k=1
Z. Thus, .‘f isa c-ﬁeld (*)

. 14 ‘CLASS OF EVENTS

“ In section 1.1 an event is deﬁned as acollectlon of outcomes of an
'experxment E, in which oné¢ is mtcrested Since - Q is defined as the
collection of all outcomes of E, if 4 is an eyent, A¢ will alsobe an event. .
It denotes the non-occurrence of A. . If & is the class of all events .

* associated with the experiment E; it is ‘closed under complementatlon

If A and B are events, then 4 |J B denotes the _event that at least one -
of “the events A-or B occurs; 4 -\ B denotes the event that both the
events'4- and B -occur smultaneous[y Thus ¢ is closed. under finite.

v,umons and m!ersectlons and is a field. If A, A,, , A, are events,

' - U 4; wxll denote the eVeuts that atleast one of the events A, wnll occur,' B

s ‘!-1

n A, w1Il denote the event that\ all the eVCnts A, occur s1muitaneously '
i==1

Since the union and mtersectxon can be extended to the case when .n 1s
 infinite, &7 will natural]y be a o-field 1f E has an  infinite number of out-
' ‘comes. :

. Thus, with each expenment E, we can associate Q, the space of all"
outcomes and' &7, the o-field of events. For different experiments we
shall have different Q and different &/. This becomes a handicap when
we have to ‘consider outcomes of more than one experiment simulta-

. neously. - This handicap is avoided by consideringQ to be the collection -
- .of outcomes of all experiments ‘under consideration.”” However <,

“the o-fleld of eveats, will be associated with oxnly a partxcular experiment-
- in which one.is interested. For example, Q miay consist of outcomes of .
a dice-throwing and a coin-tossing expcrlment “The events of interest
" may be based on the outcomes of coin-tossing experiment only. .In th1s
- .. case an event isa subset of Q and not conversely. ) '
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With every cx’pel:'iment baving a finite number of possible outcomes, .
the class of all events will be a-field. - If the field is degencrate, the only.
e R .
events.are ¢ “and Q. Thess are called respectively as impossible and sure
events in line with our proposal to associate chance with the eventsin .
the later chapters. If thé number of possnble outcomes is infinite, then:

the class of events is a o-field. The space Q- of all outcomes of experi-

ment““‘l”o«gether “With the specnﬁcatlon of the. mheld & of events is some- -

time called a measurable -space and is denoted by the, pair (Q, .21)

Lctw/beaclassofev nis ¢ ndBe&i Then forAe.sz? BnAxs. _

i PR

‘an eveut The class of ali such evenfs T g
' BnA4: Ae.szf}_Bﬂsr/say,.

Cisae- -field of subsets of B (Why?). - It is the restriction of & to subscts .

of B and hence possesses the same properues as those of &7,

COMPLEMENTS AND PROBLEMS -

1. Cauntabzlzty Show that (i) every infinite. subset of a countable set
is countable and (ii) the union of a éountabl: numbec of countable

sets'is a countable set. Deduce that the set of all ratlonal numbers : '

is.countable.

2. Show that (i) (AABYUMAAQ) =4 UBUC- AanC,

S () 4 B)ﬂC-—(AﬂC) (BﬂC)
3. If A, > 4, show that AL > Ae.
4. ‘Prove that -

11m (A,,UB,,) = hm A ylim B,,

What can you say’ for lim (A,,UB,,) !1m (4 n B,,), 1_151 (A,,(]B,,)" :

5. Let Q = R?, 4, = interior of the circle w1th cnntre at ((-—1)"/n, 0)

- and radius l Fmd lim A4, lim A,,, and llm A 1f exl_sts
_ 6. Prove that (1) (UA,)nB = U(A, N B),
(11) A,, ¢ and {'] A = 4) then A U (A,-—Afﬂ)

- 7..'IfAv—An-«l3J,
_Bnm246

show that hm A, = A U B Ilm A,, =4 n B When does hm Ay

exist? ~

8. Examme the followmg sequences of sets for convergencc ,If con=

o vergent, derive the limit.
(a) A»n O, 1/2?1) A:n+1 =[] ]/(2” + 0. .
'(b) A,, = Ithe set of ratlonals in (1—1/(n + 1,1+ lln)],

22
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‘(c) (2-I/n 24 2,’n‘ n odd,
= ¢,  nmeven
9. Halmos (1956) calls a o-field as Boolean o-algebm with operatxons

10.

1L,

12.
@ 4N Bj}isa partmon of O, 7
(b) ofs{4i} U o{By}} = - o{d; N B},

13,

(i) Qe .
- The class < is a o-field 1f in addition

‘of addition .and multiplication suitably defined. Boolean o-algebra
.7 is said to be separable or of countable type if there exists a -

countable family of subsets of @ which gencrates &7. Taking open
intervals with rational end-points show that Borel field is separable.:

‘Minimal monotone class containing ¢ is the-sma[!estaclas_s closed
~ under monotone operations and containing ¢. If /4, is the mini-

mal monotone class contairing €, then show that.#, = o((g)
Show that a-class o# of subsets of Q isa ﬁeld if '

W A BcA2>4U Be #,

() BCcAd=>4-Bed,

(IV) A‘EM(lﬂlz ):-A—UA;EW

If {4,500, Amp and {By,..., ,,} are two partmons of Q, show that

= o({4} U {B}})-

-Can you extend the above result when {4 } and {B }-are (1) count— :

able partitions. (i) arbitrary classes?
Let % be an arbltrary class of subsets of Q and let o be the collec-

i txon of all ﬁmte unions U Ay (n=1,2,...) where each A, n B,;, '

'-‘.B] e¥or B %: Show that o is the minimal- field over g ,

14.

15,
- - exist subsets of R which are not obtainable by countable operations
‘oni intervals. Give an example of such a set. Also give an example

~of a non-countable Borel set whlch is not an -interval. (see

_),_.: 16.

17.

" This gives us a procedure of obtaining minimal field over a class .

Extend thls procedare to arrive at the minimal c-field.
R =Ry { o0} U {1 oo} is called the extended real line. One can

" define Borel field #Z in R s1m11ar1y to .93 m R. Study the relation- . .
ship between # and Z.

Borel sets are subsets of R. But the converse is not truc There

Halmos 1956)

~Let.BbcaBorelsetmR LetB’—{a+x xEB},aeR Show

that B’ is-also a Borel set.

If € generates a o-field &, the c-ﬁeld Bnd of subscts of Bis -

generated by B n ?




2. Random Variables

21 'FUNCTIONS AND. INVERSE FUNCTIONS "

(a) - POINT FUNCTION AND SET FUNCT!ON .

Suppose Q is the sample space w1th sample pomts .. Sometimes we are _

interested ina. ~value X(w) associated with «, and not in e itself. X(m)
may be observable whlle ® is not.

Example 2.1. Con51der the sample spacc in Example 1.5, consxstlng of _

8 possible outcomes of the experiment ".of tossing a coin 3 times. We,

- may be interested only in'the number of times head turns up. Thus, with

N

the-outcome HHH = w, ‘we will associate a number X{w;) = 3, repre-

- senting the number of heads'i 'in o). With the outcome HHT = &, we

‘will associate X(w,) = 2, and so on.

- A function X on a space Q to a space .Q’ assgns to each point = Q 7
.2 unique point in Q' denoted by X(0). X(w) is the image of ‘the argu-
ment & under Y. It is also called the value of Xat . X is also a mappmg o

from Q to Q’ derroted by Q —> Q’ wis mapped on to X(0) = o =
by x.

X also establishes correspondenCe relatxon between points of Q thh
pomts of &', Qis. called the domain of X and Q' is called the range.
- The set Q" = [X(w): o € Q] which is a subset of ', is called the striet

- range of X, If Q"= Q", then we say that X is a:mapping from Q onto

', otherwise X is said to be a mapping from Q inte Q.. The symbols

f(x), X(w), etc., will be used to denote. functlons, even though they’
. really denote the values of functxons

 Example 22, Let Q=[0, £1, 5£2,...], 0’ = w,i 2,.. ] and X(m)-m?
. Then the strict range of X is 0,1,4,9,...] =-Q". Hence X i is a mapping -
of Q ‘into’ Q’ and ‘onto’ Q. If X((o) = w—l— 2, then X is'a mappmg'

of O ‘onto’ Q.

We consider” one-valued functlons only Thus, = mz = X(wl} :
» == X(w,). Many-valued functjons such as X{(®) = 4- Vo, & € R.are out-
- side our purview. But, in general X(o)l) = X(wg) # 0, = o, bccause,
" there may be more than. one & which is mapped on the same’ image o’

I X(op) = X(w,) = 0= g whatever be o5, 0, € Q, then X is said to

_be a one-ta-one(l 1) functlon In Example2 2, X(co) —m+2 isa o
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" .1—1 function, as there corresponds a unique image to apoint-w € Q; but
X(o)gw2 is not a 1—1 - function; since a; = 4.2, w, =+ —2 have the
same image )L(ml) =4 = X(0,): If Qisthe real line (—c0 < o < )
~ and Q' = (0 < o’ < ), the finction Y(w) = exp (o) is a 1—1 ‘onto’
_ function from Q to Q’, and is a 1—1 ‘into’ function from Q to Q.
If the range, space is the real line R or its subset, the function is
. ‘said to-be a numerical or real-valued function. In Example 2.1 with
each o we associate a numerical value. Hence, we have a mapping.
from Q to R.If the arguments of Xare points of space 2, we have a *
point function. In the above examples, we co nsidered only point func-
tions. If the arvuments of a function are sets of a certain class, then
we have a'set function,  If </ is a class of sets, and with each 4 € &,
- we associate a value p(A4), say, then p is a set function. w may represent .
" such entities as weight, Iength measure, etc., associated with the sets ‘of -
-&. For example with an interval (@, b) we may. ‘associate its length b—a;
- with the disjoint union (a, b U (c, d) we may assocxate, w((a, b) U
(¢, d)) = (b—a) + (d~c), and 50 on.
Two real valued functions X and ¥ on Q are sald to be equal iff

K@) = Y() ¥oeQ

- and we wrateX Y. “Similarly we write. X< Y, 1ﬁ”X(w) Y(w}, for ..

)
all o e Q. Thus, to verify the’ cquallty (or inequality) of two functxons .

we have to venfy the equahty (or inequality) of  the values of these |
functions at all argument pomts w, I X(w) = & a constant for allw,
Xis degenerate L .

{b) INVERSE FUNCTION

" We have seen that fora pomt o e there may exzst one or more than
one poiats of Q, whose i xmage under X is ", The set of all points e EQ
whose image under X is o' is called the inverse image of {©'}, denoted ]

.as X! ({(o Y. Thus,

u’f‘l({m})~{meQ X(w)—w)} o 2. 1).
I—Ience forward sets of pomts or ciasses of sets will be denoted either

by {-} or by [].
In general, let B’ < Q'. The set of all po!t?ts\of Q for which X(w) =

is called the inverse image of B’ under X, denoted by X-1(B): B
' X-1(B)=[w} X(co) Bl - O (2.2)

“Thus, with cvery point functlon X, we assocxate a sé?ﬁ?fc‘tlon X% T
- whose domain is a-class &' of subsets of Q' and whose - range is a.class

z, (say) of subsets of Q. X—1 is called mverse functxon (or mappmg) otl

X. We shall denote

.. X(B) = [X(0):0 € B], BCVQ, . -
x@) =@ Bedl. T . @)~




C (i) I(49) =1 — I(4), (B~ A) = 1(3)—1(,4) i
\(111) I(AB)— I4)- 1B), 1( n A)= n X4y :

@) KAUB) = )+ 1B~ KA. 1B) = max{I(A), I(B)),
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Evidently -~ X~ 1(0') = [o: X‘(co)eQ]“

Exaniple 2.3. - Consider the function X(s) = w? from R to R. LetB' _
be the set of points contained in the interval (1,2). Then XY(B)=
(1, \/Z)U( +/2,—1). If the range and the domain of X is the same

and is (0, o), then X-1(B") =(1; \/2)

: Example 2.4. Consider the real valued functnon IA or I{A) deﬁned on

Q as. follows

I(A)(m) = 1.4(0) = 1 1fo>e'A } _ : o (2._4) L

Ay(w) =0, e e e,

Then I or I(A4) is ¢alled the indicator function (or characteristic functlon’
by some- authors) of A. The strict range of Iy is

IfQ) = {I4e): 0 & Q} {0, 13. ¢

R IfBC R, the range space, then

(B) "¢, if B does not contain ‘0’ or ‘l’ 1‘ ,
n = A, if B contains ‘1’ but- not 0, { '(2_52
B = A¢, if B contains ‘0’ but not L S :
R " =Q, if Bcontains both fO’ and ‘1", J v
Thus- L@ = {4, 4,45 Q=ofd). 2.6

- Ev1dentiy, cl4 takes the value ¢ on 4 and 0 on 4°, and hence ’

(eI (B) =I7(@®) =o(d).

I, takes the value, ‘1’ for all 0E Q. If X(o)) =¢ for all o & Q then _
. X =cI, and in this case .

A X*l(B )= 4) or Q, whatever be B' C R,' 2.7

‘ie‘,. : Iy = {¢,Q}~—(clg)—1(.%‘) o 2.8)

As the indicator funcuon is the- mmplest non-trivial. function, we give

| . “below some of its 1mportant propertxes wblch can be easxly establ:shed
- (Prove ’) o

® AcBerm<IB, N
" A=BeI(4)=IB), ‘_ Lo
KAy = I1¥4) = I"(4), Iy = 1.

—minI(Ai A b @.9)
|
KA+ By =KA) +I(B), "
I(UA,) =3z I(A,) -3 z I(A,) Ay
; + EEXI(A.) -1(4y)- I(Ak) —ey
- = AR {1(141)’ I(As): I(An)} IR B

P
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In order to establish the last relat_ioh in(2.9) l(iv),wc may note that'if w

belongs to & of Af’s, then on _thé right hand side it will contribute (I;)

to the first term, (]; ) to the second term, and soon. Since (];) K (; ) +,

_(,Iz) = 1, we have the rgsﬁlt.

For the numerical valued function X defined in Example 2.1 we can
. determine X~'(B) for various sets B € %, the Borel field. (How?)
If A, B are subsets of Q-and 4 N B = ¢, this.-does not imply that
- X(A) X(B) = ¢. (Give counter-example!). However, if A'and Bare
. subsets of Q' and A B = é, this implies that X-Y4) N X7(B)'= ¢
In general, we have the following: 4 L IR

'LEMMA 2.1: _ Jnverse mapping preserves all set relations.

~ Proof: (i) LetB.c C.C Q. Then o 5
o XY B) = [0 1 X(@) € B C [0 X(w) € C] = XT(O)-
(i) LetB,C . Then R : |
- we XN B) = X)) €NB,
_'<>‘ X(m)'e‘ "B‘k; ¥k,
& w e X(BY, ¥k
R e 0 enXY By o
Hence XN By) = 0 X8 R ' (2.10)
Similarly, we can prove that b. '
| XY B = U XUB). (How?) ©
(i) © € X-YB) < X() € B = X(w) ¢ B, '
- T s e XD _ |
Thus, . XOE)= @@ @I
It may -be noted hgre that the unions and 'intersections__c_onsidered"
) above need not be countable. (*) ’ . :
‘Evidently, _ : . . S
LX) = e X(e) € 91 =0X@) = ¢
if ANB =9, then X-ANB)= X-YA)NXIB)=¢. Hence,

X-1(dy and X-Y(B) are disjoint. If ¥ is a certain class of subsets of Q@'

and X-Y%’) = [X-Y(C) : C € ¢'], from the above Lemma 2.1 the
question arises whether X=%(%") is'a o-field, if €’ isa o-field. A partial .
answer to this question is contained in the following - Corollary 2.1 and - -
- the complete answer in Corollary 2.2. . ' I




24 : -~ MODERN PROBABILITY THEORY

COROLLARY 2. 1: If &7 is a class of subsets of Qand is a 'o-ﬁeld',vth'en the
“class & of all sets whose inverse r‘mages belong to <7 is also a o-field.

. Proof: By deﬁnmon of &, since .27 is a a-field, using Lemma 2. 1,
Bp B,,. E B = X I(Bx), X 1(-Bz)s e A,

anl(Bi)C&f

i=1

= X-1(NB) & o,
i . .
= nt [ A. ‘

~ Thus, Z is closed under countable intersections. Similarly, by Lemma
’ 2.1itis closed under complementatxon also. Hence B is a o-field. (*)

COROLLARY 2. 2: O Iftisa ﬁeld (ora u—ﬁeld) of subsets of O, X-"l(%) -
is u field (or a o-field) of subsets of Q.- (i) Inverse image of the minimal -
) 'c-ﬁeld over any clas.s' % is'the mmzmal o-field over X—l(‘ﬁ), )

e T oXN @) = X-l{c(%’)} S Loe. 12)
' Proof (1) Let € bea cr-ﬁeld on &' and &7 be theclass' of inverse . 1mages i
of the elements of €. Then, since % is a o-field o RN & gi:
| X-YBy), XM B2)swe» € M = Bxs _Bza . ,'%' | |
R =>nBle%‘
X—l(nB,) (< -ﬂf :

e nX—l(B;) e .Rf

“using LemmaZ I. Thus, .szi is closed under countable mtersectlons _ -
. Since (X-l(B))c = X-YB°), & is closed under complemcntatlons and .
 hence it is a o-field. - Thus, the inverse of a o-ﬁcld is'a o-field -and in:

" particular, inverse of a field is a field. .
(i), Let c(@) be the minimal o-field COntammg €, a class of subsets = -
of Q. From (i) X -1(6(%)) isa o- ﬁeld of subsets of Q. It contams X‘l((g) :

- and hence o(X'-l(%)) Thus, _ o o
X(o(%)) D o(X—l(%» e 13) -
To prove the 1nclusxon in the reverse direction, from Corollary 2.1,
" theclass of all subsets #Z of Q' whose inverse unages are elements of the
o o-ﬁeld o(X~Y%)), is a o-ﬂeld Heénce. ,
X‘l(g) < c(X—’(?)) > ¥ c .@
= o(%) c .%

= X”(ﬁ(%”)) c X"‘(Q)
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But _by. definition of &, X-Y(%) equals o{X-%(%)). Hence

XYo(®) Co(XHB). - @214

©(2.13) and (2. 14) imply (2.12). (*)

(¢) MEASURABLE FUNCTION, BOREL FUNCTION, INDUCED 6-FIELD

-Aun important class of fuuct'tons"i'_'s'jthat‘of real valued functions X on Q

to R. Let % be the Borel field -of subsets . of R, and & be a o-field of
subsets of Q. If X-%B) &  for all Borel scts Be %, X is said to be -
a &7-measurable function, or a function measurable with respect tosZ., 1

Qs also the real line' R or its subset and if X' is measurable with respect -
- ‘to the Borel field-# on the _domain, then Xis called a Borel-function.
-~ Tfs, X 3 Borel fanction if X-(B) & 4, for Borel sets Bin the range
© . Space, and the Borel field Z in the domain. . :

Example 2.5. The indicator function I, is a real »ﬁélued funcﬁon. By ..
2.5), I;\(B) € {$, 4, 45, Q}. Since isacfield inQ,if4d € &, &

~also belongs to &7 and hence, ['(BYyE & < 4 € &. Thus I,is &-

measurable iff 4 € . 4 function taking a constant value fore € Q

is measurable with respect to any o-field in Q (Why?). We can verify .
that, if X can take three distinct values ¢y ¢;, ¢ such that ' '

Y X(@) = e if 0 € Aoy, -
= ¢, if 0 €4, ’ I

i _' v 'tht::ln,_{Ao, 4;, 4,} forms a partition of Q'(Whﬁ'?). Then .X will Be d—
-+ measurable iff {Ag, 4y, Ay} © & (see Example (2.6)).. o

- Let X be a real valued function on Q and- % be the Borel field. By.

- Cor. 2.2, the class of sets XN By = {XYB):Be HB}isa o-field. Itis
- called the o-field induced by X. It is also denoted by #(X), later on ; X

© will be «/-measurable iff it induces 2 g-field which is a sub-o-field of &,
Y/ and X is &/-measurable then it is also of'-measurable. If.

" o and Xis o/-measurable then X may not be.&/ ".measurable. X

o wduld be &7""-measurable if X-{(#) /" also. The smallest o-field

with respect to which' X is measurable is X~(%), the o-fleld induced by~
X. Sioce it is contaided in every o-field with respect to which Xis

- measurable, it is the intersection of all such o-fields.

"By (2.5), %) = {#, 4, A°, Q) which is_the o-field induced by L

" The o-field induced by the constant is the degenerate ¢-field. Therefore,
" a cohstant function is measurable ith respect to every o-field of subsets
of Q. Conversely if {¢, Q} is the o-field induced by X, itis degenerate
© (Why?). o R : : o

Ex@mﬁ]e'2.6. Consider'the:ftinc'tion X defined by (2:15). Then
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X-Y(B) = ¢, if B does not contain ¢y OT c1 or ¢y,
' = A,, if B contains ¢, only,
= 4,, if B contains ¢, only,
= A,, if B contains ¢, only,
= A, + 4,, if B contains ¢, and ¢,
= A, + 4,, if B contains ¢, and c,,
= A, -+ 4,, if B contains .c; and- c,,
== 0, if B contains ¢, ¢, and ¢,
Hence '

X = {4, Ay, Al, Ay Ao+ Ay Ao+ Ay A+ 45, Q) (2 16) '

‘which is. the minimal o-fleld c0nta1nmg the parutlon (A 4y, A5}
general, if

X(w)-—c,,lfmeA, (1_12 Lm0 @I

then {4y Agseens n}.forms a partition of Q. The o-field induced by X

js the minimal o-field containing this partition. (Why?) Now

—Zoly. sy

[l

in terms of mdlcator functions” of “disjoint sets of the partition {43

‘Since we are concerned with one-valued functions. only, any function

taking finite dlstmct vaiues {c,, cz, . Cn} can be wrl_tten in-the form

(2.18), where

= [w : X(m)ﬂc:]-Xl({c.}), (t—l 2y m)e (2.19)

) Hence A.; s are evidently disjoint and form a partltlon of Q.

A finite linearcombination ef-indicators of ‘sets (not necessarlly dis-
. }omt) is called a szmple functwn IfQis finite, all real valued functlogs

’ H be s:mple (Why)?wj ?fﬂ VP Lo % s{;gf%j&% é@ ;

LEMMA 2 2 Any .s‘tmple functzon X can be written in the )torm iﬁi
X= 3 xly, P @.20) -

kw1

;/ugn"v i

: where xis are dtstmct numertcal constants -and {Al, 4. . o n}, is a

N parutmn of Q.

o : Proof Let X be a linear functxon of I, and I, only, say -
- X = ¢ dp F cgzﬂ, T . 21)
" Then X(q)_)"=‘ 0, 1f o¢ B, ‘and. @_¢, By ie, o€ 31 B = 4, -
' =c¢, foeB and ofBy ic, 0SB B =4,
| =0 f w ¢':B1 and . B,, i‘.el., w & BBy = 4
 =e+teifecBad 6EBy ie, © € BB = A,
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. : Hence X{o) = x; for w & A, where x1 = 0 Xy = Cy, X3 = Cy and X, =
H . © ¢ + ¢, Moreover {4,, 4,, 45, 4,} forms a partmon of Q. Thus, the
B Lemma is proved for the linear combination of 2 indicators. :
. “Suppose i in general X is a linear combination of m indicators,

n ) . X =% ey (2.22)

B i - . i=1 : ) -
Then Lo X(w) = Cjy -+ ng‘ “+ ... + Cips- : {223)
it weB,NBLN. B,,c ) BS, .- N Bjm = A say,

, where ( ji, fyseers Jm) 18 @ permutation of (1 2,...,m)and k=01,
4 : Thus, X can have at most 27 values which are dxstmct. The sets 4; bemg

i ' disjoint, {4,} forms a -partition of Q. The Lemma follows by takmg
o for n, the number of distinct values of X. (*) _

Thus a simple function takes only 'a finite number of values. X5 X2,
ey X (say) and we have seen from the earher discussion that conversely
. a function taking a finite number of values is simple. {4,} is the partition
3 : on which X takes distinct values. It is called the partltton mduced by X.
' In fact - :

= [0 X(0) = x] = X—l{x,} P = 1 2,.
N We may note that the partitions mduced by X and cX'(c # 0) are the
. same: Hence forward we shall assume that .a simple function is of the -
" - form (2. 20), w;th XS dlstmct and Ady’s dls]omt formmg a partition of
H ) Q. o . .

- Lemma 2.3: The o- ﬁeld mduced by a simple functzan (2 20) is the
,mmzmal c-ﬁeld cvntammg the partmon {4y, Azy . A4} :

'- Praof Let B be any Borel’ subset of the real line contammg
K ' {x.fl » Xz se xfk] o [xl’ Kgsress xn]’ .
Then X(m) eB iff X(c)) = x,.01 x;, or ... Xji .
But X(m) = x5 if 0 € 4; Hence S

o PR - o : X(0) € Bl = X“(B) = 2 A,, e o{A,, gries An}e

- Since the sets of {4} are sums of sets of {A,}, Lemma follows. (*)

COROLLARY 2.3: The o, ﬁeld mduced by X = 2 ciIB, is (equal to) the'

mmzmal o- ﬁeld containing B:» B,,..., By : : .
Corollary follows from Lemmas 2.2 and 2. 3 since each one of the
<1 o 4, s belongs to o{By; Byye-es Bu}:
5 . A countable linear combmauon of mdlcator fun nctions _is called an.
' ,_glgmenzat;quchL__. A few. authors do not dlstmgulsh s1mpIe and cle-

SRR

B
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mentary functions and call them both as simple funcnons But we shall
restrict ourselves to the above definition.

Without loss of generality, we can assume that an eiementazy func-*

tion is the linear comblnatmn of a countable number of indicator func—-

-tions of dlSJomt sets.

¥ = z il

then 4, = X-l({x,}) = [u) X(w) = x,] = [X = x), say,

and {4;} forms a partition of Q. (Why?)
If B.is a Borel set and the domam R = Q, the indicator functlon of B
is a Borel functxon. A linear combmatlon of indicator functions .of

‘Borel sets B, i$ also #-measurable and is hence a Borel function. This'
follows from the fact that if B, € &, (i = 1, 2..) {Bi} C Z and o{B)} C

4. Similarly, all the results we prove for M—measurable funcuons will
hold in particular for Borel functions.

I Xe)=0 42,6 R, X—‘(a b =(a—2,b—2) = %.: In g‘eneral‘, ,
CXB e & for any Borel set in the range space (see Lemma 2.5), o
and hence X is'a Borel functnon If X(0) = 0% 0 & R, Xa, b)(b >
"a > 0) equals [0 :0® € (q, B)] = (- Vb, —Va)U(\/a vhe B In .
- general, X-1(B) & % for-any Borel set B C R, the range space and &
in the domain. Hence X is a Borel function. Sxmllarly, ‘We can establish -

that any 1—1 monotone function f{w), which has an mverse pomt

. functlon f "‘, is a Borcl functlon (Prove‘)
(@ FUNCTION OF A FUNCHON '

If X is-a function or.a mappmg frdm Qto Q and X" isa function from -

- Q"to'Q”, then X'(X(»)) is a function - from Q to' Q”, denoted by X'X

“or X'(X). 1tissaid to bea function of a functlon or a composition of
two functions X and. X, Tts inverse (X"X)~? is a function on the subsetS'
of QF to the subsets of Q such that for any Bc Q. g

X )~*(B) fo : X'(X()) € B].
_ =l .X(go) € X"7(B)).

Thus, ' r o XX = X’—1Xr_1 . L

LEMMA 2:%: Borel function of .M-measurable functwn Xis M—measur—-

able ana’ induces a sub-c field of that mduced by X,

Praof Iff(X)is the Borcl functnon of X and B is any Borel set
e Bl =X ef B -

. : But if B isa Borel set, f-‘(B) isa Borel set B’ and hence ©

(X €FBY = o1 X() € B) € XHBC o,
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Thus f(X) is «/-measurable and induces 2 sub-o-field of X-'(%), which

is the o-field induced by X. (*)

In the Example 1.5, suppose we associate with eachw, 2 number

 representing (No. of heads— No. of tails) called X(»). We can obtain

the o-ficld induced by X and X2 and verify (!) that the o-field induced
by X2 is a sub-o-field of that induced by X. We may note that X%isa

Borel function of 2 &!-measurable vfunction X.

2.2 RANDOM VARIABLES .

(8) EcoNOMICAL DERINITION

So far, in the definition of a function we have not assumed that Q is

_the sample space. Here onwards we shall restrict ourselves only to the

case where Q is the sample space. Let & be the o-field of events asso-
ciated with a certain fixed experiment. Any real valued, =/-measurable
function defined on Q is called'a random variable (r.v.). Thus X is a
r.v. iff X-Y(4), the o-field induced by X, is contained in & or equiva-
lently, X~*(B) is an event for every Borel set B in the range space of X.

Example 2.7. From (2.5), if 4 € #, I'(B) € #, i.e., if Ais an event,

! : . . ”
I, is a random variable. By Lemma 2.3, a simple function X =2 xI 4/
. : - . : : f=l

induces the o-fleld containing the partition {4;, Ays..., A} If this parti-

tion is contained in 7, i.c.; if each one of the A’s is an event, then X'is

aT.v.called @ simple T.v. Since singletons {x}, (x € R), belong to &, '

TX=x=[o X(e)=x]=X"({x)e A o

From Lemma 2.4, Borel function g(X) of a r.v. Xis ar.v.and

induces'a o-field, which isa sub-o-field “of that which is induced by X.

* For a given X, define two non-negative functions

XHw) = X(), if X(m)-} 0, -

. =0,if X(0)<0, - ,’ o (2'.2'5)
_and- : - . o o
X(w) = ——~X(o)), if. X(m) < 0, ’ ' _
' =0,if X)) =0, (2.26)

- called respectively, the_pbsifive and negative parts ‘of X. Then X* .and

X- are Borel functions of X (Why?) and will be random variables if X
isarv. We may note that X* and X~ are non-negative functions,

“such-that for all o, ,

o K(w) = XH(6) — X-(), | Xe@) | =XH@) + X
These functions play an important role in the theory of integration to”
be developed in later chapters. S, S -

To verify whether a certain function is a random variable, it is not-
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necessary to determine whether, X—‘(B) e M for evéry B &. It is
. sufficient if we verify X-YC) < o7, where € is any class of subsets of R
given in equation . (1.32), which - generates B, Hence we have the
followmg econo:mcal deﬁmtxon of arwy,

Lemma 2.5: Xisary. if X-Y8)yc o, where C is any class of subsets -

of R, which generatesgé’

Proof We have to prove tha’c

X’(?)cﬂal"‘%@)c&! ) 27)‘
Smcc Cc@ and X-YB) C o, X—l(f) - &Z To prove the converse,' :

-since  is a c-ﬁeld and
X)) .12{ = O'(X_l(%-)) C ,
= X"‘(a(%”)) c .szl (by Cor. (2 2))
= XY@ C ot

Hence we have the Lemma (%) co
.From the Lemma 2.5, to verify. that X is-a r. Vi 1t is suﬁ‘icwnt to
- verify that X— (— o0, x) &  (say), for all x- = R.- Thus some “authors

"define a r.v. X to be a real valued function for which X-1(—c0, x)

=0 X(0) < x] = - [X < x], (say), is an event, whatever be v R.

Sometimes it is more convenient to verify that [X > x] = X-(x, c0)

" are events ¥ x & R, for estdbhshmg that X is ar.v. We can prove
dlrectly that X+, X‘ and | X[ are r.v.’s, 1fX'1s a f:v. (Prove‘)

(b) VBCTOR RaNDOM VARIABLE

- With any © C Q assoc1ate Z((n) = (X(o), Y(m)), a point in the 2- dxmen- -

sxonal EBuclidean"R%, - 7 ‘defines "a -function from Q to :R% In R

consider the class € of all rectangles bounded by the lines x = a4, x=b,

y~ ¢, y=d,a<b, ¢ <d arbitrary. The minimal c-ﬁeld contammg’
% is Borel field #, in R% We have seen in section (1. 3) that it is also

“the minimal o-ﬁe]d containing all infinite rectangles of the form. [(x, »e.

x<a, y <o a, cER] 'Z will be called a 2- dimensional . - if

2By C A ZHB,), is the o-field induced by Z. In’ anaiogy wﬂh ‘
the economical definition, (Lemma 2. 5) Z will be a’ L.V, iff Z—I(Bz) is -

" an event for any- rectang]e B, in" R?

o "Example 28. Let Z=(l,, 13)  Then A
‘ Z@) =, 0), ifoc B, -
=(1, 0),if o & AR,
=0, 1), ifw 4B,
o=(, 1) ifec 4B
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from (2. 31),
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'. Z-Y(B,) = ¢, if By contains none of the above 4 points,

= A¢Be, if B, contains (0, 0) oniy;

= ABe, if B, contains (1, 0) oniy, A
— ABe + AcBe; if B,contains (0, 0)and (1,0) only,etc.
Hence. z—l(x ) = (¢, ABe, ABC, AB® + A°BF,..., Q},
) = o{A°Be, AB®, A°B, AB), ' ‘ :
= ofd, B}. o @em)
Thzis, Z will be r.v. if 4 and B are evc'nts )

LEM'le 2.6: Z—l (B,) is the smallest c-ﬁeld wzth respect to whxch Xand

- Yare measurable

) .Proof Symbohca]ly we have to prove that

7 (@) = X @UT @ @
Consider the rectang]e * , .
' B = {(x, y): a<x<b c<y<dl, a, b ¢, dE R,
Z—l(B) [oia<X(o)< b c<¥o)< dj,
= [o: a < X(w) < bln [o c< Y(co)«._ d]
= XYa, )N Y1(e, d).

‘. Takioge = — 0, d = {- w0, We have: Y*1 (c, d) = Y—I(R)

Hence the class

{Z—1 (B): Ba rectangle} > {X-1 (a, b) a<b,a, b = R} (2. 31') .

. But o{X~1(a, b), a,b € R} = X (@), the ofield induced by X, and

6{Z-'(B), Ba rectangle) = Z~1%,), the a-ﬁeld mduced by Z. Hence

z—l(ga’)g X-1(). R 2.3

- Similarly, Z- (932) > Y—l(u@) Therefore, Z-1 (ga) > X (ﬂ)u Y—l (@) -
and since Z- (5’32) is 4 o-field, o '

| Z(#) D o[X @ur@. e
To prove the reverse inclusion, we see that » - '
Z-4(B) = X-1(a, )N Y (¢, d) € o [X 1 (H)U y-1 (u”é’)]

Since the R.H. S of (2. 33) is a o-ficld and since

{Z-1(B), B a rectangle} C ¢ (X (BU Y@,
" o{Z}(B), B a rectangle} C o[ X1 (B)U Y (D)}

ie,by (210, ZP@)cxr@ur@L . 239
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From (2 33) and (2 34) we have the Lemma 2.5. (%) _
The Lcmma implies that (X, Y) is a vector r.v. iff X and Y are r.v.’s.

Example 2.9, - To obtam the G-ﬁcld induced by 4> IB), consxder
LA = A, 45,0, IY®) = (. B, B, 0},
A I @UIE (B) = {9, 4, B, Ao, B, O},
ola (w)ufg @) =0 {AB AB, ABe, AB%} = o {A B}
. which is the ¢-field induced by (14, 5) as can be verified from Example (2 8).

{AB, A°B, ABr, A°B%} is a partition of Q andis called the partxt:on :
induced - by ers IB) In gemeral, if X = E x,IAj, Y= 2 yk Ip, -are two '

sunple functions, the o-fleld mduced by (X Y) is the m:mmai sifield
: contamlng .

{4;0Br), j=1, 2, ,m.k =1, 2 ,n} (Why")

" A Borel function on R? to R (or R i is'a function such that the inverse
of a Borel set in R (or R%) is a Borel set in R2, )

__LEMMA 2! 7 Any Borelfunct:on ofa vector r., (X Y)is sary.

- Proof follows from Lemma 2.4, since a Borel function- of a Vector R
v (X, Y) induces a o-field * which is ' a'sub-c-field of that induced by - -

(X, ). Itfollows from this Lemma 2.7 that if (X, Y)-is. a- vector

.~ random varlable,X + Y, X/ Y (Y +#£0), XY, ete., which are Borel funcnons‘ _
(Prove!) of (X,.¥) are 1.v.’s.

If X and Y are r.v.’s one can also du'ectiy prove that X+ Yis arv. ,' ,
without  using the above Lemma 2.7 as follows: By’ Lemma 2.5),

»'X+onuldbcarv1fforallxeR S
XY < ¥ =0} X))+ Y(m)<x]ew
3 But [X+ Y<x]iff for some r, rauoual X<(x—~r)and Y<ro Symbolxcal!y,

[X-+ Y<x] U {[X<x—f}ﬂ[Y< o @ 35)1_

. ’ ! rmuoual -
) SmceXand Y are 1.v.’s [X< x—rje and Y < r]e o and hence
X <x— r}n[Y< rle . RH.S. of (2. 35) is a_countable union, since
. rationals are countable. “Thus, [X +4 Y < x] is a-countable.union of sets
" of . Since & is a o-field, [X Y < x] is an event, implying that

X+ Yisarwv. Similarly, one can prove dlrcctly that XY, X/Y(Y;é 0)
. are r.v.s. (How?) ' '

Thus, we see that 2- dxmensxonal vector T. v.’§ do not ' offer any more

" conceptual difficulty than' the one-dimensional r.v.’s. Hence we. can :
- define ‘a k-dimensional ‘vector r.v. Z =(X;, Xy, ..., Xi), 85 a mappmg v
“from Q to R¥, the k-dimensional Euclidean space, such that 2Z—! (B) is -

© an event, where Bisa k-drmenszonal rectangle: (say) defined by:

B= {3, Xgs v 300 a,<x,<b,, a,,b,eR i=1,2,...6 (2.36)
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If B, is the Borel ficld in RE e, thu mlmmal c-field containing all the

k-dimensional rectangles of . the form (2.36), Z-1(#y) is the o-field
induced by Z. Asin Lemma 2.6 we can prove (How?)-that Z—1 (3?,‘) '

is the mmlmal o-field containing the.o-fields .
X! (J), (=12, .. k). -

e, : Z-1 (B = o ( u X7t (@)) . @237

Z-1 (.%’k) is also sometimes denoted by B(Xyy Xy oovy Xp).

The Lemma 2.6 extended to k- dlmenswns, also implies that Z will '

‘be a random vector iff each one of its components is a r.v.
If Xy, X, .. - Xg are r.v.’s, EX,, EX2 (){1 Xy Xp), max (X) mln (X,)

etc., whtch are Borel functions of (X, - X‘k) are r.v.’s. IfXandv

' Yarerv. s, X — Yisar.v. Hence the 5et
X—Y=0]=[o: X(o)) = Y(co)]e L.

A r.v. X taking a finite or countable set' of distinct valiles xq, X,,....08 "

sald to be a discrete r.v, - -Evidently, X =x]e o for all n and these
sets generate the o-field induced by X, Discrete random vector is deﬁned

- similarly. - (Give an example!)

‘A complex valued random variable isa function on Q to the complex—.'

plane whose real and,imaginary parts are r.v.’s. - Thus, Z =X +iYisa

-.complex r.v. iff (X, ¥) is a random vector. If a r.v. can take the values o
4+ o0, then it is said to be extended real valued .or simply extended't.v.

Thus, it is a mappmg from Q to [—o0, 00]'= R, the extended .real line,

such that the 1nverse images of all sets of the form (=0, %), {—oo} and '

{o0} belong to o/ (refcr section 13.3, for an example)

2 3 LIMITS OF RANDOM VARIABLES

“ (@) ‘o- -FIBLD INDUCED BY A SEQUENCE OF R.V. 'S

' In the prev:ous sectlon 2.2 we have defined the o-field mduccd by .
(X1, X X,) to be the minimal ¢-field <7, contammg the a-ﬁelds_

. mduced by each one of the rv’s Xy, X,,. . X,,, i.e
= 6[ U X 1 (2

"Ev1dently {.9! }is a monotone increasing sequence of o-fields with limit

‘ U L Thls umon of o-fields may not be a ¢-field. The mlmmal o-field
=]

% contammg U, is called the o-field induced by the infinite sequence
= (Xy X,,...). ; The- range space of Z :s R=, the set of all infinite

scquences of real numbers.

»
-

.TheBorel field #s of subsets of R« is defined as thc mmnm] afield
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containing all cyimder sets with finite dlmensmna] base of the form

B—[(Xl’xz' D iag <xu<bz,,]_‘l 2 3,. I .
-oo<>~ <mjzk+l k+2 } (2.38)

where (iyy Bgr-++) 18 any permutanon of (1,2, 3,. ) a, = R he R

and k being arb1trary but finite. . Evidently, )
Z—l(B)—{m aj, <X,I(o;)<b, ,1—123 Lk, — o0 << Xj, (@) < 0,

=kt Lk + 2.} (.39

.wn[ma <X(m)<b,j]

J=1

Since Z-’(B) belongs to of U Y"‘(.?E‘)} for some 'k, ZT 1(B) e &/ for

 somen = 1 2,.... Thus, Z-l(B) e U /5 and hence t0 (6’ Smce € is

‘a o-ﬁeld the minimal c-field contammg {Z-Y(B), for every cylmder setB} o

is contained in "61 Using (2.12),

_ LB X ) = 2 )c?g’ o (240)
- Convetscly, we.can see that <7, C Z-Y(&..) for any n (Why") and hence .
UH, C Z“( oo) implying that € C Z'l(@m) Thus
G, = ZNH) T *(2 a1y
‘From 2.41, we see that. the o-field mduced by an. mﬁmte sequence of -
©rvrs'is the m1mmal o-feld’ containing a~ﬁclds induced by each one of -

~ them (Why?) It is also the o-field containing the inverse images of all B
cylinder sets with finite dimensional base. But the latter sets are events,

i.e , elements of 7. ‘Hence €, C 7.
Let %, be the 's-field mduced by (X Xuts- - ). -Thén

(g = 5( U X—](g» D gzt+lan = 1 2

Thus %, is‘a mvono'tone decreasmgsequencc of a-ﬁelds tendmg to the

 limit .7 = r] %, By theorem 1.2, bung the 1nter<:ect10n of a-ﬁelds

T is a o field called the tail c-ﬁeld of the sequence { X} Ev1dently the

" tail o-ficld 7 is contained in %, for “all n. The events of 7 are called -
tail events. A function (r.v.) which induces a o-field which is a sub-o--
field of 7 is called a tail- measurable function (r.v.). - If T is degenerate '
" then the only tail-measurable functlons are degenerate functions (r v.’s)

takmg constant values

(b) anu'rs OF RANDOM VARIABLBS o

. Let {X } be a sequence of r.v.’s. on (Q, &f ) Lpt ‘us‘ , déﬁne “functions Y,,‘
- and Z, on L as “follows: - } . : o

S
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- Yo(o) = mf X,,(m) = greatest lower bound ofX,,((m) for k=n,

Zn(w) - sup Xk(u) = iLdSI uppu bou.nd of XA(Q) for k > n.

kzn

Thcn as n— o,
Y. (w) 4 su.p Y,,((.)) == hm lnf X,,(m) hm X, (m),

Zy(w) 1,1m° Z,,(co) = llm sup X, (m) = Inn X(m)

lim X,,(m) and im X (0) will exist for all w 0. Moleover fim Xfer) 3=
hm X,.(m) ¥ o, We say that {X ) convcrges to X on A denoted Xu(w)->
X(m)coEAlf RN

- {im 2 ,,(w) = lim X(w) :X(m) < 0, ¥ w'e 4. 2.9
The set A of all w for w! hich X, (w) - X(w) 1s called the set of convergence
of the scquence {4} Ewdenlly, if for a glven o, X, n(w) —> X(w) < W, .
then for~ given ¢ ~ 0, there ex:sts n(s, @) such that for n > (e, w),
| X,,(w) ~Xw) | < e If n(z ©) “is independent of o &4, ‘then
the convergence is sa!d tobe unzform onA. If 4is the set of conver- -
gence, then A°is the set of all. ‘o Where {X} does not converge The set
“of all @ where lim X,(w) = [im X,,(m) X(©)'=+ 0, is the set of
divergence. 1f Q Q is the set of convugence then {X,} is said to converge
everyn/zere If'the set of . convergcnce is ¢, {X,,} converges nowherc

’ Example 29, Let {A,,} be a sequeuce of sets and {I(A,,)},be thc-sgquence :
Cof thelr indicator functions. "Then - ’ o
© inf i) (w) = 1, if 5 e A for all k- > n
kzp
: = O otherwxse

chéc,_ _ L ’
o : inf I(A,,) = I(mf Ak), ¥ n.
' Similarly, o o :
Lo SUP f(Ak)(co) = I(sup AA)((U) = 1 lf‘ w& 4y for some k_;u, e
. = 0, otherWIse ' R
lim ‘inf I(A,,)(m) . I(mn mf Ap)(ed) = = 1;
1t‘me all butﬁnltenumbcrofA,,s L R
. Jlim sup 1(4,)(w) = Klim sup A,,)(o)) =], ‘
Cif Y= mﬁmtely many Ar’s. Klim 4, ex1sts, then L
T § (llm A,,) = Ilm 1 (A,,)
' Lewma2.§: Y Z,, lim X ,im X, »are_extended ry.'s and lim X, (_when .
- it exzsrs) zsalso an extendedrv e

. Proof:: Consider the funcuon Y Evidehﬂy it is real ,v_a-med‘- or —do,

i : ‘ForanyxeR
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Since Xy's are I.v.S [Xk<x]€.=_d Hence [Yn<x}ed VxER. .

MODERN PROB-ABIL.ITY THEORY

[Ya < x}= {w:at lecsf one cf X (a;) isvles’s than x, k = n), -
= U [Xe < X ' [(2.43)

Thus, Y, is an extended r.v. whatever be #..
Similarly Z, is real valued or -+ co with

Z> A= yl>Aed @49

for all x & Rand all n. Hence Z, is an extended r. V. But supremuim

and infimum of extended r.v.’s are extended r.v.’s. Hence sup Y, and ..

inf Z; are extended r.v. ’s, i.e., lim X, and fim X, are -extended ‘1.v.’s.
If lim X, exists on Q, then 1t is equal to lim X}, (say) and is hence an ex-
tended r.v.

If A is the set of convergence of {Xa}, fimit of {X, } wm be ﬁmte on 4 ,
only and’ '

a
4

) random variable on the set where. it exists and hence

A=V2(oped.

Note that vV does not exist on thc set of dlvergeuce, i, if -

’ . fim X, = lim X i .
: Deﬁne )
: : X(m) = hm X,,(m), say, for we A
_ oo for o € set of dlvergence
Then for B e 4z, since lim X is an cxtended 1.v.,

X-(B) ) = (lim X)(B)NA €A, @49

" Since the set of divergence is measurable, X is an extended r.v. (*)

It may be noted that, since Y, is a functlon of (X Xpgas...) it lis
. Cx -measurable If T, = sup Y;, then T, is also %, ~measurab!e But

T = hm Xie Thus, lxm Xk is measurable with espect to En for all

n=1, 2. . Since %, \I,./ lim X, is 7 -measurable. Similarly, fim X,

and im X’ are.also 7 -measurable. Since Vis -measurable, AeT.

Thus, the set of convergence is a tail event.
*'We have seen that if a r.v. X takes only a finite number .of values

Xyy Xgy-eis %y then it is a simple 1. v. . If it takes a countable number of

values X;, Xa,.. , then it-can be represented by

¥

- x= z ku(Ak),-

‘ and is called an eIementary r.v., where

A= X(w)—x;,]e.szi(k—-l 2. )

[oa 11m X,,(m) =1{im X,,(w)< 001 _ (2 45)
V= 11m X_ — lim X, then V is an extended real valued non-ncgatlve.'
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The partition- {Ak} induced by X contains infinite number of events and o

so also the o-field a{Ak} mduced byX. A dlscrete r.v.is a figite oran
. elementary r.v. o

" (©) CoNsmucn‘ws DEFINITION

. The following Theorem 2.1 gives us a constructive definition of a r.v.
.- It tells us that we can get an arbltrary, I.V. as the pomtwme limit (ﬁnlte)
~oof elther sxmp]e LY. ’s or elementary r.v.’s.

THEOREM 2.1: The class of r.v.’s'= Tke class of finite limits of sequences

of simple r.v.s = T he class of umform ( finite) hmzts of sequences of ele=

) mentary rw.’s.

. Proof: (i) Let 3 be the class of all r.v.’s and & be the class of ﬁmte '
- Jimits of sequences of simple.r.v.’s, -Lét S be an element of ¥, S is a
limit. of a sequence of simple r.v.’s. By Lemma 2.8, Ainite- limits of ’

‘T.v.s are r.v.’s. - Hence Sis arv and S € 4. v
Converse]y, if. X is any r.v., definc a rcal valued function X, by

lw)
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' COROLLARY 2.4; If X } 0 there exists a- monoto.;e mcreasmg sequence;i »i:?_' R
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b ,,(co) =n, if X(o) =
= /\2 # if /\2"‘ X(m) < (k - l) 2“"
(k = - 112" —n2n—1,. nzf* —1,)
= XV - .

ie,  Xpe=— nI[X <+ nI[X >n § |
15 ke < X< k F D2 @A
—~ngn S

See Flg. (2 1), where Q is taken as thc real line. Smcc -Xis"a:r,‘v.,'tbc .

osets[X < — n), [X = n), [k27" < X< (k -#-1)277) are-events.  Thus, X,

is a simple r.v. Moreover, for |X(w)| < n, | Xa(w) - X() | < 277,
and | Xj(e) | = nfor | X(0}]| 2> n. - Therefore, Xn(e} - X(w) as >0

forall e, implying that if X € #, then X € &.

(i) Let& be the class of uniform limits of eleinentary LVs Then -

by Lemma 2.8, if £ is an elemunt of &, thenE < J’Z To provethe. :
~ converse, deﬁne : R . A S

Now X, is an eiementary I.V. 1 b ,,(m) - X(w) | < 2—" for. all o, Thus, ( o
is the uniform - limit of : X,, s.. Hence any X belongmg to J is also an -

element of é: The theorem 1s proved [OR

of non-negazzve .szmple ﬂmctton {X,,} conve:gmg to X

:Proof Deﬁne _

| Xifo) = k2, if 2 < < X) - < &+ 1)z—n, (k 0 L. ,(;2;'%_7—'1'); SaE

B = n, if X(co) > n,
so that - o

X,,.-=" kz-ﬁl[kz-n < X< (k + 1)2—"] + nI[X } ,'-_(2.49),.‘ -

isa sxmple LV, Thcn Xo(w) =0 for all n and o. Morcover, -
Fura(©) = 2K 204D, if 2k 2-0¥) < X(a) < @K+ 1) 2704, A

= (2k +])2—-(n+1) if (Zk | 1)2-(n+1) < X(m) < (2k—!— 2) 2—(n+1)

: (k 0 (n+l)2"+1—1). :
~n—j—lzfX(m) n—[—l

: Comparmg with X,(0), we see that X,,+1(m) ,,(o)) for all #°and .

- Since Xy(w) € X(w) and | X,(0)—X(0) | < 27 for X(w) < 1, asn — 00’ |

0K X(0) $ X() for all o & Q. -Hence we have the Corollary. ()

Theorem 2.1 and Coroliary 2.4 will playa’ very important role in

) the theory of mtegration, where we bulld up the properues of mtegrals

=3 "2""["2‘” X< (k + 1)2-"] (2 48) e
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startmg with simplc functions and then deriving it for non-negative
functions, later, for arbxtrary fuuctions. With any r. v. X we may asso-
ciate two non-negative r.v.’s defined by (2.25) and 2. 26) or equxva—
lently by

X*H.X[[X > 0], - ' ' @-50)
X-=—XI[X < 0].

IfXisarv. [w X(w) 2 0] and [0 : X(0) < 0} are events -and hence the
“ indicators of these sets are r.v.’s.. Thus, X* is the product of two r.v.’s
and is hence a r.v. - Similarly X- is also a r.v. Since they are non-
' negatlve, there exist monotone increasing sequences of, sunp]e functlons -
“.converging to them We may note that since

X =Xt - . ‘ ‘ (2.51‘) ‘
[XI_X++X‘ ‘

X and| X | are linear functions of X+ and X-. ‘
In this section so "far we were concerned with s/-measurable real .
valued functions on Q. If Q is the real line with 4 as the o-field, then
_the above theorem lmphes that any Borel measurable .real valued func-
tion, i.e.,. Borel function is ‘a limit of simple Borel functions. But .
‘simple Borel functions are step functions which increase or decrease in
. steps-only., Thus, Borel fuactions are step. funcuons or hmxts of step
“ functions,

THEOREM 2.2' Cantmuous real valuea' functzonson R are Borel functlons.

Proof Let g(+) be a contmuous function from R to R, (‘onsxder &(X),

where X is #-measurable function from R. to R, By Theorem 2.1)

there exists a sequence {X,,} of elementary functions - converging uni- .
" formly to X. Since X, takes only a countable number of distinct values,
- g(X,) also takes only a countable number of distinct values and is there-.
fore, an elementary function from R:to R. Since g is continuous, as

Xu(w) = Xi ), g(Xn(w)) - &(X ().

- Thus, g(X) is a limit of elementary Borel-measurable fur.ctlons and is
~ hence Borel-measurable. »
© . Take X to be the identity functlon with X(w) =w. This is Borel .

function. Then g(X (o)) = &(). Since g(X) is shown to be Borel measu-

rable for any measurable function X, g(. ) is a Borel function, (¥) .
Sincé continuous functlons are . Borel functions, and by Lemma 2.8

the class of Borel functions is closed under the formation of finite limits,

limits of continuous functions are also Borel fi unctions.  But' continuous

functions or their limits are called Baire. functlons Theorem 2.2 implies

.. that a Baire function is a Borel fudction. It may be noted that limits .
~of continuous functions need not be contmuous
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" COMPLEMENTS AND PROBLEMS

Let f: Q- Q. Prove that

@) A NI4T

@ BB BC O,

- By a suitable cxample show that the-equaiity relation ﬂu}y not hold

good.

Show that every function X on Q is measurable with réspécb to the

poWér set of Q.

- We have §e‘en_th'e_1tlbif Y i% a function o_f X,'Y induces ‘a sub-o-fleld .

of that induced By X. Is the converse true? Can you- prove that.

"ihere exists a Borel function g such that ¥ == g(X), in thecase Xis
real valuc_d? (Hiot: - Borel field has a countable number’ of gene-

rators). . S : - 7
Show that a niécessary and sufficient condition that a given function
is measurable is that its positive and negative parts are measurable..

. Show that | X | is #/-measurable does not imply that X is &/-measur-
" able,-by giving a counter example. S T
" Obtain the positive and negative parts of the function f: R => R
" defined by f(x) = axt 4+ bx+ ¢ . B L

(a) If 4,, A, are measurable sets-and a fu'ﬂc_tiqn_X i‘s"deﬁ?xed by.
X =—1 ., ecdy L
4, e Aidy

=0, o=

" Examine whether X is measurable,.

X(@) = X() = — 1, X(c)= 1, X(d)=2. Examine whether X is .

() Let @ ={a, b, ¢, d}, & =19, {a,'b},.{é, o).

' of-measurable. . o '
. (c) Let Q={-2, —1,0,1, 2. f X(@) =i, (i= 0, -+ 1, --2) obtain

the o-fields induced by X’ and X 2 and verify that the latter induces

- a sub- o-field of the former. . v :
Let f and g be Borel functions on (R, #). Define for A€ B,

ho)=f(©) ; o€d4;
Cmgle) , 0€4d

Show that / is-a Borel function. .

Using the constructive definition of mcasurability of a function,
show that an elementary function is measurable. Show further that.
~* the positive and negative parts of an ¢lementary . function -are.

" elementary. =

10.

'Let T be a'mapping such that a point (Xgsers Xn) € R is mapped
onto the point (x®,...x®™) & R* where XM < x® < o< X, is the
ordered set obtained from (Xg.+.s Xa) Determine (i) the strict range . ;

MODERN PROBABILITY THEORY
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11.

of T; (u) F-l(yl, . v,,) (iii) T“i(B) where B is d Borel subset of
the strict range of 7%
Let 7' be the statistic (r. v) such that a point (Xy,es Xa) € R" is

mapped into the pomt (E X, 2 XE, s E xj) € R "Show that the

stahsuo T mtroduced in exerc1se 10 and the statistic 7' induce the
same o-field.

-12. Later, we shall have occasions to take limits: of probabilities of an

uncountable class of events; 4, as x’ § x, say, through a continuum-

~of points x' of an interval. Also, we shall have occasion to

consider limits of r.v.)’s Xy indexed by a contmuum of points " of
a cermm interval £.- The question naturally arlses whether such a "

hmltmg process- preserves measurability. The answer is definitely ~

in the affirmative, if the uncountable class - (of events or r.v.’s) can

- be replaced by a countable class. If ¥’ & R and x' § =, then X’ may - ’

be restricted to the set of rationals convergmg to x. Since rationals
are countable dense we- have a sequence of points X' | %. Similarly
even though the index set ¢” is uncountable, if 'they correspond to
points of an interval, we may replace ' by an equivalent. sequence
t," of rationals converging to I Thus, lim X, as t'| & im Xy,

“fim Xy ;. etc. will be r.v.’s, if the index set 7' to which ¢ and ¢ belong -

is a‘subset of the real line or in general hasa countable dense subset -
in it. .




3. Probability Space

' 31" DEFINITION OF PROBABILITY

@) Coﬁcepr OF PROBABILITY

. When an experlment is performed it may result in one of possibly several
- outcomes. . Because of’ ‘chance factors, we may not be able to pxedlct ’

" about the possxblc outcomes, by giving a quantitative measure of the

the outcome precisely. HOcher ‘We may be able to offer our opinion

‘chance’ that a particular outcome would occur. Thus, W1th every event

A4 cons1st1ng of one or more outcomes of an experiment, ‘we may associ- .

ate a numerical. quanttty, called the probability of A4, denoted by P(4),

‘of PA whlch will measure the ‘chance’. that the event A4 will occur. We

" more events. Out of six cards held by the two opponents in a bridge
game, which distribution is most likely among (3, 3), (4, 2), (5, ) and "

take 0 < P(4) <1, so that PA)=0 implies that there; is fio" ‘chance”
thatA will ocur and “P(4) = 1" ‘implies that 4 will certam[y occur. " If
P(A) 3, then it w:ll _mean tbat there is 50/ chance that A wouid»

occur.

‘The purpdse . of mtroducmg a. quautltatl\'e measure of ‘chance’ is . -

manifold. It allows us to compare the chances of ooccurrence of two or

(6, 0)? In ajourney of 500 miles, whether travel by road is more risky

~_‘than travel by air?. Questions such as these can be answered if we have
-a_precise quantitative measure. of the ‘chauces assoclatec{ wzth the .

" occurrence of the concerned events,

Another advantage of defining probabﬂmes of events in quantitative
terms is that it now becomes amenable to further mathematical analysis.
We can talk of the possible gain to a gambler or expected profit- from a

risky venture. We can calculate the msu.rance premlum to bc charged'

" - to cover a certain risk.

We are all familiar with the intuitive meamng of. 'choxce In fact, in

‘everyday life, almost everything that we do or see is subject - to’ chance.

There is-hardly anything that is deterministic. If we want to allow this

"chance factor to be taken into our Judgement ‘we are led to the study

- such as Newton’s laws of motion whlch are determlmsuc aré now being .- -
' replaced b} laws whxch allow chance or. probablllty to enter expllcxtly or

of stochastzc (or probabilistic) variables. Old classical laws of physics

S
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1mphcltly in the. modei Quantum ntechanics or models for nuclear
reactions aic some such’ models. ‘ - .

"The concept of proba‘uhty is’ sum,ldr to that of dlstance, veloc1ty or
volume. It is clear mtumvely but roquxresaclear- cut definition and
some umt t6 measure it. The unit of measurement - of probability is

‘unity’, -for convenience. It may be expressed as a percentage by
- muliplying by 100. There is no reason why we' should not mulnpiy by'

any other. number, ¢

. As slated by Feller, dctcrmmmg probablllty of an event may be com-
~-pared to -the determination of . distance between two points. ‘Several © ..

. methods may be adopted to determme “the same, not all of which give " "
‘the same value.  But thls does not det\,r us from. a.ssrgnmg the:distance -
between two ‘pojnts or ‘studying its- properties. Slmllarly, there are
several methods sugoesred to obtain'the ¢ -value’ of the probability of an " :

“event. At times these metuods may - lead  to ‘different values raising
_tontroversies. Controver51es are aggravated by confusing these ‘methods’
_for ‘definitions’ of probability. -Feller (1968) has differéntiated bétween

_thie notion of probability which is fundamental and - idealistic and the - E o
method of calculating their values, whxch may vary with the situation at

".hand But the confusion caused by calling a ‘method’ a ‘definition’

o still persists. In this book we shall be concerned with:the concept of

s probabxhty as defined by a set of mnhemau\.al ‘axioms. - Defiaing pro-

- babxhty in thls manner i s:mxlar to the deﬁmtlon of: Velocn:y or volume,;',,', L
m We assume that 1ts actual Value L

nts which
yill not comphcate the later development ‘which is

ing.. probabihtxes
“different procedur
bascd on the proper

: ‘_; , modern probablhty theory

= (b) CLASSICA : METHOD

= Th1s method of assxgmng prc

of the outcomes 1s sure to happen, total probabmty

or ('Q).-% P({,@l !

~of probabili{y T hese: are nothmgvbut dxﬁ'erent procedures of determin-
ave. evolved over time. = But these -

e s'coinmon to'all the" approaches.: - These common
e ,propertles haye been: codlﬁed by Kolmogorov to form lhe axxoms of thc -

llcable only in the case of

| an.experiment w:th finite number (N say) of outcomes, ©;, Gy ON- o
. will be-assumed here that all the"‘_ outcomes  are. ‘equ.ally hkely orhave

" the -same’ chance_ of ‘occurrence. Consequcntly, , probablllty P({w,}) '

- assigned to each one of the: smglcton events’ {co,} is the same Since one- .

{ow}) ﬁ-z P({w:}) =1 (3;.1) |

A L
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Here we have made an '1ssumpt10n of additivity that if a certain event A
contains the pomts : :

{mill “)ié}'--s ml’n}» (Say)

.then"- - _P{A): §P’({m};}). , | o | (3.2

- Since P({ey}) are assumed to be the same for all 7, from (3.1) and G- 2)'-
- we have : :

Plo) =g PD=F 3.9

Thus, probabihty isa aumerical functlon defined on the class ot' events

. assocmted thh an expenment

Examp]eSl Suppose a die W1th faces marked. 1, 2, ..., 6. is thrown.

Since any one of these 6 faces ‘may turn up, assuming them to be equally.

. 'hkely, denotmg these events by {w1}; {wg} cny {(‘)e}’ respecuvely, we have -

Q= {0, Ogs oo “’s}

Ped) =1/6, (=1,2,. ;

If A is the event that an even number turns up,

P(A) = P({mz, co4, wg)) = 3/6=1/2,

From (3 3), probabrllty of an event depends only on the number of

. sample points contained in it. We can easily verify that this probablllty

functlon defined on subSets of Q, , possesses the followmg propertles
G) * P(4+ B) =P(4)+ B(B), - 2 '

(u)- "AcCB=> P(A) < P(B),. - L
(m) P(Q) =1, RN

T . |

(i) 0< pu) o

In order to estabhsh thesc, we see that the addztmty assumpuon is '>
lmphed by @), and is equivalent to 1t It follows from (i) that

m2A0=zPM$'f;’ ~"(1$

(u) isa consequence of (1) and (1v), (m) 1mplles that P is a ‘normed’

function, while: @iv) implies that it is non-negative. These propertxes .
- will form. the basns of the axnomatlc definition of probablhty, to be glven .
. later. .

This method of i assngnmg probab:lltles to events was found usefuI, ,
’ when applied to the outcomes of the game of chance. The  concept of
- randomness or randomization means in reality that we are’ dealing

with phenomenon wlxose outcomes are equally likely. An important

G4
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' limitation of this method is that it breaks down if the nmﬁber “of out-

comes is infinite, countable or uncountable.

(c) STATISTICAL METHOD

Suppose A is a set of outcomes of an expetiment. Suppose it is possible
to repeat the experiment a large number of times. Denote by ng4, the
number of occurrences of 4 in.n repetitions. #4 is called the frequency:

" of A, and na/n, the relative frequency. ltisan observed fact that the

relative frequencies stabilise to a certain value as n becomes large and
this stable value will be called the probability of 4, i.e., P(4) = lim (n4/n),

as n 00,

If H denotes the occurrence of head’ in a singie throw of a coin, and
if in a large mumber of throws, 50 per cent of throws result in heads,

P(H) will be 1/2  if 40 per cent result in heads P(H) will be 2/5 and $oon. ‘

According to classical definition, since there are only twe possible out-
comes, probability of events such as sthrowing a head’, ‘giving birth to
a boy’, etc., is always 1 /2. Bat, according to statistical definition, these
events may have probability p, 0 <p < L. o . ' '
The relative frequency of a sum of two disjoint events 4, B is the sum
of the relative frequencies of 4 and B, Sincé the limit of a sum (n4+715)/7,
is the sum’ of limits of nafn and npfn, properties (i)-(iv) of (3.4) hold

" true even in the present-case.

Stability of relative frequencies for large values of i constitutes . the-

* basis of statistical theory. ~The present method of assigning probability

based on this principle of statistical regularity is called the .Statistical -,

" “definition’ of probability. This enables us to use the theory of probability
in statistical analysis.. 1t provides a link between the outside world and
 the mathematical theory of probability we study. It enables us to cons- .
truct.probability (or stochastic) models of natural phenomena and study

them. If the model is.good, conclusions derived from the nodels would

"be valid to an extent that the principle of statistical regularity is }valid.' .

This forms the basis of applied probability theory.

~ According to this ‘definition’, probability is.a limiting concept. Hence

,'i_t_can never be determined in the real world: - But this does not refrain
us from using this-method for assigning probabilities to various gvents,

in much the sanie way as we are not deterred from using geometry in.

. everyday life, even. though the notions of line, point, etc., on which
~_geometry is based, are limiting concepts. The «definition’ "also assumes.

that the conditions of the experiment are reproducible. This assumption
may not be valid, if ‘time’ is one of the variables ix_xvolvcd." However, if
past is any guide to the future and. if by and large nature is stable, the
above method of assigning probabilities to real-life situations should be
satisfactory. - T ‘ ,




- when (iv) is assumed.
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(&) SumiEcTIVE METHOD - -

In everyday life we hcar or make statements such as- ‘Probably I shall
miss the boat,’ ‘Probably Mr. X will be at home now.’”  Such statements
can be made more precise by ‘Tne chance of my missing the boat is 609,
‘The chance that Mr. X will be at "home 'now is 7575 ete. Here 0.6,
-0.75, ete., measure one’s belief in the occurrence of the event.. . This .
subjective method is another method of assigning probabilifics to various
events. Of course, one has to be careful to see that there is no ‘incon- .
sistenicy” in such an assignment, - - o
When the experiment is not repeatable, this meihoq may be adopted
for assigning probabilities to-events. Since different Persons may assign
diﬂ'erent'probabilities, one ‘cannot arrive at objective.conclusions using:
probabilities assigned by this subjective method. - o

(e) - AxioMATIC DEFINITION -

Incorporating all fhe essenﬁal pf_o'ber'[ie.s of the probabiliticsas explaiuéd
above, Kolmogorov (1933) gave the following axiomatic definition of -
probability. Let <7 be the o-field of events associated with the outcomes
~of a certain experiment and-Q be the sure event. Probability is a real-
~ valued set function P(-) defined on 7 such that for any A, 4,4, . s/,
(i)' P(4) > O,‘(non-negatiVe); g S o } '
() P(Q) = 1, (normed); B S
(i) if 4 = 5 4, P(4) =
e a=t T

3. P(A4)) (finite additivity); boee
[

() if 4= 3 4, P(4) %—-"§-1P(A,) (o-additivity); - - I8
- This definition jncorporates the convenience of thé subjective method,
. usefulness “of statistical ‘definition” and is satisfactory intuitively.. Of
course, (iv)-includes (iii) as a special case. Hence (il may be omitted,
Some probability-theorists assume  that probab}_ilit'y is. a function
‘possessing the properties (i)-(iii) only. Many assume that.it possesses the ‘_
. properties (i), (i) and (iv), and a fortiori (i), " If contains only‘a finite-
number of sets, then it will be sufficient if P(-) satisfies (i)~(iii) oiﬂy.__ 1In
- general, if & is only a field of events, then P(-) defined on & need be
only finitely additive. If o isa o-field, then P(-) has to be s-additive. We ..
shall elaborate thisidea in the next section. In practice,-to verify (iii), we
need prove it for n = 2 only. S I
~ In this book we shall assume that probabilities have ‘been assigned to
various events by some method and it satisfies the assumptions (D—(iv).
Such a function will ‘be called a* probability JSunction. Thus, the triplet
- (@, 4, P), where Q is the space of ouicomes, <7 is the o-field of events.
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associated with an experiment and P is a probability function defined on -
<7, is assumed to be given'tous. . This triplet is called a probability space.
If a function p defined. on (Q <7} possesses properties (1) and (iv) it is
called a measure. 1If u(Q) is finite, p is said to be a finite méasure. Thus,
probability is a normed or scaled measure.” All the general properties of
measures . will - be 'shared by probability function.: It possesses some
additional properties. Later on we shall also have occasion’to refer to
these general measures, finite or infinite in section 3.6, If u(Q) = oo, but
== $4; such that p(d)) < oo, then p is called a o-finite measure.
Mcasures, such as length, defined on (R %) are o-finite. The trxplet
(Q, #, p) is called the measure space ' -
Probablllty function P on <7 is also called probabtluy a’zstrzbu!ton on
- It tells us how the unit probabihty mass is dlstnbuted among different
subsets & of Q.

32 SOME SIMPLE PROPERTIILS

Assuming (3 6) we can establish a number of properties of P(-). Supposc
{4} (i=1,2 n) forms a“pa_rmxon of Q and suppose 4; € &7 and P(4;) g

3 . % i
are given. If 4 = = A;(say),then 4 € <7 and using (iii), P4 = T PA4*.
o tm1 : : i=1

Thus, P(4) is defined for all sets 4. & o {4,;}.. If n is-inflaite, using (iv),
PA is defined for every 4. € o {A;}.  If Q is finite, Q = {0, @y + ., 0x}
say, then the singletons {e;} (¢ = 1,2,...,N) form a partition of Q. . Every -
subset of Q is-a disjoint union of sets of this partition. Hence probability
can_ be defined on all subsets of €, if we know the probabilities of these
singletons, P{o} ({ == 1,2;...,N).: IfP{m,} 1/N, for-all i, then we are in
the ‘equally likely’ case deﬁned in Section 3.1, In this case if 4 < Q and
A contains 7. pmnts then P{4) = n/N. If P{m,} =P (=1, 2 ..oy V) and
A contains wj,, @, - ..» &, (say), then as in 3. 2), : S

’ P(A)__ZPU,A ,
whlch is the generalisation of the formula. of the calculatlon of probabxllty

to the ‘not equally likely’ case. The questlon of defining. probablhnes for

a gencral Q will be taken- up in Section 3.4.:
Smce A+ A‘ = .Q from (jii) P(Q) ~P(A) ~i- P(AC) = 1. Heace

If A C B, B== A + BA¢ and hence: from addltmty P(B) --P(A) + P(BA‘).
But, from (i), P(BA®) » 0. Therefore,

ACB > P(B) = P(4), _(3,8)
estabhshmg monotonicity of ‘P, Thus, we have ST o o T
CPBA)=PB— A =FB) =P, . (9

*Parentheses are omitted when there is no confusion,

CPUy=l-Pa. e




From (iii),

v
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is ‘the formula for the probablhty of proper difference of two events o
" From (3. 7) since

¢ = Qe _ _ ,
P($) = 0, B (3.10)
From (1) and 3. 8), for all 4 € o/, we have the basxc property

< P4) < R (3'.'11)_'

If 4; € o and are disjoint then B= > 4; belongs to o7 and
L= : T R
m=§4ca-4
C =1 S

z PAy = P, < - PeB _< 1.

PA, >0 bemg less than uaity in value 2 PA;. 1s absoiuteiy convergent '

i=1

" and PB, 1\ PB Then, condition (w) glves us a umque definition of pro-

bablhty of events of the form E A Moreover, convergence of the
=1 . ’ .

serles implies that ‘ ‘ -
P(A,.)-—>0asn-+oo S o (3 12)

In order to obtain the probablhty of the union of two or more events
© we see that ‘
' AuB A + 4B, B - 4B + A‘B ) :
P(AUB) P(A) + P(A‘B) R < S £)¥
. P(B) = P(4B) + P(A°B), . o .7 oGy
and . P(AUB) = P(4) + P(B)~ P(AB) ey

Since P(4B) > 0, we have - R L
P(AuB) < P(4) +. P(B) - (sub-additiVity) -(3.16)

All

P( U A,) 2 P(A,), (Boole s Inequahty) ‘(3_._17) ’

’ From Lemma 1.1,an arbltrary union of events A,, , Ay can be -

converted into union: of disjoint events B,, B,, » Ba. Hence
| P(UA.)—P{EB,)—EPB,, o (3 18)
and from Corollary I.1, .

| p( U A = P(A,) + P(A'»‘Aa) + P(AcA,,A,,) ot Pe... AcA,.)

.In general by mductlon we can prove (How?) that for arbltrary events -

39y
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‘ A"Az = (Q ANA, = 4 -A A
and hence from (3.9) .

P(AcAz) = P(4, J-P(AIAZ)
and. similarly

P(A §4s) = P(A)—P(A.A)),

ACACA = (Q—A)AA, = A A3—~A1(A is),
and hence from (3.9) :

P(A3A5AS) — P(A)~P(A,A) —P(A Ay Agdy),

= P(Ay)~P(AuA)—P(A,dy) + P(Aidydy).

P(A,UA2UA3) = P(AJ.) + P(Az) + (A:s) P(AlAz) : )
. -—P(AlAa;wP(AzAa) + P(A A A,,) ‘ ~(3.20)

No'w'

Now >
P(A5454,) = PAQ) - P(AA)— P(A WA)) & P(A2A3A4) -

P(AfA 434 = P(ASAZA) —P(A,43434,),

= PU)—P(A,A)~PAd) + P Ay

APUAN P A )~ P AA) TP A A,

.

and hence,
P(A U‘{zUAa-UA«;) - : - ‘
= z  P(4) = >:z P(A,A,) + 333 P(A z ,Ak) P(A A AaA,,) ts .21)

Contmumg in thls manner, in general we have

g ) =S z+Ss—- ( 1)ﬂ~lsm- e
where : ‘ :
S, =3 P(A,), Sy = 22 P(A,A,), s = 222 P(A A;Ak), etc.

(3 23) . o
If {A,} isa partmon of Q, B= E B4, and hence :

PB—ZP(BA,) L ','.,(3,24)

Here {A;} may be a finite of a countable partltlon ' :

A number of examples involving the calculation of probabxhtxes of :
events are worked out in the standard books on probability theory A
-few are given in the next section. ’

An event A such that P4 = 1 is called an almost Sure event Then its
complement, A4°, has probability zero. - 4¢ is called 2 null’ event. Ifa
certain phenomenon can happen with _probability one, it issaid to
happen almost surely (a.s.). - For example, while tossing a coin, if p is
the probablllty of the occurrence ofa head and (l—p) is tbe probabxhty




: (b) FINITE PROBABILITY SPACE (Equally hkely outcomes)

50. .  MODERN PROBABILITY THEORY’

of the occurrence of a taxl the probab:hty that the coin will fall on its
edge (say) is zero.. Hence the latter is a null event. If a certain property

can hold for all e except those belonging to a null set, it is said to-hold -

almost surely ot for almost all (a.a.) o. In the case of general measures

1t is said to hold almost everywhere (a.c.).

33 DISCRETE PRQBAB}LITY SPACE

(8) - DEFINITION

In a sample space Q, if the class of events & is generated by a count-

_ able partition of subsets of Q then (Q, &, P) is called the discrete prob-
_ability space. If &/ = o{A}, where {4;} is a partition of Q, any event .
4 is a countable union of {4;}. Hence the probability of 4 can be - - -

- determined knowing the probabilities p; of 4, If Q is countable, 4;

could be singletons {w;} (i = 1, 2,...). { Py, Ps, ...} IS called the probabi-

lity distribution on Q. Then ./ coincides with the power set. ‘
- I Qs finite, and if P{ws} is thesame for all i =1, 2,...N (say), then =
this corresponds to the equally likely case with (1/N, I/N,... 1/N) as the "

probability distribution.. In the latter case, to determine the probability
of any event 4, it will be enough if we calculate n4 the number of «’s

in 4 and N, the number of ’s in Q. Here n, is called the number .of
outcomes favourable to A, N the total number of outcomes and .
- P(A)=n4/N.. Detailed study of such sample spaces -is made by Feller
(Vol. 1,1968). 'In this section.we shall give a few examples of dlscrete, s
vcountable (finite or mﬁmte) probablhty spaces c o

An lmportant tool for calculatmg the probabllltles of events in the ﬁmtc :

probabﬂlty_space‘is the theory of permutations and combinations. Tt is

* well known that the number of permutations of # different things taken
rat.a timeis (n); = n(n — 1)...(n — r 4 1) and the number of combina- -

tions is(:’)‘ — Y — ALl

Example 3.2, (Binomial Distribution) Suppose n coins are tossed once - -

or one coin is tossed # times. In both the cases, the space of outcomes . .
" Q can be represented by the set of all n-tuples of the form (HHTHTT...)..
~-Since each of the components may be gither H or T, there are N 2"

, such n-tuples If all these have the same probablhty, viz., »

=2-n, (z~—l 22 0o I '

‘We can calculate the probab:htles of events of the form . § L
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=(k heads and n — k tails turn up)
—(at least one head turns up), etc.

" The number of outcomes favourable to 4 are( k) -and those favoura.ble

" to Bare all n-tuples except the point (77 ... T). Hence
P(A) - (”) 271, P(B) =127

Suppose we deﬁfne the probablhty of the sample point w, (HTH...)
containing k, H’s and (n—k), T’s to be , o '
Con=pgrR@ =) (=120 M) (3.29)
We are no longer in the equatly Yikely’ case. Now '

- PBY=1— P{TT T} =1-—g"and P(A) p"q"—" (Z), since all the o

( k) pomts favourable to 4 have the same probabxhty p"q""" Thc'

probabilities of, events such as {the no. of heads exceeds the no. of talls} .

can be calculated.

'On Q, suppose we deﬁnc a r.v. X denotmg ‘the number of heads -

 turning up’, X is a mappmg from Q to {O 1; 2,.0, 13 = Q'. " In the
general case (3 25), - : . ' SR
P[X k] ( )p q”"‘(k 0 1, 2 N (3.26)

Supposé we associate with the point 'k’- : of Q, the» above probability
(3.26). . This set.of probabilitics on Q' represents a ‘distribution’ of
-probablhty ‘mass’ on ', the | range space of X, called the probability dis-.
tribution of X. - Since (3.26) is the kth term in the expansion of the -
binomial (g + p)"» it is called the binomial distribution and X is called
the binomial r. v : .

Example 3.3, (Hypergeometric Distribution) - From & lot containing
~ n items suppose r items are chosen. This may be done in (:1) Ways;:
- Suppose there are ny defective items in the lot. The number of defec- '
~ tives among the r items chosen may be k (=0, 1, 2, ...; ;). Assuming

‘ that all the( )outcomeé are equally likely, the nu‘mber'of outcomes

favourable to the event ‘k defectlves in the sample is (Z )( r'"ﬂk‘) "

where n,=n-—n,is the number of non-defectlve itemis. ’Ihls may be .

seen from the fact that k defect:ves can be chosen from o defectives

in (k) ways. and the remammg (r — k) non-defectwes can. be chosen :




i
1
H
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from the 1, non-defectives in (r -:k) ways. Hence

= (Z‘)(”&A)/(") =0, _'1 2., fniu [C% }); (327) -

{ px} represents a probability distribution on the range space, Q'={0, 1,.

‘min (1, r)} of X, representing the number of defectives observed in a .

sample of size r chosen from a lot. of ‘size n containing ‘n, defectives.
This distribution is called the hypergeometric dzsmbuuon and X, hyper.
geometrzc ry. .

vExémpleB4 (Multinomial Distribution} Suppose there afé n cells
~and r balls each one of which. is to be placed in one of these n cells.
~ Total number of outcomes is N-=nr. If all these are equally l1l<ely, .

the probablluv P(res Tase ., r,) ‘of the event that the n cells contain r,, :
s Tn (Er, =) balls respectlve]y can be obtdmed as . '
LR |

'P("v"" rzo-- r) = s - : (328) :

by noting that the number of outcomes fa.vourable to the event is the
“product of the number of combinations of ry balls out. of a total of r
- bails in the first cell, r, balls out of -the remaining r—r, balls inthe

second cell and r, balls out of tlle remammg r—ry. _fr2 balls” in the .

‘ third cell, and so. on. But

'. r—rl X r—rl -n""n——g . r' ‘-—:_—'., ’. _‘ ‘. S
("1)( ra ) ( o Teer ) , "1"27'_'_:’"! . '_,(3'2,9,) _

. Hence we get (3 28) : - : B
. Wxth gvery outcome: -of the expenment we may assoclate an n-dxmen- _ 7; -
- sional'r.v. X = - (X1 X._,, Sy Xo)s: where X; denotes the number of balls in .
Ctheitheell (=1,2;:.,n). In the above probablllty SPaCe, (3 28) glves

us the probabn]mes of the cvents, ' .
[X_"rl’ X2_ rZs X——l‘,,] [X‘_l'], .

(or/mﬁ'erent vectors r, such that ry > 0, Zr,=r. The set of all such- -_
~ vectors r denotes the range space of X By assngnmg probabllmes

l ) . _':_‘:.
L pl e pn 3 (EP. = 1) (3 30) :

P[xﬁr]—' s

" on lhls range space of X, we get a dlstrlbuuon called the multmom:alﬁ'v

distribution. Tt can be seen that (3.30) is -a term in ‘the expansxon of '

= the multmomlal (ry + pz -’i— -+ Pn)’ -

Examp!e 3 5. (Classxcal occupancy problem) Suppose r balls are tobe
placed in n cells so.that each ball may occupy any.one of the cells If
 the balIs are dlstmgulshable, the number of possible arrangements is n"
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If all these are equally likely, the probability that a particular cell is
empty is (7 — 1)7/nr. Similacly the probability that two pre assigned -

“cells are empty is {n — 2)7/n". Let p,(r, H) be the probability that exactly -~

m cells are empty. To calculate pn(r, 1) we may proceed as follows:

‘ bo(r, n) = 1 — P (at least one of the cells is empty),
m1—p([]Ak) | | C@al

. where A i is the event that the cell marked k is empty But from (3.22)

P( u Ak)— 2 PA,, —~ 2 P(A,Ak) Jr >: P, AkAl) — . (3.32)
s ko i, P — = i

| ,Pﬂ(”’?)="-'",(1.'f%) +(;.)-(1.“5) — (,“W"(Z)-(I-fg) .

| B R

Then nrpyr, n) is the number of arrangements with no cell empty. .
To. detetmme (s n) we note that any m of the n cells may be empty,

" which can happen in- (:;) ways. Since each of the rernammg (n— m) cells . .

is not empty, thc number of such arrangements is (n— m)f po(r n—m).
'Hence e _ :

"@am_()@%@ﬁwm—@wr“ -
~GIECn( ><—-—>
'.i..(c) COUNTABLE PR(')BABLILITY?SPAC}; S |

- SuppOSe Q= {w,, oy ...} and o is the c-ﬁeld of all subsets of Q At is
generated by all the smgletons {o;}. Suppose P({w:}) is specified for all -

“iand P({y)) = p,. - Evidently p; » 0, and Sp; =1. P(4) is the sum of -
the probabilities of all w contained in 4. It is impossible that all the

sample points are equally likely. Hence we have to view the probability -

distribution { 2;} to be the distribution of unit probab:hty mass among
the sample points following a certain - rule or law. This law is some-
times rcferred to as the probability dzstnbutzon or probability law. ’

_-Example 36 Suppose Q = {0 1, 2 ..} and -
: P({x})—(l—e)ex (x—O 12 ) (o<a<1) (3.35)
Then I’x — P > 0, E px =1,2nd on every snb-aet AofQ

P(A)= % pu .
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" Thus, (Q o, , P), where o is the class of all subsets of O isa probabxhty
space. This distribution is called a geometrtc dtstrzbutzan

Example 37 Once agam let Q =1{0, 1, 2 .} and o be*.the' cla;s of all
subsets of Q.. If P specifies that - ' o o

Pix })——0\>0) (x—-O 1,2, ), (3.36)

then (3.36) specifies a Poisson distribution. ,
Let X be 2 mapping from Q t0 {0, 1, 2, .. .} such_that'

X1} = [X(0) = 5] =

{4,} forms a partition of Q, which generates &7, Let P[X=x]=P(4)="Ps
say. Then the probability dlstrlbutlon on &/ is specified by the probabi-
. lities of the events [X = x]. If PLX = x]=(e»)/x!, as given by (3 36),-
then X is said to be a Poisson r.v. If P[X = x] = (1 — 0).6%, as given by
(3.35), then X is said to be a geometric r.v. If .

P[X=-x3=(”+f__1 Neres (0<p<1,q—1—p), R

then X iscalled a negattve binomial r.v., ‘and the correspondmg probabl-.
lity distribution'is called the negative bznomzal distribution.
To find the probability of the event, [X = odd number], we note that
P(X =odd)= I ps '
x—od

wia oo .
‘and this probabxllty equals e E (27\ n 1),, for é’Poisson,random..

- variable and equals (1 - 9) E gontl — + T for a geomemc random ;

variable. ~ Similarly. the probabzhtxes of the events [X > x], [X > 0],
[X =even], when the probability distribution is spec1ﬁed by (3 36),
(3.37) or (3.35), can be calculated. (Obtam D. ,
A randoin variable (or vector) X takmg only a countable number (finite
or infinite) of distinict values (x.,, Xy5 Xgy... ), S2Y,-is called a discrete r.v.
The o-field induced by X is generated by the countable partition
{IX=x],i=0, 1, 2,...} and the probability distribution on this o-fleld
|is’ completely specified, if P[X =x;] are given for alii. Binomial,
Poisson, multinomial and geometmc random vanables are examp]cs of .
discrete r.v.’s. . . .

3. 4 GENERAL PROBABILITY SPACE

(a). CONTINUITY PROPERTY

’ Let Q be the space of all possxble outcomes of an experlment under




PROBABILITY SPACE - ) o . ' 55.

A conmderatlon The number of outcomes may be uncountable. Let .91 be
the o-field of events and P a probability function defined on 7 satisfying
the conditions (i)~(iv) of (3.6). : :

LemMa 3.1t In the presence of (iii), (iv) is equivalent to the following:
(iv)‘: B, e, B;4B > P(B,,) A P(B) as n—> 0. ' (3:38)
Proof: Let A,, = B,— B,,m1 so that A s are dlS_]OlBt and
B,,= g‘, A;. Then B,,1\ E A, B as n— 0.
. i=1 . . .
But - P(B,) = 3 PNt ]zl PU).
If (iv)’ ﬁolds, B, 4 B = P(B,) - P(B) and hence takin g
Bu= 3 Ay, 3 PU) = P( 3 4))
i=1 i=1 : i=1 -~
and (iv) follows. = Conversely, let (iv) hold. Since
P(B)= 3 P(4) =f1im’>'ijl P(d;) = lim P(B,),
- f=ml n f= n
(iv)’ follows (*).. - o ,
_ COROLLARY.3.1:. If A, = o, Ay} A, then , e
‘ e EARe. 6
The Corollary follost because, ’
An\ 4 = 4y e P(A%)— P(4°) = {1 - P(A,,)}

—>{1 — P(4)} = P(4,) ——>P(A)‘

“The Lemma 3.1 and its -6015‘011ary' imply - that ‘probability is continuous
from below and from above. In fact, from-the following Corollary 3.2
" We see that it is contmuous ' :

COROLLARY 3.2 IfA >4, thenP(A,,)—>P(A) _‘ o (3,40)‘.

- Proof:. nA,,CA c u Ak=>P( mA,,) P(A,,) P( UA,,) (3.41)

But kﬂ Ax 1‘ hm Am U Ag {, hm Ay,
. 2n N
Since A, A4, IL@A,,=11m. Ay =A. ‘

From Lemma 3.1, P( (1 4 P(4)

" and from Coro'lary 3.1, P( U Ak)¢,P(A) Hence from 3.41, P(dy) —>

. PA). (»
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Thus, s-additivity. condltlon (1v is sometimes rcferred to as the con-

‘tinuity condition of the probabiiity function. The notions of contmuxty N
from below, contmulty from above and continuity in general, are simifar ..
to the notions of Lontmulty from the left, from the rxght and in the -

absolute sensé for point functions.

Even thou;,h Lemma 3.1, Corollaries 3.1, 3.2 are provcd for pro- C

bability measures, results contained therein continue to hold for finite
measures with obvious modifications (whlch") in the proof. If the

“measure is o¢-finite, it will be continuous from above but we carmot ‘

establish continuity from telow.
A set function satisfying (iv) only, defined on a o-field, c01n01des w1th

the difference of two measures. “Thus, by relaxing one or more of the ©°

conditions 3.6 we get various generalxsatlons of probablhty measure
(see Appendix B)..

(b)" EXTENSION OF PROBABILITY. MEASURE

In the case of dxscrete probab111ty space, we have seem that if we deﬁne o

probabilities of the events Ay(i = 1, 2,...) forming a partition of Q and

_ which generate &/, we can obtain the probabilities of all the sets of <.
‘Now the question arises whether we can do the same if o is generated
by an arbitrary class 9’ of subsets of Q, and P(- ) is deﬁned for every
set of #.

- Evidently ' the sets of &/ afe -obtained by complementatlon and -
countable operations of unions (or intersections) on.sets-of #. Axiom -
(i) defines probability on all finite disjoint unions of "sets of &, ifitis

* defined on sets of & ; given a countable (or ﬁmte) union of sets of F one

can express it ‘as the union. of d1s10mt sets of &, only if # is-a field.
Suppose we assurne this to be the case. There may be more than one
way of expressmg a countable umon as the umon of dlsjomt sets.' The -

- Question arises whether it is possible to get a u.mque value for P(U A,

(e F) for UA, e a(ff') butUA, ¢ F, given P(- -) for all sets of.ﬂ'” '

The answer is m the affirmative on account of the Caratheodory extension

theorem given below,

' Suppose Pis deﬁned ‘on a certain’ ﬁeld -9'" P, defined on o(F ) issuch . -
"that on sets of F, P coincides with P. Then P i is called an extension of -

"Pto o(#) and P is called the restriction of £ to F. . P has a wider do-

"'main than P and the two coincide on the common domain. Proofof the

following theorem -can be found in any book on measure theory (see
Halmos, P R. (1958), Billingsley (1979) or Appendlx A).

THEOREM 3. l (Cartheodory Extension’ Theorem) Probability deﬁned on

a ﬁela'ﬂ' can be extended uniquely to the minimal o-field comaming Z..

|
.).

R




PROBABILITY SPACE * = * . . -1

An important measurable space is (R, %), where & is the Borel field of

. _subsets of the real line R. 4 is the minimal o-field -containing the class

_ of all intervals of the form (a; b}y a, b-& R, say.. But this latter: class is

" “closed under finite intersections, but it is not a field. - So, itis not clear

" from the.above Theorem 3.1, whether, probability function defined on
~all suéh intervals (4, 8], can be extended uniquely to all Borel sets. -

. iHowevet'," the answer is still in the affirmative from the following Lemma.

. -LEMMA_3.2l: Probability Sunction fdeﬂned*oﬁ all inier;vbls‘ of the form

- (a, b), defines uniquely an extension to the minimal field containing all the
intervals.. - - o : ' ‘ S
Proof:. Let @, be the class of all intervals of the forn (a; b), -and %, be ’
the minimal field containing #,.. It contains all finite sums of sets of Z1

" and complements of sets of By, i.c., sets of the form (— 0, 4jU (b, ).
’ : k=1 B V_ k.. k
£ 4 is also cqual to 3 47, 41 & By, then B(4) = 3 PAj. We haveto
S T m ) _ r We have t
prove that = P4, =32 PAj. .~ v 7 ‘ .
. o kL -
- Since P on %, is additive, and . ‘
. A A= % AkiA_;, o
Ap o Ady = ZAp Ay~ i
it follows that B R SRR
IR =S PG (A = 3B PAA)
. i & ] ’

— 3 P(A) Ay = 5 PE A) 4D = = P(AD.
KJ Tk ok

. Hence we have the Lemma, since~P(A5) =1 — PA,forall 4 € Qi(*).
From the Lemma, defining probabilities on all sets of the form (a, 0], =

" one can extend ‘it uniquely to %, the minimal field .containing such
intervals and using Theorem 3.1, it maybe extended further to all Borel_
sets. : . : = S

‘In Lemma 3.2, we may take the class of all intervals of the form
(—, a), @ € R, instead of the class of all intervals of the form (g, b), or -

_any class ¢ which generates the Borel field. Definingprobability on the
sefs of this class, we can extend it to all Borel sets. If F(x) = P(—c0, x}, .
F is called the probability distrib_uiion function or the distribution Junction
on R. o = S ) .

Example 3.8. Suppose Q = {0; 0< © < 1}. Now 0 isan u‘ncountéble
* space. - Suppose the o-field of events is the Borel field restricted to sub-
sets of [0,1). Thus, & ={B N[0, 1]: B @}, the smallest o-field
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An i'mpoftarit measllfablc'space.i's (R, #), where QistthQf'el field of :

~ subsets of the real line R. ~ 4 is the minimal o-field containing the class

. of all'intervals of the form (a, bls a_,be R, say. But thislatter. class'is -
- "closed under finite intersections, but it is not a field.. So, it is not clear

‘from the above Theorem 3.1, whether, probability function. defined on
“all sugh intervals (4, b}, can. be extended uniquely to all” Borel sets.
© . However, the answer is stillin the affirmative from the following Lemma.

- Lemma 3.2: Probability f_uhétioh defined “on all intervals of the form
- (@, b\, defines uniqu_ely an extension to the minimal field containing all the
- intervals.. ’ v o Lot '

- Proof:. Let %, be the class of ail infefvals of the form (h,’ bl 'a‘nc.l“‘%, be .
the minimal field containing #;. It contains all finite sums of sets of #;

" and complements of sets of By, i.e., sets of the form (— oo, a]U(?s ©).

L LetA e B, and 4 = 3 Ay, Ax & By, - Then P(4) = 3 PA; (by (iid).

If A is also equal to = 4}, 4} € %, then P(4) = 2 PA’. We have to
prove that T P4, =2 P4}, .~ ' o el
: L koL o :
Since P on % is-additive, and _
Ap— Ade =3 Ag Ay
it follows that L m
- jz P(A)) =3 P (Ar A)) = 3:§ P(Ar 4))
— 3 P(4) A) = 2 PR Aj 4) = 2 P(dy).
k.j . k J ‘ k :

. Hence we have the Lemuma, since-P(4°) = 1 — PA, for all 4 = B
From the Lemma, defining probabilities on ail sets of the form (a, b], .

" ope can extend it uniquely to %, the minimal field .containing such
intervals and using Theorem 3.1, it maybe extended further to all Borel
sets. i i )

any class % which generates the Borel field. Déﬁning'Aprobability on the
sets of this class, we can extend it to all Borel sets. If F(x) = P(—,Xx],

Fis called the probability distribution function or the distribution function

on R,

Example 3.8.. Suppose Q = {0; 0 0 < 13, Now Q isan uncountéble
space. - Suppose the o-ficld of events is the Borel field restricted to sub-
sets of [0, 1]. Thus, & ={B N0, 1}: B @}, the smallest o-field

‘In Lemma 3.2, we may take the class of all intervals of the form
(—0, a), a & R, instead of the class of all intervals of the form (a, b}, or
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i generated by the class of subsets of the form {0 x) (0 <x< I) We S S
define S .
: P[O x) =% (0< x< 1), v : (3.42)
and P(Q) = 1. This probabnhty function has a unique extension to <7,
which is, called the uniforsm or the rectangular distribution on [0, 1]. -
Now P[0, 1/n) = 1/n, and [0, 1/n)—> {0} as n— co. By the continuity
property of P-function, P[0, 1/n).— P{0} =0. In general, we can prove g
that P{x} = 0, whatever be the singleton {x}. Ifdisa countable union - §
- of singletons, each one of which has probability zero, then P(4) = 0. . |
Let Q = {0: 0 < © < d} and & be the Borel field restrlcted to sub-
sets of [0, al. Deﬁmng

. P[0, x)} = x/a, © < x < a), S (3 43) .
and P(Q) = 1, and P can be extended to & in a unique manner. Pis
" called the rectangular distribution on [0, a]. . - S '

) ’Exal_nple: 3.9. Suppose Q= (—oo o) and & is ‘the Borel field. Define

J. e-it’dt o x < e, (3.44)
o with P(R) = 1. This function P deﬁned on. mtervals of the form (— o, x,
: can be extended to all Borel sets in a unique manner. Hence (R, %, P) is - _
‘ : ‘a probability space. The probablllty dlstnbutlon on R is called the normal . |
' distribution, :
In (3. 44), F is deﬁned as the Rxemann integral of a non-negative
function J(x), whose integral over Ris equal to unity, f(x) denotes the
density of the probability mass at-a point x and is hence called the pro- _ -
bability density function. . If the probablhty density functionis . s .

- o | ‘ 1a,0 < x < a,
: | . . f( )—{ ’ _gtherWISC .

- we get the rectangular distribution on [0, a]. If

F(x) = P(—c0, %] =

Cf @)t erxrhx20,1 g
1) = { 0, - otherwise, (3.45)

we bave the gamma distribution. Taking different functions which are '

| ~ non-negative and ‘whose integral over (—o0, oo) or its subset is unlty,

‘ we get dlﬂ'erent probability distributio os. .

Example 3.10, Let Q=R ={x,):—w < X,y < co} and & be
the Borel field of subsets of R% ConSlder the rectangles of the form

(%) :i—0<x<a-0<y<b,abek

~ Since these rectangles generate %,, and they are closed under finite inter-

" sections, defining probabilities on these rectangles, one ¢an extend them.
to all Borel sets of R%. Let f (x, Mbea non-negative function of (x, )
such that 1ts integral over R?is unlty Deﬁnmg * . . ‘ o g
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o v s (b )
Fla,by = Pl[—~0 < x < a, —0 <y <bl= f ] f(x,-»)dy dx,
- | | (3.46)
we get a probability distribution on R2 defined by the probability density
function f(x, ). ' . o
If @ = Rk and By is the Borel fleld in R¥, P may be defined by means
of a function f (X1, X55. - -5 %) with f(%;,..., X} = 0 and .

j...Lk“f(x,.,.x,;)dxl.‘.dxk; L, @4

Fay, ay,. .., @) = P[—00 <X 3,000, =00 < Xp < )
: ay Qg ) ag .. ) . .
- j I . J' PGy 2 dxy  (3.49)
=00 J—o0 —o0 . .
ftx,...xg) is the'probability density function on R, o
If a probability density function exists for a certain distribution, then
it is- generally called an absolutely . continuous distribution (ot simply-
continuous distribution). We would like to emphasize here .that we do
not restrict ourselves to discrete or. absolutely continuous distributions
only. We also consider cases when the probability on (R, %) is induced -

"by a weighted sum of distributions, one of which ‘may be discrete and

the other, absolutely continaous.

35 INDUCED PROBABILITY SPACE

' (a) PROBABILITY SPACE INDUCED BY X

" ‘LetXbear.v. ’<_>n (& o, P). For z_my‘ B = B, we may define

Then Px(B) > 0, and

Px(B) = Plo : X(w) & B, . S
= PXYB). . (3.49)
: ?’x(? Bj) = P(X"(f B)), |
=PIXNB), -
=3 POB, o
=3PB) g @S0y

Sincé PX(R) =1, Px on (R, ﬁ?)fs a probability measure. " Hence ('R; B,

. Py) is a new probability space, called the space induced by X onits
, range space. Py is called the probability distribution of X. Co

In Example 3.2, we consider the space of all outcomes of # tosses of

" acoin. - We define a. r.v. X called the ‘number of heads turning up’, .
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taking the values 0, 1, 2,..., # with probabilities

P = K= () s G = 0L 2

_ -Denoting {0, 1, 2~ ‘e n} by Q, the above defines probab:htles of all'

subsets of Q.
Moreover, if gis any Borel funcuon of X,

P[g(X(w)) € Bl.= P[X(co) (S g—l(B)]

= Px(g=(B).. (3 51)’
: Smce gisa Borei function g'“l(B) isa Borel set. Hence the probablhty :
distribution of X determines uniquely the probability dlsmbutlon of any -

Borel function of X, In the-above’ example,
| P[2X = k]'=PIX = k2] =0, if &k is odd,’

_ ( /2) p"f“‘q"—"lz, 1f ki lS even
Suppose : ‘

P[X ] v_ exp (—12/2)d¢, ¥ x € R (3 52)’

“Then the probability measure P v induced by X has the normal dlStl‘lbll-v L
' _tmn on R. Then X is said to be a normal rv. . .~ :
. "Ingeneral, if the induced probablhty measure hasa: certam probabihty L
. - distribution, therv itself is said to have that dlstnbutlon If Py has - -
~'the gamma distribution given by (3. 45), Xis ca]led a gamma rv. The = .
probability density function-of Py is also called the probability density =~ .
of the'r.v. X. This is also true when X 1s ‘a. random vector, thh more ]
than one component TSR

© (b) DISTRIBUTION OF BanL'FUNCTxONs‘ OF RANDOM VARIABLES °

‘Now R
P[X=<k1 Pl—vk < X<+ v

Plu< X< b= P—yb<x < = VAU Va< X<t VB Gn 55
- “hence we can determine the distribution of X%. Similarly, we can deter- o

mine ‘the dlstrkbutlons of ex, log X and other one-valued functions

Y =gX). Infact,if g is increasing, . _
| - Pg(X) < y1=P[X <e&ON . (3 54)_

If fix)i is the probablllty densxty function (p.d.f.) of X and if g~* exists g,
. gt are dlﬁ'erentlable, using the calculus of transformatlon of vanables,

‘ P[g(xl) g(X) g(xs)]__.f f(x) dx e

j e O R

e

S
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- 'where Yy = g(xl), y2 g(x;), &) = x = h(y). Using: the technique

- ;someumes we can obtain: the distribution function of g(X )

' Example 3.11° If log Y X is normal with probability dens1ty function
. _ . .
S —eX xz,—oo<x<oo,
e @)

Y has qu normal dlStrtbut!On with probability densxty

y\‘/ﬂ: cXp {f%(log »3, (0 <y < co). .

v‘EJ‘{amp'l"e"_B‘.,IZ._ If the probability density f uﬂct_ion of (X, Y)is
g . . .10, otherwise, 7
" we,_ca[_fobt‘ainlth}’ probability distribution of (X - Y)as follows:

Crxv<a= | [ smoded,
S T £ 2 2 0 _ _
' R U 0gu<h'
{1 —(2~—u)‘~’/2 I<ug2

We shall study more. about prob1b111ty density functions and dlstrlbutlon
'f'unctlons in the next chapter

Usually in statistical work; one 18 gwen only the lnduced probablllty o
space. It is not necessary that one should have the knowledge of the
- fundamental probablhty space (Q, <, P), if one is interested in:studying.
the properties of the given random variables and their Borel functions
“only. -However, in order to study the calculus of r.v. ’s, by mtroducmg

" new random variables such as limits of r.v.’s, it is necessary.to mtroduce .
“the above concept of fundamental probablllty space. : B

a

3 6 OTHER MEASURES

) (a) GENBRALIZED PROBABILITY MEASURB

We have seen in section (3 1) that probablllty is a non-negatwe, g-addi-
- ‘tive, normed set functlon on (Q, ). “Without the condition of normed-
ness, if we have-a non-negatwe and addxtwe set functlon, itis cai!ed a.
" ‘measure, denoted by p. -
, If p (Q) is nonzero and finite, consudermg y.( Yu(Q)as a set funcnon
 on (Q, &), we see that - it satisfies all the properties (i)- —(iv) and hence
- may be viewed as a probability - measure:. Thus, normedness can be
" achieved by dividing the measure fanction by w(Q). Hence finite
measures may be vnewed as generahsations of probabxhty measure.
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(b) CONDITIONAL PROBABILITY MEASURE

Let B be an arbitrary but ﬁxed subset of Q belongmg to . Consxder
the class of events

Th:s c!ass is a a-field of subsets of B. Thus, (B, &/p) is a measurable
space. Probability measure P defined on this space is not normed, since

- P(B) may not be unity, in general. However, as m (a) it may be normed,

by deﬁmng the measure P* as
' P(BNA)

PB) ’ ,
on &/, 1f PB > 0. (B .szfy, P*) is a probability space. Domam of P*

3. 57)

PHBNA)=

- is the class of events which are subsets of B. For a given B, we may

view P* to be a set function defined on elenients of 7. Then it is called

- the conditional probability measure, gwen B, denoted by PB or P(- i B),.
Thus, :

o Py(d)>0; Py(@)=1, -
and" . S ‘
Pp(ZA4)) = P*(anA )= P(BnEA )| PB,
Y

o —zP(BnA,)/PB EPB(A,, - (3 59)

Thus, (Q o, PB) isa probablllty space PB(A) is called the condttzonal '

probability of A given B. Py(- ) is called the condltlonal probablllty

. distribution:on (Q, #). '
_Leét Xand Y be random vanabies and (R2 By, ny) be the probablhty ‘

space mduced by X, Y) Consider any Borel set 4 € #, and the set-
[X—xo,“oo<y<oo]—IX—xo] '

_ ThannB-—-[X xo,(x, e 4l

PyB=P[X=x], ny(AnB) P[X e B (, Y) & A}
'Condltlonal probability of 4 given B is

Pad) = PIX =70 (6, ) AIP[X =5} (-60)-
Cif PLX = X,] > 0. It is also called the conditional probab:lzty of A given
, J{”'="x0 In general, if S : e

—[Xc-:-Bl, —wo<y<L oo]—[XeB‘],
PB,(A) P[Xes BI(X Y)EA]/P[XG B, . S (3.61)

Awhere PIX € B,] > 0. ‘Pg(-) is called -the conditional probability of A )
given. that X & B1 and is denoted .as P(( ) | X e B,) Evndently, for-

BnM—{BnA Aed}_xg,(say) 3.56)

» ‘PBv(A) = P*(BﬂA) = P(BA)/PB = P(4 ]| B). (3.58)<
~ Bvidently Pgis a probat)_ility measure on (Q, &), since ‘

GRS
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. number of poxnts of R is zero. Moreover o
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“different B; we get differenit conditional probabilities: We shall discuss .

“conditioning” in detail in Chapter 12.

() COUNTING MEASURE
Suppose Q is ‘the real line R and M is the c}ass of all . Borel sets in R.
_ Define a set function @ siich that ,

H(B) = number of mtegers (positive, negative or zero) in B.
Then .
v-(e) =.0, u(z B.) = 2 wB), Bie .93

- Thus, p is a measure on R Tt is called the counting ~measure. The' '
measure associates unit mass with each one of the pomts 0 :I; 1 :1: 2,.
But p.(R) is not ﬁmte However .

ES

R-— ) [7, n+1) and p[n,n—i—l)-—l

¥l=—°°

Hence pis c-ﬁmte on R, We may note that (B) =0 does not lmply
that B = $(why?) and p(-) takes the values 0,1, 2, ...only. .
- Counting measure may be defined on (Rk 3?,,) as foilows For Bke.@k, '
‘define - '

p.(Bk) =number of points (xy, ..., ¥;) with mtegral (posmve, neganve"'
or zero) coordmates lylng in B :

(d) LBBESGUB MBASURB

Coas1der the real ling-R and the class £ of all bounded intervals of the
form (@, b (¢ < b): On the elements of £, we deﬁne a set functlon y,'
such that : ‘
(a, b} —b— a,
W) =0,
H(EED = 2 #(E), .

where EI, Ez, ... are dlS_]Ol it sets of A, Thus, p is.a measure deﬁned s

on.ﬁ' Since £ is closed under finite lntersectxons, using Lemma 3.2,
p. can be extended uniquely to all Borel sets. Thls exteuded measure on '
(R &) is called the Lebesgue measure ‘

Smce R = E (m,n + 1] and p.(n, n+ll=1,n 1s a u-ﬁmte measure,

A= =00
Since {x} = lim (x — 1/n, x] and w(x — 1/n,x} = 1/n, on account of conti-
nuity ofip; g({x}) = 0 for all singletons {x}. A set whose p-measure is.
zero is called a p-null set. By additivity, countable union of u-null sets.
is p.-null “Thaus, Lebesgue measure -of a sef contammg a. countable

.
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(@, b1 =u(a, b+ w((B),
= p(a, b).

Even though all singletons. are u—null Borel sets; it is wcll known from o
measure theory (c.f. Halmos, P.R. (1958) that there ‘exist g-null sets which

. are not Borel sets. Adding these e-null sets to the class of all Borel sets, '
“we get the class £ of Lebesgue-measurable sets. If L &%, Liscithera
"Borel set (B) or a'union of a Borel set and a p-null set, (BUN ), say, or -

a p.-null set (N). On Z define a measure y such that

EBUN) =pB). (.6

- Then @ is an extension of p and i is‘calied the campletzon of e It is 'also,

called the completed Lebesgue measure defined on %.
- In general, given a measure p on a o-field <7, we may get. the compieted

measuré . defined.on &7, the class- of all'sets AUN, where 4 € o .
“and ‘N is p-null, as foll'ows. Define iz (A UN) = w(4). - &, is called the
" ‘completion of &7 with respect to p and i is called the completed measure

- on the o-field (why?) #,. We may note that <7, depends on p. Hencc, -
“for different measures we get dxfferent complctlons o .

© LEBESGUE-ST!BLTJES MEASURE '

: Letg be any monotone non-decreasmg point function on R ‘which is
- finite or having boanded variation.. Without loss of generality, it may = .
be taken to be continuous on the right (or left), by taking the value of -

. the function at a jump point to be the'limit of its values from the right -
‘(or-left). Thus 8(x) = g(x—[—) = ilm g(x,.) for aIl xe R. ‘On all sets of_\ o

(@) b] =&(b) —5(a),

= mcrement ofg in the mterval (a, b} BT ‘(3.63) :

tii) w@) = @) — 8 =)
‘ = magnitude of j jump of g at a.
(m) u( Ey) = = w(E). '

’ where {Ej} is'a class of disjoint set of #. Asin(d), sincey is non-

negative and continuouson.#, it can be extended to all Borel sets and hence

it is a measure on (R, #). This measure is called the Lebesgue-Stceltjes
" (L.S.) measure induced by the function g. If g(+ oo) g(— o) is ~
‘finite, this measure is finite, otherwise it is o-finite. ,
- ‘The measure.p._depends_ on the increments of g.and not on its absolute .
- value, - It we increase or decrease g by an arbitrary constant, g will not
be affected. Thus; ¢ will not determine- ‘g uniquely. It will correspond - '
" toa class of functions with the same increments as that of g, g(—oo)v o
' -bemg arbltrary Further we may write . : )

YRR
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g(b)' g(a)—ﬁ dg, o (3.64)

where the integral i is understood to be in Stieltjes sense. If g increases

‘ by Jumps only, with magnitudes g; at the points x;,

gd)—ga= 2= a.

xiE(a, b)
If g(x) is differentiable in (a, b] with derxvanve g'(x), then g = 0 and

8(b) — &(@) = j 2'(%) dx,

the integral being defined in the Riemann sense. Evidently, Lebesgue
measure is a ‘particular -case of L.S. measure with g (x) = 1. .
If g(4 ) — g(—) =1, then L.S. measure induced by g may be -
viewed as a probability measure P on (R, %), with ’
- Pa, b =g(b)~ g(a).
Ev1dently P(R) =1 and P can be defined on all Borel sets by the ex-
tension theorem and Lemma 3.2, If g'(x) exists, then

P(a, 1?] = I g'x dx

: implies that g'(x) coincides w1th the probability density function defined

in section (3.4). - Of course we do not rule out the possibility that' g(x)
might increase both - contmuously as well as by jumps. If g{-+ o0) —

“g(— o) is finite, dividing g(x) by this quantity, we can geta probability
" measure corresponding to any finite L.S. measure. This result is some-
“‘times referred to as the correspondence theorem (see § 4.4). It plays an

important role in the study of distribution functions in Chapter 4 (see
also_ section 4.4). It is more convenient to work with a point function
such as g(x), x € R than, with a set function such as P(B), B& %, even'

‘ though P determines g(x) uniquely up to an additive constant (ufac) only.

e SIGNED MEASURE

If a o-additive set function v deﬁned on .seﬂ can take positive and negatwe '
values, but assummg at most one of the values + oo, satisfying v(@) =
itiscalled a signed measure. For example, if v == py—p,, where g, aud p.,

~ ‘are measures defined on &, with at'least one measure finite, then v isa

signed measure. In fact the converse statement is also true; - viz., any
signed measure may be viewed as the difference of two measures, of

* which at least one is finite. This is the content of the so called Jordan-.
Hahn decomposttwn theorem (See Appendlx B) :

' COMPLEMENTS AND PROBLEMS
1. Showthat '

(1) P(ABcUBAe) PA+ PB— 2P(AB),




(i) PAB)< PA< P(AUB)<PA -+ PB,

(iii) P(4, n Ndn) = 2 PA; (n— 1)

In example (3.2), calculate the probablhty of the events [no of
heads exceeds no. of tails by ], r =0, I, :
If Ay, Ay A, are such that

P(4,N4, nAa)~ P(A1 4 As )

show that each is-equal to’

.}[I—PA, ~Pd, — Py -+ PAIAZ + PAzAs +P4 A,,]

. Let = {0y, O ms, mi} and let

P{co,} — 1/6, Plog = 1/3, Plog =15, P{%} = 3/10
Let . A, = {o, 0}, if nis odd,
' s= {©2g, 00} " if m-is even.

* Find P(llm A, P(hm An), llm PA,, Tim PA,,

- Show that, if T PA, < oo, then _P(lim Ay =0.

Let Q bea cou'ntably infinite set and let </ consnstv of all subsets of
Q. Define u(4) = 0, if 4-is finite and p(4) = oo if 4 is infinite.
(1) Show that w is ﬁmtely additive but not s-additive -

* (i) . Show that Q:is the limit of ‘an increasing sequence of sets A,

with 3(4,) = 0, but p(@) =o0. What can you say for {24,932

If a set function assumes the value 1 at the empty set;: show that it

- cannot be additive.

EIA

o1

13,

“Let Q be a countable space, o be a c-ﬁeld on Q. If SP(Q) is the
‘power set of 2, show that every singleton {w} C Q- is measurable'
iff & = (Q). In this case P can be deﬁned on (Q d) if it IS deﬁned:v

on every singleton {v}.

- Show that the sum of two measures deﬁned on the same a—ﬁeld is a.
‘measure. - Show that the sum of a complete measure and any other.

~_easure defined on the same class is 2 complete measure. -

10.

Ifpisa complete measure, any {unction f deﬁned on a set E thh
w(E) = 0 is measurable. °

fand gare said to be equivalent 1*' they dlffer on a set of measure'
. zero. - Let p be'a complete measure. - If f and g are equivalent on
a set E and one of them is meaeurablc, then the other i is also o
" measurable. : .
Letpbea comp]etc measure and {X,} bea sequence of measurable‘ )

functions converging to X a.e(u). Showthat X is also measurable
Is this result true if p is not complete?.

If p,,,(r, n) is the probability of finding exactly m cells empty when N

B balls are dlstrlbuted randomly inn cells obtam hm p,,,(r, n)soi

that A=ne ‘f“") renams bounded md m _is fixed..

o
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16.

17

~18.

19.

"14. Show that binomial dtsmbutlon converges to Polsson distribution

in the sense that
mxxkk:(k)é%f*ee4ﬂ%!=PD“=”’

if as n—> o0, p—>0 such that np =X\, where X is bmomlal w1th .
index n and Y is Poisson with parameter A.

. Find the Lebesgue-Stieltjes measure. generated by ‘the following

function g(x).
g(x) =0, x< 1,
=12,1<x<3,
=23,3<x <7,
T=x—16,7< x< 10,
v ‘ =4, x =10 N
A rv. X has the following distribution ’fu_nction
' PIX<x]=0,x<0
= -up)+p(1—e—7”‘) 0< x<T '
=1,x>7T. = :

Explain the mduced probabﬂlty space and express Px(B) in terms'
of pand A

. ‘Conditional probability of [XN-—x] given N=n is" 1/(n+ 1)

(=0, 1,..n). If P[N=n]=e™\"/n), obtain the unconditional
probablhty P[X N = X]. .
If X has p.d.f. e, x >0, ﬁnd the probability densities of

(1) xX3; (i) a4 bX; (i) eX; (V) log X.

If thep d.f. of (X, Y) is 02 g=0(¥+7) -—-nf(r, ) ﬁnd the dlstnbutlon of
i X-7, : , : '

(n) | X—=Y|,

i) X+,
@) @+

20.

21,
(0, % 1, £ 2,...) and g is the counting measure.. What is the com-

(Hint: Make a transformatlon of (X Y) to (U, V) with U as the
above variable and integrate out V.) '

(Completion) Let A4~ be the class of null-sets of (Q, &, y.) Show R
-that the class &, of sets of the form AUN, 4 & &! Ne./V is the

a-field generated by LU A
Consider the measure-space (R, <, p), where o i 1s the power set of =

pleted o-field M ? Does o, comclde w1th the class of all Lebesgue-'l '
measurable sets" v . '
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Ifpisa a-ﬁnite measure on (Q, ;sx’), show that there exists a finite
measure p* such that p(4) = 0 iff p*(4) = 0 for all Ae 7. (Hinot:

| If Q= 34, such that u(4;) < oo, define p*(4) = 327u(44)).

23,

If w and v are o-finite measures on (Q, ), show that p -+ v is also v
" o-finite.  In general, if iy {tgsees B are o-finite, show that Spy is
~ o-finite, . Can you have # inflnite? - -
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4. Distribution Functions |

41 DISTRIBUTION FUNCTION OF A RANDOM VARIABLE
(a) DEFINING PROPERTIES

' In statistical practice we generally take the relative frequency as an -
‘estimate’ of the probability of an event. In nexperiments if the value of -
X is observed to bc less than or equal to x k times, k/n is an' ‘estimate’ of

: Fx(x) = P[X < x). S

Hence the probabzhty distribution of X is ‘estimated”. If X is discrete and
m is the number of times X is observed to have the value x, P[X = x] is
_estimated by m/n (see article 4.4 also).. Thus, distribution functions form
" the foundation of the theory of probablhty and statistics, Now we shall
“study some properties of the d.f. _
Let X be a real r.v. on the probablhty space (Q &é’ P) For xe R,

define ,

O PIX<x]= Fx(xx | I @ |
(11) PX (a, b] . Pla < x b], ' o -
: = Fx(b) — Fx(a) b>a . 4D

Fx(x) is -called the disfribution function (d.f.) or cumulative distribution’
function of X. If Fx(— o) =0, (i) and (ii) determine each other. In
general, toa certain Py there corresponds a family of distribution functions,
-differing by a constant. If we impose the restriction that the d.f. should
vanish at —ro, then P determines F uniquely. '

Example 4.1. If X = I(4) with P(4) =

0 ,x<0, : _
. F,;(x)' l-p0<x<l, "('4'.3)
SR C 0 L

since X takes the values 0 and 1 only, with probabilities (1 — p) and p
respectively. Fx(x) has _]umps of magmtude a- p) and p at 0 and b
respectively.

- Corversely, if F(x) bas j Jumps of magmtude P and - p) ataand b
respectively, it is the d.f. of ar.v. taking the values ¢ and b with
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" probabilities p and (1 — p) respectively.. If F(x) hﬁfs a jump-of n'ifégnitudel_' .

‘unity at x = c, it is the d.f. of a degenerate r.v. X, which is a constant
equal to ¢. o :

Example 4.2, Let the probability space be (R, &, P)and X be the identity

mapping of R to R, where P is the normal probability distribution defined
in section (3.4).. Then : R :

 Pex -_—jiw-\;ﬁexp(_tz/z)dt. L @

In Ekamples 4.1 and 4.2, Fx(x) is pbse.rVed to be monotone non-
decreasing. In example 4.1, Fx(x) increases by jumps, while in Example

4.2, it increases continuously. Since Fy(-) represents the pro‘bability of

a certain event, -its maximu'm value- is unity and it is non-negative. In

 statistics, d.f.’s play an important role as models describing physical .

phenomena. Some more d.f ’s are given in Complements and Problems.

probability space.

- Proof: Forx < x', R : T
. XS -IX<A+ <X <A
‘and, therefore, - ' : ’

PIXY < %)= PX < x]+ P[x < X & ¥] @
Since - PE<X<¥]z0 BT
' ' L R(x) - Fx® =0 . (46

. implying that Fx(x) is monotone non-decreasing in x. "Consider {x,'},

X,/ yx. Since [x <X < %[> ¢ as %y % Fx(%n') — Fx(x) >0 as '

x, § x. Since this is true for every. sequence {x,'}, Fx is continuous from

the right (see Exercise 8). - S R )
Define - Ap=[X < nl,n=12,...

_ Then dusy D dnand 4,4 [X < 0] =X (R) =Q..

_ Then P(4,) - P(Q) = 1 asn — 0. Hence Fx(+ o) = L,

. Defining B =[X< —nln=12..., B} ¢ asn—>w. There = -

fore, P(B,) -> 0 as n —> oo and Fx(— o). = 0.
.. To prove the converse, ‘we have seen in section 3.6 that to-a monotone
‘non-decreasing function F on R with F(— c0).= 0 and F(+o0)=1, there

‘corresponds a Lebesgue-Stieltjes measure, which may be v_iewed as.

prqbability measure P on (R, %). - On an interval (e, b), -
' 'P(a, b} = Fb) — F(a). '

'-I_'éking Q=R, /=R and P; defined above, Fmay be viewed}as th-‘e‘d.f. -

TaEoReM 4.1: The distribution ﬁknc;ion F x; of a r.v. X is non-decreasing,
 continuous on the right with Fy(—o0) =0 and Fx(-+ ) = 1. Conversely,
every function F, with the above properties is-the d.f. of a rv.onsome

o L
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of the r.v. X, defined on R, such that X‘(x) =X, X e R. Thls 1dentxty '
_functlon is the requu‘ed rv. (%)

(b) ALTERNATB DEFIN[TION :
We may note that if P[X < x] = F'x(x), F'(x), say, then

CPIX< X]-PX < X = Px < X <X @7
tends to zero as x4 x’ and F' is; 'thereforé, continuous from the left. .

Some authors call F'x, the distribution function of X, which possesses .

all the properties of Fy, except that itis continuous from the left while
Fy is continuous from the right. If ata point of discontinuity x of F,

"F(x) is defined as {F(x -+ 0) 4 F(x—-O)}/Z say, where F(x - 0) is the"
limit of F(x) from the right'and F(x—0), the limit from the I¢ft, then F
will be continuous neither from the left nor from the right (Prove!) (see
~ Figure 4.1). Sometimes we denote F(x -+ 0) by F(x +) and F(x—O) by

- F(x—).

(XY

1

| o ‘
(2} Fixy o o 1
L. ’ B I 1-p

L A
b} £ (x) " IR ) ‘}‘1_;;

a L b

Fig. 4.1,

Since P[x < X < ¥'] - P[X = x'}as x4 x, Fx(x) will be continuous -
» atx' if P[X =x']=0. In this case F’x(x) w;ll also be continuous at
x". If P[X = x'} > 0, then there will be a jump of magnitude P[X = x']
“at x’ for Fx and F'x. They coincide at all points of ‘continuity of either
- function. At a point of discontinuity x' of Fyand F'y, Fx(x') = Fx(x' +0)

.- while F'y(x") = Fx(x'=0). If X takes only a finite number of values

Xy - o9 Xny S2Y, then Fx(x) has jumps at -these points and ‘Fx increases
* by jumps only. Such a function- Fx which increases by j jumps only is
called a step- funcrzon (see Flgure 4 1) Thc number of jumps may be
finite or countable. -’

It may be ment!oned here that since: F is monotone, we may take
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F(—0) = llm F(x), and F(+ oo) 11m F(x)

If X is'real-valued (not extended real-va[ued) IV,

A _ “F(4 00)—F(—o) = P(X(R)) = 1

_ ‘ R -~ and there is no confusion, If X can take the values :i: oo with posmve
‘ ' probabilities, then

L PHH®) = 1 = P < X < 0lUX = + OO]U[X= ~ o))
' = P(X-(R)) + PIX = + o] +PIY =—cw)
1In this éasevwe bave to clarify whether '

F(+ @) = PXYR) or PX-(R),

o F(— ) = P({X = —w}) or 0.

Suppose a random variable X induces the probdblhty space (R, B, P)
where P has geometric distribution - (see Example 3.6). Then Xis called
a geometric random variable. Since X takes the . values 0, 1,-2,.. . only;
Fy(x) has jumps 4t these points and is a ‘step funcuon The magnitude

distribution function of Poisson r.v., binomial r.v., negative binomial

. geometric r.v. More generally,dxscrcte r.v.’s induce discrete distributions.
* L Distributions of normal, gamma or rectangular r.v.’s are continuous. A
tiable or that its derivative f{x) exisfs: -

-1t may be emphasized that-the d.f. of a r.v. need not be elther a step-

. jumps. Such a distribution is givén in Examplc (4 3).

“F. If X is the r.v. having the d.f F, and A4 is the support of F,

PlX € 4 = 0. Theset . of non-negative integers from the support of
Poisson distribution. The set of non-negatwc values is the support of

‘gamma distributic)n.

4.2 DISCOMPOSITION OF D.F s

(a) MlX’I‘URE OF D, F.

- with F(—0) = 0 and F(+ ) = ¢, a non-zero constant, then F will be
. : -~ called a' general distribution function or simply a distribution functwn
t v Given a general d.f F dividing it by . F(4- o), one can get the d.f. of a

© nv. Asalready st_a.t;d in Chapter 3, general d.f.. corresponds to a finite

of jump at x is (1 —6)6%, (0 <0 < 1) (see Section 3.3). Similarly, the’

'rv are step-functxons -These-r.v.”s are defined sumlar]y to the above

necessary and’ sufficient condition for a d.f. to be continuous at x is that’
PX =x]= O(x € R). (Why") This does not 1mply that F(x) is differen- -

* function or continuous. It can increase ‘continuously as well as by -

The setof values of x for which F(x)-increases is called the support of

If. F(x) pOSSeSSeS the properties . of Theorem 4. 1 then we shall cali‘ ; .
" F(x)the d.f. of arv.If F(x) is monotonenon-decreasmg right-continuous -

G
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Lebesgue-Stieltjes measure.

IfF}(x)aredf sof r.v.’s, and o; 2> 0, Ea,—l thep
G(x)= Eloc,F,(x) . » (4.8) '
= : :

is also a d.f. of a r.v.. It is called amixturé of d.f’s F,(x)‘,'. with weights .

>0 =1,2,..,n). If Su#1, then G(x) will be a general distri- .

bution function. It piays an’ important role in the study of Bayesian
inference ; {x} is called prior- dxstnbutxon It also occurs in the study
“of condmonal distributions. o

(b DECOMPOSITION OF D.F.’S

THEORBM 4 2 (Jordan Decomposztmn Theorem):’ Every d.f. F has a
“countable set of discontinuity points. Moreover F = F,  Fy, where Fis

 continuous and Fyis a step function. - The a'ecomposztton is umque

Praof ConSIder the interval (! [+ 1], (1_ 0, + 1 +2,: ); Let .
Xy < Xg < ..o <X, be the n points of discontinuity of F(x) in(l, I+ ]] 7
with j _)umps of magmtude cxcecdmg I/m Since

- FOYS Fxy — 0 < Fx) < F(xz —0) < F(xz) <.
,:§'F(x,,.-- 0) < F(x») < F(l + 1), denoting p(x) = = F(x) — F(x,, - 0),
2 ) = 3 [Fn) — Fone— O <FU+ 1) = FO).

~ Thus, the number of dlscontmultlcs in (1, 1 4+ 1], of magnitude exccedmg-

1/m cannot be larger than m{F(l + 1) — F(l)]. Hence as 2~ o we see
that the number of discontinuities in (/, [ + 1] is countable. Since the
number of such intervals is countable, the first part of the Theorem is
‘proved. : :
Define

.Fa(x)'=. 2 P(xk);xeR- o | 4.9

Ry = F(x) R @

As in Theorem 4.1, Fy is non-decreasmg, non-negative and continuous
on the right. On account of 4.10, F, is also non-negative and continuous -
on the right. It is also continuous on the left and non4decreas_ing, since -

o for.x < x%

,(x )— Fc(x) F(x') — F(x) : E P(xk), ‘

= F(x' —,0)"?‘1’.(?‘) 2 p(xrc)s
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is non-negative and tends to zero as x 1 x'. This decomposition is unique,
because, otherwxse, if .

F=F, —|—Fd—Fc -+ Fy

F.—F' =F/ —F, . (4.11)y
the left hand side of which is continuous, whilé the right hand side is a

step-functlon This is a contradiction, unless both sides vanish simul-
taneously. This implies that F, = F.' and Fy = F;'. (¥

Example 4.3. Suppose X denotes the life-time of an equipment which
may fail immediately on installation with probability 1 — p or live up to

‘ <the age X wnth probability p(1 — e-#%).. Then the d.f. of X'is
F(x)—(l —p)+p(l-e"i‘°"), x}O ‘ (4.12)_ L

=0, x<0

Here FO —~) 0,, (0)=1—p, F(oo}—l F(x) is a sum of a step-

function with Jump ‘of magpitude (1 —p) at ‘0’ and of a continuous

g function. It is also a mixture of.a d.f. wnth jump of magmtude umty at
S and of an exponentxal d.f.

Fx)y=1 — ,’c>0

- Theorcm4 2 implies that a general d.f. can be ‘split up into two
" general d.f’s"in a -unique manner such that the first one is continuous -
‘and ‘the.second one is a step-function. The continuous part can be

further split as a differentiabie part and sm_gular part-in a uniqué manner
following Lebesgue - decomposition - theorem given in Appendix .C.

Norming appropriately we can view these three parts as d.f.’s of r.v.’s -

and the original d.f: which - has been split up as the mixture of these

three types of d.f.’s.

43 DISTRIBUTION FUNCTIONS OF VECTOR

RANDOM VARIABLES

(a) BIVARIATB CASE

" Let (X, Y)bea two-dlmensmnal L.V Its dlstrlbutlon function F(x, ) is

defined as

If is a point function with domain R? and range [0, 1). Hence,
| F(x, 00) = P(X < XINQ) = PIX' < x] = Fx(x).
Similarly = F(c0, y) = - F(y) .

F(x, ) is called the Jjoint distribution functton of X and ¥, whlle Fx and

Fy are called the marginal d:strzbutton functtons, to.emphasize that we

. are having the d.f. of a single variable undera bivariate set-up. Margmal :

Fe ) = PX<% Y <3= PIX<ANP<IL @13
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" d.f’s are projections of probability mass ‘on single dimensions.

Now ) , '
| Plx, < X< 3 i< Y <3yl
. =P < X< xINh< Y < py))
But ' [x1 <X <X)= X< x] — [X < ] -
and” {J’1< Y<J"z}—[Y<J’=]'—'[Y<J’1]
~ Hence,

'.and Pp1 < X < x,,, 1 <Y< Yol = Fxy, ya) — Flxy, Y2 = F(%y, y1)

'whenever %y < Xy Y1 << Ja (4 14) is a necessary condition for Fex, ) to' T

~ probability on all rectangles in R? which, by. extension theorem 3.1 and . ¢

positive probablhty, and

then, . Rmp= S pp e

‘ Thus, F(x, ) has Jumps at these pomts (x5 ¥p)- vadently

: denote the margmal dxstrxbunons of X’ and Yin this dlscrete case.

“but the‘converse is not true i in general (Why")

[x1<X<x2]n[y1<Y<yg]—[X xg,Y<y3]—[X<x1,Y<yg]' .
[X<x2,Y<y,]+[X<\'l,Y<y1}, .

o Flx, 31) 20 (4.14) -

be a distribution function.. Other necessary propertles are . .. e
. F(F o0, 4 ) = 1. o (4 15)’-~
and ~  F(—w,y)=0="F(x, - ®), ¥x,yER @16

(Prove!). Conditions “. 14) (4 16) w1ll also be sufficient for I4(x, ) to
be the d.f. of a two-dimensional vector - r.v., since (4.14) determmes the.’

Lemma 3.2 can be extended tniquely to ali:Borel sefs of R? (Prove') _
If(X,.Y) takes only’ countable values (x:, Vi) (z _; = 1 2, ...) with

pu—P[X xx- Y= y,]

TXEX, yySy

2 El’u =1,
b= EPu—- PIX = xj] and . —2P11=P[Y )’f]
If 92F[oxoy = f(x, ¥) exists ‘at ‘almost. all points (%, YYE R?® then

fx»N>0 and it is called , the probabzlzty densrty funcnon of (X, Y
Theu,

.3[X<,x.Y<y]_=-J'_J -f(u,v)dvdu V' ?_(4.18)."
sd A= S ) d S = {Tpwna

‘are the probabxllty dcn51ty functions of Y and X respcctwc]y Thus, if
(X, Y) has a probability density function in R?, X and ¥ also have p. d £z
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. Example 4.4. -Let the joint probability density function of (X, Y) be

1 1 X2 2oxy | ¥
f(x, y) 2""1"2 Vi — p“) ° p( 21 - 92)(0'1z :;1?; +;’?))

: : (—00<x,y<+oo).‘_ '
Then (X, Y) is said to be bivariate normal r.v. We can verify that the ;

marginal distributions of X and Y are also normal (Verify!).

(b) Kk-VARIATE CASE » . 7
‘Suppose (X;, ..., X&) is a k-dimensional vector r.v. on Q to.Rk. Then

" sets of the form

< B <Ry~ <K SH] = (| [~ <Xi<u] 419

are measurable Probability of (4.19) is denoted by F(x,, ..., x), and
is called the distribution functzon of (Xl, .y Xg). Since (4.19) will be
empty if any one of the sets is ¢ and is Q zf alI the'sets in the RHS of
(4.19) are equal to Q, we have : _
0 = F(— 00, Xy, --0, Xy = F(Xy, = 00, xs, ) = } :
. ) : FF(XI, “"’;_‘xk‘-p —— (x)) K
C1=F+# 0, +®). . o
Fx;_(JF:)=F(+‘°°;’-- Xt 00 .. o+ o), ,
_FXIX (xi?x,)=F(+ ‘D_)- + co. xly +oc0.. +OO,XJ,. -+(D)n ' (4.2})

P = Pl o Fiyy o+ 0).

Equations in @. 21) represent the marginal dlstrxbutxons of -

) Xb (Xb 1)’ (Xl’ cas Xk—x)

' These, together w1th the non-neganwty of the following - expression in

(4.22), are necessary and sufficient for . F(%y5 o005 Xg) to'be the d.f. of a

'k-dlmensmnal vector r.v. (Why")

0<P{ﬂ[ag<X,&b;]}—-P[n{(“oo<X1 bi)‘(*°°<X, < B}

’ _z(— 151 Fey, ey . s, - (4.22)
where ¢ denotes either yyorap, (i =1,2, ..., k) lis the number of a;’s

and the summation is extended over all the 2" such assxgnments of c, s -

as vanes from O to k.

Example 45. A s1mple k-dlmensmnai distribution is glven by the follow-

: mg Consider the k-dimensional cuboid bounded by the surfaces X,“x,o, :

& .
G=x(>%) (=12 . B Tts volume is = (3,—%,). 1F the

probabxhty that (X1 X,,) will’ fali inside a- reglon Is proportlonal to the

L volume common to this region and the cuboid,

4.20) . -

o
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‘ . v e, . .

F(xgy 00y X} = —t LX< X)) » .

G5 = 5 (FF0) o), @29

- where (x3 — X1, )/(%i, — x;,) is to be taken as unity if x; > x,, and zero if |
X1 S xl'u. .

- Multinomial distribution given in example 3.4 is an example ofa
discrete multivariate distribution. o

4.4 CORRESPONDENCE THEOREM
(@) D.F. ON A DENSE SUBSET OF R

" An arbitrary distribution function is defined as a non-decreasing finite
function continuous from the right. Thus, - o
F(x — 0) = lim F(x,) = sup F(x),
xntx Coxfx
F(x + 0) = lim F(x,) = inf F(x') = F(3),
xnvx . x>x .

exist and are bounded by F(— o) and F(+ c0). o
A set D is said to be dense in R, if any point of R is eitherin D oris .
a limit point of D.  For example, the set of all rationals are demse in

the real line. Countable dense subset is called a.separating subset.

Rationals also form a separating subset of R, .

. LemMa4.1: LetFpbea non-decreasing finite function dgj‘ined on D,
a dense subset of R. Define a function F(X) on R by AR
F(x) = inf Fp(%s), %, € D, x € RN D", (4.24)
Xn>x o - ,

cL = Fp(x), x& D.
- Then F(x) is a d.f. .

Proof: We note that F is an extension to R of Fp defined on D, For
every x € R, there exists a sequence {X»} < D such that x,{x, x> %,
by definition of D. Since {Fp(x,)} is monotone non-increasing, bounded
below, F(x) = lim Fp(xn) exists, and is finite. Since F coincides with Fp
on D and Fj, is non-decreasing, F is also non-decreasing ‘(Prove ). By
(4.24) it is continuous on the right.’ Hence it is a d.f. It will bea d.f. of
a r.v., if Fp(— ) = F(— ©) =0 and Fp(+ ) = F(+ ) =1. ™
It follows from the lemma that if two d.f.’s Fy(*) and Fy(x) coincide
_on.a set D dense in R, they coincide everywhere. They have the same -

jump-points with jumps of the same size. If right continuity is not -

insisted upon, Fy(x) and Fy(x) may differ at these jump-points.

(b) " CORRESPONDENCE THEOREM

In the previous chapter, we have seen that there is a.close relation bet-
* ween probability measures on (R, %) and the distribution function F(x), -
while the probability measure is a set function, »d.vf. lS a pgint function.

.
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Hence it is easy to work with the latter. Moreover, usually in statistics,
we are given the d.f. associated with a r.v., and not its probability dis-

. tribution. - Therefore, we would like to know whether thereisa1-1
correspondence between these two. The answer is in the affirmative
~ and ‘we state the following theorem without proof.

. THEOREM 4 3: Every probabihty measure P on (R, %) determmes unz- -

quely a d.f..F, through the correspondence

P(—-oo x] = F(x). ‘ .(4.25)7"

Evzdently, F(— oo) =0, F(+ oo) = 1. Conversely, evefy df F ofa r.v.
determines uniquely a probability measure P on (R, %), through (4.25).

, A part of the proof of this theorem is contained in the discussion on
Lebesgue-Stieltjes measure given in the previous chapter. Detailed proof

can be had from any book on measure theory (cf. Halmos, 1958).. On

" account of this theorem, in the case of (R, #), we may use the terms,
d.f.-F and probability distribution P interchangeably.. This is. also true -

when Q is a subset A4 of R-and .« is the cldss of Borel sets restricted to

- subsets of 4. If the probability space. (R %, P) isthat which is induced -

by arv,JX, then
P(~ o0, x] = PIX < x] = F(x),
50 that F(x) is the d.f. of X. o

(c) . EMPIRICAL DISTRIBUTION. FUNCTION

*

We have stated that if & values of X are less than or equal to x out of » :

observed values, then k/ri is an ‘estimate’ of the d.f. of X. If X1y, ¥ea):+-

- X are the n observed values of X, arranged in the mcreasmg order of .

magnltude ca]led ‘ordcr statrstlcs we deﬁne
_ 0 x< Xy
F,.(x' = k]n, X(k) x < JC(k.H), k=1, 2,0, n—1,

L, x> x(ﬂ)

"Then F,,(x) is called- the empirical d.f. of X. Itis a step-function with
jumps of magnitude 1/ at each one of the observed values. If F.(x)~
is supposed to approximate F(x), to which it converges.asn —> o0,

sup} F,(x) — F(x): is'a measure-of this a'pp‘roximatioﬁ This measure has
the properties of a ‘distancé’ or a metric (why?) and is called Kolmogorov-
Snijrnov’ distance between F,, and F. F( x) is ‘a-theoretical distribution func-
tion serving as-a model, while F,(x) is the observed distribution function. .
Kolmogorov-Smirnov distance can be used to verify whether the theoreti-

cal model is satisfactory and agrees with the observed values. - -

B
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L COMPLEMENTS AND PROBLEMS |

1. If a distribution function F possesses the properties F(4-c0)=1
. and F(— ) =0, we call it the d.f. of a r.v. In statistics to'suita T
-particular physical phenomena we would like to choose an appro-
priate d.f. among a certain family of d.f.’s. Families of d.f’s are
obtained by varying parameters underlying the specification of a-. ) :
" certain d.f. : : S  '§3

(i) Normal family:

"F"‘)zﬁmvn

-_(n) Expouenttal family :

e=(=pPi2t gy — oo < p<owo>0;

I%e—"/"dx x>0 80,

F(x) = {

. . 0" . . X < 0’
(i) Cauchy famiry- I
‘ * dx. ' .
F(x) = —j‘dwm, —‘ o 0] <p- < .00,

(iv) Gamma famliy

plo
-0x<0p>09>0

(v) Discrete d.f.’s such as binomial, Ponsson geometric, negatwa
binomial have parameters p, A etc., varylng whlch we get families
~of d.fs.

2. Define two d.f.’s as equtvalent if they differ by a constdnn Show that
‘this is an equlvalence relation (rcflexive, transmve and symmefric),
- Note that there is a unique probability dtstnbut:on correspondmg
.. to an equivalent class." - .
3. A fuaction F “R—>Ris dcﬁned by

F(x) X< 0 »
=+ ketDE 5 5 0,
- Determine values of « and k so that F(x)is a d.f. of a r.v.
4: I Fisthedf. ofarv. X, and Fis continuous, obtaln the d. f of
' iy 3x24+2 iy Y=FXx)
5. If Xis standard pormal r.v., show that ,
P[a<X’<b] = 2P [— \/b<X<-\/a]

6. Let Fl(x) and Fy(x) be the d.f’s of a bmomlal and normal LY. ’s. ‘
" Sketch the graph of s (Fy(x) -+ 2(x)) ' o
7. .A convaluz‘lon of two d.f.’s Fl(x) angd Fz(x) :s glven by F deﬁned as!

‘ F(x) = {r—-l— e-“/*’ xl’*1 dx Lox >‘ 0
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Fx) = I Fy(x — 7) dFa(v), xe R

| A | ==J. a(x"y)ng(y).xeRv.

and denoted as F = F*F,, :
Show that (i) Fis a distribution functlon of arv.if Fy and F, are.

(i) If F, and F, vanish for X < 0, F(x) J- 1(x - y) sz(y)

(iii)  Fis contmuous iff either Fy or Fj is continuous.

. : 01f'x<0y<00rx+y<:l
8. Let F(x, y) =
) - ‘ 1, elsewhere.

'Show that F(x, y) is not a distribution function.
- Hint: P[I2<X<1,12<Y<1]<0).
_9. Show that ’ ' - '

Jo, )=l +xyx—¥L(Ix|< Llyl<]).
~_ is the density function of a bivariate r.v. Obtain the margmal d.f.’s
" of Xand 7. ‘
) 10. Joint dlstrlbutlon of an 1nﬁmte sequence of rv.’s can be defined as -
L , L follows, Define probability distribution on all cylinder sets with
e C finite-dimensional rectangular base. If they are ‘consistent’ then this

probability distribution can be extended unlquely to all Borel sets of
B (see Loevé 1962) ‘ v




5. Expectation and Moments

51 DEFINITION OF EXPECTATION

: (a) SIMPLE RV.S -

In this chapter we shall assume that the ‘probability space (Q &/, P}is

given All the random variables under conSIderatlon will be defined on
this space. :

Definition of eXpec’catlon of r.v.’s will be bullt up in stages First, we
shall define the expectation of a simple r.v.;. then that of a' non-negative .

" 1.¥., and finally we shall define that of an anbitrary\ r.v.. We shall also

~ study some important properties of expectations. We may mention here -

that the expectation with respect to a probability measure corresponds
to the integral with respect to an arbitrary finite measure.
LetXbeas1mpIerv, ' :

= 2 XkI(Ak), Ak = J?f EAk = Q

Its expectation, EX, is defined as .

EX—-Ex,,PAk__Eka[X——xk] R

It .is also called the integral of X w1th respect to P-measure and is
denoted’ by . : <

I XdP or 'V[’XdP or jX
if X = I(4), ta.kmg the value unity on A and 0 otherwise,
o EX = PA E(cI,,) = cPA.

: Expectatton may be viewed as the weighted average of x¢ s, with PA, _
© - as the weight of x;. Thus, it'is also the centre of gravity of the values. . '
- of X, whenthe mass (or wexght) associated with x; is P4, (k=1, 2,0.0). -

If PAy =1/n, then EX = (1/n) Zx, which is nothing but the usual
‘arithmetic mean of x;’s. The expectation gives us an idea of the central
value around which xy’s lie. . It is a measre .of central tendency and is
used as a- parameter of location of the probability distribution of X. As

. the centre of gravity, it is also the first moment or the mean of the prob- o

~ ability distribution of X or simply, the mean of X.
The theory of expsctations we develop runs parallel to the. ﬁheory of

e Lebes__gue-mtegral or Lebesgue-Stieltjes integral developed in books-on
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* measure theory. Later on, when we have occasions to deal w1th integrals

with respect to general measures, we shall assume the correspondmg
results proved w1thPrep1aced by w. If p is finite, thé proof requires

‘no change. If p is o-finite, proofs of some of the theorems may not be-’-

valid and hence may require some modifications.

Now we shall prove some important properties ofexpectations of
simple r.v.’s. ’
() (Linearity) If Xand Y are simple r.v.’s, .

E(X;]; Y) = EX+ EY. - 5.2

More generally, E 2 X = 2 EX,, n finite.
Let X = 2 x,I(A ,), Y = E ykI(Bk), where {4,} and {Bk) are partxtlono

©of Q. Then

X+7Y= z 2 (x, + }’k)I(AJ-Bk)

and is, therefore, a s;mple functlon "Hence
E(X +Y) = 22 (3 & .Vk)P(AJBk)’ _

'— zx,z P4, Bk) + EykZP(A,Bk),
= Efo_A; + z.ykPBk’ ‘

S — EX + EY,
_SinCC C ' P(AJ) =P E (A_]Bk) = E P(A]Bk)
and . P.Bk = P( E AjBk) = E P(A;Bk)

(n) (Scale preserving) E(cX’) = cEX, because, .
T X=c 2 X;J(Ak) = 2 (cxk)I(Ak),

and . E(X) = > cx;cPAk = Exk PAy = cEJi'.~

vadently, if X(m) =cforallo & Q, X = ci(Q), $0 that EX =-ec.
(m) (Non- uegatw;ty) If X2 0, then EX > 0.If X = 2 X I{Ag) >

-then x,.> 0 for all &. Hence EX = E kaA,‘ > 0. Ewdeutly 2 xk PAk

.- will be non-negatlve, even lf X < 0 for some . k for which PA,, =0,

* Thus, for EX to be non-negative, it is suﬂicxent that X is non-negative on
those sets which have BOD-Zero probablhty, i.e, X = 0 .almost surely .
~{a.s.).. .Here X > 0 a.s. means that o 1 X(w = 0] has probability one . . -
- orfw: X’ < 0] has probability zero. X = }: ku(Ak) and X > O a8

[then X, = 0, whenever PAr >0 and X << 0 nnp]les that PA & = 0. Since
EX = zkaAk = E kaAk 3 Pdiy 3

xk<0

and the first term of R.H.S. of (5 3} is non- negatwe and the second .

term is zero, EX > 0.
Hence we have’ @iy If X’; 0 »a.s., then -EX.,>, 0.
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COROLLARY 5.1: X = Y a.s. implics that EX > EY. sy
Since X > Y a.s.,, X — ¥ = 0 as. and hence from (iil)! E(X—Y).> 0.
By (i), E(X—Y) = EX — EY. Therefore, X > Ya.s. implies that EX > EY.

- IfX=0as. then ¥ > 0as. and —X¥ > 0a.s., and hence EX>0and

—EX = 0, implying that EX = 0. (Cive an alternate proof!). It is very
easy to see that, it is not necessary that X = 0 a.s. in-order that EX = 0
(How?). ’ - : ’ A

The indefinite infegral (or indefipite expectation) of X over 4 < 7 is :
defined as : . ' R :

o(d) = E(XI(4)) = J | Xdp = EG kaI(AA,C)): S xP(AAD. (5.5) '

This is a function on' &7, and hence it is a set function. -

“(b) NON-NEGATIVE R.V.’S

'-Iij’ =0, nét» necessarily simple, then we ‘know from Corollary 2.4,

that there exists a monotone increasing sequence of non-negative simple

. functions {X,} converging to X. But X, > X, > 0 implies that

EX, > EX,,> 0.

- "Thus, {EX,} 1s also a’monotone increasing sequence, converging toa
. -limit, lim EX,, which may be finite (non-negative) of + e .- For X > 0,
" we define its expectation EX = lim £X,. It is possible that there exist

- more than one sequence of simple functions converging to X and hence

more than one value for thg:’expcctag'io‘n of X. The following Lemma 5.1
proves that such an ambiguity will not arise; and lim EX, will not

~depend on 'the‘sequen‘Cc {Xa} of simple func't_ionswe start with.

Lemma 5.1: If two nen-decreasing sequences of non-negative simple func-
tions {X,} and {Y,} have the same limit X, then ‘

lim EX, = lim EY, ~EX. L 6.8)

Proof: v(i) Suppose 'wc_a are able to p'r;)'ve.'ihat 0 i’n t Xandlim X, > ¥,
Y>> 0.and simple, implies that _ , ) SR

lim EX, > EY. (5.7

CThen,since 0S¥, bX and 0< X, 4%, .

0<Y,<limY,

im X, > EY, vp 58

~ Interchanging X, and ¥, in (5.8), ‘we have

im BY, >EX,, v p . (5.9)
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From (5 8) and . 9)
' fim EX, > > lim EY,> hmEX,, - (5.10)

‘implying lim EX' = i:m EY,, and hencé proving the lemma. It only
remains to establish (5.7), which we shall do now,

ﬂ(n) Case 1: Suppose m = mm Y(w)>0 and M= max Y(m) <o,

Note that, since Y is simple, mln} Y.and max Y exist. Let m>e> 0,
where ¢ is arbitrary. Since IimXg > 7Y, as 2> o0, -

A=Y=t @ _(J5.-11)~

‘Hence, using the lmearlty property- of the expectation,

j‘-x,,z- XI(A,,)+IX,.I(A )
s X,.I(A,.),.(. X, >0),

(Y—.s)I_(An), (o ondn, Xp> Y —c)

‘-"\\/ _

C= [ vt — o | 104D, (oy tincarity), ©

= I Y1(As) — <PAs,
EY MPA,S — ¢PA,.

and small (5.7) is established.
' (m) Case 2. (M = oo) IfM =0, con51dcr |

S YI(Y <))+ (Y=< 6.3y

Thus, Y (w) is equal to Y(w) if Y(w) is finite and equals ¢ if Y(co) =c0.
Then Y, has a finite maximum and- from Case 1 mequahty (5.7 is val;d

for X, and ¥¢,’ for every ¢. Thus, for every ¢,

..-1imEX>EY .—_‘J Y—}-aP[Y, ol ,(5214)5'

[Y<oo] .

But, since Yis sunple, asct o, EY, 4 EY.
(5.14). We may note here that if PLY = ] > 0, EY =, s0 that
lim EX, = oo .. If Y is finite a. s., EY, = EY and (5.14) 1mpl|es (5 7)

“(iv) Case3: (m=0. m=0, consider (Y+ ) whose minimum value

- _,15 e3> 0. Replacmg X by X, +-.¢, since lim (X, + c) > Y + ¢, by (iii),

. _ - lim E(X,. 4 c) > E(Y+ c)
Tl_ais implies that

: 5.12)
Asn—so, from (5 11) PA41 and PA ;0 Since ¢ is arbttrary '

Thus, we have (5 7) from -

otlmEXy ZEY e - .05

2

SO P

T,

_—
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. As_'c—o_O, we have (5.7). Proof of the Lémma is compléte *).

{6) ARBITRARY R.V.'S

With each r.v. X, we have assoc1ated two non-negative r.v.’s X* and X-,

defined. by : :

X+ = XI({X P 0]), : ' .

‘ X = — XI([X < 0)). (5.16)
Since X+ and X— are non-negative, their expectations are well defined.

For an arbltraty . v., we define . :

EX=EX*—EX-, . (5.0

: provided the rigbt hand side of (5.17) is not of the form -+ o —oo.
Thus, EX exists if at least one of EX* or EX™ is finite. If both EX* and

" EX- are infinite, EX does not exist. Evidently, (5.17) will be finite if
" _and only if both EX* and EX- are finite. If EX is finite, X is said to be

integrable. X is integrable if and only if X* and X~ are integrable. -
- If X is an elementary r.v., _corresponding to (5.17), we have:

“EX = 3% xPAr— 3 xPA

ki1 XEg20 k1 Xr<0

prov1ded at least one. of the summatlons on the R. H.S. is: finite.

Considering the. probability space {R; #, P;) induced- be we may
_ define EX as follows. If X takes the values xy, ... X,, ..., with probabi-
-1ities Py, Pas +++s Pus - then from .1, :

| BX=3nPIX=x]=I%p. 69)

where. the summatnon may extend to infinity, if the RHS exists. If Px '

‘i the L.S: measure mduced by FX with

F X(x) PX(—- 0, x} = J:o dE(x), xe R, . |

'-tﬁén | ' E(X):_[ xdF(%)

1s cal!ed the Lebesgue-Stieltjes mtegrai of X onR. if Fy. possessés a

_ derivative f(x) then-

EX=% J " of() d — J"' (._ % f(x)_dx,’ ' 6.19)

where the integral is. the usual Riemann integral (sec Example 5. 1) In

: general we may write

EX J_wxdF(x), o _ - . 20)\

where the integral represents the summation (5. 18), if Fxi is a step—fur Hon )

thh Jumps of magmtude pi at xz;, (k_l 2 ). AIt rep:e_sents the
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Riem:}nnintegral,(5‘.19), if Fy possesses a derivative for almost all xR,
i.e. F'x(x) cxists except perhaps for those x belonging to a Lebesgue-null
set; {a ‘set with Lebesgune-measure zero) dud Iy has no jumps.

Example 5.1. Let X be a.Cau‘chy-_r.v‘. with probability-density function: -
j S =R —e < X <o, -

. (e xdx

cxay o ) ,

~ Then Y' EX) TtJ(, e

:qo%—E(X‘);-:I JO (—x)dx.

v T} e 1 X2
s Hence EX does not exist. However, the Cauchy principal value

o lJ"” xdy e -['4 _xdx
o r ) TR T el m (TS
_exists and is equal to zero. S ' » 7
This example shows that Lebesgue integral may not exist, 'while Cauchy
principal value may exist. ' T :

*_Example 52 Let X take the 'vélue»s {0, £ 1, 4+2,..0
with PX=K=P[X=—k= Gk k=1,2, ...
PIX=0}=0. " .. -
. Hence X is an,g:lqmen;ary.f.v; But
s Ext= 3 @ lk=w=EX)
o1 P -

~ Thus EX does not exist. If X takes the values 1,2, L Lowith P[X=k] .
o = (6/n%) 1/k? then EX+=w, EX-=0, so that EX exists, though
infinite. | ' o s
©Itis easy to verify that the expectation of a standard normal variate is
.zefo-and that of the binomial variate with : S

PIX—K]= (z ) g, (=01, ..o,

If we have an arbitrary measure space (Q, 7, p), the integral of X with

 respect to measure p. is defined in the same way as the expectation. The -

_ . treatment of this subject is available in any book on measure theory {(cf..
~'Halmos, 1958). - For example, ‘on (R, %), ‘we may consider counting

“ measure, Lebesgue measure, Lebesgue-Stieltjes measure, rather than pro-
bability measure and define integrals with respect -to these measures .

_and denote them as [ X dw.. - . B o

Let X, defined on R, take the value x;, at i(i=0,+1, £2, ...).

s ﬁp-(Derive 1) (see Complements and Prob_lems);

o whgre, v i's‘thé counting measure (Why ). Thus, any summation may be'
¢ viewed as an »i‘tltegral with respect to the coqnting measure. Similarly

1
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weighted sum can be viewed as L.S. integral with respectto a step-function,
with magnitude of jumps corresponding to the weights. Thus, using the
present definition of expectation we need not separate discrete r.v.’s and
r.v.’staking values in an interval. If F is a mixture of discrete and abso-
lutely continuous distributions, then EX is of the form (see Sec. 12.1also).

X pr - jmw xf (x) dx,

where p; is the magnitude of jump of F at x, (i=01, 2,...)and f{x) is

_the derivative of the absolutely continuous (dlﬁ‘ercntiable) part of F.’

So far we defined the expectation of anarbitrary r.v. X, If fiX)isa

Borel functlon of X, then f(X )isalsoar.v., and its expectatlon lS defined as:

 mw=[ @

=[r@ars. - s

: S:nce the a-ﬁe]d induced by f(X)is contained in the.o-field induced by (

X, hence (R, %, Py) may be taken to be the basic probabjhty space for
calculating EX and E f(X). For example,

_ -_,EX' =I x'»dF(x)- .

-5 PROPERTIES OF EXPECTATION

(@ LINEARITY PROPERTY

In section (5.1) we have derived some propertles of expectatlons of sunp[e '

- r.v.’s. Now we shall establish-those and some more properties for arbi-

traryr.v.’s. All the r.v.’s will be assumed to be real valued and defined -
on (Q, &, P). They need not be discrete or be continuous o only. They’ ;
can be arbltrary First, we note the following. : o

LeMMA'5.2: If X 3> O and is integrable, X can be mﬁmte at most ona
set of probabtlzty measure zero. . :

' Proof Otherwme, since

X = XI[X < o] + XI[X = oo],

] _and XI [X < o] = lim X,,, where X is simple and X, 0 XI [x < o}, -
wehave X = 11m (X + ©. I{X = 0}),
. and. . EX=lim E(X,, -I- . I{X = ¢0}),

'The latter is infinite if P{X = oo} > 0. Since EX <t o0 1mpl;es that
EX* < wand EX- < w0, X+ < ooas.andX'< wa.s. Hence X <o

a.s. (see also Problem 10) (*)




EXPECTATION AND MOMENTS T o 81

weighted sum can be viewed as L.S. integral with respectto a step-function,
with magnitude of jumps corresponding to the weights. Thus, using the
present ‘definition of expectation we necd not separate discrete r.v.’s and
1.v.’s taking values in an interval. If F is a mixture of discrete and abso-
lutely continuous distributions, then EX is of the form (see Sec. 12.1 also).

man [T @an

where p; is the magnitude of jump of Fat x (i =0, 1, 2,. )andf(x) is

the derivative of the absolutely continuous (dlﬂ'erentlable) part of F.’

So far we defined the expectation of an arbitrary r.v. X. IffiX)isa

~ Borel funcnon of X, then f(X )isalsoar.v., and its expectatlon is defined as:

R .=j s dp,.

_J' f(x) dPy. - (5. 2'1)"'

* Since the o-field mduced by f(X)is contained in the.c-field induced by :

X, hence (R, %, Px) may be taken to be the basw probablhty space. for
ca[culatmg EX and E f(X). For example,

EXr = -J'R xr dF(x).

o582 PROPERTIES OF EXPEC’I‘ATION

(a) LINEARITY PROPERTY

In section (5.1) we have derlved some propertles of expectations of simple

" r.v.’s. Now we shall establish those and some more properties for arbi-

trary r.v.’s.  All the r.v.’s will be-assumed to be real valued and defined

B on (Q, &, P). They need not be.discrete or be contmuous only. They |

can be arbltrary ‘First, we note the followmg

LBMMA S5.2; IfX > 0and is mtegrable, X can be znﬁmte at mosl on a' ’
set of probabzlzty measure zero. . . :

Proof Otherwme, since

X =XI[X <« oo}+XI[X— oo], »
and XI[X < o0} = lim X,,, where X, is simple and X, 'tXI [x- < oo],

~we have X = lim (X + . I{X-h- o0}),
~and . EX = lim E(X, + oo. I{X = o)),
' The latter is mﬁmte if P{X = oo} > 0. Since EX < 0 xmplles that

EX+ < wand EX~ < 00, X+ < w 2.5, and X~ < wa.s. Hence X <o =
a.s. (see also Problem 10) (*) S
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THEOREM 5.1: . Suppose EX, EY and EX + EY exist. Then

@ ~ X»Oas. =>EX=>0 (Non-negativity). (5.22)
(i) E(cX) = cEX, (5
i) ~ X=0O0as > EX=0. S 7 S
v - E(X + Y)=EX + EY(Lmeamy) (525
)  X>Yas. > EX3EY G0
. (vx) X is integrable < | X |is zntegrable, i e (5;27){
| X 1<Y,Y mtegrable = Xis mtegrable o (5.28)

Proof: (i) ¥>0as =3 {X} X > 0a. s. and simple > Xn 4 X. Hence

from ‘non-negativity’ property for simple random variables, EX, 2>0. Since.

' X, is monotone non- -decreasing, EX,is also monotone non-decreasing. -~

Smce EX = lim EX,, EX > 0. This proves (5: 20).

' _(u) Suppose X 0. Then 3 {X,} D X,’s are snnple and 0 < X, 1X’ o
Suppose ¢ >0, Then 0< ¢ XapcXand E(c X,) = cEX, by linearity

- property ‘(i) of expectations for s1mple functxons Hence ¢ EX, 4 ¢ EX.

ButsmceX>0 o o
' ‘E (cX) = lim E (cX,,), (by deﬁm*lon)

= limc¢ (EX’,,),

= clim EX,
L L —cEX..
 For atbitrary’X and ¢ > 0o -

U ,cX_cX+—cX-‘ o

= E(cX) = E (cX*¥) — E(cX'), (by deﬁmtlon)

] = cEX* — cEX-,
R (or - X+ and cX~ are non-negatWe)
5—, ¢ (EX+ - EX—) '
= ¢ EX.

i AThe case when ¢ < 0can be treated in a similar manner (Prove 1). Thus,’

‘we have (5.23). From (3. 22) and (5.23) we have that E ( — X) =—EX
~and that X < 0. a.s. implles that EX < 0.

(iii) X = 0 as. »X > .0 a.s, and —X > Oa.s', ‘ .
R »EX OandE(—X)-——EX O .
: #EX—-O '

- Hence we have (5.24). Gonverse of this i is not . true Howaver X> 0

as and EX=0=X= 0'a.s. (Why?).

- (iv). In order to prove that E(X—l— Y) EX‘ —}- EY ﬁrst we shall prove it

et . . .
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THBOREM 5. t Suppose EX EY and EX + EY exist, . Then

(i); X>0as. > EX=0 (_Nonvneganyl;y). (5.22)
Gy . E(X) = cEX, (5
@) ~ X=0as = EX=0. S 524y
vy -~ EX+ Y)=EX+ EY(Llneamy) _(5.25)
0] X Yas.» EXEY (520
(v} X is integrable < | X'| is mtegrable, o B (6.27)-
- |X 1 <Y, antegrable => Xis mtegrable o (5 28)

v Proof (1) X>0a. s. =3 {X.}h X, > 0a.s. and s1mple = X,,'!* X. Hence
from ‘non-negativity’ property for simple random variables, EX,>0. Since.

’X is monotone non- -decreasing, EX,is also ‘monotone non-decreasmg
Smce EX = lim EX,, EX > 0. This proves (5.20).

(i) Suppose X > 0. Then 3 {X,} D X;’s are s1mple and 0 < X4 X' _
- Suppose ¢ > 0. Then 0 < ¢ XpfcXand E(c X,;) = cEX, by llnearlty :
property (i) of expectatxons for sunple functxons. ‘ Hence ¢ EX, 1‘0 EX.

" But since X >0,
B 'E (cX) = lim E (cX,. , (by deﬁm*lon)

= hm c (EX,,),
;= chmEX,., o
= EX
B 'For arbltrary X and c > 0
cX'—cX"'—cX- B .
k =_>'E (cX) = E (cX*¥) — E (cX"), (by deﬁmtlon)

= cEX+ - cEX' '
o (c - cX*+ and cX- are non-negatWe)
= c(EX+ ~ X, |
'——_ ¢ EX.

The case when ¢ < 0-canbe treated in a s1m11armanner (Prove ). Thus,

- ‘we have (5.23). From (5.22) and (5.23) we have that E ( - X ) =— EX
- and that X < 0.a.s. lmplles that EX < 0.

i(_m)v_x=0as.= Xz Oas andw-X‘ Oas., -
B :—EX OaudE(—X')-—EX >0,
=-EX-0 R

- Hence we have (5 24). Oonverse of this i is n_ot true. However X=0

' as.and EX=0> X = 0 a.s. (WhyD).

-(iv). I’ order to prove that E(X + Y) EX' + EY ﬁrst we shall prova it .

pusss ks

s el A
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for the case when X>0and Y>> 0. In this case there exist sequenoes
of simple 1.v.’s {X,.}, {Y,} and {X» + Yy} such that

<X AX0<Y,14Y,0<X, +Y 1~X+Y
But.

B(Xy+ Y = 'EX, + EY,, EX, 4 EX, EY, { EY, ECX, +Y,,)1E(X'+ ).

Hence we have (5.25) for non-negative r.v. ’s
It follows that, if A € £, and X > 0 a.s., then

EX = E(XI(4A) + E(X'I(Ac)) - - (5.29)
Since XI(4) =0 a.s. and XI(4¢) = 0 a.s., this implies. that EX < oo if

- and only if EXI(4) <« and EXIA%) <0, whatever be 4. Moreover,

if there are a finite number of non-negative r.v.’s Xj . Xk, by mductlon
we can prove (How?) - that

E(X; + - +Xk)—>3 EX,. (530

To, pr@ve (5.25) in the geueral case,’ let us parﬁtion Q into A;, Agyeres
A as follows : s

== >0,Y<0, X—I—Y}O],

[X<0 Y>0,X+Y>0]

—=[X>0, Y>0X+Y 0},

=[X<0, Y>0,X+ ¥Y<0],

=[X=20Y<0, X—!— Y<0],

[X<0 Y<0 X+ Y < 0].

. Since EX, EY and EX + EY exist, except for the trivial case of all the

three integrals infinite-and of the same sign, we can assume that at least
one of the r.v.’s, say Y, 1s mtegrable chce itis ﬁmte a. s. Hence X + ¥ '

is defined a.s. .
On A4, X+ Y>>0 and Y > 0 Hence additive property-holds for

non-negative functions- (X + Y)I(4,) and — Yi(4,). Thus,

' E(X + Y) I(Ay) + E(= YIA) = E(XIA))

and hence by adding E(YI(AI)) which is finite, ' : .
B+ V) I(4y) = EQUIA) + E¥I4). (630

On Ay (X4 Y)=0and —X> 0. Hence asbefore -
EX + Y)I(4;) — EXI(4,) = E(YI(4y) <.+

Thls lmphes that EXI(Ag) < 0. Addmg this, we get

HX -+ 1) I(AD = EQIAD + ECXICA)

_ On Ap X20,Y> 0 implies (by (w))

E((X + Y) I(Aa)) E(XI(As))+ E(YI(Aa))
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OnA4,—(X+ Y) >0, Y=0.

Hence . " E(—(X+ 1) I(A4))+E(Y1(A4)) uE( XI(A,)

‘and subtracting E(YI(AQ) and changing the sign throughout
EQVHAL) + BXIAL) = B+ V)14,
Similarly, in general : )
E(XI(4;)) + E(YI(A;)) = E((X+ Y)I(A )) (z =1,2,. 4 6. (5.32)
But by (5:30), '
B + 164 + I(AE»} =+ EX*
= BXIAY) + E(XI(4y) + E(X I(As)),
EX(I(AR) + I(A ) + I(A,,)) = - EX— , :
= E(XI(4,)) + E(XI(A4)) + E(Xl (Ae)),

o that 2 EXKA) = EX.

Similgrly o EY(I(AZ) + I(4y) + ](A4)) = E( Y+)
S - EY(I(AQ + 14,y + I(As)) =EY-,
_ " and therefore,  SE(YI4)) = EY. ’
- Simi[arly,‘ . ZEX 4 Y)I(A,)_E(X+ v).

- From (. 32) this 1mp]1es that in general

. E(X »;— Y) EX +EY,
establlshmg (5 25) From 5. 23) and (5 25), it follows that
: E(aX—;— aY) . aEX+ bEY

'(v) X>=7Yas. =>X—Y=0as.

S EX—=1)>0, e (by‘57.22) .
= EX—EY>0, - "(by,s.zs) o
= EX> EY. R

Thls proves (5.26). - It follows that if X Yas., EX— EY
: (v1) If X is 1ntegrable, EX+ and EX— are finite. Then

E|X|= E(X*+ X-) =EX*+ EX- (5.33)

‘ is finite and hence [ X |is mtegrable Conversely, if | X | 18 mtcgrable,

since.| X' | > X, from (5.26), X is integrable.

. If|X| <Y, from(5.26), F | X | <EY. IfEY1sﬁmtethen,E[X| o
is finite implying  that X' is integrable. Thus, we have completed. the .

proof of Theorem (S 1) (*)

v,COROLLARY 5.2; If -X,, X;, X ‘are such that EX,

R




o Mo1eover, from (5.17) and (5 33), o . o
]EX[<EX++EX——E|X| ) C(5.36)

n o
and X EX; exist, then
=t

E(EX,)__ZEX, - (5.38)

The Corollary can be proved by induction on n smce it 1s true for A

n= 2 by (5.25). (Prove D

COROLLARY 5.3: If X and Y are s/-measurable functzons such that

szj' Y, v A e o, S (5.3
: J4 K

then X = Y a.s. ' s :
Proaf If (5 35) holds good for alld .5:1 then

.‘ (X-Y)dPﬁO VAex/

‘Taking 4, =. [(X-: Y > e] € a:b1trary.

I (X—Y)dP S e PA. >0

~a contradiction to (5 35), voless P4, = O for. all ¢ > 0. Sxmllar]y, taking
~A’a_[(X— Y_) < —g], we can prove ‘that PA’; = O for alle'> 0. This -
“implies X—Y = 0 a.s., establishing the Corollary. ™) ‘

This Corol!ary is in the form of the comverse of (3. 24). 1t is useful
in cstabllshmg scvera.l prOpBl’thS of ‘condltlomng in Chapter 12,

) OTHER PROPERTIES

_Ifa <X < b. a.s., then it follows from (5 26) that :

EX

If X takes only pesmve mtegral values with
' P[X—r]—pf. (=120
then = EX = ;21 iPt - (py + Py ot Pn+ D
R . +(pz+ps+ )+(ps+P¢+ )+
C=PX> 11+P[X "2 PIX > 3] e

‘n—l,

EXPECTATION AND MOMENTS - - - B}

—SPpxza (5D

Iff (x) is thep df of X on R and x> = 0,in ana]ogy wtth é. 37) we
: have ’ . . . . '
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EX = j'” X (%) dx,
0
- ],”(1—F(x)) dx, - (5.38)

which can be proved by mtegratmg by parts assummg that =
x(1= F(x))—>0 as xX—>o. - '

(5.38) depends only on F(x) and can be defined even 11’ f(x) does not :
exist, Since X and X- aré non-riegative -

EX+ = L (L-F(x))dx,.

EX- = jl;F(x) dx.

" Hence we have the following exp?eé_sion for EX,- which can be takento
be a definition of expectation of a r.v. (cf. Tucker, H.G. (1967)) ‘

.EX::J- (1— F(x))dx—j F(xdx,  (5:39)

» provnded it is not of the form oo —cs. _
If (X, Y) are” two. r.V. s, and g(X Y) isa Borel function of (X Y), '
then we have _ _ :

E(g(X Y)') ;-I (X, Y)a'P, o (5..40) |

If (R% By, Pxy) 18 the probabxhty space mduced by X, Y), (5 40) .

reduces to _‘ f
,Eg(x. N = -jR,'g(x;y)dP<X, no e
I F(x, 3) is the joint d.f. of (X, ¥, then (5.41) becomes
Eg(%, V)= [ et DaF .,
e[ nady 64D

if f(x, y)is the p.d.f. of (X, Y)i.n“RZ. Similarly, one. can define the
expectation of g(X,, D, S X,,). : e

(© EXPBCTATION OF COMI’LEX R.V.

We know that Z is a complex r.v., if Z is of the form X + zY where X

T and Yarerv sandx_-\’/-—l. Ir

, - z(‘,,) = p(w) eu(o), p({o) > 0, 0 6(@) 211:," ,
then p and 0 are random variables. If Z = X+ i¥, wedefine

- e
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' Proof: ‘From Leinnia (5.3),

. EZ = EX +iEY.

. Z is said to be integrable iff X and Y are integrable.
X Z = etX =cos uX -+ i sin uX; (u € R) then

. () = EZ = E cos uX + iE sin uX,

ie., ox(u)= L el dF(x) =-=‘J.R cos ux-dF(x) + iL sin ux dF(x). H

@ (1) is called the characteristic funcrion,bf X, or the characteristic Junc-

tion correspopdz‘ng to F(x) and plays an important role in studying - the
convergence properties of d.f.’s. ' .

- LeMMA 5.3: I_fZ_is_acompIé)é r.y. , .
' EZ|< E\Z| SEREPEN CEL

Proof: Let Z = pe', ¢, «, being random.

Let EZ = re'. “Then . _
. |EZ|=r= et E(pe™™),
. = Epel®, ' »
— Fpc0s (¢ 1) + 1Bosin (&= ..
= F(p cos (& — 1) (= LHS is real), L
<E=E|Z| (9 2

LEMMA 5.4: If Ziis Cbn'iﬁlex, Z is integrable AvA is intggrable; L

o mzi<ElZl
This implies that | Z | is integrable = Z is integrable. Conversely, let Z

: ~ be integrable. Then

1Z|=VET X+ 1T
= E|ZI<EQXI+1YD- .
But Z'is integfable jmplies that X' and Y are integrable. ~Since this

- implies that | X| and | Y| are integrable, E\Z|< oo, if Z is integrable. (*) " .

5.3 MOMENTS, INEQUALITIES

(a) Moﬁm’rs‘ R |
E(X'.._.ta)k, (k=1,2, ...)is called the moment of kth order of X about _
kth moment of X about.a. EX* is called the kth moment

a or simply
about the origin or simply kth moment.
ever moments of even order always exist,

It may or may not exist. How-

. .

even though some of them may

be infinite. E|X —alr (¢ >0) is called the rth absolute moment of X




=3[ aren = |

about a. E|X|ris called the rth absolute moment. Absolute moments
always exist and are non-negative. They vanish iff the corresponding
r.v. vanishes a.s. | . ’ .

E(X — EX)?, the second moment about the expected value (assumed
finite) is called the ‘variance of ¥ denoted by Var X. It measures the -
dispersion of different values of X around its-mean value. In fact, Var

X is the least value of E(X — )%, minimum being taken over all values

of a. Thus, Var X always exists and ‘vanishes if X is a constant. S

T/ Vars called the standard deviation (s.d.) of X.- Evidently
E(X—EX)?=EX®* —(EX)* > 0.

(b) MOMENT GENERATING FUNCTION.

CIf moments of all orders exist and are finite, then

CMO)= 1+ G0+ EX) g+t EX DA ey

-is called.the moment generaring function of X, provided the RHS of (5 44)
is convergent at least for | 6] < 6;, a positive number. In fact -

" °z° eﬁ"") dF(x)

—co =g nl .

since we may interchange integration ﬂand'. summation, because efX and
hence M(8) is non-negative. (see Fubini’s theorem in Chapter 6):

Eq. (5.44) is the generating function (8.f.) of moments about the origin. -

H we are interested in moments about a: point «, “we replace X by X—a

-~ in(5.45). By expanding E(e®X-®) in power series; the coefficient of

©7/n! is the nth moment of X abouta. By differentiating M(8) with
respect to 0, » times and putting 6 =0, we obtain .

EX" =y = —= ey . (5.46)
| Example5.3. IfXis dj.screte., and has negative binomial distribution, - .
P[X_“: x] = (r+.:_— 1)prgx, x=0, ]‘, vy L

MO =3(" 27 e,
C r_\ S T
v . '“.(l;w)' o N X7
Hence we can verify that EX' I,I= rg/p, Var X = rq/p?, L '

Example 54. If X ;»iAs_continim‘u’s and has gamma distribution with
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= Jw‘e"’de(xy)‘mE(e*’X),- o (5.45)

e




B Hence for alI o’
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probability densi_}ty fu'n_ctiori
Sx) =" 3 (AX)p-Ler, x> 0,p> 0
- 0, otherwxse

= Af(e)=j I___ (Ax)p—l e—1x+ax dx
4

=y R _' (5.48)

‘Hence - - EX = pfa, Var X = p/)\2

For d[strlbutlons such as Cauchy, moment g.f’s do not extst since -

all moments ‘arenot finite. For nonnegative integer valued r.v.’s the,

. probability g.f., P(t) defined as E(t/"), is as convenient as the moment
-g.f. to obtain moments and factorial moments (see chapter 7) A factorxal _

moment of order k is defined as _
= EX@ =D (X—k+ D). (49)

‘Probabmty gf.is obtamed by puttmg t in the place ¢ in the moment gf.
Differentiating P (f) & times and putting ¢ = 1, we get ppg. For @

-.complex M (8)is sometimes réferred to. as the. Laplace transform of F..
For z complex, P (¢} is called the Mellin transform of F. "A more impor--

tant transform,; called the Fourier transfor:n which is the same as M ),
when 8 is imaginary, will be discussed in Chapter 7. In the discrete case,
Mcllm transt‘orm correspends to the probablluy gencratmg ﬂmctlon

(c) INEQUALITIES

LEMMA 5.5: If E;X['< 0, thenE[Xi"< 0 for 0< r < rand
EX" exzsts and is /mzte for k <r, 'k an mteger. : : o ) -

"Proof For 0 < r < r and given o

|X(@)]"\ 1, if !X(m)j
<IX(o>)i', lfIX(m)l>1

1

1X@F <1+ X @), for0< r<r ‘(5.50)

-Therefore, takmg expectatlons of both sides, . _ R
E[X{"<1+E|X|’ S (5,51)'

and . E[X]r<ooxmphesE|X{"<oo

- Since | X' (m) [ =} X* ()] and X" is mtegrable ltf [ Xk|is mtegrable,

Lemma.5.4.folfows.” (*) :
- The Lemma 5.5 implies that - 1f a moment of a certam order is
finite, then all moments of lower orders are- also ﬁmte Of. c_qurse the

" converse of the Lemma i is not true. S
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LEMMA_‘5.6: (C-inequality) y ) I
' . ElX+YF< CE]X5'+C,E[YV, (552

 ‘where L Ce=lifr <L :
L A = 2tifr>= 1, } ' .--(5'53)

Proof: Ifa>0 b>0

ie. o ar +br > (a + by. : » (5:59)
‘Hence for all @ and r < 1, o

IX(w)i“+IY(N)1’>(|X(°>)|+|Y(@)I)'

Cons1der the function
() =pr+ (L —DP) (" > D, 0<p< 1.
é (D) has a mlmmum whenp = 1/2. Thus, for a >0, b > 0

{ a r b i1
(m) +(a+ b)>2" &

o - 21 (a'+b') (a —I- N CRU B

_Thus, for allmand a]lr 1, , . .
| 2'—1(1X(m)l'+1Y<m)if>>|’X<co)1+|Y(m)|)r1
=] X (@) + Y(@)T. (.58

; Takmg expectatxons of (5 56) and (5 58), we obtain (5.52). Hence we
“have the C, -mequahty ™ _

This lemma implies that if the rth absolute moments of X and Y
exist and are finite, so.also is the rth absolute moment of X +'7. There
" are no restrictions on the distributions.of X and Y. Thus, the class of
Iv.’s whosa sth absolute moment is ﬁmte is closed under addmon

]
a

‘ LEMMA 5.7: (Halder s Inequalzty)

CE|XY|< EW| X EW T (59
(-

wherer >1landr* + r1 =1
Here and eIsewhere B (X denotes Y/ ETXT) (E i X ]')

Proof' Consxder 9S(p) (pr/n) + (p~*/s), 0 < p < 0.

‘ Now ¢ (p) has a' minimum when p = 1. .Then ¢ (1) =1, puttmg
T p=p —-all’/b‘/' (a>0b>0), ,

$(po) = (bry arle 4 (asyt bir > 1 = 4(1),

= r—l ar-l-s[a + S‘l br+l.'r = ab

(a+b) +(a+b) . > 1, fox;r v ‘1 | G5

>lX(m)+Y(m)i’ RO
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.(d) CON"VEX FUNCTro_N (éée Hardy, Lit‘”tl,ewvood and P,olya, 1934)
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> riar 4+ st b > ab,

since (r + s)/rs.= 1. Putting ) ,

a=|X@IEN\X W, b=|Y (@) (E] Y[

and iaking expectations and using the assumption that (1/r) +4- (1 /s) =1,

we have Holder’s. inequality. (*)

COROLLARY 5.4: Putting,r = §=21n(5.59), we get k

' E|XY| < VET X‘—lzﬁ‘]“y“—p L (5.60)

(5. 60) is-called the Schwarz mequahty

Since E| XY | > { EXY J»-from (5. 60) we have the inequality
| E(xY) — EXEY[ <A/ VarX.Var ¥ = (5.61)

- e, E[(X EX)(Y.— EY)), called the covariance of X.and Y is less than

the product of s.d.’s of ¥ and Y. This rmplres that the carrelatzon_
caqﬂ‘icaent between X and Y, defined by

Cov (X, Y)
oy = (st) Gayy”

has its absolute value always less than unity.

LEMMA 5.8: ~-(Mmkowsk: Inequahty) For r>»1,

CEW | X+ Y[ < BW i+ B 7T (5.62)

“Proof:’ E]X+ Yr=E(X+ Y| ]X—l— Yy

SEQX[]X+ YN +EGY|| X+ Yy,
Ellr IXF El—llr i X+ bl + Eur ’ Y |r El—m |X+ Y,
usmg Holder s mequahty with .= r/(r — 1) Dmdlng by El—il' [X + Y |’ o

- we have (5.62). (*

“Let f(x) be a redl valued Borel function defined on an open interval /

(finite or infinite) C R. fis said to be convex (or ‘convex from below) 1f -

for every pair of pomts x,x" of 1,

A (25 )-s-%f(xw%f(x')-c’ - (5_--63! o

If f is twice-differentiable on I convexity is equrvalent tof” (x) = 0.on 1 '
‘A convex function i is continuous (Why?). An alternative definition ofa"
convex function is that, for every xe1, there corresponds a numbcr ,
A (xo) such that forall x € 1,

A (x—x.,) <f<x) A | ’, ey




oy e MODERN PROBABILITY THEORY

Here LHS may be mterpreted asthe tangent through xo, if it exists. (5.64)
* implies, that all the points of the curve f(x) are above thlS tangent line.
For example | x |r is a convex function of x.-

LEMMA 5. 9 (Jensen s Inequalzty) If f is convex and EX is finite, then
f(EX) < Ef(X). o S (5. 65)

' Proof Let X be ar.v. whosc values lie in 7 and f be convex on L
Replacmg X, by EX and x by Xin (5 64) we have for all e -

MEX) (X(0) — EX) < f (X(@)) —f (EX). G .6'6) 

jTakmg cxpec’canons, since the LHS vamsheq, we have (5.65). *:

If fis convex and -monotone mcreasmg and has an inverse F AN then, B
S from . 65) :

For example, if f(x) = X, 1 x } 0, we have

EXY < Eir| X : (G 58)'

In féct- (5.68) is a particular case of the mcqualﬁy

EV X[ < B¥|XPir<p L)

A called Llapounov ] mequallty, which can be prOVed usmg Schwarz’ me- v

quality, {see Complements and Problems) Thls shows that Ell" [X |' is
a non-decreasing funcuon of r.

(e) BASIC INEQUALITY

'v~'.THEORBM 5. 2 (Baszc Inequalzty) Let X be an arb:trary r.v. and g on.

R be a non-negative Borel function. If gis even and is rzon-decreasmg on |

- [0 oo) tkenfareverya> 0 ’

LT P[le <Ean  - (5 70)

: a.s.sup g(X) -_\ g(a) ,
If g is non- decreasmg on R and Pl [X | a] is replaced by P{X al,

S (5.70).is true for every real'a. .
" Here, a.s. sup g(X) is the least among constants below whach a]most -

Call values of (X(m)) lie.

= Praof Smce g is aBorel functlon on R, it follows that g(X) 1sameasurable .
“function on-Q and is arv. Smce gis non-uegatlve, ‘its ‘integral’ ex1sts. )

‘ -_Hencg ) ) _ ,
Eg(X) j:g(ij o 'U-(s-'lli

_ wherc A = [ | X [ - a. On A since g is non-decreasmg and even,

Loe

8(a) g(X) as.sup g(X) o (5 72)_.",'_. ‘

Ex<f1<Ef(X)> S ey ]

R




. Hence

o Hence we have . 70)

deﬁned as
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@) .PA < j s < @s. sup g(X» P4 6T

) Smce on A" 0 <gX) < g(a),

'}0<L g(X)<g(a)PAc g@. " AN

- Adding (5.73) and (5.74)

g(a)- PA < Eg(X) < a"sf sup.g(X)-P%iJr g@.

Eg(X) g(a) | Eg(X )
'assupg(X)\P <

. If g'is non-negatlve and non-decreasnng on Rand if A= : P[X > a], all.
. the above statements are true for 4" replacmg 4. (*)

COROLLARY 5.5: ST - -
CEj X —a ; : Ele'v . . (5.75)
.assup]X['gP(lXI}a)g m 7 :- (’7)

Proof follows by puttmg in (5. 70)

g xp, >0, _—
“The rlght hand side of (5 75) is called the Markoy mequalxty. For r=2,
Markov inequality reduces to Chebyshev’s inequality. '
The left hand side of (5:70) is non-trivial only if gX)is a ‘bounded
1.v. Therefore if g(X) is unbounded a.s. sup g(X ) is mﬁmte and the left

. hand side of (5.70) vanishes.

- TaKing g(X) = | % [P+ | %] > 0), g(x)is even, monotone increas- -

: 'mg wnth a.s. sup g(X )= 1 Hence the"basic inequality (5.70) becomes

[ Xy Y @ 1+a qxXry '
E(l_HXl,) ITa S P[!Y|>a] E(l+m,)_ )

‘A dlrect proof of Markov mequallty (or Chebyshev st mequahty) can

‘be ngen (How?). With g(x) = | x|, if x.takes only the values 0 and a o L

then the nght band part of (5 75) becomes an eqnahty

(f) INEQUALITIES OF MOMENTS OF COMPLEX R, v 'S

- If X, Y and Z are comp]ex r. v ’S, covanance of X and Y is deﬁned as-

C(X Y)=E(X —~EX)Y—ED), . .
= EX—EX)\¥—E¥), (:ET= S
.where Y denotes the - complex conjugate of Y, etc Var X‘ = c’(J{), is

¢(X.,. n=E |;._~_x_¢~_-'; gxﬁn. L

N B
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it may be noted that v -
- (Y, X) = E(Y —EY)(X — EX)
= E(Y— EY) (X —EX),
-CX . | (5.17)
ClaX + bY, Z) = aC(X, Z) + bC(¥, 2),
O, X) = E| X —EX |t = KU+ V?),
it X— - EX = U+ V. Hence C(X, X) — 0% EUP=0=EV*.

ie. . o U= Oa.s and V = Oas
ie, . <« X—EX=0aus.
ie. “ «X=EXa.s.

‘This may be compared with the corresponding result for real r.v.’s.

Slnce for all real o
0<E(a[X|-—[ 1’])2—~oc2E|X|2-—2acE[XYI—i—E]Yl2

' puttmg a=2FE| Xy [E] X% we have the analogue of Schwarz mequahty
- for complex rv’s,

E2|XY| E|X|=E;Y|2“- o (578)

It follows thdt if E] X |* and E] Y are ﬁmte, then E | XY[ is finite.

’COMPLEMENTS' AND PROBLEMS

Obtam the mean and variance of tbe followmg dlscrete dlstrlbutlons
(a) Blnomlal-: P [X'= x] = ( )p"q"-“ (xm 0 1 n),

_ (b) Poisson: P [X = x] = em M x! (x=0,1,2,.);

(9 Negative binomial: PIX = x] = (”J”;_.])px o

T . . S ,(x=0,~1,,,.)1;'

(d) Hypergeometrlc. o ( )("—") N e
B A3 (o, 1,..omiin ().

VP[X x] (n)
: a)

The above dlstrtbutlons are called standard distributions.

2. Obtain the mean and variance of the’ follow;ng contmuous dlstn-

_ butlons w1th proba.blhty denSIty functxon f(x)

't a) Normal: f(x) == \/2 e~1/(zom) (x-v-)’ — <X <%
: : o TC o

—oo<y.<oo o‘>0
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(b) Exponentta}

fx)=- exp (—'(x—P-)[G) Xz P-s o> 0 —~— <UL ®
= 0 otherwise; '
‘() Laplace:
: 1
f(x)**—-e?(p(—[x tl-l/c) — o< X < 3,
—00 < 13 < 00,0 <0
(@) Triangu!ar'
f(X) I=lx)pxi <1
= 0, otherwise;

i (e) 7 Gamma:

|pb®

_= 0, otherwise;

)= — exp (——.x/B)xl_’;l,.x >0

() 7 Lognormal:

fx) = = exp( (log (x— )—m)’IZG’),
s o(x— a)\/
' '__-_—-oo<m<ooc:>0
. =0,x< a; > -
- (8) Beta: _ » _ 2
f(X) = xj;—?(l _x)q-l’ b4 > 000 '~<~ x < 1)

P q)
. = 0, otherwwe -
S 3. Obtain the means, variances and covanances of the followmg dlsm-
butions. Hence calculate the covariance matrix: (X = (X,, s Xi)s
X == (X505 Xg), €1C.)
(a) Multinomial:

PIX = x] = P"1 PP = 1), ( Ex. = n).

(b) Negative multmomnal

x 1.
(c) Mu.ltmormal

- f (x) P> 11,2 (zﬂ)kta exP [ '}(X-p.) 2—1(x-p.)]

4. Obtam the mean and the varlance of the followmg dxstnbut:on o

funcuon.

4

(n— 1) px1 pxk(zp,_l Ex,—r,ﬁxed r<n,’<k)..
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F(x)=10,x<0,
- ~p+(l—p)(1—e‘”‘),0< x< T,
=1,x=T.

Thls is truncatcd modified exponential dlstnbutlon, servmg as a

good model for’ life-time distributions. Nete that the df. isa
. mixture of discrete and continuous d:stnbu.tlons

Let O = {0, 1, 2,...} and & is the power set Q. For anyA cQ

define y.(A) = no. of non-negative integers in 4. Evaluate

| j X dy, if X(w) = 279, 0 = Q.

Let Q = (=35, 5), o s the class of Borel sets in Q and)us the._
Lebesgue-measure. Takmg «©Q, &, N), to ‘be the measure space,

" evaluate I Xdh, where 4 = [—1,4), and

X(w):l/lme( 52,
=13,0=2, ‘
=Imé(2-3]
=0m€(3 5).

LetQ—{ 2; 137}, -—{ 2,3, 7}, w{— 2)—2 p.( l)—l_,‘_-‘

w3 =3, y N ="7.1If X(w) =1, 1t'o3~—3 w=71
. —1 fo=—2 co—«--l,

_evaluate - . J- X dp..'
- a

I Xisarv.and A, =[| X|>nl,n=0,1,2,.. ShowthatXls ,

- integrable iff 2 P4, < . (See 10.22).

10,

11.

| I z<| ‘x+[ Y@ 0
[Z>a)} X>a) . ¥ >a} . L :

Let f(x) = (=1, fn + 1) < x < 1n (n =1, 2:‘..)._ ’_"‘cé”mbu'te; |

[ fdo | A =1,20)
01 i L (RI(J+2), 3/

where . is the Lebesgue measure. _Can you say that

J fdp = EI . fd
@D I
Gomment

fid ?
J Lif(l+1) 1/1)' b

Let. X be mtegrable on Q. Then for every e >0, there emsts a' :

. \certam 3 > G, such that -

<a,forA CQandp.(A)<8

[

If X and Yare two posmve T. v. s and Z sup (X Y), then show
" that : :
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'V12 The following is the generahsanon of’ (5 39) ‘Let X be ar.v. with-
dfF(x)andElX]"<oo Then .

"*_EXk —k j = FO) - (— 1)"F(—- ] dx, (k= 1,2, ) B
V , If X is symmetric’ about zero, and E X% < 0 then
E(sz) — 4k j k-1 (1 mF(x)) dx, (e = 1,2,...).
1]

1",3-.“* If X has d.. FandE|X|°= < w0, 6.3 0, then
’ lxm xu [1 —F(x) 1. F(—x)] = 0

(Hmt .[ lXadF <‘”=‘(j‘_x°+§ )iXiudF—)O )

oo —oo el |

. 214, If F = F * F, (see problem 7 of chapter 4) and X Y, Zhavedf 'S

o F F1 and Fg, show that f'_ IR N

, B EX EY_g_ EZ el
~Var X_. Var: Y+ VarZ, R

15, Fmd the variance of the rectangular dlstnbutxon on (a b). Hence e

' obtain a lower bouud to the probabxhty ‘of the mterval =
Les {(3a — b)/2 (3b - a)/2}
o 16 Prove that_
’ : » P [X C] = e—CfE(er.X)’ r > 0 ' o
17 ; (Bernsteln) Let M(r) = E(e'(x—l»‘)), @ = EX r "> 0 Then Lo

[X’> o t+logM(r)] < o t> 0

' “’Choosmg r. such that [t + log M(r)]/r is a mlmmum makes the
‘ 1nequa11ty sharp. _

Ifiv, = E| X |7, show that log v, is convex in r and (I/r) log vr 13
. 'non-decreasmg inr. Hence prove Llapounov s mequailty,

log.vn+p < log vn+ - log Vathia (p > 0, g > 0).

P+ P-I-q

.V(Hmt Use Schwarz mequahty to show that o? (logrv ) )/ ar# =0

”19_._ _Show that lels boanded R.S.,
' 2 hmEll'[XI'=as sup{X[-—s

: - o0 .

-~ {Hint: s> EV | X ]r > EUr (| X | 1(X] > m) > C PUr {|X] >C]
AR —>.s-asr-—>oo andCTs) )
1200 lee examples of r.v.’s for whlch the followmg mequallties become .
B A,:’equahtles, , - :
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(a) C, — inequality, .
(b) Holder’s inequality,
(¢) Basic inequality.

“If X has’the d.f. given by

. 0, x<0 :
' F(x).f:', 1— pr e =y dy, 0 < x < oo.,'0,<'p, <1,
. 0 K - .

show that all the moments of X are finite, but the m.g.f. does not

exist.

‘(Hint: EX* =p (k1) but f::"(k!)gf)’c does not cotiVe:gé for anyv
: : I B : ‘ L :

> 0.




B

6. Convergjenee- of ‘vRandom Variables

61 _CONVERGENCE IN PROBABILITY -

-

(a) SET OF MUTUAL CONVERGENCE

A sequence of r.v.’s {Xn} is sald to converge toa rv. X, if {X’,,(co)} con- -
verges to X(w) < o asn — oo, foralle Q. In this case {X,} is said

" to converge to X everywhere. If Xn(w) converges to X(w) only for e,
"then C is called the set of convergence of {X,}. We know thatCe s/

and lim X, is a r.v. (sée section 2.3). fzg %%
Evidently, Cistheset of all o & Q, at which, whatever be € > 0 '
| X,.(o)) X(w)| < e, foralln grea_tepthan some_n =N, (@) sufficiently

large. Symbolically, forr=n+mmz1l,

2 -C-=iw;=Xn(w)—>'X(co)], | e
=NuUn [(o [X,,+m(0)) X(m);<e} | (6.1) B

>0 n - m

H_Equwalently, replacmg “for every € > 0’ by ‘for every I/k k = 1 2

we have - : .
C = ﬂ U n [01 : ] X'n.,.,,,(@) X(m)] < lfk} (6 2) ‘

k Bom

Since C is now obtained from couutable operatlons on measurable sets '

C is measurable. hls provides a direct proof that Ce &7, . _
Tt is well koown that if Xu(w) > X(w), _where - X(w) is ﬁmte, then ,
Xo(®) — Xow) 0 as m, n—>oo and conversely... This is- called the

‘Cauchy eriterion for convcrgence Thus, X, > X <o, il Xy— X,,.—>0 .
" or eqmvalently Xoipm — X~ 0.28. 11> 0 uniformly in z1. If a sequence -

of r.v.’s converges in the Cauchy sense, ‘it 1s sa1d to converge mutually,
If C’ is-the set of mutual convergence "

€ =lw: Xn+m(‘-°) Xn(co) -—>0], o
.m ﬂ UnNle: |X,.+m(co) — X,.(m) < l/k} - (6.3)

K nom

~ Since mutual convergence 1mpl1es convergence, C’ < C. Smce X is finite

on C, C'—C

, (b) DEFINITION

= A sequence of r. v ’s {X,,} is sa:d to converge to X in probab;hty, denoted
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P - . .
X,—> X, if foreverye > 0, as n - o0
PlX,—X|=¢>0; - (6.4)
equivalently, if for every ¢ >0, as n—> o A : o
. TP X, — X <&l L
This concept plays an important role in statistics. Consistency of =
estimators, weak laws of Jarge numbers (to be discussed later) are instances
of this concept. Heuristically, it means that the difference between X, >
and X is likely to be small with large probability, for nlarge It does not-
imply that X,(0) — X(®) will be small- for every w, even for n suﬂﬁclently
large. ) . <
Two r.V.’s X and X’ are saxd to be equwalent, 1f X = X ’ a. s/ The set .
of all w, where X and X’ are not equal is :

o : X(@) # X(@)] = U [ X=X | > VAL f‘*@ﬂr

X and b¢ would ‘be: equwalent lf P[X #* X'] = 0 or eqmvalently if~
P[\X X’]>l/k]~0fora!1k ,
P P '
LEMMA 6.1: .X,,—> X and X,, —_ X’ '=>- Xand X’ are equzvalent
* This lemma-shows that a sequence of 1.v.’s cannot converge in proba-
bility to two essentially’ dlﬁ'erent I.Y. s The proof follows  from (6 5)

- ‘and from the inequality

6.6

PX—-X'|> Ukl < P[I X~ X’ [ = 1/2k] u [1 X — l 1/2k], :
B o SPIX- qum+mr>&llmyﬁ
since the terms of the R.H S of (6 6) tend to zero as. n—>oo whatever )
be k. ' S :

LEMMA 6.2 X-—-—~+Osz|X[f—>0 B N .

. This Lemma provides us witha set. of suﬂiclent condltlons for the

‘convergence in probabllxty Replacing X,, by (X - X ) in (6. 7), smce o

P
X, Lix<w iff X, — X-—--—>0

.E| X, — X | =0, implies that X, ﬁ X’ The proof fo}IoWs from

Margkov’ s mequahty (5.75), since : -
PIX.| > A< E| X

" and the R.H.S. tends to ze10-25 n >0, In partlcular it follows that

S P
Xp—>c a constant if E(X,, = c)’ - 0

(c) CR!TER!ON FOR CONVERGENCB IN PROBABILITY

" .The followmg Lemma 6.3 gives usa et of nccessary and suﬂicxent"v
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conditions for convergence in proba.blltty It is based on the basic
inequality (5.40). '
| X |

I+|Xn|)_)0,asn_>°°- (6.8)

Proof For any X, therv. [ X[[(1 4 | X])is bounded by unity. Taking
gx) = | x [/(1 + x|} in (5.70), smce a.s. sup g(x) = 1,fore >0

(| Xl ) ( 11X, ) ' '
2(m7%) e < PIE > < E (e /(1+e) (69)
From the RHS ,Of, the above inequality, we see that o

E(———l L an‘l) ~0= PIX|> >0
From the L.H.S. of the above inequality, we have '

| P.[iX',,{;E]—-?Oé-E(l +|an) 0.
—'-—f—l—ls non- negatlverv so thatE ( "ly"l )?0 'éince -
(I-Han) A+|XD/ 7~ '

e |s arbxtrary, proof of the lcmma is complete (*)
T . P Cp e e
'.-LBMMAG 4: X —>'X=>X — X,,,——u;O asmm >0, " (6.=10)-

. Proof ance Xisa real r.v. 1t is ﬁmte a.s. Leavmg out thls null set, :

[lX“Xmi/E]C[an Xl>€/2}U[iX-—X[ s/2]
and hence o '
Pl X, — Xn| >el< P[|X - X|> s/2]+P{|X—-—X] e/21

. The R.H.S, of thus mequahty tends to zero as n, m ~>.00, The Lemma -
- follows. - (*)

This lemma shows that convergence in probabxhty nnphes mutual
convergence in probability. - Converse -of: this lemma isalso true and -

will be proved in the next section.: Now' we shall discuss a few examples, o
It mdy be noted - that the concept of ‘convergence -in- “probability is a
- particular case of convergence in a certain measure. In. fact { £} is said

to converge to fin measure p.if p || f;, [ > g] —> 0 as n —»o0 ; denoted

I LN f. . Since probabxluy measure is normed it possesses sonie
‘ Aspec:al properties - :

" ‘Example 6.1. "Let O = [0, 1] and the P-measure is the Lebesgue measure
.on. [0, I]." Let :

S Xoe)= [ 1, fo [0, 1m),
{0 othizrwise.
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Thus, X, = I(A,,), wheie A,. = [wiw e [0, 1/8)]. P(A;,) == 1/n and as

n >, P4, - 0. Hence, as n->w,
P X, | > <] = Pli(As) = 1] = P4,>0,

'  'lmplymg that X, - 0 in probabillty or in Lebesgue measure. In fdct,

hm X,,(m) = I ifw =0,
| A _ o =0,ife & (O 1).
Then lim X, = I{0} = X and v
o | X — X| > el =10, 1n),
the probability measure of which tends to zero as 7 — co .
In general if {A,,} ls such that PA, — 0, then for any real r.v. X,

XI(A,,)—-——>O N (5.‘;) Lo

 because P{| X I(4,) | > <] < PA, - 0, whatever be < > 0.

(d) CrOSURE UNDER ARITHMETIC OPERATIONS

The foliowing Theorem (6.1), shows that “the operatlon of convergence |

“in probability is closed under arithmetic operations. in the same manner
as ordinary converger_xce 1t is sometimes attributed to Slutsky.

. N P :
THEOREM 6.1: Let X — X and Y -f-> ‘s Then j

L P
@ aX,,——>aX (a real)

@) X+Y,,—-—->X+Y N (X T)

(i) X, Y,, L, Xy, .
(iv) X’,,/Y —-)X/Y 1fP[Y ~«0] 0, wn, andP[Y 0]
: Proof o If a—O the result is trmally true SuppOSe a;éO For
everye>0
P[t,aX,_e. axX|> e = P{|-a|[X — Xz
=PlX,~X| >8/Ial]->0

as 7 >0, Hence (1) is satisfied.
(i) In order to’establish (ii) we see that

P[I(X+Y)-(X+Y)I =Pl (Xa— X)+ (¥, — Y)I>a].
<P[|X X]—HY Y[>d,
S P X~ X|> ¢/ + P[IY, — Y| =</,

- !Smce both the terms on the R.H.S. tend” to zero as n—>o0, we have (ii).
~ From (i) and (u), ‘any linear functlon {aX, + bY,} of {X} -and {Y,}




"Hence

g
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converges to aX - bY in probabxhty, 1fX -f—-—> X and Yy —i-:- Y. "
(i) Pl XaYn— XY|3 c] = P[| X,Yp = Xa¥ + XY — X¥| > &) cabony 62 | e
< P Xi(Ya— ¥)| = ¢f2] + P[| Y(X, — X) | > ¢/2]. (6 13) &
But [ Xu(¥y— D) o2] = [ Xol¥a = V)| > 6f2, [ Ya— ¥|>
| Ul X Ya~ ¥)| >20/2 | o ~Y1<8],
C 1 Ya— Y| > 81U Xal > ¢/28]).

Pl XY, — V)| > o1 < P Y, — Y| > 8] + PULX, | > e/23) (6.19) -
Since {X,} converges to X, which is bounded in “probability, X,’s are

. uniformly bounded in probablhty (see below for definition), Heace, the
“second term on the R. H.S. of (6. 14) can be made less than »f2 by taking.

S sufficiently small, so that /23 is sufficiently large. . The first term on

“the R.H.S. of (6.14) can be made less than /2 by taking » sufficiently

large. Thus, the first term on the R.EHLS. of (6.13) can be made smaller. -
than 4. Similarly the second term on the R.H.S. of (6.13) can be made

~ smaller than ».  Since % is arbitrary we have (ii).
“(iv) In order to prove (iv), we may first Frove that

PUY, = Y|z >0 615)

P -
" if Yy —> Y, and P[Y, =0] = P[Y = 0] = 0+ #, along the lines of the

proof of (iii) (How?) and then use (m) *
From (6 7) and 6.12), if X, -——-> X and E (Y — c)2 =0, then
X+YL>X+C, G 16).
¥, Lo X, |
v&hcré ¢ =EYis somé constant. The folldwing thec')rem is cbn;:erned

P
with the convergence of a continuous function f(X5) of X, as X,, —_— X

It 1s due to Slutsky and Frechet

» . . P
THEOREM 6.2: If f(x) is a contz'nuous real valued function-and X, —> X,

" then SRR f(X,,)-—-—-»f(X) e

Proof: Smce f is continuous and hence Borel, f(X,.) and f(X ) are r.v.s.

_ Since X is a real r.v., it is bounded in probabrltty ie., for any ¢ > 0, there
“ exists 2> 0 such that

P[|X|>'a]’<e

P
Since: X, —> X for any E> 0. there . exists an n0 such that for all
n > 7’!0, ’
: P[an'—X!<E]> 1—c
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Since fx) is umformly continuous on [ a—E a+ E], for. eVery ) >\Q,

 there exists an £ such that | f(3) ~ JS(®)| <7, whenever |y — x| < &, for
x and ye[—a —&, a +E]. Therefore for X, #(©)s X(0) in [—a—E, a+8);
[ X(@) — X(0) [ < & =) f(Xn(w)) — f(X(m)) | < n. -The latter is implied
by | Xu(w) — X(0) | < iand | X(0) | € a. Hence

COPIX, —X|<E1X| < < PUSXD) = fX) | < | X| < a). (6.18)
. .B:ut' Pix.-x1<8x < a)+p(|X—X[<£,1X|>a)
‘ =P(X, —X|<®>2l—=e >

» _Therefore LH:S. of (6. 18) >1-2 1mplymg that for every n >0, there- o
' exlsts ng; such that 7> ny, - _

PO ‘f(X)i<n):>1—2e.

. Smcev; is arbxtrary, f(X )—r f(X) (*) : : ’
We'may note that Theorem (6.2) contmues to hold even when X, and

X are random’ vectors.
6.2 CONVERGENCE 'ALMOST SURELY
(@) - COMPARISON WITH CONVERGENCE IN PROBABILITY - .

X, is said to converge to X almost surely (a. s.) or almost certainly or

strongly, denoted X, ———-> X, if X(0) - X(o) for all o, except those :
belongmg toa null set N Thus, symbo!xcally, ‘

X, —)-X'lﬁ'X,,(m)-—)X(w)<°° formez Ne,

-where PN =0. In this case the set of conVergence of {X,,} has proba—'
’ blhty umty Thus, 11m X, and lim X, are equivalent r.v. ’s.

- LEMMA 6.5; X,V&Xrﬁ'asré->ob' o Lo
P@ [0 | Xe—X | > 1/r)) >0, % r, an'integer. ~ (6.19)

Proof: - Now Xy(0) + X(w), if fbr' arbitrary r>> 1, there exists some = .
now, ) stlch that for all k > no(e, 1), | X}‘(m) —X(w) | < }jr. More- -

- over, X 2 x implies that P[X,. > X] = 0. Thus, from (6 2) and :

. de Morgan rule,

| Pcuggi’" [o: le(w)-X(w)| 1/r])=o
_ i.e. for each r ) .
BN U [co.le(w) X(w)! llrl)—ol

equwalently for éach 7,
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Ly»;-*‘ . - »
aE llm P(U [le—XI 1/r])=«-0.
neca

Hence we have the Lemma. (¥) :
Here (6.19) may be replaced by the complemcntary condmon

P(n uxk—X|<1/r1)—>1

COROLLARY 6.1: X S X > Xp—> X, L (6.20)
Thls CoroIlary fol!ows mlmedlately, smce for ¢ > ir, : :

U [iXk—-Xl 1/r]D[iX—XI>s}

" It fOIIOWS from the Corollary and the Lemma6 1 that X, 2x and

X —-—--> - X7, ‘1mp11es that X = X" a.s. In general converse of Corollary
6.1).is not true. However, & partlal conVerse is grven by’ the fo!lowmg

P ' ' .
THEOREM 6.3: ]f X -———>X’ then there extsts a subsequence {Xnk} of .

" {X,} which converges a.s: to X.~ 7
_ Before proving the Theorem 6.3, we prove the followmg Lemma 6 6.

LEMMA 6.6: A sequence of r A comerges a.s. to af.. tﬁ” the sequence= '
comerges muruall 'y, c_z S, . : , .

Proof We may note here. that the statements ‘X, ,,.(w) ,,(w) —é» Oas
. myn-—>o0’and‘ im(@) — X’(a))—>0asn—>oo and thenm~>oo are. .
- _eqmvalent Hence. - ‘

Xy --——->X=>X(¢.o)->X(co)

H B _for allmeNc where PN = 0. SmceX is a real rv, X(m)<oo for_
N almost all o and hence the exceptlonal set may be clubbed with N. Thus, o

: X,,——-—->X=> X,,(m)-—-Xm(m)—>0 as.m, n—->oo, (coE N‘), .
=>x X,,.—,a—s—>0 S )
- . a . : '
o Conversely, if as n—> ‘o0 X,H,,,, — X,, — Ofor everym i€, X,,;,,,,(m)— o
- X,,(co)—>0 for @ & N&,, thcn, {X,H,,,.(m)} converges to a. finite 11m1t
: X((o), say Hence , . . '

,,(w)—-;v X(o)) for =3 n N" N" say,

T

' M ;_' ' Lo . . : 3
where . = U Nm, S
. - =1

isa countable union of null sets and is hence a null set. . Thus we_have. ' '
: the Lemma., (*) : : S .
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' On acgount of the Lemmas 6.5 and 6. 6 the crlterxon for a.s. con-
vergence of a sequence {X,} of r.v.’s can -be- wntten as.

(u -[]Xnm—XnIQ'_G])?O: o  (6;22'>

asn—» oo, whatever be € > 0.
Proof (of Theorem 6. 3) From Lemmva‘(‘6.4A)

. P P '
Xn ——>X=>X,, Xp—> 0, ie. Xn+m—X,, -— 0, asm n = oo,

For every integer &, 3 an mteger n(k) such that for n > n(k) and all m

, } P[ | Xpm— X | 3 1/29< 1/2%. v ‘ (6.23)
-Let n, = n(1), n, = max (n, + 1, n(2)), nx = max (ma+ 1, n(k)), (k =2,

23,0 s0 that n, < ny:<<... > o0 and (6 23) is satisfied forn > Mg
Let {X,} = {Xu} bea subsequence of (X} We shall show that {X; }is ‘

. the required subsequence converging almost surely to a ccrtam X ‘y (say).
For thls from (6.22) we have to show that, as n —> oo

Py ,,;m X! > ] 0.

Lef Ap = [| X141 — Xx| > 1/24. Then from (6 23) P4, < 2%, Let
U Ay, then PB, < 2 P4y < 2 27% = 2-"+1 bor nlarge enough

kpn
so that 27"+‘ < g fore & B¢ = n A4z, and for al[ m,
o - : . ) +m .
1K@ X@) | < &1 K@= Xio) N
' gz;x;‘ () X(m)1<2‘"+1<s

Hence I X"*"”(“’)—Xn (‘0) [Ze=>0 EE B, and theret’ore,
P(U[ | n+m X’ | ED PB < 2—n+1_+ 0

’ a8 n—> . Tbus, by Lemma 6. 6 {X,,} converges a.s. to X' say

- Hence by (6.20) X,, —)-X’ We have to prove that X ‘=X. This »

follows from the fact that {X,, }, being a. subsequence of {X,}, converges
to the same limit X in probabxllty By- Lemma 6 1, X < X' a.s, (*)

(b) COMPLETENESS oF THE SPACE OF ALL R.V.S

Acertam topologlcal space, in “which - a certain. mode of convergence
is defined, is said to be complete, if mutual convergence in that mode
is equWalcnt to ordinary convergencc in that mode. Consider the
space.%' of ‘all a.s. fnite r.v.’s. Let {Xy Xy,..:X5...} be a sequence
of elements of Z.: Let the mode of convcrgence defined on % be

convergence a;s. Since X, 2 xe X,,-X,,, -———-)_ 0, a.s. convergence

"_\f.' o
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and a.s. mutual convergence are equivalent. Thus & is a.s. complete
under’ ‘convergence a.s.’  Theorem 6.4 given below implies thatitis

. complete under convergence in probability also.

THEOREM 6.4: Xp—X, ———> 0 <Xy ——> X, where X is some r.v.

: ' S P P
- Proof: By Lemma 6.4, X, ——> X = X=X, —> 0.

. ) . P ’ .
To prove the converse, let X, — X, —— 0. Then by Theorem 6.3, . . -

there exists a subsequence {X(m)} which converges a.s. mutually. Hence
from Lemma 6.6, X(nk) -—->to some X a.s. Thus, for every s> 0,

P X—Xa| 2¢l < PLI X—X(m) | > /2] + P[| X(n)~X,| > ¢/2).
'R.H.S. tends to zero as ni - oo and héncé 'X L. X.("

Example 6.2. Let us consider thc doublc sequence {X,.k} of r.v.’8 on.
=[O 1] wnth Lebesgué measure as P, defined as follows

Xu() = 1, for o & [(k—1)fn, k/n],

= 0, otherwise.

Xn, Xa,, Xw JK’s ) Xs,. Xaas - belng the seque‘ncc Takmg X-—- 0 WG‘ i
- shall investigate the convergence of {X;;} to X. Now .

Plo 5 | Xufo)—X(o)| > s] = PIX,,,c = II l/n -> 0.,
Hence {X,,k} — O in probabxllty. Consider _
U (U [Xk“ll) {Xm I]U U[Xmm'—'I]U
=0, 1]

Hence P[ U U ]X,,k—— X| > e] =1, for all m. Thﬁs, {X’,,#} does not“

. converge a.s. Note that the subsequence {Xm} of { X} converges a.s..

(Provel).
In Theorem 6.2, we can replace convergence in probability by con-

vergence a.5.; by replacmg the set [| Xy — X | < E] by

B v ﬂ [th—XI<EJ
and noung that

n [IXk—Xl<C,]XI ac ﬂ {lf(Xk) f(X)l<n,|X1

vadently,- Theorem 6.1 is also valid t_'or convergencc”?.,.s. (Prove !). R




