E. Qalois, (1812—1832)

Evariste Galofs was killed in s duel on the 30th of May, 1832

at the age of 20, On the eve of his death, he wrotea longletter

to & friend mentioning a number of additional results fo the

first draft of his theory of Algebraic equations which had been
already presented to the Pariy Academy-
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PREFACE TO THE SECOND EDITION

It has been considered desirable to effect a chango in th
notation for a function and for a functidn valuo inssmuch as th
notation f{z) has been employed in place of « @ or &f. This has bee
dono with & view to Jinking the subject with classical Mathematics o
aleo with mordern topological and topological algebraicstudics. More
over, it was felt that a beginner would feel more at home with thi
notation aud a possible mysterious significance underlying ze woul
be avoided. Also two slips which had been brought to my notic
have been removed.

November, 1961 i Tue Autnor
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PREFACE

The nherent appeal of Modern Abstract Algehra and the im-
portanee of its impact on other branches of Mathematics age” being
increasingly realised and the appearance of this book is motivated by
a feeling that the presentation of this subject in a text book form
will greatly help the popularisation of this fundamental branch of
Pure Mathematics. It is this feeling again which has determined the
form of presentation adopted in the book in the light of the author’s
experience of teaching the subject to the students of the University
of Delhi. In this context it is believed that a systematic use of the
symbols "7 , <" for one-way and two.way implications
respectively which have been adopted here will greatly help the reader
in his grasp of the chain of arguments. TFurther themain purpose of
the author is to treat the fundamentals of Galois theory and it is
this purpose which has, in the main, determined the content and
scope of the book. Thus the subject proceeds along a road leading
to the portals of Galois Theory with occasional short pauses at places
to steal glances at the sides.

Chapter I introduces some basic Set-Theoretic concepts of
moppings, Binary compositions in a set, Equivalence and order
relations.

Chapters II and I1I have been devoted to Group Theory with
no exclusive emphasis on Finite order groups only. Permutation
groups have not been given any separate place but different aspects
of the same have been taken up at appropriate places for providing
illustrations in respect of the Theory of Abstract groups.

Chapter IV deals with Ring ;l‘hcury in relation to Sub.rings
and Ideals and Chapter V with Polynomial rings. In the latter
chapter, Unique Factorisation Domeins (U.F.D.) have been defined
and it has been shown that o Principal Idenl Domain (P.ID)) is
euch o domain, It is nlso shown that a Euclidean domain isa P.LD,
and henee also o UKD,

Chapter VI deals with Vector Spaces, Linear Transformations
of Vector Spaces and with co-ordinatisation of the same relatively to
some given base or bases.

Chapter VII is concerned with Vector Spaces of Lincar Trans-
formations and thus paves the way for the introduction of the



(i2)

concepts of Lincar Associative Algebras over a field. Several illustra.
tions of Linear Algebras have been given.  The concept of the Dual
of & vector space has also been introduced and the reflexivity of
Finite Dimensional Spaces established. The portals are now reached
and Galois Theory is introduced in Chapter VIII in the setting of
the Theory of Finito field extensions. The last chapter is dovoted to
developing Criteria for *Solvability by Radicals’ and *Constructibility
by Ruler and Compass’ thus vindicating the rise of Galois Theory.

It is very much hoped that, as a recult of a careful study of the
book, the reader would acguire an appreciation and fascination for
Abstract Algebra and thus be led on to deeper studies of special
branches of the subject.

The author takes this opportunity to thank his old student
and present colleague Shri Mohanlal Abrol who very kindly went
through o considerable part of the manuscript and mado_nseful
suggestions which helped him to remove a number of slips and
obscuritics.

Suggestions for improvements and notices of errors would be
gratefully acknowledged.,

September, 1958 Tue AutHoR
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CHAPTER 1
SET-THEORETIC PRELIMINARIES

1. Introduction. Modern Pure Mathematics can be described
as & study of Sets equipped with assigned sir ~—also known as
mathematical systems. The present book is concerned with the study
of Algebraic systems which aro sets equipped with Algebraic structures
in terms of the meaning of the same given in § 7, page 20.

The various algebraic systems to be considered in this baok are

Group, Rings, Fields, Vector Spaces, Linear Algebras.

Clissieal Mathematics abounds with pamcu]ar types of these
algebraic systems as will bo made clear by means of tho several
illustrations which we would be giving. Thoe approach, in this book,
however, would be distinguished from that of classical Mathematics
by means of its Abstract and Aziomatic nature, Also it would be
seen that each abstract concept actually ariseS” as a result of an
analysis of concrete situations and in fact each abstract concept
aseeks tu synthesiso a number of conercto situations by taking note
of some of their common features.

Since the subject matter of the book is to consist of a syste.
matic deduction of conclusions from given premises, we shull sce
that it will be of great ielp in stating our arguments and chains of
reasoning in o compact form if we adopt the foilowing notations for

two-way and one-way implications.

It P and Q denote two statemets such that the truth of P
implics that of Q, we shall write

Py Q (Que-way implication)
Also we shall write - T
PO (Two-rway tmplication)

PO QandQITTDO R

Thus we write P 7 Q if the truth of P implics that of Q
a8 well as vice.veren, f.e., nhen P is true if and only if Q is troe.

In view of the basic importance of the notion efa pure ser
without reference to any structure for xhc study of cvcr::jza\g‘
syatem, we shall in this chnptcr {nteoduce some fundnmcnﬂ;{ &
theorelic concepts. de om
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2. Some Set-theoretic Concepts. Any collection of obLegts
i3 called & set or an aggregatd and'is said to be defined if there is
giten a rule or rules such that it is possible, in terms of the same, to
say whether any given object is or is not an object belonging to
the set.

A set is often described as follows :

§={z: P} and we say that § is a set consisting of elements =
such that z has the property P,

Two sets § and 7T, are said to be equal, in symbols, §=7, if
they consist essentially of the same objects so that each object be.
‘longing to one also belongs to the other and vice-versa,

If, a, is any object belonging to a set &, we write in symbols,

- a8 T s
and say that, 4 is a member of § or thnt it ia an element of S.

Hiustrations. The following are some examples ef sots :
(4) The set Z of all natural numbers.

(4i) The set J of all integers.

{13} The set Q of all rational numbers.

(1v) The set R of all real numbers.

{v) The set G of al} complex numbers.

(vi) The sct of all real valued functiong defined in a closed inter-
val [0, 1},
(vii) The set of all real wvalued continnous (differentiable or
integrable) functions in [0, 1].
(vi1) The set of all infinitely differentiable real valued functions
defined in [0, 1].
(i} The set of all real valued functions capable of repre-enta-
tion by means of Maclaurin’s geries in [0. 1),
(x) The set of all triangles (circles or conics) in & plane.
(x5) The set of all rotations of a given rigid body abuut a given
straight line
(£3i) Tho set of all movements of a rigid body.
(xifi) A set containing no object.
Throughout this book, the sets of
(i) Natural Numbers, (ii) Integers, (iii) rational numbers,
(iv) real numbers, (v} coruplex numbers,
will be denoted by the symbols
Z,5LQ.R,C
respectively. - '
Ex. Qive some examples of eeta,

2'x. Nun set. 1t is found mseful to conceive of a set contain.

ing no o element, known as a null set, void set or cmpty set. A null




SET THEORETIC PRELIMINARIES 3

set will_always bo denoted by the symbol o, A set which is not a
il set may he teferred to as a non.empty or a non-void set.

2, Finite and infinite sets, A set cuntammg only aﬁmte
number of clements is known as n fifite set and one which is not
finite is known as an fofinite et. T

“A set consnstlng ofa smgle element, a, will be denoted by the
symbol {a}. TFarther a finite set consisting of » elements

By Bgyonemnnsliy
will be denoted by the symbol
{61, B25e0nnney o }e

A set consisting of # clements may be described as an
n.elementic set.

2'3. Inclusion relation. If §, T, arc two sets such that
each member of ¥ i3 as well & member of 7, we shall write

S CT.
and say that 8 is conlained or included in T or that & is n sub-set
of T. et <
Also we write
SCrT
if
8 C 7 and 8521
In this case, we say that § is proper sub-set of 7.
It is very important to noticethat if
M - 8 g T 7T C S
then e

Ne=1" .
and conversely. In other words, have
SCI[' TCSC:S=T
proving cqunhty of sets

2'4. Interseciion and Union of Sets,

Intersection. If S, T are two given s:ts, then a set D will be
called the intersection of & and 7, if it is defined by the rule that
ony given object is & member of D ifand ouly ifitisa member of §
as well as of T In symbols, we exhibit this relationship as

D=SMT
and rend the same as, D te the intergection of § ami VA
TPhyE T T e e

T ESNTCTDzE Sz € 7.
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We may also write

S T=D={z;2C Sand 2 € T}.
The set D will be void if § and T bave no member in common,

Two such sets § and 7" uro called disjotnt. Thus for two disjoint eets
S and T, we have

e=8SMT.

A meaning may similarly bo given to the intersection set of any
arbitrary family of sets a+ o set consisting of elements common to all
the members of the family.

Union, A set U s called the union of two given sets S and
T, if it is defined by the rule that any given object. is & wermber of U/
if and only if it is mexber of S or of 2 or of both. 1n this case we
write, in symbols,

U=87T,
and say that U is the union of Sand T,
Thus we have
s SUTCTTT D E Sz ET.
Also, we may write
SUT=U={z;xESorz E T}
irVe may also give a meaning {o the union of any arbitrary
family of sets.
Ex. Prove thay
) (Se{ S U Sa=51 {J (82 Sad)
() {S1M)Sp) M) S3=8) M) (S2 M) Fs)-
(58 Sy \J 683 M) S)= (81 ) S} M Si\ JSshe
@) 8¢y S\ Sa)=(S1 ) Sah ) (51 M\ S
2'5. Product of sets, If S, T be two given sets, then the
set consisting of ordered pairs
(a, b, aESET
is called the Product set of S and 7 and is denoted by
SxI.

Ilustration, If
S={s, b}, T={l, m, m),
then e I
SxT={(e ), (3, m}, (a, 1), &, 1), &, m), (b, )}
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Generalising we may say that if
81y Sgyeveees 8y
be any n given sets, then the set of n.tuplea
(61> G2yecr0s Gn)

where
o E.81, 83 € Spueens, 8 € 8n
48 called the product set denoted by
8y XSy X0 XSy

3. Mappings or Functions. The notion of Mappings whose
character is as fundamental as that of sets will be introduced now.

Let 8 and 7 be two given sets and let there exist a correspon.
dence, denoted by f, which sssociates to each member of § & unigue
member of 7. We then say that f is & mapping of § into 7' or that
[is a function on § to 7. Also the element of 7 which the mapping,
/i associates to any element z of § will be denoted by the symbol

Jz)
and called tbe f.image of z or the value of the function for 2. Also
the element, z; may by referred to as a pre-image of f{2).
The fact that, f, is & mapping of § into T will often be symbo-
lised as e e et s
f 1 8—T,
& is called the Domain and 7' the Range o[ the mappmg I

RS
Also the set ot all f-images of the el elements ofS will be de-
noted by the symbol f(S). We may thus write

IS)={fz) 1= € 8}.
Obviously
S C 7.
3's. Equality of Mappings. Two mappings fandgof S
into 7" aro said to be equal, in symbols f=g, if and oaly if
f2)=g(z), for every z € 8.

Thus for two unequat msppings of § into 7', there must exist
at least one element of § which is mapped differently by the two
mappings.
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32, Mappings into and Mappings onto, If the mapping
[ is such that each element of T' is the f-image of atleast one elen ent
of 8, we say that f is  mapping of S onlo 7' instead of into 7. Thus
if f is a mapping of S onto 7' and y is any element of 7', there neces-
sarily exists an element = of S such that
J(@y=y.
In the case of f being an onto mapping, we have
FiS)="T.

3'3. Many-one mappings. One-one mappings. It is
important to notice that, in terms of our definition, if f is a mapping
of § into lor onto) T, then it it quite possible that two different
elements of S bave the same f-image, i e., we may have

Sla)=f{b) even if a2b.

This means that o given element of 7' may have more than one
pre-image.

It should, however, be remembered that no element of § r-jﬂ_l
have more than one f-image. -

Thus for any arbitrary mapping f of S into (onto) 7,
a=bZ7""D fla)={(b)

but not conversely.

Now a mapping f of § into 7 is called one-one, if two different
members of § necessarily correspond to two different images of Ty
ie.,if

fla)=f1b) 77D a=b
ar alternatively
a#b T fla)#f(h)

A mapping which is not one-one may be referred to as maoy-
oune in as much as in this case many, i.¢., more than one element of
& may correspond to the same element of 7.

Yinally, we may have & one.one mapping of one set onto the
other.

3'4. Jdentity Mapping. A very simple but important cat®
of a mapping arises when ench element of a set is mapped on jtsell
Such a mdpping i3 known as the Identity mapping and will be nsually
denoted by the symbol e or e~ Thus if « denotes the identity
mapping of a set 5, we hava e

adah i elz)=x for every x € S.



SET THEORETIC PRELIMINARIES 7

Note, The notion of mapping which is the same thing as a
function is met with guite early in onr studies in Calculus a5 well as
in clussical Algebra. By an abuse of language, however, it is f(z)
rather than f.which is referred to as a function in these studies. It
may be noticed that in poiut of fact { is the function and Sz} is the
element of the range wluch the funcnmwe element =
of the domaid:

~lastrations.

{3) y =#* determines a mapping of the set R of real numbers
inlo itself so that denoting the same by f, we have, in terms of our
present notation,

J:R—>R

Az)=x*;z € R.

This mapping is nejther onto nor one-one.
M—— S i

defined by

{ii) y==2" determines a mapping of the set R of real numbers
onto the set of all non.negative real numbers,

(#57) The mapping f defined by

Jiz)=gin 2

is & one-one mapping of the set of real numbers 7, —4n <z <Y, onto
the set of real numbers y, —I<y<L

{tv) w= |2 | determines & mapping of the set G of complex
aumbers, z & C, into the set R of real numbers, w € R.

This mapping is neither one-one nor onto.

(v) The mapyuag f: Z -> Z defined by |
fin)=2n !
e

is o one-one into {not onto) mapping. Ao

The image set, a3 may be easily seen, is & proper sub-got of the
set Z oven though the mapping is one-one.

(ri) Let T denote the finite set of pumbers 0,1, 2 ’r.o that
T={0, 1,2} and let flz) denote tho least non.negative remainder
obtained on dividing 2 € Zby 3. Then fiss many-on¢ mapping of
Z onto 7.

(vii) The mappmg,f defined by
‘x) [z
is & one.one mappmg oi' the seb of B} romgary pes) numbers optd
itself, T .
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(viii) Let 8 denote the set cf all triongles and T the set of
positive real numbers. Then the mapping j which maps each
member of § on its aren is a many-one mapping of S onto T

(i) Each movement of & body is essentially s mapping of the
set § of points occupied by the particles of the body in any initial
position onto the set 7' of points occupied in the final position such
that each point P & 8 is mapped on @ € 7' to which the particle at
P has moved.

Ex. 1. Describe the mappings defined as follows as ixfo or onto and as
nre one OF many-one, stating carefully the Domain eod the Range sets ;
@) y=logz (1) y=4/ ¥ (i) y=tanz,
« denoting & resl number.
Ex. 2. Give some examples of mappings which are
{9) into and many-one, (¢i) onto and many-one,
(#f2) into and onc-one,  (iv} onto and one one,
Ev.3. What is the tots] number of distinet mappings of an n-elementic
finite set into itself. How many of these sre
{5) one-one, (i1) onto,
“3'5. Inverses of one-one onto mappings.  Let J be a one-
ane mapping of & 56t § anlo 4 set T, Also let b be any member of T
Then f being & mapping of S onto 7, there exists atleast one
member a of 8 such that
b -fa, 6 ET e ES.
Since f is also one.one, thereexists- only one such member @
of 8.
Thus we define a mapping of 7 onto § which associates to each
b € 7T, the element a € S (uniqueness and existence of, a, having
been already seen) such tnat
Jm=
We denote thismapping of 7 onto § by /=7 and call the ssme
23 the Inverse of f.
Thus we have
[Tl=a T flay=bi b €T, 0 €5
We now show that
_J~1is also one.one.
Supposs now that b, and by are two different elements of 7
Also let .

LM = a, S E S0, E S
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Now

Jb) =a T fla)=by, S (b)=ay 37D flag)=b,.

Also, f being one-one, wo have

Sfla) #fla)) "D a,#as

Thus f-* is also one-one,

Note 1, 1t should be noted that only one.one onto mappings
possess inverses which again are one-one onto. The one-one onto
mappings ate also known as Inversible, Inverlitle, Non-singular or
Biuniform.

Note 2. Irrespective of the fact that a mapping f of S onto 7
is one-one or not, we shall agree to deuote by the symbol

e, ET,
the set consisting of all those elements of § which are mapped on the
same element b of 7 ¢e., the set of all the f pre-images of . Also,
if T be any sub.set of 7,

Faa vy
will denote the sub-set S; of § consisting of all those elements of S
which are mapped on a member of 7', Thus
ST ={v; 2 €8 flm) € Th).

[Ty is also often described as the set of all the Total
Originals of the members of 7.

1t should, however, be retiembercd that f~* can be described as
a mapping of 7 into § only if and only if f is & onec-one onto mapping.

Ex.1. Tffis o mapping of tho set R of real numbors 1nto iteelf defined

Slr)=x%; + € R,

describp explicitly the sets

by

712), f-NzZ)-
Ex. 2, Show that the mapping f of Z into itself definea ny
Sn)=2n43, 1 € Z

ini ible, Describe explicity the inverse

pping /-1

3'6. Products of mappings. We shall now introduce the
notion of Product of mappings also _known as Resullant or the
Composite gf;mappmga. This notion corresponds to what 1s known in
Calculus’as the notion of Fusnction of & Function.

Suppose that 8, T, U are three scts and fis a mapping of &
nto. T and g that of T into U.

Then the mapping of § into U which maps each element
z & § into the g-image of the f-image of z is denoted by the symbol

5o
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or ;imply, ¢ f, if no confusion bo possible and ealled the product or
the resultant of f and g taken in this order.
Thus, by def.,

(ofi(z)=g(f(2), = E 8.

zES S ET /=) EV.

Note 1. [ff, g aro both mappings of a set § into itself, then
g.f is 23 well & mapping of § into itsolf,

Note 2. Iffis s ono=ono mappingof § onto itsell so that it
is inveraible i.e., f-! exists, then wo have

Jf=e=f,

where e is the dentity mapping of §

Let,a be any arbitrary clement of § and let f(a) =b.
We have

Here

a)=b T f-H(b)=a,
50 that as a (b} runges aver S(8}, tren'd (a) ranges over S(S).
We bave then
(SN a)=] - fa)) =/ "(t)=a
(S =1 f2 &) =Sla)=b

Thus each of
1 and ff
is the identity mapping o 5.
Mlustrations. If fis a mapping of R into itself defined by
S{z)=sin z,
and g is a mapping of R into itself defined by
g(x)=2",
then, g f, is the mapping of R into itself given by
(9.f) (x)==sin®z,
Note. The following two sub sections are devoted to proving
two important properties of Products of mappings.
3'61. Associativity of Products of mappings.
Let

8T,.U,V
Sk

Sinto T, Tinto U, U into ¥

be four sets and let
be mappings of

respectively.
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It may then be seen that each of
(hg* £, R(gf)
is & mapping of § into V.

Woe shall show that they are both equal, fe., they map esch
element z of § alike.

We have, by def. of products of mappings,
[lag J1(=) =gl fer.)
=i{g[/ (=N}
=hl(gf) (]
8o that ={k(gf)i(x

o! (kS =Rlgf)
] M'Gz. Inversibility of the product of inversible
mappings.

Lf/f i3 a one-one mnppmq of 8 onto T and g is a one- unamappmg
of T onlo U35 Hhat~f and g are both inversible, then gf is also mversx-
ble and

Iy =S

We ehall show that

(%) gf is onc-one, (i) gf is onto, (iff) {gf)-*=f-Yg-\.

() We have,a € 8,0 £,

(0f Nay={gf }(b) == glf(a)l=glf (b)]
I f(a)=f(8) ; g being one-one
———7 a=:b; f being one-one.
Thus gfis one-one.,
(#7) Let ¢ be any element of U,

As g is an onto-mapping of T onto U, there exists d & 7', such
that

gld)=c.

Again f being an onto mapping of § onto T, there exists e &£ &
such that

Sle)=d.
‘There exists, therefore & & S such that
(af ey =gLf(e
=g(d)=c.
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Thus gf is & mapping of § onta U.
As gf is one-one onto, (gf)? exists.
(i) We have
gldy=c 7= d=g{c),
Jey=d == e=f(d),
(@M e)=c =D e=(g/) Y>

Now
1 g =f (0]
=@ =e=(gf)"}(c)
) @ri=r,
Ex, Show that

AS S =fS) (J S(Sy)

S8y (Y 8y C 1Sy N S5

SUTYY T=f-NT ) AT

10T (Y =MD ) SHT,
where, f, 13 & mapping of a sot § into a set T, Sy, Sp ave sub-s3ts of S end Ty,
Ty are sub-sets of 7",

4. Transformations of a set. In the following, we shall be
referring to the mappmngs of a set into {onto) itself as transformations
of the set. An important transformation of a set is the Identity
transformation which maps each element of the set on itself.

4'1. Permutations. Special types of transformations.
Def. A one one mapping of a finite set orito vtself is called a permuta-
flon. T T T

Thus the one-one onto (inversible) transformations of a fnite
set will be referred to as Permutations. The v
the ﬁmte set js | known as the Degree of the permuha.t
The set, of all permutatwns.o-f a set cont:immg, n, elements will
be denoted | by P, Badkiowa Be the' symuetEic set of ~degres~w. Tt
may bo easily seen that the number of members in the seb Fy is. n!
It will be “Touna con-

4'2. Sym@l for a permutation.
venent to adopt & symbol of the form ~

)
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to denote a permutation. This symbol with two rows is such that
"the upper row consists of the n elements

Glaveseny Bpyernanns Gy
of the set permuted and each element in the lower row is the image
of the one immediately above the eame. Here, of course, cach b is
some, a, and no, @, occurs more than once as a b. Thus the symbol
{1) denotes a permutation g defined by

S
a(a;)=by,..., 0(a)=by,..., o{a,)=b,.

It is clear that any given permutation can be written in_several
ways in as much as we may write the elements of the permuted set
in the u per. row (lower row) in any manner we hke, provided only
that we write below (abuve; each element in the same the correspond-
ing image (pre-image).

Thus, as an example,

(12345)=(31254)=(24513

23 1 56 & 1 2 3 4 5. 36 4 21

In fact the columns in (1) way be interchanged in any manner
we like without any change in the permutation.

Ex, 1. Put down all the transformations of & set containing

(i) two, (ii) three
elements. Which of these are permutations ?

Ex. 2. What is the total number of transformations of a set
containing n elements.

How many of these aro permutations,
Ex, 3. Given

. 123 45y _/1 234 by,
@ "‘(23154)"’—(15432’
Gy an(2 345 L0 41563 n
")"‘(125463””‘(236154’

corapute the permutations.
a5, 18, 67 57 67267, g7, (o), (ne)

4'3. Cyclic permutations. A permutation o is called gyelic
or simply & cycle if it is possible to arrange the objects of the “&ét
permuted in a row in such & way that the a-image of cach element
in the row is the element following the same and that of the last
element is the fitst, For example

: =G it
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"is & cyclic permutation in 0s much as we caw write the objects pers
muted in a lire, viz.,

12 4 3
such that
a(1)=2, 6{2) =4, 04)=3, o(3)=1. !
The permutation I\\
(l 2 4 3 )
21 3 4
is, however, not cyclic. -

A cyclic permutation can be conveniently denoted by a one
row symbol consisting of the objects of the set permuted placed in
such an order that the image of cach is the one following it and that
of the last is the first. Thus we may write

q
R T

We can of course have more than one one—row symbol to
denote o given cyclic permutation in as much 83 any of the objects
permuted can be put in the firat pusition. 'Thus, as an example,

1 24 3)=(2 43 )= 3 1 =@ 1 2 4).

The number of objects permuted by a eycle is called its length.

44 Transpositions. A cyclo of length fwo js colled_ 2
transposition. Thus a transposition is a Transformation which maps
edich object on {tself excepting two, each of which iy mapped on the
other,

A cycle of length one implies that the object involved is
mapped on itself, i ., Is invariant.

4'5. Permutation expressed as a product of disjoint
cycles. Theorem. Every permulation can be expressed as a product
of divjnint cycles,

‘Che cycles are said to be disjoint 1f they have no object it
common,

Let o be a given permutation of the set

{21 Bgpenrann L .}

Firstly, we put down cyeles of length one each determined by
objects, sf any, which remain invariant.

Then we stert With & non-invariant object and construce & ro¥
starting with the samo and putting after each element the o-imag®
of the same. The number of objects being finite, we shall, after &
finite number of steps arrive at an element whose g.image is the one
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wo started with, ‘This row gives & cycle. In case all the objects
have not been included m the cycles so far obtuined, we shall start
again with one such object and obtain another cycle.

In this manner, after a finite number of steps, we must arrive
at o stage such that each object has been included in one or the
other eycle. Hence the theorem.

Note, From above it is clear that the manner of decompos-
ing a permutation as & product of disjoint cycles is unique. The
order, however, of the cycles can be changed at will, for they are
disjoint,

Example,

12346678 0y
(33265150 7)BA2IEBITSY

Ex. Express the following as o product of disjoint eycles.

L (1 23 458 6y ../ 3456 7 2

@ Gsas1s)®Gyasqo s

46, Decomposition as a product of iranspositions.
Theorem, Every pemutatxon can be expressed asa product
of transpnsitmns. '_‘ - Lo

Firstly we mny seo that every cycle can be expressed as a pro-
duct of transpositions. 1In fact, we have, as may be easily verified

{0y 83 Bgeeenn Oy B} ={gym Yo (o). (a8,

The result now follows from the facts that every permutation
can be expressed as a product of cycles and each cycle can be ex-
pressed as a product of transpositior 8.

We should remember that we are not free to change the order
of the trenypositions, for they muy nos be disjoint.

Note. It should be clearly understood that the expression of
a permutation as a product of transpositions is not unique. In fact
any transposition can again be written as a product of transposi-
tions, e.g.,
{ab)=(ac)(ch)(ca).
There is however one aspect of all these decompositions which
| remains invariant. This is examined in the following sub section,

Ex.* Exhibit the permutations given in the exercises after § 42,
page 13 83 pmducts of transponmons. -
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4°6r. Even and odd permutations, Theorem, For any
manner of expressing & given permufation as a product of transpost-
tions, the number of hanspositions is either 'y odd or even.

Let ¢ be any given permntation and Jet

ES (AR BT( N W51 (- S5 FRSIN
be the expression of the same as a product of disjoint cycles, 7, &, ¢
ste., being the lengths of the eycles.  We associate & natural number
N{o) with o defined as follows ;
N@=(r—D+{s -+ {1 +...

so that N(o) is fized for a given o and denotes the pumber of trans-
p m one of expressing ¢ as a product of trans-
positions

Let

a={(ab}(cd)...... (uv), (1}
be any expression of ¢ as & product of transpdsitians. We Lave,
then,

oluv)......(ab)=¢. 12
where z denotes the Identity permutation. '
We have a lemma,
We have, as may be easily verified,
63 (0 D3 PaoeeP¥ G2 Yoo GHUI = Proepid(U a0y
() (e v py pyo il V) ={o){e pro.pi)y
Git) (g pr PP O Qo) (8 0) == (0 g Pooe Py B Qi)
80 that
(1) © and v oceur in the same cycle and are not copgecutive
n (¢
n )'(2) u and v ocenr in the same eycle and are consecutive in (i)
{3} » and v ocear in different cycles in (15%).
Denoting by » the permutation to the left of the tramspasition
(uv) in each of three cases above, we may see that
Nin(uv)) =k i=(k-+14+1) ~1=N{n)~1 ; in (1),
Np{uv)]=ke=(k+1)~E=Nig)~1, in (i1},
Nigluo} =k 3141 =(k+)+1=N(n} +1, in (ii).
Thus we see that in either case

Nin{uv)l=N{a)£1.
Applying the result of the lemma successively to (2), we obtait
m times @

[sunrsesut-sna—
0=N{c}=N{s}1L1:k1 +1,
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m denoting the number of transpositions in (1) From (3), we see that
N)-m

is necessarily even so that N{c) and m are eitber both odd or both

even.

Hence the theorem,

Def. A permutation is.said to be odd (even) if, when expressed
as a product of transpositions, the number of the same is odd {even).

Ex. 1, Uescribe the permututions given at theend of § 42, os cdd
or aven.,

Ex,2. 8plit up the permutations of Py and Py 2s products of disjont
cycles and describe each as odd or even,

Ex 3. Bhow that the product of two permutations both even (odd} is
even and the product of an odd with an even permutation is vdd,

Ex, 4. Show that the tota] number of odd permutations in P, is §(n ).

The set of all even permutations of degree » will be referred to
23 the Alternating set and denoted by the symbol A,.

5. Compositions in a set. We shall now introduce the
very important notion of Binary composition in a set.

Def. For_any given set 8§, a mapping of the product set Sx8
into § is called @ binary camposzhan in 8,

“To the following, we shall omwit the word binary, since every
composition which we shall consider will necessarily be binary.

By the def. above, we see that a compositionin o zet § is a
napping which associates to each ordered pair of members of S &
member of S.

Hlustrations.

1. 'The mapping

(@b —>atha€Q,0EQ
which associates to each ordered pair a, b of rational numbers, the
rational number @45 i3 a composition in the set Q of rational
numbers, known as addition composition.

2. The mapping

@8 —>ab,sEQ,EQ
is a composition in the set Q of rational numbers, known as multi-
plication composition. "

3. The mapping which associates to every pair of natural
numbers their L.C.M, (G.C.M.) is a composition in Z.

4. 1i D denote the set of all vectors {Directed line segments)
in space, then

(a,0) —>axb,a &ED,bC D
is a composition in D, known as vector multiplication,
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5. If Z denote the set of all sub.sets of a given set §, then
(Sp S) —> 8, U8 8, €5, 8,E€2
(81, 8) —> 8, M 8,

are compositions in £ known as Union and intersection compositions
respectively.

6. If P, denote the set of all permutations of degree n, then

(6,n) —*on, c P,y EP,

is & composition in B,, known as Product or Resultant composition.

7. If Z denote the set of all transformations of a set S, finite
or infinite, then

(on)—>an,c € 5,9ET

is a composition in T, known as Product or Resultant composition in
z.

6. Composition tables for finite sets, A composition in
a finite set can be often described by means of what may be called 8
composition table, as we proceed to explain.

We write the elemerts

(279 PO .

of the set in a horizontal row as well as in o vertical column and put
down at the intereection of the row headed by g, and the column
headed by g, the element associated to the ordered pair (6, a)e

ay o, ay LA oy Tq

o ay O3 Ty —0-' ;— Cs Ce
L] Gy a3 Os [ ] ay LA
L] Oy Cs o Og LA EX
A ¢ a5 oy a; ay €5
Os G5 T Ty a3 Cs a3
ag _;1._ [N A Cs o Ss
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As an illustration, we ider the seb P, isting of all the
permutations of degree three. Taking the objects permuted as a, b, ¢,
we may see that the members of Py can be written as,

ay=¢, 6a=(b), oy=(bc), oy="{ca),
oy ={abc), og=(ach}).

By actual composition; we may see that we have the composi-
tion table for the product composition in Py as given on the preceding
page.

As another illustration, we consider the set consisting of the
five elements

0,1,2,3,4 )

where composition is the ordinary addition reduced modulo 5. This
means 1hat to any two elements of the set (1), we associate the least
non-negative remainder obtained on dividing the ordinary sum by 5.
Denoting this composition additively, wo have
443=2, 3+4+3=1.
The following is the composition table in question.

ta
®»
@
-~
=)
-

(4ddition modulo 5)
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2, PTPRRTY

tion modulo 5 for whirh

We may similarly
the composition table is given below.

o 1 2 3 4

3 2 1

(Multiplication Modulo 5)
Ex.1. How many different compositions are possible in & set containing
(5} two el (¢4} three el and (i} n

Ex.2. Consider the set T of all sub-sets of a set containing thte slements
a, b, ¢ ond draw up compusmon tables for the intersection and union compost
{ioms in T,

Ex, 3. Construct tables for addition and multiplication reduced modulo
6 for the set of elements

0,1,2,3,4,5.

¥x.4. Put down the composition table for the resultant composition 18
the get of all transformations of a set with two elements,

Ex.5. Expresa as products of disjoint cycles all the even permu(ntmn!
of degreo 4 on the symbols g, b, ¢, d and display the composition table for the
Tesultant composition in the same,

7. Algebraic Structures, A set with one or more composi-
tions i3 known ns an Algebraic system and we say that the com:
positions have equipped the set with an Algebrajc structure.

Notati for Compositi It has becama customary 10
sdopt certain d i for te sys-
tems. We shall here mention two nota'.mns—-Addltwe and Multiph-
calive.

In terms of additive notation, the el of 8 iated to
ﬂm element (a,8) of §X8 is denoted by a+b and jn terms of

plicative notation, the el of § iated to {a, b) is ab-
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For the resultant composition m o set of transformutwns, we
have already adopted the mulliplicative notati

For the union and intersection eomposition in the set of all sub-
sets of a set, we have adopted the cup-|_J-and cap-/)-notation,

8. Some types of Compositions. We shall now distingnish
between some types of compositions.

These types are suggested by the various concrete mathemati-
cal systems which arise in applications, We shall describe these types
by adopting multiplicative notation for composition.

81 G ive C iti A composition in a set
8§ is called commulative or Abeha@_j T
ab=bg
Joreverya € 8, b E 8. T
Here, a3 stated above, we have adopted multiplicative i

for the composition.
Nlustrations.
1. The addition and multiplication compositions in Z, (Q, R,
C) are commutative.
2, The intersection and union compositions in the set of all
sub-sets of & set are both commutative,
3, The resultant composition in the set ot au vransformations
of & set is not commutative.
4. The vector multiplication composition 1n the set I of all
vectora in space is not commutative.
5. The multiplication composition in the eet M, (Q) of all
%X n matrices over the set of fational numbers is n- ¢ commutative,
Ex. Put down tables for all possible compositions in et von-
taining two elements. Which of these compositions are Abelian ¥
82 A iative Qompositi A composition in o set 8 is
called associative if B et LR
TTremeemm T e {ab)e =n(be),
Joreverya €8, bES, c €S
Nlustrations, 1. The }v:!d
tions in Z (Q. R, C) are associa!
2 Tlm intersection and umon compositony in the set of all
sub-seta of a set are both associative.
3. The resulant composition in the set or all transformations of
a seb is associative [Refer § 361, page 10].

and multiplication cumposi.
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4. The vector mulliplication composition in the set D of all
vectors in space is not associative.

Ex. Puat down tables for some possible compositions is a set
with three elements, both associative and otherwite,

83, Identity fora positi An element e € 8 is said
to be an identity for a composition in 8, if et T
ae=a=ea,

Jor every a € 8. I
Of course for any given composition in a set, identity may or
may not exist so that we may have compositions with or without
eny identity. In case, however, identity exists, it mmust be unigue.
In fact if e, ¢’ be two identities, we have
ee’=¢ fur ¢’ is an identity,
ee’==¢ for e is an identity, ,
80 that
e=e'
Tdentity element for a composition is also known
element. /
8'4. Inversible el ; for a position with identi-

/39 Neutral

ty. An eloment & of & set § is said to be inversible for & composi-
~tion with identity, denoted multiplicatively, if there exists b € S such
that
ab=e=ba.
Alzo then ¥'is said to be au inverse of a.
1t can be shown thas for an assoeiative composition with iden-
tity, an inversible elemant possesses unigue inverse Thus if &, ¢ be
two inverses of @, we have
(bale=ec=c,
blaz)=be=b,
and
(baje=b{ac),
5o that
b=c.
Tllustrations. 1. For the addition composition in Z, ™€
have no identity and accordingly no inversible element.
2. Tor the multiplication compositionin Z, 1 is the identity
and no inversible ¢clement other than 1. }
3. _For the composition in Z which associates to every poir
of members theit L.C3M,, 1 is the identity but no element other

than 1 is inversible. . . e
/4. TFor the addition composition in Q, (R, C}. 0 is the identity

and every element is inversible,
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6. For the multiplichtion composition in@, (R,’, ), 1 is the
identity and every elément other than 0 is inversible. #
6. For the vector'multiplication corh '4:"" in the set D of

all vectors, we have no ‘idémity« nd-s _"i'.y the question of
inversible elements does not arise.

7. For the intersection composition in the set E of all sab-sets
of a set 8, the members S of X is the identity and no element other
than § of Z is inversible,

8. For the union composition in the set & of al) sub-sets of a
set 8, the null set o € X is the identity and no element other than ¢
of I is inversible.

9. For the resultant composition in the set of all transforma-
tions of & set, the identity transformation is the identity and the one-
one onto transformations are the only inversible transformations.

10. For the set of elements 0, 1, 2, 3, 4 with composition addi-
tion modulo 5 whose table is given on page 19, 0 is the identity and
each element is javersible, 0, 4, 3, 2, 1 buing the inverses of 0, 1, 2, 3,
4 respectively.

9. Binary relations in a set. Wesay that a binary relation
R is defined in a set S, if fur any ordered pair of elements «, b of §, it
is meaningful to say whether @ has or has not the relation R to b,

We write . E%{jﬁ

if @ has the relation R to &. -

Note x, It isimportant to remember that for a binary rela-
tion B defined in a set §, we may, for a given pair of elements @, b
to § bave

neither a Rbucr b R a.

Two such clements g; b may be said to be incomaprable relative-
1y to the relation R and otherwise comparable,

Note 2. Since binary relations are the only relations we shall
be concerned with in the course of this book, we shall often omit the
word ‘Binary’ to describe our relations.

Note 3. It may be seen that every relation R in o sct § gives
riso to a sub-set .1 of the product set Sx § defined s follows:

A={{0,5) : a B b}.

¢ ™ PR s
relatio
+ {s) rellexive 1t o k¢ @ for efth et S, X

. -4
(i) sngjﬂfaﬂbm‘blfawhema €8, QESS&
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(31) antissymmetricifa Rb, 5 Ra ———"D a=b, ’
(iv) transitiveifa R6,0 Rc “——">aERe,

Ex. Show that a relation defined in & set with two or more elements can-

not be ly sy ic and anti 10,

1llustrations.

1. The relation 6>b in Z is reflexive, antisymwetric and
transitive. Further any two elements are comparable.

2. It is usual to write

albwherea CZ, bEZ
to denote that a is a diwvisor of b.

This relation @ | b is reflesive, anti-symmetric and transitive.
All poirs of elements are no! comparable for this divisibility
relation.

3. Therelation §; C 8, in the set T of of sub.sets of a set is
reflexive, antisymmetric and transitive. All pairs of elements of T
are not comparable for this inclusion relation.

4. The relation o ) b of parallelism in the set of all straight
Tines is symmetric as well as transitive. (What about reflexivity %

5. The relation a{b of perpendicularity in the set ofall
straight lines is symmetric but neither reflexive nor transitive.

6. The relation ‘a loves b’ in the set of all human beings i
devoid of reflexivity, symmetry as well as transitivity, It is not
even anti-sy mmetric,

9'2. Equivalence relations and Partial order relations.

The two types of relations to be now defined often arise in
applications,

Def. 1. A relation in a set is said lo be an eguivalence relation.
if it is

{3 veflexive, (i) symmedric and (i) transitive.
Def, 2. A relation in a sel is said to be a partial order relation i
it i«

(f) reflexive, (4i) nnh-aymmetnc, and (iif} transitive.

Ex, Toint out which of the relations occcutring in tho llustrations to the

preceding sub-section are equivalence of partial order relatisns.

g'2r. Equivalence cl induced by an equi
relation. The importance of cquivalence re]a(mns dcpends upon
the followi ing theorem™ =" ~==—=—"" -
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Theorm, Corresponding to an equival relation R defined in
a sel S, there exists a parlition of § in a set of mutunlly disjoint classes
such that

() Jor any two members a and bof the same class, a has the
relation R to b.

{75} Jor any liro members, a, b of different elasses, o does not have
the relation R to b,

Consider any member a of § and the class C, consisting of
members of S in the relation B to a so that we have

C={z:2Ra}
The relation R being reflexive, we have
a Rasothata € C,.
Let b, ¢ be any two members of C, so that we have

bRa,cRa.
Then we have
cRa”""DakRec [By symmetry of R}
bRa,aR¢ """ DbRe. [By transitivity of R}

Thus each member of C, is in relation R to each member of
the same. ’

Now either Co=§ ar there exists an clement say, p of § not
belonging to C,. Thus in case C,%.8, we have a class C, constructed
as above and consisting of elements in relation R to p.

Then, we have

Co M Cp=p. 1)
To prove this, suppose, that
LEC,NC,.
Now
REC ””DhRa
rEC,TDWRp T pRA

and
PRLARAZTTDPpRa "I p EC,.
Thus we arrive at a contradiction and we have accordingly (1),
Hence we obtain the partition as required. The partition of §
obtained here is said to correspond to or induced by the equivalence
relation & and the classes themselves are kuown as equivalence
classes for the relation 2.
"It should be remembered that each equivalence class can be
thought of as detcrmined by any one member thereaf. In the cousse
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of the book, we shall often deuote the equivalence class determined
by any element a by the symbol 4.

Note. As a converso to the above we have the following
Tesult :

Any partition of a set § into a set of mu ually disjoint classes
gives rise to an equivalence relation, the corresponding partition of §
for which coincides with the given partition,

In fact the relation R defined as

aRb,
ifand only if aand b belong to the same class, is the relation in
question,

10. Qpotient Set. The setnf mutus'ly d jrint eguivalence
classes 1n which a set S is partitioned relatively to an eguivalence re-
lation R, is said (o be the Quotient set of § for the equivalence relation
R and is denoted by S/R..

Ex. . The ordinary equality of numbers in € is sn equiva-
Ience relations in G what are the corresponding equivalence classes.

Ex. 2. Give examples of Equivalence and Partial order
Relations met with in classical Algebra and Analysis.

Canonical set for an eguivalence relation. A sub set S Of.
a set § 19 sa1d to be a canonical set for an equivalence refation B
in §1f each member- of §is in the relation R to one and vnly on®
member of §;. Also each member of 9, is said to be a representn':lve
of the equvalence class to whith the same belongs. Thus a ca'nomcul
et is o sub-set comsisting of the single rep ives of the ¢g
classes. .

Iustration. Let § denote the set of all straight lnesna
plane and R denote the relation of paratlelism. .

Then a canonical set consists of all lines through a given point.

Natural Mapping of § onto S/R. The mapping of § anto

S8/R which associates to each element a, of S the _\qnivnlence_class a
which i3 a member of S/R is known as the Natural L"{‘FP'"Vr"[S
onto SfR. The natural mapping is, in general, many-one in a8 m!fcl]:
a3 any member a of S/R is the image of ail those elements of § whic .
are in relation R to a.

11, Lattices. Let S beany partially ordered set for & re
lation whith we would denote by =. §

Upper hound, Least upper bound. If g, & be two '8‘7“”’
members of S, then ¢ & § is said to be an upper bound of g, b if

c2a, c22b.
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Further ¢ is said to be the least npper bound I u. 8),il¢is an
upper bonnd and further d being any upper bonndy we nlso have

dee.

In case there exists al.u. b. of @, b then it must necessarily be
unigue. Thus if ¢ and d are two least upper bounds, we have

c>d ss well as d p¢
so that, by virtue of the anti-symmetry of the refation x, we obtain
c=d.

Lower bound. Greatest lower bound. An element cis
said to be a lower bound of g and & 1f

agze, be
and is said to be a greatest Jower bound (g. & b.) if in addition to
being a lower bound it is such that d being any lower bouud, wo have
c2d.

It can be shown that if g. I b. exists, it i3 unique.

Lattice. Def. A partially ordered sel is said to be a lattice re.
lative I the partial ordered relation in qusstion, if any teolements of
the set have al. 1. b. as well as g. 1. b,

IHustrations. 1. The set Zisa iattice for the divisibility
relation a | b ; greatest common divisor being the & . & and lawest
common multiple being the g. [. b.

2, The set of all sub-sers of & set is a lattico for the inclusion

relation

8 D 8t
union 8, {J 8; being the L w. b and the intersection Sy M8,
being theg 1. .



CHAPTER II
GROUPS AND THEIR SUB-GROUPS

12, Introduction. Historically the notion of a gronp arose'i
connection with linear transfor i in G y and in the Galoi:
theory of Algebraic equations where we are concerned with groups o
permutations of the roots. Moreover, the theory of groups is, af
present, one of the richest and most fundamental branches of
Abstract Algebra and bas played an important par¢ in unifying
various apparently unrelated parts of mathematics.

This chapter will also denl with some of the general properties

of the sub-groups of a group.
13. Group. Def. " 4 set Guitha yposstion is called a group
) ladonti Tt pa. e 3 j‘or“ﬁfe—m :“ ion) the composition
ton for the co ton) Hhe womR =

satiaﬁefx the jollow‘;ng p.o_siu-la
1. The composition is associalive, i.e.,
(ab)c=a(bc)
for every triad of elements g, b, ¢ of .

IL  There exists an identity for the composition, t.e., thete exists

an element. ¢ of G such that
, es=a=ge
for every a € G.

TIL. Every element is inversible, i.e., to each a € G, there
corresponds an element b € @ such that

ab=e=ba.

As in § 83, page 22 it can be shown that the identity ¢ sz &
group is unique and that every element a possesses a unique
inverse b. Since, we have adopted ltiplicative not tion for the
composition, we would write

b=ul,
13'x. Abelian groups. A group whose composition is commauls.
tive it called Abelian or commutalive. Thus for an Abelian group, We

have
ab=bg,

foreverya € G, b & G-
28
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13'2. Finite and infinite groups. Order of a finite
group, WP— whose set is fimte ts ealled a finite group and
otherwise a0 infinjte_group. Thd number of eloments in a finite
group is called the order of the group. Also an infinite gioup 1s said
to be of infinite order.

Note 3. It should be thoroughly understood, that associated
'with any group, we have

(i) an underlying set, and

{ii) an underlying composition in the underlying set,
such that the thiee postulates listed above in I, I, 11l are satisfed.
It is not envngh to say that a certan set is a group unless the com-
position is also mentioned, In fact 1t may be poseible to equip any
given set with different group structures by defining different com-
positions. In case, however, there is no ambiguity about the under-
lying composition in any given context, we may refer to a given set
itself us a gronp,

Note 2. The importance and richness of the concept of a group
arises from the fact that in different contexts, we come across groups
such that the natures of the elements of the underlying sets and of
the underlying compositions are widely different.

Note 3. The element ab™? also denoted by a-=b is called the
right quotient of @ by b. Then ba may be referred to as the lgft
quotient of a by b.

Note 4. 1f instead of the multiplicative notation, we adopt
the ndditive one, we shall write

6-+b in place of ab,
0 in placsefeorl,
~a in place of 673, '
a—b=a+-(~b) in place of 38

It is usual, however, to adopt additive notation for Abelian

groups. TN e T

The identity is referred to as zero and the inverse of a as the
negative of a for groups with additively denoted compositions. Also
instead of the word *quotient’ we uso the word ‘difference’ for groups
with additively denoted ccmpositions.

Illustrations. We shall now consider. some illusfrations of
groups~—finite and infinite, Abelian’ and non.Abelian—drawn from
different contexts.
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I Groups of Numbers,
{i} The set J of all integers (Q of all rational numbers, R of

all real numbers, C of all complex numbers) with addition composi-
tion is an ivfimte Abe]xan group. The zero is the identity apd, —6,

is the mverse of d.

(1) The set of all non.zero rational (resl, complex) numbers
with multaplication composition 1s an infimte Abe]um  group ; 1 is the
idenuty and }ja the inverse of a.

(ii3) The set of afl positive rational real) numbers with muliti-
plication composition 18 an wfinite Abelian group.

(iv) The set of all n wn-th roots of unity with multiplication
compusition 18 a finite Abetan gioup of urder © ; n beng any given
natural vumber,  This group cousists of the n numbers

inr-Lyn’ ogk<in—-1);
1 is the identity and the inverse of S iy the number
eZm(n—k)[n

{v) The set of all n.th roots of unity where n ranges over the
et Z of all natural numbers is an infimte Abelian group with multi-
plication composition.
dul ! L is an ipfinite

{vi; The set of ail
Abelian group with multiplication compusmon.
JL. _Groups-of-Vectors,

(5) The set D of all vectors with vector addition as the composi-
tion is an infinite Abelun group.

(i} The set of all coplanar vectors with vector addition as the
compusition is an infinite Abelian group.

It may be noted that the set D of vectorais not o group for
the vector product composition. In fact none of the three postulates
for the composition in a group are satisfied for this vector-product
composition.

III. Greups of Matrices.

(¢} Tho set of all m X n matrices having their elements &s ine
tegers (rational, real or camplex numbers) is an infinite Abelian grovp
with matrix addition as composition.
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(3i) The set of all nXn non singular matrices having their
elerents as rational {real or complex) numbers is an infivite non.
Abelian group with matrix multiplication as composition.

The set of nxn non singular matrices having elements as
integers is not a group for matrix multiptication, for not all such
matrices are inversible,

For example, the matrix
[ 1
3
shose determinant is ~4 is non-singular but nondnvertiblo in as
much there exists no 2x 2 matrix with elements as integers whoso
product with the given matrix s the identity matrix,
An inverse, however, exists with eloments na non-integral
rational numbers, viz.,
-]
5§ -

1IV. Groups of transforroations. Inthis sct of illustra.
tions, the composition will always be understood as tho Resultant
composition, Also wo may note that tho Associntivity of thiy
resultant composition has already been proved in § 361, page 10 0
that all we hn:o’!_q vgrifyAls that the resultant of two members of the
set is again o member of thoset, idontity js a mv:mlncr of the eot
and that every element of the sct is inversible.

Symmetric group P, of degree n,

(s} The set P, of all permutations of degree 1 {3 a finito nou.
Abelian group of order # 1

This group is known as the Symmetric group of degreo n,

Taking n=1, 2, 3, 4, wo may sco that tho clements of I, Iy,
Py, Py are

2 4o

Poie
P, :z, fab)
B, : ¢, (ab), (be), (ca), (abe), (ack).
¢, (ab), {ac), (ad), (be), (0d), {cdy,
P (abe), (acb), (abd), (adb), (acd), (adc), (bed), (bde), (abyedy,
(Le)(ad), (ca)(bd),
{abed), (abde), (acbd), {acdb), {adbe), (udech,,
{#) Alternating group A, of degree n,
The set A, of all even permutations of degreo » {3 a flnite nop.
sbelian group, known s Alternating group of order § n |
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Let
Gyyreesernesy Oy ]
be the members of A, go that they are all even permutations. Let
p=1ab) be any transposition,
Then
G101serenveney Ok 2
are all odd and different. lp fact
Sip=0gp ) Gipli =(oyple 0 wilepl=0ylp¢)
D g=0p
Also any odd permutation say o can be written as the product
of ab even permutation with p i fact
a==a{pp)=={0p)p ; 6p being even.
Thus the two eets {1) and (2) exhaust all the permutations ol
P, and accordingly k=% n |
The alternating group A; consists of the 3 permutations
1, {abe), ack)}
and A, consists of the 12 permutations
1, (abe), tacb), (abd , (adb), tacd), (adc), (bed), bdc)
\ab)ied), (bej(ad), {ca)(od).
{#i3) The set of all bilinear transiormations of the infinite complex
plane 1s an inhnite non-Abelian group.
Let 2 denote any complex number. Then o bilinear transfor-
maton 18 given by
s> B2tb
catd
where g, b, ¢, d are arbitrary complex numbers with ad—be£ 0. It
may be shown that this 1 w one-one mapping of the intuute comples
plane onto itself.
Let now ¢, ¢ be two bilinear transformations defined by

prz—> p(‘z)=::j::. ad—be0
io TR e ay
gix—> ::\,,)__M‘ra ad~BY 0,

(op)z) =elplz)}
aztby _ a{az+b)){ez td)i+E
= (512) ~Saroneraist
(ax v efyz £ (bxta8)
= (@Y b 07T}
Here
(@x+cB) (67 -+d8) —(ba+dp) (a7 +e5)
= {ad—~be) (aS—BY 0.



GROUPS AND THEIR SUB-GROUPS 33

Thus ep is also a bilinear transformation.
Again
1:4-0
0% 1
is tho identity transformation which is bilinear,
Finally, wo may show that
2 ey (dz}{(cz~a)
is the inverso of p. In fact, denoting it by %, we have
(sp) ol =( %53
__b—dlaz+d)/tcz+d)]
= @ Fb)ites +d)i— =z=‘(2)
80 that Ta=e.
Similarly pr=t,
(iv) The sct of six specinl bilinear mappings
Pu Par F3s Fur Pss P

Z—F =

defined by

1 1 2—1
Pul2) =3, pale) =, gy(e) =12, PR} = So7 4 s(8)= g Pel2)=
of the isfinite complex plane onto 1tself is a finite non-abelian group
of order G.
We may carry vut tho computations and show that fullowing is
the composition table for the set in question .

PL 23 P o 3 fs

P1 171 P2 <] P Ps fs

Pz F2 23 Ps 1] 2] Ps

] 5] ] [ Ps P P2

3 [ es e 23 2]

g

fs s Py P2 Py Ps P1

Py g <3 [ 2] [ £s

wE
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We define a composition in this set to be called addition
modulo m and to be denoted additively such that if o, 5 are any
two members of the set, then a+b=r; where r denotes the least
positive remainder, 0<r<m, obtained on dividing the ordinary sum
of g and b by m.

This compovition is associative in s much as (a+8)+c az wnell
as a+(b-+c) denotes the least positiveremainder obtainedon dividing
the ordinary sum of a, b, ¢ by m.

Also, 0, is theidentity and m—r is the inverse of . Thus the
set in question is a finite abelian group of order m.

VI. Multiplicative groug of integers modulo a prime p.
Consider the set of (p—1} integers

1, 20 p-1
p being any given prime.

We define a composition in this set to be called Multiplication
modulo p and denoted multiplicatively such that if a, b, are two
arbjtrary members of the set, ab, denotes the least positive remainder
obtained on dividing the ordinary product of a and & by p. Ths
composition is associative in as much as (ab)c as well as aflc)
denotes the least positise remainder obtained on dividing the ordinary
product of 0, 8, ¢ by p.

Also, 1, is the identity for this composition.

Tinally let a, be any member of the set.

Consider the following products

1a, 2g, 3a,......, (p—1) a.

No two of these can be equal so that one of these must equal
1. Thus if a'a==1 we see that a’ is the joverse of @,

Thus the set in question with the position as defined is an
Abelian group of order p~-1.

It should be seen that the condition regarding p to be prime
has played an important part here.  As against this m could be any

arbilrary integer when we are considering Additive group of integers
modulo .

14. Somc general properties of groups.
I. For any group G.
ba=ca 277 b=c, (Right cancellation law}
ab-ac T b=c¢, (Left cancellation law)
wherea . G, LE G, ¢ £ G
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the product corresponding to a special manner of parenthesising, viz.
the one defined as follows :

II a‘va,,
i=1
r

—1
a,= II a;} a
t=1 t=={ ) .
[Thus for example
4
. nl a,=[{{a1a,)05}a,]
§=
Firstly we shall show that
T L4 r+2
1T a, Ila =11 a;.
(iz-l ') (jsl ™ ) h=l”
By definition of the symbo) employed, the equality is trne for

=1,
Suppose now that the result is true for s=m, i.e.,

(l'l a; ) ( H “ru>=( k;j;";g).
Then

(H ay )( mr.l*dlz,ﬂ ) (H [} )[( ]’; a,.” a,+,,.+, ], by def.
z[(ig la’ ji’.laru )] Grionty

By the associative law,

r3-m
( 11 1a )dmm By the supposition.
r+m+l
= Moy By def. of the symbol.
k=1

The result now follows by the prineiple of induction.
Consider now the product given by any manner of paren-
thesising
By Gpyenneees Gov
This then is the product of the form

s
. where, b, is the product given by some manner of parenthesising
8y, Ggyusey Ot I<i<n
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and, ¢, is the product given by some manner of parenthesising
Cir1gees Lan
Again, we suppose that the general associative law reqguired te
be proved, is true for every numher <#. Thus

b= Ha,, o—l'l [: 7%
J=t1

bc“( TI a‘ )( II a, )zl.iflab

Thus ail products assumated W n.h the ordered set of # elements
@y,..., g are equal and in fact this product i3 the same as
n
Ma
=1
defined as above.
Cor. I. Inverse of the product of an arbitrary number
of elements.
If @, b be any two elements of a grouo G, we have
(abjr=b~Ya
In fact, by using the general associative law,
(ab, (021} =[a(bb~1)]a?
=(ge)a"=qaa"l=¢,
aud also
(b-1a ) {ab) =e.
By the principle of induction, and the use of the general asso-
ciative law, we may show that
“ (an+1— )

C )

This means that the inverse of the producl of any number of
elements is equal to the product of the inverses taken in the reverst
order.

-1

Cor. II. General 1 powers of el ts. Consider
tho product of n elements each e-qual to a.

By the gencral associative law, this product i3 independent of
the manner of parenthesising and there ia & unique value of the
product. We shall denote this product by thes symbol

a” 3 » being a positive integer.
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Now suppose n i3 a negativo integer, say —m, so that m iz &
positive imager, VWVe shall then write by def.,
@ =am={am) L

By Cor. I, we have

m times -m timos
Ay
3 J =020
( ) et
50 that
(amy~lex (@™,
Thus we also have
ﬂ":(a—l)",

where n=—m,
Also, by def., wo shall write
ab=e,
Thus we have given a meaning to the symbol
o,
for every integral value of m, positive negative or zero.
Laws of indices, It may now be easily shown that
amtr=gman,
(am)n=a"",
for every a & G and integers m and n.
Additive notation, Adopting additive instead of multiplica-
tive notation, we shall write

7 times n times

f_—_A__\ f—'—/\_'\
at-a+t....+a insteadof a a ...
and denote the same by na.

Also if » be 3 negative integer, we have
na=~[(~n)al.
Finally
0 a=0.
Here, 0, on the left is the integer zero and, 0, on the right is
the identity of the group.
Laws of indices to be now known as laws of multiples, take
the form
(mtn)a=raz-tna
n(ma)=(nm)a.
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15. Orders of clements of a group, Def. The smallasl

positive integer m, if it exists, such that

am==g
where a lls <any element of @ group G with identity e, is called the order
ofa. In lhe contrary case, we say thai the order of a is infinile.

We shall now show that

The oider of every element of a finite order group is finile.
Cunsider the positive integral powers

a, % a3, at,...
of a Thcy ‘are all members of @, Since, however, the order of ¢
is finite, theselelements cannot be ail different. Suppose that
at=ql, k>l
This gives
ot = gra ! =glal=d V=a'=c.

There exists, therefore, & positive integer m such that a”=e.
Every set of positive integers necessarily having & least member,
we find that the set of all those po-itive integers m such that a™=e
has o least member, called the ogdgr of o,

Hence the result.

Ta the case of infinite groups, some or all elements may have
finite order. The identity of a group is always an element of order
one Tt may also be shown that the only element of order one in
a group is the identity.

The group formed of all i—th roats ofumty n rangmv over
all natural numbers, is such that even though the group is mfinite,
every element thereof is of finite order.

The elements 1 and —1 are the only two elements of finite
order in the infinite multiplicative group of the non-zero rational
numbezs ; — 1 being of order 2.

The following results are capable of easy proofs.

(i) The order of an element a i3 the same as that of its inverse a7

{i1) The orders of elements °

a, xlaz
are the same ; a, 2 being arbitrary clements of @, This follows from
the fact that .
at=(alaz)t=x
for every positive integer k.
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(i7}) The orders of @b, ba are the same; a, b being arbitrary
elements of G.

This follows from the equality
ab=b-1(ha)b,

and the result (i5) above.
Ix. 1. Find the orders, of the clements of the groups Py and Py,
Ex. 2. Show that the order of a eyelie permutation of degreo » 18 .

[If a=={ay aa...aq), then n)s the smallest positive integer such that oh=c¢],
U

\{{6‘”{" tivity of el of a group. We shall
now eXlablish the general law of commntatn‘xt} of the elements of a
group. We shall prove that if

@1y Ggpeencesy O

is any syslem of n elements, commutative in pairs and

12,

A
is any permutation of the set of n objects
Lo,

then

Mflgeesnely =0 G:  aore Gy o
172 n=0 %, Vo

The result will be proved by induction.
Suppose that the result is true for products of n~1 or less
elements, .
Two cases arise.
Casel, Let i,=n, We have then
@) Bgeenly = {0y Uges.llny) By,
{General Associative law)

=40 A e .
( aix a‘: Yoy ) a'n

{By supposition)
=8, B, ... a,
1 1 In-y ¥
{General Associative law)
Case II. Let n#%id,, k=1, Then °

6y Gz lgmp By Gpiqonlin
= ()80 -y @Tr 410+ Tn)
{Generzel Associative law)
=(8y GgerGi-1) (Ghtreean G5)
(By supposition)
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=(a) a3 0} [(@r41.0.8a) G1]
=((a1 85 . 21} Brpree )] ap
=(0,8; Ag-y Gpag 0.0}

——-( a'.l "1’, .-....u'-n_‘ ) a’-m
= ail a"’a s ai"

Hence the result.

Cor, If a, b are any two eloments of a group such th

ab=la,
then
(ab)™=amim,
m being any integer.

17. An alternative set of postulates for a group. We
thall now show that alternatively a group can be defined as follows:

A set G with & composition is o group if the composition is
associative and ta such that

(i} for every pair of elements a, b, of G, there exist elements x, ¥
of @ such thai

ar="b, ya=b.,

To establish the equivalence of the two sets or postulates for o
group, we have only to show that the postulates Il and 1Tl in § 13,
page 28 are equivalent to (i) above,

It bas been already seen in § 12 that 1 and VII imply (5).

Suppose now that (i) is true for a set G.

Consider an element a of .

By (i), there oxist elements, say e, and f, such that

aea=a, foa=a.
Let now & be any arbitrary element of G. There exist elements
x and y such that
ar=>b, ya=b.
We have then
beg==(ya) ea=y (ae,)=yo=b.
1 ab=f, (azx)=(fsa) z=ax==d.
Thus e, and f, are o elements such that for every element b
of @,
beg=b, f; b=b.
Also, in particular taking b as f, and &;, we have
Jata=fo, faea=¢a
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o Jo=ts.
We denote this clement by e and see that
be=b, eb=b

for every element b of 7. This establishes the postulate II of § 13,
Again, there exist elements 2, ¢ of @ such that
az=e, la=e,
& Henyste ZTD (la)e=t Z "D 2= T "D 2=t
Thus for each element & of @, there exists an element z of @&
such that

az=e¢, za==e,
5o that IIL of § 13 is a consequence of (¥).
Ex. Show that a fimite set & with a composition is o group if the compo-
gition is associative and the right end left cancellation lans hold in @, i.e.,
arsby Ty a=b, za=ab > a=b.
Show further that the vahdity of the cancellation laws does not charae.
terise inflnite groups and characterises finite groups only,

18, Isomorphism of groups. Notion of an abstract
group. We now introduce the very important notion of isomorphic
groups.

Let @, &' be two given groups, Wa suppose that the
two underlying compositions in the two groups are both denoted
multiplicatively.

Then we say that @ is fsomorphic lo @' and in symbols

=0,
if there exisls a one-one mapping f of G onto G’ such that
J(ab)=f(a) f(5) o (Y
Jor every a & G, b © G; i.e., the imuge of the product is the product of
the fmages.

Algo then, £, is said to be an isomorphic mapping or simply an

isomorphism of @ onto @',

Briefly, we may say that f is an jsomorphic mapping of @ onta
@' if it is onc-one onlo and preserves the compositions in G and G’
i.e., is composition preserving.

It may be remarked that if @ is isomorphic to &, then there
may exist more than one isomorphic mapping of & onto &',

The condition (1} states that if

ob=c, eG4, EG cEQ,
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then we also have
o't =¢
where
a'=fla), ¥'={f(b), ¢'=f(c)
so that each relation between the elements of @ is carried over to a
corresponding relation between the corresponding elements of G,

Note. The following points about isomorphic mappings are
mmportant.  We shall suppose that fis an isomorphic mapping of &
onto ¢,

(1) The image of the identity of @ is the identity of @', i.e., fe) Is
the identity of G,

Let @’ be any element of &' so that there exists a & G such
that

fla)=a".
Now
ac==a "D fla) fle}=f(a) ZZD o' fle)=fla)=a’,
ea=a 272D fle) fl@)=fla) Z° fle @’ [a)=a’.

Hence f(e) is the identity in G,

(i) The image of the inverse af any element @ is the inverse of
the tmage of a, i.e.,

fa)=1f@n*
We have
aot=e T fla) fla7) ={le),
ala=e 77700 fa™) fiay=j{e)
. falt=fa).

(m) The order of the image of any element is the order of the
element, e, the order of an element is invariant for isomorphic
mappings.

Suppose that a is an clement of @ of finits order m so that

aM==e,
-~ L@ =fle),
*. the order of f(a) is <m. If now the order of f\a) is k<m 80
that
[fa)t=fle),
it follon: that
J(aY=fie) TD at=e

£ that wo anldve at a contradiction,
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It can also be shown that if the order of a is infinite, then that
of f (a) cannot be finite.
Ilustrations, (i) The additive group & consisting of all
integers
=3, -2,~-101,2,3,......
is isomorphic to the ad litive group & consmmg of all the integral
multiples
vereey —3M, —2m, —m, 0, m, 2m, 3m,......
for any given integer m.
It may be verified that
a~>ma, oG mE G
is an isomorphic mappings of & onto G".
(1) Let @ denote the additive group of all integers
—4, =3, =2, —1,0,1,, 3, 4,.....
and @ the multiplicative group of all positive and negative powers
of an integer, fay, 2, viz,

1 1
T T bhB48 6.

m—> 2"
is an isomorphic mapping of @ onto &' The mapping, clearly, is
one one and onto and we have also
mAn —> 2min=gn on
so that the sum of any two members of & corresponds to the product
of the corresponding members of @
Here the elements of both the groups are numbers but the
composition in @ is addition whereas that in ¢ is multiplication,
(iii} The additive group ¢ of all real numbers is isomorphic to
the multiplicative group G’ of all positive real numbers ;
z—> ¢f,
being an isomorphic mapping of & onto &',
(tv) The multiplicative group G
roots of unity, viz.,

of the four fourth

g

1, -1,4,—1
is isomorphic to the gronp G* formed of the four permutations
1, (abed), (ac)(bd), (adel)
each of degree four.
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We denote the four permutations by 4;, 4,, 4,, 4 respee-
tively.

The following are the composition tables for the two groups.

IR ERERED Ay 4] 4g] 4,
Al th & Ao Al Ay 45) Ay
e\ (L LA A3 ) A Ay | A| 4y
SlAa L ln ks daf Asi Ag| Ai| 4s
Jo i | s VALK A) Ag| 43 As| 4

These show that if wo replace
o Ju fo S
by
Ay Ay 43, 4,
respectively, the position table for @ L that for G°.
Thus the mapping g defined by

glft=dy, g(fat=de glfs)==dy 9(fd=4¢
is an isomorphio mapping of & onto @',
Hence the result.

Nate. The reader may verify that the following magppings of
@ onto (' are also isomorphivms :

G) firdy,  Sevds fidy Sirdy
(i) =y Sy>edss Sirdr ferds
iy it Sorde Sirda firdy
(ie) fio s fo>da Sirdy Sy
® fivdy, fird Sirde Jords
(¢i) The group G formed by the six bilinear transformatjons
F10 0 B B0 €50 Ps
as defined on page 33 and the group Py formed of the six pere
mutations
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We write
Ay=1, Ay=i, Ay=-—-1, Ag=—i
By=I, By=(abed),  By=(ac)(bd), B,=(adbc)
and set up the composition tables. They are as follows 1—

Ay | Aa | Ax | 4 By | B, B, | B,
A1 4] A5 4. A, B, | By| B, | Bs| B,
Ay | da] Aa| A4) 4, By| By| Bs | By | B,
As) Aa} 4, 4;) 4, B, | B, | B,| B, | By
A} Ay | 4, | 4a] 4, Bi| By| By} Bs| By

It is obvious that if we replace
'All Al) A:Y Al
by
By, By, By, By
in the composition table for @, we reproduce the complete composi-
tion table in &',
This shows that the mapping f of ¢ onto G’ defined by
J(di) =By, f(45) =By, f(d:)=By, f(44)=B,
is an isomorphism.
Note. The reader may verify that the mapping g of @ onto ¢’
defined by
9(41)=By, g{d)=B,, g(45)=By, gld)=B:
is also an isomorphism.
(v) The group @ formed of the four bilinear transforioations
Jis fa far Jor defined by
1 1
iD=z f; 5)=—~»fa(=)=?x fl(z)“—"‘;'

is isomorphic to the permutation group of degree four formed by the
four permutations
1, {ab), {cd), (ab){cd).
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We denote the four permutations by dy, 4y, 4, A, respec-
tively.
The following are the composition tables for the two groups.

h il |5 (h Ar| As| 45 4,
Hhjh|fh)f |/ Ay | 4} Ag) 4a] 4,
/RN B F A A 42 Ao | Ar} 4] 4g
S lh 1 Jo|h ) do] daf Ay| Ar) 4.
Solfe |5 |8 1A Auf A4 | 4o 42 4

These show that if we replace
fh ,i! fJY fl
by
- P PR P
respectively, the composition table for & becomes that for G”,
Thus the mapping ¢ defined by
glfi=dy g(fa)=4s glfs)=4s g(f)=4,
is an isomorphic mapping of ¢ onto &.
Hence the result.
Note. The reader may verify that the following mappings of
@ onto @' are also jsomorphisms :
G) findy,  firdy  fiodo firds
i) imrdy,  Jords fords fords
@0 fimrdy,  Sirdy fo>ds, fords
(i) irdy, oA fards Jionds
©) firdy,  Sirdsy  Sordu Jords
(vi) The group @ formed by the six bilinear transformations
£1: P2 P> P1s Pss Po
as defined on page 33 and the group P; formed of the six per-
mutatiops
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I, (ab), (be) (ca), {nbc), lach}
are isomorphie.

Wo denote the permutations by Ay, da, Ay Ags As, dg Tes-
pectively.

On comparing the table given on pages 33 and that for P, we
may see that the mapping which maps

P1s Pas P39 Pus P35 P
on
Ay, Ay, Ay, Ay, A, Ay
respectively is an isomorphism.

Note. We may suggest other possible isomorphic mappings
of @ onto @, also. Whild d>ing this we may boar in mind the fact
that only elements of equal orders can be mapped on each other
through an isomorphic mapping.

Note. It is important to remember that if @, @' be two finite
groups, such that f is an isomorphic mapping of & onto @', then,
if we replace each elemont in the composition table for & by its /-
image, then we obtain the corresponding composition table for &,

The composition tables of two isomorphic groups are thus the
same except for the notations for the elements of the groups,

7t Relation of isomorphism in the set of all groups.
W{Tbeo ‘em. The relation of isomorphism in the set of all groups is
>4 an equivalence relation.

Reflexivity. We have

G =
for the identity mapping of @ onto itself is an 1somorphism.

Symmetry. Let
6 =6,
and let f be an isomorphic mapping of f ento ', As f is a one 0o
onto mapping, S exists and is also one onto. We shall show that
[ is an isomorphic mapping of ' onto G.
Let o/, b’ be any elements of 6. Let
F1(a)=a € G, f(0') =8 € G,
80 that
a'= fla), ¥'=f(b).
We have
JHa 0) =1 f ) SN
=/{f(ad)1

for f is an isomorphism,
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S fHedysS Leb)]
=)=/ @) [N,
- @ =G
Transitivity, Let
- G =6,
nd letf, g be the respective isomorphic mappings.
As f, g are one-one onto, .5, gf is also one-one onto. Further
o) =lglJ(ab)), ¢ € 6,4 E @
=glfta) /()]
=glf1a)} oL/ ()]
=((af)(a)l (g IB)]. H
»~ gf is an isomorphic mapping of & onto @, so that
[¢/=Te8
Ex. Supply explicit reasons for each of the steps in the above proof.
Note 1. This theorem shows that there exists a partition of
all the groups in mutually disjoint classes such that any two groups
belonging to the same class are isomorphic and no two groups
belonging to two different classes are isomorphic. Any member of a
class characterises the entire class so fur as the group properties are
concerned. Abstract study of groups consists in the determination
of propetties which relate to an entire elass of isomorphic groups
and which 8s such take no account of the particular natures of the
) and of the compositions of the groups in the same class,

Accordingly two isomorphic groups are also said to be Abstractly
identical,

Note 2. The theory of groups had firat been developed as a
theory of permutation groups in the context of the use of the same in
the Gulois theory of Algebraic equations. However, it soon came to
be noticed that for n major part of the problems, the actual nature of
the elements, viz,, permutations were not of any special significance
and that the only thing of importance is the fact of existence of a
composition defined in a set such that certain postulates are satisfied.
In this context, the theorem, due to Cayley, to be proved in § 18,
page 51 acquires special signifinance. . This theorem states that there
exists a permutation group isomorphic to every finite group. In
other words it means that in every equivalence class of imute order
isomorphic groups, there is present a certain permutation group.

Note 3. It may help the reader to recall that the notion of
natural numbers has also been srrived at through s process of
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abstraction, in as much as each natural number is representative of
an cquivalence class of finite equivalont sots which aro defined such
that thero exists a one-one mapping of the one onto the other.

Ex, Show that the total number of abstractly different groups
of any given finite order is finite. Stato some upper bound of the
fotal dumber of abstractly different groups of order n.

72. Transference of group structures, Theorem. If
"G is a group iiliis-g set with @ composition (supposed denoled mulli-
plicatively) and there ezists @ one-one mapping [ of G onlo @' suck that

flab)=fla)f (4, s €G,bEG,
then @ is also a group isomorphic {o @ for the composition in queskion.
= It has here to be shown that the composition in &' satisfies the
three group postulates.
Associativity, Let o', b, ¢’ be three arbitrary eloments of G-
» There then exists three elements a, b, ¢ of G such that
fla.=a', f b=V, fle)=¢".
We bave

{a'") ¢ =1f12) f6)) fc)

=[f{ab)if{c)

=filabe}®

=fla (be)]

=f@){f (bel]

=fla) {Lf &) [f(e)]} =a"(c)
Existence of Identity. 1f e denote the identity for the group

@, we have

{fie)) o'=L[f (I f@)]
= flea)=fia)=a'.
Similarly
a'[flet]=a'. .
Thus f(e) which is the image of the identity ¢ in G isthe
identity in @',
Inversibility. We have

ag-t=e, -
Fa) fiat) =1 (eh
ie, o flaty=J{e)

Similarly
Je) a'=f(9)
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Thus f(a~1) is tle inverso of a” in @', i.e.,

. (fla)) =(a)t= fia)

Hence the theorem.

‘Note, It is important to remember that the image of the
identity in @ is the identity in G’ and aso tho imago of the inverse is
the inverse of the image. .

The reader may seck a verification of these facts by an exami-
natfon of tho isomorphisms considered in the illustrations (i), v),
(vi) on pagcs 45.48
(v x\tf Cayley’s Theorem. Every finjtegronp @ is isomor- |
phu: to a permutation group.

Suppose that @ is o finite group of order 7 and that ita n ele-
ments, in some order, aro

[ T30 TSNy, FARIRUNY. ()]

Let b bo any element of G so that it is one of the elements in
the set (1).

Then

b3y, Bgyeerency Btfyunanney b3y
are all diferent element$ of G and accordingly thoy are the elements
of @ written in a possibly different order. In fact
bay=bay Z70 b7 (bay) = b7 (bay) 5D (5-'b)ac=(b-%b)ay

> a=a;
Thus

a; — bay,
is g one-one mapping of the set (1} onto itself so that

Gar

n.
is » permutation of degreo n. We shull denoto it briefly by
ba ) or by IT,.

Thus we sce that we have a permutation of degree , viz,, 11,
corresponding to each b & Q.

Let G denote the set of all the p jons ITy corresponding
to the elements of the set (1).

Consider the mapping

Fro>(pg )=

of G onto &
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Firstly, this mapping of @ onto"@” is une-one for
bt 7D bagtea; "D Ih# L.

bo——rTpe= g:;‘)= (b‘:‘ )( ;'a)

= (s ) )=t

Thus we see that we have a one-one mapping f of the group ¢
onto a set @' of permutations such that
F (be)= Mpe==T1,1Te=f (8) f(c)
Thus & is & group isomorphic to the group G.
Hence the theorem.
Ex. Proceeding as in the theorem, find the permutation group
isomorphie to

Again

(i) the mu\tip!iciéive group of the fourth roots 1, -=1, 4, —i, of
unity. - .

(i) the group of bilipear transformations of aider 4 given it
Ex. {v), page 34, )

(i) the group of bilinear transfurmations of order 6 given 38
Ex. (iv), page 33.

Ex, Show that for an any group G, not necessarily of & finite
order,

Miz—raz;aE€GaE G, .
id a one-one mapping of G ontoitself. Henceprove the genemﬁsutlﬂ“
of Cayley’s theorem viz,, that every group is isomorphic o6 transfor
mation group.

19. Complexes and Subgroups of a group. The jmportant
notion of subgroup of & group will be introduced naw. In doitg
this, we shall continue to adopt the multiplication notation for the
group composition.

Let @ be any group. Then @ also denotes, acvording to 0‘“:
convention, the set of elements of the group. Let, now, # bo 2y
subeet of G. To each ordered pair a, b uf H, regarded as membcf'"
of G, correspunds a member ab of G which way or may not belong
to H. 1f, however, H is such that

«EMbERTTab EH,
wo say that H is atable for the composition iu @ and that the co®
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position in ¢ has induced o composition in H and fnslly the
composition in H given LY

(a, ) —>ab,a E H,bE H,
is called the Induced Composition, Further it may be possible,
that 1! is itself a group for this induced composition and if it be
50 we say that H is a subgroup of G.

Def. A non void sub-set H of a group @ is called a sub group
of @ if it is stable for the composition n G and is a group for the
induced composinon.

The sub.set consisting of the identity alone and the entire
set @ constitute two sub-groups of the group G. A sub.group other
than these two sub-groups is often known as a proper sub-group.

In general, any sub-set ¥ of a group, whether a sub-group or
not is known as a complex.

Illustrations,

(i3 The additive group of integers is » sub-group of the additive
group of rational numbers.

() The muuplicative group of positive rational numbers is
& sub.group of the multiplicative group of non-zero real numbers,

(#%7) The additive group of & system of coplanar vectors isa
sub-group of the additive group of all vectors.

(iv) The group formed of the six bilinear transformations of
the complex plane given is Ex. {(iv), page 33 is a sub-group of the
totality of bilinear transformations of the plane.

{v) The set of all » #n-th roots of unity is a sub-group of the
2n 2n.th roots of unity ; group composition being the multiplication
of numbers.

It may be shown that

(5) the identity of a sub-group is the same as that of the group.

(i4) the inverse of any element of a sub.group is the same as¢
the inverse of the same regarded as an element of the group,

Ex. Show that the order of any element of a sub-group is the
same o that of the element regarded os a member of the group.

Ex, Show that the following sub.sets of elements of Py
constitute sub-groups of Ps ¢

() I, (ab). (i) I, (ca). (i%5) I, (ab). (fv) I, (abe), (ach).

Ex. Show that the following sub-sets of el of P, consti-

tute sub-groups of the same :
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() 1, {ab)(cd), (ac)(Dd), (ad)(be).
(#%) I, (ab), (cd), (abd(cd).
Gi5) 1, ao), (bd), (ac)(2A).

(iv) 1, (abed), (ac)(bd), (adcb), (ab)(ed), {ad)(ch), {ac), (bd).

20. Algebra of complexes of a group, Tet T denole the
set of all complexes of & group &. We shall now seek to introduce
some useful binary compositions in ¥ and also obtain relations
between the rame.

Two of the compositions are purely set theoretic, i.e., they
take no account of the group composition. These are the intersec-
tion and the union compositions. Thus if K, L are two members
of ¥, we can associate to & and L, the two members of Z, viz.,

ENLand K\J L

A third binary composition which takes account of the group
composition is the ane which assaciates to &, L the complex
KL
isting of the elements of ¢ obtained on multiplying each member
of K with each member of Z. This complex way be referred to &8
product of K with L.
The follawing relations can now be established
{i) (KLYM=R(LM).
(Associativity of multipli
{i7) K(L\J My=KL\J KM,
g0 that multiplication is distributive with union.
(33 KL N CKLO KL
(§) Let x, g, z be any atbitrary elements of K, L, 3f respective’
1y 8o that

(zy)z & (KL)H,
But
{zy)z==(yz) € K(LM).
(KL)M C K(LM).
Similarly
KLy C (KL)BI.
Thus

R(LM)=(ED)M. .,
(i) Each member of K(Z \ J J) is of form zy where
sC K, yCLoryc A,
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Now
s EK,.yEL T & KL,
zC K,y M T 2y C KN,
Thus
2y € KL\J KX,
so that
KL ) C XL KA, (1)
Also every member of KL \J K is of the torm zy where
zy € KL or zy KA

8o that every member of KL\ J KM is of the form xy where
s E K, yELor M, ie, y C LU M.
Thus
EL\J KM C K@ \J A, @)
From (1) and (2), we bave
R(L\J 3)=KL\J KM.
{#if) Every member ef K (J. /M Af) is of the form 2y where
cE KandyC Laswellasy & 3

8o that

zy € KL as well as 2y € K3/
and accordingly zy & KL (M KM,

Thus .

HL VM) C RLOVRAM.,

Tn general, however, we do not have

K(L N My=KLNEM

This may be seen on considering the complexes K, L, 3 of P,

where
E=(bc), {ab) 3 L=(ab), M=(ac).

The basie reason for this is that a common member of K1 and
K2, way arise for different members of K.

Note. It may sometimes happen that two complexes X, L
are such that KL==LK. In this case say that the two complexes
are commutative, It should, however, be remembered that this
equality does no! mean that each el of K is ive with
cach element of Z. All that this equality means is that if a, b be
any arbitrary elements of K and L respectivety, then there exist
¢ & L and d & K such that

ab=cd, ab € KL, ed & LR,
s
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" Note. It is also i y to ider a Unary
composition in T which associates to each complex K another com-
plex denoted by K-' and consisting of the inverses of the elements

of h.
itérion for a complex to be a sub-group
e . A necessary and sufficient condilion for a complez
p/3 1

O
Th
H of groy, o be a sub-group is that

e€CH,bEH _—D et EH.
The condition is necessary. Let H be a sub group and let
a€C H, b H,
Then we have, H being a sub-group,
bEH D e 4,
aCH,MER T a1 EH.
The condition is sufficient, leta & H.
Then, by virtue of the condition, we have
aC H, aCH D aa'=¢ € H.
Again
eEC H aCH D eal=atC H
Let now b be any member of H, 5o that as already shown
1 EH. -
We have .
aEH, 'E H 7> alb?)'=ab & H,
Thus H is stable for the composition in @, possesses the iden-
(ti!.y and the inverse of every element. Hence H is a sub-group of G.
Another form. The condition obtained above may b0

réformulated as follows :
A mnecessary and sufficient condition for a complex H to be 8

gub-group is that
HH C 4. .
This result can also be stated in a little sharper form as follow :
4 necessary and sufficient condition for a complez Htobea
sub group is that
H H=H.
All that we have to do is to show that
HH C HC > HH'=H.
if H is & sub.group.
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21'y, Criteria in the case of finite groups. We shall :
now prove a form of condition valid for finite groups only.
Theorem, A necessary and sufficient condition far a complex
H of a finite group @ to be a subgroup is that
aC H, bE’_H::DahEH
The necessity for the condition is immedijate.
Leta & H. The group & being finite, the order of 4 is finite,
say n. Then
an=e.
. by successive applications of the given criterion, we have
aCHZ " "Da'=e C H, a*'=g"1 C H.
Thus the condition is also sufficient

Another form. 4 ¥ and suffici dition for a
complexz H of a finite group o be a subgroup thereof is that
- HH=H.

The proof is feft to the reader.

Ex, Show, by means of an example, that the criterion obtain-
ed above in § 21'1 is not valid for infinite groups.

[The sub.set of all posmva integers of the additree group of
integers satisfies the criterion in question without being a subgroup).

2r'z. Subgroups ofithe additive group J of integers. It
may .be easily verified that the set of all multiples of integers by_a,

, given integer m is a sub-group of J. We shall now prove the
e NI S

COnverse.

Let H be any sub.gronp of J. 1f H does not comsist of the
identity alone, then for any member [ of H, ~Iis also a member of
" Heothat H docs contain positive members also, Let m be the
smallest of the positive members of H.
Let, now, n be any member of H. There then exist two
integers g, r such that

n=mg+r, 0L r <m,
AsnEH,mgE H,

A r=n—-mq & H.
e r=0,
and n=mq. .

meer of H is a multiple of m.
Alsosince m H.mlrf)lwf (a4
Hence the result.
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" Note. It is also sometimes necessary to consider a Unary
composition in ¥ which associates to each complex X another cow-
plex denoted by K~ and consisting of the inverses of the elements
of h,

; ar izion for a complex to be a sub-group
, The . A mecessary and sufficient condition for a complez
H of group 7 to be a sub-group s that
eCH VEH T ab Y € H.
The condition is necessary. Let H be a sub group and fet
eC H, b€ H.
Then we have, H being & sub-group,
VEH D> V1EH,
eEH P EH T et EH.
The condition is sufficient. Let o & H.
Then, by virtue of the condition, we have
e CH aCH D as'=e C H.
Again
eCH aC H =D ewl=alC H
Let now' b be any member of H, so that as already show
1 H. -
We have -
Q€ H, §1C H T atYi=ab C H.
Thus 2 is stable for the composition in G, possesses the iden-
ity and the inverse of every element. Hence H is a sub-group of g
Another form. The condition obtained sbove moy bo
réformulated as follows :
A necessary and sufficient condition for a complex Hitoben
sub-group is that
HETC 4.
This result can also be stated in a Iittle sharper form as follow *
A necessary and { condition for @ complez H tobed
sub group is that

HH=H.
All that we have to do is to show that
HHAC R Co— HH'=1.
if H is a sub-group.
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2ry, Criteria in the case of finite groups. We shall :
now prove a form of condition valid for finite groups only.

Theorem. A necessary and sufficient condition for a complex
H of a finite group @ {6 be a subgroup is that

s H b H-T"abC H.

The neeessity for the condition is immediate.

Leta & H. The group & being finite, the order of a is finite,
say #n, Then

at=¢.

. by successive applications of the given criterion, we have

aCHIZ"Da'=eEH, a"t=a1C H.

Thus the condition is also sufficient

Another form. A necessary and sufficient condition for a
complex H of a finite group to be a subgroup thereof is that

- HH=H.

The proof is left to the reader.

Ex. Show, by means of an example, that the criterion obtain.
ed above in § 21°1 is not valid for infinite groups.

[The sub.set of all positive intcgers of the additive group of
integers satisfies the criterion in question without being s subgroup].

s Selezeupe |'!'.l‘|'|- additive provep Jof integers, It
‘ ' B f_integers by a,

now prove the

Ot Semi i e

Let H be any sub-group of J. 1f H does not consist of the
identity alone, then for any member ! of H, —1is also & member of
H wo thet H does contain positive members also. Let m be the
smallest of the positive merobers of H.

Let, now, n be any member of H. There then exist two

integers ¢, r such that .
n=mgtr, o< r <m,

i Asn EH,mgE H,

re=n—mq € H.
r=0,
and n=mq.

Thus every member of H is a multiple of m. |
Also siice m & H.\:men@waﬁfé H.

Hence the result,
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22, Algebra of the sct of sub.groups of a gronp. We
shall now exumine what happens to the compositions of intersection,
union and multiplication in the context of the set of all sub.groups
of o group G.

22't. Intersection, Largest subgroup contained in two
subgroups, Theorem. The nlersection of any two subgroups of 4.
group G 13 again « subgroupof G.

The intersection of two sub-groups cannot be void, for identity
is, at least, the element common to buth,

Consder any two subgroups

Hy, =12,

Let *

e € H, "\ Hy, b € Iy M Hy.

Now

aCH N6 C 0 € Hyy

bE H\NH, T DO bE H,bE H,
Again, H,, H, being subgroups,

e CH b EH T D aEH,

e EH, bE H, T D alt € M,

Thus

abt &€ Hy M He”

Accordingly, we see that

e CH M H, b EHNH, D1 CHMNH:

Thus, by § 21, page 56, H, is a subgroup of G.

Important, H, {" H, is the largest subgroup contained in Hy
as well a8 H, in the sense that it is contained in H, as weil as Hy and
contains every subgroup contained in H, and H,.

Generalisation, Proceeding, as above, we may glso show fh”
the inlersection of any arbitrary famuy of subgroups of ‘a group 8 ¢
subgroup.

222, Unifon, Smallest subgroup ind ?
groups. The set theotetic union of two=subgréups may - pob be
sub-group. Consider, for example, the two subgroups

Hy=1, (ab) s Hy=1, (be)
of the symmetric group P;. 'Then the complex Hy () Hy, consisting
as it does of the elements,

two sub-
-
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1, (ab), (b}
is not & subgroup of Py :  This is so atleast because
(bc) (ab)={ach)
is not a member of the union H; \J H;. We now pose the problem
in anotker way corresponding to the idea of the largest subgroup con.
tained in Hy and H,. Let us now be intercsted in the smallest sub.
gronp containing Hy as well as H,.

We may, infact, view the problem from a httle more general
point of view and instead of considering the complex H,\J X, con.
sider any arbitrary complex.

22'3, Smallest subgroup containing a coxqplex. Let A
be any arbitrary complex of a group G, Then & subgroup H of @ is
called the smallest subgroup of @ contas Mif N

H2u,
and any sub-group K containing A contains H.

It can be shown that the smallest subgroup containing a complex
exists and 13 unique.

Assuming existence, we see that if #,, H, be two smallest sub-
groups containing M, we have

Hy, C HyeaswellasH, C H,,
so that Hy=H, and accordingly we have cstablished the uniquencss.
We shall now prove two theorems in this context.

Theorem L. The intersection of the famly of subgroups which
the plex Al s The llest subgroup containing .

The family ¥, in question, is not void for atleast G is a
member of the same,
Let 2 denote the intersection of the family F so that, as proved
in§ 22-1, I! is o subgroup of @, Alse obviously
noM.
If K bo any subgroup containing Jf so that K jsa member of
F, we have
KEDH
Hence the theorem.
Theorem Il.  The set of elements of (7 expre«sible as products of
positive and negative powers of finite numbers of eloments of M s the
smallest aubgroup containing M.

By
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By § 21, page 56, this set i3 necessarily & subgroup. Alwo,
clearly, tt must bo contained in every subgroup contsining 47,

Hence the theorem.

Def. The smallest sub-group containis splex A 18 said lo
be the subgroup generated by M and is denoted by {1},

Thus the smallest subgroup containing two subgroups H, and
H, is the subgroup generated by the vomplex &, {J #, and denoted

by the 8y mbol
{H,\ H,y}.

This sub group is also known &s the Composite of the $wo sub-
groups H, and H,.

Note, I follows from the results proved above that the set of all
the subgroups of a group 1s a Lattice for the partial order «Contained
in’. The least upper bound.and the greatest lower bound uf any two
memnbers, f,, H, being .

{&,\J H,} and B, N H,

respectively.,

23. Systems of generatars of a group. A sub-set A of &
group @ is suid to be & generating system of G, if the subgroup gene-
rated by 3/ coincides with @, i.e.,

{M}=G.

Also we say that A7 generates G.

OF course every arbitrary group possesses atleast one generating
system, viz,, the group itself,

Also o generating system is said to be irreducible or indepen-
dent f no proper sub-set of the same generates the group, i.e., if 10
member of I belongs to the subgroup generated by the set of remain-
ing member of the same. A group may not, however, possess an
independent generating system.

It can be shown that every finite group possesses an indepens
dent generating aysiem. In fact we can even establish a little mor®
general result viz., that every generah'ng system of a finite group

an ind g sub-ayst
Now if M be any generatmg set of a ﬁmta group G, then the
set JI' obtained on eliminating from A each such element ag belongs
to the subgroup g d by the remai s of A I8 ':}”
required independent generating set. Clenrly, we can arrive ab/
after a finite number of steps,

It should bo seen however that o finite group may possess
several distinet independent generating sy different

P
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bers of el Asan pl ider the group G formed
by the six 6tk roots of unity,

1. a, a®, a8, a¥, b,

where
LIS
a=cos+isin o
3 + 3

The orders of the elements a, a2, a*, a3 a° respectively are
6,3, 2386
Wo then have
G={a}, @={a®}.
Also
G={a? a*}.
Alsothe 2 elementsa?, o form an independent generating system
in as much as of these two elements no one lies in the subgroup
generated by the otler,

An infinite group may nof possess an independent generating
system.

23'1. Independent relati
the independent generating system of a finite group.
"TTIFiS clear'that The system of all possible formal products of
positive and negative powers of elen:2ntsof anindependent generating
system 2 is infinite.

Since, however, G is finite, these products of powers eannot all
be different and accordingly the members of Jf must necessarily be
subjected to some relations of the form

a®t P V=0 P e,
or of the form
P LA
where g, b, ¢,...... are different members of ¢ and «, B, 7...... are
some pesitive or negative integers.
Of course some of these relations must necessarily be of the
form

am=e, bn=¢, etc.,

m, n etc., being the orders of g, b, ete. respectively.

Tt shonld thus be seen that when we say that a certain generat-
ing system is independent, it does not mean that the elements of the
system are not connected by relations. In fact, ns shown above, such
relations must exist. Of course, no one element of such a system can
be expressed in terms of the others.
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Nlustrations,

1. The set of permutations
(12), (13)yucerns, (In)
18 an independunt generating set for Py.

We already know that overy member of P, is a product of
cycles and shall now show that every cycle is a product of members
of the given set.

For a cycle containing the symbol 1, we have

(1 aya,...... a;)={1ax)..... (1a;)(la,).

For a cycle not containing the symbol 1, we have

(Bybz.ne - b)) =(155)(181)...... (15} (1Dy).

Also since each member of the given set of permutations con
tains an element not contained in any of the others, we see thw |
given set is independent. )

2. The set of permutations

(123), (124),.0v.e, (120)
is an independent generating set for A,. .

We shall show that the product of every pair of transpositions
is expressible as product of the permutations of the given set. )

Each even permutation can be expressed as a product of pairs
of permutations

(12), (13),. .., (im).
We have
(1) (12)= (124), i5£1, i£2 )
A1) = (15) = (123) (122) (125) (123), .
==t i1, i£2 1§, A2 JE
3. Consider Py with elements
1, (ab), (be), (ca), (abe), (ach).
We denote these elements by
1,4,B,0,D,8
respectively. As seen above in (1), the clements
A=(ab), B=tbe)
constitute an independent generating system of Py,
The following independent relations are satisfied by 4, B :
A=, B=1, (ABP=(ach)’=1.
Ex. 1. Exhibit all the permutations of Py as products of
powers of the permutations
(12), (13), (14).
Ex, 2. Exhibitall the permutationsof A, as products ot powers
of the permutations
(123), (124).
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Ex. 3. Show that the (n—1) permutations
(18), (@ 8)seeeer, (n—11)
constitute a set of independent generators of Pp.

We have
(23)(12)(23) = (13), (34)(13)(34) ={14),......,
{(n—12)(1 n—1){n—1 n)=1"n)
so that

(12), (13),0ecvee, (1 m)
belong to the group generated by the given permutations.
‘Ex. 4. Show that the two permutations
o=(12 3 4uurrm), T=(12)
constitute a set of independent generators of Py,

We have

c*Tro = (23), o~?10? = (34), «oee s 61 2 gtt-1les (n ] n),

Ex. 5. A system consisting of the integer 1 generates the
additive group J of integers. Also a system consisting of any two
mutually prime is tegers fa an independent generating system of J.

Ex, 6, The system consisting of all prime integers is an inde-
pendent generating system of the multiplicative group of positive
rational nuznl}exs'.

24. Multiplication of two sub-groups, Theorem. The
product HH, of two {ub-g{—rit'l'gs of a group is a sub-group if and “only
!

HyHy=H,H,.
Also then
HHy={#,U Hs}.
Furstly suppose that
HHe=H1H,.

In the following ay, b,, ¢; cte., will denote clements of #; and
ay, by, ¢, cte., those of H,.

Now a,ay, b)), aro arbitrary clements of the complex X H,.
Wo have
[CHNTRN e EACR A A
=a,6,0,7%, ¢ € Hy.
By virtue of the cquality HHy=II,H,, there exist members
dy, d; of Hy, H, such that

aycy=dydy.
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(2,82} (0,0;) " =dy{diby Y e, & HoHy=HyH,
s HyH,is a sub-gronp. (§ 21)
Now suppose that H,H, is a sub-group.

Let
@ € Hy,, 0, € Hy
so that
oy=aye € H,H,, 0,=ca, € H,H,.
o a0y € HyH,y.
Thus .
HH, C HH, 0]

Again, we have
aya, € H H,.
S (@13 =a," a;" & H,H,, for H,H, is a sub-group.
Also a;tai € HoHy,
By virtue of (1), we seo that there exist eloments
by € Hy, by € H, such that

a;la,~t==bib,.
S {aye,y 1 =bb,.
: aa,=b 0 € HLH,,

so that
HH, C H,H,.
Hence we obtain
HyHy=H,H,
We have now to show that
Hx":=(H1U Hy}.
Wo have
H, C Wi, H, C Hi\H,,
so that H,H, contains I, as well as K.
Also it is obvious, that every subgroup which contains n
well as H, must necessarily contain H,H,.
Thus I/, 71, is the smallest eubgeoup containing Hy and Hy
henco the result
Note 1. 'This result shows that in case HyHy= I M, then the
sub-group {I,{JH;} has o rather simplestructure inas much a8 cvery

as

and
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element of the same can be expressed as product of an element of &,
with an element of H,.

Note 2. In the case of Abelian groups, the condition
H H,=H,H, is automatically satisfied so that the complex H H, is
in this case a group.

Adopting additive notation, as is customary for Abelian groups,
we see that if H,, H, are two sub-groups, then the set H;+H, con-
sisting of the sums oblained on adding every element of X, to every
element of H, is a sub-group.

25. Right and left cosets of a sub-group, Coset decom-
posihons‘gfa group, . Congruence” modulo-a- snbgroup,” We
shall now introduce the very important concepts of -right and left
cosets of any subgroup. These are also referred to as* Residue classes
modulo a subgroup. Cosets are only special types of complexes.

1f H be any sub-group, then complexes of the form

Ha, aH, s
are respectively known aa right and left cosets of H.
It would thus appear that to each ¢ € @, there corresponds

a right coset and a left coset of #, 1In this context, we prove the
following result :

Theorem, Any two right (left) cosets of a subgroup are either
disjoint or identical,

Also

Ha=Hb "D adb'EH,

aH=bH C_ "D b'a € H.
(g / Lemma. jj h be any element of the subgroup H, then
. Hh=H,
7;/:\ Let 4" be any element of H. We have

‘% FEHTTONNEH IO Eh CH.

Further

K=WE)h CHh 7D H C Hh
Hence the lemma,

*l'or motis nuon of this terminology, referenco may be made to Noto 2
at tho end of this soction,
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We may similarly show that hfi=J1,
Consider now two right cosets

Ila and b

and suppose thst {hey aro not disjoint, There exist, therefore,
clements A, € H, }; € H such that

hya=hsb,
r
\ b=hythya,
! Hb=H (b ha)=(Hhi ) a=Ha, (By the lemws)
!/,”  Thus we Luve proved that any two right cosets, il not disjoint,

"7 are equal; ., -
~  either Ha (\ Hb=¢ or Ha=Hb.
Now suppose that
Ha=Hb o that a € Hb.
We have
GEH T D W EH
Conversely,
bt € H == Hab~t=H = Ha=Hb.

We may similarly prove the correspondingresults for left coseta.

a5-x. Right coset decomposition, The set of all right ¢
sets of a subgroup H constitutes » decomposition of ¢ into mutually
disjoint/Classes. Also each class i.e., o coset is such that for any two
el\eyl{ts a, & of the same class, we have

ab™t € H.

The. point to be specially noticed is that the relation ab™ E.H
15" an equivalence refation in G such that the set of the correfPo”'ﬁ”y
equivalence classes coincides with the set of distinct cosels of H in G-

Let us write

a = b{mod H),
and say that o is congruent to b mod H if and only if
. abt & H.
We shall show that this is an equivalence relation in &.
Reflexivity, We have
a = a (mod H),
for
ag-i=e € H.
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Symmetry, Let

a =& (mod H*

g0 that

ab ' & H.

We now have
(@b =ba' ©C H "D b = a (mod H).
Transitivity, Let
- a= b(mod H}, b = c(mod H).
ab-! € H, b € H.
We now have
acts=(abY(be ™) € H 2770 a = c{mod H).

Also, we may easily seo that the class of elements congruent to
a{mod H) is just the coset Ha in as much as we may show that each
element of Ha 13 congruent to, a, and every element congruent to, @,
is a member of Ha.

We may similarly show that the relation

Y H,
is also an equivalence relation in @ such that the set of the corres-
ponding equivalence classes coincides with the set of the left cosets of
HinG,

To distinguish between the two equivalencerelations giving rise
to the right and left coset decompositions, we may refer to them as
right and left congruence so that we say that a is right congruent to &
mod H or in symbols

a=,b{mod HyifabX E H,
and
a = b (med H) if s € H.

Note 1. For commutative groups, the right and left coset
decompositions are the same.

Note 2. The reader may be already aware of the notion
of congruence in the set of integers modulo a given integer which we
come across in elementary number theory.

In that context we say that

a =1 (wod m) (1)
il (a—0) is divisible by m i.e., a—b is of the form im where % is some
integer,
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Now the multiples of m form a subgroup H of the additive
group J of integers, Thus (1) is the same as
a—b C H.
Thisshows that the congruence considered in elementary number
theory 18 only a special ease of what we have done here, Also the

residue classes modulo auy integer m in Number Theory are the same
as the cosets of the subgroup of # in the additive group J of integers.

Ex. x, Show that two right cosets
Hay, Ha, ) ¢
are distinet if and only if the two left cosets
a7 |, a ' H
are distinet,

Ex. 2. Show that the totality of the inverses of the elements
of & right coset is a left coset.

Ex. 3. Given that
@=H 1 Ha, {J Ha,.. U Hay
is the right coset decomposition of ¢ relative to A, prove that
C=H\o ' H U a; Howooo Ja H
is the left coset decomposition of & relative to H.

Ilfustrations.

1. If J denote the additive group of integers and H the sub-
group of J formed of ail the even integers, we have N

I=H U H+1),

50 that we have two cosets ; the coset A 41 consisting of all the odd
integers.

2, If J denote the additive group of integers and I thesube
group of J consisting of all the multiples of a given integerm, we have

1=H U EHSLWJH+2Y e \J HA-(u—1)

Here the coset H-+a, ' 1<<a<<m 1), consists of all the integers

of the form
mg+a; g being any integer.
3. If H == I, (ab), we have
Py==H \ Hibe) \J Hica),

" as may be easily verified,
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26, Lagrange’s Theorem. TUe order of each subgroup of a
Jinite group i a divisor. of .the order of the group.
" "Let H be any subgioup of a finite group 6. We shall consider
the right coset decomposition of G relative to H.
We shall first show that eack coset, Ha, has as many members as
18 the order of the subgroup M.
Let

Ryy Bgyeeninny g
be the m members of /. Then
» Fytty hytyneiny Bng
are the m members of Ha, all distinet,
In fact
ha=ha ———D haa*=haar — "D h;=Iy.
Now suppose that
G=H\JHa,\_ ......\J Ha,
so that the right coset decomposition of @ relative to H contains %
cogets. Since the cosets are all disjoint, we have
order of G=mk= (order of H) k.
nence the theorem.
Index. The number of distinct right (left) cosels of any subgroup
of a finite group is called the index of the same.
It follows from above that the éndex of every subgroup of a finite
group is a divisor of the order of the same.
It may happen that the number of distinct right (left) cosets of
o subgroup of an infinite group is finite. If this be the case, we may
refer to this number also as the index of the subgroup.
K R Cor. The order of every element of a finite graup isa divisor of
}/’order of the group.
Let a € @ bo of order m so that m is the least positive integer
such that
av=e.
Then, as is easy to show, the elements
a, &% @, ......, g™, aM=¢
of @ are all distinet and form a subgroup.
This subgroup being of order m, we sce that m is a divisor of
the order of the group.
Note, The reader mny note that there may not exist a sub-
group of a finite group whose order is any given divisor of that of the
given group.
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27. Cyclic groups, Def. A group capablc of bei being generated
by a single element is called  Cyclic or Hlonogemc,

“The each clemcnt of a cyclic group is some posmve of negnhm
power (multiplo) of the g for ; the compositi bcmg denottd
multiplicatively (additively). ¢ Sl
. Ad0phng multiplicativg notation for the group eompOSlhon. we -

'mny see thatthe elements of the cyelic gronp {a} arc all of the form

P arY B n“,n°=e, a,0% e
nobt necegsarily all distinet. Also with additive notation, the clements
of the cyctic group {a} aro all of the form * [
cm v (=B, (= 2Ja, (~1)a, 0250, la, 20, B

not neceswnly all distinct. - . .
of comsc, we cnn fave finite as well as mﬁmte cychc ng“PS

. Clearly a -cyclic group is necessarily Abehnn.

Iilustrations, N .-

.

1. The additive group J ofmtegets is an mﬁmte cychc L"'WP' :
the integer, 1, being the generator. © ’
2, The set of ull n nth roots of umty 1s n finite cycll€ ETO“P

with mulbiplication comrposition; ~ . s

2%, . 22 7 - -
cos — 1 sin ==
n + % o

i

bemg B generamr. : L

In the following, it will ‘be- sho“n that there ezmls orﬂ!/ one -
abshact infinile cyclic group-and also only ane abxlract ﬁm!e eyelic V’”“P
of a given orderm.” -

"Ex. 1. Show that the nddlhve group of mlegers sthich .are
mpultiples of n given integer m is an infinite cyclic group 150!!10’1""" .
to the cyclic additive gronp of integerd, N .

Ex.'z, Show that the four permutations

- * 1, (abed), {ac)(bd), (ddeb) ,
P . iplioati group ecessarily
. .

o

4

eyclic formed by the four numbers £1, £ v —1L.
Ex, 3. Sho“ that every zsomorplnc mmge ofa cycllc 8"0“1’ is

‘agait cyclie. . | . t .
. Ex. 4., Show that every independént generntmg systeln ol
non. cyche ﬁmte group must” contam atleast two elemems. .
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27'!. Structure of Cyclxc groups, Let
. G={a}
, be any’ given cychc group.  Adopting multiplicative .notatiop, the
Y elements of G are of the form -
! . a”,
m bemg any integer ; positive, negative or zero.
Now, two cases arise :
Case I. Notuo different powers of, a, are the same. In this case
the cychc group is necessarily infinite.
.Consider the mapping
h - m > a™
- of the set of sll integers onto @. This mapping is one-one for
: am=g" Z""D m=n, as is assumed. |

in-tn —> amtr=a"a",
g0 that the mapping, in question, is isomorphic also.

Thus in this case the cyclic group is tnfinite and momorth to
the additive group J of integers.

-B.  Case II.. Some two powers of a are the same. -

Then as shown in § 15, page 40 where we have introduced the
concept of the order of an efement of & group, there exists a least
non-negative integer n such that ~

at=¢e,’
Then it can be shown “hat no two elements of the set
a, a%, %, oo, G771, aM=e (1)
sre the same and that each power of, g, is equal to some member of
the set (1). . .
Now, if N . -
“1<ign, 1< j<n, i j; ther
i . O<i—j<n
80 thnt we arrive at a contradiction.
Agnin suppose that, s, is any given integer, There, then exist
two mtegers g and r such thnt
nq-l-r, . Ogr<n,
. nq_“nqn—“uvar_,ar
s Thus we see that in this case the cychc group consists of the n
elements gu‘cn' in'(1). .

Suppose now that @' denotes the multiplicative group formed

“of the n nth'roots of unity, .Then
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PN e’.lnim/n
i3, a8 rory be easily seen, an isemarphic mapping of @ onta €',

Thus in this case tke cyclic graup is finite of order n and {5 feo.
morphic to the multiplicative group of the n nth rools of uml/ N

We have thus proved the following :

1. An infinite eyclic group is isomorphic to the additive group
J of incegers,

1L A finite eyelic group of order 2 is isomorphie to the multi-
plicative group of the n nth roots of unity.

292, Generators of Cyclic groups. Let #/={«} beany
given cyclie group.

H € is finite, we kaow, that ra twe different powers of 8
represent the same element. This means that no elerueat a”, m#1
can be o generator of ¢ in this ease, for no member gi™ of the cyelic
group {a™} can bo the same s a.  Thus there exisls one rmd sz one
generator for a given infinite cyclic group.

New suppose that @ is finite of ordér n. We ehall show that
a™ is 4 generator of @ if and only if m is less than « and prime to 2.

Let

He={a"} where 1 <mh.

Surely

nga.

Suppose now that m is prime to . There then exist two in-

tegers w, v such that

wm-fon=1},
g™ av=q,
{am)¥=q for a™=e,
This shows that
¢C R

Thus H=@ and a is a generator of G.
Convarsely suppose that e i1 a generator of & s0 that these
evists an integer 1, 1 Sua such that a=q, Naw .
@ =g T mu—nve=1 for some t.

Thue m is prime to n. ' :
27'3. Sab-groups of cyclic groups.
be considerirg the cazes of infinite and fnite eyclic groupsepa

We sha i nnhmfly
rafely
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\ &
A Case of infinite cyclic group, We shall prove that cvery
proper subgroup of an infinite cyclic group 15 ilself an infinite cychc
group and accordingly isomorphic ta the group itself.

f Each member of a proper subgroup H of a cyclic group
G={a}
is scme power of a.
Let m be the smallest non-negative integer such that
e I,
and let a* he any arbitrary element of /7,
There exist integers # and + such that

=g tr, 0r<<m.
a=a" € H.
Hence r=0 and we have e
k=mq

50 that k is a multiple of m )
Also, conversely, if & is any multiple of m, we have
*EH %
Thus
={a"},
consisting, as it dees, of the cIemc;lts
ey @, @, @™, @, G 0¥,
The equality of any two members of the set would imply that
am=e
whiel,, however, is not the case. Thus 4 is an infinite eyclic group.
Nege, TWlollows fowm §201, page 67, it tvery sabgruop
of the additive group J of integers which is an infinite cyclic group
can be written as {m} where m is somo integer; of coursc m is its
generator.
= Case of finite cyelic group. We shall prove that crery sub.

group of a finile cyclic group is eyclic and 1o every divisor 1 of the order
of the group, there carresponds one a1d only one subgroup of that order.

Let
G={a},
be a cyelic group of order # so that it consists of the » elementa
¢, G4, 67, o=e,
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As in the preceding case, we may show that if m be the smaifest
positive integer such that a™ beloogs to a given subgroup H of &,
then H contists of the powers of a™ so that

H={am},
and is accordingly cyelic,

Let I be the order of H-so that [ is the least positive integer
such that

oMl ={gm)=e,
and H consists of the ! distinct elements
a”, a™,......, alM=ze,

Of courge, by Lagrange’s theorem, [is a divisor of 5.

Thus every subgroup is eyclic. .

Suppose now that ! is any divisor of # and let n=im. Then

H={a"},
is 2 subgroup of @ of order I
1t can be obtained on taking the mth power of each element

of G,
We have now to show that this is the only subgroup of o'rder A
This is & consequence of the fact that a subgroup of order 1 is ob
tained when we take the mth powers of the elements of & whert;
m=mn[l so that its relationship to & is given in terms of the order
only. .
Ex. H={a"} is a subgroup of an infinite cyclic group ag={a};
show that
G=H 1\ Ha{J Ha®\J ..c... \J Ha™ e

Also prove that the index of every subgroup of nr.\ mﬁmm
eyelic group is finite and thers corresponds to each positive integer
one and only one subgroup of index m.

4. Theorem 1. Every group of prime o
Assuming that the order is greater than one, let, 6, be a0y cle
other than the identity. Then

H={a} .
is & cyclic subgroup of the given group. The order of H being &
divisor of p, other than 1, is necessarily p and as such, we have
G=H.

rder is cyche
ment

Henco the result. o oer

275. Theorem IL  Every finite group of composile
posscases proper subgroups. Yl

Let @ be a finite group of order Im where neither Inormi3
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If @ is cyelic and a is any generator thereof, then
H={a'}
is o proper sub-group of @ ; being of order m.

Suppose now that ¢ is non-cyclic. Then each independent
generating system of (f will contain atleast 2 elements, Then the
eyclic group generated by any member of an independent generating
system is a proper sub-group of the given group.

28, Groups of coincidence rotations of regular bodies,

By a coincidence rotation of a rigid bedy is meant a rotation
such that as a result of the body being subjected to the same, the
final position comes to coincide with the initial. Clearly a coinci-
dence rotation of a rigid body is a special transformation of the
apgregate of points of the body.

It may be known to the reader that a rotation of a rigid body
about a point O can be specified by the symbol (, a) where, /, de-
notes the axis of rotation and, «, the angle of rotation.

Also, we may note that in this case, there exists a unique well-
defied rotation which maps two given points 4, B onto two given
points P, @ such that

LAOB=/£P0gQ.

It may be seen that the set of all coincidence rotations of a
regular body is a group for the resultant composition.

1. The Itant of two coincid rotations is again a
coincidence rotation.
2, The Itant ition of coincid! rotations js asso.

ciative, the same being true for the composition of mappings in
genceral.

3, Ideniical mapping is the identical cnincidence rotation,

4, The rotation (I,—~a) i3 the inverse of any given rotation
{ 2.

Wo shall now consider tho natures of the groups of eoincidence
rotations of some regular bodies,

28'1. Equilateral triangle.

The rotations to be denoted by

fuéngr

about the line through the centre perpendicular to the plane through
-angles
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0, 2n/3, 4x(3
and the rotations to be denoted by

fo Por Bo

about the altitudes 4D, BE, CF of the triungle each through = aro
clearly six cotncidence rotations of the triangle.

A
E

B D [4 .
Also womay sce by the considerations outlined in the intro-
duetion that these six are the only possible coincidence totstions of
the equilateral triangle, X
We moy also easily set up a gronp of permutations isomorp'hw
to this group of coincidence rotations, Taking into camidcr;)hon
the manner in which the eet of vertices 4, B, € is mapped onto teelf
for any coincidence ratation, we havo the following cotrespordent?®
batween the gromp of rotations snd the symmetric group Py whose
elements permute the objects 4, B, ¢
ppe—> 1
g +—» (4BC)
ps +—> (40B)
g > {BO)
p5 > (C4)
gy < (4B} ]
Thus the group of coincidence rolations of an equilateral trinngle
is fsomorphic with Py,
28'2. Square, The rotations
P10 Pr Pz B4 N
about the line through the centre, perpendiculer to the plone throog
augles

and the rotations
Psr Pus P1s P2
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about the Jines
EF, GH, AC, BD
each through = aro the B coincidence rotations of the square,

D F ¢

J 7 S—

)

A E B

The fcllowing correspondenca exhibts an jsomorphism bet veen
this group of 8 coincidence rotations and & certain sub-group of tte
symmetric group P, of the four symbols 4, B, C, D.

pr+— I, 03 «— (ABCD)
ps «—> (4O)(BD), p, ~— (ADCB)
ps <> (AB)(CD}, pg «—> (BCY(AD)
pr <> (BD}), gy +—> (40O).

Thus the group of coincidence rotations of asquare s isomorphic

to the group of permutations
1, (ABCD), (AC)BD), (ADCE)
(AB)COD), (BCYAD), (BD), (AC),
28°3. Regular polygon of n sides.

Rotations about the line through the centre perpendicular

to the plane through angles

o 2 dm 2(n—1ix
L e —

{n=0) {n=D0)
are 1 of the coincidence rotations. We denote these by

P1) Pscessess P
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If » is 0dd, we have n more coincid rotations isting in
the rotations through the angle © about the n lines joining the centre
to the n vertices,

On the other hand, if n is even, wo have n coincidence rotations
contisting in the rotations through angle = ahout the }n lines through
the centre perpendicular to pairs of parallel sides and the }n lines
through the centre jomning pairs of vertices colliear with the same,

We denote these by
@1y Tgyennren Ope

Also wo may verify that these 2n are the only coincidence
rotations of a regular polygon of n sides so that the group of cointi-
dence rolations of a regular polygon of n sides is of order 2n. 1‘0 8
known as the Dihedral group of order 2x and will, in the following,
be denoted by Dy,

Tor tha sake of clarity, we exhibit the isomorphism of lhf
groups Dy, and D, of coincidence rotations of regular polygons of &
and 6 sides and certain permutation groups of & and 6 symbols.

Dihedral group of order 10

pye—r 1,

09« (4BODE)}, ps «-r (ACERD),

¢4 < (ADBEC)} p; ~— (AEDCB)

oy <~ (BE|CD), oy« (4CHDE)

ay <-r (BDWAE), o <> (CE)(AB)

oy > (AD)(BC).

Dihedral group of order 12

¢y 1 ps > (ABODEF)

g3 <==> (ACE)(BDF),  py < (AD)\BE}CE)
py > (AECYBFD), py <-~» (AFEDCD)

a, «— (BF)(CL), &y «— (IC)DF),

@, «=—+ (BD)(AE) gy 4~=> (ABYDEYCF),
@y +=—+ (BONADNER) o+ (CONBE)(AF).
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EXERCISES

1. IDiscuss the statement 1 *Tuere 13 ops nnd only one abstract group of
prime wrder p,'

2. Aot of 2% 2 matrices Lonsists of all those which have either cube roots
of 1 on the principul diagonal and zeros elsewhers or zercs ou the principal
disgunal atd ¢abs routs of 1 efsuwhere, Show that the wholo set forms o group
G, Acsange the matrices in sub-sets putting #ll thoso of the same order in the
satno sub-set. Obtain 8s inany Abehnn subgroups of @ of order 8 as you £an.
Are there any nan-ubelion subgraups of & of order 6 1

3. Provethat the six matrices of the form

cos @ sin @ eos sin 0
[—-sin ¢ cos 0_] ’ [sin 6 —cos 0_]
where 0=-0, 2=/3, 4x/3 ine & gronp phie to the 1 io group Ps
and wterpret thns fact geometrically,

4. 1fa finite group possesses an slement of order 2, prove that it possesses
an odd number of such elements,

5. Show that the positive integers modulo 13 form o eyclic group of ordet
12 under multipheation, Find subgroups of orders 2, 3, 4 and 6, Are these
somorphts with s:ts of positive 1utegers modulo 3, 4, 5 sni 7 under multiphes-
tion,

6, Show that the matrices

10 w 0 %2 D
[o 1]’[0 w:}’[o w]
01 0 u? ) w ]
[1 o]’[w 0][ ul 0
whore w3=1, u 741 form a group of order six with vespact to malrix ot
tion,

Prove also that this group is Lic with P, the sy
degree 3.

7. A group G has the proparty that far eack element a of G,

a?=e ; ¢ heing the identity.

Prove that ¢ 1s abehan.

8, A group @ has independent generators a, & which are subject 10

% 88 (ab) B 1.
Show that @ is of order 4 and write down its mulsiplication tablo.

A group H has indopendent geaerators .4, B which are subject to
A= Bl=(ABp=1.

iplica-

tric group of

8how that
AB, B4, A*BJE
{which you may asiums to be distinct) are all of ordor 2 and that to
I they constitute & subgeoup K 1somarphic to G Show aleo thot
Gi=AG,
9. Drove that the set of sl rotations of a rizid Lody which les
O fixed form a group.

gother it

o n POt
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0X, 0Y are mutuslly perpendicular axea fixed in space. A is a rotation of
90° about OX and B a rotation of 180° about OY. Prove that AB=BA’ and
find the order of the group generated by 4 and B.
[Simple geometrical considerations will show that
(= y, 2) de=(z, =2, 9),
(2, 4,2) B=(-2,y,
where (z, y, z) denote & poiat with r %Y. 2]
10. Show that the operations of reflestions in a line and reflection in &
point on the hine are commutative.
[Taking the given line e x~—axls and the fixed pownt a3 the origin, we have
{2 y, 2) A=(z, =y, —2)s (%, §, 2} B=(—2z, =y, =2}
where 4 denotes reflection in z—sxis and B denotes reflection in the origin Q.]

1 " 2

11, Prove that those elements of a group G which commute with the
square of a given element b of @ form a sub-group ¥ and those which commute
with & itself form a sub-group of N,

12. @ iaa finite group ; § is the complex formed of elements of @ of order
exactly p, where p is prime. Prove that the relation *y is & power of z* is an
equivalence relation in S, Deduce that the number of elements in § is divisible
by p—1.

1f ¢ is a group of order 35, prove that & contains elements of order & and
eloments of ovder 7.



CHAPTER TIL
GROUPS AND THEIR NORMAL SUBGROUPS

29, Introducti This chapter will be devoted to the
developments of the important notion of = distinguished type of
subgroups known as Normal. This notion was first introduced
by Galois in connection with his work on the Algebraic theory of
equations,

The notion of the homomorphic images of a group which hss
an important bearing on that of Normal sub-groups will also fon
the subject matter of discussion in this chapter.

Tinally, the notion of the automorphism of a group and tha
of Direct Product which has an important role to play in the Strue
tare theary of graups will be taken vp.

30. Conjugate elements, Equivalence relation of con
jugacy ina group, Let G be any group. )

Def. An element a € & is said to be conjugale to b € @
if there exists some element & & @ such that

a=zba2.
In symbols we denote this as

c
o=b,
Also if =2z, we may say that ¢ is the tramsform of b
by 2. inesan
It will now bo shown that this relation of conjogacy is 8%
equivalence relation.
Reflexivity. We have
aZa for a=ele.
Symmetry. Let
a;b,
80 that there exists z & @ such that
-a=zlbz.
Rewriting this as
b=zaxt=(xNla(zD), ¥ € O,
we have

°
. b=a,
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Transitivity, Let
a-ﬁ-h, bec.
There exist, therefore, two elements z, ¥ of @ such that
a=z"x, b=y ey,
These give

a=xly o yr=(yz)T o (y2) ; yxr € 6,
50 that

a=c¢.

30's. Classes of conjugate elements. The relation of
conjugacy in @ being an equivalence relation, we obtain the corres-
ponding division of @ into mutually disjoint equivalence classes
known as classes of conjugate elements such that

(¢} any two members of the same clas are conjugate,

(i3) po iwo members of different classes are conjugate.

We shall use the symbol & to denote the class of elements con-

jugate to 6. Of course the class & can be determined by apy member
| of the same.

We may see that

a=b =D a%b
30’2, Self-conjugate elements. Def. An element a € G
is said to be self-conjugate, if a is the only member of the class @ of
{ elements conjugate to a.  Thus, a, is self-conjugate if and only if

e=z""az for every z € G,
[ XN

¥
za=az for every z £ G.

Thus a self-conjugate element of a group may be characterised as
one which commutes with every element of the group.

A self.conjugate element is also sometimes known as an

ariant element.
gklf’ﬁ/entml of 2 group. Theorem, ZThe set Z of all self-
{

conjuffate elements of a group @ i3 a sub-group of the group.
Let
aEZbEZ
so that
ra=ar (1)

br=xb [£)]



CHAPTER 1II
GROUPS AND THEIR NORMAL SUBGROUPS

29. Introduction. This chapter will be devoted to the
developments of the important notion of a distinguished type of
subgroups known as Normal. ‘This notion was first introduced
by Galois in connection with his work on the Algebraic theory of
equations,

The notion of the homomorphic images of a group which has
an important bearing on that of Normal sub-groups will also form
the subject matter of discussion in this chapter.

Tinally, the notion of the automorphism of a group and that
of Direct Product which has an important role to play in the Strue-

ture theory of groups will be taken up.
30. Conjugate elements, Equivalence relation of con-
jugacy in a group, Let @ be any group. )
Def, Anelement o € G is said to be conjugate fo & e6
if there exists some element x € @ such that
a=z"bz,
In symbols we denote this as

c
a=b,
Also if a=2"1bz, we may say that a is the transfo}'ﬂf _0{ b
by T T 3
It will now bo shown that this relation of conjugacy 18
equivalence relation.
Reflexivity. We have
aZa for a=elae,
Symmetry. Leb
a;m
80 thnt there exists x € & such that
-a=z-tbr.
Rewriting this as
b zar-t= () Ta(zY), ' € G,
wo have

boa.
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Transitivity. Let

aib, bae.
There exist, therefore, two elements «, y of @ such that
a=a"bz, b=yley,
These give

a=rlyl o yr={yx)l e {yx) s 2 € G,
so that

e
a=c.

go'r, Classes of conjugate elements. The relation of
conjugacy in & being an equivalence relation, we obtain the corres-
ponding division of @ into mutuelly disjoint equivalence classes
known as classes of conjugate elements such that

() any two members of the same clas are conjugate,

(i#) no two members of different classes are conjugate.

We shall use the symbol 4 to denote the class of elements con-

jugate to a.  Of course the class 4 con be determined by any member
of the same.

We may sce that

a=b > 6
3oz, Self-conjugate elements, Def, An element ¢ C G
is said to be self-conjugate, if a isthe only member of the class @ of
elements conjugate to a. Thus, g, is self.conjugate if and only if
a=x""az for every z € G,
i.6.,
za=az for every z . €.

Thus a self.conjugate element of a group may be characterised as
one twhich commutes with every elemen! of the group.

A gelf-conjugate el s also i known 8s an

](?;riz:nt element.

Central of a grovp. Theorem, The sel Z of all self-
congiufale elements of a group @ is a sub-group of the group.

Let
aCZ,bEZ
80 that

: za=ar [4)]
br=ad @
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for every « € G. 2
From (2), we have
blbzbl=b"12pb-1
[
zb-1=b", ®
From (1) and (3),
z(ab~Y)=(za)b-t
=(ax)o?
=a(zb~1)=a (b-1z)=(ad-")x
5o that

aEZ,bEZ D ab € 2,
Hence Z is a sub-group of @ This sub.group is knownas
the central of 4.
The central of a group may also be described as tho set 0
clements commutative with ¢very element of the group.
Ex. Show that identity is a self conjugate element for every group. Als
show that each element of an Abelian group is self-conjugate.
3r. IHustration. Classes of conjugate elements of Pe
We shall first obtain a condition for two elements of P, to be conjo-
gate a3 a preliminary to the determination of the classes of conjugt?
elements in P,

Let

=(5, ) =(3)

be two arbitrary members of P,. We take a-! in the form

(4 \

Here the lower row of g is the upper one of p and the upp
row of o~ is the lower one of p and the others are snitably adjust®

We then have
(XX )
( L3 ) ( n'::((;"t‘)’
Thus the transform o~%s of

e=()
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( aXay) )
a}(b,)
8o that the transform is oblained on replacing each object in the fwo-

row representation of p by the corresponding o=1-image.

This rule also holds if we represent p as product of disjoint
cycles, Thus let

by ¢ is givey by

I CIC TN 3 10 SR 1) Y (ST -y SO
Then we can represent p by the two-row symbol as follows :
p=( Gy Cguvnenclly Oy Baeveeutbl €4 €gueiinilm
Gg Ageoranstly by Byeeesby €4 Ggoneennty
. & Yag)eeeresa=Hag) 073(8)) wunrenaN(r)
Loy = 1
© TS Y @)ennea ) 5HBS) areen a-l(b,)""")
=(a7Ya)) 6{a)eneer67Mar) b)) 07N By)uneen 07 B)
o that o~pa is abtained on replacing each el t by its g-image in
the expression for p as a product of disjoint cycles.
Ex, 1. X

(12345078y _ 12345678
P (25438761‘ “lre518324
then
- _476832‘.5)=12345678
TP={73865124 (21574836'

The result may also be directly verified.
Ex, 2. If

p=(134){56)(2789), u=G 23456789

80645231
then

oTps=(885)(64)(7123}.
We now introduce a definition.

Similar p jons. Two permutati are said to be
similar, if each can be expressed as a product of the saime number
of disjoint cycles and the two sets of oycles can be put in one-one
correspondence such that the corresponding cycles have the same
length, .

The reader my see that in Ex. 1 and Ex. 2, above ¢ and c~Tea
are similar permutations.
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We shall now prove that fwo permutations of P, are conjugate if
and only if they are similar. e -
~ "From the manoer of finding the transform of o permutation,
wo gco that o conjugate permutations of P, are similar go that
only converse remains to be established.
Consider now two similar permutations
p=(@1eenec@e)  (Oreeens B(C1erenerCm)
=gy )0y

Then

- Feverelly by ceie Uy C1eees Cpeen
g ’ ! b! bl Q ’
2T TR I - TN e

is such that
T Ypa=1,
Hence the result.
(i) The classes of conjugate elements of Py are

I

(ab), (be), {ea)
{abe), {ach)
s0 that we have three classes of conjugate elements.
(#%) The classes of conjugate elements of P ure
I
(ab), (ac), (ad), (be), (bd), (cd) .
{abe), (ach), (abd), (adb), (acd), {ade), (bed), (bdc)
(ab)(ed), (be){ad), (ca)(bd),
(abed), (abdc), {achd}, (acdd), (adbe), (adel)
go that we have 5 classes of conjugate elements.
Ex, 1, How many classes of conjugste elerments of P; do we have?
Ex. 2. Show that identity is the only self-conjugate clement of the &2
Joetric group Pu.

32. Structure of cl of conj fement: N";’
maliser of an clement. Let 4 be any member of 2 Sf°“P'm;
Then the class & of conjugate elements determined by a is the totafi
of elements

oz
when z runs through G. The elements z~lax arising for djfferer
slements, z, may not necessarily be different so that we may have
- z~lax=y ay even though z#y.
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Natarally our first intereat les in those elements z of & for

which we have
alas=a,
i,
ar=za.

Thus an element = & @ transforms, g, to itself if and only if z
is commutative with a. *

We shall now show that all auch el 13, z, o3 are fati
with a given element, a, form a sub-group of G.

Let us denote by N the complex formed by all those elements
of @ which commute with, g, and let

zE N, yEN,

g0 that
ra=14, ya=ay.
We have
ay=ga T2 yla=ay
afzy-)={az)y!
= (xa)yt=2{ay) =z(y-ta) = (xy~Y)a.
Thus we see that
tENyENTTTD 2y €N
Accordingly NV is a sub-group of ¢. This sub-group is known
a8 the Normaliser of, a, in the group G.

Now supp that two el x, y of G are such that they
transform, a, alike, i.e.,
z~laz=y"ay,
‘This implies
yrla=ayxt
t.e., that
wlE N,
From this it follows that we have the equality
Nz=Ny

of the two right cosets Nz and Ny.
Again if z € N s0 that zz £ Nz, we have
{za)lalzx) =z Nz az; 2=~ 20z
80 that each element of the coset Nz transforms a just 2s = does,

Thus wo sce that two elemenis 2,y of G transform a, alike if
and only if they belong to the same right coset of the Xormaliser N of a.

Vs



88 MODERN ABSTRACT ALGEBRA

To each right coset of the Normaliser of a, correspondsa single
element conjugate to a, in as much as each element of the same right
coset transforms a alike and two elements of different right cosets
transform ¢ differently.

Thus there exists a one-one mapping of the set of all right
cosets of the Normaliser of a, onto the class @ of elements conjugale
to o,

From this it follows that for a finite group G, the number of
elertents in the cluss @ of elements conjugate fo @ is equal to the index
of the Normaliser of a in G. In particular, we seo that the order
of o class of conjugate elements of a finite group divides the order
of the group,

Ex. 1. Shuw thet the normalisor of & self-conjugate element of & gro%P
is the group itself.

Ex, 2. Show that N 7) {¢}, & being the normsliser of a,

Ex. 3. Find the number of elements conjugate in P, to & cyclic permutas
tion of fength n and show that the vnly permutations in Py commutative with 8
cyche permutation of length n are the powers of the cyele.

Ex. 4, Show that the only self-conjugate eloment of Py is the identity.

Ex. 5, Show thata finite group uhose order is some power of q prime number
Aecossary possesses self-conjugate elemends other than the didentity. IR other
words, show that the central of a group of prime power order fs distinct from
the identity subgroup. .

Let @ be a group of order p™ ; p being some prime integer. Let
My, Hggerransy ML
donote the numbers of elements in the different classes of com
elements of @. We have then
p=nyt Nyt

Now each particular 7, being a divisor of p
multiple of p. Also atleast one n; is 1, being the number of
in the class of elements onjugate to the identity.

Thus etleast p of the summands on the right of (1) must b
egual to 1 each so that there are atleast p self-conjugate elements.
33. Conj Compl nival relation of
conjugacy in the set T of all complexes of a group. .
Extending the ideas of the preceding scction, we gay that "
lex K is inpate toa plex Z, if there exists an elemen
p jug:
«z €. @, such that

jugate

e o
m, is either 1 or &
eloments

K=z Lx.
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It may be shown that this relation of conjugacy in the set £ of
all complexes of a group & is an equivalence relation. Accordingly,
we have a partition of 2 into mutually disjoint classes of conjugate
complexes.

As in the preceding section, we may prove the following two
results ¢

1. The s¢i of all those elements of @ which commule witha
given complex K is a subgrpup of G.
This subgroup is called the Normaliser of X in G.

II, There exists a cne-one mapping of the set of right cosets
of the normaliser N of K and the class of complexes conjugate to X
such that two members of the same right coset transform & alike
and any two members of different cosets transform X differently.

Ex. 1. Sbow that any tws conjagate coraplexen of & finite group contpin
the same number of elements,

Ex. 2, Show that each member of the class H of complexes conjugate to
& sub-group H is a sub-group, i e,, each complex conjugate to s sub-group is &
sub-group.

33’1, Classes of conjugate sub-groups. Naturally it is of
importance to atiend to the class of complexes conjugate to a sub.
group. We shall show that each complex conjugate to a sub-group is
a_sub-group. e e e e e i

Let H bo any sub-group and, #, any element of . We shall
show that the complex

*Hy (1)
conjugate to H is actually a sub-group,
Let
by, 27 ; WEHKLCH
be any twe members of the complex (1).
Then we have
(- hz) (2 hy2) =2y by Nz € 2z,
80 that

2 \Hz
is & sub.group.
This result may also be stated as follows : Each member of

the class H of complexes conjugate to a sub-group K is a sub.
group,
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Hlustrations, I The three sub-groups :
H={, (50} 5 Ha={T, (ea)} s Hy=(, (6b)}
constitute a class of conjugate sub-groups of Py,
The sub-group
A,={1, {abc), {ach)}
is the only member of the class of conjugate sub-groups of Py deter-
mined by A,
II. (i) The sub-groups
(L ab)} s {2, (@)} 5 {1, (ad)} 5 {1, (be)} 5 {2, (6d)} 5 {F, (ed}
constitute a class of conjugate sub-groups of P,.
(i) The class of conjugate sub.groups of P, obtained by the
sub-group
* {1, {abc), {acb)}
consista of the sub-groups
{I, (abc), {ach)} ; {I, (abd), (adb)}} ;
{I, (acd), {ado)} 3 {7, (bed), (bdo)}.
(i#) The normaliser of the sub-group with elements 7, (28] o
the group P, is the sub.group with elements
1, (ab), (cd), (ab)(cd).
The normaliser being of order 4, the class of conjugate sub-
groups must, therefore, consist of 6 sub-groups.
The normaliser of the sub-group with elements
1, (abe}, (ach)
is the sub-group with elements
1, (abo), (ach), (ab), (be), (ca).
The normaliser of the sub-group consisting of thocight eloments
1, {abed), {ac){bd), (adch), (abs(cd), (ad){be), (ac), (3d)
coincides with itself and hence the corresponding class of conjugste
sub-groups consists of three sub-groups, viz., the given one and ¢w0
more.
We ate now led to the important notion of Self-conjugat®
sub-groups analogous to that of self-conjugate elements. a
24. Self-conjugate sub-groups. Def. A sub-group ”;’1]0
is said fo be relf-conjugate, if Il ia the only member of the class
aub-groups conjugate o H,
” A :::Xf-conjagate sub-group is also often referred to a8 N?““"
nr Invariant. We shall generally be using the word “Normal'
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ai{fglﬂ'erent Characterisations of Normal sub-groups.
1t s possibls¥o have o number of different uselul chatacterisations of
a Normal sub-group. Here below, we give the same.

L A normal sub-gronp of a group is commutative mtb overy
element of the group. Thus M

H is a normal sub-group if and only if

z! Hz=H for every =

Hz=zH for every

II. The right and left coset decomyosxtwnsvf a , group relative.
to & normal sub-group are the sams.

TII. Every element conjugate to an element of a normal sub-
group is an element of the same, f.e. if H is & normal sub-group, we
have

s H "D aC4H

Now H is normal sub-group if and only if

21 Hr=H for every x & G
so that

zlax & H
for every a & H and every z €,G.

1V, A normal sub-group is & union of complets classes of con-
Jjugate elements,

Follows from III.

Ex, 1. Bhow that a normsl sub-group is commutstive with every complex.
Also show that if Af is a normal and & is any sub-group of z group @,then
AN is also a normal sub-group of &,

Ex, 2. H is a normal sub.group of @ and K is & sub-group such that
HCK C G

Show that i3 also & normal subgraup of X,

Ex. 3. Show thet every sub-group o™ an Abelian graup i narmal.

34'2. Simple groups. Every group & posscsses at least two
normal sub-groups vz, € and the identity.  There exist groups for
which these are the only normal sub-groups. Such groups are known
a8 simple.

Def. 4 4 group having. no.proper normal c-tb b-group s ealled a
.umple qroup.
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Hlustrations.

1. Every group of prime orderis simple. In fact such a group
has no proper sub-groups,

2. No cyclic group of composite order is simple, for such &
group necessarily possesses & proper sub-group which again is neces-
sarily normal.

3. No Abelian group of composite order is simple.

4. There exist simple non.abelian groups of composite ordess.
1t will lnter on be shown that the alternating group As of degree J
whose order is 60 is simple.

Ex, 1, Show that A; is the only proper normal subgroup of Ps,

Ex, 2. Show that A; and the sub-group consisting of the permutations

I, (ab){cd), (ac)idd), lad)ibe)
are the only two proper normal subgroups of By,

35. Algebra of Normal subgroups of a group. We shall
now examine the nature of the compositions of

Inter! union and multiplication
in the context of the set of ail Normal subgroups of & group.
\;\ “Theorem. The inlerswtioy@y‘ww _f'f..a

group is a normal subgroup.
sty

L

Let
H;, de=},2
be two normal subgroups of G.
Let
e CH M Hs,
g0 that

a € Hy,a € H,.
As H,, H, are normal sub-groups, we have
1z € Hy, z-'ax € H, for every z €.G.
Thus we gee that
cEHNE, " Drer & Hy N\ Hy
for every x £, G.
Tiente H; M) H, is & novmal subgroup.

Largest normal subgroup contained
groups H, and Hy, Tt is clear that 7, N H,
subgroup contained in H, as wellas H,.

b

in the normal sa?
is the largest normd
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Generalisation. Proceeding exactly as above, we may sbhow
that tho intersection of apy arbitrary family of normalssubgroups of
& group is a normal subgroup thereof.

Smallest normal subgroup containing a coruplex. Let
M denote any complex of @. Then s subgroup H of G is called o
smallest normal subgroup of @ containing Af if H isanormalsubgroup
which contains Af and which is contained in every normal subgroup
containing A,

Assuming existence, weo may easily show that the smallest nor.
mal subgroup containing a complex is unique.

Concerning existence, we prove the following two theorems.

Theorem 1. The intersection of the family of ncrmal subgroups

which contain a complex M is the smallest normal subgroup conlaining
P

The proof is similar to that of the corresponding theorem for
:ynitrary subgroups, (§ 22°3, page 59).

v j'l’heorem I, The subgroup generaled by the union of 3l and
g}e 1pl ji to M is the llest normal subgroup containing

Firstly, we show that the subgroup H generated by the union

of the complexes
&Mz, zE @G

is normsl.

Every el t a of H is expressible as

a=by byeuers by

where each, b, is either a member of a complex of the form 2~ Mz
for some = or the inverse of some element of the same type.

We now have

ylay={y buyly™ bay)...(y~" b)
80 that we see that
ylay CH.
Thus
CEH "Dyt ay CH forevery y € H.
Hence H is normal.

Also every normal subgroup containing the complex Al must
nevessarily contain every complex 2~ M conjugate to AZ,
Henco the theorem
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Ex. 1. Bhow that tho subgroup generated by the union of any set of
self.conjugafe complexes is normal.

Ex. 2. 8how that tho subgroup genersted by any complste tlass K of
conjugato complexes is normal,

36, Quotient Group. Wo shall now introduce the _vety
important contEptor Qotient Gromps, ~—————""""""

. Let & bo any normaf subgrop oT group G. Consider the coset
decomposition of @ relative to /1. The subgroup H being normal,
each right coset of X is as well a left coset and vico versa so that we
do not have to distinguish betwoen the right and the Jeft coset
decompositions,

Nor, it is interesting to seo that it is possible to assign this et
of cosets iteelf the structure of n group. This possibility is due to tbe
fact that the set of all cosets of any normal subgroup H of a group q:
a8 a sub-set of the sct of all somplexes of G, is stable for the composi-
tion of the multiplication of complexes as considered in § 22, page 58
Ch. II. This means that tho product of two coscts, as two compleses,
is agnin & coset. As a result of this, thers is defined in the sec of all
cosets o composition. Thus if Ha,, Ja; be two cosets of a norral
subgroup M, we have, making use of the Associstivity of tho multi
plication of complexes,

(Ha)(Hey) = (Ho,Hyay=(HH)a,=Hadis
so that the product of two cosets, as two complexes, is again in this
case & coset.

& Th: m.  The set of all cosets of a normal subgroup 33 & grovp
with hultiplication of complexes as the composition.

Let @ denote the set of all cosets of s normal subgroup Hofs
group .

1. Bince

(Ha)Ha)=H(na),

the multiplication of complexes i1 a composition in ¢’ in as much a8
the same assigns to each ordered pair of members of & another
member of (',

1. The composition is associative. This follows from the fact
that the multiplication of arbitrary complexes is assoclative. Ryen
otherwise, we have

((Ha){Ha,)) Ha,=[H(a,0))] Ho,
=H[aa,)as]
= H{ay(a,az) 1= Ha{(Ha)(Hol}k
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I Exi of identity. The ber Hof @ is the

identity, in as much as
H(Ha)=Ha,~(Ha;)H,
for every member Ha; of G*.

1V. Inversibility of each element. Each member Ha, of
@' is inversible with inverse Ha,~*.

In fact, we have

(Ha))(Hay=H(a,a™)
=He~H=(Ho;")(Ha).

Hence the theorem.

Def. Quotient Group, The group formed by the set of all
cosets of a normal subgroup X of a gronp ¢ with multiplieation of
complexes as composition is called the Quotient group of @ relative
to H snd is denoted by the symbol G/H.

A quotient group is also known as a factor group. Itis also
known as the Group of residue classes mod H of G.

Mustrations, 1. Let G denote the symmetric group of
degres three so that it consists of the six elements,

1, (ab), {bc), (ca), {abe), {ack),

The sub-group H consisting of the elements

1, (ach), {abc)
is a normal sub-group of @,
Then G/H is a group of order two having as its members the
two cosets
H, H{ab).
Of course it is a cyclic group.
It may be noted that instead of F(ab), we could as well write
H (be) or Hca)

Note, The reader may note that the set K consisting of two °

elements J, {ab) is a sub-group which is not normal. The cosets of
K in @ are
K, K(be), K(ca).
These cosets do not form a group for the multiplication of com.

plexes as the composition. In fact the product of two cosets may
not bo o voset. Thus in this case, wo Lave

K=1, (ab); Kibe)=(be), (ake) ; K(ea)=(ca), (act)

ens
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80 that
(K (Be) (K (ca)l=(abe), (ab), (b}, I
and we do not get o coset as the product.

2. Let G denote the symmetric group of degree four. Thea
the seb consisting of the four permutations

I, {ab)(cd), (ac)(bd), (ad)(ch)
is & normal sub-grotp I7 of G.
The quotient group G/H iy of order six.
The elements of G/H, viz., the cosets of H in ¢ are
H : 1, (ab)(cd), {ac)(bd), (ad)(cb)

H {abed) : (abed), (ac), (adeb), (b)
H (acbd) : {acbd), (adbe), (ab), (¢d),
H {abdc) s {sbde), {ad), (be), (acdb)
H (abe) : (abe), (med), (bdo), (adb)
H (bed) : (bed), (ach), (adc), {abd).

The yuotient group G/H is isomorphic to the symmetric grouP
P, of degree three, The reader may prove this without much
difficulty. .

3, Quotient groups of the additive group J of i"‘}g“‘}
We know that every sub-group H of J consists of all multiples O
integers by some integer m 0 that

H={m}.

Also § being a commutative group, H is a normal sub-gronp of
J.

The cosets of H in J are

H, H4+1, 42,0000, HA-(m~1)
8o that the quotient group J/H is of order m.
The composition is given by
(H+4) $(H4 jy=HA(+))-

As specinl case, we consider the quatient group Whi“b,‘:"'g
svhen m=0, Also for the sake of brevity, we shall denote A+i by
Here we have H={6}.

Thus the members of J/H are
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The composition table for J/H is the following 2

ci{T{zl|3|4]|5
5lo|1|z]|35]3|5
T|7|313|Z|5|0
z1z|35|7|35]|oT
3135|7|5|0|7|z2
7l7ls5lol712!3
slslegl7|z|5]7

It should of course be remembered that a coset is capable of
more than one representation.

Thus for example

{6}+2={6}+8={6)+14,
Ex, Show that every Quotient group of an Abelian (eyelio) group is
Abelian (eyclic).

37. Commutator subgroup of a group, Conditions for
a quotient group to be Abelian. Every quotient gronp of an
Abelian group is necessarily Abelian but the convers: is not
necegsarily true.  We now proceed to discuss conditions under which
G/H is Abelian. This depends upon the notion of the commutator
of a pair of elements.

Def. The element a=! b-* ab is called the commudator of o ele-
ments a, b laken in this order. It may be scen that the commutator
of &, b is the inverse of that of b, a. Also the commutator of two
elements is the identity, e, if and only if the-two elements commute.

Consider now the complex formed of the commutators of all
tho pairs of elements of @. As the product of two commutators s
not ily o ¢ ator, this plex may not be & sub-group.
This complex, like any other, generates o sub-group all right. The
aubgroup generated by the contplex consisting of the commulators of all
the ordered pairs of elements of the group is called the commutator sub-
group of the group.
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It may be shown that the commutator subgroup of & group
& normal subgronp. It is becauss every clement conjugatelos
commutator is & commutator.
Theorem. 4 quotient group GIH is Abelian if and only if i
conlains the commutalor subgroup of G.
Let a, b be two arbitrary elements of @ o that Ha, Hb are t%0
elements of G{H. Now
Ha Hb=HbHa <"~ Hub=Hba C— ab{ba)-'=aba~b? E I
Suppose that G/ is Abelian. Then we see that for every pif
of elements g, b of G,
abe b € H.
This shows that every commutator of ¢ and sccordingly the
commutator subgroup of @ is contained in H.
Conversely also it appears from the above line of reasoning
that G| 18 Abehian if H contains the commutator subgroup of -
Ex. Show that the commutator subgroup of Py i As.
Hlustration, 1. Thke commulator group of Pa is An
We have
(12) (18) (12) (13)=(132) (132)=(123) is & commutator.
Thus each of the generators,
(128}, (124),...c. (12n) of Ay ds & commutator of Pa.
38: Homomorphism. We shall now introduce ?he “":;gz
Jf the homomorphic images of a group and the correspundl'ng no ot
of homomurplic mappings. This notion is a generalisation of lich
of isomorphic mappings and has a very fundamental relation v
that of quotient groups, .
Let @, G’ be two groups. We shall suppose that the compost
tions in both the groups are denoted multiplicatively.
Then we say that @ iz homomorphic to G or thut G’ {36 homomor
phic image of G +f there exists a mapping [ of G onto G such that
fiaby=f@)f@), s € 6.5 EG. e
Also then [ i said to be a homomorphic mapping or &Py
homomorphism of G onlo G'.
Further we express this relation of lomomorphism by wr iting
=, “
Of course, if G is homwomorphic to @, then there oy ext
more than one homomorphism of G onto G
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Wo may note that a homomorphic mapping is distinguished
from an isomorphic mapping in as much as the former may be many-
one whereas the latter 1s necestarily one-one.

Thus the relation of homomorphism is not symmetrio in that
if @ is homomorphic to G, then @ may not be homomorphic to G.

Hlustration, 1. Let G’ denoté the multipheative group of
numbess +1, —1. Then the mappmgf of P, onto & such that
each even permutation 1s inapped on 1 and each odd permutstion i3
mapped on —1 is & homomorphism of P, onto &,

This follows from the fact that tho product of two permuta.
tions, both odd or both even, is even and the product of one vdd and
one even is odd.

2. Let @ denote the multiplicative group of all #Xn non.
singular matrices with elements as real numbers and let &’ denote
the nyultipheative group of non-zero real numbers.

Then the mapping which maps each matrix member of @ onto
its determinant which 13 o member of @', is & homomorphism of ¢
onto @& in s much that

14B| = |4} | B];
4, B being two n Xz matrices,

Note: 1. Transference of group Structure, Asin § 172,
page 50 it can be shown thab if @ is o group and & is a set with a
composition  such that there exists & mapping f of @ onto @
such that

Jlab)=Fla) f {8} sEGLEG,
the two positions having been denuted multiplicatively, then @°
is & group such that & is buwomorphie to &',

Ve shall uulise this result to give a shorter proof of the
theorem vt § 36, page 94 regurding the existence of Quotient Grougs.
Let 1 b a normal subgroup of a group G.
Let @ denote the set of all cusets of H n G,
Then the composition
. (Ha)(Hb)=H(ab) e ()
is well defined in G,
Consider pow the mapping
6~ Ha,
of G onto G'.  We have
ab —+ Hab={Ha){HE).
Thus by the result stated hire in Whus note, it follows, that
the get 6 is & gronp for the composition defined In (1). This proof
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eliminates the necessity of the steps 1L, IIT, IV in the proof of th
theorem on the existence guotient groups given in § 36, page 94.

Note : 2, Homomorphism into, If f is mapping of 8

group G, inlo a group ', such that
Flab)=fla) £ (B} «E6GLES
then we say that f is & homomorphism of & into G

Also we may easily see that the set i) is & subgroup of &
and is a homomorphic image of G.

Note : 3. The following points about homomorphic mappiogs
may be easily proved, The proof consists in almost a reproductiod
of those of the corresponding results for isomorphic mappings.

1. The homomorphic image of the identity of & i8 the
identity of G,

2, The homomorphic image of the jnverse of any element, &
is the inverse of the image of o.

3. The order of the homomorphie image of any clement, ¢
a divisor of the order of a.

Ex. 1. Show that every homomorphic 1mage of an Abelian (eyelic) £70°P
is Abehan {cyclic),

is

Fuither show that the converse is net true,
Ex. 2. Show that every homomorphic image of a group of finjte order is
'\l;i}n but that the converse is not true. )
38'r. Kernel of n homomorphism. Theorem. Jf f ‘G’r
% homomorphism of G onto @', then the set H of all those elemzlnls o{} .
which are mapped on the identity ¢' of G ie., the subset £ o
3 normal subgroup of the same, [Refer § 3-5, note 2, page 9]
Let o € H, b € H so that
Jla)y=e' flb)=e";
o' being the identity of ¢,
e then have
flab™)=f(a) f1b)
=f(@LfON
=e'e¢l=¢'.
Thus
cEHVEH T Da EH,
and hence H is a subgroup of @, (§ 21, page 56)
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Again if 2 be any member of @, we have
Sixlaz)={(z"*) fla) f(z)
=[] e[ f (2]
=[f=)} flz)=¢’,
80 that
aEH2EQDxraxCH.
Hence X is a normal sub.group of G,
Def. If f i a homomorphism of @ onlo (7, then lhe sub-set H
consisting of all those elements of G which are mapped on the identity
of @ {8 a normal sub-group of @, called the Kernelof the homomorplism.

Illostration, 1. The Kernel of the homomorphic mapping
of P, onto the multiplicative group formel by the numbers 1, —1
is the alternating eub-group A, of P,.

2. The Kernel of the homomorphic mapping of the multipli-

cative group of all # X7 non.singular matrices with real numbers ag
elements onto the multiplicative group of non-zero real numbers is
the set of matrices with determinant equalto 1.

Ex. BShow that f defined by

Srtiy)=z

is s homomorphis mapping of the additive group of complex numbers onto the
additive group of real nusmbers. Vhat is the kernel of £ 2

Ex. Show that

z—rlz]
is a 1 phic pping of the iplicative group of complex
bers onto the iplicative group of real bers, the Lkernel of
the phism being tho ltiplicative group of unimod complex
Aumbers.
Ex. Bhow that
z~=> E(2)
isa homomorphxc mapping of the additive group of complox numbers onto the
i o group of complex b tho kernel of the homomor-

phism being the additive group of complex numbers 2ikx ; k& being any integer.

Ex. If H be the kernel of & homomorphism f of @ onto G, then the set
of all those elements of @ which have the samoe image os & given element
a € @, is the cosct Ha of G,

1n other words prove that

I Jany
is the coset Ha of G,
Ex, Iffis & homomorphisin of @ ontd G and ¢ & hpmomorphism of G/
onto @, show that gf Is an homomorphism of @ onto G* : the kernel being &

sub-group K of & such that { fg) (K) is the identity of @*. Also show that
the kernel of f is & sub.group of that of gf.
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39. Concerning the totality of homomorphic images of
a group. ‘/ye shall now state and prove & theorem which will throw
Iglfht on the’structures of alf the possible homomorphic images of a

oup.

Theorem on phism, Every h rphic image
of a group G is isomorphic with some quotient group fhereof, in foc
ilu.'? i3 so for the quotient group relalive lo the kernel of the homanmor-
phism.  Also, conversely every quotient group of a group is 6 homomor.
phic fmage of the group.,

.'l‘his theorem amounts to showing, that from an abstract yoint
of view, the set of all quotient gronps of a group constitutes the
complete set of horsomorphic images of the group.

Buppose that G’ is a homomorphic image of @ and f denotes
the cotrespontling homomorphic mapping, Lot H denote the’ kernel
of this homomorphism. We shall show that

GH =@,
the corresponning 1somorphism being defined by
Ha —> f(a) o

Ha £ G/H and f(2) € 6.

We have first to seo that this mapping (1) is well defined. The
Lecessity for this is due to the fact that the image of a coset member
Ha of G/H has been made to depend on the f-image of o member of
the coset.

We must therefors show that the f.image of
Ha is the same 8o that with each coset member Ha of 0.
ciate that member of G’ which is the f-image of apy mem

In fact if k; be any member of H, we have

Sihay=fiki) fla)=¢ flg)=fla)
s0 that the mapping is well-defined,

We now show that it is one-one.

ach member of
H wo nasor
ber of Ha.

Let

J@)=f().
We then have

fiab)=f@) [f(B)1=¢’
o that

ab™1 € H.

Als wo have
abt € H > Ha="Hb.

Thus

fla)=1(8) === Ha=1ib;
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Finally, we have

(Ha)Hb)=H[ab) — fiot)=f(a) /)

(Ha)(Hb) —> fi8) /,2).
Thus we have tLe first part.

50 that

Te prove that
G = GlH,
consider the mapping
a—> Ha )
of @ onto G/H. We have
ab —> H(ab)= (Ha)(Hb)
50 that (1) is o homomorphism of & onto G/H. Hence the theorern,
The mapping (1) is known as & Natural Mapping of G onto
GfH. The kernel of this natural howomorphic mapping of @ onto
G/H is the subgroup H of G,
Cor. If H is the kernel of & homomorphism f of a group @
onto a group ¢, then
GlH = &,
the corresponding isomorphism being given by
Ha — fla)

Ex. 1. Ehow thst the order of every homomorphic image of a finite order
group is & divicor of the order of the group,
Ex, 2. Show that
0f6 = {}, O} == 0.
Ex. 3. Show that°cach homomorphio image of the additive groupJ of
integers i# isomorphic to the additive group modulo i for some integer m.

,};}"A Fundamental theorem. Two laws_of isomor-
phisnt.

* Lel H be any normal subgroup of a group GQ.

Let Z denote the sef of all those subgroups of @ which conlain H
asa au$gmup and let 3 denole the set of all the subgroups of the
quotient group GIH which we denote by G'. Then

K> K/H=K' K€% K €%,
{2 a one.one mapping of T onto ',

Also if K is a normal subgroup of G, then K' is 'a normal sub-
group of @' and
G/K e QJK".
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Let K be any member of £ so that it is a subgroup of @@ con
taining H, i.e,

HCKCG.

As H is a normal subgroup of @, it is also a normal subgroup
of K and accordingly the symbol K/H is meaningful. -

Firstly we prove that the mapping

K — K|H=K'
iz & mapping of £ onto %’

Let K’ be any member of £, i.e., any subgroup of G/H s0 that
it is a certain set of cosets of H.

Let K denote the sub-set of @ which arises as the union of thesé
coset members of K’ as complexes of @, In fact if f denotes the
natural mapping of G onto G/H, then K=jf-1 (K},

Then if @, € K, a, € K so that He, € K', Ha, & K', we have

[(Hey){Hap)™) € £,
ie.,
Hlae,") € B’
50 that
ae, ' € K.

Thus K is a subgroup of @ containing H and accordingly ©
mersber of T,

Also K’ can be written as K/H, i.e., each member of 2’ can be
written as K/H for some subgroup K of @ containing H.

Now to show that the mapping is one-one. Each mem‘j"
of &' can be written as K// whera K is a subgroup of ¢ contait”
ing f1.

Let K,/H, Ky/H be two members of 5%, We shall, then pro¥®
that Ky=Ky it KolH=KyH.

Tet &y € Kyso that Mk, € Ky[H=K[H. '

There exists, .. , a member X, of A such that
Hby=11ky.

Ly € Hiy.

-~ LEK,.

Hence

R\ C K.
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Similarly i
K C K

. Ny=K,

Suppose now that A is a narmal subgroup of @ containing 4.
We shall prove that X/ is a normal subgroup of G/H. Tet Habe
any member of KH s ihat ais 8 Toember of K and 1t Ha be any
member of GfH.

We have

(He)™ (Ha) (Hx)=H (7).
Now X being normal in G,
aC KD aler €K T Hirax) € KH,
K[H is a normal subgroup of G/H. s
We may also eatily show that if K/H is a ncrmal subgroup of
Q[H, then K is a normal subgroup of &.

Consider the natural homomorphisms (By the Homomorphisn
Theorem].

G o GiH=0" [4)]
¢ =~ IR {2)

The resultant of these gives us a homomorphism of @ onto
'[K’ 80 that we have .

q = @R [¢7)

We now require the kernel of this homomorphism.

The kernel of the homomorphism (2) is the subgroup K’ of @”,
Wo have

K'=K|H,

Agoin, 2s o result of the homomorphism (1), the sub-group &
of @ is mapped on the subgroup A’ of . Thus K is the kernel of
(3).

Hence, by the theorem on homomoerphisms,

GJK = Q'R

Note, The result G/ & G'/K’ proved qbove is known as the
first law of isomorphism.

Cor. Let [ Lo a homomorphic mapping with kernel I of a
group G ontoa group 6. Corresponding to any sub-group & of G,

K is defined to be the set of images under fof the elements in A
Then

Ke——rK*
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is o one-ope mapping of the subgroups K of ¢ containing H onto
the subgroups of @’ with the following properties :

(i} K is n normal subgroup of @ if and only if K’ is & normst
subgroup of &,

(i) GJK = G'JK".

401, 8 d law of i phi If I s any sub-group
of 0 and H any normal sub.group of @, then

LH[H == L{(L M H).
Since H is a normnl sub.group of @, we havo
HL=LH
and accordingly, L  is o sub.group. Also we have
HCIHCG,

and accordingly H is a normal subgroup of LH so that the symbol
L1 is meaningful.

In the natural homomorphism

[:G— =GfH,

cach a € @ is mapped on Ha € @',

Clearly then

J(Ly=LH]H,
L = LI,
The kernel of this homomorphism {s the sub.group LN
Accordingly, by the law of homomorphism,
LIL M H) = LI,
This is known as the sccond law of Tsomorphism.
41. Relations compatible with group structure.
We r2y thata binary relation R defined in a group @ iy compd”
tible with the group structure of G, if
alth, ¢RI 27770 ac Bb.
Mustrations. 1. The relation a<h in the additive groapf
integers in compatible with the group structure in as much s we bave
azh, e Qd D atbeCl td.
2. The relation a<b in the multiplirative group of powitir?
satlonal numbers bs compatitie with Ahe group struetare, for
[TANZA bonammon L1ENZ R .
3. Tte relatian a (b of divisbility in the adfitive grmp
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integers is not compatible with group structyre for
albojdb
does not necessarily imply
{ate) | (b+d). ..

4. The relation of conjugacy of elements in & group is pot in
general compatible with group structure,

41'1.  Equival relati compatible with group
structure, The study of equiralence relalions in a group compalible
with group structure throws very interesting light on the notion of
Quotient groups and that of homomorphic images of a group,

The following results may be easily established .

(1) If R is an equivalenco relation in a group @ compatible
with group structure, then the equivalence class e determined by
the identity ¢ of & is a normal sub-group H of @. Also the equiva.
lence class @ determined by any element a of @ is the coset Ha of H
in @. Finally the set of all equivalence classes is the same ag
the set of cosets of H in G.

2) If @ is s homomorphw image of a group G, f being the
corredp g ! -phism, then the relation R defined in @ by
. aRy 2770 fia) = f1B)
is an equivalence relation compatible with group structure. Further
the set of correaponding equivalence classes in @ is such that

(i} sny two elements of the same equivalence class have the
same a-immage,

(#) no two elements of different equivalence classes have tho
same o-image.

The proofs which are easy are left to the reader.

4z, Jordan Holder theorem for finite groups. By a
maximal normal sub-group of a group @ is meant a normal sub.
group H such that the only normal sub.group of G, containing JI
and other than H, coincides with @, itself, f.e., if # is & maximal

normal sub group and X is a normal sub-group such that
HCECG,

then we must have =@,
Theorem. A normal sub.group H of & group @ is maximal, if
and only if the quotient group G[H is simple.

' We have seen that to each normal sub-group K of @ containing
H, there corresponds & normal sub.group K/H of O(H and this
correspondence s one.ome, The result -now follows from the fact
that to & pormal sub.group K, properly contained between X 2nd @
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identical, apart from order, Thus the two series {1 2,
abstreactly identical, s () 2 (3) aro ko

‘(llnse I Let Hy#L,. Now H,L, is o norma} subgroup of @
containing Hy talso L) and A, heing maximal, we have

Hyly=G,
By the second theorem of isomorphism,
GlHy=H, Lyl =L,[iH, (Y L,) (5)
Al
ML Ly HL(Hy () Ly). (6

As G 8, i siwple, Lfilly MY L) is simplo and accordingly
He Y Ly b o wnx sl noraal subgroup of L, Also Hy N\ L, is &
ranimal porweal subgronp of .

Suppose towe
Hy (Y Les My, My.oone, My (=¢)

faoa cvmpestition seties of #, M) Ly,
Qungider now the folloning two composition series of @=Hyly
Credled oo By He (Y Ly My, M., I p==(e), )
Qo Mol g D Hy MY Ly My, Mooy My=(e). [¢]
Makdng wee of {3) and (6}, wo see that the two serics of compae
aton l‘,\cln\r gronpe arising from the composition series (7) and {5)

e platastle identival,
Capehder ates the twn composition series
@, My Hyonoonrs a= (e} o]
@, Iy Zyoresns Lessle)s (104
< asaumed for My and Ly, wo seo that the
otor prowps srising from {9) is abstractly

fre theorent boiny
ne arising from (10} s

" L v

st el sanpesition fac >

t:‘vn\..\ wigh Dt addog frua 72 ar o the v
-(\:\\w\\‘ lentieal with that aiiitg from {8).

‘ i Woas Wat the scties of L'.)mm;,(i?:’”\qo, o

o ¢ actly identical ~«

v iy & aed (L0) are abara¢ : »

wasy o ¢ ) L

Tone 13 BN

LR

[Ty

e,

wx g petien o &»{

rati]



GROUPS AND THEIR NORMAL SUB-GROUPS 109

42'2. Composition factor groups and Composition
factors.
I
G, Iy, Hyyonno, Hy={e} 1i)
is any composition series for o group %, then the quotient groups
Gjiy, HylHyyersenes HealH:
which are necessarily simple arc called Composilion factor groups and
their orders arc called composition factors correspunding to the given
composition zeries (1).
We shall now prove an important theorem known as Jordan
Holder theorem,
42'3. Theorem. Lel G be any given finile group and lel
G, Hyy Hyyeerveny Hy=={e}
U, Ly, Ly wovevey Ly ={2}
Le 1100 composition serics of @ so thal
G5, HyfHyyoro..y HiylH, i)
GlLyy LyfByy veveey Lumafls (2)
are the corresponding series of € ition factor groups. Then there
exists a one-one mapping of either series of composition fuclor groups
on o the other such that the corresponding factor groups are isomorphic,
Briefly, we may say that the two series of composition factor
groups are abstractly the same apart from order,

We shall pow use the principle of mathematical induction in
terms of the order of a group for the proof of the theorem.

Clearly the theorem is true for a group of order one. Wo
suppose that it s truo for every group whose order is less than that
of @,

Case 1. Let I,==1, so that G/H,=0]I.

Then

Hyy Hyy evvvny Hy={e}
Hy, Ly voovs Ly = {e}
are two composition series for I7, with conesponding series of compo-
sition faclors groups
HyfHypuo ooy HiolH, 3)
Ly/Ly== Hy[Lo, ..oy Lyy/ L. 4

The theorem being assumed true for H, whose order is less

than that of G, we eee that the two series (3) and (4) are abstractly
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‘.vill correspond & normal sub.group K of GfH different from the
identity sub-group H/H and the entire group G/H.

Hence the result.

42't. Composition Series of a group, By a composilion
series of o group G is meant a finite series of groups

& Hy Hy, ..., H={¢}
such that each member is @ mazimal normal sub-group of ils predecessor
on the left.

For every finite group @, there always exists atleast one com-
position seies, in view of the fact the set of all normal gub-groups
of & group is finite and accordingly some one of them must be
maximal.

An infinite group, however, may not possess a composition
series. The additive group of integers, for example, does not possess
a composition series. In fact, in this case, there always existsa
proper sub-group contained in every given sub-group and every sub-
group is normal,

Hlustrations,

1, Tet

A=Pe=(L, (ab), (bed, (ca), (abe), (ach)).
H.=[], {abe),(ack)].

Then
G, H,, {e},
is & composition series for G.
2. Let ¢ be a cyclic gronp {a} of order 12
Then
{a}, {a*}, {a'}, {e}
{e}, {@®), {a%}, {e}
are two composition series of G.
3. Let @ be a cyclic group {a} of order 24.
Then
{a}, {a}, {a'} {a*}, {¢}
{a}, {0}, {a'}, {a"}. {e}
{a}; {a%), {o%}, {a"} {}
{a), {a*}, {a*}, {a"}. {¢}

are four different composition series for G.
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42'2, Composition factor groups and Composition
factors,
¥
G, Hy, Hyyroorno, Hi={e} (i)
is any composition serieg for a group G, thea the quotient groups
GfHy, HylHyseosoors Hiy[Hi
whick are necessarily simple are called Composition factor groups nnd
their orders are called composition factors corresponding to vhe given
eomposition geries (1),
We shall now prove an important theorem known as Jordan
Holder theorem.
42'3. Theorem. Lel G be any given finile group and fet
G, Hyy Hypeoron, Hy== {6}
Wy Ly Lgy vecerey Ly =1}
be two composition serics of G so that
Y[ Hay HylHyseoivony HimylHy ()
Ly LylLay o ovey Dol @
are the corresponding series of Compusition faclor gioups. Then there
exists a one-one mapping of either series of composition faclor groups
on to the other such that the corresponding factor groups aie isomorphic.
Briefly, we may say that the two series of composition factor
groups are abstractly the same apart from order.

Weo shall now use the prineiple of mathematical induction in
terms of the order of a group for the proof of the theorem.

Clearly the theorem is true for o gronp of order one. Wo
suppose that it is true for every group whose oider is less than that
of @,

Case I. Let Hy=TIy so that G/Hy=G//14.

Then

Hyy 8oy voesy =1}
Hg, Ly, vovooy Iy ={e}
are two composition series for  with corresponding series of compo-
sition factors groups
HylHyyeo weoy Hyoo$H, 3
L!/L:=”,/EJ,...,.., L{-u’bl. (4}

The theorem being assumed trae for Hy whose order is less

than that of @, we zee that the two scries (3) and {4) are abstractly
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Lx. Ifm isany given positive integer, show that z.»zm is an endo.
morphis of the multj ive group of complex ; what is
its kernel t

43'x. Group of automorphisms of a group. Theorem.
The set of all automorphisms of o gF6tp with resitllant composilion i3 o
group.

L The product of two rphism is an rphism.

Let f, g be two automorphisms, As f, g aro one.one mappings
of 7 onto itself, fy is also & one-one mapping of & onto itselfs

Again, ¢, b being arbitrary members of 6

(Jo¥ub)=Jlg(ub)}
=fig(e)g (b))
={ f{o@)}{ flg(6)]}
=[JgH) [1 /o) (B)]
[Supply reason for each step].

Thus fy is aleo an automorphism.

IL.  The multiplication of ! phisms 13
fact it has nlready been proved, that the multiplication of arbitsary
mappings is associative,

associative, Tu

XIL  7'he identity mapping is an aulonorphism.

IV. Each aulomorphism is inversible. In fact; as may be easily
proved, the inverse mapping /= of any automorphism f s itself a0
automorphism. (Prove 1t).

Hence the theorem.
a Ex. 1. Show that the group of automorphisms of the four-group is isomot-
N phic to the symmetric group P, of Gogree three.
Ex. 2. Show that the group of automorphisms of a cyclic group of degre?
four is of order two.
Ex. 3. Bhow thot the order of the group of automorphism of a fnite 8!
of order # is a divisorof n
Ex. 4. Show that the group of
itself,
Ex. 5. If g is any given non-zero complex number ; show that =
i an automorphism of the additive grovp of complex numbers.
Show Tuether that the totality of thess automorphisms arising sot all nous

i jtion
zoro complox numbors a is an abelian group for the resultant eomposity
ic to the multiplicative group of all complex nutnbers.

roup

hie B0

phisms of Py is isomorp

—al
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432, Inner automorphisms of a group. We shell now
study a special typs of automorpbisms known o8 Inner automor-
phisms,

It can ba shown that the mapping

G"‘:(u‘:ta )’
where z ranges over G and a i3 a fixed element of @, is an automor-
phism of G,
As
e lza=a-lya ZT"T7) x=y,
we sed that o, i3 one.une.
Agaiu, if y be any element of @, we have
o~ za=—y > x=ayst,
0 that
oy(z)=0"Yaya Yz =y,
and accordingly o, is onto.
Finally
aalzy)=atxya
=(a~Yra)(a-'ya) =as(x)c,(y).
Thus o, is au antomorphism.
Automorphisms of the type

iza)
a"lxa

ore colled Inner automorphisms, Also an outomorphism which is
not inner is called Quter.
Identity is the only inner automorphism of an Abelian group.,
43'3. Group of inner entomorphisms, Theorem. The
set of all inner aulomorphisms of @ group G is a sub-group of the group

of all automorphisms and i3 isomorpkic lo the guotient group OfZ of @
relalive to the central 2.

Let

) o)

be two inner automorphisms of G.
‘Wao have

o= 5 2 (i)
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We write ¥=b""zb s0 that 2=byb,

& ebre=a™ byb-la=(b-la)y (b-ta)==c-Yye
where we write c=b-1a.

Thus

st = 2z )=cn
clye

Hence the set of inner automorphisms js a sub.group of thegrovp
of automorphisms.

Consider now the mapping

4 —> G, (U]

of G onto the set of inner automorphisms.
We have

z
ab—» "(ab)"= ((ab :t(ab)")

_f bxbt z \ =0, %
- (ubzb"a" ) (616“’ ) “ :
& the mapping defined by (1) is a homomorphism of ¢ or:"’
the group of inner automorphisms, Now we find the heenel of thH

homomorphism, We have
- T N
sa _(a _‘)_1,

axa~le=x, i.e., xra=az,
for every z & G. Thus
Sat=] CCTD 6 £ 2.

Thus Z is the kernel of the homumorphism,

A Jingly, by the Il phism theorem, the group of inst
autororphisms it isomorphic to the quotient group G/Z.

Hence the theorem

Ex. Prove that the group of inoer automorphiams of the .
group Py of thgreo n bs isomorplic to Py 1 ngd 20

il and only if

ymraett?

43'4. Group of automorphisms of a cyclic group. Let
¢ = {a} .
be sny cyelic grovp. Any autcmorphism o of (s defined Bf
relaticn of the form o
e(a}s-a,

where m {1 some saitablo positive integer.
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Now (1) gives
olat)=lola)t =atn ; @
k being any integer. The mapping ¢ being an automorphism, wo
deduce from {2), that a™ must be o generator of the tyche group.
Now if ¢/ is infinite, tho only generators are aand a~'so that
the only automorphisms ure the identity mapping I wheiefor
Hay=a Z—=> I{at,=at forkEJ.
and the mapping f defined by
J (g)=a=
Thus the group of autoworphism of an infinite eyclic group is
of order two,
Now suppose that G is of finite order n. We then know that
a™ is & generator of @ if and only if m is prime to # and less than u.
We shall now show that for every such choice of m, tho
mapping o defined by (1) is an sutomorphism.
The mapping o is one.one. Now

nhm - akzm — (7;1-—l~,)m=e ~—=>u| (ky—~i3)m.

If we suppose that 1<h.<k,<n, as is quite legitimate, we see

that  is not a divisor of (X;—k,)m ; # being prime to 1 and
Y<hy~ky<<n,

Thus the mapping o is onc-one.

The mapping is onto. We have to show that for some integer
k such that 1k<n, o™ is the same as any given element of G.
This follows from the fact that

am, g, g, ..., @
are all the = different olements of @ ; o being one-one.
Finally we see that
,(akx ak‘) =a(akx+l': )
- (G(ﬂ))k"-l-k’
= g™tk
— nmk‘ l‘mkz - a(nk’) U(akg).

Thus the mapping (1} is an automorphism for each positive

integer m less then 7 and prime to n.  This shows that the group of

| automorphisws of a cyclic group of order n is of order o(n) where
%{n) denotes the number of integers less than # and prime to %,
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We shall now soo that tlis group of automorphisms is Abelizn
Iet o my “m, be 2 autornorphising defined by

°m,(“)= a™, am,(a) =a™.

Then
= - my . mmg
(cxml u‘m')(a)-ﬁ"h( am‘){rx)— um,( a' l) =g ™3
Simifacly
— L Tym
(am’ Um,) (a)=a 172,
Thus

aml Umg= am, smx
g0 that the group of automorphisms is Abelian.

44. External direct products. Let ¢y, ¢ be two arbitraty
given groups. We shall now define a new group starting from these
two groups.

In fact, we shall see how, with the help of the two group CDm‘;
positions in Gy, G;, we can define a composition in the product &
@, X Gy relative to which it acquires a group structure.

Let

(81, a5) € 61X Gy, {by, by) € Gy %0
s0 that
W€ 6 hEG;nEq b E

A composition in Gy X @, denoted mullilriicauwly fane

as follows : "
(a1, 8, (b bo)="a1by azhy). !

We wmay now easily venfy that the product set
group for the composition defined in (1). Tt is knownas the E:
direct product group of G, @, denoted by G;X 0.

The identity for this group is

(ey. €2)
where ¢y, €, are the identities of @y and @, respectively.
Also

w defined

@y 8%
xtern’l

(o3 @y t=(ay"% a7, i
The following facts abont the group G, X 6 may now be east
established :
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1. The sub-get of &y X ¢y consisting of elements
{1y, €)@
@, being an arbitrary element of 75, is a sub-group of (7; X Gy, izsomor-
phic to the group 6 ; an isomorphism being given by
(1, 62) —» a1,

This sub-group of Gy X G, isomorphic to &y will, in the follow-
ing, be denoted by ',

Similarly
[RCAREA

is an isomorphic mapping of & sub-group Gy’ consisting of the element.
{ey, @) on the group f,.

Also Gy, G’ are normal subgronps of ¢y X G;.

II. Each element of ¢y’ is commutative with each element ot
@y, TIn foct, we have
(g, etey, a)={ne,, £3a;)
=(e,8,, ases)=={ey, G;) {3y, €1).
1fI. Each clement of &, X G, is uniquely expressible as proda t
of an element of @' and an element of G’

We have
{ay, a))={ay, edley, @),
Also
(an ay)=(by, ex)(en, )
implies
(ay, a)=(byey, eby)=(by, by)
so that

ay=by, dy=b,.
From this it follows that
G XUy =Gy'Gy.

1V. The sub-groups Gy, &, of &, X G, have no element other

than the identity (e,, ¢,) in common.
V. The group Gy X @, is isomorphic to the group G, X @y ; an
isomorphism being given by
{3 as) ~> (a5, ay).

Generalisation, In a manner analogous to the above process,

wo may easily define the external direct product

X O K X Gy
of any finite number n of groups
Gy, Gyyearnnny Gy



118 MODERN ABSTRACT ALGEBRA

and also define sub-groups,
[N/ AR R
of the same such that

(i) any two elements belonging to two different subgroups ar
commutative,

(i) no two subgroups bave an element other than the identits

in common, snd

(i1} each element of GyXG,%.., }(G’,. is uniquely expressible 88
praduct of elements of Gy',......, G,

Ex. 1. Show that G X is Sbehan if and enly if ¢y and Gy sro bott
Arehn,

Ex. 2. Show that

Oy oz Hy Gy Hy T2 Gy xGp ¢ B Xy

45. Internal direct product. We shall now introduce the
very important notion of a gronp as a direct product of its sub-
groups, To distinguish this concept from that introduced in ﬂ\;
preceding sub-section, we shall refer to this notion as that of Imernf
direct product to emphasise the fact that the ‘factors’arein thit
ease the subgroups of the direct product.

Def. 4 group G is said to be o direct product of its o b
groups Hy and Hy, if

(1) each element of Hy is commulative with eack element of Hy

(2) cach element of G is uniquely expressible as product of ot
element of Hy and an element of H,.

Also we then write

1= Hyx Hy.

Note, If additive notation is used for the composition f:‘
group, then we refer to @ as the Direct sum of its sub-groups oy @
H, and write in symbols

G=H\+H,

The reader would do well to give a direct formulati

notion of a group as a direct sum of its subgroups.

Ex. 1. The Four group isting of the four p
1, {ab), (ed), {ab}{ed)
is tho direct product of ita two sub groups H; and H; where we have
Hyz=[t, (08), Haes[l, (ed))
Ex, 2, Thesy ir group Py ing of the p
1, (eh), they, tea), (abe), (acd)
11 not the direct product of its two sub-groups Hy, Hy where
Hyw(l, (ab)), Hysall, {abe)s (acb)]

on of the

"
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even though we have
Pa=HH,,

Ex 3, Show that @=Hy XH, —=—— G=H H, but the cunverse is not
true,

Ex. 4. Show that
G=6 x(e).
Ex. 5. Show that the additive group of all complex numbers

is the direct sum of the subgroups of all the real and of all the purely
imagingry numbers,

eorem, If G=H,xH; where H,, Hy are two subgroups of
G, then Iy, H, are narmal subgroups of G and
GIH, = H,, O[Hy = H,.
We define a mapping ¢ of G onto H, as follows.
Let z be any element of ¢, Then
a(z)
denotes the uniquely determined element x, & H, such that

2=Tpy, 4, © Hy 2. € H,.
Thus

ole)=x,.
Again, if ¥ be any element of @ and
Y=Yy 4 € Hy 12 € Hy,

then
o(y) =1
We have
Y ="Tr ¥y Yy
= (@) (ta) : 29y € Hy, s € Hy
olzy)=x,y,=0(r) ¢'y).

Thus o is a hormomorphism of @ onto H,. Also the kernel of
7 consists of all thase elements of & which are mapped on the identity
of G, i.e., which are of the form
ery=2y, 2 & H,.

Thus H, is tho kernel of 6. By tho Homomorphism theorem,
we see that H, is a normal sub.group of ¢ and

G/H, = H,.
The theorem ¢an now be ecasily completed,
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The result can also follow by the use of the Second Jsomorphism
Theorem.

Wn have -3
G =1 H,(H, e Hyf(H, (M H)=H,He} e The
Similarly
QHy &= Hy.

Ex. Show direetly without the uso of the Flomomorphism theorem that
U =H,x Hy implies that H;. Hy are normal stb.groups of @,

Ex Show that
GeHyxHy 777" Ge=HyX Hy,
45'1. Theorem. Necessary and eufficient conditions (hat @
gmupjis the direct product of its two sub-groups H, and H, are
H, and H, are normal sub-groups of G,
(2) Identity is the only element common to Hy and Hy, 1.2
) Hy=e)

3) G=H,H,.
The condilions are necessary, Let
G=H,x H,,

The condition (1) has already been established in the precedl'ﬂl
theorem. We shall, however, give another direct proof also.
Let a be any element of H, and z any element of &

We have
T =2, ® € Hu €8x
alar=x o ey x,
=2 Mo e, (By (1) def. §49
=z o age)e =2 lay € Hy
Thus

cE H e ECT "D ax € Hy.
Hence H, is a normalsub-group of ¢, Similatly H, is ano
sub.group of &. -
Let, if possible, ds¢e be an element common to Ay
We have then

st

and By

d==de=ed,

and accordingly, there exist atleast fuw ways of expressinga
of @ as product of an element of H, with an element of Hy an
the def. of § 45 would be violated. i

o element
g (2) of
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Thus
Hy M Hy={e}.
BPinally by (2) of the def,
G=H\xH, " (=HH,
Tre conditions are sufficient. Sappose that H,, H,, are two
normal sub-groups of G having only the identity in common.
Let xy, 2; be the arbitrary clements of 1, H, respectively.
Consider the element
R A
Wo have
&Yyl =y Ny Teaty) € Hy 5 Hy being normal,
x,"‘x,"x,zz= (w2 2y €, Hy ; Hy being normal,

o 2 Yy, € Hy M H,,
Thus ey =e,
Also ey e D B =2,y

Thus each clement of H, is commutative with each element of
H.

Again since G=H,H,, ecach element of & is expressible as
product of an element of Hy and an element of H,. The uniqueness
of thiy expression has now to be showa,

Let, if possible

oe==tays 3 2 & Hi, 01 € Hy 12, € Hy y: € Hy

s =y € H M Hy,
Thus yo e =gyt
Also Yl =e =yt TTTTTD =gy, s ay

Thus the conditions arc also snfficient.
45'2. Genernlisation. Def. A group @ is said to b¢ q
direet product of its sub-groups
Hyveunry Ha

i
(1) each element of Hy fs commutative iith each element of H, ;
| kL
(2) each element of @ is uniquely expressible as .« ,. vauer
Tyly o XpeniTa tehere o, ©C Hy 3 1S,
d Also tre then wrile
g G=Iy X Hy X Hy copoe XHy X csions X Hou




)22/‘ MODERN ADSTRACT ALGEBRA

° /’Iheorem. Necessary and sufficient couditions for a gronp 6
to be the direct product of its sub-groupe
Hyevorey Hyyorseon, Hp
are that
(Y each Hy, 1 <k<n, is a nonnal sub-group of G,
G0y MY HyHyoooo Hy  Hyy oo Hy ~ {6} 5 1<k
(i) G=HHyuer o Hyoooo Ho
The conditions are necessary.  Let
G=H, % Hyk vuers X Hye
Let @, be any element of H, and x any clement of G, We
have, by the def.,
BBy ey anTa s T € B
Flar=n"q0 & H. by ¢t}
Hy is a normal sub-group of .
Tiet, if possible, d;#%¢ be a common member of
Hy and H\H, HiiHyvieee o e
There then exist members

Mrsevreees Yimts YrttavareesUn

of
Hyy sevoeny Hycgy Higyevoiennns Ha
respeetively such that
Qe=Y1eierafioy Yooty ressesseey Yo
We now have two different expressions of d ag produu of
elements of
Hypeorsnngeiriony Hay
viz,
dyz=e ey e
o= Ureerers Vg1t Yhosere Yn
50 that we arrive st a contradiction. Thus follows (i),
Finally (iii) immediately follows from (2) of the def, in § 452
The conditions are sufficient,
By (i), we see thot
N =6} if k£L
Let, now, v € My ond o & ;3 kL
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50 that each element of @ is expressiblo as produet of elements of
fMyeieniy Hyaonany Ha,
Let, now, Ly be subgroup of & of order

N!l’kmh

Then the order of the sub group
La MY 1,

being & common divisor of me‘ and N/p,-mk is necessarify 1 &
that a
In ™ Hys=(e).

Since the order of each of

Hy, o, Hyoy, Hygy, oo Hy 3
is a divieor of the order of Ly, we see that each of them i3
subgroup of L; so that
I D HyeoooHicy Hyggoononfla @

From (1) and (2), it follows that

He M By Hyy Hyggooo Hy=(e) .

The conditions of the Theorem of §45:2 being all satisfied,
we see that

=My By Hy Hysgoooo Hy

Henee the theorem.

47. Survey of abstract groups with order not exceed-
ing 8,

Ttis easy ¢ .o that there exist only a finite number of different
abstract groups of any given finite order, In fact the number o
different abstract groups of order n canuot exceed (n ™ Th'?'
however, is only the upper bound and the number is, in generﬂ]r
much smaller. The problem of the determination of the ﬂﬂ‘“:
numbker of different abstract groups of a given finite order has ""0‘
as yet, been solved in the general case. The theory deYeIoped:e
fur may help us, however, to arrive at the number in any given rﬁ“'
For the sake of interest, we proceed here to solve this problem

n<8. :

It has been seen that thero exists one and vnly one ﬂbs";:r
cyclic group of any given order and that a group with a p-ime '”n
is necessarily eyclic. From 1his it follows that there exists one &
only one abstract group whote order is

1,2,3,60r7
ond each of these is cyclio.



GROUPS AND THEIR NORMAL SUD-GROUPS 128

We now proceed {o"the consideration of groups of orders
4,6,8.

Firstly we need to prove a simple lemma.

LEMMA. 4 group @ each of whose clements other than the
identity is of order 2 is necessarily Abelian and if it by finite it is
expressible as a direct product of cyclic subgroups of order 2 and th
order of the group is sonte power of 2.

Let «, b bo arbitrary cloments of & so that

w=e, bl=¢, (ad)*=c.

We have

abab=e " Daababb=aeb___Dba=ab,
so that the group js Abelian.

Now suppose that a, is any element cf & so that

Hy={e, a;}
is a subgroup of @ order 2.
If G=H,, we have finished, In the alternative case, suppose
that a, is a member of ¢ not belonging to H;, Then
H,={e, a3}
is a subgroup of @ of order 2. By the theorem of § 45 1, we see that
H\Hy=H,xH,
so that the subgroup X H, of G s of order 4.

If ¢ =H,H,, we have again fipiched. 1In the alternative case,
suppose that ¢; is a member of @ not belonging to H H,. Again, by
the theorem, of § 45°3, we may see that

HHH ~H XMy %x Hy
s0 that H,H,H; i+ a subgroup of & of order 8.

Procecding in this manner, we shall arrive at the required
result in a finile number of steps,

Groups of order 4. We have already come across the
following two groups of order 4 which are not isomorphic :

(s) The multiplicative group formed of the four numbers ;

1, —1, ¢, —i where i=4/~1,
which are the four fourth roots of unity.
This group is cyclic,
(i5) The group formed of the four permnutations :
1, (ab), (cd), (al)(ed),
This group is Abelian but non.cyclic.
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It may be easily seen that this group i8 the direct product of

its two sub-groups
s (ab)} {Z, (o}
both of order 2.

We shall now see that there are only fwo abstract groups of
order 4 respectively isomorphic to the two ahove groups.

Let @ be any group of order 4. Each non-identity element of
G is exther of order 2 or 4. If ¢ has an element of order 4, it ©
necessarily eyelic. 1n the alternative case, each non-identity element
is of order 2 and accordingly, by the lemma, it is Abelian and &
direct product of its two sub-groups of order 2 each. Thus we have
proved the required result in as much as wo have a cyclic growp of
order & and an Abelian non-cydlic group of order 4, This latter group
is such that cach non-identity element is of order 2 and it is aceord
ingly known as the quadratic group. This is also known as {he Four
group or The Klien group. The three non-identity cloments of this
group are such that the product of any (wo equals the third.

Groups of order 6, We have already come acrosd the
following two groups of order 6

(2) The multiplicative group formed of the six sixth roots of
unity, viz.

+1, cOS-:}:l; i sin —g— R cos‘—q;-_—& isin %‘_

This group is cyclic,

(i) The symmetric group Py of degree 3.

It will now be shown th st there are only two abstract groups
of order § respectively isomorphio 1o the two groups sbove.

An element, other than the identity of o group of order 6 Is
necessarily of order 2,3 or 6. Further o group of ordec & with an
element of order 6 is necessarily the cyclie group of order G.

For the following we suppose that the group @ has no clement
of order 6, i.e., we consider only non.-cyelic groups & of order 6.

Now, not each element, other than the identiry, can bo of
otder 2, for the order of such n group would necessarily be $009
power of 2. ‘Taus @ must have at least one element of order 3

Let, o, denote an element of G of order 3. Then the set of clement?
e, u,a 5
is a sub-group, say, 1 of G ; e denoting the identity.
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. Let b denote an element of @ which, however, does not belong
to the sub-group .
Then the set of elements
b, ab, a* {2)
is the coset Hb of the sub-group H. Accordingly these are three
diilerent elements of ¢f and also different from each of the 3 elements
in (1}, Thus
¢, a, a* b, ub, at (3)
are the 6 different elements of ¢/,
Now la, being a member of &, must be equal to some one of
the six clements in (3)
Since
la=e "D b=a* ba=a """ b=¢,
lu=a*-"""> b=g, ba=b """ a—=e.
we see that ba must be different from each one of e, ¢, a* b. Thus
we have only the two possibilities
ba = uab, ba=all"
Again 0% being & member of 77, must be equal to some one of the
elements in (3).
Since
Yr=h T2 b=e, V=ab ITTTD b=a, VP=a't 757> b=ad,
we see that 12 must be different from each one of b, ab, a%.
Again if b*=q, we have
b=abste, b'=a’#e, B=abte,
s0 that b is an element of order 6 and we have already excluded the
consideration of this case.
We may similarly show that if #*=-c? then b is an element of
order 6.
Accordingly, b* must equal e.
Thus we have the fullowing two possibilities :
ba=ab, b*=e ; ba=a®0, 1* . .
Considering the first possibility, we have
(ha)f ==, (ba)'=b, (ba)t==q, (ba}'= ba®, (ba)==c
so that bu is an element of order six, and we are not considering this
possibility.
Thus, only, one possibility remains, viz.,
=0, Li=ec.
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It may be easily seen that this group i$ the direct product Q{

its two sub-groups
U, @)% {4, oy}

both of order 2,

We shall now see that there are only fwo abstract groups of
order 4 respectively isomorphic to the two ahove groups.

Let & be any group of order 4. Bach non-identity elemen.t 9f
G is cither of order 2or 4. If G has an clement of order 4, i
necessarily cyclic. In the alternative case, each non-identity element
is of order 2 and accordingly, by the lemma, it is Abelian and &
direct product of its two sub-groups of order 2 each. Thus we have
proved the required result in as much as we have a cyelic groul’ o
order 4 and an Abelian non-cyelic group of order 4. This latter grovp
is such that cach non-identity element is of order 2 and it i8 accord-
ingly known as the quadratic group. This is also known a8 the Fi our
group or The Klien group, 'Ehe three non-identity elements of th9
group are such that the product of any two equals the third.

Groups of order 6. We have already come o8cross the
following two groups of order 6. "

(1) The multiplicotive yroup formed of the six sixth roots ©
unity, viz,
xz

. 2n
3 ,cosgf—i T sin e

21, cos5 % i sin 3

This group is cyclic,

(i5) The symmetric group Py of degree 3,

It will now be shown tht there are only two abstrach £rOUPS
of order 6 respectively isomorphic 10 the two groups above,

An element, other than the identity of a group of order )
necessarily of order 2,3 or 6. Further a group of order & with 8
element of order G is necessarily the eyclic group of order 6. e

For the following we suppose that the group G has no cle@el 3
of order 6, i.e., we consider only non-cyclic groups @ of order 6.

Nos, not each element, other than the identity, can b
order 2, for the order of such n group would necesearily be -
power of 2. Tnus ¢ must have ay Jeast one clement of ore
Let, a, denoie an element of G of order 3. Then the sct of‘ cle

r 68

e, a, at
is & sub-group, say, I of ¢/, e denoting tho identity.
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. Let & denote an element of & which, however, does not belong
to the sub-group /1.
Then the set of elements
b, ab, a*b {2)
is the coset Hb of the sub-group H. Accordingly these are three
different elements of ¢ and also different from each of the 3 elements
in (1). Thus
e, a, a* b, ub, a*b {3)
ate the 6 different elements of ¢,
Now lu, being a member of ¢, must be cqual to some one of
the six elements in (3)
Since
ba=e 7D b=d*, ba=a 7" b=e;
ba=a? "D b=u, ba=b ) a—=e.
we see that ba must be different from each one of e, u, 4% 6. Thus
we have only the two possibilities
ba =ab, bo=alh
Again 0%, being & member of #/, must be equal to some one of the
elements in (3).
Since
b=l "o b=e¢, b®=ab T b=a, bi=all T b=a?,
we sce that 4® must be different from each one of b, ab, a®.
Again if ¥'=aq, we have
bi=abste, b'=a’se, bS=0nbZe,
so that b is an element of order 6 and we have already excluded the
consideration of this case.

We may similarly show that if 42-
order 0.

%, then U is an clement of

Accordingly, U* must cquale.
Thus we have the fullowing two possibilities :
ba=ab, b*=e ; bLa=a%, I c. .
Considering the first possibility, we have
(ha)==a?, (La) = b, (bu)'=a, (ba}*=ba?, (ba)*=c

so that be is an element of order six, and we are not considering this
possibility.

Thus, only, one possibility remains, eiz.,

ba=a®h, Ls=c,
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We have also the relation

w*=e,

With the help of these 3 relations and on the zv.ssum!"'i""J o
the eomposition being associative, we may complete the multiplics
cation table for the six elements,

To see that the six elements do coostitute a group, we mf'
yet to venfy the fact of associativity. The direct verification 5
however, very laborious. Anyhow, we see from above that thert
exists, at the most, one non-cyclic group of order six.

Since, we already know that there exists o non cyclic grow?
of order six, viz., the symmetric group P, of degree 3, We see 10
view of the preceding discussion, that there exists one and only o
non-cyclic group of order siz,

Tran this we may also conclude the associativity of the
composition and the fact that there is an absiract group of '”fm
1w generated by two elements d, b which are subjected fo the defini®
relations

a*=¢, B*=¢, Da=a'b. .
Finally this latter group is isomorphie to Py To exbibl
somorphism, we proceed as follows :

Suppossing that the objects permuted are 1, 2, 3, the elem
of P; are

t 80

entt

(1)(2)(8), (12.), (132), (12), (23), (31).
Tn any isomorphism of the group G=({a, b}, generated by &
with P,, the element a, can correspond only to (123) or (132) 80 .
only to (12), (23) or (31) for carrespanding elements are of the 810
order 1n every isomorpbisi. We wnite
p=1(123), c =(12).
Then the permutations

b,

1, 5 8% 0, g5, ¥

are
I, (128), (132), (12), (13}, (23)
respectively,
Consider now the mapping
e— I, b — 6=(12)

6> p=(123}, ab —» gr=(13)
ot ey p?=(132), o’ — §'o=(23)
of G onto Py



GROUPS AND THEIR NORMAL SUB-GROUPS 129

Comparing the multiplication table of P, with that of @, we
may seo that the mapping in question is certainly an isomorphism.

Groups of order 8. The following four groups each of order
8 such that no two are isomorphic aro already known to us.

() The multiplicative group formed of the eight eighths reots
of unity.

This is the eyclic group of order 8.

(%) The sub-group of P, which is the direct product of ita
three sub-groups

U, @b} {1, (ed)}, I, (ef)}
each of which is eyclic of order 2.
(¢ii) The sub-group of Py which is the direct product of its two
sub-groups
{1, (abed), (ac)(bd), (adcb)},

U, (e}
which are cyclic of orders 4 and 2 respectively.

Three groups above are all Abelian ; one cyclic and the other
two non-cyclic.

(iv) The Dihedral group Dy and the corresponding sub-group
of P, isomorphic to it,

‘We shall now consider the survey of all possible groups of order
8.

Let @ be any groupof order 8. Each non-identity element of .
@ is of order 2, 4 or 8.

If G has an clement of order 8, then it is necessarily cyclic and
isomorphic to the group considered in (¢} above.

If each non-identity element of Gis of order 2, then it is
Abelian and direct product of three sub-groups each of order 2 so
that the group is ismorphic to the one considered in (f) above,

Now suppose that G has anelement @ of order 4 so that the
four elements

a, 6%, a®, al==¢
form a subgroup, say I, of .

Suppose that & is an element of @ not belonging to 4, The
the elements

abd, a*h, 6%, b
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form tho coset Hb of H in @. We have
G=H\J Hb.
Woe have, now,
ba=a "D b=e, ba=a’Z " Db=o
ba=a® "D b=a?, ba=q' D b=d’
ba =ah Z—""D bab-l=a? D batblme T 0=
ba~b T a=e
Thus we are left with only two possibilities, viz.,
ba=ab, ba=a. .
We may similarly show that in respect of b% we have only the
two following possibilities : .
bi=q?, b®=e,
Thus we have the following four alternatives in respec
and b:

t of 6

ba= ab, b2=a’; ba=ab, b*=e
ba=a’h, b*=at; ba=a%h, bt=e

In each case, wo have turther

at=e,
In the case
ba=ab, b°=e, at=e,
we have, as may be easily seen,
G ={e, a, a%, &%} X {e, b},
o that itis tho direct product of two cyclie groups of orders 4“'."'“
2 respectively and hence isomorphic to the group considered in (i
In the case
ba=ab, *=a?, al=e,
we have
(ba)?==baba =bbaa =bta=za’a®=e,
s0 that ba is an element of @ of ordor 2,
It may be seen that, in this case,
G={e, a, a® a*} X{e, ab}
and we have ngain the case of (iii).
We are now left with only 2 possibilities. )
We may now set up the multiplication tablo for the 8 elements
e, a, a%, a3, b, ab, a%, %, o



OROUPS AND THEIR NORMAL SUB-GROUPS 131

where a, b are subject to the relations
ta=a%, b=¢, at=e. @)
It may now be geen that in this case, we actually have a group
isomorphic to the dihedral group D, In fact, it may be seen that
the mapping
{123) > a
(13} - &
determines an isomorphic mapping of the Dihedral group consisting
of the permutations
I, (1234), (13)(24), (1432), (13), (12)(34), (24).-(14)(23)
on the set of elements (1) in respect of the composition defined by (2)
Finally, we set up the multiplication table for the 8 elements

e, a, a, 6% b, ab, 6%, a% 3)
where a, b are subject to the relations
ba = @%b, br=al, at=e, {4)

Again, we may see that the elements (3) subject to the re-
lations (4) do constitute a group, To show this, we may first estab.
lish that the 8 matrices

&1, ki, j £k

=B 1 e[ L)
R PERS:

form a group and the mapping

where

t>0a,j—>b
detérmines an jsomorphic mapping of this group of matrices on the
sey of elements {3) ju respect of the composition defined by (4).
It may bo seen that, we have in this case,
=], J‘ —I k"
tjuk,
Ji=-k kH=—, ik=—j.
The group is, in this case, known as the Quaternion gronp.

Thus we have & groups of order 8, three of which are Abelian
and two non-abehan,

‘The two non-abelian groups ure known as the
Oclic or the Dikedral group and the Qualernion group,
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Exerclges

1. Show that the number prime to 18, under multiplication and
remsindering modulo 15, form a group isomorphic with the direct product
CgX Cq of cyche groups Cy and O of orders 4 and 2 respectively,

2. Inthe symnmetric group Py of permutations on six symbols, determice
al} fhe elements that commute with the permutation {123} (456} and hence for
otherwige) obtain the number of elemente of Py conjugate to (123} (58

3. Gis an Abelian group written additively and [? is s group of sutomor
phisma of the same written multiplicatively, In the set F of all prirs (% a) with
o E r ond E.: @, & binary compasition X is defined by the equslity

(2, a) X (B, b)= (2B, txt-ul),
where bx denotes the imsge of b Eaby « [,

Show that F is o group under X if and only if [ is Abeljsn sod thet if F
is & group, it 1a an Abelian group,

Assuming, thut F is & group, find sub-groups 6* and [** P
end [ respectively and determine the order of (z,q) i [' inlerms ofths
orders of « m " and ain @,

4. The central of & group G is of finite index f>1. Bhow that every
element of @ has fewer than f conjugates.

5. Denote by Py the aymmetric gronp of degreo 4 and by V the
four-grovp.

{a) 8how that V is a normal sub.group of Py,

hic to &

(b Find & group of ions which is i hic with the guotieet
group PyiV.
(£) sShow that
=V )V

i3 & sub-group but not & normsl sub-group is P,

(d) What is the normahser of G in Py 1 e

6. Give examples to show that for a group all automorphisms 528Y "
nper or all (ex- epting of course the identity) n oy be outer. Alsu prové lh).e
every group of order greater than 2 has automosphisms diffrent from ¢
identycal one.

7, Show that the oots of the equation 2= form  ayelie group & <74
multiphration and determine all its generators, Hence, ur otherwise, find '”
the sutomorphisms of @ and disunguish between inner snd out
autumo P sk, .

8. Show that cvery self-conjugate subgroup of o group @ fa the ke
of some homuinorphic mapping of G,

9, Shaw that the divedral group Dy has 6 central 2 of order 2. D""::ﬂ
pose Dy, into cosete of Z and show thint the quotient geoup D,y/Z js itomo’d
1o the symumetnic group By,

[The membr gy (1 D)(BEYCF) of Dy, is commulative with each e
Yot of Pys.  Verify by direct compuration,)

10. M a group Q of crder 8 containg on clement @ of order ¢ and 8
went & euch thateab gk ba, show that 8a=a32 and that 6% i3 cqual eithee !
idemtity of tu a¥,

i
o 1b¢
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11, Show that the group with two generators a, b and defning relations
a~lba=b-1, p-lab=qa-1
18 of order 8 and isomorphic to the quaternion group,

12. Prove that the rotations thet leave n regular tetrashedron 7' invariant
in space form & gronp & of erder 12 and repretent G gs a permutation group on
the vertices of 7%

Prove that the order of  vlass of conjugate elements of a finite group
divides the order of the group. Decompose & into classes of conjugste
elements,

13. Define n composition series of a group,

Prove the Jordan Holder theorem of two different composition serjes of
the same finite group,

Find all compasition seriea of the graups of all permutations on 3, 4 ond
& objects.

14. Find ell the composition seriea of all the groups of order 8,

15. An element C of a finite group @ is of order mn where m and 1 are
relatively pnime numbers. Prove that U can be expressed in ono, und only
one, way es the product of two commuting elements, 4 and B, which are of
orders m and n yespeotively,

16, If G i the symmetric group of all permutations on n elements of a set,
prove that any element g of @ is of the form

cd] s Oy

t3
where O, isa cyelio p oa « of the el aod the Yu; elements
h

permuted by C'«l.........., .’Ja’: is o derangement of the set £, If
TYEIRA surssananl 4
7=y e Coypt huaal Ve,

show that there exitts an element £ of @ such that
o=tk
if and only if the 5ot @g,eseins o i3 8 derangement of Byyu. ooy Bye
17. Define the nommlxser of an element in a group end show that the
of al of a gronp s the centre of the group.
The centre or the group 0 huu finite indexe>1in @, Show that no class
of H tsof G in# more thay, ¢~ !, different elements, Hence
of otherwis prove that ¢ js not a prime number,
18. Bhow that the non.abelian group of order 6 can not be the commutator
graug of any group.
19, Show that tho centre of & group cannot itself be the normaliser of an
element unless the group is abelian,
If C4 Is the normaliser of the olement g in the group @, show that tho
indox {G : C,) equals the number of conjugates of @ in G,
20. A group O of order ab has a subgroup 4 of order a and subgroup B of
order & such that G=AB, Bhow that
(¥} A and B have only tbe unit element o common,
th) G=24.
(ve4) If A" js conjugate to A and B' conjugate ta B then (=A'B and A",
B* bave only the unit element in common,
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If @ is the elternating group of degree 6 and 4 & eyclic sub-group of order

6, find & sub-group B of order 60 such that G=A4B.
21, Find how many permutations of a, b, ¢, d, ¢, f leave
(a+8)(ctdi(e+f)
invariant and do the same for
(a+b){ct+dtetS).

How many permutations are in the set common to these W{O.SW“J!’;
Write out exphicity the even permutation of the latter set and 50§, givisg
reason for your etatement, what typo of group these constitute.

22. Show that the group Dy of coineidence rotations of 8 squste b
homomecrphic 1msge a certain group of pesmutstions of its

(f) diagonals, (is) axes, (i} fuces

and obtain the three ponding normal sub-groups of Dy, Also P
Dg has apart from the whole group and the identily, one and only ome
sub group besides these thres. . e

23, Show that & group of order p? is necessarily Abelian ; p POing prime.

24. G is the set of sll elements of the form

(@ y.2)
where 2,y z are integers, 'Two elements (z, y, 2) and (o', 7%
to be 1dentical if and only if
zez’, y=y', 2622’ {mod p),

where p ia @ given prime number, Multiplication in @ is defined by

as 68 i3

vo that
noras!

/) sr0 conaid"’d

7, 4, D', o', ) =iw+at, y+y, 7'+ )
Prove that @ is a group of order 73. Show that @ is not Abelian
of all elements (z, z, 2) is an Abelan sub.group of G of order %
Prove also that when p=2, H is eyghe aod that when p3>2
of H, other than the identity, is of order p. _—
25, P1ovo thut in e permutation group of order n, number of eVeR pe
tations is eitber n or §n. If
123 4 12 3 4
™\ 2314 )"”"(2 13 ]
show that ab and ba generate a group of order 4, and deduce that the grouP
generated by a and b is of order 12,
Show thitt @ and b are conjugates in the symmetric group of alt the
tationson 1,2,3, 4, o
26. Bhow that the dikedral group Dy, has a central 2 of order 2 Arrand
the 12 elements of Dyy 88 cosets of Z and show that
Dyo/Z oz Py,
Put down all the normal sub-groups of Dy,
27. A group G has independent generators a, & which sre subject to
aZmbt=(ab)?ue,
Show that Gy is of order 4 and write out its multiplication table.
A geoup Gy has independent generators a, b which are subject to¢
a¥ald=(ab)2e=e,

and theset &

every elernent
y

[

per
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Show that
ab, ba, atba?
which may be assurned to be all distinct, are all of order 2 and that together
with e they i & sub.group H i hic with Gy,

Bhow that Ha=cH and that H § is an invariant sub group of Gy,

28. Discuss the group D of rotations which send a regular dodecahedron
on {with fixed centre) into itself. Show that D isisomorphic with the alternate
ing group on five letters. Determine the classes of conjugates of D,

29, Define the group of rotations of & regular solid. Describo the group
of rotations of regular octahedron,

{i} when rotationsonly are allowed,

{¥é) when refl in a plape of sy ry also are allowed

30, A group @ is generated by elements g, b, ¢ where
ac=ca, be=ch

and the orders of a, b, ¢ and ab sre 4, 2, 2 and 2 respectively. Bhow that & is
of order 16 Find slso the normaliser of the sub-group generated by b and e.

A group @ is generated by elements a, b with the defining relations

ab=e, b2=nl=(ab)¥,

Show that @ js of order 12,

Find also the order of every element of @ end find all the sub-groups of @.

31. Give an example of a group @ whose commutator subgroup C is

neither @ nor the identity and which has a subgroup other than € and @ whose
quotient group fs Abslian.

32. It is given that # and ¢ aro two elements of a group @ which satisfy

the equations

B=1tem(al)2=e,
where ¢ is the identity of @. Show that

ar=tfst

and prove that the subgroup generated by # and ¢ contains atleast six elements,
If @ is the group of permutations on 1, 2, 3, show that

o= (123), ¢==(12)
satisfy the above equations and that s, ¢ generate G.

33. Split up Py into classes of conjugnte elements and show that there
are two permutations of each type whose product js a 3 cycle. Hence prove
that any self p of Py which t a identity permuta-
tion contains all even permutations,

34. Show that the commutator group of a direct product is the direct
product of the commutator groups of the factors,

35. Show that the group & generated by the elements z, y, = subjoct to
the relations

adayIaidreyr=e,
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is isomorphic with the group of motions of & plane genersted by the rotations

through 2x/3 about the vertices of an eyuilateral triangle lying in the plane,

36. Show that if two elemuuta of & group sro conjugate, then 8 ure
their inverses,

Show that in the Alternating group of degree four, no permutation of order
3 can be conjugate to its inverse.

37, Prove that those ¢'ements of a group G which com!
equare of 5 given element a of G form a subgroup N and thoee ¥/
with a 1tsell form a subgroup of N.

38, Let E bo a set and let § denoto the set of all subsets of 2. L¢
be eleminta of S nnd Jet XY be defined to e the member of S consit
those eferntnte of E which belong ta one but not both of X and Y.

Show that with this definition of product, the set S becomes 8 grovp. §
. the
IF 17 i spilt up into disjoiat sets B and F end if §; apd & d‘:;:,m.
sets of all sub-sets of Iy and K, respectively, show that Sy aod Sgaret
of § and that  is their direct product,

39. A group @ has the property that for each element of G

mute with tbe
hich commute

Let X, T
ting of

gt=c.
Prove that G is abelian, st
w
1f 0 is An element of @ and H is the subgroup generated by & '::t)' st
H is self-conjugate and prove that the fuctor group G/H has the proP
the equare of each element ia the identity element.
I @ is finite, what aro the possible orders of G, "
) I3 00
40. 'The cross ratio Aml(zy, 79, 73, 7,) of four complex oumbers 71
x is defined by
(zy—zMxy—=2s) |
B bt CF i
2y —zgi(ra—xa) it
!
T'rove that those permutations of the four aymbole 7y, "" ’;':J'"lbll T

of order 4 and 8

teave X Invariant form & non cyclic Abelian group ¥ lymb"l’v

is a normal aubgroup of the group of sll permutations of the four
41, A group @ is generated by a and b with the definlag relation®
ademe, b-lubmal,
3

L
ton group P
b are 817

Find all conjugates of b,
42, Ehow that each of the sutgroups of the Quatern
Describe w nonabelinn group of order 27 the elsments of whi
order 3. N et
.
43, Sherwe 1hat the dieret phocduet of the Quaternion groop #of
group of enler 4 eontaing s sub-group which b not normal, e 7 »
41, Mow many automorphisme basa eyelic group of order F ¥
Yrieme,
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Find all phisms of the sy ic groups Py and Py and show that
they are all inner automorphisms,

45, Caleulsto the orders of all tho classos of conjugate clements of the
symmetric group Py,

46. Find tho commutator subgroups of

P, Pg and Py,

47. Express in tegms of cyclea sll elements of the group gencrated by the

permutations

{abede), (beed)
48, Let @ be s finite regular permutation group (ie., the order of @ is
equal to its degree), Show that every permutation of & is the product of
mutuolly exclusive cycles of the same length,

49, List all abstract groups of orders 9, 10, 11 and 12.



CHAPTER IV
RINGS : THEIR SUB-RINGS AND IDEALS

48. Introduction. A ringis a set with tiwo compositions
Batisfying certain postulates s against o group which is a set with
a single suitably restricted compusition, Like every abstract
concept, the concept of a ring takes its stand upon situations which
show concern with different types of entities but which have an
unlerlying common abstract structure. The illustrations which
follow the definition will give an idea of the richness. of the concept
of the ring and of the various contexts in which we meet systems
which are rings. The reader would do well also to compare tho
developments here with those in the study of groups. It would be
scen that keeping company with the corresponding developments in
the caso of groups so far as basic ideas are concerned, the treatment
then parts to take note of probt peculiar to the fons whero
rings arise,

Rings. Def. A set R wilh two compositions, (o be denoted
additively and multiplicatively, is called a ying, if the following
poctulales are eatisfied : T

1. The'st R is an Abelian group for the additios eomposition.

1.  Multiplication is associalire, i.e.,

{ab)e =albe),

Jorererya ER,BER, c\E R.
I, Multiplication is right as well as left didributive with respect
o addition, i.e.,
o(b 4 e)==abfac ; (Right distributive law)
(b4 ela=Latea; (Left distributive law)
of ererys E RLVE R, e ER.
These two distributive laws give relations between the two
compeitions.
The symbol '0° will denoto the identity and, —a, the inverse
’ of, o, for the addition composition.
n the event of there beinz po doubt as to the underlying
- we msy 2130 refer to the set. B itself 2z a 1ing.

3
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The set R with addition comoosition will be referred to as
the Additive group of the ring.
Ilustrations :

1. Rings of Numbers. The following are some of the
examples of rings of numbers: the two compositions being the
ordinary addition and multiplication of numbers,

" (i) Tne ring of all integers.

(%) The ring of all even integers.

(iii) The ring of all those integers which are multiples of some
given integer m.
(v} The ring of all rational (real or complex) numbers.

(v) Tho ring of all numbers, a+ib; a, b being any integers
whatsoever.

(vi) The ring of all integers a+4/2 b ; a, b being any rational
numbers whatsoever.

The reader would do well to verify in detail the correctness of
the statements made.

It may be noted that the set of natural numbers is nof a ring.

While talking of the rings of numbers, it will be always under-
stood that ring compositions are necessarily the usual addition and
multiplication of numbers.

II. Rings of Polynomials, The set of all polynomials

[P0 N SRR .
with ordinary addition and multiplication of polynomials as the
two cuompositions is a ring when the coefficients a,,..., @, are numbers
which are members of any ring of numbers such as those given in I
above.

III. Rings of Matrices. The set of all #Xn matrices with
the addition and multiplication of matrices as the two ring composi-
tions is a ring when the elements are numbers which are members of
any ring of numbers such as those given in I above.

IV. Rings of functions, Let R denote the set of all real
valued continuous functions defined in an interval [0, 11 If then f, ¢
denote any two such functions and we define f4-g. fg as follows

(f+9)(=)=Jlx)+g(z), (fy)(¢)=f($)ﬂ(.1)
so that f+g, (fy) is the function which maps cach z of [0, 1] on the
sum (product) of the images of x by f and g, then B is a ring,

In brief we may say that f +g and fy are defined with reference
to pointwise addition and pointwise multiplication.
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We may recall to ourselves that f, g being continuous, f4¢ and
fg are also continuous.

The additive identity of this ring is the function which maps
each real pumber z on the number 0, Denoting this also by the
symbol *0’, we have

0{2)=0, for every 2 € [0,1]
the symbol ‘0’ on the two sides denoting different things. The
additive inverse of a function f, denote by ~ f is such that
(~Nr=—1f@).
We may also have rings of all
(i) derivable functions [0, 1],
(12) integrable functions in {0, 1],
(##%) analytic functions of a complex variable in any domain,
(#v) integral functions of & single complex variable ;
the two compositions being similar to those defined above for
continuous functions,

Note, The product of two functions referred to above and denoted by
Jg should be carefully distinguished from the notion of composite of functions
denoted by fog and also by fg.

Ex. Give s detailed proof the fact that the set R with two comnpositions
as defined 18 & ring in each of the preceding Illustrations.

49. Some general properties of rings.
w 4g'r. .Properties of zero and the additive inverses in
relition to multiplication.
(1) a0=0, 0a=0 jor every a € B,
(i1) a(—b)=—(ab), (—a) b=—{ab), (—al—b}=ab,
foreverya €. R,bE R,
(#38) a(b—~c)=ab~ae, (b~cla=b 3
for everya C R, bE. R, c ER.
Proof. (i) We have
a0=a (0+0)=a0+a0.
—{a0)+-a0=—(a0)+ [a0+a0]
=[—(a0)-a0]+a0=0+a0=a0.
0=a0.
Employing left distributive law instead of right, we may
similarly show that
0a=0 for every @ € R.
(3i) We have
~ 0=a0=a (—b+tb)=a(—b)+(ad).
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04~ (ab))=[a(—~b) +ab)+[~(ab}]
=a(~—b)+{ab+[—(ab)]}
=a(—b)+0

—(ab)=a(—Db).

Employing left distributive Jaw instead of right, we may show
that

{—ap=—~(ab).
Again, usiog tho two results established,
(~a)(~b)==—[(—a)b] = ~[— (ab)]=ab.
(iéi) Wo have
a{b—c)=alb+(—c)]
=ab+ a{—c)=ab+{—(ac)}=ab—ac.
Using left distributive law, wo have
(b ~cla=ba—ca.

49'2. General associativity of addition and multipli-
cation, It has been shown in § 14, page 35 that the general associa-
tive law, as stated there, holds for every nssociative composition.
Thus wo see that general associative Jaw holds for the addition znd
multiplication compositions in any arbitrary ring R.

Thus as defined in Cor. II, page 38, the symbols

a™, ma
respectively known as Power and Multiple of o aro meaningful when
a i3 any element of a ring R and m is any

(#) natural number in the case of a™,

(#3) integer in the case of m a.

This distinetion is there because of the fact that B is a group
for addition so that additive identity 0 and additive inverse, —a, of
every a exist but B may not have multiplicative identity and multi.
plicative inverse a! of o,

Also as n consequenco of the general associative law, we have
the follawing laws of powers and multiples :

amtn=gn gn, (g™ =amn=(a")" ;
m, n being arbitrary natural numbers ;
(m+n)a =ma+-na, m{na)={mn)a=n{ma)
m, n being arbitrary integers.

49'3. General Commutative law for addition, Assghown

in §16, page 41, the general commutative law holds for every com-

mutative composition. Accordingly the geperal commutative law
holds for addition in every arbitrary ring.
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As a consequence of this and the general associative law, we
have
m{a+b)=ma-+mb, (1)
where @ € B, b € R and m is any integer.
Note. It may be carefully noticed that m being not a member

of R, the equality (1) is not a consequence of the laws of distributivity
of multiplication with respect to addition in & ring.

50. Types of rings.,

50't. Commutative rings. A ring R is said to be commu-
tative, if the multiplication composition in R is ive.

Thus the rings of numbers, polynomials and functions con-
gidered 1n I, IT and 1V of § 48 are all commutative whereas those of
Matrices considered in 1II and V of § 48 are all non-commautative.

50'2. Rings with unity. Inversible elements in a ring
with unity. We say that B is a ring with unity if there exists
multiplicative identity in B, We shall, in our study of rings, denote
the multiplicative identity of a ring with unity by 1 and call the
same unity. This symbol must of course not be confused with the
integer one also denoted by 1 just as the additive identity denoted
by ‘0" of a ring must not be confused with the integer zero also
denoged by the same symbol.

As an illustration, the ring of all integers is one with unity but
that of all even integers is one without unity.

The ring of all nX »n matrices with elements asrationafnumbers
is one with unity ; the diagonal matrix with each diagonal element
equal to the number 1 is the unity of the ring.

If R is o ring with unity, then an element a € R is called

inversible, if there exists b € R such that
ab=1=ba,

Also, then, we write b=a"%.

As illustrations, we may sce that

(i) 1 and —1 aro the only two inversible elements of the ring of
all integers, and

(ii) nX n matrices with real numbers as elements and with non-
zero determi only are inverssibl

50'3. Rings with or without zero divisors. Rings with
cancellation law, Tt has been seen that for any arbitrary ring R,




-
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06=0, ¢0=0, foreverya C R,
go that a product of two elements, one of which is, 0, is necessarily 0.
There do, however, exist rings wherefor product of some two elements,
hoth non-zero, is zero f.e., we may have ab=0 even though
a#0, b0,
Of course this situation cannot arise for Number rings, since,
the product of two non-rero numbers cannot be zero.
The product of two non-zero matrices can be zero; as for
example, we bave
Lo oll2 o1-[o o
0 olJl1 o

Agam the prodnct of two non-zero functions of the ring of

I idered in IV of § 48 may be the zero
functi For pl ider the two functions f and ¢ defined
as follows :
}—z for 0Ky,
(2)=
Y 0 for § <z 16

0 for 0<z<!\l
gla)= Y
-1 for 1<l
Here, as may be easily seen,
Jg=0 but f£0, g5£0.
As another example, we may see that in the ring of integers
with addition and multiplication modulo 6, we have
2x3=0
s0 that the product of two non-zero elements is 0,
We say that a ring R is without zero divisors if the product of no

tiwo non-zero elemente of the same is zero, i e, if

ab=0_"_""")a=00r b=0,
and in the alternative case we say that R is a ring with zero divisors,
50'31. Caucellation Iaw in a ring. It is possible to express
the condition of & ring R being with ot without zero divisors in
another useful way as we proceel to oxplain.
We sey that that cancellalion | law olds i ina nng Rif.

a0, ab_ac : b=c

and a0, ba=ta "7 b=¢,
- where

CERVERCER
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Théorem. A fing R is without zero divisors if and only if
the cancellotion law holds in R, i.e.,
R is without zero divisors T cancellation law holdsin R
Suppose that R is without zero divisors.
Let g, b, ¢ be threo elements of R such that
a0, ab=ac.

Now
ab=ac "> a(b—c)=o.
As R is without zero divisors and
a0,
we must bave
b~c=0,
i,
b=c.

We may similarly show that
a#0, ba=ca "7 b=c.

Thus, the cancellation law holds in R.
Suppose now rhat the cancellation Jaw holds in &.
Les, of possible, J
ab=0, a0, b£0.

We have
ab=al.
By virtue of cancellation law, we have
b=0,

80 that we arrive at a contralictiva,

Hence the result as statedl,

51 lategral domains, Fields. Division Rings.

5tx. Def. Integral domain. A ring iscalled an inlegra
domain if it is

(1) commulative, (ii) has unity, {iii) without zero divisors.

The most important motivating exampfe of an Integral .dom'.ur
is that of integers. It is this integral domain of integers which hat

faid down the trend for the possible course of develop in ”N‘
study of abytract integral domams. Thus the study of ﬂ})S!rBC
integral d. igts in ining how far the variousidels, pro

cesses and results available for the dowain of integers areavaifable l'UfJ
the same. ‘This of course will lead to specialisations of the generd
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concept of an integral domain by the lmposition of further restricting
postulates 50 s to bring tho treatment in fine with that of the ring
of integers.

Ilustrations. .

1. The ring of numbers a +-bi ; a, b being integers is an integral
domain.

2. The rings of numbers

a+bv =3, atbv2,

8, b being integers ; are integral domains.

3. Every ring of numbers with unity is an integral domain,
for the same is necessarily commutative and without zero divisors.

4. The ring of all polynomials with co efficients as rational
(real or complex) numbers is an integral domain,

sr'z. Field. Def, A ring R is called afeld vf 1t Ilas at leaat
tiwo elements and e ST

(1) is commulative, (is) has unily, (ifi} ie guch that every non-zero
element is infersible.

Firstly wo shall show that a field is without zero divisors, t.e,,

ab=0_"_"_"D a=0or b=0,

where a & R, b € R and R is a field.

et n-£0 so that a=! exists, Then

ab=0""2D u~? (ab)=a-' 0 T/ b=0.

Similarly we may show that if &40, then a must be zero.

Thus ¢ field has no zero divisors. It thus follows that every Yiela
is an integral domain but not conversely_; ring of mlegera _T;eld‘uu
cxample of an integral domain which is not a field.

It should also be seen that for & field, unity and zero are dis-
tinet elements, d.e.,
1520,
In fact if, «, be any non-zero element (such an element exists
by the definition of a ficld), we have
1= ua™5£0,
An important propeity of a field lies in the fact that if @, b are
uny two members of a field, then the symbols
a-+b, a—b, ab, a-+b=ab"? if b£0
are meaningful and are again elements of the field so that a ficld is o
closed set for the four so called rational operations,
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Illustrations, ‘The rings of rational numbers, real numbers
and complex numbers ure fields.

Tho ring of numbers a+4-by/2 where a. b are any rational
numbers is o field.

The set of integera with addition and multipli:ation modulo p,
P, being prime, is an example of o field with a finite number p of
elements. A detailed study of such fields will be made in a Iater
Chapter.

Additive and Multiplicative groups of a field.

It is important to bear in mind another important characterisa-
tion of & ficld as a set, containing at least two elements, and with two
compositions, denoted additively and multiplicativeély suclrthat

(i) tho set is an Abelian group for the addition composition, <

{ii) the set of all non-zero clements is an Abelian gronp for the
multiplication composition,
(¥2) the multiplication is distributive with respect to addition.

The groups referred to in 4) and (i) above are known es the
Additive and Multiplicative groups respectively of the field.

Also it is usual to denote by B* the sct of all non-zero elements
of a ring R,

51°3. Division Rings or skew Belds, Def. A ring withal
Teast tiwo elements is called a Skew field or a Division ring if it 5 @
ring with unity and is such that every non-zero element is inversible.

Thus a skew field distinguishes itself from a field in regard to
the li position being ¢ tative,

As in the case of a field, one may show that a skew field is
without zero divisors.

The set of all non.zero elements of a skew fleld forms o multi-

plicative non-Abelian group.

Hiustration, Skew fleld.

The student may easily show that the set of matrices

a

—b a
where @, b ate complex numbers and @, § denote the complex conju-
gntes of o, b is @ skew field for the compositions of Matrix addition
and multiplication,
52. Isomorphism of two rings. Relation of isomor-
phism in the set of alf rings. Snppose that R, R’ are two rings.
o say that B is isomorohic to R’ and in sumbols,
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Re R,
if there exiats @ one-one mapping f of R onlo R’ such that
Ja-+8)=f(a)+1(t), J(ah) =[(a) J(B) )
forecerya E R, B E R,

Also then f is gaid to be an isomorphic mapping of R onto R'.

Briefly speaking f is an isomorphic mapping of B onto R', if it
12 onec.one onto and prescrves sums as well as producls.

It may of course be remembered that if R is isomorphic to R,
then there may exist more than cne isomorphic mapping of R onto
R,

The relations (1) mean that any relation between clements of
R expressed in terms of the compositions in R is carried over to a
relation botween the corresponding elements in R oxpressed in terms
of the corresponding compositions in R'.  Thus

if
Jla)y=d’, f(B)=V", flc)=¢', f(d)=d’
we have
atb=c 77D a'+ ' =¢ ab=d "D a't' =d".

As in the caso of groups, we show that tho_relation of isomor.
PM‘M‘;W Any two iso-
morphic rings, s €., fings ging to tho same equivalence class of
mutually isomorphie rings are said to bo abstractly identical.

52'x, ‘The following results may bo easily established :

1. Every isomorphic image of an integral domain (field or
skew field) is an integral domain (field or skew field).

2. In every isomorphic mapping f of a ring R onto a ring R',

(i) the imago of the zero of R is the zero of B, i.e.,

f(0)==0.

(if) the image of the negative of an element of R is thenegative

of the image of the element, i.e.,
J(—0)=~{f(a)) fora & R.

3. Tvery isomorphic jmags of

(i) & commutative ring is a commutative ring,

{i1) & ring with unity is again o ring with unity,

{fii) a ring without zero divisors is a’ring without zero divisors.”

52'2. Transference of ring structure. The following
theorem for rings aualogous to that of groups may be easily estab.
lished.

If f is a one.one mapping of a ring R onto a set R’ wilh two
compositions denoted additively and multiplicatively such that

Sla+b)={(a)+f(), f(ab)=f(a) f(b)
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then the st R' iz @ ring.

53 The Quotient field ofav Integral domain, By the
quotient fleld K of an integral domain D is meant the smallest field
containing D. Thus a field K is a guotient field of an integral domsin
D, if X contaivy D and is #self contained in every £eld enntaining D.

Tlastration, The field @ of rational numbers is the quotient
field of the integral domain J of all integers.

Surely Q contains J. Moreover, if,

a € J.b €020,

then any field containing J must necessarily contain

ab~l=afbh
and Q {= known to consist of just ali numbers of the form afb.
[ G P P A T domain edmits of a
- . egral dowain and if
> o €D, b €D, by%0

ond X is a field containing D, then X being & field and containing as it does the
elomenta, a and by<0, it must alan contain the eloment ab-2, Hers the symbol
£~1 has & reaning by vertue of b being a-non-zeto element of a field, Also we
may easily verify that
ab1=sod~d =y {ab=3) (bd) = (ed~1)(bd) ") ad=be.
(ab-1-ed-1) = (ad - be)b=1d=1= (ad +be) (B} ~2
(ab=1){cd—1) =arb=1d=t= (ael(bd)L.
Now we may write
ab~temafh

a8 is usual and see that theso results taks the form

These considerations give us a clue far the construstion of the quotient
field of an integral domain as we provesd to do, The symbol {a, b) which wo
shall duce in the following is ially & rep! of ab-% or afb ]

Construction of the guotient field. Let D be any given
integral domain,
We set up the set S of all ordered paits
(a, b, e €D, bE D,b#0
and define in the eame a relation which will shortly be seen to be 80
equivalence relation,
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We write
(a, 8) ~ (¢, d)
if and only if
ad=be.
We now verify that this is an equivalence relation.
Reflexivity. Wo havo
(8, b) ~ (a, b) for ab=>ba,
Symmetry. Wo have
(e, b) ~{c, d) Dad=be D cb=da D (¢, d) ~ (a,b)
Transitivity, Let
(3, 8) ~ (¢, d) and (c, d) ~ (¢, f),

so that
ad=be, ¢f=de.
This gives
adef=bede.
Wo now have
adef=bede D ed{af- be)=0
T af —be=0, if ed 20, 1., c£0
D af=be D (3, b) ~ (e, ).
The same conclusion may be easily drawn if ¢=0.
The relation, in question, being an equivalenco relation, sets up
& partition of § into mutually exclusive classes. We denoto by

(3, b)
the equivalence class determined by (a, b).
Now we defino addition and multiplicati positions in this

set of equivalenco classes as fullows @
{a, 8)+{c, d)=(ad+ bc, ba)
@) T d)=lac,bd).

We have firstly to show that these compositions are well
defined. In the present context, it means that these compositions,
defined as they ate in terms of the representatives of tho classes, aro
actually independent of the same. Thus we have to show that if

(a, b) ~ (a1, b)) and (¢, d} ~ (e}, dy) ‘
then
{@,5) +(c, d={ap, 6 + tep, da),s
and

@0 Td={a ) [ d).
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This amounts to showing that

if
aby==ba, and ed,=de¢;
then
(ad--be, bd) ~ (aydy+byey, 0.4y,
L (ac, bd) ~ {acy» bydy)
1.2,
and

{(ad-l bo)bydy=bd{ayds+ bicy),
ach,d,=bdayc,,
and these can be easily verified.

We now show that the set of equivalence classes with the
addition and multiplication compositions as defined above has a ficld
structure,

(i) Commulativity of addition.
@8 +{&, H=Tad T b, o)

={cBFdadt)
=(d) +1@ b.

(i3) Associativity of addition.

@ B+(d)] +HED

={ad T, b +16 )
(T, 5)
={ad] + by F ke, baf)
=@A T 5 3%, b)
= (@ By+{+de, a
~& 0+ 9+ Hl

(i43) Existence of Additive identity.

@8+, N=G1756.0,0.D=(0)
go that {0, 1) is the Ad litive identity.
(iv) Existence of Additive Inverse.

(@, 5)+(—a, b)= (@b b{—a) 0%
=0, 1=, 1),

so that

(—a,b)=—(a, b}
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{v) Commulativily of mulliplicati
@5 & d)=(ac, W)
s=Tea. do)=(¢, d) {a, -
(i) Associativity of multiplicalion.
({35 & d1] e =ac ) 1)
=={{acle, (bd) f)
= {aice), SN
=@ [ d &l
(tn) gxistence of Multiplicative identity.
.3 0 1)={q, o),
50 that (I, 1) is the multiplicative identity.

(viii) Existonce of the mulliplicative inverse of non-zero elements.
Let a0 so that m;ém
We have e
(a, b) (6, a)=(ab, ba)=(1, ])
o that
aj=[@ 1™
(ix) Distributivily of addition w.r. to multiplication,
The verification of the law
&0 [ed+EnN=F 0 & d+6 5 &7
13 Ieft to the reader.

Thus the set in question with the addition and multiplication
compositions defined in the same is a field,

Weo shall now ghow that this field contains an integral domain
isomorphie to the given integral domain D,

Consider the mapping ; f: D —> K defined by
G ->(a, 1),

It may bs casily seen that this mapping is such that to two

different elements of D correspond different elements of k.  Also we
have

a+b~> (a+b, I}=(a, 1)+(b, 1)
ab~—> (a5, )=, 1} & 1)

Thus we see that the image f D) C K is isomorphic to D,
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Identification of f(D) with D, We now identify g, 1) with &
and gee that K is actually a field containing the integral domain D.

We thus have

& O={m 1) & V=T, 1) [T 5l =ab,
80 that each element of A is expressible as ab~! where a € D, 6 E D,
b30, Thus K is a quotient field of D.

Also since each quotient field of D must necessarily consist of
elements of the form ab~! where a € 1D, 0:£b €. D, we have seen that
any given integral domain has a unique quotient field,

54. Sub-rings. Let S be any sub.set of a ring £, We oy
that the sub-set § of R is stable for the two compositions in R, if

o€ 8,bE8TT"DOatbE S, abES.

Thus if § i3 & sub-set of R stable for the twa compositions in £,
then the compositions in R determine two corresponding compositions
in & which to any two ol tsa, b of S iate the elements a+¥
and ab of 8. These two compositions in § are called Induced Com-
positions,

Def. A sub.set S of a ring R is called a sub-ring of R, if it it
etable for the two compositions in R and is a ring for the induced com-
positions.

Conditions for a sub.xing. Theorem. Necessary and suff:
cient conditions for a sub-set S of a ring R tobe @ sub-ring thercof are that
a8V EI T D e~ ESabES.

The condition

aEZ8,bESTTDOa-bES,
ia necessary and sufficient for S'to be a sub.group of the additive group
of R (§ 21, page 56).
The condition
aE S VESTTTDaES,
means that § is stable for the multiplication compositicn,

Finally, the induced multiplicati position is
and I3 distribuwtive w, 7. 4o the induced addition ; the same progerties
holding good for the compositions in R

Ex. Show that @ sub-set § of a ring R will be a subering of B,

and only if

S+(~8)=8,88 C 8.
[Refer to the analogons result for groups obtained in §21, page 56!
[Here, —8, denote the set of negatives of the members of &3
8+(~8) derivte the et obtained cn adding each memberof Sto enf”
member of —§ ; S§ denotes the set obtained on multiplying arbite
rary pairs of members of 8
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Hlustrations

1. Theset of all thuse integers which are multiples of a given

integer, ray; m viz,,
veevess =—2m, —m, 0, m, 2m,......
is a sub-ring of tho ring of all integers.

Since, a8 seen in § 212, page 57, cach subgroup of the additive
group of integers consists of tho sct of all multiples of integers by
some given integer m, we sce that theso aro the only sub.rings of the
ring of integers.

2. The set of all rational (real) numbers is a sub.ring of the
ring of all real {complex) numbers.

3. The sct of all integers isa sub-ring of the ring of numbers
a-+tib ; a, b being any integers and i= v — 1.

4. The set of polynomials over the ring of rationsl (real)
numberss i3 a sub-ring of the ring of polynomials over the ring of real
(complex) numbers.

5. The set of all n x#u matrices over the ring of rational- (rcal)
numbers is a sub-ring of the ring of nX n matrices over the ring of
real (complex) numbers,

6. Theret of all nxn dingonal matrices over the ring of real
numbers is a sub-ring of the ring of all # X n matrices over the ring of
teal numbers. :

7. . The set of all real valued derivablo functionsin {0,1] is &
sub-ring of the ring of all real valued continuous functions in [0, 1]
and this atter is again a sub.ring of tho ring of all thoso functions
which are Riemann integrable.

55. Algebra of the set of sub-sets of a ring. Lot I denote
the set of all sub-sets of a ring R. 1f then, 5, 8, bo two members
of X, then we can associate to the same, thy members

81\ 8, 8 M) Bpy 81+ 83, 81—82, 813
of 3. The first two compositions in X are purely set-theorotic and
the remaining three tako noto of the two ring compositions. Horo
8148, denotes tho sub-set of R obtained on adding each momber of
8y to each member of 9, and similar meanings may bo given to
. 8;~8, and §,8,.

The following are somo of the relations in theso compositions
and the snme may be easily proved :

O] o83 ) 83)=15:8; U 8pSes
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() 83 +(8, U 8)=(S3+81) U (8348
(i) SslS: M 8T 8,8, M &8,
i) S SN 8) C Sab8) N (S:48)

(v) (85483} 48, = S+ (Ss+ 57\

(vi) (838;) 8,=85(5,8y).

56. Algebra of the set of sub-rings of ring. Let I’
denote the set of all sub-rings of a ring X,

We shall now ine various compositions in 3,

56'x, Largest sub.ring contained in each of two sub-
rings. Tatersection of two sub-rings.

Theorem. The intersection of any (wo sub.rings is a sub-ring.

More generally,

the tntersection of any arbitrary family of sub-rings is sub.ring.

These results follow exactly as in the corresponding caso of
eub-groups on making use of the criteria for a sub.ring obtained
in§ b4,

The intersection of two sub-rings is the largest sub-ring contain:
ed in both in as much it is contained in both and contains every
sub-ring contained in both.

56'2. Smallest sub-ring ining a given sub-set of 2
ring. Theorem. The intersection of the family of sub-rings wlh‘cﬁv
contain @ given sub-set of & ring R is the smallest sub-ring containing
the given sub-sef.

It may be easily shown by the preceding theorem that this
Intersection is a sub-ring snd is such that it contains the given sub-
seb and is contained in every sub-ring containing the sub set. Thus
it is the smallest sub-ring containing the given sub-set.

The smallest sub-ring containing & given sub.set is said to be
generated by the sub.set and the same is also said to generato the
sub-ring. .

1t may also be ensily shown that tho smallest sub-ring conlsit:
ing a given sub-set 3 of a ring R consists of all those elemenls of B
which are expressible as finite sums of products of the form

+ a; ageninay

tehere
Gy, g, o0, O E AL
All that we have to do is to see that these elements of .R do
constitute a sub-ring and that these elements must necessarily be
contained in every sub.ring which contains 3. Clearly also each
member of Af is an element of this type.
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5621, Composite of two sub-rings, The smallest sub-
ring containing two given sub.rings is called the composite of the
sub.rings.

This is the sub-ring generated by the union of the sub.ricgs.

Note. It may be casily seen that the set of all sub-rings of a
ring is o Lattice for the partial order 'Included in’ such that the
composite of two sub-rings is the I. u. b. and interscction g. L. b,

A notation, If S be any sub-ting and 6;, dg,.-...., @ bo any
elements of a ring 12, then the symbol

81100 nes @]
with sguare brackets denotes the sub.ring of R generated by S and
the clements ay,......, ax.
Ex. Explicity describe J{v/ 11, Q[v/2], RIV-1L

Note, If S;, &, are two sub.rings of a ring R, then the sub-
set §;+8, is not, in general, a sub-ring of R. Of course, by § 24, page
83 this is a sub group of the additive group of R, but it may not be
stable for the multiplication compesition in B.

Later on when we consider special types of sub-rings, known
a3 right ideals, left ideals or two sided idcals, it will be seen that
their sum is also the same type of ideal and hence also a sub.ring.

The product set $,8; will be, by § 24, page 63, stable for multi.
plication if 8, S,=8, S, but this may not be the case for addition.

57. Quotient rings or Residue class rings, Idealsin a
ring. Woe shall now develop ideas for rings corresponding to those
for groups relevant to the notion of Quotient groups. We may
recall that the notion of quotient groups is based on that of a
distinguished type of sub-groups known as Normal Sub-groups, For
the notion of quotient rings, we have also to introduce the rotion of
& distinguished type of sub-rings known as two sided ideals. To
arrive at this notion, we proceed to consider some preliminaries

Let 8 be any sub.ring of a ring R.

We shall consider, to start with, the aspect of § as a sug-group
of the additive group of . The addition being commutative, in R,
& is & normal sub-group of the additive group of &.

Consider now tlie set B’ of all cosets of the sub-group § relative
to the additive group of B. By § 25, page 65, we know that

either S+a=8+b or S+4a()S+b=gp.
Also

Sta=§4b S a~bES.
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Further, we have the result,
(8+a)+(S+by=8-+(a+b).

This addition composition in R’ is well defined, in as much 83
the sum of two cosets is independent of the particular represents-
tives of the same.

A natural question now arises as to what further conditions, if
any, must be impased on § so that the totality of product elements
obtained on multiplying each member of one coset with each member
of another agawn belongs to a coset.

Consider two cosets
S+a, S4b
ata, Btb, «E6BES
of the same respectively, We have
(x-+a)(B+ b)=op-+abtaftab.
Here a, 8 are arbitrary elements of S.
Taking =0, B==0, we see that ab is o member of the product

and any two members

set.
Again, taking a=0 and =0 separately, wo see that
aB+ab, ab+tab,
ate clements of the product eet to which ab also belongs, whatever
members &, f of § may Le. i
Thesé products would belong to the same coset, if and only if
ap=(ap+ad)—ab E. 8,
ab={ab+ab)—ab €, S.
Thus we arrive at the following additional conditions to b
satisfied by the sub-ring S :

(i) eS8 bER D B ES.

(i) EECSaER —> a3 ES. "

These considerations lead us to intruduce the lmpottant c0
cepts of

(5} Right ideals, (ii) left ideals, and (iii) fwco sided x'dmll.' Rir
Right and left ideals, Def. A subring § ofaring
called a right ideal if
eES,aER T a €5,
and a l¢ft ideal if
2E S, aER =D ax ES. o
We may rote that for s sub-ring, §, we require that each .
Quet of o merber of § with o member of S should ngﬂin'b"‘
member of S, Fora right (left) ideal, S, we, howeser NqU:;:’ .
strunger condition, viz,, that each product of 8 member of § wit
member of R on the tight (left) should again Le a member of §.
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Two sided ideals, Def. A sub.ring 8 is called o two sided
ideal or simply an ideal of R if it is both @ right as well asleft ideal, i.c.,
i

aES8aERITTDawES, wa & 8.

For commautative rings, the three concepts all coincide,

Ilustrations., 1. Each sub-ring is an ideal of the ring of
integers, 'Since, each sub.ring of the ring of integers consists of the
multiples of integers by some integer m, we see that these are the
only ideals of.the ring of integers,

2, The set of all rational numbers is only a sub-ring but not
an ideal of the ring of real numbers.

3. Let Q [x] denote the ring of all polynomials over the ring
of rational numbers and let fy(2). fz) be two given members of the
same, Then the set of polynomials

o(2) fu(2) +4iz) f2(2),
where ¢(z), §(z) range over Q[] is an ideal of Q [z].
4. 'The set of Gaussisn integers of the form
2m+2ni, (2m4-1}+(2n+1)i
is an ideal of the ring of Gaussian integers. Here m, n are arbitrary
integers.

[A number a 46 where a, i are integers is called a Gaussian
integer.]

5. The set of all those, nXn matrices over the ring of real
numbers which have some one given column (row) entirely composed
of zeros is a left (right} ideal of the set of 72X #n matrices over the
ring of real numbers.

6. Ervery ring R possesses two improper ideals ; one R itsell
and the other consisting of 0 only. These are respectively known as
the unit ideal and the null ideal.

corem, Jf S isatuo sided ideal of a ring R, then the sel
R’ “of all ¢nsets S4-a; a being any arbitrary member of R, is a ring for
the two compositiona in R’ defined as follows :
(8+a)+-(S+b) =8+ (a+8),
(S+a)(§+B)=8+(ab).

Firstly we bave to show that the compositions as given are
well defined. 'The npparent weakness of these definitions is that
while we have proposed compositiona in the set of all cosets so as to
relate uniquely to two given cosets two other cosets to be known as
sum and product, the definitions given show dependence upon
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particular members of the cosets. We ghall now show that in point
of fact there is no actual dependence.

Tet

o € 84a, b €S+,
80 that
St a=8<4a, §4b=8S+b
There exist therefore members «, B of § such that

o’ =uta, b’ =f}b.
@'+ = (atBj+(a +d)
or (@' +b)~ (atb)=atB E 8.

S+ +8)=8+(a+b).
Thus
Sta=8+a, S4+b=8+¥ T2 §+(a+b) =5+ +)
Again, we have
b =( 4 )P+
=aB+ ab{af+ab.
@'t ~ab=oB+tabt+af € 83
S being o two sided ideal.
S+ a'b'=8+ab.
Thus
S4a=8+a", Stb=S+b' T S+ab=S-:(—a'b’.
Now to show that R’ is a ring.
By § 86, page 94, it follows that the set R’ of cosetsisan Abelian
group for the addition compasition.
Again, since
[(S+a)(S+b)] (S+e)=(S+ab)(S+c)
=8} (ab)e
=8-+afbe)
=(S+a)S+be)
=(8+a) [(S+)S+e)
the multiplication is nssociative.
Also [(8+a)+{S+8)] (S+o) =[S+ (a-+0 (St}
=84 {atble
=8+ (ac+be)
=(8+ac)+(§+bc)
=(8+0)(S+e)+{S+DNS+
80 that multiplication is left distributive with respect to addition.
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Similarly, we may ehow that multiplication is also right dis-
tributive with respect to addition.

The ring conzisting of all the coscts of an ideal of & ring, with
the compositions as defined above is known a8 a Quotient Ring or
Difference Ring. As the cesetsof S are also knoon as residue
clagses wod, S, we may refer to this ring also as Residue Class
Ring deroted by RS,

Note 1. It should bg remembered that while the coset
S+ (a-+b) coincides with the totality of elements obtained on adding
clements of S+ a to these of S+0, thisis not a fact that the coset
8+ {ab) coincides with the totality of elements obtained on multi-
plying clements of S+a with those of S+2.  All that is true is that
the totality of products obtained on multiplying members of S+a
with those of S+ iz contained in S+ab.

Yet, however, S+ab is completely determined by the cosels

S+a, §+b.

Note 2, Weehall find it convenient, in the following, to
denote each cosct S+a by the symbol [a] in ease there is no possibility
of confusion about the ideal in cquation,

Thus we have

[a]+[b)=[r+b), {a](b]=[ad].
If, a8 in § 25 1, page €6, we write
a =1 (mod §)
and say that a is congruent to & mod S, to denoto that
b-a €S

then tho coset [a] concists of all those clements which are congruent
to, a, mod 8.

In fact, ns may be casily shown,

a=b(mod s,

sets up an equivalence relation in R such that the cosets of S are
the equivalence classes for the relation in question.

58. Ring homomorphisms. Def. A mapping f of a ring
R onto a ring R’ is called homomerphism, if ’
Jlatb)=[(a)+f )
flab)=f(a) (&)
Jor every

aCRHER
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Also we then say that B is homomorphic to R’ or that R’ is s

homomorphic image of R and write in symbols
Re R,

Note 1, Transference of ring structure. If B is a ricg
and R’ is a s¢t with two compositions denoted additively and multi-
plicatively and there exists » mapping f of R onto R’ such that

fa+bj={{a)+fb), flab,=[(a} f B!
for every
s RVER,
then the set R isa ring. The proof is left to the reader.

Ex, Use this result to simplify the proof of the theorem on
the existence of Residue Class rings.

Note 2. Homomorphism into., 1f] is a mapping of 2 1i0g
R into a ring R' such that

J(a+b)=flo)+f¥), fiab)=f(a) fi})
for every
aEROER,
we say that f is a homomorphism of R into #'.
J(R} is a sub.ring of R’ in this case.

Note 3. The following points about homomorphic mappings
may be easily proved; f denoting a homomorphism of E onto
{into R') ; .

1. 1(0)=0.

Here 0 on the left (right) denotes the additive identity of R(F):

2. f(—a)=—[fla];6 ER,

i.e., the image of the negative of a is the negative of the image of &
tative ring i

1t can be seen that

Ex. 1, Show that every ie image of 8
commutative and that of a ring with unity 15 one with umty.

Ex. 2. Show that a homomorphic imago of an intagral dowan may not b
a}ﬂ‘mtegru} domain,

\ 583. Kernel of a ring homomorphism. If fis @
homomrophism of a ring R onlo a ring R', then the set S of alf t'lzost
elements of R which are mapped on the additive identity O 'aj Il 20
1200 sided ideal of R, i.c., the sub.set, [0), of B is a tico sided ideal of
the same.
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Let
aES8,BES
80 that
fla)=0, f(8)=0.
Also let « be any element of R.

We then have
fla—b)=fla+(=b1
=f(a) +f(—b)
=fla —f(b)=0- 0=0.
f(ata)=f|a)f(a)=f(n.)0=0,
f(ar)=fa)f(x}=0 f(=)=0.
Thus

aE8bEScERT_—Du-HES«xaESaxES.
Hence § is a two sided ideal of R.
This two sided ideal § of R is called the Kernel of the homo-
morphism,
58'2, Concerning the totality of homomorphic images
’b;a ring, Theoremon h phi Every ) phic
smage of a ring is isomorphic to some residue class ring thereof. Also,
conversely, every residue class ring of @ riny is a homomorphic image
of the ring.

Suppose that & ring B’ is s homomorphic image of R and f
denotes the corresponding homomorphism, Also let S denote the
kernel of this homomorphism, We shall then show that

RIS=R;
the corresponding isomorphism being defined by
S+a—>fa); O]
S+a & RS, f(a) E R

In (1), f(a) is the f-image of every member of 84 4.

Firstly we have to see that the mapping (1) is well defined.
If a is any member of 8, then «-fa is a member of S+a and we
have

Sflata)=f(x) +f(a)=0+f(a)=f(a).

Thus the mapping (1) is well defined.

‘We now show that it is one.one.

Let

Slay=fib).
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We then have
fla~b)=f(a)-1(b)=0,

80 that
(a—b) € 8.
Also
a~b € 8 "D S+a=S+b.
Thus

J@)=f}) === §-+a=8-+b.
Finally, we have
(84+-a) (8 +-b)=S+(a+b) —> f(a+b)=f{a) +f(b),
(8 4+ a)(S+B)=8+ab —> flab)=F\a) fib).
Thus we have completely proved tha first part.
We bave now te prove that if § be any two sided ideal of B

then
R =~ RIS;
the corresponding h phism being
a—> S+a. <]

We have
a+b—> S(a4b)=(8+a) +(S+b),
ab—> Syab  =(S-+a)(S+0),
5o that we have proved that the mapping given by (2) is a homomor-
phism of B onto R/S.
The mapping 12) is known asthe Natural mapping of R onto
R{8 ; the kernel ot this-being the ideal S of R,
Cor. I 8 is the kernel of the homomorphism f of srng
onto o 1ing R, then
RIS =R,
the corresponding isomorphic mapping being given by
S+a > f(a)
G‘_% A fupdamental theorem. Let S beany ideal of 61it7
R. Let 2 denote the set of all those sub-rings of R which conlain S as
a sub-ring und let ' denote the set of all the sub-rings of the regidus-
class ring RS which we denote by B'. Then
T —> T[§=1",
i¢ a one one mapping of Zonto T'.
Ao if T is an ideal of B, then T’ is gn ideal of B’ and
RIS &= RIT".
This latter s known s the first law of isomorphism
tings.

)
1
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Let T denote any member of X ko that it is a sub-ring of B
containing 8, i.e.,

) SCTCR

As § is an ideal of R, it is also an ideal of T and accordingly
/8 is a meaningful symbol.

Firstly we prove that the mapping

T — T[8=T"

is a mapping of Z onto 2’

Let T’ be any member of 3', i.c., any sub-ring of B/S. Let

T=fXT",
where f is the natural mapping defined by
fla)=8+a

of R onto R/S.

Then, we prove that T is a member of 2.

Then if

aET e T,
so that o
S+a €T, S+a

we have, T’ being a sub.ring,

[(S+a)~S+a)] ET, (S+a)(S+e) €T,

S
&
e,
S+(a,—a) ET', S+eyo, € 7,
i,
a—a; & T, oz, € 7T,
Thus 7' is a sub.ring of R containing §.
Also T cau be written as 7'/8, i.e., each member of 3’ can be
written as 7'/ for some sub-ring 7' of R containing 3.
Now to show that the mapping is one-one. We shall now
prove that
TyS=Ty/S == T\=T,,
where T'/S, T,/S are some two members of 3.
" Let
hET
80 that
S+t € Tyi§=TyS,
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There exists, .., a member {, of T, such that

St,=8+1,.
b € S+t
4y ET,.
Ty C Ts.
Similarly
T, C Ty
Ty=T,.

Suppose now that T is an ideal of B containing S. e shall
prove that 7'/S is an ideal of R/S. Let S-tabeany member of
T|8 50 that o is » member of T and let §+x be any member of BIS.
We have

(S+2)(8+ 0)=8+tax € S+T, foraz €T

2. T8 is an ideal of B[S,

We may also casily show that if T/S is an ideal of /S, then T
is an ideal of R.

Consider now the natural homomorphisms :

R o~ R|S=F',
R == R'[T'.

The vesultant of two homomorphisms being & homomorphisd

we have

R e BT
The kernel of this homomorphism being the ideal 7 of R, we
deduce, from the fund: tal th of H phism,
R[T = R'[T",

Second law of isomorphism for rings, Jf § is any idenl
of a ring R and T any sub-ring of R then
(SETYS 22 THS (Y T)-
We shall firstly show that §4-T is & sub.ring of R.

Let
cES,bE8; e ET, BET,
80 that
ata & S+T, b+8 E S+T.
Now

(a-t=)(b+p)—abtaBtab i b
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S being an ideal, we have

ab € 8,aB € 8, ab E 8.
Also
B ET.
o {ata)(b+P) € S+T.
Also

(a-+a)— (b+B)=(a—b) +(x—B) E S+T
Thus 8+ 7T is a sub-ring of R, Also, we have
8§ CSs+TCR
Again, 8 being an ideal of R, it follows that § is an ideal of
847, Thus (§+7)/8 is meaningful.
In the natural homomorphism
f:R—>E'=R/[S,
each a € 7 is mapped on (S+a) E R’
Clearly then
AT)=(8+T)/8.

T=(S+41)/8.
The kernel of this homomorphxsm being 7' M) 8, we have, by
the fi tal law of Hi -phism,

T8 N T) = (S+T)S.

6o. Relations compatible with ring structure. 4 relation
T defined in a ring R is said to be compatible with the ring structure of
R, if

aTb, cTd Z—2 (a+6)T (b+d), ac T bd,
Jor every
aCROVERCERICER

‘We now suppose that 7' is also an equivalence relation in the
ring R, of course compatible with the ring stracture of R, " en the
following results may be easily established.

1. The equivalence class O determined by the element 0of Ris
a two sided ideal S of the ring R. Also the equivalence class 4 deter-
mined by any element a € R is the residue class §-+¢ of Sin B.

Finally the set of all equivalence classes is the same as the set
of ol! residue classes modulo S.

2 If R is n. humomorphw image of aring R ; f being the

ponding ring h phism, then the relation in R defined by

aTh "2 fal={(b}
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isan equivalenco relation in B compatible with ring structure, Tur-
therthe set of corresponding equivalenee classes in R is such that

(i) any two elements of the ssme cquivalence class have the
same f-image,

(i) no two elements of different equivalent classes have the
same, f-image.

The proofs are left to the reader.

Ex. IfSisatwo sided idenl of a ring R, show that the relation
T 1 R defined by

aTh <" a~b € 8,
is an equivalence relation in R compatible with the ring structure.

61, Algebra of ideals, Let T denote the totality of ﬂl! the
loft ideals of a ring B, We shall now deseribe various useful binary
compositions in this set . Exactly similar considerations apply to
the sets of all tho right ideals and-the two sided ideals of A.

61'1. The largest left ideal contained in each cl'.“'\'o
given left ideals, Theorem, The infersection of anytwoleft idesls
of a ring is again a left ideal of the ring.

Lot I, I be two left ideals of R,

We know (§ 221, page 58) that

INI,
is o subgroup of the additive group of B. Again let
aE LM s
We have
cELNLIITTDeE LhLoE L

Since 1, I are left ideals,

e R DeaCl,aa

Thus .
w1,
aud accordingly Iy (M 7, is o left ideal of &, ”

As may be easily scen, the left ideal 7, () I is the fargest le!
ideal contained in I, as well as I,. . ;

G lisati The intersection of any family of left ideals ©
a ring is a left ideal.

The proof is imnediate,
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61°2. Smallest left ideal containing a given sub-set. It
way be easily seen that the intersection of the family of left ideals
containing a given sub-set £ is tho smallest left ideal containing L, in
the sense that the same is & left ideal ebntaining L and is contained
in every left ideal containing L. The left ideal thus obtained is said
to be gencrated by L and is denoted by (I).

61°3. Sum of two left ideals,

Theorem. The left ideal generated by the union I, U I, of two
left ideals ¢s the set I +1, isting of the el of B ined
adding any element of I, to any element I,.

By § 24, page 63, Iy + I, is a sub group of the edditive group

on

of B,

We have

aEheEC L """>ata, € I+
Then
& & R 7 alayd @) =aaytaay € L+ T,
Thus the set I;+17, is a left ideal of B.
Again, we have
Il+12 D Ilv IX+II D I!

and also any left ideal which contains I, as well as I, must necessarily
contain I;+4-I,.

Thus I,+1I, is the smallest left ideal containing the left ideals I;
and I,, i.e,, the union

LUl
Accordingly,
I L={I; U I\

61'4. The Teft ideal generated by a single element. If,

@, be any element of R, then the set of elements

aatma, o & R, mE J,
constitute the left ideal generated by the element, a, of R, in as much
as, a3 may be easily seen, this set is a Jeft ideal and every left ideal

containing, @, necessarily contains all the elements of the set in
question.

The expression for the elements of the left ideal generated by @
can be simplified i R is a ring with unity. In this case, we have
a=1a ; 1 being the unity of R.
AR ez +ma=aatmla

={e+mlla=ga, B € R,
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Thus if R is a ring with unity, the left ideal generated by an ele-

ment, @, consisls of the elements
as, & & R.

61'5. The left idenl generated by any sub-set. If L be
any given sub-set of R, then the set of elements of R expressible in
the form

oyt oo+ byt by,
where
Agperrnns % © By Myppeiree, my E J,
and
@yyernanny @ty bpjunenen, by
range over the sub.get L is the Jeft ideal (L) generated by L.

In caes, however, R is o ring with unity, the left ideal gene

by the sub-set L consists of elements of the form
! [N TR S X1
where each, «, ranges over R and each, a, ranges over L.

The following results about right idels and two sided ideals
may now be easily established.

1. The right ideal gencrated by an element, @, consists of
elements of the form

axtma, « & R,mE J.
The two sided ideal generated by an element, 4, consis
sums of elements of the form
Bax4-ma, a & R, E R, mE J
The form when R is a ring with unity can now be easily stated:
Also we may easily describe the elements of the left (two sided) deat
generated by an sub-set L of B.

rated

ts of

Any idea!

62, Principal ideals and principal ideal rings. ¥
of a ring generated by a single element thereof is called o principsd
ideal,

eal is principal:

There exist commutative rings for which every id:
Such rings are known a8 principal ideafl rings.

Theorem. The ring J of integers is a principal ideal ring:

This follows from § 21 2, page 57. Refer also to the illustr®:
tion 1, on page 157,

63. Direct product of rings. Let Ry, Ry, beany two rm.:;’;'
We shall now define two compositions on the product et Ry X5
relatively to which, this product set acquires ring structure.



- Let
(ay, @), (s bs)
be any two elements of the product set R, X R, so that
o &Ry by E Ry, 0, ER, b € Ry

We now define two compositions, addition and multiplication,
in the product set as follows :

(a3, ap) +{by, by) =(ay+by, ag+by)
(an, @)(bs, a)=(a,by, a;bs).

It may be casily seen that the product set B, x B, has the
structure of & ring for the two compositions defined as above. The
additive identity for the addition composition in Ry X Ry is (0, 0)
and the additive inverse of (a, a;) is (—a;,—a,). Therings R;, R,
may be referred to ss the component rings of the product ring
By XR,.

The following facts may now be easily established :

(f) Denoting by R, the sub set of the elements of Ry X R, of
the form (g, 0) where a; is anmy arbitrary element of a;, we may
show that R, is a two sided ideal of the product ring R, X R, isomor-
phic to R, ; an isomorphism being given by

(a5, 0) —=» a;.

We may similarly define the two sided ideal B, of By XR,
isomorphic to the ring R,.

(i) RR, =2 R, R|Ry = R/'.

(ii) Each element of R,;XR; is uniquely expressible as sum of
an element of R,’ and an element of B,’. In fact, we have
(a4 g} =(ay, 0)+(0, ey}

(sv) The product of cach element of By’ with each clement of

Ry’ is the (0, 0) of Ry X R,. In fact, we have
(ay, 0)(0, a,)=(a,0, Oay)==(0, 0).

Generalisation, In a manner analogous to the above, we

may also ecasily define 1he dircct product

Ry XRyX.oooooX Ry m
of any finite number of rings
Ry, R....... veny B (2)

Also we may define the two sided ideals,
Ry Ry'yeunnen, By
of the direct product ring (1) respectively isomorphic to the rings (2).
63'r. A ring as direct sum of two sub-rings, Definition,
A ring R is said to Le the direct sum of its two sub-rings By and Ry, if
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(i) each element of R is uniquely expressible us sum of an
element of By and of an element of R, and R=Ry+Ra.
(@) If = € R, y € B are suck that
X=rhdy, Y=Y+,
where
5 Ry, E Ry 2 & By E Ry
then
zy = +2) Yty =a g+ Bt
Also we then write
R=R,+R,.
It may be shown that if R=R,+R,, then
RIR, ¢ R,, R|R, = B,.
Theorem, Necessary and sufficient condition for o ring £ 10 be
the direct sum of its two sub-rings R, and Ry are
(i) By and B, are tiwo two-sided ideals of B,
{5} The, 0, i5 only element common o By and Ry,
(§ii) BBy LBy
(iv) R,Ry={0}.
The.conditions are necessary.
Let
R=R,+R,
Let
z=zta iz ER 2 ERLn ER,
Consider the mapping
z—>
of Ronto B;. In view of the fact shat each element of )
expressible as sum of an clement of By and an element of B, ”‘f:
mapping is well defined. This mapping, as may be casily seeﬂ.é‘
also an homomorphism of R onte B, with R, as the Icernclz A'-‘fd‘“ﬂ
ingly R, is a two sided ideal of R, Similarly R, is a two sided ide
of B. Thus we have (i).
Again, if an clement @ % 0 belongs to E;
would have

Ris uniguely

as well as B, ¥0

a=a-+0=04a,
50 thete exist atleast two ways of expressing an element, 3
sum of nn element of R, and an element of B; and wo a¢
arrive st o contradiclion, Thus we have {#i).

of R &
cordingly
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The condition (4i7) is immediate.
I 7 E Ry € Ry,
we have,
z,%=(24-0){0 + 2;} = 2,0+ 0z, =0,
and hence
R,R,={0}

Hence (iv).

The conditions are sufficient.

By ({ii) each element of R is expressible’as sum of an element
of Ry and an element of R,.

Let, if possible,

z=2,+ xy=x'4-z", where z, € By, 2’ € Ry,
2, C Ry 2" Ry
xy = ey & By () Rye

By (i1}, ., #—a'=0=a"—2,

Ty—2'=0 T =7,
2V —aye=0 D ag=2",
50 that we have the uniqueness of expression as sum.

Finally

(zy-t-2o)y1+92) =291+ 2y
for, by (iv), ¥ =0, z,=0.

64, The ring of endomorphisms of an Abelian group,

Let @ be any Abelian gronp. Wesuppose that the
in @ is additively denoted.

Let = denote the totality of all the endomorphisms of G, 1t will
now be shown that with suitable definitions of addition and multi-
plication compositions in Z, the same is equipped with the structure
of a ring.

We reeall that a irapping f of a group @ into itself is an endo-
morphism, if

flatb)=fla)4fb) ;0 6,6 £ C.
Let f, g be any two end phisms of G, i e, bers of .
Addition Compositi The mapping denoted by f-+¢g of ¢
into itself is defined as follows :
I+ =fa)+g(a) a € G,
g0 that £+ g is the mapping which maps any clement, e, into the sum
of the fand g images of the same,

Firstly, we show that f+-¢ isalso an endomorphism, We have;
when o€ ¢,5 € G,

P
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(F49¥a +t)=fia by +glatt)
=[f1e) +/E) +1gla) +-g(0)]
=[f@)+ala+{ 1) +glb)]
=(S+9)(a)+{]+0){b),
8o that f-+g is an endomorphism.
Multiplication Composition.
The product mapping fg is by def., the same as the composite
Jog so that we have
(fala)=flgla)l.
To show that fg is an endomorphism, we have
(fg)le + BY=flg(a+b)]
=flgla}+9(b)]
={lg(a)] +fTgb)}
={fp)a)+{/N )
Thus fg is an endomorphism,
We now establish the ring structure of the set E of endomor:
phisms of @.
We may recall that two mappings are taid to be equsl, i
map each element alike
Commutativity of addition,
We have

they

S+ a)a) =f(o) +gla)=g(a) +.f@l=lg +1)s)
for every @ & G. Thug
FHg=g+f.
Associativity of addition.
[/ +9)4-)la)={f+9) (@) +h{a)

=[fla)+ g(u)1+?(l(;l]\

==f(a @)+ Ao

_,.ﬁu; i[(gg(-}?h)(a) =[/+( +i)la
s0 that

Grnth=f+ig+h). of
Hxistence of additive identity. We denote by, 0, the mappité
G which maps each element. of G into the zero of G, 1.6, €o.
0a=0 for every @

and show that 0 s an endomorphism of G. R
Ilere tho reader should notice the differencein
attached to O on the Jeft and to 0 og the right.

R may now be shown that
’ JH0=) for every § EF

the meaniof?
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Exigerez of edZitioe inveree, We d
by, ~f, 28 Loy ¢

» the marpap denorad

(=Na)=—¢1E
and show tEet ~ £ ix jtrelf an endomorphism
We 235 row show that

J+{=N=0,
[f+(=f1}{ay=ta-0
Aworictivity of mulliplication.  Thie has already dn proved
in § 3.61, page 10, for the multiplication of srdutraty WaAPpEgs,
Dizln'f'vll'n'ly of addition w .t to ranihpdeane s,
e bave

ie.,

[f(g+ M@ =~filgt Ba)}
= fle ()4 X))
e fi@a)) LN
== (foMa) § (AN (a)
e e LA

S+ h)=futfh
We may similarly ehow that
(g+A)--af { A
Thus, Z, has o ring structure for tha addition and multiplieas
tion compositions as defined.
The ring % of endomorphlams haw unlty which i the mappiny
denoted by 1 and defined by ol . "Phla thyg ¥ may not be comp,
tive apyl may have proper vero diviema,
ﬂsh‘atinn. The ving of endomorphisme of the additivs yromp
J of integers is isomorphic to the réng J uf integers,
Let, £, bo any endomorphtsm of the additive group J of biits gex

and let
s, P fuss g,
We shall firstly show that the fdmage of enah tlepwps , {}‘j
is fixed as soon ns that of 1 fs fixed. ‘
By note 3 on pago 100,
S(0)=0,/(~2)~—{ f(r}),
Supposo that # ls a positive Integer, 47 Baorg
&=Lt Vs 5
=f)f0) s oty
If 2 s & negativo integer, we huye " 7
@)= fl (- 5y g

A

80 that
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Thus we see that
S)y=a T fx)}=2a for each z € J.

Thus to cach endomorphism f of J, there corresponds an
integer a, given by f(lj=a. We may alsosee that to eacha & J.
there corresponds an end phism of J defined by

fU)=a.

Thus we have 8 one-one mapping of £ onto J. The endomer-

phism associated to @ € J shall be denoted by f, so that We write
a—>f,

defined by fo(1)=a
We now show that S
Jaw=fotho fos=fa br.
We have
Jew(li=a-+d=fo(1)Hfs (1} :"'(fa'f’fn’(!'»
-~ Jaw=fatp.
Jull) =ab=a{fi{l))=fu{ (1))
={falo)1)-
< Jav=Fafo
Thus the mapping
a—>f,
&;5 an isomorphie mwapping of the ring J of integers onto the ring 2 of
ndomorpliisms of the additive group J of integers.
- Ex. Determine the ring of endomorphisms of thcgm"P[""md
(o 0, 1, 2 yhen the composition is addition reduced modulo 3.
Méorem. Every ring with unily is isomorphic 0 & ring of
« endomorphisms of an Abelian group. . ¢
\Y ‘This theorem may be thought of as the analogue for ringd ©
Cayley’s theorem for groups.
Let R bo any ting with unity and let, a, be a member of R
‘The mapping-denoted by fa and defined a8
Ja(x}=az
is an endomorphism of the additive group of R.
fulz +y)=alotyi=ax +atjr ”
=fuz) 1y} .
Thus to each given a & R, there corresponds an endomorphist

. of the additive group of . We write
a—>fo

In fact, we hav®

We now show that

Jor==Sattos fav=Felor
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We have, when = £ the additive group of R,
Jano(2)={a+b)x

=azx+4-bz
=falz)+Lle)=(fa +fi)(2)
so that
Jawn=sfotfor
Also
Joplz)=(ab)x=a(bz)
=alfy(x)]
=L f=))={fs [r)(x)
&0 that
Jas = for
This shows that the mapping

a—>f,
of the ring B into the ring of endomorphisms of the additive group of
R is 2 homomorphism.

The Lernel of this homomorphism is the ideal formed of those

elements a of R for which f,=0, i.e.,

ax=0 {1)
forevery # € R. Since B is a sing with unity, this means that, in
particular al=0, { e., 2=0.

Thus the kernel consists of only one el viz., 0 so that the
homomorphism is acivally an isomorphism.

65. Sub-fields, Let X denote sny field. A sub-ring of K is
called n sub-field if it hasa field structure relative to the induced
compositions. In this connection, we haye the following theorem.

Theoreny. Necessary and sufficient conditions for a sub-set L of
a field X to be a sub field thereof are that

) eECLVEL T"Da-bEL,

(i) a © L OxbE L —Dab* €L

The condition (i) is necessary and sufficient for the sub-set L to
be a sub-group ot the additivé group of K and the condition (i) is
necessary and spfficient for the set formed of non.zero elements of L
to be a sub-group of the multiplicative group formed of non-zero
element of K,

Hence the theorem.

Theorem, [The intersection of Lo (or an wbilrary family of)
sub.fields of a fi:ld K is itself a sub field of K.

The proof which is an immediate consequence of the preceding
theorem is left to the reader.

Sub-field generated by a sub-set S of a field K. Tho inter-
section of the family of sub-ficlds containing § is a sub-field which
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Wi fgay is generated by §. It is the smallest sub-Beld containing the
set S,
The sub-field of K generated by § is formed of all those ele-
ments of K which are obtainable as a result of a finite number of
operations of addition, subtraction, multiplication aud division
performed on the elements of § ; division by zero being of courst
excluded.

The reader may supply proofs to these statements,

A notation, IfS he any sub-field and gy, @eeemes 5 B
any elements of a field K, then the symbot

S(@yerennniney @)

with circular brackets denotes the sub field of K generated by § "“,d
the elements a,,... ....., @z Also we say that this sub-field 8
obtained on adjoining elements ay, ........., 2 to S.

Ex. Euplicity decoribe @ (v2), Q{2 V=1), Q(=} R{V=1):

66. Homomerphism of fields.

Theorem 1. A field has no proper ideals.

This theorem means that if 7 be any ideal of a filld X, then
we have

either 7=(0} or I=K.

Suppose that 7 is a non-zero ideal of the field X and, a, is 0¥
non-zero element thereof

Then

I=a2 & I

Again 3
¢ z=x1 & I ; x being any member of &,

50 that
I=K.

Theorem 11, A non-zero commautativz ring with unity ix a fick
if it has no proper ideals.

This is the converse of the preceding theorem-

Let K be any non-zero commutative ring with unity.

Let, a, bo any non-zero member of & Then the set o

za

where, , ranges over & is an ideal of X containing @.
coincide with K, we see that there must exist ane
such that

f elements

As this must
Jement

ba=1,
80 that we sce that each non-zero clement of K possesses
plicative inverse.
Thus K is 5 field. . i
Ex. A non zero ring with unity is a divisiop Ting if and only
it has no proper left (right) ideals, Prove it.

the multh
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Theorem NI, JIf f is a komemorghism of a field K inlo a ring
A, then the sub-ring [ (K) of A is either a zero ring or a field Ssomrophie
to K,

The kernel I of the homomorphism being an Meal of the field
K, wo have

either 7=(0) or I=K.
Now I=K implies that
f (z)=0 for every z € K,
8o that (fK) is the zero ring.

If I=(0), then the kerne! consists of 0 alons and the homomor.
phisih f is cssentially an isomorphism. Thus in this cnse fis an
1sumorphism of the field K onto f(&) which must thercfore be a
field.

Note, This thecorem shows that the concept of the Homomor-
phic mappings of a field 1 rather trivial. A homomorphic image of
a field is either the zero ring or o feld isomarphic to the given field.

67. Maximal ideals.

Def. An ideal I of a ring 4 is called Maximal, if any ideal
T of A containing I coincides with 4,

This means that I is maximal if and only if

I1C I C 4, Visanideal == I'=4.

Theorem, dAn ideal I of acommulalive ring 4 with unity s
mazimal if and only +f the residue class ring A/I 12 a field.

Since 4 is a commutative ring with unity, the residue class
ring A/l is also commutative with unity.

Let I be maximal and let I-4-b be any non zero member of A/
80 that b does not belong to 1.

The ideal generated by the maximnl ideal I and the element
b not belonging to I beiog the ring A, we have

I+ (B)=A=(1).
There exist therefore an element & € f and & & A such that
a+ab=1,
We now have
atab=1 "5 l-ab=a € [
T I4leltab=(T4x)(I+d)
= (4b)'=I+ta
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Thus I-+b is inversible,
The converse is also easy to prove.

Ilustration, The residue class ring J/(p) {s afield, if pis
any prime inleger,

By the preceding theorem, we have to show that (p)isa
maximal ideal of J. Let (gj be an ideal of the principal ideal ring
JY such that

MC@Cl

This implies that ¢ is a divisor of the prime p without being an
associate of the same’and we have thus a contradiction.

Thus (p) is a maximal ideal of J and accordingly J/(p)is &
fleld.

Obviously J/(p) is a field with p elements.

Note. Tke elements
() (P)+1, (P)+2, cevvirene, (B)+p—1
of J/(p) may as well be denoted by the symbols
[0). (11, [2), wonnnsvery [p—1]
or simply by
0,1,2, e erery p—~1
where the addition and multiplication compositions are the ordinary
addition and multiplication of numbers reduced modulo p.
We shall, in the following sometimes, write
J, in place of J/(p).
68. Characteristic of a field, Each element of a field hzs
& certain order as a member of the additive group of the fiel f
Consider the unity e of the field K. The order of eas & member ¢
the additive group of K may be infinite or finite. If the order i3
finite, we denote the same by m.
1f the order is infinite, then
ne=90 > n=0,
and it the order, m, is infinite, then
ne=0 C__>m[n.
Wo show. that if the order is finite, then the finite order
must be some prime integer. Let, if possible,
m=mymg, myz=1, nyF#El
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We have
0=me=(m;m;)e
= (mye)(mye)
go that
either mye==V ur mee=0.

This, however, is impossible for m is the least positiv- integer
such that me=0Q0 Thus m is prime.

Def. A field is said to be witL characteristic 0, alsy sometimes
infinity, if the order of the umty e as a member of the sdditive
group is infinity , alsv the characteristic 15 satd v be p if the order
of'e 18 fimte and equal to p.

Thus the characteristic of a field ie éther O or a priwe in-
teger .

Telds with non-zero characteristic are known as Modular
Fields,

Ex, Show that cach non-zero element of an integral domain,
s o member of the 2dditive group ot thie same, is of the same oruse-
and this order, if finfte must bs @ prime juteger. Show also tuat
this result does not hold gocd for asbitrary rings.

Theorem, The order of cach non-zero element, @5 a member of
the addutive group of the field, 1a infinily or @ prime snteger p according
as the characteristic of the field 18 zer0 or p.

Let @ be any non-zero element of the field.

Now

ma=0 > maa-1=0 "> me=0
so that if the characteristic of the field is 0, then we must necessarily
have m=0 and it t) 2 charactenstic is p, then the order of, a, must
-also be equal to p.
it i The characteristic of the field of rational
numbers 18 zero. In fact the characteristic of every field of numbers
is zero.
The chardeteristic of the field J/(p) 1s the prime intcger p.
Note. A field with ch 1stic zera iz ily infinite
but a field with a non-zero characteristic may be finite or infinite.
Gg. Prime fields. 4 field is said to be prime if i has no sub-
field ather than itself.
ustration., The field of rational numbers is & prime field
but the field of real numbers is not a prime field. (Prove).
The field J/(p) is prime for each prime integer p. (Frove)
69'1. Structure of Prime fields. As stated shove, the field
of rational numbers and the field J/(p) for each prime integer p arv
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prime fields. It will now be shown that, apart from isomorphisms,
these are the only prime fields.

Let K be any prime field and let & denote the unit element of
the same. Then the sub-field of X generated by e must necessatily
coineide with K which is given to be a prime field.

Consider now the mapping f defined by

n —> ne, ﬂ)
of J into K. This mapping is & homomorphism, for
7+ M > (nfmle=netme
nn ——s (nme=(nt)(me).

Let I denote the kernel of this homomorphism

Now I is an ideal of J and each ideal of J i3  princip tideat
Thus we have

1={0) or 1=={a),
where, g, is & non-zero member of J.

In case I=(0), the kernel consists of a single clement 050 th?‘
the mapping (1) is onc-one. 'Then f(J) is a sub-ring of X isomar}')hlﬂ
to the intepral domain J.  The prime field X, being now the qu"“"";
field of the integral domain f(J) is isomorphic to the quotient field o
J, viz., tho fic'd of rational numbers.

Now suppose that

I==(a), az0.
We now show that 2 is a prime integer.
Let, if possible,
a=bo;bizl, c#L
We lave
O==bce==(be)(ce), 3
50 that either be=0 or ce=0 but this is nat possible, for cach intege!
x such that ze=0 is a multiple of a. Thus, q, is & priwwe.
We write
a=p,
Wo have in this case
H9== I ]

As JJ(p) is o fied, f(J) &s itsell a feld necessarily identi

K. Thus in this case

cal with

K = Jin), .
0 that the prime ficld & {s iromorphic to the residuc clase field J{r

of the ring of fntegers relative to the ides] genesnted by 2 prime p-
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Exercises
1. @ issn Abelisn with additively donoted it
composition is defined in the set G by the rule
zy=0,z & G,y € 0.

Bhow that @ is a ring for the twa compositions.

2. Ris any arbitrary ring and J is the ring of integers. The compositions
of addition and multiplication are defined in the product set Jx R by the rules
(m, 2)+ (1, y)={m+n, z+y),
{m, 2){(n, yy=(mn, my4nz+zy)s
Show that the set Jx R is a ring for the two compositions,

[Here my and nr denote the multiples of the elements y and = of B].

3. Determine s!l the structurea of & ring with n elements for 2<n<C8,
Which of theso structures are fields ?

4. Show that for any arbitrary ring B, the set of elements commutative
with each of its elements is a sub.ring of R, [This sub-ring of R is called the
eentral of R].

5, Show that for any arbitrary ring B, and sny sub.set Sof R, the set of
elemen, z & R such that zy=0 (yr=0) for each y £ S, is a left {right) ideal
of B. [The left (right) 1deal thus obtained is called the left (right) anniktlator
of 8.]

6. Show that in a ring the left ideal generated by o right ideal is a two
sided ideal,

9, Show that the ring of endomorphiams of the Four group isnon-commu-
tative and it admits of zero divisors,
Consider also the ring of endomorphisms of the eyclic group of order 4,
8. Bhow that the ring of endomorphisms of the infinite cyclic group js
isomorphic to the ring J of integers,
9. Show that for any erbitrary ring 2, the two sided ideal generated by
the elements
TY—~YyTa
where z and y are atbitrary elements of R, is such that it is contained in every
ideal J such thet R/I is & commutative ring. [Refer to the theorem on page 98].
10 Show that the set A of all real-valued infinile sequences (ay,) forms a
ring, if the operation of addition and multiplication are deined by
(an)+{bn)=(an+bn),
(ap)ba) = (anbs).
Given o syb.-set E of pomtive integers, show that the set Je of all the
requences (gy) Fuch that ¢,=:0 whenever n belongs to £ is an idval in A.
11, Lot R be a ring. A new law of composition T is defined on R by
setting
aThb=a+b—ab,

Show that T is associative. An slement a of Ris called quasi.regular,
il there existy w in R for which

a Tw=w Taa(,
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Proy, that ¢}, set Q nl‘qunsi—ﬂ‘gulﬂr clemengy Of & formg 8 group undff
T whoge identity, o I6R hyg Watity, ypo further 41,94 € Qif ang only if
1 3

X hg tann ftaphey (ac~ gy (L] .
d!ﬁm?intems.l lawg ofcompasin‘on ir § ang that g ;g riog wity “+end x oy
the tig g Ompasitiong 80morpy,,, toR, 4

8ps R opy, S}
13, Shog that the Product gy

is an Homorphigy, op the field @ of COHPIOX Bugbrg intg the ring of 23
Watricgy over R,

7= '
Bhow thg the ACn-zer, ewnengy of the figlq form o wiltiplicative eyl
&ro) . B
7. Prove 4y o riog 2 gyep, hEE 22 for encp & &, ia necossarily
Comm utative,

¢
18, The element, of g 2x2matn'x 8l belony g the field J,. Sba::::r
thery Aresly oy hon-al'nguhl; IDatrices ang thatth, ey Coastituto a group 37
ltipucaion iy thizgroy, Esomorphic g, 1y Ymamotric yroup py of degreo 2
SEow hyy o) f0nlnguler oy Btrices it gly oy (>3
eomum._, T up undermumphcutw. vl which thoss of deteriniwnt” 1 oo
ttoan irsart 5, Pub-group 4, :

e, are ho conoty OIHin g,
Upay, Phow thy the orde, orar, 18,
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19, If Iisenideal of R, show how to construet a ring § and a homomor.
phism z —> f(z) of R onto § such that
=T =z L
Construct & if R is the ring of integers atfd I consista of all the multiples of 15,
Show that § contains 6 zero divisors other than 0 and that the remaimng non-
zero elemint form a group with respect to multiphication,

20. Show that those clemetts of 8 group @ which commute with the
squars of a given eloment, 5, of @ form a sub-group & and those which cornmute
with, ¢, tteelf form a sub-group of &,

If G 15 the group of all inguler 3x 3
to the field J; and

whose belong

1 1 0 ),

show that N consiats of the matrices

1 a a
b ¢ ¢+l
b e+l ¢

and no others ; a, b, ¢ being any members «f J;, Which of these matrices com-
mute with s,

21. If 4 denote the matrix

2 -2 2
2 —4 B
-2 & —d

and A’ its transpose, show that
AL’ a],
where I denotes the unit matrix ; the elements being members of the prime
field of charactemstic 11.
22, Obtain the eix non-zero squares in Jis.

23, The symbols «, d dendte arbiirary elements of the prime field Jypand
d is a fixed element, not & square of the same field. Show that matrices of the

form
a b
[db a ]

form e field under the usual matrix operations,

Deduce, or otherwise prove, that

a b 7 a ~b
[da a ]'= —a /a /:,.
24, The elements of {ha field J; aro denoted, us usuel, by the symbola
. 0 1o0m 4Kk >
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Find the symbol in this set equal to the following :
2=14-4543+2-25[3)
A== FHF[-0{=5)

25, Show that for any two elements g, 4 of &n arbitrary field

(atoyne 'é n(n-l)..'..!. =r41) ppoes,
r=0

26. Show that for any two elements a, b of the field J,.
(a+B)p=ar+4b2,
27, Let I boany idesl of a ring R 3-d 4% be the set of elements s C £
for which some power a® lies in 4. Show that A* is anideal of B,
28. Let a and b be clements of a ring R containing & unit element snd
assume that the element a has a unique inverse 1n R,
() Show that all the transformations

y=oaz-4-b,
form a geoup G,

{s2) Find a proper normal sub-group N of @ and describe tho quotient
group GIN. )
{11i) Assuming that R is the finite field J,,, find the order of the group G.
29. Show that the direct sum of 2 fields cannot be & field.
30. Show that
JH6) = JUB+IN,
J/015) ¢ JHFIG)-
31, Find el the 1deals in the direct sum of two rings.
32. Find sll the
(3} sub-rings, (i) ideals, (s+) homomorphic images of
o Jos Juz: J1ee . .
33, Show that the set of right (left and two sided) ideals in a ring ‘f‘:‘; M
lattice under the ordinary inclusion relation with the Zu.b, given by the
g-Lb. given by intersectaon, >
. o
34. Xf I, Iy, are two ideals of & commutetive ring R with umity, thee
set of all elements of R of the form

BybaterCytarmnntila

where
ST Y o SRR SN IR En
is an ideat of B, Denoling thie ideal by I 1y, show further that

LI+ 1) =L 1+ T,
1y being also an ideal of &
35. Show that & finite integral domain is necessanly a feld. e
35 Show that the eet of all automorphisma of & feld is & group for
resultant composition,
37. Show that identity is the oply sutomorphism of a prime fleld.
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38, Show that
atbi-—> a—li—>,a ER, tER,

is an sutomorphism of the field C of complex numbers,

v

39. Find the groups of automorphisms of the following number fields :
) Q(v2), G QVE), (i6) QN2 ¥3).
{ir} Q (w), where (o) denotes an imaginary cube root of unity,
40. Show that .
V=3
isa field or order 4, Compute the composition tables for its additive and
multiplicative groups,
41, Show that the following residue class rings are fields and determine
their characteristics :
@ J 16 @) J [ [044)- (¢it)  J (4] [(3+2d).
42, Show that the following residue class rings are not fields:
() J [ {8} @) J 133 /(13)-
43, A ring is called Boolean if each element « thereof satisfies the equation
2=z
Addition and multiplication compositions are defined on the set R of
all sub.sets of an arbitrary set § as follows
AB=AMB,
4+B=(aN YU @EN 1)
where A, B are sub-gets of § and 4’ denotes the complement of 4, ., the set

of all those olements of § which do not belongto A and similarly B’ denotes
the complement of B.

Show that the set R of all sub-ssts of § iz = Boolean ring for the two
compositions as defined,

44, In o commutative ring R with unity, an ideal I & R is called prime, if
the residue elass ring R/I is an integral domain,

Show that for n prime ideal I,

@E I EruwbE L
Show further that every maximal ideal is prime but not conversely,
45, R denotes any erbitrary ring and § denotes the systems
(g0 A1y crerens Ao wenend)s
such that ; €. R and a finite number, at the most, of the.members of each
system 19 non-zero.
{ag> a1y -=0e =(agt+by o148, .

= (g €1 €3, -

where

Show that the system § is a ring,



CHAYTEB- v
POLYNOMXAL RINGS
Yactotisntion in Intcgra\ Pomains

0. Introducﬁon. 1n various types of jitustrations go fafs
we havo alrendy como across po\ynominls having pumber®
coefficients. n relation to this, ¥° have acpended upont he kno™
1edge of theweader acquired in his studies of classical’ l\lnt\\emmcs
1 this chapter will be introdnced for the frest tm® the conceP
Po\ynomia.\s in n pennE’ consistent with the spint of th subj
being geveloped in this book-

The second port of this chopte” will be concerned with the

pmbl'em of factorisation in integro! domains: o reader Y
awaro of what is know® as the F\mdamentn\ heorem © thaet
which states that every integer 18 uniquely exp\'essib\e as \“36.‘““
of primee: n this patt © the chaP er, WO B0Y 11ay dow nditiond
under which o similar 1€ 4 hold 200 Totegt®
domsin Natorstly thi jnvolve the jntrodt of the
yelevant concepts of DI ibilitys ors, Prime® ¢ P ble 0
any domain. The case © n 4 inte! i g fro
thst of integers in 07° pasic aspect Vo t [it i “f“gm
jpwhabis ¥ ownase b tally ordered 8Y ens the 8¢ i f‘°s
relovant T general integra! i definition £ ““°“_
concepts ! case of the Domain ers Wil 0 mo an
ged so o8t o the &8 «order NO pefore 0 me ©
a ailable for 8° 1 abstract inte 1 domaitd
1. Yo\ynorma\ jngs- n, arbitraty riog 3 &

(a0 v a,,....‘.),
of clements of A such that oll excepty 8 the most & finite
eloments 81© 7€10+
Also ¥¥70 po\ynom'\als
(Y a,\ caer
{bos b1 ] by




POLYNCHZAL BINTE ol

%

will be £aid to be ectal if a3 iy i

PO

This deficition of egualiy selfs R AT vty oo Telation 32 Ahe
set of all polyromisls over the 7 Lamife sath Bat e of tha
correspording equiva ence clises eomsiets of exlr 8 single memben

We hall pow defrd AGS Taathn Qumpesiiions
in the set of 211 polyromisls and show beefy that esztl adquine
the strosture of 8 ricg relstively ta the same,

Addition compositien. Brdef,

(o 3 Gpred = B B Bomennd =t By 08y, Oy B

If =0 foripn and K=<0 fix 1>a, o0

g;t =0 for {xear, (o, W),
s0that the sur, a3 defped, of two polrnomiale bs again a polynemial
Multiplication Composition. By def,

o and

(e B1s Bpeneeen MWl Bta By s do={ee, €4y Cpennansds
where
€=0gly, Cy=abytay, G=adytatitad,
e=agbt Odiort e dady
[
= X gby= I b,
go0 OTT ke
It
a;=0 far pm, b;=0 for ipn,
then

€=0 for {pm+4n,
go that the product of two polynomials is again a polynomial,
The fact that the set of polynomials is an abelian group rela.

tively to tho addition composition may bo easily verified by the
reader. e only sthte that the polynomial

0, 0,0,....)
is tho additive identity and
( =Gp — 0y, =Ogpueenes}s==(ay, By, Ugassale
Now wo show that the multiplieation is associativo, Lot
(Gos By Braneaensh (Boy By, Bgpnenns)y (60 €1y Cpaeniind)
be any three arbitrary polynomtals.
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Let
(a0r @s- Gy, e }(Boy By, Byreeny=(dor A dyucenns)
g0 that
d= I ab.
e
Again let
(do, Gy dapreeess)(Cas Cay Coannese) =(€g, €15 €gpneres)
‘where
g= I dey= 2 % b
T N PRI I
=. 2 abecn
Jtktm={

Also, we may similarly see that

(@05 Ay Ugyere J[{Bgs by Dgens o J(Cyy €14 Cav vevnae

= fmf:vf,, ...... }

where
Ji= . z abicn,
Fhktm=l
8o that
e=f, for every L.
Thus we ses that the multiplication is associative.
Distxibutivity of addition w. v, to multiplication. We
have
{@g, Gy, Bgye0ser Y{Bos By, Bay oo Y4 (oo, €1, €5y wonn- ]
= (g, 3, Tay venns:)(bo- G Byen: Bartpn v
=(eq, €3 €2y +=ven)
where
e= 3 aibite)
kg2 i34
= I abt I o0
k=4 J¥E=i
=fi+ g 80y,
Also, a3 is obvious

(g @yeron-Ybgy Braesenesd={for s » +

(@g, Byseveers Weos Cpovenee-}=(Gor Fasversee
Hence
[CONG )
={dg, By gyeee .« Hbos By, Dpyeeeens)
oo o - (Ggs Bgs Bayeoesns)for 30 1 ™ >

84
Thus the set of polynomials, in question, i3 8 ring kpown
the Polynomial ring over the ring A,
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Further, we may verify that the mapping
a—*(a,0,0,....)
is a one-one isomorphic mapping of tho ring A into the ring of poly-
nomials,
In view of this isomorphic mapping, wo shall find it covenient
to identify the polynomial (g, 0, 0, ......) with a.
We shall now sce how jt is possible to express poly nomials
in a form which is more vsual. We write
z=(0.1,0 0, .),
0 that z is & particular polynomial.
Thus we may easily verify that
=0,0,1,0,.
2£=(0,0,0,1,

-}

.. ...) and s0 on.

Thus we havo

(ag, 1, Gy v0ean)={11,,0,0, . . )+(0, 2,0, ...))
+(0,0, ay, ... ).
=(dy, 0, 0,.» . }+(a,, 0, 0. x
+(ag, 0, 0,......) 2+
=day}-a,2+ a2+ ...
in view of the identification.
Thus we see that each polynomial is expressible in the form
aptayx 46,23 .. .

The eclements a,, a; ete.,, are known as the eosfficients of the
polynomial and the polynomial x is known as an Indeterminate,

We may note that x is commutative with each element of the
ring.

By the definition of the equality, two polynomials are equal if
and only if the respective coefficients are scparately equal.

The polynomial ring over a ring . will be denoted by the
symbol AA[z]. Also any member of the same will be denoted by some
such symbol as f(z), which may be distinguished in meaning from
that of the same symbol employed earlier as denoting the f image
of .

A polynomial consisting of a single term a, of 4 is known as a
constant polynomial.,

711, Polynomial ring in two or more "indeterminates,
Just as we construetel the polynomial ring A[z] over the ring 4.
we may now construct the polynomial ring
Alz] [y}
over the ring A[¢] and in an indeterminate y.
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Here Afzl{y) dev o3 polynomials of the type
Graytay'+... -

where each of &y, by, by,...... belongs to A[z}.

This can clearly be re-written in the form

o ta, By AL By e+ s
Clearly
Afzi{yl=Afylll
and we re~write the same as
Az, y). .

Similerly, we may get up polynomial rings over any finite
number of indeterminates.

yx°z. Degree of a polynomial member of Afz], Consider
any polynomial

Jixy=ayt a2 4z e
Suppose that
ag=0 fori>n
and
an7£0.
We then say that  is the degree of the polynomial f{z) sed
write '
deg f{z)=n.

The degree of & gon-zero-constant polynomial ig, secording o
our definition, 0. The degtee of the zere polynomial hawever re-
mdms undefilied, :

7¢°3. Degree of the sum and the product of two poly-
nomials. If fiz) and o() be lwa polynamial members of ALzl ihen

deg{ f(x)+0lz)) KMoz (deg fix), deg 9(z))s
deg {f{z) o(2)) Sdeg fiz} +deg o (2]
Let
S =40y dou n b E™, G0
o{2) = by F T4 aee o F0,2Y bet0,
80 hat
deg flz)=m deg olz)
Then, as iy easily seet.
. . r maz {mn) 'll;ﬁﬂb %0
deg (f ) 4ol )——-'1 2::1';:' °e ’,";;,,Fc
Aleo, we have -
1(5) el2)=ady+ (Bobi+obe)e ot 008
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5o that
m+ n=deg f (x} +deg o(z)
deg f(z) 9(x)= 1f 8rnba A0
<m+n if a,bp=0.

It may be noticed that sinco we have not imposed any restric-
iive conditions on the ring 4 which is perfectly arbitrary, we may
bave

@nba=0 even if an#0, be£0.

We may note that if the underlying ring A is free from proper
zero divisors so that if, in particular, it is an integral dolnain or o
field, we shall have a more exact statement; viz, that

deg (f(z) olz))=deg fiz) + deg o).

Ex. 1. Show that the polynomial ring 4[] is commutative if and only if

the ring A is commutative,

¥Ex. 2, Show that the polynoml ring A[r) is free from proper zere
divisors1f and only 1f 4 19 free from the sawe,

Ex 3, Show that A[r] is an integrol domain if and only if 4 isen
integral domain,

Ex. 4, Guvo an examplo to show that the degree of tho product of two
polynomials may be actually less than the sum of theie degrees

71°4, Polynomial rings over a field. We shall now consider
the polynomial ring K[z] where the coeffictent ring is a field K, In
this context, wo Grstly have a simple theorem.

Theorem. If A1s an inlegral domain, then so is also the
pulynomial ring Alx].

The ring A being commutative, the polynomial ring A[x)is also
commutative. The proof is simple.

Alz] is a ring with unity ; the unity of 4 being also the unity
of A{x].

We now ehow that A{z] is free from proper zero divisors.

Let
J(z)#0, 9(z)70,
be two polynomials of degrees m and n respectively.
Let
J@)=ayta@t o tana™, a0
ole)=bytb, 24t 02", bA0
Then

fla) 9z} #0,
far atleast one coefficient thercof, viz @
anb-



192 MODERN ABSTRACT ALCEBRA

of £™% i3 2£0.  Here @,,b2540 for neither a,, i3 0 nor b is 0 and 4
is an mtegral domain,

Thus theorer shows that X being a field, the polynomist risg
K{x] over the same is an integral dowmain,

The quotient field of the polynomial integral domain Kfz} over
the field X will be denoted by the symbol K{x) with circular brackets.
Clearly this field K{z) 1s infinite even it & is finite.

7v'5. Division Algorithm for polynomials over a Seld.
Let fz] be the polynomul ring over s field &, We shall now prove
tue folluwing theoretn which has refereace 1o the division process it
Kz

Theorem, Corresponding to any fwo polynowsals f(z) ‘f”d
P2} belonging fo Kiz), there exist uniguely two polynomicl
&) and r(z) also belonying to Kz} such that

JiR)segla) +rix),
where rix) =0 or deg r{z) <deg p{r).
Lesy
fl@)=aa+a12 4 .ot ant™, G070,
Plz)=byt brr it bzt ba 0,
I m<n, we write
fiz)=p{x).0+f(z)s
50 that g{z)=0 and r{x} =f{x). 1 idution

Now suppose that m 21, We proceed by Mathematical in ucany
sssuming that the result holds good when f{z) is replaced by
polynoaual of degreo <m.

We have . .

f(z)=u¢+a,,x+...+a,,.ac"‘=amb,,"’z’”"‘(ba+bﬁ+...+I7n4;~)’+”.

F{Gaer~Cmby 055} T - { Gy = Ed ba-s}%
=0,0,712 9x) 13l z), say.

Here ) .

deg ntz)=m~1L. -

On the assumed hypothesis, we see that there exixtpﬂlym’m’m

q.{x) and r{z) such that
nlz=qlpl=)+ '(fv here deg r{z}<der o
~ f@=anbirirola Hya)e(s) +riR)

=fa, btz gilele)+ iz
—:.f:?r)?(x)—ﬁ(x)q‘ 7 here deg r(s) <07 ¢

We have now to show the unigueness of giz) and r{z).

{2}
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and this Iatter possibility is sheuol,
Thos

HEgn—3 = D=
Alsp
gl - =0 T xS AN
and
Ho)—r = TN w e\
Hence the result.
Theorem., A polymenial dovade Xja} ove a 333 X &
principal ideal domain.
Let I be any ideal of Kz} other than the nall Rl (O,
Let ¢{z) be a polynomial of howesd degros delonging to e
ideal 1,
Also let, f{z) be any arbiteary member of I,
Now there exist two poly nomiata

@) & Kixl o) E K1)

such that
Jwd (o) qle) bria),
where
r{x) =20 ot dag rlx) <deg ()
Now

Jiz) €1, ) E 1 T2 J) —glxletrd=rle) € 1
Also, sinco o{x) 11 a polynomial of lowest degrea bolonging
to I, we sed that deg r(x) cannot Lo loss than that of g(x).  Thua
£(z)==0 and we hava
Jtz)molzlg(x)
80 that we seo that
T=(p ()
Thus K[z} Is & principal ideal ring,
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.72 Tactorisation in integral domains. The notion of
divisibility is known to be an important one in our dealings with the
domaiv of integers. In fact this notion plays & dominant part in
the Classical Number theory and gives rise to the concepts of Prime '
and Composite integers and of the greatest common divisor and low-
©st common multiple. In the same contoxt, we have also what i
knawn as the Fundamental theorem of Arithmetic which states that
every positive integer ia uniquely expressible as 5 product of prime
Dpositive integers and this theorem is known to form the basis ofall
the developments in Classica) Number Theory, An analogons situ-
otion concerned with the introduction of similar pts arises also
in connection with o polynomial domain whes the coeflicients belorg
to any field of numbers, Horo also wo have the notions of divisibi-
Iity, greatest common divisor, lowest common multiple snd primo
polynomials which are usually known as irreducible or indecompos-
able polynomials,

Finally, we have u theorem for thess polynomis} domains ans-
logous to tho Fundamental theorem of Arithmetio for the domain of
integers.

This part of the chapter will be concerned with the problem of
introducing the basic concept of divisibility and other slfied B0
tions for Abstract integral domains, ' It will be teen, however, that
the analogue of the Fundamental theorem of Arithmetic does nob
bold for every integral domain and we shall sccordingly be concers
with the dotermination of sufficient conditions under which #
integral domain may be what is known as s Unique Factorisation
domain

72't, Divisibility in an Integral domain. In tbe_follow’
ing, we shall use tho symbol I to denote any orbitrary lnteg™
domain, Also we shall exclude, 0, the sdditive identity of D fron;

the purview of all developments of the notion of divisibility so tha
any element of D which we may consider in the context of the 830
will essentially be non-zero and we may not always make & ?wmon
of jt. Thuy when we say that a is any element of D, it will mean
that the same is non-zero. Of course, D being an integral fhm”? !
the product of any two non-zero elemente of the same is agud
non-zero.
Def. An element ¢ € D is said to bo o divisor of & €0
there exists an element ¢ € D such that

b=ac,
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In symbols, we write
ajb
to donote that a is a divisor of b.
Further if a is a divisor of b, we say that b is 8 multiple of a.

We may show that the relationship of divisibilily in an inlegral
domain s reflexive and tranaitive.

We have
a=lasothata|a
and dingly the relation is reflexi
Again, let

albbje
Then there egist two elements d and e of the domain D such
that

b=ad, c=be.
c=ade,
Also

c=ade"_—"Da]jec.
Thus

alb ble—"Dale,
80 tnat the relation is transitivo.

72'2. Divisibility relation in terms of Inclusion relation

between Principal ideals, We may easily see that

a6 T @) D 0),
g0 that if @ is a divisor of b, then the principal ideal (a) includes the
principal ideal (b) and vice versa.

Dlustrations, 1. 244/ —6 is & divieor of 8 in the integral
domain J{+/ =5] formed of numbers a+b v/ =5; a, b being any
integers.

2. z++/=lis o divisor of 23-+1 in the polynomial domain
Clz] over the field C of complex numbers.

3. Each element a0 is a divisor of each element 5720 in a
field K.

42'3. Units in an I 1 D in. The multipli

identity, 1, of an integral domain is & divisor of each element of the
same. .In fact, we bave

a=la for every a & D,
sothat 7 | a foreack a & D.
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Besides 1, there may also exist other oloments which a0
divisors of each el t of the domain, As, for plo, fn & feld,
each non-zero olement is a divisor of every other non-zero element.

It can be seon tha all invessiblo elements aud theso only are
divigors of every element of tho domain, In fact if, ¢ beosy i
versible element and a bo any arbitrary element, wo have

a=e{e-*a) so that ¢ | a.

The snversible clements of an fniegral domain are l‘mﬂm‘}“"
units. Thus each nnit i1 a divisor of every element of the domait.

We seo that the sel of all unils of an infegral domain is0
group for the multiplication composition. 1In fact if e, J be a0y two
uvits, then their product ef is also & unit in 83 much as

(et

Illustrations.

1. Each non-zero element of a feld is & unit thereol.

2. 41 are the only two units in the domain J of integers.

3. The set of numbers a+ib where a and bare sy iﬂ"ff;’:
and i==4/ =1 ig an iategral domain relatively to the !xfual addith
and multiplication of numbers ss the two ring compositions.

This domain is known ss the Domain of Gaussian intes"s;

The elements -1, i ate tho only four units in the domain ©
Gaugsian integers.

Let a+id be any unit and let c4-id be its inverse. We bave,
then,
(a+-ib)c44d)=1.
(@B FE)=1.
at-bi=l,
80 that wo have
at==1, B=0 or 67=0, =1
Thus 41, 4 are the only four possible units. That these 87
actually the units may be easily seen.
i of pamber®

4 The number 3+24/2 is a unitin the domwa
a+by/2; o, b being any integers.

. . aain
Also overy integral power of 3 +24/2 isa gait of ﬂ:t; ‘f;'_gtincl
Thus tho domain, in question, has an infinito num Y

unpits.
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5. The non-zero elements of a field X are the only unitaof the
domain K[z] of polynomials over K.
If f(z) bo any unit and ¢(z) its inverse, we have
Sz} eld)=1,
5o that
deg f(z)+deg o(z) =0
and accordingly
deg f(z)=0,
€0 that f(z) is a non-zero member of K.

Also, as is obviéns,.each non-zero ber of K is fally
& unit of Kfz].

72'4. Associates, There may exist pairs of elements a, b each
of which is a divisor of the other so that we simultaneouly have

ajbandb|a.

As for example each of 3 and —3 is a divisor of the other inthe
domain J of integers.

Def, An element a is said to be an associate ot &, if a ia a
divisor of b and b that of a. In symbols, we express this by writing

a~b

Illustrations.

1. Each integer ¢ is an associate of itself and of —a ir the
domain J of integers,

2, The Gaussian integer a 4% is an associate of each of

a+ib, —a —ib, {6 —b, —in4b

in the domain of Gaussiap integers.

3. In the polynomial domain K[z] over a field K, eacn poiy-

nomial af(z) is an associate of f (z) ; & being any non-zero member
of K.

Theorem, Tke relation

N ‘a is an associale of b’

in any inlegral domain is an equivalence relation.
Reflexivity. We have
ala__—Da~a.
Sy y. This is immedi :
Transitivity, Let
gebbeoe
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so that, we have
albblobleelb

Now
a{bble""alq
cibbla"Dcle
Thus
anre,

Equivalence classes of Associates and their Strlfd“"
The relation ‘a is su associate of &” being an equivalenco relation, #
have a partitioning of D into mutually exclusive classes such that

(3) any two elements of the samo class are associates,
(i3} 0o two elements of different classes are asgocintes.

Now if
arb,
there exist two elements ¢, d such that
a=be, b=ad,
g0 that
a=ade,
Thus
do=1,

5o that d and ¢ are units.

Thia shows that each of ¢wo associatcs differs from the other BY

somo unit as a faotor. Also conversely, an element
. a=bc
where, ¢, is a unit is an associate of b.

"This result shows that the associates of an element catt all N be’l‘:?;
tained on multiplying the same by the different unils of the oman. o
result shows the simplo manner in which any equivelenc® class
associates can be genernted fram any given member of the same.

‘o units aro associates [

We may also easily see that apy tw quivalentd

that the totality of units in an integral dosain fs an &
class of associates determined by tho unity.

The principal ideals generated by any twod aasocioled
same.,

In fact

are i8¢

a b T ) 2 6
bla C (0 2 (eh,
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so that
4~ b ST (@)=(0).

Thus we can associate a single principal ideal to each equiva-
lence class of associates of an-integral domain,

We may also note that if a is a divisor of 5 without, however,
being an associate of the eame, we have

(@) D ®), (@)

IlMustrations. 1. 1 being the only units in the domain J
of integers, each equivalenco class of associates consists of only two
members.

Thus we have a class of associates consisting of @ and —a.

2. The domain of Gaussian integers has four units 41, 4§
and accordingly each class of associates contains 4 members, Thus
the class of associstes determined by a+-ib consists of the four
elements

a+ib, —a—ib, ia—b, —ia+-b,
obtained on multiplying a-+:b with 1, —1, ¢, —¢ respectively.

3. Each non-zero member of a field K being a unit of the poly-
nomial domain K[z] over the same, we see that the class of associates
determined by any polynomial f(z) € K[x] consists of the polyno-
mials af () ; & being any non-zero member of K.

It may be seen that each class of associates in the domain
K[z] contains a single member with highest degree term cocfficient
unity., Such a polynomial is usunlly taken as the representative of
the cluss and is known as monic.

Note, It may be noticed that associates have the same divisi-
bility proporties so that a divisibility relation will not change if any
element in the samo is replaced by an associate of the same,

Thus

alba~a,bb TTDd |V

%3. Greatest Common Divisor. An element g is said io be
@ grealest common divisor of two elements a, b, if g is a divisor of a
as well as of b and each common divisor b of a and b is as well a
divisor of g.

Thus if ¢ is a greatest common divisor of @ and &, we have

glegld
and

Bla,h | b —Dk]|g.
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Of course for any given integral domain, o pair of elements msy
not have a greatest common divisor. It can be scen, howeven
that in case a greatest common divisor exists, it is unique apart
from the distinction between associates. Thus if g;, . be tWo0
greatest common divisors of 4 and b we have, by def,,

g1lg:|aswellas g, | g1,
8o that
g1~ gr

73'1. Existence of greatest divisor, Tl ;
Grealest common divisor exists for each pair of elements in & principal
ideal domain.

Let a, b be any two elements of & principal ideal domain D.
Consider the sum ideal
(a)+(b).

As D is a principal ideal ring, there exists an element ¢ such

that
@+@)=(o) o

It will now be shown that g is & greatest common divisor of a
and b.

From (1), we have

(9) 2 (@), (9) 2 6}
Also
W@ —>v9lsa
and
2 G —>9l

s0 that g is a common divisor of @ and b.

Now suppose that h is any common divisor of ¢ and b 5o that

® 2@, ®2 e

(3) D (a)+) =(g). Thush|s

Hence the result. -

Note 1. 'The result obtained sbove shows that ifina prln;‘l:‘
ideal domain D, g is a greatest common divisor of & and b, so tha

(9)=(a) + (&)
there oxist two elements u, v of D such that
g=nu-bv.
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Note I, The domaing J and Kfz]; K being any field, are
koown to be principal ideal domains so that we see that the above
theorem is applicable to these.

Note IIT, The notion of greatest common divisor can easily
be generalised to that of any fimtc number of elements.

74. Lowest Commeon multiple, In a domain D, an element,
148 said to be a lowest common multiple of any two elements a, b thereof,
i1, is @ multiple of, a, as well as of, b, and any common multiple m of
6 and b is as well @ mulliple of 1.

Thus if I is & lowest common multiple of ¢ and b, we have

all, bl
and if m is an element such that

a|lmblm
then wo have

I|m.

It can be shown that lowest common multiple, in case it exists,
is unique apart from the distinction between associates.

74'1. Theorem. Lowest common muliiple exists for each pair
of elements of a principal ideal domain.

Let a, b be any two elements of a principal ideal domain D.
There exists an element I of D such that

(@) N B=1. n

We now show that ! is a Jowest common multiple of a and b,

From (1), we have

HC@nco.
Also
OWC (@W—Doealy,
HCH——Db|L
Alse if m be any common multiple of @ and b, we have

(a) D (m), (B) 2 (m)
80 that

m S (@ N =0,

I m.

75. Prime and Composite .elements of an Integral
demain, AnJ mm-uml elemenl of an integral domain is called prime,
irreducible cr , if it has ne divisors, other than its
associales or wunils ; ctherwue it 13 called composite, reducible or
decomposable.

and accordingly
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1t may be noted that every associsto of a prime {composite)
¢lement is prime (composite),

Tt will be scen that wo have now learnt to distinguish between
Jour types of elements of an integral domain, iz,

(%) Zero. (i5) Units. (iis) Primes, (iv) Composites.

Yilustrations. (1) In tho domain J{i], of Gaussian intege™:
8 is composite, for we have

B=(1 +-2{)(1 —2i)

80 that 14-2i is o divisor of 5 without being o unit or an associate of
the same.

Also in the same domain, 3 is prime.

(2) #*41 is & primo element of the domain R[z] buta composite
element of Clz].

(3) 22 4 2 is a prime of Rfz] but 5 composite element of Jizk

It may be noted that 2 is & unit of R but not of J.

Ex. Il ¢ is & common divisor of a, 4 in o domain D end theio exis
sfements w, v of D such that

it two

g=autbo, -
in b
then show that g is g greatest commen divisor of a, b;Lbe domein Db
arbiteary, s
. jnteges
46. Unique Factorisation domains. LetD beany mtigrm
domain and a any non-zero member of D.  Ifais nob prim¢,

there exist two clements b, ¢, none of which js & unit such that

a=be.
n of an cloment 85 2

This process of decomposition f.e., expressio per bor ¢

product of two non-unit members can be continued if eit
composite. -
o o
The guestion, now, is a3 to under what con‘dmo;xs. ;:em S &’
sfter o finite number of steps, arrive at an expression of, 0,88 FTOC7

t . ressiol
of primo elements, In gddition to the question of ?‘::‘530 the

i ts, ther
of any el as a product of prime dto
: © a5¢ 16
ion of the uni of this ex Thus we
& . ct tion Domains

defining what are known as unigque Factorisa - tion
: by o788
Def.  An integral-domain is said to be & um?_“‘e ;"‘::w.m a
domain, if every non-zero non-unit tlemens of the same 13 a{laﬁ” fiome
a product of prime clements of the domain and this J
apart from order and assoviales, 15 unigue.
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461, Some properties of unique factorisation domains,
Let D be any unique factorisation domain.

Theorem L If a, b are tuo arbitrary elements of D and p is a
prime element of D, then

plab "D eitherplaorp|b.
Let
Q=DyseceePry
b=psp'seree 0's
<ry Drs D'1yessecey P’ i8 8 prime element of D. Then,

where each of p;,.
we have

ab=pips . oD P 19200 e D' (W3]

By virtue of tho fact, that expression as product of primes of
each element of D is unique, we see that p must occur as a factor on
the right side of (1) so that we have

cither p [aorp | b,

Theorem II.  Any two elements of o unique faclorisation domain
Possess grealest common divisor as well as lowest common multiple, .

Let g, b be any two elements of D. Let

a=p," p,* ......p,e' . @

b=p,f‘ p,f‘ p,f' , 3)
where wo have arranged the expressions in such 2 manner that the
same primé factors appear in both by employing the integer zero as
index in any case, if necessary.

The clements py, Pgy . ».., pr are all different primes and
E1yeensery €y § J1yeeeee » Jr are all integers >0,
We write
ge=max.(e, fo), ky=min.(cq, fv)
It may then be easily verified that
ke hy k
D1t e
and

ay
ot ]’zg' -----~Pr”’

are reapeétively tho greatest common divisor and the lowest common
multiple of ¢ and &,

s
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77. Theorem, A principal ideal domain i a unique fastori-
sation domain,
EXISTENCE

Firstly wo shosw that each element of & principal ideal domin
13 expressible ey a product of primo clements,

Let a be any non.zero non-vnit clement of o princips! ideal
domain D,

Ifa is prime, we have finighed.

If a is composite, there exist two non-unit eloments b and ouck
that

a=ge,

b a}, {BYs%{a).

Tn case b, ¢ are bot(h )pgm‘e,) llﬁen?én(gsin wo hava fnished. Tnthe
alternative case, we continue ag above, Thus {wo cases arise :‘ .

(i) After a finite number of steps, we arrive at an expression ©
@ a8 & praduct of prime elements,

(it} Howsoever far we may continue, we always have & com;
posite clement occurring as a factor in the expression of, a,as produe
of clements of D.

In case (i} we have finished,
In case (ii), there exists an infinite system of elements

8y Byyercaney Ty <ne v

Then wo have

such that o
(0 C @) T ooeres C ) Covveony
no two of these principa) ideals being the same, N
Consider now the union of all theso principal ideals. Tl.us mi\(l;:x
is itrelf an ideal. In fact if e, ¥ are any two members of this uio%
there exists an ideal momber {3) of the gystem such that

2 & {m) y & )

=y & (g, a x € (o) where a £ D

8o that z ~y and « x nlso belong to the union. s 80
The domain . being a principal ideal domein, tben? exﬁ Haes]

element B of the same euch that the union ideal is the princip

@

and accordingly

suck
There exists, therefore, an jdeal member {an) of thesystem
that
BE (@n)
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and accordingly

B € {an) for nzm.
Thus,
(8) © (aa) for n2m.

Also since (B) is the union of tho ideals, we have

{8) C (as) for all .
Thus

(8)=(aa) for n2m,

(@m)=(amt1)=eesues
and accordingly we arrive at a contradiction.
This shows that case (ii) cannot arise,

50 that

Thus we have proved that every non-zero non-unit element of @
principal ideal domain is expressible as ¢ product of prime elements.
Uniqueness. Before proceeding to give the proof of unique-
ness, we remark that by introducing units as factora, every decompo-
sition can be altered. Thus
a=p1p2" =(plex)(1’zcl—l)"'
where ¢, is some unit. Even in the domain J of integers, we have
6=2.3=(—2)(—3).
It is thus important that we become clear as to the precise im-
port of the theorem we have stated, Suppose that

- .
a= 11 =11 ¢,
i1 P ®

where each p; and ¢ is & prime and we Have not allowed any unit to
appear as a factor on either side. The theorem now states that
r=g,

and each p is an associate of some ¢ and each g is an associate of
some p.

Firstly we need to prove alemma whose statement is as follows.

Lemma, In a principal ideal domain, if a product, ab, is divisi.
ble by a prime p, then either a or b is divisible by p, i.e.,

plab”T""Deitherp jaorp|b.

Firstly we show that the ideal (p) is maximal. Let if possible

{#) be an ideal containing the ideal (p) and different from D, f.e.,
D#() D (p), (2)(p).
This means that z is a non-unit element and is o divisor of p

without being an associate of the same. Clearly this is not possiblo
so that (p) is & maximal ideal.
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Let a be not divisiblo by p. Then, g, does not belong to the
ideal (p).

Thus the ideal (a, p) generated by @ and p is the unit ideal D,
There exist, therefore, two elements u, v of D such that

I=aupv,

8o that

A b=abu 4 pbv.

Also sinco p ] ab, there exists ¢ &€ D such that

ab=cp.

b=cpu+pbv=picutbr),

80 that
p]b.

Hence the lomma,
(The significance of the result proved in the lerma may becoms olsarer
if we consider a counter exaraplo. In the integral domain J[4/ 5] of numberé
04b4/ =<5, where a, b are nny intogers, we hava
8=(24V=B){2—V/ ~5)=33
It may now be seen that prime 3 is & divisor of the product
(24V/~8) @=v~0)
without being & divisor either of 2+4/=F or of 2~4/—5.
Ia terms of the lemms, we see that this domain of numbers a+b\/:{
a £ 3, 5 € J connot be & principal ideal domain,
‘We now attend to the main theorem,
Let
2,
a=P,P; - Pr=q1Js-+-qs @
where each p and each g iy prime.
The result will be proved by induction on r.
The result is immediate if r==1. Suppose now that the x
is true for each natural number <r.
As p, divides the product g,g;..

esult

.g,, it moust divide, by .(be
loss of generalitys

lemma, atleast one of ¢y, ¢;..-, ¢» Without any loss that

we may suppose that p, dividesq, As g, is prime, we 560

Py @1 BTe associates. Let (3
hr=ePp

where e, is a unit.

From (2} and (3}, we have @

Popa--Pr={e100) T2 O
By the assumed hypothesis,
r—l==g~—1 factor o8

snd each factor, on the right of {4) 15 an associste of some fac
the left and vice-versa.

Thus the result follows.
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Note 1, It should be remembered that while principal ideal
dornains are unique factorisation domains, the converse is not true.
Later on in § 79, we shall show that there exist unique foctorisation
domains which are not, however, principal ideal domains.

Note 2. In the following section, we shall consider what are
known as Euclidean Domains.

The introduction of these domains is motivated by the line of
reasoning adopted for proving that (i) the domain J of integers and

(#%) the domain K [«] of polynomials over & field K are principal
ideal domains.

In other words Euclidean domains are those to which the line
of r ing in is applicable. Thus we abstract the fun-
damentals from this line of reasoning and give the definition of
Euclidean Domains in the following section. It will then be proved
that every Euclidean domain is & principal ideal domain and as such
a unique factorisation domain, This quite often proves a useful

methogd for showing that a domain in question is o principal ideal
domain,

78. Euclidean Domains. Def. Anintegraldomain D is said
to be Euclidean, if there exists a mapping [ of the set of non-zero
members of D inlo the set of positive integers such that if o, b be any
two non-zero members of D,

() flab)={la)f (B),

(i3) there exist members g and r of D such that

a=bg+r,
where
r=0 or fr)<f(d).

Mustrations, 1. The domeain J of integers is Euclidean, for

the mapping f defined by
flay=la]

satisfies the two properties in question.

2. The domain X[z] of polynomials over a field X is Euclidean
with the mapping f defined by

Jiglz))=deg plz),
where ¢{z) € K [2].

3. The domain of G i is Euclid We shall
show that the mapping f of the set of non-zero Gaussian integers
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into the set of positive integers defined as follows satisfies the two
conditions in question. We write
Jlat+ib)=ad+b%
Then
STla+ib) (¢ +id]==(a*+b3)(c*-+d2) =f{(a-+ ib)1 f [{e-+id)].,
8o that the condition (f) is satisfied.
We now write
e~=ag+ib, B=c+id,
We have
% =A=p-+ig, say
where p, g are rational numbers.
There exist integers p’, ¢’ such that
lp—pl<h 1g—ql <t
We write
Nep'tig .
80 that A’ is a Gaussian integer.
We have
& —~AB=(x—AB) +(A—N\)B
=04+ (A-N=(-NB,
or
a=NBH(A—-N)B.
@ B, A’ being Gaussian integers, it follows that (A—N
Gaussian integer.
Here

) pis ko

SI~NB)={(p ~p)*Ha ~ D)
<@A+HI@<f).

Thus for every pair of Gaussian integers &,
Gaussian integers

8, thero exist

Aand (A=A} B
such that

a=PN+(A—N)3
where

SNl

Thus tho domain of Gaussian integers is Euclidesn.
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78'1. Theorem. Every Evclidean domain is a principal ideal
domain.

Let D be any Euclidean domain and f a mapping referred to in
the definition.

Let 1 be any idenl of D,

If I is the zero idea), then it is a prineipal ideal, Now supposo
that I is not the zero idéal so that it contains some non.zero
members.

Consider the set of f images of the non.zero members of I which
arc all positive integers.  Let 670 be a member of I so that fa) is
tho least of all the f-images.

Let & be any stbitrary member of I There then exist two
members ¢ and r of D such that

b=agtr,
whero
either r=0 or f(r}< f(a).

The possibility f{r) <fla) is ruled cut in respect of the manner

of the choico of a 80 that re=0 and we have

b=agq.
Thus
I={(a},
and 7 is accordingly a principal ideal.

Hence tho theorem.

Cor. Every Euclidean domain is 4 uniyze foctomivtom Zpanin
1t follows from the preceding theorem acd thes ¢f e 'O; i1,

Note. It follows from the precedicg thst 12s rmsin 1 of
Gaussian integers is o principal jdeal @ozmain gt Zomre &:{;"‘ i
factorisation domain.

79. Polynomial rings over iz £ . .
domains. 1t will now be shown 1£52 28 parys rmyier iy ct;;xntxc:x
6 unigue faclorisation domain D it #'u< ¢ 24.:ms !.,:',:, ‘-ﬂ{- ‘:’] o
In the folloning, we skall 2350 zeng . e .
N N o IR L0 e ey 2t FOv
field of the integral dvmain . Tiis smcr s £nn oy o n 00 o
noted by K. ERMRR DI L wid b b

Primitive polynoméale, Dot £ -,
of Diz] is called primitive if 13 peozrugs pomoce
efficients of the polyremist e puez
Thus, for exsrm:Is %2_x_., = e
\ ' B e Ioll Nt e patalsipe moente ST
\whercas 32 —6r48 e By o :f‘

crigue

e
3 st UF

ampor oF b



210 MODERN ABSTRAGT ALGEBRA

Lermama L. Bach non-zero polynomial f{z) € Dfz] iz expressible
as the product
aglz)
of a member ¢ & D and a primstive member g(x) of D[z} and this ez
pression is unique apart from the difference in associaleness.
Let, a, denote the greatest common divisor of the coefficients of
J(z). Clearly then we have a relation of the form
Jz)=eg(z),
where g(z) € D[] and is primitive,
Suppose also that we have
S(z)=bh{z),
where b € D, h(z) € D(z] and is primitive.
We have
J(z)=aglz)=bk(z).
Since b is a divisor of each coefficient of f{z), we have
bla.
Let
u=bc where ¢ & D.
S eg(x)=h{z).
_As h(x) is primitive, wo see that ¢ is a unit so that
g(2) ~ R(z) and a ~ b.

Lemma IL The product of lwo primitive polynomials
primitive.

Let
S =ayt oz 4o d Gz oireneF EmZ™
glx)=by+ bz +..... il P b2,
be two primitive members of Diz).
Iet
ha)=flz)g(x)=co+ )2+ orere O TN

Let, if possible, a prime element, p, bo the greatest common
divisor of the coefficients of the product f{zigfz). Alse ,Ic‘t“;:
and b, bo the first coefficlents of f{z) and g{z) which are nof divisi
by p.

We have, now,

Coramaby + Gbiyd Qgbyest o o
AL LSS LT angbgos Fotnsbyos =
80 that )
P S R ST P S B A R R v

Since, p, is & divizor of each of the terms on the right, we

rlad,
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This implies that
cither p [a; or p | &
so that wo arrive at a contradiction.

Hence the Jemma II.

Lemma UL JIf fi(z), fy(z) are primitive members of Diz] and
are assoctates in K(zl, then they are also associates in D[z] ; K being
the quotient field of the domain D.

Since f;(%), fi(z) are associates in K[z], we bave

Julz) =kfy(x) where 0k € K.
We have
k=ab~t wherea €D, b E D,
o~ bfi(z)=afs{z).
By the lemma I, wo see that
Ji(%) ~ fi(%) in Dfz).

Lemma IV. If f(z) is an irreducible polynomial of positive
degree in D[z], it is also irreducible in K{z].
Let if possible, f{z) be reducible in K[z}, s0 that, we have a
relation of the form
Sz)=¢:(z)$s(z)
where ¢,(z) € K[z}, $:2(z) € K[z] and the degree of each of ¢,(z),
$a(z) is positive.
As may be easily seen, we have relations of the form
B1(z) =ayd, "y (2),
$a(2)= a5y (),

where a;, by, 6y, b € D and §;(2), §,(z) are primitive members of
Dz).

Thus we have
J(@Y=0,8:b7207 9y (2 (2),
or 8,5, f(x) = aayy (M)
By tho lemma 11, §y(z}y(z) is primitive. Also, f(z), being
irreducible in D[z], is primitive,
Thus by the lemma I,
J@) ~ dil=ialz).
On multiplication with a suitable unit, we may suppose that
J@) =y (@)s(z).
Since deg ¢,(2)>0, deg t,(x) >0, we obtain a proper factorisa.

tion of f{z) in D{z] and thus srrive at a contradictson of what 1.
given. Hence the lemma 1V,
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Theorem. The polynomial ring D[x] over unigque factorisation
domain D is ilself a wnique factorisation domain.,
Let f(x) be any non-zero non-unit member of D[z]. We have
f)=efol)
when fi(=} is a primitive polynomial € D{x] and a & D.

Since D is s unique factorisation domain, we have

where each of py,......, Pr i8 & prime member of D. If now fofz} 18
reducible, we have

fol@)=fu(@) folz),
where deg f,,(#)>0 and deg fu(z)>03 fi{e) being primitive. Also
S} and fy(z)are both primitive,

Proceeding in this manner, we shall, after a finite number of
steps, otrive at a relation of the form

S@)=pp2reeer il . A=),
where each factor on the right is Srreducible.
Suppose also that we have
J@ =110 D1 242} e f i)y
where each factor on the right is irreducible, each of
Prmes PLED
and the degree of each of
Fa@ereeens fmle)
waich € D[z] ia positive.
Thus we have

Dibs worePet(®) een bl =D e 2 fnf2)
By the lemama 11, the two products
£i(2) e s i), £ fale)ani S mizd

are primitive. Further, by the lemma I
PiPreesanPs ~ Plreenss P
S o~ 2102 oo f ml2)
s On multiplying one of the py,....... , p, by.n unit wo 30 suppose
\1

-P’v o

Py v Pr= Py
ana aceordingly also
FACIEN

JA2Y=L1(2) e [nlE)
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By the lemma 1V, each of,
Ji@hveeees @) F1(@)erenes Sm{2)

is irreducible in K[z]. ‘Now K[z}, being n unique factorisstion do.
main, we see that the two sets of polynomials

Si@hees Ji2) 1 14D wors [}
aro the samo except for order and tho difference in associateness,
Thus by a possible change of notation, we have,

Ji(z) ~ 1), folz) ~ Sl - o
in K[z). By lemma 111, this relation of associatenessalso holds good
in D[z).

Also D being o unique factorisation domain, we see from (1)

that each p is an associate of some p’ and vice versa.

Thus the two factorisations of f{x) in D[z] are the same except
for the difference in order and associatoness.

Cor. If D is any unique factorisation domam so that D[] is,
as proved above; also a unique factorisation domain, we tee, by em-
ploying the eame theorem that

Dfz] [y]=Diz, y]
is also & unique factorisstion domain, This sargument may be repeat-
ed any finite number of times.

Note, It has been seen in § 77 thav every principal ideal
domain is 8 unique factorisation domain.

This converse, however, is not true £o that thers exist unique
factorisation domains which are not principal ideal domains.

Since the ring J of integers is a unique factorisation domain, it
follows by the preceding theorem that J{z] is also a unique factori-
Bation domain., We shall, however, show by means of an example.
that J[=]is not a principal ideal domain. Consider the ideal

(z, 2)
of J{z] g d by the twoel ts z and 2. This ideal consists
of all those members of J{z] which have some even integer as the
constant member thereof,

Since, 1, is a greatest common divisor of z and 2, we have, on
the sssumption that J{z] is a principal ideal domain, by § 73-1

page 200,
(z, A=(N)=]l=]. R
Thus we arrive at a contradiction go that J{z] is not a principal
ideal domain even though it is & unigue factorization domain,
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80, Irreducibility criterion, We shall now state and prove
8 criterion for irreducibility, Eisenstein’s theorem, If
fey=ay+ax+ ... +az” € D[]
and p {s a prime element of D such that
2{ 02| Oyee, P | oy
whereas p 48 not a divisor of a, and p* is not a divisor of &, then f(2)
18 irreducible in D{x] and hence also in K{x]. : ’
Let, if poesible,
Oyt Byt cen 0BT = (b F B 4 oo F DI g F €T+ oo e F-0a2™)
where >0, m>0,
We have now
ag=byCy.
pley—"Dplbop]a
Now since p* i3 not a divisor of ag, therefore, p cannot bo &
divisor of both b, a8 well as ;.
Suppose that p | ¢,

Also, we have
Gn=b1Cm
50 that p is not & divisor of cpe
Let r<<m be the smallest index such that each of

is divisible by p and ¢, is not divisible by p.
We have now
0,=tByCptByCpagF esveretBeloe
Since neither b, nor ¢, is divisible by p, and each of

is divizsible by p, we deduce that
d, i not divisible by p.

This shows that r=n so that the degree of the s
wwo factora is » and accordingly the polynomial is actual
ble.

Ex. 5how that

J@)ymzP 14zt 2t 24
is irreducible over J{z); p being a prime member of J.
\Apply Enenstein's criterion to fiz+1))-

econd of the
hy frredasi+
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Exerclses
1, Show that J{v/ =7} is & Euclidean ring,

2. Prove that R[v] is a Euclidean ring ; w denoting a complex cube root
of unity.

3. Expreas the ideals
(142w, 3) and (243w, 14-5u)
as principal ideals in ths ring R[w] of the precoding exerciss,
4. Bhow that

XV V=R

are Euclidean domains.
8. Fiad the greatest common divisor of
48, 1-3(
in the ring J[7) of Gaussinn integers ; = /1.
6. Factorise

78 and 10 +35%
into prime factors in J(i] ; i= 4/ ~1.

7. Show that J{4/=0]and J{v/=3] are not unigue factorisation do-
mains,

8. Bhow that the subset of elements for which a+% is even formsan
ideal in the ring of numbers a5/ =3 wherea, b €. J.
Prove that this ideal is not a principal ideal.
9. Prove that the set of numbera
a+bV/ =%

where g,  are sither both integers or both halves of odd iategers is & Euclidean
ring relative to the ususl addition and multiplication,

10. Show that thure are 10 icreducible members of socond degree in Jylz]
saod hat the same.

‘What is the number of izreducible members of third degres in Jo[z],

11, Prove thab if D is aa integral domain that is not a field, then Dfz)is
not a principal ideal domain,



CHAPTER VI
VECTOR SPACFES AND LINEAR TRANSFORMATIONS

81. Tntroduction. From the classical and concrete point of
view, physical entities such as displacement, velocity, acceleration
ete., which by virtue of their possessing direction besides maguitude
are representable as Directed Line Segments and are further capable
of addition by Parallelogram luw are known as vectors, It is alo
found possible and useful to setup an Algebra of vectors (i.¢., directed
line cegments) which includes the operations of the Addihon‘ of
vectors and of the multiplication of vectors by real numbers which
are, in this context, known as Sealars. It also turns out Athst-
relative to any choice of three suitable vectors as cunstltu.tmg "f
reference system, each vector iy representable ag an ordered triad o
three real numbers and corresponding to the Algebra of Vectors
there arises an Algebra of ordered triads of numbers in the manner
given below, If o vector, «, is represented by a triad (a;, &y 85) 80
that if we write .

&> (ay, ay, ag)
then
&= (ay, ay, a5), B —> (by, b, b) T
aB=> (ay4by, ay4by ALY
and
&> (0, Gy, 6;) 777D aw —> (agy, aa;, adg),
where @ is any real number,
It is found that the addition of vectors and the multiglieation
of vectors by scalars obey the following laws :
@ t+P=P+te, a (B +7Y)=(x-+B)+7,
a(o-+B)=ax+aB, (a-+bjx-=ax+bx,
(ab)a=a(bx}, I a=tu.
Here a, b are any.real numbers and «, B are any vector. 5
. : er
Now it is an interesting fact, that there exist quite n:!:;m
of other mathematical systems (Refer illustraﬁ.ons on ;::f  fthe
which have an Abstract Algebraic pattern gimilar to 1
vectors referred {0 above.
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Stzse coryidentions kad vy to define Adstmst e wvas
frazes to Be refemved to simply @5 veelor sowses o Limear Spans
ersemetimes enly 2 spaces, Ary elment of & veeter srax wil
bekzews as s vecter.,

82, Vecter Spaces. Fefore formulatdng the amept of an
sletraet space, w2 istroduee the rotion of Drfeessd comovelion i
cte set over arother 25 the same will be reeded for 2 prrpose
in kazd.

External Composition. If L. Fleany tuv givn &8 (s
@ mapping of the product gt E N F anle the 81 E fs caled av sadermal
eemposition in E over F

Thkrs an external composition in a set & overast Fiza
mapping which associates to each pair of members of X and 2 a
member of £,

Multiplicative notation for external composition, 1f
« & F and g & F, then the member of X associated to the pair a, «
is usually denoted by the symbol ax 5o that wo adopt the notatin
of scalar multiplication and call the members of 2 sealors)

Ilustration. Let G be any group with multiphicatively
denoted composition. Then if 1 € Z ¥ ¢, il i+ any naturalinteger,
then the mapping

(a,n) —a*
is an external composition in Q.

82'1. Vector Space over n field, Lot X b any given fleld,
Then a given set ¥ is raid to be a veotor space or a Linear kpace
over the field K, if

1. There is defined a composition in V such that ¥ i¢ an Abelian
group for the same ; this composition will bo denoted additively,

XL Therc is defined an external composition 'n 1° over K3 this

will be denoted as a sealar multiplieation.

111, The two compositions satisfy the following laws ¢

L afatPl=autafio EX @V BET.

2. (atbe=axtla;a C K VE K, « €1,

3, (ab) « =alla);a & K, OE K, a V.

4, la =oa;a& V145 thounity of X,

Also instead of saying that Vi o veotor spaco over o field X,

“wo may simply say that I'(l\) i & vcntor spaco, - Purther caoh
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member of & vector space V(K) will be referred to as a vector and
each member of K as a scalar.

Note 1. Tt should be noted that we have & composition in V' and & com-
position in K both of which have been denoted additively o that we have s
z6ro member of ¥ and s zero member of XK, being the identities of the two
compositions, Both these will be dencted by the symbol, 0, and jt will be seen
that no confusion thus arises and the context will always prove decisive as to
which meoning does the symbol, 0, have,

Note 2. In dealing with a vector space V(K), we sre con-
cerned with four compositions, viz.,
(4} Addition in V'
(i) Scalar multiplieation of elements of ¥ with elements in K
(i) Addition in K ;
(fv) Multiplication in K,
Of the four laws given in TII for the definition of & vectorspace
we may see that
a(e+B)=~az+t-af,
relates the compositions (i) and (i3),
(o + b)a==ax } b8,
relates (46), (ii) and {5) and
(@b}a=a(dx},
relates (iv) and (i3)
Illustrations. .
1. The vector space of afl polynomials over a filld X, s
The set X{z) of all polynomials in an indeterminate # ‘i);s s
§eld K is o vector space relative to the addition of P"’}’;";’[‘ﬂ by
Jefined before and the product of & polynamie'd.member [
member of K as the two vector space compositions. ﬁelzf
2. The vector apace of all polynomials of degree §” ”:r:” 5o
E. The sev of all those members of X[z} w){ose Eg\:]eh,;:mﬁw
vector space for the two compositions referred to in tho il
{1) above. J—
3. The veclor apace of all real valued continuous (differe
or integrable) funclions defined in gome intereal [0, 11 dasfollows?
16 f, g bo two such functions, then f+ Qvaf“’ede;i: il
(F+Na} =112+l (af)ix)=afie) 8 €
4. The vector space of all n-tuples over afield K.
Any ordered set

iable

{ays Gaouverns Ga)
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of n-elements over o field X is ealled an n-tuple over K. The eet of
all n-tuples over a field & will bo denoted by the symbol Vu(X).

Equality, Two n-tuples

@== (), Qgyenreny Bady B=(dys bpperecrsy ba)
are e2id to be equal if and only if
a;=b;, 1Ki<n.

Addition Composition. By definition

By FBpyeeeeesy Qaf-bpe

Scalar multiphi positi By definition

az=(aa, ady,......, a3,) ; 8 &, K.
The Sact that the set Va{K) is a vector space for the two com-
positions above defined may now be easily verified.
As s particular case of V,(K), we have the vector spaces of all
ordered triads and tetrads over &
5. A field L can be regorded as o veclor space oter any sub-
Jield K of Lrelative to the ficld addition in L and to the ficld multi-
plication of the elements of L with the clements of A as the two
vector spaco compositions.
83. Some general properties of vector spaces.
The following properties of vector spaces can be easily estab-
lished :
(1 a0=0;0E 7, a EK,
(#) 02=0; 0 on the left & K and that on the right £ ¥,
{it8) a(—a)=—(az) ;a C. K,c EV,
(iv) ale—B)=az—aB;a C K, c EV, 8 E V.

The proofs which are easy are left to the reader.

84, Vector Sub.spaces. Let JV be any sub-set of a vector
space V(K). To each pair of members a, 8 of IV regarded as members
of ¥ corresponds & member a+p of ¥ which may or may not belong
to . Incase IV is such that

cEWBEW "D atpfEW,
we say that W is stable for the addition composition in V and that
the addition position in ¥ has induced a composition in ¥ and
finally the composition in W given by
() —ratfa W, BETW
is talled the Induced addition composition in IV,
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Similarly if W is such that
«EW, e CETTDwEW,
we say that TV is stable for the scalar multiplication composition it v
and analogously define the induced sealar multiplication composition
in .
Def. A sub-set ¥ of a veclor space V(K) is said (o be a veclor
b-space or simply a sub-space of V(K), if it {s stable for the fo com-
positions in V(K) and is a vector space for the induced compositions.
84'1. Criteria for a sub-set W of a vector space V() te
he a sub-space thereof. The necessary and sufficient conditions fot
a subset W of V(K) to be a sub-space are that
O EWpEW T D«—BETN
(aeEC K eE W TDaEW
We may also state-the result in another form.
The necessary and sufficient condition for a sub-set W of TIE
be a sub-space are that
CEWBEW,aEKbER D awtBEN
The proof is left to the reader.

} do

Muasirations,

1. The vector space of a1l polynomisls with ¢
field X and degree < is a sub-space of tho vec
polynomials over K.

2, The set of ordered triads

(a3, 00, 0) s 0 E K, 8 €K,
is  sub-space of the space V(K] of triads over K.
Also the set of ordered triads
(ay, 0, 0) 3 04 €K,
is o snb-space of Vy(E}.

85. Algebra of sub-spaces

85'1, Intersection of two sub-spaces.
contained in two sunb.spaces, Theorem.
any tiwo sub-spaces of a vector space is again a sub-2pace.

Let 73, Wy be two sub-spaces of V(K).

Ley

cefficients in &
tor space of all

Largestsab-5p3c°
The nteraection 9

« & WM WnﬁE"’;ﬁWn
s ERBEKX.
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We have
cEW,NWNTTDeE WL, ecE T,
BETNWTTDBEW,BE N
Again
e EW,BE T, T D a8 € Wy,

e E Wy, BEW, "D ax+83 E W,
8o that

a3 E Wy M Wae
Thus we sco that

WM W,
is a sub-spaco of V(K). It may bo noted that

YRR
is the largest sub.space contained in W, as well as in W, in the sense
that it is contained in W, as well as ¥; and contains every sub-space
contained in ¥, and W,

It may similarly be scen that lhe inlersection of any family
of sub-spaces of a veclor space iz a sub-space.

Illustration. If W, is a sub-space of Vy(K) isting of all
the triads of the form (a,, o, 0) and ¥, be the sub.space consisting
of all {riads of the form (b, 0, &y), then W, () W, is the sub.space
consisting of all triads of the form (a, 0, 0).

85'z, Smallest sub ining any sub-set of V(K),
Let 8 be any sub-set of V(Ix) By the smnllest sub-space contain.
ing S of P(K) is meant the sub-space of V(K) which contains § and is
vontained in every sub sgace contsining S. It is quite easy to prove
that the emallest sub spaco containing o subeet § exists and is
unique. In fact it is the intersection of the family of sub spaces
which contain the sub-set S. We may denotc this sub.space by the
symbol {8} and say that § generates the sub space {S}. Asan
explicit expression for the elements of {8}, we may see that it is the
totality of all those elements of V(K) which are expressible in the form

[ 70 STUOTRRP S . 3

where

6, Hgprreren vy T
is any arbilrary finile sub-sel of S and

[ -

is any arbitrary finite sub-set of K.
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{3} this totality is a sub-space of V{X),
(%) this totality is necessorily contained in overy sub-spac
containing S.
{iii) Euch member e, of § is o member of this totality for, we

have
ay==lay,

Iitustrations, 1. The sub-spaco of V3{K) generated by a
subset containing of & singlo eloment (1, 0, 0) is the tatality of
elements the form (g, G, 0},

2. The sub-space of Vy(K) generated by & sub-set consisting
of the two elements (1,0, 0), (0, 1, 0) is the totality of clements of
the form (g, 5, 0).

3. Finally the sub set isting of the three elements (1, 0, 0}
0, 1, 0), (0, 0, 1) generates the entire space V(K).

4. The infinite et of polynomials

L8, 1%, 89
generates the entire spaco of polynomials over & field &,

85'3. Union. Sum of two-spaces, The union W3 Wa
of two sub-spaces ¥, ¥, of V(K), unlike fatersection, may no be
o sub space of V(K).

For example, the union of the sub-spaces of V3(E) consisting of
the elements of the form (a, O, 0)and {0y, 5,0) s 0! o sub-8pace

of Vy(K}.
In the case of union, we may however talk of the swallest sub-

Epace
{(W; U Ws}
containing Wyt J W, which is the rame thing as the sub-space
generated by the sub-get Wi} W,
1t is an interesting fact that the sub set
W+ 1y

of V{K) which denotes the totality of elements

each element of W, to each element of Wy isa sub space an

the sub-space gonerated by the union Wy Uj Wa i e, wehave
AV AN A I

Fx. Point out un pnalogous situation fa group thieory: {

obtained on adding
d in foct

page 8J).
We now proceed to ptave this result.

Let
@ E W, B E Wi € Wby =
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80 that
ayFay € Wi+ Wy, By +8; € Wit Wy,
We have
a(z; )+ (B, + By = (a2 b3y +-(624+ bg).
Now

a, € Wy, By € Wy T ax +08, € Wy
¥, being a sub.space
@€ Wy B € Wy T/ antf E Wi ;
¥’y being a sub.space
5 (aay+88,)+(azy -+ b8, € Wi+ We.
Thus ¥+ ¥, is a sub-space.
Wo have now to show that the two sub.gpaces
Wit W (WU W)
are tho same.
Now
Wt W ) Wy, Wyt 17 D Wy,
so that
Wyt D Wy U W

o Wy, D (W, U Wil

Also, as is easy to seeo,

(W, U} © Wit

Thus
Wt We= (WU W}

Note. It may be seen that the set of all sub.spaces of o
vector space is a Lattice for the relation ‘Included in’; the g.lb, of
two spaces being their sum and l.u b, their intersection.

86, Quotient space. We shall now consider tho concept ot
the Quolient Space corresponding to that of Quotient group and
Difference ring. It will be recalled that these two latter concepts
had Jed to the introduction of distinguished types of sub-groups and
sub-rings, viz.,, Normal sub-groups and Ideals. The concept of
Quotient Space, however, does not need the introduction of any
distinguished type of sub-gpace.

Let W be any subspace of & vector space V(K).

Considering the aspect of the set W as o subgroup of the addi-
tive group of ¥ which is Abelian, wo see that IV is a normal sub-
group of the additive group of V(K).
W in V{K) ; « bring any member of V.

We know that if W, W4B be any. two cosets of I¥, we

Then W+« is any coset of

havo
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either WHa=W-+B or Wt () W+4H=%,
where ¢ denotes the void set.

Also

Wha=W+B <D a-BEW.

We shall now see that this set of sosets of I in V(E}B
equipped with the structure of a vector space over the field in term®
of smtable definitions of addition and sealar multiplication,

Theorem, If W is any subspace of a vector sjiace V(K), thev
the set V' of all cosels W« ; « being any arbilrary member of V, 88
vector space over K for the addition and scalar multiplication compost
tions defined as follows :—

(W-+a)+ (W +8) =W+ +p),
AWHa)=Wtex; 6 € K.

It las firstly to be shown that these compositions are well der
fined, i.e., ara independent of the particular representatives chosen i?
denote a eoset. This fact has already been seen twice for the case ©
the addition composition,

Suppose that
Whe=W-a
80 that
o —a & W
We have then to seo that
Waa=W-+aa'.
This is so for

o' —a & W I o(w ~a) =ax’—an cew

d
* ax’ ~ax & W 2D WHaz= W-ax's
Thus we see that
Wha=Wta 227D Wiox= Wax'
so that

a(io)=a(lF+a’}.
The set ¥’ of cosets of IF in K isan Abelian group :;; the
Addition composition defined above in V. (Refer § 36, pag® " o
All that we have to do now is to show that the four J:Wm
given in 111 of § 82, page 217 fur the definition of & Vcclz! ?:!io gt
good in ths present case. We shall necd only the de! ;0 0 proe
of two coscts and of tho product of a coset by & scals?
these laws.
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1. Woe bave, by def,,

al(W+a)4-(IV+p)]=al W+ (z+B)]
=W+alx+§)
* (W a2+ (W +ap)
=a(W-a}+a(W+B).
(bW +a)=1F-+(a+d) @
=(W+az)+{W-+bz)
=a(W+a)+-b(V +u).
(D) (I +a) = I+ (abx)
=¥+ a(bx)
=a(1V +bx)
=alb(W+a)].
4. Wt a)=T la=W-+a,
Quotient Space, The veclor space V' formed of all the cosets in

V(K) of a vecior sub-space W of the same is called the Quotient space
of V relative to W and is denoted by V]I¥.

87. Vector Space H. hi Linear T: £
mations., A mapping f of & vector space U(K) into a vector space
V(K) is called & homomorphism, if

JetB=fla)4+fB) s s EU, B ET
flax)=af()} ;0 € K, [SR/8

A homomorphism of a vector space into another vector space is
also called a Linear Transformation and this latter name is one which
is almost exclusively used in prefe tob phism,

As an important illustration, we may see that if W is any sub-

+ space of a vector space V'(K), then the mapping fof V onto W(V
defined by

f@)=Wtea, e EV,

is a linear transformation,

Note x, If f is a linear transformalmn of U(K) into V(X),
then f(U) which denotes the set of f-imnges of the members of U is a
sub.space of V. The proof is simple.

Note 2. If f is a linear transformation of U(K) into V(K),
then, as may be easily shown,

100)=0, ®

and J(- a)=~f(a). (i)
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The 0 on the left in (i) denotes the zdditive identity of U and
that on the right the additive identity of V.

Note 3. The set of all those elements of U(K) which are
mapped onto the zero of V(K) i.c., the set of elements a € U such
that

Sla)=0
is a subspace of U/, This subspace is called the Kernel of the linear
transformation.

Ilustrations,

1. The mapping f defined by

Slay, as, as)=(ay, az),
is, as woay be easily shown, a linear transformation of Vy(K) onto
Vy(K).

2. Consider the vector space R[z] of all polynomials over the
real field R,

The mapping [ which fates to each p(x) € Rzl its' deri-
vative p'(z) also belonging to R(r) is & linear transformation of
R(z] into iteelf. In fact, we havo

Jlp(@)+glx))=[p(z) +q(z))’
=p'(x)+¢'(x)
=f(ple}) flg(=)),
Slap(x)]=[ap(x)]’
=ap'(z)=of(p(z)).
Thus differentiation is & linear transformation,
3. Let p(z) C R[] and let o mapping f bo such that
z

foien= [plati.
)

It is easy to verify thatf, as defined here, is o Linear trans-
"formation of the vector space R{z] into itself, .

Ex. 1. ioe which of the following mappings f of Fy(R) (ato tsel!
aro linear trantforraations 3

(1) f(ay, ag. as)=(2ay. 3y, das)

{2) S{a1, 04, ag)=(3y-12), 04, ug—=1)

{3) S(ay. 01, as)=(az. a3, a3)

(4) Jay, ap @) ={a1% a5 ag®). —-—

2. p(z) s any member of the vector rpace RUz] oves tho Leld RO
pumbers, Show thad
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riz) —+ pl2)
is & lnear fransfermation of Riz) into R looked upon na & vector space over the
field R,
3, Which of the following mapploge f of the vee or spaco R(x] are linear
transformations of Rfx] into jtself -
@ Sirpe)=flp(s)+1.

6 Arte) =25,

i)/ (r'(’))-l’(')i'jl’(')d&
0

88. Isomorphbisrus. A special case of a linear transforma.
tion J of a vector spaca U(K) into V(K) arises, when f is a one-one
mapp.ng of U(K) onfo V(K). In thiscase wo say that U(K) and
V(K ero isomorphic vector apaces.

As an fllustration of an isomorphic mapping, wo may seo that
if f is » linear transformation of a vector space U onto a vectorapace
V and Ii" denotes the Kernel of this lincar transformation, then the
quatient space UJW is isomorphic to ¥ and an isomorphic mapping
is defined by

W~ f{a).

89. Direct sum of spaces, Let U{R), V(K) be sny two
vector spaces over thesame field XK. It may then be verified that
the product set U X ¥ which consists of the elements («, p) where
¢ & U, B & V acquires o voctar space structare for the compositions
defined u3 {ollows :

(1) Br)+{an, By (agtay, Brt-By)
a(z, 8)=(az, af) o E K.

This vector space U X V with clements {«, B) is knoan as the
Direct sum of the vector spaces U and V is written s U -+ V.

The follawing facts may be verified.

1. The set U’ of cloments .(z, 0), « € U is & sub.spaco of
U + V¥ isomorphic to U.

2, “Tho set V' of clemonts (0,B), p &€ V is a sub-spaco of
U + V isomorphic to V.

The quotient spacoe (U +P)/U’ is isomorphic to ¥’ and
(U+¥)}V' is isomorphic to U,

3. Each element of UV is uniquely expressible as sum of*

1, 1 "

an tof U'and an of ¥/
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We havo
(o, B)=(x, 0}-+(0, §).
g0, Vector space as a direct sum of sub-spaces. Del, 4
veclor space V(K) 1a said {o be @ direct sym of its lwo sub-spaces ¥y
and 1y, if eack element of V is uniquely expressible ns sum of an
element of 1¥, and an element of Wy, Also wo then writo Ve= 174 ¥y
Jastration. 1. Consider tho epace Vy(K) of 2-tuples over
K. "Clearly then the set of elements (a, 0) and the set of elementa
(0, b) aro two sub-spaces of V,(K). Hero o and b range over K.
Denoting these sub-spaces by 1y and 17y, wo havo

;% V=W, 41,
b eorem, Necessary and sufficient conditions for

=Wy W,
are that vl
® V=Tt I

() WM W={0},

i.¢., 0 is the only element common to the sub-spaces Wy and ¥,

The conditions are necessary.

Sinco each clement of V is expressiblo 83 sum of an cletaent of
7y and an element of H", wo have

V=W, +Ws
Let if, possible 0t & W; M) Wy
We have then

a=0+Fu,

a=a-40,

80 that an element & V i3 expressible in ntleast two ways a3 sam
of an element of W, and an eleracnt of Wy and accordingly
V= Wl + Wz:
is contradicted.
The conditions are sufficient.
V=W, 1V,
shows that each element of V is expressiblo as sum of an ele
W, and an element of Wy,
Taot, if possible,
g tay, 2 €V, 0 € Wy e & oy
a=Bi+Bs,a €V, B € Wy Fa € Wa

ment of
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Then
oyt &Pyt By
ie.,
=By =Py~ay
where
oy~ € TPy, Ba—oty € Wy,
Thus

G—f=b~a & W1 M Ty,
By (i1}, &y —Bi=0=2Py—ay.
Also
=B=0 "D &=,
Br—~s=0 77770 wy=py,
80 that caoh olement « of V is uniquely oxpressiblo as sum of an
elomont of W, and an element of Wy, Henco

Ve B, £ 1,

91, Basis of a vector space, Wo shall now infroduce the
very important concept of the Basis of a vector space. For this
purpose, wo first stato what is meant by & Linearly indopendent and
a linearly dependent act of vectors,

Def. A finite syslem of vectors

Oy Xgyoneiany Om
of a vector space P(K) is said to be a Hneasly independent(L.1.) 5 yélem,
if every relation of the form
[P0 SN Y T2 N 8 €K, 1Ligm
mplies that
a;=0 for 1<i<m,
and othertwise it is aaid fo be a linearly dependent (L.D.) aysiem.

Also any infinite system of voctors s said to bo linearly inde-
pendent, if each finite sub.system of the samwe islinearly independent.
In tho eltornative caso, the system is said to be linearly dopendent.

Ix, 1. Show that a system consisting of a single vector is L.D,, if and
only {f the voctar {va zero veotor.

Ex. 2. 8how that the system of the three 3.tuples
4.0,0) (0,1,0),(0,0,1)
of Va(R) is L.I.

Ex. 3. Ehow that any sub saystem of a L.J, aystem i4 L.Z, snd that any
aupor-eystem of s L.D, system is L.D

TA system 5y 1s 6ald to bo a supor-eystem of 8, if 5y 3 S1),
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91’1, Basis of a Vector Space, Def. Any sub-cet § of V(K)
15 8qid to be o basis of V(K), if
(5) 8 13 a linearly independent system,
(19) 9 generates V(K), .., V(K)={S).
Mlustrations,

1. A system § consisting of the n vectors
er==(1,0,0,..... , 0), ;=(0, 1, 0, 0,0uc0ue, O),y0nevers €0==(0, 0,
is n, basis of Vo(X).

Firstly we show that § is a L.1. systera.

Now, we have

6,81+ Ba8yt oo Bpen= (G}, gsuerensy G}

g0 that
81+ 028500 3 0aCa =0 "7 1, =0, 0,=0,......, 34=0-
Also the system § generates Vo(K). In fact, if
(31 Ogyenerens o}
be any given member of V,,(K}, we have
{G1y Baseennesy Bu} =018 crvrnit Tnlae
Hence the result.
2. A system consisting of the vectors
Loz, 2% eny 2%

is & basis of the vector space K[z] of all polynomisls over thefield £+

The verification is left to the reader.

Tt will be seen that notbing has so far been said about the
possible existence of the basis of a given vector space. I.t isa fm;
however, that for any given vector space there exists & basigand the
any two bases of a vector space are such that there exists & 011'6":;:
Toapping of either onto the other. The proof this theorem mh 2
genersl case being beyond the scope of the present boak, we “: a
only restrict our attention to what are known as Finitely Genera
Spaces as defined below. -

92, Finitely generated spaces. Def. 4 vecfm‘ space 3¢ :; "
o be a finitely generated apace, if there exists a finite sub-syale
the same which generafes the whole apace. ) ner

Ex. 3. Show that the vector space V() of n-tuples is & finitely 8
rated space. - over

Ex. 2. Bhow that the vector epace K{#7 of all polynomisls in &
field K is not » finitely generated space.
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Ex. 3, Show that every elemert « of a vector space baving s ita- basis a
syatem of vectors

F1s Ogpersacsy O

is uniquely expreasibie &
&=}t verere - Agitne
g2't, Cases of Finitely generated spaces. Theorem.
There exists a basis for each finitely generated space and any fuo bases
of such & space have the same finile number of elements,
.We starb with proving two lemmas,
Lemma X If a system consisting of the vectors

@y, Bgyeererey Ly ()]
is L.D. then there vxists a vector a; of the system such that the
same 1s a linear combination of the preceding vectors
Ry Kpyoen v 3 Tgoge
The system (1) peing L. D., there exists a relation of the form
4%y Oatts - cveveeF 3y =0, ! 2
where, not all the coefficients a;, as,......, 3, are zero. Let a; be the
last non-zero member of the ordered system of elements
By, Ggpeenne s Biyernanes Bne
We may then re-write (2} as
o= =, Yy = B0 U e = 8700y
so that a, app 28 a linear bi of the system of vectors

0y Bgyeenrany Gpoge

Lemma I, If 8 is a linear combination of the system of
vectors
. gy Ryemrry Em
then the sysiem of vectors

By 1y Bayennanny O

is L. D.

The proof is quite straight.

Now we come to the proof of the main theorem.

Existence of a basis. Let V(X) be a finitely generated spaco
end let a finite system S coneisting of the vectors

Ryy Cgyesansey Ky

generate 8.

We may suppose that no member of §is 0. If S iz L. 1,, then
S is already a basis.
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Suppose now that § is L D, Then there exists a vector &

which is & linear combination of the system of vectors

Byy Bayone vy Ugoge
Thus we see that the system of vectors
also generates V(K), In fact each member of V(K) is a linear combi~
nation of ,,..... , &, and o is itself a linear combination of Lypoery Ei-1
80 that we see that each member of V(K) is slso a Tinear combination
of the system (2) of vectory.

Thus V(K) is as well generated by the system obtained on
omitting the element ; and consisting of (m—1) elements. If this
pew system 1s L. I, it is a basis, Otherwise, we obtain, as above, &
new system which consiste of (m~2) elements and generates V‘(K)-
Thus proceeding, we shall, after a finite number of steps, oblain &
L. I, sub-system of § which generates V(K) and which is os such a
basis of V(X).

This proves the first part of the theorem concerping the exis-
tence of a basis.

Also we see that a finitely generated space has atleast on®
finite basis.

Invarjance of the number of clements in a basis. Suppose
that the two systems of vectors

are two bases of V(K). Wo shall show that
m=n, .
Consider the system of vectors
Bis Eppeen ery @ @)
This system is L. D, for B, is L. C. of the system of vecters
Blyennens &me (Lemma 2)
Thus there exists a member o728, of the system such that &
isa L. C. of
By Cprieareey yoye  (Lemma I}
From this it follows,-that V(K is generated by the system of
veetors W
Bls @iseveeney Bimgy Eipgaaorvres e

obtpined on omitting «, from the system (3).
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Consider agsin the system of vectors

Bz By tgeeseons Bicty Eppgreneness Gne (8)

This system is L. D, for B, is a linear combination of the system
of the vectors following. Proceeding as befure, we see that there
exists 2 member «, different from £, and 8, of the system such that
the system obtained on eliminating &, from (5) generates V(K).

We may continue to proceed in this manner.

Here each plete step ists in the inclusion of & § and the
exclusion of an «.

Clearly we cannot exhaust the « system before exhausting the
B system, for that would mean that a proper sub-set of the B system
of vectors generates V(K). Thus we have

mn,
Interchanging the roles of the two hases, we have also
n}m,
Thus
m=mn.

Hence the theorem.

{S8how also that no basis of a finitely generated space can be
infinite).

Dimension of a finitely generated space. The number of
elements in « basis of a finitely generated space is called the dimension
of the space.

A vector space which is not finitely generated may be referred
to as an infinite dimensional space.

Illustrations,

1. The vector space VatH) of n-tuples over & field X is of di.
mension n.

2. The vector space K[x] of all polynomials over a field K is
infinite dimensional.

93. Some Properties of finite dimensional spaces. In
this section V'(K) denotes a finite dimensional space,

1. For each finile generating system S of veclors .of V(K), there
exisls a sub-system of 8 which is a basis of V{K).

The-method of proof for the existence of the basis of a finitely
generated vector space has already brought out the truth of this
result.
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. Any L.I. sub-system of V(K) can be extended 1o a basis o
V(K).
"This resnlt means that if
Hyyeney Ly
constitute a L. L., system of ¥(K), then we can supplement the samo
by adjoining (n—m) vectors

Cnpasesenesy By
such that the complete system
@yyrenan 3 @my Emidrenseeny Bpy

constitutes & basis of V(K).
Let the vectors

Brierenres P
constitute any basis of the n-dimensional epace V{K) and consider
the set
[ 275 3 %y Bysecesy Bae
which is clearly L. D. .

Proceeding as in the case of the proof the existence of o basis
of a finitely generated epace, we may go on deleting elements of the
B set 50 as to nrrive at a basis of V(K) containing the a set, It may
bo scen that at no stage shall we bo omitting o member of
the o set for 1o member of the « set can be & L. C. of the system of
members preceding the same,

Ex. 1. If a system of n vectors
Cpynereny B
of a finite dimensionsl space F(K) of dimension n be L. I, thea the system fa8
baais of the space,
Ex. 2. f e system of n vectors
Eprernesy B
of a finite dimensional space (K} of dimension n generates (X}
system is & basis of the space. ..
1L Each system of (n-+1) or more vectors of F(K) of dime®
gion nis L.D.

If & system with (n-+1) or more vectors wero
could supplement the rame 0 a8 to arrive at & basis
copsist of only n members. . .

v, },'::}. subapace W of a reclor space F(K) of dinenri
1 i2 g finite dimensional space with dimension <n. - beingalo

Each system of (n4-1) or mote vectors of I, being
system of vectors of V' (K), s LD,

then sho

L., then we
which would
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Thus & L.J, system of vectors W can contain, at the most n
members,
Consider now the totality of L.J. systems of ¥, Eaeh member
of this totality has at the most # members., Let § dencte a I.I.
system of W with & maximum number of elements. Then Sisa
basis of IV for
(i) Sisa L.J. system of .
(#%) & generates W. In fact if § consists of the vectors
Y1y seerens Yoo
and « be any member of IV, then the system
&y Yisrees Vm
is L.D. and the system
Visvereres ¥

is L7, From this it follows that « is a L. C. of the system of
vectors

Hence the result.

V. If Wy, W, are o sub-spaces of a finite di tonal veclor
gpace V(K), then

dim Wytdim Wy=dim (Wy4 Wy)+dim (W, [\ W),

where dim TV, denoles the dimension of the sub space Wy,

Let the system of vectors

Vi v Vi e (1)

be a basis of the sub-space Wy (M ¥,.

The space Wy} Wy being a sub-space of Wy, we can supple-

ment the system (1) so that the extended sot is a basis of W,.
Thus let

Vs os Vis By ey &
bo a basis of W,. Similarly let
Y1v ¥t Bis ooes B
be a basis of W,. We havo thus
dim (W, MY W)=k, dim Wy=k+1, dim Wy=k-+tm.
We shall now show that the system of vectors
YViy vees Yo wony Bgy aves Gps Bl oery B
is a basis of -+,
Firstly, we shall show that thisisa L.J.system. Let, if possible,
a1t et &Yat oot ot 048,y o - EnBa=0 @
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i b e e o Fax) = — (b, 4 e FbaB).
From this it follows that
R A Aay
g0 that we huve & relation of the form
8814 et buBm=d Y1 o A Y
ie.
bBst et bpBn— Y= oo —dy Y =0
Since the system of vectlors

By sers Ba Y1y ooy Vi
is L.I., it follows that we must have
by=0, b;=0, ...bp=0
The relation (2) now reduces to
&Yyt et tam+ o Fau=0.
The system of vectors
V1r veny Voo X1y 0oy 0
being also L.I., it follows that
¢;=0, ..y =0, a,=0, ...a;=0.
Thus the system of vectors
Y1y oes Vi 81 wor %3 Bry oy B
is L.1.
Also, as may be easily seen, this system of vectors generates
Wyt W
Thus
dim (Wy+Wy)=k-+l+m.
Hence it follows that
dim Wyt dir Wy= (4 +(k4-m)
=(k+i+m)+k
=dim (Wy+ Wo)+-dim Wi N W.-'
({%. Dimension of a Quotient Space. Thuorem'. l/.W:"’
a sub-space of dimension m of a veclor apuce V(K) of dimension &
then the dimension of the quotient apace V[TV is n—m, t.e.,
dim V=n, dim W=m =D dim V[l’=a—m-
Lot the system of vectors
Gareerenss T
bo & basis of T and let the svstem ot voctors
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gyenstiny By oonfy
be & basis of ¥ so that I-tm=n.

We shall now show that the system of { cosets

W Bpeens WAL, el
of W in ¥ is a basis of tho quotient space V/I¥.
Let
a4 Bt ooe g (V4£I=0, ()

where 0 on the right denotes the zerc of the space V/W i.e., the
coset member ¥ of the same. Then (2) gives
W(a8F. -t +aB)=0.
@Bt e taf € W,
50 that we have a relation of the the form
[T S 4afi=coy +oonen + Cnens e (3)
As, however, the system of vectors
Byavssney Cmg Broseee 5 Br
is Z.1., we deduce from (3) that
ay=0, w.. , =0,
Thus the system (1) of vectors of V/IV is Z.I. Consider now
any member
Wt {58+ erens +-8,8,) of V/W.
As we have
Wt (BBt oe oo EBB) =D WHE) Foeeee FBAWHBY),
we see that the system {1) generates VPfIV, Thus the system (1}isa
basis of ¥/I¥ and accordingly
dim(V|W)=l=n—m=dim V—dim .

95. Dimension of a Direct Sum, Theorem, If a finile
dimensional vector space V(K) i3 a direct sum of ils {wo sub-spaces
Wy and Wy, then

div V==dim Wy+dim ¥,
The space V being finite dimensional, the subspaces I’ and IF,
thereof are also finite dimensional, Let
dim W=, dim Wy=m.
Let the systems of vectors

bo the bases of Iy and Wy respectively,
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It will now be shown that the union
Cisreasses Bpy Bryecesony B {3)
of the two bases is a base of V.,

Each vector of ¥ being the sum of a member of ¥, and &
member of ,, we see that the same is the sum of a linear combina.
tion of &y, uieen , @, and a linear combination of B,,......,B,, and accord.
ingly & linear combination of the system {3). Thus the system (3)
generates V(K).

To show that the system (3) is 1..Y., consider the relation

[ S Fa,0 45,8yt veeeert BB =0
or
gyt ety t=— (8,8, % eerere F BB
This shows that

Gttt a® E Wi W, b+ d-bnfn € Wy () Wae
As, 0, is the only vector common to ¥y and 1V, we have
G2y eene Tty =0, BB+ .0eune +b,,8,,=0.
By virtue of the linear independ of the two sy of
vectors, it follows that

seses D=0,

Thus the system (3) of vectors is L, I.

Hence the result.

Existence of Suppl y subsp Theorem, Cor~
responding 1o each subspace Wy of a finite dimensional veclor 5pace
V\K), there exists a sub-space W, such that V is the direct sum of the
aub-spaces W, and W,

Let a system of vectors

gprreener & @
be o basia of 17, By § 93, 11, page 234, there exists a system of vect;);';
Rppgevaansy Op

such that the union of the systems (1) and (2) is a basis of the 8pace

Let T, be the sub-space generated by the system (2). Weo shall

show that
V=W We.
Every vestor of ¥, being & lincer combination of tho ystem
Ugaenereny gy Egyprevenss Gar
Hequat to the sum of & membor of W, and & member of Wy
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Again, let & member
a3ty evs ooy of Wy
2¢ equal {o & member
G484 ennee FGntta Of Wy,
This gives
Gyty b caenes FOE By Kpgy = on e Bty =0,
1o that by virtue of the L. L. of the system
ggpeeesens g Bpggeee

o Any
we see that
@y==0,e 000, 8;=0, G11;=0,...., 2,=0
so that, 0, is the only member common to W, and Wy,
Thus we have
V=W, 5 W..
Note. The subspace IFy such that
V=W{ W
is #aid to be the supplementary of Wyin V.
The theorem above establiehes that there cxists a supplementary of every

sub upuco.\? supplementary subspace of a subspace may not, however, be
unique,

962
Theorem.” Tuo finile dimensional vector spaces over the same field
are isomorphic if and only if they are of the same dimension.

Tstly suppose that U{K) and V{K) are two vector spaces over
the same field K and with tho same dimension n,

Let the systems of vectors

omorphism of finite di ional vector

s %a (i)
» B (2)
be the bases of U and V respectively.
Any member of U is uniquely expressiblo as
[ 7C ST 1, -
Consider now & mapping f of U into V defined by

Slaytoeetapgn) =aByt e, +0,8a
Clearly f is such that

Sla)=py for I<i<Kn.
It may be easily verified that f ie alinear transformation (L.T.).
We shall now skow that tho L. T. f is one-one and onto.
Let

S &aa)={f(Zac %)
o Tag B=Za) &
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or
Z(ai—a) §;=0.
Since the system (2) i3 o basis of ¥, we have
a;—~a;'=0, for [i<<n.
Thus we see that
JEa, «)=fEe; w) 7 Za; ay=Tou o
8o that f is one-one.

Finolly since every member of ¥ is expressiblo as 258, and the
same is the f-image of the element Sb,z; of U we see that [ is also
onto.

Thus there exists an isomorphic mnpping of U onto ¥V,

Conversely suppose that there exists an isomorphic mapping
§ of & finite dimensional rpace U(K) onto a veotor space V{K).

Let the system of vectors

Bgyuannney ey a
be a basis of the vector space U.  We shall show that the system of
vectors
FCR N o
iz a basid of the space V.

Firstly, we show that this system {2) is L. T, Lot

S (@} evenes 3-8, fita) = 0.
£ being a L. T., this is equivalent to
Flay@y+ oot aatn) =0,
As f is one one and f(0;=0, we have
[T S +anrn=0.
The system (1) being L. L, it follows that
;=0 for I <i<n.
3 th s L. T.

I’flt:: ttoe :{;Zt:rmﬂ(\zatl the system (2) gencrates V. LetBE

The mappings f being onto, there exists « € U such that

J{ay=B.
Let
a=byayteerans +be2, & UL
Wo have
B=1(2)
=f(byaygt cenert-Badal

=b,f{a) +verenFbaf (2l
o that |he systom (2) generates V.



VECTOR SPACES AND LINEAR TRANSFORMATIONS 241

The system (2), consisting as it does of n elements and being

shown to be a basis of V, we see that
dim V=n=dim U.

Note, The theorem proved above shows that every space of
dimension n over a field K is isomorphic to the space V, (K) of
n.tuples over K ; this latter space having been shown to be of
dimenpsion # in § 91°1. It also follows from above that over any given
field X, there txists one and only one abstract finite dimensional
vector space of given dimension n.

97. Co-ordinatisation of an abstract space. Let V(X)
be any finite dimensional vector space of dimension n.  Alsn let the
system of vectors

yyrersney Oy

be any basis of the space V(K).
Every vector o of V(K) is uniquely expressible in the form
a=8,0yF ernee F-Galty,
i.e., corresponding to each « & V(K) there exists and only qne
n-tuple
(@ys0enerey Gn)
over K such that

n
a= 3 a; o,
fel

Here we bave a mapping of 1'(K) onto V,(K) given by
& > (Gy, Ggyee ay).

Wo say that the n-tuple (e,.. a,) is & coordinate of the
member « of V(X) or that the n elements of the #-tuple are the n
coordinates of a. OF course the co.ordinate associated with o member
of V(K) is dependent upon the particular basis jn tho space. Thus
the choico of o basis V() leads to what we may say a manner of
coordinalisation of the space.

A particular basis chosen may also be referred to as s particular
coordinato system. The situation hero exactly corresponds to the
manner we coordinatize points in a plane and in three dimensionat
space in clossical Geometry based on the choice of a system of
coordinate axes and to the manner wo coordinatize vectors in ordi-
nary three dimensional spaco based on the choice of threo non.
coplanar vectors as constituting a basis.

Morcover we may easily seo that the mapping

& e (B)seevsney Bn)
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of V(K) onto Vo(K) is essentially an isomorphjsm in 25 much as
@ (@) eaey @)y By (By, ooey Bp) D @B
(@3t byseeseens Gt Ba):
and
& ——3 (@), oy By} T2 Q% — {08y, o0y O2).

It should of course be r bered that corresponding to
different bases for a space, we have different co-ordinates assigned to
the same vector.

Ex. hat is the co-ordinate of the vector (ay, @y, ..., an) of theepace of
n-tuples refative to the basis consisting of the vecturs
e3=(1,0. ,0), ea=(0,1,0....,0), .., a=0,0, .., O, 1}

¢8. Rank and Nullity of a linear transformation, Let
fbea L.T. of o vector space U(K) into a vector space V(K).

By the nullity of f to he denoted by v(f), is wmeant the
di ion of the sub-space of U formed by elements which st
mapped by f on the zero of ¥(K). Clearly the nullity of a L.T. msy
8ls0 be described as the dimension of its Kernel.

Again by the rank of f is meant the dimension of the gub-space
FUYof ¥V We shall denote it by p{f).

Theorem, If f be o LT.ofa finite dimensional gpoce U(R)
into any space, then

w(f}H 1 e(f)=dim 0.

Lot I be the kernel of the L.7. [ of U so that, by defs
of)=dim W.
Also wo know that the subespote f(U) of V is isomorphic to
the quotient space U/ whose dimension

=dim U—dim W.
M plf)=dim U~dim W.
or

dim U=p(f)+9(f)-

Let f be a liner {ransformation

. Li tions.
99. Linear Equations P

of o vector space U(K) into ¥(K) and let % € VK).
tion of the form
f(z)=yo, z&U
is calfed linear and z is colled unknown.
Linear and hoogeneous if yo=0.
It can be easily shown thatif zpisany

The equation i called

solution of f{z) =%
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then the general solution of the same is given by x4z, where z
ranged over the kernel of f .., over the solutions of f(2)=0.
EXERCISES
1. If fbea L.7T. of a finite dimensionsl spacs U(K) into V(K), show that
8(/) < min (dim U, dim V).
2, If fbe a L.T, of & finite dimensionel space U(K) into V(X), then
&(fy=dim U,
if and only if f is an isomorphic mapping of U into ¥ i.c., U maps distinet
elements of U on distinet elementa of ¥ and,

o(f)=dim ¥V,
if and only if fis & mapping of U onto V.
3. If f is an end phism of a finite di i space U(K), ve.,

& linear transformation of U(K) into itself, show that the following properties
are equivalent :

1. fis anautomorphjsm of U,

2. [fisa one-one mapping of U into U,

3, fisamapping of U onto U,

4, fisof rank dim U7,

(We may show that

} mmmmy g sy g ey
AT DI T DN
4. Tn V¢ (@), let T denote the subspace with basis,
@ 2 -,0n0,~101).

Describe the quotient epace ¥y (Q )/IF.

5. Show that the set

(3=, 2494, 4), (2, 2445, 3), (1—4, ~2}, 1)
1s & basis for Py {C) and determine the coordinates of the vectors
(1,0,0), {0, 1,0, (0.0, 1)

with respect to this basis,

6. SBhow that tho st

(1, 4,0), (26,1, 1), (0, 245, 1~4)
is & oasis for V3 (C) and determine tho coordinates of the vectors
(1,0,0), (0,1,0), (9,0, 1)

with respect to this basis,

7. Show that the sct, of vectors (zy, 3, 73) in ¥y (R) which satisfy

171+ ay734-agryee 0

is a subspnco of I'y (R) ; a;, a3, a3 being given members of R,

8, Construct I’y (J,) end list all its sub-spaces, Find also the different
vases 8 vy rae 0 Y ¥ ¥ oo

9. Show that ¥y (J) has (£5-1)/(p—1)=p+p+] distinct subspaces of
dimension one ?

10 Let ¥y (K) s0d T, (K) denoto vector spaces of n.tuples and mi.tuples
respectively over a field X, Show that inp equalions
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=|“1|+ﬂﬂu+ o ratin= Y1
T e *
x,n,,.\+z,«,,\,+ +apltma=Ym .
may be regarded 63 defining 2 \inear transf..muhon jof Vo into Vm which
gends (f1. PARLL @ e Y+ ‘Hence ehoW that
(a) the golutions of the eq\mt\ons
Zx“u+’:"::+~-- '"+’n“ln=o
®
Z\°m1+ Trzaame=?
form & subspaco Wwof Va of dlmen!\on equal t0 ‘the nullity © of f.
@ o Byus by 819 » clements of K, not oll zero, thent the equation?
3 +l‘nﬂm‘=bn
- b ©
Ee d
v tona form & coset of Va

either hav

modulo w.

e no solution:

zxﬂmt"”: m2
s Of

olse the to

tnmy ol‘ solut



CHAPTER VII
VECTOR SPACE OF LINEAR TRANSFORMATIONS
Linear Algebras

100, Introduction, Thischapter will be devoted to an elemen-
tary discussion of the Algebraic Structure of the totality of all linear
transformations from one vector space I/(K) into another vector
space V(K). It will be ceen that this totality of linear transforma-
tions will have itself the structure of a vector space over the field K.
In particular, we shall consider two cases which arise when

(i) V(K) coincides with K regarded as a vector space over K,

(#%) V(K) coincides with U(K) itself.

The case (i} will lead us to the introduction of the important
notion of Bual Space of & given vector space.

The case (i) amounts to the consideration of the totality of
endomorphisms of & vector space. It will be seen that this totality
has the structure of what is known a8 a Linear Algebra. Thuswe
shall also define Linear Algebra and further give s number of
exemples of the same,

A linear transformation of U(K) into P(K) is a mapping

s U—7
which preserves sums and products with members of K.
r01. Vector Space of Linear transformations. Let U(K),
V{K) be two vector spaces over the same field K. We shall denoteby
Lo, ),
the totality of linear transformations of U(K) into V(K). Tt will be
seen that it is possible to equip L(U, V) with the structure of &
vector space over the field K with suitable definitions of the sum of
linear transformations and of the product of & linear t ion
with any member of the field K.

1011, Addition Composition in L(U, V). Let fandgbe
any two members of L{U, V) to be briefly denoted by L.
Consider now a mapping of U into V denoted by f--g and de-

fined by
(4 g)a)=f a}+gla) ; « E U.
This means that f-¢ is defined as a mappping which maps any
element « of U onto the sum, f(x)+g(a), of the f and g images of «.
It will now be shown that f-g is itself s member of L, i.e., a
linear transformation of U into V.
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We have, wheno © U, pE. U, a € K,
(F+9)+8) =f(x-+B)+-gia--B), by the def. of f+¢
=1 () +f @) +g() + (3]
={f(o)+g(2)34-{f(B) +o(B)}
=(f+g) (=) +(f+o)E}
{(f+olan)=f(az)+glas)
=a[f ()]+afg(=}}
=af{f{o)}-+g(x)]
=af(f+yg)a}
(The reader may supply the resson for each etep),
Thus we see that f-}-¢ is a linear transformation of U into .
It cen now be shown that the set L{U, V) s an Abelian greup
Jor the addition composition defined us above.
The proof which iy straight is being left to the reader. o
shall only state that the mapping of U(K) into ¥(&), denoted by, O
and defined by

is o linear transformation and is such that
J+0=f for every f & L(U, V).
Also we may state that the mwapping denoted by, —Jf; snd de-
fined by
(~N=~f)) « E U,
is & linear transformation and is euch that

S {=f)=0. .
¥x. How many different mesnings have Leen given to the eymbol ¢ia

the discussion abave,
101°z, Scalar multiplication, Let
«EUaEXSEULT) )
We define o mapping, denoted by ef, of U into ¥ a3 ollows ¢
o)) =al Sz,
Thus of is a mapping which maps an
product of f(x} by.a. i
We now show that of is & L.T., ie., it belongs to Z(U, .
We have
(8} +BYy=al f(x+§)]
=aff(a)-+f(})]
=off(2)]+aff(§)]
=af(a)+af(8)
= (af)(=) +-af }E)
{a/}pa)s=al fibx)]

y element o of U onto the
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=a{b[f(2)]}

=(ab)f(x)

={ba)f(=)

=blaljlw)1}

=bl{af){=)
Thus af € L(U, V).
(The reader may supply justification for each of the atove steps).
t0r'3, Structure of L{U, V) as a vector space.

To show that L(U, V) is a vector space over the field K, we
have only now to verify the various postulates of § 821 fora vector
space.

In the following

«cC U, e CEVEKFELgEL

(3} Wo have

Ha+0)fNx)={a+B)f ()]
=al f(a)]+[f(=)]
=(af)(e)-+(6/)(=)
=(af+#)(«).

As this equality holds for each « € U, we have

(@-+b)f=af L B.
(#) [a(f+9))(x}=al(f+g)a]
=a[f(«)+9(=)]
=alfle)) +alg(«)]
={af){x) +(ag)(=)
=(af+ag)(x)
a(f+-g)=af+ag.

(B0 Kat)f)=)=(ab) f(x)

=afb(fa)]=al(bf ()]

=[a(b)](«x}
(ab)f=a(tf).
(iv) (U)x) =1f2)={f(x)
- =1

Thus we see that the st L(U, ) of all linear {ransformalions of
a veclor space U(K) into another V(K) {s itself a veclor space over K
relative to the composilions defined as above.

102. Pual space of n vector Space, Let U(K) be any given
veetor space over a field K. Then the veclor apace formed of all linear
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transformations of U(K) inlo K regarded as a veclor space over K 5
called the Dual of U and {5 denoted by U*,

A linear transformation of U(K) into K is also usually called s
Linear functional on the space U, Thus a linear functionsifonsa
space U is o mapping which nssigns to esch element o & U{K) an
element f{a) & K and is ruch that

SR =f+/®, = EU,BET,
Jex)=aff()], 0 € K, e € U,

IHustrations. )

1. Cousider the vector space R [z] of all polynomials over the
field R of real numbers, Then, as may be easily verified, the mapp-
ing

1
s { ) d; o) E R 12
B

is a linear functional on R [x].

2. Consider the vector space Vn(K) of all n-tuples over 8 field
K. Also let

81y Egyrecnens Cn

be any given ordered set of 1 elements of K.

Then the mapping

[CTRUII T Bt N7

is & linear functional defined on V,(K).

Qf course to different ordered sets

N X A

there will correspond different Yincar functionals on Vo(K). y
1021, Theorem. The dual space V* of o space V(K) of fnile

dimension n is itself of dimension n.
Let the system of vectors

[ CI. S » ®a) {l)
be a basis of F{K).
We now define a set of » linear functionals @
S foass sfn "
on V(K)

Any element of ¥(K) being uniquely expressible a3

”
< ooy
jml
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we define f; by the relation
n
Js ( 'zl agy) =a;, 1<j<n,
i=

It may be verified that f;isa linear functional on V(X) and
that it is such that

1ifj=1,
I ()= {(
L0 if j#i.

Tt will now be shown that the system (2) of linear functionals is
& basis of V*,

Let f be any linear functional on ¥ and let
Sled=c,, 1<i<n,
This equation completely defines f in as much as it follows that

n n
3 agq, = 5 .
1( Zoa) =3 o
We shall show that
n
I= 2 af
i=1
In fact, we have

(o )m o

and
r': o, fr )( ). am; )= x 2 aes fylay)
= E a,cq
iml
Thus
A Spe)= (0 3 on)
8o that

1‘] cifl'

Now to show that the system (2) is linearly independent, we
consider a relation

iMs

Z b,ff=0.
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We have, therefore

"
_21 b1 (2)==0, for 1{jcm,
i

b,=0 for 1<i<n.
Thus the system (2) s also lineatly independent.
Henes it {ollons that the system (2) 5 o basis of the dusl spac?
v+,
The base consisting of the elements
Sirvsensey caseeny fn
of ¥# is called the dual or the transpose of the base consisting of
the elements
Ggprrrenny vortany Ao
of V. These are such that
1ifi=,
fife)= o
0 if ¢4,
Ex, Show that the dual space of thespace of n-tuplesover s fold K i
isomorphic to the apace of n-tuples over K.
Note, Letz € VandfE V* By the very definition of the
zero linear functional, we krow that if
fz}=0forevery« € ¥,
then f is the zero linear functional so that we may write
J=0.
We shall now ghow that if
f(6)=0 for every f € V'*,
then we must have
a=0,

'To prove this consider any base
of ¥ and the dusl basc

of V'*. Let
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be any given arbitrary element of V. We then have

n
f,( 3 aroy )===0, for 1<i<n
i=1

o aj==0 for 1< j<n.
Thus a=0.
102’2, Reflexivity of finite di ional vector

Let us now show interest in the dual ¥** of the dual space V* of K.
By the theorem of § 1021, it follows that if ¥ is a space of dimension
7 80 that V* is also a space of dimension n, then V** js as well a
space of dimension n. By § 96, page 239 V and V** are isomorphic
spaces, We shall now exhihibit a Natural isomorphism between ¥V
and P**
Theorem, The mapping
@7, «cE 7,
where o is @ lincar functional on V* defined by
afN=f=), SEV*
is an isomorphism of V onto V**,
Here
cEV fEV,cE T

S EF, @) EX
We may note thet « is the Jinear functional on ¥'* which maps.
any given element f of the same exactly as « is mapped by f.
It may first be seen that « islinear. Iff; € V%, f; € V*,
we have

and

@ (St =) ()
=fila)Hhila)= a(f)+a(f),

and

2 (af)=(af)(x)
=a(fi(=)=a( % (/)

so that @ is linear.
Now to show that the mapping
a7
of V into ¥** is linear,
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We have fur each f & V¥,

EFRU =fl=+H) _
=fia) /()= &NHEN

_ o =E+Rw
o 4+ B=a + B.
Also
(6 <)(f1=f(az)

=a(f()) =a(/))-

Thus @ —> @ is a linear mapping. Now to show tb
one-ono f.e.,

at 1t is

a
Now for every f
=i &N = F ===/
== fla-Bl=t
J By note on page 249,
F=f D apm0 D amh

Now since V and J'** havo tho ssmo finite diroension sod
into 1'% such that different tle

2—3% is & lircar mapping of }"
that the mapping

ments of 1" arc mapped differently, wo deduce,
question is an isomorphism.

Note, An element a £ 1 is also sometimes eald 1o
orthngonal to f € V' if f(2)=0.

103. Annihilator of a sub-space. a
of a vector epace F{K). Then by the annibilater we
space 1 of I(K) {s mrant the totality of elements [
spase 1'® such thst

te

Let It beany subpac?
of the b
of the deat

for every 3 € .

/(,).-ﬂ I
ft can be shown that 17 is a sub-pses of po. tet LE W
L E W Webave "
e J00) - S84t 3
0100

faftis)malfta}~eO 0 EF

Thea W' fea subapace of §°
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103'x. Theorem. The annihilator of a sub-space W of dirien-
sion m of an n-dimensional space V(K) is a sub-space of V* of dimen-
sion n—m.

Let

[Ty
be & basis of W and let
(2 +ery Doms Emids <es Op)
be a basis of V obtained on supplementing that of 7. Also let
(J1s <o fos Stas <ves fu)
be the dual basis of V*.
We shall show that the annibilator ™ of I is the sub-space of
V* with basis
Stz voes Juds
Suppose that
bufi+ oo +Dmfmtbmirfrnrt o Fbufa
is any member of V. We have then
Bifit ot Onfatbanfmnt o+ baf)l@)=0 for 1 <igm

S 1,==0for 1 <i<m,
Thus every member of W is of the form
bty Simbrtoree +Bnfn

Now, to show that for arbitrary values of bpiy, -, b, the
element

bty furt e +Bufn
of V'* belongs to W', consider
m
Gmir Snirtoeees +b,/,.)( ;El"‘ a’)

and sec that the same is 0.
Thus the annihilator W’ of W having as its basis a et of
(n—m) elements
Sot1y cveens 2 fu
is an {n—m} dimensional aub-space,

1032, Theorem. The annikilator of the sum (inlersection) of
tiwo sub spaces of a finile dimensional space is the sam= as the infersce-
tion {sum) of the annikilalors of the sub-<paces.

Let 1y and Wy be two sub-spaces of a finite dimensional space
V(K).

Let « be any member 1,4+ 1Fy so that there exists & member
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or ag & row matrix

[ay, @gy voeees n).

We shall now show that any linesr transformation fof an
m-dimensional space U(K) intc an n-dimensional space V(K) can
relatively to the choice of fixed ordered bases in the two spaces be
represented as an m X« matrix over the field K.

Let

[CA PR
and
(Bys Bryreraees Bn)
be the two bases of U X) and V(R) respectively.
Sinco o, € U(K), fiz,) € V(K), we have a relation of the form

n
Jzd= j}:l B wEK

50 that f(a,) is expressed as a lincar combination of the system of
vectors By, Byyese.eey B Here we sco that
[ay1

is & mX=n matrix over the field K such that the n elements of the
th row of the samo give tho coordinates of the f-image f(=,) of «
relatively to the basis (85, Byseeerres Bale

Conversely, if [s,,] be any m X1 matrix over A, then relatively
to two given bases (2;,......, %), (Biseeerrs P} Of the two spaces U(K)
and V(&), we have a linear transformation f defined by

n
Jz)= Z &8,
Jel

We thus see that relatively to the choice of fixed bases in U(X)

and V(K), a linear transformation f can be represented by 3 mxn
matrix

Lo )

over K, where m and n are the dimensions of U(K) and ¥F(X) res-
pectively.

105. Product of Linear transformations represented as
Product of corresponding matrices.
Let
U(K), V(K), W(R)
be three vector spaces over the rame ficld A with dimensions

mon,p
respectively,
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(§4) there is also defined in E o mulliplication composition which
98 assaciafive and right as well as loft distribution with respeet to oddi-
on referved {0 in (3) above and 1ohich i such that

alup)=(ax)p=n(ap),
whereda € K, « € I, 8 CE.

The reader would ensily satisfy himself that it £ be & Linesr
Algebra over a field X, then relative to the sddition and multiplics-
tion compositions defined therein, it has the structure of & ring.

Allernatively a Linear Algebra over s field K may slso be
defined as follows :

A et E i3 s0id to be o Linear Algebra over o field K, if

{§) there aro defined in E addition and multiplication composi-
tions relative to which E is o ring,

(#) there is defined in B an external composition over X, to be
knawn a3 sealar multiplication such that
(et d)x=ax 4 b,
a(x+-B) =ax-+af,
(ebja=a(da),
la=e,
a(af)=(ax)i=a(af)
Heres €& K, bE XK, e CE BE E. .
Note, What we have roferred to here as Linear Alg&’:‘_:
aleo, sometimes, referred to in Literature as L)‘near. Aseocia ,e ¢
Algebra in view of the multiplication compasition being ““‘;mm
astociative. No confusion would, however, arise in view o czw
dropping the adjective ‘Associative’, for we do not propose ‘tu
sider systems with n tive muitiplication in this book. "
306'3. Bases of an Algehra. Finite and infinite algfzi" -
Let B bo & Linear Algebra over o field K, Disregarding ”}:f 12!
eation in E, we think of B as a veetor space over the field . 'ﬁnSlB
sach, the vector space E will possess o basis which ftxﬂy‘; over
or infinite. Then the Algebra E i3 £aid 10 be finite or _mﬁm S e
K, nccording as E, ns o vector gpace over K, is finite or i % 1s
dimensiona),  Also the dimension of the veetor smc? ¥ ower
known as tho degree of the Linear Algebra E over A
Let E be a finite Algebra of degree u over A sind leb
. (21 Fpyererers Zn)
Lo o basia of tho vector space E over K, to be also referred to 838
basis of tho Algebra,
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Every member of Z is expressible ag
n
S a0 o EX.
fe=l
Consider now any two elements
n n
Z o 2 ey,
fasl =l
of E. By using the various postulates for an Algebra, we have
(Ea )(;ba);;abz
@, = 3
SN T TR L e

This shows that the product of any two elements of £ is given
if only the product in pairs of any two elements of a basis is given.

Now the product . like any element of & is expressible as
linear combination of the elements of the basis. Let

n
apoy= X Yy«
i it x %xy

These =® elements 7y, which are membera of the field X are
known as the Slructure consianle of the Algebra for the basis®in
question.

1t should however be noted that these n? Structure constrats
cannot be arbitrarily assigned and thero exist relations between

the same b of the iativity of multiplicati
We have
ey =a (gt for 1<, §, k<.
Now

ey =¥ o
(2 an==EY ey
=EuS1Y oY it
0,85 =50Y e
(o) =57 preiy
=EnZi? ¥ iine
.. we have, by virtue of the uniqueness of expression 2s s linesr
combination of the elements of the basis,
ZY 1Y =E7 1 Vum
for cach system of values of 4, 7, X and m lying betiween 1 and n.
Tt will thus be seen that a finite algebra over s field is defined,
if wo are given a system of elements of tho samo constituting o basis
and an associative muitiplication table for the same.
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1062, An Algebra with a unit clement. An slgebra E
over & field X is said to be one with unit element, if the multiplica-

tive composition in X p a unit el t. Let X bo an algebra
with & unit clement which we denote by e. Consider tho mapping
a ~—>ae

of K into E. It may be shown that this mapping ia actually an
isomorphism. In view of this, it is usual to identify the unit element
¢ of the algebra E with the unit element 1 of the field K and as such
to identify any element ac of E with the element a of K.

It is clear that if E is an algebra with unit element ; it possesses
a sub-algebra isomorphic to X regarded as an algebra over jtself.

1063, Taversible elements of an Algebra withavoit
element. Division Algebras, Any element of an Algebrs wfth
unit element iz said to be inversible if it possesses & multiplicative
inverse. Inversible elements aro alvo known ag Regular or Non-
singular. An algebra with & unit element wherefor every nop-zere
elemont is inversibls is known as a Division Algebra.

Note. It is not proposed to describe in details the various
developments in jon with the concept of Linear Algebre.
Only the basic concept is intended to be introduced bere 0 that ibe
reader may be ablo to recognise wherever he comes across & Lincar
Algebra, It may, however, be pointed out that taking his clue
from developments in connection with Groups, Rings and Vector
Spaces, the student way himself formulate the various concepts
in conrection with Linear Algebras such as those of

L. Sub.dlgebras. 2, Jdeals. 3. Quotient Algebras. & Teomtl
phism of two Lincar Algebras over the some field. 5. Hmnomm’h;’
mapping of one Linear Algebra inlo another over the same fiddd:
8. Direct Sum of two Iinear Algebras.

The reader may even be able to state and prove some
basic theorems in respect of these concepts.

TIn the following, we give some illustrations of Linear Algebrs®-

of the

Illustrations.

1. A field can bo thought of as & linear algebra over any ""Z
field thereof and, in particular, over jtscll. The degree of 8 field
a lipear algebra over itself is onc.

9. Tho field C of complex numbers can bo ¥egd
linear algebra of degeo 2 over the field R of real numbers

rded 858
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3. The field R of resl numbers esn be regarded ay a linear
algebra of degree infinite over the ficld Q of rational numbers.

(The reader may explicitly state tho threo comggduons in respect of
which any given set is a linear slgebra in thoe three cases above.)

4. The set M, of all nxn matrices over the field C (R, Q or
any abstract ficld K) is o linear algebra of degreo n*,

We definc o nXn matrix E, such that each eloment of the
same other than the (i, 7)th element i3 0 and the (i, ith element is
1. These n® matrices £y form a basis of the linear nlgobra M,. As
for the composition table for theso n* matrices, wo have

0 ifj#A,
EyEn= )
Ey if j=A.

5. The set of all linear transf ti of an n-di ional
vector space U(K) iato itself is a linear algobra of degreo n® over the
field K.

The reader may show that

Jig+B)=fg+/r
(f+oh=fh+gh
a{fg)=(aflg=J(ag)
where f, g, & are any arbitrary linear transformations and a is any
member of the ground field K.

Also the algebra of lincar f tions of any n-di fonal
veetor apaco over a fiold K is isomorphic to the linear algebra of all
the n X n matrices over K. [Rofer § 103, pago 265).

. Show that the automorphisms of & vector spaco ara the only javer.
eible eloments of the Linear algebra of tho linear tranaformations of the same,

6, Algebra of m group, Let @ be any finite group with

ltiplicatively detoted composition and lot
Liperneney Ry
bo the elomenta of the same. Also let
A%y =20y

80 that r is uniquely determined corrosponding to evary ordered palr
1, § where 1<4, 5, r <n.
Consider now the set of formal symbols

n
Sttt X am; a & K.
i

Hero K is any given field.
We give now various definitions in respect of these aymbols ;
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” "
Equality, ‘El a e = ‘El b o ifand only if ¢,=b; for
- i .
each ¢,

n ” ”
Addition. X g2 + £ b = = (atd)
i=l =] im]

n
Maultiplication, ( '):la, @y )( ’Elb" dy )czﬁ}im by Yt
1 F= Jié

0 if koty

Y= {
1 if k=er,
and where wo agree-to writo lag=ea; ; 1 being the unit element of K.
Scalar multiplication, a( ;3 % a,) =§al 77 (229
=1 i=
It may now be shown that the get of elements
n
Iy o
hae the structure of u Linear algebra over the field X relatively to
the various definitions given ahove.
Tt degree over K is n and it is known as the Algebra of the
group .
7. Algebra of Quaternions over n field, Let K be 8oy
given field. Wo shall now define an important linear algebrd of
degrea four with a unit element. This linesr algebra 19 defined 88
one with elements

A
a3 consisting & basis and with mnl'tijplicutian table as follows :
=1, jl=—1, P=-1
=k, jim—k ; h=i, =i} kimj, b==~]-

Further 1 is the unit clement of the algebra. Al
verified that the. mnltiplication as defined is associative.
note below).

Each element of the linesr algebia thus defined is k
Qualernion over the field K. Thus each quaternion oves
form

4 mey bo
(Refet

pown as &
K ta of the

a4 bi+ei+dk; o, b c, dE K.
It ean bo shown that if the field X js such that
Q4= 0 T a=b=cmd =0,
then each non-rero qualernion is inversible.
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In fact for such a field X, wo have,

it
a==a+bi+gd-dkz0,
then
f (8 b o o . 8
“=(F-g i~ N")'
where

N=ab4-b4c¥4-d%
Thus, in particular, we see that the algebras of quaternions
over the fields of rational and real numbers aro Division algebras
whereas that over the feld of complex numbers is not so.

Note, The fact that the multiplication table for 1, 4, 7, kis
associative may also be teen as a resull of the correspondence

1 0 A 0 1

— » J—> »
1 -1 0
v=T o 0 v-1

i y k> . B
0 v=I Vv~11

md the fact that matrix multiplication js associative. [Refer the
about the Quaternion group as given on page 1311

EXERCISES

1. Consider the vector epass of all polynomiule of degres <Cn over the
tield R of resl numbers end show that dil i is o linear
tion in the same,

Also obtain the matrix representing the seamo relative to the basis cone
elsting of the polynomialz ), 7, at,......, 2",

2. Consider the vector space Vy (R) consisting of the n tuples
{ZgrmaeansThporsecns Tnde

o
be any given permutation of tho n nbmu 1 1, n. Show that the
{Zgaees wor Tpesvernss Ta) ==> (217 ceres Tfforsarens )
is a linear transformation in Iy (R) and reprosent the same matricially relative
to tho basis consisting of the vectors
[T (R USRI e (0, 0,....., 0, 1),
. 3. An s.dimensional vector space U(K) is the direct sum of {ts two
wector sub-spaces ViK), W{K) eo that each e & U isuniquely expressbleas
=g+, BEVYEM

and lot
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Show that the mapping f dofined by
S},
is a linear tranformation in U(R). 8how further that
06) =t (§i) ¥ and W aro tho seta of all solutions of the equations
)=z, fix)w0,

respectively, B ,
If (Byreceresy fy) 18 & basis of 7 qnd {f3smsrnny Yro) {2 & basis of W, Bod the
mstrix g the linene tranal 1 Iy ta the basis
Bracorsens Bty Yarerenens Ted
of

4. Show that the four vectors
1, 2,3,0), (1, ~1,0, 1), 2,0, ~1,=1), (0,1, -1 2 .
constituto a bagis of V¢ (R] and find the martix relatively tothis basis of the
linear transformation o n'Vg [R) defined by
o0, 0,0, Oex (2. ~1, 1, 2} 5 o{0, 1, O, D)=(1, 0, 1, Y
o0, 0, 1, O)ex(l, 1, 1, )5 a(D, 0, 0, Yue(l,1], 1, —1).

S. Ey, By oo two algebrag over the rame field X, Show that '}’d'
follawing defini of the three itions af addition, multiphestion ‘85
scalar multiplication equip the product set EyxEy with the strueture ofun
algebra over X ;

(2, @)+ (85, Bybertast By. eyt By)
(o1, @3)(B1s By) = (x1By, meBs)
alay, eg)m{azy, aa,),
Here ay, fiy € B . By € Eya [ .
(The algebra thue defined is known as the dirsck product of the tw
algsbrag Eyand Ey), X
6. Let there ba given ang qub-set of S of an Algubra r nver)ﬂm f:idef s
Bhow that iho sub.get of the elements of & peromtable with each ele
s b sub.aigebra of £, -
Let fboa homomorphiam of on algebra £ onto an clgebra F over
san.o fold. Show that
) T=f~1{0) {s  two aided ideal of the algebra X,
U8) 1(B) e 212, ¥ and
(i) if @ is a sub.algebra of X, then f(G) is also a sub.algebra of
G} ez QNG I
N e G+
F ovet
7. Let £ be a homomorphism of an algebra E onto m' d‘i:b;:'m chet
the same feld mad Jed, yp. bo tho structvro cosstants for the sige

n
- 2.
L2 ;E o Y
Bhow that

F(OhT O TS kgl TSk
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8, Consider the Lincar algebra formed of the elements
autfotye, a6y EC R
with the commutative associative multiplication table given by
Wme, 12—y, wlm—u—r4w
Urme, fowml—r, twrENd e,

Bhow that thero are two idumpotents of tho Algebra of the form

autotw,

[An element a is said to be idompotent if atme),

9. Let E bo an Algobra of finite degree over a flold K. Show thatifan
element o & E is nelther 8 left nor o right zero divisor, then Z admits a unit
¢lement rnd, o, is {aversible.

Also deduce that £ If does not contain any zero divisors, then it isa
field,

10, Let X be a field with characteristic other than 2 and let £ bean
algebra of degree 2 over K with elements 1, u constituting a basis such that 1
is the unit element and

ulwy wheroy € K.

Prove the following :

{$) E is a field il y is not a sqaare in K,

(#) E is tho direct product of two fields isomorphio to X if y is & non.
zoT0 equare member of A,

11, Let K bo a field with characteristic 2 and Jet £ be an algebra of
degroa 4 with elements 1, 4, 7, k constituting & base. Alo let

mptmdt=] § emgioak ; phmkjmi § Remikomy,
and let 1 be the unit element,

Bhow that E is the dircet product of four flelds tsomorphic to K,

[Consider the base of B formed of the four elements (1), (1)1

Also show that E is the algebra over K of the product of two cyolin
groups of order 2.

12. Bhow that the centre of tho slgebra of quaternions over & field X
‘whoee characteristicg42 is identical with K.

13. Bhow thst the algebra of quaternions over the field of real numbers

is fsomorphic to the algebra of 2x 2 matrieza
[ « B ] sgGREC
-3 1’
over R, Here & denotes the complex conjugate of a,



CHAPTER VIIL
FINITTE FIELD EXTENSIONS
Galois Theory

107. Introduction. This chapter will be devoted to 5 study
of the Theory of Finite field extensions involving the introduction of
the concepts of Algebraie extensions and of the special types of the
samo, viz,, Normat and Separable extensions, It is intended to lead
to the Galoig Theory of finite, normal and separable field extensions.

This study had originated with that of polynomial equations
and in the following chapter will be developed the criteris for the
solvability of polynomial equations by radicals as an application of
Galois Theory.

The theory of finite fields as Balte feld extensions of price
fields of non-zero characteristic will alsa be taken up as an spplics*
tion of the theory of finite field oxtensions.

108, Field extensions, Let L be any given ficld and X 8oy
sub-field of the same.

We then say that L is an extension field or simply an extension
of K. Consider any field Z and the family of all its sub-fields, Le.t
[ devoto the intersection of this family of sub-fields, Then ['B
obviously » prime ficld in the sense that it possesses no proper aub-
field. As shown in § 601, page 179, n prime field is eitber uomo:
phic to the field Q of rational numbers or to the residue class el
J» for some prime p,

Thus wo see that overy field L can be thought of as an exten*
sion of a fild [° isomorphic to the ficld Q or Y, according 83 the
characteristic of L is zero or the prime p.

109. Roots of a polynomial.
aod et

Let L bo any given &eld

[y =gt ayz t oot o2 € Kfz)
and let « € K. Then the clement

of K i denoted by the symbol f(z).

It msy bo easily seen that if

Jiz) € Kz} U3} € Ki=}
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and if we write

@) =f(z) t Uz}, (2) =f(z) $(=),
then

ou(e) =/ (2) +$(a), Pula)=f(@) Pla).

If « is such that f(2)=0, we say that  is & root of the poly-
nomial f(z) or of the polynomial equation f(z)==0,

Suppose that « €2 K is & root of f(z) € K[z]. Now there
exist two polynomials g(z) and r(z) which € K[z] and are such that

fz)=(z ~a) ¢=)+r(a),
where r(x)=0 or deg r(z)<deg (x—=). Thus r{x) is necessarily a
momber of K, say B We bave thus
Jz)=(z—2) q(2)+B,

80 that

J@)=5.
We thus seo that
Jlay=0 7 (z—a) | flz).

It may thus be seen that if f(z) € K([z] hasarcot 2 € K,
then f(z) is not an irreducible member of K[z] in as much as
(x—a) € K[a] is a factor of the same. The converse, however, is
not true go that o reducible member of K[x] may have no root in X,
For example

z'—527+6 € Qlz],
is reduciblo without having nny root in Q.

Ex Show that a polynomial of the second or third degree is a reducible
member of K{z]if and only if tho same has a root in K.

110. Polynomial equations and field i The field
G of complex numbers is known to be such that the only irreducible
members of the polynomial ring Cfz] over the same are those of
degree one. In other words, every polynomial of the nth degree over
the ficld C of complex numbers has n roots belonging to the field.

This property is, however, not true of arbitrary fields. As an
example, wo may sce that

22 € Q.

is an irreducible member of the same and has no root lying jr @ and
#*+1 € R[],

i:slso an irreducible member of.the same and has no root lying in



268 MODERE ABSTRACT ALGEPRA

While 2*—2 is an irreducible member of the ring Q[z] over iho
field Q, of rational numbers, it is reducible as s member of the
polynomial ring over the extension field Q, {v/2) of Q. Similarly
while 2°+41 is an irreducible member of the ring R[] over the field
R of real numbers, it is reducible as o member of the polynomiul
ring over the extension field R (v/—1)=G of complex numbers.

It has thus to be eniphasised that the problem of the reduci-
bility and irreducibility of polynomials and cf the solution of poly-
nomials equations is intrinsically related to the field in question an
the answer o the problem changes on a change of the field.

To solve an equation f{z)=0 where f(z) € K[z] amounts to
constructing an extension field L of K such that f{z) thought of 2
a member of L{z] is expressible as a product of linear factors and 8¢
euch has as many roots in L as is the degree of the same.

111, Finite field extensions.

An extension field I of a field can K be thought of as 8* veetor
space over K relstive to the field addition in L and the freld multipli+
cation of the elements of L with those of K as the two vector space
compositions. As a vector space over K, the dimension of I my be
finite or infinite, We say that L is o finite field extension of the
field K or briefiy that L is finite over K, if the vector space Lows K
is finite dimensional and this finite dimension is known 88 the degree
of L over K and is denoted by the syrabol

(L: K}

Tlustrations, 1. The field C of complex 1

extension of the field R of real numbers and
(G :R)=2.

2, The field Q(v/2) consisting of the numbers
atby?2, sEQIED

umbers is & finite

if finite over Q, and
(Q(+/2): Q)=2.
3. The field Q(v/2, V/3) consisting of the numbers
a+by24ey/3+dvV2V3,
where g, b, ¢, d € Q, is finite over Q and
(w2, va:e)=+

4" Ttie field Q(x) i3 not o finite field extension of Q.
over the field K.

#In fact L can be thought of aa a Lioear Algebra



FINITE FIELD EXTENSIONS 269

11r's, Transitivity of finite cxtensions. Theorem. If
K, L, M are three fields such that
KCLCUH,
then XM is g finile extension of K if and only if M is a finite extension
of L and L a finite exlension of K. Moreover, then,
(M : K)=(2 : LKL : K).

Let M be of finite degree over K.

Let L, being a sub-space of the finite dimensional vector
space M over K, js itself finite dimensional. Farther the finite set
of elements constituting o basis of Af over K is clearly a generating
system of 3f over L and accordingly Af is also finite dimensional over
L.

Now suppose that

(L:K)=m,(M:L)=n,

Let
%, 1<i<m, , € L,

fnl<j<n, B E M,
be the two sets of elements constituting the bases of I over X and
of M over L respectiye]y.

It will be shown that the set of mn elements
B
constitutes a base of M over K.
Let Y € M. We bave

”
7=i§l b5 By YEL
Also, we have
m
by== ‘E‘ e oy, a; €K
Thus
n m
¥= j-zl '_El Ay 2By (1)

8o that ¥ € 2f is & linear combination over K of the set of mn
elements 8, )

Thus tho set of mn elemonts «,B, generates the vector
3 8
over K. peco
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Suppose now that

n "

.ifx iy e by=0.
Wo have
n " n "
Z acd=0=mn § (X g g0
Jel il Fel S iml

"

S50 S sy a0 for eachj,
p=]

5D a0 for each i and 4.

Thus wo see that the set of mu clements of; € A is linearly
independent over X,

Hence the set of mn clements .8, constitute a basis of X over
K 80 that

(A : Ky=mn,

Hence the theorem,

112, Algebraic field extensions. Lot L be any fnito
extensions field of degreo 1 over &.

Let « bo any arhitrary element of L. Then the (n-+1) ele:
ments

1, &, 0%, o, o
of the veator spaco L of finite dimension n over the ficld K form 6
linearly dependent system and accordingly there exists o system of
(n+1) members
Gos Oy fpyreesny Bpay,y Uy,
not all zero; of K such that
Gyt B2 By oo B 2 B0 0, X
This shaws that, «, is a root of & non.zero polynomial equation
O+, +a322 ... o Bg x4 a1 =0,

over Kz},

Thus we seo that if L is a fnile field exiension over K, ff’d‘
element of L is u rool of some non-zero polynomial eqnation orer Kiz).

This leads us to the following definition :
Algebraic field ? Def. An cxtensionfield Lof &

Jeld K ds said to be algebraic over R, if cach element of L antisfies d

non-zero polynomial equélion pver K, e ficld
Fram tho preceding disenssion, we deduto that every finife fie

extension 1, of X is algebraic over K.
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The converse of this result is, however, not frue in as much as
there exiat algebraic extensions which are not finite. Also an infinite
tension may not be algek
Ex, 1, Show directly from definition that
QUv2), Q (V2 v3)

are algebraic over Q.

Ex. 2, Show that Q (r) is on infinite non-algebrae extension of Q.

113. Simple ficld extensions. A field extension Z of a field
K obtainable on adjunction of a singls element to K is known as a
simple extengion of K. Thus a simple extenzion L of a field K is
expressible as

L=K(a),

where « is an element of L.

Dlastrations. 1. The field G is a simple extention of the
field R in as much as we have

C=R (y ),

2, The field K (z) of rational functions of an ind i
% i3 a simple extension of tho field &,
Ex. Show that

Q (V2 v3)=Q (vI+v3),
and deduco that Q (V2, 4/3) is o simple extension of the feld Q.

Note, The rcader should carcfully distinguish between finite
and simple extensions in as much ag a simple extension may not bo
finite, 'Thus, for example, the field @ (z) of rational functions is o
simple but not a finite extension of Q. Moreover, later on we shall
obtain conditions under which a finite extension may be simple.

x13's.  Structure of simple field extensions. Let L=X(a)
be a eimple field extension of K. Tt is proposed here to study the
atructure of K(z).

The symbol K{u] denotes the ring obtained on adjoining « to
K. Clearly

Ria] C K(=).
It mey be casily scen that K] consists of the elements
Gyfaxt-......F aza" A1)
where n Is 2 non-negative integer and @y, @ryeveney @y range over K.

The field K(«) is the quotient field of the integral domain con~
sisting of the elements (1),
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We proceed first to answer the following question :

Ie the representation of elements of K[) by expressions of lhe
Jorm

J(@)=0, + a0t + 0,074 oves FOnE",
unique 1
Let, if possible,
J(o}=%(a) where f(x)#o(z).
Then, we see that « satisfies a polynomis! eg
Ya)=flz)~plz)=0 ; Y(z} € Klz].

We have thus two eases to distingaish in respect of; o, 8"“”.&'
ing as thero exists or does not cxist o non-zero polynomiel
$(x) € Klx] such that §ra)=0,

In case there docs not exist a non.zero polynomial & Klz] with
= as & root, we see that

Sz~ fla),
is & one-one mapping K{z} onto K{x].
Also we may see that if

f(z) = f(2), 9(z] —+ (]

J(@) + oz} —> fo) +ole), Si2) olz} —> o) ¢la)-
We thus have

then

KRG
and aocordingly also
Koy ez K(z). ]

Thus in this case the simple ficld extension K() is isomorp"ﬂo
to the field K (x) of rationa} functions over K ; an isomorphism beiog
given by « ~> 2, @ ~> g whero a € K. sl

Now Buppose that thero does exist a mon-zero polyno
$(z) € K=} such that

He)=0.

It may be easily seen that in this case tho stt 'Ipf n“ﬂ‘l-‘:i:
polynomials which & K[x] and which have x a3 & root is & non
ideal in Kfz].

In fact if

W(z) € 4, Wiz} € 1,7(z) € Kiz),

$(z)=0, du(e)=0,

so that
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we have
dule) =a(x) =0, fla) Yy(x)=0,
80 {hat
(@) ~daz) € 1, fl2) Yhz) E L.
As Efz] is a principal ideal ring, there exists a non-zero poly-
nomial ¢(z) € K[x] such that
{ola))=1.
Thus the polynomials which & K{z] and which havex asa
root are given by f(z) ¢{(%} ; f(z) being an arbitrary member of K{z].
It may bo scen that o{z) is tho lowest degree polynomial which
€ Kl[z] and which has « as aroot. Also 9(x) is irreducible over
K],
In fact if
§(2)=2(2) pa(x),
where each of ,(2), p:(x) is of positive degree, we have
. 9{2)=0 ) either 9,(#)=0, or :(x)=0
50 that « is a root of a polynomial equation over K[x] with degreo
smaller than that of ¢(x). We thus arrive at & contradiction.
If g be any non-zero member of K, we have
(p(z))=(ag(z)),
80 that we may suppose that ¢(z) is monie, i.e., the co-efficient of the
highest degree term is unity. Then o{z) is uniguely characterised as
follows :
() ¢(x) € Kfa], (i) 9(a)=0,
(¥63) 9(z) is irreducible over K[x],
(iv) e(z) is monic.
This polynomial p(z) is nsually described as the Monic minimal
polynomial over K belonging to .
Consider now any element
J{e)=aotaxt-...... +anam & Kix).
There exist polynomials gz} and r(z) such that
J@)=0(z) ¢(z) +r(z),
where r(z)=0 or deg r(z) <deg ¢{x).
o~ J(2) =r(=).
Thus f{a) is expressible as r.a) where the degree of r(z) js less
than that of (z).  Also clenrly no two elements r3(a), r(af such that
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deg ryfz)<deg ¢lz), deg ry(x) <deg o(z)
can be equal. Thus we see that each element of tho integral domaia
XK[«] is uniquely expressiblo as
Byt Byx A eereer Bucga™? .

where b,....... byy & K and n is the degree of o(z).

Consider now any element

FP)loE) € K-

Since G(a)#0, G(z) is nat a multiple of the itreducible olz):
Thus the greatest common divisor of G(z) and g(z} is unity.

Accordingly there exist polynomials

Gif2), u(x) € Klzh
such that
G(2) Gi(2)+9(z) aafz)=1
AQ(z) Gifa)==1,
so that
Fla)
‘a“(&j-F (@) Gyla),

where F{x) & («) is & polynomial in a,

Proceeding a8 before, we may now express F(e) q.(ﬁ) in ‘:‘;;
form (2). This shows that each element of the field FAORI
expressible in the form (2) o that we bave, in this case,

K{e)=K[a).
Also since each element of K(«) is uniquely expressible 88
Byt by FrerereFbaa@™

Wheto by, Byyurere s by € K and n is the degree of the minimsl poly*
pomial & K(z] with « as & root, we seo that the n elements

1, yeeevaey a1
constitate a basia of the vector space K(z) over K and

[K(2)} : K)=n.

Wo bave thus proved the following :

. . n
(§) If « is not o root of any non-zero polynomial € ]\gﬂh" :;l;r
the simplo fie}d extension K(x) is jsomorphic to tho_ﬂel u{\ i
rational functions so that K(a) is an infinite non-n]gcbmlu_ ex
of K. 1In this case a is said to be transceadental over K.
p € Kiz], sud th?
then the simple

accordingly

{##) T« is 5 root of eome non-zero polynomial
minimal polynomial g(z) belonging to « [s of degfee 7
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field extension K (x) is of finite degree # over K and each element of
the same is uniquely expressible as

byttt beoya™,
where boy byy evv 5 baey E K.

Thus (K(a) : K)=n=degree of the minimal polynomial of &
over X,

In this case « is said to be algebraic over K of degree n.

It follows that esch element of a finite field extension L of
degree % over K is algebraic over K ; degree of each element being
<n. Infact the degree of each element of L is a divisor of n. IfB
€ L, wo have

ECERCL
8o that
(L: E)=(L: E(B) (E(p): K),
and accordingly (E(B) : K) is a divisor of (L ; K) whizh is n.
Another presentation. We shall now investigate the struc-

ture of simple field extensions in a paratively more advanced
manner making use of the Homomorphism theorem for «ings,
The mapping
f=) = f=)

of K[z] onto K[a] is, as may be easily seen, a homomorphism.

Let, I, denote the kernel of this homomorphism so that it is
an ideal of K[x] consisting of 2]l those members of the same which
have « as aroot. AsK isa field, K[z]is a principal ideal ring and
accordingly I is & principal ideal of K[z].

Three cases are conceivable :

(7} I=0), (&) I=(1), (i%5) I#(0), I#(1).

Case I, Let I=(0). In this case, the kernel I consists of
only the zero of K[z] so that there is no non-zero polynomial having «
as a root.

Thus the mapping f(z) —> f(x} is in this case one-ono so thut
we have

Klz] = K{a].
Trom this it follows that
K(z) = K(s),
so that the field K(a) is, in this case, fenmorphic to the field K(z)
of rationn] functions of x over K, ’



276 MODERN ABSTRACT ALGEBRA

CaseIl. Let I=(1). This case is not possible, for this implies
that the kernel consists of all the members of K[z] and, in particular,
the unity 7 of K iy mapped on zero.

Case YIL Let I+£(0), J5£(1). There then exists o polynomis!
o*) & K[x] of positive degree such that
I1=(g(x)).
We bave
Kfa] = K(z]{(p(=))
where « is mapped on [z]. [Refer note 2, page 159].

The polynomial () is necessarily an irreducible member of
K(z], for K[«] is an integral domain.

Thus (p{z)) is & maximal ideal of the principal ideal ring K{zl
and accordingly the residue class ring

K2)/(?(z))
is a field. Therefore, K[x], is in this case olready s field, and we have
K(x)=K[z). .

Thus the field K(x) is, in this case, isomorphic to the residus
class field K(z}/{9(x)) ; the ideal (9(=)) consisting of all those polyno-
mial members of K[x] which have a as & root.

Comonient o of the membecs of 0. I
cage « is nol algebraic over K, each element of K(x} fs uniquely
expressible as

Jle)lgle)

where f(z) and 0s4g(z) are arbitrary polynomials of K[z]. )

Consider now the case when « is algebraic over K n.nd (?(:)‘
is the ideal consisting of all those polynomials of K{z] which hav
a8 a8 root. Since

{plx))=(a p(z)), .

where @ is any arbitrary non-zero member of K,
%lx) as monic. .

Consider any member [f(z)] of K[x]/(/x)). hat

There exist two polynomials g{z} and r(z) € K[z] such the

Ji@)=olz) glz)+r(2),

where r(z) =0 or deg r(z) <deg ¢().

Since

wo may regsrd

Sz} ~r(z)=5(z)ql) € (o(=)),
we have

1(D)=[rD).
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Thus we see that each member of K[z]/p(x), is representable as
[r(=)],
where deg r(z)<<n ; n being the degree of ¢(z). This representation
is unique in as much as

Lry(®))=[rele)] =D ry(z)=r:lz),
of deg ry{x) <n, deg ry{x)<n.
Thus each element of the field K{x]/(p(x)) is representable as
[bo+b1z4 erresF-bnsz™1) 5 (1)
n being the degree of o(z). The ber of K(x) cor dii

P

g to
(1) in the isomorphic mapping of K{«) onto K[z}/{p(x)) teferred to
above is

[ 25 ST SR Tt X
Thus we arrive at the result in another manger.

1t should be remembered that we compute with the members
of K(x) as we do with the polynomials modulo the ideal g(z).

114, Exi of simple field Extensi In the preced-
ing section, we have investigated the structure of any arbitrary sim-
ple field extension K(a) of a field X on the assumptien that the same
exists. Wo have seen that a simplo field extension may be

(i) tr Jental or {ii) alged

We may note also that any two simple transcendental field
extensions of a field A are isomorphic in as much as each is isomor-
phic to the field K{x) of rational functions of an indeterminate x over
the field K. Thus we may say that there exists only one abstract
simple transcendental extension of a given field,

In the following, we shall make reference to the question of
existence of the simple algebraic extensions and see as to what can
said in respect of the same.

Tt will be shown below that every field X such that there exiat
irreducible members af K[z} of degree greater than one admit of
simple algebraic extensions.

115. Solution of algebrai ! From an abstract
point of view, the problem of solving nn equation ¢(z) =0 where
o(z) € K=],

amounts to constructing an extension field L of X such that ¢(z) as
8 ber of Lz) is expreesible as a product of first degree factors
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which also & L{2] 50 that 9(z)=0 has as many roots in L as i the
degree of olz),

In this connection, we prove the following fundamental
theorem.

Theorem, Iy ?(2) be any irreducible member of Kiz), then
Shere exists an extension Jilld L of K such that glz)=0 has o
rool in L, .

{1t has been scen in § 113 thet i 4(2) is an irreduciblo member of Kf‘]'
then the field X (x) obtmned cn adjoining & r00t & of g (z)e 0 to tho field K is
such that

K () ex K [=)[e ().

Thia result provides & cluo for the construction of the fild L a8
stipulated in the theorem),

We write

L=Kiz)f(o(=)),

end proceed to show thnt this L can bo made into the required feld.

Firstly, wo see that F(z} being an irreducible member of dﬂlo
principal jdeal ring K{z], the residue class ring L is actually a ﬁel‘ 8

Secondly, we show that Z contains & sub-field isomorphic to
the field X,

Consider the mapping

a~—>{uj,

of X into L.

Denoting by K’ the sub.set of the elements [a) of L whese
3 & K, we see that

a — [a}
ia & wapping of X onto X', This mapping is one-one. In fact
fa}=[b] 7> a~5 € (o(x)

i itive;
and since the degreo of each non-zero member of {plz)) is positive;
We sec that a~ b0 and accordingly a==b.

Thus {a}=[b] =2 a~b.
Also we have
a+b ~> [a+b]=[a] 411},

ab ~+  (ab}=[a}{D}. Lave

Thus the mapping, in question, i an isomorphism and we
Kex K. of
As o result of this jeomorphism, we identify each elcm::gtﬂ[r? x
K’ with the corresponding element a of X eo thet we may
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actually as o sub-field of L, i.c., the field 'L as an extension of X,
As o second step, we show that

[=] &L,
is & root of (z) =0 where we now regard ¢z} a8 belonging to L{z].
Let lx) =4+ GZ+eeree a,a"

Wo have
e({zl=ay+t8, {£]+...cr.f-2al2]"
=[ag] +[a)(z]+ e HA ]I
=g+ szt er ot 6,271 =[p(x)]=[0]=0
80 that [2] is a root of g(z)=0.
Thus we have proved the theorem as stated.

Note 1. By virtue of the result established in § 113, each
element of the field X{[z]) obtained on adjoining a root [#] of

@t azt e taa=0
to the field K is uniguely expressible as
[ 2 ) 2 S S £ L X
where
bgs Bryerirey by & K,

and we manipulate with the same in respect of addition and multi-
plication a8 we do with polynomials modulo ¢(z).

Note 2. Root fields. A simple extension field of a field KX

2 root of an irredncibl ber of K[z] is called a root
field of the polynomial,

Iustration, Consider
#*=22+2 € Jala].
The thres elements of J; may be taken as
01,2

Sirco ncither 0 nor 1 is a root of z2—2x-+2==0, we see that
#*—2z4-2 is an irreducible member of Jy{z].

Denoting a root of 2*—2z42=0 by «, we see that the elements
of the field J, () are given by

a+ba
where a, b range over the elements of J;. Thus Jy(«) is a fnite field
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with 9 elements, viz,,
0, 1, 2, «, 2z, 14a, 1422, 242, 2-+20.

It would be a good exerciso for the reader to compute the in-
verses of the ron-zero elements of the field.

Ex  Show that the field C of complex numbers is incapable of algebraio
extension,

116, Decomposition field of a polynomial. 'Dbf- An
extension feld L of a fiell K is said to be a decomposition feldof
o(z) € Klx, if ¢(z) € Liz] is expressible as ~

P(2)=a(z31)erroee (T—0tn)s
where
e K, dyyenneeny an € Ly
and if
Le=R(%.ae0ey @n)e
1161, Exi of a d ition field, Theorent.

There exists a decomposition field for u'e:y 9(z) € Klz].

The theorem will be proved by induction in respect of the
degree of & polynomial.

Let the degree of ¢(z) be n.

The theorem is obviously true for polynomials of degfe; 1.
Suppose that the theorem is true for polynomials of degres 159
than n.

Let

9(2) = 91(2)Pa()ors o225
where each of the polynomials on the right is an irreducible mfmbe;
of K[z]. Clearly K itself is a decomposition field of p(z) if Eﬂc}}'l o
21(2),veevey @,02) I8 Of first degree. Supposo that at least one of cﬁelt;
say, ilz), is of degreo>2. There then exXists an extension ¢! "
K(,) containing a oot a, of g;(x)=0. Thus in the field K(x), ™
have a relation of the form
o(@)=(z—a)¥{z),
where the degree of (z) € K(#)[2] is n—1.
By our supposition, there exists & decomposition field

E (o) (gseenen AT (TR » %eds
of d(z) € K(a,)[z]. Clearly then,
L=E(teeeee AN

is n decomposition field of g(z) £ K[z].



FINITE FIELD EXTENSIONS 281

1162, Unig of the d position field, It will
now be shown that the decomprsition field of a polynomial is unique
apart from isomorphism, ie., any two decomposition fields of &
polynomial are abstractly identical.

Theorem, Any tico decomposition fields of a polynomial
9(2) € K[z} are isomorphic.  Also the 1somorphic mapping can be s0
chosen thal each element of K is mappedon itself § e.,remains invariant
and the sel of rools of ¢(z) in ope decomp Jield is mapped
onfo the sel of rools of p(z) in the ofher,

For the proof of this theorem, we need to introduco the notion
of Continuation of isomorphic mappings and to prove a lemma,

Continuation of an jsomorphic mapping. Def. If
RCLERECUL.

then an isomorpkic mapping

g:L—> L,
12 said lo be a continuation of the isomorphic mapping
[ K— K,
if
glal=/(a), for eack a €. K.

Lemma, Jffis an isomorphic mapping of K onto K' and if
plr)=aytaz+ .. a2
i ar irreducible member of K(z] s0 that
Sp(=)]=f) (@ )2+ oo Hf(0)2"
is also an irreducitle member of K'[z), then the mapping f can be
continued to an isomorphism of the simple exlension fields L and L'
oblained on adjoining a rool « of p(x)=0 and a root &’ of f(p(z)]=0
to K and K’ respectively such that « i mapped on &',
It may be easily scen that if p(z} is an irreducible member of
K[z), then f[p(z)} is also an irreducible member K,
By § 113, wo have
v: L =K(2) e K[al[p{)),
v I'=K'(') = E'[z]/[fipz))).
Also we have the isomorphic mapping

1 Bl=)f{p(x)] = K[z {pl))

given by
wp @)=L/ (p{x))].

pl2) € K[=)-

Here
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Then, as will be shown, the mapping
=)t
ie the required continuation of f.
Firstly it is an isomorphic mapping of L onto L', Ifabe any
member of X, we have
[y gy =[(+') "7]{5(a)]
= (=) {nfal}=(=)"Hall=fl)
80 that (v')~'nt is a continuation of f.
Finally, we have
(=) sl =[() " lx (]
=) {nlel}
=(=)f(D)]=2".
Hence the lemma.
Cor. If L, and L, areluwo simple extensions of 8 field K each
conlaning a rool of plz) whick is an irreducible member of K], then
Ly Iy
and an isomarphism may be ¢o chosen that each element of K it mapped
on itself and one root is mapped on the other.
This follows from the preceding lemma on taking K and K 28
the some field and f as the idontity automorphism of £
This corollary shows that any two root fields of the same l:‘:;
ducible uembcer (z) € K(z] are isomorphic so that wo may f”}’d" ”
apart from isomorphism there exists only one root field of an irredt
ble polynomial. :
It should e noted that this result holds good or‘xl)' for me.(jl’:xc!:
bte polynomials. The fields @ (v2), Q(—v2) being "hurdsx:c'l&"
field extensions of Q each containing 8 root of the irr ke
member 22~2 of Q [z], aro isomorphie. On t}.xe. other h::i
simple field extensions Q {1/2), Q (v/3) cacn containing & rov
(=2 -3) € QL=
aro not isomorphic.
Proof of the main theorem. Let $(z) € Kiz] and let
L= R{zy, 2g50000n
I ==K {3y Prreers
bo two decomposition fields of the same. . -
Let 9,(x) be any rreducible factor of #(z) in Klz} of degrTe?
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Note 3. Taking M the same s L in tho theorem, wosce that
if Iris o decomposition field of ¢(z) over K and if ¢, § are two rools
of an irreduciblo divisor ¢(x) of ¢(x) over K, then the K-isomorphism
of K(z) onto K(B) which mnps a on § can bo continued to a K.auto-
morphism of the L.

In fact we con think of 3/ ns tho decomposition field of ¢(z) 8s
belonging to K(x)[x] as well as to K(B)iz] and the o of the lemms 82
the K-isomorphism of K(x) onto K(8) which maps« on f.

117. Solution of Algebraic Equations. In the foregoing,
it hos been shown that there eaists a decomposition field for every
given polynomial ${z) € K{z] and the same, apart from isomorphism,
is unique. From & puro algebraic point of view, the study of any
given polynomial equation over o field K amounts to that of the
structure of the decomposition field L of the same. In the following,
when we come to tho discuzsion of Galois theory, it will be seen that
this study is intimately related to tho study of intermediate felds
between K and L. Thia algebraic study is, however, to be carefully
distinguished from that we meet in Analysis. In Analysis, we have
a special field € of complex numbers with o special role such that
every number field can be thought of as a sub.field of tho same 22
the study of polynomial equations consists in developing methods
for approximating to the individual roots of the same.

118, Normal extension fields, Wo shall now introduce the
notion of a particular type of algebrajc extensions known a8 Normal

Def. An algebraic extension field L over K is said to be noml‘ﬂg
over K, if the decomposition field of the minimal polynomis

$(z) € K[x) for each element « €& L is contained in L. ]
This rmeans that if L is normal over K and ifa € L and if
${a) is the minimal polynomial of # over K[zl then ¢(z) can s
expressed as a product of linear factors in Llz} or in other wo! i
every polynomial ¢(z) €, K[z) having one root in the field L has &
1ts roots m L.

118°2. Structure of finite normal extensions.
Every decomposition field extension is a normal extension.

Let

Theore-

- ing the
be the decomposition field of (z) € Rlx] Ripreowees 0 being th

roots of ().
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Yet o & L and let ¢(2) be the minimal polynomial of z over
KRlz].

Regarding $(2) as o member of L[z], we detote by M the
decomposition field of the same so that we have

KCLCM

Let o, B be any two roots of ¢(z) in . There exists a K-
isomorphism, o, say, of K(x) onto K{8) mapping « on B.

This can be extended to an isomorphic mapping

K(e)z] = K(B)[=].

Regarding $(x) ss belonging to K(z)[x] and to K(B)[z], we can
continue the K-isomorphism of K{(x) onto K{(B), to the K-isomorphism
o, sny, of the decomposition fields

K (% @gpereeey En)y BBy Gppecenn , ).
of Y(z).
In this latter icomorphism, o 1s mapped on B and the set
.»&n is mapped one-one onto itsclf. As
¢ & Loand &, .o..e s, S L,
we see that « is a rational bination of n finite ber of el
of X and of ay,-u.eu.y @n.  Subjecting this rolation to the isomorphism
o', wo see that B is as well a rational bination of & finite b
of elements of K and of oy,......, %, Thie shows that 8 € L.
Hence the result.

%

118'2, Converse of the preceding theorem. Every finite
normal extension field s a decomposition field.
Let

L=K(Bereny Br)
be a finite normal, extension of K. Each of fy,... . , B, is algebraic
over K. Let 94(),.00e, 9(x) be the minimal polynomials over K
belonging to fy,e....., By respectively. As L is normal over X and
contains one root of each of ¢ (Th......, ¢:{z), we see that the decom-
position field of each of these polynomials is contaived in K. Thus
I is the decomposition field of

olz) =9y} .plz)

over K.

Note. From the preceding we sce that so long as we deal with
finite extension ficlds of o field K, the totality of normal extensions
coincides with that of the decomposition fields of the polynomials
over K 8o that the concept of finite normal extension field turns out
to be equivalent to that of a decomposition field.
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Theorem. If L is @ normal extension of K and M s an infer-
mediate field so that
KCMCL,
then L is also normal over M.

Let « € L andlet ¢ (z), () be the minimal polynomials belong-
ing to o over the fields K and 2f respectively.

Now
$(z) € Kiz) 7/ ¢(=) € M=)
and ¢(x) is the minimal polynomial over J satisfiedby «, so that
we see that
b | (=)

50 that each root of §(z) in L is as well a root ¢(z) in L. Also each
root of ¢(z) belongs to L. Thus each root of §(z) belongs to L
Thus L is normal over M. Hence the theorem, -

Note. 1t should be seen that in the preceding case, A msy
1ot be & normal extension field of K. :

Ex, 1, Show that every field extension L of degree 2 over X is neces-
sarily normal over K,

Ex, 2. Show that Q (v/2, 4/3) is a decomposition ﬁalq of

(=2-2)(22—3) £ Q=] . .

and venfy by considering tho elements /244/3, {1/2—4/3) that the same is &
normel extension of Q.

11g. § bl 1 ials, sef
separable field extensions. A slight complication arises in the[course
of the development of the theory of algebraic field extensions ;;:
account of the existence of what are known us inseparadle p'UX.Y"'C'm'b o
over o field and dingly the pts of bl Pnd insepart
polynomials over a field will now be introduced.

Bl 1. ts and

119’1, Multiple roots.

Let ¢{z) € K[x] and Jét L be the decorposition field OFN?}‘:)
or any extension field of K aver the decomposition field Zu g
ifa € L is o root of ¢(x), we have

(z—a) | ¢(x) in Lzl

It may, however, happen that a higher power uf'(z:—'ﬂ).;:;‘;:‘
one is a factor of ¢(z) in L{zx] Suppose thatr>Iisa p}a» o
integer such that (zx—a)* but not (z—a)"+*is o factor of ¢(’A on
then sz that = is a maltiple roat of multiplicity, r, of ¢z}
multiple root js known as a simple root.
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119°2. Separable and inseparable poly fal Def.
An irreducible ¢(x) over a field K {is said to be separable over K, if
the roots of ¢(x) in its decomposition field are all simples dlso any
arbitrary polynomial over K {8 said to be separable over K if each of its
frreducible factors over K i3 separable. A polynomial whick s not
separalle is known as inseparable.

Tt is not correct to say that a polynomial aver K is separable if
it has only simple roots, Thus if ${z) is irreducible and separable
over K, [{{%))! is also separable over K.

119'3. Characterisation of separability. To find the con-
dition for separability or otherwise of a polynomal, we have to
introduce a linear transformation in & polynomial domain which
formally is the same as that of Derivation in Analysis.

Thus if

$ry=aytaz+... 422" EK[:],
then, by def., we write
¢'(x)=a,;-+2ayx+... +naz1,
8o that ¢'(x) is also 8 member of K[z]. We say that ¢*(z) is the deri-
vative of ¢(z). The mapping
$2) — ¢'(z)
may be easily seen to be a linear transformation in K[z]. In fact,
we may show that
J@)=¢(2)+ P12} T/ J(@)=¢"(z) +¥'(=),
9(z)y=ad(2) T d(@=a¢'x aEEL.
Further, if
h(z) =¢(z) $(z),
we may show that
K(z)=¢"(z) ¥ 2)+ Px) Y1),

Since tho product of ¢(=) with ¢(z} is & lincar combination of
powers of z, we need only prove the result for products of two powers
of z. Thus consider

$'z)=a", $(r)=2",
so that
k(z)=x"4s

K {z)==(r 4 8)xr+s-1

=(rart)rt(sz+Y) +r
=¢'(z) Yz)+ ¢ (z) $(2).

This proves tho result,
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119'4. Condition for multiple roots, Theorem, If ais
a .mulliple roof of G\x), then it is also @ root of ¢'(x). Conversely, if
o is a simple rool of ¢(z), then ¢'(x)5£0.

Let, @, be n multiple root of ¢(2). Then we have & relation

$(@)=(x—a) $(),

where d(x) € K (o) [2] and r>1.

e $' (@ =r@—a) §(z)+x—w)" $(2),
8o that
$(@)=0,

Now suppose that a is a simple root of ¢ (), so that we have

$z)=(z-a) Y(a),

where {(z} € K(a) [2] and §(a)5+0.

#'(x) = 4@+ to ) ¢'la),
80 that

$la)=¢'(w)0.

Hence the result.

119'5. Condition for separability, Theorem. Le $(z)
be irreducible over K. Then

(i) if the characteristic of K is zero, ¢(x) is separable over K

(i) if the choracteristic of K is p£0, (z) is aeparable over K
except when il is expressible as ¢ (x?).

Let Bl2) =0+ th 2+ 0% +orernt Baz®, BaFED.

$(r)=  a;+2amet ., bnat

Let « be o multiplo root of ¢{z) € K(z] so that is also 8 roob
of ¢'{z) € K{«]. As $(2) is the minimal polynomial belonging to ‘i"
#'(%) is necessarily o product of ¢(z) with some member of I\[xo.
Since, however, the degreo of ¢'(2) is smaller than that of $lz) W
must have

#'(2)=0.
Thus we have .
4,0, 26;=0,.cc0u0y Nap=0. w1
Tor a field K of characteristic zero, this can only happen, if
uy;=0, ay=0.0.... s Gn=

i, if the degree of ¢(z) is non-positive.
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Thus no irreducible polynomial over = field of characteristic
zero can have multiple roots and a dingly every pols ial over &
Jfield of characteristic zero is separable.

Suppose now that tha characteristic of K is p. From (1), we
deduce that

a=0 if k is not a multiple of p
so that ¢(z) is of the form
A0y 2P F AT .
i.¢., it is a polynomial in 27.

]
It may very-well happen that ¢(z) isa polynomial in ¥ For
tho sake of generality, we suppose that ¢(s) is a polynomial in z(p g
1
but not in z(p“ ) Let
¢(z)=q;(zp' )=U(y), say, where we write y=::p.
We cannot have ¢'(y)=0 for if it were 50, we would have
.41
)= =16 ),
which would be a contradiction of the hypothesis.

Thus $(y} € Kly] would have only simple roots inan extension
field of K. Suppose that Al is the decomposition field of ¢{y) over
K.

Let

Yo =ly—Bo).o..-(y—Bo)

where By,......, B; are all distinct members of A,

S —B)oene® B,

In the decomposition field L of ¢(z}, there will exist roots

. .
2 B 2 P
respectively, We have

. .
af =By, o =p,.

P pym P P () ?', et
M ¢(:)=(z—al)?' ......(z—nr,)P‘

This shows that ¢(x)=0 hes only £ distinct roots and each root
has multiplicity p*. Thus .
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n=ip*;
n being the degree of ¢!z},

The natural number ¢ is known as the exponent of $(z).

We have thus proved the following :

For a field K of ckaracteristic p>0, an irreducible ¢(z) orer K
has multiple roots if and only if it is a polynomial in 27, Also if ${x)
is a polynomial in x®, each root is of the same degree of multiplicily
p*; e leing some nalural number. This e is such that $lz)isa

polynomial §n zp' and mnot sn zpm

119'6. Scparable clements. Def. An element ulﬂtb"""f
over K is eaid fo be separable over K, if the minimal polynomial over &
belonging lo « is separable.

1197, Scparable extensions, Def. An algebrafc eztension
L of K is said to be separable if each element of L is separable over K.
jon {s not scparable, we #35

In case an el t or o field ext
that the same is inseparable. X

1t follows from the preceding that erery algebraic exlension o 8
Sield of characlerislic zero i3 necessarily acparable over the same so that
inscparablo cxtensions can oceur only for fields of non.xero
characteristic. )

Thus in respect of number ficlds, the concept of inseparability
becomes trivial, .

Theorem, If K C M C Land Lisa separable Mcmum‘t'l
K, then L iz a separable extension of M and M is a separable exlention
of K,

The proof which ju very simple iy left to the reader,

119'8, Characterisation of Separahle 'rlc_menu. W
hiave alrealdy in § 110 5 above, obtained a characterisation of "F‘;'_
Lle polynomials over a field and thall here oblain that of aeparabs

Wwe

clements over a Gield, )

Theorem, If =z i1 separalle orer K, !Afn e fiel{ l\(l),::"
greciely [Kia) 1 K] distiret K-fsomorphic images in ll; {.l'm,:ﬂ,‘:):“
feld I of the minimal polymomial §(zx} over K Lelowging &
camrersriy,

Let n be the depree of ¢(x) so that, by § 113,

LK) 1 K)o

Let, 3, e peparabils aver K 2o that thr o p 0ty sayv,

cers Ta

Ty 7

el ¢lzienD are all dintlnct.
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By cor. to § 1162, page 281 the field K(x}=K(,) is K-isomor-
phic to each of the n fields
K(@gdyrenes Klag),
the isomorphisms being determined by
& Ry & Bgyeaeny & Ky
Thus these K-isomorphisms are all distinct.
Now suppose that some field X, (C L is K.isomorphic to K(a}
and as a result « mapped on some &' & L. We then have
0=g(x) —> $(') =0
80 that «' is itsell o root of ¢(z) in L and as such it coincides with
some one of oy, Xgyeaeeen -~
Thus we bave the first part of the theorsnr.
Conversely suppose that n distinet sub-fields
Kyperernis K
are just the sub-fields of L which are K-isomorphic to K(x) andlet, 28
& result, = be mapped on

By, Byyeennasy U
Then a;,......, @, are the # distinct roots of ¢(z)=0. The degree of
¢(z) being n, we deduce that the same is separable over K.

Thus we have proved the complete theorem.

Note 1. It is useful to note that if Af O) L, then the pumber
of distinet K-isomorphic images of K(x) in 2/ is the samo as that
in L.

Note 2. From the ghove, wo deduce that & will be inscparable
over K ; if and only if the number of distinct K-isomorphic images
of K(z) in L falls short of the degreo of « over K which, by def.,
is the sawe as the degree of A{x) over K.

119'9. Separable extensions generated by separable cle-
ments, Theorem. If a is separable over K, then so is K(x)
separable over K.

We have to show that overy clement 8 of K(z} is separable
over K.

Let L be the decomposition ficld of the minimal ¢(x) over K
belonging to «.

Since L is normal over K and g € Z, it contains the decom-
position field of the minimal polynomial for 8, say ¢(z), over K,
We have

ECE@ CR@)ICL
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Let K(B) have in all & distinet K-isomorphic images in Z and

let 8 be thus mapped on
B=B1, Brrereenrs By
which a1 b distinet clements of I..

Also let, K{x) have in all @ distinet H{B)~—isomorphic images in

L nndlet « be thus mapped on
K=y Laparpenny By
which are e distinet elements of L.

Then the mappings -

B fya oy 1<igh; 1<i<e
determine ab distinet K-isomorphic images of K(o) in L. Also
clearly every R-isomorphic images of K(«) in L is thus describable.

As o is separable over K, we have, by § 1198,

{R(o) : K1=ab.
Also
e<[K(«) : K(B)], B<[K(B).: K1

Since .

[K(=) : K(p)) [K(R) : K]=[K(x) : K}=ab,
we deduce that, we must have
[K{a) : K(B)]=a, [K(p}: K]=b.

Thus § is separable over K and hence K({«) is a separable
extension of K. }

Cor. The decomposition fidd of a separable polynomial
$(x) € K[z} is o separable extension of the fild K.

120, Simplicity of finite separable extensions, Theov
rem of the primitive element. 3

Theorem, Let o, B be separable over K. Then K{=, B}t
a simple extension of K. i

Wo shall, in the following, assume that K is a field with sn
infinite number of elements, The casc of a field with a finite number
of elements will be taken up a little later in this chapter when we
come to the consideration of finite fields.

Let ¢(z), d(z), be the minimal palynomials for 3 nn;l”‘g
respectively over K and let L be the decomposition field o
polynomial

Plx)il=).
We suppose that
rre deg $(z)=m, deg §(z)=n,
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be the roots of ¢(z) and §(z) in L. These roots are all distinet as «
and B are given to be separable over K.
Consider now the m{n—1) linear equations
ot af=ay+-2B), 1<i<m, 2<j<n
over L. For each 4 and each j+#1, this equation has a single root
in L so that we obtain m(n—1) elemerts of L, being the roots
of these m{(n—1) equations. Some of these elements may belong
to K. As K is assumed to contain sn infinite of elements, there
exists an element ¢ & K different from those referred to here.
We write
=0y +cBy=a-tcff
and see that
K(8) C K=, B).
Consider
Y(z) € K(9)[z), ¢{o-—~cx) € K (o))
It may be easily seen that the only root common to
Y(2)=0, ${8=c2)=0
is B so that z—f is the greatest common divisor of ¢(z) and ¢(8—cz).
Bince

42) € K(0)l=], $(o—cx) € (o)1,

wo seo that
z—B € K(9)lz).
Thus
B E K(o).
Thus also :
a=0~c8 & K(g).
K(=z, 8) C K(0)-
Thus

K(=,8)=K(5).
Car. Ecery finile separable extension {8 simple. This follows
from the preceding as o result of a finite number of successive
applications.
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As L is a finite normal extension of K, it is the decomposition
field of some ¢{z) over K.

Let §{z) be the minimal polynomial over K belonging to a.
As I is normal over K and one Toot « of §/(x) belongs to X, each root
of §{z) belangs to L.

Then L is the decomposition field of

o(#) (=) € Klx].

Let, if possible, the degree of (z) be >2. As L is scparable
over K, the roots of ¢(x) are all distinct.

There exists, therefore, an element B« of L which is & root
of §(z). The elements «, 8 of L are both roots of the same irreduci-
ble polynomial ¢(z) over K.

By cor. to § 116°2, page 282, there oxists a XK-isomorphism of
K(z) onto K{p) mapping « on B and the same can be continued to a
K.automorphism of L. There exists, therefore, a member of the
Galois group G(K/L) which mups « on P« 50 that we arrive at a
contradiction. Thus the minimal polynomial {{x) over X belonging
to @ is of the first degree and accordingly « € XK.

Hence the theorem.

Note, The condition of the field L being a normsal and separ-
able extension of K is not only sufficient but also necessary in order
to ensure that o member of I which remains invariant for each K-
automorphism of L be ily a ber of K. Sufficiency part
has already been shown - to be true and we shall now attend to the
necessity part.

Let now L be any finite extension of X and let @ be the group
of all the K-automorphisms of L and let further any member of L
which remains invariant for each moember of G be necessarily o
member of K,

Wo shall show that under this sondition L is a separable and
normal extension of K.

Let x be any arbitrary member of L and et

@, fa(@)seuerens Sa{®)
be oll the different members of I obtained ss images of x by the
wembers £y, fyoneees fa of G Wo write
@(2) 2= (r—a)(z—fi(z)}oue e (Zfa(2})e
Since each element of ¢ simply permutes the set of elements

@, fal@yeeerens Sal2)
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we see that each coefficient of (2} is kept invariant by each membe
of G and is, thus & member of K. Thus 9(x) € K[z

Let {(z) be the minimal polynomial over X for «,

Since o is also u root of (z) over K, we have

V(=) | plz).
-, fa{9) are also roots of ¢(z), we have

o(z) | dla).

Pz)={(x).

Thus the roots of the minimal polynomial $(x) for « are all dis-
tinct and members of L. Hence L is a separable and normal exten-
sion of K. -

Theorem 1. The order of the Galois group G(LIK) it equal
10 the degrecof L over K.

As L is o finite separable extension of X, it is as well a simple
extension of K. There exists tlus an element § € L, such that

L=K(g).

The degres of the minimal polynomial, say @(x), over K belong-

ing to 0 is equal to the degree of L over K, Let
(L : K)==n.

As L is separable over K, the roots of p(z)=0 are all simple

Let

Since «, f,(x), .

8=05, Ozs0eeoes On
be the = roots of ¢(z) =0 ; which are all distinet and members of L
Each K-automorphism of L is determined by its effect on the
generator § ot the same,
Alsa any K-automorphism of L can map 8 which is a oot of
$(z) only on another root of the same i.e., one one of
8201, Byererees One
Further we kuow that the K-mapping which maps §; on 8
sctually determines 5 K-isomorphism of
L=K({g,) on K(8}=L,
ie., & K-automorphism of L. Denoting this K.
by fi we see that

')
phis:

of L

Sueessey Joreress fo K s
are just the # K-automorphism of L. ~Thus the order of GILIK)
equal to the degree » of [over K.
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are 25 well M-automorphistw of Ao

We now start with any subegronp 2ol the  Galabegiony
G(LIK). Let the sct of all thuse eloments of £ which vy fne
variant by each member of 2 he denoted by My Werban that M
is & sub-field of L such that 21 i3 the (alols prowp of Loover M,

Let
AEMBEN
50 that
Sy fiB)r - for caeh f €& 2
Then

SRSl () ety
SRS e
B )= JEME ) fid LAG=apst, 0,
Thus M s o sub-fleld of /o
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Since each member of H is an M-automorphism of I, we have

H C G(La). )
Let
L=K(g),
and let
Tufos coovcer fi

be the members of the given sub-group H.

Consider the polynomial

$E) =l =[O~ fl O L2 ~fal0)] : @

Each co-efficient of this polynomial is such that the same
remains invariant by each member of H and as such belongs to A

Thus the polynomial ¢(x) € M(z] and a root 6=0, of t'he
same lies in L. The degree of the element § of L over Jf, being
also the same ag

{M(g) : M}=(L: )

is therefore <(h which is the order of tie sub-group H.

By theorem I, therefore the order of G(L/X), being equal to
the degree of L over Jf is < the order & of H.

Thus we deduce that

H=G(LI}M).

This shows that the mapping in question ia onto.

Further it shows that the sub-fleld Jf is uniquely determmzt:
by any given sub-group H, so that two different sub.ﬁ-elds cam;so
correspond to the same sub-group, Thus the mapping 13 2
one.one,

Hence the theorem. B

Note. Galois correspondents. If L be any Sf‘[ve’:g f;';;)’
normal and separable extension of K, then the sub-group H =G(4/.

i di; Jf in the
of QLK) which corresponds to any int ficld ’s :mdenb
Galois correspondence may be referred to as the Galois corresp

of M.

. ito
Note. Since the number of sub-gro\lp% of n gm“ptz;tﬁ:'ha
order is finite, it follows from the p.r.eccdmg tl:;:v;e:et:l, b
number of iutermediate fields betneen K and L, as defin

finite.

is
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Further this sub-group H is such that any two elements be-
longing to the same right coset of H in G map « slike and con-
versely.

Thus if

G=H U fH) U wree U SilH)
is the right cospt decomposition of @ relatively to H, then the class
of elements cofijugate-over X to « consists of the elements

o fole) en ooy i) _

(%) Two elements are conjugate over K if and only if the mini-
mal polynomials belonging to them are the same, i.6., are the roots of
the same irreducible polynomial over K.

If § is conjugate to &, there exists a K.automorphism of L
which maps § on «. From this it follows that « is a® well & root of
the irreducible polynomial over K satisfied by B. .

If o, @ are roots of theeamo irreducible pofynomial over K,
then there exists a K-isowmorphism of K(x) on K(B) mapping « ot B
and the same can be continued to an -phism of L.

Hence the result.

123'2, Conjugate sub-fields, Def. i
2 is said to be conjugate over K fo another intermediate field N
exists an f & G such that

) ECMECL 3

It may be shown that the relationship of conjugacy over K ';;
the set of all intermediate fields is an equivalenco relation. It e
now be shown that fwo intermediate fields are conjugale ‘""'0}‘ i
and only if their Galois correspondents are conjugate sub-groups of O

Suppose that 3, is any intermediato field andthe sub-grovp
H ia the Galois corsespondent of 3.

Let f denote any given element of @ and g an;

An intermediate field
if there

y arbitracy elo

ment of If,
Let « Lo an element of L. We havo then o
1)) =D UM
(o )= e e € fan

e
This thows that the sub-group f I/ is the Ralois corsespo

Qent of the intermediate field f(J) and converscly.
This proves the result as stated. . X wire
From “this it further follows thaton ln!tnnldno!;’f:’lff(‘:‘;‘;""‘
normal extension of K if and only t'f'lhf Gulois enrrerpon
of M is a normal aub group of G(LIK}.
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Suppose now that an intermediate field 3 is a normal exten.

sion of K, We have
R ML

Let @ denote the Galois group of L over K and H that of L
over M,

Each K-automorphism f of L induces s K-automorphism, sy,
£, of M defined by

F@=f, «EM
so that f is a continuation of f*.

Thus “to each member of G(LJK) corresponds a member of
G(M/K), viz., the one induced. This corresp f—>f,isa
humomorphlsm of G(L/K) on G(}M/K) and the kernel of the same is
the sub-group H of G(L{K) which is the Galois group of L over I,

Then by the Homomorphism Theorem for groups, wo see that

G(3/K) = G/H=G(L/K)/G(L/M).

Thus we have proved the following important theorem.

Theorem, An inlermediate field M, K C M C L,is a notmal
extension of K if and only if the Galois group H of L over M s3a normal
eub-group of the Galoisgroup of L over K and in thal case the Galois
group of M over K is isomorphic to the quotient group G/H.

Thus we have proved that if

KCucCyr
then
2! in a pormal extension of X <> G(L/Af} is a normal
sub group of G(L/K)
and

G(MIK) = GJH.
124. Golois group of a separable polynomial.

Let ${z) be o separable polypomial over a field K and let L be
the decomposition field of the same. As seen in § 1162, L is unique
to within isomorphism and as seen in § 118°1 and cor. to § 1199, it
isa finite, normal and separable extension of K., Tien the Galois
field of L over K is known as the Galois ficld of the polynomial
$(z) over.K. It will be scen in the following Chapter that the Galos
field of a polynomial plays a very important role in respect of a type
of problems which arise in connection with equations $(z)=0.
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124'1, Galois group of a polynomial represented isa

group of permutations of its roots. Let

L=K(%gy verener ty)

be the decomposition field of a separable polynomial ¢(z) of degree 5
over K ; ay,......, @, being the roots of ¢(x). We suppose that $(z)
has no multiple roots. Each clement of L is obtainable as the resulb
of & finite number of operations of addition, subtraction, multipli-
cation and division performed on the elements of K and on
ST )

Each K-automorphism of L maps a root of $(x) on a root of the
same and different roots are mapped differently and accordingly, we
see that each K-automorphism of L determines a permutation of the
roots and is itself determined by it. Thus there exists a group of
permutations of the roots of ¢{z) iscmorphic to the Galois group of
the same.

Ex, Find the Galois group of the equation

28 —2:=0,
over the field of rational numbers.

The roots of the given equation in the field of complex nubers
are

Y2, V20, Y26}
where /2 denotes the real and positive cube root of 2 and o denotes
the primitive cube root of unity. Then

Q (V2 0)
denotes the decomposition field of the given equation. .
ial over Q belongh to Y2 8

Sinee the minimal pol,
2%—~2==0 which is of the third degree,
field Q ({/2) are numbers of the form

atbxd e

we seo that elements of the

where a, b, ¢ €, Q and =2, .
Again since the minimal polynomial over Q. (V2 bc]c;;z‘:‘ﬂﬂ::
i3 234-z+1=0 which is of the gecond degree, we S¢¢ af
elements of the field
Q (V2 (w)=Q (V2 v)

are of the form

af-bateatt(d+eatfal)a
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the same fs determine a2 saon an the images of X, & at hiwnn,

Alzo further sinee the Galads group f necessarily of anler 8, we
see that the membors of the 2ame are av determined hy the sehewe
given gbove in respect of the Tmages &, @, Vowriting the same
thing in another form, Wo may #ay that the Gatols group of &Y ¥
over Q consists of Q-antomorphivne detenmined by the fullan g 3

(2, @) —> (2, ©) ; (1 0) =2 (xio, ), (3, 0} "= (2, @)

(&, @) —> (2, ©¥) § (8, ©) => {an, @), (¥, &) => (xad, W),

We procced now to determine the permutation group of th
roots isomorphic to the Galok group,  We write

BV 2ar- sy Yo o Dealseaa?
50 that &, f, ¥ denoto the 3 roots,  We may enslly see that tha slx
permutations of «, f, ¥ o8 dotermined by (he six automorphisig
referred to nbove aro a4 follows
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(3 7\, -3 B Y (-3
(cc v/ (ﬂ a)' (7

v
* N, /& BTy, (=
(u p) (p 3 7)’ (-y
or in cycle notation,
1, («B?), (27B), (B7), (oB), (7).
. Thus we see that Galois group of 23—2=0 over the field @ of
rational numbers is isomorphic to the symmetric group Ps of degree 3.
This also follows from § 124 and the fact that tho order of the
Galois group in question is 6.
Let us now examine the sub-field sub-group correspondence 88

e
g

2

N® T
W | T

iated in the Fund tal tt of Galois Theorem. The
following are the possible sub-groups of Pj,
G 1

Gy i1, (0B); O I (BY)3 Gy 2 L (72) ~
32 d, (2BY), (¥B)
G, 2 1, (=), (B7), (Y2, (267), (27B)-
We shall now determine the intermediate sub-fields correspond:
ing to these sub-groups.

We have

o

G, — Qo
The permutation {«) is determined by the following :
@, &) —> (o, o)
ach element of which is

his automorphism and by
the sub-field Q (a7

50 that we need 2 sub-field of @ {, w) &
mapped on itself, ie., remains fixed by this
this only. By inspection, we may see that it is
As & verification, we may see that

Qe o : Qzun]=2,
and the corresponding Galois group i8 also of order 2. Thus we may

see that i
Gy —> Q(20Y ;G > Q@) ; G — Qo0
G —> Qo)
. — X
This el ?3(“:),,}, bo disg eally exbibited as on tho

next page.
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4, w).G,

s
QU wI6, Q)62 Qulwlles

06

Q.6554

Ex. Show that the Galois group G of zf~2==0 over Q is of order 8
Isomorphic to the Dihedral group Dg of order 8 show that the sub-field, sub-

group Galois spond, of the F theorem of the Galeis theory
is diagrammatically given ss follows :
'
z
Q51),6,

w:hG, @6, 0ee, uwhe, izt

s, 6, QWG

Q66
Determine the sub-groups Gy, G, Gas 5 O21, Ta2, Gazy Gats Gas of G

x25. Finite Fields. The remaining part of this chapter will
be devoted to the investigation of the structure of fields with a finite
number of clements to be 2lso known as finite fields, Naturally the
questions of existence and uniqueness will also be talken up. The
reader js advised, however, to distinguish between finite fields and
finite extension fields.

We have already come across finite fields J, which are prime.

Finite fields are also known as Galois fields after the name of
their discoverer,

Assuming existence, we shall start with a preliminery discus-
8on of the properties which a finite field must possess. Theseo pro-
perties « il then lead us to the solution of the probl of exist
&0d uniqueness in respect of finite fields.
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126, Preliminaries,

Theorem X, The characleristic of a finite field is necessarily
non-zero. This is & consequence of the fact that a field of charac-
teristic zero .already poscesses a sub-field with an infinite number of
eloments, viz., the prime sub-field isomorphic to the field of rations!
numbers, i

Note, It may, h , be r bered that the con of
this theorem is not true, i.c., a field with a non-zero characteristio
may have an infinite ber of el ts, as for ple, the field

Jo (2} of rational functions in an indeterminte z over J, bas an in-
finite number cf eloments.

Theorem I, The number of elements in a finite fild of
characteristic p i3 of the form p" ; n being some positive integer.

Let L be a finito field of characteristic p end let X be the
prime field in L. Then K contains, p, elements and L is o finite ex-
tension of K, Let

(L: E)=n
Let the n elements
@y, Olgy vrene T
constitute a basia of L over K. Then each element of L is uniquely
expressible as
[ SPRUIS o X-75 SRE, 3. .

where a; C K. As each ‘; is capable of assuming preciscly, P
values, we duduce that the total number of elements in L is p™.

Note. It may be remembered that if L is o finite field with
p" olements, then p, denotes the characteristic of % and e denotes
the degree of the same over its prime sub-field.

Theorem 1IN, Each element of a finite field L with p" elements
satisfies the equation

I "
The non-zero el ts of I form o multiplicative group Wwith,
p"—1, elements so that for each such element of I, we have
J 2l -

Since
LI
Ea —-z=z( £ 1y ).
we deduce that each element of L, zero or non.zero, satifies

z-p” —z=0 or zp",___:‘
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Tl

127, and q

Theorem 1. For every prime integer p and every positive
fnteger n, there exists a finite field with p* elements,

Let K denote the prime field of characteristic p. Consider

lz)=2—z € K [2), where g=p",

-and Jet L denote the decomposition field over X of 27—z, It will
be shown that L is o field with p" elements.

Since

$'lx)=gzt'=1=~1,
we deduce by § 119-¢, page 288, that the ¢ roots of ¢(z)=0 are all
distinet, Thus L jns atleast g el t8, viz., the g roots of
$(x)==0. It will, however, be seen that the set of these ¢ roots has a
field structure so that L consists of just these g elements.
Let «, 8 be two roots of ¢(z)=0so that
at=a, F=p.

We have
(2£p)?= "L p7=actf,
(ap)7==atp?=ap,
(z—f)'=af—ft=a-+0, g0,
Thus we see that if «, B are two roois of the equation $(z)=0,
then «4 8, «f,-x--P are also the roots of the same ; B being assumed
non.zero for the case of division. Thus L consista entirely of the
¢ roots of z?—z=0 and accordingly it is a field with g=p" elements.
Theorem II. For cach prime inleger p and each positive
integer n, a field with p" elements is unique, apart from icomorphism.
This follows from the following :

(i) A field with g=p" elements is a decomposition field of 22—z
over a prime field of characteristic 7 and consists, in fact, of the ¢
roots of the same.

(i) Any two decomposition felds of a polynomisl are
isomorphic.

(¢i7) Any two prime fields of characteristic p are isomorphic.

Note 1. It follows from sbove that there exists one and only
one finite field with g=p" elements and the samo consists of the ¢
roots of 2¢—x € J, [z]. Further, ne may sce that if ay, g,euen.., ¢
denoto the ¢ clements of the ficld, we have

7
z2t—~z=]l {x~a),
i=]
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Note 2. The Galois field with »" elements is often’ denoted
by the symbol
QF(p).
128, Structure of the multiplicative group of a finite
field, Theorem, The multiplicative group of a finite field is cyelic.

Lot L denoto o finite field with g=p" clements and let L*
denote the set of its, g—1, non-zero elements so that L* is s multi-
plicative group of finite ordgt q-1.

We write

r my
h=g-1=1 p.
f=1
where 95, P, weneve all distinet prime integers each different
from p.
There exists an element «; & L not eatisfying
z]’-/Pt =1,

for this equation has only, hfp,, rocts,

We write
s
ﬁ1=°‘th/p'
Now
My
h
ot ) ~a=1,
m, —1)
. (kipo)
ﬁa( y =a #1

L
Theso show that the order of B & L* isp; . Thus we
obtain & set of r elements
Bas Barerean P

of L* with relatively prime orders

m, L i,
20 By e B
r
& ﬁt.“ Be
i=1
is an element of L* with order
’ I g =h.

s=1
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The order of L* being 4, we see that the same is a eyclic group
with B as a generator.

Thus the g—1 elements of L* can be denoted as

B, Bhern e, BT2
80 that we can write
GF {g)=],(8),
and see that the Galois field with q=p" clements is o simple extension
of the prime field 1with characteristic p.

Note, It follows from this that any finite extension L of a
finite field X is a simple cxtension of K. In fact if p denote a gepe~
rator of the multiplicative cyclic group of the non-zero elements of Z,
we have

L=E(@).

This completes tho proof of the result as stated in §120, page
292,

129, Construction of Galois fields. We shall now see how
We may construct GF(p"). In this conpection, we have the following
theorem,

Theorem. For each positive integer n, there czists an irreduci-
ble f() of degree n over J,,.

We have seen that there exists 8 € GF(p~) such that

GF(p"y=Js(P).
Let fiz) be the minimal polynomial for g over J,. Then we
ave
n=[J5(B) : Jpl=deg f(=),
5o that the degree of f(x) is n. Thus the irreducible polynomial f(z)
13 of degree n over J,. Hence the theorem.
By § 1131, page 271, we see that

QF(pn)=J(8) =" Tl=)/lf ()1
Thus to construct GF(p"), we need to determine an jrreducible
polynomial f{z) of degree n over the field J, 5o that

pRETNE)]
Is the required talois field with p" elements,
Ex, In tho preceding theorem, show that
8, 87, FL ,ﬁ’"—x
are the n roots of f(+)=0 by showing that

[f@P=f(zP).

ten
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130, Sub-fields of GF (p"). We shall now examine the
nature of the sub.fields of GF(p"), Iu this connection, we have the
following result :

Theorem. The number of elements in any sub field of GF(p")
i3 p™ where m 13 a divisor of n. Also fo every divisor m of n, there
corresponds one and only one sub-field with p™ élements,

We shall prove it in two ways.

First method, Let 31 be any sub-field of GF (p so that we
have

). C 2 C aFipn).
Byg§ 1L, page 269,
n=[GF(p") : J]=10F(p") : M3 : J,)
80 that
0 AL

Thus the degree of M over J,, say m, is a divisor of # and
accordingly M contains p™ elements.

Now suppose that m is some divisor of n.

Webaveifm | n,

PU—1 e (pih e 1) (¥ - Pt +p"4-1)
80 that
(=1 | (g"~1).
Also, therefore,

@ ) @ e, i L
[It may be seen that we have

2Pl = (2 =)L e +201
Thus each root of
K Ll S
is as well a root of
2V,
80 that GF(p™) contains the p™ roots of
& =

which constitute a field with pm elementz.
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Second method, We shall now arrive at the same result by
employing the Fundamental theorem of Galois Theory.

GF(p") is a separable and normal extension of finite degres n
over J, so that the Galois group of GF(p") over J, is of order n,

‘Wo have, as shown in § 128,

GF(p")=):(8).
Then, it may be seen, that
g~ g
is a J,-automorphism of GF(p®). Denoting this by f, we may ace
that

»* »*
L@ 2 — 8" 2 B BT G
e e
are the n distinct J,-sutomorphism of GF{(p").
Then the n automorphisms are easily seen to be

Lfifoed ™
I denoting the identity. Thus wo see that the Galois group of GF(p")
over J, is cyclic and of. order n.

We have seen in § 27°3, page 72, that a eyclic group of order n
Possesses one and only one sub-group of index m, where m is any
given divisor of n and each sub-group is cyclie. Thus by the Funda-
nental Theorem of Galois theory, it follows that to each divisor m
of n, there corresponds one and only one sub-field of GF(p") of degree
m over J,, i.e., a sub-field with p™ elements.

EXERCISES

1. Show that & finite integrsl domain is necessartly a fiold.

2. Bhow that identity is the only automorphism of & prime fisld,

3. Show that

a+bi —> a—bi,a C R, E R,
is »automorphism of the fleld G of complex numbers.

4. Show.thst the set of all automorphisms of & fleld is & group for the
Teaultant composition. Also find the group of h of the
elds of numbers ; Q denoting the fleld of rational numbers ;

(43} the st of numbers a+v/25, s £ Q, 5 © Qs

(49} the ses of numbers

at+y/20+y/3ctv/2yid;5 a 0,0 4 E. Q.

5. 8how that the group of jsms of the feld i of the
Aumbers

ing
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14, K is a commutative field and K¥ is an extension of K. Prove
{i) that tho clements of K* which are algebraic over & form a field K*;
{i7) that any clement of K* which ia algebraic over A7 isin K’
{ifi) that if K* is on extension of K of flnito degreo and if £ 18 of charac.
teristic zero, then K% fa s simple algebraic extension of K,
15, Show that 22—z —1 is irreductblo in J; [#]. If 22—x—1=0, show that
A(r=1,.. ..., 8) are the distinct non.zero elements of Jo(A).
16. Find & system of 33 matrices with elements i o field of order 3
which i3 isomorphic with the ficld of order 27,
17. E=F(z) is the field of rational functions of an indeterminate = with
co efficients in F. L is a sub-field of E containing ¥ and dufering from F.

Prove that Eis & finite extension of L and L is a simplo transcendental exton-
sion of F,

. 18, Prove that if p is an odd prime number, the Galois field GF (p") con-

tains atleast one element that is not a square in GF (™).

The letters a, b denoto arbitrary clements of the prime fiold GF(p) and d is
8 fised element, not a square of GF {p). Show that the matiices of the form

a 1]
[ bd a :I

form a Galois field ynder the usual matrix operations,

Deduco or otherwise prove, that

a b P [ a b ]
I: @ el L el
19. Let K boa field azd go(z) o polynomial ovor K, When is ¢ () is said
o bo irreducible over K
Ts the polynomial
2542234 4z—18,
frmeducible over the field of rational numbers t  State reasons.
. 20. Write down all those quadratic polynomials ovor J3 which sre
irredueible over J, (where J3 ia the field of threo elerments),
Show that the field generated by @ root of any of theso polynomialsis
alwagy isomorphie with tho Galois field GF (3?) consisting of nine elements.
Bhow that the transformation

& ~—>ad

20 automorphism in the fleld GF (32).

2L Let Lboan algebraic extension of F such that overy polynomial in
Fla] aptita complately into lincar factors in L[x]. Prove that every polynomial
©:2) in I [2] alsa splits complotely mto linear factors in L[z].

[Let K bo the field generated over F by tho co-efficients of ¢3[z] ; let « be &
T00% of () in & guitabls extension of L. Considerng tho field & (x), show that
2 root of an irreducible polynomial in F{z] of finite degree,)
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atbd/2+e VE2H{dted/24f v2) VI
is isomorphic to the Dihedral group Dy ; where a, b, ¢, d, ¢, f € Q.
6. Show that the group of phisms of the field consisting of the
numbera
adb V/24o VityH(~3) (dre V247 Va) 50,8, 0,d, 6,/ EQ

is isomorphic te the symmetne group Py of degres 3,

7. Identify the groups of automorphisms of the following fields of numbers
a+by/2+le+dv2) VI, 6, b0, 2 2 Q.
a4bvEtey/THdYE /150, b,0,d € Q.
8. What are the degraes of the following fields over the field Q of all the
1

rational numbers ; o™ denoting the real nth root of the rational number a,

waet &, oo aet 3t
@y aet 3t s, e a6’ 1t
(0} Q(Z* , V=D (1) Q(ﬂ* , V=),

(vi)) Q.('-"% , V=IL
Also give a basis over Q for each of these fields,
9. Show thet Q(x) is an slgsbralc extension of @ (r2); z being trsns:
cendental over Q.
10, Pind the permutation groups of roats isomarphic to the Galows groups
over the field Q of the following equations :

(3) 2341=0, (1) 2390,
(i1i) 2¢—52246=0. (i) 28-3=0

() At 42260, (1) ot g4zt o0,
(vit) 28 —=102244==0,

Exhibit also the sub-field, sub-group dence as formulated ia the

Fundamental theorem of Galois theory for these, o

11. Prove that evory finite extension of the ficld R of real numbers i either
R itself or 1somorphic to the field € of complox numbers.

12. If Lis an extension of K of prime degres, prove that any elemen
but not in X generates L over K. 3

13. Afield E is an extension of a field F. Prove thot the following two
assertions aro equivalent @

(a) There i3 a polynomial with coefficients in F, which is separab!
rospect te F and has E ag its splitting fleld,

{5) Thers is a finito group of automorphisms of £ whichbas
fixed fiold.

Assuming that these relations hold between E and F, prove that n;zr}o:;
of al automorphisms of £ over i the only group of autemorphisms of £ w157
hea £ o {th exact fixed fiold and shaw that the order of this group 10 €T
the degrés of £ over ¥

tin £

Jo with

as its exact
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M. Kisa commutative Seld and K* is an extension of K Prove

(3} that the elements of K* which are algebrsic over K form a field K

(#i) that any element of K* which is algebraic over K7 18 in K’ ;

(i) that if K% i3 an extension of & of finite degres and 1f X 18 of charac.
teristic zero, then K* fa o simple algebraic extension of K,

15. Show that 22— z—1 ig irreducible in Js [x). If A2—2—~1=0, show that
M(r=1,.. ..., 8) are the distinct non-zero elements of Ja(x).

16. Find o systom of 3% 3 matrices with elements m o field of order 3
which is isomorphic with the ficld of order 27.

17. E=F(z) is the field of rational functions of an indeterminate = with
coefficlents in F, L is & sub-field of E contarning F and differing from F.
Prove that Z'is o finite extension of L and L is o simplo transcendental exten.
sion of F,

18. Prove that if p i3 an odd prime number, the Galos field GF (p®) con-
taing atleast ono elemont that is not & squars i GF (")

The letters a, b denote arbitrary elements of the prime field GF(p) and d 13
& fixed element, not o square of GF (p). Show that the matiices of the form

a b ]
[ td  a
form & Galois field under the usual matrix operations,
Deduce or otherwise prove, that

a [ 214 o =b ]
[db a:,:[-—‘”' a
19. Let K bo a field ncd gb(x) a polynomial over K, Whenis ¢ (z) 13 said
to be itreducible over & ¢
Ta the polynomial
2854223 4. 42—18,
Irreduciblo over the field of rationnl numbers 7 Stato reasons.
20. Write down all those quadratic polynomals over J; which aro
ucible over Ja (where J, is the ficld of threo elements),
Show that the field generated by o root of any of these polynomialais
aluays isororphic with the Galeis field GF (37) consisting of nine elerents,
Show that the tranaformation

irred

1980 automorphism g
phism in the field GF (3%).
2L Let Lboan algebraje extension of F such that every polynomial in
Tlel sptita completely into lincar factorsn L{z]. Trove that every polynomial
©12) in L [] also splita completoly into linear factors in Lfz]
[Let K bo tho fiela d over F by the ients of Q3fz] s let abon
09 of () in & suitable oxtension of L. Considersng tho field K{a), show that

aisn root of gn irreducible polynomial in Ffz] of finite degree.)
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This shows that a pure oxtension obtained by adjoinipg a radi-
cal with any arbitrary exponent can as well be reached as a result of
a finite series of pure extensions such that each member of the same
is obtained on adjoining to ils predecessor a radieal with a prime
exponent. In the following, we shall refer to solvability by radicals
in this sense.

Note r. It will be seen from above that equations of the type
2" —a:=0 will play & fundamental role in respect of the contents of
this chapter and such equations constitute building stones for the
construetion of the roots of an equation solvable by radicals.

Let

0y, Tggesnrany By
be the » roots of 2%~ a=0, of courss lying in the decomposition field
of the same.

We suppose that they are all distinet. Then, none of these can
be zero, As may be easily seen,

%y oty [
—h
& o ™
are n distinct roots of
zh=l,

and they lie in the decomposition field of x"—a==0. This sliows tvlmt
the decompasition field of z#=1 can be regarded as an int'ermedmta
field between K and the composition field of & ~a=0. This vemark
points out the necesrity for the study of equations of the type z"=1.

Roots of an==1 are known as the nth roots of unity.

If we regard a"==1 as belonging to the field of rational numbers
and roots thereof as complex numbers and obtain points on a pl.m::
representing these complex numbers, then the n rvsultmg ?omd
divide the circumferenco of the circle with centre at N.xe origin 8110
unit as radius into » equal parts, Accordingly the equation 1=
came to he known as cyclotomic in the classical theory- .

Note 2, The theory in tho present chapter w ill be develc:x[;‘c‘s
anly in respect of flelds with chnmcteris(i«.: zero and the co!resy.xarzs o
results for ficlds of non-zero charatteristic may only sometim!

iven as exercises or in the form of notes.
’ 132. Roots of unity. Cyclotomic equations and cycloto-

paic fields, Consider
1 E K =)
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Def. The decomposition field of 2"~1 € Kl«) is known as the
Cyclotomic field for n over K or simply the cyclotomic field if no con-
fusion may arise.

Hlustrations. Q(w) where w jis an imaginarg cube root of
unity is the eyclotomic field for n=3 over Q and Q(v/ ~1) is the
coclotomic field for n=4 over Q.

QF(p") is the cyelotomic field for n—1 over Jp.

Ex, Describe the cyclotomic field over Q for n==5.

132's. Primitive nth roots of unity., We suppose that K
is a field of characteristic zero. Exactly asin§ 128, page 308, it
mey be shown that the n roots of 2"—~1=0, thought of as
elements of the decomposition field of the same, form a multiplicative
cyclic gronp of order n.  Any generator & of this cyelic group is such
that the lowest power of § which is equal to 135 #. Each such xth
100t of unity is known as primitive, Denoting, a8 is usual, by o(n),
the number of integers which are less than n and prime to 2, we seo
by § 27°2, page 72, that the number of primitive nth roots of unity is
9(n) and if £ is any primitive nth root then so is also E™ where m de-
notes any integer less than n and prime to the same.

If
Exs Bgpreene, B13 I=gq(n)

denote the ¢(n) primitive nth roots of unity, we writo
Fnf@)=(z—E)(z-Eg)ren. (2 F))
. It will now be easily seen that p,(z) belongs to the polynomial
ring over the ground field X, i.e.,
onfz) € Klz).
Each nth root of unity is & primitive dth root of unity for one
and onlv one divisor d of n and accordingly we have the result
z*—1= IT oquz). {1
din

If wo supposo that gs(z) & K{z] for each integer s <n, then by
mathematical induction, it follows from (1) that
oa(z) € Kiz).
The polynomial g,(x) is known as the eyclotomic polynomial for
Herebelow, we give cyclotomio polynomials for a few 5.
ofz)=z—1,
alz)==z+1,
©,{2) mezld-z4-1,

LN
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odz)=2+1,

i) =att a3 gt 1,
. sia)=atmat 1.
For any prime p, we have

?,(x):x"“—(—ﬂ“’-f-......-{-a:+l.
Ex. 1. Show that
924(%) mon(~2z),
for any odd n,

Ex, 2, Show that if pis not a divisor of n,

Pn(%)
on{z}

Ppnl)=

Discuss olso the case when rlin .

Ex. 3. Considering the case when K is o field of non-zero characteristic
end x7—{ 18 separable over tho same, outline the results corresponding to those
of § 132 for fields with zero characteristic,

132°2. Irreducibility of the cyclotomic polynomial over
the prime field of characteristic zero, Without any loss of
generality, we shall consider the prime field of characteristic zero to
be the same as the field Q of rational numbers.

It can be shown that the eyclotomic polynomials ,(z) are
frreducible over the prime field of characteristic zero for every arbi-
trary ». Since, however, we do not need this result for an arbitrary
#, we shall not give this genernl proof. Instead we shall give the
proof for thé case when the index is o prime and this is all ehfw we
shall need in the following, Irreducibility in this case 1s a simple
e of the Ei in theorem as given in § 80, page 214,

We have, for n=p,
9ala) =(z"~1)/(z~1).
Now ¢,(2) would be irreducible if and only if ¢,(z4-1) is irre-
ducible. We have
Pole +1)=[(z-+ 1) —1]f(z+1-1)

g g MM

! '+E£%:l;n ot

- PR b
Since each co-efficient, other than the ﬁ:st. is dxvxstl:a’ mi’
the prime p, and the last one is not, divisib!e by p*, we dciirlilc; .; P
EBisenstein theorem that 9,(z4-1) is irreducible over Q. s
is irreducible over Q. . o
Nate. It may be pointed out that @ufz) may nol be ’t‘;":”“:;mc
for fields with non.zero characteristic. As for exampfe, in B
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field Jy,, of characteristic 13,
0yafz) =zt =zt 1=(z2 b2+ 1)zt + bz +1).

Ex. Carry out tho proof of the irreducibility of oa(z) over Q when n is
of the form £™ ; p being any prime,

{\Wo have, when n= p™,

ety (e™ =1y ).

133. Galojs groups of cyclotomic ficlds over the prime
£ield of characterisyic zero. Wo shall now prove two theorems,
the first of which will relate to arbitrary exponents and the second
to prime exponents. The second one will give very preciso informa-
tion whereas the first one will only be partially informative.

Theorem Y. The Galois group of z"—1 over any filld of
characleristic zero is Abelian.

Let L denote the decomposition field of

z"—1 & Kz},
where K is the field of characteristic zero. Wo have, if £ donotes o
primitive nth root of unity,
L=k

In every K-automorphism of I, £ is mapped on some power
£¢ of the same and each such nutomorphism is determincd by its
effoct on £.

We denote by f, the automorphism which maps £ on £7 so that
Wo may write

JarE—r ke,
Also let f, be a K.automorphism of L so that
JotE—>E5

(falo)(€)=Lalfo(8))
=fal&%)
=(fulE)}*
=(EP=Eb=gl =l ffo)(e),

Jefy=fofa
Thus the Galois group, in question, is Abelian,
Theorem II.  The Qalois group of aP—1 over fhe prime field

of characteristic zero {3 the cyclic group of order p=-1 ; p being any
prime integer,

We have

so that

We<alke the prime ficld of characteristic zero to be 1he same

as Q.
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The decomposition field, say L, of 2" —1 € Q=] is the same as

that of
%) =zP 424, +z+1,
and ¢,(z} has been seen to be irreducible over Q. If § denote any
one of its roots, then
& B, EP7L
denote all the (p—1) roots of g,(x) ; of course all different, Cleatly
then there are (p—1) Q-automorpbisms of I defined by
E—rE E B, E 8T
We denote by f, the automorphism defined by

{olE)=E"
The mapping
fs—ra

is, as may be easily seen, an isomorphism of the Galois group of
automorphisms of order (p—1) with the group of {p—1) integers

for multiplication modulo p. In fact, we have
(Fofa) (B)=fal &)
=ful&’)
=(falE)})=(E)=E"
8o that
Jafs —> ab. .

This latter group of integers, being just the multiplicative group
of the prime field J, of characteristic p s, 83 shown in § 128 eyelic
of order p~—1. Hence the resulf.

133'x. Galois group of x?—1x over any arbitrary Geld of
characteristic zero,

Let K denote any arbitrary field of
let L denote the decomposition field of 2”—
then

characteristic zero and
1 € K[z]. We have

QC ECL
By § 1221, page 207, the Galois group of Lo
group of that of L over Q.. Since the Galois group.of €
cyclic of order p~1 and every subgroup of & cyclic group 13
oo deduce that the Galois group of L over K i3 also cyclic an o
order is o divisor of p-—1. Thus we have proved the following 7es

ver K is & sub-
L over Q18
cyelic,
d its
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134’2, Converse of the preceding theorem.

Theorem. Let L be a normal extension of degree n over K and
let the Galois group of L over K be cyclic. Finally, let K be of charac
feristic zero and contain the nth rools of unity, Then L is the decom-
position field of @ pure irreducible equation

z"—~a=Q,
over K.

Since L is a separable, finite extension of K, there exists an

element ¢ & L such that
L=K().

Let £ denote a primitive nth root of unity so that, as givem
£ €€ K. Also let f be a generating element of the cyclic Galois group
of L over K so that

L v o =l
are the n clements of the Galois group.
Since £ €, K and f is a K-automorphism of L, we have
J(E)=E.

We now form what is usually called the Lagrange resolvent

of g2

LETES S (RSB L1 S ot B A
and compute the various conjugates of x.
We have 1)
Sy =f () +E2 FHOFE2 PB4 ov o b B0 [0
=EO+EAOHERLAO) +oon BT SO
=a,

JHR)=[Uf ()] =f (Bo) =Ef() = E%,
SR =E e, SN @) =E e [0} =
Thus
o, B, E2puenns , Bl
are the n different conjugates of x go that the minimal polynomial
over K belonging to « is
o(2) =z —a) (z—Ea}z—E R)uemree (z~-Era),
which is of degreo .
B {K() : K}=n.
Now
K C K@) C Ko
where [K{f) : K]=n.
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o K(a)=K(0),
Also K(a) is the decomposition field of ¢(z) over K.
Again, we have .
fa) = (e =Eran=ar,
80 that " remains jnvariant for f and thereforo also for every wem.
ber of the Galois group.  Henco
ar € K.

at=a & K.
Thus a is a root of the nth degree polynonis!
P —at=t -0
over K, Hence, by § 113°1, page 271,
e(x}=z"—a.
Thus K(z)=K(g)=L is the decomposition field of the pure
polynomial 2 ~—a which is irreducible over X,
Henco the theorem,
135. Solvability by radicals of cyclotomic fields.
Theorem. The cyclotumic field for any prime p over o field of
characleristic zero {s solzable by radicals over the same.
Iet K denote nay given field of characteristic zero and L de.
note the decomposition ficld of 27—1 over K.
The Galois group of x~1 over K is eyclic whose order is seme
divisor & of p—1. We write

Wo write

d=1’16' 272‘12 - ~"]7fa‘ s

where pj, Paree. .o, P are distinet primes.

Tho theorem will be moved by induction on the exponent.

The theorem is clearly true for tho exponent 2, for the roots
+1 of 23—1 already belong to K.

We assume the theorem true for each exponent less than p.

Firstly we successively adjoin, starting from X, the p; th, p,-th,
woeney pth roots of unity. Under the assumed hypothesis this is
possible by successive adjunction of rgdicals. Thus we orrive at a
field say, I, of characteristic zero which contains the p,-th, py-th,
wssesey pi-th roots of unity and which is a tower over K.

Thus we have

KCMCL

The Galois group of L over M being a sub.group of that of L

over X which is eyclic of order

a
mt 171”t P«a‘ »
we seo that the Galols group of L over Al is cyclic whose order I8 of
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the form
b b b,
PR TRL R
where
biCay, ByKasyennry bS8y
From § 27°3, page 72, we know that sny given finite order
cyclic group possesses a sub-group whose order is & given divisor of
the order of the group. Then by the Fundamental theorem of Galois
Theory there exists o finite sequences of fields
M, MY, My M
1
such that the Galois groups
QML AL, G ML) eneeess G(Il!'b I‘M'b"l
'L L

ate all eyclic of order.p,. ‘Thus cach of theso ficlds is obtained from
its predecessor on adjoining an irreducible radical of exponent py.

Thus
A b
is a tower over M and of degree
&
2"

over the same, Proceeding in this manner adjoining successinl.V
radicals of exponent p,, radicals of exponent ps etc., we ghall arrive
at the field L of degree .
p,b‘ p,b’ ......p.b‘

over M. Thus L is a tower over K.

Hence the theorem,

Ex, 1. If K is n field with non-zero chorncteriatic p und contaios the
Pth roots of unity and p2>n, then the Gslois field of the irreducible 273 over
K is cy che of degres n.

Ex 2, Expross the cyclotomio fields for olf positivo fateger® <
towers ever the prme field of characterstic zero.

136, Solvability by Radicals. Fundamental Theorer

Ve need the concept of Soluble (or Solvable) groups to state
¢he condition for solvability by radicals of equations.

Soluble groups. Def. A Sfinite order group i safd to be solu-
ble (or solvable), if the composition factors thereof are oll prime.

Thas if G be a solvable group and

G, Hy, Hypoory Hy==1e}  tor

be a composition series for the same, then the composition

12 88
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groups
GIHy, HylHyueouoy HioHy,
which are of prime orders are necessarily cyclic,
It may be easily shown that cvery finite order cyclic group is
necessarily soluble.
Theorem, A necesssry and sufficient condition for a polynomial
() € K(z] where K is o field of characteristic 2ero to be solvable by
radicals over K 1 that the Galois group of $(z) over K is soluble.
Let L denote the decomposition field of ¢(z) & Kfz].
Firstly suppose that $(z) is solvable by radicals over K. There
exists, therefore, a finite chain of fields
E, Ky, Kyyeroeoy K1y K=L
sach that each of these js a pure extension of prime degree of its
predecessor.  Let,
Ky=E(%m), Ky=K\(’2/83),.00es Be=E(al%/a,)

where
G ER, 0 € Kpypveveeny 03 € Koy

We adjoin successively, to K, p,_th, ps-th,......, pth roots of
unity and thus obtain, starting from X, normal* cyclic extensions.
Let A denote the field thus reached. Then M is normal over K.
Starting from the series of fields between X and M thus obiained,
we obtain another series of fields, also between X and Jf such that
each member is & oyclic normal extension of prime degree of its
predecessor.

We now adjoin to Af successively the p;th roots of g, and
of its conjugates over K and thus obtain & scries of fields starting
from M such that each is & cyclic normal extension of prime degree
of its predecessor, Let us denote by A, the field thus reached.
Then 3, iz normal over K.

Again we adjoin to 3{; successively the py-th roots of a, and
of ita conjugates over K and thus obtain a series of fields starting
from M; such that each is a cyclic normal extension of prime degree
of its predecessor, Let uy denote by Ay the field thus reached.
Then 2f, is normal over K,

* A normal extension of a field X is called cyclic if the Galois group of
the rame oyer K 1s oy clic,
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Proceeding in this manner and considering succeasively tho
elements ggyeee.. , @; we obtain a field M=V, say such that

() N is normal over K,

(i) there exists a chain of intermediate fields between K and
N such that each is o cyclic normal extension of prime degree of
its predecessor,

(iii) N contains the decomposition field L of fiz) as a sub-field.

Let @ denote the Galois group of N over K. To the chain of
intermediate fields referred to in (ii) above, there corresponds, by
the Fundamental theofem of Gulois Theory, & chain of sub-groups

D0 DECD) Gy D G={e)
which constitute a composition series for @ with composition factor
groups
@lGy, GifGyreesenss GralCa
cyelic of prime order. Thus G is a solvable group.

Let H denote the Galois correspondent of the intermedial.e
field L between K and N. Since L is normal over K, therefore & Is
& normal gub-group of G.

By § 40, page 103, any composition series for G/H can be given
in the form

GIH, Q4{H, G,(H,......, H[H
where @, i3 a normal sub-group of &, @, of Gy and 80 on. Again, by
§ 40, page 103,
G[H, = (GIH)[(0\/H) ;
G,/Gy = (G,/)](G,/H) ; and 80 on.
These results show that G, is » maximal normal sub-group of G, G
of @4 and s0 on, Thus the series

is & purt of a composition series for Q.
Let
H, Hyy.ooooo Hy={e}
be a composition series of H. Then
G, Oy, Gayeeenvey Hy Hyypooeooy Hy={e€} »
is & composition series for . As @ issoluble, all the composition
factor groups and in particular,
HIH,. HylHy oo oy Hyo[H,
are cyclic of prime order,
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Trurtbe group M aeselolle, Hat I ds the Galoo proupef the
detspvaition £001 Lo dle) over A

Hemze the vt piant.

New gappone thal the Gabias group I of ¢lr) over Kds g-lotle,
Lot L b g atrcsamprorition, felf of ¢ {5)

Let

MDD Wy D U2} [tH

bew ermpene.tion weslen for I Sanoe M b scloble, the eomperition
Iretos prevgn

FZ I LRI Ay | PRl [ Y
wre all eyelic of peica depeer,
By the Fonudsmestal theoren of Galvis Theory, there coress
oot o the pesien (1), & wetien of Gelds
ECLCHh-.CLCL )
beirz tha Galokt eorrrejetatents of thue in (1), such that cach of
theae b & noemal €y elie extenting of prime degtee over L4 predeecs.
st Thls follaws from the faet thet J oM b issemorphie to'the
Galote group ol Loover L,y and M, be eychie of prime degree,
I the primes Involved dn reapec) of above be

Pur P 28
We adjin to K succeealvely pooth, peeth, etc,, roots of unity
and resch a field eny 3f which [s solrable by radicals over K, (Refer
§13%). Dy § 1342, the penerators of Ly, Ly,..oon. €a0 be expresed
4 radicals with prime exy te. We now pupy that the same
are suocesaively ndjoined to M. Thus wo reach Land seo that L
is solrable by radicals over K.

Ifence the recond part.

137. General equation of degree n and its Galols group.

Let

KEeaQluy, ty, 1),
where uy, ..., U, are n indeterminaten aver the ficld Q of rationnl
numbern.  Then the equation
PG LB R ARt LTI Lot s S RTAE 2 2

is known as the General {or Generic) equation of degreo n over K. It
is now gropored to find tho Galois group of this polynomial over the
fiedd [K. Let I denoto tho decomposition field of the polynomial
and Iet
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Replacing ¢y,.eu..., Yo BY Zpresnsoer 2o Fespectively, we obtain
Y~ (T F2pt e F2), o ey (1) 2..2,] =0
20 that by virtue of (4),
Ytyyeenen o 1) =0,
But since uy......, 4, are indeterminates are Q, this must be
only a trivial relation. Thus we arrive st a contradiction,
Now since
Uy vees Up
and
Vyperrens, Up
are two sels of indeterminates over Q, we have
K=Qtgyen ey #5) = Q (Ug,ennnne, v)=K
under the mappin X
Phing U > vy, 1<ign,

Also 3z} is the image of ¢(z) under this mapping. As L and
L are the two splitting fields, they are isomorphic ; anisomorphism
being o continuation of the jsomorphism of K on K referred to
above, Thus

G(LIER) = GILIK),
80 that we deduce that the Galoia group of the general ¢(x) of degree
™ aver its coefficient fiold ia isomorphie to the symmetric group P, of
degree 1,

138, Abel’s theorem. The general equation of degree greater
than ¢ is not solvable by radicals.

Tt has been seen that the Galois group of the general equation
°f_ degrec n js isomorphic to the symmetric group P,. The theorem
will, therefore, bie proved if we show that P, is not & solvable group
for n>>4, This will be established as a consequence of the following
lemma ;

Lemma. The alternating group A, (n>4) is simple. (Refer
Det. § 34°2, page a1).

Wo have to prove that A, posseises no proper normalsub.
Eroup when n 4,

Let, if possible, # be any proper normal sub-group ot A..

Each Permutation of H leaves fixed none, one or more ‘o{ the
tymbols permuted. We sclect a member ¢ of [ which is different
Trom tho identity and whick keeps fixed the Jargest possible number
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T1seveeery T

denote the 7 roots thereof in L. We have then
== (Fyd conene F Zn)

JRRSR SR

Upe={ —=1) T Zge0n e oo
Thus we have
-
L=H(x1yenersy Ta) =ty Upserersrs U § Tppererens EA]
== Q (@g00e-ees 7w} 3 by virtue of (A
The co-cfficients of a general equation as deﬁned‘u\)ove' :;:e m.
determioates. We now.proceed to compsre this equation with an
other whose rools are indeterminates, We set
L=Q (fyyeeeens Yubr
WHES 1, Y2,00e0.s Yn are indeterminates over Q and also set up
(@)= (2—~g1) (z—Fa)eerer (£~Yn)
=",z o™ L]

whero
vy (Y averentYa)
U=t Ul Freeser FYnct¥nd

Oa={—1)"Y1Y e et
We write
E = Q(py Vareeerens Vady
and see that L is the decomposition ficld of $ix) ov
roots of ¢{z) are alldistinet, The Galvis group©
isomorphic to the symmotric group of sll the perm "
Yt o
Yiyoeesees Y 3 for every such permmtation Isan nutomorplus:\“(,ﬁ
wherefor cach of vy,......, v, and accordingly cach clemen
remains invariant,
{res
Wo now proceed to show that ty, . .. ¥a®5° t!mm:‘" somme
doterminates over Q. Otherwise suppose that thero X
non-trivial relation

erk. Then *
{1 over & I
tations 07

in-

Yopreeranes 1) =0
over . This gives
Gyt st e Gadyenrensy (D0l =0
Asy,,....yaare indetorminates over Q. the rthlu:“ v
remala true frreapective of what wo may aubistitute for

n wouhd
it
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Replacing ¥y,ee.u.r, ¥ by Zyyees .., 20 Tespectively, we obtain
Y= (gt 2 weoeeF @)y o wony (=1)"2325...2,) =0
g0 that by virtue of (4),
Pltiyyenenn 5 2p) =0,

But since wy,......, u, are indeterminates are Q, this must be
only a trivial relation, Thus we arrive at & contradiction,

Now since
Uy o enns Uy
and
Vyyeseeeey Vg
aro two sets of indeterminates over @, wo have
B=Qu),e0erss 21} 22 Q (B1500ec0, 1) =K
under the mapping
= v, 1<ig<n,

_ Also ${z} is the jmage of $(z) under this mapping. As L and
L are the two splitting fields, they are isomorphic ; an isomorphism

being a continuation of the isomorphism of K on K referred to
above, Thus

O(LIK) = G{LIK),
80 that we deduce thay the Galois group of the general ¢(z) of degree
" over itg coofficient fiold is isomorphic to the symmetric group P, of
degree n,

138, Abel’s theorem. The general equation of degree grealer
han 4 is not solvable by radicals,

It has been scen that the Galois group of the gencral equation
°i: degree » s isomorphic to the symmetric group Pn. The theorem
will, therefore, be proved if we show that P, is not & solvable group
forn>4. Tyis will be established as a consequence of the following
lemma ;

Lemma, The olternating group A, (n>4)is simple. (Refer
Del. § 332, page 01),

Wo have to provo that A, possesses no proper normal sub-
£roup when n> 4.

Let, if possible,  bo any proper normal sub-group of Ae.

Each permutation of H leaves fixed none, one or more of the
=ymbols permuted. Wo select a member a of I which is different
from the identity and which keeps fixed the largest possible number
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of symbols. Suppose that o displaces more than 3 elements. Wo
express ¢ ase & product of mutually exclusive eycles. Then wo
have the following two possibilities :
{8} & contains a cycle with atieast 3 symbols,
(1) @ is a product of transpositions.
In respect of the firat possibility, let
a={123......0,.00.
Take
»=(345) £ A,
We have
1%or=(125......) ; Refer § 81, page 8¢
=gy, s8Y.

Then o! o, leaves fixed more symboly than o does and i3 nob
identity. This fact is opposed to the definition of . Thus first
possibility cannot exist.

In respect of the second possibility, let

a=(12)(34)oeree
and take as before
7==(345).
Then
T3t (12)(53) nue
=0y, 88Y.

Agpin, o-le, leaves fixed more symbols than's does and is ;mb
tho identity. This fact is again opposed to the definition of o, Thus
the second possibility cannot as well exist.

Thus o as defined diaplaces exactly 3 symbols and leaves all the
others fixed.

Let

c=(123) € H.
o*=(132)=(213) € H.
Choose

<={12)(3k) where E>3.
lgtea (2R} =(128). .
128) € H, for k>3, Then by (2

Thus each permutation (
age 61 of § 231
P $Eh H=hAw
and we srrive st a contradiction.
Heneo A, is simple for n>1.
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Main Theorem. By the lemma above,
P, Ay {e)s

is & composition series for P, for n>>4, 50 that the composition factors
of B, for n>>4 are

2, in!
which are not both prime.
Thus P, is not solvable for n>>4.

139. Ruler and Compass Constructions. Nume_rous pro-
blems in Geometry relate to the determination th.rough a finite series
of steps of construction & set of points and line segmente.; which
are related to any given set of points and line segments in somo
given specified manner. Also Grecks and other mathemntxcfnns
had interested themselves in examining whether or not any given
problem of this nature can be solved with the help of Ruler and
Compass alone, In this context the following three problems—known
as the Famous problems of Antiquity—have been of very greab
intereat to mathematicians.

(i) Duplicating a cube.

(%) Trisecting an angle.

(i%i) Squaring a circle.

1t will now bo seen that the theory developed so far provides
us with a method for determining-whether or not any such problem
can bo solved with the help of ruler and compass alone,

In any given problem, the data consiats of a system of points
oand line segments and the allowable steps of construction, correzpond-
ing to the use of ruler and compass alone, are

(a) Drawing of a line through two points, [Use of & ruler]

(b) Drawing of a circle with any poiat as centre snd any line
segment 238 radius.  [Use of compass].

(c) Determination of a point or points as the intersection of

() Two lines, (%) A lino and & circle. (iti) Two circles,

Thus starting from any given system of points and line seg-
ments, wo bave to determine, if possible, other points and line
segments which bear to the given aystem some given relationship,
makinguse of only the allowable steps of construction.

Analytical Fi lation of the Prok For the solution
of the problems of the nature referred to above, we refer the given
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3\;8:?:: of poiats and line segments to 8 rectangular Cartesiuy systers
T8 § that
. {1) a puint is represented by & pair of rcal pumbers which
d ent\te:. the Jengths of two line segments lying plong the two
condinate axes,
{2) o linesegment is represented by & single number which
enotes the Jength of the same.
Thus any given system of points and fine segmenfs gives rise
to a certain systemof real numbers, say
[T T TN
Thus formulated analytically, the problen: consists in conslructing
a line segment with a leagth « on the basis of a cerlain number of given
fine sepments with given lengthe
[ -
the means of construction restricted as explained, In the Following
wo shall refer to « as being constructible if it can be constructed in the
manner described.
Wo donoto by K tho field generated by the sot of numbers

B4 Byyerenesy 1
It is known from Bl tary G tey that it 35 p n
straat, by ruler and compass alone, 2 line segment w)wscj Jength is
glven by any member of K. In fact, it may be seen’that if @, b are
the real numbers depoting the Jengths of two given line segments,
then it is possible to construct with the help of ruler and vompsss

alone line segments with lengths
adb, a—b, ab, nb.

ible to con~
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any allowable step of construction, the corresponding field may
change,

Supposo that at any stage of the process of ccnstmctfon, we
have arrived at o system of points and line segmenta’ which we
denoto by § and the field corresponding to the same by X,. .

() The coefficients in the equation of a line through two points
of § and that of the circle with any given point of § as centre,nnd
any given line segment of* § as radius belong to the field K, as
defined,

The co-ordinates of the point of intersection of two lines whose
coefficients belong to K, again belong to K,, since the process
fnvolves only the solutiun of two lincar equations.

The determination of the co-ordinates of the points of inter.
Section of circles reduces to that of the co-ordinates of the points of
interscction of a circle and a straight line. Also this latter determi-
nation leads to the solution of & quadratic equation in one unknown
with_coefficients belonging to K,. Thus the co.ordinates of tthe
points of intersection either belong to K, or to a quadratic extension
of K, of the form K{vp)} where g is a positive member of K, but is
not the square of a member of K, Thus in this latter case 1/fis a
real number and

(K (V0) : Kpy=2.

Thus if we start with any given system of points and line
segments and carry out successively any series of allowable construc-
tions, we obtain a corresponding series of fields, being sub-fields
of the field R of real numbers,

K CE C Kivornenn C Koy CECe....CK
such that

(Kt K <2,
and accordingly, by § 1111, page 269
(K, : K)=2m,
where m<t,

Now suppose that we are required to determine wlether

or not a certain given segment of length, say «, can be determined
from & given syatem of points and line segments which correspond
toa field K, If «is thus constructible, then we must clearly have

K C K@ C K,
for some t. The degree
(R(@) : Ky,
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that the sum, difference, product and quotient of two constructible
bers are t} Ives constr

PR

This follows from the fact that
(a+at) +(c+id)=(a+c) tilb+d)
(a+ib)(c+id) =(ac—Dbd)+i(ad 4 bc)
(a4 ib)=(c+id) =[{ac+bd)=(c*+dN]
+il(be—ad) = (c*+d?)]
and the fact that the sum, difference, product and ﬂ“"ﬁe“t of two
constructible real numbers arc themselves constructible.

Further, we have
Vatib=y/[ie FVFETE) 14+iv i -a+ VAT 6]

£0 tlmtnsqunre root of a constructible complex number iz con-
strucible,

We nuw prove the following :

In order that o be constructible starting from a given system of
Doints and line segments which correspond to @ field K, it is necessary
and sufficient that « belongs lo a field which is a mormal exlension of
& and whose degree over X is some power of 2.

The condition is necessary. Lot a bo constructible so thet there
exists, as shown before, a chain of fislds of real numbers
K"KnCKxCKxC-n . CECL

such that L contains & and each is obtained from its predecessor by
adjoining a square root of the member of the same.

If after adjoining a square root at any stage, we alto adjoin
tho square roots of the conjugate field elements, the field extensions
remain of degree 2 and we obtain » normal extension of A containing
@ and of degree of the form 2" over K. Thus the given condition is

necessary,
Nuw to show that this condition is sufficient,
Suppose that z € L whero
(L: R)=2=
and L is norma) over K,

Let G denote the Galoia group of L over & eo that the order of
Gis2m, -
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being o divisor of the degree
(K:: Ky
must itself be a power of 2.

Thus we obtain the following necessary condition

A necessary condition for a length o lo be construclible slarting
from a given system of points and line segments which correspond to a
field K is that the degree

(K() : K)
is some power of 2.

The real number « may denote the length of a segment or
either of the two co-ordinates of a point.

We now obtain a form of the condition for constructibility
which is both necessary as well as sufficient.

In order that o length « be constructible slarting from a given
system of points and line segments which correspond to a field K, it s
necessary and sufficient that there exists a field L containing « and &
chain of fields, being sub-fields of R,

K=K, C K CEpuorrenn CECL
such that the degree of each over s predecessor <2.

That this condition is necessary follows from the preceding
discussion.

Now to show that this condition is also sufficient. We suppose
that the chain of fields of the above type exists. By § 1342, page
322, we have a relation of the form

K =K,a{v/ae)
where
K1 € Ky

Also it is known from elementary geometry that & Jine .sl’g“;f'":
whose length is the square root of the length of any given ;:o
segment is constructible. Thus proceeding step by step, we mey
that & is constructible,

140°1. Use of Galois Theory.

selves to real numbers. It is possible,
triction and moke use of complex numbers,
problem in hand. cible 3

We shall say that a compleg number atibis mn:tm;,c' seen

its real and imaginary parts o, b are constructible. It may

We have so far cunﬁne:d our-
however, to remove this res-
for the solution of the
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that the sum, difference, product and quotient of two constructible
numbers are themselves constructible.

This follows from the fact that
(a+i8) + (c4id) =(a +c) t i(b +d)
(@-+ib)(c+id)=(ac~bd) +i(ad 4 be)
(a+ib)+(c+id) =[(ac+bd)=-(c*+d%)]
+i[(be—ad)+ (c*+4-d%)]
and the fact that the snm, difference, product and .quotient of two
canstructible real numbers aro themselves constructible.

Further, we have
Vat1b =yl b v a0 iy (i - ot VT
80 that n square root of a constructible complex number is con~
strucible,
Wo now prove tko following :

In order that « be constructible slarting from a given system of
points and line segments which correspond to a fielld K, it is necessary
and sufficient (hat « belongs to o field which is o normal exlension of
K and whose degree over K is some power of 2,

The condition is necessary. Lot o bo constructible so that there
exiats, as shown before, a chain of falds of real numbers
K-k CK,CECu. CE,CL

such that L contains « and cach is obtained from its predecessor by
adjoining a square root of the member of the same.

If after adjoining a square root at any stage, we aleo adjoin
the square roots of the conjugate field elements, the field extensions
remain of degree 2 and we obtain a normal extension of K containing
« and of degree of the form 2™ over K, Thus the given condition is

necessary,
Now to show that this condition is sufficient.
Suppose that« € I where
(L:RK)=2~
and L is normal over X,

Let @ denote the Galois group of L over K o that the order of
@is2m, -
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Making use of the result established in Ex. 5, page 88, we may
see that a group of order 27 is solvable so that there exists a com-
position series

GGy D G D Gr={e}
such that each of the quotient groups
i GGy, &[Gy, 5.
is of order 2.

Corresponding to this composition series, there corresponds, by
the Fundamental Theorem of Galois Theary, the series of fields

KECM,CMy....CM~L
such that each is of degree two over its predecessor. Accordingly,

by § 134-2, each of theso felds is obtainable from its p d on
adjunetion of & square root. Thus the given condition is slso

sufficient.

14z, Ilustration,

1. Duplication of cube. This problem consists in the deter-
mination of a line segment the cube of whose length is equal to the
length of a given line sogment. Taking the length of the givep kine
segment as 1, we require to determine a Tength « which eatisfies

a?=2.

As seen in the Ex. on page 302, the smallest normal extcnsizﬂ
of Q¢ containing = is of degree 6 aver Q. AsGismoba power of 2,
we deduce that the length o, in question, is not constructible by ruler
and corpass. This problem may also be solved by the first form of
condition as given on page 334.

5. Trisection of an angle. Lot ¢ boany
seea that for any given g, co3 @ 4 given by means @
line segments.

We have

angle. ¥t may bo
f tho ratio of two

cos =4 cos’ $op—3 cos 39

We write
a==cos §, =008 i®

o that @ is known and 2 unknown.

Thus we have
41_1_32_5=0.
£ —3z—ais ot 1odV
As for exswple £l

i

The polynomial 4
srbitrary values of a.
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i
el 80, page 214) seo that 423 —3zx—a is irreducible over

f QP=Q. a=}

wg T Galos Sroup of 42%—82~q over the ficld € (a) is either 3
e case of tho frreducibility of the same.

Vg 008 245 oy constructible for arbitrary values of a. Accords

k‘mf!'ery angle eannog be trisected by means of ruler and compass

3; ) o?l squari"g a circle. This problem consigtu in t.he detsermm:;
ety 2 #9uate whose gren iy equalto that of & given circle. u;;];:m
fequj,e: rading of given circle is taken as unity, Then the pro

the tonstruction of o length x such that
2P=r. .

¥ osefow ib.hns been shown that » cannot be the ract o.f an equt]at:;:
N, aveoeﬂicxents belong to & =Q(1)=0Q. Thus Q(n)is not & End
oy TQeo thag Q) is of infinite degree over Q. Th\:j 1; d

‘q\!m;m, ; Te N0t constructiple and accordingly the proble
7% 106 admit of & solution,
cons‘m“ioll of a regular m-gon. Let

4y ay a,
=Py Pa cenn P

*Pric-sn., B,y are different primes, )

oqt > Cleor thay g an m-gon can be constructed, then we can
et ny d-gon 5 g being any divisor of m.

Tous i "B0u van be constructed, then we can also construct

sides.  Conversely,

Phee 2,

a 6, @
"nkrpolygons withp, Pr seeener Dy
sy it a; a,
sty “"“&y be shown thy i regular polygons with gy sevecrer tnfcft )
& 1y, - OPStructed, then o regular m.gon can also be rons
* Beatesy common divisor of

beiy 2
By, there exist integers,
~ - [ .
=t mhr oy
o Forennt -

o,
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or
b , 1
. + et =
Vi Pr

Thus the mth part of a circle consists of a sum of p,a’ ARy ey
p,a’ -th parts.

From the above it follows that we need only examine the con-
straetibility of a regular polygon with sides p® where p ia some prime.
We write

m=p"

The construction of a regular m-gon requires that of ¢33 (2x/m).
Now the constructibility of cos (2n/m} is equivalent to that of
sin (2n/m) and therefore also of the complex number

2 .. 2n
E=cos — +-18in o
We have
Em=1
so that £ is a root of 2@==1, The cyclotomic polynomial
Pn(p)=0, m=p"
is irreduciblo over Q[z). The Galois group of @a(z)=0 over Qis of
order
1)
Thus the regular m.gon will bo constructiblo foronly guch
values of p and n for which
Pp-1)=2h
for some &. Thus we can only have
p==2 or n=1

Thus exeept for 2, no power of o prime bigher d‘““.ﬂ”’
be admitted. Tirstly, we see that a regular poiygon with
the form 2¢ is constructible. "

Now suppose that p£2 o that n=1. Then a regular polss®
is constructible when only p is a prime number of the form

1420
Thus wo aro interested in all primes of the form
142

first eant
eides of
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If ¢ has an odd divisor 8o that we may write, t=u(2n+1), we
have
1420=1-2u2m D= (1-}20)(,. ...)
g0 that 142t is not prime in this case.
Thus the only allowable primes are of tho form
10t
+2
For 0<k<4, we obtain
3, 5, 17, 267, 65537
which are all prime.
Yor k=5,
142@) S1pom
_is divisible by 641 so that
14+ 2(2‘)
is riot prime for every k. .
Thus the only constructible m-gons are those for which m is a
product of powers of 2 with primes of the form

1422
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