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Preface

This book is an introduction to partial differential equations (PDEs) and the relevant
functional analysis tools which PDEs require. This material is intended for second
year graduate students of mathematics and is based on a course taught at Michigan
State University for a number of years. The purpose of the course, and of the book, is
to give students a rapid and solid research-oriented foundation in areas of PDEs, like
semilinear parabolic equations, that include studies of the stability of fluid flows and,
more generally, of the dynamics generated by dissipative systems, numerical PDEs,
elliptic and hyperbolic PDEs, and quantum mechanics. In other words, the book
gives a complete introduction to and also covers significant portions of the material
presented in such classics as Partial Differential Equations by Avner Friedman, Ge-
ometric Theory of Semilinear Parabolic Equations by Dan Henry, and Semigroups of
Linear Operators and Applications to PDEs by A. Pazy.

The need for such a book is due to the fact that in order to study PDEs one
needs to know some functional analysis, which requires a thorough knowledge of real
analysis (Lebesgue integral). Therefore, if real analysis is studied in the first year of
graduate school, and functional analysis in the second year, the student only begins
with PDEs in the third year - and may even have to re-learn functional analysis if the
prior instructor ignored unbounded operators (which sometimes happens).

The reader is expected to be comfortable with the Lebesgue integral; more specif-
ically, with the material presented in Examples 1.3.4 and 1.5.2. The Cauchy Theorem
is also used in a couple of places, with the most difficult version used in (4.44). These
are the only real prerequisites for the whole book. Above this level, all theorems used
are proved in the text. One may, and perhaps should, skip over some of the proofs.
However, they are included in case they are needed.

With regard to the writing style, all formal statements, like Theorems, contain
all assumptions except for those declared at the beginning of the section in which
the statement appears. This should make it easy, even for a casual reader, to figure
out what is actually assumed in a given statement. There is, however, one exception.
Throughout Chapter 3 it is assumed, unless otherwise specified, that Q is an arbitrary
nonempty open set in n E N.

In the first two chapters functional analysis tools are developed and differential
operators are studied as examples. Sturm-Liouville operators are nice examples of self-

ix



adjoint operators with compact resolvent and are reused in Chapter 4 as generators of
strongly continuous semigroups. Hörmander's treatment of weak solutions of constant
coefficient PDEs is also presented early on as an example. The foundation of elliptic,
parabolic and wave equations, as well as of Galerkin approximations, is given in
the section on Sectorial Forms. Throughout the text, completeness of a number of
orthonormal systems is proven.

The Fourier transform and its applications to constant coefficient PDEs are pre-
sented in Chapter 3. We briefly touch upon distributions and fundamental solutions,
and prove the Malgrange-Ehrenpreis Theorem. Most of Chapter 3 is devoted to
study of Sobolev spaces. Many sharp results concerning existence and compactness
of imbeddings, as well as interpolation inequalities, are proven. These results are
applied to elliptic problems in the last two sections.

The study of evolution equations begins in Chapter 4 where the semigroup theory
is introduced. The Hille-Yosida Theorem for strongly continuous semigroups and
Hille's construction of analytic semigroups are presented. The semigroup theory and
the results of the previous chapters enable us to discuss linear parabolic and wave
equations. In preparation for studies of nonlinear evolution equations, the invariant
subspaces associated with the semigroups and the inhomogeneous problem are also
examined.

A dynamical systems approach to weakly nonlinear evolution equations is given
in Chapter 5 with a nonlinear heat equation studied as an example. Trotter's approx-
imation theory is adapted to such equations giving convergence of Galerkin and finite
difference type approximations.

The chapter on semilinear parabolic equations begins with a very technical section
on fractional powers of operators. Our main results contain existence, uniqueness,
continuous dependence, maximal interval of existence, stability and instability results.
These results are applied to the Navier-Stokes equations, to a stability problem in fluid
mechanics, to showing how a classical solution can be obtained, and to the Chafee-
Infante problem as an example of a gradient system.

I wish to thank S. N. Chow and D. R. Dunninger for their early encouragement
and my wife Pam for checking the grammar.



Chapter 1

Linear Operators in Banach
Spaces

1.1 Metric Spaces

A metric space is a set M in which a distance (or metric) d is defined, with the
following properties:

(i) 0 <d(x,y) <oo for all x,y eM

(ii) d(x, y) = 0 if and only if x = y

(iii) d(x,y)=d(y,x) for all

(iv) d(x,y) <d(x,z) +d(z,y) for all x,y,z eM (triangle inequality).

The best known example of a metric space is n C N, with the distance between
two points x = (x1,. .. , and y = (Yi,... , yn) given by

d(x,y) = —y')2 +

For the remainder of this section, let M be a metric space with metric d. We shall
review basic concepts associated with metric spaces mainly in order to standardize
notation and terminology. It is assumed that the reader is somewhat familiar with
metric spaces. Hence, our review will be brief.

When A C M, B C M are not empty, define

dist(A, B) = inf{d(x, y) I x C A, y C B}.

Analogously, dist(x, A) = dist({x}, A) for x C M.
The open ball with center at x C M and radius r will be denoted by

B(x, r) = {y C M I d(x, y) <r}.

1



CHAPTER 1. LINEAR OPERATORS IN BANACH SPACES

A subset 0 of the metric space M is said to be open if for each x E 0 there exists
> 0 such that B(x, E) C 0. Note that the empty set 0 is open and that the

intersection of any finite number of open sets is open.
C C M is said to be closed if its complement CC {x e C} is open.
The closure of a set A will be denoted by A and is defined as the intersection

of all closed sets containing A. Note that A is a closed set and if A is closed, then
A = A.

A set A is said to be dense in M if A = M, i.e. A fl B 0 for every nonempty
open set B. A metric space is separable if it contains a countable dense set.

A set K C M is called compact if from any collection of open sets, whose union
contains K, a finite number of sets can be chosen so that their union also contains K.
Compact sets are closed in metric spaces. A set is said to be relatively compact if
its closure is compact. Recall that a subset of n e N, is compact if and only if it
is closed and bounded.

A sequence in M is said to converge to x e M if
x x will be used in such a case. Note if A C M, then

x A if there exists a sequence of points of A converging to x. Observe also that a
set K C M is compact (relatively compact) if for each sequence {Yn} in K there exist
y K (y E M, respectively) and integers n1 <... such that Ynk = y.

A sequence of elements in M is said to be a Cauchy sequence if for
each E > 0 there exists an integer N such that < e whenever n, in > N.
A metric space is said to be complete if every Cauchy sequence converges to some
element in the space.

Theorem 1.1.1 (Baire) If M is a complete metric space, the intersection of every
countable collection of dense open subsets of M is dense in M.

PROOF Suppose V1, V2, V3,.. are dense and open in M. Let W be any
nonempty open set in M. It will be shown that fl W 0.

Since V1 is dense, W fl V1 is a nonempty open set. Hence we can find x1 and
r1 such that

B(xi,2r1)CWflV1 and O<r1<1.
If n � 2 and and rn_i are chosen, the denseness of shows that fl

rn_i) is not empty, and we can therefore find and such that

and 0 <

By induction, this process produces a sequence in M. If i � n,j � ri
the construction shows that and both lie in rn). Hence d(x2, <

< 2/n and therefore is a Cauchy sequence. Since M is complete,
x for m n � 1,

<d(Xn,xm) + d(Xm,x) +
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and hence x x belongs to each Vn,
n � 2. Equation (1.1) implies x E W fl V1.

Corollary 1.1.2 If M is a complete nonempty metric space and M = then
some contains a nonempty open set.

If T: M —+ M is such that for some e [0, 1) we have that d(T(x), T(y)) <Ed(x, y)
for all x, y e M, then T is called a contraction. x e M is said to be a fixed-point
of T if T(x) = x. The following Theorem implies that a contraction mapping on a
complete, nonempty metric space always has a unique fixed-point. Try Exercise 2.

Theorem 1.1.3 (Contraction Mapping) Suppose M is a complete, nonempty
metric space with metric d and that T : M —+ M is such that for some n � 1
and some < 1 we have

d(TT1(z),T'2(y)) <Ed(z,y) for all z,y E M.

Then there exists a unique x E M such that T(x) = x. Moreover,

d(x,Tm(y)) max for all m > 0, y E M.
1 — e O<j<m—1

PROOF Choose y E M and let x0 = y, Xk+1 = TTh(Xk) for k � 0. By
induction, d(xk+1,xk) <Ekd(xl,xo) for k � 0. Hence, for m> k > 0

d(Xm,Xk) d(xm,xm_i) +d(Xm_1,Xk)

< d(Xm,Xm_i) + d(Xm_1,Xm_2) +... + d(xic+i,xic)
< +... +

d(Xm,Xk) < £kd(Xi,xo)/(1_E). (1.3)

Thus {xk} forms a Cauchy sequence in M and therefore {xk} converges to some
x E M. Since Xk+1) ed(x, xk), we see that {xk} converges also to
T'2(x) and thus TTh(x) = x. If T'2(z) = z, then

d(x,z) = d(TTh(x),TT1(z)) <Ed(x,z).

Hence x = z. Since T'2(T(x)) = T(x) we see that T(x) = x. If T(w) = w, then
TTh(w) = w. Hence w = x. Taking in —+ 00 in (1.3) implies

<Ekd(Tn(y),y)/(1
— E).

So, if y is replaced by T3(y), 0 <j n — 1, the 'moreover' part follows.
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A function f from the metric space M into another metric space N with metric
p is said to be continuous at the point x E M if for each E > 0 there exists
6 > 0 such that p(f(x),f(y)) <e whenever y E M and d(x,y) <6. f is said to be
continuous if it is continuous at each point. f is said to be uniformly continuous
if for each e > 0 there exists (5> 0 such that p(f(x), f(y)) whenever d(x, y) <6.
C(M, N) will denote the collection of all continuous functions from M into N. Let
CB(M, N) be the collection of those f E C(M, N) for which there exists y E N such
that supteM p(f(t), y) <00. Note that

d(f,g) sup p(f(t),g(t)) for f,g E CB(M,N)
tEM

defines a metric on CB (M, N).

Theorem 1.1.4 Let M and N be nonempty metric spaces.

(1) If M is compact, then CB(M, N) = C(M, N).

(2) If N is complete, then CB (M, N) is a complete metric space.

PROOF Choose f C(M, N), y e N and let Ak = {t E M p(f(t), y) <k}.
Note that A1, A2,... are open sets and that M C So, if M is compact
then M C Ak for some k and, hence, f E CB(M, N).

Assume that N is complete and that {fTh} is a Cauchy sequence in CB(M, N).
Thus, for each e > 0 there exists kE such that

p(fn(t),fm(t)) <E for all t M, ri,m> (1.4)

Completeness of N implies that converges to some 1(t) for every t M.
If e > 0 and n> kE/3, then (1.4) implies f(t)) for t M. Hence,
p(f(t), y) e/3 + sup5EM y) <00 for some y E N, and since

p(f(t), f(s)) < p(f(t), + f(s))
� 2e/3 +

we have that continuity of implies continuity of f. Thus, f E CB(M, N) and

If N is another metric space, with metric p, and if v e (0, 1), then CV(M, N)
denotes the set of all functions f : M —+ N for which there exists c (0, oo) such that

p(f(x),f(y)) cd(x,y)L/

for all x, y E M. Such a function f is called Holder continuous. f is called
Lipschitz continuous when (1.5) holds, with v = 1, for all x, y E M.
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f: M —÷ N is said to be a locally Holder continuous function if for each z e M
there exist r, c e (0, oo) and v (0, 1) such that (1.5) holds for all x, y E B(z, r). The
set of all such functions will be denoted by CH(M, N). Note that if f E CH(M, N),
then for each compact K C M there exist c (0, oo) and ii E (0, 1) such that (1.5)
holds for all x, y E K.

A set W is said to be connected if there do not exist two disjoint open sets
A and B such that W C A U B and both W fl A and W fl B are nonempty. If
for each x, y e W there exists continuous f : [0, 1] —+ W, such that f(0) = x and
f(1) y, then W is said to be arcwise-connected. It can be easily shown that if
W is arcwise—connected, then it is connected.

Theorem 1.1.5 (Arzela-Ascoli) Suppose that M is a separable metric space, with
metric d, and that is a sequence of complex valued functions on M such that

(a) <oo for each x E M

(b) for each > 0, x M there exists > 0 such that — <E
whenever y E M and d(x,y)

Then there exist integers n1 <fl2 < and a continuous complex valued function v
on M such that

urn sup Ifnk(x) — v(x)j = 0
k400xeK

for every compact subset K of M.

PROOF Let S {x1, x2,. . .} be a dense set in M. Let A0 be the set of
positive integers. For m> 1 let Am be an infinite subset of Am_i such that

lirn exists.
)400,3EAm

Let = 1 and for k � 1 choose E Ak such that > Note that the

urn (x) exists for all x E S.

Let K be a compact subset of M and choose e > 0. Open balls B(x,
with x E K cover K. Hence, a finite subcollection, say B1,... , Bm, also covers

K. Choose yj e S fl B2 and let N be such that

— fn3Qik)I for i,j � N, k = 1,... ,m.

Any x E K is contained in some Bk = B(zk, özkE). Hence for i, j > N

1fTh2(x) — < — + — fnJYk)I

— fnj(Yic)I

(Yk) — (zk)
I + Ifm3 (zk) — (x)

I

< 2e+E+26=5E.
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This implies that (x)} converges, say to v(x), for each x e M. Letting
j —+ oo in (1.6) gives that converges uniformly to v on every compact K.

To show that v is continuous, pick x E M and e > 0. If d(x, y) <5XE, then

Iv(x) — v(y)I Iv(x) — + — + —

i-*OO
< 6.

El

1.2 Vector Spaces

The letter K will stand for either the field of real numbers IR or the field of complex
numbers C. A scalar is a member of the scalar field K. A vector space over K
is a set X, whose elements are called vectors and in which two operations, addition
and scalar multiplication, are defined as follows:

(a) For every pair of vectors x and y corresponds a vector x + y in such a way that

x+y=y+x and x+(y+z)=(x+y)-i-z;

X contains a unique vector 0 (the zero vector or origin of X) such that
x +0 = x for every x E X; and for each x E X corresponds a unique vector —x
such that x + (—x) = 0.

(b) For every pair (a, x), with a E K and x X, corresponds a vector ax such
that

lx = x, aC@x) =

and such that the two distributive laws

a(x+y)=ax+ay,

hold.

The symbol 0 will, of course, also be used for the zero element of the scalar field.
A real vector space is one for which K = IR; a complex vector space is one

for which K = C. Any statement about vector spaces in which the scalar field is not
explicitly mentioned is to be understood to apply to both of these cases.

When X is a vector space, A C X, B C X, x E X and a E K, the following
notation will be used:

EA}

A+B = E Az e B}
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aA= {ayly E A}.

A nonempty subset Y of a vector space X is called a subspace of X if ax + fly e Y
for all x, y E V and all scalars a, If ax + fly Y for all x, y e Y and for all real
numbers a, /3, then Y is called a real subspace of X.

A subset M of a vector space is said to be convex if

tx + (1 — t)y M whenever t (0, 1), x, y E M.

Let x1,... , be elements of a vector space X. The set of all a1x1 + +
with E K is called the span of Xl,.. . , and is denoted by span{xi,... , The
elements x1,... , are said to be linearly independent if a1x1 + + = 0

implies that = 0 for 1 i < ii. A set M is said to be linearly independent if
distinct elements of every finite subset of M are linearly independent.

dimX denotes the dimension of a vector space X and is either 0, a positive
integer or oo. If X = {0}, then dimX = 0; if there exist {u1,... , such that each
x E X has a unique representation of the form

x = a1u1 + with E K,

then dimX = n and {ui,. .. is a basis for X; in other cases dimX = 00.

EXAMPLE 1.2.1 If M is a nonempty metric space and X is a vector space, then
C(M, X) is also a vector space with the usual definitions of addition and scalar multi-
plication:

(f + g)(x) = 1(x) + g(x) for f,g E C(M,X), x E M

(af)(x) = af(x) for a E IK,f e C(M,X), x E M.

C(M, IR), as well as C(M, C), will frequently be denoted simply by C(M).

The support of a scalar valued function f on the metric space M is the closure of
the set {x Mlf(x) 0} and is denoted by supp(f). Let C0(M) denotes the collection
of all f E C(M) with compact supp(f).

EXAMPLE 1.2.2 Let be a nonempty open set in a 1. For a scalar valued
function f defined on Il and a multi-index a (i.e. an ordered a-tuple a = (ai
of nonnegative integers al a1 + + an), define

= ...
f

when the indicated partial derivatives exist (in the indicated order) at each point in
if al = 0, then = f. D1 will sometimes be used to denote

For integers m > 0, let be the collection of all f E C(1l) such that E

C(1l) for every multi-index a with al < m. Recall that if f E Cm(1l) and a is a
multi-index with al <m, then all partial derivatives of f, such that for each i the total
number of differentiations with respect to x2 is equal to a1, exist and are equal to
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We write f if f Cm(1l) for allm� 0.
For m 0, define = C0(1l) fl Cm(1l) and let = C0(1l) fl C°°(1l).

is often denoted by V(1l) with its elements called test functions.

C°°(1Z), are subspaces of the vector space C(12).

When = (a, b) we write b) in place of b))

For a multi-index a = (ai we define a! =a1! . an!. If /3 is also a multi-
index, we write <a provided that /3 < a define

(a'\ — a! a1! — (aj'\
- /3!(a-$)! -

If f, g E then derivative of the product fg equals

Da(fg) = (1.7)

This can be easily verified, by induction, when differentiation with respect to only one
variable is performed; the general case follows immediately from this special case.

Suppose rn � 1, f E Cm(1l) and that x + ty E 11 for t E [0, 1]. For t e [0, 1], define
u(t) = f(x + ty). Induction on k gives

= + ty) for t [0,1], 0 < k <m

where = . . . The Taylor formula for u,

u(k)(0) 1 u(m)(t)
u(1) =

k!
+ f (1 —

(m — l)!dt

gives the Taylor formula for f:

f(x = +m - + ty)dt.
aI<m • IaI=m

1.3 Banach Spaces

A vector space X is said to be a normed space if for every x e X there is associated
a nonnegative real number lixil, called the norm of x, in such a way that

(a) lix + < lixil + for all x and y in X

(b) Ilaxil = lallixil for all x E X and all scalars a

(c) llxll>0 if
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A real-valued function defined on a vector space X, is called a seminorm if it
satisfies (a) and (b). Note if

•
is a seminorm on X, then

I lxii — I < lix — for all x, y e X

and hence if — xli = 0 then = lix II.
A normed vector space will always be regarded as a metric space with the distance

d(x, y) = lix — and with the corresponding definitions of open sets, continuity, etc,
introduced in Section 1.1. If a normed space is complete then it is called Banach
space. More precisely, X is a real (complex) Banach space if X is a Banach space
with real (complex) scalars.

A subset S of a normed space is said to be a bounded set if S C B(0, r) for some
r c (0,oo).

Sometimes different norms are defined in the same vector space X. . are
said to be equivalent norms in X if there exist c1, c2 E (0, oo) such that

lxii <C1 lxi <c2llxll for all x E X.

Note that the property of a set to be open, closed or compact in a normed space is
not affected if the norm is replaced by an equivalent norm.

EXAMPLE 1.3.1 with the usual definitions of addition and scalar multiplication, is
an n dimensional vector space. The usual euclidean norm,

lxii = (ixil2 + + x = (x1,. . .

makes it into a Banach space. This norm is often denoted by I

EXAMPLE 1.3.2 If X is a normed space and M is a nonempty metric space, then
CB(M, X) is a collection of those f C(M, X) which satisfy

sup Ill (t)ll <00.
tOM

CB(M, X) is clearly a normed space with norm If X is a Banach space, then
Theorem 1.1.4 implies that CB(M, X) is a Banach space.

EXAMPLE 1.3.3 Let be a nonempty open set in n 2 1, m 0 and define
to be the set of those f e for which

lifilm,00 max sup <00.
aI<m Q

is clearly a normed space with the norm lim,00 Let us show that is com-
plete and hence a Banach space. The case m 0 is discussed above in Example 1.3.2.
Assume that (Il) is complete for some m 1 and that is a Cauchy se-
quence in Since are Cauchy sequences in there
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exist E such that Ilk — —+ 0 and llDifk — 0 as
k —+ oo. Hence, if x E Il and is the unit vector in RT' in the i-th direction, then

fk(X + — fk(x)
= f +

for small enough h e JR. Letting k -÷ oo gives

f(x + — f(x)
=

gj(x +

Hence D2f = g2, which implies completeness.

denotes the set of those f E for which is uniformly continuous
for every multi-index s with < m. It can be easily seen that is a closed
subspace of and hence also a Banach space with the norm (. Note if
f e then each Daf, al <m, has a unique uniformly continuous extension on
which is defined for x 1l\1l by = where 11 are such
that —+ x. is sometimes denoted by Cm(1l) (note that Cm(JR) Cm(IR));
when is a bounded interval (a, b) it will be denoted by C[a, bJ.

Let Ct denote the collection of f such that 1(x) exists. The set
of all f E such that f(x) = 0, will be denoted by Cr0. Observe that
and are closed subspaces of CB and, hence, Banach spaces.

EXAMPLE 1.3.4 Let be anonempty (Lebesgue) measurable set in Forp E [1, no)
we denote by LP(1l) the set of equivalence classes of measurable functions on Il for which

<no

(two functions belong to the same equivalence class, i.e. are equivalent, if they differ
only on a set of measure 0). L°°(1l) denotes the set of equivalence classes of measurable
functions on Il for which

<

LP(1l), 1 <p < no, are Banach spaces with norm II 173.

For convenience we also consider LP(1l) as a set of functions. With this convention
in mind, we can assert that C0([l) C In fact, if p e [1, no), then is a dense
subset of L73(1l). Using this basic fact let us prove the following statement. If I is any
nonempty open interval in IR, m � 0, then is dense in LP(I), p E [1, no). If
true for some m � 0 and f E for some p E [1, no) and e > 0, then If — <s/2
for some g E Define

hô(x) = 'f(t)dt

and note that h5 e (I) for small 5. Since

1
x+5

h5(x) - g(x) = f (g(t) - g(x))dt,
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the uniform continuity of g implies I Iho — —+ 0 as (5 —+ 0, and since the support of
lies in a fixed compact subset of I for small (5we can choose small (5 > 0 such that

IIho — <E/2. Thus hf — <6, showing that the statement is true for m + 1 and
hence for all m.

When p, q, r E [1, oc], +q1 = r', Holder's inequality implies that if f E L'3(1z)
and g E then fg E and

� If IIpII9IIq (1.9)

This implies that if r,p1, •,Pk e [1, oo], = + + and g2 e (1k), then
gi • E LT(1l) and

. . � IIgkhIPk. (1.10)

LP(1l) is also separable if p E [1, oo). For p E [1, oc], we write g E if
g e LP(K) for each compact K C

EXAMPLE 1.3.5 In the following definitions let x = be a sequence of scalars:

= { x sup IxnI <oo}

= { x I = 0}, IIxII =

I
<oo}, 1 <p< 00.

£°°, c0, are nice, easy-to-play-with Banach spaces.

EXAMPLE 1.3.6 The Cartesian product X x Y is the set of all ordered pairs (x, y),
where x E X and p e Y. If X and Y are vector spaces with the same scalar field,
then X x Y is a vector space under the following operations of addition and scalar
multiplication:

(xi,yi) + (x2,y2) = (x1 +X2,Y1 +y2)

cs(x,y) = (ax,ay).

If in addition, X and Y are normed spaces with respective norms II Ix, II IIy, then
X x Y is a normed space with the norm

II(x, = IIxIIx + IIyhIy

Moreover, under this norm, X x Y is a Banach space provided X and Y are Banach
spaces.

1.4 Linear Operators
Let X, Y be normed spaces with the same scalar field. A mapping T from a subspace
of X, called the domain of T and denoted by into Y is said to be a linear
operator from X to V if

T(ax + /iy) = aTx + /3Ty
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for all x, y E D(T) and all scalars a, /3. Note that Tx rather than T(x) is used when T
is a linear operator. The range, of T is the set of all Tx with x E

T of all x E D(T) such that Tx = 0. Thus, a linear
operator T is one-to-one if = {0}. T is said to be densely defined if is
dense in X. If = X, then T is said to be defined on X. If Y = X, then T
is said to be defined in X. If S is another linear operator from X to Y, such that

D and Sx = Tx for x then S is called an extension of T and T
is called a restriction of S. If S and T are linear operators from X to Y, then the
domain ofT + S is fl V(S), and if R is a linear operator from Y to Z, then the
domain of RS consists of those x E D(S) for which Sx D(R).

A mapping T: ¶D(T) C X —+ Y is said to be bounded if it maps bounded sets
into bounded sets. When T is linear, T is bounded if the norm of T defined by

11Th = sup{IITxII
I
x lxii 1} (1.11)

is finite. Equivalently, a linear operator T is bounded if there exists m E [0, oo) such
that

hiTxii <mllxli for all x E

The smallest of such m is equal to 11Th when T is bounded.

EXAMPLE 1.4.1 Suppose A C lR'1, B C lR and t: B x A C are measurable, and
that for some M1, M2 e (0, oo) we have that

IA
lt(x,y)Idy <M1 for x E B, L ht(x,y)ldx < M2 for y E A.

Fix p e [1, ocl and define an integral operator T : LP(A) -÷ LP(B) by

(Tf)(x)
= L t(x,y)f(y)dy for f E x E B.

T is a bounded linear operator and 11Th < where q E [1, oo} is such that
1/q + i/p = 1. To see this, when p E (1, oo), note that Holder's inequality implies

I. P /p
J t(x,y)f(y)dy < (J lt(x,y)Idy) JA \A I A

< M/' /
JA

Hence another integration and the Fubini Theorem imply the bound.

Theorem 1.4.2 A linear operator is bounded if it is continuous.

PROOF If T is continuous at 0, then there exists 6 > 0 such that IlTxIl <1 for
x E with lxii <6. Hence 11Th 1/6. If T is bounded, then IITx — Tylh
11Th lix — implies continuity.
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Theorem 1.4.3 Let T: C X —+ Y be a densely defined bounded linear operator
from a normed space X to a Banach space Y. Then there exists a unique continuous
extension, say T on X. Moreover, is linear, bounded and 11Th = hITs II.

PROOF Since T is densely defined, for each x E X there is a sequence
c with —+ x. Since T is bounded, is a Cauchy sequence

in Y, and thus converges to some y e Y. Moreover, it is easy to show that y
is independent of the sequence used. Thus we can (and to obtain a continuous
extension of T must) define an operator : X —+ V by Tex = Tx,, =

T and thus (1.11) implies � 11Th. Since

II S hlxhI

it follows that = 11Th.

The collection of all bounded linear operators T from X to V with = X will
be denoted by Y); define also = X). Observe that

hhTShh hIThlhIShI if Se T e

Theorem 1.4.4 If X and V are normed spaces, then Y) is a normed space
with norm defined by equation (1.11). If Y is a Banach space, then !8(X, Y) is also
a Banach space.

PROOF If 5, T e Y), then

II(S + T)xhh = IhSx + TxhI hhSxII + hITxhI hlShh + 11Th

for x e X with llxhl < 1. This gives the triangle inequality. Clearly, if a e 1K,

then hIaThI = laIhITIl. If T 0, then Tx 0 for some x C X and hence 11Th 0.

Therefore Y) is a normed space. Assume now that V is complete and that
{T,,} is a Cauchy sequence in Y). Since

hhTnx — TmXII hhTri — TmIIIIXII, (1.12)

we see that {T,,x} is a Cauchy sequence in V. We can therefore define a linear
operator T by

Tx = lim T,,x for all x C X.
n-+oo

If e > 0, then the right side of (1.12) is smaller than ehIxhh provided that in and
it are large enough. Thus

hhTx — TmXII elIxhI for all large enough m.

Hence hhTxhI (lITmIl +e)Ihxhh, T e = T.
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The following Theorem is often referred to as the uniform boundedness prin-
ciple.

Theorem 1.4.5 (Banach-Steinhaus) Suppose X is a Banach space, Y is a norrned
space and A C Then either

sup 11Th <00
TEA

or there exists a dense set E C X such that

forall xEE.

PROOF Let = {x
I
hITxhI > ri for some T E A} for n = 1,2,3,... Observe

that each is open.

If one of these sets, say VN, fails to be dense in X, then B(xo, r) fl VN = 0

for some x0 e X and some r > 0, i.e.

forall TEA,xCB(xo,r).

Therefore, if IIxhI <r, then

hITxII = IIT(xo + x) — Tx0
f
<2N for all T E A

and 11Th <2N/r for all T E A.

The other possibility is that every is dense in X. In that case the Baire
Theorem 1.1.1 implies that E = is dense in X. Now, if x E E, then for
each n there exists T E A such that hITxhI > n. 0

An immediate consequence of the Theorem is:

Corollary 1.4.6 If X is a Banach space, Y is a normed space and if e
n = 1,2,... are such that exists for every x E X, then there exists
B E Y) such that Bx = for every x E X.

Theorem 1.4.7 (Open Mapping) If X andY are Banach spaces and T Y)
is onto, then there exists c < oo such that for each y E Y there corresponds x E X
with the properties Tx = y and lIxhl � chlyII.

PROOF Let = {x E XhIIxhl < n} for n = 1,2,... Since T is onto,
Y = Corollary 1.1.2 of the Baire Theorem implies that some T(VN)
contains a nonempty, open W. Choose yo E W and 7) > 0 such that � 77

implies Yo + y e W. Since there exist E VN such that

Tu2—+yo,
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we have Tx1 = T(v1 — u1) y and 2N. If c = 4N/i7, then rescaling
implies that for each y e Y, 6 > 0 there exists x X such that

lxii ciiyii/2, — Txii < i. (1.13)

Now choose y E Y with 1. There exists an x1 E X such that
lxiii c/2, — Txiii < 1/2. Suppose x1,... have been chosen so that

— Tx1 —• — (1.14)

Use (1.13), with y replaced by y — Tx1 — ... — to obtain Xn+l such that
(1.14) holds with n replaced by n + 1 and

iixn+lii < 2nlc, ri = 0,1,2 (1.15)

Let = xi + + (1.15) implies that {sn} is a Cauchy sequence hence it
converges to some x. (1.15) implies iixii c and Tx = y by (1.14). 0

Corollary 1.4.8 If X and Y are Banach spaces and if T Y) is one-to-one
and onto, then the inverse of T is bounded.

Definition 1.4.9 A linear operator T from X to Y is said to be closed if for every
sequence {xn} in which is such that the limits

x = lim Xn and y = lim Txn
n—*oo n—+oo

exist, we have that x E and Tx = y. T is said to be closable if there exists an
extension of T that is closed.

EXAMPLE 1.4.10 Let T D(T) C 1) —+ 1), p e [1, no], be the differential
operator given by Tf = f' with domain

¶D(T) = {f E AC[0,1] if' e f(0) =0}.

We are using AC[a, b] to denote the set of all absolutely continuous scalar valued func-
tions defined on the interval [a, b].

If gn(x) = then 1 and —÷ no as n —+ no. Thus T is not
bounded. However, if f

f
the above integral converges uniformly to g(t)dt. Thus

converge uniformly to f. As a consequence, f(x) = f g(t)dt, which implies that
f D(T), Tf = g and hence T is closed. Example 1.3.4 shows that T is densely defined
if p <no.
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Suppose that a linear operator T from X to Y has the following property: if
is a sequence in ¶D(T) such that = 0 and converges to some y E Y,
then y = 0. Note that all closable operators have this property. For such T define
closure of T, denoted by T, as follows: x E (T) if and only if there exists a sequence

{ x and converges to some y E Y;
for such x, y we define Tx = y. It is easy to check that T is an extension of T and
that T is closed.

It is left to the reader to verify the following properties a linear operator T from
X toY:

(a) T is closed if its graph {(x, Tx) I x e is closed in X x Y.

(b) If T is continuous and is closed, then T is closed.

(c) If T is closed, then N(T) is closed.

(d) If T is one-to-one, then T is closed if T1 is closed.

(e) If T is continuous, then T is closable.

Theorem 1.4.11 (Closed Graph) If X and Y are Banach spaces and T is a closed
linear operator from X to Y with ¶D(T) = X, then T is bounded.

PROOF Define lxi = lxii + iiTxli for x E X. One can easily check that
.

is also a norm on X. Closedness of T implies that X is also complete with this
norm. Consider I, the identity map on X, as an operator from the Banach
space X with norm onto the Banach space X with norm I is clearly
bounded and the Open Mapping Theorem 1.4.7 implies that there exists c < 00
such that lxi <dlxii for all x E X. Hence 11Th <c — 1. D

1.5 Duals

When X is a normed space, the set K) will be called the dual space of X and
will be denoted by X*. is also called the adjoint space or conjugate space of
X. Elements of X* are called bounded linear functionals on X. Theorem 1.4.4
implies that X* is a Banach space.

EXAMPLE 1.5.1 For f = E £°°, define

F(x) = >fnxn

for all x = e £'. Note that F e £1* and that iiFii = ill ik. Suppose now that
F j1* and let us show that equation (1.16) holds for some f = {f,j e £°°. For i � 1,
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define = e by = 1, and let = 0 if j i. Define f2 = and
note that $ IIFII Iii = IIF1I and therefore f = e £°°. If x E then

IF(x) - = IF(x) - � IIFII

Letting n —+ oo proves the assertion. Thus one can, loosely, say that £°° = £1*. If
p E [1, oo), then one can show in a similar way that the linear functionals on can
be represented by equation (1.16) with f e where q is such that i/p + 1/q = 1 and
therefore = £P*.

EXAMPLE 1.5.2 Suppose 1 <p, q < oo satisfy i/p + 1/q = 1 and let be a nonempty
Lebesgue measurable set in For g e define

G(f)=fgf forall (1.17)

It is easy to see that G is a bounded linear functional on L"(Il) and that uGh = IIghIq
If 1 < p < 00, then one can show that for each G E there corresponds a
unique g E so that equation (1.17) holds. Hence, it is customary to identify
LP(1l)* = The case of p = 00 is different. The dual of L°° is much larger than
L1.

Theorem 1.5.3 Suppose A1, A2,... are bounded linear functionals on a separable
Banach space X such that sup2 <00 for all x E X. Then sup2 <00 and
there exist integers <712 < ... and a bounded linear functional A on X such that

lim Aflk(x) = A(x) for all x E X. (1.18)
k—*oo

PROOF The uniform boundedness principle implies c sup2 <00. Since

1A2(x) — A2(y)I — i'll, the Arzela-Ascoli Theorem 1.1.5 implies existence
of <712 < ... and A C(X) such that (1.18) holds. It is easy to check that
A is a bounded linear functional on X. 0

Corollary 1.5.4 Suppose 1 < p 00, i/p + 1/q = 1 and let be a nonempty
Lebesgue measurable set in If fi, f2,... is a bounded sequence in then
there exist integers <712 < ... and f such that

lim f f fg for all g e
k-+oo0 ci

PROOF Let A2(g) = f f2g for g e X Since X is separable, see
Example 1.3.4, Theorem 1.5.3 gives integers < n2 < ... and A e X* such
that Aflk (g) —+ A(g) for all g E X. In view of Example 1.5.2, there exists

0
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A sequence Xl, X2,... in a Banach space X is said to be weakly convergent if
there exists x e X such that A(x) A e In this case
x is called a weak limit of the sequence and the notation x is used. Note
that Corollary 1.5.4 implies that every bounded sequence in 1 <p < oo, has
a weakly convergent subsequence.

In the proof of the following Hahn-Banach Theorem we shall need to make use
of transfinite induction. Our argument will be based on the Hausdorif Maximality
Theorem which we shall now briefly review.

A set P is said to be partially ordered by -< if

(1)

(2)

(3)

For example, any collection of subsets of a given set is partially ordered by C.
A subset T of a partially ordered set P is said to be totally ordered if every

pair a, b T satisfies either a b or b a. A totally ordered set T is said to be a
maximal totally ordered subset of P if there does not exist a totally ordered set
Y' C P such that T C T' and T 'T1.

Theorem 1.5.5 (Hausdorif Maximality) Every nonempty, partially ordered set
contains a maximal totally ordered subset.

This Theorem happens to be equivalent to the Axiom of Choice and to the Zorn
Lemma. Hence, depending on one's preferences, it can be taken as a basic assumption
(our choice) or derived from either the Axiom of Choice or the Zorn Lemma.

Theorem 1.5.6 (Hahn-Banach) Suppose M is a subspace of a normed space X
and that f e M*. Then there exists F E X* such that IIFII = If II

and

F(x) = f(x) for all x E M.

PROOF Let us suppose first that K = R so that f is real valued. Let c = hf II.

Choose any XO e X\M and let

M0 ={x+AxoIx EM,A E R}.

Observe that for all x, y E M,

f(x — y) cIIx — cIIx — xohI + chlxo —

f(x) — cIIx — xohI f(y) + — xohI.
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Hence one can find a E R such that for all x E M,

1(x) — clix — xoii a 1(x) + clix — xoII

if(x) — al <clix — xoli.

Replacing x by —x/A gives

1(x) + Aal <clix + Ax0 for all x E M, A E

Hence, if fo : M0 —+ R is defined by

fo(x + Axo) = f(x) + Aa,

then fo e Mo* and fo is an extension of f with lifoil = c.

Let P be the collection of all pairs (N, g) where N M is a subspace of X
and g E N* is an extension of 1 with = c. Define partial ordering on P
by

(N, g) -< (N', g') if and only if N C N' and g' extends g.

The Hausdorif Maximality Theorem implies the existence of a maximal totally
ordered subcollection T of P.

Define S to be the union of all N where (N, g) E T. The fact that T is totally
ordered implies that S is a subspace of X and allows us to define F: S —+ as
follows: if x E S, then x belongs to some N with (N, g) E T, let F(x) = g(x).
Note that (S, F) E P, and since m -< (S, F) for all m E T, the maximality of
T implies (S, F) E T. If S would be a proper subspace of X, the first part
of the proof would give us a further extension of F and this would contradict
maximality of T. Thus S = X, and the proof is complete for the case of real
scalars.

Suppose now that K = C. Note that M, X are also real vector spaces and
that if u(x) = Re 1(x) for x E M, then u E Il') and, clearly, lull 11111.

Let U E !B(X, R) be the extension of u as obtained in the case of real scalars.
Define

F(x) = U(x) — iU(ix) for all x E X.

One can easily see that F is an extension of f and F E X and if
a e C is such that cxF(x) = IF(x)I, then iF(x)i = F(ax) = U(ax) iiUllilxIl.
Hence IlFil lUll = lull 11111 and, therefore, ilFll = 11111

Theorem 1.5.7 Let M be a subspace of a normed space X and assume that x E X
does not belong to the closure of M. Then there exists f X* such that

ill Ii = 1, f(x) = dist(x,M) >0, f(y) = 0 for all y EM.



20 CHAPTER 1. LINEAR OPERATORS IN BANACH SPACES

Prtoor Define a subspace N = {y+ Axly E M, A e K} and let g(y+ Ax) = Ad

for all y e M, A E K, where d = dist(x, M). If y e M, A e K\{0}, then

lix — � d = g(x + (l/A)y).

Hence g N*, 1. If is a sequence in M such that lix — —f d,

then — — xli = — xii —+ 1, and hence = 1. Let f be the
extension of g as provided by the Hahn-Banach Theorem 1.5.6. 0

If X is a normed space and x E X, then f E X* which is such that

1(x) = 11x112 = 111112

is called a normalized tangent functional to x. Taking M = {0} in the above
Theorem 1.5.7 and rescaling proves their existence:

Corollary 1.5.8 If X is a norrned space and x e X, then there exists f such

that 1(x) = iIxIi2 = if 112

EXAMPLE 1.5.9 Let be the sup norm on X = C[0, 1]. Pick u E X and let x0 E [0,1]
be such that lu(xo)I = huM. Define f E X* by f(v) = u(xo)v(xo). f is a normalized
tangent functional to u. Note that u can have many normalized tangent functionals.

The above Corollary 1.5.8 implies that the dual of a normed space X separates
points in X:

Corollary 1.5.10 If X is a normed space and if x, y E X are such that f(x) = f(y)
for allfeX*, thenx=y.

Definition 1.5.11 Let X be a normed space. The dual space X** of X* is called
the second dual space of X and is again a Banach space. Note that to each x E X
we can associate E X** by = 1(x) for f E X*. Since Ill hhhixhl,

we have that lix II; by taking f to be a normalized tangent functional to x
gives that = lix ii. Thus, the mapping F : x is a linear isometry of X
onto a subspace of X**. Frequently, F(X) is identified with X and, in this case, X
is considered as a subspace of X**. X is said to be reflexive if F(X) = i.e.,
X is reflexive if for every g E X** there corresponds x E X such that = g. For
example, all spaces, including with 1 <p < oo are reflexive. £1 is an example
of a space that is not reflexive.

Definition 1.5.12 Let X and Y be normed spaces and let T be a densely defined
linear operator from X to Y. Define a linear operator from to X*, called the
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adjoint of T and denoted by T*, as follows: g e if and only if g E and
there exists c < oo such that

Ig(Tx)I for all x E

If g E then the fact that is dense in X implies (see Theorem 1.4.3)
that there exists a unique f E such that f(x) g(Tx) for all x E Define
T*g =

Clearly, T* is a linear operator and it is easy to show that T* is always closed.

EXAMPLE 1.5.13 Suppose p e [1, oo) and let T E LP(B)) be given by

(Tf)(x) = ft(xy)f(y)dy for I E XE B

as in Example 1.4.1. In view of identification LP* = where 1/q + i/p = 1 (see
Example 1.5.2) the Fubini Theorem implies that

(T*g)(y)=ft(x,y)g(x)dx for yEA.

1/q i/pReapplying Example 1.4.1 gives IT <M1 M2

Theorem 1.5.14 Let X and Y be normed spaces. If T E Y), then T* e
and 11Th IIT*Il.

PROOF Since for all g E and all x E X,

= � igllhlTiiiixii,

we have that IIT*hI � 11Th. Corollary 1.5.8 implies that for every x E X there
exists E such that <1 and = hhTxhl. Hence

IIT*hl 2 2 = hlTxhI for all x E X, lxii 1

implies that hiT*ii 2 11Th. E

Theorem 1.5.15 If X and V are normed spaces, V is reflexive and T is a closed,
densely defined, linear operator from X to Y, then is dense in

PROOF If is not dense in then Theorem 1.5.7 and the fact that V
is reflexive imply that there exists y E Y such that y 0 and £(y) = 0 for all
£ E Note that (0, y) M {(x, Tx) I x E and since M is closed
in X x Y, Theorem 1.5.7 (see Exercise 10) implies the existence of E X* and
£2 E such that £2(y) 0 and £1(x) + £2(Tx) = 0 for all x E This
implies that £2 E D(T*) and hence the contradiction £2(y) = 0. 0
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Theorem 1.5.16 Let X and Y be Banach spaces and suppose that T is a closed,
densely defined, linear operator from X to Y. Then the following two statements are
equivalent:

(a) T is one-to-one, onto and T' e

(b) T* is one-to-one, onto and e

Moreover, if (a) holds, then (T_l)* =

PROOF Assume (a) and let R = T'. Note that for every y V and

g e
g(y) = g(TRy) = (T*g)(Ry) = (R*T*g)(y).

Hence g = R*T*g and T* is one-to-one. For f e X* and x E

f(x) = f(RTx) = (R*f)(Tx) hence (R*f) e and T*R*f = f.
Therefore T* is onto, = R* and, by Theorem 1.5.14, we have proved (b)
as well as the 'moreover' part.

Assume (b). Choose any x e Corollary 1.5.8 implies there is an
f e X* such that ill Ii <1 and f(x) = lxii. Hence if g = then

lxii = f(x) = (T*g)(x) = g(Tx) = < (1.19)

Thus T is one-to-one. If a sequence converges to some y E Y, then (1.19)
implies that converges to some x E X. Closedness of T implies that x E

Tx = y and therefore R(T) is closed. If there would exist y
then Theorem 1.5.7 would imply existence of g E such that g(y) > 0 and
g(Tx) = 0 for all x However, this implies g E

T* is one-to-one we would have g = 0 which contradicts g(y) > 0.
Therefore T is onto, and T1 e X), by the inequality (1.19). 0

EXAMPLE 1.5.17 Suppose T : D(T) C 1) —+ 1), p E [1, oo), is given by

Tf = 1' for f e D(T) = {f E AC[0, lfl f' e 1), f(0) = 0}.

In Example 1.4.10 it is shown that T is closed and densely defined. It can be easily
seen that T is one-to-one, onto and

(T'g)(x) = f g(t)dt for g L"(O, 1).

Thus Theorem 1.5.16 implies = (T_l)* and, in view of Example 1.5.13, we have

(T*_lh)(x)
= f h(t)dt for h E 1),

1/q + i/p = 1. Therefore, T* can be identified with the following linear operator in

T*g = g' for g E ¶D(T*) = {g e AC[0, 1]
I
g' e 1), g(1) = 0}.



1.6. SPECTRUM 23

1.6 Spectrum

Definition 1.6.1 Let T be a linear operator in a normed space X with scalar field
K. The resolvent set of T, denoted by p(T), is defined to be the set of all scalars
A e K for which there exists R(A) E such that

(1) for every y e X we have that R(A)y e 11(T) and (T — A)R(A)y = y,

(2) R(A)(T—A)x=x for allxE'D(T).

When A E p(T), R(A) is called the resolvent ofT at A and will be usually denoted by
(T — A)'. a(T) = K\p(T) is called the spectrum ofT. The set of A e K for which
there exists x e 11(T), x 0, such that Tx = Ax, is called the point spectrum of
T and is denoted by The elements of are called the eigenvalues of T
and the nonzero members of N(T — A) are called the eigenvectors of T.

Note that if p(T) is not empty, then T has to be closed. Observe that if (1) is
satisfied and A is not an eigenvalue of T, then (2) is also satisfied. Also, if A e
then T — A is one-to-one and onto. In particular C cr(T). The converse follows
immediately from the Closed Graph Theorem:

Corollary 1.6.2 If T is a closed linear operator in a Banach space, then A E p(T)
if and only if

T — A is one-to-one and onto.

Suppose A, ( e p(T). If x E X, then y = (T — A)1x — (T — e 11(T) and

(T — A)' on both sides gives the resolvent identity

(T— A)1 — (T—()' = A)'(T—()1 for A,( E p(T). (1.20)

Observe that this identity implies that (T — A)', (T — ()' commute for A, ( e p(T).

EXAMPLE 1.6.3 Suppose T0 : 11(T0) C 1) —* LP(0, 1), p E [1, oo], is given by

Tof = f for f E 11(To) = {f E C'[O, lfl f(0) = 0}.

Since T0f — Af e C[0, 1], To — A is never onto and hence a(To) = K.

EXAMPLE 1.6.4 Suppose T, : ¶D(T,) C L"(O, 1) -÷ LP(0, 1), p E [1, 00], is given by

T,f=f' for f(0)=f(1)}

and let K = C.



24 CHAPTER 1. LINEAR OPERATORS IN BANACH SPACES

It can be easily seen that A is an eigenvalue of T1 if eA = 1 if A = 2inir, n =
0, ±1,... The corresponding eigenvectors are If A then solving f' — Af =
g, f(0) = f(1), suggests that we define

1 eA(x_y) if x <y
(R(A)g)(x)

= f t(x, y)g(y)dy where t(x,
= 1 — eA { i x > y

It is easy to verify that R(A) 1)) and that it satisfies the requirements stated
in Definition 1.6.1. Thus cT(Ti) =

EXAMPLE 1.6.5 The operator T: D(T) C LP(0,l) 1), given by

Tf = f' for f E ¶D(T) = {f E AC[0,l] If' E f(0) = 0},

has an empty spectrum whenever I E (0, oo), p e [1, 00] and 1K = C. Its resolvent is
given by

((T — A)'g)(x)
= f for A E C, g E

EXAMPLE 1.6.6 Define T2 : ¶D(T2) C —+ p E [1, 00], by T2f = 1' with
domain

= {f I E AC[—a,a] for all a e (0,oo), f' e

and let C be the field of scalars.

Assume A e C and Re A > 0. Solving f' — Af = g suggests the following definition
of the resolvent:

(R(A)g)(x) =
— f e x E R.

Applying Example 1.4.1, we see that R(A) E and IIR(A)II < 1/Re A. It is
easy to verify (1) in Definition 1.6.1 and, since A cannot be an eigenvalue of T2, we have
that A E p(T2) and R(A) (T2 — A)—1.

If A E C and Re A < 0, then one can similarly show that A E p(T2) and

((T2 — A)1g)(x)
=

e e L

e A 0, belongs to the resolvent set of T2 and

II(T2 - � iRe Al

If p = oo, then = cr(T2) = jIlt

If p < 00, then T2 has no eigenvalues. However, if A e C, with Re A = 0, then
T2 — A is not onto and hence A E a(T2). To see this, try to find f E such that
T2f — Af = g where g(x) = e for other x E lit
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EXAMPLE 1.6.7 Define S : C L12(R) —+ LP(R), p E [1, ooj, by Sf = —1" with
domain

'D(S) = {f E
I
1' E AC[—a,a] for all a (O,oo); f,f',f" e

and let C be the field of scalars.

If A C and A [0, oo), then it can be easily seen that

(S — A)-1 = —(T2 — + fl-',
where T2 is as in Example 1.6.6 and ( = (—A)1!2 with Re ( > 0. Similarly, as in
Example 1.6.6, one can show that cr(S) = [0, oo).

Theorem 1.6.8 Suppose X is a Banach space, T E and A is a scalar such
that IA! > for some integer ri � 1. Then Ap(T) and

(T — A)'x =
—

AklTkx for all x E X. (1.22)

PROOF Choose x X and define = —A1x + A'Ty for y E X. By
induction,

= —A1x — A2Tx — ... — A_kTk_lx + A_cTky for k> 1, y X.

Thus — — zil and hence Theorem 1.1.3 implies ex-
istence of a unique E X such that = i.e. (T —

A is one-to-one and onto, hence, Corollary 1.6.2 implies that A E p(T) and
= (T — A)1x. Theorem 1.1.3 implies also that = which

implies (1.22).

EXAMPLE 1.6.9 Initial value problem for a system of n linear ordinary differential
equations. Suppose —oo < a < b < oo and let A be an rt x a matrix with entries

e L1(a, b). Assume also that c C'2 and f = (fi,. . .

, where E L'(a, b).
We will show that there exists a unique g = (gi [a, b] —+ C'2 such that each
gj E AC[a,b], g(a) = c and

g'(x) = A(x)g(x) + f(x) for almost all x e [a, b].

For u = (ui,. . . , E X C([a, b], C'2), define

huh = max max Iui(x)h.
a<x<b 1<i<n

X is a Banach space (Example 1.3.2). For u X, define Ku E X by (Ku)(x) =
f A(y)u(y)dy and let h e X be given by h(x) = c +f,X f(s)ds. Observe that it is
enough to show that there exists a unique g X such that g = Kg + h. This will be
accomplished by showing that 1 E p(K).
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Choose any u E X. Define = = Ku(k) for k = 0,1,2,... and observe
that Kku = Define also Vk(X) = (k)(x)I and note

vk+1(x) <f G(s)vk(s) ds where G(x) =

By induction,

Vk(X)
(k 1)' 1

(fX
G(s)ds)

k-i
G(y)vo(y) dy for all k � 1, x e [a, b].

Thus vk(x) <Mkllull/k!, where M = G(s)ds. Hence, if A E C, A 0, then

= � 0

Hence Al > I IKk 11/k for k large and, by Theorem 1.6.8, A E p(K). Observe also that if
u = (Ui,... , e then each u2 is absolutely continuous and hence X
and a(K) = {0}.

EXAMPLE 1.6.10 The Volterra integral equation of the second kind is represented by

f(x)
— f g(x,y)f(y)dy = h(x) for almost all x E (a, b). (1.23)

We shall show that, for given h b), there exists a unique f e LP(a, b) for which
equation (1.23) is satisfied. It is assumed that —oo < a < b < oc, 1 < p < 00,
9: (a, b) x (a, b) —+ C is Lebesgue measurable and

xIIIj dx<oo.

When u E L'(a, b), Holder's inequality implies that

(fX
G(x) (1.24)

where
/ X(IG(x)

=

Since M G(x)dx <00, one can define K E b)) by

(Ku)(x)
= f g(x,y)u(y)dy.

Fix any u E LP(a, b) and define = f for n = 0,1,2 Inequality
(1.24) implies that

<f
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and, as in Example 1.6.9, we have that < M"vo(b)/n! for n 2 1. Therefore
= < Theorem 1.6.8 implies that every A E C, A 0,

belongs to p(K). Thus the solution of the Volterra equation (1.23) is f = (1 — K)1h
and equation (1.22) implies that

Theorem 1.6.11 Suppose that T is a linear operator defined in a Banach space X.
Then p(T) is an open set and a(T) is a closed set. Moreover, if A E p(T), (E 1K, are
such that IA — — A)—111 < 1 then, p(T). Furthermore, the resolvent of T is
differentiable, valued, function and its derivative is

— A)' = ((T — A)-')2 for all A E p(T).

PROOF Observe that the 'moreover' part implies that p(T) is an open set
and that o(T) = p(T)c is a closed set. To prove the 'moreover' part, use
Theorem 1.6.8, to define

R = (T - - ((- A)(T - A)1)' e

It is easy to see that = x for x e X and = y for yE
Hence ( e p(T), (T — = R. (1.22) gives the bound on IIRII,

T — —1 < II(T — A)'II
II( - 1- - AIII(T - A)'II

If ( A, the resolvent identity (1.20) implies

- (T-A)') - ((T-A)')2 = (T-A)'((T-()1 - (T-A)')

= ((- A)(T - - A)')2.
Using the bound on IIRII gives

- - ((T - A)')2 11A -

and this proves the differentiability of (T — A)'.

A function f : D —+ X, where D is a nonempty open set in C and X is a complex
Banach space, is said to be analytic in D if it is differentiable in D, i.e., there exists

D —+ X such that

lim
f(w) — f(z)

— = 0 for all z E D.
W—+z W—Z

Theorem 1.6.11 implies that the resolvent of an operator is analytic when its resolvent
set is not empty and the scalar field is C.
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EXAMPLE 1.6.12 Define T2 : D(T2) C LP(IR) —+ p E [1,00), by T2f = f' with
domain

'D(T2) = {f E I f E AC[—a,a] for all a E (O,oo), 1' E

and let C be the field of scalars. In Example 1.6.6, it is shown that a(T2) = iE. Thus, if
A E C, Re A 0, then taking ( = jIm A in Theorem 1.6.11 gives Re Aiii(T2 — (I � 1.
Hence (1.21) implies

forall (1.25)

Theorem 1.6.13 Let T be a closed and densely defined linear operator in a Banach
space X. Then a(T) = a(T*) and

((T A)_l)* = (T* — A)-' for all A E p(T).

PROOF It is easy to see that (T_A)* = T*_.A for all scalars A. Theorem 1.5.16
implies the rest. 0

Lemma 1.6.14 If A, B are linear operators in a Banach space such that A is an
extension of B and p(A) fl p(B) is not empty, then A = B.

PROOF If x ¶D(A) and A E p(A) fl p(B) then (A — A)x = (B — A)y for some
y e ¶D(B). Hence (A — A)(x — y) = 0 and, therefore, x = y, implying A = B.

Definition 1.6.15 Let T be a linear operator in a Banach space X. A set of scalars
f(Tx) - where x ranges over all x 'D(T) with IxIf = 1, and f is a normalized tangent
functional corresponding to this x - is called a numerical range of T. Since elements
of a Banach space can have several different normalized linear functionals, T could,
in principle, have several different numerical ranges. T is said to be accretive if it
has a numerical range that is contained in {z e K Re z 0}, i.e., for each x E
with (lxii = 1, it is required that there exists f E such that f(x) = ((f = 1 and
Ref(Tx) � 0. T is said to be dissipative if —T is accretive.

Note that is contained in any numerical range of T: if A E then
Tx = Ax for some x with norm 1, hence, if f is a normalized tangent functional to x
then f(Tx) = A. A partial converse

Theorem 1.6.16 Suppose that T is a linear operator in a Banach space X and that
its numerical range is contained in a nonempty closed set F. Let 0 be a connected
subset of If — A) = X for some A 0, then 0 C p(T) and for every ( e 0,

f((T - <1/dist((,F). (1.26)
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PrtooF If x E x 0, then for every scalar

llTx—,2x11 � If(Tx—ux)l = llxIllf(Tx)/Ilxll —af �
where f E is the normalized tangent functional to This implies
(1.26) for all (in the open set 01 p(T) fl FC and that A E Oi fl 0.

Let 02 = a(T) fl FC. Take any x E 02 and ( E B(x, r), where r =
dist(x, F)/2. Note that dist((, F) > r. If ( p(T), then ( E 01 and (1.26)
implies

Ix-(I/dist((,1') <1.
Hence Theorem 1.6.11 implies x E p(T), which is not true, and therefore ( E
cr(T). Hence (E 02, proving that 02 is open.

Since 0i, 02 are disjoint and 0 C 01 U 02, the connectedness of 0 implies
that 02 fl 0 is empty and therefore 0 C Oi, which completes the proof. D

Corollary 1.6.17 If T is an accretive linear operator in a Banach space X such that
— A) = X for some scalar A with Re A < 0, then every scalar ( with Re ( < 0

belongs to the resolvent set of T and l(T —

EXAMPLE 1.6.18 Let X = {f e C[0, 1] f(0) = f(1) = 0) and let II II be the sup
norm on X. Assume a E C[0, 1] and a(x) e (0, oo) for x E [0, 1]. Define

Tf = —af" for f E D(T) {f E C2[0, lfl f, f" E X}.

Let us show first that T is accretive. Choose any f E D(T) and define A e X* by
A(g) = f(xo)g(xo) where x0 E (0, 1) is chosen so that h ft2 attains maximum at xo.
A is a normalized tangent functional to f and

ReA(Tf) = a(xo)((f'(xo)(2 h"(xo)/2) � 0.

It is easy to show that 0 E p(T) by showing that

= L
+ (1 Y)Xf(y)dy for f E X, x e [0,1].

Since the resolvent set is open (Theorem 1.6.11) we have that R(T — A) = X when At
is small. Hence, all assumptions of Corollary 1.6.17 are satisfied.

1.7 Compact Linear Operators
We shall now restrict our investigation of operators to a special class which have
many of the characteristics of operators in finite dimensional spaces. Many integral
operators and, hence, inverses of differential operators, will fall in this class. Let us
begin by showing that all norms are equivalent on finite dimensional spaces.
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Theorem 1.7.1 A finite dimensional normed space is complete and, hence, is a
Banach space. Moreover, if {ui,... , is a basis for the normed space X and if
T: -+ X is defined by

forall

then T is one-to-one, onto, bounded and T' is bounded.

PROOF The definition of the basis gives that T is one-to-one and onto.
uTah � (>1 IIuill2)1"2llall implies that T is bounded. If T' is not bounded, then
there exists a bounded sequence {Xm} in X such that hlT'Xmhl —* oo as m —+ 00.

Let am = Then lam II = 1 and Tam —+ 0 as m —+ 00. The
Heine-Borel Theorem implies that {am} has a convergent subsequence and,
hence, by renaming a subsequence, we may assume that {am} converges to
some a E with = 1. Since Tatm —+ 0 and llTa — Tatm <llTlhlla — atm
we have that Ta = 0, which contradicts the fact that T is one-to-one. There-
fore, T' is bounded. If {Yk} is a Cauchy sequence in X, then boundedness
of T' implies that {T1yk} is a Cauchy sequence in which is complete.
Hence {T1yk} converges to some /3 E Boundedness of T implies that {yk}
converges to T/3. 0

Recall that a set is compact in a euclidean space if and only if it is closed and
bounded. In infinite dimensional spaces the situation is very different:

Theorem 1.7.2 If a normed space X contains a nonempty open subset V such that
V C K for some compact set K, then X is a finite dimensional space.

PROOF Choose x0 V, r > 0 such that B(xo, r) C K. Compactness of
K implies that there exist Xi,. . . , in K such that K C B(xi, r/2) U ... U

r/2). Let V denote the set of all linear combinations of x1 — xe,... , —

Xo. So, V is a finite dimensional subspace of X, dim Y <m.

If x e B(0, 1), then x0 + rx E B(xo,r). Hence xO + rx E for
some i and, therefore, + rx = x2 + ry, i.e., x = — x0) + y for some
y E B(0, 1/2). Therefore,

B(0,1) C Y+B(0,1/2)

and, since V is a vector space, we have B(0, C Y + B(0, This
implies that if B(0, 1) C V + B(0, then

B(0, 1) C V + B(0, C V + V + B(0, = Y + B(0,

Therefore, B(0, 1) C V + B(0, for all n 1. Thus, if x E B(0, 1), then
there exists a sequence {Yn} in V such that lix — < Theorem 1.7.1



1.7. COMPACT LINEAR OPERATORS 31

implies that Y is complete and, therefore, x Y. Rescaling gives that X = V.
LI

Let X and V be Banach spaces. T E Y) is said to be compact if for every
bounded sequence in X there exist integers n1 < < ... such that the
sequence {Txflk converges to some element of Y.

EXAMPLE 1.7.3 Suppose t e and define T e by

(Tu)(x)
= f t(x,y)u(y)dy for all u e L2(Rm), x E

We will show that T is compact.

Since t has compact support, there exists c < oc such that t(x, y) = 0 if lxi > c or
> c. Let {Uk} be a sequence in with M = SUPk iiukii <oo. Note

/ \1/2
i(Tuk)(x)l � (f t(x,y)i2dy) ilukii

J

Let any E > 0 be given. Uniform continuity of t on the compact set lxi <c + 1, <c
implies that there exists E (0, 1) such that it(x, y) — t(x', < for all y whenever
ix — x'i <5. Hence, if ix — x'i <5, then

/ \1/2
i(Tuk)(x) - (Tuk)(x')i � (f it(x,y) - t(x',y)I2dy) ikLkii <e(2c)m/2M.

\ J

Therefore, {Tuk} is a uniformly bounded and equicontinuous family of functions that
vanish outside B, the closed ball of radius c in The Arzela-Ascoli Theorem 1.1.5
implies that there exist k1 < < ... such that the subsequence {Tuk, converges
uniformly in B to some v e C(B). Define v = 0 outside B. Hence converges
to v in L2(Ilr).

Theorem 1.7.4 Let X andY be Banach spaces and T E

(a) T is compact if and only if the closure of {Txix e X, lxii < 1} is compact.

(b) If <oc, then T is compact.

(c) If T is compact and is closed, then dimR(T) <00.

(d) If E Y) are compact for n � 1 and iiTn — Tii = 0, then T
is compact. Compact operators form a closed subspace of Y).

(e) If Z is a Banach space and S Z), then ST is compact if either T or
S is compact.
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PROOF If T is compact and E A, A = {TxIx E X, < 1}, then there
are E X with 1 such that <1/ri and, since a subsequence
of converges, the same subsequence of {yn} converges. Therefore A is
compact. The rest of (a) is obvious. (b) follows from Theorem 1.7.1.

To prove (c), suppose e and 1 for n 1. Since T maps onto
R(T), and since R(T) is complete because is closed and V is complete,
the Open Mapping Theorem 1.4.7 implies that = for some bounded
sequence in X. Thus has a convergent subsequence and the closed
unit ball in is compact and dimR(T) <00 by Theorem 1.7.2.

To prove (d), let be a sequence in X with M = <00. Let Ai
denote an infinite set of integers such that the sequence {Tlxn}neA1 converges.
For k � 2 let Ak C Ak_i denote an infinite set of integers such that the sequence
{Tkxfl}neAk converges. Choose e and k

E > k be such that IT — TkIIM <E/4 and note that

II + -Tkxn. —Tkxn. II.

Since {Tkxfl1 converges, is a Cauchy sequence.

(e) is obvious. 0

Corollary 1.7.5 Suppose X is a Banach space and T e is compact.

(i) If A is a scalar, A 0, then dimN(T — A) <00.

(ii) If dimX = oo, then 0 a(T).

PROOF If V = N(T — A), then T restricted to V has closed range V. If
0 p(T), then = X is closed and, hence, has to be finite dimensional. 0

EXAMPLE 1.7.6 Assume that —oo <a < b < oo and 1 <p < 00. Define

(Tf)(x) = faX f(y)dy.

Note that T E (a, b), b)). We want to show that T is compact if p < 00.

Fix n 1, 6 = (b a)/n and define for f e V(a, b)

n—i rk

(Tnf)(x) = f f(s)ds,

where rk = a + k6 and XA is used to denote the characteristic function of the set A.
Note that has an n-dimensional range and, hence, Theorem 1.7.4 implies that is
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a compact member of b), LP(a, b)). If x <rk+1, then

X rk+1
f(Tf -

= 1k < 1k lf(s)lds � Ill Iii
rk+1

1. I

< 1.
IITf — Ii � SIIf lii

IITf — <

Hence, (d) of Theorem 1.7.4 implies that T is compact if p < 00.

Since multiplication by the L°° function is a bounded operator in b), the
operator

(Sf)(x) = k1(x) k2(y)f(y)dy,

with k1, k2 E L°°(a, b), belongs to b), LP(a, b)) and is compact if p < oo.

EXAMPLE 1.7.7 Suppose M C IRm and N C are nonempty Lebesgue measurable
sets and that t : N x M —+ C is measurable with

IN fM
It(x,y)I2dydx <00.

If u E L2(M), then

(fM (fM
It(x,Y)l2dY)

fM

Therefore, we can define T e L2(N)) by

(Tu)(x) = fM
for all u e L2(M), xE N (1.27)

<IItIIL2(NXM)
= (fN fM It(x,

dx). (1.28)

Let us show that T is compact.

Define s = tin N x M and s(x, y) = 0 if x or y e Using s in place
of tin equation (1.27) defines S E (Rm), L2(W2)). Choose tk e C0(lR7m) so that
tk s in and let Tk e L2(Ilr)) be defined as T in (1.27) but
with tk in place oft. In Example 1.7.3, it is shown that Tk are compact. (1.28) implies
IITk — 811 Iltk — -4 0. Hence Theorem 1.7.4 implies that S is compact and
so is T.

Theorem 1.7.8 Suppose X and Y are Banach spaces and T E Y). Then T is
compact if and only if T* is compact.
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PROOF Suppose T is compact. Let be a bounded sequence in and let
M = sup,, Note that K, the closure of {TxIx E X, lixU < 1}, is compact
and

for all y E K, n 1,

forall y,zEK, n> 1.

The Arzela-Ascoli Theorem 1.1.5 implies that a subsequence {f,,, } converges
uniformly on K and, therefore,

IT*fni T*f,,3(( = (f,,(Tx) — f,,3(Tx)(

sup f,,1(y) —
yCK

implies that {T*f,,3 } is a Cauchy sequence. Hence T* is compact.

Assume T* is compact. Let F X —f X** be the linear isometry given by
(Fx)(f) = f(x) for x e X, f e If {x,,} is a bounded sequence in X, then
{ Fx,,} is a bounded sequence in X** and, since T** is compact, we have that a
subsequence {T**Fx,,3 } converges. Observe that for x E X, g E we have

g(Tx) = (T*g)(x) = (Fx)(T*g) = (T**Fx)(g)

IIT**FxlI = IITxII,

implying that {Tx,,3 } converges. 0

Lemma 1.7.9 If N is a finite dimensional subspace of a normed space X, then there

exists a closed subspace M of X such that

X=M+N and MflN={O}.

PROOF Let , u,,} be a basis for N. Each x E N has a unique repre-
sentation of the form

x = Ai(x)ui +... + A,,(x)u,,, E 1K.

By Theorem 1.7.1, A2 e N*. The Hahn-Banach Theorem gives extensions A, E

X* of A2. Let M = If x X and y = Ai(x)ui + . . + A,,(x)u,, E N,
then x — y E M because A2(x) = A2(y) = A2(y) for 1 i n. LI

Lemma 1.7.10 If X is a Banach space and T e is compact, then R(T — A) is
closed for every scalar A 0.
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PROOF By Corollary 1.7.5, N = N(T — A) is a finite dimensional subspace
of X. Let M be a closed subspace of X as given by Lemma 1.7.9. Define
S e X) by Sx = Tx — Ax. To show that R(T — A) = R(S) is closed, it is
sufficient to show that there exists r > 0 such that

riixii < iiSxIi for all x E M

because this implies that if is a Cauchy sequence in R(S), then
converges to some x e M. Hence = Sx.

Now, if there would be no such r, then for each ri � 1 there should exist
E M such that = 1, < 1/n. Thus, for some subsequence,

—÷ y E X. = — -÷ y implies y E M, = Al > 0 and
Ty = Ay, which contradicts the fact that S is one-to-one. 0

Lemma 1.7.11 If M is a subspace of a normed space X and M X, then for each
E > 0 there exists E X such that

lixEil = 1 and M) > 1 —

PROOF Assume E e (0, 1). Choose y E X\M and note that a = dist(y, M)>
0. Choose w E M such that — wit <a/(1 — If = — — w),
then

IxE - zif
= 1 y - w - - wiiz

a � 1-
Iiy—wii ily—wii

forzEM. 0

Theorem 1.7.12 If X is a Banach space, T E 93(X) and T is compact, then

a(T)\{0} =

a(T)\{0}. Assume A E cr(T)\{0} and A

a(T) implies that X1 X0. This, and the fact that
S is one-to-one, implies that is a proper subspace of for n 0. By
Lemma 1.7.10, are closed.

Lemma 1.7.11 implies that, for every n � 0, there exists E such that
= 1 and � 1/2. If m > n � 0, then

xm — — Sxm) E Xn+i

iiTxn — Txmii = iAiiixn — xm + — Sxm)ii � 1AI/2.

This contradicts the fact that should have a convergent subsequence. 0
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Theorem 1.7.13 Suppose X is a Banach space and T E is compact. Then,

dim — A)

A 0.

PROOF Let rn = dimJ\1(T — A) and n = dimN(T* — A). It will be shown that
n m. This implies dim — A) n and, since N(T — A) can be identified
with a subspace of N(T** — A) (see Definition 1.5.11) we have n = m.

To get a contradiction, assume n > m. n � 1 implies A E a(T*) = a(T)
(see Theorem 1.6.13). Hence, Theorem 1.7.12 implies A e and, therefore,
m � 1. Let Xi,.. . , be a basis of — A). Each x E — A) has a unique
representation x = (X)xi + ... + Lm(x)Xm. Let X* denote extensions of

N(T — A)* (Theorem 1.7.1) as given by the Hahn-Banach Theorem.

Let , be a basis of N(T* — A). Define = and choose y' X
such that = 1. If Yl, .. , Yk in X and gi,... , in are such that

gj(yj) = 1, gj(yj) = 0 if j i (1.29)

for i = 1,... , k, for some 1 k <n, define

gk+i = —

gk+1 (y) = 1 for some y E X because ?,b1,. . . , are linearly independent.
Define

Yk+1 = y —

and verify that (1.29) holds for i, j k + 1. Thus, we may assume that k = ri.

Define a compact S E by

Sx =Tx

If Sx = Ax, then for 1 $ j rn we have

0 = g3(Ax—Sx) = = Agj(x)_(T*g3)(x)+f3(x) = f3(x).

Therefore Sx = Tx = Ax and, also, £3 (x) = 0. Thus, x = 0 and S — A is
one-to-one. Theorem 1.7.12 implies that Sx — Ax = Ym+i for some x, giving the
contradiction that

1 = gm+i(ym+i) — = Agm+i(X) = 0.
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The following Theorem and Theorem 1.7.12 are perhaps the most often quoted
properties of compact operators.

Theorem 1.7.14 If X is a Banach space, T E and T is compact, then, for
each r > 0, there exist at most finitely many A for which Al > r.

PitooF Suppose that for some r > 0 there exists a sequence of distinct
eigenvalues of T such that > r for all n � 1.

Choose 0 such that = and let = span{xi,... , }.
Since {x1,... , are linearly independent, we have that is a proper
closed subspace of By Lemma 1.7.11, for each n> 1 there exists E
such that = 1 and > 1/2. If m > ii> 1, then

(T — Am)ym — E Xm_i

IITYm — = lAmill Ym + — Am)ym —
II � � r/2.

This contradicts the fact that should have a convergent subsequence. D

A linear operator T in a Banach space X is said to have compact resolvent if
there exists A0 in the resolvent set of T such that (T — A0)—' is compact.

EXAMPLE 1.7.15 T, : C LP(O, 1) —+ LP(0, 1), p E [1, oo], given by

T,f = f' for f E = {f E AC[0, 1]
I f' E 1), f(0) = f(1)}

has resolvent given in Example 1.6.4. It is easy to see that T, has compact resolvent

(when p = 1, see Example 1.7.6).

Consider T2 : 'D(T2) C LP(R) p e [1, m], given by T2f =

= {f If E AC[—a,a] for all a E (0,oo), f' E

In Example 1.6.6, it is shown that a(T2) = jilL Hence (a) of Theorem 1.7.16 implies

that it cannot have compact resolvent.

We shall see that differential operators typically have compact resolvents when

defined in bounded domains; when defined in unbounded domains, they usually do not
have compact resolvents. For an exception to this rule, see Hamiltonian associated with
quadratic potential in Section 2.9.

Among the results of this section, the following Theorem will be used most often
in the rest of this book.

Theorem 1.7.16 Suppose that T is a linear operator in a Banach space X and that

there exists A0 in the resolvent set of T such that (T — A0)' is compact. Then
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(a) { A E a(T) I IAI <r} is a finite set for every r < 00

(b) cr(T) = ap(T) = {Ao + i/p I 0, p E — Ao)')}

(c) T — A has closed range for all scalars A

(d) — A) <oc for all scalars A

(e) (T — A)—1 is compact for each A p(T).

Moreover, if T is in addition densely defined, then for each scalar A we have

dimN(T — A) = dim N(T* — A)

PROOF Let K = (T — The resolvent identity (1.20) can be written as

(T—A)' =K(l+(A—Ao)(T—A)') for AEp(T).

Hence Theorem 1.7.4 implies (e). It can be easily verified that

— A) = N((A — Ao)K — 1) for each scalar A

and, hence, Corollary 1.7.5 implies (d). If T is densely defined, then Theo-
rem 1.6.13 implies

N(T* — A) = N(((A — Ao)K)* — 1) for each scalar A.

Hence, Theorem 1.7.13 implies the 'moreover' part.

If (T — y, then applying K gives (1 — (A — Ky and, by
Lemma 1.7.10, (1 — (A — Ao)K)x = Ky for some x. Hence (T — A)x = y and (c)
follows.

If A p then 1 and, by
Theorem 1.7.12, 1 a((A— Ao)K). Hence K(1 — (A— Ao)K)' belongs to
and it is easy to see that it is equal to (T — A)—1. Therefore, A cr(T), implying
that a(T) C S. Clearly, S C C a(T) and, hence, S = =

If A e a(T), Al <r, then by (b), A = A0 + i/p for some p with
= IA — Aol < r + IAoI. By Theorem 1.7.14, there exist at most finitely

many such p. This proves (a). D

The following Fredhoim alternative applies to operators with closed range (see
Lemma 1.7.10 and Theorem 1.7.16).

Theorem 1.7.17 Suppose T is a densely defined linear operator in a Banach space X
and that the range of T is closed. Then, for each y X, the following two statements
are equivalent:
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(a) There exists x E ¶D(T) such that Tx = y

(b) f(y) = 0 whenever f

PROOF If (a) is not true, then, by Theorem 1.5.7, there exists f E X* such
that f(y) > 0 and 1(z) = 0 for all z E f(Tx) = 0 for all x ¶D(T) implies
f E N(T*) (see Definition 1.5.12) and, hence, (b) is not true.

If (a) holds and f e N(T*), then f(y) = f(Tx) = (T*f)(x) = 0. E

1.8 Boundary Value Problems for Linear ODEs
Let A(t) be n x n matrices for tin a bounded interval [a, b} with entries E L' (a, b).
Matrices A*(t) are defined by A*23 = Using Example 1.6.9, we can construct
n x n matrices X, Y of absolutely continuous functions on [a, b] so that

X'(t) +A(t)X(t) = 0 for t [a,b] a.e., X(a) = I
Y'(t) — A*(t)Y(t) = 0 for t [a, b] a.e., Y(a) = I.

Since (X*Y)' = 0, we have that X*(t)Y(t) = X*(a)Y(a) = I for all t [a,b] which
implies also that X1 = Note also if f (L1(a, a E and

x(t) = X(t)a + X(t) f Y*(s)f(s) ds, (1.30)

then x is the unique solution of x' + Ax = f a.e. on [a, b], x(a) = a.
Let us consider now a boundary value problem,

x'(t) + A(t)x(t) = 0 for t E [a, b] a.e., Mix(a) + M2x(b) = 0, (1.31)

where M1,M2 are ri x n matrices.
Since x = Xa, with a is a solution of (1.31) if (M1 +M2X(b))a. = 0, we have

that the number of linearly independent solutions of (1.31) is dim N(M1 + M2X(b)).
On the other hand, x, given by Equation (1.30), will satisfy the nonhomogeneous
problem

x'(t) + A(t)x(t) = f(t) for t [a, b] a.e., Mix(a) + M2x(b) = 'y (1.32)

provided we can find a such that

(M1 + M2X(b))a + M2X(b) f Y*(s)f(s) ds = (1.33)

Thus, we proved that uniqueness implies existence for (1.32). In other words,
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Theorem 1.8.1 If problem (1.31) has only the trivial solution 0, then problem (1.32)
has a unique solution for any f E (L'(a, b))'2 and any 7 E Ci'.

Theorem 1.8.2 Assume that problem (1.31) has only the trivial solution and that
1 <p oo. The mapping of (f, 'y) E (L' (a, b))'2 x into the solution of problem
(1.32), x e (LP(a, b))'2 is bounded, linear and, when p < oo, is also compact.

PROOF Using (1.30) and (1.33), we see that each component of x consists of
a finite sum of terms of the form

b t

ki(t) f k1(t) f (1.34)

for some k1, k2 e C[a, b] that do not depend on f, It is easy to see that the map
is bounded and linear. If {(f(3), y(3))} is a bounded sequence in (L1(a, b))'2 x C'2,
then the terms of x3 that are like the first two terms of (1.34) have obviously
uniformly convergent subsequences. It is shown in Example 1.7.6 that the terms
of x3, that are like the third term of (1.34), have convergent subsequences in

To study the adjoint problem of problem (1.31),

y'(t) — A*(t)y(t) = 0 for t [a, bJ a.e., Niy(a) + N2y(b) = 0, (1.35)

we assume in the rest of this Section that the dimension of the null space of the n x 2n
matrix [M1, M2J is n and that ri x ri matrices N1, N2 are constructed as follows. Choose
U3, v3 E such that M1u3 + M2v3 = 0 for j = 1,... , n, and that the vectors

]
j = 1,... , n are linearly independent.

Define

1 -f ... T1v1 —v2

, N2=

Using notation (x, y) = +... + for x, y E observe that

(Nly)k = (N2y)k = _(y,vc) for yE C'2,k = 1,... ,n,

which implies that, for all a, E we have

(a,Niyi + N2y2) = (xi,yi) — (x2,y2),

where x1 = akuk, x2 = akvk. Therefore
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(a) If M1x1 + M2x2 = 0 and N1y1 + N2y2 = 0, then (xi, Yi) = (x2, Y2).

(b) If = (x2,y2) whenever M1x1 + M2x2 = 0, then N1y1 + N2y2 = 0.

Theorem 1.8.3 For a given f E (L1(a, the problem

x'(t) + A(t)x(t) = 1(t) for t e [a, b] a.e., Mix(a) + M2x(b) = 0 (1.36)

has a solution if and only if

f (f(s),y(s))ds = 0 for every solution y of problem (1.35). (1.37)

PROOF Assume first (1.37). Equations (1.30) and (1.33) imply that problem
(1.36) has a solution if for every /3 e + X*(b)M2*) we have that

(M2X(b) f y*(s)f(s) ds, /3) =0.

Choose any /3 e 1\1(Mi* + X*(b)M2*). Since

b b

(M2X(b)f y*(s)f(s)ds, /3)
= fa (f(s), Y(s)X*(b)M2*/3)ds,

it is enough to show that y(t) = Y(t)X*(b)M2*13 is a solution of (1.35). So we
need to show that Niy(a) + N2y(b) = 0. This can be done by using property
(b) above: if M1x1 + M2x2 = 0 then

(x1,y(a)) — (x2,y(b)) = (xi,X*(b)M2*/3) — (x2,M2*/3)

= _(xi,Mi*/3) — (x2,M2*/3) = 0.

To show the converse, let x be a solution of (1.36) and let y be a solution of
(1.35). Then (x, y)' = (f, y) and, by property (a) above,

0 = (x(b),y(b)) - (x(a),y(a)) = f (f(s),y(s))ds.

Theorem 1.8.4 Problem (1.31) has the same number of linearly independent solu-
tions as its adjoint problem (1.35).
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PROOF Using the definition of N1, N2, one can easily show that

(N1 +N2Y(b))*13 = — Y*(b)vZ) for 13 E

Now, for each x E N(M1 + M2X(b)), there exists a unique a E such that

and

Hence

0 = — X(b)'v') = (N1 + N2Y(b))*a.

Therefore we can define a map T : N(M1 + M2X(b)) —÷ + N2Y(b))*) by
Tx = a. One can easily check that T is linear, one-to-one and onto. Hence

dimN(Mi + M2X(b)) = + N2Y(b))*) = dimN(Ni + N2Y(b))

which proves the Theorem.

EXAMPLE 1.8.5 Assume —oo <a < b < oo and that q,r',f E L'(a,b). Consider the
problem of finding x E AC[a, b] such that rx' E AC[a, b] and

(rx')'+qx=f a.e. on[a,b] )
x(a) + a2 (rx')(a) = 0 (1.38)

i3ix(b)+/32(rx')(b) =0 J

where a1,a2,/31,/32 E Care such that ai) + a2) 0 and 11311 + /32) 0.

If the homogeneous version (when f = 0) of problem (1.38) has only the trivial
solution 0, then problem (1.38) has a unique solution by Theorem 1.8.1. In this case,
Theorem 1.8.2 implies that if {fk} is a bounded sequence in L1(a, b), then the corre-
sponding solutions of (1.38) are uniformly bounded and have a convergent subsequence
in LP(a,b) if p < 00.

It is an easy exercise to apply Theorem 1.8.3 giving that problem (1.38) has a
solution if

f(t)x(t) dt = 0,

for all solutions x of the homogeneous version of problem (1.38). This fact is also known
as the Fredhoim alternative.
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1.9 Exercises

1. Let M = (0, 1]. For x, y E M, define

d(x,y) = min{Ix—yl,' — x —yI}

Is d a metric on M? If so, is M complete with this metric?

2. Show that there exists a unique u E C([0, 1], IR) such that

e_lOxu(x) + f(x + y)2 sinu(y) dy = 1 for all x E [0,1].

3. Let ci be a nonempty open set in R72. For i � 1, define

= {x E B(0,i)
I

Ix — � 1/i for every yE I1C}

Show that is compact, C for i> 1 and Il = Choose i0 E N
such that is not empty. Define

p2(f) = sup If(x)I for f E C(1l), i � i0.
xEK1

Show that pj are seminorms on C(1l) and that

d(f,g) = for f,g E C(ci)

defines a metric on C(1l) which makes C(1l) a complete metric space.

4. Assuming Holder's inequality (1.9) with r = 1, show (1.9) and (1.10).

5. Show that the mapping —+ defined by the sequence
maps convergent series into convergent series if and only if

I I

00.

6. Suppose z E C, IzI < 1, p E [1, 00] = for ri � 1 and
x = {xk} E £P. Show that T is a bounded linear operator in

7. Let T be a bounded linear operator on a Banach space X such that the sequence
x, Tx, T2x,... is bounded for every x E X. Show that if A E a(T), then (A( 1.

8. Find a linear operator that is not closable.

9. Show that = LP* when p, q E (1, oo), i/p + 1/q = 1.

10. Let Xi, X2 be normed spaces and A E (X1 x X2)*. Show that there exist
Li E £2 E X2* such that A((x,y)) = £1(x) + £2(y) for all x E X1, y E X2.
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11. Assume that x belongs to a normed space X and that for some c e [0, oo) we
have that < for all £ E X*. Show that lixil c.

12. Suppose that X is a normed space and S C X is such that

suplt(x)I<oo forall £EX*.
xES

Such sets S are called weakly bounded. Show that S is bounded in X. (Hint:
use problem 11 above and the uniform boundedness principle.)

13. Find a bounded sequence in L' (0, 1) which has no weakly convergent subse-
quence.

14. Find a bounded sequence in L°°(0, 1) which has no weakly convergent subse-
quence.

15. Suppose that A and B are closed operators in a Banach space X, ¶JJ(A) D
and that B is one-to-one and onto. Show that AB' e

16. Find a bounded linear operator in a complex Banach space whose spectrum is
empty.

17. Prove that if T is a linear operator and a 0, b are scalars, then

a(aT + b) = aa(T) + b.

18. Show that
- A)II � dist(A,a(T))

for A E p(T)

for every linear operator T with a nonempty spectrum.

19. Let Tn = u' for n E Show that both T and —T are accretive in
Find the spectrum of T.

20. Suppose g E LP(O, £), 1 <p oo, £ E (0, oo), u' e AC[0, £], n(0) = u(s) = 0 and

u(x) — Atil'(x) = g(x) for x a.e.

where A E (0,oo). Show that IgIIp•

21. Let X be an infinite dimensional Banach space. Is it possible to find compact
sets K1, K2, ... such that X =

22. For f E L2(0,oo), define

(Tf)(x) = f(s)ds for x (0, oo).xo
Show that T E oo)) and that T is not compact.
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23. Assume that p E [1,00] and S: C LP(R) -÷ LP(R) is defined by Sf = —f"
with the domain

= {f e C1(R) I f' AC[—a,a] for all a E (0,oo); f,f',f" E

Show that S does not have compact resolvent.

24. Fix 1 (0,oo) andp E [1,oo]. For f E define

1

I dy for xE [0,1].

Show that S E 1)) and S2 = T1, where T is a linear operator in LP(0, 1)
defined by

Tf = f' for f E {f e AC[0,l] f' e = 0}.

Show that, if f E then Sf e ¶D(T) and TSf = STf. (Hint: ST1 =
T'S.) Show that if f e then there exists a unique g E LP(0, 1) which
solves Abel's integral equation:

1 P g(y)f(x)=7=J for

moreover, g = TSf = STf. Find the spectrum of S.

25. Find a linear operator in a Banach space X which has compact resolvent and
whose domain is not dense in X.

26. For what f E L1 (0, it) does there exist u E AC[0, it] such that ii E AC[0, it] and

u" + 4u = f a.e. on [0, it],

u(0) = u(ix), u'(O) = u'(ir)?

27. Show that a(S) = [0,00) where S is as in Example 1.6.7.





Chapter 2

Linear Operators in Hubert
Spaces

2.1 Orthonormal Sets
Let H be a vector space with a scalar field K - which is either JR or C. H is said
to be an inner product space if for every pair of x and y in H there corresponds
(x, y) E K, called the inner product or scalar product of x and y, such that

(i) (x,y) = (y, x) for all x,y E H

(ii) (x +y,z) = (x,z) + (y,z) for all x,y,z E H

(iii) (Ax,y) = for allx,y e H, A E K

(iv)

(x, x) x = 0.

If (x, y) = 0, then x is said to be orthogonal to y. For M C H, one defines M'
to be the set of all y E H such that (x, y) = 0 for all x M. For x E H define also

lxii = (x,x)h/2. (2.1)

x is said to be normalized if lxii = 1. If x 0, then 'normalized x' means iixii1x.

Theorem 2.1.1 If H is an inner product space, then for all x and y in H

(a) i(x,y)i iixiiiivii (Schwarz Inequality)

(b) lix + iixii + iiyii

47
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PRooF (a) is obvious if x = 0; otherwise it follows by taking 6 = —(x,y)/IIx 112

in
0 118x + = 1812 11x112 + 2Re (8x, y) + 11y112

This identity, with 6 = 1 and (a), implies (b). 0

Thus, equation (2.1) defines a norm on an inner product space H. If this norm
makes H complete, then H is said to be a Hubert space.

EXAMPLE 2.1.2 The most typical Hubert space is £2 - with the inner product defined
by

(x,y) = for all x = = E £2.

EXAMPLE 2.1.3 Let Il be a nonempty (Lebesgue) measurable set in L2(cl) is a
Hilbert space with inner product

(f,g)
= f f(x)g(x)dx, f,g E L2(1l).

A subset E of a Hilbert space is said to be orthonormal if each element of E has
norm 1 and if every pair of distinct elements in E is orthogonal. An orthonormal set
is said to be complete if no non-zero element is orthogonal to every element in the
set. A complete orthonormal set is often called an orthonormal basis.

If {iii,... , are linearly independent in a Hilbert space, then one can obtain an
orthonormal set , such that

, = span{yi,... , for k = 1,... , n

by defining ?I.'i = II and

Yk —
for k=2,...,ri.

—

This is known as the Gram-Schmidt orthogonalization procedure. If, for exam-
ple, the Gram-Schmidt orthogonalization is applied in the Hilbert space L2(—1, 1)
to the polynomials yn(S) = n � 0, then the corresponding orthonormal are
proportional to the Legendre polynomials.

Using the Hausdorif Maximality Theorem 1.5.5 it can be easily seen that any
orthonormal set is contained in a complete orthonormal set (Exercise 1). We shall
not need this fact. However, along the way we shall show completeness of many given
orthonormal sets - which is quite a different story.
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Lemma 2.1.4 Let be an orthonormal set and let be a sequence of
scalars such that <oo. Then converges and does not depend on
the order of summation. Moreover,

II = and ajq5j, = for j � 1.

PROOF If = and m > n, then

IIXm - Zn 112 =
i=n+1

and hence converges to some x. By definition, = x. Since
11Xn112 = we have that 11x112 = (x,q53) = follows from
the observation (in, = for Ti � j � 1.

Let k map the set of positive integers one-to-one and onto itself. If =
then, as above, converges to some Z, (Zn, x) =

Since
Ix - ZII2 = 11x112 - (x, Z) - (Z, x) + 11Z112

and each of the terms on the right hand side equals we have that
XZ. 0

Theorem 2.1.5 Let E be an orthonormal subset of a Hubert space H and y E H.
Then (y, x) 0 for at most countably many x E E. The series x)x converges
and does not depend on the order of summation of non-Zero terms,

y - E E' and - = 11y112 - I(y,x)12. (2.2)
xEE xEE sEE

PROOF If X1,... , Zn are distinct elements of E, then

n 2 n

- = 11y112 - (2.3)

and, in particular,

11Y112 (24)

So, if x2 were chosen so that > fIyII/m for some integer m, then (2.4)
implies n < m2 and therefore

E Ej(y,x) 0} = Um>i{X e EII(y,x)I >



50 CHAPTER 2. LINEAR OPERATORS IN HILBERT SPACES

is at most a countable set. Thus, if x1, x2,... is an enumeration of then
(2.4) and Lemma 2.1.4 imply that

z = =
xEE i

converges and is independent of the order of summation. Lemma 2.1.4 also
implies (z, w) = (y, w) for w E E - add w to the orthonormal set xl, x2,...
Using convergence of the sum in equation (2.3) gives (2.2). 0

Theorem 2.1.6 If E is an orthonormal subset of a Hubert space H, then the follow-
ing statements are equivalent:

(i) E is complete

(ii) z = >XeE(z, x)x for all z in a dense subset of H

(iii) = >XEE(Y, x)x for all y E H

(iv) 1v112 = >IXEE (y,x)12 for all y E H (Parseval equality).

PROOF Equivalence of (iii) and (iv) follows from equation (2.2). If y E H,
then, by Theorem 2.1.5, y — x)x is orthogonal to all w E E, hence (i)
implies (iii). (iii) obviously implies (i) and (ii). To see that (ii) implies (iii)
define a linear map P on H by Py = y — x)x; (2.2) implies lIP II < 1

and hence for every y e H we have that = IIP(y — z) + PzII —

z in the dense set and therefore Py = 0. 0

EXAMPLE 2.1.7 Let

= for x E n = 0±1, ±2

It is easy to check that form an orthonormal set in the Hubert space H = L2(—ir, ir)
with the usual inner product. We shall show now that the set is also complete. A
different proof of completeness is given in Example 2.6.9.

Let us note first that (2.2) implies that for each f L2(—ir, x) we have that

1ff 112 (2.5)

and this implies

f(x)cosnxdx = limf f(x)sinnxdx = 0. (2.6)
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Since Co(—ir, ir) is dense in L1 (—ir, ir), see Example 1.3.4, (2.6) is true also for all
f E L1(—ir,ir).

If f : R —+ C is periodic with period 2ir, f L'(—ir, ir), x E IR and there exist
f(x+),f(x—) E C and a,e,M (O,oo) such that

If(x + h) — f(x+)I <MhU and If(x — h) — f(x—)I <Mha for h E (O,e),

then

k=-n

= f(x+) ± f(x—)
(2.7)

To prove (2.7) define

=
k=—n

=
s/2ir Z

= f ezkx
= f

f and and the fact that

f
= f f

f f f sin

(2.6) implies = 0 and hence (2.7) follows.

If f E (—ir, ir), then (2.7) implies

= = f(x) for all x (-xx)

and since, by Theorem 2.1.5, converge in H, we have that

k=-oo
= (2.8)

Since (—ir, ir) is dense in L2(—ir, ii), Theorem 2.1.6 implies that (2.8) is true for all
f E L2(—ir, ir). This proves completeness of the set in L2(—ir, ii).
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The series is called the Fourier series of f. Its partial sums
can be written also as

Pa(s) = + cos ks + bk sinks (2.9)

where

ak
=

f(s)cosksdx, bk
=

f(s)sinksds. (2.10)

Using these ak bk, the Parseval equality can be written as

2

+
akI2 + IbkI2 = If(x)I2ds for f E

EXAMPLE 2.1.8 If f E L2(0, ir), then

f(s) = bk sinks (series converges in L2(0, ir)) (2.12)

where

I f(x)sinksds, k=1,2 (2.13)
ir

To see this define f(s) = —f(--s) for s e (—ir, 0), hence ak = 0 in Example 2.1.7 and
therefore (2.9) and (2.8) imply (2.12). The series in (2.12) is called a Fourier sine
series. Note that (2.12) and Theorem 2.1.6 imply that

k=1,2,...

form a complete orthonormal set in L2(0, 7r).

If you make an even extension of f E (0, 7r), then Example 2.1.7 implies

f(s) = + ak cos ks (series converges in L2(0, ir)) (2.14)

where
2

ak=—J f(s)cosksds, k=0,1,2 (2.15)

The series in (2.14) is called a Fourier cosine series.

EXAMPLE 2.1.9 polynomials are defined as follows:

To(s) = 1, Ti(s) = s,

= — Ta_i(s) for n � 1.
By induction, one can easily show that

= cos(ny) for a> 0, —oo <y <Do
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and, in particular, <1 for n 0, —1 <x < 1.

Suppose g E C1{—1, 1]. Let f(y) = g(cos(y)) and note that f E C'(R) and f has
period 2ir. Since f is even, its Fourier series becomes a Fourier cosine series, hence (2.7)
and (2.9) imply that

g(x) = for —1 <x <1 (2.16)

where
2 ci

2
=

.1
dx =

— j
f(y) cos(fly) dy for n 0.

Integration by parts implies that

—nan = f f'(y) sin fly dy.

Hence (2.11) implies

= f f(y)l2dy

which implies < oo and therefore the series in (2.16) converges uniformly.

One handy consequence of the uniform convergence in (2.16) is the following. If
h e C'(O, 1) is bounded and h(x) 0 for 0 < x < 1, then the set of finite linear
combinations of

h(x), h(x)x, h(x)x2,

is dense in LP(0, 1) for every p E [1, oo). To see this, pick u E LP(0, 1) and > 0.
Pick v E 1) such that lu — < e/(1 + (see Example 1.3.4). Define
g E C1[—1, 1] by g = v/h in [0, 1] and g = 0 in [—1,0]. Uniform convergence in (2.16)
implies the existence of a polynomial Q such that — Qilco < e/(1 + hence,

lu — = lu — v + h(v/h — � llu — + — QII= <E.

Theorem 2.1.10 If I is an interval in JR and {çbi, çb2, . . .} is a complete orthonormal
set in L2(I), then (X2) . with k2 > 1 form a complete orthonormal
set in for any n 1.

PROOF True if n = 1, let us assume that the Theorem is true for some value
of n � 1 and suppose that f is such that

= 0

for all k � 1 and all u in the form u(x) = u(xi,... , = cbk1 (x1) . . .

with > 1. Note that f(, t) E for almost all t I; hence
f f(x, t)u(x)dx exists for these t and E L2(I). Completeness of {cbk} implies

= 0 a.e. in I and the exceptional set may be chosen to be independent of n
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since there are only countable many of them. The induction assumption implies
that f(., t) = 0 in L2(172) for almost all t. Therefore, f = 0 a.e. in jn+1 and the
Theorem is true for ri + 1 and hence for all ri 0

EXAMPLE 2.1.11 In view of Example 2.1.7 and Theorem 2.1.10, we have that

e

form a complete orthonormal set in L2((0, for any n 1.

2.2 Adjoints

Theorem 2.2.1 Every nonempty closed convex subset of a Hilbert space contains a
unique element of minimal norm.

PROOF Choose in the subset M so that —÷ d inf{lixiiix e M}.
Since +Xm) E M, we have llXn +Xm 112 � 4d2. Hence, the parallelogram
law

llx + yii2 + lix — yl12 = 2ilxii2 + (2.17)

implies
llXn Xmll2 <2(llXn112 — d2) + 2(l1Xmi12 — d2) (2.18)

and therefore is a Cauchy sequence in the complete space. Since M is
closed, converges to some x e M and lixil = d. If y E M and = d,

then the parallelogram law implies, as in (2.18), that x = y. 0

Theorem 2.2.2 If M is a closed subspace of a Hilbert space H, then = M
and for each x E H there exist unique y E M, z E M' such that x = y + z.

PROOF Let E = {x — yly e M}. It is easy to see that E is convex and closed.
Theorem 2.2.1 implies that there exists y E M such that — lix — wil for
all w E M. Let z = x — y. Choose w E M, w 0, let ci = (z, w)/iiw 112 and note
that

l1z1l2 liz - awIi2 = l1zii2 - I(z,w)/1iwii12

implies (z, w) = 0. Therefore z E If x = y' + z' for some y' E M, z' E M',
then y' — y = z — z'. Hence — y'l12 = (y' — y, z — z') = 0 implies uniqueness.

Obviously, M C If x e and y and z are as above, then
x—yE(M'-)' Hencex=yand (M')' =M. 0

The above Theorem implies that if M is not a dense subspace of a Hubert space
H, then {0}, hence, there exists x E H such that x 0 and (y, x) = 0 for all
y E M. This argument is often used to show that a given subspace is dense.
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Theorem 2.2.3 Let M be a closed subspace of a Hilbert space H. Then there exist
F, Q such that for all x E H,

x = Px + Qx, Px E M, Qx E M' (2.19)

11x112 = IIPxII2 + llQxII2.

Moreover, PH = M, QH = M', P2 = P, Q2 = Q, IIPII � 1, 1Q11 1.

PROOF Theorem 2.2.2 allows us to define F, Q with equation (2.19). Other
conclusions follow straightforwardly. D

The operator F, as given in Theorem 2.2.3, is called the orthogonal projection
of H onto M.

Lemma 2.2.4 (Riesz) If H is a Hilbert space and f E H*, then there exists a unique
y E H such that

f(x) = (x, y) for all x E H.

PROOF If f = 0 take y = 0. Assume f 0. Hence, there exists w such that
f(w) 0 and, since is closed, Theorem 2.2.2 implies that w = Yo + Yi
for some Yo e Yi e N(f)1 and Yi 0. If x E H, then f(w') = 0 where

= f(x)yi — f(yi)x; hence (w', Yi) = 0 and this implies f(x) = (x, y) where
y = (f(yi)/IIyill2)yi. If f(x) = (x,y') for all x H, then (x,y — y') = 0 for all
x E H, taking x = y — y' gives y = y'. 0

This Lemma enables us to completely characterize all bounded linear functionals
in a Hilbert space:

Theorem 2.2.5 Suppose H is a Hilbert space. For each y E H define w(y) : H —+ 1K
by

(w(y))(x) = (x, y) for all x E H.

Then

(a) w(y) E H* and IIw(y)II = for all y E H

(b) w(y+z) =w(y) +w(z) for all y,z H

(c) w(Ay)=Aw(y) for AEK

(d) w is one-to-one and it maps onto H*

(e) for every y e H, w(y) is the unique normalized tangent functional to y
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(f) H is reflexive.

PROOF It is easy to verify (a), (b) and (c). (d) follows directly from the
Riesz Lemma 2.2.4. If f is a normalized tangent functional to y H, then

= 1(Y) = IIy112 = 111112 = IIw_1(f)II2.

Hence Ilu.r' (f) — = 0, which proves (e).

To prove (f), define an inner product on H* by

(f,g) = (w1(g),w'(f)) for all f,g E H*.

(f, f) = = 111112 implies that H* is a Hilbert space. Hence if F E H**,
then, by Lemma 2.2.4, there exists f E such that for all g E H*

F(g) = (g,f) = (w'(f),w'(g)) =g(w1(f))

which proves (f). LI

Let T be a densely defined linear operator in a Hubert space H. Define the
Hubert space adjoint T* : —+ H as follows. y E if and only if there
exists z E H such that

(Tx,y) = (x,z) for all x E (2.20)

If y E then the fact that is dense in H implies that there is only one
z E H such that equation (2.20) holds, define T*y = z. Hence

(Tx, y) = (x, T*y) for all x E y E

Theorem 2.2.5 implies that the (Banach space) adjoint T*, see Definition 1.5.12, is
related to the Hilbert space adjoint T* as follows:

x e D(T*) if and only if w(x) E

if x E then w(T*x) = T*w(x).

A long but straightforward verification (Exercise 5), using the properties of T* listed
in Theorems 1.5.14, 1.7.8, 1.6.13, 1.7.16, gives:

Theorem 2.2.6 Let H be a Hubert space.

(1) If T e then T* E and 11Th = IIT*hl.

(2) If T E then T is compact if and only if T* is compact.
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(3) If T is a densely defined linear operator in H, then

(a) T* is closed
(b) cr(T*) = { A I

X e o(T)} if T is closed
(c) (T* — = ((T — A)—l)* for A E p(T)
(d) = if T has compact resolvent.

Theorem 2.2.7 If T is a closed and densely defined linear operator in a Hilbert space
H, then T* is densely defined and (T*)* = T.

PROOF Note that H x H is a Hubert space with an inner product defined by

[{u,v},{x,y}] = (u,x) + (v,y) for {u,v},{x,y} E H x H.

Let subspaces M and N of H x H be given by

M = { {x, Tx} I x E }, N = { {_T*y, ii} I
y E

[{x, Tx}, {_T*y, y}J = —(x, T*y) + (Tx, y) = 0 implies N C M'.

If {x, y} M', then (u, x) + (Tu, y) = 0 for all u E ¶D(T). Hence T*y = —x

and therefore N = M'. Note that N' = M by Theorem 2.2.2.

If x) = (y, z) for all y E ¶D(T*), then {x, z} N' = M. Therefore
z = Tx. This implies that is dense (otherwise we could start with x = 0

and z 0) and that T**x = z = Tx. Therefore T is an extension of T**. We
are done since T** is obviously an extension of T. D

A linear operator S in a Hubert space H is said to be symmetric if

(Sx,y)=(x,Sy) forall

A linear operator T in H is said to be seif-adjoint if T is densely defined and T = T*.
Hence, T is self-adjoint if it is symmetric, densely defined and ¶D(T*) = If
T e !8(H), then T is self-adjoint if and only if T is symmetric. Note that seif-adjoint
operators are closed by Theorem 2.2.6.

The Fredhoim alternative, Theorem 1.7.17, can be restated as

Theorem 2.2.8 If T is a densely defined linear operator in a Hilbert space, then
is closed if and only if =

PROOF Since N(T*)' is closed, so is if they are equal.

If x z E N(T*), then (Tx,z) = (x,T*z) = 0 hence C

Suppose y E and that is closed. Theorem 2.2.2 implies that
Y = Yi + for some Yl E C Y2 E Hence Y2 = Y — y' E
N(T*)'. Since (Tx, Y2) = 0 for all x E we have that Y2 E and
hence Y2 = 0. Therefore y = y' E R(T). U
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2.3 Accretive Operators
Theorem 2.2.5 implies that, in a Hubert space H, a linear operator T is accretive if
and only if

Re (Tx, x) � 0 for all XE

EXAMPLE 2.3.1 Assume that a,b E C, Rea � 0, Reb � 0, c,d e and let

Tn = — + + for u E =

It is easy to see that Re (Tu, u) = Re f f + � 0 for u E hence, T is
accretive in L2(R2).

A linear operator T in a Hilbert space H is said to be m-accretive if it is accretive
and Y.(T — A) = H for some scalar A with Re A < 0. Since bounded operators have
bounded spectrum, we have that bounded accretive operators are also m-accretive.
If T is an m-accretive linear operator and y E then y = Tx — Ax for some
x and some scalar A with Re A <0 hence

0 = Re (y, x) = Re (Tx, x) — Re A11x112 � —Re AIIx 112

implying x = 0, y = 0 and therefore m-accretive linear operators are densely defined.
The following Theorem implies that m-accretive operators are closed.

Theorem 2.3.2 T is an m-accretive linear operator in a Hilbert space if and only if
every scalar ( with Re ( <0 belongs to the resolvent set of T and

II(T — < 1/IRe (I.

PRooF If T is m-accretive, then Corollary 1.6.17 implies the conclusion.
Suppose now that (—oo, 0) C p(T) and that 1I(T + a)_1 11 1/a for every a > 0.
If x E then lxii = ll(T + + ax)lI + axil. Thus

a21Ix112 IITxII2 +2aRe(Tx,x) +a2i1x112.

Hence 2Re (Tx, x) � —IlTxll2/a and letting a —+ oo implies Re (Tx, x) � 0. 0

Corollary 2.3.3 If H is a Hilbert space, A E and A — A is accretive for some
A > 0, then 0 E p(A) and iiA1ll <1/A.

We shall now employ Newton's method of finding a zero of A — x2 = 0, where A
is a bounded accretive operator. This will give us a square root of the operator. A
more detailed study of fractional powers of operators is presented in Section 6.1.
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Theorem 2.3.4 Suppose that H is a Hubert space and that A E is accretive.
Then there exists a unique accretive B E such that B2 = A. Moreover, BS =
SB for every S E such that AS = SA. Furthermore, if A is symmetric, then
B is symmetric.

PROOF Define A0 = I and assume that for some n � 0 we have E ¶B(H)
such that for all x e H

(a) �
(b)

(c) > 0

(d) = S E such that AS = SA.

Define
= + (2.21)

and observe that

= + �
proving (a) for n + 1. If y = and z = then

=

=
= +

which implies (b) for n + 1. If y = then

=

= + 2A +
A2 y, Ay)

= + 2IIAyII2 +

where z = and u = proving (c) for ri + 1. If S E is such that
AS = SA, then also A;1 S = SA;1. Hence (d) clearly holds also for ri + 1.

We therefore have E for n � 0 which satisfy (a)-(d) and (2.21).

If n > 0 and y = then by (c),

— = —

2Re (Any, AA'y) +
= 112x112.
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Hence — <2 and therefore

— = — + A(A;41 —

= — —

A A A
n-{-1 n 1 0

If rn > ri, then

lAm — = lAm — Am_i + Am_i — Am_2 + . + An+i — A0 II.

Hence is a Cauchy sequence in and Theorem 1.4.4 implies that
converge to some B Letting Ti —f oo in (a) implies that B is accretive
and in

= A (2.22)

implies that B2 = A.

Suppose now that S e is accretive and 52 = A. Completing the
square in (2.22) gives

A2 IA A—
— "n)

Since S3 = SA = AS, we have that = and therefore

— + 5) = —

Since + S)x,x) � we have that + �
and hence

— SIl = — + S)'Il
< —

< — A0112,

which implies that S = B.

When A is symmetric we can at the beginning add an induction hypothesis

= for all x,y E H (2.23)

which then implies

= +
+

= +

Hence is symmetric and therefore all are symmetric. Letting n —+ 00

in (2.23) shows that B is symmetric. D
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Theorem 2.3.5 Suppose that T is an m-accretive linear operator in a Hilbert space
and that 0 E p(T). Then there exists a unique m-accretive linear operator S such that
S2 = T. Moreover,

(a) Oep(S)

(b) RS' = 5'R for every R e such that RT' = T'R
(c) for every e> 0, x there exists y E such that IISx — <E

(d) if T is symmetric, then S is symmetric.

PROOF Since Re (T'x, x) = Re (T'x, TT'x) � 0 Theorem 2.3.4, implies
the existence of a unique accretive B e such that B2 = T'. B is clearly
one-to-one; hence we can define a linear operator S: R(B) —+ H by S = B'.
Since B is accretive, S is accretive. By construction, 0 belongs to an open set
p(S); hence S is m-accretive. (51)2 = T' implies 82 = T.

Suppose that C is an m-accretive operator such that C2 = T. Since T is
one-to-one and onto, the same is true for C, and since C is closed, we have that
o E p(C). It is easy to see that C' is accretive and (C')2 = T', hence,
Theorem 2.3.4 implies C' = B and C = S.

To show (c), define [x, y] = (Sx, Sy) for x, y E ¶D(S). Since 0 e p(S), we
have that .} makes into a Hilbert space. Define a linear operator R in
CD(S) to be the restriction of T to where x e if x E D(T) and
Tx E It is easy to see that R is m-accretive in and hence densely
defined.

If T is symmetric, then T' is symmetric. Hence B is symmetric by Theo-
rem 2.3.4, and therefore S = B' is symmetric. 0

Theorem 2.3.6 Every densely defined accretive linear operator in a Hilbert space
has an m-accretive extension.

PROOF Let S be a densely defined accretive linear operator. Note that
11x112 Re((S+ 1)x,x) II(S+ 1)xIIIIxII, which implies

lxii < Ii(S + 1)xii for x E D(S). (2.24)

Pick w in the Hubert space H. By Theorem 2.2.2,

w=2y+z

There exists such that + = z. (2.24) implies that
converges to some x e H which does not depend on the particular choice of
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Define u = y + x and let denote the set of all such u. Since the
mapping w —+ u is linear, we can define a linear operator T by

Tu=w—u=y+z—x (2.25)

provided that u = 0 implies w = 0 - which will be shown next.

Take any v e and any scalar a and note

(u + cxv, w — u + aSv)

= 11y112 — (y,x+av)+(x+av,y) + +av)).
fl—+oo

Hence
Re (u + cxv, w — u + aSv) � 0. (2.26)

If, in particular, u = 0, then Recx(v, w + cxSv) � 0. Thus if a = —(w, v)E with
e > 0, —+ 0, then —I(v, w)12 � 0; hence (v, w) = 0 and, because ¶D(S) is dense,
we have w = 0. Therefore T is a well defined by (2.25), it is easy to see that
T is an extension of S and (2.26) implies that T is accretive. By construction,
R(T + 1) = H and hence T is m-accretive. 0

2.4 Weak Solutions

When solving PDEs one is usually faced with the following problem: for given f find
u such that

Lu = f (2.27)

where L is a differential operator. For a 'nice' it is usually a trivial matter to
evaluate However, in order to solve the problem for a large enough class of f,
one has to be able to evaluate for 'not so nice' With a proper definition of
L, including its domain, it can be very easy to solve (2.27) as well as many other
problems involving L. Consider the following.

EXAMPLE 2.4.1 It was shown that the operator T in Example 2.3.1 is accretive. We
shall see later, Theorem 3.1.7, that T is densely defined. Therefore Theorem 2.3.6
implies that T has an m-accretive extension S and, in particular, for every f E L2(R2)
and A > 0 there exists u e ¶D(S) such that

Su + Au = f.

It will be shown (Corollary 4.3.11) that, with this extension, we can also solve the
evolution problem Wt + Sw = 0.
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There are other ways to make extensions. The one based on the variational for-
mulation, described later in the Sectorial Forms section, is perhaps the most often
used to obtain extensions of elliptic operators. The one based on Theorem 2.3.6 is
more general and applies also to hyperbolic problems.

Another way to solve (2.27) is the following. Find L', called a formal adjoint of
L, such that (Lu, v) = (u, L'v) for v E (the space of test functions) and then
try to find u, called a weak solution of (2.27), such that

(u,L'v) = (f,v) for all v E ¶D(L'). (2.28)

L' is called a formal adjoint because we usually do not know ahead of time what
is the correct domain of L and hence what exactly is the adjoint of L. In view of
Theorem 2.2.7, solutions obtained via various extensions can usually be interpreted
also as weak solutions.

Theorem 2.4.2 If V is a linear operator in a Hubert space H such that for some
c> 0 we have

dlvii iiL'vil for all v E (2.29)

then for each f E H there exists a unique u such that holds.

PROOF L'1 is a bounded map from R(L') to H, hence, Theorem 1.4.3 gives
an extension B of L'1 such that B E H), M R(L'). Let f E H be
given. The Riesz Lemma 2.2.4 implies existence of u E M such that (Bw, f) =
(w, u) for all w E M and hence (2.28) follows by choosing w = L'v. If (2.28)
holds for some Ii e M, then (u — Ii, w) = 0 for all w E Hence u = Ii. U

Observe that if L' — c is accretive for some c> 0, then (2.29) is satisfied.
Theorem 2.4.3 shows how weak solutions can be approximated numerically. This

method, however, has not much in common with the widely used finite element
method based on Theorem 2.8.11.

Theorem 2.4.3 Suppose that Vi C V2 C ... are finite dimensional subspaces of a
Hilbert space H. Let V = and suppose that L' : V —+ H is linear = V)
and such that the inequality (2.29) is satisfied with some c> 0.

Pick any f E H and let u E R(L') be such that (2.28) holds. Then, for each n 1,

there exists a unique E such that

(L'Zn,L'V) = (f,v) for all v e Vn.

Moreover, IIVZn — = 0.
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PROOF Let [u,v] = (L'u,L'v) for u,v E (2.29) implies that [.,.] is an
inner product on and, since is finite dimensional, it is a Hilbert space (see
Theorem 1.7.1). (2.29) and the Riesz Lemma 2.2.4 imply existence of a unique

such that (v, f) = [v, Zn] for all v

Take any v E Vn and note that

nil2 (L'zn —u,L'v — u) + (L'Zn — U,L'(Zn — v))

= (L'Zn — u, L'v — u)

- nil IIL'v - ull

li11ZntLll IIL'v—ull

1IL'Znll = inf IIL'VUllmdn.
vEvn

Since Vn C Vn+i, we have that dn+i < dn and, since u E we have that

A key tool for obtaining a formal adjoint of a differential operator is

Lemma 2.4.4 If is any nonempty open set in W', n > 1, u E Cm(11), in � 1,
çü E and a is a multi-index with al <m, then

f
u f f

that C C
C and therefore

I 8u I (9f
/ u—+p——= / —= / —=0

Xj Jsupp(f) &Vi Jc

r r
/ u— = — / p—.oxi

Repeated use of the last identity completes the proof.

After proving existence of a weak solution of a PDE, one usually attempts to prove
its regularity which then implies that the weak solution is also the classical solution.
Regularity of weak solutions is studied in Section 3.8, but for now let us prove only
the key tool in one dimension.
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Lemma 2.4.5 If —00 a < c < b < oo, I b), g e b) and

b b

f f for all E b),

then there exists a constant k such that

1(x) = k + fg for almost all x E (a,b).

PROOF Defineu(x)=f(x)—fg. Fora<a<,13<y<8<blet

o if x<a
if ci< x<,8

(p(x)= 1 if /3< x<.-y
if x<6

o if 6<

Let = (1/E) çô. C0 (a, b) for small positive e, hence

0
= fb = fb

u(x)
+ e) —

dx
jb

1
ç/3

1=—j u——---—j u.

Thus u = k(/3 — a) where k = u/(6 — 'y) and therefore u = k on (a, LI

EXAMPLE 2.4.6 Let us examine weak solutions of Lu = f in the Hilbert space L2(0, 1)
with Lu = u'. Let us choose for the space of test functions (0, 1) and
L'ço = —p'. Thus the weak formulation is: for given f e L2(0, 1), find u E L2(0, 1) such
that

fl fi
— / u(x)ço'(x)dx= / f(x)ço(x)dx for all (2.30)

Jo Jo

If p E then ço(x) = f ço'(s)ds; hence and (2.29) follows. Thus
Theorem 2.4.2 proves existence of u E L2(0, 1) such that (2.30) holds. Lemma 2.4.5
now implies that for some constant k we have to have that u(x) = k + f f(s)ds a.e.
and indeed all such u satisfy (2.30) as one can easily verify directly. The unique u given
by Theorem 2.4.2 lies in the closure of the range of L'. Thus, u = hence

u = 0 which determines the constant.

EXAMPLE 2.4.7 We shall now show existence of a weak solution of

ut — — — Cu = f, x e R,0 < t <T (2.31)
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u(x, 0) = 0, x E IR, (2.32)

assuming that T E (0,oo) is arbitrary, Il = R x (0,T), A e

C e L2(1l). In this example, all functions are assumed to be real valued,
hence, the scalar field of the Hubert space L2(fZ) is now lR. (2.31) is a typical parabolic
equation when A> 0.

Multiplying (2.31) by and formally integrating by parts, using (2.32), we conclude
that an appropriate formal adjoint is

L'çc = —cot — + — Cço

for p E ¶D(L') which are required to satisfy:

(a)

(b) there exists such that co(x, t) = 0 for > 0 < t <T.

Choose co e and integrate over x at fixed t e (0, T) in

f coL'co =
— f cotco

— f + f — fJR JR JR JR JR

=
— f cotco + f

— f — fJR JR JR JR

=
— f cotco + f +

f —
— fJR JR JR

=

>
2dtfJR 2JJR

where k � 0 is such that k � — B + 2C, hence,

(ekt
1 co2) < 2ekt

f coL'co

ektfco2 < 2fdseksfdxcoLlco

< 2ekTf dsf dxlcoL'coI
0 JR

Ilco(l
< 2TeICT(ILlco((

and therefore Theorem 2.4.2 applies, proving existence of a weak solution.

EXAMPLE 2.4.8 A more elaborate version of Example 2.4.7 will now be presented,
namely, proof of existence of a weak solution of a symmetric hyperbolic system,

(2.33)
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u(x,O)=O, (2.34)

assuming T (0, oo) is arbitrary, 11 = x (0, T) and u = u(x, t) = u(x, t) is a
column vector with N components. All functions are real valued in this example and f
belongs to the real Hilbert space (L2(1l))". A, A' Atm, B are N x N matrices with

E A23 = E A is uniformly
positive definite, i.e. there exists ci > 0 such that

YTA(xt)y � for y E x E 0 <t <T. (2.35)

Multiplying (2.33) by and formally integrating by parts, using (2.34), we con-
clude that an appropriate formal adjoint is

L'ço =
-

+

for ¶D(L') which are required to satisfy:

(a) p = 0 for x E Htm

(b) there exists such that t) = 0 for IxI > 0 <t <T.

Choose Integration over x e Htm at fixed t e (0, T), using repeatedly
the fact that = + pT(DA)co for any symmetric A, gives

= — — +

= — — +

=

�
where c � II5A/9t + — 2B*If/a and (2.35) was used, hence

(ect f <

2

T
< 2ecT f dsJ

Jo

<

and therefore Theorem 2.4.2 implies existence of u e (L2 (1Z))" such that

JTJ = fT
f

for all E
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Under some additional assumptions it can be proven that this u satisfies also (2.33)
and (2.34).

Many other (hyperbolic) equations can be written as (2.33). For example, consider
the following wave equation,

Dv Dv

where form a uniformly positive definite symmetric matrix. Let u be a vector of
N = ii + 2 components,

Dv Dv Dv
Ui = , = = —, Un+2 = V.

ax1 at

This gives N equations in the form of (2.33):

Dy3
for z=1,...,n

j=1 j=1

DtLn+i
— — — — = g

i,j=1 z=i

— Un+i = 0.

2.5 Example: Constant Coefficient PDEs
Let Il be any nonempty open set in ri � 1, and let a constant coefficient differential
operator in the Hubert space L2(1l) be given by

L=
ckl<m

where are arbitrary complex constants and m is any nonnegative integer called the
order of the differential operator L. We shall show that for every f e L2(1l) there
exists a weak solution of Lu = f provided that 11 is bounded and that at least one of

is nonzero.
Using Lemma 2.4.4 we see that (Lço, = (ço, for all ço, e Cr(Q) where

L'=

Note LL'ço = L'Lço. Hence (Lp, Lp) = L'Lço) = LL'ço) = (L'ço, L'ço), i.e.

= IIL'iplt for all p E (2.36)
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Define a polynomial of n-variables (i,.. , by

P(() = = . .
.

and let

P for a = (ai,...

Note L = P(D) and, for example,

P1(D) = . . .

>0

p(Q) = a!cQ when al = rn.

Lemma 2.5.1 If for some ak, dk we have that lxk — akl dk/2 all x E then

for all E

PROOF Let us fix and do induction on in. When m = 0 the assertion is
obvious. Assume in � 1 and that the assertion is true for all constant coefficient
differential operators of order in — 1, hence, we may in particular assume that

llPkk(D)coll <(m — 1)dkllPk(D)coll for all 'p E

Let v(x) = xk — and note that (1.7) implies

P(D)(v'p) = vP(D)cp + Pk(D)co for all 'p E

Hence

llPk(D)coll2 = (P(D)(v'p) — vP(D)ço, Pk(D)co)

= (P(D)(vco),Pk(D)co) — (vP(D)'p,Pk(D)'p)

= — (vP(D)cp,Pk(D)ço) where = P(D)'ço

= (ço,Pk(D)(v'çb) — — (vP(D)ço,Pk(D)ço)

= — — (vP(D)ço,Pk(D)ço)

<

llPk (D)pll

= IIP(D)coll + llPkk(D)colI

< flPk(D)'pll + llPkk(D)coIl

<
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Repeated applications of the above Lemma give

Theorem 2.5.2 (Hörmander) If is contained in a finite box Ixk — akl < dk/2,
1 <k n, then for every multi-index /3 = and every ço E

<rn(m - 1)... (rn - + . .
.

Theorem 2.5.3 If is bounded and if at least one of c0 is not zero, then for every
f E L2(11) there exists u E such that

(u,L'ço) = for all ço E

PROOF Note that p(fl) is a nonzero constant for some /3, hence, Theorem 2.5.2
and (2.36) imply (2.29) and therefore Theorem 2.4.2 applies. 0

EXAMPLE 2.5.4 is used to denote the Laplace operator (or the Laplacian)

82 82

Lemma 2.5.1 implies that if at least one coordinate of points in 11 is bounded, then for
each f E there exists a weak solution of the typical elliptic equation

u e L2(1l) such that

fu/Xco=ffco for all

Regularity of u is given in Example 3.8.4.

2.6 Seif-adjoint Operators

Observe that if S is a symmetric linear operator in a Hilbert space H, then

(i) for alixED(S)

(ii) eigenvalues of S are real

(iii) eigenvectors of S corresponding to different eigenvalues are orthogonal

(iv) if H is a complex Hilbert space and A = Ar + iA2, with IR, then

11(5 — A)x112 = II(S — Ar)x112 + for all x e ¶33(5). (2.37)

Note that the same holds for real symmetric matrices. In this section it will be shown
that many other properties of real symmetric matrices also extend to operators that
are self-adjoint - not just symmetric. Recall that a densely defined symmetric linear
operator S is self-adjoint if and only if ¶33(5*) = ¶33(5). When S is unbounded, the
task of showing that ¶3J(5*) = ¶33(5) can be nontrivial (try Exercise 10). The following
Lemma can sometimes make the job easier.
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Lemma 2.6.1 If T is a linear operator in a Hilbert space such that its resolvent set
contains a real number A, then the following statements are equivalent:

(a) T is symmetric

(b) (T — A)—' is symmetric

(c) T is self-adjoint.

PROOF Let H denote the Hubert space and K = (T — A)—'. (a) implies

(Kx,y) = (Kx,(T — A)Ky) = (x,Ky) for all x,y E H

and this gives (b). Similarly, if (b) holds and x, y then

(Tx, y) — A(x, y) = ((T — A)x, K(T — A)y) = (x, (T — A)y) = (x, Ty) — A(x, y)

and therefore T is symmetric.

Assume K is symmetric and that y, z e H are such that

(Tx,y) = (x,z) for all x E ¶D(T).

If H, then one could take z 0, y = 0. Let x = K(y — K(z — Ày)) and
note

— K(z — = ((T — A)x,y — K(z — Ày))
= (Tx,y) — A(x,y) — ((T — A)x,K(z — Ày))
= (x,z) — A(x,y) — (x,z — Ày) = 0.

Therefore y = K(z — Ày) E ¶D(T) and hence Ty = z. This shows that T is
densely defined and that T is an extension of T*. Since T is also symmetric it
is self-adjoint. D

Theorem 2.6.2 cr(T) C R for every self-adjoint operator T.

PROOF Let H be a complex Hubert space and A = + iA2 with 0.

(2.37) implies II(T — A)xIl � A

T is closed, we also have that — A) is closed. If y e — A)',
then (Tx, y) = (x, y) for all x 'D(T), hence T*y = Ay and, since symmetric T
can have only real eigenvalues, we have that y = 0 and therefore — A) = H
by Theorem 2.2.2. Corollary 1.6.2 implies that A E p(T). D

If T is a symmetric operator in a complex Hilbert space, then ±iT are accretive.
Theorem 2.6.2 implies that ±iT are m-accretive when T is self-adjoint. The converse
also holds:
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Theorem 2.6.3 If T is a symmetric operator in a complex Hilbert space H, then T
is self-adjoint if and only if + i) = R(T — i) = H.

PROOF The 'only if' part is given by Theorem 2.6.2. To prove the 'if' part,
assume that (Tx, y) = (x, z) for all x ¶13(T). Choose w E ¶D(T) so that
(T — i)w = z — iy. Hence ((T + i)x, y — w) = 0 for all x e ¶13(T) and therefore
y = w, Ty = z. If ¶13(T) would not be dense in H, we could have chosen y = 0

and z 0, but this is not possible since Ty = z. Thus, is dense in H,
¶13(T) = ¶D(T*) and therefore T = T*. D

Our basic tool for obtaining various bounds involving seif-adjoint operators is the
following:

Theorem 2.6.4 Suppose that H {0} is a Hilbert space and that T E is
symmetric. Then 11Th = sup,Ixlhl I(Tx,x)I = Al for some A E

PROOF Clearly in I(Tx, x)I < llTll. To show m, observe
that for all x,y e H,

2(Tx,y) +2(Ty,x) = (T(x +y),x +y) — (T(x — y),x — y)

+ + -
= 2m(hlxhl2 + 11y112).

Hence if Tx 0 and y = (llx then

2hlxhhhlTxhl = (Tx,y) + (y,Tx) rn(hlxhl2 + hlylf2)
= 2mhlxhl2

implies hlTxhl mhlxhl - which is true also when Tx = 0. Thus, 11Th = in.

Choose E H such that = 1 and 11Th = xn)I. By
renaming a subsequence of we may assume that converge to
some real number A with hAl = hlThh. Observe that

lh(T — = — +

A cr(T) leads to the contradiction

1= = hh(T - A)'(T - <hl(T - A)1ll hh(T -

A sharp version of Exercise 18 in Chapter 1:
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Theorem 2.6.5 If T is a self-adjoint operator in a Hubert space H {O}, then its
spectrum is not empty and — A)111 = dist(A,a(T))' for all A E p(T).

PROOF Note that a(T) C by Theorem 2.6.2. Let A = Ar + E p(T).

If Ar E o(T), then (2.37) implies that (T—A)' < I = dist(A, o(T))'.
Next let us consider the case when Ar e p(T). Pick any 6 (0, oo) such that

(Ar — 6, Ar + 6) C p(T). If and > 1/6, then ( p((T — Ar)') since

((T — Ar)1 — = (1(T — Ar)((1 + Ar — T)'.
Hence cr((T — Ar)1) C [—1/6, 1/6] and Theorem 2.6.4 implies that

II(T - Ar)'II <1/6. (2.38)

Since (T — Ar)(T — Ar)' = I and H {O}, we have that II(T — Ar)1 0
and hence not every 6 (0, oo) is such that (Ar — 6, Ar + 6) C p(T). Let
us take the largest possible 6, hence, either Ar + 6 or Ar — 6 belongs to cr(T)
and dist(A, a(T))2 = 62 + (2.38) implies that II(T — Ar)XII � for all
x e D(T) and hence (2.37) implies II(T— A)x112 � + Therefore
II(T — A)111 dist(A, a(T))1 also in this case.

The reverse inequality follows from Theorem 1.6.11 (see Exercise 18 in Chap-
ter 1). 0

Theorem 2.6.6 If T is a seif-adjoint operator and A then (—oo, A) C p(T) if
and only if

(Tx,x) > for all x E

PROOF If (—oc, A) C p(T), then Theorem 2.6.5 implies

II(T — A — <1/IRe(I for (E K, Re( <0

and hence Theorem 2.3.2 implies that T — A is m-accretive.

Suppose now that T — A is accretive and that (E (—oo, A). Note that

(A — < ((T — ()x,x) $ II(T — ()xIIIIxII for x E D(T)

Iand, since T is closed, we have that — () is closed. If y E — ()
then (Tx, y) = (x, (y) for all x E hence Ty = (y and, since T — (is
one-to-one, we have that y = 0 and therefore R(T — () = H by Theorem 2.2.2.
Corollary 1.6.2 implies that ( e p(T). 0

Spectral representation for self-adjoint compact operators:
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Theorem 2.6.7 (Hubert-Schmidt) Suppose H is a Hubert space and K E 93(H)
is symmetric and compact.

For each A define n(A) = dimN(K — A) and choose an orthonormal
set . , so that its span is equal to N(K — A). (See Corollary 1.7.5,
Theorem 1.7.14.)

Then

Kx = A(x, for all x E H.
i=1

PROOF Chooseanye>O. and

n(A)

Rx = Kx — A(x, for all x E H.
i=1

Clearly, R E 93(H) and it can be easily seen that R is symmetric. We shall
show that IIRII <e. Assume R 0. Theorem 2.6.4 implies that I1RII = 0

for some E a(R) and, since R is compact, see Theorem 1.7.4, we have, by
Theorem 1.7.12, that is an eigenvalue of R. Thus, for some z H, z 0,

n(A)

,az = Kz—
i1

This and the fact that for all A E i = 1,... ,

,u(z, = (Kz, — A(z, = (z, — A(z, = 0

imply that ,az = Kz, and since z E N(K — p) = , we have
to have that Therefore I1RII = <e. D

The following spectral representation for self-adjoint operators with compact re-
solvent will play a key role in many of the examples in the rest of the text.

Theorem 2.6.8 Suppose that T is a symmetric linear operator with compact resol-
vent in a Hilbert space H.

For each A E define n(A) = dim — A) and choose an orthonormal set
, so that its span is equal to N(T — A). (See Theorem 1.7.16.)

Then

(a)
f

A a complete orthonormal set in H

(b) T is a self-adjoint operator

(c) x E if and only if IA(x, <oo
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(d) Tx = A(x, for all x E ¶D(T).

PROOF Theorem 1.7.16 implies that we can pick A0 e JR fl p(T) and that
K (T — A0)—' is compact and, by Lemma 2.6.1, symmetric. Lemma 2.6.1
implies also (b). If and A = A0 + 1/it, then

N(K — = N(T — A) = ,

and therefore Theorem 2.6.7 implies

n(A)

Kx = for all x E H. (2.39)
i=1 0

Thus, if (x, = 0 for all A e i = 1,... , ri(A), then Kx = 0 and hence
x = (T — Ao)Kx = 0. This proves (a).

If x then A(x, = (x, = (Tx, and, by Theorem 2.1.6,

n(A) n(A)

IA(x, <oo, then let = A(x,
Since (y — A0x, = (A — Ao)(x, q5Aj), equation (2.39) gives

n(A)

K(y — Aox) = = x
i=1

and therefore x E and (T — Ao)x = y — A0x. This proves both (c) and (d).

EXAMPLE 2.6.9 Suppose T 'D(T) C L2(0, 1) -÷ L2(0, 1) is given by

Tf = if' for f e {f AC[0, f' e L2(0, 1), 1(0) = f(1)}.

One can easily check that T is symmetric and that

(T — A)' = —iR(—iA) for A = = {0, ±2ir, ±4ir,.
. .},

where R is the integral operator as in Example 1.6.4. Example 1.7.7 implies that
(T — A)—' is compact for A E p(T) and therefore Theorem 2.6.8 implies that T is
seif-adjoint and that its eigenvectors

1 , , , ,

form a complete orthonormal set in L'(O, 1). This proof of completeness of the Fourier
series is independent of the proof given in Example 2.1.7.
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2.7 Example: Sturm-Liouville Problem
The problem of finding a scalar A and a function u 0 such that

(ru')'+(q+Ap)u=O on [a,b]

aiu(a) + = 0

/3iu(b) + f32(ru')(b) = 0

is known as a Sturm-Liouville problem. It is assumed that

(i) —oo <a < b < oo and u,ru' E AC[a,b]

(ii) p, q, r1 L' (a, b)

(iii) p(x), r(x) e (0, oc) for almost all x e [a, b], q is real valued

(iv) a2, i3i, /32 are real numbers with ai I + 0 and I + 1/321 0

(v) one of the following (va) or (vb) is true

(va) 0, /3i/32 � 0, q Cop a.e. on [a, b] for some Co e R

(vb) r1 Cop a.e. on [a, b] for some C0 <oo.

Let H denote the set of all equivalence classes of measurable functions f for which

f < 00.

H is a Hubert space with inner product

(f,g)
= f

Define a linear operator S in H as follows:

(ru')'+quSu=— for

u AC[a, b] such that ru' E AC[a, bJ and

((ru')' + qu)/p e H, + a2(ru')(a) = /31u(b) + /32(ru')(b) = 0.

The Sturm-Liouville problem thus becomes the problem of finding eigenvalues and
eigenvectors of the operator S.

Lemma 2.7.1 S is symmetric.
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PROOF Choose u, v e and let w = urv' — ru1U E AC[a, bJ. Note

= u((rv')' + qv) — ((ru')1 +

w(b) —'w(a) = (Su,v) — (u,Sv).

Since the system
aiu(a) + a2(ru')(a) = 0

aiv(a) + a2(rv')(a) = 0

has a nontrivial solution a2, we have W(a) = 0. Similarly, W(b) = 0. 0

Lemma 2.7.2 There exists 9 JR such that (Su,u) > for all u E ED(S).

PROOF Note that for u E we have

(ru')(a)u(a) = calu(a)12 where Ca = al/a2 0 and ca = 0 otherwise

(ru')(b)u(b) = cblu(b)12 where cb = 131/L32 if /32 0 and cb = 0 otherwise.

Therefore

(Sn, u) = + r(u'J2 —

= caln(a)12 — cblu(b)12 + — qful2.

Thus, if (va) holds, take 0 = —Co. If (vb) holds let c = cal + lcbl + 1q11' + 1 and
note that for n E

(Su,u) �

However, p for some y [a, b]; hence, for all x E [a, b],

Iu(x)12 = fu(y)12+2Refuhii

+ Lb 21u'IIuI

+ L + (c/r)1u12)

+ L
rluhf2 + c2C0 f

< + c2Co)11u112 +
fbrluuI2
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and therefore
(Sn,n) 2 —(c/IIpIIi +c2Co)11u112.

D

Lemma 2.7.3 If A <0, then A e p(S) and (S — A)—' is compact.

PROOF If f E H, then pf L'(a, b) and the statement n e is such
that (S — A)u = f is equivalent to the statement n E AC[a, b] is such that
rn' AC[a,b] and

(rn')1 + (q + Ap)u = —pf a.e. on [a, b]
)

n(a) + (rn')(a) = 0 (2.40)

/3,n(b)+132(rn')(b) =0 J

Thus, if n is a solution of the homogeneous version of (2.40), then Sn = An and
hence (Sn, n) = A11u112, but by Lemma 2.7.2 (Sn, n) 2 011n112. Therefore n has
to be the trivial solution 0. In view of Example 1.8.5 we have that S — A is
one-to-one and onto.

Let {fk} be a bounded sequence in H and let Uk = (S — As in
Example 1.8.5, {nk} is a uniformly bounded sequence and has a subsequence
convergent in L' (a, b). Hence we can choose a subsequence } which con-
verges a.e. to some n E L°°(a, b). The Dominated Convergence Theorem (DCT)
implies that {nk1} converge in H to n. This implies that (S — A)—' is bounded
and compact and that A e p(S). D

Theorem 2.7.4 5 is a self-adjoint operator,

cr(S) = ar(S) = {A,, A2,
.

for some A1 <A2 < ... with = oo and dimN(S — = 1 for all n 2 1.

Moreover, E N(S — are chosen so that = 1 for ri 2 1, then çb2,

is a complete orthonormal set in H.

PROOF Lemmas 2.7.1, 2.7.3 and Theorem 2.6.8 imply that S is seif-adjoint
and that the normalized eigenvectors of S form a complete orthonormal system
in H. If would be a finite set, then H would have to be spanned by
finitely many vectors because, by Theorem 1.7.16, n(A) = dimN(S — A) <oo
for each A E ar(S). Therefore cry(S) is an infinite set. By Theorem 1.7.16,
cr(S) = cry(S), and also Lemma 2.7.2, gives that ar(S) = {A1, A2,.. .} for some
0 < A, <A2 < ... with = oo.
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To show dimN(S — = 1, suppose u, v E N(S — An). The system

xiu(a) + x2(ru')(a) = 0

xiv(a) + x2(rv')(a) = 0

has a nontrivial solution x1 = ai, X2 = a2 hence there should exist ci, C2, not
both zero, such that

ciu(a) + c2v(a) = 0

ci(ru')(a) + c2(rv)(a) = 0.

Thus, if w = citi + c2v, then

(rw')' + (q + = 0, w(a) = (rw')(a) = 0

and hence the uniqueness for the initial value problem (Example 1.6.9) implies
w = 0 and therefore N(S — cannot contain two linearly independent vectors.

D

EXAMPLE 2.7.5 In engineering applications one often encounters Sturm-Liouville prob-
lems similar to the following one:

u"(x) + .\u(x) = 0 for all x E [0, 1]

u(0)=0, u(1)+hu'(l)=O
where h � 0. One can easily see that the eigenvectors and the eigenvalues are
given by

= = n � 1
where is the nth positive solution of equation

tana = —ha.

Theorem 2.7.4 says that normalized ri � 1, form a complete orthonormal set in
L2(0, 1). Therefore, for all f e L2(0, 1),

0

where
1

cj
2 [ forall j>1

1+hcos2a3 Jo —

and the Parseval equality, see Theorem 2.1.6, implies

2 f 1112 IcjI2(1 + hcos2 ai).

Selecting h = 0 gives an independent proof of (2.12).
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2.8 Sectorial Forms

Hypotheses Hi, H2, H3 will be in effect throughout this section.

(Hi) 7-1 is a Hubert space with an inner product denoted by (,.) and the correspond-
ing norm by ii .

(H2) V is a dense subspace of 7-1. V is also a Hilbert space with an inner product [, ]

and the corresponding norm
.

There exists M1 E (0, oo) such that

lxii <Miixi for all x E V.

(H3)

+ /3y, z) = z) + z)

ax + /3y) = x) + y)

for all vectors x, y, z in V and all scalar numbers a, fi in 1K. Moreover, there
exist a ER, M2 e (0,oo), M3 e (0,oo) such that

for all x,y E V

� +aiixii2 for all xE V.

Such are called sectorial sesquilinear forms and are obviously continuous.
The adjective 'sectorial' is due to the fact that the numerical range of lies in a
sector: if x E V and iix ii = 1, then ixi � hence Re x) � a + and

<M2Ix12 — a),

therefore

eF { ( 1K Re( � a + M3Mj2 and ilm(i M2(Re( — a)/M3 }.

Define a linear operator A in 7-1 as follows. x E if and only if x E V and
there exists z E 7-1 such that

= (z,y) for all y E V. (2.41)

Since V is dense in 7-1 we have, for each x E only one z E 7-1 such that (2.41)
holds. Define Ax = z. Thus, has the following representation:

forall

A is called the operator associated with Note that if x E and lix ii = 1,

then (Ax, x) = x) E F. Hence, the numerical range of A is contained in F.
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a< Re (

Figure 2.1: F containing numerical ranges of and A.

EXAMPLE 2.8.1 Let the Hubert space 7-1 be L2(O, 1) with the usual inner product and
let V consist of u E AC[O, 1] for which u' e L2(O, 1) and u(O) = u(i) = 0. Since (0, 1)
is dense in /-1, (Example 1.3.4) so is V. Define

[uv]=f Iul=[u,u]"2 for u,vEV.

Since u(x) = f u' for u e V, we have that huM � � huh; thus, [,.] is an inner
product on V and it can be ea.sily seen that V is complete and hence a Hubert space.

Define v) = [u, v] for u, v e V and note that the assumptions Hi, H2, H3 are
satisfied with M1 = M2 = M3 = i, a = 0. If u E D(A), then

p1 p1

/ u'qV = I (Au)q5 for all q5 E 1).
Jo Jo

Hence Lemma 2.4.5 implies that u' e AC{0, 1], Au = —u" and therefore

¶D(A) C V1 {u E AC[0,i] Iu' e AC[0,i], u" e L2(0,1), u(0) =u(1) = 0}.

An integration by parts implies that V1 C and hence = V1.

In Section 3.7 it is shown that strongly elliptic operators can be obtained in this
way. Thus, Ut + Au = 0 becomes a generalized parabolic equation which is studied
in Section 4.5 and where it is shown, in particular, that the initial value problem for
Ut + Au = 0 always has a solution. With one more assumption on the initial value
problem for the generalized wave equation Utt + Au = 0 is solved in Section 4.4. Some
ODE applications will be presented in the following sections.

The following Theorem presents the basic properties of A; its converse is given by
Theorem 2.12.1.
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Theorem 2.8.2 The linear operator A is closed, densely defined in 7-1 and it has the
following properties:

(1) a(A) C F and ii(A — A)'lI 1/dist(A,F) for A IK\F

(2) if the identity map I: V —+ 7-1 is compact, then A has compact resolvent

(3) 73(A) is also dense in V (in
I

norm).

PROOF Choose x V and define = — a(x,y) for y E V. It
can be easily verified that is a bounded linear functional on V and hence,
by Lemma 2.2.4, there exists a unique Bx e V such that = [y, BxJ for all
y E V. Therefore

y) — a(x, y) = [Bx, yJ for all x, y e V. (2.42)

The linearity of y) implies linearity of B and since [Bx, y] (M2 +
we have that B E Note that Re[Bx,x] � for x E V,

hence, Corollary 2.3.3 implies

iB'xi < ixiIM3 for all x E V. (2.43)

Choose w 7-1 and let g(y) = (y,w) for y E V. Since we
have, by Lemma 2.2.4, that there exists a unique v e V such that (y, w) = [y, vi
for all y e V, moreover, lvi Miliwil. Thus x = B'v is the unique element of
V which satisfies (y, w) = [y, Bx] for all y E V and, in view of (2.42), this x is
the unique solution of

forall yEV.

Moreover, (2.43) implies lxi < Miiiwii/M3. By the definition, x E 73(A) and

Ax = ax + w. Thus, A — a is onto and since the numerical range of A lies in F,
Theorem 1.6.16 implies (1) and that A is closed. Since we have actually shown
that (A — a)1 V), the compactness of the identity map I : V -÷ 7-1

would imply that I(A — a)1 E is compact - which proves (2). To show
(3), suppose that u V is such that [z, uJ = 0 for all z e 73(A). Let w = B'u
where B' is the Hilbert space (V) adjoint of B'; hence

11w112 = (w,B'u) = [v,B'u] = [B'v,n] = [x,u] = 0,

[u, u] = [Bu, B'u] = [Bu, w] = 0 proving (3) - which implies that 73(A) is dense
alsoinl-1. o
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EXAMPLE 2.8.3 Let us continue with Example 2.8.1. Since � ui and

iu(x) — u(y)i
= f u E V,

the Arzela-Ascoli Theorem 1.1.5 implies that if {uk} is a bounded sequence in V, then
a subsequence converges uniformly to some u E C[O, 1] which implies that the identity
map from V to 7-1 is compact. Therefore A has compact resolvent by Theorem 2.8.2.

If x D(A) and Ax = z, then obviously

(x,A*y) = (z,y) for all yE

and since A** = A, (Theorem 2.2.7) the converse is also true. To obtain A*, define
(x, y) = x) for x, y E V and note that hypothesis H3 is satisfied, with the

same constants, when is replaced by Let A1 be the operator associated with
Thus, x e if and only if x E V and there exists z E 7-1 such that

forall yEV.

Moreover, A1x = z. Note that Theorem 2.8.2 remains true if A is replaced by A1.

Theorem 2.8.4 A1 A*.

PROOF If x E E then (Ay,x) = = (y,Aix); therefore,
'D(A1) C and A1x = A*x for x e D(A1). Theorems 2.8.2 and 2.2.6
imply a E p(Ai) fl hence A1 = A* by Lemma 1.6.14. C

Corollary 2.8.5 If y) = x) for all x, y e V, then A is self-adjoint.

Note that
= {x E V I x) = 0 for all y E V}.

So, when the identity map I: V —+ 7-1 is compact, A has compact resolvent hence its
range is closed by Theorem 1.7.16 and therefore the Fredholm alternative, Theorem
2.2.8, implies that, for each z E 7-1, the following statements are equivalent:

(a) there exists x e V such that y) = (z, y) for all y e V

(b) z e

(c) (z,y) = 0, whenever yE V is such that = 0 for allw E V.
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When A has compact resolvent Theorem 1.7.16 implies also that a(A) = and
hence uniqueness implies existence, i.e. if = {O}, then R(A) = 7-1.

Define a sectorial sesquilinear form by

for x,yEV

and note that the hypothesis H3 is satisfied when is replaced by Let Ar be the
operator associated with Note that Theorem 2.8.2 remains true if A is replaced by
Ar. Corollary 2.8.5 implies that Ar is self-adjoint. If y) = x) for all x, y E V,
then A = Ar.

Theorem 2.8.6 If for each x E V there exists c < oo such that

for all yE V,

then = = Ar = (A + A*)/2 and there exists b < oo such that

<2bIxIIIyII for all x,y E V.

PROOF Theorem 1.4.3 and Lemma 2.2.4 imply that for each x E V there
exists a unique Tx E 7-1 such that y) — x) = (Tx, y) for all y E V. T is
obviously a linear map from V to '1-1 and it is easy to check that it is also closed
and hence bounded by Theorem 1.4.11. This gives b.

If x e then x) = (y, Ax — Tx) for all y e V hence x e ¶D(A*).

If x then y) = (A*x + Tx, y) for all y e V hence x e
and since = (Ax,y) + (A*x,y) we also have that x E and
2ArX = Ax + A*x.

If X E then y) + x) = y) and hence y) =
2(ArX, y) + (Tx, y) for all y E V; therefore, x E 0

Theorem 2.8.7 If V {O} and A0 is the largest of real numbers A such that

� for all x E V,

then A0 e cr(Ar), a(Ar) C [Ao, oc). Moreover, if < Ao and c = min{1, then

� +aIfxII2 for all x E V.

PROOF It is easy to see that A0 exists in R and that x) � AoIIxII2 for all
x E V. Hence (Arx, x) � Ao((x 112 for all x E and Theorem 2.6.6 implies
that (—oo, A0) E p(Ar). If Ao then (—oc, A1) e p(Ar) for some A1 > Ao
and Theorem 2.6.6 would imply that

= (Arx,x) > for all x E
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and since ¶D(Ar) is dense in V, this would contradict the definition of Ao.

A simple calculation shows that

— � — aIIxII2) � cM3IxI2 for all X E V

which proves the 'moreover' part. D

EXAMPLE 2.8.8 Corollary 2.8.5 implies that A from Examples 2.8.1 and 2.8.3 is self-
adjoint. A short calculation gives that the eigenvalues of A are (rtir)2 and the corre-
sponding eigenvectors are g5,2(x) = sin nirx where n = 1,2,... Theorems 1.7.16 and
2.8.7 imply that for all u E AC[O, 1] with u(O) = u(1) = 0, we have that

p1

J
Iu(s)I2ds.

0 0

The following Theorem 2.8.9 is the reason why the setting of this Section is some-
times called variational formulation.

Theorem 2.8.9 Suppose A (—oo, a + M3Mj2), f e 7L. Define I: V —÷ JR by

1(y) = — AMyII2 — 2Re(f,y) for all yE V.

Then, 1(x) <1(y) for all y e V\{x}, where x = (Ar — A)-'f.

PROOF For y E V, we have that

(f,y — x) = Zcr(x,y — x) — A(x,y — x)

1(y) —1(x) = — +A11x112 —2Re(f,y—x)

=

� — + (a — A)IIx — y112

� + a — A)fIx — y112,

which proves the assertion of the Theorem.

The following Lemma and Theorem are the basic tools for obtaining finite element
approximations for PDEs. For an example, see Section 2.11.

Lemma 2.8.10 Suppose that U is a closed (in
I I

norm) subspace of V, f E 7-1,
c E [0,M3), A elK, ReA a+cMj2.

Then there exists a unique x e U such that z) = (Ax + f, z) for all z E U.
Moreover, lIxIl IIfII/(M3Mi2 + a — Re A), 1x12 IIfIIIIxII/(M3 — c) and

Ix - (A - A)1f I
M2+ IAIM? i Iz - (A - A)'fl. (2.44)
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PROOF Theorem 2.8.2 implies that there exists a unique y E V such that
z) = (Ày + f, z) for all z e V. Moreover, y = (A — A)1f.

Let U be the closure of U in and let I = Ii + 12 where 1' E U and
(12, z) = 0 for all z E (see Theorem 2.2.2).

Hypotheses Hi, H2, H3 remain valid if 7-1 is replaced by U and V by U.
Therefore Theorem 2.8.2 implies that there exists a unique x E U such that

= (Ax + fi,z) for all z E U. Since (fi,z) = (f,z) for all z e U we
have the existence and uniqueness of x; since Ifi

I f we also have, from
Theorem 2.8.2, the bound on lxii. The bound on lxi follows from

(M3 — c)ixi2 < M3ixi2 — cMj2IixiI2 + (a — Re A) iixii2

< — A(x,x)) = Re(f,x) � Ill lilixil.

Observe that for all z EU we have —y,x — z) = A(x —y,x — z),

(M3 — c)ix — M31x — + (a — Re A) lix — yii2

=

(M2 + iAiM?)ix — yiz —

and since z e U is arbitrary, inequality (2.44) follows. 0

Theorem 2.8.11 Suppose Vi, V2, are finite dimensional subspaces of V such that

lim inf — zi = 0 (2.45)
n—+oo

for all y in a dense (in
I

norm) subset of V. Choose any I E 7-1 and A E K with
Re A < a + M3Mj2. Then for each n 1, there exists a unique E such that

z) = + z) for all z E (2.46)

Moreover,
lim

n—*oo

If, in addition, there exist E [0, oo) for n 1 such that ck = 0 and

for (2.47)

then (A — is a compact linear operator on 7-1 and there exists b E (0, oo) which
depends only on A, a, M1, M2 and M3, such that

— (A — A)1f
I

cnbiif ii for Ti 2 1. (2.48)
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PROOF Since (2.45) holds for y in a dense subset of V, it holds for all y
in V. Except for compactness of (A — everything follows immediately
from Lemma 2.8.10. Lemma 2.8.10 also implies that = for some E

V) and since ranges of are finite dimensional, we have that are
compact linear operators on and hence (2.48) and Theorem 1.7.4 imply that
(A — A)—' is compact on 1-1. 0

Observe that the existence of error bounds, as in (2.48), with ck —÷ 0 also implies
that A has compact resolvent as well as estimates as in (2.47).

If A is a scalar and ReA <a + M3Mj2, then Theorem 2.8.2 implies that A — A

is m-accretive and that 0 E p(A — A), hence, Theorem 2.3.5 implies existence of
(A — A)'!2, the unique m-accretive square root of A — A. Define G = (Ar — a)1!2. See
also Corollary 6.1.14.

Theorem 2.8.12 G is a seif-adjoint, m-accretive operator in 7-1, = V, 0 e
p(G),

IIGxII <(M2 + IaIM?)"21x1 for x E V,

= (Gx,Gy) + a(x,y) for x,y e V.

Moreover, there exists B E such that B + B* = 2 + 2aG2, A = GBG and

for

PROOF Since G is symmetric, Lemma 2.6.1 implies that G is self-adjoint. If
X E then

= ((Ar — a)x, x) = x) — aIIxII2 � M31x12 (2.49)

IIGxII2 <M21x12 — aIIxII2 < + IaIMflIxI2. (2.50)

If x e then Theorem 2.3.5 implies existence of
x that form a Cauchy sequence in V

hence — —p 0 for some y E V and since — — yf, wehave
that x = y and therefore C V.

If x E V, then Theorem 2.8.2 implies existence of E ¶D(Ar) such that
I

— —+ 0. (2.50) implies that converge in 7-1 and, since C is closed, we
have that x e Thus = V. Taking the limit in

Gy) = ((Ar — y) = y) — y) for y e V

proves that y) = (Gx, Gy) + a(x, y) for x, y E V.

Define = for x,y E 7-1. Note that the hypotheses

Hi, 112, 113 can be satisfied with 7-1 in place of V and in place of Let
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B be the operator associated with implies that
= 7-1 and IIB1I Obviously = (BGx,Gy) for x,y e V

which implies that A = GBG and, since

y) = ((B + B*)Gx, Gy) = 2(Gx, Gy) + 2a(x, y),

we have that B + B* = 2+ 2aG2. 0

Corollary 2.8.13 There exists a self-adjoint operator C in 7-1 such that C is m-
accretive, 0 p(C), = V and

(Cx,Cy)=[x,y] forall x,yEV.

PROOF Apply Theorem 2.8.12 when y) = {x, y]. 0

2.9 Example: Harmonic Oscillator and Hermite Func-
tions

To a particle subject to quadratic potential in one dimension (harmonic oscillator),
one can assign the following quantum mechanical Hamiltonian:

= + x E R.

Since is a probability density, we have It can be easily seen that
is symmetric in L2(R) provided that functions in its domain decay sufficiently

rapidly at ±oo and are smooth enough. However, we need to specify its domain so
that is a seif-adjoint operator. It is not obvious how to do this. Here, this will be
accomplished by using techniques described in the section on Sectorial Forms. It will
be also shown that has a complete set of eigenvectors - called Hermite functions.

Let 7-1 = L2(R) and let (,), . denote the usual inner product and norm on
L2(IR). Define also

AC = { f R —+ f AC[—a,a] for all a >0 },

V = { I E AC I L:111x12 + (1+ x2)If(x)12)dx < oo

= + (1+ fl = [f, f]V2 for all 1,9 V.

Example L3.4 shows that V is dense in 7-1.

Lemma 2.9.1 1ff E V, then If(x)I (1 + x2)1/4 Ill for all x E R.
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PROOF If 0 x <a, then

If(a)12 - f(x)12 = 2Re f
and, since f'f e the limit of the right-hand side exists as a —+ oo, hence,
the limit of If(a)12 as a oo has to exist and, since f E L2(R), the limit has
to be 0. Thus

If(x)12 = -2Reff'(s)f(s)ds

f (1 + s2)h/2(Ifl(s)12 + (1+ s2)If(s)12)ds

(1+ x2)h/2 f (ff'(s)12 + (1+ s2)If(s)12)ds.

A similar argument can be applied when x 0. 0

Lemma 2.9.2 V is a Hubert space.

PROOF Let be a Cauchy sequence in V. Lemma 2.9.1 implies that for
each x e there exists = f(x). Since {f,'j is Cauchy in L2(TR),
there exists g E L2(R) such that — gil —÷ 0 hence —

f(0) = f g a.e.. Since the functions
x —+ (1+ form a Cauchy sequence in L2(R), they converge in L2(R)
to(1+x2)"2f(x). Thus,fEVandifn—fl--+Oasn--+oo. 0

Define V x V —p C by
= [f,g].

The assumptions in the Sectorial Forms section are clearly satisfied (M1 = 1, M2 = 1,

M3 = 1, a = 0). Let A be the seif-adjoint operator (Corollary 2.8.5) associated with
The following two Lemmas characterize A explicitly and suggest that the definition

= A — 1 is the right one.

Lemma 2.9.3 If f E V, f' AC and g E where g(x) = —f"(x) + (1 + x2)f(x),
then f E and Af = g.

PROOF Choose v E V, a <b and note that
b b

f + (1 + x2)f(x)v(x))dx = f'(b)v(b) - f(a)v(a)
+ f

Therefore the limits of f'(x)v(x) have to exist as x —+ ±00 and, since f'iJ E

L' (IR), the limits have to be 0. Therefore v) = (g, v) for all v E V. 0
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Lemma 2.9.4 f E ¶D(A) if and only if

I E V, 1' E AC and g E fl, where g(x) = —f"(x) + (1 + x2)f(x).

PROOF Suppose f v) = (Al, v) for all v E V implies that

= - (1+

for all E Thus Lemma 2.4.5 implies that f' e AC and f"(x) =
-(Af)(x) + (1 + x2)f(x). D

Lemma 2.9.5 The identity map I: V 7-1 is compact.

PROOF Choose e V such that = M < oo. Since

— = Ix —

{ is an equicontinuous sequence. Lemma 2.9.1 implies its boundedness; thus
the Arzela-Ascoli Theorem 1.1.5 implies that there exists a subsequence {fflk}
converging uniformly on compact subsets of JR to some g E C(IR). Using the fact
that decay uniformly at infinity enables us to conclude that the subsequence
{ fnk } converges uniformly on JR to g. Since

f(1 + for all a> 0, n � 1,

we have that
f(i + <M2 for all a > 0.

Therefore

L:g_fnk2 <

-
1

(f:(1 -

implies — Ink 112 � — fflkIlOO7r"22M 0.

Theorem 2.8.2 implies that A1 is compact, hence, Theorems 2.6.8, 1.7.16 apply.
In particular, a(A) = C [1, oo) and the normalized eigenvectors of A form a
complete orthonormal set in 7-1. We proceed now to find eigenvalues and eigenvectors
explicitly.
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Define polynomials by

ho(x)=1, forxElR,n=O,1,2

Define Hermite functions by

= hn(x)e_12/2 for x e TR,n � 0.

Note that E = x E JR. By induction,

forn�0.
In the next two Lemmas it will be shown that are the only eigenvectors of A.

Lemma 2.9.6 Suppose u e and Au = Au for some A E JR. Let w(x) =
u'(x) + xu(x). Then w Aw = (A — 2)w and w'(x) — xw(x) = (2 — A)u(x).

PROOF It is easy to see that w E fl AC, w'(x) = xw(x) + (2 — A)u(x),
w"(x) = (x2 + 3 — A)w(x). Thus, all that has to be shown is that w E V.

Let 1(x) = Iw(x)12. Note that f" = 2Re + w'12). Thus

f'(b) - f'(a) =2
fb

+ (x2 A)Iw(x)12)dx.

Hence, as b —+ 00 the right-hand-side increases to some number in (—oo, oo]
and, since f E L'(JR), the limit cannot be +00. The limit of the right-hand-side
must similarly be finite as a —+ —oo, and therefore w E V.

Lemma 2.9.7 If u e u 0, A e JR and Au = Au, then u = 0m and
A = 2m + 2 for some c E C and some integer rn � 0.

PROOF Let uo = u, = + for n � 0. Note = (A —

for n > 0. Since a(A) C [1, oo), there exists rn > 0 such that urn 0 and
0 = urn+1 = urn+2 = Thus 0 = + xurn implies urn(x) = for
some constant Cm 0. Since — = (2 + 2ri — for n > 0,
we have that A = 2m + 2 and the induction assumption = cn+icbrn_n_i
implies = — 2ri). Therefore = — n)!)
for0<n<rn. fl

The following Theorem summarizes the above results. A different proof of com-
pleteness of normalized Hermite functions can be found in Chapter 3, Exercise 1.

Theorem 2.9.8 A is a self-adjoint operator with compact resolvent, a(A) = =
{2,4,6,.. .} and is a complete orthonormal set in L2(JR).
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2.10 Example: Completeness of Bessel Functions

If u = u(r), r = +.. + then

ô2u d2u n—ldu
(2.51)

dr r dr

A natural Hubert space in which to study the Laplacian is where is a
unit ball in WL. However, if one considers only radially symmetric functions u, then
the square of the norm of u is proportional to

I
Jo

Multiplying (2.51) by and integrating by parts gives

p1 p1

J =
— J0 0

provided that v(1) = 0 and that u and v are smooth enough and n> 1. This motivates
the following definitions.

Fix any v 0. Let 7-1 denote the set of all equivalence classes of measurable
functions f such that

f <

7-1 is a Hilbert space with an inner product

(f,g)
= f

Let AC be the set of all u E C(0, 1] such that u E AC[c, 1] for all 6 E (0, 1). Define V
to be the set of all u AC such that u(1) = 0 and

f
Define

1

{u,vJ=f xl+2vu1(x)vI(x)dx, IuI=[u,u]"2 for u,vEV.

Lemma 2.10.1 V is a dense subspace of 7-1. If u E V, then ui and

xI+2Uhiu(x)12 < for x (0, 1]. (2.52)
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PROOF

u(x) =
— f sl/2+uu1(s)s_1/2_vds

Iu(x)12
< f s1+2v1uh(s)l2dsf s'2"ds.

Using Example 1.3.4 it is easy to see that V is a dense subspace of 7-1.

Lemma 2.10.2 V is a Hubert space.

PROOF If is a Cauchy sequence in V, then converge in
L2(0, 1) to some g hence

1 1

=
— f — f u.

It is easy to see that u E V and — uI = 0. LI

Let v) = [u, v] for u, v e V. The assumptions in the Sectorial Forms section
are clearly satisfied with M1 = M2 = M3 = 1, a = 0. Let A be the self-adjoint operator
(Corollary 2.8.5) associated with 3. Theorem 2.8.2 implies that p(A) D (—oo, 1). The
following two Lemmas give an explicit representation of A.

Lemma 2.10.3 If u e then u E V, u' e AC, IuF(x)Ixv = 0 and

(Au)(x) = —u"(x)
— 1 +2VuF(x) for almost all x (0,1).

PROOF If u E then for all v E V

1'1

J
xl+2U1uI(x)vF(x)dx

= J0 0

Lemma 2.4.5 implies that for any c E (0, 1) there exists k such that

x E (0,11 (2.53)

and, since the integrand is in L'(O, 1), we may take c = 0. If k 0, then

> x close to 0,

which contradicts the fact that u e V. (2.53) with c = k = 0 implies

IxvuF(x)12 < (2+ 2v)' f sl+2v1(Au)(s)I2ds.

The derivative of (2.53) gives the expression for Au. LI
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Lemma 2.10.4 If u E V, u' e AC, Iu'(x)Ix" = 0 and f E 7-1 where 1(x) =
—u"(x) — (1 + 2v)u'(x)/x, then u ¶D(A).

PROOF If v V, then for x E (0,1) we have

1 1

—x1'2 xh'2+'v(x)
= f sl+2umu'(s)vF(s)ds

— f
(2.52) implies that the left hand side approaches 0 as x —÷ 0 hence [u, v] = v).

0

Lemma 2.10.5 A—1 is compact.

PROOF Let be a bounded sequence in V, M = Note

—
= —

for x, y � p> 0; (2.52) implies pointwise boundedness hence the Arzela-Ascoli
Theorem 1.1.5 implies that a subsequence } converges pointwise to some
u E C(0, 1]. (2.52) implies

um(x)12 <4M2 for XE (0,1], n,m � 1

hence
x E (0, 1], i 1

and the DCT implies — uff = 0. Thus the identity map from V to
7-1 is compact. Theorem 2.8.2 implies that is compact. 0

Since each eigenvector u of A satisfies a 2nd order ODE with u(1) = 0, we
see (Example 1.6.9) that u is uniquely determined by the value of u'(l). Hence
dim N(A — A) = 1 for each eigenvalue A. The above observations, together with The-
orems 2.6.8 and 1.7.16, imply:

Theorem 2.10.6 A is a seif-adjoint operator in 7-1 and

cr(A) = {A1,A2,...}

for some positive numbers A, <A2 < ... with = oo. dim — = 1

for n � 1 and, if E N(A — with = 1, then . .} is a complete
orthonormal set in 7-1.



2.10. EXAMPLE: COMPLETENESS OF BESSEL FUNCTIONS 95

We shall now examine eigenvalues and eigenvectors of A in more detail. The
Bessel function J, is defined by

= (z/2)v
n!F(n+1+ v)

(2.54)

for
I

<7r. For A > 0, x > 0 define

vA(x) =
=

a simple verification shows that, for x > 0,

— (1 + = AVA(x).

Lemma 2.10.4 implies that is an eigenvector of A when = 0. Now suppose
that A E u ¶D(A) Au = Au and let w = u'vA — Note that w'(x) =
—(1 + 2v)w(x)/x hence for some constant c

xl+2v(u1(x)vA(x) — = c for x E (0, 1].

If in this equation we use the bounds on u(x) and u'(x), as given by (2.52) and Lemma
2.10.3, as well as the bounds on VA, that follow from the Taylor series representation
of vA, we conclude that c = 0. Hence u = clvA on
(0, 1]. This proves

Lemma 2.10.7 A E u E and Au = Au if and only if = 0,
A > 0 and u(x) = c and all x E (0, 1].

Let be the nth positive zero of Since are eigenvalues of A, we have by
Theorem 2.10.6 that = oo. This Theorem and the above Lemma imply

Theorem 2.10.8 If folxIf(x)I2dx < oo, then

limfx f(x) - dx = 0

where
f0

1
• 2

f0 dx
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Evaluation of f0' can be simplified as follows. One verifies

= (v2 — +2

by differentiation, using the fact that

x2J,','(x) + + (x2 — = 0.

Therefore
1

f XJL,(jLIix)dx =

Using (2.54) it is easy to see that xJt(x) = — which implies

f = (jv,i)2.

2.11 Example: Finite Element Method
Theorem 2.8.11 gives the mathematical foundation of the finite element method
for elliptic type problems. In order to demonstrate its usage we shall consider the
problem of finding finite element approximations of u which is required to satisfy

—u"(x) + q(x)u(x) = f(x) for 0 z 1 (2.55)

u(0) = 0, u'(l) + 'yu(l) = 0 (2.56)

with given I e L2(0, 1), q e L'(O, 1), C. We assume for simplicity that 0
and Req � 0.

To obtain the variational formulation of the problem (i.e., to find the appropriate
sectorial form) multiply (2.55) by assuming v(0) = 0 just as u(0) = 0, and integrate
by parts to obtain

ci
—u'(l)v(l) + / (u'(x)v'(x) + q(x)u(x)v(x))dx = / f(x)v(x)dx. (2.57)

Jo Jo

This suggests that we define 7L = L2(0, 1) with (,),
f ff representing the usual inner

product and norm on L2(0, 1) and

V = { v E AC{0, lJf v(0) = 0,v' E L2(0, 1) }

{v,w] = fvf = [v,v]h/2 for all v,w E V.

V is dense in 7-1, see Example 1.3.4, and it can be easily shown that V is a Hubert
space with an inner product {, .]. The left hand side of (2.57) does not yet represent
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the appropriate sectorial form because u'(l) cannot be bounded by however, u'(l)
can be replaced by because of (2.56), and since < u e V,
we now have the boundedness of the form. Thus the appropriate V x V —* C is

=
+

f (w'(x)v'(x) + q(x)w(x)v(x))dx. (2.58)

Using these definitions, the assumptions of the section on Sectorial Forms are satisfied
with M, = 1, = 1 + I'yI + 1q11', a = 0, M3 = 1. The linear operator A associated
with has a bounded inverse (Theorem 2.8.2) and by using Lemma 2.4.5, one can
easily obtain the following explicit representation of A:

Ày = —v" + qv for v

¶D(A)={vEVIv'EAC[O,l], —v"+qveL2(0,1), v'(l)+yv(l)=O},

which confirms correctness of the variational formulation.
For ri � 1 define V as follows: v E if and only if

yE C[0,1], v(0) = 0, v is linear on for each i = 0,1,... ,n —1.

Lemma 2.11.1 If v, E AC[0, 1], v" E L2(0, 1), n � 1 and

g(x) = + (nx — i 1,

then g E AC[0, 1] and hg' — V'112

PROOF

g'(x) — v'(x) = (f
S

v"(t)dt) ds

1/2 1/2

g'(x) — v'(x)I <nf ls_x11I2 (f vhhI2) ds
(f•

f lg' — f

The above Lemma implies

lim inf Iw—vI=0
fl—+OC
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whenever v V {v E VIv' E AC[O, 1], v" E L2(O, 1)}. If q = 0, then 'D(A) C V and,
since Theorem 2.8.2 implies that '33(A) is dense in V, we have that V is dense in V
and therefore Theorem 2.8.11 applies.

Fix f E fl, n> 1. Let E denote the nth finite element Galerkin approx-
imation of u = A1f defined by

= (f,v) for all v E (2.59)

Since E V,1, there exist scalars c1,.. , such that

for 0 i n. The hat function is defined by

if—1<x<1
— 0 otherwise.

Using v(x) = — k) in (2.59) with k = 1,... , n gives the following n equations,

akck — k = 1,... ,n — 1

ancn -
= f

where
1=2n2+f for k= 1,...,n—1

=
— f for k = 0,... , n — 1

= + + f
which completely determine c1,.. , and hence Theorem 2.8.11 implies that

— — —÷ 0

This convergence result can be strengthened when q L2(0, 1). If q E L2(0, 1), then

liv 112 :� llt4vII —I— IIqII2IIvII00

IlAvIl + = liAvil + (Av,v))"2
(1 + + lqII2IIvIl

for v E hence Lemma 2.11.1 implies (2.47). Therefore there exists a constant
C, independent of n and f, such that

lIwn - Iwn - uI II.



2.12. FRIEDPLICHS EXTENSION 99

2.12 Friedrichs Extension

Throughout this section it will be assumed that:

(Si) 7-1 is a complex Hubert space

(S2) S is a densely defined linear operator in 7-1

(S3) there exist r E R and M e (0, oo) such that

Im(Sx,x)f MRe(Sx — rx,x) for all xE

The purpose of this section is to prove:

Theorem 2.12.1 There exists a subspace V of 7-1, an inner product [.,.] on V with
the corresponding norm • and a sectorial sesquilinear form on V such that the
assumptions Hi, H2, H3 in the Sectorial Forms section are satisfied and that also the
following hold:

(a) is dense subspace in V (in I- I norm)

(b) [x,y] = (i/2)( (Sx,y) + (x,Sy)) + (1— r)(x,y) for all x,y E

(c) = (Sx,y) for all x,y E

The linear operator A associated with is obviously an extension of S and is
called the Friedrichs extension of S. Continuity of and the fact that is
dense in V also imply that the numerical range of and hence of A, also lies in
F = { ç' e C I lIm <M(Re ( — r) }. Theorems 1.6.16 and 2.8.2 imply that a(A) C F
and (A — A)—1 II F) for A E C\F. Also, if S is symmetric, then A is
self-adjoint by Corollary 2.8.5 since y) = x) for all x, y E ¶D(S) and hence
for allx,y E V.

Observe also that if — A) = 7-1 for some A E C\F, then a(S) C F by Theo-
rem 1.6.16 and hence Lemma 1.6.14 implies that S = A in this case.

A combination of Theorems 2.8.11 and 2.i2.i, stated as Theorem 2.i2.6 below,
gives a proof of convergence of Galerkin approximations under assumptions that are
elementary to verify in applications.

Now to the proof of Theorem 2.12.1. Define an inner product {-,.] on D(S) by (b)
of Theorem 2.12.1 and note that

IxI2 = Re (Sx — rx + x, x) � 1Ix1I2 for all x E (2.60)

Lemma 2.12.2 f(Sx — rx + x,y E



100 CHAPTER 2. LINEAR OPERATORS IN HILBERT SPACES

PROOF Define R(x) = (Sx — rx + x, x) and note that, for all x, y E

4JRe(Sx—rx+x,y)I
= IReR(x +y) — ReR(x — y) — ImR(x +iy) + ImR(x —
< ReR(x + y) + ReR(x — y) + M(ReR(x + iy) + ReR(x — iy))
= 2(1 + M)(1x12 + 1y12)

Choosing suitable a E C and replacing x by ax gives

21(Sx — rx + x,y)l (1 + M)(1x12 +

Replacing x by tx and y by (1/t)y gives

21(Sx — rx + (1 + M)(t21x12 + t21y12),

and choosing t (0, oo) so that the right hand side is minimized gives the
claimed bound. 0

Define V C 7-t as follows. x E V if and only if there exists a sequence xl, x2,... in
such that

urn — = lim — Xml = 0;
n—*oo n,m-+oo

mD(S)
in such cases we will write —+ x.

mD(S)Lemma 2.12.3 If 0, then = 0.

PROOF

iXni2 = —xm),xn)+Re((S—r+ 1)Xm,xn)
(1 + — Xrniixni + ii(S — T + 1)Xrniiiixnii.

For x, y E V define [x, y] as follows. Choose x, y. It is easy
to see that exists and that Lemma 2.12.3 implies that it does not
depend on the particular choice of Define [x, y] = {.,.] is an
inner product on V and (2.60) implies

xi [x,x]1/2 � lxii for all xE V.

mD(S)Lemma 2.12.4 is dense in V, i.e., if —f x, then — xi = 0.
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PROOF Observe first that = lxi and iXn±Xml = lX+Xml
for m> 1. Pick e > 0 and let N be such that iXn —Xml2 <e and — 1x121 <6
for all n, rn N. Note that for n, m N we have

I — + Xn + Xml2 = + 2iXmi2

ilXn + Xml2 — 41xi2i <56

ilxn + x12 — 4ixi2I <5c

lxn — xI2 + IXn + = 2lxni2 + 21x12

— xJ2 <7e.

D

Lemma 2.12.5 V is a Hubert space with inner product [, ].

PROOF Suppose is a Cauchy sequence in V. Pick E such that
— <1/n for n � 1 (Lemma 2.12.4). Hence

1 1
iiYnYmil < ++iXnXm(

n m

and therefore there exists y E 7-1 such that y E V and

D

Lemma 2.12.2 implies that i(Sx, < M2IxIIyI for X, y e where M2 =
M+1+lr—1i.

=

mD(S) iriD(S)
where x, —4 y. The assumptions 111,112,113 in the section on Secto-
rial Forms are thus satisfied with M1 = M3 = 1, a = r — 1.

This completes the proof of Theorem 2.12.1.
The following Theorem, with all assumptions explicitly stated, follows directly

from Theorems 2.8.11 and 2.12.1.

Theorem 2.12.6 Suppose that

(a) 7-1 is a complex Hubert space
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(b) E 7-1 form? 1, = span{çfri,... and is dense in 7-1

(c) S is a linear operator in 7-1 with domain = and there exist
r E R and M e (0, oo) such that

IIm(Sx, x)I < MRe(Sx — rx,x) for all x e

(d) fe7-t andAECwithReA<r.

Then for each ri � 1 there exists a unique E such that

— = (1, k = 1,... , n.

Moreover,
urn urn

x = (A — and A is the Friedrichs extension of S.

EXAMPLE 2.12.7 Let = (0,ir) x (0,ir), 7-1 =L2(1Z) and

Su = — — + + + fu,

where a, b, c, d, e, f are complex valued functions on Il such that

a,b,c E d,e,f E L°°(1l).

To make S an elliptic operator assume there exists S> 0 such that

Re(a(x,y)(2 + +c(x,y)ij2) � +712) for (x,y) E IZ, E lIt (2.61)

Let q5km(x, y) = sin kx sinmy for k,m � 1 and let the domain of S consist of all
finite linear combinations of c5km• We know that is dense in 7-1 - see Example 2.1.8
and Theorem 2.1.10.

To show S3, observe that integration by parts implies, for u E 'D(S),

f = — f =
— f — f

= _f
= — f — f

— f bRe

where f denotes the double integral over hence,

(Su, u) = f — + + + eu5 +

f + + bRe + (d + + + (e + c5 + + fIul2.
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(2.61) implies

Re + c1u512 + bRe � 2 +

hence
Re(Su,u) � — EliVullllull + fmlfflhl2 (2.62)

where llVull2 = + lluyll2 and fm E R, E e [0,oo) are such that a.e.

frn E2 � ld+ax
Obviously

lIm (Su,u)l <C1IIVuII2 + Eli Vullllull + C211u112

for some constants Ci, C2, hence, (2.62) implies that if

E2
r < fm —

then there exists M e (0, oo) such that

Tm (Su, u)l <MRe (Su — ru, u) for all u E Ti(S).

Better estimates of r are possible. For example, just using the fact that llVuil �
for u E Ti(S) implies that we can take r <fm + 2(5 — when E <

Choose A < r and g e L2(1Z). The Galerkin approximation

=

is determined by

(Sun — Aun,q5icm) = (g,q5km) for 1 <k,m < ri

and, by Theorem 2.12.6, they converge to (A— A)'g where A is the Friedrichs extension
of S.

EXAMPLE 2.12.8 Various singular problems can also be handled by Theorem 2.12.6.
Let us consider, for example, the problem of finding u such that

—u"(x) — + — i) u(x) = f(x) for 0 < x < 1

u(0) = u(1) = 0.

Let the Hilbert space 91 consist of all measurable functions g : (0, 1) -4 C which
satisfy

1

f <no,

and let its inner product be given by

for
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Choose the basis functions to be

cbk(X) = xk(l — x) for k � 1

and let the D(S) be the set of all finite linear combinations of Taking h(x) =
x3(1 — x) in Example 2.1.9 gives that V(S) is dense in 7-1. Define

(Su)(x) = -u"(x) - u E

It is easy to see that (Su — 3u, u) E [0, oo) for all u e and hence we can apply The-
orem 2.12.6 with A = 0 and any f e 7-1. In particular, the coefficients z = (zi,. . . ,

of the nth Galerkin approximation = z1q51 + - + z =
where = ((f, q51),. . . , (f, and the entries of the n x n matrix are

2ij+4k 2
=

= k(k — 1)(k —2) — k(k+ 1)(k+2)
(k = i +j + 5).

Convergence can be tested by choosing the solution to be u(x) = sin irx. It is found
that the error rapidly decreases with n; for example, lu — is approximately 10_8.

2.13 Exercises

1. Show that every orthonormal set is contained in a complete orthonormal set.

2. Suppose that f C(IR) and that it has period 2ir. Show that the arithmetic
means of the partial sums of the Fourier series of f converge uniformly to f.
Hint: find such that

Po(x) +
. = f f(x —

where Pr-, are the partial sums, as in Example 2.1.7, and consider the integrand
on intervals I = (—5, ö), (—ir, ir)\I separately.

3. Prove completeness of the normalized Legendre polynomials in L2(—1, 1).

4. Prove that if M is a closed subspace of a Hubert space H and xO E H, then

dist(xo,M) max{I(xo,y)I I ii E = 1}.

5. Provide a detailed proof of Theorem 2.2.6.

6. If S is a densely defined accretive linear operator such that (Su, v) = — (u, Sv)
for all u, v E (5), and if T is an m-accretive extension of S as in Theorem
2.3.6, then show that

(Tu,v) = —(u,Sv) for all u ¶D(T), v CD(S).
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7. Suppose that V1 C V2 C are finite dimensional subspaces of a Hubert space
H and that V = is dense in H. Let 5: V —+ H be linear and such that
for some c> 0,

Re(Su,u) � for all u E V.

Show that there exists a linear operator T which is an extension of S such that
(—oo, c) C p(T), T — c is accretive and for each f H we can approximate

as follows: for each n 1, let E be such that

Sv) = (f, Sv) for all v E

forall

Then

lim
n—+oo 2c

8. Can you prove the existence of a weak solution of = f when Q C is the
region between the lines y = x ± 1?

9. Let = { (x, t) x e (0, 1), t e JR }, f E Show that there exists a unique
u E such that

f +
= f

for all ço that are finite linear combinations of functions like a(t) sin n7rx, with
a n � 1.

10. In L2(0, 1) define Au = —u" with

¶D(A) = {u AC[0,1] u' E AC[0,1], u" E L2(0,1), u(0) = u(1) = 0}.

Starting directly from the definition show that =

T is a bounded self-adjoint operator with cr(T) C [a, b] for some
0 < a < b < oo. Define A0 = and = — for n > 0. Show
that

ltb
for n>0.a\b+aJ —

12. Suppose that T is a bounded seif-adjoint operator in a Hilbert space H with
a(T) C [A, /L] for some 0 < A < oo and let y e H be given. The following
is the conjugate gradient method of finding x = Choose x0 E H and
let r0 = Po = — Tx0. If Tk = y — Txk 0 and P/c 0, define

Xk+1 = Xk + akpk where = Irk II

(Tpk,pk)
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Pk+1 = + bkpk where = y — Txk+1, bk =

and show that (re, r3) = (pj, r3) = p3) = 0 for 0 i <j <k + 1 and that
if ri 0, then Pk+i 0. Note that the orthogonality of residuals implies
that, in a finite dimensional space, this process gives 0 residual in a finite number
of steps. Show also that if e2 = (T(x — xi), x — xi), then ek+1 = ek — akllrk 112

and —

13. Suppose that V is a vector space over C and that the maps a, b: V x V —k C
have the following properties

(1) b(ax + f3y, z) = ab(x, z) + /3b(y, z)

(2) b(z, ax + /3y) = x) + /3b(z, y)

(3) a(ax+/3y,z)=cra(x,z)+/3a(y,z)
(4) a(x,y)=a(y,x)
(5) a(x,x) � 0

for all a, E C and all x, y, z E V. Suppose also that there exists M < oo such
that

lb(x,x)I <Ma(x,x) for all x E V.

Show that
Ib(x,y)I <2MiJa(x,x)a(y,y) for all x,y e V.

Can the same be done if C is replaced by R? If so, prove it; if not, give a
counterexample.

14. Suppose f E AC[0,1], f(0) = 1(1) = 0, f is real valued, u e C'[O,l], u' E
AC[0, 1], u'(O) = u'(l) = 0, u 0 and A E C satisfy

u" + fu' + (f' + A)u = 0 a.e. on [0, 1].

Show that A e [0, oo).

15. Consider the eigenvalue problem

fu" = —Au a.e. on [0, 1], u 0,

u'(O) = u(1), u(0) = —u'(l),

where f E L°°(0, 1) is real valued and 1(x) > 0. Show that the set of all
eigenvalues A can be written as {A1, A2,.. .} C JR for some A1 < A2 < ... such
that = oo and that the set of all finite linear combinations of the
eigenvectors u is dense in L2(0, 1).
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16. Find the largest real number A such that

ç2 12

I + 4 / � A I Iu(x)I2dx
JO Ji Jo

for all u E AC[0, 2] with u(0) = u(2) = 0. (Answer: (2 tan1

17. Define a linear operator A in L2(O, 1) as follows: u e if and only if

u AC[0, 1], u(1) = 0 and f e AC(0, 1], f' L2(0, 1) where f(x) = xu'(x).

For u E let
(Au)(x) = —xu"(x) — u'(x).

Show that

(a) A is a seif-adjoint operator

(b) 0 E p(A) and A' is compact
(c) a(A) = = {A1, A2, } for some 0 < A1 <A2 < ..., = oc

(d) dimN(A — = 1 for all n � 1
(e) normalized eigenvectors of A form a complete orthonormal set in L2 (0, 1).

18. For u E AC[0, 1] with u(1) = 0 define

ci ci
I(u)= / xtu'(x)I2dx+Re / u(x)dx.

Jo Jo

Find the minimum value that I attains.

19. Suppose that B is closed, densely defined, linear operator in a Hilbert space 7-1.
Define V = and

{u,v] = (Bu,Bv) + (u,v), =

v) = (Bu, By)

for u, v e V. Show that assumptions Hi, H2 and H3 are satisfied and that
B*B is the linear operator associated with Show that B*B is self-adjoint
and that a(B*B) C [0,oo).

20. For f E find the finite element approximation u E

of E for x

v 0 < k
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where � 1, —oo <oo, = = + are such that

urn = —00, urn = oo, urn = 0.
fl—+OO n—+oo ii-+OO

Prove convergence of the approximations. Show that there do not exist —+ 0

such that — Un 112 On Ill 112 for all f e L2(TR).



Chapter 3

Sobolev Spaces

3.1 Introduction
In all our examples of sectorial forms, the norm in the Hubert space V involved
derivatives of functions. Since, in the examples so far, the functions were functions
of one variable defined on an interval, this did not pose any real challange. However,
normed spaces of functions of several variables, with norms involving derivatives of
functions, are much more difficult to understand and are the the main subject of this
chapter. For motivation purposes, it may be a good idea to peek ahead at Section 3.7,
to see how the understanding of such spaces can be used to define sectorial forms
associated with elliptic problems.

To avoid constant repetition, it is assumed, throughout this chapter and unless
specifically restricted, that is an arbitrary nonempty open set in where n e N
is also arbitrary. Functions defined on Il are assumed to be complex valued.

Recall if A and B are subsets of Ri', then A+B is open if A is open; and that A+B
is compact if A and B are compact. The boundary of A, denoted by 9A, is defined to
be AflAC. If K C Il and K is a nonempty compact set, then d = dist(K, > 0;

moreover, if E E (0, d), then C = K + B(0, 6) C 11 and dist(C, IIC) = d — 6.

For any two functions f, g on IR?L define their convolution f * g by

(f * g)(x) = f f(x - y)g(y)dy

for those x for which the integral exists.
If p E and f E then it is easy to see that p * f E If

E then * f is continuous and, since

fb
- y)f(y)dy = *

f = * 1). Repeating this argument proves the following:

109
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Theorem 3.1.1 If E m � 0, f then * f E Cm(W2) and

=

for every multi-index a with al <rn.

with e E (0, oo), is said to be a mollifier if

JEEC0(R), JE�0, for JJE=l.

Mollifiers can be constructed as follows. Let f(x) = exp(1/x) for x < 0 and
f(x) = 0 for x 0. It is easy to see that I e C°°(IR). Let çb(x) = f(1x12 — 1) for
x E Note that Cr(WL) and that we can define for every e > 0 a mollifier
JE(x) = where c =

f E LP(1l), 1 p oc, then we define JE * f : -÷ C by

* f)(x)
= f — y)f(y)dy, x E ft

Theorem 3.1.1 implies that JE * f

Theorem 3.1.2 If K C Il and K is a compact set, then there exists cc E Cr(1l)
such that 0 ço(x) 1 for all x E and ço(y) = 1 for all y E K.

PROOF If K is empty, take cc = 0. Assume that K is not empty. Let d = 1

if ci = and otherwise let d = dist(K, cic)/3. Let f be the characteristic
function of the set C = K + B(0, d) and define cc = Jd * f, where Jd is a
mollifier. cc C°°(W1) by Theorem 3.1.1 and

Jd(xy)dy, xEW'.
B(x,d)flC

Since B(x, d) fl C = B(x, d) for x E K and B(x, d) fl C is empty when

x C ci

the proof is complete.

Theorem 3.1.3 (Partition of Unity) If F is a collection of open sets in whose
union is ci, then there exists . .} C with > 0 such that

(a) each has its support in some member of F

(b) E ci
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(c) for every compact set K C there corresponds an integer m and open set
W D K such that + + = 1 for every x E W.

PROOF Let S be a countable dense subset of ft The collection of balls B(x, r)
with x e S, r a positive rational number, and B(x, r) C (9 for some 0 e F, is a
countable collection. Hence, it can be denoted by {V1, V2,. . .}. It is ea.sy to see
that = UV2. Choose E F so that V2 C

By Theorem 3.1.2, ç°i, co2,... can be chosen so that çoj E Cr(02), 0 'p2 1

in and ço, = 1 in V2. Let çoj(x) = 0 for x e IZ\02. Hence, cpj E Define
= 'p1 and

= (1 — 'pi) (1 — 'pi)'pi+1 for i> 1.
Obviously E C By induction,

for i�1.
Therefore, for each rn � 1,

if XEV1UUVm.
This gives (b). If K is compact, K C then K C V1 U U Vm for some rn,

and (c) follows. 0

REMARK In the above proof it has been also shown that for each there exist
nonempty open balls V1, V2,.. such that = UV2 = UV2. This fact will be often
used.

Theorem 3.1.4 If u E rn � 0 and is a mollifier, then

(a) supp(J6 * u) C supp(u) + B(0,

(b) * u for all sufficiently small e

(c) liE * u — 0.

PROOF We may assume that u 0. Hence, supp(u) is not empty. Since

(JE * u)(x)
= f — y)u(y)dy for x E

supp(u)flB(x,E)

it follows that supp(J6 * u) C supp(u) + B(0, 6).

Let u = 0 in and note

* u)(x) — u(x)
= f — y)u(y)dy

— f — y)u(x)dy
B(x,E)

= fB(x,E)
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Therefore
supIJE*u—uI< sup Iu(y)—u(x)I
0 Ix—yI<e

and, since u is uniformly continuous, (c) follows when rn = 0. The general case
follows by applying this result to each <m, since

Da(JE * n) = Da(u * Je) = (Dan) * JE = JE * (Dau) Dan.

0

Lemma 3.1.5 (Young) If p, q, r E [1, 00], i/p + 1 = 1/q + 1/r, f E and
g E then f * g exists a.e. in and

hf * If hIqhIgIIr

PROOF If p = oo, Holder's inequality implies the conclusion. Assume p < 00.
Note r p and q p. Define

n(x,y) = hf(x — v(x,y) = f(x —

Holder's inequality implies that

hIv(x, where s is such that + = 1.

We know that u(x, .)P e Ll(Wl) for almost all x and

f fu(x,y)Pdydx
= f (f f(x - dy = Ill

Therefore

f f(x - � IIv(x, )hIshIu(x,

(f hf(x - Y)g(Y)IdY) If hIrhIghIrT fu(x,Y)PdY

f (f ff(x - dx

Lemma 3.1.6 Suppose E Ll(Wl), >0, = 1 fortE (0,00) and

lim I = 0 for each > 0.
t-+o JIxI>c5

Then IhKt * and limIIKt * u — = 0 for u E 1 <p < 00
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PROOF iiKt * < follows from Lemma 3.1.5. Pick e > 0 and choose
g E see Example 1.3.4, such that lu — <6/3. Note that

iiKt * u — u — * + iiKt * g — + —

< 2e/3+

The following calculation shows that iiKt *g <6/3 for all sufficiently small
t, which completes the proof. f = 1 and Holder's inequality imply

* g)(x) - g(x)
= f Kt(s)(g(x - s) - g(x))ds

i(Kt * g)(x) - f - s) -

f i(Kt * g)(x) - f
where I(s) = f — s) — Since g E Co(JPJ1), there exists
8 > 0 such that I(s) < (6/3)P/2 for <8; hence

f i(Kt * g)(x) - + f Kt(s)ds
Rn IsI>o

and iiKt * g — <6/3 for small enough t.

Theorem 3.1.7 If 1 <p < 00, U e LP(1l) and J6 is a mollifier, then

(a) * u E * iiuiip

(b)

Moreover, is dense in

PROOF (a) and (b) follow from Lemma 3.1.6 by letting u = 0 in Pick
6 > 0 and g C0(cl), see Example 1.3.4, such that lu — <6/2. Then

lu — J5 * lu — + — J5 * <&/2 + — J5 *

hence lu — J5 * < for all small enough 6 and, since Theorem 3.1.4 implies
that J5 * g E for all small enough 6, the proof is complete. D

Corollary 3.1.8 If 1 p q < 00, U E fl Ltl(IZ) and 6 > 0, then there exists
v e such that <& and Ilu—vilq <e.
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PROOF Choose a nonempty open set w such that is compact, C and

f fcl\u cz\w

Theorem 3.1.7 implies that we can choose v e Cr(w) such that

f — f u —

and hence if v = 0 in then Ilu — <e and
f
u — V11q <E. 0

3.2 Fourier Transform
Let S denotes the set of all complex valued f such that

sup < oo for all multi-indices a,

$ is called the space of rapidly decreasing functions or the Schwartz space.
Since C 5, Theorem 3.1.7 implies that $ is dense in

For f e S and x E define

f(x) = f e_iXsf(s)ds (3.1)

where x s = XkSk. f is called the Fourier transform of f. The mapping
f —+ f is also called the Fourier transform.

EXAMPLE 3.2.1 Let cb(s) = Rez > 0. Note = 1(xi).

I of the result gives I'(t) = —tI(t)/(2z).
Hence 1(t) = I(0)e_t21(4z). To find 1(0) consider

K(b) = (2ir)112 a> 0, b E

and note that differentiation of K and integration by parts of the result gives that
2K'(b) = —iK(b)/(a + ib). Hence K(b) = + ib). Therefore 1(0) = and

= 0.

Lemma 3.2.2 If I E 5, then f e 5, and for all multi-indices a, /3 we have

= where g(s) = (3.2)

moreover, = P(ix)f(x) for every polynomial P and every x E
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PROOF The DCT implies that f E from which it is easy to verify
that =g. Hence, f E Integration by parts then implies (3.2)
and therefore f E S. D

Lemma 3.2.3 Iff,geS, then

ff
on (Rf)(x) = f(—x) for x E

For f ES define I ES by f = Rf, i.e.

f(x) = f eiXSf(s)ds for x e

J is called the inverse Fourier transform of f because of the following:

Theorem 3.2.4 1ff eS and h = f, then h = f.
PROOF Let çb(x) = e_1x12/2. Using g(x) = with E > 0, y E IRT1, in
Lemma 3.2.3 gives

f f
f f

Lemma 3.2.5 If f,g ES, then fTh and = ff112.

PROOF Let h = Theorem 3.2.4 implies = Ii and therefore Lemma 3.2.3
implies the assertions. 0

Define the Fourier transform F on L2(IR") as follows. Pick f E and
choose f', f2,... in S so that fk f in Lemma 3.2.5 implies that fk converge
in L2(TR?1) and that the limit does not depend on the particular selection of the
sequence {fk}. Define Jrf = 1k. Note Jrf = f for f E S.

Theorem 3.2.6 The Fourier transform Jr is a one-to-one linear map from
onto and Jr1 = R.F. Moreover, (f,g) = (Jrf,Jrg) for f,g E and

(Jrh)(x) = f e_iXSh(s)ds a.e. for h E fl
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PROOF The definiton of Jr and Lemma 3.2.5 imply that Jr is linear and
(f, g) = (Jrf, Jrg) for f, g E L2(JR'2). Hence, Jr is also one-to-one.

Pick g e L2(IR'2) and choose gj E S such that 9k -+ g in Define

1k = e $ and note that fk converge in L2(JR'1) to RJrg. Since fk = Rgk,
Theorem 3.2.4 implies that Rfk = Jk = Rgk. Hence, 1k = and the definition
of Jr implies Jr(RJrg) = g. Hence, Jr is onto and = RJr.

If h e Li(Rn) fl then Corollary 3.1.8 and the definition of Jr imply
the expression for Jrh. 0

Corollary 3.2.7 1ff e g E Li(JRn) fl then g * f E and

Jr(g * f) =

PROOF Choose 1k e S such that IIfk —1112 0. Let hk = and h = g*f.
Lemma 3.1.5 implies hk E L2 fl L1 and llhk — h112 —+ 0. Theorem 3.2.6 implies

(Jrhk)(X) = f f — y)fk(y)dy ds

and hence Jrhk = by the Fubini Theorem. Letting k oo
completes the proof. 0

Theorem 3.2.8 Suppose f is such that the function x (0, oo), belongs
to L2(0, oo) for some a E JR. Define the Laplace transform of f to be

F(s)
= f e_SXf(x)dx for s E C, Re s > a.

Then F is an analytic function and, if we define

= for x ER c>0, A> a,

then

lim f — f = 0 for A> a.
c—+oo

PROOF Since

— e_Sx +
I I

we have that F is analytic. Fix any A > a. For x > 0 define =
and let = 0 for x 0. Note that

F(A + iw) = for almost all w E JR.
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Since converge in L2(R) to Jçb as c —÷ oc, Theorem 3.2.6 implies that
converges to and, since ( = we

are done. 0

If D is an open set in and f is a continuous complex function in D, then f is
said to be analytic in D if it is analytic in each variable separately. f is said to be
an entire function in C'2 if it is analytic in

Lemma 3.2.9 1ff e and 1(x) is defined by (3.1) for every x e then I
is entire and (P(D)f)A(x) = P(ix)f(x) for every polynomial P and every x E Ci'.

PROOF

gk(s) =
x°(—isr = (—ix. s)3

j=O

and, since Igk(s)I < the DCT implies that

f(x) = > where
= 27r)'2/2 f

since the series is absolutely convergent, f is entire. Since (P(D)f)A — P(i.)f
is entire and, by Lemma 3.2.2, equal to 0 on R'2, it is equal to 0 on the whole

0

EXAMPLE 3.2.10 The following Heisenberg inequality will be proven

(f lx - (f - > n2/4 (3.3)

for eS with = land any X,P e IR'2.

Define i/(x) = + X) and note

0
= f = 1 + 2Re f

1/2 1/2

1/2 (f

(f
1/2 1/2

(f
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A change of variables implies (3.3).

If is taken to be a wave function of a quantum mechanical system and X, P are
expected values of the position and momentum, then the uncertainty of the position is
determined by

/ p \1/2
= ( I Ix —

\JUr
and uncertainty of the momentum is determined by

ff \1/2
(I

Thus, � n/2. So, if you know the position (small ar), then (3.3) implies that you
do not know momentum (large a,,). This is known as the uncertainty principle.

In the rest of the book we shall often refer to the following:

EXAMPLE 3.2.11 1ff E 8, A e C\(—oo, 0], then there exists a unique u E $ such that

Au — = f. (3.4)

This follows from the observation = (A + Ief2Y1f(e) which also enables us to
obtain an explicit formula for u:

u(x) = f + IeI2Y1f(ede

= f
e dr.

Using Lemma 3.2.3 and Example 3.2.1 gives

u(x) = n-2 f f
Since the integrand is absolutely integrable, the Fubini Theorem implies

u(x)
= f GA(x - s)f(s)ds (3.5)

where

GA(S) = n-2 f Re 0 (3.6)

and

IIGAII1
IAI(cos

I
<ii. (3.7)
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When A > 0, the expression (3.6) simplifies to

GA(s) = f and IIGA Iii = 1/A. (3.8)

When n = 1, then differentiation under the integral in (3.6) and a change of variables
t = s2/(4r) give = —PGA(s) for s > 0. Hence GA(s) = and therefore,
in view of Example 3.2.1, we have

GA(S)
=

= e
(when a = 1). (3.9)

If we replace pr in (3.6) by prt4 and differentiate with respect to t, we in effect
reduce n by 2. Knowing (3.9) we can thus obtain

euISI
GA(s)

=
(when n = 3). (3.10)

It is easy to deduce from (3.6) (Exercise 3) that

GA(S) = f — 1))dt (3.11)

which can be expressed in terms of the modified Bessel function K as

GA(S) = (3.12)

When n = 2, the series representation of K0 gives

GA(S) = (2bk — ln (when n = 2) (3.13)

where —b0 = = .5772... is the Euler constant and bk = bk_i + 1/k for k � 1.

EXAMPLE 3.2.12 If 1 < q <p < oo and a = — < 1, then there exists c such
that

for all u E S. (3.14)

To see this let us first estimate Lt norm of GA as given by (3.8), where A E (0, oo) and
t e [1, 00] is such that i/p + 1 = l/t + 1/q. If t (1, oo) Holder's inequality implies

GA(s)t < (4x)_tn/2 f (f°°
hence, for all t,

IIGAIIt < (4x)_ar(i —

Since u = GA * (Au — Lemma 3.1.5 implies

< — +
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which, together with the fact

inf + Be5) � for E [0,oo), 'y+5>O, (3.15)
O<e<oo

implies (3.14).

If 1 <q <p < oo and /3 = + — < 1, then one can show in exactly the
same way (Exercise 4) that there exists c such that

ilDkullp for all u e 8, k = 1, , n. (3.16)

EXAMPLE 3.2.13 Let = x (0, oo). We shall prove that if p e [1, oo), f e LP(Tlr),
then there exists u which solves the following initial value parabolic problem:

u C°°(1l), liu(,t)llp ill lip for t > 0, (3.17)

flu a2u
(3.18)

llu( t) — 0. (3.19)

Applying the Fourier transform formally gives

=
=

u(x,t) = f
u(x,t) = fK(x_yt)f(Y)dY (3.20)

using Lemma 3.2.3 and Example 3.2.1, where

K(x,t) = (3.21)

Instead of trying to justify this procedure, define u by (3.20). It is easy to verify that
u E C°°(1l) and that it satisfies (3.18). Since K > 0, 1IK(, t)lli = 1 and

f K(xt)dx=f
Izl>6

Lemma 3.1.6 implies (3.19) and the bound in (3.17).

EXAMPLE 3.2.14 Let = x (0, oo). We shall prove that if p e [1, oo), f E
then there exists u which solves the following boundary value problem:

u C°°(Ifl, if lip for y > 0, (3.22)

t92u 52u ô2u
(3.23)
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IIu(, y) — I il, = 0. (3.24)

Applying the Fourier transform formally to (3.23) gives

— = 0

y) = +

this, (3.22) and the boundary condition (3.24) suggest

=

u(x,y) = f
u(x,y)

= f P(x — s,y)f(s)ds for x E y > 0, (3.25)

where

P(x,y) = (2ir)_nf

Using (3.9) with ii = 1, s = gives

P(x,y) =

The Fubini Theorem and Example 3.2.1 imply

P(x, y) = 7r f (3.26)

F(a±i)
P(x,y) = (3.27)

Using (3.26) it is easy to see that 1IP(, = 1; thus we can define u by (3.25) and
Lemma 3.1.5 implies the bound in (3.22). (3.24) follows from Lemma 3.1.6 since

f P(x,y)dx=f
181>ö/y

Let z = (x, y). By induction, = for every multi-
index where hm is a homogeneous polynomial of degree m in n + 1 variables. Thus

which implies that y) * f E Hence, the Fubini
Theorem and induction imply that u E C°°(1l). (3.23) follows by verification.

EXAMPLE 3.2.15 Consider the initial value problem for the wave equation:

52u 52u a2u
for xEW1, t�0

u(x,0)=f(x) for xElRTh
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an
for xER

Applying the Fourier transform formally gives

+ = 0

=

=
and hence

t) = cos + (3.28)

If f, g E 8, then for each t E IR, the right hand side of the above equation is also in
S which enables us to define u(., t) E S so that (3.28) holds (Exercise 5). It is easy to
see that this u satisfies the initial value problem. When n = 1, the inversion of (3.28)
gives

u(x, t) = + t) + f(x - t)) + f g(s)ds. (3.29)

When f, g E one can still use (3.28) to define u(., t) E L2(Ilr). In particular,
one can show that (3.29) remains valid when n = 1. Thus, u may not be differentiable
in this case and, since it still seems to be the appropriate solution, we need to generalize
the notion of a solution.

3.3 Distributions
A distribution f in ci is a linear map from Cr(cl) to C such that for every compact
set K C ci there exist C < oo and an integer k 0 such that

� for all çb Cr(Q) with supp(çb) C K.

If the same k can be chosen for every compact set K, then the smallest of such k is
said to be the order of f. The set of all distributions in ci is denoted by 1Y(ci) since
Cr(ci) is sometimes denoted by D(ci).

For n E let denote the distribution in ci defined by

forall (3.30)

If X C and f is a distribution in ci, then the notation f fi X is sometimes
used in the literature to indicate that f = for some n E X.

For every distribution f in ci and every multi-index define distribution in
ci, called the derivative of the distribution f, by

= for all



3.3. DISTRIBUTIONS 123

Lemma 2.4.4 implies that = when u e
If f is a distribution in and p then the convolution f * ço is a

complex function of n real variables defined by

where px(y)=co(x—y) for x,yERTh. (3.31)

Note that if u E then * = cc * u = u * cc.

For c E define the delta function to be the distribution in given by

= /(c) for all

Let P 0 be a polynomial in n variables with complex coefficients. A distribution
G in W1 is said to be a fundamental solution of the operator P(D) if

P(D)G =

i.e., G(P(—D)p) = p(O) for all p e The main purpose of this section is
to prove the Malgrange-Ehrenpreis Theorem which states that fundamental solutions
always exist. The following Theorem 3.3.2 shows that if C is a fundamental solution
of the operator P(D) and v E then u = C * v e and

P(D)u = v.

EXAMPLE 3.3.1 (3.5) with x = 0, together with (3.4) and (3.8), implies

f ((A — ds = u(0) for u E (3.32)

when A > 0 and hence IGA is a fundamental solution of A — Since

0 < <Go(x) = — for A > 0, x e (when n � 3)

the DCT implies that (3.32) is true also for A = 0 when n � 3. Using (3.13) while
letting A —+ 0 in (3.32) gives that (3.32) is true also for A = 0 provided that

Go(x) = ln (when n = 2).

When n = 1, it is easy to check that if we take Go(x) = —x for x � 0 and Go(x) = 0

for x <0, then (3.32) remains true with A = 0.

In view of the above discussion we have that if v E (If) and u = G0 * v, then
u E and = V.

Theorem 3.3.2 If f e and v E Cr(W'), then f * v E moreover,
* v) = f * (Day) = * v for every multi-index
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PROOF Suppose that supp(v) C B(O, r) and that x, h E B(O, r). Pick C < oo
and an integer k such that

If (cb)I � C B(O,3r).

Let u(x) = see (3.31), and note that supp(vx+h) C B(O, 3r); hence

u(x + h) - u(x) - =

where = Vx+h — — Since for every multi-index /3,

= + h — y) — — y) — — y)

<nIhl2 max

we have that

u(x + h) - u(x) - �
Therefore u is continuous, (D3u)(x) = for j = 1,... , n and we can
apply the above argument with D3v in place of v. Repeating this argument
gives that for every multi-index a we have

(x) = = = (vi).

Lemma 3.3.3 Let WT = (eiT1,... , e e T (—7r, If P is a
polynomial in Ci', P 0, then there exists A < oo such that

If(z)I <Afl(fP)(z+wr)ldr

for every entire function f in and for every z E C'2.

PROOF Suppose first that F is an entire function in C and that

Q(A)=amAm+•+ao=am(A—zi)(A—zm) for

Let g(A) = F(A)am(1 (1 — and note that = l(FQ)(A)I
when = 1. Hence, Cauchy's formula implies

amF(0)I = Ig(O)I
= f (3.33)
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P can be written in the form P = P0 + + Pm, where P3(z) =
and Pm 0. Since fT = (2ir)Th 0, define A by

A = fT
(3.34)

For z eC'2, r ET and AeC define

F(A) = f(z +WTA), Q(A) = P(z +WTA) = Pm(WT)Am + + P(z)

and note that F is an entire function in C and (3.33) implies

IPm(Wr)f(Z)I f I(fP)(z + wTe)Idt;

hence, (3.34), the Fubini Theorem and the periodicity of the integrand imply

If(z)I ff I(fP)(z = Af I(fP)(z +WT)IdT.

Theorem 3.3.4 (Malgrange-Ehrenpreis) If P is any polynomial in such that
P 0, then there exists a distribution G in such that P(D)G = oo.

PROOF Take and let = Lemma 3.2.9 implies
= P(—ix)q5(x) for x E hence Lemma 3.3.3 implies

for

where WT = (eiT1,. .. , e e T (—ir, it)'2 and A < oo, depends on
P only. Since q5(O) = (2ir)'2/2 f we have that

kt(°)I � (3.35)

where is defined by

= f f + for

Fix an integer m > n/2, r > 0 and ço Cr(R'1) with C B(0, r). If

w E C'1 and wi > 1, then Lemma.s 3.2.2, 3.2.5 and (1.7) imply

f(1 + + < ci f + w)i2dx

= f
I m IwIr \2.e
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hence

= f dTf (1 + + wT)I(1 + 1x12)_m/2dx

C3 f

IIs°lI C411(?OIIm,00, (3.36)

where Cl, c2, C3, C4 E (0, oo) depend only on m, n and r. In particular, <oo.
If = 0, then p = 0 by Lemma 3.3.3. Thus, is a norm on Cr(IRTh).

Let M be the subspace of that consists of functions with
q5 E (3.35) implies that we can define a bounded linear functional g on
M by g(P(—D)çb) = çb(0). The Hahn-Banach Theorem 1.5.6 implies that there
exists a linear functional G on such that for all çb e we

G(P(—D)çb) = and

(3.36) implies that G is a distribution in of order rn. D

3.4 Weak Derivatives

The following Theorem is a partial converse of Lemma 2.4.4 and will play a central

role in our generalization of derivatives of functions.

Theorem 3.4.1 Assume p, q E [1, oc), u e v E is a multi-index,

= fvco for all

C K is Compact. Pick d e (0, oo) such that K+B(0, d) C 11 and define

u6(x)
= f JE(X — y)u(y)dy, vE(x)

= f JE(X — y)v(y)dy,
K+B(O,d) K+B(O,d)

for x e where J6 is a mollifier. Then

(a) e for every e > 0

(b) = v6(x) when x e K and 0 < E

(c) fK IuE — = fK — = 0

(d) ifu=0,thenv=Oa.e. mu.
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PROOF Theorem 3.1.1 implies (a) and, when x K, 0 <e < d, then

= f — y)u(y)dy
= f — y)v(y)dy = vE(x)

since B(x, E) C K + B(0, d). (c) follows from Theorem 3.1.7. If u = 0, then
(c) implies that v = 0 a.e. on each compact K C and, since is equal to a
countable union of compact sets, (d) follows. 0

Definition 3.4.2 When u e and a is a multi-index we say that u has the
ath weak derivative (or that D°u exists) if there exists v such that

f uDaço
= f vço for all çô E (3.37)

(d) of Theorem 3.4.1 implies that if u has an ath weak derivative, then there is only
one v for which equation (3.37) is true and, in this case, define = v.

When = let =

Requirement (3.37) could be strengthened a bit, because Theorem 3.1.4 implies
that if u E and exists for some multi-index a, then

f uDaço = fcoDQu for all E

If u e and if a is any multi-index, then the ath derivative of the distri-
bution see (3.30), exists and is given by the left hand side of (3.37). The above
definition says that exists provided that = for some v e

If Cm(Q) and a is a multi-index with al rn, then by Lemma 2.4.4, the weak
derivative exists and is equal to the classical derivative almost everywhere
in ft In one dimension, a function that has the first weak derivative must be locally
equal (a.e.) to an absolutely continuous function (Lemma 2.4.5). In higher dimen-
sions existence of all first order weak derivatives may not imply local boundedness;
for example, if u(x) = IXLE for x e < 1, then u has both first order weak
derivatives. Thus, this definition of the weak derivative expands the classical notion
of the derivative.

If u e and exists, then Theorem 3.4.1 implies that for each compact
K C Il there exist E such that UE —+ u and —+ in L1(K) as
E —+ 0. The converse is also true:

Theorem 3.4.3 Suppose u, v E a is a multi-index and for each compact
K C 11 there exist fi, f2,... in such that exists for all i 1 and

lim I lu — = lim I lv — = 0.
J K J K

Then exists and = v.
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PROOF Choose p and let K = supp(ço); then

fK
fjDaço = (_1)I&I fK

fK

It is easy to see that is a linear operator in If u and both
Dau and exist, then exists and is equal to Also, if u has the
weak derivative Dan and if Dan has the weak derivative then exists
and =

Observe that weak derivatives are defined globally on nonempty open sets. Clearly,
if u E has a weak derivative on then u has (the same) weak derivative on
any nonempty open set C Theorem 3.4.4 below tells us that if u E has
an ath weak derivative on an open neighborhood of each point in then u has the

weak derivative on so weak derivatives are really local properties of functions.

Theorem 3.4.4 If F is a collection of nonempty open sets whose union is and if
u is such that for some multi-index the cxth weak derivative of u exists
on each member of F, then u has the ath weak derivative on ft

PROOF Let be a partition of unity as given by Theorem 3.1.3.
Choose V1 E F so that C V1 and let gj e be the ath weak
derivative of u on V1. Define g1 = 0 on and let

g =

If K is any compact set such that K C Il, then all but finitely many vanish
on K; thus g is well defined on K and

fK i=1

for some m < and g e If p E let K = supp(p); then

m m

f uDaço = fK uDa = f
=

L,
=

for some m < 00.
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With the help of the Fourier transform, weak derivatives can be characterized as
follows:

Theorem 3.4.5 Suppose f a is a multi-index and g(x) =
for x E RTh. Then g E if and only if exists and belongs to If
g E then = g.

PROOF Assume first that exists and that it belongs to Let

f for e > 0. Since = * f = * Theorems 3.1.7
and 3.2.6 imply that IIFf6 — 112 -+ 0 and — 112 0 as e -÷ 0.

Corollary 3.2.7 and Lemma 3.2.2 imply

= = =

and taking the pointwise limits gives that g = E

If g E and çø e then

(f, = (.Ff, = (g, = (— ço),

implying that = .F1g.

Let be the unit vector in such that (e2)2 = 1 and (e2)3 = 0 for j i. Define

= u(x + hej) - u(x)
(3.38)

The relation between the finite difference operator and D2 is highlighted next.
These results will be used later to prove the regularity of weak solutions.

Theorem 3.4.6 If p E [1, oo), u e D2u exists and_D2u E for some
1 <i <n and C is a compact set such that K C + B(0, H) C for some H > 0,
then r

f I for 0 < hi <H (3.39)
C JK

lim — = 0. (3.40)

PROOF Let u6 be as in Theorem 3.4.1. If x E C and 0 < hi <H, then

=

� I(Dìu6)(x +

fc
dt

fC+the1 fK
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which implies (3.39) since UE, Din6 converge in LP(K) to u, (3.39) implies

— — + — + Djn6 —

31_Plc — — + 2fK

choose first e so that fK — is small enough and then note

—
= f — (Djn6)(x))dt

L — L' +

the uniform continuity of on K, which proves (3.40). 0

Theorem 3.4.7 Suppose that 1 < p 00, n E 1 i n and for each
compact subset C of Il there exist h1, h2,.. in R\{0} such that

lim hk = 0 and supf
k C

Then, exists and D2n

PROOF Pick any nonempty compact K C and d > 0 such that C C
where C = K + B(0, d). Corollary 1.5.4 implies that there exist v E LP(C) and
hk e R\{0} with hk 0 such that -÷ vq5 for all q5 E Cr(C). Since

= — when h is small enough and we have that
— uD2çb = vq5 for all cb E Cr(C) and hence D2n exists in C. Theorem 3.4.4
implies that D2n exists in ft 0

Theorem 3.4.8 Suppose is connected, u E Dan exists and Dan = 0

whenever c c a.e. in ft

PROOF Choose x E c� and r (0, oo) so that K = B(x, r) C ft Let n6 be
as in Theorem 3.4.1 and note that (b) of the Theorem implies Vu6 = 0 in K. If
y e K, then

u6(y) —u6(x)
= f (Vu6)(x +t(y — x)) . (y — x)dt = 0;

hence there exists c6 E C such that u6 = c6 in K. (c) of Theorem 3.4.1 implies
that c6 converge to some c as e —+ 0 and that n(y) = c for almost all y E K.
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Let V1, V2,.. be nonempty open balls such that Il = UV = By the
above argument there exist Cj such that u = Cj a.e. in Let A be the union
of all V2 such that Cj = and let B be the union of other V2. It can be easily
seen that A fl B is empty and, since Q is connected, B has to be empty. fl

Theorem 3.4.9 Suppose f E a is a multi-index with al = 1 and exists.
Then

I
exists and

I
= Re where g is defined by

(x) = f f(x)/If(x)I if x and 0< lf(x)l <00
g

0 for

PROOF For e > 0 define u6 = (If 12 + 6)1/2 and g6 = 7/u6. Choose a compact
K ci ft By Theorem 3.4.1 there exist fi, f2,... in such that

limf If_fil=.limf
16 ''°° 16

lim f2(x) = f(x) for almost all x E K.
i—+00

Define = (If2 12 + e)h/2, gj6 = Clearly = Re

fKfK
fK

I f —

which also converges to 0 (by the DCT). By Theorem 3.4.3 we have that =
Re Since for every compact K C we have that

fK
as

fK
as

another application of Theorem 3.4.3 completes the proof.

The following formula for a weak derivative of the product generalizes (1.7).

Theorem 3.4.10 Suppose u e g E for some multi-index a, and
exist for all multi-indices /3 a. Then Da(ug) exists and

Da(ug) = ()
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PROOF Choose any compact K C 11 and let e be as in Theorem
3.4.1. Observe that

urn f — =0 for all <cr.
K

Therefore, using (1.7),

- =

and Theorem 3.4.3 implies the assertion. 0

In the rest of this section the interpolation inequalities for intermediate derivatives
will be studied.

Lemma3.4.11 then

IIf'IIp � IIf"IIp + for f e C2(a, b), 0 < e — a.

PROOF Let S = E/2 and pick c so that c±5 E (a,b). Ifx,x+h e (a,b), then

,rh
hf'(x) = f(x + h) — 1(x) — I (h — s)f"(x + s)ds

Jo

hence, choosing first h = 8 and then h = —8, we obtain that

8f'(x) = fi(x) + 12(X) + f3(x),

where :(\f f(x+S) ifa<x<c
I —f(x—8) ifc<x<b

—1(x)

f J if a< x <C
f(8—s)f"(x—s)ds ifc<x<b.

It is easy to see that and = If p < 00, Holder's
inequality implies

l.a

f3(x)l7) < / (5 — s)If"(x + s)I7)ds if a <x <c
Jo

f
< f(8 - =
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This and a similar calculation on (c, b) gives 1113lip � - which can
be easily verified also when p = 00. Thus

� (21/P + +

which proves the assertion. 0

Lemma 3.4.12 For every integer m � 0 there exists Cm E (0,00) such that

<Emllf(m) + Cmllf

whenever p E [1,00], —00 a < b < oo, f e Cm(a,b), 0< E <b—a and 0 j m.

PROOF Let Am denote the assertion of the Lemma. A0 and A1 are obviously
true; A2 follows from Lemma 3.4.11. So assume that m> 3 and that Am_i is
true. Note that Am_i implies

(E/2)m_1 llf(m_1) II � (e/2)m llf(m) + Cm_i (e/2)

< (E6)m_1 llf(m_1) + Cm_i If

for 6 E (0, 1). Hence, choosing 6 so that (26)m_2Cm_i < 1/2 implies

Em lIlf(m 1)11 <Emllf(m)IIP +

for some constant C'. This, together with Am_i, imply Am. 0

Definition 3.4.13 For integers m � 0, p e [1,00] and those u e for which
Dau exists whenever al = m, define

lttlm,p = max E [0,oo].

lm,p is a seminorm when restricted to those u for which
whenever al = m.

Lemma 3.4.14 Suppose Il = (ai,bi) x ... x for some —00 a2 <b2 00

and 1 p 00. Then, for every integer m 0 there exists c E (0,00), depending on
rn and n only, such that

cEtmlf Imp + cIlf for f E 0 < c <rninb2 — 0 j <m.
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PROOF Note first that Lemma 3.4.12 implies that

+ for g E Ck(1Z), 0 < 1 < k, 1 <i <n.

Choose a multi-index = (cvi,... , with = j and define 13k = .

fk = . . . Note that for 1 <k n,

eakllfkll =
< Em /3k+1IID /3k+lf ill +

m—flk+1 t6 J m,p + L/m_/3k+l Jk+1 p

+

where = 0 and = f. Hence, if C = maxk<m Ck, then

= (1 + + +

which implies the conclusion of the Lemma. El

Corollary 3.4.15 For every integer m � 1 there exists c E (0, oo), depending on m
and n only, such that

If Ij,p f 0 j m, 1 p 00.

PROOF If f e and f = 0 in then f hence the
conclusion follows from Lemma 3.4.14 and (3.15). El

Theorem 3.4.16 Suppose = (ai,bi) x x for some —oo oc.
Suppose also that 1 p < 00, f E and that there exists e whenever

= m. Then there exists E for all m. Moreover, for some
c E (0, oo), depending on m and n only, we have that

Imp + clif lIp for 0 <e — 0 j rn

PROOF Let Il' = (ci, d1) x .. x (ca, 4) for some Theo-
rem 3.4.1 implies the existence of fi, f2,... in such that

Lemma 3.4.14 implies that {D13fk} is a Cauchy sequence in for each
multi-index /3 with <rn. Thus there exists E for all 1/31 <in
and, by Lemma 3.4.14, we have that

E3IfIj,p,ciI Im,p,O' + clif IIp,1l' for 0 < — 0 j in.
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Theorem 3.4.4 implies that exists in Q for all m. Letting —+

gives the bound. 0

The above interpolation inequalities are actually true under much weaker assump-
tions on 11. See Adams [1] for more details.

An obvious consequence of Theorems 3.4.4 and 3.4.16 is:

Corollary 3.4.17 Suppose that f and that exists whenever = rn.
Then exists whenever <m.

3.5 Definition and Basic Properties of Sobolev Spaces
Definition 3.5.1 of Wm(1l), (, )m, II Imp

For nonnegative integers m and for p e [1, 00], define to be the set of all
u e which are such that exists and E for all multi-indices
with <m. =

For nonnegative integers m and for p E [1,00] define to be the set of all
U E which are such that exists and E LP(1l) for all multi-indices
with <m. = Wm2(1l).

For u, v e define the inner product (u, v)m by

(u, V)m = f
For u E define the norm by

IIUIIm,p = if 1 p < 00

IItLIIm,00 = if p = 00.

Theorem 3.5.2 is a Banach space. is a Hubert space.

PROOF Clearly, is a normed linear space. If u1, is a Cauchy
sequence in WmP(IZ), then is a Cauchy sequence in 11(11) for each
multi-index with < m. Let u denote the LP(Q) limit of and let Ua
denote the limits of for > 0. = Ua by Theorem 3.4.3. 0

Theorem 3.5.3 If U and v E then uv E and

2m(1 +
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PROOF See Theorem 3.4.10. 0

Lemma 3.5.4 If u E Wm'P(Il), 1 p < 00, m � 0 and is a mollifier, then

iimf *u)— = 0
K

for all compact K C and all multi-indices a for which al <in.

PROOF For all sufficiently small e and for all al m, we have that

* u) = * in K.

Theorem 3.1.7 implies convergence. 0

The following result shows that for p < 00, is just the completion of the
set of C°°(11) functions with finite II llm,p norm. This fact is used by some to define
wm'P(Il) and, in this case, the notation is often used instead of

Theorem 3.5.5 If p E [1,00) and m � 0, then C°°(1l) fl is dense in

PROOF Choose u e and e > 0. Let be a partition of
unity as in Theorem 3.1.3 (take, for example, F =

Choose s2 e (0, 1/i) so that + B(0, C If t e (0, si),
then Jt * E supp(Jt * c By Lemma 3.5.4 (see also
Theorem 3.4.10),

llJt, * — <E2' (3.41)

for some E (0, 1/i), t2 <

Pick any x E Il and let r > 0 be such that B(x, 2r) C There exists an
integer m > 1/r such that = 0 on B(x, 2r) for all i > in. It is easy to see
that * = 0 on B(x, r) for i > m. Therefore, if

then in a neighborhood of each point in all but finitely many terms of the
sum vanish identically. Thus çb e

The following identity is obviously true pointwise a.e.

u — e and lu — <E.
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Wm(1R72) can be nicely characterized with the help of the Fourier transform:

Theorem 3.5.6 Suppose f E m 0 and g(x) = (1 + x12)m/2(2f)(x) for
x e W'. Then f Wrn(WL) if and only if g L2(W1). Moreover, there exists
c e (0, oo), depending only on m and n, such that

If IIrn,2 � � cIIfIIrn,2 when f E Wm(PJ1).

PROOF Note that for some c E (0, oo)

� (1+ 1x12m =
<c2

k0 Iaj=k

This and Theorems 3.4.5 and 3.2.6 imply the conclusion. 0

Definition 3.5.7 of
is clearly a subspace of each of the spaces

For nonnegative integers m and for p e [1, oo}, define to be the closure
of in =

Clearly, is a Banach space with norm and is a Hilbert
space with inner product (, )m

Theorem 3.1.4 implies that C thus,

the closure of in is also equal to

This and Theorem 3.5.3 imply that

ifu E and v then uv e

Also, this and Theorem 3.5.5 imply that

if p < 00, u E v E then uv E

Except for some special sets we have that One of these
special Q is IRTh.

Theorem 3.5.8 = if p e [1,00), rn � 0.
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PROOF Choose u e and let f be such that f(x) = 1

for xf <1 and f(x) = 0 for xf � 2 (Theorem 3.1.2). Define u2(x) = u(x)f(x/i)
and note that are in Theorem 3.4.10 implies that there exists c
such that for all i � 1,

f
u E D

When Il lies between two parallel planes, with a normal v and at a distance d
apart, then (3.42) holds. In other words:

Theorem 3.5.9 Suppose is such that for some v E Ri', with fvf = 1 and some
d E (0, oo), we have that (x — y) . v d for all x, y in ci. Then

fillip <dflv f E 1 <p 00. (3.42)

PROOF Choose f and note that for all x ci,

f(x)=— / vVf(x+vt)dt.
Jo

Hence, if p < oo and i/p + 1/q = 1, then

pd

f Vf(x + f fv .

therefore ff1 d ffv . Vf - which is obviously true also for p = oo. Since

liv iviqffliii,p, the inequality holds also in 0

(3.42) is called the Ponicare inequality by some (see also Lemma 2.5.1 and the
Dirichiet problem in Section 3.7). Others call the inequality (3.43) below the Ponicare
inequality. ci, that has properties (i) and (ii) in Theorem 3.5.10 below, is said to be
star-shaped with respect to a ball contained in ci. See also Exercise 14.

Theorem 3.5.10 Suppose that ci is such that

(i) B(xo, ri) C ci C B(xo, r2) for some xo E 0 <r1 <r2 <oo

(ii) ifyeB(xo,ri) theny+t(x—y)Eciforallte[0,1J
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and f E C1(1l), p [1,oo], of /0x2 for 1 i n. Then f and

fr
(Ti + r2) (i

+ +
(343)

for all measurable W C with measure 1i(W) > 0.

PROOF Choose r E (0,ri) and let B B(xo,r).

If x e y E B, then

f(x) = 1(y)
+

- + t(x - y))dt;

integrating with respect to y gives

= L f(y)dy + (3.44)

where

= f f(xi — + t(x — y))dtdy, xE 1 i n.

Let us prove the following inequality:

p(B)(r + r2Xl + r2/r) 1)/P for 1 i n. (3.45)

(3.45) is obvious if p = 00; so, assume p < oo and note

�
< Ix - +t(x -

f
< + dtf dxx — + t(x —

= L dyfdxf —
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where g(x, y, t) = 1 if x e + (1 — t)y and otherwise g(x, y, t) = 0. If x E Il,
x—yI=tlz—yI<

t(r2+r) and

j y, t)dt < f + r )fl.
I n fx—yI

Therefore

f < + r2))P1 (r f dx L dy Ix —

and inequality (3.45) follows from

f (x — f =
B B(O,r)

In view of (3.44) and (3.45), it is clear that f Integration of (3.44)
over W gives

Dividing this by 1z(W) and subtracting it from (3.44) gives

(i - f)
= -

p(B)
— +

� (i +

Using (3.45) and letting r —* ri proves (3.43).

3.6 Imbeddings of Wm'P(II)

In this section we shall study imbeddings of where rn is a positive integer
and 1 p oo. We shall begin by showing (Theorem 3.6.3) that, under very weak
conditions on

if mp> n and j � 0, then C
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We shall then show (Lemma 3.6.8) that

if mp ii, p q q < oo, then C

when is a box (possibly the whole This will give us very general local imbed-
dings (Corollary 3.6.9), imbeddings of (Theorem 3.6.10), as well as Holder
continuity of functions in for mp > n (Theorem 3.6.12). Under much
weaker conditions on it will then be shown (Theorem 3.6.14) that mp n im-
plies C for p � q < Sufficient conditions for compactness of
the imbedding of Wm'P(Il) into are presented in Theorem 3.6.16.

Imbeddings of in general depend on the boundary of On the other
hand, is a closure of a set of functions that vanish on the boundary of
and hence, its imbeddings are, in general, independent of the boundary of ft The
weakest, commonly used assumption on Q for which most imbeddings still exist is
called the cone property of and is defined as follows:

Definition 3.6.1 For a E a 0, 9 E (0, 7r], define

cone(a,9) = {x E lx a ixilalcos9 and lxi lai},

and observe that if t> —n, then

f =
cone(a,O)

for some c e (0, oo) which depends only on n, t and 9.
A nonempty open set in n � 1, is said to have the cone property if there

exist h E (0, oo), 0 e (0, ii] such that for every x E we can find a E with the
properties al = h and x + cone(a, 0) C

Lemma 3.6.2 Suppose m is a positive integer, p [1, oo] and either mp > n or
m � n. Suppose also that has the cone property and let h and 0 be as in the
Definition 3.6.1 of the cone property. Then there exists c E (0, oo) such that

c depends only on rn, n, p and 0.

PROOF ci, c2,... will denote numbers in (0, oo) that are determined by m, p,
n and 0 only. Choose u fl x and a E IR" with al = h so

that x + cone(a, 0) C ft Abbreviate C = cone(a, 0) and let be the volume
of the cone C.
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If y e C, then x + y — ty E for t [0, 1]. Hence the Taylor formula (1.8)
can be written as

1 IckI I 1

u(x) = f
kkl=m

Integrating both sides over C gives

" I pm
u(x)c1hTh= 10+m (3.46)

where

IQ
= f + y)dy, Ial <m

J
= f + ty)dydt, al = m.

Let q E [1, oo] be such that l/p+ 1/q = 1. Since Holder's inequality
implies that

for = i <m. (3.47)

When al = m the scaling gives

j =

f f + y)dydt

= f + y)dydt,

where f(t, y) = 1 if ht and f(t, y) = 0 otherwise. Since

f = — 1)/n for y E C,

we have

� f + y)ldy; (3.48)
C

ifp = 1, then m n and obviously

hmlulm,p; (3.49)

if p > 1, then (m — n)q + n = q(m — n/p) > 0 and we can apply HOlder's
inequality to (3.48) to obtain

(3.50)

Inserting (3.47) and either (3.49) or (3.50) into (3.46) completes the proof. 0
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Theorem 3.6.3 Suppose m � 1, p E [1, ooj and either mp> n or m � n. If Q has
the cone property and h and 0 are as in Definition 3.6.1, then

C for j > 0.

Moreover, there exists c (0, oo), depending only on m, n, p and 0, such that

IuIj,00 for u E j � 0.

PROOF Lemma 3.6.2 and Theorem 3.5.5 imply the conclusions when p < 00.
If p = 00, choose r E (1 + ri/rn, oo) and let B be a nonempty open ball contained
in ft Since B has the cone property, C C Cj3(B).
Hence, C 0

If u e and u = 0 on W1\1l, then u E and since has the
cone property, we have

Corollary 3.6.4 Suppose j 0, in � 1, 1 � p < oo and either mp> n or m n.

Then C C

We shall now begin studying imbeddings of into for q < 00.

Lemma 3.6.5 If = (ai, b1) x . x (an, for some —oo oo, then

e

g e < — cj,
= (ci, d1) x . x (cs, and let denote integration of x2 from cj to

If and then

b z b

(b — a)h(z)
= L h(y)dy + f (y — a)h'(y)dy

— f (b — y)h'(y)dy

Ih(z)I � jb
Ih(y)Idy

+ f Ih'(y)Idy.

Therefore

+ [DigL for x E i = 1,. . . n.

It is easy to see that this implies the conclusion of the Lemma when n = 1; SO

assume from here on that n> 1 and = Note that
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where = + Integration of Xl, using Holder's inequality (1.10)
with k = p2 = n — 1, gives

f (f fi) (L
Likewise, integration of Xl,... , gives

for k = 1,... , n and hence

L (L (L
+

thus + IgIi,i and Theorem 3.5.5 implies the conclusion. 0

If 1 p q r oo, p r and f e II n L', then HOlder's inequality implies

Ill IIq � Ill Ill where 9= (3.51)

If this and the following fact,

A B � 0, 0, 0 E [0, 1], (3.52)

are used in Lemma 3.6.5, we obtain

Corollary 3.6.6 Suppose = (al, b1) x x (an, for some —oo <b2 oo.
If 1 oo and 1— then

IIgIIq � + for g W1"(Il), 0 <e < —

Lemma 3.6.7 Suppose = (al, b1) x .. x (an, for some —oo a2 <b2 oo. If

IIhIIq + for h E W1"(Il), 0 < —
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PROOF Assume p> 1. Let s = 1 + q e (1, oo) and pick f C°°(1Z) n
W1P(1Z). Let g = IllS and note that g E C1(1l), � sIfIs_llDifI. Let

= (ci, d1) x x (cs, for some a2 <Ci <d2 <b2 with < — Ci. Note

�
llglli,o' If If

If t = q/s, then > 1 — Hence Corollary 3.6.6 implies

11f11,ci' = IIgIlt,ci' < En(lt)(2IlfIlpo, Ill + eslf Ii,p,ci' Ill

If � + ESIfli,p,o'),

and letting Il and f —* h (Theorem 3.5.5) implies the conclusion. 0

Lemma 3.6.8 Suppose = (al, b1) x ... x (as, for some —oo <a2 <b2 oo. If

IIhiiq (2+ q)m for h E 0 <E —

PROOF The conclusion of this Lemma is proven in Lemma 3.6.7 when in = 1.

Assume that m> 1 and that the conclusion is true for m — 1. Choose s so that

— � +

Sincem—1 � 1,1 and >

rn—i

11h113

rn-i
Ihli,8 � (2+q)m_i

E Since 1 <s � q < oo, — Lemma 3.6.7 implies

Ilhillq e

(2 + (2 EkIhIkP +

which shows that the conclusion is true also for m. 0
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Corollary 3.6.9 Suppose j � 0, rn > 1, 1 p q < oo and > — Then

w3+rnP(cl) c

Theorem 3.6.10 Suppose j > 0, m 1, 1 <p < q oo, > — and, when

q = 00, it is required also that either mp> n or rn � rt. Then W0 (il) C W0 (fl)
and

IUIj,q for u E ° = + —

where c E (0, oo) depends only on j, m, n, p and q.

PROOF Choose v e Cr(cl) and let v = 0 in Lemmas 3.6.8 and 3.6.2,
with W1 in place of imply

VIj,q c1 for e > 0.

Lemma 3.4.14 implies

+ for &> 0;

hence (3.15) implies the bound stated. Since this is true for every j � 0 and
is dense in the rest follows. 0

Before continuing with our study of imbeddings of into q < oo, let us
apply the above result to show the Holder continuity of functions in when
mp > n.

Lemma 3.6.11 If p > n, then there exists c e (0, oo) such that

Iu(x) — dx — for all x,y E U E

PROOF Suppose u e x, y E W' and d = x — yI. Note that

u(x) = u(x + z) — f + tz)dt.

Subtracting from this expression the corresponding expression with y in place
of x, and integrating z over the ball B = B(0, d), gives

(u(x) — u(y))cod" = I — J(x) + J(y), (3.53)

where

1= I (u(x+z)—u(y+z))dz
JB
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J(x) = f + tz)dtdz

and CO, c1,.. denote numbers in (0, oo) that depend only on n and p. Using the
bound

J(x)
= f f t + z)dz dt

I

J(x) f (td)

<

as well as

=

Ill

<

in (3.53) completes the proof. 0

Theorem 3.6.12 Suppose p E [1, oc] and m is an integer such that 0 <m — 1.

If either m — <1 or m = 1 or m — n = 1, choose any a (o, m —

otherwise, choose any a e (0, 1). 110 = + then there exists c < oo such that

na — $ dx —

y all all n

PROOF Since is dense in it is enough to prove the
Theorem for u E when j = 0.

Assume first that m = 1 and let = a/(1 — Lemma 3.6.11 and Theo-
rem 3.6.10 imply that for all x, y E

Iu(x) — u(y)f Iu(x) — —

< c (Ix - yI

— clx—yf
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Suppose now that m � 2. Define q = (n, 00] and note that if q = 00,

then m — 1 = n. Since p n < q and — we can apply
Theorem 3.6.10 to obtain that IUJ1,q � Lemma 3.6.11 implies

Iu(x) — u(y)I � — � —

0

In Lemma 3.6.8 there are severe restrictions on Il; nevertheless, it implies very
general local imbeddings. To obtain such results for more general Il, one can proceed
in several different ways. One way is to prove extension theorems first, i.e. one needs
to find a map E: Wm'P(R") such that for every u e

(1) (Eu)(x) = u(x) for x E

(2) �
Such maps E exist under various conditions and thus the conclusions of Lemma 3.6.8
become applicable to more general ft We will not use this approach. Instead we
will present a simple direct proof of the conclusions of Lemma 3.6.8 for any that
satisfies the cone condition, provided that > — This non-sharpness could be
removed by simply using the Hardy-Littlewood-Sobolev inequality instead of Young's
inequality to prove (3.55) in the critical case where = — > 0, p> 1.

Lemma 3.6.13 Suppose has the cone property and let h and 0 be as in Defini-
tion 3.6.1 of the cone property. If m> 1, 1 p q oo and > — then there
exists c < oo, depending only on m, n, p, q and 0, such that

for u E fl

PROOF If p = q, the statement is obvious; if q = oo, then the assertion follows
from Lemma 3.6.2. So, assume p <q < 00. ci, c2,... will denote numbers in
(0,00) that are determined by in, n, p, q and 0 only.

For j = (il,.. ,j,,) E define

Box(j) = {x E <jt + 1 for all i = 1,... ,n}

Box(j)* = {x E —1 x2/h + 2 for all i = 1,... ,n}

and observe that Box(j)* is a union of disjoint boxes, that are
adjacent to Box(j). Let {V1, V2,.

. .} denotes the collection (possibly finite) of
those sets j E which are not empty. For each V2 there exists a
unique j E such that V2 = define = The following
facts will be needed later on:
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(Fl) V2 fl is empty if i j; = U¾

(F2)

(F3) if f f > 0, then

3fl

Choose any x There exists a unique V2 such that x E ¾. Let a e
be such that lal = h and x + cone(a, 0) C Abbreviate C = cone(a, 0) and let

be the volume of C. Observe that x + C C V2*, by (F2). In exactly the
same way as in the proof of Lemma 3.6.2 we obtain that

_iIc2I —
u(x)cih'2 = + m

k21<m k21=m

where

+ y)Idy, al <in

hnf al = in.

The change of variable x + y —+ y and the fact that x + C C V2* give

lu(x)l <C2 + C2 Ga(s), (3.54)

k11<m

where

= I x — x E ¾, al <m
JV7

= lx — x E ¾, al = rn

Observe that Ga(x) are uniquely defined for each x E and that (3.54)

holds for every x E ft

Fix any multi-index a such that lal in. Let t = lal if lal <m and let
t = rn — n if lal = in. Define f on all of by

f(x)
= f lx - for x E ¾.

Hence, f = if lal < in and f = if lal = rn. f equals k *
in ¾, where is the characteristic function of the set V2*, k(y) = when

<2nh and 0 in the rest of Define = 1 — + E 1) and note that
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(m — n)s + ii > 0; hence, ts + n > 0 and therefore k E L8(IRTh), 11k118 c3ht+n/s.

Young's inequality (page 112) implies

(L1
fq) (f (3.55)

Hence

f fq f
and (Fl), (F3) imply

f fq f f
Ill

Therefore
c4h' if = i <m

m+n(1—1)� q IUIm,p if al = m

and if these bounds are used in (3.54), the assertion of the Lemma follows.0

Theorem 3.6.14 Suppose Il has the cone property and let h, 0 be as in the Defini-
tion 3.6.1 of the cone property. If j � 0, m � 1, 1 <p < q < oo and — then

WJ+mP(Q) C and there exists c < oc, depending only on m, n, p, q and 0,
such that

UIj,q for u E

PROOF If q = oo, then the conclusions follow from Theorem 3.6.3 and oth-
erwise from Lemma 3.6.13 and Theorem 3.5.5. 0

We shall now present sufficient conditions for compactness of the imbedding of
wm,p into Li'. We need first to generalize the Arzela-Ascoli Theorem to L" spaces.
Let Th denote the translation operator,

(Thu)(x)=u(x+h) for

Theorem 3.6.15 Suppose that is a bounded sequence in 1 <p < oo,
such that for each £ > 0 there exists 6 > 0 so that

llThui <e for all hI <6, i = 1,2
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Then there exist integers <n2 < and v e LP(IRfl) such that

urn f — = 0 for all r E (0, oo).
2+OO IxI<r

PROOF For every A > 0, i E N we have that JA * and

IIJ)JIq5hlPIIttjIIp

IIThJA * — * = * — IIJJIq sup — tLjIIp

for all h e RTh, where 1/q = 1 — i/p. Thus, we can repeatedly apply the Arzela-
Ascoli Theorem 1.1.5 to obtain infinite sets of integers N D A1 D A2 D and
continuous functions v1, V2,... such that for each k> 1,

lirn sup IJ1/k * Ui — = 0 for all r e (0, oo).
2+OO,ZEAk B(O,r)

Let no = 1 and pick nk E Ak such that > for k> 1. Note that

urn sup IJi/k * — = 0 for all r E (0, oo), k � 1. (3.56)
B(O,r)

We claim that is a Cauchy sequence in LP(B(0, r)) for any r E (0, oc).

FixanrE(0,00)andpicke>0.

(JA * u)(x) - u(x)
= f - y) - u(x))dy

B(O,h.)

* u)(x) - f JA(Y)IU(X - y) -

u

IIJA * — ulip sup —

we can choose k so that

IIJl/k * Ui — <e/6 for all i E N.

(3.56) implies that there exists N such that for all i > N,

IlJi/k * — VkIIp,B(O,r) P i * — vkl < e/3.
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Therefore, if i, j > N, then

— Ufl3 fip,B(O,r) =
I — Jl/k * Un. + Jl/k * Un. — Vk + Vk — Jl/k * + Jl/k * — iIp,B(O,r)

< e/6+E/3+e/3+E/6=E,

which proves the claim.

k)), k E N, limits of define a function v almost everywhere in
and, since $ sup3 <00, we have that v e 0

The following Theorem is our main result on compactness of imbeddings. It says,
that when an imbedding exists, then it is also compact except possibly at the critical
values of parameters.

Theorem 3.6.16 Suppose is bounded and that it has the cone property. If j � 0,
m � 1, 1 p < oo, 1 q < 00, > — and is a bounded sequence in
W3+rnP(IZ), then there exist integers <n2 < ... and v E such that

lim hUn1 — V((j,q = 0.
t—+oo

PROOF Assume first that j = 0.

Choose r (q, oo) fl (p, oo) such that > — Theorem 3.6.14 implies
that 1k4 clIIuIIm,p for all u E Let M = hkuihlm,p and define

= 0 in Rn\1l. Note that
I

We claim that sup2 IIThUj—ujIhl,Rn —+ 0 as (h( —÷ 0, where Th is the translation
operator. Pick e > 0. Choose a compact K C Il such that

<E,

and pick d e (0, dist(K, Let w = K+B(0, d) and note that when (h( <d,

f f
h) — <e/2 for i N, hi <d. (3.57)

For f fl and hi <d we have that

f If(x + h) - f(x)Idx = L L
+ dx
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f f
f >lhi(Dif)(x)Idx

i=1

by using Holder's inequality twice. Hence, Theorem 3.5.5 implies that

flui(x + h) — for i EN, Ihi <d.

This and (3.57) imply

fRfl
<e/2 for i EN, IhI <d,

which proves the claim.

Theorem 3.6.15 implies that there exist n1 < < ... and v E L'(ci) such
that converge in L1(ci) to v. (3.51) implies that } is also a Cauchy
sequence in This proves the Theorem in the case j = 0.

Since is a bounded sequence in WmP(ci) for all al j, we can
extract subsequences which converge in for all al $ j - implying
convergence of } 0

Corollary 3.6.17 Suppose that 1 1 oo and
> — ¶. Then the identity map from to is compact.

3.7 Elliptic Problems

A version of the Dirichlet problem can be stated as follows: for a given f, find u
such that

= —f(x) for x E Il

u(x)=0 for xEaIl.
Green's identity formally implies

Thus, if v vanishes on 9Q just like u does, then = This
suggests the following definition of a sectorial form:

for u,vEV (3.58)
i=1
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where V = W0'(IZ). If 7-1 = then assumptions Hi, H2, H3 of the section on
Sectorial Forms are satisfied. The Dirichlet problem can be reformulated as:

for given f 7-1 find u c V such that v) = (f, v) for all v c V; (3.59)

or equivalently, find u E such that Au = f, where A is the operator associated
with The sectorial form and the operator A associated with it are defined without
any restrictions on - any nonempty open set in will do. Here are some of the
properties of A:

(1) A is seif-adjoint (Corollary 2.8.5).

(2) Let A(1l) be the largest of real numbers A for which

� Af u E
i=1

Theorem 2.8.7 implies that A(Q) E a(A) C [A(cl), oo). If u e and u = 0

outside then u e for every open set Il' which implies that
�

(3) If has a finite thickness d in some direction, then the Ponicare inequality (3.42)
implies that � d2; hence, the Dirichlet problem (3.59) has a solution for
every f E 7-1 and, by Theorem 2.8.9, the solution is the minimizer of

— 2Re(f,v), v E V.

(4) If Il is bounded, then A has compact resolvent which implies that
A (see Corollary 3.6.17 and Theorems 2.8.2, 2.6.8).

It is easy to see that the operator A can also be represented as follows: u E ¶D(A) if
u and there exists f such that (u, çb) for all e
Au = f. This representation is usually abbreviated as

= {u E E Au = for u e (3.60)

One can show that when the boundary of is nice enough, then = fl
however, it can happen that see Exercise 13. Regularity

of solutions of elliptic problems is investigated in Section 3.8 where it is shown in
particular that if u e then u E (Example 3.8.4). The one dimensional
case is discussed in Examples 2.8.1, 2.8.3 and 2.8.8.

One can attempt to solve the problem = —h in and w = g on by first
choosing a smooth enough v defined in such that v = g on 1%1 and then declaring
the solution to be w = v + u where u satisfies (3.59) with f = h + Liv.
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The Neumann problem can be stated as follows: for a given f, find u such that

= —1(x) for x E

for xeaQ.
an

The variational formulation of the problem can be stated again by (3.59) where is
also given by (3.58), the only difference being that V = W' (Il) in this case. In this
formulation, can again be any nonempty open set in however, au/an does not
necessarily make sense on the boundary - more assumptions are needed about the
boundary of to show that the the solution of (3.59) actually satisfies au/an = 0.

Here are some properties of operator A associated with this

(1) A is self-adjoint (Corollary 2.8.5).

(2) cr(A) C [0,oo) (Theorem 2.8.7).

(3) if is bounded and has the cone property, then A has compact resolvent (The-
orems 3.6.16, 2.8.2), see also Theorems 2.6.8 and 1.7.16.

(4) if is bounded, connected and has the cone property, then N(A) consists of
constant functions only (Theorem 3.4.8). Hence, the Neumann problem (3.59)
has a solution iff f = 0 (Theorem 2.2.8).

Other choices of a closed subspace of W1 (IZ) for V correspond to other boundary
conditions. For some boundary conditions, the sectorial form must also be modified
(see, for example, (2.58)).

Let us now turn to the general 2nd order elliptic differential operator,

n n na , an
Lu = — a, h— + a0u.

i=1 j=1 i=1

Green's identity suggests to consider the form,

= for u,v E V, (3.61)

where V is a closed subspace of W' (Il). We assume that are bounded, complex
valued, measurable functions on such that Tm = Tm a32 and that there exists
S > 0 such that

Re � for all TW?',x E ft (3.62)
i=1 j=1
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(3.62) is known as the strong ellipticity condition. (3.62) and Tm a,3 = Tm

imply

Re � for z E E

i1 3=1

and therefore

Re >2! � f ID2uI2 = —

i=1 j=1 ci i=1

� — — clIuIIl,211u112,

where c = Hence, for any M3 (0, ö), there exists a E such that

� + for all u E V. (3.63)

For elliptic problems, the inequality of form (3.63), with M3 > 0, is called Gârding's
inequality. If fl = then assumptions Hi, H2, H3 of the section on Sectorial
Forms are again satisfied. In particular, when is bounded and has the cone property,
we can again apply the Fredhoim alternative: problem (3.59), with given by (3.61),
has a solution if (f, v) = 0 for all v E V such that v) = 0 for all g E V.

Consider now the biharmonic operator,

2 . auu withu=—=Oon8ft
19n

Green's identity suggests we define

for (3.64)

If u E let u = 0 in W'\Il and note that

= f
f(i + - f

� - (Theorem 3.5.6)

and since Cr(1l) is dense in we obtain Gârding's inequality

� - for u E

Let A be the operator associated with this A is seif-adjoint and o(A) C [0, oc) as
before. If Il has finite thickness d in the direction of one coordinate axis, then two
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applications of Hörmander's Lemma 2.5.1 give that u
u E C oc). Corollary 3.6.17 implies

that A1 is compact when is bounded.
If the boundary condition u = au/an = 0, of the biharmonic operator is

replaced by u = = 0 on then its natural proper definition in 7-1 = L2(1l)
becomes A2 where A is given by (3.60). Note that if V = and if for u, v e V

{u,v] = (Au,Av) + (u,v), ui = {u,uJ'/2

Zc(u,v) = (Au,Av),

then A2 is the operator associated with this See also Exercise 19 of Chapter 2.
Observe also that it can happen that V W2(1l) in this case (Exercise 13).

The general strongly elliptic operator of order 2m is given by

Lu =
1131�m

provided there exists 8 > 0 such that

Re (3.65)
/31=m

Define

= f for u,v E Wm(1l). (3.66)

It is easy to see that v)i M2ifUiIm,211V11m,2 for u, v provided only
that are bounded; however, proof of Gârding's inequality can get rather compli-
cated when rn > 1. When assumptions of the following Theorem 3.7.1 are satisfied,
assumptions Hi, H2, H3 of the section on Sectorial Forms are again satisfied, with
7-1 = and V = Moreover, Corollary 3.6.17 implies compactness of
the identity map from V —+ 7-1. Hence, the operator associated with has compact
resolvent and the Fredholm alternative applies as above. For regularity of solutions
see Theorem 3.8.2.

Theorem 3.7.1 Suppose that is bounded and is given by (3.66), where

(a) m � 1 and E for all <m, m

(b)

(c) strong ellipticity condition (3.65) is assumed to hold for some 6 > 0.

Then for every M3 E (0, 6), there exists a E R such that

> for all u E (3.67)
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PROOF Choose u E Cr(Q). We shall use R1, R2,... to denote various terms
of u) which can be estimated as

CiIIUhIrn_.1,2IkLIIrn,2,

where Cj <00 do not depend on u. Note that

= f + R1.

Define 0 = (6 — M3)/3, 6 = 1)_i and let > 0 be such that

Iaafi(x) <e if x —yI <2p, x,y E al = = rn

Note that 11 C B(xi, U U B(xk, for some E ft Choose real valued
E Cr(W') such that C and cbj(x) > 0 for x e

j = 1,... , k. Note that çb + + > 0 in ft Hence,

E fl C°°(1l)

and v3 e for j = 1,... , k. Since +... + = 1 in Il and

= —

it follows that

=

fj1

f +

j1 IcxI=mI/31=m

IGI � jl 131=m
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< fi' 1f31=m

= fi'
Let v3 = 0 on and note that

=

- R1 - R2 - G) �

�
j1 JR

= j1

�
i=' °

=

(o_O)f

= (ö — — IktIIrn—i,2) + R3.

Therefore

� (6 — — IIUlIrn_i,2)

� (6 — —

Since <TIm + Ti—rn for all x > 0, T > 0, Theorem 3.5.6 implies that

IItLIIm_i,2 � T > 0,

and taking T, such that TC5C2 <0, implies (3.67). D
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3.8 Regularity of Weak Solutions

In this section it will be assumed that m is a positive integer, aafl E for all
multi-indices a, with al m and m, and that

Re > 0 for x E 1), (3.68)

IaI=mI$I=m

Observe that this implies that for each compact, K C Il there exists 6 > 0 such that

Re � for x E K, E Il'?'.

IaI=m181=m

For u E E Cr(1l), define

q5) = f (3.69)

Lemma 3.8.1 Suppose that 1 j m, e for al � m, m and that
u e is such that for each compact set K there exists CK <00 such that

q5 C

E

PROOF Assume first that j = 1. Let K be any nonempty compact subset of
and let d> 0 be such that 04 C where = K + B(0, id), 1 i 4.

Let f be such that f(x) = 1 for x E 01 and f(x) = 0 for x 02,
see Theorem 3.1.2. Define v = fu. Using notation vY(x) = v(x + y), note that

E for all <d.
Observethat

E where is defined by (3.38). Let R1, R2,... denote various
terms of çb) that can be bounded by cklIc5llm,2 for some ck that do not
depend on h and q5. Note that

= f
cxL<m1131�m

03

Theorems 3.4.10 and 3.4.6 imply that

= f + R1.
03
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Since = + we have

= f — + R1
IaI<ml/31<m 03

= f03

= — f02

= — f02

= — f02

=

+C31k1511rn,2

and since is dense in

and Theorem 3.7.1 implies that for some M3 > 0, a e R we have

+

M3 C4 + al which implies
that remains bounded as h 0 and, since

fK fK
for rn,

Theorem 3.4.7 implies that exists and E for all m.
This completes the proof in the case j = 1.

Assume now that 2 <j <ni and that the assertion of the Lemma is true
for j — 1. Hence we may assume that u E Choose any compact
set K C E with supp(q5) C K and 1 i ii. Let Cl, c2,... denote
constants that do not depend on Note that

= > f
=

kkl�m I/31�m
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where

= f0

If rn — j + 1, then obviously lEa13
I

Ci If I13I > m — j + 1,
then = 'y + where H = m — j + 1 and � j — 1; hence

= f
and also in this case. Therefore

+ �
and the induction assumption implies that D2u E EJ

Theorem 3.8.2 Suppose that m � 1, k � 0, E for m and
m satisfy (3.68), and that u e and f e are such that

f = f fçb for all

Then u E and

= f.
131<m

PROOF Lemma 3.8.1 implies the assertion when k = 0. Assume that k � 1
and that the assertion is true for k — 1. Note that u E and that
for every 1 i n, çt E we have

f =
— f

Iai(mI/31<m

f = f — f DaIL
0 aI<rn j31<m

=

where
g=D2f— (_1)I$ID$(Djaa13Dau)

IaI<m

and, since g e we have that E
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Theorem 3.8.3 Suppose that m � i, k o, e C2m+Ic(cl) for <2m and

Re ( > 0 for all x E ci, e

for some ( E C. Suppose also that u and f e are such that

fu baDecb=f fçb for all
IaI<2m

Then u E and = f.

PROOF Pick any nonempty compact subset K of 1) and let d> 0 be such
that 0 C Ii where 0 = K + B(0, d).

w —+ (w, u) = wii is a bounded linear functional on Wm(0); hence the
Riesz Lemma 2.2.4 implies that there exists v e Wm(0) such that (w, u) =
(w, V)m for all w e Wm(0) and, in particular,

for all
Ial<m

Theorem 3.8.2 implies that v e and n = > Hence

f D2av
= f for E

0 0

and Theorem 3.8.2 implies that v E hence u E

EXAMPLE 3.8.4 If f E k � 0 and u E are such that

for all

then Theorem 3.8.3 implies that u e and = f. In particular, if f E
C°°(1l), then u E C°°(ci) by Corollary 3.6.4.

3.9 Exercises

1. Supply the details for the following alternative proof of completeness of normal-
ized Hermite functions in L2(lR). If (f, = 0 for all Hermite functions
then the Fourier transform of the function f(x)e_x2/2 is 0 and hence f = 0.
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2. The electric and magnetic fields E(x, t), B(x, t) C3 satisfy Maxwell's equa-
tions,

= —V x E, = V x B,

in JR3 for t � 0. Solve the equations for given E(., 0), B(., 0) E

3. Derive (3.11) from (3.6).

4. Prove (3.16).

5. Show that if I E S and t IR, then g, h e 5, where

sin IxItg(x) = f(x) cos Ixit, h(x) = f(x)
IxI

6. Suppose that 1 p < oo and —oo <a <b < oo. Show that f e b) if
f AC[a, b], f' LP(a, b) and f(a) = 1(b) = 0.

7. Suppose u E {fi, 12,. . .} C is a multi-index, exists for
i � 1, c sup2 <00 for some p e (1, oo] and

lim [(u — = 0 for all ço E
J0

Show that Dau exists and <c. Show also that the restriction p> 1 is
necessary.

8. Observe that in the proof of Theorem 3.5.5, is a sum of functions. Is
q5 E

9. Is it true that = also when m 0 and p = 00?

10. Show (3.51).

11. Define u(x) = for x B(0, 1) C Show that

u 1))\L°° (B(0, 1))

when p> 1 and mp = ri. (See Lemma 3.6.2.)

12. for
x E B(0, 1) C Show that

E 1))\C° (B(O, 1),C).

(See Theorem 3.6.12.)
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13. Let C 1R2 be given in polar coordinates (r, çb) by 0 < r < 1, 0 < < ir//3
where 1/2 </3 < 1. Define u = (1 — r)r13 in Show that u E
where A is given by (3.60). Also show that u

14. Let be a nonempty, bounded and connected set in IR?' with the cone property.
Apply Theorem 2.6.8 to the Neumann problem to show that there exists c < 00
such that

L f

What role does this c play in the Neumann problem? Note that this removes
the star-shaped condition on in the Ponicare inequality (3.43).

15. Show that Gârding's inequality (3.63) still holds for given by (3.61) when
V = and the condition Tm = Tm is replaced by Tm — E

W1°°(cl).





Chapter 4

Semigroups of Linear Operators

4.1 Introduction
We shall study problems related to the abstract differential equation of the form

u' + Au = 0,

where A is a linear operator in a Banach space X and u' denotes the derivative of
u: [0, oo) —+ X in the Banach space, i.e.

lim + h) — u(t)) — u'(t) = 0.
h

Assuming that for given u(0) the equation has a unique solution on [0, oo) implies
that there exist linear operators Q(t), for t � 0, such that

u(t) = Q(t)u(O)

and Q(t)Q(s) = Q(t + s). Formally, Q(t) = Assuming continuous dependence
on initial conditions gives us that Q(t) should be a bounded linear map from its
domain into X. In applications it can be usually arranged so that the domain of Q(t)
is the whole X. Clearly, the map t —÷ Q(t) has to have some continuity properties.
This, and some technical considerations, suggest the following definitions.

Definition 4.1.1 A family of bounded linear operators {Q(t)}t>o on a Banach space
X is called a strongly continuous semigroup (or Co semigroup) if

(a) Q(0) = 1 (identity map)

(b) Q(t)Q(s) = Q(t+s) for all 1> 0,s � 0

(c) IIQ(t)x — xli = 0 for all x X.

167
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Definition 4.1.2 Let {Q(t)}t�o be a strongly continuous semigroup of operators on
a Banach space X. Define to be the set of all x e X for which there exists
y E X such that

1
lim —(x—Q(t)x)—y =0;

t—*o+ t

for such x and y define Ax = y. The linear operator, —A, is called the generator
(or the infinitesimal generator) of the semigroup.

EXAMPLE 4.1.3 Let the Banach space X be For t 2 0 define Q(t) e by

(Q(t)f)(x) = f(x — t) for f E X, x E ILL

One can easily verify that {Q(t)}t�o is a strongly continuous (but not continuous,
Exercise 1) semigroup of operators on X. Let —A be its generator. If f E ¶D(A) and

e(t) = — Q(t)f
— Af for t> 0,

then Iimt+o+ (Ie(t)Il = 0 and, since for all x E ILL,

f(x - 1(x) - � IIe(t)II,
f(x + t) - 1(x) - (Af)(x + � IIe(t)II,

we have that Af = f' and f E If f E then

(f - Q(t)f - f') (x) = f(f'(x - st) - f'(x))ds 0

uniformly in x, which implies that f E ¶D(A). Thus

Af = f' for f e
D(A) e and

u(t) h) - f(x)
+ 0;

h h

hence
u'+Au=O on [0,oo),

where u' denotes the derivative of u in the Banach space X. Note also that if v(x, t) =
(u(t))(x) = f(x — t), then

for t�0,xEILL,

where Vt, denote the classical partial derivatives.

EXAMPLE 4.1.4 Suppose X is a complex Banach space and B e Define

for (eC.

It can be easily verified that
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(a) Q(() E for ( E C
(b) Q(t)Q(s) = Q(t + s) for t, s e C
(c) — Q(c;)) — � KIIIBII2 exp(I(IIIBII) for ( E C, ( 0.

This implies that if x E X and u(() = Q(()x for ( e C, then u is analytic and
u' + Bu = 0. In particular, {Q(t)}t�o is a strongly continuous semigroup of operators
on X and its generator is —B.

EXAMPLE 4.1.5 Suppose X = with p E [1, oo), n 1. For t > 0 define

(Q(t)f)(x) = f f E X, x E

and let Q(0) be the identity map on X. In Example 3.2.13 it is shown that IIQ(t)Il <1
for t 2 0 and that (c) of Definition 4.1.1 holds. The Fubini Theorem implies that
Q(t+s) = Q(t)Q(s) fort, s > 0. Therefore {Q(t)}t�o is a strongly continuous semigroup
of operators on X.

EXAMPLE 4.1.6 Let be a Hilbert space, let . .} be a complete orthonormal
set in and let A1, A2,... be complex numbers such that infk Re Ak > —oo. For f E
t 2 0, define

Q(t)f = (4.1)

Lemma 2.1.4 and Theorem 2.1.6 imply that {Q(t)}t>o is a strongly continuous semi-
group of operators on 1-L and that its generator is given by

Af = f e = {f e
I

<oo}. (4.2)

One can easily verify that if f E V(A), then u(t) Q(t)f e V(A), Au(t) = Q(t)Af
andu'+Au=Ofort 20.

Observe that the point spectrum of A is equal to {A1, A2,. . .} and that a(A) =
(Exercise 2). Note that in order for (4.1) to make sense for every f E 7-1 and t 0, we
need to have that the real part of the spectrum of A is bounded from below.

Theorem 2.6.8 implies that symmetric operators with compact resolvent can be
represented by (4.2). A could be in a bounded domain with various boundary
conditions, see (3.60), for a proper formulation of A. If 7-1 = L2(0, 1), Af = —1
for f D(A) = W2(0, 1) fl 1) we obtain the one dimensional version studied
in Examples 2.8.1, 2.8.3 and 2.8.8. In this case, the eigenvectors of A are pk(x) =

the corresponding eigenvalues are Ak = (kir)2, (4.2) holds and, if g E 7-1,
v(x, t) = (Q(t)g)(x), then it is easy to verify directly that

for

t>0

lim I
t-+o



170 CHAPTER 4. SEMIGROUPS OF LINEAR OPERATORS

In this example, Q(t)g E C C°°(0, 1) for every t> 0 and every g E L2(0, 1)
and hence Q(t) is a smoothing operator in this case.

Let = L2(0, 1) and Af = f' with domain

D(A) = {f E AC[0,1] f' E L2(0,1), 1(0) = f(1)}.

This operator was studied in Examples 1.6.4 and 2.6.9. In particular, the eigenvectors
of A are pn(X) = the corresponding eigenvalues are 2inir, n = 0, ±1,... and
(4.2) holds. It is easy to see that, in this case, (Q(t)f)(x) = — t) where

f is no smoothing here.

EXAMPLE 4.1.7 Let 7-( be a Hilbert space, let {coi, co2,. . .} be a complete orthonormal
set in 7-1 and let A1, A2,... be complex numbers such that, for some a (0, oo), we have
that (Tm Ak)2 <4a(a + Re Ak) for all k � 1. This condition implies that we can choose

e C so that = Ak and I'm ILk I <a112. Define A as in (4.2).

Define a Hilbert space V with an inner product ['.] by

[f,g] = + for f,g E V.

Define X = V x 7-1. X is a Hilbert space with an inner product

({f,g},{u,v}) = [in] + (g,v) for {f,g},{u,v} X.

For t [0, oc), define Q(t) e as follows: if {f, g} E X, then

Q(t){f,g} = {u(t),v(t)} where

u(t) = (f, + (g,

v(t) = (g, — (f,

(set = t if Pk = 0). {Q(t)}t�o is a strongly continuous semigroup of

operators on X. Its generator, denoted by —S, is given by

{f,g} E if f D(A),g e V; S{f,g} = {—g,Af}.

If {f,g} e D(S) and {u(t),v(t)} = Q(t){f,g}, then

=v, v' = —Au on[0,oo), u(0)=f, v(0)=g. (4.3)

Backtracking, we see that the expressions for u and v make, in general, sense only
when the sequence lIm I, lIm i,... is bounded, which implies that the spectrum of
A has to lie within a parabola (Tm A)2 <4a(a + Re A) for some a E (0, oo).
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Concretely, if 7-( = L2(0, 1), Af = fill' for f D(A) = W4(0, 1) fl 1) and
,0k, Ak are the eigenvectors and the eigenvalues of A, then system (4.3) is an abstract
formulation of the PDE:

Utt(X,t) = 0 for t � 0,x e [0,1]

u(0,t) = = u(1,t) = = 0 for t � 0

u(x,0) =f(x), ut(x,0) =g(x) for xE [0,1].

In this case, it is not obvious what (reasonable) conditions on f and g in (4.3) would
guarantee that the PDE is satisfied in the classical sense.

4.2 Bochner Integral
A Banach space setting of evolution equations requires taking the derivative in the
Banach space. Hence, integration of Banach space valued functions is an important
tool in this setting. We shall define the Bochner integral of such functions and derive
its basic properties.

In the following, a subset of is said to be measurable if it is Lebesgue measur-
able. will denote the Lebesgue measure on The functions will be defined on a
nonempty measurable set S C with ranges in a Banach space X.

x: S —p X is called weakly measurable if s —* £(x(s)) is a Lebesgue measurable
function for each £ e

X is called almost separably-valued if there exists {yi, Y2,
. .} C X

such that IIx(s) — = 0 for almost all s E S. When x is almost separably-valued,
it is easy to see that {Yi, Y2,.

. .} can be chosen to belong to the range of x.
x: S —+ X is called strongly measurable if it is weakly measurable and almost

separably-valued. In the literature, a different definition is usually given which is then
followed by the Pettis Theorem that proves their equivalence. Our approach is a bit
simpler.

Theorem 4.2.1 If x : S —+ X is continuous at almost every point in 5, then x is
strongly measurable.

PROOF x is obviously weakly measurable. Let C be a measurable subset
of S such that p(C) = 0 and x is continuous at each point of S\C. If S\C is
empty, then we are done. Otherwise, let {t1, t2,.

. .} be a dense subset of S\C
and observe that, by continuity, inf2 lix(s) — = 0 for each s in S\C. 0

Theorem 4.2.2 If x: S —+ X is strongly measurable, then s —+ IIx(s)II is measurable.

PROOF Choose 1/2, . .} C X and a measurable C C S such that = 0

and lix(s) — = 0 for all s E S\C. It is enough to prove that the set
V = {t S\C

I
IIx(t) <a} is measurable for each a e (0, oo).
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Corollary 1.5.8 implies that we can choose £2,... in so that

� 1, =

Let V2 = {t e S\C
I

<a}. Note that V2 are measurable sets and that
V C If t and e > 0, then lIx(t) — y311 <e/2 for some j. Hence,

Ilx(t)II <
6/2 + lLj(yj — + 1L3(x(t))I

< E+a;

therefore t e V and V = is measurable. 0

x: S X is said to be Bochner integrable if x is strongly measurable and the
function s —+ tx(s) is Lebesgue integrable. The set of all such functions x is a vector
space and will be denoted by L(S, X). The following Theorem 4.2.3 enables us to
define the Bochner integral x of x E L(S, X) to be y e X which satisfies (4.4).

Theorem 4.2.3 If x E L(S, X), then there exists a unique y e X such that

£(y)
= f £(x(s)) ds for all £ E (4.4)

Moreover, � lix(s) lids.

PROOF Assume first that there exists y X such that (4.4) holds. Let
£ E X* be a normalized tangent functional to y, see Corollary 1.5.8, and note

llyli2 = £(y)
= f L(x(s))ds � f IIyIItlx(s)llds.

This shows the 'moreover' part as well as the uniqueness of y.

Choose {yi, y2, . .} C X and a measurable C C S such that iz(C) = 0 and
tx(s) — = 0 for all s e S\C. For i, m � 1 define

Aim = {t E S\C I Ilx(t) — yill < 1/rn and IIx(t) — yiIl — lIx(t)ll <0}.

Theorem 4.2.2 implies that the sets Aim are measurable. Define

Bim Aim, Bim Aim\ Ajm for i � 2

Xm =
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and note that Xm is strongly measurable and IIx(t) Xm(t)II � min{1/m, IIx(t)II}
for all m> 1, t E S\C. Since IIXmII = IIYzII � 211x11, we have that Xm
is Bochner integrable and that � lix which enables us
to define Zm = p(Bjm)yj that satisfy

£(zm) = for all £ e m � 1.

Since iiXm — xli = 0 by the DCT, the 'moreover' part implies

I I I mk—*oo
liZm ZkIi � I IIXm — xkil � / iIXm — xii + / lix — xkii 0,

Js Js is
which implies that Zm converge to some y. Therefore the DCT implies

£(y) = = = for all £ E

X and let V1,.. ,Vk be disjoint measurable subsets of S.
Define x : S -÷ X by

x(t)
= k

(t) for t E S.

Such functions x are called simple functions. Note that the range, is contained
in {0, Yl, ,Yk}. The proof of the above Theorem 4.2.3 also yields:

Corollary 4.2.4 For each x E L(S, X) there exist simple functions Uk e L(S, X),
k � 1, such that C R(x) U {0}, Iiuk(t)ii 211x(t)ii for k � 1, t E 5,

lim Uk(t) = x(t) for almost all t S
k—+oo

and fs = x.

PROOF Let Xm, Bim be as in the proof of the above Theorem, with y2 E
For j � 1 define v3 = where m is such that J5 lix — Xmii <1/j and
1 is such that p(Bjm)Iiyiii < 1/j. Note that lix — < 2/i; hence a
subsequence {vjk} satisfies iix(t) — Vjk (t)il = 0 for almost all t S. Let
UkVjk. 0

This implies
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Corollary 4.2.5 If x E L(S, X) and x(s) E M for all s E S, where M is a closed
real subspace of X, then f5x EM.

The above Corollary and Theorem 1.7.4 imply

Corollary 4.2.6 If V is a Banach space and Q E L(S, Y)) is such that Q(t) is
a compact linear operator for each t E S, then f8 Q is a compact linear operator.

The Dominated Convergence Theorem generalizes to the Bochner integral:

Theorem 4.2.7 If {xl,x2,. . .} C L(S,X), x: S —+ X, f L1(S) are such that

(i) ilxi(s) — x(s)ii = 0 for almost all s e S and

(ii) for each i > 1 we have that Ilxi(s)ii <f(s) for almost all s E 8,

then x E L(S,X) and f5x =

PROOF It is easy to see that x is strongly measurable; hence x E L(S, X) by
(ii). The Lebesgue DCT and Theorem 4.2.3 imply

- <f lix - xiii 0 as i oo.

Theorem 4.2.8 If x E L(S, X), V is a Banach space and T Y), then

Tx and
is Lebesgue measurable; hence Tx E L(S, Y) and

= = (Lx) = £ (Tfx).

Corollary 4.2.9 If X, V are Banach spaces, Q L(S, Y)) and c e X, then

Qc e L(S, Y) and (f Q) c = f Qc.

PROOF Let TA = Ac for A E Y) and note that T E Y), Y).
0
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Theorem 4.2.10 Suppose that V is a Banach space and A : C X —f V is a
closed linear operator. If x: S —+ x E L(S, X) and Ax e L(S, Y), then

and Afx= fAx.

PROOF Let II(u,v)II = huM + lvii for (u,v) E Z X x Y. If £ e
then £(u, v) = £iu + £2v for some £i E X* and £2 E Hence, the function
s —+ f(s) (x(s),Ax(s)) is Bochner integrable in Z and

Lu Ax).

Thus = (fsx,fsAx). Let M = {(u,Au) I u Since A is closed,
M is a closed subspace of Z. Corollary 4.2.5 implies that f E M. 0

Theorem 4.2.11 Suppose that

(1) —00 <a < b < 00, x: [a, b] —k X is continuous

(2) x is differentiable at each point of (a, b)

(3) there exists f b) such that llx'(t)ll � f(t) for all t E (a, b).

Then x' E L((a,b),X) and

x(b) = x(a) + f x'(t)dt.

PROOF Let x(t) = 0 for t E TR\[a, b] and define

= ri(x(t + 1/ri) — x(t)) for t e R, ri � 1.

Note that are strongly measurable and converge to x' as n —+ oo at each
point of (a,b). Hence x' e L((a,b),X).

Choose any £ e X* and let g(t) = £(x(t)) for t e [a, b]. Since g' = £(x'), the
classical result for complex valued functions implies

b b

f £(x'(t))dt = f g'(t)dt = g(b) - g(a) = £(x(b) - x(a)).
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4.3 Basic Properties of Semigroups

Theorem 4.3.1 Suppose {Q(t)}t�o is a strongly continuous semigroup on a Banach
space X and let —A be the generator of the semigroup. Then

(1) There exist Me [0,oo), a e such that IIQ(t)II Me_at for all t 2 0.

(2) t —÷ Q(t)x is a continuous mapping of [0, oo) into X for every x C X.

(3) If xE X, t >0, then and x — Q(t)x =

(4) If x e u(t) = Q(t)x for t 2 0, then for each t 2 0 we have that

exists, u(t) e = —Au(t) = —Q(t)Ax.

(5) (A — A)1Q(t) = Q(t)(A — A)' for every A e p(A), t 2 0.

(6) A is a closed linear operator.

(7) is dense in X.

(8) If 'r C (0, oo], u: [0, r) —+ X is continuous and such that

exists, u(t) e and + Au(t) = 0 for t C (0, r),

then u(t) = Q(t)u(0) for all t C [0,'r).

(9) If is a strongly continuous semigroup on X and the generator of
this semigroup is equals —A, then T(t) = Q(t) for all t 2 0.

(10) If A is any scalar, then is a strongly continuous semigroup on
X and the generator of this semigroup is A — A.

PROOF Let us show first that SUPO<t<E IIQ(t)II <oo for some e > 0. If there
would be no such e, then one could choose C (0, 1/n) such that >
n; the uniform boundedness principle (Theorem 1.4.5) would then imply that

= oo for some x in X. However, this is not possible because, see
Definition 4.1.1, = x for every x C X.

Therefore there exist M C (1, oo) and e C (0, oc) such that IIQ(t)II M for
all t C [0, e]. Let M = If n 0, ne t < (n + 1)6, then

IIQ(t)II = IIQ(t — ne)Q(e)'211 <Me_at.

To show (2), it is enough to observe that for each x C X,

IIQ(t + h)x — Q(t)xII � IIQ(t)IIIIQ(h)x — xM if t 2 0, h 2 0
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IIQ(t — h)x — Q(t)xII < — xli if 0 < h <t.

(3) is obvious if t = 0. Assume t > 0 and h > 0. Then

- Q(h)) f Q(s)xds = f Q(s)xds - JQ(s + h)xds

1 1 t+h

=
Q(s)xds

1
h t+h

= x - + f (Q(s)x - x)ds - f (Q(s)x - Q(t)x)ds

and this implies (3).

To show (4), choose h > 0 and note that for all t � 0,

- Q(h))Q(t)x = - Q(h)x) Q(t)Ax h 0.

This implies that u(t) E T'(A), Au(t) = Q(t)Ax and = —Au, where
denotes the right derivative. If 0 < h <t, then

=

-Au(t) + Q(t - h)(Ax - - Q(h)x)) + Q(t)Ax - Q(t - h)Ax

and (4) follows.

To prove (5), choose y E X and let x = (A — A)1y. (4) implies that
(A — A)Q(t)x = Q(t)(A — = Q(t)y. Hence, Q(t)x = (A —

To prove (6), let E n 1, be such that for some x, y E X we have
that x, = y. (4) and Theorem 4.2.11 imply that

— = f for t � 0,n � 1.

Theorem 4.2.7 enables us take the limit n —+ 00. Hence,

— Q(t)x) = f Q(s)yds y t 0;

thus x e Ax = y and (6) follows.

Let us prove (7) now. Choose x X, p E 00) and define

y(x, = f ço(s)Q(s)x ds.
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Using Theorem 4.2.3, it is easy to see that

p00

y(x,cp) = — I p'(s)u(s)ds, where u(t) = / Q(s)xds.
Jo Jo

Since Au(t) = x — Q(t)x by (3) we have that ço'Au E L((0, oo), X); since A is
closed, Theorem 4.2.10 implies that y(x, ço) E and

Ay(x,'p)
= f 'p'(s)(Q(s)x — x) ds =

Since 'p' is also in Cr(0,oo), we have that y(x,ço)

Fix any x e X, 6>0. Choose t e (0,oo), ji e (0,t) so that

IIQ(t)x — xli <e/2, sup I1Q(s)x — Q(t)xii <6/2.

Pick 'p e Cr(0,oo) such that 'p � 0, ca(s) = 0 if is � = 1. Then

y(x,'p) - x = Q(t)x - x
+

f 'p(s)(Q(s)x - Q(t)x)ds

Iy(x, ço) — xii iiQ(t)x — xii + sup IIQ(s)x — Q(t)xii < e,
1st1

completing (7)'s proof.

To show (8), choose t (0,r) and let v(s) = Q(t — s)u(s) for s E [0,t]. If
s e (0,t], s + hE (0,t], then

v(s + h) — v(s) = Q(t — s — h)(u(s + h) — u(s) — hu'(s)) +
Q(t — s — h)u(s) — Q(t — s)u(s) — hQ(t — s)Au(s) +
hQ(t — s)Au(s) — hQ(t — s — h)Au(s).

Therefore v'(s) = 0 for s E (0,t]. Since

v(s) — v(0) = Q(t — s)(u(s) — u(0)) + Q(t — s)u(0) — Q(t)u(0),

we see that v is continuous on [0, t] and therefore Theorem 4.2.11 gives that
v(t) = v(0), implying assertion (8).

To obtain (9), choose x and let u(t) = T(t)x. From (4) we see that
u satisfies assumptions of (8), with T = oo; therefore T(t)x = Q(t)x for t 0.
This and the fact that is dense in X imply (9).

(10) follows immediately from Definitions 4.1.1 and 4.1.2. 0
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Theorem 4.3.2 Suppose that —A is the generator of a strongly continuous semigroup
{Q(t)}t�o on a Banach space X. Let M E [0, oc), a JR be such that IIQ(t)II <Me_at
for all t > 0. Then every scalar A, with Re A < a, belongs to the resolvent set of A
and, moreover,

II(A — <M(a — for n � 1,

(A —
= 1

f ds for n � 1, x E X.
(n—i).

PROOF For n> 1, x E X define

1

I n—lAss e Q(s)xds.
(n — 1)! Jo

Clearly, is a linear operator on X and, since

(n — 1)! L
= M(a —

we have that We will show, by induction, that = (A —

If x e then

= eAtQ(t)(A — A)x

x — Q(t)x
= f — A)xds for t 0.

If we let t —+ oo, then by the Bochner DCT, Theorem 4.2.7, we obtain that
x = R1(A — A)x. Since A is closed, Theorem 4.2.10 implies that R1x E
(A — A)Rix = x. This and the facts that ¶D(A) is dense in X, R1 is bounded
and A is closed give Riy e (A — A)Riy = y for all y e X. Therefore
(A — A)' = R1.

Suppose now that = (A — for some n> 1. If x E X, then

= —

tTheAtQ(t)Rix = (nsnleAsQ(s)Rix —

and, by the DCT, we obtain that = = (A —

Corollary 4.3.3 Suppose —A is the generator of a strongly continuous semigroup
{Q(t)}t>o on a Banach space X. If A is in the spectrum of A and if b e IR, b> Re A,
then supt>o IIQ(t)xllebt = oc for some x in X.
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PROOF If there would be no such x, then the uniform boundedness principle
would imply that supt>o <00. This and Theorem 4.3.2 would then
imply that A is not in the spectrum of A. 0

For example, if the spectrum of A contains any part of the half-plane Re A < 0,
then {Q(t)x}t>o is unbounded for some x E X. One can show that x can be chosen
so that x D(A), see Exercise 5. This and Examples 4.1.3 and 4.1.6 may lead one
to expect that if a < inf Re cr(A), then the semigroup is bounded by e_at. This
expectation is generally false, as Example 4.3.4 shows. However, it will be shown in
the next section (Corollary 4.5.11) that it is true in many important cases.

EXAMPLE 4.3.4 Let X denote the set of all f e oo) such that

11111 sup f(x)l
+ f exIf(x)Idx <00.

X is a complex Banach space. Define Q(t) : X X by

(Q(t)f)(x) = f(x + t) for t, x � 0.

Note that IIQ(t)f II If II for every f E X and t > 0. If = then

= 1 =

which shows that IIQ(t)II = 1 for t � 0. It is easy to verify (c) of Definition 4.1.1 and
thus {Q(t)}t�o is a strongly continuous semigroup on X.

Let —A denote the generator of the semigroup. Since for each x E (0,00) the
mapping f e X —+ f(s) E C belongs to we have, by Theorem 4.3.2, that

((A — A)'f)(x)
= f + t)dt for f E X, x > 0, A E C, ReA <0.

If g = (A — A)'f, then

f f f f exIf(x)Idx
- f

thus
II(A — A)1fII < 11111 for f E X, A E C, ReA <0

and hence Theorem 1.6.11 implies

cr(A) C E C I Ree � 1} even though IIQ(t)II = 1 for t 2 0.

The following Theorem 4.3.5, when combined with Theorem 4.3.2, is called the
Hille-Yosida Theorem. It tells which operators are generators of Co semigroups. Its
proof is rather lengthy and technical, but in essence, it is merely a justification of

lim (1 + = e_tA,
T'—+oo
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which is obviously true when t and A are scalars. There are many other ways of
constructing the semigroup from a given generator - one of which will be used in
Definition 4.5.9 for a bit smaller cla.ss of operators.

Theorem 4.3.5 Suppose that A is a densely defined linear operator in a Banach
space X and that for some M e [0, oo), a E R, we have that (—oo, a) C p(A) and

II(A — <M(a — A (—oo,a), n = 1,2,... (4.5)

Then there exists a strongly continuous semigroup {Q(t)}t>o on X whose generator
is equal to —A. Moreover,

IQ(t)ll Me_at for t � 0, (4.6)

lim sup IIQ(t)x — (1 + (t/n)A)'2x11 = 0 for T E (0, oo), x e X. (4.7)
te[O,T]

PROOF Choose any T (0, oo) and let K � 1 be such that K + at � 1 for
all t [0, T]. Note that

(1 + at/n)' K, (1 + at/n)'1 <KK for t [0, T], n � K. (4.8)

Since —n/t <a forte (0,T], n > K, we may define

= (ri/t)(n/t + A)1 = (1 + for t (0,T], n > K, (4.9)

and let = 1 for n � K. Equations (4.5) and (4.8) imply that

MK, MKK for t E (0,T],n � K. (4.10)

If x e X, y e t e (0, T], n � K, then equations (4.9) and (4.10) imply
that

— x = — 1)(x — y) —

— xII (MK + 1)IIx — + (4.11)

Since is assumed to be dense in X, equation (4.11) implies

for n�K,xEX.
t—+o

By induction,

=0 for n � K, x E X, m � 1. (4.12)

Equation (4.11) and the fact that is dense in X also imply

lim sup — xII = 0 for x e X. (4.13)
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If t (0,T], t+h e (0,T], n � K, then

+ h) — + = (h/t)2(1 — + h)

and (4.10) implies that = By induction,

= for t e (0,T], n � K, m � 1. (4.14)

This, (4.12) and (4.10) imply

x —
= f for t e [0,T], n> K, x e (4.15)

We are now ready to prove (4.17).

If y E 'D(A2), t (0,T], n K, m> K, then (4.14) implies

— s e (0,t).

(4.16)
This, (4.12) and (4.10) imply that

- = - -

Hence, if x E X, then (4.10) implies

— = — — y) + —

— — + T2 M4 (1/n + 1/m)IIA2yII

and, since (4.12) implies that is dense in X, we have that

lim sup
f

— = 0 for x e X. (4.17)
m,n—+oo tE[o,TJ

Since T E (0, oo) is arbitrary, (4.17) enables us to define Q(t) by

Q(t)x = lim for t � 0, x E X. (4.18)
fl-400

This and (4.17) imply (4.7). Clearly, Q(0) = 1, and, by (4.10), we have

IIQ(t)II < for t > 0. (4.19)

Since : [0, T] —+ X is continuous for each x E X, n � K, (4.17) also
implies that Q()x: [0, oo) —÷ X is continuous for every x E X. This and (4.19)
imply

lxii IIQ(t)xll < Me_at lxii —+ Miixii as t —+ 0;
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hence lixil <MIIxII for each x E X. Thus, if X {0}, then M> 1 and (4.6)
holds; if X = {0}, then (4.6) holds automatically.

(4.16) together with (4.12) and (4.10) also imply that for y e n � K,

— s <t <T.

Therefore, Q(t — s)Q(s)y = Q(t)y for 0 s < t, y e ¶D(A2). Since D(A2) is
dense in X and Q(t) are bounded, we have that Q(t)Q(s) = Q(t + s) for s � 0,
t > 0. Therefore {Q(t)}t>o is a strongly continuous semigroup on X. Letting
—B denotes its generator, (4.10), (4.13) and (4.15) imply

x — Q(t)x
= f Q(s)Axds for t [0,oo), zE

This and strong continuity of Q imply that B is an extension of A. (4.5) and
Theorem 4.3.2 imply a — 1 E p(A) fl p(B) and hence A = B by Lemma 1.6.14.

El

The implicit Euler method for approximating the solution of

u'+Au=O,

is
u(t+h)—u(t)

h
hence

u(t+h)

(1 +

Note that Theorem 4.3.5 implies convergence of the approximations whenever —A is
the generator of a strongly continuous semigroup.

Theorem 4.3.6 Suppose that —A is the generator of a strongly continuous semigroup
{Q(t)}t>o on a reflexive Banach space X. Then {Q(t)*}t>o is a strongly continuous
semigroup on X* whose generator is _A*.

PROOF Since A is closed and densely defined, so is A* (Theorems 4.3.1,
1.5.15). Let M E [0,oo), a e R be such that IIQ(t)II < Me_at for t � 0. Then,
by Theorem 4.3.2,

II(A — <M(a — for n 2 1, A <a.
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Hence Theorems 1.5.14 and 1.6.13 imply

II(A* — <M(a — A < a

and therefore, by Theorem 4.3.5, _A* is a generator of a strongly continuous
semigroup {R(t)}t�ø on X*. Theorems 4.3.5 and 1.6.13 also imply

= lim ((1 +
n—*oo

= lim £((1 +
n—+oo

= £(Q(t)x) =

0

This, the definition of the Hilbert space adjoint and Theorem 2.2.5 imply

Corollary 4.3.7 Suppose —A is the generator of a strongly continuous semigroup
{Q(t)}t>o on a Hilbert space H. Then {Q(t)*}t>o is a strongly continuous semigroup
on H whose generator is _A*.

A strongly continuous semigroup {Q(t)}t�o is said to be a contraction semi-
group if IIQ(t)II 1 for t � 0. See Examples 4.1.3, 4.1.5 and 4.3.4 for some contrac-
tion semigroups, and Exercise 19 of Chapter 1 for analysis of the generator of the
contraction semigroup given in Example 4.1.3.

Theorem 4.3.8 Suppose that A is a linear operator in a Banach space X. Then
—A is the generator of a contraction semigroup if and only if A is a densely defined
accretive linear operator and + A) = X for some A > 0.

PROOF If A is a densely defined accretive linear operator and + A) = X
for some A > 0, then Corollary 1.6.17 implies that the assumptions of Theo-
rem 4.3.5 are satisfied with M = 1, a = 0.

Suppose that —A is the generator of a contraction semigroup {Q(t)}t�o and
that x By Corollary 1.5.8 there exists £ e X* such that £(x) = =
11x112 - pick any such £. Define f(t) = and observe that

f(0) = 11x112, f(t) 11x112, f'(t) = for t � 0.

Therefore, = f'(O) 0. Theorem 4.3.2 implies that A + 1 is onto.
0
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EXAMPLE 4.3.9 Let X = {f C[0, 1]
I
1(0) = f(1) = O} and let be the sup norm

on X. Assume a C{O, 1] and a(s) (0, oo) for x [0, 1]. Define

Tf = —af" for f {f C2[O, 1] I 1,1" X}.

In Example 1.6.18 it is shown that T is an accretive linear operator and that R(T + A) =
X for some A > 0. It is easy to show, as in Example 1.3.4, that T is densely defined.
Hence, Theorem 4.3.8 implies that —T is the generator of a contraction semigroup
{Q(t)}t�o on X. Thus, if f D(T) and u(x, t) = (Q(t)f)(x), then (4) of Theorem 4.3.1
implies the existence of a classical solution of the parabolic equation

ut(x,t) = for t � 0, 0<x <1

u(O,t) = u(1,t) = 0 for t > 0

lim sup Iu(x,t) — = 0
t-+O+ O<x<1

Iu(x,t)I <11111 for t � 0, 0 <x < 1.

(8) of Theorem 4.3.1 gives uniqueness for the abstract equation. Uniqueness in a more
classical sense can be shown by using a maximum principle (see Theorem 6.7.2 and
Corollary 6.7.3).

EXAMPLE 4.3.10 We shall now show that is the generator of a contraction semigroup
on X 1 <p < oo. Note that when p < oo, Theorem 3.1.7 implies that
X = and, when p = oo, Theorem 3.1.4 implies that X = C10.

Suppose that f', f2,... belong to the Schwartz space S and are such that g

Then

for q5€C000(Tr)

and hence Theorem 3.4.1 implies that g = 0. Therefore as an operator in X with
domain = 5, is closable; let denote its closure.

Let us show now that = (—oo, 0] and that

(A — &)1f = GA * f for f X, A C\(—oo, 0] (4.20)

where GA is given by (3.6). This, (3.8) and Lemma 3.1.5 imply that II(A — < 1/A
for A > 0 and hence Theorem 4.3.5 implies that is the generator of a contraction
semigroup.

Suppose A C\(—oo, 0] and f X. There exist S such that f. Let
= GA * S. Lemma 3.1.5 and (3.7) imply that GA * f and, since it is

shown in Example 3.2.11 that = — f — f, we have that

GA*f€'D(L\), for f€X, A€C\(—oo,0].
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— . x x—If u e then there exist such that u and -4 As above,
= GA * (Au — which implies that

for AEC\(—oo,0].

This completes the proof of (4.20) and also shows that C (—oo, 0].

Pick any E lw', e> 0 and let f(x) = for x E W'. Note that f E 8,

+ (Af)(x) = . x + 4e4x . x — 2ne2)f(x),

0 < + <c(lele + e2)llf lip

where c depends only on n and p. This shows that cannot be bounded and
hence (—oo, 0] C Therefore (—oo, 0] =

Note also that if B is any extension of with a nonempty resolvent set, then B has
to be a closed operator and hence must be an extension of therefore Lemma 1.6.14
implies that B = When 1 <p < oo and n = 1, this implies that is equal to
the operator S that is given in Example 1.6.7. Similarly, if A is the self-adjoint linear
operator in associated with the sectorial form

for

then A = when p = 2.

Theorem 4.3.8 in a Hilbert space setting is as follows:

Corollary 4.3.11 If A is a linear operator in a Hubert space, then —A is the gener-
ator of a contraction semigroup if A is m-accretive.

In applications, one often encounters the following perturbation problem. You
know that A is the generator of a strongly continuous semigroup and that the per-
turbation B does not effect the 'principle' part of A + B. Is A + B the generator
of a strongly continuous semigroup? Corollary 4.3.11 and Theorem 4.3.12 provide a
partial answer. For other partial answers, see Corollary 5.1.3 and Theorem 4.5.7.

Theorem 4.3.12 If A is an m-accretive operator and B is an accretive operator in
a Hilbert space with C D(B), and if there exist a E [0, 1), b < oo such that

lIBnIl <allAuli + blinli for all u E

then A + B is m-accretive.

PRooF A + B is obviously accretive. If A > 0, then

il(A + A)u112 = ilAull2 + 2ARe(Au,u) + A211u112 � for u E
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hence IIA(A + A)—1 II < 1, which implies

IIB(A + A)'If <aIIA(A + A)111 + bII(A + <a + b/A.

Therefore IIB(A + A)—' If 1 for A large enough and hence A + B is m-accretive
because

(A + B + A)-' = (A + A)'(l + B(A + A)')'.

EXAMPLE 4.3.13 The Schrödinger equation is an evolution equation in a complex Hil-
bert space,

=

where H is a self-adjoint operator called a Hamiltonian. ±iH are obviously accretive
and, by Theorem 2.6.2, m-accretive. Thus, ±iH generate contraction semigroups.

A Hamiltonian for a particle in a potential field V is defined in L2(R3) by

= + for E

In order for this H to be well defined and self-adjoint, we need to impose some restric-
tions on V. We shall now show that the following restrictions are sufficient: assume that
V is a real valued function and that V = V1+V2 for some V1 E L2(R3) and V2 e L°°(1R3).
Thus, V could, for example, be the Coulomb potential —e2(x2+ y2 + z2)'/2 and in
this case H would represent the hydrogen atom Hamiltonian. is as defined in Exam-
ple 4.3.10 with p = 2.

If u e S, then ffViuff2 � Hence, (3.14) implies that

ffViuff2 < ff2

(3.52) and ffV2uff2 flV2lklIuhI2 imply that for any a (0, 1), we can find b < oo such
that

ffVuff2 + bffuff2 for all u E

Since are m-accretive and the multiplication operators ±iV, with domain
are accretive, we can apply Theorem 4.3.12 to conclude that ±iH are m-accretive.
Hence ± i) = and therefore Theorem 2.6.3 implies that H is seif-adjoint.

4.4 Example: Wave Equation
We shall first examine the generalized wave equation (4.23) in the same Hubert
space setting as in the section on Sectorial Forms. Hence we assume that is a
Hilbert space, [., ] is an inner product on V C 7-1 and is a sectorial sesquilinear form
on V such that hypotheses Hi, H2, 113 of the Sectorial Forms section are satisfied.
Here we assume, in addition, that there exists b < oo such that

<2bfxfffyff for all x,y E V, (4.21)
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where lxi = [x, x11/2. Let A be the operator associated with
The need for an additional assumption is due to the fact that the point spectrum

of A has to lie within a parabola, as demonstrated in Example 4.1.7. Assumption
(4.21) guarantees that (Exercise 4). Some other consequences of (4.21) are discussed
in Theorem 2.8.6 and Corollary 6.1.14.

Define X = V x X is a Hubert space with an inner product

({x, y}, {z, w}) = [x, z} + (y, w) for {x, y}, {z, w} E X.

DefineS: X by = {{x,y} xE E V} and

S{x,y} = {—y,Ax} for {x,y} E

Theorem 4.4.1 S and —S are generators of strongly continuous semigroups on X.
Moreover, there exist c, M E (0, oo) which depend only on b, a, M1, M2, M3 such that

11(5 — A e IR, ri � 1.

PROOF Note first that is dense in X by Theorem 2.8.2. Next, define a
new inner product in X by

({x, y}, {z, w})new = z) + x) — 2a(x, z) + 2(y, w)

and observe that the corresponding new norm satisfies

� 2max{1,M2 +

If {x,y} E CD(S), then

Re (S{x, y}, {x, y})new = Re y) — x) + 2a(y, x))

iRe (S{x, y}, {x, Y})new I <2(b + iaiMi)ixiiiyii <cii{x,

where c = (b + Thus, if A E and Al > c, then

iRe ((S — A){x,y}, {X,y})newl � (IAI —

il(S — � (IAI — c)il{x,y}llnew. (4.22)

If {f, g} e X, A e IR and Al > c, then —A2 <a + hence Theorem 2.8.2

enables us to define

x=(A+A2)1(g—Af), y=—Ax—f.

Note that {x,y} e and (S — A){x,y} = {f,g}. This and (4.22) imply

ll(S — A)'llnew � (IAI — c)' for Al > c, A E IR,
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which implies (S— A) —n mew < (IAI — Hence, the equivalence of the norms
gives

II(S — <M(IAI — for Al > c, A n> 1

and some constant M < oo. Therefore, Theorem 4.3.5 implies that both S and
—s are generators of strongly continuous semigroups. 0

Theorem 4.4.2 For each x E y E V there exists a unique u e C2([0, oc), 7-1) fl
C'([O,oo),V) such that u(0) = x, u'(O) = y, u(t) E fort >0 and

u"(t) = —Au(t) for all t � 0. (4.23)

Let {Q(t)}t�o be the strongly continuous semigroup whose generator is —S. (4)
of Theorem 4.3.1 implies that if x E ¶D(A), y e V and {u(t), v(t)} = Q(t){x, y},
then for all t � 0 we have that u(t) E v(t) e V, u is differentiable in V (and
hence also in 1-1), u' = v, v is differentiable in 7-1 and v' = —Au. Hence we have u of
Theorem 4.4.2. To show its uniqueness, define v = u' and apply (8) of Theorem 4.3.1.

EXAMPLE 4.4.3 Consider now the initial value problem for the wave equation,

for t�0,xEIl

u(x,0)=f(x), for

u(x,t) = 0 for t � 0, xE 811.

We assume that Il is an arbitrary nonempty open subset of = c131 are assumed
to be real valued, bounded, measurable functions on 11 such that for some 5 > 0

� for all E E 11.

i=1 j=1

We assume that a1 E (Il) for i � 1 and a0 E L°° (Il) are complex valued.

Let 7-1 = L2(1l), V = and define

= faowu for w,v E V.

In Section 3.7, it is shown that hypotheses Hi, H2, H3 of the section on Sectorial
Forms are satisfied. Since v) — w) = f0 zii, where

z = + + wDJi2 + (ao —
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the additional assumption (4.21) is also satisfied and hence Theorem 4.4.2 implies ex-
istence of the unique generalized solution u for every f D(A) and g E V.

The semigroup {Q(t)}t�o actually provides a generalized solution u for every f E V
and g E 7-1; a detailed characterization of the solution in this case is given below
by Theorem 4.4.6. We shall also show that a different semigroup, can be
constructed which will enable us to define a generalized solution for every f e 7-1 and
g E 7-1. See also Example 3.2.15.

Let us now examine the operator A associated with When a0 e C' (Il),
Theorem 3.8.2 implies that w e 'D(A) if w E (Il) fl and

Aw
—

+ >ajDjw + a0w E L2(1l).

It is easy to apply the induction argument to show that 'D(Am) C when m � 1
and e

If 2m — n/2 > j � 0, then C by Corollary 3.6.4. This enables us
to prove regularity of the generalized solution as follows. Suppose that f E
k � 2, g E and Ak_lg E V. Let {u(t),v(t)} = Q(t){f,g}. Note that {f,g}
¶D(S2c_l). Hence, Theorem 4.3.1 implies that {u, v}(2k_1) = _82k—1 {u, v} and since

= v, we have that u(2k) exists and is continuous in 7-1, u(t) for t � 0 and
u(2k) = (_A)ku. In particular, if k> 1 + n/4 and the coefficients are smooth enough,
then u(t) C2(1l) for t � 0.

We shall now approach the generalized wave equation a bit differently. This ap-
proach is based on the representation of the sectorial form as given by Theorem 2.8.12;
that is,

= (BGx,Gy) for x,y V,

which will enable us to define the semigroup on the Hilbert space V 7-1 x 7-1 with
the usual inner product ({x, y}, {z, w}) = (x, z) + (y, w) for {x, y}, {z, w} Y. Define

T{x,y} = {—Gy,BGx} for {x,y} V x V.

Theorem 4.4.4 T and —T are generators of strongly continuous semigroups on V.

PrtooF Note first that Theorem 2.8.12 implies

IIG1xII <M1IG1xI for x 7-1. (4.24)

If x, y V, then y) — x) = (Gx, (B* — B)Gy). Hence (4.21) implies

l(Gx, (B* —

and, since = N, we have that

— for y V. (4.25)
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Note that for x,y E V,

2Re (T{x, y}, {x, y}) = 2Re ((B — 1)Gx, y)

= Re ((B — B*)Gx, y) + Re ((B + B* — 2)Gx, y)

= Re ((B — B*)Gx, y) + 2aRe (G1x, y)

since B + B* = 2 + 2aG2 by Theorem 2.8.12. (4.24) and (4.25) imply

lRe(T{x,y}, {x,y})l < +

= 2cIIxI(lIyII where c= (b+
<

Re ((T — A){x,y}, {x,y})l 2 (IAI — c)ll{x,y}112

2 (IAI—c)ll{x,y}ll for {x,y} E A E R, Al > c. (4.26)

If A e R and x e V, then Theorems 2.3.5 and 2.8.12 imply

0 � 11G"2x — lAlG112xll2 = ((G + A2G1)x,x) — 2lAIIlxlI2. (4.27)

For A E R define PA = BG + A2G' with D(PA) = V and note that

2PA = 2G + 2A2G' + (B + B* - 2)G + (B - B*)G.

B + B* = 2+ 2aG2 implies

PA = G + A2G1 + aG1 + — B*)G; (4.28)

hence (4.27), (4.24) and (4.25) imply

Re (PAX, x) 2 2(IAI — c)11x112 for A e TR, J; E V.

Using (4.28) and the fact that G is m-accretive gives that

PA + = (1 + ((A2 + a)G' + — B*)G)(G + + for > 0.

Hence, (4.25) and Theorems 2.3.2, 1.6.8 imply that + = 7-1 for large
enough and therefore — 2(IAI — c) is m-accretive and, in particular, 0 E
when A e Al > c. Therefore, if {f, g} E Y, A E R, Al > c, we can define

y=—G1(Ax+f)

and note that {x, y} E and (T — A){x, y} = {f, g}. This and (4.26) imply
that

ll(T—AY'll (IAI—cY' for IAI >c, AER
and therefore Theorem 4.3.5 implies that both T and —T are generators of
strongly continuous semigroups on Y. D
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Let be the strongly continuous semigroup on Y whose generator is —T.

Theorem 4.4.5 If x E V, y E 7-1 and {u(t), v(t)} = Q(t){x, y} for t � 0, then
R(t){x, G'y} = {u(t), G1v(t)} for t � 0.

PrtooF (3) of Theorem 4.3.1 and Theorem 4.2.8 imply that x — u = — v,

y — v = A u. Hence u' = Gw, where w G'v and G1y — w = BG u.

Since u is continuous in V, Theorems 2.8.12 and 4.2.10 imply G1y—w = BGu
and thus (8) of Theorem 4.3.1 implies the assertion of the Theorem. 0

Theorem 4.4.6 If x V, y e 7-1 and {u(t),w(t)} = R(t){x,G'y} fort � 0, then
this u is the unique u e C([0, oo), V)flC1([0, oo), 7-1) which satisfies u(0) = x, u'(O) = y

and

= for t � 0, z e V.

PROOF Theorem 4.4.5 implies that u e C([0, oo), V). (4) of Theorem 4.3.1
implies that u' = Gw, w' = —BGu and hence for every z E V, we have that
(u, z)' = (u', z) = (Gw, z) = (w, Gz). Thus, (u, z) is actually twice differentiable
and

(u, z)" = (w', Gz) = —(BGu, Gz) = z).

To show the uniqueness, let w = G'u' and note that w E C({0, oo), V), u' = Gw
and that for every z e V we have (Gw, z)' = (w, Gz)' = —(BGu, Gz). Hence

(w(t), Gz) — (w(0), Gz) =
— f (BGu, Gz)

and, since the range of G is 7-1, we have that w(t) —w(0) = — BGu. Therefore,
w' = —BGu and hence (8) of Theorem 4.3.1 implies the uniqueness. 0

4.5 Sectorial Operators and Analytic Semigroups
Theorem 2.8.2 implies that any operator A associated with a sectorial sesquilinear
form satisfies the assumptions of the Hille-Yosida Theorem 4.3.5 and hence defines a
semigroup that can be denoted by Since such operators A generalize elliptic
operators (Section 3.7), we can say that

Ut + Au = 0

generalizes parabolic equations and is the solution of the initial value
problem. However, more can be said in this case. In view of Figure 2.1 and The-
orem 1.6.16, it is easy to see that —(A is also a generator of a strongly continuous
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semigroup when ( E C and is small enough. Hence, it is natural to ask: Is
an analytic function of (? Note that semigroups need not be differentiable in

general (Example 4.1.3). We shall prove that the answer is yes in this case. Further-
more, we shall show that the analyticity also implies smoothing of solutions, which
was observed in Example 4.1.6 and is a characteristic of parabolic equations.

To avoid being constrained to Hubert spaces, we shall first define a bit larger
class of operators for which this analysis can be done. We shall then show some
properties of these operators followed by a direct construction of and its analysis.
Complex Banach spaces will be used in this section. In the next section it is shown,
Corollary 4.6.2, how to proceed when real function spaces have to be used.

Let arg(O) = 0 and, if ( e C\{O}, let arg(() E [—ir, 7r) be such that ( =

Definition 4.5.1 For a E R, M (0, oo), 0 (0, ir/2) and a complex Banach space
X, define 2t(a, M, 0, X) to be the collection of all densely defined linear operators A
in X which have the property that

A and arg(A — a)I > 0. A is said to be a sectorial operator if A
belongs to some 2t(a, M, 0, X).

EXAMPLE 4.5.2 If A is the linear operator associated with a sectorial sesquilinear form
on a complex Hubert space, then Theorem 2.8.2 implies that

II(A—A)'Il J if �0+ir/2
— 1.

if 0 < I arg(A — a)I < 0 + ir/2

where 0 = tan1(M2/M3). Hence, A is a sectorial operator.

EXAMPLE 4.5.3 Consider in 1 <p < oo, see Example 4.3.10. Observe
that (4.20), (3.7) and Lemma 3.1.5 imply that is a sectorial operator.

EXAMPLE 4.5.4 For f e C1, define £(f) = f(x). Define

= — £(f)) for f e {f e C1
I f — t(f) E

where is defined as in Example 4.3.10 when p = 00.

Observe (Exercise 7) that is densely defined, = (—oo, 0] and

(A — = GA * f for f E C1, A E C\(—oo,0]

where GA is given by (3.6). This implies, as in Example 4.5.3, that is a sectorial
operator in C1 and that is the generator of a contraction semigroup on C1.

Lemma 4.5.5 If A is a sectorial operator and if for some A E the line Re ( = A,

( E C, lies in the resolvent set of A, then for some 6 > 0, the strip A — Re(I <
(E C, also lies in the resolvent set of A.
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PROOF Suppose A E 2t(a, M, 6, X). If there would be no such S > 0, then
there would exist a sequence {(k} in a(A) such that Re Ck —+ A and, since
Tm (kl $ (Re — a) tan 6, we see that a subsequence of {(k} should converge

to some with Re ( = A - this is not possible since a(A) is closed. 0

Theorem 4.5.6 Suppose that A is a sectorial operator in X and that for some a E

a<ReA forall AEa(A).

Then A E 2t(a,M,O,X) for some ME (0,oo), 0 E (0,ir/2).

PROOF Suppose A E If a a1, then

A — au � A — af sin01 when
I
arg(A — a)f � Oi;

hence A E 2t(a,Mi/sin6i,0i,X).
If a> a1, then, by Lemma 4.5.5, there exists b> a such that b < ReA for

all A E a(A). Define 0 by (b — a) tanO = (b — al) tan and note that

Sm{(eCf (—au (b—ai)/cos0i,Re(<b} Cp(A).

Hence, I( — afff(A — ff is a continuous function of ( E S and therefore has a
finite maximum Ci in S. Thus

for AES.

choosing M = max{ci, 2M1} will do it. 0

Theorem 4.5.7 Suppose A E 2t(a,M,0,X), B : D —+ X is linear and

ffBxff effAxff + cffxff for x E

where 0 e < 1/(1 + M) and c < oo. Then, A + B is a sectorial operator in X.

PROOF Choose r so that e(1 + M) + (EfaJ + C)M/r < 1. If A — af r
and arg(A — a)f � 0, then

IB(A -
If � effA(A - A)1 11+ cff (A - A)1

� e(1 + IfA(A - A)'ff) + cff(A -
< s(1+M)+(efaf-i-c)M/fA—af

(A+B — A)' = (A — +B(A — Ay'y'
< M

hence A + B E — r/ sin 0, M/(1 — 0, X). 0
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EXAMPLE 4.5.8 Let be defined as in Example 4.3.10 in X 1 <p < oo.
Note that (3.16) implies that for some c < 00,

IIDkuIIp � + c2/(4E)ItuIIp for k = 1 a,

for every e > 0 and every u C $ - and hence, by Theorem 3.4.3, also for every u C
Theorem 4.5.7 implies that

Tu =

a sectorial operator in X, provided that a1 e L°°(IR'2). When p = oo, we require also
that a2 are continuous.

For be IR, e (0,ir/2), define a path 'y inC by

'y(t) for (4.29)

Figure 4.1: Integration path

Let denote the closed path consisting of straight lines from 'y(O) to 'y(T) to 'y(—T)

to The Cauchy formula implies that for any polynomial P and any ( C C,

1 [ — J 0 if z is outside
2iri J<T A — z — if z is inside

If ( 0 and + I <ir/2, then

Re('y(t)() > bRe( + t e R, (4.30)

C 7

Re (
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which implies that we can take the limit T —+ 00 to obtain for z e C\{b},

1
[00

'1t'dt — J o if
I
arg(z — >

(4 31)
2iri — z — 1 if I arg(z — b)I

This motivates the following:

Definition 4.5.9 For A e 2t(a,M,O,X) and ( e C with < —0 define

E as follows: = 1 if ( = 0 and if ( 0, then

e_A< = f (7(t) — (4.32)
2irz —00

where 'y is given by (4.29), see Figure 4.1, with

b e (—00, a) and çp (0, ir/2 —
I

(4.33)

To justify the definition, observe first that

h'(t) — aI � (a — b) sinp, arg('y(t) — a)l > p> 0; (4.34)

hence y(t) e p(A) for t e R and the integrand in (4.32) is continuous on R\{0} and
is therefore strongly measurable. This and (4.30) imply

00 2M

f -
(a - b)I(I +

(4.35)

and therefore the Bochner integral in (4.32) exists.
Let us show now that the value of the integral in (4.32) does not depend on the

choice of b, in (4.33). Let I(b, cp) denote the integral. Choose £ E and note
that

£(I(b,
= f f(A)dA,

-Y

where f(A) = £((A — for arg(A — a)l > 0. For T> 0 define E(T) by

£(I(b, ço))
= J

+ E(T)
-T

and note that E(T) -÷ 0 as T —÷ oo. Choose b1 e (—00, a) and pi E (0, ir/2— I
and let E1 denote the corresponding -y, E. Theorem 1.6.11 implies that f is
analytic. Hence, the Cauchy Theorem gives that

£(I(b,p)) — £(I(bi,pi)) = E(T) — E1(T) — F(—T) + F(T),
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where

F(t)
= f f(A)dA

= f + (1- -
0

Observe that for all large enough, we have that

Isy(t)+(1—s)71(t)—ai � 1

and hence (4.30) implies that

f(s'y(t) + (1 — � I

c = min{b, b,}, = Therefore F(t) converges to 0 a.s ti —f

oo which implies £(I(b,, wi)) = £(I(b, Since this is true for all £ in
Corollary 1.5.10 implies that I(b, does not depend on b, p. This implies that
does not depend on the particular choice of a, M or 6 either. Hence, depends
only on and on the sectorial operator A.

Note that the above argument could be applied to show that many other integra-
tion paths could be used in Definition 4.5.9 without changing e_A(.

Minimization of (4.35) with respect to b E (—oo, a) gives

Theorem 4.5.10 If A e 2t(a, M, 0, X), (e C\{0} and <ir/2 — 0, then

< inf
Mecos(arg(())

— + I arg(()f)

This and Theorem 4.5.6 imply

Corollary 4.5.11 If A is a sectorial operator and a E R is such that a < Re A for
all A e cr(A), then there exist M < oo and 6 > 0 such that

for all (e C with <6.

Theorem 4.5.12 If A E Qt(a, M, 0, X), then = for all complex
numbers z and w which satisfy I arg(z)( <ir/2 — 0,

I
<ir/2 — 6.

PROOF We may assume that z 0, w 0. Let = max{I I

Choose b E (—oo, a) and p e (0, ir/2 — a) and define 7(t) = b+ ti cos p— it sin
= 7(t) + (a — b)/2 for t Choose £ E and note that

= f —

=
dt ds — A)' —
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Using the resolvent identity,

and the Fubini Theorem gives

=

(f°° — A) -1 (t)dt
u(s) - 'y(t) j

fOO / p00
+ I I I / ) —

J_oo 7(t) — j
The Cauchy formula (4.31) implies

= —

=

and, since this is true for all £ e we have that = by
Corollary 1.5.10. D

This proves the semigroup property of Analyticity of follows from

Theorem 4.5.13 If A E 2t(a,M,O,X), ( C\{0}, < ir/2 — 0, then for
n >0,

= f —

where 'y is as in Definition 4.5.9 of

PROOF The integral, denoted by clearly exists. If h E C and hf <
(f cos(ço + I then ço + arg(( + h)f <x/2 and (+ h 0; hence the path

'y can be used also to evaluate

I

— +
fh'y(t)f2exp{—bRe(+ fbhf — ft(f + fthf},

we have that

lim + h) - - =0.
h-+O h
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The smoothing property of is the consequence of the following:

Theorem 4.5.14 If A e E C\{0}, < ir/2 —0, then for
ri >0,

(1) the range of e_A( is contained in ¶D(A'2)

(2) =
)fl

(3) = for x E

PROOF Statements (1) and (2) are obviously true for n = 0. If (1) and (2)
are true for some n, then Theorem 4.5.13 implies that for all x E X we have

A is closed and A('y(t) — A)1x = —x — A)'x, Theorem 4.2.10
implies that and

= + —

The Cauchy formula (4.31) implies

= f —

2irz

Therefore, (1) and (2) are true for n + 1 and hence for all n � 0.

Assuming (3) for some n � 0 implies that for x E

= f —

e then Theorem 4.2.10 implies (3) for ri + 1.

Theorem 4.5.15 Suppose A e 2t(a,M,0,X) and e E (0,7r/2 — 0). Define

EC\{0}

Then,

(1) — xli = 0 for each x E X

(2) — — Axil = 0 for each x E
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(3) {e_At}t�o is a strongly continuous semigroup whose generator is —A.

PROOF Choose y E (e S. If 'y is as in Definition 4.5.9 , then

—
= f — A)1y — — a)1y)

= I (7(t) — — A)'(Ay —

2irz

Using (4.34) and (4.30), with b = a — 1/1(1 and —+ 0, gives

— < MeIIAti —
ir(sin0) sinE

This, the bound in Theorem 4.5.10, the fact that

- xli - + - if fy11 + - 111hz - yhi

for every x e X, and that is dense in X imply (1).

To show (2), observe that for ( e S, x e ¶D(A), Theorem 4.5.14 implies
= Hence, (1) and Theorem 4.2.11 imply

=

f — Ax)dt.

This and (1) imply assertion (2).

Let —B be the generator of the semigroup {e_At}t>o. (2) implies that B is
an extension of A. Theorems 4.5.10 and 4.3.2 imply a — 1 e p(A) fl p(B) and
hence A = B by Lemma 1.6.14. 0

EXAMPLE 4.5.16 Consider the initial value problem for the parabolic equation:

= — — ao(x)u for t >0, xE

u(x,O)=f(x) for xEIl
u(x, t) = 0 for t � 0, x e

Assume that Il is a nonempty open subset of that a23, a2 are bounded, complex
valued, measurable functions on Il such that Tm a23 = Tm a32 and that the strong ellip-
ticity condition (3.62) holds with some c5 > 0. Define the sectorial form by (3.61) on
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V = 7-1 = L2(fZ) and let A be the sectorial operator associated with it. The
generalized solution of the parabolic equation is u(x, t) = (e_Atf)(x) for f E

Theorem 4.5.13 implies that t —+ u(., t) is an analytic, Hubert-space-valued, func-
tion. Hence, t —+ (u(., t), v) is a complex valued analytic function for any v E L2(1l).
Note that when v is a characteristic function of a compact set C C Il, then (u(., t), v)
represents the average of u(., t) in C multiplied by the volume of C.

When a,3, a0 e C1(1l), Theorem 3.8.2 implies that w E 'D(A) if w E (cl) fl
and

Awn E L2(1l).
i=1 j=1 i=1

It is easy to apply the induction argument to show that 'D(Am) C when
rn � 1 and a23, a2 E C2m'(Il). Corollary 3.6.4 implies that C if
2m — n/2 > j � 0 and Theorem 4.5.14 implies that u(-, t) E for t > 0.
Thus, if a23, a2 E C°°(1l), then, for t > 0, we have that u(., t) E for any
f e and therefore is a smoothing operator.

Corollary 4.5.11 implies that if the spectrum of A lies in the half-plane Re ( > 0,
then u decays exponentially in t. On the other hand, Corollary 4.3.3 implies that if the
spectrum of A contains any part of the half-plane Re ( <0, then u is unbounded in t
for some f E L2(1l). This stability-instability result is true for any sectorial operator.

Let B be a bounded operator on a complex Banach space X. Since B is a sectorial
operator (Exercise 12), we have defined for (in a sector. How does relate
to Q(() which is defined in Example 4.1.4 for every ( e C? Since {Q(t)}t�o is
a strongly continuous semigroup whose generator is also —B, Theorems 4.3.1 and
4.5.15 imply that Q(t) = e_Bt for t � 0. £(Q(.)x) and £(e_Bx) are complex-valued
analytic functions in the sector and, since they are equal on (0, oc), they are equal in
the whole sector. Moreover, since this is true for every x e X and £ we have
that Q(() = for all (in the sector. This also enables us to extend the definition
of to every (E C, by

°° k

= Bk for (e C. (4.36)

We shall often need the following bound on

A e 2t(a, M, 0, X), (e C\{0},
I

<ir/2 — 0, then

M
II(A — <

—
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PROOF Theorems 4.5.13 and 4.5.14, with as in Definition 4.5.9, imply that

(A — = — —

f

a and p —+ 0 gives the bound. 0

Corollary 4.5.18 If A is a sectorial operator and 'r E (0, oo), then for some c < 00,

IIAe_AtII <cF1 for 0 < t < r, (4.37)

— I < cs'(t — s) for 0 < s <t <'i (4.38)

lIAe_At — Ae_A8I1 < ct's1(t — s) for 0 < s < t < T. (4.39)

PROOF Theorems 4.5.10 and 4.5.17 imply (4.37). Theorem 4.5.14 implies

— f
and hence (4.37) implies (4.38). Since

— Ae_Asll f IIA2e_AnIIdr f IIAe'2112dr,

(4.37) implies (4.39).

The bound in (4.37) is a defining characteristic of analytic semigroups. This is due
to the fact that if —A is the generator of a strongly continuous semigroup {Q(t)}t>o,
such that tIIAQ(t)II is bounded for 0 < t < 1, then A is a sectorial operator. The
proof of this fact consists of the justification of the following representation:

00

= n!

We shall not need this result, so no more details will be presented.

Theorem 4.5.19 Let be a family of bounded operators in a complex Ba-
nach space X where S = {( E C < ( 0} and /3 E (0, ir/2). Assume
that
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(a) for some M < oo and a e IR, we have that for ( E S

(b) (—+ is an analytic function in S for every £ E X

(c) {Q(t)}t>o is a strongly continuous semigroup whose generator is —A.

Then A is a sectorial operator in X and e

e X, A <a and let f(() = for ( E S.
Since f is analytic, the Cauchy Theorem implies that

ff(t)dt+f = ff(zt)zdt+f
e T—+Tz

for 0 <T and z e S. (a) implies that we can take the limits T —÷ oo and
—+ 0+ and obtain

f f(t)dt = f f(zt)z

Theorem 4.3.2 then implies that for all £ E X, we have

— A)'x) = z f for z E 5, A <a. (4.40)

(a) implies that for every z e S the right-hand side of (4.40), denoted by
RHS(A)Z, is an analytic function of A in the half-plane Re (A — a)z <0. (4.40)
implies that RHS(A)Z = RHS(A), for A E (—oc, a) and hence RHS(A)Z =
RHS(A), for all A in their common domain. Thus, RHS(A)1 can be extended
to an analytic function of A in the region where Re (A — a)z <0 for some z e 5,
i.e. arg(A — > ir/2 — and in this region we have the bound

IRHS(A),t < inf
— zES —Re(A—a)z

441-
Let a be the smallest nonnegative number such that if arg(A — a)1 > a, then

A E p(A). Theorem 4.3.2 implies that a 71/2. Since (A — A)—' is analytic, we
have that £((A—A)'x) = RHS(A), in the sector arg(A—a)) > max{a, ir/2—/3}
and hence (4.41) implies (see Exercise 11 of Chapter 1)

II(A — A)111 < (4.42)
— +8)

in the sector. If a > 71/2 — then Theorem 1.6.11 implies that, at each point
A in the sector I arg(A — a)I > a, a disk of radius —IA — aI cos(a + also
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lies in p(A) and hence a could not be the smallest. Thus, a 7r/2 — /3 and
(4.42) implies that for every 0 E (ir/2 — /3, ir/2) there exists M0 <00 such that
A e 2t(a, M0, 0, X). is then defined and analytic in S and, since Theorems
4.5.15 and 4.3.1 imply that = Q(t) for t � 0, the analyticity implies

= for all (E 5, £ E x E X.

Hence Corollary 1.5.10 implies that = Q(() for ( E S. 0

4.6 Invariant Subspaces

A closed subspace Y of a Banach space X is said to be an invariant subspace of
an operator A, defined in X, if Ày E Y for every y E fl Y. In this case, the
restriction of A to Y is defined to be an operator in Y given by

for

Theorem 4.6.1 Let {Q(t)}t�o be a strongly continuous semigroup on a Banach space
X, let —A be its generator and let a, M E IR be such that lQ(t)ll for t > 0.

If Y is an invariant subspace of (A — A)—' for some A <a, then V is an invariant
subspace of A and Q(t) for all t � 0. Moreover, is a strongly continuous
semigroup on Y whose generator is

PROOF If lit — Al <a — A, then Theorem 4.3.2 implies that

11(12 — — <MIp — — for n> 1

and, since V is closed, (1.22) and Theorem 1.6.8 imply that V is an invariant
subspace of (1 — (p — A)(A — A)—')—1. The resolvent identity,

(A - - (p - A)(A - A)-') = (A - A)-',

implies that V is an invariant subspace of (A — p)—1 for p (A — a + A, a) and,
by induction, for all p <a.

If t> 0, then —n/t < a for large ii. Hence if y e Y, then (A + E V
and, by Theorem 4.3.5, Q(t)y V. Thus, V is an invariant subspace of Q(t) and
{ is obviously a strongly continuous semigroup on Y whose generator
is 0

When working with real evolution equations, one would expect that real initial
conditions would produce real solutions. To ensure this one can always try to set
up the problem in a real function space. However, the preparatory analysis is often
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more easily done by using a complex function space X. The real parts do not form
a subspace of X; however, a complex vector space X can always be considered to be
a real vector space and thus the real parts do form a real subspace of X and hence
Theorem 4.6.1 applies. For example,

Corollary 4.6.2 Let A be a sectorial operator in a complex Banach space X. Con-
sider X to be a real Banach space. Let V be a closed real subspace of X and suppose
that Y is an invariant subspace of (A + A)—1 for some sufficiently large A E lit Then
Y is an invariant subspace of for t � 0.

EXAMPLE 4.6.3 In Example 4.5.3 it was shown that is a sectorial operator in
X = Let X,. be the set of real valued members of X. From formula (4.20)
for (A — we see that X,. is an invariant real subspace of (A — A > 0.
Corollary 4.6.2 implies that is an invariant real subspace of for t � 0 and hence
{ is a strongly continuous semigroup on X,. whose generator is
Actually, is a contraction semigroup on Xr, see Example 4.3.10.

The same arguments apply to see Example 4.5.4, when one wants to consider
it in the space consisting of only real members of C1.

A bounded operator P on a Banach space is said to be a projection if P2 = P.
The following two Lemmas, Theorem 2.2.3 and Exercise 13 highlight the relationship
between projections and closed subspaces.

Lemma 4.6.4 When P is a projection on a Banach space X, then

(a) 1 — P is also a projection on X

(b) R(P) = N(1 — P) is a closed subspace of X

(c) — P) = N(P) is a closed subspace of X

(d) ={0}

(e)

(f) R(1 — F) are invariant subspaces of B if B E !8(X) and BP = PB.

PROOF (1 — P)2 = 1 — 2P + P2 = 1 — P implies (a). If x e then
x=Py; hence (1—P)x=(P—P2)y=0.
and therefore = N(1 — P). Since the null space of a closed operator is
closed we have (b) and, by (a), also (c). If x E fl — P), then x = Px
by (b) and Px = 0 by (c); hence, (d) follows. x = Px + (1 — P)x implies
(e). If x then Bx = BPx = PBx If x R(1 — P), then

E
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Lemma 4.6.5 If P is a projection on a Banach space X and A is a linear operator in
X such that (A — A)'P = P(A — A e p(A), then, R(P) and R(1 — P)
are invariant subspaces of A and (A — ()_1 for every ( p(A).

PROOF If xE andy = (A—A)x, then x = Px = P(A—A)'y =
(A — A)'Py. Hence (A — A)x = Py and Ax = Py + Ax E R(P).

If x (e p(A) and y = (A — then

Py = P(A — A)'(A — A)y = (A — A)1P(A — A)y E

hence, (A — A)Py = P(A — A)y. Therefore, (A — = P(A — ()y = Px = x
and Py = y E R(P).

This gives the invariance of R(P). (A — A)'(l — P) = (1 — P)(A — A)—'

implies the invariance of R(1 — P). 0

Recall that a cycle F is a finite collection of closed paths , in C and that
the integration over F is defined by

f =F k=1

If each path 7k lies in some open set Il, we say that F is a cycle in 1).
Let K be a nonempty compact subset of an open set Il in C. It is well known that

a cycle F can be chosen in

1 1
443(. )

Any such cycle F is called a contour that surrounds K in Il. If F' is another contour
that surrounds K in then the Cauchy Theorem states that for any function f that
is analytic in we have

f f (4.44)

A nonempty compact set a in C is called a spectral set of a linear operator A in
a complex Banach space X if a C cr(A) and cr(A)\a is a closed set in C. In this case
define

= f(( - A)'d( (4.45)
2irz F

where F is a contour that surrounds a in (a(A)\a)c. Since (a(A)\a)c\a =
the Bochner integral in (4.45) exists and Pa e If f(() = — A)'), with

E then (4.44) implies that does not depend on the particular choice of a
contour F that surrounds a in (a(A)\a)c. The following Theorem 4.6.6 allows us to
call the projection associated with the spectral set a.
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Theorem 4.6.6 Let a be a spectral set of a linear operator A in a complex Banach
space X and let Pa be given by (4.45). Then

(1) Pa is a projection on X

(A — A)'Pa = PcT(A — A)-1 for every A p(A)

(3) and R(1 — are both invariant subspaces of A

(4) C e and a

(5) - pC)) = a(A)\a.

PROOF Choose 6 > 0 such that a + B(0, 6) C (a(A)\a)c. Let F be a contour
that surrounds a in a+B(0, 6) and hence also in (a(A)\a)c. Let F' be a contour
that surrounds a + B(0, 6) in (a(A)\a)c. Then

= -
=

- -

and the resolvent identity implies

= f f(((' - Ay1 - ((-

This, the Fubini Theorem and the fact that (4.43) implies

for ('ER(F'), for
27rz r—( 2irz ci ( —(

give us that = - which proves (1).

(2) is obvious (Theorem 4.2.8). Lemma 4.6.5 implies (3).

Let us use abbreviations A1 = and A2 = -

(4.45) and Theorem 4.2.10 imply that C ¶D(A) and if x e then

IAixII =
= H f A(( - <cIlxll;

2irz r

hence A1 is a bounded operator on

If A e p(A), then (4) implies that (A2 — A)(A — = x for every
x — Pc,) and (A — — A)x = x for every x E The same
holds on R(Pc,); hence

p(A) C p(A1) fl p(A2). (4.46)
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For A E a(A) define ZA E by

2irz (—A

where F is a contour that surrounds a in (a(A)\a)c. Clearly, =
which implies that R(Pa) and — are invariant subspaces of Theo-
rem 4.2.10 and (4.43) imply

A AZ—P 1 [ d(- ) Pa ifAEa(A)\a

If A E a(A)\a and x e then

x = = (A1 — A)ZAX = ZA(A, — A)x.

Hence A e p(A,), and by (4.46), a(A)\a U p(A) C p(Ai) and therefore

a(A,) C a. (4.47)

ZA(A2 — A)x = (A2 — A)ZAX = —x for x

Hence A E p(A2), and by (4.46), a U p(A) C p(A2) which implies

a(A2) C a(A)\a. (4.48)

If A a(Ai) Ua(A2), then (A, — A)'Pa + (A2 —A)' (1 — Pa) is the resolvent
of A; hence A E p(A). Thus, a(A) C a(Ai) U a(A2), which together with (4.47)
and (4.48) imply that a(A,) a and a(A2) = a(A)\a. 0

Note that in (d) below we have estimates for both negative and positive times.
See (4.36) for the definiton of when t <0.

Theorem 4.6.7 Suppose that A is a sectorial operator in a Banach space X, that

forsomeAelR

and that a {( E a(A) Re ( < A} is not empty. Then, a is a spectral set of A.
Let be the projection associated with the spectral set a and define A1 =
A2 = - Then

(a) =

e for t � 0
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(c) A2 is a sectorial operator in R(1 — and —
= e_A2t for t> 0

(d) for some A, <A < A2 and M < oo we have that

lie_Alt11 for t � 0

IIe_A2t11 for t � 0.

PrtooF Since a(A) is closed and lies in a sector, Lemma 4.5.5 implies that a
is a spectral set. Lemma 4.5.5 and Theorem 4.6.6 imply that

a(A,) = {( cr(A) Re( < A,}, cr(A2) = {( E a(A) I Re( > A2} (4.49)

for some A, <A < A2.

(4.45), Theorem 4.2.8 and (5) of Theorem 4.3.1 imply (a).

Theorem 4.6.6 implies that is an invariant subspace of (A—A)' for all
A E p(A). Hence, Theorem 4.6.1 implies that the generator of
is —A, and thus (b) follows. The same reasoning gives that the generator of
{ - is —A2. Hence, A2 is densely defined and since the bound
of its resolvent is no larger than the bound of the resolvent of A, we have that
A2 is sectorial, which completes the proof of (c).

(4.49) and Corollary 4.5.11 imply the bound on e_A2t.

Since a(—Ai) = —o(A,), (4.49) and Corollary 4.5.11 imply IIe_(_A1)tII
for t � 0. Since e_A1(_t) = e_(_A1)t by (4.36), we have the rest of (d).

4.7 The Inhomogeneous Problem - Part I

We shall consider the problem of finding a continuous u: [0, T) —+ X such that

u'(t) + Au(t) = f(t) for t e (0, T), u(0) = uO. (4.50)

Throughout this Section it is assumed that:

(1) X is a Banach space, E X

(2) —A is the generator of a strongly continuous semigroup {Q(t)}t>o on X

(3) 0 <r < 00, f E L((0,t),X) for t E (0,r).

The special case when A is a sectorial operator is examined in more detail in Sec-
tion 6.2.
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Theorem 4.7.1 If u E C([0,r),X) and it satisfies (4.50), then

u(t) = Q(t)uo + f Q(t — s)f(s)ds for t E [0, T). (4.51)

PROOF Choose t E (0,r) and let v(s) = Q(t — s)u(s) for 0 < s < t. If
s, s + h E (0, t], h 0, then Theorem 4.3.1 implies

v(s + h) — v(s) = Q(t — s — h) — —
+ Q(t — s — h)u'(s) +

Q(t-s-h) (u(s+h)_u(s) _u'(s))

AQ(t — s)u(s) + Q(t — s)u (s)

= Q(t—s)f(s).

Since v(s) = Q(t)uo, Theorem 4.2.11 implies (4.51). 0

So, it would seem that by defining u by (4.51) the problem is solved. However,
things are more complicated. First of all, it has been shown that the Bochner integral
in (4.51) exists only when (4.50) has a solution. Therefore, we need

Lemma 4.7.2 The Bochner integral F(t) Q(t — s)f(s)ds exists for all t e [0, 'r).
Moreover, F E C([0,'r),X).

PROOF Choose t e (0, r) and let fi, f2,... be the simple functions approxi-
mating f E L((0, t), X) as in Corollary 4.2.4. Define

gkt(s) = Q(t — s)fk(s), gt(s) = Q(t — s)f(s) for s E (0, t), k � 1.

It is easy to see that gkt E L((0, t), X) and hence the Dominated Convergence
Theorem 4.2.7 implies that E L((0, t), X) and —+ gt = F(t).

Let gt(s) = 0 for s > t. Hence F(t) = f gt(s)ds. If t e [0, 'r), then
(s) —p gt(s) for s t; hence the DCT implies —+ F(t). 0

Define the mild solution of (4.50) to be u given by (4.51). The mild solution
may not be differentiable and it may not lie in the domain of A even when f 0, 5°
it may not be an actual solution. However, if (4.50) has an actual solution, then the
actual solution has to be equal to the mild solution by Theorem 4.7.1. The following
Theorem 4.7.3 generalizes (3) of Theorem 4.3.1 and shows that the mild solution
always satisfies (4.50) on average.
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Theorem 4.7.3 The mild solution u of (4.50) is the unique u E C([0, 'r), X) which
satisfies f0 u(s)ds T)(A) and

çt
u(t) — UO + A I u(s)ds = I f(s)ds for all t e [0, 'r). (4.52)

Jo Jo

PROOF Let u be given by (4.51). Note that for t [0, 'r),

fu(r)dr
= +

Q(r - s)f(s)ds

= [Q(r)uodr+ [ds [ Q(r-s)f(s)dr
JO Jo Js

pt pt pt—s

= / Q(r)uodr+ I ds I Q(r)f(s)dr.
Jo Jo Jo

Hence (3) of Theorem 4.3.1 and Theorem 4.2.10 imply that u and
ft

A] u(r)dr = uo_Q(t)uo+J (f(s)—Q(t—s)f(s))ds

= uo_u(t)+ff(s)ds.

Therefore the mild solution of (4.50) satisfies (4.52).

Let v be a continuous solution of (4.52) and let w(t) = — v). Then
WI + Aw = 0, w(0) = 0 and hence (8) of Theorem 4.3.1 implies that w 0. E

Corollary 4.7.4 If UO E and f(t) = c + g for some c e X, g L((0, t), X)
for all t (0, T), then there exists u in C'([0, -r), X) such that (4.50) holds.

PROOF Let v E C([0, r), X) be such that
çt

v(t)+Auo—c+A / v(s)ds= / g(s)ds forall
Jo Jo

and let u(t) = uO + v. E

One cannot weaken the condition on f in the above Corollary to f e C([0, r), X),
see Exercise 21.

Corollary 4.7.5 If uO e and f, Af E C([0, r), X), then there exists u in
C'([O,'r),X) such that (4.50) holds.

PROOF Note that the mild solution u, given by (4.51), lies in by
Theorem 4.2.10. Lemma 4.7.2 implies that Au E C([0, r), X); hence A u =

Au and we can differentiate (4.52). 0
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4.8 Exercises

1. Show that Q: [0, oo) —+ given in Example 4.1.3, is not continuous.

2. Let 7-1 be a Hilbert space, let {coi, . .} be a complete orthonormal set in 7-1
and let A1, A2,... be complex numbers. Define A by

Af = f E = {f E

Show that a(A) =

3. Suppose f C2[0,2ir], f(0) = f(2ir), = and let u satisfy

for 0<x<2ir,t�0,
u(0,t) = u(2ir,t), = for t � 0,

u(.,0) E L2(0,2ir).

Show that there exists c such that

urn u(x,t) = for 0 <x <2ir.
t—*oo - -

4. If A is as in Section 4.4, show that there exists S E (0, oo) such that

(ImA)2<45(S+ReA) forall AEa(A).

5. Let —A be the generator of a strongly continuous semigroup {Q(t)}t>o on a
Banach space X such that the spectrum of A contains a scalar A with Re A <0.
Show that there exists x e D(A) such that Q(t)x is unbounded for t � 0.

6. Show that the generator of the semigroup in Example 4.1.5 is the operator
defined in Example 4.3.10. (Hint: Compare the resolvents.)

7. Prove the 'Observe ...' statements in Example 4.5.4.

8. Consider

Au = for u E S

as an operator in 1 p oo. Assume that a2 Loo(WL) and when
p = oo, assume also that a2 are continuous. Show that A is closable and that A
is equal to the operator T given in Example 4.5.8.
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9. Let B be the linear operator in associated with the sectorial form

v)
= f + + for u, v E

where E Show that B is equal to the operator A given in Exercise 8
whenp= 2.

10. Suppose that U: (0, T) -÷ has m continuous derivatives where 0 <T <
00, 1 <p < oo and 11 is a nonempty open subset of It would be nice to
have that if

E for 0 < t <T, 0 < k <m,

then u e x (0,T)). Show that this is not true.

11. Suppose that A E 2t(a,M,O,X) and ( E a(A)\{a}. Show that MsinO � 1.

12. Show that every bounded operator on a complex Banach space is a sectorial
operator.

13. Let M, N be closed subspaces of a Banach space X such that X = M + N and
Mfl N = {0}. Show that there exists a projection P on X such that M =
and N = — P).

14. Show that a nonempty bounded subset a of a(A) is a spectral set of a linear
operator A in a complex Banach space if there exists 6 > 0 such that

l(—AI�6 forall

15. In the proof of Theorem 4.6.6 it is assumed that A is closed. Why is this true?

16. Let v e L2(0, it) be represented as v(x) = sinnx. Define

u(x,t) = for t >0, x (0,it).

Show that Iu(, t > 0. (Hint: estimate the resolvent
in Theorem 4.3.5 by using Exercise 20 in Chapter 1.)

17. Let —A be the generator of a contraction semigroup. Show that

for x

Hint: if {Q(t)}t>o is the semigroup and x E then

tAx = x — Q(t)x + f(t — s)Q(s)A2xds for t > 0.
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18. Use the above problem to improve Lemma 3.4.11 to

EIIf"IIp + If for f E C2(R), E (0, oo), p [1, oo).

19. Show that if A is a sectorial operator with compact resolvent, then e_At is
compact for t > 0.

20. Find a semigroup {Q(t)}t�o such that Q(t) is not compact for any t � 0, yet
its generator has a compact resolvent. (Hint: analyze examples given in the
Introduction.)

21. Show that the condition on f in Corollary 4.7.4 cannot be weakened to requiring
that f E C([0,-r),X). (Hint: take f(t) = Q(t)x.)



Chapter 5

Weakly Nonlinear Evolution
Equations

5.1 Introduction
The term weakly nonlinear evolution equations will be applied to abstract evo-
lution equations of the form

u'(t) + Au(t) = F(t, u(t)) for t [0, r), (5.1)

where A is a generator of a strongly continuous semigroup in a Banach space X and
F is continuous and locally Lipschitz continuous in the last variable. There are no
restrictions on A; hence both hyperbolic, including the wave equation, and parabolic
problems can be treated. However, the restriction on F can be quite severe. Hence
the term weakly nonlinear evolution equations is used. The restriction on F is not
so bad when one can choose to work in various spaces of continuous functions. For
example, equations like

1ut=Lhu+—
1—u

are studied in Section 5.3 in a closed subspace of CB(IWJ').
Basic existence, uniqueness, continuous dependence and stability results for weakly

nonlinear evolution equations are presented in this chapter. The basic ideas used to
prove these results are the same as in the ODE theory and are also the same as in
the next chapter where semilinear parabolic problems are studied. However, technical
preliminaries are much simpler here than in the next chapter.

Most of the chapter is devoted to studying approximations of solutions of such
equations. By further extending these results, one can actually remove the condition
that F is locally Lipschitz continuous in X (Example 5.6.2).

The following version of Gronwall's inequality will be sufficient here.

215
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Theorem 5.1.1 (Gronwall) If £ (0, oo) and f e L' (0, £) is real valued such that

f(x) a + bf f(s)ds for x E (0,t) a.e.,

where a E JR and bE [0,oo), then f(x) for almost all x in

PROOF If F(x) = f(s)ds, then F'(x) < which implies that
a + 0

The key to all basic results presented in the next section is the following Theorem.
Note that for (5.2) to be satisfied we must have that u E

Theorem 5.1.2 Suppose —A is the generator of a strongly continuous semigroup
{Q(t)}t�o on a Banach space X, a E IR, M E IR, IIQ(t)II < Me_at for t � 0,
0 < r <oo, H: [0, r] x X —+ X is continuous and for some L < oc,

IIH(t,x) — H(t,y)ll — for 0 t < 'r, x,y E X.

Then for each uO E X there exists a unique u C([0, T], X) which satisfies

j.t
u(t) — uo + A I u(s)ds = I H(s, u(s))ds for all t E [0, 'r]. (5.2)

Jo Jo

Moreover, if G: X —+ C([0, r], X) is given by G(uo) = u, then

IIG(x)(t) — — for 0 <t < -r, x,y E X. (5.3)

PROOF Abbreviate Y = C([0, T], X) and note that V is a Banach space with
norm (Example 1.3.2). Define T : V -÷ Y by

(Tu)(t) = Q(t)uo + f Q(t — s)H(s, u(s)) ds for u Y, 0 t <

If u,v E Y, then

ll(Tu)(t) - (Tv)(t)ll <cU lu(s) - v(s)llds < cLtllu -

where c = IIQ(t)ll and hence

(cLt)'2
— (T'2v)(t)ll

n!
lu — vll= (5.4)

for n 1, 0 t r. Thus, the Contraction Mapping Theorem 1.1.3 implies the
existence of a unique u e V such that Tn = u. Theorem 4.7.3 and closedness
of A imply (5.2).
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Choose x,y and let u= G(x),v = G(y). For 0 < t <r we have

llu(t) - v(t)tl < - + MU - v(s)lids

eauilu(t) - v(t)ll < Mlix - + MU easllu(s) - v(s)llds;

hence, the Gronwall Theorem 5.1.1 implies (5.3). 0

The following Corollary says that bounded perturbations of generators of strongly
continuous semigroups are still generators of strongly continuous semigroups. This is
an important result, but should not be surprising. However, it is interesting that it
is a natural consequence of Theorem 5.1.2 which deals with nonlinear problems.

Corollary 5.1.3 Suppose that —A is the generator of a strongly continuous semi-
group on a Banach space X and that B E !B(X). Then —A + B is the generator of a
strongly continuous semigroup on X.

PROOF Theorem 5.1.2 implies that for each x E X there exists a unique
u e C([0, oo), X) such that

u(t) = x + (—A + B) f u(s)ds for all t [0, oo). (5.5)

Define R(t)x = u(t) for t> 0. Uniqueness of u and formula (5.5) imply linearity
of R(t) for t � 0. (5.3) implies that R(t) E for t � 0. If t, r � 0, then
obviously

t+r
u(t + r) = u(r) + (—A + B) f u(s)ds;

hence R(t)R(r)x = R(t)u(r) = u(t+r) = R(t+r)x. Thus is a strongly
continuous semigroup on X. Let —S be its generator. Note that Theorem 4.3.2
implies that (—oo, a) E p(A — B) fl p(S) for some a If x E and u is
as in (5.5), then

x and (A — u(s)ds = — R(h)x) Sx

as h —+ 0+ and hence the closedness of A — B implies that A — B is an extension
of S. Lemma 1.6.14 implies that A — B = S. 0

R,. given below is called a retraction map. It will enable us to apply Theo-
rem 5.1.2 to a locally Lipschitz continuous F.
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Theorem 5.1.4 If X a Banach space, r > 0 and R,- : X —+ X is given by

= x when lix ii <r and Rr(x) = when lix ii > r,

then iiRr(x) — R,.(y)ii — for all x,y X.

PROOF Let B = {x e X I iixii r}. If x, y E B, there is nothing to prove.

Ifx e Bandy e X\B, then

Rx—Ry =

iiRx — Ryii lix — + iivii — r

— + lixil — r 211x —

If x,y E X\B, then

r r(iiyfi — iixii)Rx - Ry = - y)
+ lxii ilyil

iiRx — Ryii lix — + — lxiii <211x — yIi

0

5.2 Basic Theory
Throughout this section it is assumed that

(1) X is a Banach space.

(2) —A is the generator of a strongly continuous semigroup {Q(t)}t>o on X. Let
M E [1, oo), a E IR be such that 11Q(t)ii <Me_at for t � 0.

(3) T (0, oo], U is an open set in X, F : [0, T) x U —+ X is continuous and for
each t (0, T) and each z E U there exist ö > 0 and L < oo such that

11F(s,x) — � Liix — for x,y E B(z,ö), s E [O,t].

For 'r E (0, T], let be the collection of all n C([0, r),U) which satisfy
e and

ft ft
u(t) — u(0) + A / u(s)ds = / F(s, u(s))ds for all t [0, r). (5.6)
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Recall that Theorem 4.7.3 implies that E Sm(T) if u e C([0, T), U) and

u(t) = Q(t)u(0) + f Q(t — s)F(s,u(s))ds for t (5.7)

So Sm(r) is the set of mild solutions of (5.1).
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Lemma 5.2.1 Suppose 'r e (0,T) and w e C([0, 'r],U). Then there exist 6 > 0,
L < oo and a continuous H: [0, r] x X —+ X such that

(i) if t [0, rI and z E B(w(t), 6), then z U and H(t, z) = F(t, z)

(ii) IIH(t,x) — H(t,y)II — fort E [O,r], x,y E X.

PROOF For t E [0, r] choose 6(t) > 0 and L(t) <oo such that

IIF(s,x) — F(s,y)II < —yll for x,y E B(w(t),6(t)), sE [0,r]

and let > 0 be such that lw(s) — w(t)lI < 6(t)/2 if Is — < Com-
pactness of [0, 'r] implies that [0, -r] C B(t1, ii(ti)) U U for some

[0, TJ. Let L = 2 max2 L(t2) and 6 = mm2 6(t2)/4. Note that if t E [0, rJ and
x,y e B(w(t),26), then x,y eU and IIF(t,x) — F(t,y)II — yIl/2.

Define H(t, x) = F(t, w(t) + R5(x — w(t))) for t E [0, r] and x E X, where
R8 is the retraction map as given in Theorem 5.1.4. C

Existence for the initial value problem:

Theorem 5.2.2 For each UO e U there exist 6 E (0,T) and u E Sm(6) such that
u(0) = UO. Furthermore, — u(t)II = 0 where Uk e C([0,6],U)
are defined by ui(t) = UO and

uk+1(t) = Q(t)uo + f Q(t — s)F(s, Uk(5))ds for t [0,6], k = 1,2,...

PROOF Pick r (0, T) and let w(t) = u0 for t E [0, T]. Let 6 and H be as
given in Lemma 5.2.1 and let u E C([0, r], X) be as given by Theorem 5.1.2.
Continuity of u implies that for some 6 E (0, r] we have for t E [0,61 that
IIu(t) —w(t)II <6. Hence H(t,u(t)) = F(t,u(t)) and therefore U E Sm(6). If 0
is small enough, then (5.4) implies the 'Furthermore' part. C

Uniqueness for the initial value problem:

Theorem 5.2.3 If 0 < <0 <T, W E U E Sm(0) and w(0) = u(0), then
w(t) = u(t) forte [0,u).

PROOF Choose any -r C (0, and let 6 and H be as given in Lemma 5.2.1. For
some -r' C (0, -r] we have IIu(t) — w(t)Il < 6 for t C [0, r'] and hence H(t, u(t)) =
F(t, u(t)). Theorem 5.1.2 implies that u = w on [0, r'], and hence we can choose
T1T. 0
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Continuous dependence on the initial value:

Theorem 5.2.4 Suppose 0 < T � T and w E Sm(/4. Then there exist e > 0 and
C < oo such that for every x E B(w(O), e) there exists u e 8m(r) such that u(0) = x
and

IIu(t) — w(t)II CIIu(0) — w(0)II for all t [0,'r). (5.8)

PrtooF Let 6, L and H be as in Lemma 5.2.1. Let C = M}
and choose e E (0,6/C). Suppose x E B(w(0), e). Let u = G(x), where G is as
in Theorem 5.1.2 and note that (5.8) holds. Since Ce < 6, Lemma 5.2.1 implies
that H(t,u(t)) = F(t,u(t)) for t E [0,r] and hence u E

Solutions of real equations, with real initial conditions, are real:

Theorem 5.2.5 Suppose that Y is a closed real subspace of X such that

(1) (A—A)1YcYforsomeA<a

F(t, x) Y when t e [0, T) and x E Y flU.

Suppose also that u E Sm(0) for some 0 E (0,T] and that u(0) E Y. Then

u(t) E Y for all t E [0,0).

PROOF Choose any 'r E [0,0) such that u(t) e Y for I [0, r]. Theorem 5.2.2
implies that there exist 6 E (0,0 — r) and v E C([0, 6), U) such that

pt çt
v(t) — u(r) + A] v(s)ds = / F(T + s, v(s))ds for all I [0, 6)
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and that v = for some e C([0, 6), U) given by v1 (t) = u(r) and

= Q(t)u(r) + f Q(t — s)F(r +

for t e [0,6) and n = 1,2,... Since u(i-) E Y, Theorem 4.6.1 and Corollary 4.2.5
imply that the range of every is in V. Hence, the range of v is in V. Let w = u
on [0, r} and w(t) = v(t — r) for t e [r, r + 6). It is clear that w E Sm(T + 6).
The uniqueness Theorem 5.2.3 implies that w = u on [0, 'r + 6). Hence, u(t) E V
for t E [0,7- + 6). Therefore, the supremum of such r has to be equal to 0.

Maximal interval of existence:
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Theorem 5.2.6 Suppose u0 E U. Then there exist T E (0, T], tL E Sm(T) such
that u(O) = uO, and which also have the property that T for all E (0, T]
for which there exists v E with v(0) = Moreover, if < T, then either

IIF(t,u(t))IIdt = 00 or there exists x e U\U such that = x.

PROOF Theorems 5.2.2 and 5.2.3 imply the first assertion. Suppose 'r < T
and IIF(t, u(t))IIdt < oo. The Dominated Convergence Theorem 4.2.7 and
(5.7) imply that there exists x e X such that u(t) = x. Clearly x E U.
The proof will be complete if we show that the assumption x e U leads to
a contradiction. So, assume x e U, choose r' e (T, T) and let u(t) = x for
t e [T, i']. Let 6 and H be as given in Lemma 5.2.1 applied to u e C({O, T'],U).
Theorem 5.1.2 implies the existence of v e C([0, T1], X) such that

ft
v(t)—uo-+-A / v(s)ds= I H(s,v(s))ds for tE[0,T']
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and its uniqueness implies that v = u on [0, -r). For some (T, T'] we have that
v(t) e B(u(t),6) for t and hence H(t,v(t)) = F(t,v(t)) for t
Therefore v E Sm(/L), which is a contradiction to the maximality of T. D

Stability:

Theorem 5.2.7 Suppose a > 0, e [0, aIM], T = 00, 6 > 0, B(0, 6) C U and

IIF(t,x)II � eIIxlI for t � 0, x e B(0,6).

Then for each x B(0, 6/M) there exists u e Sm(oo) such that u(O) = x and

IIu(t)II <MIfxIIe(M6_a)t for t � 0. (5.9)

PROOF Pick the maximal 'r for which there exists tt E satisfying
u(O) = x (Theorem 5.2.6). Note that for some (0,r] we have that IIu(t)II <6
for 0 t <ii. Let T1 be the largest of such ,i. (5.7) implies

IIu(t)II <

eatlIu(t)II < MIIxII +MEJ for 0 <t <TI

and therefore the Gronwall Theorem 5.1.1 implies the bound (5.9) for t E [0, -r').
If T1 < T, then (5.9) implies that IIu(T')II MIIxII < 6, which contradicts the
maximality of T1. Hence T1 = -r. If T <00, then obviously j IIF(t,u(t))IIdt <
00. Hence Theorem 5.2.6 implies that u(t) = y E U\U, which is not
possible because Mu xli < 6. Therefore T = 00. 0
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5.3 Example: Nonlinear Heat Equation
We shall discuss the initial value problem for

f for some —oo a < b <00.
The problem will be set in the real Banach space C1. Let be the generator

of the contraction semigroup on C1 as given in Example 4.5.4 - but restricted to
real functions (Example 4.6.3). Observe that is equal to the closure in Ct of the
operator with the domain consisting of functions in the form c + v where c e R
and v is a real valued, rapidly decreasing function.

Let U consist of those v E C1 such that

E infv(x) > a and supv(x) <b.
x x

Ifv EU, then v —E > a and v++e <b for some E >0; hence

111(z) —

L = maxv__e<x<v++e If'(x)I.
Assume that uO E U.
Let r E (0,00] and u E be as given by Theorem 5.2.6.
Theorem 5.2.3 implies that for every ji (0, r] this u is the unique element of

C([0, ji), C1) which satisfies u(s)ds E and

rt çt
u(t) — u0 = / u(s)ds + / f(u(s))ds for all t E [0,ji). (5.10)
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So u is the solution of the original problem on average. By showing its regularity,
one can show, see Example 6.4.1 in the next chapter, that it is also the unique actual
solution.

(5.10) obviously implies that if r E [0, r) and ü(t) = u(t + r) for t E [0, r —
then U E Sm(T — r). Theorem 5.2.3 implies that this U is the unique solution starting
at u(r). Thus we have the semigroup property.

Theorem 5.2.6 also implies that if the solution does not exist for all time, i.e.
r < oo, then either f lf(u(x, t))ldt = oo or approaches to U\U, the boundary
of U. When, for example, f(u) = then the solution either exists for all time or
else = oo. When, for example, f is bounded and (a, b) = R, then
the solution exists for all time.

Let h(t) E R be the value of u(t) at infinity, i.e. h(t) = £(u(t)) where £ E C1* is as
defined in Example 4.5.4. The fact that = 0 for all v E when applied
to (5.10), implies that h satisfies an ODE,

h'(t) = f(h(t)) for t E [0,'r).
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When uO is a constant function, then the uniqueness of u implies that u(x, t) = h(t)
for all x E JR and t E [0, r). When, for example, f(u) = 1/(1 — u), b = —oo and a = 1,

then the solution of the ODE is

h(t)

which implies that T (1 — h(0))2/2. The following Theorem 5.3.1 implies that
'r (1 — for this f.

Theorem 5.3.1 If V,W E SmCU), w(0) 2 v(0) and f' 2 0, then w(t) 2 v(t) for
0 < t < ,i.

PROOF Suppose that r e [0, and that w v on [0, r]. The proof will be
complete if we show that there exists 0 > 0 such that w 2 v on [0, r + 0].

By Theorem 5.2.2 we can choose €3k E C([0, U) such that i31(t) = v(r),

Vk+1(t) = e t E [0, k = 1,2,...

and i5k converge to some E Sm(0v) with i3(0) = v(r). Here (0, — r). The
semigroup property implies that i3(t) = v(r + t) for t e [0, On).

Choose wk e C([0, U) in the same way and let 0 = > 0.

In view of the integral representation of (Exercise 4), we conclude that
preserves positivity. Hence

— v(r)) 2 0 for t 2 0.

If 2 vk on [0,0], then using

Wk+1(t) — Vk+1(t) = e —

and the fact that pointwise evaluations are bounded linear functionals on C,
gives that Wk+1 2 Vk+1 on [0,0]. Since ti'k, Vk converge to i3 in we have
that w 2 v on [0, r + 0]. D

We have the same stability result as for ODEs:

Theorem 5.3.2 If f(c) = 0 and f'(c) < 0 for some c e (a, b), then for each ,i E
(0, —f'(c)) there exists > 0 such that if IIuo — <8, then u E Sm(°°) and

fu(t) — IIuo — cli for t 2 0.
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PROOF Let A = — f'(c) and F(v) = f(c + v) — f'(c)v. Note that
<ef'(c)t for t � 0 and that for E = —f'(c) there exists S > 0 such that

if < S. Theorem 5.2.7 applies, giving v E Sm(0°)A,F
such that v(0) = no — c and Using (5.6), it is easy to
see that v + c e Sm(OO) and, by uniqueness, v + c = u. 0

As for ODEs, we also have instability when f'(c) > 0. The tools needed to prove
this are developed in the next chapter. See Example 6.4.13.

5.4 Approximation for Evolution Equations

We shall approximate the solution u of

u'(t) + Au(t) = H(t, u(t)), u(0) = x, (5.11)

without using any a priori information about u. The original problem is set in a
Banach space X. We shall seek approximations in spaces which are usually finite
dimensional spaces in applications and hence this step is sometimes referred to as
space discretization. The approximation will satisfy

+ = = (5.12)

where is a bounded operator on approximating A, denotes a 'projection'
from X to and is an 'interpolation' that associates with each element of
an element of X. Using some minimal assumptions, it will be shown that —+ u.

(5.12) is typically an ODE which has to be integrated numerically. In actual numerical
applications it is usually preferred to discretize time t at the same time as space X.
One popular way to do this is to use the explicit Euler method,

+
'i-n

So, if denotes the approximation of then

= (1— = PnX. (5.13)

A variant of the implicit Euler method is

= (1 + EnAn) + EnPnH(kEn, = PnX. (5.14)

We shall also prove convergence of both and to u(t).
The following assumptions about space discretization will be used:

(A) (a) X, X1, X2,... are all real or all complex Banach spaces. All norms will be
denoted by
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(b) e [O,oo) are such that for n � 1, xE X.
(c) E q e [O,oo) are such that qIIxiI for n � 1, X E

(d)

About it will be assumed that

(B) E are such that for some M < 00, a R we have

lie_Ant <Me_at for t � 0, n 1.

This is called the stability condition of approximations While all norms are
equivalent in finite dimensional spaces, the equivalence, is in general not uniform in
n. So the norms on spaces have to be chosen carefully in order to insure that the
bound in B does not depend on n. Observe that B and Theorem 4.3.2 imply that
(—oo, a) C for n � 1. A bit more restrictive condition will be needed to prove
convergence when the explicit Euler method is used.

The only connection between A and

A is a densely defined linear operator in X and there exists A0 e (—oo, a) fl p(A)
such that for all x in a dense subset of X,

lim — — (A — = 0.
n—+oo

Note that C requires that the approximations can be used to solve the time
independent problem,

Au — A0u =

for all x in a dense subset of X. It turns out that this formulation of assumptions is
especially convenient to apply to the Galerkin method of approximating solutions of
parabolic and wave type equations (Sections 5.6, 5.7, 5.8). For finite difference ap-
proximations (Section 5.5), it can be more convenient to verify the following condition
instead.

(C') A is a densely defined linear operator in X, A0 e (—oo, a) fl p(A) and

lim iiAnPnu—PnAuii= lim forall
fl—+oO fl—*OO

Lemma 5.4.1 Assume A and B. Then, C' implies C.

PROOF Choose x X and let u = (A — Note that

— — u = — u + — —

hence B, the bound in Theorem 4.3.2 and C' imply C.



226 CHAPTER 5. WEAKLY NONLINEAR EVOLUTION EQUATIONS

The following is a version of the Trotter Theorem.

Theorem 5.4.2 Assume A, B and C. Then —A is the generator of a strongly con-
tinuous semigroup {Q(t)}t�o on X. Moreover, IQ(t)If for t � 0 and

urn sup PnX — Q(t)xII = 0 for all x E X, bE (—oo,a).
n—400 t�o

PROOF
implies

Abbreviate R,1(A) = (An—A)' and R(A) = (A—A)'. Theorem 4.3.2

<M(a — A)—tm for A < a, m � 1, n 1. (5.15)

This implies that = R(Ao)x for every x X.

IfAE (—oo,a)flp(A), then

— R(A) =
(1 + (A — — R(A0))(A — Ao)R(A).

Therefore,

if A E (—oo, a) fl p(A), then lim E X. (5.16)
n—+oo

(5.16) and (5.15) imply

if A E (—oo, a) fl p(A), then IIR(A)II <pqM(a — A)'. (5.17)

If e (—x, a) and p(A), then IIR(A)II should approach +00 as A goes from
A0 to jt. However, by (5.17) this is not possible. Therefore, (—oo, a) C p(A).

Induction on rn gives

urn — R(A)mxII = 0 for x E X, m 1, A < a. (5.18)
n—*Oo

This and (5.15) imply that

$ pqM(a — A)m for rn � 1, A <a.

Therefore, Theorem 4.3.5 implies that —A is the generator of a strongly contin-
uous semigroup {Q(t)}t�o with the stated bound.

Choose now A <a, b < a, x e X. Since

e —
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we have that

ebtllEnRn(A)(PnQ(t) —

=
eb(t_ Ene_An(t_s)pn(R(A)

dsM

pqM f If(R(A) - EnRn(A)pn)ebsQ(s)xllds

and the DCT implies

urn sup ebtflEnRn(A)(PnQ(t) — 0. (5.19)
t>O

Note that

ebt(EnRn(A)PnQ(t) —

= — R(A))ebtQ(t)R(A)x

= — R(A))R(A)x

+ f - - ds.

Hence the DCT and (5.19) imply that

urn sup ebtll(Q(t)R(A) — = 0. (5.20)
t�O

Since

—

= — R(A))R(A)x,

we see that (5.20) implies

lim sup ebtll(Q(t) — = 0.
t�o

We are done because the range of R(A)2 is equal to which is dense in X
by Theorem 4.3.1. 0

For the explicit Euler method we will need a bit stronger assumption:

(B') (0, oo), e are such that for some M < oc, Ft E JR we have

11(1 — TnAn)kII for ri > 1, k > 0;

moreover, r2 = 0.
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Corollary 5.4.3 B' implies B if a (1 — for ii � 1.

This Corollary follows from the following Lemma

Lemma 5.4.4 Suppose that X is a Banach space and that A E is such that

11(1 — TA)kii for k > 0

for some T (0, oo), a E and M E [1, oo). Let a (1 — Then

<Me_at for t > 0

and

11(1 — TA)[tInIX — e_Atxil � rM3 (tIIA2xII + ilAxil) for x E X, t � 0.

PROOF Let B = 1 — TA. In view of (4.36) we have

= = e_t/TeBt/'T

lie_At ii � e_t/T

k
< Me_tIT e

k!
<Me_at.

Choose x X and let = — for k � 0. Induction implies

ek
=

BJe_A(k_l_3)Tei for k � 1

and, since a we have

iiek <M2 lie1 <kM2e_a(k_l)T lie1 ii.

Note

e1 = x — TAX — e_TAx = JT(t — T)eAtA2xdt,

ileili T2Meao1TilA2xii,

where 01 E (0, 1). Hence,

ilekil for k � 0.
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Thus, if t � 0 and k = [t/'rJ, hence, 0 I — k'r <r, then

IB[t/n}x — e_AtxJl + R (5.21)

where

R = IIe_AkTx — e_AtxI( <Mf e_asIIAxIIds <rMe_at+IaInIIAxII.

Using this in (5.21) implies the conclusion of the Lemma. 0

Theorem 5.4.5 Assume A, B' and C. Then, —A is the generator of a strongly
continuous semigroup {Q(t)}t�o on X. Moreover, IIQ(t)lI pqMe_at for t � 0 and

lim sup ebtllEn(1 — — Q(t)xII = 0 for all x e X, be (—oo,a).
t�O

PROOF We shall prove the statements of the Theorem first for the case when
a is replaced with a as given in Corollary 5.4.3. Taking the limit n —+ oc then
implies the original conclusion.

Abbreviate R = (A — A0)1. Take t > 0, n 1,

x E X and note

— — Q(t))R2x = — +

where

= — —

12fl(t) = — — — R2)x
= — Q(t))R2x.

Theorem 5.4.2 implies that

lim sup et)tlII3n(t)II = 0 for b < a.
t�O

Since
+ — R2x11,

(5.18) implies
lim supebtlll2n(t)II = 0 for b < a.

t�o

Using Lemma 5.4.4 we obtain

II � TflqM3e +
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and, since M/(a — Ao), I(ATLRnII � 1 + A0IM/(a — Ao), we have

urn supebtlllin(t)II = 0 for b < a.
t�O

This proves the limit in the Theorem for x E which is dense in X by
Theorem 4.3.1, and hence for all x X. 0

Convergence for the implicit Euler method follows directly from convergence for
the explicit Euler method:

Theorem 5.4.6 Assume A, B, C and that C (0, oo), = 0. Then

lim sup ebtllEn(1 + — Q(t)xII = 0 for all x e X, b e (—oo, a).
t�O

PROOF Choose N so that 1 + > 0 for n> N. Define

= + for n > N.

Note 1 — = (1 + hence (5.15) implies

11(1 — M(1 + Eria)_k for k � 0, ri> N,

where ne,1 < ln(1 + Hence B' is satisfied with in place of r,1 for
n � N. Since —Ao)111 and

— — + — —

when n is large enough, we see that C is also satisfied with in place of
Thus, Theorem 5.4.5 implies the conclusion. 0

For simplicity of presentation we shall assume that the nonlinearity satisfies

(D) 1- (0, oo), H: [0, T] x X X is continuous and such that for some L < oo,

IIH(t,x) — H(t,y)II —yll for 0 <t < r, x,y E X.

Using Lemma 5.2.1 one can handle more general nonlinearity, see the example in the
next Section.

Note, when —A is the generator of a strongly continuous semigroup on X, then
D implies the existence of a unique mild solution of (5.11) on [0, r] for every x E X,
see Theorem 5.1.2. Likewise, (5.12) has a unique mild solution on [0, r}. However,
since are bounded operators, Corollary 4.7.5 implies that the mild solution is
differentiable and satisfies (5.12).
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Theorem 5.4.7 Assume A, B, C, D and pick x E X. Let u be the mild solution of
(5.11) and let be the solutions of (5.12). Then

urn sup IIEn?1n(t) — u(t)II = 0.

PROOF Note that for t [0, r], ri � 1, we have

u(t) = f
u(t) Q(t)x —

s) — Pn)H(5, u(s))ds

+ f u(s)) — H(s,

Define
= IIu(t) —

= sup IIQ(t)x —

O<t<r

= SUp II(Q(t) — <
O<t<T

where C = pqM(1 + Note that = 0 by Theorem 5.4.2, which
together with the DCT also implies that = 0. Since

fT pt

+ / + LC I for t [0, r], Ti 1,
Jo Jo

the Gronwall Theorem 5.1.1 implies

< + fT

which completes the proof. D

Theorem 5.4.8 Assume A, B', C, D and pick x E X. Let u be the mild solution
of (5.11) and let be given by (5.13). Then

lim sup — u(t)II = 0.
O<t<r
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PRooF Let = 1 — Observe that for n> 1, k � 1,

= +

Hence, for t � 0,

= Tii] + [

s)= Using (5.22) we obtain

u(t) — =

where

= Q(t)x — Tn]Px

= f Q(t — s)H(s,u(s))ds

tEt/Tn

I (Q(t — s) — Q(t — —
Jo

= J (Q(t — — — s))H(s, u(s))ds
0

I —

Jo

= J u(s)) —
0

Define = IIu(t) — = and let C be the upper
bound of - -

IIQ(t)II, IIH(t,u(t))II for t E [0,r], ii � 1.

Theorem 5.4.5 implies 6in 0.

Note that

� cf — s) — 1)H(s,u(s))IIds;

hence the strong continuity of Q and the DCT imply = 0.
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Note that

ö4fl � fT SUP ii(Q(t)
0 O<t<r

hence Theorem 5.4.5 and the DCT imply = 0.

Since ç C iiH(s, u(s)) — u(s)) lids, the continuity of H and
the DCT imply = 0.

Since

the Gronwall Theorem 5.1.1 implies

� for t E n 1,

which completes the proof. 0

Theorem 5.4.9 Assume A, B, C, D, pick x E X and C (0, oo) such that
= 0. Let u be the mild solution of (5.11) and let be given by (5.14).

Then
lim sup — u(t)ii = 0.

O<t<T

PRooF This proof is identical to that for Theorem 5.4.8, with the following
obvious modifications: replace by v by w, set new = (1 +
and use Theorem 5.4.6 in place of Theorem 5.4.5. 0

5.5 Example: Finite Difference Method

We shall investigate the following parabolic equation:

ut(x, t) = t) + F(u(x, t)) for 0 < x 1, t � 0 )
u(0,t) = u(1,t) = 0 for t � 0 (5.23)
u(x,0) = uo(x) for 0 x 1, )

where a E C([0, 1],(0,oo)), F E F(0) = 0 and

E X {f E I f(0) = f(1) = 0}.
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If is to approximate U(iOn, k-rn), = then an obvious finite difference
discretization is

k+1 k k k k
— = + —

+ for 1 i n, n � 1, k � 0
'i_n n

for n>1,k�0
= for 1 i n, n 1.

Assuming only the stability condition,

for 1 <i <ri, n 1, (5.24)

we shall prove that linear interpolations of converge to the mild solution u of
(5.23). Moreover, it will be shown that the convergence is uniform on any finite time
interval that is shorter than the time interval of existence of 'ii.

Let
. 1

be the max norm on X and on W', n � 1. Define a 'projection'
Pn E by

(Pnf)i = f(iOn) for 1 S i n, n � 1.

For ri � 1, define an 'interpolation' E X) by

for 0<i<n,

where c = (Cl,. .
. E and CO = C7H1 = 0. Note that assumption A of

Section 5.4 is satisfied, with p = q = 1.

For rt � 1 define An E by

(AnC)i = for 1 z <n,

where c = (ci,..., E and CO = 0. Note that

a a
((1 — TnAn)C)j = (1 — 2Tn )Cj + Cj+1 +

hence
111 — 'i_nAnII max{I1 — +

Therefore choosing 'rn > 0 50 that they satisfy the stability condition (5.24) implies

for n�1.
Thus, assumption B' of Section 5.4 is satisfied, with M = 1, a = 0. Corollary 5.4.3
implies that B is also satisfied.
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Define A by

Af = —af" for f E {f E 1]
I f, 1" E X}.

It is easy to show that 0 e p(A) by showing that

(A'f)(x)
= f + f for I E X, x [0,11.

Since the resolvent set is open, we have that A e p(A) when Al is small. If f
and n > 1, then for 1<i<n we have

— = + —

f - - + t))dt

and hence the uniform continuity of f" implies that

for fED(A).

1ff e andn> 1, thenfori < f- <i+1, 0<i <nwe have
— f)(x) = + — + — — f(x)

I.x—ion

= j0 0

II

Therefore assumption C' of Section 5.4 is satisfied and so is C by Lemma 5.4.1.
Theorem 5.4.5 implies that —A is the generator of a contraction semigroup. This

was shown independently in Example 4.3.9. Thus, Theorem 5.2.6 applies, giving the
mild solution u of (5.23) on the maximal interval of existence [0, Note, if
'rmax <oo, then u and F(u) have to blow-up as t 4 Tmax. Lemma 5.2.1 implies that
for any r E (0, Tmax) we can find a Lipschitz continuous nonlinearity H which agrees
with F in a neighborhood of u on [0, r]. Theorem 5.4.8 implies that

lim sup — u(t)ll = 0
n—+oo 0<t<r

where is given by (5.13). Thus, for large enough n, is in the neighborhood
of u where F and H agree and therefore = for t e [0, r]. This proves
that linear interpolations of converge uniformly to u on [0, r].

It is natural to expect that in order to approximate u to a given tolerance it would
be optimal to choose about the same size space and time (rn) steps. However, the
stability condition (5.24) requires that the time steps be much smaller than the space
steps. This is due to the use of the explicit Euler method for space discretization
(5.13). If one would choose the implicit version (5.14) instead, then there would be
no such restriction (any (0, oo), such that ETi = 0, would do).
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5.6 Example: Galerkin Method for Parabolic Equations
Here the results of Section 5.4 will be applied to

u'(t) + Au(t) = H(t, u(t)), u(O) = x, (5.25)

where A is the operator associated with a sectorial form This covers most parabolic
equations set in a Hilbert space. See Section 3.7.

Assume that 1-1 is a Hilbert space with an inner product (.,) and norm ]

is an inner product on V C IL with the corresponding norm denoted by I
I
and is a

sectorial sesquilinear form on V such that hypotheses Hi, H2, H3 of the section on
Sectorial Forms are satisfied. Here, assume in addition that

(H4) V1, V2,.. are finite dimensional subspaces of V such that

lim infly—zI=O
fl-400

for all y in a dense (in norm) subset of V.

Observe that hypothesis H4 is exactly the same one as the one in Theorem 2.8.11,
where convergence of approximations of solutions of elliptic problems is proved. Hi -
H4 are assumed to be in effect throughout this Section. We shall first demonstrate how
assumptions A, B and C of Section 5.4 can be satisfied without imposing any other
conditions. Then a version of Theorem 5.4.7 that is suitable for obtaining Galerkin
approximations will be presented. Finally, in Example 5.6.2, it will be shown that the
Galerkin approximations can be used to deduce existence of solutions even when the
nonlinearity is not locally Lipschitz continuous.

Let be equipped with norm II Let be the orthogonal projection of
7-1 onto Let be the identity map from X 7-1. Thus, assumption A of
Section 5.4 is clearly satisfied, with p = q = 1.

Observe that assumptions Hi, H2 and H3 remain valid, with the same constants,
if we replace both 7-1 and V with Let the operator E be the operator
associated with a-restricted to Hence, is defined by

forall n�i. (5.26)

(i) of Theorem 2.8.2 and Figure 2.1 imply that

— A <a +
a+M3Mj2—A 1

Hence, the Hille-Yosida Theorem 4.3.5 implies that

lie_Ant � for t � 0, n i.
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This shows that assumption B of Section 5.4 is satisfied.
Theorem 2.8.11 implies that

lim forall xEX, .\<a+M3Mj2;
n-+oo

hence C of Section 5.4 is also satisfied.
Therefore, all results of Section 5.4 are applicable. For example, by using (5.26)

to characterize the solution of (5.12), we can restate Theorem 5.4.7 as follows:

Theorem 5.6.1 Assume D of Section 5.4, choose any x E 7-1 and let u denote the
mild solution of (5.25). Then for every n � 1 there exists a unique E C1([0, r],
such that for all z E we have z) = (x, z) and

z) + z) = (H(t, z) for t E [0, r].

Moreover,
lim sup IIUn(t) — u(t)II = 0.

O<t<r

EXAMPLE 5.6.2 We shall first prove convergence of finite element approximations to
the following parabolic equation:

ut(x,t) = +G(u(x,t)) for 0< x <1, t � 0
u(0,t)=u(1,t)=0 for t�0
u(x,0)=uo(x) for 0<x<1,

where u0 e L2(0, 1) is real valued, G E C1 (R, and G' is bounded. Then it will
be shown how the condition that C' is bounded can be removed without losing the
existence of the solution and the convergence of approximations.

Let 1-1 be the real L2(0, 1) and let V, [-, -} be as in Example 2.8.1; hence, Hi, H2
and H3 are satisfied.

For n 1, let = i/(n + 1) and define V as follows: v E if and only if

v E C[0, 1], v(0) = v(i) = 0, v is linear on (i + i 0,1, - . . , n.

Lemma 2.11.1 implies that H4 is satisfied for all y e V(A), which is dense in V by
Theorem 2.8.2, and therefore we can apply Theorem 5.6.1.

Let i/ be the hat function as in Section 2.11 and let = — i). Note
that can be represented as

= (5.27)

Taking z in Theorem 5.6.1 to be 1 j n, n 1 gives the ODEs,

f + f =
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where

Sngn,j(cn,.)
= f C

with the initial conditions

f = f
which completely determine for t � 0. Evaluation of those integrals gives

+ +
+

— —
= gnj(cn) (5.28)

6

+ +
=

for 1 <j <n, n 1, where = = 0 and

gn,j(cn,.)
=

+ 1) + + —

= f +

After solving (5.28) we obtain via (5.27), and Theorem 5.6.1 implies convergence of
u on [0, oo). Note that it is numerically more difficult to solve

(5.28) than the corresponding finite difference scheme in Section 5.5. However, the
approach used here is directly applicable to a much larger class of parabolic problems.
Note also that, here, the initial value u0 can be any L2 function.

Let us remove the condition that G' be bounded from now on. Note that G may
not be even locally Lipschitz continuous in L2 and hence nothing in this chapter may
seem applicable. However, observe that one can still solve the ODEs (5.28) and hence
obtain Galerkin approximations on at least some finite time interval. Now suppose
that one can show that

-y sup <oc (5.29)
O<x< 1 ,O<t<r,n> 1

for some r > 0. Choose q5 E such that q5(x) = x for lxi < and ç5(x) = 0 for
ixl>y+1.Define -

G(x) = G(ql(x)) for x e

and note that O e C' (Ia, R) and G' is bounded. So we can apply the above theory
with G in place of G and obtain ii,, converging to the mild solution ii. However, (5.29)
implies that ca,. also satisfy the modified (5.28) and hence, by the uniqueness for ODEs,

= ca,. on [0, rJ and therefore = on [0, r). Thus, converge to ü on [0, -r]
and fl can be interpreted as the mild solution on [0, T] of the original problem.

Thus, when G' is not bounded, everything depends on being able to establish the
bound (5.29). In some cases numerical evidence may be acceptable. It will be shown
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now that bound (5.29) can always be satisfied for some small 'r > 0 when u0 E L°°(0, 1).
To do this we will be using the max norm

•
on Define an n x n matrix by

= 2, —1) = —1, + 1) = —1.

Note that (5.28) can be written as

(1 — + = gn,.(cn,.).

A long but elementary calculation (Exercise 5) gives that

11(1 — <3 for n 1. (5.30)

Hence
+ = (1 — (ca,.), (5.31)

where = — It can be shown (Exercise 6) that

<2 for t � 0, n 1.

This, (5.30) and (5.31) imply that

= + f —

+ 6f
Since = (1 — and � IIuoII,0 we have

+6 f (ca,. (5.32)

Pick any and let = IG(x)1. (5.32) implies that

+

as long as <y for 0 < s <t. Hence, if T is such that

+ =

then bound (5.29) holds and the Galerkin approximations converge on [0, r] to the
mild solution of the original problem.

5.7 Example: Galerkin Method for the Wave Equation
Here the results of Section 5.4 will be applied to

u"(t) + Au(t) = f(t,u(t),u'(t)), u(0) = uo,til(0) = vO, (5.33)

where A is the operator associated with a sectorial form
Assume that is a Hubert space, with an inner product (,) and norm [, J

is an inner product on V C 7-1 with its corresponding norm denoted by I I and is
a sectorial sesquilinear form on V such that hypotheses Hi, H2 on H3 of the section
on Sectorial Forms are satisfied. Here it is also assumed that
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(H4) Vi, V2, are finite dimensional subspaces of V such that

lim inffy—zI=0

for all y in a dense (in
I

I norm) subset of V.

These assumptions about 7-1, V, are the same as in Section 5.6, where the
Galerkin method for parabolic equations was studied. In order for the wave equation
to make sense we also assume, as in Section 4.4, that there exists b < oo such that

fcg(x,y) for all x,y E V.

Assume, in addition, that r E (0, oo), f: [0, r] x V x 7-1 —p 7-1 is continuous and such
that for some L < 00,

IIf(t,xi,yi) — � — X2I + —

for all 0 t r, x2 E V, y2 E 7-1. In applications one can, as in Example 5.6.2,
considerably weaken this condition on f.

Theorem 5.7.1 Choose any u0 E V, VO E 7-1. Then for each n � 1 there exists a
unique E C2([0, r], such that for all z we have

= for t e [0,r}

= [uo,z], = (vO,z).

Moreover, there exists u C([0,-r},V) fl C1([0,rI,7-t) such that

lim sup — u(t)I + — u'(t)II) = 0,
O<t<T

u(0) = uo, u'(O) =

(u(.),z) E C2([0,r],C) for z E V,

d2
= (f(t,u(t),u'(t)),z) for t [0,r], z e V.

PROOF Let = x is a Hubert space with an inner product

({x, y}, {z, w}) = [x, z] + (y, w).

Let this also be the inner product on X = V x 7-1.

Let be the orthogonal (in V) projection of V onto
Let be the orthogonal (in 7-1) projection of 7-1 onto
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Define E by = and note that is the

orthogonal (in X) projection of X onto

Let En be the identity map from X and note that assumption A of
Section 5.4 is satisfied.

Define S: D(S) -÷ X by = {{x,y} I x E E V} and

S{x,y} = {—y,Ax} for {x,y} E D(S).

Observe that assumptions Hi, H2, H3 remain valid, with the same constants,
if we replace both 1-t and V with Let the operator An E be the
operator associated with a-restricted to Hence, An is defined by (5.26).
Define

= {—y,Anx} for {x,y} E Xn.

Let us show that B and C of Section 5.4, with 5, Sn in place of A, An, hold.

Theorem 4.4.1 implies that there exist c, M E (0, oo), which depend only on
b, a,M1,M2,M3, such that

— A)_kII � — c)_k for Al > c, A E n, k � 1.

Hence, the Hille-Yosida Theorem 4.3.5 implies that

IIe_Sntll MeCt for t � 0, ii � 1.

This shows that assumption B of Section 5.4 is satisfied.

Choose A < —c and {z, w} e X. Define

{Xn,yn} = (Sn — AY1Pn{Z,W}, {x,y} = (S — A)'{z,w}.

In view of Theorem 4.4.1's proof note that —A2 <a + M3Mj2 and that x =

(A + A2)'(w — Az), y = —Ax — z, and similarly for Zn, Yn Hence

lXn — xl lMn + — — (A + A2)1(w — Az)l

Mn + — (A + A2)'wf (5.34)

+ — (A + A2)'zI (5.35)

+lAil(An + — (5.36)

Theorem 2.8.11 implies that expressions (5.34) and (5.35) converge to 0 as
n —+ oo. Lemma 2.8.10 implies that for some c1 < 00, depending only on
A,a,M1,M2,M3, we have

(An + A2)1 — < — P,'1'zli

< — zil + liz —

<
<
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which, by H4, converges to 0 as n —+ 00. Thus, expression (5.36) and hence
— converge to 0 as n —+ oo. Since

Ilyn — = IIA(x — + z — MilAlix — + MiIz —

we have that — also converges to 0 as n —+ oo and therefore assumption
C of Section 5.4 is satisfied.

Define H(t, x) = {0, f(t, x)} for 0 < t T, x e X and note that D of
Section 5.4 holds. Let {u, v} be the mild solution of (5.33) as given by Theo-
rem 5.1.2, i.e. {u,v} E C([0,'r},X) is such that

çt
{u(t),v(t)} — {uO,vO} + S I {u,v} = / {0,f}.

Jo Jo

Hence, u E C([0, r], V) and

u(t)_uo_f v(s)ds=0

rt rt
v(t) — vo + A / u(s)ds = / f(s, u(s), v(s))ds.

Jo Jo

Therefore u(0) = u e C1([0,'r],7-t), u' = v, u'(O) = v0 and

rt rt
u'(t) — VO + A / u(s)ds = / f(s, u(s), u'(s))ds for t [0, r].

Jo Jo

If z E V, then, fortE [0,r],

fçt \ ft
(u'(t),z) — (vo,z) ( / u(s)ds,z

) = / (f(s,u(s),u'(s)),z)ds.
\Jo I Jo

Theorem 2.8.12 gives the representation y) = (BGx, Gy) for x, y E V; hence

(ft
u(s)ds, z) = (BG Lt u(s)ds, Gz).

Since u E C([0, r], V), we have that Gu C([0, r], 7-1) by Theorem 2.8.12, and
Theorem 4.2.10 implies G f u = f Gu. Hence

(ftu(s)ds,z) = (ftBGu(s)dsGz) =

and therefore
pt

(u'(t),z) — (vo,z) + / 3(u(s),z)ds = / (f(s,u(s),u'(s)),z)ds,
Jo Jo
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implying that u has all of the claimed properties.

Let E C'([O, rJ, satisfy

+ = =

i.e. = and

+ = = =

which is, in view of (5.26), equivalent to the formulation given in the Theorem.
Theorem 5.4.7 implies that converge to {u, v} and this completes the
proof.

5.8 Friedrichs Extension and Galerkin Approximations

Theorem 2.12.6 showed that an elementary algebraic condition implies convergence
of Galerkin approximations to the solution of an elliptic problem, where the elliptic
operator is the Friedrichs extension determined by the basis functions. The same
holds for parabolic and wave type equations. In the case of parabolic equations we
have:

Theorem 5.8.1 Suppose that

(a) 7-1 is a complex Hubert space

(b) E 7-1 for n � 1, = , and is dense in 7-1

(c) S is a linear operator in 7-1 with domain D(S) = and such that there
exist r JR and M E (0, oo) such that

IIm(Sx,x)I < MRe(Sx — rx,x) for all x ¶D(S)

(d) r e (0, oo), H: [0, rJ x 7-1 —+ is continuous and such that for some L < oo

IIH(t,x) — H(t,y)lI <LIIx — for 0 t r, x,y e 7-1

(e) x E 7-1.

Then for every n> 1 there exists a unique C'([O, r], such that for all z E
we have z) = (x, z) and

+ = for t E [O,'r].

Moreover,
lim sup )Iun(t) — u(t)II = 0,

O<t<r

where u is the mild solution of u'(t) + Au(t) = H(t, u(t)), u(0) = x and A is the
Friedrichs extension of S.
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PROOF Theorem 2.12.1 implies that all assumptions of Section 5.6 are satis-
fied. Hence, the assertions of the Theorem follow from Theorem 5.6.1. 0

EXAMPLE 5.8.2 To see how easy it is to apply the above Theorem to even abstruse
problems, consider the following PDE:

Ut = (poUz)x + Plux + P2u + p3 sin(Re u) for x e R, t � 0

u(x,O)=g(x) for

where

(1) p0,pi, P2,P3 are complex valued functions in

(2) p0 E C1(R) and e L°°(R)

(3) there exists c E (0, oo) such that

Pi (x)12 + IImpo(x)I <c2Repo(x) for x E IR

(4) g e L2(IR) is complex valued.

Note that Po can vanish on an interval.

Let 7-1 be the complex L2(IR) and let

= x E IL

Define = span{q51,.. . , and ¶D(S) = Note that v e V(S) if v(x) =
P(x)e_x2/2 where P is a polynomial. Theorem 2.9.8 implies that V(S) is dense in 7-1.
Define

Sv = —(pov')' —piv' —p2v for v E

If v E then

(Sv,v) f polv'12

Hence
Re(Sv,v) � w2 — cwIIvII2 —

lIm (Sv, v)I < c2w2 + CW(1V112 +

where w2 = f w > 0. Thus, for any M > c2 one can find r so that (c) is true
and hence Theorem 5.8.1 applies.
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5.9 Exercises

1. Show that if X is a Hubert space and R,. is the retraction map given in Theo-
rem 5.1.4, then IIRr(x) — Rr(y)II � tx — for all x,y X, r > 0.

2. Give the sharp upper bound for the blow up time of the solution of

Ut(X, t) = t) + for x E t � 0

u(x,0)=uo(x) for XEWL,

where E C(W2, IR) is such that there exists u0(x) E lit

3. Give the sharp upper bound for the blow up time of the solution of

t

for

where u0 E C(1R71, IR) is such that there exists uO(x) > 0.

4. Prove that has the same integral representation as Q in Example 4.1.5.

5. Suppose that

4cj + cj+i + cj_1 = for 1 <i n, C0 = = 0.

Show that = j)d3 for 1 <i <ri, where

)f(n +1- i)=6 f(1)f(n+1)
for 1 <j <i

f(i) = — )c2 and A = 2 + Show that this implies

n
for 1<i<n.

Hence
max cit <3 max
1<i<n — 1<i<n

6. Show that the solution of the following system of ODEs,

+ + + 2cj — — cj_i = 0 for 1 i = = 0,

is

cj(t)
=

cj(0) for 1 <i <n, t � 0,
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where
1—coska 7r

Wk 2+coska n+1
Show that

sup ki(t)I < 1.09677269 max Ici(0)I.
1<i<n,t>O

7. Derive and prove convergence of the finite element approximation for

t9n ô2n ion

n(1,t) = = 0

n(x,0) =

where 0 <x < 1, t > 0 and f, no are continuous. Let 7-1 consist of all measurable
functions v for which

1

I <
Jo

and let the approximations be linear on intervals 1 i n, n 2.

8. Using basis functions cos(n — 1)irx, n > 1, prove convergence of Galerkin ap-
proximations for

On t92n iOn

On On
= = 0

n(x,0) = no(x),

where 0 x 1, t � 0 and f, no are continuous.

9. Using basis functions x'2(1 — n � 1, prove convergence of Galerkin approxi-
mations for

02n

n(0,t) = n(1,t) = 0

n(x,0) =no(x),

where 0 x 1, t � 0 and f, no are continuous.

10. State and prove the analog of Theorem 5.8.1 for the wave equation.



Chapter 6

Semilinear Parabolic Equations

In this chapter we will extend the results of the preceding chapter to allow for less
restrictive nonlinearities. While the exact definition of semilinear parabolic equations
is left for Section 6.4, its typical representative is

Ut =

The dominant term in the equation is the Laplacian, so, we need to control the
nonlinearity in terms of the Laplacian which leads one to study its fractional powers.
An equivalent approach is to define the nonlinearity in an interpolation space - a space
between the domain of the Laplacian and the basic space.

6.1 Fractional Powers of Operators
Definition 6.1.1 Suppose that —A is the generator of a strongly continuous semi-
group {Q(t)}t�o on a Banach space X and that

IIQ(t)II <Me_at for t � 0
where a > 0 and M < oo. For such A define E for a E (—oo, 0), by

= 1

f for x e X.
F(—a)

Let denote the set of all such operators A in X.

Observe that when a is a negative integer Theorem 4.3.2 implies that the above
definition of agrees with its usual definition.

EXAMPLE 6.1.2 Let P2,. . .} be a complete orthonormal set in a Hubert space 7-1,
let A1, A2,... be complex numbers such that iflfk Re Ak > 0 and let a linear operator A
in 7-1 be defined by

Ax
=

for x E = {x E fl I <oo}.

247
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In view of Example 4.1.6 we have that A e and

= F(—a)
f = for k � 1.

Hence,

for a<0, xE7-1.

The formula in the following Theorem can actually be used to define fractional
powers of operators for operators in a bit larger class than

Theorem 6.1.3 If A e then

= sin ita + A)'dA for a E (0,1).
it 0

PROOF Theorem 4.3.2 implies that for all x E X

(A+A)'x = f (A >0)

f + A)1x dA
=

dt

= f0

= F(a)12(1 —

Lemma 6.1.4 If A E then = for < 0.

PROOF For all x e X we have

=

= F(—a)F(—/3) f f
= L:fr -

=

F( — f dr =
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Lemma 6.1.5 If A e 5(X), then, for all a < 0, is one-to-one and the range of
is dense in X.

PROOF Pick —n < a. Since ATh = we have that C
Theorem 4.3.1 implies that = is dense in X and so is

If = 0, then = = 0, hence = = 0,...,
and therefore x = 0. 0

This makes possible the following:

Definition 6.1.6 For A e and a e (0, oo) let be the inverse map of

= = x for x X.

Define A° to be the identity map on X.

EXAMPLE 6.1.7 When A is defined in a Hubert space 7-1, as in Example 6.1.2, then it
is easy to see that for every a > 0

Aax = for x E D(A) {x E
I

Theorem 6.1.8 If A e then

(1) is closed, densely defined, 0 E p(Aa), = for all a> 0

(2) = for a IR, t � 0, x E

(3) C if a> /3

= for a, /3 E JR and n

(5) <2(M + for all a [0, 1] and x

(6) for each A E JR there exists c < oo such that

lix — eAtQ(t)xll � c(1 + ext) t > 0.

PROOF Definition 6.1.6 and Lemma 6.1.5 imply (1).

Definition 6.1.1 and Theorem 4.2.8 imply (2) when a < 0 and for a> 0 it
follows from the fact that (Ar')' = A—a.

If a > /3> 0, then, by Lemma 6.1.4, = which implies (3).

When a 0, /3 � 0, then Lemma 6.1.4 implies (4).
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When a < 0, /3 > 0, a + /3 > 0, then
A =

a a 0, then = Aa(A13x) implies
(4).

When a > 0, /3 0, a + /3> 0, then = applied to
implies = which implies (4).

When a >0, /3 0, a+/3 0, then for x e X which
implies (4).

When a > 0, /3 > 0, then applied to implies
= x which implies (4).

To prove (5) assume that x E a E (0, 1). Theorem 6.1.3 implies

II (A + A)1AxIIdA.

Since II(A + A)111 � M/A, IIA(A + A)111 M + 1 for A > 0 we have

I + 1)IIxIIdA + fsinir(1—a) Jo

� + 1)IIxI) + — a)'MI)AxII
IlAUxil � + 1)IIxlI +

for all E > 0. Minimizing this expression, see (3.15), gives the bound in (5).

To prove (6) let z = x — eAtQ(t)x. (2), (4) and (5) imply

lizil = <2(M +

Hence, using = — � M(l + and

= (A — A)A1 f eA8Q(s)AQx ds

< Cl f +

implies (6).

The following Theorem is the key tool for obtaining bounds in terms of fractional
powers of operators - which are used to control the nonlinear term in semilinear
parabolic equations.



6.1. FRACTIONAL POWERS OF OPERATORS 251

Theorem 6.1.9 If A E 5(X) and B is a closed linear operator from X into another
Banach space Y such that and that for some /3 [0, 1), c < oo we have

IBxIIy for x E (6.1)

then ¶D(B) 3 and e Y) for a > /3.

PRooF Choose E (/3,1), < a and x E Theorem 6.1.3 implies

x =
= f f(A)dA where f(A) = +

(6.1) implies that Bf E C((0,oo),Y) and

IfBf(A)IIy < + +
< + A)—' + A)—'

Since II(A + A)'II <M/(A + a), IA(A + <M + 1 for A>0, we have

< c(M + +

f <

Hence Bf is Bochner integrable on (0, oo) and therefore Theorem 4.2.10 implies
that x = ff D(B) and <ciIIPxII. Clearly, ¶D(B) 3 and

=

EXAMPLE 6.1.10 Suppose p e (n/2, oo), p � 1 and let I be the identity map from
into Note that I is closed. Using (3.14) and the definition of in

Example 4.3.10 implies that

IIIuIIoo for u E

Choose a > 0. Note that <1 for t � 0, — <2 hence

II1UIloo <2c11(a — for u E

Theorem 6.1.9 implies that, for every a > n/(2p), — C and there
exists c1 < oo such that

cilI(a — for u E 'D((a —



252 CHAPTER 6. SEMILINEAR PARABOLIC EQUATIONS

ExAMPLE6.1.11 Supposel <q<p<oo,/3= <land 1 <k�n.
Let consists of all u e such that Dku exists and Dku e Define
B : C -÷ L"(R'2) by Bu = Dku for u E Theorem 3.4.3 implies
that B is closed. Using (3.16) and the definition of in Example 4.3.10 implies that

for u E

Theorem 6.1.9 implies that, for every a > 0, a > V((a — C ¶D(B) and there
exists c1 < 00 such that

<ciII(a — for u E D((a —

Theorem 6.1.12 Suppose A, B E are such that = and

II(A — B)xII for x e (6.2)

for some a e [0, 1), c < oo. Then = for all /3 E [0, 11.

PROOF Assume /3 E (0, 1), x e X. Theorem 6.1.3 implies that

—
= Sill ir/3

f f(A)dA (6.3)

where f(A) = Note that for some a > 0, M <00

II(A + A)111 <M/(A + a), II(B + A)111 <M/(A + a) for A > 0.

Hence (5) of Theorem 6.1.8 implies

for A>0

and (6.2) implies

lI(A — B)(A + A)'II <c1(A + for A> 0

for some c1 < oo. Thus < + a) 211x11. Hence is
Bochner integrable on (0,00) and Theorem 4.2.10 implies that f f E
(6.3) implies E and therefore C

Since we also have (Chapter 1, Exercise 15)

II(A — B)xII <cIIAB_hIfaIIBxIIaIIxIIl_a for x E ¶D(B)

the above conclusion implies C 0

Corollary 6.1.13 If A E b> 0 and a e [0,1], then = + b)0).
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One can actually show that (A + b —a (see Definition 6.1.1)
for every x e a E (0, 1). This enables one to extend the definition of a > 0
for the case when —A is the generator of a bounded strongly continuous semigroup.
A Theorem similar to Theorem 6.1.9 can be proved in this case.

Corollary 6.1.14 Under the assumptions of Theorem 2.8.6 we have

— a)'3) = — a)'3) = T3((Ar — a)'3) for /3 E [0, 1].

PROOF Using the notation and assumptions as in the Sectorial Forms section,
we have for x e'D(A), yEV

((A —Ar)x, y) = y) — x))/2

I((A — Ar)x,y)l �
II(A — Ar)X112 < — aIIxII2)/.M3

= b2((Ar — a)x,x)/M3

II(A* - = II (Ar - a)xIIh/2IIxIlh/2.

Hence Theorem 6.1.12 implies the conclusion. 0

Theorem 6.1.15 Suppose A is a sectorial operator and that a b < Re A for all
A cr(A). Then, for every n � 1 there exists c < oo such that

II(A — a E [0,n].

PROOF Lemma 4.5.5 and Theorem 4.5.6 imply that A E 2t(b + 6, M, 0, X)
for some 6 > 0, M and 0. Theorem 4.5.10 implies fle_Atli < and
Theorem 4.5.17 implies

((A — a)e_At(( < c2(1 + t > 0.

Note that A — a E !5(X). Theorem 4.5.14 and (5) of Theorem 6.1.8 imply

(((A — a

c4 a 0

=

(((A — <

=
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To simplify notation the following definition will be used.

Definition 6.1.16 Let A be a sectorial operator in a Banach space X and a <Re A
for all A E cr(A). For a � 0, define = — and

= I(A — for x e XIk.

(1) of Theorem 6.1.8 implies that 0 e a((A — hence, is a Banach space
with the norm Corollary 6.1.13 implies that X° does not depend on the
particular choice of a. Different choices of a give equivalent norms on
(Chapter 1, Exercise 15).

Lemma 6.1.17 If A is a sectorial operator and n 1, then, there exists c < oo such
that

— e_AtxIIQ < + e_at)

whenever h> 0, t > 0, 8 E [0,1], a E [0,n], /3 E [0,a + 8], x E

PRooF Choose a E IR such that a < Re A for all A E a(A). Define A1 = A — a

and z = — e_At)x. Note that

z = —

Theorem 6.1.15 implies

< —

and hence the bound follows from (6) of Theorem 6.1.8.

6.2 The Inhomogeneous Problem - Part II
Let us assume that A is a sectorial operator in a Banach space X, r e (0, oo) and
f: [0, r] —÷ X is Bochner integrable and bounded. The purpose of this section is to
derive some basic properties of

v(t)
Jo

which will then be needed to obtain regularity of mild solutions of semilinear parabolic
equations.

Theorem 6.2.1 v e fl for all a (0,1).
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PROOF Suppose a <Re A for all A e a(A) and A1 = A — a. Note that

rt+h
v(t + h) — v(t)

= J
gi(s)ds + J g2(s)ds

0 t

for 0 <t <t+h <r, where

gi(s) = — g2(s) = e_A(t+hl_s)f(s).

Note that
t+h—s

= Ae_Auf(s)du.

Hence the boundedness of f and Theorem 6.1.15 imply

pt+h—s� ci J
t—s

= ci((t — — (t + h —

pt+h pt+h
I C2 / (t + h —

ft ft
= — a)

and Theorem 4.2.10 implies that v E T}, Xe). Since

IIv(t + h) — v(t)II � + h) —

v e Ca([0, r], X). D

Define

G(t)
= f - f(t))ds

and note that
v(t) = G(t) + f e_ASf(t)ds for t E [0, T]. (6.4)

Lemma 6.2.2 If ii e (0,1), a E [0,v) and f C11([0,r],X), then, G(t) E for
t E [0,T] and AG

PROOF Choose 0 <t < t + h < T and note

G(t + h) — G(t) = f g(s)ds + f g(s)ds + fg(s)ds (6.5)
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where
gi(s) = — — f(t))

g2(s) = — f(t + h))

g3(s) = (s) — f(t + h)).

Since

— e_A(t_ /2A(e_A +(tS)/'2) —

Theorem 6.1.15 and (4.39) imply that

— s + 2h)'(t —

Hence

pt pt/h

J
< j (2 + (6.6)

0 0

(3) of Theorem 4.3.1 implies

Afg2(s)ds = e_Ah(l — — f(t + h)).

Hence

(6.7)
0 a

Theorem 6.1.15 and (4.37) imply

t+h t+h

f C5 f (t + h — = c5(v —

This, (6.7), (6.6), (6.5) and Theorem 4.2.10 imply first that G(t + h) — G(t) E

D(A) and then that AGE Ca([0,r],Xa).

Theorem 6.2.3 If (0, 1), a E [0, v), e (0, r) and I e C"([O, r], X), then

(1) v : (O,'r) xa is differentiable, v' e Cv_a([e,rJ,Xa), e C([O,'r},X)

(2) v E C([O,r],X') and Av C"([e,'r],X)

(3) v' +Av = f on [O,r].
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PROOF (6.4) and Lemma 6.2.2 imply that v(t) e and

Av(t) = AG(t) + f(t) — e_Atf(t) for t E [0,T]. (6.8)

Thus, Ày E C([0, r], X). Theorems 4.7.3 and 4.2.10 imply that

pt
v(t) + I Av(s)ds = I f(s)ds.

Jo Jo

Hence v' + Ày = f on [0, r] and v' e C([0, T], X). (4.38) implies that e_Af E
T], X) which implies that Ày E C"([E, T], X). (3) and (6.8) imply

v'(t) + AG(t) = e_Atf(t).

Hence Lemmas 6.2.2, 6.1.15 and 6.1.17 imply that v' E r], Xe). This
and Theorem 4.2.10 imply that v: (0, r) —+ is differentiable. 0

EXAMPLE 6.2.4 Consider an abstract delay equation of the form

u'(t) + Au(t) = F(u(t — 1)) for t> 0, (6.9)

u(t) = p(t) for t E [—1,0],

where A is a sectorial operator in a Banach space X, F : X is locally Lipschitz
for some a E [0, 1), p E CH([—1, 0], and E X'3 for some /3> a.

Define vo(t) = ço(t — 1) for t e [0, 1]. Having e C([0, 1], we can define
E by

= e_Atvn(1) + f for t E [0,1], n 0.

Since = we can define u E C([—1, oo), by

for tE[n—1,n].

It can be easily seen that

u(t) = + f — 1))ds for t � 0

and hence Lemma 6.1.17 and Theorem 6.2.1 imply that u E CH([—1, oo), Xe). Theo-
rems 6.2.3 and 4.5.14 then imply (6.9).

6.3 Global Version

When the nonlinearity is globally Lipschitz one can easily obtain global existence,
uniqueness and continuous dependence. This is done in Theorem 6.3.3. Using the
retraction map one can extend these results to locally Lipschitz nonlinearities - which
is done in the next section.
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Lemma 6.3.1 Suppose £ e (0,oo), p> 1, he LP(0,e) and 1 q < oo. Define

(Kg)(x)
= f h(x — s)g(s)ds for g e x E (6.10)

Then, K e £)), = 0 and also Ktm C £), L°°(0, £))
where 1/rn < 1 — i/p.

PROOF Let g = h = 0 in IR\(0, £). Since h e L'(R) and Kg = h * g on (0, £),
Young's Lemma 3.1.5 implies that K e £)) and IIKII lihili.

Note K'2g = * g on (0, £) where h1 = h and h for n � 1.
Define = 1 — n/rn for 1 < n < rn. We claim that e (IIi) for
1 < i < rn. This is obvious if i = 1. If the claim is true for some i < rn, then
1 + l/Pj+i = i/pi + i/p2 and hence Lemma 3.1.5 implies that the claim is true
for i + 1. Therefore hm E L°°(IR), Ktm e (0, £), L°°(0, £)) and

(Kmg)(x)j � f g(s)jds.

Hence, for i � 1,

____

- for x e

and IIK2tmII � If e > 0 and n = irn + j, with 0 <j m — 1, then

� + 0

and hence <e for large enough n.

Theorem 6.3.2 (Gronwall) Suppose £ e (0, oo) and f C L'(O, £) is such that

f(x)

h e h e e [1,oo]. Let K e be

given by (6.10). Then, f (1 — = g + Kg + K2g +

PROOF Note that f g + Kg + ... + + for n � 0. Hence
Lemma 6.3.1 and Theorem 1.6.8 imply the assertion. 0

Theorem 6.3.3 Suppose A is a sectorial operator in a Banach space X, a [0, 1),
'r e (0, oo), H: [0, T] x X is continuous and such that for some L < 00

IIH(t,x) — <LIIx — for 0 <t r, x,y C
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Then, for each u E C([0, r], which satisfies

u(t) = + f e_A(t_s)H(s, u(s)) ds for 0 � t <

Moreover, if G : —* C([0, T], is given by G(uo) = u, then there exists c < oo
such that

IIG(x)(t) — � — for 0 � t T, x,y E (6.11)

PROOF Abbreviate Y = C([0, r], and note that Y is a Banach space
with the sup norm (Example 1.3.2). For u e Y define Tn by

(Tu)(t) = e_Atuo + for 0 t T.

Continuity in of t —+ and Theorem 6.2.1 imply that Tu E Y for
u E Y. If u, v Y, then Theorems 4.2.10 and 6.1.15 imply

ll(Tu)(t) - � ci f (t - - (6.12)

Hence — T3vllc. K is given by (6.10), with h(s) =
q = oo. Lemma 6.3.1 implies that <0.5 for some n and hence

— � 0.5 sup lu(s) — for 0 t r.
O<s<T

Thus, the Contraction Mapping Theorem 1.1.3 implies existence of a unique
u E V such that Tn = u.

llu(t) - v(t)lla � c2llx - + ci f (t - -
Hence the Gronwall Theorem 6.3.2 implies (6.11). 0

6.4 Main Results

In this section assume that

(1) A is a sectorial operator in a Banach Space X and a < Re A for all A E cr(A)

(2) e [0, 1) and U is a nonempty open subset of
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(3) T E (0,oo], F: [0,T) xU —÷ Xis such that for every t e [0,T) and x eU there
exist t9 e (0, 1] and c, 8 E (0, oo) such that

IIF(t2,x2) — F(ti,xi)II — + — Xi II a) (6.13)

whenever t2 [0, T), x2 E U and t, — + lIxz — Xf(a <6 for i = 1, 2.

For -r e (0, T] let 3(r) denote the collection of u e C([0, -r),U) such that

til(t) exists, u(t) E D(A) and ril(t) + Au(t) = F(t,u(t)) for all t (0,-r). (6.14)

We shall refer to such equations as semilinear parabolic equations.
Observe that for u to belong to 3(r), the set of solutions of (6.14), it is required

that u be continuous in U and hence in In applications one can usually choose
for a any number in a certain interval. It will be shown that the solution of an initial
value problem does not depend on a particular choice of a. Note also that it is required
that u(0) E U. Hence, solutions with 'rough' initial values are excluded though they
may exist (Exercise 8). One can define 3(r) in various other ways. However, in order
to get uniqueness for a given initial value, some care is needed as Example 6.4.1 shows
[17]. Several otherwise excellent texts make false uniqueness claims (Henry [11, page
54], Pazy [20, page 196]).

EXAMPLE 6.4.1 Assume that a = 0, 0 < a < 1, U = and that F(s) = IIAaxIIPx.

For p > 1/a it is easy to find concrete examples such that g(t)dt = oo where
g(t) = for some z E X (Exercise 9). In such a case define u(O) = 0 and

u(t) = (i + g(s)ds) e_Atz.

Then, u 0 and

(a) u e C([0, 1), X) fl C1((0, 1), X)

(b) u(t) E D(A) and iil(t) + Au(t) = F(u(t)) for 0 < t < 1

(c) F(u(.)) is Lipschitz continuous on (6, 1) for every 6 E (0, 1)

(d) IIF(u(t))IIdt < oo.

Thus, this u and 0 are two different solutions of 614 with the same initial value. u
does not belong to the solution set 8(1) because u is not continuous at t = 0. For
a PDE version of this example see Exercise 10.

EXAMPLE 6.4.2 Assuming only that f R) and f(0) = 0 let us show that

inR'2,t>0

can be formulated as a semilinear parabolic equation in the complex X = C10.
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Fix a e (1/2, 1) and let = — If u E then, in view of Exam-
ple 6.1.11, D2u e X and we can define

F(u)=f(Reu,ReVu)eX forall

Choose any r E (0, oc). In view of Example 6.1.11, there exists c < oo such that if
w E then liwli < and < for all i = 1 n. Let L be the
bound of all first order partial derivatives of f while each of its n + 1 variables lies in
the interval [—cr, cr]. Note that

IIF(u) — F(v)II <(n + 1)LclIu — if <r and <r.

Theorem 6.4.3 Suppose r E (0,T]. Then u e 3(r) if and only if u E C([0,r),U)
and

u(t) = e_Atu(O) + f for all t E [0,r). (6.15)

Moreover, ifue3(r), then

(a) u',Au,F(.,u) e CH((O,T),X). Moreover, if one can always choose i9 � 1—a
in (6.13), then, u : (0, r) —÷ X" is differentiable and u' e CH((0, r), X'i) for
every ij e [0, 1 — a)

(b) if'y E [a, 1] and u(O) then u E

PROOF If u e C([O,r),U) and f(t) = F(t,u(t)), then f C([0,T),X). Thus,
if u e 3(r), then Theorem 4.7.1 implies (6.15).

Assume now that u E C([0, r), U) and that (6.15) holds. Note that

u(t) = + g(t) where g(t)
= f (6.16)

Choose any 0 < a < b < r. Since f C([0, r), X), Theorem 6.2.1 implies

forall (6.17)

Lemma 6.1.17 implies that for a < s <t < b and E (0, 1) we have

— <c(t —

which together with (6.16) and (6.17) implies that u b], This
and the assumed regularity of F imply that f is locally Holder continuous on
[a, b]. Hence, f E C'1([a, b], X) for some v E (0, 1). Actually, if one can always
choose i9 � 1 — a in (6.13), then any v e (0, 1) with v 1 — a will do. Let

v(t) = e_Atu(a) + f + s)ds for t E [0, b — a].
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Theorem 6.2.3 implies that v'(t) exists, v(t) E ¶D(A), v'(t) + Av(t) = f(a + t)
for t e (0, b — a) and that

AvE v'E for e E (0,b—a), rj E [0,v).

On the other hand it is easy to see, by rearranging (6.15), that v(t) = u(t + a)
and since a, b are arbitrary we see that u E 8(r) and (a) holds.

If (cr, 1), then (b) follows from (6.16) and (6.17) and the continuity of
t in

If'y = 1, then t —+ is in by Lemma 6.1.17. Hence,
(6.16) and (6.17) imply that u E C'3([0, bJ, for some E (0, 1). Thus,
f E C11([0, b], X) for some ii e (0, 1) and therefore Au e C([0, b], X) by Theo-
rem 6.2.3. El

Now the results of Section 5.2 are going to be adapted to semilinear parabolic
equations.

Lemma 6.4.4 Suppose r e (O,T) and w E C([0,rJ,U). Then there exist 6 > 0,
L < oc and a continuous H: [0, r] x X such that

(i) if t E [0, r] and liz — <6, then z E U and H(t, z) = F(t, z)

(ii) IIH(t,x) — H(t,y)Il <Lilx — fortE [O,r], x,y E

PROOF For t E [0, r] choose 6(t) > 0 and L(t) <00 such that

x,y EU and liF(s,x) — F(s,y)f I L(t)iix — yiia

when <6(t), <6(t) and Is—ti <6(t). Let 1z(t) E (0,6(t))
be such that iiw(s) — < 6(t)/2 if is — < Compactness of [0, r]
implies that [0, r] C B(t1, U ... U for some t2 E [0, r]. Let
L = 2 max2 L(t2) and 6 = minj 6(t2)/4. A short verification gives that if t e [0, r]

and x,y E B(w(t),26), then x,y EU and iIF(t,x) — F(t,y)li —

Define H(t, x) = F(t, w(t) + Rö(x — w(t))) for t E [0, rJ and x E where
Rö is the retraction map in (Theorem 5.1.4). El

Existence for the initial value problem:

Theorem 6.4.5 For each uO E U there exist 0 E (0, T) and u E 8(0) such that
u(0) = Furthermore, = 0 where Uk E C([0,0),U)

are defined by ui(t) = and —

Uk+1(t) = + Lte_A(t_(s,uk(s))ds for t E [0,0), k = 1,2,...
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PROOF Pick T C (0, T) and let w(t) = u0 for t e [0, r]. Let S and H be as
given in Lemma 6.4.4 and let u C C([0, r], be as given by Theorem 6.3.3.
Continuity of u implies that for some 0 e (0, r] we have for t e [0,0] that
lu(t) — w(t)IIQ < (5/2. Hence H(t,u(t)) = F(t,u(t)) and therefore u e 3(0) by
Theorem 6.4.3. (6.12) implies that T is a contraction when -r is small enough,
which implies that Iuk — <(5on [0,0] for k> 1 and that Uk 0

Uniqueness for the initial value problem:

Theorem 6.4.6 If 0 < j.t 0 T, w e u C 3(0) and w(0) = u(0), then,
w(t) = u(t) forte

PROOF Choose any -r e (0, p) and let (5 and H be as given in Lemma 6.4.4.
Let r' be the largest number in [0,-r] such that IIu(t) — < S for t e [0,r').
Note that T1 > 0. Note that H(t, u(t)) = F(t, u(t)) and H(t, w(t)) = F(t, w(t))
for t C [0, -r'). Hence, Theorems 6.4.3 and 6.3.3 imply that u = w on [0, -r').
Continuity of u — w and maximality of -r' imply that r' = i-. 0

Solutions of real equations, with real initial conditions, are real:

Theorem 6.4.7 Suppose that Y is a closed real subspace of X such that

(1) (A—A)1YcYforsomeA<a

F(t, x) e Y when t C [0, T) and x e V flU.

Suppose also that u e 3(0) for some 0 C (0,T] and that C Y. Then

u(t) eV for all t C [0,0).

PROOF Choose any T C [0,0) such that u(t) C Y for t C [0,r]. Theorems 6.4.5
and 6.4.3 imply that there exist Se (0,0 — -r) and v C C([0,S),U) such that

v(t) = e_Atu(r) + f + s, v(s))ds for all t C [0,5)

and that v = for some C C([O, S),U) given by v1(t) = u(-r) and

(t) = e_Atu() + + s,

for t C [0,5) and n = 1,2 Since u(r) C Y, Theorem 4.6.1 and Corollary 4.2.5
imply that the range of every is in V. Hence, the range of v is in Y. Let
w = n on [0,7-] and w(t) = v(t — T) for t C [r, r + 5). It is easy to see that
w C 3(-r + 5). The uniqueness Theorem 6.4.6 implies that w = u on [0,r + 5).
Hence, u(t) C V for t C [0,r + 5). Therefore, the supremum of such r has to be
equal to 0. 0
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EXAMPLE 6.4.8 The solution of the generalized heat equation, given in Example 6.4.2,
is real when the initial value is real (see also Example 4.6.3).

Continuous dependence on the initial value:

Theorem 6.4.9 Suppose 0 <r <p T and w E 3(p). Then there exist e> 0 and
c < oo such that for every x E Xci, with IIx — <E, there exists u E 8(r) such
that u(0) = x and

IIu(t) — < — w(0)IIQ for all t E [0,'r). (6.18)

PROOF Let 6 and H be as in Lemma 6.4.4. Let c be as in (6.11) and let
E (0,6/c). Suppose IIx — < e. Let u = G(x), where G is as in

Theorem 6.3.3. (6.18) follows from (6.11) and the fact that w = G(w(0)) on
[0, r]. Since < 6 Lemma 6.4.4 implies that H(t, u(t)) = F(t, u(t)) for t [0, 'r]

and hence Theorem 6.4.3 implies that u E $(T). 0

Maximal interval of existence:

Theorem 6.4.10 Suppose uO E U. Then, there exist 'r (0, T], u E 8(r) such
that u(0) = UO and which also have the property that -r p for all p E (0, T]
for which there exists v E 8(p) with v(0) = uO. Moreover, if -r < T, then either

IIF(t,u(t))II = oo or there exists x E U\U such that limt4,- = 0.

PROOF Theorems 6.4.5 and 6.4.6 imply the first assertion. Suppose r <T
and IIF(t, u(t))If < oo. Theorems 6.4.3 and 6.2.1 imply that there
exists x E such that IIu(t) — x E U. The proof will
be complete if we show that the assumption x E U leads to a contradiction. So,
assume x U, choose r' e (r, T) and let u(t) = x for t [-r, r']. Let 6 and H
be as given in Lemma 6.4.4 but applied to -r', u E C([0, -r'],U) in place of -r, w.
Theorem 6.3.3 implies existence of v E C([0, -r'J, X) such that

v(t) = e_Atu(0) + f e_A(t_s)H(s, v(s))ds for t E [0, r']

and its uniqueness implies that v = u on [0, T). Continuity of v — u implies
that for some p e (-r, r'] we have that Iv(t) — < 6 for t e [0, p1 and
hence H(t, v(t)) = F(t, v(t)) for t e [0, p1. Therefore Theorem 6.4.3 implies
that v E 8(p) - which is a contradiction to the maximality of -r. 0

Stability:
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Theorem 6.4.11 If a > 0, T = oo and if for each e > 0 there exists 8 > 0 such that

x EU and IIF(t,x)ll � whenever x E <6 and t � 0,

then there exist > 0 and c < oo such that for every x E with lIXlla <p, there
exists u E 8(oo) such that u(0) = x and

IIu(t)lIa <cIIxIIae_at for t � 0.

PROOF In view of Theorem 6.1.15 we can choose M, 0 e (0, oo) such that

IIe_AtIl � Me_(a+O)t, II(A — Mt_a e_(a+9)t for t > 0.

Choose e > 0 so that — a) <1 and let the corresponding 8 > 0 be
given. Choose E (0,6) so that

2M,.z <8(1 — — a)). (6.19)

Choose x E with IIxIIa < and pick the maximal r > 0 such that there
exists U E $(T) with u(0) = x (Theorem 6.4.10). Note that for some e (0, r]
we have that IIu(t)IIa < 6 for 0 t < Let r' be the largest of such Note
that for all t E [0, T')

f —

eat If u(t) ha < MhhxhIa + eMf(t — eas flu(s) llads

� + — a) sup
O<s<t

Hence
assupe hhu(5)hha

1 — eMOa—lF(1 — a)

and therefore
\ a

— 1 — eMOa_lF(1 —

This, the fact that <p and (6.19) imply that IIu(t)Ila <6/2 for t E [0, 'r').
Continuity of u and the definition of 'r' imply that r' = r. This implies that
ffF(t, u(t))hf <e6/2 for t [0, r) and that u stays away from the boundary of
U. Thus, r = oo by Theorem 6.4.10. D

If the spectrum of A contains a point with a negative real part (the point does
not have to be isolated) and if F is genuinely nonlinear at 0, then we have instability:
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Theorem 6.4.12 Suppose that Rez <0 for some z E a(A), T = oo and that there
exist 6,O,M (0,oo) such that

x E U and IIF(t,x)II whenever x E IIXIIa <6 and t � 0. (6.20)

Then there exists c> 0 such that for each e > 0 there exists u E 3(r) for which

> c for some t (0,r), u(0)

PROOF Define z0 = — Re ( and choose A, so that

and

Note that Theorem 6.1.15 implies that

II(A — <M1 t > 0. (6.21)

Since there exists ( E a(A) such that Re ( < we have, by Corollary 4.3.3,
that supt>o = 00 for some xi X. Define

X2 = (A — x = IIX2IIa'X2 E

a(t) = b(t) = sup a(s).
O<s<t

Note that a is continuous, supt>o a(t) = 00, a(0) = 1, = a(t)e!1t.

Pick c E (0,6/3) so that

M2 F(1 — + 0) — A)°13MM1(3c)° < 1. (6.22)

Let e > 0 be given.

Choose t0 > 0 such that > 2c. Find the smallest t1 > 0 such that
a(ti) = 1 + b(to). Note that

t1 > to, a(t) < a(ti) for t E [0,t1), a(ti) = b(ti).

Choose 60 50 that eoa(ti)eIAtl = 2c and note that <e, <2c < 26/3.
Theorem 6.4.10 gives u E 3(r) such that u(0) = e0x and r is maximal. Note

that = Co < c. Continuity implies that there exists E (0, r] such that

< for t [O,ri).

Let T2 be the maximal of such Note that

< < 1.560b(ti)e/Lt1 = 3c < 6 (6.23)
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for t [0,r2) fl [0,ti}. Hence, (6.20) and (6.21) imply

Pt t

J
e_A(t_s)F(s,u(s))ds MiM [(t —

0 JO

< MiMJ (t — s)_aeA(t_8)

< f —
< — + 0) —
< — + 0) —
= Eob(t)ePtM2/2. (6.24)

Therefore (6.15) implies that

(1 for t e [0,r2) fl [0,t1]. (6.25)

If t1, then the continuity, the fact that M2 < 1 and the definition of
would imply that = r. However, in this case (6.23) and (6.20) would imply
both boundedness of F on [0, r) and that u stays away from the boundary of
U - which is not possible according to Theorem 6.4.10. Therefore r2 > t1. By
construction, = 2c. Hence (6.15) and (6.24) imply

2c < +

0

a sectorial operator (Example 4.5.4) in the complex Cj,
we see that the nonlinear heat equation (Section 5.3) is a semilinear parabolic equation
(a = 0) provided that we define F(t, u) = f(Re u) and modify U in the obvious way.

Since the solution u E $m(r), given by (5.10), is also the mild solution, we have, by
Theorem 6.4.3, that u E 8(r) and hence

u'(t) = + f(u(t)) for t E (0,T).

If 1(c) = 0, f'(c) > 0 and f' is Holder continuous near c, then — f'(c)) =
[—f'(c), oo). Hence Theorem 6.4.12 implies that the constant solution c is unstable.

6.5 Example: Navier-Stokes Equations

Velocity of a fluid u = (Ui, U2, U3) and a scalar pressure p satisfy

Ut + (u V)U = —Vp + (6.26)
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The incompressibility of the fluid is specified by

Vu=0. (6.27)

These are the Navier-Stokes equations. We shall apply the results of Section 6.4 to
the case of a flow that is periodic in space and has 0 mean velocity.

The periodicity cell is taken to be Il = (—ir, ir)3. Define

H=H0xH0xH0.

H is a Hilbert space with an inner product

(u, v) = (2ir)3 f + U2V2 + U3v3

where u = (UI, U2, U3) E H and v = (vi, v2, 1)3) e H. For k e Z3 and u E H define

£k(U) = (2ir)3 f E C3.

Completeness of the Fourier series (Example 2.1.7) and Theorem 2.1.10 imply that
for every tt H,

u(x) = (6.28)

where E denotes, throughout this section, the sum over all k E Z3\{0} with conver-
gence in H and not necessarily pointwise. Note also that

for u,vEH (6.29)

and that U is real valued a.e. if £k(U) = £_k(U) for all k E Z3.
A formal differentiation of (6.28) implies that in order for U to satisfy (6.27) we

should have
k . £k(U) = 0 for all k Z3. (6.30)

(6.30) makes sense, unlike (6.27), for every U E H. Hence, the incompressibility
condition (6.27) will be replaced with (6.30). Let X consist of all u E H which satisfy
(6.30). Note that X is a closed subspace of H and hence a Hilbert space.

(6.30) suggests the following decomposition of a given v e H. For k E Z3\{0}
define Pk i4(v) . k/k. k and note that

£k(v) iPkk I k, — iPkkI2 + IpkkI2 =

Lemma 2.1.4 implies that we can define U H and p E H0 by

U(X) = — and p(x) = (6.31)
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Note that u satisfies (6.30) and that

v = u + Vp

where Vp = i Define Q E and H E H0) by

Qv=u and Hv=p.

Observe that Q is a projection whose range is X, 1Q11 = 1, Q(Vp) = 0 and that u,p
are real valued if v is real valued. Using (6.31) and (6.29) it is also easy to see that
Q is seif-adjoint.

A formal differentiation of (6.28) implies that

= —

and that satisfies the incompressibility condition (6.30) when u satisfies it. This
suggests that we define the linear operator A in X by

= {u E X I <oo} )
(6.32)

(Au)(x) = for u E J

Using (6.29) it is easy to see that A is symmetric. Theorem 2.6.3 implies that A is
self-adjoint. Theorem 2.6.6 implies that cr(A) C [1, oo). By rearranging (6.32), sO
that it fits Examples 6.1.2 and 6.1.7, we see that for all /3> 0 we have

={uEX
I

<oo} )
(6.33)

= for u E J

Let us now analyze the (u. V)u term in (6.26). Note that

((v . = for n = 1,2,3 (6.34)

where u = (Ui, u3) and v = (Vi, v2, v3). As is usual in this section, we take
derivatives by formal differentiation of (6.28) and then we require that the resulting
series converges in H, i.e.

= <00.

Thus, in order that all thtn/&vm exist in H we should have lkI2l4(u)I2 <00. Hence
(6.33) implies that we should have u E (6.33) and (6.29) then imply

3

= for u e (6.35)
0n,m=i m
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(6.28) implies
Iv(x)I � I =

and since <oo for /3> 3/4 we have that

v(x)12 =

Iv(x)I for v E 3/4, x E IL (6.36)

(6.34), (6.35) and (6.36) imply that (v . V)u and since

f(v . V)u
= f i . = i(2ir)3 . = 0

we have that (v . V)u H. We also have the bound

<

Since (6.33) and (6.29) imply IIA'I2u11 we also have

II(v . V)uII for u,v E /3> 3/4. (6.37)

Fix now any a E (3/4, 1) and let be with the usual norm. Define
F: X" X by

F(u) = —Q((u. V)u).

Note that (6.37) implies

IIF(u)II for u E (6.38)

IIF(u) — F(v)II + IIvIIa)IIu — VIIa for u,v E (6.39)

Applying Q to (6.26) yields the following semilinear parabolic equation in X,

u' + Au = F(u). (6.40)

Let the initial velocity u0 E X" be given. Theorem 6.4.10 implies that (6.40) has a
solution u E 8(r), on some maximal interval [0, r), such that u(0) = u0. The solution
is unique by Theorem 6.4.6. If pressure is given by

p = —ll((u .

then this pair u,p satisfies the Navier-Stokes equations.
Since ci(A) C [1, oo), Theorem 6.4.11 implies that if is small enough, then

the solution u exists for all time (-r = oo) and that —+ 0 exponentially.
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If u0 is real valued, then it is easy to see that Theorem 6.4.7 applies and thus u(t)
is real valued a.e. for all t e [0, r). Let us show now that when u0 is real valued

llu(t)ll e_tlluoll for t [0,r) (6.41)

independently of the size of the initial (it is an open question whether or not
= oo also for large (6.41) is called the energy bound. The following

procedure for obtaining it is called the energy method and it can be adapted to many
other evolution equations. Note that

= 2Re(u',u) = —2Re(Au,u) +2ReR on (0,r) (6.42)

where R = (F(u), u) = —(Q((u. V)u), u). Since Q is a self-adjoint projection we have
that R = —((u. V)u,u). Using (6.28) gives

R = —(2ir)3i . .

This, (6.30) and the fact that u is real valued imply that Re R = 0 and hence (6.42)
implies that

= —2Re(Au,u) on (0,T).

(6.32) and (6.29) imply that (Au,u) � lull2. Hence

llu(t) (2) <0

which implies the energy bound (6.41).

6.6 Example: A Stability Problem
There are many journals devoted exclusively to studies of fluid flows. In their articles,
the governing equations are usually derived from the Navier-Stokes equations and
one topic frequently addressed is stability of a certain solution. In the preceding
Section 6.5 it was shown that the zero solution of the Navier-Stokes equations is stable.
Stability analysis of nontrivial flows is usually more demanding and in unbounded
domains an extra complication occurs which will be highlighted next.

Studying impulsive stretching of a surface in a viscous fluid leads to

t) — t) + t) = t) f t)ds for t > 0, x > 0. (6.43)

One solution of this equation is Crane's solution e_X. We want to show that this
solution is stable for small perturbations.
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If g(x, t) = q5(x, t) — then (6.43) becomes

— — + e_X + 2g + f g) = —g2 + gx f g. (6.44)

It is required that g(O, t) = 0 and that g(x, t) decays as x increases.
To apply stability Theorem 6.4.11 or instability Theorem 6.4.12 one needs to have

the sharp lower bound on the spectrum of the linear operator different from 0. The
following argument suggests that this may not be the case for equation (6.44). The
spectrum of the following operator in 1-1 = L2(0, oo)

A0u = — u E oo) fl oc) (6.45)

consists of those z E C such that (Tm z)2 Re z (Exercise 12). So, for this operator
Theorems 6.4.11 and 6.4.12 do not apply. The actual linear operator in (6.44) consists
of A0 and of a lower order perturbation of A0. So it does not seem very likely that
the introduction of lower order terms would move the spectrum to the right - which
is needed to prove stability. In such situations specifying a different growth rate at
infinity can sometimes move the spectrum. After some experimentation, we find that
the following requirements will solve the problem

g(x,t) = and u(.,t) L2(0,oo). (6.46)

Thus, (6.44) will in effect be studied in a weighted L2. Using (6.46) in (6.44) gives

ut+Au=f(u) (6.47)

where

Au + e_Xux + ( + )u + f e_S/2u (6.48)

1(u) = _e_X/2u2 + — u/2) f e_S/2u. (6.49)
0

w) = f°° + + + ) + f e_s/2v(s)ds) dx.

Observe that if v E V and g(x) = e_S/2v(s)ds, then

Re f (Iv'12 + + 1v12( + ) + dx

= + Re f (Iv'I2 + (v12( + ) + dx
0

= + f (lvi 2 + lvl2( + )) dx

�
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Therefore, is a sectorial form on V (M3 = 1/4, M1 = 1, a = 0). Lemma 2.4.5
implies that the linear operator associated with is the operator A, given by (6.48),
with the V(A) = W2(0, oo) fl oo). Theorem 2.8.2 implies that A is a
sectorial operator and that its spectrum is contained in the half-plane_Re z � 1/4.

Integration by parts implies that we can express w) — v) as

J°°
— vlUe_X + J — ve_x/2

JX
dx

which implies that

� 411w11211vII1,2 for all w,v E V.

Therefore Theorems 2.8.6, 2.8.12 and Corollary 6.1.14 imply that D(A1/2) = V and
that for some c E (0, oo) we have

c'IIvIIl,2 � IIvII1/2 clIvIIl,2 for v E V.

If v V, then

Iv(x)12 = 2Re 211v11211v'112 � IIvIIl,2

Hence IIvIIo0 IIvlIl,2 which implies that the nonlinearity f : V —+ given by (6.49),
is well defined

If (v) 112 � 3IIvII1,2IIvII2 $ for v E V

and that

llf(w) — 1(v) 112 311w — VII1,2(IIWII1,2 + IIvlIl,2) for w,v E V,

implying that f is locally Lipschitz in V. Thus, (6.47) is a semilinear parabolic
equation (X = 1-1, a = 1/2, U = V) and therefore Theorem 6.4.11 implies stability of
the 0 solution of (6.47) and hence stability of Crane's solution.

6.7 Example: A Classical Solution
We shall now study, in more detail, the following initial value problem:

ut(x,t) = +g(u(x,t)) for 0 <x <t, 0< t < i-, (6.50)

u(O,t) = = 0 for 0 t < -r, (6.51)

u(x,0)=uo(x) for (6.52)

while assuming that £ E (0, oc), uO W01(0, £) is real valued and g E C1 R).
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In X L2(0, £) define the linear operator A by

Av = —v" for v e fl

Choose e (1/4, 1/2) and define U = = In view of Exercise 7, there
exists c < 00 such that liv for v E U. Define F(v) = g(Re v) for v E U and
note that

IiF(v2) — F(vi)ii — viii max
IrI<mc

whenever v2 E U and < m. Note also that £) = C U and
that iiviii,2 iiA"2vii = iiv'ii (Exercise 7). Thus, all assumptions of Section 6.4
are satisfied. Hence Theorem 6.4.10 implies existence of the solution u E 8(r) on
some maximal interval [0, r). The solution is unique and real valued (Theorems 6.4.6,
6.4.7).

u is actually the solution of the abstract problem

u' + Au = F(u), u(0) = u0.

It does satisfy the original PDE with a proper generalization of derivatives. In many
applications we do not really need to elaborate further on this point. However, there
are many important techniques that require more precise pointwise estimates of solu-
tions. Use of a maximum principle, described below, is an example of such a technique.
Let us demonstrate, through this example, how to obtain pointwise regularity of the
solution.

Since Theorem 6.4.3 implies that u(t) E £), we may assume that u(., t) is
continuous on [0, £] for all t [0, r).

Theorem 6.7.1 u e x [0,r),IR) and e x (0,-r),R). Moreover
(6.50), (6.51) and are satisfied pointwise.

PROOF Choose 0 <x <i?, 0 <t < r and e > 0. Theorem 6.4.3 implies that
u e C([0, r), X'12). Hence u e C([0, -r), CB(0, £)) (Exercise 7) and therefore
there exists ö > 0 such that

malu(r,t) —u(r,s)i <E/2 if s E [0,r), it — <

This implies

iu(x,t) — u(y,s)i � iu(x,t) — u(y,t)i + iu(y,t) — u(y,s)i
< iu(x,t) +e/2.

Hence the continuity of u(., t) implies that u E C([0, £] x [0, r), IR).
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Theorem 6.4.3 implies that u (0, r) —÷ is differentiable for 7/ E [0, 1— cr).
In particular, we may choose ij = 1/2. This implies (Exercise 7) that

u(r, t + h) — u(r, t) /

lim max — u (r, t) = 0
O<r<t h

and hence exists on [0, £] x (0, r) in the classical sense. Since we have that 'Ut E
C((0, r), X'/2), we can use exactly the same argument used to show continuity
of'u to show that 'Ut e x (0,'r),R).

Observation Au = g(u) — e C({0, £] x [0, r), implies the rest. fl

One can learn a lot about second order PDEs by pursuing the consequences of
a solution having a local maximum or a local minimum. There are many recipes
about how to do this, all of which usually go under the name maximum principle.
One version is represented by Theorem 6.7.2. Note that, in (2) of the Theorem, it is
assumed that only the indicated partial derivatives exist at the specified points and
that f is an arbitrary real valued function satisfying (5). If t, r, 0) is bounded
from above for x e (0, £), t e (0, T) and r e (—6, 0], then (5) is satisfied provided that
f(x,t,0,0) � 0.

Theorem 6.7.2 Suppose

(1) £,T E (0,oo), v e x D x (0,T) —÷ {0,oo)

(2) vt(x,t) > for 0< x < £, 0< t <T

(3) v(0,t) � 0 and v(e,t) � 0 for t e [0,1']

(4) v(x,0) � 0 for XE

(5) for some e > 0, L E [0,oo) we have that f(x,t,r,0) > Lr for r E (—6,0),

x e and t E (0,T).

Then, v(x,t) > 0 for all x e and t E [0,T].

PROOF Let us consider the case L = 0 first. Assume that v(xO, to) < 0 for
some xO E [0, £] and to e [0, T]. Define

M(t) = mm v(x,s) for t e [0,T].
O<s<t

Note that M is continuous, nonincreasing, M(0) 0 and M(to) < 0. Hence
we can choose t1 (0, T) so that M(ti) E (—e,0). Pick now X2 E (0, £) and
t2 E (0, ti] so that v(x2, t2) = M(t1). Since v(, t2) has a minimum at X2 we
must have t2) � 0. Hence Vt(X2, t2) � f(x2, t2, v(X2, t2), 0) > 0 which
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implies that v(x2, t3) < v(x2, t2) for some t3 < t2. Therefore, v(x2, t3) < M(t1)

which is a contradiction. This proves the Theorem when L = 0.

In general, define w(x, t) = v(x, t)e_Lt and note that

� + for 0< X <£, 0< t <T

where
fi(x, t, r, s) = (f(x, t, —

Since f1(x, t, r, 0) > 0 if r E 0) this reduces the problem to the case
L=0.

The proof of the following Corollary shows that uniqueness of the classical solution
of (6.50) - (6.52) follows immediately from the above Theorem 6.7.2.

Corollary 6.7.3 If T E (0, -r) and w E C([0, £] x [0, T], IR) is such that

= +g(w(x,t)) for 0< X <£, 0< t <T,

w(0, t) = t) = 0 for 0 $ t T,

w(x,0)=uo(x) for

then w = u on x [0,T].

PROOF If v = u — w and f(x,t,v) = g(w(x,t) + v) — g(w(x,t)), then the

assumptions of Theorem 6.7.2 are satisfied. Hence u — w � 0.
If v = w—u and f(x,t,v) = g(u(x,t)+v)—g(u(x,t)), then the assumptions

of Theorem 6.7.2 are satisfied. Hence w — u � 0. 0

An easy exercise, left to the reader, gives

Corollary 6.7.4 If a E (—oo, 0), g(a) � 0 and UO � a, then u � a.

Corollary 6.7.5 If b E [0, oc), g(b) 0 and u0 b, then u < b.

6.8 Dynamical Systems

Let M be a complete nonempty metric space with metric d and suppose that a family
of maps E C(M, M), t � 0, satisfies

(a) R0 is the identity map

(b) = for all x e M and t,s � 0



6.8. DYNAMICAL SYSTEMS 277

(c) the map t —÷ Rt(x) belongs to C([O, oo), M) for every x E M.

Such families of maps are called dynamical systems on M.
A strongly continuous semigroup of linear operators on a Banach space is an

example of a dynamical system. Here is a nonlinear example:

EXAMPLE 6.8.1 Suppose that g e C'(R, 1R) is such that g(a) � 0 and g(b) <0 for some
—oo<a<0<b<oo.
all x a complete metric space with metric given by the 1) norm.
Corollaries 6.7.4 and 6.7.5 and Theorems 6.4.10 and 6.7.1 imply that for each UO E M
there exists u C([0, oo), W0' (0, 1)) such that

for 0<x<1,0<t<oo
u(0,t)=u(1,t)=0 for 0<t<oo,

u(x, 0) = u0(x) for 0 <x < 1.

Define Rt(uo) = u(, t). Continuous dependence Theorem 6.4.9 implies that
C(M, M) for t � 0. Uniqueness Theorem 6.4.6 implies (b) and hence t � 0, is a
dynamical system on M.

We shall now introduce some basic notions used to study dynamical systems.
The orbit of x M is defined by

=
I
t � 0}.

x is said to be an equilibrium point if = {x}. Define w(x), the w-Iimit set
for x M, to be the set of those y M for which there exist (0, oo), n> 1, such
that

lim t,, = oo and lim (x) = y.
n—+OO n—+OO

A set A C M is said to be positively invariant if C A for t � 0. A set
K C M is said to be invariant if for each x K there exists u C(IR, K) such that

u(0)=x and Rt(u(s))=u(t+s) for t�0, s€IR.

Theorem 6.8.2 If the orbit of x M is relatively compact, then w(x) is nonempty,
compact, connected, invariant and dist(Rt(x), w(x)) = 0.

PROOF Relative compactness of implies that w(uO) is not empty.

Suppose w(x) for n � 1. Pick > n such that (x), Zn) < 1/n.
Relative compactness of implies that a subsequence (x)} converges to
some Z w(x). Clearly, Zn, —+ Z. This proves compactness of w(x).

Suppose there exist disjoint open sets A, B in M such that both w(x) fl A
and w(x) fl B are nonempty and that w(x) C A U B. Then, for each n 1 we
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can find > n and > such that (x) e A and (x) E B.
Continuity of R.(x) implies that is connected. Hence there
exists E (t2n_i, such that (x) AU B. Relative compactness of 'y(x)
implies that a subsequence of (X)}n>i converges to some y. Now, this y
should belong to both the closed set (A U B)C and w(x) - which is not possible.
So, such sets A, B cannot exist and therefore w(x) is connected.

Pick Yo E w(x) and a sequence {tn}n�i such that tn —÷ oo and (x) Yo

as n —+ oc. Let A0 = N. For m � 1 let Am be an infinite subset of Am_i such
that {Rtn_m(X)}nEAm converges to some Ym e w(x). Let = 1 and for rn � 1
pick rim E Am so that > Note that n2 E Am for i � m and hence

Ym lim _m(X) for all m 0.
i—+Oo

Continuity of Rt+m, Rt+k and the semigroup property imply

Rt+m(ym) = lim Rt+m(Rtn._m(X)) = lim _k(x)) = Rt+k(yk)
i—+oo i-.-+oo

whenever t —m and t � —k. This enables us to define u E w(x)) by
u(t) Rt+m(ym) for t � —m, m > 0. This u has the required properties.

If Rt(x) would not converge to w(x), then there would exist c> 0 such that
for each n there exists tn > n for which (x), w(x)) > c. This is not
possible because relative compactness of 7(x) would then imply that (x)}
would have a subsequence converging to some y E w(x). Therefore,
converges to w(x) as t oo. 0

We say that V E C(M, IR) is a Liapunov function for t > 0, if

(i) the mapping t —+ is nonincreasing on [0, oo) for every x E M

(ii) inft�o > —oo for each x M

(iii) x e M is such that = V(x) for t � 0 then x is an equilibrium point.

The conditions ii) and iii) are sometimes omitted in the literature. However, one can
sometimes find additional conditions attached.

Theorem 6.8.3 If t � 0, has a Liapunov function, then every nonernpty w-limit
set consists of equilibrium points only.

PROOF Let w(x) be nonempty and let V be the Liapunov function. Note
that there exists c E JR such that V(y) = c for all y E w(x). Pick yo E w(x)
and a sequence {tn}n�i such that tn —+ oo and (x) Yo as ri —+ 00.
Since (x) = (x)) —+ Rt(yo), we see that Rt(yo) E w(x) and hence
V(Rt(yo)) = c for all t � 0. Thus, yo is an equilibrium point. 0
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e C(M, M), t � 0, is said to be a gradient system on M if it has a Liapunov
function and if the orbit of every x E M is relatively compact.

Various evolution equations generate gradient systems. Webb [32] has shown that
a damped nonlinear wave equation is one such equation. A detailed analysis of this
and various other gradient systems has been done by Hale in [10]. Here we shall now
give an example of a semilinear parabolic equation that generates a gradient system.

6.9 Example: The Chafee-Infante Problem
We shall study the following PDE

= + g(u(x,t)) for 0 x £, 0< t <r,

for 0�t<r,
u(x,0)=uo(x) for

while assuming that uo E £) is real valued, g E C' (Is, R) and that there exist
a E [0, and b E R such that

G(x) 2 f g(s)ds ax2 + b for all x e Il'. (6.53)

As in Section 6.7, we are going to set the PDE as a semilinear parabolic equation
in X L2(0, £), with the linear operator A given by

Av = —v" for v C fl

a e (1/4, 1/2) and U = = Theorem 6.4.10 implies existence of the
solution u e 8(r) on some maximal interval [0, r). The solution is unique and real
valued (see Theorems 6.4.6, 6.4.7, 6.7.1 and Corollary 6.7.3).

For real valued v C £), define

W(v)
= f ((vI(x))2 - G(v(x))) dx. (6.54)

Lemma 6.9.1 W(u(.)) E and = —211u'(t)112 forte (0,r).

PROOF Choose 0 e (0, r) and t1, t2 e [0,0].

Let h(t) = (Au(t), u(t)) = t))2dx. Since A is self-adjoint we have

h(t2) —h(t1) = (u(t2) — u(t,),Au(t2)) + (Au(ti),u(t2) — u(t,)).

Hence the differentiability of u and the continuity of Au (Theorem 6.4.3) imply
that h' = 2(u', Au) on (0, r). u e C([0, r), (0, t)) implies h e C([0, r), IR).
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Define k(t) = G(u(x, t))dx and note that k(t2) — k(ti) equals

pt p1

J J —u(x,ti))g(u(x,ti) +O(u(x,t2) —u(x,ti)))dOdx.00
Hence

k(t2) — k(t1) = 2(u(t2) — u(ti),g(u(ti)) + etc)

To estimate the etc term define c = maxo<t<o IIu(t)1k and note that

letci � Iu(x,t2)
Isl<c

Thus, k' = 2(u', g(u)) on (0, r) and k E C([0, r), R). 0

Theorem 6.9.2 r = oo, sup IIu(t)IIi,2 <00 and infW(u(t)) � —bi!.
t�0

PROOF (6.53) and Example 2.8.8 imply

pt

J G(u(x,t))dx bl!+aj u(x,t)2dx
0 0 0

Hence

(1 — f t)2dx <bt + W(u(t)) for t E [0, r).

Since Lemma 6.9.1 implies that W(u(t)) W(uo), we have that ju(t) 11/2 is
bounded and hence g(u(t)) is bounded for t [0, r). Theorem 6.4.10 implies
thatr=oo. 0

Thus, if we define = u(t), then E t � 0, is a
dynamical system on W is a Liapunov function for

Lemma 6.9.3 The orbit {U(t)}t>ø is a relatively compact subset of

PROOF Choose /3 e (1/2,1). Boundedness of g(u) (Theorem 6.9.2), Theo-
rem 6.1.15 and (6.15) imply that there exists c < 00 such that

+ cf(t — for t> 0

where r E (0, (recall that o(A) C oc)). Thus, is
bounded. Compactness of (Example 2.8.3) implies that
is relatively compact in X (Exercise 5). Since the continuity implies that
{A'12u(t)}o<zt<i is compact in X, we are done. 0
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Therefore, t � 0 is a gradient system on W01(0, £) and Theorems 6.8.2 and
6.8.3 imply

Theorem 6.9.4 w(uO), the w-limit set for u0, is a nonempty, compact, connected
subset of W0'(O, t). Moreover,

lim inf IIu(t) — vu1,2 = 0
t-+oo vEw(uo)

and if v E w(uO), then v E and Av = g(v).

Thus, to study the limiting behavior of u we need to study solutions of the steady
state equation

v"(x) +g(v(x)) = 0 for x [0,t}, v(O) = v(s) = 0. (6.55)

Observe that if v satisfies (6.55) and if v'(xo) = 0 at some xo E (0, £), then V is
symmetric around xO, i.e. if w(x) = v(2x0 — x) then w = v near XO by the uniqueness
of the initial value problem at xO. Suppose now that the solution of (6.55) has a
maximum M> 0. Choose the smallest xO E (0, £) such that v(xo) = M. By continuity
there should exist x1 e (0, xO) such that v > 0 on [xi, xo} and, by symmetry, v' > 0
on [x1, ZO). Let x2 be the infimum of such x1. Note that v(x2) = 0 and v' > 0 on
(x2, Xe). Multiplying (6.55) by v' and integrating gives

(vl)2 + G(v) = G(M). (6.56)

Hence v'(x) = — G(v(x)) > 0 and

ds
I = X — X2 for x E (x2 Xe).

Jo

By symmetry, this determines v on [x2, — x21 C [0, £1. Note that v'(x2) � 0. When
v'(x2) = 0 the symmetry implies that v is periodic with period 2(xo — x2). Hence
£ = 2fl(XO—X2) for some n E N. If > 0 and V'(x2) > 0, then G(0) <G(M) by (6.56)
and v has a negative arch which can be analyzed similarly. The point — x2 can
also be analyzed similarly. Let us gather some of these observations in the following:

Theorem 6.9.5 Suppose that v is a solution of (6.55) and

M = max v(x) m = mm v(x).
O<x<t

If M > 0, then G(s) <G(M) fors E (0,M)
fMd:

Gs
<°°•

If m <0, then G(s) <G(m) for s E (m,0) and £_(m) f G(s)
<°°•

Moreover,
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(1) If M > 0 and m = 0, then £ = for some ri E N.

(2) If M = 0 and m < 0, then £ = 2riL(m) for some n E N.

(3) If M > 0 and m <0, then G(M) = G(rn) > G(0) and

£ = + 2n_L(m) for some E N with Iri+ — rLI 1.

EXAMPLE 6.9.6 Let us take g(x) = Asinx where A > 0. Theorem 6.9.5 implies that
any solution v of (6.55) satisfies —ir <v(x) <ir for x E [0, U. Note that

1A ds
I for

A cos s cos A) cos2 p gives that

1
pir/2 d=

J
for A E (0, ir).

° — sin2(A/2) cos2

Hence, increases form at A = 0 to +00 at A = ir. If v 0 satisfies (6.55)
and A = Iv(x)I, then Theorem 6.9.5 implies that

£ = 2nU+(A) > n E N.

Let N � 0 be the largest integer such that N < If n E N and n < N, then
one can find a unique A E (0, ir) such that £ = 2nU+(A) and one can construct, as
outlined above, two corresponding solutions of (6.55): one with v'(O) > 0 and one with
v'(O) < 0. Since 0 is also a solution, we see that (6.55) has exactly 2N + 1 solutions
for this g. Since w-limit sets have to be connected (Theorem 6.9.4), we see that each
consists of a single point.

One can make a conjecture, based on the above Theorem 6.9.5 and Example 6.9.6,
that w(uO) always consists of a single point, which would imply that the u always
tends to a solution of the steady state equation (6.55). This is actually a popular
method among engineers for solving (6.55). This conjecture was proven under very
mild assumptions on g. For more details and generalizations to higher dimensions see
Henry [11] and Hale [10].

6.10 Exercises

1. Suppose that T—A is an m-accretive operator on a Hilbert space for some A > 0.
Show that T"2 can be defined via Definition 6.1.6. Show that T1/2 is equal to
S as given in Theorem 2.3.5.

2.

lim t° lx — = 0.
t—÷o+
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3. Show that for every A E x e X and a 0 we have

urn

A E a, /3, e IR, a </3 < there exists c < oo such that

for all x E

5. Show that if A e 5(X) and is compact for some a > 0, then is
compact for all > 0.

6. Suppose that A —6 is an m-accretive operator in a Hilbert space for some 6 > 0.
Show that — is an m-accretive operator for all a E [0, 1].

7. Let A be a linear operator in L2(0, £), £ E (0, oo), given by

Au = —u" for u ¶13(A) W2(0,t) fl

Show that

(a) ¶D(A1/2) = and that = IIu'M for u E W01(0,e)

(b) for a> 1/4 there exists c < 00 such that for e

8. Let A be a sectorial operator in a Banach space X, a E (0, 1) and a <Re A for
all A E a(A). Show that for each uO E X there exists a unique u E C([0, oo), X)
such that u(0) = u0 and

u'(t) + Au(t) = (A — for all t (0,oo).

9. Verify the details in Example 6.4.1 and construct an actual example for each
0 <a < 1, p> 1/a. (Hint: try using multiplication operators.)

10. Show that

1 00 00 —2 2 2 \ —1/4
I ir e +m )t \ sin kx k2tu(x, t) = +

- + m2 )n=im=1 k=1

satisfies, for every c � 0,

\2
u(x,t)

I
for t�0

lim sup u(x,t)I = 0.
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(Hint: evaluate the Fourier sine series of ir — x and see Exercise 16 in Chapter 4.)
Show that the PDE can be set as a semilinear parabolic equation in L2(0, ir),
with a = 1/2 (see also Exercise 7) and that the uniqueness fails in this case
because

fl
(fir

=

11. Show that Galerkin approximations of a solution of the Navier-Stokes equations
exist globally, for any real valued initial u0 e X, and that they satisfy (6.41) on
[0, oo). Prove that a subsequence converges weakly in L2((0, oc) x

12. Find the spectrum of the operator A0 in L2(0, oo) given by (6.45).

13. Prove Corollaries 6.7.4 and 6.7.5.

14. Suppose that g, in Section 6.7, is such that for some a, b R we have

for x�O

and g(0) � 0. Show that if � 0, then the solution of (6.50) - (6.52) exists for
all time (-r = oo).

15. Let E C(M, M), t � 0, be a dynamical system on M. Show that

w(x) = 'y(R1.(x)) for all x E M.

16. Suppose that E Show that if

I P00 2' I 13ut) = I e 4t 2 ds

and u = then u solves Burger's equation:

for x E t >0,

for

This is known as Hopf-Cole substitution.
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List of Symbols

R real numbers
C complex numbers
K scalars (R or C)

O empty set
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