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Preface

This book is an introduction to partial differential equations (PDEs) and the relevant
functional analysis tools which PDEs require. This material is intended for second
year graduate students of mathematics and is based on a course taught at Michigan
State University for a number of years. The purpose of the course, and of the book, is
to give students a rapid and solid research-oriented foundation in areas of PDEs, like
semilinear parabolic equations, that include studies of the stability of fluid flows and,
more generally, of the dynamics generated by dissipative systems, numerical PDEs,
elliptic and hyperbolic PDEs, and quantum mechanics. In other words, the book
gives a complete introduction to and also covers significant portions of the material
presented in such classics as Partial Differential Equations by Avner Friedman, Ge-
ometric Theory of Semilinear Parabolic Equations by Dan Henry, and Semigroups of
Linear Operators and Applications to PDEs by A. Pazy.

The need for such a book is due to the fact that in order to study PDEs one
needs to know some functional analysis, which requires a thorough knowledge of real
analysis (Lebesgue integral). Therefore, if real analysis is studied in the first year of
graduate school, and functional analysis in the second year, the student only begins
with PDEs in the third year - and may even have to re-learn functional analysis if the
prior instructor ignored unbounded operators (which sometimes happens).

The reader is expected to be comfortable with the Lebesgue integral; more specif-
ically, with the material presented in Examples 1.3.4 and 1.5.2. The Cauchy Theorem
is also used in a couple of places, with the most difficult version used in (4.44). These
are the only real prerequisites for the whole book. Above this level, all theorems used
are proved in the text. One may, and perhaps should, skip over some of the proofs.
However, they are included in case they are needed.

With regard to the writing style, all formal statements, like Theorems, contain
all assumptions except for those declared at the beginning of the section in which
the statement appears. This should make it easy, even for a casual reader, to figure
out what is actually assumed in a given statement. There is, however, one exception.
Throughout Chapter 3 it is assumed, unless otherwise specified, that €2 is an arbitrary
nonempty open set in R*, n € N.

In the first two chapters functional analysis tools are developed and differential
operators are studied as examples. Sturm-Liouville operators are nice examples of self-

ix



adjoint operators with compact resolvent and are reused in Chapter 4 as generators of
strongly continuous semigroups. Hoérmander’s treatment of weak solutions of constant
coefficient PDEs is also presented early on as an example. The foundation of elliptic,
parabolic and wave equations, as well as of Galerkin approximations, is given in
the section on Sectorial Forms. Throughout the text, completeness of a number of
orthonormal systems is proven.

The Fourier transform and its applications to constant coefficient PDEs are pre-
sented in Chapter 3. We briefly touch upon distributions and fundamental solutions,
and prove the Malgrange-Ehrenpreis Theorem. Most of Chapter 3 is devoted to
study of Sobolev spaces. Many sharp results concerning existence and compactness
of imbeddings, as well as interpolation inequalities, are proven. These results are
applied to elliptic problems in the last two sections.

The study of evolution equations begins in Chapter 4 where the semigroup theory
is introduced. The Hille-Yosida Theorem for strongly continuous semigroups and
Hille’s construction of analytic semigroups are presented. The semigroup theory and
the results of the previous chapters enable us to discuss linear parabolic and wave
equations. In preparation for studies of nonlinear evolution equations, the invariant
subspaces associated with the semigroups and the inhomogeneous problem are also
examined.

A dynamical systems approach to weakly nonlinear evolution equations is given
in Chapter 5 with a nonlinear heat equation studied as an example. Trotter’s approx-
imation theory is adapted to such equations giving convergence of Galerkin and finite
difference type approximations.

The chapter on semilinear parabolic equations begins with a very technical section
on fractional powers of operators. Our main results contain existence, uniqueness,
continuous dependence, maximal interval of existence, stability and instability results.
These results are applied to the Navier-Stokes equations, to a stability problem in fluid
mechanics, to showing how a classical solution can be obtained, and to the Chafee-
Infante problem as an example of a gradient system.

I wish to thank S. N. Chow and D. R. Dunninger for their early encouragement
and my wife Pam for checking the grammar.



Chapter 1

Linear Operators in Banach
Spaces

1.1 Metric Spaces

A metric space is a set M in which a distance (or metric) d is defined, with the
following properties:

d(z,y) < d(z,z) +d(z,y) forall z,y,z € M (triangle inequality).

The best known example of a metric space is R*, n € N, with the distance between
two points z = (z1,...,Z,) and ¥ = (y1,...,Yn) given by

d(z,y) = \/(1'1 - y1)2 + A+ (@0 — yn)Q-

For the remainder of this section, let M be a metric space with metric d. We shall
review basic concepts associated with metric spaces mainly in order to standardize
notation and terminology. It is assumed that the reader is somewhat familiar with
metric spaces. Hence, our review will be brief.

When A C M, B C M are not empty, define

dist(4, B) = inf{d(z,y) |z € A,y € B}.

Analogously, dist(z, A) = dist({z}, A) for z € M.
The open ball with center at £ € M and radius r will be denoted by

B(z,r) = {y € M|d(z,y) <}

1



2 CHAPTER 1. LINEAR OPERATORS IN BANACH SPACES

A subset O of the metric space M is said to be open if for each = € O there exists
e > 0 such that B(z,e) C O. Note that the empty set @ is open and that the
intersection of any finite number of open sets is open.

C C M is said to be closed if its complement C¢ = {z € M|z ¢ C} is open.

The closure of a set A will be denoted by A4 and is defined as the intersection
of all closed sets containing A. Note that A is a closed set and if A is closed, then
A=A

A set A is said to be dense in M if A = M, i.e. AN B # 0 for every nonempty
open set B. A metric space is separable if it contains a countable dense set.

A set K C M is called compact if from any collection of open sets, whose union
contains K, a finite number of sets can be chosen so that their union also contains K.
Compact sets are closed in metric spaces. A set is said to be relatively compact if
its closure is compact. Recall that a subset of R®, n € N, is compact if and only if it
is closed and bounded.

A sequence {z,}32; in M is said to converge to z € M if lim, o0 d(2n,z) = 0.
Notations z,, — z or limy,_, Z, = z will be used in such a case. Note if A C M, then
z € A iff there exists a sequence of points of A converging to z. Observe also that a
set K C M is compact (relatively compact) iff for each sequence {y,} in K there exist
y € K (y € M, respectively) and integers ny < nz < --- such that limg_,oo yn, = .

A sequence of elements {z,}°2, in M is said to be a Cauchy sequence if for
each € > 0 there exists an integer N such that d(zn,zm,) < € whenever n,m > N.
A metric space is said to be complete if every Cauchy sequence converges to some
element in the space.

Theorem 1.1.1 (Baire) If M is a complete metric space, the intersection of every
countable collection of dense open subsets of M is dense in M.

ProOF Suppose V1, V,, Vs, ... are dense and open in M. Let W be any
nonempty open set in M. It will be shown that (NV,) NW # 0.
Since V) is dense, W NV} is a nonempty open set. Hence we can find z; and
r1 such that
B(z1,2r;))CWNV; and 0<r <1 (1.1)

If n > 2 and z,_; and r,_; are chosen, the denseness of V;, shows that V,, N
B(zp—1,7n—1) is not empty, and we can therefore find z,, and r, such that

1
B(zn,2r,) C B(Zp-1,7n-1) NV, and 0< 71, < o (1.2)

By induction, this process produces a sequence {z,} in M. If i > n,j > n
the construction shows that z; and z; both lie in B(zy,r,). Hence d(z;, ;) <
2rp < 2/n and therefore {z,} is a Cauchy sequence. Since M is complete,
limy 00 d(Zn, z) = 0 for some z € M. Now, form >n > 1,

d(zn,z) < d(Zn,Zm) + d(Tm,z) < T + d(Tm, T)



1.1. METRIC SPACES 3

and hence d(zn,z) < < 2rp, = € B(zy,2ry). By (1.2), = belongs to each V,,,
n > 2. Equation (1.1) implies z € W N V4. m|

Corollary 1.1.2 If M is a complete nonempty metric space and M = U2 Ay, then
some A, contains a nonempty open set.

IfT : M — M is such that for some € € [0, 1) we have that d(T'(z), T (y)) < ed(z,y)
for all z,y € M, then T is called a contraction. £ € M is said to be a fixed-point
of T if T(z) = z. The following Theorem implies that a contraction mapping on a
complete, nonempty metric space always has a unique fixed-point. Try Exercise 2.

Theorem 1.1.3 (Contraction Mapping) Suppose M is a complete, nonempty
metric space with metric d and that T : M — M 1is such that for some n > 1

and some € < 1 we have

d(T™(2), T"(y)) < ed(z,y) for all z,y € M.

Then there ezists a unique x € M such that T(z) = . Moreover,

(%] 4 4
Az, T™(y)) < {7 | max d(I™ (), T) forall m >0,y M.

ProoOF Choose y € M and let zg = y, zx41 = T™(x) for £ > 0. By
induction, d(zy1,zx) < e*d(x1,zo) for k > 0. Hence, for m >k >0

d(zm,zk) < dZm,Tm-1) + d(Tm—1,Tk)
< d@m,Tm-1) + ATm-1,Tm—2) + -+ + d(Tk41, Tk)
< ™ Nd(zy,zo) + -+ + eFd(z1, o)
d(zm,zr) < e*d(zy,z0)/(1 —¢). (1.3)

Thus {z;} forms a Cauchy sequence in M and therefore {z\} converges to some
z € M. Since d(T™(z),Tk+1) < ed(z,zk), we see that {zx} converges also to
T"(z) and thus T"(z) = z. If T"(2) = 2, then

d(z,z) = d(T™(z), T"(2)) < ed(z, 2).

Hence z = z. Since T*(T'(z)) = T'(z) we see that T'(z) = z. If T(w) = w, then
T™(w) = w. Hence w = z. Taking m — oo in (1.3) implies

d(z, T (y)) < eFd(T™(y),y)/(1 —¢).

So, if y is replaced by T7(y), 0 <'j < n — 1, the ‘moreover’ part follows. a
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A function f from the metric space M into another metric space N with metric

p is said to be continuous at the point z € M if for each ¢ > 0 there exists
& > 0 such that p(f(z), f(y)) < € whenever y € M and d(z,y) < é. f is said to be
continuous if it is continuous at each point. f is said to be uniformly continuous
if for each £ > 0 there exists § > 0 such that p(f(z), f(y)) < € whenever d(z,y) < 4.
C(M, N) will denote the collection of all continuous functions from M into N. Let
Cp(M, N) be the collection of those f € C(M, N) for which there exists y € N such
that supyecps p(f(2),y) < oo. Note that

d(f,9) = tseuﬂr;p(f(tlg(t)) for f,g€ Cp(M,N)

defines a metric on Cp(M, N).

Theorem 1.1.4 Let M and N be nonempty metric spaces.

(1) If M is compact, then Cg(M,N) = C(M, N).
(2) If N is complete, then Cg(M, N) is a complete metric space.

PrROOF  Choose f € C(M,N),y € N and let A, = {t € M | p(f(¢),y) < k}.
Note that Aj, Ag, ... are open sets and that M C U3, A. So, if M is compact
then M C A for some k and, hence, f € Cg(M, N).

Assume that N is complete and that {f,} is a Cauchy sequence in Cp(M, N).
Thus, for each £ > 0 there exists k. such that

p(fr(t), fm(t)) <e forall te M, n,m> k.. (1.4)

Completeness of N implies that {f,(¢)} converges to some f(t) for every t € M.
If € > 0 and n > k3, then (1.4) implies p(fn(t), f(t)) < /3 for t € M. Hence,
p(f(t),y) <e/3 +supgepr p(fn(s),y) < oo for some y € N, and since

p(f(#), f(s)) < p(f(8): fu()) + p(fn(2), fn(5)) + p(fn(s), £ (5))
< 2¢/3+ p(fa(t), fn(s)),

we have that continuity of f, implies continuity of f. Thus, f € Cp(M, N) and
d(fn, f) <€ forn> k.. m}

If N is another metric space, with metric p, and if v € (0,1), then C¥(M,N)

denotes the set of all functions f : M — N for which there exists ¢ € (0, c0) such that

p(f(2), f(y)) < cd(z,y)” (1.5)

for all z,y € M. Such a function f is called Holder continuous. f is called
Lipschitz continuous when (1.5) holds, with v =1, for all z,y € M.
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f:+ M — N is said to be a locally Holder continuous function if for each 2 € M
there exist 7, ¢ € (0,00) and v € (0, 1) such that (1.5) holds for all z,y € B(z,r). The
set of all such functions will be denoted by Cy (M, N). Note that if f € Cy(M, N),
then for each compact K C M there exist ¢ € (0,00) and v € (0,1) such that (1.5)
holds for all z,y € K.

A set W is said to be connected if there do not exist two disjoint open sets
A and B such that W C AU B and both WN A and W N B are nonempty. If
for each z,y € W there exists continuous f : [0,1] — W, such that f(0) = z and
f(1) = y, then W is said to be arcwise-connected. It can be easily shown that if
W is arcwise-connected, then it is connected.

Theorem 1.1.5 (Arzela-Ascoli) Suppose that M is a separable metric space, with
metric d, and that {fn}52, is a sequence of complez velued functions on M such that

(a) sup, |fn(z)| < oo for each zx € M

(b) for each € > 0, T € M there exzists 8z > 0 such that sup,, |fn(z) — fa(y)| <€
whenever y € M and d(z,y) < 0z.

Then there exist integers n; < ng < --- and a continuous complez valued function v
on M such that

lim sup |fu, (2) — v(a)| =0

k=00 ze K

for every compact subset K of M.

PrOOF  Let S = {z;,z2,...} be a dense set in M. Let Ap be the set of
positive integers. For m > 1 let A, be an infinite subset of A,,—; such that

lim (z exists.
§-500,]€Am fi(@m)

Let ng = 1 and for k > 1 choose ny € Ay such that ng > ng_;. Note that the

lim fo,(z) existsforallz € S.
1—00

Let K be a compact subset of M and choose ¢ > 0. Open balls B(z, dz)
with z € K cover K. Hence, a finite subcollection, say By, ..., Bn, also covers
K. Choose y; € SN B; and let N be such that

|fn.’(yk) - f‘nj(yk)l <e for 4,j2>N,k=1,...,m.

Any z € K is contained in some By = B(2k,d,,¢)- Hence for 7,5 > N

(@) = frj (@) < | fini (@) = Fra(2)| + | fr(2K) = Fros ()]
+| fri (yk) — fnj (e)|
+|fn; (i) — Fy (26 + | fo; (26) = frj ()] (1.6)
< 2e+¢€+ 2 =be.
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This implies that {fn,(z)} converges, say to v(z), for each z € M. Letting
j — oo in (1.6) gives that {fn,} converges uniformly to v on every compact K.

To show that v is continuous, pick £ € M and € > 0. If d(z,y) < dz¢, then

l(z) —v()l < |o(@) = foi(@)] + | fri (@) — foi ()] + !fni (y) —v(y)|

< Ju(@) = fr(@) + e+ | frily) —o(y)l =€

1.2 Vector Spaces

The letter K will stand for either the field of real numbers R or the field of complex
numbers C. A scalar is a member of the scalar field K. A vector space over K
is a set X, whose elements are called vectors and in which two operations, addition
and scalar multiplication, are defined as follows:

(a) For every pair of vectors z and y corresponds a vector z +y in such a way that
T+y=y+=z and T+ (y+2)=(z+y) +z

X contains a unique vector 0 (the zero vector or origin of X) such that
z+0 = z for every £ € X; and for each z € X corresponds a unique vector —z
such that z + (—z) = 0.

(b) For every pair (a,z), with « € K and z € X, corresponds a vector az such
that

lz=z, affa) = (ah)e,

and such that the two distributive laws
o(z +y) = az + oy, (¢ + pB)z =az+ fz

hold.

The symbol 0 will, of course, also be used for the zero element of the scalar field.
A real vector space is one for which K = R; a complex vector space is one
for which K = C. Any statement about vector spaces in which the scalar field is not
explicitly mentioned is to be understood to apply to both of these cases.
When X is a vector space, A C X,B C X,z € X and a € K, the following
notation will be used:
s+ A={z+yly e A}

A+B={y+z|lye A z¢c B}
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ad = {ayly € A}

A nonempty subset Y of a vector space X is called a subspace of X ifaz+8y € Y
for all z,y € Y and all scalars o, 8. If az + By € Y for all z,y € Y and for all real
numbers a, 3, then Y is called a real subspace of X.

A subset M of a vector space is said to be convex if

tr+ (1—t)ye M whenever te€ (0,1), z,y € M.

Let z1,...,z, be elements of a vector space X. The set of all a1z1 + - + a,z,
with o; € K is called the span of z1,...,z, and is denoted by span{zi,...,z,}. The
elements zj,...,z, are said to be linearly independent if ayz; + --- + anzn, = 0

implies that oy = 0 for 1 <4 < n. A set M is said to be linearly independent if
distinct elements of every finite subset of M are linearly independent.

dim X denotes the dimension of a vector space X and is either 0, a positive
integer or co. If X = {0}, then dim X = 0; if there exist {u1,...,un} such that each
z € X has a unique representation of the form

T =qau) + - + Quuy with a; €K,
then dim X = n and {u1,...,u,} is a basis for X; in other cases dim X = co.

EXAMPLE 1.2.1 If M is a nonempty metric space and X is a vector space, then
C(M, X) is also a vector space with the usual definitions of addition and scalar multi-
plication:

(f+9)(z) = fz) +g(z) for f,geC(M,X), zeM

(af)(z) = af(z) for aeK,feC(M,X), € M.
C(M,R), as well as C(M, C), will frequently be denoted simply by C(M).

The support of a scalar valued function f on the metric space M is the closure of
the set {z € M|f(z) # 0} and is denoted by supp(f). Let Co(M) denotes the collection
of all f € C(M) with compact supp(f).

EXAMPLE 1.2.2 Let  be a nonempty open set in R®, n > 1. For a scalar valued
function f defined on Q and a multi-index « (i.e. an ordered n-tuple a = (a1, ..., an,)
of nonnegative integers a;, |a| = a; + - + @,), define

ap_ (O (2"
b f_(a.'lll) (an) f

when the indicated partial derivatives exist (in the indicated order) at each point in §;
if |a| = 0, then D*f = f. D; will sometimes be used to denote %.

For integers m > 0, let C™ () be the collection of all f € C(£2) such that D*f €
C() for every multi-index a with |@| < m. Recall that if f € C™(Q) and « is a
multi-index with |a| < m, then all partial derivatives of f, such that for each i the total
number of differentiations with respect to z; is equal to a;, exist and are equal to D f.
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We write f € C®°(Q) iff f € C™(R2) for all m > 0.

For m > 0, define C*(Q2) = Co(2) N C™(£) and let C§°(R) = Co(Q) N C*(Q).
C§°(0) is often denoted by D(Q) with its elements called test functions.

C™(2), C®(), CT* (), C& () are subspaces of the vector space C(2).

When Q = (a,b) we write C§°(a,b) in place of C§°((a,b)) ...

For a multi-index a = (ai,...,a,) we define a! = oy!---a,!. If 8 is also a multi-

index, we write 8 < « provided that 8; < a; for 1 < i < n. For 8 < a define

(5) = 7= = e - () (3)
B) " Bla=B)" Bl Ballar = B) - (@n—Ba)! \ B Bn)"
If f,g € Cl*(Q), then derivative of the product fg equals

D(f) =3 (g) (DA )D*5,. (L.7)

f<a

This can be easily verified, by induction, when differentiation with respect to only one
variable is performed; the general case follows immediately from this special case.

Suppose m > 1, f € C™(2) and that z + ty € Q for ¢ € [0,1]. For t € [0, 1], define
u(t) = f(z + ty). Induction on k gives

]
u®(t) = E“D"f z+ty) for te€0,1],0<k<m
a'y y b b [ -—
lal=k
where y* = yi* - - - y%~. The Taylor formula for u,

m—1 m
0

L T (m -1y

gives the Taylor formula for f:

a a 1
fary =Y %(D"‘f)(z)+m > %/0 (1 - )™ Y(D*f)(z + ty)dt. (1.8)

|al<m |a|=m

1.3 Banach Spaces

A vector space X is said to be a normed space if for every z € X there is associated
a nonnegative real number ||z||, called the norm of z, in such a way that

(a) llz+yll < llzll + |lyll for all z and y in X
(b) |laz| = |e||lz|| for all z € X and all scalars «

(¢) |lz]| >0 if z #0.
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A real-valued function || - ||, defined on a vector space X, is called a seminorm if it
satisfies (a) and (b). Note if || - || is a seminorm on X, then

Hzll =Nyl < llz =yl forall z,y€X

and hence if lim,_,o ||zn — z|| = 0 then lim, o ||Z5]| = ||Z]|-

A normed vector space will always be regarded as a metric space with the distance
d(z,y) = ||z — y|| and with the corresponding definitions of open sets, continuity, etc,
introduced in Section 1.1. If a normed space is complete then it is called Banach
space. More precisely, X is a real (complex) Banach space if X is a Banach space
with real (complex) scalars.

A subset S of a normed space is said to be a bounded set if S C B(0,r) for some
r € (0,00).

Sometimes different norms are defined in the same vector space X. |- ||, | - | are
said to be equivalent norms in X if there exist ¢;,cy € (0,00) such that

llzl| < cilz| < collz|| forallz € X.

Note that the property of a set to be open, closed or compact in a normed space is
not affected if the norm is replaced by an equivalent norm.

ExAMPLE 1.3.1 K", with the usual definitions of addition and scalar multiplication, is
an n dimensional vector space. The usual euclidean norm,

”.’B”=(|21|2+~~'+|zn|2)1/2, (l:=(.’l:1,...,.’l?n),
makes it into a Banach space. This norm is often denoted by | - |.

ExAMPLE 1.3.2 If X is a normed space and M is a nonempty metric space, then
Cp(M,X) is a collection of those f € C(M, X) which satisfy

Iflleo = sup |If ()] < co.
teM

Cp(M, X) is clearly a normed space with norm || - ||cc. If X is a Banach space, then
Theorem 1.1.4 implies that Cg(M, X) is a Banach space.

ExXAMPLE 1.3.3 Let 2 be a nonempty open set in R”, n > 1, m > 0 and define CF ()
to be the set of those f € C™(R) for which

[ £llm,c0 = max sup |D®f| < co.
la|<m @

CE () is clearly a normed space with the norm ||-||;m,c0. Let us show that CE () is com-
plete and hence a Banach space. The case m = 0 is discussed above in Example 1.3.2.
Assume that Cg ~1(Q) is complete for some m > 1 and that {fi}32, is a Cauchy se-
quence in CF(Q). Since {fx}32,, {Difr}32, are Cauchy sequences in C~'(Q), there



10

CHAPTER 1. LINEAR OPERATORS IN BANACH SPACES

exist f,g; € Cg"l(Q) such that ||fx — fllm—1,00 = 0 and ||D;fx — gillm-1,00 = 0 as
k — oo. Hence, if £ € 2 and e; is the unit vector in R™ in the i-th direction, then

h
felo + hes) — fulz) = /0 (Dife)(@ + ses)ds

for small enough h € R. Letting k — oo gives

h
flz + hey) — f(z) =/0 gi(z + se;)ds.

Hence D;f = g;, which implies completeness.

C™ () denotes the set of those f € CF () for which D f is uniformly continuous
for every multi-index a with @] < m. It can be easily seen that CT*(Q2) is a closed
subspace of CZ () and hence also a Banach space with the norm || - ||;m,co- Note if
f € C™(), then each D* f, |a| < m, has a unique uniformly continuous extension on 0
which is defined for z € Q\Q by (D f)(z) = lim, o (D% f)(z,) where z,, € Q are such
that £, — z. C™(Q) is sometimes denoted by C™(Q) (note that C™(R) # C™(R));
when § is a bounded interval (a,b) it will be denoted by C™]a, b].

Let C; denote the collection of f € C(R") such that lim|;)_, f(z) exists. The set
of all f € Cy, such that lim|;|0 f(z) = 0, will be denoted by Ce. Observe that C
and Cyo are closed subspaces of Cg(R"™) and, hence, Banach spaces.

EXAMPLE 1.3.4 Let Q2 be a nonempty (Lebesgue) measurable set in R"™. For p € [1, ),
we denote by LP () the set of equivalence classes of measurable functions on 2 for which

sy = (| |f|P)% <o

(two functions belong to the same equivalence class, i.e. are equivalent, if they differ
only on a set of measure 0). L>(2) denotes the set of equivalence classes of measurable

functions on  for which
I fllco = ess-sup,eqlf(z)] < oo
LP(Q2), 1 < p < o0, are Banach spaces with norm || - ||,.

For convenience we also consider LP(Q2) as a set of functions. With this convention
in mind, we can assert that Co(2) C L?(92). In fact, if p € [1,00), then Co(f) is a dense
subset of LP(Q2). Using this basic fact let us prove the following statement. If I is any
nonempty open interval in R, m > 0, then CJ*(I) is dense in LP(I), p € [1,00). If
true for some m > 0 and f € LP(I) for some p € [1,00) and € > 0, then ||f —g||, < /2
for some g € C§*(I). Define

1 z+6
mo@) = [ atvae
6 J.
and note that hs € Cy*™(I) for small 8. Since

z+48
ho(a) ~a@) = 5 [ (ol0) - g(o),
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the uniform continuity of g implies ||hs — gllo,co0 — 0 as § = 0, and since the support of
hs lies in a fixed compact subset of I for small § we can choose small § > 0 such that

lhs — gllp < €/2. Thus ||f — hs||, < €, showing that the statement is true for m + 1 and
hence for all m.

When p,q,7 € [1,00], p! +¢~! = 771, Hélder’s inequality implies that if f € L?(£)
and g € L(R), then fg € L() and v
1£gll- < I £llollgllq- (1.9)

This implies that if 7,pi,...,px € [1,00], 7™} = p;* +--- + p;* and g; € LP(Q), then
g1---gx € L™(Q) and

llgs - - gellr < llgallps - llgkllpe- (1.10)
LP(Q) is also separable if p € [1,00). For p € [1,0], we write g € L} (Q) iff
g € LP(K) for each compact K C Q.

EXAMPLE 1.3.5 In the following definitions let £ = {z,}32, be a sequence of scalars:

€° ={z|||z|lc =sup|zn| < oo}
n

co = {2 lim 2, =0}, llzll = llzlle

e = {z|llzll, = (ToL; l2alP)/P <00}, 1<p<oo.
£%°, co, PP are nice, easy-to-play-with Banach spaces.
EXAMPLE 1.3.6 The Cartesian product X x Y is the set of all ordered pairs (z,y),
where £ € X and y € Y. If X and Y are vector spaces with the same scalar field,

then X x Y is a vector space under the following operations of addition and scalar
multiplication:

(z1,91) + (22, 92) = (31 + T2, 91 + y2)
a(z,y) = (az, ay).

If in addition, X and Y are normed spaces with respective norms || - ||x, || - ||y, then
X xY is a normed space with the norm

Iz 9l = ll=llx + llylly-

Moreover, under this norm, X x Y is a Banach space provided X and Y are Banach
spaces.

1.4 Linear Operators

Let X,Y be normed spaces with the same scalar field. A mapping T from a subspace
of X, called the domain of T and denoted by D(T), into Y is said to be a linear
operator from X to Y if

T(az + By) = oTz + Ty
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for all z,y € D(T') and all scalars «, 3. Note that Tz rather than T'(z) is used when T
is a linear operator. The range, R(T'), of T is the set of all Tz with z € D(T). The
null space, N(T'), of T is the set of all z € D(T') such that Tz = 0. Thus, a linear
operator T is one-to-one iff N(T') = {0}. T is said to be densely defined if D(T) is
dense in X. If D(T) = X, then T is said to be defined on X. If Y = X, then T
is said to be defined in X. If S is another linear operator from X to Y, such that
D(S) D D(T) and Sz = Tz for £ € D(T), then S is called an extension of T and T
is called a restriction of S. If S and T are linear operators from X to Y, then the
domain of T + S is D(T') N D(S), and if R is a linear operator from Y to Z, then the
domain of RS consists of those z € D(S) for which Sz € D(R).

A mapping T : D(T) C X - Y is said to be bounded if it maps bounded sets
into bounded sets. When T is linear, T is bounded iff the norm of T defined by

IT|| = sup{||Tz|| | z € D(T), ||=]| < 1} (1.11)

is finite. Equivalently, a linear operator T is bounded iff there exists m € [0, 00) such
that

[|ITz)| < mjz| forall z e D(T).

The smallest of such m is equal to ||T'|| when T is bounded.

ExAMPLE 1.4.1 Suppose A C R", BC R™ and t: B x A — C are measurable, and
that for some M;, M, € (0, c0) we have that

/ |t(z,y)|dy < M; for z € B, / [t(z,y)|dz < M, for y € A.

A B

Fix p € [1,0] and define an integral operator T : L?(A4) — LP(B) by
@)@ = [ ey for fel), zeB.

T is a bounded linear operator and ||T|| < MJ/7M}/? where q € [1,00] is such that
1/q+ 1/p = 1. To see this, when p € (1, 00), note that Holder’s inequality implies

( / |t(z,y)|dy)" [ e wliswrdy
My /A lt(z, )11 (4)Pdy.

Hence another integration and the Fubini Theorem imply the bound.

P

IN

UA t(z,y) f(y)dy

IA

Theorem 1.4.2 A linear operator is bounded iff it is continuous.

PROOF  If T is continuous at 0, then there exists § > 0 such that || Tz|| < 1 for
z € D(T) with ||z|]| < 6. Hence ||T|| < 1/8. If T is bounded, then ||Tz — Ty|| <
|T|[lz — yl| implies continuity. ml
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Theorem 1.4.3 Let T : D(T) C X — Y be a densely defined bounded linear operator
from a normed space X to a Banach space Y. Then there ezists a unique continuous
extension, say T¢, of T on X. Moreover, T® is linear, bounded and ||T|| = ||T¢||.

PROOF Since T is densely defined, for each z € X there is a sequence
{zn} € D(T) with z, — z. Since T is bounded, {T'z,} is a Cauchy sequence
in Y, and thus converges to some y € Y. Moreover, it is easy to show that y
is independent of the sequence used. Thus we can (and to obtain a continuous
extension of T' must) define an operator T : X — Y by Tz = lim, 00 Tz, = y.
T* is clearly a linear extension of T' and thus (1.11) implies ||T¢|| > ||T'||. Since

IT°z] = lim [Tzl < Tz,

it follows that ||T¢|| = ||T)|. a)

The collection of all bounded linear operators T from X to Y with D(T) = X will
be denoted by B(X,Y); define also B(X) = B(X, X). Observe that

ITSI<ITIISI if SeBX,Y), TeB(Y,2).

Theorem 1.4.4 If X and Y are normed spaces, then B(X,Y) is a normed space
with norm defined by equation (1.11). If Y is a Banach space, then B(X,Y) is also
a Banach space.

PROOF If S,T € B(X,Y), then
(S + T)z|| = ISz + T=z|| < ||Sz| + [|T=|| < [|SI| + Tl

for z € X with ||z]| < 1. This gives the triangle inequality. Clearly, if o € K,
then ||aT|| = |&||T||. If T # 0, then T'z # 0 for some z € X and hence || T|| # 0.
Therefore B(X,Y) is a normed space. Assume now that Y is complete and that
{T.} is a Cauchy sequence in B(X,Y’). Since

ITnz — Tzl < |Tn — Tonllllzl, (1.12)

we see that {T,z} is a Cauchy sequence in Y. We can therefore define a linear
operator T' by
Tz = lim T,z forall ze€ X.
n—o00

If € > 0, then the right side of (1.12) is smaller than ¢||z|| provided that m and
n are large enough. Thus

ITz — Tmz|| < €l|z|| for all large enough m.

Hence ||Tz| < (| Tl + €)llzll, T € B(X,Y), limp 00T =T O
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The following Theorem is often referred to as the uniform boundedness prin-
ciple.

Theorem 1.4.5 (Banach-Steinhaus) Suppose X is a Banach space, Y is a normed
space and A C B(X,Y). Then either

sup [[T|| < oo
TeA

or there exists a dense set E C X such that

sup ||[Tz|| =00 forall z€E.
TeA

PROOF  Let V, = {z|||Tz|| > nfor someT € A} for n =1,2,3,... Observe
that each V;, is open.

If one of these sets, say Vy, fails to be dense in X, then B(zg,7)NVy =0
for some zo € X and some r > 0, i.e.
ITz|| < N forall T € A, z € B(zo,r).
Therefore, if ||z|| < 7, then
ITz|| = |T(zo + z) — Tzol| <2N forall TeA

and ||T|| < 2N/r for all T € A.

The other possibility is that every V;, is dense in X. In that case the Baire
Theorem 1.1.1 implies that E = NV}, is dense in X. Now, if z € E, then for
each n there exists T € A such that ||Tz| > n. m]

An immediate consequence of the Theorem is:

Corollary 1.4.6 If X is a Banach space, Y is a normed space and if B, € B(X,Y),
n = 1,2,... are such that lim,_,o, Bpz ezists for every z € X, then there ezists
B € B(X,Y) such that Bz = lim,_,o, Bnz for every z € X.

Theorem 1.4.7 (Open Mapping) If X andY are Banach spaces and T € B(X,Y)
is onto, then there ezists ¢ < oo such that for each y € Y there corresponds z € X
with the properties Tz =y and ||z|| < c|ly||.

PROOF Let V, = {z € X||lz]| < n} for n = 1,2,... Since T is onto,
Y = UT(V,). Corollary 1.1.2 of the Baire Theorem implies that some T'(Vy)
contains a nonempty, open W. Choose yo € W and n > 0 such that ||y|| < 7
implies yo + y € W. Since there exist u;,v; € Vy such that

Tu; = yo, Tvi—>yo+y
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we have Tz; = T(v; — u;) = y and ||lz;)] < 2N. If ¢ = 4N/7, then rescaling
implies that for each y € Y, € > 0 there erists € X such that

lzll < cliyll/2, |y — Tzl <e. (1.13)

Now choose y € Y with |ly|| < 1. There exists an z; € X such that
lz1]l € ¢/2, |ly — Tzi1|| < 1/2. Suppose z1, ..., T, have been chosen so that

ly—Tzy — - —Tzy| <27™. (1.14)

Use (1.13), with y replaced by y — T'z; — -+ — T'zy,, to obtain z,4; such that
(1.14) holds with n replaced by n + 1 and

|Tngill €277 le, n=0,1,2,.... (1.15)

Let s, = 21 + -+ + zp. (1.15) implies that {s,} is a Cauchy sequence hence it
converges to some z. (1.15) implies ||z|| < ¢ and Tz = y by (1.14). m]

Corollary 1.4.8 If X and Y are Banach spaces and if T € B(X,Y) is one-to-one
and onto, then the inverse of T' is bounded.

Definition 1.4.9 A linear operator T from X to Y is said to be closed if for every
sequence {z,} in D(T'), which is such that the limits

z= lim z, and y= lim Tz,
n—oo n—oo

exist, we have that z € D(T) and Tz = y. T is said to be closable if there exists an
extension of T that is closed.

EXAMPLE 1.4.10 Let T : D(T') C L*(0,1) — L?(0,1), p € [1, 0], be the differential
operator given by T'f = f' with domain

D(T) = {f € AC[0,1] | f' € L?(0,1), f(0) = 0}.
We are using AC|[a, b] to denote the set of all absolutely continuous scalar valued func-
tions defined on the interval [a, b].

If go(z) = nl/Pz™, then ||gn|| < 1 and ||T'g,|| = o0 as n — oco. Thus T is not
bounded. However, if f, € D(T) with f, = f and T f, — g, then

) = [ * e

and, by Hoélder’s inequality, the above integral converges uniformly to f: g(t)dt. Thus

fn converge uniformly to f. As a consequence, f(z) = foz g(t)dt, which implies that
f € D(T), Tf = g and hence T is closed. Example 1.3.4 shows that T is densely defined
if p < o0.
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Suppose that a linear operator T from X to Y has the following property: if {z,}
is a sequence in D(T) such that limp_yoo Tn, = 0 and {Tz,} converges to somey €Y,
then y = 0. Note that all closable operators have this property. For such T define
closure of T', denoted by T, as follows: x € D(T) if and only if there exists a sequence
{zn} in D(T) which is such that limy,_,o n = « and {Tz,} converges to some y € Y’;
for such z,y we define Tz = y. It is easy to check that T is an extension of T and
that T is closed.

It is left to the reader to verify the following properties a linear operator T' from
XtoY:
(a) T is closed iff its graph {(z,Tz) | z € D(T)} is closed in X x Y.
(b) If T is continuous and D(T) is closed, then T is closed.
c) If T is closed, then N(T') is closed.
(d) If T is one-to-one, then T is closed iff 7! is closed.
)

(e) If T is continuous, then T is closable.

Theorem 1.4.11 (Closed Graph) If X and Y are Banach spaces and T is a closed
linear operator from X to Y with D(T) = X, then T is bounded.

PrROOF  Define |z| = ||z|| + ||Tz| for z € X. One can easily check that |- |
is also a norm on X. Closedness of T implies that X is also complete with this
norm. Consider I, the identity map on X, as an operator from the Banach

space X with norm |- | onto the Banach space X with norm || - ||. I is clearly

bounded and the Open Mapping Theorem 1.4.7 implies that there exists ¢ < oo

such that |z| < c||z| for all z € X. Hence ||T|| <c— 1. o
1.5 Duals

When X is a normed space, the set B(X, K) will be called the dual space of X and
will be denoted by X*. X* is also called the adjoint space or conjugate space of
X. Elements of X* are called bounded linear functionals on X. Theorem 1.4.4
implies that X™* is a Banach space.

EXAMPLE 1.5.1 For f = {fn} € £, define
F(@) =Y fagn (1.16)
n=1

for all z = {z,} € £!. Note that F € £'* and that ||F|| = ||f||co- Suppose now that
F € ¢** and let us show that equation (1.16) holds for some f = {f,} € £°. Fori > 1,
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define e = {e?)} €0 by el) =1, and let eg.i) = 0if j # i. Define f; = F(e®¥)) and
note that |fi| < ||F|||le®|l1 = ||F|| and therefore f = {f;} € £=. If € £, then

F(z) - Zf,m-w Eze“’ [ < IIF]| Z £
i=1

i=n+l

Letting n — oo proves the assertion. Thus one can, loosely, say that £° = ¢1*. If
p € [1,00), then one can show in a similar way that the linear functionals on £? can
be represented by equation (1.16) with f € £9, where g is such that 1/p+1/¢ =1 and
therefore ¢7 = ¢P*.

EXAMPLE 1.5.2 Suppose 1 < p,q < oo satisfy 1/p+1/g =1 and let Q be a nonempty
Lebesgue measurable set in R™. For g € LI(Q2), define

G(f)=/9gf forall f e LP(Q). (1.17)

It is easy to see that G is a bounded linear functional on L?(f2) and that ||G|| = ||g]lq-
If 1 < p < oo, then one can show that for each G € LP(Q)* there corresponds a
unique g € L7(f) so that equation (1.17) holds. Hence, it is customary to identify
LP(Q)* = LI(Q). The case of p = oo is different. The dual of L*™ is much larger than
L.

Theorem 1.5.3 Suppose A1, Aq,... are bounded linear functionals on a separable
Banach space X such that sup; |A;i(z)] < oo for all z € X. Then sup; ||A;|| < oo and
there ezxist integers ny < ng < --- and a bounded linear functional A on X such that

klim An (z) = A(z) forall ze€X. (1.18)

PROOF  The uniform boundedness principle implies ¢ = sup,; ||A;]| < 0o. Since
|[Ai(z) — Ai(y)] < c|lz — yl|, the Arzela-Ascoli Theorem 1.1.5 implies existence
of n] <ng <---and A € C(X) such that (1.18) holds. It is easy to check that
A is a bounded linear functional on X. m]

Corollary 1.5.4 Suppose 1 < p < o0, 1/p+1/qg = 1 and let Q be a nonempty
Lebesgue measurable set in R™. If fi, fa,... is a bounded sequence in LP(Q), then
there ezist integers ny < ng < --- and f € LP(Q) such that

lim/fnkg=/fg for all g € LY(R).
k—oo Jq Q

PrOOF Let Ai(g) = [ fig for g € X = LI(Q). Since X is separable, see
Example 1.3.4, Theorem 1.5.3 gives integers n; < ny < --- and A € X* such
that An, (9) — A(g) for all g € X. In view of Example 1.5.2, there exists
f € LP(Q) such that A(g) = [ fg for all g € X. O
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A sequence T;,Ts,... in a Banach space X is said to be weakly convergent if
there exists £ € X such that lim, oo A(z,) = A(z) for every A € X*. In this case
z is called a weak limit of the sequence and the notation z, — z is used. Note
that Corollary 1.5.4 implies that every bounded sequence in LP(Q2), 1 < p < oo, has
a weakly convergent subsequence.

In the proof of the following Hahn-Banach Theorem we shall need to make use
of transfinite induction. Our argument will be based on the Hausdorff Maximality
Theorem which we shall now briefly review.

A set P is said to be partially ordered by < if

(1) a < a for every a € P
(2) a<band b<a,thena=0»>
(3) a<band b<c,thena<c.

For example, any collection of subsets of a given set is partially ordered by C.

A subset T of a partially ordered set P is said to be totally ordered if every
pair a,b € T satisfies either a < b or b < a. A totally ordered set 7T is said to be a
maximal totally ordered subset of P if there does not exist a totally ordered set
T'CPsuchthat TC T and T # T

Theorem 1.5.5 (Hausdorff Maximality) Every nonempty, partially ordered set
contains a mazimal totally ordered subset.

This Theorem happens to be equivalent to the Axiom of Choice and to the Zorn
Lemma. Hence, depending on one’s preferences, it can be taken as a basic assumption

(our choice) or derived from either the Axiom of Choice or the Zorn Lemma.

Theorem 1.5.6 (Hahn-Banach) Suppose M is a subspace of a normed space X
and that f € M*. Then there exists F € X* such that |F|| = ||f|| and

F(z) = f(z) forall ze€ M.

PROOF  Let us suppose first that K = R so that f is real valued. Let ¢ = || f||.
Choose any zo € X\M and let

My={z+ X zo|ze M, e R}
Observe that for all z,y € M,
flz—y) <cllz —yll < cllz — zoll + cllzo — yll

f(@) = cllz = zoll < f(y) + clly — zoll.
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Hence one can find a € R such that for all z € M,
f(z) = cllz —zoll < a < f(z) +cllz — zo||

|f(z) —a] < ¢l — zo|-

Replacing z by —z /X gives
|f(z) + Aa| < cllz + Azo|| forall ze€ M, reR.
Hence, if fy : My — R is defined by

folz + Azo) = f(z) + Aa,

then fo € Mp* and f; is an extension of f with || fo]| = c.

Let P be the collection of all pairs (N, g) where N D M is a subspace of X
and g € N* is an extension of f with ||g|| = ¢. Define partial ordering < on P
by

(N,g) < (N',g') ifand onlyif N C N'and g extendsg.

The Hausdorff Maximality Theorem implies the existence of a maximal totally
ordered subcollection 7 of P.

Define S to be the union of all N where (N, g) € 7. The fact that T is totally
ordered implies that S is a subspace of X and allows us to define F': S — R as
follows: if z € S, then z belongs to some N with (N,g) € T, let F(z) = g(z).
Note that (S, F) € P, and since m < (S, F) for all m € T, the maximality of
T implies (S,F) € T. If S would be a proper subspace of X, the first part
of the proof would give us a further extension of F' and this would contradict
maximality of 7. Thus S = X, and the proof is complete for the case of real
scalars.

Suppose now that K = C. Note that M, X are also real vector spaces and
that if u(z) = Re f(z) for z € M, then u € B(M,R) and, clearly, ||u| < ||f]|.
Let U € B(X,R) be the extension of u as obtained in the case of real scalars.
Define

F(z) =U(z) —iU(iz) forall z € X.

One can easily see that F' is an extension of f and F € X*. If z € X and if
a € C is such that aF(z) = |F(z)|, then |F(z)| = F(az) = U(az) < ||U||||z]|-
Hence | F|| < Ul = [lull < |If]l and, therefore, ||F|| = ||f]|- o

Theorem 1.5.7 Let M be a subspace of a normed space X and assume that z € X
does not belong to the closure of M. Then there ezists f € X* such that

Ifl=1, f(z)=dist(z,M) >0, f(y)=0 forall ye M.
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PROOF  Define a subspace N = {y+Az|y € M, X € K} and let g(y+Az) = Ad
for all y € M, X € K, where d = dist(z, M). If y € M, X € K\{0}, then

lz = (=1/Nyll = d = g(z + (1/A)y).

Hence g € N*, ||g|l < 1. If {y,} is a sequence in M such that ||z — y,| — d,
then [g(yn — 2)1/l9m — 21l = /llyn — zll — 1, and hence flgll = 1. Let f be the
extension of g as provided by the Hahn-Banach Theorem 1.5.6. ]

If X is a normed space and z € X, then f € X* which is such that

(@) = llzll* = I£11”

is called a normalized tangent functional to . Taking M = {0} in the above
Theorem 1.5.7 and rescaling proves their existence:

Corollary 1.5.8 If X is a normed space and z € X, then there exists f € X* such
that f(z) = ||z||* = || f]*.

EXAMPLE 1.5.9 Let ||-|| be the sup norm on X = C[0,1]. Pick u € X and let 2o € [0,1]
be such that |u(zo)| = ||u||. Define f € X* by f(v) = u(zo)v(zo). f is a normalized
tangent functional to u. Note that u can have many normalized tangent functionals.

The above Corollary 1.5.8 implies that the dual of a normed space X separates
points in X:

Corollary 1.5.10 If X is a normed space and if z,y € X are such that f(z) = f(y)
for all f € X*, thenz =y.

Definition 1.5.11 Let X be a normed space. The dual space X** of X* is called
the second dual space of X and is again a Banach space. Note that to each z € X
we can associate Fy € X** by Fy(f) = f(z) for f € X*. Since |F(f)| < lIfllllzll,
we have that ||[F;|| < ||z||; by taking f to be a normalized tangent functional to z
gives that ||Fy|| = ||z||. Thus, the mapping F : z — F, is a linear isometry of X
onto a subspace of X**. Frequently, F(X) is identified with X and, in this case, X
is considered as a subspace of X**. X is said to be reflexive if F(X) = X**, i.e.,
X is reflexive iff for every g € X** there corresponds z € X such that F, = g. For
example, all L? spaces, including ¢, with 1 < p < oo are reflexive. £! is an example
of a space that is not reflexive.

Definition 1.5.12 Let X and Y be normed spaces and let T' be a densely defined
linear operator from X to Y. Define a linear operator from Y* to X*, called the
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adjoint of T and denoted by T*, as follows: g € D(T*) if and only if g € Y* and
there exists ¢ < oo such that

|9(Tz)| < c||z|| for all e D(T).

If g € D(T*), then the fact that D(T) is dense in X implies (see Theorem 1.4.3)
that there exists a unique f € X* such that f(z) = g(T'z) for all z € D(T). Define
T*g = f.

Clearly, T™ is a linear operator and it is easy to show that T* is always closed.

EXAMPLE 1.5.13 Suppose p € [1,00) and let T € B(LP(A), LP(B)) be given by
(Tf)(a) = /A Ho,y)f@W)dy for feIP(A), zeB

as in Example 1.4.1. In view of identification LP* = L9, where 1/q¢ + 1/p = 1 (see
Example 1.5.2) the Fubini Theorem implies that

00 = [ e o)z for geLi(B), ye A
B
Reapplying Example 1.4.1 gives [|T*|| < M}/ M}/?.

Theorem 1.5.14 Let X and Y be normed spaces. If T € B(X,Y), then T* €
B(Y*, X*) and |T|| = |T*||.

PrROOF Sinceforallge Y*andallz € X,

I(T*g)()| = |9(T=)| < llglITIll|=l,

we have that ||T*|| < ||T||. Corollary 1.5.8 implies that for every z € X there
exists g; € Y* such that ||gz|| <1 and g,(Tz) = ||Tz||. Hence

IT*| 2 IT*9z|| Z 9+(Tz) = |Tz| forall ze€X,|z| <1
implies that ||T*|| > ||| O

Theorem 1.5.15 If X and Y are normed spaces, Y is reflezive and T is a closed,
densely defined, linear operator from X to Y, then D(T*) is dense in Y*.

PrROOF  If D(T*) is not dense in Y*, then Theorem 1.5.7 and the fact that ¥’
is reflexive imply that there exists-y € Y such that y # 0 and £(y) = 0 for all
£ € D(T*). Note that (0,y) € M = {(z,Tz) | z € D(T)}, and since M is closed
in X x Y, Theorem 1.5.7 (see Exercise 10) implies the existence of ¢; € X* and
¢35 € Y* such that ¢5(y) # 0 and ¢;(z) + €2(Tz) = 0 for all z € D(T). This
implies that ¢, € D(T*) and hence the contradiction £2(y) = 0. a
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Theorem 1.5.16 Let X and Y be Banach spaces and suppose that T is a closed,
densely defined, linear operator from X to Y. Then the following two statements are
equivalent:

(a) T is one-to-one, onto and T~ € B(Y, X).
(b) T* is one-to-one, onto and T*~ € B(X*,Y*).
Moreover, if (a) holds, then (T-1)* = T*~ 1.
ProoOF Assume (a) and let R = T7!. Note that for every y € Y and
g € D(T*),
9(y) = 9(TRy) = (T*g)(Ry) = (R*T*g)(y)-
Hence g = R*T*g and T* is one-to-one. For f € X* and z € D(T),

f(z) = f(RTz) = (R*f)(Tz) hence (R*f)e€ D(T*)and T*R*f = f.
Therefore T* is onto, T*~! = R* and, by Theorem 1.5.14, we have proved (b)
as well as the ‘moreover’ part.

Assume (b). Choose any z € D(T). Corollary 1.5.8 implies there is an
f € X* such that ||f|| <1 and f(z) = ||z||. Hence if g = T*~'f, then

lell = f(z) = (T*9)(2) = 9(Tz) = (T* 7 f)(T2) < |T* || T=|.  (1.19)

Thus T is one-to-one. If a sequence {T'z,} converges to some y € Y, then (1.19)
implies that {z,} converges to some z € X. Closedness of T implies that z €
D(T), Tz = y and therefore R(T) is closed. If there would exist y € Y\R(T),
then Theorem 1.5.7 would imply existence of g € Y* such that g(y) > 0 and
g9(Tz) = 0 for all z € D(T). However, this implies ¢ € D(T*), T*g = 0,
and, since T™* is one-to-one we would have g = 0 which contradicts g(y) > 0.
Therefore T is onto, and T~! € B(Y, X), by the inequality (1.19). O

EXAMPLE 1.5.17 Suppose T : D(T) C LP(0,1) - LP(0,1), p € [1,0), is given by
Tf=f" for feD(T)={fe€AC[0,1]]|f € L?(0,1), f(0) = 0}.

In Example 1.4.10 it is shown that T is closed and densely defined. It can be easily
seen that T is one-to-one, onto and

(T71g)(x) = / g(t)dt for g€ LP(0,1).
0
Thus Theorem 1.5.16 implies 7*~! = (T'~!)* and, in view of Example 1.5.13, we have
1
(T* h)(z) = / h(t)dt for h e LI(0,1),

1/q¢ + 1/p = 1. Therefore, T* can be identified with the following linear operator in
L1(0,1):

T*g=—g' for geD(T*)={g€ AC[0,1]|g" € LI(0,1), g(1) = 0}.
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1.6 Spectrum

Definition 1.6.1 Let T be a linear operator in a normed space X with scalar field
K. The resolvent set of T, denoted by p(T), is defined to be the set of all scalars
A € K for which there exists R(\) € B(X) such that

(1) for every y € X we have that R(\)y € D(T) and (T — MDR(\)y =y,
(2) RA)T — Nz =z forall z € D(T).

When X € p(T), R(}) is called the resolvent of T' at A and will be usually denoted by
(T =X)L o(T) = K\p(T) is called the spectrum of T. The set of A € K for which
there exists z € D(T'), z # 0, such that Tz = Az, is called the point spectrum of
T and is denoted by 0,(T). The elements of o, (T) are called the eigenvalues of T
and the nonzero members of N(T — \) are called the eigenvectors of T

Note that if p(T) is not empty, then T has to be closed. Observe that if (1) is
satisfied and A is not an eigenvalue of T', then (2) is also satisfied. Also, if A € p(T),
then T — X is one-to-one and onto. In particular op(T") C o(T). The converse follows
immediately from the Closed Graph Theorem:

Corollary 1.6.2 If T is a closed linear operator in a Banach space, then \ € p(T)
if and only if
T — X is one-to-one and onto.

Suppose A\, € p(T). fx € X, theny = (T — A\) "'z — (T — ¢)"'z € D(T) and
(T-Ny=2-(T-(+(-NT - 's=(A=OT-0)a.
Applying (T — A)~! on both sides gives the resolvent identity
T-N"=(T-)"=0-Q@T-NHT-¢" for A(e€pT). (1.20)
Observe that this identity implies that (T'— )™}, (T —¢)~! commute for ), ¢ € p(T).
EXAMPLE 1.6.3 Suppose Ty : D(Tp) C LP(0,1) = L?(0,1), p € [1, 0], is given by
Tof = f' for feD(Ty) ={fe€C0,1]] f(0) =0}.
Since Tof — Af € C[0,1], To — X is never onto and hence o(Tp) = K.
EXAMPLE 1.6.4 Suppose T; : D(T1) C L?(0,1) = L?(0,1), p € [1, 0], is given by
Tif =f' for feD(T)={feAC[0,1]] f € L?(0,1), f(0) = f(1)}

and let K=C.
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It can be easily seen that A is an eigenvalue of Tj iff e* = 1 iff A = 2inm, n =
0,+1, ... The corresponding eigenvectors are e**. If X & o,,(T}), then solving f' — A f =
g, £(0) = f(1), suggests that we define

1 eMz-v) e ifr<y
(R(N)g)(z) =/0 t(z,y)9(y)dy where t(z,y)= T = { 1 ifz>y

It is easy to verify that R()\) € B(LP(0,1)) and that it satisfies the requirements stated
in Definition 1.6.1. Thus o(T1) = 0,(T1).

EXAMPLE 1.6.5 The operator T : D(T) C L?(0,!) — L?(0,1), given by
Tf=f for feDT)={feAC,|f €L*(0,1), f(0) =0},

has an empty spectrum whenever ! € (0,00), p € [1,00] and K = C. Its resolvent is
given by

(T = \)"'g)(z) = / eXMe=9g(s)ds for A€C, g€ LP(0,1).
0

EXAMPLE 1.6.6 Define Tz : D(T3) C LP(R) — LP(R), p € [1,00], by Tof = f' with
domain

D(T2) = {f € LP(R) | f € AC[~a,a] for all a € (0,0), f' € LP(R)},

and let C be the field of scalars.

Assume X € C and Re A > 0. Solving f' — Af = g suggests the following definition
of the resolvent:

o0

(R(N)g)(z) = —/ e*@=9g(s)ds for ge LP(R), z €R.
z

Applying Example 1.4.1, we see that R(\) € B(L?(R)) and ||[R(N)|| < 1/ReX. It is

easy to verify (1) in Definition 1.6.1 and, since A cannot be an eigenvalue of Ty, we have

that X € p(T2) and R()\) = (T> — \)~!.

If A € C and Re )\ < 0, then one can similarly show that A € p(T>) and

(T2 = N7 lg)(z) = /z erMe=9g(s)ds for ge LP(R), z € R.

[o<]

Thus, every A € C, with Re A # 0, belongs to the resolvent set of T» and

1

T =N < —.
(T2 = X) ”—|Re,\|

(1.21)
If p = o0, then 0,(T3) = o(T2) = iR.

If p < oo, then T has no eigenvalues. However, if A € C, with ReX = 0, then
T> — X is not onto and hence A € o(T3). To see this, try to find f € D(T3) such that
Tof — Af = g where g(z) = e for z € [0,1] and g(x) = O for other = € R.
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EXAMPLE 1.6.7 Define S : D(S) C L?(R) — LP(R), p € [1,00], by Sf = —f" with
domain

D(S) = {f € C*(R) | f' € AC[~a,q] for all a € (0,00); f,f', f" € LP(R)}

and let C be the field of scalars.
If A € C and A ¢ [0, ), then it can be easily seen that

E-NT'=-(T-0O " T2+,

where T is as in Example 1.6.6 and ¢ = (=A)'/? with Re¢ > 0. Similarly, as in
Example 1.6.6, one can show that ¢(S) = [0, 00).

Theorem 1.6.8 Suppose X is a Banach space, T € B(X) and X is a scalar such
that |\ > |T™||}/™ for some integer n > 1. Then X € p(T) and

oo
(T-N"tz=- ZA'k_lTkx forall z € X. (1.22)
k=0

PROOF  Choose z € X and define R,y = —A"lz + A"1Ty for y € X. By
induction,

Ry = A"l - A 2Tz — .. = XA *T* 1z 4 X *FTky for k>1, ye X.

Thus ||RZy — R2z|| < |A\|7™||T"||lly — 2| and hence Theorem 1.1.3 implies ex-
istence of a unique z; € X such that Ryz, = 2, i.e. (T — A)z; = z. Thus,
T — X is one-to-one and onto, hence, Corollary 1.6.2 implies that A € p(T") and
2z = (T — A)"!'z. Theorem 1.1.3 implies also that limy_,o RX0 = 2, which
implies (1.22). ]

EXAMPLE 1.6.9 Initial value problem for a system of n linear ordinary differential
equations. Suppose —oo < @ < b < oo and let A be an n x n matrix with entries
A;; € L(a,b). Assume also that ¢ € C* and f = (f1,..., fa)' where f; € L'(a,b).
We will show that there exists a unique g = (g1,...,9n)" : [@,b] = C" such that each
gi € ACla,b], g(a) = c and

g'(z) = A(z)g(z) + f(z) for almost all z € [a,d].
For u = (uy,-.-,un)" € X = C([a,b],C"), define

llull = Jnax, llgféxnluz‘(z)L
X is a Banach space (Example 1.3.2). For u € X, define Ku € X by (Ku)(z) =
f: A(y)u(y)dy and let h € X be given by h(z) = c + f: f(s)ds. Observe that it is
enough to show that there exists a unique g € X such that g = Kg + h. This will be
accomplished by showing that 1 € p(K).
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Choose any u € X. Define u(® = u, u*+1) = Ku*) for k = 0,1,2,... and observe
that K*u = u®). Define also vk(z) = maxi<i<n [u{¥)(z)| and note

n

wis(2) < [ Gow(s)ds where G(a) = max Y- Ay (o).
a =St=Etio

By induction,
1 z z k—1
v (z) < rl)'/ (/ G(s)ds) G(W)vo(y)dy forall k>1, z € [a,b].
Ve \Uy

Thus vy (z) < M*||u||/k!, where M = f: G(s)ds. Hence, if A € C, A # 0, then

IXHIE ) = (A F ™| < [lull(M/1A)* /5L =5 0.
Hence |A| > ||K*||}/* for k large and, by Theorem 1.6.8, A € p(K). Observe also that if
u=(uy,...,u)" € R(K), then each u; is absolutely continuous and hence R(K) # X
and o(K) = {0}.
EXAMPLE 1.6.10 The Volterra integral equation of the second kind is represented by
z

f(z) - / g9(z,y)f(y)dy = h(z) for almost all =z € (a,b). (1.23)

We shall show that, for given h € LP(a,b), there exists a unique f € LP(a,b) for which

equation (1.23) is satisfied. It is assumed that —c0o < a < b < 00, 1 < p < o0,
g : (a,b) x (a,b) = C is Lebesgue measurable and

b z p—1
/ (/ Ig(r,y)lﬁdy) dz < co.
a a

When u € L?(a,b), Holder’s inequality implies that

([ |g(z,y)u(y>|dy)p <6 [ hwPdy < Gl (1.24)

6@ =([ |g(z,y>|#dy)p_l ‘

Since M = f: G(z)dz < 00, one can define K € B(LP(a,b)) by

where

T

(Ku)(z) = / oz, y)uly) dy.

a

Fix any u € L?(a,b) and define vn(z) = [ |(K™u)(y)|Pdy for n = 0,1,2,.... Inequality
(1.24) implies that

(o) < [ " G(s)va(s) ds
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and, as in Example 1.6.9, we have that v,(z) < M™ug(b)/n! for n > 1. Therefore
|1 E™ullp = va(b)Y/P < (M™/n!)1/?||u||,. Theorem 1.6.8 implies that every A € C, A # 0,
belongs to p(K). Thus the solution of the Volterra equation (1.23) is f = (1 — K)~'h
and equation (1.22) implies that

n

f=> K*h

k=0

lim
n—00

=0.
P

Theorem 1.6.11 Suppose that T is a linear operator defined in a Banach space X .
Then p(T) is an open set and o(T') is a closed set. Moreover, if X € p(T), ¢ € K, are
such that |A — C|||(T — X)7Y| < 1 then, ¢ € p(T). Furthermore, the resolvent of T is
differentiable, B(X) valued, function and its derivative is

d _ _
ﬁ(T—A) L= ((T=X"H2 forall Xep(T).

PrOOF  Observe that the ‘moreover’ part implies that po(T) is an open set

and that o(T) = p(T)° is a closed set. To prove the ‘moreover’ part, use
Theorem 1.6.8, to define

R=(T-N"'1-(-NT -1 eBX).

It is easy to see that (T —()Rz = z for z € X and R(T —{)y = y for y € D(T).
Hence ¢ € p(T), (T —¢)~! = R. (1.22) gives the bound on ||R||,

_ T-37"
oy <l |
1= T N =T
If { # A, the resolvent identity (1.20) implies

(@0 =@ =N = (@=NT = @)@ (T -0
= =T -7 T -1
Using the bound on ||R|| gives
L O (T — 1) — (T — n-1)2 A =<l =)~
I (@ =07 = @ =™ - (@ -y < oI
and this proves the differentiability of (7' — X)~1. O

A function f : D — X, where D is a nonempty open set in C and X is a complex
Banach space, is said to be analytic in D if it is differentiable in D, i.e., there exists
f': D — X such that
fw) — f(2)

w—2z

lim
w—rz

=0 forall z€D.

-f'(»)

Theorem 1.6.11 implies that the resolvent of an operator is analytic when its resolvent
set is not empty and the scalar field is C.
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EXAMPLE 1.6.12 Define T, : D(T2) C LP(R) — LP(R), p € [1,00], by Tof = f' with
domain

D(T2) = {f € L’(R) | f € AC[—aq,a] for all a € (0,00), f' € LP(R)}

and let C be the field of scalars. In Example 1.6.6, it is shown that o(T%2) = iR. Thus, if
X € C, Re X # 0, then taking ¢ = iIm X in Theorem 1.6.11 gives [Re A|||(T2 — A)7!|| > 1.
Hence (1.21) implies

1
- -1 = -0 i N .
T2 =07 = g5y forall A€ Cwith Red#0 (1.25)
Theorem 1.6.13 Let T be a closed and densely defined linear operator in a Banach
space X. Then o(T) = o(T*) and

(T =XYYWY' =(@* =171 forall Xep(T).

PROOF It is easy to see that (I'—\)* = T*— for all scalars A. Theorem 1.5.16
implies the rest. O

Lemma 1.6.14 If A, B are linear operators in a Banach space such that A is an
extension of B and p(A) N p(B) is not empty, then A = B.

PrROOF Ifz € D(A) and X € p(A) N p(B) then (A — Az = (B — A)y for some
y € D(B). Hence (A — \)(z — y) = 0 and, therefore, £ = y, implying A = B.
O

Definition 1.6.15 Let T be a linear operator in a Banach space X. A set of scalars
f(T'z) - where z ranges over all z € D(T') with ||z|| = 1, and f is a normalized tangent
functional corresponding to this - is called a numerical range of T'. Since elements
of a Banach space can have several different normalized linear functionals, T' could,
in principle, have several different numerical ranges. T is said to be accretive if it
has a numerical range that is contained in {z € K|Rez > 0}, i.e., for each z € D(T)
with ||z|| = 1, it is required that there exists f € X* such that f(z) = ||f|| = 1 and
Re f(T'z) > 0. T is said to be dissipative if —T is accretive.

Note that o,(T) is contained in any numerical range of T: if A € o,(T), then
Tz = Az for some z with norm 1, hence, if f is a normalized tangent functional to
then f(T'z) = A. A partial converse

Theorem 1.6.16 Suppose that T is a linear operator in a Banach space X and that
its numerical range is contained in a nonempty closed set I'. Let O be a connected
subset of T¢. If R(T — X) = X for some A € O, then O C p(T) and for every ¢ € O,

(T - ¢)~H < 1/dist(¢,T). (1.26)
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Proor If £ € D(T),  # 0, then for every scalar p,
1Tz ~ pall 2 |f(Tz — pz)| = ||zl (Tz)/||zll — p| 2 ||| /dist(u, T)
where f € X* is the normalized tangent functional to ||z||"!z. This implies

(1.26) for all ¢ in the open set Oy = p(T) NT* and that A € O; N O.

Let Oy = o(T) NT° Take any z € Os and ¢ € B(x,r), where r =
dist(z,T')/2. Note that dist(¢,T') > r. If { € p(T), then ¢ € O; and (1.26)
implies

|z = ¢IN(T = O™ < fo = ¢I/dist(¢,T) < 1.
Hence Theorem 1.6.11 implies z € p(T), which is not true, and therefore ¢ €
o(T). Hence ¢ € O, proving that O, is open.

Since Oy, O3 are disjoint and O C O} U O, the connectedness of O implies
that O, N O is empty and therefore O C O;, which completes the proof. O

Corollary 1.6.17 If T is an accretive linear operator in a Banach space X such that
R(T — X) = X for some scalar X\ with Re A < 0, then every scalar { with Re{ < 0
belongs to the resolvent set of T and ||(T — ¢)~!| < 1/|Re(|.

ExAMPLE 1.6.18 Let X = {f € C[0,1] | f(0) = f(1) = 0} and let || - || be the sup
norm on X. Assume a € C[0,1] and a(z) € (0,00) for z € [0,1]. Define

Tf=—af" for feDT)={feC?0,1]|f f"eX}

Let us show first that T is accretive. Choose any f € D(T) and define A € X* by
A(g) = f(zo0)g(zo) where zo € (0,1) is chosen so that & = |f|? attains maximum at zo.
A is a normalized tangent functional to f and

Re A(Tf) = a(zo)(If'(z0)|* = 1" (20)/2) 2 0.

It is easy to show that 0 € p(T") by showing that

_ _[f(-x)y (1- y) .
(T ‘f)(z)—/o P +/ A9 fyay for fe X, ze0,1].

Since the resolvent set is open (Theorem 1.6.11) we have that R(T — A) = X when |}|
is small. Hence, all assumptions of Corollary 1.6.17 are satisfied.

1.7 Compact Linear Operators

We shall now restrict our investigation of operators to a special class which have
many of the characteristics of operators in finite dimensional spaces. Many integral
operators and, hence, inverses of differential operators, will fall in this class. Let us
begin by showing that all norms are equivalent on finite dimensional spaces.
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Theorem 1.7.1 A finite dimensional normed space is complete and, hence, is a
Banach space. Moreover, if {uy,...,u,} is a basis for the normed space X and if
T :K" — X is defined by

Ta=au;+ - +opu, foral a=(a,...,on) €K,
then T is one-to-one, onto, bounded and T~ is bounded.

PROOF The definition of the basis gives that T is one-to-one and onto.
1T < (3 |luil|?)/?||e|| implies that T is bounded. If T~ is not bounded, then
there exists a bounded sequence {z,,} in X such that ||T "' zx,|| = co as m — co.
Let ™ = ||T 'zp| T 2. Then [|@™| =1 and Ta™ — 0 as m — oo. The
Heine-Borel Theorem implies that {a™} has a convergent subsequence and,
hence, by renaming a subsequence, we may assume that {a™} converges to
some a € K" with ||la|| = 1. Since Ta™ — 0 and ||[T'a—Ta™| < ||T|||le — ™|,
we have that Ta = 0, which contradicts the fact that T' is one-to-one. There-
fore, T-! is bounded. If {y;} is a Cauchy sequence in X, then boundedness
of 771 implies that {T'y;} is a Cauchy sequence in K", which is complete.
Hence {T'yx} converges to some 3 € K". Boundedness of T implies that {yx}
converges to T'(. ]

Recall that a set is compact in a euclidean space if and only if it is closed and
bounded. In infinite dimensional spaces the situation is very different:

Theorem 1.7.2 If a normed space X contains a nonempty open subset V such that
V C K for some compact set K, then X is a finite dimensional space.

PRrROOF Choose zg € V, 7 > 0 such that B(zg,r) C K. Compactness of
K implies that there exist zi,...,Zm in K such that K C B(z1,r/2)U---U
B(z,,7/2). Let Y denote the set of all linear combinations of z; — g, . . . , T —
zg. So, Y is a finite dimensional subspace of X, dimY < m.

If z € B(0,1), then =y + rz € B(zo,r). Hence z¢ + rz € B(x;,r/2) for
some 7 and, therefore, zg + rz = z; + ry, i.e.,, ¢ = (1/r)(z; — o) + y for some
y € B(0,1/2). Therefore,

B(0,1) C Y + B(0,1/2)

and, since Y is a vector space, we have B(0,2™") C Y + B(0,27""!). This
implies that if B(0,1) Cc Y + B(0,27"), then

B(0,1) CY+B(0,27")CY +Y +B(0,27" ) =Y + B(0,27"7}).

Therefore, B(0,1) C Y + B(0,27™) for all n > 1. Thus, if z € B(0,1), then
there exists a sequence {y,} in Y such that ||z — y,|| < 2~™. Theorem 1.7.1
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implies that Y is complete and, therefore, z € Y. Rescaling gives that X =Y.
O

Let X and Y be Banach spaces. T € B(X,Y) is said to be compact if for every
bounded sequence {z,}52,; in X there exist integers n; < ny < --- such that the
sequence {T'Tn, }$°; converges to some element of Y.

EXAMPLE 1.7.3 Suppose t € Co(R™*™) and define T € B(L*(R™), L2(R™)) by
(Tu)(z) =/R t(z,y)u(y)dy forall we L3R™), z € R™

We will show that T is compact.

Since t has compact support, there exists ¢ < co such that ¢(z,y) = 0 if |z| > c or
lyl > c. Let {ux} be a sequence in L2(R™) with M = sup,, |lux|| < co. Note

1/2
[(Tur)(z)] < (/1|< It(z,y)lzdy> lluell < litlloo(2¢)™2 M.
Yy|Sc

Let any € > 0 be given. Uniform continuity of ¢ on the compact set |z| < c+1, |y| < ¢
implies that there exists § € (0,1) such that |t(z,y) — t(z',y)| < € for all y whenever
|z — z'| < 4. Hence, if |z — z'| < §, then

1/2
[(Tuk)(z) — (Tu)(z')] < (/| t(z,y) - t(z',y)|2dy> llukll < e(2c)™/* M.
Yy

|<e

Therefore, {T'ux} is a uniformly bounded and equicontinuous family of functions that
vanish outside B, the closed ball of radius ¢ in R®. The Arzela-Ascoli Theorem 1.1.5
implies that there exist k1 < ka < ... such that the subsequence {T'ux;}$2; converges
uniformly in B to some v € C(B). Define v = 0 outside B. Hence {T'ux;}$2, converges
to v in L2(R™).

Theorem 1.7.4 Let X and Y be Banach spaces and T € B(X,Y).
(a) T is compact if and only if the closure of {Tz|z € X, ||z|| < 1} is compact.
(b) If dimR(T) < oo, then T is compact.
(c) If T is compact and R(T) is closed, then dimR(T) < oo.

(d) If T, € B(X,Y) are compact for n > 1 and limy_, ||Tn — T|| = 0, then T
is compact. Compact operators form a closed subspace of B(X,Y).

(e) If Z is a Banach space and S € B(Y, Z), then ST is compact if either T or
S is compact.
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PrROOF  If T is compact and y, € 4, A = {Tz|z € X, ||z|| < 1}, then there
are T, € X with ||z,|| < 1 such that ||y, —Tz,|| < 1/n and, since a subsequence
of {Tz,} converges, the same subsequence of {y,} converges. Therefore 4 is
compact. The rest of (a) is obvious. (b) follows from Theorem 1.7.1.

To prove (c), suppose y, € R(T) and ||yn|| < 1 for n > 1. Since T maps onto
R(T), and since R(T) is complete because R(T') is closed and Y is complete,
the Open Mapping Theorem 1.4.7 implies that y, = Tz, for some bounded
sequence {z,} in X. Thus {y,} has a convergent subsequence and the closed
unit ball in R(T) is compact and dimR(7T') < co by Theorem 1.7.2.

To prove (d), let {z,} be a sequence in X with M = sup,, ||z,|| < co. Let 4;
denote an infinite set of integers such that the sequence {T1zn}nec4, converges.
For k > 2 let Ay C Ak—; denote an infinite set of integers such that the sequence
{Tkzn}nea, converges. Choose n; € A; and ng € Ag, ng > ng_y for k > 2.
Choose € > 0. Let k be such that |T'— Tx||M < £/4 and note that

1Tz, =T, | < (T —=Ti)(@n; =T )+ 1 Tkn; =Tk, || < €/2+||Tkn; Tk, -

Since {Txzn,}$2; converges, {Tzn,}32,; is a Cauchy sequence.

(e) is obvious. a

Corollary 1.7.5 Suppose X is a Banach space and T € B(X) is compact.

(i) If X is a scalar, A # 0, then dimN(T — \) < oo.

(1) If dim X = oo, then 0 € o(T).

Proor IfY = N(T - A), then T restricted to Y has closed range Y. If
0 € p(T), then R(T) = X is closed and, hence, has to be finite dimensional. O

EXAMPLE 1.7.6 Assume that —co < a < b< 0o and 1 < p < 0o. Define
T
@@ = [ fa)d.
a

Note that T € B(L!(a,b), LP(a,b)). We want to show that T is compact if p < co.
Fixn > 1,6 = (b — a)/n and define for f € L!(a,b)

n—1 ™
mmm=zmmmm/fwm

k=0

where 7, = a + ké and x4 is used to denote the characteristic function of the set A.
Note that T, has an n-dimensional range and, hence, Theorem 1.7.4 implies that T}, is
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a compact member of B(L'(a,d), LP(a,b)). If rp < T < g4, then

(Tf = Tuf)(x)] = / seas| < [T 15)ds <1l
/ Tf-Tofl < 6 / 1l
ITf - Tuflh < 6lflh

<
ITf = Tuflls < 67Ufl.
Hence, (d) of Theorem 1.7.4 implies that T is compact if p < oco.

Since multiplication by the L™ function is a bounded operator in LP(a,b), the
operator

(5@ = k(@) [ k)i @y,
with ki, ks € L>®(a,b), belongs to B(L'(a,b), L?(a,b)) and is compact if p < oo.

EXAMPLE 1.7.7 Suppose M C R™ and N C R" are nonempty Lebesgue measurable
sets and that ¢t : N x M — C is measurable with

/ / [t(z,v)|*dy dz < co.
NIm
If u € L?2(M), then

([t |dy) ([ tawraw) [ uora.

Therefore, we can define T € B(L*(M), L*(N)) by

(Tu)(z) = /M t(z,y)u(y)dy forall we L?(M),z€N (1.27)

1/2
71 < Wz = ([ [ 1ziPayas) (1.28)
NJIM
Let us show that T is compact.

Define s = t in N x M and s(z,y) = 0if z € R"\N or y € R™\M. Using s in place
of t in equation (1.27) defines S € B(L2(R™), L%(R™)). Choose t; € Co(R**™) so that
ty = sin L*(R™*™) and let Ty € B(L%(R™),L?(R")) be defined as T in (1.27) but
with t in place of t. In Example 1.7.3, it is shown that T} are compact. (1.28) implies

1T = S|| < lltk — sll 2gn+m) — 0. Hence Theorem 1.7.4 implies that S is compact and
sois T.

Theorem 1.7.8 Suppose X and Y are Banach spaces and T € B(X,Y). Then T is
compact if and only if T* is compact.
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PROOF  Suppose T is compact. Let {f,} be a bounded sequence in Y* and let
M = sup,, ||fz|l- Note that K, the closure of {Tz|z € X, ||z|| < 1}, is compact
and

@) < MIT| forall yeK n>1,

[fo(y) = fa(2)| < Mily - Z“ forall y,z€e K,n>1

The Arzela-Ascoli Theorem 1.1.5 implies that a subsequence {fn,;} converges
uniformly on K and, therefore,

IT* fri = T* 5l

Il

sup |fn,(Tz) = fn;(T)|
llzll<1

sup | fn, (y) — fn]- ®)
yeEK

IA

implies that {T*fn,} is a Cauchy sequence. Hence T* is compact.

Assume T* is compact. Let F : X — X** be the linear isometry given by
(Fz)(f) = f(z) for z € X, f € X*. If {z,} is a bounded sequence in X, then
{Fz,} is a bounded sequence in X** and, since T** is compact, we have that a
subsequence {T**Fzn,} converges. Observe that for z € X, g € Y™, we have

g(Tz) = (T*g)(z) = (Fz)(T*g) = (T**Fx)(9)

IT**Fz|| = || T,

implying that {T'zn;} converges. O

Lemma 1.7.9 If N is a finite dimensional subspace of a normed space X, then there
ezists a closed subspace M of X such that

X=M+N and MNN ={0}.

ProOF  Let {ui,...,u,} be a basis for N. Each z € N has a unique repre-
sentation of the form

z=A(z)ur + - + A (D)un, Ni(z) €K
By Theorem 1.7.1, A\; € N*. The Hahn-Banach Theorem gives extensions A; €

X*of A, Let M =N N(A;). f z € X and y = Ay (z)ur +- - - + Ap(z)un € N,
then £ — y € M because A;(z) = M\i(y) = Ai(y) for 1 <i < n. 0

Lemma 1.7.10 If X is a Banach space and T € B(X) is compact, then R(T — X) is
closed for every scalar A # 0.
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ProorF By Corollary 1.7.5, N = N(T — }) is a finite dimensional subspace
of X. Let M be a closed subspace of X as given by Lemma 1.7.9. Define
S € B(M,X) by Sz =Tz — Az. To show that R(T — \) = R(S) is closed, it is
sufficient to show that there exists 7 > 0 such that

r||lz|| < ||Sz|| forall ze M

because this implies that if {Sz,} is a Cauchy sequence in R(S), then {z,}
converges to some =z € M. Hence lim,, o, Sz, = St.

Now, if there would be no such r, then for each n > 1 there should exist

Zn € M such that ||z, = 1, ||Szal| < 1/n. Thus, for some subsequence,
Tzn, =y € X. Atn; = TTy; — Szp; — y impliesy € M, ||ly|| = [A| > 0 and
Ty = Ay, which contradicts the fact that S is one-to-one. O

Lemma 1.7.11 If M is a subspace of a normed space X and M # X, then for each
€ > 0 there exists . € X such that

|lzell =1 and dist(z.,M)>1-e¢.

PROOF  Assume ¢ € (0,1). Choose y € X\M and note that « = dist(y, M) >
0. Choose w € M such that |jy — w|| < a/(1 —¢). If zc = |ly — w| " (y — w),
then

1 a
lze —zll= ——=lly—w—lly—wl|z|| > ——— 2 1-¢
‘ ly — wil ly — wil

for z € M. O

Theorem 1.7.12 If X is a Banach space, T € B(X) and T is compact, then
o(T)\{0} = op(T)\{0}.

Proor  Clearly, o,(T)\{0} C o(T)\{0}. Assume A € o(T)\{0} and A ¢
op(T).

Let S =T -\, Xo = X, Xpn41 = SX,, for n > 0. Since X, = S"X, we
have that X, 41 C X,. A € o(T) implies that X; # Xo. This, and the fact that
S is one-to-one, implies that X,.1 is a proper subspace of X, for n > 0. By
Lemma 1.7.10, X,, are closed.

Lemma 1.7.11 implies that, for every n > 0, there exists z, € X, such that
|zn]l =1 and dist(zp, Xnt1) > 1/2. If m > n > 0, then

Tm — (1/A)(Szn — Szm) € Xnt1
IT2n = Toml = [Mllzn = Tm + (1/2A)(Szn = Szm)ll 2 |Al/2-

This contradicts the fact that {Tz,} should have a convergent subsequence. O
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Theorem 1.7.13 Suppose X is a Banach space and T € B(X) is compact. Then,
dimN(T — A\) = dimN(T* — A) < ©
for all scalars X # 0.
ProoF Let m = dimN(T — )) and n = dim N(T* — A). It will be shown that

n < m. This implies dim N(T** — A\) < n and, since N(T — )) can be identified
with a subspace of N(T** — \) (see Definition 1.5.11) we have n = m.

To get a contradiction, assume n > m. n > 1 implies A € o(T*) = o(T)
(see Theorem 1.6.13). Hence, Theorem 1.7.12 implies A € 0,(T') and, therefore,
m > 1. Let z1,...,Zm, be a basis of N(T — A). Each £ € N(T — X) has a unique
representation = £;(z)z; + - - + €y (z)zrm. Let f; € X* denote extensions of
£; € N(T — \)* (Theorem 1.7.1) as given by the Hahn-Banach Theorem.

Let 11,...,1¥, be a basis of N(T* — A). Define g; = ¢; and choose y; € X
such that g1(y1) = 1. If y1,...,yx in X and g1,...,gx in X* are such that
gi(yi) =1, gi(y;) =0 ifj#4 (1.29)
9i € span{¥, ..., ¥;}
fori=1,...,k, for some 1 < k < n, define

k
Ger1 = Yra1 — D Pr1 ()95

i=1
gk+1(y) = 1 for some y € X because 91,...,¥k+; are linearly independent.
Define
k
Yer1 =y — Y giy)y:
=1

and verify that (1.29) holds for ¢,j < k + 1. Thus, we may assume that k = n.
Define a compact S € B(X) by

Sz=Tz - fi(z)y:

i=1
If Sz = Az, then for 1 < j < m we have
0 = gj(Az ~Sz) = Agj(z) — g;(Tz) + fj(z) = Agj () — (T*g;)(x) + f;(z) = f;(z).
Therefore Sz = Tz = Az and, also, £;(z) = 0. Thus, z = 0O and S — X is
one-to-one. Theorem 1.7.12 implies that Sz — Az = y,,41 for some z, giving the
contradiction that
1= gm+1(Um+1) = gm+1(T2) — Mgm+1(2) = (T*gm+1)(2) = Agmy1(2z) = 0.
[m]
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The following Theorem and Theorem 1.7.12 are perhaps the most often quoted
properties of compact operators.

Theorem 1.7.14 If X is a Banach space, T € B(X) and T is compact, then, for
each r > 0, there exist at most finitely many X\ € o,(T) for which |A| > r.

PRrROOF Suppose that for some r > 0 there exists a sequence of distinct
eigenvalues {A,} of T such that |Ap| > 7 for alln > 1.

Choose z,, # 0 such that Tz, = Apz,, and let X, = span{z;,- -, s}
Since {z1,---,z,} are linearly independent, we have that X,_; is a proper
closed subspace of X,,. By Lemma 1.7.11, for each n > 1 there exists y, € X,
such that ||y,|| = 1 and dist(yn, Xn-1) > 1/2. If m > n > 1, then

(T - A)ym — Tyn € Xiny

I1TYm = Tynll = Mmlll ym + A5 (T = Am)ym = Tyn) | > Aml/2 > 7/2.

This contradicts the fact that {Ty,} should have a convergent subsequence. O

A linear operator T in a Banach space X is said to have compact resolvent if
there exists Ao in the resolvent set of T such that (T' — Xp)~! is compact.

ExampPLE 1.7.15 Ty : D(Ty) C LP(0,1) — LP(0,1), p € [1, 0], given by
Tif=f" for feDT)={fecAC[0,1]] f € L?(0,1), f(0) = f(1)}
has resolvent given in Example 1.6.4. It is easy to see that T has compact resolvent

(when p = 1, see Example 1.7.6).
Consider T, : D(Tz) C LP(R) — LP(R), p € [1,00], given by Tof = f’,

D(T) = {f € L*(R) | f € AC[~a,a] for all a € (0,00), f' € LP(R)}.

In Example 1.6.6, it is shown that o(T2) = ¢{R. Hence (a) of Theorem 1.7.16 implies
that it cannot have compact resolvent.

We shall see that differential operators typically have compact resolvents when
defined in bounded domains; when defined in unbounded domains, they usually do not
have compact resolvents. For an exception to this rule, see Hamiltonian associated with
quadratic potential in Section 2.9.

Among the results of this section, the following Theorem will be used most often
in the rest of this book.

Theorem 1.7.16 Suppose that T is a linear operator in a Banach space X and that
there exists A in the resolvent set of T such that (T — Ao)™! is compact. Then
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(a) { A€ a(T)||A <r} is a finite set for every r < oo

(b) o(T) = 0p(T) = (o + 1/ | 4 # 0, 4 € 3p((T — Do) ™)}
(c) T — X has closed range for all scalars

(d) dimN(T — X) < oo for all scalars A

(e) (T — X)~! is compact for each X € p(T).

Moreover, if T is in addition densely defined, then for each scalar A we have

dimN(T - A) = dimN(T* — A).
PROOF  Let K = (T — Xg) L. The resolvent identity (1.20) can be written as
(T-NT=K1+MA=2)(T=X"1 for Xep(T).
Hence Theorem 1.7.4 implies (e). It can be easily verified that
N(T — A) =N((A—=X)K — 1) for each scalar A

and, hence, Corollary 1.7.5 implies (d). If T is densely defined, then Theo-
rem 1.6.13 implies

N(T* = A) =N(((A= Xo)K)* — 1) for each scalar A.

Hence, Theorem 1.7.13 implies the ‘moreover’ part.

If (T — M)z, — y, then applying K gives (1 — (A — X\g)K)z, — Ky and, by
Lemma 1.7.10, (1 — (A — Ag)K)z = Ky for some z. Hence (T — A\)z = y and (c)
follows.

IEAES={o+1/u|p#0, u€op(K)}, then 1 & op((A — Ao)K) and, by
Theorem 1.7.12, 1 & o((A—Xo)K). Hence K(1—(A—Xo)K)~! belongs to B(X)
and it is easy to see that it is equal to (T'— A)~!. Therefore, A € o(T), implying
that o(T) C S. Clearly, S C 0,(T) C o(T) and, hence, S = 0,(T) = o(T).

If X € o(T), |A| < r, then by (b), A = Ao + 1/u for some pu € o,(K) with
[1/p] = |A — Xo| < 7+ |Xo|. By Theorem 1.7.14, there exist at most finitely
many such p. This proves (a). m]

The following Fredholm alternative applies to operators with closed range (see

Lemma 1.7.10 and Theorem 1.7.16).

Theorem 1.7.17 Suppose T is a densely defined linear operator in a Banach space X
and that the range of T is closed. Then, for each y € X, the following two statements
are equivalent:
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(a) There exists x € D(T) such that Tz =y
(b) f(y) =0 whenever f € N(T*).

PrROOF  If (a) is not true, then, by Theorem 1.5.7, there exists f € X* such
that f(y) > 0and f(z) =0forall z € R(T). f(Tz) =0 for all z € D(T) implies
f € N(T™) (see Definition 1.5.12) and, hence, (b) is not true.

If (a) holds and f € N(T*), then f(y) = f(Tz) = (T*f)(z) = 0. o

1.8 Boundary Value Problems for Linear ODEs

Let A(t) be n x n matrices for ¢ in a bounded interval [a, b] with entries A4;; € L(a,b).
Matrices A*(t) are defined by A*;; = Aj. Using Example 1.6.9, we can construct
n x n matrices X, Y of absolutely continuous functions on [a, b] so that

X't)+A@®)X(t) =0 for te€la,bae, X(a)=1I

Y'(t) - A*(t)Y(t) =0 for t€[a,b] ae., Y(a)=1

Since (X*Y)' = 0, we have that X*(¢)Y (t) = X*(a)Y (a) = I for all ¢ € [a,b] which
implies also that X! = Y*. Note also if f € (L'(a,b))", @ € C" and

o(t) = X(H)a + X(2) / “yr(s)£(s) ds, (1.30)

then z is the unique solution of z’' + Az = f a.e. on [a,b], z(a) = a.
Let us consider now a boundary value problem,

z'(t) + At)z(t) =0 for te€a,b]ae., Miz(a) + Maz(b) = 0, (1.31)

where M;, My are n X n matrices.

Since r = X, with a € C", is a solution of (1.31) iff (M;+M2X (b))a = 0, we have
that the number of linearly independent solutions of (1.31) is dimN(M; + My X (b)).
On the other hand, z, given by Equation (1.30), will satisfy the nonhomogeneous
problem

z'(t) + A@)z(t) = f(t) for t€ [a,b] ae, Myz(a) + Maz(d) =~  (1.32)

provided we can find a such that

b
(Mi + MyX (b)) + MaX (b) / Y*(s)f(s)ds = 7. (1.33)

a

Thus, we proved that uniqueness implies existence for (1.32). In other words,



40 CHAPTER 1. LINEAR OPERATORS IN BANACH SPACES

Theorem 1.8.1 If problem (1.31) has only the trivial solution 0, then problem (1.32)
has a unique solution for any f € (L'(a,b))™ and any v € C™.

Theorem 1.8.2 Assume that problem (1.81) has only the trivial solution and that
1 < p < co. The mapping of (f,7) € (L'(a,b))" x C" into the solution of problem
(1.82), z € (LP(a,b))"™ is bounded, linear and, when p < oo, is also compact.

PrROOF  Using (1.30) and (1.33), we see that each component of z consists of
a finite sum of terms of the form

b t
ki)y ki) / ka(s) fi(s)ds,  ka(2) / ka(s)fi(s)ds  (1.34)

for some k1, k2 € C[a, b] that do not depend on f, . It is easy to see that the map
is bounded and linear. If {(f(), v())} is a bounded sequence in (L'(a, b))” x C",
then the terms of z; that are like the first two terms of (1.34) have obviously
uniformly convergent subsequences. It is shown in Example 1.7.6 that the terms
of z;, that are like the third term of (1.34), have convergent subsequences in
L?(a,b) if p < 0. o

To study the adjoint problem of problem (1.31),

y'(t) — A*(t)y(t) =0 for t € [a,b] ae., Nyy(a) + Noy(b) = 0, (1.35)

we assume in the rest of this Section that the dimension of the null space of the n x 2n
matrix (M7, M2) is n and that nXn matrices Ny, N, are constructed as follows. Choose
ul,v? € C" such that Myjuw/ + Mav? =0 for j = 1,...,n, and that the vectors

J
[ :j ] ji=1...,n are linearly independent.

Define

u_} u_é cooul T _g Y
Ni=|- .o oo |, No=| .o 7 o 0|
Using notation (z,y) = 2191 + - - + ZnTn for z,y € C*, observe that
(Ny)k = (,uF),  (Noy)e = —(y,v*) for yeCk=1,...,n,
which implies that, for all a,y;,y2 € C*, we have

(e, N1y1 + Naya) = (z1,41) — (22, 92),

where z1 = Y p_; aguF, 7o = Y, axv*. Therefore
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(a) If Myizi + Mazy = 0 and Nyy) + Nays = 0, then (z1,1) = (2, y2).
(b) If (z1,y1) = (22,12) whenever My, + Mazy = 0, then Nyy; + Noyy = 0.
Theorem 1.8.3 For a given f € (L'(a,b))", the problem
z'(t) + A(t)z(t) = f(t) for te€[a,b] ae., Miz(a) + Maz(b) =0 (1.36)

has a solution if and only if

b
/ (f(s),y(s))ds =0 for every solution y of problem (1.35). (1.37)

PROOF  Assume first (1.37). Equations (1.30) and (1.33) imply that problem
(1.36) has a solution if for every 8 € N(M;* + X*(b)My*) we have that

b
(M X (b) / Y*(s)f(s) ds, ) = 0.

a
Choose any 8 € N(M;* + X*(b)My*). Since
b b
(M XO) [ Y*e)f(6)ds, 8) = [[(F6), Y0 X*)Ma*0) ds,
a a
it is enough to show that y(t) = Y (¢) X *(b) M2 *( is a solution of (1.35). So we
need to show that Nyy(a) + Noy(b) = 0. This can be done by using property

(b) above: if Mz, + Mazg = 0 then

(@1, 9(0) ~ (@248 = (@1, X OM*) ~ (22, My*H)
_(zlaMl*,B) - (zz,Mz*ﬁ) =0.

Il

To show the converse, let z be a solution of (1.36) and let y be a solution of
(1.35). Then (z,y)' = (f,y) and, by property (a) above,

b
0= (2(8),4(b)) — (z(a), y(a) = / (f(s), u(s)) ds.

Theorem 1.8.4 Problem (1.31) has the same number of linearly independent solu-
tions as its adjoint problem (1.35).
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PROOF Using the definition of Nj, Ny, one can easily show that

(N1 + NY (0)*8 =Y Bi(u' —Y*(b)o') for BeC™

i=1

Now, for each z € N(M; + M2 X (b)), there exists a unique o € C" such that

n n
z= Zaiui and X(b)z = Z vt
i=1

=1
Hence

0= zn: ai(ut — X (b)) = (N; + NoY (b)) *a.
i=1

Therefore we can define a map T : N(M; + M3X (b)) = N((N1 + N2Y (b))*) by
Tz = a. One can easily check that T is linear, one-to-one and onto. Hence

dimN(M; + My X (b)) = dimN((N; + NoY (b))*) = dim N(N; + N,Y (b))

which proves the Theorem. m]

EXAMPLE 1.8.5 Assume —oco < a < b < 0o and that q,r7!, f € L (a,b). Consider the
problem of finding € AC[a, b] such that rz' € AC[a,b] and

(rz')' + gz =f ae. onla,b

aj z(a) + az (rz')(a) =0 (1.38)
B1z(b) + B2 (rz')(b) = 0

where a3, az, 81,82 € C are such that |a;| + |az| # 0 and |81] + | 32| # 0.

If the homogeneous version (when f = 0) of problem (1.38) has only the trivial
solution 0, then problem (1.38) has a unique solution by Theorem 1.8.1. In this case,
Theorem 1.8.2 implies that if {fx} is a bounded sequence in L*(a,b), then the corre-
sponding solutions of (1.38) are uniformly bounded and have a convergent subsequence
in LP(a,b) if p < oo.

It is an easy exercise to apply Theorem 1.8.3 giving that problem (1.38) has a
solution iff

/ et =0,

for all solutions z of the homogeneous version of problem (1.38). This fact is also known
as the Fredholm alternative.
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Exercises

. Let M = (0,1]. For z,y € M, define

d(2,y) = min{|z —y|,1 - |z - y|}.

Is d a metric on M? If so, is M complete with this metric?

. Show that there exists a unique u € C([0,1],R) such that

e 102y (z) +/ (z +y)?sinu(y)dy =1 forall z€(0,1].
0

. Let © be a nonempty open set in R™. For 7 > 1, define

K, ={z € B(0,%) | |t —y| > 1/i for every y € Q°}.

Show that Kj; is compact, K; C K1 for ¢ > 1 and = U2, K;. Choose 15 € N
such that Kj;, is not empty. Define

pi(f) = sup |f(z)| for feC(Q), i1
z€K;
Show that p; are seminorms on C(f2) and that

[ee]

R e L It

1=10

defines a metric on C(Q2) which makes C(f2) a complete metric space.

. Assuming Holder’s inequality (1.9) with » = 1, show (1.9) and (1.10).

. Show that the mapping Y °a, — S 7° Muan, defined by the sequence {)\,},
1 1

maps convergent series into convergent series if and only if -7 | [Ant1 — An| <
00.

. Suppose z € C, |z| < 1, p € [L,00] (Tz)n = Y p_;2" %z for n > 1 and

z = {zx} € ¢P. Show that T is a bounded linear operator in ¢P.

. Let T be a bounded linear operator on a Banach space X such that the sequence

z,Tx,T?z,... is bounded for every z € X. Show that if A € o(T'), then |A| < 1.

. Find a linear operator that is not closable.

. Show that £ = ¢7* when p,q € (1,00), 1/p+1/¢g=1.

Let X1,X> be normed spaces and A € (X; x X3)*. Show that there exist
£ € X1*, €3 € Xo* such that A((z,y)) = li(z) + Lo(y) for all z € X1, y € X».
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Assume that z belongs to a normed space X and that for some c € [0,00) we
have that |[¢(z)]| < c||¢]| for all £ € X*. Show that ||z|]| < c.

Suppose that X is a normed space and S C X is such that

sup [4(z)| < oo forall £e X*.
T€S

Such sets S are called weakly bounded. Show that S is bounded in X. (Hint:
use problem 11 above and the uniform boundedness principle.)

Find a bounded sequence in L!(0,1) which has no weakly convergent subse-
quence.

Find a bounded sequence in L*°(0,1) which has no weakly convergent subse-
quence.

Suppose that A and B are closed operators in a Banach space X, D(A) D D(B)
and that B is one-to-one and onto. Show that AB~} € B(X).

Find a bounded linear operator in a complex Banach space whose spectrum is
empty.

Prove that if T is a linear operator and a # 0, b are scalars, then
o(aT +b) = ao(T) +b.

Show that 1
-1 > -
= dist(X, o(T))

for every linear operator T with a nonempty spectrum.

(T —X) for A€ p(T)

Let Tu = «' for u € CL(R). Show that both T and —T are accretive in Cy(R).
Find the spectrum of T'.

Suppose g € LP(0,£), 1 <p < o0, £ € (0,00), u’ € AC[0, ), u(0) = u(¢) = 0 and
u(z) — M (z) = g(z) for z € (0,£) ae.
where A € (0,00). Show that ||ull, < ||gll-

Let X be an infinite dimensional Banach space. Is it possible to find compact
sets K1, Ko, ... such that X = U2, K,?

For f € L%(0,00), define
(Tf)(z) = i—/oxf(s)ds for z € (0,00).

Show that T € B(L?(0, 00)) and that T is not compact.
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23. Assume that p € [1,00] and S : D(S) C LP(R) — LP(R) is defined by Sf = —f"
with the domain

S)={f € C'(R) | f' € AC[~a,q] for all a € (0,00); f,f', f" € LP(R)}.
Show that S does not have compact resolvent.

24. Fix | € (0,00) and p € [1,00]. For f € LP(0,1), define

V=7l w5

Show that S € B(LP(0,1)) and S? = T~!, where T is a linear operator in LP(0, )
defined by

dy for z€]0,1].

Tf=f for feDT)={feAC,l]|f €LPO,1),f(0) =0}

Show that, if f € D(T) then Sf € D(T) and TSf = STf. (Hint: ST =
—18.) Show that if f € D(T), then there exists a unique g € LP(0,1) which
solves Abel’s integral equation:

V-],

moreover, g = T'Sf = STf. Find the spectrum of S.

dy for z€[0,1],

25. Find a linear operator in a Banach space X which has compact resolvent and
whose domain is not dense in X.

26. For what f € L!(0,7) does there exist u € AC[0, 7] such that v’ € AC[0, 7] and

v +4u=f ae. on|0,7],

27. Show that o(S) = [0, 00) where S is as in Example 1.6.7.






Chapter 2

Linear Operators in Hilbert
Spaces

2.1 Orthonormal Sets

Let H be a vector space with a scalar field K - which is either R or C. H is said
to be an inner product space if for every pair of z and y in H there corresponds
(z,y) €K, called the inner product or scalar product of z and y, such that

() (z,y) = (y,z) forall z,y € H

(ii) (z +y,2) = (z,2) + (y,2) for all z,y,z € H
(iif) (Az,y) = A(z,y) forallz,y € H, A€ K
(iv) (z,z) >0forallz e H

(v) (z,z) =0if and only if z = 0.

If (z,y) = 0, then « is said to be orthogonal to y. For M C H, one defines M+
to be the set of all y € H such that (z,y) = 0 for all z € M. For z € H define also

2|l = (z,2)"/. (2.1)
z is said to be normalized if ||z|| = 1. If £ # 0, then ‘normalized =’ means ||z|| = z.

Theorem 2.1.1 If H is an inner product space, then for all x and y in H
(a) |(z, )| < llzlllyll  (Schwarz Inequality)

®) llz +yll < ll=ll + llyll-

47
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PROOF  (a) is obvious if z = 0; otherwise it follows by taking § = —(z, y)/||z||?
in

0 < |18z + yl|* = |6*||z]|* + 2Re (62, y) + |ly||>.
This identity, with § = 1 and (a), implies (b). ]

Thus, equation (2.1) defines a norm on an inner product space H. If this norm
makes H complete, then H is said to be a Hilbert space.

EXAMPLE 2.1.2 The most typical Hilbert space is £2 - with the inner product defined
by

o
(I,y) = zxny_n forall z= {In};l.ozl! y= {yn};l.o=l € Z2'

n=1
EXAMPLE 2.1.3 Let Q be a nonempty (Lebesgue) measurable set in R™. L2(Q) is a
Hilbert space with inner product

(f.9) = /Q f@s@dz,  f.g€ L¥Q).

A subset E of a Hilbert space is said to be orthonormal if each element of F has
norm 1 and if every pair of distinct elements in E is orthogonal. An orthonormal set
is said to be complete if no non-zero element is orthogonal to every element in the
set. A complete orthonormal set is often called an orthonormal basis.

If {y1,...,yn} are linearly independent in a Hilbert space, then one can obtain an
orthonormal set {11, ...,%,} such that

span{t1,..., ¥k} =span{y,...,yx} fork=1,...,n
by defining ¥, = y1/||y1]| and
vk = 501 (e )

e [ve — St e, s 2

fork=2,...,n.

This is known as the Gram-Schmidt orthogonalization procedure. If, for exam-
ple, the Gram-Schmidt orthogonalization is applied in the Hilbert space L%(—1,1)
to the polynomials y,(z) = z", n > 0, then the corresponding orthonormal 1, are
proportional to the Legendre polynomials.

Using the Hausdorff Maximality Theorem 1.5.5 it can be easily seen that any
orthonormal set is contained in a complete orthonormal set (Exercise 1). We shall
not need this fact. However, along the way we shall show completeness of many given
orthonormal sets - which is quite a different story.
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Lemma 2.1.4 Let {¢;}2, be an orthonormal set and let {a;}2, be a sequence of
scalars such that Y2, |oy]* < 0o. Then 322, a;¢; converges and does not depend on
the order of summation. Moreover,

13252 aigill> = o2, osl* and (352, iy, ) = aj for j > 1.

PrOOF Ifz, =30 ¢ and m > n, then

m
&m — zall? = Z |oi|?

i=n+1l

and hence {z;} converges to some z. By definition, "2, ai¢; = z. Since
lzall> = 0, |cil?, we have that ||z]|2 = 352, |ai|?. (z,¢;) = a; follows from
the observation (z,,¢;) = a; forn >j > L.

Let k map the set of positive integers one-to-one and onto itself. If z, =
> oie1 Ck(i) Pr(i)» then, as above, {2} converges to some z, (25, T) = Y1 oy |-
Since

lz = 2l1? = llzll* - (z,2) = (2,2) + |||

and each of the terms on the right hand side equals "2, |a;|?, we have that
T =z 0

Theorem 2.1.5 Let E be an orthonormal subset of a Hilbert space H and y € H.
Then (y,z) # 0 for at most countably many x € E. The series ), .p(y, z)T converges
and does not depend on the order of summation of non-zero terms,

2
y— > o)z €Er and |ly-Y o)z =wl*-d o)’ (22

z€E z€E z€E
Proor If zy,...,T, are distinct elements of E, then
n 2 n
y—3 o)zl =y’ -3 1.2 (23)
i=1 i=1
and, in particular,
n
Yl < Iyl (2.4)

i=1
So, if z; were chosen so that |(y,z;)| > ||ly||/m for some integer m, then (2.4)
implies n < m? and therefore

y = {z € E|(y,2) # 0} = Umx>1{z € E||(y,z)| > llyll/m}
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is at most a countable set. Thus, if ,Z2,... is an enumeration of Ey, then
(2.4) and Lemma 2.1.4 imply that

z= Z(yvz)w = Z(y7 (l)i)(l}i
z€E i

converges and is independent of the order of summation. Lemma 2.1.4 also
implies (2,w) = (y,w) for w € E - add w to the orthonormal set z1,z,...
Using convergence of the sum in equation (2.3) gives (2.2). ]

Theorem 2.1.6 If E is an orthonormal subset of a Hilbert space H, then the follow-
ing statements are equivalent:

(i) E is complete

(i) z =3 cp(2, @)z for all z in a dense subset of H

(i11) y = 3 ,ep(y, x)z for ally € H

(v) W12 =Y 4ep |, )? for ally € H (Parseval equality).

PrROOF  Equivalence of (iii) and (iv) follows from equation (2.2). If y € H,
then, by Theorem 2.1.5, y — Y p(y,z)z is orthogonal to all w € E, hence (i)
implies (iii). (iii) obviously implies (i) and (ii). To see that (ii) implies (iii)
define a linear map P on H by Py =y — 5 z(y,z)z; (2.2) implies ||P|| < 1
and hence for every y € H we have that ||Py|| = ||P(y — 2) + Pz|| < ||y — 2|| for
all z in the dense set and therefore Py = 0. O

EXAMPLE 2.1.7 Let

On(z) = Lei"’ for ze€R, n=0,+1,£2,....

Ver

It is easy to check that ¢,, form an orthonormal set in the Hilbert space H = L?(—m, )
with the usual inner product. We shall show now that the set is also complete. A
different proof of completeness is given in Example 2.6.9.

Let us note first that (2.2) implies that for each f € L?(—,n) we have that

3 1S ea)P <A 2.5)

n=-—oo

and this implies

™ ™
nli’ngo . f(z)cosnzdr = nlgréo /—7r f(z)sinnzdz = 0. (2.6)
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Since Co(—m,w) is dense in L!'(—m,7), see Example 1.3.4, (2.6) is true also for all
f € LY(—m,m).

If f : R —» C is periodic with period 2r, f € L'(—m,m), x € R and there ezist
f(z+), f(z—) € C and a,e, M € (0,00) such that

[f(z+h) = f(z+)]| < Mh® and |f(z—h)— f(z—)| < MA® for he€(0,¢),
then

) LA T ks ; flz+) + f(z-)
lim Y (o= [ fls)e Hods ) ethe = LS00 2.7
sm > (27r / e s)e : @7)

To prove (2.7) define
n

1 . sin(2n+1)8
Dn(s)zg Z e'k’=m, s/2n g Z

27sin £
k=—n 2

P,(z) = kg:,, (% ]_1; f(s)e_“‘sds> ehs = _: f(8)Dn(z — s)ds.

Periodicity of f and D, and the fact that [ Dn(s)ds = 1/2 imply

z+m
P,(z) /_ f(8)Dp(z — s)ds

f(z + s)Dyp(s)ds + /" f(z — s)D,(s)ds
0 0

= JEHIED) | ey 4 1)

where

() = /(]"(f(z £ 5) — f(z%))Dn(s)ds = /0" flats) = flad) o @nil)s gy,

in 2
27 sin §

(2.6) implies lim, o I (z) = 0 and hence (2.7) follows.
If f € C}(—m, ), then (2.7) implies

Jm Y (. 606(e) = Jim Pa@) = S@) forall s € (-mm)

k=—-n
and since, by Theorem 2.1.5, P,, converge in H, we have that
fe <]
3 (fte)k = 1 (2.8)
k=—o00

Since C}(—m, ) is dense in L?(—m, ), Theorem 2.1.6 implies that (2.8) is true for all
f € L?(~m, ). This proves completeness of the set {¢x}5>_, in L*(—, 7).
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The series Y po _ oo (f, #x) @k is called the Fourier series of f. Its partial sums P,
can be written also as

n
Pn(z) = 204 Z ag cos kzx + by sin kx (2.9)
2 k=1
where
1 (7 1 (7
ag = — f(z) cos kz dz, by = — f(z)sinkz dz. (2.10)
TS n TJ n

Using these ag, b, the Parseval equality can be written as
|ao|2 - 2 2 _ 1/ 2 2
Y kP + bkl == [ |f(@)Pde for f € L*(-m,m). (2.11)
2 = T J_x

EXAMPLE 2.1.8 If f € L?(0,), then

[o<]
flz) = Z bpsinkr  (series converges in L*(0, 7)) (2.12)
k=1
where
2 ™
b = ;/ f@)sinkzde, k=1,2,.... (213)
0

To see this define f(z) = —f(—z) for z € (—,0), hence ar = 0 in Example 2.1.7 and
therefore (2.9) and (2.8) imply (2.12). The series in (2.12) is called a Fourier sine
series. Note that (2.12) and Theorem 2.1.6 imply that

2
\/jsinkz, k=12,...
T

form a complete orthonormal set in L2(0, ).

If you make an even extension of f € L2(0,), then Example 2.1.7 implies

fe o)
f(z) = a—2° + E ag coskz (series converges in L?(0, 7)) (2.14)
k=1
where
2 ™
ar = ;/ f(z) coskz dz, k=0,1,2,.... (2.15)
0

The series in (2.14) is called a Fourier cosine series.
EXAMPLE 2.1.9 Cebysev polynomials T}, are defined as follows:
To(z) =1, Ti(z) = =,

Tnt1(z) = 22Tn(z) — Tpoi(z) for n > 1.

By induction, one can easily show that

Tn(cosy) = cos(ny) for n>0, —co<y<oo
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and, in particular, |T,(z)| <1lforn>0,-1<z <1.

Suppose g € C'[-1,1]. Let f(y) = g(cos(y)) and note that f € C'(R) and f has
period 27. Since f is even, its Fourier series becomes a Fourier cosine series, hence (2.7)
and (2.9) imply that

ap >
=243 0T - < .
g(z) ) + 2 anTr(z) for 1<z<1 (2.16)

where L
2 T, 2 [7
an =~ B g(zl)%dz = ;/0 f(y) cos(ny)dy for n >0.

Integration by parts implies that

g

1
—nap, = = f'(y) sinny dy.
n -7

Hence (2.11) implies

fee]

et =1 [ 17 WP

n=1 -
which implies Y7 ; |an| < 00 and therefore the series in (2.16) converges uniformly.

One handy consequence of the uniform convergence in (2.16) is the following. If
h € CY(0,1) is bounded and h(z) # 0 for 0 < = < 1, then the set of finite linear
combinations of

h(z), h(z)z, h(z)z?, ---

is dense in L?(0,1) for every p € [1,00). To see this, pick u € LP(0,1) and ¢ > 0.
Pick v € C§(0,1) such that ||u — v||, < &/(1 + ||h|lco) (see Example 1.3.4). Define
g € C'[-1,1) by g = v/h in [0,1] and g = 0 in [~1,0]. Uniform convergence in (2.16)
implies the existence of a polynomial @ such that ||g — Q|lec < £/(1 + ||h||cc), hence,

lle = hQllp = [lu — v+ h(v/h = Q)llp < [lu = vllp + [[Alloollv/h = Qlloo <&

Theorem 2.1.10 IfI is an interval in R and {¢1, ¢2, ...} is a complete orthonormal
set in L2(I), then ¢, (%1) Pk, (z2) - - - bx, (Tn) with k; > 1 form a complete orthonormal
set in L2(I") for any n > 1.

PrROOF True if n =1, let us assume that the Theorem is true for some value
of n > 1 and suppose that f € L2(I"*!) is such that

[ [t =o
IJIn

for all k > 1 and all u in the form u(z) = u(z1,...,Tn) = ¢k, (z1) - P, (Tn)
with k; > 1. Note that f(-,t) € L?(I") for almost all ¢ € I; hence g,(t) =
[ f(z,t)u(z)dz exists for these t and g, € L?(I). Completeness of {¢;} implies
gu = 0 a.e. in I and the exceptional set may be chosen to be independent of u
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since there are only countable many of them. The induction assumption implies
that f(-,t) = 0 in L2(I™) for almost all t. Therefore, f = 0 a.e. in I"*! and the
Theorem is true for n + 1 and hence for all n. 0

EXAMPLE 2.1.11 In view of Example 2.1.7 and Theorem 2.1.10, we have that

e27rik~z — eZni(k111+"'+k,.xn) (k € Zn)

form a complete orthonormal set in L2((0,1)") for any n > 1.

2.2 Adjoints

Theorem 2.2.1 Every nonempty closed conver subset of a Hilbert space contains a
unique element of minimal norm.

PROOF  Choose z, in the subset M so that ||z,| — d = inf{||z||lz € M}.
Since (1/2)(zn +zm) € M, we have ||z, +zn||*> > 4d®. Hence, the parallelogram
law
llz +ylI? + llz = yl* = 2ll=l|* + 2lly|I* (2.17)
implies
lzn = zmll* < 2(|zal® — @) + 2(|zml|* - d?) (2.18)
and therefore {z,} is a Cauchy sequence in the complete space. Since M is
closed, {z,} converges to some z € M and ||z|| =d. If y € M and |y|| = d,
then the parallelogram law implies, as in (2.18), that z = y. O

Theorem 2.2.2 If M is a closed subspace of a Hilbert space H, then (M1): = M
and for each = € H there exist unique y € M, z € ML such that z =y + z.

PROOF  Let E = {z—yly € M}. It is easy to see that F is convex and closed.
Theorem 2.2.1 implies that there exists y € M such that ||z — y|| < ||z — w]| for
allw € M. Let z =z —y. Choose w € M, w # 0, let @ = (2, w)/||w||? and note
that

2l < llz = cwl® = [ — |(z,w)/ il

implies (2, w) = 0. Therefore z € ML, If t = ¢/ + 2’ for some ¢ € M, 2’ € M+,
then ¢’ —y = z — 2. Hence |ly — ¢'||> = (¥' — y, 2z — 2’') = 0 implies uniqueness.

Obviously, M C (MY)L. If z € (M1)L and y and z are as above, then
z—y€ (M)t and z —y=2€ ML Hence z =y and (ML)L = M. o

The above Theorem implies that if M is not a dense subspace of a Hilbert space

H, then Mt # {0}, hence, there exists ¢ € H such that z # 0 and (y,z) = 0 for all
y € M. This argument is often used to show that a given subspace is dense.
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Theorem 2.2.3 Let M be a closed subspace of a Hilbert space H. Then there exist
P,Q € B(H) such that for all z € H,

z=Pz+Qz, PreM, Qze M* (2.19)

Izl = |Pzl* + | Q|1>.
Moreover, PH =M, QH=M"*, P2=P,Q*>=Q, |P| <1, Q] <1.

PrROOF  Theorem 2.2.2 allows us to define P, Q with equation (2.19). Other
conclusions follow straightforwardly. m]

The operator P, as given in Theorem 2.2.3, is called the orthogonal i)ro jection
of H onto M.

Lemma 2.2.4 (Riesz) If H is a Hilbert space and f € H*, then there ezists a unique
y € H such that

f(z) = (z,y) forall z€H.

Proor If f =0 take y = 0. Assume f # 0. Hence, there exists w such that
f(w) # 0 and, since N(f) is closed, Theorem 2.2.2 implies that w = yo + y1
for some yo € N(f), y1 € N(f)* and y; # 0. If z € H, then f(w') = 0 where
w' = f(z)y1 — f(y1)z; hence (w',y1) = 0 and this implies f(z) = (z,y) where
y = (f)/lvlP)w. I f(z) = (z,9') for all z € H, then (z,y —y') = 0 for all
z € H, takingz =y — 1 givesy =y/. m

This Lemma enables us to completely characterize all bounded linear functionals
in a Hilbert space:

Theorem 2.2.5 Suppose H is a Hilbert space. For each y € H define w(y) : H - K
by

(wy))(z) = (z,y) forall z€H.
Then

(a) w(y) € H* and |lw(y)|l = [ly|l for ally € H
(b) w(y+2) =w(y) + w(z) for ally,z€ H

(c) w(hy) = dw(y) for ally e Hy A €K

(d) w is one-to-one and it maps onto H*

(e) for every y € H, w(y) is the unique normalized tangent functional to y
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(f) H is reflezive.

ProoF It is easy to verify (a), (b) and (c). (d) follows directly from the
Riesz Lemma 2.2.4. If f is a normalized tangent functional to y € H, then

(W™ () = F@) = lyl® = I1£17 = lw™ (DI

Hence |lw™!(f) — y||*> = 0, which proves (e).

To prove (f), define an inner product on H* by

(f,9) = W (9w '(f)) forall fgeH"

(f, f) = lw= X (H)II? = || f||? implies that H* is a Hilbert space. Hence if F € H**,
then, by Lemma 2.2.4, there exists f € H* such that for all g € H*

F(g) = (9, ) = (0 '(),w™(9)) = 9w ()
which proves (f). m]
Let T be a densely defined linear operator in a Hilbert space H. Define the

Hilbert space adjoint T* : D(T*) — H as follows. y € D(T™) if and only if there
exists z € H such that

(Tz,y) = (z,2) forall z e D(T). (2.20)

If y € D(T*), then the fact that D(T) is dense in H implies that there is only one
z € H such that equation (2.20) holds, define T*y = 2. Hence

(Tz,y) = (z,T*y) forall z € D(T), y € D(T*).

Theorem 2.2.5 implies that the (Banach space) adjoint T*, see Definition 1.5.12, is
related to the Hilbert space adjoint T* as follows:

z € D(T*) ifand only if w(z) € D(T*)

if z € D(T*), then w(T*z) = T*w(z).

A long but straightforward verification (Exercise 5), using the properties of T* listed
in Theorems 1.5.14, 1.7.8, 1.6.13, 1.7.16, gives:

Theorem 2.2.6 Let H be a Hilbert space.
(1) If T € B(H), then T* € B(H) and ||T| = ||T*|-

(2) If T € B(H), then T is compact if and only if T* is compact.



2.2. ADJOINTS 57

(8) If T is a densely defined linear operator in H, then
(a) T* is closed
(b) o(T*) = {X|X€a(T)} if T is closed
(c) (T*=X)71 = (T~ X)"1)* for A€ p(T) ‘
(d) AimN(T) = dimN(T*) if T has compact resolvent.
Theorem 2.2.7 IfT is a closed and densely defined linear operator in a Hilbert space
H, then T* is densely defined and (T*)* =T.
ProoF  Note that H x H is a Hilbert space with an inner product defined by

[{u,v}, {z,y}] = (v,2) + (v,y) for {u,v},{z,y} € H x H.
Let subspaces M and N of H x H be given by

M ={{z,Tz} |z D(T)}, N={{-T*y,y}|ye DT}

[{z, Tz}, {-T*y,y}] = —(z, T*y) + (Tz,y) = 0 implies N C M*+.

If {z,y} € M, then (u,z) + (Tu,y) = 0 for all u € D(T). Hence T*y = —=z
and therefore N = ML. Note that N+ = M by Theorem 2.2.2.

If (T*y,z) = (y,2) for all y € D(T*), then {z,2} € N+ = M. Therefore
z = Tz. This implies that D(T*) is dense (otherwise we could start with z =0
and z # 0) and that T**z = z = Tz. Therefore T is an extension of T**. We
are done since T** is obviously an extension of T a

A linear operator S in a Hilbert space H is said to be symmetric if
(Sz,y) = (z,S8y) forall z,ye D(S).

A linear operator T in H is said to be self-adjoint if T is densely defined and T = T*.
Hence, T is self-adjoint iff it is symmetric, densely defined and D(T*) = D(T). If
T € B(H), then T is self-adjoint if and only if T is symmetric. Note that self-adjoint
operators are closed by Theorem 2.2.6.

The Fredholm alternative, Theorem 1.7.17, can be restated as

Theorem 2.2.8 If T is a densely defined linear operator in a Hilbert space, then
R(T) is closed if and only if R(T) = N(T*)* .
PROOF  Since N(T*)? is closed, so is R(T) if they are equal.
If z € D(T), z € N(T*), then (T'z, z) = (z,T*z) = 0 hence R(T) C N(T*)*.
Suppose y € N(T*)* and that R(T) is closed. Theorem 2.2.2 implies that
y = y1 + yo for some y; € R(T) C N(T*)L, y2 € R(T)*. Hence yp =y —y; €

N(T*)*. Since (T'z,yz) = 0 for all z € D(T), we have that yo € N(T*) and
hence y, = 0. Therefore y = y; € R(T). O
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2.3 Accretive Operators

Theorem 2.2.5 implies that, in a Hilbert space H, a linear operator T is accretive if
and only if
Re(Tz,z) >0 forall z € D(T).

EXAMPLE 2.3.1 Assume that a,b € C, Rea > 0, Reb >0, ¢,d € R and let
Tu = —augz; — buy, +cuy +duy for u € D(T) = CP(R?).

It is easy to see that Re (Tu,u) = Re [ [ aluz|?® + bluy|? > 0 for u € D(T), hence, T is
accretive in L2(R?).

A linear operator T in a Hilbert space H is said to be m-accretive if it is accretive
and R(T — A) = H for some scalar A with ReA < 0. Since bounded operators have
bounded spectrum, we have that bounded accretive operators are also m-accretive.
If T is an m-accretive linear operator and y € D(T)™, then y = Tz — Az for some
z € D(T') and some scalar A with Re A < 0 hence

0 = Re (y,z) = Re (Tz,z) — Re \||z||> > —Re \||z||?

implying z = 0, y = 0 and therefore m-accretive linear operators are densely defined.
The following Theorem implies that m-accretive operators are closed.

Theorem 2.3.2 T is an m-accretive linear operator in a Hilbert space if and only if
every scalar ¢ with Re{ < 0 belongs to the resolvent set of T and

(T =)'l < 1/IRe].

PRrROOF If T is m-accretive, then Corollary 1.6.17 implies the conclusion.
Suppose now that (—00,0) C p(T') and that ||(T + )~ !|| < 1/« for every a > 0.
If x € D(T), then ||z|| = |(T + &) (Tz + az)|| < a7 ||Tz + az||. Thus

?||z)|? < ||ITz||® + 2aRe (Tz, z) + 2|z
Hence 2Re (T'z,z) > —||Tz||?>/a and letting @ — oo implies Re (T'z,z) > 0. O
Corollary 2.3.3 If H is a Hilbert space, A € B(H) and A — X is accretive for some
A >0, then 0 € p(A) and ||A7Y| <1/

We shall now employ Newton’s method of finding a zero of A — z? = 0, where A
is a bounded accretive operator. This will give us a square root of the operator. A
more detailed study of fractional powers of operators is presented in Section 6.1.
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Theorem 2.3.4 Suppose that H is a Hilbert space and that A € B(H) is accretive.
Then there exists a unique accretive B € B(H) such that B> = A. Moreover, BS =

SB for every S € B(H) such that AS = SA. Furthermore, if A is symmetric, then
B is symmetric.

PROOF  Define Ag = I and assume that for some n > 0 we have A, € B(H)
such that for all z € H

a

—

) Re(Anz,7) > 27"||||?
b) Re(AA;'z,z) >0
c) Re(Anz, AA; z) >

d) A,S = SA, for every S € B(H) such that AS = SA.

—_

/\,\

Define
Anp1 = 3(An + AAY) (2.21)

and observe that
Re (An417,z) = $Re (Anz, ) + iRe (AA; 'z, z) > 27" |z))?,
proving (a) forn+ 1. If y = AnA;j_lx and z = AA; %y, then

2(AA1:—}.11;7$) = 2(AA;1y7An+1A;1y)
(AA 'y, (I + AAZ?)y)
(A4 1y, y) + (Anz, 2),

which implies (b) for n + 1. If y = A}z, then

4(Ans17, AA L ) 4(A% 11y, Ay)
((A2 + 24 + A2A72)y, Ay)
(A2y, Ay) + 2||Ay||® + (A%A;%y, Ay)

(Anz, AAT'2) + 2)| Ayl + (AA7 u, Anu),

where z = A,y and u = AA; 'y, proving (c) for n+ 1. If S € B(H) is such that
AS = SA, then also A;'S = SA;!. Hence (d) clearly holds also for n + 1.

We therefore have A, € B(H) for n > 0 which satisfy (a)-(d) and (2.21).
Ifn>0and y= A;_}_lx, then by (c),

(An — AAT AL 2| | Any|l® — 2Re (Any, AA;'y) + | AAL Y|P
| Anyl|? + 2Re (Any, AA;'y) + | AAL Y|

l[22]>.

IN



60

CHAPTER 2. LINEAR OPERATORS IN HILBERT SPACES

Hence ||(An — AA;1) A7} || < 2 and therefore

2(Ant2 — Any1) = App1—An+ A(A;Jq -AY
(Ant1 = An)(Ang1 — AA ALY
(Ant1 — An)3(An — AAZH AL
3 Ans1 — Ag||
27| A1 = Aol|.

”An+2 - An+l"
”An+l - An”

If m > n, then
“Am_‘An” = IlAm—Am——1+Am—l _Am—~2+' : '+An+1 _An“ < 21_n”Al _AOH'

Hence {An} is a Cauchy sequence in B(H) and Theorem 1.4.4 implies that A,
converge to some B € B(H). Letting n — oo in (a) implies that B is accretive
and in

IAN A

24,11 A = A2+ A (2.22)
implies that B2 = A.

Suppose now that S € B(H) is accretive and S2 = A. Completing the
square in (2.22) gives

A?H—l -8*= (An+l - An)z‘
Since % = SA = AS, we have that SA,,, = Ap+1S and therefore
( n+l — S)( n+l + S) = ( n+l — An)2~

Since Re ((Ap+1 + S)z,z) > 27" 1|z||2, we have that ||(4n41 + S)7}|} < 27
and hence

lAnt1 = S I(An+1 = An)*(Ansr +8) 71|
2| A1 — Anl®

27" AL - Ao,

INIA

which implies that S = B.
When A is symmetric we can at the beginning add an induction hypothesis
(Anz,y) = (z,Any) forall z,ye H (2.23)
which then implies
(Ans1z,y) = 3(Anz,y) + 3(AA] e, AnALly)
3(z, Any) + l(A AA T, ALNY)
= 3(z, Any) + 3(z, AAT'Y).

Hence A4 is symmetric and therefore all A,, are symmetric. Letting n — oo
in (2.23) shows that B is symmetric. m]
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Theorem 2.3.5 Suppose that T is an m-accretive linear operator in a Hilbert space
and that 0 € p(T'). Then there ezists a unique m-accretive linear operator S such that
S§? = T. Moreover,

(a) 0 € p(S)
(b) RS™! = S~!R for every R € B(H) such that RT~' = T-'R
(c) for every e >0, x € D(S) there ezists y € D(T) such that ||Sz — Sy|| < ¢

(d) if T is symmetric, then S is symmetric.

PROOF  Since Re (T~ 'z,z) = Re (T!z,TT 'z) > 0 Theorem 2.3.4, implies
the existence of a unique accretive B € B (H) such that B? = T~1. B is clearly
one-to-one; hence we can define a linear operator S : R(B) - H by S = B~L.
Since B is accretive, S is accretive. By construction, 0 belongs to an open set
p(S); hence S is m-accretive. (S~1)2 = T-1 implies S = T..

Suppose that C is an m-accretive operator such that C2 = T. Since T is
one-to-one and onto, the same is true for C, and since C is closed, we have that
0 € p(C). 1t is easy to see that C~1 is accretive and (C~1)?2 = T~!, hence,
Theorem 2.3.4 implies C~! = Band C = S.

To show (c), define [z,y] = (Sz,Sy) for z,y € D(S). Since 0 € p(S), we
have that [-,-] makes D(S) into a Hilbert space. Define a linear operator R in
D(S) to be the restriction of T to D(R) where z € D(R) iff z € D(T) and
Tz € D(S). It is easy to see that R is m-accretive in D(S) and hence densely

defined.
If T is symmetric, then 7! is symmetric. Hence B is symmetric by Theo-
rem 2.3.4, and therefore S = B~! is symmetric. O

Theorem 2.3.6 Every densely defined accretive linear operator in a Hilbert space
has an m-accretive eztension.

PROOF Let S be a densely defined accretive linear operator. Note that
llz||? < Re ((S + Dz, z) < ||(S + 1)z||||z||, which implies

lzll £ I(S+Dz| for z € D(S). (2.24)

Pick w in the Hilbert space H. By Theorem 2.2.2,

w=2y+z forsome z€ R(1+S5), yGfR(1+S)J'.

There exists {z,} such that lim, (S + 1)z, = 2. (2.24) implies that {z,}
converges to some z € H which does not depend on the particular choice of
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{zn}. Define u = y + z and let D(T') denote the set of all such u. Since the
mapping w — u is linear, we can define a linear operator T' by

Tu=w—-—u=y+z—=c (2.25)

provided that u = 0 implies w = 0 - which will be shown next.

Take any v € D(S) and any scalar & and note
(u+ av,w —u + aSv)

= |lyl|2 = (v, 2 + aw) + (¢ + av,y) + ’}l)ngo(a:n + av, S(z, + av)).

Hence
Re(u + av,w — u + aSv) > 0. (2.26)

If, in particular, u = 0, then Re a(v,w + aSv) > 0. Thus if @ = —(w, v)e with
€ >0, — 0, then —|(v,w)|?> > 0; hence (v,w) = 0 and, because D(S) is dense,
we have w = 0. Therefore T is a well defined by (2.25), it is easy to see that
T is an extension of S and (2.26) implies that T is accretive. By construction,
R(T + 1) = H and hence T is m-accretive. a

2.4 Weak Solutions

When solving PDEs one is usually faced with the following problem: for given f find
u such that

Lu=f (2.27)

where L is a differential operator. For a ‘nice’ ¢ it is usually a trivial matter to
evaluate L$. However, in order to solve the problem for a large enough class of f,
one has to be able to evaluate L¢ for ‘not so nice’ ¢. With a proper definition of
L, including its domain, it can be very easy to solve (2.27) as well as many other
problems involving L. Consider the following.

EXAMPLE 2.4.1 It was shown that the operator T' in Example 2.3.1 is accretive. We
shall see later, Theorem 3.1.7, that T is densely defined. Therefore Theorem 2.3.6
implies that T has an m-accretive extension S and, in particular, for every f € L2(R?)
and A > 0 there exists u € D(S) such that

Su+du=f.

It will be shown (Corollary 4.3.11) that, with this extension, we can also solve the
evolution problem w; + Sw = 0.
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There are other ways to make extensions. The one based on the variational for-
mulation, described later in the Sectorial Forms section, is perhaps the most often
used to obtain extensions of elliptic operators. The one based on Theorem 2.3.6 is
more general and applies also to hyperbolic problems.

Another way to solve (2.27) is the following. Find L', called a formal adjoint of
L, such that (Lu,v) = (u,L'v) for v € D(L’) (the space of test functions) and then
try to find u, called a weak solution of (2.27), such that

(u,L'v) = (f,v) forall ve D(L. (2.28)

L' is called a formal adjoint because we usually do not know ahead of time what
is the correct domain of L and hence what exactly is the adjoint of L. In view of

Theorem 2.2.7, solutions obtained via various extensions can usually be interpreted
also as weak solutions.

Theorem 2.4.2 If L' is a linear operator in a Hilbert space H such that for some
¢ > 0 we have
cllvll < |IL'w||  for all v € D(L), (2.29)

then for each f € H there ezists a unique u € R(L') such that (2.28) holds.

ProOF L'l is a bounded map from R(L') to H, hence, Theorem 1.4.3 gives
an extension B of L'"! such that B € B(M,H), M = R(L'). Let f € H be
given. The Riesz Lemma 2.2.4 implies existence of u € M such that (Bw, f) =
(w,u) for all w € M and hence (2.28) follows by choosing w = L'v. If (2.28)
holds for some 4 € M, then (u — 4,w) =0 for all w € R(L'). Henceu =4. O

Observe that if L' — ¢ is accretive for some ¢ > 0, then (2.29) is satisfied.

Theorem 2.4.3 shows how weak solutions can be approximated numerically. This
method, however, has not much in common with the widely used finite element
method based on Theorem 2.8.11.

Theorem 2.4.3 Suppose that V; C Vo C --- are finite dimensional subspaces of a
Hilbert space H. Let V = UV, and suppose that L' : V — H is linear (D(L') =V)
and such that the inequality (2.29) is satisfied with some ¢ > 0.

Pick any f € H and let u € R(L') be such that (2.28) holds. Then, for eachn > 1,
there exists a unique z, € V, such that

(L' 2y, L'v) = (f,v) for all v € Vy.

Moreover, limy, o0 || L'z, — u|| = 0.
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PrOOF  Let [u,v] = (L'u,L'v) for u,v € V,. (2.29) implies that [,-] is an
inner product on V, and, since V, is finite dimensional, it is a Hilbert space (see
Theorem 1.7.1). (2.29) and the Riesz Lemma 2.2.4 imply existence of a unique
2n € Vy such that (v, f) = [v, 2y,] for all v € V.

Take any v € V, and note that

IL'zn —ul|? = (L'zn —u,L'v —u) + (L'zn — u, L' (20 — v))
(L'zy — u,L'v — u)
< Lz = ulllILv — ]
L'z —ull < ||L'v—ul
L'z —u)] = 1Iienvf" |IL'v — ul| = dy.

Since V, C Vny1, we have that dny; < dp, and, since u € R(L'), we have that
lim;, 400 dn, = 0. o
A key tool for obtaining a formal adjoint of a differential operator is

Lemma 2.4.4 If Q is any nonempty open set in R*, n > 1, u € C™(), m > 1,
v € CP() and « is a multi-index with |a| < m, then

/QuD"go: (—l)lal/ﬂ(Dau)w.

PROOF  Suppose first that u € C1(R), ¢ € C§(Q). Define f = puinQ, f =0
in R"\Q. Note that f € C}(R™), hence supp(f) C C N for some open finite
cube C and therefore

O ou / of of
/Quaz,‘ (‘Dazi supp(f) ax,‘ C ail:i

" dp du
0 Owi - Q<pa$i.
Repeated use of the last identity completes the proof. O

After proving existence of a weak solution of a PDE, one usually attempts to prove
its regularity which then implies that the weak solution is also the classical solution.
Regularity of weak solutions is studied in Section 3.8, but for now let us prove only
the key tool in one dimension.
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Lemma 2.4.5 [f ~co<a<c<b< oo, f€L}(ab), g€ Ll (a,b) and

b b
/fw'=—/ g forall € Ci(a,b),

then there ezists a constant k such that

T
flz)=k +/ g for almost all z € (a,b).
(4

PROOF  Define u(z) = f(z) — [Fg. Fra<a<fB<y<d<blet

0 if r<a
e f a< z<p

p@) =2 1 if B< z<~y
g%ﬁ— if v< z<4§
0 if 66< =z

Let ¢ (z) = (1/¢) f:"’e ¢. Y € C3(a,b) for small positive ¢, hence

O=/abuz/)é=/abu(z)(p(z—+€)l(z)dze—jg/bwp’

€

1 /ﬂ 1 /“
= u — Uu.
ﬁ_a o 6_7 %

Thus ffu = k(B — @) where k = fj u/(6 — ) and therefore u = k on (a,v). O

EXAMPLE 2.4.6 Let us examine weak solutions of Lu = f in the Hilbert space L2(0,1)
with Lu = u'. Let us choose for the space of test functions C3(0,1) = D(L') and

L' = —¢'. Thus the weak formulation is: for given f € L2(0,1), find u € L?(0,1) such
that

- /1 u(z)y' (z)dz = /l f(z)p(z)dz for all ¢ € C3(0,1). (2.30)
0 0

If ¢ € D(L'), then p(z) = [ ¢'(s)ds; hence |p(z)| < ||¢'||2 and (2.29) follows. Thus
Theorem 2.4.2 proves existence of u € L?(0,1) such that (2.30) holds. Lemma 2.4.5
now implies that for some constant k we have to have that u(z) = k + [ f(s)ds a.e.
and indeed all such u satisfy (2.30) as one can easily verify directly. The unique u given
by Theorem 2.4.2 lies in the closure of the range of L'. Thus, u = lim,_, ¢, hence
3 w = 0 which determines the constant.

EXAMPLE 2.4.7 We shall now show existence of a weak solution of

uy — Augy — Buy — Cu = f, z€eR0LKtLT (2.31)
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u(z,0) =0, z €R, (2.32)

assuming that T' € (0, 00) is arbitrary, @ = R x (0,T), A € C3(Q), A >0, B € C4(Q),
C € Cp(), f € L*(Q). In this example, all functions are assumed to be real valued,
hence, the scalar field of the Hilbert space L?({2) is now R. (2.31) is a typical parabolic
equation when A > 0.

Multiplying (2.31) by ¢ and formally integrating by parts, using (2.32), we conclude
that an appropriate formal adjoint is

L'o = —p; = (Ap)zs + (Bp)z — C
for ¢ € D(L') which are required to satisfy:

(a) p€CQ), p(z,T)=0forz € R
(b) there exists L, such that ¢(z,t) =0 for |z| > L,, 0 <t <T.

Choose ¢ € D(L') and integrate over z at fixed ¢t € (0,T') in

/RwL'w = —/thw—/R(Aw)zzw+A(Bw)zw—/]RCW
—/chtcp+/R(A<p)zsoz —/chpz —/ Cy?
—/R<ptso+/RA<pZ /(A - B)(¥%)2 /C<p
—/chtcp+/RA<pZ—Eluz(Azz—Bz+2C)‘P

1d k
s _-@ 2 K 2
= 2dt/,R“’ 2/»{"

where k > 0 is such that k > A,, — B + 2C, hence,
_i kt 2 kt '
7 (e /ch 2e /chL @
T
e"t/ @? 2/ ds e"’/ dzoL'p
R t R

T

247 [ ds [ delorel < 267l
0 R

loll < 27|z

and therefore Theorem 2.4.2 applies, proving existence of a weak solution.

IN

IN

IN

A

EXAMPLE 2.4.8 A more elaborate version of Example 2.4.7 will now be presented,
namely, proof of existence of a weak solution of a symmetric hyperbolic system,

EA" Ou “+Bu=f cER0<t<T (2.33)
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u(z,0) =0, z e R, (2.34)

assuming T' € (0, 00) is arbitrary, @ = R" x (0,T) and u = u(z,t) = u(z1,...,Tn,t) is a
column vector with N components. All functions are real valued in this example and f
belongs to the real Hilbert space (L2(Q))N. A4, A!,..., A", B are N x N matrices with
Ay € Cp(Q), Ay = Az, AY; € CE(Q), AY; = AX, B;; € Cp(Q) and A is uniformly
positive definite, i.e. there exists o > 0 such that

y Az, t)y > o|ly||> for yeRY, zeR",0<t<T. (2.35)

Multiplying (2.33) by ¢ and formally integrating by parts, using (2.34), we con-
clude that an appropriate formal adjoint is

for ¢ € D(L') which are required to satisfy:

(a) v € (CL)N, ¢(z,T) =0 for z € R
(b) there exists L, such that ¢(z,t) =0 for |z| > L,, 0 <t < T.

Choose ¢ € D(L'). Integration over z € R" at fixed ¢ € (0,T), using repeatedly
the fact that 20T D(Ayp) = D(p" Ap) + T (DA)yp for any symmetric A, gives

0 =~ o]
Tr, - TO9 _ T 9 4k / T p*
/<p L'y /w 57 (A%) ;/w gor (A0 + [ @TB*e
d 0A =z OAF
Trr _a T A, ToA ToA” T g*
2/<pL<p dt/wAtp /w 5 ? ;/wazka?/w @
d [ + (o4 o4k
dt/*" Ae /*" <6t T2, AT
—i/wTAw—C/wTAw
dt ’
where ¢ > ||0A/0t + Y_f_, OA¥ [0z, — 2B*||/o and (2.35) was used, hence
_i ct T ct/ Trr
dt(e /Rn(p Ap 2e R"(p L'y
T
e“/ o Ap 2/ dse“/ dro L'y
n t Rn

T
o /R oTo < 2T / ds /]R dz T L'l < 26|l gll

allell < 2TeT||IL'yl|

IN

IA

IN

and therefore Theorem 2.4.2 implies existence of u € (L?(Q))" such that

T T
// uTL'<p=/ fTe forall peDL).
0 n 0 R®
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Under some additional assumptions it can be proven that this u satisfies also (2.33)
and (2.34).

Many other (hyperbolic) equations can be written as (2.33). For example, consider
the following wave equation,

0% “ v

5 = Za”(zt +Zb(z t) +elo,t) 5 +d(z, )y +g,
ij=1

where a;; form a uniformly positive definite symmetric matrix. Let u be a vector of

N = n + 2 components,

v v v

U ==, - Up = ——, Uptl = —, Uppo = V.
311’ ) n a:v"’ n+ at’ n+

This gives N equations in the form of (2.33):

n n
au]' aun“ _

Zaij En —Zai] £ =0 for i=1,...,n

j=1 Jj=1

a'U'n-+~1 = Ou;

ot - ijzl ij a Z b iUi — Clnyy — dun+2 =g

Ou
o e =0

2.5 Example: Constant Coefficient PDEs

Let © be any nonempty open set in R*, n > 1, and let a constant coefficient differential
operator in the Hilbert space L?(f2) be given by

L= Y cuD",
lal<m

where ¢, are arbitrary complex constants and m is any nonnegative integer called the
order of the differential operator L. We shall show that for every f € L?(2) there
exists a weak solution of Lu = f provided that €2 is bounded and that at least one of
¢ 18 nonzero.

Using Lemma 2.4.4 we see that (L, ) = (¢, L'y) for all p, 9 € C§ () where

L'= Y (-1)egDe.

lal<m
Note LL'¢ = L' L. Hence (Ly, L) = (v, L' Lyp) = (p, LL'@) = (L'p, L'p), i.e

Lol = [IL'pll forall e C5o(Q). (2.36)
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Define a polynomial of n-variables (1, ...,(, by
PO =D cal®= ] calf G0
la|<m la|<m
and let 5 P
P P
Po=—, Pyp=—— for k=1,...,
k B(k kk 6(}3 or n

[¢3] Qn
P(“)=<ai€1) (%) P for a=(a,-..,an).

Note L = P(D) and, for example,
P(D)= Y  comD{'Dg .- DS,
la|<m,01>0
P(®) = glc, when |a| = m.
Lemma 2.5.1 If for some ak, di we have that |zx — ag| < di/2 all z € Q, then
1 Pe(D)ell < mdi||P(D)gll  for all ¢ € C5°().

ProoF Let us fix Q and do induction on . When m = 0 the assertion is
obvious. Assume m > 1 and that the assertion is true for all constant coefficient
differential operators of order m — 1, hence, we may in particular assume that

1 Pe(D)epll < (m — 1)y || Pe(D)epl|  for all o € C5°(R).
Let v(z) = zx — ax and note that (1.7) implies

P(D)(vp) = vP(D)p + P(D)p forall ¢ € C§(Q).

Hence
IP.(D)gl> = (P(D)(vyp) —vP(D)g, Pc(D)p)
= (P(D)(vy), Px(D)p) — (vP(D)p, Px(D)yp)
= (p,vPi(D)p) — (vP(D)p, Ps(D)p) where 3 = P(D)'p
= (¢, P(D)(v) — Pek(D)) — (vP (D), Px(D)e)

(Pe(D)'¢,v) — (Pex(D)"0, %) — (vP(D)ep, P (D)p)
I1Pe(D) elllIlloo 1l + | Per (D) ellllebl] +

[vlloo | P(D) e[| P (D) e
2[vlloo 1P (D)l P(D)ell + [ Per (D)l P (D)l
k| P(D)elll P (D)l + | Pk (D) Il P(D) el
md[| P(D)l[l| Pe (D).

INA

INIA
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Repeated applications of the above Lemma give

Theorem 2.5.2 (Hérmander) If Q is contained in a finite boz |zp — ag| < dg/2,
1 < k < n, then for every multi-indez 8 = (B, -..,Bn) and every ¢ € C§°(Q),

IPO(D)p|| < m(m—1)--- (m—|B| +1)d5" - -- d& || P(D)ll.

Theorem 2.5.3 If Q is bounded and if at least one of co 1s not zero, then for every
f € L%(Q) there exists u € L*(Q) such that

(u,L'p) = (f,p) for all ¢ € C(Q).
PROOF  Note that P is a nonzero constant for some 3, hence, Theorem 2.5.2

and (2.36) imply (2.29) and therefore Theorem 2.4.2 applies. ]

EXAMPLE 2.5.4 A is used to denote the Laplace operator (or the Laplacian)
8° o2

A=2 ...+ 2
7 =

Lemma 2.5.1 implies that if at least one coordinate of points in € is bounded, then for
each f € L%(0) there exists a weak solution of the typical elliptic equation Au = f.
That is, there exists u € L2(Q) such that

/qu:/fcp for all ¢ € C§°(Q).
Q Q

Regularity of u is given in Example 3.8.4.

2.6 Self-adjoint Operators

Observe that if S is a symmetric linear operator in a Hilbert space H, then
(1) (Sz,z) € R for all z € D(S)

(ii) eigenvalues of S are real

(iii) eigenvectors of S corresponding to different eigenvalues are orthogonal

(iv) if H is a complex Hilbert space and A = A + i\, with A\, \; € R, then

1S =Nzl = I(S = A)zl|® + A?||z||* for all z € D(S). (2.37)

Note that the same holds for real symmetric matrices. In this section it will be shown
that many other properties of real symmetric matrices also extend to operators that
are self-adjoint - not just symmetric. Recall that a densely defined syminetric linear
operator S is self-adjoint if and only if D(S*) = D(S). When S is unbounded, the

task of showing that D(S*) = D(S) can be nontrivial (try Exercise 10). The following
Lemma can sometimes make the job easier.
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Lemma 2.6.1 If T is o linear operator in a Hilbert space such that its resolvent set
contains a real number A, then the following statements are equivalent:

(a) T is symmetric
(b) (T —N)~! is symmetric
(¢) T is self-adjoint.
PROOF  Let H denote the Hilbert space and K = (T — A)~1. (a) implies
(Kz,y) = (Kz,(T — \)Ky) = (z,Ky) forall z,ye€ H
and this gives (b). Similarly, if (b) holds and z,y € D(T), then
(T, ) = Az, y) = (T = Nz, K(T = \y) = (&, (T - \)y) = (@ Ty) - A(z,)

and therefore T is symmetric.
Assume K is symmetric and that y,2 € H are such that
(Tz,y) = (z,2) forall z e D(T).

If D(T) # H, then one could take z # 0, y = 0. Let z = K(y — K(z — Ay)) and
note

lly — K(z — M)l

(T = Nz,y — K(z — Ay))
(Tz,y) — Mz, y) = (T — Nz, K(z — My))
(3:7 Z) - A(:1:7y) - (.'II,Z - ’\y) =0.

Therefore y = K(z — Ay) € D(T) and hence Ty = 2. This shows that T is
densely defined and that T is an extension of T*. Since T is also symmetric it
is self-adjoint. ]

Theorem 2.6.2 o(T) C R for every self-adjoint operator T'.

ProOOF  Let H be a complex Hilbert space and A = A, + ¢A; with A; # 0.

(2.37) implies |[(T — M)z|| > |Ailllz|| for z € D(T), hence, T'— X is one-to-one
and since T is closed, we also have that R(T — A) is closed. If y € R(T — \)*,
then (Tz,y) = (x, Ay) for all z € D(T), hence T*y = Ay and, since symmetric T
can have only real eigenvalues, we have that y = 0 and therefore R(T' — \) = H
by Theorem 2.2.2. Corollary 1.6.2 implies that A € p(T). D

If T is a symmetric operator in a complex Hilbert space, then +:T are accretive.
Theorem 2.6.2 implies that +iT" are m-accretive when T is self-adjoint. The converse
also holds:
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Theorem 2.6.3 If T is a symmetric operator in a complex Hilbert space H, then T
is self-adjoint if and only if R(T +1) =R(T —:) =H.

PrROOF  The ‘only if’ part is given by Theorem 2.6.2. To prove the ‘if’ part,
assume that (Tz,y) = (z,2) for all z € D(T). Choose w € D(T) so that
(T —%)w = z —1y. Hence ((T' + i)z,y — w) = 0 for all z € D(T') and therefore
y = w, Ty = 2. If D(T) would not be dense in H, we could have chosen y =0
and z # 0, but this is not possible since Ty = z. Thus, D(T) is dense in H,
D(T) = D(T*) and therefore T = T*. =]

Our basic tool for obtaining various bounds involving self-adjoint operators is the
following:

Theorem 2.6.4 Suppose that H # {0} is a Hilbert space and that T € B(H) is
symmetric. Then ||T|| = supjz=; |(Tz,z)| = |A| for some A € o(T).

Proor  Clearly m = supjjg=1 |(Tz,z)| < ||T)|. To show ||T|| < m, observe
that for all z,y € H,

2ATz,y) +2(Ty,z) = (T(z+y)z+y)—(T(z-y),z-y)
m(llz + ylI* + llz - y?)
2m(|lz)|? + llyl1?).

IN

Hence if Tz # 0 and y = (||z||/||Tz||)Tz, then
2|2lITz)| = (Tz,y) + (y, Tz) < m(|l<ll* + |yl*) = 2m|=||?

implies | Tz|| < m||z|| - which is true also when Tz = 0. Thus, |T|| = m.

Choose z, € H such that ||z,|| = 1 and ||T|| = limpoeo |(TZn,z5)|. By
renaming a subsequence of {z,} we may assume that (Tz,,z,) converge to
some real number A with |A\| = ||T||. Observe that

(T = Nzal? = Tzl = 2M(T2n, zn) + A2||znl|?
< 2X2 — 2X\(Tzp, zn) — 0.

Hence the assumption A ¢ o(T') leads to the contradiction

1= lzall = 1T = N 7HT = Nzall < NT = X)THHT = A)zall = 0.

A sharp version of Exercise 18 in Chapter 1:
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Theorem 2.6.5 If T is a self-adjoint operator in a Hilbert space H # {0}, then its
spectrum is not empty and ||(T — X) 7| = dist(\, o(T))~* for all A € p(T).
PrOOF  Note that o(T) C R by Theorem 2.6.2. Let A = A\, +1); € p(T).
If \; € o(T), then (2.37) implies that || (T—X) || < 1/]X;] = dist(), o(T)) L.
Next let us consider the case when A\, € p(T'). Pick any § € (0, 00) such that
(Ar — 8, A +8) C p(T). If € R and [¢| > 1/6, then ¢ € p((T — A;)~1) since
(T=2)7 =7 =T -2+ A =T
Hence o((T — Ar)~!) € [~1/4,1/6] and Theorem 2.6.4 implies that
(T = A)~H < 1/6. (2.38)

Since (T — A:)(T — Ar)~! = I and H # {0}, we have that ||[(T — \,)~"Y|| # 0
and hence not every § € (0,00) is such that (A, — §, X + ) C p(T). Let
us take the largest possible d, hence, either A, + § or A, — § belongs to o(T)
and dist(),0(T))% = 62 + A\2. (2.38) implies that ||(T — \.)z| > d|z| for all
z € D(T) and hence (2.37) implies ||(T — A)z||> > (62 + A?)||z||?>. Therefore
(T — X))~} < dist(A, o(T))~! also in this case.

The reverse inequality follows from Theorem 1.6.11 (see Exercise 18 in Chap-
ter 1). ]

Theorem 2.6.6 If T is a self-adjoint operator and X € R, then (—oo0, ) C p(T) if
and only if
(Tz,z) > M|z]|®> for all z € D(T).

PROOF  If (—oo,A) C p(T), then Theorem 2.6.5 implies
(T =A-O7 <1/|Re¢| for (€K, Re(<0
and hence Theorem 2.3.2 implies that 7' — A is m-accretive.
Suppose now that T — ) is accretive and that { € (—oo, ). Note that
A= Qllzl? < (T = ¢)z,2) < (T = Qellllzll for =€ D(T)

and, since T is closed, we have that R(T — () is closed. If y € R(T — o),
then (Tz,y) = (z,(y) for all z € D(T), hence Ty = (y and, since T — ( is
one-to-one, we have that y = 0 and therefore R(T — {) = H by Theorem 2.2.2.
Corollary 1.6.2 implies that ¢ € p(T). O

Spectral representation for self-adjoint compact operators:
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Theorem 2.6.7 (Hilbert-Schmidt) Suppose H is a Hilbert space and K € B(H)
is symmetric and compact.

For each X € op,(K)\{0}, define n(A) = dimN(K — X) and choose an orthonormal
set {@a1,.- -, Pan(n)} S0 that its span is equal to N(K —X). (See Corollary 1.7.5,
Theorem 1.7.14.)

Then
n(})

Kz = Z Z Mz, dri)pxi for all z € H.
Aeap(K)\{0} i=1
PrOOF  Choose any € > 0. Let A = {A € 0,(K) ||\ > €} and

n(A)
Rr=Kz— Y > Az,¢x)¢x forall zeH.
A€A i=1

Clearly, R € B(H) and it can be easily seen that R is symmetric. We shall
show that ||R]] < e. Assume R # 0. Theorem 2.6.4 implies that ||R|| = |u] # 0
for some p € o(R) and, since R is compact, see Theorem 1.7.4, we have, by
Theorem 1.7.12, that u is an eigenvalue of R. Thus, for some z € H, z # 0,
n(A)
pr=Kz=3 3 Az éri)dn

AEA i=1

This and the fact that forall A€ A, i =1,...,n(A),
(2, dx) = (Kz,0x) — Az, dxi) = (2, Kri) — Mz, ) =0

imply that pz = Kz, and since z € N(K — u) = span{du1, - - -, Pun(u)}, We have
to have that u € A. Therefore |R|| = |u| < e. a

The following spectral representation for self-adjoint operators with compact re-
solvent will play a key role in many of the examples in the rest of the text.

Theorem 2.6.8 Suppose that T is a symmetric linear operator with compact resol-
vent in a Hilbert space H.

For each X € 05(T), define n(\) = dimN(T — X) end choose an orthonormal set
{#a1s -, Ban(n)} 50 that its span is equal to N(T — X). (See Theorem 1.7.16.)

Then
(a) {¢ri| X € 0p(T),i =1,...,n(N\)} is a complete orthonormal set in H
(b) T is a self-adjoint operator

(¢) z € D(T) if and only if Te, () Ty M2, b2a) 2 < 00
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(d) Tz =} \cop(m) El_ (z, Pri)dyi for all z € D(T).

PROOF  Theorem 1.7.16 implies that we can pick A9 € RN p(T) and that
K = (T — X)~! is compact and, by Lemma 2.6.1, symmetric. Lemma 2.6.1
implies also (b). If 4 € 0,(K)\{0} and A = X\ + 1/p, then

N(K — p) = N(T - ) = span{da1, - -, Pan(r) }
and therefore Theorem 2.6.7 implies

n(})

=D i ‘“”*’ ¢n forall ze€H. (2.39)

A€ap(T) i=1

Thus, if (z,$»;) =0 for all A € 0,(T), ¢ =1,...,n(A), then Kz = 0 and hence
z = (T — Xo)Kz = 0. This proves (a).

If z € D(T), then Xz, ¢x;) = (z,Tdx) = (T'z, Pxi) and, by Theorem 2.1.6,

n(X) n(})
Z Z |>‘ z, ¢)\z Z Zl T:I} ¢)\z ”T(E”2
Aeap(T) i=1 A€y (T) i=1

A
If 3 seop(T) S A, ¢xi)[? < oo, then let y = 2 oxean(T) S Mz, dai) dai-
Since (y — Aoz, dxi) = (A — Xo)(z, ri), equation (2.39) gives

n(A)

Kly-Xz)= D> Y (zé)dr=z

A€ap(T) i=1

and therefore z € D(T') and (T — A\g)z = y — Aoz. This proves both (c) and (d).
[m]

EXAMPLE 2.6.9 Suppose T : D(T) C L?*(0,1) — L%(0,1) is given by
Tf=if" for feD(T)={feAC[0,1]] f € L*(0,1), f(0) = f(1)}.
One can easily check that T is symmetric and that
(T = N)7' = —iR(=iX) for A g o(T) = 0,(T) = {0, £2m, £4nm,.. .},

where R is the integral operator as in Example 1.6.4. Example 1.7.7 implies that
(T = A)~! is compact for A € p(T) and therefore Theorem 2.6.8 implies that T is
self-adjoint and that its eigenvectors

1 €2i1rz e—2i1rz €4i1rz €—4i1rz .
form a complete orthonormal set in L?(0,1). This proof of completeness of the Fourier
series is independent of the proof given in Example 2.1.7.
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2.7 Example: Sturm-Liouville Problem
The problem of finding a scalar A and a function u # 0 such that
(rv) + (@g+Ap)u=0 on [a,b]
aju(a) + az(ru')(a) =0
Bru(b) + B2(ru’)(b) = 0
is known as a Sturm-Liouville problem. It is assumed that
(i) —oo < a <b<ooandu,ru’ € ACla,b)
(ii) p,g,r! € L'(a,b)
(iii) p(z),r(z) € (0,00) for almost all z € [a,b], g is real valued
(iv) ai1,az, b1, B2 are real numbers with || + |ag| # 0 and |B1] + |B2] # 0
(v) one of the following (va) or (vb) is true

(va) aqap <0, Bif2 20, g < Cyp a.e. on [a,b] for some Cy € R
(vb) 77! < Cop a.e. on [a,b] for some Cy < oo.

Let H denote the set of all equivalence classes of measurable functions f for which

b
/ p(@)\f(2)|2da < oo.

H is a Hilbert space with inner product

b
(f,9) = / p(2)f ()9(@)de.

Define a linear operator S in H as follows:

(ru") + qu
p

Su=— for we D(9),

where D(S) consists of all u € AC[a, b] such that ru' € AC|a,b] and
((ru") +qu)/p € H, aqu(a) + az(rv)(a) = Biu(b) + Bo(ru')(b) = 0.

The Sturm-Liouville problem thus becomes the problem of finding eigenvalues and
eigenvectors of the operator S.

Lemma 2.7.1 S is symmetric.
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PrROOF  Choose u,v € D(S) and let w = urv’ — ru's € AC[a, b]. Note
w' = u((rv') +qv) — ((ru')’ + qu)7,
w(b) — w(a) = (Su,v) — (u, Sv).

Since the system
au(a) + az(ru')(a) =
)

a) =

has a nontrivial solution a;, @y, we have w(a) = 0. Similarly, w(b) = 0. m]

a1v(a) + az(rv')(a)

Lemma 2.7.2 There ezists € R such that (Su,u) > 8||u||? for all u € D(S).

PROOF  Note that for u € D(S) we have
(ru')(a)u(a) = colu(a)|® where co = —a;/ay if az # 0 and ¢, = 0 otherwise

(ru') (b)u(b) = cp|u(b)|?> where cy = —B1/B2 if B2 # 0 and ¢; = 0 otherwise.
Therefore

(Su,u)

b
[—ru'all + / Pl ? — qluf?
a
b 2 2
calu(@)[? = cslu(®)? + / Pl — glul®
a

Thus, if (va) holds, take § = —Cq. If (vb) holds let ¢ = |cg| + |cb| +||gll1 + 1 and
note that for u € D(S),

b
(Su,u) > —cllullZ, + / 2.
a

However, f:plul2 = |u(y)|? fabp for some y € [a, b]; hence, for all z € [a, b],

T

|u(y)|2+2Re/ u'T

Y

lu(z)[?

IA

b
lull®/lplh + / 21uuf

a
b

lull?/llplly +/ ((r/)l'I? + (c/r)lul®)

a

IA

N

b b
2
dlulz < ellull®/lpl + / P2 + 2y / plul
a a

IA

b
e/l + EColll? + [ rlu'?
a
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and therefore
(Su,u) > —(c/Ilplly + Co)lul>.

Lemma 2.7.3 If A < 8, then A € p(S) and (S — \)~! is compact.

PROOF If f € H, then pf € L'(a,b) and the statement u € D(S) is such
that (S — A)u = f is equivalent to the statement u € AC]a,b] is such that
ru' € AC/a,b] and

(ru)' + (¢ + Ap)u = —pf a.e. on [a, ]

oy u(a) + az (ru)(a) =0 (2.40)
Bru(b) + B2 (ru)(b) = 0

Thus, if u is a solution of the homogeneous version of (2.40), then Su = Au and
hence (Su,u) = Allu||?, but by Lemma 2.7.2 (Su,u) > 0||u||?. Therefore u has
to be the trivial solution 0. In view of Example 1.8.5 we have that S — A is
one-to-one and onto.

Let {fr} be a bounded sequence in H and let uy = (S — A)"'fx. As in
Example 1.8.5, {ux} is a uniformly bounded sequence and has a subsequence
convergent in L!(a,b). Hence we can choose a subsequence {uy,} which con-
verges a.e. to some u € L*°(a,b). The Dominated Convergence Theorem (DCT)
implies that {ug,} converge in H to u. This implies that (S — A)~! is bounded
and compact and that X € p(S). m]

Theorem 2.7.4 S is a self-adjoint operator,
U(S) = UP(S) = {)‘la )‘27 o '}7

for some Ay < A < -+ with limp_00 Ay, = 00 and AIMN(S — A,) =1 for alln > 1.
Moreover, if ¢, € N(S — A,) are chosen so that ||¢n|| =1 forn > 1, then {¢1, ¢2,- -}
is a complete orthonormal set in H.

PROOF  Lemmas 2.7.1, 2.7.3 and Theorem 2.6.8 imply that S is self-adjoint
and that the normalized eigenvectors of S form a complete orthonormal system
in H. If 0p(S) would be a finite set, then H would have to be spanned by
finitely many vectors because, by Theorem 1.7.16, n(A) = dimN(S — )\) < oo
for each A € 0,(S). Therefore o,(S) is an infinite set. By Theorem 1.7.16,
a(S) = 0,(S), and also Lemma 2.7.2, gives that o,(S) = {A1, Az, -} for some
0 < A1 < X\ < --- with lim, 00 A = 00.
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To show dimN(S — A,) = 1, suppose u,v € N(S — \,,). The system
z1u(a) + zo(ru')(a) =0

z1v(a) + z2(rv')(a) = 0

has a nontrivial solution z; = a1, 3 = a9 hence there should exist c;, cg, not
both zero, such that

cu(a) + cov(a) =0
ci(ru’)(a) + ca(rv')(a) = 0.

Thus, if w = ¢ju + cyv, then
(rw') + (g + Ap)w =0, w(a) = (rw')(a) =0

and hence the uniqueness for the initial value problem (Example 1.6.9) implies
w = 0 and therefore N(S — \,) cannot contain two linearly independent vectors.
[m]

EXAMPLE 2.7.5 In engineering applications one often encounters Sturm-Liouville prob-
lems similar to the following one:

u”’(z) + Au(z) =0 forall z€[0,1]
u(0) =0, u(l)+hd'(1)=0

where h > 0. One can easily see that the eigenvectors u,, and the eigenvalues A, are
given by
un(z) =sin(anz), Apn=02, n>1

where a,, is the nth positive solution of equation
tana = —ha.

Theorem 2.7.4 says that normalized u,, n > 1, form a complete orthonormal set in
L%(0,1). Therefore, for all f € L2(0,1),

n
Jim |1 - ]Z_:lcmllz =0
where
2 /l f forall j>1
R w: for
K 1+hcos?aj Jo ° ° 7=

and the Parseval equality, see Theorem 2.1.6, implies

1 0o
2/ [fI> = Z i 12 (1 + hcos? o ).

0 =

Selecting h = 0 gives an independent proof of (2.12).
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2.8 Sectorial Forms

Hypotheses H1, H2, H3 will be in effect throughout this section.

(H1) H is a Hilbert space with an inner product denoted by (-, ) and the correspond-
ing norm by || - ||

(H2) V is a dense subspace of H. V is also a Hilbert space with an inner product [+, -]
and the corresponding norm | - |. There exists M; € (0, 00) such that

llz]| < Mi|z| forall zeV.

(H3) §:V xV — Kis such that
S(az + By, z) = aF(x, 2) + BF(y, 2)
3(z,az + By) = aF(z,z) + BF(2,y)

for all vectors z,y,z in V and all scalar numbers a, § in K. Moreover, there
exist a € R, Ms € (0,00), M3 € (0,00) such that

[§(z,y)| < Ma|z|ly| forall z,yeV
Re3(z,z) > Ms|z|* + a||z||®> forall zeV.

Such § are called sectorial sesquilinear forms and are obviously continuous.
The adjective ‘sectorial’ is due to the fact that the numerical range of ¥ lies in a
sector: if z € V and ||z|| = 1, then |z| > M ! hence Re §(z,z) > a + MsM;? and

IIm §(z, z)| < My|z|* < (Ma/Ms)(ReF(z, ) — a),
therefore
F(z,z) eT={¢€K|Re(>a+ M3M;? and |Im(| < My(Re( —a)/M; }.

Define a linear operator A in H as follows. z € D(A) if and only if z € V and
there exists z € H such that

F(z,y) = (z,y) forall yeV. (2.41)

Since V is dense in H we have, for each z € D(A), only one z € H such that (2.41)
holds. Define Az = z. Thus, § has the following representation:

§(z,y) = (Az,y) forall z € D(A),yeV.

A is called the operator associated with §. Note that if z € D(A) and ||z|| =1,
then (Az,z) = §(z,z) € T'. Hence, the numerical range of A is contained in T.
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a Ta+ MsM;? Re(

Figure 2.1: T’ containing numerical ranges of § and A.

EXAMPLE 2.8.1 Let the Hilbert space H be L2(0,1) with the usual inner product and
let V consist of u € ACI0, 1] for which u' € L?(0,1) and u(0) = u(1) = 0. Since C}(0,1)
is dense in H, (Example 1.3.4) so is V. Define

1
[u,v] =/ u'(z)v' (z)dz, |u| = [u,u]'/? for w,veE V.
0

Since u(z) = [ v’ for u € V, we have that ||ul| < |lulleo < |ul; thus, [-,] is an inner
product on V and it can be easily seen that V is complete and hence a Hilbert space.

Define F(u,v) = [u,v] for u,v € V and note that the assumptions H1, H2, H3 are
satisfied with M; = My = M3 =1,a = 0. If u € D(A), then

1 1
/ u'¢ = / (Au)p forall ¢ € Ci(0,1).
0 0
Hence Lemma 2.4.5 implies that u’ € AC[0,1], Au = —u" and therefore
D(A) c V1 = {u€ AC[0,1] | v’ € AC[0,1], u" € L%(0,1), u(0) =u(1) =0}.
An integration by parts implies that V; C D(A) and hence D(A) = V.

In Section 3.7 it is shown that strongly elliptic operators can be obtained in this
way. Thus, us + Au = 0 becomes a generalized parabolic equation which is studied
in Section 4.5 and where it is shown, in particular, that the initial value problem for
us + Au = 0 always has a solution. With one more assumption on §, the initial value
problem for the generalized wave equation s + Au = 0 is solved in Section 4.4. Some
ODE applications will be presented in the following sections.

The following Theorem presents the basic properties of A; its converse is given by
Theorem 2.12.1.
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Theorem 2.8.2 The linear operator A is closed, densely defined in H and it has the
following properties:

(1) o(A) CT and [|[(A—X)7!| < 1/dist(A,T) for A € K\T
(2) if the identity map I : V — H is compact, then A has compact resolvent

(8) D(A) is also dense in V (in |- | norm ).

PROOF Choose £ € V and define f,(y) = §(z,y) — a(z,y) for y € V. Tt
can be easily verified that f; is a bounded linear functional on V and hence,
by Lemma 2.2.4, there exists a unique Bz € V such that f;(y) = [y, Bz] for all
y € V. Therefore

§(z,y) — a(z,y) = [Bz,y] forall z,yeV. (2.42)

The linearity of §(-,y) implies linearity of B and since |[Bz,y]| < (M2 +
|a|M3)|z||y|, we have that B € B(V). Note that Re [Bz,z] > Mj|z|? for z € V,
hence, Corollary 2.3.3 implies

|B~'z| < |z|/M3 forall zeV. (2.43)

Choose w € H and let g(y) = (y,w) for y € V. Since |g(y)| < My|y|||w]|, we
have, by Lemma 2.2.4, that there exists a unique v € V such that (y,w) = [y, v]
for all y € V, moreover, |v| < M;||w||. Thus z = B~1v is the unique element of
V which satisfies (y, w) = [y, Bz] for all y € V and, in view of (2.42), this z is
the unique solution of

3(z,y) —a(z,y) = (w,y) forall yeV.

Moreover, (2.43) implies |z| < Mi||w||/M3. By the definition, z € D(A) and
Az = az + w. Thus, A — a is onto and since the numerical range of A lies in T,
Theorem 1.6.16 implies (1) and that A is closed. Since we have actually shown
that (A —a)™! € B(H,V), the compactness of the identity map I : V — H
would imply that I(A — a)~! € B(H) is compact - which proves (2). To show
(3), suppose that u € V is such that [z,u] = 0 for all z € D(A4). Let w = B'u
where B’ is the Hilbert space (V) adjoint of B~!; hence

lw||? = (w, B'u) = [v, B'u] = [B~lv,u] = [z,u] =0,

[u,u] = [Bu, B'u] = [Bu,w] = 0 proving (3) - which implies that D(A) is dense
also in H. m]



2.8. SECTORIAL FORMS 83

EXAMPLE 2.8.3 Let us continue with Example 2.8.1. Since |jul|o < |u| and

/: u'(s)ds

the Arzela-Ascoli Theorem 1.1.5 implies that if {ux} is a bounded sequence in V, then
a subsequence converges uniformly to some u € C[0,1] which implies that the identity
map from V to H is compact. Therefore A has compact resolvent by Theorem 2.8.2.

lu(e) - u(y)| =

<z —y['?u| for uweV,

If z € D(A) and Az = z, then obviously
(z,A*y) = (z,y) forall ye D(A¥)

and since A** = A, (Theorem 2.2.7) the converse is also true. To obtain A*, define
F1(z,y) = F(y,z) for z,y € V and note that hypothesis H3 is satisfied, with the
same constants, when § is replaced by §;. Let A; be the operator associated with
F1. Thus, z € D(A;) if and only if z € V and there exists z € H such that

F(y,z) = (y,2) forall yeV.
Moreover, A1z = z. Note that Theorem 2.8.2 remains true if A is replaced by A;.

Theorem 2.8.4 A; = A*.

ProoF Ifz € D(A4;),y € D(A), then (Ay,z) = F(y,z) = (y, A1z); therefore,
D(A;) C D(A*) and Az = A*z for £ € D(A;1). Theorems 2.8.2 and 2.2.6
imply a € p(A1) N p(A*) hence A; = A* by Lemma 1.6.14. O

Corollary 2.8.5 If §(z,y) = 5(y,z) for all z,y € V, then A is self-adjoint.

Note that
N(A*) ={z € V|F(y,z) =0 forall y € V}.

So, when the identity map I : V — H is compact, A has compact resolvent hence its
range is closed by Theorem 1.7.16 and therefore the Fredholm alternative, Theorem
2.2.8, implies that, for each z € H, the following statements are equivalent:

(a) there exists z € V such that §(z,y) = (z,y) forally € V
(b) z € R(A)

(¢) (2,y) =0, whenever y € V is such that §(w,y) =0 forallw e V.
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When A has compact resolvent Theorem 1.7.16 implies also that o(A) = 0,(A) and
hence uniqueness implies existence, i.e. if N(A) = {0}, then R(A4) = H.
Define a sectorial sesquilinear form §, by

§(z,y) + 5y, z
§r(a,y) = 22V WD)
and note that the hypothesis H3 is satisfied when § is replaced by §,. Let A, be the
operator associated with §,. Note that Theorem 2.8.2 remains true if A is replaced by
A;. Corollary 2.8.5 implies that A, is self-adjoint. If §(z,y) = §F(y,z) for all z,y € V,
then A = A,.

for z,yeV

Theorem 2.8.6 If for each © € V there exists ¢ < oo such that
I§(z,9) = §(y,2)| < cllyll for all y eV,
then D(A) = D(A*) = D(A,), Ar = (A+ A*)/2 and there ezists b < co such that
3(z,y) — 3(y, @) < 2blzlllyll for all z,y e V.

PROOF Theorem 1.4.3 and Lemma 2.2.4 imply that for each z € V there
exists a unique Tz € H such that F(z,y) — F(y,z) = (T'z,y) forally e V. T is
obviously a linear map from V to H and it is easy to check that it is also closed

and hence bounded by Theorem 1.4.11. This gives b.
If z € D(A), then F(y,z) = (y, Az — Tz) for all y € V hence z € D(A*).

If z € D(A*), then §(z,y) = (A*z + Tz,y) for all y € V hence z € D(4),
and since 2§.(z,y) = (Az,y) + (A*z,y) we also have that z € D(4,) and
24,z = Az + A*z.

If £ € D(A4,), then F(z,y) + F(y,z) = 2(Arz,y) and hence 2F(z,y) =
2(Arz,y) + (Tz,y) for all y € V; therefore, z € D(A). O

Theorem 2.8.7 IfV # {0} and )\ is the largest of real numbers \ such that
Re§(z,z) > A|z||2 forall z€V,

then Ao € o(A,), o(Ar) C [Ag,0). Moreover, if u < Ag and ¢ = min{1 >‘°—_-‘i}, then

? do—a
Re§(z,z) > cMs|z|? + pllz||> for all z € V.
PRrOOF It is easy to see that A\g exists in R and that §,(z,z) > Ao||z||? for all
z € V. Hence (Arz,z) > Ao||z||? for all z € D(A,) and Theorem 2.6.6 implies

that (—oo, Ag) € p(Ar). If Ao & o(A;), then (—00, A1) € p(A4,) for some A; > Ag
and Theorem 2.6.6 would imply that

Fr(z,z) = (Arz,z) > A|z]|? forall z e D(4,),
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and since D(A,) is dense in V, this would contradict the definition of ).

A simple calculation shows that

Fr(z,z) — pllz)? > c(Fr(z,2) — al|z||?) > cMs|z|> forall zeV
which proves the ‘moreover’ part. ]
EXAMPLE 2.8.8 Corollary 2.8.5 implies that A from Examples 2.8.1 and 2.8.3 is self-
adjoint. A short calculation gives that the eigenvalues of A are (n7)? and the corre-

sponding eigenvectors are ¢, (¢) = v2sinnrz where n = 1,2, ... Theorems 1.7.16 and
2.8.7 imply that for all u € AC[0, 1] with u(0) = u(1) = 0, we have that

1 1
/o [ (s)|%ds 27\'2/0 lu(s)|ds.

The following Theorem 2.8.9 is the reason why the setting of this Section is some-
times called variational formulation.

Theorem 2.8.9 Suppose A € (—o0,a + M3M1'2), fE€H. DefineI:V = R by
I(y) = ReF(y,y) — Alyll* — 2Re (f,y) forall yeV.
Then, I(z) < I(y) for all y € V\{z}, where z = (A, — A) 7' f.
PrROOF  For y € V, we have that

(fiy—z) = Frlz,y—2z)—AMz,y—2)

I(y) = I(x) = Fr(y,9) = Myl® — Fr(2,2) + Mzl - 2Re (f,y — z)
Sz —yz—y) = Az -yl
> Mslz—y* + (a = Nllz -yl
> (MsMp? +a =)z -yl
which proves the assertion of the Theorem. O

The following Lemma and Theorem are the basic tools for obtaining finite element
approximations for PDEs. For an example, see Section 2.11.

Lemma 2.8.10 Suppose that U is a closed (in | - | norm) subspace of V, f € H,
ce[0,Ms), e K, Rex < a+cMp2
Then there ezists a unique z € U such that F(z,z) = (Az + f,2z) for all z € U.
Moreover, |zl < [|fII/(M3M;? +a—Re)), |z* < [|flllzll/(Ms — c) and
M+ |A\|ME .

lz—(A-N)71f < —M;Tzlngxlz_ (A=N7H. (2.44)
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PROOF  Theorem 2.8.2 implies that there exists a unique y € V such that
F(y,2z) = (M\y + f,2) for all z € V. Moreover, y = (A — )" f.

Let U be the closure of I in X and let f = f; + f, where fi € U and
(fa2,2) = 0 for all z € U (see Theorem 2.2.2).

Hypotheses H1,H2, H3 remain valid if H is replaced by &/ and V by U.
Therefore Theorem 2.8.2 implies that there exists a unique z € Y such that
F(z,2) = Mz + f1,2) for all z € U. Since (f1,2) = (f,2) for all z € U we
have the existence and uniqueness of z; since ||f1]| < ||f|| we also have, from
Theorem 2.8.2, the bound on ||z||. The bound on |z| follows from

(Ms = o)lz|* < Mslz|* — eM?|j|® < Ms|zl” + (@ — Re M|z
< Re(3(z,7) - Az, 2)) = Re(f,z) < |Ifllll=]l.

Observe that for all z € U we have F(z —y,z — 2) = Mz —y,z — 2),

(M; —c)lz —yl> < Msle -y’ + (a - ReA)l|lz — y|?
< Re@(@-y,z-y) - Mz —y,z—v))
= Re(z-y,2—y) - Mz —y,2—y))
< (Mz+ M)z — yllz — g,
and since z € U is arbitrary, inequality (2.44) follows. ]

Theorem 2.8.11 Suppose V1,Vs, - are finite dimensional subspaces of V such that

lim inf [y—2| =0 (2.45)

n—00 zE€Vy

for all y in a dense (in |- | norm) subset of V. Choose any f € H and X € K with
Red<a+ M3M1—2. Then for each n > 1, there exists a unique T, € V, such that

F(zn,2) = (Azn + f,2) forall z€V,. (2.46)

Moreover,
. -1 _
nllm lzn —(A=X)""f|=0.

If, in addition, there ezist ¢, € [0,00) for n > 1 such that limg_,o0 ¢k = 0 and

Jnf ly — 2| < enlllAyll + llyll) for n>1,y € D(A), (2.47)

then (A — X)~! is a compact linear operator on H and there exists b € (0,00) which
depends only on A\, a, M1, My and Ms, such that

|Zn — (A= X7V f| < cabllfIl  for n > 1. (2.48)



2.8. SECTORIAL FORMS 87

PROOF  Since (2.45) holds for y in a dense subset of V, it holds for all y
in V. Except for compactness of (A — A\)~!, everything follows immediately
from Lemma 2.8.10. Lemma 2.8.10 also implies that z,, = B, f for some B, €
B(H,V) and since ranges of B, are finite dimensional, we have that B,, are
compact linear operators on ‘H and hence (2.48) and Theorem 1.7.4 imply that
(A —X)"! is compact on H. ]

Observe that the existence of error bounds, as in (2.48), with cx — 0 also implies
that A has compact resolvent as well as estimates as in (2.47).

If )\ is a scalar and ReA < a + M3M1'2, then Theorem 2.8.2 implies that A — A
is m-accretive and that 0 € p(A — )), hence, Theorem 2.3.5 implies existence of
(A —X)'/2, the unique m-accretive square root of A — A. Define G = (A, — a)!/2. See
also Corollary 6.1.14.

Theorem 2.8.12 G is a self-adjoint, m-accretive operator in H, D(G) = V, 0 €
p(G),
M;|z| < ||Gall < (Mz +1alMD)|s| for z €V,
3-(z,y) = (Gz,Gy) +a(z,y) for z,y€eV.
Moreover, there exists B € B(H) such that B + B* =2 +22G~2, A= GBG and

§(z,y) = (BGz,Gy) for z,y€ V.

PrOOF  Since G is symmetric, Lemma 2.6.1 implies that G is self-adjoint. If
z € D(A,), then

”GIB”2 = ((Ar - a)z,z) = 8r($7w) - a'”z”2 > M3|:l:|2 (249)

IGz|* < Ma|z|* — alz||* < (Ma + |a|M})|z]*. (2.50)

If z € D(G), then Theorem 2.3.5 implies existence of z, € D(A,) such that
zp, = ¢ and Gz, = Gz. (2.49) implies that z, form a Cauchy sequence in V
hence |z, — y| = 0 for some y € V and since ||z, — y|| < Mi|z, — y|, we have
that z = y and therefore D(G) C V.

If z € V, then Theorem 2.8.2 implies existence of z,, € D(A,) such that
|z, — 2] = 0. (2.50) implies that Gz, converge in H and, since G is closed, we
have that £ € D(G). Thus D(G) = V. Taking the limit in

(Gzn,GyY) = ((Ar — @)Tn,y) = Fr(Tn,y) — a(Tn,y) for yeV

proves that §,(z,y) = (Gz, Gy) + a(z,y) for z,y € V.

Define Fa(z,y) = F(G lz,G'y) for £,y € H. Note that the hypotheses
H1, H2, H3 can be satisfied with ‘H in place of V and F» in place of §. Let
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B be the operator associated with F2. |§2(z,y)| < M2M; '||z|||lyll implies that
D(B) = H and ||B|| < MoM;'. Obviously §(z,y) = (BGz,Gy) for z,y € V
which implies that A = GBG and, since

2§, (z,y) = ((B + B*)Gz,Gy) = 2(Gz, Gy) + 2a(z,y),
we have that B + B* = 2 + 2aG~2. ad
Corollary 2.8.13 There ezists a self-adjoint operator C in H such that C is m-
accretive, 0 € p(C), D(C) =V and
(Cz,Cy) = [z,y] forall z,yeV.

PrROOF  Apply Theorem 2.8.12 when §(z,y) = [z, 9] O

2.9 Example: Harmonic Oscillator and Hermite Func-
tions

To a particle subject to quadratic potential in one dimension (harmonic oscillator),
one can assign the following quantum mechanical Hamiltonian:

(Hoscw)(z) = _"/1”(1') + 132'1/)(.’1,'), z € R.

Since |¢|? is a probability density, we have 1 € L%(R). It can be easily seen that
H,sc is symmetric in LZ(R) provided that functions in its domain decay sufficiently
rapidly at £oo and are smooth enough. However, we need to specify its domain so
that H,;. is a self-adjoint operator. It is not obvious how to do this. Here, this will be
accomplished by using techniques described in the section on Sectorial Forms. It will
be also shown that Hy, has a complete set of eigenvectors - called Hermite functions.

Let H = L?(R) and let (-,-), || - || denote the usual inner product and norm on
L?(R). Define also

AC={f:R—=C| f € AC[—a,qa] for alla >0 },
V={f€AC|/_ (f' @) + (1 +2?)|f (2)])dz < 00 },

o= [ @I + 0+ g, 1= (LA forall fgev.

Example 1.3.4 shows that V is dense in H.

Lemma 2.9.1 If f €V, then |f(z)| < (1 4+ z2)~1/4|f| for all z € R.



2.9. EXAMPLE: HARMONIC OSCILLATOR AND HERMITE FUNCTIONS 89

Proor If0 <z <a, then
a
F@P - f@P =2Re [ 17
T
and, since f'f € L'(R), the limit of the right-hand side exists as @ — oo, hence,
the limit of |f(a)|? as a — oo has to exist and, since f € L?(R), the limit has

to be 0. Thus
|f(z)[?

—2Re / °° f'(s)f(s)ds

IN

[T 0 + 0 N0
(+at [ CUF P + (1 + ) (s)ds

A similar argument can be applied when z < 0. ]

IN

Lemma 2.9.2 V is a Hilbert space.

PrROOF  Let {fn} be a Cauchy sequence in V. Lemma 2.9.1 implies that for
each z € R there exists limp_, fn(z) = f(z). Since {f,} is Cauchy in L?(R),
there exists g E L2(]R) such that ||f. — g|| — 0 hence fn(z) — = [y fh
implies f(z) — fo g- Thus f € AC, f' = g a.e.. Since the functlons
z = (1422)'/2 fn(a:) form a Cauchy sequence in L?(R), they converge in L?(R)
to (1 +22)/2f(z). Thus, f € V and |f, — f| = 0 as n — oo. o

Define §: VxV — C by
9) =[f.g]-
The assumptions in the Sectorial Forms section are clearly satisfied (M; =1, My =1,
M; =1, a =0). Let A be the self-adjoint operator (Corollary 2.8.5) associated with
F. The following two Lemmas characterize A explicitly and suggest that the definition
H,sc = A — 1 is the right one.

Lemma 2.9.3 If f €V, f' € AC and g € H, where g(z) = —f"(z) + (1 + 22)f(z),
then f € D(A) and Af =g.

PROOF  Choose v € V, a < b and note that
- _ b -
/ (' (@) (@) + (1 + 22)f(2)o(@)dz = f'()o(b) — f'(a)o(a) + / o(=)o(@)dz

Therefore the limits of f'(z)v(z) have to exist as £ — =+oo and, since f'T €
L'(R), the limits have to be 0. Therefore F(f,v) = (g,v) for all v € V. o
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Lemma 2.9.4 f € D(A) if and only if
feV, fl'e AC and g € H, where g(z) = —f"(z) + (1 + 22) f (z).

PROOF  Suppose f € D(A). §(f,v) = (Af,v) for all v € V implies that
[ e = [ " (AD(@) — (1 + ) f(2)yplz)da

for all ¥ € C}(R). Thus Lemma 2.4.5 implies that f' € AC and f"(z) =
~(Af) (@) + (1 +2) f (2). 0

Lemma 2.9.5 The identity map I : V — H is compact.
PrOOF  Choose f, € V such that sup,, |fn| = M < co. Since
|fn(@) = )] = |5 fal < & —y'/*M,

{fa} is an equicontinuous sequence. Lemma 2.9.1 implies its boundedness; thus
the Arzela-Ascoli Theorem 1.1.5 implies that there exists a subsequence {f,, }
converging uniformly on compact subsets of R to some g € C(R). Using the fact
that f, decay uniformly at infinity enables us to conclude that the subsequence
{fn,} converges uniformly on R to g. Since

a
/(1-l-:t:2)|f,,(z)|2d.7:SM2 forall ¢>0,n2>1,

—a

we have that o

(1 + 22)|g(z)|?dz < M? forall a> 0.

—a

Therefore

* 2
/ Ig_.fnkl S

_ lg = frilloo (/_: 1 fmz)w </_°;(1 + 22)|g(z) — fn, (z)|2dz) v

implies |lg — fnk”2 <lg—- Fr "co7|'1/22M — 0. a

Theorem 2.8.2 implies that A~! is compact, hence, Theorems 2.6.8, 1.7.16 apply.
In particular, 0(A) = 0,(A) C [1,00) and the normalized eigenvectors of A form a
complete orthonormal set in H. We proceed now to find eigenvalues and eigenvectors
explicitly.
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Define polynomials h, by

ho(z) =1, hpyi(z) = 2zhe(z) — R, (z) forz € R,n=0,1,2,....
Define Hermite functions ¢, by
$n(2) = hn(z)e /% for z € R,n > 0.
Note that ¢, € D(A), ¢pns1(z) = z¢dn(z) — ¢, (z) for n > 0, z € R. By induction,
A¢n = (2n +2)¢, forn >0.
In the next two Lemmas it will be shown that {¢,} are the only eigenvectors of A.

Lemma 2.9.6 Suppose u € D(A) and Au = Mu for some A € R. Let w(z) =
v (x) + zu(z). Then w € D(A), Aw = (A - 2)w and w'(z) — zw(z) = (2 — Nu(z).

PrROOF It is easy to see that w € H N AC, v'(z) = zw(z) + (2 — Nu(z),
w"”(z) = (% + 3 — A)w(z). Thus, all that has to be shown is that w € V.

Let f(z) = |w(z)|?. Note that f” = 2Re (w"®@ + |w'[?). Thus

b
F'0) = f'a) =2 / (10 @) + (22 +3 = N}w(z)?)dz.

Hence, as b — oo the right-hand-side increases to some number in (—o0, o]
and, since f € L'(R), the limit cannot be +oc. The limit of the right-hand-side
must similarly be finite as a - —oo, and therefore w € V. O

Lemma 2.9.7 If u € D(A), u # 0, A € R and Au = Mu, then u = c¢,, and
A =2m+ 2 for some c € C and some integer m > 0.

PROOF  Let up = u, Unt1 = ul, + Tu, for n > 0. Note Au, = (A — 2n)u,
for n > 0. Since o(A) C [1,00), there exists m > 0 such that u, # 0 and
0 = um41 = Umt2 = -+ Thus 0 = v, + zu,, implies uny(z) = cme_’”z/2 for
some constant cm, # 0. Since uj, | — TUnp1 = (2 4+ 2n — Au, for n > 0,
we have that A = 2m + 2 and the induction assumption unp4+1 = Cpy1Pm—n—1
implies up, = ¢m-ncnt1/(2m — 2n). Therefore up = dm_ncm/(2™ "(m — n)!)
for0 <n<m. O

The following Theorem summarizes the above results. A different proof of com-
pleteness of normalized Hermite functions can be found in Chapter 3, Exercise 1.

Theorem 2.9.8 A is a self-adjoint operator with compact resolvent, g(A) = o,(A) =
{2,4,6,---} and {$n/||dnll}32, is a complete orthonormal set in L2(R).
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2.10 Example: Completeness of Bessel Functions
Ifu=u(r), r=(z2 4+ 22)/?, then

_ 0% 0%  d*u n-—1ldu
Au 3.’1:2 +- +;9;:2l' —l—i;z—-F—T-E;. (2.51)

A natural Hilbert space in which to study the Laplacian A is L?(Q), where Q is a

unit ball in R™. However, if one considers only radially symmetric functions u, then
the square of the L?(Q) norm of u is proportional to

1
/ ™ u(r)[2dr.
0

Multiplying (2.51) by " 'u(r) and integrating by parts gives

1 . 1
/ " HAu)(r) v(r)dr = —/ L () (r)dr,
0 0

provided that v(1) = 0 and that v and v are smooth enough and n > 1. This motivates
the following definitions.

Fix any v > 0. Let H denote the set of all equivalence classes of measurable
functions f such that

1
/ 1| f(z)|%dz < oo.
0
H is a Hilbert space with an inner product
1
(h9) = [ =" f(e)a)da.

Let AC be the set of all u € C(0, 1] such that u € AC[e, 1] for all € € (0,1). Define V
to be the set of all u € AC such that u(1) = 0 and

1
/ %)/ (2)|%dz < oo.
0

Define )
[u,v] =/ Wl () (2)dz, |u| = [u,u]/? for wu,v € V.
0

Lemma 2.10.1 V is a dense subspace of H. Ifu € V, then |lu|| < |u| and

(@) < [uf® for z€(0,1). (2.52)
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PROOF  For u € V and z € (0, 1], we have

1
u(z) = —/ syl (5)s™1 2V s
1 1
@) < / S|y () [2ds / s1-gs,
T T
Using Example 1.3.4 it is easy to see that V is a dense subspace of H. m]

Lemma 2.10.2 V is a Hilbert space.

ProoF  If {u,} is a Cauchy sequence in V, then s/2+¥4/ (s) converge in
L?(0,1) to some g hence

1 1
un(z) = —/ syl (s)s™V/2Vds — —/ g(s)s™/?7ds = u.
T T

It is easy to see that u € V and lim, 00 |up — u| = 0. m]
Let §(u,v) = [u,v] for u,v € V. The assumptions in the Sectorial Forms section
are clearly satisfied with M; = My = M3 = 1,a = 0. Let A be the self-adjoint operator

(Corollary 2.8.5) associated with §. Theorem 2.8.2 implies that p(A4) D (—o0,1). The
following two Lemmas give an explicit representation of A.

Lemma 2.10.3 Ifu € D(A), thenu €V, u' € AC, lim;_,o+ |v/(z)|z¥ = 0 and
(Au)(z) = —u"(z) — —F 2o

u'(z) for almost all z € (0,1).
PROOF If u € D(A), then for allv € V

T

1 L 1 —
/xl+2"u'(z)v’(l‘)dz=/ $1+2V(Au)(m)v(z)dl'-

0 0

Lemma 2.4.5 implies that for any c € (0,1) there exists k such that
T
o/ (2) = k — / s (Au)(s)ds for z € (0,1] (2.53)
[
and, since the integrand is in L!(0,1), we may take ¢ = 0. If k # 0, then
o (z)|? > 27" |k/2?  for z close to 0,

which contradicts the fact that u € V. (2.53) with ¢ = k£ = 0 implies

|z¥u! (z)| < (24 2v) 7! /Oz s (Au)(s)|?ds.

The derivative of (2.53) gives the expression for Au. O
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Lemma 2.10.4 Ifu € V, v’ € AC, limgyo4 |u'(z)|z¥ =0 and f € H where f(z) =
—u"(z) — (1 + 2v)u/(z)/z, then u € D(A).

PrOOF Ifv €V, then for z € (0,1) we have

o - 1 __
—z'? g (z) 1?0 () = / s (s)v! (s)ds — / s f(s)v(s)ds.

z z

(2.52) implies that the left hand side approaches 0 as z — 0 hence [u,v] = (f,v).
a

Lemma 2.10.5 A~! is compact.

PrROOF  Let {un} be a bounded sequence in V, M = sup,, |un|. Note

lun(z) — ua(y)l =

/z 31/2+V'Uz;1,(8) s—12-v gg < Mp—-l/2—u|$ _ y|1/2
y
for z,y > p > 0; (2.52) implies pointwise boundedness hence the Arzela-Ascoli

Theorem 1.1.5 implies that a subsequence {up;} converges pointwise to some
u € C(0,1]. (2.52) implies

2 uy (z) — um(z)> < 4M? for z € (0,1], n,m > 1

hence
|y, (2) — u(z)? <4M? for z€(0,1),i>1

and the DCT implies lim; o0 ||un; — ul| = 0. Thus the identity map from V to
H is compact. Theorem 2.8.2 implies that A~! is compact. O

Since each eigenvector u of A satisfies a 2"¢ order ODE with u(1) = 0, we
see (Example 1.6.9) that u is uniquely determined by the value of v/(1). Hence
dimN(A — X) =1 for each eigenvalue A. The above observations, together with The-
orems 2.6.8 and 1.7.16, imply:

Theorem 2.10.6 A is a self-adjoint operator in ‘H and
o(A) = 0p(A) = {A1, X, ...}
for some positive numbers A} < Ay < -+ with limp_y00 Ap = 00. dimN(A - X,) =1

for n > 1 and, if ¢ € N(A—\;) with ||¢n]| = 1, then {¢1,¢2,...} is a complete
orthonormal set in H.
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We shall now examine eigenvalues and eigenvectors of A in more detail. The
Bessel function J, is defined by

B ol _z2 4)n
Iu(2) = (2/2) Z n!IS(n +/1 )+ v)

n=0

(2.54)

for |arg(z)| < w. For A > 0, z > 0 define

(=2®A/4)"

(@) = @2/ N = 3D e s

n=0

a simple verification shows that, for z > 0,
—vi(z) — (1 + 2v)v)(z)/z = I ().

Lemma 2.10.4 implies that vy is an eigenvector of A when J,(A!/2) = 0. Now suppose
that A € op(4), u € D(A) Au = du and let w = v'vy — uv). Note that w'(z) =
—(1 + 2v)w(z)/z hence for some constant ¢

22 (d (z)vr(z) — u(z)vi(z)) =c for z € (0,1].

If in this equation we use the bounds on u(z) and u'(z), as given by (2.52) and Lemma
2.10.3, as well as the bounds on vy, v} that follow from the Taylor series representation
of vy, we conclude that ¢ = 0. Hence u'vy = uv) which implies that u = c;v) on
(0,1]. This proves

Lemma 2.10.7 ) € 0,(4), u € D(A) and Au = u if and only if J,(A\V/?) = 0,
A> 0 and u(z) = cz™vJ,(xA/?) for some constant ¢ and all z € (0, 1].

Let j,» be the nth positive zero of J,. Since jg,n are eigenvalues of A, we have by
Theorem 2.10.6 that limy_, o0 jun = 00. This Theorem and the above Lemma imply

Theorem 2.10.8 If fol z|f(z)|%dz < oo, then

2

f@) =3 eidu(iviz)| dz=0

1
lim T
0 i=1

n—00

where

_ Jo 3t @I viz)da
fol ©J,(juiz)2de
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Evaluation of fol :cJ,,(j,,,i:c)2dz can be simplified as follows. One verifies
T
(@J(2))2 = (v — 22)J () +2 / sJ,(s)2ds
0
by differentiation, using the fact that
22 J! () + zJ.(z) + (2® — v?)J,(z) = 0.
Therefore . )
| s = 57,000
0

Using (2.54) it is easy to see that zJ),(z) = vJ,(z) — zJy41(z) which implies
! . \2 1 2
zJ,(juiz)de = §J,,+1(J,,,i) .
0

2.11 Example: Finite Element Method

Theorem 2.8.11 gives the mathematical foundation of the finite element method
for elliptic type problems. In order to demonstrate its usage we shall consider the
problem of finding finite element approximations of v which is required to satisfy

—u"(x) + g(z)u(z) = f(z) for 0<z<1 (2.55)

u(0) =0, v'(1) +yu(l) =0 (2.56)
with given f € L?(0,1), ¢ € L!(0,1), v € C. We assume for simplicity that Rey > 0
and Req > 0.
To obtain the variational formulation of the problem (i.e., to find the appropriate
sectorial form) multiply (2.55) by 7, assuming v(0) = 0 just as u(0) = 0, and integrate
by parts to obtain

-u'(l)v(l)-l—/o (u'(z)v’(:c)+q(:1:)u(:1:)v(:1:))d1:=/0 f(z)v(z)dz. (2.57)

This suggests that we define # = L2(0,1) with (-,-), || - || representing the usual inner
product and norm on L?(0,1) and

V= {v € AC[0,1] | v(0) = 0,v" € L%(0,1) }

l —
[v,w] = / v'(z)w' (z)dz, |v]=[v,v]/? forall v,weV.
0

V is dense in H, see Example 1.3.4, and it can be easily shown that V is a Hilbert
space with an inner product [-,-]. The left hand side of (2.57) does not yet represent
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the appropriate sectorial form because v/(1) cannot be bounded by |u|; however, u'(1)
can be replaced by —vyu(1) because of (2.56), and since |Ju||oo < |u| for every u € V,
we now have the boundedness of the form. Thus the appropriate §: V x V — C is

— 1 —
§(w,v) = yw(1)v(1) +/0 (w'(2)v'(z) + g(z)w(z)v(z))dz. (2.58)

Using these definitions, the assumptions of the section on Sectorial Forms are satisfied
with M1 =1, Mo =1+ |y| + |lg|l1, @ = 0, M3 = 1. The linear operator A associated
with § has a bounded inverse (Theorem 2.8.2) and by using Lemma 2.4.5, one can
easily obtain the following explicit representation of A:

Av=—v"+qv for ve D(A)

D(A) ={veV|v € AC[0,1], —v" + qv € L*(0,1), v'(1) + yv(1) =0},

which confirms correctness of the variational formulation.
For n > 1 define V, C V as follows: v € V, if and only if

v € C[0,1], v(0) =0, v is linear on [%, 1] for each ¢ =0,1,...,n — L.
Lemma 2.11.1 Ifv,v' € AC[0,1], v" € L?(0,1), n > 1 and
9(z) = (&) + (nz — ) (v(HEL) —v(%)) for

then g € AC[0,1] and |lg’ — v'llz < [lv" 2.

Se<HLO0<i<n-1,

ProOF Ifi<z<#l 0<i<n-—1,then

i+l

S
g (x) —v'(z) = n/ (/ v"(t)dt) ds
.'_-3:_1 ._."Ll 1/2 ‘_"I;_l 1/2
9@~ @<n [ " Is =l ( /. |v"|2) ds <072 ( /. |v”|2)

i+l i+l

/" |gl_vll2sn-—2/ " |’U”|2-
: :

The above Lemma implies

lim inf |w—v|=0
n—00 weVn
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whenever v € D = {v € V|v' € AC[0,1],v" € L?(0,1)}. If ¢ = 0, then D(A) C D and,
since Theorem 2.8.2 implies that D(A) is dense in V, we have that D is dense in V
and therefore Theorem 2.8.11 applies.

Fix f € H, n > 1. Let w, € V,, denote the nth finite element Galerkin approx-
imation of u = A~!f defined by

F(wn,v) = (f,v) forall veV,. (2.59)
Since wy, € V,, there exist scalars cy,...,c, such that
wn(z) =i+ (nz —i)(cip1 —¢) for 2<z<Hl0<i<n-1
where ¢y = 0. Note wn(i/n) = ¢; for 0 <4 < n. The hat function v is defined by

¢(w)={ 1-|z| if—l<z<l1

0 otherwise.

Using v(z) = ¢¥(nz — k) in (2.59) with k = 1,...,n gives the following n equations,

1
QRCr — ﬁk—lck—l - ﬁkckﬂ = / f(-———k:s)’(/)(s)ds for k= 1, e, — 1
-1

0
QnCn — Br_1Cn_1 = /_lf(%)ﬂl)(S)ds,

where .
a = 2n? +/lq(b—:—§)1/)(s)2ds for k=1,...,n—1
1
Br =n? —/0 q(EE8)sy(s)ds for k=0,...,n—1
0
o=ty [ a(mEe)p(ods,
-1
which completely determine cy,...,c, and hence w,. Theorem 2.8.11 implies that

lwn — tlloo < |wp —u| >0 asn — oo.

This convergence result can be strengthened when g € L2(0,1). If ¢ € L?(0,1), then

vl < [lAv] + llgllzllvlleo < [lAv] + llgll2|o|
< 1ol + llgllz(ReF (v, )2 = (| Av]| + llgll2(Re (Av,v))"/?
< (L+llgli2) | Av] + llglizllvl

for v € D(A), hence Lemma 2.11.1 implies (2.47). Therefore there exists a constant
C, independent of n and f, such that

C
llwn — ulleo < Jwn —u| < ;”f”
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2.12 Friedrichs Extension

Throughout this section it will be assumed that:
(S1) H is a complex Hilbert space
(S2) S is a densely defined linear operator in H

(S3) there exist r € R and M € (0, 00) such that
Im (Sz,z)| < MRe(Sz —rz,z) forall z € D(S).
The purpose of this section is to prove:

Theorem 2.12.1 There ezists a subspace V of H, an inner product [-,-] on V with
the corresponding norm |- | and a sectorial sesquilinear form F on V such that the
assumptions H1, H2,H3 in the Sectorial Forms section are satisfied and that also the
following hold:

(a) D(S) is dense subspace in V (in |- | norm)
(b) [z,9] = (1/2)((Sz,y) + (z,5y)) + (1 = r)(z,y) for all =,y € D(S)
(C) F(z,y) = (S:z,y) for all z,y € D(S).

The linear operator A associated with § is obviously an extension of S and is
called the Friedrichs extension of S. Continuity of § and the fact that D(S) is
dense in V also imply that the numerical range of §, and hence of A, also lies in
I'={¢eC||Im¢| < M(Re{—r)}. Theorems 1.6.16 and 2.8.2 imply that o(A) C T
and ||(4 — A)7Y|| < 1/dist(A\,T) for A € C\I'. Also, if S is symmetric, then A is
self-adjoint by Corollary 2.8.5 since §(z,y) = §(y,z) for all z,y € D(S) and hence
for all z,y € V.

Observe also that if R(S — A) = H for some A € C\T', then ¢(S) C I" by Theo-
rem 1.6.16 and hence Lemma 1.6.14 implies that S = A in this case.

A combination of Theorems 2.8.11 and 2.12.1, stated as Theorem 2.12.6 below,
gives a proof of convergence of Galerkin approximations under assumptions that are
elementary to verify in applications.

Now to the proof of Theorem 2.12.1. Define an inner product [-, -] on D(S) by (b)
of Theorem 2.12.1 and note that

|z|? = Re (Sz — rz + z,z) > ||z||? for all z € D(S). (2.60)

Lemma 2.12.2 |(Sz —rz + z,9)| < (1 + M)|z|ly| for all z,y € D(S).
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PrOOF  Define R(z) = (Sz — rz + z,z) and note that, for all z,y € D(S),

4|Re (Sz — rz + z,y)|

|Re R(z +y) — Re R(z — y) — Im R(z + iy) + Im R(z — iy)|

< ReR(z+y)+ReR(z—y)+ M(ReR(z + iy) + Re R(z — iy))
2(1+ M)(je* + |yI?).

Choosing suitable o € C and replacing z by az gives
2/(Sz —rz +2,9)| < 1+ M) (|z* + [y ).
Replacing z by tz and y by (1/t)y gives
2(Sz —rz +2,y)| < (1+ M)z + %yl

and choosing t € (0,00) so that the right hand side is minimized gives the

claimed bound. [}
Define V C H as follows. z € V if and only if there exists a sequence z1,z2,... in
D(S) such that
lm ||z, —z|| = lim |z, — 24| = 0;
n—o00 n,m—00
. . . inD(S
in such cases we will write z, m—(>) T.

Lemma 2.12.3 If 2, 25" 0, then limp_co |2a] = 0.

B

3

o
I

Re((S —7r+1)(zn — zm),2n) + Re((S — 7 + 1)Tm, zn)
(I + M)|zn — zmllza| + (S = r + Dzpllllzal.-

IN

For z,y € V define [z,y] as follows. Choose z, ing(:)‘)’ ) T, Yn in—’g(—f ) y. It is easy

to see that limp,_,0[Zn, yn) exists and that Lemma 2.12.3 implies that it does not
depend on the particular choice of zn,yn. Define [z,y] = limpo0[Zn, yn]. [-,-] is an
inner product on V and (2.60) implies

lz| = [z,z]Y/? > ||z|| forall zeV.

Lemma 2.12.4 D(S) is dense in V, t.e., if T, mD(F) z, then limy_00 |Tp, — 2| = 0.
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PROOF  Observe first that lim, e |Zn| = || and limy,_,e0 [Tt Tm| = |TETm|
for m > 1. Pick € > 0 and let N be such that |z, —zm|? < € and ||z, |2 —|z|2| < €
for all n,m > N. Note that for n,m > N we have

|Zn, — Tm|? + [T + Trm|? = 2|Tn)? + 2|z |?
|Zn + Zm|? — 4z|?| < 5¢
l|zn + z|* — 4|z|*| < 5¢
|z — 2|2 + |20 + 2| = 2|zn)? + 2|z

|zn — z|? < Te.

Lemma 2.12.5 V is a Hilbert space with inner product [-,-].

PROOF  Suppose {z,} is a Cauchy sequence in V. Pick y,, € D(S) such that
|Zr — yn| < 1/n for n > 1 (Lemma 2.12.4). Hence

1 1
lyn — ymll < lyn — ym| < = + = + |20 — Tm|
n m

and therefore there exists y € H such that y, inl()s ) y, hence, y € V and

1
|$n—y|<;+|yn—y|->0 as n — 0o.

Lemma 2.12.2 implies that |(Sz,y)| < Ma|z||y| for z,y € D(S), where My =
M + 1+ |r — 1|. Define §(z,y) for z,y € V by

3'(1’,?/) = (S"En, yn)

lim
n—o0
inD(S) . . .

where z, —' T, yn y. The assumptions H1, H2, H3 in the section on Secto-
rial Forms are thus satisfied with M; = M3 =1,a=r—1.

This completes the proof of Theorem 2.12.1.

The following Theorem, with all assumptions explicitly stated, follows directly
from Theorems 2.8.11 and 2.12.1.

inz(f )

Theorem 2.12.6 Suppose that

(a) H is a complez Hilbert space
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(b) ¢n € H for n > 1, V, = span{ds,...,¢n} and U2V, is dense in H

(c) S is a linear operator in H with domain D(S) = UV, and there ezist
r € R and M € (0,00) such that

|Im (Sz,z)| < MRe(Sz —rz,z) for all z € D(S)

(d) f€H and A € C with ReA <.

Then for each n > 1 there exists a unique z, € V,, such that

(an_kmnaqbk) = (f7¢k) f07‘ k= 17"'7““

Moreover,
lim ||z, —z|| < lim |z, —z| =0
n—oo n—oo

where £ = (A — A)"'f and A is the Friedrichs extension of S.
EXAMPLE 2.12.7 Let Q = (0,7) x (0,7), H = L*(Q) and
Su = —QUuzs — bugy — cuyy + dug + euy + fu,
where a, b, c,d, e, f are complex valued functions on  such that
a,b,c € Cx(9), d,e, f € L®(Q).
To make S an elliptic operator assume there exists § > 0 such that
Re (a(z,y)¢* +b(z,y)¢n + c(z,y)n*) 2 6(¢* +7°) for (z,y) € Q, (,n€R. (261)
Let ¢rm(z,y) = sinkzsinmy for k,m > 1 and let the domain of S consist of all

finite linear combinations of ¢xm. We know that D(S) is dense in H - see Example 2.1.8
and Theorem 2.1.10.

To show S3, observe that integration by parts implies, for u € D(S5),

/buzyﬂ = —/(bﬂ),,u,c = —/byﬂu, — /bﬁyu,
~/(bﬁ),uy = ——/b,ﬁuy - /bﬂ,uy
—% / by, — ,17 / byuu, — / bRe (T uy)

where f denotes the double integral over (2, hence,

Il

(Su,u) = /(aﬂ)zu, — bugyT + (cT)yuy + (dusz + euy + fu)u

- / alual? + cluy|? + bRe (Tyy) + (d + ag + by/Dua@i + (e + ¢y + ba/2uy + flul?.



2.12. FRIEDRICHS EXTENSION 103

(2.61) implies
Re (aluz|? + cluy|® + bRe (Touy)) > 8(Juz|® + |uyl?)
hence
Re (Su,u) > 6[|Vul|> — E||Vullllull + fmllul® (2.62)
where ||Vu||2 = ||uz||2 + ||luyl|? and fm € R, E € [0,00) are such that a.e.
fm <Ref, E?>|d+a;+by/2]” +|e+c, + b /2%

Obviously
Im (S, u)| < C1l|Vull® + E||Vull|[ull + Ca|lul®
for some constants C,C2, hence, (2.62) implies that if
E2
r< fm— I;—,
then there exists M € (0, 00) such that
[Im (Su,u)| < MRe(Su — ru,u) for all u € D(S).
Better estimates of r are possible. For example, just using the fact that ||Vu|| > v/2||u]|
for u € D(S) implies that we can take r < f,, + 28 — V2E when E < 21/26.
Choose A < r and g € L?(R). The Galerkin approximation

n n

Un = Z CkmPrkm
1

k=1m=

is determined by
(Sun - /\un)¢km) = (g)¢km) for 1 S k)m S n

and, by Theorem 2.12.6, they converge to (A—))~!g where A is the Friedrichs extension
of S.

EXAMPLE 2.12.8 Various singular problems can also be handled by Theorem 2.12.6.
Let us consider, for example, the problem of finding u such that

—u(z) - %u'(z) + (% - 1) u(z) = f(z) for 0<z<1
u(0) = u(1) = 0.

Let the Hilbert space H consist of all measurable functions g : (0,1) — C which
satisfy

1
/ z*|g(z)|*dz < oo,
o

and let its inner product be given by

(h,9) = /l z*h(z)g(z)dz for h,g€H.
0
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Choose the basis functions to be
dr(z) =2¥(1-2) for k>1
and let the D(S) be the set of all finite linear combinations of ¢x. Taking h(z) =
23(1 — ) in Example 2.1.9 gives that D(S) is dense in H. Define
n 4 1 4
(Su)(z) = —u'(z) — U (z) + = 1)u(z) for ue D(S).

It is easy to see that (Su—3u,u) € [0, 00) for all u € D(S) and hence we can apply The-
orem 2.12.6 with A = 0 and any f € H. In particular, the coefficients z = (21,...,2,)"*
of the nth Galerkin approximation u, = 2z1¢1 + --- + 2z, are given by z = A lc,
where ¢, = ((f,#1),-- -, (f,#))* and the entries of the n x n matrix A,, are

_ 2ij+4k 2
Tkk-D(k-2) kE+1)k+2)

(An)ij = (Séj, 1) (k=i+7j+5).

Convergence can be tested by choosing the solution to be u(z) = sinwz. It is found
that the error rapidly decreases with n; for example, ||u — ug||oo is approximately 10~8.

2.13 Exercises

1. Show that every orthonormal set is contained in a complete orthonormal set.

2. Suppose that f € C(R) and that it has period 27. Show that the arithmetic

means of the partial sums of the Fourier series of f converge uniformly to f.
Hint: find @, such that

Py(z)+ -+ Py (z)
n

= [ 1@ 9an(s)as

where P, are the partial sums, as in Example 2.1.7, and consider the integrand
on intervals I = (—4,4), (—m, m)\I separately.

. Prove completeness of the normalized Legendre polynomials in L?(—1,1).

Prove that if M is a closed subspace of a Hilbert space H and zq € H, then

dist(zo, M) = max{|(zo,y)| | y € M+, |ly|l = 1}.

. Provide a detailed proof of Theorem 2.2.6.

. If S is a densely defined accretive linear operator such that (Su,v) = —(u, Sv)

for all u,v € D(S), and if T is an m-accretive extension of S as in Theorem
2.3.6, then show that

(Tu,v) = —(u,Sv) forall ue D(T), ve D).
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7.

10.

11.

12.

Suppose that Vy C V, C --- are finite dimensional subspaces of a Hilbert space
H and that V = U2V, is dense in H. Let S:V — H be linear and such that
for some ¢ > 0,

Re (Su,u) > c|jul|® forall ueV.

Show that there exists a linear operator T which is an extension of S such that
(—o0,¢) C p(T), T — c is accretive and for each f € H we can approximate
T~1f as follows: for each n > 1, let z,,,y, € V,, be such that

(Szn,Sv) = (f,Sv) forall vey,

(yn,v) = (f — Szp,v) forall ve€V,.
Then

. 1 1
nlergozn+ 2c Un =T "f.

. Can you prove the existence of a weak solution of Au = f when Q C R? is the

region between the lines y = z + 17

. Let Q = {(z,t)|z € (0,1), t € R}, f € L*(). Show that there exists a unique

u € L?() such that

/QU(<pt+<pu)=/ﬂf<p

for all ¢ that are finite linear combinations of functions like a(t) sinnwz, with
a€CYR),n>1.

In L2(0,1) define Au = —u" with
D(A) = {u € AC[0,1] | v’ € AC(0,1], u" € L?(0,1), u(0) = u(1) =0}.
Starting directly from the definition show that D(A) = D(A¥).

Suppose that T is a bounded self-adjoint operator with o(T) C [a,b] for some
0 < a <b< oo. Define 4y = azﬁl and Apy1 = 24, — A2T for n > 0. Show
that

b—a
b+a

21‘!
4, - <X ( ) for n>0.
a
Suppose that T is a bounded self-adjoint operator in a Hilbert space H with
a(T) C [A, ] for some 0 < A < p < oo and let y € H be given. The following
is the conjugate gradient method of finding ¢ = T~'y. Choose 7y € H and
let 7o =po =y — Tzo. If rp, =y — Tz # 0 and pi # 0, define

Il

Tk4+1 = Tk + Gxpr Where ap = T, pe)
b
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13.

14.

15.
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Ik ll?
P41 = Tk+1 + bgpr, where 711 =y — Tzpyr, b = rell?

and show that (r;,7;) = (p;,7;) = (Tpi,p;) =0for 0 <i < j <k+1 and that
if k41 # 0, then pgy; # 0. Note that the orthogonality of residuals r; implies
that, in a finite dimensional space, this process gives 0 residual in a finite number
of steps. Show also that if e; = (T'(z — z:),z — x;), then exy; = ex — ag||rx]|?
and eg4+1 < ex(l — A/p).

Suppose that V is a vector space over C and that the maps a,b: V xV — C
have the following properties

(1) blaz + By, z) = ab(z, 2) + Bb(y, 2)

(2) b(z,az + By) = @b(z,z) + Bb(z,y)

(3) alaz + By, 2) = aa(z, z) + Paly, z)

(4) a(z,y) = aly,2)

(5) a(z,z) >0

for all @, 8 € C and all z,y,z € V. Suppose also that there exists M < oo such
that

|b(z, z)| < Ma(z,z) forall zeV.
Show that

lb(z,y)| < 2M/a(z,z)a(y,y) forall z,yeV.

Can the same be done if C is replaced by R? 1If so, prove it; if not, give a
counterexample.

Suppose f € AC[0,1], f(0) = f(1) = 0, f is real valued, u € C'[0,1], v’ €
AC[0,1], ¥'(0) = u'(1) =0, u Z 0 and X € C satisfy

v+ fu' +(f +Nu=0 ae. on[0,1].
Show that X € [0, c0).
Consider the eigenvalue problem
fu'=-Xu ae on[0,1], u 0,

ul(o) = u(l)a u(O) = _ul(l)a

where f € L*(0,1) is real valued and inf; f(z) > 0. Show that the set of all
eigenvalues A can be written as {A;, A2,...} C R for some \; < Ay < ... such
that lim, ,o A, = 00 and that the set of all finite linear combinations of the
eigenvectors u is dense in L2(0, 1).
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16.

17.

18.

19.

20.

Find the largest real number A such that

1 2 2
/ /() dz + 4 / () 2dz > A / lu(z)|2dz
0 1 0

for all u € AC[0, 2] with u(0) = u(2) = 0. (Answer: (2tan~!/5)?)
Define a linear operator A in L?(0,1) as follows: u € D(A) if and only if
u € AC[0,1], u(1) =0 and f € AC(0,1], f' € L?(0,1) where f(z) = zu'(z).
For u € D(A) let
(Au)(z) = —zu”(z) — u'(z).

Show that

(a) A is a self-adjoint operator

(b) 0 € p(A) and A~} is compact

(c) o(A) = ap(A) = {A1, A2, --} for some 0 < A\; < Ag < -+ -, limp 00 Ap = 00
(d) dimN(A—-Xp)=1foralln>1

(e)

For u € AC[0, 1] with u(1) = 0 define

normalized eigenvectors of A form a complete orthonormal set in L2(0,1).

1 1
I(w) = / ol (z)[2d + Re / u(z)ds.
0 0
Find the minimum value that I attains.

Suppose that B is closed, densely defined, linear operator in a Hilbert space .
Define ¥V = D(B) and

[u,v] = (Bu, Bv) + (u,v), |u| = [u,u]/?

3(u,'v) = (Bu7 B'U)

for u,v € V. Show that assumptions H1, H2 and H3 are satisfied and that
B*B is the linear operator associated with §. Show that B*B is self-adjoint
and that o(B*B) C [0, ).

For f € L?(R) find the finite element approximation u, € V, of u € L?*(R)
satisfying
—u"(z) + u(z) = f(z) for z€R.

Let V, consist of v € C(R) such that v(z) =0 for z < a, or £ > b, and

v is linear on [z},z},,] for 0 <k < Ny
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where N, > 1, —0o < a,, < by, < 00, 5n=—]e,_—_"flll,a:k—an+k6naresuchthat

lim ap, = —o0, lim b, =00, lim §, =0
n—oo n—00 n—o00

Prove convergence of the approximations. Show that there do not exist ¢, — 0
such that |ju — us|l2 < cp||fll2 for all f € L2(R).



Chapter 3

Sobolev Spaces

3.1 Introduction

In all our examples of sectorial forms, the norm in the Hilbert space V involved
derivatives of functions. Since, in the examples so far, the functions were functions
of one variable defined on an interval, this did not pose any real challange. However,
normed spaces of functions of several variables, with norms involving derivatives of
functions, are much more difficult to understand and are the the main subject of this
chapter. For motivation purposes, it may be a good idea to peek ahead at Section 3.7,
to see how the understanding of such spaces can be used to define sectorial forms
associated with elliptic problems.

To avoid constant repetition, it is assumed, throughout this chapter and unless
specifically restricted, that  is an arbitrary nonempty open set in R*, where n € N
is also arbitrary. Functions defined on 2 are assumed to be complex valued.

Recall if A and B are subsets of R”, then A+ B is open if A is open; and that A+ B
is compact if A and B are compact. The boundary of A, denoted by JA, is defined to
be ANAc. If K C Q # R" and K is a nonempty compact set, then d = dist(K, Q2¢) > 0;
moreover, if € € (0,d), then C = K + B(0,¢) C Q and dist(C,Q°) =d —¢.

For any two functions f,g on R" define their convolution f * g by

(F+9)@) = [ fle= vty

for those z for which the integral exists.
If o € Cy(R™) and f € L (R™), then it is easy to see that ¢ * f € C(R"). If

loc

¢ € CL(R™), then (D;¢p) * f is continuous and, since
b
[ o [ (Peo)e - sty = o+ D@,
a n
we see that (Djp) * f = D;(p * f). Repeating this argument proves the following:

109
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Theorem 3.1.1 If p € CJ*(R"), m >0, f € L} (R"), then ¢ * f € C™(R") and
D% % £) = (D°) + f

for every multi-indez o with || < m.

Je, with € € (0, 00), is said to be a mollifier if
J. € CP(RY), J. >0, J.(z) =0 for |z| >, / Jo=1.
Rn

Mollifiers can be constructed as follows. Let f(z) = exp(l/z) for z < 0 and
f(z) = 0 for z > 0. It is easy to see that f € C®(R). Let ¢(x) = f(|z|> — 1) for
z € R™. Note that ¢ € C§°(R") and that we can define for every € > 0 a mollifier
Je(z) = c e "P(z/e) where c = [pn ¢.

If J. is a mollifier, f € L?(2), 1 < p < oo, then we define J; * f : @ = C by

Uex N@) = [ 1 -n)fy, zen
Theorem 3.1.1 implies that J, x f € C*°(Q).

Theorem 3.1.2 If K C Q and K is a compact set, then there erists ¢ € C§°()
such that 0 < p(z) <1 for allz € Q and p(y) =1 for all y € K.

ProoF  If K is empty, take ¢ = 0. Assume that K is not empty. Let d =1
if @ = R™ and otherwise let d = dist(K,Q¢)/3. Let f be the characteristic
function of the set C = K + B(0,d) and define ¢ = Jy * f, where J; is a
mollifier. ¢ € C®°(R") by Theorem 3.1.1 and

p(x) = / Ja(z —y)dy, T €ER"
B(z,d)nC
Since B(z,d) N C = B(z,d) for ¢ € K and B(z,d) N C is empty when

z ¢ K+ B(0,2d) C Q
the proof is complete. m]
Theorem 3.1.3 (Partition of Unity) If " is a collection of open sets in R™ whose
union is Q, then there exists {1,2,...} C C§(Q) with ¥; > 0 such that

(a) each 1; has its support in some member of I’

(6) Y21 ¥i(x) =1 for every z € N
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(c) for every compact set K C Q there corresponds an integer m and open set
W D K such that ¥1(z) + - -+ + Ym(z) = 1 for every z € W.

PROOF  Let S be a countable dense subset of 2. The collection of balls B(z,r)
with € S, r a positive rational number, and B(z,r) C O for some O €T, is a
countable collection. Hence, it can be denoted by {Vi,V2,...}. It is easy to see
that © = UV;. Choose O; € T so that V; C O;.

By Theorem 3.1.2, ¢1, ¢, ... can be chosen so that ¢; € C§°(0;), 0 < ¢; <1
in O; and p; = 1in V;. Let p;(z) = 0 for z € Q\O;. Hence, p; € C§(Q?). Define
%1 = 1 and

Yitn =1 —1) (L —pi)piq1 for i>1
Obviously 9; € C§°(2), ¥; > 0 and supp(¢;) C O;. By induction,
Yi+o+Pi=1-(1-¢1) - (1-¢) for i>1
Therefore, for each m > 1,
Pi(z)+ -+ Ym(z)=1 if z€eViU---UVp.

This gives (b). If K is compact, K C Q, then K C Vj U---U Vy, for some m,
and (c) follows. ]

REMARK In the above proof it has been also shown that for each  there exist
nonempty open balls Vi, Va,... such that @ = UV; = UV;. This fact will be often
used.

Theorem 3.1.4 Ifu € CJ*(R), m > 0 and J; is a mollifier, then
(a) supp(Je * u) C supp(u) + B(0,¢)
(b) Je xu € C§P(RQ) for all sufficiently small €
(c) limeyo || Je * u — t)jm,00 = 0.

PROOF  We may assume that u #Z 0. Hence, supp(u) is not empty. Since

(Je *u)(z) = Je(z —y)u(y)dy for z € Q,

/supp(u)ﬂB(z,e)

it follows that supp(Je * u) C supp(u) + B(0,¢).
Let u = 0 in R™\Q and note

s -ue) = [ -y [ s v

- [ J.(z — y)(u(y) — u(z))dy.
B( 76)
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Therefore
sup|Je xu—u| < sup |u(y) — u(z)]
Q |z—yl<e

and, since u is uniformly continuous, (c) follows when m = 0. The general case
follows by applying this result to each D%u, |a| < m, since

D(J. ¥ u) = D%(u * J;) = (D%u) * J; = J. * (D%u) =23 D*u.
[m]
Lemma 3.1.5 (Young) If p,q,r € [1,00], 1/p+1=1/g+1/r, f € LY(R") and
g € L"(R™), then f * g ezists a.e. in R™ and
I *gllp < I fllqllgllr-

ProoF  If p = oo, Holder’s inequality implies the conclusion. Assume p < co.
Note 7 < p and g < p. Define

u(z,y) = f (@ = 9)I"Plg@)"?,  vlz,y) = |f (= —y)I'"lgly)|' 7"

Holder’s inequality implies that
lo(z,)ls < IF13"9Pllgll:="/"  where s is such that % + 11—) =1
We know that u(z,-)? € L'(R") for almost all z and

| [waras= [ ( [ 15t = wilatwras )y = 113lel

Therefore

AN

/ F@-g@ldy < [lo(slluz, )l
¥4
( / If(w—y)g(y)ldy> 1Nl [ uta vy
p
/ (/ If(z—y)g(y)ldy) e < [fIElgle.

INA

AN

Lemma 3.1.6 Suppose K; € L*(R"), K¢ >0, [gn K =1 for t € (0,00) and

lim Ki(z)dz =0 or each § > 0.
t—0 |z|>6 t( ) f

Then || K¢ * ull, < ||lull, and %i_gr&”Kt xu—ullp, =0 forue LP(R"), 1 < p < co.
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PROOF  ||K; * ullp < |lull, follows from Lemma 3.1.5. Pick £ > 0 and choose
g € Co(R™), see Example 1.3.4, such that |Ju — g||, < £/3. Note that

IKexu—ull, < [Kexu—Kexgll,+[1Kexg—gllp+llg —ullp
< 2/3+||Kixg -9l

The following calculation shows that ||K;*g—gl|, < /3 for all sufficiently small
t, which completes the proof. [ K; =1 and Holder’s inequality imply

(Kt * 9)(z) — 9(z)

Il

[ Ko)(o(e )~ gla))ds

- Ki(s)|g(z — s) — g(z)|Pds

/ (K% 9)(2) — g(c)Pdz < / Ki()I(s)ds,
R™ R™

(K¢ * 9)(z) — g(=)I?

IA

where I(s) = [|g(z — s) — g(z)|Pdz < 27||g||b. Since g € Co(R™), there exists
4 > 0 such that I(s) < (¢/3)P/2 for |s| < &; hence

/ |(K¢ * g)(z) — g(z)[Pdz < (¢/3)P/2 + 2”II9II£/ Ki(s)ds 23 (¢/3)7/2
R"™ |s|>8

and ||K¢ * g — g|l, < /3 for small enough ¢. O

Theorem 3.1.7 If1 <p < oo, u € LP(Q) and J; is a mollifier, then
(a) Jexu€ C®(Q), [|Je *ullp < [lullp
(b) limgyo || Je * u — ullp = 0.

Moreover, C3°(Q) is dense in LP(R2).

PROOF  (a) and (b) follow from Lemma 3.1.6 by letting u = 0 in R™\Q. Pick
e >0 and g € Cp(f2), see Example 1.3.4, such that ||u — g||, < &/2. Then

lu = Js*gllp < llu—gllp + lg — s * gllp < /24 llg — J5 * gllp;

hence ||u — Js * g||, < € for all small enough § and, since Theorem 3.1.4 implies
that Js * g € C§°(2) for all small enough 4, the proof is complete. ]

Corollary 3.1.8 If1 <p<g<oo, u € LP(Q)NLIQN) and € > 0, then there exists
v € CP(RY) such that |lu — v, <€ and |lu—vlg <e.
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ProoF  Choose a nonempty open set w such that @ is compact, @ C £ and

/ P < e?/2, / luf? < €9/2.
Q\w Q\w

Theorem 3.1.7 implies that we can choose v € C§°(w) such that
u(w) 21 / lu— ]? < 279/Peq, / lu— vl < e9/2
w w

and hence if v = 0 in Q\w, then |lu — v, < € and ||u — v||g <e. o

3.2 Fourier Transform

Let S denotes the set of all complex valued f € C*°(R") such that
sup |z (D% f)(z)| < oo for all multi-indices a, 8.
z€R™
S is called the space of rapidly decreasing functions or the Schwartz space.

Since C$°(R™) C S, Theorem 3.1.7 implies that S is dense in L2(R™).
For f € § and z € R", define

fla)=m [ emp(o)ds (3.1)

where £ -5 = Y p_; Tgsk. f is called the Fourier transform of f. The mapping
f — f is also called the Fourier transform.

EXAMPLE 3.2.1 Let ¢(s) = e~2*l', Rez > 0. Note @(zy,...,2n) = I(z1)---I(zn)
where

(o] . 2
I(t) = (2m)~'/2 / et dr,
—00

Differentiation of I and integration by parts of the result gives I'(t) = —tI(t)/(2z).
Hence I(t) = I(0)e~*"/(42). To find I(0) consider

o0
K(b) = (2m)"1/? / e~ g 050 beR
—00

and note that differentiation of K and integration by parts of the result gives that
2K'(b) = —iK (b)/(a + ib). Hence K (b) = 1/+/2(a + ib). Therefore I(0) = 1/+/2z and

#(z) = (V22)~"e~I=I’/49) | Re 2z > 0.
Lemma 3.2.2 If f € S, then fe S, and for all multi-indices a, 8 we have
2#(D*f)(z) = (~9)!1DAg(z) where g(s) = 51 (5); (3:2)
moreover, (P(D)f)"(z) = P(iz)f(x) for every polynomial P and every z € R™.
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ProOF I‘he DCT implies that f € C(R™), from which it is easy to verify

that ilel Do f = g. Hence, f € C°(R"™). Integration by parts then implies (3.2)

and therefore f € S. O
Lemma 3.2.3 If f,g € S, then [ fi= [ fg.

PROOF  Apply the Fubini Theorem on [ [ f(z)g(y)e **Vdzdy. o

For any function f defined on R", let (Rf)(z) = f(—z) for z € R™.
For f € S define f € S by f = Rf, i.e.

flz) = (2#)_"/2/ €S f(s)ds for z€R"™
f is called the inverse Fourier transform of f because of the following:

Theorem 3.2.4 If f €S and h = f, then h = f.

PROOF  Let ¢(z) = e~1=1*/2, Using g(z) = ¢(ze)e’™ Y, with e > 0, y € R?, in
Lemma 3.2.3 gives

/f ((z —y)/e)e "dz—/f VeTVdz

£6) P2 20 [ 1+ ettt = (2m) "/2/f (ze)e'Vdz 4 h(y).
[m]

Lemma 3.2.5 If f,g €S, then [ fg = [ f§ and ||fll2 = || fll2-

PrROOF  Let h = §. Theorem 3.2.4 implies g = h and therefore Lemma 3.2.3
implies the assertions. O

Define the Fourier transform F on L?(R") as follows. Pick f € L?(R") and
choose f1, fa,...in S so that fr — f in L?(R"™). Lemma 3.2.5 implies that fk converge
in L2(R™) and that the limit does not depend on the particular selection of the
sequence {fx}. Define Ff = limg,00 fr. Note Ff = f for f € S.

Theorem 3.2.6 The Fourier transform F is a one-to-one linear map from L%(R™)
onto L2(R™), and F~! = RF. Moreover, (f,g) = (Ff,Fg) for f,g € L>(R™) and

(Fh)(z) = (2m)~™/? /]Rn e %h(s)ds a.e. for he L'(R™) N L%*R").
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ProoF The definiton of F and Lemma 3.2.5 imply that F is linear and
(f,9) = (Ff,Fg) for f,g € L>(R"). Hence, F is also one-to-one.

Pick g € L?(R™) and choose g; € S such that g, — g in L?(R™). Define
fe = Rgr € S and note that fi converge in L?*(R™) to RFg. Since fy = ng,
Theorem 3.2.4 implies that R, fk = fi = Rgy. Hence, fk = g and the definition
of F implies F(RFg) = g. Hence, F is onto and F~! = RF.

If h € L}*(R™) N L?(R"), then Corollary 3.1.8 and the definition of F imply
the expression for Fh. [}
Corollary 3.2.7 If f € L}(R"), g € L'(R™) N L%(R"), then g * f € L*(R") and
Flg* f) = @m)™*(Fg)Ff.

PROOF  Choose fi € S such that ||fx— f|l2 = 0. Let hy = gxfy and h = g* f.
Lemma 3.1.5 implies hy, € L2 N L' and ||hg — h|jz = 0. Theorem 3.2.6 implies

Fhe)e) = em) 2 [ et -y fe)ayas

and hence Fhy = (21)"2(Fg)Ffr by the Fubini Theorem. Letting k — oo
completes the proof. ]

Theorem 3.2.8 Suppose f is such that the function e **f(z), = € (0,00), belongs
to L2(0,00) for some a € R. Define the Laplace transform of f to be

o0
F(s) = / e **f(z)dz for se€C, Res > a.
0
Then F is an analytic function and, if we define

1 [¢ ;
gc(\, z) = o QT ) 4 w)dw for z€R,c>0, A>a,

—c
then
: 0 2 —2/\zd
Cll)rgo | [9c(\, z) — f(=)]|°e =0 for \>a.
PrOOF  Since
|e—(s+h)a: —eST 4 hze"”||f($)| < lhzl2e(‘h|+a—-Res)me—az|f($)|,

we have that F is analytic. Fix any A > a. For z > 0 define ¢(z) = e ** f(z)
and let ¢(z) =0 for £ < 0. Note that

F(\ +iw) = V21(F¢)(w) for almost all w € R.
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Since X(_.,F ¢ converge in L?(R) to F¢ as ¢ — oo, Theorem 3.2.6 implies that
F 1% (e yF¢ converges to ¢ and, since (F X (e Fd)(z) = e gc(\, z), we
are done. O

If D is an open set in C" and f is a continuous complex function in D, then f is
said to be analytic in D if it is analytic in each variable separately. f is said to be
an entire function in C" if it is analytic in C™.

Lemma 3.2.9 If f € C§°(R") and f(z) is defined by (3.1) for every z € C*, then §
is entire and (P(D)f)"(z) = P(iz)f(z) for every polynomial P and every z € C".

PrROOF ForzeC" seR™ k>1,let

af_ ;o\ ko )i )
g(s) =) = (a,w) = Z( w; R
! —~ !

lel<k
and, since |gx(s)| < elellsl the DCT implies that

flz) = za:caz“ where ¢ = a!((_Z_jr);:l/—z /n s*f(s)ds;

since the series is absolutely convergent, f is entire. Since (P(D)f)" — P(i) f
is entire and, by Lemma 3.2.2, equal to 0 on R", it is equal to 0 on the whole

c". a

ExXAMPLE 3.2.10 The following Heisenberg inequality will be proven

([ 1o~ xrigcras) ([ 1= PE1doIdp) 2 n/a (33

for ¢ € S with ||g||; = 1 and any X, P € R™.
Define 9 (z) = e~*P¢(z + X) and note

0= [ Dilantb(@P)ds =1+2Re [ odEIDub(x)ds
R™ R™

2 < ([ anerds) (L |Dk¢(z)|2dz)l/2
- (. ziw(z)r“dz)l/? (L. |pu/3(p)|“‘dp)l/2
w2 < ([ |z|'~’|w(z)|“‘dz)l/2 (L. |p|2|z/3(p>|2dp)l/2.
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A change of variables implies (3.3).

If ¢ is taken to be a wave function of a quantum mechanical system and X, P are
expected values of the position and momentum, then the uncertainty of the position is

determined by
1/2
ou= ([l = XPlo@las)
]R'I

and uncertainty of the momentum is determined by

o= ([ - P|2|$(p)|2dp)l/2 .

Thus, 0,0, > n/2. So, if you know the position (small o), then (3.3) implies that you
do not know momentum (large o,). This is known as the uncertainty principle.

In the rest of the book we shall often refer to the following:
ExaMPLE 3.2.11 If f € S, A € C\(—o0, 0], then there exists a unique u € S such that
Au—Au=f. (3.4)

This follows from the observation 4(€) = (A + [¢[2)~!f(£) which also enables us to
obtain an explicit formula for u:

u@) = @ [ e e) e

Cm) 7t [ et P/ (s, w= VA, Ren> 0
-n/2,,~1 « iz-§ g —ru—rlé|*/u §
amyrimnt [ ([ e fie) ar.

Using Lemma 3.2.3 and Example 3.2.1 gives

u(z) = (4”)—n/2\/ﬁ n—2 /Ooo /.. ,.—n/2e—ur—#lI—&Ig/(‘ir)f(g)d{d,.~
Since the integrand is absolutely integrable, the Fubini Theorem implies
u(z) = /R Galz - )f(s)ds (3.5)
where
Ga(s) = (4m)~™2 /"2 /0 - rn/2gmpr=uls*/Un) g Re />0 (3.6)

and

[IGxll: £ |arg(A)| < . (8.7

1
A\|(cos 2EX))1+3
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When A > 0, the expression (3.6) simplifies to
fee)
Gi(s) = (4m)~™/2 / rM2e~ AP/ dr and  ||Gally = 1/ (3.8)
0

When n = 1, then differentiation under the integral in (3.6) and a change of variables

t = s%/(4r) give G " (8) = —pGa(s) for s > 0. Hence G»(s) = G(0)e~#!*! and therefore,
in view of Example 3.2.1, we have

G « —pr—ps?/(4r) dr emhhl h 1 9
A(S) —</0 e W = 2“ (W en n = ) (3 )

If we replace ur in (3.6) by urt* and differentiate with respect to t, we in effect
reduce n by 2. Knowing (3.9) we can thus obtain

—pls|
e
Gi(s) = e

It is easy to deduce from (3.6) (Exercise 3) that

(when n = 3). (3.10)

(o]
Ga(s) = (2m)~ % (u/Js]) 3 / e=slieosht cosh((2 — 1))dt (3.11)
0
which can be expressed in terms of the modified Bessel function K as

Ga(s) = (2m)"F (u/Is) 2" K g1 (Islu)- (3.12)

When n = 2, the series representation of Ky gives

1 X [s[2k Ak |s| A B
Ga(s) = o= g £ (2bk —In (when n = 2) (3.13)

where —by = v = .5772... is the Euler constant and by = bg_; + 1/k for k > 1.

EXAMPLE 3.2.12 f1 < g<p< oo and a = %(% - ;7) < 1, then there exists ¢ such
that

lully < cllAu)|F|lull;™ forall uesS. (3.14)

To see this let us first estimate Lt norm of G as given by (3.8), where A € (0, 00) and
t € [1,00] is such that 1/p+1=1/t+1/q. If t € (1, 00) Holder’s inequality implies

s t—1
G,\(S)t < (471')_t"/2 /00 poomn/2 =T A=ts|?/(47) g (/ r_"e""dr) H
0 0

hence, for all ¢,
IGAlle € (47)~°T(1 — a)A>"1.

Since u = G * (Au — Au), Lemma 3.1.5 implies
llelly < (4m)~T(1 — @) (A |lully + A% | Aully)
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which, together with the fact

oJnf_(4e77 4+ Be’) < 2475 BT for A,B,v,6 €[0,00), y+6>0, (3.15)
eSO

implies (3.14).

If1<g<p<ooandf=3+5(;—3) <1, then one can show in exactly the

same way (Exercise 4) that there exists ¢ such that

IDiully < cllAul®|lull;™ forall uweS, k=1,---,n. (3.16)

EXAMPLE 3.2.13 Let @ = R"™ x (0,00). We shall prove that if p € [1,00), f € LP(R"),
then there exists u which solves the following initial value parabolic problem:

u € C?(Q), |[u(,t)ll, < Ifllp for ¢t >0, (3.17)
Ou O%u 0%u .
E_a_l‘%-i_n'-i_@ in Q, (3.18)
Jim [lu(,t) = fll, = 0. (3.19)
Applying the Fourier transform formally gives
w(t) = —gla(gt)
agt) = e f(e
u(z,t) = (2%)‘"/2/ e Etel f(g)dg
Rn
uet) = [ K507 (3:20)

using Lemma 3.2.3 and Example 3.2.1, where
K(z,t) = (4rt) /2 1=/(40) (3.21)

Instead of trying to justify this procedure, define u by (3.20). It is easy to verify that
u € C*°(2) and that it satisfies (3.18). Since K > 0, ||K(-,¢)|l; =1 and

K(z,t)dz = / K(s,1)ds 230 for each 6 >0,

|z|>6 |s|>8/ V7

Lemma 3.1.6 implies (3.19) and the bound in (3.17).

EXAMPLE 3.2.14 Let 2 = R" x (0,00). We shall prove that if p € [1,00), f € LP(R"),
then there exists u which solves the following boundary value problem:

u€ C?(Q), |lu(y)llp < |Ifllp for y >0, (3.22)
8%u u 0% .
52—¥+"'+m+a—yz—0 in Q, (3.23)
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Jim [lu(,y) = £l = 0. (3.24)
Applying the Fourier transform formally to (3.23) gives
tyy(§,9) — [€7a(E,y) = 0

(€, y) = a(§)e™ W + be)ekly;
this, (3.22) and the boundary condition (3.24) suggest

ay) = e vilf(g
) = (2m)/2 iz-E-yle| f
u@y) = em= [ e
u(z,y) = /IR" P(z - s,y)f(s)ds for z€R" y>0, (3.25)

where

Pay) = @m)™ [ etrelivag
Rn
Using (3.9) with u = 1, s = |{y, gives

00
P(z,y) = (27r)‘"/ el (/ (7rr)‘1/26"‘|¢|2y2/(4')dr) dg.
R™ 0

The Fubini Theorem and Example 3.2.1 imply

(o]
P(z,y) = n‘%iy_" riE el gy (3.26)
0
(2L
P(z,y) = 5 Y (3.27)

w (|22 +92)"

Using (3.26) it is easy to see that ||P(-,y)|i = 1; thus we can define u by (3.25) and
Lemma 3.1.5 implies the bound in (3.22). (3.24) follows from Lemma 3.1.6 since

P(z,y)dz = / P(s,1)ds Y220 for each § > 0.
|z|>6 |s|>68/y

Let z = (z,y). By induction, D¢P(z) = h|a|+1(2)|2|—"_1_2|°| for every multi-
index «, where hp, is a homogeneous polynomial of degree m in n + 1 variables. Thus
|D2P(2)| < calz|~""1l which implies that DZP(-,y) * f € C(Q). Hence, the Fubini
Theorem and induction imply that u € C*(Q2). (3.23) follows by verification.

ExAMPLE 3.2.15 Consider the initial value problem for the wave equation:

0%u _ d%u 8%u

= 44— R* t>0
o oz T T TERLEZ

u(z,0) = f(z) for ze€R"
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a—u(a:, 0) =g(z) for zeR™
ot
Applying the Fourier transform formally gives
ﬁvtt({: t) + |£|2ﬁ'(§vt) =0

a(¢,0) = £(¢)
%,(£,0) = (&)
and hence
sin ||t
€]

If f,g € S, then for each t € R, the right hand side of the above equation is also in
S which enables us to define u(-,t) € S so that (3.28) holds (Exercise 5). It is easy to
see that this u satisfies the initial value problem. When n = 1, the inversion of (3.28)
gives

a(€,t) = f(€) cos €]t + §(€)

(3.28)

T+t

g(s)ds. (3.29)
2 t

w(z,t) = —l-(f(x+t)+f(x—t))+%/

When f,g € L%(R™), one can still use (3.28) to define u(-,t) € L*(R™). In particular,
one can show that (3.29) remains valid when n = 1. Thus, u may not be differentiable
in this case and, since it still seems to be the appropriate solution, we need to generalize
the notion of a solution.

3.3 Distributions

A distribution f in Q is a linear map from C§°(f2) to C such that for every compact
set K C 2 there exist C' < co and an integer k > 0 such that

|f(#)] < Cligllk,0o for all ¢ € C5°(Q) with supp(¢) C K.

If the same k can be chosen for every compact set K, then the smallest of such & is
said to be the order of f. The set of all distributions in 2 is denoted by D’(Q2) since
C§°(9) is sometimes denoted by D(2).

For u € L}, (), let f, denote the distribution in  defined by

fuld) = / ug forall ¢ e CP(Q). (3.30)
Q

If X C L},,(R2) and f is a distribution in €2, then the notation f € X is sometimes
used in the literature to indicate that f = f, for some u € X.

For every distribution f in 2 and every multi-index «, define distribution D*f in
Q, called the ath derivative of the distribution f, by

(D%f)(¢) = (1) f(D*¢) forall ¢ € CE(Q).
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Lemma 2.4.4 implies that D®f,, = fpa, when u € C1®/(Q).
If f is a distribution in R™ and ¢ € C§°(R"), then the convolution f % ¢ is a
complex function of n real variables defined by

(f *@)(z) = f(pz) where @.(y) = p(z —y) for z,y € R™. (3:31)

Note that if u € L} (R"), then fu*p =@ *u=1ux* .

loc

For c € 2, define the delta function ¢, to be the distribution in Q given by
0c(¢) = d(c) for all ¢ € C§(Q).

Let P # 0 be a polynomial in n variables with complex coefficients. A distribution
G in R" is said to be a fundamental solution of the operator P(D) if

P(D)G = 603

ie., G(P(—D)p) = ¢(0) for all ¢ € C§°(R™). The main purpose of this section is
to prove the Malgrange-Ehrenpreis Theorem which states that fundamental solutions
always ezist. The following Theorem 3.3.2 shows that if G is a fundamental solution
of the operator P(D) and v € C§°(R"), then u = G *v € C*°(R") and

P(D)u = v.

ExaMPLE 3.3.1 (3.5) with z = 0, together with (3.4) and (3.8), implies
GA(s) (A= A)u)(s)ds =u(0) for ue C§(R") (3.32)
Rﬂ
when A > 0 and hence fg, is a fundamental solution of A — A. Since
0 < Ga(z) £ Go(z) = 1n~ ™2 (2 - 1)|z|*> ™ for A > 0, z € R® (when n > 3)

the DCT implies that (3.32) is true also for A = 0 when n > 3. Using (3.13) while
letting A — 0 in (3.32) gives that (3.32) is true also for A = 0 provided that

Go(z) = —3In|z| (whenn =2).

When n = 1, it is easy to check that if we take Go(z) = —z for £ > 0 and Go(z) =0
for z < 0, then (3.32) remains true with A = 0.

In view of the above discussion we have that if v € C{°(R") and u = Go * v, then
u € C®°(R") and —Au = v.

Theorem 3.3.2 If f € D'(R") and v € C{°(R"), then f xv € C®°(R"); moreover,
D*(f xv) = f x (D%) = (D*f) * v for every multi-indez o.
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PROOF  Suppose that supp(v) C B(0,r) and that z,h € B(0,r). Pick C < co
and an integer k such that

|f(@)] £ CllPllk,c0 for all $ € C§(R™) with supp(¢) C B(0,3r).

Let u(z) = f(vs), see (3.31), and note that supp(vz+r) C B(0,3r); hence

u(z + h) — u(z) = 171 hi f((Dj)e)| = |f ()] < Cligllk,00

where ¢ = vpqp — vy — Z;':l h;j(Djv)z. Since for every multi-index S,
n
(—1)P1(DFg)(y) = (DPv)(z + h — y) — (DPv)(z —y) — ) _ hj(D; DPv)(z —y)
j=1
ID?¢lao < nhl* max |D* 0]l
v|=
we have that

u(@ + h) ~ u(z) = 71 hif((Djv)z)| < Cnlh|[v]lk+2,00-

Therefore u is continuous, (Dju)(z) = f((Djv)z) for j = 1,...,n and we can
apply the above argument with D;v in place of v. Repeating this argument
gives that for every multi-index o we have

(D%u)(z) = f((D%)a) = (=1)!*f(D*vs) = (D°f)(va).
o

Lemma 3.3.3 Let w, = (ei",---,e™) € C" for7 € T = (—m,m". IfPisa
polynomial in C*, P # 0, then there exists A < co such that

f(2) < A /T (FP)(z +wy)ldr

for every entire function f in C* and for every z € C".
PROOF  Suppose first that F is an entire function in C and that
QA)=apA\"+---+ap=ap(A—21)---(A—2y) for XeC.
Let g(A) = F(A\)am(1l —Z1)) - (1 — Z»A) and note that |g(\)| = [(FQ)(N)|

when |A| = 1. Hence, Cauchy’s formula implies

enF O =190 < - [ lotelar = - [ (FQE I (339

21 .
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P can be written in the form P = Py +- - + Pp, where Pj(z Z|ﬂ|_1
and Py, # 0. Since [1.|Pp(w,)|?dr = (27)" zlcxI:m lcal? # 0, deﬁne A by

1
A =/ | Pm (wr)|dr. (3.34)
T
For z € C"*, 7 € T and X € C define
F(N) = f(z+wrd), Q) = P(z+wr) = Pr(w)X™ + - + P(2)
and note that F is an entire function in C and (3.33) implies
gy
B )£ < 3= [ 1P+ et
hence, (3.34), the Fubini Theorem and the periodicity of the integrand imply
A m
s <y [ [ 0P+ wridear = A [ 1(7P)e+ wlar
TJTJ—n T

0

Theorem 3.3.4 (Malgrange-Ehrenpreis) If P is any polynomial in C" such that
P #0, then there exists a distribution G in R™ such that P(D)G = .

PROOF Take ¢ € C§°(R") and let ¢y = P(—D)¢. Lemma 3.2.9 implies
¥(z) = P(—iz)d(z) for £ € C*; hence Lemma 3.3.3 implies

1$(a)| < A / [z + wr)ldr for =€ R,

where w, = (¢™,---,€™) € C" for 7 € T = (-7, 7)" and A < 0o, depends on
P only. Since ¢(0) = (27)~™2 [ $(z)dz, we have that
|6(0)] < A(2m) ™| P(-D)¢ll, (3.35)

where || - || is defined by
ol = / / G(e +wy)ldrdz for o€ CP(R™).
R*JT

Fix an integer m > n/2, r > 0 and ¢ € C§°(R™) with supp(p) C B(0,r). If
w € C" and |w| > 1, then Lemmas 3.2.2, 3.2.5 and (1.7) imply

2)y™ | 2 z + w)|*dz
L astmiee v ube < o 3 [ et wid

|a|<m

oY / |Da(e )2

|a|<m

(C2|w|me|w|r ”‘P”m,oo)2§

IN

IA
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hence
lell = /TdT/Rﬂ(l+ImI2)"‘/2|¢(w+wT)I(1+le"’)‘"‘/2dm
< o [ e gl s
lel < esllellmoos (3.36)

where c;, co, c3, ¢4 € (0,00) depend only on m,n and r. In particular, ||¢|| < oco.
If ||¢|| = 0, then ¢ = 0 by Lemma 3.3.3. Thus, || - || is a norm on C§°(R").

Let M be the subspace of C§°(R™) that consists of functions P(—D)¢ with
¢ € C§°(R™). (3.35) implies that we can define a bounded linear functional g on
M by g(P(—D)¢) = ¢(0). The Hahn-Banach Theorem 1.5.6 implies that there
exists a linear functional G on C§°(R™) such that for all ¢ € C§°(R"™) we hawe

G(P(~D)$) = ¢(0) and |G(¢)| < A(2r)™/?|$].

(3.36) implies that G is a distribution in R™ of order < m. O

3.4 Weak Derivatives

The following Theorem is a partial converse of Lemma 2.4.4 and will play a central
role in our generalization of derivatives of functions.

Theorem 3.4.1 Assume p,q € [1,00), u € L} (), v € L (), a is a multi-indez,

(—1)|°|/uD°‘<p=/v<p for all e CFP(Q)
Q Q

and that K C Q, K is compact. Pick d € (0,00) such that K + B(0,d) C Q and define

ue(z) = / Lz - yu)dy, v = / Je(z - y)(y)dy,
K+B(0,d) K+B(0,d)

for z € R™ where J. is a mollifier. Then
(a) ue,ve € C§(R™) for every e >0
(b) (D%u¢)(z) = ve(z) whenz € K and0<e <d
(c) limeyo [y lue — ufP = lim, g [p [D%*ue —v|?7 =0

(d) ifu=0, thenv =0 a.e. in .
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PROOF  Theorem 3.1.1 implies (a) and, when z € K, 0 < € < d, then

(D°uc)(e) = |

(D*J.) (@ - y)uly)dy = / Jo(z - y)o(y)dy = ve(z)
9] 9]

since B(z,e) C K + B(0,d). (c) follows from Theorem 3.1.7. If u = 0, then
(c) implies that v = 0 a.e. on each compact K C § and, since {2 is equal to a
countable union of compact sets, (d) follows. ]

Definition 3.4.2 When u € L}, () and « is a multi-index we say that v has the

ath weak derivative ( or that D*u exists) if there exists v € L] () such that

(_l)lﬂl/;)uD“(p:/nv(p for all ¢ e C§°(9). (3.37)

(d) of Theorem 3.4.1 implies that if u has an ath weak derivative, then there is only
one v € L} () for which equation (3.37) is true and, in this case, define D®u = v.
When D% = D;, let D* = D;.

Requirement (3.37) could be strengthened a bit, because Theorem 3.1.4 implies

that if u € L},.(Q) and D*u exists for some multi-index , then

(- [up%p= [ @Dou foral pecfia).

If u € L}, () and if o is any multi-index, then the ath derivative of the distri-
bution f,, see (3.30), exists and is given by the left hand side of (3.37). The above
definition says that D*u exists provided that D®f, = f, for some v € L},.().

If u € C™(22) and « is a multi-index with |a| < m, then by Lemma 2.4.4, the weak
derivative D*u exists and is equal to the classical derivative D®u almost everywhere
in Q. In one dimension, a function that has the first weak derivative must be locally
equal (a.e.) to an absolutely continuous function (Lemma 2.4.5). In higher dimen-
sions existence of all first order weak derivatives may not imply local boundedness;
for example, if u(z) = |z|~¢ for £ € R?, ¢ < 1, then u has both first order weak
derivatives. Thus, this definition of the weak derivative expands the classical notion
of the derivative.

If u € L},.(Q) and D%u exists, then Theorem 3.4.1 implies that for each compact
K C 9 there exist ue € C°(R™) such that u; — u and D%y, — D% in L}(K) as
€ — 0. The converse is also true:

Theorem 3.4.3 Suppose u,v € L} (), o is a multi-indez and for each compact
K C Q there exist f1, fa,... in L} _(Q) such that Df; ezists for all i > 1 and

loc

lim / lu— fil = lim / |v — Df;| = 0.
isoo J i 1m0 Jg

Then D%u ezists and D%u = v.
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PrROOF  Choose ¢ € C§°(2) and let K = supp(yp); then

/uDagp igo / fiDu<P=(_1)Iu'/<pD°‘fi oo (__1)|a| / ou.
K K K K
m}

It is easy to see that D® is a linear operator in L}, (Q). If u € L},.() and both
D%u and D*+Ay exist, then D?(D%u) exists and is equal to D®*Pu. Also, if u has the
weak derivative D®u and if D%u has the weak derivative D?(D%u), then D**Ay exists
and D*+Py = DA (D%u).

Observe that weak derivatives are defined globally on nonempty open sets. Clearly,
if u € L},.() has a weak derivative on {2, then u has (the same) weak derivative on

any nonempty open set Q' C €. Theorem 3.4.4 below tells us that if u € L} _(2) has

loc
an ath weak derivative on an open neighborhood of each point in 2, then u has the
ath weak derivative on ; so weak derivatives are really local properties of functions.

Theorem 3.4.4 IfT' is a collection of nonempty open sets whose union is 2, and if

u € L}OC(Q) is such that for some multi-indez a the ath weak derivative of u ezists

on each member of I', then u has the ath weak derivative on Q.

ProOOF Let 91,%2,... be a partition of unity as given by Theorem 3.1.3.
Choose V; € T so that supp(¢;) C V; and let g; € L] (V;) be the ath weak
derivative of u on V;. Define g; = 0 on Q\V; and let

o0
9= gti
i=1

If K is any compact set such that K C €, then all but finitely many ; vanish
on K thus g is well defined on K and

m
gl < [ \gilaps < oo
LA

for some m < oo, and g € L}, (Q). If p € C°(R), let K = supp(y); then
m m
Jupmo= [ wp*Yevi=3 [ ub(en)
Q K i=1 =17V
m
= (-1 / giows; = (=1)° / 99
=1 Vi Q

for some m < oo. [m]
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With the help of the Fourier transform, weak derivatives can be characterized as
follows:

Theorem 3.4.5 Suppose f € L*(R"), a is a multi-indez and g(z) = i'*z%(Ff)(z)
for £ € R*. Then g € L(R™) if and only if D°f ezists and belongs to L*(R™). If
g € L%2(R"), then FD°f =g.

PROOF  Assume first that D®f exists and that it belongs to L?(R"). Let
fe = Jex f for e > 0. Since D*f, = (D*J;) x f = J. x D®f, Theorems 3.1.7
and 3.2.6 imply that ||Ff. — Ff|l2 = 0 and || FD*f. — FD*f|s > 0 as e — 0.
Corollary 3.2.7 and Lemma 3.2.2 imply

FDOf, = (2m)"2(FDJ.)F f = (2m)"/?(ix)*(FJ)Ff = (iz)*(F fe)(2),
and taking the pointwise limits gives that g = FD*f € L?(R™).
If g € L?(R") and ¢ € C°(R™), then
(£, D%) = (Ff, FD*p) = (-1)(g, Fp) = (-1)\(F g, ),
implying that D®f = F~1g. O

Let e; be the unit vector in R™ such that (e;); = 1 and (e;); = 0 for j # i. Define

(60 (x) = u(z + hcz) - u(:l:)

The relation between the finite difference operator ¢* and D; is highlighted next.
These results will be used later to prove the regularity of weak solutions.

(3.38)

Theorem 3.4.6 If p € [1,00), u € L}, (), D;u ezists and Dyu € L}, (Q) for some

loc loc
1<i<n and C is a compact set such that K = C + B(0,H) C Q for some H > 0,
then

/ |kl < / Diuf for 0<|hl<H (3.39)
c K
lim/ |64 — D;uf? = 0. (3.40)
h—0 Jo
PrROOF  Let u. be as in Theorem 3.4.1. If z € C and 0 < |h| < H, then

1
(OPue)(z) = /O(Diug)(:::+the,~)dt

Gu@r < [ (D) (z + the) Pt

1
[ etucr [atf ipaps [ 1Dac,
C 0 C+the; K

IN
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which implies (3.39) since u., Dju, converge in LP(K) to u, D;u. (3.39) implies

A

317P|%u — DyufP < |68 (u — ue) P + |6fue — DiuelP + | Diue — Djul?
31—"/ |6,hu —Djuff < / |62u, — Dyu|P + 2/ |Diue — Djul?;
C C K

choose first € so that f % |D;ue — D;julP is small enough and then note
1
(6%ue — Diue)(z) = / ((Diue)(z + the;) — (D;ue)(z))dt
0

/ |6£‘ue — Dju.|P
C

because of the uniform continuity of D;u, on K, which proves (3.40). O

IN

/ 1 / [(Dyue)(z + the;) — (Dyue)(z)[Pdz dt “=5 0
0 C

Theorem 3.4.7 Suppose that 1 < p < oo, u € LY (), 1 < i < n and for each

loc

compact subset C of Q there exist hy, ho, ... in R\{0} such that
lim hy =0 and sup/ |6?”u|p < o0.
k—o00 k C

Then, D;u egzists and Dyu € L} ().
PROOF  Pick any nonempty compact K C € and d > 0 such that C C Q
where C = K + B(0,d). Corollary 1.5.4 implies that there exist v € LP(C) and
hi € R\{0} with hx — 0 such that [, ¢di*u — [, v¢ for all ¢ € C§°(C). Since
Jodbhu=— [, ud; "¢ when h is small enough and 6i"h"¢ — D;¢, we have that

— JouDi¢ = [, v for all $ € C§°(C) and hence D;u exists in C. Theorem 3.4.4
implies that D;u exists in Q. m]

Theorem 3.4.8 Suppose Q is connected, u € L} (Q), D*u exists and D*u = 0

loc
whenever |@| = 1. Then there exists ¢ € C such that u = ¢ a.e. in Q.

PrROOF  Choose z € 2 and r € (0,00) so that K = B(z,r) C Q. Let u, be
as in Theorem 3.4.1 and note that (b) of the Theorem implies Vu, = 0 in K. If
y € K, then

1
we) ~ uee) = [ (Fua+ oy =) - (v - a)at =0

hence there exists ¢, € C such that ue = ¢, in K. (c) of Theorem 3.4.1 implies
that c. converge to some ¢ as ¢ — 0 and that u(y) = c for almost all y € K.
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Let V4, V2,... be nonempty open balls such that Q = UV, = UV,. By the
above argument there exist ¢; such that u = ¢; a.e. in V;. Let A be the union
of all V; such that ¢; = ¢; and let B be the union of other V;. It can be easily
seen that AN B is empty and, since € is connected, B has to be empty. m]

Theorem 3.4.9 Suppose f € L}, (), o is a multi-indez with |a| = 1 and D*f ezists.
Then D®|f| ezists and D*|f| = Re (gD f) where g is defined by

_J f@/If(@)] ifzeQand0<|f(z)| < oo
9(@) = { 0 for other z € Q

PROOF  For ¢ > 0 define u, = (|f|? +¢)"/2 and g. = f/uc. Choose a compact
K C Q. By Theorem 3.4.1 there exist fi, fo,... in C§°(R") such that

i [ 1= £ = Jim [ 107 - D=0,
1—00 K 71— 00 K

lim fi(z) = f(z) for almost all z € K.

1—00
Define u; ¢ = (|fi|2 +€)/?, gie = fi/ui.. Clearly D%u; = Re(g: D" fi),

/'“i,e_“6|§/K|fi—f|—*0 as i — 00

[ 1D%ue ~Re@.0%1)] < [ 1pes-0es1+ [ 1o =adiovs1,

which also converges to 0 (by the DCT). By Theorem 3.4.3 we have that D%u, =
Re (geD?f). Since for every compact K C {2 we have that

/|u5—|f||—>0 as € >0
K

/]D“uE—Re(gD"f)|—>O as € >0,
K

another application of Theorem 3.4.3 completes the proof. ]

The following formula for a weak derivative of the product generalizes (1.7).

Theorem 3.4.10 Suppose u € L} .(), g € Cclel(Q) for some multi-indez a, and
DPuy ezist for all multi-indices B < a. Then D*(ug) ezists and

oug) = ¥ (§ ) %00 s

Bla
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PROOF  Choose any compact K C § and let u, € C§°(R™) be as in Theorem
3.4.1. Observe that

lim/ |Dﬁue—Dﬂu|=0 forall B<a.

=0 K

Therefore, using (1.7),

lim D*(u.g) — Z (a) (DPu)D*Pg| =0
e—0 K f<a ,3
and Theorem 3.4.3 implies the assertion. 0

In the rest of this section the interpolation inequalities for intermediate derivatives
will be studied.

Lemma 3.4.11 If1<p<o0 and —c0 <a < b< oo, then
£ < 51"+ ENfll, for feCPab),0<e<b-a.

PROOF  Let § = ¢/2 and pick c so that ¢+ 6 € (a,b). If z,z+ h € (a,b), then

h
h'(@) = fa+h) = @) = [ (h=9)f"(a +)ds
0
hence, choosing first h = § and then h = —4§, we obtain that

3f'(z) = fi(z) + fa(z) + fa(2),

where A 5 it
T+ ifa<z<ec
fl(””)={—f(z—5) ifc<z<b

_f =f(@) ifa<z<c
fz(a:)—{ flz) ife<z<b

) fs=8)f"(z+s)ds ife<z<c
fa(z)—{fz s)f"(z—s)ds fe<z<b

It is easy to see that || fill, < 2'/2||f|l, and || foll, = |fll,- ¥ p < co, Holder’s
inequality implies

|f3(=)I

[ 15ty

IN

1)
(82/2)P1 / (6= 8)|f"(z + s)Pds if a <z <c
0

IA

1
(82727 /0 (6 = )" lipds = (62/2)°11£"1I5.
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This and a similar calculation on (c,b) gives ||f3|lp < [|f”|lp2/762/2 - which can
be easily verified also when p = co. Thus

8lflp < @Y7 + D)IIfllp + 622271 £,

which proves the assertion. 0

Lemma 3.4.12 For every integer m > 0 there ezists Cp, € (0,00) such that
NPl < e™IF™llp + Cunll fllp
whenever p € [1,00], —co <a<b< oo, f€C™(a,b),0<e<b—aand0<j<m.

PROOF  Let A,, denote the assertion of the Lemma. Ay and A, are obviously
true; As follows from Lemma 3.4.11. So assume that m > 3 and that A,,_; is
true. Note that A,,_; implies

(/2™ M IF™ DNl < (/2™ 1F™lp + Conr (/21 'l
&bl f'llp < (€)™ M IF ™y + Crallfllp
for § € (0,1). Hence, choosing § so that (26)™ 2Cp,—1 < 1/2 implies
™I < e™IF™lp + CN
for some constant C’. This, together with A,,_;, imply A,. 0
Definition 3.4.13 For integers m > 0, p € [1,00] and those u € L},.(Q2) for which
D%*u exists whenever |a| = m, define ’

[t|m,p = max ID%u]l, € [0, ).
al=m

| - |mp is a seminorm when restricted to those u € L},.(Q) for which D*u € L?(f)
whenever |a| = m.

Lemma 3.4.14 Suppose Q = (a1,b1) X -+ X (ap,bn) for some —oco < a; < b; < o0
and 1 < p < co. Then, for every integer m > 0 there ezists ¢ € (0,00), depending on
m and n only, such that

&|fljp < ™| flmp +cllfl, for fE€C™Q), 0<e<minki—a;, 0<j <m.
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PROOF  Note first that Lemma 3.4.12 implies that
e\ Diglly < e*IDFgllp + Cillgll, for g€ CH@), 0<I<k, 1<i<n.

Choose a multi-index @ = (a1,. .., 0p) with |a| = j and define By = ax+- - -+on,
fe=Dg*-.- D3 f. Note that for 1 < k < n,

eI fully = e™*IDE* frrallp
< &P DI+ Crnc e Ikl
< PR flp + Crm—piy1 | fetllp

I fily < €™ lmp + Cmepogs €+ | fistlp,

where 8,11 = 0 and f,y1 = f. Hence, if C = maxy<m Ck, then

Il

D fllp = " 1 fillp < 1+ C + -+ + CMe™ flmp + C* I I,
which implies the conclusion of the Lemma. O
Corollary 3.4.15 For every integer m > 1 there ezists ¢ € (0,00), depending on m
and n only, such that
Flip < clf BB IFIT/™ for feCFHR), 0<j<m, 1<p< oo
Proor If f € C*(R) and f = 0 in R™\Q, then f € CJ*(R"); hence the

conclusion follows from Lemma 3.4.14 and (3.15). a

Theorem 3.4.16 Suppose Q = (a1,b1) X - -+ X (an, byp) for some —oc0 < a; < b; < 00.
Suppose also that 1 < p < oo, f € LP(Q) and that there exists D*f € LP(Q) whenever
|a| = m. Then there exists DPf € LP(Q) for all |8] < m. Moreover, for some
c € (0,00), depending on m and n only, we have that

sj|f|j,pgcs’"lflm’p+c||f||p for 0<e<minb; —a;, 0<j<m.
1

PrROOF  Let Q' = (c1,d1) X --+ X (cp,dy) for some a; < ¢; < d; < b;. Theo-
rem 3.4.1 implies the existence of f1, fa,... in C§°(R™) such that

/ |fx — fIP =0, / |D®fr, — D*f|P - 0 when |a| =m as k — oo.

Q 91

Lemma 3.4.14 implies that {Dff,} is a Cauchy sequence in LP(Q') for each
multi-index 8 with |8| < m. Thus there exists D°f € LP(€) for all |8] < m
and, by Lemma 3.4.14, we have that

5j|f|j,p,9’ < CEmIflm,p,Q’ + C"f”p,Q’ for 0<e<mind; —¢;, 0<j<m.
1
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Theorem 3.4.4 implies that D?f exists in Q for all |8| < m. Letting Q' — Q
gives the bound. o

The above interpolation inequalities are actually true under much weaker assump-
tions on . See Adams [1] for more details.
An obvious consequence of Theorems 3.4.4 and 3.4.16 is:

Corollary 3.4.17 Suppose that f € L}, () and that D*f egzists whenever |a| =
Then DPf exists whenever |8] < m.

3.5 Definition and Basic Properties of Sobolev Spaces

Definition 3.5.1 of WP (), W (), W™P(Q), W™(Q), (-, )m, || - [lm.p-

For nonnegative integers m and for p € [1,00], define W, P(£2) to be the set of all
u € L () which are such that D*u exists and D%u € L} DC(Q) for all multi-indices o
with |a] <m. W(Q) = W (Q).

For nonnegative integers m and for p € [1, 00] define W"‘”’(Q) to be the set of all
u € LP(Q2) which are such that D®u exists and D%u € LP(Q) for all multi-indices «
with |o| < m. W™(Q) = W™2(Q).

For u,v € W™(Q), define the inner product (u,v),, by

uum—Z/D" )D%v.

la|<m

For u € W™P(Q), define the norm |[u|mp by

1/p .
by = (Ciajem ID%lf) * i 1<p<oo

llllm,00 maxjq|<m ID%ullee  if  p=oo.

Theorem 3.5.2 W™P(Q) is a Banach space. W™(R2) is a Hilbert space.
ProorF  Clearly, W™?(Q) is a normed linear space. If uj,us,... is a Cauchy
sequence in W™P(Q2), then {D%u;} is a Cauchy sequence in LP(Q2) for each

multi-index o with @ < m. Let u denote the LP(2) limit of u;, and let uq
denote the LP(2) limits of D%u; for |a| > 0. D®u = uq by Theorem 3.4.3. O

Theorem 3.5.3 If u € W™P(Q) and v € CF(R), then uv € W™P(Q) and

”U'U”m,p <2™(1+ "n)n/p”u”m,p”U”m,oo~
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PrOOF  See Theorem 3.4.10. 0

Lemma 3.5.4 Ifue W™P(Q),1 <p<oo,m>0 and J; is a mollifier, then

lim/ |D*(J; * u) — D%ulP =0

e—=0 J
for all compact K C Q and all multi-indices o for which |a| < m.
ProoF  For all sufficiently small € and for all || < m, we have that
D*(Je xu) = Je * (D%u) in K.

Theorem 3.1.7 implies convergence. ]

The following result shows that W™P(Q2), for p < oo, is just the completion of the
set of C™(Q) functions with finite || - ||mp norm. This fact is used by some to define
W™P(Q) and, in this case, the notation H™P(Q) is often used instead of W™P(Q).

Theorem 3.5.5 If p € [1,00) and m > 0, then C®(Q) N W™P(Q) is dense in
WmP(Q).

PrOOF  Choose u € W™P(Q) and € > 0. Let 11,v2,... be a partition of
unity as in Theorem 3.1.3 (take, for example, I' = {Q2}).

Choose s; € (0,1/7) so that K; = supp(v;) + B(0,s;) C Q. If t € (0,s;),
then J; x (uyy;) € C§(Q), supp(J: * (uy;)) C K;. By Lemma 3.5.4 (see also
Theorem 3.4.10),

"Jti * (uth;) — U"/’i”m,p <e2™t (3.41)
for some ¢; € (0,1/7), t; < s;.

Pick any z € Q and let 7 > 0 be such that B(z,2r) C Q. There exists an
integer m > 1/r such that ¢; = 0 on B(z,2r) for all ¢ > m. It is easy to see
that Jy, * (uy);) =0 on B(z,r) for 1 > m. Therefore, if

¢ Z J, t; * ’U/l/),

then in a neighborhood of each point in 2, all but finitely many terms of the
sum vanish identically. Thus ¢ € C*(Q).

The following identity is obviously true pointwise a.e.
[ o]
== uh— Jy * (uihy).

i=1

(3.41) implies that u — ¢ € W™P(Q) and ||lu — ¢|lmp < e. O
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W™(R™) can be nicely characterized with the help of the Fourier transform:
Theorem 3.5.6 Suppose f € L2(R"), m > 0 and g(z) = (1 + |z|>)™/%(Ff)(z) for
z € R*. Then f € W™(R") if and only if ¢ € L?*(R™). Moreover, there exists
c € (0,00), depending only on m and n, such that

Ifllm2 < llgllz < ¢l fllm2 when f € W™(R™).

PrROOF  Note that for some c € (0, 00)

3

S era+pr=3 () X qersd ¥ 6
lal<m k=0 lal=k al! la<m
Y 2 FHEIP < 9@ < Y [2*(F ()
la]<m lal<m
This and Theorems 3.4.5 and 3.2.6 imply the conclusion. ]

Definition 3.5.7 of WJ"?(Q), Wl™(9).

C§°(R) is clearly a subspace of each of the spaces W™P(Q).

For nonnegative integers m and for p € [1, 00, define W]™?(Q2) to be the closure
of C°(R) in W™P(Q). W) = W(Q).

Clearly, Wg™P(Q) is a Banach space with norm || - ||lmp and W{*(Q) is a Hilbert
space with inner product (-, )y,.

Theorem 3.1.4 implies that CJ*(2) C Wg™P(Q); thus,

the closure of C§*(2) in W™P(Q) is also equal to Wy"P(Q2).
This and Theorem 3.5.3 imply that
if u € WJ™P(Q) and v € CF(R), then wv € WiP(Q).
Also, this and Theorem 3.5.5 imply that
if p < 00, u € W™P(Q), v € C(Q), then uv € W™ ().

Except for some special sets 2, we have that W™P(Q) # W;"?(2). One of these
special  is R™.

Theorem 3.5.8 W™P(R™) = W;"P(R") if p € [1,00), m > 0.
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PROOF  Choose u € W™P(R") and let f € C$°(R") be such that f(z) =1
for || < 1 and f(z) = 0 for |z| > 2 (Theorem 3.1.2). Define u;(z) = u(z) f(z/7)
and note that u; are in Wj"P(R"). Theorem 3.4.10 implies that there exists c
such that for all > 1,

llus = ullfpp S € D ID%ul?,

la]<m |z|>i
and therefore u € W™ (R"). o
When 2 lies between two parallel planes, with a normal v and at a distance d
apart, then (3.42) holds. In other words:

Theorem 3.5.9 Suppose § is such that for some v € R*, with |v| = 1 and some
d € (0,00), we have that (z —y) -v < d for all z,y in Q. Then

Ifllp <dlv-Vfll, forall §feWyP(R),1<p< o0 (3.42)

PROOF  Choose f € C§°(2) and note that for all z € ,

flx) = —AdV‘Vf($+Vt)dt.

Hence, if p < oo and 1/p +1/¢ =1, then

d
f@)P < P/ /0 v Vf(z+ vt)Pdt

d
I [ s [*[ -9+ vpasde = ol [w-vip,
Q R" o Jre ) Q

therefore ||f|l, < d|lv - Vf]||p - which is obviously true also for p = co. Since
lv - V£llp < Vgl fll1,p, the inequality holds also in W, P (). O

(3.42) is called the Ponicare inequality by some (see also Lemma 2.5.1 and the
Dirichlet problem in Section 3.7). Others call the inequality (3.43) below the Ponicare
inequality. €, that has properties (i) and (ii) in Theorem 3.5.10 below, is said to be
star-shaped with respect to a ball contained in Q. See also Exercise 14.

Theorem 3.5.10 Suppose that Q is such that
(i) B(zo,71) C Q C B(zg,72) for some g € R*, 0 <7y <15 < 00

(i) if y € B(zg,71) and £ € Q, then y +t(z — y) € Q for all t € [0,1]
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and f € CY(Q), p € [1,00], 8f/0z; € LP(Q) for 1 <i < n. Then f € LP(N) and

n—

1 1
! (147) " o+ (i) ) 2
- — <(ri+r 1+ —= 14+ =5 = 3.43
|- m ¢ yS i (T ( ww)) ) 26z, ¢*
for all measurable W C Q with measure p(W) > 0.
PrROOF  Choose r € (0,71) and let B = B(zo,).
Ifz € Q,y € B, then
@) =)+ / (s - y))dt;
i=1
integrating with respect to y gives
w(B)f(z) = / fly)dy + ZI (z), (3.44)
i=1
where
Ii(z) = // y+t(z— y))dtdy, z€,1<i<n.

Let us prove the following inequality:

of

ox;

IZillp < w(B)(r + 12) (1 + ra/r)" /P

for 1<i<n. (3.45)
P

(3.45) is obvious if p = 00; so, assume p < oo and note

()P
< (/Bjolm—yutdy)p—l/B/ol|z—y|]§—ji(y+t(z—y))pdtdy
< wEe+rr [ [ -]t ~o)| dry

/ Li(z)Pds
0

B +ray [ o | [ arle vl L+ e -

IN

P

k)

1
(u(B)(r +r2))P" /B dy /n dz /0 dtt"g(z,y,t)lz — vl

-ggz)
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where g(z,y,t) = 1 if z € tQ + (1 — t)y and otherwise g(z,y,t) = 0. If z € Q,
y€ B,t>0and z € t2+ (1 — t)y, then for some z € Q, |z —y| = t|z —y| <
t(re +r) and

1 1 n
/ t"g(z, y, t)dt g/ lag< L (” +r> .
0 lz=y| n\l|z -yl

ro+r

Therefore

P

/|Ii($)|”sz(M(B)(r+r2))”_l———(r+r2)n/dz/ dy|z —y|' ™ of
Q de |

oz, @)

n

and inequality (3.45) follows from
[lo-uprars [ pylordy = nu(e)ri
B B(0,r)
In view of (3.44) and (3.45), it is clear that f € LP(f2). Integration of (3.44)

over W gives
we) [ r=uw [ 1+ ;/W I

Dividing this by x(W) and subtracting it from (3.44) gives

o (-7 4,7) = (- 7m 4,4)

i=1

O L 1 ()P
U I M Sy MR
FORAT
< (1 + (40 ) Sl
Using (3.45) and letting » — r; proves (3.43). ]

3.6 Imbeddings of W™P(Q)

In this section we shall study imbeddings of W™P(Q2), where m is a positive integer
and 1 < p < co. We shall begin by showing (Theorem 3.6.3) that, under very weak
conditions on 2,

if mp > n and j > 0, then Wit™2(Q) C C4(Q).
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We shall then show (Lemma 3.6.8) that

if mp <n,p<q< 2o, g < oo, then W™P(Q) C LU(Q)
when Q is a box (possibly the whole R™). This will give us very general local imbed-
dings (Corollary 3.6.9), imbeddings of Wj"?(£2) (Theorem 3.6.10), as well as Holder
continuity of functions in W3 ?(Q) for mp > n (Theorem 3.6.12). Under much
weaker conditions on £, it will then be shown (Theorem 3.6.14) that mp < n im-
plies W™P(Q) C L) for p < ¢ < ;ZE—. Sufficient conditions for compactness of
the imbedding of W™P?(Q) into L(f2) are presented in Theorem 3.6.16.

Imbeddings of W™P(Q) in general depend on the boundary of Q. On the other
hand, W3"?(Q) is a closure of a set of functions that vanish on the boundary of
and hence, its imbeddings are, in general, independent of the boundary of 2. The
weakest, commonly used assumption on  for which most imbeddings still exist is
called the cone property of 2 and is defined as follows:

Definition 3.6.1 For a € R, a # 0, 0 € (0, n], define
cone(a,0) = {z € R" | z - a > |z||a| cos 0 and |z| < |a|},

and observe that if ¢t > —n, then

/ |z|'dz = cla|tt"
cone(a,f)

for some c € (0,00) which depends only on n, ¢ and 6.

A nonempty open set  in R®, n > 1, is said to have the cone property if there
exist h € (0,00), 8 € (0,7] such that for every z €  we can find a € R™ with the
properties |a| = h and z + cone(a,§) C Q.

Lemma 3.6.2 Suppose m is a positive integer, p € [1,00] and either mp > n or
m >n. Suppose also that Q has the cone property and let h and 6 be as in the
Definition 3.6.1 of the cone property. Then there ezists ¢ € (0,00) such that

m
sup |u| < czhi“"/p|u|i,p
Q

=0
for all u € C™(Q) NW™P(Q). ¢ depends only on m, n, p and 0.

PROOF ¢y, Cg,... will denote numbers in (0, c0) that are determined by m, p,
n and 6 only. Choose u € C™(Q) NW™P(Q), z € R and a € R™ with |a| = h s0
that z + cone(a,d) C Q. Abbreviate C = cone(a,) and let c;h™ be the volume
of the cone C.
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Ifye C,thenz +y—ty € Q for t € [0,1]. Hence the Taylor formula (1.8)
can be written as

—1)lel —1)lel p1
u(z) = Z ( 01} y*(D%u)(z+y)+m Z %/o t™ 1y (D) (z+ty)dt.

lafl<m lal=m

Integrating both sides over C gives

u(z)c A = Z (—(Blal In+m Z (—_;lJa, (3.46)

!
|a|<m |lal=m

where
L= / y*(D%)(z +y)dy, o] <m
C
1
Jo= /0 /C ™1y (D) (z + ty)dy dt, |a] = m.

Let g € [1,00] be such that 1/p+1/g = 1. Since |y®| < |y|!®l, Holder’s inequality
implies that

|Ia| < c2h™*™9| D%, < coh*™ul;p for || =i < m. (3.47)

When |a| = m the scaling gives

1
Jo = //t""_ly"(D“u)(z+y)dydt
0 JiC

1
/ / tT" £ (t, )y (D) (z + y)dy dt,
0 JC

where f(t,y) =1 if |y| < ht and f(t,y) = 0 otherwise. Since

1
/ £ f(t,y)dt = (BPy| ™ — 1)/n for y€C,
0

we have
ol <1 [ W=Dz + )l (3.48)
if p =1, then m > n and obviously
|Ja| < hml“lm,p; (3'49)

if p > 1, then (m —n)g+n = g(m — n/p) > 0 and we can apply Holder’s
inequality to (3.48) to obtain

[l < esh™ ™9l . (3.50)
Inserting (3.47) and either (3.49) or (3.50) into (3.46) completes the proof. O
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Theorem 3.6.3 Suppose m > 1, p € [1,00] and either mp > n or m > n. If Q has
the cone property and h and 6 are as in Definition 3.6.1, then

WIitme(Q) C C4(Q) for j>0.

Moreover, there ezists ¢ € (0,00), depending only on m, n, p and 6, such that

m
|uljoo < €3 R Pluliyjp for uwe WITTP(Q), j>0.
=0
PROOF Lemma 3.6.2 and Theorem 3.5.5 imply the conclusions when p < oo.
If p = 00, choose r € (1+n/m, o) and let B be a nonempty open ball contained
in Q. Since B has the cone property, Wi*™P(B) C Wit™"(B) C Cj(B).
Hence, WitmP?(Q) C C/(Q). O

If u € Wg™P(Q) and u = 0 on R™\Q, then u € W§"P(R"); and since R”™ has the
cone property, we have

Corollary 3.6.4 Suppose j >0, m > 1,1 < p < oo and either mp >n or m > n.
Then WT™P(Q) C CH(Q) and WI™P(Q) C CY(Q).

loc
We shall now begin studying imbeddings of W™ into L for ¢ < oo.
Lemma 3.6.5 If Q = (a1,b)) X -+ X (an,by) for some —c0 < a; < b; < 00, then

lgll 2y <e 'liglh + gy for g€ WH(Q), 0 <e < minb; - a;.

PROOF  Suppose g € CH{Q)NWLL(Q), a; < ¢ < d; < b, € < d; — ¢,

Q' = (c1,dy) X -+ X (en,dy), and let fl denote integration of z; from ¢; to d;.
If h € C'[a,b] and a < z < b, then

b

(6~ ah(s) = [

a

z b
h(y)dy + / (v — a)'(y)dy — / (b— y)H (v)dy

b b
02 < 5= [ bty + [ I8l

Therefore
lg(z)| < e‘l/|g| +/|D,~g| for zeQ,i=1,...n
i i

It is easy to see that this implies the conclusion of the Lemma when n = 1; so
1

assume from here on that n > 1 and o = =5. Note that

o= ([#) " ([5)
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where f; = e7l|g| + |D;g|- Integration of z, using Holder’s inequality (1.10)
with k =p; =n — 1, gives

Joore< () 0L =)

Likewise, integration of z1,..., Ty gives
k a n «a
<[ [8) T ([ [2)
Joo flare<T0(J - 2) TL (LS
for k =1,...,n and hence

e n . @ n . @ . na
[or<I1(/, %) slg[l(/nf) < (gl + loh1)"™;

thus |g||_z, < e~ Y|gll1 + |gl1,1 and Theorem 3.5.5 implies the conclusion. DO

If1<p<qg<r<oo,p#rand f € LPNL", then Holder’s inequality implies

1_1
I£llg < NFIG°NFN7,  where 6= %—T. (3.51)
p T
If this and the following fact,
AY7B < %A+ B when A>0,B>0,¢>0,6¢€](0,1], (3.52)

are used in Lemma 3.6.5, we obtain

Corollary 3.6.6 Suppose Q = (a1,b1) X -+ X (an,by) for some —oco0 < a; < b; < 0.
Iflggﬁooand%Zl—%, then

1
lglly < ™47 @lglh +elgha) for g€ WH(R), 0< e < minb; — .

Lemma 3.6.7 Suppose Q = (a1,b1) X -+ X (an,bn) for some —oo < a; < b; < 00. If
1§p§q<ooand%2’1—)—%, then

11
Ially < €7D @)kl + eglblry) for he WH(R), 0 < e < minb; —a;.
3
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Assume p > 1. Let s=1+¢ %1 € (1,00) and pick f € C®(9)

PRrOOF
WlP(Q). Let g = |f|° and note that g € C1(Q), |Dig| < s|f|*"Y|D;f|. Let
Q' = (¢1,dy) x (cn,dy) for some a; < ¢; < d; < b; with € < d; — ¢;. Note

1Digllner < slIDifllprll £
gl < IFllp.0r lLF15 -

If t = g/s, then % >1- }‘ Hence Corollary 3.6.6 implies

— _1 - —
1£ 50 = lgleqr < D@ fllpar 11550 + esl Flupar IF155H)

_p(l_1
Ifllg0r < e @I llpar + e8] fluper),

and letting Q' — Q and f — h (Theorem 3.5.5) implies the conclusion. ]

) for some —00 < a; < b; < 00. If

Lemma 3.6.8 Suppose 2 = (a1,b1) X -+ x (ap,
151
m>1, 1<p<q<ooanda 5—% then
Uid 1
Ihllg < 2+ ™Y ¥ ™ Dlhle, for he W™P(Q), 0< e < minb; — a;.
1
k=0

PrOOF  The conclusion of this Lemma is proven in Lemma 3.6.7 when m = 1.
Assume that m > 1 and that the conclusion is true for m — 1. Choose s so that
max{}, 3 — 21} < 1 <min{l + 3

Sincem—lZl,l§p§s<ooand%2’1-,—'—"—n:i,wehave

m—1
IRl < @+ @)™t S G Dh),,
k=0

m—1
_p(i_1
hlys < (24 g™ Z "G Rl
k=0
and hence h € W1*(Q). Since 1 < 5 < ¢ < o0, % > % - 11‘, Lemma 3.6.7 implies

—n(l_1
e ") @2||h|l; + eqlhlys)
_ m—1 m
@+qm e (23 e¥hlkp+ 0 lhlip | »
k=0 k=1

which shows that the conclusion is true also for m.

IA

l1llq

IN



146 CHAPTER 3. SOBOLEV SPACES

™. Then

Corollary 3.6.9 Suppose j >0, m > 1,1 <p<g<ooand ;>

WiLm(@) C W)
Theorem 3.6.10 Suppose j >0, m>1,1<p < q < oo, % > %— ™ and, when
q = oo, it is required also that either mp > n or m > n. Then Wg“"""’(n) C Wg’q(ﬂ)
and

luljg < clulfpmpllull, ™ for we WGT™P(Q), 0= 7o(2+5-2),
where ¢ € (0,00) depends only on j, m, n, p and q.

ProoF  Choose v € C§°(f2) and let v = 0 in R™\Q. Lemmas 3.6.8 and 3.6.2,
with R™ in place of 2, imply

& k-n(i-1)

[vljq < @1 zs PT 0 |vlgyjp for e>0.

k=0

Lemma 3.4.14 implies

—n(l_1 —iop(l_1
[oljq < 2™ 5 0l jmp + €7 TG ull) for € > 0;

hence (3.15) implies the bound stated. Since this is true for every j > 0 and
C§°(Q) is dense in WJT™P(Q), the rest follows. O

Before continuing with our study of imbeddings of W™? into L7, ¢ < oo, let us
apply the above result to show the Holder continuity of functions in Wy (£2) when
mp > n.

Lemma 3.6.11 If p > n, then there exists ¢ € (0,00) such that
lu(z) —u(y)| < clz —y|"Pluli, for all z,y € R, u € CY(R™).

PROOF  Suppose u € C}(R"), z,y € R” and d = |z — y|. Note that
noopl
u(z) = u(z +z) — Z/ zi(Diu)(z + tz)dt.
i=170

Subtracting from this expression the corresponding expression with y in place
of =, and integrating z over the ball B = B(0, d), gives

(u(z) = u(y))eod™ =T — J(z) + J(y), (3.53)

where
1= [ (ula+2) - uly + 2)ds
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J(z) = z": /B /l zi(D;u)(z + tz)dt dz
i=1 0

and ¢, ci, . . . denote numbers in (0, co) that depend only on n and p. Using the

bound
nooa1
Z/ / t7 " 12 (Dsu)(z + 2)dz dt
= Jo JiB

1
/t'"“lcl(td)1+"_"/”|u|1,pdt
0

=~
8
I

=
&
IA

S c2d1+n—n/p|u|1,p’
as well as
I = /Z / (Dsu)(y + 2z + t(z — y))dt dz
Il < c3 Z |5 — ysld™™ n/plull,p
=1
< C4d1+n—"/p|’u|1,p
in (3.53) completes the proof. O

Theorem 3.6.12 Suppose p € [1,00] and m is an integer such that 0 < m — % <1.
If either m—% <lor m=1or m—n=1, choose any o € (O,m—%];
otherwise, choose any o € (0,1). If 0 = Z + 2, then there exists c < 0o such that

max |(D*u)(z) — (D*u)(y)| < clz = Y|’ ul}sm plulj;’

for allz,y € Q, all § >0 and all u € WiT™P(Q).

PROOF  Since C§°(R") is dense in Wg+’"’p (), it is enough to prove the
Theorem for u € CJ*(R™) when j = 0.

Assume first that m =1 and let @ = /(1 — 7). Lemma 3.6.11 and Theo-
rem 3.6.10 imply that for all z,y € R",

lu(e) —u()l < lu(z) - uy)|*fu(z) —ul)'~*

l1-a
1_n a n 1-2
e (1o =o' luls)” (1l ?)

clz =yl |ul] pllull; ™.

IN



148 CHAPTER 3. SOBOLEV SPACES

Suppose now that m > 2. Define ¢ = {&- € (n,00] and note that if ¢ = oo,
then m —1 = n. Sincep < ;2y <n<gand§ > ,l,—mT‘l, we can apply

Theorem 3.6.10 to obtain that |u|; 4 < c1|u|fn’p||u||’1,’o. Lemma 3.6.11 implies

u(z) - u()| < cale = y[" ™ fulig < calz — e fulgyllull; ™

a

In Lemma 3.6.8 there are severe restrictions on {2; nevertheless, it implies very
general local imbeddings. To obtain such results for more general €2, one can proceed
in several different ways. One way is to prove extension theorems first, i.e. one needs
to find a map E : W™P(Q) - W™P(R") such that for every u € W™P(Q)

(1) (Bu)(z) = u(z) for z € Q
(2) ”Eu"m,p,]k" < c"u"m,p,ﬂ~

Such maps FE exist under various conditions and thus the conclusions of Lemma 3.6.8
become applicable to more general . We will not use this approach. Instead we
will present a simple direct proof of the conclusions of Lemma 3.6.8 for any 2 that
satisfies the cone condition, provided that % >1_ 2. This non-sharpness could be
removed by simply using the Ha.rdy—Littlewood—gobolev inequality instead of Young’s

inequality to prove (3.55) in the critical case where ; = — 2 >0, p > L.

Lemma 3.6.13 Suppose Q0 has the cone property and let h and 0 be as in Defini-
. 141

tion 3.6.1 of the cone property. Ifm>1,1<p<qg<oo and = > 5~ . then there

ezists ¢ < 0o, depending only on m, n, p, q and 6, such that

m
lully < SR TG Dl for uwe C™(Q) NWTP(Q).
1=0

PrOOF If p = g, the statement is obvious; if ¢ = oo, then the assertion follows
from Lemma 3.6.2. So, assume p < q¢ < 00. cj,Cy,... will denote numbers in
(0,00) that are determined by m, n, p, ¢ and 8 only.

For .7 = (jla" . aj'n) S Zn, define

Box(j) = {z €R" | ji <zi/h<ji+1lforalli=1,...,n}

Box(j)* ={z €eR"|ji—1<zi/h<ji+2foralli=1,...,n}

and observe that Box(j)* is a union of 3" disjoint boxes, Box(j,), that are
adjacent to Box(j). Let {V;,V2,...} denotes the collection (possibly finite) of
those sets QNBox(j), j € Z", which are not empty. For each V; there exists a
unique j € Z" such that V; = QNBox(j), define V;* = QNBox(j)*. The following
facts will be needed later on:
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(F1) V;NV;j is empty if i # j; @ = UV}
(F2) ifr € V;,y€ Qand |z —y| < h, then y € V*
(F3) if f € L(Q), f > 0, then

Sfoasefr

i

Choose any z € Q. There exists a unique V; such that z € V;. Let a € R”
be such that |a| = h and z + cone(a, ) C Q. Abbreviate C = cone(a,8) and let
c1h™ be the volume of C. Observe that £ + C C V;*, by (F2). In exactly the
same way as in the proof of Lemma 3.6.2 we obtain that

—1)ledl —_1)m
u(z)c A = Z ( B In+m Z %Ja,

|aj<m ’ |lal]=m
where
| < /C (D) (z + v)ldy, o <m

[Ja| < A" /C [y (D) (z + y)ldy, |o| =m.

The change of variable z + y — y and the fact that z + C C V;* give

lu@)| <2 Y h™"Fa(z)+c2 Y. Gala), (3.54)

|a|<m |al=m

where
Fa@) = [ le=ulID"0@ldy, Vi, la <m

Gale) = [ lo =y "(D*)W)ldy, 7 € Vi fof = m.

i

Observe that F,(z), Go(z) are uniquely defined for each = € © and that (3.54)
holds for every z € 2.

Fix any multi-index o such that |a| < m. Let t = |a| if |o] < m and let
t =m —n if |a| = m. Define f on all of Q by

f@ = [ -y for zeV
Hence, f = Fy if |o| < m and f = G, if |a] = m. f equals k * (x:|D*ul)

in V;, where x; is the characteristic function of the set V;*, k(y) = |y|* when
ly| < 2nh and 0 in the rest of R™. Define % =1- % + % € [%, 1) and note that
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(m —n)s +n > 0; hence, ts +n > 0 and therefore k € L*(R™), |lkl||s < caht*™™/s.
Young’s inequality (page 112) implies

1

(/V f")q < httE (/V |Dau|p)‘l’_ (3.55)

3
Hence
/ £9< SR | DayjgP / ID*uP?,
v v

and (F1), (F3) imply
1< dptetionage S [ peup <segues#ppeulg [ (peup
i i

n
[1£llg < cah®™ s | D%ullp.
Therefore o
h™™|Fally < cah™*™ ™ Pluliy if ol =i <m
1 1
[Gallg < cah™ ™™D |u|p, if o] =m

and if these bounds are used in (3.54), the assertion of the Lemma follows. O

Theorem 3.6.14 Suppose §) has the cone property and let h, 6 be as in the Defini-
tion 3.6.1 of the cone property. If >0, m>1,1<p<qg< o0 and % > %— T, then
Witmp(Q) ¢ Wi4(Q) and there erists ¢ < oo, depending only on m, n, p, q and 6,
such that ™
luljq < CZ hi_"(xl?_%)|u|,~+j,p for ue WitmP(Q).
=0
ProorF  If ¢ = oo, then the conclusions follow from Theorem 3.6.3 and oth-
erwise from Lemma 3.6.13 and Theorem 3.5.5. 0

We shall now present sufficient conditions for compactness of the imbedding of
W™P into LY. We need first to generalize the Arzela-Ascoli Theorem to LP spaces.
Let Tj, denote the translation operator,

(Thu)(z) =u(z +h) for z,h €R"

Theorem 3.6.15 Suppose that {u;}2, is a bounded sequence in LP(R™), 1 < p < oo,
such that for each € > 0 there exists § > 0 so that

|Thui —uillp <€ forall |h|<é,i=1,2,....
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Then there exist integers n; < ng < --- and v € LP(R") such that

lim |un,(z) — v(z)|Pde =0 for all r € (0,00).
1200 J|g|<r

ProoOF  For every A > 0, ¢ € N we have that Jy *x u; € C*°(R") and

[l * tilloo < [[Jxllg sup [lu;llp
J

(Thdx * ui — I * tilloo = 15 * (Thtsi — ui)lloo < I Iallgsup Thus — u;llp
J

for all h € R™, where 1/q = 1 —1/p. Thus, we can repeatedly apply the Arzela-
Ascoli Theorem 1.1.5 to obtain infinite sets of integers N D A; D A O --- and
continuous functions vy, v, ... such that for each k > 1,

i—»cgf?eAk Bs(t;}:) [Jik ¥ ui —vk| =0 forall r € (0,00).

Let ng = 1 and pick ng € Ag such that ng > ng_; for £ > 1. Note that

lim sup |Jy/x *un, —vk| =0 forall 7€ (0,00), k> 1. (3.56)

1—00 B(0,r)

We claim that {u,,} is a Cauchy sequence in L?(B(0,r)) for any r € (0, 00).
Fix an r € (0,00) and pick € > 0. Since for all u € LP(R"), A > 0,

(s * u)(2) - u(z) / @) (ulz — y) — u(@))dy

B(0,))

(s % w)(2) — u(@)P < / @)l — y) — u(z)Pdy
B(0,\)
1y xu—ullf < / TAW)IT-yu — ul2dy
B(0,\)
Iy vu—ull, < sup [Tyu—ullp,

lyl<a

we can choose k so that
|1k * ui —uillp <e/6 forall 7€N.
(3.56) implies that there exists N such that for all i > N,

117k * un; — vkllp,B0;r) < p(B(0,r))!/? :(%P) |1k * un; — vk| < €/3.
T
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Therefore, if 7,7 > N, then

fun, — Un; ”p,B(O,r)
lun; = Jijk * tn; + J1jk * Un; — Vk + V& — J1jk * Un; + J1k * Un; — Un;llp,B(0,r)
< €/6+¢e/3+¢€/3+¢€/6=F,

which proves the claim.

L?(B(0,k)), k € N, limits of {up,} define a function v almost everywhere in
R™ and, since ||v]|, B(o,k) < sup; ||lujll, < 0o, we have that v € LP(R"). m]

The following Theorem is our main result on compactness of imbeddings. It says,
that when an imbedding exists, then it is also compact except possibly at the critical
values of parameters.

Theorem 3.6.16 Suppose §2 is bounded and that it has the cone property. If 7 > 0,
le,lSp<oo,1§q<oo,%>——’—"— and{u,} Y. is a bounded sequence in

n

WitmP(Q), then there exist integers ny < ng < --- and v € WH9(Q) such that
11_1)1& lun; —v|lj,q = 0.

PROOF  Assume first that 7 = 0.

Choose € (g,00) N (p,00) such that + > 1 — @ Theorem 3.6.14 implies
that ||ul|, < c1||u||m,,, for all u € W™P(Q). Let M = sup, ||u;|lmp and define
u; = 0 in R™\Q. Note that ||ju;||; gr < [Jui|lrp(Q)' 1" < ey Mp(Q)1-1/r,

We claim that sup; || Thu;—u;ll; g» — 0 as |h| — 0, where T}, is the translation
operator. Pick € > 0. Choose a compact K C §2 such that

4o M p(Q\K)' YV < ¢,

and pick d € (0, dist(K, Q°)/2). Let w = K+ B(0,d) and note that when |h| < d,
/ lui(z + h)|dz < / [ui(z)|dz < || ]l-u(Q\K) YT < e/4;
R™\w Q\K

hence

- [ui(z + h) —ui(z)|dz < e/2 for €N, |h| <d. (3.57)
™ \w

For f € C*(Q) N W™P(Q) and |h| < d we have that

[11@+8) - s@ii = h (Dif) (@ + ht)dt| do
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IN

1 n
/0 /ht+w ; |hi(Dif)(z)|dz dt

[ S (D) @las
Q=1

bl £l pp()' P

by using Holder’s inequality twice. Hence, Theorem 3.5.5 implies that

IN

INA

/ lui(z + h) — ui(z)|dz < n|h|Mp(Q)*~? for i€N, |h| <d.
w
This and (3.57) imply

/ lui(z + h) — ui(z)|dz < €/2 + n|p|Mp(Q)' P for i€N, |h| <d,
Rﬂ

which proves the claim.

Theorem 3.6.15 implies that there exist ny < np < --- and v € L}(2) such
that u,, converge in L'(Q) to v. (3.51) implies that {up,} is also a Cauchy
sequence in L7(f2). This proves the Theorem in the case j = 0.

Since {D®u;} is a bounded sequence in W™P(Q) for all |a| < j, we can
extract subsequences {D%up,} which converge in LI(f2) for all |a| < j - implying
convergence of {up,} in WH9(Q). o

Corollary 3.6.17 Suppose that Q2 is bounded, m > 1,1 <p < o0, 1 < g < o0 and
% > % — I Then the identity map from Wg"P(Q) to LI(Q) is compact.

3.7 Elliptic Problems

A version of the Dirichlet problem can be stated as follows: for a given f, find u
such that

(Au)(z) = —f(z) for z€
u(z) =0 for z € 9N

Green’s identity formally implies

i — du
Aut = — /D~uD~v+/ —.
/n ; o o Jeaon

Thus, if v vanishes on 9Q just like u does, then Y7, [, DiuDyv = [, fv. This
suggests the following definition of a sectorial form:

F(u,v) = Z/QDWD_W for u,v €V (3.58)
i=1
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where V = W§(Q). If # = L*(R), then assumptions H1, H2, H3 of the section on
Sectorial Forms are satisfied. The Dirichlet problem can be reformulated as:

for given f € H find u € V such that F(u,v) = (f,v) for all v € V; (3.59)

or equivalently, find u € D(A) such that Au = f, where A is the operator associated
with §. The sectorial form § and the operator A associated with it are defined without
any restrictions on Q - any nonempty open set in R™ will do. Here are some of the
properties of A:

(1) A is self-adjoint (Corollary 2.8.5).
(2) Let A() be the largest of real numbers A for which

n
> / IDiuf? > A / luf* forall ue W (Q).
=1 2 @

Theorem 2.8.7 implies that A\(Q) € o(A) C [A(R),00). If u € W () and u =0
outside £, then u € W} () for every open set ' D © which implies that
A(Q) > A(Y).

(3) IfQ has a finite thickness d in some direction, then the Ponicare inequality (3.42)
implies that A(Q2) > d~2; hence, the Dirichlet problem (3.59) has a solution for
every f € ‘H and, by Theorem 2.8.9, the solution is the minimizer of

F(v,v) — 2Re (f,v), veEV.

(4) If Q is bounded, then A has compact resolvent which implies that A\({2) is the
smallest eigenvalue of A (see Corollary 3.6.17 and Theorems 2.8.2, 2.6.8).

It is easy to see that the operator A can also be represented as follows: u € D(A) iff
u € WE(€) and there exists f € L2(Q) such that (u, Ag) = —(f, $) for all ¢ € C§°(Q);
Au = f. This representation is usually abbreviated as

D(A) = {u € Wg(Q) | Au € L}(Q)}, Au= —Au for u € D(A). (3.60)

One can show that when the boundary of € is nice enough, then D(A) = W¢(Q) N
WZ%(Q); however, it can happen that D(A) ¢ W?(Q), see Exercise 13. Regularity
of solutions of elliptic problems is investigated in Section 3.8 where it is shown in
particular that if u € D(A), then u € W2 () (Example 3.8.4). The one dimensional
case is discussed in Examples 2.8.1, 2.8.3 and 2.8.8.

One can attempt to solve the problem Aw = —h in  and w = g on 99 by first
choosing a smooth enough v defined in © such that v = g on 9Q and then declaring
the solution to be w = v + u where u satisfies (3.59) with f = h + Aw.
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The Neumann problem can be stated as follows: for a given f, find u such that
(Au)(z) = —f(z) for z€Q

ou

an
The variational formulation of the problem can be stated again by (3.59) where § is
also given by (3.58), the only difference being that V = W(f) in this case. In this
formulation, Q can again be any nonempty open set in R™; however, du/dn does not
necessarily make sense on the boundary - more assumptions are needed about the
boundary of Q to show that the the solution of (3.59) actually satisfies du/dn = 0.
Here are some properties of operator A associated with this §:

(z) =0 for ze€oN.

(1) A is self-adjoint (Corollary 2.8.5).
(2) o(A) C[0,00) (Theorem 2.8.7).

(3) if  is bounded and has the cone property, then A has compact resolvent (The-
orems 3.6.16, 2.8.2), see also Theorems 2.6.8 and 1.7.16.

(4) if © is bounded, connected and has the cone property, then N(A) consists of
constant functions only (Theorem 3.4.8). Hence, the Neumann problem (3.59)
has a solution iff [, f = 0 (Theorem 2.2.8).

Other choices of a closed subspace of W1(Q) for V correspond to other boundary
conditions. For some boundary conditions, the sectorial form ¥ must also be modified
(see, for example, (2.58)).

Let us now turn to the general 2nd order elliptic differential operator,
== 35 o (st ) + Do+ o
=1 j=1
Green’s identity suggests to consider the form,
Flu,v) ZZ/aUDuDv+Z/a,Duv+/aouv for uw,veV, (3.61)
i=1 j=1

where V is a closed subspace of W!(£2). We assume that a;;,a; are bounded, complex
valued, measurable functions on Q such that Ima;; = Imaj; and that there exists
6 > 0 such that

Re > Y aij(z)éig; > 6¢*  forallé eR™,z € Q. (3.62)

i=1 j=1
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(3.62) is known as the strong ellipticity condition. (3.62) and Ima;; = Ima;;
imply

n n
Re z a;i ()% > §|z]2 for zeC™z€Q,
i=1 j=1

and therefore
n n n
ReY- Y [ aDuDiu2 03 [ IDwl® = dlhull, - ulf)
i=1 =179 i=1 7%
Re§(u,u) > 6(llullf2 — llull3) — cllullizlluls,
where ¢ = || Y1, la;|?|%4. Hence, for any M € (0,6), there exists a € R such that
Re§(u,u) > Ms|lull}, +al|ul} forall ueV. (3.63)

For elliptic problems, the inequality of form (3.63), with M3 > 0, is called Garding’s
inequality. If # = L?(2), then assumptions H1, H2, H3 of the section on Sectorial
Forms are again satisfied. In particular, when €2 is bounded and has the cone property,
we can again apply the Fredholm alternative: problem (3.59), with § given by (3.61),
has a solution iff (f,v) = 0 for all v € V such that §(g,v) =0 for all g € V.

Consider now the biharmonic operator,

Lu= A% withu = a—u-—-OonBQ.
on
Green'’s identity suggests we define
Flu,v) = / AuBv for u,v € WZ(Q). (3.64)
Q
If u € C§°(Q), let u = 0 in R\ and note that

F(u,u)

[, etace) e
Rn
1 R N
> 5 [ a+ierra©rs- [ la@rde
R™ R"
1
> llullzz = llull3;  (Theorem 3.5.6)
and since C§°(f2) is dense in W(12), we obtain Garding’s inequality
1
§luw) > gllullf; — lulf for we W (@).

Let A be the operator associated with this §. A is self-adjoint and o(A) C [0,00) as
before. If Q has finite thickness d in the direction of one coordinate axis, then two
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applications of Hérmander’s Lemma 2.5.1 give that F(u,u) > d~*||u||3 for u € C§°(Q)
and hence for all u € WE(Q2); therefore 0(A4) C [d~%,00). Corollary 3.6.17 implies
that A~! is compact when € is bounded.

If the boundary condition u = du/8n = 0, of the biharmonic operator A2, is
replaced by u = Au = 0 on 09, then its natural proper definition in H = L%(Q)
becomes A% where A is given by (3.60). Note that if V = D(A) and if for u,v € V

[u,9] = (Au, Av) + (u,0),  [u] = [u,u]'/?

F(u,v) = (Au, Av),

then A? is the operator associated with this §. See also Exercise 19 of Chapter 2.
Observe also that it can happen that V ¢ W2(f) in this case (Exercise 13).
The general strongly elliptic operator of order 2m is given by

Lu = Z Z (=1)PIDP(a0p D%u)
la|<m |B]<m

provided there exists § > 0 such that

Re Y ) aap(z)eef > 6™ forallé e R",z € Q. (3.65)
la|=m |=m
Define _
Fwn) =3 3 / aasD*uDPy for u,v € W™(Q). (3.66)
laj<m |B]<m ”

It is easy to see that |F(u,v)| < Ma||lullmz2||v|lm2 for u,v € W™(2) provided only
that aqg are bounded; however, proof of Garding’s inequality can get rather compli-
cated when m > 1. When assumptions of the following Theorem 3.7.1 are satisfied,
assumptions H1, H2, H3 of the section on Sectorial Forms are again satisfied, with
H = L%(Q) and V = WI(Q). Moreover, Corollary 3.6.17 implies compactness of
the identity map from V — #H. Hence, the operator associated with § has compact
resolvent and the Fredholm alternative applies as above. For regularity of solutions
see Theorem 3.8.2.

Theorem 3.7.1 Suppose that Q is bounded and §F is given by (3.66), where
(a) m >1 and aqg € L®(Q) for all |o| <m, |B| <m
(b) aap € C(Q) when |o| = |8 =m
(c) strong ellipticity condition (3.65) is assumed to hold for some § > 0.
Then for every Ms € (0,0), there ezists a € R such that

ReF(u,u) > M3||u||,2n’2 + a||u||§ for all ue Wi Q). (3.67)
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PROOF  Choose u € C§°(£2). We shall use Ry, Ry, ... to denote various terms
of F(u,u) which can be estimated as

|R:| < cillullm-12llwllm,2,

where ¢; < 0o do not depend on u. Note that

Flu,u) Z Z/a sD* u DBy + Ry.

la|=m |8|=m
Define 6 = (6 — M3)/3, € = 0(3 4=, 1) ™" and let p > 0 be such that
laap(z) — aas(y) < e iflz —y| <2u, 2,y €Q, |o| = B =m.

Note that Q@ C B(z1,p) U+ U B(z, 1) for some z; € Q. Choose real valued
¢; € C°°(IR") such that supp(q&J) C B(:z:],2/.t) and ¢;(z) > 0 for z € B(zj,u),
j=1,...,k. Note that ¢ = ¢? +--- + ¢k > 0 in Q. Hence,

i = ;672 € CF(Q) NC¥(Q)
and vj = up; € C°(Q) for j =1,...,k. Since p? +--- + 92 =1in Q and

;D% = D% — (g) (DPu)D* Py,

f<a

it follows that

kol

3(“7 ’U,) -

PP | aasD°u D

j=1 m|B|=m

z Z Z /aaﬂD v; DPy; + R,

|=m |Bl=m

Z a(,g(:z:j)/ D%v; Dfv; + G,
l Q

kol

=

I3

&

|

=3

|

&

I
M:r l
IIM

where
k —
G = / a0 — aag(z))D*v; DB,
2 2 Bieg a7 S (END0 D

G|

IR
]

/Q D%;| | DA,
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IA

ST S [

J=1|a|=m|B|=m

02 ¥ /|D°v 2.

J=1|al=m

Let v; = 0 on R™\Q and note that

F(u,u) ~ R — Ry -G

lal=m |B|=m

k
Z/E:Zw%m%w%
j=1"K"

k

Re(§(u,u) ~Ri— Ry - G) > Z leP™0;(6)1de

Jj=1

k
> Z/ > leo; (6l
j=1 |a|=m
k
= z > |Do)?
j=1 / laj=m
melezéﬂz/ZWWQ
la|=m
-~ (6-0) z/ S 42D + Ry
lal=m
= (6-0)[ > |Du?+Rs
‘/Qlal =m

= (0= 0)(lullfz — llull712) + Rs.

Therefore

Re§(u,u) > (0= 0)(lulfs = lullfa-12) = callulm-1z2llullm,2
> (6~ 20)llully, 2 — csllullZy -

Since ™1 < 7™ 4 717™ for all z > 0,7 > 0, Theorem 3.5.6 implies that
lullti—12 < Tlullly 2 + 7™ lul}  for 7 >0,

and taking 7, such that Tcsc? < 6, implies (3.67). m]
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3.8 Regularity of Weak Solutions

In this section it will be assumed that m is a positive integer, aog € C(§2) for all
multi-indices a, 8 with |a| < m and |8| < m, and that

Re Y Y aap(@)g®™ >0 for zeQ, € €R™\{0}. (3.68)
laj=m |B|=m
Observe that this implies that for each compact, K C € there exists § > 0 such that

Re Y. Y aap(@)€®™? >6¢f™ for zeK, R

laf=m |B|=m

For u € W(Q), ¢ € C§°(1?), define

Swh =3 3 /aaﬁD wD8g. (3.69)

la|<m |B|<m

Lemma 3.8.1 Suppose that 1 < j < m, aas € CH(Q) for |a| < m, |8] < m and that
u € W.(Q) is such that for each compact set K there exists Cx < oo such that

[8(u, #)| < Ckll¢lim—j2 for all ¢ € Cg°(Q) with supp(¢) C K.

Then u € W™H (Q).

loc

PrROOF  Assume first that J =1. Let K be any nonempty compact subset of
Q and let d > 0 be such that O4 C Q, where O; = K + B(0,id), 1 <17 < 4.

Let f € C§°(R™) be such that f(z) =1 for £ € O; and f(z) =0 for z & Oy,
see Theorem 3.1.2. Define v = fu. Using notation v¥(z) = v(z + y), note that
v¥ € W§*(0O3) for all |y| < d.

Pick any 1 <i<n, —-d < h <d, h # 0 and ¢ € C§°(O3). Observe that
6hv € W (Os), where 6" is defined by (3.38). Let Rj,Ry,... denote various

terms of §(6Pv, ¢) that can be bounded by ckl||¢|lm 2 for some ¢, that do not
depend on h and ¢. Note that

S0t g)= 3 3 [ acstet0o(u) D7,
lo|<m |B|<m

Theorems 3.4.10 and 3.4.6 imply that

=3 T / Gap (67 (fD%w)) DO + Ry

la|<m |B|<m
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Since 6! (wg) = gdhw + wheishg, we have

(8%, ¢) S > | (8%(eapfDu) — (fD°u)*i 6 ans) D + Ry

lal<m |<m * ©2

= > > /c,jf‘(aaafoau)Dﬂmzzz

le|<m |B|<m

=-3 3 /O aapfD*ud;"DP ¢ + Ry
2

laj<m |B]<m

= - > /o aapD%u fDP5"¢ + Ry
2

la|]<m |B|<m
-3 > / aasD*uDA(£67¢) + Ry
lal<m |8]<m ? ©2
= —F(u,f6;7"¢) + Rs
13880, 8) < Cg 167 bllm-12 + cslldllm2 < callllm,2,

and since C§°(03) is dense in W™ (Os),

I3(8tv, 8Pv)| < callFvllm,
and Theorem 3.7.1 implies that for some M3 > 0, a € R we have
all6fvll3 + Ma||8t vl 2 < call8fvllm,2;

hence, by Theorem 3.4.6, M3||5?U||,2n,2 < c4|6%v||m,2 + |a|||D;v||3, which implies
that ||6%v||m,2 remains bounded as h — 0 and, since

/K 5P D[ = /K |8D%? < |8Poll%, for o] < m,

Theorem 3.4.7 implies that D;D%u exists and D;D%u € LZ, () for all |a| < m.
This completes the proof in the case j = 1.

Assume now that 2 < j < m and that the assertion of the Lemma is true
for j — 1. Hence we may assume that u € W:'’~}(Q2). Choose any compact

set K C Q, ¢ € C§°(2) with supp(¢) C K and 1 <i < n. Let ¢, c,... denote
constants that do not depend on ¢. Note that

>y fn aap(D;:D%u)DPg

lo|<m |B]<m

—3(u7Di¢)_ Z Z Eaﬂa

le|]<m |B|<m

S(Diuy ¢)
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where
Euop = / D;anp DauDﬂdx
Q
If |8| < m —j + 1, then obviously |Eqg| < c1llllm—jt+1,2- If 1B >m—3+1,
then 8 = v+ p where |[y| =m —j + 1 and |p| < j —1; hence
Bag = ()" [ D*(Dia0p D)D"
Q
and |Eqg| < c2||@|lm—j+1,2 also in this case. Therefore
I§(Diu, #)| < Ck||Didlim-jz2 + cslldllm—j+1,2 < callpllm—j+1,2

and the induction assumption implies that D;u € W'lzlcﬂ () O

Theorem 3.8.2 Suppose that m > 1, k > 0, aqs € C™*(Q) for |o| < m and
|B| < m satisfy (3.68), and that u € W](Q) and f € Wk (Q) are such that

aegDuDPp= [ f¢ forall ¢e CP(Q).

Then u € Wl%’c"'”“(ﬂ) and

> Y (-1)¥IDA(aqsD%) = f.

lo|<m |B|<m.

PrROOF Lemma 3.8.1 implies the assertion when k = 0. Assume that &k > 1
and that the assertion is true for £ — 1. Note that u € W/li’c'”k_l(ﬂ) and that
for every 1 <4 < n, ¢ € C§°(f2), we have

> % [ aapunDis=- [ 40is

la]<m |B|<m
> Y [aspun’s = [40if- 5 5 [ Diaes0uD’
lal<m |B]<m ¥ ! e lal<m |8|<m ” ¢
= / b9,
9]
where

9=Dif = Y Y (-1)PIDA(D;ans D*u)

laj<m |B]<m

and, since g € VV,’Z;I(Q), we have that D;u € Wl%'c'”k_l(ﬂ). o
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Theorem 3.8.3 Suppose that m > 1, k > 0, by € C?™5(Q) for |a| < 2m and

Re ¢ Y ba(z)6* >0 forall z€Q, £ €R

|aj=2m

for some ¢ € C. Suppose also that u € L () and f € WE (Q) are such that

loc

/nu > baD°¢=/nf¢ for all ¢ € CL(Q).

laj<2m
Then u € Wir*(Q) and ¥ <om (—1)1*ID* (bou) = f.
PrROOF  Pick any nonempty compact subset K of  and let d > 0 be such

that O C Q where O = K + B(0,d).

w — (w,u) = [, wT is a bounded linear functional on W™(0); hence the
Riesz Lemma 2.2.4 implies that there exists v € W™(O) such that (w,u) =
(w,v)m for all w € W™(O) and, in particular,

k%m /0 D% D% = /o ug forall ¢ e CP(0).

Theorem 3.8.2 implies that v € W2™(0) and u = Zlal<m(—1)|"‘|D2"v. Hence

loc

> % [ vty pi0 g - Lomers o secso)

|81<2m |aj<m

and Theorem 3.8.2 implies that v € W™ +*((); hence u € W2(0). ]

loc loc

EXAMPLE 3.8.4 If f € WE (Q), k > 0 and u € L2, () are such that

loc
/UA‘p:/f(p for all ¢ € C§*(R),
Q Q

then Theorem 3.8.3 implies that u € W2 *(Q) and Au = f. In particular, if f €
C*® (), then u € C*(N) by Corollary 3.6.4.

3.9 Exercises

1. Supply the details for the following alternative proof of completeness of normal-
ized Hermite functions in L2(R). If (f,¢n) = 0 for all Hermite functions ¢y,
then the Fourier transform of the function f(z)e~*°/2 is 0 and hence f = 0.
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10.
11.

12.
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. The electric and magnetic fields E(z,t), B(z,t) € C3 satisfy Maxwell’s equa-

tions,
Bt=—V><E, Et=VXB,

in R? for ¢t > 0. Solve the equations for given E(,0), B(-,0) € S3.

. Derive (3.11) from (3.6).

Prove (3.16).
Show that if f € S and t € R, then g,h € S, where

sin |z|¢
|z

g(z) = f(z)cos|z|t, h(z) = f(z)

. Suppose that 1 < p < 0o and —00 < a < b < 0o. Show that f € WO‘”’(a, b) iff

f € AC[a,b], f' € LP(a,b) and f(a) = f(b) = 0.

. Suppose u € L} (R), {f1, f2,...} C L}.(Q), c is a multi-index, D*f; exists for

loc

i > 1, c = sup; |[D®fill, < oo for some p € (1, 00] and

lim | (u—fi)p=0 forall e CQ).

i—00 Jq

Show that D%u exists and ||[D%u||, < c. Show also that the restriction p > 1 is
necessary.

. Observe that ¢, in the proof of Theorem 3.5.5, is a sum of C§°(Q2) functions. Is

¢ € WIP(Q)?

. Is it true that Wj"*(R") = W™P(R™) also when m > 0 and p = 00?

Show (3.51).

Define u(z) = log(log(4/|z|)) for z € B(0,1) C R™. Show that
u € W™P(B(0,1))\L*(B(0,1))

when p > 1 and mp = n. (See Lemma 3.6.2.)

Suppose m € N, p € [1,00] and 0 <m — 2 < u < o < 1. Define u(z) = |z|/ for
z € B(0,1) C R®. Show that

u € W™P(B(0,1)\C?(B(0,1),C).
(See Theorem 3.6.12.)
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13.

14.

15.

Let Q C R? be given in polar coordinates (r,¢) by 0 < r < 1,0 < ¢ < 7/8
where 1/2 < 8 < 1. Define u = (1 — r)rPsin B¢ in Q. Show that u € D(A),
where A is given by (3.60). Also show that u ¢ W2(Q).

Let €2 be a nonempty, bounded and connected set in R™ with the cone property.
Apply Theorem 2.6.8 to the Neumann problem to show that there exists ¢ < co

such that
1
- |t

What role does this ¢ play in the Neumann problem? Note that this removes
the star-shaped condition on € in the Ponicare inequality (3.43).

2 n

<c) [Difl3 for feW'(Q).
2 i=1

Show that Garding’s inequality (3.63) still holds for § given by (3.61) when
V = W3 () and the condition Ima;; = Imay; is replaced by Im (a;; — aj;) €
W (Q).






Chapter 4

Semigroups of Linear Operators

4.1 Introduction
We shall study problems related to the abstract differential equation of the form
u' + Au =0,

where A is a linear operator in a Banach space X and v’ denotes the derivative of
u : [0,00) = X in the Banach space, i.e.

lim “%(u(t +h) - u(t)) - u'(t)“ -0

Assuming that for given u(0) the equation has a unique solution on [0,00) implies
that there exist linear operators Q(t), for ¢ > 0, such that

and Q(t)Q(s) = Q(t + s). Formally, Q(t) = e~“*. Assuming continuous dependence
on initial conditions gives us that Q(t) should be a bounded linear map from its
domain into X. In applications it can be usually arranged so that the domain of Q(t)
is the whole X. Clearly, the map ¢ — Q(t) has to have some continuity properties.
This, and some technical considerations, suggest the following definitions.

Definition 4.1.1 A family of bounded linear operators {Q(t) }>0 on a Banach space
X is called a strongly continuous semigroup (or Cy semigroup) if

(a) Q(0) =1 (identity map)
(b) Qt)Q(s) =Q(t+s) forallt>0,s >0
(c) im0+ ||Q(t)z —z|| =0 for all z € X.

167
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Definition 4.1.2 Let {Q(t)}:>0 be a strongly continuous semigroup of operators on
a Banach space X. Define D(A) to be the set of all £ € X for which there exists
y € X such that

lim
t—0+

Ha-QWa) -

for such z and y define Az = y. The linear operator, —A, is called the generator
(or the infinitesimal generator) of the semigroup.

=0;

EXAMPLE 4.1.3 Let the Banach space X be Cy(R). For t > 0 define Q(t) € B(X) by
QW f)(z)=f(z—1t) for feX zeR

One can easily verify that {Q(t)}:>0 is a strongly continuous (but not continuous,
Exercise 1) semigroup of operators on X. Let — A be its generator. If f € D(A) and

e(t)=lf—_gw—Af for t>0,

then lim;_,04 ||e(t)|| = 0 and, since for all z € R,

f(z-t_)t— fl@) (A) (@) f(z+t1— f(=z)

< lle@ll,

= (Af) (= + )| < lle®)]l,
we have that Af = f’ and f € CL(R). If f € CL(R), then

_ 1

(L2 1)@= [0 - s o
0
uniformly in z, which implies that f € D(A). Thus
Af=f" for feD(A)=CL(R).

If f € D(A) and u(t) = Q(t)f, then u(t) € D(A) and

u(t+h’)l—u(t) + Au(t) f(m—h’)l—f(z)

+ f'(2)| 22 o

‘ = sup
z€R

hence
u'+Au=0 on [0,00),

where u' denotes the derivative of u in the Banach space X. Note also that if v(z,t) =

(u(t))(z) = f(z —t), then
ve(z,t) + vg(z,t) =0 for t>0,z€R,
where v, v, denote the classical partial derivatives.

EXAMPLE 4.1.4 Suppose X is a complex Banach space and B € B(X). Define
o (=O*
Q) = kz TB’“ for (eC.
=0

It can be easily verified that
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(a) Q(Q) € B(X), 1ROl < exp(|¢][|BI[) for ¢ € C
(b) Q()Q(s) =Q(t+s) fort,seC
(©) 1K™ (1 = Q() — Bl < [¢IlIBII* exp(|¢|l|BI|) for ¢ € C,¢ # 0.

This implies that if £ € X and u(¢) = Q({)z for { € C, then u is analytic and
u' 4+ Bu = 0. In particular, {Q(t)}:>0 is a strongly continuous semigroup of operators
on X and its generator is —B.

EXAMPLE 4.1.5 Suppose X = L?(R") with p € [1,00), n > 1. For t > 0 define
@)@ = (rty ™2 [ =5/ )y for fe X, zeR”
R’l

and let Q(0) be the identity map on X. In Example 3.2.13 it is shown that ||Q(2)|| < 1
for ¢ > 0 and that (c) of Definition 4.1.1 holds. The Fubini Theorem implies that

Q(t+s) = Q(t)Q(s) for t, s > 0. Therefore {Q(t)}:>0 is a strongly continuous semigroup
of operators on X.

EXAMPLE 4.1.6 Let H be a Hilbert space, let {¢1, 2, ...} be a complete orthonormal
set in H and let A, A2, ... be complex numbers such that infx Re A\, > —oo. For f € H,
t > 0, define

QYf = e (£, or)px- (4.1)
k=1

Lemma 2.1.4 and Theorem 2.1.6 imply that {Q(t)}:>0 is a strongly continuous semi-
group of operators on ‘H and that its generator is given by

AF =3 M(foer)er for fEDA) ={feH|Y IM(fipr)l <o}  (42)
k=1

k=1

One can easily verify that if f € D(A), then u(t) = Q(t)f € D(4), Au(t) = Q(t)AS
andu' + Au=0fort >0.

Observe that the point spectrum of A is equal to {1, A2, ...} and that 0(A4) = 0,(A)
(Exercise 2). Note that in order for (4.1) to make sense for every f € H and t > 0, we
need to have that the real part of the spectrum of A is bounded from below.

Theorem 2.6.8 implies that symmetric operators with compact resolvent can be
represented by (4.2). A could be —A in a bounded domain with various boundary
conditions, see (3.60), for a proper formulation of A. If # = L%(0,1), Af = —f"
for f = D(A) = W2(0,1) N W§(0,1) we obtain the one dimensional version studied
in Examples 2.8.1, 2.8.3 and 2.8.8. In this case, the eigenvectors of A are i(z) =
V2sin(knz), the corresponding eigenvalues are Ay = (km)?, (4.2) holds and, if g € H,
v(z,t) = (Q(t)g)(z), then it is easy to verify directly that

v¢(Z,t) — Vez(z,t) =0 for ¢t> 0,z €[0,1]

v(0,t) =v(1,t) =0 for t>0

1
. _ 20
lim /0 lo(z ) ~ 9(z)Pdz = 0.
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In this example, Q(t)g € NS D(A™) C C*(0,1) for every ¢ > 0 and every g € L?(0,1)
and hence Q(t) is a smoothing operator in this case.

Let # = L%(0,1) and Af = f' with domain
D(4) = {f € AC[0,1] | /' € L*(0,1), f(0) = f(1)}.

This operator was studied in Examples 1.6.4 and 2.6.9. In particular, the eigenvectors
of A are p,(z) = €2, the corresponding eigenvalues are 2inm, n = 0,+1,... and
(4.2) holds. It is easy to see that, in this case, (Q(t)f)(z) = fp(z — t) where fp is the
periodic extension of f with period 1. There is no smoothing here.

EXAMPLE 4.1.7 Let H be a Hilbert space, let {¢1, s, ...} be a complete orthonormal
set in H and let A;, A2, ... be complex numbers such that, for some a € (0, 00), we have
that (Im A\x)? < 4a(a + Re \¢) for all k > 1. This condition implies that we can choose
pk € C so that 3 = A and |Im p| < a/2. Define A as in (4.2).

Define a Hilbert space V with an inner product [+, ] by

V={feH | lu(f, o) < o0}

k=1

o0

[f,9) =D+ ml*)(f, 00)(0x,9) for fgeV.

k=1
Define X =V x H. X is a Hilbert space with an inner product

{f9h {uw,v}) = [ful +(g,v) for {f,g},{u,v} € X.
For t € [0,00), define Q(t) € B(X) as follows: if {f, g} € X, then

QW){f g} = {u(®),v(t)} where

u(t) = 3 ((f, ) cos(uet) + (g, oe) sin(urt) /e )ox,
k=1

v(t) = 3 ((9, k) cos(ukt) — (f, @x) sin(uxt) i) ox
k=1

(set sin(uet)/pe = t if pp = 0). {Q(t)}e0 is a strongly continuous semigroup of
operators on X. Its generator, denoted by —S, is given by

{f,g} € D(S) iff feD(A),9eV; S{f,g}={-9,Af}
If {f,9} € D(S) and {u(t),v(t)} = Q(t){f, 9}, then

!

u' =v,v' = —Au on [0,00), u(0) = f, v(0) = g. (4.3)

Backtracking, we see that the expressions for u and v make, in general, sense only
when the sequence [Im g |, [Im y5], . . . is bounded, which implies that the spectrum of
A has to lie within a parabola (Im A\)? < 4a(a + Re )) for some a € (0, o).
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Concretely, if H = L2(0,1), Af = f" for f € D(4A) = W4(0,1) n WZ(0,1) and
@k, Ak are the eigenvectors and the eigenvalues of A, then system (4.3) is an abstract
formulation of the PDE:

Uge(,t) + Uzzea(2,t) =0 for t >0,z €(0,1)
u(0,t) = ug(0,t) = u(l,t) = u,(1,t) =0 for ¢t>0
u(z,0) = f(z), ue(z,0) = g(z) for ze€[0,1].

In this case, it is not obvious what (reasonable) conditions on f and g in (4.3) would
guarantee that the PDE is satisfied in the classical sense.

4.2 Bochner Integral

A Banach space setting of evolution equations requires taking the derivative in the
Banach space. Hence, integration of Banach space valued functions is an important
tool in this setting. We shall define the Bochner integral of such functions and derive
its basic properties.

In the following, a subset of R™ is said to be measurable iff it is Lebesgue measur-
able. p will denote the Lebesgue measure on R™. The functions will be defined on a
nonempty measurable set S C R", with ranges in a Banach space X.

z: 8 — X is called weakly measurable if s — £(z(s)) is a Lebesgue measurable
function for each £ € X*.

z:S — X is called almost separably-valued if there exists {y1,y2,...} C X
such that inf; ||z(s) —y;|| = 0 for almost all s € S. When z is almost separably-valued,
it is easy to see that {y1,ys2,...} can be chosen to belong to the range of z.

z: S — X is called strongly measurable if it is weakly measurable and almost
separably-valued. In the literature, a different definition is usually given which is then
followed by the Pettis Theorem that proves their equivalence. Our approach is a bit
simpler.

Theorem 4.2.1 If z : S — X is continuous at almost every point in S, then x is
strongly measurable.

PROOF z is obviously weakly measurable. Let C be a measurable subset
of S such that p(C) = 0 and z is continuous at each point of S\C. If S\C is
empty, then we are done. Otherwise, let {¢1,t2,...} be a dense subset of S\C
and observe that, by continuity, inf; ||z(s) — z(t;)|] = 0 for each s in S\C. O

Theorem 4.2.2 [fz: S — X is strongly measurable, then s — ||z(s)|| is measurable.

PrROOF  Choose {y1,¥2,...} C X and a measurable C C S such that p(C) =0
and inf; ||z(s) — y| = 0 for all s € S\C. It is enough to prove that the set
V ={t € S\C| ||z(#)|| < a} is measurable for each a € (0, c0).
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Corollary 1.5.8 implies that we can choose ¢;,£3,... in X* so that

el <1, &iy) = llwill-

Let V; = {t € S\C | |ti(z(t))| < a}. Note that V; are measurable sets and that
Vcng, V. Ift en®,V; and € > 0, then |[z(t) — y;|| < €/2 for some j. Hence,

lz®ll < e/2+ lly;ll = /2 + £;(y;)
< e/2414(y; —z(®)] + [€5(z ()]
< eg+a

therefore t € V and V = NRX,V; is measurable. O
z: S — X is said to be Bochner integrable if z is strongly measurable and the
function s — ||z(s)|| is Lebesgue integrable. The set of all such functions z is a vector

space and will be denoted by L(S,X). The following Theorem 4.2.3 enables us to
define the Bochner integral [z of z € L(S, X) to be y € X which satisfies (4.4).

Theorem 4.2.3 If z € L(S, X), then there exists a unique y € X such that
£(y) =/£(z(s))ds forall £e X*. (4.4)
s

Moreover, |ly|| < [ ||lz(s)|lds.

PROOF  Assume first that there exists y € X such that (4.4) holds. Let
£ € X* be a normalized tangent functional to y, see Corollary 1.5.8, and note

Iyl = () / o(z(s))ds < / lylliz(s) lds.

This shows the ‘moreover’ part as well as the uniqueness of y.

Choose {y1,¥2,...} C X and a measurable C C S such that u(C) = 0 and
inf; ||z(s) — yi|| = 0 for all s € S\C. For ¢,m > 1 define

Aim = {t € S\C | ||z(t) — yill <1/m and ||lz(t) — |l - l|lz(t)|| < 0}.
Theorem 4.2.2 implies that the sets A;,, are measurable. Define

Bim = Atm, Bim = Aim\ UiZ} Ajm for i > 2

00
m = Z XB;. Yi
i=1
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and note that z,, is strongly measurable and ||z(t) — zm(¢)|| < min{l/m, ||z(¢)|}
for all m > 1,t € S\C. Since ||zm| = Y52, X5, |lvill < 2||z||, we have that z,,
is Bochner integrable and that ) 22, pu(Bim)|lu:ll < 2 [5||zl|, which enables us
to define 2, = Y o) u(Bim)y; that satisfy

m) = ip(Bim)Z(yi) = /Sl(:cm(s))ds forall € X*, m>1.

Since limy, ;00 [ [[Zm — || = 0 by the DCT, the ‘moreover’ part implies

m,k—o00
lim = a0l < [ lom = 2l < [ lom =2l + [ 1o = 2l ™57,
S S S
which implies that z,, converge to some y. Therefore the DCT implies

Ly) = hm (zmy) = lim /Z:cm ds—/f ))ds forall ¢e X*.

m—00

Suppose y1,...,yx € X and let Vq,..., Vi be disjoint measurable subsets of S.
Define z : S - X by

= wa(t) y; for teS.

Such functions z are called simple functions. Note that the range, R(z), is contained
in {0,y1,...,yx}. The proof of the above Theorem 4.2.3 also yields:

Corollary 4.2.4 For each z € L(S,X) there exist simple functions ux € L(S, X),
k> 1, such that R(ux) C R(z) U {0}, llue()l| < 2lia(®)l| for k21, t € S,

lim ug(t) = z(t) for almost allt € S
k—o00

and limg 00 [gur = [g.

PROOF  Let x,,, B;; be as in the proof of the above Theorem, with y; € R(z).
For j > 1 define v; = Z£=1 X8:.. Yi» Where m is such that [¢ ||z — zm|| < 1/7 and
Lis such that 3%, u(Bur) Il < 1/i. Note that [y |} — vl < 2/4; hence a
subsequence {v;, } satisfies limg_,o0 [|2(t) — vj, (t)|| = O for almost all ¢ € S. Let
Uk = Vjp- a

This implies
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Corollary 4.2.5 If z € L(S,X) and z(s) € M for all s € S, where M is a closed
real subspace of X, then [z € M.

The above Corollary and Theorem 1.7.4 imply

Corollary 4.2.6 IfY is a Banach space and Q € L(S,B(X,Y)) is such that Q(t) is
a compact linear operator for each t € S, then |, s @ is a compact linear operator.

The Dominated Convergence Theorem generalizes to the Bochner integral:
Theorem 4.2.7 If {z1,%3,...} C L(S,X), z: S = X, f € L}(S) are such that
(1) lim; o0 ||zi(s) — z(s)|| = 0 for almost all s € S and
(i) for each i > 1 we have that ||z;(s)|| < f(s) for almost all s € S,
then z € L(S, X) and [gz = lim; o0 [g zi.

PROOF It is easy to see that z is strongly measurable; hence z € L(S, X) by
(ii). The Lebesgue DCT and Theorem 4.2.3 imply

[o= [

§/||:c—:c,~||—>0 as 1 — oo.
s

Theorem 4.2.8 Ifz € L(S,X), Y is a Banach space and T € B(X,Y), then
Tz e L(S,Y) and T/ T = / Tzx.
s s

PROOF Tz is almost separably-valued and if £ € Y*, then ¢(Tz) = (T*¢)(x)
is Lebesgue measurable; hence Tz € L(S,Y) and

/S o(Tz) = /S (T*0)(z) = (T*2) ( /S z) - (T [5 a:)

Corollary 4.2.9 If X,Y are Banach spaces, Q € L(S,B(X,Y)) and c € X, then

Qce L(S,Y) and (/SQ)c:/SQc.

PrROOF  Let TA = Ac for A € B(X,Y) and note that T € B(B(X,Y),Y).
[m]
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Theorem 4.2.10 Suppose that Y is a Banach space and A : D(A) C X - Y isa
closed linear operator. If z : S — D(A), z € L(S,X) and Az € L(S,Y), then

/SzGD(A) and A/Sa:=/SAz.

PrOOF  Let |[(u,v)| = |lul]| + ||v]| for (u,v) € Z = X xY. If ¢ € Z*,
then £(u,v) = £ju + £ov for some ¢; € X* and ¢, € Y*. Hence, the function
s = f(s) = (z(s), Az(s)) is Bochner integrable in Z and

/SEf=L€1z+[9€2Az=£1/gx+lz/gAw=Z<Lz,AAz).

Thus [ f = ([, [¢ Az). Let M = {(u, Au) | u € D(A)}. Since A is closed,
M is a closed subspace of Z. Corollary 4.2.5 implies that |, sfeEM. O

Theorem 4.2.11 Suppose that
(1) —c0<a<b<oo, z:[a,b = X is continuous
(2) z is differentiable at each point of (a,b)
(8) there exists f € L'(a,b) such that ||z'(t)|| < f(¢) for all t € (a,b).
Then z' € L((a,b), X) and
b

z(b) = z(a) +/ z'(t)dt.

a
PROOF  Let z(t) = 0 for t € R\[a, b] and define
zn(t) = n(z(t +1/n) —z(t)) for teR, n>1.

Note that z, are strongly measurable and converge to ' as n = oo at each
point of (a,b). Hence =’ € L((a,b), X).

Choose any £ € X* and let g(t) = £(z(t)) for t € [a,b]. Since g’ = £(z'), the
classical result for complex valued functions implies

b b
/ o' (1)) dt = / ¢/ (8)dt = g(b) — g(a) = £(z(b) — 2(a)).
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4.3 Basic Properties of Semigroups

Theorem 4.3.1 Suppose {Q(t)}t>0 is a strongly continuous semigroup on a Banach
space X and let —A be the generator of the semigroup. Then

(1) There exist M € [0,00), @ € R such that ||Q(¢)|| < Me™% for all t > 0.
(2) t > Q(t)z is a continuous mapping of [0,00) into X for every z € X.
(3) Ifz€ X,t>0, then fot Q(s)zds € D(A) and z — Q(t)z = Afot Q(s)z ds.
(4) If z € D(A), u(t) = Q(t)z for t > 0, then for each t > 0 we have that

%(t) ezists, u(t) € D(4), Z—z(t) = —Au(t) = —Q(t)Az.

(5) (A=XN71Q(t) = Q(t)(A— N)! for every A € p(A), t > 0.
(6) A is a closed linear operator.

(7) NS D(A™) is dense in X.

(8) If T € (0,00, u: [0,7) = X is continuous and such that

%(t) ezists, u(t) € D(A) and Z—?(t) + Au(t) =0 forte (0,7),

then u(t) = Q(t)u(0) for all t € [0, 7).

(9) If {T(t)}i>0 is a strongly continuous semigroup on X and the generator of
this semigroup is equals —A, then T(t) = Q(t) for all t > 0.

(10) If X is any scalar, then {e’\‘Q(t)}tzo is a strongly continuous semigroup on
X and the generator of this semigroup is A — A.

PROOF  Let us show first that supg<;< [|@Q(t)|| < 0o for some € > 0. If there
would be no such ¢, then one could choose t, € (0,1/n) such that ||Q(¢,)| >
n; the uniform boundedness principle (Theorem 1.4.5) would then imply that
sup,, [|Q(tn)z|| = oo for some z in X. However, this is not possible because, see
Definition 4.1.1, limp 00 Q(tr)z = z for every z € X.

Therefore there exist M € (1,00) and ¢ € (0,00) such that ||Q(¢)]] < M for
allt € [0,e]. Let M =e™®. If n > 0, ne <t < (n+ 1)g, then

1R = 1Q(t — ne)Q(e)™|| < MM™ < Me™®.
To show (2), it is enough to observe that for each z € X,

1R +h)z — Q)2 < QRMINQM)z — || if t>0,h>0
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IQ(t — h)z — Q(t)zll < Me™* " M||Q(h)e — 2| if 0<h<t.

(3) is obvious if t = 0. Assume ¢t > 0 and h > 0. Then

t t t
%(1-63(11))/0 Q(s)z ds %/0 Qs)zds — %/0 Qs + h)z ds

1 t 1 t+h
E/o Q(s)zds—ﬁ A Q(s)zds

h t+h
=e-Qur+; [ Qs -1 [ @z - Qua)as

and this implies (3).
To show (4), choose h > 0 and note that for all ¢ > 0,
1
h

This implies that u(t) € D(A), Au(t) = Q(t)Az and DYu = —Au, where D*
denotes the right derivative. If 0 < h < t, then

~2(QU - )z — Q1)) =

(1-QR)Q()z = Q(t)=(z — Q(h)z) — Q(t)Az as h — 0.

—Au(t) + Q(t — h)(Az - %(w - Q(h)2)) + Q(t)Az — Q(t — h) Az
and (4) follows.

To prove (5), choose y € X and let £ = (A — A)~'y. (4) implies that
(A - NQ()z = Q(t)(A — Nz = Q(t)y. Hence, Q(t)z = (A - N)~'Q(t)y.

To prove (6), let z, € D(A), n > 1, be such that for some z,y € X we have
that limy, 00 Tp = T, limp_y00 AT, =y. (4) and Theorem 4.2.11 imply that

¢
Zn — Q(t)zn = / Q(s)Azpds for t>0,n>1.
0
Theorem 4.2.7 enables us take the limit n — co. Hence,
1 1t
;@=Q)2) =7 | Qlslyds >y as t0;
0

thus z € D(A), Az = y and (6) follows.
Let us prove (7) now. Choose z € X, ¢ € C§°(0,00) and define

y(z,9) = /000 p(s)Q(s)z ds.
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Using Theorem 4.2.3, it is easy to see that

(e t
y(z,cp):—/o ¢'(s)u(s)ds, where uf(t) =/0 Q(s)z ds.

Since Au(t) = z — Q(t)z by (3) we have that ¢’ Au € L((0,00), X); since A is
closed, Theorem 4.2.10 implies that y(z, ) € D(A) and

AM%@)=Aw¢@XQ@ﬂ—wﬂk=y@MW

Since ¢’ is also in C§°(0,00), we have that y(z,p) € N7, D(A™).
Fix any z € X, € > 0. Choose t € (0,00), i € (0,t) so that
1Q(t)z —zll <e/2, sup [|Q(s)z — Q(t)z| <e/2.

[s—t|<p

Pick ¢ € C§°(0,00) such that ¢ >0, ¢(s) =0if |s —¢| > p, [;*¢ = 1. Then
Wep) =2 = Qs -2+ | el @)z - Qe)ds

ly(z, ) — z|l < Q()z — || + | Sl:fi 1Q(s)z — Q(t)z|l <e,
s—t|<p

completing (7)’s proof.
To show (8), choose t € (0,7) and let v(s) = Q(t — s)u(s) for s € [0,t]. If
s € (0,t], s+ h € (0,¢], then
v(s+h) —v(s) = Q(t—s—h)(u(s+h)—u(s)—hd(s)) +
Q(t — s — h)u(s) — Q(t — s)u(s) — hQ(t — s)Au(s) +
hQ(t — s)Au(s) — hQ(t — s — h) Au(s).

Therefore v'(s) = 0 for s € (0,t]. Since

v(s) —v(0) = Q(t — 5)(u(s) — u(0)) + Q(t — s)u(0) — Q(t)u(0),
we see that v is continuous on [0,t] and therefore Theorem 4.2.11 gives that
v(t) = v(0), implying assertion (8).

To obtain (9), choose z € D(A) and let u(t) = T'(t)x. From (4) we see that
u satisfies assumptions of (8), with 7 = oo; therefore T'(t)z = Q(t)z for ¢ > 0.
This and the fact that D(A) is dense in X imply (9).

(10) follows immediately from Definitions 4.1.1 and 4.1.2. ]



4.3. BASIC PROPERTIES OF SEMIGROUPS 179

Theorem 4.3.2 Suppose that —A is the generator of a strongly continuous semigroup
{Q()}t>0 on a Banach space X. Let M € [0,00), a € R be such that ||Q(¢t)|| < Me™*
for all t > 0. Then every scalar A\, with Re A < a, belongs to the resolvent set of A
and, moreover,

I(A=X""| < M(a—ReXN™ for n>1,
1

(A - /\)_":L‘ = m

o0
/ S leQ(s)zds for n>1,z € X.
0

PROOF For n > 1, z € X define

Rp,z = ﬁ/o "1 Q(s)x ds.

Clearly, R, is a linear operator on X and, since

1 o _ -

IRl < gy [ 5" M0 ol ds = M(a = ReX) o]

we have that R, € B(X). We will show, by induction, that R, = (A — \)™™.
If £ € D(A), then

%eMQ(t)a: =eMQ(t)(A — A)z

z —eMQ(t)r = /oo X0.9(8)eMQ(s)(A — Nz ds for t>0.
0

If we let ¢ — oo, then by the Bochner DCT, Theorem 4.2.7, we obtain that
z = R1(A — X)z. Since A is closed, Theorem 4.2.10 implies that Rz € D(A),
(A= A)Rjz = z. This and the facts that D(A) is dense in X, R; is bounded
and A is closed give Rjy € D(A), (A — A\)Ryy = y for all y € X. Therefore
(A - A)_l = R;.

Suppose now that R, = (A — A)~" for some n > 1. If z € X, then

%t"e)‘tQ(t)Rlz = nt" 1eMQ(t)Riz — t"eMQ(t)z

t"e)‘tQ(t)Rlz = /t(ns"'le’\sQ(s)Rla: — s"e*Q(s)z)ds
0

and, by the DCT, we obtain that R,41z = R,Rijz = (A —X)"""1z. o

Corollary 4.3.3 Suppose —A is the generator of a strongly continuous semigroup
{Q(?)}t>0 on a Banach space X. If X is in the spectrum of A and if b € R, b > Re ),
then sup; ||Q(t)z||e" = oo for some = in X.
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PROOF  If there would be no such z, then the uniform boundedness principle
would imply that sup,q |[|Q(¢)[|e® < oco. This and Theorem 4.3.2 would then
imply that X is not in the spectrum of A. m]

For example, if the spectrum of A contains any part of the half-plane Re A < 0,
then {Q(t)z}:>0 is unbounded for some z € X. One can show that z can be chosen
so that. z € D(A), see Exercise 5. This and Examples 4.1.3 and 4.1.6 may lead one
to expect that if @ < infReo(A4), then the semigroup is bounded by e~?. This
expectation is generally false, as Example 4.3.4 shows. However, it will be shown in
the next section (Corollary 4.5.11) that it is true in many important cases.

ExAMPLE 4.3.4 Let X denote the set of all f € C(0,00) such that

o0
[| ]l = sup | f ()| +/ €| f(z)|dz < oo.
z 0
X is a complex Banach space. Define Q(t) : X — X by
QW) f)(=z) = f(z+1t) for t,z>0.
Note that ||Q(t)f|| < ||£|| for every f € X and t > 0. If foi(z) = e ™=t then
Bin [[Q() faell = 1= lim [lfuel

which shows that ||Q(¢)|| = 1 for ¢t > 0. It is easy to verify (c) of Definition 4.1.1 and
thus {Q(t)}¢>o0 is a strongly continuous semigroup on X.

Let —A denote the generator of the semigroup. Since for each z € (0,00) the
mapping f € X — f(z) € C belongs to X*, we have, by Theorem 4.3.2, that

((A—,\)—‘f)(z)=/°°e”f(z+t)dt for feX,z>0 A€C, ReA<O.
0

If g= (A~ X)'f, then |g(z)| < [5°|f(z +t)ldt < [7° |£(t)|dt and

[ ela@ies < [ b / e lf (o + 0)ldrdz = / " e f(z)ldo - / " f @)l

thus
(A= fI<|Ifll for fe X, AeC, ReA<0

and hence Theorem 1.6.11 implies

a(A) C {¢ € C|Ref > 1} even though ||Q(t)|| =1 for t > 0.

The following Theorem 4.3.5, when combined with Theorem 4.3.2, is called the
Hille-Yosida Theorem. It tells which operators are generators of Cy semigroups. Its
proof is rather lengthy and technical, but in essence, it is merely a justification of

. -n __ _—tA
nll'ngo(l +tA/n)T" =74,
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which is obviously true when ¢ and A are scalars. There are many other ways of
constructing the semigroup from a given generator - one of which will be used in
Definition 4.5.9 for a bit smaller class of operators.

Theorem 4.3.5 Suppose that A is a densely defined linear operator in a Banach
space X and that for some M € [0,00), a € R, we have that (—o0,a) C p(A) and

(A=XN"T"<M@-A)"" for X€(-00,a),n=1,2,... (4.5)

Then there erists a strongly continuous semigroup {Q(t)}:>0 on X whose generator
is equal to —A. Moreover,

QW) < Me™®  for t >0, (4.6)

lim sup ||Q(t)z — (1+ (¢/n)A)"z|| =0 for T € (0,00), z € X. 4.7)
N0 4¢(0,7T)

PROOF  Choose any T' € (0,00) and let K > 1 be such that K + at > 1 for
all t € [0, T]. Note that

(1+at/n) ' <K, (1+at/n) ™ <KX for te[0,T],n>K. (4.8)
Since —n/t < a for t € (0,T], n > K, we may define
Ra(t) = (n/t)(n/t+ A)~ = (1 + (¢/n)A)~! for te(0,T), n>K, (4.9)
and let R,(0) =1 for n > K. Equations (4.5) and (4.8) imply that

IRa(t)] < MK, |RE()| < MKK for te(0,Thn>K.  (410)

Ifz € X,y € D(A), t € (0,T], n > K, then equations (4.9) and (4.10) imply
that
Rn(t)z — 2 = (Ra(t) - 1)(z — y) — (t/n) Rn(t) Ay
|Ba(t)z - 2ll < (MK + Dlla — yll + M| Agll/n. (411)
Since D(A) is assumed to be dense in X, equation (4.11) implies
lim ||R,(t)z —z|| =0 for n> K, z € X.
t—0
By induction,
tlm(l)lan'"(t)z—:r” =0 for n>K,zeX, m>1. (4.12)
e
Equation (4.11) and the fact that D(A) is dense in X also imply

lim sup ||Rp(t)z—z|| =0 for z€X. (4.13)
0 ¢e(0,T)
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Ifte (0,T),t+h € (0,T], n > K, then
Ro(t + k) — Rn(t) + (R/n) AR} (t) = (h/t)*(1 — Rn(t))*Ra(t + h)
and (4.10) implies that R/ (t) = —(1/n)AR2(t). By induction,
(R™'(t) = —(m/n)ARP*'(t) for t€ (0,T],n>K, m>1. (4.14)

This, (4.12) and (4.10) imply

t
o — R*(t)z = / R**(s)Azds for te[0,T], n> K, z € D(A). (4.15)
0

We are now ready to prove (4.17).
If y € D(A?),t € (0,T]),n > K, m > K, then (4.14) implies
in _ m _ pn+ly _ m+1 i_t—s 2
dsRn(t S)Rm(s)y - Rn (t S)Rm (S)(m n )A Y for se€ (07 t)‘
(4.16)
This, (4.12) and (4.10) imply that

Rty - R0 = [ R - IR 6

_ t___s_) A2y ds.
n
Hence, if z € X, then (4.10) implies

Rn(t)z — Ri(t)z = (Rn(t) — Ry(t))(z — y) + R (t)y — Ry(t)y
|Rm(t)z — Ra(t)z|| < 2MK X ||z — y|| + T*M*K**2(1/n + 1/m)| A%y
and, since (4.12) implies that D(A?) is dense in X, we have that

lim sup |[Rn(¢t)z — Rp(t)z||=0 for ze€ X. (4.17)
]

m,n—00 tE[O,T
Since T' € (0,00) is arbitrary, (4.17) enables us to define Q(t) by
— I n
Qt)r = nlggoRn(t)z for t>0,z€X. (4.18)
This and (4.17) imply (4.7). Clearly, Q(0) = 1, and, by (4.10), we have
1) < Me™® for t> 0. (4.19)

Since R(-)z : [0,T] — X is continuous for each £ € X, n > K, (4.17) also
implies that Q(-)z : [0,00) — X is continuous for every z € X. This and (4.19)
imply

lzll < IQ®)zll < Me™||z|| — Mllz|| as t— 0;
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hence ||z|| < M||z|| for each z € X. Thus, if X # {0}, then M > 1 and (4.6)
holds; if X = {0}, then (4.6) holds automatically.

(4.16) together with (4.12) and (4.10) also imply that for y € D(A42?), n > K,

t2M4K2K+2
IR%(t — s)Ry(s)y — Ru(t)yll < TllAzyll when 0 <s <t <T.

Therefore, Q(t — s)Q(s)y = Q(t)y for 0 < s < t, y € D(A?). Since D(A?) is
dense in X and Q(t) are bounded, we have that Q(¢)Q(s) = Q(¢t + s) for s > 0,
t > 0. Therefore {Q(t)}¢>0 is a strongly continuous semigroup on X. Letting
—B denotes its generator, (4.10), (4.13) and (4.15) imply

- Q)= /OtQ(s)A:zds for te€[0,00), z € D(A).

This and strong continuity of ) imply that B is an extension of A. (4.5) and
Theorem 4.3.2 imply a — 1 € p(A) N p(B) and hence A = B by Lemma 1.6.14.
O

The implicit Euler method for approximating the solution of

is

hence

u +Au=0, u(0)=ug

u(t + h) — u(¢)

- + Au(t + h) = 0,

u(t+h) = (14 hA)"lu(t)
u(nh) (14 hA) "y
u(t) (1 + (t/n)A) "uq.

Q

Q

Note that Theorem 4.3.5 implies convergence of the approximations whenever —A is
the generator of a strongly continuous semigroup.

Theorem 4.3.6 Suppose that —A is the generator of a strongly continuous semigroup

{Q()

semig

}i>0 on a reflexive Banach space X. Then {Q(t)*}:>0 is a strongly continuous
roup on X* whose generator is —A*.

PRrROOF Since A is closed and densely defined, so is A* (Theorems 4.3.1,
1.5.15). Let M € [0,00), a € R be such that [|Q(¢)|| < Me™ for t > 0. Then,
by Theorem 4.3.2,

A=X" <M@—-AN" for n>1, A<a.
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Hence Theorems 1.5.14 and 1.6.13 imply
(A* = X) ™| <M(@-X)"" for n>1, A<a

and therefore, by Theorem 4.3.5, —A* is a generator of a strongly continuous
semigroup {R(t)}¢>0 on X*. Theorems 4.3.5 and 1.6.13 also imply

(R(®)O)(z) = lim ((1+(t/n)A*)7")(z)

nli_)r&lf((l + (t/n)A)"z)

£Q()z) = (Q#)*6)(z)

forallz € X, £ € X*, t > 0 and therefore R(t) = Q(t)* for t > 0. ]

This, the definition of the Hilbert space adjoint and Theorem 2.2.5 imply

Corollary 4.3.7 Suppose —A is the generator of a strongly continuous semigroup
{Q(t)}t>0 on a Hilbert space H. Then {Q(t)*}t>0 is a strongly continuous semigroup
on H whose generator is — A*.

A strongly continuous semigroup {Q(t)}¢>o is said to be a contraction semi-

group if ||Q(t)|| <1 for t > 0. See Examples 4.1.3, 4.1.5 and 4.3.4 for some contrac-
tion semigroups, and Exercise 19 of Chapter 1 for analysis of the generator of the
contraction semigroup given in Example 4.1.3.

Theorem 4.3.8 Suppose that A is a linear operator in a Banach space X. Then
—A is the generator of a contraction semigroup if and only if A is a densely defined
accretive linear operator and R(A + X) = X for some A > 0.

PROOF  If A is a densely defined accretive linear operator and R(A + A) = X
for some A > 0, then Corollary 1.6.17 implies that the assumptions of Theo-
rem 4.3.5 are satisfied with M =1, a = 0.

Suppose that —A is the generator of a contraction semigroup {Q(t)}:>0 and
that z € D(A4). By Corollary 1.5.8 there exists £ € X* such that £(z) = ||£||?> =
||lz||? - pick any such £. Define f(t) = Re£(Q(t)x) and observe that

F0) = llzlI?, £(®) < llzl®, f'(t) = —Re(Q(t)Az) for t>0.

Therefore, —Re£(Az) = f'(0) < 0. Theorem 4.3.2 implies that A + 1 is onto.
m]
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EXAMPLE 4.3.9 Let X = {f € C[0,1] | f(0) = f(1) =0} and let || - || be the sup norm
on X. Assume a € C[0,1] and a(z) € (0,00) for z € [0,1]. Define

Tf=—af" for feDT)={fecC0,1]|f f"eX}.

In Example 1.6.18 it is shown that T is an accretive linear operator and that R(T" + A) =
X for some A > 0. It is easy to show, as in Example 1.3.4, that T is densely defined.
Hence, Theorem 4.3.8 implies that —T is the generator of a contraction semigroup

{Q(t)}t>0 on X. Thus, if f € D(T) and u(z,t) = (Q(t)f)(z), then (4) of Theorem 4.3.1
implies the existence of a classical solution of the parabolic equation

ug(z,t) = a(z)uze(z,t) for t>0,0<z<1

u(0,t) =u(1,t)=0 for t>0

lim sup |u(z,t)— f(z)|=0
Jim, sup fu(z. 1) ~ /(@]

[u(z,t)] <|If|l for t>0,0<z<1

(8) of Theorem 4.3.1 gives uniqueness for the abstract equation. Uniqueness in a more
classical sense can be shown by using a maximum principle (see Theorem 6.7.2 and
Corollary 6.7.3).

EXAMPLE 4.3.10 We shall now show that A is the generator of a contraction semigroup
on X = WYP(R™), 1 < p < co. Note that when p < oo, Theorem 3.1.7 implies that
X = LP(R"™) and, when p = 0o, Theorem 3.1.4 implies that X = Cy.

Suppose that fi, fo, ... belong to the Schwartz space S and are such that Af, X g
andfnﬁOasnﬁoo. Then

/R»gd”_/w Afn¢=/R“ FaAG 0 for ¢ e C(RM)

and hence Theorem 3.4.1 implies that g = 0. Therefore A, as an operator in X with
domain D(A) = S, is closable; let A denote its closure.

Let us show now that o(A) = (—00, 0] and that
A=B) ' f=Gr+f for f€X, AeC\(~00,0] (4.20)

where G is given by (3.6). This, (3.8) and Lemma 3.1.5 imply that IA=B)" <1/
for A > 0 and hence Theorem 4.3.5 implies that A is the generator of a contraction
semigroup.

Suppose A € C\(—00,0] and f € X. There exist f, € S such that f, X f. Let
Up = G * fn € S. Lemma 3.1.5 and (3.7) imply that u, X G, * f and, since it is
shown in Example 3.2.11 that Au, = Au, — fn X » * f — f, we have that

Gr*fe€D@B), A-BD)Gr+f=f for feX, XeC\(-oo,0].
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If u € D(A), then there exist u, € S such that up X u and Auy, X Ru. As above,
up = G * (Aup — Auy,) = Gy x (Au — Au) which implies that

u=Gy*(Mu—Au) for ue D), A€ C\(~x,0].
This completes the proof of (4.20) and also shows that o(A) C (—o0,0].
Pick any £ € R™, £ > 0 and let f(z) = e€==*=% for z € R". Note that f € S,
€17 f(z) + (Af)(z) = (—4ie?¢ - z + 4e'z - & — 2ne®) f(2),

0 < lI(I€* + A)fllp < c(l€le + eIl

where ¢ depends only on n and p. This shows that (A +|£|*)~" cannot be bounded and
hence (—00,0] C 6(A). Therefore (—00,0] = o(A).

Note also that if B is any extension of A with a nonempty resolvent set, then B has
to be a closed operator and hence must be an extension of A; therefore Lemma 1.6.14
implies that B = A. When 1 < p < oo and n = 1, this implies that —A is equal to
the operator S that is given in Example 1.6.7. Similarly, if A is the self-adjoint linear
operator in L?(R™) associated with the sectorial form

F(u,v) = / Vu-Vuv for u,ve€ Wy (R"),
R"
then A = —A when p = 2.
Theorem 4.3.8 in a Hilbert space setting is as follows:

Corollary 4.3.11 If A is a linear operator in a Hilbert space, then —A is the gener-
ator of a contraction semigroup iff A is m-accretive.

In applications, one often encounters the following perturbation problem. You
know that A is the generator of a strongly continuous semigroup and that the per-
turbation B does not effect the ‘principle’ part of A + B. Is A + B the generator
of a strongly continuous semigroup? Corollary 4.3.11 and Theorem 4.3.12 provide a
partial answer. For other partial answers, see Corollary 5.1.3 and Theorem 4.5.7.

Theorem 4.3.12 If A is an m-accretive operator and B is an accretive operator in
a Hilbert space with D(A) C D(B), and if there ezist a € [0,1), b < co such that

||Bu|| < a||Au|| + bllu|| for all u € D(A),
then A + B is m-accretive.
PrROOF A+ B is obviously accretive. If A > 0, then

(A + Nu|? = || Aul? + 2ARe (Au,u) + N?||ul|2 > ||Au||® for u e D(A);
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hence ||A(A + A)7!|| < 1, which implies
IB(A+ XM < al A(A+X) 7 +BlI(A+X)7H < a+ b/

Therefore ||[B(A+ A)~!|| <1 for A large enough and hence A + B is m-accretive
because

(A+B+N"=(A+ ) (1+BA+NTH
[m]

EXAMPLE 4.3.13 The Schrédinger equation is an evolution equation in a complex Hil-
bert space,

dy _ .

E =1iH 1/’,
where H is a self-adjoint operator called a Hamiltonian. +iH are obviously accretive
and, by Theorem 2.6.2, m-accretive. Thus, +:H generate contraction semigroups.

A Hamiltonian for a particle in a potential field V is defined in L?(R?) by
Hy=-Ap+Vy for ¢ e D).

In order for this H to be well defined and self-adjoint, we need to impose some restric-
tions on V. We shall now show that the following restrictions are sufficient: assume that
V is a real valued function and that V = Vj +V; for some V; € L?(R®) and V5 € L®(R?).
Thus, V could, for example, be the Coulomb potential —e?(z? + y? + 22)~1/2 and in
this case H would represent the hydrogen atom Hamiltonian. A is as defined in Exam-
ple 4.3.10 with p = 2.

If u € S, then ||Viull2 < |[V1ll2||u||o. Hence, (3.14) implies that
IViullz < cllVallallAuly* lully.

(3.52) and ||Vaull2 < ||Valloo||tll2 imply that for any a € (0,1), we can find b < co such
that

[IVullz < allAullz + bllu|lz for all u € D(A).
Since +iA are m-accretive and the multiplication operators £iV, with domain D(A),

are accretive, we can apply Theorem 4.3.12 to conclude that +iH are m-accretive.
Hence R(H + i) = L?(R®) and therefore Theorem 2.6.3 implies that H is self-adjoint.

4.4 Example: Wave Equation

We shall first examine the generalized wave equation (4.23) in the same Hilbert
space setting as in the section on Sectorial Forms. Hence we assume that H is a
Hilbert space, [, ] is an inner product on V C H and § is a sectorial sesquilinear form
on V such that hypotheses H1, H2, H3 of the Sectorial Forms section are satisfied.
Here we assume, in addition, that there exists b < oo such that

[3(z,y) — Sy, 2)| < 2ble||ly|| forall z,y€V, (4.21)
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where |z| = [z,z]'/2. Let A be the operator associated with .

The need for an additional assumption is due to the fact that the point spectrum
of A has to lie within a parabola, as demonstrated in Example 4.1.7. Assumption
(4.21) guarantees that (Exercise 4). Some other consequences of (4.21) are discussed
in Theorem 2.8.6 and Corollary 6.1.14.

Define X =V x H. X is a Hilbert space with an inner product

({z, 9} {zw}) =z, 2]+ (y,w) for {z,y},{z,w} € X.
Define S : D(S) = X by D(S) = {{z,y} | z € D(A),y € V} and
S{:l),y} = {_y,A:B} for {xay} € D(S)

Theorem 4.4.1 S and —S are generators of strongly continuous semigroups on X.
Moreover, there ezist ¢, M € (0,00) which depend only on b, a, My, M2, M3 such that

IS =N < M(A =)™ for A>c, AR, n>1.

PROOF  Note first that D(S) is dense in X by Theorem 2.8.2. Next, define a
new inner product in X by

({z,9}, {2, W})new = F(2,2) + F(2,2) — 2a(z, 2) + 2(y, v)

and observe that the corresponding new norm satisfies
2min{1, Ma}|[{z,y}I* < I{z, y}rew < 2max{1, My + |a|MT}||{z, y}[I*.

If {z,y} € D(S), then

Re (5{z,y}, {,y})new = Re (§(z,y) — §(v,2) + 2a(y, ))

[Re (S{z,3}, {2, y}new| < 26+ lalM)zllyll < ¢ll{z,y}7ew
where ¢ = (b + |a|M1)/(2M31/2). Thus, if A € R and [A| > ¢, then
[Re ((S = M{z,y}, {2, yDnew| = (Al = {2, 4} e

(S = M{z, y}lnew > (1Al = Il{z, y}Inew- (4.22)

If {f,g} € X, € Rand |\| > ¢, then —\? < a + M3M;?; hence Theorem 2.8.2
enables us to define

z=(A+X)Yg-Nf), y=-dz— .
Note that {z,y} € D(S) and (S — A){z,y} = {f,g}. This and (4.22) imply

”(S_ ’\)_lnnew < (|’\| - c)_l for |’\| >c AER,
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which implies ||(S —A) ™" ||new < (JA|—c)~". Hence, the equivalence of the norms
gives

(S =A< M(A[—¢)™™ for |A[>c, AER, n>1

and some constant M < oo. Therefore, Theorem 4.3.5 implies that both S and
— S are generators of strongly continuous semigroups. a

Theorem 4.4.2 For each z € D(A), y € V there exists a unique u € C?([0,00), H)N
C([0,00),V) such that u(0) = z, u'(0) = y, u(t) € D(A) for t >0 and

u’(t) = —Au(t) forall t>0. (4.23)

Let {Q(t)}t>0 be the strongly continuous semigroup whose generator is —S. (4)
of Theorem 4.3.1 implies that if £ € D(A), y € V and {u(t),v(t)} = Qt){z,y},
then for all ¢ > 0 we have that u(t) € D(A), v(t) € V, u is differentiable in V (and
hence also in H), v’ = v, v is differentiable in H and v/ = —Au. Hence we have u of
Theorem 4.4.2. To show its uniqueness, define v = v’ and apply (8) of Theorem 4.3.1.

ExAMPLE 4.4.3 Consider now the initial value problem for the wave equation,

3“ ZZaz ( ) zn:azl)-——ao(z)u for t>0,z€Q

i=1 j=1

u(z,0) = f(z), gt (z,0) =g(z) for z€

u(z,t) =0 for ¢t>0, z € N

We assume that {2 is an arbitrary nonempty open subset of R™. a;; = aj; are assumed
to be real valued, bounded, measurable functions on € such that for some § > 0

n

SN aii(2)&g; > 6l¢ forall € R,z € Q.

i=1 j=1

We assume that a; € C5(Q2) for i > 1 and ap € L*™(Q2) are complex valued.
Let H = L%(Q), V = WJ(Q) and define

n n n
,v) = ai;D;wD;v + /a'D'w5+/awT1 for w,v € V.
S(U’ 'U) ZZ/{; 1y Ui Jj ; Q iUg o 0

i=1 j=1

In Section 3.7, it is shown that hypotheses H1, H2, H3 of the section on Sectorial
Forms are satisfied. Since §(w,v) — §(v,w) = [, 20, where

n n
z= Z(ai + Ei)Diw + ZwD,ﬁi + (ao - Eo)w,
i=1 i=1
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the additional assumption (4.21) is also satisfied and hence Theorem 4.4.2 implies ex-
istence of the unique generalized solution u for every f € D(A) and g € V.

The semigroup {Q(t)}:>0 actually provides a generalized solution u for every f € V
and ¢ € H; a detailed characterization of the solution in this case is given below
by Theorem 4.4.6. We shall also show that a different semigroup, {R(t)}:>0, can be
constructed which will enable us to define a generalized solution for every f € H and
g € H. See also Example 3.2.15.

Let us now examine the operator A associated with §. When a;j,a0 € cl(Q),
Theorem 3.8.2 implies that w € D(A) iff w € W3 (Q) N W2_(Q) and

Aw = — i i Dj(aijDiw) + i a;Djw + aow € L2(Q).

i=1 j=1 i=1

It is easy to apply the induction argument to show that D(A™) C W2™(Q2) whenm > 1
and a;j,a; € C?™~1(Q).

If 2m — n/2 > j > 0, then W2™(Q) C C#(Q?) by Corollary 3.6.4. This enables us
to prove regularity of the generalized solution as follows. Suppose that f € D(AF),
k>2,g¢€D(A*!) and A* g € V. Let {u(t),v(t)} = Q(t){f, g} Note that {f,g} €
D(S?*-1). Hence, Theorem 4.3.1 implies that {u,v}(?*~1) = —§2k¥=1{y 4} and since
u' = v, we have that u(®*) exists and is continuous in H, u(t) € D(A*) for ¢t > 0 and
u(?%) = (= A)*u. In particular, if ¥ > 1+ n/4 and the coefficients are smooth enough,
then u(t) € C?() for t > 0.

We shall now approach the generalized wave equation a bit differently. This ap-
proach is based on the representation of the sectorial form as given by Theorem 2.8.12;
that is,

§(z,y) = (BGz,Gy) for z,yeV,

which will enable us to define the semigroup on the Hilbert space Y = H x H with
the usual inner product ({z,y}, {z,w}) = (z, 2) + (y, w) for {z,y}, {z,w} € Y. Define

T{z,y} = {—-Gy,BGz} for {z,y} e D(T)=V x V.
Theorem 4.4.4 T and —T are generators of strongly continuous semigroups on Y.
PROOF  Note first that Theorem 2.8.12 implies
G '2|| < My|G x| < MyM;Y?||z|| for =€ (4.24)
If z,y € V, then §(z,y) — (v, z) = (Gz, (B* — B)Gy). Hence (4.21) implies
|Gz, (B* - B)Gy)| < 2blally] < 26M; /2 |G|y
and, since R(G) = H, we have that

1(B* - B)Gyll < 26M; ' |ly|| for yeV. (4.25)
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Note that for z,y € V,

2Re (T{z,y}, {z,y})

2Re ((B ~ 1)Gz,y)
Re ((B — B*)Gz,y) + Re ((B + B* ~ 2)Gz,y)
Re ((B — B*)Gz,y) + 2aRe (G~ z,y)

since B 4+ B* = 2 4+ 2aG~? by Theorem 2.8.12. (4.24) and (4.25) imply

[Re (T{z,y}, {z,y})

INA

—-1/2 -
oM; eyl + lalM: My 2 ||y
2olllyl  where ¢ = (b + |alM1)/(2M,/?)

< cl{z,y}I?
Re (T = Mz, v}, {z, 4Dl > (Al = o)ll{z, y}|I?

T =Xz, 4}l = (A —c)l{=z,y}| for {z,y} € D(T), X € R,|A| > c. (4.26)
If A € R and z € V, then Theorems 2.3.5 and 2.8.12 imply
0 < |GY2z — |NG~Y2z|? = (G + A’GV)z, z) — 2|A|||z)2. (4.27)
For A € R define Py = BG + A?G~! with D(Py) = V and note that

2P, = 2G +2)2G~! + (B + B* - 2)G + (B — B¥)G.
B + B* = 2 + 2aG~? implies
Py=G+XG'+aG™' + L(B - B¥G; (4.28)
hence (4.27), (4.24) and (4.25) imply
Re(Pyz,z) > 2()M\| —o)||z||> for A€ER, ze€ V.
Using (4.28) and the fact that G is m-accretive gives that
Pa+p=01+ (AN +a)G '+ 3(B-B"G)(G+p) )G +pu) for u>0.

Hence, (4.25) and Theorems 2.3.2, 1.6.8 imply that R(Py + u) = H for u large
enough and therefore Py —2(|A| — ¢) is m-accretive and, in particular, 0 € p(P))
when X € R, |\| > c¢. Therefore, if {f,g} €Y, XA € R, |A\] > ¢, we can define

=P (g-AG7'f), y=-G 'z +/)

and note that {z,y} € D(T) and (T — M\){z,y} = {f,g}. This and (4.26) imply
that
T =N < (A=)t for [A|>c, AeR

and therefore Theorem 4.3.5 implies that both T' and —T are generators of
strongly continuous semigroups on Y. O
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Let {R(t)}:>0 be the strongly continuous semigroup on ¥ whose generator is —T'.

Theorem 4.4.5 If z € V, y € H and {u(t),v(t)} = Qt){z,y} for t > 0, then
R(t){z,G" 'y} = {u(t),G"1v(t)} for t > 0.

ProOOF (3) of Theorem 4.3.1 and Theorem 4.2.8 imply that z —u = — fo v,
y—v—Afou Hence v’ = Gw, where w = G~'v and G~ 1y — w—BGf0

Since u is continuous in V, Theorems 2.8.12 and 4.2.10 imply G~ ly—w = fo BGu
and thus (8) of Theorem 4.3.1 implies the assertion of the Theorem. ]

Theorem 4.4.6 Ifz €V, y € H and {u(t),w(t)} = R(t){z,G 'y} fort > 0, then
this u is the unique u € C([0, 00), V)NC([0, 00), H) whzch satisfies u(0) = z, v'(0) = y
and

;:2( (t),2) = =§(u(t),2) for t>0, z€V.
PROOF  Theorem 4.4.5 implies that u € C([0,00),V). (4) of Theorem 4.3.1
implies that ' = Gw, w' = —BGu and hence for every z € V, we have that
(u,2)' = (v, 2) = (Gw, z) = (w, Gz). Thus, (u, z) is actually twice differentiable

and
(u,2)" = (w',Gz) = —(BGu,Gz) = —F(u, 2).

To show the uniqueness, let w = G~!u' and note that w € C([0, ), V), v’ = Gw
and that for every z € V we have (Gw, 2)' = (w,Gz)' = —(BGu,Gz). Hence

(w(t),Gz) — (w(0),Gz) = / (BGu,G=z)

and, since the range of G is H, we have that w(t)—w(0) = — fot BGu. Therefore,
w' = —BGu and hence (8) of Theorem 4.3.1 implies the uniqueness. a

4.5 Sectorial Operators and Analytic Semigroups

Theorem 2.8.2 implies that any operator A associated with a sectorial sesquilinear
form satisfies the assumptions of the Hille-Yosida Theorem 4.3.5 and hence defines a
semigroup that can be denoted by e~“*. Since such operators A generalize elliptic
operators (Section 3.7), we can say that

u+Au=0

generalizes parabolic equations and e “4'u(0) is the solution of the initial value
problem. However, more can be said in this case. In view of Figure 2.1 and The-
orem 1.6.16, it is easy to see that —(A is also a generator of a strongly continuous
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semigroup when ¢ € C and | arg({)| is small enough. Hence, it is natural to ask: Is
e~4¢ an analytic function of (? Note that semigroups need not be differentiable in
general (Example 4.1.3). We shall prove that the answer is yes in this case. Further-
more, we shall show that the analyticity also implies smoothing of solutions, which
was observed in Example 4.1.6 and is a characteristic of parabolic equations.

To avoid being constrained to Hilbert spaces, we shall first define a bit larger
class of operators for which this analysis can be done. We shall then show some
properties of these operators followed by a direct construction of e~4¢ and its analysis.
Complex Banach spaces will be used in this section. In the next section it is shown,
Corollary 4.6.2, how to proceed when real function spaces have to be used.

Let arg(0) = 0 and, if ¢ € C\{0}, let arg(¢) € [-,7) be such that ¢ = ||et?"().

Definition 4.5.1 For a € R, M € (0,), 6 € (0,7/2) and a complex Banach space
X, define 2(a, M, 0, X) to be the collection of all densely defined linear operators A
in X which have the property that

Nep(4) and [(A-N7 < M/]A—af

whenever A € C and |arg(A — a)] > 0. A is said to be a sectorial operator if A
belongs to some 2A(a, M, 0, X).

EXAMPLE 4.5.2 If A is the linear operator associated with a sectorial sesquilinear form
on a complex Hilbert space, then Theorem 2.8.2 implies that

el if |arg(A—a)| >6+m/2
A= g Pe X =

”( ) ”_{ ]E]Wlalr—s(ﬁzﬂfﬁ 1f0<|arg(/\—a)|<0+7r/2
where 0 = tan~!(M;/M3). Hence, A is a sectorial operator.

EXAMPLE 4.5.3 Consider —A in W(?’p(]R"), 1 < p < oo, see Example 4.3.10. Observe
that (4.20), (3.7) and Lemma 3.1.5 imply that —A is a sectorial operator.

EXAMPLE 4.5.4 For f € Cy, define £(f) = lim|g|, o f(x). Define
Acf =K(f —€(f)) for feD(Ay)={feC|f-Lf) € DB,

where A is defined as in Example 4.3.10 when p = oo.
Observe (Exercise 7) that A, is densely defined, o(A¢) = (—00,0] and

(A=A f=Gy+f for f€Cy AeC\(-0,0]

where G, is given by (3.6). This implies, as in Example 4.5.3, that —A, is a sectorial
operator in Cy and that A, is the generator of a contraction semigroup on Cj.

Lemma 4.5.5 If A is a sectorial operator and if for some A € R the line Re{ = A,
¢ € C, lies in the resolvent set of A, then for some § > 0, the strip |A — Re(| < 6,
¢ € C, also lies in the resolvent set of A.
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PROOF  Suppose A € U(a, M, 0, X). If there would be no such § > 0, then
there would exist a sequence {(x} in o(A) such that Re{, — A and, since
|Im {x| < (Re(x — a)tanf, we see that a subsequence of {{x} should converge
to some ¢ with Re¢ = X - this is not possible since o(A) is closed. ]

Theorem 4.5.6 Suppose that A is a sectorial operator in X and that for some a € R,
a<Rel forall Xeo(A).
Then A € U(a, M, 0,X) for some M € (0,00), 6 € (0,7/2).
PROOF  Suppose A € A(a;, M1,0;,X). If a < a;, then
A —ai| > |\ —a|sin@; when |arg(A—a)| > 6y;
hence A € A(a, M;/sin 6,6, X).

If a > aj, then, by Lemma 4.5.5, there exists b > a such that b < Re A for
all A € 0(A). Define 6 by (b — a) tand = (b — a;) tan6; and note that

S={CeC||¢—ai| £ (b-ai)/cosb,Re¢ < b} C p(A).

Hence, |¢ — al|[(A —¢)~!|| is a continuous function of ¢ € S and therefore has a
finite maximum ¢; in S. Thus

(A=N"Y <ec/|]A—a| for AeS.
If A ¢ S and |arg(A—a)| > 6, then |A—a| < |A—a1|+a—a; < 2|A—ay|. Hence
choosing M = max{c;, 2M;} will do it. O
Theorem 4.5.7 Suppose A € A(a, M,0,X), B: D(B) D D(A) —» X is linear and
1Bzl < ellAz|| + cllzll for =z € D(A),
where 0 < e < 1/(1+ M) and ¢ < co. Then, A+ B is a sectorial operator in X.

PROOF  Choose r so that p = e(1 + M) + (gla| + c)M/r < L. If A —a| > r
and |arg(A — a)| > 6, then

IBA-NTH < elA(A-N"T+ci(4-271
< e(T+HIAMA =N +cll(A -2
< e+ M)+ (ela] + )M/|IX —a| < p
(A+B-XN"1 = (A-N)"'1+BA- NH)!
_ M
I(A+B-2N7" < T=h=a

hence A+ B € U(a —r/sinf, M/(1 — u),0, X). ]
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EXAMPLE 4.5.8 Let A be defined as in Example 4.3.10 in X = WgP(R™), 1 < p < co.
Note that (3.16) implies that for some ¢ < oo,

IDkully < cllBully2llully? < ellBully + */(@e)llull, for k=1,...,n,

for every £ > 0 and every u € S - and hence, by Theorem 3.4.3, also for every u € D(A).
Theorem 4.5.7 implies that

'

n
Tu=—Au+ Z aiDiu+apu for ue D(T)=D(A)

i=1
is a sectorial operator in X, provided that a; € L>(R™). When p = oo, we require also
that a; are continuous.

For b€ R, ¢ € (0,7/2), define a path y in C by

Y(t) = b+ |t|jcosp —it sing for te€R. (4.29)

A€ oa(A) = |arg(A—a)| <0

Re(

Figure 4.1: Integration path +.

Let <ir denote the closed path consisting of straight lines from y(0) to v(T") to v(—T)
to 7(0). The Cauchy formula implies that for any polynomial P and any ¢ € C,

1 P(\)e=*¢ PN A if 2 is outside <,
2mi J4q, A—z T | P(2)e~%* if z is inside <

If ¢ #0 and ¢ + | arg(¢)| < m/2, then

Re (7(t)¢) > bRe( + |t¢| cos(p + |arg(¢)]) for t€R, (4.30)
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which implies that we can take the limit T — oo to obtain for z € C\{b},

1 [ P(y(t)e 7®¢ | _fo if |arg(z — b)| > ¢
571'_2/ () — = v (Bt = { P(z)e™%*  if |arg(z —b)| < ¢ ° (4.31)

This motivates the following:

Definition 4.5.9 For A € (a, M,0,X) and ¢ € C with |arg(¢)| < 7/2 — 6 define
e~4¢ € B(X) as follows: e~4¢ =1 if { =0 and if { # 0, then

o0
A = 2L (v(t) = A) e (1) dt (4.32)
T J_oo
where 7 is given by (4.29), see Figure 4.1, with

b€ (~o00,a) and ¢ € (8, 7/2 — |arg({)]). (4.33)

To justify the definition, observe first that
[7(t) —al > (a — b)sin, |arg(v(t) —a)| > ¢ > 6; (4.34)

hence «(t) € p(A) for t € R and the integrand in (4.32) is continuous on R\{0} and
is therefore strongly measurable. This and (4.30) imply

o0 -l 2Me—bRe¢
/_o0 1ey(®) = A7 e Ot < i coste T Tare (@)

(4.35)
and therefore the Bochner integral in (4.32) exists.

Let us show now that the value of the integral in (4.32) does not depend on the
choice of b, in (4.33). Let I(b, ) denote the integral. Choose £ € B(X)* and note

that
I(b,p)) = A)d
(5,%)) /f( )

where f(X) = £((A ~ A)~1)e ¢ for |arg(X — a)| > 8. For T > 0 define E(T) by

(b,9)) /f ) ($)dt + E(T)

and note that E(T) — 0 as T — oco. Choose b; € (—00,a) and ¢; € (0, 7/2—]|arg(¢)|)
and let 7, E; denote the corresponding v, E. Theorem 1.6.11 implies that f is
analytic. Hence, the Cauchy Theorem gives that

£(I(b,¢)) = £(I(b1, 1)) = E(T) — Ey(T) - F(=T) + F(T),
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where
1
F(t) = / FNdA = / Fv(E) + (1= )M (B) (1(8) — 1 (£))ds.
71(t)—=(t) 0

Observe that for all |¢| large enough, we have that

lsy(t) + (1 = s)71(t) —al 2 1

and hence (4.30) implies that
|f (s7(t) + (1 = 5)71(2))] < [|€]| M exp(—cRe( — || cos(¢ + | arg(C) 1)),

where ¢ = min{b,b1}, ¥ = max{p,p1}. Therefore F(t) converges to 0 as |t| —
oo which implies £(I(b1, ;1)) = £(I(b,¢)). Since this is true for all £ in B(X)*,
Corollary 1.5.10 implies that I(b, ) does not depend on b, . This implies that e~4¢
does not depend on the particular choice of a, M or 6 either. Hence, e~4¢ depends
only on ¢ and on the sectorial operator A.

Note that the above argument could be applied to show that many other integra-
tion paths could be used in Definition 4.5.9 without changing e~4¢.

Minimization of (4.35) with respect to b € (—o0, a) gives

Theorem 4.5.10 If A € A(a, M, 0,X), ¢ € C\{0} and |arg(¢)| < /2 — 6, then

_ . Me cos(arg({)) -
| < - aRe(
lle=4¢| < inf e~oRe(
pe(8,m/2—|arg(¢)l) singcos(p + |arg(¢)|)

This and Theorem 4.5.6 imply

Corollary 4.5.11 If A is a sectorial operator and a € R is such that a < Re ) for
all X\ € 0(A), then there exist M < 0o and 6 > 0 such that

lle= 44| < Me™®ReC for all ¢ € C with |arg(¢)| < 6.

Theorem 4.5.12 If A € U(a, M, 0,X), then e~ A%¥e~ 4z = e~ AW+2) for all complex
numbers z and w which satisfy |arg(z)| < 7/2 — 6, |arg(w)| < /2 - 6.

PROOF  We may assume that z # 0, w # 0. Let o = max{|arg(z)|, | arg(w)|}.
Choose b € (—o0,a) and ¢ € (0, 7/2—c) and define y(t) = b+]|t| cosp—it sin,
#(t) =v(t) + (a — b)/2 for t € R. Choose £ € B(X)* and note that

(2mi)20(e~AWe=A%) = i /  de A (y(t) — A)N)e 2y (1) dt

= [ [ dseluto) = A7 () - A) e OO 04 )
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Using the resolvent identity,

=A== =(r =)= ATy - AT
and the Fubini Theorem gives

(2mi)20(e~Ave~4%) =

) " E-_p(w B S P (AL
L. </—oo u(s) =(0) )e(”(t) A) e (1)de

o] ] e—'y(t)z,),l(t)dt
+ D) o((u(s) — A) e HEU Y (5)ds.
[m<ﬁwvm—M@ (1s) = A) e (s)
The Cauchy formula (4.31) implies

(2mi)20(e~4%e A% = 2mi /00 £((u(s) — A)~Y)e HONw+2) )/ (5)ds

—0Q

(27ri)2e(e—A(w+z))

and, since this is true for all £ € B(X)*, we have that e~ 4%e~4% = ¢~A(w+2) py
Corollary 1.5.10. O

This proves the semigroup property of e~4¢. Analyticity of e~4¢ follows from
Theorem 4.5.13 If A € U(a, M,0,X), ( € C\{0}, |arg(¢)| < w/2 — 0, then for
n >0,

(dié) e = L7 () () - )00y (1)t

2mi [_ o
where v s as in Definition 4.5.9 of e~ 4.

ProOF  The integral, denoted by I,,((), clearly exists. If h € C and |h| <

[¢] cos( + ] arg(¢)]), then ¢ + |arg(¢ + h)| < 7/2 and ¢ + h # 0; hence the path
v can be used also to evaluate I5,(¢ + h). Since

lemTEHR) _ =7 4 hy(2)e™ 78| <
Ry (£)1? exp{—bRe ¢ + [bh| — |t¢| cos(p + | arg(¢)]) + [thl},
we have that

lim
h—0

HI(C4 1) = 1) = L) =0,
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The smoothing property of e~4¢ is the consequence of the following:

Theorem 4.5.14 If A € AU(a,M,0,X), ( € C\{0}, |arg(¢)| < w/2 — 0, then for
n>0,

(1) the range of e~4¢ is contained in D(A™)
(2) Are=Al = (—gt)" e X
(8) Are~Az = e 4A"s for z € D(AM).

PROOF  Statements (1) and (2) are obviously true for n = 0. If (1) and (2)
are true for some n, then Theorem 4.5.13 implies that for all z € X we have

(o]
Are Mg = 1 (&) (y(t) — A)Lze= T () dt.

27t J_ oo

Since A is closed and A(y(t) — A) "'z = —z +(t)(y(t) — A) "'z, Theorem 4.2.10
implies that A"e~4¢z € D(A) and

[e <]

ariemAig = L [T 0 (o 4O (r(0) — A)a)e O (1)t

27 J_ o

The Cauchy formula (4.31) implies

1 oo
Ay = o [ (0 ot - )z O (e
—00

Therefore, (1) and (2) are true for n + 1 and hence for all n > 0.
Assuming (3) for some n > 0 implies that for z € D(A™),

(o]
Are My = 2Lm (y(t) — A) " Az e YWY (¢)dt.
—00

Hence, if z € D(A™!), then Theorem 4.2.10 implies (3) for n + 1. a

Theorem 4.5.15 Suppose A € A(a,M,6,X) and € € (0,7/2 — 8). Define
S ={¢ e C\{0} | |arg(¢)| < m/2 — 6 — €}
Then,
(1) lim¢0,¢ces lle=4¢z — z|| = 0 for each z € X
(2) lim¢y0,ces ||%(z — e A4z) — Az|| = 0 for each z € D(A)
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(8) {e="t}i>0 is a strongly continuous semigroup whose generator is —A.

PROOF  Choose y € D(A), ¢ € S. If vy is as in Definition 4.5.9 , then

e‘A(y— e—a(y = 2Lm /°° ((’)‘(t) — A)—ly — (v(t) - a)—ly) e—'y(t)(,yl(t)dt
- 211n ( () — )" (v(t) — A) 7 (Ay — ay)e "D (t)dt.

Using (4.34) and (4.30), with b=a — 1/|{| and ¢ — 6, gives

- - Me||Ay —ay| _
AC,, al < aRe(
lle™y —e ™yl <|(] (in0)Zsine ©

This, the bound in Theorem 4.5.10, the fact that
e — 2|l < [le™*¢y — eyl + [e™* — 1llyll + lle™* — 1]lz — y|

for every z € X, and that D(A) is dense in X imply (1).

To show (2), observe that for { € S, z € D(A), Theorem 4.5.14 implies
%e"A(tm = —Ce ¢ Az. Hence, (1) and Theorem 4.2.11 imply

1
z—e Mz = C/ e A Az dt
0
1
%(x —eMg)— Az = / (e A%t Az — Az)dt.
0

This and (1) imply assertion (2).

Let —B be the generator of the semigroup {e"4!};>¢. (2) implies that B is
an extension of A. Theorems 4.5.10 and 4.3.2 imply a — 1 € p(A4) N p(B) and
hence A = B by Lemma 1.6.14. O

ExXAMPLE 4.5.16 Consider the initial value problem for the parabolic equation:

Zzax ( ) En:al —aoz)u for t>0,z€0

i=1 j=1
u(z,0) = f(z) for z€Q
u(z,t) =0 for t>0, z € N

Assume that Q is a nonempty open subset of R", that aij,a; are bounded, complex
valued, measurable functions on Q such that Ima;; = Imaj; and that the strong ellip-
ticity condition (3.62) holds with some § > 0. Define the sectorial form by (3.61) on
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V = W3(Q), H = L*(Q) and let A be the sectorial operator associated with it. The
generalized solution of the parabolic equation is u(z,t) = (e~4tf)(x) for f € L*(f).

Theorem 4.5.13 implies that ¢ — u(-,t) is an analytic, Hilbert-space-valued, func-
tion. Hence, t — (u(-,t),v) is a complex valued analytic function for any v € L2(Q).
Note that when v is a characteristic function of a compact set C C , then (u(-,t),v)
represents the average of u(-,t) in C' multiplied by the volume of C.

When a;;,a0 € C*(2), Theorem 3.8.2 implies that w € D(A) iff w € WE(2) N
W2.(9) and

n

n n
Aw = — Z Z Dj(aijDiw) + ZaiD;w + apw € LZ(Q).
i=1 j=1 i=1

It is easy to apply the induction argument to show that D(A™) C W2™(Q) when

m > 1 and a;j,a; € C*™71(Q). Corollary 3.6.4 implies that W,%T(Q)loé ci(Q) if
2m —n/2 > j > 0 and Theorem 4.5.14 implies that u(-,t) € N, D(A*¥) for t > 0.
Thus, if a;;,a; € C*(R), then, for t > 0, we have that u(-,t) € C*®(Q) for any
f € L*(Q) and therefore e~4¢ is a smoothing operator.

Corollary 4.5.11 implies that if the spectrum of A lies in the half-plane Re( > 0,
then u decays exponentially in ¢. On the other hand, Corollary 4.3.3 implies that if the
spectrum of A contains any part of the half-plane Re { < 0, then u is unbounded in ¢
for some f € L?(Q). This stability-instability result is true for any sectorial operator.

Let B be a bounded operator on a complex Banach space X. Since B is a sectorial
operator (Exercise 12), we have e~ B¢ defined for ¢ in a sector. How does e~ B¢ relate
to Q(¢) which is defined in Example 4.1.4 for every ¢ € C? Since {Q(t)}:>0 is
a strongly continuous semigroup whose generator is also —B, Theorems 4.3.1 and
4.5.15 imply that Q(¢) = e Bt for t > 0. £(Q(-)z) and £(e~B'x) are complex-valued
analytic functions in the sector and, since they are equal on (0, 00), they are equal in
the whole sector. Moreover, since this is true for every z € X and £ € X*, we have
that Q(¢) = e~ B¢ for all ¢ in the sector. This also enables us to extend the definition
of e B¢ to every ¢ € C, by

e BC = Z (—kC!)
k=0

We shall often need the following bound on Ae~4¢

k
Bf for ¢eC. (4.36)

Theorem 4.5.17 If A € A(a, M, 6, X), ¢ € C\{0}, |arg({)| < /2 — 6, then

M e—aRe(
mcos(f + |arg(¢)]) <l

(A~ a)e™¢|| <
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PrROOF  Theorems 4.5.13 and 4.5.14, with v as in Definition 4.5.9, imply that

1 oo

(A-a)e i = = [ () a)rtt) - 4) e Oy ()t
—o0
M o ]
CaeA <« M -(t)¢
(A -a)e ™ < - . le™7% |t
M e—bRe(.
7|¢| cos(y + | arg(C)1)
Letting b — a and ¢ — 6§ gives the bound. a

Corollary 4.5.18 If A is a sectorial operator and 7 € (0,00), then for some ¢ < oo,

llAe~ 4| < ct™! for 0<t<T, (4.37)
le=4 —e 4% < esTHt—s) for 0<s<t<rT, (4.38)
|Ae 4t — Ae™ || < ct™ls7H(t—s) for 0<s<t<T. (4.39)

ProoF  Theorems 4.5.10 and 4.5.17 imply (4.37). Theorem 4.5.14 implies
et = e < [ e
s
and hence (4.37) implies (4.38). Since
|4e=4 — Ae || < / Aoy < / A ear,
s s

(4.37) implies (4.39). m]

The bound in (4.37) is a defining characteristic of analytic semigroups. This is due
to the fact that if —A is the generator of a strongly continuous semigroup {Q(t)}s>o0,
such that ¢||AQ(¢)|| is bounded for 0 < ¢ < 1, then A is a sectorial operator. The
proof of this fact consists of the justification of the following representation:

e—A( — i (t — C)n (Ae—At/n)n.

!
=0 n:

We shall not need this result, so no more details will be presented.

Theorem 4.5.19 Let {Q(¢)}ces be a family of bounded operators in a complez Ba-

nach space X where S = {{ € C | |arg(¢)| < 8,{ # 0} and B € (0,7/2). Assume
that
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(a) for some M < co and a € R, we have that ||Q(¢)|| < Me~°Re¢ for ¢ € S
(b) ¢ = £Q(¢)z) is an analytic function in S for every £ € X*, z € X
(c) {Q(t)}t>0 is a strongly continuous semigroup whose generator is —A.

Then A is a sectorial operator in X and e = Q(¢) for ¢ € S.

PROOF  Choose £ € X*, z € X, A < aand let f(¢) = £(Q(¢)z)e* for ¢ € S.
Since f is analytic, the Cauchy Theorem implies that

/eTf(t)dt+/T_'Tzf(C)dC=/5Tf(zt)zdt+/s_mf(()dg

for 0 <e <Tand z € S. (a) implies that we can take the limits T — oo and

£ — 0+ and obtain
(o o) (o o)
/ F(t)dt = / F(t)z dt.
0 0

Theorem 4.3.2 then implies that for all £ € X* = € X, we have
(o]
(A= N)"tr) = z/ £(Q(2t)z)e*tdt for z€ S, A<a. (4.40)
0

(a) implies that for every z € S the right-hand side of (4.40), denoted by
RHS());, is an analytic function of A in the half-plane Re (A — a)z < 0. (4.40)
implies that RHS()\), = RHS()\), for A € (—o00,a) and hence RHS()\), =
RHS(A); for all A in their common domain. Thus, RHS()\); can be extended
to an analytic function of X in the region where Re (A —a)z < 0 for some z € S,
i.e. |arg(A — a)| > 7/2 — B and in this region we have the bound

[zl M |£]ll|= (]

< A TR

IRHS(l - < :€s —Re (A—a)z
< Mi£|lll=ll

—|X — a] cos(|arg(A — a)| + B) (4.41)

Let o be the smallest nonnegative number such that if | arg(A —a)| > «, then
X € p(A). Theorem 4.3.2 implies that & < m/2. Since (4 — A)~! is analytic, we
have that £((A—X)"1z) = RHS()); in the sector | arg(A—a)| > max{a, 7/2— 0}
and hence (4.41) implies (see Exercise 11 of Chapter 1)

M

!
1A =27 < == reos(arg = o)+ B)

(4.42)

in the sector. If @ > m/2 — 3, then Theorem 1.6.11 implies that, at each point
X in the sector |arg(A — a)] > @, a disk of radius —|\ — a|cos(a + B)/M also
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lies in p(A) and hence @ could not be the smallest. Thus, & < 7/2 — 8 and
(4.42) implies that for every 8 € (7/2 — 8, 7/2) there exists Mp < oo such that
A € U(a, Mp,0,X). e~4¢ is then defined and analytic in S and, since Theorems
4.5.15 and 4.3.1 imply that e~4* = Q(t) for ¢ > 0, the analyticity implies

e z) =6Q(¢)z) forall (€S, LeX* z€X.

Hence Corollary 1.5.10 implies that e=4¢ = Q(¢) for ¢ € S. m]

4.6 Invariant Subspaces

A closed subspace Y of a Banach space X is said to be an invariant subspace of
an operator A, defined in X, if Ay € Y for every y € D(A)NY. In this case, the
restriction of A to Y is defined to be an operator A,y in Y given by

Ayy=Ay for ye D(4,y) =D(A)NY.

Theorem 4.6.1 Let {Q(t)}:>0 be a strongly continuous semigroup on a Banach space
X, let —A be its generator and let a, M € R be such that ||Q(t)|| < Me™® for t > 0.

IfY is an invariant subspace of (A— X\)~! for some A < a, then Y is an invariant
subspace of A and Q(t) for allt > 0. Moreover, {Q(t),y }¢>0 is a strongly continuous
semigroup on Y whose generator is —A,y.

PrROOF If |u — A| < @ — ), then Theorem 4.3.2 implies that
(e =" (A=) <Mlp-A*"a—-A)™ for n>1

and, since Y is closed, (1.22) and Theorem 1.6.8 imply that Y is an invariant
subspace of (1 — (u — A)(A — A)~!)~L. The resolvent identity,

(A-m)' A= (u=NA-NT=(A-1)7",

implies that Y is an invariant subspace of (4 — p)™! for p € (A —a + A, a) and,
by induction, for all u < a.

If t > 0, then —n/t < a for large n. Hence if y € Y, then (A+n/t) "y e Y
and, by Theorem 4.3.5, Q(t)y € Y. Thus, Y is an invariant subspace of Q(t) and

{Q(t),y }t>0 is obviously a strongly continuous semigroup on Y whose generator
is _Al Y- [m]

When working with real evolution equations, one would expect that real initial
conditions would produce real solutions. To ensure this one can always try to set
up the problem in a real function space. However, the preparatory analysis is often
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more easily done by using a complex function space X. The real parts do not form
a subspace of X; however, a complex vector space X can always be considered to be
a real vector space and thus the real parts do form a real subspace of X and hence
Theorem 4.6.1 applies. For example,

Corollary 4.6.2 Let A be a sectorial operator in a complex Banach space X. Con-
sider X to be a real Banach space. Let Y be a closed real subspace of X and suppose
that Y is an invariant subspace of (A + A)~! for some sufficiently large A € R. Then
Y is an invariant subspace of e~4t for t > 0.

EXAMPLE 4.6.3 In Example 4.5.3 it was shown that —A is a sectorial operator in
X = WPP(R™). Let X, be the set of real valued members of X. From formula (4.20)
for (A — A)~! we see that X, is an invariant real subspace of (A — A)~1, A > 0.
Corollary 4.6.2 implies that X, is an invariant real subspace of Bt for t > 0 and hence
{(e®?),x. }¢>0 is a strongly continuous semigroup on X, whose generator is A, x, .
Actually, {(ezt) 1x, }t>0 is a contraction semigroup on X, see Example 4.3.10.

The same arguments apply to A, see Example 4.5.4, when one wants to consider
it in the space consisting of only real members of C;.

A bounded operator P on a Banach space is said to be a projection if P2 = P.
The following two Lemmas, Theorem 2.2.3 and Exercise 13 highlight the relationship
between projections and closed subspaces.

Lemma 4.6.4 When P is a projection on a Banach space X, then
(a) 1 — P is also a projection on X
(b) R(P) =N(1— P) is a closed subspace of X
(c) R(1 — P) = N(P) is a closed subspace of X
(d) R(P)NR(1 - P) = {0}
| (e) X =R(P)+R(1-P)
(f) R(P), R(1 — P) are invariant subspaces of B if B € B(X) and BP = PB.

PrRoOF (1 - P)2=1-2P + P? =1 — P implies (a). If z € R(P), then
z = Py; hence (1-P)z = (P—P?)y =0. If 1 € N(1 — P), then Pz =z € R(P)
and therefore R(P) = N(1 — P). Since the null space of a closed operator is
closed we have (b) and, by (a), also (c). If z € R(P) NR(1 — P), then z = Pz
by (b) and Pz = 0 by (c); hence, (d) follows. z = Pz + (1 — P)z implies
(e). If z € R(P), then Bz = BPz = PBz € R(P). If £ € R(1 - P), then
Bz = B(z — Pz) = Bz — PBz € R(1 - P). O
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Lemma 4.6.5 If P is a projection on a Banach space X and A is a linear operator in
X such that (A—X)"1P = P(A—))"! for some X € p(A), then, R(P) and R(1 — P)
are invariant subspaces of A and (A — ¢)™! for every ¢ € p(A).

PrOOF Ifz € D(A)NR(P)andy = (A— Nz, thenz = Pz = P(A-))"ly =
(A= X)"!Py. Hence (A — \)z = Py and Az = Py + Az € R(P).

If z € R(P), ¢ € p(A) and y = (A — ¢)" !z, then
Py=P(A-X)""(A-Ny=(A4-XN)""P(A-)\ye D4,

hence, (A — A\)Py = P(A — \)y. Therefore, (A—{)Py=P(A-()y=Pz ==z
and Py =y € R(P).

This gives the invariance of R(P). (A —X)~"!(1 - P) = (1 — P)(A - \)™!
implies the invariance of R(1 — P). m]

Recall that a cycle I is a finite collection of closed paths 71, ...,7¥, in C and that
the integration over T' is defined by

/r Q& =3 | s

k=17

If each path -, lies in some open set §2, we say that ' is a cycle in .
Let K be a nonempty compact subset of an open set 2 in C. It is well known that
a cycle I' can be chosen in Q\K so that

1 d¢ 1 ifdAeK
— [ —= = . 4.43
omi Jr C— {0 A gQ (4.43)
Any such cycle T is called a contour that surrounds K in Q. If IV is another contour
that surrounds K in €2, then the Cauchy Theorem states that for any function f that
is analytic in Q\K, we have

/ F(Q)de = / F(O)dc. (4.44)
r I

A nonempty compact set o in C is called a spectral set of a linear operator A in
a complex Banach space X if 0 C 0(A) and o(A)\o is a closed set in C. In this case
define 1

— _ -1
P, = /F (¢ — A)ldc (4.45)

2mi

where I" is a contour that surrounds o in (6(A4)\o)¢. Since (o(4)\o)\o = p(A),
the Bochner integral in (4.45) exists and P, € B(X). If f(¢) = £((¢ — A)™Y), with
£ € B(X)*, then (4.44) implies that P, does not depend on the particular choice of a
contour I' that surrounds o in (o(A)\o)¢. The following Theorem 4.6.6 allows us to
call P, the projection associated with the spectral set o.
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Theorem 4.6.6 Let o be a spectral set of a linear operator A in a complex Banach
space X and let P, be given by (4.45). Then

(1) Py is a projection on X

(2) (A=N"1P, = Py(A — )" for every A € p(A)

(3) R(P,) and R(1— P,) are both invariant subspaces of A
(4) R(Ps) C D(A), Ayxr,) € B(R(P;)) and o(A,xp,)) =0
(5) o(Aiza - p,) = 0(A)\o. '

PROOF  Choose ¢ > 0 such that o + B(0,6) C (c(A)\o)¢. Let " be a contour
that surrounds o in o + B(0, §) and hence also in (6(A)\o)¢. Let I' be a contour
that surrounds o + B(0,6) in (o(A)\o)¢. Then

lgr = _ 1
=5 [Fc- A= o [ @ -y ic- g a
and the resolvent identity implies

. 1 At e gy
P =g L L€ =7 = - TR

This, the Fubini Theorem and the fact that (4.43) implies
1 d¢ , 1 ¢

— [ ——==0 f R(T!
2m'/r<—<' 0 for €M) o5 L T-¢
give us that P2 = P, - which proves (1).

(2) is obvious (Theorem 4.2.8). Lemma 4.6.5 implies (3).

Let us use abbreviations A; = A xp,) and A2 = A zq - p,)-

(4.45) and Theorem 4.2.10 imply that R(P,) C D(A) and if ¢ € R(F;), then

=1 for ¢€®RT)

1 -
lArz|| = |APsz| = H_? ./A(C~A) fedC) < clzll;
e Jr

hence A; is a bounded operator on R(F;).
If A € p(A), then (4) implies that (A — \)(4 z = z for every

)™
z € R(1 - P,) and (A — A\)"!}(A2 — A)z = z for every z € D(A2). The same
holds on R(P,); hence

-1

p(A) C p(A1) Np(Az). (4.46)



208

CHAPTER 4. SEMIGROUPS OF LINEAR OPERATORS

For A € o(A) define Z) € B(X) by

_ 1 -1 46
2= [€- A7 S

where T' is a contour that surrounds ¢ in (0(A)\o)¢. Clearly, Z\P, = PyZ)
which implies that R(P,) and R(1 — P,) are invariant subspaces of Zy. Theo-
rem 4.2.10 and (4.43) imply

~ 1A
(A—/\)Z,\_Pa—%/r_g_/\_

If A € 0(A)\o and z € R(P,), then

P,-1 ifd€o
P, if A€ o(4)\o ’

z = P,z = (A1 — M) Z\z = Z\(A; — \)z.

Hence X € p(A;), and by (4.46), o(A)\o U p(A) C p(A1) and therefore
o(41) Co. (4.47)

IfA€oandz € R(1~P,), thenz=(1- PFPy)r=—(A2 — A)Z)z and

Zx(A2 — Nz = (A2 — N)Zyz = —z for z € D(A).
Hence A € p(A2), and by (4.46), o U p(A) C p(A2) which implies

o(As) C o(A)\o. (4.48)
If A & 0(A1)Uo(A3), then (A —A) 1P, + (A2 —A)~!(1— P,) is the resolvent

of A; hence X € p(A). Thus, 0(A) C o(A;) Uo(Az), which together with (4.47)
and (4.48) imply that 0(A4;) = o and o(A42) = o(A)\o. m]

Note that in (d) below we have estimates for both negative and positive times.

See (4.36) for the definiton of e~41* when t < 0.

Theorem 4.6.7 Suppose that A is a sectorial operator in a Banach space X, that

{¢ €eC|Re¢ =2} Cp(A) for some A € R

and that o = {{ € o(A) | Re¢ < A} is not empty. Then, o is a spectral set of A.
Let P, be the projection associated with the spectral set o and define Ay = A, z(p,),
Ay = Ayxu - p,y- Then

(a) Pye=At =e= AP, fort >0

(b) As € B(R(P,)) and (64, xp,) = e~ A1t fort >0
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(c) A is a sectorial operator in R(1 — P,) and (e %),z _ p,, = €42t fort >0
(d) for some A\; < A < A2 and M < oo we have that

lle= 1| < Me~™t for t<0

lle~42t| < Me™2t  for t>0.

PROOF  Since o(A) is closed and lies in a sector, Lemma 4.5.5 implies that o
is a spectral set. Lemma 4.5.5 and Theorem 4.6.6 imply that

o(A1) ={{ €o(A) |Re{ <A1}, 0(A2) ={¢ €0(4)|Re( >N} (4.49)
for some A\ < A < Ag.

(4.45), Theorem 4.2.8 and (5) of Theorem 4.3.1 imply (a).

Theorem 4.6.6 implies that R(P,) is an invariant subspace of (4A—\)~! for all
X € p(A). Hence, Theorem 4.6.1 implies that the generator of {(e™4%), x(s,,}t>0
is —A; and thus (b) follows. The same reasoning gives that the generator of
{(e”““) 42(1 - P 20 i —Az. Hence, Aj is densely defined and since the bound
of its resolvent is no larger than the bound of the resolvent of A, we have that
A; is sectorial, which completes the proof of (c).

(4.49) and Corollary 4.5.11 imply the bound on e~42¢,

Since o(—A;) = —o(A1), (4.49) and Corollary 4.5.11 imply [le~(-4V¢|| <
Met for t > 0. Since e~ 41(-t) = ¢=(~4)t by (4.36), we have the rest of (d).
O

4.7 The Inhomogeneous Problem - Part I
We shall consider the problem of finding a continuous u : [0,7) — X such that
u'(t) + Au(t) = f(t) for te€(0,7), u(0)=up. (4.50)
Throughout this Section it is assumed that:
(1) X is a Banach space, up € X
(2) —A is the generator of a strongly continuous semigroup {Q(t)}:>0 on X
(3) 0 <7< o0, fe€eL((0,t), X) for t € (0,7).

The special case when A is a sectorial operator is examined in more detail in Sec-
tion 6.2.
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Theorem 4.7.1 Ifu € C([0,7),X) and it satisfies (4.50), then

¢
u(t) = Q(t)uo +/ Q(t —s)f(s)ds for tel0,7). (4.51)
0
ProOF  Choose t € (0,7) and let v(s) = Q(t — s)u(s) for 0 < s < t. If
5,5+ h € (0,¢], h # 0, then Theorem 4.3.1 implies

v th) —o(s) _ QU-s—h)=QE=9) o o —s— hy(s) +

h h
Q(t—s—h) (“(s_"'l%_)_“(s) _ u'(s))
B2 AQ(t — s)u(s) + Q(t — s)u'(s)
= Qt—s)f(s)
Since lim;_,0 v(s) = Q(t)ug, Theorem 4.2.11 implies (4.51). m]

So, it would seem that by defining u by (4.51) the problem is solved. However,
things are more complicated. First of all, it has been shown that the Bochner integral
in (4.51) exists only when (4.50) has a solution. Therefore, we need

Lemma 4.7.2 The Bochner integral F(t) = fot Q(t—s)f(s)ds ezists for all t € [0, 7).
Moreover, F € C([0,7), X).

ProoF  Choose t € (0,7) and let fi, fo,... be the simple functions approxi-
mating f € L((0,t), X) as in Corollary 4.2.4. Define

gke(s) = Q(t — 5)fi(s), gi(s) = Q(t —s)f(s) for s€(0,2), k> 1.

It is easy to see that gg: € L((0,t), X) and hence the Dominated Convergence
Theorem 4.2.7 implies that g € L((0,t), X) and f(f Gkt — fot gt = F(t).

Let gi(s) = 0 for s > ¢. Hence F(t) = [ gi(s)ds. If t, — t € [0,7), then
9t,(s) — g¢(s) for s # t; hence the DCT implies F(t,) — F(t). a

Define the mild solution of (4.50) to be u given by (4.51). The mild solution
may not be differentiable and it may not lie in the domain of A even when f =0, so
it may not be an actual solution. However, if (4.50) has an actual solution, then the
actual solution has to be equal to the mild solution by Theorem 4.7.1. The following

Theorem 4.7.3 generalizes (3) of Theorem 4.3.1 and shows that the mild solution
always satisfies (4.50) on average.
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Theorem 4.7.3 The mild solution u of (4.50) is the unique u € C([0,7),X) which
satisfies fo u(s)ds € D(A) and

——u0+A/ ds—/f )ds for all te[0,7). (4.52)

PROOF  Let u be given by (4.51). Note that for ¢t € [0, 7),

/Otu(r)dr = /tQ(T)uod'r+/tdr/rQ(r—s)f(S)ds
/QT)UodT+/ds/ Q(r — s)f(s)dr

/ Q(r)uo dr + / ds [ Q) f(s)dr

Hence (3) of Theorem 4.3.1 and Theorem 4.2.10 imply that fot u € D(A) and
¢ ¢
Af uriar = w-QWuw+ [ (76)- Q- 9)f(:)ds

t
= wup—u(t) +/ f(s)ds.
0
Therefore the mild solution of (4.50) satisfies (4.52).

Let v be a continuous solution of (4.52) and let w(t) = fot(u —v). Then
w'+ Aw = 0, w(0) = 0 and hence (8) of Theorem 4.3.1 implies that w =0. O

Corollary 4.7.4 If up € D(A) and f(t) =c+ fotg for some c € X, g € L((0,t),X)
for all t € (0,7), then there ezists u in C*([0,7),X) such that (4.50) holds.

PrOOF  Let v € C([0,7),X) be such that
t t

v(t) + Aug —c+ A/ v(s)ds = / g(s)ds forall te[0,7)
0 0

and let u(t) = ug + fot v. m

One cannot weaken the condition on f in the above Corollary to f € C([0,7),X),
see Exercise 21.

Corollary 4.7.5 If ug € D(A) and f,Af € C([0,7),X), then there ezists u in
CY([0,7),X) such that (4.50) holds.

PrROOF  Note that the mild solution u, given by (4.51), lies in D(A) by
Theorem 4.2.10. Lemma 4.7.2 implies that Au € C([0,7), X); hence Afotu =
fot Au and we can differentiate (4.52). O
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Exercises

. Show that @ : [0,00) = B(Cy(R)), given in Example 4.1.3, is not continuous.

. Let H be a Hilbert space, let {1, ¥2,...} be a complete orthonormal set in H

and let Ay, )2, ... be complex numbers. Define A by

Af = M(freR)oe for feD(A)={f €H|Y M(f,0e)l* < oo}
k=1 k=1

Show that a5(A4) = {1, A,...} and that 0(A) = op(A).

. Suppose f € C2?[0,2n], £(0) = f(27), fz(0) = fz(27) and let u satisfy

Ut = Ugg + (ufg)r for 0<z<2m t2>0,
u(0,t) = u(2m,t), uz(0,t) = uy(2m,t) for t>0,
u(-,0) € L?(0,2n).
Show that there exists ¢ such that

lim u(z,t) = cef@® for 0 <z<2m
t—00

. If A is as in Section 4.4, show that there exists § € (0, 00) such that

(Im))?2 <46(6 +Re)) forall )€ o(A).

. Let —A be the generator of a strongly continuous semigroup {Q(t)}:>0 on a

Banach space X such that the spectrum of A contains a scalar A with Re A < 0.
Show that there exists z € D(A) such that Q(t)z is unbounded for t > 0.

. Show that the generator of the semigroup in Example 4.1.5 is the operator A

defined in Example 4.3.10. (Hint: Compare the resolvents.)

. Prove the ’Observe ...” statements in Example 4.5.4.

. Consider

n
Au=—-Au+ ZaiDiu +au for ueDA)=S
i=1
as an operator in W(?”’ (R™), 1 < p < co. Assume that a; € L>°(R") and when

p = 00, assume also that a; are continuous. Show that A is closable and that A
is equal to the operator T given in Example 4.5.8.
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. Let B be the linear operator in L2(R™) associated with the sectorial form

Flu,v) = / Z(DiuD_iv + a;(D;u)¥) + aguv for u,v € W(R"),
i=1
where a; € L°(R™). Show that B is equal to the operator A given in Exercise 8
when p = 2.

Suppose that v : (0,T) — LP(2) has m continuous derivatives where 0 < T' <
00, 1 < p < oo and (2 is a nonempty open subset of R™. It would be nice to
have that if

uB(t) e WIEPQ) for 0<t<T, 0<k<m,
then u € WP (Q x (0,T)). Show that this is not true.
Suppose that A € A(a, M,0,X) and ¢ € 0(A)\{a}. Show that M sin§ > 1.

Show that every bounded operator on a complex Banach space is a sectorial
operator.

Let M, N be closed subspaces of a Banach space X such that X = M + N and
MnNN = {0}. Show that there exists a projection P on X such that M = R(P)
and N =R(1 - P).

Show that a nonempty bounded subset o of o(A) is a spectral set of a linear
operator A in a complex Banach space iff there exists § > 0 such that

[(=A>¢ forall ¢€a, A€ ao(A)\o.

In the proof of Theorem 4.6.6 it is assumed that A is closed. Why is this true?

Let v € L2(0, ) be represented as v(z) = Y o ; by sinnz. Define
> 2
u(z,t) = ane"" tsinnz for t>0, € (0,m).
n=1

Show that ||u(-,t)||, < |Jv|l, for p € [1,00], t > 0. (Hint: estimate the resolvent
in Theorem 4.3.5 by using Exercise 20 in Chapter 1.)
Let —A be the generator of a contraction semigroup. Show that
l4all? < 4] A%zl for = € D(A?).
Hint: if {Q(t)}¢>0 is the semigroup and z € D(A?), then

tAz =z - Q(t)z + /t(t —5)Q(s)A%zds for t>0.
0
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Use the above problem to improve Lemma 3.4.11 to
IFllp < el f"llp + Ifllp/e  for f € C*(R), € € (0,00), p € [1,00).

Show that if A is a sectorial operator with compact resolvent, then e 4t is
compact for ¢ > 0.

Find a semigroup {Q(t)}:>0 such that Q(t) is not compact for any ¢ > 0, yet
its generator has a compact resolvent. (Hint: analyze examples given in the
Introduction.)

Show that the condition on f in Corollary 4.7.4 cannot be weakened to requiring
that f € C([0,7),X). (Hint: take f(t) = Q(t)z.)



Chapter 5

Weakly Nonlinear Evolution
Equations

5.1 Introduction

The term weakly nonlinear evolution equations will be applied to abstract evo-
lution equations of the form

u'(t) + Au(t) = F(t,u(t)) for te]0,7), (5.1)

where A is a generator of a strongly continuous semigroup in a Banach space X and
F is continuous and locally Lipschitz continuous in the last variable. There are no
restrictions on A; hence both hyperbolic, including the wave equation, and parabolic
problems can be treated. However, the restriction on F can be quite severe. Hence
the term weakly nonlinear evolution equations is used. The restriction on F is not
so bad when one can choose to work in various spaces of continuous functions. For
example, equations like

ug = Au+e*, wu =AU+L
l1-u
are studied in Section 5.3 in a closed subspace of Cg(R"™).

Basic existence, uniqueness, continuous dependence and stability results for weakly
nonlinear evolution equations are presented in this chapter. The basic ideas used to
prove these results are the same as in the ODE theory and are also the same as in
the next chapter where semilinear parabolic problems are studied. However, technical
preliminaries are much simpler here than in the next chapter.

Most of the chapter is devoted to studying approximations of solutions of such
equations. By further extending these results, one can actually remove the condition
that F is locally Lipschitz continuous in X (Example 5.6.2).

The following version of Gronwall’s inequality will be sufficient here.

215
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Theorem 5.1.1 (Gronwall) If £ € (0,00) and f € L*(0,¢) is real valued such that
T
flz) < a+b/ f(s)ds for z€(0,¢) a.e.,
0

where a € R and b € [0,00), then f(z) < ae’® for almost all z in (0,£).
PROOF  If F(z) = be™"= [ f(s)ds, then F'(z) < abe®® which implies that
a+ e F(z) < ae. m]
The key to all basic results presented in the next section is the following Theorem.
Note that for (5.2) to be satisfied we must have that fot u € D(A).
Theorem 5.1.2 Suppose —A is the generator of a strongly continuous semigroup
{Q®)}t>0 on a Banach space X, a € R, M € R, |Q(®t)]| £ Me™® for ¢t > 0,
0<7<o00, H:[0,7] x X = X is continuous and for some L < oo,
|H(t,z) — H(t,y)ll < Lllz —yl| for 0<t<T, z,y€X.

Then for each ug € X there ezists a unique u € C([0, 7], X) which satisfies
t t
u(t) — ug ‘+A/ u(s)ds = / H(s,u(s))ds forall te|0,7] (5.2)
0 0
Moreover, if G : X = C([0,7], X) is given by G(up) = u, then
G (=)(t) - G) ()l < M|z — ylle™ME= for 0<t<7T, z,y€X. (5.3)

PROOF  Abbreviate Y = C([0,7], X) and note that Y is a Banach space with
norm || - || (Example 1.3.2). Define T:Y = Y by

(Tu)(t) = Q(t)uo + /t Q(t —s)H(s,u(s))ds for ve?, 0<t< T
0
If u,v €Y, then
¢
(Tu)(2) — (To)(B)] < cL/O llu(s) — v(s)llds < cLt|lu — v]leo
where ¢ = supg<;<, |Q(t)|| and hence

@)~ @O < E o), (5.4

forn > 1,0 <t < 7. Thus, the Contraction Mapping Theorem 1.1.3 implies the

existence of a unique v € Y such that Tu = u. Theorem 4.7.3 and closedness
of A imply (5.2).
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Choose z,y € X and let u = G(z),v = G(y). For 0 <t < 7 we have
t
lu@®) —o@®l < Me ™|z -yl + ML/ e |[u(s) — v(s)||ds
0

t
ellu(t) —v(@®) < Mlz—yl+ ML/ e*|lu(s) — v(s)|lds;
0
hence, the Gronwall Theorem 5.1.1 implies (5.3). m]

The following Corollary says that bounded perturbations of generators of strongly
continuous semigroups are still generators of strongly continuous semigroups. This is
an important result, but should not be surprising. However, it is interesting that it
is a natural consequence of Theorem 5.1.2 which deals with nonlinear problems.

Corollary 5.1.3 Suppose that —A is the generator of a strongly continuous semi-
group on a Banach space X and that B € B(X). Then —A + B is the generator of a
strongly continuous semigroup on X.

PROOF Theorem 5.1.2 implies that for each z € X there exists a unique
u € C([0,00), X) such that

u(t)=z+(—A+B) /t u(s)ds for all t € [0, 00). (5.5)
0

Define R(t)z = u(t) for t > 0. Uniqueness of u and formula (5.5) imply linearity
of R(t) for t > 0. (5.3) implies that R(t) € B(X) for t > 0. If t,r > 0, then
obviously

t+r
u(t+r)=u(r) + (—A+ B) / u(s)ds;

hence R(t)R(r)z = R(t)u(r) = u(t+r) = R(t+r)z. Thus {R(t)}¢>0 is a strongly
continuous semigroup on X. Let —S be its generator. Note that Theorem 4.3.2
implies that (—oo,a) € p(A — B) N p(S) for some a € R. If z € D(S) and u is
as in (5.5), then

;ll-/oh u(s)ds > z and (A -— B)% /Oh u(s)ds = %(z — R(h)z) = Sz

as h — 0+ and hence the closedness of A— B implies that A — B is an extension

of S. Lemma 1.6.14 implies that A— B = S. m]

R, given below is called a retraction map. It will enable us to apply Theo-
rem 5.1.2 to a locally Lipschitz continuous F.
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Theorem 5.1.4 If X a Banach space, 7 >0 and R, : X = X is given by
R.(z) =z when ||z|| < and R.(z)= ”:D—"z when ||z|| >,
then | Re(z) — Re(9) ]| < 2llc — yl| for all o,y € X.

PROOF Let B= {z € X ||z|| < r}. If 2,y € B, there is nothing to prove.
If z € B and y € X\B, then

Rz —R F(1- )y
T — = z— -
v v Tyl
|Rz— Ryl < llo—yll+ lyl -~
< 2o -yl + izl - < 20|z — gl
If z,y € X\B, then
, r(lyll - ll2l)
Rz - R —(z—y)+ ——— Y
A Kt R T
IRz = Ryl < llz -yl + [llyll - lalll < 2llz — o]l

5.2 Basic Theory

Throughout this section it is assumed that

(1) X is a Banach space.

(2) —A is the generator of a strongly continuous semigroup {Q(t)}:;>0 on X. Let
M € [1,00), a € R be such that ||Q(t)|| < Me™® for t > 0.

(3) T € (0,00], U is an open set in X, F : [0,T) x U — X is continuous and for
each t € (0,T) and each z € U there exist 6 > 0 and L < oo such that

1F(s,z) = F(s,y)| < Lllz —yl| for z,y € B(z), s € [0,1]-

For 7 € (0,T), let 8;,(7) be the collection of all v € C([0,7),U) which satisfy
fo u(s)ds € D(A) and

) — (0 +A/ ds—/Fsu s))ds forall te[0,7). (5.6)
Recall that Theorem 4.7.3 implies that u € 8,,(7) iff u € C([0,7),U) and

u(t) = Q(t)u(0) / Q(t — s)F(s,u(s))ds for tel0,7). (5.7)

So 8,(7) is the set of mild solutions of (5.1).
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Lemma 5.2.1 Suppose 7 € (0,T) and w € C([0,7],U). Then there ezist 6 > 0,
L < o0 and a continuous H : [0,7] x X — X such that

(i) if t € [0,7) and z € B(w(t),d), then z € U and H(t,z) = F(t,z2)
(1) I|H(t,2) - H(t,y)|| < Lllz —y|| fort € [0,7], z,y € X.
ProoF  For t € [0, 7] choose 6(t) > 0 and L(t) < oo such that
|1F(s,2) = F(s,y)ll < L)l —yll for z,y € B(w(t),8(t)), s €[0,7]

and let p(t) > 0 be such that ||w(s) — w(t)|| < 6(t)/2 if |s — t| < p(t). Com-
pactness of [0, 7] implies that [0,7] C B(t1, u(t1)) U+ -+ U B(tn, u(tn)) for some
t; € [0,7]. Let L = 2max; L(¢;) and § = min; §(¢;)/4. Note that if ¢ € [0, 7] and
z,y € B(w(t),26), then z,y € U and ||F(t,z) — F(t,y)|l < Lllz — yl|/2.

Define H(t,z) = F(t,w(t) + Rs(z — w(t))) for ¢t € [0,7] and z € X, where
R; is the retraction map as given in Theorem 5.1.4. ]

Existence for the initial value problem:

Theorem 5.2.2 For each ug € U there exist § € (0,T) and u € 8;,(0) such that
u(0) = uo. Furthermore, limy 00 SUP<s<g lun(t) — u(t)|l = 0 where ug € C([0,6],U)
are defined by u1(t) = ug and

up+1(t) = Q(H)ug + /OLQ(t — s)F(s,uk(s))ds for te][0,6], k=1,2,...

ProorF  Pick 7 € (0,T) and let w(t) = ug for t € [0,7]. Let § and H be as
given in Lemma 5.2.1 and let u € C([0,7], X) be as given by Theorem 5.1.2.
Continuity of u implies that for some § € (0,7] we have for t € [0,6] that
|lu(t) — w(t)|| < 4. Hence H(t,u(t)) = F(t, u(t)) and therefore u € §,,(6). If 6
is small enough, then (5.4) implies the 'Furthermore’ part. m]

Uniqueness for the initial value problem:

Theorem 5.2.3 If 0 < p < 0 < T, w € 8(p), u € Sn(0) and w(0) = u(0), then
w(t) = u(t) for t € [0, u).

PrROOF  Choose any 7 € (0, ) and let 6 and H be as given in Lemma 5.2.1. For
some 7' € (0, 7] we have ||u(t) — w(t)|| < & for ¢t € [0,7'] and hence H(t,u(t)) =
F(t,u(t)). Theorem 5.1.2 implies that u = w on [0, 7'], and hence we can choose
=7 o
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Continuous dependence on the initial value:

Theorem 5.2.4 Suppose 0 < 7 < u < T and w € 8,(u). Then there exist € > 0 and
C < oo such that for every z € B(w(0),€) there exists u € 8y, (7) such that u(0) =z

and
lu() = w(®)|| < Cllu(0) —w(0)|| for all te€(0,T). (5.8)

PROOF  Let 4, L and H be as in Lemma 5.2.1. Let C = max{MeML=9)" M}
and choose € € (0,6/C). Suppose £ € B(w(0),¢e). Let u = G(z), where G is as
in Theorem 5.1.2 and note that (5.8) holds. Since Ce < ¢, Lemma 5.2.1 implies
that H(t,u(t)) = F(t,u(t)) for t € [0, 7] and hence u € §,,(7). o

Solutions of real equations, with real initial conditions, are real:

Theorem 5.2.5 Suppose that Y is a closed real subspace of X such that
(1) (A=XN7Y CY for some A <a
(2) F(t,z) €Y whent€[0,T) andz €Y NU.
Suppose also that u € 8,,,(0) for some 6 € (0,T] and that u(0) €Y. Then
u(t) €Y forall tel0,6).

PROOF  Choose any 7 € [0,6) such that u(t) € Y for ¢ € [0, 7]. Theorem 5.2.2
implies that there exist § € (0,6 ~ 7) and v € C([0, 4),U) such that

) —u(r +A/ ds—/F(T+sv( ))ds forall te|0,d)
and that v = lim,_, vy, for some v, € C([0,8),U) given by v, (t) = u(r) and
mat(t) = QOu(r) + [ Qe F(r + 8,0(6))ds

fort € [0,6) and n = 1,2,... Since u(r) € Y, Theorem 4.6.1 and Corollary 4.2.5
imply that the range of every v, isin Y. Hence, the range of visin Y. Let w = u
on [0,7] and w(t) = v(t —7) for t € [r,7 + §). It is clear that w € S (7 + d).
The uniqueness Theorem 5.2.3 implies that w = u on [0, 7+ 6). Hence, u(t) € Y
for t € [0, 7 + §). Therefore, the supremum of such 7 has to be equalto . O

Maximal interval of existence:
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Theorem 5.2.6 Suppose ug € U. Then there ezist 7 € (0,T], u € Su(r) such
that u(0) = ug, and which also have the property that 7 > p for all p € (0,T)
for which there exists v € Sy (p) with v(0) = ug. Moreover, if 7 < T, then either
Iy IIF(t, u(t))|ldt = 0o or there ezists z € U\U such that limy,, u(t) = .

PROOF  Theorems 5.2.2 and 5.2.3 imply the first assertion. Suppose 7 < T
and fOT [|F(¢,u(t))||dt < co. The Dominated Convergence Theorem 4.2.7 and
(5.7) imply that there exists z € X such that lim_,, u(¢t) = z. Clearly z € U.
The proof will be complete if we show that the assumption z € U leads to
a contradiction. So, assume z € U, choose 7' € (7,T) and let u(t) = z for
t € [r,7']. Let § and H be as given in Lemma 5.2.1 applied to u € C([0, 7'],U).
Theorem 5.1.2 implies the existence of v € C([0, 7], X) such that

v(t) —ug + A/tv(s)ds = /t H(s,v(s))ds for tel0,7]
0 0

and its uniqueness implies that v = u on [0, 7). For some p € (7, 7'] we have that
v(t) € B(u(t),d) for ¢t € [0,p] and hence H(t,v(t)) = F(t,v(t)) for t € [0,p].
Therefore v € 8,,(1), which is a contradiction to the maximality of 7. a
Stability:
Theorem 5.2.7 Suppose a >0, € € [0,a/M], T =00, 6§ >0, B(0,6) CU and
|F @ 2l <ellzll for t>0, z € B(0,0).
Then for each z € B(0,6/M) there ezists u € 8, (00) such that u(0) = = and
lu(@)ll < Mljzlle™e=2"  for t>0. (5.9)

PROOF  Pick the maximal 7 for which there exists u € Sp,(7) satisfying
1(0) = z (Theorem 5.2.6). Note that for some p € (0, 7] we have that ||u(t)|| < é
for 0 <t < p. Let 7’ be the largest of such p. (5.7) implies

t
@l < Mefal) + Me [ eI u(e)]ds
0
t
tlu(t)| < Mzl + Me / *||u(s)|lds for 0<t<7
0

and therefore the Gronwall Theorem 5.1.1 implies the bound (5.9) for ¢ € [0, 7').
If 7/ < 7, then (5.9) implies that ||u(7')]| < M||z|| < d, which contradicts the
maximality of 7. Hence 7/ = 7. If 7 < oo, then obviously [I"[|F(¢,u(t))lldt <
co. Hence Theorem 5.2.6 implies that lim;,, u(t) = y € U\U, which is not
possible because ||y|| < M||z|| < 6. Therefore 7 = oco. a
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5.3 Example: Nonlinear Heat Equation

We shall discuss the initial value problem for
u(z,t) = Au(z,t) + f(u(z,t)) for zeR™, t>0

u(z,0) = uo(z) for z €R",
where f € C!((a,b),R) for some —co0 < a < b < oo.

The problem will be set in the real Banach space Cp. Let A, be the generator
of the contraction semigroup on Cy as given in Example 4.5.4 - but restricted to
real functions (Example 4.6.3). Observe that A, is equal to the closure in Cy of the
operator A, with the domain consisting of functions in the form c + v where ¢ € R
and v is a real valued, rapidly decreasing function.

Let U consist of those v € Cy such that

v = irzlfv(z) >a and vy =supu(z) <b.
T

Ifvel, then v_ —e > a and vy + € < b for some € > 0; hence
[1£(2) = f(w)llo < Lllz — wlloo for zw € B(v,¢)

where L = max,__c<z<v,4e [f'(2)].

Assume that ug € U.

Let 7 € (0,00] and u € 8,,(7) be as given by Theorem 5.2.6.

Theorem 5.2.3 implies that for every p € (0,7] this u is the unique element of
C([0, 1), C¢) which satisfies f;’ u(s)ds € D(Ag) and

t t
w(t) = up = Ag /0 u(s)ds + /0 flu(s)ds forall te[0,u).  (5.10)

So u is the solution of the original problem on average. By showing its regularity,
one can show, see Example 6.4.1 in the next chapter, that it is also the unique actual
solution.

(5.10) obviously implies that if 7 € [0,7) and @(t) = u(t +r) for ¢t € [0,7 —7),
then @ € §;(7 —r). Theorem 5.2.3 implies that this @ is the unique solution starting
at u(r). Thus we have the semigroup property.

Theorem 5.2.6 also implies that if the solution does not exist for all time, i.e.
T < 00, then either [ sup,|f(u(z,t))|dt = co or approaches to U\U, the boundary
of U. When, for example, f(u) = +e¥, then the solution either exists for all time or
else supgcy<, ||u(t)|lc = c0. When, for example, f is bounded and (a,b) = R, then
the solution exists for all time.

Let h(t) € R be the value of u(t) at infinity, i.e. h(t) = £(u(t)) where £ € C,* is as
defined in Example 4.5.4. The fact that £(Agv) = 0 for all v € D(A,), when applied
to (5.10), implies that h satisfies an ODE,

K(t) = f(h(t)) for te[0,7).
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When ug is a constant function, then the uniqueness of u implies that u(z,t) = h(t)
for all z € R and t € [0, 7). When, for example, f(u) =1/(1-u), b= —ocoand a = 1,
then the solution of the ODE is

h(t) =1 — /(1= h(0))2 — 2t,

which implies that 7 < (1 — h(0))2/2. The following Theorem 5.3.1 implies that
7 > (1 — sup, ug(z))?/2 for this f.

Theorem 5.3.1 If v,w € 8,(p), w(0) > v(0) and f' > 0, then w(t) > v(t) for
0<t<p.

PROOF  Suppose that r € [0,x) and that w > v on [0,7]. The proof will be
complete if we show that there exists 8 > 0 such that w > v on [0,7 + 6].
By Theorem 5.2.2 we can choose 9 € C([0,8,],U) such that 9;(t) = v(r),
t
Tpy1(t) = eAttu(r) +/ A=) f(5(s))ds for t€[0,6,], k=1,2,...
0

and 9 converge to some ¥ € 8,,(0,) with 5(0) = v(r). Here 0, € (0,x—r). The
semigroup property implies that 9(t) = v(r + t) for ¢t € [0, 6,).

Choose W € C([0,6y),U) in the same way and let § = min{6,,6,,} > 0.

In view of the integral representation of e2¢* (Exercise 4), we conclude that
e2tt preserves positivity. Hence

A (w(r) —v(r)) >0 for t>0.

If Wy > 0k on [0, 6], then using

t
Bry1(t) = Bg1(t) = €22 (w(r) — v(r)) + /0 e2Ut=3) (£ (i (s)) — f(Bk(s)))ds

and the fact that pointwise evaluations are bounded linear functionals on C;
gives that w41 > U4 on [0,6]. Since W, ¥k converge to w,? in C¢, we have
that w > v on [0,7 + 6). ]

We have the same stability result as for ODEs:

Theorem 5.3.2 If f(c) = 0 and f'(c) < O for some ¢ € (a,b), then for each p €
(0, —f'(c)) there ezists § > 0 such that if |up — clloo < 8, then u € 8yy(00) and

lu(t) — clloo < lluo — clle™  for t>0.
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PROOF Let A = —A; — f'(c) and F(v) = f(c+ v) — f'(c)v. Note that
le=4|| < ef'(©)t for t > 0 and that for € = —f(c) — p there exists § > 0 such that
IF®)loo < ellvlloo if [|v]loo < 8. Theorem 5.2.7 applies, giving v € 8 (00) 4,F
such that v(0) = up — ¢ and |[v(t)|eo < [[v(0)|lcce™. Using (5.6), it is easy to
see that v + ¢ € 8,,(00) and, by uniqueness, v + ¢ = u. m]

As for ODEs, we also have instability when f’(c) > 0. The tools needed to prove
this are developed in the next chapter. See Example 6.4.13.

5.4 Approximation for Evolution Equations

We shall approximate the solution u of
u'(t) + Au(t) = H(t,u(t)), u(0) =z, (5.11)

without using any a priori information about u. The original problem is set in a
Banach space X. We shall seek approximations in spaces X, which are usually finite
dimensional spaces in applications and hence this step is sometimes referred to as
space discretization. The approximation u, will satisfy

ul (t) + Apun(t) = PoH(t, Epun(t)), un(0) = Pz, (5.12)

where A,, is a bounded operator on X,, approximating A, P, denotes a ‘projection’
from X to X, and F, is an ‘interpolation’ that associates with each element of X,
an element of X. Using some minimal assumptions, it will be shown that E,u, — u.
(5.12) is typically an ODE which has to be integrated numerically. In actual numerical
applications it is usually preferred to discretize time ¢ at the same time as space X.
One popular way to do this is to use the explicit Euler method,

Un(t + 7o) — un(t)

+ Aqun(t) = PyH(t, Eyiin(t)).
So, if vX denotes the approximation of uy (k7,), then

oE = (1 — 1 Ap) vk + 1o P H (K, vF), 00 = Puz. (5.13)
A variant of the implicit Euler method is

w5+1 = (1 + EnAn)—l'UJZ + 5nPnH(k€n7wfl)7 w?t = I'nZ. (514)

We shall also prove convergence of both Envlf/ ™l and Enwg/ el 4o u(t).
The following assumptions about space discretization will be used:

(A) (a) X,X;,Xs,... are all real or all complex Banach spaces. All norms will be
denoted by || - ||.
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(b) P, € B(X, Xy), p € [0,00) are such that | P.z| < p|jz|| for n > 1, z € X.
(c) En € B(Xn,X), q € [0,00) are such that || E,z|| < q||z|| forn > 1, z € X,,.
(d) PrEsz =z forn>1,z € X,.

About A, it will be assumed that

(B) A, € B(X,) are such that for some M < oo, a € R we have

le=4n| < Me™® for ¢>0,n>1.

This is called the stability condition of approximations A,. While all norms are
equivalent in finite dimensional spaces, the equivalence is in general not uniform in
n. So the norms on spaces X, have to be chosen carefully in order to insure that the
bound in B does not depend on n. Observe that B and Theorem 4.3.2 imply that
(—o00,a) C p(A4n) for n > 1. A bit more restrictive condition will be needed to prove
convergence when the explicit Euler method is used.

The only connection between A and A, is represented by

(C) A is a densely defined linear operator in X and there exists Ay € (—00,a) N p(A)
such that for all z in a dense subset of X,

Jim || En(An — 20) ™ Paz = (4= 20) 'z = 0.

Note that C requires that the approximations A, can be used to solve the time
independent problem,
Au — du =z,

for all z in a dense subset of X. It turns out that this formulation of assumptions is
especially convenient to apply to the Galerkin method of approximating solutions of
parabolic and wave type equations (Sections 5.6, 5.7, 5.8). For finite difference ap-
proximations (Section 5.5), it can be more convenient to verify the following condition
instead.

(C’) A is a densely defined linear operator in X, Ag € (—o0,a) N p(A) and
lim ||ApPru — PoAu| = lim |E,Pyu—u|| =0 forall ue€ D(A).
n—00 n—oo

Lemma 5.4.1 Assume A and B. Then, C’ implies C.
PROOF  Choose z € X and let u = (A — Ag)~'z. Note that
En(Ap — X0) ' Paz — u = EpPou — u+ En(An — Xo) ! (PrAu — Ay Pau),

hence B, the bound in Theorem 4.3.2 and C’ imply C. ]
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The following is a version of the Trotter Theorem.

Theorem 5.4.2 Assume A, B and C. Then —A is the generator of a strongly con-
tinuous semigroup {Q(t)}s>0 on X. Moreover, ||Q(t)|| < pgMe=® for t > 0 and

lim sup e”||Epe™ 4"t Pz — Q(t)z|| =0 for all z € X, b€ (—o0,a).
n—oo tZO
PROOF  Abbreviate R,()\) = (An—A)"! and R()\) = (A—\)"!. Theorem 4.3.2
implies
|R.(A)™|| < M(@a—A)™™ for A<a,m>1,n>1 (5.15)

This implies that lim, 00 En Ry (Xo)Prz = R(A¢)z for every z € X.
If A € (—00,a) N p(A), then

EpRn(AN)Pn — R(A) =
(1 + (A = 20) EnRn(N) Po) (En Rn(X0) Pn — R(X0))(A — Ao) R(}).

Therefore,
if A € (—o0,a) N p(A), then JLr%oEnRﬂ()\)an =RMNz forz e X. (5.16)
(5.16) and (5.15) imply
if A € (—00,a) N p(A), then |[R(N)|| < pgM(a — A)7L. (5.17)

If p € (—o0,a) and p &€ p(A), then |R()A)|| should approach 400 as A goes from
Ao to u. However, by (5.17) this is not possible. Therefore, (—o00,a) C p(A).

Induction on m gives
nli)rgo |EnRn(A)"Poz — R(AN)™z|| =0 for z€ X, m>1, A<a. (5.18)
This and (5.15) imply that
RN <pgM(a—A)"™ for m>1, A<a.

Therefore, Theorem 4.3.5 implies that —A is the generator of a strongly contin-
uous semigroup {Q(t)}st>0 with the stated bound.

Choose now A < a, b < a,z € X. Since

dise-An<t-s>Rn(A)PnQ(s)R(A)z =" UIPLU(R(N) - BnBn(N)P2)Q(5)a,
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we have that
|| En Rn(N)(PaQ(t) — et P,)R(\)g|

t
/ =) E e (=) P (R()) — EnRn(M\)Pp)eQ(s)z ds
0

o0
<paM [T I(RY) - BuBa()P)EH Qs)allds
and the DCT implies
lim sup e[| E, R, (\) (P Q(t) — e A"t P,)R(\)z|| = 0. (5.19)
n—=00 450
Note that

" (EnRn(\)PaQ(t) — Q(t)R(N)R(N\)z
= (E,R,(N)P, - R(’\))eth(
= (EnRn(A)Pn — R(V)R(N)z

t
+ [ (BuBa)P, = RODEQ6)b — ROz ds.
0
Hence the DCT and (5.19) imply that

lim sup Q) R(N) — EpRn(Ne At P,)R(\)z| = 0. (5.20)
n—00 ¢>

Since

E,R,(A\)e 4"*P,R(\)z — Epe 4" P,R()\)?z
= Epe” 4P, (E,Ry(\) P, — R(\)R(\)z,

we see that (5.20) implies
lim sup e®||(Q(t) — Ene *"*P,)R(A)%z| = 0.
n—00 tZO

We are done because the range of R()\)? is equal to D(A?), which is dense in X
by Theorem 4.3.1. ]

For the explicit Euler method we will need a bit stronger assumption:
(B’) 7, € (0,00), An € B(X,) are such that for some M < oo, @ € R we have
(1= TAn)*| < Me™™™ for n>1, k>0;

moreover, lim; ,oo 7; = 0.
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Corollary 5.4.3 B’ implies B if a < (1 — e"™8) /7, for n > 1.
This Corollary follows from the following Lemma
Lemma 5.4.4 Suppose that X is a Banach space and that A € B(X) is such that
(1 —7A)|| < Me™®T  for k>0
for some T € (0,00), @ €R and M € [1,00). Leta < (1 —e™%)/1. Then
le#l < Me™® for >0
and
(1 — A g — e~ Atg|| < M3+l (4] A2z + || Az|]) for T€X,t>0.

PROOF Let B=1-7A. In view of (4.36) we have

e—At - e(B—l)t/‘r___,e-—t/‘reBt/‘r
X k|| Bk
- - t*||B
”‘,3 At” < e t/r§ : 7|.|kk!”
k=0
ol —ar /. \k
—t/T (te /T) —at
< Me kE_O—k! < Me™®.

Choose z € X and let e = B¥z — e=4%"g for k > 0. Induction implies

k-1
er = ZBje_A(k‘l—j)Tel for k>1
Jj=0

and, since a < @, we have

k-1
lexll < M2y~ e~27eek=1=0)7 ey || < kM2~ 1T ey .
=0

Note T
e1=z—TAz —e Az = / (t — 7)e At A%zdt,
0
lexll < 72 Me™7|| A%,

where 6; € (0,1). Hence,

llexll < T2kMBe=a*=14007)| A2 for k> 0.
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Thus, if t > 0 and k = [t/7], hence, 0 <t — kT < 7, then
| B g — e~ Atz|| < r2kMBe~ok—14007| A2 || + R (5.21)

where
t
R=|e g —e Az <M / e~%||Az||ds < TMe~%HalT|| Ag||.
kT

Using this in (5.21) implies the conclusion of the Lemma. ]

Theorem 5.4.5 Assume A, B’ and C. Then, —A is the generator of a strongly
continuous semigroup {Q(t)}:>0 on X. Moreover, ||Q(t)|| < pgMe~% for t > 0 and

lim sup €®||Ep(1 — o An)/™ Pz — Q(t)z|| =0 for all z € X, be (—o0,a).

n—00 >0

PROOF  We shall prove the statements of the Theorem first for the case when
a is replaced with a as given in Corollary 5.4.3. Taking the limit n — oo then
implies the original conclusion.

Abbreviate R, = (A, — o)~ and R = (A — Xo)™!. Taket >0, n > 1,
z € X and note

(En(1 = 70 Ap) /™1 P, — Q(8))R%z = I1n(t) — Ion(t) + Ian(t),
where

Lin(t) = En((1 — madn)¥™ — e AYR2P.z
Ion(t) En((1 = TaAp)t/] — =AY P, (E,R2P, — R*)z
I3, (t) (Ene~4"tP, — Q(t))R?z.

Theorem 5.4.2 implies that

: bt _
nll)ngostlzlge [Isn(t)] =0 for b<a.

Since )
1 on (8)]| < pgM (e=2™l/™] 4 &=2!)|| E, R} Paz — Ral,
(5.18) implies
lim sup e®||Ion(t)| =0 for b<a.
n—00 4>

Using Lemma 5.4.4 we obtain

I Lin(8)] < TagM3e™**21m (¢]| AL R Pac|| + || An Ry Pos]))
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and, since ||Rp|| < M/(a — Xo), [|AnRall <1+ |Xo|M/(a — Ao), We have
lim supe®||I;,(¢)]| =0 for b<a.
n—00 t>0

This proves the limit in the Theorem for z € D(A?), which is dense in X by
Theorem 4.3.1, and hence for all z € X. [m}

Convergence for the implicit Euler method follows directly from convergence for
the explicit Euler method:
Theorem 5.4.6 Assume A, B, C and that {e,}52, C (0,00), lim, 00 €n = 0. Then

lim supe®||E,(1 + endn) /57 Pz — Q(t)z|| =0 for all z € X, b€ (—00,a).
n—oo t>0

PrROOF  Choose N so that 1+ ae, > 0 for n > N. Define
A=A (1+ enAn)_1 for n>N.
Note 1 — e, Al, = (1 + €, 4,)7"; hence (5.15) implies
(1 — enAD)*| < M(1 4+ €na) "% < Me™®F for k>0,n>N,

where de,, < In(1+ae,,). Hence B’ is satisfied with 4!, e, in place of Ay, 7, for
n > N. Since |4, (An — Xo) 7| < 1+ |Xo|M/(a — Xo) and

(A = 20) ™" = (An = 20) ™" + £n A2 (An — 20)2(1 = AoenAn(An — Xo) )"

when n is large enough, we see that C is also satisfied with A, in place of A4,.
Thus, Theorem 5.4.5 implies the conclusion. O

For simplicity of presentation we shall assume that the nonlinearity satisfies

(D) 7 €(0,00), H :[0,7] x X — X is continuous and such that for some L < oo,

|H(t,z) — H(t,y)|| < L||lz—y| for 0<t<T, z,9€X.

Using Lemma 5.2.1 one can handle more general nonlinearity, see the example in the
next Section.

Note, when —A is the generator of a strongly continuous semigroup on X, then
D implies the existence of a unique mild solution of (5.11) on [0, 7] for every z € X,
see Theorem 5.1.2. Likewise, (5.12) has a unique mild solution on [0,7]. However,
since A, are bounded operators, Corollary 4.7.5 implies that the mild solution is
differentiable and satisfies (5.12).
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Theorem 5.4.7 Assume A, B, C, D and pick ¢ € X. Let u be the mild solution of
(5.11) and let u, be the solutions of (5.12). Then

lim sup ||Epun(t) — u(t)|| =0.

n—=00 0<t<r

PrROOF  Note that for ¢ € [0,7], n > 1, we have

¢
ug(t) = e Artp g +/ e'A"(t's)PnH(s,Enu(s))ds
0

t
u(t) = Q(t)x + /0 Q(t — s)H (s, u(s))ds. (5.22)
Hence
u(t) — Epun(t) = Q(t)z — Epe APz

+ / t(Q(t —5) — Epe (=9 P YH (s, u(s))ds
0

+ / t Ene A=) P (H (s, u(s)) — H(s, Enun(s)))ds.
0

Define
ma(t) = |lu(t) — Enua(t)l,
en= sup Q(t)z — Ene™ Py,
0<t<r
dn(s) = Sup 1(Q(t) — Ene™""*Po)H (s, u(s))|l < 2C||H(s,u(s))ll,

where C = pgM (1 + e7%7). Note that lim, ,o €, = 0 by Theorem 5.4.2, which
together with the DCT also implies that [ dn(s)ds = 0. Since

T t
Ta(t) <en +/ dn(s)ds + LC/ ro(s)ds for te€[0,7], n>1,
0 0

the Gronwall Theorem 5.1.1 implies

ralt) < (en + [ dnoyas) b

which completes the proof. O
Theorem 5.4.8 Assume A, B’, C, D and pick z € X. Let u be the mild solution
of (5.11) and let vk be given by (5.18). Then

lim sup ||E,vl/™ —u(t)|| = 0.

n—=00 g<t<r
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PrOOF Let B, =1—1,A,. Observe that forn > 1, k > 1,

k-1 ) )
vk = BEPoo + 1, ) BETYI P, H(jy, Env)).

=0

Hence, for t > 0,
[t/Ta]Tn

Enolt/™ = E,BY/™ Pz + / Di(t, s)H([s/Tn)Tn, Envl¥/™])ds

0

where Dy(t,s) = E,BY/™"1=/mlp  Using (5.22) we obtain

u(t) - Bt/ = zzm

where
Iin(t) = Q(t)z — E,Bl/™P,z
t
ba(t) = / Q(t — s)H(s, u(s))ds
[t/Tn]Tn

[t/Tn]Tn
In(t) = /0 (Q(t — 5) — Qt — [5/T)m — 7)) H (5, u(s))ds

[t/TnlTn
Im(t) = /0 (QUt = [5/ 7l — 7a) — Da(t, ) H (5, u(s))ds
[t/mn]n
In(t) = /(; D, (t,s)(H(s,u(s)) — H([s/Tn]Tn,u(s)))ds
[t/ )7
Ien(t) = /0 Dn(t, 8)(H([8/Tn)Tn, u(s)) — H([5/Tn)Tn, Enols/™))ds

Define 7, (t) = ||u(t) — E,,vg/T"]H, din = SUPg<s<; [ in(t)|| and let C be the upper
bound of

Q). IB-BY/ ™ Pull, |H(t,u@®)ll for te0,7), n>1.

Theorem 5.4.5 implies limy,_, o 81, = 0.
Note that do, < C%7, — 0 as n — oo.
Note that

Som < C /0 " IQUs/ Tl + 7 — ) — 1) H(s, u(s))lds;

hence the strong continuity of @ and the DCT imply lim,,_, o, 03, = 0.
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Note that
-
i < [ sup 1(Q() = BuBY/™ P H (s, u(s) s
0 0<t<r
hence Theorem 5.4.5 and the DCT imply lim,,_, o 84, = 0.

Since 05, < C [y |H (s, u(s)) — H([3/Tn)Tn, u(s))||ds, the continuity of H and
the DCT imply lim, o 85, = 0.

Since s
t
r(t) <38+ 1C [ rals)is
i=1 0

the Gronwall Theorem 5.1.1 implies

5
T (t) < Z&nebc’ for te[0,7], n>1,

i=1

which completes the proof. a

Theorem 5.4.9 Assume A, B, C, D, pick z € X and {en}52; C (0,00) such that
lim, o0 €n = 0. Let u be the mild solution of (5.11) and let w:‘, be given by (5.14).
Then o]
. [t/ma] _ —
n‘L"JOOZ‘:g, | Enwyy u(t)|| = 0.

Proor  This proof is identical to that for Theorem 5.4.8, with the following
obvious modifications: replace 7, by €., v by w, set new B, = (1 + e,,An)“1
and use Theorem 5.4.6 in place of Theorem 5.4.5. ]

5.5 Example: Finite Difference Method

We shall investigate the following parabolic equation:

u(0,t) =u(1,t) =0 for t>0

u(z,t) = a(z)uge(z,t) + F(u(z,t)) for 0<z<1,t>0 }
(5.23)
u(zr,0) =uo(z) for 0<z <1,

where a € C([0, 1], (0,00)), F € C}(R,R), F(0) =0 and

up € X = {f € C([0,1],R) | £(0) = f(1) = 0}.
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If uﬁ,i is to approximate u(i6n,km), 0p = nL“, then an obvious finite difference
discretization is

Wkt — b

i n,i .
—— = a(14,
Tn (0n) 02

k k k
Uy oo F U — 22Uy
mitl T il Tl p(ub;) for 1<i<n,n>1,k>0

uﬁ,():uﬁym_l =0 for n>1, k>0
u; =ug(idy) for 1<i<n, n>1
Assuming only the stability condition,

2mna(idn) < (5,21 for 1<i1<n, n>1, (5.24)

we shall prove that linear interpolations of uif,/.T"] converge to the mild solution u of
(5.23). Moreover, it will be shown that the convergence is uniform on any finite time
interval that is shorter than the time interval of existence of w.

Let || - || be the max norm on X and on X, = R", n > 1. Define a ‘projection’
P, € B(X, X,) by

(Pnf)i=f(16n) for 1<i<n,n>1
For n > 1, define an ‘interpolation’ E, € B(X,,X) by
(Bac)(@) = 6 + (& — i) — @) for i<E<i+1,0<i<n,
where ¢ = (cl,...,cn)T € X, and ¢y = cp41 = 0. Note that assumption A of

Section 5.4 is satisfied, with p =¢ =1.
For n > 1 define A, € B(X,) by

(Apc); = a(ién)?ci_—ci;'zl—;cg for 1<i1<n,
n

where ¢ = (c1,...,¢,)" € X, and ¢y = ¢py1 = 0. Note that
((1 - TnAn)C)i =(1- 27'11%‘%21)01' + Tnﬂ:{;‘ilcwl + Tn%lci—l;

hence

I — 7 Anll < max{|1 — 27, 2| 4 27, 20dn)y
1 n n
Therefore choosing 7, > 0 so that they satisfy the stability condition (5.24) implies
|1 = mmAn]| <1 for n>1.

Thus, assumption B’ of Section 5.4 is satisfied, with M = 1, @ = 0. Corollary 5.4.3
implies that B is also satisfied.
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Define A by

Af = —af" for feD(A)={fecC?0,1]]|f f"eX}.
It is easy to show that 0 € p(A) by showmg that

T _ 1 — )z
unE = [FEZ Dy + [ S iy o sex aep

Since the resolvent set is open, we have that A € p(4) when || is small. If f € D(A)
and n > 1, then for 1 <7 < n we have

(AnP,f — PLAf); = a%i"z(éﬁf”("‘s") + 2f(i6n) — f(i6p + 0n) — f(i0n — 0,))
. On
= S [ G e 8n) — 5738 + )
and hence the uniform continuity of f" implies that

lim [|4nPof - PaAf| =0 for f e D(A).

If f € D(A) and n > 1, then for i < & = <i+1,0<i<nwe have
(BnPnf = f)(@) = f(idn) + (& — O)(f (i + &2) — f(i6,)) — f(z)

T—10, 6,,
= / (38, +t) — f'(i6n + s))dt ds
|EnPof — £l < 6?,||f”||.

Therefore assumption C’ of Section 5.4 is satisfied and so is C by Lemma 5.4.1.

Theorem 5.4.5 implies that —A is the generator of a contraction semigroup. This
was shown independently in Example 4.3.9. Thus, Theorem 5.2.6 applies, giving the
mild solution u of (5.23) on the maximal interval of existence [0, Tpyez). Note, if
Tmaz < 00, then u and F(u) have to blow-up as t = Ty,0,. Lemma 5.2.1 implies that
for any 7 € (0, Tmqz) We can find a Lipschitz continuous nonlinearity H which agrees
with F in a neighborhood of v on [0, 7]. Theorem 5.4.8 implies that

lim sup | Epvlt/™] —u(t)| =0

n—o0 0<t
where vF is given by (5.13). Thus, for large enough n, E, E,vk/™ ™! is in the neighborhood
of u where F and H agree and therefore olt/™ = Ef{f"] for t € [0,7]. This proves
that linear interpolations of u[/ ™) converge uniformly to » on [0, 7].

It is natural to expect that in order to approximate u to a given tolerance it would
be optimal to choose about the same size space (8,) and time (7,,) steps. However, the
stability condition (5.24) requires that the time steps be much smaller than the space
steps. This is due to the use of the explicit Euler method for space discretization

(5.13). If one would choose the implicit version (5.14) instead, then there would be
no such restriction (any e, € (0, 00), such that lim,_, €, = 0, would do).
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5.6 Example: Galerkin Method for Parabolic Equations
Here the results of Section 5.4 will be applied to
u'(t) + Au(t) = H(t,u(t)), u(0)=r, (5.25)

where A is the operator associated with a sectorial form §. This covers most parabolic
equations set in a Hilbert space. See Section 3.7.

Assume that # is a Hilbert space with an inner product (-,-) and norm | - ||, [-,]
is an inner product on ¥V C H with the corresponding norm denoted by |- | and § is a
sectorial sesquilinear form on V such that hypotheses H1, H2, H3 of the section on
Sectorial Forms are satisfied. Here, assume in addition that

(H4) V1, Vs, - are finite dimensional subspaces of V such that

lim inf l[y—2/=0
n—00 z€Vn

for all y in a dense (in | - | norm) subset of V.

Observe that hypothesis H4 is exactly the same one as the one in Theorem 2.8.11,
where convergence of approximations of solutions of elliptic problems is proved. H1 -
H4 are assumed to be in effect throughout this Section. We shall first demonstrate how
assumptions A, B and C of Section 5.4 can be satisfied without imposing any other
conditions. Then a version of Theorem 5.4.7 that is suitable for obtaining Galerkin
approximations will be presented. Finally, in Example 5.6.2, it will be shown that the
Galerkin approximations can be used to deduce existence of solutions even when the
nonlinearity is not locally Lipschitz continuous.

Let X;, = V, be equipped with norm || - ||. Let P, be the orthogonal projection of
H onto X,. Let E, be the identity map from X, to X = H. Thus, assumption A of
Section 5.4 is clearly satisfied, with p = ¢ = 1.

Observe that assumptions H1, H2 and H3 remain valid, with the same constants,
if we replace both # and V with X,,. Let the operator A, € B(X,,) be the operator
associated with F-restricted to X,,. Hence, A, is defined by

(Any,2) =3F(y,2) forall y,z€ X,, n>1. (5.26)

(1) of Theorem 2.8.2 and Figure 2.1 imply that

1

Ap - NN € ——mm—
I =27 S e

for X <a+ MsM[2

Hence, the Hille-Yosida Theorem 4.3.5 implies that

e~ Ant|| < e~@+MsMIt for t>0 n> 1.
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This shows that assumption B of Section 5.4 is satisfied.
Theorem 2.8.11 implies that

lim |(An — A 'Pz— (A= MN)7lz|=0 forall z€ X, A<a+ MM
n—o0

K

hence C of Section 5.4 is also satisfied.
Therefore, all results of Section 5.4 are applicable. For example, by using (5.26)
to characterize the solution of (5.12), we can restate Theorem 5.4.7 as follows:

Theorem 5.6.1 Assume D of Section 5.4, choose any x € H and let u denote the
mild solution of (5.25). Then for every n > 1 there ezists a unique u, € C'([0,7], V)
such that for all z € V, we have (up(0), 2) = (z,2) and

(un(t),2) + B (un(t), 2) = (H(t, un(t)),2) for te0,7].

Moreover,

lim sup ||lu,(t) —u(¢)|| =0.
Jim, supfun(®) = u(0)]

EXAMPLE 5.6.2 We shall first prove convergence of finite element approximations to
the following parabolic equation:

uy(z,t) = uze(z,t) + G(u(z,t)) for 0<z<1,t>0
u(0,t) =u(1,t) =0 for t>0
u(z,0) =up(z) for 0<z<1,

where up € L%(0,1) is real valued, G € C*(R,R) and G' is bounded. Then it will
be shown how the condition that G' is bounded can be removed without losing the
existence of the solution and the convergence of approximations.

Let H be the real L?(0,1) and let V, §, [-,] be as in Example 2.8.1; hence, H1, H2
and H3 are satisfied.

For n > 1, let 6, = 1/(n + 1) and define V, C V as follows: v € V,, if and only if
v € C[0,1], v(0) = v(1) =0, v is linear on [idn, (i + 1)6,) for each i =0,1,...,n.

Lemma 2.11.1 implies that H4 is satisfied for all y € D(A), which is dense in V by
Theorem 2.8.2, and therefore we can apply Theorem 5.6.1.

Let ¢ be the hat function as in Section 2.11 and let ¥, ;(z) = ¥(z/d, —i). Note
that u, can be represented as
n
Un(2,8) = Y Cni(t)¥ni(T). (5.27)
i=1

Taking z in Theorem 5.6.1 to be ¢, j, 1 < j <n,n > 1 gives the ODEs,

n 1 n 1
Z C:;,i(t) / Yn,i(T)n,j(z)dT + ch,i(t)/ 1/}1,,,»(I)111$.,,~($)d$ = 0ngn,j(cn,. (),
i=1 0 i=1 0
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where

Ongn,j(cn,) = /0 G (Z Cn,i"/’n,i(z)) Yn,j(z)dz

i=1

with the initial conditions
n 1 1
3 eni0) [ Uil @)de = bubr; = [ (el s(@)de
i=1 0

which completely determine c, ;(t) for t > 0. Evaluation of those integrals gives

ac!  +ch iy s j — Cn,j+1 ~ Cnjj—
Cn,] + Cn,16+1 n,j—1 + 2Cﬂy] C"’(-;;'l Cn,j—1 = gn,j(cn,.) (528)
n

4cn,i(0) + cnj1(0) + enyj1(0) _,
6 - Ynyg

for 1 < j <n,n> 1, where cn0 = cp,nt1 =0 and

1
gn,j(Cn,.) = ./-1 G(cnj—19%(x + 1) + ca j9¥(2) + cnjn19(z — 1))Y(z)dz

1
bnj = / ({8 + 2b)b(a)d.
After solving (5.28) we obtain u, via (5.27), and Theorem 5.6.1 implies convergence of
un to the mild solution u on [0, 00). Note that it is numerically more difficult to solve
(5.28) than the corresponding finite difference scheme in Section 5.5. However, the
approach used here is directly applicable to a much larger class of parabolic problems.
Note also that, here, the initial value up can be any L? function.

Let us remove the condition that G’ be bounded from now on. Note that G may
not be even locally Lipschitz continuous in L? and hence nothing in this chapter may
seem applicable. However, observe that one can still solve the ODEs (5.28) and hence
obtain Galerkin approximations u, on at least some finite time interval. Now suppose
that one can show that

v= sup lun(z,t)| < oo (5.29)
0<x<1,0<t<T,n>1

for some 7 > 0. Choose ¢ € C*(R) such that ¢(z) = z for |z| < v and é(z) = 0 for
|z] > v+ 1. Define

G(z) =G(d(z)) for z€R

and note that G € C'(R,R) and G' is bounded. So we can apply the above theory
with G in place of G and obtain @, converging to the mild solution . However, (5.29)
implies that c, . also satisfy the modified (5.28) and hence, by the uniqueness for ODEs,
€n,- = cn,. on [0,7] and therefore @, = u, on [0,7]. Thus, u, converge to @ on [0, 7]
and @ can be interpreted as the mild solution on [0, 7] of the original problem.

Thus, when G’ is not bounded, everything depends on being able to establish the
bound (5.29). In some cases numerical evidence may be acceptable. It will be shown
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now that bound (5.29) can always be satisfied for some small 7 > 0 when uy € L*>(0,1).
To do this we will be using the max norm || - ||ooc on R". Define an n x n matrix B, by

B (i,i) =2, B,(i,i — 1) = -1, Bu(i,i +1) = —1.
Note that (5.28) can be written as
(1= iBn)ch. +8,2Bncn,. = gn,.(cn,.)-
A long but elementary calculation (Exercise 5) gives that
Q- §Ba)7'I<3 for n>1 (5.30)
Hence
¢y, + Dnep,. = (1- %Bn)“lgn,.(cn,.), (5.31)
where Dy, = §;2(1 — $Bn) ™! Bp. It can be shown (Exercise 6) that
llePrt|<2 for t>0,n>1.
This, (5.30) and (5.31) imply that

t
Cn,. (t) = e Prte, (0) + / e~ Dn(t=9)(1 — 1B,) " gn (cn,.(5))ds
0

1
llen,- (loo < 2llen, - (0)]leo + 6/0. l1gn,- (cn,- ()| ods.

Since cy,,.(0) = (1 — 2Bn) " bn,. and ||bs,.|leo < ||uollco we have

t
llen, Bl < 6lluolloo + 6/0 llgn,-(cn, (5))lloods- (5.32)

Pick any v > 6|uo|lo and let G, = max|z|<y |G(x)]. (5.32) implies that
llen, @)lleo < 6lluollo + 6G4
as long as ||cp,.(8)|lo < 7y for 0 < s < t. Hence, if 7 is such that
6lluollos +6GT =1,

then bound (5.29) holds and the Galerkin approximations u,, converge on [0, 7] to the
mild solution of the original problem.

5.7 Example: Galerkin Method for the Wave Equation

Here the results of Section 5.4 will be applied to

u’(t) + Au(t) = f(t,u(t),v'(t)), u(0) = up,u'(0) = vo, (5.33)

where A is the operator associated with a sectorial form F.
Assume that H is a Hilbert space, with an inner product (-,-) and norm || - ||, [, ]
is an inner product on V C ‘H with its corresponding norm denoted by |- | and § is

a sectorial sesquilinear form on V such that hypotheses H1, H2 on H3 of the section
on Sectorial Forms are satisfied. Here it is also assumed that
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(H4) V1, Vs, - are finite dimensional subspaces of V such that

lim inf |[y—2/=0

n—00 2€Vy
for all y in a dense (in | - | norm) subset of V.

These assumptions about H, V, V,, § are the same as in Section 5.6, where the
Galerkin method for parabolic equations was studied. In order for the wave equation
to make sense we also assume, as in Section 4.4, that there exists b < oo such that

I5(z,y) — F(y, 2)| < 2blz|llyl| forall z,yeV.

Assume, in addition, that 7 € (0,00), f: [0,7] XV x H — H is continuous and such
that for some L < oo,

£t z1,91) — F(t,z2,92)|| < L(lz1 — z2| + [lyr — well)

forall 0 <t <7, z; €V, yi € H. In applications one can, as in Example 5.6.2,
considerably weaken this condition on f.

Theorem 5.7.1 Choose any ug € V, vo € H. Then for each n > 1 there ezists a
unigue u, € C%([0,7],Vy,) such that for all z € V,, we have

(un(t), 2) + F(un(t), 2) = (F(t,un(t), un(t),2) for te(0,7]
[un(0), 2] = [ug, 2], (unh(0),2) = (vo, 2).
Moreover, there ezists u € C([0,7],V) N C([0,7],H) such that

lim sup (Jun(t) — u(t)| + [lun(t) — o' (D)) =0,

n—00 g<t<r

U(O) = Uo, uI(O) = Yo,

(u(-),2) € C*([0,7],C) for z€V,
2
2 (),2) + §u(t),2) = (F(Lu(®), W (), 2) for tel0r], zeV.

PROOF  Let X;, = Vn x V,. X, is a Hilbert space with an inner product

(e, 9} {z,w}) = [z,2] + (y,w).

Let this also be the inner product on X =V x H.
Let P, be the orthogonal (in V) projection of V onto V,,.
Let P, be the orthogonal (in ) projection of H onto V,,.
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Define P, € B(X, X,) by P,{z,y} = {P.z, P!y} and note that P, is the
orthogonal (in X) projection of X onto X,,.

Let E, be the identity map from X, to X and note that assumption A of
Section 5.4 is satisfied.

Define S : D(S) = X by D(S) = {{z,y} | € D(A),y € V} and
S{.’l},y} = {_ya Aﬂ:} for {zay} € D(S)

Observe that assumptions H1, H2, H3 remain valid, with the same constants,
if we replace both H and V with X,,. Let the operator A, € B(X,) be the
operator associated with F-restricted to X,. Hence, A, is defined by (5.26).
Define

Sn{z,y} = {-y,Anz} for {z,y} € X,.
Let us show that B and C of Section 5.4, with S, S, in place of A, A, hold.

Theorem 4.4.1 implies that there exist ¢, M € (0,00), which depend only on
b, a, My, My, M3, such that

I(Sn =N FI <M =¢)* for [A|>c, AER, n,k>1.
Hence, the Hille-Yosida Theorem 4.3.5 implies that
lle5"t| < Me® for t>0,n>1.

This shows that assumption B of Section 5.4 is satisfied.
Choose A < —c and {z,w} € X. Define

{zn, '.Un} = (Sn - )\)_an{z,w}, {12, y} =(5- ’\)_l{zyw}-

In view of Theorem 4.4.1’s proof note that —\? < a + MsM; 2 and that z =
(A+ X)~Yw — \2), y = —Az — 2, and similarly for z,, y,. Hence

|Zn —z| = [(An+ AN (PYw — APL2) — (A + 2%) 7w — A2)|
< |(Ap + 2271 Pw — (A + X)) (5.34)
HIA[(An + A2) 1Pz — (A4 271 (5.35)
+[M\|(An + X2)"Y(PLz — P2)|. (5.36)

Theorem 2.8.11 implies that expressions (5.34) and (5.35) converge to 0 as
n — oo. Lemma 2.8.10 implies that for some ¢; < oo, depending only on
A, a, My, M, M3, we have

[(An + X2)"H(Phz — Py2)| il Ppz — Pyl
er(|PLz — 2l + 1= — PAzl)
2¢)||Phz — 2|

<
<
<
< 20M|PLz — 2|
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which, by H4, converges to 0 as n — oo. Thus, expression (5.36) and hence
|Zn — z| converge to 0 as n — oco. Since

lyn — yll = 1Mz — 2n) + 2 = Ppz|l < My|A||z — zn| + Mi|z — P2l

we have that ||y, — y|| also converges to 0 as n — oo and therefore assumption
C of Section 5.4 is satisfied.

Define H(t,z) = {0, f(t,z)} for 0 < ¢t < 7, £ € X and note that D of
Section 5.4 holds. Let {u,v} be the mild solution of (5.33) as given by Theo-
rem 5.1.2, i.e. {u,v} € C([0,7],X) is such that

t t
{u(t), v(t)} — {wo, 0} + & /0 {u,0} = /0 (,1}.

Hence, u € C([0,7],V) and
¢
u(t) —ug — / v(s)ds =0
0
t t
u(t) —vo + A/ u(s)ds = / f(s,u(s),v(s))ds
0 0
Therefore u(0) = ug, u € C}([0, 7], H), v’ = v, ¥'(0) = vo and
u'(t) —v0+A/ ds—/fsu '(s))ds for te]o0,7]
If z € V, then, for t € [0, 7],
¢ ¢
00.2) ~ (0,2 +5 ([ wasz) = (76,6, )
0 0
Theorem 2.8.12 gives the representation §(z,y) = (BGz, Gy) for z,y € V; hence

5 ([ wonss) = (50 [ atcs).

Since u € C([0,7],V), we have that Gu € C([0,7],#) by Theorem 2.8.12, and
Theorem 4.2.10 implies G [u = [ Gu. Hence

5 ( /0 t u(s)ds,z) - ( /0 t BGu(s)ds,Gz) - /0 S (u(s), 2)ds

and therefore

(W (t),2) - (v0, 2 / $(u(s), 2)ds = / (F(s,uls), ! (s)), 2)ds,
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implying that u has all of the claimed properties.
Let {un,vn} € C}([0, 7], X») satisfy
{un, v} + Sn{tn,vn} = PoH(t, {un,vn}), {un(0),v,(0)} = Py{uo,vo},
i.e. v, = ul, and
Up + Antin = P f(t,un, un),  un(0) = Pruo, up(0) = Pyvo,

which is, in view of (5.26), equivalent to the formulation given in the Theorem.
Theorem 5.4.7 implies that {un,vs,} converge to {u,v} and this completes the
proof. O

5.8 Friedrichs Extension and Galerkin Approximations

Theorem 2.12.6 showed that an elementary algebraic condition implies convergence
of Galerkin approximations to the solution of an elliptic problem, where the elliptic
operator is the Friedrichs extension determined by the basis functions. The same
holds for parabolic and wave type equations. In the case of parabolic equations we
have:

Theorem 5.8.1 Suppose that
(a) H is a complex Hilbert space
(b) ¢n € H forn > 1, V, =span{¢i,...,¢n} and UV, is dense in H

(c) S is a linear operator in H with domain D(S) = US2,V, and such that there
ezist 7 € R and M € (0,00) such that

|Im (Sz,z)| < MRe(Sz —rz,z) for all z € D(S)

(d) T € (0,00), H:[0,7] xH — H is continuous and such that for some L < oo
IH(¢,z) - H(t,yll < Lllz —yll for 0<t<7, z,yeH

(e) T €H.

Then for every n > 1 there exists a unigue u, € C*([0,7], V) such that for all z € V,
we have (up(0),2) = (z,2) and

(uh (), 2) + (Sun(t), 2) = (H(t,un(t)),z) for te[0,7]

Moreover,

lim sup |lun(t) — u(?)ll =0,

n—)OOOStST
where u is the mild solution of u'(t) + Au(t) = H(t,u(t)), u(0) = = and A is the
Friedrichs extension of S.
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PROOF  Theorem 2.12.1 implies that all assumptions of Section 5.6 are satis-
fied. Hence, the assertions of the Theorem follow from Theorem 5.6.1. m

EXAMPLE 5.8.2 To see how easy it is to apply the above Theorem to even abstruse
problems, consider the following PDE:

us = (PoUuz)z + P1Uz + P2u + p3sin(Reu) for z€R, t>0
u(z,0) =g(z) for z€R,
where

(1) po,p1,p2,ps are complex valued functions in L®(R)
(2) po € C*(R) and py € L*(R)
(3) there exists ¢ € (0,00) such that

|p1(z) |2 + |Impo(z)| < 2Repo(z) for z€R
(4) g € L*(R) is complex valued.

Note that po can vanish on an interval.
Let H be the complex L?(R) and let

én(z) =2"'e /2 for n>1, z€eR.

Define V, = span{¢y,...,¢,} and D(S) = U,V,. Note that v € D(S) iff v(z) =
P(z)e‘*z/ 2 where P is a polynomial. Theorem 2.9.8 implies that D(S) is dense in H.
Define

Sv=—(pov') —=p1v' —pev for v e D(S).

If v € D(S), then

(o)
(s00) = [ mlo'F = puv'5 - pal
=00

Hence
Re (Sv,v) > w® — cwllv|lz — [Ip2lloollv]l3

IIm (Sv,v)| < c*w? + cwlvll2 + [Ip2lloo]Io]I3,

where w? = [ |v'|?Repo, w > 0. Thus, for any M > c? one can find r so that (c) is true
and hence Theorem 5.8.1 applies.
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5.9 Exercises

1.

Show that if X is a Hilbert space and R, is the retraction map given in Theo-
rem 5.1.4, then ||R,(z) — R.(y)|| < ||z — y|| for all z,y € X, r > 0.

. Give the sharp upper bound for the blow up time of the solution of

u(z,t) = Agu(z,t) + €Y for ze€R", t>0
u(z,0) = yp(z) for z € R",
where ug € C(R",R) is such that there exists limj;|_, uo(z) € R.
Give the sharp upper bound for the blow up time of the solution of
ui(z,t) = Agu(z,t) + u(z,t)? for z€R™, t>0

u(z,0) = up(z) for z € R",

where ug € C(R",R) is such that there exists lim|4|_, o uo(z) > 0.

. Prove that e®¢! has the same integral representation as @ in Example 4.1.5.

Suppose that
4ci+cy1+co1=6d; for 1<i<n, cp=cpy1=0.

Show that ¢; = 377, Gn(i,)d; for 1 <i <n, where

o (D)) f(n+1-4)
Ga(i,5) = Gn(4,9) = 6 FDf(n+1)

f(i) =M —A7" and A = 2+ /3. Show that this implies

ZIG =3 ”“L o
P S s

for 1<j<i1<m,

n+1
o + A2
Hence

max |c,|<3ma.x |-
1<i<

. Show that the solution of the following system of ODEs,

4+ g+ +2¢—cip1—co1=0 for 1<i<n, c=cnt1=0,

is

ci(t) =Z

n
(Ze Wkt sin(ike) sm(gka)) ¢;j(0) for 1<i<m, t>0,
k=1
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where
w _ 1-—coska o= T
k= 2  coska’ T+l

Show that
sup |ci(t)] < 1.09677269 max |c;(0)].
1<i<n,t>0 1<i<n

Derive and prove convergence of the finite element approximation for

Ju Pu 1 au
Bt 0z + + fle:t)

u(t,f) = g—’;w, )=
u(z,0) = uo(z),

where 0 <z < 1,¢ > 0 and f,ug are continuous. Let H consist of all measurable
functions v for which

1
/ z|v(z)|?dz < oo
0

and let the approximations be linear on intervals ] 1<i<n,n>2.

n’n

. Using basis functions cos(n — 1)wz, n > 1, prove convergence of Galerkin ap-

proximations for

ou % 16u
% o=t +f(1‘t)

Ou au

u(z,0) = uo(z),
where 0 < z < 1,¢ >0 and f,ug are continuous.

Using basis functions z™(1 — z), n > 1, prove convergence of Galerkin approxi-
mations for

o o2

5 = g (@)

w(0,t) = u(l,t) =0
u(:c,O) = ’u,o(iﬂ),

where 0 <z <1,¢> 0 and f,up are continuous.

10. State and prove the analog of Theorem 5.8.1 for the wave equation.



Chapter 6

Semilinear Parabolic Equations

In this chapter we will extend the results of the preceding chapter to allow for less
restrictive nonlinearities. While the exact definition of semilinear parabolic equations
is left for Section 6.4, its typical representative is

ug = Au + f(u, Vu).

The dominant term in the equation is the Laplacian, so, we need to control the
nonlinearity in terms of the Laplacian which leads one to study its fractional powers.
An equivalent approach is to define the nonlinearity in an interpolation space - a space
between the domain of the Laplacian and the basic space.

6.1 Fractional Powers of Operators

Definition 6.1.1 Suppose that —A is the generator of a strongly continuous semi-
group {Q(t)}¢>0 on a Banach space X and that

Q@) < Me™® for t>0

where a > 0 and M < oo. For such A define A® € B(X), for a € (—0,0), by
1 00
A%p = — / t7*71Q(t)zdt for z € X.
T(=e) s ®
Let &(X) denote the set of all such operators A in X.
Observe that when « is a negative integer Theorem 4.3.2 implies that the above
definition of A® agrees with its usual definition.

EXAMPLE 6.1.2 Let {¢1,92,...} be a complete orthonormal set in a Hilbert space #,
let Aj, Az, ... be complex numbers such that infx Re Ay > 0 and let a linear operator A
in H be defined by

[e <] [e <]
Az = Z/\k(z, or)pr for zeDA)={zeH]| Z | Ak (z, @k )2 < 00}
k=1 k=1

247
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In view of Example 4.1.6 we have that A € 6(X) and

1 o0
(A%z, ) = 'f'(—;)/ tmo e (g, pr)dt = A¥(z,0x) for k>1
—a) Jo
Hence,

0
A%z =) A (z,pk)pr for <0, z€M.

k=1

The formula in the following Theorem can actually be used to define fractional
powers of operators for operators in a bit larger class than &(X).

Theorem 6.1.3 If A € &(X), then

o - Sinma

o0
W / A A+ NN for ae(0,1).
0

PROOF  Theorem 4.3.2 implies that for all z € X

(A+ 271

/ ” e MQ(t)zdt (A >0)
0

(o] o0
/ / A= MQ(t)z dt dA
0 0

/ *te-10(1 — ) Q(t)z dt
0
I'(a)T(1-a)A %z

(o]
/ AT A+ Nz d)
0

Lemma 6.1.4 If A € &(X), then A*AP = A8 for o, 8 < 0.

Proor  For all z € X we have

a sp _ 1 * —a— B
A®APz = —I‘(—a)/o t=271Q(t) APz

= a)I" / / t7o71Q(t) s P1Q(s)z ds dt
= —-——(_a ,3)/ / t7 (o — ) P1Q(r)z dr dt

_ / / =2 (r — £)A-1Q(r)z dt dr

= m/ = P1Q(r)z dr = A*HPg,
—a- 0
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Lemma 6.1.5 If A € (X), then, for all @ < 0, A* is one-to-one and the range of
A% is dense in X.

PROOF  Pick —n < a. Since A™™ = AA™"* we have that R(A™") C R(A%).
Theorem 4.3.1 implies that R(A™") = D(A") is dense in X and so is R(A%).

If A% =0, then A=z = A™"" %A% =0, hence A"tz = AA ™"z =0,...,
and therefore z = 0. ]

This makes possible the following:

Definition 6.1.6 For A € &(X) and «a € (0,00) let A* be the inverse map of A™%,
i.e.

D(A%) =R(A™®), A®A ™%z =z for z€X.
Define A° to be the identity map on X.

EXAMPLE 6.1.7 When A is defined in a Hilbert space H, as in Example 6.1.2, then it
is easy to see that for every a > 0

A= 3 N @pen for 2€DA) = o€ U] S w0 < oo).
k=1 k=1
Theorem 6.1.8 If A € &(X), then
(1) A® is closed, densely defined, 0 € p(A®), (A®*)™1 = A~® for alla >0
(2) A%Q(t)r = Q(t)A%z for a € R, t >0, z € D(A%)
(8) D(A*) C D(AP) ifa > B
(4) APz = A% APz for a, B € R and = € D(AP) N D(A>+P)
(5) ||A%z|| < 2(M + 1)||Az||®||z||*~* for all a € [0,1] and = € D(A)
(6) for each A € R there ezists ¢ < co such that

lz — eMQ(t)z|| < c(1 + €M) t¥||A%z|| for a€[0,1], z € D(A®), t > 0.

PROOF  Definition 6.1.6 and Lemma 6.1.5 imply (1).

Definition 6.1.1 and Theorem 4.2.8 imply (2) when o < 0 and for a > 0 it
follows from the fact that (A%)~! = A=,

If a > 8> 0, then, by Lemma 6.1.4, A~* = A~# AP~* which implies (3).
When a <0, 8 <0, then Lemma 6.1.4 implies (4).
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When @ < 0, 8> 0, a+ 8 > 0, then A~ 84% = A5 applied to APz
implies A~*#A>ABz =  which implies (4).

When.a <0, 8> 0, a+ 8 <0, then AP A~P(APz) = A%(APz) implies
(4).

When a >0, 3 <0, a+ 8 > 0, then APA~>B8 = A~ applied to Az
implies A%z = A~*A%+Az which implies (4).

Whena >0, 3<0, a+ 8 <0, then A~®AtBz = APz for z € X which
implies (4).

When a@ > 0, 8 > 0, then A~PA~® = A~>F applied to A*Fz implies
A-BA-*AotBy — z which implies (4).
To prove (5) assume that z € D(A), a € (0,1). Theorem 6.1.3 implies
3 — (o]
Aozl = = ol < EEZD [Tetya s ) asan
0

Since [|[(A 4+ X)) < M/, |A(A+ X)L < M +1 for A > 0 we have

a m ¢ a—1 *® a—-2
—— < 1 d\ A*T*M || Az||dA
el iy < [ A 0r 4 ntslan+ | |z
< e (M 4+ D)lall + ¢ (1 - o)™ M g
l4%) < XM+ 1)al + e M| Az

for all € > 0. Minimizing this expression, see (3.15), gives the bound in (5).
To prove (6) let z =z — eMQ(t)z. (2), (4) and (5) imply

llzll = A=A 2| < 2(M + 1) || A%||' 2] A% 2|l

Hence, using ||A%z|| = || A%z — eMQ(t) A%z|| < M(1 + eM)||A%z|| and

A1z

1
(A-xnat / e Q(s)A%z ds
0

llA%~ "z

IA

t
o ] M| A%z|lds < &1 (1 + e[ A%
0

implies (6). a

The following Theorem is the key tool for obtaining bounds in terms of fractional

powers of operators - which are used to control the nonlinear term in semilinear
parabolic equations.
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Theorem 6.1.9 If A € (X) and B is a closed linear operator from X into another
Banach space Y such that D(B) D D(A) and that for some 8 € [0,1), ¢ < oo we have

IBzlly < cllAz|l’|lz|'~? for =€ D(A), (6.1)
then D(B) D D(A%) and BA~® € B(X,Y) for a > .
PROOF  Choose v € (3,1), v < o and = € D(A?). Theorem 6.1.3 implies
0o .
z=AT"A"z = / F()dA where f(\) = @A-W(A + M)Az
0

(6.1) implies that Bf € C((0,00),Y) and

IBfMlly < clA""AA+ XN AP A7 (A + 2 AP
< XTTA@A+ 2T+ 2P A

Since [|(A 4+ X)7Y| < M/(A +a), |A(A+N)1|| £ M +1 for A > 0, we have
IBfWlly < e(M + 1A\ +a)1|| 473
o0
/0 IBfWlydr < alld'].

Hence Bf is Bochner integrable on (0, 00) and therefore Theorem 4.2.10 implies
that ¢ = [ f € D(B) and ||Bz|ly < c1]|A7z||. Clearly, D(B) > D(A®) and

[BA™®|| = |[BAT"A™™*|| < a[| A7
[m}
EXAMPLE 6.1.10 Suppose p € (n/2,00), p > 1 and let I be the identity map from

LP(R") into Cg(R"). Note that I is closed. Using (3.14) and the definition of A in
Example 4.3.10 implies that

[Tulloo < clBullF lully * for ueD@).
Choose a > 0. Note that ||et|| < 1 for t > 0, ||A(a — A)~!|| < 2 hence
Iulloo < 2¢li(a - B)ullF lully * for ue DA).

Theorem 6.1.9 implies that, for every a > n/(2p), D((a — A)*) C Cp(R™) and there
exists ¢; < oo such that

Hulleo < cill(a—B)*ull, for € D((a—2R)").
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EXAMPLE 6.1.11 Suppose 1 <g<p< oo, f =13+ %(% - %) <land1 <k<mn
Let D(B) consists of all u € LY(R") such that Dyu exists and Dxu € LP(R"™). Define
B : D(B) c LIY(R") — LP(R") by Bu = Diu for u € D(B). Theorem 3.4.3 implies
that B is closed. Using (3.16) and the definition of A in Example 4.3.10 implies that

Bullp < cllBullfllull;™ for e D(A).

Theorem 6.1.9 implies that, for every a > 0, > 8, D((a — A)?) C D(B) and there
exists ¢; < oo such that

|Bully < cill(a ~A)*ully for ue D((a~1R)%).
Theorem 6.1.12 Suppose A, B € (X) are such that D(A) = D(B) and
I(4 = B)all < clAz|®llz|'~* for @€ D(4) (6.2)
for some a € [0,1), ¢ < co. Then D(AP) = D(BP) for all B € [0,1].

PROOF  Assume f € (0,1), z € X. Theorem 6.1.3 implies that
: 00
B Pz — APz = %’f / FOdA (6.3)
0

where f(A) = A™(B+))~!(A—~B)(A+A)~'z. Note that for some a > 0, M < oo
IA+X)Y <M/ +a), [(B+AN<M/(A+a) for A>0.
Hence (5) of Theorem 6.1.8 implies
IB(B+ A7 <ci(A+a)! for A>0
and (6.2) implies
(A-B)A+N 7 <aA+a)* ! for A>0
for some ¢; < oo. Thus ||[BAf(\)|| < AP\ + a)**P-2||z||. Hence BAf is

Bochner integrable on (0,00) and Theorem 4.2.10 implies that [ f € D(BP).
(6.3) implies A=Az € D(BP) and therefore D(AP) C D(BA).

Since we also have (Chapter 1, Exercise 15)
(A = B)z|| < cllAB7!||*||Bz|*||z]|'~* for =z € D(B)

the above conclusion implies D(B?) C D(AP). m]

Corollary 6.1.13 If A € &(X), b> 0 and a € [0,1], then D(A%) = D((A + b)®).
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One can actually show that (A+ b)*z has a limit as b — —a (see Definition 6.1.1)
for every z € D(A®), a € (0,1). This enables one to extend the definition of A%, a > 0
for the case when —A is the generator of a bounded strongly continuous semigroup.
A Theorem similar to Theorem 6.1.9 can be proved in this case.

Corollary 6.1.14 Under the assumptions of Theorem 2.8.6 we have
D((A — a)®) = D((A* — a)?) = D((A; — a)P) for B€[0,1].

PrOOF  Using the notation and assumptions as in the Sectorial Forms section,
we have for z € D(A),y eV

(A-Anz,y) = @(,y) - 3(v,2))/2
I((A—Ar)z,y)| < blzlllyll
I(A- Azl < bla|
(A - A4)e|® < 8 (F(z,2) - allz]|) /M3
= b ((Ar — @)z, 2)/Ms3
I(4* - Azl = (4 - Azl < M5 (A, — a)al] ] .
Hence Theorem 6.1.12 implies the conclusion. ]

Theorem 6.1.15 Suppose A is a sectorial operator and that a < b < Re ) for all
X € 0(A). Then, for every n > 1 there ezists ¢ < oo such that

(A —a)*e 4| < ct™e™® forall t>0, a€[0,n].

PrROOF Lemma 4.5.5 and Theorem 4.5.6 imply that A € A(b+ 6, M, 0, X)
for some 6 > 0, M and 6. Theorem 4.5.10 implies [e=4¢|| < cie~(*+9t and
Theorem 4.5.17 implies

(A —a)e™|| <co(l+ t7)e~ 00t < cap=le™® for t > 0.
Note that A —a € &(X). Theorem 4.5.14 and (5) of Theorem 6.1.8 imply
(A — a)%e 4| < cst™%™® forall >0, a€l0,1],
where ¢s = 2(c; + l)cg‘c}'“. If0<a<mn,thenforallt>0
(A—a)e 4t = ((A - a)%e_“‘%)n
(cat/m)~me)"

cZn"‘t‘“e"’t.

IN

(A - a)%e 4|
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To simplify notation the following definition will be used.

Definition 6.1.16 Let A be a sectorial operator in a Banach space X and a < Re A
for all A € 0(A). For a > 0, define X* = D((A — a)*) and

llzlla = (A —a)*z|| for ze€ X

(1) of Theorem 6.1.8 implies that 0 € o((A — a)®), hence, X is a Banach space
with the norm | - ||o. Corollary 6.1.13 implies that X® does not depend on the
particular choice of a. Different choices of a give equivalent norms || - || on X®
(Chapter 1, Exercise 15).

Lemma 6.1.17 If A is a sectorial operator and n > 1, then, there exists ¢ < oo such

that
lle= ANz — e~ Al < ce™EHh) 4 7o) ROeP =20 ||

whenever h >0, t >0, § € [0,1], a € [0,n], B € [0,a+ 4], z € XP.

PROOF  Choose a € R such that a < Re A for all A € 0(A). Define A; = A—a
and z = A¢(e~A¢Th) — ¢~At)z. Note that

2= (A‘I’H_ﬂe_““) (e~ Arhg—ah _ l)Al_éAfz.
Theorem 6.1.15 implies
l2ll < cxt? et (e Ak — 1) A7* A

and hence the bound follows from (6) of Theorem 6.1.8. O

6.2 The Inhomogeneous Problem - Part 11
Let us assume that A is a sectorial operator in a Banach space X, 7 € (0,00) and

f :[0,7] =& X is Bochner integrable and bounded. The purpose of this section is to
derive some basic properties of

v(t) = /Ot e~ AC=9) f(s)ds

which will then be needed to obtain regularity of mild solutions of semilinear parabolic
equations.

Theorem 6.2.1 v € C'~%([0, 7], X*) N C*([0, 7], X) for all @ € (0,1).
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PROOF  Suppose a < Re A for all A € 6(A) and A; = A — a. Note that

t t+h
o(t+h) —v(t) = / g1(s)ds + / g2(s)ds
0 t
for 0 <t <t+ h <7, where
91(s) = (e7AUTh=3) _ o=Al=)y £ () gy(s) = e~ AHR=9) £ (5).

Note that
t+h

Afgi(s) = —AAT! Altee 4 £ (5)du.

t—s

Hence the boundedness of f and Theorem 6.1.15 imply

t+h—s
A4Sl < o / wdy
t

—8

= a(lt-9)"~(t+h—-95)"/a

A% /(a - a?)

IN

t
/0 14%g1(s)llds

IN

t+h
c2 / (t+h—8)"%ds
t
= hl7%/(1-«)

t+h
/t 14Sg2(s)]ds

and Theorem 4.2.10 implies that v € C1~%([0, 7], X*). Since
ot + h) —v(@)]l < 14T lllo(t + R) = v(®)ll1-a

the above result implies that v € C*([0, 7], X). u]

Define .
G(t) = /0 A9 (1(s) - f(t))ds

and note that .
v(t) = G(t) +/ e A f(t)ds for te€[0,7]. (6.4)
0

Lemma 6.2.2 Ifv € (0,1), a € [0,v) and f € C¥([0,7], X), then, G(t) € X'** for
t € [0, 7] and AG € C*~°([0, 7], X*).

PROOF Choose 0 <t <t+h <7 and note

t+h
G(t+h)—-G(t) = /Ot g1(s)ds + /Ot g2(s)ds +/t " g3(s)ds (6.5)
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where
g1(s) = (7 A=) — =48 (f(s) - £ (1))
ga(s) = e (£ (1) — f(t + h))
ga(s) = e AR (f(s) — f(t + h)).
Since

A(e—A(t+h-—s) _ e—A(t—s)) — e—A(t—s)/ZA(e—A(h+(t—s)/2) _ e—A(t-—s)/2)
Theorem 6.1.15 and (4.39) imply that
[ Ag1(s)lla < c2h(t —s+2R) (t —5)" "2 .
Hence
t t/h
/ | Ag1(s)lads < coh”™® / (24 7)o dr < c3hv (6.6)
0 0

(3) of Theorem 4.3.1 implies

t
A /0 gas)ds = M1 — =AY (£ (1) — f(t + h)).

“A /0 tgz(s)ds

Theorem 6.1.15 and (4.37) imply

Hence

< esh?e, (6.7)
[s7

t+h t+h
/ [ Ags(5)lads < cs / (t+h — )= 1ds = c5(v — a)~Lh¥=,
t t

This, (6.7), (6.6), (6.5) and Theorem 4.2.10 imply first that G(t + h) — G(t) €
D(A) and then that AG € C*~%([0, 7], X?). m}

Theorem 6.2.3 Ifv € (0,1), @ €[0,v), € € (0,7) and f € C¥([0, 7], X), then

(1) v: (0,7) = X is differentiable, v' € C*~%([¢, 7], X*), v' € C([0, 7], X)
(2) v e C([0,7), X') and Av € C*([¢, 7], X)
(8) '+ Av= f on [0,7].
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PROOF  (6.4) and Lemma 6.2.2 imply that v(t) € D(A) and
Av(t) = AG(t) + f(t) —e A f(t) for te[0,7]. (6.8)
Thus, Av € C([0,7], X). Theorems 4.7.3 and 4.2.10 imply that

t t
v(t)+/ Av(s)ds:/ f(s)ds.
0 0
Hence v' + Av = f on [0,7] and v’ € C([0, 7], X). (4.38) implies that e~ 4 f €
C”([e, 7], X) which implies that Av € C¥([e, 7], X). (3) and (6.8) imply
V'(t) + AG(t) = e 4 f(2).

Hence Lemmas 6.2.2, 6.1.15 and 6.1.17 imply that v' € C*~%([¢, 7], X*). This
and Theorem 4.2.10 imply that v : (0,7) — X¢ is differentiable. m]

EXAMPLE 6.2.4 Consider an abstract delay equation of the form
u'(t) + Au(t) = F(u(t — 1)) for t>0, (6.9)
u(t) = ¢(t) for te[-1,0],

where A is a sectorial operator in a Banach space X, F : X* — X is locally Lipschitz
for some a € [0,1), ¢ € Cu([-1,0], X*) and ¢(0) € X? for some 3 > c.

Define vo(t) = ¢(t — 1) for ¢t € [0,1]. Having v, € C([0,1], X*) we can define
vnt1 € C([0,1], X*) by

t
Ung1(t) = e A, (1) + / e~ At F(u,(s))ds for te0,1], n> 0.
0

Since vp(1) = vp41(0) we can define u € C([—1,00), X*) by
u(t) =vp(t—n+1) for te[n-1,n)

It can be easily seen that
t
u(t) = e~ p(0) +/ e At F(u(s —1))ds for t>0
0

and hence Lemma 6.1.17 and Theorem 6.2.1 imply that u € Cgy([—1, 00), X*). Theo-
rems 6.2.3 and 4.5.14 then imply (6.9).

6.3 Global Version

When the nonlinearity is globally Lipschitz one can easily obtain global existence,
uniqueness and continuous dependence. This is done in Theorem 6.3.3. Using the
retraction map one can extend these results to locally Lipschitz nonlinearities - which
is done in the next section.
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Lemma 6.3.1 Suppose £ € (0,00), p > 1, h € LP(0,£) and 1 < q < co. Define
(Kg)(z) = [ h(z = s)g(s)ds for g€ L9(0,0), € (0,0).  (6.10)
0

Then, K € B(L9(0,£)), lim,_,c0 | K™||'/® = 0 and also K™ € B(L'(0,£), L*®(0,£))
where 1/m < 1—1/p.

PROOF Let g =h =0 in R\(0,£). Since h € L'(R) and Kg = h* g on (0, £),
Young’s Lemma 3.1.5 implies that K € B(L9(0,£)) and | K| < ||A|:.

Note K™g = hy, * g on (0,£) where hy = h and hp,4y = hp *h for n > 1.
Define 1/p, = 1 —n/m for 1 < n < m. We claim that h; € LPi(R) for
1 < i < m. This is obvious if 7 = 1. If the claim is true for some ¢ < m, then

1+1/pi+1 =1/p1 + 1/p; and hence Lemma 3.1.5 implies that the claim is true
for i + 1. Therefore h,, € L®(R), K™ € B(L'(0,£), L*(0,£)) and

[(K™g)(z)| < "hm"oo/o lg(s)lds.
Hence, for i > 1,

[[Am|lé

O /OI@ — ) g(s)lds for = € (0,0)

and “sz“ < "ehm“fx,/i!. Ife>0and n=1im+j, with0 < j <m—1, then
K < (IKI/eY e ™ s/ 25 0

and hence ||K™||'/" < ¢ for large enough n. a

Theorem 6.3.2 (Gronwall) Suppose £ € (0,00) and f € L*(0,£) is such that
f(z) < g(z) +/ h(z — s)f(s)ds for z€(0,¢) a.e.,
0

where h € LP(0,£), p > 1, h > 0, g € L(0,¢), q € [1,00]. Let K € B(L9(0,£)) be
given by (6.10). Then, f<(1-K) 'g=g+ Kg+ K?g+---.

PROOF  Note that f < g+ Kg+---+ K"g + K" for n > 0. Hence
Lemma 6.3.1 and Theorem 1.6.8 imply the assertion. m]
Theorem 6.3.3 Suppose A is a sectorial operator in o Banach space X, a € [0,1),

T € (0,00), H:[0,7] x X* = X 1is continuous and such that for some L < oo

|H(t,z) — Hit,y)| < Lllz = ylla for 0<t< T, o,y € X
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Then, for each ug € X there egzists a unique u € C([0, 7], X*) which satisfies

t
u(t) = e Mug + / e A=) H(s,u(s))ds for 0<t<r.
0

Moreover, if G : X* — C([0,7], X®) is given by G(ug) = u, then there ezxists ¢ < oo
such that

|G () (t) — Ol <cllz—ylla for 0<t< T, T,y € X~ (6.11)

PROOF  Abbreviate Y = C([0,7], X®) and note that Y is a Banach space
with the sup norm (Example 1.3.2). For u € Y define Tu by

t
(Tu)(t) = e Atug + / e A=) H(s,u(s))ds for 0<t<T.
0

Continuity in X of ¢ - e 4tuy and Theorem 6.2.1 imply that Tu € Y for
u €Y. Ifu,v €Y, then Theorems 4.2.10 and 6.1.15 imply

t
1(Tw)(t) = (Tv)(#)lle < 01/0 (t = 5)7|lu(s) — v(s)llads. (6.12)

Hence ||T9u — TYv||q < K¥|lu — v||o where K is given by (6.10), with h(s) =
€15~%, ¢ = co. Lemma 6.3.1 implies that | K™|| < 0.5 for some n and hence

[(T"w)(t) — (T"v)(t)l« < 0.5 Sup lu(s) —v(s)lla for O<t<T

Thus, the Contraction Mapping Theorem 1.1.3 implies existence of a unique
u € Y such that Tu = u.

Choose z,y € X* and let u = G(z),v = G(y). For 0 <t < 7 we have

t
[u(t) = v()lla < c2llz = ylla + 1 /0 (t = 8)%llu(s) — v(s)llads-

Hence the Gronwall Theorem 6.3.2 implies (6.11). m]

6.4 Main Results
In this section assume that

(1) A is a sectorial operator in a Banach Space X and a < Re X for all A € 0(A)

(2) €[0,1) and U is a nonempty open subset of X¢
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(3) T € (0,00), F:[0,T) xU — X is such that for every t € [0,T) and = € U there
exist 9 € (0,1] and c,d € (0,00) such that

IF(t2,22) — F(t1,21)|| < c(ltz = ta]” + llz2 — z1la) (6.13)
whenever t; € [0,T), z; €U and |t; — t| + ||zi — 2|« < 0 for i =1,2.
For 7 € (0,T) let 8(7) denote the collection of u € C([0,7),U) such that
u'(t) exists, u(t) € D(A) and v'(t) + Au(t) = F(t,u(t)) forall te (0,7). (6.14)

We shall refer to such equations as semilinear parabolic equations.

Observe that for u to belong to 8(7), the set of solutions of (6.14), it is required
that u be continuous in &/ and hence in X“. In applications one can usually choose
for a any number in a certain interval. It will be shown that the solution of an initial
value problem does not depend on a particular choice of a. Note also that it is required
that u(0) € Y. Hence, solutions with ‘rough’ initial values are excluded though they
may exist (Exercise 8). One can define 8(7) in various other ways. However, in order
to get uniqueness for a given initial value, some care is needed as Example 6.4.1 shows
[17]. Several otherwise excellent texts make false uniqueness claims (Henry [11, page
54], Pazy [20, page 196]).

EXAMPLE 6.4.1 Assume that a = 0,0 < a@ < 1, i = X“ and that F(z) = ||A%z||Pz.

For p > 1/a it is easy to find concrete examples such that fol g(t)dt = oo where
g(t) = ||A%e=Atz||P for some z € X (Exercise 9). In such a case define u(0) = 0 and

u(t) = (1 +p/tl g(s)ds) o etz

Then, u # 0 and

(a) weC([0,1),X)NC'((0,1),X)

(b) u(t) € D(A) and w'(t) + Au(t) = F(u(t)) for 0 < ¢ < 1

(c) F(u(+)) is Lipschitz continuous on (4, 1) for every § € (0,1)
(@) fy IF()lidt < oo.

Thus, this u and 0 are two different solutions of 6.14 with the same initial value. u
does not belong to the solution set §(1) because u is not continuous in U at ¢ = 0. For
a PDE version of this example see Exercise 10.

EXAMPLE 6.4.2 Assuming only that f € C'(R™!,R) and f(0) = 0 let us show that
uy = Au+ f(u,Vu) inR",¢t>0

can be formulated as a semilinear parabolic equation in the complex X = Cyo.
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Fix @ € (1/2,1) and let X* = D((1 — A)*). If u € X2, then, in view of Exam-
ple 6.1.11, D;u € X and we can define

F(u) = f(Reu,ReVu) € X forall ue X*
Choose any r € (0,00). In view of Example 6.1.11, there exists ¢ < oo such that if
w € X, then ||lw|| < ¢||lw|lo and ||Dsw|| < cljw||q for all i = 1,...,n. Let L be the
bound of all first order partial derivatives of f while each of its n + 1 variables lies in

the interval [—cr, cr]. Note that

1F(u) = F)|| < (n+ 1) Leflu — vlla i [ulla <7 and |Jv]la <7

Theorem 6.4.3 Suppose 7 € (0,T]. Then u € 8(7) if and only if u € C([0,7),U)
and

¢
u(t) = e~ 4tu(0) +/ e~ A=) F(s,u(s))ds for all te0,7). (6.15)
0
Moreover, if u € §(7), then
(a) v, Au,F(-,u) € Cy((0,7),X). Moreover, if one can always choose ¥ > 1—q
in (6.13), then, u : (0,7) — X" is differentiable and v' € Cy((0,7),X") for
everyn € (0,1 — )
(b) if v € [, 1] and u(0) € X7, then u € C([0,7),X").

ProoF Ifu € C([0,7),U) and f(t) = F(t,u(t)), then f € C([0,7),X). Thus,
if u € 8(7), then Theorem 4.7.1 implies (6.15).

Assume now that u € C([0,7),U) and that (6.15) holds. Note that
t
u(t) = e~Atu(0) + gt) where g(t) = / e=AM=5) £ (5)ds. (6.16)
0
Choose any 0 < a < b < 7. Since f € C([0,7), X), Theorem 6.2.1 implies
g € C'P([0,b), XP) forall Be€(0,1). (6.17)
Lemma 6.1.17 implies that fora < s <t < band 3 € (0,1) we have
lle=#*u(0) — e~ **u(0)ls < ¢t — 5)'~*

which together with (6.16) and (6.17) implies that u € C'#([a,b], X#). This
and the assumed regularity of F' imply that f is locally Holder continuous on
[a,b]. Hence, f € C¥([a,b], X) for some v € (0,1). Actually, if one can always
choose 9 > 1 — a in (6.13), then any v € (0,1) with v <1 — « will do. Let

t
o(t) = e~Atu(a) + / e A=) f(q 4 5)ds for te€ [0,b—al.
0
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Theorem 6.2.3 implies that v'(t) exists, v(t) € D(A), v'(t) + Av(t) = f(a + 1)
for t € (0,b — a) and that

Av € C¥([e,b —a], X), v € C*"([e,b—a),X") for €€ (0,b—a), n€[0,v).
On the other hand it is easy to see, by rearranging (6.15), that v(t) = u(t + a)
and since a, b are arbitrary we see that v € 8§(7) and (a) holds.

If v € (o, 1), then (b) follows from (6.16) and (6.17) and the continuity of
t = e~ Aty(0) in X7.

If 4 = 1, then t — e~ 4tu(0) is in C*~2([0, 4], X*) by Lemma 6.1.17. Hence,
(6.16) and (6.17) imply that u € C?([0,b], X*) for some B € (0,1). Thus,

f e C¥([0,b], X) for some v € (0,1) and therefore Au € C([0,b],X) by Theo-
rem 6.2.3. . m}

Now the results of Section 5.2 are going to be adapted to semilinear parabolic
equations.

Lemma 6.4.4 Suppose 7 € (0,T) and w € C([0,7],U). Then there exist § > 0,
L < oo and a continuous H : [0,7] x X* — X such that

(i) if t €[0,7] and ||z — w(t)||o <9, then z €U and H(t,z) = F(t,z2)
(i) |H (¢, z) — H(t,y)|| < Lllz - ylla for t € [0,7], z,y € X°.
PROOF  For ¢ € [0, 7] choose é(t) > 0 and L(t) < oo such that
z,y €U and ||F(s,z) - F(s,y)ll < L(t)l|z — ylla

when [|z—w(t)lla < 8(2), ly—w(t)lla < &(t) and |s—t| < 4(t). Let u(t) € (0,4(t))
be such that |lw(s) — w(t)|la < 6(t)/2 if |s — t| < p(t). Compactness of [0, 7]
implies that [0,7] C B(ty,u(t1)) U -+ U B(ts, p(ts)) for some t; € [0,7]. Let
L = 2max; L(t;) and § = min; 6(¢;)/4. A short verification gives that if ¢ € [0, 7]
and z,y € B(w(t),20), then z,y €U and ||F(t,z) — F(t,y)|| < L||z — y|la/2.
Define H(t,z) = F(t,w(t) + Rs(z — w(t))) for t € [0,7] and = € X, where
R; is the retraction map in X* (Theorem 5.1.4). a

Existence for the initial value problem:
Theorem 6.4.5 For each uy € U there ezist 6 € (0,T) and u € 8(0) such that

u(0) = uo. Furthermore, lim, o0 SUPg<y<gp llun(t) —u(t)|la = 0 where ux € C([0,6),U)
are defined by u)(t) = up and

t
ug41(t) = e Aty +/ e_A(t_’)F(s,uk(s))ds for t€(0,0), k=1,2,...
0
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PrOOF  Pick 7 € (0,T) and let w(t) = ug for t € [0,7]. Let § and H be as
given in Lemma 6.4.4 and let u € C([0, 7], X*) be as given by Theorem 6.3.3.
Continuity of u implies that for some 6 € (0,7] we have for ¢t € [0,0] that
llu(t) — w(t)|la < 6/2. Hence H(t,u(t)) = F(t,u(t)) and therefore u € $(8) by
Theorem 6.4.3. (6.12) implies that T is a contraction when 7 is small enough,
which implies that ||ux — w|la < 8 on [0,6] for k > 1 and that u; — w. O

Uniqueness for the initial value problem:

Theorem 6.4.6 If 0 < p < 0 < T, w € 8(u), u € 8(8) and w(0) = u(0), then,
w(t) = u(t) fort € [0,u).

PROOF  Choose any 7 € (0,4) and let § and H be as given in Lemma 6.4.4.
Let 7/ be the largest number in [0, 7] such that |lu(t) — w(t)|la < 6 for t € [0, 7').
Note that 7' > 0. Note that H(t,u(t)) = F(t,u(t)) and H(t,w(t)) = F(t,w(t))
for t € [0,7'). Hence, Theorems 6.4.3 and 6.3.3 imply that v = w on [0, 7).
Continuity of u — w and maximality of 7' imply that 7/ = 7. [}

Solutions of real equations, with real initial conditions, are real:
Theorem 6.4.7 Suppose that Y is a closed real subspace of X such that
(1) (A=XN7'Y CY for some A <a
(2) F(t,z) €Y whent€[0,T) andz €Y NU.
Suppose also that u € 8$(0) for some 6 € (0,T] and that u(0) € Y. Then
u(t) €Y forall te]|0,0).

PROOF  Choose any 7 € [0,0) such that u(t) € Y for t € [0, 7]. Theorems 6.4.5
and 6.4.3 imply that there exist 6 € (0,60 — 7) and v € C([0, §),U) such that

t
v(t) = e"Au(r) +/ e A=) P (7 + s,0(s))ds for all t€[0,d)
0

and that v = limp_,o0 Up for some v, € C([0,6),U) given by v1(t) = u(r) and

¢
Vg1 (t) = e Mu(r) + / e A=) P(7 + 5,0,(s))ds
0
fort € [0,0) andn =1,2,.... Sinceu(7) € Y, Theorem 4.6.1 and Corollary 4.2.5
imply that the range of every v, is in Y. Hence, the range of v is in Y. Let
w = u on [0,7] and w(t) = v(t — 7) for t € [1,7 + ). It is easy to see that
w € 8(7 + 4). The uniqueness Theorem 6.4.6 implies that w = u on [0, 7 + §).
Hence, u(t) € Y for t € [0,7 + §). Therefore, the supremum of such 7 has to be
equal to 6. O
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EXAMPLE 6.4.8 The solution of the generalized heat equation, given in Example 6.4.2,
is real when the initial value is real (see also Example 4.6.3).

Continuous dependence on the initial value:

Theorem 6.4.9 Suppose 0 < 7 < p < T and w € 8(u). Then there ezxist € > 0 and
¢ < oo such that for every x € X®, with ||z — w(0)||e < €, there exists u € 8() such
that u(0) = z and

lu(t) — w(t)lla < cllu(0) —w(0)lla for all t€(0,7). (6.18)

PROOF Let § and H be as in Lemma 6.4.4. Let c be as in (6.11) and let
e € (0,8/c). Suppose ||z — w(0)|la < €. Let u = G(z), where G is as in
Theorem 6.3.3. (6.18) follows from (6.11) and the fact that w = G(w(0)) on
[0, 7]. Since ce < § Lemma 6.4.4 implies that H(t,u(t)) = F(t,u(t)) for t € [0, 7]
and hence Theorem 6.4.3 implies that u € 8(7). O

Maximal interval of existence:

Theorem 6.4.10 Suppose ug € U. Then, there exist 7 € (0,T], u € 8(r) such
that u(0) = wo and which also have the property that 7 > p for all p € (0,T]
for which there ezists v € S(u) with v(0) = ug. Moreover, if T < T, then either
$Upgcicr [|F(t,ut))|| = oo or there exists z € U\U such that limy,, ||u(t) —z||o = 0.

PROOF  Theorems 6.4.5 and 6.4.6 imply the first assertion. Suppose 7 < T
and supgcic; [|F(t,u(t))|| < oo. Theorems 6.4.3 and 6.2.1 imply that there
exists £ € X* such that limy—,+ ||u(t) — z||a = 0. Clearly z € U. The proof will
be complete if we show that the assumption z € U leads to a contradiction. So,
assume x € U, choose 7' € (7,T) and let u(t) = z for t € [1,7']. Let § and H
be as given in Lemma 6.4.4 but applied to 7/,u € C([0,7'],U) in place of 7, w.
Theorem 6.3.3 implies existence of v € C([0,7'], X) such that

¢

u(t) = e~ 4tu(0) +/ e A=) H(s,v(s))ds for te€[0,7]
0

and its uniqueness implies that v = u on [0,7). Continuity of v — u implies

that for some p € (7,7'] we have that ||v(t) — u(t)|la < 6 for t € [0,z] and

hence H(t,v(t)) = F(t,v(t)) for t € [0,u]. Therefore Theorem 6.4.3 implies

that v € 8(u) - which is a contradiction to the maximality of 7. O

Stability:
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Theorem 6.4.11 Ifa > 0, T = oo and if for each € > 0 there ezists § > 0 such that
z €U and ||F(t,z)| < €||z|lo whenever z € X, ||lz]lo < & and t >0,

then there exist 1 > 0 and ¢ < oo such that for every x € X*, with ||z|lo < u, there
ezists u € 8(0o) such that u(0) = = and

lu@®lla < cllzllae™  for ¢>0.
PROOF  In view of Theorem 6.1.15 we can choose M, € (0,00) such that
”e—At" < Me_(‘”'o)t, ||(A _a)ae—At” < Mit—%e—@+0t  for £> 0.

Choose £ > 0 so that eM#*"IT'(1 — @) < 1 and let the corresponding § > 0 be
given. Choose p € (0,6) so that

2Mp < 6(1 —eMO*7'T(1 - ). (6.19)

Choose z € X with ||z]|o < p and pick the maximal 7 > 0 such that there
exists u € 8§(7) with u(0) = £ (Theorem 6.4.10). Note that for some 5 € (0, 7]
we have that ||u(t)||o <  for 0 <t < 7. Let 7' be the largest of such 7. Note
that for all ¢ € [0, 7')

l[w(t)lle

INA

t
Me= 0|zl + eM/ (t — 5) e (@O0 |y (s) || ods
0

A

t
elu@®lla < M||z||a+6M/(t—S)‘“e"’“")e‘”IIu(S)IIads
0

IA

M||z]|o +eMO*'IT(1 — a) sup e*||u(s)|a-
0<s<t

Hence

M| iz|la
as <
2, e S )

and therefore Mz pe—
z||ae
< .
lu(®)lla < 1—-eMO2-1I'(1 — @)
This, the fact that ||z]|e < p and (6.19) imply that ||u(t)|l« < 6/2 for t € [0,7').
Continuity of © and the definition of 7' imply that 7/ = 7. This implies that
|F(t,u(t)|| < ed/2 for t € [0,7) and that u stays away from the boundary of
U. Thus, 7 = oo by Theorem 6.4.10. m]

If the spectrum of A contains a point with a negative real part (the point does
not have to be isolated) and if F is genuinely nonlinear at 0, then we have instability:
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Theorem 6.4.12 Suppose that Rez < 0 for some z € o(A), T = co and that there
exist 8,0, M € (0,00) such that

z €U and |F(t,z)|| < M||z||5® whenever z € X?, ||z||o <& and t > 0.  (6.20)
Then there ezists ¢ > 0 such that for each € > 0 there exists u € 8(7) for which
lw@)|la <& |lu(®)la >c for somete (0,7), u(0) €Ny, D(A™).
PROOF  Define zy = —inf¢e,(4) Re¢ and choose A, i so that
O0<p<zg<X and p(l+6)>A\
Note that Theorem 6.1.15 implies that

(A - a)®e 4| < M t~%e*  for all t> 0. (6.21)

Since there exists ( € g(A) such that Re { < —u, we have, by Corollary 4.3.3,
that sup,.q ||e”4tz1|le # = oo for some z; € X. Define

Ty = (A—a) % Ay, =]z ze € NS, D(A),
a(t) = lle”*zllae™, b(t) = sup a(s).
0<s<t
Note that a is continuous, sup,sq a(t) = oo, a(0) = 1, |le"4¢z||, = a(t)er.
Pick ¢ € (0,6/3) so that

My =T(1 - a)(u(l +6) — \)*13MM,;(3c)? < 1. (6.22)

Let € > 0 be given.

Choose tg > 0 such that ea(tg)e#® > 2¢c. Find the smallest ; > 0 such that
a(t1) =1+ b(tg). Note that

t1 > to, a(t) <a(ty) for t €[0,t1), a(t1) = b(t1).

Choose ey so that gga(t;)e*! = 2¢ and note that g < ¢, €9 < 2¢ < 24/3.

Theorem 6.4.10 gives u € 8(7) such that u(0) = gz and 7 is maximal. Note
that ||u(0)|la = €0 < €. Continuity implies that there exists 7, € (0, 7] such that

llu(t)|la < 1.5e0b(t)ett for t € [0,71).
Let 7 be the maximal of such 7. Note that

lle(t)|la < 1.5¢0b(t)ett < 1.5e0b(t1)e*t =3¢ < 6 (6.23)
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for ¢t € [0,72) N [0,%1]. Hence, (6.20) and (6.21) imply

/t e_A(t's)F(s,u(s))ds

0

t
<MM / (t — 5)"*e =9 |ju(s)||L0ds
0

a

IA

t
MIM/ (t — 5)~*e*t=9) (1.5e0b(s)e”*) H0ds
0

t
< MyM(15eob(t))+ / (£ — )~ ME=s) (140 g
0
< MiM(1.50b(t)e!) 0 (1 — @) (u(1 + 6) — )@ !
< 0.5e0b(t)eH 3M M (3¢)°T(1 — o) (u(1 + 6) — A)*!

ob(t)et My /2. (6.24)
Therefore (6.15) implies that
lu(@)lla < (1 + M2/2)eob(t)e”t for t € [0,72) N[0, t]. (6.25)

If 79 < t;, then the continuity, the fact that My < 1 and the definition of 79
would imply that 7 = 7. However, in this case (6.23) and (6.20) would imply
both boundedness of F on [0,7) and that u stays away from the boundary of
U - which is not possible according to Theorem 6.4.10. Therefore 75 > t;. By
construction, [|e~4"u(0)||q = 2c. Hence (6.15) and (6.24) imply

2¢ < [lu(t1)lla + 0.5e0b(t1)e# = ||u(t1)lla + ¢
and ||u(t1)|la > c O
EXAMPLE 6.4.13 Since —A, is a sectorial operator (Example 4.5.4) in the complex C¢,

we see that the nonlinear heat equation (Section 5.3) is a semilinear parabolic equation
(a = 0) provided that we define F'(¢,u) = f(Reu) and modify I in the obvious way.

Since the solution u € 8,,(7), given by (5.10), is also the mild solution, we have, by
Theorem 6.4.3, that u € §(7) and hence

u'(t) = Agqu(t) + f(u(t)) for te(0,7).

If f(c) =0, f'(c) >0 and f' is Holder continuous near ¢, then o(—A¢ — f'(c)) =
[=f'(c),0). Hence Theorem 6.4.12 implies that the constant solution c is unstable.

6.5 Example: Navier-Stokes Equations

Velocity of a fluid u = (u1,ug,u3) and a scalar pressure p satisfy

u+ (u-V)u=-Vp+ Au. (6.26)
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The incompressibility of the fluid is specified by
V-u=0. (6.27)

These are the Navier-Stokes equations. We shall apply the results of Section 6.4 to
the case of a flow that is periodic in space and has 0 mean velocity.
The periodicity cell is taken to be = (—,7)3. Define

H0={u€L2(Q)|fQu=0}, H = Hy x Hy x Hy.

H is a Hilbert space with an inner product
(1) = (2m)"° [ w0t + 0075 + w75

where u = (u1,uz,u3) € H and v = (v;,v2,v3) € H. For k € 73 and u € H define
& (u) = (2m) 3 /Qu(:):)e"ik'xdz e C3.

Completeness of the Fourier series (Example 2.1.7) and Theorem 2.1.10 imply that

for every u € H,
) =Y l(w)ek” (6.28)

where 3" denotes, throughout this section, the sum over all k € Z3\{0} with conver-
gence in H and not necessarily pointwise. Note also that

=Y &) &) for uwveH (6.29)

and that u is real valued a.e. iff £x(u) = £_;(u) for all k € Z3.

A formal differentiation of (6.28) implies that in order for u to satisfy (6.27) we
should have

k-£(u) =0 forall ke Z3. (6.30)

(6.30) makes sense, unlike (6.27), for every v € H. Hence, the incompressibility
condition (6.27) will be replaced with (6.30). Let X consist of all u € H which satisfy
(6.30). Note that X is a closed subspace of H and hence a Hilbert space.

(6.30) suggests the following decomposition of a given v € H. For k € Z*\{0}
define py = —il(v) - k/k - k and note that

Ge(v) —iprk Lk, |€(v) — ipekl® + |pekl® = [k (v) ]
Lemma 2.1.4 implies that we can define u € H and p € Hy by

u(z) = Z(Ek(”) —ipxk)e*® and p(z Zpke (6.31)
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Note that u satisfies (6.30) and that
v=u+Vp
where Vp = i Y kpre* . Define Q € B(H) and II € B(H, H;) by
Qu=u and Ilv=p.

Observe that @ is a projection whose range is X, ||Q|| = 1, Q(Vp) = 0 and that u,p
are real valued if v is real valued. Using (6.31) and (6.29) it is also easy to see that
Q is self-adjoint.

A formal differentiation of (6.28) implies that

(Au)(z) = =Y |kPlk(w)e™*

and that Awu satisfies the incompressibility condition (6.30) when u satisfies it. This
suggests that we define the linear operator A in X by
(4) = {u € X | L|kl*|€x(u)|* < 0o}
) (6.32)
=Y k|2 (u)e*®  for u € D(A).

Using (6.29) it is easy to see that A is symmetric. Theorem 2.6.3 implies that A is
self-adjoint. Theorem 2.6.6 implies that o(A) C [1,00). By rearranging (6.32), so
that it fits Examples 6.1.2 and 6.1.7, we see that for all 8 > 0 we have

D(AP) = {u € X | T |Kk|* |6 (w)[* < oo}
' (6.33)
(ABu)(z) = 3 |k|?P e (u)e* = for u € D(AP).
Let us now analyze the (u- V)u term in (6.26). Note that
_ Oup Oun Oun _
((v-Vu)p =v1— o2, + ve 925 + v3 92 for n=1,2,3 (6.34)

where u = (uj,ug,u3) and v = (v1,v2,v3). As is usual in this section, we take
derivatives by formal differentiation of (6.28) and then we require that the resulting
series converges in H, i.e.

3u 2
az;(z)=21k b (u v > lkmti(u)n?* < oo.

Thus, in order that all du,/dz,, exist in H we should have 3 |k|2|¢(u)|? < co. Hence
(6.33) implies that we should have u € D(A'/?). (6.33) and (6.29) then imply

LE

n,m=

2
Oun

0T,

= (2m)3||AY2u|? for u € D(AYV?). (6.35)
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(6.28) implies A
(@) < 37 1e()e® ] = [k 7 k| |8k (v)]
and since Cp = (3 |k|7#)}/2 < oo for > 3/4 we have that
(@) < C3 > [k|* 1tk (v)[* = CFllAPv]?

[v(z)| < Cpl|APv|| for ve D(AP), B>3/4, z€Q. (6.36)
(6.34), (6.35) and (6.36) imply that (v-V)u € L?(Q)? and since

/ -V)u = / Y (v(z) - k) (u Jekdz = i(2m)* D (€ k(v) - k) (u) = 0
Q

we have that (v - V)u € H. We also have the bound
(v - V)ull < Cgll APl A ?u).
Since (6.33) and (6.29) imply | AY/2u|| < || APu|| we also have
(v V)u|| < CBIIABvHIIAﬂull for u,v € D(AP), B> 3/4. (6.37)

Fix now any @ € (3/4,1) and let X® be D(A%) with the usual norm. Define
F:X*— X by

F(u) = -Q((u- V)u).
Note that (6.37) implies

IF()] < Callul2 for ue X° (6.38)

1F(u) = F(o)|l £ Calllulla + lvlla)llu — vlle  for u,ve X (6.39)
Applying Q to (6.26) yields the following semilinear parabolic equation in X,

u' + Au = F(u). (6.40)

Let the initial velocity ug € X* be given. Theorem 6.4.10 implies that (6.40) has a
solution u € 8(7), on some mazimal interval [0,7), such that u(0) = ug. The solution
is unique by Theorem 6.4.6. If pressure is given by

p=—I((u-V)u),

then this pair u,p satisfies the Navier-Stokes equations.
Since o(A) C [1,00), Theorem 6.4.11 implies that if ||uo||e is small enough, then
the solution u exists for all time (T = 00) and that ||u(t)|lc = 0 ezponentially.
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If ug is real valued, then it is easy to see that Theorem 6.4.7 applies and thus u(t)
is real valued a.e. for allt € [0,7). Let us show now that when ug is real valued

lu@®)ll < e *luoll for te[0,7) (6.41)

independently of the size of the initial |Jug|la (it is an open question whether or not
T = oo also for large |luo|la). (6.41) is called the energy bound. The following
procedure for obtaining it is called the energy method and it can be adapted to many
other evolution equations. Note that

d
a||u||2 = 2Re (v/,u) = —2Re (Au,u) + 2ReR on (0,7) (6.42)

where R = (F(u),u) = —(Q((u- V)u),u). Since Q is a self-adjoint projection we have
that R = —((u - V)u,u). Using (6.28) gives

R=—(2m)% > (k- fpr—(w))8k(u) - O (u).
Y,

This, (6.30) and the fact that u is real valued imply that Re R = 0 and hence (6.42)
implies that

d

Euull2 = —2Re (Au,u) on (0,7).

(6.32) and (6.29) imply that (Au,u) > ||ul|?. Hence

2 () <0

which implies the energy bound (6.41).

6.6 Example: A Stability Problem

There are many journals devoted exclusively to studies of fluid flows. In their articles,
the governing equations are usually derived from the Navier-Stokes equations and
one topic frequently addressed is stability of a certain solution. In the preceding
Section 6.5 it was shown that the zero solution of the Navier-Stokes equations is stable.
Stability analysis of nontrivial flows is usually more demanding and in unbounded
domains an extra complication occurs which will be highlighted next.

Studying impulsive stretching of a surface in a viscous fluid leads to

¢e(z,t) — Puz(x,t) + ¢ (z,t) = Po(z, t) /01 ¢(s,t)ds for t>0,z>0. (6.43)

One solution of this equation is Crane’s solution e”*. We want to show that this
solution is stable for small perturbations.
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If g(z,t) = #(z,t) — e %, then (6.43) becomes

T T
Gt — Gz — g +€°° (gz +2g9 + /0 g) =-g°+ gz/o g (6.44)

It is required that ¢(0,t) = 0 and that g(z,t) decays as z increases.

To apply stability Theorem 6.4.11 or instability Theorem 6.4.12 one needs to have
the sharp lower bound on the spectrum of the linear operator different from 0. The
following argument suggests that this may not be the case for equation (6.44). The
spectrum of the following operator in H = L?(0, 00)

Agu = —uzy —ug for u € D(Ag) = W2(0,00) N Wg (0, 0) (6.45)

consists of those z € C such that (Im z)2 < Rez (Exercise 12). So, for this operator
Theorems 6.4.11 and 6.4.12 do not apply. The actual linear operator in (6.44) consists
of Ap and of a lower order perturbation of Ag. So it does not seem very likely that
the introduction of lower order terms would move the spectrum to the right - which
is needed to prove stability. In such situations specifying a different growth rate at
infinity can sometimes move the spectrum. After some experimentation, we find that
the following requirements will solve the problem

g(z,t) = e %/ ?u(z,t) and wu(-t) € L*(0,00). (6.46)
Thus, (6.44) will in effect be studied in a weighted L?. Using (6.46) in (6.44) gives

ut + Au = f(u) (6.47)
where .
Au = —uzz + e ug + ( % + %e" Ju + e"/2/ e5/2y (6.48)
0
T
flu) = —e™"2u® + (uy — u/2)/ e /2. (6.49)
0

Let V = W{(0,00). Define §:V x V = C by
(o] _ T
F(v,w) = / (v'w’ +v'we™ +vw( §+3e7T) + Ee_x/z/ e_s/2v(s)ds) dz.
0 0
Observe that if v € V and g(z) = [ e~*/2v(s)ds, then

(o¢] -
ReF(v,v) = Re / (Iv']* +v'Be™ + |v|2( 3 + 3% ) +3¢) dz
0

o0
1g(co)|? + Re / (WP + (1 + 3= ) + v'5e®) da
0

o0
Lg(oo) + /0 (/2 + Jof2( X + 262 )) do

7}”””%,2-

v
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Therefore, § is a sectorial form on V (M3 = 1/4, M; = 1, a = 0). Lemma 2.4.5
implies that the linear operator associated with § is the operator A, given by (6.48),
with the domain D(A) = W2(0,00) N W§(0,00). Theorem 2.8.2 implies that A is a
sectorial operator and that its spectrum is contained in the half-plane Rez > 1/4.

Integration by parts implies that we can express §(v,w) — F(w,v) as

o0 T T
/ (21;'@3‘z —vwe * + Ee'zﬂ/ e~/ ?y(s)ds — ve"‘/2/ e’sﬂw(s)ds) dz
0 0 0

which implies that
[8(v,w) = F(w,v)| < 4|lwll2llv]l2 forall w,veV.

Therefore Theorems 2.8.6, 2.8.12 and Corollary 6.1.14 imply that D(A'/2) = V and
that for some c € (0, 00) we have

¢ Hvllz < llvlhy2 < cllvlle for veV.

If v € V, then
¥ 2
lv(z)[? = 2Re /0 o' < 2ollallo2 < [lol22-

Hence ||v]|oo < ||v|l1,2 which implies that the nonlinearity f : V — H, given by (6.49),
is well defined
1£@)ll2 < 3llolh2llvllz < 3ellvl}/, for veV

and that

[1f(w) = f(0)ll2 < 3llw — vlh2(lwlh2 + llvll2) for w,veV,
implying that f is locally Lipschitz in V. Thus, (6.47) is a semilinear parabolic
equation (X = H, a =1/2, U =V) and therefore Theorem 6.4.11 implies stability of
the 0 solution of (6.47) and hence stability of Crane’s solution.
6.7 Example: A Classical Solution

We shall now study, in more detail, the following initial value problem:

ug(z,t) = Ugz(z,t) + g(u(z,t)) for 0<z <L 0<E<T, (6.50)
u(0,t) =u(f,t) =0 for 0<t<, (6.51)
u(z,0) =up(z) for 0<z <Y, (6.52)

while assuming that £ € (0,00), ug € W{(0,£) is real valued and g € Cl(R,R).
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In X = L?(0,£) define the linear operator A by

"

Av=—v" for ve D(A) = W2(0,£) nW(0,2).

Choose a € (1/4,1/2) and define Y = D(A*) = X“. In view of Exercise 7, there
exists ¢ < oo such that ||v]|e < c||v||a for v € U. Define F(v) = g(Rew) for v € Y and
note that

1F(v2) = F(on)ll < [lvz — 1]l m max ax |g'(r)]
whenever v; € U and |jv;]la < m. Note also that W (0,£) = D(AY?) C U and
that |jvll;2 = |AY2v)| = ||v'|| (Exercise 7). Thus, all assumptions of Section 6.4
are satisfied. Hence Theorem 6.4.10 implies existence of the solution v € 8(7) on
some maximal interval [0, 7). The solution is unique and real valued (Theorems 6.4.6,
6.4.7).
u is actually the solution of the abstract problem

u' + Au= F(u), u(0)=up.

It does satisfy the original PDE with a proper generalization of derivatives. In many
applications we do not really need to elaborate further on this point. However, there
are many important techniques that require more precise pointwise estimates of solu-
tions. Use of a maximum principle, described below, is an example of such a technique.
Let us demonstrate, through this example, how to obtain pointwise regularity of the
solution.

Since Theorem 6.4.3 implies that u(t) € W{(0,£), we may assume that u(-,t) is
continuous on [0, £] for all ¢ € [0,7).

Theorem 6.7.1 u € C([0,4] x [0,7),R) and us,uzz € C([0,4] x (0,7),R). Moreover
(6.50), (6.51) and (6.52) are satisfied pointwise.

PrOOF Choose 0 <z <¥¢,0<t<7ande>0. Theorem 6.4.3 implies that

u € C([0,7),X'/?). Hence u € C([0,7),Cp(0,£)) (Exercise 7) and therefore
there exists § > 0 such that

0Iga.xe|u(r t) —u(r,s)| <e/2 if se[0,7), [t—s|<d

This implies

[u(z,t) —uly,s)] < |u(z,t) —uly, )] + |u(y,t) — u(y,s)|
< Ju(z,t) —u(y,t)| +e/2.

Hence the continuity of u(-,t) implies that u € C([0,4] x [0, T)
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Theorem 6.4.3 implies that u : (0,7) — X7 is differentiable for n € [0,1— ).
In particular, we may choose 7 = 1/2. This implies (Exercise 7) that
u(r,t + h) — u(r,t)

I —d(rt)| =
B0 0<r<e h wirt) =0

and hence u; exists on [0, £] X (0, 7) in the classical sense. Since we have that u; €
C((0,7), X'/?), we can use exactly the same argument used to show continuity
of u to show that u, € C([0,4] x (0,7),R).

Observation Au = g(u) — u; € C([0,4] x [0,7), R) implies the rest. o

One can learn a lot about second order PDEs by pursuing the consequences of
a solution having a local maximum or a local minimum. There are many recipes
about how to do this, all of which usually go under the name maximum principle.
One version is represented by Theorem 6.7.2. Note that, in (2) of the Theorem, it is
assumed that only the indicated partial derivatives exist at the specified points and
that f is an arbitrary real valued function satisfying (5). If f.(z,t,r,0) is bounded
from above for z € (0,£), t € (0,T) and r € (—¢,0], then (5) is satisfied provided that
f(2,1,0,0) > 0.

Theorem 6.7.2 Suppose
(1) £,T € (0,00), v € C([0,£] x [0,T],R), D : (0,£) x (0,T) = [0,0)
(2) vi(z,t) > D(,t)vsz(, t) + f(z,t,0(z,t),v2(z,t)) for 0<z <0<t <T
(3) v(0,t) >0 and v(£,t) >0 for t € [0,T]
(4) v(z,0) >0 for z €0,

(5) for some € > 0, L € [0,00) we have that f(z,t,r,0) > Lr for r € (—¢,0),
z €(0,€) and t € (0,T).

Then, v(z,t) > 0 for all z € [0,£] and t € [0,T).

PROOF  Let us consider the case L = 0 first. Assume that v(zo,tp) < 0 for
some g € [0,4] and ¢ € [0, T]. Define

M({t)= m

= for t€[0,T).
oo in  v(z,s) for t€(0,T]

in
<z<{,0<s<t
Note that M is continuous, nonincreasing, M(0) > 0 and M(tp) < 0. Hence
we can choose t; € (0,T) so that M(t;) € (—¢,0). Pick now z2 € (0,£) and
to € (0,t1] so that v(z2,t2) = M(t1). Since v(-,t2) has a minimum at z we
must have v (z2,%3) > 0. Hence vy(z2,t2) > f(z2,t2,v(z2,%2),0) > 0 which
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implies that v(z9,3) < v(z2,t2) for some t3 < t3. Therefore, v(z2,t3) < M(t1)
which is a contradiction. This proves the Theorem when L = 0.

In general, define w(z,t) = v(z,t)e~’t and note that
wy(z,t) > Dwgg(z,t) + fi(z, t,w(z,t),wz(z,t)) for 0<z < 0<t<T

where
filz,t,r,8) = (f(z,t,re", sett) — Lrelt)e .

Since fi(z,t,7,0) > 0 if r € (—ee~LT,0) this reduces the problem to the case
L=0. [}
The proof of the following Corollary shows that uniqueness of the classical solution
of (6.50) - (6.52) follows immediately from the above Theorem 6.7.2.
Corollary 6.7.3 If T € (0,7) and w € C([0,£] x [0,T),R) is such that
wy(z,t) = wez(z,t) + g(w(z,t)) for 0<z <l 0<t<T,
w(0,t) =w(l,t) =0 for 0<t<T,
w(z,0) =ug(z) for 0<z <Y,

then w = u on [0,€] x [0,T].

ProoF Ifv = u—w and f(z,t,v) = g(w(z,t) + v) — g(w(z,t)), then the
assumptions of Theorem 6.7.2 are satisfied. Hence u — w > 0.

Ifv=w—uand f(z,t,v) = g(u(z,t) +v) — g(u(z,t)), then the assumptions
of Theorem 6.7.2 are satisfied. Hence w — u > 0. O
An easy exercise, left to the reader, gives
Corollary 6.7.4 If a € (—0,0], g(a) > 0 and ug > a, then u > a.

Corollary 6.7.5 Ifb€ [0,00), g(b) <0 and ug < b, then u < b.

6.8 Dynamical Systems

Let M be a complete nonempty metric space with metric d and suppose that a family
of maps R; € C(M, M), t > 0, satisfies

(a) Rp is the identity map
(b) Ri(Rs(z)) = Ry+s(z) forall z € M and t,s > 0



6.8. DYNAMICAL SYSTEMS 277

(c) the map t — R:(z) belongs to C([0,0), M) for every z € M.

Such families of maps are called dynamical systems on M.
A strongly continuous semigroup of linear operators on a Banach space is an
example of a dynamical system. Here is a nonlinear example:

EXAMPLE 6.8.1 Suppose that g € C*(R, R) is such that g(a) > 0 and g(b) < 0 for some
—00 <a<0<b<oo. Let M be the set of all v € W} (0,1) such that a < v(z) < b for
all z € [0,1]. M is a complete metric space with metric given by the W¢(0,1) norm.
Corollaries 6.7.4 and 6.7.5 and Theorems 6.4.10 and 6.7.1 imply that for each ug € M
there exists u € C([0, 00), W3 (0, 1)) such that

ug(z,t) = ugz(z,t) + g(u(z,t)) for 0<z<1,0<t< 0

u(0,t) =u(l,t) =0 for 0<t< oo,
u(z,0) = up(z) for 0<z<1.
Define R;(up) = u(-,t). Continuous dependence Theorem 6.4.9 implies that R; €

C(M,M) for t > 0. Uniqueness Theorem 6.4.6 implies (b) and hence R;, t > 0, is a
dynamical system on M.

‘We shall now introduce some basic notions used to study dynamical systems.
The orbit of z € M is defined by

v(z) = {Ru(z) | t > 0}.

z is said to be an equilibrium point if y(z) = {z}. Define w(z), the w-limit set
for £ € M, to be the set of those y € M for which there exist ¢, € (0,00), n > 1, such
that

lim t, =00 and lim Ry () =y.
n—oo0 n—oo

A set A C M is said to be positively invariant if R,(A) C A for t > 0. A set
K C M is said to be invariant if for each £ € K there exists u € C(R, K) such that

u(0) =z and Ri(u(s)) =u(t+s) for t>0, seR.

Theorem 6.8.2 If the orbit of € M is relatively compact, then w(z) is nonempty,
compact, connected, invariant and lim;_, o, dist(Re(z), w(z)) = 0.

PROOF  Relative compactness of y(z) implies that w(ug) is not empty.

Suppose 2, € w(z) for n > 1. Pick t, > n such that d(R;,(z),2n) < 1/n.
Relative compactness of () implies that a subsequence {R, (z)} converges to
some z € w(z). Clearly, z,, — z. This proves compactness of w(z).

Suppose there exist disjoint open sets A, B in M such that both w(z) N A
and w(z) N B are nonempty and that w(z) C AU B. Then, for each n > 1 we
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can find to,_; > n and ton > top—1 such that Ry,,_,(z) € A and Ry,,(z) € B.
Continuity of R.(z) implies that {R:(2)}s,,_,<t<t,, is connected. Hence there
exists s, € (tan—1,t2n) such that R, (z) € AU B. Relative compactness of y(z)
implies that a subsequence of {Rs,(z)}n>1 converges to some y. Now, this y
should belong to both the closed set (AU B)¢ and w(z) - which is not possible.
So, such sets A, B cannot exist and therefore w(z) is connected.

Pick yo € w(z) and a sequence {t,}n>1 such that t, — co and Ry, (z) — o
as n — 0o. Let Ag = N. For m > 1 let A, be an infinite subset of A;;,_; such
that {R:,—m(z)}nea,, converges to some ym, € w(z). Let ng =1 and for m > 1
pick ny, € Ap so that ny > ny,_1. Note that n; € Ay, for 4 > m and hence

ym = lim Ry, _pm(z) forall m>0.
i—00 :
Continuity of R;ym, R;+x and the semigroup property imply
Riym(ym) = lim Rypm(Re, —m(z)) = lim Rypk(Re, —k(2)) = Revr(yk)
1—00 1—00

whenever t > —m and t > —k. This enables us to define u € C(R,w(z)) by
u(t) = Riym(ym) for t > —m, m > 0. This u has the required properties.

If Ri(z) would not converge to w(z), then there would exist ¢ > 0 such that
for each n there exists t, > n for which dist(R;, (z),w(z)) > c¢. This is not
possible because relative compactness of y(z) would then imply that {R;, ()}
would have a subsequence converging to some y € w(z). Therefore, Ri(zx)
converges to w(z) as t — co. m]

We say that V € C(M,R) is a Liapunov function for R;, t > 0, if

(i) the mapping t — V(R(z)) is nonincreasing on [0, 00) for every z € M

(i) inf;>0 V(R¢(z)) > —oo for each £ € M

(iii) £ € M is such that V(R(z)) = V(z) for t > 0 then z is an equilibrium point.

The conditions ii) and iii) are sometimes omitted in the literature. However, one can
sometimes find additional conditions attached.

Theorem 6.8.3 If Ry, t > 0, has a Liapunov function, then every nonempty w-limit
set consists of equilibrium points only.

PROOF  Let w(z) be nonempty and let V be the Liapunov function. Note
that there exists ¢ € R such that V(y) = ¢ for all y € w(z). Pick yo € w(z)
and a sequence {t,}n>; such that ¢, — oo and Ry, (r) — y as n — oo.
Since Ry, (z) = Ri(Ry,(z)) = Ri(yo), we see that Ry(yo) € w(z) and hence
V(Rs(yo)) = c for all t > 0. Thus, yp is an equilibrium point. m]
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R, € C(M,M), t >0, is said to be a gradient system on M if it has a Liapunov
function and if the orbit of every z € M is relatively compact.

Various evolution equations generate gradient systems. Webb [32] has shown that
a damped nonlinear wave equation is one such equation. A detailed analysis of this
and various other gradient systems has been done by Hale in [10]. Here we shall now
give an example of a semilinear parabolic equation that generates a gradient system.

6.9 Example: The Chafee-Infante Problem
We shall study the following PDE
ug(z,t) = ugg(z,t) + g(u(z,t)) for 0<z <L 0<t<T,
u(0,8) =u(f,t) =0 for 0<t<T,
u(z,0) = up(z) for 0<z <Y,
while assuming that ug € W{(0,£) is real valued, g € C'(R,R) and that there exist
a € [0,7%¢72) and b € R such that
T
G(z) = 2/ g(s)ds <az’+b forall z€R. (6.53)
0

As in Section 6.7, we are going to set the PDE as a semilinear parabolic equation

in X = L?(0,¢), with the linear operator A given by
Av=—v" for wve D(A) = W?0,0) NW(0,0),

a € (1/4,1/2) and U = D(A%) = X Theorem 6.4.10 implies existence of the
solution © € 8§(7) on some maximal interval [0,7). The solution is unique and real
valued (see Theorems 6.4.6, 6.4.7, 6.7.1 and Corollary 6.7.3).

For real valued v € W} (0, £), define

£
W) = /0 ((@'(z))? - G(v(x))) dz. (6.54)

Lemma 6.9.1 W(u(-)) € C([0,7),R) and %W(u(t)) = 2|/ (t)||? for t € (0,7).
PROOF  Choose 8 € (0,7) and t3,%2 € [0,6)].
Let h(t) = (Au(t),u(t)) = foe(uz(:c, t))?dz. Since A is self-adjoint we have
h(tz) — h(t1) = (u(tz) — u(t1), Au(t2)) + (Au(ty), u(tz) — u(t1))-

Hence the differentiability of u and the continuity of Au (Theorem 6.4.3) imply
that A’ = 2(u', Au) on (0,7). u € C([0,7), W¢(0,£)) implies k € C([0,7),R).
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Define k(¢ fo u(z,t))dz and note that k(t2) — k(t1) equals

/ / w(z,2) — u(@, 0))g(ulz, t) + O(u(z, t2) — u(z, 1)))d8 dz.

Hence
k(ta) — k(t1) = 2(u(t2) — u(t1), g(u(t1)) + etc).

To estimate the etc term define ¢ = maxo<i<g [|4(t)||o and note that

lete| < |u(z, t2) — u(z, )| max lg'(s)1/2-
Thus, k' = 2(v,g(u)) on (0,7) and k € C([0,7),R). O
Theorem 6.9.2 7 = oo, igg le(®)ly/2 < 0o and %IggW(u(t)) > —bl.
PROOF  (6.53) and Example 2.8.8 imply

£ £ £
/ G(u(z,t))dz < bl + a/ u(z,t)%dr < bl + alf21r_2/ ug(z,t)%dz.
0 0 0
Hence
£
(1- a£21r'2)/ ug(z,t)%dz < bl + W (u(t)) for te(0,7).
0

Since Lemma 6.9.1 implies that W (u(t)) < W (uo), we have that ||lu(t)|l,/, is
bounded and hence g(u(t)) is bounded for ¢ € [0,7). Theorem 6.4.10 implies
that 7 = oo. a

Thus, if we define Ry(up) = u(t), then Ry € C(W(0,£),W}(0,8)), t > 0, is a
dynamical system on W (0, £). Moreover, W is a Liapunov function for R;.
Lemma 6.9.3 The orbit {u(t)}:>0 is a relatively compact subset of Wy (0,£).

PrROOF  Choose § € (1/2,1). Boundedness of g(uz) (Theorem 6.9.2), Theo-
rem 6.1.15 and (6.15) imply that there exists ¢ < co such that

t
|APu(t)|| < ct=Pe™™ + c/ (t—s)Pe™t=9)ds for t>0
0

where r € (0,72£72) (recall that o(A) C [72£72,00)). Thus, {||APu(t)|}e1 is
bounded. Compactness of A~} (Example 2.8.3) implies that {Al/ 28 APu(t) }esa
is relatively compact in X (Exercise 5). Since the continuity implies that
{AY2u(t)}o<t<1 is compact in X, we are done. o
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Therefore, R;, t > 0 is a gradient system on W{(0,¢) and Theorems 6.8.2 and
6.8.3 imply

Theorem 6.9.4 w(u), the w-limit set for ugy, is a nonempty, compact, connected
subset of W (0,£). Moreover,
lim inf [lu(t) —vll;2=0

t—00 vew(uo)

and if v € w(ug), then v € D(A) and Av = g(v).

Thus, to study the limiting behavior of u we need to study solutions of the steady
state equation

v"(z) + g(v(z)) =0 for z€[0,4, v(0)=uv(£)=0. (6.55)

Observe that if v satisfies (6.55) and if v'(z¢) = 0 at some zo € (0,£), then v is
symmetric around zy, i.e. if w(z) = v(2zp — z) then w = v near zy by the uniqueness
of the initial value problem at zj. Suppose now that the solution of (6.55) has a
maximum M > 0. Choose the smallest zo € (0, £) such that v(z¢) = M. By continuity
there should exist z; € (0,zo) such that v > 0 on [z, Z¢] and, by symmetry, v' > 0
on [z1,Zo). Let z; be the infimum of such z,. Note that v(z2) = 0 and v’ > 0 on
(z2,z9)- Multiplying (6.55) by v’ and integrating gives

(@)% 4+ G(v) = G(M). (6.56)
Hence v'(z) = v/G(M) — G(v(z)) > 0 and
wo) 4

, GO0 —G0) z—z9 for z € (z2,70).

By symmetry, this determines v on [z2,2z¢ —z2] C [0, £]. Note that v'(z2) > 0. When
v'(z2) = 0 the symmetry implies that v is periodic with period 2(z¢ — z2). Hence
£ = 2n(zg—x3) for some n € N. If 7 > 0 and v'(z2) > 0, then G(0) < G(M) by (6.56)
and v has a negative arch which can be analyzed similarly. The point 2z¢ — z2 can
also be analyzed similarly. Let us gather some of these observations in the following:

Theorem 6.9.5 Suppose that v is a solution of (6.55) and

M = max v(z), m = min v(z).
0<z<¢ 0<z<¢

M ds
If M > 0, then G(s) < G(M) for s € (0, M) and £, (M) E/ —_— < 0.
GM) -G
oV ( 33 (s)
If m < 0, then G(s) < G(m) for s € (m,0) and £_(m) E/ —G(—m)—_G(s—) < 00

Moreover,
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(1) If M > 0 and m = 0, then £ =2nl (M) for somen € N.

(2) If M =0 and m < 0, then £ = 2nl_(m) for some n € N.

(8) If M >0 and m < 0, then G(M) = G(m) > G(0) and
£=2n,0,(M)+2n_{_(m) for some ny € N with |ny —n_| <1.

EXAMPLE 6.9.6 Let us take g(z) = Asinz where A > 0. Theorem 6.9.5 implies that
any solution v of (6.55) satisfies —m < v(z) < « for z € [0,£]. Note that

for A€ (0,7).

A ds
£,(A) = £_(-4) =/0 V/ZX\(cos s — cos A)

A change of variable 1 — cos s = (1 — cos A) cos? ¢ gives that

dp

0L(A) = L /"/2
* VX Jo \/1 —sin2(A/2) cos? ¢

for A€ (0,7).

Hence, £, increases form 7/v4X at A = 0 to +oo at A = 7. If v # 0 satisfies (6.55)
and A = max; |v(z)|, then Theorem 6.9.5 implies that

|
€=2n,(A) > nn/VX forsome neN.

Let N > 0 be the largest integer such that N < ¢v/A/w. If n € N and n < N, then
one can find a unique A € (0,) such that £ = 2nf,(A) and one can construct, as
outlined above, two corresponding solutions of (6.55): one with +'(0) > 0 and one with
v'(0) < 0. Since 0 is also a solution, we see that (6.55) has ezactly 2N + 1 solutions
for this g. Since w-limit sets have to be connected (Theorem 6.9.4), we see that each
consists of a single point.

One can make a conjecture, based on the above Theorem 6.9.5 and Example 6.9.6,
that w(ug) always consists of a single point, which would imply that the u always
tends to a solution of the steady state equation (6.55). This is actually a popular
method among engineers for solving (6.55). This conjecture was proven under very

mild assumptions on g. For more details and generalizations to higher dimensions see
Henry [11] and Hale [10].

6.10 Exercises

1. Suppose that T'— X is an m-accretive operator on a Hilbert space for some A > 0.
Show that T'/2 can be defined via Definition 6.1.6. Show that T'/2 is equal to
S as given in Theorem 2.3.5.

2. For Ae 8(X), e R, ¢ €[0,1) and z € D(A*) show that

: —(,. _ At —
Jlim ¢z - eQ()al| = 0.
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. Show that for every A € 8(X), £ € X and a > 0 we have

lim A*(A+ )¢
A= 400
Show that for A € 8(X), a, 8,7 € R, @ < 8 < v there exists ¢ < oo such that
I4%2] < c|ATa|| %% | A%||5=5 forall € D(AY).

Show that if A € B(X) and A™® is compact for some o > 0, then AP is
compact for all 8 > 0.

. Suppose that A — 4 is an m-accretive operator in a Hilbert space for some 6 > 0.

Show that A* — §“ is an m-accretive operator for all « € [0, 1].

. Let A be a linear operator in L%(0, £), £ € (0, c0), given by

Au= —u" for ue D(A)=W?0,£) N WE(0,£).
Show that
(a) D(AY2) = W}(0,¢) and that ||A2u|| = ||u'|| for u € W{(0,£)
(b) for @ > 1/4 there exists ¢ < co such that ||ulle < cl|A%ul| for u € D(A®).

. Let A be a sectorial operator in a Banach space X, a € (0,1) and a < Re X for

all A € o0(A). Show that for each ug € X there exists a unique u € C([0, 00), X)
such that u(0) = uo and

u'(t) + Au(t) = (A —a)®u(t) for all te€ (0,00).

Verify the details in Example 6.4.1 and construct an actual example for each
0<a<1,p>1/a. (Hint: try using multiplication operators.)

Show that

00 00 _a(n24m2)t 1/4 ink
_ m e sinkz _j2,
u(z,t) = (c + 3 E E T ) 2k e

satisfies, for every ¢ > 0,

ug(3,t) = ugy(z,t) + (/ |uxst|ds> u(z,t) for t>0,0<z<m

u(0,t) =u(m,t)=0 for t>0

lim sup |u(z,t)| =0.
t—0+ 0<z£7r| ( )l
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11.

12.

13.

14.

15.

16.
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(Hint: evaluate the Fourier sine series of 7 —z and see Exercise 16 in Chapter 4.)
Show that the PDE can be set as a semilinear parabolic equation in L%(0, ),
with a = 1/2 (see also Exercise 7) and that the uniqueness fails in this case

because
1 rd 2
/ (/ |u,(a:,t)|2da:> dt = oo.
0 0

Show that Galerkin approximations of a solution of the Navier-Stokes equations
exist globally, for any real valued initial ug € X, and that they satisfy (6.41) on
[0, 00). Prove that a subsequence converges weakly in L2((0, o) x ©2)3.

Find the spectrum of the operator Ag in L?(0,00) given by (6.45).

Prove Corollaries 6.7.4 and 6.7.5.

Suppose that g, in Section 6.7, is such that for some a,b € R we have
g(z) <az+b for >0

and g(0) > 0. Show that if up > 0, then the solution of (6.50) - (6.52) exists for
all time (7 = 00).

Let R; € C(M, M), t > 0, be a dynamical system on M. Show that

w(z) = Nr>0 Y(Rr(z)) forall ze€ M.
Suppose that ug € Cp(R). Show that if

o T—8 2 £
v(z,t) = ! / e_( w1 lo uO(")d"ds
—00

vt

and u = —2v; /v, then u solves Burger’s equation:

ut(z,t) + u(z, t)uz(z,t) = ugg(z,t) for z€R, t>0,

u(z,0) = up(z) for z€R.

This is known as Hopf-Cole substitution.



Bibliography

[1] R. A. ADAMS, Sobolev Spaces, Academic Press, 1975.

[2] S. N. CHow AND K. Lu, Invariant manifolds for flows in Banach spaces, J.
Differential Equations, 74(1988), 285-317.

[3] S. N. CHOW, D. R. DUNNINGER AND M. MIKLAVCIC, Galerkin Approzima-
tions for Singular Linear Elliptic and Semilinear Parabolic Problems, Applicable
Analysis, 40(1990), 41-52.

[4] P. CONSTANTIN AND C. FoIAS, Navier-Stokes Equation, The University of
Chicago Press, 1988.

[6] L. C. EvVANS, Partial Differential Equations, Berkely Mathematics Lecture
Notes, v. 3ab, 1994.

[6] C. Foias, G. R. SELL AND E. S. T1TI, Ezponential tracking and approzimation

of inertial manifolds for dissipative nonlinear equations, J. Dynamics and Diff.
Eq., 1(1989), 199-244.

[7] G. B. FOLLAND, Fourier Analysis and Its Applications, Wadsworth &
Brooks/Cole, 1992.

[8] AVNER FRIEDMAN, Partial Differential Equations, Krieger, 1983.

[9] J. A. GOLDSTEIN, Semigroups of Linear Operators and Applications, Oxford
University Press, 1985.

[10] J. HALE, Asymptotic Behavior of Dissipative Systems, Mathematical Surveys
and Monographs, No. 25, AMS, 1988.

[11] D. HENRY, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes
in Mathematics, No. 840, Springer, 1981.

[12) L. HORMANDER, The Analysis of Linear Partial Differential Operators I,
Springer, 1983.

285



286 BIBLIOGRAPHY

[13] T. KATO, Perturbation Theory for Linear Operators, 2nd edition, Springer, 1980.

[14] H. KOMATSU, Fractional powers of operators, Pacific J. Math. 19(1966), 285-
346.

[15] O. A. LADYZHENSKAYA, The Boundary Value Problems of Mathematical
Physics, Springer, 1985.

[16] M. MIKLAVCIC, Nonlinear stability of asymptotic suction, AMS Transactions,
281(1984), 215-231.

[17] M. MIKLAVCIC, Stability for semilinear parabolic equations with noninvertible
linear operator, Pacific J. Math. 118(1985), 199-214.

[18] M. MIKLAVCIC, Approzimations for Weakly Nonlinear Evolution Equations,
Math. Computations, 53(1989), 471-484.

[19] M. MIKLAVCIC, A Sharp Condition for Ezistence of an Inertial Manifold, J.
Dynamics and Diff. Eq., 3(1991), 437-456.

[20] A. PAzy, Semigroups of Linear Operators and Applications to Partial Differential
Equations, Springer, 1983.

[21] M. H. PROTTER AND H. F. WEINBERGER, Mazimum Principles in Differential
Equations, Springer, 1984.

[22] J. RAUCH, Partial Differential Equations, Springer, 1991.

[23] M. REED AND B. SIMON, Methods of Modern Mathematical Physics, v. I-III,
Academic Press, 1972.

[24] M. RENARDY AND R. C. ROGERS, An Introduction to Partial Differential Equa-
tions, Springer, 1993.

[25] W. RUDIN, Functional Analysis, McGraw Hill, 1973.
[26] W. RUDIN, Real & Complex Analysis, 3rd edition, McGraw Hill, 1987.
[27]) M. SCHECHTER, Principles of Functional Analysis, Academic Press, 1971.

[28] M. SCHECHTER, Modern Methods in Partial Differential Equations, McGraw-
Hill, 1977.

[29] R. E. SHOWALTER, Hilbert Space Methods for Partial Differential Equations,
Pitman, London, 1977.

[30] R. TEMAM, Navier-Stokes Equations and Nonlinear Functional Analysis, CBMS-
NSF Regional Conference Series in Applied Mathematics, STAM, 1983.



BIBLIOGRAPHY 287

[31] R. TEMAM, Infinite-Dimensional Dynamical Systems in Mechanics and Physics,
Springer-Verlag, New York, 1988.

[32] G. WEBB, A Bifurcation Problem for a Nonlinear Hyperbolic Partial Differential
Equation, STAM J. Math. Anal. 10(1979), 922-932.

[33] J. WLOKA, Partial Differential Equations, Cambridge University Press, 1987.
[34] K. YosmDA, Functional Analysis, 6th edition, Springer, 1980.






List of Symbols

R real numbers

C complex numbers

K scalars (R or C)
Z={...,-1,0,1,2,...}
N={1,2,..}

@ empty set

A closure or conjugate
dist

span{-}

B(z,r) open ball
C(M,N), Cg(M,N)
C*(M,N), Cu(M,N)
C(M)

Co(M), supp( )

c™(Q), C*(2)

CT (), Cg° ()

Ce, Co

Lp, Lfoy ” . "P
2, c

D(), N(), R()
B(X,Y), B(X)
AC|a, b]

X* =%B(X,K)

T* adjoint of T'

T* Hilbert space adjoint
p(T)7 U(T)a UP(T)

A

A

AV,

Jy, Bessel function
DCT

Je mollifier

F Fourier transform
S Schwartz space

D(0), (@)
1 Da D = 82:,
7 D® weak derivative
1 | lmp
4 Wiooh, Wi, Wme, wm
4 Csdms 1+ lm,p
7 L(S, X)
7 2(a, M, 9, X)
7 e—Az
8 8m(T)
8 8(7)
9 B(X)
AC!
10 X% - lla
w('))’)’(')
10
11
11
12
13
15
16
21
56
23
92
185

289

193
95

78

110
115
114
122

127
133
135
135
172
193
196
218
260
247
249
254
277






Index

Abel’s integral equation, 45

accretive, 28, 58, 73, 185

addition, 6

adjoint, 21, 56, 63

adjoint problem, 40

adjoint space, 16

almost separably-valued, 171

analytic, 27, 117, 169, 193

arcwise-connected, 5

Arzela-Ascoli Theorem, 5, 17, 31, 34,
90, 94, 150

Baire Theorem, 2

Banach space, 9
Banach-Steinhaus Theorem, 14
basis, 7

Bessel function, 95

biharmonic operator, 156
Bochner integrable, 172
Bochner integral, 172

boundary value problem, 39, 120
bounded, 12

bounded linear functionals, 16, 55
bounded set, 9

Burger’s equation, 284

Cauchy sequence, 2

Cebysev polynomials, 52

closable, 15

closed, 2, 15

Closed Graph Theorem, 16

closure, 2, 16

compact, 2, 31

compact imbedding, 82, 83, 152, 156

291

compact resolvent, 37, 74, 78, 82, 83,
87, 90, 91, 94, 154, 155, 157

complement, 2

complete, 2, 48, 50, 74, 75, 78, 91, 92,
104, 163

complex vector space, 6

cone property, 141, 155

conjugate gradient method, 105

conjugate space, 16

connected, 5, 130, 155

continuous, 4

continuous at the point, 4

contraction, 3

Contraction Mapping Theorem, 3, 25,
216, 259

contraction semigroup, 184

converge, 2

convex, 7

convolution, 109, 123

cycle, 206

defined in, 12

defined on, 12

delay equation, 257

delta function, 123

dense, 2

densely defined, 12

derivative of the distribution, 122

derivative of the product, 8
weak, 131

dimension, 7

Dirichlet problem, 153

discretization, 224

dissipative, 28



292

distance, 1
distribution, 122, 127
domain, 11

dual space, 16
dynamical systems, 277

eigenvalues, 23

eigenvectors, 23

elliptic equation, 70, 96, 102, 118, 153
energy method, 271

entire, 117

equilibrium point, 277

equivalent norms, 9

Euler method, 183, 224, 235
extension, 12, 13, 18, 61, 99, 104

finite difference, 129, 234

finite element, 96, 107, 236, 237, 239

fixed-point, 3

formal adjoint, 63

Fourier cosine series, 52, 53

Fourier series, 52, 75, 104

Fourier sine series, 52, 79

Fourier transform, 114, 115, 120, 121,
129, 137, 159

fractional powers of operators, 58, 249

Fredholm alternative, 38, 42, 57, 83,
156, 157

Friedrichs extension, 99, 243

fundamental solution, 123

Galerkin approximation, 98, 99, 103,
236, 239, 243

Garding’s inequality, 103, 156, 157

generator, 168

gradient system, 279

Gram-Schmidt orthogonalization, 48

Gronwall Theorem, 216, 258

Hahn-Banach Theorem, 18
Hamiltonian, 88, 187
harmonic functions, 120
hat function, 98

INDEX

Hausdorff Maximality Theorem, 18
heat equation, 222, 260, 267
Heisenberg inequality, 117
Hermite functions, 91, 163
Hilbert space, 48

Hilbert space adjoint, 56
Hilbert-Schmidt Theorem, 74
Hille-Yosida Theorem, 180
Hoélder continuous, 4
Hopf-Cole substitution, 284
Ho6érmander Theorem, 70
hyperbolic equation, 66, 187

imbedding compact, 82, 83, 152, 156
infinitesimal generator, 168
initial value problem, 120, 121
inner product, 47

inner product space, 47
instability, 201, 265

intermediate derivatives, 132
interpolation inequalities, 132, 135
invariant, 277

invariant subspace, 204

inverse Fourier transform, 115

Laplace operator, 70

Laplace transform, 116

Laplacian, 70, 92, 118, 153, 155, 163,
185, 193

Legendre polynomials, 48, 104

Liapunov function, 278, 280

linear operator from X to Y, 11

linearly independent, 7

Lipschitz continuous, 4

m-accretive, 58, 61, 73, 87, 186, 283
Malgrange-Ehrenpreis Theorem, 125
maximal totally ordered, 18
maximum principle, 275

Maxwell’s equations, 164

metric, 1

metric space, 1

mild solution, 210, 234, 242



INDEX

mild solutions, 218
mollifier, 110

Neumann problem, 155, 165

norm, 8

normalized, 47

normalized tangent functional, 20, 172
normed space, 8

null space, 12

numerical range, 28, 80, 99, 192

w-limit set, 277

open, 2

open ball, 1

Open Mapping Theorem, 14
orbit, 277

origin, 6

orthogonal, 47

orthogonal projection, 55
orthonormal, 48
orthonormal basis, 48

parabolic equation, 66, 120, 169, 185,
192, 200, 222, 233, 236, 237,
243

Parseval equality, 50, 52

partially ordered, 18

Partition of Unity Theorem, 110

perturbation of a generator, 186

Pettis Theorem, 171

point spectrum, 23

Ponicare inequality, 138, 154, 165

positive definite, 67

positively invariant, 277

projection, 55, 205

projection associated with the spectral
set, 206

range, 12

rapidly decreasing functions, 114
real subspace, 7, 174, 205, 220, 263
real vector space, 6

reflexive, 20

293

regularity of weak solutions, 64, 160

relatively compact, 2

resolvent, 23

resolvent identity, 23

resolvent set, 23

restriction, 12, 61

restriction of A to Y, 204

retarded functional differential equation,
257

retraction map, 217

Riesz Lemma, 55

scalar, 6

scalar field, 6

scalar multiplication, 6

scalar product, 47

Schrodinger equation, 187

Schwartz space, 114

second dual space, 20

sectorial operator, 193, 201, 253, 254,
258, 259, 283

sectorial sesquilinear forms, 80, 89, 93,
97, 99, 153, 155-157, 186, 187,
193, 236, 239, 253, 273

self-adjoint, 57, 71, 73-75, 78, 83, 84,
88, 91, 93, 94, 99, 105, 107,
154-156

semigroup, 167

analytic, 192

semilinear parabolic equations, 260

seminorm, 9

separable, 2, 5, 11, 17

simple functions, 173

singular differential equation, 103

smoothing operator, 170, 201

span, 7

spectral representation, 74

spectral set, 206, 213

spectrum, 23

square root, 58, 87

stability, 201, 264, 271

stability condition, 225



294

star-shaped, 138, 165

strong ellipticity condition, 156, 157,
200

strongly continuous semigroup, 167

strongly elliptic operator, 157

strongly measurable, 171

Sturm-Liouville problem, 76

subspace, 7

support, 7

symmetric, 57, 70

symmetric hyperbolic system, 66

Taylor formula, 8
totally ordered, 18
Trotter Theorem, 226

uncertainty principle, 118

uniform boundedness principle, 14, 17
uniformly continuous, 4

uniqueness, 260, 283

variational formulation, 85
vector space over , 6
Volterra integral equation, 26

wave equation, 68, 121, 189, 239, 243,

246, 279
generalized, 170, 187, 190

weak derivative, 127

weak limit, 18

weak solution, 63

weakly bounded, 44

weakly convergent, 18

weakly measurable, 171

weakly nonlinear evolution equations,
215

Young Lemma, 112

zero vector, 6

INDEX



	Cover
	S Title
	Applied Functional Analysis and Partial Differential Equations 
	Copyright
	 © 1998 by World Scientific 
	ISBN  981-02-3535-6 

	Contents 
	Preface 
	Chapter  1  Linear Operators in Banach Spaces 
	1.1  Metric  Spaces 
	1.2  Vector  Spaces 
	1.3  Banach  Spaces 
	1.4  Linear  Operators 
	1.5  Duals 
	1.6  Spectrum 
	1.7  Compact  Linear  Operators 
	1.8  Boundary  Value  Problems  for  Linear  ODEs 
	1.9  Exercises 

	Chapter  2  Linear Operators in Hilbert Spaces 
	2.1  Orthonormal  Sets 
	2.2  Adjoint s 
	2.3  Accretive  Operators 
	2.4  Weak  Solutions
	2.5  Example:  Constant  Coefficient  PDEs 
	2.6  Self-adjoint  Operators 
	2.7  Example:  Sturm-Liouville  Problem 
	2.8  Sectorial  Forms 
	2.9  Example:  Harmonic  Oscillator  and  Hermite  Func­tions
	2.10  Example:  Completeness  of  Bessel  Functions 
	2.11  Example:  Finite  Element  Method 
	2.12  Friedrichs  Extension
	2.13  Exercises 

	Chapter  3  Sobolev Spaces 
	3.1  Introduction
	3.2  Fourier  Transform 
	3.3  Distributions 
	3.4  Weak  Derivatives 
	3.5  Definition  and  Basic  Properties  of  Sobolev  Spaces 
	3.6  Imbeddings  of  W^m,p(\Omega) 
	3.7  Elliptic  Problems 
	3.8  Regularity  of  Weak  Solutions 
	3.9  Exercises 

	Chapter  4  Semigroups of Linear Operators 
	4.1  Introduction
	4.2  Bochner  Integral
	4.3  Basic Properties of Semigroups
	4.4  Example:  Wave  Equation 
	4.5  Sectorial  Operators  and  Analytic  Semigroups
	4.6  Invariant  Subspaces
	4.7  The  Inhomogeneous  Problem  -  Part  I
	4.8  Exercises

	Chapter  5  Weakly Nonlinear Evolution Equations 
	5.1  Introduction
	5.2  Basic  Theory
	5.3  Example:  Nonlinear  Heat  Equation
	5.4  Approximation  for  Evolution  Equations
	5.5  Example:  Finite  Difference  Method
	5.6  Example:  Galerkin  Method  for  Parabolic  Equations
	5.7  Example:  Galerkin  Method  for  the  Wave  Equation
	5.8  Friedrichs  Extension  and  Galerkin  Approximations
	5.9  Exercises 

	Chapter  6  Semilinear Parabolic Equations 
	6.1  Fractional  Powers  of  Operators
	6.2  The  Inhomogeneous  Problem  -  Part  II 
	6.3  Global  Version
	6.4  Main  Results
	6.5  Example:  Navier-Stokes  Equations
	6.6  Example:  A  Stability  Problem
	6.7  Example:  A  Classical  Solution
	6.8  Dynamical  Systems
	6.9  Example:  The  Chafee-Infante  Problem
	6.10  Exercises

	Bibliography 
	List of Symbols
	Index 

