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Preface

Shortly before becoming President of Harvard in 1862, the math-
ematician Thomas Hill made the following statement concerning
the best known vectorial system of his day: "The discoveries of
Newton have done more for England and for the race than whole
dynasties of British monarchs; and we doubt not that in the great
mathematical birth of 1853, the Quaternions of Hamilton, there is as
much real promise of benefit to mankind as in any event of Vic-

toria's reign."” Lord Kelvin, writing when Victoria was very old and
the modern vector system very new, took a very different view.
"Quaternions came from Hamilton after his really good work had
been done; and, though beautifully ingenious, have been an un-
mixed evil to those who have touched them in any way . . . vectors

have never been of the slightest use to any creature.”" Though
Kelvin's barbs in this attack ofthe 1890's were directed against the
quaternion system, he had been waging war against all vectorial
methods since the 1860's.

If a scientist of the present day were forced to take sides in this
dispute on the value of vectorial methods, he might view Hill as
overly enthusiastic, but he would not side with Kelvin. The view of
vectorial methods championed by this great physicist has been re-
futed by the thousands of uses that have been found for vectorial
methods. Nearly all branches of classical physics and many areas of
modern physics are now presented in the language of vectors, and
the benefits derived thereby are many. Vector analysis has likewise
proved a valuable aid for many problems in engineering, astron-
omy, and geometry.

Despite the importance of vector analysis, its history has been
little studied. Not a single book and not more than a handful of
scholarly papers have up to now been written on its history. Conse-

quently many historical errors may be found in the relevant litera-
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ture. The present study was not written in the expectation that all or
even most historical questions about vector analysis would be an-
swered; rather it was written in the hope of presenting an essen-
tially correct outline of the history of this important area. In under-
taking this study | have frequently been hindered by the scarcity of
scholarly studies of the history of such related areas as complex
numbers, linear algebra, tensors, theoretical electricity, and nine-
teenth-century mechanics. This is of course the common plight of
historians of science, and | have been consoled by the hope that the
present study may shed light on the history of other areas of sci-
ence, such as those mentioned above.

In this study | have concentrated on the more fundamental as-
pects of vectorial analysis; the history of the following topics is
treated in detail: vector addition and subtraction, the forms of vec-
tor multiplication, vector division (in those systems where it oc-
curs), and the specification of vector types. Less attention has been
given to the history ofvector differentiation and integration, and the
operator V and the associated transformation theorems, since these
were for the most part developed originally in a Cartesian frame-
work. No detailed presentation of the complicated history of the
linear vector function has been attempted.

Though the above statement indicates the materials included, it
does not sufficiently specify the approach taken in this study. For a
number of reasons | have chosen to focus (as the subtitle indicates)
on the history of the idea of a vectorial system. It should not be for-
gotten that the modern system of vector analysis is but one of the
many vectorial systems created in the course of history. Each of
these systems embodied an idea or conception of the form that a
vectorial system can have and should have. And it is the history of
these ideas that | have tried to describe. To do this | have discussed
each of the major vectorial systems created before 1900 and at-
tempted to determine what ideas (mathematical and motivational)
led to the creation, development, and acceptance or rejection of

these systems.

The history of vectorial analysis may in one sense be viewed as
the history of systems of abbreviation, since any problem that can
be solved by vectorial methods can also be solved (though usually
less conveniently) by the older Cartesian methods. The history of
vectorial analysis may equally well be viewed as the history of a
way of looking at physical and geometrical entities. Consideration
of these two aspects of the history will help explain why | have
chosen to focus on the evolution of the idea of a vectorial system,

rather than on the history of the major theorems in vectorial analy-
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sis, many of which were in any case discovered before and outside
of the vectorial traditions.

Concerning the references. The reader will find that a simple and
not uncommon system of reference has been employed in the text.
The notes for each chapter are located at the end of that chapter;
within each chapter ordinary note numbers will be found as well as
references to these notes ofthe form (3,11,1; 27). The latter are read
as follows: the first number always refers to a note at the end ofthe
chapter; the numbers to the right of the semicolon always refer to
the page numbers in the publication indicated in that note. In some
cases (as above) one or two other numbers are included to the left
of the semicolon; these numbers (when they occur) referto the vol-
ume number and part number of the publication indicated. Thus
the reference above is read: see volume IIl, part I, of item 3 in the
notes; consult page 27. Through this method it has been possible to
provide the reader with many references that otherwise could be
included only through a substantial increase in the size ofthe book.

Concerning quotations and translations. Since many of the
sources for this study were books and journals of limited circula-
tion | have used quotations rather liberally. All quotations from doc-
uments written in foreign languages (French, German, Italian, Rus-
sian, and Danish) have been translated into English. In the few
cases where previously published translations were available, |
have used these after checking them against the original and noting
deviations. The sole exception to this statement occurs in the case
of Wessel's Danish; here | have checked Nordgaard's English trans-
lation against the French translation of Zeuthen. The remaining
translations (the majority) are my own.

Concerning bibliography. No formal bibliographical section has
been included in this book. The reader will find however that the
sections of notes at the end of each chapter will serve rather well as
a bibliography for that chapter. Moreover the need for a bibliog-
raphy is greatly diminished by the existence of a book that lists
nearly all relevant primary documents published to about 1912; this
is Alexander Macfarlane's Bibliography of  Quaternions and  Allied
Systems of Mathematics (Dublin, 1904). Supplements to this un-
commonly accurate bibliography were published up to 1913 in the
Bulletin of the International Society  for Promoting the Study of
Quaternions and Allied Systems of Mathematics.

The author wishes to express his gratitude to those who have
aided him in preparing this study. Published and unpublished ma-
terials have been obtained from libraries too numerous to mention,

and this through the kindness of the librarians ofthe universities of
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Notre Dame, Wisconsin, Cambridge, and Yale. Assistance at impor-
tant points has come from Professor Stephen J. Rogers of Notre
Dame University and from Professor Derek J. Price of Yale Univer-
sity. Sincere thanks are extended to Professors C. H. Blanchardand
William D. Stahlman of the University of Wisconsin and to Profes-
sor James W. Bond of Pennsylvania State University. These three
scholars (a physicist, an historian of science, and a mathematician)
gave generously oftheirtime (in reading the entire manuscript) and
of their wisdom (in saving the manuscript from a number oferrors).
To Professor Erwin N. Hiebert, of the University of Wisconsin, my
most sincere thanks for his numerous, detailed, and perceptive
comments on the entire manuscript. Portions ofthe research for this
book were carried out with financial assistance provided by funds
administered by Committee on Grants for the Arts and Humanities
of the University of Notre Dame.

Michael J. Crowe
Notre Dame, Indiana
March, 1967
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Preface to the Dover Edition

Itis very gratifying that interest in the materials presented in this volume
is sufficient tojustify a second edition. This has permitted the correction of
anumber ofsmall errors and, more importantly, provides an opportunity to
bring to readers' attention some of the relevant studies of specific areas
which have appeared since the book's first publication in 1967.

Recent researches have shed light particularly on the history ofalgebra
during the nineteenth century. The most broadly conceived ofsuch works
is Lubos Novy's Origins of Modern Algebra! British developments in
algebra have received most attention, important studies having been pub-
lished by Harvey W. Becher, J. M. Dubbey, Philip C. Enros, Elaine
Koppelman, Luis M. Laita, and Joan L. Richards.? Interest in Sir William
Rowan Hamilton's achievements in algebra has been especially intense.
Research in this area has been aided by the appearance in 1967 under the
editorship of H. Halberstam and R. E. Ingram of the third volume of
Hamilton's Mathematical Papers, that volume being devoted to his publica-
tions in algebra.® Thomas L. Hankins has enriched Hamiltonian schol-
arship by various publications, most notably his engaging biography ofthe
great Irish mathematician and scientist.®* The scholar most actively engaged
in assessing Hamilton's place in the history of British algebra is Helena M.
Pycior, whose doctoral dissertation in this area has been followed by a
number of studies of the algebraic ideas of Hamilton and his British
contemporaries.® Jerold Mathews has published a paper on Hamilton's
algebraic/analytic researches during the 1830's,® while B. L. van der
Waerden has provided a new analysis of Hamilton's 1843 discovery of
quaternions.” David Bloor has broadly considered Hamilton's algebraic
approach in relation to the social, political, and philosophical context ofhis
times,® whereas T. L. Hankins and John Hendry have focused studies on
the genesis and importance of Hamilton's conception of algebra as the
"Science of Pure Time."® Arnold R. Naiman in his doctoral dissertation
surveyed the role of quaternions in the overall development of mathe-

matics.?

Xii



Preface to the Dover Edition

The fascination | felt for Hamilton while researching this book was
rivaled, ifnot surpassed, as | learned more ofhis remarkable contemporary
Hermann Grassmann. Many issues | encountered in studying his mathe-
matical creations have been treated in depth by Albert C. Lewis whose
doctoral dissertation is a careful analysis of Grassmann's Ausdehnungslehre
of 1844 and its sources. Dr. Lewis has now published some ofhis results in
papers on the influence of Grassmann's father and of Schleiermacher on his

' Moreover, Jean Dieudonne and Desmond Fearn-

mathematical system.
ley-Sander have each published essays on Grassmann's place in the history
of linear algebra.'?

Recent researches have also developed new perspectives on figures less
central than Hamilton and Grassmann in this history. Helena M. Pycior has
presented a fresh analysis of Benjamin Peirce's pioneering Linear Asso-
ciative Algebra,® and Hubert Kennedy has investigated James Mills
Peirce's place in the "cult of quaternions"” that arose in late nineteeth-
century America.** G. C. Smith in a recent paper has urged that Matthew
O'Brien deserves significantly more credit as a pioneer of the modern

® and the late

vectorial system than has traditionally been accorded him,*
B. R. Gossick has provided new insights on the contrasting views of
vectorial methods espoused by Oliver Heaviside and Lord Kelvin.'® The
first systematic study ofthe history of Stokes' Theorem and ofthe associated
theorems named after Gauss and Green is due to Victor J. Katz.!” The
involvement of Russian mathematicians with vectorial methods has been

'8 and studies ofthe history ofvector analysis in

treated by W. Dobrovolskij,
general have been undertaken by Adalbert Apolin and James W. Joiner,

both ofwhom seem to have written without knowledge of my book.*®

For the sake ofcompleteness, mention should be made ofthree publica-
tions which appeared before my book, but which escaped my bibliographic
searches. Two ofthese, both from the 1930 s, treat the history ofcomplex
numbers; the earlier was written by J. Budon whereas the second is Ernest
Nagel's "Impossible Numbers."2° The latter omission is especially regretta-
ble because that essay provides a historiographic perspective which would
have enriched my presentation. This is even more true ofthe third essay,
that published in 1963-64 by the late Imre Lakatos.? Although containing
essentially nothing relevant to the history ofvector analysis, Lakatos' now
famous essay is rich in philosophic and historiographic insights which, were
| to rewrite this book, would certainly be included. Some hints as to the
direction | would take are provided in a historiographic essay | published in
1975.%2

Persons who may acquire from this book an interest in further readings in
the history of mathematics may wish to consult the excellent general
histories ofmathematics written by Carl B. Boyer and Morris Kline,?3 or for
articles on individual mathematicians, the many volumes of the Dictionary
of Scientific Biography,® Bibliographic searches which required days in

xiii



Preface to the Dover Edition

the early 1960's can now be accomplished by spending a few hours with the
late Kenneth O. Mays Bibliography and Research Manual ofthe History of
Mathematics and with the ISIS  Cumulative Bibliography.?

In concluding this updated preface, | extend warmest thanks to the two
persons who have made this new edition possible: John W. Grafton,
Assistant to the President of Dover Publications, and James R. Langford,
Director ofthe University ofNotre Dame Press. The encouragement ofthe
former and the cooperation ofthe latter are chiefly responsible for this book
being once again available to readers.

Michael J. Crowe
University of Notre Dame
January, 1985
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CHAPTER ONE

The Earliest Traditions

Introduction

The early history of vectorial analysis is most appropriately
viewed within the context of two broad traditions in the history of
science. One ofthese traditions relates to mathematics, the other to
physical science.

The first tradition, that within the history of mathematics, extends
from the time of the Egyptians and Babylonians to the present and
consists in the progressive broadening of the concept of number.
Throughout time the concept of number has been expanded so as
to include not only positive integers, but negative numbers, frac-
tions, and algebraic and transcendental irrationals. Eventually com-
plex and higher complex numbers (including vectors) were intro-
duced. The activities of some of the figures in the history of vector
analysis may be viewed as belonging to this tradition.

The second tradition, that within the history of physical science,
also extends back to ancient times and consists in the search for
mathematical entities and operations that represent aspects of
physical reality. This tradition played a part in the creation of Greek
geometry, and the natural philosophers ofthe seventeenth century
inherited from the Greeks the geometrical approach to physical
problems. However in the course of the seventeenth century the
physical entities to be represented passed through a transformation.
This transformation consisted in the shift in emphasis from such
scalar quantities as position and weight to such vectorial quantities
as velocity, force, momentum, and acceleration. The transition was
neither abrupt nor was it confined to the seventeenth century. Later
developments in electricity, magnetism, and optics acted further
to transform the space of mathematical physics into a space filled
with vectors.

These two broad traditions converged at a number of periods in

history; one such period was in the nineteenth century, and this

1



A History of Vector Analysis

convergence is marked by the creation and development of vec-
torial methods. The first major three-dimensional vectorial systems
were created in the 1840's. Before this time, however, three im-
portant ideas were put forth which led to the major vectorial sys-
tems. These three ideas are the subject of the present chapter; they
are the concept of a parallelogram of forces, Leibniz' concept of a
geometry of situation, and the concept of the geometrical represen-
tation of imaginary numbers.

. The Concept of the Parallelogram of Velocities
and Forces

One ofthe most fundamental mathematical ideas in vector analy-
sis is the idea of the addition of vectors. The sum of two vectors
which have a common point of origin is defined as the vector origi-
nating at the same point and extending to the opposite corner ofthe
parallelogram defined by the two original vectors. Certain physical
entities, such as velocities and forces, may be compounded in a
similar way, and from this correspondence stems much of the use-
fulness of vector analysis.

The idea of a parallelogram of velocities may be found in various

ancient Greek authors,® *

and the concept of a parallelogram of
forces was not uncommon in the sixteenth and seventeenth cen-
turies.® By the early nineteenth century parallelograms of physical
entities frequently appeared in treatises, and this usage indirectly
led to vector analysis, for this idea provided a striking example of
how vectorial entities could be used for physical applications. It
should not be inferred, however, that all ofthose who used the con-
cept of a parallelogram of physical entities were aware ofthe idea of
a vector or of vector addition. The essential idea in the parallelo-
gram of physical entities is the construction ofa diagram in terms of
which the operations involved in determining the resultant become
evident. The idea of adding the lines need not be introduced or was
it (to my knowledge) ever introduced before the creation ofvectors.
Thus this idea alone could not and almost certainly did not directly
stimulate anyone to the creation of a vectorial system. Its influence
was indirect but important, for it was the first and most obvious case
in which vectorial methods could be brought to the aid of physical

science.

° The system used for numbering notes is described in the preface.



The Earliest Tradition s

1. Leibniz' Concept of a Geometry of  Situation

Gottfried Wilhelm Leibniz (1646-1716) made many contributions
to mathematics; among the less well known is his concept of a
geometry of situation. In this regard Leibniz discussed the possi-
bility of creating a system which would serve as a direct method of
space analysis. Although the details of this idea were never fully
worked out by Leibniz, he advanced far enough to be ranked as a
conceptual forerunner of the first vectorial analysts. Moreover his
essay, which was first published in 1833, played a part in the later
history of vectorial analysis.

Leibniz' main ideas were contained in a letter dated September
8, 1679, and written to Christian Huygens.! In this letter Leibniz

wrote:

| am still not satisfied with algebra, because it does not give the shortest
methods or the most beautiful constructions in geometry. This is why |
believe that, so far as geometry is concerned, we need still another
analysis which is distinctly geometrical or linear and which will express
situation [situs] directly as algebra expresses magnitude directly. And |
believe that | have found the way and that we can represent figures and
even machines and movements by characters, as algebra represents
numbers or magnitudes. | am sending you an essay which seems to me
to be important. (1; 382)

In his essay, which was contained in the letter, Leibniz described

his system further:

| have discovered certain elements of a new characteristic which is
entirely different from algebra and which will have great advantages in
representing to the mind, exactly and in a way faithful to its nature, even
without figures, everything which depends on sense perception. Algebra
is the characteristic for undetermined numbers or magnitudes only, but
it does not express situation, angles, and motion directly. Hence it is
often difficult to analyze the properties ofa figure by calculation, and still
more difficult to find very convenient geometrical demonstrations and
constructions, even when the algebraic calculation is completed. But
this new characteristic, which follows the visual figures, cannot fail to
give the solution, the construction, and the geometric demonstration all
at the same time, and in a natural way and in one analysis, that is,
through determined procedure.

But its chief value lies in the reasoning which can be done and the con-
clusions which can be drawn by operations with its characters, which
could not be expressed in figures, and still less in models, without
multiplying these too greatly or without confusing them with too many
points and lines in the course of the many futile attempts one is forced
to make. This method, by contrast, will guide us surely and without
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effort. | believe that by this method one could treat mechanics almost
like geometry, and one could even test the qualities of materials, be-
cause this ordinarily depends on certain figures in their sensible parts.
Finally, | have no hope that we can get very far in physics until we have
found some such method of abridgment to lighten its burden ofimagina-
tion. (1; 384-385)

His system as actually sketched by him shows that he by no means
discovered a primitive vector analysis, though the above quotations
show that he was searching for something akin to vector analysis.

Leibniz' system centered on the idea ofthe congruence of sets of
points. He used A, B, ... to represent fixed points and X, Y,... to
represent unknown points. The symbol b was used to express the
relation congruence; thus he wrote ABC b DEF to express that a
set of three points A, B, C, each of which was a fixed distance from
the other two points, could be made to coincide with another set of
similarly fixed points D, E, F. He then discussed locus relations and
stated that the locus of points congruent to a fixed point "will be a
space infinite in all directions." (1; 387) If it is given that AB b AY,
the point values of Y will be points on a sphere with center at A and
radius of length AB. The relation AX b BX determines a plane
whose points (X) are equidistant from A and B, and the relation
ABC b ABY determines a circle. Leibniz then discussed the locus
of points Y satisfying the relation AY b BY b CY and concluded that
"the locus of all Ys will be a straight line" (1; 389) After showing
that the relation AY V BY V CY V DY determines a point, Leibniz
applied his analysis to four simple problems. One ofthese may be
discussed as typical. The problem is to show that the intersection of
two planes is a straight line. The relation AY b BY determines one
plane, and the relation AY b CY determines a second plane. By
combining these we have AY b BY b CY, which, as it was shown
before, determines a straight line.'°

Proceeding from this summary of Leibniz' best-known exposition
of his system,’’ we may discuss its relation to modern vector analy-
sis. First, Leibniz deserves much credit for suggesting that a new
algebra, wherein geometrical entities are symbolically represented
and the symbols operated upon directly, was desirable. However,
he failed to discover a system in which geometrical entities could
be added, subtracted, and multiplied. Likewise he failed to see that
AB and BA (for example) can be viewed as distinct entities and that
—AB could have a significant meaning. Though his idea of directly
representing a fixed point by a symbol makes him a partial fore-
runner of Mobius and Grassmann, he certainly did not introduce

the concept of a vector. Despite the fact that angle considerations
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did not enter into his system, he still must be viewed as having con-
structed a system which allowed for the use ofco-ordinai®s. Leibniz
saw that a new algebra of the form sought would have numerous
applications in mathematics and in the physical sciences, but he
failed to develop practical methods for these tasks. The view of
Leibniz' system taken by Couturat, though stated in relation to
Grassmann's system, is also applicable in relation to modern vector
analysis; Couturat wrote: "In summary, the calculus of Grassmann
seems to bring fully into reality the geometrical characteristic con-
ceived by Leibniz, and shows that Leibniz' idea was not simply a
dream. But there is such a disproportion between Leibniz' concep-
tion of a system and the very defective essay which he actually
produced that Grassmann felt a sharp distinction should be made
between the ideal conceived and the sketch actually written." *2
Shortly after 1833, when Leibniz' essay was first published, the
Jablonowski Gesellschaft expressed their interest in and enthusi-
asm for the essay by offering a prize for the further development of
Leibniz' system. One mathematician entered the competition and
won the prize, even though he had created his system before hear-

ing of Leibniz' ideas; this mathematician was Grassmann and this

incident will be more fully discussed in the third chapter.
V. The Concept of the Geometrical Representation
of Complex Numbers

Though the term vector analysis is now used primarily in refer-
ence to systems of mathematics that may be applied in three-
dimensional space, it should not be forgotten that the complex
number system may legitimately be considered as a vectorial sys-
tem. The two-dimensional vectorial system based on the geo-
metrical representation of complex numbers is certainly not as
useful as the three-dimensional vectorial systems which are the
primary subject of this history. Nevertheless it is important to dis-
cuss briefly the early history of the geometrical representation of
complex numbers, not only because the complex number system is
(broadly speaking) a vectorial system but also because Hamilton
discovered quaternions in the course of a search for a three-dimen-
sional analogue to the complex number system.

At least six men are commonly credited with the discovery ofthe
geometrical representation of complex numbers; they are Wessel,
Gauss, Argand, Buee, Mourey, and Warren.*® Since the systems cre-
ated by these six men are very similar and are of limited relevance

to the present study, they need not all be discussed in detail. In
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what follows, the system published by Wessel, which was the earli-
est and among the most impressive, will be analyzed in some depth;
the ideas of the other five men will be treated less fully though with
special attention to certain aspects of their development. Thus it
will be shown that some of these mathematicians searched for
three-dimensional vectorial systems and that one of them influ-
enced Hamilton in an important manner.

Although Hero of Alexandria and Diophantus in ancient times
had encountered the question of the meaning ofthe square root ofa
negative number, and although Cardan had in his 1545 Ars Magna
used complex numbers in computation, nevertheless complex num-
bers were not accepted by most mathematicians as legitimate math-
ematical entities until well into the nineteenth century. This is
hardly surprising since numbers such as VAT seem to be neither
less than, greater than, nor equal to zero.

In modern mathematics complex numbers are usually justified
either by representing them in terms of couplets ofreal numbers or
by representing them geometrically. The origin of the first method
will be discussed in the next chapter. The first attempt (which was
unsuccessful) to represent complex numbers geometrically was
made in the seventeenth century by John Wallis.'*

Where Wallis failed, a Norwegian surveyor succeeded; in 1799
Caspar Wessel (1745-1818) published the first explanation of the
geometrical representation of complex numbers.'® His ideas were
presented before the Royal Academy of Denmark in 1797 and pub-
lished two years later in the memoirs ofthat society.? Unfortunately,
however, Wessel's publication went unnoticed by European math-
ematicians until 1897, when it was republished in a French transla-
tion.®

In the first paragraph of his memoir Wessel stated: "This present
attempt deals with the question, how may we represent direction
analytically; that is, how shall we express right lines so that in a sin-
gle equation involving one unknown line and others known, both
the length and the direction of the unknown line may be ex-
pressed.” (2; 55) As this quotation suggests and later passages con-
firm, Wessel's chief interest was the creation of geometrical meth-
ods; his representation of complex numbers was subservient to this
aim. Nonetheless the latter played a fundamental role as is indi-
cated by the following statement: "The occasion for its being [his
treatise] was my seeking a method whereby | could avoid the im-
possible operations. . . (2; 57)

After stating that previously only oppositely directed lines could

be represented analytically, Wessel suggested that it should be pos-
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sible to find methods to represent inclined lines. Wessel then gave
a definition of the addition of straight lines: "Two right lines are
added if we unite them in such a way that the second line begins
where the first one ends, and then pass a right line from the first to
the last point of the united lines. This line is the sum of the united
lines." (2; 58) In the subsequent discussion of addition Wessel
stated that the same definition can be used in adding more than two
(not necessarily coplanar) lines and that the order of addition is im-
material. (2; 59) Hence Wessel had introduced three-dimensional
vector addition and realized the importance ofthe commutative law
for addition.

Though Wessel had up to this point only discussed what he
called the positive unit (our 1 ofx « 1 + yv—I) and had not yet indi-
cated how lines in general were to be represented in terms of com-
plex numbers, nevertheless he proceeded to introduce the multipli-
cation of lines. The product of two lines (coplanar with each other
and with the positive unit) was to have alength equal to the product
ofthe lengths ofthe two factors. The product line was to be coplanar
with the two factor lines and was to have its inclination or direction
angle (defined by reference to the inclination ofthe positive unit as
0°) equal to the sum of the inclinations of the factor lines. (2; 60)
Wessel then added:

Let 4-1 designate the positive rectilinear unit and +e a certain other
unit perpendicular to the positive unit and having the same origin; then
the direction angle of+1 will be equal to 0°, that of-1 to 180°, that of+e
to 90°, and that of-e to -90° or 270°. By the rule that the direction angle
of the product shall equal the sum ofthe angles of the factors, we have:
(+1)(+1) = +1; (+1)(—1) = —1; (-1)(-1) =+1; (+)(+e) = +o; (+1)(-6) = -¢;
(-N(+e) = -e; (-1)(-€) = +6; (+e)(+e) = -1; (+e)(-e) = +1; (-e)(-e) = -1.

From this it is seen that e is equal to V~Il; and the divergence ofthe
product is determined such that not any ofthe common rules of operation
are contravened. (2; 60)

Wessel stated that any straight line in a plane may be represented
analytically by the expressions a + eb and r(cos v + € sin v) and
showed how such expressions are to be multiplied, divided, and
raised to powers. After giving two examples ofthe application of his
methods, Wessel developed an elementary three-dimensional vec-
tor analysis. (3; 23-28)

Wessel began by constructing three mutually perpendicular lines
which passed through the center ofa sphere ofradius r. Wessel spe-
cified that three radii of the sphere which were collinear with the
three mutually perpendicular axes should be designated by r, 171%

and er and that any point in space could be designated by a vector of
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the form x + rly + ez. (3; 23-24) By analogy with ordinary complex
numbers Wessel defined 1717 and ee as equal to—1. The multiplica-
tion of vectors corresponded to the rotation and extension of one
vector by another. Thus (x f 17/ + ez) ,, (cos u + € sin u) represented
the rotation of the vector x + igy + ez through the angle u around the
17 or y axis. Wessel stated that the component ofthe vector that lies
on the axis of rotation should remain unchanged, and thus the
product of the above is 17y + x cos u — z sin u + ex sin u + ez
cos u. (3; 25-26) The symbol ,, was used to indicate multiplication.
A rotation of v degrees around the € or z axis was expressed in the
following way: (x +17y +ez) ,, (cos v +17 sin v) =ez+ X cos Vv—y sin v
+ rjx sin v + 7)y cos v. (3; 26) Rotations around the 17 axis could be
compounded with rotations around the € axis and vice versa, but
rotations around the axis ofthe positive unit (the x axis) were never
discussed by Wessel. The reason for this is that serious mathemati-
cal difficulties were involved in determining how such rotations
should be represented, for example, the products 17c and erf would
have had to be defined. Wessel presumably encountered these diffi-

' But even with this limitation on

culties but could not solve them.
his methods Wessel was able to use them to derive anumber ofim-
portant results in spherical trigonometry.

Wessel's three-dimensional vectorial system exhibited an ad hoc
character that makes it appear seriously deficient when compared
to modern systems; nevertheless, ifitis viewed as a creation of the
late eighteenth century, it can only be viewed with awe. Wessel's
treatment of ordinary complex numbers is equally impressive, and
it was unfortunate for Wessel and for mathematics that his memoir
lay buried for nearly a century.

In the early history of complex numbers a striking phenomenon
occurred: on three separate occasions two men independently and
simultaneously discovered the geometrical representation of com-
plex numbers. In 1806 Argand and Buee both published independ-
ent treatments of imaginary numbers, and the same coincidence
occurred in 1828 with Mourey and Warren. What is even more sur-
prising is that Gauss probably discovered the geometrical repre-
sentation of complex numbers at the same time as Wessel.

Gauss' first published treatment of the geometrical representa-
tion of complex numbers appeared in 1831; '’ herein Gauss com-
mented that he had had this idea for many years and that traces of it
could easily be found in his 1799 "Demonstratio Nova."*® Julian
Lowell Coolidge investigated this point and showed that Gauss'
claim was amply supported by the fact that some methods used in

the 1799 paper seem "blind and meaningless"” unless the author
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already possessed this idea.'®

It was through Gauss' 1831 publica-
tion that most mathematicians came into contact with the geometri-
cal representation of complex numbers, although Hamilton heard
of Gauss' paper only in 1852 (4; 312) and Grassmann in 1844.2°
However Hamilton heard in 1845 that Gauss had been searching
for a "triple algebra” corresponding to the double algebra of com-
plex numbers. (4; 311-312) Felix Klein argued in an 1898 publica-
tion that Gauss had in fact discovered quaternions, but Tait and
Knott vigorously denied this.?* lIronically Gauss himself did not
accept the geometrical representation of complex numbers as a

sufficient justification for them.??

In conclusion it may be noted that
Gauss' publication was the shortest, the most precise, the last, and
the most influential of the six independent presentations.

The next publication to be considered was the longest, the least
precise, the earliest (except for Wessel's), and the least influential.
On June 20, 1805, a long essay entitled "Memoire sur les quantites
imaginaires"” was read before the Royal Society of London. The
author was Abbe Buee and his paper was published (without trans-
lation) in the 1806 Transactons of the Royal Society.” Buee's
treatment of complex numbers was not of high quality; Coolidge in
fact has expressed surprise that it was published.?* The well-
founded consensus among those who have studied Buee's paper is
that some ingenuity mixed with much obscurity is to be found
there, as well as a near approach to the concept ofthe multiplication
of directed lines. Hamilton asserted that Buee attempted to extend
his methods to space (5; [57]), but if Buee did do this, he did it in a
very unorthodox manner.

A far superior work also appeared in 1806; this was Jean Robert
Argand's small book, Essai sur une maniere de representer les quan-
tites imaginaires dans les constructions geometriques.® Herein
Argand gave the modern geometrical representation ofthe addition
and multiplication of complex numbers, and showed how this rep-
resentation could be applied to deduce a number of theorems in
trigonometry, elementary geometry, and algebra. At this time Ar-
gand did not attempt to expand his methods for application to three-
dimensional space. For seven years Argand shared the fate of Wes-
sel; however in 1813 attention was called to his book in a very
unexpected way.

In 1813 J.-F. Frangais published a short memoir in volume 1V of
Gergonne's Annates de mathematiques (6; 63-74), in which Fran-
gais presented the geometrical representation ofcomplex numbers.
At the conclusion of his paper Frangais stated that the fundamental
ideas in his paper were not his own; he had found them in a letter
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written by Legendre to his (Frangais') brother who had died. In this
letter Legendre discussed the ideas of an unnamed mathematician.
Frangais added that he hoped that this mathematician would make
himself known and publish his results. (6; 74)

The unnamed mathematician had in fact already published his
ideas, for Legendre's friend was Jean Robert Argand. Hearing of
Frangais' paper, Argand immediately sent a communication to
Gergonne in which he identified himself as the mathematician of
Legendre's letter, called attention to his book, summarized its con-
tents, and finally presented an (unsuccessful) attempt to extend his
system to three-dimensions. (6; 76-96) Before seeing Argand's pub-
lications, Frangais had written a letter to Gergonne containing his
admittedly unsatisfactory attempts to extend the geometrical repre-
sentation of complex numbers to space. (6; 96-101) And soon after
Argand's publication, Servois published a paper criticizing Argand's
attempt and outlining his own ideas on a method of space analysis.
(6; 101-109) Hamilton attributed to Servois "the nearest approach
to an anticipation of the quaternions, or at least to an anticipation of
triplets. . . ." (5; [57]) In making this statement Hamilton had the

following passage from Servois' paper in mind.

Analogy would seem to indicate that the tri-nominal should be of the
form p cos a+ g cos (3 +rcosy, a, and y being the angles made by a
right line with three rectangular axes, and that we should have (p cos a+
g cos (3 + r cos y)p' cos a + g cos (3 + r' cos y) = cos’ a + cos® /3 + cos®y
— 1. The values ofp, q, r, p', ¢, r' satisfying this condition would be ab-
surd, but would they be imaginaries, reducible to the general form
A+ BVAL? (7; 114-115)

Concerning this passage Hamilton wrote:

The six NON-REALS which Servois thus with remarkable sagacity fore-
saw, without being able to determine them, may now be identified with
the ther; unknown symbols +i, +/c, —i, —j, —Ic, ofthe quaternion theory:
at least, these latter symbols fulfil precisely the conditon proposed by
him, and furnish an answer to his "singular question." It may be proper
to state that my own theory had been constructed and published for a
long time, before the lately cited passage happened to meet my eye. (5;
[571)

The series of articles in Gergonne's Annales was concluded by a
letter written by Argand in which he responded to a notice sent in
by Lacroix (6; 111) calling attention to Buee's (1806) publication.
Argand wrote that he had had no knowledge of Buee's work. (6; 123)

There is very strong evidence that all the men discussed up to
this point were unknown to Hamilton when he discovered quater-

nions in 1843.2° The ideas of the next man to be discussed were
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known to Hamilton as early as 1829 and moreover influenced his
thinking, as he repeatedly acknowledged. (4; 190) John Warren
published in 1828 a short book entitled A Treatise on the Geometri-
cal Representation of the Square Roots of  Negative Quantities.
Warren's presentation of the geometrical representation ofcomplex
numbers exhibited great care and understanding; he, unlike Buee
and Argand, was aware of the importance ofthe commutative, asso-
ciative, and distributive laws, though he did not use these terms.2°
Warren discovered his ideas in complete independence ofthe other
mathematicians who wrote on the geometrical representation of
complex numbers, but he, unlike the majority of them, did not dis-
cuss the extension of his system to space.?’

The final independent discoverer of the geometrical representa-
tion of complex numbers was the Frenchman C. V. Mourey, who in
1828 published an excellent treatise entitled La vrai Theorie des
quantites negatives et des quantites pretendues imaginaires.?® At
the conclusion of his book Mourey stated that there exists an alge-
bra surpassing not only ordinary algebra but also the two-dimen-
sional algebra created by him. This algebra, he stated, extends to

29

three-dimensions. Presumably Mourey searched for such an alge-

bra; if he found it, he did not publish his discovery.

V. Summary and Conclusion

Thus we can say that at least five men, working independently of
each other, had by 1831 discovered and published the geometrical
representation of complex numbers. These men were Wessel,
Gauss, Argand, Warren, and Mourey. At least two others, Wallis and
Buee, had come close to the same idea. Wessel, Gauss, Argand, and
Mourey, as well as Servois and Frangais, and perhaps Buee, had at-
tempted to find higher complex numbers for the analysis of space,
and all had failed.

A number of conclusions may be drawn from what has been dis-
cussed. The first is that the idea of a graphical representation of
complex numbers was certainly "in the air" at that time. However,
the acceptance of this idea was very slow, and little attention was
paid to these ideas until Gauss published his paper of 1831. The
fact that the idea was neglected until Gauss entered the field should
not, | think, be taken as surprising. Historians of science have re-
peatedly shown that radically new ideas presented only on their
own merits are usually neglected. The men before Gauss were all
little known; indeed they are now known only because oftheir one

great discovery. But when Gauss wrote, he wrote with the authority
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of one who had already acquired fame through impressive work in
traditional fields and through his widely known prediction of the
position of the lost planetoid Ceres. It may be noted now and dis-
cussed later that the pattern exhibited in this instance will recur in
the later history of vectorial analysis.

Second, it has been noted that most of those who worked on the
geometrical representation of complex numbers attempted to con-
struct analogous methods for three-dimensional space. That many
embarked on this quest illustrates what is probably mathematically
obvious: the search for a system of space analysis was a natural con-
comitant to the idea of the geometrical representation of complex
numbers. Up to this point only those who made their attempts be-
fore 1831 have been discussed; many others also puzzled over this
problem after 1831. Among them was Hamilton, who, working pre-

cisely in this tradition, discovered quaternions.
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of Certain Branches of Analysis" in Report of the British Association for the Ad-
vancement of Science (1834), 185-352; (7) Angelo Romorino, "GIli Elementi imagi-
narii nella geometria” in Battaglini's Giornale di matematica, 35 (1897), 242-258;
and 36 (1898), 317-345; (8) G. Windred, "History of the Theory of Imaginary and
Complex Quantities” in Mathematical Gazette, 14 (1929), 533-541.

Unfortunately a recent excellent study came to my attention too late to take full
advantage of it. This is F. D. Kramar's "Vektornoe ischislenie kontsaXVIIl i nachala
XX vv" (in Russian) in Istoriko-Matematicheskie  Issledovaniia, 15 (1963), 225-290.

“The important passage from Wallis may be found in A Source Book in Mathe-
matics, ed. David Eugene Smith, vol. | (New York, 1959), 46-54.

*®*The words "to publish" qualify this statement sufficiently that no mention need
be made in the text of Leonard Euler, Charles Walmesley, and Dominique Truel.
The basis for attributing the geometrical representation to the first two ofthese men
is that it seems from reading their writings on relevant subjects that they probably
had this representation. The sole basis for mentioning Truel is a statement by
Cauchy that Truel had this representation as early as 1786. For fuller discussion see
Florian Cajori, "Historical Notes on the Graphic Representation of Imaginaries be-

fore Wessel" in  American  Mathematical ~ Monthly, 19 (1912), 167-171.
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®Some of these difficulties will be discussed more fully in Chapter Il, where
Hamilton's efforts to find a three-dimensional vectorial system are treated.

'"Gauss' untitled publication, which was a discussion of his "Theoria residuorum

biguadraticum, Commentatio secunda," was originally published in the Gotting-
ische gelehrte Anzeigen of April 23, 1831. | have used the text as given in Carl
Friedrich Gauss, Werke, vol. Il (Gottingen, 1863), 169-178.

"slbid., 175.

**Julian Lowell Coolidge, The Geometry of the Complex Domain (Oxford, 1924),
28-29.

2®Hermann Giinther Grassmann, Gesammelte mathematische und physikalische
Werke, vol. I, pt. Il (Leipzig, 1896), 8-9, 397-398.

2lFelix Klein, "Uber den Stand der Herausgabe von Gauss' Werken" in Mathe-

matische Annalen, 51 (1898), 128-133; Peter Guthrie Tait, "On the Claim Recently
Made for Gauss to the Invention (not the Discovery) of Quaternions"” in Proceedings
of the Royal Society of Edinburgh, 23 (1900), 17-23; Cargill Gilston Knott, "Pro-
fessor Klein's View of Quaternions: a criticism" in Proceedings of the Royal Society
of Edinburgh, 23 (1900), 24-34. For the document on which Klein based his claim,
see Gauss, Werke, vol. VIII (Leipzig, 1900), 357-362.

220n this point see Ludwig Schlesinger, "Uber Gauss Arbeiten zur Function-
entheorie” in Gauss, Werke, vol. X, pt. 2 (Gottingen, 1922-1933), 55-57.

2 Abbe Buee, "Memoire sur les quantites imaginaires” in Transactions of the
Royal  Society of London, 96 (1806), 23-88.

2" coolidge, Geometry  of the Complex  Domain, 24.

2°This is strongly implied by the fact that in an 1844 paper (Hamilton, "On
Quaternions” in  Philosophical ~Magazine, 3rd Ser., 25 (1844), 489-495) Hamilton
discussed the authors that had influenced him; of the six men who discovered the
geometrical representation of complex numbers, only Warren was mentioned. The
same conclusion is implied in Hamilton's richly historical preface to his Lectures on
Quaternions; see especially (5; [31]—[57]) as well as the work listed in note (4)
above, wherein many letters from Hamilton to De Morgan were published in which
Hamilton discussed these men. Hamilton explicitly denied having seen (1) Gauss'
paper (4; 312), (2) Mourey's book (4; 489), (3) Argand's book (4; 435), (4) Servois'
paper (5; [57]), and (5) Frangais' papers (Robert Perceval Graves, Life of Sir Wiliam
Rowan Hamilton, vol. Il [Dublin, 1885], 606). From the fact that Hamilton had not
read Servois' and Frangais' papers or Argand's book, it seems reasonable to conclude
that he had not read any of the relevant papers in volumes IV and V of Gergonne's
Annales before 1844. Hamilton did not explicitly deny knowledge of Wessel, since
he never, even after 1843, heard of Wessel, and he did not explicitly deny knowledge
of Buee's paper, since he had already denied that it had any merit. On the other
hand, Hamilton attended the 1833 meeting of the British Association for the Ad-
vancement of Science, and at this meeting George Peacock presented his "Report
on the Recent Progress and Present State of Certain Branches of Analysis”
(BAAAS. Report, 185-352), in which Peacock briefly discussed (ibid., page 228)
Argand's book and the papers from Gergonne's Annales.

% gee John Warren, A Treatise on the Geometrical Representation of the Square
Roots  of Negative Quanties (Cambridge, 1828), page 3 for commutative law of
addition, page 9 for commutative law for multiplication, page 18 for a hint that he
was aware of the associative law for multiplication, and page 13 for the distributive
law. The importance of this is that the discovery of quaternions depended to some
extent on the recognition of the importance of these laws. On the origin of the
names "associative," "commutative," and "distributive" in a mathematical sense

probably the first historical statement was made by Hermann Hankel, Theorie der
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complexen Zahlensysteme (Leipzig, 1867), footnote on page 3, where he said,
"These names have been adopted universally in England since 1840 and hence |
have not hesitated to transplant them to German soil; 'distributive' and 'commuta-
tive' were introduced by Servois (GERGONNE'S Ann. vol. V. 1814, p. 93); 'associa-

tive' was it seems first introduced by Sir. W. R. Hamilton." This statement is re-
peated by both David Eugene Smith and Florian Cajori. The earliest recognition of
the necessity of proving the commutative law for multiplication is in Euclid, Book
VII, Proposition 16. The first publication, to my knowledge, in which Hamilton used
the term "associative" is in the paper "On a New Species of Imaginary Quantities,
Connected with a Theory of Quaternion,” communicated November 13, 1843, pub-
lished in the Proceedings of the Royal Irish Academy, 2 (1844) 424-434. He wrote:
"However, in virtue of the same definitions, it will be found that another important
property ofthe old multiplication is preserved, or extended to the new, namely, that
which may be called the associatve character of the operation. . . ." Ibid, 429-430.

27 At least no extension is suggested in his book or in the two subsequent papers
which he published on this subject. His two later papers were both published in the
Philosophical Transactions of the Royal Society of London, 119 (1829); they were
entitled "Considerations of the Objections Raised Against the Geometrical Repre-
sentation of the Square Roots of Negative Quantities," pages 241-254, and "On the
Geometrical Representation of the Power of Quantities Whose Indicies Involve the
Square Roots of Negative Quantities,” pages 339-359. |In the first paper (bid,
251-254) Warren stated that he had written his book before he heard of Buee's or
Mourey's publication; Argand was not mentioned, presumably because Warren still
had not heard of Argand's book.

% c. V. Mourey, La vrai Theorie des quantites negatives et des quantites preten-
dues imaginaires (Paris, 1828). The second edition (Paris, 1861) was used; this was a
reprint of his 1828 work. Nowhere in the work does Mourey mention Argand or
Buee; in fact no mathematicians are ever mentioned in the book. Mourey could not
have known Warren's book since it was published after his own. Mourey [bid, 1X)
made the interesting comment that his book was an abridgement of alonger treatise
he had written but had not published.

* Ipid.,  95.
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CHAPTER TWO

Sir William Rowan Hamilton
and Quaternions
Introduction: Hamiltonian Historiography

The task of the historian who wishes to treat any aspect of the
work of Sir William Rowan Hamilton is complicated by the fact that
estimates of his significance for the history of science have varied
between two extreme positions. Thus, for example, Erwin Schro-

dinger wrote of Hamilton:

While these discoveries (Quaternions, etc.) would suffice to secure
Hamilton in the annals of both mathematics and physics a highly hon-
ourable place, such pious memorials can in his case easily be dispensed
with. For Hamilton is virtually not dead, he himselfis alive, so to speak,
not his memory. | daresay not a day passes —and seldom an hour—with-
out somebody, somewhere on this globe, pronouncing or reading or
writing or printing Hamilton's name. That is due to his fundamental
discoveries in general dynamics. The Hamiltonian principle has become
the cornerstone of modern physics, the thing with which a physicist ex-
pects every physical phenomenon to be in conformity.

The modern development of physics is continually enhancing Hamil-
ton's name. His famous analogy between mechanics and optics virtually
anticipated wave-mechanics, which did not have to add much to his
ideas, only had to take them seriously—a little more seriously than he
was able to take them, with the experimental knowledge of a century
ago. The central conception of all modern theory in physics is "the
Ifyou wish to apply modern theory to any particular prob-
lem, you must start with putting the problem "in Hamiltonian form."

Thus Hamilton is one ofthe greatest men of science the world has pro-
duced.® *

Hamiltonian.

In 1945 J. L. Synge lamented that Hamilton's fame was passing
into eclipse.” Synge cited many aspects of this eclipse but stressed
above all the neglect of Hamilton's contribution to the calculus of
variations. He wrote: "Hamilton was, in fact, a great contributor—
probably the greatest single contributor of all time —to the calculus

of variations." (7; 15)
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In 1940 E. T. Whittaker published a paper entitled "The Hamil-

"8 in which he maintained: "The nadir of Hamil-

tonian Revival,
ton's reputation was touched about the beginning of the present
century: since when, there has been a steady movement in the re-
verse direction: one after another, the significance of his great
innovations has been appreciated. . . ."° Whittaker wrote of Hamil-
ton in 1954: "After Isaac Newton, the greatest mathematician ofthe
English-speaking peoples is William Rowan Hamilton. e

In 1937 E. T. Bell in his widely read Men of Mathematics ** en-
titled the chapter on Hamilton "An Irish Tragedy." Herein Bell
presented Hamilton's life as a tragedy, in a sense a magnificent
failure.

This disparity of views concerning Hamilton, which in fact dates
back to the nineteenth century, is central to Hamiltonian historiog-
raphy. The main source of this disparity of views relates to Hamil-
ton's work on quaternions. Hamilton believed that quaternions
represented the mathematics of the future and consequently de-
voted more than twenty years of his life to them. The view of
quaternions held by nearly all mathematicians of the present is
however quite different; the consensus now is that the quaternion
system is but one of many comparable mathematical systems, and
though it is interesting as a rather special system, it offers little
value for application. The historian of today must take the above
evaluation of quaternions as most probably valid, though there re-
main sources of doubt. Statements qualifying or contradicting this
evaluation —made by such important scientists as E. T. Whittaker,*?
George D. Birkhoff,"®> and P. A. M. Dirac '*—instill some degree of
caution in the historian, as do the two large volumes by Otto F.

Fischer,*®

in which the author attempted to rewrite much ofmodern
physics in terms of Hamilton's quaternions.

E. T. Bell's view of Hamilton as a tragic failure certainly stemmed
from the fact that he felt that quaternions are of little interest to
modern mathematics. Bell was convinced that Hamilton was the
victim of a monomaniacal delusion; he stated "that Hamilton's
deepest tragedy was neither alcohol nor marriage but his obstinate
belief that quaternions held the key to the mathematics ofthe phys-

ical universe." ¢

The problem of quaternions also stands behind
much of what E. T. Whittaker wrote concerning Hamilton; Whit-
taker however passed over the problem by stressing Hamilton's
contributions to mathematical physics and by arguing that quater-
nions "may even yet prove to be the most natural expression ofthe
new physics." '7

The present study must stand in the shadow of this dispute con-
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cerning Hamilton's greatness; nevertheless it is hoped that substan-
tial progress toward a solution may be achieved in terms of the
following analysis, which will be developed more fully later. It is
not possible to argue that the quaternion system is the vectorial
system ofthe present day; the so-called Gibbs-Heaviside system is
the only system that merits this distinction. Nor is it legitimate to
argue (as Whittaker has done) that the quaternion system will be the
system of a future day. Both of these alternatives are unacceptable;
nonetheless it can be argued (though in my opinion this has not
previously been done) that Hamilton's quaternion system led by an
historically determinable path to the Gibbs-Heaviside system and
hence to the modern system. In what follows it will be shown that
this was in fact the case, and thus it will become clear that Hamil-
ton deserves immense credit for his work in quaternions, since this
work led to the now widely used system of vector analysis. The
reasons why this is so little known will also be discussed. If this
analysis is found acceptable, it should clear up the major problem in

Hamiltonian historiography.

1. Hamilton s Life and Fame

Though in general a detailed discussion of a scientist's life need
not be included in a study such as this, it is of necessity otherwise
in regard to Hamilton and quaternions. The reason for this is that
the fame attained by Hamilton during his lifetime strongly in-
fluenced subsequent events. Some indication of the importance of
Hamilton's fame in this history may be attained by a comparison of
the title pages of Hamilton's and Grassmann's first major works.
The title page of Grassmann's Ausdehnungslehre of 1844 contained
the following:

Hermann Grassmann
Lehrer an der Friedrich-Wilhelms-Schule zu Stettin

By ~contrast, the title page of Hamilton's Lectures on Quaternions

contained:

SIRWILLIAM ROWAN HAMILTON, LL.D., M. R. I. A,, FELLOW
OF THE AMERICAN SOCIETY OF ARTS AND SCIENCES; OF THE
SOCIETY OF ARTS FOR SCOTLAND; OF THE ROYAL ASTRO-
NOMICAL SOCIETY OF LONDON; AND OF THE ROYAL NORTH-
ERN SOCIETY OF ANTIQUARIES AT COPENHAGEN; CORRE-
SPONDING MEMBER OF THE INSTITUTE OF FRANCE;
HONORARY OR CORRESPONDING MEMBER OF THE IMPERIAL
OR ROYAL ACADEMIES OF ST. PETERSBURGH, BERLIN, AND
TURIN; OF THE ROYAL SOCIETIES OF EDINBURGH AND DUB-
LIN; OF THE CAMBRIDGE PHILOSOPHICAL SOCIETY;, THE
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NEW YORK HISTORICAL SOCIETY; THE SOCIETY OF NATURAL
SCIENCES AT LAUSANNE; AND OF OTHER SCIENTIFIC SO-
CIETIES IN BRITISH AND FOREIGN COUNTRIES; ANDREWS"
PROFESSOR OF ASTRONOMY IN THE UNIVERSITY OF DUBLIN;
AND ROYAL ASTRONOMER OF IRELAND.

William Rowan Hamilton was born of undistinguished ancestry
on the midnight between August 3 and 4, 1805, in Dublin, Ireland.
He was orphaned at age fourteen, but had ceased to live with his
parents from the age ofthree, at which time he had been sentto live
with his uncle, James Hamilton, an Anglican clergyman serving
Trim, Ireland. Hamilton's uncle, a man of education and intelli-
gence, directed his nephew's preuniversity education. The success
ofthe uncle as tutor and the brilliance of Hamilton as student were
manifested in many ways, of which the best known is that at age
thirteen, Hamilton "was in different degrees acquainted with thir-

teen languages. " 18

These languages were Greek, Latin, He-
brew, Syriac, Persian, Arabic, Sanskrit, Hindoostanee, Malay,
French, Italian, Spanish, and German. The study of languages was
however only one of Hamilton's interests, for he also read in
geography, religion, mathematics, astronomy, and the best of Eng-
lish and foreign literature. At age sixteen he began Laplace's
Mecanique Celeste and detected an error therein. It is interesting
but not significant for this study that the error found by Hamilton
was in Laplace's demonstration of the law of the parallelogram of
forces. (2,1; 661-662)

In 1823 Hamilton entered Trinity College of Dublin University.
He had placed first in the entrance exam and had decided that his
calling was to science. His record atthe University bordered on the
incredible. In his second year he was awarded an optime for his
knowledge of Greek, and in his third year another optime for his
knowledge of mathematical physics. The winning of even a single
optime was very rare. Upon winning the second optime, Hamilton
"became a celebrity in the intellectual circle of Dublin; and in-
vitations, embarrassing from their number, poured in wupon
him. . . ." (2,1; 209) Hamilton resolved to attempt to win in his final
year the University Gold Medals in both classics and in science.
This wish was not fulfilled, for during the summer after his third
year Hamilton was offered the honor of becoming Andrews' Pro-
fessor of Astronomy at the University of Dublin and Royal Astrono-
mer of Ireland. His student days were also distinguished by success
in creative endeavors. He wrote numerous poems and received
honors for some of them. Researches in science begun in his

seventeenth year on certain questions in mathematical optics led to
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his now famous "Theory of Systems of Rays," which was read in
1824 and published with further developments four years later.'?
Other important papers in the same line of development came in
1830, 1831, and 1837. His aim in these papers (which extend to over
three hundred pages) was to reduce optics to a mathematical
science in terms of his "Characteristic Function." The success of
his mathematical methods in optics led Hamilton to extend these
methods for wuse in dynamics. The distinguished historian of
mechanics Rene Dugas has summarized the nature and importance

of Hamilton's work in optics and dynamics:

In short, jealous of the formal perfection which Lagrange had been
able to give to dynamics, and which optics lacked, Hamilton undertook
the rationalisation of geometrical optics. He did this by developing a
formal theory which was free of all metaphysics and which, moreover,
succeeded in accounting for all the experimental facts.

Then, returning to dynamics, Hamilton presented the law of varying
action in a form very like that which he had discovered in optics. Thus
he reduced the general problem of dynamics (for conservative systems)
to the solution oftwo simultaneous equations in partial derivatives, or to
the determination of a single function satisfying these two equations.

Hamilton's guiding idea is continuous from his optical work to his
work in dynamics —in this fact lies his greatness and his power. Here
was a synthesis that Louis de Broglie was to rediscover and turn to his
own account; a synthesis that was, it appears, to be Schrodinger's direct
inspiration.?°
These works certainly contributed to Hamilton's fame; Jacobi

was probably thinking ofthem when in 1842 he referred to Hamil-
ton as "le Lagrange de votre pays." (2,111; 509) Often however such
highly mathematical papers do not produce popular fame. It was
otherwise for Hamilton; in 18322' he predicted on a theoretical
basis two new phenomena in optics, internal and external conical
refraction. At Hamilton's request, Humphrey Lloyd, friend and
colleague of Hamilton, attempted to verify Hamilton's prediction.
In this he was completely successful, finding both predicted
phenomena and a third which had not been predicted. (2,1; 635)
Graves wrote that this discovery "excited at the time a very con-
siderable sensation among scientific men in England and on the
Continent. . . ." (2,1; 636) Whewell's praise for Hamilton was
vigorous and immediate, and Airy referred to the discovery as
"perhaps the most remarkable prediction that has ever been
made. . . ." (2,1; 637) De Morgan writing in 1866 stated: "Opticians
had no more imagined the possibility of such a thing, than astrono-

mers had imagined the planet Neptune, which Leverrier and
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Adams calculated into existence. These two things deserve to rank
together as, perhaps, the two most remarkable of verified scientific

predictions."” 2?2 Pliicker of Bonn wrote:

No experiment in physics has made such a strong impression on my
mind as that of conical refraction. A single ray of light entering a crystal
and leaving as a luminous cone: this is something unheard of and with-
out analogy. Mr. Hamilton predicted it, starting from the form of the
wave which had been deduced by a long calculation from an abstract
theory. | confess | would have had little hope of seeing an experimental
confirmation of such an extraordinary result, predicted by the mere
theory which Fresnel's genius had recently created. But since Mr.
Lloyd had demonstrated that the experimental results were in complete
accordance with the predictions of Mr. Hamilton, all prejudice against a
theory so marvelously lofty has been forced to disappear. (2,1; 637)

The fame that came to Hamilton because of this discovery was in-
creased by the fact that it was made, like nearly all the discoveries
discussed thus far, before Hamilton had reached his thirtieth year.

Also illustrative of, and contributory to, Hamilton's popular fame
was his close friendship with William Wordsworth and other
literary figures such as Maria Edgeworth and Samuel Taylor Cole-
ridge. Numerous letters passed between Hamilton and Words-
worth, and each visited the other on many occasions. Wordsworth
had said that Hamilton was one oftwo men to whom he could look
up (the other was Coleridge). To this Hamilton replied: "Ifl am to
look down on you, it is only as Lord Rosse looks down in his tele-
scope to see the stars of heaven reflected.” (2,111; 237)

By 1835 Hamilton's fame was established. In that year he was
knighted and received a medal from the Royal Society; in addition
he finished a paper on algebraic couples, which is the first of Hamil-
ton's publications to be of direct importance for the present study.
In 1837 he was elected president of the Royal Irish Academy and
held this position until his resignation in 1845, soon after his dis-
covery (1843) of quaternions. The last twenty-two years of his life,
from 1843 to 1865, were for the most part devoted to the develop-
ment of quaternions.

Honors of all sorts continued to be bestowed on him. One of
these deserves final mention. In 1865, the year of his death, Hamil-
ton received notice that the newly founded National Academy of
Sciences ofthe United States had elected him a Foreign Associate,
along with fourteen other men. The members had voted to place
Hamilton's name at the head of the list of Foreign Associates, pre-
sumably signifying that in their opinion he was the greatest living
scientist. In this they were probably overly enthusiastic, but their

judgment does attest to the fact, which is very significant for this
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study, that Hamilton's fame among his contemporaries was very
great. At this same time the majority of Grassmann's scientific work
had been completed, but he was still nearly unknown. His subtitle
in his 1862 Ausdehnungslehre had changed only slightly; it was

now "Professor am Gymnasium zu Stettin."

1. Hamilton and Complex Numbers

It was stated previously that Hamilton's discovery of quaternions
was in the tradition of the work done on complex numbers, and in
this regard the history of the geometrical representation ofcomplex
numbers and associated ideas was given. But there was a second
line of development in studies on complex numbers that also led to
quaternions. This line ofdevelopment was established by Hamilton
himself in his long and important essay published in 1837 and en-
titled: "Theory of Conjugate Functions, or Algebraic Couples; with
a Preliminary and Elementary Essay on Algebra as the Science of
Pure Time." This paper is important in itself;, indeed one mathe-
matician referred to it as a greater contribution to algebra than his

® Hamilton's paper is divided into three

discovery of quaternions.?
sections: the first section, which consists of "General Introductory
Remarks," was written last; the second section, an essay "On
Algebra as the Science of Pure Time" was written in 1835; and the
third section, containing his "Theory of Conjugate Functions,
or Algebraic Couples,” was for the most part written in 1833.
(2,11; 144) Neglect ofthe historical sequence ofthe composition has
led to a number of historical misconceptions.

Hamilton began the paper by writing:

The study of Algebra may be pursued in three very different schools, the
Practical, the Philological, or the Theoretical, according as Algebra itself
is accounted an Instrument, or a Language, or a Contemplation; accord-
ing as ease of operation, or symmetry of expression, or clearness of
thought, (the agere, the fari, or the sapere)) is eminently prized and
sought for. The Practical person seeks a Rule which he may apply, the
Philological person seeks a Formula which he may write, the Theoretical
person seeks a Theorem on which he may meditate. (3; 293)

He then proceeded to state that the aim of this paper was theoreti-

cal.

The thing aimed at, is to improve the Science, not the Art nor the
Language of Algebra. The imperfections sought to be removed, are con-
fusions of thought, and obscurities or errors of reasoning; riot difficulties
of application of an instrument nor failures of symmetry in expression....

For it has not fared with the principles of Algebra as with the prin-
ciples of Geometry. No candid and intelligent person can doubt the
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truth of the chief properties of Parallel Lines, as set forth by EUCLID
in his Elements, two thousand years ago; though he may well desire to
see them treated in a clearer and better method. The doctrine involves
no obscurity nor confusion of thought, and leaves in the mind no
reasonable ground for doubt, although ingenuity may usefully be exer-
cised in improving the plan of the argument. But it requires no peculiar
scepticism to doubt, or even to disbelieve, the doctrine of Negatives and
Imaginaries, when set forth (as it has commonly been) with principles
like these: that a greater magnitude may be subtracted from a less, and
that the remainder is less than nothing; that two negative numbers, or
numbers denoting magnitudes each less than nothing, may be mult-
plied the one by the other, and that the product will be a positve num-
ber, or a number denoting a magnitude greater than nothing; and that
although the square of a number, or the product obtained by multiplying
that number by itself, is therefore always positve, whether the number
be positive or negative, yet that numbers, called imaginary, can be found
or conceived or determined, and operated on by all the rules of positive
and negative numbers, as if they were subject to those rules, although
they have negative squares, and must therefore be supposed to be them-
selves neither positive or negative, nor yet null numbers, so that the
magnitudes which they are supposed to denote can neither be greater
than nothing, nor less than nothing, nor even equal to nothing. It must
be hard to found a SCIENCE on such grounds as these. ... (3; 294)

Hamilton then asked

whether existing Algebra, in the state to which it has been already un-
folded by the masters of its rules and of its language, offers indeed no
rudiment which may encourage a hope of developing a SCIENCE of
Algebra: a Science properly so called; strict, pure, and independent;
deduced by valid reasonings from its own intuitive principles; and thus
not less an object of priori contemplation than Geometry, nor less dis-
tinct, in its own essence, from the Rules which it may teach or use, and
from the Signs by which it may express its meaning. (3; 295)

I

amilton concluded "that the Intuition of TIME is such a rudi-

ment" (3; 295) and elaborated on this idea by writing:

The argument for the conclusion that the notion of tme may be un-
folded into an independent Pure Science, or that a Science of Pure Time
is possible, rests chiefly on the existence of certain priori intuitions,
connected with that notion of time, and fitted to become the sources ofa
pure Science; and on the actual deduction of such a Science from those
principles, which the author conceives that he has begun. (3; 296-297)

In the second section of this paper Hamilton attempted to de-
velop the real number system on the basis of the intuition of the
concept of time. In this way he believed he could justify the use of
negative numbers as corresponding to steps in time.

It is generally believed that Hamilton's stress on time was

derived from Kant. Such may not be the case, for Kant's name is
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never mentioned in the paper. In Hamilton's later exposition of
these ideas in the Preface to his Lectures on Quaternions (4; [2]-[3])

he did mention Kant and wrote that reading Kant's Critque of

Pure Reason "encouraged [him] to entertain and publish this
view. . . ." (4; [2]) As early as 1827 Hamilton wrote, immediately
after mentioning geometry: "The sciences of Space and Time (to
adopt here a view of Algebra which | have elsewhere ventured to

propose) became intimately intertwined and indissolubly con-
nected with each other." (2,1; 229) From a number of statements
made by Hamilton in letters it seems quite clear that he began
reading Kant four years after making the above statement.?* In 1835
Hamilton wrote: "and my own convictions, mathematical and meta-
physical, have been so long and so strongly converging to this point
(confirmed no doubt of late by the study of Kant's Pure Reason), that
| cannot easily yield to the authority of those other friends who
stare at my strange theory." (2,11; 142) It thus seems that at most
Kant served as a catalyst for the development of his ideas and as a
confirmation of them.

In the third part of the essay Hamilton presented his "Theory of
Conjugate Functions, or Algebraic Couples.”" While the second part
of his essay is generally considered of minor importance, the third
part is universally admitted to be of great importance, for herein
Hamilton developed complex numbers in terms of ordered pairs of
real numbers in almost exactly the same way as itis done in modern
mathematics.?® The stress in this section was not on time, although
the interpretation of the couples in terms oftime was given. Hamil-
ton at no point in the paper mentioned Warren or the geometrical
interpretation of complex numbers; from this it seems probable that
Hamilton believed (like Gauss) that the geometrical representation
was an aid to intuition, but not a satisfactory justification for com-
plex numbers. Essentially what Hamilton did in this section was to
set up ordered pairs of real numbers (a, b) and define operations on
them. These operations were all done in terms ofthe rules for real
numbers. He then showed that the couples thus considered were

equivalent to complex numbers of the form a -h bi. He wrote:

In the THEORY OF SINGLE NUMBERS, the symbol VAT is absurd,
and denotes an IMPOSSIBLE EXTRACTION, or a merely IMAGI-
NARY NUMBER; but in the THEORY OF COUPLES, the same symbol
V -1 is significant, and denotes a POSSIBLE EXTRACTION, or a
REAL COUPLE, namely (as we have just now seen) the principal
square-root of the couple (—1, 0). In the latter theory, therefore, though
not in the former, this sign V—I| may properly be employed; and we may
write, if we choose, for any couple (a &) whatever, (a,, a) =
a, + aVv- (3; 417-418)
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Hamilton concluded the essay by writing:

the present Theory of Couples is published ... to show . . . that expres-
sions which seem according to common views to be merely symbolical,
and quite incapable of being interpreted, may pass into the world of
thoughts, and acquire reality and significance, if Algebra be viewed as
not a mere Art or Language, but as the Science of Pure Time. The
author hopes to publish hereafter many other applications of this view;
especially to Equations and Integrals, and to a Theory of Triplets and
Sets of Moments, Steps, and Numbers, which includes this Theory of
Couples. (3; 422)

The "Theory of Triplets" that he sought was ofcourse the extension
of the complex number system to three dimensions.

It is clear from this paper that Hamilton understood the nature
and importance of the associative, commutative, and distributive
laws.?® The majority of mathematicians appreciated the significance
of these laws only after number systems (especially quaternions)
had been developed which did not obey them.

Hamilton's "Theory" was poorly received. Most mathematicians
did not agree with Hamilton's stress on time, and a few felt the need
for the development of complex numbers on a basis other than a
geometrical one. That Gauss and Bolyai rejected the geometrical
justification of complex numbers is almost certainly due to the fact
that they both had previously discovered non-Euclidean geometry.
When non-Euclidean geometry became known (after 1860), mathe-
maticians then became interested in the development of complex
numbers in terms of ordered pairs of real numbers.

Hamilton's "Essay" was an important event in the history of the
discovery of quaternions for a number of reasons. First, it set
Hamilton on the quest for higher complex numbers from another
direction, in addition to the quest in terms of a method of analysis
for three-dimensional space. Second, through his method ofcouples
at least Hamilton himself became convinced of the legitimacy of
complex numbers, and more importantly he also obtained a method
that could be extended in such a way as to assure the legitimacy of
higher complex numbers, formed for example by triplets or quad-
ruplets (as in the case of quaternions). To put it another way, by this
method Hamilton was prepared, perhaps to discover, more signifi-
cantly to accept as legitimate, "four-dimensional" complex num-
bers (as quaternions), even ifno geometricaljustification were to be
available. Support for the above analysis is found in a letter of 1841

from Hamilton to De Morgan:

As to Triplets, | must acknowledge, that though | fancied myself at
one time to be in possession of something worth publishing about them,
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| never could resolve the problem which you have justly signalised as
the most important in this branch of (future) Algebra: to assign two sym-
bols O and &), such that the one symbolical equation

a+ MI + co) = a, + + c&>
shall give the three equations
a=a b =="0b c=c

But, if my view of Algebra be just, it must be possible, in some way or
other, to introduce not only triplets but polyplets, so as in some sense to
satisfy the symbolical equation

a= (@, a, . . . a);

a being here one symbol, as indicative of one (complex) thought; and
flj, a, . . . a, denoting n real numbers, positive or negative; that is, in
other words, n dates, in the chronological sense of the word, only ex-
cluding outward marks and measures, and the notion of cause and
effect. (2,11; 343)

Moreover, after 1843 Hamilton stressed the importance of this
point of view for his discovery of quaternions. He said in fact that
he made this discovery one day when "being then fresh from a re-
perusal of my old essay, | renewed my attempts to combine my
general notion of sets of numbers, considered as suggested by sets
of moments of time, with geometrical considerations of points and

lines in tridimensional space. 2t

V. Hamilton s Discovery of  Quaternions

At the end of his "Essay" of 1837 Hamilton stated that he was
seeking a triplet system. He had, in fact, made definite attempts to
find triplets as early as 1830. (4; [39]) The conjecture of that year
entailed abandonment of the distributive property. That Hamilton
was not alone in his quest is shown by Hamilton's own statement
that John T. Graves had tried to form a higher complex number
system for space "as early, or perhaps earlier than myself."?®
Hamilton and Graves had been in correspondence on the subject
from at least 1836, at which time Graves sent Hamilton a system
which was similar to one Hamilton had constructed in 1835.
(4; [36]-[37]) In 1841 Hamilton received a letter from Augustus
De Morgan, in which De Morgan asked Hamilton about his trip-
lets. With this letter was a copy of De Morgan's 1841 paper "On the

Foundation of Algebra," 2°

in which De Morgan had included a
brief discussion of triplets. (4; [41]—[42])
When by 1843 Hamilton began another intense search for trip-

lets, the framework within which the search had to be conducted
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was clear to him. The following may be taken as an outline of the
properties that he consciously hoped the new numbers would have.
1. The associative property for addition and multiplication. Thus

if N, N\ and N" are three such numbers, then N+ (N'+ N") =

(N + N) + N and NNNY) = (NN)N"

2. The commutative property for addition and multiplication.
N + N = N + N and NN = NN.

3. The distributive property. NN + N = NN + NN

4. The property that division is unambiguous. Thus if N and N’
are any given complex numbers, it is always possible to find one
and only one number X (in general, a number of the same form as
N and N) such that NX = N-.

5. The property that the new numbers obey the law of the mod-
uli. Thus if any three triplets combine so that

{fax + bd + c)@ + bid + c2j) = as + bii + c3j,

then

2 2

@2 + b2 + A, + b2 + ) = (@ + foi? + cd):

6. The property that the new numbers would have a significant
interpretation in terms of three dimensional space.

It is well known that ordinary complex numbers have all these
properties, with the exception that their geometrical interpretation
is for two-dimensional space. In one sense, then, the above is sim-
ply a detailed statement that Hamilton sought for new numbers
which would be directly analogous to ordinary complex numbers.
Of the above properties only the commutative property for multipli-
cation had to be abandoned for quaternions. With limits as restric-
tive as these Hamilton could only be satisfied with quaternions, for,
as C. S. Peirce proved in 1881, "ordinary real algebra, ordinary alge-
bra with imaginaries, and real quaternions are the only associative
algebras in which division by finites always yields an unambiguous

quotient."3°

It is significant to ask at this pointwhich ofthese prop-
erties are retained for the scalar (dot) and vector (cross) product
multiplications in modern vector analysis. For the dot product the
associative law for multiplication is not relevant, and both the law
ofthe moduli and the unambiguity of division must be abandoned.?®!
For the cross product the associative and commutative properties
must be abandoned.®? Moreover division is not unambiguous, and
the law of the moduli fails as well.??

From the above comparison ofthe properties of quaternions and
vectors it is evident that at least in some ways quaternions not only

are simpler than modern vectors but also entail fewer innovations.
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In the period immediately after their discovery quaternions were
criticized because ofthe abandonment ofthe commutative property
for multiplication. It is an interesting historical speculation in this
regard as to what would have been said of a system in which the
commutative and associative properties failed, and in which divi-
sion was in general impossible, and in which moreover two differ-
ent types of multiplication were defined. In any case it was in the
context of the above properties that Hamilton in 1843 renewed his
attempts to find triplets.®*

On October 16, 1843, Hamilton discovered quaternions. Perhaps
the best description of the circumstances surrounding this event is
contained in a letter Hamilton wrote in 1865 to his son Archibald H.

Hamilton:

If | may be allowed to speak of myselfin connexion with the subject, |
might do so in a way which would bring you in, by referring to an ante-
quaternionic time, when you were a mere child, but had caught from me
the conception of a Vector, as represented by a Triplet and indeed |
happen to be able to put the finger of memory upon the year and month
— October, 1843 —when having recently returned from visits to Cork and
Parsonstown, connected with a Meeting of the British Association, the
desire to discover the laws of the multiplication referred to regained
with me a certain strength and earnestness, which had for years been
dormant, but was then on the point of being gratified, and was occa-
sionally talked of with you. Every morning in the early part ofthe above-
cited month, on my coming down to breakfast, your (then) little brother

William Edwin, and yourself, used to ask me, "Well, Papa, can you mul-
tiply triplets"? Whereto | was always obliged to reply, with a sad shake
of the head: "No, | can only add and subtract them."

But on the 16th day ofthe same month —which happened to be a Mon-
day, and a Council day of the Royal Irish Academy—1 was walking in to
attend and preside, and your mother was walking with me, along the
Royal Canal, to which she had perhaps driven; and although she talked
with me now and then, yet an undercurrent of thought was going on in
my mind, which gave at last a result, whereof it is not too much to say
that | felt at once the importance. An electric circuit seemed to close;
and a spark flashed forth, the herald (as | foresaw, immediately) of many
long years to come of definitely directed thought and work, by myself if
spared, and at all events on the part of others, if | should even be allowed
to live long enough distinctly to communicate the discovery. Nor could |
resist the impulse—unphilosophical as it may have been—to cut with a
knife on a stone of Brougham Bridge, as we passed it, the fundamental
formula with the symbols, i,j, k; namely

P =P = K = ik = —1,
which contains the Solution of the Problem, but of course, as an inscrip-
tion, has long since mouldered away. A more durable notice remains,
however, on the Council Books of the Academy for that day (October
16th, 1843), which records the fact, that | then asked for and obtained
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leave to read a Paper on Quaternions, at the First General Meeting of the
Session: which reading took place accordingly, on Monday the 13th of
the November following. (2,11; 434-435)

Thus in a very dramatic manner Hamilton discovered and an-
nounced the discovery of quaternions. These are hypercomplex
numbers of the form w + ix +jy + kz;, where w, x, y, and z are real

numbers, and i,j, and /c are unitvectors, directed along the x, y, and

z axes respectively. The i,j, and /c units obey the following laws:
ij= k jk = i ki =j
ji = -k kj = - k = -j
i =jj = kk = —1

It is to be noted that for two quaternions g and ¢, qq does not in
general equal gg. The loss of commutativity in quaternions, while
itis very important historically, is also significant mathematically, because
this complicates calculations in which quaternions are used. All the other
properties discussed above are satisfied by quaternions. Thus it may be
verified that quaternion multiplication is associative and quaternion divi-
sion is unambiguous. These are two important properties which bear
special mention, since they are not preserved in the algebra of modern
vectors.

There have been a number of discussions published on the math-
ematical details of Hamilton's procedure in his discovery; for the
present purposes all that need be said is that Hamilton worked
within the context that has been discussed above.®®

Almost immediately after his discovery Hamilton stated that he
"felt that it might be worth my while to expend [on quaternions] the
labour of at least ten (or it might be fifteen) years to come." (2,11;
436) Hamilton actually spent the last twenty-two years of his life
working almost exclusively on quaternions. The letters of the first
few days after the discovery show that Hamilton felt that his system
had importance for heat theory, electricity,?® and spherical trigo-
nometry. (2,11; 442) In 1851 he wrote: "In general, although in one
sense | hope that | am actually growing modest about the quater-
nions, from my seeing so many peeps and vistas into future expan-
sions of their principles, | still must assert that this discovery ap-
pears to me to be as important for the middle of the nineteenth
century as the discovery of fluxions was for the close of the seven-
teenth." (2,11; 445)

In one sense at least Hamilton's discovery was epoch making, for
quaternions were the first well-known consistent and significant
number system which did not obey the laws ofordinary arithmetic.

His "curious, almost wild" (as he called it [2,11; 441]) discovery may
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be compared to the discovery ofnon-Euclidean geometry. Both dis-
coveries broke bonds set by centuries of mathematical thought. Im-
mediately after 1843 other new number systems were discovered
by Augustus De Morgan (who published five new systems),*” John
T. Graves (1844) (2,11; 454-455), and Charles Graves (1846).%°
This section will be concluded by a discussion of Hamilton's
publications on quaternions through the year 1847. On November
13, 1843, Hamilton read a paper on quaternions before the Royal
Irish Academy, of which at least part was published in 1844.°%°
Either this paper or the very similar paper in the July, 1844, issue of
the Philosophical ~ Magazine was his first publication on quater-
nions. (5,25; 10-13) Among the most important papers are his "On
Quaternions," delivered November 11, 1844, to the Royal Irish
Academy and published in 1847,°° and the similar paper published
in the July, 1846, issue of the Philosophical Magazine. (5,29; 26-31)
In these papers Hamilton dealt with the fact that quaternions are
not analogous to ordinary complex numbers in that the scalar part
(the w of w + ix +jy + kz) does not indicate distance on an axis un-
less, as he had suggested earlier, quaternions be considered as four

dimensional. Thus Hamilton (writing in the third person) stated:

And on account of the facility with which this so called imaginary ex-
pression, or square root of a negative quantity, is constructed by a right
line having direction in space, and having x, y, z for its three rectangular
components, or projections on three rectangular axes, he has been in-
duced to call the trinomial expression itself, as well as the line which
it represents, a VECTOR. A quaternon may thus be said to consist
generally of a real part and a vector. The fixing a special attention on
this last part, or element, of a quaternion, by giving it a special name,
and denoting it in many calculations by a single and special sign, ap-
pears to the author to have been an improvement in his method of
dealing with the subject: although the general notion of treating the
constituents of the imaginary part as coordinates had occurred to him in
his first researches.

Regarded from a geometrical point of view, this algebraically imagi-
nary part of a quaternion has thus so natural and simple a signification or
representation in space, that the difficulty is transferred to the algebrai-
cally real part; and we are tempted to ask what this last can denote in

geometry, or what in space might have suggested it.*!

The origin of the word vector (and the word scalar) is clear from the

following quotation in the similar paper in the Philosophical Maga-
zine.
The algebraically real part may receive ... all values contained on the
one scale of progression of number from negative to positive infinity; we

shall call it therefore the scalar part, or simply the scalar of the quater-
nion, and shall form its symbol by prefixing, to the symbol ofthe quater-
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nion, the characteristic Seal., or simply S., where no confusion seems
likely to arise from using this last abbreviation. On the other hand, the
algebraically imaginary part, being geometrically constructed by a
straight line or radius vector, which has, in general, for each determined
quaternion, a determined length and determined direction in space, may
be called the vector part, or simply the vector of the quaternion; and may
be denoted by prefixing the characteristic Vect., or V. We may therefore
say that a quaternion is in general the sum of its own scalar and vector
parts, and may write Q = Seal. Q + Vect. Q = S.Q + V.Q or simply Q =
SQ + VQ. (529; 26-27)

From the above quotations it may be inferred that it was Hamilton
who introduced the term scalar and also the term vector in its pre-
cise mathematical sense, although the similar term radius vector
had been used for many years before.

The above quotations however have a far greater significance
than this. In a sense they mark the beginning of modern vector
analysis. Hamilton had introduced his symbols S and V because
"separation of the real and imaginary parts of a quaternion is an op-
eration of such frequent occurrence, and may be regarded as so fun-
damental in this theory. . . (5,29; 26) Hamilton illustrated the use
of his symbols as applied to the product ofthe multiplication oftwo
guaternions a and a, in which the scalar parts were 0. Letting a =
xi + yj + zk and a = xi + y'j+ zk, Hamilton wrote: "S. aa = — (xx' +
w o+ zz'); V. aa = i(yz' - zy') + j(zx' - xz') + Ky - yx').

(5,29; 30) It is obvious that these are equivalent to the modern vec-
tor (cross) product and to the negative of the modern scalar (dot)

“2 Hamilton and Tait made very frequent use of these sym-

product.
bols, using them in cases where the dot and cross product would
now be used. Hamilton then proceeded to prove such equations as
Saa’ = 0 when a and a' are parallel.

Another pair of very important papers appeared in 1846 and

1847.°° In these papers Hamilton introduced the new operation

..<], defined with relation to these three symbols ijk, and to the
known operation of partial differentiation, performed with respect to
three independent but real variables xyz, as follows:

id je—- kd
L 1 >
dx “dy “dz
this new characterestic will have the negative of its symbolic  square
expressed by the  following formula:

d\z d\2 d\2
= (@ )+ )
dx dy. dz/’
of which it is clear that the applications to analytical physics must be ex-
tensive in a high degree. (5,31; 291)
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The final paper of special importance is that delivered November
13, 1843, but published only in full (and certainly with additions)
in 1848."* This very long paper was mainly devoted to developing
quaternions in analogy to his 1837 treatment of complex numbers
as number couples, and to relating his quaternions to the opera-
tions, principles, and elements of traditional mathematics.

In summary, by the end of 1847 Hamilton had published at least
thirty-four papers in five differentjournals. Many ofthese were ex-
pository; some used quaternions for the solution of problems in
geometry, mechanics, and astronomy. On a number of occasions
new results were obtained by means ofquaternions, but none seem

to have been of a striking nature.

V. Quaternions Until Hamilton s Death (1865)

The aim of this section is to consider Hamilton's work on quater-
nions from 1847 to 1865 and, more important to us, to discuss the
reception of quaternions from the time oftheir discovery until 1865.

In considering the reception of quaternions it must not be forgot-
ten that, unlike many new discoveries, the discovery of quaternions
was made by a man having considerable fame before the discovery
was made. It was in 1842 that Jacobi referred to Hamilton as "le
Lagrange de votre pays," and the Athenaeum, in discussing the
1842 meeting of the British Association, mentioned that "peculiar
interest was excited by the presence ofthe three great astronomers,
Bessel, Herschel, and Hamilton, who were seen seated together on

the platform."*?

Hamilton's fame acted as a powerful force in
spreading knowledge of quaternions and in forestalling criticism of
them. Mathematicians who did not use quaternions were nonethe-
less cautious about attacking them.

The question of the reception of quaternions should be seen
within the perspective provided by the history of the reception of
similar systems. The rapidity with which new systems of ideas (as
opposed to new experimental or technical results) are received is
often exaggerated. Non-Euclidean geometry, Boolean algebra,
Maxwell's theory, and even the calculus were only gradually appre-
ciated and assimilated into scientific thought. Moreover complex
numbers, the Grassmannian system, and the Gibbs-Heaviside (or
modern) system of vector analysis were all slowly received. When
Hamilton and the young Tait express their surprise that the quater-
nion system was only slowly being appreciated, their statements
are to be taken with caution, for they express alament that is nearly

universal among the proponents of new systems of ideas.
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It is also important to realize that to a certain extent the ground-
work had been laid for quaternions before 1843. The work of Ar-
gand, Mourey, Warren, Gauss, and others had made the geometrical
representation of complex numbers an accepted idea. The work of
Gauss, Peacock, De Morgan, and others had helped to produce a
more sophisticated view of algebra. Finally, the work of Bellavitis,
Mobius, and Grassmann, and the fact that Wessel, Gauss, Argand,
Servois, Frangais, Mourey, John T. Graves, De Morgan, and Hamil-
ton had all, and for the most part independently, searched for trip-
lets, indicates that there was a felt need for such a system as quater-
nions.

Quaternions, with their abandonment of commutativity, were in
any case somewhat revolutionary in conception. Thus, even John T.
Graves, perhaps the mathematician best prepared for accepting
such a new idea, wrote in the following manner in response to

Hamilton's letter announcing the discovery:

There is still something in the system which gravels me. | have not yet
any clear views as to the extent to which we are at liberty arbitrarily to
create imaginaries, and endow them with supernatural properties. You
are certainly justified by the event. You have got an instrument that facil-
itates the working of trigonometrical theorems and suggests new ones,
and it seems hard to ask more; but | am glad that you have glimpses on
physical analogies. (2,11; 443)

It seems that De Morgan and MacCullagh were troubled by the
abandonment of commutativity, and if such great mathematicians
were troubled, what must have been the reaction among lesser
lights? Probably the initial reaction was opposition, passing with
time into curiosity and a greater openness of mind. By 1847 quater-
nions had to some degree become known, and at the British Asso-
ciation meeting of that year a debate took place concerning their

value. Hamilton described the debate in a letter to R. P. Graves:

Being ready, however, at the commencement ofthe Meeting, | was told
that | need not straiten myself as to time, the pressure of other Papers
having not yet been felt; and Dr. Peacock said afterwards to me that | had
given "a capital exposition": while from many other quarters it has been
told me that he has expressed himself everywhere as favourable to my
whole system. Mr. Jarrett brought forward again his Cambridge objec-
tions, and dwelt particularly on the possibility of making'mistakes in the
use of my new calculus. In reply to which | disclaimed the power of set-
ting any limit to the faculty of making blunders; but said that the practi-
cal question on that point was, whether with a reasonable degree of at-
tention a reasonable security against error could be attained; which |
thought that my experience of the working of the quaternions enabled
me to answer in the affirmative. The Rev. Richard Greswell, an Oxford
man for whom | have a great respect, but who is not particularly scien-
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tific, made some critical remarks in a not unfriendly spirit; but obliged
me to disclaim a triplet which he attributed to me, of Positive, Negative,
and Imaginary: and to state that with me the distinction between Posi-
tive and Negative was exactly the same as that between Future and Past,
or between Past and Future. After some gentle skirmishes of this sort,
rose Herschel; who said that his admiration of the quaternions had in-
creased with every resumption of his study ofthem: and that although it
might be difficult at first to master the extremely abstract conceptions,
and the new algorithm which they involve, yet he was well convinced
that it was worth the trouble. They appeared to him a bag, into which one
need only insert his hand to draw forth treasures; he might call them a
cornucopia of scientific abundance: and in a word, his earnest advice to
mathematicians would be, to "study the quaternions."” SirJohn Herschel
had remained at Oxford on purpose to make this statement; and immedi-
ately afterwards he started off for Collingwood. Mr. Airy, seeing that the
subject could not be cushioned, rose then to speak of his own acquaint-
ance with it, which he avowed to be none at all; but gave us to under-
stand that what he did not know could not be worth knowing. He warned
all persons, if they should use the method, to do so with the extremest
caution; professing to regard me as believing it to be a right one, solely
on the ground of the agreement ofits results, so far as they have been yet
obtained, with those of the older method. What was obscure was to him
as if it were erroneous, what was paradoxical was to him as if it were
false; and he thought that system useless as an algebraical geometry, of
which the expressions were so extremely difficult of geometrical inter-
pretation. (2,11; 585-587)

Concerning this quotation it should be mentioned that Herschel's
statement appeared in the Athenaeum in an even stronger form.*®
It also seems that Jarrett's, Greswell's, and Airy's objections were
only partly valid, though forcefully delivered. MacCullagh's views
seem to have changed around this time, for in late 1847, on the
night before he committed suicide, he told a friend that in his opin-
ion Herschel had not gone too far in his statement atthe British As-
sociation meeting. (2,11; 595-596)

In 1846 Hamilton resigned the presidency of the Royal Irish
Academy presumably to obtain more time for his quaternion re-
searches, and in 1848 both the Royal Irish Academy and the Royal
Society of Edinburgh awarded him medals for his discovery. It was
also in 1848 that Hamilton gave a series of four lectures on quater-
nions at Dublin University. He had earlier, in 1845, given "a short
sketch" of them. Among those who heard the 1848 lectures were
George Salmon and Arthur Cayley, who was the first mathemati-
cian, besides Hamilton, to publish a paper on quaternions (Cayley's
paper appeared in 1845).“°® George Salmon also became interested
in quaternions and advanced far enough in their study that at one
time Hamilton thought that Salmon might become his successor in

quaternion studies. (2,111; 90) Salmon however went on to attain
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fame in other branches of mathematics, and Peter Guthrie Tait (who
will be discussed in detail later) became Hamilton's successor in
gquaternion researches.

Hamilton's lectures of 1848 were eventually greatly expanded
and published as his Lectures on Quaternions in 1853. Salmon aptly
described the need for such a work when he wrote to Hamilton in
1852: "Your book will probably make the use of your method more
general. At present it is a bow of Ulysses, which no one can bend
but the owner." (2,111; 346)

Hamilton's Lectures on Quaternions consisted of a series of seven
lectures, extending to 737 pages with an additional 64-page preface
and a 72-page table of contents. In the preface Hamilton discussed
the history of quaternions and showed in great detail how quater-
nions could be interpreted in terms of his concept of algebra as
founded on the concept of time and in terms of quadruples of real
numbers. These sections were neither easy nor probably interest-
ing reading for most readers. Early in the work Hamilton wrote that
he would use a ‘“'metaphysical style of expression." (4; 4) This was
not a happy choice, and the work was further encumbered by his
practice of introducing a multitude of new terms. Early in the work
he set up an elaborate terminology by using such words and combi-
nations as vector, vehend, vection, vectum, revector, revehend,
revection, revectum, provector, . . . transvector, . . . factor, . . . pro-
factor, . . . versor, . . . and quadrantal versor, which is of course a
semi-inversor. Authors of later quaternion books expressed in three
pages the mathematical ideas that Hamilton had presented in his
first seventy-four pages. Hamilton dealt at some length with the ad-
dition, subtraction, multiplication, and division of quaternions. He
showed how quaternions were to be applied to spherical geometry
and trigonometry and showed the relations of quaternions to

CO-ORDINATES, DETERMINANTS, TRIGONOMETRY,
LOGARITHMS, SERIES, LINEAR AND QUADRATIC EQUA-
TIONS, DIFFERENTIALS, AND CONTINUED FRACTIONS.

"47 He concluded with some geometrical and astronomical ap-
plications and the introduction of the biquaternion.

It was without question a very long and a very difficult book to
read. Herschel in 1853 wrote to Hamilton thatthe book would "take
any man a twelvemonth to read, and near a lifetime to digest

,"*® and in 1859 Herschel wrote:

Your deduction from Quaternions of Fresnel's Wave is one of those
things which | have just knowledge enough to admire without enough to
understand. But it set me again on reading you Lectures on Quater-
nions, and | got through the three first chapters of it with a much clearer
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perception of meaning than when | attacked it some three or four years
back, but | was again obliged to give it up in despair. Now | pray you to
listen to this cry of distress. | feel certain that if you pleased you could
put the whole matter in as clear alightas would make the Calculus itself
accessible as an instrument to readers even of less "penetrating power"
than myself, who, having once mastered the algorithm and the conven-
tions so as to work with it, would then be better prepared to go along
with you in your metaphysical explanations. (2,111; 121)

It may be recalled that Herschel had been a Senior Wrangler and
was a man of great ability. If he could read no more than the first
three chapters (129 pages), how far would the less able mathemati-
cians advance?

Hamilton faced some difficulty in getting such a large, new work

published. Thus in 1853 he wrote to a friend (Mortimer O'Sullivan):

You will | hope bear with me if | say, that it required a certain capital
of scientific reputation, amassed in former years, to make it other than
dangerously imprudent to hazard the publication of a work which has,
although at bottom quite conservative, a highly revolutionary air. It was
a part of the ordeal through which | had to pass, an episode in the battle
of life, to know that even candid and friendly people secretly, or, as it
might happen, openly, censured or ridiculed me, for what appeared to
them my monstrous innovations. (2,11; 683)

The longest review of the work appeared in the North American
Review for 1857, written probably by Thomas Hill.*® Hill began by
writing: "It is confidently predicted, by those best qualified to
judge, that in the coming centuries Hamilton's Quaternions will
stand out as the great discovery of our nineteenth century. Yet how
silently has the book taken its place upon the shelves of the mathe-
matician's library. Perhaps not fifty men on this side ofthe Atlantic

"5% He then proceeded

have seen it, certainly not five have read it.
to compare Hamilton to Archimedes, Galileo, Descartes, Leibniz,
and Newton in regard to the problem of who can judge their ideas.

Other sections praise the book and its author in such strong words
as "The discoveries of Newton have done more for England and for
the race, than has been done by whole dynasties of British mon-
archs; and we doubt not that in the great mathematical birth of
1853, the Quaternions of Hamilton, there is as much real promise of
benefit to mankind as in any event ofVictoria's reign."®>* After men-
tioning Pythagoras, Hill stated: "And if the world should stand for
twenty-three hundred years longer, the name of Hamilton will be
found, like that of Pythagoras, made immortal by its connection

2 The force of

with the eternal truth first revealed through him."
such statements was somewhat weakened when Hill admitted he

had not read the work: "In looking over Hamilton's eight hundred
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pages on Quaternions (for we will not pretend to say we have read
them. . . ,"°% The review was concluded with an extremely brief
sketch of the mathematics of quaternions.

Hill's review of Hamilton's Lectures on Quaternions is certainly
one of most favorable reviews ever published; any person inter-
ested in mathematics who read and accepted Hill's statements
would feel inclined, ifnot obliged, to read Hamilton's book. In the
review Hill showed more ability for rhetoric than for the analysis of
mathematical ideas; he reviewed Hamilton, not his book, and
thereby failed to heed his own advice, for he had argued that few if
any could judge the significance of the book. The fate of Hamilton
in this case is the not uncommon fate of men of fame; their books
are reviewed favorably but uncritically.

At various times after 1843 Hamilton received letters or visits
from mathematicians who had acquired an interest in quaternions.
Among these were Thomas Penyngton Kirkman, who became a
first-rate mathematician but lost interest in quaternions; Robert
Carmichael, whose interest in quaternions was cut short by his
death at age 31, but who had by that time published five papers on
quaternions; and J. P. Nichol, Professor of Astronomy at Glasgow,
who wrote to Hamilton that the discovery of quaternions seemed of
no "less value than the momentous step shown us by Descartes.

" (2,11; 635)

In 1860 Nichol published a work called Cyclopaedia of the Physi-
cal Sciences, for which Hamilton wrote an exposition of quater-
nions.®* The interesting aspect ofthis is that Nichol appended to the
article a short note which stated that since these sections were writ-

ten,

the new branch of mathematics to which they relate appears to have at-
tracted an increasing degree of attention, in our own and in foreign coun-
tries. The Lectures (Dublin, 1853) have for example, formed the subject
of a favourable article in the North American Review for July, 1857: and,
indeed, the Quaternions had been mentioned as among the sources of
hope for the future progress ofanalytical mechanics, in the conclusion to
a very beautiful volume (A System ofAnalytc Mechanics, &c., page 476.
Boston, 1855) on that science; by Professor Benjamin Peirce of Harvard
University, U.S., as follows: . ..and much must soon become anti-
quated and obsolete as the science advances, and especially when we
shall have received the full benefit of the remarkable machinery of

Hamilton's Quaternions."®®

Benjamin Peirce, who was the leading American mathematician of
the time (and the teacher of Thomas Hill), will be discussed in de-
tail later. At this point it need only be stated that in 1872 Peirce re-

published hjs System of Analytical Mechanics without altering the
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statement quoted above®® and without introducing quaternions.

Such statements as those discussed above helped to lay the foun-
dation forthe spread ofthe quaternion system, butin a very indirect
way. To advocate the use of a system is not of course equivalent to
using the system, and the latter is the more important. In the late
1850's and 1860's the feeling gradually arose that quaternions were
often praised but seldom used. In the last third of the century their
use became more frequent, partly as a result of Hamilton's second
book on quaternions and partly because elementary presentations
of quaternions became available through the efforts of other mathe-
maticians. De Volson Wood in an elementary exposition (written in
1880) perhaps went too far in his description of Hamilton's Lectures
when he wrote ofit: "but the style is so peculiar, being diffuse and
hesitating as if he labored to make his readers understand, and the
arrangement being such as to separate parts of essential principles,
that, probably, comparatively few of its readers, without other aids,

"37 Charles Graves, Hamilton's col-

have mastered its principles.
league at Dublin, wrote in his eloge for Hamilton: "Students of his
lectures on Quaternions have sometimes complained that he has
claimed from them too much attention to the metaphysics of the
subject, and has stopped them in their career of building up, in or-
der that they might contemplate afresh the plan of the structure." °®

Some information is available concerning the early reception of
quaternions in other countries. Although in 1861 Hamilton wrote
that France had been very slow in accepting quaternions (2,111;
129), it was the Frenchman Alexandre Allegret who in 1862 pub-
lished the first book on quaternions not written by Hamilton.®®
Hermann Hankel stated in 1867 that Hamilton wrote in a very un-
conventional way for continental readers and that the only source of
information for them at that time was Allegret's work, which Hankel
called an "indeed insufficient presentation.” ®® In Italy Giusto Bel-
lavitis became interested in quaternions and in 1858 and 1862

published papers relating to quaternions.®®

Finally, interest must
have spread to Russia, for Tait wrote to Hamilton in 1862: "Pro-
fessor Bolzani is here and we have had long discussions on the sub-
ject [quaternions]. He is immensely interested in it, and has given a
course of lectures on it in Russia, of which he has promised to send
copies when printed." (2,111; 149) Thus there was some interest in
guaternions among the non-English speaking countries, although
naturally it was less than that in Britian and in America.

By 1856 Hamilton had begun work on his Elements of Quater-
nions, which was published in a nearly finished form in 1866, the

year after his death.®°” Hamilton was aware that his earlier Lectures
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had not provided a successful presentation of quaternions. In 1859
John Herschel encounaged Hamilton to make the Elements an in-
troductory work with examples and problems (2,111; 121), and this
approach seems to have been Hamilton's intention. But in 1862 he
wrote to a friend (A. S. Hart): "I want to finish a Book ofReference —
a shot one, unluckily for sale, it cannot now be— but my intention
for myself, and hope as regards other writers, is that the Elements
may be cited, almost like the otoix<eta of Euclid, in future treatises
or memoirs on the Quaternions." (2,111; 139) The wish to make it a
"Book of Reference” was fulfilled, for the Elements (even in its un-
finished state) was one and one-half times as long as the Lectures.®®
This is not altogether sad; a number of mathematicians could have
composed an elementary work (and many later did), but probably
only Hamilton could have written such a work as the Elements.

Hamilton paid much attention to the foundations for the quater-
nion system. This was valuable in that later workers in quaternions
could in their researches turn to, or in their publications refer to,
the Elements for the detailed and rigorous proof of any funda-
mental property. Hamilton did not stress his concept of algebra as

the "Science of Pure Time," or his ideas on the foundation of com-

plex and higher complex numbers in terms of ordered sets of num-
bers. In a letter (1861) to De Morgan, Hamilton described many of

the important characteristics of the Elements:

As a book, | am far better satisfied with the new volume than with the
Lectures, which, however, is not saying much, for I am very much dis-
satisfied with them, in point of composition and arrangement—the
<tvvtol”, &c.

It must, | own, require a somewhat resolute patience to read the Lec-
tures through; but | trust that, although parts may conveniently be
omitted at first reading, the new work is so arranged, and subdivided, as
to be quite easily accessible to any student who has a competent (not a
profound) knowledge of former mathematics, and wishes to understand
the subject. No new notation, for instance, is introduced —and after all,
| do not employ many such —without a series of examples following, in
numbered sub-articles, to render its meaning and its use familiar. And
generally | hope that the progress is well graduated throughout; while |
have avoided what may be called talk, with some care; and have only
one metaphysical remark, in four and a half lines of a note! (2,111; 568)

The work is <certainly clearer than the Lectures, although be-
labored explanations occur frequently in both books. A primary aim
of the Elements was to do for quaternions what others had done for
ordinary numbers and to some extent for complex numbers —to de-
velop them in terms of all the major aspects of mathematics. Thus
the logarithms of quaternions were discussed, quaternions raised to

quaternion powers, the solution of equations in quaternions, and so
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on. That the majority of the applications of quaternion methods
were geometrical rather than physical was a natural result of the
fact that Hamilton (as he himselfadmitted [2,111; 150]) had lost con-
tact with many developments in physics. This partiality was in
some ways unfortunate, for interest in quaternions and vector
analysis was to be stronger among physicists than mathematicians.

It is noteworthy that many parts of the Elements could be taken
over later by vector analysts. Thus for example the first section
treated quaternions with zero scalar components (hence vectors)
and included a treatment of vector differentiation. Hamilton had
planned to devote a large section of the work to his operator <J;
however by the time of his death this section had not been written.
The development of this operator, so important for physical
science, was mainly left for Tait. Hamilton noted in a foot-
note: . . Professor Tait, who has already published tracts on
other applications of Quaternions, mathematical and physical, in-
cluding some on Electro-Dynamics, appears to the writer emi-
nently fitted to carry on, happily and usefully, this new branch of
mathematical science: and likely to become in it, ifthe expression
may be allowed, one of the chief successors to its inventor."®*
Five hundred copies of the Elements were printed in 1866 (2,111;
202), and in the next year Tait's Elementary Treatise on Quater-
nions appeared. Tait had begun this book by 1859, but at Hamil-
ton's request he had withheld its publication until after the publi-
cation of Hamilton's Elements. (2,111; 133)

Vi. Summary and Conclusion

The status of quaternion analysis at the time of Hamilton's death
in 1865 may now be summarized. By the end of 1865 one hundred
and fifty papers had been published on quaternions; one hundred
and nine (or 73 percent) were by Hamilton. The remaining forty-
one were by fifteen other authors, four of whom were not British.
Two books had been published; the first, written by Hamilton, was
long and difficult to read; the second, written by Allegret, was less
than one-tenth as long and written in French. Two other books had
been written; one of these (Hamilton's Elements) was long,
thorough, and of great value as a reference work for mathemati-
cians; the other (Tait's Treatise) was short, readable, and of great
value as a text for those who wished to become acquainted with
guaternion methods. Together the two works complemented each
other. Quaternions were not in 1865 an established branch of
mathematics, but by 1865 a foundation for this had certainly been
laid.
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Hamilton died on September 2, 1865. He continued to work on
his Elements of Quaternions until a few days before his death.
Charles Graves wrote in an eloge that Hamilton's "diligence of
late was even excessive —interfering with his sleep, his meals, his
exercise, his social enjoyments. It was, | believe, fatally injurious to
his health." ®® There is certainly something tragic in the thought of
the brilliant Hamilton devoting the last twenty-two years of his
life to quaternions, which are now of little interest. Butjudgments
on Hamilton's place in the history of science require a more
sophisticated basis than that quaternions now seem to be of little
importance. The judgment must be made on two bases. The firstis
whether or not Hamilton acted with insight in light of what was
known and could be known in mathematical and physical science
at that time. Enough has been said on this that the reader mayjudge
for himself. The second point is whether it has historically turned
out that Hamilton's ideas led in any way to fruitful developments.
Enough will be said on this that the reader may judge for himself.
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CHAPTER THREE

Other Early Vectorial
Systems, Especially Grassmann's

Theory of Extension

Introduction

Hamilton and those who worked with ordinary complex numbers
were not the only mathematicians of the time who were searching
for vectorial systems. Indeed, at least six other men from four coun-
tries were developing systems that were more or less vectorial in
character. These men were August Ferdinand Mobius, Giusto
Bellavitis, Hermann Giinther Grassmann, Adhemar Barre (better
known as Comte de Saint-Venant), Augustin Cauchy, and Reverend
Matthew O'Brien. By far the most important of these men for the
present study is Grassmann, whose first publication of his system,

n which Hamilton

his Ausdehnungslehre, came in 1844, the year
published his first paper on quaternions.

It should be remarked that the significance of these men in the
history of vector analysis is different from that of Hamilton, for it
was only the ideas of Hamilton (as will be shown) that had a major
influence on the development ofthe modern system ofvector analy-
sis. The fact that these men had little or no direct influence on sub-
sequent developments raises the important methodological
question, "Why should these men be included in the history of
vector analysis?"

To this question at leasttwo replies may be given. First, the ideas
of these men are of such great originality and merit that they de-
mand attention. It could in fact be argued that Grassmann's crea-
tion surpasses that of Hamilton in profundity and perfection. While
this reason for their inclusion is certainly important, a second
reason seems even more decisive. Chronology may be distin-

guished from history in that whereas the former presents events in
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isolation, the latter aims at delineating the "trends of the times"
and the causes for events. Coincidence is certainly notthe explana-
tion for the fact that more than ten men in six countries, working in
the period from the 1790's to the 1850's, sought to create vectorial
systems. Though few of these men knew of the ideas of any ofthe
others, nonetheless some factors in the mathematics and physics of
this period must have motivated their search. Thus the discussion
of these men will be aimed at describing the form of the trend of
which they were part and at seeking out the causes that led to their

investigations and results.

1. August Ferdinand Mobius and His Barycentric Calculus

Though he neither constructed an original vectorial system nor
decisely influenced anyone who did, nevertheless August Ferdi-
nand Mobius holds an important position in the history of vector
analysis for a number of reasons. The chiefofthese is that Mobius
constructed a mathematical system (his barycentric calculus)
which is in many ways similar to vectorial systems. In his system of
space analysis, geometrical entities (points rather than vectors)
were dealt with directly and (as he hoped) advantageously.
Mobius' positioned points, with which numerical magnitudes are
usually associated, are added in such a way that both position and
magnitude are included in the addition. Thus both in aim and in

% Further-

method his system has kinship with vectorial systems.
more his system as later independently discovered by Grassmann
was put foward by Grassmann as an integral part of a system that
included vectors. Mobius also carried on an important corre-
spondence with Grassmann (which will be discussed later), and in
his later years Mobius did some work directly in the vectorial tradi-
tion (although only a small part of this was published during his
lifetime). Thus the work of Mobius admits to discussion from a
number of points of view.

August Ferdinand Mobius (1790-1868) was born in Schulpforta,
educated at Leipzig, Gottingen, and Halle, and began his teaching
career in 1815 at Leipzig University, becoming ordinary professor
of mechanics and astronomy in 1844, a position he held until his
death. He made important contributions to mathematics, me-
chanics, and astronomy.'!

The most significant work by Mobius for this study is his Der

barycentrische Calcul, ein neues Hiilfsmittel zur analytischen
Behandlung der Geometrie dargestellt und insbesondere auf die
Bildung neuer Classen von Aufgaben und die Entwickelung
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mehrerer Eigenschaften der Kegelschnitte, published at Leipzig
in 1827. Herein Mobius gave a full exposition of his calculus of
points. Mobius came upon the first notions of his system in 1818,

Z In

and by 1821 he had decided to publish them in book form.?
1823 he published his first discussion of his new method as a short
Appendix to his Beobachtungen auf  der Koniglichen Universitats-
Sternwarte zu Leipzig.”®

An idea of the nature of Mobius' system may be gained from the
following brief exposition.'* In the foreword to his Der barycen-
trische Calcul Mobius pointed out that the physical concept of
center of gravity, or centroid (Schwerpunkt), had been useful ever
since Archimedes' time for the discovery of geometric truths.

(2; iii) He went on to state:

The present researches also proceed from the same elementary and
purely geometrical concept of the center of gravity. What first stimulated
these researches was consideration of the fruitfulness of the law, that
each system of weighted points has only one center of gravity, and that
thus, in whatever sequence one brings the points into connection, the
result is that one and the same point must always be found. The simple
technique, by means of which | was able to prove more geometrical
laws, stimulated me to find a suitable algorithm for still greater simpli-
fication of such investigations. (2; iv)

Early in his first chapter Mobius stated that in his system a line seg-
ment from a point A to a point B would be designated by AB,
whereas a line from B to A would be designated by BA, or—AB. He
then indicated how collinear segments were to be added. (2; 3-5)
Mobius extended this sign principle to and constructed addition
laws for figures determined by more than two points, for example,
to triangles (ABC) and pyramids (ABCD). (2; 20-23) It is surprising
that Mobius nowhere in this work presented addition laws for non-
collinear segments and also that he proceeded from such equations
as BDE + BEC + BCD = 0 to ABDE + ABEC + ABCD = 0 (2; 24)
without viewing this as a multiplication by A, as Grassmann was to
do later.
The central theorem in his book was the following:

Given any number (v) of points A, B, C, . . . N with coefficients a, b,
c, .. .nwhere the sum ofthe coefficients does not equal zero, there can
always be found one (and only one) point S—the centroid—which point
has the property that if one draws parallel lines (pointing in any direc-
tion) through the given points and the point S, and if these lines inter-
sect some plane in the points A', B', C\ . . . AT, S, then one always has:

aAA" + bBB + cCC + . . . + nNN = (@a+ b + c+ . . . + n)SS\
and consequently, if the plane goes through S itself, then
aAA" + bBB" + cCC + ... + nNN = 0. (2; 9-10)
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He later stated that in place of AA', BB, ... he would write
A, B,. .., and hence the above expression becomes a.A
foB+c¢c.C+. . .+ n.N=(a+fo+c+. . . + n)S. Thus Mobius dealt

with weighted points or points with numerical coefficients (positive
or negative) which were added as point masses are added in com-
puting the center of gravity of a body. On such a basis Mobius pro-

% and to a

ceeded to his discovery of homogeneous coordinates
new treatment of many parts of geometry.

Mobius' highly original and well-presented work was well re-
ceived, with Cauchy, Jacobi, Dirichlet, Steiner, Pliicker, and
Gauss all taking some interest in it.'® However his methods never
attained widespread use, and no second edition of the work ap-
peared (except for the republication of the work in 1885 in the first
volume of his collected works). Mobius did however continue to
publish papers on this subject throughout his life.

In 1843 Mobius published the method for adding and subtract-
ing noncollinear vectors in his Die Elemente der Mechanik des
Himmels.” In a letter to Baltzer he had stated that he was intro-
ducing this concept in his lectures in the winter of 1841-1842.
Reinhardt implied that Mobius discovered this method himself,
but Reinhardt also showed that the method was presented in a
June 23, 1835, letter to Mobius from Bellavitis (who will be dis-
cussed in the next section). (1,IV; 717-718) It was also in the early
1840's that Mobius came into contact with Grassmann; the dis-
cussion of this relationship will best be postponed to the Grass-
mann sections.

The final work by Mobius that demands attention is his "Ueber
geometrische Addition und Multiplication,” written in 1862 and
revised in 1865, but published only in 1887 in the fourth volume of
his collected works. (1,I1V; 659-697) This work was mainly derived
from Grassmann's work, with changes in notation. Though the
work as published in 1887 could have had some influence on the
history of vector analysis, such influence is unlikely. Nevertheless
his treatment is of interest, since it represents Mobius' final judg-
ment as to what form of vector analysis is most useful.

After the wusual discussion of the addition of vectors, Mobius
presented his "geometrische Multiplication," which for two vec-
tors AB and CD was represented by AB « CD. This product was to
be numerically equal to the area of the parallelogram, or twice the
area of the triangle, determined by these two vectors. The product
of the multiplication was the parallelogram or triangle itself and
was considered to be an entity that could assume any position in

space provided that it always remained parallel to the plane of AB
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and CD. The usual sign conventions were used. (1,IV; 663-665)
This definition is similar but not identical to the modern definition
ofthe vector (cross) product, since in Mobius' geometrical multipli-
cation the product is a plane figure, not another vector. The two
products are of course equal numerically.

It may be noted that any vector uniquely determines a set of
mutually parallel planes (the planes perpendicular to that vector)
and similarly any plane figure determines a vector (or a set of
mutually parallel vectors) perpendicular to that plane figure. Thus
the two products are similar but not identical (the two products
will be compared in more detail later). Mobius was well aware of
these two points of view; indeed, in treating the addition of plane
figures he showed that this addition could be represented by the
addition of vectors perpendicular to those figures if the lengths of
the vectors are equal to the areas of the plane figures. (1,1V; 671-
673) Mobius then proceeded to the geometrical product of a vector
and a parallelogram, and concluded that the figure produced was
the parallelepiped determined by the vector and two adjacent sides
of the parallelogram. (1,1V; 673 ff) This was followed by his defini-
tion of the projective product oftwo vectors, which was symbolized
by AB ¢« CD and is equivalent to modern scalar (dot) product. (1,1V;
678 ff)

The next section treated the relation between the geometric and
projective products of vectors in a plane. Herein Mobius began by
considering four coplanar vectors, u, v, a, a', whose positions were
only limited by the restriction that u and v were to be mutually
perpendicular. He then gave the equation au + av 4- av « au = 0,
which equation he attempted to prove. It is clear that the left-hand
member of this equation represents a number, but it seems that
Mobius never defined the product of two areas; hence the interpre-
tation of the right-hand member of the equation is by no means
clear. (1,1V; 682-683) In fact, Mobius at a number of points in this
manuscript failed either to develop a suitable symbolism or to see

that a given expression was ambiguous.'®

He concluded by de-
veloping the projective multiplication of solid figures. (1,IV; 685-
697)

Though Grassmann was never mentioned, itis clear that Mobius"
treatment was mainly derived from Grassmann's efforts. Hamilton
is likewise not mentioned, although Mobius had known of his sys-
tem since at least 1859.'° It is noteworthy that Mobius only oc-
casionally dealt with matters relevant to his system of point
analysis. In general his treatment is almost completely lacking in

comments that allow one to judge how Mobius himselfviewed his

51



A History of Vector Analysis

own work; whether, for example, he viewed it as presenting a
system superior to Hamilton's. It is clear however that Mobius
eventually came to understand and appreciate the significance of
the two Grassmann products, which when limited to three-dimen-

sions were precursors of the modern dot and cross products.

1. Giusto Bellavitis and His Calculus of Equipollences

Giusto Bellavitis, an Italian mathematician born in 1803, was at

the time of his death in 1880 a professor at the University of Padua

0

and a senator in the Kingdom of Italy.?® He was a man of broad

interests but in some cases of narrow view, whose fame in general
and relevance for the present study derives from the creation ofhis
calculus of equipollences. What this is may be understood from the
following section of a paper (1835) which contained his earliest full

explanation of this method.

4. |.° A straight line (retta) expressed as usual by two letters is under-
stood as taken from the first letter to the second, so that AB and
BA should not be regarded as the same entity, but as two equal
quantities having opposite signs.
2.° Two straight lines are called equipollent if they are equal, parallel
and directed in the same sense.
3.° If two or more straight lines are related in such a way that the
second extremity of each line coincides with the first extremity of
the following, then the line which together with these forms a
polygon (regular or irregular), and which is drawn from the first
extremity of the last line, is called their -equipollent-sum (com-
posta-equipollente). This is represented by the signs 4- interposed
between the lines to be combined, and with the sign indicating
the equipollence. Thus we have

AB + BC * AC,
AB + BC + CD <+ AD, etc.

Such equipollences continue to hold when one substitutes for the
lines in them, other lines which are respectively equipollent to
them, however they may be situated in space. From this it can be
understood how any number and any kind of lines may be
summed, and that in whatever order these lines are taken, the
same equipollent-sum will be obtained.

5.° In equipollences, just as in equations, a line may be transferred
from one side to the other, provided that the sign is changed.

6.° The equipollence AB n.CD, where n stands for a positive num-
ber, indicates that AB is both parallel to and has the same direc-
tion as CD, and that their lengths have the relation expressed by
the equation AB = n.CD.

5. Let us restrict ourselves now to lines situated in the same plane. The
inclination of the line AB is the angle HAB, which this line forms with
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the horizontal AH drawn from left to right, with the qualification that
positive angles are measured from the right upwards, and from 0° to
360°
2.° The angle or inclination of CD on AB is equal to the inclination of
CD minus that of AB.
3.° The equipollence
CDA"MF
AP GH

requires not only that the lengths AB, CD, etc., should be such as
to satisfy the equation into which the equipollence is changed by
converting the equipollence sign into an equal sign, but also that

inc. AB = inc. CD + inc. EF — inc. GH

The line equipollent to 1 is considered as horizontal, that is, as
having no inclination.

6. Fundamental Theorem. In equipollences, terms are transposed, sub-
stituted, added, subtracted, multiplied, divided, etc., in short, all the
algebraic operations are performed which would be legitimate if one
were dealing with equations, and the resulting equipollences are
always exact. As was said in 5.°, non-linear equipollences can only be
referred to figures in a single plane.?!

The first point to be made concerning this passage is that Bella-
vitis herein described geometrical entities that are in all ways
equivalent in behavior to complex numbers as geometrically
represented. Numerous mathematicians, including Bellavitis,
recognized this equivalence.?? It should however be stressed that
Bellavitis did not view his system as based on the complex number
system; indeed, throughout his entire life he was opposed to imag-
inary numbers as algebraic entities.?® Thus he viewed his lines as
essentially geometrical enttiess, rather than as geometrical repre-
sentations.

One major significance of Bellavitis is that in his papers and book
on equipollences he gave numerous, and in many cases ingenious,
applications of his method to mathematical and physical problems,
so that in a limited sense he was a rival of Grassmann and Hamil-
ton. Bellavitis' chief follower was Charles Ange Laisant, who dur-
ing the last quarter of the nineteenth century devoted much energy
to making the system known in France. It is also of significance
that Bellavitis, as the founder of a vectorial system which was dif-
ferent at least in spirit from other systems of the times, may be
viewed as another representative of the early nineteenth-century
tendency to construct vectorial systems. It is interesting in this
regard to note that Bellavitis made a long, unsuccessful attempt to

extend his system to three-dimensional space. (3; 158-159)
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Bellavitis came to his system in connection with attempts to give
a geometrical justification for complex numbers. Thus he stated: "It
was while considering a geometrical representation of imaginary
numbers proposed by Buee that there came to me (in 1832) the first
idea of the method of equipollences, but then | thought that geo-
metrical truths could not rest on the theory of imaginary numbers,
which entities | had for some years opposed as unworthy ofbelong-

"2% Bellavitis had in fact

ing to a science based on reason alone.
published articles attacking the views ofvarious mathematicians on
imaginaries. (3; 159, 163) His first publication (1832) relating to his
method, but not containing itin a fully developed form, contained a
method of deriving properties of points in a plane from the proper-
ties of points in a straight line (for example, he deduced the Pythag-

25

orean theorem by means of this method). In this paper he did not

use the term "equipollence,” but he seems to have used it in an
orally presented communication of 1832 at the Ateneo Veneto.2°®
A second publication appeared in 1833,27 and a third in 1835, in
which Bellavitis used the term "equipollence"” and gave a full ex-
position of his system.?® The long quotation given at the beginning

of this section was taken from that paper.

V. Hermann Grassmann and His Calculus of Extension:

Introduction

Hermann Grassmann was a brilliant mathematician, whose crea-
tions in vectorial analysis can only be compared to those of Hamil-
ton. It will be shown that his system could have led to modern vec-
tor analysis, but it did not. The reasons for and the nature of this
failure will be traced.

Grassmann presented his system in a number of different forms;
in fact he wrote four works in which his system was presented, and
these four differ substantially among themselves, and moreover,
two of Grassmann's most important followers (Schlegel and Hyde)
chose a fifth form for their presentation of his system. The part of his
system that is encountered in some mathematics books oftoday is a
small and by no means characteristic part. Because ofthese circum-
stances a number of Grassmann's works will be discussed rather
fully. Many details concerning Grassmann's life and the reception
accorded his writings have been included in the hope that they may
make clear both how and why his system failed to make as signifi-
cant an impression on the times as it might have.

What Grassmann created was above all a mathematical system,

not just a new mathematical idea or theorem. His creative act can-
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not be compared with such mathematical discoveries as the Pythag-
orean theorem or Newton's version of the calculus. Rather it is
best thought of as comparable to such creations as non-Euclidean
geometry or Boolean algebra. Thus it was natural that Grassmann
chose to introduce his system, not by means of a paper, but rather
by means of a long and complicated book. Grassmann's system is so
broad and so general that there are serious difficulties in trying to
summarize it; nevertheless a summary is necessary for the present
purposes. The main stress however will be placed on the discussion
of such ideas as Grassmann's form of the scalar (dot) and vector
(cross) products, which have counterparts in modern vector analy-
sis.

Hermann GiAnther Grassmann (1809-1877) was born and lived
the majority of his life in Stettin (or Szczecin), a town in Pomerania
on the Oder River a short distance inland from the Baltic. He was
the third of the twelve children born to Justus Giinther Grassmann
(1779-1852), who, though trained mainly in theology, taught mathe-

29 Grass-

matics and physical science at the Stettin Gymnasium.
mann, unlike Hamilton, was no prodigy; in fact, quite the opposite.
Grassmann's father, it is said, often remarked that he would be
happy if Hermann became a gardener or a craftsman. (5; 9)

In 1827 Grassmann entered the University of Berlin, where dur-
ing his six semesters he mainly studied philology and theology,
being especially influenced by the Church historian Neander and
Schliermacher; he attended no mathematical lectures, though he
did read some mathematical textbooks written by his father.®*® After
leaving Berlin, Grassmann returned to Stettin and pursued studies
in mathematics, physics, natural history, theology, and philology,
preparing himself for the state examinations required for teachers
of these subjects. In 1834 he accepted a position at a Berlin techni-
cal school, a position which the great geometer Jacob Steiner had
just vacated to take a position at the University of Berlin. (5; 45)
Grassmann stayed in Berlin for slightly more than a year, during
which time he seems to have had little contact with Steiner. At the
beginning of 1836 he returned to Stettin and spentthe remainder of
his life teaching there in various schools, in all cases below the uni-
versity level despite his constant attempts to attain a university
post.

In order to improve his standing as a teacher of science and
mathematics, Grassmann in 1839 wrote the Berlin scientific exami-
nation committee that he would like to write a work to prove his
competence. Thus Grassmann began work on a study of the tides
entitled Theorie der Ebbe und Flu™ He completed his study in
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1840, and the chief reader of the essay, Carl Ludwig Conrad, re-
ceived it on April 26, 1840. The essay was of considerable length
(over two hundred pages as printed in Grassmann's works) and was
not carefully read by Conrad, for he had returned it by May 1, 1840,
the day of Grassmann's examination. Thus it is not surprising that
Conrad failed to see the importance ofthe work.?? Yet Grassmann's
Theorie der Ebbe und Flut is important, for it contained the first
presentation of a system of spatial analysis based on vectors.
Information concerning the origin of this work may be gained
from a letter written by Grassmann in 1847 to Saint-Venant con-
cerning a paper published by the latter in 1845, in which Saint-
Venant communicated results identical to results discovered earlier
by Grassmann (this paper will be treated later). In this letter Grass-

mann wrote:

As | was reading the extract from your paper on the geometric sum and
difference, which was published in the Comptes rendus, | was struck by
the marvelous similarity between your results and those discoveries
which | made even as early as 1832.

| conceived the first idea ofthe geometric sum and difference oftwo or
more lines and also of the geometric product oftwo or three lines in that
year (1832). This idea is in all ways identical to that presented in the ex-
tract from your paper. But since | was for a long time occupied with en-
tirely different pursuits, | could not develop this idea. It was only in 1839
that | was lead back to that idea and pursued this geometrical analysis
up to the point where it ought to be applicable to all mechanics. It was
possible for me to apply this method of analysis to the theory of tides,
and in this | was astounded by the simplicity ofthe calculations resulting
from this method. (5; 42-43)

Thus in 1832 Grassmann attained the first ideas for his system,
ideas which were developed in the work (1839-1840) on tidal
theory. Grassmann explained in greater detail what he had found in
1832 and indicated the source thereof in the foreword to his Aus-

dehnungslehre  of 1844.°® Grassmann wrote:

The first impulse came from the consideration of negatives in geome-
try; | was accustomed to viewing the distances AB and BA as opposite
magnitudes. Arising from this idea was the conclusion that if A, B, C are
points of a straight line, then in all cases AB + BC = AC, this being true
whether AB and BC are directed in the same direction or in opposite
directions (where C lies between A and B). In the latter case AB and BC
were not viewed as merely lengths, but simultaneously their directions
were considered since they were oppositely directed. Thus dawned the
distinction between the sum of lengths and the sum of distances which
were fixed in direction. From this resulted the requirement for establish-
ing this latter concept of sum, not simply for the case where the distances
were directed in the same or opposite directions, but also for any other
case. This could be done in the most simple manner, since the law that
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AB + BC = AC remains valid when A, B, C do not lie in a straight line.

This then was the first step to an analysis which subsequently led to
the new branch of mathematics, which is presented here. | did not how-
ever then realize how fruitful and how rich was the field that I had
opened up; rather that result seemed scarcely worthy of note until it was
combined with a related idea.

While | was pursuing the concept of geometrical product, as this idea
had been established by my father (in his Raumlehre, pt. I, 174 and his
Trigonometrie, p. 10), | concluded that not only rectangles, but also
parallelograms, may be viewed as products of two adjacent sides, pro-
vided that the sides are viewed not merely as lengths, but rather as di-
rected magnitudes. When | joined this concept of geometrical product
with the previously established idea of geometrical sum the most strik-
ing harmony resulted. Thus when | multiplied the sum oftwo vectors by
a third coplanar vector, the result coincided (and must always coincide)
with the result obtained by multiplying separately each ofthe two origi-
nal vectors by the third vector and adding together (with due attention to
positive and negative values) the two products. [Thus A(B + C) =
AB + AC.]

From this harmony | came to see that a whole new area ofanalysis was
opening up which could lead to important results. This idea remained
dormant for some time since the demands of my occupation led me to
other tasks; also | was initially perplexed by the strange result that
though the other laws of ordinary multiplication (including the relation
of multiplication to addition) were preserved in this new type of multi-
plication, yet one could only exchange factors if one simultaneously
changed the sign (i.e. changed + to — and — to +)e

A work on tidal theory, which | undertook at a later time, led me to
Lagrange's Mecanique analytque and thereby | returned to those ideas
of analysis. All the developments in that work were transformed through
the principles ofthe new analysis in such a simple way that the calcula-
tions often came out more than ten times shorter than in Lagrange's
work.

This encouraged me to apply the new analysis to the difficult theory of
the tides; there were numerous new concepts to develop and to clothe in
the new analysis; the concept of rotation led to geometrical exponential
magnitudes, to the analysis of angles and oftrigonometric functions, etc.
| was delighted how thorough the analysis thus formed and extended,
not only the often very complex and unsymmetric formulae which are
fundamental in tidal theory, come out as the most simple and symmetric
formulae, but also the technique of development parallels the concept.

Thus | feel entitled to hope that | have found in this new analysis the
only natural method according to which mathematics should be applied
to nature, and according to which geometry may also be treated, when-
ever it leads to general and to fruitful results. Thus | decided to make the
presentation, extension and application of this analysis a task of my life.
When | came to devote all my free time to this task, many ofthe gaps, left
in the more casual earlier development, were filled up. Thus the follow-
ing ideas (which are presented in this book) resulted: the sum ofseveral
points is their centroid; the product of two points is the vector connect-
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ing them; the product of three points is the surface area determined by
them; the product of four points is the spatial magnitude (a pyramid) de-
termined by them.

The conception of centroid as sum led me to examine Mobius' Bary-
centrische Calcul, a work of which wuntil then | knew only the title; and |
was not a little pleased to find here the same concept ofthe summation of
points to which | had been led in the course of the development. This
was the first, and as | subsequently learned, the only point of contact
which my new system of analysis had with the one that was already
known. Since however the concept of a product of points does not occur
in that work and since with this concept, when it is combined with that
ofthe sum of points, the development ofthe new analysis begins, | found
that | could not expect any advancement of my ideas from that source.
(4,1,1; 7-10)

From this quotation we learn first of all that Grassmann's discus-
sion of the addition of lines is only partly within the "parallelogram
of forces" tradition. Thus what Grassmann was discussing was the
sum of two directed lines and only that, whereas those who dealt
with the parallelogram of forces were not conceptually adding lines
but were taking the geometrically determined diagonal as the rep-
resentation of the resultant of two forces. Similarly those who dealt
with sums of complex numbers were not directly conceptually add-
ing lines but representing a sum as a line. Thus to some extent
Grassmann's view was new. |In any case Grassmann explicitly
stated that he was unaware of the geometrical representation of
complex numbers until Gauss in a letter of December 14, 1844, re-
ferred him to Gauss' paper of 1831.°%*

It is obvious that Mobius' Barycentrische Calcul could have sug-
gested some of Grassmann's ideas; thus for example Mobius had
the concept that the line AB (the line from A to B) was equal to the
negative of the line BA (from B to A). Mobius had moreover come to
view (before Grassmann) not only lines but also triangles and tetra-
hedra as positive or negative. Itis thus very interesting that Grass-
mann stated that he had known of Mobius' work only by name until
he had laid the foundation for his system. It is above all important
to note that Grassmann was not anticipated by Mobius in the key
concept for his system, that ofgeometrical multiplication. Although
Mobius wrote such things as AB = —BA (where A and B represent
points), he failed to conceive of this as a multiplication of points.

In the above quotation Grassmann stated concerning geometrical
multiplication that the idea came from his father and in a footnote
referred the reader to two of his father's books, "Raumlehre Theil
I, p. 194" and “Trigonometric, p. 10." 3%

Justus Giinther Grassmann made the following statements in a

footnote in the first of these books:
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The rectangle itself is the true geometrical product, and the construc-
tion of it, as it appears in 8§53, is really geometrical multiplication. If the
concept of multiplication is taken in its purest and most general sense,
then one comes to view a construction as something constructed from
elements already constructed and in fact constructed in the same way.
Thus multiplication is only a construction of a higher power. In geome-
try the point is the original "producing"” element; from it through con-
struction the line emerges; if we take as the basis of a new construction
the finite line constructed from the point, and if we treat it in the same
manner as we formerly treated the point, then the rectangle emerges.
Just as the line came from the point, so the rectangle conies from the line.

The situation is the same in arithmetic. In this case the unitis the orig-
inal "producing'' element. The unit must simply be viewed as given.
From this, through counting (arithmetic construction), number appears.
If this number is taken as the basis ofa new counting (setting it in place
of the wunit), then arises the arithmetic connection to multiplication,
which is nothing else but a number of a higher order, a number of which
the unit is also a number. Thus it could perhaps be said that the rec-
tangle is a (finite) line in which, in place of the "producing" points, a
finite line has been substituted. Thus the following laws may be sug-
gested: A rectangle is the geometrical product of its base and height and
this  product behaves in the same way as the arithmetic product. (4,1,11;
507)

In the second book (the Trigonometrie) the elder Grassmann wrote

in a footnote:

If the concept of product is taken in its most pure and general sense,
then it is viewed as the result of a synthesis in which an element (pro-
duced from an earlier synthesis) is set in the place of the original ele-
ment and treated in the same way. The product must arise likewise from
what resulted from the first synthesis, just as this arose from the original
elements. In arithmetic the unit is the element, counting is the synthe-
sis, and the result is number. If this number, as the result ofthe first syn-
thesis, is set in the place of the unit, and treated in the same way (i.e.,
counted), then the arithmetic product appears, and this may be viewed
as a number of a higher order than a number of which unity is already a
number. In geometry the point is the element, the synthesis is the mo-
tion of the pointin some direction, and the result, the path ofthe point, is
the line. If this line, produced by the first synthesis, is setin the place of
the point and treated in the same way (i.e., moved in some other direc-
tion), then a surface is produced from the path ofthe line. This is a true
geometrical product oftwo linear factors and appears in the first place as
a rectangle, insofar as the first direction shares nothing with the second.
If the surface is set in place ofthe point, then a geometrical solid is pro-
duced as the product ofthree factors. This is as far as one can go in geom-
etry since space has only three dimensions; no such limitation appears
in arithmetic. For further information, see my Raumlehre, pt. Il (Berlin,
1824). (4,1,11; 507-508)

These quotations justify attributing to Justus Giinther Grassmann

the honor for being the first to publish the idea ofa purely geometri-
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cal product. He of course failed to extend the concept into a full-
blown system; this his son did, and this was clearly a far greater
achievement. It is noteworthy that the first of these statements was
published before 1832, that is, before Hermann Grassmann reached
the first insights leading to his system, whereas the second and
more sophisticated statement appeared after 1832. This fact may
however be of small importance, for the quotations may do no more
than suggest what might have been communicated between a father
and a son who was living in his father's house in 1832. No informa-
tion seems to be available concerning the interesting question as to
the source ofJ. G. Grassmann's concept ofa geometrical product. It
would for example be very exciting to find a link between his state-
ments and the geometrical representation of complex numbers tra-
dition or the "parallelogram of forces" tradition.

As Grassmann's Theorie der Ebbe und Flut is considered, it is
important to keep the following points in mind. First, it was not
published wuntil 1911; hence it is at a lower level of historical
interest than the first publication of his system, his Ausdehnungs-
lehre of 1844. Second, it is of great interest as a source of informa-
tion concerning how Grassmann came to the much fuller system,
which was published in 1844. Third, the presentation ofhis system
was somewhat biased, as he repeatedly stated, by the fact that it
was tied to the specific physical problem oftidal theory. In this re-
gard it would be interesting to be able to determine how much of
Grassmann's full system was developed with physical applications
in mind. At least this much seems clear: his original ideas were
engendered, like those of Hamilton, in the course ofa mathematical
quest, but, unlike Hamilton, Grassmann seems to have forged many
of his mathematical tools with physical applications (to tidal theory)
in mind.

V. Grassmann s Theorie der Ebbe und Flut

The study began with an introduction in which Grassmann sur-
veyed the history of tidal theory and indicated particularly his re-
lationship to Laplace's treatment of the subject in La Mecanique
celeste. In the first chapter Grassmann stated that he had developed
new mathematical methods which he would use in the work. He
felt forced however to comment: "Since the scope of the present
work does not allow me to present all the principles ofthe methods
of geometrical analysis which | have employed, | will borrow the
laws (though they could be developed independently) from the re-
lated laws of algebraic analysis." (4,111,1; 18) This suggests that by
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1840 he had developed a substantial part of the system as fully

presented in 1844.
Grassmann then considered the law of inertia, which he ex-

pressed by the equation A~ = Const." (4,111,1; 18), and he noted
that the equality sign with the dot above it signified geometrical
equality, that is, that the velocity remained constant in both magni-
tude and direction. Proceeding to the parallelogram of forces and
velocities, he arrived at the statement: "The velocity (S) imparted
by the combined  force is the geometrical sum of the velocities
(P, ()) imparted by the individual forces, or expressed as a formula,
S = P4- Q where 4- is the sign ofgeometrical summation." (4,111,1;
19) After indicating that more forces (or velocities) could be added
in the same way, Grassmann turned to "the laws of geometrical
addition and subtraction.” (4,111,1; 19) He proved that the commuta-
tive and associative laws hold for the addition and subtraction of
vectors (Strecken) and argued that since all laws for addition in
ordinary algebra can be derived from these two laws, all those laws
could now be assumed for vectorial addition. (4,111,1; 20) It should
be noted here and kept in mind for later discussions thatGrassmann
was among the first to realize the full significance of these laws as
well as their correlates for multiplication. Grassmann then began

the development of the differential calculus of vectors, concluding

with the statement: "All laws of algebraic differentiation and con-
sequently also of integration are likewise valid in geometrical
analysis, insofar as they are in fact obtained from no other opera-
tions except addition and subtraction." (4,111,1; 21) After this he

sketched the method for taking partial derivatives for vectors and
..d2
restated the law of inertia as p — 0" (which is equivalent, in
d’p
modern notation, to = 0), and he pointed out that this repre-

sents three ordinary equations. (4,111,1; 21-22)

Grassmann applied his methods to the physics of the problem
and gave for example the vectorial formulation of the center of
gravity. From this he returned to define the geometrical product of
two vectors.

By the geometrical product of two vectors, we mean the surface con-
tent of the parallelogram determined by these vectors; we however fix
the position of the plane in which the parallelogram lies. We refer to two
surface areas as geometrically equal only when they are equal in content
and lie in parallel planes. By the geometrical product of three vectors
we mean the solid (a parallelepiped) formed from them. As the sign of
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geometrical multiplication we choose either the point or the sign x,
while we indicate ordinary algebraic multiplication by writing the two
quantities next to each other or by using the sign x. (4,111,1; 30)

As was natural, he showed that the product of three vectors which
lie in the same orin parallel planes is zero. He proved both forms of
the distributive law and showed that commutativity was replaced
by anticommutativity. (4,111,1; 30) Also the expression for the
geometrical product was given as the product ofthe lengths oflines
multiplied by the sine of the angle between them (with attention
to the sign), and finally the addition of directed areas (Flachen-
raume) was defined.

Grassmann's geometrical product is quite similar to the modern
vector (cross) product. It will be advantageous to specify the
similarities and differences for these two products, since the Grass-
mann product will occur again and since this difference in products
constitutes one of the most significant differences between Grass-
mann's system and the modern system. The two products are
identical numerically and likewise correspond in regard to sign
conventions. The most significant difference is that in the modern
multiplication the product is ofthe same kind as the factors (all are
vectors), whereas in the Grassmann multiplication the product is
not ofthe same nature as the factors. Thus in the Grassmann multi-
plication oftwo vectors the product is not another vector, but rather
a directed area. It is true that this area (or the set of geometrically
equal areas) determines a vector (or set of vectors) perpendicular to
that area, and that the vector (or vectors) so defined is precisely that
vector which is the product in the modern form of the multiplica-
tion. Conversely, the vector (or set of parallel vectors) defines a
plane (or set of parallel planes) which is precisely that plane in
which the directed area of the Grassmann product lies. Josiah Wil-
lard Gibbs and Edwin Bidwell Wilson maintained that the vector
product has greater advantages for physical applications, whereas
they held that the Grassmann form ofthe product has a superiority
for other uses, as in projective geometry and in multiple algebra.?®

After reaping some of the harvest made possible by this new

technique, Grassmann stated:

In fact, there is  scarcely a concept in  mechanics which  without these
geometrical concepts can be determined in a general and a simple way.

Nevertheless it was not mechanical considerations which led me to
these  concepts; rather | came to them purely on a geometrical basis, so
that the true foundation of these concepts (which | cannot now  discuss)

and the establishment of their natural development must be  given only
in a purely geometrical context. (4,111,1; 33)
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Soon after this Grassmann defined what he called the linear

product.

By the linear product of two vectors we mean the algebraic product of
one vector multiplied by the perpendicular projection of the second
onto it. We select the sign ~ as the sign of linear multiplication, so that
by definition b — ab cos (ab). From this definition and since cos (ab)
= cos (ba), we see that a ->b = b ~ a. (4,111,1; 40, 212)

He then proved that the distributive law holds for this product, and
explained that the linear product of (a 4- b 4- c) with (ax 4- by 4- c)
where a, b, ¢ and a, b, cx are two sets of mutually perpendicular
vectors and a is parallel to a, b to by, ¢ to c, is equal to aa + fob, +
ccx. (4,111,1; 40) Finally he stated that since the commutative and
distributive laws were preserved in this multiplication, all laws of
algebraic multiplication were applicable. It should be clear that
this product is identical to the modern scalar product.

Throughout the remainder of his work Grassmann applied these
methods to tidal theory with some success. In later portions he
introduced other new, but less relevant, mathematical methods, in-
cluding the linear vector function. (4,111,1; 79 ff.)

In summary, Grassmann presented in this work a strikingly large
part of vector analysis. Vector addition and subtraction, the two
major kinds of vectorial products, vector differentiation, and the
elements of the linear vector function were all presented in forms
either equivalent or nearly equivalent to their modern counterparts.
Grassmann's work was more than the first important system of
vector analysis; it was also the first major work in the new algebra
that was dawning at that time. The revolutionary nature ofthis new
algebra may be compared with that of non-Euclidean geometry.
Paradoxically Grassmann's development of his system as applied to
three dimensions led him to present his system in his 1844
Ausdehnungslehre  in  a form applicable to n-dimensions, which in
one sense constituted a discovery of non-Euclidean geometry.?’
This was a magnificent achievement for a mathematician in his
early thirties who had never attended a university mathematical

lecture.

VI, Grassmann's Ausdehnungslehre of 1844

Between 1840 and 1844 Grassmann published some language
textbooks and a long mathematical paper which did not pertain to
his new method. Around Easter, 1842, Grassmann began to turn his
full energies to the composition of his Ausdehnungslehre (5; 91-92),

and by the fall of 1843 he had finished writing it. (5; 95) That Grass-
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mann required such a short time for the compositon of the book is
doubly striking since he wrote it while involved in numerous other
activities and since, according to a remark in his foreword, the
presentation was reworked in many different forms before he
selected the form actually employed. (4,1,1; 16) Difficulty in choos-
ing the best form of presentation was caused in large part by the
fact that sometime after 1839, and probably in 1842,°® Grassmann
discovered new implications and extensions of his earlier dis-

coveries. He wrote in the foreword:

When | thus proceeded to work out, coherently and from the begin-
nings, the results that | had found, being careful to appeal to no prin-
ciple proven in any branch of mathematics, it resulted that the analysis
which | discovered did not touch, as it had seemed before, on the area
of geometry. Rather | soon realized that | had come upon a region of a
new science of which geometry itself is only a special application.

It had for a long time been evident to me that geometry can in no way

be viewed, like arithmetic or combination theory, as a branch of mathe-
matics; instead geometry relates to something already given in nature,
namely, space. | also had realized that there must be a branch of mathe-

matics which yields in a purely abstract way laws similar to those in
geometry, which appears bound to space. By means of the new analysis
it appeared possible to form such a purely abstract branch of mathe-
matics; indeed this new analysis, developed without the assumption of
any principles established outside of its own domain and proceeding
purely by abstraction, was itself this science.

The essential advantages which were attained through this conception
were 1) in relation to the form—now all principles which express views
of space are entirely omitted, and consequently the beginnings of the
science were as direct as those of arithmetic—and 2) in relation to con-
tent—the limitation to three dimensions is omitted. Only herein do the
laws come to light in their full clarity and generality and reveal them-
selves in their essential mutual relationships, and many regularities,
which for three dimensions present themselves either not at all or only
obscurely, now present themselves with this generalization in full
clarity. (4,1,1; 10-11)

Thus in 1844 Grassmann's book appeared under the full title:

Die lineale Ausdehnungslehre, ein neuer Zweig der Mathematik
dargestellt und durch Anwendungen auf die ubrigen Zweige der
Mathematik, wie auch auf die Statik, Mechanik, die Lehre vom
Magnetismus und die Krystallonomie erlautert. As it was men-

tioned before, Grassmann had no array of titles to put after his
name, as had Hamilton when nine years later in 1853 he published
the first full treatment of his system. Under Grassmann's name on
the title page appeared only "Lehrer an der Friedrich-Wilhelms-
Schule zu Stettin." Some idea of the number of copies of Grass-

mann's book that were printed, as well as some idea ofits reception,
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may be obtained from the following quotation taken from a letter
written to Grassmann in 1876 by the publisher of his first Aus-
dehnungslehre: "Your book Die  Ausdehnungslehre has been out of
print for some time. Since your work hardly sold at all, roughly
600 copies were in 1864 used as waste paper and the remainder, a
few odd copies, have now been sold with the exception ofone copy
which remains in our library."®°

As Grassmann's book is discussed, itis importantto keep in mind
that not only its richness but also its readableness must be con-
sidered. To put it briefly, the analysis of the work will lead to the
conclusion that the work is a classic, that it is very difficult to read,
and that it contains a large portion of modern vector analysis,
which was however deeply embedded within a far broader system,
and embedded in such a way that it could be extracted only with
difficulty.

Grassmann included at the beginning of his work a philosophical
introduction which is both interesting and historically significant,
for it is one of the major barriers beyond which many mathemati-
cians of his time did not pass.

Grassmann began this introduction by stating:

The primary division in all the sciences is into the real and the formal.
The former represent in thought; the existent as existing independently
of thought, and their truth consists in their correspondence with the
existent. The formal sciences on the other hand have as their object
what has been produced by thought alone, and their truth consists in the
correspondence between the thought processes themselves.*®

Concerning proof in the formal sciences Grassmann stated:
"Proofin the formal sciences thus does not proceed outside of the
sphere of thought itself; rather it remains purely in the combination
of different acts of thought. Thus it is that the formal sciences need
not begin with axioms; instead definitions form their foundation."
(4,1,1; 22) The special relevance ofthis view becomes clear with the

following two statements:

Pure mathematics is thus the science ofthe particular existent which has
come to be through thought. The particular existent, viewed in this
sense, we name a thought-form or simply aform. Thus pure mathematics
is the theory of forms. (4,1,1; 23)

Before we proceed to the division of the theory of forms, we have to
separate out one branch which has hitherto incorrectly been included in
it. This branch is geometry. From the concepts set out above, it is
evident that geometry as well as mechanics refers to a real existent;
for geometry this is space. This is clear since the concept of space can
in no way be produced by thought, but rather comes forth as something
given. (4,1,1; 23)
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What Grassmann believed he had discovered was thus a system, a
purely formal system, which was above and independent of
geometry and indeed of all mathematics as known at that time. It
was a sort of universal algebra®* in which the elements had no
necessarily real content but could take on geometrically significant
content when such was desirable. His "Theory of Forms" was in-
deed marvelously general and abstract.

Grassmann continued in the introduction to lay the philosophical
foundation for his system. He specified four concepts with which
his theory of forms could develop all of mathematics; these were
the discrete and the continuous, the equal and the different. (4,1,1;
24-25) According to Grassmann, from the combination of the last
of each of these pairs of opposites —that is, the continuous and the
different—comes forth his "Ausdehnungslehre," that doctrine
which includes the notion of difference (for example, the different
dimensions of space) and in which the elements (for example,
points) wvary continuously and hence produce different entities (as

the line). (4,1,1; 26-27) Thus Grassmann stated:

Space theory [die Raumlehre] may again serve as an example. Here in
two different directions from an element all the elements of a plane are
produced when the producing element progresses in any way according
to two directions. The totality of points (elements) producible in this
way is comprised in one element [the plane]. The plane is thus the sys-
tem of the second order; in it there is an infinite collection of directions
dependent on those two original directions. Ifathird independent direc-
tion is added, then by means of this direction infinite space (as the sys-
tem of the third order) is produced. Up to now one could not go beyond
three directions; however in the pure theory of extension the number of
directions can increase to infinity. (4,1,1; 29)

The above gives some idea ofthe philosophical basis that Grass-
mann attempted to construct for his system. The introduction was
concluded with a discussion concerning the best form of presenta-
tion for the work; it need only be noted that Grassmann was well
aware that a reader's entry into his system would noti)e easy.

Whatever may be the absolute value of Grassmann's philosophi-
cal underpinning of his system, it is important to keep in mind that
it seems to have allowed Grassmann himself to feel at ease with
new mathematical ideas, for example, noncommutative multiplica-
tions and n-dimensional spaces. In this regard it may be compared
with Hamilton's speculations on algebra as the science of pure
time. Finally, Grassmann's penchant for the abstract and the
general did certainly lead to many ideas of value, a fact evident in

the next section of his book.
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This section was entitled "Survey of the General Theory of

Forms." He began with the statement:

By the general theory of forms | mean that series oftruths which relate
to all branches of mathematics in the same way, and thus presume only
the general concepts of equality and difference, connection and separa-
tion. The general theory of forms should thus precede all special
branches of mathematics. Since however that general branch does not as
such exist yet, and since we cannot omit it without entangling ourselves
in useless ramblings, we have no choice but to develop this subject inso-
far as we need it for our science. (4,1,1; 33)

This statement introduced what was one of the most difficult sec-
tions of the book for the reader of the time; in this case it was
mainly the richness of content and the newness ofthe concepts that
made this very important section difficult. Herein Grassmann pro-
ceeded to construct the basis of his theory of forms by postulating
certain initially contentless forms (or magnitudes) andjoining these
forms by certain connections (Verkniipfungen). Thus given two
forms a and b, Grassmann first introduced aconnection symbolized
by ~ to yield a new form a ~ b. Grassmann specified that this
connection was of such a nature that the following two equations

could be set up:

(@™ b ~c=a =

He showed that if equations were set up in which any number of
forms were connected, then one could in all cases rearrange the
members and omit the parentheses. Grassmann called such a con-
nection a synthetic connection (4,1,1; 34-36) and from it proceeded
to his analytical connections. For Grassmann an analytical connec-
tion connects two forms in such a way that when the resultant form
is synthetically connected with one ofthe original forms, the other
original form results. Thus when * is taken as the sign for analyti-
cal connection and a and b as the two forms, then (a ~ b) syn-
thetically connected to b gives a, or, in short, (a ~ b) » b = a.

Grassmann then showed that the following equations are true:

Grassmann further specified this form of analytic connection by the
assumption that the result of an analytic connection was to be
unique or unequivocal; thus, for example, ifa ~ b =1c, then if a or

b remains constant and the other changes, the result (c) must
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change. Finally he showed that these results could be extended
to connections of any number of forms. (4,1,1; 36-38)

These statements must have appeared very strange to the
reader of the times. At the very end of this development Grass-
mann stated what should have considerably enlightened the
matter: when these connections obeyed the above laws, they could
be called addition and subtraction.

Grassmann then showed that two new forms, the indifferent and
the analytic form, could be produced. When any form was ana-
lytically connected to itself—for example, a w a—then the indif-
ferent form resulted (indifferent in the sense that a could have any
value). He represented this new form by (/) and stated that when
this form is connected to b> producing (</)» b), then the new form
(wfe), called the analytic form, emerges. Finally Grassmann ad-
mitted that the indifferent form could be called "Null" (i.e., zero)
and the analytic form could be called the negative form. (4,1,1;
38-40)

Grassmann went on to develop two further connections, one of
which was synthetic and the other analytic. Both of these connec-
tions were of such a sort that when a form was applied through
such a connection to two forms connected in either of the previous
manners, a transformation would take place without achange in the
result. His new kind of synthetic connection he symbolized by «
and postulated the following: Such
a connection, Grassmann stated, could be called multiplication.
(4,1,1; 41-43) Note that this implies that Grassmann will call any
operation that is distributive a multiplication, and what he sought
in his work was, broadly speaking, distributive operations, which
need not be either commutative or associative.

Grassmann then introduced the second kind ofanalytical connec-
tion (i.e., division). This was limited by the law expressed in the

equation ) .
a ++ b a b

He pointed out that unlike the former type of analytic connection,

three forms connected by division are not in all cases uniquely

determined (thus, for example, if t~ c and a =0, then b is not
b
uniquely determined). (4,1,1; 43-44)

To the above summary it need only be added that according to
Grassmann similar forms (forms ofthe same order, thus two points,
two vectors, and so forth) when connected by either ofthe first two
kinds of connection give in general forms of the same order,
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whereas in multiplication forms of the same or different orders may
be combined and in general produce forms ofa higher order. Thus
the product of two vectors (forms ofthe first order) is a directed area
(a form of the second order).

The section just discussed combined with the introduction to
present a nearly impassable barrier for most mathematicians of the
time. Ideas such as these were so new, so abstract, and at first sight
so useless that it is not difficultto understand why Mobius regarded
the work as simply unreadable, Baltzer found it made him dizzy,
and Hamilton was led to write to De Morgan that to be able to read

2 However these

Grassmann he would have to learn to smoke.
passages are not only characterized by obscurity and abstractness;
they also reveal (to a modern mathematician) the brilliance of a
powerful mind. Grassmann had come to understand the associative,
commutative, and distributive laws more fully than any earlier
mathematician, and this understanding is reflected in the construc-
tion of his system.

Grassmann allowed his initially contentless forms to assume
many values—numbers, points, vectors, oriented areas, and so

‘3 developed sixteen kinds of multi-

forth; moreover he eventually
plicative connections. All these forms and connections were un-
derstood in terms of the laws set out by Grassmann in this section,
and thus this section was one of the most important. Having laid
the foundation, we may turn to the main contents of the book.**

The first chapter of part one of Grassmann's book centered on the
production of his various systems. New systems were created by
taking an element from another system and allowing itto undergo a
new variation; thus for example a point (the element) is moved in a
single direction (the variation) to produce a straight line (a system of
the first order). If this line now varies by moving in some (recti-
linear) direction, a plane (a system ofthe second order) is produced.
According to Grassmann the same process can be extended to form
systems of any order (hence his "any" dimensional spaces). In this
chapter and within this framework Grassmann introduced vectors,
proved that they obey his previously developed addition and sub-
traction laws, and explained vectorial addition. He furthermore
proved various algebraic properties for his systems. Typical of his
statements is the following: "Every vector of a system of the m"
order can be expressed as the sum of m  vectors, which belong to
the m  given independent manners of change of the system. This  ex-
pression is unique."*®

The first chapter was concluded, as were all others, with a section
on application of the theoretical ideas presented. For this chapter
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the applications were mainly two: Grassmann showed how his
ideas could be used to lay a secure foundation for geometry and he
gave the vectorial method of representing the center of gravity of
a body as well as the laws of force and velocity for the center of
gravity.

The second chapter of this part was entitled "Outer Multiplica-
tion of Vectors." Grassmann's outer product is essentially equiva-
lent to what had been called the geometrical product in his 1840
work, and hence it is similar to the modern vector (cross) product.
Grassmann mentioned his linear product (renamed inner product)
only in an offhand manner in the foreword to the book. Since this
was the first published definition of the modern scalar (dot) prod-
uct, we shall give it in full. After Grassmann had concluded a dis-

cussion of his outer product, he wrote:

Besides this concept there is another that likewise relates distances
to fixed directions.

Namely, when | took the perpendicular projection of the one distance
onto the other, the arithmetic product of this projection and the distance
(onto which the projection was made) represented the product of those
distances, provided that the multiplicative relation to addition was
valid. But this product was of an entirely different kind than the first, in
that the factors could be exchanged without changing the sign and the
product of two mutually perpendicular vectors was zero. | called the
first the outer product and the second the inner product, since the
latter has non-zero values only when the directions approach one
another, that is, when the distances lie partly in each other.*®

Grassmann's outer product was presented in his Ausdehnungs-
lehre of 1844 in a manner both different from and more general
than the presentation in his study ofthe tides. Grassmann began in

a simple way by stating:

We shall begin with geometry in order to secure an analogy according
to which the abstract science must proceed, and thus obtain a clear idea
to escort us along the unknown and arduous path of abstract develop-
ment. We go from the vector to a spatial form of higher order when we
allow the entire vector, that is each point of the vector, to describe
another vector which is heterogeneous to the first, so that all points
construct an equal vector. The surface area produced in this way has the
form of a parallelogram. Two such surface areas which belong to the
same plane are designated as equal ifthe direction ofthe moved vector
lies in both cases on the same side (for example, on the left side) of the
vector produced through the motion. When in the two cases the corre-
sponding vectors lie on opposite sides, then the surface areas are
designated unequal. Thus we have a simple and general law:

If in the plane a vector moves successively along any series of vectors,
then the total surface area  produced thereby  (provided that the signs of
the individual  surface elements are set in the given manner) is equal to
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that area which would he produced if the vector had moved along the
sum of those vectors. (4,1,1; 77-78)

Statements as concrete as the above were nottypical ofthe work nor
always desirable if we consider the nature of the work, for if
geometrical intuition had been allowed to enter too early, it could

have hindered the wunderstanding of later developments which

went beyond the usual three-dimensional geometry. To illustrate
the above statement, Grassmann considered three —coplanar
parallel lines (cd, ef and ab) which were cut by three pairs of
c d
e f
a b
parallel lines: ec and df ea andfb, ca and db. Letting ab represent

a vector constrained to move parallel to itself, he pictured ab mov-
ing along ac until it reached line cd. Thus the area acdb was swept
out. It will be seen by simple geometry that this area is equal to the
sum of the areas of the parallelograms aefb and ecdf that is, the
areas swept out when ab moves along ae to efand then along ec to
cd. Moreover the resulting areas will be the same, he stated, if ab
moves along ae until it coincides with efor ifit moves along ac and
then ce as long as the reversal in direction ac is compensated for by
taking the area resulting from abs motion along ce as negative.
Grassmann then noted that since for example the motion of ab
along ac gave the same area as when ab moved along ae and then
ec, this was an operation that should be viewed as multiplication
on the basis of his theory of forms.*’

From the above one might easily infer that his outer product of
1844 was in all ways equivalent to his geometrical product of
1840. This is true only in part, since (as it will be shown presently)
his geometrical product of 1840 was only one species of the more
general outer product of 1844. Thus his geometrical product, simi-
lar to the modern vector (cross) product, was in the 1844 work em-
bedded within a far broader system. This situation is typical of
many of the elements of vector analysis developed in the Aus-

dehnungslehre of 1844 and is an important reason why it would
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have been difficult to extract the modern system of vector analysis
from his system. At the end of his introductory section Grassmann
stated: . . we can now return to our science in order to pursue it
according to a purely abstract manner and independently of all
spatial considerations.” (4,1,1; 80)

At this point it will be helpful to consider in modern terms what
Grassmann meant by his outer product. It was a product of base ele-
ments e, e, €, . . ., e, which obey the following laws: letting

X, y, z take on any values of n,

xiny Axry €,

It should be noted that the last equation need not have been given
since the outer product must be distributive, for this property is
contained for Grassmann in the definition of "product.” The prod-
uct of N such elements was considered to be an entity of the Nth
order. Here again Grassmann's outer product differs from the mod-
ern cross product, since the result of the cross multiplication oftwo
vectors is another vector (in Grassmann's terms, an entity of the
first order), whereas the outer product of two vectors is an entity of
the second order. This difference between the two products is
especially important in that Grassmann's outer product allowed
him to generate all sorts of new entities which he duly considered.

Grassmann proceeded to discuss the product of any number of
vectors. Grassmann stated that a product such as abc . . . was to
mean that the vector a first moves along b (as before), then the re-
sultant oriented area would move along ¢, and so on through orders
higher than the third. Grassmann proved that such relations were
distributive and that entities thus arising could be added under
certain conditions. As each new entity arose, he checked its proper-
ties in relation to his general theory of forms.

Some of Grassmann's applications of his outer product merit dis-
cussion. Immediately after his full presentation of the outer prod-
uct Grassmann showed how Varignon's principle could be
represented in terms of the outer product in a very simple manner,
and he in general discussed the representation of moments by this

product.*®

He also showed how the outer product could be used in
solving n first-degree equations in n unknowns. (4,1,1; 99-102)
Then he considered what he called outer division, and through
outer division ordinary numbers ("Zahlengrosse") entered his sys-

tem for the first time. (4,1,1; 118-137)
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In the last chapter of the first part he dealt with a process he

called "Abschattung," or, loosely speaking, projection. Herein he
was primarily concerned with the conditions under which the
original equation could be definitely inferred from the resulting
equation when an equation among extensive magnitudes was
multiplied by an extensive magnitude. The results obtained in this
chapter were applied to spatial projections and the solution of
equations.

The majority of the ideas considered up to this point were given
by Grassmann in the five chapters ofthe first section (Abschnitt) of
his book, a section entitled "Extensive Magnitude" ("Die Aus-
dehnungsgrosse"). The second of the two sections ofthe book was
entitled "Elementary Magnitude" ("Die Elementargrosse”). This
section began with a lengthy discussion of elementary magnitudes,
a term by which Grassmann referred mainly to points. Discussion
of Grassmann's point analysis is relevant both directly, in that it
was a prominent part of his system, and indirectly, in that it had
numerous relationships to his system of vector analysis. His system
of point analysis, having been discovered independently of Mobius,
was presented differently and developed more fully.

Grassmann began this section by considering the addition and
subtraction of elementary magnitudes, although he seems never to
have stated precisely what he meant by elementary magnitudes
except by implication. Early in the discussion he stated: "In order
to bring this result into sharper focus, we will apply it to geometry
and thus take the elements as point . . . ." (4,1,1; 158) Grassmann
proceeded to write such equations as the following, in which Greek
letters represent elementary magnitudes, and the i s, /c's andris

represent numbers:
UPA,] + . . . + ijfpa)) = kfoM + . . . + Kkypf3)] (4,1,1; 159)

This is essentially a vector equation (in which pa, pa, . . . are the
vectors). Grassmann went from this to show that the equation re-
mained true when any other element a was substituted for p. He
then established that the members of such an equation satisfied
both the commutative and associative laws for addition and sub-
traction, that these operations gave unique results, and that the
distributive law was satisfied for the multiplication of the element
pairs such as [a/3] with numbers. On the basis of these facts Grass-
mann showed that in the equation given above, the p's could be
deleted to yield an equation such as aa +fo/3. . . where a, b,
represent numbers; a, f3, . . . elements or points; and aa was con-
sidered a weighted point. (4,1,1; 160-163)
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Grassmann, wunlike Mobius, developed his system of point
analysis in close relation to vectorial ideas and wused in fact
previously established vectorial laws in proving laws for points.
He then showed that the sum of a number ofweighted points could
be represented by a single point whose weight was equal to the
sum of the weights of the individual points. (4,1,1; 164) This led
Grassmann to consider a point of 0 weight, which he showed was
best interpreted as a vector. (4,1,1; 164-166) The final topic in the
theoretical part of this chapter concerned the result obtained when
a point or a multiple point was added to a vector. (4,1,1; 166-167)

The applied parts of the chapter dealt with such topics as geo-
metrical methods for constructing sum points and physical applica-
tions of his point analysis. In this part of the chapter Grassmann

made reference to Mobius:

We are here at the first and only point at which our science touches on
ideas already known. Namely in the barycentric calculus of Mobius an
addition of simple and multiple points is presented. M5bius used it
primarily only as an abbreviated method of expression but developed
the same techniques of calculations which we presented (in greater
generality) in the first paragraphs ofthis chapter. What is entirely lacking
in Mobius presentation is the conception of sum as a magnitude in the
case where the weights together total zero.

What hindered the sagacious author of that work in viewing this sum
as a vector of constant length and direction is certainly the strangeness
of compounding length and direction into one concept. If that sum had
been determined to be a vector, then the concept of the addition and
subtraction of vectors for geometry (as we have presented it in Section
I, Chapter 1) would have arisen, and thus our work would have had a
second point of contact with Mobius' work; also the barycentric calculus
would have obtained a much freer and more general development. (4,1,1;
172)

In the second chapter of the second section of his book Grass-
mann introduced the outer multiplication of points® In the first
chapter he had stated that [a/3] should be interpreted as equal to
P — a, that is, as a vector from a to /3. (4,1,1; 165-166) However
[a/3] should be viewed, not simply as the vector a/3, but as a vector
limited to positions in the line through a and /3, that is, (to use the
modern term) as a line-bound vector. (4,1,1; 179)* Since [pp] =0
(the line from a point to the same point is no line) and since
[pa] — —[ap] (because [pa] = a —p = —(p — a) = —[ap]), [a/3] should
be viewed as an outer multiplication. (4,1,1; 175)

It is not necessary for present purposes to follow in detail Grass-
mann's highly abstract and complicated development of the outer
product for points. Rather it need only be noted that here as before

Grassmann continually made use of vectors and vector relations in
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developing the outer product. Finally this section may be sum-
marized through the use of Grassmann's own summary as presented
in his paper of 1845 entitled "Kurze Uebersicht iiber das Wesen

der Ausdehnungslehre."*?

IfA, B, C, D, are points, then we mean by

(1) A.B, the line, which has A and B as extremities, regarded as a
definite part of the infinite right line determined by A and B;

(2) A.B.C, the triangle, whose vertices are A, B, C, regarded as a
definite part of the infinite plane determined by A, B, C;

(3) AB.CD, the tetralh]ledron, whose vertices are A, B, C, D, re-
garded as a definite part of infinite space.

That is, we put A.B =A;.B;, when both products represent equal
p'ts, with like signs, of the same right line; further

A.B.C~"A~rB" ~C"

when both triangles are equal parts, with like signs, of the same plane;
and finally

AB.C.D = A«Bi.C1.Dy,

when both tetra[h]edrons have equal volumes, with like signs.®®

The applied section of this chapter treated such topics as co-
ordinate systems, transformations of co-ordinates, the equation of a
plane in terms of points, and numerous applications to statics, in-
cluding the representation of static moments and equilibrium con-
ditions.

The materials discussed to this point constituted slightly more
than two-thirds of Grassmann's book. The next to the last chapter
dealt with what Grassmann called "Das eingewandte Produkt," or
the regressive product. He pointed out that the outer product was
characterized by the property that the product of two dependent
factors is zero; since this property was not essential to the ideas of
a product, a new product could be defined which was free of this
restriction. (4,1,1; 206) Thus Grassmann introduced his regressive
product, or, more accurately, he extended the concept of product in
such a way that the regressive and outer products could be treated
as two formsofone product. As Engel pointed out in his notes, this
complicated the presentation. (4,1,1; 408)

An idea of Grassmann's regressive product may be gained from
the following. It is natural to ask ifany meaning may be assigned to
the product of two factors, some of whose components are mutually
dependent Similarly any multiplication of factors may be viewed
as taking place within a system of some order, for example, three-
or four-dimensional space. When the sum ofthe orders ofthe factors

exceeds the order ofthe space under consideration, the factors must
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be dependent. It was for this case that Grassmann defined the re-
gressive product. Two quotations from Grassmann will explicate
this further; the first quotation is from his "Kurze Uebersicht" and
is more general than the second, which is from the latter part ofthe
chapter under discussion and which gives a geometrical interpreta-

tion of the regressive product.

Henceforth outer multiplication will be designated by simply writing
the factors together; regressive multiplication, by a point placed be-
tween the factors. We understand by the regressive product AB.AC,
where A, B, C are any magnitudes, the product ABC .A, in which ABC
is treated as a co-efficient belonging to A, provided that the product be
referred to the field of lowest order in which A, B, and C lie at the same
time. (4,1,1; 310-311)

The product of two line magnitudes in the plane is the point of inter-
section of the two lines joined with a part of that plane as factor; if for
example ab and ac (where a, b, ¢ represent points) are the two line
magnitudes, then their product is abca. Furthermore the product of
three line magnitudes in the plane is equal to the doubled surface
content (set twice as factor) of the triangle enclosed by the lines, multi-
plied by the product of the three quotients, which express how many
times each side is contained in its corresponding line magnitude; thus
if a, b, c are those three points, and mab, nac, pbc (when m, n, p are
numerical magnitudes) are the three line magnitudes, then their product
is equal to

mnp.abc.abc

The product of two plane magnitudes in space is part of the intersect-
ing edge multiplied by a part of space, for example, abc.abd — abed. ab.
Furthermore the product of three plane magnitudes is the intersection
point of the three planes, multiplied by two parts of space, for example,
abc.abd.acd= abed.abed. a. (4,1,1; 243-244)

The above description, which is sufficient for the present pur-
pose, does scantjustice to the complexities of this chapter. This is
partly mitigated by the fact that some ideas in this chapter were
deleted in the Ausdehnungslehre of 1862, and many of the develop-
ments were approached from a different point of view. The chapter
concluded with geometrical applications.

The final chapter in the book was devoted mainly to applications
of the previous ideas to geometry and to crystallography. The final
section of the chapter was entitled "Remark on the Open Product."
This section is of special importance since Gibbs argued that it con-
tained "the key to the theory of matrices . . and the linear vector
function.®?

Before the reception accorded to Grassmann's work is discussed,
it will be useful to state the major conclusions emerging from the

above detailed discussion of his first Ausdehnungslehre. First, it
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should be evident that it was a work of great brilliance, a work that
along with much else contained a large number of the ideas in-
volved in modern vector analysis. It should also be clear that even
ifpriority disputes arejudged by date of publication (thus excluding
Grassmann's Theorie der Ebbe und Flut), Grassmann's ideas as
published in 1844 were far more extensive and richer than those of
Hamilton at the same time. There is merit to Sarton's remark that
Grassmann's Ausdehnungslehre of 1844 should be compared with
Hamilton's Lectures on Quaternions of 1853, not with Hamilton's
early researches.®? Grassmann's book is a great classic in the history
of mathematics, even though one of the mosc unreadable classics.
The work was exceedingly abstract and very complicated and, per-
haps most importantly, it departed from all the then current mathe-
matical traditions. Even in the early sections of the book the reader
encountered highly original ideas placed in a philosophic setting
and at most tenuously attached to the mathematical ideas of the
time.

In order for a mathematician of that time to derive the modern
system of vector analysis from Grassmann's book, he would have to
(1) read and understand the book (no small task), (2) delete major
mathematical portions of the book (such as point analysis), (3)
limit the presentation to three-dimensional space, (4) redefine some
ofthe fundamental ideas (such as the outer product), (5) change the
structure and emphasis of the work, (6) detach the presentation
from the philosophical ideas contained in it, and (7) attach to it
ideas already in the literature of the times, but unknown to Grass-
mann, such as the development ofthe geometrical representation of
complex numbers and the theorems of Green and Gauss. No one at
that time or at a later time accomplished these seven labors; that
this was so is not surprising. It will presently be shown that more
than twenty years passed before someone accomplished even the
first of these, that is, before anyone read and understood and fully

appreciated Grassmann's book.

VIl The Period from 1844 to 1862

In the period from the Ausdehnungslehre of 1844 to that of 1862
a number of events took place which shed light on the relation of
Grassmann's work to the mathematical ideas of the times. These
events, which will be discussed within the framework of the
narrative of Grassmann's activities in this period, range in variety
from the discovery and publication by others of ideas contained in
Grassmann's system to the reading of Grassmann's book by Hamil-
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ton. The primary concern ofthis section is discussion ofthe recep-
tion accorded Grassmann's work.
Friedrich Engel accurately described the magnitude and form of

this reception in the following statement:

Thus Grassmann experienced what must be the most painful ex-
perience for the author ofa new work: his book nowhere received atten-
tion; the public was completely silent about it; there was no one who
discussed it or even publicly found fault with it. The mathematicians to
whom he had sent the work expressed themselves as not unfriendly to it,
to some extent even as benevolent to it, but no one really studied it.
(5; 97)

Engel's statement is well illustrated by considering the reception
given the book by the man generally esteemed as the most gifted
mathematician of the period—Carl Friedrich Gauss. Grassmann
apparently sent a copy of his book to Gauss, and the latter replied
with a note of thanks dated December 14, 1844. Therein Gauss
stated that he had worked on similar ideas nearly a half century
before and had published some of his results in 1831; Gauss was
probably referring to his work on the geometrical representation of

°® Gauss also stated that he was very busy and

complex numbers.®
that he had concluded that to get at the kernel of the work it would
be necessary to familiarize himself with the peculiar (eigenthiim-
lichen) terminology used in the book. (4,1,11; 398) This it seems
Gauss never did.

The reaction of Mobius to Grassmann's work should prove illumi-
nating, for of all mathematicians of the period Mobius was in the
best position to judge Grassmann's work. Thus in 1844 Grassmann
visited Mobius at Leipzig, and in a letter of October 10, 1844, he
asked Mobius to write a review of his book. He wrote: "Finally |
take the liberty of asking you to write a review ofthe work for some
critical journal, for I am convinced that just as now no one stands
nearer the ideas expressed in the work than you, no one will be in a
better position than you tojudge the work so fundamentally and to
bring to light both the weaknesses and whatever merits the book
may contain." (5; 99) Mobius' reply was dated February 2, 1845,

nearly four months later:

| reply that | was sincerely pleased to have come to meet in you a
kindred spirit, but our kinship relates only to mathematics, not to
philosophy. As | remember telling you in person, | am a stranger to the
area of philosophic speculation. The philosophic element in your ex-
cellent work, which lies at the basis of the mathematical element, | am
not prepared to appreciate in the correct manner or even to understand
properly. Of this | have become sufficiently aware in the course of

78



Other Early Vectorial Systems

numerous attempts to study your work without interruption; in each
case however | have been stopped by the great philosophical generality.
(5; 100)

However Mobius wrote that he had contacted a mathematician
named Drobisch who was also a philosopher and hoped that he
would write a review (he did not). Mobius went on to recommend
that the best procedure might be for Grassmann himselfto publish
areview (he did!). (5; 100-101)

Engel recorded an illuminating exchange of letters between
Ernst Friedrich Apelt (1812-1859), professor of philosophy at
Jena, and Mobius. On September 3,1845, Apelt wrote the following

to Mobius:

Have you read Grassmann's strange Ausdehnungslehre? | know it
only from Grunert's Archiv; it seems to me that a false philosophy of
mathematics lies at its foundation. The essential character of mathe-
matical knowledge, its intuitiveness (Anschaulichkeit), seems to have
been expelled from the work. Such an abstract theory of extension as he
seeks could only be developed from concepts. But the source of mathe-
matical knowledge lies not in concepts but in intuition. (5; 101)

Mobius in a letter dated January 5, 1846, responded:

You ask me whether | have read Grassmann's Ausdehnungslehre. To
this | answered that Grassmann himself presented me with a copy and
that | have on numerous occasions attempted to study it but have never
gone beyond the first sheets, since, as you mentioned, intuitiveness
(Anschaulichkeit), the essential character of mathematical thought, is not
to be found in the work. However | have been forcing myselfthrough the
work by skimming it on numerous occasions in regard to extension or
generality as you would prefer to call it. From this | have come to feel
that it can be influential in a good way for mathematics, especially in
regard to the systematic presentation of its elements. To this belongs
the addition and subtraction of lines when these are considered not only
in relation to their length but also their direction. (5; 101)

Partly on the basis of the above letters and on the translation of
"Anschaulichkeit" as intuitiveness Ernest Nagel suggested that a
major reason for the poor reception of Grassmann's work was that
"the contemporary scene was dominated by Kantian views on the
indispensability of intuition for mathematics. w4

To Nagel's views may be added the opinions of A. E. Heath.
Writing in 1917, Heath argued that a major reason for the poor re-
ception was the philosophical nature of the book, a condition com-
pounded by a reaction against a philosophical form of presentation
that had set in among mathematicians as a result of "the exaggera-
tions of the metaphysical unification of knowledge in the schools of

w55

Schelling and Hegel. In any case Grassmann's book provoked
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the following comment from Heinrich Richard Baltzer, to whom
Mobius had recommended the book: "it is not now possible for me
to enter into those thoughts; | become dizzy and see sky-blue be-
fore my eyes when | read them." (5; 102) Mobius wrote back to
Baltzer: "If, as you write me, you have not relished Grassmann's
Ausdehnungslehre, | reply that | have the same experience. | like-
wise have managed to get through no more than the firsttwo sheets
(Bogen) of his book." (5; 102)

Grassmann had sent a copy ofthe work to Johann August Grunert,
founder and editor of the Archiv der  Mathematik und Physik.
Grunert encountered serious difficulties in reading the work and
requested Grassmann to write a review of his book for publication
in the Archiv and to give some simple examples. (5; 102-103) This
Grassmann did, and in 1845 his "Kurze Ubersicht uber das Wesen
der Ausdehnungslehre” appeared.®® Grassmann's summary of his
book was neither completely representative nor a major aid to
understanding the work. It was however, as Grassmann himself
stated, the only review of his book that was published. (4,1,11; 3)

Grassmann's other publication of 1845, his "Neue Theorie der

Elektrodynamik,"®’

contained an important electrical discovery
found through his new system of mathematics. This paper shared
the fate of his Ausdehnungslehre; the significance of Grassmann's
discovery was only realized after Clausius in the 1870's published
the same result, without of course knowing of Grassmann's earlier
discovery. (5; 104-105)

The only recognition that Grassmann received at this time for his
mathematical investigations came in regard to a paper entitled
"Die Geometrische Analyse." Mobius had written Grassmann on
February 2, 1845, to notify him of an 1844 announcement of the
Jablonowskischen Gesellschaft der Wissenschaft offering a prize
for the creation of a system similar to (or for the extension of) the
system sketched by Leibniz in his letter to Huygens of 1679,
published for the first time in 1833. (5; 109) Mobius' letter put
Grassmann in the rather delightful position of being aware of a
prize offered for the completion of a task judged significant by a
scientific group, which task Grassmann had already accomplished.

Grassmann thus came to write his Die Geometrische Analyse
gekniipft und die von Leibnitz erfundene geometrische Charak-
teristk. The Jablonowskische Gesellschaft in 1846 awarded the
prize to Grassmann's work®® and published it in 1847 with an
appendix by Mobius.®® The work does not demand detailed analy-
sis; it may be noted that Grassmann included a thorough treatment

of his inner product (the modern dot product), which he had
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neglected to do in his  Ausdehnungslehre of 1844. Though this
paper had major defects in presentation, it was more readable than
his  Ausdehnungslehre; its  fate however was the same: colossal
neglect. (5; 111-118)

In 1847 Grassmann attempted to secure a university position. He
wrote to Eichhorn, the Prussian minister for culture, and included
with his letter copies of his principal mathematical writings.
Eichhorn asked the noted mathematician Ernst Eduard Kummerto
report on the significance of Grassmann's mathematical works. In
Kummer's report scant praise was mixed with repeated statements
about Grassmann's lack of clarity. Probably a major cause of
Kummer's negative judgment was that Kummer had the works for
less than a month. In any case Kummer joined the ranks of Gauss
and others as great mathematicians who failed to appreciate the
greatness of Grassmann's achievement. Thus no professorship was
offered, nor in fact was one ever offered to Grassmann. (5; 123-130)

Three mathematicians of this period were forced, as it were, to
take notice of Grassmann's work because of priority questions;
they were Adhemar Barre, Comte de Saint-Venant (1797-1886),
Augustin Cauchy (1789-1857), and Sir William Rowan Hamilton.

Saint-Venant was a French engineer, noted for his researches in
elasticity, who in 1845 published a paper entitled "Memoire sur les
sommes et les differences geometriques, et sur leur usage pour
simplifier la Mecanique."’ This paper contained mathematical
ideas similar or identical to some ideas fundamental to the
Grassmannian system and to modern vector analysis. Saint-Venant
began his paper by stating: "I call the geometrical sum of any
number whatever of lines a, b, ¢, . . . given in magnitude, direc-

tion, and sense a line which is equal and parallel to the last side of

a polygon of which the other sides are a, b, ¢, . . . placed end to
end, each in its proper sense. If | is the last side, then | write
Il=a+b+c . . . ." (7; 620) Saint-Venant then proceeded to define
the "difference geometrique," or vector subtraction; the "dif-
ferentielle geometrique"; and the "coefficients differentiels
geometriques." (7; 620) This was followed by a definition of the

sum of plane areas and of the "produit geometrique."

| call the geometrical product (of a line b multiplied by a line a,
designated a b) the area obtained, both in magnitude and direction, in
forming a parallelogram from those two lines drawn from the same point.
The positive face is that on which a is on the left and b is on the right.
Thus a a— 0 and b a=—a b.

I call the geometrical product of an area multiplied by a line the
volume of the parallelepiped (or the oblique prism) having the area for a
base and the sides equal and parallel to the given line. The volume is
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considered negative when the sides are on the negative side ofthe base.
a b c will designate the product of the area b ¢ multiplied by the line a.
(7; 621)

Thus Saint-Venant had discovered vectorial addition, subtrac-
tion, differentiation, and also a multiplication similarto the modern
cross product, the major difference between them being that Saint-
Venant's product was, like Grassmann's, not another vector, but a
spatially oriented area. Saint-Venant then stated that geometric
equations can be added, subtracted, and multiplied and made very
brief mention of the possibility of integration and division for
vectors. (7; 621) The ideas mentioned to this point were treated in
two pages by Saint-Venant; thus his paperis best seen as a sketch of
the fundamentals of a vector analysis. The final three and one-half
pages of the paper suggested how his ideas could be applied to
mechanics.

Though neither Saint-Venant's paper nor his letters to Grass-
mann (those published by Engel) allow us to answer the interesting
guestion as to what motivated Saint-Venant to his creation, one
letter does contain information concerning when Saint-Venant be-
gan to work out his ideas. In a letter of July 17, 1847, written in
response to a letter (quoted earlier) in which Grassmann stated
that his initial ideas came in 1832, Saint-Venant commented: "It
was thus around 1832 that | first came to the idea of extending the
use of algebraic signs to those geometrical operations which are
performed on lines and areas in mechanics, but | published nothing
until 1845." (5; 122) Although the question of the sources of ideas
and motivation for Saint-Venant may not be answered definitively,
some indication as to the possible sources may be given. Itis very
improbable that he was stimulated by the work of Mobius or of
Grassmann's father, since Saint-Venant had great difficulty in read-

ing German.®°

Since the writings of Argand, Servois, Buee, Mourey,
Warren, and Gauss on the geometrical representation of complex
numbers were all published before 1832 and were written in
languages to which presumably Saint-Venant had access, it is
possible, but direct evidence is lacking, that Saint-Venant was
stimulated by one or more of these men.®! Saint-Venant's influence
on later writers was at most very small.®?

Grassmann had heard of Saint-Venant's paper by 1847, and on
April 18, 1847, Grassmann wrote to Augustin Cauchy and enclosed
a letter for Saint-Venant whose address he did not know. Simul-
taneously Grassmann mailed to Cauchy two copies of his Aus-
dehnungslehre and requested Cauchy to give the letter and one

copy of the book to Saint-Venant. (5; 120-121) The part of Grass-
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mann's letter which contained statements concerning the history of
his discoveries has already been quoted; the remainder included a
statement of priority and a discussion of some materials not fully
developed in his Ausdehnungslehre (in particular, the linear or
inner product).

On July 17, 1847, Saint-Venant wrote to Grassmann that he had
received the letter but not the book; he requested Grassmann to
send him the book. (5; 122) Grassmann assumed that Cauchy had
been delayed in giving the book to Saint-Venant, and on January
27, 1848, he wrote to Saint-Venant and sent him a copy of his "Die
Geometrische Analyse," along with another paper. Grassmann did
not send his Ausdehnungslehre nor did Cauchy give Saint-Venant
the copy sent to him for Saint-Venant. Saint-Venant read Grass-
mann's "Die Geometrische Analyse" but did not correspond fur-
ther with Grassmann at this time. (5; 122)

In 1853 another priority question was raised by a publication of
that year in the Comptes rendus, authored by Augustin Cauchy, and

"®3 Cauchy's paper on his

entitled "Sur les clefs algebriques.
"clefs algebriques"” or algebraic keys was primarily directed
toward providing methods for dealing with algebraic problems, in
general, the finding of unknowns in equations. A very simple ex-
ample will illustrate both his method and its relevance. Given the
equations x + 3y = 11 and Ax + 2y = 14, we may introduce two
algebraic keys, i andj, which behave so that i « i=j «j=0 and
i -j=—j - i. We then multiply each equation by one key and obtain
xi + 3yi =11i and 4xj + 2yj = 14j. If we now add these equations,

we obtain an equation of the form Ax + By = K, where A = i + 4j,
B = 3i + 2j, and K= Ili + 14j. From this we obtain the equation
(Ax + By)B = K(B). Since A, B, and K obey the same multiplication

laws as i andj, the above equation becomes ABx = KB, which can

KB
be transformed into x = AB Thus we obtain

S (Ui o+ 14;)(3t + 2jy) - (22i] + 42\ji) - -20ij -
(» + 4))(3< + 2j) 2ij + 12ji -10»]j

The significance of this is that Cauchy's keys are algebraically
equivalent to Grassmann's extensive magnitudes in regard to the
latter's outer multiplication. Moreover Grassmann developed in his
Ausdehnungslehre nearly identical algebraic methods.®®
Grassmann probably first learned of Cauchy's publications in the
following way. Baltzer on June 14, 1853, wrote to Mobius concern-
ing the identity of Cauchy's methods with those of Grassmann.
Mobius then wrote to Grassmann on September 2, 1853, to inform
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him of Cauchy's publication and to suggest that Grassmann make a
claim for priority. (5; 172-175) At the same time Mobius informed
Grassmann (5; 172) of a paper of 1853 by Saint-Venant entitled
"De Interpretation geometrique des clefs algebriques et des
determinants/' ®® The aim of Saint-Venant's paper was to show how
Cauchy's keys could be interpreted geometrically and, in doing
this, to show the mathematical relationship of Cauchy's ideas to
those Saint-Venant had presented in his paper of 1845. Saint-
Venant made no priority claim for himself or for Grassmann,
though he mentioned Grassmann's linear or inner product in a
footnote.

On February 19, 1854, Grassmann wrote to Mobius that illness
had delayed him in seeing Cauchy's papers, but that he had finally
managed to travel from Stettin to Berlin to read them. Grassmann
had decided to claim priority through a letter to the French Acad-
emy and through a publication in Crelle's Journal. (5; 176-182) His
letter to the French Academy was read on April 17,1854, and stimu-
lated the Academy to form a committee to investigate the priority
gquestion. The committee was composed of Lame, Binet, and
Cauchy (!); no decision was handed down by the committee, per-
haps because of Cauchy's death in May, 1857. (5; 198) Grassmann's
paper for Crelle's Journal appeared in 1855 under the title "Sur

"7 Herein Grassmann

les differents genres de multiplication.
claimed priority over Cauchy and Saint-Venant and published some
new results, in particular the definition of sixteen different kinds
of multiplication.

On December 16, 1856, Saint-Venant (probably at Cauchy's re-
quest) wrote to Grassmann that he had never received the copy of
the Ausdehnungslehre and had been unable to find a copy. He ex-
plained that this fact was the cause of his slighting Grassmann in
his paper of 1853, and he requested Grassmann to inform him as to
how a copy of the Ausdehnungslehre might be obtained. (5; 199-
200) Grassmann replied in a letter of March 28, 1857, a letter that
is typical of Grassmann's patience and good nature. Grassmann
stated that his book was in the library of the French Institute, but
wrongly classified; that he had believed Cauchy had passed on the
copy of the Ausdehnungslehre to Saint-Venant, so that another
copy had not been sent directly to him; and that he was sending to
Saint-Venant a copy of his book and of a paper and was translating
parts of both so that Saint-Venant could read them more easily. He
also asked Saint-Venant to pass on the letter to Cauchy and to tell
Cauchy of his high respect for him. There is no record of a reply
from Saint-Venant. (5; 200-201)
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In Grassmann's Ausdehnungslehre of 1862 he stated in regard to
Cauchy: "I have no intention ofaccusing the famous mathematician
of plagiarism. . . ." (4,1,11; 9-10) Victor Schlegel however in 1878
explicitly accused Cauchy of plagiarism (6; 38-39), though in a

publication of 1896 he reversed his judgment.®®

Friedrich Engel
believed that Schlegel went too far in his charge of plagiarism.
Engel argued that Cauchy probably either did not read the
Ausdehnungslehre  or did not remember its contents. Engel how-
ever strongly criticized Cauchy for not answering Grassmann's
priority claim. (5; 202)

Another alternative may however be suggested. Cauchy was well
acquainted with Saint-Venant's paper of 1845 and used results
from it in a paper of 1849 entitled "Sur les Quantites geometriques,
et sur une methode nouvelle pour la resolution des equations alge-

briques de degre quelconque." °°

Moreover this paper shows that
Cauchy had a good knowledge ofthe work of Argand, Servois, and
Buee on complex numbers; and papers by Cauchy of 1853 make
clear that Cauchy knew of Hamilton's and Mobius' works.”® Thus
it can be suggested that Cauchy was knowledgeable in relevant
works done independently of Grassmann and that the priority
charge brought by Grassmann was appropriate only in regard to
part of the methods published by Cauchy in his papers on his
"clefs algebriques.” It was perfectly possible for Cauchy to draw
on the sources mentioned above for help in creating his methods. A
residuum of originality of course would remain, and it is in regard
to that residuum that a priority dispute would be in order.
Saint-Venant and Cauchy were not the only mathematicians who
encountered Grassmann firmly lodged in a domain that they had
previousJy viewed as their own discovery; great must have been
Sir William Rowan Hamilton's surprise when in some unrecorded
way he heard of the Stettin schoolmaster and his Ausdehnungslehre
of 1844. Procuring a copy of the book, Hamilton set to reading it;
his interesting comments are preserved in letters, in the margins
of his copy of Grassmann's book, and in the historical preface to his
Lectures on Quaternions. The latter comments, as fate would have
it, comprised (with the exception of Mobius' comments) the only
published discussion of Grassmann that appeared before the 1860's.

It was in late 1852 that Hamilton, who was then preparing the

historical preface to his Lectures, read the Ausdehnungslehre. In
a letter of October 26, 1852, Hamilton wrote to De Morgan: "a
very original work. . . . which work, if any, the Germans, if they

think me worth noticing, will perhaps set up in rivalship with mine,
but which | did not see till long after my own views were formed
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and published." (8; 424) Hamilton continued to read Grassmann's

book and on January 31, 1853, wrote the following to De Morgan:

| have recently been reading (and it is curious that sometimes, when
otherwise in mental activity, | seem to myself unable to read a page, or
almost a sentence of German) more than a hundred pages of Grassmann's
Ausdehnungslehre, with great admiration and interest. Previously | had
only the most slight and general knowledge of the book, and thought
that it would require me to learn to smoke in order to read it. If | could
hope to be put in rivalship with Des Cartes on the one hand, and with
Grassmann on the other, my scientific ambition would be fulfilled! But
it is curious to see how narrowly, yet how completely, Grassman failed
to hit off the Quaternions. He published in 1844, a little later than my-
self, but with the most obvious and perfect independence. (8; 441)

Hamilton's comments as given in a letter of February 2, 1853, are

| am not quite so enthusiastic to-day about Grassmann as | was when |
last wrote. But | have read through nearly all of what | could procure of
his writings, including a subsequent commentary (in German) by
Mobius. Grassmann is a great and most German genius; his view of
space is at least as new and comprehensive as mine of time; but he has
not anticipated, nor attained the conception of, the quaternions, even so
nearly as | guessed he might have done, from a notion hastily taken up,
of what might have been his meaning (and what it was, | very dimly
know even now), in his doctrine of "eingewandte multiplikation." |
quote from memory. His outer products (aiissere) | think that | do
understand; and that is saying something for a person who has not
learned to smoke. And even his inner products, published subsequently
to the outer ones (in 1847), | can swallow pretty well. In fact, the
“inner products" of Grassmann have much analogy to my "scalar parts"
of a quaternion, and his "outer products" to my "vector parts." If the
notion of combining them had occurred to him, he might have been led
to the quaternions; but those he seems to me to have altogether failed to
perceive. Yet | think that my own researches, or speculations, would
have a better chance of being appreciated in these countries, if readers
had first been put through a sufficient course (or dose) of Grassmann. |
must say that | should not fear the comparison. You tolerate egotism in
correspondence .... (8; 442)

De Morgan had asked Hamilton at one point if Grassmann's

Christian name was Nebuchadnezzar. (8; 425) Hamilton picked up

th
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e joke and embellished it in his letter of February 9, 1853:

if you have any curiosity to know anything of the result of my recent
Nebuchadnezzarological reading (my daughter looking over my
shoulder is amused at the folly of philosophers), it will be quite con-
sistent with my humour to inform you. To the public I am likely to say
but little at present about Grassmann; for |I find that beyond the rule for
adding lines, which he seems to have independently worked out,
whereas | took it from Warren, we have scarcely a result in common,
except one thing which is (in my view) important, namely, the inter-



Other Early Vectorial Systems

pretation of B — A, where A and B denote points, as the directed line AB.
He comes to this, in his page 139 of the Ausdehnungslehre, after long
preparations, and ostrich-stomach-needing iron previous doses. |,
knowing nothing of this result, as in any way arrived at by him,
STARTED with the same interpretation in my Lectures, in 1848, having
printed the same conception some years earlier, and having been
familiar with it (see Pure Time) for a long time before. (8; 444)

Hamilton's published statement concerning Grassmann given in

his Lectures on Quaternions of 1853 is as follows:

It is proper to state here, that a species of non-commutative multiplica-
tion for inclined lines (aiissere Multiplikation) occurs in a very original
and remarkable work by Prof. H. Grassmann (Ausdehnungslehre,
Leipzig, 1844), which | did not meet with till after years had elapsed
from the invention and communication of the quaternions: in which
work | have also noticed (when too late to acknowledge it elsewhere)
an employment of the symbol — a, to denote the directed line
(Strecke), drawn from the point a to the point ($. Not withstanding
these, and perhaps some other coincidences of view, Prof. Grassmann's
system and mine appear to be perfectly distinct and independent of each
other, in their conceptions, methods, and results. At least, that the pro-
found and philosophical author of the Ausdehnungslehre was not, atthe
time of its publication, in possession of the theory of the quaternions,
which had in the preceding year (1843) been applied by me as a sort of
organ or calculus for spherical trigonometry, seems clear from a passage
of his Preface (Vorrede, p. xiv.), in which he states (under date of June
28th, 1844), that he had not then succeeded in extending the use of
imaginairies ~ from the plane to  space; and generally unsurmounted
difficulties had opposed themselves to his attempts to construct, on his
principles, a theory of angles in space (hingegen ist es nicht mehr
moglich, vermittelst des Imaginaren auch die Gesetze fur den Raum
abzuleiten. Auch stellen sich iiberhaupt der Betrachtung der Winkel im
Raume Schwierigkeiten entgegen, zu deren allseitiger Losung mir
noch nicht hinreichende musse geworden ist).”*

Finally, a remark made by Hamilton in a letter to J. T. Graves of
September 30, 1856, may be cited. After mentioning that Grass-
mann's 1855 article in Crelle's journal had stimulated him in some
recent researches, Hamilton stated that Grassmann "was well
worthy to have anticipated me in the discovery of the quaternions;
and it appears to me a very remarkable circumstance that he did
not." (8; 70)

By 1860 one mathematician of the British Isles (Hamilton), one
mathematician of the German-speaking countries (Mobius), and
one French mathematician (Saint-Venant) had come to appreciate
to some extent Grassmann's work. Two other mathematicians, both
of Italy, complete this small group. These two men were Luigi

Cremona and Giusto Bellavitis.
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In 1860 Luigi Cremona published in Nouvelle  Annales de
mathematiques a note concerning the solution of two problems that

had been proposed in that journal.”?

As part of this note Cremona
gave a brief exposition of Grassmann's ideas, which was prefaced

with the following statements:

| cannot refrain from mentioning a very expeditious and very
curious method, of which the first idea seems to belong to Leibniz, but
which has been truly established by Grassmann. Except for Mobius
and Bellavitis ... I do not know of any geometers who have given
Grassmann's researches the attention which they deserve.

I will here reproduce the principle definitions and conventions ofthis

ingenious theory which the author names geometrical analysis." '

At a later time Cremona used even stronger words in praise of
Grassmann (5; 335) and included some of Grassmann's ideas in at
least one of his books.”*

Giusto Bellavitis came into contact with Grassmann during the
1850's; the occasion was a geometrical paper by the latter with
which Bellavitis took issue. Bellavitis went on to study the
Ausdehnungslehre, and through letters from Bellavitis in 1860 and
1862 Grassmann learned that the Italian mathematician was im-
pressed by the  Ausdehnungslehre and intended to acquaint his
countrymen with it. (5; 106-107)

When one looks back on the decades before 1860, a number of
generalizations emerge. It is striking first of all that Mobius,
Bellavitis, Hamilton, Grassmann, Saint-Venant, and Cauchy should
independently arrive at ideas that were in many cases similar. The
motivation behind their investigations was in nearly every instance
geometric, but their brilliance was primarily algebraic. Though
Hamilton's ideas had already obtained much attention, Grassmann
remained nearly unknown. Indeed Mobius mentioned in a letter of
June 9, 1853, that he knew of only one mathematician, Bret-
schneider, who had read Grassmann's book completely through
(5; 163n); and as Grassmann himself mentioned, the remaining
copies of the first Ausdehnungslehre were used as wastepaper.
(4,1,1; 18) The factors that caused this neglect have been amply
discussed.

Finally a summary of Grassmann's other activities in this period
will fill out the picture of Grassmann as a very active person. From
1844 to 1861 Grassmann published seventeen scientific papers, in-
cluding important papers in physics, and a number of language and
mathematics textbooks. He edited a political paper for a time and
also published materials on the evangelization of China.’® All this

was done while he taught a heavy load and raised a family, for
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Grassmann had married in 1849, and from this union eleven
children came.

This period of his life was concluded with the publication of his

second Ausdehnungslehre.
\ARN Grassmanns Ausdehnungslehre of 1862 and the Gradual,
Limited Acceptance of  His Work.

On October 31, 1861, Grassmann, no doubt with hopes running
high, sent to Mobius a copy of the second Ausdehnungslehre.
Eight years earlier in a letter to the same correspondent Grassmann
had stated his intention of preparing a new work; there is evidence
that by 1854 or 1855 he had begun writing. (5; 223) The 300 copies
of the book bore the date 1862, were printed in the shop of Grass-
mann's brother, and were paid for by the author. (5; 223) Its title
was Die Ausdehnungslehre: Vollstanding und in strenger Form

bearbeitett. Under Grassmann's name appeared the title "Professor

am Gymnasium TAX Stettin."’®

In the foreword Grassmann discussed the poor reception ac-
corded his earlier work and stated that the content of the new book
was presented in "the strongest mathematical form that is actually
known to us; this is the Euclidean. . . ." (4,1,11; 4) He elaborated on
the content of the book and discussed the relation of his work to
that of Gauss, Mobius, Bellavitis, Saint-Venant, and Cauchy. The

final paragraph in the foreword was the following:

For | remain completely confident that the labor which | have ex-
pended on the science presented here and which has demanded a
significant part of my life as well as the most strenuous application of
my powers, will not be lost. Itis true that | am aware thatthe form which
| have given the science is imperfect and must be imperfect. But | know
and feel obliged to state (though | run the risk of seeming arrogant) that
even if this work should again remain unused for another seventeen
years or even longer, without entering into the actual development of
science, still that time will come when it will be brought forth from the
dust of oblivion and when ideas now dormant will bring forth fruit. |
know that if | also fail to gather around me in a position (which | have
up to now desired in vain) a circle of scholars, whom | could fructify with
these ideas, and whom | could stimulate to develop and enrich further
these ideas, nevertheless there will come a time when these ideas, per-
haps in a new form, will arise anew and will enter into living communi-
cation with contemporary developments. For truth is eternal and divine,
and no phase in the development of truth, however small may be the
region encompassed, can pass on without leaving a trace; truth remains,
even though the garment in which poor mortals clothe it may fall to
dust. (4,1,11; 10)
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As Grassmann himself pointed out, the form of presentation was
the Euclidean. The book consisted of sets of theorems presented
with a minimum of comment. Philosophical commentary had been
banished (which was helpful), as were physical applications
(which was not helpful). Concerning this form of presentation
which Grassmann had also used in an elementary textbook of 1861,
Lehrbuch der Arithmetik, Engel commented:

Without a doubt this was a disastrous mistake. What was perfectly in
place in the treatment of a subject so commonplace for all mathemati-
cians as arithmetic, at least for readers who pursue mathematics as a
science, was the most unsuitable form of presentation for a subject
to which the reader was for the first being introduced. Though this
form of presentation led to an admirable codification ofthe new concepts
and laws of his theory of extension, still it was not a presentation likely
to win followers for his ideas, let alone convert those who had not
wished to read his first Ausdehnungslehre. Grassmann had actually only
undertaken the immense task involved in the composition of the new
work because he hoped that now at last he would find readers. It is
actually puzzling that he could so deceive himself and be so mistaken in
his choice of the means for attaining his aim. (5; 231)

The second Ausdehnungslehre was more than a reworking of the
first: it was one-third longer and contained many new results. The
most important of these was Grassmann's solution of the so-called
"Pfaffian Problem." According to Engel this solution was only
appreciated after 1877, a neglect which Engel ascribed to the fact
that few mathematicians would seek such a solution in Grassmann's
book and fewer would be able to disentangle it from the other ma-
terials surrounding it. (5; 232-233) The latter comment could with
equal justice be applied in relation to vector analysis.

The reception accorded the second Ausdehnungslehre must have
been a great disappointment to Grassmann, for at first his efforts
seemed to have been in vain; he wrote in 1877, "this new work met
with even less attention than the first." (4,1,1; 18) No reviews of it
appeared (5; 231), and it seems probable that Grassmann received
only one note of thanks from those to whom he sent copies.”” The
following statements of Engel may serve as a conclusion to the dis-
cussion of the early reception of the second Ausdehnungslehre:
"Thus the second Ausdehnungslehre also remained for mathe-
maticians a book with seven seals, and the abundance of entirely
new developments which it contained was like something buried in
the ground" and "As in the first Ausdehnungslehre so in the second:
matters which Grassmann had published in it were later inde-
pendently rediscovered by others, and only much later was it
realized that Grassmann had discovered them earlier." (5; 232-233)

Thus Grassmann's works were almost totally neglected during
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the first fifty-five years of his life; the first real ray ofhope appeared
in the second half of the 1860's. Grassmann in the foreword to the
second edition (published in 1878) of his Ausdehnungslehre of
1844 described the events that led up to the recognition that he re-

ceived in the last years of his life.

Hermann Hankel was the first who, in his Theorie der complexen
Zahlensysteme (Leipzig, 1867), stressed the fundamental significance
of my Ausdehnungslehre (see pp. 16, 112, 119-140, and 140). Even
more decisive was Clebsch's recognition. Shortly before his death
Clebsch, in his "zum Gedachtniss an Julius Pliicker, Gottingen, 1872"
(see the notes set at the bottom of pages 8 and 28), emphasized the
significance of my Ausdehnungslehre of 1844 in words of strong praise.
In fact in his second note Clebsch stated: "In a certain sense the co-
ordinates of the straight line, as well as a large part of the basis of the
newer algebra, are already contained in Grassmann's Ausdehnungslehre
of 1844. The more exact statement of these relations would however
lead too far at present.” In view of his loving and so constantly fruitful
participation in the works of others, which trait distinguished this most
eminent of the more recent mathematicians, it is certain that Clebsch
would later have found space to present these relations and, as was his
way, to fructify the Ausdehnungslehre with new and far-reaching ideas.
But, alas, he was snatched away so suddenly in the midst of his power-
ful efforts on behalf of science.

However three years earlier (in 1869) Victor Schlegel had begun to
execute the ideas suggested by Clebsch. In his "System der Raumlehre
nach den Prinzipien der Grassmann' schen Ausdehnungslehre und als
Einleitung in dieselbe dargestellt von Victor Schlegel, Leipzig bei
Teubner," of which the first part appeared in 1872 and the second in
1875, Schlegel has presented with great clarity, and in large measure
independently, the meaning of the Ausdehnungslehre. This he did in a
completely appropriate manner. It is especially to be emphasized that
this book by Schlegel is the first which has viewed the essential ideas of
the Ausdehnungslehre in their inner connections and has given them a
presentation. (4,1,1; 18-19)

It was in November 1866 that Grassmann received a long letter
from Hermann Hankel (1839-1873), who had been a student of
Riemann and who was at that time privatdozent in mathematics at
Leipzig. Hankel wrote that he was writing a treatise on complex
numbers in which he planned to include a treatment of Hamilton's
quaternion methods and also Grassmann's ideas, which he strongly
praised. A series of letters passed between Hankel and Grassmann,
and in 18B7 the former's Theorie der complexen Zahlensysteme
appeared. Roughly 10 percent of this book was devoted to Grass-
mann's system, on which Hankel bestowed much praise. Hankel's
book was influential, and if he had not died in 1873, he might have
done even more to make Grassmann's system known. Clebsch came

to know Grassmann's work in the following way: Grassmann's
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oldest son, Justus, began studies in mathematics at Gottingen in
1869 and brought with him copies of the second Ausdehnungslehre
to be given to Stern and Clebsch. (5; 311) Stern became en-
thusiastic about Grassmann's book and passed on his enthusiasm to
Felix Klein, who said that it influenced his Erlanger Program of
1872. (5; 312) Clebsch's enthusiasm was unfortunately stilled by
his death in 1872.

As Grassmann mentioned, Victor Schlegel (1843-1905) was one
of the earliest proponents of his system; indeed Schlegel spent
most of his life expounding and developing Grassmann's system.
Because of Grassmann's isolation at Stettin and his teaching only
elementary mathematical courses, it was unlikely that he would
produce any students who would develop his system. However a
number of his followers came from his "associates"; these included
his sons Justus and Hermann, his brother Robert, and Schlegel him-
self, who for two years (1866-1868) taught with Grassmann in Stet-
tin. Schlegel discussed this period in his Hermann  Grassmann:
Sein Leben wund seine Werke; during his time in Stettin he had had
many conversations with Grassmann, but Grassmann had only
rarely mentioned his Ausdehungslehre. Schlegel's interest had
however been stimulated to the point that he in 1869 after leaving
Stettin decided to study Grassmann's works. Schlegel was de-
lighted with Grassmann's methods and decided to publish a work
explaining them. In 1871 he received encouragement in this proj-
ect from Clebsch, and in 1872 appeared the first part of his System
der Raumlehre nach dem Prinzipien den Grassmann schen Aus-
dehnungslehre und als  Einleitung in Dieselbe; the second part was
published in 1875. (6; 61-62)

Schlegel attempted to explain Grassmann's results through their
relations to elementary geometry (part |I) and to the newer methods
of higher geometry and algebra (part Il). Engel commented on the

content and significance of Schlegel's book in the following way:

Actually Schlegel's work also was not a success. The author had defi-
nitely gone too one-sidedly for Grassmannian methods without prac-
ticing the necessary criticism. He thought that the people who argued for
a progress of modern algebra as opposed to the theory of extension had
done it only because they knew the theory of extension mainly by hear-
say, whereas he had claim to what concerns knowing. On the other hand,
the superiority of modern algebra over the theory of extension which
others asserted was no fiction and consequently a large part of Grass-
mann's methods had become dispensible. Schlegel was not the man to
put the old Grassmannian wine in new vessels; he was not able to pre-
sent the ideas contained in the theory of extension from the point ofview
of the theory of invariants and to bring to light what was still new. (5;
324)
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Engel also commented that Schlegel's biography of Grassmann,
published in 1878, was more influential than his System derRaum-
lehre, despite (or perhaps because of) the fact that the biography
went to extremes in praising Grassmann. (5; 324) Schlegel's partly
successful efforts to make Grassmann's ideas known continued un-
til Schlegel's death in 1905, by which time he had published over
twenty-five papers in the Grassmannian tradition.

Three other men who developed an interest in Grassmann's work
during the mid-1870's and published related works were Hermann
Noth (1840-1882), William Kingdon Clifford (1845-1879), and
W. Preyer (1841-1897); the latter wrote to Grassmann that during a
trip to England (made in 1875 or 1876) he had discussed Grass-
mann's work with Sylvester, who was quite interested in itand had
planned a publication in regard to it. (5; 330)

As more mathematicians became interested in Grassmann's
ideas, the demand for copies of the first Ausdehnungslehre in-
creased; none however were available, since the publisher had in
1864 used the remaining copies for wastepaper. Although the 300
copies of the second Ausdehnungslehre had not yet been sold, a
second edition of the first Ausdehnungslehre was published in 1878
with three appendices and a new forward (leftincomplete by Grass-
mann and completed by Schlegel).

Grassmann's activities after 1862 were many and diversified. He,
like the young Hamilton, had a strong interest in and great talent for
languages. It was only Grassmann however who made an important
contribution to philology, a contribution which in fact rivals his
mathematical work. A study of Sanskrit begun in 1849 (5; 155) cul-
minated in the 1870's with the publication of his Worterbuch zum
Rig-Veda (1784 pages)’® and his translation of the Rig-Veda (1123
pages).
nized, for in 1876 he was made a member of the American Oriental

" These achievements of Grassmann did not go unrecog-

Society and received an honorary doctorate from the University of
Tubingen. (5; 309)

In the period after 1862 Grassmann published textbooks on the
German and Latin languages and on mathematics, as well as numer-
ous religious and musical writings and a book on German botanical
terminology. He also invented the Grassmann Heliostat at this

time.”®

These activities, combined with his increasing interest in
philology and increasing disappointment at the neglect of his math-
ematical creations, explain his diminished mathematical productiv-
ity during the late 1860's.

In the 1870's however Grassmann published a number of mathe-

matical papers which Engel described as ofinferior quality. Engel
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ascribed this to the fact that Grassmann had lost contact with the
current mathematical literature and even to some extent with his
own earlier ideas. (5; 315-317) In his "Die neuere Algebra und die
Ausdehnungslehre” of 1874 8° Grassmann attempted somewhat un-
successfully to relate his ideas to new developments in algebra, par-
ticularly invariant theory; and in his "Zur Elektrodynamik" of
1877°%' he claimed (justly) priority over Clausius in regard to the
previously mentioned electrodynamical law published by Grass-
mann in 1845 and by Clausius in 1876.°2 "Die Mechanik nach den
Prinzipien der Ausdehnungslehre” of 1872 %% contained some ofthe
results of his at that time still unpublished dissertation on tidal
theory. One of the more controversial papers was his "Der Ort der
Hamiltonschen Quaternionen in der Ausdehnungslehre" of 1877,%*
in which Grassmann attempted to show that quaternions could be
derived from the units and multiplications discussed in his 1855
paper "Sur les differents genres de multiplication"; unfortunately
his presentation was weakened by the fact that he knew Hamilton's
ideas only from second-hand sources such as Hankel.

Grassmann's richly productive, but in ways tragic, life came to an
end on September 26, 1877. It is regrettable both for mathematics
and for Grassmann that the ideas of this brilliant, but isolated,
schoolmaster were appreciated at such a late hour. Although the
1870's brought him a measure of fame, nevertheless by that time
many of his ideas and methods had been (as Engel commented [5;
315]) rediscovered by others and integrated into different formula-
tions and systems. Much of modern vector analysis did however lie
embedded within and as yet unextracted from his system. But the
fates decreed here as elsewhere: Grassmann's ideas exerted little
or no influence on the later history of vector analysis. The irony is
that they could have; the fact is (as will be shown) that they did not.

Much has been said in explanation of the neglect of Grassmann's
works. Some of the factors that contributed to this neglect border on
the incredible. Especially striking is the fate of Grassmann's ideas
in relation to the small group who before 1870 recognized their sig-
nificance. Two (Hankel and Clebsch) who "discovered" Grassmann
died almost immediately thereafter; three (Mobius, Hamilton, and
Bellavitis) had strong allegiances elsewhere (their own systems);
and Schlegel was a man whose enthusiasm exceeded his critical
facilities.

Though these and other factors help to explain the neglect of
Grassmann's work, in a broad sense this neglect needs little expla-
nation, for their discoveries were revolutionary and the historical

pattern exhibited here is not uncommon.
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Contemporary analyses of the history of scientific revolutions
have uncovered many important patterns. Concerning discovery, it
has been shown that there are no direct paths to discovery; fre-
guently essentially irrelevant, often philosophic, ideas may play
a decisive role. Thus it is probably not accidental that both Hamil-
ton and Grassmann were supported (but not directed) in their dis-
coveries by certain philosophic assumptions. While Hamilton
meditated on the metaphysics oftime, Grassmann developed ideas
concerning space. The truth and direct relevancy of their specula-
tions in this regard are beside the point; what is relevant is that
these speculations supported them in their ventures into unex-
plored domains. The discovery of a new idea does not insure its
acceptance, and philosophic notions that aid in the discovery of a
new idea frequently hinder its acceptance. Eventually Hamilton
and Grassmann realized this; the philosophic discussions that
bulked large in their first books were banished from their later
presentations.

Historical analyses ofthe acceptance of revolutionary ideas show
that acceptance requires much time; this seems to be so almost
by definition. But the statement that time is needed is only de-
scriptive; it explains nothing. The real question is Why is time
needed? What factors operate in time to bring about the acceptance
of revolutionary ideas? Listed below are three of the numerous
factors that frequently play significant roles in the acceptance of
revolutionary scientific ideas.

(1) Acceptance is promoted when the discovery is taken up (or
made) by someone who has already attained great fame in tradi-
tional pursuits or when it is associated with some event or non-
scientific question of great importance.

(2) Acceptance is promoted when less startling discoveries are
made which are more easily interpreted in terms of the revolu-
tionary ideas than in terms of traditional doctrines.

(3) Acceptance is promoted when a need for the methods which
the revolutionary ideas provide either arises or is recognized for
the first time.

Examples of the action of these factors in such revolutions as
those associated with Copernicus, Galileo, Lavoisier, Hutton,
Young, Lobachevski, Darwin, and Einstein could be supplied in
abundance. In the present case we shall examine these three
factors only in relation to the acceptance of the ideas of Hamilton
and Grassmann. Hardly a more striking example could be found to
illustrate the first factor: in 1844 Hamilton had attained widespread

fame on the basis of important, but not revolutionary, discoveries,
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and his ideas received immediate though limited attention; Grass-
mann was unknown however and suffered the fate of a man whose
first great discovery is revolutionary. Concerning the second
factor it is not accidental that many parts of Grassmann's system
were rediscovered before the whole was appreciated. Columbus
did not discover the North American continentt he discovered
certain coastal areas and subsequent generations recognized a
continent. Grassmann over a period of twelve years did discover
a continent, but his readers neither expected to find nor wanted
to find this continent. Concerning the third factor it is important
to realize that the need for vectorial methods in 1800 was less than
the need in 1900 and that although vectorial methods aid investiga-
tions, they are never indispensible. What can be done by vectorial
methods can also be done by traditional methods, and thus time
was needed during which scientists could see that the labor of
learning vectorial methods was amply compensated.

We may now briefly trace the reception and development of
Grassmann's ideas during the last two decades of the century.
Roughly 150 papers and 9 books (excluding the publication of
Grassmann's collected works) appeared from 1881 to 1900.%° Al-
though the majority of these publications appeared in German
journals, a substantial number of papers may be found in the Ameri-
can, British, French, and Italian journals of the period.®® Engel
commented that there was a strong tendency among the authors of
these papers to become unrealistically enthusiastic and narrow con-
cerning the Grassmann methods. (5; 343) Felix Klein, who was well
acquainted with Grassmann's methods, expressed the same view.?’

The task of collecting and publishing Grassmann's complete
works was begun in the 1890's. The stimulus for this came from
Gibbs ®% and from Klein.®® In 1892 Klein contacted Frederick Engel
(1861-1941) and requested that he edit Grassmann's works and
prepare a biography of Grassmann. (4,1,1; vi) The works began to
appear in 1894, with the final section containing Engel's biography
appearing in 1911. Though Engel was by no means an ardent fol-
lower of Grassmann's ideas, as he himself stated, (4,1,1; vi) he did
nevertheless write a detailed, critical, and sympathetic biography

of that great mathematician.

1X. Matthew O'Brien

Writing in 1892, the quaternionist C. G. Knott claimed "the anti-
quaternionic vector analysts of today [Gibbs, Heaviside, and Mac-

farlane] have barely advanced beyond the stage reached [in 1852]
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by O'Brien. . . ."%° Knott's statement (which he frequently re-
peated) is obviously of great importance if it is true.

The Reverend Matthew O'Brien (1814-1855) was from 1844 to
1854 Professor of Natural Philosophy and Astronomy in King's
College, London. In 1830 he had been admitted to Trinity College,
Dublin, whence he proceeded to Cambridge to graduate as Third
Wrangler in 1838.° During his short life O'Brien published roughly
twenty papers and a few elementary books. The papers relevant
to vector analysis were published during the last ten years of his
life.%2

Judgment on the significance of O'Brien's ideas is complicated,
in part because the presentation of his vectorial ideas given in his
early papers differs from that of his later papers. The last and
longest of his papers was that published in the London Philosophi-
cal Transactions for 1852.° It is this paper that will be discussed
with passing mention going to the important papers published
earlier.

O'Brien began by stating that his aim was to provide a new nota-

tion for an operation of constant occurrence in mathematics, that

of "the translation of a directed magnitude.” (9; 161) O'Brien then
considered three instances of such translations: "The generation of
surface by the parallel motion of a right line . . . The effect pro-

duced on a rigid body by the translation of a force acting  upon
it . . . The effect produced by the translation of a force resulting
from the  actual motion  of its point  of application.” (9; 162) From
an analysis of these cases he concluded that the essential concep-
tion in each <case "is that of the effect produced by the translation
of a directed magnitude . . . ," and he noted that each of these
effects may be represented as a product of the translated directed
magnitude and the translation undergone. (9; 162) He stated that
these translations could be classified as "lateral" (cases 1 and 2) or
"longitudinal" (case 3) and that his new notation would be aimed at
representing these two types of translations. (9; 162-163)

He then defined directed magnitude and the two types of trans-

lation: the translation of v along u is longitudinal when angle A is

A

0° and lateral when angle A is 90°. (9; 163-164) O'Brien then intro-
duced the "symbolical forms" xy and x X y % he assumed only

that they were distributive functions of x and y. His choice of the
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symbols . and X was explained as one stemming from the fact that
they were obsolete symbols for multiplication. (9; 164-165)
O'Brien defined "addition" of directed magnitudes as "putting
together,” while he differentiated between "simultaneous addi-
tion," used for directed magnitudes with coincident origins, and
"successive addition," used for two directed magnitudes, one of
which has its origin at the end point ofthe other. (9; 165-166) After
a discussion of equality and of the suitability of directed magni-
tudes for the representation of physical entities, O'Brien introduced
three "directed units" a, y which go out from the origin along
the x, y, z axes respectively; any directed magnitude u was thus to
be represented in the form "w = xa + yfi + ry." (9; 166-167)

O'Brien went on to discuss the significance ofsuch an expression
as da. He noted that for two directed magnitudes a and a' separated
by an infinitesimal angle, "da is the expression for an indefinitely
small line at right angles to a." (9; 168) This property bears men-
tion, since it served as the starting point for his vectorial system as
presented in his earlier papers published during the 1840's. The
results obtained in these papers were very similar to the results
obtained in the paper presently under discussion, but the approach
was quite different.

O'Brien showed that both lateral and longitudinal effects of
translations are distributive and identified uv as the notation to be
used to represent the lateral effect of the translation of v along u,
and uXuto represent the longitudinal effect of the translation of v
along u. (9; 169-170) He established the rules to be used for ordi-
nary numbers in regard to these two multiplications and went from
this to show that uv = vu and u X v=v X u. (9; 170-172) Thus
O'Brien had established that uv and u X v were both distributive
and that the latter was a commutative multiplication; he never how-
ever investigated associativity. He also failed, up to this point in
the paper, to state whether uv and u X v were numerical magni-
tudes or directed magnitudes (for example, vectors or vectorial
planes). This ambiguity was only partly clarified by his later ex-
planations.

O'Brien then introduced his term "directrix" explaining that in a
lateral translation a plane was determined and that the directrix for
a lateral translation was to be a line of a certain length perpendicu-
lar to that plane; thus the directrix for afi was to be y; for /3.y, a;
for a, —y; and so on. It then becomes clear (though only in part
from O'Brien's direct statements) that the magnitude ofthe product
of two directed magnitudes linked by "." is mn sin 6 where m and n

are the lengths of the two magnitudes and 0 is the angle between
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the two directed magnitudes. O'Brien proceeded to introduce the
symbol "D," meaning "the directrix of,” and wrote, for example,
D@f3) = y. (9; 173-176)

Proceeding to longitudinal translations, he wrote, "a: X a = 1,
0X0=1, yXy=1"; a X a Xy, 00Xy, ... are naturally taken
as equal to zero. Hence "u X v = mn cos where m and n are the
magnitudes of u and v, and 0 is the angle between them. (9; 176)
O'Brien then considered the results of the repetition of the opera-
tion Da, for example, in the expression (Da.)?a' where a and a' are
any two unit directed magnitudes. In this regard he concluded that
if and only if a and a' are mutually perpendicular, then (Da) % =
—a', and thus that (Da) has one of the properties of V~-I.

The second part of the paper dealt with applications of the sys-
tem; in his applications to physical optics O'Brien introduced the

symbol O "to denote the operation a + /3 +y-JA . . ." He

used this in the expressions flu, fiXu, and Clv. (9; 204-205) The
above exposition of O'Brien's thought should give some ideas of
his system; the question that must be dealt with is whether Knott
was correct in his belief that O'Brien's system is essentially that of
Gibbs and Heaviside, and hence is the now current system. |If
Knott was correct, then O'Brien deserves great credit and must be
called the father of modern vector analysis.

One aspect of this question is whether O'Brien attained concep-
tions of the scalar (dot) product and the vector (cross) product. He
must be given credit for having the scalar product, although his
justification of it is hardly traditional. Concerning the vector prod-
uct the question is far from simple. His product uv agrees in
numerical magnitude with the modern vector product; however
O'Brien never clearly stated what it represented. As we mentioned
previously, it seems that he viewed it as a numerical quantity; at
another point in the paper he seems however to,have viewed it as a
directed and oriented parallelogram. (9; 180) It is clear that he
viewed his prod4uct Duv as a directed line segment, equal in mag-
nitude, direction, and sense to the modern product.

But still this product in his system does not in all cases corre-
spond with the modern product. The reason for this is O'Brien's
failure to understand associativity and the related fact that his a,

y do not correspond with the modern i, j, k. This becomes
evident from statements made by O'Brien in a footnote to his paper
in which he compared his system to that of Hamilton. Herein he
compared Hamilton's i,j, k with his a, (3, y and noted that Hamil-

ton's i, j, k are both units of direction and have the property of
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corresponding to square roots of minus one, whereas his a, y do
not have the latter property. (9; 178) The modern i, j, k do have this
property in some cases, specifically for example in i X (i X v)
where v has no i component. But O'Brien realized that he could ex-
press this as (Da)’v = Da. (Da. v) where a is a unit vector and v
contains no a component.

O'Brien's failure to understand associativity was manifested in
this footnote when he stated that Hamilton's i? always equals —1,
whereas his (Da)®> equals —1 only when it is applied to a directed
magnitude perpendicular to a. (9; 178) What is striking is that
O'Brien should have expected this, for the two forms are not com-
parable, since (® = (ii), whereas (Da)> = Da(a. . . .). The first
means i times i; the latter means apply Da to the quantity attained
after Da has been applied to some other quantity. Thus O'Brien
failed to see that his system was not associative for this product;
indeed it seems not to have been a question for him. He never in
the course of the paper wrote a triple product except in the form
(Da)®> v. He had in fact no symbolism for expressing the equivalent
of (i X j) X k (written in modern terms); this could only be written
(Da.Dfi)y, which would have been meaningless in his system.
Thus one can at most attribute to O'Brien a very near approach to
the modern vector (cross) product.

In summary, O'Brien should be viewed a forerunner of Gibbs
and Heaviside, but he did not anticipate them in the construction
ofthe modern system. His system was rather primitive as compared
to theirs, was developed on a different and less satisfactory founda-
tion, and differed from theirs in at least one major point. His system
failed to include a treatment of associativity. If O'Brien's life had
not ended in 1855, this last defect might have been remedied, but
in neither his last paper nor in any ofthe earlier ones was it in fact
remedied.

O'Brien seems to have had no followers; neither Heaviside nor
Gibbs ever mentioned him, even after Knott had called attention
to his work. It would be interesting to know what view, if any,
Hamilton had of O'Brien's ideas and likewise to know whether
O'Brien created his system from Hamilton's system. The first ques-
tion seems unanswerable since Hamilton referred to O'Brien only
once, and then only to include his name in a list of mathematicians
who had "at moments turned aside from their own original re-
searches, to notice, and in some instances to extend, results or
speculations of mine. o od

The answer to the second question seems almost certainly to be
that O'Brien created his system directly from Hamilton's. He never
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stated this, nor did he deny it. O'Brien certainly knew of Hamilton;
indeed Hamilton probably taught O'Brien during the early 1830's
when O'Brien studied at Trinity College, Dublin. Moreover, as we
indicated before, Hamilton's work immediately attracted attention.
He had published from 1844 to 1846 eight papers (or eight sections
of one paper) in the Philosophical Magazine before O'Brien's first
paper®® appeared in the same journal. But this external evidence
does no more than add further support to what is obvious from the
internal similarities between their systems.

If we put priority disputes aside, O'Brien is found to make a
fitting conclusion for this chapter, since he was indeed on the road
that lead to Heaviside and Gibbs, and his work further illustrates
the breadth and depth of the search for new vectorial systems.
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°“Ernest Nagel, "The Formation of Modern Conceptions of Formal Logic in the
Development of Geometry" in Osiris, 7 (1939), 173-174.

°SA. E. Heath, "The Neglect of the Work of H. Grassmann" in Monist, 27 (1917),
24.
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**Hermann Giinther Grassmann, "Kurze Ubersicht iiber das Wesen der Aus-
dehnungslehre” in Grunert's  Archiv der  Mathematik und  Physik, 6 (1845), 337-
350. Republished in (4,1,1; 297-312).

*"Hermann Giinther Grassmann, “"Neve Theorie der Elektrodynamik” in Poggen-
dorff's Annalen der Physik und Chemie, 64 (1845), 1-18. Republished in (4,11,11;
147-160).

°® Strictly speaking it was not a competition, since Grassmann's work was the only
essay submitted! On this see (5; 119).

*®* Hermann Giinther Grassmann, Die Geometrische  Analyse gekniipft und  die
von Leibnitz erfundene geometrische charakteristik (Leipzig, 1847). For this work
see (4,1,1; 321-398). For Mobius' essay, which was entitled "Die Grassmannische
Lehre von Punktgrossen und den davon abhangenden Grossenformen," see
(1,1; 613-633).

f®see for example Saint-Venant's explicit statement to this effect. (5; 200).

S1in this regard it should be noted that (1) one of Gauss' two publications of 1831
was in Latin (the other in German), and hence Saint-Venant might have had access
to this work; (2) Saint-Venant designated vectors by a straight line above the letter
symbolizing the vector (thus a), and Argand was the first and only one of the men
mentioned who used the same symbol; and (3) Saint-Venant knew ofWarren's work
by at least 1853, when he mentioned it in an article, "De Il'interpretation geome-
trigue des clefs algebriques et des determinants” in Comptes rendus de VAcademie
des Sciences, 36 (1853), 583.

S2Although Saint-Venant is rarely mentioned by later authors, he did influence his
countryman Henri Resal, whose Traite de Cinematique pure (Paris, 1862) included a
presentation of elementary vector addition, subtraction, and differentiation as well
as one vectorial product. Resal's product was however not Saint-Venant's; it was
instead the modern scalar (dot) product which he presumably created by going from
Saint-Venant's a b sin 6 to ab cos 6. Neither Grassmann nor Hamilton is mentioned,
and although references to Saint-Venant are few (see pages 18 and 64), they are
sufficient to show that the latter was his source. Resal was followed in his limited
use of vectorial methods in mechanics by Joseph Somoff. See Somoff, Theoretische
Mechanik . Kinematik, trans, from Russian by Alexander Ziwet (Leipzig, 1878),
x-xi and 46-51.

®3 Augustin Cauchy, "Sur les Clefs algebriques” in Comptes rendus de VAcademie
des Sciences, 36 (1853), 70-75 and 129-136. See also CEuvres completes d'Augustin
Cauchy, 1st Ser., vol. XI (Paris, 1899), 439-445, and vol. XII (Paris, 1900), 12-21.
Cauchy also published "Sur les avantages que presente, dans un grand nombre de
questions 1l'emploi des clefs algebriques”™ in Comptes rendus, 36 (1853), 161-169,
or in CEuvres, 1st Ser., vol. XII (Paris, 1900), 21-30; and "Memoire sur les dif-
ferentielles et les variations employees comme clefs algebriques" in Comptes
rendus, 36 (1853), 38-45 and 57-68, or in CEuvres, 1st Ser., vol. XII (Paris, 1900),
46-63; and a memoir published as a separate publication under the title Memoire
sur les clefs algebriques, its title as republished in CEuvres, 2nd Ser., vol. XII (Paris,
1938), 417-466.

S4Because of the simplicity of the above illustration, the usefulness of the method
for the solution of a large number of simultaneous equations is not readily apparent.
Cauchy's method is directly analogous and involves the introduction of n distinct
keys for the solution of n equations. For Cauchy's more elaborate example see
CEuvres, 1st Ser., vol. XIl (Paris, 1900), 13 ff.

®*Concerning this see (4,1,1; 99-102; 156-157).

®Comte de Saint-Venant, "De l'interpretation geometrique des clefs algebriques
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et des determinants” in Comptes rendus de VAcademie  des Sciences, 36 (1853),
582-585.

®"Hermann Giinther Grassmann, "Sur les differents genres de multiplication”
in Crelle's Journal fiir die reine und  angewandte Mathematik, 44 (1855), 123-141.

Republished in (4,11,1; 199-217).

S8victor Schlegel, "Die Grassmann‘sche Ausdehnungslehre. Ein Beitrag zur
Geschichte der Mathematik in den letzten fiinfzig Jahren"” in Schlomilch's Zeit
schrift  fiir Mathematik und  Physik, 41 (1896), 6.

6gAugustin Cauchy, "Sur les Quantites geometriques"” in Comptes rendus de
VAcademie des Sciences, 29 (1849), 250-257, or in CEuvres d'Augustin Cauchy,
1st Ser., vol. XI (Paris, 1899), 152-160. The method of solving equations given in
this paper has no connection with his later method; the paper deals mainly with
the interpretation of complex numbers according to the geometrical methods
developed in 1845 by Saint-Venant for geometric lines.

"®cauchy, "Sur les Clefs algebriques” in CEuvwres, 1st Ser., vol. XI (Paris, 1899),
443-445, for Hamilton; and Cauchy, "Sur la Theorie des moments lineaires et sur
les moments lineaires des divers ordres"” in CEuvres, 1st Ser., vol. XII (Paris, 1900),
6, for Mobius.

"t'sir William Rowan Hamilton, Lectures on Quaternions (Dublin, 1853), (62) of
preface.

72Luigi Cremona, "Solution des questions 494 et 499, methode Grassmann et
propriete de la cubique gauche” in Nouvelle Annales de mathematiques, 19 (1860),
356-361.

" Ibid, 357

"“Concerning this see Victor Schlegel, "Die Grassmann' sche Ausdehnungslehre"

in Zeitschrift fiir  Mathematik und Physik, 41 (1896), 48.

"®See the list of his publications as given in (5; 356-367).

*Hermann Giinther Grassmann, Die Ausdehnungslehre: Vollstandig und in
strenger Form bearbeitet (Berlin, 1862). Republished as vol. I, pt. IlI, of the work
cited in note (4) above.

""Grunert wrote this note and Mobius may have written a note. See (5; 231-232,
223-224).

" Hermann Giinther Grassmann, Worterbuch zum Rig-Veda, 6 parts (Leipzig,
1872-1875).

WRig-Veda, trans. Hermann Giinther Grassmann, 2 parts (Leipzig, 1876-1877).
George Sarton discussed the significance of Grassmann's philological achievement
in his "Grassmann" in |Isis, 35 (1944), 326-330.

8°Hermann Giinther Grassmann, "Die neuere Algebra und die Ausdehnungs-
lehre" in Mathematische ~ Annalen, 7 (1874), 538-548, and in (4,11,1; 256-267).
S'Hermann Giinther Grassmann, "Zur Elektrodynamik"” in Crelle's Journal fur

die reine und angewandte Mathematik, 83 (1877), 57-64, and in (4,11,11; 203-210).
82This paper is also significant in that through it Gibbs first came to know of
Grassmann's work. Concerning this see Gibbs' letter to Schlegel given in Lynde
Phelps Wheeler, Josiah Willard Gibbs (New Haven, 1962), 108.

®3*Hermann Giinther Grassmann, "Die Mechanik nach den Prinzipien der Aus-
dehnungslehre” in Mathematische ~ Annalen, 12 (1877), 222-240, and in (4,11,11;
46-72).

8“Hermann Giinther Grassmann, "Der Ort der Hamiltonschen Quaternionen in
der Ausdehnungslehre” in  Mathematische  Annalen, 12 (1877), 375-386, and in

(4,11,1; 268-282).

85 For further details see the next chapter.
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8¢ For a fuller discussion of period see Victor Schlegel, "Die Grassmann'sche
Ausdehnungslehre” in Zeitschrift fur Mathematk und Physik, 41 (1896), 1-21,
41-59.

5 Felix Klein, Vorlesungen uber die Entwicklung der Mathematik im 19.  Jahr-

hundert (in 2 parts, published as one volume), pt. 1, ed. R. Courant and O. Neuge-
bauer; pt. 2, ed. R. Courant and St. Cohn-Vossen (New York, 1956), pt. 1, 181-182.

8% see the letter to Gibbs from Hermann Grassmann, Jr., as given by Wheeler,
Gibbs, 116-117.

89 gSee Engel's remarks in (4,1,1; vi).

°®cargill Gilston Knott, "Recent Innovations in Vector Theory" in Proceedings
of the Royal Society of Edinburgh, 19 (1892), 212.

°'The above information has been taken from Charles Parish, "Matthew O'Brien”
in Dictionary of National Biography, vol. XIV (Oxford, 1917), 794, which seems to
be the best of the extremely few sources on O'Brien.

92The following constitutes a complete bibliography of O'Brien's papers relevant

to vector analysis. (1) O'Brien, Matthew. "Contributions towards a System of Sym-

bolical Geometry and Mechanics" (Abstract of paper V), Philosophical Magazine,
3rd Ser., 31 (1847), 139-143; (2) "On the Symbolical Vibratory Motion of an
Elastic Medium, whether Crystallized or Uncrystallized" (Abstract of paper V),
Philosophical Magazine, 3rd Ser., 31 (1847), 376-380; (3) "On a New Nota-
tion for expressing various Conditions and Equations in Geometry, Mechanics, and
Astronomy," Transactions of the Cambridge Philosophical Society, 8 (1849), 415-
428; (4) "Contributions towards a System of Symbolical Geometry and
Mechanics," Transactions of the Cambridge Philosophical Society, 8 (1849), 497 -
507; (5) “On the Symbolic Equation of Vibratory Motion of an Elastic
Medium, whether Crystallized or Uncrystallized,"  Transactions of the  Cambridge
Philosophical Society, 8 (1849), 508-523; (6) "On the Interpretation of the
Product of a Line and a Force," Philosophicai Magazine, 4th Ser., 1 (1851), 394-
397; (7). "On Symbolical Statics,” Philosophical Magazine, 4th Ser., 2 (1851),
491-495; (8) "On Symbolical Mechanics," Philosophical Magazine, 4th
Ser., 2 (1851), 121-125; (9). "On Symbolic Forms derived from the Concep-
tion of the Translation of a Directed Magnitude,"” Philosophical Transactions of the

Royal Society of London, 142 (1852), 161-206. This is the work referred to in note
(9) above.

930'Brien worked within a tradition common among British algebraists of the day
who were interested in treating algebra as a science of symbols. A number ofimpor-
tant mathematicians worked within this tradition, including Peacock, Hamilton,
D. F. Gregory, and De Morgan. The points of view of these men of course differed,
and O'Brien shared most sympathies with Gregory, as he explicitly stated. (9; 163)

°4sir William Rowan Hamilton, Lectures on Quaternions (Dublin, 1853), p. (64)
of the preface. See the footnote on that page for O'Brien's name. C. G. Knott stated:
"In one of his early papers Hamilton refers to O'Brien's work in terms of high
praise.” Knott, "Recent Innovations,”" p. 213. Knott however gave no reference
to this paper, and a search of all Hamilton's papers from 1844 to 1858 —including a
check of his biography (Robert Perceval Graves, The Life of Sir Wiliam Rowan
Hamilton, 3 vols. [Dublin, 1882-1889]) —produced no information whatsoever con-
cerning such a paper and indeed made it doubtful that Hamilton was even familiar
with O'Brien's work, since in his papers and letters he often did discuss papers by
his contemporaries relating to quaternions.

°*This paper was a synopsis of a paper delivered in 1846 to the Cambridge

Philosophical Society and published in the Transactons of that Society in 1849.
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CHAPTER FOUR

Traditions in Vectorial
Analysis from the Middle Period

of Its History

l. Introduction

As a first approximation the history of vector analysis may be
divided into three periods. The first period may be characterized
as the time when mathematicians searched for, discovered, and de-
veloped systems of hypercomplex numbers which could be used
for space analysis. This period began in the late eighteenth century
with Wessel; its conclusion is best set as 1865, the year in which
Hamilton died. The second period may be described as the time
when some of the vectorial systems of the first period were dis-
cussed, tested, and in some cases extended. This period was more
a time of "recognitions" than of discoveries. Thus for example
during this time a number of scientists recognized the need for
vectorial methods and in some cases specified the characteristics
to be looked for in a vectorial system. The year 1880 may be taken
as the terminus for this period as well as the beginning ofthe third
period, which extended to 1910. During the third period the
modern system of vector analysis was created, discussed, and
accepted.

The above periodization is of course not entirely satisfactory; its
value and accuracy as well as its shortcomings will become ap-
parent from later sections. Its immediate relevance is that in terms
of it the function of the present chapter may be defined: this
chapter attempts an analysis of the second, or middle, period ofthe
history of vector analysis.

The central figures in this chapter are Tait, Peirce, Maxwell, and

Clifford. The selection of the year 1880 as the terminus of this
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period should be viewed as somewhat arbitrary, even though it is
true that Maxwell and Clifford died in 1879 and Peirce in 1880, and
that Gibbs' first presentation of modern vector analysis appeared in
1881. Nevertheless the transitions that occurred in these men in the
period 1865 to 1880 took place in the minds of lesser men at a later
date.

More specifically, this chapter is aimed at presenting a discus-
sion of the degree and kind ofreception accorded to the two major
traditions that emerged from the first period; these were the
Hamiltonian and the Grassmannian traditions. The second of these
has briefly been discussed for this period oftime in the last chapter,
which was natural since Grassmann died in 1878. Howeverthere is
more to be said in this regard.

Evidence will be supplied to show that the Hamiltonian tradi-
tion became the more vigorous, and activities and transformations
within this tradition will be especially analyzed, since it was from
this tradition that the modern system of vector analysis arose.

The four men emphasized in this chapter may at first sight seem
strange bedfellows. Tait was the great champion of quaternions
after Hamilton's death; Maxwell, on the other hand, was opposed
to quaternions. Similarly Peirce shared Tait's enthusiasm, while
Clifford could not. Be that as it may, in this chapteritwill be shown
that these men represent various traditions within the vectorial
tradition; in later chapters it will be shown that some of these tra-

ditions played a decisive role in the history of vector analysis.

1. Interest in Vectorial Analysis in Various Countries  from
1841 to 1900

There are numerous ways in which an historical study ofthe ac-
ceptance of a mathematical system may be conducted. Among these
various methods is the quantitative study of the number of works
published in the system as related to certain variables, for instance,
time and country of publication. In the present section such
methods have been used in an attempt to analyze the level of
interest in the Grassmannian and the Hamiltonian traditions in the
period from 1841 to 1900. Works from these two traditions have
been classified in terms of (1) nature of publication, (2) subject of
publication, (3) time of publication as broken down into five-year
intervals from 1841 to 1900, (4) country of publication, and (5)
author in some cases. It is the author's beliefthat such a study does
not replace historical interpretation; it is simply another form of

analysis which can complement the more traditional techniques.®
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GRAPH |. Quaternion Publications from 1841 to 1900.

The first major finding derived from this study is that during the
period from 1841 to 1900 there were 594 quaternion publications as
compared to 217 Grassmannian analysis publications.'® Hence 73.2
percent of the publications were in the gquaternion tradition, or
there were 2.73 quaternion publications for each Grassmannian
publication.

The results obtained when only books were considered was
strikingly similar. By actual count there were 38 quaternion books
published from 1841 to 1900, whereas there were 16 books pub-
lished during this period in the Grassmannian tradition. Thus 70.4
percent of the books dealt with quaternions, or there were 2.37
guaternion books for each book in the Grassmannian tradition. The
quaternion books averaged 281 pages in length; the books of the

Grassmannian tradition, 249 pages.’> From these numbers it may
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GRAPH Il. Quaternion Books from 1841 to 1900.

be inferred that interest in the tradition begun with Hamilton was
far greater than that begun with Grassmann. These numbers have
been broken down into five-year intervals in Graphs I, Il, IV, and V.

Graph | shows the number of quaternion publications in terms of
five-year intervals from 1841 to 1900. The publications written by
Hamilton himself are indicated by solid areas. Graph Il presents
the number of quaternion books for the same time intervals. The
books by Hamilton (including a translation and a second edition)
are indicated by solid areas.

From Graphs | and Il the following conclusions may be drawn.
Interest in quaternion analysis was at its highest level during the
1876-1900 period. The decrease in interest for the period 1881-
1885 indicated by Graph | is balanced by the peaking of Graph 11
for the same interval. It is important to note that Hamilton wrote 73
percent of the pre-1866 quaternion publications and 19 percent of
all quaternion publications.

It would of course be significant to compare the form of Graph |
with a graph showing the rate of increase of mathematical publica-
tions during this time. Some idea of how the rate of increase of
gquaternion publications after 1870 compares with the rate of in-
crease in mathematical publications in general may be obtained by
means ofthe study made by H. S. White in 1915 based on an analy-
sis of works listed in the journal Fortschrite der Mathematik.'?
Graph 11l shows the number of titles of mathematical articles and
books published in the period 1868 to 1909.'°

When Graphs | and IlIl are compared, it seems at first sight that
interest in quaternions was declining from 1876 to 1900, for it is
evident that the percentage of mathematical literature that was

devoted to quaternions decreases slightly. But this seems to be an
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erroneous conclusion,

for even more striking than the increase in

the number of mathematical publications during this period is the

increase in the number of fields of mathematical research. Numer-

ous fields —such as non-Euclidean geometry, mathematical logic,

group theory, as well

came into prominence

« 1851 » 1861 > 1871 » 188T

as many branches of applied mathematics —
in this period.

68

48
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GRAPH IV. Grassmannian Analysis Publications from 1841 to 1900.
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GRAPH V. Grassmannian Analysis Books from 1841 to 1900.

Graphs IV and V present the results of a similar study of Grass-
mannian analysis publications and books. The works written by
Grassmann are indicated by the solid areas. From these graphs it
becomes clear that the beginning of the main period of interest in
Grassmannian analysis came roughly fifteen years later than the
similar period for quaternions (1891 compared to 1876). On the
other hand, the number of Grassmannian analysis publications for

the period 1896 to 1900 was approaching the number of quaternion

publications for the same interval. In regard to Grassmann's per-
358
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GRAPH VI. Quaternion Publications by Country.
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GRAPH VII. Quaternion Books by Country.

sonal contribution it is noteworthy that he published 25 of the 33
(or 76 percent) of the publications up to 1875, and 33 ofthe total of
217 (or 15 percent) of Grassmannian analysis publications.

A study of the two fields in terms of interest by country is of
significance. Thus Graphs VI and VII represent quaternion publica-
tions and books respectively as classified into five groups: British,
American, French, German, and those of other countries. Quater-

nion books appeared in ten languages as follows (the number after

125
32
28
16 16
Britis h American French German Other
GRAPH VIII. Grassmannian Analysis Publications by Country. (Note that if any

given height on this scale indicates x publications, then an equal
height on Graph VI indicates 2x publications.)
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GRAPH IX. Grassmannian Analysis Books by Country.

each language indicates the number of books): English (12, of
which 10 were published in Britain and 2 in America), French (8),
German (8), Dutch (2), Japanese (2), Portuguese (2), Czechoslo-
vakian (1), Polish (1), Russian (1), and Spanish (1). There were in
addition a number of papers in lItalian, at least one in Danish, and
at least one paper was published in Australia. From this quantita-
tive study it may be inferred that 60 percent of the publications
(books and papers) were British, 15 percent were American, 9 per-
cent were French, 8 percent German, with the remaining 8 percent
coming from other countries. This should be considered in relation
to the fact that 26 percent of the books on quaternions were of
British origin, 5 percent of American origin (the British books were
of course often used by Americans), 21 percent of French and 21
percent of German origin, and the remaining were in other lan-
guages. These statistics point out that interest in quaternions was
strongest in Britain but was substantial in America, Germany, and
France, and that it extended to most of the then intellectually pro-
ductive countries of the world.

Graphs VIIlI and IX represent Grassmannian analysis publica-
tions and books respectively that are classified on the same basis of
country of publication. Grassmannian analysis books appeared in
four countries: 12 were published in Germany, 2 in France, and 1
each in America and Italy. The study revealed that 57 percent of
the Grassmannian analysis publications appeared in Germany, 18
percent in America, 10.5 percent in both Britain and France, with a
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few works appearing in Polish, Italian, Spanish, Russian, and
Czechoslovakian.

Thus it appears that interest in Grassmannian analysis was
centralized in Germany, with less proportionate interest outside
Germany than the interest in quaternions outside Britain. It is note-
worthy that for both systems the country in which the most interest
developed after the mother country of the analysis was America.*

This study may be summarized by the statement that the interest
in quaternion analysis was roughly two and one-halftimes as great
as interest in Grassmannian analysis and extended to more coun-
tries, with greater interest proportionately developing in countries
outside the country in which the system originated. To this may be
added the observation that there was substantial interest in quater-
nions from 1876 to 1900 and that although interest in Grassmannian
analysis came somewhat later, it did by the period 1891-1900 attain
substantial magnitude.

It is the author's belief that this quantified study tells no more
than part ofthe story. It does however supply a valuable perspective
into which developments discussed in later sections may be set.

1. Peter Guthrie Tait: Advocate and Developer of  Quaternions

The importance of Tait for this history is fourfold. (1) He was the
acknowledged leader of the quaternion analysts from 1865 until his
death in 1901. Indeed eight books on quaternions (including later
editions, translations, and coauthorships) carried his name on the
title page. (2) Tait developed quaternion analysis as a tool for re-
search in physical science (as Hamilton had not) and created many
new theorems in quaternion analysis which were capable of being
translated into modern vector analysis. (3) It was probably through
Tait that Maxwell became interested in guaternions. (4) Tait was
the most important opponent of modern vector analysis.

Peter Guthrie Tait was born in 1831 near Edinburgh, Scotland.
In 1841 he entered Edinburgh Academy where one year earlier the
young James Clerk Maxwell had enrolled. Playmates in their
youth, the two became fast friends and frequent correspondents in
their maturity. Maxwell's 1846 entrance into Edinburgh University
was followed by Tait's in 1847, with the order of entry being re-
versed when Tait left for Cambridge after one year at Edinburgh
University, while Maxwell stayed for three. After Tait's graduation
in 1852 as Senior Wranger and First Smith's Prizeman he was
elected a Fellow of Peterhouse College, Cambridge, and began

writing the first of his many books. This was coauthored by W. J.
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Steele (who died before its completion) and was entitled Dynamics
of a Particle. In 1853 Tait ordered a copy of the just-published
Lectures on Quaternions. As Tait later wrote to Hamilton: "when |
ordered your book, on account of an advertisement in the
Athenaeum, | had NO IDEA what it was about. The startling title
caught my eye in August '53, and as | was going off to shooting
quarters | took it and some scribbling paper with me to beguile the
time. . . . Howeveras | told you in my first letter | got easily enough
through the first six Lectures. . . ." (1; 126)

On his return to Cambridge Tait did not continue his study of
guaternions, primarily because of the labor involved in the book
he was writing. In 1854 he accepted the Professorship in Mathe-
matics at Queen's College, Belfast, Ireland. Here he became in-
volved in teaching as well as in experimental work with his col-
league Thomas Andrews. He also pursued the study of the
‘Theories of Heat, Electricity and Light." Finally in August, 1857,
his interest in quaternions returned as a result of reading Helm-
holtz' famous paper on vortex motion. Then as Tait wrote to Hamil-
ton: "I suddenly bethought me of certain formulae | had admired
years ago at p. 610 of your Lectures —and which | thought (and still
think) likely to serve my purpose exactly." (1; 127) The formulae

to which Tait referred were those associated with the operator

"<l= i AM+ A+ K " 1t is clear from the above (and from nu-
merous other statements by Tait) that his interest in quaternions
was for their physical applications. From 1857 Tait's interest in
quaternions continued to increase, and in 1858 Andrews wrote to
Hamilton on Tait's behalf to request Hamilton to allow Tait to
correspond with him. Hamilton responded cordially, and a volumi-
nous correspondence ensued. Perhaps fifty letters were written,

one of which was ninety-six pages in length. (1; 141)

Hamilton soon realized that Tait was a gifted mathematician and
in 1859 encouraged Tait to publish a paper based on a quaternion
investigation of the Fresnel wave surface that Tait had carried out.
This Tait did, and thus the first of his numerous quaternion papers
appeared in 1859. In the same year Tait was encouraged by some
Cambridge friends to write a book on quaternions. Since Hamilton
had communicated unpublished results to Tait, it was natural for
Tait to ask Hamilton's permission to publish such a book, even
though Tait intended that it would consist mainly of examples.
Hamilton asked Tait to wait for the publication of his Elements of
Quaternions, which was at that time planned as an elementary

work. Tait agreed to this request, and thus his book on quaternions
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was not published until 1867. It is interesting that at nearly the
same time John Herschel (at age 72) was engaged in preparing an
elementary work on quaternions, but it was never published. (1;
141-142)

In 1860 Tait was appointed to the Chair of Natural Philosophy
at Edinburgh University after he had been selected for this posi-
tion from a noteworthy group of candidates that included Maxwell.
Tait remained at Edinburgh wuntil his death in 1901 and distin-
quished himself as an excellent lecturer, an important writer of
scientific books (twenty-two books were either wholly or partially
written by him), and as a productive scientific researcher. He
published 365 papers, of which approximately 70 were on quater-
nions. The commonly accepted view of his importance as a scientist
places him below the group consisting of such men as Kelvin, Max-
well, and Stokes, but certainly above the majority of the scientific
professors of nineteenth-century Britain.

Soon after arriving at Edinburgh, Tait began writing with Wil-
liam Thomson (known from 1892 as Lord Kelvin) a work on
mathematical physics entitled Treatise on Natural Philosophy.
Originally the authors planned to survey all of physical science,
but only the volume on mechanics was completed. This was pub-
lished in 1867 and became an immediate success; it was often
referred to as the Principia of the nineteenth century and was com-
pared to the works of Lagrange and Laplace. In 1871 Helmholtz
arranged for its translation into German. This was the golden op-
portunity for quaternions, for their inclusion in such an important
work on mathematical physics would have acquainted numerous
readers with quaternion methods. Kelvin however was strongly
opposed to the introduction of quaternions, and they were not
introduced. After Tait's death Kelvin in 1901 wrote to George

Chrystal:

We [Kelvin and Tait] have had a thirty-eight years' war over quater-
nions. He had been captivated by the originality and extraordinary
beauty of Hamilton's genius in this respect, and had accepted, | believe,
definitely from Hamilton to take charge of quaternions after his death,
which he has most loyally executed. Times without number | offered to
let quaternions into Thomson and Tait [the Treatise], if he could only
show that in any case our work would be helped by their use. You will
see that from beginning to end they were never introduced.*®

Similarly Kelvin wrote in 1892 to R. B. Hayward concerning the
latter's Algebra of  Coplanar Vectors and  Trigonometry: "l do think,
however, that you would find it would lose nothing by omitting the

word Vector' throughout. It adds nothing to the clearness or sim-
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plicity of the geometry, whether of two-dimensions or three-di-
mensions. Quaternions came from Hamilton after his really good
work had been done; and, though beautifully ingenious, have been
an unmixed evil to those who have touched them in any way, in-

cluding Clerk Maxwell." 7

The following quotation indicates that
Kelvin's strong opposition to quaternions probably extended to
any sort of vector analysis. In 1896 Kelvin wrote to G. F. FitzGerald
in regard to FitzGerald's mention of "vectors and symmetrical
equations”": "Symmetrical equations are good in their place, but
Vector' is a useless survival, or offshoot, from quaternions, and has
never been of the slightest use to any creature. Hertz wisely
shunted it, but unwisely he adopted temporarily Heaviside's ni-
hilism. He even tended to nihilism in dynamics, as | warned you
soon after his death. He would have grown out ofall this, | believe,
if he had lived." *® Whatever might have been Kelvin's reasons for
rejecting vectors and quaternions, his opposition is illustrative of
the feeling of many other physical scientists of the time. Kelvin
was probably the most influential British physicist ofthe late nine-
teenth century, and his opposition to vector methods, though never
put forward in a published form, was almost certainly well known.

Knott pointed out (1; 188) that Tait could, and did, take advantage
of the Treatise on Natural Philosophy by developing in quaternion
form in his other writings some ofthe areas included in the Treatise,
to show in this way the compactness that resulted from quaternion
treatment. Thus at one point Tait covered in his quaternion book
in a matter of lines what had been covered in the jointly authored
work in paragraphs or pages. (1; 188)

Tait acted in a surprising manner on one aspect of quaternion
development. Although he published numerous papers and books
on quaternions, he drew a sharp line between his quaternion works
and his other publications. Thus despite the fact that in many of
his books he could have used the quaternion method, he did not.
One example of this is his long article "Mechanics" for the ninth
edition of the Encyclopaedia Britannica. Similarly one would ex-
pect that Tait in his mathematical physics courses at Edinburgh
would have used quaternions wherever possible. This he did not
do. One of Tait's students wrote in a biographical sketch of Tait:
"Tait, so far as | know, never lectured on the subject [quater-
nions] at the University of Edinburgh." *® To do so was in one way
unnecessary since Kelland, the Professor of Mathematics, did dis-
cuss quaternions in his courses; on the other hand, this may actually
make it more surprising that Tait probably made no use ofthem in
his lectures on physics. Nevertheless at least two of Tait's students,
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Knott and Macfarlane, became important contributors to quaternion
analysis.

Although Tait possessed a high order of ability in pure mathe-
matics and had received incomparable training in quaternions
through his correspondence with Hamilton, his strongest interests
were in physics rather than pure mathematics. This is reflected in
the fact that his change from Belfast to Edinburgh involved more
than a change in location: he had been Professor of Mathematics;
he was now (and happily so) Professor of Natural Philosophy. Tait
referred to this change in professional chair and to a consequence
thereof in the preface to Elementary Treatise on Quaternions
(1867): "The present work was commenced in 1859, while | was
Professor of Mathematics, and far more ready at Quaternion
analysis that | can now pretend to be. . . . The duties of another
Chair, and Sir W. Hamilton's wish that my volume should not
appear till after the publication of his Elements, interrupted my
already extensive preparations.” 2°

As it was mentioned before, eight books on quaternions (includ-
ing later editions, translations, and coauthorships) are credited to
Tait. His Elementary Treatise on Quaternions of 1867 was re-
published in a "Second Edition, Enlarged" in 1873, and in a "Third
Edition, Much Enlarged” in 1890.?' Tait's Treatse was translated
into German by von Scherff (1880) and into French by Plarr (1884).
Despite its title the work (especially in the later editions) was not
really elementary. The need for an elementary work was fulfilled
by the book Introduction to Quaternions by Philip Kelland and
Tait. This jointly authored work appeared in 1873 and was followed
by a second edition in 1882 and a third edition in 1904 with C. G.
Knott as editor. Tait essentially wrote only one chapter (the tenth
and last) of this book.?? Nonetheless it was in a real sense ajoint
work, for as Kelland wrote in his preface, Tait "being my pupil in

."?3 Kelland also wrote: "I

youth is my teacher in riper years.
must confess that my knowledge of Quaternions is due exclusively
to him. The first work of Sir Wm. Hamilton, Lectures on Quater-
nions, was very dimly and imperfectly understood by me and |
dare say by others, until Professor Tait published his papers on the
subject in the Messenger  of Mathematics.” 2

Tait's Elementary Treatise on Quaternions was written in such a
way as to stress the applications of quaternions to physical science.
Thus approximately 62 (of 320) pages in the first edition, 93 (of
298) pages ofthe second edition, and 130 (of422) pages ofthe third
edition were devoted to physical applications. Furthermore the

other chapters were directed towards preparing for the final chap-
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ters on physical applications. The most important edition of the
Treatise for this study is the second edition, since it was probably

from this edition that both Gibbs and Heaviside learned quater-

nions.
Chapter | of Tait's Treatise is entitled "Vectors and Their Com-
position." In this chapter Tait treated vector equality, vector

addition and subtraction, and the multiplication of a vector by a
scalar quantity. He also treated the differentiation of a vector in
terms of a single scalar variable. A noteworthy aspect ofthis chapter
is that the quaternion never enters; the chapter could in fact serve
as the first chapter of a modern vector analysis book, for the vector
part of a quaternion is added, subtracted, and so on in the same
manner as a modern vector. This chapter is only an extreme ex-
ample of what is true to a certain extent of all of Tait's Treatise;
similarities between Tait's book and modern vector analysis books
abound. And this is to be expected: offspring usually resemble
their ancestors. The lineage of the vast majority of the basic ideas
and theorems?® found in modern vector analysis books can be
traced back to or through such quaternion books as Tait's Treatise.”®
Numerous illustrations of this all-important point will be given in
this and the following chapter.

Chapter Il of Tait's Treatise is entitled "Products and Quotients
of Vectors." Since in general the product and the quotient of two
vectors is a quaternion, this chapter concentrated on quaternions.
Here again, but naturally to a lesser extent, many of the theorems
can be translated into modern vector analysis. Many of the simi-
larities derive from the fact shown before: the product of two vec-
tors in quaternion analysis is equal to the negative of their scalar
(dot) product plus their vector (cross) product. Thus, for example,
Tait's statements that for any two vectors a and/3, "Sa/3 = S/3a" and
"Val3 = —Vf3a" (2; 43) are equivalent to the statements in modern
vector analysis that the dot product is commutative and the cross
product is anticommutative.

Chapter 11l is entitled "Interpretations and Transformations of
Quaternion Expressions.” Among the first formulae in the chapter
are those for a and /3 vectors: "Saf3 = —TaT/3 cos 0" and "Val/3 =
TaTfB sin 0 « 77." (2; 49) The quaternion symbol Tapplied to avector
indicates its length, and the vector 17 is defined as a unit vector
perpendicular to a and Thus the counterparts of these formulae

in modern vector analysis would be
asp=Jal |p]cos O
aXx/}y=(al] |p] sin 0)tj
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Then follow numerous examples and a number of other theorems
which may also be translated into the now common vector analysis.
This chapter concludes with a sketch of biquaternions, which are
quaternions in which the four scalar multiples (of 1, i, j, k) may
assume imaginary values.

Chapter 1V, "Differentiation of Quaternions,'' is only six pages
long and applies the processes developed earlier for vector differen-
tiation to quaternion differentiation.

Tait began Chapter V by stating that

"aSfBp + «iSBp + . . . = XaSfBp = y"
which he abbreviated (following Hamilton) as
"<f€p = X.aSpp" and "<fp = y" (2; 78)

The reader acquainted with the modern treatment of the linear
vector function by means of dyadics will see immediately that these

equations are essentially (when translated)
afi.p + OLpepx + . . . = Xap.p =y
or
<f>.p = 2a/3.p or <f>p =1y

where <£ is the modern dyadic. Taitthus devoted this chapter to the
development of the linear vector function. His form of presentation
is somewhat similar to the modern method of presentation by
means of dyadics.

The next four chapters deal with the application of quaternion
analysis to problems in geometry. For the present purposes all that
need be said in regard to these chapters is that in them the linear
vector function is developed further and the operator V is intro-
duced, but not developed.

The remaining third of the book consists oftwo chapters entitled

"Kinematics" and "Physical Applications.” Tait began the first of
these by a discussion of Hamilton's hodograph and followed this
by a treatment of the rotation ofa rigid body by quaternion methods
and of homogeneous strain by means of the linear vector function.
It was perhaps in regard to methods of treatment for rotations and
strains that quaternion analysis was of most value.

The final long chapter, entitled "Physical Applications," begins
with a discussion of some theorems in dynamics. Tait began the
chapter by stating: "When any forces act on arigid body, the force f3
at the point whose vector is a, &c., then, ifthe body be slightly dis-
placed, so that a becomes a + 8a, the whole work done is XSfida.
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This must vanish if the forces are such as to maintain equilibrium.
Hence the condition  of equilibbrium  of a rigid body is XSra = 0."
(2; 222) These equations express exactly the equivalent ofthe equa-
tions 2/3.8a =0 and 2/3.8a =0 in modern vector analysis. The
guaternionists were well aware of the simplification that the dot
product introduces into mechanics. Tait naturally proceeded to
more complicated matters such as the treatment of the Foucault
pendulum. To illustrate quaternionic applications in optics, Tait
treated the Fresnel wave surface, followed this with a treatment of
the effects of electric currents on one another and on magnets, and
invited the reader to compare the mathematical methods with those

of Ampere. The important discussion of the operator V =i -J +

+ k-3~ included such theorems as those of Stokes, Green, and

Gauss. The book is concluded by miscellaneous applications and
problems.

From the above discussion of Tait's Elementary Treatise on
Quaternions it should be clear that quaternion analysis, especially
as presented by Tait, had many similarities to modern vector
analysis. Vector addition and subtraction, vector multiplication in
both the scalar (dot) and vector (cross) products, vector differentia-
tion, vector algebra, the properties of V, and even the linear vector
function were present. The exact form was not that of modern
vector analysis, and there were some sections in the quaternion
treatment that could not be translated into modern vector analysis,
but the over-all similarity is beyond question. The function of the
above discussion for this history is to indicate the possibility of
deriving modern vector analysis from quaternion analysis as
presented by Tait. The possibility of developing modern vector
analysis from Grassmannian analysis was previously discussed. The
problem thus clearly emerges: Did modern vector analysis emerge
historically from the quaternion or from the Grassmannian methods
of analysis?

Tait's contribution to quaternion analysis was not only as ex-
positor of known methods but also as creator ofnew methods, many
of which were later transferred to vector analysis. Tait made im-
portant advances in the theory and application of the linear vector
function, but more important than this is his development of the
operator V, which has been called "nabla,” "del,” and "atled."?’
Hamilton introduced this operator, but as Maxwell wrote: "The ex-
tension of this operator [V] to vector displacements, and most of its
further development, are due to Professor Tait." ?® Essentially what
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Tait did was to state such important theorems as those of Green,
Stokes, and Gauss in quaternion form, show their applications, and

9

develop related theorems.?® Among the most important papers

written by Tait in this regard are "On Green's and Other Allied

w30 n31

Theorems and "On Some Quaternion Integrals. Some of
Tait's polemical articles on quaternions will be discussed in a later
chapter.

Tait's importance for this history may now be partially summed
up. Tait, as the leading advocate and developer of quaternion
analysis in the last third of the nineteenth century, changed the
direction of emphasis in quaternion analysis toward its usefulness
as a tool for physical science. He did this by developing and stress-
ing those parts of the analysis which were most useful for physical
science. This transformation of quaternion analysis was very
probably a necessary preliminary for the development ofthe Gibbs-
Heaviside modern vector analysis from quaternion analysis. One
important example of this is the fact that in Hamilton's works one
can find almost no discussion of the operator V, which is a funda-
mental part of modern vector analysis, while in Tait's works the
discussion of this operator was probably fuller and better than
could be found in any other mathematics books of the time.
Historically it turns out that this change in direction in quaternion

analysis was decisive for later developments.

V. Benjamin Peirce: Advocate of  Quaternions in America

Tait was not the only advocate of quaternions nor was enthusiasm
for quaternions confined to the British Isles. One of the earliest
and most influential advocates of quaternions was Benjamin
Peirce, who did more than anyone else to develop interest in
quaternions in the United States. This is important, since this was
the homeland of both Gibbs and Wilson. Peirce did no creative
work directly within the quaternion tradition; his greatest creative
achievement (his "Linear Associative Algebra") is however inti-
mately linked to Hamilton's discoveries and can be viewed as an
excellent example of the tendency of mathematicians to proceed
from quaternions to important discoveries outside the quaternion
tradition. Thus Peirce will be discussed as (1) a figure influential on
the history of quaternion analysis and as (2) a figure illustrative of
an important tendency that was associated with the quaternion
tradition.

Benjamin Peirce is generally considered to have been the first

great American mathematician. Dirk J. Struik referred to his
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"Linear Associative Algebra" as "the first major original contri-

bution to mathematics produced in the United States."®?

As pro-
fessor of astronomy and mathematics at Harvard from 1833 until his
death in 1880 he exerted a vast influence on mathematics in the
United States. It was shown previously that there was a surprisingly
large interest in quaternion analysis in America; the greatest single
cause of this was Benjamin Peirce's advocacy of Hamilton's system.
In the chapter on Hamilton a quotation from Peirce's Analytical
Mechanics of 1855 was given, which shows the great importance
that Peirce attached to this discovery. A second quotation taken
from Peirce's last major publication demonstrates that his en-
thusiasm for quaternions did not diminish with time. Peirce, after
having mentioned the symbol for the square root of minus one,

wrote:

This symbol is restricted to a precise signification as the representative
of perpendicularity in quaternions, and this wonderful algebra of space
is intimately dependent upon the special use of the symbol for its
symmetry, elegance, and power. The immortal author of quaternions
has shown that there are other significations which may attach to the
symbol in other cases. But the strongest use of the symbol is to be found
in its magical power of doubling the actual universe, and placing by its
side an ideal universe, its exact counterpart, with which it can be com-
pared and contrasted, and, by means ofcuriously connecting fibres, form
with it an organic whole, from which modern analysis has developed her
surpassing geometry.®?

Peirce's enthusiasm for quaternions dates back to at least 1848;
in that year he seems to have included this subject in his mathe-
matics courses at Harvard.®* It is perhaps impossible to determine
whether Peirce taught his quaternion course every year, but such
seems probable. One student of Peirce, W. E. Byerly, referred to

> and a number of his

quaternions as Peirce's "favorite subject,"?®
students went on to publish in quaternion analysis. Among these
were Thomas Hill (who became president of Harvard in 1862), A.
Lawrence Lowell (also a president of Harvard), Arnold B. Chase
(who became chancellor of Brown), and two of Peirce's sons,
Charles Santiago Saunders Peirce and James Mill Peirce. The latter
son was professor of mathematics at Harvard from 1869-1906 and
continued the teaching of quaternions at Harvard after his father's
death.?®

Benjamin Peirce published little on quaternion analysis; H. A.
Newton wrote that Peirce had said in regard to quaternion analysis:
"I wish | was young again that | might get such power in using it

7

as only a young man can get."®” Peirce's greatest contribution to

mathematics, his "Linear Associative Algebra,” did however stem
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from his interest in quaternions. This work, which appeared in
lithograph in 1870, was published in 1881.%® It was aimed at de-
veloping "so much of the theory of hyper-complex numbers as
would enable him to enumerate all inequivalent, pure, non-re-

"3° In this work

ciprocal number systems in less than seven units.
Peirce developed 162 different algebras. In a broad sense his work
illustrates the fact that the discovery of and interest in quaternions
led in many different directions; among these was the discovery
of other similar systems. A more important result was that it led
such men as Peirce to a study of what mathematical systems are
possible or, still more generally, to a study of algebraic structure.

Information compiled by Florian Cajori serves to indicate the
degree to which Peirce's enthusiasm for quaternions spread to his
students and countrymen. Not all the interest stemmed of course
from Peirce; nevertheless it seems probable that a large measure
of it came from him, for he was the recognized leader in mathe-
matics as well as the first advocate of quaternions in the United
States. Cajori supplied information on twenty-two colleges and uni-
versities in nineteenth-century America; quaternion methods were
taught at no less than twelve of these. This is surprising since the
level of mathematical instruction was not at a high level at that
time; indeed at some of the schools where quaternions were not
taught, no other mathematics courses on acomparable level ofcom-

plexity were taught.*®

V. James Clerk Maxwell: Critic of  Quaternions
The discussion of Maxwell presented in this section serves a
twofold function, for this brilliant Scot not only was a very in-

fluential figure in the history of vector analysis but he also aptly
represents an important development in the physical science of
the nineteenth century. This development was the increasing
awareness of the need (itself increasing) for a vectorial approach
to the solution of physical problems. There is much truth and much
relevance in Saloman Bochner's comparison ofthe space of Euclid

with the space of Newton and his successors:

And yet, inwardly, the Euclidean Space that underlies'the Principia is
mathematically not quite the same as the Euclidean Space that underlies
Greek mathematics (and physics) from Thales to Apollonius. The
geometry of the Greeks emphasized congruences and similarities be-
tween figures, that is, in analytical parlance, orthogonal and homothetic
transformations of the underlying space. . . . The Euclidean Space of
the Principia continued to be all this, but it was also something new in
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addition. Several significant physical entities of the Principia, namely,
velocities, momenta, and forces are, by mathematical structure, vectors,
that is, elements of vector fields, and vectorial composition and decom-
position of these entities constitute an innermost scheme of the entire
theory.**

Thus with Newton a host of vectorial entities (though not the
concept of a vector) entered into physical science. The revolution
associated with Newton is paralleled by a development that oc-
curred in the nineteenth century; this developmentis the introduc-
tion into physical science of the concept of field, a concept which
Einstein and Infeld have described as the "most important inven-
tion [in physics] since Newton's time. . . ."*?2 With the introduction
of this concept the vectorial entities of the space of Newton were
multiplied in number and the need for vector analysis was greatly
increased. The concept of field as well as the increased need for
vector analysis arose in part from developments in mechanics (es-
pecially hydrodynamics), in part from advances in optical theory,
in part from the creation and elaboration of potential theory, and
above all from successes in electrical theory. It should thus come
as no surprise that the eventual emergence ofvector analysis should
intimately be associated with the achievements of the great nine-
teenth-century theoretical electricians, especially Maxwell. Much
is symbolized in the fact that Maxwell first presented his famous
equations in the 1860's, written in component notation, whereas
in his 1873 Treatise on Electricity —and Magnetsm he wrote them
both in component and in quaternion notation.

It is perhaps an accident of history that Tait and Maxwell spent
a number of years together studying at Edinburgh and at Cam-
bridge. That a close friendship developed between them is less
accidental; both were men of brilliant intellect, and more im-
portantly, both tended to take similar approaches in mathematical
physics. The approaches of Tait and Maxwell in mathematical
physics were alike in that both wished their mathematics to be as
close a representation of the physical entities as possible.

Tait left Cambridge in 1854 for Queen's College, Belfast; Max-
well left Cambridge two years later for Marischal College at Aber-
deen. In the decade from 1856 to 1865, while Tait pursued quater-
nion researches with Hamilton and experimental studies with
Andrews, Maxwell composed his four great electrical papers. The
discoveries published in these papers, especially those concerned
with Maxwell's concept of the electromagnetic field, involved
mathematical problems treatable by quaternion analysis. In the

published forms of these papers quaternions were never used, and
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it is clear from the correspondence between Tait and Maxwell*?

that Maxwell began to learn quaternion methods only in the
1870's.* Nevertheless a few people made the assumption that Max-
well had been aided in developing his ideas by the use of quater-
nion methods. Though this assumption was not correct, it was
probably influential in leading people to study quaternions.

E. T. Whittaker described the developments in physics that

led to Maxwell's great electrical papers in the following way:

In that power to which Gauss attached so much importance, of de-
vising dynamical models and analogies for obscure physical phenomena,
perhaps no-one has ever excelled W. Thomson; and to him, jointly with
Faraday, is due the credit of having initiated the theory of the electric
medium. In one of his earliest papers, written at the age of seventeen
when he was a very young freshman at Cambridge, Thomson compared
the distribution of electrostatic force, in a region containing electrified
conductors, with the distribution of the flow of heat in an infinite solid;
the equipotential surfaces in the one case correspond to the isothermal
surfaces in the other, and an electric charge corresponds to a source of
heat.

It may, perhaps, seem as if the value of such an analogy as this con-
sisted merely in the prospect which it offered ofcomparing, and thereby
extending, the mathematical theories of heat and electricity. But to the
physicist its chief interest lay rather in the idea that formulae which re-
late to the electric field, and which had been deduced from laws ofaction
at a distance, were shown to be identical with formulae relating to the
theory of heat, which had been deduced from hypotheses of action be-
tween contiguous particles. "This paper,” as Maxwell said long after-
wards, “first introduced into mathematical science that idea of electrical
action carried on by means of a continuous medium, which, though it
had been announced by Faraday, and used by him as the guiding idea of
his researches, had never been appreciated by other men of science, and
was supposed by mathematicians to be inconsistent with the law ofelec-
trical action, as established by Coulomb, and built on by Poisson."

In 1846 —the year after he had taken his degree as second wrangler at
Cambridge —Thomson investigated the analogies of electric phenomena
with those of elasticity. For this purpose he examined the equations of
equilibrium of an incompressible elastic solid which is in a state of
strain; and showed that the distribution of the vector which represents
the elastic displacement might be assimilated to the distribution of the
electric force in an electrostatic system. This, however, as he went on to
show, is not the only analogy which may be perceived with the equa-
tions of elasticity; for the elastic displacement may equally well be iden-
tified with a vector a, defined in terms ofthe magnetic induction B by the
relation curl a = B.

The vector a is equivalentto the vector-potential which had been used
in the memoirs of Neumann, Weber and Kirchhoff, on the induction of
currents; but Thomson arrived at itindependently by a different process,
and without being at the time aware of the identification.

The results of Thomson's memoir seemed to suggest a picture of the
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propagation of electric or magnetic force: might it not take place in some-
what the same way as changes in the elastic displacement are trans-
mitted through an elastic solid? These suggestions were not at the time
pursued further by their author; but they helped to inspire another
young Cambridge man to take up the matter a few years later. James

Clerk Maxwell, by whom the problem was eventually solved, was born
45

in

This extensive and important quotation is significant for the his-
tory of vector analysis in numerous ways. The most important of
these is that Maxwell presented an historical interpretation ofwhat
led to Thomson's discoveries, and this interpretation indicates what
is very possibly the way in which Maxwell became interested in
quaternions. Maxwell's interpretation was given in two papers, the
first of which consists of an address to the British Association for
1870 and the second of which is his famous paper entitled "On the

“® The main

Mathematical Classification of Physical Quantities."
idea developed in both papers is the following: "Ofthe methods by
which the mathematician may make his labours most useful to the
student of nature, that which | think is at present most important is
the systematic classification of quantities.” (5; 218) Maxwell went
on to explain why the mathematical classification of physical quan-

tities is important.

But when the student has become acquainted with several different sci-
ences, he finds the mathematical processes and trains of reasoning on
one science resemble those in another so much that his knowledge ofthe
one science may be made a most useful help in the study of the other.

When he examines into the reason of this, he finds that in the two sci-
ences he has been dealing with systems of quantities, in which the
mathematical forms of the relations ofthe quantities are the same in both
systems, though the physical nature of the quantities may be utterly dif-
ferent. (5; 218)

Maxwell supplied two historical illustrations ofthe usefulness of
such a classification; the second is the more important. Maxwell
wrote: "Another example, by no means so obvious, is that which
was originally pointed out by Sir William Thomson, ofthe analogy
between problems in attractions and problems in the steady con-
duction of heat, by the use of which we are able to make use of
many of the results of Fourier for heat in explaining electrical dis-
tribution, and of all the results of Poisson in electricity in explain-
ing problems in heat." (6; 258) Maxwell went on to comment that
Thomson's discovery depends on the fundamental principle that
the mathematical representations of physical entities may be classi-
fied; his chief example of such a classification was that found by

Hamilton:
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A most important distinction was drawn by Hamilton when he divided
the quantities with which he had to do into Scalar quantities, which are
completely represented by one numerical quantity, and Vectors, which
require three numerical quantities to define them.

The invention of the calculus of Quaternions is a step towards the
knowledge of quantities related to space which can only be compared,
for its importance, with the invention of triple coordinates by Descartes.
The ideas of this calculus, as distinguished from its operations and sym-
bols, are fitted to be of the greatest use in all parts of science. (6; 259)

Maxwell said in effect that if scientists would pay closer attention
to the classification of physical quantities, such analogies as those
discovered by Kelvin would be obvious. His primary example of
such a classification is that which originated with Hamilton, the
classification of physical entities into scalars and vectors. The point
is that Maxwell seems to have interpreted the discoveries of Thom-
son (which have been presented in the quotation from Whittaker
and cited in part by Maxwell) in the following way: Thomson saw
that distributions of electrostatic forces in a region containing elec-
trified conductors produced a vector field and that this vector field
was analogous to the vector field associated with the flow ofheat in
an infinite solid. Associated with these vector fields are the two
scalar fields, the lines of equal potential in the case of electrostatic
case and the isothermal lines in the case of heat flow. Thus when
Thomson saw that both cases involved scalar and vector fields, the
next step was nearly obvious. If the above interpretation of Max-
well's ideas is correct, it is probable that this realization led him to
an increased interest in quaternion analysis.

In the second of his two papers Maxwell classified vectors into
"force" vectors (which are referred to a unit of length) and flux vec-

tors (which are referred to a unit of area).*®

Later in this paper qua-
ternions were discussed briefly with special attention to Hamilton's

operator V, for the results of which Maxwell proposed a series of

names. He gave the definitions Vo= i A+ A+ kK and
= + + J?)" (6; 263~264) andthen stated: nThe disn

covery of the square root of this operation is due to Hamilton; but
most ofthe applications here given, and the whole development of
the theory of this operation, are due to Professor Tait. ..." (6; 264)
He proposed "to call the result of V2 . . . the Concentraton of the
quantity to which it is applied." (6; 264) When V is applied to a
scalar function of position P, the result is VP. "The quantity VP is a
vector, indicating the direction in which P decreases most rapidly,

and measuring the rate of that decrease. | venture, with much diffi-
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dence, to call this the slope of P." (6; 264) The reader should note

that according to quaternion multiplication, if or = it +ju 4- kv, then

Ver = — (— + — + + i — + o (dt dw . A /du dt\ 47
a \dx dy dz) \dy dz) \dz dx) \dx dy)'
Maxwell called the scalar part of this product, represented in qua-
ternion language as SVor, "the Convergence of or," and the vector
part, Vvvcr, "the Curl or Version of the original vector function.” *®
Before publishing this paper, Maxwell had written to Tait to re-
quest his views on the suitability of the names: "Here are some
rough hewn names. Will you like a good Divinity shape their ends
properly so as to make them stick?" Maxwell went on to ask in par-

ticular about the names for V applied to a vector function.

The scalar part | would call the Convergence of the vector function, and
the vector part | would call the Twist of the vector function. Here the
word twist has nothing to do with a screw or helix. If the word turn or
version would do they would be better than twist, for twist suggests a
screw. Twirl is free from the screw notion and is sufficiently racy. Per-
haps it is too dynamical for pure mathematicians, so for Cayley's sake |
might say Curl (after the fashion of Scroll).*®

The letter quoted above is the first letter from the Tait-Maxwell
correspondence in which Maxwell showed some knowledge of qua-
ternions. It is dated November 7, 1870. The first paper in which
Maxwell included a discussion of quaternion ideas is in the afore-
mentioned "Address to the Mathematical and Physical Sections of
the British Association,” which was read on September 15, 1870. It
is thus probable that Maxwell's interest in quaternions originated at

about this time. At least as early as 1867 Tait had recommended

guaternions to Maxwell. Tait wrote on December 13, 1867, to Max-
well: "If you read the last 20 or 30 pages of my book [Treatise on
Quaternions (1st ed., 1867)] | think you will see that 4ions are

worth getting up, for there it is shown that they go into that < busi-
ness like greased lightning. Unfortunately | cannot find time to
work steadily at them. 50

Maxwell's letter to Tait of November 7,1870, was followed by an-
other letter dated November 14; Maxwell's message therein must
have been good news for Tait: "With regard to my dabbling in
Hamilton | want to leaven my book [Treatise on Electricity and
Magnetism] with Hamiltonian ideas without casting the operations
into Hamiltonian form for which neither | nor | think the public are
ripe. Now the value of Hamilton's idea of a vector is unspeakable,
and so are those of the addition and multiplication of vectors." (1;
144) Maxwell's letter of October 9, 1872, also brought good news to

Tait. In the previous year Maxwell had been chosen as the first Pro-
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fessor of Experimental Physics at Cambridge and Director of the
Cavendish Laboratory. Maxwell wrote to Tait, "I am going to try, as

| have already tried, to sow 4nion seed at Cambridge." °*

The Maxwell letter to Tait of December 21, 1871, contained per-
haps Maxwell's strongest statement in favor of quaternions. Max-
well wrote: "Impress on T. [Thomson] that + { "M (cL3)

—V? and not +V? as he vainly asserts is now commonly believed
among us. Also how much better and easier he would have done his
solenoidal and lamellar business if in addition to what we know is
in his head he had had say, 20 years ago, Qns. to hunt for Cartesians
instead of vice versa. The one is a flaming sword that burns every
way; the other is a ram, pushing westward and northward and
(downward?)." (1; 150)

A number of interesting points are contained in Maxwell's letter

of November 2, 1871; he wrote:

But try and do the 4nions. The unbelievers are rampant. They say
"show me something done by 4nions which has not been done by old
plans. At the best it must rank with abbreviated notations."

You should reply to this, no doubt you will.

But the virtue of the 4nions lies not so much as yet in solving hard
questions, as in enabling us to see the meaning ofthe question and ofits
solution, instead of setting up the question in x y z, sending it to the
analytical engine, and when the solution is sent home translating it back
from x y z so that it may appear as A, B, C to the vulgar. (1; 101)

The last point was emphasized in an unsigned article by Maxwell
entitled "Quaternions” and published in Nature in 1873.°2 The arti-
cle is actually a review of Kelland's and Tait's Introducton to Qua-
ternions published in 1873. Maxwell began the article by discuss-
ing the popular image of the mathematician as a calculator. He then
wrote: "But though much ofthe routine work of a mathematician is
calculation, his proper work—that which constitutes him a mathe-
matician—is the invention of methods. . . . But the methods on
which a mathematician is content to hang his reputation are gener-
ally those which he fancies will save him and all who come after
him the labour of thinking about what has cost himself so much

w53

thought. A common argument for quaternions had been that they
were just such a labor-saving device, but Maxwell's position was

quite different from this.

Now Quaternions, or the doctrine of Vectors, is a mathematical
method, but it is a method of thinking, and not, at least for the present
generation, a method ofsaving thought. ... Itcalls upon us atevery step
to form a mental image of the geometrical features represented by the
symbols, so that in studying geometry by this method we have our minds
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engaged with geometrical ideas, and are not permitted to fancy ourselves
geometers when we are only arithmeticians.®®

Maxwell concluded the review with praise for Kelland's expository
abilities and with stress on the importance of the treatment of the
linear vector function given in the last chapter (written by Tait).

The theme that dominates this review as well as many of Max-
well's other statements on quaternions is that by means ofthe vec-
torial approach the physicist attains to a direct mathematical repre-
sentation of physical entities and is thus aided in seeing the physics
involved in the mathematics. It is probable that Maxwell was led to
stress this point by pondering the great successes of Faraday in
physics, which were obtained without the use of formal mathe-
matics. Faraday's success presented aconundrum to the mathemati-
cal physicists of the latter half of the nineteenth century, a conun-
drum which Maxwell tried to resolve when he wrote: "The way in
which Faraday made use of his lines of force in co-ordinating the
phenomena of magneto-electric induction shews him to have been
in reality a mathematician of a very high order—one from whom
mathematicians of the future may derive valuable and fertile meth-
ods." (4,11; 360) Thus Maxwell's enthusiasm for quaternions
stemmed from viewing them as a method that allows the physicist
to keep the physical entities before his mind during calculations,
rather than from viewing them as a method forreducing the labor of
thought.

The most important of Maxwell's published works for this history
is his  Treatise on Electricity and Magnetsm (1873).°* This is the
most important work not only because it gives the fullest concep-
tion of Maxwell's view of quaternions but also because historically
it was influential in leading people to discuss quaternion methods.

Maxwell began this work with a mainly mathematical "Prelimi-
nary" chapter. After mentioning Descartes' discovery ofco-ordinate

methods, Maxwell wrote:

But for many purposes of physical reasoning, as distinguished from
calculation, it is desirable to avoid explicitly introducing the Cartesian
coordinates, and to fix the mind at once on a point of space instead of its
three coordinates, and on the magnitude and direction of a force instead
of its three components. This mode of contemplating geometrical and
physical quantities is more primitive and more natural than the other, al-
though the ideas connected with it did not receive their full develop-
ment till Hamilton made the next great step in dealing with space, by the
invention of his Calculus of Quaternions.

As the methods of Des Cartes are still the most familiar to students of
science, and as they are really the most useful for purposes of calcula-
tion, we shall express all our results in the Cartesian form. | am con-
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vinced, however, that the introduction of the ideas, as distinguished
from the operations and methods of Quaternions, will be of great use to
us in the study of all parts of our subject, and especially in electrody-
namics, where we have to deal with a number of physical quantities, the
relations of which to each other can be expressed far more simply by a
few expressions of Hamilton's, than by the ordinary equations.

11. One of the most important features of Hamilton's method is the
division of quantities into Scalars and Vectors. (3,1; 9-10)

After a discussion of this division of quantities into vectors and

scalars, Maxwell wrote:

There are physical quantities of another kind which are related to di-
rections in space, but which are not vectors. Stresses and strains in solid
bodies are examples of these, and so are some ofthe properties of bodies
considered in the theory of elasticity and in the theory of double refrac-
tion. Quantities of this class require for their definition nine numerical
specifications. They are expressed in the language of quaternions by
linear and vector functions of a vector. (3,1; 10)

Maxwell then stated that he would use German capital letters to
represent vectors. The reason for this innovation was that he
needed the Greek letters (which were used to designate vectors by
Hamilton and Tait) for other uses in the book. After a discussion of
line and surface integrals and the introduction ofthe operator V and
other mathematical preliminaries, Maxwell presented in co-ordi-
nate form the theorems of Gauss and Stokes (Maxwell did not use
these names). Maxwell mentioned that he would use the right-
handed system of co-ordinates axes and pointed out that in this he
differed from the practice of Hamilton but agreed with that em-
ployed by Thomson and Tait in their Treatse on Natural Philoso-
phy and by Tait in his quaternion publications. (3,1; 25-26) This
section was concluded with a translation of Stokes' and Gauss'
theorems into quaternion notation and with an explanation of his

terms (in the first edition) "concentration,” "curl" or "version,"
w 55

"convergence," and "slope. In later editions "curl" or "version"
was dropped and ("with great diffidence") "rotation" substituted.
"Slope" also was dropped and "space-variation" substituted. (3,1;
30-31)

In the text of the book quaternion notations were used in a sub-
stantial number of cases. These may be classified into three groups:
to the first belong those cases in which at the end of a section Max-
well stated that he would give the quaternion form of an equation;
to the second group belong those cases in which quaternion nota-
tion was used in such an elementary form that little importance can

be attributed to it; and to the third class belong the most important
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cases, those in which Maxwell used quaternion expressions almost
in such a way as to integrate them into the development.

The most important example of the first group (ofwhich there are
perhaps fifteen cases) comes in the chapter "General Equations of
the Electromagnetic Field." The last section ofthis chapter was en-
titled "Quaternion Expressions for the Electromagnetic Equa-
tions." Herein Maxwell wrote: "In this treatise we have endeav-
oured to avoid any process demanding from the reader a knowledge
of the Calculus of Quaternions. At the same time we have not
scrupled to introduce the idea of a vector when it was necessary to
do so." (3,11; 257) Maxwell then wrote in quaternion notation the
most important equations developed in his book. (3,11; 257-259)

Examples of the second kind of use that Maxwell made of quater-
nion notation are very numerous, especially in the second volume.
Repeatedly he wrote vectorial quantities as vectors; this was done
especially to stress the nature of the quantity represented, and also
as an abbreviation. At other times one vector was given as a scalar
multiple of another vector. Similarly he made frequent use of the
symbol V but wrote out the full Cartesian form of his equations
when presenting proofs.

Cases from the third class are somewhat rare: examples are the
sections in which he used the quaternion scalar and vector prod-

6

ucts.®® The vector and scalar products were used sufficiently fre-

quently that readers probably noticed their importance. The full
gqguaternion product was never employed, but it at times influenced

expressions that were used. Thus in Cartesian analysis V2 can be
/ \
defined as either plus or minus + + Kelvin used the

positive sign, whereas Maxwell used the negative sign and noted:
"The negative sign is employed here in order to make our expres-
sions consistent with those in which Quaternions are employed."
(3,11; 255)

The following three quotations are of considerable importance.

The theory of the complete system of equations of resistance and of
conductivity is that of linear functions of three variables, and it is exem-
plified in the theory of Strains, and in other parts of physics. The most
appropriate method oftreating it is that by which Hamilton and Tait treat
a linear and vector function of a vector. We shall not, however, expressly
introduce Quaternion notation. (3,1; 422)

This analysis of the forces acting between two small magnets was first
given in terms of the Quaternion Analysis by Professor Tait in the Quar-
terly Math. Journ. for Jan. 1860. See also his work on Quaternions, Arts.
442-443, 2nd Edition.®’



Tradition s in Vectorial Analysis

Finally, in Maxwell's chapter on "Ampere's Investigation of the

Mutual Action of Electric Currents” he stated:

The only experimental fact which we have made use ofin this investi-
gation is the fact established by Ampere that the action ofa closed circuit
on any portion of another circuit is perpendicular to the direction of the
latter. Every other part of the investigation depends on purely mathe-
matical considerations depending on the properties of lines in space.
The reasoning therefore may be presented in a much more condensed
and appropriate form by the use of the ideas and language of the mathe-
matical method specially adapted to the expression of such geometrical
relations —the Quaternions of Hamilton.

This has been done by Professor Tait in the Quarterly Journal of Math-
ematics, 1866, and in his treatise on Quaternions, § 399, for Ampere's
original investigation, and the student can easily adaptthe same method
to the somewhat more general investigation given here. (3,11; 171-172)

Maxwell's use of quaternion expressions and notations was suffi-
ciently frequent and the above quotations sufficiently strong in
praise of quaternions that it seems probable that not a few readers
of his Treatise left it with the impression that Maxwell had rather
strongly recommended the study of quaternions. To those readers
who wondered why quaternions were not more frequently used, a
perfectly natural explanation was available: Maxwell had in fact
wished to use quaternions more frequently but had not done so
since few readers of his Treatise were versed in such methods. Sim-
ilarly Maxwell's one explicit statement (he had recommended qua-
ternion "ideas, as distinguished from the operations and methods
of Quaternions" [3,1; 9]) was easily missed or easily misinterpreted.
The conjecture that readers of the Treatise may have been led
thereby to study quaternions gains support from evidence that
strongly indicates that both Gibbs and Heaviside did in fact go from
the Treatse of Maxwell to the works of Hamilton and Tait. Even if
this conjecture is incorrect, still it is very possible that readers of
Maxwell would tend to become readers of Tait in order to avail
themselves of the latter's treatment ofthe linear vector function and
the operator V.

A letter to Tait written by Maxwell in 1878 gives the clearest pic-
ture of Maxwell's views on quaternions. The statements contained
therein are sufficient to explain completely why Maxwell took the

course that he did in his Treatse. Maxwell wrote:

Here is another question. May one plough with an ox and an ass to-
gether? The like of you may write everything and prove everything in
pure 4nions, but in the transition period the bilingual method may help
to introduce and explain the more perfect.
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But even when that which is perfect is come that which builds over
three axes will be useful for purposes ofcalculation by the Cassios ofthe
future.

Now in a bilingual treatise it is troublesome, to say the least, to find
that the square of AB is always positive in Cartesians and always nega-
tive in 4nions, and that when the thing is mentioned incidentally you do
not know which language is being spoken.

Are the Cartesians to be denied the idea of a vector as a sensible thing
in real life till they can recognise in a metre scale one of a peculiar sys-
tem of square roots of —1?

It is also awkward when you are discussing, say, kinetic energy to find
that to ensure its being +ve you must stick a — sign to it, and that when
you are proving a minimum in certain cases the whole appearance ofthe
proof should be tending towards a maximum.

What do you recommend for EI. and Mag. to say in such cases?

Do you know Grassmann's Ausdehnungslehre? Spottiswoode spoke
of it in Dublin as something above and beyond 4nions. | have not seen it,
but Sir W. Hamilton of Edinburgh used to say that the greater the exten-
sion the smaller the intention. (1; 151-152)

A. P. Wills has speculated that if Maxwell had read Grassmann,

® Maxwell almost cer-

he might have been led to adopt its methods.®
tainly did not read Grassmann's Ausdehnungslehre, since Maxwell
died on November 5, 1879. In relation to this question itis interest-
ing to note that Grassmann was not unknown to Maxwell even be-
fore 1878, although probably Maxwell had never seen his books.
Twice in his Treatise on Electricity and  Magnetism Maxwell re-
ferred to an idea presented in one of Grassmann's papers on elec-
tricity.®® In this paper Grassmann mentioned his Ausdehnungslehre
and gave a few ofthe elementary ideas contained in it. Also in three
of Maxwell's early (1855-1860) optical papers some discussion was

¢ in which also

given concerning one of Grassmann's optical papers
he had referred to his Ausdehnungslehre. Of this paper by Grass-
mann, Maxwell wrote in 1860: "It appears therefore that if colours
are represented in quantity and quality by the magnitude and direc-
tion of straight lines, the rule for the composition ofcolours is iden-
tical with that for the composition of forces in mechanics. This anal-
ogy has been well brought out by Professor Grassmann in . .. ." (4,1;
418-419)

Of the four books written by Maxwell after 1873 only one men-
tioned vectors; this is his elementary work on mechanics published
in 1876 and entitled Matter and Motion. Herein Maxwell included
a short section on the idea of and the addition and subtraction of
vectors. Quaternions were not mentioned.

Maxwell's strange, unique, and important place in this history
may now be summed up. Maxwell favored quaternion analysis for

the naturalness of its representations of physical entities and for the
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abbreviations stemming from this. Most of all he favored quater-
nions because the physical entities were kept before the eye ofthe
mathematician. He was particularly impressed by the V operator
and the linear vector function. On the other hand, Maxwell in gen-
eral disliked quaternion "methods" (as opposed to quaternion
"ideas"); thus for example he was troubled by the nonhomogeneity
of the quaternion or full vector product and by the fact that the
square of a vector was negative, which in the case of the velocity
vector made kinetic energy negative. The aspects of quaternion an-
alysis that Maxwell liked were clearly brought out in his great work
on electricity; the aspects that he did not like were indicated only
by the fact that Maxwell did not include them.

Thus Maxwell's importance for this history is twofold: (1) he as-
sociated vectorial ideas with electricity in such a way that this link-
age was maintained and (2) he to some extent outlined the form that
a suitable vector analysis should take. Such a vector analysis was
not known to Maxwell, but soon after his death and probably in part
due to his inspiration such a system was created by Gibbs and
Heaviside. Thus, justification may be seen for Macfarlane's state-
ment that in Maxwell's departure from quaternion orthodoxy "we
have the origin of the school of vector-analysts as opposed to the

pure quaternionists." °?

Vi. William Kingdon Clifford: Transition Figure

Maxwell died in late 1879 at age forty-eight; earlier in the same
year British science lost another of its most brilliant representatives
when William Kingdon Clifford died at age thirty-four. Clifford had
graduated from Cambridge in 1867 as Second Wrangler, and was
elected Professor of Applied Mathematics and Mechanics at Uni-
versity College, London, in 1871.

Clifford's significance for this history is twofold: (1) he was one of
the few mathematicians of the time who knew both quaternion and
Grassmannian analysis and (2) he wrote a work which is in a sense
transitional from quaternion analysis to vector analysis.

In Clifford's writings the first mention of Grassmann came in
1868 (7; 114); his acquaintance with Grassmannian analysis is prob-
ably due to Hankel's Theorie der complexen Zahlensysteme of
1867. His interest in quaternions probably stems from 1867 or ear-
lier, but his first mention of quaternions came in an 1873 paper.®?

It is clear from his writings that Clifford's interest was greater in
the Grassmannian than in the Hamiltonian system. In a paper of
1878 published in the  American Journal of Mathematics Pure and
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Applied and entitled "Applications of Grassmann's Extensive Alge-

bra" Clifford wrote:

| propose to communicate in a brief form some applications of Grass-
mann's theory which it seems unlikely that | shall find time to set forth at
proper length, though | have waited long for it. Until recently | was un-
acquainted with the Ausdehnungslehre, and knew only so much of it as
is contained in the author's geometrical papers in Crelle'sJournal and in
HankeVs  Lectures on Complex Numbers. I may, perhaps, therefore be
permitted to express my profound admiration ofthat extraordinary work,
and my conviction that its principles will exercise a vast influence upon
the future of mathematical science. (7; 266)

Clifford delivered in 1877 a series of lectures on quaternions at
University College. Clifford's mathematical interests were more in
pure mathematics (especially geometry) than in applied mathe-
matics; this becomes clear when one looks at the notes from his lec-
tures on quaternions.®®

The most important of Clifford's writings for this history is his
Elements of Dynamic, which was intended as the first in a series of

elementary texts. The series was never completed, for Clifford died

in 1879. In this work Clifford introduced vectors (or "steps,"” as he

sometimes called them) and early in the work explained such ideas
as the addition of vectors. Near the middle of the book, in a section

entitled "Product of Two Vectors," Clifford wrote:

On account of the importance of the theorem of moments, we shall
present it under yet another aspect. The area of the parallelogram abdc
may be supposed to be generated by the motion of ab over the step ac,
or by the motion of ac over the step ab. Hence it seems natural to speak
of it as the product of the two steps ab, ac. We have been accustomed to
identify a rectangle with the product of its two sides, when their lengths
only are taken into account; we shall now makejust such an extension of
the meaning of a product as we formerly made of the meaning of a sum,
and still regard the parallelogram contained by two steps as their prod-
uct, when their directions are taken into account. The magnitude of this
product is ab.ac sin bac; like any other area, it is to be regarded as a
directed quantity.

Suppose, however, that one of the two steps, say ac, represents an area
perpendicular to it; then to multiply this by ab, we must naturally make
that area take the step of translation ab. In so doing it will generate a
volume, which may be regarded as the product of ac and ab. But the
magnitude of this volume is ab multiplied by the area into the sine ofthe
angle that it makes with ab, that is, into the cosine of the angle that ac
makes with ab. This kind of product therefore has the magnitude ab. ac
cos bac; being a volume, it can only be greater or less; that is, it is a scalar
quantity.

We are thus led to two different kinds of product oftwo vectors ab, ac;
a vector product, which may be written V.abac, and which is the area
of the parallelogram of which they are two sides, being both regarded as
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steps; and a scalar product, which may be written S.ab.ac, and which is
the volume traced out by an area represented by one, when made to take
the step represented by the other. (8; 94-95)

After showing that both these products are distributive, Clifford

continued:

But there is a very important difference between a vector product and
a product of two scalar quantities. Namely, the sign of an area depends
upon the way it is gone round; an area gone round counter-clockwise is
positive, gone round clockwise is negative. Now if V. ab. ac = area, abed,
we must have by symmetry W.acab — area aedb, and therefore
V.ac.ab = —V. ab.ac, or Vy/3 — V/3y. Hence the sign of a vector product
is changed by inverting the order of the terms. It is agreed upon that
Val/3 shall be a vector facing to that side from which the rotation from a to
P appears to counter-clockwise. (8; 96).

This passage seems to be a definition of the modern scalar and vec-
tor products. Clifford's definition of the vector product of two vec-
tors is essentially equivalent to the modern definition and is in one
sense equivalent to the quaternion vector product. However, at no
point in the above passage did Clifford indicate whether the scalar
product was to be taken as positive or negative; he referred only to
the magnitude of the product. Nearly one hundred pages later he
returned to the scalar product and defined it as "the negative sum of
the products of their components along the axes." (8; 186) Clifford
thus used the scalar product in the quaternionic sense, not in the
modern sense.

In Clifford's posthumously published Common Sense of the
Exact Sciences the modern definition of the scalar product was
given. This appeared in chapter IV, section 16, of the book.®* Be-
fore Clifford died, he had written some ofthe chapters in this book,
and Karl Pearson wrote the remainder. In his preface Pearson
wrote: "For the latter half of Chapter IIl and for the whole of Chap-
ter IV (pp. 116-226) | am alone responsible."®® Thus the appear-
ance ofthe modern scalar product in this book is to be credited, not
to Clifford, but to Pearson. It is possible that in the year between
the publication of his Elements of Dynamic (1878) and his death in
1879 Clifford might have changed his definition of the scalar prod-
uct and that this fact was communicated to Pearson. However, it
seems far more probable that Pearson based his definition on the
first, rather than the second, discussion of the scalar product as
given by Clifford in his Elements of Dynamic and hence wrote the
product in its modern form only because of a misunderstanding!
That this is probable is further indicated by the great similarity of

the discussion of the scalar product given by Pearson as compared
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with the first discussion ofthe two given by Clifford in his Elements
of Dynamic. The confusing nature of Clifford's first definition adds
to this probability.

Later in his Elements of Dynamic Clifford made use of the opera-
tor V (without introducing this symbol) and introduced the term
divergence as the negative of Maxwell's convergence. (8; 209) He
also employed the linear vector operation as his mathematical
method in his section on strains. The incomplete second volume of
this work, published posthumously in 1887, followed the same
lines of development. It was perhaps natural that in an elementary
text Clifford would give few historical references. In fact the index
to the two volumes does not refer the reader to a single helpful his-
torical reference in regard to the origin of Clifford's vectorial meth-

ods.®®

Because of this fact Tait came close to accusing Clifford of
plagiarism.

Writing a review of Clifford's Common Sense of the Exact Sci-
ences.,, Tait stated: "Thus, especially in matters connected with the
development of recent mathematical and kinematical methods, his
statements were by no means satisfactory (from the historical point
of view) to those who recognized, as their own, some of the best
‘nuggets' that shine here and there in his pages. His Kinematic [the
subtitle of Clifford's Elements of Dynamic] was, throughout, spe-

cially open to this objection. . . ." (1; 272-273) In 1878 Tait re-
viewed Clifford's Elements of Dynamic; Tait wrote: "Though this
preliminary volume contains only a small installment ofthe subject,

the mode oftreatment to be adopted by Prof. Clifford is made quite
obvious. . . . For, although (so far as we have seen) the word qua-
ternion is not once mentioned in the book, the analysis is in great
part purely quaternionic. . . ." (1; 270) Tait went on to complain
that quaternionic notations and full gquaternionic methods should
have been used more extensively, although he suggested that Clif-
ford did not do this because students had already been offered such
things as V and might "refuse altogether to bite again." (1; 272)
The significance of Clifford in the history of vector analysis may
be best understood by considering him as a transition figure. Writ-
ing at a time after Grassmann and Hamilton had created their sys-
tems and before Gibbs and Heaviside created the modern system of
vector analysis, Clifford came to appreciate the benefits to be de-
rived from the use of vector methods, especially in mechanics.
Moreover in his Elements ofDynamic he introduced the practice of
defining separately his vector and scalar products. Considered
against the background ofthe quaternion tradition, this was a major
conceptual innovation, since quaternionists never viewed Va3
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and Sap as two separate products of the two vectors a and ft but
only as two parts of the full quaternion product a/3. Here and else-
where in his book we see Clifford selecting and altering parts ofthe
guaternion system and forming thereby the rudiments ofa new sys-
tem of vector analysis. This process of selection and alteration be-
gun by Clifford was carried to completion by Gibbs and Heaviside.
Neither of these men seem to have been influenced by Clifford, nor
were later vector analysts. This may be attributed to the fact that
Clifford died in 1879, and left only an unfinished presentation of
the elements he had worked out. IfClifford had lived, the history of

vector analysis might be quite different.

As a conclusion to this chapter the writings of Tait, Maxwell, and
Clifford may be briefly compared. Itis obvious that certain similari-
ties of view run through these writings: all three authors were, for
example, convinced that the vectorial approach to physical prob-
lems presented many advantages. One similarity which is less than
obvious is especially important. If we read the statements of these
three authors with the perspective ofthe present, we see that from
the writings of each the idea comes forth that the scalar product and
the vector product are of paramount importance and that the quater-
nion product is of limited use. In Clifford this is clearly evident
from the form of presentation used in his Elements of Dynamic. In
Maxwell the idea is expressed metaphorically—"May one plough
with an ox and an ass together?"—as well as indirectly—the full
guaternion product is rarely found in his Treatise on Electricity and
Magnetism. In Tait's Treatise on Quaternions this idea may also be
found, but only by one who (unlike Tait) has eyes to see it.

Such a man was Gibbs, who in an 1891 paper pointed out that the
careful reader of Tait's Treatise will find that what is essential to the
developments and what occurs most frequently in the treatment of
actual problems is, not the quaternion product a3, but rather the
separate products Saf3 and Va3® In making this acute observa-
tion, which he presented in a paper arguing for the advantages of
his system ofvector analysis over the quaternion system, Gibbs per-
haps revealed more than he intended: his debt to Tait was probably
greater than he realized. It is no accident that Gibbs read Tait's
Treatise shortly before he created the modern system of vector
analysis. And it is perhaps not too much to say that although Tait
felt that he was not in accord with the ideas of Maxwell and Clifford,

the three were in fact moving in the same direction.
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following information. The second edition probably consisted of 1000 copies, since
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and Gauss. Dyadics and the linear vector function are not included in this definition,
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called the Divergence Theorem) is attributed (by Hermann Rothe, "Systeme
Geometrischen Analyse, Erster Teil" in Encyklopadie der  mathematischen ~ Wissen-
schaften, vol. [IIl, pt I, 1345) to Gauss in his "Allgemeine Lehrsatze in Beziehung

auf die im verkehrten Verhaltnisse des Quadrates der Entfernung wirkenden
Anziehungs-und Abstossungskrafte" in Resultate aus den Beobachtungen des
magnetischen ~ Vereins im Jahre 1839, (Leipzig, 1840), 1-51, with special attention
to pages 34 to 35. This was translated into English and published in Richard Taylor's
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in a paper read in 1828, but published in 1831 in the Mem. de |I'Acad. de St. Peters-
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theorem. Oliver Dimon Kellogg, Foundations of Potential Theory, (New York,
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tractata, Commentationes societatis regiae scientiarum Gottingensis recentiores,
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“Many of the most important letters in the correspondence for this history were
published in Knott's book, cited in note (1) above. Knott's reason for publishing
so many of Maxwell's letters is in large part that most of Tait's letters were lost,
and hence the only way of indicating their content was by publishing Maxwell's
replies.

‘“see for example (1; 144), where letters from Maxwell to Tait of 1870 are quoted
and in which Maxwell admitted he was "unlearned” in quaternions but was "dab-
bling" in Hamilton.

“Edmund Whittaker, A History of the Theories of Aether and Electricity, vol.
| (London, 1958), 241-242. It should be noted that Whittaker slipped into a number
of anachronisms, as for example when he wrote that Thomson in 1846 found "curl
a = B." This anachronism would have been particularly displeasing to Thomson,
whose strong feelings against vectors have been discussed.

45(6: 261). The reader may note that quotations have been drawn from both
papers cited in notes (5) and (6) above. Rhetorically this is useful and not mis-
leading historically. According to Clifford, Maxwell was the first to distinguish be-
tween "force"” and "flux" vectors; see (7; 497).

“"For this see Tait, Treatise (1st ed.), 268, or Hamilton, Lectures, 610. Note that
neither Hamilton nor Tait nor Maxwell use the now common 8 for partial differentia-
tion.

”(8; 265). Note that since SVcr (in quaternion language) is equal to the modern
—V « y, Maxwell's name "convergence" required alteration. The modern name
"divergence" for V « a was given by William Kingdon Clifford in (8; 209).

4°(1; 143). The following discussion of Maxwell's ideas as expressed in his
letters has been aided by the availability of unpublished parts of Maxwell's cor-
respondence. These letters are in the archives of Cambridge University Library. The
officials of the Library permitted Professor Derek J. de Solla Price to microfilm
the collection. | have seen the letters in a copy of this microfilm in the possession
of Professor Erwin N. Hiebert of the University of Wisconsin.

°From the unpublished portion of the Tait-Maxwell correspondence.

°’Quaternions were probably not taught at Cambridge however. On this point
see A. R. Forsyth, "Old Tripos Days at Cambridge"” in Mathematical Gazette, 19
(1935), 164 and 172. Forsyth wrote: "Occasional attention, by individual students
who had been pupils of Tait at Edinburgh or pupils of Barker at Manchester, was
paid to quaternions: never as a non-commutative algebra: always with an introduc-
" (p. 172).

S?[James Clerk Maxwell], "Quaternions” in Natre, 9 (1873), 137-138. In attribut-

tory testimonial from Natural Philosophy."

ing this review to Maxwell | have followed Knott (1; 115) and Macfarlane Bibli-
ography of Quaternions). The content is of such a nature as to put the question
beyond a reasonable doubt. This paper was not included in Maxwell's Scientific
Papers (cited in note [4] above).

3 Ibid., 137.

**James Clerk Maxwell, Treatise on Electricity and Magnetism, 2 vols. (Oxford,
1873). A second (posthumous, but with some revisions by Maxwell) edition ap-
peared in 1881, and a third edition in 1891 (the book cited in note [3] above is a
reprint of the 3rd. ed.). Quotations from the Treatise will be referred to the third
edition. All quotations may be assumed to be identical in all editions unless the
contrary is noted.

S Maxwell, Treatise, | (1st ed.), 28-29.

¢ For the scalar product see (3,11; 256 and 274). For the vector product see (3,11;
240, 244, and 305).
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57(3,11; 13). In the first edition of Maxwell's Treatise the reference was to the first
edition of Tait's Quaternions.

8 A, P. Wills in the "Historical Introduction” to his Vector Analysis  with an In-
troduction  to Tensor  Analysis (New York, 1958), XXVi.

°°(3,11; 174 and 319). Grassmann's paper is his "Neue Theorie der Electro-
dynamik" in Poggendorff's Annalen der Physik, 74 (1845), 1-18.

S Maxwell referred to Grassmann on pages 125, 141-142, 152, 414, and 418-419
in the first volume of the work cited in note (4) above. Grassmann's paper is "Zur
Theorie der Farbenmischung” in Poggendorff's Annalen der Physik, 99 (1853), 69-
84. This was translated into English and published in the Philosophical Magazine,
7 (1854), 254-264.

°*Alexander Macfarlane, "James Clerk Maxwell"” in Ten British Physicists (New
York, 1919), 18.

®?william Kingdon Clifford, "Preliminary Sketch of Biquaternions” in (7; 181-
200). Clifford's biquaternions are not the same as Hamilton's biquaternions. They
are an offshoot of Hamilton's quaternion system and Ball's theory of screws and
Grassmann's system.

®*The content of these lectures was preserved in notes on the lectures made by a
student and published in (7; 478-515).

Y William Kingdon Clifford, Common Sense of the Exact Sciences, ed. Karl
Pearson (New York, 1894). The book first appeared in 1885; the above is a reprint.

° ibid.,  vii.

®*The index for both volumes is contained in the second volume. Grassmann is
never mentioned; Tait is referred to three times, always in regard to the Treatise on
Natural Philosophy, which Tait wrote with Kelvin. A single reference to Hamilton
appeared, and this is of no importance.

°70On this see The Scientific Papers ofj. Willard Gibbs, vol. ii (New York, 1961),
162.
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CHAPTER FIVE

Gibbs and Heaviside and the
Development of the Modern System

of  Vector Analysis

Introduction

To show that Josiah Willard Gibbs and Oliver Heaviside inde-
pendently and nearly simultaneously created what is essentially
the modern system of vector analysis is the chief concern of this
chapter. It will be argued that these two men, motivated by an
interest in electrical theory and inspired particularly by Maxwell,
forged modern vector analysis from quaternion (not Grassmannian)
elements. Later chapters will show that Gibbs and Heaviside were
spared the fate of Grassmann and Hamilton; within twenty-five
years their system of vector analysis was widely appreciated and
much used. Since Gibbs' work came slightly earlier than Heavi-

side's, he will be considered first.

. Josiah Willard Gibbs

In the preface to the third edition of his Treatise on Quaternions
(1890) Peter Guthrie Tait expressed his disappointment at "how
little progress has recently been made with the development of
Quaternions.”’ He went on to remark: "Even Prof. Willard Gibbs
must be ranked as one of the retarders of Quaternion progress, in
virtue of his pamphlet on Vector Analysis; a sort of hermaphrodite
monster, compounded of the notations of Hamilton and of Grass-
mann."’ Tait's remark about Gibbs is correct; Gibbs did retard
quaternion progress, for his "pamphlet" Elements of  Vector

Analysis marks the beginning of modern vector analysis.
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Many of Tait's readers must have wondered who this "retarder
of Quaternion progress" was. Though Gibbs had by 1890 made
major scientific discoveries, few scientists had noticed them in the
pages of the Transactions of the Connecticut Academy. Gibbs"'
fate was the not uncommon fate of the theoretician: slow recogni-
tion. Recognition did come in time, and now Gibbs is frequently
placed in a class with Gauss, Faraday, Maxwell, Helmholtz, and
Einstein. However when he presented his vectorial system in the
1880's, he lacked that "capital” of reputation which Hamilton had
attained so early in his life and which favorably influenced the re-
ception of his ideas. It will thus be important to survey the events
in Gibbs' life that led up to the creation of his system and in-
fluenced its reception.

Josiah Willard Gibbs was born in 1839: his father was at thattime
a professor of sacred literature at Yale University.® Gibbs graduated
from Yale in 1858, after he had compiled a distinguished record as a
student. His training in mathematics was good, mainly because of
the presence of H. A. Newton on the faculty. Immediately after
graduation he enrolled for advanced work in engineering and at-
tained in 1863 the first doctorate in engineering given in the United
States. (1; 32) After remaining at Yale as tutor until 1866, Gibbs
journeyed to Europe for three years ofstudy divided between Paris,
Berlin, and Heidelberg. Not a great deal ofinformation is preserved
concerning his areas of concentration during these years, but it is
clear that his main interests were theoretical science and mathe-
matics rather than applied science. It is known that at this time he
became acquainted with Mobius' work in geometry, but probably
not with the systems of Grassmann or Hamilton. (1; 43) Gibbs re-
turned to New Haven in 1869 and two years later was made pro-
fessor of mathematical physics at Yale, a position he held until his
death.

His main scientific interests in his first year of teaching after his
return seem to have been mechanics and optics. (1; 61-62) His
interest in thermodynamics increased at this time, and his research
in this area led to the publication ofthree papers, the last being his
now classic "On the Equilibrium of Heterogeneous Substances,”
published in 1876 and 1878 in volume IIl of the Transactions of the
Connecticut Academy. This work of over three hundred pages was
of immense importance. When scientists finally realized its scope
and significance, they praised it as one ofthe greatestcontributions
of the century. However, for the present purpose the focus must be
on the immeidate reception of the paper. Although Maxwell had
recognized its importance, few others did before the early 1890's,
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when Ostwald arranged for a German translation and publication of
the work.?® Thus when in the 1880's Gibbs began to make known his
views on vector analysis, his fame as a scientist was not great.
There is good evidence for concluding that Gibbs did not know
Maxwell's ideas on electricity until the appearance of the latter's
Treatise ~ on  Electricity and Magnetism in 1873. (1; 62) His increas-
ing interest in this area led him to give a course in electricity and
magnetism in 1877 (1; 62), and eventually to publish papers in the

Maxwellian tradition.

. Gibbs' Early Work in Vector  Analysis

The historian is extremely fortunate that the draft of an 1888
letter written by Gibbs to Victor Schlegel has been preserved, for
this letter answers a host of interesting questions. The introductory

paragraph of the letter was followed by:

Your apt characterization of my Vector Analysis in the Fortsch. Math,
suggests that you may be intersd [interested] to know the precise rela-
tion of that pamphlet to the work of Ham. & Grass, with respect to its
composition.

My first acquaintance with quaternions was in reading Maxwell's
E. & M. [Electricity and Magnetsm] where Quaternion notations are
considerably used. | became convinced that to master those subjects, it
was necessary for me to commence by mastering those methods. At the
same time | saw, that although the methods were called quaternionic the
idea of the quaternion was quite foreign to the subject. In regard to the
products of vectors, | saw that there were two important functions (or
products) called the vector part & the scalar part of the product, but that
the union of the two to form what was called the (whole) productdid not
advance the theory as an instrument of geom. investigation. Again with
respect to the operator V as applied to a vector | saw that the vector part
& the scalar part of the result represented important operations, but
their union (generally to be separated afterwards) did not seem a
valuable idea. This is indeed only a repetition of my first observation,
since the operator is defined by means of the multiplication of vectors,
& a change in the idea of that multiplication would involve the change
in the use to the operator V.

| therefore began to work out ab initio, the algebra of the two kinds of
multiplication, the three differential operations V applied to a scalar, &
the two operations to a vector, & those functions or rather integrating
operators wh [which] (under certain limitations) are the inverse of the
said differential operators, & wh play the leading roles in many depart-
ments of Math. Phys. To these subjects was added that of lin. vec. func-
tions wh is also prominent in Maxwell's E. & M.

This | ultimately printed but never published, although | distributed a
good many copies among such persons as | thought might possibly take
an interest in it. My delay & hesitation in this respect was principally
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due to difficulty in making up my mind in respect to details of notation,
matters trifling in themselves, but in wh it is undesirable to make un-
necessary changes.

My acquaintance with Grassmann's work was also due to the subject
of E. [electricity] & in particular to the note wh he published in Crelle's
Jour, in 1877 calling attention to the fact that the law ofthe mutual action
of two elements of current wh Clausius had just published had been
given in 1845 by himself. | was the more interested in the subject as |
had myself(before seeing Clausius' work) come to regard the same as the
simplest expression for the mechanical action, & probably for the same
reason as Grassmann, because that law is so very simply expressed by
means of the external product.

At all events | saw that the methods wh | was using, while nearly those
of Hamilton, were almost exactly those of Grassmann. | procured the
two Ed. ofthe Ausd. but | cannot say that | found them easy reading. In
fact | have never had the perseverance to get through with either of
them, & have perhaps got more ideas from his miscellaneous memoirs
than from those works.

| am not however conscious that Grassmann's writings exerted any
particular influence on my V-A, although | was glad enough in the intro-
ductory paragraph to shelter myself behind one or two distinguished
names [Grassmann and Clifford] in making changes of notation wh |
felt would be distasteful to quaternionists. In fact if you read that
pamphlet carefully you will see that it all follows with the inexorable
logic of algebra from the problem wh | had set myself long before my
acqg. with Grass.

| have no doubt that you consider, as | do, the methods of Grassmann
to be superior to those of Hamilton. It thus seemed to me that it might
[be] interesting to you to know how commencing with some knowledge
of Ham's methods & influenced simply by a desire to obtain the simplest
algebra for the expression of the relations of Geom. Phys. &c | was led
essentially to Grassmann's algebra of vectors, independently of any
influence from him or any one else.'’

This letter is so rich in information that from it we may establish
Gibbs' relationship to each of the important figures in the earlier
history of vector analysis.

Concerning Gibbs' relationship to Maxwell: we learn that interest
in electricity and magnetism Jled Gibbs to Maxwell's Treatise;
here he found quaternions "considerably used" and inferred their
usefulness. Thus from Maxwell he went to the quaternionists.
Maxwell's gentle criticisms and discriminating employment of
quaternion methods probably did not go unnoticed by Gibbs. Or
perhaps the practices of the quaternionists revealed to him what
their theoretical and rhetorical statements could not say: the
quaternion is not needed. In any case, what Maxwell wanted in a
vector analysis, Gibbs produced.

Concerning Gibbs' relationship to Hamilton and Tait: we learn

that Gibbs commenced his search for a vector analysis "with some
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knowledge of Ham[ilton]'s methods . . and ended up with

methods that were "nearly those of Hamilton. Stronger state-
ments showing historical continuity are seldom found. It is clear
that Gibbs was no more than a minor heretic in relation to quater-
nion orthodoxy. Gibbs' achievement was great, but so was his debt
to Hamilton and his followers. It will later be argued that Tait was
especially influential on Gibbs.

Concerning Gibbs' relationship to Grassmann: we learn that
Gibbs created his system "independently of any influence from
him or any one else." Obviously Gibbs' "any one else" was not
meant to include Maxwell and the quaternionists. Gibbs also stated
that he was not "conscious that Grassmann exerted any particular
influence on my V-A. . . ." This is to be expected since Gibbs had
begun searching for a new vector system "long before my
acquaintance] with Grass[mann]." When (1877 or later) Gibbs
finally began to read Grassmann, he found a kindred spirit. Al-
though Gibbs admitted he had never been able to read through
either of Grassmann's books, he did recognize Grassmann's
priority and warmly praised his ideas on numerous occasions.
Gibbs' statements concerning his independence of Grassmann
were fully accepted by Victor Schlegel, who as Grassmann's lead-
ing disciple was perhaps least disposed to acceptthem. In his reply
to Gibbs' letter Schlegel stated: "I realized from your letter how
you attained to ideas similar to Grassmann's but independently of
him; | have repeatedly witnessed this phenomenon: when the time
has come—when the development of science demands a definite
discovery—then this discovery will be made by a number of in-
vestigators." !

Concerning Gibbs' relationship to Clifford: we learn that it was
limited to the use of Clifford's name "as a shelter"” in the introduc-
tory paragraph of his vector analysis book.

Thus from this letter we can obtain a general outline of Gibbs"
early work in vector analysis. There are however a number of facts
that will give a fuller picture of Gibbs' activities.

In 1879 Gibbs gave a course in vector analysis with applications

to electricity and magnetism,*?

and in 1881 he arranged for the
private printing of the first half of his Elements of Vector Analysis;
the second half appeared in 1884. In an effort to make his system
known, Gibbs sent out copies of this work to more than 130 sci-
entists and mathematicians. (1; 247) Many ofthe leading scientists
of the day received copies, for example, Michelson, Newcomb,
J. J. Thomson, Rayleigh, FitzGerald, Stokes, Kelvin, Cayley, Tait,
Sylvester, G. H. Darwin, Heaviside, Helmholtz, Clausius, Kirchhoff,
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Lorentz, Weber, Felix Klein, and Schlegel. (1; 236-247) Though the
work was not given the advertisement that a regular publication
would have had, such a selective distribution must have aided in

making it known.

IV. Gibbs' Elements of Vector Analysis

Some idea of the form of Gibbs" Elements of Vector Analysis '3

may be obtained from Gibbs' introductory paragraph:

The fundamental principles of the following analysis are such as
are familiar under a slightly different form to students of quaternions.
The manner in which the subject is developed is somewhat different
from that followed in treatises on quaternions, since the object of the
writer does not require any use of the conception of the quaternion,
being simply to give a suitable notation for those relations between
vectors, or between vectors and scalars, which seem most important,
and which lend themselves most readily to analytical transformations,
and to explain some of these transformations. As a precedent for such a
departure from quaternionic usage, Clifford's Kinematc may be cited.
In this connection, the name of Grassmann may also be mentioned, to
whose system the following method attaches itself in some respects
more closely than to that of Hamilton. (2; 17)

Although Gibbs mentioned only Clifford and Grassmann in the
introductory paragraph, the previously cited letter makes it clear
that his chief debt was not to either Clifford or Grassmann but to
the quaternionists. In the discussion of Gibbs' book this point will
be illustrated; specifically it will be suggested that Gibbs was
strongly influenced by the content and form of presentation found
in the second edition of Tait's Treatise on  Quaternions.

Chapter |, "Concerning the Algebra of Vectors," began with
such definitions as "vector," "scalar," and "vector analysis." In
much ofthe symbolism introduced, Gibbs followed the quaternion
traditions; for example, Gibbs represented vectors by Greek letters,
their components by means of i, j, and k. Where Hamilton had
written AB (for a vector) and Tait AB, Gibbs wrote AB. Gibbs, like
Tait and Maxwell, but unlike Hamilton, used the right-handed co-
ordinate system.

In dealing with vector products Gibbs introduced the "direct
product,” written a/3, and the "skew product,"” written a X These
are the now-current scalar (dot) and vector (cross) products. The
relation between these products and the quaternion system may
be expressed by writing afB = —Sa3 and a X /3 == Vocfi Gibbs of
course never combined these products in any way analogous to

the quaternion equation <xf3 — Sot(3 H~ Vctfi To illustrate further
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the <closeness of Gibbs' booklet to Tait's Treatise on Quaternions
(2nd ed.), various equivalent equations from Chapter | of Gibbs and
from Tait have been listed below:

Gibbs (2; 21) al3 = [3a

Tait (3; 43) Sa/l3 = S/3a

Gibbs (2; 21) a x (3 =-0 X a

Tait (3; 43) Vaf3 = —V/3a

Gibbs (2; 22) ap = xx + yy + zz2 and a X p = (yz - zy)i +
(zx' -xz')j + (xy - yx)k

Tait (3; 43) a3 = - {xx' + yy+ zz) + (yz'-zy')i +(zx'-xz")j +
&y - yxk

Gibbs (2; 23) a X i X y] = (@yp - (apy

Tait (3; 44) VaVpy = ySaP - pSya

Gibbs (2; 24) [a X p] X [y x 8 = (a.y X 8p - (py X 8)a

Tait (3; 44) VVapVyS = -pSaVyS + aSpVyd

Many more such pairs of equations could be given, butthe above
should be sufficient to suggest strongly that the two works are quite
similar in the symbolisms employed and mathematical ideas ex-
pressed. The similarities are probably most easily explained by the
conjecture that Gibbs learned quaternionic analysis from Tait and
hence when he came to write a work with similar mathematical
content, it was natural for him to write in the "language" that he
had learned from Tait. Unfortunately for the historian, Gibbs, hav-
ing written his booklet primarily as ateaching aid, made no attempt
whatever to indicate the origins of the various theorems.

Chapter | concluded with a treatment of methods for solving
vectorial equations, and chapter Il was entitled "Concerning the
Differential and Integral Calculus of Vectors." Herein Gibbs in-
troduced the operator V, proved the related transformation
theorems, and gave an extended treatment of the mathematics of

14

potential theory. The part of Gibbs' booklet printed in 1881 ter-

minated near the end of chapter Il; the remainder was printed in
1884.
Chapters Ill and IV centered on linear vector functions, that is,

vector functions of such a nature that a function of the sum of any
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two vectors is equal to the sum of the functions of the vectors. To
treat linear vector functions Gibbs introduced the terms and con-
cepts "dyad" and "dyadic." A dyad is an expression of the form
ak, where a and X are vectors; and a dyadic refers to the sum of a
number of dyads. In these two chapters Gibbs followed the general
scheme for the treatment of linear vector functions that had been
worked out by Hamilton and Tait. Because ofthis the quaternionist

C. G. Knott was able to argue:

but when we bear in mind that Professor Gibbs deliberately set out to
construct a system free from the fancied blemish of the quaternion and
yet did not scruple to introduce in its stead an indeterminate product
[the dyad] which is without any geometric significance whatever, and
when we find on careful comparison that practically the dyadic system is
simply a modification of quaternion methods, in large measure a mere
difference of notation, we can find no satisfactory reason for a man of
Professor Gibbs's great powers leaving quaternionic paths to invent
new notations, new names for old things, and an indeterminate purely
symbolic product to take the place of the determinate real quaternion.®

Although Knott went somewhat too far in this statement, it is
typical of a type of argument that proponents of the quaternion
tradition were to bring against Gibbs. The same conclusion as to
the relation of the systems is implicit in the tables of comparative

notation given by later authors.'®

The main physical applications
of linear vector functions were to the treatment of rotations and
strains, which Gibbs, like Tait, covered in some detail. It was
primarily in these sections that Gibbs went beyond the results

obtained by the quaternionists.’

The concluding brief chapter of
his booklet dealt with transcendental functions of dyadics, and to
this was appended a short note on bivector analysis.'®

That Gibbs' book was not highly original was the view of most
of his contemporaries, and in this view they did not err. E. B.
Wilson, Gibbs' student and the author of an important book on
vector analysis "founded upon the lectures of' Gibbs, wrote the

following in a 1936 article entitled "The Contributions of Gibbs

to Vector Analysis and Multiple Algebra": "If | have not claimed
very much for his contributions in this field | have but followed
what | believe to be his own matured judgment. Had | written
thirty years ago | should have claimed much more for him than he

would have admitted." *°

Leigh Page seems to have come to the
same conclusion, for he is quoted as writing that "the value of his
work lies more in the formulation of a convenient and significant
notation than inthe development ofa new mathematical method." 2°
Heaviside referred to Gibbs' booklet as "an able and in some

respects original little treatise on vector analysis. ..." (4; 138) If
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Gibbs cannot be given great credit for originality of methods, yet
he deserves praise for the sensitivity of his judgment as to what
deletions and alterations should be made in the quaternionic
system in order to make a viable system. His symbolism, now in
the main accepted, also constitutes a significant contribution.
Gibbs' work is, historically considered, one of the two sources
from which modern vector analysis came into existence. Though
his booklet was difficult to read because of its compactness (Heavi-
side called it a "condensed synopsis"), it could and did form a

basis for later writers.

V. Gibbs' Other Work Pertaining to Vector Analysis

Gibbs' Elements of Vector Analysis was by no means his only
contribution to vector analysis. Although Grassmann, Hamilton,
Tait, and Heaviside did almost no teaching of their ideas on vector
analysis, this was not the case with Gibbs. During the 1880's Gibbs
taught vector analysis periodically and in the 1890's taught the
course every year.?! At least in later years the course consisted of
ninety lectures.??

Gibbs also published a number of articles which have relevance
to the history of vector analysis. It is primarily from these that
Gibbs' view of Grassmann may be determined. Though Gibbs
created his system independently of Grassmann's, the two systems
had much in common, and it was natural for Gibbs to argue for the
power and importance of Grassmann's work. Moreover Gibbs felt
that Grassmann's system, when viewed as a work in multiple

5 One of

algebra, had much of value for the pure mathematician.?
Gibbs' most famous papers was entitled "On Multiple Algebra."
It was given as an "Address before the Section of Mathematics
and Astronomy of the American Association for the Advancement
of Science, by the Vice-President" and was published in 1886.2* Of
all Gibbs' writings this essay gives the best picture of his concep-
tion of the place ofvector analysis within the wider fields ofalgebra
and mathematics in general. Broadly considered, the article is a
plea for greater interest in multiple algebra. Gibbs began with a
brief treatment of the history of multiple algebra and considered
such men as Mobius, Grassmann, Hamilton, Saint-Venant, Cauchy,
Cayley, Hankel, Benjamin Peirce, and Sylvester. By this analysis

Gibbs hoped among other things

to illustrate the fact, which | think is a general one, that the modern
geometry is not only tending to results which are appropriately ex-
pressed in multiple algebra, but that it is actually striving to clothe itself
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in forms which are remarkably similar to the notations of multiple
algebra, only less simple and general and far less amenable to analytical
treatment, and therefore, that a certain logical necessity calls for throw-
ing off the yoke under which analytical geometry has so long labored.
(2; 103)

The strongest praise and fullest treatment was bestowed wupon
Grassmann. Considering in detail a number of the products de-
fined by Grassmann, Gibbs discussed their significance and argued
that Grassmann's system provides a rich and encompassing point
of view. Gibbs concluded the paper with a discussion of applica-

tions of multiple algebra to physical science. Thus he stated:

First of all, geometry, and the geometrical sciences which treat of
things having position in space, kinematics, mechanics, astronomy][,]
physics, crystallography, seem to demand a method of this kind, for
position in space is essentially a multiple quantity and can only be
represented by simple quantities in an arbitrary and cumbersome man-
ner. For this reason, and because our spatial intuitions are more de-
veloped than those of any other class of mathematical relations, these
subjects are especially adapted to introduce the student to the methods
of multiple algebra. (2; 113)

Proceeding then to specifics, Gibbs noted that through Maxwell
electricity and magnetism had become associated with the methods
of multiple algebra but that astronomy had so far remained aloof.

(2; 114) Having noted that for geometrical applications multiple

algebra will generally take the form of a point or a vector analysis,
Gibbs stated that "in mechanics, kinematics, astronomy, physics,
or crystallography, Grassmann's point analysis will rarely be
wanted." (2; 115) However arguments were given on behalfofthe

usefulness of point analysis for investigations in pure mathematics.
The concluding paragraph and the concluding sentence in par-

ticular have now become classic.

But | do not so much desire to call your attention to the diversity of
the applications of multiple algebra, as to the simplicity and unity of its
principles. The student of multiple algebra suddenly finds himselffreed
from various restrictions to which he has been accustomed. To many,
doubtless, this liberty seems like an invitation to license. Here is a
boundless field in which caprice may riot. It is not strange if some look
with distrust for the result of such an experiment. But the farther we ad-
vance, the more evident it becomes that this too is arealm subject to law.
The more we study the subject, the more we find all that is most useful
and beautiful attaching itself to a few central principles. We begin by
studying multiple algebras; we end, | think, by studying MULTIPLE
ALGEBRA. (2; 117)

Gibbs' paper may be taken as symbolic of the ever-increasing

interest expressed at that time by pure and applied mathematicians
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in multiple algebra. The increasing interest in vector analysis was
a part, in one way the most influential part, of that trend. Gibbs
was able, as some later writers were not, to view vector analysis in
the broad perspective offered by multiple algebra. That Gibbs was
deeply interested in multiple algebra is shown by the facts that
every two or three years he gave a course in multiple algebra?®
and that he planned to publish additional writings on multiple
algebra and had actually done research in this regard. (1; 118)

In two of his five papers on the electromagnetic theory of light
Gibbs made use ofvectorial methods. However he did not in these
papers stress the importance of vector methods; in fact anyone who
had read Maxwell's Treatse would have no difficulty with the
methods used. Gibbs did publish one highly mathematical paper
aimed at demonstrating the usefulness ofvector methods to a group
of scientists —the astronomers. This is his "On the Determination
of Elliptic Orbits from Three Complete Observations," published
in 1889 in the Memoirs of the National Academy of Sciences® and
later translated into German and included in the third edition of
Klinkerfuss' Theoretische Astronomie. (1; 137) Gibbs discussed
the aim of this rather long paper in a letter to Hugo Buchholz, who

edited the third edition of this book:

The object of my paper was to show to astronomers, who are rather
conservative . . . the advantage in the use of vector notations, which |
had learned in Physics from Maxwell. This object could be best ob-
tained, not by showing, as | might have done, that much in the classic
methods could be conveniently and perspicuously represented by
vector notations, but rather by showing that these notations so simplify
the subject, that it is easy to construct a method for the complete solution
of the problem. (2; 149)

In this paper Gibbs gave a sketch ofthe very elementary parts of
his vector analysis (little more than the direct and skew products),
and with these methods he developed an improved technique for
the determination of an orbit from three complete observations.
Shortly after the paper was published, A. W. Phillips and W.
Beebe published a paper in which they tested (successfully) his
method on Swift's Comet.?” It has been established that Gibbs did
more work on this problem, though he did not publish his results.
(1; 137) Gibbs sent out more reprints (199) of this article than of
any other article, with the exception of his "On Multiple Algebra,"
of which 276 copies were distributed. (1; 247) The only remaining
papers by Gibbs which bear on the history of vector analysis are
the four polemical papers published in Natre from 1891 to 1893.

These will be discussed in detail in the following chapter.
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Gibbs, as mentioned before, was an ardent admirer of Grass-
mann's works. This led him in 1887 to write aletterto Grassmann's

son, Hermann Jr., containing the following:

Permit me to take this opportunity to express my hope that the publi-
cation of another edition of the Ausdehnungslehre of 1862, will not be
long delayed. Using that treatise in one of my classes two years ago, |
had great difficulty in collecting 3 or 4 copies by borrowing, &c.

Another matter has long been on my mind. Your honored Father, in
the preface to the first Ausdehnungslehre, mentions a work on the
tides in wh he used the principles of the Ausdehnungslehre prior to
its publication. Ifthe manuscript of that work is in existence, it seems to
me that its publication would be an important contribution to the history
of the development of mathematical ideas in this century. (1; 114)

Hermann Grassmann Jr. replied in 1888 that the thesis on the tides
had been located but there might be difficulty in finding a pub-
lisher. (1; 115) This led Gibbs to write to Thomas Craig, the editor
of the American Journal of Mathematics, to ask if he would con-
sider publishing the work. The following interesting passage is

from this letter:

| believe that a Kampf ums Dasein is just commencing between the
different methods and notations of multiple algebra, especially be-
tween the ideas of Grassmann & of Hamilton. The most important ques-
tion is of course that of merit, but with this questions of priority are in-
extricably entangled, & will be certain to be the more discussed, since
there are so many persons who can judge of priority to one who can
judge of merit. Those who are to discuss these subjects ought to have the
documents before them, & not be handicapped as | was two years ago,
for want of them. (1; 115)

Gibbs' prophecy, that a "struggle for existence" between the
different methods was imminent, was certainly fulfilled. Although
Craig consented to publish the work, this became unnecessary
when it was decided that Grassmann's collected works should be
published. In this regard Hermann Grassmann Jr. wrote to Gibbs

in 1893:

For the completion of a collected edition of the mathematical and
physical works of my father we have to thank primarily the energetic
labors of Professor F. Klein of Gottingen, who through his wide connec-
tions has supplied the necessary driving force for the undertaking.
However the credit for stirring up interest in the matter is exclusively
yours. (1; 115-116)

As a final note it may be mentioned that in 1899 Max Abraham
(one of the advocates of vector analysis in Germany) requested

Gibbs to write an article on vector analysis for the Encyklopadie
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der mathematischen Wissenschaften, a request which evidently
Gibbs declined to fulfill. (1; 231)

By the time that Gibbs died in 1903 he had made numerous
important contributions to vector analysis. This was possible not
only because of his creative powers in mathematics but also by his
great ability to seize upon the most significant traditions in the
mathematics and physical science of the time, and thence to con-
struct a system in harmony with the demands of the time.

It is striking that a historical phenomenon ofthe 1840's occurred
again in the 1880's. In the 1840's Hamilton and Grassmann inde-
pendently and simultaneously created vectorial systems with a
number of similarities. In the 1880's another scientist, geo-
graphically an ocean away from Gibbs, was covering much the same

mathematical terrain as Gibbs. This was Oliver Heaviside.

Vi. Oliver Heaviside

Oliver Heaviside was born May 18, 1850, in London to a family

® Heaviside's formal education came

with little financial security.?
to an end in 1866; hence he lacked university training. In 1868,
probably through the influence of his uncle Sir Charles Wheat-
stone, Heaviside took a job as a telegraph operator. Electrical
problems began to interest him, and in 1872 he published the first
of his numerous electrical papers. He retired from this position in
1874 to live with his parents and pursue independent study and
research. Among the books he studied was Maxwell's recently
published (1873) Treatise on Electricity and Magnetism.

The above narrative may be extended by the following statement
included by Heaviside in a review of Wilson's Vector Analysis.
Heaviside began by telling the story of a boy who, enchanted by

the word "Quaternion,"” set himselfto reading Hamilton's books.

He took those books home and tried to find out. He succeeded after
some trouble, but found some of the properties of vectors professedly
proved were wholly incomprehensible. How could the square of a
vector be negative? And Hamilton was so positive about it. After the
deepest research, the youth gave it up, and returned the books. He then
died, and was never seen again. He had begun the study of Quaternions
too soon.

My own introduction to quaternionics took place in quite a differ-
ent manner. Maxwell exhibited his main results in quaternionic form
in his treatise. | went to Prof Tait's treatise to get information, and to
learn how to work them. | had the same difficulties as the deceased
youth, but by skipping them, was able to see that quaternionics could

162



Development of the Modern System of Vector Analysi s

be employed consistently in vectorial work. But on proceeding to ap-
ply quaternionics to the development of electrical theory, | found it
very inconvenient. Quaternionics was in its vectorial aspects antiphysi-
cal and unnatural, and did not harmonise with common scalar mathe-
matics. So | dropped out the quaternion altogether, and kept to pure
scalars and vectors, using a very simple vectorial algebra in my papers
from 1883 onward.

Up to 1888 | imagined that | was the only one doing vectorial work on
positive physical principles; but then | received a copy of Prof. Gibbs's
Vector Analysis (unpublished, 1881-4). This was a sort of condensed
synopsis of a treatise. Though different in appearance, it was essentially
the same vectorial algebra and analysis to which | had been led.

as time went on, and after a period during which the diffusion of pure
vectorial analysis made much progress, in spite of the disparagement
of the Edinburgh school of scorners (one of whom said some of my work
was "a disgrace to the Royal Society," to my great delight), it was most
gratifying to find that Prof. Tait softened in his harsh judgments, and
came to recognise the existence of rich fields of pure vector analysis,
and to tolerate the workers therein.

| appeased Tait considerably (during a little correspondence we had)
by disclaiming any idea of discovering a new system. | professedly
derived my system from Hamilton and Tait by elimination and simpli-
fication, but all the same claimed to have diffused a working knowledge
of vectors, and to have devised a thoroughly practical system.?®

From this quotation a number of important facts become evident.
First, it is striking that Heaviside, like Gibbs, became interested
in quaternions through Maxwell's Treatse. Heaviside then natu-
rally turned to Tait. Second, Heaviside, as had Gibbs, developed
his system of vector analysis from the quaternion system. Heavi-
side explicitly stated that he did this "by elimination and sim-
plification." Third, it is clear that until 1888 Heaviside worked in
complete independence of Gibbs.?° Fourth, Heaviside's remark
concerning Tait's eventual recognition of the value of vector
analysis is certainly of interest. Finally, it is significant that Heavi-
side made no mention of Grassmann; indeed there is no reason
for believing that he had even heard of Grassmann until he re-
ceived Gibbs' booklet in 1888.

Vil Heaviside's Electrical Papers

The first paper in which Heaviside introduced vector methods
was his 1882-1883 paper "The Relations between Magnetic Force

and Electric Current," published in the Electican® The way in
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which vectors were introduced by Heaviside is somewhat sur-
prising. He began by discussing an electrical theory which in-
volved in its mathematical treatment the Cartesian equivalent of
the curl. He then gave a quasi definition of curl: "When one vector
or directed quantity, B, is related to another vector, C, so that the
line-integral of B round any closed curve equals the integral of
C through the curve, the vector C is called the curl of the vector
B." (5,1; 199) Heaviside extended this discussion of the curl by
treating potentials for scalar and vector fields. This was followed
by a discussion of quaternions.

After pointing out the great need for a vectorial method for
representing the numerous vectorial quantities in physics, he
commented that quaternions were such a method, but for some

reason quaternions had not been used. He suggested the reason:

Against the above stated great advantages of Quaternions has to be
set the fact that the operations met with are much more difficult than
the corresponding ones in the ordinary system, so that the saving of
labour is, in a great measure, imaginary. There is much more thinking
to be done, for the mind has to do what in scalar algebra is done almost
mechanically. At the same time, when working with vectors by the
scalar system, there is great advantage to be found in continually
bearing in mind the fundamental ideas of the vector system. Make a
compromise; look behind the easily-managed but complex scalar equa-
tions, and see the single vector one behind them, expressing the real
thing. (5,1; 207)

He gave an illustration of the advantage of thinking in terms ofvec-
tors, and stated and proved the theorems ascribed to Gauss and
Stokes. This was followed by a fuller discussion of vector potential
and curl, and finally by physical applications.

It is noteworthy that Heaviside began his presentation in the
middle of vector analysis. Such fundamental symbols as i,j, /c, V,

d d d
and i —+j — + k —, never appeared. Heaviside had in fact man-
ax 7 dy dz

aged to introduce vectors in this paper without having said a word
about vector multiplication. Many of his proofs and discussions
were thus in a qualitative or in a Cartesian form. Nothing in the
paper violated quaternion usage, except the material omitted
would be striking by its absence to a quaternionist. At this stage
in his writings Heaviside's presentation was scarcely beyond what
Maxwell had done. The interesting but probably unresolvable
guestion arises as to whether at the time of the writing this paper
Heaviside had begun to develop his nonquaternionic system.

Heaviside's next paper was entitled "Current Energy" and
was published in 1883 in the Electician. (5,1; 231-255) In this
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paper a discussion of certain electrical questions led to a quantity
composed of the product of the lengths of two vectorial quantities
multiplied by the cosine of the angle between them. Heaviside

stated:

Let ds' be an element of length of the current C\ The portion of M
due to it alone is—AC'" ds' cos (AC), or simply—AC' ds, (if we place
a stroke over the product of two vector quantities to signify that the
product of their magnitudes (disregarding directions) is to be multi-
plied by the cosine of the angle between their directions, i.e., A mul-
tiplied by component of C' along A, or C' multiplied by component of
A along C'; as will be done hereafter).??

The remainder of the paper was devoted to further discussion of
electrical questions in which Heaviside made frequent use of the
scalar product. The symbols i, j, k never appeared in this paper,
which as a whole was ideally suited for an introduction and illustra-
tion of the scalar product.

Heaviside's next paper, published in the Electrician for 1883,
was entitled "Some Electrostatic and Magnetic Relations.”" Heavi-
side's discussion began with matters relating to electrostatic force

and its convergence:

Let R denote the electrostatic force, and p the volume density of
electricity then we may say

47rp = —conv. R, or 47rp = div. R,

where we use conv and div as abbreviations to be understood as follows:
In terms of the components X, Y, Z of the force, we have

4wp=(%+%+%)...

The expression on the right hand side of this equation (with the — sign
prefixed) Maxwell called the "convergence" of the force; it is really the
integral amount of force, taken algebraically, entering the unit volume;
but since + convergence indicates negative electrification, we may as
well use the term "divergence" for the same quantity with + sign pre-
fixed (5,1; 256-257)

Heaviside here used the term "divergence" for the first time in his
writings. Though Clifford had introduced this term five years
earlier, it by no means necessarily follows that Heaviside had read
Clifford, since Heaviside did not mention Clifford and since diver-
gence is an obvious name for the negative of the convergence. The
physical representation in terms of lines of force also suggests this
name. Maxwell, it may be recalled, introduced the term "conver-

gence" to harmonize with the first part of the quaternion equation
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\dx dy dz) \dy dz)
J \dz dz) \dx dy)
Thus one significance of Heaviside's use of "divergence," instead
of "convergence," is that this term harmonizes with his view ofthe

scalar product as a positive quantity. Heaviside proceeded to apply
the symbol V to a scalar function; he had used this symbol before,
but sparingly and with no introductory comment on it as a vectorial
operation.

Later in this paper Heaviside introduced a section entitled "The
Operator V and Its Applications."®® After mention of the curl,
divergence, and "space-variation" (Maxwell's term for VP for P a
scalar function of position) Heaviside wrote: "Now it is very re-
markable that (as was discovered by Tait) these three operations of
curl, divergence, and space-variation are really only three different
forms of the same operation, the effect varying according to the
nature of the function under examination.” (5,1; 268) This was
followed (after some explanations) by the presentation of the

quaternion usage of V.

For, if we denote by i, j, k three rectangular vectors of unit lengths
parallel to x, y, z, then Xi will denote a vector of length X parallel to
x, and similarly for Yj and Z/c, consequently we may write R —
Xi + Yj + Zk with the convention that the sign of addition signifies com-
pounding as velocities. Now the full expression of V is

dx 7 dy dz'

hence

Expand this expression, with the further conventions
iZ? ==K — —1, and ij — kjk =i, ki =],
and we obtain,

wo (dx AdY .z a0 - (dx dz\,,(dY  dx

i.,e., VR = conv R + curl R. (5,1; 271)

Referring to the above usage of quaternions, Heaviside wrote:
"However, this is merely parenthetical, and we shall have no more
concern with quaternion expressions. . . ."%* When this paper was

republished, Heaviside added a footnote further to "emphasize the
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fact that the use [of quaternions] was parenthetical." (5,1; 271-272)

Heaviside concluded this section with the statement:

The operator V contains the whole theory of potentials, whether of
scalars or vectors. But owing to the remarkably different nature of the
effects of V on different functions, it conduces to clearness to distinctly
separate the space-variation ofa scalar, which is easily grasped, from that
of a vector, and to instead speak ofthe curl or the divergence ofthe latter,
as the case may be, and as we have done hitherto. (5,1; 272)

The paper was concluded by a section on fluid motion analogies.
This is significant since the study of fluid motion is probably the
ideal area of physics by which to illustrate the meaning of the curl
and divergence of a vector function. In summary Heaviside ex-
plained the meaning of curl, divergence, and space-variation; or,
in modern form, VP for P, a scalar function of position, and V « R and
V X R for R, a vector function of position. Since Heaviside had not
yet defined the vector product, he could not write (as he did later)
VVR (V X R in modern notation), nor did he write SVR (V « R in
modern notation), as he could have done, since he had defined the
scalar product. He avoided these forms by writing divR and curl R.

In Heaviside's later papers of 1883 and 1884 use was made of
vectors, but no new principles were introduced.®® In the first sec-
tion of his first paper of 1885, entitled "Electromagnetic Induction
and its Propagation” and published in the Electician, Heaviside
introduced the vector product.®® The vector product, like the scalar
product, was introduced in the course of a discussion of physical
questions, and the quaternion symbol V was used to designate it.
Hence he wrote C = VeE for certain vectors, C, €, and E. His
definition is equivalent to the modern and to the quaternionic
definition. In the same section Heaviside gave the vector equation
C = kE for C (conduction current-density), E (electric force), and

k (a constant). This equation, he pointed out, is true only for an

isotropic medium, where C and E are parallel; if the medium is
not isotropic, then k becomes a "linear vector operator.” (5,1; 429-
430)

Soon after publishing this section of the paper (the whole paper
was published over a three-year span, and even then it was not
completed), Heaviside published (1885) a paper "On the Electro-
magnetic Wave Surface" in the Philosophical Magazine. (5,11;
1-23) Herein Heaviside gave the first unified presentation of his
vector system. He began the paper by stating a physical problem
and led up to the statement:

Owing to the extraordinary complexity of the investigation when
written out in Cartesian form (which | began doing, but gave up aghast),
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some abbreviated method of expression becomes desirable. | may also
add nearly indispensible, owing to the great difficulty in making out
the meaning and mutual connections of very complex formulae. ... |
therefore adopt, with some simplification, the method of vectors, which
seems the only proper method. (5,11; 3)

He pointed out that his method was similar to the quaternion
method, but simplified. His criticisms of the quaternion system
were at that time mild; he presented his system as a sort ofhalf-way
house between abbreviated Cartesian methods and quaternion
methods.

The presentation of his system was very brief. After defining
vector addition, he gave the expression for a vector in terms of
i, j, and k. After defining the scalar and vector products and the

rules for applying these products to combinations of i, j, and Kk,
Heaviside defined the operator V as equal to i ~ +j ~ + k ~ and

showed its effects when it was applied to a scalar as well as when
applied to a vector by means of the scalar and vector products. He
then gave Stokes' and Gauss' theorems without proof. His presenta-
tion was confined to two pages of text, and the methods presented
correspond exactly to the modern methods. (5,11; 4-5) Heaviside's
treatment of the linear vector operator (presented in connection
with /x, the magnetic permeability) was based on Tait's work, and a
proof from Tait was included. This presentation also encompassed
two pages, and from it he proceeded to his physical investigation.
(5,11; 6-7)

Heaviside introduced no further innovations in vector analysis
in the period from 1885 to 1888, at which time he received a copy
of Gibbs' work.®” In his papers written during this period he con-
tinued to use vector formulae, though less frequently, because of
the nature of the physical subjects treated. Heaviside was im-
pressed by, and in sympathy with, Gibbs' work (except in regard
to notation); and he particularly praised Gibbs' development of
the linear vector operator.

Heaviside went on to publish two other summaries of his vector
method in journals, the first in the Electrician, beginning in 1891,
and the second in the Transactions of the Royal Society of London
for 1892. These papers require only brief mention (with the ex-
ception of some polemical parts which will be discussed later)
since the important points relevant to them will be made in the
discussion of his Electromagnetic Theory of 1893.

In a paper of 1892 Heaviside gave the following description of

his system:
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It rests entirely upon a few definitions, and may be regarded (from one
point of view) as a systematically abbreviated Cartesian method of in-
vestigation, and be understood and practically used by any one ac-
customed to Cartesians, without any study of the difficult science of
Quaternions. It is simply the elements of Quaternions without the
quaternions, with the notation simplified to the uttermost, and with the
very inconvenient minus sign before scalar products done away with.
(5,11; 529)

This quotation from Heaviside may be taken as a partial summary
of the nature of his system and of his position in the history of
vector analysis. His system was unquestionably quaternionic in
origin; indeed numerous remnants from the older tradition re-
mained in his system. But there was a second origin (using the
term in a different sense) of his system; this was his ability to dis-
cern which elements of quaternion analysis should be eliminated,
which altered, and which retained. Heaviside, unlike Gibbs, did
not in general create new theorems in vector analysis, but Heavi-
side, unlike Gibbs, did associate vector analysis with a large num-
ber of new and important ideas in the ever-expanding field of
electricity, particularly in the lines of development begun by Max-
well. Furthermore Heaviside should receive credit for having
published the first detailed treatment of vector analysis; this ap-
peared as a long (173 pages) chapter (compiled from a series of
articles in the Electrician) in volume one of Heaviside's Electro-

magnetic Theory of 1893.

\ARNN Heaviside's Electromagnetic Theory

Heaviside's Electromagnetic Theory was published in three
volumes; the first volume appeared in 1893, the second in 1899,
and the third in 1912. Of these the first volume is the most impor-
tant in the history of vector analysis, since it contained the first
extensive published treatment of modern vector analysis.®® The
discussion of Heaviside's chapter on vector analysis will center
on (1) its contents, (2) the question of Heaviside's relation to Tait
and to Gibbs, (3) the relation of Heaviside's presentation of vector
analysis to his electrical writings, and (4) the forcefulness of
Heaviside's polemics. Heaviside's style can be placed somewhere
between brilliant and obnoxious depending on one's point of view.
At least he was never dull; indeed, G. M, Minchin referred to

%9 Because

Heaviside as "the Walt Whitman of English Physics."
of the richness of Heaviside's style and the importance of his

polemics liberal use will be made of quotations.
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In the preface to volume one of his Electromagnetic  Theory®
Heaviside stated that he would use vectors in his treatment of
electricity, "for the sufficient reason that vectors are the main sub-
ject of investigation." (4; iii) Heaviside, like Maxwell before him,
viewed this as a very important reason for using vectors. Heaviside
has come to be known as one of the great, perhaps the greatest,
developers of Maxwell's electrical theories; it is less well known
that he also developed Maxwell's views on vector analysis. In his

preface Heaviside described his chapter on vector analysis:

Regarded as a treatise on vectorial algebra, this chapter has manifest
shortcomings. It is only the first rudiments of the subject. Nevertheless,
as the reader may see from the applications made, itis fully sufficient for
ordinary use in the mathematical sciences where the Cartesian mathe-
matics is usually employed, and we need not trouble about more ad-
vanced developments before the elements are taken up. Now, there are
no treatises on vector algebra in existence yet, suitable for mathematical
physics, and in harmony with the Cartesian mathematics (a matter to
which | attach the greatest importance). | believe, therefore, that this
chapter may be useful as a stopgap. (4; iv)

Chapter | of the book was entitled "Introduction.”" Herein Heavi-
side summarized the history of electrical theory and at one point
stated: "The crowning achievement was reserved for the heaven-
sent Maxwell, a man whose fame, great as it is now, has, com-
paratively speaking, yet to come." (4; 14)

In chapter Il Heaviside began the formal development of electro-
magnetic theory, and by the second paragraph vectors had ap-
peared. Later in the chapter miscellaneous vector properties were
introduced to set the stage for chapter IIl, entitled "The Elements
of Vectorial Algebra and Analysis,” which extended to 173 pages.

Heaviside's polemics began with his statement that the majority
of the entities dealt with in geometry and in physical science are
vectors. Since ordinary algebra contains no methods for treating
these quantities directly, a vector algebra is needed. (4; 132-133)
He compared the Cartesian approach to the vector approach and
stressed the economy of expression, the naturalness, and the sus-
ceptibility to intuitive comprehension permitted by the latter. (4;
133-134)

To this point Heaviside had written nothing that would displease
even the staunchest quaternion advocate; this changed and
changed rapidly when Heaviside wrote:

But supposing, as is generally supposed, vector algebra is something

"awfully difficult,” involving metaphysical considerations of an ab-

struse nature, only to be thoroughly understood by consummately pro-
found metaphysicomathematicians, such as Prof. Tait, for example.
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Well, if so, there would not be the slightest chance for vector algebra
and analysis to ever become generally useful.

There was a time, indeed, when |, although recognising the appropriate-
ness of vector analysis in electromagnetic theory (and in mathematical
physics generally), did think it was harder to understand and to work
than the Cartesian analysis. But that was before | had thrown off the
quaternionic old-man-of-the-sea who fastened himself on my shoulders
when reading the only accessible treatise on the subject—Prof. Tait's
Quaternions. But | came later to see that, so far as the vector analysis |
required was concerned, the quaternion was not only not required, but
was a positive evil of no inconsiderable magnitude;

There is not a ghost of a quaternion in any of my papers (except in one,
for a special purpose). The vector analysis | use may be described either
as a convenient and systematic abbreviation of Cartesian analysis; or
else, as Quaternions without the quaternions, and with a simplified
notation harmonising with Cartesians. (4; 134-135)

Heaviside then mentioned that Maxwell had pointed out "the
suitability of vectorial methods to the treatment of his subject "
(4; 135) without advocating the quaternion system. It is clearwhom
Heaviside wished to view as his intellectual ancestor.

Heaviside went on to argue that if one attempted to determine
what processes occur most frequently in Cartesian mathematics, he
would find just those processes that are systematized in vector
analysis; nowhere however would the quaternion appear. Humor,

history, and mathematical insight were mixed in his next statement:

"Quaternion" was, | think, defined by an American schoolgirl to be "an
ancient religious ceremony." This was, however, a complete mistake.
The ancients —unlike Prof. Tait— knew not, and did not worship Quater-
nions. The quaternion and its laws were discovered by that extraordinary
genius Sir W. Hamilton. A quaternion is neither a scalar, nor a vector,
but a sort of combination of both. It has no physical representatives, but
is a highly abstract mathematical concept. (4; 136)

Heaviside then turned to (or better, on) Tait by writing: "Con-
sidering the obligations | am personally under to Prof. Tait (in
spite of that lamentable second chapter), it does seem ungrateful
that | should complain.” (4; 137) Naturally this statement was
followed by a list of complaints, one of which concerned Tait's
treatment of Gibbs and his "hermaphrodite monster" system. (4;
137-138) Heaviside praised Gibbs' Elements of Vector Analysis
and expressed his agreement with Gibbs' ideas, but not with his
notation. "As regards his notation, however, | do not like it. Mine is

Tait's, but simplified, and made to harmonise with Cartesians."
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(4; 138) In Heaviside's next remark he compared his reasons for
advocating the "ex-quaternionic" system to those of Gibbs: "Prof.
Gibbs would, | think, go further, and maintain that the anti- or ex-
gqguaternionic vectorial analysis was far superior to the quaternionic,
which is uniquely adapted to three-dimensions, whilst the other
admits of appropriate extension to more generalized cases. |, how-
ever, find it sufficient to take my stand upon the superior simplicity
and practical utility of the ex-quaternionic system." (4; 139)

Heaviside then discussed problems of notation. After explaining
his objections to the practice of representing vectors by Greek
letters (Hamilton, Tait, and Gibbs) or by Gothic letters (Maxwell),
Heaviside stated: “... 1 found salvation in Clarendons, and
introduced the use of th[is] kind of type . . . for vectors (Phil. Mag.,
August, 1886), and have found it thoroughly suitable." (4; 141)

In a rather leisurely fashion for a mathematics text Heaviside
then introduced vector addition, subtraction, and multiplication by
using, as he had earlier, AB and VAB for the symbolic representa-
tion of the scalar and vector product. (4; 143-163) He presented
vector differentiation in a manner different from that of Hamilton
and Tait, and the differences were discussed in great detail. The
implication of this is indirectbut important; itis that Heaviside was
so conscious of the fact that the form of his work was taken from the
guaternion tradition that he felt obliged, in one sense, tojustify any
further deviations from this tradition. (4; 163-178)

Heaviside's lengthy treatment of V included a large number of
examples and illustrations of its use, particularly in potential theory
and various part of electricity. (4; 178-256) In this section Heavi-
side introduced a dot or period as a separator (like the quater-
nionists) rather than as a symbol for the dot product (like Gibbs).**
Heaviside then turned to the linear vector operator with a pres-
entation based mainly on Gibbs and Tait.*? Here as elsewhere
he supplied many illustrations, chosen chiefly from electricity.

The chapter was concluded with a polemical summary of the
vector analysis method and a last attack on quaternion methods.
He began the summary by stating that he had limited himself to
a treatment of vector analysis "in the form it assumes in ordinary
physical mathematics." (4; 297) Heaviside then stated on behalf

of the idea of a vector:

And it is a noteworthy fact that ignorant men have long been in advance
of the learned about vectors. Ignorant people, like Faraday, naturally
think in vectors. They may know nothing of their formal manipulation,
but if they think about vectors, they think of them as vectors, that is,
directed magnitudes. No ignorant man could or would think about the
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three components of a vector separately, and disconnected from one an-
other. That is a device of learned mathematicians, to enable them to
evade vectors. The device is often useful, especially for calculating
purposes, but for general purposes of reasoning the manipulation of
the scalar components instead of the vector itself is entirely wrong.
(4; 298)

This statement represented Heaviside's position on an argument
discussed in the next chapter of this history and foreshadowed in
earlier sections.

Heaviside then launched into his final remarks against the qua-
ternion system; the following quotation illustrates how the vector
analysts, essentially inadvertently, blackened Hamilton's reputa-
tion:

Now, a few words regarding Quaternions. It is known that Sir W.
Rowan Hamilton discovered or invented a remarkable system of mathe-
matics, and that since his death the quaternionic mantle had adorned
the shoulders of Prof. Tait, who has repeatedly advocated the claims
of Quaternions. Prof. Tait in particular emphasises its great power,
simplicity, and perfect naturalness, on the one hand; and on the other
tells the physicist that it is exactly what he wants for his physical pur-
poses. It is also known that physicists, with great obstinacy, have been
careful (generally speaking) to have nothing to do with Quaternions;
and, what is equally remarkable, writers who take up the subject of
Vectors are (generally speaking) possessed of the idea that Quaternions
is not exactly what they want, and so they go tinkering at it, trying to
make it a little more intelligible, very much to the disgust of Prof. Tait,
who would preserve the quaternionic stream pure and undefiled. (4;
301)

This mildly sarcastic statement was followed by another not so
mild: "Quaternions furnishes a uniquely simple and natural way
of treating quaternions. Observe the emphasis." (4; 301)

Having granted that the quaternion preservation of the associa-
tive law for multiplication is an advantage, Heaviside argued that
quaternions (full quaternions) almost never occur in physical
science and that in quaternions it is wunnatural for the square
(under scalar multiplication) of a vector to be negative. (4; 303)
"Vectors" he stated "should be treated vectorially. When this is
done, the subject is much simplified, and we are permitted to ar-
range our notation to suit physical requirements." (4; 303) He con-
cluded by a brief discussion of Gibbs' and Macfarlane's notations
and by the final sentence: "My system, so far from being inimical
to the cartesian system of mathematics, is its very essence."*?
Throughout the remainder of the book and in the two later volumes
vector methods were used extensively and fruitfully to help Heavi-

side to many of his important results.



A History of Vector Analysis

In conclusion the following statements seem justified:

1. Heaviside's system was derived from the quaternionic sys-
tem; this statement is amply proved by both his explicit statements
and by the form and content of his presentation of vector analysis.

2. Heaviside's system was derived from the quaternionic sys-
tem by means of his own mathematical originality combined with
unfailing sensitivity for the needs of physical science.

3. Heaviside's system was created independently of Gibbs,
whose booklet he received in 1888, and of Grassmann, whom he
never mentioned and probably never read. Heaviside did however
make use of some ofthe more advanced sections of Gibbs' presenta-

tion.

1X. The Reception Given to Heaviside*s Writings

As previous considerations amply indicate, it is not enough to
discuss a scientists' ideas; the reception accorded those ideas also
demands attention. The singular aspect of Heaviside's writings on
vector analysis is that they were embedded within papers and

books on electrical theory. Important consequences of this fact
will be evident in the following analysis of the reception of his
writings.

Heaviside's first statements on vector analysis were contained
in his early electrical paper published in the Electrician. In 1887
a change in the editorship of this journal brought Heaviside a re-
gquest to discontinue his series of papers. Heaviside wrote that the
new editor had informed him that "although he had made particular
enquiries amongst students who would be likely to read my papers,
to find if anyone did so, he had been unable to discover a single
one."** This was not an isolated phenomenon, for as Heaviside
stated, five journals had turned down papers written by him. (5,1;
X) When the Electrician refused to print his papers, Heaviside
turned to the Philosophical Magazine with better results; one year
later, however, the weditor of the Electrican had a change of mind
and from that time regularly published Heaviside's papers.

From these facts it may be inferred that during most ofthe 1880's
Heaviside's writings were by no means well received. This was
partly due to the slowness of the acceptance of Maxwell's ideas.
Perhaps the turning point for Maxwell's doctrines came when in
1887 Hertz performed his classic experiments. Partly because of
the consequent increase in interest in Maxwell's ideas and partly
because of confirmations of some of Heaviside's own results the
tide began to turn. Lodge at this time nominated Heaviside for the
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Royal Society, and he became a member in 1891. Also in that year
the editors of the Electrician suggested that Heaviside's papers be
collected and published, and hence in 1892 his two volume Elec-
trical Papers appeared. The original printing of the  Electrical
Papers consisted of 750 copies; 359 were still unsold five years
later when they were put on sale at reduced prices.*®

George Francis FitzGerald published a review of Heaviside's
Electrical ~ Papers in the August 11, 1893, issue of the Electrician.
FitzGerald was Professor of Natural and Experimental Philosophy
at the University of Dublin and a highly respected scientist who

‘¢ and who was, like Heavi-

was experienced in quaternion methods
side, an early and important advocate of Maxwell's electrical ideas.
FitzGerald's favorable review surely helped the reception of both
Heaviside's Electrical Papers and Electromagnetic Theory of 1893.
FitzGerald began by praising the publishers for bringing out these
papers, which he described as "much too valuable scientifically,
practically, and historically to be left buried. . . ." (6; 292) He
stated that they were valuable scientifically and practically be-
cause of the numerous and important discoveries made in them,
many of which FitzGerald listed, and moreover were valuable
historically as a "record of the development, of methods, and
scientific views of nature, in an extraordinarily acute and brilliant
mind." (6; 292-293)

Concerning Heaviside's style FitzGerald wrote; "Oliver Heavi-
side has the faults of extreme condensation of thought, and a
peculiar facility for coining technical terms and expressions that are
extremely puzzling to a reader of his Papers. So much so that there
seems very little hope that he will ever attain the clarity of some
writers, and write a book that will be easy to read." (6; 293) Fitz-
Gerald's statement in regard to Heaviside's relation to Maxwell

would be acceptable to present historians.

Maxwell, like every other pioneer who does not live to explore the
country he opened out, had not had time to investigate the most direct
means of access to the country, or the most systematic way of exploring
it. This has been reserved for Oliver Heaviside to do. Maxwell's treatise
is cumbered with the debris of his brilliant lines of assault, of his en-
trenched camps, of his battles. Oliver Heaviside has cleared those away,
has opened up a direct route, has made a broad road, and has explored a
considerable tract of country. (6; 294)

Dublinite FitzGerald was somewhat critical of Heaviside's sys-
tem of vector analysis (6; 295) but potential readers would hardly
be put off by such criticism, especially since it was followed by a

discussion of the numerous discoveries presented in these papers.
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FitzGerald's concluding statement was: "Since Oliver Heaviside
has written, the whole subject of electromagnetism has been re-
modelled by his work. No future introduction to the subject will be
at all final that does not attack the problem from at least a somewhat
similar standpoint to the one he puts forward." (6; 299-300) Thus
the importance of Heaviside's writings for electromagnetic theory
and practice was being recognized in Britain in the 1890's.
German scientists were simultaneously discovering the im-
portance of Maxwell's work and hence turning to Heaviside.
August Foppl, for example, published an exposition of Maxwell's
ideas in 1894 which was widely read.*” In this book Foppl included
much from Heaviside and wrote the following concerning Heavi-
side in his preface: "The works of this author have in general
influenced my presentation more than those of any other physicist
with the obvious exception of Maxwell himself. | consider Heavi-
side to be the most eminent successor to Maxwell in regard to
theoretical developments, just as it was Hertz—who alas was so
quickly snatched from us—who was Maxwell's most eminent suc-

"48 Heaviside

cessor in regard to experimental developments.
influenced not only Foppl's presentation of Maxwell but also his
choice of mathematical methods for the book. Foppl adopted
Heaviside's vector analysis and devoted the first chapter of his book
to an explanation ofthe new methods. This is very important since
it was the first presentation of modern vectorial methods in a Ger-
man book. Foppl's view of Heaviside as "the most eminent suc-
cessor to Maxwell in regard to theoretical developments" was
shared by Felix Klein and E. T. Whittaker, both of whom pointed
out that the now classic Maxwell equations appeared for the first

“° Heaviside's influence on

time in modern form in Heaviside.
Foppl was by no means an isolated instance; it will be shown later
that Heaviside's association of vector analysis with Maxwellian
electrical theory was the most influential factor in leading to the
widespread acceptance of vector analysis.

After 1893 Heaviside continued to publish important scientific
papers; though vectors were constantly used in these papers, no
further major contributions to vector analysis came from his pen.
Increasing poverty, deafness, and isolation marked his later years,
and in 1925 the crisp wit and scientific creativity of this self-edu-

cated genius were stilled by death.
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X. Conclusion

This section will be devoted to a comparison ofthe achievements
of Gibbs and Heaviside. The origins oftheir vectorial investigations
will be considered first.

From an interest in electricity to the reading of Maxwell, from
Maxwell to the quaternionists, from the Quaternionists to modern
vector analysis, this story has been twice-told in this chapter, a
circumstance probably less than an accident. By the 1880's alge-
braic sophistication was at a high level, and the needs of physical
science were sharply outlined. The times were ready fortwo men of
mathematical ingenuity and a wealth of physical experience. And
what Gibbs and Heaviside saw in the 1880's, others were ready to
see in subsequent decades.®®

The two great vectorists of the 1880's should not be and would
not wish to be compared in regard to originality to the two great
vectorists of the 1840's. The task ofthe 1880's was one of selection
and alteration, not chiefly of creation. Gibbs' originality should not
go unnoticed however; as Heaviside stressed, Gibbs had created
some important new ideas.

Four vectorists and four men who led isolated lives; only Gibbs
did extensive teaching of vectorial methods. Heaviside's influence
however was the greater; he associated vector analysis with the
ever-expanding field of electricity.

The mid-century saw two great vectorists working separately; the
1890's saw two great vectorists an ocean apart, united in acommon

cause —in which they were successful.
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21E. B. Wilson, "Reminiscences of Gibbs by a Student and Colleague" in Scien-
tific  Monthly, 32 (1931), 219-220.

22wilson, "Contributions of Gibbs,” 159. This article summarizes the content of

the course as it was taught in 1902-1903.

230n this see Wilson, "Products in Additive Fields," 205-215.

2*Josiah Willard Gibbs, "On Multiple Algebra” in Proceedings of the American
Association  for the Advancement of Science, 35 (1886), 37-66. My references will
be to the printing of the essay in (2; 91-117). My esteem for, and indebtedness to,
this paper are both large.

25Wilson, "Contributions of Gibbs," 129.

2¢Josiah Willard Gibbs, "On the Determination of Elliptic Orbits from Three

Complete Observations” in  Memoirs of the National Academy of Sciences, vol. v,
pt. Il, 79-104. References will be to the republication in (2; 118-148).

2”H. A. Bumstead, "Josiah Willard Gibbs" in Gibbs, The Scientific Papers of
J. Willard Gibbs, vol. | (New York, 1961), xxi. The paper by Beebe and Phillips is

"The Orbit of Swift's Comet, 1880 V, Determined by Gibbs' Vector Method" in
Gould's Astronomical Journal, 9 (1889), 114-117, 121-124. It was also included in
Klinkerfuss' third edition.

2% Biographical details on Heaviside's life are given in many sources, including the
following: (1) Rollo Appleyard, "Oliver Heaviside" in Appleyard, Pioneers of Elec-
trical Communication (London, 1930), 211-260; (2) The  Heaviside Centenary Vol-
ume (London, 1950). See especially G. F. C. Searle, "Oliver Heaviside: A Personal
Sketch,” 93-96, and Sir George Lee, "Oliver Heaviside-the Man," 10-17; (3) E. T.
Whittaker, “Oliver Heaviside" in Calcutta Mathematical Society Bulletin, 20

(1930), 199-220.
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2°0liver Heaviside, Electromagnetic ~ Theory, vol. I (New York, 1925), 135, 136,
137.

3°A more exact date may be given: June, 1888. See (5,11; 529).

' Heaviside's papers on electricity up to 1892 were collected and published as the
book cited in note (5) above. The paper referred to above may be found in (5,1; 195-
231). Despite Heaviside's statement in the preface of his Electrical Papers (5,1; xi)
to the effect that these reprinted papers are essentially identical to the original pub-
lished papers, a careful check has shown that this must not be taken as completely
true. Compare for example his definition of the scalar product as given in the Elec-
trician,, 10 (Jan. 20, 1883), 224, with the definition given in (5,1; 236). | have checked
all quotations against the originals and noted any important deviations.

32 Heaviside, "Current Energy" in Electrician, 10 (Jan. 20,1883), 224. It should be
noted that the statement given above differs substantially from the statement as
given in (5,1; 236).

33This title does not appear in the original paper.

“(5,1: 271-272). The word "expressions"” was followed by a qualification to the
effect that one more item (which is not of importance) would be discussed.

3°This should perhaps be qualified by the statement that V2 made its first appear-
ance in an 1884 paper. See (5,1; 338). No comment was given by Heaviside about its

I # "2 "2\
meaning. He seems to use it as -I- " 4- 4- -j-~J rather than, as Maxwell and Tait
had done, as the negative of the above.

3°This paper is in (5,1; 429-560) and (5,11; 39-155). The paper was published in
sections, the last of which appeared in 1887. The vector product is introduced in
(5,1; 431).

"The only exception to this is that in 1886 he introduced the practice of indi-
cating vectors by boldface type. See (5,11; 172).

3% Since.Heaviside's treatment of vector analysis in this book was highly polemical
(whereas Gibbs' earlier presentation was not), there would be good reasons for post-
poning the discussion of it to the next chapter. There are better reasons for its inclu-
sion at this point; however, that it has relevancies for the following chapter should
now be made clear.

°George M. Minchin, "[Review of] Electromagnetic Theory. By Oliver Heavi-
side" in  Philosophical Magazine, 5th Ser., 38 (1894), 146.

“°Oliver Heaviside, Electromagnetic Theory, vol. 1 (London, 1893). | have used
the 1925 reprint cited in note (4) above, and all references are given in terms of it.

“l(4; 179). For an example of Tait's use of the dot see (3; 27).

“2For Heaviside's treatment of the linear vector operator see (4; 256-297). For
statements by Heaviside indicating his use of Gibbs' treatment see for example (4;
263, 295, 300).

“3(4; 305). By "cartesian system" Heaviside meant the traditional nonvectorial

method for treating problems in space by means of Cartesian co-ordinates.

“4E. T. Whittaker, "Oliver Heaviside™" in Calcutta  Mathematical Society  Bulletin,
20 (1930), 209.
“lbid., 211.

‘® see for example papers 8 and 22 in The Scientific Writings of the Late George
Francis  FitzGerald, ed. Joseph Larmor (Dublin, 1902).

‘T August Foppl, Einfiihrung in die Maxwellsche Theorie der  Elektricitat (Leipzig,
1894). Foppl's book went through four editions in eighteen years.

“ Ibid., VI

“ Felix Klein, Vorlesungen uber die Entwicklung der Mathematik im 19 Jahr-
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hundert, pt. 11, ed. R. Courant and St. Cohn-Vossen (New York, 1956), 47, and Whit-
taker, "Heaviside," 202-203.

5 Mention should be made of a work by Alphonse Demoulin published in 1894
and entitled Memoire sur VApplication d'une Methode Vectorielle a VEtude de
Divers Systemes de Droites (Bruxelles, Paris), vi and 118 pp. In this work the author
used the modern scalar and vector products and cited as his sources M. Resal,
Traite de Cinematigue Pure (Paris, 1862) for the scalar product and J. Massau, Cours
de Mecanique de VUniversite de Gand (1st ed., 1879; 3rd ed., Paris and Gand, 1891)
for the vector product. Demoulin knew both Grassmann's and Hamilton's works.
This information has been derived from Demoulin's book, pp. V-VI of an untitled
section, essentially a preface. No further mention of this work will be made because
of its brevity, because no further publications seem to have come as a result of it, and
because of the complexity involved in making any briefinterpretations as to its an-
cestry. | have seen only the 1891 edition of Massau's book, which must have had a
very limited circulation. This is indicated by its title and by the fact that the text was
published in handwritten form. Massau's 1891 edition mentioned both Grassmann
and Hamilton, and, like Demoulin's book, had little or no influence. Massau's and
Demoulin's books are significant as reflective of the interests of that time and are
notable in respect to the small interest in any form of vectorial analysis in France at

that time.



CHAPTER SIX

A Struggle for  Existence

in the 1890's

I. Introduction

The following prediction was made by Gibbs in an 1888 letter to
Thomas Craig: "I believe that a Kampfurns Dasein [struggle for ex-
istence] isjust commencing between the different methods and no-
tations of multiple algebra, especially between the ideas of Grass-
mann & of Hamilton."®” Gibbs' prediction was fulfilled, for in the
early 1890's a widespread and vigorous debate on vectorial methods
took place. No less than eightjournals, twelve scientists, and thirty-
six publications were involved. The spirit of the debate is aptly
characterized by Lord Rayleigh's paraphrase of Tertullian: "Behold
how these vectorists love one another."?®

This debate played an important role in the history of vector an-
alysis. That interest in the questions debated was at a high level is
indicated by the fact that eight leading scientificjournals permitted
publication of these articles. That interest in vectorial methods in
general and the Gibbs-Heaviside system in particular greatly in-
creased during the 1890's may in large measure be attributed to the
forceful, timely, and stimulating presentations in these articles.
From the arguments advanced in the debate much can be learned
about how these early vectorists viewed their systems and the sys-
tems of their opponents.

All publications from the period 1890 to 1894 which contain argu-
ments relevant to vectorial methods will be discussed in this chap-
ter.®® This time limitation is by no means arbitrary; the number of
polemical articles published in the years immediately before and
after this period is very small. Moreoverthe discussion is unified by
the fact that nearly every publication from this group refers to one
or more other publications from the group. Though slightly more

than half of the writings appeared in the important British scientific
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weekly Nature, the discussion certainly went beyond its pages and
touched on important questions not dealt with in its pages.*®

1. The "Struggle for Existence"

The beginning of this "struggle for existence" may be dated as
1890, a year in which Peter Guthrie Tait wrote two strongly worded
pleas for recognition of the fitness of the quaternion system. The
occasion was the publication in that year of the "Third Edition,
Much Enlarged"” of his Elementary Treatise on Quaternions. The
January, 1890, issue of the Philosophical Magazine carried an arti-

cle entitled "On the Importance of Quaternions in Physics,”" which
was an abstract of Tait's address to the Physical Society of the Uni-
versity of Edinburgh, given November 14, 1889.

Tait began indirectly by posing the question "Whether is experi-
ment or mathematics the more important to the progress of phys-
ics?" (1; 84) He concluded that the question was absurd because
"to their combined or alternate assaults everything penetrable
must, some day, give up its secrets." (1; 84) Their "inseparable
connexion,"” he stated, leads to the important conclusion "that every
formula we employ should as openly as possible proclaim its physi-
cal meaning." (1; 85) For this reason the primary characteristic to be
sought in selecting mathematical methods for physical problems is
neither compactness nor elegance, but "expressiveness." In this
way Tait led the discussion to quaternions, which he described as
"transcendently expressive," compact, and elegant. Tait here as
elsewhere invoked the name and reputation of Hamilton on behalf
of the quaternion cause. This was not without effect, especially
since Graves' immense Life of Hamiton had just been published,
and this two-thousand-page tribute to the originator of quaternions
must have brought the memory of Hamilton before the minds of
many men of the time.

Tait proceeded to an attack on the artificiality of Cartesian co-
ordinates, "one of the wholly avoidable encumbrances which now
retard the progress of mathematical physics." (1; 86) This encum-
brance, Tait argued, could be avoided if quaternions were widely
adopted, and he cited as one reason for this that quaternions are
"uniquely adapted to Euclidian space. . . ." (1; 87) Taitthen gave a
number of illustrations of the simplicity and brevity of the quater-
nion expressions as compared with equivalent Cartesian expres-
sions. He stressed these advantages above all in relation to the dif-
ferential calculus of quaternions and particularly in applications of
V. At one point Tait made a statement that he would often repeat in
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similar forms. Concerning V he wrote: "No doubt, it was originally

defined in the cumbrous and unnatural form id-j- +j E‘t~ + k -c7j-. But

dx dy dz
that was in the very infancy ofthe new calculus, before its inventor
had succeeded in completely removing from its formulae the frag-
ments of the Cartesian shell, which were still persistently clinging
about them." (1; 91) Essentially Tait was stating that Hamilton's
frequent recourse to Cartesian equivalents was a blot on the system
and that this had greatly hindered recognition of its many advan-
tages. Then followed a number of illustrations of the power and
simplicity of V.

The final point in the paper centered around a paraphrase of
Horace; Tait wrote: "The highest art is the absence (not, as Horace
would have it, the concealment) of artifice” (1; 86) Thus Cartesian
methods were artificial, quaternions natural. This led Tait to an in-
teresting characterization of nineteenth-century physical science:

The magnificent artificers ofthe earlier part ofthe century were, in many
cases, blinded by the exquisite products oftheir own art. To Fourier, and
more especially to Poinsot, we are indebted for the practical teaching
that a mathematical formula, however brief and elegant, is merely a step
towards knowledge, and an all but useless one, until we can thoroughly
read its meaning. It may in fact be said with truth that we are already in
possession of mathematical methods, ofthe artificial kind, fully sufficient
for all our present, and at least our immediately prospective, wants.
What is required for physics is that we should be enabled at every step
to feel intuitively what we are doing. Till we have banished artifice we
are not entitled to hope for full success in such an undertaking. (1; 96-97)

In conclusion it may be noted that Tait's arguments were mainly
directed to the survival struggle between vectorial and Cartesian
methods and that hence the majority of the arguments could be ap-

plied equally well on behalf of the Gibbs-Heaviside system.

The second writing of Tait from the year 1890 that was seminal

2 to the third edition of his Treatise

for the debate was the preface
on Quaternions. Tait's book was directed mainly toward the physi-
cal applications of quaternions; to rectify this "bias," as he called it,
he added for this edition "an entire Chapter, on the Analytical As-
pect of Quaternions"” through "the unsolicited kindness of Prof.
Cayley." (2; v) Since Cayley four years later made an attack on qua-
ternions, Tait may have come to regret his decision to include this
chapter.

Tait stated that "little progress has recently been made with the
development of Quaternions." (2; vi) In a paragraph rich with liter-

ary quotations he ascribed this partly to excessive efforts to modify
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notations, especially in France, and concluded with the statement:
"Even Prof. Willard Gibbs mustbe ranked as one ofthe retarders of
Quaternion progress, in virtue of his pamphlet on Vector Analysis;
a sort of hermaphrodite monster, compounded of the notations of

Hamilton and of Grassmann."*?

Turning to priority questions, Tait
argued that Grassmann certainly did not have quaternions before
Hamilton (correct), that Hamilton published his system first (cor-
rect, but misleading), and that in the 1830's Hamilton had pub-
lished Grassmann's internal and external products (incorrect and
refuted by Gibbs 7).

Tait proceeded to argue for the superiority of quaternion methods
over Cartesian methods and to suggest that in quaternion work even
to have "recourse to quasi-Cartesian processes is fatal to progress."
(2; vii) He concluded by a quotation from a letter he had received
long ago from Hamilton: "Could anything be simpler or more satis-
factory? Don't you feelf, as well as think, that we are on a right track,
and shall be thanked hereafter? Never mind when." (2; viii) This
was of course to draw upon Hamilton's great reputation to advance
his cause. As time passed, however, statements such as this led to a

diminishing of Hamilton's stature.

In the April 2, 1891, issue of Nature there appeared an article® by
Gibbs written in response to Tait's references to Gibbs as one ofthe

"retarders of quaternion progress"” and to the Gibbs' system as a

"hermaphrodite monster." Gibbs began by quoting Tait's statement

and followed this by a paragraph which well illustrates Gibbs' tact-

fulness and his staid but forceful style.

The merits or demerits of a pamphlet printed for private distribution a
good many years ago do not constitute a subject ofany great importance,
but the assumptions implied in the sentence quoted are suggestive of
certain reflections and inquiries which are of broader interest, and seem
not untimely at a period when the methods and results of the various
forms of multiple algebra are attracting so much attention. It seems to be
assumed that a departure from quaternionic usage in the treatment of
vectors is an enormity. Ifthis assumption is true, itis animportanttruth;
if not, it would be unfortunate if it should remain unchallenged, espe-
cially when supported by so high an authority. The criticism relates par-
ticularly to notations, but | believe that there is a deeper question of
notions underlying that of notations. Indeed, if my offence had been
solely in the matter of notation, it would have been less accurate to de-
scribe my production as a monstrosity, than to characterize its dress as
uncouth. (3; 511)

The first "notions" with which Gibbs dealt were the scalar and
vector products. He argued that these products are fundamental

since they represent the most important relations in physics and
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geometry, whereas few, if any, correlates are found for the quater-
nion product or for the quaternion itself. He suggested that this con-
clusion was evident even from an examination of the practices of
the quaternionists in dealing with spatial relations. And he added
that vector analysis, unlike quaternion analysis, could be extended
to apply to space of four or more dimensions. (3; 511-512) Gibbs
introduced his next point by admitting that the "quaternion affords
a convenient notation for rotations" (3; 512), but he added that the
representation of rotations by the linear vector function in the
Gibbsian system "seems to leave nothing to be desired. . . ." (3;
512) After a comparison of the use of V in the two systems Gibbs
wrote in summary: “"These considerations are sufficient, | think, to
show that the position of the quaternionist is not the only one from
which the subject of vector analysis may be viewed, and that a
method which would be monstrous from one point of view, may be
normal and inevitable from another." (3; 512)

Gibbs turned to the question of notation by correcting Tait's
statement that his system made use of Grassmann's notation. He
then suggested that his notation was simpler, clearer, and more ex-
pressive than the quaternionic. In his statements in this regard he
exhibited a noteworthy openness of mind and in general placed

notation questions in a subordinate position. (3; 512-513)

Tait's reply® to Gibbs' article was published within the month.
It is perhaps ironic that one ofthe aspects of Gibbs' system attacked
strongly in Tait's reply was Gibbs' dyad, or what Gibbs called the
indeterminate product of two vectors. Tait said this was confusing
and "undoubtedly artificial in the highest degree. ..." (4; 608) The
irony is that nearly halfa century prior to this time mathematicians
attacked the quaternion (noncommutative) product on nearly the
same grounds; hence it is in one way surprising that a quaternionist
would balk at a further extension in the meaning of "product.”

Tait wrote in response to Gibbs: "It is singular that one of Prof.
Gibbs' objections to Quaternions should be precisely what | have
always considered (after perfect inartificiality) their chief merit: —
viz. that they are “uniquely adapted to Euclidian space, and there-
fore specially useful in some of the most important branches of
physical science.' What have students of physics, as such, to do with
space of more than three dimensions?" (4; 608) Fate seems to have
been against Tait, at least in regard to the last point. Taitconcluded
by a discussion of the comparative compactness of expressions in
the two systems; in this the quaternionists had a slight advantage,
for quaternion products retain associativity, whereas the Gibbsian
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vector product does not. (Thus in the Gibbsian system i X (j Xj) =
Xj) xj= i)

Gibbs' second article® was published in Nature four weeks after
Tait's article. Entitled "Quaternions and the '"Ausdehnungslehre,' "
it was written in response to historical statements made by Tait in
his  Encyclopaedia  Britannica article "Quaternions" (of 1886) and
in the preface to his quaternion Treatse of 1890. Gibbs' motivation
in writing this article may be inferred from a letter he wrote in 1888
to Thomas Craig to request the latter to publish Grassmann's 1840
Theorie der Ebbe und Flut. It was in this letter that Gibbs predicted
that a "struggle for existence”" among the vectorial systems was
about to begin, and to this statement he added: "The most impor-
tant question is of course that of merit, but with this questions of
priority are inextricably entangled, & will be certain to be the more
discussed, since there are so many persons who can judge of pri-
ority to one who canjudge ofmerit." *” Thus though Gibbs dealt pri-
marily with priority questions, he was well aware that much more
was at stake: by correcting Tait's excessive priority statements he
added prestige to Grassmann, and in comparing Grassmann's ideas
to Hamilton's (overtly in regard to historical questions) he put forth
arguments for the superiority of Grassmann's methods. And to
praise and to recommend Grassmann's system was of course to
praise and to recommend his own system, for he discussed pri-
marily those aspects of Grassmann's system that were also to be
found in the Gibbs-Heaviside system.

Gibbs began by admitting that Hamilton was the firstto announce
his discovery, whereas Grassmann “"seems to have been in no haste
to place himselfon record, and published nothing until he was able
to give the world the most characteristic and fundamental part of his
system with considerable development in a treatise of more than
300 pages, which appeared in August 1844." (5; 79) Both were,
wrote Gibbs, memorable discoveries, and hence "Historical justice,
and the interests of mathematical science,” require that Tait's his-
torical statements concerning the two systems "should not be al-
lowed to pass without protest.” (5; 79) Gibbs' approach to the pri-
ority question was to state thatthe systems should first be compared
in terms of what they have in common and then in terms of what is
peculiar to each.

Both systems have vector addition and the scalar and vector prod-
ucts, Gibbs stated, but the quaternion product is found only in the
quaternion system, while Grassmann had the linear vector function
first. Gibbs then added:
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To what extent are the geometrical methods which are usually called
quaternionic peculiar to Hamilton, and to what extent are they common
to Grassmann? This is a question which anyone can easily decide for
himself. It is only necessary to run one's eye over the equations used by
gquaternionic writers in the discussion of geometrical or physical sub-
jects, and see how far they necessarily involve the idea of the quater-
nion, and how far they would be intelligible to one understanding the
functions Sap and Va3, but having no conception of the quaternion
afi, or at least could be made so by trifling changes of notation, as by
writing S orV in places where they would not affect the value of the ex-
pressions. For such a test the examples and illustrations in treatises on
quaternions would be manifestly inappropriate, so far as they are chosen
to illustrate quaternionic principles, since the objectimay influence the
form of presentation. But we may use any discussion of geometrical or
physical subjects, where the writer is free to choose the form most suit-
able to the subject. (5; 80)

Gibbs wrote that if for example pages 160-371 of Tait's Treatise
were to be examined, itwould be evident that "for the most part the
methods ofrepresenting spatial relations used by quaternionic writ-
ers are common to the systems of Hamilton and Grassmann." (5; 80)
After posing the question ofthe importance ofthe remaining cases
where the quaternion played a fundamental part, Gibbs suggested
that these were "very exceptional.” Thus Gibbs restated in a very
effective way what he had argued earlier: scalar and vector products
are more useful and more fundamental than the quaternion prod-
uct. And the evidence he cited was the practice ofthe quaternionist
Tait!

Gibbs went on to discuss Grassmann's point analysis, his "wealth
of multiplicative relations,"” and in general the vast scope of his sys-
tem as compared to Hamilton's. He attempted to show that the dis-
covery of matrices came in Grassmann's 1844 work, a full fourteen
years before Cayley's famous publication of 1858. Gibbs proceeded
to give two quotations from Tait which stated in part that Hamilton
had discovered the scalar and vector products in the 1830's in his
"Theory of Conjugate Functions or Algebraic Couples." This state-
ment Gibbs simply rejected, and with good reason. Tait had gone
too far on too shaky a foundation, for his knowledge of Grassmann's
system was very limited. In this regard Gibbs had the distinct ad-
vantage that he was well acquainted with Grassmann's and Hamil-
ton's systems.

Gibbs' carefully reasoned and well-documented paper exhibited
an openness and flexibility which must have made it appealing to
sympathetic readers without being antagonistic to readers of an-
other persuasion. He argued forcefully that what was important in

Hamilton's system was also in Grassmann's and that moreover
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Grassmann's system contained a wealth ofapplications unique to it.

Tait's very brief reply® to Gibbs' article was published just one
week later in Nature. In it Tait reasserted some of the views Gibbs
had attacked but essentially gave no new reasons for, or clarifica-
tions of, those views. Tait admitted his lack of familiarity with
Grassmann's writings and in general wrote as one might write who
was surprised that anyone would attack quaternions on such
grounds. The quaternion system was at that time far better known,
and Tait must have felt little motivation for giving a detailed, tact-
ful, and comprehensive rejoinder. Tait had long experience in de-
fending quaternions, but never on such grounds as these.

This is the last article of 1891 that will be discussed; it should be
pointed out however that in the November 13, 1891, issue of the
Electrician Heaviside began a series of papers on vector analysis
which later formed the polemical third chapter ofvolume one of his
Electromagnetic  Theory (1893). The arguments given by Heaviside
in this chapter (and hence in those papers) were discussed in the

previous chapter.

In June, 1892, the debate resumed. The article’

that appeared in
that month's issue of the Philosophical Magazine was by Alexander
McAulay and was entitled "Quaternions as a practical Instrument of
Physical Research." Alexander McAulay (1863-1931) was an 1886
graduate of Cambridge (forty-ninth Wrangler), who in 1892 was
tutor and lecturer in mathematics and physics at Ormond College in
Melbourne, Australia. The paper had been given at the meeting of
the Australian Association for the Advancement of Science in Janu-
ary, 1892. The article is interesting above all because ofthe histori-
cal judgments made by McAulay.

McAulay began by stating that although Hamilton was a great
mathematician and although quaternions were fairly well known,
Hamilton "has left scarcely a successor." (7; 477) McAulay then
asked: "Can any cause be assigned for this extraordinary case of
arrested development?" (7; 477) McAulay suggested that if physi-
cists were asked this question, they would reply that quaternions
are not used because they have not been fruitful in leading to scien-
tific discoveries. He then stated: "The chief object of the present
paper is to shake the belief of mathematical physicists. It is too
much to hope to overturn that belief." (7; 478) McAulay commented
further on the apathy in regard to quaternions: "I confess that the
more | think of this apathy the more extraordinary does it appear,

and, as already hinted, it will probably prove an insoluble problem
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to the future historian of Mathematics." (7; 478) It was argued that
most physicists who had rejected quaternions had studied them at a
time after “"their mathematical ideas and methods" had "nearly or
completely crystallized." (7; 479) After a limited period of study
and before they have seen the powerfulness of the methods, they
cease their study. A major factor in this too early cessation oftheir
labors has been Maxwell, who "is responsible to a large extent for
the discredit into which quaternions have fallen among physicists.”
(7; 478-479) Young physicists abandon their study of quaternions
too early, "consoling themselves that Maxwell . . . had had more
experience than themselves" and yet had found quaternions very
limited in their usefulness. (7; 479)

McAulay stated that physics would advance with great rapidity if
quaternions were "introduced to serious study to the almost com-
plete exclusion of Cartesian Geometry, except in an insignificant
way, as a particular case ofthe former." (7; 480) McAulay then gave
an elaborate series of quaternion applications in an attemptto illus-

trate his point.

The next paper® for discussion is Alexander Macfarlane's "Prin-
ciples of Algebra of Physics," which was delivered at the August,
1891, meeting of the American Association for the Advancement of
Science and published in the Proceedings of that society in July,
1892. Macfarlane (1851-1913) had studied under Tait at Edinburgh
and in 1891 was teaching at the University of Texas. He was in that
year secretary of the physics section of the American Association
and was until his death one of the most active participants in the
debate on systems of vector analysis.

Macfarlane began his paper by two quotations from the preface
of Tait's Treatise on Quaternions and then stated in effect that
progress in quaternion development has been slow, but there is
reason for hope. Macfarlane remarked that in his opinion the qua-
ternion system was on the right track, while he proceeded immedi-
ately to qualify his statement rather drastically. He wrote:

But at the same time | am convinced that the notation can be improved;

that the principles require to be corrected and extended; that there is a

more complete algebra which unifies Quaternions, Grassmann's method

and Determinants, and applies to physical quantities in space. The guid-
ing idea of this paper is generalization. What is sought for is an algebra
which will apply directly to physical quantities, will include and unify
the several branches of analysis, and when specialized will become ordi-
nary algebra. (8; 65)

After mentioning the Tait-Gibbs debate in Nature, Macfarlane

gave a series of criticisms of the quaternion system. A key point in
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Macfarlane's discussion is the following. He insisted that the qua-
ternion symbols i,j, and k have not one, but two meanings. For ex-
ample, he argued that i may be viewed either as a certain unit
vector or as a "versor," or turner. Hence if i andj are viewed as
"versors," then ij = k means a right-handed rotation through one
guadrant in the plane perpendicular toj compounded with a right-
handed rotation through one quadrant in the plane perpendicular
to i, which is equivalent in result to a right-handed quadrant rota-
tion about k. But, said Macfarlane, Tait was too hasty in allowing
such an interpretation since i,j, and k symbolize vectors, not ver-
sors. The crucial point is the meaning ofii. Ifthe i's in this product
are viewed as versors, then ii means a rotation of 180° around the i
axis, which when applied toj would produce —j. But if the i's be
viewed as vectors, then Macfarlane stated that it was better to de-
fine the product as positive, for example, {ai){bi) = +ab, so that the
the product would be in harmony with such things as imv? (kinetic
energy).

As a result of such considerations Macfarlane constructed a new
system of vector analysis more in harmony with the Gibbs-Heavi-
side system than with the quaternion system. As part of this project
he introduced new notations and defined a full product of two vec-
tors which was comparable to the full quaternion product except
that the scalar part was positive, not negative as in the older system.
This system apparently never became popular or widely employed,
though expositions of it were published rather frequently. Mac-
farlane explained his system in a chapter in Mansfield Merriam and
Robert S. Woodward (editors), Higher Mathematics, of which edi-
tions appeared in 1896, 1898, and 1900, and in addition this chapter
was published as a book in 1906.%?

Macfarlane's article was intelligently written and in many ways
was impressive; nonetheless it further complicated an already com-
plex situation. The introduction in 1892 of another system ofvector
analysis, even a sort of compromise system such as Macfarlane's,
could scarcely be well received by the advocates of the already
existing systems and moreover probably acted to broaden the ques-
tion beyond the comprehension of the as-yet uninitiated reader.*®

In November, 1892, the debate returned to the pages of Nature
with a review?® probably written by Alfred Lodge** of Macfarlane's
"Principles of the Algebra of Physics."

Lodge began by writing: "This is a very suggestive contribution
to the foundations of the Algebra of Vectors as recently so strongly
advocated in America by Prof. Willard Gibbs, and in this country by
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Mr. Oliver Heaviside." (9; 3) Lodge then summarized Macfarlane's
work and made numerous comparisons with the Gibbs-Heaviside
and the quaternion systems. The review was more descriptive than
critical; it was in general favorable to Macfarlane's system as
worthy of consideration. It concluded: "A text book of vector alge-
bra ... is much needed, as many physicists are becoming interested
in the new algebra, owing in great measure to Mr. O. Heaviside's
able exposition of its principles and applications in the Electrician

and elsewhere.” (9; 5)

Oliver Heaviside's paper'® "On the Forces, Stresses, and Fluxes
of Energy in the Electromagnetic Field" may be considered next.
It was read to the London Royal Society in 1891 and published in
the Transactions of that society in 1893, although it had been pub-
lished in 1892 in Heaviside's Electrical Papers.

Early in the paper Heaviside presented an exposition of his sys-
tem of vector analysis which was prefaced by an attack on quater-
nions. After pointing out that vectors would be used in his paper be-
cause the physical quantities were vectors, Heaviside (in mockery
of Tait's preface) discussed the "retardation" of vector analysis be-
cause of the lack of an adequate treatise on the subject, "Professor
TAIT'S well-known profound treatise being, as its name indicates,
a treatise on Quaternions." (10; 427) He referred to the antiquater-
nionic arguments recently given by Gibbs in Nature and described
this dispute as "rather one-sided." Gibbs was called "anything but
a retarder of progress in vector analysis and its application to
physics." (10; 428) In this instance, as in others, Heaviside spoke
very favorably of Gibbs' booklet. The fact that Heaviside and Gibbs
were in agreement on all aspects of vector analysis except notation
must have strengthened their position.

Heaviside then briefly presented his main arguments for his sys-
tem as against the quaternion system. Statements such as the one
below (which is in one sense very true and in another very false) il-
lustrate the directness, humor, and humility of Heaviside's style.
He wrote: "... | ought to also add thatthe invention of quaternions
must be regarded as a most remarkable feat of human ingenuity.
Vector analysis, without quaternions, could have been found by any
mathematician by carefully examining the mechanics of the Car-
tesian mathematics; but to find out quaternions required a genius."
(10; 461)

In summary, this paper is most appropriately viewed as another
publication by Heaviside in which polemics for vector analysis
were found associated with important new physical results. One
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might wonder what better rhetoric could be used than advocacy of
a method followed by the testimony of actual success with that

method.

The next paper,’’ published in Nature, was occasioned by Heavi-
side's remarks in his Philosophical Transactions paper. Alexander
McAulay, the author, began by giving his opinion of the present
status ofthe vector question: "There are two widely-known systems
of vector analysis before the public —Quaternions and the Ausdehn-
ungslehre—and quite a multitude of less known ones, of which
Prof. Gibbs's seems to be one ofthe least open to objection, and of
which, in my opinion, Mr. Heaviside's is by no means so." (11; 151)
McAulay proceeded to make what must be viewed as a hopelessly
idealistic appeal to Gibbs and Heaviside "on grounds independent
of the merits or demerits of their particular systems." (11; 151) He
suggested that the "woefully small® band of vector analysists
should concentrate on making vectorial methods better known, and
to do this they should limit the debate to quaternions versus Grass-
mann's system. "The day for Prof. Gibbs's improvements is not yet.
Prof. Gibbs and Mr. Heaviside have not yet convinced the rest of
the small band. . . . Let me implore them to sink the individual in
the common cause, and content themselves with the faith that pos-
terity will do them justice." (11; 151)

McAulay concluded his paper with the following somewhat am-
biguous, certainly inflammatory, statement:

To vary the metaphor, Maxwell, Clifford, Gibbs, Fitzgerald, Heaviside

prescribe a course of spoon-feeding the physical public. Hamilton and

Tait recommend and provide strong meat. | do not think that harm, but

rather good, will come from this double treatment, as one course will

suit some patients and the other others. But let the spoon-feeders pro-
vide spoon-meat of the same kind as the other physicians. Is not Max-

well, Clifford, and Fitzgerald's food as digestible as Prof. Gibbs's and
Mr. Heaviside's? (11; 151)

Needless to say, McAulay's attempt to pour oil on the waters
failed. Both his statements and his brash attitude encouraged the

continuance of the debate.

It was remarked previously that one major significance of Heavi-
side's 1892 Philosophical Transactions paper was that the polem-
ical sections were embedded in a paper containing important
physical results. In the same volume of this journal a paper'? by
Alexander McAulay was published under the title "On the Mathe-

matical Theory of Electromagnetism." This paper, nearly twice as

long as Heaviside's, was in ways similar to it. It was directed at ex-
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tending electrical theory within the Maxwell tradition, and it con-
tained polemics for a system of vectorial analysis —for quaternions.
McAulay in his paper made extensive use of quaternions, and al-
though his paper seems to have been scientifically less important
than Heaviside's, it was an impressive display. Early in the paper

McAulay stated:

As might be expected, the mathematical machinery that appears to be
most convenient for investigating as fully as possible the consequences
of these assumptions, and others intimately connected with them, is
novel. And | may remark in passing that what Professor TAIT persist-
ently and with complete justice emphasizes as one ofthe greatest boons
that Quaternions grant to ungrateful physicists, viz., their perfect nat-
uralness, seems to me to receive illustration in the methods about to be
described. (12; 686-687)

McAulay's presentation must have helped the quaternion cause,
though he deviated somewhat from the pure quaternion tradition
by introducing much new notation. Concerning this paper it may
be noted that though it perhaps balanced out the effect of Heavi-
side's paper, it with Heaviside's paper must have sharpened the
question (vectors vs. quaternions) for many readers of the Philo-
sophical Transactions. Moreover it is noteworthy that more than
150 pages of the 1892 issue ofthe leading British scientific journal
of that time was taken up by these two papers written in vectorial

language.

In 1893 McAulay published a short book **> with a highly polem-
ical preface that played a part in this debate. McAulay's style in
his preface is indicated by a comment made by Tait in a review *°
of the book. Tait referred to the preface as "extremely interesting
as the perfervid outburst of an enthusiast.” (15; 193)

McAulay (who by 1893 was Lecturer in Mathematics and Physics
at the University of Tasmania) stated at the beginning ofhis preface
that the book was originally an essay submitted (in 1887) for the

Smith's Prize Competition at Cambridge.*®

McAulay bemoaned the
"mournful thing" that Cambridge mathematics did not in general
include quaternions. As to why Cambridge had turned a deaf ear,
McAulay stated that he could not "believe that she is in her dotage
and has lost her hearing." (13; v) Then followed some passages en-
lightening for the picture they give of interest in quaternions at

Cambridge, the center of British mathematics.

When | sent in the essay | had a faint misgiving that perchance there was
not a single man in Cambridge who could understand it without much
labor. . . .
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There is no lack in Cambridge of the cultivation of Quaternions as an
algebra, but this cultivation is not Hamiltonian . . . Hamilton looked
upon Quaternions as a geometrical method, and it is in this respect that
he has as yet failed to find worthy followers resident in Cambridge.
(13; vi)

The only way to convince the nurses [the Cambridge tutors] that Quater-
nions form a healthy diet for the young mathematician is to prove to
them that they will "pay" in the first part of the Tripos. Of course this is
an impossible task while the only questions . . . are in the second part
and average one in two years. (13; vii)

McAulay then addressed himself to the Cambridge student by
pleading that he "steep" himself in the "delirious pleasures" of
quaternions and promising: "When you wake you will have forgot-
ten the Tripos and in the fulness of time will develop into a finan-
cial wreck, but in possession of the memory of that heaven-sent
dream you will be a far happier and richer man than the millionest
millionaire." (13; vii-viii) Other passages no less strongly worded
could be cited from this preface, as well as mixed references to Tait.
The content of the concluding passage is probably obvious to the
reader; nevertheless it may be quoted: "Let me in conclusion say
that even now | scarcely dare state what | believe to be the proper
place of Quaternions in a Physical education, for fear my state-
ments be regarded as the uninspired babblings ofa misdirected en-
thusiast, but | cannot refrain from saying. ..." (13; xi) Then fol-
lowed the essay itself, which was also rich in polemical statements,
surrounded by numerous highly technical applications of quater-
nions to elastic solid theory, electrical theory, hydrodynamics, and
the vortex-atom theory. The majority of the polemical statements
from the essay itselfhave already been considered in the discussion
of McAulay's papers in the Philosophical Magazine and the Royal
Society Transactions.

In conclusion it may be stated that McAulay's preface qualifies
him for consideration as one of the most vociferous mathematicians
of the century. However, since success in debate is not always a
function of the expressed enthusiasm ofthe participants, it may be
wondered whether McAulay's writing produced much more than
controversy.

6

Two reviews of McAulay's book merit discussion,’® one by Mac-

farlane, the other by Tait.

Alexander Macfarlane's review **

appeared in the first volume of
the Physical Review (1893), and is above all interesting as a com-

parative study. Macfarlane, like Gibbs and Heaviside, was an advo-
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cate of a particular vector system which had been derived from the
quaternion system. He, unlike Gibbs and Heaviside, had long been
a quaternion advocate before his departure from that system and
had been a student of Tait. Macfarlane's remarks in this review are
especially interesting when they are compared with the statements
of Gibbs and Heaviside on Hamilton and on quaternions.

In the earlier parts of his review Macfarlane showed sympathy
with McAulay's enthusiastic championing of the quaternion cause,
though he maintained that a large part of the essay was "a transla-
tion into quaternion notation of known results. . . ." (14; 388) The

transitional passage is the following:

| agree with the author in his estimate of the value of Hamilton's qua-
ternion researches: they constitute, in my opinion, the greatest mathe-
matical work of the century. They contain what was long sought after—a
veritable extension of algebra to space: | do not say the, for | believe that
there is more than one. The Cartesian analysis is also an extension of al-
gebra to space, but it is fragmentary and incomplete; whereas the qua-
ternion analysis is the true spherical trigonometry in which the axis of
an angle as well as its magnitude is considered. (14; 389)

Macfarlane then disagreed with McAulay's explanation of the
neglect of quaternions and argued that the neglect was mainly due
to a small group of defects in the quaternion system (which were
remedied in Macfarlane's own system). Neither Gibbs nor Heavi-
side ever made such laudatory statements about Hamilton's work as
those given in the quotation from Macfarlane. Gibbs did not do this,
partly because he was convinced of the superiority of Grassmann's
system; Heaviside did not, partly for reasons of temperament and
partly because his strategy, like that of Gibbs, was aimed at disso-
ciating their system from that of Hamilton. Macfarlane could make
and did make such a statement, it would seem, because his strategy
was different; he wished to present his system as within the quater-
nion tradition but with the few quaternion defects removed. Thus
he felt no compulsion toward making a vigorous attack on either the
guaternion system or on Hamilton and Tait. Thus the review may
be described as favorable to McAulay's book but more favorable to
his own system.

Tait's review *°

of McAulay's book was the lead article in the De-
cember 28, 1893, issue of Nature. Tait began his review by praising
McAulay's book, particularly as compared to another work by an
unnamed author (Macfarlane) and as compared to the works men-
tioned in the following passage: "It is positively exhilarating to dip
into the pages of a book Ilike this after toiling through the arid

wastes presented as wholesome pasture in the writings of Prof.
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Willard Gibbs, Dr. Oliver Heaviside, and others of a similar com-
plexion."*” Tait's remarks on McAulay's preface were not so favor-
able; in fact, he passionately attacked McAulay's tendency to write

passionately.

It is much to be regretted that Mr. McAulay has not determined simply
to let his Essay speak for itself. His Preface, though extremely interest-
ing as the perfervid outburst of an enthusiast, assumes here and there a
character of undignified querulousness or of dark insinuation, which is
not calculated to win sympathy. It has too much of the "Rends-toi,
coquin” to make willing converts; and in some passages it runs a-muck
at Institutions, Customs and Dignities. Nothing seems safe. It is a study
in monochrome:—the lights dazzingly vivid, and the shades dark as
Erebus! (15; 193)

Tait described McAulay as a man of "genuine power and origi-
nality," whose reaction to the Cambridge restrictions "must have

been gall and bitterness." (15; 193)

Intuitively recognising its power, he snatches up the magnificent
weapon which Hamilton tenders to all, and at once dashes off to the
jungle on the quest of big game. Others, more cautious or perhaps more
captious, meanwhile sit pondering gravely on the fancied imperfections
of the arm; and endeavour to convince a bewildered public (if they
cannot convince themselves) that, like the Highlander's musket, it re-
quires to be treated to a brand-new stock, lock and barrel, of their own
devising, before it can be safely regarded as fit for service. (15; 193)

Tait then commented, more benevolently than favorably, on some
of McAulay's innovations.

Such was Tait's manner of welcoming a new zealot into the qua-
ternion fold. McAulay, like Tait before him, had discovered the
quaternion system at Cambridge despite Cambridge. All in all Tait
must have been quite elated about this new convert. Finally a re-
mark of Heaviside on McAulay, written in 1894 in a letter to Gibbs,
may be given: "He seems to be a very clever fellow, and he knows

it and shows that he knows it a little too much sometimes." *®

Readers of the January 5, 1893, issue of Nature found therein a
brief article '® by Tait. Tait began by stating that he had assumed
that his 1891 replies to Gibbs had been sufficient to show the "nec-
essary impotence"” and "inevitable unwieldiness" of every vec-
torial system that lacks the quaternionic product. But, wrote Tait,
this illusion was dispelled by Heaviside's Royal Society paper.'®
Of this fifty-seven-page paper Tait read four pages—then: "... |
met the check-taker as it were: —and found that | must pay before |
could go further. | found that | should not only have to unlearn

Quaternions (in whose disfavour much is said) but also to learn a
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new and most uncouth parody of notations long familiar to me; so |
had to relinguish the attempt." (16, 225)

Tait then mentioned the criticisms of quaternions published by
Heaviside in the Electrician. To these Tait responded only by quot-
ing two short passages from his 1890 Philosophical Magazine arti-
cle. Here as elsewhere Tait either underestimated his opponents
or followed the questionable strategy of treating his opponents'
statements as though they did not merit a detailed reply. Tait then
declared that the main object of his present note was to call atten-
tion to a paper by Knott recently given before the Edinburgh Royal
Society (the discussion of this paper is best delayed until later).
Tait stated that the paper "is a complete exposure of the preten-
sions and defects of the (so-called) Vector Systems." (16; 226) From
reading this paper Tait claimed that he had come to understand the
vectorial ideas of his opponents; his reaction was expressed in his
final sentence: "I find it difficult to decide whether the impression
its revelations have left on me is that of mere amused disappoint-

ment, or of mingled astonishment and pity." (16; 226)

In the March 16, 1893, issue of Nature Gibbs re-entered the de-

bate with an article *’

entitled "Quaternions and the Algebra of
Vectors." It was written directly in response to McAulay's paper®?
in the December 15, 1892, issue of Nawre (and indirectly in re-
sponse to other of McAulay's writings). Gibbs began by discussing
the slowness of the acceptance of quaternions. McAulay (and Tait
earlier) had placed much blame on the lack of uniformity in nota-
tion; Gibbs wisely commented that this cause could not be ac-
cepted, since almost no comparable mathematical system had pre-
served uniformity of notation for a longer time than the quaternion
system. Having rejected this explanation, Gibbs suggested another:
it was that Hamilton's method of presentation had obscured the
"simplicity, perspicuity, and brevity" of the vectorial approach and
had moreover put the "geometrical relations of vectors" in a sec-
ondary position. (17; 463) After making the most of one of Mc-
Aulay's poorly chosen metaphors, Gibbs suggested a law of evolu-

tion for mathematical systems.

Whatever is special, accidental, and individual, will die, as it should; but
that which is universal and essential should remain as an organic part of
the whole intellectual acquisition. Ifthat which is essential dies with the
accidental, it must be because the accidental has been given the promi-
nence which belongs to the essential.

In mechanics, kinematics, astronomy, physics, all study leads to the con-
sideration of certain relations and operations. These are the capital no-
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tions; these should have the leading parts in any analysis suited to the
subject. (17; 464)

Gibbs' "capital notions" (in the second quotation) are clearly
those which are "essential and universal" (first quotation). In this
way he led up to an argument central to this and to the preceding

papers.

If 1| wished to attract the student of any of these sciences to an algebra
for vectors, | should tell him that the fundamental notions ofthis algebra
were exactly those with which he was daily conversant. | should tell him
that a vector algebra is so far from being any one man's production that
half a century ago several were already working toward an algebra which
should be primarily geometrical and not arithmetical, and that there is a
remarkable similarity in the results to which these efforts led. ... |
should call his attention to the fact that Lagrange and Gauss used the
notation (afiy) to denote precisely the same as Hamilton by his S(a/3y),
except that Lagrange limited the expression to unit vectors, and Gauss to
vectors of which the length is the secant of the latitude, and | should
show him that we have only to give up these limitations, and the expres-
sion (in connection with the notion of geometrical addition) is endowed
with an immense wealth of transformations. | should call his attention to
the fact that the notation [r,r;], universal in the theory of orbits, is iden-
tical with Hamilton's V(p,p2), except that Hamilton takes the area as a
vector, i.e. includes the notion of the direction ofthe normal to the plane
of the triangle, and that with this simple modification (and with the no-
tion of geometrical addition of surfaces as well as oflines) this expression
becomes closely connected with the first-mentioned, and is not only en-
dowed with a similar capability for transformation, but enriches the first
with new capabilities. In fact, | should tell him that the notions which
we use in vector analysis are those which he who reads between the
lines will meet on every page of the great masters of analysis, or ofthose
who have probed deepest the secrets of nature. ... (17; 464)

The above quoted passage is typical of Gibbs' ability to present
powerful and sensible arguments. The remark following this pas-
sage referred to McAulay's lamentations at the poor acceptance of
the quaternion system; the remark is both appealing and histori-
cally true. "There are two ways in which we may measure the prog-
ress of any reform. The one consists in counting those who have
adopted the shibboleth of the reformers; the other measure is the
degree in which the community is imbued with the essential prin-
ciples of the reform. | should apply the broader measure to the
present case, and do not find it quite so bad as Mr. McAulay does."
(17; 464)

In summary, Gibbs maintained that there were two discernible
traditions leading up to the present situation. The first tradition
manifested itself in the great physical treatises of the past wherein

stress gradually came to be placed on certain fundamental notions
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and operations. The second tradition, running parallel to the first
and in part stemming from it, consisted in the creation offormal vec-
torial systems. Gibbs argued that these two traditions were at that
time (the 1890's) converging and that the vectorial approach was be-
coming common, even though dispute was rampant as to which vec-
torial system was preferable. To decide between the various sys-
tems emerging from the second tradition, one need only analyze the
content of the first tradition.

Gibbs concluded with a tactful and true remark which, though it
criticized Hamilton, praised Tait and other second-generation qua-
ternionists for presenting the quaternion system in a more accept-

able form.

Now | appreciate and admire the generous loyalty toward one whom
he regards as his master, which has always led Prof. Taitto minimise the
originality of his own work in regard to quaternions, and write as ifev-
erything was contained in the ideas which flashed into the mind of Ham-
ilton at the classic Brougham Bridge. But not to speak of other claims of
historical justice, we owe duties to our scholars as well as to our teachers,
and the world is too large, and the current of modern thought is too
broad, to be confined by the ipse dixit even of a Hamilton. (17; 464)

Gibbs' paper was soon followed by another which, though fully
in agreement with Gibbs' arguments, differed markedly in style. It
was written by Oliver Heaviside, whose humor and brashness com-
plemented Gibbs' seriousness and tact. Heaviside wrote in re-
sponse to McAulay'*''? and Tait'® and in support of Gibbs. Con-
cerning McAulay's Royal Society paper Heaviside wrote: "As the
heart knoweth its own wickedness, he will not be surprised when |
say that | seem to see in his mathematical powers the 'promise and
potency' of much future valuable work of a hard-headed kind." (18;

534) Heaviside then suggested that McAulay simply give up qua-

ternions! "A difficulty in the way," wrote Heaviside "is that he has
got used to quaternions. | know what it is, as | was in the quater-
nionic slough myself once." (18; 534)

After making criticisms of some of McAulay's arguments, Heavi-
side turned to Tait and indirectly to Knott. He chided them about
the irrelevance of their arguments on the superiority of quater-
nionic notations, and then he attempted to show that they were
wrong anyway and that his system was superior in brevity and
clearness of expression. Heaviside went on to state what he be-
lieved was the significance of Tait's paper. "The quaternionic calm
and peace have been disturbed. There is confusion in the quater-
nionic citadel; alarms and excursions, and hurling of stones and

pouring of boiling water upon the invading host. What else is the
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meaning of his letter, and more especially of the concluding para-
graph? Butthe worm may turn; and turn the tables." (18; 534) Heav-
iside concluded the article with a discussion of some specific con-
siderations on the quaternion notation and methods oftreating rota-
tions. The major significance ofthe article is that through its humor,
frankness, and partial refutation of arguments ofthe quaternionists
it gave support to Gibbs' more closely reasoned article. Heaviside's
brashness must have antagonized not a few people; nevertheless
his brashness was not that ofthe young and little known Alexander
McAulay.

One of the most important papers published during this debate

* "Recent Innovations

was Cargill Gilston Knott's lengthy paper
in Vector Theory" published in the Proceedings of the Royal
Society of Edinburgh for 1892. It had been read December 19,
1892, was published in 1893, and was twice abstracted in Nature
in 1893. The first abstract was very brief; ** the second?® was longer
than any other paper in this debate in Nature with the exception of
Gibbs' response to it, which was only slightly longer.

Knott had been Tait's assistant at Edinburgh from 1879 to 1883,
then Professor of Physics at the Imperial University of Japan, and
from 1892, Lecturer on Applied Mathematics in Edinburgh Uni-
versity. He was to become Tait's biographer and remained through-
out his life a staunch advocate of quaternions.®® The following dis-

cussion will concentrate on the full-length paper as published in
the Edinburgh Royal Society Proceedings.

This paper, as nearly all others in the debate, was written, as
Knott stated, "wholly from the point of view of mathematical
physics. . . ." (19; 212) The paper was aimed at criticizing the work

of Macfarlane, Heaviside, and, above all, Gibbs, whom Knott called
the "high-priest” of the "clique of vector analysis.” (19; 212) After
mentioning some of the earlier papers in the debate, Knott briefly
discussed the work of Rev. Matthew O'Brien and concluded that
“the anti-quaternionic vector analysts of today have barely ad-
vanced beyond the stage reached by O'Brien . . ." (19; 212) in
1852. Knott's aim in making this statement (or better, overstate-
ment) was to portray the Gibbs-Heaviside system as nothing new,
rather as an old system that had not survived.

Knott then attacked Gibbs' statement that the scalar and vector
products were fundamental, while the quaternion product was not
Knott argued that without the quaternion the division of one vec
by another is not possible, that this operation is fundamental

and that hence the quaternion is fundamental. To Gibbs' argument
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that his vectorial system could be extended to higher dimensions,
while quaternions could not, Knott responded that this was like
trying "to solve the Irish question by a discussion of the social
life in Mars. . . (19; 217) After a discussion of notation Knott
turned to the question of why the square of a unit vector should be

equal to —1. He showed that if we assume the associative law and

that ij = k = —ji, jk = i = —kj, and ki=j = —ik, then we can write:
S j)) o= (2 o+ i) o= 0%+ kj o= +i?j-it and s+ ) o= (i) + ) =
ik + ij2 = —j + ij?" But since % — i must equal —j + ij?, i® andj?
must equal —1. (19; 221-222) Thus a necessary condition for the

associative law is that the square of a unit vector be equal to minus
one. Knott made an issue of this, and it is not a small point.
Repeatedly in the paper Knott took an algebraically narrow point
of view. He was unable to see the legitimacy of defining two dis-
tinct products of two vectors; there was only one product, and that
was the heaven-sent and Hamilton-discovered quaternion product.
Thus Knott criticized the Gibbs-Heaviside system because it
lacked anything corresponding to the quaternion Vco (for co, a vec-
tor) (19; 223-224) and because V ¢ <o and V X pn (expressed in
Gibbs' notation) had to be defined separately. (19; 223-224)

Gibbs had introduced the expressions "Pot," "New," "Lap,"
and "Max" as abbreviations in certain theorems in potential
theory.®’ These had been introduced primarily to avoid writing a

series of V's. Knott dealt with this jokingly by suggesting the in-
troduction of a "Tai" and a "Ham." (19; 225) This evoked one of
Gibbs' few humorous responses.

Knott then turned to Gibbs' treatment of the linear vector func-
tion. Knott's position in this regard is well summarized in the fol-
lowing quotation:

In the course of the development of the theory of the dyadic, Gibbs,
with his usual proneness to lexicon products, invents a few names (or
new meanings to old ones), such as Idemfactor, Right Tensor, Tonic,
Cyclotonic, Shearer, and so on. These are all special forms ofthe linear
and vector function; and, excepting possibly the names, Professor Gibbs
does not seem to have contributed anything of value to Hamilton's
beautiful theory. In no case, so far as | have been able to see, do his
methods compare, for conciseness and clearness, at all favourably with
Hamilton's and Tait's. (19; 229)

One line of attack used by Knott was to attempt to show that Gibbs
was forced to bring in the quaternion. (19; 235) Knott concluded
with a summary and by an invocation of the name Hamilton.
Knott's paper is important in that it was the first detailed criticism
of the Gibbs-Heaviside system written by a quaternionist. It seems

highly probable that it made impressive reading for the interested
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reader. Though Knott had read Gibbs' booklet with care and written
with a certain Stoic control, nonetheless the bitterness that had
characterized the earlier papers by Tait and McAulay was not

absent.

Alexander Macfarlane was the first to reply to Knott's attack on
"Recent Innovations.”" His paper?' appeared in late May of 1893
in Nature, slightly more than a month after the longer abstract of
Knott's paper had appeared. It was also written partly in reply to
Lodge's review.®

Much of Macfarlane's paper was simply a restatement of his
views and hence need not be discussed. The major point of interest
is Macfarlane's discussion of Knott's views concerning whether
the square of a vector should be positive or negative. Knott had at
the end of his paper made the statement: "The assumption that the
square of a unit vector is positive unity leads to an algebra whose
characteristic quantities are non-associative, but in no sense more
general than the corresponding but associative quaternion quanti-
ties, and whose V is not the real efficient Nabla of quaternions."
(19; 236-237) Knott's disagreement with the Heaviside-Gibbs-
Macfarlane contention that the square of a vector should be posi-
tive was evident not only in his writing of "assumption"” in italics
but also ran through his whole paper. Macfarlane responded by
arguing (correctly) that both views were assumptions (or better
definitions) and were hence completely arbitrary algebraically. He
cited as evidence a passage from Kelland and Tait's Introduction
to Quaternions. Again history had come full cycle, for Hamilton
in the 1840's had argued that there was nothing algebraically
wrong in defining a product that violates the commutative law, and
in the 1890's Knott had argued in defense of the quaternion cause
that there was something unnatural in a system that violated the
associative law.

Knott (in close relation with the previous question) had argued
that V2u should equal + + AJf)' °*"°® the quaternion

(the "real") Nabla gave this result. To this Macfarlane replied by
pointing out that Tait used "the unreal V2w in his 'Treatise on
Natural Philosophy," " (21; 76) and by suggesting that "The onus
probandi lies on the minus men." (21; 76)

In conclusion it may be noted that the controversy on the impor-
tant plus or minus question was here as elsewhere being argued
by the quaternionists on grounds of algebraic elegance, sim-
plicity, and naturalness, whereas the vector analysts argued on
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pragmatic grounds —the test for them was what most conveniently
corresponded to the most frequent relations found in physics and
geometry. It is important to note that Macfarlane's arguments (un-
intentionally of course) were helpful to the Gibbs-Heaviside cause,
for what Macfarlane had written on behalf of his system applied

equally to the Gibbs-Heaviside system.

2 to Macfarlane's paper was published three weeks

Knott's reply?
later in Nature. It said little that was new. Since the minus or plus
question is mathematically unanswerable, either being legitimate,
Knott could do little more than restate old views couched in new
rhetoric. Typical of this, and interesting because it contained
Knott's admission that the answer was arbitrary, was Knott's con-

cluding paragraph:

In conclusion, let me say that no reasonable man can possibly object
to investigators using any innovations in analysis they may find useful.
But in the present case there is avery serious objection to the innovators
condemning the system, for which they have one and all drawn inspira-
tion, as "unnatural" and "weak," without in any way showing it so to
be. That they can re-cast many quaternion investigations into their own
mould does not prove their mould to be superior or even comparable to
the original. Yet, in so far as they possess much in common with quater-
nions, the modified systems used by Gibbs, Heaviside, and Macfarlane
cannot fail to have many virtues.

"His form had not yet lost
All her original brightness, nor appeared
Less than Archangel ruined."®?

Two weeks after Knott's response to Macfarlane, Alfred Lodge
published an unpolemical paper?® suggesting a solution to the plus
or minus question. Lodge's suggestion was not accepted; at most
it provoked Knott to give a bevy of reasons why it should not be
accepted. Its sole importance is that it was another article within

the debate.

Gibbs' reply?* to Knott was published in Nature on August 17,
1893, nearly four months after the longer abstract of Knott's paper
had been published. In it Gibbs replied in detail to the detailed
criticisms of Knott; since such criticisms and replies are of interest
only when they deal with major aspects ofthe system, the emphasis
in the following discussion will be on illustration rather than sum-
marization.

Gibbs began by stating that he felt bound to reply to Knott's
paper because Knott had attacked the whole system ofvector analy-
sis primarily on the basis of faults found in Gibbs' Elements of

Vector Analysis. Gibbs replied first to Knott's assertion that he had
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been forced to introduce the quaternion into his booklet. This
charge was in one case due to an inadvertence (a tactful way of
describing Knott's mathematical error) and in two other cases to
overstatement—"My critic is so anxious to prove that | use quater-
nions that he uses arguments which would prove that quaternions
were in common use before Hamilton was born." (24; 365)

To Knott's criticism of Gibbs' use of V, Gibbs replied by asking

the reader to consider the following statement made by Kelvin:

Helmholtz first solved the problem —Given the spin in any case of
liquid motion, to find the motion. His solution consists in finding the
potentials of three ideal distributions of gravitational matter having
densities respectively equal to 1/t of the rectangular components of
the given spin; and, regarding for a moment these potentials as rec-
tangular components of velocity in a case of liquid motion, taking the
spin in this motion as the velocity in the required motion. (27; 365)

Gibbs then translated Kelvin's statement as he thought Knott might
prefer it: "Helmholtz first solved the problem —Given the Nabla of
the velocity in any case of liquid motion, to find the velocity. His
solution was that the velocity was the Nabla of the inverse square
of Nabla of the Nabla of the velocity. Or, that the velocity was the
inverse Nable of the Nabla of the velocity." (24; 365) Gibbs then
argued that his introduction of the symbolic abbreviations "Pot,"
"New = VPot," "Lap=V X Pot," and "Max = V. Pot" were as easy
to remember, as expressive, and more conducive to rigor than the
quaternion equivalents. Gibbs proceeded to answer a charge by
Knott that there was a "tangle"” and "jangle" in sections 91 to 104
of his Elements of Vector Analysis by thoroughly agreeing and ex-
plaining that this was due to a time lapse of a "couple of years"
between writing parts ofthe sections. Section 101 was the last sec-
tion of the 1881 part of Gibbs' booklet. Gibbs then capitalized on
Knott's reference to this "tangle"” and "jangle" in the terms: "No
finerargument [against Gibbs' system] . . . can be found." (24;
366) Gibbs gave a detailed discussion of Knott's attack on his treat-
ment of the linear vector function. From this discussion the reader
could gain some knowledge of the superiority of Gibbs' treatment.

This paper alone, because ofits many details and because it was
written as a defense, could not have persuaded the uninitiated. It
is best viewed as a capable and thorough response and hence as
serving to remove the doubts of someone acquainted with, but un-

decided between, the rival systems.

The issue of Nature that appeared the week following Gibbs’

paper contained a short article 2> by Robert S. Ball, who had written
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a work entitled The Theory of Screws (Dublin, 1876) that bore a
relation to vector analysis. Ball (1840-1913) had been the astrono-
mer royal of Ireland and was in 1893 Lowndean Professor of As-
tronomy and Geometry at Cambridge.

Ball's major point is summarized in the following quotation:

It has always appeared to me that the student of physical science
would better employ his time by studying the "Ausdehnungslehre" to
which some of your correspondents have referred than by studying
quaternions.

The wonderful work of Grassmann is contained in a moderate-sized
book in remarkable contrast to the two terrific volumes of Hamilton,
which even Prof. Tait admits that he has not read entirely. The fact that
the ausdehnungslehre could be mastered in a mere fraction of the time
that would have to be devoted to the mastery of quaternions, is not how-
ever the important point. (25; 391)

Ball concluded by giving an illustration of Grassmann's methods
and by a plea for the translation of Grassmann's 1862 Ausdehn-

ungslehre.

The September 28, 1893, issue of Nature contained two articles,
a short one by Knott and a shorter one by R. W. Genese. Genese's

® will be considered first.

paper?

Robert William Genese (1867-1928) had received his B.A. (1871,
eighth Wrangler) and M.A. (1874) from Cambridge and was in 1893
Professor of Mathematics at University College, Aberystwyth.
Genese's paper constituted a seconding of Ball's motion that Grass-
mann's book be translated; he even pledged to subscribe ten
pounds toward the accomplishment of that task. Lamented was the
fact that Grassmann's ideas were not as yet taught in England,

and Clifford was cited on behalf of the value of Grassmann's work.

Knott's paper?’ in the September 28 issue of Nature was written
in reply to Gibbs and to Lodge. Herein Knott briefly commented
on a number of Gibbs' replies but gave no new arguments. This
part of the paper is best viewed as no more than an attempt to pre-
vent the belief that he had acquiesced to Gibbs' arguments. Knott's
last paragraph was his answer to Lodge's suggestion for an innova-
tion, against which Knott gave five arguments.

2 to Macfarlane's reply?' to Knott's original paper

Knott's reply?
was discussed by Macfarlane in an article 2® in the October 5, 1893,
issue of  Nature.

Macfarlane began by stating that he wished to aid the discussion

by restating his fundamental position. This was in briefthat quater-
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nion notations as well as some of the fundamental quaternion
principles needed revision, including the principles that the square
of a vector is negative and that V? = (o + ¢ + o\ He ¢°M*
eluded first by calling attention to two papers he had recently de-
livered at the International Mathematical Congress at Chicago in
which he had extended his system and then by presenting the fol-
lowing statement: "As regards Prof. Knott's closing quotation from
'Paradise Lost,' | feel like the Senior Wrangler who, having read
through the poem, remarked that it was all very pretty, but he didn't
quite see what it proved. | close with a quotation which is from as
good a book, and possesses more logical force: 'Ye shall know them
by their fruits. Do men gather grapes of thorns, or figs ofthistles?' "
(28; 541)

In conclusion it may be noted that the important question to be
asked concerning this paper is not as to how much it advanced
Macfarlane's system, but whether it helped the quaternion or the
Gibbs-Heaviside vector analysis cause. The answer is clear; it
indirectly but indisputably helped the latter, for the majority of
Macfarlane's conclusions were in harmony with the Gibbs-Heavi-
side vector system.

The last word, literally but not symbolically, in the debate in
Nature went to Heaviside. This paper?® was published in the
January 11, 1894, issue and was written mainly in response to Tait's
review '° of McAulay's book.*?

Heaviside began by arguing that Tait failed to recognize the
values of the systems put forward by the opponents of the quater-
nion system. "He does not know their ways, either of thinking or
of working, as is abundantly evident in all that he has written ad-
versely to Prof. Willard Gibbs and others." (29; 246) Heaviside
went on to state that he was surprised at Tait's warm welcome to
McAulay's innovations. Then Heaviside argued that the illustra-
tion of the value of McAulay's work selected by Tait for discussion
could be and essentially had been dealt with in a better manner in
the vector analysis system. Heaviside concluded by a second invi-
tation to McAulay to convert to vector analysis.

The final three papers from 1893 to be discussed were read be-
fore the Edinburgh Mathematical Society and published in the
Proceedings of the Society sometime after June 9, 1893 (the date
of the last paper in volume eleven). These papers were never re-

ferred to in the course of the Nature debate, and hence their dis-
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cussion has been postponed until the completion ofthe discussion
of the Nature articles.

The first paper ®°

was by Knott (who was to assume the presidency
of the Society in November, 1893) and was entitled "The Quater-
nion and its Depreciators.” Most of Knott's paper was either rep-
etition (at times verbatim) or elaboration of his statements in his
slightly earlier "Recent Innovations in Vector Theory." Hence
this long paper may be treated rather briefly.

Knott began by classifying the statements of the quaternion de-
predators (Gibbs, Heaviside, and Macfarlane) under three heads:
first, the question of "the value of the quaternion as a fundamental
geometrical conception"; second, "the question of notation"; and
third, "the question of the sign of the square of a vector. . . ." (30;
62) After repeating a number of his earlier arguments on the first
guestion, Knott concluded by suggesting an analogy. He stated
that although sin 6 and cos 6 occur more frequently than 6 itself,
we should not conclude that 6 plays no fundamental role. Similarly
we should not infer that aft is not fundamental simply because
Va/3 and Sa/3 occur more frequently.

Knott then turned to the question of notation and cited such argu-
ments as were available on behalf of the quaternion system. From
this he proceeded to the question concerning the sign appro-
priate to the square of a vector. His main positive argument was,
as before, that the quaternion minus preserved the associative law
for multiplication, and his main negative arguments were in
response to Macfarlane's charge that essentially unit vectors and
versors should not be identified, since the square ofthe first should
be +1 and of the later —1.

Knott concluded by referring the reader to his paper in the Pro-
ceedings of the Royal Society  of Edinburgh which discussed these
guestions and others.

This paper, like Knott's other long paper, was carefully written
and contained no special excess of scorn. Neither Gibbs nor Heavi-
side replied to it, perhaps because they felt it was unnecessary or
possibly because they felt it was useless (considering the audience).

Knott's paper had been delivered at the January 13, 1893, meet-
ing of the Edinburgh Mathematical Society. At the next meeting
(February 10, 1893) Dr. William Peddie, "Assistantto the Professor
of Natural Philosophy" at Edinburgh University (hence Tait's
assistant), delivered a paper®’ on behalf of the quaternion system.

After commenting that he believed that new and very general

mathematical methods (like quaternions) were difficult for students
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to assimilate, Peddie stated: "And it seems as if it were for this
reason that, in recent years, attempts have been made, by men of
known mathematical ability, to smooth the paths." (31; 85) He was
of course referring to Gibbs, Heaviside, and Macfarlane. Peddie's
view as to their success was evident from his next statement:
"Practically, all these attempts consist in using, instead of Hamil-
ton's, another system of quaternions, cut up into parts; the parts
of that system being used because they are imagined to be superior
to the corresponding parts of Hamilton's system in respect of
naturalness." (31; 85) Peddie then discussed three points in Tait's
Treatse which Heaviside had called "sticking points." The dis-
cussion of the third point turned on the fact that the quaternionists
began with fewer definitions, but they consequently were forced
to go through more elaborate developments to get some ofthe fun-
damental results. In response to the charge that the quaternion is
not a fundamental entity, Peddie, presumably on the mistaken as-
sumption that the vector system had no method oftreating rotations,
argued that the quaternion was essential as a method of dealing
with rotations. Peddie concluded the article by an attempt to show
that the "notions of quaternions are applicable to space of four or
any number of dimensions." (31; 90)

In conclusion, Peddie's paper was competent but no more than
that. He had not however read Gibbs' work, and thus a number of
his arguments were vague or missed the point.

The papers by Knott and Peddie were given at the first two 1893
meetings (January and February) of the Edinburgh Mathematical
Society. This sequence was continued in the March and April
meetings by Peddie, who presented at these meetings two parts

of a paper entitled "Elements of Quaternions.” From the published
one-sentence summary of the first paper®® it may be inferred that
Peddie discussed therein vector addition and subtraction and the
usefulness of these operations. A six-page abstract®? of the second
part of his paper (April meeting) was published. From this abstract
it is clear that Peddie's intention in the paper was to intersperse a
review of the fundamental principles of quaternion analysis with
periodic forays against the vector analysts. Since these asides were
in part repetitive of earlier arguments used by Peddie and since
reasons for his statements were not in general published because
of the fact that only an abstract was printed, nothing need be said

of this paper beyond mention of its existence and spirit.

Two 1894 reviews of the first volume of Heaviside's Electro-

magnetic Theory merit discussion, since both commented on
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Heaviside's vectorial ideas. The shorter of these reviews was
written by Alexander Macfarlane and published in the Physical
Review® Macfarlane described the book and praised all parts ex-

cept the third chapter, which was on vector analysis; he wrote:

The third chapter expounds the elements of vector analysis. The ex-
position, while clear, and suitable for the class of readers addressed,
contains principles which appear of doubtful validity to those who have
made a special study of the matter. For instance, the scalar product of
two vectors is not distinguished by any prefix, though the vector product
is, apparently on the same principle that the eldest daughter is suffi-
ciently distinguished by Miss, provided all the younger sisters have their
Christian names appended. But the scalar product and the vector
product are only partial products; the simpler name belongs properly
to the complete product, which is their sum. Here we have an indication
of one of the principal defects of the analysis; it is fragmentary, not a
method totus teres atque rotundus. (33; 153-154)

This statement is illustrative of two practices common throughout
the whole debate. The first is the penchant of vectorists for meta-
phorical expressions; the second and the more important is the
tendency of many of the writers, particularly the quaternionists,
to treat the question of products as something more than a question
of arbitrary definition. In Macfarlane's case his statement that the
scalar and vector products are only partial products was presumably
not made through his own ignorance; rather it is best viewed as
an argument against Heaviside's ideas based on the assumed

algebraical "naivete" of Macfarlane's readers.

The second review °*

of Heaviside's Electromagnetc Theory was
written by George M. Minchin and published in the Philosophical
Magazine. Minchin's rather lengthy review was in general very
favorable and concentrated on Heaviside's innovations. Minchin

commented upon Heaviside's style in the following way:

A reader of Mr. Heaviside's writings is at once struck by the extraor-
dinary style which distinguishes him from every other English writer
on Mathematics or Physics; and the impression which is produced by
this style is often the reverse of pleasing. There is a complete absence
of the conventionalities which are generally recognized as proper to
the writing of a scientific treatise. Mr. Heaviside is the Walt Whitman
of English Physics; and, like the so-called "poet,” he is certain to raise
aversion to his peculiarities. (34; 146)

Minchin however was not in all ways averse to Heaviside's style;
he went on to praise him for his clearness in exposition.

After an extended discussion of some of the electrical terms in-
troduced by Heaviside, Minchin discussed Heaviside's chapter on

vector analysis. He criticized first of all Heaviside's notation, for
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example, his use of Clarendon type for the representation of vec-
tors. Minchin argued, as others had argued, that this convention
was very inconvenient when one wished to write vectors in a
manuscript, but it was at least better than Maxwell's use of Gothic
capitals. Turning to the ideas in what he called Heaviside's "Hereti-
cal Vector Analysis, Minchin pointed out that he wused this term
"without necessarily implying any censure. . . ." (34; 154) Minchin
presented no real arguments against Heaviside's vector system; his
tone however revealed that he was not favorably inclined toward
this innovation, this "Heretical" system. In summary, Minchin
praised most of Heaviside's electrical ideas, but he was not so
favorably inclined to his vector system. His review may be com-
pared with FitzGerald's review of Heaviside's Electrical Papers
which was discussed in the last chapter. Both reviews must have
helped Heaviside to become better known, and their discussions
of Heaviside's vectorial ideas (which had helped Heaviside to
many important results) must have at least served to make that

system (which was little known in 1890) much better known.

The final two papers of the debate are among the most interest-
ing. The disputants were Cayley and Tait, and the question was one
that had nowhere else been discussed.

Arthur Cayley (1821-1895), whose paper appeared first, was an
extremely prolific and very well-known mathematician. He held
the Sadlerian Chair for Mathematics at Cambridge University; the
remarks in his paper are thus especially interesting, since they
probably represent the point of view that he passed on to many
Cambridge students. Itis probable that McAulay's statements about
guaternions at Cambridge were directed against Cayley and his
view of quaternions. Cayley had long been interested in certain
aspects of quaternions and was in fact the first person (after Hamil-
ton) to publish a paper on quaternions. Moreover Cayley had, as
mentioned previously, written a chapter entitled "A Sketch of
the Analytical Theory of Quaternions"” for the 1890 edition ofTait's
Treatise on  Quaternions. Tait described this as being included
through Cayley's "unsolicited kindness." Cayley and Tait had fre-
guently corresponded, and this correspondence more or less di-
rectly led to the two papers to be discussed.®® Most ofthe arguments
that were eventually presented in these papers may be found in
these letters. As early as 1888 Cayley had commented concerning
their different views of quaternions: "we are irreconcileable and
shall remain so. . . ."%° Nevertheless they continued the discussion
in later letters, and in June, 1894, Cayley sent Tait acopy ofa paper
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entitled "Coordinates versus Quaternions" which Cayley planned
to publish in the Messenger of Mathematics. Tait suggested that
Cayley allow his paper to be read before and published by the
Royal Society of Edinburgh.®® After Cayley agreed, his paper?®®
and Tait's reply were read at the July 2, 1894, meeting and sub-
sequently published in the Proceedings of the Royal Society  of
Edinburgh.

Cayley's paper began with a quotation from the preface to the
first edition of Tait's Treatise, a preface which was reprinted in the

later editions. Tait had written:

It must always be remembered that Cartesian methods are mere par-
ticular cases of quaternions where most of the distinctive features have
disappeared; and that when, in the treatment of any particular question,
scalars have to be adopted, the quaternion solution becomes identical
with the Cartesian one. Nothing, therefore, is ever lost, though much
is generally gained, by employing quaternions in place of ordinary
methods. In fact, even when quaternions degrade to scalars, they give
the solution of the most general statement of the problem they are ap-
plied to, quite independent of any limitations as to choice of particular
coordinate axes. (35; 271)

Cayley summarized his own views in the following paragraph:

My own view is that quaternions are merely a particular method, or say
a theory, in coordinates. | have the highest admiration for the notion of
a quaternion; but ... as | consider the full moon far more beautiful
than any moonlit view, so | regard the notion of a quaternion as far more
beautiful than any of its applications. As another illustration ... | com-
pare a quaternion formula to a pocket-map—a capital thing to put in
one's pocket, but which for use must be unfolded: the formula, to be
understood, must be translated into coordinates. (35; 271-272)

In short, Cayley argued that®® the quaternion as an entity for the
pure mathematician is interesting and important, but the quater-
nion method as a method for the applied mathematician (consider-
ing the geometer in this case as an applied mathematician) is noth-
ing more than a shorthand or a method of abbreviation, and even
under this aspect it is not a useful method.

Cayley gave three elementary illustrations of his point of view.
The second illustration consisted in a comparison of the solutions,
worked out by quaternions and by Cartesian methods, of the prob-
lem: Given two lines OA and OB, find the line OC perpendicular
to the plane containing OA and OB. He stated that the quaternion
solution would be my = Va/3 where y = OC, a = OA, = OB, and
m is a scalar. He commented that this was much briefer than the
Cartesian solution, but was unintelligible and useless until trans-

lated into the Cartesian equivalent.
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Cayley's final statement was the following: "In conclusion, |
would say that while coordinates are applicable to the whole
science of geometry, and are the natural and appropriate basis and
method in the science, quaternions seem to me a particular and
very artificial method for treating such parts of the science ofthree-
dimensional geometry as are most naturally discussed by means of
the rectangular coordinates x, t/, z" (35; 275) Cayley's arguments
could of course be translated directly into arguments against almost

any vectorial system.

Tait's reply®® to Cayley was entitled "On the Intrinsic Nature
of the Quaternion Method." It is especially interesting for the
historical views presented therein by Tait.

Tait began the paper by admitting that quaternions were not
applicable to spaces ofhigher dimension than three; then he argued
that Hamilton was of all people most able to dispense with abbre-
viations, and yet he had devoted the last twenty years of his life
to quaternions. In the following quotation Tait stated his primary

argument:

It will be gathered from what precedes that, in my opinion, the term
Quaternions means one thing to Prof. Cayley and quite another thing to
myself: thus

To Prof. Cayley Quaternions are mainly a Calculus, a species of
Analytical Geometry; and, as such, essentialy made up of those co-
ordinates which he regards as "the natural and appropriate basis of the
science." They artfully conceal their humble origin, by an admirable
species of packing or folding:—but, to be of any use, they .

doubly dying, must go down
To the vile dust from which they sprung!

To me Quaternions are primarily a Mode of Representation:—im-
mensely superior to, but essentially of the same kind of usefulness as, a
diagram or a model. They are, virtually, the thing represented: and are
thus antecedent to, and independent of, co-ordinates: giving, in general,
all the main relations, in the problem to which they are applied, without
the necessity of appealing to co-ordinates at all. Co-ordinates may, how-
ever, easily be read into them: —when anything (such as metrical or
numerical detail) is to be gained thereby. Quaternions, in a word, exist
in space, and we have only to recognize them: —but we have to invent
or imagine co-ordinates of all kinds. (36; 277-278)

Tait then proceeded to discuss the history of quaternions. He
first stated that the quaternion of the latter half of the century must
be viewed "as having, from at least one point of view, but little
relation to that of the seven last years of the earlier half." (36; 278)
Tait argued that Cayley's view of the quaternion was the earlier

view, and he suggested that Hamilton's greatest contribution was
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that through him "From the most intensely artificial of systems
arose, as if by magic, an absolutely natural  one!" (36; 279) Tait's

meaning is clarified by the following quotation:

Most unfortunately . . . Hamilton's nerve failed him in the composi-
tion of his first great Volume. Had he then renounced, for ever, all deal-
ings with i,j, /c, his triumph would have been complete. He spared Agag,
and the best of the sheep, and did not utterly destroy them! He had a
paternal fondness for i,j, k. . . . He had a fully recognized, and proved
to others, that his i,j, k were mere excrescences and blots on his im-
proved method:—but he unfortunately considered that their continued
(if only partial) recognition was indispensable to the reception of his
method by a world steeped in Cartesianism! Through the whole com-
pass of each of his tremendous volumes one can find traces of his desire
to avoid even an allusion to i,j, k; and, along with them, his sorrowful
conviction that, should he do so, he should be left without a single
reader. . . . And | further believe that, to this cause alone, Quaternions
owe the scant favour with which they have hitherto been regarded. (36;
279-280)

Tait then admitted that the same defect could be found in his
own book, a defect he planned to remedy if a fourth edition was
called for. Tait stated that from his abundant correspondence with
Hamilton he had learned of Hamilton's changed view of quaternion
analysis. Thus, in summary, Tait's argument was that Cayley's
criticisms simply did not apply to the modern quaternion methods,
which avoid use of i, j, k, and hence of coordinates, of which the
guaternion is "altogether independent” and to which it is "ante-
cedent."

Among Tait's concluding statements is the suggestion of an

analogy to replace Cayley's "pocket-map" analogy.

A much more natural and adequate comparison would, it seems to me,
liken Co-ordinate Geometry ... to a steam-hammer, which an expert
may employ on any destructive or constructive work of one general kind,
say the cracking of an egg-shell, or the welding of an anchor. But you
must have your expert to manage it, for without him it is useless. He has
to toil amid the heat, smoke, grime, grease, and perpetual din of the
suffocating engine-room. The work has to be brought to the hammer, for
it cannot usually be taken to its work . . . Quaternions, on the other
hand, are like the elephant's trunk, ready at any moment for anything,
be it to pick up a crumb or a field-gun, to strangle a tiger, or to uproot
a tree. Portable in the extreme, applicable anywhere . . . directed by a
little native who requires no special skill or training, and who can be
transferred from one elephant to another without much hesitation.
Surely this, which adapts itself to its work, is the grander instrument!
But then, it is the natural, the other the artificial, one. (36; 283)

If Heaviside was the "Walt Whitman of English Physics," the above
quotation certainly merited Tait the title of the "Rudyard Kipling
of English Physics."
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These two papers, which conclude the debate, may serve to
remind us that though most of the papers in the debate discussed
the question of which vectorial method should be used, the ques-
tion whether any vectorial method should be used was hardly for-

gotten.

1. Conclusions

If the materials discussed previously in this chapter are viewed
broadly, a number of important generalizations emerge. Altogether
thirty-six publications (thirty-eight including the two Heaviside
publications discussed in the last chapter) appeared in the years
from 1890-1894. Eight leading scientific journals were involved,
with Nature carrying twenty articles. Twelve scientists, writing
from England, Scotland, Australia, and the United States, partici-
pated. Nearly all the articles referred to other articles in the debate,
so that the debate should be viewed as a definite historical unit.

A high level of intensity and a certain fierceness characterized
much of the debate and must have led many readers to follow it
with interest. And the penchant of the participants for striking
metaphors (at times by their absurdity) led them to compare qua-
ternions with, among other things, a Highlander's musket, strong
meat, archangels, a map, and an elephants trunk! Such analogies
did at least lead to readability, though only indirectly to meaningful
discussion.

The ratio of heat to light was especially high in the writings of
the quaternionists, and it could hardly have been otherwise. Gibbs
and Heaviside must have appeared to the quaternionists as un-
welcome intruders who had burst in upon the developing dialogue
between the quaternionists and the scientists of the day to arrive
at a moment when success seemed not far distant. Charging forth,
these two vectorists, the one brash and sarcastic, the other spouting
historical irrelevancies, had promised a bright new day for any who
would accept their overtly pragmatic arguments for an algebraically
crude and highly arbitrary system. And worst of all, the system they
recommended was, not some new system (even if Gibbs called it
"Grassmannian"), but only a perverted version of the quaternion
system. Heretics are always more hated than infidels, and these two
heretics had, with little understanding and less acknowledgment,
wrenched major portions from the Hamiltonian system and then
claimed that these parts surpassed the whole. So at least it must
have appeared to the quaternionists, and if this description of their
reaction is only half correct, still it should be sufficient to explain

why there was so little communication between the contending
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parties. Darwin's remark in the final chapter of his Origin of Species
may serve to remind us that the quaternionists were not unique in
their reaction. Darwin wrote:

Although | am fully convinced of the truth of the views given in this
volume under the form of an abstract, | by no means expect to convince
experienced naturalists whose minds are stocked with a multitude of
facts all viewed, during a long course of years, from a point of view
directly opposite to mine. ... A few naturalists, endowed with much
flexibility of mind, and who have already begun to doubt the immuta-
bility of species, may be influenced by this volume; but | look with con-
fidence to the future, —to young and rising naturalists, who will be able
to view both sides of the question with impartiality.®’

Though all the quaternionists wrote with some bitterness, it
should not be forgotten that Knott wrote with care and thorough-
ness, Tait with the prestige that came from his distinguished career

in science,®®

and McAulay with some success in demonstrating the
usefulness of quaternions in physical application. However, per-
haps too frequently Knott, Tait, and Peddie wrote for the already
favorable Edinburgh audience. Prophets may never be heard in
their homeland, but patriots are seldom heard anywhere else.

Among the opponents of the quaternion system Gibbs stands
out as having contributed timely, carefully reasoned, and persua-
sive articles. It is perhaps not too much to describe his papers as
masterpieces of mathematical rhetoric and as capable of leading
thoughtful readers to accept the Gibbs-Heaviside system. Their
effect on the less careful reader certainly was less great. Heaviside's
short polemical papers probably had a certain appeal to both types
of readers. His greatest contribution was however his demonstra-
tion of the effectiveness of the vectorial approach by his use of
vectorial methods in his important electrical publications. It is
noteworthy too that it was in the 1890's that Gibbs and Heaviside
were becoming recognized as extremely important physical scien-
tists. There was no one in the quaternion camp who was to receive
such acclaim except perhaps Tait. Gibbs and Heaviside wrote only
eight of the papers, but these papers were especially effective since
the authors had the advantage that they were fully experienced in
the system advocated by their opponents, whereas only Knott was
well acquainted with his opponent's system.

In 1890 the quaternion system, though not widely used, was at
least widely known; such was not the case with the Gibbs-Heavi-
side system. There are two stages preliminary to the acceptance
of any system: it must first become known and then be tried and
discussed. The quaternion system had from 1844 to 1894 passed

through the first stage and was well into the second. The Gibbs-
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Heaviside system had made roughly the same progress in the
period from 1881 to 1894. The publicity associated with the debate
was very helpful to the Gibbs-Heaviside system but was unneces-
sary and perhaps even dangerous for the gquaternion system. From
this point of view the contribution of Macfarlane may be evaluated.
Since he presented his system as resulting from defects in the
quaternion system and since some of these defects were also noted
by Gibbs and Heaviside, his five papers must have acted to support
the vector analysis (Gibbs-Heaviside) cause. Not a great deal was
written on behalf of the full Grassmannian system. What was
written came from Gibbs, who used his discussion of it mainly in
support of his own system, and from Ball and Genese, whose ar-
ticles were extremely brief.

It is interesting that Gibbs, Heaviside, and to some extent Mac-
farlane took what may be described as a pragmatic approach to the
question of which system was to be preferred. Many oftheir argu-
ments were on grounds of expressiveness, congruity with physical
relationships, and ease of understanding. The quaternionists, on
the other hand, put somewhat greater stress on mathematical ele-
gance and algebraic simplicity. Some quaternion advocates looked
askance at their opponents' use of a number of products rather than
the single quaternion product. That history had in this regard come
full circle has previously been mentioned.

There was probably too much stress on the notation question
(which was of little direct relevance) in the debate. This was
natural however for two reasons. It was the common opinion of
British mathematicians of the nineteenth century that continental
mathematics had far surpassed English mathematics by 1800 in
large part because of the superiority of the Leibnizian notation for
calculus as compared to the Newtonian notation. Hence it would
be natural for them to place an undue stress on notation. A second
and more important reason is historically rooted in the fact that
when Gibbs and Heaviside created their systems, they wished to
dissociate their systems from the quaternion parent. One natural
way to do this was through changes in symbolism. The notation
gquestion was further complicated by the fact that Grassmann's
symbolism bore no relation to that of Hamilton, Gibbs, or Heavi-
side. Macfarlane too had suggested many changes in symboliza-
tion. Thus there were numerous, distinct sets on notation to be
considered, and since the symbols themselves became symbolic of
the differences between the systems, the whole question was hotly
debated.

The notation problem reached major proportions in the first
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decade of the twentieth century; committees were organized,
which resulted in part in suggestions for new symbols but mainly

°° |t is surprising that only two papers in the debate di-

in failure.
rectly discussed the fundamental question of whether any vectorial
system should be adopted, especially since vectorial systems were
at that time still something of an innovation. Cayley was the only
participant to argue that no vector system should be adopted,
whereas a large number of the readers of the debate must, at least
initially, have been of that persuasion. Cayley is also unique in
that he was the only mathematician who contributed a major article
to the debate. The vast majority of the participants were physicists
who were interested primarily in the applications of vectorial
methods to physics.

Some results of this, debate may now be considered. In 1895
Shunkichi Kimura and Pieter Molenbroek published a notice in
Nature addressed to "Friends and Fellow Workers in Quater-

w 60

nions. Simultaneously they published a similar notice in Science

entitled "To Those Interested in Quaternions and Allied Systems

"%1 Kimura, a Japanese scientist then residing at

of Mathematics.
Yale, and the Dutchman Molenbroek suggested in these notices
that an association of those interested in various systems of vector
analysis should be formed. Thus came about the International As-
sociation for Promoting the Study of Quaternions and Allied Sys-
tems of Mathematics. In March, 1900, the first issue of the Bulletin
of the International Association was published, the last issue ap-
pearing in 1913. Tait was elected the first president, but declined,
and Ball was elected with Macfarlane as general secretary. The
membership as listed in the first issue included over sixty scientists
from fifteen countries. One major result of the Association, pri-
marily attributable to Macfarlane, who became its real leader, was
the publication in 1904 (with supplements in the Bulletins until
1913) of a Bibliography of  Quaternions and Allied Systems of
Mathematics which contained (with the supplements) references
to roughly twenty-five hundred articles in the vectorial tradition.
This association, which must have advanced the vector cause con-
siderably, came about in large part as a result of the "struggle for
existence" of the early 1890's.°%?

Another major result of this series of articles of the early 1890's
seems to have been a lessening of Hamilton's reputation. Tait and
the other quaternionists had, as noted previously, frequently in-
voked Hamilton's name and reputation on behalf of the quaternion
cause. Thus Gibbs and Heaviside, who were of course proponents
of the system that eventually triumphed, tended to take their stance
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against Hamilton. The result was that the failure of the quaternion
cause, which had become so closely linked to Hamilton's name,
acted to diminish Hamilton's historical stature. This should not
and probably need not have been the case. It is possible that if
Gibbs and Heaviside had presented their system as a direct an-
cestor of Hamilton's creation, if they had tried to capitalize on the
successes of this tradition and had viewed themselves as moving
within it rather than as breaking from it, the net result of the even-
tual triumph of their cause would have been an increase in Hamil-
ton's reputation.

Macfarlane, it should be recalled, had taken this position in
presenting his system. But intellectual debates tend to push the
contending parties to extremes, and hence Gibbs and Heaviside
have been viewed as the great revolutionaries; it should be clear
however from what has been written that such a view does serious
injustice to Hamilton and even to Tait. Gibbs and Heaviside were
indeed heretics, but their cause was 90 percent in harmony with
the Hamilton-Tait orthodoxy. Hamilton and Tait were their intel-
lectual ancestors, but this genealogy was obscured in the heat of
this debate.

Finally, it should be noted that in the course ofthe debate there
was much speculation as to why the quaternion system had been as
yet poorly received. In the light of this discussion and because of
the relevance of this question to the general theme of this study
some attempts to explain this phenomenon will now be made.

It is first of all important to note that the quaternionists painted
the picture far too bleakly. By 1890 considerable recognition had
been given to the gquaternion system; as it was pointed out earlier,
twenty-seven quaternion books and over four hundred articles had
been published by 1890, and over half of these books and roughly
a third of the articles were published in the 1880's. Moreover, to
consider the question from a comparative point of view, there were
few new mathematical or physical systems presented in the nine-
teenth century that were rapidly accepted. Appropriate compari-
sons might be non-Euclidean geometry, group theory, or Maxwell's
theory. The quaternion system represented a real innovation; its
fundamental laws broke with long-established traditions; its discov-
ery was a key development in the birth of modern algebra; as an
applied system its only traditional reference points were such
things as the parallelogram of forces or velocities.

Other reasons for the slow acceptance are that Hamilton's style
was unsuited to an introductory exposition and that mathematically

anything that could be done by the application of quaternions in
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geometry and physics could also be done with the Cartesian meth-
ods, though wusually by longer processes. The vectorial methods
thus were not absolutely considered a sine qua non for progress.
Also relevant is the fact that few important physical discoveries had
been made by quaternion methods; indeed the physicist ofthe first
two-thirds of the century had far less need for vectorial methods
than his counterpart of the last third. It also took time to put the
guaternion system into the most fruitful form for application to the
needs of the physicist. This was the great achievement of Tait.
Systems of vectorial analysis progressed not only in relation to
physical developments but also in relation to mathematical de-
velopments; algebra changed greatly and matured rapidly from
1840 to 1890 to allow a perspective within which the quaternion
system might be judged. There were ofcourse innate mathematical
difficulties within the quaternion system that hindered its accept-
ance, for example, the scalar product was negative. Finally, up to
1890 there had been no widespread published discussion of the
merits of the quaternion system. There are certainly other reasons,
but these are among the most important.

The question of the success of the quaternion system should be
viewed as subservient to another question. This is the success of
the vectorial approach in general. If this question is emphasized
(as Gibbs stressed that it should be), then the situation appears far
from bleak. The vectorial approach in its many forms was becoming
evermore common. The challenge facing Gibbs and Heaviside was
by no means the challenge that had faced Hamilton a halfcentury
earlier. The Gibbs-Heaviside system came into existence in an en-
tirely different climate from that of the 1840's. Many of the forces
which had earlier acted against the quaternion system were no
longer present. For example, the maturation of algebra supplied a
perspective that made the new system seem far less revolutionary.
Moreover, there was a long tradition by then of work in vector an-
alysis. Physics had changed; the physicist was daily forced to deal
with vectorial entities. The Gibbs-Heaviside vector analysis system
was closely associated with important new physical ideas in Heavi-
side's writings. If one wished to read Heaviside, one had to learn
the language of vector analysis. Finally, the mathematical defects
of the quaternion system as an applied system were in part elimi-
nated in the new system, and the merits of systems of vector analy-
sis had been widely discussed.

The times were thus in many ways disposed to the acceptance of
some vector system; that system was to be the Gibbs-Heaviside sys-

tem; that acceptance will be discussed in the next chapter.
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CHAPTER SEVEN

The  Emergence of the Modern
System of Vector  Analysis:

1894-1910

l. Introduction

In the last chapter the debate on vectorial methods that occurred
in the period 1890 to 1894 was discussed, and it was suggested that
as a result of this debate the Gibbs-Heaviside system became
widely known. But by 1894 this system still had not been widely
accepted by the scientific community. The present chapter will deal
with the developments from 1894 to 1910. It will be argued that
vectorial analysis came to be accepted widely during this period;
that the form of vectorial analysis that came to be accepted was that
in the tradition established by Hamilton, Tait, Gibbs, and Heavi-
side; and that the most influential force in producing acceptance
stemmed from the association of vectorial analysis with electrical
theory, an association to be credited to Maxwell and Heaviside.

The evidence employed to support the statement that vector an-
alysis came to be accepted widely during this period consists in the
establishment of the fact that a substantial number of major publi-
cations '* presenting the now common system of vector analysis
were published at this time. It has been assumed that the publica-
tion of such a work indicates a belief on the part of both author and
publisher that such works would be widely read. When later edi-
tions of a book were called for, this is taken as evidence that the
book was in fact widely read. To supportthe conclusion thatthe an-
cestry of the majority of these publications extends back to the
Hamilton, Tait, Maxwell, Gibbs, and Heaviside tradition, each of

the works has been analyzed in terms of its origin and content.
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Much information concerning the origins of the works has been de-
rived from biographical information concerning the authors and
also from reviews of the books.

There were perhaps 1000 journal articles published during the
period 1894 to 1910 in which some form of vectorial analysis was
discussed or employed. These have not been analyzed since the
evidence derived from the major publications has seemed sufficient
unto the conclusions propounded.'?®

In anumber of cases the analysis oftwelve major publications has
served to reveal important lines of development, and there has
been no hesitation to discuss these broader aspects. In the conclu-
sion to this chapter the fate of the quaternionic and the Grassman-

nian traditions is briefly treated.

. Twelve Major Publications in Vector Analysis  from

1894 to 1910

August Foppl's Einfuhrung in die Maxwellsche Theorie der
Elektricitat! of 1894 is an important book not only in the history of
vector analysis but also in the history of electricity. Foppl's book
was one of the first expositions in German of electricity as pre-
sented in accordance with Maxwell's ideas. In his foreword Foppl
stated: "The circle of ardent followers of Maxwell's electrical theo-
ries consisted until recently almost exclusively of English physi-
cists. Earlier considerable attention had been accorded this theory
in Germany, but scientists were still too biased by the ban on action
at a distance to be able to become fully accustomed to it." (1; II1l)
Foppl proceeded to cite the famous experiment performed by
Heinrich Hertz in 1887 to verify Maxwell's statement that light is
an electromagnetic wave, as the turning point in German hostility
to Maxwell. After Hertz's experiment the interest in Maxwell's en-
tire system became widespread, and Foppl stated that this interest
led him to write his book. (1; IIl—I1V)

Foppl went on: "In the mathematical formulation of the theories
discussed | have throughout made use of the symbols and methods
of vector calculus; these are discussed in the first chapter to the ex-
tent that they will be used. The manner of presentation is very sim-
ple and, as | dare to assume unconditionally, also very easy to un-
derstand.” (1, V-VI) After discussing the advantages of vector
analysis, Foppl revealed how he came to introduce vectorial meth-

ods in his book.

In the presentation of vector techniques and on many other points, |
followed the pattern set by O. Heaviside in his papers, which have re-
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cently been collected into book form. The works of this author have in
general influenced my presentation more than those of any other physi-
cist with the obvious exception of Maxwell himself. | consider Heaviside
to be the most eminent successor to Maxwell in regard to theoretical de-
velopments. ... (1; VII)

Among Foppl's arguments for the adoption of vector analysis in
Germany was the following: "The country which produced a Grass-
mann should no longer stand behind the country of Hamilton in re-
gard to the introduction of these important improvements in the
mathematical aids to theoretical physics." (1; VII)

Thus Foppl devoted his first three chapters (84 pages) to an ex-
planation of vector analysis and employed the symbolisms of Max-
well and especially Heaviside in doing so. The Grassmannian and
the Gibbsian systems of symbolism were not used.'® Thus Foppl's
book was the first written in German to present a detailed exposi-
tion ofthe modern system ofvector analysis, and it was a very popu-
lar book: a second edition appeared in 1904, edited by Max Abra-

" and a third edition in 1907. In the 1904 Abraham edition of

ham,!
Foppl's book additional subjects in vector analysis were treated.
These additions were based on Foppl's short publication of 1897,
Die Geometrie der  Wirbelfelder, in which Foppl had presented
some of the more advanced parts of vector analysis, including the
linear vector function and the vectorial treatment of potential
theory. Here as before Foppl closely followed Heaviside.

The importance of Foppl's work was well summed up in a state-
ment made in the 1910's by Felix Klein, who was acontemporary to

Foppl and to the developments at that time. Klein wrote:

Heaviside is also linked with the firstindependent presentation which
vector analysis has found in Germany. This is A. Foppl's "Geometrie der
Wirbelfelder" (1897), which was a completion of the presentation in
Foppl's "Einleitung in die Maxwellsche Theorie" (1894). From these
two publications there later arose the two-volume "Theorie der Elek-
trizitat" which was worked on by Abraham and which is now one of the
most frequently used textbooks in electricity.'®

Foppl also published a four-volume work entitled Vorlesungen
uber  technische Mechanik (1897-1900) in which he used vector
analysis extensively. This publication must have been very success-
ful, since a second edition was immediately called for and appeared
from 1900-1903.'°

A book similar to Foppl's 1894 publication was published in 1899
by the Italian Galileo Ferraris wunder the title Lezioni di Elettro-
tecnica,”® and Ferraris, like Foppl, followed Heaviside in both his

presentation of electricity and of vector analysis.
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Thus the first extensive published presentations of modern vector
analysis to appear in England, Germany, and Italy were included in
books on electricity presented from a Maxwellian point of view.
One was written by Heaviside; the other two stemmed directly
from him.

Edwin Bidwell Wilson's book of 1901, Vector Analysiss A Text
Book for the Use of Students of Mathematics and Physics  Founded
upon the Lectures ofJ. Wilard Gibbs?> was the first formally pub-
lished book that was entirely devoted to presenting the modern
system of vector analysis.?!

Wilson's textbook on vector analysis was one of the longest and
best books to be published on that subject. The story of how it
came to be written is directly relevant to the present study, since it
reinforces one of the more surprising and important conclusions
reached concerning the manner in which modern vector analysis
came to be developed and widely applied.

Wilson told the story in fullest detail in a publication of 1931.%3
As Wilson was completing his undergraduate work in mathematics
at Harvard in 1899, the mathematician W. F. Osgood suggested to
him that he do graduate work at Yale and study with Pierpont and
Percy Smith. Of his teachers only B. O. Peirce mentioned Gibbs by
referring to him as someone "whom some ofus here think a rather
able fellow." (13; 211) Thus Wilson went to Yale to study with
Pierpont and Smith. At his first registration for courses Wilson
planned to register for only three courses until Dean A. W. Phillips
required that he take a fourth and suggested the course in vector
analysis taught by Gibbs. To this Wilson objected that he had had
a full year course in quaternions at Harvard from J. M. Peirce and
that consequently the course would in large part serve only as a re-
view. Somewhat unhappily Wilson followed the Dean's advice and
joined the handful of others who had registered forthe course. Wil-
son found the course easy, and soon after he had completed it, he
was asked by Professor Morris, editor of the Yale Bicentennial
Series, to prepare a book on vector analysis for that series. Wilson
met with Gibbs, who was engaged in preparing a work on statistical
mechanics and thus "would not have time to advise on the compo-
sition of 'Vector Analysis,' to read the manuscript or the proof. "
(13; 214) Wilson stated that his contact with Gibbs concerning the
book was essentially limited to that meeting. Nevertheless Gibbs
later mentioned to Wilson that he found the book satisfactory. (13;
214) It is interesting to note that Gibbs and Wilson corresponded in
1903 on the question of whether Wilson should write a shorter
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treatise or an abridgment ofthe vector analysis book. (13; 217-218)
However no such book came into print.

That the primary source of Wilson's book was Gibbs' lectures is
established by the following quotation from Wilson's general pref-
ace.

By far the greater part of the material used in the following pages has
been taken from the course of lectures on Vector Analysis delivered an-
nually at the University by Professor Gibbs. Some use, however, has
been made of the chapters on Vector Analysis in Mr. Heaviside's Elec-
tromagnetic Theory (Electrician Series, 1893) and in Professor Foppl's
lectures on Die MaxwelVsche Theorie der Electricitat (Teubner, 1894).
My previous study of Quaternions has also been of great assistance. (2;
ix)

The book was very clear and thorough in its presentation; it in-
cluded, with abundant explanation, nearly all the material in Gibbs"
earlier work. A small quantity of new material was added, for exam-
ple, an introduction to barycentric calculus and some further de-
velopments concerning the linear vector function. The book re-
ceived a number of very favorable reviews, one of nine pages by
Alexander Ziwet in the Bulletin of the American Mathematical
Society,’”” one by an anonymous reviewer in the Bulletn des sci-

ences mathematiques which ran to ten pages,?®

and a shorter one by
Victor Schlegel in  Fortschritte ~ der Mathematik in which Schlegel
referred to the book as "essentially a working out of quaternion
theory in the sense of the Ausdehnungslehre. . . ,"2* A very un-
favorable review appeared in the Philosophical Magazine. The au-
thor was C. G. Knott; his criticism was that the book was not qua-
ternionic.?® The success ofthe book is perhaps best indicated by the
fact that a second edition was published in 1909.2°

In summary, the publication of Wilson's Vector Analysis consti-
tuted the appearance of the first full-length book presenting the
modern system of vector analysis. In one way Gibbs had less to do
with this book than one would expect, and some of Heaviside's
ideas were included. The book was well received and popular. Itis
striking, but in one sense typical of developments that have been
previously discussed, that the author ofthe book was a convert from

the quaternion camp.

Alfred Heinrich Bucherer's book of 1903, Elemente der Vektor-
Analysis mit Beispielen aus der theoretischen Physik,? was the first
book on the modern system of vector analysis published in Ger-
many. Bucherer, who was born in 1863, was in 1903 a Privatdozent
at Bonn. He had in 1897 published a book relating to electricity?’

and was to publish another in 1904.2® It is thus probable that his in-

229



A History of Vector Analysis

terest in vector analysis stemmed from his interest in Maxwellian
electrical theory. Further support for this speculation is derived
from the following statement from the foreword of his book: "In re-
gard to the form of presentation | have on the whole followed Heav-
iside and used the same symbols as did A. Foppl in his excellent
work 'Einfiihrung in die Maxwellsche Theorie.' . . (3; V) That
Bucherer did not follow Foppl in all things is shown by the follow-
ing statement: "I have nevertheless believed it to be expedient to
make full use of Grassmann's association of vectors with surfaces.
This serves to simplify the derivations of many theorems." (3; V)
At one point he also mentioned Wilson's recent book. (3; 12) Buch-
erer's book covered the major topics in vector analysis (addition,
multiplication, and differentiation of vectors, potential theory, and
the transformation theorems) with the exclusion ofthe linear vector
function. It offered a number of applications chosen especially from
mechanics, hydrodynamics, and electricity.

The reception given his book is indicated by the fact that a sec-

2% In the foreword to this edi-

ond edition appeared two years later.
tion Bucherer stated: "When | wrote the first edition of this small
work, the discussions and deliberations concerning a uniform sym-
bolism for vector analysis were still in flux. Since that time through
the adoption of a suitable method of designation by those working
on the Encyklopadie an important system of symbolism has been

put forward."3°

The encyclopedia referred to was the famous En-
cyklopadie der mathematischen Wissenschaften which was appear-
ing in those years and which will be discussed later. Other than the
change in notation, no major alterations were made for the second
edition.

Thus Bucherer produced the first separately published treatment
of modern vector analysis written in German; however in the year
(1905) of the publication of his second edition two other such books
were published, all three coming from the same publishing house,
that of B. G. Teubner.

Dr. Richard Gans' Einfuhrung in die Vekt or analysis mitAnwend-
ungen auf  die mathematische Physik* was published in 1905.
Gans was born in 1880 and by 1905 had become Privatdozent at the
University of Tubingen. Since his inaugural dissertation dealt with
electricity®' and since he published major writings on electrical
theory in 1906 %2 and in 1908,%° it is probable that Gans also came to
vector analysis through electricity. Further support for this conjec-
ture as well as other interesting information is given in the follow-
ing quotation from his foreword:
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Since however through the development of the electrodynamics of
moved bodies and of the theory of electron more demands are constantly
being placed on readers in relation to their command of the methods of
vector analysis, it seemed to me not out of place to write a book which
would be aimed at fullfilling the needs ofthese branches of science, for
it cannot be questioned that the important results attained in the above-
mentioned fields will not safely be surveyed by many persons, since
they are not sufficiently familiar with the mathematical techniques in-
volved. It is also certain that those who have the intention of assimilating
thoroughly and with the greatest possible ease the newer literature and
that which is yet to appear, or of working independently in the field of
theoretical electricity, must above all provide for the proper tools, i.e.,
for a knowledge of vector analysis. (4; v)

The notation used by Gans was based mainly on the system used
by Lorentz and Abraham in the  Encyklopadie der  mathematischen
Wissenschaften.® Gans treated such topics as vector addition and
multiplication, the differential and integral calculus of vectors, the
transformation theorems, and curvilinear co-ordinates; and he gave
numerous applications to mechanics, hydrodynamics, and above all
electrodynamics. Gans' book, like Bucherer's, was a short work
composed primarily for physicists and engineers, with no discus-
sion of such topics as Mobius', Grassmann's, or Hamilton's system.
Like Bucherer's book, Gans' book met with success, for a second
edition appeared in 1909.°® The only major change introduced in
the second edition was the inclusion of a seventeen-page chapter

on tensors and the linear vector function.

The second vectorial book published in Germany in 1905 was
Eugen Jahnke's Vorlesungen uber die Vektorenrechnung mit
Anwendungen auf Geometrie, Mechanik und mathematische
Physik°® Jahnke (1863-1921) in 1905 held the academic position (as
indicated on his title page) of "Etatsmassiger Professor an der
Konigl. Bergakademie zu Berlin." Unlike Foppl, Bucherer, and
Gans, but like Wilson, Jahnke was primarily a mathematician; this
is indicated by the nature of his other publications and from the ap-
proach taken in his vector analysis book.

In one sense Jahnke's book should not, despite its title, be in-
cluded in this study of the first books presenting modern vector an-
alysis, for its approach was primarily Grassmannian. The other
books published in this period and written directly within the
Grassmann tradition have been excluded on the grounds that
they differ from modern books on vector analysis in regard to a num-
ber of fundamental ideas (for example, a slightly different definition

of the vector product), and that their contents include many mathe-
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matical ideas (for example, point analysis) which are not found in
most modern vector analysis books. Jahnke's book merits discus-
sion since its origins lie in both the Gibbs-Heaviside tradition and
the Grassmannian tradition. Jahnke, though primarily influenced
by Grassmann's ideas, was also influenced by, and took advantage
of, the ideas of the Hamilton-Tait-Maxwell-Heaviside tradition.

Jahnke began his foreword by quoting from a letter written by
Gauss in 1843 in which Gauss, referring to Mobius' barycentric cal-
culus, suggested that all new calculi are accepted only slowly, and
accepted only when it is seen that they provided methods for deal-
ing with problems too complicated for traditional methods. After
referring to the slowness of the acceptance of vector analysis,
Jahnke stated: "However the results which vector methods have
recently achieved in the theory of electrons and in regard to the
guestion of an electromagnetic foundation for mechanics have
brought about a change.” (5; Ill-1V) Jahnke then suggested that a
major cause of the hesitation of the mathematical world was to be
ascribed to the division in the historical development between the
traditions stemming from Hamilton and from Grassmann. Jahnke
proceeded to compare these traditions. After stating that some have
argued that the Hamilton-Heaviside line of development is suited
for physical applications but of limited value for geometrical appli-
cations, Jahnke revealed his own feelings by the statement: "On the
other hand the direction established by Grassmann allows applica-
tions to geometry in the broadest sense of the word as well as to
mathematical physics."” (5; 1V)

After describing the contents of his book, Jahnke briefly men-
tioned his system of symbolism. His symbolism was of course sym-
bolic of his approach and was derived primarily from Grassmann
but also partly from the tradition that led to Foppl's book. Jahnke
mentioned sixteen men whose works had influenced his ideas;
heading this list was Grassmann; mentioned in the list were such
men as Schlegel, Kelland, and Tait, Hyde, Peano, Bucherer, Abra-
ham, Foppl, and Gans; noteworthy by their absence from the list
were the names of Hamilton, Gibbs, Heaviside, and Wilson.®®

Jahnke's book was divided into two sections, the first was entitled
"Vectors in the Plane," and the second "Vectors in Space." The
latter section took up slightly less than two-thirds of the text. The
first section began with a chapter on the addition and subtraction of
point, i.e., the Mobius-Grassmann point analysis from the Grass-
mannian point of view. In the next two chapters Jahnke introduced
free vectors and line-bound vectors (defined, as Grassmann had
done, through the subtraction and multiplication of points respec-
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tively). In these first three chapters, as well as later, Jahnke pre-
sented numerous applications to physics and geometry; his intent
was clearly to interest scientists and engineers as well as mathe-
maticians in the contents of his book. The next three chapters dealt
with vector multiplication and applications thereof to physics; the
products defined were (1) the inner or scalar (dot) productcommon
to modern vector analysis and to Grassmannian analysis, (2) the
Grassmannian outer product which is (as discussed earlier) similar
to the modern vector product, and (3) the Grassmannian regressive
product which has no correlate in modern vector analysis.

Thus ended the first section; the second section dealt with the
same topics as the first section but developed for three-dimen-
sional space and with special attention to point relations. In addi-
tion two chapters on vector differentiation, the differential operator
V, and a short section on tensors were included. It was especially
in these two chapters that the influence of the Hamilton-Maxwell-
Tait-Heaviside tradition was evident, for terms (and ideas) such as
"Gradient,” "Curl,” "Divergenz," and "lineare Vektorfunktion"
appeared, as well as applications to topics in physics such as Max-
well's equations and electron theory. To sum up, Jahnke's book was
primarily, but not entirely, within the Mobius-Grassmann tradition.
Numerous physical applications were included in the hope ofinter-
esting those who were in the process of adopting a system ofvector
analysis for physical application.

I know of four major reviews of Jahnke's book that shed light on
the nature of the reception accorded it. The view of the book taken
by E. B. Wilson writing in the Bulletin of the American Mathe-
matical Society is summed up in the following statement: "These
lectures are really lectures on multiple algebra and form an ex-
cellent introduction to the subject—[but] no more than an introduc-
tion. . . ."%7 In short, Wilson viewed it as a worthwhile book forthe
mathematician, but misleading in its title. Jules Tannery®® writing
from France, and O. Staude *® writing in German, praised the book
and described its contents in some detail. Emil Miiller, who was a
Grassmann enthusiast, criticized the work as giving a poor picture
of Grassmann's ideas.*® Much light is also shed on its reception by
the fact that whereas Bucherer's book attained to a second edition,
Gans' book to a seventh (1950) and to translations into English and
Spanish, and Wilson's book had both a second edition and a major
paperback reprinting, Jahnke's book was never reprinted, repub-
lished, or translated.* Thus Jahnke's book may be viewed as a care-
fully conceived but unsuccessful attempt to bring about the adop-

tion of a somewhat revised Grassmannian system.
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In 1906 Gibbs' original treatise on vector analysis was published
as part of his collected works.® Published in the same volume were
his six papers relating to vector analysis. If narrowly considered,
this barely constitutes the publication of a vector analysis book;
however if broadly considered, it constitutes an important publica-
tion for a number of reasons. First, since Gibbs' four polemical arti-
cles, his "Multiple Algebra" paper, and his presentation of a vec-
torial method for computing orbits were included in the volume, it
offered the reader an array of important and valuable materials.
Second, by 1906 Gibbs had become quite famous, certainly more
famous than any other writer of a vector analysis book published
before 1910. Thus it is probable that a substantial number of read-
ers turned to his book and were influenced thereby. In one sense
Gibbs' short treatise supplemented Wilson's longer treatise and

provided the public with a compact treatment of vector analysis.

Pavel Osipovich Somoff (or Somov) published in 1907 one of the
best of the early books on vector analysis;’ with his book the mod-
ern system of vector analysis made its first appearance in Russia.
Somoff's interest in vectorial analysis probably stemmed from his
father, Joseph Somoff (Ossip Ivanovich Somoff, or Somov)*? and
from his own interests in mechanics and mathematics, which is
witnessed by his publication ofroughly twenty papers on these two
subjects in Russian and German journals from the 1880's to 1907.

The more direct sources of Somoff's work on vector analysis are
clear from the following quotation taken from the foreword of his
book:

In the study of this subject, it is possible to discern two directions, an
older one connected with the names Grassmann ("Die lineale Ausdehn-
ungslehre,” 1844) and Hamilton ("Lectures on Quaternions," 1853).
The other direction, which is more recent, appeared at the same time as
the study of vector fields and developed through the work of Maxwell,
Heaveside [sic], Gibbs, Foppl, and others. . . . We will hold to this sec-
ond approach in our presentation of vector analysis. (7; iii-iv)

Somoff's book dealt with both the elementary and the advanced
parts of vector analysis, including the linear vector function. It in-
corporated many examples selected primarily from mechanics, as
well as brief explications of other systems of space analysis, such
as those of Mobius and Hamilton. Somoff seems to have been ac-
quainted with the majority of the existing works on vector analysis,
and in the course of his book he mentioned such names as Resal,
Tait, Heaviside, Henrici and Turner, Gibbs, Wilson, Fischer,

Foppl, Bucherer, Gans, and Jahnke; correspondingly his presenta-
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tion was eclectic, with the Gibbs-Wilson symbolism and techniques
being the most frequently used. Thus with Somoff vector analysis

entered Russia—and entered in a very respectable manner.

Siegfried Valentiner's Vektoranalysis® was published in 1907.
Valentiner was born in 1876 and had by 1907 become Privatdozent
for physics at the University of Berlin. Being a physicist, he wrote
his book primarily for physicists, as Bucherer and Gans had done
earlier. Thus nearly half of the book was devoted to the discussion
of applications of vector analysis to electricity and mechanics. How-
ever Valentiner, unlike Bucherer and Gans, included in his book a
treatment of the linear vector function presented from the Gibbsian
point of view. Valentiner was in general more eclectic in his pres-
entation than Bucherer or Gans, and his presentation, while de-
cidedly influenced by the Heaviside-Foppl tradition, owed much
to the Gibbs-Wilson tradition. Valentiner's book must have been

well received, for a second edition appeared in 1912.*°

Cesare Burali-Forti (1861-1931) and Roberto Marcolongo (1862-
1943) published

numerose applicazioni alia geometria, alia meccanica e alia

n 1909 their Elementi di calcolo  vettoriale  con

Fisica-Matematica. In the following year a French translation of
this book was published.® At this time Burali-Forti, who was pri-
marily a mathematician, was a professor at the Military Academy of
Turin. Marcolongo was a physicist and professor of rational me-
chanics at the University of Naples.

Burali-Forti's first book relating to vectorial analysis was his 1897
Introduction a la geometrie differentielle suivant la methode de
H. Grassmann. It is highly probable that Burali-Forti's interest in
Grassmann stemmed from another citizen of Turin who was an
early advocate of Grassmann's system. This was the professor of
infinitesimal calculus at the Royal University of Turin, Giuseppe
Peano (1858-1932). Peano had received his doctorate in mathe-
matics in 1880, and in 1887 he published a book that included much
discussion of Grassmann's ideas; this was his Applicazioni geo-
metriche  del calcolo infinitesimale. This was followed by his Cal-
colo geometrica secundo VAusdehnungslehre di H. Grassmann
(1888) and by a number of other works, including his famous work
on the foundations of mathematics, Formulare de Mathematiques,
one part ofwhich was devoted to vectors. Peano thus was an impor-
tant proponent of the Grassmannian system, and in addition was a
man who had the perspective provided by a knowledge of other

systems, such as that of Hamilton.**
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After his first Grassmannian publication of 1897 Burali-Forti con-
tinued to publish on vector analysis from the Grassmannian point
of view. One of his articles (published with Marcolongo) deserves
special mention in that the controversy provoked by it was both
typical of the times and influential on the presentation and recep-
tion of their books of 1909-1910. There was during the first decade
of this century a heated debate ofconsiderable magnitude concern-
ing the best symbolism for vector analysis.*® A major cause of this
debate and its intensity was the fact that the symbols used symbol-
ized the essential mathematical differences between the still-con-
tending systems —the Gibbs-Heaviside, the Grassmannian, the
Hamiltonian, and others.*®

At the Naturforscherversammlung at Kassel in 1903 a commission
was set up to deal with the notation question. According to Felix
Klein the only result of the activity of the commission was that
"about three new notations came into existence!"*” The Fourth
International Congress of Mathematicians was scheduled for Rome
in 1908, and in preparation for this meeting Burali-Forti and Marco-
longo published an extensive study of the origins of the various no-
tations. They also recommended the establishment ofa new system
of symbolism,*® but the only major result of their recommendation
seems to have been that mathematicians reviewed their books
(which used the proposed symbolism) more in terms of their sym-
bolism than their content.

In the preface to their book Burali-Forti and Marcolongo made
the following statement which supports the conclusions given

above concerning their interest in Grassmann's approach:

Knowledge of vectorial methods is already being forced not only upon
physicists and electricians but also on those who work in pure mathe-
matics. May this book, prepared in the year when Germany celebrates
the first centenary of the birth of Grassmann, contribute to spread and
make known the methods of this great mathematician, an end on behalf
of which we have labored with faith and patience for many years; may it
crown the work begun among us with so much talent by Mr. PEANO!
(9; v)

The authors divided their book into two parts: the first presenting
vector methods and the second dealing with applications. The first
two chapters were devoted to vector addition and the barycentric
calculus. The title of their first chapter is symbolic of much else; it
is "Prodotto vettoriale e intorno." Thus their scalar (dot) product
was named in accordance with the Grassmannian tradition, where-
as their vector (cross) product was named and defined in accordance

with the Hamilton-Heaviside-Gibbs tradition, the product being
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another vector rather than a directed area. The final three chapters
in the first part dealt with rotations in a plane (for which they intro-
duced a new and controversial operator) and the differential calcu-
lus of vectors, including the operator V (the symbol and usual pres-
entation of which they rejected). In the second part, applications to
geometry, mechanics, hydrodynamics, elasticity theory, and elec-
trodynamics were given along with the development of the trans-

“% In the Italian edition a section of historical

formation theorems.
notes was appended at the end, and in the French edition the his-
torical section was expanded, while some philosophical ideas as
well as presentations of both quaternions and the original Grass-
mannian system were added.

Since many of the book reviews were unfavorable®® and no sec-
ond editions appeared,*’ it may be concluded that their books were
not well received. The books of Burali-Forti and Marcolongo are,
like Jahnke's book, especially interesting as representing partial
departures from the Grassmannian system toward the system finally
accepted. As compared to Jahnke's book, their books were some-
what more removed from the Grassmannian tradition than his; but
because of their tendency toward the inclusion of original symbol-
isms and ideas, the authors cannot be viewed as nearer to the sys-

tem that was eventually accepted than Jahnke.

Joseph George Coffin's book Vector Analysis: An Introduction to
Vector Methods and Their Various Applications to Physics and
Mathematics *° was published in 1909. Coffin was born in 1877,
and, after spending four years in Europe (Switzerland and France),
he entered Massachusetts Institute of Technology in 1894 and grad-
uated with a B.S. in 1898. Coffin completed his Ph.D. in physics at
Clark University in 1903, and by 1909 he had taught physics at both
Clark and the City College of New York.

His book requires little discussion; it may be described by recall-
ing that Wilson corresponded with Gibbs about the advisability of
publishing a shorter and more elementary work following the same
format as Wilson's book. Wilson never published such a book;
Coffin did. Coffin followed the Gibbs-Wilson tradition in both sym-
bolism and in methods, though his explanations and proofs were
less full and rigorous and his contents somewhat less inclusive. He
did include all the major topics in vector analysis up to the linear
vector function, which he treated rather briefly. The last two chap-
ters, which compose well over a third ofthe book, were devoted to
applications to electrical theory and to mechanics; and numerous
applications were also given in the earlier chapters. Coffin, like
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nearly all the writers of works on vector analysis from the latter half
of the first decade of this century, was acquainted with the majority
of the earlier books. The reception accorded his book is indicated
by the fact that a second edition was published in 1911 (which has
been reprinted a large number of times and is still in print) and a

French translation appeared in 1914.'°

W. V. lIgnatowsky published his book on vector analysis, Die
Vektoranalysis und ihre Anwendung in der theoretischen Physik,"
in two parts in 1909 and 1910. Dr. Ignatowsky had written an earlier
book, entitled Solution of  Some Problems of  Electrostatics and
Electrodynamics with the Help of  Vector Analysis, published in
1902 and written in Russian. From the title of this book it seems
very probable that his interest in vector analysis came from his
interest in electricity, on which subject he had also published a
number of papers in German journals.

Ilgnatowsky's vector analysis book was in the tradition estab-
lished by Bucherer, Gans, and Valentiner, although his book was
somewhat longer than theirs. His notation stemmed from Foppl,
Lorentz, and Abraham; and his bibliography listed works by Abra-
ham, Bucherer, Foppl, Gans, "Gibbs-Wilson," Jahnke, Jaumann,®?*
and Valentiner. As he stated in his foreword, the book was intended
for physicists (11,1; iii), and hence the entire second part dealt with
applications. In his first part he presented the algebra and calculus
of vectors, including special discussions oftypes of fields and curvi-
linear co-ordinates, and he concluded with a section on tensors. A
number of his methods of presentation differed from the ordinary
methods, for example, he made every effort to avoid decomposing
vectors into their i, j, k components in proving theorems, and he
defined the vector (cross) product through an integration. The appli-
cations in the second part were to nearly all the branches of phys-
ics where vector analysis was applicable. The book must have been
well received, since by 1926 a third edition had appeared.

The final work to be discussed is, not a book on vector analysis,
but the famous and influential Encyklopadie  der  mathematischen
Wissenschaften mit Einschluss ihrer  Anwendungen. The fact, form,
and extent of the vectorial methods included in the Encyklopadie
influenced the developments in the first decade of the twentieth
century. The publication of the Encyklopade began around 1898
and extended to 1935; a French translation and revision was begun
about 1904.

Included in the part of the Encyklopadie devoted to geometry
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were extensive treatments of both the Grassmannian and the Ham-
iltonian systems, as well as shorter treatments of such systems as
that of Mobius, but these sections were published only after 1915.*2
For the part of the Encyklopadie dealing with mechanics H. E.
Timerding wrote a section entitled "Geometrical Basis of the
Mechanics of a Rigid Body," which he finished in February, 1902,
and in which he gave an elementary presentation of the Grassman-

2 Max Abraham also wrote for the part of the me-

nian system.!
chanics section dealing with deformable bodies a section entitled
"Fundamental Geometrical Concepts,” which he finished in April,
1901.'2 Abraham included in this a presentation of vector analysis
as applied to various types of fields. His presentation partly fol-
lowed Grassmann and partly Gibbs and Heaviside. It is interesting
to note that in 1899 Abraham wrote to Gibbs asking him to write a
presentation of vector analysis for the mechanics section of the
Encyklopadie,”” Gibbs did not fulfill his request. Others made
limited use of vector methods in the mechanics sections; more ex-
tensive use however is found in the section of the Encyklopadie
entitled "Physik."

One of the major parts of this section on physics was entitled
"Electricity and Optics." The first two parts of this section were
mainly explanations of Maxwell's electrical ideas. These were writ-
ten by the great Dutch physicist Hendrik Antoon Lorentz (1853-
1928), and the Heaviside-Gibbs form of vector analysis was used
throughout. Lorentz had finished these sections by late 1903.'? He
had used vector analysis at least as early as 1895, when his book
Versuch einer Theorie der elektrischen und optischen Erschein-
ungen in bewegten Korpern had appeared. It is also known that he
received a copy of Gibbs' original writing on vector analysis in
1884.°® The section following on Lorentz' sections was entitled
"Electrostatics and Magnetostatics"; its author was Richard Gans,
who finished it in 1906.'> Here and in the later sections on electri-
city by Lorentz, Abraham, and others, vector methods were exten-
sively used. This fact must have led many scientists to an interest in
vector analysis, for it seems probable that there were few parts of
the Encyklopadie more carefully and more widely read than this

section on electricity.

1. Summary and Conclusion

Since the detailed study of the reception ofthe modern system of
vector analysis from 1894 to 1910 is now concluded, it will be profit-

able to set some ofthe facts within sharper perspective and to sub-
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sume them where possible into generalizations reflective of the
times.

First of all, it should not be assumed that these were the only
books presenting vectorial systems that were published at this time.
Books on the quaternion system continued to appear; thus, for ex-
ample, Hamilton's Elements of Quaternion was republished with
annotations by Charles Jasper Joly in two volumes appearing in
1899 and 1901. Joly also published a book in 1905 entitled Manual
of Quaternions, and in 1904 Knott edited and published the third
edition of Introduction to Quaternions by Kelland and Tait. Simi-
larly the Grassmannian tradition was represented to some degree
in the book of Burali-Forti and Marcolongo and in that of Jahnke,
as well as such books as Joseph V. Collins' An Elementary Expo-
sition of Grassmann s Ausdehnungslehre (1901) and Edward
Wyllys Hyde's Grassmann s Space  Analysis (1906). Macfarlane's
system was presented in his 1906 publication of Vector Analysis
and Quaternions. None of the above however seems to have re-
quired a second edition.®*

Thus in the first decade of this century other systems of vectorial
analysis besides the modern system were in use, and books were
published on them. Yet the rate of publication of books on the
Grassmannian and the Hamiltonian systems was less during the
interval 1901-1910 than during the interval 1891-1900, and the rate
was to decrease further after 1910. That neither tradition has passed
away even now is indicated by the publication ofbooks within each
tradition in the 1940's and 1950's.

Whereas interest in books presenting the Grassmannian forms of
vectorial analysis decreased, interest in the books in the Gibbs-
Heaviside tradition increased. This is evidenced by the following
table in which some of the publication history of books in the

Gibbs-Heaviside tradition is presented.

Author of Book and Year Some Translations and
of First Publication Republications
Foppl, 1894 2nd ed., 1904

3rd ed., 1907

4th ed., 1912

1st English ed., 1932
16th German ed., 1957

Wilson, 1901 2nd ed., 1900
8th reprinting, 1943
Paperback reprinting, 1960
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Author of Book and Year Some Translations and
of First Publication Republications

Bucherer, 1903 2nd ed., 1905

Gans, 1905 2nd ed., 1909

3rd ed., 1913

1st English ed., 1931
2nd Spanish ed., 1940
7th German ed., 1950

Gibbs, 1906 Paperback reprinting, 1961

Valentiner, 1907 2nd ed., 1912
7th ed., 1950
Reprint of 7th ed., 1954

2nd ed., 1911

1st French ed., 1914

2nd ed., 6th impression, 1923
9th reprinting, 1959

Coffin, 1909

Ignatowsky, 1909-1910 3rd ed., 1926

From this table three generalizations may be made: first, the books
listed were indeed in the tradition that survives and flourishes at
present; second, many of these books were to play a part in the his-
tory of vector analysis after 1910, and indeed most are still in print;
third, the books were widely read from 1895 to 1915, which is indi-
cated by the fact that new editions were so frequently necessary.

The books in the Grassmannian tradition differed from these
books in two ways: first, the Grassmannian books contained some
ideas that varied from corresponding ideas in vector analysis books
— for example, the Grassmannian outer product—and, second, the
Grassmannian books contained many ideas and methods for which
there was no correlate in the vector analysis books, for example, the
regressive product and the system of point analysis. These differ-
ences seem to have been sufficient to deter many readers, for none
of the books using the Grassmannian approach or the modified
Grassmannian approach (Jahnke, Burali-Forti and Marcolongo) re-
quired second editions.

Thus it may be concluded that the Grassmannian tradition played
no major role in the acceptance of the modern system of vector an-
alysis. It was shown previously that the Grassmannian tradition

played no major role in the development of the Gibbs-Heaviside
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system, that is, the modern system of vector analysis. These two
conclusions are particularly striking when they are set beside two
other conclusions: the Grassmannian system could have played a
major role in both the development and the acceptance of vector
analysis.

The traditions that did play a major role in the acceptance of the
modern form of vector analysis are the following. The tradition that
began with Gibbs and led to the books of Wilson and Coffin played
a large part. It should be noted however that Wilson's interest had
roots directly in the quaternion system and that Coffin as a physicist
probably attained some of his interest and information from the
Heaviside tradition. The same remark applies in stronger form to
P. O. Somoff. The most influential tradition was that which had its
beginning in Heaviside and in Heaviside's development of Max-
well's ideas. The source of the interest and information attained by
Lorentz, Foppl, Abraham, Bucherer, Gans, Valentiner, and Ig-
natowsky has been traced to Heaviside and located specifically in
his association of modern vector analysis with Maxwell's electrical
ideas.

This fact is surprising in at least one way, for Gibbs' presentation
was fuller than Heaviside's and included ideas that were original
with Gibbs and more or less unique in his system. Furthermore, on
the criterion that what has survived is what was fittest, Gibbs must
be given credit for having developed a better notation than Heavi-
side. The conclusion that the Heaviside tradition was more influ-
ential than the Gibbsian tradition must also be qualified by the
statement that many who became interested in vector analysis
within the Heaviside tradition were hence led to the Gibbsian tra-
dition and profited from the greater riches therein.

Finally it may be noted that the vast majority ofthe authors ofthe
books presenting the modern form of vector analysis were physi-
cists. This is appropriate in that the great future for vector analysis
lay in physical science; at present nearly all books on electricity
and mechanics use vector analysis, and it appears not infrequently
in books on optics and heat conduction. Itis also used in many parts
of modern physics, and its applications for the engineer are legion.
Vector analysis has been of great value to the geometer, but geome-
ters are few in number among modern mathematicians. Such math-
ematical creations as matrices, vector spaces, groups, and fields are
associated only indirectly with vector analysis in the traditional
sense. In many cases however their roots extend back historically
to the broad stream of development that culminated in the first dec-

ade of this century.
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CHAPTER EIGHT

Summary and Conclusions

This chapter focuses on a summary view ofthe history ofthe idea
of avectorial system. As in geography, so in history, aview from afar
is at times a clearer view.

Concerning the early history of vectorial concepts it was sug-
gested that the idea of a parallelogram of physical entities was in-
directly influential. Although this concept does not necessarily in-
volve the idea of a vector and did not lead directly to any vectorial
systems, it did provide the early vectorists with an area in which the
usefulness of elementary vectorial methods could convincingly be
illustrated. To Leibniz belongs credit for having seen the desirabil-
ity, and to a limited extent the nature, of a system for the analysis of
three-dimensional space. Leibniz had no direct and major effect on
the later history of vectorial analysis, but his indirect effect was
noteworthy.

A tradition that led directly to Hamilton's discovery of quater-
nions (and to the less successful searches of others for a system of
space analysis) was the complex number tradition. Within this tra-
dition two branches are discernible: the first is that of the repre-
sentation of complex numbers as ordered pairs of real numbers and
the second is that ofthe representation ofcomplex numbers through
geometrical lines. The significance of the first branch was less than
that of the second; indeed the first branch was only significant in
that it provided Hamilton with an epistemological justification for
his "four-dimensional" quaternions. Within the second tradition,
Wessel, Argand, Frangais, Servois, Mourey, J. T. Graves, De Mor-
gan, Bellavitis, Hamilton, and perhaps others sought athree-dimen-
sional vectorial system. Wessel was the first to add vectors in three-
dimensional space, and Hamilton was the first to publish an impor-
tant type of multiplication of entities in three-dimensional space.

Within another tradition, which may be called the geometrical

tradition, authors focused on geometrical entities and devised
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methods for operating directly with them. Mobius and in a re-
stricted sense Bellavitis, Justus Giinther Grassmann, Hermann
Giinther Grassmann, and Saint-Venant may be located within this
tradition. An algebraic tradition is discernible within which authors
focused on relations between mathematical entities or algebraic
forms and hence devised more general meanings for such opera-
tions as multiplication. The spirit of this tradition stimulated many
authors, above all Grassmann. It was noted that Grassmann's major
work was done while he had no knowledge of the geometrical rep-
resentation of complex numbers. Also intermingled with these tra-
ditions was the traditional quest for more natural, more compact,
and more powerful mathematical methods for physical science.

These many traditions led to the creation ofmany systems ofvec-
torial character. It was argued that the fact that a large number of
men sought for (and some found) such systems indicates that this
quest should be viewed as a definite movement within early nine-
teenth-century mathematical thought and that the existence of this
movement augered well for the eventual widespread acceptance of
such a system. On the basis of comparisons with other similar sys-
tems and their acceptance it was suggested that the acceptance of
vectorial methods did not take an inordinately long time.

Of the many systems created, two were predominant; these were
the systems of Hamilton and of Grassmann. Ifthese two systems are
compared, and modern vector analysis is taken as the standard of
comparison, it is readily apparent that the Hamiltonian and Grass-
mannian systems have many similarities. Both were vectorial in
character; both contained vector addition and subtraction and oper-
ations similar to the modern scalar (dot) and vector (cross) product.
Hamilton's system however included these two products as parts
ofthe quaternion product; the product oftwo vectors a/3 was for him
composed of a scalar part Sa/3 and a vector part Va/3. The former
of these is the negative of the modern scalar product; the latter is
the modern vector product. Among Grassmann's products the inner
product is equivalent to the modern scalar product, while his outer
product yields a directed and oriented area rather than another vec-
tor.

Both Hamilton and Grassmann dealt with vector differentiation,
and both created full-blown systems rich in content and application.
Hamilton's system was a vectorial system of such a character that
by certain deletions, simplifications, and redefinitions it could be
transformed into the modern vector analysis system. Grassmann's
system was also in many ways similar to modern vector analysis;
there were however two important types of differences. Grass-
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mann's system contained some elements which were definitely not
equivalent to their correlates in the modern system, for example,
his outer product. Moreover there were many elements in Grass-
mann's system for which no correlates can be found in the modern
system, for example, his point system and his other products.
Broadly considered, the structure of his system was very different
from the structure of the modern system, for example, vectors were
derived from points.

Thus it was concluded that Grassmann's system, like Hamilton's,
coud have led to modern vector analysis through a process of de-
letion and alteration. Concerning priority in relation to the ele-
ments common to these systems Hamilton deserves credit for pri-
ority of publication, whereas Grassmann deserves credit for being
the first to create his system and the first to publish an extensive
exposition of it.

It is worthwhile now to compare these two men, especially in re-
gard to factors influential on the history oftheir systems. Hamilton
was born in 1805 and died in 1865; Grassmann was born in 1809
and died in 1877; they were thus close contemporaries. Hamilton
was a prodigy who before he was thirty had made a number ofvery
important discoveries which had brought him a large measure of
fame; by comparison Grassmann's youth was undistinguished, and
he published his first scientific paper only when he was thirty.
Hamilton attained a university professorship while he was still an
undergraduate; Grassmann never attained this distinction despite
numerous efforts. Thus when in the 1840's their systems were be-
ing offered to the public, Hamilton had as he said a "capital" ofper-
sonal fame that aided him in gaining recognition for his system,
whereas Grassmann was then and long remained almost unknown.

Both men had strong interests outside mathematics, particularly
in regard to languages, philosophy, and religion. Within mathe-
matics both had a similar style that led them to write long, scarcely
readable works embodying philosophical ideas. Both were isolated
geographically from their important contemporaries: Hamilton
lived in Dublin at a distance from Trinity College, and Grassmann
lived at Stettin, from which he had to travel to Berlin to read the
Comptes rendus of the Paris Academy. When each made his discov-
ery, he expressed a readiness and a desire to spend a major part of
his life developing his system.

Both also had one especially important follower, neither ofwhom
had been a student of his master. Grassmann waited nearly until his
death for a measure of fame; Hamilton's fame came early but prob-
ably did not increase during his later years or in the decades imme -
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diately after his death. Both were geniuses and alike in that the fate
of their systems was to depend on the development and acceptance
of another system, that ofmodern vector analysis. Correspondingly,
judgments on the significance of these two men as creators of vec-
torial systems are complicated by the fact that their systems have
not by and large survived in tact. Their systems were ancestors of
the modern system, but this ancestry they themselves might well
have disclaimed.

Concerning the reception accorded their systems a statistical
study was made of the publications relating to each system from
1841 to 1900. This study revealed that roughly 594 publications re-
lating to quaternions appeared from 1841 to 1900, whereas there
were roughly 217 publications relating to Grassmann's system dur-
ing this time span. Thus there were something on the order of2.73
quaternion publications for each Grassmannian publication. There
were 38 quaternion books as compared to 16 within the Grassman-
nian tradition, or 2.37 quaternion books for each book in the Grass-
mannian tradition. Thus interest in the quaternion system was on
the order of two and one-halftimes as great as that in the Grassman-
nian system. This generalization was qualified by the observation
that during the last decade of the century the number of publica-
tions within the Grassmannian tradition was nearly equal to the
number published within the Hamiltonian tradition.

In relation to geographic distribution of interest it was observed
that among the British, American, French, and German peoples in-
terest in each system was strongest in the land of its origin, next
strongest (for both systems) in America, and substantial in the other
two countries. There was sufficiently widespread interest in quater-
nions outside these four countries that ten quaternion books were
published in seven ofthe less intellectually productive countries of
the late nineteenth-century world. Another major conclusions from
the statistical study was that interest in vectorial systems was in-
creasing rapidly during the latter third of the nineteenth century.

After this quantitative study established the degree of success of
the quaternion system, the relation of Tait, Peirce, Maxwell, and
Clifford to the quaternion tradition was analyzed. Tait was Hamil-
ton's leading disciple and did much to make Hamilton's ideas
better known. In addition to this he developed many parts of qua-
ternion analysis, and some of these developments were later trans-
ferred into modern vector analysis. Most important was Tait's de-
velopment of the operator V; as Maxwell put it, Tait was the "Chief
Musician upon Nabla." Thus the very important transformation
theorems associated with V first appeared in vectorial form in
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Tait's writings. Moreover Tait repeatedly stressed (as Hamilton had
not) the applications of quaternion methods in physical science.

During the nineteenth century, physical science (above all elec-
tricity) developed in such a way that the need for a vectorial system
increased. Thus for example emphasis was placed on the field con-
cept, and potential theory was developed. Maxwell, partly through
Tait, became interested in quaternion analysis some time around
1870. His enthusiasm for the "ideas," but not the "methods," of
guaternion analysis was great, and his critical analysis of the qua-
ternion system led him to definite views as to the defects in this
system. Most of these defects were eliminated in the Gibbs-Heav-
iside system. The chief significance of Maxwell is that he associ-
ated certain parts of quaternion analysis with important ideas pre-
sented in his Treatise on  Electricity and  Magnetism. Though the
use of quaternion methods in this influential book was very limited,
it was sufficient to lead other scientists, most notably Gibbs and
Heaviside, to the study of quaternions.

Certainly not all, probably not even a majority, of the physicists
of the 1870's and 1880's were favorably disposed toward vectorial
methods. Lord Kelvin was not only the most influential British
physicist at this time; he was also an outspoken critic of quaternion
methods as well as vectorial methods in general. Tait was not the
only vigorous advocate of quaternions. Benjamin Peirce was an
early and influential proponent of Hamilton's ideas, and much ofthe
interest in quaternions in the United States can be traced to him.
Peirce was also discussed as illustrative of the not small number of
men who were led from quaternions to mathematical ideas of great
importance, but ideas outside of the quaternion system. William
Kingdon Clifford was seen as a very capable mathematician who
was knowledgeable in both the Hamiltonian and Grassmannian tra-
ditions. Clifford's presentation of a vectorial system in his Elements
of Dynamic was viewed as prophetic in the sense that it foreshad-
owed the presentations of Gibbs and Heaviside. Thus the period
from 1865 to 1880 was characterized as a time of "realizations" as
opposed to "discoveries.” During this period many scientists came
to realize that vectorial systems were important and useful, and a
few scientists began to discern which elements in the existing sys-
tems were most significant. Thus the stage was set for Gibbs and
Heaviside.

The modern system of vector analysis originated with Josiah Wil-
lard Gibbs and Oliver Heaviside. These two great physicists, work-
ing independently of each other, constructed their systems (which

were essentially identical) during the late 1870's and early 1880's.
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The position of both in relation to previous traditions was identical.
It was demonstrated that each began to study the quaternion sys-
tem under the stimulus supplied by Maxwell's electromagnetic
writings. Both were exposed to Maxwell's critical remarks in his
Treatise on  Electricity and Magnetsm and to the practice followed
by Maxwell in that work. Thus Gibbs and Heaviside created a sys-
tem that successfully avoided the defects ascribed to the quaternion
system by Maxwell and simultaneously salvaged those parts ofthe
quaternion approach that Maxwell praised. Though neither was in-
fluenced by Grassmann, Gibbs did become an advocate of some of
Grassmann's ideas in multiple algebra.

During the 1880's the Gibbs-Heaviside system started to become
known through Gibbs' selectively distributed booklet and through
his lectures at Yale, and through Heaviside's publications in the
Electrician and elsewhere. Gibbs' creative contribution to vector
analysis was greater than Heaviside's, though Heaviside played a
greater role in gaining acceptance for their system, since he set
forth vector analysis in his very important electrical publications.
It was pointed out that both Gibbs and Heaviside made efforts from
a number of directions to make their systems better known and that
one factor that must have influenced many readers was the rapidly
increasing fame of each as a physical scientist. Thus by 1890 the
modern system ofvector analysis had been created and offered, as it
were, to the public. It was not as yet widely known, but this situa-
tion was soon to change, for a "struggle for existence" was about to
begin.

This "struggle for existence" took place from 1890 to 1894; thirty-
eight publications written during that time by more than twelve
scientists were discussed. It was stressed thatthe debate was wide-
spread, conducted with vehemence, participated in mainly by
physicists, and presented in a very readable manner. The main
guestion debated was, Which vectorial system is best? All the par-
ticipants except Cayley were convinced that a vectorial approach
was desirable. The main contesting systems were the Hamilton-
Tait and the Gibbs-Heaviside systems; the merits ofthe systems of
Grassmann and Macfarlane were debated, but to a lesser extent. A
major result of the debate was that the quaternion system, which
was well known, was forcefully attacked; and the Gibbs-Heaviside
system, which until then was not well known, received much pub-
licity, though certainly not always of the most favorable kind.

It was suggested that the Gibbs-Heaviside system emerged from
the debate with improved chances for widespread acceptance; this

was partly due to the fact that those who wrote on its behalf pre-
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sented a unified front, were more tactful in their presentation, were
more knowledgeable of the opponents' system, and (judging by
later history) were right in their arguments. Finally it was suggested
that an unnecessary, but nonetheless real, result ofthe debate was
that Hamilton's fame suffered. This was unnecessary in that, rhetor-
ical considerations aside, Gibbs and Heaviside could have with
justice presented themselves as descendents from Hamilton and
Tait rather than as opponents of them. That they did not do this is
certainly no cause for censure; that they chose not to do this was a
result of the natural tendency of the quaternionists to draw on the
capital of fame that had accrued to Hamilton. Thus by 1894 the
Gibbs-Heaviside system had become known to a substantial num-
ber of scientists; it was not as yet widely used.

The methodology selected for the discussion ofthe acceptance of
the Gibbs-Heaviside system was to analyze the books published
from 1894 to 1910 that presented the now-common system ofvector
analysis in order to determine their origin, their nature, and their
success in attracting readers. It was concluded that it was primarily
through Heaviside and his association of vector analysis with Max-
well's electrical ideas that the modern system entered into the Ger-
man-speaking lands, especially through the writings of such men as
Foppl, Lorentz, Abraham, Bucherer, Gans, Valentiner, and Igna-
towsky. Through Ferraris it became available in Italy, and through
Heaviside himself it had already become available in Britain.
Through Gibbs and his pupil Wilson an excellent presentation of
the modern system was published in America. Coffin's shorter book
further helped to make this system available. Through P. O. Somoff,
who was acquainted with both the Gibbs and the Heaviside tradi-
tions, the modern system was presented in Russia.

The Grassmannian tradition was kept alive in the writings of
Burali-Forti, Marcolongo, Timerding, and Jahnke. In the writings
of these men Grassmann's ideas were dominant, though the meth-
ods and style ofthe Gibbs-Heaviside tradition were not absent. To
a far lesser degree the Grassmannian tradition entered into such
works as those of Wilson and Valentiner. However, it was con-
cluded on the bases of republication and translation information
that the books directly within the Gibbs-Heaviside tradition were
the ones that were widely used by the scientific world. Thus, in
short, the Heaviside tradition was the most important, the Gibbsian
tradition second in importance, and the Grassmannian tradition a
distant third. Books within other traditions had not ceased to ap-
pear, but their number had decreased greatly. The pure Hamil-

tonian and the pure Grassmannian systems are not yet mathemati-
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cal antiques; thus, for example, Henry George Forder published in

1

1941 a book entitled The Calculus of Extension which is in the

Grassmannian tradition, and Otto F. Fischer published in the
1950's two long books within the Hamiltonian tradition.?

Heroes the history of science must have, though within the scope
of the present study so many scientists have contributed signifi-
cantly that the discernment of an order of heroic accomplishment is
far from easy. Nonetheless, iftwo ofthe men discussed are deserv-
ing of last mention, they are certainly Grassmann and Hamilton.
Each made a prophetic statement, and these statements will be
quoted, but prefaced by the remark that the present almost uni-
versal adoption of vector analysis has fulfilled their prophecies, not
to the letter of the statements, but to the spirit thereof.

Writing in 1861, Grassmann concluded the foreword of his sec-

ond  Ausdehnungslehre with the following statement:

For | remain completely confident that the labor which | have ex-
panded on the science presented here and which has demanded a sig-
nificant part of my life as well as the most strenuous application of my
powers will not be lost. It is true that | am aware that the form which |
have given the science is imperfect and must be imperfect. But | know
and feel obliged to state (though | run the risk of seeming arrogant) that
even if this work should again remain unused for another seventeen
years or even longer, without entering into the actual development of
science, still that time will come when it will be brought forth from the
dust of oblivion, and when ideas now dormant will bring forth fruit. |
know that if | also fail to gather around me in a position (which | have up
to now desired in vain) a circle of scholars, whom | could fructify with
these ideas, and whom | could stimulate to develop and enrich further
these ideas, nevertheless there will come atime when these ideas, per-
haps in a new form, will arise anew and will enter into living communi-
cation with contemporary developments. For truth is eternal and divine,
and no phase in the development of truth, however small may be the
region encompassed, can pass on without leaving a trace; truth remains,
even though the garment in which poor mortals clothe it may fall to
dust.®

Tait in the preface to the third edition of his Treatise on Quater-
nions quoted from a letter written to him in 1859 by Hamilton.
Hamilton had asked Tait:

Could anything be simpler or more satisfactory? Don't you feel, as well

as think, that we are on a right track, and shall be thanked hereafter.
Never mind when.*
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1673
1679

1799

by 1799

by 1800

1805
1806

1806

1809

1814-1815

1823

1824

1826

1827

1828

1828

by 1830

1830

1831

Chronology

Wallis' treatment of complex numbers

Leibniz' letter to Huygens on a geometry of situa-
tion

Wessel publishes the first 2-dimensional and first
3-dimensional vectorial system

Gauss discovers geometrical representation ofcom-
plex numbers

Parallelogram of forces, velocities . . . becomes
common in physical science books

Birth of Hamilton

Argand publishes the geometrical representation of
complex numbers

Buee publishes paper on complex numbers

Birth of Grassmann

Argand, Frangais, and Servois publish ideas on 3-
dimensional vectorial systems

Mobius publishes his first treatment of his bary-
centric calculus

Grassmann's father (J. G. Grassmann) publishes his
idea of a geometrical product

Hamilton becomes Andrews' Professor of Astron-
omy at Trinity College, Dublin, and Royal As-
tronomer of lreland

Mobius' Der barycentrische Calcul

Warren publishes the geometrical representation of
complex numbers

Mourey publishes the geometrical representation
of complex numbers

Four men had published geometrical representa-
tion of complex numbers, but all are neglected

Hamilton begins searching for a 3-dimensional vec-
torial system

Gauss publishes the geometrical representation of

complex numbers



1831
1832

1835

1837

1839
by 1840

1840

1843
1844

1845
1846
1850
1852

1853
1853
1855

1858
1862
1865

by 1865
1866
1867
1867

1867

1871

1872-1875
1873

1873
1873

Chronolog y

Birth of Tait and Maxwell

Grassmann gets first ideas for his calculus ofexten-
sion

Bellavitis publishes his first major paper on his
calculus of equipollences

Hamilton publishes representation of complex
numbers as "couples"” of numbers

Birth of Gibbs

At least ten men have searched for a "triple" alge-
bra

Grassmann submits his dissertation on tidal theory
containing the first presentation of his calculus of
extension

Hamilton discovers quaternions

Grassmann publishes his system in his Ausdehn-
ungslehre

Saint-Venant publishes his vectorial system

Hamilton introduce? Sa/3 and Va/3

Birth of Heaviside

O'Brien publishes his most complete treatment of
his vectorial system

Hamilton's Lectures on Quaternions

Cauchy's "Sur les clefs algebriques"”

Peirce strongly recommends quaternions in his A
System of  Analytical Mechanics

Tait-Hamilton correspondence begins

Grassmann's second Ausdehnungslehre

Death of Hamilton

Grassmann's publications still totally neglected

Hamilton's Elements of  Quaternions

Tait's Elementary Treatise on Quaternions

Thomson's and Tait's Treatise on Natural  Philos-
ophy

Hankel praises Grassmann's ideas in his Theorie
der complexen Zahlensysteme

Maxwell's "Mathematical Classification of Physical
Quantities"
Schlegel's System der Raumlehre

Tait's Elementary Treatise on Quaternions (2nd
ed.)

Kelland's and Tait's Introduction to Quaternions

Maxwell's Treatise on Electricity and Magnetism
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1877
1878

1878
1878--1887
1879
1880

by 1880
1880

1881

1881--1884

1881--1884

1882--1884

1882

1882-+188®
1883

1886
1890
1890--1894
1891
1891
1892

1893

1894--1911
1894

1895

1898--1900
1899

1899--1901
by 1900
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Death of Grassmann

Second edition of Grassmann's 1844 Ausdehnungs-

lehre
Schlegel's Hermann Grassmann
Clifford's Elements of  Dynamic

Death of Maxwell and Clifford

Death of Peirce

Gibbs begins teaching vector analysis courses

German translation of Tait's Treatse on Quater-
nions

Peirce's "Linear Associative Algebra" is published

Gibbs' Elements of  Vector Analysis

German translation of Hamilton's Elements of
Quaternions

French translation of Tait's Treatise on  Quater-

nions

Kelland's and Tait's Introduction to Quaternions
(2nd ed.)

Grave's Life of Sir William Rowan Hamilton

Heaviside begins using his system in his papers in
the Electrician

Gibbs' paper "On Multiple Algebra”

Tait's Elementary  Treatise on Quaternions (3rd ed.)

Thirty-eight publications discussing the merits of
the various vectorial systems

Maxwell's Treatise on Electricity and Magnetism
(3rd ed.)

Macfarlane's first presentation of his system

Heaviside's Electrical Paper

Heaviside publishes a lengthy exposition of his
vectorial system in his Electromagnetic ~ Theory

Grassmann's collected scientific papers published

Foppl publishes first presentation of modern vector
analysis in German

Kimura and Molenbroek propose that advocates of
vectorial methods form a society

Tait's Scientific Papers

Ferraris publishes first long exposition of modern
vector analysis in Italian

Hamilton's Elements of Quaternions (2nd ed.)

Over 1000 vectorial publications: 594 guaternionic;
217 Grassmannian



Chronology

by

1900

1901
1901-1909

1901

1903

1903
1904
1905
1905
1905
1906

1907
1907

1907

1909

1909-1910

1909

1909

1909

1910

1910

1913

1925

First issue of the Bulletin of the International ~ As-
sociation for Promoting the Study of Quater-
nions and Allied Systems of  Mathematics

Death of Tait

Modern vector system used in important articles in
the Encyklopadie der mathematischen Wissen-
schaften

Wilson publishes first book-length presentation of
modern vector analysis in English

Bucherer publishes first German book on modern
vector analysis

Death of Gibbs

Second edition of Foppl's book

Gans' Einfiihrung in die Vektor analysis

Jahnke's Vorlesungen uber die Vektorenrechnung

Bucherer's Elemente der Vektor-Analysis (2nd ed.)

Gibbs' collected Scientific ~ Papers containing his
Elements of Vector Analysis
Valentiner's Vektor analysis

Somoff publishes first book on modern vector an-
alysis in Russian

Third edition of Foppl's book

Coffin's Vector Analysis

lgnatowsky's Die Vektor analysis

Wilson's Vector  Analysis (2nd ed.)

Gans' Einfiihrung in die Vektor analysis (2nd ed.)
Burali-Forti and Marcolongo's Elementi di calcolo
vettoriale

French translation of Burali-Forti and Marco-
longo's book'of 1909

Interest in quaternions and Grassmann's system
declining; interest in Gibbs-Heaviside system

rapidly increasing

Last issue of the Bulletin of the International ~ As-
sociation for Promoting the Study of Quater-
nions and Allied Systems of  Mathematics

Death of Heaviside
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