Distance hetween two points Section Formula
Z &7 B

+
ﬂ‘ﬁ;.a 2.22) / :(‘:}:I/?Iz'y‘?‘zz)
o ..

k+1 ' k+1 " k+1

(I(J(zﬂu kyz+y1 kZz+Z1)

Note : cos?a + cos?f + cos?Y=1

cos@=£;cosf=m;cos¥=n
Y 2 +m?+ni=1

Direction Ratios

If a,b and c are direction ratios thenax? ;boxm ; coxn

S D=t a)

a b
o (a%+b2+C?) A=Ll+ m+ m=1
Therefore, ¢ = + - ‘m= + b sl 3 £

Jarbaa) ' “Jaubaa) | Jabad)




Part Il

THREE DIMENSIONAL LINES

Line passing through point (a, b, c) parallel
to line having direction cosines ¢,m,n is

Equation of a line passing through two
pointsA & B

X—X1 ) Y=Y1 I =23

Lz: = =
X2—=X1 Y2-Y1 22-23

Angle between two lines

a1az + bibz + cic;
J ai?+by2+cy? J az’+by%+c)?
cos @ = £,£, + mym, + nin,
If Lyand L; are Perpendicular (8 = 90°)

2122"' mimz+ninz=0 Je/M a13; + b1b1 + CiCz =

If Liand L; are Parallel

cosf =

a1 b1 C1

az b2 C2

Distance between two skew lines

|5 x B @i-an|

| uxb| |
Cartesian form Line Ly : X=X 2 Y'*'h= -2
di by (4]
X=X - -2
Line L+ - y Vz= =
d2 b; C2
X2=X1 Ya2-Y1 I2—-2)
ax by Ci1
d az bz C2
" | (bica=bzc1)2+(c1a:-c2a1)2+(a1ha-azby)?




Part lll

THREE DIMENSIONAL PLANES

Equation of a plane in Normal form

Equatlon T.n= d:
unit normal vector Perpendicular

along ON distance of plane
Cartesian form from 'O’

Equation : £x+my+nz=d
Here ¢,m,n are the direction cosines of ﬁ

Intercept form of the equatlon of a plane ABC

Equation : —+ —_——=
a b c

a, b and c are the direction ratios.

Equation of a plane perpendicular to a given
vector and passing through a given point

Equation : Cartesian Form

s e = A A A
if n =ai+bj+ck
a(x-xi1)+b(y-yi1)+c(z-z;) = 0

Plane:

Equation of a plane passing through

three non - collinear points

[ —

LN (T-3).[(b-a)x(c-a)]=0

Cartesian Form

If R =(x1,y1,21), S =(x2,¥2,22) & T =(x3,y3,23)
X—=X1 Y=Vi1 r At 5

Equation : | X2=X1 Y2-Yy1 Z2-Z1|=0
X3=X1 Y3i-yi1 23-1)




Plane P passing through the Intersection Part IV
of two given planes P, & P;

P:: ?.l?],=d1 Or P;: -I'..l?z=dz
Equation of Plane P

-

Ca rtesran form

P1: aix+biy+ciz =d; Or P;:ax+byy+cz=d;
Equation of plane P :

ke Tk L T e ——

-..---------_----_--_-_‘.._.--_-_---.._-----_--__---

l
l
| I'I1 < I"Iz
1cos @=|—— : oif P11P; = 6 =90°
N Y Sl )
--------- '3132+b1b2+t1tz-0-

Cartesian form

If P; : aix+byy+ciz+d; = 0, Py : axx+byy+cz+d; =0

Angle Between a Line and a Plane Coplanarity of Two Lines

Une: = a:} E P _P_la_nﬁ _? L If L1 & L, are coplaner, then
T G {5 [ 7 7 o A e e et s
: b.n |! = S
Therefore | cos@ = ' | (azma). (_b_1 X t_’z_’ =9 i
T s |
| Ibl.In] |




THE BINOMIAL THEOREM

Helps us expand binomials to any given power without direct multiplication.

General formula for (x+y)" ,

(x + V)n — nccxnyﬂ + ”C1x""y + nczxn-Z y.? + .. + ncrxn—ryr + ...+ ncnxDYn = Z ncrxn-ryr
r=0

PASCAL'S TRIANGLE

Assuming n = 4, We have (a+b)* and Formula for the coefficient from
pascal's triangle would look like pascal's Triangle.

Coefficients

It is commonly called "n choose k".

(a + b)* = a* + 4a°b + 6a’b? + 4ab® + b*




IMPORTANT TERMS IN THE BINOMIAL EXPANSION "o

IN THE EXPANSION OF (x+y)"

O GENERAL TERM: Tr+1 = "Cpe x™ ", y'
O MIDDLE TERM : T(n+2)72 = "Cns2. x"/2. y"2 . when n is even
Tin+1)/2 & T(n+1)72)+1 ; when n is odd

O NUMERICALLY GREATEST TERM : Tra1 > Tr = 21 5 1 . 12

Te r X T 1 x
(|— +1)
a
O TERM INDEPENDENT OF x : Term independent of x contains no x; Hence find the
value of r for which the exponent of x is zero.

O Co+C1L+C+........ + Ch=2" O Co+Ca2+Ca+....=C1+C3+Cs+....=2™1
2n)! 2n)!

O Coi2+Ci24 ... + Ci2=2C,, = (2n) O Co.Ce+ Ci. Cry1 + ........ +Cn—rCH=L
nin! (n+r)!(n-r)!

SOME IMPORTANT EXPANSIONS

EXPONENTIAL SERIES

X x2 x3

O e=1+ -F + -i—'- + -3—1 s T ~C ; where x may be any real or complex number.
o a*=1+ ——Ina + x—zlnza+£ln3a+ ......... ~o where a > 0.

1! 2! 3!

1 1 1
O e=1+ + + iy 00

1! 2! 3!
LOGARITHMIC SERIES

x  x¥
O In(1+x)=x- + - \ ST, 0 where-1<x<1
2 3 4
x2 x3 X
In (1 - =-X- - - T oo where-1<x<1
O In( x) X 5 - % <
APPROXIMATIONS

n(n-1)

-1)(n-2
N PO . . N L (s Ll

1.2 1.2.3
if x be very small, then (1 + x)" = 1 + nx, approximately.

FOLLOWING EXPANSION SHOULD BE REMEMBERED (|x| < 1)
O (L+x)'=1-x+x2-xX+x-...00 O (-x)'=1+x+x2+x3+x*+...00

0 (1+x)2=1-2x+ 3x?-4x3....00 O (1-x)2=14+2x+3x2+4x*+....00
—_——————




AREA UNDER THE CURVE

Trapezoidal Riemann Approximation

n
Arct = Z f(Ii‘t;)"" f(x.)m :Ax =
i=1

n

3 L)+ o)

lim
Area = n—o0

i=1

Xo X3 Xz X3 DIEIE - SERE- Ibf(x)m dx — infinitely small

Area By Vertical Strlps Area By Horizontal Strips

y Y =f(x)
(

J _J
Area Enclosed Between Two Curves

Case — Il : By horizontal strips

x=f(¥) d
X, y A =‘[f(y)dy =‘dey
C

xA= ‘Yf(x)dx jf(x)dx

Case —1: By vertical strips
y

'

g(x)
= f(x)

(x.¥)

O

b d d d
A= If(x)dx— ‘fgmdx - _[[f(.r} ~grdr | A= frondy - [eiay <[if) - g091ay

L a a a c < ¢ A
| 2
’e '@ Whole area of the ellipse .1’_2 + —'E; = lisnab (units)z.
a
a y=f):a<x<b @ Area enclosed between the parabola y* = 4ar &
fix) /| - . 16ab, . 2
H x =4byis (units).
l : 0 Area enclosed between the parabola y* = 4ax &
o | .  y=mxis ga (unlts)
WS b A 3m’ v
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IFFERENTIAL EQUATION

ifferential equation is an equation that involves independent and dependent values and
the derivatives of the dependent variables.

| TYPES OF DIFFERENTIAL EQUATION (!

If the differential coefficients have reference i If there are two or more independent variables.
to a single independent variable only. ’
dy 2d . Bu au 8u
Egi—y——y+cosx=0 5 Eg: + + =0
dx?  dx
| ORDER AND DEGREE OF IIIFFHIEHTIM EQUATION |||-
“Order
/ / Degree! Order : is the highest derivative.
d@y m-y 9 Degree : is the exponent of the highest derivative.
f(x.y) pre= + ¢ (x,y) F‘*_"] ....... =0

| SOLVING DIFFERENTIAL EQUATION |[{

SEPERATION OF VARIABLES METHOD :

Step 1 - Move all the y terms (including dy) to one side and all the x terms (inculding dx) to the
other side.

Step 2- Intergrate one side with respect to 'y* and the other side with respect to 'x'.
Step 3 - Simplify it.

SEPERATION OF VARIABLES TYPES :
Type-1: Equation of the form f(x)dx =— g(y)dy :}If(x)dx +[ady=c

Type-2 : Equation of the form — dy =f(ax+by +c); b#0 — putax + by + c =t & reduce to Type 1

dx
dy ax+by+

dx = a,x +b Y -l-c
perfect differential d(xy).

Type-3 : Equation of the form {ifa,+ b =0} Cross multiply and note the

Type-4 : Transformation to polar coordinates

(a)x=rcos0;y=rsin0; x*+y= r‘;%=tan9; xdx + ydy = rdr ; xdy - ydx = rz2d0

(b)x=rsecO;y=rtan0; x*-y*=r’;% =sin 0; xdx - ydy = rdr ; xdy - ydx = r’sec0 d0




2 HOMOGENEOUS DIFFERENTIAL EQUATION m

dy _fix.y)
dx  g(x,y)

and y and of same degree) To solve put m

dy ax+by+c
dx ax+by+c,

T-(1) An equation of the form — (where f(x, y) and g(x, y) are homogeneous functions of x

! Whena b,-a ,b,#0or

T-(2) Equation reducible to homogeneous differential

b
% # — . Substitution : EEEN L EERERE then reduce differential equation to Homogeneous

b
: Differential Equation T-1

3 LINEAR DIFFERENTIAL EQUATION

A differential equation is said to be linear if the dependent variable and its differential coefficients
occur in the first degree only and are not multiplied together.

n n-1 n-2

y y y
() + A + BalX) g+ A y = d (x)

where a,(x), a,(x), a,(x).......... ,a,(x) are called coefficient of Differential Equation.

Linear differential equation of first order Bernoulli's Equation

Equation reducible to linear differential equation

d
d—’ P(X)y =Q(XJI_
:

pm————

N

Equation of the form % + P(x)y = Q(x)y"
fdx

L ]
"

B

-

To solve

d : : -
Calculate : Integrating factor (L.F.) = e‘r PHIdx 1 To solve divide by y"and substitute y'-" =t

dt
Solution : FTAEL [P (AL R * ax T (1-n) P(x)t=Q(x)(1-n)

' Now solve as 1%torder Linear Differential

: Equation
| SOME IMPORTANT EXACT DIFFERENTIALS ]
# xdy + ydx = d(xy) # xdy-ydx d(l (_)) . xdy ydx-d(tan"!)
Xy x*+y? X
. xdy-zydx=d(l) . ydx-xdy=d(lni) L i’)=(xefdy-e?dx)
X X x?
# xdy - ydx X . xdy-l-ydx ™ e*\ _ [ ye*dy-e*dx
) )| el
# xdy+ydx d(xy) _ # 2(xdx+ydy) N ® dx+dy _
e = d(In xy) T = [In(x"+y")] Sty =d(In(x+y))




s TANGENT & NORMAL e BAER.

TANGENT

Tangent is a limiting case of a
secant

NORMAL

A line that is perpendicular to a tangent
line at the point of tangency.

Equation: y — y1 = mr (x—x1)

yiy1 + (mr)?

Length: PT =
(m)

EQUATION OF NORMAL & ITS LENGTH

Equation: y —yy = o (x—x1)
Length: PN = | y1/1 + (m1)?

SUBTANGENT & SUENORMAL

TM is the Subtangent and length of

MN is the Subnormal and length of




! ANGLE BETWEEN TWO INTERSECTING CURVES  Part iy

m; — slope to the curve 1 at point 'P' Point of

intersection

m2 — slope to the curve 2 at point P

d f(x d g(x
m =3I L 38k
dx (%) dx (%:2¥:)
m; — m
6 = tan™ l H1—2
mima i
Curve2:y=gx)  curvel:y=fix)
If 6 = % then the curves are called Orthogonal Curves.

POINTS TO REMEMBER .

Equation of Tangent at point P(x;,y:) to any
second degree general curve

ax? + by? + 2hxy + 2gx + 2fy +c =0

REPLACE:
X2—= XX Y2 = YWii2X =X+ X1:2y—= Y+ W

2Xy = xy1+Xiy;¢c— ¢

o If curve passes through the 'O’ then the equation
of the tangent at 'O' may be directly written by
comparing the lowest degree terms equal to O.

2gx+2fy =0orgx+fy=0

O If|— = 0 => Tangent is parallel to x-axis (Horizontal Tangent).
LdX ) (xrayn)

C .
d
O If hil —> 00 Or [QJ = 0 = Tangent is parallel to y-axis (Vertical Tangent).
L dX ) aay) dy (x1.y1)

O If [ﬂ] = + 1 = Tangent at P(x;,y:) is Equally inclined to the coordinate axis.
(x1.y1)

The shortest distance between two non-intersecting curves is always along to the
common normal of the curves.



MONOTONOCITY

Part |

Definition

Functions are said to be monotonic if they are either increasing or decreasing in their entire domain, otherwise

functions are called non-monotonic function.

A function is said to be monotonically increasing at
x = alf f(a+ h) > f(a) & f(a - h) < f(a) for small (+ve)h

V4 f(a) f(a+h
fla-h) 7 |

0
i
3

Monotonocity of a Function at a Point

A function is said to be monotonically decreasing at
 x=alff(a+h) < f(a) &f(a-h) > f(a) for small (+ve)h

| i f(a+h)

o
L

A f(b
f(a faue

J)

N
.
r 4
-y
=

f(b)

c l--‘-‘-‘-‘-‘.

@]
[

T fw>o0

o

Point of Inflection

Point in the domain of f(x) where f '(x) does not
changes its sign as x increases through c.

"t

| TR S S
Nkesece==

-

|
]
|
|
i
|
I
|
|
]

a

Critical Point

Point in the domain of f(x) where f'(x) is equal to zero

or f '(x) fails to exist. Due to any reason.

VA

f'(x)=0

L

ob--



MONOTONOCITY "™

Greatest & Lowest Value of a Function

If a continuous function y = f(x) is strictly
increasing in [a, b] then

9 f(b)

Vq—_
1

[N T S
oh=—————

" Lowest value = f(a) } ! C:reatest value = f(b) } 3

h----------------' ----------------

If a continuous function y = f(x) is strictly
decreasing in [a, b] then

yA f(a)

N

-

(o R 8
o hmm————

Rolle’s Theorem

Lagrange’s Mean Value Theorem

' Let f(x) be a function of x satisfying following conditions: Let f(x) be a function at x satisfying the following:
(1) f(x) is continuous in [a, b] (1) f(x) is continuous in [a, b]
(2) f(x) is differentiable in (a, b) (2) f(x) is differentiable in (a, b)
(3) f(a) = f(b) (3) There exist atleast one c ¢ (a, b) such that
Then there exists atleast one point x = ¢, which belongs { ; f(b) - f(a) ":
to (a, b) such that 1 71¢5" 27 R~
y4 flg=0 4 P(cf()
]
H
flx) :
i Alaf(a)) E B(b.fb))
1 ]
: S o \ H . >x
S EE IR N SN SETeRT SEmELL
Points to Remember
e If a function is invertible, it has to be either increasing or decreasing.
® [ffis an increasing function then its negative i.e. h = — f is a decreasing function.

® Reciprocal of an increasing function is a decreasing function.

® |f f is an increasing function and g is also an increasing function their sum h = f + g is an increasing function.

® |f f and g both are increasing function then h = f x g is also an increasing function.

® |f a function f is increasing ( I ) and takes negative values and another function g is decreasing ( D ) and takes
positive values, then their product is an increasing function.

e Monotonocity of the difference of two function can be predicted as if I - 1 = can't say, I - D = increasing,

D - I = decreasing, D -~ D = can't say.




MAXIMA ANU MINIMA

LOCAL MAXIMUM & MINIMUM

ABSOLUTE MAXIMUM & MINIMUM

' Local i
i maximum |

+ Local
y Minimum |

Positive

Gradient

Negative
Gradient

‘L
s o

f'(a)=0 I_;"(u <

g gradient=0
gradient=0 Local minimum

Local maximum 1

_Negative Gradient

| L Positive
Gradient

gradient=0
Point of horizontal inflection

Positive
Gradient

Positive Gradient
—~

f'b)<0

f'eh )>0

X=a x=b

FIRST DERIVATIVE TEST

LOCAL o s | rrrat

Lo “h)=0 |frb)<0 |f )0
IHHHHIHIIIHIIIHIHI

® In general at saddle point ( letx =¢) f'(c¢*) and
f'(c) both are either positive or negative.

SADDLE
POINT

SECOND DERIVATIVE TEST
==
rov o

® In general at saddle point (letx=c¢)
J{‘!r{.) = ',“!rrl-) -

LOCAL
MINIMUM

SADDLE
POINT

["e)=0




CIRCLE PROPERTIES ™

SO SEONTRE sras e T center to the edge: half
of a circle 7 \\ H
” N the diameter.
l’ ~ '?:P

RADIUS

[}
I

CHORD : DIAMETER
\

A straight line joining
any two points on the
circumference

TANGENT

A straight line that
touches a circle at
two coincident points

TANGENT

Circumference=2nr 2xr. . () — in degrees
STANDARD EQUATION OF THE CIRCLE
1. Central Form: e T TR RS 3. When circle touches x-axis
(x=h)? +(y-k)2=r2 X4y 4 2gx +2fy +c = 0 (x-h)? + (y-k)?=k?
'R 3 : Ya
. % » X
0+ Touching x-axis

4. When circle touches y-axis 5. When circle touches both the axis ¢ Intercepts cut by the circle
(x-h?) +(y-k)2=Rh (x =h?) + (y-h)2= h2 on axes:
y x? + y2+ 2gx +2fy + ¢ = 0
y &

and y-axis ; > [ < ‘g
[ h
__ N !

8. The parametric forms of the circle:

7. Diametrical form of circle:

(x=x)(x=%3) +(y=y))ly-ya) =0

P(x,y)

where 0 is the parameter A& [0,2n

N s




CIRCLE THEOREMS ™"

Angle in the same segment and standing The angle at the centre of a circle is twice
on the same chord are always equal. the angle at the circumference.

L. > L. »

e L BCA=/BDA = 90°

ABCD is a cyclic Quadrilateral,
Diagonally opposite angles add up to 180°.

0 CD 1 AB,BD = DA, LBDC = 90°
B

If QRN is a secant & QM is tangent then QR.QN=(QM)? Angle between tangent and radius is always 90°.
_ If PBA & PDC are secant to circle then PA.PB=PC.PD _Perpendicular bisector of any chord, pass through center.

B

Q
|

Tangents from a common point (A) to a circle The angle between the tangent and the side of the
are always equal. - triangle is equal to the interior opposite angle.




Part Il

CIRCLE'S TANGENTS

o (p>r) Neither tangent *
Condition of Tangency : ['J\ n;'- seéam" ¢ -

p = perpendicular distance from (p<r) ( NFPe \ Secant ¢

center to line (p=0) Diameter .
r = radius to circle \ / :
(p=r) Tangent '

Common tangents of two circles

o If two circle are separated 9 If two circles touch
DCT externally
r
./
d>ri+rnr2
d=distance between centers d=n+nr
= 4 common tangents (2DCT,2TCT) =>3 common tangents (2DCT,1TCT)
9 If two circles intersect o If two circles touch
each other internally
-9
-
In-rl<d< rn+nr d=Iri-rz2l
=2 common tangents (2DCT) =>1 common tangent (1DCT)
6 If one circles is completely @0rthogonality of two circles
contained in another circle A Intersect
at 90°
( ) S e Sa
B
x2+y2+2g:1x+2fiy+di1=0
d<lrn-r2l x2+y?+2g2x+2fy+d2=0
=5 No common tangent Condition : 2g1g92 + 2fif: = di+d2

T ————————————————
+ DCT = Direct Common Tangent, TCT = Transverse Common Tangent

- .

Position of a point P(x3,y1) w.r.t. -
circle :

x2+y2+2gx+2fy+c = 0

deponds on

Sy = x12 + yi2 + 2gx1 + 2fy1 + C

Si>0
P

am e




COMPLEX NUMBER

Complex Numbers

A number z=x + iy where x,y ¢ Rand / =+ -1 ; x = Real part or Re(z); y = Imaginary part or Im(z)

Magnitude Complex Conjugate
b

|
l
|
21 =d sy | R mang (= 0= tng Ifz=x+iy
| General Argument : 2nx + 6, né N then the conjugate of 'z'is
I
l
|

1zl = 1z Principal Argument : -1 < 6 <

Least Positive Argument : 0 < # < 27

Representation

Polar Representation

z = x + iy may be considered

X=rcost,y=rsing z = r e (where e = cos g+ 1sing) as a position vector of point P.

Properties of argument of a Complex Number

If z, z; and z2 are complex numbers, then

0 E arg(any real positive number)= 0 arg(any real negative number)= =
arg (z1.z2)= arg(z))+arg(zz)
arg (z).z2)= arg(z)-arg(zz2) arg(zi/z2)= arg(z)-arg(zz2)
arg(E}= ~arg(z)= arg(1/z) arg(-z)= arg(z)+n
arg(z")= n arg (z) arg(z)+arg(§)= 0

|21 + 22|24 | z1-22| 2= 2 [|z1]+]22/?] |21-22| = | 21422 | ¢ arg(z)-arg(z2)= 5
'

|z1422| = | 21| +| 22| & arg(z;)=arg(za) ' |z|+z;|’=|z||2+|zz|’4=p:—;is purely imaginary.

|zi-22|2<(|z1|=|22|)? +(arg(z:)-arg(z2))? : | zv+22 |22 (| 21| + | 22| )2+ (arg(z1)-arg(z2))?

|zi#22|%3= |z1|? +|22|2 +2| 21| | 22| cos(6) - Hz).: ‘D |zi-z2|2= |z:|% +|2z2]|2 -2|z1]| | z2| cos(th — 62),
where 6,= arg(z;) and ;= arg(zz) where 6,= arg(z:) and 6= arg(zz)
or |21+ 22|2 = |z;|2 + |z2|? + 2Re (z; Z5) or |z-23|2 = |z1|? + |22|2 - 2Re (2 22)




COMPLEX NUMBER

Properties of Complex Conjugate Properties of Modulus

Ifz=a+ib = Z=a-ib
@)=z
z+Z = 2a = 2 Re(z)= purely real
z-Z = 2ib = 2i Im (z)= purely imaginary
zZ = a?+ b? = |z = {Re(z)? + {Im(2)}?
z+Z=0o0rz=-Z = z=0orzis purely imaginary |21+ 2% + |21 =222 = 2 [|z3 + |29]

|Zv+ 22 = |21)® +|221° + 2Re (21 22)

z=7Z = zis purely real

Square roots of a Complex Number

|Z|+a

The square root of z = a + ib isiW a+ib = +

L ELTIER GERTEHTES

(M) |21 + 22| < |21| + | 22| (2) 121 + 22| > |21| —| 22|

Parallelogram Identity

() 121+ 222 + |21 =22 = 2 [|20) + |22)%]

Points to Remember

|
Z3—-21) | 'Z;—Zl _ |zz—=z| e : =
=1 ) : (bj : Zz 7 ﬁ {COS « + 15N r:]p.WhEl‘E a =/ZBAC

...............................................

¥ R
e The equation of a circle whose centre is at wma
point having affix zo and radius

o

..—-—-q-———o——.--oo-—-o

e If a, b are positive real numbers then, J=a x Jb == JEE:

Integral powers of iota

i= - | 50 =1 r—’=-landrl-1 3 = . {n op pintd =1

. - .y

- -




COMPLEX THEOREM

(i) if neZ (the set of integers), then ( cos # + i sin # )" = cos (n#) + i sin (n#)
(ii) if n ¢ Q (the set of rational number), then cos (n#) + i sin (n#) one of the values of (cos # + i sin )",

Roots of Unity
Let z = a + ib be a complex number, and let r ( cos # + i sin # ) be the polar form of z.

Then by De Moivre's theorem r‘-‘“{cos (-g-)+ i sin(-g-)} is one of the values of .

z= )" z = ()"

Roots : 1, ay, aa ..... G
Roots : 1, @, w?, where - - vy
Properties of Cube Roots of Unity Properties of n'" Roots of Unity

o 1+ +0¥=0 r=3n e They are in G.P. with common ranoe

2=
o1 +aP+c+...+a® =0ifp=kn

weeTacos B it o 1 ;N3 e PH@P (@t (aP=nifp=tn
e The three cube roots of unity when plotted on the 1 ® (1-¢,) (1-«,) (I-a.)=n

argand plane constitute the vertices of an equilateral Lo ;
trEngle.P +i - o (1+a,) (0 +a,) ... (1+a,,) =0ifnisevenand 1if

/MF n is odd
0 ifn =3k
\Q =|1 ifn=3k+1
2 I+ ifn=3k+2

e

Point to Remember

Centroid, Incentre, Orthocentre & Circumcentre of a triangle on a complex plane

(a) Centroid ' G' =$ Alz)
vrr_ an+bz+czs
(b) Incentre ' 1' = g S

Zitan A+ Zatan B + Zatan C
tan A +tan B + tan C

Z) (sin2A) + Za (sin2B) + Z3(sin2C) B(z2) |

sin2A + sin2B + sin2C

(c) Orthocentre ' Zy' =

(D) Circumcentre' Zs' =



CONTINUITY

A function f(x) is said to be continuous at x = a iff, ¥ 4 Left Right
] Lim £ = Lim f(x) = f(a) = finite quantity! f’?\
g S e e I r 1

g

One sided Continuity

« continuous at x=a from left ffxljn;_ f(x) = f(a)

“ e

»
&

« continuous at x=a from right Ifxl.irgj(xj = f(a)

Continuity In An Interval

In an Open Interval (a,b) if

If it is continuous at each and every point c ¢ (a,b).

In a Closed Interval [a,b] if
(a) f(x) is continuous in (a.b).
(b) f(x) is right continuous at x=a. l.e. xE-"a' ,f(x) = f(a) = a finite quantity
(c) f(x) is left continuous at x=b, ie. xl__t:%_f{x} = f(b) = a finite quantity

L J

Theorems of Continuity

If T & 'g’ are continuous at x = a, then f + g, f.g will also be continuous at x = a. And ?f will %
also be continuous provided g(a) = 0 ;

T -

- -

______________________________________________________________________________________________

______________________________________________________________________________________________

—————————————————————————————————————————————————————————————————————————————————————————————

_____________________________________________________________________________________________

=
Intermediate value theorem o 1rrres
¢

If 'f is continuous on [a, b] & f(a) # f(b) then
for any value c ¢ (f(a), f(b)) there exists at least fe)
one number xg € (a, b) such that f(x,) = ¢ /

Alternatively

f(x) is continuous in [a.,b] and f(a) & (b) have opposite signs then the equation f(x) = O has at least one root in (a.b).

Y a Jix) y‘
J (] S—

» X

> X

B lem=—
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i,
i1
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%
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]
\
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fa)
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I
i
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i
g
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. . . - .-



Differentiability

Differentiability of f(x) at x = a geometrically means that a
unique tangent with finite slope can be drawn at x = a.

Left Hand Derivative (LHD) Right Hand Derivative (RHD)

h

Closed interval [a,b]

B/

&1

X

0; C b O a h

A function f(x) is said to be differentiable
over [a, b] if:

e |t is differentiable in (a, b).

A function f(x) is said to be differentiable
over (a, b) if it is differentiable at each
and every pointc € (a, b).

e Itis right differentiable at x = a.

o Itis left differentiable at x = b.




DETERMINANT ™

o WHAT IS A DETERMINANT 2

Every square matrix can be associated to a number which is known as a Determinant.

If A —> square matrix
|A| or det A or A —> denotes the determinant of A

* Columns: G C2 C3 ° All entries (1,2,3,4,5,6,7,8,9) are
l l called elements of the determinant.

R 2 3
: Re— NS
|
Ri—> ._ ' —> is a determinant of order '3’

A matrix obtained by deleting some rows or columns is said to be a submatrix.

-
a b c d a c a b d a b c
IfA=|x y z w|: Then|x z P q s X y 2z
P qr s pr P qr
are all submalrices of A.

e MINORS & COFACTORS

m are defined as the determinant of the sub matrix obtained by deleting i*" row

and j*" column of the determinant (let determinant be A ) JEEGGIEG RO " #

SRIZEGLEE denoted by C; and is defined by

o HOW TO FIND THE DETERMINANT ?

Matrix should be square matrix of order greater then 1, let A = [a]n.n
Determinant of A is defined as sum of products of elements of any one row (or one
column) with corresponding cofactors.

L L
= |A] = a4 €y + @42 Cq2+ 843 Cqa (using 1% row)

an an an
Aj =|an an axn az az az az an an
or |A| = an - 3
as axn ass a; an an an an an
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PROPERTIES OF DETERMINANTS

The value of a determinant remains unaltered, if the rows & columns are inter-
changed.

o L
a b «a a az a3
D=|az b2 c2|=|b1 b2 bs| = D'= D & D' are transpose of each other.
a3 bs ¢ a @ a

-

If any two rows (or columns) of a determinant be interchanged, the value of
determinant is changed in sign only.

& ® L
a b a az b2 c
D=]az b2 2| andD'=|a b «a =}m
az bz c azs bs c

If a determinant has any two rows (or columns) identical, then its value is zero.

L J @ L]
a b aq
D= |an b1 a | then it can be verified that m
a3 bs

If all the elements of any row (or column) be multiplied by the same number then the
determinant is multiplied by that number.

L L J L
aa b a Kai Kbi Ka
D=|a: b2 2| andD'=|a2 b2 ¢ ﬁm
a3 bz @ as b: a

If each element of any row (or column) can be expressed as a sum two terms then the
determinant can be expressed as the sum of two determinants.

[ @ ©
airtx bit+ty a+z a b a X y z
az b2 (&) =|az bz |+ |az b2 c
as bs (& as bs c az b3 c

The value of a determinant is not altered by adding to the elements of any row
(or column) the same multiples of the corresponding elements of any other row
(or column).

L (-] -
a b a ai+maz bi+mbz c+mc2
D=|a b2 c |andD'= az b2 () ; Thenm
as bs a as+naz bs+nbz c3tnc

Note :- While applying this property atleast one row (or column) must remain unchanged.
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DETERMINANT : CRAMER'S RULE

Simultaneous linear equations involving three unknowns x, y and z

L L
aix + biy + ciz = d sooki)
azx + b2y + c2z = da............ (ii)
asx+ b3y + ¢c3z = ds........... (iii)
The solution for the above system of linear equations
L] L]
[ D D, DEJ
NS o Y B o P
D D D
where
a b1 a d b a a d aq
D=|a b2 @ |:Di=|d2 b2 Da=la d2 c2|:Ds

as b3 a di b3s c a3 di a

a b d
az bz d
a3 bz ds

At least one of Dy, D3,
Dsis non-zero

AlDi1=D2=D3=0

All least one of Dy,
Dz, D3 is non-zero

AlD1=Da=D3=0

Equations are inconsist- Equations are consistent
-ent & have no solution & have infinite solution

Equations are consistent
& have unique solution

Equations are consistent
& have a trivial solution

= If a given system of linear equations have only zero solution for all its variables then the
given equations are said to have trivial solution.

If a system of linear equations (in two variables) have definite & unique solution, then they

represent intersecting lines.

parallel lines.

=
=% If a system of linear equations (in two variables) have no solution, then they represent
=3

If a system of linear equations (in two variables) have infinite solutions, then they represent

Identical lines.




with respect to 'x'

Integral Symbol B Integrand: Function we want to integrate

METHODS OF INTEGRATION
1 SUBSTITUTION

dg() ”_

1= [ f(g(x) g'(x) dx = Letg(x)=u = then

%

I = _|- f (Q(X)) g'(x) dx Then we can integrate f(u), and finish by putting g(x)
back as u.

I= If(u) du

2 BYPARTS (PRODUCT RULE)

1= [ f(x).g00dx wp 1= ) [ gxjex- [ £'(x). (_[g(x)dx) dx
A helpful rule of thumb is ILATE. Choose f(x) based on which of these comes first:

m LLLT

Inverse Logarithmic Algebraic Trigonometric Exponential

Trigonometric Functions Functions Functions Functions
Functions

3 MISCELLANEOUS

Euler's substitutions for integration [= _[R(x,J ax?+bx +c ) dx

7 | Jax2+bx+c=ttﬁx ;a>0 3. Jax2+bx+c =tx * F;c>0.

o5 Jax2+bx+c = Ja(x—m)(x-xg) = t(x—xq) =t(x - x2),




4 PARTIAL (FRACTION)

Expressing complicated algebraic fractions into 'Partial Fractions'.
Partial Fractions with 'Repeated Linear Factors' in the denominator.

Denominator containing Expression Form of Partial Fractions
f (%) A8
(x+a)(x+b) Xx+ta x+*b

f (%) K/ e
(x +a)? x+a (x+a)® (x+a)’

Linear factor

Repeated linear factors

Quadratic term f(x) Ax +B y, C
_ (which cannot be factored) | (ax? + bx + c)(gx + h) ax’+bx+c gx+h |

BASIC INTEGRALS & TRICKS

’
n -M : Isin(ax+b)dx=-— cos(ax+b)+C
I(aub) thom = =

L
n#-1,n€R Jcos(ax-rb)dx- = sin(ax+b) +C

1
e el . ; J'secﬁ(ax+b)dx=:tan(ax+b)+c

ax+b a
: AP+
a” dx = ‘a>0

Ina ’ I
P- . .[

cosec?(ax + b) dx = —lcot(ax +b)+C
a

cosec xcotxdx=-cosecx+c

J' dx
X \f x?-a?

J ' [ —
(x-a)f(-ab-n  (@axeb) foxea

1Put:x=acoszﬂ+bsin292 Put:x=asec?’f#-btan’d A Putpx+q=t? .




DEFINITE INTEGRALS

A Definite Integral represents the exact area under the curve
between points 'a’' and 'b’.

J;(x) dx = | F(x)]h = F(b) - F(a) is called the definite integral

of f(x) between the limits a and b. where di(F(X)) = f(x)
X

DERIVATIVE OF ANTIDERIVATIVE (LEIBNITZ'S RULE]

If h(x) & g(x) are differentiable functions of x then,

h(x)

d
ax |Fdt = FlOLh () - FIE(O]. €'(x)
g(x)

DEFINITE INTEGRAL AS LIMIT OF A SUM

b
[f(x)dx = Illi—':'tla h[f(a) + f(a + h) + f(a + 2h) +....+ f(a + n - 1h)]

n-1
= lim h ) f(a+rh)where h=

+ OO
= r=0

b-a
n

WALLI'S FORMULA & REDUCTION FORMULA

V2 [(n=1)(n=3)...1 or 2] [(m=1)(m=3)...1 or 2]
sin"x.cos™xdx = K
o (m+n)(im+n-2)(m+n-4)....1 or 2]

Where K = % if both 'm' and 'n' are even(m, n EN); otherwise K =1
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PROPERTIES OF DEFINITE INTEGRAL

6 b b
0 CHANGE OF VARIABLE: J f(x)dx = Jf(t)dt = J f(r)dr

@ REVERSING THE INTERVAL 1 ADDING INTERVAL

Reversing the direction of the We can add two
interval gives the negative of adjacent intervals
the original direction. togethers.

b a
f(x)dx = -J f(x)dx Jf(x)dx = | f(x)dx + | f(x)dx

b a a c

a a [ 0 if f(x)is odd

[ f(x)dx = J[f(x) + f(=-x)]dx =
0 ZJ f(x) dx if f(x) is even

b a a

Jf(x)dx =J.f(a+b—x)dx, in particular [f(x)dx =Jf(a - x)dx
a 0 0

2 Jf(x) dx ; if f(2a-x) = f(x)
{f{x)dx = A

0 ;if f(2a-x) = -f(x)

T

J-f(x)dx = njf(x)d X

where 'T' is the period of the function
i.e. f(x+T)=f(x)

b+nT b

Jf(x)dx =[f(x)dx; where f(x) is periodic with period T & nel

a+nT a




WHAT IS A MATRIX ?

Column

Matrix is an array/arrangement of numbers

0 1

Order of a matrix = Number of Rows X Number of Columns

o Row Matrix | |

Matrix having
only one row.

0 Square Matrix

Matrix having same
number of rows and
columns.

9 Upper Triangular Matrix

All enfries below
the main diagonal
are zero.

R S R e S o S

o Diagonal Matrix

All enfries above
and below the
principal diagonal

o S ]| PEHMIGNS ON MATRICES

Addition Matrix

Mafrices must have same order.

P L L L T T T T T e L L T T

Equality Matrix

Matrices having same order with all the
comesponding elements being equal.

Ul TYPE OF MATRICES [[_

. T 7 . 7 7

o ] o

Partl
3 0
3 =1

Row

Column Matrix

Matrix having
only one column.

Matrix having all
elements equal
fo zero.

All entries above
the main diagonal
are zero.

Diagonal matrices

in which all diagonal
elements are unity/one.

i

o Zero/Null Matrix

-

o Lower Triangular Matrix

B T e e

0 Identity/Unit Matrix

Subtraction Matrix
Mafrices must have same order,

Transpose of a Matrix

A matrix formed by turning all the rows into

columms and vice-versa. Symbol

A',
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/

1
A"'F —
A

Reciprocal Reciprocal
\ A /

Step -1 Step - 11
Check whether Matrix A is If Matrix A is Non-singular,
singular or non-singular i.e. then find the wvalue of
|A] = 0 = singular determinant and also find

|A| = 0 = Non-singular one adjoint matrix A.

Why ?

Step - I11
Follow the formula
1

Al =— adj A.
T i
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I| TYPE OF SQUARE MATRICES [

Idempotent Matrix

If B2 =B. Then, 'B'is an
Idempotent matrix.

Nilpotent Matrix

If B* = 0 where 'P' is the o
least +ve infeger. Then, ‘ o
'8' is a Nilpotent matrix. [ S aiia

Involutory Matrix

Symmetric Matrix

i B"=B.Then, 'B'is arad At
Symmefric matrix.

fB2=1 Then, '‘B'isa
Involutory matrix

- -

Skew Symmetric Matrix Unitary Matrix

if B' (B')"=1 where B'is

the complex conjugate o il
of B.Then, B isa E
unitary matrix.

IfB"=-B and all ' 0
Principal diagonal R _ .
elements are zero. Then

‘B’ is a skew symmetric
malrix.

——— e

-

Orthogonal Matrix
A square matrix 'B'ifB"B=1=B B"or B"= B'. Then, 'B' is an Orthogonal matrix.

Il Points To Remember [

in a skew-symmetric matrix all the
For any square matrix A, A + AT is symmetric & A - AT is skew-symmetric.

Every square mafrix can be uniquely expressed as a sum of two square matrices of which
one is symmetlric and the other is skew-symmetric

A=B+C whereB = (A+A) & C = (A-A)

For any matrix A

Let be ascalar & A be a matfrix. Then

(A1t Azt ... +A)'=A+ AT +.+ Al where A are comparable.

(A1 Az...... As)'= AT A T ... A]. A] provided the productis defined.
A+B=B+A

(A+B)+C=A+(B+C)

0=[0] mxnis the

A(A+B) =AA +iB




Part1

DERIVATIVE

Derivative by First Principle

9@ _ Lim

AY

Lim

fix + Ax) - f(x)

=f (x) — Instantaneous rate of change of

AX—=D

dx AX=0 Ax

Ax

ywnrt.x

Fundamental Rules for Differentiation

1 | PRODUCT RULE % [F. g0 = f1x) d—‘i {gba} + gt % {fo0)
60. 3 (00} — F00.-2- (g0
2 | QUOTIENT RULE d [ma| ° e VO =0 AN
dx | gl {glx1}®
3 | CHAIN RULE IR T R .
\_ dx du dx

For function y = fl(x),

the derivative of the function is%

d d 1 |%|>1
— (sinx) = cos x — (sec'X)= ———+
dx ( ) dx ( ) | X| fx!-1
d -1 | x| >1
e = -sj sl T —
o (cosx) sinx o= (cosec' x) |K|Jﬁ
d d -1
— (tan x) = sec’x s 1y = . XeR
T ( ) - (cot ' x) yoe:
d d
— (secx) = secx.tanx — (x")= nx""" xeR, neR,x>0
dx dx
d d
— (cosecx) = -cosecx.cot x — (a@¥)= a*lna;a>0,a#1
dx dx
d d
— (cotx) = -cosec’ x — (e™)= ae™
dx dx
d d 1
— (sin'x) = =1<x<1 — (loga|x|)=—
dx ( ) 1-x dx (loga|x() X logae
d - d 1
el -1 s : =1<x<1 — ] B
B (08 N =gy S OB )=
i (tan'x) = . XeR — (constant)= 0
dx +x? dx




METHOD OF DIFFERENTIATION Femis

f(x) & g(x) are differentiable atx=a

" f 2 r 2 P‘
Lim 1) _ Lim T®) _ Lim 7% _ il the indeterminate
a(x) g'(x)

9"(%X)  form vanishes.

L Guillaume de L' Hopital

o

Logarithmic Differentiation

Ify =[f(x)]9® —s Iny=g(x)In [f(x)]

1 _ d dy . N
— T = o {gtxl.ln[f(x}] } —— . [f(x)]a! '-{dx [g(x) In f(x)] }

L >

Parametric Differentiation

dy / dt
dx / dt

dy
If x=1f(t) & y =g(t) then = =

Differentiation of Inverse Function

dx 1
y =f(x) and x = g(y) are inverse function of each other d_y = T or g'(y)= 00

Derivative of a Determinant

(fo g hx))
KF= (10 mx nx)

differentiable function of x then

[ where f,g,h,I,m,n,u,v,w are ]

(u (x) wvi(x) w(:))

(f') g'x) h'(x)) fx) g hx f(x) g hx

Fo=| 10 mx ne) [+ (1) mx) n'()| +| 10 mx nx

u(x) wvix) wix) u(x) vix) wi(x) (u (x) wv'(x) w'(x}j




PERMUTATIONS
& COMBINATIONS

" COUNTING TECHNIQUES

PERMUTATIONS

* Permutation is the number of ways to
arrange things.

Eg : My safe code is 492.

(order mcﬁers)

oEP(nr} WhereD<r<n

n — the number of things to choose from
r —» the number of things we choose

| — factorial.

COMBINATIONS

' « Combination is the number of ways to

choose things.
Eg : My Salad is a Combination of
carrot, Onion, Tomato and Lemon.
(order doesn't matter)

.........................................

n—» the number of things to choose from

r —+ the number of things we choose

When Repetition is Allowed.

1. Permutations with Repetition
Formula: n'

(Repetition allowed, order matters)

| tfaking 2 at a time

2. Combinations with Repetition
Formula: **-"IC,
(Repetition allowed, order does not matter)

| taking 2 at a time

TYPES OF PERMUTATIONS & COMBINATIONS

When Repetition is not Allowed.

1. Permutations without Repetition
n!

(n-r)!
(No repetition, order matters)

| toking 2 ot a fime

2. Combinations with Repetition

Formula: "p, =

n!

A B e—
ri(n=r)!

Formula:
(No repetition, order does not matter)

L taking 2 at a fime
® 00 00 © © o0
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If 'n* is the number of distinct things and ' things are chosen at a fime.

1. Permutations of objects when all objects are not distinct.

I
Permutations = = P —+ Number of things among 'n' are excatiy alike of " type.

Pl P2l ..... P
2. Permutations with Repetition

Number of Permutations = n'
3. Circular Permutations

Case 1: When clockwise and anticlock wise arrangements are different.
Number of Permutations : (n-1)!

Case 2 : When clockwise and anticlock wise arrangements are not different.

Number of Permutations : -;—(n -1

4. Permutation under Restrictions

Case 1 : When 's' particular things are always to be included.
(n=-s)ir
(n=r)(r-s)

Number of Permutations :

Case 2 : When a particular thing is always to be included (s = 1).
(n=1)ir
(n=r)(r=1)

Number of Permutations :

Case 3 : When 's' particular things are never be included.

(n-s)!

Number of Permutations | ———————
(n=s-r)!

Case 4 : When a particular thing is never included (s = 1).
(n=1)!

(n=r=1)!

Case 5: When 'm' particular things always come together.

Number of Permutations :

Number of Permutations: (n-=-m + 1)! X m!

Case & : When 'm’ particular things never come together.

Number of Permutations : n! = (n-m + 1)l X m!
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If ‘0’ is the number of distinct things and 'r* things are chosen at a time.

1. Combinations with Repetfition

Number of Combinations : (n*-1C;

2. Total Number of Combinations

Case 1: Ways of selecting one or more than one things.

Number of Combinations : "C, +"Cy + ....... +"C,=2"~ 1]

Case 2: When sy’ alike objects of one kind, '$3' alike objects of 2" kind and so on ...... 'Sn alike
objects of n™ kind.

Number of Combinations : (s1 + 1) (s2+ 1) ...... (Sn+1)=1

Case 3: When sy’ alike objects of one kind. 's2’ alike objects of 27 kind and so on .... $n
alike objects of n™ kind and rest 'p’ different objects.

Number of Combinations : [(s1+ 1) (s2+1)..... (sn + 1)] 2P -1

3. Combinations Under Resirictions

Case 1: When 's' particular things are always to be included.
Number of Combinations : ("-3Cy_y)

Case 2: When a particular thing is always to be included.
Number of Combinations : ("= )C -y

Case 3: When 's' particular things are never included (s = 1).

Number of Combinations : ("-3C,

Case 4: When 'm' particular things never come together.

Number of Combinations : "C; - ("=MIC,_



PROBABILITY

How likely something is to happen

Number of ways it can happen

Probability of an event happening =

Total number of outcomes

If there are 'n' equally likely events out of these 'm'
are in the favour of 'A' then the probability of event A is

There are 'n-m' occasions when event 'A' does not

happen. The event A does not happen is denoted by A

and probability of event A does not happen is

' ] PROBABILITY LINE [

& More unlikely of pcAJ £1 More likely >

Impossible Even chance Certain

0

1
Rollinga 14 Heads P =1/2 The sun will rise

P=0 P=1
. ] TERMINOLOGY [
- An action or operation resulting in two or more outcomes.
A set S that consists of all possible outcomes of a random experiment.

An event is defined occurrence or situation Eg : tossing a coin and the coin landing
up head.
Complement The set of all out comes which are in S but not in A. The compliment event A is denoted by
of an event A,A°,A' ornot A.
c d The combination of events A and B is known as Compound Event. It is denoted by AB or A
ompound event & ... or AN B.
Mutually Mutually Exclusive events mean we can't get both events at the same time. It is either one
exclusive events [ orthe other, but not both.
Equally likely
When each event is as likely to occur as any other event.
events
Exhaustive A set of events is called exhaustive if all the events together consume the entire sample
events space.




Independent Events are not affected by previous events.

INDEPENDENT EVENTS i

This is an important concept !
Example : A coin does not know that it landed up heads before........

... each toss of a coin is a perfect isolated thing.

Events that depend on what happend
before

Example:

Taking colored marbles from a bag : as you
take each marble, there are less marbles left

in the bag, so the probabilities change.

————————————— —

Let probability of success of an event be p & probability of failurebeq=1-p

1
|
I
|
I
|
1 The probability that the event will happen exactly 'x' times in 'n' trials is given by the
| probability function.
|
|
|
|
|
I
\

fi =Pl(X-= = N\ ox “"‘:L X gy li=X
i L) {x,pq xX!(n=-x)! e

If an event A can occur only with one of the n mutually exclusive and exhaustive
events By, Bz,..... Bn & if the conditional probabilities of the events.

P(A/B,),P(A/Bz)....P(A/B,)are known then,

P(B:1).P(A/B:i)

P(Bi/A)= —

Y P(Bi).P(A/Bi)
i=1

e ——
T o ——————————————————— —




e If A & B are not mutually exclusive events, then
P(AorB)=P(A) + P(B) - P(Aand B)
= P(A) + P(BNA) = P(B) + P(ANB)
=P(ANB) + P(ANB) = P(B) + P(BNA)
=1-P(ANB) =1- P(AUB)

P(AUB) = P(A) + P(B)

| |
b - - - -

o If A& B are mutually exclusive then

- e e e e

-— . s = -

How to handle Dependent Events ?

P(B 1 A) is called the conditional probability of event B given that event A has

already occured. P(ANB)

P(B1A) = T — P(ANB)=P(A) P(B|A)

Note: For any three events A, Az, A3

P(AiNAzNA3)=P(A:) P(Az]| A1) P (A3 (A NAzZ))

INDEPENDENT EVENTS

® Fortwo independenteventsA&EB LGS

® Threeevents A,B& C are independent if & only if all the following conditions hold:

g Y. . £ L L T T T

P(ANB) = P(A) . P(B); P(BNC) = P(B). P(C)
P(CNA) = P(C) . P(A) & P(ANBNC) = P(A). P(B). P(C)

i.e., they must be pairwise as well as mutually independent.
® For nevents A, Az, A3 ............ Ap to be independent, the number of above conditions

is equal to "Cz + "C3+.......... "Ch=2"-n~-1

Note: Independent events are not in general mutually exclusive & vice versa.

e L Y T OTTTYTNTYETTrTrTrTTTT

ADDITION THEOREM -

o If A& B are mutually exclusive events, then the probability of event A or B occuring is

|P(A or B) = P(A) + P(B) |

e ————

———



QUADRATIC EQUATION

Quadratic Equation
in root form —

x’— (a+p)x +af =0

or
x*— (sum of roots)x

+ Product of roots =0

Quadratic Equation
ax?+bx+c=0

Yn. Y-ﬂ.
b-4ac>0 o /e B
2
a<fi b-4ac>0
Two Real and a<pf
distinct roots Two Real and
) a p distinct roots
-¥ (o)
Y4 Y+
yd\ -~
2 Y a=
b-4ac=0 v o)
bz-4 ac=0
Both Roots
are Equal Both Roots
¢ are Equal
-‘X 0 a —4
e "L “Yé
\’]d\ y.dk
b-4ac<0 X o) %
Both R b2—4ac<0
oth Roots
are Imaginary afeolt:n?g?::;y
S 0 —% | |
A4 ! Y4 |




QUADRATIC INEQUALITY. S

Quadratic Polynomial |
y = ax?+bx+c

!ﬁ
I HF-4ac>0 "1 a< ﬂ

XE(-oo,u) U (fi.)

Quadratic Inequality
ax2+bx+cs0

J (a>0) p- R
-X lo
X€e(a,p) 28>0
(a<0)
Y4
b-4ac <0
xER a>0
X [0 %
IE¢ H‘:O
Y4

v‘h
I b-4ac>0 a<fi

XE(ee.f})
(a>0)

ax’+bx+c<0

&>0

=
4

X [0
XE(-00. ) U (=)
(a<0)

'Y1r

b~4ac<0
XEQP

a>0

XeER

a<0




SQUENCE AND SERIES IZ1

WHAT IS A PROGRESSION ?

A progression is a list of things (usually numbers) that are in order.

Example : . S —
" G ond 3¢ v

TYPE OF PROGRESSION

Arithmetic Geometric Harmonic Arithmetico

. _ ; Geometric
Progression progression Progression progression

Miscellaneous
Progression

Arithmetic Progression

Definition

A pattern of numbers that increases or decreases by a constant number.
BG4 7,10,V 30000

General Progression

General form of an arithmetic progression is given as 0 ,a+d,a+2d..., a+(n-1)d

Where: a - Firstterm | d - Common difference

nt" term

General term of an arithmetic progression is given as [Tn =a+(n-1 )d]

Sum of 'n' terms

if'n' terms 0,0+d,a+2d...,a+(n-1)d are in [Sn= % [23 +(n-1 )d]J

arithmetic progression Then the sum of 'n' terms:

Airthmetic Mean Qe

If @1, @z,...,a, are in arithmetic progression then the e a, +a +....+ an _ S
Arithmetic Mean (AM) is: m = n or=

If A, Az....A, are 'n' arithmetic means between two numbers 'a' and 'b' then
a, Ay, Az.....A,, b are in AP.

Where common diffrence [d = b - ?]und arithmetic means are [Ai =a+i b ;a]
n+ i)




Geometric Progression |

—_— e

Definition

The progression, where the ratio of successive terms of a progression is constant
5. 4,.8,16,32, 64, ........ here the common ratio is 2.

General Progression

General form of a geometric progression is given as ©, ar, ar?, ... ar* '

Where: a - First term | P Common ratio

nth term

General term of a geometric progression is given as [Tn =a.rtn -U]

Sum of 'n' terms CEEEEEEEEEEE

sl 2 -1 N . L - n
If 'n' terms a, ar, ar?,.... ar™' are in geometric progression a(r"-1)
then the sum of 'n' terms: M= ——; re

Geometric Mean

E
If a1, a3, ..., a,are in geometric progression then the ‘»’U
geometric mean (GM) is: \

If Gy, Gz2....Gn are 'n' geometric means between two numbers 'a’ and 'b' then
a, Gy, Gz2.....G,,, bare in G.P

Where common ratio | . _ E "1 | and geometric means are G = b\
r=\a i=a\3

Arithmetico Geometric Progression

— —

Definition

The result of the multiplication of o geometric progression with the corresponding terms of an
arithmetic progression

General Progression i A A N s R R B i e e .
a, (a+d)r, (a+2d)r?, (a+3d)r’... Where:

a-Firstterm ' r- Common ratio of GP d - Common difference of AP
n® Term

General term of a arithmetico geometric
progression is

(Tn= [a+{n-1)d]r"‘*”)

Sum of 'n' Terms

p
a, (a+d)r, (a+2d)r,...... are in AGP then § = . rd(1-r"") [a + (n-1)d]r"
sum of the terms is: i 1-r (1-r)? 1-r

@
If [r] <1 and 'n' tends to infinity then sum i €. = a_ ., rd
of infinite terms is: A=) [T




HARMONIC PROGRESSION & MISC.

WHAT IS A PROGRESSION ?

A Progression is a list of things (usually numbers) that are in order.

Dots Denote

Example : ‘ : s Progressi
pie - Em Infinite Progression

TYPE OF PROGRESSION

o fomep i Arithmetico
Geometric
progression progression

Miscellaneous
Progression

HARMONIC PROGRESSION

» Itis a sequence in which the reciprocal of the terms are in Arithmetic Progression.

» Ifa,a+d a+2d,......in Arithmetic Progression.

then l 1 L 1 , ... In Harmonic Progression.
a a+d a+2d ]

n™ term of the Harmonic term is T, = ———
a+(n-1)d

=+ Sum of 'n’ terms = No direct way but can be found with the help of A.P.

= Ko, a,.... an in Arithmatic Progression the Harmonic mean Hm is

n 1 1 1

= + L ORESE

Hn o az Cn
« RMS>AM>GM>HM

« GM?=AMx HM =3 AM, GM, and HM are in Geomefric Progression.

MISCELLANEONS PROGRESSION

Sequences which sometimes follow a particular pattern and sometimes not.

POWER SERIESES

** Sum of the first 'n' natural number 1 +2+3+ .. n= Yn=

=» Sum of Squares of the first 'n' natural numbers 12 + 22+3+..n2=¥n?= n (n+1) (2n+1)
é

L] L ] 2
=* Sum of cubes of the first 'n' natural numbers 13 + 2% +._+ n? = >ni= [_n_(r:l;l)_]_ =(1+2+..n)
W TSEEE o o




A SET IS A WELL DEFINED
COLLECTION OF OBJECTS.

Elements of Set [N)

E="IS AN ELEMENT OF'
the Set

EXAMPLE: 4EN

&= 'IS NOT AN ELEMENT OF'
EXAMPLE: 12¢ N

7

— e e S e S e

\

9. EMPTY SET 3.FINITE SET I
|

- . NO ELEMENT :
FINITE '

| { } or ¢ NUMBER :

| OF ELEMENT |

:

1

]

. =
A }a OeA=0eB

w

A=BIF ACB & BCA



OPERATION OF SETS

THE RELATIVE COMPLEMENT THE SYMMETRIC DIFFERENCE
OF BIN A OF A AND B




A funtion is a relationship where each input has a
single output.

Iitis written as "f{x)", where '%'is the input

Trigonometric Function

@ Greatest Integer Function

¥

_}’:lxl:{ X ,'.\'20

—x ; x<()

P

Even - Odd Function

Algebraic Function

EVEN . 0DD
symmetrical about +  symmetrical about the

Constructed H.ﬂ'fﬁg '*'_, — X, = & ‘J- the y axis or f{-x) = f{x) * origin (0, 0) or f{-x)=—{(x)

Ex. fix)= § (xX'+5x2)




A\

L

» =

N
A

r

\

b

W

L

\

\

’F EW b= 2% p=1

Ll

Part I
CLASSIFICATION OF FUNCTION

One-One Function

Each element of set A is connected with
a different element of set B. It is also
called Inject (

Many-One Function

If any two or more elements of set A
are connected with a single element
of set B.

Onto Function

Function f from set A to set B is onto
function if each element of set B is
connected with elements of set A. It is
also called Surjective function.

Into Function

Function f from set A to set B is into
function if set B has at least one element
which is not connected with any of the
element of set A.

Bijective Function

Function 'f from set A to set B is Bijective
Function if
(a) 'f' is One one function

(b) 'f' is Onto function.




SPECIAL FUNCLTIONS

Oulpulolj'f- Input of ‘g’
,W o f 47 outputot( fog)(x)
d

Cf)ﬁf D“GQ“

"Function Composition" means applying one function to the results of another.

PROPERTIES OF COMPOSITE FUNCTIONS =
& The composite of functions is not commutative. (gof)(x) # (fog)(x)

&> The composite of functions is associative. if £,g,k are three functions
Then fo(goh) = (fog)oh

= The composite of two bijections is a bijection. if fand g are two bijections such that
gofis defined, then gof'is also a bijection.

A B B A
1 > a a 1
2 ] h >2
3 >0 c >3

Let/: A — B be a bijective function, then there exists a unique g : B — A such
that f(x) =y < g(y) = x, for all x€ A and y¢ B. Then '¢" is said to be inverse of 'f".

————————— PROPERTIES OF INVERSE FUNCTION =

The inverse of a bijection is unique.

If f: A— B is a bijection and g : B — A is the inverse of f, then fog = Ig and gof = 1,,
where 1, and I are identity functions on the sets A and B respectively.
The inverse of a bijection is also a bijection.

If f & g are two bijections ; f: A — B, g : B — C then the inverse of gof exists and
(gofy ' =fog.

¢é& &9



2D - SHAPES

Rectangle
(P = Perimeter)
(A = Area)
P=4s 5
A=g?

P=2(a+b)
A= a.b b

P=2nr
A=ar

Circular sector
(L = Length of Arc)

L=2ar._0 s
360

L

P=a+b+c+d r

1 <t
A=En4a+mlﬁ

e
e
i/, ff ﬁ || T “ R




3D - SHAPES

SPHERE PYRAMID TRIANGULAR PRISM REGULAR TETRAHEDRON
Volume = 4'rr’ Volume of a general pyramid = ; Volume = Mor—bht Volume = =73
Surface area = 47r’ where Surface area = bh + 245 + (b

= area of base
h = height

RIGHT CYLINDER

Volume = xr°h

Volume = s
Surface area = 27r(r + h)

Volume of any prism = Ah

Surface area of a closed prism = 2A + 5(h x p)
where;

A = area of base
h = height

p = perimeter of base

.\ET"'\..
SQUARE BASED PYRAMID
Surface area = 65"

Surface area = 52 + 2sl i
5
| P ‘ ,
PENTAGONAL PRISM

\ Surface area = v’?b’
5

s

b

RIGHT CIRCULAR CONE
Velume = .1 5211 Volume = .I_'rr"h

Surface area = ar{r+5)

i
h

FRUSTUM OF A CONE CUBOID
Volume = _j-'l'hff’+ R+ R?) Volume =fxwxh

Total Surface Area — +(r4R) r“_h_l'ﬂwrth’ + 7(rP+R?) Surface area = 2th + 2tw + 2wh




POINT IN 2D CARTESIAN SYSTEM

Section Formula

Point Definition

Point is an exact location. It has no size, Internally | Externally
only position, '
|
»4 .
r Bike. 9 When P divides AB in ratio 4; : Az : When P divides AB in ratio 4 : 4:
AB =[x~ x + - yoF f I
) L .;.: ié j._‘ + . L j.| #
Afxy, v | — iyt
< ° ° ] ' ® s ! ]
""_‘;;""'""I o A(x1,Y1) P(x,y) B(x2,y2) A(X1,¥1) B(xz,Y2) P(x,y)
»— .
(12,5 2 . Aa+dpa Az +Am ' o Aixz=Amy  Ayz-dmn
J A+ 4o Ay + Az ! A1=4A2 A=Az
) r > |
Special points in a triangle with 2D co-ordinates
Centroid (G) I' Incentre (I) Orthocentre (0) Circumcentre (C)
Point of intersection of medians | Point of intersection of angle bisectors | Paint of intersection of Altitudes Point of intersection of perpendicular bisectors
A(X1,¥1) : A(x1,Y1) : A(x1,Y1) | A(x,y1)
i — | [
: : %9
| | Fi RN (x2,y2) B C(x3,y3)
B4 c B e P C : = Ml
(xz,y2) (xays) | (xa.,y2) A (xy3) (xz,y2) L

[x;sinZA + x2 s5in2B + x35in2C

(11 tanA + xz tanB + x3tanC
G(:n + Xz + %3 L +yz2+ya) I(ax; +bxz + s ayi + by: + cy;)' tanA + tanB + tanC \' sin2a + sin2B + sin2cC
3 3 / atb+c a+b+c | YitanA + y tanB + ystanC y15iN2A + yz sin2B + y3sin2C )

f : tanA + tanB + tanC ! sin2A + sin2B + sin2C

c :
(xa,¥3) |




Straight line

o Slope - Intercept Form

— X

L
where m = tan 6

o Normal Form

Angle between two
Straight lines

7 \_’I

m; = tan A m; = tan 3

o Double Intercept Form

y

o Slope - Point Form

S L
b

Prxnyi)

P x

where m = tan 6

o Parametric Form

X=X _
cos 6

Fy=
=F
sin 6

Point & line

d=‘

P(x;, vy

Distance between

ax;+ by +c¢

a-’+bf




/4 a/3 =n/2

N2 BBr2
V3728M 720 IRT728 0
wa R 5
ND J3 TR /3RO
23N 20 O ' ND
2M3 1

sing

cost/ 1
tanf
cott
secd 1

cosect!. ND 2 J2

(90° + 6) Reduction

sin(90%+ 0) = cos O i cot(90°+ ) = —tan O
cos(90°+ 0) =—sin 0 s5ec(90°+ ) = —csc 6
tan(90°+ @) = — cot @ ; csc(90°+ 0) = sec 0

(180° + 6) Reduction

sin(180°+ 0) =—sin 6 | cot(180°+ 6) = cot §
cos(180°+ 8) =— cos BE csc(180° + 6) = — csch
tan(180°+ 6) = tan @ isec(180°+ 0) = —sech

=—TRIGONOMETRY RATI0 =
A

(360°—6) or (2 — 6)Reduction

Students
Sin>0
Cosec > 0

Take

tan > 0
Cot >0

All
All > 0

Calculus
Cos>0
Sec > 0

" Complementary angles are
those whose sum is 90°"

——

sin(27—6) =sin(-0) =—sin @
cos(2r—0) = cos (-0) = cos 0
tan(2r-0) =tan (-0) = —tan 6
cot(—-6) = —cot O

cse(—0) =—csc

sec(—0) = sech



TRIGONOMETRIC IDENTITIES ™

Quotient Identities Pythagorean Identities | Double Angle Identities Half Angle Identities

: _sinx sin 2y = 2 sin x cos x dn X =+ /1—:_0”
anx = . sin’x + cos’x =1 . 2
Cos - R
cos 2x = cos’x — sin®y ]
2v = 2 coix— 1 cosg =t/ T
cotx = ;Di secx — tan?v =1 RS R
nx ! —
cos 2x = 1-2sin’x tan X = + ,‘T—c.ﬁ
2 1+ cosx
: 1 cosec’x — cot’y =1 1-tan? x
secx = ——— cos 2y = ————— X _ l-cosx
2 t = —
1+ tan®x ANy = pra.
2tanx
cosec.t=i1— tan2y = ——— - tan X = _SinXY
sin v 1-tan? x 2 l+cosx




‘Part Il

[RIGONOME FRIC IDENTITIES

Sum ldentities Product Identities Summation of Trigonometric Series

Angle Sum & Difference Identities

A

C+D C-D
sin(A+B)=snAcosB+cosAsinB ﬁnC+|inD-2ﬁn(+).cm{-—2— 2:EnAm;B=[ifﬂ(ﬂ+31+ilnlﬁ-3\] sin A+ sin (A+B) 4 sin (A+28)
o + sin {A+ (n-11B)

= sin nB/2
sin B2

9 [C+D) . (€D sin(a+lll g
o3 (A £8) = cos Acos BFnAsinB  ginC—sin D =2 cos (<52 in (<52 2c08 A s B = [sn(A+ BI=sn (A-D1] (a+508)

lan A + tan B
tanfA+B)e ——— _ C+D C-D
17 1anA tan B msC*:mD—hm( 2 )'“”( ] ) 2:0;.&:4:;3:[:0!{*-3!4-(“0!!&*3I;| cotA + cos (A+D) + cos (A+28)
+.00ee €05 (A4 (n-1) B)
cot (A+B) = mh:ﬂ—cmnil eosC-eosD = -2 sh(%}sln(can) = o n:’q LED% (A+ “:h B]
ot5 2iinAsinE = [:MM— B cosfA+ Bl] sin 8/2




RIGINOME FRICFEQUATION

Principal Solution

The solutions of a trigonometric equation which lie
in the interval [0, 2] are called principal solutions.
517 97

N T SN L L -
Eg.snnx—2:~:x 5 6" 6

But, principal solution of

sinx = —]—are % 25
2 6 6

€ [0, 2]

General Solution

sing =sind = 0=nx+ (-1)«, E[—%- %] nel

Sind=Sina
cosf=costt = g=2nx +a.a €[0,x].n€l

tand=tana=0=na+a,« E(—%-%)-nel

sin0 = sinf@ = 0 =nx + , nel

cos’f = cos’d = ¢ = Nz +@.NEI

tan%o = tan?c = 0 =nx + @, n€l; «is called one principal angle.

57 T

6 . solution
set

Trigonometric inequalities

. 1 7T S5t
Eg: sin x > 5 =>E<x< 2




Part |

ECTOR

A quantity having both magnitude
& direction

ZERO UNIT EQUAL COLLINEAR COPLANER
VECTOR VECTOR VECTORS VECTORS VECTORS

= “'\ ('__’ N f'; - o £ e i,
3 is zero vector || aisunitvector ||a & b are equal - = vector parallel
(g pmmmmeanas . a &b are
iff |3| = 0; iff[a]=1] _vectors iff to or
ol e Weted e R =l collines vector .
No Particular :D faak 3| 13l =|b]; ;'-_'f‘f:_';'lirs-*: lying on the
: . .Denote— 3=7=7! ' A (iffa :
direction - alll ¢ =k 4 e e ; same plane.
o B et I---I_'; \_ ‘"&"a_"_b___. J U AS Y

i A T i

POSITION VECTOR AND SECTION FORMULA

"u '

TA‘

z = 4z a.m
Alxy,y1,2:) T o |PB !
(] —
X ,@ Plxyz) \ P(r) Internal division
— D B(x Y22 () —
OA s ( 2,Yz2 2, A(al B(b)
OB

Y

|

: X ~ orf)
i External division
I

Position Vector + Internal Section

.................... .
i
[
i
[

= R T S & . - --
Postition Vector of pt. Pis | r =xi+ ){l,’,'_z,n_ )3 p-{na)+(mb)

;m+nz0
Vector joining two points A & B elaide. 4 Ll - '
- 3 External Section
AB= OB-OA e S
B e i \ :_) m = na :
Fo T A A o ;r=( ) ):;m—n:O
AB =(x—-x1)i+(y2—y1)j+ (22— 21 )k | : m-n :



VECTOR LINES

Lines : For a Vector equation of a line one needs

=» A Point on line, let a.
«» A Parallel vector to the line, let b. X
VL A L

When Two Points on Line are Known JRE Parallel to b & Passes Through Point A

e

W L Ll e Al il

Condition for Intersection of Two Shortest distance between two
Straight Lines Skew Lines

Py
P;

Shortest distance is measure along their
common normal

-
r

Condition of Intersection

—» Line L; & L, will be coplaner

_ Required conditon (SEIEEENIEG

P O S . BxBi).(3-a1) ]
‘Shortest distance P, P; = t i' _(, 1 ;
1 |bx b

...............................................




PLANE OF VECTORS BilY Bt

Planes : For Equation of a Plane, one needs
=» A Point on Plane, let a.
«» A Perpendicular vector to the Plane, let n.

Then Equation of Plane- X

i

Plane Passing Through Three
Points A,B,C

Plane Passing Through a Point and
Parallel to two lines

Equation of the Plane

W
Plane Containing a Line and Parallel to Plane Passing Through Two Point and
another line Parallel to a Lines

Equation of the Plane




PRODUCT OF VECTORS

///////////////////////////////////////////)’//////////////////////////////////////////

Scalar or Dot Product Vector or Cross Product

? Tk
x ay a2 a3
by by bs

Or

U’

# Direction of resultant

vector can be found
using Right Hand Rule

# Dot product of aand b

T T Ty p——

is the projection of a over b.
//////////////////////////////////////////////////////////////////////////////////////A

Scalar Triple Product : Vector Triple Product

I :¢ Scalar triple
L : product

| represents the
: volume of a
[

a.(BxC)=[3BC]  F=as+as+ak
5 .5 I |n
b = byi + byj + bsk e c1|+czj+C3ﬁ
e . =a{(b.d)c-(b.<)d}
‘aJfbxc)=|b1 b sl=[abc] I S
; ar— e =(@.c)(b.d) - (a.d) (b <)
NOTE (i) (axb)(cxd)=[acd]l]b-[bcd]a
(1) a b&caretaplanariff- Oor=[abd]c-[abcld




SEEEEEEEEE R
LAW OF SINES

8- - .8 c

sinA _ sinB sinC

AREA OF TRIANGLE

Area = L ab sinC
Area = bc sinA

1 .
Area= — casinB

A =‘/(s—b)(s—c>
sin 2 i

sl B \/(S-CJ (s-a)
ca

LAW OF COSINES
a’=b?+ c?- 2bc cosA
b?= a?+ c?- 2ac cosB

ci=a?+ b?-2abcosC

NAIPER'S ANALOGY

b-c A
" pre ° 2

PROJECTION FORMULA

a=bcosC+ccosB
b=ccosA+acosC

c=acosB+bcosA

M-N THEOREM

(m *+ n)cot® =m cota - n cotp

(m+n)cotB=ncotB-mcotC

_ (s-b) (s-c)
s(s-a)

B - (s-c) (s-a)
s(s-b)

c = (s-a) (s-b)
2 s(s-c)

tan

a+b+c

where, s =
2




PROPERTIES OF TRIANGLES AND CIRCLES CONNECTED WITH THEM

R — Circumradius of A ABC.

_a = _b = _C =2R; A= ﬁ
sinA sinB sinC 4R

A
acosBcosC-l-bcochosA-l-ccosAcosB=E

r — Inradius of A ABC.

asin Esinﬁ bsin Esini csin Asin=
e 2 < 2 - 2 2
cosﬁ cosE cosE
2 2 2
I : A bt B t‘,E|C‘___M'_.':'i+b+c
r=(s-a anz—(s- )anz-(s-c) nz,r-s,s- -

ri1, rz, ra — are radii of excircles of A ABC.

A = A _a+b+c
s-a s-b’ §-C 2

r1=stanﬁ; r2=stan£; r3=stani
2 2 2

ORTHOCENTRE AND PEDAL TRIANGLE

ORTHOCENTRE - Point of intersection of 3 altitudes.
PEDAL - Pedal triangle is formed byjoining the feet of altitudes.

' 2A
Length of altitude from the angle A= |Aa=—— | A— Area of
' » triangle ABC

————————




