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Chapter One: Derivative in Use

In this unit we shall revise what you have studied in Quantitative method for economists I and Il
such as basic concepts from calculus which incorporates differential calculus, integral calculus,
differential and difference equations. In addition to these, we will revise matrix algebra which
includes matrix representation, determinants, inverse of a matrix, solutions of simultaneous linear
equation systems, Leontief input - output model and linear programming. Therefore, you should
read your module of the above two courses to understand this unit properly.

1.1 Basic Concepts from Calculus

1.1.1 Differential Calculus - Differentiation
Given a function y = f(x), where x and y are independent and dependent variables respectively,

if AX is an increment in the value of x and Ay is an increment in the value of y, then A%X S

referred to as the average rate of change or the rate of change of y with respect to the given change
in X. This limiting value is also known as derivative which is the instantaneous rate of change of y

resulted from a very small change in x represented by d%x .

This means Lim A%x = Lim fO&ra-fx) d%x

AX
Ax—>0 A —0

Thus, differentiation is the process of finding the rate of change of the dependent variable (y) with
respect to a given change in the independent variable (x). In other words, it is a process of
determining the slope of the function y= f(x) at any point of x in the domain of the function.

dy
—=f'(x
i (x)

Rules OF Differentiation

Given the function y= f(x) and other functions such as g(x) and h(x) which are differentiable, the
following are the rules of differentiation.

1.Constant function Rule
Given a function y = f(x) =k, where k is constant
dy dk

q g = 0, That is the derivative of the constant function is zero.
X X




Example If f (x) = 4 = 4x°, % =0(@4x°')=0
X

1.2 Linear function Rule
Given a function y = ax + b, where a and b are constants
dy _
dx

a

Example If f (x) =3x + 5, then f' (x) =3
If f(x) = 5x, then f' (x) =5

2.Power function rule
Given a function f(x) =x" where x # 0 and n is any real number
f1e)=nx"?
Example If f(x) = 2x5, f ' (x) =5 (2x ") = 10x*
If f(x) =%3 =x3, f(x)=-3(x3*")=-3x"

f'x)y = —%4
1.5 1
= —X?¢ =
2

24x
3.Sum and Difference Rule
Wheny = g(x) = h(x), then f' (x) =g' (x) £ h'(x)
Example If g (x) =2x+3 and h (x) = 5x? + 2x, then
fre=gx) £ h(x)
=2 £ (10x +2)
g' (X) +h'(x) = 10x +4
g (x)- h" (x)=2-(10x+2)
=-10x

1

1
Iff(x)= VX=X %/ (x)=%x2

4.Product rule
This rule enables us to differentiate two functions which are multiplied together.

If f' (x) =g' (x) h(x) + I’ (x) g(x)
a) Example
1LIf f(x)=(7.5+02x2) (4+8x %), Whatis f' (x)= %?
X

This function can be multiplied out and differentiated without using the product rule. But, let us
first use the product rule and then compare the answers obtained by the two methods.
Letg (x) =7.5+0.2x* and h(x) = 4+8x *
Therefore, g' (x) =0.4x and h' (x) =-1 (8x 2) =-8x ?
Using the product rule
f(x)=04x (4+8x *)+ -8x 2 (7.5+0.2x?)
=16x+3.2-60x ?-1.6

f/(X) = 60X +1.6X +1.6 -emmmeemmceemmmeem e (1)




If we multiply the original function, we get
f(x) =(7.5+02x%) (4+8x 1)
=30+ 60x *+0.8x*+ 1.6 x
Therefore

f'(X) = 60X +1.6X +1.6 <o memmmemee e (2)

These two derivatives, i.e. (1) and (2) are the same. But in some cases, it is not possible to multiply
out the different components of a function and then we must use the product rule to differentiate.

Example

2.A firm faces a non - linear demand function P = (650 - 0.25q) **®

Determine the marginal revenue (MR) function of this firm. In this case first we should determine
the total revenue function and then differentiate it with respect to the level of output using the
product rule.

TR=pxq =q(650-0.25q) *°
To differentiate TR with respect to g using the product rule,
Letu=(650-0.259) ** and v=Q

Then 9Y =15 (650 - 0.25q) °°
dg * <24

v _y
dq

dTR
Therefore, ﬁ =1 (650 - 0.25q) ** + (q) (- 0.375) (650 - 0.25q) °°
MR = (650 - 0.25q) °° (650 - 0.625q)

5.Quotient rule
Dear colleague! This rule allows as differentiating two functions where one function is divided by
the other function.
If f'(x) = h(x).g' (x) — g(x).h’ (x)
(h(x))?

Example
2

1.Determine f' (x) if f(x)= 8+0.2x

Let g (x) =4x* and h(x) = 8+0.2x, g' (x) =8x and h' (x) = 0.2
According to the quotient rule,
f(x) = 8x(8+0.2x) — 0.2(4x?)
(8+0.2x) 2
= 64x + 1.6x*> —0.8x°
(8+0.2x) 2
, 64x + 0.8x*
I =g 0%y




2. If a monopoly faces a non- linear demand function
252

Derive the marginal revenue function (the rate of change of TR with respect to output).
As we know, TR=p xq,

p:

TR = 252q
- (4+q)0.5
If u=252qand v = (4+q) °° , then
du

dv
—— =252 And —— = 0.5 (4+q)%°
aq " g (4+9)

Now we can find the marginal revenue function using the quotient rule as follows.
_dTR _ 252(4+q)®* - 252q(0.5)(4 + ) *°

dq [(4+0)°° ]
= 252(4+q) ®°— 252q (0.5) (4+q) °°

(4+q)
_ (4+0)252-126q

(4+0q)"~
1,008+ 252q —126q
) (4+q)**
_1,008+126q
- (4+ q)1.5

MR

7. Chain Rule
The chain rule enables us to differentiate’ functions within functions ', for instance, given a function

y =/ (2) and z = g(x), then y= f [g (X)].

To differentiate y with respect to x, we use chain rule which states that
dy _ dy, dz
dx (dz)(dx)

Example
1. Given a non- linear demand function, p = (150 -0.2q) ®° _find its slope.

Letz=150-0.2q asaresult p=2z°°
dz dz 0.
& - % d4q =0 ") (-0.2)

-0.1(150-0.2q) **
-0.1
(150 — 0.2q) %°
2. If the present value of a one birr due in 8 years time is given by the formula

1
1+71)°

PV =

—



Where r is the given interest rate, find the rate of change of PV with respect to r.
Let (1+r1) = z, then PV= % =z8

8

This means dpv —_877°% = __f and dz _ 1

dz z dr

Thus, using the chain rule

dPV _dPY 42y gu+r)t@)=-8@+r)"
dr dz “dr

dpv. -8

dr  (@+r)°

As you know in your microeconomics course the marginal revenge productivity theory of demand
for labor states that profit is maximized when MRP = MC .
Where MRP = marginal revenue product of labor
MC, = Marginal cost of labor.

dTR

MRP, TR and MC, = LIS

dL

Where TR is total revenue and TC | is total cost of labor.

3. A firm is a monopoly seller of good g and faces the demand schedule P = 200 - 2q, where p is
price in birr and the short run production function is given as q = 4L%° Determine the marginal
revenue productivity of labor (MRP ) function.

MRP _ IR dq
" dgq 'dL

Thus, first we need TR, given P =200 - 2q
TR = (200 - 2q) g = 200q - 2q*
Therefore,
dTR

dqg -05
— =200-4q, — =2L
dq a dL

As aresult, MRP = (200 - 4q) (2L "°)
= [200-4(4L0%)] 2L
= (200- 16 L% ) 2 L 95




MRPL =400 — 32L %°
L 0.5
6.Implicit function Rule
Functions of the form y = f(x) express the dependent variable y explicitly in terms of the
independent variable x and are called explicit functions. Where as functions of the form f (x, y)
=0 do not express y in terms of X. These functions are referred to as implicit functions. If the
implicit function f(x, y) = 0 exists, and the first order partial derivative of the function with respect

to y is different from zero (f, # 0), then the total differential
fdx+ f,dy=d0

f dx =—f dy

Rearranging these terms,

dy - —f , where  f, - ot (xy)

dx f, OX

of (x,y)
fy= 5
y

Example
1. Given the function f (x, y) =x*+y? -9 =0, find dy

dx
To do this we should partially differentiate the function with respect to x and with respect to y, and

then determine dy .

dx
fX =2X and fy =2y
Thus, dy - —_ZX: =X
dx 2y y

2. Given the implicit function f (x, y) = x° - 2x2y + 3xy?- 22 = 0, find % .
X

fx =3x%-4xy +3y? and f, =-2x*+6xy

2 2
Therefore, 9Y - —(3x_ —4xy+3y7)
dx — 2xy? + 6Xy
9. Inverse function rule
Given the function y= f(x), it has an inverse if and only if each value of y corresponds with one
and only one value of x. According to the inverse function rule, the derivative of the inverse
function is the reciprocal of the derivative of the original function. The derivative of the given

1
. o . d
original function Is% . Thus, the derivative of the inverse function x = f ~* (y) which is d—i =
X
dx
dy

Example If Q =P?® + 2P2+7p, find the derivative of P with respect to Q
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10. Logarithm and Exponential Function Rules

a. Logarithmic function rule

If we have two numbers 8 and 64 that can be related with each other by the equation 8° = 64 the
exponent 2 can be expressed as the logarithm of 64 to the base 8. This means.

Logb4, = 2. Ingeneral, if y=a*,thenlogy,=Xxwherea>0anda # 1
In logarithmic application two numbers are mainly selected as abase. These numbers are 10 and
e. If the base is 10, then the logarithmic is referred to as common logarithm. But if we use e as

abase, then the logarithm is known as natural logarithm.

Natural logarithmic function rule

Given the function f(X) = [n°*W  =loge *™ where f(x) and g (X) are differentiable, and
gx)# 0, f'(x)= (X )[9 (3]
Example If y = /n®*" | then dy - 6

dx 6X+7

Logarithmic function of base a
Given the function f(x) = log ¢

dy f'()—m[g()]

when f(x) and g (x) are differentiable, and g(x) # 0,

Example

1. I f(x) = x°logs™* , then f' (x) = 3x2 fogs*+x° 2L —x2(3fogﬁx+li6)
n n

£ (x)=3x? logg" +

2. If f(x) =, Log "™ then f'(x)=_6x+2
(3x%+2x) In®
b) Exponential Function Rule
The function y = a* where a is constant and a > 0, a # 1 is known as exponential function to
base a. If the base is e, the function is referred to as natural exponential function.

y =e*, where e= 2.71828

In economics, natural exponential functions are particularly useful for analyzing the growth rates
of different variables.

Natural exponential function rule




If f(x) = e 9™ where f (x) and g(x) are differentiable, then f' (x) =¢ ¢ g' (x).

Given the function y =e* then % =e*
X

Example
1.If f(x) = 5e*>* ,then f' (x) =-10xe >
> 5e>* (e** +1) —5e>* (e** —1)
(e +1)?
10e™

2.0 f (x) =

then f' (x) =

e +1’

fx =

Exponential Function Rule for Base a
Given the function f(x) = a 9% Where g(x) and f(x) are differentiable, a>0, a # 1,
ffx)=a% /n?
Example.1. f(x)=a>*, then f'(x)=a% 3¢n®
f (x)=3a% ¢n?

1.1.3 Differentials
Given the function y = f(x) if we know the rate at which x changes, we can find the change in y,

Ay = (ﬂ)Ax.As AX —> O,ﬂ ~ dy
AX AX  dx
Denoting dy as small change in y and dx as small change in X,

dy = (ﬂ)dx, whereﬂ = f'(x)
dx dx

dy = f’(x)dx It is the differential.

Example
Giveny = (5x3+ 2x%+ x)dy = (15x? + 4x+1) dx
Suppose x changes from 2 to 2.01 (i.e. dx = 0.01), by what value does the dependent variable y
changes?
dy = (15 x2 + 4x +1) (0.01)
=[15(2%) + 4 (2) + 1] (0.01)
= (60+ 8+1) (0.01)
dy =(69)0.01 =0.69
From the original function, the actual change iny is
Ay=f(2.01)-f(2)
f(2)=5@2°)+ 2(2*) +2




=5 (8) + 2(4) +2
£(2)=40+8+2 = 50
£(2.01) =5(2.01)%+2(2.01)? +2.01
= 40.606020+8.0802+2.01

=50.696220
Ay = f(2.01) — f (20 = 50.696220— 50 = 0.696220

Ay —dy = 0.696220— 0.69

=0.006220
The value 0.006220 is the error term that is the error of calculation.
As x changes from 2 to 3, that isAx = 1, what is the change in y?

dy =[15(2) 2+ 4(2) +1] 1

= 60+8 +1 =69
Ay =f3)-f2)

But we have determined that

f (2)=50

f(3)=5(3%)+2(3%)+3

=5(27) +2(9) +3

f(3)=135+18+3 =156

Thus, Ay =156 - 50 = 116. The error term is 116-69 = 47

Note.
By now we have realized that the smaller the change in x the smaller error term and the greater the

change in x the larger will be the error term.

Total differentials
The concept of differential can be extended to a function of two or more independent variables.

Given the utility function U = U ( X1, X2)
Supposing U as continuous and differentiable

Ux1 = S—U which is marginal utility of X1,
Xl

ou
Uxz = X which is marginal utility of x2.
2

: - . ou
The change in total utility that results from small change in X1 is given by 8de1 and from small
1

change in X2 s a—udx2
X,

Then the total change in utility resulted from small change in x and small change in y is represented
by

= u dx, + a dx,
OX, OX,

du




Example Find the total differential, given
1. 2=3x*+xy-2y°

dz = (6x +y) dx + (x- 6y? dy
2. U= 2x7 +6xX, +4x;
dU = (4%, +6x,)dx, +(6x, +8X,)dx,

By now you have completed the first section of this unit. Therefore, try to do the following self
- test questions in order to examine how you have understood this section.

1.2 Elasticity: Definition and as Logarithmic Derivative

Elasticity is a measure of a proportionate change in the dependent variable which results from a
proportionate change in the independent variable. Thus elasticity of demand is a measure of the
percentage change is quantity demanded due to a percentage change in the factors which determine

demand.

If there is change in quantity demanded from Q to (Q+ AQ) resulting from a given change in price
from P to (P + AP), the price elasticity of demand is

E p= Proportionate change in quantity demanded
Proportionate change in price

AQA
Ap

7
gxi zg(ﬁ)
Q Ap Ap Q

It gives us the average price elasticity of demand over the price range of P to (P+ Ap) . It is possible
to use the method of derivative to get the price elasticity of demand at a particular point P, i.e., as
Ap approaches to zero.

. p,AQ P, AQ

=lm —(— = —lim—
Ep=li Q(Ap) Q AP
Ap—0 Ap—0




Q(dp
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Thus price elasticity of demand

Example
1.Find the price elasticity of demand if the demand function for a product is
Q =P?-6P + 36, where Q is quantity and P is price of a product. Using the above formula

Q(D dQ

Ep= Q) but —=2p-6
Therefore, Ep = (2 p - 6) m
_ 2p’-6p
P p2-6p+36
Ep= _22p2—6p
p°—-6p+36

What is the elasticity of demand at P = 4?

£ = 2(4)-6(4)
" 42 _6(4)+36

= _32-24 _8
16-24+36 28

As E , < 1, then demand is said to be price inelastic at P = 4.

2. Find the price elasticity of demand in terms of quantity sold.
10

—_ _ —2
P= Q)7 - 10 (Q+1)
dQ P 1 _dp Q
E Theref —
o= o (Q) erefore, Ep dQ(P)
Differentiating the demand function with respect to Q gives us
9 _ 20 (Q+1) 32 = —20
dQ (Q 1)°

1 -20 )(
e, e %Q )2

Thus, )

P
=
=

| S—



1 . -20 . (Q+D)*(Q)
E _[(Q+1)3][ 10 ]

p

1 -20Q

E, (Q+1)

This means E,= Q+1
-2Q

3. If the demand function is given as Q= /10— p?, find the price elasticity of demand at P = 2.

dQp dQ Y
Ep=-—"- — =1%(10-p?) (2
P Q dp 2(10-p°) "“(-2p)
- _ ~2p
2(10- P?)’?
Q__-p
dp /10— p?
_, -p p
Thus, Ep —(\/10_ e )(\/10_ o
E P’ ThusatPe2Epe 2 = —4_-2
= .Thus, atP =2, = —=_"__%
T Y T 10-22 " 6 3

This means, as the price of the product increases by one percent then the quantity demanded for
the product decreases by % percent at p = 2.

Elasticity as Logarithmic Derivative

In a function y = f (t), when the dependent variable y is a function of time t, then the instantaneous
rate of growth is determined as

Rate of growth = = -
totalfunction

This ratio exactly represents the derivative of /n f (t). This means, the instantaneous rate of growth
of the function is the derivative of natural logarithm of the function with respect to time. That is
dlin f(t)

t

dYAt _ marginalfuncton
y

Rate of growth =

]
121

—



By now, given the function y = f(x), let us observe the result if we carry out differentiation of INY
with respect to (In x). To start it, suppose u = In¥ and v =In*. Then the chain of relationship
relating u to y and v to x is that

u=¢n¥,y="f(x),v= M x=¢
Finding the derivative of Iny with respect to Inx gives us

d(/n’) du d

) D

d(/n”) dv dy” "dx

Using the method of substitution

d(enY) d(n?) . dy ( ')
d(z)[dy][ 1=,

dy
(y)(dx)e

(1)(d—)>< aseV=x
y

d(‘n’) dy(x)
d(/n*) dx'y

As you remember this expression is the point elasticity of the function. Hence, one can generalize
that for a function y = f(x), the point elasticity of y with respect to x is

_ d(m’)
T den)
Example
1. Find the point elasticity of demand given Q = K/ P" where K and n are positive constants
Q=Kp™
In®=In*-nln®
Ep = d(n® _~
d(Inp)
‘Ep‘ _ dInQ _
dinP

2. Find the point elasticity of demand provided that x = a p° where a and b are positive
constants, and x and p are quantity demanded and price of a product respectively.
In* =In®* +bIn®

d(nx)
d(inp)

Relationship between Marginal Revenue, Average Revenue and Elasticity of Demand

Thus, Ep =

—
=
w

| S—



Given the total revenue function TR= PQ where P is the price at which the product is sold and Q
is the quantity sold. Then marginal revenue that is the rate of change of total revenue with respect

output is
d(PxQ)
dQ

Using the product rule of differentiation
MR = p o2 4o I
dQ Q

MR = P+QE

d 1
We know form the above analysis that E, = Qp which implies that — = (Q) multiplying

dp Q Ep dQ'p
Q

MR =

both sides by p gives us — = ( p)( )p

Ep dQ
d
=Q— P
Ep dQ
Substituting it in the above marginal revenue function , we get

MR =P+~

Ep
However, we also know that p is equal to average revenue (AR), thus

MR = AR + A}
Ep

1
MR = AR (1+ E—p) = AR (1-

1

=)
E,

1

El

MR = AR(l— —)

From this equation we realize that

When demand is unitary elastic, i.e. ‘Ep‘ =1, MR =0. This means, total revenue is maximized.

When demand in elastic, i.e., ‘Ep‘ > 1, MR > 0 which implies that total revenue is increasing.

However, as demand is inelastic, i.e., ‘Ep‘ < 1, MR < 0 which implies that total revenue in

decreasing.

—
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1.3 Higher Order Derivatives

We know that the first order derivative f'(x)of a function y = f (x) is a function of x. As a result
we can determine the rate of change of f’'(x) with respect to x if f'(x) is differentiable. The result
of this differentiation is referred to as second order derivative of the function y = f (x). It is
represented by f"’(x) where the double prime shows that the primitive function has been

differentiated with respect to x twice. The expression (x) next to the double prime indicates that
the second order derivative in a function of x.
Alternatively this second order derivative can be represented by

dy _d dy
pra W

The above expression indicates that the second derivative is a function of X. Thus, it is possible to
differentiate this function with respect to X in order to get the third order derivative of the function

£(x) or T3(X) which in turn can be a source of fourth order derivative and so on provided that
the differentiable condition is satisfied.

Symbolically, these successive higher order derivatives are

LAC S TG TR A 9 p— .
Or

¢ dx* A dx”
Example
1. Find the first through the fourth derivative of the following function.

f(x)=5x3+2x% + 3x + 4

These derivatives are  f'(x) = 15x?*4x + 3

f(x) =30 +4
f'(x) =30
F4(x) =0

We have seen that each successive derivative gives us a simpler expression than it's precedence
until we get the fourth derivative. However, it is not always true. The fourth order derivative is
equal to zero does not imply that it does not exist.

2. Find the first four derivatives of the function given as

F) = 22X x#1
1-x

]
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2(1-x) - (=D(2x)

f'(x)= (1— )’ , using the quotient rule
o) = 20-x)-(-D(2x) 2
(X) - (l— X)Z - (1_ X)Z

Fr(x) =2(-2) (1-%)° (-1)
f(x) =-4(-1) (1-x) using the chain rule
=4 (1-x) 3

F2(x) = (3@ L-x)"(-1)
3 (%) = 12 (1-x)*
f40) = (-9)LAA-x)"(-D)
f9(x)=481-x)"°

1.3.1 Convexity and Concavity of a Function

Given the function y = f(x), it is clear that the derivative of the function f’(x) indicates the rate of
change of the primitive function with respect to x. Similarly, f"’(x) shows the rate of change of
f’(x) with respect to x. Observing the sign of the first derivative of the original function at any

point of X, one can determine whether a function is increasing or decreasing at that point. However,
the sign of the second derivative indicates whether the function is concave or convex at that
particular point. In the original function is y = f(x),

e f’'(a)> 0 implies that the function is increasing at x = 4 and

e f’(a)< 0 implies that the function is decreasing at x = a
e f’(a)=0, implies that the function is at its optimum point at x = a

Similarly
e If f’"(a)>0, then the function is convex at x = d
e If f’"(a) <0, then the function is concave at x = d
e If f’"(a)=0,x =4 isthe point at which the curvature of the function is changed

In general, a positive first derivative coupled with a positive second derivative at x = @ shows
that the function increases at an increasing rate at x =d. A positive first derivative coupled with a
negative second derivative at x =, indicates that the original function is increasing at a decreasing
rate at this point. A negative first derivative with a positive second derivative shows that the
function is decreasing at an increasing rate where as a negative first derivative with negative
second derivative at x=d, implies that the function decreases at a decreasing rate at x =a.

Example

If f(x)=x>-12x"+ 36x + 8,
a) Isitincreasing or decreasing at x = 3?
b) Is it convex or concave at x = 3?

]
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Solution
First we should find the first and second derivative of this function at x = 3 to answer these
questions.

f'(x) = 3x? - 24x + 36
f"(x)=6x-24
Therefore, f'(3) =3(9) - 24(3) + 36
f'(3)=27-72+36 =63- 72 =-9 <0
f'"(x)=6(3)-24=18-24=-6<0
This implies that the function is decreasing at decreasing rate at x= 3 and it is concave at this
point.

1.3.2 Linear Approximation

As we know there are complicated functions in economics. In order to avoid this complexity, we
sometimes try to find a simpler function which approximates the original function. Given the
function y = f(x), the equation of a straight line which passes through point (x,,y,) and having a
slope b is represented as
h = Y-V
X=X
b(X—x)=(y — Y1)
y:b(X_X1)+ Y1

This means, the equation of the tangent line which passes through the graph of the function y =
f (x) at x =d provided that f(x) is continuous and smooth at x =4, is expressed as

y-f(a)=f'(a)(x-a)

y=f'@x-a)+f(a)

When we approximate the graph of f (x) by its tangent line at x =a. The resulting approximation
is referred to as linear approximation.

Example
1. Find the linear approximation of the function f (X) = /X , about x = 1.

First we should determine the value of f (x) and f’(x) at x = 1 to answer this question. Thus,

f(x) = Zx(ﬁl‘_l) =%x(_‘3‘)
0= 3, )¢ = Ja
f()=4/1=1

]
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Therefore, the linear approximation of the function is
f(X) ~ %(x-1) +1

Ifx =102, f (x) z% (1.02-1)+1
1
~— (0.02) +1
2 (0.02)
f (X) ~—— +1 = 1.005

200
However, the actual value is f (1.02) = ¥Y1.02 =1.00496 which is very close to the approximate
value of the function, i.e., 1.005.

2. Determine the linear approximation of the function
3 1
f (X)= (1+2—X+ %xz)z atx=0

3

_1 3 1 o
f'(x)= = (1+=x+ = X Z+X
(x) 2( > 5 ) 7 ( )

: o1 3 1 g, S
This means f =2 (1+E (0)+E 1% (5 *9)
o)=L _% 3 :l 3 :E
f(O)E(l) (E) 2(2) 4
_ 3 1 :
And f(O)—[1+§(O)+E (0)]
=) =1

Therefore, at x = 0 the linear approximation of the function is
f (X)~ £'(0) (x-0)+ f(0)

f(X) ~ % (x-0)+1

3
f(x)=—=x+1
(%) 2

2. ldentify an approximate value of (1.001) >°

Solution

In order to approximate it, initially we should convert the equation in to T (X) = X*, when x is
close to 1.Then we should evaluate the original function and the first derivative of this function at
x=1.

f'(x) =50x*

]
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f'(1) =50()* =50
And f@1) =(1)*°=1
Thus, f (X)) ~ f@)+ f'@D) (X-1)
~ 1+50 (x-1) = 1+50x-50 = 50x -49

f (1.001) ~ (1.00)® =1+50(1.001-1)
f (1.001) ~ 1+50(0.001) =1+0.05=1.05

However, the actual value is (1.001) *° = 1.0512 which is very close to the approximate value i.e.,
1.05.

1.3. 3 Polynomial Approximation

Approximation using linear functions is not as such accurate. Therefore, it is necessary to use
quadrate approximation or higher order approximation so as to minimize this problem.

a) Quadratic Approximation

Given a function y = f(x), how can it be approximated by the second degree polynomial of the

form P(X) ~ A+ B(x—a) +C(x-a)’ as x is close tod?

In this function we have seen three unknown coefficients such as A, B and C. Therefore, we ought
to put the following three conditions in order to determine these three unknowns.

At X = a, it is assumed that

e f(8)=P (3)
. 11(3)=P'(2)
. 1(8)=P'(d)

Given the polynomial function P(X) = A+ B(x—a)+C(x-a)?
P'(x)=B+2C (x-d)
P"(x)=2C
Whenx =8, P (3)=A+B(d-3)+C(a-2)?2
=A= f(a)
P’(8) = B+ 2C (3-4)
P'(3)=B= f'(3)
Pr(#)=2C= 1'(3).C= 2 £(2)
Substituting these values in the given quadratic function gives us the quadratic approximation of
the function which is represented by

f(x)~ f(3)+ () (x-a)+ % f7(8) (x-2)% as x is close tod.

Example

1. Determine the quadratic approximation to a function f(x) = W about x= 1. In this case, first
we should find the value of f(x) , f'(x)and f"(x) atx=1.Thus,

—
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f(x):x%, f(1):1% =1
-3 -3
f'(x)=}{1x4, '@ =3 " =%

" = -3 _% " = __3
0= 2y ()x L m=
Thus,
f(X)= T+ f'M)(x-2) +% f"@)(x-1)?

f(x) = l+%(X—1) +%(1—§)(x—1)2
1

f(x) zl+z(x—1)—3—32(x—l)2

Compare the actual value and the approximate value of this function when x =1.02.
2. Find the quadrate approximation to a function f (x)= (5x +3) > about x = 0.

Solution
_1
f (0)= 3
f'(x)=-2 (5x+3)3 (5) = -10(5x + 3)3

£'(0) =10 [5(0) +3]° = -10 (3)°* = ‘2_170

£7(x) = 30(5x +3) *(5) = 150(5x +3)

£7(0) = 150 (5(0) +3) * =150 (3) ~* = f_f
Therefore, the quadratic approximation of the function is

f(x) ~ f(0)+ f'(0)(x-0) +% f"(0)(x—0)?

1 150

f(x)z%u—;—‘?’)(x—ow;(a

)(x-0)*

f(x) L1 10, Dy
9 27 81

B. Higher Order Approximation
As it is indicated above quadratic approximation is more accurate than linear approximation of a
function. However quadratic approximation is not as such accurate. Therefore, functions with

higher order derivatives can be better approximated near one point by using polynomial function
of higher degree.

—
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Given a function y = f (x) , how can we approximate it around x = d by an n" degree polynomial
of the form

P(x)= A +A(x-a)+A (x—a)* +A(x—a)’ +———+A x—a)"

As we have seen this function has (n+1) unknown coefficients. Therefore, we should impose (n+1)
conditions on the polynomial to determine the value of the unknown coefficients. These are, at x
= a, itis assumed that

f(2)= P (a)
fr(8)=P'(@)
t(8)=P"(8)

f'(@)= P (a)
Given the above polynomial function,

P'(x)= A +2A,(x—a) +3A,(x—a)* +4A,(x-a)’ +————+nA (x—a)"*
P"(x) =2A, +6A,(x—a) +12A,(x—a)* + 20A, (x—a)°’ +———+n(n-DA (x—a)"?
P*(x) = 6A, + 24A,(x—a) +60A, (x—a)* +———+n(n=-1)(n-2)A,(x—a)"*

P"() = (=DM -2)(M =3 === === === BEOA,

Therefore, when x is close tod,

—
N
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Pa) = 0IA, = f(a) = A, = f(a)

P/(a)=1A = f'(a) = A = (a)

P(a) = 21A, = f"(a) = A, = fnz(la)

Po(a) = AA, — F2(a) = A, — (a)
(a)

P'(a)=nlA, = f"(a) = A, =

Substituting these values of the unknown coefﬁments in the polynomial function gives us the
polynomial approximation of the function as x is close toa, which is represented by

(00 ~ @)+ @ eayr DD (eayzans L@ (ay)

Find the fourth order approximation of the function

f(x)=v1+x ,aboutx=0
In this case f(x) = f (0)+ f’ (0) (x-0)+ (0) (x- 0)% + f (0) (x-0)3 + f (0)( -0)*

, 1 oA , _ 1 ’E_
F00=2 g %t (0)= 5(1+0) =
o= e, 0=

N
F=gam ™ ro-3

f4(x):‘1—165(1+x)%, £4(0) = 125

Therefore,

1 -1.1 15, 1
YL x =1+ 2 (= 0)+ ()X -0)* + g(3|)( —0)°+ (-G x-0)*

1 1 3 15
VI+X e ox ==X+ —x° - —x*
2 8 48 384

—
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1.3.4 Estimation of Functions (Maclaurin and Taylor Series)

A. Maclaurin Series (Expansion of a function around x = 0)

It is an expansion of a function y = f(x) that is differentiable, around x = 0. In other words, it
represents the polynomial approximation of the function around x= 0. Therefore, given the
function

f(X)=A +AX+AX +AX +..+AX"

Repeatedly differentiating this function gives us
f'(x) = A +2A,Xx+3AX* +4A,X° +5AX* +BAX° +...+nA X"
f(x) = 2A, + 6AX+12A, x> + 20A.x* +30A X" +....+n(n -1 A x"?

f3(X) = 6A, + 24A,X + 60AX* +120A X" + ... 4 N(N=1)(N— 2) A X"

£ (X) = (M) = 1)1 = 2)(N = 3)errrrerscerreeerseerreers seesesre e (3) QWA

(Where n is Positive integer)

We have understood that the number of constant terms is decreased by one until the n™ derivative
is reached. We can determine the value of each rate of change at various values of X. In this case,
let us evaluate these derivatives at x = 0. When we determine the value of the derivatives at x = 0,
then all terms containing x will be eliminated.

f'(0)=As f"(0)=2A2 3 (0)=3(2) As, f*(0)=(4) (3) (2) As——, £"(0) =n (n-1) (n-2) (n-
3)...(3) 2) (1) Aq

Using the symbol (n!) which can be read as n — factorial, where n! = n (n-1) (n-2) (n-3)---- (3) (2)
(D).
f"(0)

n!

AT @ A, FO)

_ £3(0)
1 2l - ’

A= A

Now the primitive function f(x) can be expressed as a new polynomial function by substituting
these terms in it as follows

0,10, 10, 0, 10, £(0)

ol 1 2! 3l T " n! X

f(x) =

—
N
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In this case, the unknown coefficients of the primitive function are replaced by the derivatives
evaluated at x = 0. Zero factorial represents one (i.e., 0! =1). This power series representation is
known as Maclaurin series of the primitive function f (x) around x = 0.

Example
1. Determine the Maclaurin series of the function

f(x) =5x> +2x* +3x+1

This function has the following derivatives
f'(x) =15x* +4x+3
f""(x) =30x+4
f3(x)=30

f(0)=1
f(0) =15(0)2 + 4(0) + 3 =3
f7(0) =30(0) + 4 = 4
f3(0)=30

So that

Therefore, the Maclaurin series of this function is

f@):f(m+ui§9(x—oy+I%§Q(x-mz+17§Q(x—of

f(w=1+3u—0)+gu—oy+%§u—of
f(X) =14 3%+ 2x* +5x°
This result shows that the Maclaurin series really represents the given function f (x).

2. Find the Maclaurin series of the function
f(x)=3x>+2x+4

The derivatives from this function are
f'(x)=6x+2

f"(x)=6
Sothat f (0)=4, f'(0)=2, f"(0)=6
Thus, the Maclaurin series of the function is

£0) gy 1O

11 2!()(_0)2

f(x) = f(0)+

f(x):4+2(x—0)+g(x—0)2 =4+ 2x+3x°

]
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B. Taylor's Series

It deals about the expansion of the primitive function f (x) provided that the function is continuous
and smooth, around any point x = X, . Thus given the function y = f(x), we will explain it using a
specific quadratic function for the sack of simplicity.

Let us consider the expansion of the function
f(X)=A, + AX+AX+AX+AX* +...+ A X" atsome point X = Xo

First let us write this function in terms of the power of (X-Xo)

f(X) = A0 +A1(X_Xo)+A2(X_Xo)2 +A3(X_Xo)3 ""6‘4()(_)(0)4 +----+A1(X_Xo)n
This function has the following successive derivatives

f/(X) = A +2A,(X—X,) +3A, (X=X, )? +4A, (X—X,)> +BA (X —X,)* +... + NA (X=X, )"
f(x) =2)A, +3(2)A,(x—X,) +4) A, (X — Xo)2 +.5(4) A (x - XO)3 +..+n(n-DA, (x- XO)“’2
f3(x) =3(QMA, +43)(2)A, (X —X,) +5(HB) A (X — X)) + reuve. +n(n-)(n—2)A (x—x,)"°

F(X) = ()N =2)(0 = 2)(N = 3) e srerrereseesrers seessees seessensseeesens seessees (3)Q)MA,

So that
F(x,) = O1A, = A, = f(o);f’)
() =1A = A =00

Fr(xg) = 2A, = A = ;Xo)

) =nia, = A, =104
Therefore
O ERACON f'(xo)(x—xn)+M(x—x0)z A (o) vy )’ PALC PN —x,)"
ol 1 ol 3 !

This power series representation is referred to as Taylor's series.

]
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If we consider 3 as a point of expansion, then

f2(3)(x_3)2+ .......... +

f(X)= 1@+ (-3 +—)

Example
Find the Taylor's series of the function f (x) = 3x* +2x+5, around X = X,
The successive derivatives of this function are
f'(x)=6X +2
f"(x)=6
f(X,) =3xZ +2X, +5
Sothat f'(x,)=6x,+2
f"(x,) =6
Therefore,

f(X) = (3xC + 2X, +5) + (6%, +2)(x—x0)+g(x—xo)2

f(X) = (38X + 2X, +5) + (6X,X = 6X; + 2X — 2%, ) + 3(X* — 2XX, + X)
f(X) =3X¢ +2X, +5+6X,X—6Xg +2X — 2X, +3X* — 6X X + 3X¢
f(X) = 6%, +5—6X. +2X + 3x*

f(X)=5+2x+3x* =3x" +2x+5
This realizes that the Taylor's series correctly represents the given function.

1.4 Intermediate Value Theorem and Newton Method

A. Intermediate Value Theorem

Suppose that there is a function f(x) that is continuous for all values of x in the close interval [a,
b], and assume that the values of the function at x = a and at x = b are not equal to each other and
each value has opposite sign, i.e., f (a) and f (b) have different signs. The intermediate value
theorem states that there is at least one value of x say c in the interval [a, b] such that f (¢c) =0.

Example
1. Prove that the equation x° +3x* —2x —1= 0has at least one solution in between 0 and 1, i.e.
[0, 1]

You ought to follow the steps below to solve this Problem.

e  First put the equation in a polynomial form of f(x) = x® +3x* -2x -1
e Second check whether the function is continuous in between 0 and 1 or not.
e Third determine the value of the function at x =0 and x = 1.

As we know the function f(x) is referred to as continuous in the interval (a, b) iff
i) T (x) is continuous at x = a [i.e., lim @ = f(a)]

( 1
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Xx—>a”*

i) f(x) is continuous at x =b [i.e. lim ™ =f (b) ]
X—Db

iii) f( x is continuous at x =c[ i.e.,a<c <b]

As a given function in our example is a polynomial function, it is continuous in between 0 and 1.
f(0)=0%3(0)2-2(0)-1 =-1
f(1) =1%+3(1)%-2(1) -1=1+3-2-1=4-3=1

We have seen that f(0)and f (1) have different signs. Therefore, according to the intermediate
value theorem there is at least one number that is ¢ € [0, 1] so that f(c) = 0. In other words, the
above equation has at least one solution in between 0 and 1.

2. Prove that the equation v/2x* +3x =2 has at least one solution in between 0 and 1, i.e. [0, 1].

First make it in to polynomial function by squaring both sides of the equation as
(V2x% +3x)? =22
2x2+3x =4
2x% +3x-4=0, then f(x) = 2x> + 3x - 4
As the function is polynomial it is continuous in between 0 and 1.

f(0) =2(02+3(0)-4=-4, f(1)=2+3-4=1
The value of this function has different signs at x= 0 and x = 1 which implies that there is at least
one solution for the equation in between 0 and 1.

3. Show that the equation v x* +1 = 3x has at least one solution in between 0 and 1.

Solution
Initially change the equation in to polynomial function by squaring both sides as

(Vx® +1)* =(3x)°

x* +1=9x?

-8x°+1=0
Therefore, f(x)=-8x*+1

As the function is a polynomial function, it is continuous in between 0 and 1.
f(0)=1land f(1)=-8(1)*+1=-7

We have observed that f (0) and f (1) have different signs. As a result, the equation has at least
one solution in between 0 and 1.

—
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B. Newton's Method

The intermediate value theorem does not provide information concerning the location at which
the solution resides. Rather it indicates the range in which the solution can be found. Newton's
method, however, leads to a better approximate solution of the equation under consideration.

Given the function y = f(x) and assume f(x) = 0 at x = a, estimate a.
To carry out this activity, let us begin with an initial estimate x, of a. Constructing a tangent line

which passes through [x,, f(X,)] we get X, near to a as shown in the following figure.

F Y=F)
f(=0)f-—— — — (%0, £ (x0)
F(xl] —- - - (=1, f(=x1)

fix2) + ——— — _1I II_ [(x2 £(x2)]

1 L a
0 =0 \Xl ng\\ X

Undertaking the same procedure we get the estimate x, by drawing a tangent line at[x, f (x,)].
Continuing this process enables us to estimate the value of a. However, we can also easily find the
formula for x,, derived by the Newton's method.

What is the equation of the tangent line which passes through [x,, f (x,)]and with slope m? The
slope of this line can be calculated as
o Y=Y o F0- (%)
X=X, X— X,
f(x) = f (%)
(X - Xo)
f(x)— f(x,)=m(x—x,), mrepresents the slope of the function at x = x,
f(x)—f(X)= F'(X)(X=X%,)
Whenx =X, f(x)=0 (for the tangent line passing through [x,, f (X,)]
Therefore, 0— f(x,)= f'(X,)(X;, —X,)

=m Using cross multiplication

—
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Rearranging this equation gives as
— f(x)

) %)
This implies that x, = X, — :'((Xo))
XO
f(x) _ f(x,)

Similarly x, =X, ———=, X, =X, —
PRI TR T T )

In general the points generated by the Newton method are obtained by

Xn+l = Xn _M
f'(x,)

Example
1. Find the approximate values of the equation f (x) = x® +3x* —2x—1 in the interval [0, 1]

using the Newton's method once.

Solution
Inthiscasen=0,and x, =1

We know that x, = X, — :,((XO))
XO

f(x,)= f()=1+43-2-1=4-3=1
f'(x,) =6X°+6x-2 = f'(x,)= f'(}) =6+6-2=10
Therefore, x, =1- i =0.9
10
If we check for f(x,) = f(0.9)
- (0.9)° +3(0.9)2- 2(0.9) -1
=0.53441+2.43-18-1
f(0.9)=0.161441
Applying Newton's method twice
SR Y
f'(x,)

£(0.9)

= 09 =
£(0.9)

~ 0.161441
6.94294

—
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X, =0.877
Thus, f (0.877) = (0.877)%+ 3(0.877)2-2(0.877) - 1
= 0.0084 which is more approximate to zero.

2. Determine the approximate value of the equation v x* +1 =3x in the interval [0, 1] using
Newton's method once.

Solution
Squaring both sides of the equation gives us f (x) =-8x?+ 1. Inthiscase alson=0, x, =1
=, 1 0%)
(%)
f(x)=(1)?(8)+1=-7
f'(X,)= f'(1) =-16 (1) =-16
Therefore
X, =1 £
(-16)
= 1-0.4375

X, =0.5625 ~ 0.56

If we check the original function at this value of x, we get f (0.56) = —8(0.56)° +1
=-2.5088 +1
f (0.56) = - 1.5088

Applying the Newton method twice gives us

X, = %, — f’(xl)
f'(x,)
e F(056)
2 f'(0.56)
X, = 056 19089 _ 595
(-8.96)

Then f(0.392) =-8(0.392)% +1=—-0.2293which is more approximate to the solution than the

earlier value. This shows that we can determine the most approximate value of the solution by
applying this procedure continuously.

Exercise

Do the following questions based on the information in this section.
1.Given the function f(x) =2x* +3x® + 2x%+3x, find the first five derivatives of the function
WIth reSpect t0 X. =-=======emmmme oo oo e e e e e e e e e e e




2. If the demand function of a monopolist is given by P = 60 - 4Q where P is price in Birr and Q
is quantity. Determine whether the total revenue function of the firm is concave or convex at Q =

3. If the total cost function of a product is given by

C (Q)=Q?*-315Q?+ 27,000 Q + 20,000, where Q is quantity produced. Determine whether the
average cost function (AC) is convex or concave when the firm produces two units of output. What
happens to the AC at this POINt? --------=mmmmm oo

8. Given the equation x° + 2x* + 3x? +x-3=0
e Show that the equation has at least one solution in [0, 1]

e Determine the approximate value of the equation in the interval [0, 1] usingthe  Newton's
method once.

2.3 Multivariate Calculus

What are multivariate functions? -----------=-mmmmm e
Some functions involve one dependent and more than one independent variable. These functions
are said to be multivariate functions. For example, the production function Q = f (K, L) has one

dependent and two independent variables, labor L and capital K.

2.3.1 Partial Derivatives

What is partial differentiation? S -

Partial differentiation is a technique of deriving the rate of change of the function with respect to
change in one of the independent variable when all other variables in the function are held constant.
Thus, if the production function Q = f (K, L) is differentiated with respect to L, with K being
constant, we obtain the rate of change of total product with respect to labor, i.e., Marginal product

of labor (MP, ).

Partial differentiation follows the normal rules of differentiation apart from the fact that all
variables other than the one the function is being differentiated with respect to are assumed to be
constant.

]
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Given the function, y = f (x;, x,) the usual notation for the partial derivative of the function with
respect to x, is

Y f,, and that of with respect to x, is oy f
0%, ox,

X2

Example
1. If the function is given by y = 4x/x; +6x/x, +x; +7x;, find f, and f_

f,, =8xX; +12x,X, +4x; (X, is assumed to be constant)
f =12xx; +6x; +21x; (X, is assumed to be constant)

Economic Applications

Partial differentiation is frequently applied in economic analysis as the economy is a complex
system to understand. Economists usually observe the effect of changes in one variable supposing
all other variables constant.

A. Elasticity

As we know quantity demanded for a product depends on various factors such as price of the
good, ( p) consumer's income (y ), price of related goods, and population ( n) .

Qu = f(p,y. p., Ps,N) where p, is price of complement.
p, Is price of substitutes.
And we also know that price elasticity of demand E, is
p
E,= dp ( Q)
But with the eX|stence of these determinants in the demand function

= = aP (Q)
Example
Given the demand functionas Q =35-0.4P +0.15y — 0.25P, + 0.12P +0.003n, what is the price

elasticity of demand when price is 24?

b QP —(—=) , you are required to get@
Z—S = - 0.4 (all factors other than the price of the product are constant)
E (—0.4)(24)
P 35-0.4(24) +0.15y — 0.25P, +0.12P, +0.003n
Thus, E (-9.6)

P~ 25.4+0.15y —0.25P, +0.12P, +0.003n
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The exact price elasticity of demand can be calculated if the values of the remaining variables are
given.

B. Utility Functions

According to the cardinality approach the consumer who consumes only two products A and B
will have the utility function

U =U(AB)
We can determine the marginal utility of each good from this function using the technique of
partial differentiation.

Example
If the utility function of the consumer is given byU = 2A°*B°*, where A and B represent the
quantity of the two goods consumed; find marginal utility of each good.
MU = 2(0.4) A6 B4
0.880'4

- AO.6

MUz - 0.4(2) A% B~ 0
~0.8A%

- BO.6

As the consumption of good A increases, MUa decrease and as the consumption of B increases
MUpg decreases. As a result the law of diminishing marginal utility holds for both goods.

C) Production Function

When the firm produces a product using two or more variable inputs, then we can determine the
rate of change of total product with respect the change in each input using the method of partial
differentiation.

Example
If the production function for a product is given by Q = 20K ** L% where K is capital and L is
labor, Find the marginal Product of each input.

Marginal product of labor (MPL) = 0.5 (20) K%5 L0

10K °®
MP_ = o

Marginal Product of capital (MPk) =05 (20) K °° L%°
_10L%

K 0.5
Is the law of diminishing marginal productivity is satisfied for each input? Why? ------------

MP,

D) Revenue and Cost Functions

]
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It is clear that in some cases firms may produce different products. If they use common production
facilities, the costs of each product will be related. Therefore, the marginal cost function of the
individual product can be determined by the method of partial differentiation.

Example
A firm produces two products Q1 and Q2 and its total cost function is C(Q,,Q,) =20(Q, +Q,),
what are the relevant marginal cost functions?
C =20Q: +20Q,

Thus, Marginal cost of Q1 = oc
oQ,
MC, =20

Marginal cost of Q2 (MC2) =20

In other cases, the firm may produce different products which are complementary with each other.
This means, the price of one good will affect the quantity demanded of the other good. Thus, the
marginal revenue of one good is the partial derivative of total revenue with respect to that good
assuming the price of the other good constant.

Example
Suppose a firm produces two products A and B which are complements. The relevant demand
functions are

Q, =850-12.5P, —3.8P,
Qg =936-4.8P, + 24P,
What are the marginal revenue functions of the two goods? -------=--=-====mmmmmmmmmmmemmeo-

Marginal revenue is usually expressed in terms of quantity. Thus, we should initially rewrite the
demand functions in the form of price in terms of quantity.
For good A,
Q, =850-12.5P, —3.8P,
12.5P, =850-3.8P, - Q,
~ 850-3.8P; —Q,
12.5
P, =68-0.304P, —0.08Q,

However, TR, = P,Q, =68Q, —0.304P,Q, — 0.08Q>

I:)A

Therefore, the marginal revenue of product A is
MR, = OTR,
Qn
MR, =68-0.304P, —0.16Q,,

For good B,

]
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Q. =936—4.8P, — 24P,
24P, =936—4.8P, —Q,
o _ 936-4.8P, —Q,

B 24

P, =39-0.2 A—%

However, TR, =P,Q =39Q,-02P, Q, - ==

_ 0TRg

MR,
Qg

MR, =39-0.2P, —éQB

The marginal revenue functions of the above two goods show that when the demand for the two
goods are interrelated, the marginal revenue function for one good will depend on the price level
of the other good.

E) Keynesian Multiplier

If we incorporate the government sector and foreign trade, the basic Keynesian macroeconomic
model will be
Y=C+ 1+ G+ (X -M)
and the functional relationship with consumption is
C=cY,
Where c is the marginal Propensity to consume, and imports
M=mY,
Where m is marginal propensity to import,
Y, =(1tY
is the disposable income ¢, m and t are parameters and Investment I, Government expenditure G
and export X are exogenously determined.
ThereforeY =c Y+ 1+ G+ [X-(MmY )]
Y=c(lt)Y+I+ G+ X-m(1-1) Y
Y-c(1)Y+m(1-1)Y = I+ G+X
Y [l-c(1-t)+m(1-t)] =1+ G+ X

_ l+G+ X _ 1+G+X
S 1-cl-t)+ml-t) 1-(c-m)L-t)

]
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Dear colleague! If we are interested to determine the government expenditure multiplier, we
should partially different income with respect to G, holding Investment L and export X constant
as shown below.

AR
oG 1-(c—-m)@@-t)
oY oy _ oY
However, — = — = —
oG oX ol
Example
In a Keynesian Macroeconomic model of an economy
Y =C+ | + G+(X-M) = 820
C=075Y, G =960
M=025Y, Y,=@1tY
X =650 t=0.3

Determine the equilibrium level of national income. Using the export multiplier find out what will
happen to the balance of trade if export exogenously increases by 100.

Initially, we should solve the relationship between income (Y) with consumption and Import.
C=0.75Y,=0.75 (1-t) Y =0.75(1-0.3) Y
=0750.7)Y
C=0525Y
M=0.25Y, =0.25(1-0.3) Y
= 025(0.7)Y
M=0.175Y

Therefore, the equilibrium level of national income is
Y =0.525Y+ 820 + 960 + 650 - 0. 175Y
Y - 0.525Y + 0.175Y = 2430
0.65Y =2430
Y = 2430 _ 3,738.46
0.65
At this equilibrium level of income, import will be
M= 0.25 (0.7) (3,738.46)
M = 654.23
Thus, the balance of payment will be
X-M =650 - 654.23
=-4.23 which is negative trade balance.
However, as export increases by 100, then the equilibrium level of income will be increased by
change in export times export multiplier, i.e.,

AY =ax 2 = 100 [ : ]
oX 1-(c—-m)@@-t)
~100[ 1 ]

1-(0.75-0.25)(1-0.3)

—
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=100 [+ ]
1-(0.5)(0.7)
1
100 [0.65]
AY =153.85
As aresult, equilibrium level of income increases from 3,738.46 to 3,892.31 when export increases
from 650 to 750. At this new level of equilibrium income, import will be
M =0.175 (3,892.31)
M =681.15
And the new balance of trade will be
X-M=750-681.15
=68.85
Therefore, the balance of trade changes from 4.23 deficits to 68.85 surpluses when export
exogenously increases by 100.

2.3.2 Second Partials and Young’s Theorem

As you know, if the first order partial derivatives of the function are continuous and differentiable,
differentiating these functions will result in second order partial derivatives. Given the function

Z=f(x,y), if it is differentiable, it has two first order partial derivatives such as Zx= 2—2 and Zy =
X

6—. In addition to these, this function has four second order partial derivatives (direct and cross

oy
partial derivatives). These are
_ 0%z
ox?
2

These two derivatives are referred to as direct second order partial derivatives where a as

XX

0z Z . . I
zZ,= 8_y andZ , = aa X are said to be second order cross partial derivatives.
X y

According to the young's theorem, the mixed (cross) partial derivatives for a given function are
always equal if both cross partials exist and they are continuous. This means

oz
Z,=Z,=— = 0z,
OX oy

Example
1. Given the demand function for the two commodities Q1 and Q2
Ql — P171.7 P20.8 And Q2 — P10.5 P270.2
Find the first and second order partial derivatives of the function and determine whether the two
goods are complementary or substitute. Show that whether young's theorem is satisfied or not.
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a_Ql =-17 me |:>20-8 a_Qz -05 P[O'S szo_z

oR op,
% — 08 Plfl.7 P2—0.2 @ — _02 RLO.S P2—1.2
oP, op,

From these first order partial derivatives we have observed that an increase in the price of

commodity Q1 results in an increase in the quantity demanded of commodity Q.. Therefore, Q1 and
Q2 are substitute goods.

The second order direct partial derivatives are

02 _
aPQ; = (-1.7)(-2.7)P*" P®
1
=459 p3'pY®
0°Q,

o7 =024P1P

2

The second cross partial derivatives are

0(0Q, /P,
( Ql/ l) - (0.8) (_1.7) PIZ] P;O.Z
oP,
= —1.36P, %7 P, %% e (a)
—5(5 %PZ) =(-1.7)(0.8)R,*"P,
op, - TR
= —1.36P, 2P, %% comeemm e (b)
0(0Q, /oP e
Q,/P;) =(-0.2) (0.5) P °°P,*?
oP,
=-0.1 PP e ©)
—6(8((23;/6p1) =(-0.2) (0.5) P,** p,*?

2

Equation a is equal to that of b and equation c is equal to equation d. It indicates that the Young’s
theorem is satisfied.

=-0.1 PP, 2 e (d)

2. Given the production function Q= 6K+ 0.3 K°L + 1.2L2 derive the four second order partial
derivatives and interpret their meaning.

The two first order partial derivatives are
X _ 6+ 0.6 KL and Q 03K2+24L
oK oL

They represent the marginal product function of the two inputs.

—
w
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The four second order partial derivatives are

2
) 9. gL
oK

2

This represents the rate of change of marginal product of capital function with respect to capital.
It indicates that marginal productivity of capital increases as labor increases.

.. 0°Q
) — =24
) oL?
It represents the slope of marginal product of labor function which is independent of capital.

2
oQ _ 0.6K
oLoK

This tells us that MP | increases if K is increased, for any given value of L.

0°Q
LoK

This tells us that MP . increases if L is increased, for any given value of L.

iv) = 0.6K

2.3.3 Multivariate Chain Rule

As we know many economic models involve composite functions. Thus differentiation of such
functions requires the application of chain rule.

Chain rule for functions of one variable
. dy dy dx
Giveny = f(x) and x= g (t), then
y=1f(x) g (1), 4t dx ot
Chain rule for multivariate function
Suppose z= f (x,y), x=f (t)and y = f (1), in this case we should use the total derivative.

dz oz ,dx d

& 2@, 2

dt ox dt° oy dt
Given the functiony = f (x, w) and X = g(w) to get this total derivative, let us initially determine
the total differential dy = f dx+ f dw. If we divide both sides of this equation by dw, we obtain

dy:fdx dw

—=f —+f,
dw dw dw
dy _ =f, %+ f,,
dw dw

f, g_x Measures the indirect effect of w ony and, f, shows the direct effect of w on'y.
w

Example
1. Suppose that the relationship between revenue R, output Q produced and sold each week is
given by

—
w
O
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R =400Q - Q?
In addition, suppose that Q is a function of t, i.e. time period, Q = f(t)
dR _ dR dQ

Thus dt dQ dt

= (400— 2Q)(jj—?
When Q = 30 and that the Management is considering to increase production by five units per
week,

arR_ [400-2(30)]5

= (400-60)5

‘Z—T = (340)5=1700

Interpretation
The management decision to increase production by five units per week increases total revenue by

1,700 units

2. Given the utility function U = x>+ x y + y x=t*+landy=t-t
du ou dx dy
dt  ox (dt) ay(dt)

= (2x+y) (3%) + (y+ 2y) (1-31%)

2.3.4 Homogenous Functions and Euler's Theorem

A function y = f(x,, X,,....X,,) is referred to as homogenous of degree r if and

only if
(X, 1 ey 1X) =7 T (X, X, 10y X, ), WhETE tis any parameter.

Multiplying all the independent variables by a factor t will multiply the value of the function by
the factort".

Example
1. If f(X, y) = 3x® +5x°y +2y°® , then
faxty)= 3(Ex)*+5 (Ex)Xty)+2(ty)’
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— 3+ 5%y + 2t°y°

= 3t°x® +5t°x%y + 2t°y°

=t3(3x* +5x%y + 2y?)
Therefore, the function is homogenous of degree 3.

2. Consider the Cobb- Douglas production function
Q — bLa Kl—a
f (Lt,kt) = b(Lt)*(kt)"“
— b ta La kl—atl—a
=b t** L kKt
=b t L* k"
=tbL* k"
Thus, the production function is homogenous of degree 1.
Given the function f (tx,,tx, tx, ,tx,)=t" f(XX,, X;....X,)

If r =1, a function exhibits constant returns to scale
If r > 1, a function exhibits increasing returns to scale
If r <1, a function exhibits decreasing rectums to scale

Euler's Theorem 1

If the function y = f (X, X,, X;) is homogenous of degree r, then according to the Euler's theorem

ﬂx +ix +ix:rf(x X,y X3)
ox, 1 ox, 2 oX, 3 1172173
Example
Find the degree of homogeneity of the function

f(x,y) = x* + x?y?Using Euler's theorem

fox+fy=r(x* +x%y?)

(4x° +2xy?)x+ (2x2y)y = r(x* + x*y?)
= 4x" +2x%y? +2x7°y?
= 4x* +4x%y?
= 4(x* + x%y?)

Thus, the function is homogenous of degree 4.

Euler's Theorem 2

first partials f, , f, , f, are homogenous of degree (r —1).

Example
1. Given the function f (x,y) = x* + x*y*

]
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2
f=dx®+2xy?, fy=2XY

f, (txty) = 4(tx)° + 2(tx) (ty)*
= 4t3x° + 2t3xy?
= t3(4x° + 2xy?)
Thus, the function f, is homogenous of degree 3.
f, (tx,ty) = 2(tx)* (ty)
=2t*x’ty
=2t°x%y =t3(2x%y)
This means, f is homogenous of degree 3.

2. Given the Cobb - Douglas production function
f (LK) =60L 4K %
Find the degree of homogeneity of f,_and f, using Euler's theorem.
The first partial derivatives are
fL:GO(%)L% K fk:%(GO)L%K%
1
;o 45K
L L%
-1 .
Thus, f_(tL,tK) =45(tL) 4 (tK)*
e S
= 45L4t4 K44
IR
45(t) 4 4 L4 K*
.
t°(45L% K*4)
3 -3

And f, (tL,tK) =15(tL)“ (tK) ¢

1507
=%

fK

=t°(A5L4K *)

What we have seen from this is both of f_and f, is homogenous of degree 0. In other words,
the original Cobb-Douglas production is homogenous of degree 1.

2.3.5. Total Differential and Implicit Differentiation
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Given the function y = f(x), the differential is dy = f'(x)dx .The concept of differential can be
extended to functions with two or more independent variables.

Given the utility function,U = f (x, X, ), assuming that U is continuous and differentiable

U, = Y _ Marginal utility of x;
tooX
U, = S—U = Marginal utility of X,

X2

Change in U which is resulted from small change inx, is Z—del and from small change in x, is
Xl

N g
0X,

Thus the total change in utility is

du = a—ud><1+a—u dx,

X, oX,

If the two variables x and y are related by the implicit function
f (x,y) =0, the total differential of the function is
do= f,dx+ f dy
0= f.dx+ f dy
If we rearrange this equation, we get
0= f,dx+ f dy
dy -f
dx f,

As you remember in your microeconomic studies, the theory of production
states that the slope of the isoquant represents the marginal rate of technical substitution (MRTS)
between two inputs. In this case, the use of total differential can help us to show the reality that
MRTS between the two inputs is equal to the ratio of the marginal products of the two inputs. If

the producer use capital (K) and labor (L) in the production process, MRTS , = aK

X

Given the production functionQ = f (L, K), the total differential is
dQ = aQ dK gQ dL

Once the isoquant is determmed, there is no change in output along the same isoquant. This
means change in Q is zero. Therefore,

xQ dK + anL 0

oK
@dK :ﬂdL
oK oL

—
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-0
d_K_ %L __MPL
dL  dQ MP,
%% «

~MP,

MRTS , =

Exercise

1. Given the demand function for a good as Q= 56.6-0.25 P - 0.03Y+ 0.45Ps + 0.6n

Where Q is quantity demanded per week, P is price per unit, Y is average weekly income, Ps is
Price of competing good and n is population in million. Given values are P = 65, Y = 350, Ps= 60
and n = 24. Find the price elasticity of demand. - e

2. In the Keynesian Macroeconomic model, given the following attributes

Y = C+ I+ G+ x-M t=0.2
C=08Yq G = 400
M =0.2Yq | =300
Y= (1) Y X =288

a. Determine the equilibrium level of income.
b. What increase in G would be necessary to increase Y to 2, 500?
c. Determine the balance of trade at the initial equilibrium level of income
3. Derive all the first order partial derivatives for the production function
Q = 35KL + 1.4LK? + 3.2L.% and interpret their meaning.
6. What do the Euler's theorems State? ------=-==-=-m-mmmmm s

7. Given the function f (x,y, z) = x®y®z — xy® + y*z°®, determine whether the function is
homogenous or not.

—
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Chapter Two

Constrained Optimization

In the previous chapter we have studied the optimization of functions without the existence of
constraints. In business and economics studies, however, there are many situations in which
complete freedom of action is impossible. For example, a firm can maximize output subject to the
constraint of a given budget for expenditures on inputs, or it may need to minimize cost subject to
a certain minimum output being produced. Such functions which involve constraints are called
constrained functions and the process of optimization is referred as constrained optimization.
This chapter explains the ways of solving constrained optimization problems with equality and

inequality constraints.
2.1 One Variable Constrained Optimization with Non - Negative Constraint

1) With equality constraint

Maximize y = f(x), subject to x = X. In this case y* = f(X)
It simply involves determining the value of the objective function at the given point in the domain.

i) With non - negativity constraints
Maximize the function y = f(x) subjecttox >0

(@)

At x=0,f'(x)<0
For the above function the unconstrained maximum is attained when x < 0 at point b as shown in
the above figure where as the function attains its constrained optimum at point a where X =0.

y" = 1(0)
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v=1(x)

=l

(b) =

In this case the constrained and unconstrained maximum value of the function lie at the same
point, i.e., they coincide at point a as shown above. y* = f(x). At x>0, f'(x)=0

1

a

(©)

In this case, similar to that of b, the constrained and unconstrained maximum value of the function
reside on the same point,

y = f(0)

f'(x)=0
Please try to minimize y = f(x), subject to x>0 in a similar way.

Given the function y = f(x) subject to the x>0
For maximization,

f'(x)<0 If f'(x)=0,x>0
If f'(x)<0,x=0

For minimization

f'(x)=0 If f'(x)=0,x>0
If f'(x)>0,x=0

Example

Maximize the objective function y = - 3x? - 7 x + 2 subject to x> 0.
First order condition for maximization
f'(X)=—6x-7=0
6x=-7

—
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_-7

X =
6
Second order condition for maximization
f"(x)=-6<0

) ] . -7 .
Thus, the unconstrained maximum value of the function locates at x = e i.e., x <0 but the

constrained maximum lies atx =0, f '(0) = —7 < 0. Thus the constrained maximum is the function
isy=2.

2. Minimize y = x? + 2x+ 5, subjectto x>0
First order condition
f'(x)=2x+2=0

Xx=-1<0
Second order condition
f"(x)=2>0

Thus the function achieves it’s unconstrained minimum at x = -1, i.e.,, y = 4. However, at
x=0, f'(x) =2 >0. Therefore, the minimum value of the constrained function isy = f (0) =5.

Exercise
Solve the following questions based on the information in the above section.

1. Maximize y = -x* + 5x + 6, subject tox = 2, e

2.2 Two Variable Problems with Equality Constraints

This section is emphasized on the two methods of constrained optimization. These are.
e Constrained optimization by substitution
e Lagrange multiplier method

A. Constrained Optimization by Substitution
This method is mainly applicable for problems where the objective function with only two
variables is maximized or minimized subject to one constraint.
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Consider a firm that wants to maximize output given the production function Q = f(K,L)and

suppose Pk and Py prices of K and L respectively and a fixed budget B. Then, we can determine
the amount of K and L that optimize the output Q using the method of substitution.

Example

1. A firm faces the production function Q= 12K°%# L4 and assume it can purchase K and L at price
per unit of 40 birr and 5 Birr respectively and it has a budget of 800 Birr. Determine the amount
of K and L which maximizes output.

Solution
The problem is Maximize Q= 12K%4 | %4
Subject to 40K+5L =800

According to the theory of production, the optimization condition is written in such away that the
ratio of marginal product of every input to its price must be the same. That is
MP, MP,
PRc P
The marginal products can be obtained using the method of partial differentiation as follows.

MP, = 4.8K L% e 1)
MP_ = 4.8K % L% oo (2)
Substituting these marginal products and the given prices in the constraint function gives us
4 8K -0.6 L0.4 4 8K 0.4 L70.6
0 5

K -0.6 LO.4 — 8K 0.4 L70.6

Multiplying both sides by K ®°L°® results in
L = 8K e 3)
Substituting (3) in the budget constraint we get
40K + 5(8K) =800
40K+ 40K =800
80k =800
K=10
Thus, L= 8(10) =80
Therefore, this firm should employ 10 units of capital and 80 units of labor in the production
process to optimize its output.

2. Suppose the utility function of the consumer is given by U = 4xy — y* and the budget constraint
is 2x+y = 6. Determine the amount of x and y which will optimize total utility of the consumer.

Solution
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Utility is maximized when MUy _ MU
P, P,
In our example, MU, =4y & MU, = 4x—2y .Therefore, at the point of equilibrium
4y 4x -2y
2 1
4y =8x -4y

y

4y +4y =8x
8y =8x

Substituting (4) above in the budget constraint gives us
2X+X=06

3X=06
Therefore, this consumer can optimize his utility when it consumes 2 units of good x and 2 units
of good y.

B. Lagrange Multiplier Method
What is Lagrange Multiplier Method? What are the steps to use this method? How do you interpret
the Lagrange multiplier?

The essence of this method is to change a constrained optimization problem in to a form such that
the first order condition of the unconstrained optimization problem can still be applicable. This
method can be used for most type of constrained optimization problems. Given the function
Z = f(x,y) subject tog(x,y)=P,x+R,y=M, to determine the amount of x and y which
maximize the objective function using the Lagrange Multiplier Method, we should involve the
following steps.

Step 1 Rewrite the constraint function in its implicit form as
M —-xP, —yR =0
Step 2 Multiply the constraint function by the Lagrange multiplier A
A(M - xP, —yP,)

Step 3 Add the above constraint to the objective function and thereby formulate the Lagrange
function that is a modified form of the objective function which includes the constraints as follows:
L(X Y, 4) =Z(X, y) + A(M —XP, — YR, ) -----=--mmmmmmmmaee ®)

Necessary condition, i.e. the first orders condition for maximization is that the first order partial

derivatives of the Lagrange function should be equal to zero.

Differentiating L with respect tox,y and A and equating it with zero gives us.

N R (6)

OX OX




o _%z_ AP, =0 --- oo (7

o o

oL

oA
From equation (6) and (7) we get

=M —xP, —yP, =0 ------m-mmmmmeeee- (8)

y

This means, A="x =Y or ZX_-_Xx
P P, Z, P,
Sufficient condition -To get the second order condition, we should partially differentiate

equations (6), (7) and (8). Representing the second direct partial derivatives by Z,, and Z , and
the second cross partial derivatives by Z, and Z , , the border Hessian determinant bordered with

0,9,andg,is
0 9, o9, 0O -P -P

y

H|=lg, L. Ly|=F-P. Z, Z,|>0

9, L, L,| P, Z, Z,

yX yy yX

d*z is referred to as positive definite subjectto dg = 0 iff ‘H‘ <0,

d°Z s referred to as negative definite subject to dg = 0 iff ‘ﬁ‘ >0.

2
Negative definiteness of d*z implies that the function achieves its relative maximum point where
as a positive definite is a sufficient condition to satisfy the relative minimum of the objective
function.

i) Maximization

Example
Given the utility function of the consumer who consumes two goods x and y as

U (x,y) = (x+2) (y+1)
If the price of good x is P, =4 birr, that of good y is P, =6 Birr and the consumer has a fixed
budget of 130 birr. Determine the optimum values of x and y using the Lagrange multiplier
method,

Solution
Maximize U (X,y) =Xy + X+ 2y + 2
Subject to 4x + 6y = 130
Now we should formulate the Lagrange function to solve this problem. That is
L(X,y,A4) =xy+x+2y+2+ A (130-4X - 6Y) --------mmmmmmmmmmmmmmm oo 9)




oL oL

Necessary conditions for utility maximization are — =0,— =0, =0
OX oy oA
%=(y+1)—4/1 =0
OX
A B B L (10)
o _ (x+2)-64=0
oy
X=—2+464 -=-m-mmmmmmmmememe e (11)
% =4x+6y—-130=0
oA
AX+6Y= 130------------mmmmm oo (12)

Substituting the value of x and y explained in equation (10) and (11) in to (12) enables us to

determine
4(-2+64)+6(-1+44)=130
-8+244-6+244 =130

48 1 =144
A =3
Therefore, x = -2+6(3)
Xx=-2+18=16
y=-1+4(3)
y=11
Second order sufficient condition for utility maximization is
O gX g y
Hl=lg, L. Ly
g y LYX LW

The second partial derivatives of the objective function and the first partial derivatives of the

constraint function are
0%L
w = 7 :0,Lyy:0,|_xy:|_yx:l

OX
g, :8—9:4, and g, :6—9:6
OX oy
Therefore, the bordered Hessian determinant of this function is

4 6
[H|=]4 0 1] =-4(0-6) +6(4-0)=48>0
10

o B~ O
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The second order condition, i.e., |[H| > 0 which is negative definite, is satisfied for maximization.

Thus, the consumer maximizes utility when he consumes 11 units of good y and 16 units of good
X. The maximum utility is U = (16+2) (11+1) = (18) (12) = 216 units which is similar to the value
of the Lagrange function at these values of x, y and A . The value of the Lagrange multiplier A is
3. It indicates that a one unites increase (decrease) in the budget of the consumer increases
(decreases) his total utility by 3 units.

2. Suppose the monopolist sells two products x and y and their respective demand is
Px=100-2xandPy=80-y

The total cost function is given as TC = 20x + 20y, when the maximum joint product of the two

outputs 60 unit. Determine the profit maximizing level of each output and their respective price.

Solution
As it is known profit (7 ) = TR - TC, where TR represents total revenue and TC represents total
cost.
TR=XP x+yPy=(100x - 2x?) + (80y - y?)
Thus 7 =100x-2x2+80y-y?-20x-20y
7 =80 X+ 60y—2x?-y?
But this monopolist can maximize its profit subject to the production quota. Thus,
Maximize 7 = 80x + 60 y- 2x2-y 2
Subject to x+y =60
To solve this problem, we should formulate the Lagrange function,
L (X, y,A)=80x+60y-2x>-y2+ 14 (X+Y - 60) ----mnnmmmnmmmn (13)
First order conditions for maximum profit are
L,=80-4x+1 =0

-4x=-80-4

e e (14)
L, =60-2y+4 =0
2y=-60-1

y:30+%}t ------------------------------------------- (15)

L,=x+y-60=0
X+Y = 60--m-mmmmmmmmmmm oo (16)
Substituting equation (14) and (15) in equation (16), we get

20+£l+30+£l:60
4 2

50+§/1 =60
4
§ﬂ, =10
4
2=3
3
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140 1 (40)

Thus, x=20+=(—) y=30+ =+~
4" 3 2 3
=20+ 3.33 = 30+6.67
x =23.33 y = 36.67

Second order condition for maximum profit is
Lyx =4 Ly =2, Ly =Lyx =0
Oy =1&g,1
Therefore, the bordered Hessian determinant of the given function is

0 1 1
H|=|1 -4 0|=-1(-2-0)+1(0+4)=6>0
1 0 -2

The second order condition is satisfied for maximization of functions.

P, =100-2(23.33) P, =80-36.67
P =53.34 P, =4333
Therefore, the monopolist maximizes its profit when it sells 23.33 of good x at a price of 53.34

birr per unit and 36.67 units of good y at a price of 43.33 birr per unit. ;L:%O shows that a one

unit increase in total expenditure on inputs increases total profit of the monopolist by %0 units. In

other words, if the constant of the constraint relaxes by one unit that is x + y = 61, then the value
of the objective function increases by the value the Lagrange multiplier.

i) Minimization
The firm can determine the least cost combination of inputs for the production of a certain level of
output Q. Given the production function Q= f (L, K) and the cost function of the firm is C = LP_
+ KP « Where L = labor, K = capital, Q = output. Suppose the price of both input to be exogenous,
we can formulate the problem of minimizing the cost as
MinimizesC=P_L + Pk
Subjectto Q =1 (L, K)
To determine the amount of labor and capital that should be employed initially we should
formulate the Lagrange function. It is
L=LP +KP +A(Q— f(L,K)--mmmmmmmmmmmmmm oo oo (17)
First order conditions for a minimum cost are
L =P —-1Q, =0
P P

A=—= S - (18)
Q. MR
L, =P -1Q, =0
A= P = P e (19)
Qv MFR




L, =Q— f(K,L) =0 -mmmmm oo (20)
Where Q, and Q, represents marginal product of labor and capital respectively.
From equation (17) and (18), we get

= R - P — e (21)
MP,  MP,

Equation (21) indicates that, at the point of optimal input combination the input - price ratio and
the marginal product ratio have to be the same for each input. This ratio shows the amount of
expenditure per unit of the marginal product of the input under consideration. Thus, the
interpretation the Lagrange multiplier is the marginal cost of product at the optimal condition. In
other words, it indicates the effect of change in output on the total costs of production, i.e., it
measures the comparative static - effect of the constraint constant on the optimal value of the
objective function.

The first order condition indicated in equation (21) can be analyzed in terms of isoquants and
isocosts as

P _ MR,
P, MP,

e e N —— (22)

MP, . . . .
The MPL represents the negative of the slope of the isoquant, which measures the marginal rate
K

of technical substitution of labor to capital (MRTS |, ).

The P—L ratio shows the negative of the slope of the isocost. An isocost is a line which indicates
K

the locus of input combinations which entail the same total cost. It is shown by the equation

P
C=PLL+PK or :3-—LL
P, P,
P _ MR . . . . .
Y = VP indicates the fact that the isocost and isoquant lines are tangent to each other at the
k k

point of optimal input combination.

Second order condition for minimization of cost.
A negative bordered Hessian determinant is sufficient to say the cost is at its minimum value. That
is

0 Q Q«
‘H‘= Q. L Li|<0
Qu L Lk

Example

Suppose a firm produces an output Q using labor L and capital K with production function
Q =10K%°L°®. If the output is restricted to 200 units, the price of labor is 10 birr per unit and
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Price of capital is 40Birr per unit. Determine the amount of L and K that should be employed at
minimum cost. Find the minimum cost.

The problem is Minimize C = 10 L + 40K

Subject to 200 =10K *°L°®
Formulating the Lagrange function
L(L,K,A) =10L + 40K + A(200—10K *°L%%) --mmmmmmmmmmmmmmeeeee (23)
First order conditions
L, =10-5AK*°L®* =0
21°°
A g T (24)
L, =40-51K*°L*® =0
8K
A= 105 T (25)
L, =200-10K*°L°° =0

(0]l I S — (26)

From equation (24) and (25), we get

2L0.5 8K 0.5

K 05 - 105

2L =8K

L=4K oo et - (27)
Substituting equation (27) in to (26) gives us

K% (4K)%® = 20 -mmmmmmmmmm e (28)

2K =20

K=10and L =4(10)=40, 1 =4

Second order condition
Now we should check the second order condition to verify that cost of production is least at K =
10 and L = 40.

For cost minimization the determinant of the bordered Hessian matrix must be less than zero.

0 Q Q«
‘H‘: Q. L Li|<0
Qv La Lk

AtL=40and K=10

Q- ‘Z—CL? - (5)% = (5)\/% =25
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_Q 5L 40

L = 25 AK® L™ = 2.5(4)(10)*° (40)™°

=0.125
L kk=2.51K °L*® = 2.5(4)(10) **(40)*°
=2
L =L =—2.5AK L% = —2.5(4)(10) °*(40) *°
=-05
Therefore, the determinant of the bordered Hessian matrix is
0 2.5 10
\H\ =125 0.125 -05
10 -05 2

=-2.5(5+5) +10(-1.25 -1.25)
=-2.5(10) + 10 (-2.5)
\ﬁ \ —-50<0

Thus, the firm can minimize its cost when it employs 10 units of capital and 40 units of labor in
the production process and the minimum cost is
C =10 (40) + 40 (10)
Min. C = 400 + 400 = 800 birr
In this problem K, L andAare endogenous. The Lagrange multiplier A measures the
responsiveness of the objective function to a change in the constant of the constraint function.

What happens to the value of the Lagrange function and the constrained function when total output
increases from 200 to 201? What about the amount of L and K? Compare the value of the
constrained function and that of the Lagrange function at this point. Interpret the value of 1.

Optimization of n - variable case

Given the objective function
Optimize Z = (X, Xy, Xgueees X,,)
Subject to g(X;, Xy, Xgyeeees X, ) =C
Similar to our earlier discussion we ought to first formulate the Lagrange function. That is
L= (X, Xy, Xgueey X, )+ AC— G(X, X5y X500y X, ))

The necessary condition for optimization of this function is that

L,=L=L=L=L =-—=L,=0
The second order condition for optimization of this function depends on the sign of dL subject to
dg = g,dx, + g,0dx, + g,dx, +..... + g,dx, = Osimilar to our earlier discussion.
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The positive or negative definiteness ofd L involves the Bordered Hessian Determinate test.
However, in this case the conditions have to be expressed in terms of the bordered principal minor
of the Hessian. Given the bordered Hessian as

0 9 9, 95 .- . 9,
0, I-11 I—12 I—13 - Lln
B 9, Ly Ly, Ly . . L,
‘H‘ =19; Ly Ly Lyg o o Ly
g n I-nl LnZ Ln3 o I‘nn

The successive bordered principal minors are

0 9, 9, 0,
0
i1 g ' g 2 i1 g 1 Lll L12 L13
\H \: g, L, L,| , \H \: etc
2 . Lll le ’ g 2 L21 L22 L23
g ? “ # g 3 L31 L32 L33

However, |H|=|H,

|H,| Shows the second principal minor of the Hessian bordered with 0, g, and g, .

d*L is positive definite subject to dg = 0if and only if |H,|,[H|,-——, |H | <0.

d*L is negative definite subject to dg =0 if and only if |H,| > 0,|H,| < 0,|H,|>0 -

A positive definited >L is a sufficient condition for minimum value and negative definite d’L is
sufficient condition for maximization of the objective function.

In our analysis above ‘ﬁz‘ is the one which containsL,, as the last element of its principal

diagonal. ‘ﬁs‘ is the one which includes Lasz as the last element of its principal diagonal etc.

Optimization when there is more than one equality constraint
Let us consider the optimization problem involves three variables and two constraints.

Optimize Z = f(X,,X,,X;)
Subjectto  g*(x,,X,,X;) =C"
92(X1'X2'X3) =c’
As usual we should construct the Lagrange function by using the Lagrange multiplier A .Since we
have two constraint functions, we are required to incorporate two As, i.e., 4,andA,in our analysis.
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The Lagrange function is

L=f(X,X;,X;) +/11(C1 - gl(xp )(2’)(3))"'2“2(02 - 92(X17X21X3))
First order conditions for optimization

L, = fl _2'1911 _/12912 =0
L, = f2 _/1192 _/12922 =0
L, = f3 _ﬂ’lgé —/1295 =0
Ly = c'— gl(xl’ X2,X3) =0
L, =c? _gz(xpxz’xs) =0
When there are n - variables and m - constraints, the Lagrange function becomes

In this case we will have m+ n variables in the Lagrange function and we will have also m+ n
simultaneous equations.

First order conditions are
L=f-409,= , (i =1, 2 3 - n ad (= 1, 2 3, - m)
L, =c' —g'(X, Xy, X3, X,) =0

Second order conditions for optimization of three variables and two constraints problem are

0 0 g g U
0 0 g 9; 0
‘H ‘ = 911 912 L, L, L
g; 922 L, Ly Ly
g; 93? Ly, Ly, L

In this case, [Hy| = |H]. Thus for a maximum value,
H,| >0, [H,| <o0.
For a minimum,
H,| <0, |H,| <0.
With the existence of n - variables and m - constraints, the second order condition is explained as
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0 0 - 9 95 0 9n
0 0 - 9/ 9; 9; g,
0 0 - 9, 9, 0; 9s
|0 0 0 0 - 9/ 95 9s Jn
\H\:__ - - - - - - - - - -
gll g ; g é . : g i - L11 L12 L13 Lln
912 gz2 932 gr? - Ly Ly Ly Lan
913 g 2 g 33 g r:? - L31 L32 L33 L3n
glm g;] g;n : : ng - I-nl Ln2 Ln3 ' ' I-nn

Now we have divided the Bordered Hessian Determinant in to four parts. The upper left area
includes zeros only and the lower right area is simply a plain Hessian. The remaining two areas

include the g/ derivatives. These derivatives have a mirror image relationship to each other
considering the principal diagonal of the Bordered Hessian as a reference.

We can create several bordered principal minors from ‘ﬁ‘ . It is possible to check the second order
sufficient condition for optimization using the sing of the following bordered principal minors:
Fpa] o] e
The objective function can sufficiently achieve its maximum value when the successive bordered
principal minors alternate in sign. However, the sign of ‘ﬁ is (-1) ™! where as for minimum

m+1

value the sufficient condition is that all bordered principal minors have the same sign, i.e., (-1) ™.
This indicates that if we have an odd number of constraints, then sign of all bordered principal
minors will be negative and positive with even number of constraints.

Exercise

Solve the following questions based on the information above.
1. What is constrained funCtion? -=-=-=====mmmmmmmm oo




4. Suppose a firm faces the production function Q = 120 L + 200K - L2 - 2K 2 for positive values
of Q. If it can buy L at 5 birr per unit, K at 8 birr per unit and has a budget of 70 Birr, determine
the maximum output that it can produce using substitution method.--------------=--=-==-=-mce oo -

5.Suppose the prices of inputs K and L are 12 birr and 3 birr per unit respectively and the
production function of the firm is Q= 25K%° L %% Determine the minimum costs of producing
1,250 units of output using Lagrange multiplier method. --------------=-=-m-mmmrmmm oo

6. Suppose a consumer has a utility function of U = 40x%° y*5, If the price of x is 20 birr per unit,
price of y is 5 birr unit and the consumer has a budget of 600 birr. Determine the amount of x and
y which maximize utility using the Lagrange multiplier method.

2.3 Inequality Constraints and Kuhn-Tucker Theorems, and Mixed Constraints

Nonlinear Programming

The problem of optimization of an objective function subject to certain restrictions or constraints
is a usual phenomenon in economics. Mostly, the method of maximizing or minimizing a function
includes equality constraints. For instance, utility may be maximized subject to a fixed income that
the consumer has and the budget constraint is given in the form of equation. Such type of
optimization is referred to as classical optimization. But objective function subject to inequality
constraints can be optimized using the method of mathematical programming. If the objective
function as well as the inequality constraints is linear, we will use a method of linear programming.
However, if the objective function and the inequality constraints are nonlinear, we will apply the
technique of nonlinear programming to optimize the function.

Maximization problem
Maximize 7 = (X, X5, Xgyeeeeey X;,)

Subjectto gt (X, X, X5,y X, ) < K,
97 (Xys Xy s Xgreey X, ) < K,

0% (X, Xg s Xg ooy X, ) < K4

9" (X, Xpy Xg e X ) <K and x. 20, (j=123.....,Nn)

Minimization Problem
It can be expressed in the form of
Minimize C = f (X, X,, X3,0001y X)) )

Subject to g* (X;, X,, X5y X,) > K,
9% (X,) Xy s Xg ey X, ) 2 K,
gs(xl’XZ'X3""’ Xn) Z k3

9" (X, X0 Xgreen X ) 2K, X 20 (j=123....n)




Where C- represents total cost which is the objective function.
X; - is the amount of output produced

k;- s the constant of the constraint function
g' " isthe constraint function.

We have observed from the above expression that the nonlinear programming also includes three
ingredients. These are

e the objective function
e aset of constraints ( inequality )
e non - negativity restrictions on the choice variable

The objective function as well as the inequality constraints is assumed to be differentiable with
respect to each of the choice variables. Like linear programming we apply the < constraints for
maximization and minimization problem involves only > constraints.

Examplel
1. Find the values of X and y of the following function graphically.
a) Minimize C = x* +y?
Subjectto xy > 25
X,y=>0
First we should convert the inequality constraint in to equality as xy = 25and draw the graph of
this constraint function on the xyplane.

X1 |2 3 4 5 6 T i 25
y|25]125 83 83 5 46 357 i 1




Fig. (a)

The shaded region in the above figure represents the feasible region. Let us evaluate the objective
function C at points A, B, C, D and E on the graph.

At pointa (1, 25), C=1%+25%= 1+ 625 = 626

At point B (4, 6.3), C = 42 + (6.3) 2 - 16+ 39.69 = 55.69
Atpointc (5,5), C=5%2+52=25+25=50

At pointd (6,4.6) C =62+ (4.6)2=36+21.16 =57.16
At point E (25,1), C= (25)2+12 =625+1 =626

Therefore, the value of x and y which minimizes the objective function are 5 and 5 respectively.
The minimum value is C = 50.

b) Maximize 7 =x? +(y-2)?2
Subject to 5x + 3y < 15
Andx,y >0

Solution
Similar to that of problem a, we should convert the inequality constraint in to equality constraint
and draw its graph in the x y plane. It is 5x + 3y = 15

X 01 2 3
Y 5 33 167 0

Fig.(b)

The shaded region of the above figure represents the feasible region as every point in this feasible
region satisfies the inequality constraint 5 x + 3y < 15.

Evaluating the objective function at points A, B, C and D of the above graph (fig. b),
At point A (0, 5), r=02+(5-2?% =0+9=9

AtpointB (1,3.3), 7=1%+(3.3-2)%2 =1+1.69=2.69

At point C (2, 1.67), 7=2%+(1.67-2)*> = 4+0.1089 = 4.1089

At Point D (3, 0), 7=3%+9(0-2)?=9+4=13

—
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Therefore, the objective function is maximized when x =3 and
y = 0. The maximum profitis # =13

In general, we can distinguish the nonlinear programming from that of linear one based on the
following points.

¢ In nonlinear programming the field of choice not necessarily locates at its extreme points.

e The number of constraints may not be the same with the choice variables.

e Following the same direction in a movement may not lead to a continually increasing or
(decreasing) value of the objective function.

e The feasible region may not be a convex set.

e A local optimum may not be a global optimum.

Kuhn - Tucker Conditions

In the previous section of this chapter, we have discussed about optimization problems of the
objective function with equality constraints and without explicitly restricting the sing of the choice
variables. In this case, the first order condition is satisfied provided that the first order partial
derivative of the Lagrange function with respect of each choice variable and with respect to the
Lagrange multiplier is zero. For instance, in the problem

Maximize 7 = f(X,y)
Subjectto g(x,y) =k
The Lagrange function is
L=f(xy)+Ak-g(xy))
The first order condition states that
L, =L, =L, =0

In non-linear programming, there is a similar first order condition which is referred to as Kuhn-
Tucker conditions. As we discussed previously, in classical optimization process, the first order
condition is a necessary condition. However, a certain condition should be fulfilled for the Kuhn -
Tucker conditions to be necessary conditions.

Now let us discuss Kuhn-Tucker conditions in two steps for the purpose of making the explanation
easy to understand.

Step 1
In the first step, let us take a problem of optimizing the objective function with non negativity
restrictions and with no other constraints. In economics, the most common inequality constraint is
non negativity constraint.

Maximize 7 = f(x)

Subjecttox > 0
provided that the function is supposed to be continuous and smooth. Based on the restriction x >
0, we may have three possible results. As shown in the following figures.
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fx)

When the local maximum resides in side the shaded feasible region as shown above at point B of
diagram (i), then we have an interior solution. In this case, the first order condition is similar to

that of the classical optimization process, i.e. (:j—” =0.
X

Diagram (ii) shows that the local maximum is located on the vertical axis indicated by point C. At
this point, the choice variable is 0 and the first order derivative is zero, i.e. O(Ij—” =0, at point C
X

we have a boundary solution.

Diagram (iii) indicates that the local maximum may locate at point D or point E with in the feasible
region. In this case, the maximum point is characterized by the inequality d—”< 0 because the
X

curves are at their decreasing portion at these points.

From the above discussion it is clear that the following three conditions have to be met so as to
determine the value of the choice variable which gives the local maximum of the objective
function.

f'(x)=0,and x>0 (point B)
f'(x)=0,and x=0 (pointC)
f'(x)<0,andx =0 (point D and E)
Combining these three condition in to one statement given us
f'(x)<0 x>0 and xf'(x)=0

The first inequality indicates the information concerning%—ﬂ. The second inequality shows the
X

non negativity restriction of the problem. The third part indicates the product of the two quantities
x and f'(x). The above statement which is a combination of the three conditions represents the
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first order necessary condition for the objective function to achieve its local maximum provided
that the choice variable has to be non negative.

If the problem involves n - choice variables like
Maximize 7 = f(X,,X,, Xg,.-.X,,)
Subjectto x, >0
The first order condition in classical optimization process is
fp =1, =f; =—-—-- =f, =0
The first order condition that should be satisfied to determine the value of the choice variable
which maximizes the objective function is

f.<0 ;>0 and x f=0 (i=1,2,3,------ , )
Where f. is the partial derivative of the objective function with respect to x;  i.e.,
-
0X;

Step 2
Now we continue to the second step. To do this, let us attempt to incorporate inequality constraints
in the problem. In order to simplify our analysis, let us first discuss about maximization problem
with three choice variables and two constraints as shown below.

Maximize 7 = f(X;,X,,X;)

Subjectto  g*(x,,X,,%;) <k;

972 (X,, Xy, %) < ko
And X1, X2, X3 >0

Using the dummy variables s; and s> we can change the above problem in to
Maximize 7 = f(X;,X,,X;)
Subjectto g*(X,,X,,X;) +8, =K,
92(X1’X27X3)+52 = kz
X1 Xy, X3 20&S,,8, 20

We can formulate the Lagrange function using the classical method provided that the non
negativity constraints of the choice variables are not existed as

L= f(X11X21X3)+ﬂ1[k1 —gl(xl,xz,x3)—sl]+/12[k2 —gz(xl,xz,xg)—sz]

It is possible to derive the Kuhn- Tucker conditions directly from the Lagrange function.
Considering the above 3-variable 2-constraints problem
The first order condition is

oL _ oL _ oL _ oL _ oL _ AL oL

ox,  ox, Ox, @s, 0s, 0A, O0A

]
651

—



However, x; and's; variable are restricted to be non negative. As a result, the first order conditions
on these variables ought to be modified as follows.

a—LgO X;20 andxja—L:O
OX; OX;
iSO ;20 andsi%:O
oS, 05,

oL

L -p Where (i=1,2and j= 1, 2, 3)
oA

However, we can combine the last two lines and thereby avoid the dummy variables in the above

first order condition as shown below. Ass—L = —A,, the second line shows that
S.

-1, £0,, ;20 and —s, 4, =0
or

420, >0 and Si4 =0

But, we know thats, =k, —g'(x,,X,,X;) . By substituting it in place of s;, we can get
ki —gi(Xl,Xz,Xg)ZO A2 0 and 4 [ki —gi(xl,xz,xg)] =0

Therefore, the first order condition without dummy variables in expressed as

a—LsO X;2 0 andxja—LZO

axj axj

oL i i _
oA = ki_g (Xl,XZ,X3) >0 /1i 2 Oand }“i [ki_g (Xl,Xz,Xg)]—O

These are the Kuhn - tucker conditions for the given maximization problem.

How can we solve minimization problem?

One of the methods to solve this problem is changing it in to maximization problem and then
applies the same procedure with maximization. Minimizing C is similar to maximizing (—C).
However, keep in mined the fact that we have to multiply each constraint inequalities by (-1). We
can directly apply the Lagrange multiplier method and determine the minimization version of
Kuhn - Tucker condition instead of converting the inequality constraints into equality constraints
using dummy variables as

a—Lzo x;>0 and xja—LZO

an an

oL <0 A.20 and 4 oL 0 (minimization)
04 o4,

Example
2. Let us check whether the solutions of our example 1 satisfy the Kuhn - Tucker conditions or not
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a) Minimize C= x?*y?
Subjectto xy> 25
X,y >0

The Lagrange function for this problem is
L=x*+y*+1(25-xy)
It is a minimization problem. Therefore, the appropriate conditions are

%:Zx—iyzo, x>0 and xL =0
OX OX
Lo oy_ax>0, y20 ad yZ=o0
oy oy
oL oL

— =25-xy<0, 420 and A —=0
oA oA

Can we determine the non negative value A which will satisfy all the above conditions together
with the optimal solution x and y? The optimal solutions in our earlier discussion are x=5 and y=5,

which are nonzero. Thus, the complementary slackness ( x Z—L =0,y % = 0) shows that Z—L =0
X X

and %: 0.
oy

Thus, we can determine the value of A by substituting the optimal values of the choice variables
in either of these marginal conditions as

a 2X- 4y =0
OX
2(5)- A(5)=0
10-54=0
A =2>0
This value 1=2,x =5 & y =5 imply that oEs 0, o 0, e 0 which fulfils the marginal
OX oy oA

conditions and the complementary slackness conditions. In other words, all the Kuhn - Tucker
conditions are satisfied.

3. Maximize Z =10x — x* +180y — y°
. X+y<80
Subject to
X,y=>0

Solution

First we should formulate the Lagrange function assuming the equality constraint and ignoring the
non negativity constraints.

L =10x —x* +180y — y* + A(80—x —y)
The first order conditions are
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oL

—=10-2x-1=0=>1=10-2x-————-—-————————— @
OX
oL
—=180-2y-1=0=>1=180-2y - ———————————— (2)
oy
oL
—=80-x-y=0=x+y=80--———--—-----—-———— 3
Y y y ©)

Taking equation (1) and (2) simultaneously
10-2x=180-2y
2y —2x =170
2y =170+ 2x

If we substitute equation (4) in to (3), we get
X+85+x=80

2X=-5=>x=-25
However, the value of the choice variables is restricted to be non negative. Thusx* =-2.5 is
infeasible. We must set x= 0 since it has to be non negative. Now we can determine the value of
y by substituting zero in place of x in equation (3).

0+y=280
y* =80
Therefore, 1" =180-2(80) = 20
The possible solutions are x* =0,y* =80,4" =20
However, we must check the inequality constraints and the complementary slackness conditions
to decide whether these values are solutions or not.
1) Inequality constraints
1) The non negativity restrictions are satisfied since x =0,y =80,4=20>0

i) Inequality constraints
X+y <80

0+80<80
2) Complementary Slackness conditions

i) xZ—L =0,x=0=> Z—L <0 as the problem is maximization.
X X

%=—10<0
OX

.. oL oL
i) y—=0,y=8020=—=0
oy oy

% _180-2(80)-20=0
oy
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/I%:O,ﬂ:20¢0:>%=0
oA oA

a—L:8O—0—80:O
oA

i)

All the Kuhn Tucker conditions are satisfied. Thus, the objective function is maximized when
x" =0,y =80,4 =20.

Economic Application

Example
4. Given the revenue and cost conditions of a firm as R = 32x — x*andC = x* +8x + 4, where X
is output. Suppose the minimum profit isz, =18. Determine the amount of the output which

maximizes revenue with the given minimum profit. In this case, the revenue function is concave
and the cost function is convex.

The Problem is
Maximize R =32x —x?
Subjectto x* +8x+4—32x+x*><-18
And x >0

Under these situations the Kuhn-Tucker conditions are necessary and sufficient conditions as all
of the above three conditions, i.e., (1), (2), 4(3), are satisfied.

The Lagrange function of this problem is

L=32X—X*+A(-22—-2X* + 24X) == ———————————— — @
Thus,
oL
322X AX+ 280 =0 ()
OX
L S Dy IV M 3)
oA

_ —22-2x*+24x=0
From equation (3)
2x? —24x+22=0-————————— (4)

Solving (4) we get, x=1or x=11. 12—73 Or /Izé

However, we must check the inequality constraints and the complementary slackness conditions
to decide whether these values are the solutions or not

%SO, x>0 and xﬁzo, ----------------------------- (5)
OX OX
Lso 120 and A S0 (6)
o2 oA

At X=1
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At this point x>0 this implies thatg—l‘:o. Thus, Z—L:30+20/1:0:>/1:_73. It does not
X X

satisfy equation (6).

At X=11, x>0 this implies that Z—L =0, ThusZ—L =10-201=0=> A= % . It satisfies both
X X
equation (5) and (6). This means, the Kuhn-Tucker conditions are fulfilled at x =11. Therefore,

revenue is maximized when the firm sells x =11 units of output.

Mixed Constraints

An optimization problem with mixed constraints can be reformulated either as maximization or

minimization problem. This procedure incorporates the following conditions.

i) Maximizing the objective function Z(x) is equivalent to the problem of Minimizing —Z(x) or
vice versa-

ii) The constraint g(x) < ccan be presented as— g(x) > —c.

iii) The constraint g(x) > cis equivalent to the double constraint —g(x) < -c
iv) The non negativity constraint x >0can be denoted by a new constraint g(x) =-x<0.

Exercise
Solve the following questions based on the information given above.
1. Describe non linear programming =-----=-==-=m- s s e o

4. Write the Kuhn - Tucker condition of the problem
MaximizeU =U (X;, Xy, Xg,eees X;,)

Subjectto  p,X; + P, X, + P3X; +..p,X <B
X5 Xy s Xgpeennn Xy 2 0
When x; represents goods consumed and p, represent the respective price of these goods. --------

5. Check whether the Kuhn - Tucker conditions are satisfied or not for the problem given in
example 1 (b) at the optimal values of x and y. -------=--===-=nmmno-- e
6. Minimize C = x% + y?
Subjectto x+y > 2
X,y >0
Write out the Kuhn - Tucker conditions and use them to find the optimal solution by trial and
error, what are the values of X and y? ------==-==-m = m e

7. Given the demand function of the firm is given as

]
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P =12—x And the cost function is C = %xz when the minimum profitis 7 =24, then

MaximizeR = f (x)
Subject to C(x) — R(x) <-24
X >0
e |s the Kuhn - Tucker condition satisfied or not?
e Determine the value of x using trial and error.
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UNIT Three
COMPARATIVE STATICS ANALYSIS

Introduction

The change in equilibrium states in response to a change in exogenous variables leads to a type of
analysis known as comparative static (equilibrium) analysis where as the question of attainability
and stability of equilibrium lies on the field of dynamic analysis. But this unit will be emphasized
on the nature of comparative static (equilibrium) and its application on economic models
(particularly on market and national income models) and its limitations.

First of all you should have good understanding about the meaning of equilibrium in order to know
the concept of comparative static analysis.

Equilibrium is “a constellation of selected interrelated variables so adjusted one another that no
inherent tendency to change prevails in the model which they constitute.”

In this definition there are some words, which require particular consideration. These are,
The word “selected” gives emphasis to the reality that there are other variables that have not been
incorporated in the model. It is clear that the equilibrium which we are dealing with can be
functional based on certain assumptions such as other things being equal. The reason is that, if
other variables are included in the model, the existing equilibrium state will not persist.

The word “interrelated” indicates that all variables in the model have to be in a state of rest at the
same time for achieving equilibrium condition.

The word “inherent” shows that this state of rest considered should depend only on the balancing
of internal forces of the model. It is supposed that there are no changes in external factors, for a
change in these factors will result in a new equilibrium

5.1.Nature of Comparative Static

As its name indicates the term comparative static is emphasized on the comparison of different
equilibrium states, which are related, with different set of values of parameters and exogenous
variables. First of all, it is usual to suppose a given initial equilibrium state so as to carry out this

comparison. For instance, this initial equilibrium will be indicated by a define price P and its
corresponding quantity Q in a closed—market model.

——
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In the simple national income model a determinate income Y and a corresponding consumption

C will represent the initial equilibrium. This initial equilibrium will be disturbed provided that
there is a change in exogenous variable or certain parameters in the model. Consequently, several
endogenous variables have to be subjected to some adjustment. Supposing that some of the new
equilibrium state can be defined and attained, the problem faced by comparative static analysis is
comparing the new equilibrium with the old one.

We don't pay attention for the process of adjustments in comparative static analysis rather we
compare the old equilibrium with the new equilibrium state. In this analysis, we assume that the
new equilibrium has to be attainable as we did for the old one.

The nature of comparative static may be either qualitative or quantitative. The analysis will be
qualitative provided that our emphasis is only to determine the direction of the change. On the
other hand, quantitative analysis is concerned on determining the magnitude of the change in the
endogenous variables resulting from a given change in some parameters or exogenous variables to
the model. However, it is clear that we can get the direction of the change from the algebraic sign
of the quantitative solution. This means quantitative analysis often incorporate qualitative analysis.

5..2 Differentiation and its Application to Comparative Static Analysis

As we know the main problem in comparative static analysis is finding the rate of change of the
dependent variable with respect to a small change in the independent variables. For instance, in a
function
y=f(x)
Where vy is dependent variable
X is an independent variable
The rate of change of y with respect to x is denoted by
dy
dx
I think you have studied about the concept of differentiation and its rules in quantitative method
for economists | and in the first unit of this course. Therefore, go to these sources and check what
you have studied and discuss with your friends in order to avoid the redundancy.

Have you checked and grasp the concept of differentiation and its rules? Ok. Good. By now,
therefore, we have the ability to solve certain problems we face in comparative static analysis such
as determining the equilibrium values of the endogenous variables when there is a change in any
of the exogenous variables or parameters. Let us apply the mathematical method of derivative on
the following economic models.

Market Model
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Let us take a simple-one commodity market model to observe the application of techniques of
derivative to determine equilibrium quantity and equilibrium price. There are three variables in
this model as it is a one commodity model. These are:

e quantity demanded of a good (Q, )

e quantity supplied of a good (Q,)
e price of agood (P)

It is clear that we should put assumptions considering the working of the market.

Assumptions

e |t is assumed that market equilibrium will be achieved when quantity demanded is equal
to quantity supplied, i.e. when the market is cleared.

e Quantity demanded is supposed to be a decreasing linear function of price. This means, as
price decreases, quantity demanded of a good increase, citrus paribus and vice versa.

e Quantity supplied is assumed to be an increasing function of price, other things being equal.
In this case no quantity will be supplied if the price is not greater than a certain positive
value.

The model includes:-

e One equilibrium condition.

e Two behavioral equations.
Algebraically, the model can be expressed as

Qd = Qs
Q= -pP (@1 B1>0)-mmmmmmmmmmmmomee s 1)
Qi =-a,+B,P (a2, B2 >0)
All of the four parameters a1, a 2, S, and /2 are supposed to be positive.
Equating Q, and Q, results in

Qd = Qs = Q
And the model can be written as a reduced form of two equations in two variables:
=a, - BP
Q=ey-pp @)
Q=-a,+p,P

The model can be further reduced to a single equation in a single variable as
o, =P =—-a, + p,P
Rearranging this equation gives us
a, +a,=pP+pB,P
o, +a, =P(B,+ ;)
Dividing both sides of the equation by ( 8 , + 2 gives us the solution value of P, i.e. P.

P=—2—= vﬁ1+ﬂ2¢0 """"""""" (3)
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Equation 3 indicates the fact that the determinate value, i.e., equilibrium price, is expressed in

terms of the parameters. The equilibrium price, i.e. P, is positive because we put the restriction
that all the four parameters are positive.

To get the equilibrium quantity of the market which corresponds to P we should substitute
equation (3) in to one of the equations of equation (2). Substituting it in the supply equation gives
us

=_ a, +a,
Q= -a +'82(ﬂ1+ﬂ2)
Q = _a2+a1132+0‘2,82
B+ B
Q= —a, (B + B,) + (B, + 2, 8,)
B+ B
_ LB - p o+ f
B+ B,
O Y Sy S S W
o= Lt pap, 0 @

Similarly in equation (4) we have observed that equilibrium quantity is expressed in terms of the
parameters. We know that quantity never be negative. Thus, this situation requires that the
numerator (e, 3, —a, 3,) should be positive. This meansa , 5, > a,f3, .

Now we can observe the effect of a small change in one of the parameters either on P orQ. To
do this, we must partially differentiate each variable with respect to each of the parameters.
Through observing the sign of the partial derivative of the variables, for example P, with respect

to the parameters, we can point out the direction in which P will move when the parameter
changes. If the magnitude is known, it will constitute quantitative analysis. Let us see the effect of

change in the parameters on P,
oP 1
Oa, (B +5,)
oP _ 0B +5,) Uy +xy)

0B, (B, +B,)
= E’élajr;jl)zz) -------------- Quotient rule)
oP 1 _oP

da. B +p, oa

P —(a,+a,) 0P

0B, (Bi+B) B
We have put a restriction that all parameters are positive in this model. As a result, we have the
ability to conclude that
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oP _ oP
oa, " das

It indicates that as the parameter ¢, increases, there will be an upward shift in the demand curve

which leads to an increase in equilibrium price, i.e. P , given the supply curve. However, the slope

>0

. L P . .
of the demand curve is the same. Similarly, 2— >0 shows that an increase in the parameter «,
a2

leads to a parallel downward shift in the supply curve which in turn results in an increase in
equilibrium price, i.e. P given the demand curve. In this case the slope of the supply curve is
constant.

In addition to this P _P <0

op, 9P,

P : : :
2— < 0 reflects the fact that as S, increases, the slope of the demand curve will be steeper and it
1
will rotate to the left (inward) at the point of the intercept. Therefore, the equilibrium price

decreases given the supply curve. Similarly, op
2

increases, the original supply curve will be rotated to the left about the point of its intercept which
decreases the equilibrium prices given the original demand curve. It is in line with the negative
sign of the above derivative.

<0 shows that as the slope of the supply curve

Have you done the above exercise? Ok that is good. Now try to relate your answer with the
following analysis. We know that

Q = af, —a,p
P+ B,
From this equation one can see the effect of change in each of the parameters using the technique
of partial differentiation as follows.

Q __ 5

—_x~ - __ " >0
oa;, P +p,

oQ _ % (B, + B,) — U, —a,8,) .
op, (B, + B,)*
_ LB —af —auf +apy
(B +1,)°
Q _ — (.8, + a3,) <0
op, (B +5,)

----- (Quotient rule)

86 — _ﬂl
oa, pi+p,

<0
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66 _ al(lgl + ﬂz) —1(0!1,32 _a2ﬂl)
op, (B +5,)°
_ aftaf, —afh +ap
(B +5.)°
oQ _ a,py +a,p >0
op, B+ Bo)*

Try to interpreter the above result. ----=-=-=-====mmmmmm oo

Example
1. Given the demand function Q, = 24 -2p

The supply function Q,=-5+7P
Find the equilibrium price and equilibrium quantity of the commodity. In our example «, =24,
a, =5, =2 and S, =7 . Equilibrium is achieved where quantity demanded is equal to quantity
supplied of a commodity, i.e.

Qud=Qs=Q
Therefore, at the point of equilibrium
24- 2p=-5+7p
24+5 = Tp+2p
29=9p
529
9
P represents the equilibrium price (market price) of the commodity. Substituting the value of
equilibrium price either in the demand or the supply equation gives us the equilibrium quantity.
When we substitute it in the demand equation

Q =24-2(%)
9
= 58
=242
Q 9
— 216-58
Q="
g 158
9 pa—
What happens to the equilibrium price P when ¢, increases from 24 to 25 other things being
equal?
It becomes 25-2p = -5+7p
25+5=9p
30=9p
p =30
9

—
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The equilibrium price increases from % to 39—0 when the parameter «, increases from 24 to 25

units.
What happens to the equilibrium price, P when the parameter p, increases from 7 to 8?

Please, try to observe the effect of change in the remaining parameters on equilibrium price and
equilibrium quantity of the commodity.

2. Given
Q,=51-3P
Q,=6P-10

National Income Model
Now let us consider a national income model with three endogenous variables namely
e national in come (Y)
e consumption ( C)
o taxes(T)
The model becomes Y =C+1,+G,

C=a+b(Y -T), Where a>0; 0<b<l ----------------- (5)
T =c+dY, where ¢> 0, 0<d<1

As it is shown above, the equilibrium condition of the national income is reflected in the first
equation. But the second and the third equations indicate the way to determine consumption (C)
and taxes (T) respectively.

In this model, a, b, ¢ and d are parameters. Their values are restricted and they are described as
follows.

The parametera represents autonomous consumption, i.e. consumption without income. Its value
is positive. It indicates that the consumer may consume from past saving, family remittance or
borrowing with zero income. The parameter b shows marginal propensity to consume (MPC). It
is the rate at which consumption changes when disposable income changes by one.

Algebraically, MPC = b = _AC

A(Y =T)

Its value lies in between zero and one. MPC = b= 0.6 means that as disposable income increases
(decreases) by one unit consumption increases (decreases) by 0.6 units.

The parameter ¢ represents tax revenue without income. It is clear that government can have
positive tax revenue from the tax base other than income. As a result c is positive.

The exogenous variables in the model namely investment (I,,) and government expenditure (G, )
are supposed to be nonnegative. Similar to the parameters, these exogenous variables are assumed
to be independent of one another.
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In this model, it is possible to solve the equilibrium income Y in such a way that substituting the
third equation of the model in to the second one and then substituting the resulting equation in to
the first equation.

The second equation of the mode is
C=a+b(Y-T)
Substituting the third equation it gives us
C=a+b[Y —(c+dY)]
C=a+DbY -bc—bdY
Substituting this resulting equation in the first equation of the model, we get
Y =a+bY-bc-bdY+1,+G,
Rearranging this equation,
Y —bY +bdY =a-bc+1, +G,

Y(1-b+bd)=a-bc+1,+G,

Thus, the solution value of Y (the equilibrium national income, Y) in reduced form is

a—-bc+1,+G,
1-b+bd | s (6)

Y =

From this equation we can get six comparative static derivatives. What are they? Please, partially
differentiate Y with respecttoa, b,c,d, 1, and G,, and thereby answer this question .------------

Have you answered this question? Ok, good. Now try to relate your answer with the following
analysis and correct it if there you have done a mistake.

N __ 1

da 1-b+hbd

0Y _ 2(1-d)-c(—-b+bd)

ob (1-b+bd)?

Y__ b

oc  1-b+hd B

oY _—-b(a-bc+I1,+G;) _  -bY

ad 1-b+bd)? 1-b+bd
o__ 1 (Investment multiplier)
oly, 1-b+hbd

N L (Government expenditure multiplier)
0G, 1-b+hbd

—
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From these partial derivatives, the following three are very crucial from policy point of view.?

oN__ b 30— (7)
oc 1-b+hbd

ﬁ:_b(a_bc_'_lo_:GO): _bY B O [ (8)

od (1-b+bd) 1-b+hbd
S — (©)

= >
0G, 1-b+hd
The partial derivative shown in equation (7) above indicates the non- income tax multiplier. This
equation explains how the change in government revenue from non- income tax sources affects
equilibrium income. It is negative in the model as the denominator is positive and the numerator
is negative as shown above.

The partial derivative indicated in equation (8) represents an income-tax rate multiplier which is
negative for any positive equilibrium income. As tax rate increases, then equilibrium income
decreases.

Finally, equation (9) shows the partial derivative of equilibrium income with respect to
government expenditure. It is referred to as government expenditure multiplier. The value is
positive which indicates that increase (decrease) in government expenditure increases (decreases)
equilibrium national income.

Example
Given the following national income mode,
Y=C+1,+G,
C=50+0.6 (Y-T) =-m-m-mmmmmmmmmmmm oo (10)
T=30+0.3Y
I, =20
G,=15

FindY, C and T

Solution
From the given model, substituting the third equation in to the second equation given C
=50+ 0.6 [Y- (30 +0.3Y)]

=50+ 0.6 (Y-30-0.3Y)

=50+ 0.6 (0.7Y -30)

=50-18+0.42Y

C =32 + 0.42Y -mmm-mmmmmmmme e (11)

Substituting equation (11) in to the first equation of equation 10, and the value of I, and G in this

equation, we get

2 Chiang A.C., fundamental Methods of Mathematical Economics, 3" ed. P.182

( 1
( 80 )



Y=32+0.42Y+20+15
Y=67+042Y
Y-0.42Y =67

0.58Y =67

v 67

~0.58
Y =1155 Equilibrium national income

Therefore,
C=32+0.42 (115.5)
=32+48.51
C =80.51 or
We can get the value of C by using its reduced form
C = a—-bc+b(l-d@-d)(I, +G,)
1-b+bd
In our examplea=50,b=0.6,c=30,d=0.3
1,=20,G, =15
50-0.6(30) +0.6(1-0.3)(20+15)
1-0.6+(0.6)(0.3)
_50-18+(0.42)(35)
~ 0.4+0.18
C =80.52

Thus, C =

Similarly,

T=30+03Y
= 30+0.3(115.5)
= 30+34.65

T =64.65
Or

(c—bc)+d(a+1,+G,)
1-b+bd
30-(0.6)(30) +0.3(50+20+15)
1-0.6+(0.6)(0.3)
30-18+0.3(85)
0.58
_12+255
~ 058
T =64.65
What happens to equilibrium national income when government expenditure increases by 5 units?
What about consumption and taxes at this point?

T=
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AY = AG(L) -2 _ge2
0.58" 0.58

Y =1155+8.62=124.12
It shows that an increase in government expenditure increases equilibrium national income.

Try to determine C and T at this new level of equilibrium income.

Input - Output Model

I think you have studied about the concept of input-output model in your Quantitative Method for
Economists Il course. Therefore, please try to revise what you studied from these sources in order
to understand the forthcoming discussion properly.

As you know the solution of the open input - output model is described in the form of matrix
equation as follows.
X=(-A)"d

Where X represents the output vector in the model

| - is an identity Matrix

A- Technical coefficient Matrix

(I-A) is Leontief Matrix (technology Matrix)

d- is the final demand vector
Representing the inverse of the technology Matrix (1 — A)™" by C= [C; ], the solution of the a

simple three industry economy can be described as
X=Cd
or in matrix form

Based on the above matrix we can determine the rate at which the solution values (the output of
each industry) X ; changes with respect to change in the exogenous final demand, d,, d,, d,.

8Xj—C where (j, k=1, 2, 3)
6dk jk1 H H H

To understand this fact, let us multiply the technology matrix with the final demand, and show
the solution as

1 C11d1 +C12dz +(-\'13d3
2 | = CZldl + C22d2 + C23d3
3 C31d1 +C32d2 +C33d3

x| X| X
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Partially differentiating this system of three equations gives us a total of nine comparative- static
derivatives. These derivatives are

X X X

a0, ", % e,
1 2 3

oX, _C, oX, _C,, oX, _C,,

od, od, od,

X, = 8)(_3:(;32 %:Css

ad, ¥ ad, ad,

These nine derivatives can be summarized in matrix form as shown below.
a)z Cll C:12 Cl3
8_d = C21 C22 Czs
C31 C32 C33

It is a compact way of representing all of the comparative static derivatives of our open input -
output model. It is clear that comparative static derivatives of the input — output model are
beneficial for economic planning as they offer a means of solving the problem of changing the
output target of the industries due to a change in the final demand of consumers.

Numerical Example

Suppose a simple economy has three inter-industrial sector such as agriculture, manufacturing,
and service, and one final demand sector, i.e., Household sector. It is given that a birr wroth of
agricultural product requires 20 cents worth of agriculture, manufacturing and service sectors
product each respectively as an input, a birr worth of manufacturing product needs 5 cents, 20
cents and 10 cents worth of agriculture, manufacturing and service sector's output respectively as
input and that of a birr worth of service sector's product requires 10 cents, 20 cents and 40 cents
worth of agricultural, manufacturing and service sector's output respectively as inputs.

Based on the given above determine the technical coefficient matrix in the order of agriculture,
manufacturing and service sector.

0.2 005 0.1
A=102 02 02
02 01 04

Determine the technology matrix

1 0 0] [02 005 0.1
(1-A)=|0 1 0|-[02 02 0.2
00 1| |02 01 04

]
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08 -005 -0.1
(1-A)=|-02 08 -02
~02 -01 06

With this technology matrix, the open input - out put system can be expressed in the form (I- A)
X =d as follows

08 -0.05 -01]|X,| [d,
-02 08 -02|X,|=|d,
-02 -01 06 | X,| |d,

By inverting the 3x3 technology matrix (I - A), the solution of the above system can be determined
as

X=(-A)"d
To put it in matrix form, we ought to find the determinant of the technical coefficient matrix and
the inverse of the technology matrix, i.e., (1 -A) .

1 i
(I1-A)"= adj.(1 — A)
1-A
0.8 -0.2 -0.2 -0.2 -0.2 0.8
I-A=08 +0.05 -0.
-0.1 0.6 -0.2 0.6 -0.2 -0.

I = Al =0.8(0.48—0.02) + 0.05(—0.12 — 0.04) — 0.1(0.02.0.16)
I — A =0.8(0.46) + 0.05(—0.16) — 0.1(0.18)

I - Al =0.368—0.008 —0.018

I - Al=0.342

To get the adj.(I- A), first we should construct the cofactor matrix of (I - A).
The cofactor matrix C of (I - A) is

Therefore,

—
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08 -0.2 -0.2 -02
Cu=(-1D° Cp, = (-1)°
uw=C oy 0.6‘ 2= o, 0.6‘
C,, =0.48-0.02 Cy, = (-1)(-0.12-0.04)
C,, =0.46 C, =0.16
-0.05 -0. 08 -0.
C, =(-1)° C, =(-1*
2= o4 o.ew 2= o, 0.6]‘
C, =(-1)(-0.03-0.01) C,, =0.48-0.02
C, =0.04 C,, =0.46
-0.05 -0.1 08 -0.1
C,, =(-D* C,, =(-1)°
2= g —0.2‘ 2= o, —0.2‘
C,, =(0.01+0.08) C, = (-1)(-0.16-0.02)
C,, =0.09 C,, =0.18

Thus, the cofactor matrix of the technology matrix is

C:

0.46 0.16 0.18
0.04 0.46 0.09
0.09 0.18 0.63

-02 08
Cp=(-1)*
=001 05 —0.11
C,, =(0.02+0.16
C,=0.18
08 -0.05
Cp = (-1)°
s =0 o, —0.1‘
C,, = (-1)(-0.08-0.01)
C,, =0.09
08 -0.05
C.,=(-1°
33 ( ) 0.2 0.8 ‘

C,, = (0.64—0.01)
C, =043

And the ad joint matrix is the transpose of the cofactor matrix. As a result, the ad joint matrix of

the technology matrix is

0.46 0.04 0.09

Adj.(1-A)=C’=[0.16 046 0.18

We know that

(1-A)7=

Therefore,

(1-A"

(1-A)* =

Consequently,

0.18 0.09 0.63

1
(1-A)

adj(l — A)

0.09]
018
0.63

0.46
0.16
0.18

0.04
0.46
0.09

1

" 0.342

0.26
0.53

[1.35
0.42

0.12
1.35
0.26

0.53 1.83

—
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X, | [135 012 0.26]d,
X, =042 135 0.53]d,
X,| 053 026 1.83]d,
X, =1.35d, +0.12d, + 0.26d,
X, =0.42d, +1.35d,+ 0.53d,
X, =0.53d, +0.26d, + 1.83d,

Determine the nine comparative static derivatives based on the above system of equations -----

If the final demand for agriculture, manufacturing and service sector's output of this simple
economy is valued 40 Birr, 80 Birr and 140 Birr respectively, find the gross output (equilibrium

output level) of each sector for the given final demand. Putting it in matrix form
X, | [1.35 0.12 0.26] 40
X, |=/0.42 1.35 0.53| 80
X,| 053 026 1.83(140

Then, the equilibrium levels of output are

X, = 1.35 (40) + 0.12(80) + 0.26 (140)
=54+9.6+36 .4

X ,=0.53 (40) + 0.26 (80) + 1.83 (140)

X,=21.2+20.8 + 256.2

X ,=298.2
By now you have completed the first section of this unit. Therefore, try to do the following self -
test questions in order to examine how you have understood this section.

Exercise
Try to do the following questions based on the above analysis.

1. What is comparative static analysis? -------------==-mmmemommmnmm-

2. Comparative static analysis may be either qualitative or quantitative in nature. Explain their

difference ------------- -
3.Discuss the different rules of differentiation.-----------=====-=----




4. Given the total cost function C=Q?*-5Q? +14Q+75, write out the variable cost function. Find
the derivative of the variable cost function and interpret the economic meaning of that derivative-

5. Given the demand function Q, =30-2p
the supply function Q. =-6+5P

Find equilibrium price P and quantityQ --------------nmmmmmmmmmmmmeev oo -

6. Given the national income model
Y=C+1,+G,
C =25+0.6Y
l, =16
G,=14
Find the equilibrium national income Y and consUMpPtion C ------==--=mmmnmmmmmmmommmemm oo

Have you answered these questions? If your answer is yes, go to the next section. If no, please re-
read this section and try to answer these questions.

5.2 Jacobean Determinant, Hessian Determinants and Limitation of Comparative Static
Analysis

5.2.1 Jacobean Determinant

A system of equations can have unique solution if there is the same number of equations as
unknowns. However, it is not a sufficient condition .In addition to this; the equations are to be
consistent and functionally independent. There exists a systematic method for testing whether there
IS a unique solution or not for a system.

Simultaneous Equation Models

For simultaneous linear equation models, we can use the concept of determinant of a matrix. Given
a linear equation system BX =d where B is an n x n coefficient matrix the determinant of the

coefficient matrix B, i.e.|B| = 0, implies that
e there is row ( column) independence in matrix B
e B existsand
e aunique solution x =B ™ d exists

This means, the determinant of the matrix enables us to decide whether there is unique solution in
a system or not. If the determinant of a matrix vanishes, i.e. zero, a system of the equation does
not have a unique solution. If the determinant of a matrix is different from zero, these systems of

]
871

—



the equations can have a unique solution. However, the determinant criterion does not give the
algebraic sign of the solution value although we know that there is unique solution.

Let us see the following example in order to make this the analysis clear.

Example
Given the systems of sum ' tenuous linear equations

X, -3X,-3X, =7
2X,+4x, +X, =0
0X,-2X, -X; =2
Determine whether there is a unigque solution or not. To do this, we should use the determinant of

the coefficient matrix of the system.
The coefficient matrix of the system is

7 -3 -3
A=(2 4 1
0 -2 1
The determinant of this matrix is
7 -3 -3
A=2 4 1|=-8=20
0 -2 1

Therefore, the equation system possesses unique solution as the determinant does not vanish.

However, the technique of partial derivative and a special type of determinant known as Jacobean
determinant is needed in order to identify the existence of a unigue solution provided that the
system of equations are non - linear models. This means, this type of determinant enables us to
determine whether there is functional dependency among a set of n - functions in n- variables or
not.

If the value of the Jacobian determinant is zero, for all values of x,....., X, , then the functions are

(linearly or non - linearly) dependent of one another. In this case, there is no unique solution. On
the other hand, the functions are said to independent and there exists a unique solution if the value
of the Jacobian determinant is different from zero.

For the sake of understanding this concept, let us consider the following examples.

Example

Given the functions
y, =3x2+ 2%}

]
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y, =5x, +1
Partially differentiating these two functions gives us
% = 6X,, % =4x,

0X, 0X,
N> _g ¥z _
o, X,

If we arrange these partial derivatives in to a square matrix in a prescribed order we can get the
Jacobian matrix, which is represented by J.

¥ M
3= 0%, OX,
N2 Oy
OX, OX,

Its determinant is denoted by|J|.

¥ Y

|J|:ax1 oX, :‘GXl 4x,
N Nf |50
X, OX,

3| = 6x,(0) —5(4x,)

3| =-20x, #0

Therefore, the above two functions are functionally independent of each others ifx, #0.
Consequently, there is unique solution for this system of equations.

2. Given
y, = 3% +X,
Y, =9X; +6x%7 (X, +4)+ X, (X, +8) +12
If we partially differentiate these two functions, we get
N =6X,, 78 =1
0%, OX,

% = 36X +12X,X, + 48X, , Zy_z —6x +2X, +8

1 2
Putting these partial derivatives in the form of Jacobian matrix

]= 6X, 1
|36x% +12x,x, +48%, 6X? +2x, +8

And its determinant is

]
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|J| _ 6X, 1

367 +12x,X, + 48X, 6% +2X, +8
3] =36x; +12x,X, + 48, — (36X, +12x,X, + 48X,
9[=0

Therefore, these two functions are dependent of each other. As a result, there is no unique solution
for the system of equations.
Try to test the existence of functional dependence between these two functions and the existence
of unique solution using the Jacobian determinant.

Y1 = 2%, +3X,

Y, = 4x7 +12Xx X, + 9X}

5.2.2 Hessian Determinant

Do you remember the necessary and sufficient conditions of a function with two or more
independent variables to achieve its optimum value?

What are these conditions for a function? Z = f (x, y)?

Have you answered this question? Ok, Good. Try to relate your answer with the following analysis.

Given the objective function with two independent variables Z=f(X, y), to get a maximum or
minimum of Z, it is necessary that the total differential of this function to be zero (dZ =0) for an
arbitrary values of dxand dy where both are different from zero

dZ = f,dx+ f dy
Since dxanddy are a very small change in the independent variables (dx = 0anddy = 0), the only
situation which leads to a zero dZ is that

fx=1,=0

This means, the necessary condition for a function to achieve its minimum or maximum value is
that both of the first order partial derivatives of the function must be equal to zero.

The sufficient condition to have the extremum value of the function is related with the positive
and negative definiteness of the second - order differential of the given function, d?z.

If d?Z is positive definite, it is a sufficient condition for a stationary value to be a minimum value

of a function whereas the negative definiteness of d?*Z suffice a stationary value to be a
maximum value of the given function. The second order total differential of the above function is

d?Z = f,dx* +2f dxdy+ f,dy? Itis in a quadratic form.
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foo f
d?Z is positive definite iff f_ >0 and |~ _Y|>0
fyx fW
. : L LI
d®Z is negative definite iff f_ <Oand >0
fyx fW
The determinant fxx fxy is referred to as the second order Hessian determinant, |H,| or simply
yX yy
Hessian.
And f,is the first order Hessian determinant, i.e.|H1|. According to the Young's theorem,
fy =T
Example

Find the extreme value of the function
Z=x*+xy+2y°+3
To solve this problem let us first find the first order partial derivatives and the second order partial
derivatives of the function. These are
z_ f,=2x+y , % _ f, =x+4y
OX oy
fu=2 s fy=4 . [y=fx=1
Setting the first order partial derivates equal to zero gives us
2X + Y = Q--mmmmmmmmmemeeae e (12)
X+4y = 0-------mmmmmmmmm e (13)

Taking these two equations simultaneously, multiplying equation (13) by 2 and deducting it from
equation (12) enables us to find the value of x and y.
2x+y=0
2 x+4y =0
2Xx+y=0
2x+8y =0

0-7y=0
y=0
Substituting zero in place of y in either of the two equations, we can find the value of x
2x+0=0
x=0
Thus, the critical points are at x = 0 and y = 0. Now let us see the second order partial derivates at
the critical point. f,=2, f =4, f, = f,=1 They are independent of the critical points.

Arranging the second order partial derivates in the Hessian matrix

]
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H:F“ fxy}{z 1}
fo fu] |1 4

The determinant of this matrix is

|H|—‘2 1‘—2(4) MH*=7>0

Atx=0andy=0, f,=2>0and (f,)(f, )>(f,)*=7>0whichimplies thatd?*Z is positive
definite. Thus, the function achieves its minimum value at x = 0 and y = 0 and the minimum value
is

Z=(0)2+0(0) +2(0)%+3

Z=3
If the given function is with three independent (choice) variables,

Z=f (X4, Xy, X3)
The necessary and sufficient conditions that should be satisfied to achieve its extreme value are
similar to that of a function with two choice variables. That is the necessary condition is which

fa=F,=/3=0

The sufficient condition is related with the positive and negative definiteness of the second order
total differential of the function.

a2g= 20D g aa(dz) gy, + 202

Xl 2 3

dx, =

%(fldxl + f,dx, + fodx;)dx, +a%(fldxl + f,dx, + f,dx;)dx, +a%(fldxl + f,dx, + f,dx,)dx,
1 2 3

= flldxf + fLdxdx, + f dxdx, + f,,dxdx, + f‘,_zdxz2 + 00X, dX; +
f,dx,dx + fodxdx, + fudx?

In order to determine the positive and / or negative definiteness of d°Z we should construct the
Hessian matrix and then its determinant based on the second order partial derivatives of the
function as follows.

fn
H= f21 fzz fzs
f&

Then, the Hessian determinant is

f11 f12 f13
|H | = le fzz f23
f31 fsz f33




The successive principal minors of this determinant are

fll f12 f13

|H|=f21 f22 f23=|H|

f, f
|Hl|: fll |H2|: fll 12

21 22
f31 f32 f33

The second-order sufficient condition for an optimum value of the given function can be described
as

e Zis at its maximum point if and only if |H,|<0,[H,|>0,|H,|<0 (in this case d*Z is
negative definite).
e Zisatits minimum if and only if |H,|> 0,|H,| > 0,|H,| >0 (d*Z is positive definite).

Example
Find the extremum values of

Z = X7 +3%X5 —3%X,X, +4X,X; +6X;

The first order condition for extremum constitutes

fi=2x-3%,=0-——---—————— 14)
f,=-3x,+6X, +4x, =0———————— 15)
f,=4x,+12%x, =0——————————— (16)
The determinant of the coefficient of these three linear equations is
2 -3 0
A=|-3 6 4
0 4 12

|A| = 2(36-16) +3(-36) = -68 % 0

It is different from zero which implies that all of the equations are independent to each other. As a

result, there exists a single solution
X, =X, =X, =0

From equation (14), we got

2X,=3X,
3
Xl :EXZ

From equation (16), we get
4x,+12x, =0
4x,=-12X,

]
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-1
X3 =?X2

Substituting these two results in equation (15) gives us
(—3(gx2) +6X, + 4(_?1x2) =0

_79X2 +6X, —gxz =0

— 27X, + 36X, —8X,
6
—35X%, +36x, =0
6
—35X, +36x, =0
X, =0

=0

x1:§(0):0
This means, 21

X, =—(0)=0

3= 3 (0)

Thus the critical values are x, = x, =X, =0.

As you know the sufficient condition is determined by using the Hessian determinant. Thus, the
Hessian determinant of this function is

f, f, fs [2 -3 0
|H|= f,, f, ful=-3 6 4
f,, f, fyl [0 4 12
The successive principal minors are

H,|=2, |H2|=‘_23 _63‘=12—9=3 IH;|=|H|=2 (72 -16) + 3 (-36) = 4

The result indicates that all of the principal minors are greater than zero. This implies that d * Z is
positive definite. Thus, the function achieves its minimum value at x,= x,= x,= 0 and the
minimum value is
Z = 0%+3(0)* —3(0)(0) + 4(0)(0) + 6(0)*
Z=0
For functions of n-choice variables such as
Z = (X, X5, X5, X;4,.:X,,)
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The necessary condition for the extremum of this function is that all of the n-first order partial
derivatives must be equal to zero. The second order condition can be described by using the sign
of Hessian determinant as we have discussed in unit three.

Bordered Hessian Determinant,‘ﬁ‘

We have discussed the use of the Hessian determinant in order to expresses the second order
sufficient condition of achieving free extremum. We can also use a determinant form of expressing
this condition for the problem of constrained optimization. In this case, we will apply what is

known as the bordered Hessian determinant, ‘Iﬂ rather than the Hessian determinant, |H| .The bar

on the top of the bordered Hessian indicates the border.
Given the function Z = f (x, y) Subject to g(x, y) = ¢, the bordered Hessian determinant is

|09 g,
H|=lg, Z, Z,
gy ZVX ZW

We can determine the sign definiteness of d*Z using ‘H‘ as follows:
d*Z is positive definite subject to dg = 0iff |H| <0 (Z is minimized). d*Z is negative definite
subject to dg = 0iff ‘ﬁ‘ >0 (Z is maximized). Given the stationary values of Z= f(x, y) + A[c-

g (x,y)], if d*Z is positive definite, it is sufficient for a function Z to achieve its relative minimum

where as a negative definite d*Z is a sufficient condition to satisfy the relative maximum of the
objective function.

Example

Suppose a consumer uses two goods with utility function U = xy+ x subject to the budget
constraint 6x +2y =110. Determine the amount of x and y which maximize utility and check the
second order condition using the bordered Hessian determinant.

Solution
Formulating the Lagrange function
L = XY 4 X+ ALLO=BX = 2Y hurrrrrrs s ceverssaas seesssssns sessesssss s sossssens )
The first order conditions are
LX = Y A1 =B84 = 0 et et e et et s e nre e seas (2)
LY = X =24 = 0t et e et sttt et e eerere e seeaeens (3
LA =110—6X =2 = 0t e st et et sies ceiesie e ceeseenes seeseeneas (4

The matrix form is
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0 1 -6[X| -1
1 0 -2||Y|=|0
-6 -2 0|4 [-11

Using Cramer’s rule
The determinant of the coefficient matrix, i.e., |A| is 24.

-1 1 -6 0 1l -6
|A1|: 0 0 -2|=224 |A2|:1 0 -2|-648
-110-2 O -6 -110 O
01 -1
|A3|:1 0 O =112
-6 -2 -11
A| 224 |A,| 648
Theref LA BV I Y Y
erefore, X A 24 y N 24
_IAl_112
A 24

Taking the second partial of L with respect to x and y and the first order partial derivative of the
constraint function with respect to x and y, we can form Hessian bordered as follows.
L, =0, L, =0 L, =L, =1 (Young's theorem)

gx=6’ gy=2

0 6 2
Thus, [H|=/6 0 1|=-6(-2)+2(6)=24>0
210
Thus d”L is negative definite and total utility is maximized when

x:%4 and y=27

5. 2. 3 Limitations of Comparative Static Analysis

We have discussed that comparative static analysis is concerned with the analysis of different
equilibrium points. Comparative static is helpful in finding how the disequilibrating change in a
parameter or exogenous variable will affect the equilibrium state of the model. However,
comparative static's has the following shortcomings.

( 1
| %



e It neglects the process of adjustment from the old equilibrium to the new equilibrium

e Itignores the time element contained in the adjustment process

e It assumes that the new equilibrium can be defined and attained after a disequilibrating
change in the exogenous variable or a parameter.

By now you have completed that last section of this Unit. Therefore, try to do the following
question to evaluate how you have understood the main point in this section.

Exercise
Do the following questions based on the information given above.
1. Describe what the Jacobian determinant iS -------=-=-==-=-mmmmm oo
-------------------- - e N C117/= oI 1
following functions determine whether there is functional dependence or not using Jacobian
determinant.

a) Y, =2x +6X,

Y, ==X, +5X,

b) Y, =5x-3x,
Y, =-2X, +4X,

3. If the total cost function of the firm is C =5Q7 +2Q,Q, +3Q? +800 and a production quota
represented by Q, +Q, =39is imposed on a firm.

Minimize C =5Q; +2Q,Q, +3Q; +800

Subjectto Q, +Q, =39
Check the second order sufficient condition using the bordered Hessian determinant.

4. Suppose the demand functions of the product sold in two separate markets are given as
Q, =24-0.2P;Q, =10-0.05P,

C =35+40Q,whereQ =Q, +Q,

Find the output levels which maximize profit and check the second order sufficient condition using
the Hessian determinant-------=----mmmm oo oo

Have you done these questions? If your answer in no reread this section and try to do them. If yes,
go to the next section..

- —— Answers for Self Test Questions
o

Self Test 5.1
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4) TVC = Q® —5Q? +14Q,d;-V—QC =3Q%-10Q +14

— 36 — 138

W=

6) Y =137.5-C =107.5

Self Test 5.2

2) a.|J|=16>0 b.|J|=14>0 Thus, the functions are linearly independent in both cases.
0 1 1

3) Q =13Q,=26,4=182 [H|=1 10 2|, |H,|=56>0;H,|=|H|=-12<0
1 2 6

-10

0
0 40‘ =400>0,|H,|=-10<0The second order condition is

9Q-80,~4 -]

satisfied.

—
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CHAPTER FOUR
DIFFERENTIAL EQAUATIONS

4.1. Partial Derivatives

In many problems involving functions of two variables, the goal is to find the rate of change of the
function with respect to one of its variables when the other is held constant. That is, the goal is to
differentiate the function with respect to the particular variable in question while keeping the other
variable fixed. This process is known as partial differentiation, and the resulting derivative is said

to be a partial derivative of the function.

For example, suppose a manufacturer finds that Q(X, y) = 5x* + 7xy units of a certain commodity
will be produced when Xskilled workers and Yy unskilled workers are employed. Then if the
number of unskilled workers remains fixed, the production rate with respect to the number of

skilled workers is found by differentiating Q (x, y) with respect to X while holding y constant. We

call this the partial derivative of Q with respect to X and denote it byQ,(X,Y); thus,
Q,(x,y)=10x+7y

Similarly, if the number of skilled workers remains fixed, the production rate with respect to the

number of unskilled workers is given by the partial derivative of Q with respect to y, which is
obtained by differentiating Q(X,y) with respect to y, holding Xconstant; that is, by
Q (X, y)=7x

Partial Derivatives: Suppose z = f (X, y). The partial derivative of z with respect to Xis denoted by

2— or f,(X,y)and is the function obtained by differentiating z with respect to X treating
X

y as a constant. The partial derivative of z with respect to y is denoted by Z—; or f,(x,y) and is the

function obtained by differentiating z with respect to y treating Xas a constant.

Example
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1. Find the partial derivatives f, and f iff(x, y):x2+2xy2+?, to simplify
X

-1

2yX

thecomputation, begin by rewriting the function as f (X, y) = x> + 2xy* +

To compute f,, think of f as a function of xand differentiate the sum term by term, treating y

as a constant to get f, (X, y) = 2x+2y° —327{ . To compute f_, think of f as a function of y and

differentiate term by term, treating X as a constant to getf, (x,y) = 4xy + %

2. Find the partial derivatives f, and f iff(x,y)=xe™"

Solution
From the product rulef,(x,y) = e 2 + x(—2ye ) = e 2*Y(1 + —2xy)and from the

constant multiple rule, f (X, y) = x(—2xe??) = -2x°e™*Y .

4.1.1 Higher Order Partial Derivatives

Partial derivatives can themselves be differentiated. The resulting functions are called second-
order partial derivatives.Here is a summary of the definition and notation for the four possible
second-order partial derivatives of a function of two variables.

Second-Order Partial Derivatives: If z= f (X, y), the partial derivative of f, with respect to

2
xis f_=(f,)or %:ﬁ(@j
ox~  ox\ oXx

. o . . o’z ofez
The partial derivative of f, with respectto yis f =(f ) or =—| —

. . . . 0’z ooz
The partial derivative of f with respect to xis f, =(f,), or —[—J

oyox  ox\ oy
h ial deri . £ ith . _ 0%z __ 0 [0z
The partial derivative of T, with respectto yis f,, = (fy), or 37 = 3y (E)

Examples

]
100 J

—



Compute the four second-order partial derivatives of the function
f(x,y)=xy® +5xy* +2x+1
Solution

Since f, =y’ +5y”+2 itfollows that f, =0 and f, =3y”+10y
. 2 . 2
Since f, =3xy” +10xy it follows that f  =6xy+10x and f, =3y~ +10y

Note that f, = f , . This means you will get the same answer if you first differentiate f(x, y) with

respect to X and then differentiate the resulting function with respect to y as you would if you

performed the differentiation in the reverse order.

4.2 Differentials and total derivatives
Given a function y = f (x), a specific Axwill call forth a corresponding Ay , and we can use the

. A . L
difference quotient A_y to represent the rate of change of y with respect to X . Since it is true that
X

Ay = (%JAX . The magnitude of Ay can be found, once the rate of change % and the
X X

variation in X are known.When Ax is infinitesimal, Ay will also be infinitesimal, and the

difference quotient &y will turn into the derivatived—y . Thus, Ay = &y AX = ay dx =dy.
AX dx AX dx
Symbols of dy and dx are called differential of y and X, respectively.
Example
Giveny =3x* +7x—5, find dy.
The derivative of the function is% = 6X+ 7 ; thus, the desired differential dy = (6x + 7)dx.
X

4.2.1 Total differentials
The concept of differentials can easily be extended to a function of two or more independent

variables. Consider a saving function S = f (Y,i) where S is savings, Y is national income and

i is interest rate. The partial derivative S, (Y ,i) measures the rate of change of S with respect to
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an infinitesimal change in Y (or it signifies the marginal propensity to save). As a result, the

change in S due to change in Y may be represented by (2—5) dY . By the same token, the change

in S due to infinitesimal change in i can be denoted as(g—?jdi . The change in S will be then
I

equal todS = (2—5) dy + (?jdi . The expression dS , being the same of the changes from both
I

sources, is called the total differential of the saving function. The more general case of a function

of n independent variables can be exemplified by, say, a utility function in the general form
U=1F(X,%X, %50 X,)

The total differential of this function can be written as

du :de1 +de2 +@dx3 +...+&dxn
oX, OX, OXq OX,
Example

Find the total differential, given:

b. y= —2X1X2

a. z2=3x"+xy-2y° -
X +X

Solution

a. dz :%dx+%dy:>dz :(6x+y)dx+(x—6y2)dy

b. dy= gdx1 +£dx2. Applying the quotient rule gives us,

24 ox,
dy — 2X2 (X1 + Xz) - 2X1X2 (1) dX1 + 2X1(X1 + Xz) - 2X1X2 (1) dx
(X1+X2)2 (X1+X2)2 2

Rules of Differentials
Let k be a constant and u and v be two functions of the variables X, and X, . Then the following

rules are valid:

Rule I: dk =0 (constant function rule)

Rule I1: d(cu") =cnu™ (power function rule)
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Rule I1I: d(utv)=du*dv (sum-difference rule)

Rule 1V: d(uv)=vdu+udv (product rule)

Rule V: d (Ej = iz(vdu — udv) (quotient rule)
V) Vv

Example 1 Find the total differential dy of the function

y =5% +3X,

The straightforward method calls for the evaluation of the partial derivatives f, =10X, and
f, =3, which will then enable us to writedy = fdx; + f,dx, = 10x1dx, + 3dx,.
Example 2Find the total differential of the function

Y =3¢ + x5

Since f, =6x, + X and f, = 2x,X,, the desired differential is

dy = (6%, + X2 )dx, +(2x.X, )dx,

Exercise: Find the total differential of the following functions

a. ylesz2 C.y= X
2%, X, + X,
b. z=3x"+xy-4y® d.y:ﬂ
X +X,

Total Derivatives

How to find the rate of change of f (X, w)with respect tow, when x and ware related? The
answer for this question lies on the concept of total derivatives. Unlike a partial derivative, a total
derivative does not require the argument X to remain constant as W varies, and can thus allow

for the postulated relationship between the two variables.
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Finding the total derivatives

To carry discussion in a more general framework, let us consider any function

y=f(x,w)  where x=g(w)With three variablesy,X, and wrelated to one another as in
Figure above. In this figure, it is clearly seen that w can affect y through two channels: (1)
indirectly, via the function g and then f (the straight arrows), and (2) directly, via the function
f (the curved arrow). Whereas the partial derivative f, is adequate for expressing the direct

effect alone, a total derivative is needed to express both effects jointly.

To obtain this total derivative, we first differentiate y totally, to get the total differential

dy = f,dx+ f,dw. When both sides of this equation is divided by the differential dw, the result

IS
dy dx dw oy dx oy dw
—=f —+f, —= —=—— + = 1
dw dw dw ox dw oW dw
H,_/ ]
measures the indirect ~ measures the direct
effectofwony effectofwony
The process of finding the total derivative g—y is referred to as total differentiation of y with
W

respect to w.

Examples

. . d . .
Find the total derlvatlved—y , given the function
W

y=f(x,w)=3x—wW* wherex=g(w)=2w* +w+4

]
104 J

—



y = f(x,w)=3x—w* where X =g(w)
Solution
dy _f OX L WD i)+ (c2w) — 10w+ 3

The situation of total derivative is only slightly more complicated when we have

X, = g(w)

. This time, variable w can affect y through three
X, =h(w)

y = f(x,w)=3x—w* where {

channels: (1) indirectly, via the function g and then f, (2) again indirectly, via the function h and
then f, and (3) directly via f.

Then the total derivativeg—y , IS given by:
W

dy dx, dw

—=f— f —+f,—

dw dw dw " dw
Example

Let the production function be Q = Q(K, L,t) where, aside from the two inputs K and L, there is

the third variable t, denoting time. The presence of the t argument indicates that the production

function can shift over time in reflection of technological changes. Since capital and labor, too,

can change over time, we may write K = K(t) and L(t)

Then the rate of change of output with respect to time can be expressed, in line with the total

derivative formula as d—Q = @d—K + @d—L + @
dt oK dt oL dt ot

For example, find% ,given: z=x*—-8xy—y°®, wherex=3t andy =1t

Solution
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dz dx dy dz 2 oQ
—=f —+f =+ f =>—=(2x-8y)(3) + (-8x -3y )(-)+—

4.3 Partial Derivative of Implicit Functions
If the equation F(Y,X,,X,,...,X,,) =0 can be solved for y , we can explicitly write out the function
y=f(X,X,,....X,), and find its derivatives by the methods learned before. But what if

F(Y, X, X,,...,X,,) =0, cannot be solved for y explicitly? In this case, if under the terms of the

implicit-function theorem an implicit function is known to exist, we can still obtain the desired

derivatives without having to solve for y first. The concept of total differentials can also enable us
to find the derivatives of implicit functions.

The total differential of the function F(y, X, X,,..., X, ) = Qis given by

Fdy+Fdx +Fdx, +..+F dx =0

Suppose that only y and x, are allowed to vary (onlydy and dx, are not set equal to zero). Then,

the above equation reduces to for Fydy+ F.dx, =0. Upon dividing through by dx,, and solving

ford—y,wegetﬂ Eﬂ:_i
dx,

Xm other variables constatnt X1 y
By similar means, we can derive all other partial derivatives of implicit function f. Generally, given
F(Y, X, X,,.., X,,) =0, if an implicit function y= f(X,X,,...,X,) exists, then the partial
derivatives of f are
F i
y__5 (i1=12,3,..,m)
OX; F

y

Example 1: Find g—yfor the function F(x,y) = y —3x*.
X

@y_ K =12x°
dx

y

Example 2: Find g—yfor the function F(x, y) = x> +y* —9.
X

F. = 2x and Fy=2y:>ﬂ=—5 (y 0)
dx y
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Example 3: Find %for the function F(x, y,W) = y*x* +W* + yxw—-3=0.
X

o __F __2yx+yw
x F, 3y +xw

—
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CHAPTER FIVE
DIFFERENCE EQUATIONS

5. 1 First-Order-Linear Differential Equations: Continuous Time

Definitions and Concepts

A differential equation is an equation which expresses an explicit or implicit relationship between

a function y = f(t)and one or more of its derivatives or differentials. Examples of differential

equations include
dy 1 n 1
E:5t+7 y'=12y and y"-4y+9=0

Equations involving a single independent variable, such as those above, are called ordinary
differential equation (ODE). The solution or integral of a differential equation is any equation,
without derivative or differential, which is defined over an interval and satisfies the differential
equation for all the values of the independent variable(s) in the interval.

Example: Solve y"(t) =7
Solution: to solve this

[y =y =[7dt="7t+

[y® =y =](7t+c)dt =%t2 +ot+c

This is called a general solution which indicates that when c is unspecified, a differential equation
has an indefinite number of possible solutions. If ¢ can be specified, the differential equation has

a particular or definite solution which alone of all possible solutions is relevant.

The order of a differential equation is the order of the highest derivative in the equation. The degree

of a differential equation is the highest power to which the derivative of the highest order is raised.

]
108 J

—



Example

1. % =2x+10 first-order, first degree
3
dy ) s _ .
2. (EJ 4° =0 first-order, fourth degree
d’y (dyY'
3. FJ{E) +x*=0 second-order, first degree

2.,\° 3,0\
4. ay + ay =60y third-order, fouth degree
dt? dt®

General Formula for First-Order Linear Differential Equations

For a first-order linear differential equation, % and y must be of the first degree, and no product

of y(%j may occur. For such an equation

d—y+ay=b

dt

where a and b may be constants or functions of time, the formula for a general solution is

y(t)=Ae ™ ifb=0 [General solution]
or
y(t) = y(0)e ™ [specific solution] @)
y(t) = Ae™ +g ifb=0 & a=#0 [General solution]
or
y(t) = {y(O) —9} e +E [specific solution] (b)
a a

where A is an arbitrary constant. A solution (b) is composed of two parts: Ae ®is called the

. b. . : : .
complementary function, and —is called particular integral. The particular integral y_ equals the
a

inter-temporal equilibrium level of y(t) ; the complementary function Y, represents the deviation
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from the equilibrium. For y(t) to be dynamically stable, y_must approach zero as t infinity (that

is,a in e * must be negative).

Example: Find the general solution for the following differential equations

dy dy

a. Z+4y=12 d. 2 =2:y(0)=5
™ y ™ y(0)
dy .o .o dy .

b, L +3t’y=t e. 2 -2y=0:y(0)=9
ot y m y =0;y(0)
dy . dy .

c. ——+2y=6:y(0)=10 f.2=2+4y=6;y(0)=4
dt dt

Solution

a. Since a=4 and b =12, substituting in (a) gives

y(t) = Ae™ + % —e*4+3

Ast — o0,y = Ae™* — 0 and y(t) approaches y, =3, the inter-temporal equilibrium level

implying that y(t) is dynamically stable.

b. Inthe equation, a = 3t* and b = t*. Substituting it into the general solution formula, we get
q

2
y(t) = Ae O +;t—2 —e™ +% (time path of y(t))

Ast—oo,y, =Ae" —0and y, - % The equilibrium is dynamically stable.

c. Substituting a=2,b=6andy, =10into the specific formula, we get

6l 2,6 - 2
t)=110-—|e" +=-=7e" +3
y(®) [ 2} >

Ast—ooy = 7e® —0and y, — 3. The equilibrium is dynamically stable.
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d. The general solution when a=0is given by y(t) = A+btand the specific solution is
y(t) =y, +bt. Accordingly, solution for a differential equation under question is
y(t) =5+ 2t.

e. y(t)=9¢” and it is not dynamically stable.

2%+4y =6= 3—¥+ 2y =3. Solving the equation yields
3 3 5 3

ty=|4-Z|e?+ =24+ =

yo [ 2} 2 2 2

Ast—oo,y = geZt — 0andy, — 3/2. The equilibrium is dynamically stable.

5.2 First-Order-Linear Difference Equations: Discrete Time
Definitions and Concepts

A difference equation expresses a relationship between a dependent variable and a lagged

independent variable (or variables) which changes at discrete intervals of time, for example,

I, = f(Y_), where land Y are measured at the end of each year. The order of a difference

equation is determined by the greatest number of periods lagged. A first-order difference equation

expresses a time lag of one period; a second-order, two periods; etc. the change in y as tchanges

from tto t +1is called the first difference of y . It is written as

Ay _

A AY, = Y1 — Y

where Ais an operator replacing d—i’that is used in to measure continuous change in differential

equations. The solution of difference equation defines Y for every value of tand does not contain

a difference equations.

Example: Each of the following is a difference equation of the order indicated.

—
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,=a(Y,_,—Y.,) order two

Q, =a+bp, order one
yt+3 - 9yt+2 + 2yt+l + 6yt = 8 Order three
AY, =Y, oder one

= Y1 Y = Y = Y = 2Y,

Given that the initial value of yis y,, in the difference equation

Vi = bY; (a)
the solution is found as follows:

By successive substitutions of t =0,1,2,3, etc. in (a), we get

Y, = by, ys =by, =b(b?y,) =b’y,
Y, = byl = b(byo) =b? Yo Y, = bys = b(bsyo) = b4y

Thus, for any period t,
Y, =b'y,.

Given a first-order difference equation which is linear (i.e., all the variables are raised to the first

power and there are no cross products),
Yi = byt—l +a
where a and b are constants, the general formula for a definite solution is

a a
= ——— |b'+—— whereb =1 b
Y (yo 1—bj 1o (b)

y, =Y, +at where b =1 (©

—
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If no initial condition is given, an arbitrary constant A is used for Y, —ﬁ in (b) and for y,in

(b). This is called a general solution.

The stability condition of depends on the baseb . If |b| >1, the time path will explode and move

farther and farther away from equilibrium; if |b| <1, the time path will be damped and move toward

equilibrium. Ifb <0, the time path will oscillate between positive and negative values; if b >0,

the time path will be non-oscillating.

Example: Solve the difference equations given below

a. Yy, =-7y,+16andy, =5.
b. Y, =6y,
c. X +3x,+8=0and y,=16

d. yt:%lyt_1+60 and y, =8

Solution

a. Inthe equation,b=-7 anda=16 . Sinceb =1, it is solved by using (b), as follows:

y, = (5 - ﬁj (-7 + 16 _ 3(=7)" + 2 (the time path is oscillating and unstable)
1+7 1+7
b. Sincea=0 and b=6, we have Y, =(y, —0)(6) +0= A(6) where A, as generally used
unspecified constant, replaces y, .
c. Rearranging X +3X_,+8=0to getx =-3%x,-8. Thus, b=-3and a=-8and

substituting in the formula, we obtain

16 t 8 t ) ) .
=|16+— |(-3) ——— =18(-3) —2 (the time path is oscillating and unstable
Y ( 1+3]( ) 1+3 (-3) ( P g )
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t t
d vy = 8—ﬂ (—1] +6—01 = —40(—% + 48 (the time path is oscillating and stable)
1+~ 1+Z 4

5.3 Economic Applications of Linear Differential and Difference Equations
5.3.1 Economic Applications of Linear Differential Equations

Differential equations serve many functions in economics. They are used to determine the
conditions for dynamic stability in microeconomic models of market equilibria and to trace the
time path growth under various conditions in macroeconomics. Given the growth rate of a
function, differential equations enable the economist to find the function whose growth is

described; from pint elasticity, they enable the economist to estimate the demand function.
Example: Dynamics of Market Price

Suppose that, for a particular commodity, the demand and supply functions are as follows

Atequilibrium, o - fp=-y+Sp=a+y=(f+5)p

a+y
p+0

p= (= some positive constant)

If p(0) = p, the market will clearly be already, and no dynamic analysis will be needed. However,
if p(0)= p, p is attainable only after a due process of adjustment, during which not only price
change over time but Q, and Q,, being functions of P, must change over time as well. In this

regard, the price and quantity variables can all be taken as functions of time.

The rate of changein price isa function of excess demand. That is, if demand is larger than what
isrequired by suppliers, market price increases and if it is lower than whatis needed by suppliers
price will decrease. Hence, without any complexity, we can model the rate of change in price as

follows.
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g _ m(Q, —Q,) where m>0& represents adjustment coefficient

—=m(a-pp+y-5p)=m(a+y)-m(B+5)p

d_i) +m(B+8)p=m(a+y) (similar with differential equation presented before)

Applying the solution formula to the above equation, the time path of price is give as

_ Aty mpeen XY
p(t)—[P(O) —ﬂ+5}e +—ﬂ+§
=[P, -Ple™ +P (a=m(B+9))

Note that the model is dynamically stable ifa=m(8+ ) > 0.
5.3. 2 Economic Applications First-Order Linear Difference Equations
1. Lagged Income Determination Model
Assume that consumption is a function of the previous period’s income so that
C, =C, +cY, Y, =C, + 1, where |, =1,
Thus, Y, =C, +cY, , + |, and rearranging it, we obtain

=Y, =cY +C, +I,whereb=c anda=C, +1,. Substituting these values in the solution
formula, since the marginal propensity to consume c¢ cannot be equal 1, and assuming

Y, =Y, att=0,

_C0+I0}Ct +C0+I0

Y. =Y,
‘ {0 1-c 1-c
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Since 0<MPC <1,|c|<1the time path will converge. The equilibrium is stable, and as

t— oY, e% , Which is the inter-temporal equilibrium level of income.
-C

Example:GivenY, =C, +1,,C, =200+0.9Y, ,,I,=100,and Y,=4500. Find time path ofY,.

Solving for Y,,

Y, =200+ 0.9Y,_, +100 = 0.9Y,, +300

Y, = [4500 - %} (0.9)" + % =1500(0.9)' +3000 (dynamically stable path)

2. The Cobweb Model

For many products, such as agricultural commaodities, which are planted a year before marketing,

current supply depends on last year’s price. This poses interesting stability question. If
Qu=0a+pp, andQ, =y+5p,
at equilibrium,a+ Bp, =y +op,, = PP, =0p ., +7 -«

o -a
P =_pt—1+7/—

B B

Since S <0 and ¢ > 0 under normal demand and supply conditions, % #1. Hence,

P = po_—5
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When the model is in equilibrium, p, = p, ,. Substituting p,for p, & p_,in p, = % Pey + y;}a ’
we get

7/ - . . - -
p, = o and substituting it in solution for p,,

For the equilibrium to be stable,

<1which implies that|5| <|A|. In other words, the supply

curve must be flatter than the demand curve for stability.

Example:GivenQ, =86-0.8p, and Q, =-10+0.2p, ,, the market price p, for any time period

and the equilibrium price p,can be found as follows. At equilibrium,

86-0.8p, =—10+0.2p,, = p, = -0.25p,_, +120

=(p, —96)(-0.25) +96 & p, =96

Thus, pt:[po— 120 }(—0.25)t+ 120

1+0.25 1+0.25

Sinceb =-0.25, which is negative and less than 1, the time path oscillates and converges. The

equilibrium is stable, and p, will convergeto p, =96ast —» .

Exercise

Given demand and supply for the cobweb as follows, find the inter-temporal equilibrium price,

and determine whether the equilibrium is stable:

a. Q,=18-3p, andQ, =-3+4p,,
b. Q4 =22-3p, andQ, =-2+p,,
c. Q,=19-6p, andQ, =-5+6p,,
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UNIT SIX
DYNAMIC EQUILIBRIUM ANALYSIS

Introduction
So far we have discussed about comparative static analysis which is emphasized on comparison of

different equilibrium situations. For instance, in the theory of supply and demand analysis, an
increase in demand for a product increases equilibrium price and quantity, other things being equal.
However, nothing is said about the process by which price and quantity are being adjusted to the
new equilibrium values. The study of the process of adjustment over time is the concern of
dynamic analysis. In this unit you will deal about discrete time and continuous time dynamic
analysis and their economic application. In the former case there will be a change in variable only
once with in a period of time where as in the later case there may be a change in variables at each
point of time.

6.1 Continuous Time Dynamic Analysis
Differential equation is an equation that shows an implicit or explicit relationship between the
function y = f (t) and one or more of its derivatives. For instance,

dy

it = 6t + 10, where t represents time

2
T IV AL AT
dt dt dt
The highest power attained by the derivative in the equation is known as degree of the differential
equation where as the order of a differential equation is the order of the highest derivative in the

equation.

Example
a) % =3x + 7 (first degree, first order)

3
b)d—y+

e (%)4 + 2x% = 0 (third order, first degree)
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6.1.1. First -Order Linear Differential Equations

In this case, if the derivative, % and y have to be in first degree and if no product of y(%) exist,

then the equation is referred to as first order linear differential equation. This equation will

generally take a form
dy dy
— +vy=z or — +v(t)y=z(t)---------------- 1
el PV =20 (1)

Where v and z are constants or functions of time, t, like y. When v and z are constants and z is
zero, then equation (1) will be

dy
dt
Where o is constant which represents v. Such type of differential equation is referred to as

homogenous as each term in the equation is in first degree in terms of y and % :
Rearranging equation (2), we get

S — 3)

y dt
Now we can obtain the solution of equation (3) by integrating both sides of the equation with
respect to t. By substitution rule and log rule, the left side of the equation gives us

1 dy dy

_[ydtdt—j =Inly|+c,, (y=#0)
The right side gives us

j— odt =—at +c¢,, (as -a is constant)

By equating the above two integrals and combining the two constants, we get
nly|=-at +C

Using the method of antilogarithm

, (—at+C)
e™ = e

|y| - e(—atec

y(t) = Ae™™ , where A =@°---mmmmmmemeeeeeeee (4)

There is an arbitrary constant A in equation (4). Therefore, it is a general solution.
If we substitute a particular value for A, then it will be a definite solution. We have seen two
situations in the solution of differential equation. These are.
e The solution is given in function form, not in number.
e Thesolution is free of any derivative. As result, we can determine the value of y if a specific
value is assigned for t.

When we put a nonzero constant g in equation (2) in place of z, we get the equation,

% +ay = [, where £ is constant -----------=--=--=---------- (5)

—
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Such type of equation is known as non-homogenous linear differential equation. Here, the
problem is how can we determine the solution? The solution of this equation will contain two
different terms. One is complementary function represented by y. and the other is particular

integral represented by y, as we will see it later.

Let us observe the solution of the homogenous equation even if we are dealing about the way to
solve non homogenous equation. For its convenient let us consider the homogenous equation as
reduced equation and the non homogenous one as complete equation. Thus, the solution of the
reduced equation represents y. and Y, represents particular solution of the complete equation. This
means,

y, = Ae ™, from equation (4)
We have said that y, denotes a particular solution of the complete function. Thus, let us first try

to obtain the simplest type of solution taking y as some constantk . Then,%:o when vy is

constant. As a result equation (5)
O+ay=p
p

yp :g,aiO

Then the general solution of the complete function is

YO =Yo+y, =Ae "+ (@ #0) oo (6)

y(0) = Ae @ 4 P
o

Whent=0, y(0) = A+é
o
A=y -2
o
Thus, y(t) =[y(0) = 21 + £, ( definite solution, & % 0) =-ceemeceeee (7)
(04 (04
Example
1. Find the definite solution of the equation dy +4y=12, y(0)=0. In this case,x = 4, # =12, thus

dt
y(t) =[0-3]e™ +3
y(t) = -3e" +3

2. Determine the general solution of the equation 3% +6y=5

Dividing both sides by 3, we get the equation
5

dy
—Z +2y= —
dt y 3
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y(t) = Ae ™ + >
6
6.1.2 Economic Applications

Differential equations are beneficial to determine the dynamic stability condition of the market
equilibrium. When the rate of growth of a function is given, differential equation enables us to get

the function whose growth is explained.

Example
1. Assume that the demand and supply functions of a particular product are given as

Q,=a-bP,(@b>0)---—-—-—----"-"-"-"-"----——— 8)
Q, =—c+dP,(c,d >0)

As we remember from comparative static analysis, equilibrium Price, P is

s_ase — —(9)

b+d

Assuming that the rate of change of price in the market, ?TT is a positive linear function of excess

demand,Q, —Q >0,

(:j_I:: k(Qy —Q,) , k isconstant, k >0 ------------- (10)

Given sufficient time for adjustment process, under what condition P(t)converges to the

equilibrium price P ast —> 00 =mmmmmmm s e

We know tha % =0ifand only if Q, =Qq

Substituting the given parameters for Q, and Qs in equation (10)
dd—I: =k[(a—bP)-(-c+dP)]=k(a+c)—k(b+d)P

‘Z—T+k(b+d)P=k(a+c) ———————————————— 11)

We have seen that equation (11) is expressed in the form of differential equation. As the
coefficient P is different form zero, it is possible to apply the solution formula and present the
solution as

_ _(a+C) kpsay | (@+D)
P(t) =[P(0) —(b+d)]e +—(b+d)

P(t) =[P(0)—Ple™ ™" 4P - (12)
As P (0) and P are constants whether P () = P ast — o or not depends on the exponential
expressione ' If k (b+ d) > 0, the exponential expression approaches to zero as t approaches

]
121 J

—



to infinity. As a result, the time path will really direct the price towards equilibrium position on
the assumption of our model. In this case, the equilibrium is refereed to as dynamically stable.

2. If C,landY are deviations of consumption, investment and income from their respective

equilibrium valuesC , TandY , determine the dynamic stability conditions for the two sector
income determination model.

C=C{t)-C,Y=Y(@®)-Y and [=I(t)—T
Income changes at a rate proportional to excess demand (C + 1 —Y)andC = gY (t), I (t) =bY (t)
dy (t)

it :a(é+f—\f), O<a,b,g<1

A

Using substitution, ?T\I =a(gY +bY —=Y) =a(g +b-1)Y

(1;( =a(g+b-Hdt——————————————— 13

When we integrate this function, we get

InY =a(g+b-)t+C———————————— (14)
Using the method of antilogarithm
e[” g= Ka(g+b—1)t+c

Y" — ecea(g+b—l)t

Y = ke @Dt jf k =e°
Ast=0,y=y(0)-9y=k
Asaresult, Y =[Y(0)—Y)Je*@* . However, Y =Y (t)-Y,Y(t)=Y +Y
Thus,Y(t) =[Y(0)-Y]e* D 4y - - —— (15)
This solution shows that ast —oc,Y (t) > Y ifandonly ifg+b <1.

3. It is clear that a change in the rate of investment will affect both aggregate demand and
productive capacity of the economy. The Domar model wants to determine the time path along
which an economy can grow while maintaining full utilization of its productive capacity. Given
the marginal propensity to save s and the marginal capital- output ratio k as constant, determine
the desired investment function for the growth to be needed.

As we know change in aggregate demand is equal to change in investment multiplied by the

multiplierl.
S

dy _dl 1

at dt's
Change in productive capacity is equal to the change in capital stock multiplied by the reciprocal
of marginal capital- output ratio,

d_Q:ld_K:EL asd_K:| ------ ---(17)
dt k dt k t

Equating equation (16) and (17), gives us
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1 dl 1
(= :_l
s(dt) k

S - - (18)
S k

Rearranging this equation, we get

%l—EM=o -------------------------- i - (19)

k
Applying the method of integration on equation (19), it becomes

Inl—it:C
k

Inl :Et+C
k

Using antilogarithm

s
[()t+c]
eInI Kk

(

_ el
I(t)=¢"e

1(t) = Ae' " if Az et —m oo (20)

Equation (20) is the desired investment function for the growth to be needed which indicates that

investment has to grow at a constant rate determined by E(saving rate divided by capital output

ratio).

6.1.3 Second - Order Linear Differential Equations

2
dy +a, dy +a,y =bwhere aa,,a,, and b are constants is referred to as

dt’ dt
second-order linear differential equations. -----------==-==-=--=---- (21)

Functions of the form

If the tem b is zero, the given function is homogenous. However, if b is different from zero, the
equation is known as non homogenous equation.

The solution of the given equation has two components. These are complementary function (y,)
and particular integral ( y, ).

y) =y +Y,
Similar to the previous analysis y. represents the deviation of y (t) from equilibrium for every
point of time path where as y, denotes the equilibrium value of the variable y in intertemporal
sense.

Particular integral (y, )
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Let us try the simplest possible way, i.e., setting y = a, constant, to find the particular integral y , .
e If y=awhich is constant, then the above second order linear differential equation becomes

2y 2
dy_d” _ 0, As aresult, the equation dy +a, dy +a,y=b will be reduced to a,y =b

dt  dt? dt? dt

which gives us y = E
aZ

Thus, the particular integral is y, = aﬂ (@, 20)——————————— (22)

2
e Ifa, =0, we have to find some non constant form of a solution. Setting y =kt which is

the simplest possibility, the second order differential equation (21) is reduced to a,k =b

.This gives us the value of k = RWhich is the particular integral .Then the particular

a'l
integral is
y, = Bt, a #0,a,=0, - e (23)
a1

e |Ifa, =0, the solution with a form y =kt fails since it is undefined. consequently, we
have to find other solution of the form y = kt*whena, =a, =0, then equation ( 21) is

2
reduced to d’y - (24)
dt?
) : dy d’y : : L .
y = kt* Implies that, P 2kt, e = 2k . Then the differential equation indicated in (24) can be

presented as 2k = b which implies that k = g and then the particular integral is

b
Yo =St (@=a,=0)—mm e (25)
Example
Find the particular integral of the equation
2
d_zy - Zﬂ +5y=2
dt dt

Solution: 'y = é

Ifa, =0, vy, :%Zt =—t (using equation (23)). But, ifa, =0,y, :gt2 =2,

The complementary function (y.)
The complementary function of equation (21) denotes the general solution of the equation

d’y d
m2+a“l




As we have discussed in equation (4), y=e". Adopting this solution, %ere”and

A’y _ opgn
dt?

Substituting these terms in equation (26), we get

r’Ae™ +arAe" +a,Ae" =0

Ae"(r’+ar+a,)=0-———————————————— (27)
Equation (27) shows that Ae™ =0 or (r’+a,r+a,)=0
We know that the value of A is determined by the use of the initial condition of the problem.
Consequently, we cannot set Ae™ = 0. Thus, it is necessary to observe the value of r which satisfies
the equation (r® +a,r +a,) =0. This equation is referred to as characteristic equation of the

homogenous function expressed in equation (26). This characteristic equation has a form of
quadratic equation which will result in two solutions (roots). These roots are known as
characteristic roots. Using quadratic formula,

—a ++a’-4a
r11r2 = L 21 S (28)

r, and r, are the only values we can put for rin the solution y=Ae". Since there are two roots
r, andr, , then we will have two solutions. These are,
y, =Ae"™ and y, =A,e”, where A and A, are constantsand r, and r, are characteristic
roots. The general solution is the summation of the above two solutions. This means,
Ye=¥1+tY,—¥———F—7"""F7"""""———————— === (29)

The characteristic equation may have three different types of roots, namely distinct real roots,
reaped real roots and complex roots.

Case 1 Whena? > 4a,, the square root in equation (28) will be a real number and the two roots
r,andr, will be distinct real numbers. In this case V.=V, +Y,=Ae " +Ae? (r=r,)

Case 2 Whena = 4a,, the term in the square root of equation (28) becomes zero. As a result the
two roots will be equal. The complementary function will be

Ve = (A + Ay)e"

Case 3 When a’ < 4a, the term in the square root of equation (28) becomes negative number
which is referred to as imaginary number. For the time being let us ignored this case.

For the first two cases it is possible to determine the dynamic stability of equilibrium condition
based on the sign of the characteristic roots. The condition (i.e., y. — 0 ast — oo ) is fulfilled iff

both r, and r, have negative sign.
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Example
Findy.,y,, the general solution and the definite solution of the equation

y't)+9y't)+14y=7-——-——-————— (32
Since the value of a, is different from zero, vy, :%

To determine the complementary function y ., we should first find the value of r, and r,

_ -9++481-56  -9+5
- 2 2
We know that y, =y, +y, = Ae™ + A% —-mmmemmmmemmee e (33)
Subsisting the value of r1 and r2 in equation (33) gives us

yc — Ale—Zt +A2e—7t
Therefore, the general solution of the equation is

yit)=Ae ™ +Ae™" +% ———————————————— (34) When

n,n

==2,1,==7

y (0) :g and y' (0) = 6, then the definite solution becomes,

1 5
whent=0, YO =A+AT5=5
A+A=2-—— oo (35)
y'(0)=-2Ae™ —TAe " =-2A —T7A,
y'(0)=—-2A -7A, =6
2A+TA =B (36)

Taking equation (35) and (36) simultaneously, multiplying (35) by 2 and deduct it from equation
(36) gives A, =—2. Substituting the value of A, in equation (35), we get

A-2=2
A =4
Therefore, y(t) =4e™* +(-2)e ™" +% is the definite solution when y (O):g and y'(0) =6

6.1.4 Economic Applications

It is clear that future price expectation affects supply and demand decisions. The price trend
d’p

rea Therefore, we

- . . . . dP
existing at the moment in continuous time context can be found in Z—t and

ought to incorporate these two derivatives in the demand and supply functions as additional
components to consider the price trend in our analysis.

Example
1.Suppose the demand and supply functions of a product are given as

]
126 J

—



dP d?P
—42_AP-4— 4+
Qs dt  dt?

With initial condition P(0) =6 and P’(0) = 4. Assuming market clearance at every point of time,
find the time path P(t).

As we know market equilibrium is achieved when Q, = Q, . Thus, at the point of equilibrium
dP  d°P

42_4P_4E+ z —-6+8P - - ——— (38)
Rearranging this equation, we get
2
C:jtlj - 4%—?-12P = -48 which is second order differential equation in form. Thus,

P(t)=P, + P, whereP, represents the particular integral and Pc denotes the complementary
function. Thus, to determine the general solution P(t), we should find P, and P, .In this equation,
—48
=T
To determine, we should find r, and r, . Using the formula presented in equation (28 ),

4+16+48 4+8
nr, = =
2 2
r,r,=6-2,ie,rn=6and r, =-2
This means P, = Ae® + Ae™
Therefore, the general solution is
Pt)=Ae" +Ae? " +4———— - (39
Considering the initial conditions p (0) =6 and P’ (0) =4,
PO =A+A,+4=6

a, =—4,a, =-12,b=-48, since a, = 0,then P 4.

A+A=2————-—- (40)
P'(0) = 6AE° + (-2)A’ =4
BA —2A, =4 - (41)

Taking equation (40) and (41) simultaneously, multiplying equation (40) by 2 and adding it on
(41), we get A =1land A, =1. Therefore, the definite solution is

Pt)=e®" +e™ +4
Sincer, =6, P(t)cannot converge to the intertemporal equilibrium. It is dynamically unstable.

By now you have completed the first section of this unit. Therefore, try to do the following self -
test questions to examine how you understand this section.

Exercise

Do the following questions based on the information given above.
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5. Given demand and supply functions of a product as
Q, =125-2P
Q, =—45+8P

S__

Determine whether the equilibrium price , P is dynamically stable over time or not as there is
sufficient time for adjustment using the formula presented in equation ( 12) -------------------------

6. Suppose the demand and supply functions of a product are given as:

d?pP dP
= +3——-2P+10
Qs dt? = dt
Q, =2P-30

With P (0) = 4 and P’(0) =9, determine the price path, assuming market clearance at every point
of time. Is the time path convergent? ----------- = e

Dear colleague! Have you answered these questions? If your answer is no, please reread this
section and answer them. If your answer is yes, go to the next section.

6.2 Discrete Time Dynamic Analysis

In the previous section we have discussed the continuous time dynamic analysis. In that case, the
magnitude of change in time is very small. As result, the change in y which is emanated from this
change in time is expressed in the form of derivative. However, this section is emphasized on
discrete time dynamic analysis. In this case, time is considered as discrete variable and the
dynamic adjustment process between equilibriums is observed as a step-by-step process rather
than that of continual adjustment. Thus the change in y has to be explained by "differences™
rather than derivatives or differentials. Accordingly, we can calculate the different values of the
variables which are adjusting to new equilibrium levels using

e The mathematical concept of difference equation and

e Spreadsheet

.Difference equation is an equation which expresses the relationship between the dependent
variable and a lagged independent variable that changes at discrete intervals of time. The largest
number of periods lagged represents the order of difference equation.
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6.2.1 First Order Linear Difference Equations
First order difference equation represents a time lag of one period. The change in y which is
resulted from change in time t from (t) to (t +1)is referred to as the first difference of y which

is represented by

AYJAL =AY = Y 1 = Vi oererere v s @

This equation is first-order linear difference equation. Given the first-order linear difference
equation

Ay=3:yt+1_yt

Yir = Ve F 3 i (2)
Let us find the solution of this equation by using iterative method first and then the general
method.

A. Iterative Method

Given equation (2), it is not difficult to find the value of y, provided that the initial value of
y,i,&,Y,is given. We can also find the value of y, once we have determined the value of vy,

EXAMPLE
1. Find the solution of the difference equation y,,, =y, + 3provided that y, = 20 using iteration

method.
Yi=Y, +3
Y, =Y, +3=(y, +3)+3=Y, +2(3)
Y, =y,+3=(y, +3)+3=(y, +38+3=1y, +3(3)
Ys=Ys +3= Yo +4(3)
Y = Yo +t(3)

For any period t, the solution of equation (2) with y, =20 is

y, =20+3t

2. Find the solution of the difference equation y,,, —2y, = 0. In this case, the initial value is
unspecified simply represented by y,. using the method of iteration,

Y1 :Zyo
Y, =2y, = 2(2y0): (2)2 Yo
Y; = 2y2 = (2)3 Yo

Yo = (Z)t Yo
The solution of y,,, —2y, =0 atany period tis

Y = (2)t Yo




B) General method
Given the first order linear difference equation

Where a and b are constants, the general solution s a combination of the particular integral y
and the complementary functiony . y  denotes the intertemporal equilibrium level of y where

as y, represents the deviation of the time path from this equilibrium. Incorporating the initial
condition we can determine the definite solution.

Let us first determine the complementary function which is the solution of the reduced equation
Y,,, +by, = 0. Based on equation (4) above,

Vi = () Y et et et et et et e (6)
Putting the constant A in place of y,, we get

y, = A(-b)'
Thus, the complementary function is

Yo = AD) ot et e e s s s s (7

Now let us find the particular integral y

Taking the simplest form y, = k where k is constant, we have to have y, , =k. If we substitute
these n to equation (5), we will get k+ b k= a

kl+b)=a=k=-—"—b#-1
1+Db
Then the particular integral becomes,

a
yp:k:m,(bi—l) .................................................... (8)

Therefore, the general solution of the equation is
Ye =Y+ Y,

=A—b‘+i,b¢—l .......................................................... 9
Y (-b) 1+b (9

If b=-1 the general solution will be
y, = A+at
Setting the initial condition that y, = y,when t =0,
a a

= A(-b)° =A b=-1
Yo ( )+1+b +1+b ”

a

“V 1
Are a result, the definite solution is

a a
(y A V. B R (10)
Y (yo l+bj( ) +1+b,




Example

Solve the first order difference equation
Y +3Y, +8=0=1Yy,, +3y, =-8, when y, =16
Yeu 3y, =8
Using the formula in equation (10) , a=-8 , b3, 1y, =16

Y, = (16—(%}}(— 3) _%
y, =(16+2)(-3) —2=18(-3)' -2

The given equation s referred to as dynamically stable or convergent provided that the
complementary function approaches to zero as t approaches to infinity. The convergence of the

term b' depend the absolute value of b. If|b| >1, the time path will move away from equilibrium.
If |b| <1, the time path will move towards to equilibrium, i.e., convergent. In our example

above, b=-3, |b|=|-3 >1. Therefore, the equilibrium is dynamically unstable. In other words,
the time path is divergent.

6.2.2 Second Order Linear Difference Equations

Given the second order difference equation
Vo T Y T8 Y, =Ci i e e .(11), the general solution is
composed of that of particular integral and complementary function. We know that the particular
integral is any solution of the complete equation. Thus, setting the simplest solution
y, =Kk, Equation (11) becomes
c

k=——~
l1+a, +a,

, (a,+a, =-1)

Therefore, Yo =k=17 a, +a, A ) TR (13)

If a, +a, =-1, equation (13) will be undefined. Thus, we have to set another value for vy, .Let
y, = kt, then equation (11) becomes,

K(t+2)+aK(@+1t)+a,Kt = Ceovrrre v e (14)
Rearranging this equation,

k[t + a,t +a, +a, +2]+c,

k[tl+a, +a,)+a, +2]=c, as a +a,=-1
This equation becomes
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Thus, C | . (@+a,=-la #2 (15)

When a, +a, =—1 and a, =—-2then equation (15) will be undefined. Therefore, we should
set another value fory,. Let y, =kt?, then equation (11) becomes,
K(t+2)" +ak(t +1)* +ak(t)’ = Covvorrrerscovvvvrrrs e (16)
K[t2 +4t+4+a,(t? + 2t +1)+ a,t?]=c
K[t?(1+a,+a,)+t(4+2a,)+4+a,]=cas a +a,=-1 and a, =-2
This equation becomes,
K[t?(0)+t(0)+4—-2]=c

k(2)=c:>k=%,al+a2 ——1 and a,=-2

Therefore, | y - %tz . (a,+a,=-1 and &, =-2)erserrrrrrrnrn (17)

As complementary function is the solution of the reduced equation, we should emphasize on the
equation
Vou QY T8, Y, =0 (18) to determine the complementary  function

of the given equation we know that y, = Ab‘. Thus the above reduced equation becomes
Ab®Y ta Ab®Y 4 A = 0us e e (19)
Ab'(b? +ab+a,)=0

Ignoring the nonzero common factory gives us,

D% +ab+a, =0 e s s e (20)

This equation is referred to as characteristic equation of equation (18)
The solution of this equation using the quadratic formula

—a, +.a’ —4a,
b,,b, = 5
We face three possible phenomenon based on the term in the square root of equation (21).

Casel, When a,” > 4a, the characteristic equation will have two distinct roots, b, and b, In
this case, the complementary solution will be
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Case 2, When a,° = 4a, the characteristic equation will have only one root, this means,

b =b, =b=_2

The complementary function becomes

Ye = Albt + Azbt = (Al + Az )bt = Asbt

Case 3, When a; < 4a, the term in the square root will be negative which an imaginary number

is. There is no characteristic root for the equation provided that we restrict our domain to the real
number system. Thus, we are forced to include numbers outside the real number system. Ideally,

we can define i =+/—1 which a square root of negative one is. It is not real number rather it is
known as imaginary number. Therefore, we can write

V=25 = (V25)V=1)= 5i,V=10 = V10J—1 = 10

Given the diagrams

Imaginary
Axis

h Real axis

siné?:l, c056’=E
R R

v=Rsing, h=Rcosd R =+vh?+Vv?
Then the conjugate complex number
(h+vi)= Rcos@ + RiSing

According to De Moivers theorem (h+vi)" = R"(coséh + Risinéh)......(24)
If a,”—4a, < 0in equation (21), then the roots will tae the form

Ja? —4a
al,v= 12 2 i=+-1

b,,b, =h+vi, where h=_2

2
a’+4a,-a/
R=|% 2 1 _ \/a_2
4
The complementary function becomes
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Yo = Ab + Ab;
= A (h+vi) + A, (h-vi)
= A R'(costd +isintd)+ A,R"(costd —isintd)
y. = R[(A + A,))costd + (A — A, isint 6]
IfA, + A, = A, and (A —A,)i= A, then
Y. = RY(A; COStO + Ag SINEO).vvvovee oo e e i (25)

In al of the above three cases, the equilibrium will be dynamically stable provided that the
absolute value of every root is less than one whatever the initial condition may be

Table 6 1. Values of sin & and cos @
0 0 %H n 30 o % 1% % %H
sind 0 1 0 -1 0 1
coséd 1 0 -1 0 1 % }/\/5 \/% E
B2 N2 Yy

Example

Given the equation vy,,, +4y, =15y, =12,y, =11,

a. Determine the general and definite solution of the equation
b. Is the time path convergent or not?

Solution
a,=0a,=4 C=15 yp:%:S
R=Va=2 cosh=—22_9 _p
2Ja, 2(2)
2
sin@ = 1—a—l
4a,
= 1_22\5
16

sin@ =1

Sin@ =1and cos@ =0.Thus, as it is shown in table 1,0 = % when we substitute this value in

equation (25), the complementary function will be

v-2{neo{ i)l

Then the general solution becomes
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y, = 2{A5 co{%tj+ A, sin(gtﬂ+3 ..................................... (26)

When t=0, y, =2°[A, cosO+ A, sin0]+3=12
[A @+ A (0)]+3=12
A +3=12
A =12-3=9
When t=1, y1:21[A5cos%+Aﬁsin%J+3:11
2[A(0)+ A, ()]+3=11

2A, +3=11
2A, =8
A =4
Therefore, the definite solution be comes
Y, = 2‘{Qcos%t+4sin%t}+3 ...................................................... (27)

6.2.3 Economic Applications

In this sub topic you will learn about the application of first order and second order linear
difference equations on economic models.

A. Application of First Order Linear Difference Equation

Cobweb Model

In certain markets particularly agricultural markets, if demand for a product increase, supply
cannot immediately increase to satisfy the prevailing demand. Crops must be planted and growth
and livestock takes time to raise. Some manufactured products may also take certain time when
customers order that products suddenly. The Cobweb model considers this lagged in supply side
of the market by supposing that the present quantity supplied is based on the ruling price in the
previous time period. That is,

Q =1(R.)
But the consumers demand for the same product depends on the prevailing price that is
Qtd = f(Pt)

This is a logical situation of several agricultural markets. The quantity supplied this year is based
on the price of that product in last year. The Cobweb model assume that

= The market is perfectly competitive.

= The demand and supply functions are linear.
Given these assumptions, the Cobweb model can still give a fair idea of how price and quantity
adjust in many markets with a lagged supply. Based on the above assumptions, the demand and
supply functions of a product can be expressed in the form

Q'=a+bP (demand function...........
Q' =c+d P, (suply function)
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As you know, the market achieves its equilibrium when quantity demanded is equal to quantity
supplied.
In other words, Q' =Q;

a+bPR =c+dP_;
bR, =c-a+dP_

c—-a d
R :T_'_Ept—l

This equation is the Cobweb difference equation. Thus, solving the Cobweb difference equation
means setting it in the format P, = f (t). As a result; we can calculate the value of P, at any time

period. The solution of the Cobweb difference equation includes two parts. There are:
a) Long run equilibrium price
b) acomplementary function which indicates how much price diverges from this equilibrium
level at different points in time.

c)
Now let us first find the long run equilibrium price P . Inthe logrun, P, =P_, = P . Therefore
c—-a d
c oty P
A= = S e U (29)
b d-b
To determine the complementary function, we can rewrite equation (28) as
d c—a
Pt — P = e ———————— 30
t+1 b t b ( )

Using the method of determining the complementary function described in equation (7) above,

P =P, (%)t

If we substitute, A, a Constance in place of P,, we get

d t
o -

In this case the value of A can be determined if a certain value of P, is known for specific value of

t.
The complete solution of the Cobweb difference equation, therefore, becomes

()R
B0
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From this equation

1 If ‘%‘ <1

stable. Price converges to the long run equilibrium price P .
t

>1, then% — oo whent — oo.In this case the market is unstable. Price diverges

t
% approaches to zero when t approach to infinity. In this case the market is

b
from the equilibrium level.
d d

3. If =1, then o =1, ast —oo.In this case, price neither return to its equilibrium nor
‘explode’.
Example
1. Given the demand and supply for the Cobweb model as

e Determine the long run (intertemporal) equilibrium price (5) the complementary function

and the complete solution.
e Determine whether the equilibrium is stable or not.

Solution

=400, b=-20, c¢=-50, d=10
a—-c 400+50 450

d-b 10+20 30

P =15 (Inter temporal equilibrium).

The complementary function is

t
SEN
-20
Therefore, the complete solution is
P, = A(=0.5) 415 e s s st e (34)

a
-

Since

%‘ - ‘—%‘ = % <1, the equilibrium is dynamically stable.

What happens to the market if quantity supplied suddenly changes to 160?

The initial stock output level is Q, =160 so that price will adjust until all output is sold. Then
P, can be calculated from the demand function by substituting Q, =160.
Therefore, 160=400-20F, .

—
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P, =12
By now we can determine the value of A.
P, = A(0.5)° +15=12
A+15=12
A=-3

Thus, the definite solution is
P, =—3(=0.5) +15. it cerrerriis s v (35)

Using this equation we can calculate the price of the product at any time period and there by we
can check whether the price converges to the equilibrium level or not.

2. In a market where the assumptions of the cobweb model hold,
Q! =200-8P,

Q= =434 8.2P oo e oo e s e (36)

The long run equilibrium is disturbed when quantity suddenly changes to 90.
What happens to price in the following time period?

Solution
In the long run equilibrium, Q =Q° =Q’ & p = p, = p,_, thus,

200-8P =-43+8.2P
16.2P =243
P =15

t
The complementary function is p, = A(—J = A(=1.025)" ..o e e s (37)

Thus, the general solution is
P = A(=1.025)" +15..ccceeee e e eeeeeennns s (38)

Q, =90,
90 = 200 8P,
8P, =110
P =1375

When
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If P,=13.75the value of A will be,
13.75= A(-1.025)° +15

13.75= A+15
A=-1.25
Thus, the definite solution is
P, = (=1.25)=1.025)' +15...crrscvveerr s e (39)

The Keynesian Macroeconomic Model
In the Keynesian model of national income determination, if foreign trade and government
expenditure and tax are not included, the model becomes,
Y =CH s e e (40)
And

Where Y is national income, Cis consumption, I is investments a is autonomous consumption
and b is marginal propensity to consume. Then equilibrium level of national income is

Y =a+bY +1
Y -bY=a+I
Y(l-b)=a+]
V:%iL@¢Q .................................. (42)

Y =Yat equilibrim
This equation shows that this national equilibrium income (\7)can be evaluated for a given values

of a,band | . When there is a disturbance from this equilibrium, there will not be an immediate
adjustment to the new equilibrium. As the consumer expenditure may not adjust immediately to
the new level of income, a lagged effect may be introduced in the consumption function, as
follows,
Co=a+DY, e e e e (43)

This means, consumer's expenditure at present depends on the income of the previous year. But
national income is still determined by the sum of all current expenditure

Thus, Y, =C, + 1t s s s (44)

Substituting (43) in to (44) gives us

Y, =a+bY, , +1,

Yo =bY  +a+ (45)
Equation (45) is a first order linear difference equation,

The general solution of this equation includes two parts, namely intertemporal equilibrium and
complementary function (YC). At the point of equilibrium,
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Y = 1 b (intertemporal equilibrium)........... (46)

The complementary function as referred to equation ()7
Y, = AD et e et s e (47

c

Thus, the general solution becomes

Y, = Abt 4+ &F L‘ ........................................................ (48)

This equation shows that the equilibrium will be dynamically stable provided that
Example
Given the Keynesian model

Yo = Ct +1,

C, =650+0.5Y,,

And 1,=300

Then it suddenly increases to 420

What will be the actual level of Y six time periods after this change?-------------=--=-=--=---

b <1

Solution
a=650b=0.5,1, =300
The initial equilibrium level of income is
7 650+ 300 1900
1-05
Thus, consumption C, is
C, = 650+ 0.5(1.900) =1,600
Thus, the value of Y immediately after the shock is
Y, =C, +1,
Y, =1600+420= 2,020
The new equilibrium level is
V- 650+ 420

1-05
Substituting this value in general solution above, we will get

=2,140
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Y =Y +{v, -Y bt
Y, = 2,140+ (2,020-2,140)0.5)'
=2140-120(0.5)'
Y, =2,140-120(0.5)°
=2,140-1.875

Y, =2138.125
How much time period will it take y to reach 2,130? -----------=-=-m-memomemmmmm oo

2130=2140-120(0.5)

~-10=-120(0.5)
10 :
—=(05
120 ©03)

Putting this equation in it's logarithm form

10
log— =10g0.5t
g120 J

10
log— =tlog0.5t
g120 g

10

log—
=120 3585

log0.5

t =3.585
The equilibrium national income will reach 2,130 units after 3.585 time period.

Samuel Son's Multiplier-Acceleration Interaction Model

To observe the application of second order difference equations in economies, let us consider
Samuel son's classic interaction model. This model examines the dynamic process of income
determination if the acceleration principle works with the Keynesian multiplier. The model
describes the situation that the interaction of the multiplier and the accelerator results in cyclical
fluctuation endogenously.

Suppose the national income Y, is a combination of consumptionC,, investment I, and
government expenditure G, . It is also assumed that current consumption is a function of last year’s
income(Y,_, ), Investment I, is function of difference in consumption AC, , =C,—C,_,.suppose |,
is s fixed proportion of AC, ,. G;,is assumed to be exogenous. Thus, the model becomes

Y, =C, +1, +G,

C,=bY, O<b<li, (49)

I, =a(C, -C,,)a>0
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, Where b is marginal propensity to consume and a is accelerator coefficient. Now we can
express |, in terms of income as

I, = a(bYt—l - bYt—z)
Lo =ab(Y, =Y, oo e (50)
If we substitute (50) and C,in equation (49), we get
Y, =bY,, +ab(Y,_, -Y_,)+G,
I, =b(l+a)y,_, +abY,_, =G,
This means
Y., —b@+a)Y,,, +abY, =Gy e s (51)

This equation is a second order linear difference equation. As a result, we can solve it using the
method discussed in equation (11).

Solution
The general solution will include the particular integral Y ; and the complementary function (yc).

The particular integral v is
v - G, _ G
P 1-b(l+a)+ab 1-b

Complementary function
As far as the complementary function is concerned, we are faced with three possible phenomena

Case 1 Ifb?’(1+a)’ >4ab  or b> 4a =

(1+a)

Equation (51) with characteristic equation r? —b(1+a)r +ab = 0will have two roots,
b(L+a)+b?(1+a)’ —4ab

r,r, = D e (52)

As we know whether the equilibrium is dynamically stable or not depends on r,and r, which in
turn are based on the value of a and b, we can express the dynamic stability intermsof a and b.

Case 2 Ifb?(1+ a)’ =4ab, we will have only one root,
b(l+a)
2
Case 3 If b2(1+ a)2 < 4ab, then we should use the method explained in equation (25)

2 2_
r,,r, =h+vi, Where h:b(l““a),\,:\/b (1+<’;) 4ab

i=/—1 ,R=4+ab

Then the complementary function becomes

]
142 J

—



Y, =Ar +Ar,

= A (h+vi) + A, (h—vi)
Y, =R'[(A, + A, )costd +(A, — A, )isinté]
IfA +A, =5 and (A —A,)i=A,

Y, = RY(A; COStO + Ay SINTA)..oooree covver oo ot o s (53)
Then the general solution in case 3 becomes,
Y, = R'(A; Costd + A, sintd)+ 1G°b .......................................... (54)

Now try to determine the general solution of the equation in case 1 and case 2.

In all of the three cases, the equilibrium will be dynamically stable iff a b < 1, that is, the product
of the accelerator and marginal propensity to consume must be less than one.

By now you have completed the second section of this limit. Thus, try to do the following question
to evaluate how you understand this section.

Exercise
Solve the following questions based on the information above.

1. What is difference equation? --------=-=-m-mmmmmm oo oo
2. What is the difference between discrete and continuous variable--------=-mmmmmmmmmmeeeee o

4. Given the second order linear difference equation vy, , +7Y,,, +6Yy, =42 Find the general

SOIULION. ==-=mmmmmmm e e
5. assuming the usual Cobweb assumption, derive the difference equation which will calculate
price in the time periods following the unexpected decrease in equilibrium quantity to 75 given

Q¢ =160- 20P,
Q; =-80+40P_,

6. A Keynesian macroeconomic model with a single time period lag on the consumption function
described below is initially in equilibrium with the level of I, =500.

Y, =C, +1,
C, =750+0.5Y,
If it is increased to 650, find the value of y in the fourth time period after this disturbance.

7. If the accelerator is 0.5 and the marginal propensity to consume is 0.6, what will happen to the
time path? Answer this question using equation (51).
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Have you answered these questions? If your answer is no, re read this section and try to do them.
If your answer is yes, good. Go to the following check list.

@ Assignment Questions

1. A form produces two types of products X and Y passing through to two machines M, and M,
. Each unit of X requires 2 hours of time in M, and 8 hours of time in M, where as each unit of
Y requires 12 hours of time in M, and 4 hrs of time in M , .The total time available in M, is 40
hours and M, is 28 hours. Determine the amount of X and Y produced using gauss - Jordan
elimination method. -----------—-= -

2. Find the price elasticity of demand if the demand function is
Q=40-5P+3P?

3. Find the point elasticity of demand if the demand function is given as

Q= 5—(; where K is constant. ----------------------mo--- s
p

1 ]
4. Prove that Vvx+1= 1+ > X as X is close to zero

5. Find the Taylor's seines of the function f( x) = 4x? + 6x+ 3 around Xo =2

6. Given the Cobb - Douglas production function Q= A K “ L” Where Q represents total product,
K is capital and L is labor. Find the marginal product of each input and determine whether the law
of diminishing marginal productivity holds for each input as far as o <0 & f <1. -------=-==-==-=---

7. Given the production function Q = 32K %5 L %2 R %4 derive the nine second - order partial
derivatives and show that the two cross partial derivatives with respect to each possible pair of
independent variables will be equal to each other. --------------------- oo o---- e

8. Suppose the total cost faction of the monopolist is given by TC = 2Q? + 10 Q + 15 and the
demand function is given by P = 10 - 3Q. Find

i) The level of output which maximize profit

ii) Determine the elasticity of demand at the point of equilibrium.
9. Discuss the difference between comparative static analysis and dynamic analysis briefly.

10. Go to section 5.1.2 observe the effect of change in all the parameters on equilibrium
quantity and interpret the result.
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11. Explain the limitation of comparative static analysis.

12. Considering the following national- income model with tax ignored
Y-CY)-1()-G,=0,(0<C'<L1"<0)

KY +L(I)-M,, =0
(Where k is positive constant; L' <0)

Analyze the comparative static effect of the model when money supplies changes and
government expenditure changes.

13. Suppose that the monopolistic firm has the following average revenue functions in three
separated markets

P, =63-4Q,
P, =105-5Q, and the cost function is C = 20+15Q
P, =75-6Q,

Determine the price that should be charged in each market to maximize profit. Check the second
order sufficient conditions using the Hessian determinant.

14. Given the demand and supply functions be
Q,=9-P+P +3P"

Q, =—1+4P—P'+5P"
Find the price path assuming market clearance at every point of time.
Is the time path convergent or not?

with  P(0)=4&P'(0)=4
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