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Questions on Propositional Logic and Set Theory

. For statements p,q and r, use a truth table to show that each of the following pairs of
statements is logically equivalent.

a. (pAg)=pand p=q.

b. p=(qVvr)andq=(pVvr).

c. (pvg)=rand|(p=q/A(q=r).

d. p=(qVr)and(r)=(p=q).

e. p=(qVvr)and((r)Ap)=gq.

. For statements p,q, and r, show that the following compound statements are tautology.
a. p=(pvq).

b. (pAlp=gql)]=4q.

c. ([p=qlnlg=r||=(p=r).

. For statements p and q, show that (p Aq|A (p Aq) is a contradiction.

4. Write the contrapositive and the converse of the following conditional statements.

a. Ifitis cold, then the lake is frozen.

b. If Solomon is healthy, then he is happy.

c. Ifitrains, Tigist does not take a walk.

. Let p and q be statements. Which of the following implies that p V q is false?
a. pVqis false. d. p=qis true.

b. pVqis true. e. pAqis false.

c. pAqistrue.

Suppose that the statements p,q,r, and s are assigned the truth values T ,F ,F,and T,
respectively. Find the truth value of each of the following statements.

a. (pvgq)vr. f. [pvrj=(ras).

b. pv(qVvr). g [s=pl=(pVs).

c. r=(sAp). h. [qAs|=(p=s).

d. p=(r=s). i. [ransj=(p=(qVs)).
e. p=(rvs). j- [pvqlvr=(sns).

Suppose the value of p==q is T'; what can be said about the value of pAq= p Vv q?
. a. Suppose the value of p=q is T'; what can be said about the values of p=q and
p= q?
b. Suppose the value of p=q is F; what can be said about the values of p=q and
p= q?
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Construct the truth table for each of the following statements.

a. p=(p=q). d. [p=ql=(pVvq).
b. [pvql=I(qVp). e. [p=lqnrljv(pnq)
c. p=(qAr). (p=IlqAr||v(pAq).

f. [pAgq/=(lgnqg|=(rnq)).
For each of the following determine whether the information given is sufficient to decide
the truth value of the statement. If the information is enough, state the truth value. If it is
insufficient, show that both truth values are possible.
a. (p=q)=r, wherer=T.
b. pA(g=r), where q=r=T.
c. pv(q=r), whereq=r=T.

d. [pvql=(pAq), where pvq=T.
e. [p=q/=(q=p), where q=T.
f. [pAg/=(pVs), where p=T and s=F.

In each of the following, two open statements P(x, y) and Q(x, y) are given, where the
domain of both X and ¥ is Z. Determine the truth value of P (X sy ) =>Q(X >y ) for the
given values of x and y.

a. Plx,yl:x’—y*=0.and Qlx,y|:x=y.[x,y|€{(1,-1],3,4),(5,5)].

b. Plx,y):|x|=|y|. and Qlx,y|:x=y.(x,y|€{(1,2],(2,-2],(6,6)].

c. Plx,yl:x*+y’=1.and Q[x,y):x+y=1.(x,y|€[[1,-1],[-3,4],(0,-1],(1,0)}.

Let O denote the set of odd integers and let Plx):x*+1 is even, and Q(x):x2 is even. be
open statements over the domain O. State [V x€O|P(x) and (3y €0)Q(x) in words.
State the negation of the following quantified statements.

. 1. .
a. For every rational number r, the number s rational.

b. There exists a rational number r such that r*>=2.

5n—-6 . . . . .
Let P (n) : is an integer. be an open sentence over the domain Z Determine, with

3
explanations, whether the following statements are true or false:
a. (Vnez|P(n).

b. (In€Z|P(n).

Determine the truth value of the following statements.
a. |IxE€R|(x*~x=0).

b. [VxEN|(x+1>2).

c. (VxeR|(Vx=x).
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d. [3x€Q|(3x*—27=0).

e. [3x€R|(IyER|(x+y+3=8).
f. [Ax€R|(Iy €R|(x*+y*=9).
g. (Vx€ER|[Iy€ER|(x+y=5).
h. (Ax€R||V yER|(x+y=5)

16. Consider the quantified statement
Forevery Xx€ A and y €A, xy—2 is prime.
where the domain of the variables x and y is A={3,5,11}.
a. Express this quantified statement in symbols.
b. Is the quantified statement in (a) true or false? Explain.
c. Express the negation of the quantified statement in (a) in symbols.
d. Is the negation of the quantified in (a) true or false? Explain.

17. Consider the open statement P X,y ]2§<1. where the domain of x is A={2,3,5] and the

domain of y is B={2,4,6].
a. State the quantified statement [V x€ A|(3 y € B|P(x, y) in words.
b. Show quantified statement in (a) is true.
18. Consider the open statement P|x, y|:x —y<0. where the domain of x is A={3,5,8} and
the domain of y is B={3,6,10}.
a. State the quantified statement (3y € B|(V x € A|P(x, y) in words.
b. Show quantified statement in (a) is true.

19. Use the truth table method to show that the following argument forms are valid.
i. p=4q,qFp.
ii. p=p,p,r=qklr.
iii. p=q,r=q fr=p.
iv. rvs,(s=p)=r}p.
v. p=q,p=r,r=s fq=s.
20. For the following argument given a, b and ¢ below:
vi. Identify the premises.
vii. Write argument forms.
Viii. Check the validity.

a.  If he studies medicine, he will get a good job. If he gets a good job, he
will get a good wage. He did not get a good wage. Therefore, he did not
study medicine.

b. If the team is late, then it cannot play the game. If the referee is here,
then the team is can play the game. The team is late. Therefore, the
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referee 1s not here.
c. Ifthe professor offers chocolate for an answer, you answer the
professor’s question. The professor offers chocolate for an answer.
Therefore, you answer the professor’s question
21. Give formal proof to show that the following argument forms are valid.
p=4a.q Fp.
p=q.p,r=qktr.
p=q,r=gqlr=p.
rias,(s=p)=r|p.
p=,p=r,r=s fq=s.
pvq,r=np,rkq.
pAq,(qvr)=ptr.
p==(qVr),r,p fq.
q=p,r=p,qlr.
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22. Prove the following are valid arguments by giving formal proof.
a. If the rain does not come, the crops are ruined and the people will starve. The
crops are not ruined or the people will not starve. Therefore, the rain comes.
b. If the team is late, then it cannot play the game. If the referee is here then the
team can play the game. The team is late. Therefore, the referee is not here.

23. Which of the following are sets?

d. 1,2,3

e.  {12)3

f. {{1},2}.,3
g {10213
h.  {1,2,a,b}.

24. Which of the following sets can be described in complete listing, partial listing and/or
set-builder methods? Describe each set by at least one of the three methods.
a. The set of the first 10 letters in the English alphabet.
b. The set of all countries in the world.
c. The set of students of Addis Ababa University in the 2018/2019 academic year.
d. The set of positive multiples of 5.
e. The set of all horses with six legs.

25. Write each of the following sets by listing its elements within braces.
a. A=[x€Z:—4<x<4|

b. B=[Xx€Z:x°<5|
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C. C={x €EN:x’<5]}
d. D={xER:x’—x=0]
e. E={x€ER:X'+1=0].
26. Let A be the set of positive even integers less than 15. Find the truth value of each of the
following.
a. 15€A
—-16€A
pEA
12CA
[2,8,14]1A
[2,34]CA
[2,41€A
pCA
[246] CA
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27. Find the truth value of each of the following and justify your conclusion.
a. ¢C¢
[1,2]C{1,2]
¢ € A for any set A
[¢]C A, for any set A
5,7C€{5,6,7,8}
¢ello]]
For any set A,ACA
(¢}=¢
28. For each of the following set, find its power set.
a. (ab]
b. {1,1.5}
c. la,b]
d. [a,0.5,x}
29. How many subsets and proper subsets do the sets that contain exactly 1,2,3,4,8,10 and
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20 elements have?

30. If n is a whole number, use your observation in Problems 6and 7 to discover a formula
for the number of subsets of a set with n elements. How many of these are proper subsets
of the set?

31. Is there a set A with exactly the following indicated property?
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Only one subset

Only one proper subset
Exactly 3 proper subsets
Exactly 4 subsets
Exactly 6 proper subsets
Exactly 30 subsets
Exactly 14 proper subsets

I N

Exactly 15 proper subsets
32. How many elements does A contain if it has:
a. 64 subsets?
b. 31 proper subsets?
c. No proper subset?
d. 255 proper subsets?
33. Find the truth value of each of the following.
a. €P(¢)
b. ForanysetA,p CP(A)
c. ForanysetA,A€EP(A)
d. ForanysetA,ACP(A).
34. For any three sets A, B and C, prove that:
a. If ACBand BCC,then ACC.
b. If ACB and BCC, then ACC.
35.If BCA, AnB'=(1,4,5] and AUB={1,2,3,4,5,6}, find B.
36. Let A={2,4,6,7,8,91,
B={1,3,5,6,10} and
C=0{x:3x+6=0o0r2x+6=0}. Find
a. AUB.
b. Is|AUBJUC=AU(BUC)?
37. Suppose U =¢ The set of one digit numbers and
A={{x:Xx is an even natural number less than or equal to 9}
Describe each of the sets by complete listing method:

a. A

b. AnA'.

c. AUA".
d. (A")

e. ¢o—U.

f. o'
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38. Suppose U =¢ The set of one digit numbers and
A={({x:x is an even natural number less than or equal to 9}
Describe each of the sets by complete listing method:
h. A"
. AnA"
j. AUA'".
K (A
. ¢-U.
m. @'
n. U’
39. Use Venn diagram to illustrate the following statements:
a/AUB|=A'nB".
b.[AnB/=A'UB".
c.If AZB, then A{#¢.
d. AUA'=U.
40. Let A={5,7,8,9} and C=(6,7,8]. Then show that (AZ,)Z,:A(BZ,Z,.
41. Perform each of the following operations.
a. ¢n{o]
b. {¢.(¢]}-]
c. (¢}~
d. {{{¢}}]-¢
42.LetU=(2,3,6,8,9,11,13,15],
A={({xV x is a positive prime factor of 66}
B={({xE€ UV x is composite number } and C={x €U Vx-5€ U|. Then find each of
the following.
AnB,(AUB)nC,(A-B)UC,(A-B)-C,A-(B-C),(A-C)-(B-A),AnBnC
43. Let AUB={a,b,c,d,e,x,y,z} and AnB={b,e, y}].
a. If B-A={x,z], then A=(
b. If A~B=¢, then B=.¢
c. IfB=[b,e,y,z}, then A—-B=(
44.LetU={1,2,...,10},A={3,5,6,8,10},B=(1,2,4,5,8,9},
c=(1,2,3,4,5,6,8] andD={2,3,5,7,8,9}.Verifyeachofthefollowing.
a. (AUB)UC=AU(BUC).
b. An(BUCUD)=(AnB)U(AnC)U(ANnD).
C
d

()]
¢)

. (AnBNnCnD)=AUBUCUD.
. C-D=CnD.
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e. An(BnC)=(A-B)U(A-C).
45. Depending on question No. 10 find.
a. AAB,.
b. CAD.
c. [AAC|AD.
d. (AUB)(AAB..
46. For any two subsets A and B of a universal set U, prove that:
a. AAB=BAA.
b. AAB=(AUB)-(AnB).
c. AAP=A.
d. AAA=¢.
47. Draw an appropriate Venn diagram to depict each of the following sets.
a. U= The set of high school students in Addis Ababa.
A = The set of female high school students in Addis Ababa.
B = The set of high school anti-AIDS club member students in Addis Ababa.
C = The set of high school Nature Club member students in Addis Ababa.
b. U= The set of integers.
A = The set of even integers.
B =The set of odd integers.
C = The set of multiples of 3.
D = The set of prime numbers.
48. Use the truth table method to show that the following argument forms are valid.
ix. p==q,q }p.
x. p=p,p,r=qlr.
xi. p=q,r=q fr=p.
Xii.rvs,(s=p)=r|p.
xiii. p=q,p=r,r=s Fq=>s.
49. For the following argument given a, b and ¢ below:
Xiv. Identify the premises.
xv. Write argument forms.
XVI. Check the validity.

a.  Ifhe studies medicine, he will get a good job. If he gets a good job, he
will get a good wage. He did not get a good wage. Therefore, he did not
study medicine.

b. If the team is late, then it cannot play the game. If the referee is here,
then the team is can play the game. The team is late. Therefore, the
referee is not here.
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c. II the professor offers chocolate for an answer, you answer the
professor’s question. The professor offers chocolate for an answer.
Therefore, you answer the professor’s question
50. Give formal proof to show that the following argument forms are valid.
p=4q.q Fp.
p=gq,p,r=gqlr.
p=gq,r=q fr=p.

=R

ris,(s=p)=r|p.
p=>,p=>r,r=>s |‘q=5
pvg,r=p,r }q.
pAg,(qvr)=p Fr.
p=(qvr),r.p}q.
q=p,r=p,q}r.
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51. Prove the following are valid arguments by giving formal proof.
c. If the rain does not come, the crops are ruined and the people will starve. The
crops are not ruined or the people will not starve. Therefore, the rain comes.
d. Ifthe team is late, then it cannot play the game. If the referee is here then the
team can play the game. The team is late. Therefore, the referee is not here.




