Addis Ababa University
Department of Mathematics
Worksheets (Math 2041)

Worksheet on Integration

1
1. Suppose f”(z) =z — —; such that f(—
T

2. Evaluate the following indefinite integrals

a) [(z®+ 227+ g +4)dx

b) [(ze@*) + z)dx
) [ sin®z cos zdx

h) f Sin(inx) dx

) [ a?cos(x®)dx
) [ a*etdx

1) [ fogade

e J x? + 3x +2
D) | F=da k) [ %— 3dx 1) [ sin2x cos3zdx
H’l) f x(l—llnz) dx n) f 52253;3(1 O) f 422 —4x+5 4$+5 sl
342 z342z 221
p) f de q) f (z—1) z+2+230+2)d I') f 2 2241 i
s) —1?:121?%0&’: t) [ e® coshzdx u) [ Smh(
3. Evaluate the following definite integrals
fo =da f02 r? + 1)dx ) fjﬁZ x? cos wdx
2
d) J; |o - 3|da e) [ (1 —a?)de f) [y (Ve + )de
g) [y sin®z cos® wdx h) fo sin~! wdx i) f04 V16 — x2dx
) o merwde k) [, ¢'dt
4. Show that [ &—dr =
5. Evaluate the following improper integrals whenever converges.
4 2 . 1
) Js (m—13)2dx ) o \/mdx c) Jo z31+xd$
) fO e*+1 0 e*?—e~® f2 lngc)d
) f:/f sec xdx h) 7 e dx ) 7 = 61x+10d:c
6. Find the area of the region bounded by each of the given equations
a) y=z,x=2and y =0 b) y=2*z=-2z=2and y =0
¢c) y=sinz,z=—-mr=mandy=0 d) y=2*y==x
e) y=23y==x f) y=2%—4,y=4— 22
g) y==(r—2)%y=0 h) y* = 6,2 = Gy
7. Find the area of the region between the graphs of
a) f(x) =2+ z and g(x) =32 —z b) y*=zandy=1x—2
8. Determine the area of the region enclosed by the ellipse b*z? + a%y* = (ab)>.

1) =4 and f'(2) = 3, find an expression for f(z).
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Worksheet on Functions of Several Variables

1.

10.

Find the domain, range and sketch the domain of

a) f(2,9) = b) flz.y) = 75—
Identify the level curves and sketch some of them.

a) f(z.y) = 25 b) fl@,y) =i o flay) =y d) flz,y) =yl
Sketch the graph of f

a) flz,y) = +2y b) fley)=vA-22=y? ¢ flay) =e

Sketch the level surface f(x,y,z) = c.
a) flz,y,2) =2z —dy+zc=1 b) f(z,y,2) = 2> +y* + 2% c=2

¢) flz,y,2) =4a* + 4> + 2% c =1

The given surfaces intersect in a space curve C. Determine the the projection of C onto the
xy — plane.

a) The sphere 2% + y? + (z — 1) = 7 and the paraboloid z* + y*> — z = 1.

b) The cone z% + y? = 22 and the plane y + z = 2.

c¢) The paraboloid 22 + y? + z = —2 and the surface 2> — 3y* = 2.

Check whether or not the limit exists.If it exists, evaluate it.
34 22%y — 2y — 24° , —2)cosx —y + 2
a) lim 2 tery Iy - oy b)  lim y z 5 2y
(z,y)—(—2,1) x4+ 2y (z,y)—(0,2) r2y? —4x
o hm DTGy Q) tim
2 1 .2
@) =G60VT =y — 2y En=00T" 4y

Using the definition show that

_9 2 22
a) lim M =0 b) lim ysméx +2y _:Z ) =0
(2,y)—(0,0) /12 + y2 (z,y,2)—(0,0,0) x4 + Yy + z
Prove that f is not continuous at (0, 0)
B8 for (w,y) #(0,0) L for (2,y) # (0,0)
a xT,y) = P4y ’ ) b ,Y) = q a4yt ) )
R i i SRR i i
Find the first and second partial derivatives of f.
2) f(x,y) = (%) b) flz,y) = [ e dt
L e : .0 Of
A function is said to be harmonic if it satisfies Laplace’s equation: 922 + 8_y2 = 0. Show that

the following functions are harmonic:
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

a) f(z,y) = 2* — 3uy? b) flr,y) = e"siny ¢) fla,y) =In /a2 T 32
o0 f 0 f
i _ . L
Verify Byow 0z given that

a) f(z,y) = g(z) + h(y), where g and h are differentiable functions.
b) f(z,y) = g(z)h(y), where g and h are differentiable functions.

Let g be a twice differentiable function of one variable. If h(z,y) = g(z +y) — g(x — y), then
that 0*h  0%h
rove that — = —.
p or?  0y?

2
a) Find — where z = zy? + 2%y, x = ct? and y = 2ct, where c is a constant.

dt
b) If z = f(z,y) with x = e* 4+ e ¥;y = e " + e. Then show that % - % = x% — yg—z

Find the equation of the tangent plane to each of the following at the indicated point.

a) f(z,y) = 3z + 49?; at (-2,1,16) b) e® cos(zy) = 1; at (1,0,1).
Find the directional derivative of f(x,y, z) = 23 —tan~!(y + 2z) at (1,3,-1) in the direction of
v=2i+j—k.

Find the directions in which f increases and decreases most rapidly at the given point. Find
the rate of changes in these directions.

a) f(z,y) = arctan(z — y); P(2,-2).
b) f(z,y) = 22% + 3zy + 49*%; P(1,2).

The temperature at each point of a metal plate is given by the function
T(z,y) = €”cosy + €Y cosz. In what direction does the temperature increase most rapidly at
point (0,0)? What is this maximum rate?

Find the local extreme points and values of
a) z=2>+ay+y* —2r—y
b) f(z,y) = (y — 2)In(zy)
Find extreme values in the given set D.
a) f(z,y) =222 +y*+2z; D = {(z,y)|2* + y* < 1}.
b) f(z,y) = e* ¥ ; D is the region bounded by 22 + y? = 1 and x% + 32 = 2.

c) f(x,y) = 22 +y?> —x —y ; D is the triangular region with vertices at (0,0), (2,0) and
(0,2).

Find the maximum and minimum values of f subject to the given constraint

a) f(z,y) = 422 + 99, subject to z2 + y? = 1.
b) f(z,y) = zy, subject to 422 + 9y = 36.
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c) o) f(z,y,2) = 2* + y* + 2% subject to 3z + 2y + z = 6.
d) f(x,y,2) = wyz subject to 2% + 4> + 22 = 1.

21. Use Lagrange Multipliers to

a) find the points on the circle 2% + y* = 45 that are closest to and furthest from (1,2).

b) find the points on the sphere 2% + 3* + 22 = 1 that are closest to or farthest from the
(4.2.1).

c) find the points on the sphere xy — 22 = 1 that are closest to the origin.

22. The sum of three positive numbers is 120. What is the maximum possible value of their
product?
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Worksheet on Multiple Integrals

1. Evaluate the following integrals
a) fol s cos(a?)dydx b) fol I3 /a2 + y2dady
c) 01n3f01 JU(22 = y)e¥ dudzdy
d) [[(z*+ 3y*)dA where R = {(z, y)|2* + y* < 1}.
R
e) [[[ye *¥dV, where D is the cube bounded by the planes
D

r=1rx=3y=0,y=2,2=—-2and z =0.
) [[[x(3 —y)dV, where D is the solid in the first octant bounded by the sphere
D

22 + y? + 22 = 4 and the coordinate planes.

2. By changing the order of integration, when necessary, evaluate

a) foﬁ fyﬁ sin(5x?)dxdy b) fol fxl z2e¥" dyda
¢) Ji' 7 cos(y® — 3y)dydx Q) [2 [ ervdzdy
3. Using polar or cylindrical coordinates, evaluate
2 B2 1 1 y/1-92 1
a) f_2 fQ —/—12 T dydx b) fo fo AT En 1dxdy

c) f02 A vy’ folz\/mdzdxdy
4. Using double integrals, find the area of the region R bounded by

% b) the cardioid r = a(1 +sinf),a > 0
1+ 22

a) the curves y = % and y =

5. Find the surface area of

a) the paraboloid z = 4 — 22 — y? above the plane z = 3.
b) the portion of the sphere 2% + y? + 22 = 5 that is inside the paraboloid z? + y* = 4z.

6. Find the volume of the solid D that is

a) in the first octant bounded by the paraboloid z = x? + y?, the plane x +y = 1 and the
coordinate planes.

b) inside the cylinder 22+y? = 42 bounded above by the upper nappe of the cone 22 = 124>
and below by the xy-plane.

c) inside the sphere z? + y? + 2% = 4 outside the cylinder 22 + y* = 1.
d) bounded above by x? + 3? + 2% = 25 and below by z = /22 + 32.
7. a) Find the volume of the solid inside the cylinder 2 4+ 22 = 1 bounded on both sides by
the sphere 2% + y% + 2% = 4.
b) Write only the iterated integrals to find the volume of the solid bounded by the paraboloid
2z = 22 +y? and the plane 2z +y + z = 5.

8. Show that
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1 [ee) 00 42 42 m
dd — b) |- e " Vidrdy = —

a) Jy fo
9. Evaluate fffxe””QerQ“QdV where D = {(z,y, z)|2* + y* + 2* < 1}.
D

10. Find the centroid of the solid region of constant mass density bounded below by the paraboloid
z = 2x% + 2y* and above by the plane z = 8.

11. Evaluate using a suitable change of variables

) Jf <i _T_ z)4dA where R is the region bounded by the graphs of v +y = 1,y = 0 and
x=0.
20—y
) ffe( Try >dA where R is the region bounded by the graphs of z = 2y, y = 2x,
a:R+y: land x +y = 2.

2 2

f [a*yd A where R is bounded by the elhpse — + Y

= =1 for z,y > 0.

(Hmt use r = aucosv,y = businv)

) f02 I 2ea Js z2/x? 4 y*dzdydzx (use cylindrical coordinates).

2 2
e) f{;fydv, where D is the ellipsoid % + yz + 22 =1 (Hint: Let z = 3u,y = 2v, 2z = w).

12. Find the area of the region bounded by the curves zy = 1,2y = 2,y = = and y = 4x in the
U
first quadrant. (Hint: Let z = —, y = v)
v
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Worksheet on Sequences

1. Using the definition verify

_ 2 :
a) limzn 1:2 b 3n ¢) lim(vn+1-+yn)=0

' _3

2. Suppose {a,} and {b,} are sequences such that |a,| < |b,| Yn > 1. Show that if {b,} converges
to 0, then {a,} converges to 0.

3. Let {a,} and {b,} be sequences. If {a,} converges to 0 and {b, } is bounded, show that {a,b, }
converges to 0.

4. Find lim a,, if it exists

n—o0
3 n 3 3 2_1 n
2) an:(1+_) b) ap=vVn+2—+vn+1 ) an:(n )
n n
n . nmw 2(n!
d) a, = — e) a, = tanhn _ n*(n!)
) a S ) f) an—(n+2>!

5. Determine whether the given sequence is monotonic or not, and convergent or not

) {2 i:a} b) {Z_'} ¢) {cosn}
d) {m( 5 )} e) {37+ 47}

6. Determine the convergence or divergence of the sequence {a,} if

) Inn 1\ 3
a) a, = — il
nil b) an <1+n2>
14+43+5+4+..2n—1) n
C) an: n2 ( d) an2227k
k=0

0 if |r|<1
oo if |r|>1

7. a) Prove that limr" =

n—oo
1+3" 1 —1)"
b) Using (a) find i) lim il ii) limL
n—oo 21 n—00 e2n
c) Find lim {/4" 4 5
n—oo

8. Let {a,} be sequence with a; = v/2 and a,11 = /2 + ap,n > 1.

a) Show that {a,} is convergent. b) Find lim a,

n—o0
9. Let
1 1 1 .
a) 4, = —+ —+ ...+ . Show that lim a, = 1.

—_

2 2.3 n(n + 1) n—00
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b) b L 1 Show that I 1
n = ... + ———. Show that lim a, = 1.
vni+1  vn?+2 vn?+n n—o0
11 1 (—1)m+!

c) 0”21_§+§_Z+"'+ .Showthat&i_}n;ocnzlnz

n
(Hint: Use Maclaurin’s Formula on f(x) = In(x + 1))

10. Find two limit points and subsequences which converge to each of these points

(e (D) o]
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Worksheet on Series

1. Find the sum of the following series

9 Y 00 1 o0 1 ad 1
a) ;3 b) Z (n+1)(n+2) ) Z 2(n—1) 9 Z n(n + 3)

n=1 n=1 n=1
2. A ball is dropped from a height of 3 meters above a smooth surface, it bounces g of its
previous height. Find the total length the ball moves until it gets to rest.
3. Check the convergence or divergence of the following series using

i. Integral test

— n - 1 . tan"'n > 1
b —— d .
a);rﬂ_l );(271—1—1)3 C);HQ—{—l );nln(n—i—l)

ii. Comparison test

= vn—1 . 3n%2+42 =, cos?n
a) Z\/_ b) Z— ¢) =
n=1

10+ n dn2 +5n —1

n=1 n=1

iii. D’Alembert ratio test or Cauchy’s root test

] n4 ] n" o0 n—1 n 00 2n+5 2n—1
) 25 b) D g °) Z(4n—|—1) 4 (Sn—l)

n=1 n=1 n=1 n=1
= n! = (n!)?
e) f)
— 1.35.....2n+ 1) nZ:% (2n)!
iv. Alternating series test
-1 b —1)"— 1"
Y L DY 9 2V (5759)
4. Test the series for absolute or conditional convergence, or divergence
= (=1 =\ cosmn > Inn > n
a) ) ————= b c) ) (=1)"— d) ) (=1)"=
— f —1)"1
e);nlnn );( )" In n+1

0 —1)nt1
5. For what values of p does the series Z (

n=1

o converge absolutely and conditionally?
n

6. Find the value(s) of = each of the following series converge absolutely, conditionally, or diverge.

o0 [e.9]

) > b) 3 (na)?

n=1 n=1
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7. For each of the following find the interval and radius of convergence

L ~Inn =\ sinn
- n, ,—%,.2n - (_1)n 2n - Inn n
d) ;(—1) ne zx e) ; @n)] T f) ;Q—n(x+3)x
8. Find the radius of convergence of
e n' b n > (lnn)2
n 1 n+1 —1)" n
a);nnw );n2+2($ ) c) ;( e B
L 1.3.5....(2n — 1)
d n
) z:: 246...(2n)
9. Find the power series representation of In(1 + x?) in powers of x.
10. Use power series expansion to show that
z - t? -
) [ = el < ) T = D <
11. Find the Taylor series expansion of
a) f(z) =1In(l —2x), at o = 0 (Maclaurin’s series)
r—1
b) x——l—]_’ at xg = 0
—3r+2
= t =
C) f(.fl?) 2272—3%'—'—1’& Zo 0
d) f(z) =sin(2z), at zg =7
e) f(z)=coshzx, at gy =0
f) f(z) =z, at xg =1
12. Show that
=1 - 1
— n? — nl(n + 2)
. : : = 1
13. Using Taylor series expansion show that /e = Z :
2"

14. Find the sum of the following series

5 x4n—3

) T
5) 4n — 3

b) e +2e7%® 4 ... + ne " + ... [Hint: Integrate]

+ ... [Hint: Differentiate]



