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Preface

This book is a collection of papers presented at the first annual Workshop
held under the auspices of the ESPRIT Basic Research Action 3245, “Log-
ical Frameworks: Design, Implementation and Experiment”. It took place
at Sophia-Antipolis, France from the 7th to the 11th of May, 1990. Seventy-
four people attended the Workshop: one from Japan, six from the United
States, and the rest from Europe.

We thank the European Community for the funding which made the
Workshop possible. We also thank Gilles Kahn who, with the help of the
Service des Relations Extérieures of INRIA, performed a most excellent
job of organisation. Finally, we thank the following researchers who acted
as referees: R. Constable, T. Coquand, N.G. deBruijn, P. de Groote, V.
Donzeau-Gouge, G. Dowek, P. Dybjer, A. Felty, L. Hallnas, R. Harper, L.
Helmink, F. Honsell, Z. Luo, N. Mendler, C. Paulin, L. Paulson, R. Pollack,
D. Pym, F. Rouaix, P. Schroder-Heister, A. Smaill, and B. Werner.

We cannot resist saying a word or two about how these proceedings
came into being. Immediately after the Workshop, participants were in-
vited to contribute papers by electronic mail, as INTgX sources. One of
us (Huet) then collected the papers together, largely unedited, and the re-
sult was “published electronically” by making the collection a file available
worldwide by ftp (a remote file transfer protocol). This seems to have been
somewhat of a success, at least in terms of numbers of copies circulated,
and perhaps had merit in terms of rapid and widespread availability of re-
cent work. Having done this, we then followed a more conventional route,
inviting contributors to submit papers for the present volume.

G. Huet, INRIA, Rocquencourt
G. Plotkin, Edinburgh University






Introduction

This book contains a collection of papers concerned with logical frameworks.
Such frameworks arise in a number of ways when considering the relation-
ship between logic and computation, and indeed the general structure of
logical formalisms. In particular, in Computer Science, there is interest
in the representation and organization of mathematical knowledge on the
computer, and in obtaining computational assistance with its derivation.
One would especially like to implement program logics and prove programs
correct. Again, there is direct computational content in various logical
formalisms, particularly constructive ones. Finally, such issues provoke in-
terest in re-examining purely logical questions.

Logical frameworks arise in two distinct but related senses. First, very
many logics are of interest in Computer Science, and great repetition of ef-
fort is involved in implementing each. It would therefore be helpful to create
a single framework, a kind of meta-logic, which is itself implementable and
in which the logics of interest can be represented. Putting the two together
there results an implementation of any represented logic.

In the second sense, one chooses a particular “universal” logic which
1s strong enough to do all that is required, and sticks to it. For example,
one might choose a set theory, and do mathematics within that. Both ap-
proaches have much in common. Even within a fixed logic there is the need
for a descriptive apparatus for particular mathematical theories, notations,
derived rules and so on. Providing such is rather similar to providing a
framework in the first sense.

There is however a deeper relationship which provides the essential con-
ceptual basis of the work presented here. It arises from the question of the
computational content of logic. An important answer was given by Curry,
Howard and de Bruijn and developed by Martin-Lof. They provided the
“propositions-as-types” interpretation. Associated is the interpretation of
proofs as inhabitants of these types. Types and their inhabitants — and
so propositions and proofs — are presented syntactically by a variety of
terms. There are judgements of inhabitation and equality (rather than of
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truth, as in logic). The whole forms a typed A-calculus or type theory.

This provides a very versatile tool. For example, terms of the type theo-
ries can be directly evaluated, thereby providing a functional programming
language. If a constructive theory is chosen as a universal logic then proofs
of existence yield terms of the type theory witnessing the existential; these
terms are programs in the functional language.

Such methods have already been proposed in mathematical logic as the
so-called realisability interpretations. The recent development of functional
programming languages in Computer Science enables one to make these
translations from proofs to programs more direct, and to start designing
realistic programming environments built around proof systems.

Working on the meta-level, the syntax of a logic can be thought of as
being given by the types of its terms and formulas. Then to each judgement
in the logic there is associated the type of proofs of the judgement. Rules of
the logic are given by A-abstractions, which are terms of higher functional
type. One can then try to find a type theory rich enough to express all
these types for a wide variety of logics.

The connections that arise can be quite surprising. For example, search-
ing for a proof of a proposition amounts to searching for a term of a given
type. On the one hand, this ties up directly with proof theory. On the other,
allowing free variables in the types and fixing a search strategy results in
a logic programming language. Thus there is an intimate relationship be-
tween logic programming and type theory.

We have organized the papers into a variety of themes illustrating some
of the ideas sketched above. The first theme concerns choices of frameworks
for (a variety of) logics. In the first of the papers, Aczel, Carlisle and
Mendler treat LTC, the Logical Theory of Constructions, which is in fact
based on a type-free calculus. One of the main ideas employed is to treat the
notions of proposition and truth as fundamental and use them to explain
the notions of type and elementhood.

The next paper is by de Bruijn, a pioneer in the field, who headed
the Automath project at Eindhoven University from about 1968 to 1988.
Automath is a typed A-calculus, where the types are themselves A-terms.
There is thus no need for a separate syntax for the types: the A-abstraction
operator functions as a product operator, producing dependent types (these
are the types of functions where the type of the result of the function can
depend on its argument). In his paper, de Bruijn argues that frameworks of
strong logical complexity may not be necessary, since they may be encoded
in weaker frameworks which are easier to implement and understand. He
discusses various design issues for such weak frameworks, drawing from the
Automath experience.

The last paper in this theme builds on the syntactical structure un-
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derlying Automath proofs, the A formalism of Nederpelt. In the paper,
de Groote adds context operators to a non-extensional version of A in or-
der to represent mathematical theories, including definitions and lemmas.
The resulting system is reminiscent of de Bruijn’s own AA, but definitional
equalities are handled separately from §-conversion.

The second theme concerns experience with implementations of type
theories. The first paper, by Basin and Kaufmann, makes an extensive
comparison between two popular proof systems: the Boyer-Moore theorem
prover and the Nuprl Proof Development System. A non-trivial combi-
natorial theorem, due to Ramsey, is used to test the two systems. Such
comparisons are very valuable in helping a potential user assess the relative
merits of systems as regards ease of axiomatization, help in automating
proof search, proof length, proof replay time, user interaction time and so
on.

The next paper, by Helmink and Ahn, describes an implementation,
under development at Philips Research Laboratories, of Generalised Type
Systems, one of the current family of logical frameworks. This Constructor
proof system uses a systematic goal-directed proof procedure, reminiscent of
logic programming. The paper discusses the completeness of this procedure.
Finally, the paper by Pfenning on EIf relates to the Edinburgh Logical
Framework, LF, which is based on a type theory with dependent types.
Pfenning’s idea is to unify logic definition in the style of LF with logic
programming in the style of AProlog. The paper presents the design and
preliminary implementation of EIf.

The third theme is concerned with representing formal systems in oth-
ers. An important example of this is representing a logic in a logical frame-
work. The first paper, by Burstall and Honsell examines how to encode
operational semantics definitions of programming languages in LF. This
natural deduction treatment is appropriate to the rigourous treatment of
binding operators in programming languages. The paper by Felty presents
a translation of LF into the fragment of higher-order logic implemented in
AProlog. This translation exactly encodes the consequence relation of LF,
and so logics defined in LF can be implemented in AProlog.

The fourth theme is concerned with issues of the fype theories them-
selves. The paper by Coquand proves the decidability of #n-conversion
(and related properties) for a typed A-calculus with dependent function
space types and a single universe. The key to the proof is an extension
of the method of logical relations to the case of dependent types. Results
of this kind had previously proved exceedingly difficult to obtain by more
direct syntactic methods.

The paper by Dybjer gives a presentation of Martin-Lof’s type theory
including rules for a large class of inductive constructions in type theory.
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It also gives a set-theoretic interpretation of the resulting type theory. The
inductive rules comprise schemata for inductive sets and families of sets (or
types) and also for primitive recursive functions and families of functions
over the sets and families.

The fifth theme is that of proofs and computations, where one exploits
the view of proofs as terms of a type-theory. The first paper, by Pym
and Wallen, discusses the problem of automating proof search in the AIl-
calculus, the type theory of LF. Various presentations of the All-calculus
are given, progressively easing the problem of automation of proof search,
while preserving provability.

The next paper, by Constable and Murthy, discusses the constructive
content of classical proofs. A refinement of the double negation interpre-
tation of classical logic, Friedman’s A-translation, is presented as a proof
transformation procedure in the Nuprl system, and explained by means of a
problem inspired by Higman’s lemma. The relationship with continuation-
passing style in programming languages is briefly discussed.

The last theme, of logical issues, considers naturally arising logical ques-
tions. The paper by Hallnas presents a model theory for partial inductive
definitions First, Aczel’s rule-sets (essentially) receive a logical interpreta-
tion in terms of a sequent calculus: This approach is then extended to
definitions where rules may have arrows in their conditions. Finally, partial
inductive definitions are treated by means of simple definitions via a kind
of Curry-Howard interpretation.

Finally, Schroder-Heister builds on a distinction of Gentzen for sequent-
style systems of logic, where structural connectives (such as the comma)
and inference schemas (such as contraction) form a framework for logi-
cal inference schemas (such as V-introduction). He presents a variety of
structural frameworks, and discusses how elimination schemas reflect the
introduction schemas via general structural principles.
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Two frameworks of theories and their
implementation in Isabelle

Peter Aczel David P. Carlisle Nax Mendler

Computer Science Department
Manchester University
Manchester, M13 9PL

Abstract

In this paper we describe a version of the LTC (Logical Theory of Con-
structions) framework, three Martin-Lof type theories and interpretations
of the type theories in the corresponding LT'C theories.* Then we discuss
the implementation of the above in the generic theorem prover Isabelle. An
earlier version of the LTC framework was described by Aczel and Mendler
in [15].

1 Introduction

In [15]) the notion of an open-ended framework of deductive interpreted
languages is formulated, and in particular an example is given of a hierarchy
of languages L; in the LTC framework. In the first part of this three part
paper, sections 2 to 4, we review this hierarchy of languages and then discuss
some issues concerning the framework, which lead to another hierarchy of
languages, LTCy, LTC), LTC,,. In the second part, sections 5 and 6, we
give three type theories, 71y, 7Ty and TT,, and their interpretations in

*This work has been partially supported by both SERC grant No. GR/E29861 and
the ESPRIT Basic Research Action ‘Logical Frameworks’. The paper combines
two talks,[4] and [16], that were presented at the Antibes workshop.
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the corresponding LTC language. In the final part, sections 7 to 9, we
document the implementation of the LT'C hierarchy in the generic theorem
prover, Isabelle, developed by Larry Paulson at Cambridge [19, 20]. We
also describe a programme for verifying, in Isabelle, the interpretations of
the type theories TTy, TT) and TT,,.

The basic LTC framework is one that runs parallel to the IT'T frame-
work. ITT stands for “Intuitionistic Theory of Types”, see [13, 14]. It is a
particular language from the latter framework that has been implemented
in the Cornell Nuprl System, [8]. The basic LTC framework is intended
to be, at the informal level, the framework of ideas that were used by Per
Martin-Lof in his semantical explanations for ITT in [13]. Those expla-
nations seem to treat the notions of proposition and truth as fundamental
and use them to explain the notions of type and elementhood as used in
ITT. This is, of course, going in the reverse direction to that which occurs
when ITT is used, when the propositions as types idea is applied so as to
represent the logical notions as notions of type theory.

The LTC framework has its technical origins in the first-order theory of
combinators of [1]. An investigation of the models was first undertaken in
[2] and a revised notion of model is considered in [3], which is closely related
to the approach of [5]. The version of the LT'C in [15] was essentially based
on this revised notion of model. A formulation of an LTC language may be
found in the dissertation [21], which also gives an account of the translation
of the early version of ITT, [12], into the LTC language. In [22] may be
found a translation of the later version of an ITT language into an LTC
language. A description of the LT'C approach that is oriented more towards
computer science may be found in [9].

The unifying theme behind variant versions of the LT'C framework is
the idea to focus on a universe of objects which include both the data values
of a lazy functional programming notation and also the propositions of an
internal reflection of logic (for those LTC languages that are rich enough to
include a reflection of logic). When interpreting a type theory in an LTC
theory the types are represented as certain kinds of partial equivalence
relations on this universe.

In connection with the internal reflection of logic there is a truth pred-
icate T', which expresses, of an object of the universe that is a proposition,
that the proposition is true. In some approaches, such as that of [22], this
predicate is only meaningfully applicable to objects that are propositions.
This leads to formulations that involve a non-standard formalisation, where
the rules of formula formation are mixed up with the rules of deduction. In
particular there may be a rule that allows the formation of a formula T'(a)
provided that a formula P(a) has been deduced, where P is a predicate
expressing that an object of the universe is a proposition. In the present
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paper, as in [15], we have kept to a simpler, more standard kind of formal-
isation that involves a mild extension of the predicate calculus. So for us,
when an LT'C theory has a truth predicate T it is one that is applicable to
all objects of the universe.

The functional programming notation that we use comes from ITT, but
here, of course, it is untyped. In some versions of the LTC framework the
universe of objects forms the domain of values for a denotational semantics
of the programming notation, so that, in particular, the universe forms a
model of the lambda calculus. In [15] an alternative approach, reviewed in
section 2 here, was taken in which programs of the programming notation
were themselves represented as objects of the universe and an operational
semantics for the programming language was explicitly expressed by an
evaluation relation, ~», on the universe. This has led to the focus on cer-
tain kinds of term models as standard interpretations of LTC theories. In
these term models the equality relation on the universe is decidable. In
the present paper we have experimented with a compromise between the
two approaches, which might be called the denotational and operational
approaches. The idea is to separate out two aspects of functional com-
putation, the purely recursive from the remaining conirol aspects. In the
compromise we deal with the purely recursive aspect in a denotational way;
i.e. purely recursive definitions are treated as equalities. But the remaining
control aspects of functional computation; i.e. discrtmination between dis-
tinct canonical forms and selection of the components of a canonical value,
are treated operationally using the explicit evaluation relation as before.
Term models are still used as standard interpretations of LT'C theories,
but now the purely recursive definitions can be used in the identification
of terms. It seems to be an open problem, which may be rather dificult,
to determine whether or not equality in the term models is still decidable.
Nevertheless, as with the other two approaches, a Church-Rosser theorem
may be proved, which ensures that the term models are well-behaved.

A minor advantage of this compromise approach is that it gives a pleas-
ing regular pattern to the operational semantics. But it is unclear, at
present, what more significant advantages it may have over the purely op-
erational approach. We have focused on it in this paper because it seems
to be a new idea that we believe merits further investigation.

In focussing on the LTC framework we are pursuing the idea that the
notions of proposition and truth are, after all, the fundamental ones for
logic and that the logical notions are the fundamental ones for a deductive
system for mathematics. According to this idea, although the notion of type
is also essential for mathematics and computer science it is less fundamental
conceptually.
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2 The LTC framework and the languages L;.

In [15] an attempt was made to make precise the general notion of a frame-
work of deductive interpreted languages, each such language being a triple
(o, T, I) consisting of a signature o, a theory T for o and an interpretation
I of o that models T. We will not review that here. To some extent that
notion of a framework is better captured using the notions of institution
and general logic. See for example [17]. But more is needed to adequately
capture the intended notion of a conceptual framework of ideas, such as
that of the ITT framework, that determines notions of signature, theory
and standard interpretation.

The increasing hierarchy of four languages L; for i = 1,...,4 was orig-
inally defined in [15]. In keeping with the notion of framework presented
there each language L; has the form (0:,T;, I;), as above. Here we shall
give a description of the basic framework and then go on to describe the
languages L;, ignoring for the most part in each case the, not to be imple-
mented, interpretation component I; of the language.

The basic LTC framework

As presented in [15], the signatures of the LT'C frameworks are taken over
from the theory of arities as used by Per Martin-Lof in [14] and the Gothen-
burg group in [18]. This is essentially a simply-typed lambda calculus with
two atomic types, ¢ for terms and o for formulae, but now types are called
arities and the notation for abstraction and application avoids any explicit
symbols such as A for abstraction or Ap for application. We use the follow-
ing currying abbreviation.

[ag,a2,...,an] —ma = oy —(az—---(ap—>a)--)
So an arity [ay,...,a,] — a is the arity of n-place function expressions
having arguments of arities a;,...,a, and a value of arity a. A signature

will be made up of a set of constant symbols, taken from a fixed sufficiently
large set, each symbol being of some arity. Expressions are built up in
the usual way from these constants and the variables using abstraction and
application. If b is an expression of arity # and z is a variable of arity
a then we will write (z)b for the expression of arity « — 8 obtained by
abstraction on the variable z. Also if f is an expression of arity o —
and a is an expression of arity a then we write f(a) for the expression of
arity § obtained by function application. Obvious notational conventions
will be adopted for repeated abstractions and repeated applications. Inter-
convertible expressions will be identified, so that in particular the notion
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of a bound occurrence of a variable no longer makes sense. To indicate
expression e is of arity «, we write e : .

Each arity has a level, with the atomic arities having level 0 and the arity
a — f has level maz(l+ 1,k), where I, k are the levels of a, # respectively.
For most purposes only symbols having an arity of level < 2 are needed.
The languages L; only have such symbols.

Every LTC signature will include a standard signature o¢ for intu-
itionistic first-order logic having the following connectives and first-order
quantifiers.

1 : o0 = : [, —o0
AV,D : fo,0) — o0 V.3 ¢ (t—o0)—o0

In addition to V and 3 we will also need in LT'Cy the quantifiers ¥!,3! of
arity ((¢ — ¢) — o) — o that quantify 1-place function variables of level 1.
The usual infix notation for binary connectives and equality will be used.
Also the usual notation for quantifiers will be used, so that, for example, we
write V¢ for V((z)$). The above connectives and quantifiers are called the
logical symbols, the remaining symbols of a signature being non-logical. As
in ordinary first-order logic the non-logical symbols are of two kinds, func-
tion symbols and predicate symbols. We say a symbol F : [ay,...,a,] — ¢
is a function symbol and a symbol F : [ay,...,a,] — o is a predicate sym-
bol. In each case we assume that the arities ay,...,a, are elementary, i.e.
they only involve the ground arity ¢ and not o. The individual terms and
the formulae of the language can be inductively generated in more or less
the standard way as in the predicate calculus, using the function symbols
to build up terms and the predicate symbols to form atomic formulae. For-
mulae are then built up from the atomic formulae using the logical symbols.

When using a basic formal theory with a signature of primitive symbols
it is often convenient to work with extension signatures obtained by adding
new defined symbols, adding their defining axioms to the axioms of the basic
theory. Such definitional extensions of the basic theory are inessential in
the sense that the new symbols can always be systematically eliminated.
For this reason it is natural to partition the symbols of a signature into
the primitive symbols and the defined symbols, where a defining axiom is
associated with each defined symbol. There is no need to have defined
symbols in the basic languages and there are none in the languages L;. But
in our formulation of the languages LTC; we have experimented with the
use of a development of the concept of a definitional extension by allowing
recursive definitions of function symbols. The definitions are no longer
deductively inessential.

Each theory for a given signature will include a standard system Tp of
schematic axioms and rules for the intuitionistic predicate calculus with
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equality. In addition to the usual rules for equality there are special rules
for equality that express that the primitive function symbols of the signa-
ture should denote injective functions with pairwise disjoint ranges. We
certainly do not want such rules for the defined symbols.

There are two kinds of special equality rules.

(SEI) c(flv'--:fn):c(gl,...,g")

fi(ay, ... ax;) = gi(ay, ..., ax;)

c(fi,-. oy fa)=d(h, ..., hy)

(SE2) —

where c is an n-place primitive function symbol of arity (a; ---a,),1 < i<
n, fj,g; are terms of arity a; for 1 < j < n and ay,...,a;, are terms of the
appropriate arity. Also d is a primitive function symbol of arity (8; - - - fm)
distinct from ¢ and h; is a term of arity 3; for 1 < j < m.

The motivation for having these special equality rules is that they are
correct for the LT'C interpretations, which are always certain kinds of term
models. In these models each elementary arity is interpreted as a suit-
able equivalence class of closed terms, involving function symbols from a
signature that may be an extension of the signature being interpreted.

The language Ly = (01,Ty, —).

This language is a first-order version of the Peano axioms for the natural
numbers. The symbols of oy consist of the logical symbols of og plus the
primitive symbols 0 : ¢, S : ¢ — 1 and N : ¢ — 0. Two of the Peano axioms
are already captured by the special equality rules for 0, S.

S(a) = S(b) S(a)=0
a=1b 1

The remaining three Peano axioms need to be added explicitly to get the
theory T3.

_ N(a) ¢(0) _ Vz(é(z) D ¢(5(=)))
N(0) N(5(a)) N(a) D ¢(a)

The language L; is still very weak as there is as yet no way to express
addition and multiplication of natural numbers.
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The language Ly = (69,T5,—).

L, extends L; by incorporating a simple functional programming notation
with an explicit operational semantics. In the interpretation of Lo the
values of the programming language will be the objects of arity ¢ that are
in canonical form. Such objects will be elements of the term model for
Ly whose outermost primitive function symbol has been stipulated to be
canonical. The primitive function symbols that are stipulated to be non-
canonical will be the control constructs of the programming language. The
function symbols in o3 are 0,.S from L; plus the following.

A (b= = Ap : [ —
) 2 [ — Spread : [,,[t, )] — ] — ¢
Inl;Int : - Decide : [t,0— 1,0 — 1) — 0
Ind : [t,,e0—¢) —

Each primitive function symbol of L, is stipulated to be canonical or non-
canonical. Symbols 0, S, from L,, and those in the above left-hand col-
umn are canonical, while the symbols in the right-hand column are non-
canonical. As with the quantifiers we can write Aza for A((z)a).

The operational semantics for lazy evaluation of the expressions of the
programming language i1s captured by using the predicate symbol _ ~»
_ :[t,¢] — o. This is intended to express the relation of evaluation to
canonical form. A term of arity ¢ is canonical, i.e. is in canonical form, if
its outermost function symbol is a primitive canonical symbol. The theory
T, is obtained from 77 by adding the following evaluation rules for the
control constructs. )

a~~+C dr\,)e

(~1) (~2)

c~c k(a) ~e

Where in (~ 1), ¢ is required to be canonical, and in (~ 2), (c,d, k)
is required to be a computation triple, a triple of the forms listed in the
following table. Note that the first column of the table lists all the canonical
forms.
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The Computation Triples of L.

L_c | d | k |
A(F) f(b) (z)Ap(z,b)
(bi,b2) | h(by,bs) (z)Spread(z, h)
Ini(b) f(b) (z)Decide(z, f,g)
Inr(b) 9(b) (z)Decide(z, f,g)
0 b (z)Ind(z,b, h)
S(c) | h(c,Ind(c,b,h))| (z)Ind(z,b,h)

In the interpretation of L, the evaluation relation is inductively defined
using the above two rules as the clauses of the inductive definition. It
follows that the following two rules are also correct. Although they are not
in Ly we shall have them in the language LTCy.

a~+ey an~ e (~ 4) a~c k(a)~ e
ey = ez d~e

(~3)

In (~ 4), (¢c,d, k) is required to be a computation triple.

The language Lz = (03,T3, —).

The language L3 can be viewed as a metalanguage for Lo, as it involves
an internal representation of the semantics of Ly. To do this the signature
o3 includes two new primitive predicate symbols P, and T of arity ¢+ — o.
Also o3 includes a new canonical primitive function symbol corresponding
to each of the logical symbols and predicate symbols of Ly. These new
function symbols will be indicated by placing a dot over the symbol they
correspond to. The new rules of T3 express in a fairly straightforward way
a semantics for Ly, when the predicate symbol P; is used to internally
represent the propositions of L, and the predicate symbol T is used to
represent the {rue propositions of L. For each dotted symbol there is a
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proposition formation rule and also a rule giving the truth conditions for
a proposition formed using the symbol. We can present the new rules of
T3 in a systematic way by associating with each individual term ¢ of L3
formulae ®! and ¥, as detailed below. The new rules for ¢ are

e~c @l e~c P!
Py(e) T(e) & ¥,

Here we use ¢ & ¥ to abbreviate the formula (¢ D ¥) A (¢ D ¢). The
formulae ®! and ¥, are specified in the following table, where we use T to
abbreviate (LDL1).

L c I ;] [ v |
(a=b) T (a=b)
N(a) T N(a)
(a~rb) T (@~ b)
1 T 1

(aAb) Py(a) A Py(b) T(a) AT(b)
(avb) Py(a) A Pi(b) T(a) v T(b)
(a3b) Pi(a) A(T(a) D Py(b)) | T(a) D T()
v(f) VzPi(f(z)) VzT(f(z))
3() vz Py (f(z)) 3T(f(z))

The language Ly = (04,Ty, —).

The language L3 was obtained by a process of reflection on the language
L. This process can be repeated to obtain a metalanguage for L3, a meta-
language for that language and so on. The language L, is a language incor-
porating the result of repeating the reflection process any finite number of
times. So there is now a hierarchy of predicate symbols P; for i = 1,2,...
with P being used to internally represent the propositions of the sublan-
guage of L4 that only involves the predicate symbols Py, ..., P;. There need
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to be dotted function symbols P; corresponding to these predicate symbols.
The rules of T4 are obtained by adding to the rules of T the following rules
fori=1,2,...

e~c @ e~c @ Pi(e) ,. .
Pi©) T(e) & ¥, F(e) (7<)

Here <I>i is defined like ®! using P; instead of Py, except that there is the
following additional row in the table defining the formulae ® and ¥,.

L c | o; | v ]

P;(a) (with j <) T P;(a)

There is no need to add a primitive functional symbol 7T} to internally
represent the true propositions of L;, because if one defines T;(a) as P;(a) A

(Pi(a) D a), then Piy(Ti(a)) holds and T(Ti(a)) is equivalent to Pi(a) A
T(a).

3 Term models, recursion extensions of theories and full
evaluation for natural numbers

In this section we focus on some issues that are relevent to an understanding
of the LTC framework as presently conceived. A suitable notion of term
model is basic to the interpretations of the LT'C languages and this is
discussed below. But because the defined and primitive symbols are treated
differently in term models we start by reviewing the familiar notion of a
definitional extension. We also formulate a generalisation, the notion of a
recursion eztension. Finally we look at the distinction between numerals
and nafural numbers that exists in the context of a lazy evaluation relation
and also formulate the additional notion of full evaluation that seems to be
needed for the natural numbers.

Definitional Extensions

The notion of a definitional extension of a theory is a familiar one that
makes sense for many logics. The idea is to extend a theory by adding to it
new defined symbols with their defining axioms. The new theory should be
an inessential extension in the sense that the defined symbols can always be
systematically eliminated. The formulation of this notion for LT'C theories
is straightforward.
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We assume given an LTC signature o and theory T for it. A definitional
extension for the theory is obtained by adding some new defined symbols
to the signature and for each new symbol F a new axiom is added to the
theory, called the defining aziom for the symbol. If F is a function symbol
of arity [oy,...a,] — ¢ then the defining axiom has the form

F(zy,...,zp)=¢

where z;,...,z, is a non-repeating list of variables of arities ¢4, ... a, and
e is an term of arity ¢ of the old theory whose free variables are among
Z1y.o oy In.

If F is a symbol of arity [aj,...a,] — o then e should be a formula
whose free variables are among z;,...,z, and equality should be replaced
by logical equivalence, <.

Definitional extensions are deductively inessential in the sense that all
defined symbols can in principle be eliminated from terms and formulae in a
systematic way using the definitions. It follows that a definitional extension
is conservative over the original theory; i.e. any theorem of the new theory
that is expressed in the old signature will already be a theorem of the old
theory.

Definitional extensions are also seinantically inessential in the sense that
any model of the old theory will have a unique enlargement to the new
theory. The enlargement is defined by interpreting each new symbol in the
model in the obvious way using the interpretation of the right hand side of
its definition. It may be as well to emphasise that the LTC framework is
based on an extension of first-order logic in that the function and predicate
symbols are allowed to be variable binding. Nevertheless the notion of
definitional extension works as in the more familiar first-order case.

Term Models

The notion of a term model for a theory makes sense for many logics and
is often useful. The general idea is that the elements of a term model are
terms or something like terms. Often they are equivalence class of terms
under a suitable equivalence relation.

In the LTC framework a notion of term model will play an essential role,
as only term models of a particular kind will be allowed as interpretations.
Given an LTC signature o, by a term model for ¢ we mean something
obtained in the following way. Take a signature ¢’ obtained from o by
adding new function symbols. For each elementary arity « (i.e. one not
involving the ground arity o) let T, be the set of closed terms of ¢’ of arity
a. Let {=,}4 be the family of equivalence relations =, on T, that forms a
congruence with respect to the function symbols of ¢’ generated by using
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the «, # and % rules of the theory of arities and the defining equations for
the defined symbols of /. Let A, be the set of equivalence classes [t] of
the terms ¢ of T, relative to the equivalence relation =,. Each function
symbol F of o of arity [a,...,a,] — ¢ now has an interpretation as the
unique function

[F]: Agy X -+ X Aq, — A,

such that for ¢y € Ty,,...,t, € Ty,

[FNCE), - Ba]) = [F (s - )]

The specification of a term model for ¢ is now completed by interpreting
each primitive predicate symbol F of ¢ of arity [ey,...,a,] — 0 as a
relation [[F]] C A4, X --- X A,,. Such a term model for o gives rise to
a semantics for the formulae of o in the usual way. The quantifiers V,3
are interpreted to range over A, and the quantifiers V!, 3! are interpreted
to range over A,—,. The correctness of the special equality rules can be
obtained as a consequence of the standard Church-Rosser result that is
available for the theory of arities with additional rewrite rules given by the
explicit definitions for the defined symbols. The defined predicate symbols
need to be given that interpretation that makes their defining axioms come
out true. Of course the truth of the defining axioms for the defined function
symbols has been built in to the notion of term model.

Recursion Eztensions and their term models

Here we wish to consider a generalisation of the notion of a definitional
extension, which we will use in the language LTCjy. In the LTC framework
there is a clear separation between those aspects that are to do with defi-
nitions and the resulting notion of definitional equality and those aspects
that are to do with the computation triples and the resulting evaluation
relation. These aspects are conflated in the type free lambda calculus and
in the original notion of Frege structure [2] that was used as the first idea
for the interpretations of something like the LT'C framework [22]. By our
use of explicit evaluation relations over term models we keep these aspects
separate. Our idea here is to compromise between the two approaches by al-
lowing definitions to be recursive and only leaving discrimination/selection
to be represented in the computation triples. Take the example of the non-
canonical primitive function symbol Ind of the language L,. It is used to
capture primitive recursion on the natural numbers, a computational no-
tion. We can analyse primitive recursion into the two separate components
of recursion and discrimination/selection and move the recursion compo-
nent to the definitional aspect, keeping only the discrimination/selection
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features of computation to be captured with the computation triples. To
do this we now take Ind to be a defined symbol with recursive defining
equation

Ind(c,b,h) = DecideNat(c,b,(z)h(z,nd(z,b,h)))

Here DecideNat is to be a new non-canonical primitive function symbol
used in the following computation triples.

Lec [ d] k J

0 b | (z)DecideNat(z,b,g)

S(c) | g(c) | (z)DecideNat(z,b,g)

These replace the old computation triples for the primitive function sym-
bols 0,5 that used Ind. The symbol DecideNat is purely a discrimina-
tor/selector as are the other non-canonical function symbols of Ly: Ap,
Spread and Decide. The idea for this kind of separation of recursion from
discrimination/selection came from a reading of [10] although they do not
distinguish between equality and evaluation in the way we do.

Let us now describe the general notion of a recursion extension of a
theory. This notion will generalise the notion of a definitional extension.
Although no longer necessarily always an inessential extension it turns out
that a recursion extension will still have a reasonable notion of term model.
A recursion extension is a new theory obtained from an old one by adding
new defined function symbols to the signature and for each defined symbol,
F, a new defining axiom

F(zl,...,zn)=e

as in the case of a definitional extension except that now the term e is
a term of the new signature (so that it may contain F itself) whose free
variables are among z,,...,z,.

In the previous subsection we gave the definition of the notion of a term
model for a signature where the defining axioms for the defined symbols
were always non-recursive. That definition will still carry over to the more
general situation where we allow recursive defining axioms for the defined
function symbols as above. Fortunately the Church-Rosser theorem that
we had before will extend to a Church-Rosser theorem here, even though
the reduction relation will now no longer be strongly normalising as it was
before. We hope to discuss this elsewhere. Because we still have a Church-
Rosser theorem the special equality rules will hold as before.
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We have made one change to the table of computation triples. The
triples involving Ind were replaced by those involving DecideNat. With this
change the computation triples are formed in a pretty uniform way. Only
the triple for the canonical primitive function symbol A departs slightly
from a very clear-cut pattern. The canonical primitive function symbols
form into subsets of related symbols. While A and (_,_) are on their own
Inl, Inr are related and so are 0, S. With each maximal set

{e1,.--,em}

of related canonical primitive function symbols there is associated a non-
canonical primitive function symbol A and computation triples given in the
following table

L c [ d [ k |

Cl(fll;---,flnl) hl(fll;---,flnl) (I)A(I,hl,...,hm)

Cm(fml,---,fmnl) hm(fml,---,fmnl) (I)A(I,hl,...,hm)

The three symbols that play the role of A for the threesets {{_,_)}, {Inl, Inr}
and {0, S} are, of course, Spread, Decide and DecideNat. To get a compu-
tation triple for A to fit the pattern we need a non-canonical primitive
function symbol Pa and the computation triple

Le [ d] * |
MS) | h(f) | (@) Pa(z, h)

The symbol Ap can now be introduced as a defined function symbol with
definition

Ap(z,0) = Pa(z,(f)f(b))

Note that Pa is a symbol of arity [¢, (¢ — ¢) — ¢] — ¢, an arity of level 3.

The above groupings of canonical primitive function symbols has its
origin in the groups of canonical function symbols associated with each form
of type. There seems to be no reason why a new non-canonical constructor
A with computation triples as above could not be associated with any set
{e1,...,em} of canonical primitive function symbols.
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Natural numbers and their full evaluation

The predicate N of the language L, expresses the property of being a
numeral in unary notation; i.e. being one of 0,5(0),S(S(0)),.... This
notion of numeral is inadequate for computational purposes in the LTC
framework. We need a notion of natural number which will guarantee, for
example, that plus(a,b) will be a natural number whenever a,b are. Here
plus is defined in terms of Ind so as to have the following evaluation rules.

a~c b~ 0 b~ S(c)
plus(a,b) ~ ¢ (plus2) plus(a, b) ~ S(plus(a,c))

(plusl)

It will not do to define a natural number to be an object that evaluates to
a numeral. This is because our notion of evaluation is lazy and objects are
only evaluated to outermost canonical form. For example plus(5(0), S(0))
evaluates to S(plus(S(0),0)) which is not a numeral. The correct defini-
tion is that a natural number is an object that is inductively generated by
the rules (Nat1) and (Nat2) below. The rule (Nat3) is the principle of
mathematical induction for this notion of natural number.

a~0 a~» S(b) Nat(b)

(Nat]) W (Nat?) Nat(a)

Ve(z~ 0D ¢(z)) Va,y(z~ S(y) & é(y) DO ¢(z))
(Nat3) Nai(a) > #(a)

Every natural number should have a full evaluation to a numeral. But it is
not clear if this notion of full natural number evaluation can be expressed
in Ly even when Nat and its rules have been added. So we want a relation
~~+ to express this notion of full evaluation. Its rules are

(~r 1) :::00 (2 S(:)W S(C)b —
V:E(x ~ 0D ¢(x’0))’
(o 3) Vz,y,2(z~ S(y) & é(y,2) D ¢(z,5(2))) t

(a ~~6) D ¢(a,b)

tOcassionally, for typographical reasons, premises in rules will be listed vertically
instead of horizontally.
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The first two rules give the clauses for the inductive definition of the full
evaluation relation and the final rule expresses proof by induction following
the inductive definition. Using these rules we can derive the rules for N
and Nat when these have defining axioms

NiE) & z~vz
Nat(z) < 3In(z~-n)

We can also define the relation EqNat of natural number equality by
EgNat(z,y) < In(z~~n A y~~n)

This is used in defining the type of natural numbers. So we shall take the
rules for ~~ as primitive in LT'Cy and use the above definitions of N and
Nat.

4 The Languages LTC,, LTC, and LTC,,.

In this section we describe the three languages. Our description can be brief
as these languages are only slightly different to the languages Lo, L3 and
L4 of [15] and section 2, and the points of difference have been discussed in
the previous section.

The LTCy theory uses a natural deduction style axiomatisation of in-
tuitionistic logic with equality for the first-order logical symbols L, =,D,
A,V,V,3 and the second-order quantifiers V!, 3! of arity ((t — ¢t) = 0) = 0
that quantify 1-place functions from individuals to individuals. The non-
logical symbols are made up of

Function Symbols

e Canonical primitive: 0,5, A, (_,_), Inl, Inr

el

e Non-canonical primitive: DecideNat, Pa, Spread, Decide
e Defined: Ap,Ind

Predicate Symbols
o Primitive: ~, ~
o Defined: N, Nat, EqNat

The non-logical rules of LT'Cy consist of:

e The special equality axioms (SE1), (SE2) for the primitive function
symbols.
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e The evaluation rules (~ 1), (~ 2), (~ 3) and (~ 4), using the com-
putation triples tabled in section 2 except that the computation triples
involving Ind and Ap are replaced by those involving DecideNat and
Pa given section 3.

e The full evaluation rules (~~~ 1), (~~ 2) and (~~ 3) of section 3.

o The defining axioms for the defined symbols Ind, Ap, N, Nat, EqNat,
as presented in section 3.

The languages LTC} and LTC,, are obtained from LTCy using exactly
the same kind of internal reflection and its iteration that are used in the
formation of L3 and L4 from L,. Instead of the constructor N of L3 there
is now a constructor ~~». Also there are new constructors V!, 3! reflecting
the function quantifiers of LTCj.

5 The type theories TT,, TT, and TT,

We now present three Martin-Lof-style type theories [14, 8, 18]: Ty, a type
theory without type universes; TT}, a type theory with one type universe;
and TT,, a type theory with a cumulative hierarchy of type universes.
We assume the reader is familiar with such type theories. See [8] or [18]
for an introduction to Martin-Lof type theory. The style of type theory
we are giving here has been called polymorphic because terms like Az Ay z
have many types, rather than a unique type, as is the case in so-called
monomorphic type theories. This polymorphism lets us write a simple rule
for universe cumulativity where in a monomorphic type theory an explicit
embedding function would have to be used.

After presenting the type theories, we give interpretations of each in the
corresponding LT'C theory of the previous section. The style of the proof
rules for the type theories was chosen so that the interpretation of the
rules could be easily expressed in a theorem prover like Isabelle [20], which
is suited to implementing object logics expressed in a natural deduction
style. In such a setting one can then formally verify the soundness of the
interpretation.

In type theories, equality is problematic. Here we are not thinking of
equality as definitional, as it is sometimes done. Instead, equality between
types is taken to be extensional, and the equality on a type’s members has
a similar extensional flavor: for instance, in a II type, terins representing
functions are equal if they map equal terms in the domain to equal terms
in the codomain.

The type theories we present here are expressed in the theory of arities
of LTC except that now, in addition to the atomic arities ¢ for terms and
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o for formulae, there is also the atomic arity 7 for type expressions. There
are only two basic forms of formulae: type equality, and term equality in a

type:

_=_ [r,7] — 0
_=_€_ : [, T)—o0

For convenience, we define abbreviations for their reflexive instances:
A Type for A = A and a € A for a = a € A. The proof rules for each
type theory will be given in a natural deduction style. Each judgment will
assert a formula in the context of a list of assumptions, each assumption
having the form

z=z' €A

where z,z’ are distinct variables of arity ¢. For example, the rule for forming
equal II types is:

[z =2' € A]

A=A" B(z)=B'(z')
II(A, B) = II(A', B")
where z and z’ are assumed to be new variables whose instances are bound
in the right-hand subproof, and the hypothesis £ = =’ € A is discharged

by this proof rule, as the brackets are meant to indicate. In the Isabelle
presentation, this rule would be written:

(A=A4)>(\(e=32"€ A) D (B(z) = B'(z"))) D II(4, B) = (4", B')

z,x!

Normally, type theories have assumptions in the form ¢ € A. Then the
interpretation of, for example, d(z,y,2) = d'(z,y,2) € D(z,y,z) in the
context z € A, y € B(z), z € C(z,y) would be, roughly speaking,

[A)(z,2") A [B(2)}(y,¥') A [C(=, y)}(2, 2) O
[D(z,y, H)N[dl(z, y, 2), [¢](=", ¢, 2))

where the double brackets indicate the interpretation of expressions. The
thing to note is the substitution of primed variables for unprimed variables
in d', for as many variables as there are assumptions. Such an interpreta-
tion, operating at the level of formulas-in-context, is not expressible within
Isabelle. Thus, wishing to formalise all this within Isabelle, we revised the
usual form of Martin-Lof type theory slightly.
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Type theory TTy

Our first type theory is a type theory without a type universe. TT,
has the function symbols A, Ap,{_,_), Spread, Inl, Inr, Decide,0, S, Ind as
in the language L, and has in addition the function symbols Any : ¢ — ¢
and True, Peano : ¢. It also has the following list of type constructors.

n: [reor]—r T [rpe—or]l—r1
_+_ 1] —r I : [rgd—r
Void : t Nat : 7

The proof rules for TTg are the following.

General rules

a=a €A, AType A=A
a=a€cA A=A
a=ad €A, a'=d" €A ATpe A=A, A =4"
a=a"€A ) A= A"
a=d €A A=A
a=a €A

[z=2'€ A] [z =2 € A]

bz)=b(z') € Bx) a=d' €A Blz)=B(s) a=dech

b(a) = b'(a’') € B(a) B(a) = B'(a’)
I rules
[z=2 € A] [z =2 € A]
A=A B(z) = B() f(z) = F'(z') € B(z)
II(4, B) = II(4’, B') A(f) = AMf") € (A, B)
c=c €ll(A,B) a=d€A c=c¢ €lIl(A,B)

Ap(c,a) = Ap(c, @) € B@) o= N(2)4p(¢’, 2)) € (4, B)
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Y rules
[z =2' € 4]
A=A  B(z)= B'(') a=d €A, b=¥ € Ba)
X(A,B)=X(A', B') (a,b) = (a', V') € (A, B)
c=c € X(A,B)
[t=2"€A, y=y €B(z)] - [flz,y) = f(e"¢) € C((z,v))
[z=2€X(A4,B)] --- C(z)=C()

Spread(c, f) = Spread(c’, f') € C(c)

+ rules
A=A, B=PFH
A+B=A"+B
a=ad €A b=beB
Inl(a) = Inl(¢’) € A+ B Inr(b) = Inr(}') € A+ B
c=c€A+B ]
e=sed] - f(z)=F(a)€CInl(x))
[z=2'€B] --- g¢g(z)=g'(2') € C(Inr(z))
[z=2€A+B] --- C(2)=C(2")

Decide(c, f,9) = Decide(c', f',¢') € C(c)

Void rules
a=a € Void
Void Type Any(a) = Any(a’) € A(a)

tAgain, for typographical reasons, premises in rules will be listed vertically instead

of horizontally.
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I rules
a=d €A, b=becA A=A a=beA
I(A,a,b)=I(A",a",}) True = True € I(A, a,b)
ceI(A,ab), ¢ €I(A,a,b) c=c €I(A,a,b)
c=c €I(A,a,b) a=be A
Nat rules
a=a' € Nat 0 = S(0) € Nat
Nat Type 0 € Nat S(a) = S(a’) € Nat Peano € Void
a=ad € Nat
[z=2'€ Nat] --- A(z)= A(z')
b=1"b' € A(0)
k= cNat,y=y € A@)] - f(5,9) = F'(z'.¥) € AS())

Ind(a,b, f) = Ind(a',¥, f') € A(a)

The fourth rule is necessary in a type theory without a universe type,
because such theories admit trivial models where all terms of a given type
are equal. But even in a type theory with no universe types, we want to be
able to prove zero is not equal to one.

Computation rules

The computation rules are gathered together here because they are all
of the form: redex equals contractum in type if either one of them is in
the type. These rules are easily shown. We have been influenced by the
NuUPRL [8] style of “direct computation” rules, which exploit the fact that
the interpretation is by untyped terms. The more usual computational
rules are also sound in our interpretations, so they could be substituted for
these stronger rules. The computation rules are

deD k(c)e D
k(cy=de D k(c)=de D’

where (c,d, k) is a computation triple of Lz, as given in section 2.
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Type theory TT,

We extend type theory TT, by adding a universe, a type whose elements
are indices of other types, and which are mapped to types by the new
constructor itTy. The function symbols of T'T; are the ones of TTy plus
the list:

O [i,e—d—e E D= —e
_."i'_ ¢l —e ) I : [L,L,L]—-)L
Void : Nat :

The type constructors of T'T are the type constructors of TTy plus Uy : 7
and Ty : ¢« — 7. The proof rules of T'T are the proof rules of TTg plus
the following.

Uy rules
a=a €U,
Uy Type Ty(a) = Ty(a')
Void € U, Ty(Void) = Void
Nat € U; Ty(Nat) = Nat
a=del,, b=bel Ty(a+b) Type
at+b=a+¥ el Ty(a+b) = Ty(a) + Ty(b)
a=d el
b=1b'€ Ty(a) .
c=c € Ty(a) Ty(I(a,b,c)) Type
I(a,b,c) = I(a',¥,c') € U, Ty(I(a,b,c)) = I(Ty(a),b,c)
a=a €U, _
p=s e Ty(@) - b@)=bE)el . Ty(ii(a,b) Type
1(a,b) = M(a,4') € U; Ty(11(a,b)) = I(Ty(a), Ty o b)
a=d €l )
[z=2"€ Ty(a)] - bz)=0b(2")eU, Ty(X(a,b)) Type

T(a,b) = X(a',¥) € Uy Ty(2(a,b)) = ( Ty(a), Ty o b)
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Type theory TT,,

Our final type theory has a cumulative hierarchy of universes. Let 7, j vary
over the numerals 1,2,3...The function symbols of TT, are the ones of
TT; plus U : ¢ for for i = 1,2,3,... The type constructors of T'T,, are the
ones of TT; plus U; : 7 for 1 = 2,3,.... The proof rules of TT, are the
proof rules of 7Ty, now with the universe rules given for every level 7, plus
rules asserting that U; is the reflection of

U; and that the universes are cumulative:

Additional U; rules

(i < j) a=a €l
- 1 — —_—— =7
Ui €U 7 Ty(U,-) =U; a=a €U

6 The interpretation of the type theories in the LTC
framework

We now show how to interpret each type theory in the corresponding LTC
language. These interpretations are similar to the interpretations given by
Jan Smith in [21, 22], and Stuart Allen in [5, 6]. In fact, our pattern of
binding new variables in pairs in the proof rules gives an encoding of their
notions of “true sequent.”

In all three interpretations we interpret type expressions as binary pred-
icates. This will induce an interpretation of the type theory rules as rules
of the LTC, and one can show these are all derived rules, verifying the
soundness of the interpretation.

In each interpretation, the judgments will be interpreted as follows. The
judgment A = A’ will be interpreted as a formula asserting that the inter-
pretations of A and A’ are logically equivalent and are also partial equiva-
lence relations on canonical values, that is, they are symmetric, transitive
and relate only canonical values. Thus:

[A=A7 = VYu,u'([A](u,v') & [A](u,u’)) A
Vu, ' ([A](u, u') D [A](v',u)) A
Va, of, w(LA](w, ) > [AI(, u") > [AL(w, w")) A
Vu([A](u,u) D u~ u)

The judgment a = a’ € A will be interpreted as the formula asserting that
the interpretations of a and a’ evaluate to values related by the interpreta-
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tion of A. Thus:
[a=a €A4] = [a] = [a] in [A]

where _ = _ in _, of arity [¢,¢,[t,t] — 0] — o, is defined as:

a=d im A = 3u,u(a~uAd ~ v AAy, )

It is also convenient to extend the interpretation of types as binary pred-
icates to an interpretation of families of types as ternary predicates. We
define, for B : ¢ — T,

[B] = (&)[B(2)]

Now we give the interpretation for each type theory in turn.

The interpretation of TTy

The interpretation of type theory terms is easily done. All the function
symbols except True, Any and Peano already appear as symbols of LTC),
so interpret them by their namesakes. And for the remaining three, we
define:

[True] =
[Any] = (2)z
[Peano] = 0

(One can check that True needs only to be a canonical term, and that

since Any and Peano arise in only logically absurd situations, no properties

are required of them.) The following are the interpretations of the type

constructors.
[0(A,B)(z,2) = 3f,f'(z=Mf)Az=A(f) AND

Va,2'(z = o in [A] > f(x) = [(z') in [B](2)))

3a,ad’,b,¥(z = (a,b) A 2" = (a’, V') A

a=a"in [AJAb =V in [B](a))

3a,d'(z = Inl(a) A2’ = Inl(a’) Aa = a’ in [A]V

z=Inr(a) A2 = Inr(a’)ANa=d in [A])

z = [True] A 2’ = [True] A[a] = [b] in [A]

L

z~ z Nz ~ 2! A EgNat(z,2')

[E(4, B)I(z, 2')

[A+ A'Y(z,2")

[1(4,a,b)](z,2)
[Void](z, z')
[Nat](z,2")

One can show that the interpretations of the proof rules of T'T¢ are derived
rules of LTCy.
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The interpretation of TT,

We extend the previous interpretation to give an interpretation of TT' in
LTC,. In particular, we use the reflected notion of proposition and truth
present in LTC, to interpret the universe type U.

In the same way as we extended the interpretation of types to families,
it is handy to extend the interpretation of terms to families of terms by
defining, for b: ¢ — ¢,

] = (@)

We interpret Ty(a) as the binary predicate for which [a] is an internal
representation.

[Ty(a)(v,v') = T([a]uv’)

We interpret U, as a binary predicate that holds between two canonical
terms when they are both internal, binary propositional functions which
are the internal representations of equal types.

[hl(z,2") = z~zA2 ~ 2 AVu,u'(Pi(zuu’) A Pi(2'uu’)) A
[Ty(2) = Ty(z")]
We define the notational abbreviation _ = _ € _ of arity [¢,¢,¢(] — ¢ by
a=a'€b = Juuw(a~>uAa ~»u'Abuy’)

so that T(a = a’ €[b]) & a = o’ in [Ty(b)]. We interpret the new type
index constructors as the internal versions of the interpretations given to
the corresponding type constructors.

[((a,6)] = Az, 2’3, f(z=Af) A2 = XMf) A

Vz,2'(z =2’ €[a] D f(z) = f(=') € [Bl(=)))
Az,z’.éu,u’,y,v”(z = (u,v) Az = (v, ') A

u= u"é [a(dAv=2€ [[b]](u)) . .
Az, 2’ Ju,w'((z=Inl(u) A 2 = Inl(w') Au=u' € [a]) V
(z=Inr(u) A 2’ : Inr(w') A u = u' € [a’]))

iz,z:.j-i [True] A 2 = [True] A [c] = [¢'] € [a]

Az,2'z~r 2 A2~ 2 ATu(z ~o u A 2~ 1)

[S(a,0)]

la+d]

[(a,c,¢)]
[Void]

[Nat]

One can show that the interpretation of the proof rules of TT; are derived
rules of LTC,.
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The wnterpretation of TT,

Finally, we extend the previous interpretation to give an interpretation of
TT, in LTC,. First, we interpret U; in the manner of the interpretation
of Uy:
[Uil(z,2') = z~zAZ ~ 2 AVu,u'(Pi(zud’) A Pi(2'uud’)) A
[Ty(z) = Ty(z")}

Then we interpret the type index U; as the reflection of this:
[U,]] = Az, 2z~ 2z A2~ 2 A Vu,u’(Pg(zuu') A Pi(z'un’)) Ac
(z=1y2")

where we define the notational abbreviations “conditional and” and “equal
type indices” (both of arity [¢,¢] — ¢) as follows.

aA.d = aA(adad)

Vu, u'(zuu' & 2'uu’) AV, u'(zuu' D zu'u) A

Vu, v, v’ (zuu’ D zu'v” D zuu”) AVu(zuu D u ~» u)

z=1,2

Thus given Vu,u'(Pi(zuu’) A Pi(z'uu’)), we have T(z=1,2") & [Ty(z) =
Ty(z')]. As before, one can show that the interpretation of the proof rules
of TT, are derived rules of LTC,,.

7 Isabelle

By a ‘Generic Logic Proof Development System’, we mean a system in
which one expresses an Object Logic under consideration in a Meta Logic.
The system then furnishes a proof development system for that logic i.e.
mechanisms for deriving and storing rules and theorems of the object logic,
matching rules to goals, and a programmable Meta Language in which one
may write Tactics or Proof Strategies. In fact Isabelle uses Huet’s higher-
order unification algorithm rather than matching. There are now quite
a few such systems, but Isabelle seems to be particularly well suited to
the notion of a Framework developed in [15], which has similarities to the
Isabelle notion of a Theory and its eziensions.

The Meta Logic of Isabelle is a version of higher-order logic. The terms
are those of the typed lambda calculus. Initially the only ground type is
prop (Aprop). When implementing an object logic new ground types and
constants may be added. There are also function types.c — 7 where o and
T are types. Isabelle implements higher-order unification (i.e. unification
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up to @ and J reduction) as the main mechanism for constructing proofs.
Note that as unification rather than matching is used schematic variables
appearing in a goal may be instantiated as well as those appearing in the
rules. Usually one does not want schematic variables in the main goal as
this may result in a proof of only a special case of the goal. Unification
is mainly used in the instantiation of variables that have been introduced
into subgoals produced by previous proof steps.

The framework has been implemented as a series of eztenstons to the
standard Isabelle theory FOL which implements a natural deduction style
intuitionistic First-Order Logic with equality.

8 The implementation of the LTC framework

In this section we give an outline of our Isabelle implementation of the
languages LTCy, LTC, and LTC,,.

LTCO

This is an implementation of LT'Cy. The Isabelle notation for specifying the
types (arities) of constructors is similar to that of section 2. The declaration
of the types of the constants of LTCO is shown below.

Infixr("~>", [Aterm,Aterm]--->Aform, 60),
Infixr("~~>", [Aterm,Aterm]--->Aform, 60),
Delimfix("<_,_>", [Aterm,Aterm]--->Aterm, "Pair"),
Delimfix("0", Aterm, "0"),

Delimfix("S'", Aterm-->Aterm, "S"),

(["Ind"], [Aterm, Aterm, [Aterm,Aterm]--->Aterm]--->Aterm),

(["Spread"], [Aterm, [Aterm,Aterm] ---> Aterm] ---> Aterm),

([*Decide”], [Aterm,(Aterm --> Aterm),(Aterm --> Aterm)]
--=> Aterm),

([*Lambda"], (Aterm—->Aterm) --> Aterm),

([#Ap"], [Aterm,Aterm]--->Aterm),

([*Inl”,"Inxr"], Aterm-->Aterm),

(["Pa"], [Aterm,(Aterm-->Aterm)-->Aterm]--->Aterm),
(["DecideNat"], [Aterm,Aterm,Aterm-->Aterm]--->Aterm),

(["N"], Aterm-->Aform),
(["Nat"], Aterm-->Aform)
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Here -->, =--> Aterm and Aform correspond to —, — ¢, and o respectively.

The first five constants are declared using Isabelle’s new mixfix syntax.
This is used to declare the concrete syntax for a constant, if this is different
from the normal, prefix application. Thus ~> and ~~> are infix operators,
and the notation <a,b> is equivalent to Pair(a,b).

The constants 0 and S are treated in a special way as the LTCO parser
allows, for instance, either #N3 or S(S(S(0))) as concrete syntax for the
term S(S(S(0))) of LTCy. The details of this parse translation and its
associated print translation will be omitted.

There is one further mixfix declaration:

Mixfix("LAM _. _*,[id_list,Aterm]--->Aterm," LAM",[],10),

This is somewhat special as it does not result in a constant being defined in
the abstract syntax for LTCO. The details of the parse translation will again
be omiitted, but this declaration allows LAM x y. £(x,y) as an alternative
to Lambda(%x .Lambda(%y.f(x,y))). The other constants of LTCO require
no special syntax, they are listed with their types.

In Isabelle there is no difference between the representations of rules and
theorems. Both are represented using the implication => (==>) of Higher-O
rder Logic. The rules are given in a textual form, together with a name.
For instance we hav e the following rule.

"(a "> Inr(b)) ==> (g(b) "> e) ==> Decide(a,f,g) "> e"
Note that in the 1990 version of Isabelle, the function mapping object-

language truth values (form) to meta-language truth values (prop) is “in-
visible” (The parser applies the function Trueprop of type Aform-->Aprop
when necessary). Because of this feature, one has to explicitly constrain
terms to type prop if they appear in rules, by following the term with
$$prop.

The above rule corresponds to the axiom

a~ Inr(b) g(b)~e
Decide(a, f,g) ~ e

of the language Ly, of [15]. In LTC), we wish to derive this rule from (~ 2)
and the fact that (inr(b), g(b), (z)Decide(z, f,g)) is a computation triple.
In order to express this fact in LTCO, we introduce a new constant ALPHA
of type [Aterm,Aterm,Aterm-->Aterm] ---> Aprop. ALPHA(c,d,k) ex-
presses at the meta level the fact that (¢, d, k) is a computation triple.

Thus corresponding to (~ 1) and (~ 2) we have the following two
axioms of LTCO
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("A_canon", " ALPHA(c,d,k)$$prop ==> ¢ "> ¢ "),
("A_non_canon", “"[|ALPHA(c,d,k)$$prop ; a™>c ; d™>el]
==> k(a) "> e"),

The computation triple above is implemented as:
("A_inl", " ALPHA(Inl(b) ,g(b) ,%x. Decide(x,g,h))$$prop "),

The special inequality rules of the LTC are particularly awkward to
implement. SE1 is reasonably straightforward, for each primitive function
symbol we need to add rules such as

("inj_pair_1", "Pair(a,b) = Pair(a’,b’) ==> a = a’" ),
("inj_pair_2", "Pair(a,b) = Pair(a’,b’) ==> b = b’" ),

One way to implement SE2 would be to add, for each pair of distinct
primitive function symbols, say S and A an axiom of the form

("s_lam", " S(a) = Lambda(f) ==> False " ),

There are 10 primitive function symbols in the language LT'Cy and so
there would be 45 rules like the one above. In any extension of the theory,
when adding the nth primitive function symbol, n — 1 rules would have
to be added. This is clearly not desirable, as even if the input of these
axioms were automated, the proof tactics would have to search over an
ever growing list of rules, just to prove an instance of the rule SE2.

Such considerations have lead us to introduce a new ground type, token
into the meta theory, together with four new constants, with the following
type declarations:

Delimfix("t0", Atoken, "tO"),
Delimfix("tS", Atoken-->Atoken, "tS"),

(["Token"], Aterm --> Atoken),
(["piffToken"], [Atoken,Atoken]---> Aprop),

Parse translation functions let us write #T3 for the token 1S(¢S(¢S(¢0))).
SE2 may now be encoded as:

("token","[| a = b ; (DiffToken(Token(a),Token(b)))$$prop |]
==> False"),

Now, for each primitive function symbol, we only need to add one rule,
such as

("E_S", "Token(S(b)) == #T6" ),
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which assigns a unique token to each primitive function symbol.
The other axioms related to tokens are quite straightforward:

("tss", "(DiffToken(a,b))$$prop ==>
(DiffToken(tS(a),tS(b)))$$prop" ),

("tsz", "(DiffToken(tS(a),t0))$$prop" ),

("tzs", "(DiffToken(t0,t5(a)))$$prop” ),

The constants Ind and Ap are defined by meta level equalities as dis-
cussed in section 3.3:

("ind_def", "Ind(c,b,h)==DecideNat(c,b,%x. h(x,Ind(x,b,h)))"),
("ap_def", "Ap(x,b) == Pa(x,%f. £(b))")

LTC1

LTC1 is an Isabelle extension of LTCO corresponding to LT'C;. The main
interest here concerns the introduction of a new meta-type, Alevel.

LTC; only has one predicate symbol Py, to express a single level of in-
ternal propositions. LT'C,, has an infinite sequence of predicate symbols P,
Py, ... expressing an infinite hierarchy of levels of propositions. In the im-
plementation LTC1, a constant Prop of type Alevel --> Aterm --> Aform,
is introduced, rather than simply a constant P1 of type Aterm --> Aform.
In LTC1 the type Alevel has only one constructor, lev_one.

Readers might expect the rules of LTC1 to refer to Prop(lev_one,a),
however this would mean that the extension LTCW, corresponding to LTC,,,
would have to re-implement the rules for higher levels. In fact, the rules
implemented for LTC1 all involve a meta-variable lev ranging over the type
Alevel. This does have the drawback that in some circumstances schematic
variables ranging over Alevel are introduced during a proof. In the usual
situation, where one is attempting to prove a theorem by working back-
wards from the goal which has been entered by the user, these schematic
variables ranging over Alevel will be instantiated to lev_one before the
proof is finished. In LTCW the type Alevel is augmented with a unary
constructor lev_S denoting the successor function on the natural numbers.
The parsing and printing functions are defined to so that, for example
lev_S(lev_S(lev_one) is treated as #L3.

The names of the ‘dotted’ term forming versions of the logical symbols
are formed by prepending a D or . as appropriate to the name of the
symbol, e.g. DForall and .--> .
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Thus corresponding to the pair of rules

e ~ aAb e ~ ahb

Py(a) T(e) & T(a) AT(b)

of LTC}, we have the following pair of rules in LTC1.

("Dconj_P", "[l & "> (a .& b); Prop(lev)(a); Prop(lev)(b) I]
==> Prop(lev)(e)" ),

("Deonj_T", "[l e "> (a .& b); Prop(lev)(a); Prop(lev)(b) |]
==> T(e) <> (T(a) & T(b))" ),

In the present implementation, these rules are given as axioms. It would
be possible to introduce a new meta-level predicate, BETA, corresponding
to the table of triples (¢, ®!,¥.) in section 2, just as ALPHA coresponds to
the table of computation triples in that section. These rules would then be
derivable.

The rules for T are given in the same style as [15], but they are not well
suited to Isabelle’s proof style. The LTC1 tactics use, instead, derived rules
such as:

Dconj_T_elim
"[] T(e); e > (a .& b); Prop(lev)(a); Prop(lev)(b);
(T(a) & T(b) ==> R)|] ==> R"

Dconj_T_intr
"[l e "> (a .& b); Prop(lev)(a); Prop(lev)(b);
(T(a) & T(b)) ] ==> T(e)"

In [15] it is mentioned that in the theory for the language L3, (or LTC;)
neither P; nor T can be internally defined, i.e. the following two theorems
hold.

—-3t.Vz. Py(Ap(t, z)) A (T(Ap(t,z)) & T(z))

-3p.¥z. Pi(Ap(p, z)) A (T(Ap(p, z)) & Pi(z))

These may he viewed as analogues of Russell’s paradox. We have developed
a series of lemmas culminating in the following theorems of LTC1

"~(EX t. ALL x. Prop(#L1)(Ap(t,x)) & (T(Ap(t,x)) <-> T(x)))"
"~(EX p. ALL x. Prop(#L1)(Ap(p,x)) &
(T(Ap(p,x)) <-> Prop(#L1)(x)))"
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The above theorems demonstrate the way that Isabelle allows the con-
crete syntax of the object logic implemented to be very close to the concrete
syntax normally used for that logic. (An earlier version of Isabelle allowed
the better syntax P_1(a) for P;(a), it seems hard to do this for all levels
with the 1990 version of Isabelle). <-> is defined by the Isabelle definition
mechanism i.e. metalevel equality, FOL has the rule

("iff_def", “P<->Q == (P-->Q) & (Q-->P)"),

EX, ALL and # are all delimiters which form part of Isabelle’s system of
notation, thus they may be considered as part of definitions which are
always unfolded by the parser, and folded by the printer. Definitions such
as that for <=> are not unfolded unless this is explicitly demanded, derived
rules are proved, and then the defined constructor may be used in just the
same way as the primitive ones. This ability to tailor the syntax to your
requirements more than makes up for Isabelle’s complete lack of a user
interface. While the provision of some nicer fonts would improve the look
of the output, these extra characters should be able to be typed in.

LTCW

LTCW is an Isabelle extension of LTC1 corresponding to LTC,. The im-
plementation of Alevel is described above. We introduce a new constant,
lev_S, of type Alevel-->Alevel. The rules given in LTC1 then immedi-
ately apply to all levels. _

The expression forming version of P;, P;, is treated in the same way as
P;. A constant DProp of type Alevel --> Aterm --> Aterm, is declared.

The only further complication arises from the implementation of the
side condition j < 7 on the rules

e~ Pz-(a) and Pj(e)
- Fi(e) Pi(e) -

We introduce a new constant of type Alevel-->Alevel-~>Apropnamed
lower_lev. Note that Aprop is the type of meta-level truth values, not the
object-level Aform. We then add a minimal set of axioms that allow us to
deduce that one level is lower than another, namely:

("lower_s", "(lower_lev (j,i))$$prop ==>
(lower_lev(lev_S(j) , lev_S(i)))$$prop"),
("lower_1", "(lower_lev(lev_one ,lev_S(i)))$$prop")

The remaining rules for LT'C,, may then be coded as:
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("A_Dprop", "ALPHA(DProp(l,a), g(1,a),%x.DecideDP(x,g))
$$prop"),
("E_Dprop", "Token(DProp(l,a)) == #T19" ),

("DPj_Pi", "(lower_lev(j,i))$$prop ==> e ~> DProp(j)(a)
==> Prop(i)(e)"),
("DP_T", "e ™> DProp(j)(a) ==> T(e) <-> (Prop(j)(a))"),
("Pj_Pi", "(lower_lev(j,i))$$prop ==> Prop(j)(a)
==> Prop(i)(a)"),

The first rule is mainly used to express the fact that the primitive func-
tion constants Py, P, ...are canonical. The non canonical DecideDP is
not used at present. The rule E_Dprop just assigns the token #T19 to
Dprop as described earlier. Note that this will not allow us to deduce
=(Py(a) = Py(a)). An axiom capturing SE?2 for different levels is required
(but not currently implemented).

9 The type theories as Isabelle extensions of LT C theories

Isabelle theories TTO, TT1 and TTW, corresponding to the type theories de-
fined in section 2 have been implemented as extensions of the theories de-
scribed above. These extensions only consist of declarations of new con-
stants, and rules which are all meta-level equalities giving definitions for
the new constants in terms of the LTC. The axioms of the type theories
should then all be derivable within Isabelle. At present the derivation of
all of the axioms has not been completed.

TTO

TTO corresponds to the theory T7g. It is built as an Isabelle extension of
LTCO.

Types are interpreted as certain binary predicates. So they have the
LTC arity {t,t] — 0. As this occurs very often in the constant declara-
tions below, the ML identifier Atype is bound to Aterm-->Ate rm--Aform.
Atype does not refer to a new ground type {ype of the meta-language. Us-
ing this abbreviation has the advantage that these files could easily be con-
verted to define a -primitive Isabelle theory (not an extension of FOL/LTC)
in which Aterm, Atype and Aform are three ground types corresponding to
terms types and judgments in the Type Theory.

The constants are

Mixfix("<] _ "= _ in _ |>", [Aterm,Aterm,Atypel--->Aform,...
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Mixtix("<| _ "= _ |>", [Atype,Atype]--->Aform,"EqType",...
Mixfix("PROD _:_. _", [SId,Atype,Atypel--->Atype,

* PROD", [], 10),
Mixfix("SUM _:_. _", [SId,Atype,Atypel--->Atype,

» sun", [1, 10),
Infixr("+", [Atype,Atypel--->Atype, 30)

(["NAT","void"], Atype ),

(["1"], [Atype,Aterm,Aterm] ---> Atype ),

(["true"], Aterm ),

(["any"], Aterm-->Aterm ),

(["Prod","sum"], [Atype, Aterm-->Atype] ---> Atype )

PROD and SUM relate to Prod and Sum just as LAM relates to Lambda. In
particular these declarations do not result in constants being defined in the
abstract syntax of TTO '

We will not give all the definitions here. But the definition of the judge-
ment that two terms are equal in a type (written <| x "= x?> in X {>or
equivalently EqElem(x,x’,X)) is:

("eqelem_def", "<| x "= x? in X > == EX u w’
(x *>u) & (x> > wu’) & X(u,u’)"),

The definition of the type X + Y is:

("plus_def", "(X + Y)(x,x’) == EX a a’.
((x = In1(a)) &(x’ = Inl(a’)) & (<] a "= a’ in X {>)) |
((x = Inr(a)) &(x’ = Inr(a’)) & (<| a "= a’ in Y [>))"),

TT1

TT1 is an Isabelle theory corresponding to the type theory T7;. This has
a natural interpretation in LT'C;. To build TT1, we need to use Isabelle’s
mechanism for merging theories. Two theories may be merged if any con-
stants they have in common have the same type. In the merged theory,
these constants are considered equal.

We first merge LTC1 and TTO. Here of course, the constants that the two
theories have in common are all those constants that were defined in FOL
or LTCO. We then extend this theory by adding new constants and meta
level equalities relating to the Universe U, and term forming versions of
the constants of TTO, to get the theory TT1.

Mixfix("<| _ "= _ Din _ [|>",[Aterm,Aterm,Aterm]--->Aterm,...
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Mixfix("DPROD _:_. _", [SId,Aterm,Aterm]--->Aterm,...

Mixfix("DSUM _:_. _", [SId,Aterm,Aterm]--->Aterm, " DSUM",...

Infixr(".+", [Aterm,Aterm]--->Aterm, 30)

(["DNat","Dvoid"], Aterm ),
(["DI"], [Aterm,Aterm,Aterm] ---> Aterm ),
(["DProd","DSum"], [Aterm, Aterm—->Aterm] ---> Aterm ),

(["Univ"], Alevel --> Atype ),
(["Ty"], Aterm --> Atype )

A Typical definition is:

("dsum_def", "DSum(a,b) == LAM z z’.DEX u u’ v v’.
(z .= <u,v>) .& (2’ .= <u’,v’>) .&
(<l uw "= u’ Din A [>) .& (<] v “= v’ Din b(u) [>)")

The axioms of T'T; should all be derivable in the LT'C once these def-
initions have been unfolded, we have not currently attempted this within
Isabelle.

TTW

The definition of TTW follows the same lines as that of TT1. First we merge
LTCW and TT1, and then extend this theory with a constant DUniv of type
Alevel-->Aterm, and a meta level equality expressing the translation of U;
into the LTC.

10 Conclusion

We have presented two series of theories. The first come from a series of
three LTC languages that have been developed from the series of languages,
L;, of the LTC framework, first presented in [15]. The second is a series of
type theories, parallel to the three new LTC theories. Connecting them are
interpretations of each type theory in its corresponding logical theory. The
type theories were designed to make this interpretation easily expressible
in a theorem prover like Isabelle. We have implemented LTC, and TT,
in Isabelle and should now be able to formally prove the soundness of the
interpretation, as well as developing other theories within T'T,, and LTC,,.
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A plea for weaker frameworks

N.G. de Bruijn
Eindhoven University of Technology

Abstract

It is to be expected that logical frameworks will become more and more
important in the near future, since they can set the stage for an integrated
treatment of verification systems for large areas of the mathematical sci-
ences (which may contain logic, mathematics, and mathematical construc-
tions in general, such as computer software and even computer hardware).
It seems that the moment has come to try to get to some kind of a unifica-
tion of the various systems that have been proposed.

Over the years there has been the tendency to strengthen the frame-
works by rules that enrich the notion of definitional equality, thus causing
impurities in the backbones of those frameworks: the typed lambda calculi.
In this paper a plea is made for the opposite direction: to expel those im-
purities from the framework, and to replace them by material in the books,
where the role of definitional equality is taken over by (possibly strong)
book equality.

1 Introduction

Verification systems

A verification system consists of

(1) a framework, to be called the frame, which defines how mathematical
material (in the wide sense) can be written in the form of books, such that
the correctness of those books is decidable by means of an algorithm (the
checker),

(ii) a set of basic rules (azioms) that the user of the frame can proclaim
in his books as a general basis for further work.
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For several reasons (theoretical, practical, educational and sociological)
it may be recommended to keep the frames as simple as possible and as
weak as possible. A second recommendation is to prefer frames belonging
to a hierarchy in which the various specima can be easily compared.

We shall restrict the discussion to frames that have typed lambda cal-
culi as their backbone, an idea that is gaining field today, along with the

_rising popularity of the principle to treat proofs and similar constructions
in exactly the same way as the more usual mathematical objects. The rules
of the frame involve rules for handling lambda terms, lambda reductions,
and rules about attaching a type to a term. The typing rules are strongly
influenced by the notion of definitional equality. The latter notion is pri-
marily based on the reductions of the lambda calculus.

The centerpiece of this paper is the typed lambda calculus AA. It
improves on the slightly simpler system A (Nederpelt) in a sense that is
well suited for implementing definitions. Quite some attention will be given
to relating members of the Automath family to AA.

Verification systems which are not related to Automath in any way will
not be discussed in this paper. Nevertheless the author believes that such
systems could have similar profits from confrontation with AA.

Strengthening the frame

Over the years there has been the tendency to put more and more power into
frames, at the price of impurities of the typed lambda calculus. This already
started with the early versions of Automath (AUT68 and AUT-QE, see [3],
(6], [13]) which were very advanced for their time (around 1968) in the sense
that the frames were light and that almost all logical and mathematical
knowledge was to be developed in the books. Nevertheless there was the
impurity of so-called type inclusion (see section 4). A proposal to get rid
of it (see [11]) came too late for implementation in the Automath project).

Motives for strengthening

Let us list some of the motives one might consider for strengthening the
frame.

(i) One has the idea that the rules of the frame can be handled auto-
matically and that book material has to be produced essentially by hand.
This explains that wherever one sees things that can be automated, one
has the tendency to shift them from the book into the frame.



42 1 Introduction

(ii) Mathematicians have been trained to base their work on as few
axioms as possible, preferring strong axioms over lists of weaker ones. So
much the nicer if one can shift axioms into the frame, where one does not
see them any more!

(iil) Strengthening the frame can enlighten the burden of writing books.

(iv) It is natural to have the feeling that the way one thinks about math-
ematics and its implementation in a verification system should somehow be
reflected in the frame.

In particular these points may mean that much of what is achieved by
book equality (the kind of equality that is to be considered as a mathemat-
ical proposition and for which proofs have to be provided by the user of the
system) can be shifted to definitional equality, which is based on reductions
in the frame that can be handled automatically).

Candidates for admission into a frame

There are two kinds of candidates, innocent ones and others. The innocent
ones are what one might call syntactic sugar. They deal with ways to
abbreviate book material, usually in a way that corresponds to existing
habits of mathematicians. One might decide to enrich the frame with rules
for such forms of sugaring.

Under the heading of sugaring we have things like:

(i) Ways to handle finite strings of terms, and strings of applicators and
abstractors (in the latter case we call them telescopes, see [17]) by means
of a single identifier, just as if they were ordinary objects.

(ii) Ways to to omit pieces of input and output that can be retraced
easily and uniquely by the checker.

(iii) In particular this may refer to ways to replace explicit proofs and
similar constructions by hints.

Sugaring is innocent since it has no influence on the validity and the
interpretation of the things we present in our verification system.

The other candidates are not necessarily innocent. They may stem from
mathematical or logical insights, but once incorporated into the frame they
may get applications for which they were not intended in the first place.
We might even fear antinomies.

Unlike the situation in a law court, the accused is to be considered as
guilty as long as its innocence has not been established. This may mean
that strengthening the frame gives us quite some work, possibly of a model-
theoretical nature.
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The non-innocent ways to strengthen the frame all increase the number
of valid definitional equalities and the number of valid typings. This does
not necessarily mean increasing the number of derivable mathematical re-
sults, but it might. And some of these extensions (like (iv)) damage the
purity of the typed lambda calculus backbone.

We mention

(iv) Rules for type inclusion, or, what amounts to the same thing, II-
rules (see section 4).

(v) The principle of proof irrelevance (cf. [13], [21]), declaring two
proofs for one and the same proposition to be definitionally equal.

(vi) Shifting knowledge about natural numbers, induction and recursion
into the frame.

A plea for weaker frames

When one uses arguments of economy in order to put more power into the
frame, one forgets that it is neither very hard to put some automation in
the task of writing books. We can invent abbreviational facilities that may
result in automatic writing of parts of the books (parts that the user even
does not need to see if he does not want to). In particular this may refer to
handling trivial equalities like those we need when dealing with pairs and
cartesian products. This need for automatic textwriting will turn up in
many other situations too. It happens every now and then, when we want
to economize on writing things that we consider as part of our subconcious
thinking. It does not seem to be the right thing to enrich the frame at
every occasion of that kind.

And needless to say the tendency to provide the frame with facilities
that depend on local and personal preferences may lead to an undesirable
variety of diverging frames.

Let us list a number of arguments for retreating to weaker frames.

(i) Weaker frames means fewer frames. We are still far from a gen-
eral acceptance of typed lambda calulus verification systems in the scien-
tific world, the mathematical world in particular. Maintaining a variety of
competing but hardly compatible systems will not be very helpful in this
respect. And it will neither be very helpful for establishing cooperation
between the various groups handling verification systems.

(i) Having to understand a verification system, one has to see the clear
borderline between frame and books. The distinction is easy to understand
if the frame contains everything that can not be treated in the books, and
nothing else.
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(iii) For many people a pure system of typed lambda calculus is already
hard enough. Impurities make it harder.

(iv) As said before, the frame is not the only place where things can
be done automatically. There are plenty of cases for automated or semi-
automated book-writing anyway. Verification systems would hardly have a
future if we would have to depend on doing all the tedious and dirty work
by hand.

(v) There is no reason at all to let any kind of syntactic sugaring slip
from the book into the frame. Sugaring is meant to make reading and
writing easier, or better adapted to traditional notations, and that belongs
entirely in the world of the book. The frame is supposed to be operated by
machines which do not have the same ideas as humans if it comes to the
question whether things are difficult or tedious to handle.

(vi) The pain of having to keep things book-equal that one would prefer
to have definitionally equal can be somewhat relieved by the introduction
of a third kind of equality: strong book equality (see section 6).

Hierarchy of frames

In section 1 it was recommended to limit the number of frames that we
present to the world. But the world would certainly also appreciate seeing
a clear hierarchical structure among the different frames we present. The
hierarchical relation Fy < Fy should be the one that expresses that every
book valid with respect to frame F} is also valid with respect to Fs.

The hierarchy need not necessarily be linear, but it would certainly be
appreciated if the hierarchy contains a maximal element F,, with FF < F,,
for all the F in the hierarchy.

The ingquality F; < F; has to be kept more or less informal in the
present discussion. After all, we have not given a mathematical definition
of the notion “frame”. We shall also use the notation F; < F3 in cases
where the notion of validity of a book with respect to a frame still needs
some interpretation (like in the case of AA, where the system itself does
not say how a book has to be considered as a lambda term).

Implementability

An even more informal notion is the one of implementability. We write

F, = F, if F| can be implemented in F,. By this we mean that the
essence of what F} can do for us can also be done in the (weaker) system
F,, provided that the books written under F5 start with a number of suit-
able axioms, and that we take it for granted that some of the definitional
equalities in F; are to be replaced by book equalities.
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We should not forget that — indicates a rather weak form of imple-
mentation; one might rather call it mimicking. Nevertheless it might give
an idea about the strength of various systems, both in a theoretical and a
practical sense.

Purily of lambda calculi

We shall be informal here, not start by saying what a typed lambda calcu-
lus is. We just stress the essential items for purity. '

(1) Definitional equality (g-) should be defined by means of S-reduction
only. It would probably do no harm to admit #-reduction too, but it seems
hardly worth while. We do not mention a-reduction since its role can be
reduced to the level of syntactic sugaring; one can assume that the frame
deals with namefree lambda calculus.

(ii) We should require full unicity of types. So assuming the typing

P : @ and the validity of R, we have P : R if and only if @ 4R
(iii) We should require that both abstraction and application commute
with typing. So with the usual notation

I,(z:A) F P(z):Q(z)
Tk [z:A]P(z):[z: AlQ(z)’

' P:Q Tt (a)Q
'k (a)P:(a)Q

Here we followed the Automath notation for abstraction and applica-
tion. Abstractors are written like [z : A], where z is the bound variable and
A its type, and are written in front of the term they act on. Applicators
are also written in front: (a)P describes what is interpretated as a func-
tion value, where P is the function and @ the argument. And, as usually,
I' stands for any context, and T',(z : A) is its extension by means of the
declaration of the typed variable z.

The above rule for application is not sufficient for getting all cases of
I'F (a)Q. We have to add the rule

Tta:A TF Q2 [z:AR()
T (a)Q ‘

2 A proposal for a hierarchy of frames

We shall discuss three frames, forming a linear hierarchy:
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AUT-QE-NTI < AA < AZ.

The first one, AUT-QE-NTI , was designed in 1978 as an Automath lan-
guage without impurities. The other members of the Automath family can
be implemented in it (in the sense of section 1,subsection Implementability
(see [11])). In particular we have

PAL < AUT68 < AUT-QE 4 AUT-QE-NTI,
AUTI = AUT-QE-NTIL

For PAL, AUT68 and AUT-QE we refer to [3], [6], [13].

AA was designed in 1985. It is very close to the system A for which
Nederpelt proved strong normalization ([20]). That A was a reformulation
of the system AUT-SL ([4]) which presented complete Automath books
(with extremely liberal abstraction rules) in the form of a single line. In
order to do that, all definitions of the book had to be eliminated first, and
therefore AUT-SL had theoretical interest only. With AA, however, this
elimination of definitions is no longer necessary (see section 5).

AA is strong enough for implementation (in the sense of —) of Baren-
dregt’s Generalized type systems (see [2]), which in particular contains the
Coquand-Huet theory of constructions. It may be interesting to compare
Barendregt’s [2] with the much older note [7]. The essential differences
are: (i) in [7] type inclusion (cf. section 4 below) was restricted to de-
gree 1, and (ii) in [2] there is no place for the typical Automath feature of
admitting more contexts than those for which it is allowed to abstract from.

In section 7 we shall devote some attention to the system AL, which is
intended as a very substantial extension of typed lambda calculus. But at
present it should be said that the relation AA < AX is rather a program
for development of AX than a fact.

3 The typed lambda calculus AA

Syntaz

The difference between AA and Nederpelt’s A lies in the notion of correct-
ness, not in the syntax.

Let us agree that what we really mean is the namefree version, and that
the use of names of variables is syntactic sugar (both in the description as
in the use of the syntax). A complete description was given in [15] by means
of trees with reference arrows (arrows from the variables at end-points of
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the tree to the corresponding lambdas). That reference arrow system seems
to be the easiest way to describe syntax and language theory. At the stage
of implementation in a checker one might decide how to implement those
arrows. One might use depth references, but if the implementation is in
terms of a programming language with a pointer mechanism, one might
use those pointers instead. For input and output of mathematical texts,
however, there is much to be said for the syntactic sugar of named variables.

In order to avoid repeating the complete formal description given in [15]
we give an informal one here, with the use of names of variables. In the
first round of syntax description we formulate

(1) 7 is a term.

(i) A variable is a term.

(1i1) If z is a variable, if P and @ are terms, where P does not contain
z, then [z : P]Q is a term.

(iv) If P and @ are terms, then (P)Q is a term.

In the second round we add the restriction that a term should not
contain any free variables.

Every bound variable in a term has a unique type, obtained by agreeing
that in (iil) all  occurring in @ get type P.

Every term has a terminating symbol on the extreme right. If that
symbol is a 7 we say that the term has degree 1, and we do not define the
type of the term. If the terminating symbol of the term E is a variable z,
we get the type of E (notation typ(E)) if we simply replace that terminal
occurrence of z by the type of z.

And we define the degree of a term E recursively by the rule degree( E) =
degree(typ(E)) + 1.

Correctness

Correctness of terms depends on the notions of typing and definitional
equality.

Definitional equality in AA is defined by means of mini-reductions: lo-
cal f-reductions and so-called AT-removals, instead of by the global §-
reduction used in A. Local f-reduction means that some sub-term (R)[z :
P)Q is transformed into (R)[z : P]Q*, where @* is obtained from @ upon
replacing a single one of the occurrences of by R. It can of course be done
only if there is at least one occurrence of = in @). If there are no occur-
rences of z in @ we allow AT-removal: we remove the AT-pair (R)[z : P],
so (R)[z : P]Q turns into Q. (A few words to explain the “AT”: in the
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metalanguage used in [15] the “A” refers to applicators ( ), and the “T” to
typed abstractors [ :].)

In the usual way we get the notion 2 of definitional equality by reflexive
transitive symmetric closure of the set of mini-reductions.

For practical reasons it can be recommended to extend the set of mini-
reductions by basing them on AT-couples instead of AT-pairs (see [15],
section 4.3). As an example we mention that in (R)(Q)(P)[z : A][y : B[z :
C] the (R) and [z : C] form an AT-couple. Extending the notion of mini-

reductions to AT-couples does not alter the notion of 2 This easily follows
from the fact that applicators may jump to the right over an AT-pair, since

(@Q)P)e: AW £ (P)[z: AQW.

As we start from the term om the left, the @ does not contain z. Therefore
definitional equality follows by full 8-reduction applied to both sides.

Having the notion g, we can get to the matter of correctness.

The essential point in the definition of correctness is in the situation of
subterms of the form (R)P. The usual conditions in typed lambda calculi,
in particular in Nederpelt’s A, are

(i) R and P are both correct,
(ii) in the finite sequence P, typ(P), typ(typ(P)) .. there is a term
that is definitionally equal to a term of the form [z : S]W, with

typ(R) £ S

If a term is correct in the sense of A then it is also correct in the sense
of AA, but the converse is not true. AA is more permissive concerning the
applications (R)P. In AA it is no longer required that P is correct all by
itself: the correctness check may make use of the fact that (R) is in front
of this P. An example is

W:lt:rlr] {p: 7] (p) [u: 7] [s : (P)W] (s) [ : (w)W] 7

Correctness of the (s){z : (u)W]r at the end requires that (p)W, the type of
s, is definitionally equal to (u)W. According to the rules of AA this is the
case indeed, because of the pair (p)[u : 7] earlier in the formula. Putting

R=p, P=[u:7][s:{(p)W] (s) [z: (u)W] T

we see that R is correct in the context [W : [t : 7]7][p : 7], but that P is not.
So in that context (R)P is incorrect in the sense of A. In the sense of AA
it is correct, and therefore this example shows that AA is more permissive

than A.
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We shall see in section 5 how this feature enables us to interpret an
Automath book as a term in AA. The algorithm for checking the correct-
ness of the term is an efficient algorithm for checking the correctness of the
whole book.

The fact that AA deviates from A is connected to the algorithmic nature
of the definition of correctness in AA. It processes a sub-term (R)P from
left to right. By the time it gets to P it makes use of the fact that (R) had
been there. The definition of correctness of AA as given in [15],section 5.3
* will not be repeated here. Instead of repeating that algorithmic definition
we shall describe an algorithm that implements it.

Algorithm for checking correciness

From the algorithmic definition of correctness in AA we can get to an
algorithm that checks whether a given string is a correct term.

The algorithm can be described in two rounds. In the first round the
algorithm runs through the term from left to right, and for every applicator
it produces a context and a pair of terms for which definitional equality in
that context remains to be established. The second one of the pair is always

" the type of a third one, and therefore our definitional equality checking can
also be called type checking.

The first round can be completed irrespective of whether all these defi-
nitional equalities can be established or not. And we mention that this first
round runs practically in linear time.

In the second round the definitional equalities of the list have to be
checked. This second round does not depend on typing any more. It can
be interpreted in untyped lambda calculus, and it is a matter of practice
to devise an efficient strategy. The questions are decidable because of the
property of strong normalization in A, but it is certainly a poor strategy to

try to establish 4 by evaluation of normal forms: these can be exceedingly
long.

This way to split the algorithm into two rounds is mainly intended
for better understanding and for theoretical purposes. When we have to
deal with very large terms (like those that represent complete mathematics
books) it may be more efficient to look into every definitional equality
question as soon as it comes up.

The first round of the algorithm will be presented here in Pascal style,
operating on terms represented as lambda trees of the kind described in

*That definition in [15] should be corrected: the phrase “if (R,¢e,U) and (R, ¢, P)
represent” is to be read as “if (R, ¢, K) and (R, e,U) represent”.
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[15], section 2.5. The trees are binary trees, with a label attached to each
vertex. The tree structure is described by means of the usual vertex-to-
vertex functions father, leftson and rightson. The labels will be called
“pointlabels”, in order to avoid confusion with the Pascal notion label.
The binary nodes of the tree carry pointlabels A or T (related to application
and typed abstraction, respectively), and the endpoints have as pointlabel
either the symbol 7 or a vertex (which has to be a vertex with pointlabel
T). Finally a lambda tree has to satisfy what we shall call the reference
condition. It reads: if P and N are vertices, and if the pointlabel of P is
N (whence P is an end-point and N is a binary node with pointlabel T),
then P is either the rightson of N or a descendant (in the sense of leftsons
and rightsons) of the rightson of N.

In [15] the relation between lambda term and lambda tree is described
in detail. Here we give a short sketch. For every node in the lambda
tree we can consider the subtree which has that node as its root, and that
subtree will correspond to a term. First consider a binary node N. Let
N; and N, be its leftson and rightson. Let P, P;, P, be the lambda terms
corresponding to these three points. Then we have P = (P;)P2 if N has
pointlabel A, and P = [z : P]P, (where z is an appropriately chosen
name for a bound variable) if N has pointlabel T. We also have to describe
the terms corresponding to end-points of the lambda tree. If the pointlabel
is 7, the corresponding term is just 7 itself. If the pointlabel of such an
end-point is a vertex N (whence N is a binary node with pointlabel T, then
the term coresponding to the end-point is the variable introduced in the
abstractor [z : P,] which corresponds to N.

We shall provide our lambda tree with an extra vertex fakeroot as
father of the real root of the tree. The real root is the leftson of the
fakeroot; the rightson of the fakeroot plays no role. This little trick will
simplify the algorithm,

The type 1ab will be used in the program for typing the pomtlabels s0
a lab is either a vertex, or A, or T, or 7.

The execution of the program will list all cases where a typecheck has
to be carried out. The procedure task(ind:integer;u,v:vertex) reports
it has to be shown that the subtree rooted by the vertex u is equal (in the
sense of B-equivalence interpreted in the context indicated by ind) to the
subtree rooted by v.

What is called “context” here is not the usual notion of an abstractor
string. Here it does not necessarily contain abstractors only. Apart from
those, it can have pairs consisting of an applicator followed by an abstractor.
This sequence of abstractors and applicators will be described by the array
context from 0 to ind. Every entry in the array i1s a vertex, and that
vertex is always the leftson of its father. Its father’s pointlabel (either A
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or T) shows whether that entry is an applicator or an abstractor, in the
following way. Let N be one of those entries, and let P be the lambda tree
corresponding to N. Then N will be associated with the applicator (P) if
N'’s father has pointlabel A, and with an abstractor [ : P] if N’s father has
pointlabel T. -

The M in the program represents the number of vertices of the original
tree.

One of the features of the program is that it avoids typechecking work
that was done previously. The integer variable status takes care of that. It
has value 0 if it gets to a binary node for the first time (before entering the
left branch), value 1 if it gets there for the second time (after a non-stop trip
from an endpoint to the first binary node that is approached from the side
of the leftson), but when it has value 2 the left branch of the binary node is
not searched at all. The effect is that for every A-node in the lambda tree
we get exactly one call of the procedure task. Quite another matter is that
we often want to apply the program to trees that contain a large amount
of repetition themselves. Avoiding duplication of work in those cases is of
cause a separate problem.

As usual, the abort will mean that the execution of the program is to be
stopped. This happens when incorrectness is established already without
any typechecking (example {r)7).

After all these preparations we now give the program. It is assumed that
the functions father(v:vertex):vertex, leftson(v:vertex):vertex,
rightson(v:vertex):vertex, and pointlabel(v:vertex):lab describe
a lambda tree, so in particular the program does not check the reference
condition.

var apl:array[0..M] of vertex;ap2:array[0..M] of integer;
ap3:array[0..M] of boolean;context:array[0..M] of vertex;
m,ind,status:integer;loc:vertex;ba:boolean;labloc:lab;

procedure P1;
begin m:=m+1;ap1m]:=loc;ap2[m]:=ind;
ap3[m] :=true;loc:=leftson(loc);
end;
procedure P2;
begin case labloc of
'A’: begin m:=m+1;apl[m]:=leftson(loc);
ap2[m] :=status;ap3[m] :=false
end;
'T?: begin if (not ba) then
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begin x:=api[m];m:=m-1;
if ap2[m]J=1 then task(ind,x,leftson(loc));
ind:=ind+1;context[ind] :=x;
end;
ind:=ind+1;context[ind] :=leftson(loc)
end;
end {case labloc};
loc:=rightson(loc);if status=1 then status:=0;
end;
procedure P3;
begin if labloc=’tau’ then abort
else begin status:=2;loc:=leftson(labloc) end
end;
procedure P4;
begin loc:=api[m];ind:=ap2[m];m:=m-1;status:=1
end;

begin loc:=fakeroot;m:=0;status:=0;ind:=-1;ap3[0]:=true;
repeat
labloc:=pointlabel(loc); ba:=ap3[m];
if labloc=’A’ or labloc=’T’
then begin if status=0 then P1
else begin if (status=1) or (not ba) then P2
else P4
end
end
else begin if ba then P4 else P3 end
until loc=fakeroot;
end.

4 Characteristics of Automath languages

Generalities

Without trying to explain much in detail, we just indicate a number of issues
in which Automath differs from some other verification systems based on
typed lambda calculi. i

Automath books are written as sequences of lines: definitional lines
and primitive lines. Every line is written in a certain context, which is a
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sequence of typed variables

(:L'l : Al) s (:L'k : Ak);

where each A; is a term that may contain the previous zy,---,z;_;. As
meta-notation for contexts we use symbols like T', and for conxtext exten-
sions [, (z : A). There is a notion of validity of contexts, a notion of valid-
ity of terms (lambda-typed lambda terms) inside a context (meta-notation
T'F P), and a notion of validity of typings inside a context (meta-notation
Tk P:Q).

A definitional line (in context I') has the form “f := P : @”, where
f is a new identifier, and where ' + P : Q. A primitive line has the same
form, but for the fact that the term P is replaced by the symbol PN (which
is not considered as a term). PN is acronym for “primitive notion”.

There is a fixed set of basic terms (like 7, type, prop) which are said
to have degree 1. The degree of all further valid terms is found by the
rule that if P : Q then degree(P) = degree(Q) + 1. And if f:= P : Q
(or f:= PN : @) is a line then degree(f) = degree(Q) + 1. In Automath
the degrees are restricted to the values 1, 2, 3, so in lines f := P : Q or
f:=PN : Q the @ should have degree 1 or 2.

Abstractors and applicators are denoted as at the end of section 1.

Some of the Automath languages (AUT-QE , AUT-QE-NTI ) admit
quasi-expressions, which have the form of a sequence of abstractors followed
by a basic term, like

[1: A1]- - [zx : Ak type.

They are given degree 1.

Instantiation

Very typical for Automath is the fact that the rule for validity of contexts
is more permissive than the rules for abstraction. Abstractors [x:type] are
not allowed, but context extensions (x:type) are. A valid context T' can
be extended to a new valid context by any extension T, (z : Q) provided
that ¢ is a new variable, that T' - @ and that the degree of @ is 1 or 2.
The requirements for abstraction can be more severe. Abstraction [z : A is
restricted anyway to the case that A has degree 2, in AUT68 and in AUT-
QE-NTI moreover by the condition that the type of A is a basic term. In
PAL there are no abstractors at all.

In the Automath languages there are (like in standard mathematical
language) two different devices for describing functional relationship, the
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instantiation device and the lambda device. The use of instantiation admits
explicitly defined functions. If inside a context

T, (z1: A1) (2 : Ar)

we have a line f := P : Q or f := PN : Q then in any later line (in a
context I'; that at least starts with T'), we can instantiate f by attaching
a string of sub-terms, writing f(B,...,Bi). These B; have to be typed
(in the context T';) by the things we get from the corresponding A; if we
replace the z;’s by the corresponding B;’s. It has to be mentionend that the
instantiation device generates new definitional equalities by means of the
é-reduction, which is essentially nothing but replacing the defined identifier
f by its definition P (in case the line was f := P : Q).

In cases where [z; : A;]---[zx : Ag] are admissible abstractors, the
step from f to f(By,...,By) corresponds to the one from F (where F' is
obtained from f(z;,...,zx) by k-fold lambda abstraction) to the k-fold
application (Bg)---(B1)F.

In the instantiation device the notion of function is restricted to explic-
itly defined functions, so it cannot describe mathematics beyond the level
of the 18-th century. Nevertheless the system of “proofs as objects” enables
the lambda-free Automath language PAL to use the instantiation device for
true mathematical reasoning.

But what the instantiation device cannot do is to let us talk about
arbitrary functions, and to say in the language that a function obtained
by the instantiation device is a function indeed. That is what we need the
lambda calculus for. We might say that the lambda calculus internalizes
instantiation.

Type inclusion

Type inclusion is the point where the Automath languages AUT68 and
AUT-QE deviate from pure lambda calculus. Having type inclusion is
equivalent to having Il-rules like those in Zucker’s AUT-II (see [21]) and
in many other systems of typed lambda calculi. Actually one can say that
the notations with II serve as sign posts for places where type inclusion has
been applied. The checker never needs those indications, since it is always
directly retraceable where and how type inclusion has been applied. That
retraceability was the main reason why such indications were omitted in
the design of Automath.

The meta-language of II-rules seems to be more generally accepted than
the one of type inclusion, and the feature of type inclusion may have been
one of the reasons why in the early days of Automath logicians were inclined
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to dislike it. Therefore it may be the right place here to give it some
attention, not just to the formal rules but also to interpretations.

The original idea about using a notation @ : type was that it just served
as an indication that @ had degree 2, what meant that @ could be used as
a type for other terms, like in P : Q. There is an obvious analogy between
the “real” typing P : @ and the notation @Q : type. They play the same
role in the formation of contexts: by context extensions (@ : type) we can
introduce type variables. And they play the same role in definitional lines:
just like such lines can be used for defining new objects (of degree 3), they
can be used for defining types (of degree 2). And primitive lines can be
used for creating primitive types (of degree 2) just like they can be used for
creating primitive objects (of degree 3). All this can be achieved without
saying that type is a term; instead of considering @ : type as a relation
between two terms, we consider the combination “: type” as a kind of
predicate applied to Q.

In the light of this opinion about type one has to interpret the AUT68
rule

A:type TI,(z:A)F Q(z):type
I'F[z: A]Q(z) : type '

It just says that [z : A]Q(z) is again a valid term of degree 2.

The next step is that sometimes we want to say more about [z : A]Q(z)
than that it has degree 2. We sometimes want to express about some term
H of degree 2 that it behaves like a term that starts with the abstractor
[z : A]. If we have some a : A we may wish to form the application {a)H,
and if moreover we have some f : H we may want to form (a) f. In order to
register those possibilities, the mock typing H : [z : A]type was invented,
and that extended AUT68 into AUT-QE. Note that the acronym QE in
AUT-QE stands for “quasi-expressions”, clearly indicating that [z : AJtype
was not considered as a term. As before, the combination “: [z : A]type”
was considered as a kind of predicate applied to H.

The mock typing H : [z : A]type just gave more information about
H than just H : type. Of course we took the right in AUT-QE to pass
from H : [z : Altype to H : type (but not the other way round). It can
be interpreted as sacrifice of information. We can see it as applying an
inclusion [z : Altype C type, and to the step from H : [z : A]type to
H : type was called type inclusion. It can also be applied repeatedly:

[z : A]ly : Bl[z : Cltype C [z : A][y : Bltype C [z : A]type C type
(note that B may depend on z, and C on both z and y).
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Once we start implementing AUT-QE in a lambda calculus like AA (cf.
section 6) we of course begin to consider all the quasi-expressions as lambda
terms, and the mock typings as typings of the typed lambda calculus, and
that means having impurities. The type inclusion rule conflicts with the
idea of unicity of types.

For dicussions where the type inclusion feature is compared to the usage
of Il in AUT-II we refer to [18] and [10].

5 AUT-QE-NTI

The rules

The syntax of AUT-QE-NTI is the same as the one of AUT-QE. The main
difference is type inclusion: the acronym NTI stand for “no type inclusion”.

AUT-QE-NTI handles quasi-expressions (see section 4). And all quasi-
expressions can be used for typing of variables in context extensions. The
general rule is that whenever I is a valid context, and ' F @, where the
degree of @ is 1 or 2, then T,(z : Q) (with a new variable z) is a valid
context. But where AUT-QE allows abstraction over all Q with degree 2,
AUT-QE-NTI restricts it to the case where @ : B, where B is a basic term
(like type, prop, or 7). So the abstraction rule is

' A:p, T,(z:A) F P(z):Q(x)
Ik [z: A]P(z): [z : A]Q(z) ’

where £ 1s one of the basic terms. The rules for application and instantiation
are the same as for AUT-QE.

In our further discussions about AUT-QE-NTI we shall ignore the pos-
sibility to have more than one basic term, and just formulate everything
for 7 only.

AUT-QE-NTI books as terms in AA

We shall explain here how a book written in AUT-QE-NTI can be trans-
formed into a single term of AA. The book consists of a finite sequence of
lines; some are primitive lines, others are definitional lines. Corresponding
to every primitive line we form a corresponding abstractor, and to every
definitional line we form a pair consisting of an applicator and an abstrac-
tor. We just concatenate these abstractors and applicator-abstractor pairs
in the order of the lines of the book, and we complete that sequence with
a 7. That concatenation will be the term that represents the whole book.
A thing that should be looked into first, is that AA does not handle
instantiation, and therefore the instantiations in the AUT-QE-NTI book
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have to be remodelled to applications. In the last line of the example given
below there is a (double) case of instantiation, and from that example it
will be clear how the remodelling works in general.

In [5] a notational convention was explained that can be helpful here. If
the identifier f is introduced in a context of length &, then the identifier @)f
will be used for what we get from f by abstracting over the last 3 pieces of
the context, and the reader is suppposed to understand this without seeing
a line where that new identifier @ f was introduced. With this convention
we can say that the instantiation f(U,V, W) is definitionally equal to the
application (W)(V)(U)®f.

We now describe how the abstractors and applicator-abstractor pairs
are obtained from the book lines. In the case of a primitive line

(1:41)-(zk: Ay) F f = PN : Q
we create a new identifier F' and take as the abstractor
[F [z Al [z s AQ
in the case of a definitional line
(zy: A1) (zx:Ag) F f = P : Q
we form the applicator-abstractor pair
(1 : Arl [z AP [F ¢ [o1 s i) o s AdQ )

The new identifier F' should not be confused with the old f (with the
notation mentioned above it should be ®)f), only if the context was empty
there is no danger for such confusion.

We give a short example. Let the book be

F A = PN T

¢ := PN A

Ffo= [y:Ae : [y A]A
(z:A) Fg = (z)f i A

F B = A T T
(z:7) Fhooi= g(g(c)) : B

This book transforms into the following term in AA:
[A:7][c: A ([y: Ale) [f : [y : AJA] ([z : A{(z)f) [G : [z : A]A]
(A) [B: 7] [z : TI{{c)G)G) [H : [z : 7| B] ™.
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Under this translation from a book in AUT-QE-NTT into a term in AA
we see how essential the difference between AA and A (indicated in the
subsection “Correctness” of section 3) is. If in an AUT-QE-NTI book we
replace some definitional line f := P : @ by the primitive line f := PN : @,
the rest of the book will often become incorrect, since the validity of the
book might have depended on the definitional equality of f and P, which
gets lost if we replace P by PN. But if in the definition of correctness in
AA we would have insisted that correctness of (R)P requires correctness
of P (see section 3), we would actually have required that the term in AA
that corresponds to the AUT-QE-NTI book would remain correct after just
omitting the applicator that carries the information about the definition of
f, and that means the same thing as replacing the P by PN.

The example above demonstrates this for the pair (4) [B : 7]. If we
would omit the (A), the type of [z : 7]{({c)G)G would no longer be [z : 7]B.

In AUT-SL (see [4]) there was the standard convention that in an ap-
plication (R)P both parts P and R were required to be correct, and that
made it necessary to eliminate all definitions of the book (by means of
é-reductions) before the translation into a lambda-term could begin. For
that reason AUT-SL could not be more than a way to streamline Automath
language theory, whereas AA is more than that: it is also a practical tool
for working with Automath, in particular for the checker.

It is not too easy to say exactly what kind of terms in AA correspond to
an AUT-QE-NTI book according to our translation, since inside a line the
notion of correctness has to handle the old requirement about correctness
of (R)P, i.e., it has to require the correctness of both R and P. Here we
might recommend the Procrustes technique: if a feature of AUT-QE-NTI
does not fit in the bed AA then we just make it fit by changing the definition
of AUT-QE-NTI. What we gain is the facility of admitting abbreviations
which are local inside a line, or even inside a part of a term in that line.
But a more important gain is the simplicity of the properties of the result
of the embedding.

6 Implementing AUT-QE in AUT-QE-NTI

Introduction

AUT-QE-NTI is definitely weaker than AUT-QE and also weaker than
AUTG8, just because of its purity. In order to let AUT-QE-NTT enjoy the
blessings of type inclusion without actually having it, we can start our book
with a set of axioms that mimic the effects of type inclusion. In that way

we can say that we can implement AUT-QE and AUT68 in AUT-QE-NTI.
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There are two prices we have to pay:

(i) applications of what corresponds to type inclusion have to be written
in the book, by means of references to those axioms, with explicit statement
of the terms that have to be substituted for the parameters in these axioms,

(i1) the definitional equalities generated by type inclusion have to be
replaced by book equalities.

We can try to overcome these objections by (i) providing automatic text
writing facilities that does all the dirty work for us, and (ii) by distinguish-
ing two different kinds of book equalities, a strong and a weak one, where
the strong one can enjoy the decidability that the definitional equality is
supposed to have (see section 6).

The azioms for II

We now get to the axioms that mimic the type inclusion. Since they of
course also mimic the role of II, we shall use the letter II as an identifier.
Actually there is a multitude of axioms for II, since the axioms get two
parameters ¢ and p that stand for basic types (like type or prop). We
could do with a single set of axioms if we would handle only one basic term,
or if we would introduce a facility for creating basic terms (that can be done
by opening the possibility of degree 0, with a single term * in it, and letting
u ;% mean: “Let p be a basic term”).
As a set of axioms for II we present

(X:0)(Q:[z: X])p) Fll,, :=PN :pu
(X:0)(Q:[z: X)p)(u:1su) FAzls, :=PN : [z: X|(z)Q
(X :o)(Q:[z: X]p)(v:[z: X])(2)Q) FA22,, :=PN : I,

These Azl and Az2 permit us to jump up and down from @ to II( X, Q),
and that mimics the type inclusion feature without frustrating the typing
rules of the lambda calculus.

We remark that in two cases we have used the “g-expansion” [z : X){(z)Q
instead of @) itself. This deviates from [11], and is done here in order to
avoid having to apply 7-reduction in cases of multiple application of the
axioms for II.

If ohe wants to implement mathematics without ever having to use 7-
reduction, it probably suffices to pass at once to the p-expansion of @ in
all those cases where @ : [z : X]p and @ is not definitionally equal to a
term starting with the abstractor [z : X] (this happens in cases like the
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one above, where @ was introduced as a variable typed by [z : X]u). This
remark is similar to the observation by D. van Daalen, mentioned in the
discussion on 7-reduction in section 4.1.1 of [19].

We have to add equality axioms, expressing that we have (in abbreviated
form)

Azl(Az2(v)) = v, Az2(Azl(w)) = u.
The equality here will have to be book equality.

Azioms for T

Another set of axioms in AUT-QE-NTI can organize the operation ¥ of
AUT-II. In the context X : type, Q : [z : X]type it postulates the type
Z(X,Q), that can be imagined as being the type of all pairs p,q with p : X,
g : (p)Q. With the terminology of telescopes (see [17] it can be described
as a type that enables us to replace the telescope [z : X][y : (z)Q] of length
2 by the telescope [w : £(X, Q)] of length 1. Actually this set of primitives
was used extensively in AUT68 under the name “OwnType” in order to
treat sets (subtypes) as types.

By multiple application of £ we can condense telescopes of length > 2
into length 1.

We can introduce £ by means of the following axioms:

(X :0)(Q :[z: X]p) Foy =PN : p
(X :o)(Q:[z: X]u)p:Zsu) Fprojl,,:=PN : X
(X:0)Q:[z: X)p)p:Zou) Fproj2,, :=PN projl,, )@

(
(X :0)(@Q:{z: X]p)(t1 : X)(t2: (11)Q) Fpair,, :=PN : Z,,

We have to add equality axioms, expressing (with book equality) that

proj; (pair(ty,t2)) = t1, projy(pair(ty,tz)) = to,
pair(proj; (), projs(¢) = .

Further azioms

Needless to say we want some more axioms for dealing with standard math-
ematics, in particular axioms about book equality (a survey of what we need
in AUT-QE can be found in [19)).

A thing that one might also like to implement is proof irrelevance. Proof
irrelevance has been proposed as a rule for making different proofs of one
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and the same proposition definitionally equal (connected with the fact that
mathematicians have the opinion that objects do not really depend on
proofs), but that means another impurity of the typed lambda calculus.
In the vein of AUT-QE-NTI it of course requires some book axioms, and
the equality involved in it is a serious candidate for strong book equality
(see section 6).

A further candidate for being shifted from the frame to book axioms is
the matter of admitting more than 3 degrees. It is to be expected that this
feature can be mimicked efficiently by means of axioms over a frame that
handles only 3 degrees.

Three kinds of equality

The systems we have considered all use two kinds of equality: definitional
equality and book equality. Definitional equality is handled in the frame
by means of the reductions of the language. In general we expect the lan-
guages to have the property that definitional equality is decidable, whence
it need not be expressed in the books. And there is never an assumption
or a negation of definitional equality. On the other hand, book equality is
introduced as a notion in the book, and particular book equalities can be
proved, disproved or assumed in the book. In general there is no decision
procedure for establishing book equality.

The effect of replacing impurities of the lambda calculus by book ma-
terial is that one will have to live with the administration of many rather
trivial book equalities. Let us use the term strong book equalities for them.
Wherever we shift rules for definitional equality to the book we get such
strong equalities, and, conversely, these strong equalities will be considered
by others as suitable candidates for putting more definitional equalities into
the frame.

As candidates for such strong book equalities we mention the equality
axioms for II and X in section 6.

It seems reasonable to give the strong equalities a separate status among
the book equalities, in particular since much of the administrative work with
these strong book equalities can be automated.

Right now this matter of strong book equality it is not more than a
suggestion. The author has not acquired substantial experience with this,
and such experience would be necessary for finding out whether it will be
sufficiently efficient on the long run.

In order to describe some suggestions we denote ordinary book equality
by IS, and strong book equality by ISSt (for types) and ISSo (for objects).
Ordinary book equality is defined on any type X; if z : X,y : X then
IS(X,z,y) is a proof class. Strong book equality can be expressed be-
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tween types too: If X : type, Y : type, then ISSt(X,Y) is a proof class.
Moreover, we can express strong book equality between objects belong-
ing to different but strongly book equal types. If X : type, Y : type,
v ISSt(X,Y), z : X, y : Y then we may have ISSo(X,Y,u,z,y). A book
axiom will express that ISSo(X, X, v, z,y) (where v refers to the reflexivity
axiom ISSt(X, X)) implies ordinary book equality IS(X,z,y). And there
have to be axioms for strong equality for function values F(z) and G(y) if
we have strong equality between F and G as well as between z and y.

Quite something has to be done about the relation between book equal-
ity (weak or strong) and typing. We can have book equality between types.
A common case is that there is a function F mapping type X into type
Y, and that we have p : X, ¢ : X, where p and ¢ are book-equal. We of
cause want to call the types F(p) and F(q) book-equal. But if r : F(p),
s : F(q) then r and s cannot be compared by ordinary book equality, since
they do not have the same type (r : U implies r : V only if U and V are
definitionally equal, see section 1, subsection Purity of lambda calculi). If
we do not like to extend the notion of book-equality to objects belonging
to book-equal types, we will have to work with explicitly constructed bijec-
tions, which gives quite some irritating administration. But again, we can
expect that such work can be efficiently automated.

We might also use strong equality for proof irrelevance. If P and @
are strongly book-equal proof classes, we may express the principle of ir-
relevance of proofs by postulating that whenever p: P and ¢ : @ then the
proofs p and ¢ are strongly book-equal.

In [16] it was recommended to use the possibility to have two or more
kinds of logic interwoven in one and the same book. In that case we have
to introduce a different kind of proof classes for each kind of logic. Apart
from assigning the type prop to a proof class, one might also handle iprop
(for intuitionistic proofs) and pprop for positive (negation-free) proofs. It
can be used like this: if p is some proposition then we can form @ with
Q@ : iprop, and then b : @ will mean that b is an intuitionistic proof for
p. (In [16] it was recommended to use the word prooftype instead of the
misleading word prop, and similarly pprooftype for negation-free logic.

In [16] this way of mixing various kinds of logic in one and the same
book was recommended for treating constructions (like geometrical con-
structions). The idea is that we want to be able to say that something is
a construction, but we do not want to allow to say that something is not a
construction. We do not want to admit drawing conclusions from the nega-
tion of the statement that something has not been constructed. Whether
that might ever lead to trouble is doubtful, but it is just not the kind of
thing we want to have expressed.

The matter with strong equality is somewhat parallel to this. If we have



A plea for weaker frameworks 63

some kind of definitional equality in the frame, we are unable to express its
negation in the books. So if we push that piece of definitional equality into
the books, in the form of strong equality, we should not be able to handle
its negation either. So it is reasonable to handle strong equality in terms
of positive logic.

With the notation explained above this will be expressed by

ISSt(X,Y): pprooftype, ISSo(X,Y,u,z,y): pprooftype.

We leave it at these rather schematic remarks.

7 The project AL

Introduction

It was expressed already in section 2 that at present AY is to be considered
as the name of a project rather than as a well-defined language with a
satisfactory theory. The project is to define the upper right corner in the
following diagram:

AA AX

) I '

In the lower left corner we have A, which is ordinary untyped lambda
calculus. The one above it is the typed lambda calculus system AA. In the
lower right corner we have a modification Ac* of the segment calculus Ao
(see section 7). The problem is to find a definition and theory of a language
AX that has both AA and A¢* as sublanguages.

The calculus Ao was introduced in [12] as an attempt to embed abbre-
viations for strings and telescopes into a system that takes them seriously.
Usually one considers such things as a kind of sugaring, and treats them ad
hoc, but this kind of abbreviations is bound to accumulate: abbreviations
inside abbreviations, and then it is hard to build a dependable checker.

The matter is far from easy. One of the troubles with telescopes is that
they contain variables to which there are references from other places, so
we can get references to variables mside a telescope (or, more generally,
a segment) that is only visible in the form of an abbreviation. Moreover,
in different references to one and the same telescope we may have to have
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different sets for the names of the variables, in order to avoid name clashes.
It is obviously a situation that asks for namefree calculus.

Some language theory, like the Church-Rosser property, was developed
by H. Balsters in [1]. There has not been much activity in the subject since
then.

The calculus Ao

We shall not define Ao here, but just try to give an impression of what it
is about.

We use the word segment for any string of applicators and abstractors
in (untyped) lambda calculus. Avoiding namefree notation in this and the
following examples, we mention the segment

ey (=) ul(z)w) [2] {()[E)((t)=)) [v]

(note that the abstractors are untyped, so we have {z] instead of [z : X]).
We want to make a calculus that treats segments in a way similar to
terms, so we also want to have segment variables, and we want to interpret
the elimination of segment abbreviations as a kind of S-reduction. As an
example we take the abbreviation of the segment ((z)[u](z)u) [z] by the
single identifier 7. In section 5 we showed how to do this for terms: If the
abbreviation is f := [u](v)u then elimination of that definition in a later
occurreence of f is effectuated by a local S-reduction, carried out with the
applicator-abstractor pair ([u](v)u) [f]. So similarly we want to use for the

case of the segment
({(2)ul(=z)w) [2]) 0],

and there [n] is an abstactor that introduces the segment variable 7.

But lambda calculus is more than administration of abbreviations: it
also concerns variables which are not going to be defined like the f above.
Accordingly, we will also have undefined segment variables. And since
segments may always contain variables that can be referred to, it becomes
necessary to have some indication about the number of such referrable
variables. To make it worse, some of the variables in the abstractors of a
segment can again be segment variables, and the segments to be substituted
for them can contain ordinary variables to which it is possible to refer even
before these segment variables are replaced by the segments that can be
substituted for them.

In order to make that reference system more transparent, the suggestion
was made in [12] to attach a kind of norm to the segment variables that
shows the structure of the variables contained in them. That norm was
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called frame, but now that the word “frame” has got a completely different
meaning it may be better to call that norm the skeleton.

The expressions that can be built by means of this segment calculus can
sometimes be reduced (by B-reduction) to terms of the lambda calculus, but
not always. The segments can begin to lead a life of their own, just like the
variables in ordinary lambda calculus achieve more than abbreviations.

We know that segments, in particular telescopes, can be used to describe
complex abstract mathematical notions, like the notion “group”. A group
is usually considered as a mathematical object, but the notion “group” is
not. A particular group is represented as a string, and the statement that it
represents a group is expressed (with the terminology of [17]) that this string
fits into the telescope “group”. Extensive use of telescope abbreviations for
treating modern mathematics was made by Zucker (see [21]).

This segment calculus is something like category theory. The notion
“group” may refer to a particular category, represented by a telescope, but
if we want to say “let C be any category”, then we have to express that by
“let 5 be any telescope”, and there we need the telescope variable.

So we see that the title of [12] was not very fortunate: the scope of the
paper is wider than the title suggests.

Extending to a typed calculus

What we have in mind with AY is primarily a language in which the terms
can be reduced to terms of a typed lambda calculus like AA. That means
that all segment variables can be eliminated by S-reductions.

If we omit all type information in such a calculus, we get the fragment
Ao of Ao, containing all Ao-terms which are reducible to A-terms. With
this limited concept of A\o* one might now say that the diagram given in the
beginning of this section describes what we want. This vision on AX will
hopefully produce a system in which we can efficiently handle accumulated
segment abbreviations, both for writing and for checking.

The matter may become harder if we want more than this, like handling
segment variables as hinted at in the remark on category theory at the end
of the previous subsection.
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Nederpelt’s calculus extended with a notion
of context as a logical framework

Philippe de Groote
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Abstract

We define an extended version of Nederpelt’s calculus which can be used as a
logical framework. The extensions have been introduced in order to support
the notions of mathematical definition of constants and to internalize the
notion of theory. The resulting calculus remains concise and simple, a basic
requirement for logical frameworks. The calculus manipulates two kinds of
objects: texts which correspond to A-expressions, and contexts which are
mainly sequences of variable declarations, constant definitions, or context
abbreviations. Basic operations on texts and contexts are provided. It
is argued that these operations allow one to structure large theories. An
example is provided.

1 Introduction

This paper introduces the static kernel of a language called DEVA [13]. This
language, which has been developed in the framework of the ToolUse Esprit
project, is intended to express software development mathematically. The
general paradigm which was followed considered development methods as
theories and developments as proofs. Therefore, the kernel of the language
should provide a general treatment of formal theories and proofs.

The problem of defining a generic formal system is comparable to the
one of defining a general computing language. While, according to Church’s



70 2 Nederpelt’s calculus

thesis, any algorithm can be expressed as a recursive function, one uses
higher level languages for the actual programming of computers. Similarly,
one could argue that any formal system can be expressed as Post produc-
tions, but to use such a formalism as a logical framework 1s, in practice,
inadequate.

The criteria according to which the expressive power of a logical frame-
work should be evaluated are mostly practical and subjective. One speaks
of natural representations [9] of logics, or expressions close to ordinary math-
ematical presentation [5].

Such requirements were at the origin of the AUTOMATH project [5]; we
chose one of the simplest versions of AUTOMATH, as a starting point for our
language: Nederpelt’s A [10].

Nederpelt’s calculus, introduced in the next section, is a A-typed A-
calculus. Its expressive power, as a logical framework, is similar to Edin-
burgh LF [9]. The systematic use of typed A-abstraction provides a smooth
treatment of syntax, rules, and proofs.

The representation of a theory, in Nederpelt’s A, amounts to a sequence
of declarations of variables. This sequence is the environment in which
proofs can be developed, but is not an object of the calculus. The notion
of context we have added to A is intended to internalize the notion of
environment. The goal is to provide simple means for structuring large
collections of theories within the calculus.

This problem of structuring theories is not new in the case of software
development. It has already been tackled in various ways by work on pro-
gram specifications. Our approach is somewhat different, since it is merely
syntactic. The meaning of the operations we provide on theories is not
based on semantics, but explained in terms of reduction relations.

2 Nederpelt’s calculus

Definttion

In Nederpelt’s A, there is no syntactic difference between types and terms,
and A-abstraction is used to represent both functional terms and dependent
types. For this reason, one rather speaks globally of the expressions of the
calculus. These expressions are built from an infinite alphabet of variables
and a single constant 7, according to the following formation rules: 7 is an
expression; any variable is an expression; if e;, and e; are expressions, so
are [Z:e1] ez (typed abstraction) and (e; e2) (application). The notions of
free and bound variables are generalized by adding the following clause to
the usual ones: Any free occurrence of a variable z in e is free in [ 2] :e1 ] €2
(even if z = ).
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B-redices and F-reduction are as usual*. Nevertheless, because of depen-
dent types, contractions and substitutions may now be performed within
type labels.

Among expressions, one distinguishes well-typed expressions, i.e. ex-
pressions which obey some applicability conditions. To this end, it is nec-
essary to assign types to expressions. This raises a problem for free variables
which are a priori untyped. For this reason, the type of an expression will
be defined according to some environment assigning a type to each free
variable of the expression. An environment is thus a sequence of variable
declarations. Let E denote environments, the expression E, z: e will denote
the environment obtained by adding the declaration z:e at the end of E.
A partial selecting operation sel;(E ) is defined on environments as follows:

selz(E,z:¢) = e
sel;(E,zy1:¢) = sel,(E) ifz# 2.

The type of an expression e according to some environment E — in short:
type (E'| e) — is defined a priori, independently whether e is well-typed or
not. There is no type assigned to 7 nor to the expressions whose head is 7,
which are so to speak the proper types of the calculus.

type(E|z) = sel,(F)
type(E|[z:e1]e2) = [z:e1]type(E, z:e1|ez)
type(E|(e1e2)) = (type(E|e1)ez2)

The typing operator defined above allows to express applicability con-
ditions and to define the notion of well-typed expression:

Err

Etrz ifsel,(FE)is defined
Etre E,x:CI}_CZ
Ellz:er)es
EFe; EFe; type(Eley)=p[xz:type(E|es)]es
Et (e e2)

* Actually, the calculus which is presented here is a variant of Nederpelt’'s A. The
difference is that we do not take n-reduction into account. As is well known [14],
the language theory of the calculus with n-reduction is much more complicated,
but the main results are preserved.
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Ete; Eltey e;=plz:type(E|ez)]es
Et (e1e2)

It could seem strange, in the definition above, that there are no correctness
conditions on environments. This is justified by the fact that we are in-
terested in closed expressions only. In other words, the correct expressions
of the calculus are the ones which are well-typed according to the empty
environment.

The main properties of A, proof of which may be found in [7, 10, 14],
are the following:

Church-Rosser: if e; =g e3, then e; and e, have a common S-reduct!;

Closure : if e; is a correct expression and if e; —p €2, then ez is
correct;

Strong-normalization : if e is correct, then there is no infinite sequence
of B-contractions starting with e.

From these properties, one may infer that the property of being well-typed
is decidable.

A may be used for representing logics in a way similar to the Edinburgh
Logical Framework [9]. The examples developed for LF [1] are quite easily
adaptable to A. For instance, the following declarations of A correspond to
the LF-signature Xpa given in [9]:

L T 0 T

0 :¢ succ : [z:t]e

+ [z [zie)e X Dlzie)[zie)e
= :[z:])[z:t]o < Dz [zid)o
- : [z:0]0 A [z:o]l[z:0]o0
V :[z:o][z:0]0 D [z:0][z:0]0
V :[z:[z:t]o]o 3  :[z:[z:t)o)o

Similarly, universal introduction and natural induction, for instance, are
given as follows:

Al : [p:lz:tjo][z:[z:t)(pz)] (VD)
IND : {p:lz:e]o]{t:e][z:(pO) ) {z:{z:e]{y:(pz)](p(succz))](pt)

TWith the only notion of 8-reduction, the Church-Rosser property holds for any pair
of well-formed expressions; with the notion of B7n-reduction, it holds for correct
expressions only.
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There is no degree restriction in A. This means that any well-typed
expression may be used as a type. For this reason, operators turning a
term into a type, such as:

true : [z:0]T

are not needed.

Some limitations

A was not designed for practical use. In [3], de Bruijn described how to
consider a complete AUTOMATH book as a A-term of a language called AUT-
SL (AUTOMATH single line). This idea gave rise to A which was essentially
used for language-theoretic studies [10, 14].

In [11], Nederpelt presents some translations of mathematical texts into
A, and discusses translation difficulties.

Some of these difficulties are due to the type structure of A. For instance,
A has uniqueness of types. Therefore, if types are used to represent sets,
a natural number z will not be automatically a real number since N and
R cannot be convertible expressions. Another example appears if one tries
to use the dependent type {z:a]b to represent the implication a D b. A
formation rule such as the following is not admissible in A:

a:o0 b:o
[z:a]lb : 0

Such translation dificulties arise if one wants as much logical knowledge
as possible to be reflected by the internal logic of A. But they can be
avoided by using A as a logical framework in which the logical knowledge is
stated by means of axiom and rule declarations. In short, we would say that
these difficulties arise when A is used with application of the propositions
as types principle, but that they disappear when A is used with application
of the judgements as types principle.

Another difficulty is related to the handling of definitions. The only
way of representing mathematical definitions in A is by means of S-redices
({z :e1]ey e3), where the operand es represents the definiens, and the
variable z the definiendum. Such redices, to be well-typed, must obey the
following rule:

Ele, Eles E,z:iejke; type(E|es)=p e
EF([z:e1]eqe3)

This rule is too strong. It requires that a mathematical text (e;), in which
some defined constant (x) occurs, must make sense (be well-typed) inde-
pendently of the value (e3) assigned to the constant. For this reason, when
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translating an AUTOMATH book into A, it is necessary to eliminate all the
definitions, by fB-reduction. This partial normalization is, in practice, pro-
hibitive. To solve this problem, de Bruijn designed the language AA [6].
The notion of correctness, in AA, is defined by means of an algorithm.
And, while this algorithm does not enforce #-normalisation, it amounts to
typing rules which are such that a redex, to be well-typed, must obey the
following rule:

' Et (3] Et €3 EF [63/1,‘] €9 type(E'|ea) =g (3]
EtF(lz:e1]eze3)

In the extended system which is introduced in this paper we combine both
A and AA: Nederpelt’s conditions are kept for functional application, but
B-redices are not used any more to represent definitions. Instead, we use
an explicit mechanism:

[d:=e1]ez

whose typing conditions are those of AA.

A last practical drawback when using an expression of A to represent
a mathematical text is that it gives rise to numerous repetitions inside
the expression. The parts of the expression which are often repeated are
not mere subexpressions, they are abstractors, pairs made of abstractors
and operands, or sequences of these. Therefore, such repetitions cannot be
avoided by using f-redices, they require some other abbreviation mecha-
nism. Such a mechanism is proposed by Balsters who extends A-calculus
by introducing the notion of segment [2]. The tailor made notion of context
we introduce in the next section is a particular case of segment. While this
notion is mainly introduced to internalize the notion of theory within the
calculus, it may also serve to avoid the repetitions mentioned above.

3 Contexts

Let us consider some correct expression of A representing some proof per-
formed, for instance, in Peano arithmetic. Such an expression starts with
a sequence of abstractions corresponding to the signature and the rules of
the Peano system:

(e:7)[o:7][0:¢])[succ:[z:t)e](+: [zt [T e]e] -

Hence, at first sight, the representation of a given theory within the calculus
corresponds to a sequence of abstractors. Since contexts are intended to
represent theories, a context is, in first approximation, such a sequence,
and we allow abstraction of such contexts:

[e:750:7; 05 suce:{zie)e; +:[ze][za]e; oo ] -
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To turn contexts into objects of the calculus remains useless as long as
we do not provide operations to manipulate them. To this end, we introduce
context variables, and the possibility of abbreviating contexts:

s:=[e:Ty0:7; 0 ;succ:[Tie)e; F:[ze][Tie)e; o)

Such abbreviations must have a scope, hence they are themselves abstrac-
tors. At this point, we may refine our notion of context: a context is either
a context variable bound to an abbreviation, or a sequence of abstractors.
Abstractors, which are atomic contexts, are of three kinds: declarations,
definitions, and context abbreviations.

Besides contexts, mere A-expressions remain: we call them texts. A
text is either the constant 7, a variable, a defined constant (i.e. a variable
bound to a definition), the application of text to a text, or the abstraction
of a context on a text.

Roughly speaking, abstracting a context on a text consists of stating the
theory in which the text makes sense. Such an operation would be useful on
contexts: it would amount to state the theory in which some subtheory or
some enrichment would be developed. Therefore, we add to the calculus the
possibility of abstracting a context on another context. Similarly, we allow
the application of context on text. This operation serves to instantiate
parametric contexts.

Figure 1 gives an example illustrating how contexts and operations on
them are useful to structure the presentation of theories. The reader who
can not guess the rules according to which this example is a well-typed text
is invited to consult the next section.

This example must be understood as follows.

It begins by a large context which may be seen as a library of theories.
This context contains, on the one hand, some fundamental declarations
common to all the theories of the library, and on the other hand, subcon-
texts which correspond to different theories (theories of equality, of natural
numbers, of lists, ...).

The theory of equality specifies an equivalence relation between the
elements of a sort . This sort « is a parameter of the theory. To specify the
theories of natural numbers or of lists, equality between naturals or between
lists is needed. Therefore, both theories import the theory of equality, with
the proper instantiation of the parameter «. This instantiation is achieved
by application of context.

The theory of lists is also parametric. The parameter is the sort ¢ to
which the elements of the lists belong. To give the proper equality rules for
lists, the equality between elements of sort « is needed. This relation (=)
is the second parameter of the theory.
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[ prop : T;
sort : T;

equ-thy := |

nat-thy := |

]
list-thy := |

]| nat-thy;

3 Contexts

a :sort;
=: |z:a][z:a]prop;
REFL : [z:a)z=1z;

nat : sort

succ : [z:nat]nat;

4+ : [z:nat][z:nat]nat;

equ-thy(nat);

CSUCC : [np:nat)[ng:nat]
[z:n1 = ny)
(succ n; ) = (succ ny)

a :sort;

=¢: [z:a][Z:a]prop,

list : [z:sort]sort;

nil : (list a);

cons : [a:a][l:(list @)} (list @);

equ-thy(list &) ;

CCONS : [a1:a]laz:a)[l1:(list a)][lz:(list )]
[z:a1 =4 a2)[z:l) = [3]
((consay) ly) =((consay)lz);

list-thy(nat)( = ) ---

Figure 1.1: example
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After the library, one finds a second context. This context is the working
context in which proofs (symbolized by the last three dots) are performed.
This working context is built by importing some parts of the library. In
the example, it specifies the theory of lists of natural numbers. Therefore,
the theory of natural numbers is first imported, and then, in the scope
of this importation, the theory of lists is imported with the appropriate
instantiation?.

4 Definition of the extended calculus

Formation rules

The expressions of the extended calculus are built from an infinite alphabet
of &-variables (variables bound to declarations), an infinite alphabet of é-
variables (variables bound to definitions), an infinite alphabet of o-variables
(variables bound to context abbreviations), and the single constant 7. Let
z, d, and s range over £-, §-, and o-variables respectively. Let ¢ and ¢ range
over contexts and texts. The formation rules are the following:

c u= z:t | d:=t | s:=[c] (atomic contexts)
| s (context variable)
| e;5¢ (abstraction on context)
| (e)t) (application of context)

t u= 71 (constant)
| = | d (variables)

] (et (abstraction on text)
| (tt) (application of text)
| (t:t) (judgement)

Judgement is a simple construction we have not yet described. It allows
to explicitly give the type of a text. This is useful, for instance, for giving
a typed definition, or intermediate results within a proof.

As it is, the above grammar is ambiguous: a context made of successive
abstractions gives rise to different parse trees. This ambiguity is circum-
vented by considering these different parse trees to be equivalent. In other
words, the syntactic equivalence between contexts, at the level of abstract
syntax, is modulo associativity of context abstraction.

$An attentive reader could object that this last importation results in hiding some
rules of the theory of natural numbers. This problem is related to the concrete
syntax we have used, not to the structure of the calculus. At the abstract level,
the use of a nameless notation for bound variables makes the problem vanish.
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The use of context variables may give rise to problems when defining the
notions of bound and free occurrences of a variable. On the one hand, there
are the usual problems related to a-conversion; on the other hand, problems
related to the possible use of free g-variables. Consider, for instance, the
following text:

[s:=[z:7;y:2]][s]y

The last occurrence of y is bound to the declaration y : £ which occurs
inside the context abbreviated by s. Consider the same example where the
abbreviation has been removed:

[s]y

One needs further information about the o-variable s in order to know
whether the occurrence of y is bound or not.

These problems can be solved by using a name free notation for context
variables [2] in the spirit of [4]. We consider that such a notation is used
at the level of abstract syntax. Nevertheless, for the sake of readability, we
use the concrete syntax above, which is’sufficient for our purpose since we
are interested in closed expressions only, and clashes between variables can
be avoided by requiring that all the variables occurring in an environment
have to be distinct.

Environments and typing

The notion of environment has to be adapted to the extended calculus: an
environment is a sequence of atomic contexts, i.e. a sequence of declara-
tions, definitions, and abbreviations. Similarly, the operation of selection
is extended:

selx(E,z:t) =t fX=u=.
selx(E,z:t) = selx(F) ifX £z
selx(E,d:=t) = t ifX=d

)
selx(E,d:=1) selx(F) if X #d.
selx(E,s:=[c]) = ¢ ifX=s.
selx(E,s:=[c]) = selx(F) i X#s.

where X ranges over &-, é-, and o-variables.
To define the type of a text, we need a way of turning a context into an
environment. To this end, we define the partial normalization of a context,
with respect to an environment, as follows:
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pnc(E|z:t) = z:t

pnc(Eld:=t) = d:=t

pnc(E|s:=[c]) = s:=]c]

puc(E|s) = pnc(E|sel,(E))

pnc(Ecy;ca) = pnc(Eler); ez
pnc(E|(e)(t)) = if  pnc(Elc) = z:ty50

then pnc(E|[t/z]c))
else undefined

79

Thanks to this last definition, we may define the operation of pushing a

context onto an environment:
E®dz:t = E, z:t
Edd:=t = E,d:=t
E®ds:=[c] = E,s:=|c]
Eds = Edsel,(F)
E®cr;e0 = (EDey)Dey

E®(c)(t) = E®pnc(E]|(c)(t))

The typing relation is then a mere extension of the one introduced by

Nederpelt:
type(E|z) = selo(E)
type(E|d) = type(E|sela(E))
type(E|[c]t) = [c]type(Edc|t)

type(E|(11t2)) = (type(E|t))t2)

type (E|(t1:12)) type (E [t;)
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Conversion rules

The various constructions we have added to Nederpelt’s calculus extend its
practical expressive power. Nevertheless, they remain unessential in the
sense that they do not extend the class of normal forms. To obtan this
property we introduce reduction relations allowing to remove the different
extensions. Because of the presence of definitions and abbreviations, these
notions of reduction have to be defined with respect to environments.

In addition to B- (and possibly 5-) redices, we introduce the following
reducible expressions:

Reducible contexts:
Etl s —sel,(E)
EF(z:t1;c)(t2) — [t2/x]c

Reducible texts:
EFd—selg(E)
EF(d:=t;]ts - ts if d does not occur free in t»
EF[s:=[c]]t =1t if s does not occur free in ¢
Elcr;c2)t—=[e1]lea]t ; if ¢y is anatomic context
EF(ti:ty)—ty

Reduction is then defined as the least reflexive, transitive relation in-
cluding the notions of reduction above, and obeying the following congru-
ence rules:

Ert -1, Ert —t;
Elz:ty -z, Erd=t -d:=1t,
El‘cl—>62

EFs:=lc)—s:=][cz)

EFle—ca E®calkcez—cy EFlrec —ca EFRt -ty
ElFci;e3—ca;cq EF(ca)(t1) —(c2)(t2)

Elce —ca Ed®ealbt, -t Erti -ty Eliz—iy
EF 1]ty —[c2]t2 Et (t113) — (t214)

Erty -ty Eliz—ty
EF (t1:t3) — (t2:t4)

As usual, conversion (=) is the transitive, symmetric closure of reduction.
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Well-typedness

The well-typedness conditions for the extended calculus are a straightfor-
ward generalization of these introduced by Nederpelt. They are expressed
by the following rules:

EFRt EFt Ere
Erz:t Erd:=1 EFrs:=]c]

EFs ifsel,(E) is defined

Ere E®clbe EFc EFt c=z:type(E|t); e
Elec ;e EF(c)t)
Err Etrz ifsely(E) is defined
. . Elbe Ed®ckt
Erd ifselg(E) is defined EF (o]t
EFty EFt, EFtype(E|t)=[z:type(EF|t2)]ts
EF(t1 1)
E"tl E"tg El—tlz[:c:type(EHg)]t;;
EF(t ty)
E"tl E"tg El—type(E|t1)=tg
E"(tlltg)

This system, which is a conservative extension of Nederpelt’s A, is such
that the properties of Church-Rosser, closure and strong normalization are
preserved, and the property of being well-typed is still decidable [7].

5 Evaluation

We argued, in the introduction, that the criteria according to which the
expressive power of a logical framework must be evaluated are mainly prac-
tical and subjective. In our case, what are these criteria? What are the
expected benefits? To our mind, the main features of the calculus we have
introduced in this paper are the following:

e it is an extension of Nederpelt’s A;

e contrarily to de Bruijn’s AA, é-redices (definitions of constants) and
B-redices are kept disjoint;

e the approach to contexts is purely syntactic;
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e the operations on contexts, i.e. abbreviation, abstraction, and appli-
cation, remain basic.

These design choices have to be discussed according to practical consider-
ations.

Ezxtension of Nederpelt’s A

As most of AUTOMATH languages, A is a A-typed A-calculus: functional
terms and dependent types are identified. This characteristic goes so far
in the case of A that there is no syntactic difference at all between terms
and types: any well-typed termm may act as a type, without any degree
restriction.

This uniformity could sometimes be seen as a drawback. It could be
argued that the identification of types and terms is purely syntactic, and
that it obscures the structure of the calculus. One might agree with this
criticism, when considering logical frameworks as formalisms intended for
human communication.

Our standpoint is somewhat different: we consider our calculus as a
“machine level language”, i.e. a language into which higher level formalisms
should be translated. From this point of view, the uniformity of A appears
to be an advantage. A provides a unique set of data structures to handle
formal languages as well as rules and proofs. For instance, the same type
checking algorithm allows to decide whether a term is well-formed according
to some signature, or whether a proof is correct according to some theory.

Distinction between 3- and b-redices

Since we consider our calculus as a kind of machine code, we must justify
the distinction made between (- and é-redices at this level.

Instantiation and definition are surely distinct concepts, but this does
not imply that they must be represented by distinct means. They may both
be represented as (-redices. Moreover, in the case of the representation of
formal languages and theories, we just argued that it was economic to deal
with a uniform construct. We must therefore provide further evidence.

A first argument concerns the structure of f-redices. When a definition
1s coded as a [-redex, this redex represents both the definition and its
scope. The definition itself corresponds only to the pair operand-abstractor.
As such, it is hardly accessible as an object of the language. This fact
would prevent us to turn definitions into atomic contexts. However, this
argument is not definitive. Balsters’ segments allow one to manipulate
operand-abstractor pairs.



Nederpelt’s calculus extended with a notion of context 83

The second argument we give is more sensible. Theoretically, the type
checking algorithm requires normalizations in order to decide the equality
between operand types and operator domains. Practically, such normaliza-
tions are too costly, and it is necessary to provide heuristics trying to built
common reducts far away from the normal forms.

Such heuristics take advantage of the distinction between #- and é-
redices. If S-redices are used for instantiation only, 8-normalisation is not
harmful. Experience shows that the oversized growth of normal forms is
mainly due to é-reduction while, in practice, the number of constants to be
unfolded remains reasonable.

Similarly, higher order resolution involved a unification process which
works on head normal forms. While theoretically too complex, this process
is acceptable in practice if unification is not modulo §-conversion [12].

Another discussion about the distinction between - and é-redices may
be found in [6], section 6.7.

Syntactic approach to contexts

The goal we followed by defining contexts was to internalize the notion
of theory. To this end we defined contexts as constructs of the language
and gave them a meaning in term of reduction relations. Other approaches
would have been possible: semantics based approaches or type theoretical
approaches.

Semantic and syntactic approaches are not exclusive, they are comple-
mentary. Nevertheless, with respect to the goal we followed, syntax comes
first: we are interested in derivability, rather than in validity. For instance,
if we use, In a given context, some induction principle, it will be because
the principle is explicitly available as a rule, and not because our semantics
would be based on initial algebras as it is the case for some specification
languages.

A type theoretical approach would consist in enriching the type struc-
ture of the language, by providing existential types, for instance, in order
to get types corresponding to theories. Such an enrichment would have
destroyed Nederpelt’s A uniformity. Terms belonging to existential types
can hardly be considered as types.

Our goal was to provide a machine level framework, and, in this re-
spect, we will say that we followed a data structure oriented approach.
Nevertheless, further work should clarify the relation between the different
approaches and provide possible models to contexts.



84 5 Evaluation

Basic operations on contexls

Finally, the operations we provide on contexts remain basic, especially when
one compares them with operations available in higher level formalisms such
as parametrization, instantiation, union, merging, importation, renaming...

Once more, this choice is justified by the fact we consider our calculus
as a machine level language. For instance, the example of section 3 shows
how parametrization, instantiation, and importation may be expressed by
abstractions and applications. What we hope is to provide basic operations
easy to implement and powerful enough to be composed into higher level
operations.

Contexts have now to be evaluated with that respect: From the point
of view of implementation, do they correspond to realistic data structure?
From the point of view of utilization, may high level operations on theories
be compiled in terms of basic operations on contexts? This evaluation
process is under way. Prototypes supporting DEVA partially implement
our notion of context [8]. The ToolUse project has provided non trivial
examples of structuration of theories into contexts [15].
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Abstract

- We use an example to compare the Boyer-Moore Theorem Prover and the
Nuprl Proof Development System. The respective machine verifications
of a version of Ramsey’s theorem illustrate similarities and differences be-
tween the two systems. The proofs are compared using both quantitative
and non-quantitative measures, and we examine difficulties in making such
comparisons.

1 Introduction

Over the last 25 years, a large number of logics and systems have been de-
vised for machine verified mathematical development. These systems vary
significantly in many important ways, including: underlying philosophy,
object-level logic, support for meta-level reasoning, support for automated

*Earlier related work was supported by ONR Contract N00014-81-K-0634.
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proof construction, and user interface. A summary of some of these sys-
tems, along with a number of interesting comments about issues (such as
differences in logics, proof power, theory construction, and styles of user
interaction), may be found in Lindsay’s article {14]. The Kemmerer study
[13] compares the use of four software verification systems (all based on
classical logic) on particular programs.

In this report we compare two interactive systems for proof development
and checking: The Boyer-Moore Theorem Prover and the Nuprl Proof De-
velopment System. We have based our comparison on similar proofs of
a specific theorem: the finite exponent two version of Ramsey’s theorem
(explained in Section 2). The Boyer-Moore Theorem Prover is a powerful
(by current standards) heuristic theorem prover for a quantifier-free vari-
ant of first order Peano arithmetic with additional data types. Nuprl is a
tactic-oriented theorem prover based on a sequent calculus formulation of
a constructive type theory similar to Martin-Lof’s [15]. We do not assume
any prior knowledge of either system by the reader.

Throughout this paper, we refer to the Boyer-Moore Theorem Prover
by its name, NQTHM. “NQTHM?” stands for “New Quantified THeorem
Prover”, in reference to a quantification feature added in about 1984.

Why undertake such a comparison? We believe there is too little com-
munication between those who use different mechanical proof-checking sys-
tems. This lack of communication encourages myths and preconceptions
about the usability of various systems. Concrete comparisons bring to light
the limitations and advantages of different systems, as well as their com-
monalities and differences. Moreover, comparisons help determine which
directions the field is heading and what progress is being made.

Much of our comparison is based on our two proofs of the aforemen-
tioned theorem. We make qualitative comparisons, and we also make
quantitative comparisons based on metrics that indicate the degree of ef-
fort required to prove the theorem. However, we caution that there is a
real danger in quantitative comparisons as metrics can oversimply and mis-
lead. Numbers cannot account for much of what is important about proof
development systems and their application; e.g.,

e Expressive power of the underlying logic (e.g., first order vs. higher
order, definitional extensibility, set theoretic or arithmetic, typed vs.
untyped.)

e Domains particularly well-suited to verification with the given system

e Computational content (explicit or implicit), 1.e., existence of exe-
cutable programs associated with existence proofs (written explicitly
or derived implicitly from the proof)



40 The Boyer-Moore Prover and Nuprl: An Ezperimental Comparison 91

Use of novel techniques in representation or in automated reasoning

Naturalness/comprehensibility of definitions and proofs, both to ex-
perienced users and to a more general community

Ease of creating, reviewing, and changing definitions and proofs

Proof discovery capabilities

e Soundness

Moreover, the choice of metrics is difficult. Different metrics can favor
different kinds of systems more than one might expect. For example, the
number of tokens typed may not correlate with number of keystrokes if one
system uses extensive cutting and pasting with an editor, or uses keyboard
macros or structure editor facilities. For another example, it may or may
not be the case that prover power correlates with replay time; it’s not hard
to envision scenarios in which a weak system’s proofs replay more quickly
because there is a large proof script but little heuristic search. Nonetheless,
we make quantitative comparisons using the following metrics.

e Lemma and definition counts
e Symbol counts

o User time required

Replay time

Our paper is organized as follows. Section 2 provides an informal state-
ment and proof of the version of Ramsey’s theorem alluded to above. Sec-
tion 3 contains a description of the proof completed with the Boyer-Moore
Theorem Prover, NQTHM. Section 4 contains the Nuprl proof. The final
section draws comparisons and conclusions.

Acknowledgements. We thank Gian-Luigi Bellin, Jussi Ketonen, and
David McAllester for many interesting and useful discussions on this topic.
We thank Andrew Ireland, Bill Pierce, Matt Wilding, and the referees for
their very helpful comments on a draft of this paper. Randy Pollack gave
us some useful encouragement on this effort. David Basin also gratefully
acknowledges assistance provided by Doug Howe during the Nuprl proof
effort.
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2 Informal Statement and Proof of Ramsey’s Theorem

The version of Ramsey’s theorem that we prove is about the existence of
“order” in symmetric graphs. A symmetric graph is a set V of vertices
together with a symmetric edge relation E on that set. (Some formulations
also require that E is irreflexive; that bears little on the essential math-
ematics but can bear on the details.) Let G be a symmetric graph with
vertex set V and relation E. A cligue C of G is a subset of ¥V such that
all pairs <z, y> of distinct members of C belong to E; an independent set
I of G is a subset of V such that no pairs <z, y> of members of I belong
to E. A set is homogeneous if it is a clique or an independent set. For
any positive integer [ we say that a subset S of V is an I-cligue (respec-
tively, an l-independent set) if it is a clique (respectively, independent set)
of cardinality {. Finally, for any positive integers n, {; and l; we write

n— (11,12)

to assert that for every graph G with at least n vertices, there is either an
l1-clique or an l3-independent set in G.

Note: Henceforth all our graphs will be symmetric, i.e., graph means sym-
metric graph.

We may now state the main theorem.
Theorem. For all l1, I3, there exists an n such that n — (I3, 13).

Note: The least such n is sometimes called the Ramsey number correspond-
ing to l; and la.

An informal “text-book proof” (similar to one in [9]) proceeds by double
induction on !; and I;. (Alternatively, the proof may proceed by a single
induction on their sum — this is the tact taken in the NQTHM proof.) To
prove the base case observe that {; — (I1,2) as any graph with l; vertices
either is a clique, or there are at least two vertices that are not connected
by an edge. Similarly I — (2,{;). Now assume as an inductive hypothesis
that we have some n and m where n — (I,l, — 1) and m — (I; — 1,12).

Claim. n +m — (I3, 13).

Proof. Given an arbitrary graph G on at least n + m vertices, choose
an element vg of its vertex set V. Now partition the remaining elements
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into two sets ry and ro where

™ {z € (V —{vo}): E(vo,z)}

{z € (V - {w}) : ~E(v0,2)}

T2

Then |ry|+ |rq| > m+n—1so either |ry| > m or |rg| > n. If [ry| > m, then
by the induction hypothesis there is a subset S of r; where either S is an
ly-independent set (so we are done) or S is an (I — 1)-clique. In the latter
case set S’ = S+ vp. Now, since S C ry, there is an edge between vp and
all z € S. Hence S’ is the desired /;-clique. The case |ry| > n is analogous.

3 The Boyer-Moore Theorem Prover NQTHM

We present our discussion of the NQTHM proof in five subsections. We be-
gin by giving enough of an introduction to the logic of NQTHM to be able
to transform a straightforward first order formalization of the theorem into
a formalization in the NQTHM logic (which we also do in the first subsec-
tion). Afterwards, we discuss the proof strategy. In the third subsection,
we summarize the actual proof steps. We continue with some statistics
and general remarks about the proof and we conclude with a discussion of
computing in the NQTHM logic.

Background and Formalization of the Theorem

The Boyer-Moore theorem prover NQTHM is a heuristic prover based on
a simple version of a traditional first order logic of total functions, with
instantiation and induction rules of inference. The logic is quantifier-free,
except for the implicit universal quantification surrounding each definition
and theorem. A detailed description of the logic and manual for the prover
may be found in [6]. The lack of quantifiers together with the presence of
induction encourages a style of specification and proof that is “construc-
tive” in nature. In fact, Bob Boyer has pointed out that since definitions in
the NQTHM logic (technically speaking, in “thm mode”, i.e., without the
V&C$ interpreter and without induction all the way up to €p) always produce
primitive recursive functions, the law of the excluded middle is construc-
tively valid for this logic when all function symbols are introduced with
definitions (DEFN events). “Constructive” here also means that rather
than specifying the existence of various objects, one explicitly defines func-
tions that yield those objects. The system is equipped with a mechanism for
computing with its defined functions (see subsection below entitled Com-
puting).
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The syntax of the logic is in the Lisp tradition, where the list (£ z; ...
z,) denotes the application of the function £ to the arguments z; through
z,. We also allow the let form from Lisp (as it is included in the “PC-
NQTHM?” system described below), so for example the expression (let ((x
a) (y b)) exp) is equivalent to the result of substituting a for x and & for
y in ezp. Certain functions are built into the logic, such as the ordered pair
constructor cons and the atom nil. The list (z1 z2 ... z,) is represented
by the term (cons z; (cons zs ... (cons z, nil) ... )). The functions
car and cdr select (respectively) the first and second component of a pair.
Thus car selects the first member of a list. It is an axiom of the logic that
every pair z equals (cons (car z) (cdr z)). Note also that since this is
a logic of total functions, it makes sense to form the term (car z) for any
term z, whether it is a pair (or list) or not . In practice, this lack of typing
is generally not much of a problem for users once they become accustomed
to it.

Consider now how we might formalize Ramsey’s Theorem in this logic.
If we had quantifiers then we might simply write the following. Here pairs
is a list of pairs that represents a graph on a set domain of nodes, and S
is the desired homogeneous set (i.e., a clique or an independent set) with
respect to the graph pairs.

For all 11 and 12 there exists N
such that for all domain and pairs there exists S
such that:
N < cardinality(domain) —
[S C domain A
() ((11 < cardinality(S) A clique (pairs, S)) V
(v) (12 < cardinality(S) A independent (pairs, S)))]

In order to represent this conjecture in the NQTHM logic, we must
first eliminate the quantifiers. To that end, we will define N as a function
ramsey of 11 and 12, and we will also define S in terms of a function wit
(“witness”) of 11, 12, domain, and pairs. Actually, it is convenient to
define wit to return an ordered pair of the form <S, f>, where S is the
desired clique or independent set according to whether the “flag” fis 1 or
2, respectively. We'll say that good-hom-set (pairs, domain, 11, 12,
£1g) holds iff f1g is 1 and disjunct (a) above holds, or else £1g is not 1 and
disjunct (b) above holds, where S is the first component of wit (pairs,
domain, 11, 12). The conjecture above thus transforms into the following
statement.
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For all 11, 12, domain, pairs, if
S = car (wit (pairs, domain, 11, 12)) and
flg = cdr (wit (pairs, domain, 11, 12)), then:
ramsey (11,12) < cardinality(domain)

-
[S C domain A good-hom-set (pairs, domain, 11, 12,
11g)]

The NQTHM logic has a built-in theory of lists, but not of sets. There-
fore it is convenient to recast this formalization in terms of lists. We can
define a predicate setp for a list having no duplicates. Slipping into Lisp-
style syntax, we finally obtain a formalization of Ramsey’s theorem. (Only
the last conjunct below is new, and it says that if domain represents a
set then so does the witness set. This is important so that the length of
a list equals the cardinality of the set it represents; note that length is
used in the definition of good-hom-set, which in turn may be found in the
subsection below entitled Outline of Main Proof Steps.)

THEOREN.
(implies (leq (ramsey 11 12)
(length domain))
(let ((pair (wit pairs domain 11 12)))
(let ((hom-set (car pair))
(indep-or-clique (cdr pair)))
(and (subsetp hom-set domain)
(good-hom-set pairs domain 11 12
indep-or-clique)
(implies (setp domain)
(setp hom-set))))))

Proof Strategy

In the NQTHM prover, a “proof” is a sequence of steps called events,
typically of two kinds: definition (DEFN) events and theorem (PROVE-
LEMMA) events. A major step is to define the function wit, referred to
above, that constructs the clique or independent set. Unlike Nuprl, the sys-
tem does not construct such a function from the proof; rather, the function
is introduced by the user and its pattern of recursion is available for generat-
ing heuristic induction schemes. In fact, the proof is eventually (after some
lemmas are proved) accomplished using an induction heuristically chosen
by the NQTHM system (see [6] or [4] for more on this topic) to reflect the
recursion in the definition of the function wit below, i.e., by an induction
on (plus 11 12). This function returns a pair for the form (cons set
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flag) where flag is 1 or 2 according to whether set is a clique or an
independent set. Everything to the right of any semicolon is a comment.

DEFINITION.
(wit pairs domain 11 12) =
(if (listp domain)
(if (zerop 11) (cons nil 1)
(if (zerop 12) (cons nil 2)
(let ((setl (car (partition (car domain) (cdr domain)
pairs))) ,
(set2 (cdr (partition (car domain) (cdr domain)
pairs))))
;s the function subl below is the decrement function on natural num-
bers
(if (lessp (length setl) (ramsey (subl 11) 12))
. then use set? to form cligue or independent set
(let ((wit-set2 (wit pairs set2 11 (subl 12))))
(if (equal (cdr wit-set2) 1) wit-set2
(cons (cons (car domain) (car wit-set2))
2)))
:; otherwise use setl to form clique or independent set
(let ((wit-setl (wit pairs setl (subl 11) 12)))
(if (equal (cdr wit-setl) 2) wit-setl
(cons (cons (car domain) (car wit-setl))
1))
(cons nil 1))

This definition is actually presented with a hint (1essp (plus 11 12))
that instructs the prover to verify that the sum of the final two arguments of
wit decreases in each recursive call of wit, thus guaranteeing termination.
This informal description of what the prover does with that hint reflects
a formal definitional principle in the NQTHM logic, but we omit further
discussion of this point.

In this example we use two main techniques to “discover” the proofs.
One approach (the traditional one for NQTHM users) is to start by pre-
senting a lemma to NQTHM. If the proof fails or if the output (a mix-
ture of English and formulas) suggests that the proof probably won’t com-
plete successfully, then inspection of the output often suggests (to an ex-
perienced eye) useful rewrite (simplification) rules that one might wish to
prove. The other main technique is to use an interactive enhancement [12]
to the NQTHM system as an aid to discovering the structure of the proof.
This “PC-NQTHM” enhancement (“PC” for “proof-checker”) allows one
to create PROVE-LEMMA events by first submitting the proposed theo-
rem and then interactively giving various proof commands in a backward
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goal-directed, “refinement” style. These commands range from “low-level”
commands which invoke a particular definition or rewrite rule, to “medium-
level” commands invoking simplification or (heuristic) induction, to “high-
level” commands which call the NQTHM prover. There is also a facil-
ity for user-defined macro commands in the tradition of the “tactics” and
“tacticals” of LCF (8] and Nuprl (see Section 4). This “proof-checker” en-
hancement is helpful, but not crucial, for completion of the proof. The
plan was in fact to develop nice rewrite rules rather than to rely on the
manual commands provided by the interactive enhancement, and this plan
succeeded: the final proof contained only 10 definitions and 26 lemmas (in-
cluding the final theorem) after loading the standard “ground-zero” base
theory, and did not contain any proof-checker commands. The events run
successfully in the unenhanced NQTHM system. Other than a few hints -
7 of the lemmas took standard NQTHM “hints” that specify use of one or
two previously proved lemmas — the proofs are fully automatic.

Outline of Main Proof Steps

We divide this subsection into four parts: one for the requisite definitions
and then one for each of the three conjuncts of the conclusion of the main

theorem (see subsection above entitled Background and Formalization of
the Theorem).

Definitions

Several definitions are necessary for the proof. One of these is the defini-
tion of the function wit, provided in the preceding subsection, which picks
out a desired clique or independent set. Another important definition is
of a function ramsey that provides an upper bound on the Ramsey num-
ber. Here is that definition, expressed in the official syntax with formal
parameters 11 and 12.

(defn ramsey (11 12)
(if (zerop 11) 1
(if (zerop 12) 1
(plus (ramsey (subl 11) 12)
(ramsey 11 (subl 12)))))
((lessp (plus 11 12))))

The last line of ramsey is a hint to the prover for its proof of termination
and suggests that the sum of the two arguments decreases on each recursive
call.
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The definition of wit depends not only on the function ramsey, but
also on three other functions, which we describe here informally; see [11]
for details. For any list pairs, (related i j pairs) is true (t) if and
only if the pair <i,j> or the pair <j,i> belongs to pairs; in this way
we represent the notion of symmetric binary relation. (partition n rest
pairs) returns a pair <x,y> where x consists of all elements of the list rest
that are related (in the sense above) to n, and y consists of the remaining
elements of rest. Finally, (1ength 1st) is the length of the list 1st.

The function setp recognizes whether or not a list represents a set by
returning t if and only if the list contains no duplicates. Notice the use of
primitive recursion to express bounded quantification. This is a common
technique for defining universally-quantified concepts in the NQTHM logic.

(defn setp (x)
(it (Qistp x)
(and (not (member (car x) (cdr x))) (setp (cdr x)))
t))

The function homogeneous defined below recognizes whether a given set
domain is homogeneous (i.e., a clique or independent set) for the relation
(graph) represented by the list pairs: it tests whether domain is a clique
if the formal parameter £1g is 1, and otherwise it tests whether domain is
an independent set. Notice that homogeneous is defined by recursion on its
first argument, using an auxiliary function homogeneous1 that checks that
its first parameter n is related or not related (according to whether or not
the parameter f1g is 1) to every element of domain.

(defn homogeneousi (n domain pairs flg)
(if (listp domain)
(and (if (equal flg 1)
(related n (car domain) pairs)
(not (related n (car domain) pairs)))
(homogeneéous1 n (cdr domain) pairs flg))
t))

(defn homogeneous (domain pairs flg)
(if (listp domain)
(and (homogeneousi (car domain) (cdr domain) pairs flg)
(homogeneous (cdr domain) pairs flg))
£))

Our formalization of Ramsey’s theorem also requires the notion of a
“sufficiently large” homogeneous set, i.e., one that has at least 11 or 12
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elements depending on whether the set is a clique or an independent set.

(defn good-hom-set (pairs domain 11 12 flg)
(and (homogeneous (car (wit pairs domain 11 12))
pairs
£1g)
(not (lessp (length (car (wit pairs domain 11 12)))
(if (equal flg 1) 11 12)))))

Finally, we need the notion of subset. We omit here its straightfor-
ward recursive definition as well as several standard related lemmas such
as transitivity.

The constructed set is contained in the given set

We wish to prove the following lemma. Notice the syntax for lemmas:
(prove-lemma lemma-name lemma-types statement),

where lemma-types is often (rewrite) to indicate that the lemma is to be
used in subsequent proofs as a rewrite rule. (See [6] for details.)

(prove-lemma subsetp-hom-set-domain (rewrite)
(subsetp (car (wit pairs domain 11 12))
domain))

The theorem prover proceeds by an induction suggested by the recursion
in the definition of the function wit. The proof actually fails at first, but,
the prover’s output suggests some lemimas. Here is one of those, which says
that the second component returned by partition is a subset of the given
set.

(prove-lemma subsetp-cdr-partition (rewrite)
(subsetp (cdr (partition x z pairs))
z))

A similar lemma is required for the first component, and these are used
to prove two rather technical lemmas suggested by the attempted proof
of the lemma subsetp-hom-set-domain. After these four lemmas, the
inductive proof of subsetp-hom-set-domain succeeds without further in-
teraction.

The constructed set is homogeneous and large enough

The following lemma is at the heart of the theorem.
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(prove-lemma wit-yields-good-hom-set (rewrite)
(implies (not (lessp (length domain) (ramsey 11 12)))
(good-hom-set pairs domain 11 12
(cdr (wit pairs domain 11 12)))))

Unfortunately, the proof attempt does not succeed at first, so we must
prove supporting lemmas. This time we use the proof-checker enhancement
PC-NQTHM (see subsection above entitled proof-strategy) of NQTHM to
explore the situation. Specifically, an INDUCT command is used to invoke
a heuristic choice of induction scheme, a PROVE command is used in order
to call the NQTHM prover to dispose of the three “base cases”, the function
good-hom-set is expanded in one of the remaining four (inductive) cases,
a casesplit is performed to create 8 subgoals, and finally inspection of one
of those subgoals suggests the following lemma.

(prove-lemma homogeneousi-subset (rewrite)
(implies (and (subsetp x domain)
(homogeneousi elt domain pairs flg))
(homogeneousi elt x pairs flg)))

The NQTHM prover proves this lemma automatically. Manual appli-
cation of this rule (in the proof-checker), to the subgoal referred to above,
suggests another lemma, which is also proved automatically.

(prove-lemma homogeneousi-cdr-partition (rewrite)
(homogeneous1 elt (cdr (partition elt dom pairs)) pairs 2))

Further attempts to prove subgoals inside the proof-checker, as well
as attempts to prove the main goal wit-yields-good-hom-set in the
context of the two lemmas displayed above (and others discovered sub-
sequently), lead to some additional lemmas. One is completely analogous
to homogeneous1-cdr-partition (displayed just above), but for the car
of the partition in place of the cdr. Another (also proved automatically)
asserts that the cardinality of a set equals the sum of the cardinalities of the
two sets returned by partition. Still another asserts that ramsey always
returns a positive integer. Four other technical lemmas seem necessary for |
the prover’s rewriter to behave properly; they are omitted here. Finally,
the proof of our goal wit-yields-good-hom-set (see above) succeeds.

The constructed set is indeed a set

The final goal is to prove that the homogeneous set is really a set.
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(prove-lemma setp-hom-set (rewrite)
(implies (setp domain) )
(setp (car (wit pairs domain 11 12)))))

The NQTHM prover does not succeed in proving this automatically, but
the output suggests the following useful (though obvious) lemma whose
proof does succeed automatically. It states that the lists returned by
partition are sets if the given list is a set.

(prove-lemma setp-partition (rewrite)
(implies (setp x)
(and (setp (car (partition a x pairs)))
" (setp (cdr (partition a x pairs))))))

Two technical lemmas discovered using the proof-checker suffice for con-
cluding the proof of setp~hom-set.

More Statistics and General Remarks

The first time we formalized and proved this theorem was in January, 1987.
The resulting proof was very ugly, as the use of the (then new) proof-
checker enhancement was quite undisciplined. It seems best to find a good
combination of elegant rewrite rules even when one has the capabilities
offered by the proof-checker. Perhaps surprisingly, the “manual” proof
takes longer to replay than the “heuristic” one reported here: total time
was 219.7 seconds as opposed to 394.7 seconds for the older proof, both on
a Sun 3/60 with 16 megabytes of main memory.

It took about 7 hours of human time to complete the current proof ef-
fort, which resulted in a list of events that is accepted by NQTHM (without
the interactive enhancement). That number may be somewhat misleading
since the new proof effort took advantage of the definitions and a few of
the lemmas created in the earlier version. However, the more disciplined
approach used in the final effort suggested changes that were made in the
definitions, so it seems reasonable to guess that an effort from scratch would
have taken not much longer than 7 hours anyhow. A more detailed anno-
tated chronicle of this proof effort may be found in [11].

Computing

The NQTHM system provides a mechanism for computing values of variable-
free terms in the logic. This mechanism of providing ezecutable counterparts
to defined functions is important as part of the theorem proving process.
For one thing, it allows the fast replacement of variable-free terms by con-
stants. This was an important consideration in, for example, the operating
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system kernel proof described in [3], where there were many large variable-
free terms in the proof; compiling the executable counterparts sped up the
proof process significantly.! Fast execution is also valuable when executing
metafunctions [5], which are functions that are written in the logic for the
purpose of simplifying terms and can be used as code once they are proved
correct. .

In this subsection we address the use of the NQTHM logic as a general
purpose programming language. For example, if we want a homogeneous
set of cardinality 3, execution of the function ramsey tells us that such a
set exists within any graph with at least 20 vertices:

>(r-loop) ;; We type this in order to enter the NQTHM reduction loop.
Trace Mode: 0ff  Abbreviated Output Mode: On
Type ? for help.
*(ramsey 3 3) ,; We ask the system to compute the value of ramsey on
mnputs $ and $.....

20

This is however an unsatisfactory answer, given that the Nuprl proof
(see next section) provides a value of 6 rather than 20 in this case. There-
fore, we have in fact re-done the proof using slightly different definitions of
the functions ramsey and wit that more closely reflect the induction that
takes place in the Nuprl proof, which is grounded at 2 rather than at 0.
We then obtain 6 rather than 20 for the value of (ramsey 3 3). It took
roughly 5 hours to redo the proof for these new versions of ramsey and wit.

Convention. In the remainder of this subsection we refer to the alternate
versions of ramsey and wit mentioned above.

The (new version of the) function wit can also be executed, on a par-
ticular set and binary relation, with particular values for its parameters 11
and 12. Consider for example the hexagon, represented as a binary relation
connecting 7 to ¢ + 1 for 7 from 1 to 6 (except that 6 is connected to 1).

*(wit ’((1 . 2)(2.3)((3.4)((4.5)(.86)(6.1))
(123 458)
33)

(COoNs ’(1 3 5) F)

Thus, the set {1,3,5} is an independent set, as indicated by the second
component F of the value returned above (which corresponds to 2 in the

Tpersonal communication from Bill Bevier
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version discussed in tlhe rest of this paper). We found on a Sun 3/60 that it
took an average of about 0.15 seconds to evaluate this wit form. However,
after compiling an appropriate file, the time was reduced to 0.011 seconds
per form.

4 Nuprl

Our presentation of the Nuprl proof is divided into four subsections. The
first provides a brief overview of Nuprl. The reader is encouraged to consult
[7] for further details. The second summarizes definitions, theorems, and
tactics used in our proof. The third presents main proof steps. And the
final subsection documents the computational content of our proof.

Background

The basic objects of reasoning in Nuprl are types and members of types.
The rules of Nuprl deal with sequents, objects of the form

:L‘I:Hl, :L‘Z:Hg, ceey :L‘niHn >> A.

Informally, a sequent is true if, when given members z; of type H; (the
hypotheses), one can construct a member (inkabitant) of A (the goal or
conclusion). Nuprl’s inference rules are applied in a top down fashion. That
is, they allow us to refine a sequent obtaining subgoal sequents such that a
goal inhabitant can be computed from subgoal inhabitants. Proofs in Nuprl
are trees where each node has associated with it a sequent and a refinement
rule. Children correspond to subgoals that result from refinement rule
application.

These refinement rules may be either primitive inference rules or ML
programs called tactics. Nuprl tactics are similar to those in LCF [8]: given
a sequent as input, they apply primitive inference rules and other tactics
to the proof tree. The unproved leaves of the resulting tree become the
subgoals resulting from the tactic’s application. Higher-order combinators
called tacticals (e.g., THEN which sequences two tactics) are used to build
complex tactics from simpler tactics. The correctness of the tactic mecha-
nism is justified by the way the type structure of ML is used.

Nuprl’s type theory is expressive; its intent is to facilitate the formaliza-
tion of constructive mathematics. Higher order logic is represented via the
propositions-as-types correspondence. Under this correspondence an intu-
itionistic proposition is identified with the type of its evidence or proof ob-
jects. For example, an intuitionistic proof of A = B is a function mapping
proofs of A to proofs of B, i.e., a member of the function space A — B.



104 4 Nuprl

Similarly, a proof of A& B inhabits the cartesian product type A#B. A
proposition is true when the corresponding type is inhabited. For example,
Az.z is a member of the true proposition A = A. Types are stratified in
an unbounded hierarchy of universes beginning with U;. One may quantify
over types belonging to a given universe, but the resulting type (predica-
tively) belongs to a higher universe.

To prove a proposition P of constructive mathematics in Nuprl, one
proves “>> P” by applying refinement rules until no unproven subgoals
exist. If P is true, a proof will produce a member (the proof object) that
embodies the proof’s computational content. Nuprl provides facilities to
extract and execute this content. Thus, Nuprl may be viewed as a system
for program synthesis: Theorem statements are program specifications, and
the system extracts proven correct programs.

Theorem proving takes place within the context of a Nuprl library, an
ordered collection of tactics, theorems, and definitions. Objects are created
and modified using window-oriented, structure editors. Nuprl contains a
definition facility for developing new notations in the form of templates
(display forms) which can be invoked when entering text. Notations are
defined using other definitions and ultimately terms within the type theory.
Required properties (or axioms) about defined objects may not be assumed;
they must be proved within the theory.

Theory Development

Our proof of Ramsey’s theorem required approximately two weeks of work.
Most of this time was spent building a library of foundations for reasoning
about finite sets and graphs. Our self-contained library contains 24 defi-
nitions and 25 lemmas (counting the final theorem and excluding “ground
zero” definitions such as the direct encodings of the logical connectives of
predicate calculus). Nineteen definitions and all of the lemmas are related
to finite sets, four definitions are related to graphs, and one definition is rel-
evant to the statement of Ramsey’s theorem. A complete list of definitions
and lemmas may be found in [1].

Our library is built in a rather general way and has been used by re-
searchers at Cornell (in addition to the first author) to prove theorems in
graph theory. Rather than assuming that finite sets are built from some
specific type (such as integers) most of our definitions and theorems are
parameterized by a type whose members are types with decidable member
equalities. This type of types (which we refer to as the type of “discrete
type pairs” and display as D) is defined as

T:Uy#Ve,y:T.z=ymTV-(z=yinT).
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For example, the type of integers (int) paired with a decision procedure for
member equality belongs to this type D. If A is a member of D, we denote
the first projection (i.e., the type or carrier) of A by |A|. Most definitions
(e-g., finite set membership €{A} or finite set subset C {A}) and theorems
carry along a reference to this type parameter in their statement. Such
generality is not required for Ramsey’s theorem as we could have fixed a
specific discrete type, such as the integers, throughout the proof; hence, in
the presentation that follows, we often leave this parameter (A) implicit.
A full discussion of the benefits of such parameterization may be found in
1.

Finite sets (displayed as F'S(A)) are defined as lists without duplica-
tion, containing members from the carrier of some discrete type pair A.
Specifically, finite sets are defined as the parameterized typet

M. {1:|A| list | [nil — True;ht,v — ~(he{|A]} 1) & v; @1]}.

whose members are empty lists (the base case, when [ is the empty list,
evaluates to True), and all non-empty |A| lists whose heads are not mem-
bers of their tails and the same is recursively required of their tails. Given
this definition, finite set membership (displayed as ¢{A}) is defined in the
obvious way as list membership, subset (displayed as C {A}) in terms of
finite set membership, cardinality as list length, etc.

Many of the theorems we prove about finite sets read like set theory
axioms, and their proofs implicitly construct useful functions on finite sets.
For example, the following lemma states that the union of two finite sets
is a finite set: “for all A of the type D of discrete type pairs, and for all r;
and 7, that are finite sets (over A), there exists a finite set r such that for
all z in |A|, z belongs to r if and only if z belongs to either r; or r3.”

VA:D.Vry,re: FS(A).Ir: FS(A).Vz:|Al.ze{A}r & ze{A} ry Vze{A} ry

As usual, a constructive proof of 3z.P is a pair <a,p> where p proves
Pla/z]. Thus, as the proof of the above lemma must be constructive, it
provides an actual procedure that given a discrete type pair A, and two
finite sets r, and 73, returns a pair, where the first component is the union
of 7y and r9 and the second is constructive evidence of this fact. This
procedure is supplied automatically from the completed proof by Nuprl’s

YThe term [nil — b; h.t,v — w; @] is defined as (a hopefully more readable version
of) Nuprl’s list recursion combinator list.ind({; b; A, ¢, v.w). When ! is nil this term
reduces to band when { is A’.t’ it reduces to the term w’ where w’ is w with h' sub-
stituted for (free occurrences of) h, t’ substituted for t, and list_ind(t'; b; h, t, v.w)
substituted for v.
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Graph:

A:D # V:FS(A) # E: (elts{a}(V)->elts{a}(V)->U1) #
Vx,y:elts{a}(V). E(x,y) V —E(x,y) &
Vx,y:elts{a}(V). E(x,y) <=> E(y,x) &
Vx:elts{a}(V). —E(x,x)

n— (11,12):
A n 11 12. VG:Graph. n < [V(G)| =>
s:Fs(IGl). s C {IGI} V(G) &
Isl = 11 & Vx,y e{lGI} 5. —~(x ={11GI1} y) => E(G)(x,y) V
lel = 12 & Vx,y e{IGl} 5. -E(G)(x,y)

ramsey:
> V11,12:{2..}. 3n:N+. n— (11,12)

Figure 1.1: Graph and Ramsey Theory

extractor. An additional library object is created that associates a defini-
tion for finite set union (displayed as U{A}) with this extraction. Another
typical example is the lemma pick which states that an element can be
picked from any non-empty finite set.

VA:D.Vs:FS(A).0 < |s| = 3z:|A|.ze{A} s

Several additional definitions leading up to the statement of Ramsey’s
theorem are provided in Figure 1.1. The first defines the type of graphs
(displayed as Graph). A graph is parameterized by a discrete type pair
A, and contains a vertex set V, and an edge relation E that is decidable,
symmetric, and irreflexive. Not shown are defined projection functions that
access the graph’s carrier, vertex set, and edge relation components. Their
display forms are |G|, V(G), and E(G) respectively.! The second definition
defines a “ramsey function” (displayed as n — (l1,13)), which states that
any graph with at least n vertices contains an [;-clique or an [3-independent
set. The third object is the statement of Ramsey’s theorem itself. {2..}
and N+ represent the set of integers at least two and the positive integers,
respectively. In our presentation here, we have used indentation to aid the
reader in parsing Nuprl terms. In the actual system, a structure editor

$Note that we have overloaded display forms (i.e., we have distinct definitions that
display the same way) such as vertical bars which project carriers from both graphs
and discrete type pairs. Hence, in the second definition in Figure 1.1, the term
|G| is the type given by projecting out the discrete type pair from a graph tuple
G and then projecting out the type from the resulting pair.
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is used that has facilities for disambiguating parsing when creating and
viewing expressions.

Our development of finite set and graph theory also includes building
specialized tactics. Nuprl’s standard tactic collection [10] contains a num-
ber of modules for automating common forms of logical reasoning. On
top of these are special purpose tactics for set theoretic reasoning. The
most powerful of these, FSTactic, uses a combination of term rewriting,
backchaining, propositional reasoning, and congruence reasoning to solve
set membership problems. For example, the lemma defining finite set union
is automatically used to rewrite membership in a union of sets to a disjunc-
tion of membership terms. Our collection consists of about 150 lines of ML
code and was written in a day.

Outline of Main Proof Steps

The actual Nuprl proof of Ramsey’s theorem closely follows the informal
outline in Section 2, albeit with more detail. The following snapshots rep-
resent the main steps and are derived from the actual Nuprl session. These
steps convey much of the flavor of proof development in Nuprl and in-
dicate how carefully developed definitions, lemmas, and tactics, facilitate
high-level, comprehensible proof development.

(Note that some space saving simplifications have been made. Some hy-
potheses and uninteresting parts (e.g., applications of FSTactic) of refine-
ment steps are omitted. Hypothesis numbers are omitted unless referenced
in subsequent snapshots. As the proof references only one discrete type
pair, such references are dropped whenever possible. For example, expres-
sions like sy U{A} s2 and z ¢{A} s are replaced with the simpler s; Us; and
zes. The complete unaltered proof is found in [1].)

The first snapshot is of the initial proof step. At the top is the goal,
our statement of Ramsey’s theorem. It is followed by a refinement rule, a
combination of tactics that specifies induction on {; using 7; as the induction
variable. The next two lines contain the hypothesis and subgoal for the base
case, and the last three lines contain the inductive case. This simple looking
refinement step hides 64 primitive refinement rules. (That is, the tactics
in this refinement step internally generate a 64 node proof tree containing
only primitive refinement rules. The size of this underlying proof tree,
to a first approximation, roughly indicates the degree of automated proof
construction.)
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> V11,12:{2..}. 3n:¥+. n— (11,12)
BY OnVar ‘11‘ (NonNegInd ‘ji‘)
j1 =2

>> V12:{2..}. 3n:N+. n— (j1,12)
2 < j1
Viz:{2..}. 3n:N+. n— (j1-1,12)

>> V12:{2..}. 3n:N+. n— (j1,12)

We continue by refining the base case using the tactic /Term (“Instantiate
Term”), which provides the witness I3 for n. Notice some that abbreviations
are expanded by this step, such as n — (j3,[2).

BY ITerm ‘12’
G:Graph
12 < v |
>> 3s:FS(IGl). s C V(G) &
lsl = j1 & Vx,y € 8. ~(x=y in [IG []) => E(G)(x,y) V
Isl = 12 & Vx,y € s. =E(G)(x,y)

The result is that, given an arbitrary graph G with at least I vertices,
we must find a subset s of its vertex set such that G restricted to s is a
2-clique or an l;-independent set. To construct such an s, we use a lemma
that states that for any decidable predicate P on pairs of elements from
some finite set, either P holds for all pairs, or there is a pair for which P
fails. This lemma, whose formal statement is

>> Vs:FS(A). VP:elts(s)->elts(s)->UL.Vx,y € s.
P(x)(y) V -P(x)(y)
=> Vx,y € 8. P(x)(y) V 3x,y € 8. —P(x)(y),

is proved by providing (implicitly via an inductive proof) a search procedure
that applies P to all z and y in a given s and returns a proof that either
P holds for all £ and y or returns a pair for which P fails and a proof of
- P(z)(y). Instantiating P with the appropriate edge relation justifies the
following.

BY Cases ['Vx,y ¢ V. (A zw. 2 = w in 1Al V =E(z,))(x)(y)’;
*3x,y e V. =((A zw. 2z =win Al V =E(z,w))(x)(y))"]

When the first case holds, we are provided with a proof of —=E(z, y), for all
z and y in V such that z # y. As [V| > [, we can pick a subset of V that
is an l>-independent set. In the second case, we are given an £ and a y that
have an edge between them. Hence, this subset of V is a 2-clique under the
edge relation E. It takes 11 refinement steps to complete this analysis.

To prove the inductive case of the first induction, we perform a second
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induction whose base cases are proved analogously to the first. Afterwards,
we have two induction hypotheses, which after several elimination steps are
as follows.

(6) n— (j1,j2-1)
(8) m— (j1-1,3j2)

These furnish the required Ramsey number for the second induction step.

>> 3n:N+. n— (j1,j2)
BY ITerm ’'n + m’
G:Graph
ném < V(G
>> 3s:FS(IGl). 8 C V(G) &
Isl = j1 & Vx,y € 8. =(x=y in {IG||) => E(G)(x,y) V
Isl = j2 & Vx,y € s. =E(G)(x,y)

After expanding G into its constituent components (a discrete type pair A,
a vertex set V, an edge relation F, and edge properties p1, pz, and ps —
l.e., the six parts of the graph tuple defined in Figure 1.1), we instantiate
the outermost quantifiers of the pick lemma to select an element vy from
V. Then, using finite set comprehension, provided by a lemma fs.comp
which states that any set (here V' — vg) may be partitioned by a decidable
property (here Az. E(v)(z)), we divide V into r; and rp: those elements
of V connected to vy and those not.

BY InstLemma ‘pick‘ [’A’;’V’] THEN InstLemma ‘fs_comp’ [’A’;’V - v0’;’E(v0)’]

This leaves our conclusion unchanged and provides the following new hy-
potheses.

vO e V

(19) Vx:elts(V - v0). x € r1 <=> x ¢ V - vO & E(v0,x) &
X €x2<=>x¢€V - v0 & —E(v0,Xx)

disj(r1,r2)

rit Ur2=Y - v0

Using the last two hypotheses and our cardinality lemmas, we prove that
|r1|+ |rz] > m+n—1. This takes two refinement steps. It follows (using a
tactic for simple monotonicity reasoning) that |ri| > m V |ry| > n, and we
split on the two cases. In the |r1| > m case, we instantiate hypothesis 8,
one of our two induction hypotheses as follows.

BY EOnThin ’<A,<r1,<E,<p1,<p2,p3>>>>>’' 8
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Recall that a Graph is a tuple. The tactic EOnThin (“Eliminate On and
then Thin (drop) the indicated (uninstantiated) hypothesis”) performs an
elimination step that instantiates hypothesis 8 with the graph G restricted
to the vertex set r; C V. The other components of G are as before. This
yields the following hypothesis.

(m < Iril) => 3s:FS(A). 8 C r1 &
Isl = j1-1 & Vx,y € s. —(x=y in IAl) => E(x,y) V
1sl = j2 & Vx,y € s.—E(x,y)

Breaking down this hypothesis yields another case split. In the first case,
we are given the new hypotheses:

(22) s C 11
Isl = ji-1
(28) Vx,y € s.—(x=y in lAl) => E(x,y)

Our conclusion remains unchanged. We must still produce a subset s of
V that contains a j;-clique or a js-independent set. In this case we prove
the left disjunct by introducing the set s + vo and demonstrate that it
constitutes a clique.

>> Js:FS(A). s C V &
Isl = j1 & Vx,y e 8. —~(x =y in {Al) => E(x,y) V
Isl = j2 & Vx,y ¢ 8. —E(x,y)
BY ITerm ’s + vO’ THEN ILeft
s+ v0oC V
Is + vol = j1
X €8 + v0
y €8+ v0
(33) —(x=y in |Al)
>> E(x,y)

This step results in the new goal of proving that G restricted to s + vg
is indeed a clique: that is, given an arbitrary z and y in s + vg, proving
E(z,y). The first two hypotheses in the display above in fact correspond
to two other subgoals produced by the indicated refinement; however, they
are proved automatically by the tactic FSTactic mentioned previously.¥
This new goal is proved by examining the four possible cases of z = wg
and y = vg. This type of reasoning is routine and each case takes one

TThis does not come for free. FSTactic undertakes significant amounts of search and
this is slow. Its execution time contributes significantly to our replay time (when
the tactic must be rerun to construct the underlying primitive inference tree) and
library development time discussed in the next section.
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refinement step (invoking the suitable tactic or combination of tactics) to
verify. If z = y = vp, then this contradicts hypothesis 33. If neither are,
than both vertices are in s and E(z,y) follows from hypothesis 26. In
the remaining two cases, one vertex is vp and the other is not; E(z,y)
follows from hypotheses 19 and 22, together with the definition of r, and
the symmetry of E.

In the second case, our new hypotheses are

s C ri
Is| = j2
Vx,y € s. —E(x,y)

Instantiating the goal with s now proves the existence of a jz-independent
set.

>> ds:FS(A). s C V &
Isl = j1 & Vx,y € 8. —(x=y in |Al) => E(x,y) V
Isl = j2 & Vx,y € s. —E(x,y)

BY ITerm ’s’ THEN IRight

FSTactic completes the |r1| > m case. The other case is proved analogously.

Overall, the entire proof consists of 64 refinement steps and took about
20 man-hours to prove, including aborted proof attempts. Tactics played
a major role in making this development feasible; the 64 refinement steps
hide 17531 primitive steps, an expansion factor of 273 to 1.

Computational Content

Although our constructive proof may be more complicated than a corre-
sponding classical proof, our proof constructs three interesting functions
that can be automatically synthesized by Nuprl’s extractor. They are dis-
played below. Let us note that term_of(thm) is a term that evaluates to
the extraction from a theorem thm, i.e., evaluates to a proof object of thm.
“1” and “.2” are defined as first and second projection functions on pairs.

ram.-n The outermost type constructors of Ramsey’s theorem define an AE
(V/3) formula. Hence, its extraction, Aly lz.term_of{ramsey)(1;)(l2).1,
constitutes a function from integers {; and I, that evaluates to the first
projection of a pair <n, P;>. This function returns n, an upper bound
on the Ramsey number for /; and I,.

ram-clique P;, the second component of the above pair, is the computa-
tional part of our proof that n — ({,{3). This toois an AE statement
(see Figure 1.1) and defines a function whose application to a G in
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Graph and a trivial proof (aziom) that G is sufficiently large evaluates to
<s, Py>. The function Aly Iz g.term_of{ ramsey)(11)(12).2(g)(aziom).1,
returns the set s, where G restricted to s is an ly-clique or an ls-
independent set. '

ram_decide P, is the computational content of our proof of a disjunc-
tion. It provides the basis for a procedure that prints “Clique” or
“Independent Set” depending on which disjunct holds.

Nuprl contains facilities to execute these functions. For example, let
G be a tuple of type Graph that encodes the six vertex “hexagon graph”
given in Subsection “Computing” of Section 3. Execution of ram_n(3)(3)
returns 6, so G must contain three vertices that form a clique or an indepen-
dent set. Execution of ram_cligue(3)(3)(G) returns the set 6.(2.(4.nil)) and
ram_decide(3)(3)(G) prints Independent Sel. Their execution takes about
seven seconds on a Symbolics 3670 Lisp Machine.

5 Comparison

At the heart of the differences between NQTHM and Nuprl are the philoso-
phies underlying the two systems. NQTHM is poised on a delicate balance
point between logical strength and theorem proving power. The logic is
just strong enough to express many interesting problems, but not so strong
that proof automation becomes unmanageable. In the case of Ramsey’s
theorem, the NQTHM proof was essentially constructive by necessity: as
the logic lacks quantifiers, “existence” cannot be expressed other than by
providing witnessing objects in the theorem statement. Of course, the up-
side is that around such a restricted logic, Boyer and Moore have been
remarkably successful at designing heuristics for automating theorem prov-
ing; this is perhaps reflected in the quantitative comparison in Figure 1.2l
and it is certainly reflected in some large proof efforts that have been carried
out using that system and PC-NQTHM (see for example [2] and the other
articles on system verification in that issue of the Journal of Automated

WIn Figure 1.2, “# Tokens” refers to (essentially) the total number of identifiers and
numerals in the input submitted to the systems. It does not count Nuprl tactics
or Nuprl definitions or theorem statements leading up to the final proof. Replay
times refer to runs on a Sun 3/60 using akcl for the NQTHM run and a Symbolics
3670 Lisp Machine for the Nuprl run. The Nuprl replay time measures the time
required to expand (i.e., produce a tree of primitive refinement rules) only the
proof of Ramsey's theorem. Nuprl version 3.0 was used for these measurements; a
new version is soon to be released that is substantially (up to a factor of 2) more
efficient.



The Boyer-Moore Prover and Nuprl: An Ezperimental Comparison113

NQTHM Nuprl

# Tokens 933 972
# Definitions | 10 24
# Lemmas 26 25

Replay Time | 3.7 minutes | 57 minutes

Figure 1.2: Comparison Statistics

Reasoning). It is also reflected in the total times for the proof efforts. The
Nuprl effort took about 60 hours for library development and about 20
additional hours to complete the proof. (However, much of this time was
spenting waiting for Nuprl and could be saved by a more efficient version
of the system.) The NQTHM effort took about 7 hours altogether, though
(as explained in the subsection above entitled More Statistics and General
Remarks) a few hours may have been saved because of the existence of a
previous proof. Finally, the simplicity and classical nature of the NQTHM
logic makes it quite accessible to those with little background in logic.

The philosophy behind Nuprl is to provide a foundation for the imple-
mentation of constructive mathematics and verified functional programs.
Within this framework, the responsibility for automating reasoning falls al-
most entirely upon the user, though Nuprl does contain a built-in decision
procedure for a fragment of arithmetic and Nuprl’s standard tactic collec-
tion provides significant theorem proving support. Moreover, the logical
complexity of Nuprl’s type theory is reflected in the complexity of the tac-
tics. For example, term well-formedness i1s not merely a syntactic property
of terms; it is a proof obligation that is undecidable in general, as it is equiv-
alent to showing that a program meets its specification. Nuprl’s standard
tactic collection contains procedures that in practice solve well-formedness
problems (i.e., that a term belongs to some universe), but nonetheless well-
formedness i1s an additional burden on the user and tactic writer and is
reflected in development and replay time. However, the richness of the
logic contributes to the ease with which problems may be formulated. And
its constructivity enables the system to construct interesting programs as
results of the theorem-proving process.

It i1s difficult to compare the naturalness or the ease with which one
finds proofs in different systems — especially when the theorem proving
paradigms are as different as NQTHM and Nuprl’s. In NQTHM, the user
incrementally provides definition and lemma statements that lead up to the
desired theorem statement. Each lemma is proved automatically, as is the
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final theorem. Interaction with the system consists of the user analyzing
failed proof attempts and determining what intermediate lemmas, and per-
haps hints, are needed to help the prover find a proof. Refinement style
proof is possible using the PC-NQTHM interactive enhancement. On the
other hand, Nuprl proofs are constructed entirely interactively by refine-
ment.

Interestingly, approximately the same number of lemmas were used for
both proofs. However, the lemma statements tend to be rather different.
Almost all of the Nuprl lemmas are general purpose propositions about
finite sets and are not suggested by failed automated proof attempts. As
a result, their statements are often more intuitive than the more technical
of the lemmas used in the NQTHM proof. Moreover, the Nuprl proofs
seem syntactically close to the style in which mathematics is traditionally
presented and provide a formal document of why a theorem is true. Let
us return to the question of what is learned from counting the number of
lemmas. The sequence of Nuprl refinement steps is probably a more natural
analogue of the sequence of NQTHM lemmas than is the sequence of Nuprl
lemmas. Both NQTHM lemmas and Nuprl refinement steps are atomic
steps carried out automatically without user interaction, and they both
take advantage of reasoning capabilities provided by the system (including
the tactic libraries, in the case of Nuprl).

Another interesting point, related to proof style, is that, to a certain
degree, Nuprl proofs should not in general be completely automated. Al-
though any proof is sufficient to demonstrate that a theorem is true, dif-
ferent proofs have different computational content. When algorithmic ef-
ficiency is a consideration, the user requires control over the proof steps
that affect program complexity. This is not an issue with NQTHM proofs
because programs are explicitly given in definitions.

Both Nuprl and NQTHM have strong connections with programming,
although the approaches are different. In Nuprl, one may directly verify
that an explicitly given program (a term in Nuprl’s type theory) meets
a specification. However, programs are usually extracted as the implicit
“computational content” of proofs. The subsection above entitled Compu-
tational Content provides examples of t he latter approach. In the NQTHM
system one must explicitly provide the programs (though they are usually
called definitions or “DEFN events”) in a language closely related to pure
Lisp. However, those programs are translated quite directly by the system
into Common Lisp code, which can then be compiled. Therefore these pro-
grams can be considerably more efficient than the unoptimized, interpreted
programs extracted by Nuprl. (Recall the numbers in the subsections above
entitled Computing and Computational Content: 0.15 seconds to evaluate
an NQTHM form (0.011 if the functions are compiled) corresponds to about
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7 seconds for evaluation of an analogous Nuprl form, albeit on different ma-
chines.) But we can envision improvements in both systems. The Nuprl
term language defines a pure functional programming language that is cur-
rently interpreted in a straightforward way. It seems reasonable to assume
that (with enough effort) execution could be made as efficient as current
ML or Lisp implementations. Furthermore, extracted code is currently un-
optimized. Work by Sasaki [17] on an optimizer for an earlier version of
Nuprl indicates that type information in proofs can be utilized to extract
significantly more efficient code. Improvements are also planned for pro-
gram development in the NQTHM system. Boyer and Moore are developing
a successor to NQTHM called ACL2 that will be based on an applicative
subset of Common Lisp. Common Lisp is actually used for serious appli-
cations and we expect ACL2 to be more useful for programmers than the
current language.

We have spent little time addressing soundness issues. Both systems
are based on well-defined formal logics, so at the very least it is possible
to ask whether the systems do indeed implement their respective logics.
Both systems have been crafted sufficiently carefully and used sufficiently
extensively to give us some confidence that when a statement 1s certified
by the system as being a theorem, then it is indeed a theorem. Another
soundness issue is the extent to which a system helps users to develop
specifications that reflect their informal intentions. The expressiveness of
Nuprl’s type theory and the ability to create new notions allow users to
express specifications in a reasonably naturally and hierarchical way that
follows their logical intuitions. Soundness is not compromised by defini-
tions as the definition facility is essentially a macro facility. Furthermore
the “strong typing” in Nuprl prevents certain kinds of specification errors
that are analogous to errors prevented by strong typing in programming
languages (e.g., array subscripts out of range). The NQTHM logic (hence
the prover as well) does allow bona fide definitions, even recursive ones, but
guarantees conservativity and hence consistency of the resulting theories.
The text printed out by the NQTHM prover is also occasionally useful for
discovering errors in specifications. For example, experienced users some-
times detect output indicating obviously false subgoals. Similarly, their
suspicions may be raised by proofs that succeed “too quickly”.

We have also said little in our comparison about user interface issues.
However, in practice, actual usability depends greatly on something less
glamorous than the logic or the automated reasoning heuristics, namely the
editor. Serious users of NQTHM tend to rely heavily on the capabilities
offered by an Emacs editor. Nuprl provides special purpose editors for
creating and manipulating definitions, tactics, and proofs.

We should re-emphasize that the numbers presented above, as with
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many metrics, are potentially misleading. Consider, for example, the prob-
lem of comparing sizes of related proofs. We measure this by counting
user-entered tokens. But even this simple metric is problematic. Our count
measures the number of tokens to be input for the completed proof, and
hence ignores the issue of how many tokens were entered on misguided
parts of the attempt that never found their way into the final proof. (An
attempt to measure this total number of tokens might be informative but
might well measure a user’s style more than it would measure something
about a particular system.) Moreover, even the final token count may be
quite dependent on the way one goes about doing the proof, and this can
vary wildly among users of a given system. For example, in the Nuprl sys-
tem, any sequence of proof steps can be encoded as a tactic. In the Nuprl
effort, we did not count the tactic code in Figure 1.2 since the tactics’ de-
velopment was for the most part fairly general. Similarly, arbitrarily large
chunks of the proof can be proved separately as lemmas that can be incor-
porated into the final proof. Nuprl’s definition mechanism also allows text
to be bound to a single tokens. Comparable difficulties exist in collecting
statistics about the NQTHM prover. Many of the tokens come from tech-
nical lemmas whose statements were constructed by using the editor to cut
and paste; hence the token count is not necessarily reflective of the amount
of user interaction. And as with Nuprl, it is easy to shorten the proof
with tricks, especially if we use the let construct, which is included with
the PC-NQTHM interactive enhancement of NQTHM, to share subexpres-
sions. Of the lemmas proved, six (with 65 tokens altogether) were purely
about sets, and two were technical lemmas that were created easily us-
ing the Emacs editor (without typing many characters, to our recollection)
but which accounted for 116 tokens; and all of these were included in the
statistics.

In a similar vein, let us point out that a higher definition count might
reflect a lack of expressiveness of the logic, or it might instead reflect an
elegance of style (modularity). Similarly, the number of lemmas in an
interactive system. can reflect the user’s desire for modularity or it can
reflect the weakness of the prover. Replay time can measure the power
of the prover, but instead it may measure the extent to which the system
“saves” the decisions that were made during the interactive proof of the
theorem.

Of course, in our proofs we tried not to exploit such possibilities. Fur-
thermore, to a certain extent, “cheating” in one area is reflected in another.
For example a proof may be shortened by increasing definitions and lemmas,
and replay time may be decreased by increasing the size (explicitness) of
the proof. Hence, quantitative measurements should all be taken together
along with the non-quantitative proof aspects in order to aid understanding
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of the systems in question.

Perhaps the most important point we can make in closing this compar-
ison is that both of us felt comfortable in using the system that we chose,
and we each find the other system to be reasonably natural but difficult to
imagine using ourselves. It seems to be the case that it takes most people at
least a few weeks to get comfortable enough with a proof-checking environ-
ment in order to reasonably assess its strengths and weaknesses. We’d like
to hope that the descriptions of the proof efforts presented in this paper,
together with our comments about the systems, suggest that both systems
are quite manageable once one invests some time to become familiar with
them. We’d also like to hope that the various warnings presented in this
paper encourage people to be cautious about making too-easy judgments
regarding the relative merits of systems.

We would be interested in seeing more comparisons of proof development
systems. Perhaps though it would be responsible of us to point out that it
took much more effort to write this paper than to carry out the proofs.
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Goal directed proof construction in type theory
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1 Introduction

In this paper, a method is presented for proof construction in Generalised
Type Systems. An interactive system that implements the method has
been developed. Generalised type systems (GTSs) [4] provide a uniform
way to describe and classify type theoretical systems, e.g. systems in the
families of AUTOMATH [9, 14], the Calculus of Constructions [13], LF [21].
A method is presented to perform unification based top down proof con-
struction for generalised type systems, thus offering a well-founded, elegant
and powerful underlying formalism for a proof development system. It com-
bines clause resolution with higher-order natural deduction style theorem
proving. No theoretical contribution to generalised type systems is claimed.

A type theory presents a set of rules to derive types of objects in a
given context with assumptions about the type of primitive objects. The
objects and types are expressions in typed A-calculus. The propositions as
types paradigm provides a direct mapping between (higher-order) logic and
type theory. In this interpretation, contexts correspond to theories, types
correspond to propositions, and objects correspond to proofs of proposi-
tions. Type theory has successfully demonstrated its capabilities to for-
malise many parts of mathematics in a uniform and natural way. For many
generalised type systems, like the systems in the so-called A-cube, the typ-
ing relation is decidable. This permits automatic proof checking, and such
proof checkers have been developed for specific type systems [29, 11].

A preliminary version of this article appeared as [24].
*Second author’s current address: Institute for Language Technology and Artificial Intel-
ligence, Tilburg University, P.O.Bozx 90153, 5000 LE Tilburg, the Netherlands.
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The problem addressed in this paper is to construct an object in a given
context, given its type. This amounts to higher-order theorem proving.
This paper demonstrates that this construction problem can be handled by
a form of clause inference, provided that the collection of available clauses is
continuously adapted to the context in which the proof is conducted. This
rests on a mechanism that provides a simple clausal interpretation for the
assumptions in a context. The method presented is not complete, due to
the expressive power of GTS. To illustrate the method, a full derivation ex-
ample is included. A proof environment based on the method, named Con-
structor, has been developed within Esprit project 1222: ‘Genesis’ [23, 24].
Experiments with this system demonstrate the power and efficiency of the
method.

The paper is organised in 8 sections. Section 2 summarizes generalised
type systems. The inference method is presented in Section 3. In Section
4, incompleteness of the proposed method is discussed. Section 5 illus-
trates the method by means of a derivation example. The Constructor
proof development environment is described in Section 6. Section 7 dis-
cusses related work, and Section 8 concludes with a discussion. Finally, the
appendix demonstrates soundness of the inference method.

2 Generalised type systems (GTS)

Barendregt has introduced the notion of generalised type systems, including
the A-cube. This classification describes many constructive type systems,
by controlling which abstractions are permitted. This section summarizes
the type rules for GTS. For details, see [4, 5, 7).

Terms

We assume a predefined set of constants C. The syntactic formation rules
for GTS terms are defined as:

e constants, viz. ¢ € C.
e variables, denoted by an identifier.

e Az:A.B, typed abstraction, where A and B are terms, and z an iden-
tifier denoting a variable.

o [Iz:A.B, generalised cartesian product of types B indexed over z of
type A, where A and B are terms, and z an identifier denoting a
variable. We will write A — B if = does not occur free in B.
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e (A B), application, where A and B are terms (function and argu-
ment). Application associates to the left, so we will write (a b c) for

((a b) c).

Correctness rules

The terms in the system are typed, and types are terms themselves. This
imposes a hierarchy of types. A iyping is a construction of the form [¢:7],
denoting that T is the type of t. Correctness of typings containing free
variables is always relative to a certain contert. A context is a list of
assumptions and definitions:

assdef; , ..., assdef, (n>0)

An assumption is of the form [z;:4;] and introduces z; as a variable of type
A;. A definition is of the form [z; = a;:A;] and introduces z; as an abbrevi-
ation of the term a; of type A;. We will use I' and A as metavariables over
contexts. A sequent is an expression of the form I' I [a:A], denoting that
[a:A] is a correct typing in the well-formed context I'. Well-formedness of
a context I' will be denoted as well-formed(I'). We will write T, [z:A] to
denote the context I' extended with the assumption [2:4], and Ty, T for
the concatenation of contexts I'y and I';. We will write Bla/z] to denote
substitution of the term a for the free occurrences of the variable z in the
expression B. We will write ‘=gs’ to denote the transitive reflexive closure
of 8- and é-reduction. B-reduction corresponds to the usual notion in typed
lambda-calculus, and é-reduction denotes local expansion of definitions (un-
folding). Note that both 8- and é-reduction are context-dependent.

We ignore here all problems concerning renaming of bound variables (in
case of clash of variable names): all variable names are considered unique
here, and all equality is modulo a-conversion. This can be achieved by
using De Bruijn indices [8] or Barendregt’s variable convention [3].

A specification of a GTS consists of a triple (S,A,R) such that
e S C C, called sorts.
e A is a set of axioms of the form [c:s], where ¢ € C and s € S.

e R is a set of rules of the form (s, 52, s3), with s1,52,s3 € S.
A pair (s1, s2) abbreviates the rule (sy, 52, 52).
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Given a specification (S,A,R), the correctness rules for the associated GTS
are defined as:

(empty)  well-formed()

(axiom) if well-formed(T), then T | [c:s] ([e:s]eA)
(introduction) if T F [A:s], then well-formed (T, [z:A]) (s€S)
(introduction) if ' [a:A], then well-formed (T, [c = a:A])

(selection) if well-formed(T) and [2:A] € T, then T' I [2:A]
(selection) if well-formed(T) and [c = a:A] € T, then T' F [c:A]
(A-abstraction) if T'F [A:s)] and T, [z:A] F [B:s2] and T, [2:A] F [b:B],

then T'F [Az:A.b : IIz:A.B] ((s1,s2,83) € R)
(I-abstraction) if T'F [A:sy] and T, [z:A] b [B:s3],
then I' - [[Iz:A.B:sg] ((s1,82,83) € R)

(application) if "'t [a:A] and T+ [b: [Iz:A.B],
then I' F [(b a):Bla/x]]
(type conversion) if T'F [a:A] and T & [B:s] and A =5 B,
then T F [a:B] (s€S)

Note that the introduction rule and the selection rule are given here for
assumptions as well as for definitions.

3 Proof construction method

In the method, GTS sequents will be derived using a form of clause reso-
lution. The problem of interest is to find an object of a given type. More
precisely: given a context I' and a type A, the objective is to construct an
object p such that T' I [p:A].

To this end, we will first need a notion of logical variables. Logical
variables play the role of meta variables ranging over GTS terms given in
section 2. During proof construction, they serve as placeholders for finding
GTS terms. To avoid confusion with GTS variables, we will denote logical
variables by identifiers prefixed will a ‘4’ symbol. If o is a substitution
of terms for logical variables, then [t], is the term obtained from ¢ by
simultaneously replacing the logical variables in ¢ by the associated terms
given in o. [t], is called an instantiation of t. A term is grounded if it
does not contain logical variables. A context will be called grounded if it
contains grounded terms only.
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Derivations

Central in the proof development process is the notion of a derivation. A
derivation will be of the following form:

T+ [pA] <« I''Th1 + [pliAl]
I Th b [pn:dn].

where n > 0. The sequent to the left of the <= symbol will be referred to as
the conclusion or the head of the derivation, and the sequents to the right of
the < symbol are referred to as the antecedents or goals of the derivation.
The objects p,p1, ..., pn and the types A, A, ...A,, may contain logical vari-
ables that are considered to be universally quantified over the derivation.
However, we will impose the restriction that the contexts I', I'y,...,T'5 in a
" derivation are always grounded.

Definition: Validity of a derivation.

valid(T F [p:A] < T, Ty F [p1:A41] .. .T, Ty F [pni4s]) if
| I Y F [pllAl] /\ .o A F,F" - [pn:An] =T+ [pA]

Thus, a derivation is considered valid if for any substitution of GTS terms
for the logical variables in the derivation such that the derivation is grounded,
if the substitution applied to the formulas of the antecedents are correct
GTS sequents, then the substitution applied to the conclusion is a correct
GTS sequent. From the definition it follows immediately that validity of
a derivation is monotonic under substitutions, i.e. any (partial) substitu-
tion applied to a derivation results in a new valid derivation. During the
proof construction process, the following invariant properties will hold for
all derivations:

1. all contexts I and T'; ... T, will be grounded and well-formed.
2. all derivations will be valid.

3. for any logical variable §P occurring in the type field A; of a goal
T; b [pi:Ai], 4P € {p1...pi—1}. If an object field p; of a goal T'; I [p;:A;]
is not a logical variable, then for any logical variable § P occurring in
pi, {P € {p1...pi-1}

4. for any logical variable §P occurring in the object field p of the con-
clusion I' F [p:A4], §P € {p1...pn}-
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The first property is essential to the method and reflects the fact that
construction always takes place within a known context. The second prop-
erty ensures that the method is sound. The third and fourth property will
ensure that logical variables are ‘introduced before use’. It will turn out
that only the first property affects completeness of the method. The rest
of the properties impose no restrictions to our objectives.

In goal-directed proving, the main idea is to start off with the goal to
be proven, and to replace this goal with appropriate goals by application
of inference rules or clauses. Clauses will be described in detail in the next
section. For now, it is sufficient to know that valid clauses can transform
valid derivations into new valid derivations by replacement of goals by ap-
propriate new goals. During such an inference step, logical variables in the
derivation may become instantiated. The resulting derivations will have
the described properties. For GTS, the aim is to find, in a given context
T, an inhabitant §4 of a given type B. To achieve this, the proof inference
process starts with the following trivial derivation:

T+ [A:B] < T F [jA:B].

which is obviously valid and obeys the other derivation properties. An
inference step by application of a valid clause on the goal of this derivation
will replace the goal by new goals and results in a new valid derivation:

'k [AB] <« Iy F [AllBl]

[,Tp F [An:By).

A is a partial instantiation of §4. New logical variables may appear in
the derivation. The objective is to repeat this process of transforming the
derivation until all goals have disappeared and a derivation of the form:

TH[A"B] <.

has been reached. The fourth property for derivations guarantees that the
conclusion of this derivation will be grounded (the type field B of a deriva-
tion conclusion is grounded from the start). A’ is a grounded instantiation
of §A. Because this derivation will still be valid, this means that ' [4’:B]
is a correct GTS sequent, i.e. a correct object A’ of the requested type B
has been constructed.
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Clauses

The clauses that provide valid transformations on derivations will be of the
following form:

[AB] = [Al:Bl]Al
l':/"llk:Bk]Ak .

where k& > 0. Clauses may contain logical variables that are considered to
be universally quantified over the clause. Validity of clauses is always with
respect to a certain context T':

Definition: Validity of a clause with respect to a contexzt.

Ualid([A:B] = [AltBl]Al . [Ak:Bk]Ak.,F) if
I'AF [AllBl] Ao A F,Ak F [Alek] =Tk [AB]

Thus, a clause of the given form is called valid in a context T if for any
substitution of GTS terms for the logical variables in the clause such that
the clause is grounded, if the substitution applied to I', Ay F [4;:B1] ...
I', A F [Ag:By] are correct GTS sequents, then the substitution applied to
I' F [A:B] is a correct GTS sequent.

Let D be the valid derivation:
't [P:Q)«< T,I'1F[P1:Q]
‘F‘,‘Fi F [Pi:Qs]
I’ Tn b [Pa:Qal.
Let C be the clause:
[A:B] < [A1:Bi]a,
'.:A.k:Bk]Ak-
and assume that C is valid in context I', T';. Let 8 be a unifying substitution
for A and P; and for B and Q;, i.e. [A]s = [Pi]s and [B]s = [Q:]g. Deriva-

tion D and clause C remain valid under any substitution, a forteriori under
8, so [D]y and [C]s are valid. From the definitions of validity of derivations
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and clauses it follows immediately that the derivation
[F F [PQ] &= F,Fl F [P1IQ1]

I, L1,k [Pio1:Qi-1]
I, Ti,Ar F [A1:B]

F,F,‘,Ak F [Ak:Bk]
T, Vi1, F [Pip1:Qis1]

T, Ty F [Pa:Qn]ls.

is also a valid derivation. This is similar to resolution. Note that contexts
can only be extended during backward proof construction, like in natural
deduction style theorem proving. This avoids the need of unification over
contexts, and allows efficient implementations.

In the subsequent sections, valid clauses for proof construction in a given
GTS will be derived. The reader is invited to verify that these clauses
will not violate the given invariant properties for derivations. Some of the
clauses correspond directly to correctness rules for the generalised type the-
ory and are valid in any well-formed context. These clauses will be called
system clauses, and they are of interest to all goals in a derivation.. The
problem with backward proof construction in GTS is that no suitable clause
can be given for the application rule, on account of the substitution. A solu-
tion for this problem is presented, that provides a clausal interpretation for
the assumptions in a context. The requirement that contexts in derivations
are grounded is essential for this translation. The derived clauses thus ob-
tained cover derivation steps that can construct the necessary application
terms. For any given goal T'; F [p;:4,], this mechanism, when applied to
the context I';, allows derivation of a set of clauses that are valid in I'; and
that are available candidates for resolution on this particular goal. A first
proposal for this mechanism can be found in [1)].

System clauses

The clauses presented in this section follow dirvectly from the specific GTS
in question. They are valid in any well-formed context and will be available
for all goals in a derivation.
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Axiom clauses

The axioms A from a GTS specification are directly available as inference
rules. The valid axiom clauses are:

[c:s] <.

One for each associated axiom [c:s]€A. For any goal T'; & [p;:4;], such a
rule applies if the typing [pi:A;] unifies with [c:s]. Note that the context
T is not affected. Because contexts in our derivations are always grounded
and well-formed, the well-formedness check on I'; (required in the axiom
rules) is needless.

Lambda abstraction clauses

The A-abstraction rules correspond to a set of valid clauses, one for each
(s1,82) pair for which there exists an s3 such that (sy,s2,53) € R. The
A-abstraction clauses are:

[Pe:tA4B : MefALT] < [§A:s1]
[uT:SZ][:c:uA]
[uB:uT][a::uA]-

where §A, 8B, §T are logical variables. The typing of a goal of the form T’y -
[P : z:A.T) may be unified with the typing in the conclusion of this rule,
unifying P with Az:§A.f B and resulting in the new stripped goal [§ B:§T7], to
be solved in the context T'; extended with the typing {x:§A]. The first two
goals that arise will ensure that the new context is well-formed and that
the abstractions are permitted. Thus, application of this rule introduces
context extensions for goals, similar to natural deduction style theorem
proving. To ensure that this new context is grounded, the restriction is
imposed that A must be grounded after unification, thus preventing logical
variables from occurring in the context. The restriction implies that this
rule for example can not be used to find a proof for an implication §A = B,
because this would introduce an unknown assumption [p:fA] in the context.

Pi abstraction clauses

The II-abstraction rules correspond to a set of valid II-abstraction clauses,
one for each triple (s1,s2,53) € Rt
[Mz:§AL4B : s3] < [tA:s]
[t B:52)(z:1.)-
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where § A, § B are logical variables. Application of this rule results, after uni-
fication of typings, in a stripped goal [B:s;], to be solved in the context I
extended with the typing [z:A]. Note that the first goal that arises verifies
that the abstraction is permitted and that the new context is well-formed,
Again the restriction is imposed that A must be grounded. The restriction
prevents e.g. using this rule on a goal of the form I' + [P:s;].

Derived clauses

The application rule cannot be translated directly into a clause, on account
of the substitution. A solution is offered, the soundness of which is justified
by the following theorem:

Theorem: Soundness of the method.

Correctness of a sequent of the form

'k [C: 1z :A). ...z, A, .B)

implies that the following clause is valid in context I':

[(C fz) ... 4zp) : Blfz)/z1, ..., fzn/zn]] <
[fz1:41)
[fz2: A2z /1]

‘[ﬂ‘a"n:An[ﬂzl/zly ---,ﬂ-'L‘n—1/-'L‘n—1]]-

where §z; ... fz, are the logical variables of the clause. Note that all pos-
sible occurrences of the GTS variables z; have been replaced by logical
variables §z;. For n = 0, the set of premises is empty and the application
in the consequent simplifies to the object C. Intuitively, the theorem is
a version of the heuristic application principle. A proof of the theorem is
given in the appendix.

The selection rule justifies that the theorem is in particular applicable to
all introductions and definitions occurring in any well-formed context T, i.e.

For all GTS variables ¢, if

[c:zi:Ay. ... z,:A, . Bl€T or [c=C :Mz1:A;. ... Iz,:A,.B] €T
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this theorem ensures that the following is a valid clause in context T

[(C fzi ... ﬂzﬂ) : B[H(L‘l/l‘l,...,ﬂz‘"/l‘n]] <«
[fz1:41]
(z2:Az[fz) /21]]

m‘:‘;n:An[ﬂzl/zl:---aﬂzn—l/zn—l]]'

This result is now used to interpret the introductions and definitions
in a context in clausal form, thus providing the possible application candi-
dates. The intuition behind this is to translate the top-level II-abstractions
for context elements to clauses. For any goal I' F [A4 : B], all clauses thus
obtained from the context I' are available as valid clauses for resolution on
this goal. Note that the context is not affected by these clauses, i.e. the
context of the new goals is identical to the context of the original goal.

Because contexts can be extended by the A- and the II-abstraction
clauses, the set of clauses depends on the particular goal in question and
changes dynamically as the proof search proceeds: there is an interleaving
between resolution steps and clause translations. The translation mecha-
nism covers both the application rule and the selection rule. The context
introduction rule is handled by the A- and the II-abstraction clauses, and
they enable us to create natural deduction style proofs.

Although for a given context element of type Ilzy:A,. ... z,:A,.B
(where B is not itself a II-abstraction) this mechanism gives n+ 1 different
valid clauses, it is sufficient to provide a completely unfolded clause with n
antecedents. If the clause has been unfolded too far to unify directly with
a sequent, this can be compensated by first resolving the sequent with the
A-abstraction rule. 7-conversion is essential here.

Unification and type conversion

Unification is not the subject of this paper, but a few remarks should be
made here. It is important to observe that inference steps in the method
are correct for any substitution that makes the head of a clause equal to
the typing in a goal of interest. Thus the method is sound for any sound
procedure that yields unifying substitutions. In implementations, unifica-
tion algorithms determine whether a clause is applicable to a given goal.
Unification will also handle the type conversion rule, dealing with equality
of types. It is sufficient to provide unification over ty.pings, not over con-
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texts (although context information is of course relevant for correctness of
B- and §-reductions during unification). Unifying typings [P:A] and [P":A')
will be achieved by unifying the objects P and P’ and subsequently uni-
fying the types A and A’. For types, the unification is with respect to 8-
and é-equality. Although B-equality for objects is not explicit in the cor-
rectness rules, it is also desirable to identify 8- (and é-) equivalent terms.
This is justified by the closure under reduction property and corresponds
to proof normalisation [14, 21]. If derived clauses are unfolded completely,
it is desirable to augment object unification with outermmost n-equality, to
ensure reachability of objects in n-normal form.

Unification for expressions in typed A-calculus with respect to «,
and possibly 7-conversion requires complete higher-order unification. This
problem depends on the particular GTS of interest. For GTS in general,
the problem is not decidable (this is easy to see: even for grounded terms
equality is not necessarily decidable because strong normalisation of terms
is not guaranteed for all generalised type systems). See also [26, 20]. For
simply typed A-calculus, this problem has a possibly infinite set of solutions.
There is no complete and always terminating search algorithm. [27] gives
a complete semi-algorithm for this problem in simply typed A-calculus. In
the case of generalised type systems, it is more complicated. Elliott [17] and
Pym [36] have independently extended Huets algorithm to dependent types
for the logical framework LF (see also [35]). Dowek [15, 16] is working to-
wards extending the algorithm to the Barendregt A-cube [4], an important
class of GTS systems. For implementations of the method, sound approx-
imations for higher-order unification can always be used. Approximations
can be very usable in practice (section 6 gives an example) although they
affects completeness, of course.

4 Incompleteness

An interesting question is whether the method is complete in the sense
that a top down derivation can be constructed for all correct inhabitants
(modulo object conversion) of a given type. Comnipleteness is determined
by two issues:

e completeness of the higher-order unification procedure.

o the synthesis method itself

Unification is outside the scope of this paper. Let us assume that, for
a given GTS, a complete unification procedure is used, then what exactly
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are the consequences of the restriction imposed on the context, viz. that it
is always grounded?

We already saw that our queries of interest are not affected by the
restriction. Consider the effect of the restriction during the inferencing
process. It should be clear that only the A-clauses and the Il-clauses are
affected by the restriction, as they are the only rules that can extend a
context during resolution. For all issues related to completeness (at least
in a non-deterministic sense), the following observation is important: due
to the third invariant property on derivations, we only need to consider
goals where the type field of the conclusion is grounded, because any log-
ical variable P occurring there can be instantiated by first solving the
associated goal where §P is introduced. This implies that the partiality of
the A-abstraction rule poses no fundamental restrictions, because it can be
circumvented by postponing resolution on the goal in question. The restric-
tion on the applicability of the II-abstraction clause does however pose real
limitations: it explicitly restricts construction of inhabitants of sorts, e.g. it
refuses to enumerate all II-abstracted propositions or types. For instance,
in AC, suppose an object § P is sought, such that I [§P:¥]. Then the correct
inhabitant Ia:*.a cannot be synthesized, because this would require that
during construction an unknown type were introduced in the context. The
expressive power of type theory is such, that it does allow the construction
of proofs that involve e.g. induction loading, where a stronger proposition
needs to be constructed in order to infer a proof for a weaker one. Top
down construction of such proofs is unattainable in general. The limita-
tions imposed on the II-abstraction clause are related to this fundamental
problem. Note that for checking the restriction does not apply, because the
abstraction is known then.

Thus, the method as presented is not complete. Despite extensive ex-
periences with the Constructor implementation the authors have never en-
countered a correct proof that could not be constructed, albeit with the use
of auxiliary definitions. It seems that the use of lemmas to build up the
proof can circumvent incompleteness issues.

Upon completion of this article, the authors get notice from Gilles
Dowek [16] that he has developed a complete proof synthesis method for
type systems of the A-cube. His method seems a generalisation of the
method presented here.
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5 Derivation example

To illustrate the method, a top down derivation will be presented for a
simple theorem in number theory. The particular type theoretical system
we use is AC, one of the versions of the theory of constructions introduced
by Coquand and Huet {11, 13]. AC is formalised by the following GTS
specification:

S %0
A x:0
R (%), (O0,%), (x,0), (0,0)

Consider the following correct context I'p:

[nat : %),
[0 : nat],
[s : nat — nat),
[< :nat — nat — %],
[aziom! : IIz:nat. (< z (s 2))],
[trans : Iz, y, z:nat. (< zy) = (< y 2) — (< z 2)],
[ind: IIp:nat — *.
Og:(p0).
I h:IIn:nat. (p n) — (p (s n)).
I z : nat. (p 2)],
[predl = Ax:nat. (< 0 (s x)) : nat — %]

Possible interpretation:

nat s a type.

0 is a nat.

s is a function from nat to nat (the successor function).
< is a binary predicate over nats.

aztoml states that Vz : nat. (< z (s 2)).

trans states that < is transitive.

ind axiomatises induction for natural numbers.

predl abbreviates the predicate Az:nat. (< 0 (s z))

A top down proof will now be synthesized for the theorem Vy:nat. (pred! y),
i.e. Yy:nat (< 0 (s y)). This means that a proof object § P is sought, such
that Tg &+ [§P : Hy:nat. (pred! y)]. The derivation process starts of with
the associated trivial derivation:

To F [§P : My:nat. (pred! y)] <= To F [{ P : My:nat. (pred! y)].
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The available valid system clauses are:

[*:0] <.

AzfA4B : NzfANT] < [fA:s1]
[ﬂT:S2][x:l3A]
[ﬂBﬂT][qu]

[Mz:BAYB : s3] & [fA:51]
[uB:S2][x:l1A]-

viz. an axiom clause and A- and II-abstraction clauses for all pairs s;,s2 €
{*, O}. These clauses will be available for all goals. For a given goal, they
are extended with clauses that can be obtained from the unfolded context
elements of the goal by translation. For the antecedent in the given trivial
derivation this results in the clauses:

[nat : %] < .
[0 : nat] <.
[(s §X) : nat] < [{1X : nat].
(< $X §Y) : «] < [1X : nat] [fY : nat).
[(aziomI §X) : (< §X (s §X))] < [t X : nat].
[(trans §X §Y §2 4P 4Q) - (< X 2)] <
[ X:nat] [}Y :nat] [§Z:nat]

[HP:(< $X 4Y)] fQ:(< tY §2)].
[(ind 4P G 4H §2) : (1P 12)] =
(4P : nat — «] [{G : (}P 0)]
[tH : TIn:nat. (§P n) — (§P (s n))] [1Z : nat].
[(predl §X) : ] < [ X : nat).

Similar clauses will be constructed for extensions of I'g. The only clause
applicable to our derivation is a A-abstraction clause. Resolution gives:

o [{P : y:nat. (pred! y)] <= To b [nat : «]
Lo, [y:nat]  [(pred! y) : %]
Lo, [y:nat] - [§P' : (predl y)].

instantiating §P to Ay:nat.fP’. Note the different context extensions for
the different goals. In the extended context of the second and third goal, a
derived clause for y (viz. [y:nat] <= .) is now available. The first two goals
are grounded and can be checked immediately. Resolving the remaining
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third goal with the induction clause (ind) gives:

ToF [{P : y:nat. (pred! y)] <
Lo, [y:nat] F [pred! : nat — %]
Lo, [y:nat] F [{G : (pred! 0)]
Lo, [y:nat] F [{H : n:nat. (pred! n) — (pred! (s n))]
Lo, [y:nat] F [y : nat)].

instantiating § P’ to (ind §P” §G $H §Z), §P" to pred!, and §Z to y. Note
that this requires higher-order unification. Other possible unifiers are ig-

. nored here. The first goal is grounded and can be checked, but this goal can
also be solved after resolution with a A-abstraction clause, provided that
the unification knows that pred! is equivalent to [z:nat](pred! z) (outer-
most 7-equivalence). The last goal is solved directly with the clause for y
from the context. The derivation thus becomes:

To F [{P : y:nat. (pred! y)] <
Lo, [y:nat] F [§G : (pred! 0))
Lo, [y:nat] F [{H : IIn:nat. (pred! n) — (pred! (s n))].

The first goal resolves with the clause for aziom! from the context. Note
that this requires 8- and B-reduction of (pred! 0). §G is instantiated to
(aziom! 0) and [0:nat] is left as trivial goal that can be resolved im-
mediately. The remaining goal is stripped twice with the appropriate A-
abstraction clause. The derivation is now:

To F [{P : y:nat. (pred! y)] < T1 F [{H' : (pred! (s n))].

instantiating §H to An:nat.A\hyp:(pred! n). {H'. T stands for Ty, [y:nat],
[n:nat], [hyp:(pred! n)]. The remaining proof obligation is now resolved
with the context clause for transitivity (Zrans):

To b [{P : My:nat. (pred! y)] < Ty F [0 : nat)
I F[{Y : nat)
Ty F{(s (s n)) : nat]
T\ F [P : (< 04Y)]
I FQ: (< BY (s (s n)))].

instantiating § H' to (trans 0 §Y (s (s n)) § P1 §Q). The first and third goal
are eliminated with context clauses from I'y for 0, s and n. Because these
goals are grounded, this amounts to checking. Resolving the last goal with
aziom! instantiates §Q to (aziom! (s n)) and Y to (s n). The derivation
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has become:

To b [§P : Ny:nat. (pred! y)] < Ty F [(s n): nat]
Ty F[fPI: (< 0 (sn)))
Ty F [(s n) : nat].

The proof is completed with the context clauses for s, n and hyp. The
complete proof §P is now:

Ay:nat. (ind predl
(azioml1 0)
An:nat. Ahyp:(pred1 n). (trans 0
(sn)
(s (s n))
hyp
(azioml (s n)))

Y)

Note that this proof is an 7-redex. This is due to the fact that derived
clauses are unfolded as far as possible lere, thus constructing applica-
tions that are provided with the full number of arguments. If outermost
n-conversion of objects is provided, the n-normal proof can also be derived.

6 The Constructor proof environment

This section gives a short description of an interactive proof environment,
named Constructor, that implements an inference machine based on the
described method. The machine enforces correctness of proof construction
in generalised type systems. The mouse-based interface has been built us-
ing the Genesis system, a tool generator that resulted from Esprit project
1222. Details of the Constructor system can be found in [22, 23, 24]. Here,
we will explain its most important features.

When using Constructor, there is always a global context present, which
is the theory that formalises a domain of interest. A global context is pre-
fixed with a GTS specification for the desired type system. The system
clauses are generated from this specification. The translation mechanism
to obtain derived clauses is identical for all GTS variants. A proof editor
is provided in which conjunctions of queries can be posed and which allows
application of correct proof steps only. Queries are interpreted in the global
context. Queries are typings of the form [A:B]. Goals consist of a typing
and a local context extension. The typing needs to be constructed in the
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global context, extended with the local context extension. Figures 1 and 2
present some screen images of the system (the syntax used in the figures
will be explained below).

Both interactive user-guided inference and automatic search are possi-
ble and may intermingle. In interactive mode the user may, for a selected
goal, choose a clause from a menu with resolution candidates. Optionally,
the system checks instantiated goals that may arise after resolution steps.
Currently, only one default search strategy or tactic (tactical in LCF ter-
minology) is present for automatic search. It uses a consecutively bounded
depth-first search strategy. This behaves much like breadth-first search,
and can be regarded as a brute-force approach. The maximum search
depth is specified interactively. Alternative solutions are generated upon
request. Facilities to ‘undo’ user or tactic cloices are provided. The reso-
lution method itself is used for correctness checking of contexts and local
context introductions. Completed derivations may be added to the global
context as lemmas. To this end, they must be given a name and will be
available for use in subsequent queries. It is possible to ‘freeze’ definitions,
i.e. to hide their contents and treat them as axioms. In case of clash of
variable names (a-clash), unique variable names are generated by number-
ing. Textual editing of theories and queries is provided in the Constructor
environment itself.

The special handling of contexts can be implemented efficiently. For
example, translation of context elements to clauses only needs to be done
once, because clauses remain valid in extended contexts (due to the fact
that generalised type systems are monotonic). Verifying well-formedness of
contexts can be done incrementally. Contexts with associated clauses can
be shared amongst goals.

Technical details

In Constructor, typed abstraction is denoted [z:A]B, whereas typed prod-
uct is denoted as {z:A}B. Multiple variable introductions are permitted,
e.g. [z y:A]B denotes [2:A][y:A]B. Variables and definitions that are in-
troduced can be declared as operators with a fixity, much like in a Prolog
fashion. For example, ‘[ => == [a b:¥]{p:a}b : {a b:x}+] zfy 100’ declares
‘=>’ (implication) as a right associative infix operator with priority level
100. Application is treated as a left-associative infix operator. Bracket-
ing is used in the usual way to over-rule priorities. Logical variables are
prefixed with a ‘4’ symbol.
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Genesic GTS Proot Constructar

Exit Add Lemma Retract Lemma) & Check-Context
Context f1lo: Ew/Exanplel/contoxt
ry Load Query ] Query file: Ex/Examplel/query

Edit Query ] (Save Query )

Context Representation £ GTS Bracketing £ Normal Scheme C vertical

ry
v

;; GTS rules (lambda-C) :

S *,kind
A *:kind
R (*,*), (kind,*), (*,kind), (kind,kind)

[ -> == [a b:*){p:a}b : {a b:s}= ] nfy 108 /* infix arrow */
[ nat : *} /* natural numbers %/
[8 : nat] /* zero */
[$ : nat-dnat ] fy 2880 /* prefix successor */
[ €< : {xy:nat}* ] wfy 280 /® infix less »/
[ axioml : {®:mat}(x{$x) ] /* first axiom ./
[ trans : {x y z:nat} wly -> y<z -> £z ] /* transitivity less »/
[ ind : {p ¢ {x:nat)=} /* induction axiom s/

{g : (p 9)}

{h: {n nat}{p n)->(p $nd}

{z : rat)(p zg

[ predl == [x:nat](B<$x) : {x:nat}v ]

ry
k-

& Check & Smart O Analyze & Student O A1t
S-1-GJ {(Intro] (Strip] (5 [ Step ]

(“Auto ) [15] 3 M ]z

[[y:nat](ind predl #g ({n:natl{p:(predi n)INC) y) : {y:natd(predl y) ) <

Ip : (predl n)]
I [&C : (predi $n)]

Chousy
axionmi

E._.-‘_[!'I..L.LP.'.?_"J...E?I._._._....-.

trans
ind

-

Figure 1.1: Here, we are in the middle of an interactive session, solving the
example from section 5. The second window contains the global context.
It starts with a GTS specification of AC. For each goal, candidate clauses
for resolution can be selected from a menu. The proof under construction
is collected in the head of the derivation. Note the different local context
extensions for the different subgoals.
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The built-in unification procedure implements a simple approximation
of higher-order unification with the following characteristics:

o Higher Order Structural Matching
First order unification where logical variables for functors match struc-
turally, e.g. ‘(fF 0)’ unifies with ‘(suc 0)’ yielding unifier {F=suc.

o Alpha conversion
The unification is modulo the name of bound variables, e.g. ‘[x:nat]x’
equals ‘[y:nat]y’.

e Beta conversion
The built in unification procedure will reduce #-redexes if necessary.
To ensure that the reduction is always sound, a goal is added to ensure
that the argument will have the required domain type, in the context
in question.

o Delta conversion
The built in unification procedure will do §-reduction on definitions
if necessary, i.e. it may expand abbreviating names.

In addition, the provided unification also recognizes outermost 7-equality
for objects, so that it can use the A-abstraction clause to verify given ap-
plication objects where the functor has not been provided with the full
number of arguments. This can be regarded as the inverse operation of
‘unfolding’ H-abstractions to clauses. The simple unification procedure al-
ways yields at most one unifier. If complicated higher-order unification is
required, two options are available: (1) provide appropriate auxiliary def-
initions to obtain the desired result (cf. pred! in the derivation example)
(2) Interactively substitute a template of the desired proof object by hand.
Checking objects (also those that can not be constructed by the unification)
1s possible for most type systems, because all relevant terms are then known.

The Constructor system automatically proves the example from the
previous section without delay. As another example, the system constructs
the proof for Tarski’s Lemma as formalised by Huet [28], a famous example
from constructive mathematics, either by first proving the lemmas as pro-
posed in [28], or by direct automatic construction of the complete proof.
The example runs within seconds. The search strategy confirms that Huet’s
proofs are indeed the shortest possible proofs. See figure 2. As an exam-
ple of a large proof (2000 lines), the system has been used to interactively
construct a proof of Girard’s paradox, formalising a proof in [6]. This
proof was conducted in a GTS known as AU. The system’s contribution to
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Genesis GTS Proof Constructor

L Add Lemma Retract Lemma} & Check-Context
Edit Context ) {Save Context Context fils: Ex/Tarski/tarski.context

Edit Query Save Query ] [ Load Query Query file: Ex/Tarski/tareki.theoren
Context Representation { GTS Bracketing £ Normal Schems C Vertical
type,prop,kind

typeikind, prop:type

(type,type), (type prop), (typa kind),
(prop,type), (prop,prop), (prop,kind),
(kind, typa), (kind,prop), (kind,kind)

W

[ -> == [a bitype]{x:alb : {a b:typeltype ] xfy 168
[ => == [a b:prop]{assum: a}b : {a b:proplprop ] xfy 108
t o type ]
= ¢ {x y:t}prop ] xfy 300
€= : {x y:t)prop ] xfy 488 /% leq %/

leqtrans : {x y z:t} w{=y => y{=z => u¢=z ]  /* transitivity of <= ¢/
laqantisym {x y:t} x$zy => yl=x => x=y ] /¢ antisymmetry of <= ¢/
lub {pred {x:t}prop}t ]

upperb : {pred:{x:t}prop}{y:t}(pred y) => y<{=(1ub pred) ]

least §pr§d t{x:t)prop}y: t}({z:t}(prad z) => z<{zy)=>((lub pred) <= y) ]
f : t i

incr @ {x y:t} x$sy => (f ®)GE(fy) ]

po == [u:t]ud=(f ug s {u:tdprop ]

%o == (lub po) : t ]

e

[ Theorem ==
(1egantisym (f x0) %o
(upperb po (f xo)
(incr %o (f xo)
(1east po (f xo)
([z:t][assum: (po z)]
(legtrans z (f z) (f xo0) assum (incr z xo (upperb po z assum)))))))
(1east po (f xo0)
([z:t][assum:(po 2)]
(leqtrans z (f 2) (f xo) assum (incr z xo (upperb po z assum)))))) :
(f xo0)=xo ]

& Check & Smart O Analyze & Student O Alt

S-1-G ) (Intro) (Strip ) ( Subst Ste Vhoopy!! I found a solution all by myself!!
(CAato ) (Undo ) [15) S ﬁ 20

Figure 1.2: Proving Tarski’s Lemma [28). The proof is conducted in a
version of the Calculus of Constructions. After automatically constructing
a proof of the fixed point property for the given witness, the proof has
been added to the context as a lemma (definition) named ‘Theorem’. The
associated completed derivation in the bottom window is only partly visible
here.
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this effort was essential. All lemmas were constructed top-down, in close
cooperation between user and machine. In a scenario like this, the sys-
tem does the clerical work of automatically solving the ‘easy’ lemmas and
proof obligations, while the user selects the crucial proof steps (cf. [12, 25]).

The performance of the system is good: on an average, the system per-
forms 4000 unifications every second (including possible § and é-reductions).
Currently, no clause compilation takes place. Automatic construction of the
proofs shown in the figures runs in seconds.

7 Related systems

The Nuprl system by Constable et al. ([10]) offers an interesting and impres-
sive interactive proof development environment that is based on Martin-
Lof’s Type Theory [31]. It is a significant improvement on the LCF proof
system ([19]) that strongly influenced it. The Nuprl system has a short-
coming that may have been overcome by the proposed method. The Nuprl
inference rules are the correctness rules for the underlying type theory, and
implications in a context cannot be used directly as derived rules to resolve
goals. Defining a new rule requires a detailed knowledge of the system
and the programming language ML. As unification is not directly available,
derivation of new hypotheses by instantiating others is often demanded,
i.e. variables need to be given that could have been calculated. Automated
theorem proving has not yet been accomplished with the system ([10, p.13]).

One of the most powerful existing proof systems is Isabelle [33, 34].
Comparison with this system is difficult, because Isabelle is a generic the-
orem prover, whereas the proof method proposed here is dedicated to only
one single proof formalism, viz. type theory. The same remark can be made
for a comparison with the work of Felty and Miller on theorem provers [18].

To the knowledge of the authors, three systems are currently under
development that have similar objectives to the method proposed here,
viz. assistance for proof construction in type theory. One of them is the
interesting LEGO system of Pollack [30] in Edinburgh. First prototype
implementations of this system are operational. Another promising effort
is the ALF system that is implemented by Nordstrém and Coquand [2].
Finally, Dowek [15, 16] is working on a mathematical vernacular for the
Calculus of Constructions. As these systems are still under development,
it is too early for a comparison.
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8 Discussion

The method presented combines the power of type theory with the advan-
tages of resolution inference and natural deduction style theorem proving.

The method described is non-deterministic in the choice of the infer-
ence clause. For GTS in general, the method is also non-deterministic in
the choice of the unifier. Therefore, strategic information has to be pro-
vided by users, either in the form of interactive choices, or in the form of
algorithms (tactics). Although the provided inference steps suggest certain
tactics and user interaction modes, these issues are outside the scope of this

paper.

The method presented may have some potential to be used as a logic pro-
gramming language, that includes all the essential features of e.g. Prolog,
but that also provides typing, higher-order facilities (this implies correct
handling of expressions containing binders) and the use of local assump-
tions, thereby creating the possibility to handle queries containing universal
quantification or implication (similar to AProlog [32] and EIf [35]).

As a meta language, the GTS formalism is suitable to specify logical sys-
tems. The method presented makes the inference rules of a logic directly
available for resolution instead of just the underlying correctness rules of
generalised type systems, thus offering the appropriate inference level. The
abbreviation mechanism provides the possibility of hiding and the use of
derived lemmas.

The requirement that contexts are always grounded in derivations is
essential to the method, because it allows the creation of derived clauses
while preventing the undesired generation of new axioms. Also, it avoids
the need for unification over contexts: they can be treated in a special way.
The restriction seems related to fundamental problems in higher-order the-
orem proving.

Note that derivations are in a natural deduction style. Proofs con-
structed by the method are in #-normal form, aside from definitions. In
other words, the proofs constructed are cut-free. The proofs are not guaran-
teed in n-normal form, unless outermost 7-reduction on objects is provided
in the unification or as an explicit derivation step (as demonstrated in the
derivation example of section 5).
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Actual implementations of proof systems can efficiently handle many is-
sues. An interactive version of such a proof system, Coastructor, equipped
only with a ‘brute force’ tactic and using a simple approximation to higher-
order unification, gives good results and automatically constructs many
non-trivial proofs, including the example proof. Of course, fully automated
theorem proving cannot be the objective of proof systems. Proof construc-
tion is an interactive process between user and proof system, where the
system plays the role of an interactive assistant. The user does the es-
sential proof steps. This includes proposing useful lemmas and selecting
crucial inference steps during the proof process. The machine task consists
of the verification of details and solving the ‘easy’ lemmas and goals during
the assembly of the main proof. Machines cannot do everything.

1 Proof of the soundness theorem

The following theorem is necessary to ensure soundness of the method:

Theorem: Soundness of the method.

Let S be a sequent of the form:
CF[C:1zy:A;. ... Uzy: Ay Bl
Let C be the clause:

(C =1 ... fzn) : Blfz1/z1, ..., Jzn/2zn]] <
[f21:41]
[fz2: A2 21 /21]]

leniAnltzr /21, - b2n_1/2n_1])
Then:

S = valid(C,T).
Proof:

Lemma 1:
['F([C:0z:A.B] = T, [z":A] F [(C ') : B[z'/z]]

Proof:
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Assume I' - [C : IIz:A.B]
Monotonicity guarantees that:
T, [z":A] F [C: Iz:A.B] (D
The selection rule proves:
T, [z":A] F [2":A] (2)

From the application rule applied to (1) and (2) we can infer:
I, [c":A]F [(C 2') : B[z'/z]]

A uniform substitution of a fresh variable z' for z is performed to
avoid name clashes thus ensuring a well-formed context I', [z': A].
Discharging the assumption:

I'H[C:Nz:A.B] = I',[z":A]F [(C 2') : B[z'/z]]

This completes the proof of Lemma 1. |

By induction, it follows that:

I'H[C : Nz, :A;s. ... Nz,:A,.B]
=
L, [z]: A1), ..., [25: A2y /21]), .., [zh:Anlzl /i) F [(C ) ... 2)) : Blz}/xi])

To complete the proof, the right hand side of this expression must imply
that the clause C is valid in context I'.

Lemma 2:
I, [z":A]F [(C 2') : Bl2'/2]]
=
valid ([(C f2') : Bfja'/z]] < [f2":A4],T)
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Proof:

Directly from the definition of clause validity and the substitu-
tivity property of generalised type systems:

If Ty,[z:A),T2F E and Ty } [a:4]
then Ty,Tsfa/z]F Ela/z). ]

Induction completes the proof of the soundness theorem. u

Although it is irrelevant for the soundness of the method, it can be
demonstrated that a stronger theorem holds [22]. Let S and C be the
sequent and clause given in the soundness theorem. Then:

S & VIV valid(C, (T, T)).

The extension IV arises automatically as a result of the monotonocity of
generalised type systems. The forward implication shows that clauses that
have been derived in a context I’ remain valid in arbitrary extensions of .
This allows efficient implementations. The reverse implication is related to
completeness, although it does not guarantee it.
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Logic programming in
the LF logical framework

Frank Pfenning
Carnegie Mellon University

In [12], Harper, Honsell, and Plotkin present LF (the Logical Frame-
work) as a general framework for the definition of logics. LF provides
a uniform way of encoding a logical language, its inference rules and its
proofs. In [2], Avron, Honsell, and Mason give a variety of examples for en-
coding logics in LF. In this paper we describe Elf, a meta-language intended
for environments dealing with deductive systems represented in LF.

While this paper is intended to include a full description of the Elf core
language, we only state, but do not prove here the most important theo-
rems regarding the basic building blocks of Elf. These proofs are left to
a future paper. A preliminary account of Elf can be found in [25]. The
range of applications of Elf includes theorem proving and proof transfor-
mation in various logics, definition and execution of structured operational
and natural semantics for programming languages, type checking and type
inference, etc. The basic idea behind EIf is to unify logic definition (in the
style of LF) with logic programming (in the style of AProlog, see [22, 23]).
It achieves this unification by giving types an operational interpretation,
much the same way that Prolog gives certain formulas (Horn-clauses) an
operational interpretation. An alternative approach to logic programming
in LF has been developed independently by Pym [27].

Here are some of the salient characteristics of our unified approach to
logic definition and meta-programming. First of all, the Elf search process
automatically constructs terms that can represent object-logic proofs, and
thus a program need not construct them explicitly. This is in contrast to
logic programming languages where executing a logic program corresponds
to theorem proving in a meta-logic, but a meta-proof is never constructed
or used and it is solely the programmer’s responsibility to construct object-
logic proofs where they are needed. Secondly, the partial correctness of
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many meta-programs with respect to a given logic can be expressed and
proved by EIf itself (see the example in Section 4). This creates the pos-
sibility of deriving verified meta-programs through theorem proving in EIf
(see Knoblock & Constable [18] or Allen et al. [14] for other approaches).

Elf is quite different in look and feel to the standard meta-programming
methodology of writing tactics and tacticals in ML [11]. On the positive
side, EIf programs tend to be more declarative and easier to understand.
Often one can take what authors bill as an “algorithmic” version of an
inference system and implement it in EIf with very little additional work.
Moreover, it is possible to implement tactics and tacticals in EIf along the
lines proposed by Felty [8]. Such tactics are also often easier to write and
understand than tactics written in a functional style, since they inherit
a notion of meta-variable (the logic variable, in logic programming termi-
nology), a notion of unification, and nondeterminism and backtracking in
a uniform way from the underlying logic programming language. The Is-
abelle system [24] also provides support for meta-variables and higher-order
unification in tactics, but they are generally not as accessible as in Elf. On
the negative side we encounter problems with efficiency when manipulating
larger objects, something which we hope to address in future work with
compilation techniques from logic programming adapted to this setting.
Also, on occasion, it is difficult to express the operations we would like to
perform as a pure logic program. For example, neither the cut operator
! familiar from logic programming nor a notion of negation-by-failure are
available in Elf. For some initial ideas to address these deficiencies see
Section 5.

We conclude this introduction with an overview of the remainder of this
paper. After a brief review of the LF Logical Framework, we begin with
an exposition of unification as used in Elf. The general unification prob-
lem for the LF type theory is undecidable and non-deterministic, which
immediately calls into question the whole enterprise of designing a logic
programming language based on LF, given that unification is such a cen-
tral operation. However, inspired by Miller’s work on Ly [21], we design an
algorithm which solves the “easy” unification problems (without branch-
ing, for example) and postpones all other equalities which may arise as
constraints. Since dependent types and explicit II-quantification further
complicate unification, we found it necessary to develop a new view of uni-
fication as theorem proving in a very simple logic (the unification logic). A
unification algorithm is then described as a set of transformations on for-
mulas in that logic, reminiscent of the description of first-order unification
by transformations on a set of equations. In Section 2 we develop this view
by first presenting the main ideas for an untyped, first-order language and
then generalizing it to the LF type theory.
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Besides unification, execution of a logic program also requires back-
chaining search. In Elf, this search takes the form of finding a term of a
given type (possibly containing logic variables) over a given signature. This
necessitates a form of resolution, which we express through an extension of
the unification logic by a notion of immediate implication. When restricted
to ordinary first-order logic programming, we would say that a clause H «
B,, ..., B, immediately implies an atomic goal G, if G unifies with H
under substitution ¢ and the remaining subgoals (6 B;) are all provable. A
formalization of this concept in this more general setting can be found in
Section 3.

Back-chaining search and unification describe a non-deterministic inter-
preter. In order to make this useful as a programming language, search
control must be added. This takes two forms. First we distinguish those
types which are subject to search (and thus play the role of goals) from
those types whose elements are subject only to unification (and thus play
the role of ordinary logic variables). We call these closed and open type
families, respectively. Second we make a commitment to depth-first search.
These conclude the (partly informal) definition of the operational semantics
of Elf in Section 3. ,

In Section 4 we then introduce the concrete syntax for EXf and present
examples which illustrate some of its unique features and common patterns
of usage. The main example is an implementation of a decision procedure
for term equality in the simply-typed A-calculus. We also describe some
aspects of the implementation EIf in this Section. In particular, we sketch
our method of type reconstruction, since, we believe, it has independent
interest. ¢

We conclude the paper with speculation about future work.

1 The LF logical framewoi‘k

We review here only the basic definitions and properties of the LF Logical
Framework. For more details, the reader is referred to {12]. A number of
examples of representations of logical systems in LF can be found in [2].

The LF calculus is a three-level calculus for objects, families, and kinds.
Families are classified by kinds, and objects are classified by types, that is,
families of kind Type.

Kinds K = Type|lz:A.K
Families A := a|lx:A.B|Az:AB|AM
Objects M = clz|Azn:AM|MN

We use K to range over kinds, A, B to range over families, M, N to
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range over objects. a stands for constants at the level of families, and ¢
for constants at the level of objects. In order to describe the basic judg-
ments we consider contexts (assigning types to variables) and signatures
(assigning kinds and types to constants at the level of families and objects,
respectively). :

Signatures X
Contexts r

()| Z,a:K|XZ,c:A
()| T,z:A

i i

Since families (and thus types) may be indexed by objects, it is impor-
tant that signatures and contexts be ordered lists, rather than sets. We
stipulate that constants can appear only once in signatures and variables
only once in contexts. This can always be achieved through renaming.
[M/z]N is our notation for the result of substituting M for z in N, renam-
ing variables as necessary to avoid name clashes. We also use the customary
abbreviation A — B and sometimes B — A for IIz:A.B when z does not
appear free in B.

The notion of definitional equality we consider here is Sn-conversion.
Harper et al. [12] formulate definitional equality only with S-conversion and
conjecture that the system resulting from adding the #-rule would have the
properties we list below. This has recently been proved by Coquand {3]
and independently by Salvesen [29]. For practical purposes the formulation
including the 7-rule is superior, since every term has an equivalent canonical
form. Thus, for us, = is the least congruence generated by B7-conversions
in the usual manner. The basic judgments are ', M : A and M = N and
analogous judgments at the levels of families and kinds. We assume that
a well-formed signature ¥ is given, but omit the signature subscript of the
various judgments in our presentation. As examples, we show the rules for
abstraction, application, and type conversion at the level of objects.

I'z:ArM:B T'+M:lz:A.B TFN:A
T+ Az:A.M :1lz:A.B T'+MN :[N/z)B
'FM:A A=A ' A’ : Type
TFM:A

We state a selection of the crucial properties of the LF type theory as
given and proven in [12] and [3].

1. (Unicity of Types) [ 'F M : Aand ' M : A’ then A = A’.

2. (Strong Normalization) If T'F M : A then M is strongly normalizing.
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3. (Canonical Forms for Types) If I' - A : Type then for some family a
and objects My,...,M,, A=1uy:A; ... Huy:Ap.a My ... M, .

4. (Decidability) All judgments of the LF type system are decidable.

The existence of canonical forms for types will be used tacitly in the
remainder of this paper. For example, the phrase “in the case that M has
the form Az : IIz:A.B . M"” is to be interpreted as “in the case that M has
the form Az : A’ . M’ where A’ =Iz:A.B".

2 A meta-logic for unification

The foundation of the logic programming paradigm is goal-directed search
and unification. Due to the nature of LF, both of these differ significantly
from first-order logic programming languages. In particular, proof search
and unification become intertwined and unification is no longer a simple
subroutine. This phenomenon is already familiar from constraint logic pro-
gramming [17, 23], but EIf has at least one additional complication: goals
are identified with logic variables (see Section 3).

This set of circumstances calls for a new approach to describe the oper-
ational semantics of Elf. The key idea is to develop an explicit meta-logic
for LF, not to prove properties about LF, but to describe the operational
behavior of Elf. This meta-logic was called state logic in [25], since it is used
to describe the states of an abstract interpreter for Elf. An alternative ap-
. proach was taken by Pym & Wallen (28] who give a sequent presentation
for LF which allows free meta-variables to appear in the sequents.

We begin with the discussion of unification which will be extended to
a logic strong enough to describe the complete state of the interpreter in
Section 3. One important property of the unification logic is that it is sep-
arated from the formalism of LF and has its own, independent judgments.
It is possible to construct such a meta-logic for unification over a number
of different term languages and type theories, but a further exploration of
this possibility is beyond the scope of this paper.

Miller’s mized prefizes [20] and the ezistential variables considered by
Dowek [4] perform a function similar to our unification logic. Though
Dowek deals with a more expressive logical framework (the Calculus of
Constructions) we believe that our meta-logic is more expressive, since we
can represent not only a formula in a context with some existential vari-
ables, but also several formulas simultaneously which share some context.
This allows the natural specification and manipulation of unsolved equa-
tions as constraints.
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A first-order unification logic with quantifier dependencies

The unification logic arises most naturally from a generalization of the
usual view of unification as transformations of a set of equations [19, 30].
There we are given set of equations with some free variables. This set
is unifiable if there is a substitution for the free variables such that all
the equations become true. A unification algorithm is described as a set of
transformations which can be used to transform the original set of equations
into a solved form from which a satisfying substitution can be extracted
easily.

We transform this view, first by replacing the notion set of equations
by the notion conjunction of equations. The second step is to existentially
quantify explicitly over the free variables. Thus the logical content of a
unification problem becomes apparent.

Now the problem of determining unifiability becomes one of establishing
the truth of a certain closed formula. When function symbols are uninter-
preted, this view gives rise to a deductive system in which provable for-
mulas correspond to unifiable equations. We further generalize the usual
unification by allowing explicit universal quantification. In first-order unifi-
cation, this generalization is not necessary, since one can use Skolemization,
though even there it may have some interest for efficient implementation.
In the higher-order case Skolemization is more problematic and thus ex-
plicit variable dependency is desirable not only from the point of view of
implementation, but also in order to simplify the theory.

In summary, the unification logic is built upon the following fragment
of first-order logic, defined inductively by a BNF grammar.

Formulas Fui=u=v|T|FAG|3z.F|Vy.F

We use = and y to stand for variables, © and v to stand for terms, and
F and G to stand for formulas. The basic judgment is I F (F is provable)
is defined by the following inference rules:

- F =G
Fu=u FT FAG
b u/z]F b F
- Jz. F - Vy.F

Here [u/z]F is the result of substituting v for z in F', renaming bound
variables if necessary to avoid capturing free variables in u.
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Transformations for first-order unification

In the representation of unification problems as sets, one might have the
following set of transformations

{u:u}US’ = S

{fu=v}uS = {v=u}us
{Ff(w,...,upn) = f(vr,..., o) }US = {uy=mv,...,un =v,}US

{z=v}US = {z=v}U[v/z]S

where z is not free in v in the last rule (called variable elimination). A pair
z = uin S is in solved form if z does not occur in u or elsewhere in S, and S
is in solved form if every member of S is in solved form. A set of equations
S is said to unify iff there is a sequence of transformations § = --- = §’
such that S’ is in solved form.

Here, we take an analogous approach. Instead of writing “...US” we
stipulate that our transformations can be applied to an arbitrary subfor-
mula occurrence matching the left-hand side.

u=u — T
uU=v — v=u
Fluy, ... un) = f(va,-.,00) — wp=vnA...Au, =,
Jz.Flz=t] — Jzz=tA[t/z](Flz =t))

where z is not bound in F, no free variable in ¢ is bound in F, and =z
does not occur in . We refer to the last rule also as variable elimination.
Here F[G] is our notation for a formula F with a subformula occurrence
G. However, these rules are not sufficient to perform unification: we also
need some structural rules which allow us to exchange quantifiers (with
the obvious provisos regarding variable occurences in the rules dealing with
conjunction):
dydz.F — 3z Iy.F
FA@3zG) — 3z FAG
(Bz.F)AG — 3z FAG
Vydz.F —— 3dzVy.F

A formula is in solved form if it has the form S defined inductively by
Su=T|SAS |Tz.e=uAS|3z.5|Vy.S

where z is not free in u.

It is important that the opposite of the last transformation, namely
dz Vy.F — Yy.Jz.F is not valid. The reason why the quantifier exchange
rules are required is somewhat subtle. Consider an example of the form

JzVy3z.z = f(z)AF.
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z appears in the “substitution term” f(z) for z, and it would thus be illegal
to instantiate z to a term containing y, since this would violate the condition
on variable elimination for z (“no free variable in ¢ may be bound in F”).
Thus, in order to put the example formula into solved form, we will have to
move the quantifier on z outward past the quantifiers on y and z, yielding

Jz3zVy.z = f(z) A F.

Now variable elimination can be applied, yielding

3z.3z. 2 = f(2) AVy. f(2) = f(2) A[f(2)/=]F.
It is now obvious that z can no longer depend on y.

These rules are sound and complete for unification as specified by the
inference rules for the # judgment, and, with some additional control
structure, can be guaranteed to terminate. We will not formulate these
theorems here, as our real interest is in the generalization of this idea to
the LF type theory.

A untfication logic for LF

LF poses two new problems over the first-order setting discussed above: the
presence of types and a non-trivial notion of equality between terms. In the
specification of the unification logic, this is a rather simple change: in order
to prove an equality, we have to show that the terms are fn-convertible,
and the rule for the existential quantifier must check that the substituted
term is of the correct type. The generalized class of formulas is defined
inductively by

F = M=N|T|FAG|3z:A.F|Vy:A.F

We will use M, N, A, B, as in LF, and F and G will again range
over formulas. The generalization of the basic provability judgment ¥
now requires a context I' assigning types to variables. As we will see later,
the unification transformations do not need to deal with this context — it
maintains its own notion of context and quantifier dependencies through
universal and existential quantification. Throughout we make the simplify-
ing assumption that all variable names bound by 3, ¥, or A in a formula are
distinct. We can then say that y is quantified outside of z if the (unique)
quantifier on z is in the scope of the quantifier on y. The defining inference
rules for this unification logic exhibit the connection between the equality
formula M = N and fBn-convertibility (M = N).
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FFM:A M=N 'EN:A 'rF CrG
r-M=N CHFFAG
Tk [M/z]F TFM:A [,z:AV F
Lt 3z:AF CFVz:AF CL+T

Substitution at the level of formulas must, of course, substitute into
the types attached to the meta-quantifiers and, as before, rename variables
when necessary.

A generalization of Ly unification to LF

The general problem of higher-order unification is undecidable even for
the second-order simply-typed A-calculus with only one binary function
constant [10]. This result notwithstanding, a complete pre-unification al-
gorithm for the simply-typed A-calculus with generally good operational
behavior has been devised by Huet [15]. Extensions to LF have been devel-
oped independently by Elliott [5, 7] and Pym [27]. “Pre-unification” here
refers to the fact that the algorithm will not enumerate unifiers, but sim-
ply reduce the original problem to a satisfiable set of constraints (so-called
flez-flez pairs) whose unifiers are difficult to enumerate.

While this unification algorithm has proven quite useful in the context
of automated theorem proving [1, 13], as the basis for a a logic program-
ming language it has some drawbacks. In particular, the potentially high
branching factor and the possibility of non-termination make it difficult to
exploit the full power of Huet’s algorithm in a safe and predictable way.

Observing the actual practice of programming, both in AProlog and EIf,
it is noticable that almost all defensible uses of unification are determin-
istic. Based on this observation, Miller designed a syntactically restricted
logic programming language Ly [21] in which it is guaranteed that only de-
terministic unification problems arise during program execution. However,
the restricted subset disallows important LF representation techniques. For
example, the natural rule for universal elimination in an encoding of first-
order logic (see [12])

VE:NIF:i—o.lz:i. true(NF) — true(F z)

would not satisfy Miller’s restriction (once generalized to LF), since the
variable z (which is subject to instantiation during EIf search) appears in
an argument to F', which is also subject to instantiation.
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Thus, unlike Miller, we make no static restriction of the language. Uni-
fication problems which arise during EIf program execution and are not in
the decidable subset are simply postponed as constraints. The disadvan-
tage of this approach is that, unlike in Huet’s algorithm, constraints cannot
be guaranteed to have solutions. For example, given two distinct constants
c:iand ¢ : 14, the formula 3z:i — ¢.3z:i . 22 =¢ A zz = ¢ has no proof
and none of the transformations we list are applicable, since the left-hand
side of both equations, z z, is not in the form of a generalized variable (see
below). On the other hand the formula 3z:i — i . 32:7 . z z = ¢ has many
proofs, but no transitions are applicable either. We say that a formula from
which no transformations apply is in reduced form.

In EIf the fact that reduced forms do not always have solutions has not
shown itself to be a practical problem. On the contrary: some programs
(such as a program for type reconstruction for the polymorphic A-calculus)
now show markedly improved performance and behavior.

We briefly review the ideas behind the unification in Ly through some
special cases. The central concept is that of a generalized variable which in
turn depends on the notion of a partial permutation.

Given n and p, a partial permutation ¢ from n into p is an injective
mapping from {1,...,n} into {1,...,p}, that is, ¢(i) = ¢(i') implies i = 7.

Assume we are considering a formula of the form

321...qu.Vy1...Vyp.NiM

(omitting types for the moment). In this special case, N will be a gener-
alized variable or Guar if it has the form z; yy(1) ... yy(n) for some partial
permutation ¢ from n into p and 1 < j < ¢q. The following examples should
provide some intuition about the way generalized variables are unified with
terms. Restore the types of all universal variables as some base type, say
i, and the remaining types so as to lead to well-typed equations at type
i. Without formally defining substitutions, the annotations shown below
should give an indication of the substitution term used for the existential
variable in the proof of + F, where F is the formula on the left.

() JzVyVys .zypiy2=wi [(Aui.Aug.uy) / z)
(7)) =V Vys . zyiy2 =gy [(Aui.Aug.gug) / ]
(f5)) =V VY Vys .22 31 = V1 Y3 Y2 [(Aui.dug Auz.z’ uy) / z)
where z' is a new existential variable.
(iv) Fz1. 3z, V1 Ve Vys . 2o ys i = 21 y2ys  [(Avidvazavg) [ 4]
[(/\’ul./\’u2.23 ul) / 22]

where z3 1s a new existential variable.

The remaining are counterexamples to illustrate branching when restric-
tions on generalized variables are violated. Each of these have two most
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general solutions.

Vippdz.zypyy =0 (Aur.w1) / 2

or [(Aui.y) / 2]
ey .zyiyi=n [(Aurdugu) / 1)

or [(Aui.dug.ug) [/ z]
Vy3z,.3zs . 2122 =y [(Aurur) /1) [y / 22)

or [(Au1.y) [/ =]

Now we state the transformations, beginning with those common to
L, and Elliott’s algorithm and then introduce the notion of a generalized
variable. We omit some types in the presentation below—they can be
inferred easily from the context. As before, transformations may be applied
at any subformula occurrence which matches the left-hand side.

A AM = A AN — VoA .M=N Lam-Lam
AMAM=N — V:A.M=Nz Lam-Any
Mz=MAN — VA . Mz=N Any-Lam
(/\.’EZA.M())MIMQ ...MniN e ([MI/Z]M())MQ Mn=N
Beta-Any
M = (Az:A.Ng)Ny Ny ...N, — M = ([N/z]No) N2 ... N,
) ’ Any-Beta

¢My.. My=cNy,...N, — Mi=NA...AM,=N,
Const-Const
VyF[yMlM,,zleN,,] —_— VyF[M1=N1/\/\Mn=Nn]

Uvar-Uvar

Vydz.F — 3JzVy.F Forall-Exists
Jy3z.F — 3FzIy.F Exists-Exists
FA(F2G) — 3¢ FAG And-Exists
(Fz.F)ANG — 3z FAG Exists-And

Our assumption that no variable name is bound twice entails, for ex-
ample, that = cannot be free in F in the And-Exists transformation. The
term Uvar in the names of the rules stands for universal variable.

In first-order unification, unifying a variable z with itself or another
variable is of course trivial—here possible arguments add complications.
Huet [15] has shown for the simply-typed A-calculus that such equations
(Huet calls them flez-flez) can always be unified, but that enumeration of
all unifiers of such problems is very undirected. This analysis has been
extended to LF by Elliott [7]. Here some flexible-flexible pairs can be
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solved completely, but other unification problems for which Elliott’s algo-
rithm would have enumerated solutions or failed, will be postponed. Thus
Huet’s algorithm and extended L) unification as presented here are in some
sense incomparable: each will postpone some equations as constraints which
could have been solved by the other algorithm. In the eLP implementation
of AProlog [6] a combination of the two algorithms is used.

The remaining transitions we consider have a left-hand side of the form

Iz : Huy:A, .. . Hu,:A, A
FVy:A} . Gi[.. Yy Ay . Gplz ysq) - - Ypn) = M] .. ]

for some partial permutation ¢ from n into p. We refer to zyg(1) - .. yg(n) In
the context above as a generalized variable. Depending on the form of M, we
consider various subcases. For some of the transitions there is a symmetric
one (M is on the left-hand side) which we will not state explicitly.

The formulation below does not carry along the substitutions made for
existential variables, that is, instead of 3z.F — 3z.z = L A [L/z]F the
transitions have the form 3z.F — [L/z]F. This simplifies the presentation
and no essential properties are lost. The substitutions for the original
variables can be recovered from the sequence of transformations.

Gvar-Const M has the form ¢ M, ... M,, for a constant ¢. In this case
we perform an imitation [15]. Let

L= /\ul:Al.. cAugAn cc(ziur . un) L (Zmr - ug)

and make the transition to

Azg : Muy:Ay .. Tug: Ay By
3z, : Muy:Ay .. . Hug:An B, . [L/z)F

where ¢ : IIvy:By .. . Mvm:Byn.B and

Bj =[zgj_1w1.. unfvj—1].. . [z1 w1 .. ua /1] B;.

Solution of example (ii) above would begin with this step.

Gvar-Uvar-Outside M has the form yM;...M,, for a y universally
quantified outside of z. Here an analogous transition applies (replace
¢ by y in Gvar-Const).

Gvar-Uvar-Inside M has the form ygiy My ... M, for 1 <7 < n. In
this case we perform a projection [15]. Let L = Aup:Ay...Aun:An
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ui (1 Uy ... U) ... (Tm ¥y ... u,) and then perform the same transi-
tion as in Gvar-Const where By,..., B, and B are determined (up
to conversion) by A; = Ilv;:B; .. . llvy,: By, .B.

The solution of example (i) above would be generated by this trans-
formation.

Gvar-Identity M is identical to z Y1) .- - Yg(n)- In this case we simply
replace the equation by T.

Gvar-Gvar-Same M has the form zyy)...yy(n)- In this case, pick a
partial permutation p satisfying ¢(z) = ¥(2) iff there is a k such that
p(k) = ¢(i). Such a partial permutation p always exists and is unique
up to a permutation: it simply collects those indices for which the cor-
responding argument positions in T Yy(1) - - - Yg(n) a0d Z Yy(1) - - - Yp(n)
are identical. Let L = dup:A;...  un:A, . 2/ Up(1) - - - Up(r) and make
the transition to

3z’ Muy:Ayay - HMueAygy . [L/z]F
Example (Zi¢) above illustrates this case.

Gvar-Gvar-Diff M has the form zyy(1)... yy(m) for some existentially
quantified variable z distinct from z and partial permutation %. In
this case we only apply a transition if we have the following situation:

3z :vi:B; .. . Mvy:Bp.B . 3z : Nuy: Ay .. Mu,:Ap A
FNVy1: AL - Gi[.. VY4, . Gplz Y1) - - - Ya(n) = 2 Y1) - - - Yup(m)lll

for partial permutations ¢ and ¢, that is, the quantifiers and z and
z are consecutive, with z outside of z.

In this case, pick two new partial permutations ¢’ and 1’ such that
#(i) = ¥(j) iff there is a k such that ¢'(k) = ¢ and ¢'(k) = j. ¢
and v’ always exist and are unique up to a permutation. Given such
partial permutations, we define

L

s MupiAy . Mgt An 2wy - gy

/\’01 :Bl PN /\'Um:Bm.Zl 'UW(I) e ’UW(I)

and transform the initial formula to
3z : Hu1 :A¢I(1) e Hul:Ada’(l) . [Ll/z][L/Z]F

An example of this transformation is given by (iv) above.



162 2 A meta-logic for unification

The last case might seem overly restrictive, but one can use the quan-
tifier exchange rules to transform an equation of two generalized variables
into one where Gvar-Gvar-Diff applies. For example

JzVy, 3z Vys . 21 y2 = 2y
— JzdzVy V. zny2 =2y by Forall-Exists
—  32'Vy Yy . (Aupdug 2 ug) gy = (Avz vr) ye
by Gvar-Gvar-Diff
—* 'y Vy .2y =2’y by Beta-Anys and Any-Beta
— d'Vy vy, . T by Gvar-Identity

If we make no restrictions, the transformations stated are not sound.
Consider, for example, Yy:a.3z:b . £ = y. This is clearly not provable, since
y and z have different types. On the other hand, using Gvar-Uvar-Outside,
we can make a transition to Vy:a.y = y which is provable. In the case
of the simply-typed A-calculus, it is enough to require that any equation
M = N in a formula is well-typed (both M and N have the same type in
the appropriate context). Here, it is not possible to maintain such a strong
invariant due to the dependent types. Instead, we maintain the rather
technical invariant that F is acceptable. The Definitions 4.37 and 4.38
in {7] can be transcribed into this setting. Following the ideas of Elliott
it is then possible to show that if F — F’ and F is acceptable, then
F' is acceptable. Initially, acceptability is established by type-checking.
Definition of these concepts and the proof of the soundness theorem below
are beyond the scope of this paper. ’

Theorem (Soundness of Unification) If F is acceptable, F — F', and
T'HF thenTFF.

Precompleteness of the transformations for unification

The set of transformations given above is weak in the sense that many
unification problems cannot be transformed, regardless of whether they
have a solution or not (see the earlier examples).

On the other hand, there are some desirable properties of this restricted
form of unification which can be stated once we have fixed an algorithm
by imposing a control structure on the rules which explicitly allows for the
possibility of failure (indicated by an additional atomic formula L which has
no proof). The resulting algorithm is deterministic (up to some equivalence,
as in the case of first-order unification) and preserves provability, that is
if '+ F and F = F' then ' } F’. Thus there is no branching in the
unification algorithm, and logic program execution can never fail due to
incompleteness in unification.
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The basis for the more committed formulation of the transformation
rules (written as FF => F”') is formed by the transformations defining the
— relation. We restrict the quantifier exchange rules (they can lead to
incompleteness and non-termination) as described below. We also add ex-
plicit rules for failure as shown below (assuming ¢ # c').

cMy..M,=cNy...N, = 1 Const-Clash
Vy.FVy .F'llyM,... M, =y N,...N;] = L Uvar-Clash

There are also two circumstances under which unification of a general-
ized variable with a term must fail. Consider as examples:

JzVy1Vy2 . 291 = 2
3z .z=gz

Then, when unifying a generalized variable with a term (where the equation
in question has the form z y4(1) - - - Yg(n) = M) we may apply:

Gvar-Uvar-Depend M has the form y; My ... M,, such that ¢ is not in
the range of ¢. In this case we make a transition to L.

A variable z is said to occur rigidly in M iff (i) M is t M,... M,, or
(1)) MiscM,... My or yM; ... My, for a universally quantified y, and z
occurs rigidly in at least one M;, or (iii) M is Au:A.M' and z occurs rigidly
in A or M’ (the definition of rigid occurrence in a type A is analogous).
The next rule takes precedence over the Gvar-Const and Gvar-Uvar rules.

Occurs-Check The Gvar-Gvar-Same rule does not apply and = occurs
rigidly in M. In this case we make the transition to L.

The final case to consider is the case where we unify two distinct gen-
eralized variables, but the condition on the transition Gvar-Gvar-Diff is
not satisfied. In this case we pick the inner variable, say z and move its

quantifier outwards using the quantifier exchange rules until the condition
holds.

Theorem (Precompleteness of Unification) IfI' + F and F —> F' then
TFF.

A brief aside: in the implementation, the rules dealing with generalized
variables are combined into a form of generalized occurs-check which per-
forms three functions: the usual occurs-check along rigid paths [15], the
dependency check, which also might lead to failure, and finally it gener-
ates constraints (equations which cannot be reduced further) from flexible
subformulas which are not generalized variables.
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If we also maintain an approximate well-typedness condition [5] we can
show termination of unification. Approximate well-typedness is necessary in
order to guarantee termination of successive applications of the #-reduction
transformations. This is beyond the scope of this paper, but both approx-
imate well-typing and occurs-check are realized in the implementation.

3 Adding proof search

Besides the basic notion of unification, the interpreter must be able to
perform back-chaining search. This search is modelled after the behavior
of ordinary logic programming interpreters, though there are a number of
complicating factors. For example, due to the presence of constraints, back-
chaining search through a program and unification cannot be completely
decoupled. The other complication is that the logic program (represented as
a signature) does not remain static, but changes during execution. In order
to describe the form of search necessary here, we extend the unification logic
introduced in the previous section to a logic expressive enough to describe
the full state of the interpreter. The interpreter is then described in two
steps analogous to our presentation of unification: first non-deterministic
transformations are presented, and then a control structure is imposed.

A state logic for the interpreter

We add two new atomic formulas to the unification logic: M € A which
represents the goal of finding an M of type A, and immediate implication
M e A> N € C, where C must be atomic, that is, of the forma M; ... M,
for a family a. The former is used to represent goals, the latter to describe
back-chaining. Formulas now follow the grammar

F 2= M=N|MeA|NeA>MeC|T
| FAG|3z:A.F |Vy:A.F

It may be possible to formulate this logic without the formulas of the form
M € A, since the existential quantifier is typed and thus also imposes a -
typing constraint, (albeit only on existential variables, not arbitrary terms).
Economizing the system along these lines would significantly complicate
the description of the operational semantics of Elf, since typing information
available to unification and typing information necessary for search are not
separated.

The meaning of the two new kinds of formulas is defined by the following
inference rules.
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M=M c=c TFM:A
TFMeC>»>M el T-MeA
T'+NNe[N'/z]B>MEeC TN €A

I'+Nellz:AB>MeC

The following lemma illustrates the significance of immediate implica-
tion and formulas of the form M € C:

Lemma (Immediate Implication)

1. IfTEFMeAthenTHFM: A
2.IfTEFMeAandTEFMeAS>NEC thenTHENe€eC.

From the inference rule one can see that (N € lIz1:4; ... 24:4,.C) >
M € C' iff there are appropriately typed terms Ny,...,N, such that
[N1/z1]...[Nn/2n]C = C' and NN; ...N, = M. If there are no de-
pendencies and N is a constant ¢, we can think of C as “the head of the
clause named ¢”. Then we have that c € (4; — ... - A, = C) > M €D
iff C = D and, for proofs N; : A;, M = ¢N;...N,. Now the relation to
the back-chaining step in Prolog should become clear: the difference here
is that we also have to maintain proof objects. Moreover, the implicit uni-
versal quantifier is replaced by II, and conjunction in the body of a clause
is replaced by nested implication. Thus, for example, the Prolog clause

P(x) P q(le)l r(x)-
would be expressed as the constant declaration
c:llz:i . llyd . rz—>qzy—px

where ¢ can be thought of as the name of the clause, and ¢ : Type is the
type of first-order terms. In order to improve readibility of the clauses, we
introduce the notation B — A to stand for A — B. The «— operator is right
associative. Moreover, type reconstruction will add implicit quantifiers and .
their types, so in Elf’s concrete syntax the clause above would actually be
written as

cC:PpPX<-gqXY<rX.

In this manner pure Prolog programs can be transcribed into Elf programs.
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Transformations for proof search

The operational meaning of M € A and immediate implication is given by
the following transformations (recall that C stands for an atomic type of
the form a Ny ... Ny, for some family a).

Gn: Mellz:A.B — Vz:A.Jy:B.y=MzAy€EB
Ghtom: Vz:A . FIMeC] — Vz:A.Flze A> M €]
Ghtom: MeC — EAD>MEeC for cg:A in Z.

Dn : Nellz:AB> MeC
— Jz:A(Nz€B>MeC)Az€ A
Datom : Ne€aN,.. N, > M € aM; ldotsM,
— Ni=MiA.. AN, =M, AN=M

The soundness theorem below is the crucial theorem in the context of
logic programming. It has been argued elsewhere [22] that non-determinis-
tic completeness is also an important criterion to consider. Here, com-
pleteness fails (even non-deterministically), due to the incompleteness of
unification. On the other hand, there is an analogue to the precomplete-
ness theorem for unification which is beyond the scope of this paper. But
the practical importance of such (pre)completeness theorems is not clear:
an early version of Elf as described in [25] based on Elliott’s unification
algorithm was non-deterministically complete, but in practice less useful
than the version we describe here.

Theorem (Soundness of Search) If F' is acceptable, F — F', and T + F’,
thenT F F.

Search control

What we have described so far could be considered a non-deterministic
proof search procedure for LF. However, as the basis of a proof procedure
it has some serious drawbacks, such as incompleteness of unification and a
very high branching factor in search.

The transitions for unification and search we gave are more amenable
to an interpretation as a method for goal reduction: rather than completely
solve an original goal (given as a formula), we reduce it to another goal (also
represented as a formula). In practice, the final reduced goal will often be
in a solved form with obvious solutions.

To turn this view of the transformations as goal reductions into a useful
programming language, we need mechanisms to control applications of the
transformations. The basic ideas for the control mechanisms come from
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logic programming. This is in contrast to the approach taken in many
current proof development systems where factics and tacticals are used to
describe when inference rules should be applied. Elf gives meta-programs a
much more declarative flavor, and programs tend to be easier to read and
have more predictable behavior than tactics. Moreover, tactics can easily
be defined within EIf (similarly to Felty’s formulation [8]). Finally, by pro-
gramming directly in a language with dependent types, static typechecking
can make stronger correctness guarantees than functional metalanguages
without dependent types (such as ML, for example).

The way dependent types can be used to impose constraints on logic
variables is one of the attractive features of Elf. This feature is missing if
one follows the proposal by Felty & Miller [9] to interpret LF signatures in
Hereditary Harrop logic. While their encoding is adequate on the declara-
tive level, it is inadequate on the operational level, since typing constraints
are expressed as predicates which are checked after the execution of a goal,
thus potentially leading to much backtracking and generally undesirable
operational behavior.

Open and closed type families

Since we now would like to think operationally, we speak of a formula in
the state logic as a goal. The first control mechanism we introduce is to
distinguish goals we would like to be fully solved from those we would like
to postpone if possible. This is done by declaring families to be either open
or closed. If a family a has been declared open, then any atomic type of
the form a M, ... M,, is defined to be open, if a family a has been declared
closed, then any atomic type of the form above is also defined to be closed.
Every family-level constant must be declared as open or closed, but the
syntactic form of this declaration depends on Elf’s module system whose
design is still in progress, and thus we do not address such syntactic issues
here.

Intuitively, if A is open, then a goal 3z:A.F[z € A] should be postponed.
Otherwise, the current context of z will be searched for entries which could
construct a term of type A. The type of z then acts purely as a restriction
on the instantiations for £ which might be made by unification. Thus open
and closed declarations function purely as search control declarations—they
do not affect the soundness of the interpreter.

In most examples, types which classify syntactic entities will be declared
as open. To illustrate this, consider the following simple signature.
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“nat : Type
zero : nat

succ : nat — nat

eqnat : nal — nat — Type
refl . Iln:nat . egnatnn

There are four possibilities of open/closed declarations. We consider
each of them in turn. For the sake of brevity, we omit the types of the
quantified variables.

1. If nat is open and egnat closed, then the formula
IN.IM3Q.N € nat AM € nat AQ € egnat (succ N) (C tsuce M)

will be reduced to IN.N € nat (with some added T conjuncts). Dur-
ing this transformation, the substitution for @ will be refl N. In the
actual top-level interaction with Elf, the answer substitutions would
be M = N and Q = refl N. This is the typical case and the desired
behavior.

2. If nat and egnat are both closed the goal above will be fully solved
(transformed to a conjunction of T’s). Both N and M are instanti-
ated to zero for the first solution. Upon backtracking, N and M will
be instantiated to succ zero, etc. The problem with this scheme of
“eager” solution is that solving any free variable of type nat may be
an overcommittment, leading to a potentially large amount of back-
tracking. In most applications it is better to leave types such as nat
open—variables of such type will then only be instantiated by unfi-
cation.

3. If nat and egnat are both open, then the original goal is already
in reduced form and no reductions will be applied. This may lead
to very undesirable behavior. For example, the formula 3Q.Q €
eqnat zero (succ zero) is also in reduced form! What the interpreter
establishes in such a case is that

AQ.Q : egnat zero (succ zero) —. eqnat zero (succ zero)

which is a valid LF typing judgment, given the signature above, but
not very useful.
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4. If nat is closed and egnat is open, then the formula
ANIAM3Q . Q € eqnat N (succ M)A N € nat A M € nat

would be reduced with the substitution of zero for M and zero for N
(@ remains uninstantiated). Upon backtracking, M will be increased
to succ zero, etc. Clearly, this is very undesirable behavior, as there
are no solutions to @ in most of these cases.

Depth-first search

In the spirit of logic programming, search is committed to be depth-first.
The enables an efficient implementation without overly constraining the
programmer. Of course, this means that search will be incomplete, and the
programmer will have to take account of this when formulating programs.
Let us make the point again: Elf is a programming language and not a
theorem prover. Given a signature defining a logic, in EIf one will generally
have to program a theorem prover—the signature alone will usually not be
sufficient.

The operational semantics of Elf is given by imposing a control structure
on the application of the transformation rules in the previous sections,
that is, the transitions for unification and the transitions for search. The
state of the interpreter is completely described by a formula G without free
variables. The interpreter traverses this formula G from left to right until
it encounters an atomic formula F'. Depending on the structure of F, it
takes one of the following actions.

1. If F has the form M € IIz:A.B the transformation Gy is applied.

2. If F is of the form M € C for atomic and closed C, it applies G},
to the innermost quantifier Vz:A such that A is closed and M € C
is in its scope. On backtracking, further universal quantifiers are
considered (from the inside out). Finally the signature ¥ is scanned
from left to right, applying G%,,,, to declarations ¢y € A for closed

A. We backtrack when the entire signature has been scanned.

3. If F is an immediate implication, we apply rule Dy if it matches.
Finally we apply Datom if both atomic types begin with the same
family-level constant. Otherwise we backtrack over previous choices.

4. If F is an equality not in reduced form, we repeatedly apply unifi-
cation transformations to all of G until all equalities are in reduced
form or unification fails. In the latter case we backtrack.
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5. If F is T, an equality in reduced form (no transformation applies),
or M € C for open C, we pass over it, looking for the next atomic
formula in G (still searching from left to right). Thus, equalities
in reduced form are postponed as constraints which are reexamined
whenever unification transitions are applied. If we have scanned all
of G and none of cases 1 through 4 apply, the formula is in reduced
form and we “succeed”. In this case the problem of proving the
initial formula has been reduced to proving the current formula (in
the extended unification logic).

4 An extended example

We now illustrate EIf and its operation through an extended example. In
order to closely match the implementation and describe some of its features,
we use concrete syntax in these examples.

Elf concrete syntax

In the syntax, the level of kinds, families, and objects are not distinguished, .
but they can be determined by type reconstruction. We use ezpression to
refer to an entity which may be from any of the three levels. In the last
column we list the corresponding cases in the definition of LF in Section 1.

Ezpressions e u= |c|z a or ¢ or
| {z:e}e Oz:A.B or Iz:A.K
| [z:ele Az:AM or Az:A.B
|ee AM or MN
| type Type

le > ele <= ¢
| {z}e | [z]e | _|e:e
| Ce)

Signatures  sig u= emply|c : e. sig

Here ¢ stands for a constant at the level of families or objects. A -> B
and B <- A both stand for A — B. The later is reminiscent of Prolog’s
“backwards” implication and improves the readability of some EIf pro-
grams. Type reconstruction fills in the omitted types in quantifications
{z} and abstractions [z]. Omitted expressions (indicated by an under-
score _) will also be filled in by type or term reconstruction, though in
case of ambiguity a warning or error message results. Bound variables and
constants in EIf can be either uppercase or lowercase, but free variables in
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a clause or query must be in uppercase (an undeclared, unbound lowercase
identifier is flagged as an undeclared constant).

Because of the different roles of signature entries we sometimes refer to
the declaration of a constant of closed type as a clause, and a constant of
open type as a constructor.

Equality in the simply-typed A-calculus

‘We begin with a representation of the simply typed A-calculus (A™) in LF.
In this formulation, the types are “intrinsic” to the representation: we can
only represent well-typed terms. tp is the syntactic category of types of
A™. We include a single base type tp and the arrow type constructor to
form function types. Both families are open: they will only be instantiated
via unification, not through a search of the signature.

tp : type.
arrow : tp -> tp -> tp.
nat : tp.

The representation of a term of A~ is indexed by its type. The con-
structors of terms represent 0, successor, A-abstraction, and application.
In order to obtain the maximal benefits of the expressiveness of the meta-
language (LF), the variables of the object language A™ are represented as
variables in the metalanguage.

term : tp -> type.

P4 : term nat.
s : term (arrow nat nat).
lam : (term A -> term B) -> term (arrow A B).

app : term (arrow A B) -> term A -> term B.

Note the free variables A4 and B in the declaration for lam. In a pure LF
signature, one would have to specify

lam : MA:tp . NB:tp . (term(A) — term(B)) — term(arrow A B).

In EIf, the quantifiers on A and B are inferred, including the type of the
variables. The omitted quantifier also has another role: wherever lam is
encountered subsequently it is replaced by lam where _ stands for an
(LF) object or type to be reconstructed.

In this representation, the simply-typed term (Az:nat — nat.z)z is
encoded as the following term:

app nat nat (lam nat nat [x:term natl] x) =z.
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In concrete syntax this will be accepted and printed as
app (lam [x] x) z.

The next part of the signature defines B#n-equality between terms in
A™. Before showing it, we give the usual two-dimensional representation
of three of the inference rules which are discussed below.

B U]
(Az:A.-M) N =~ [N/z]M (Az:AMz)=~ M
M=aM
Az:AM =~ Az:A.M'

with the proviso that z is not free in M in the 7-rule. The equiv judgment
is declared as closed, since we hardly would want to accept free variables
ranging over equivalence proofs in an answer to a query. On the other hand
the signature below should never be used for search, as it very quickly gets
into infinite loops. In the implementation this is handled by allowing the
programmer to specify which signatures will be used in search. The concrete
syntax for these language features are likely to change in the near future
as the design of the module system for EIf matures, and thus not described
here.

equiv : term A -> term A -> type.

e_beta : equiv (app (lam M) N) M N).
e_eta : equiv (lam [x] (app M x)) M.

e_app : equiv (app M N) (app M’ N’)

<- equiv M M’ <- equiv N N’.
e_lam : equiv (lam M) (lam M?)

<- {x} equiv (M x) (M’ x).

e_refl : equiv M M.
e_sym : equiv M N <- equiv N M.
e_trans : equiv M N <- equiv M R <- equiv R N.

A number of common techniques are illustrated in this signature. The
formulation of the B-rule takes advantage of LF-level application in order
to represent substitution. The usual side-condition on 7-conversion is also
implicit: the quantifier on M (which we omitted) is on the outside. If we
tried to instantiate this quantifier with a term containing x free, substitution
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would actually rename the bound variable x in order to avoid a name clash.
The rule e_lam illustrates the way we descend into abstractions by using
the LF-level context.

This signature is never used for search, only for type-checking purposes.
One can easily see why: depth-first search using this signature, or any
other naive control structure will almost inevitably lead to non-termination.
Instead we take the approach of explicitly giving an algorithmic formulation
of equivalence in terms of a signature which can be used for search. The
soundness of the algorithmic formulation with respect to the definition can
then also be expressed in EIf (see later in this section).

An algorithmic formulation

The algorithmic version of equality requires three separate judgments: M
and N are equal at type A (the main judgment), M weakly head reduces
to N, and M and N have the same head and equal arguments. All three
judgments are declared to be closed.

. We begin with weak head reduction, whr. As an inference system, the
above might have been written as

M —whr M’
redex ; left
(Az:A.M)N — . [N/2]M MN —uw M'N

The Elf formulation is not much more verbose than the formulation through
inference rules. Moreover, it expresses and verifies directly that weak head
reduction relates terms of the same type! The possibility of statically veri-
fying this property during type reconstruction stems from the use of depen-
dent types in the declaration of whr: we explicitly state that both arguments
to whr have the same type & (in A™).

whr : term A -> term A -> type.

whr_redex : whr (app (lam M) N) (M N).
whr_left : whr (app M N) (app M’ N) <~ whr M M’

Next we introduce the main judgments, eq and eq’, which are mutu-
ally recursive. eq reduces equality at function types to equality at base
type by using extensionality, and eq’ checks whether two terms have the
same head and correspondingly eq arguments. The type argument to eq is
made explicit, since the program unifies against this type. This is only a
stylistic decision: if the explicit quantifier over A were omitted, we could,
for example, formulate the rule eq_base as eq (M:nat) N <~ eq’ M N.
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eq : {A:tp} term A4 -> term A -> type.
eq’ . term A" -> term A -> type.

eq_arrow : eq (arrow A B) M N
<~ ({x:term A} eq’ x x
-> eq B (app M x) (app N x)).

eq_base : eq nat M N <- eq’ M N.

eq_whrl : eq nat M N <~ whr M M’ <- eq nat M’ N.
eq_whrr . eq nat M N <- whr N N’ <- eq nat M N’.

eq’_z :eq’ z z.

eq’_s :eq’ 8 8.

eq’_app : eq’ (app M N) (app M’ N’)
<- eq’ MM’ <- eq _ N N’.

From the formulation of the inference rules for eq’ it may seem that
there is no case for variables. However, when a variable is added to the
context (in the right-hand side of the eq_arrow rule), we also add to the
context a proof that this variable is equal (eq’) to itself—another common
programming techmque in Elf.

The use of _ in the last clause indicates that the omitted type should
be inferrable from the context. We have no explicit name for the type here,
since it appears only in the synthesized and thus suppressed arguments to
eq’ and app. We could have easily created such a name through an explicit
type annotation, as in

eq’.app : eq’ (app M (N:term A)) (app M’ N’)
q .
<- eq’ M M’ <- eq A N N’.

To see the practical utility of implicit syntax and implicit quantification
as realized in Elf, consider the explicit version of the eq’ _app rule:

eq’_app : {A:tp} {N:term A} {N’:term A} {A’:tp}
{M:term (arrow A A’)} {M’:term (arrow A A’)}
eq A NN’ -> eq’ (arrow A A’) M W’
-> eq’ A’ (app A A’ M N) (app A A’ M’ N?).

In particular deductions where the 6 implicit arguments are shown are
completely unreadable.

Here is a sample query as given to the interactive top-level loop of EIf
which is modeled after Prolog.
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7- eq A (app (lam [x] x) s) M.

M<-s,
A <- arrow nat nat .

Query <- eq_arrow ([x:term nat] [p:eq’ x x] eq_whrl
(eq_base (eq’_app (eq_base p) eq’_s))
(whr_left whr_redex)) .

Here the substitution for A is determined during type reconstruction, the
substitutions for M and Query are constructed by search and unification.

Soundness of the algorithmic formulation

We would now like to show that the program for eq given above is sound
with respect to the definition of equiv—so far we have made no formal
connection. The most immediate one is to interpret whr, eq, and eq’ all as
establishing equivalence between two terms, and then show that the rules
for those judgments are derived rules. In an extension of EIf currently
under development this interpretation will be in the form of a functor (in
the terminology of the Standard ML module system). Here we simply show
the definitions as they might appear in the body of such a functor.

def whr = equiv.

def whr_redex = e_beta.
def whr_left P = e_app e_refl P.

def eq A
def eq’

equiv.
equiv.

def eq_arrow P = e_trans (e_trans e_eta (e_lam P))
(e_sym e_eta).

def eq_base P P.

def eq_whrl Q P = e_trans P Q.
def eq_whrr Q P = e_trans (e_sym Q) P.

def eq’_z = e_refl.
def eq’_s = e_refl.
def eq’_app Q P = e_app P Q.

The fact that these definitions are type-correct is enough to guarantee
the soundness of our algorithm for deciding equality for A~ since it allows
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us to interpret the “trace” (algorithmic deduction) of eq A M N as a proof
of equiv M N. Of course, such a direct interpretation will not always be
possible. This is because the LF type theory has no recursion operator, as
the addition of operators for recursion would render many encodings as not
adequate. In such cases the soundness of an operational formulation can
only be expressed as a relation. In our example, the following signature
relates algorithmic deductions to proofs of equivalence.

~treq : eq A MN -> equiv M N -> type.
treq’ : eq’ M N -> equiv M N -> type.
trwhr : whr M N -> equiv M N -> type.

tr_redex : trwhr whr_redex e_beta.
tr_redexl : trwhr (whr_left Tr) (e_app e_refl P)
<- trwhr Tr P.

tr_z : treq’ eq’_z e_refl.
tr_s : treq’ eq’_s e_refl.
" tr_app : treq’ (eq’_app Tr Tr’) (e_app P P’)
<- treq Tr P <- treq’ Tr’ P’.

tr_base : treq (eg_base Tr’) P <- treq’ Tr’ P.
tr_arrow : treq (eq_arrow F)
(e_trans (e_trans e_eta (e_lam P))
(e_sym e_eta))
<- {x} {tr’} treq’ tr’ e_refl
-> treq (F x tr’) (P x).

tr_whrl : treq (eq_whrl Tr Tr¥) (e_trans P Q)
<- treq Tr P <- trwhr TrW Q.

tr_whrr : treq (eq_whrr Tr Tr¥W) (e_trans (e_sym Q) P)
<- treq Tr P <- trwhr TrW Q.

Thus while the method of direct interpretation allows a form of compile-
time soundness proof through the type checker, the second method re-
quires that we explicitly transform a proof Tr of eq M N into a proof P of
equiv M N by calling treq Tr P. We are guaranteed that P is an equiva-
lence proof for M and N only when this translation succeeds.

Type reconstruction for Elf

The method of type reconstruction for EIf is different from what is used
in LEGO [26] or the implementation of the Calculus of Constructions at
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INRIA [16] in that (1) argument synthesis and type and term reconstruction
are completely decoupled, and:(2) there is no restriction on which types and
terms can be omitted in the input. We only sketch the algorithm here.

If a constant declaration has implicit quantifiers, these arguments are
assumed to be implicit and are inserted as underscores during parsing (see
the earlier example). In the second phase, the type reconstruction algorithm
performs unification as described in Section 2 augmented with straightfor-
ward transitions to deal with variables at the level of types. Underscores
are converted into logic variables during this phase, and their value may
depend on all bound variables it is in the scope of. At present, we do not
attempt to infer types for undeclared constants, though underscores may
be inserted in any place where a term or type would be legal.

Thus we presuppose no particular flow of information, except that the
analysis 1s done one constant declaration at a time. This avoids some un-
natural problems which sometimes arise in other systems. For example, in
many synthesis algorithms polymorphic constants with no arguments (such
as nil) or constructors with only implicit arguments (such as the inference
rule e_beta in the example above) must be supplied with arguments, even
though the context often determines unambiguously what these arguments

- should be. .

This algorithm has surprisingly good operational behavior: it is very
efficient, gives good error messages most of the time, and one rarely has
to disambiguate by giving additional information. If a type has been re-
constructed without any remaining constraints it is a principal type, since
unification as described by the transitions in Section 2 does not branch.
Moreover, type reconstruction will not fail if there is a valid typing, due
to the precompleteness of unification. However, in some, in practice rare
cases, constraints remain after type reconstruction. These may or may not
be satisfiable and the programmer will be advised to further annotate his
program.

EIf has no explicit way to specify that an argument should be synthe-
sized, or to explicitly override synthesis. In the case where the latter would
be necessary, one can use the general : operator to annotate arbitrary
subexpressions and achieve the same effect as the | annotation provides in
LEGO, though somewhat more verbosely.

5 Conclusion and future work

To summarize, we have presented the design and preliminary implementa-
tion of the logic programming language EIf based on the LF logical frame-
work. As in classical first-order logic programming, EIf proof search is
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sound, but not complete with respect to a given LF signature. Unlike Pro-
log, the interpreter constructs proof terms during the solution of a query,
and such proof terms can be used later. In this framework logic variables
and goals are identified, a distinction which is replaced by a similar dis-
tinction between open and closed families—a distinction made purely for
reasons of search control.

Dependent types and can be used as expressive constraints on logic vari-
ables. Moreover, dependent types can internally (through EIf type check-
ing) give correctness guarantees which are not possible in a system with
only simple types. EIf has been used to specify and write meta-programs
in the domains of theorem proving, type checking and inference, natural
semantics, program extraction and proof transformation. Some of these
are partially verified internally.

The primary deficiencies of EIf as it currently stands are the lack of a
module system (under development), the absence of notational definition
and polymorphism (both of which are actually provided in the implemen-
tation, but for which the theoretical consequences have not been fully in-
vestigated), and the inefficiency of the implementation on large problems.
We hope to address the latter through a number of improvements, such
as dependency analysis to avoid redundant unification, elimination of the
construction of proofs whenever it can be shown statically that they will be
discarded, and the compilation of signatures to take advantage of indexing
techniques and to optimize unification. In particular, the costly (general-
ized) occurs-check can be avoided in many cases without loss of soundness.

Finally, EIf lacks some control constructs such as cut (!), assert, var,
etc. that are familiar from logic programming, and occasionally this presents
some difficulties. Our basic design principle in extending the language has
to be to preserve the declarative reading of a signature at all costs, that
is, the operational behavior of a language extension will have to be sound
with respect to its declarative interpretation (though usually incomplete).
This is more or less forced, as Elf, unlike Prolog, will deliver proofs, not
just substitutions. On the other hand, we try to be circumspect and only
incorporate extensions which in some sense appear necessary. The addition
of I-types (strong sums) as first envisioned in [25] has not been necessary
as anticipated and has, for the moment at least, been abandoned.

It is possible, however, to include some search -control operators in EIf
programs without destroying the basic promise to deliver proofs for the
original query. An example of such an operator is once, where we define that
' M :once AT T+ M : A, though search for proofs of once A will behave
differently from search for proofs of A (operationally, by delivering only the
first proof M but deliver no more on backtracking). The theoretical and
practical properties of such extensions have not yet been fully investigated.
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Abstract

We show how Natural Deduction extended with two replacement
operators can provide a framework for defining programming languages,
a framework which is more expressive than the usual Operational Se-
mantics presentation in that it permits hypothetical premises. This
allows us to do without an explicit environment and store. Instead we
use the hypothetical premises to make assumptions about the values of
variables. We define the extended Natural Deduction logic using the
Edinburgh Logical Framework.

1 Introduction

The Edinburgh Logical Framework (ELF) provides a formalism for defin-
ing Natural Deduction style logics [5]. Natural Deduction is rather more
powerful than the notation which is commonly used to define programming
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languages in “inference-style” Operational Semantics, following Plotkin [12]
and others, for example Kahn [6] . So one may ask

“Can a Natural Deduction style be used with advantage to de-
fine programming languages?”.

We show here that, with a slight extension, it can, and hence that the ELF
can be used as a formal meta-language for defining programming languages.
However ELF employs the “judgements as types” paradigm and takes the
form of a typed lambda calculus with dependent types. We do not need all
this power here, and in this paper we present a slight extension of Natural
Deduction as a semantic notation for programming language definition.
This extension can itself be defined in ELF.

The inspiration for using a meta-logic for Natural Deduction proofs
comes from Martin-Lof. Our work benefited from that of Mason {8] who did
a proof system for Hoare logic in the ELF, encountering problems about
the treatment of program variables. In particular he adopted the non-
interference relation originally used by Reynolds [3]. The main feature
of Natural Deduction proofs, used in our semantics but not used in the
usual style of Operational Semantics, is that the premises of a rule may be
hypothetical: they may themselves be of the form “Q is derivable from P,
and ... and P,,”. We write a premise of this form thus

(Py,...,Pp)

Q

R
Using these techniques we are able to give an operational semantics which
dispenses with the traditional notions of environment and store. This makes
our semantic definitions and our proofs of evaluations appreciably simpler
than the traditional ones. Our proofs are the same shape as the tradi-
tional ones, but each formula is simpler; the environment and store do not
appear repeatedly in formulas as they do in the traditional system. We
exploit in fact the structural rules inherent in Natural Deduction. Instead
of environment and store we use the notions of expression with an attached
substitution and evaluation of an expression after a command (compare
Dynamic Logic). Instead of evaluating an expression M with respect to an
environment we consider its value given some assumptions about the values

$Kahn uses the term “Natural Semantics”, but this is different from “Natural De-
duction style semantics” in our sense.
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of the variables which occur in it. We discuss also an alternative approach
in which commands evaluate to “partial stores”.

The main technical difficulty is to define the necessary substitution op-
erations; these play a crucial roles in our semantics. For instance we need
to define substitutions of values for identifiers in expressions, declarations
and commands. This is not a textual substitution; it depends on the bind-
ing operators in the language being defined. For example the meaning of
[m/z)M (substitute value m for identifier z in expression M of the pro-
gramming language) is that when we come to evaluate M we assume the
value of z to be m and ignore any previous assumptions about the value of
z. To express this we use the hypothetical premises of Natural Deduction,
with side conditions to ensure that we have a fresh variable. However we
are not able to express substitution purely in a Natural Deduction logic.
The difficulty can be reduced to substituting a (new) identifier for an (old)
one. Thus we have to add a primitive operator for identifier replacement,
just textual replacement, which we call a. (It is named from o conversion
in lambda calculus.) We define this with a special rule schema. We also
need an “dual” to a which we call a.

In using an editor or a programming language you probably learn from
a “Users’ Manual” and then, having got some experience, look up the fine
points in a “Reference Manual”. For our style of doing operational se-
mantics the “Reference Manual” is a formal description in ELF. We try
to provide also a less formal “Users’ Manual” which describes the form of
the semantic rules and the criteria for proofs utilizing a particular notation
called alpha notation. Alpha notation will be described with about the
degree of precision with which the rules of predicate logic might be defined
in a text book. As usual we will give the Users’ Manual first, asking the
reader to suspend critical judgement while getting an intuitive feel for the
style of semantics we propose.

We proceed in four steps.

e We define alpha notation: Natural Deduction extended with opera-
tors « and a to replace variables.

e We use this notation to define the notion of an Evaluation System,
by introducing evaluation predicates, =, and substitution operators,
[ / ], obeying suitable rules.

e We use an evaluation system to define the semantic rules for a sam-
ple programming language which features lambda expressions, com-
mands, exceptions, declarations, procedures and expressions with side
effects.
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e We give a formal definition of an Evaluation System in the Edinburgh
Logical Framework.

In this last step we show the connection of our approach with the ELF
treatment of logical languages. First we give a literal encoding of evalua-
tion systems in ELF. We thus show how to put alpha notation on a firm
foundation by explaining it in terms of higher order constructions. Finally

we give an alternative encoding which does not mention alpha notation at
all.

Comparison with the Edinburgh Logical Framework

Our original aim was to use the ELF as a definition medium for Program-
ming Languages. We achieve this in the last step above. Our semantic rules
can be written in ELF notation by mere transliteration. However the rules
do not use all the power of the ELF except in defining the substitution op-
erations. It seemed to us better to present Evaluation systems as a simpler
framework for semantics. These do not need a higher order description of
syntax and do not introduce involved judgements which use the dependent
types structure of ELF. Instead they makes use of the primitive operators
« and g. The semantic rules do not even mention « or @, once we have
defined the appropriate substitution rules. In short:

ELF approach: If you understand lambda calculus with depen-
dent types you can define many logics formally.

Evaluation systems approach: If you understand Natural De-
duction with variable replacement you can define many pro-
gramming languages formally.

In using evaluation systems we lose the ELF advantage of a built-in
type checker for dependent types, so that we have to write a separate static
semantics (not treated in this paper). Even in ELF we may have to write

a static semantics, for example to handle phenomena such as the polymor-
phism in ML.

How this paper evolved

This work started while Furio Honsell was at Edinburgh University. An
early version of this paper appeared as an invited paper in Proc. 8th Conf.
on Foundations of Software Technology held in Pune (India) 1988 [1} and
as an LFCS Report [2]. This is a revised and expanded version with some
corrections. The main changes with respect to the earlier versions are (i)
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the rules for applying a closure or a primitive; (ii) the example proofs; (iii)
removal of explicit equality in alpha notation; (iv) the rule of substitution
uses g; (v) recursive function definition; (vi) rules for complex declarations;
(vii) alternative rules for commands; (viii) expressions with side-effects; (ix)
a concise ELF encoding which does not use «a s nor g s.

Since this first version of this paper appeared a lot of work has been
carried out in the direction of representing operational semantics in a Log-
ical Framework. In particular Hannan and Miller [9] discussed operational
semantics for a purely functional language in A-Prolog utilizing full-blown
higher order syntax. C.-E. Ore [11] discussed a more efficient but perhaps
less uniform encoding of our notion of Evaluation System in ELF and ar-
gued against the possibility of using Natural Deduction in reasoning about
heaps.
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2 Definition of a framework for operational semantics

Alpha notation is about syntactic entities, namely identifiers and expres-
sions. As we pointed out in the introduction, the main reason for intro-
ducing it is that of simplifying our framework. In particular using alpha
notation we succeed in doing without a higher order representation of syn-
tax and complex judgement constructions.

Alpha notation

Let ¥ be a first order signature with two sorts, Id (identifiers) and Ezpr
(expressions), some predicates P and some function symbols F', which in-
clude two distinguished function symbols o, a: Id x Id x Exzpr — Ezpr; «
denotes replacement of all occurrences of an identifier in a term by another
identifier, whilst o 1s “dual” to it.

We define Terms and (atomic) Formulas over the signature and variables
as usual. Rules are defined as in Natural Deduction.
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Alpha notation over a signature ¥ with sorts Id and Ezpr uses the
distinguished function symbols a and g . These are subject to a set of
rules R U R which we now define.

An element of R is a well formed instance of the following schema:

C[J]
Clajil)

where C[ ] is any context (formula with a hole) and where J is the term
obtained from the term I by replacing all occurrences of identifier i with j.
Thus to prove a;/;(z + k) < 3 we have to prove j + k < 3.
An element of R is a well formed instance of the following schema:

ClJ]
Cla;/i1]

where C[ ]is any context (formula with a hole) and where I is the term
obtained from the term J by replacing all occurrences of identifier j with
i.

Thus if we have proved i+ j < 3 we may conclude a;/;(i + %) < 3. (We
may reach the same conclusion fromi+i<3orj+i<3orj+j<3)
The reader may like to think of Qj/; as dual to ay/;.

A proof in alpha notation is a natural deduction proof [14]. In explaining
the set of rules R U R. we appealed to the intuitive understanding of the
phrase “replacing all occurrences of identifier j with 7”. In the appendix
we will give a formal account of the notion of a proof in alpha notation in
the Edinburgh Logical Framework. The main step will be to reflect in the
system the notion of syntactic identity so as to make it possible to reason
formally about what we use informally at this stage.

More generally a “many sorted alpha notation” has sorts Id,, ..., Id,_
and Ezpr, ,..., Ezpr, , function symbols, oy, a,,: Id, x Idy X Ezpr, — Ezpr,
and corresponding sets of rules.

FEvaluation systems—1

We now use alpha notation to define evaluation systems. We consider
first the case with two sorts Id (identifiers) and Expr (expressions). An
evaluation system in alpha notation is a formal system which contains, in
addition to the function symbols and the rules of alpha notation, at least two
distinguished predicates, a distinguished function and certain rules which
these obey. An evaluation system will contain also functions, predicates
and rules specific to the object language it defines.
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The distinguished predicates correspond to the notions of evaluation
and value denoted = over Ezpr x Ezpr (written infix) and Value over
Ezpr respectively.

The distinguished functions are ezpr (to convert Id to Ezpr) and sub-
stitution; denoted ezpr : Id — Ezprand [ / ): Ezpr x Id x Ezpr — Ezpr
respectively.

For ease of reading we will usually omit the conversion function ezpr
hereafter, treating Id as a subsort of Ezpr.

We use the following symbols (possibly primed): z, y, z for identifiers;
M, N, m, n, p for expressions. ‘

There are two rules. The first rule is

(' =2 n)

valuen oy M = agm

/zIM = m z’ is a new variable

By “z’ is a new variable” we mean that it does not occur in n, z, M and
m nor does it occur in any assumption except those of the form z’' = n;
such assumptions are discharged by an application of this rule.

This rule is really no more complex than the usual rule for, say, ex-
istential elimination. The reason for this simplicity is our appeal to the
intuitive understanding of the alpha operators. The ELF encoding of this
rule, that we will give in the appendix, will be much more convoluted. In
establishing the minor premise, three more assumptions will be allowed, all
of which will be discharged by an application of the rule itself. The reason
for this is due to the fact that, =’ is a new variable, has to be reflected in
the system itself in order to apply the formal versions of the rules governing
the alpha operators. We will give also an encoding of evaluation systems
with no formal counterpart for the alpha operators. The encoding of the
substitution rule will then be even more complex. Hence there is a case for
alpha operators even in the ELF encoding. They factorize a complex rule
into more elementary ones.

The second rule is :-

value n
n=>n

The rule for substitution is the key definition. It encapsulates the way
we handle object language variables. One of the virtues of the Natural
Deduction framework used in evaluation systems is that it provides unifor-
mity in handling scopes of variables, avoiding side conditions on rules. This
is important in practice because handling variables is a traditional pitfall
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in defining logics or programming languages. Our approach is to define
substitution in terms of evaluation.
A naive version of the substitution rule might have been:-

(z=>n)

valuen M =m
[n/z]M =>m

but the evaluation of M in the hypothetical premise could make use not
only of £ = n, but also of any other statement about the value of z in
the context in which the rule is used; we might be evaluating [n/z]M in a
context in which z = n’ and this should not affect the value. Thus we need
to introduce a new variable z’ local to the hypothetical premise. We have
to replace £ by z’ in M in the right subproof. Just in case the resulting
value m in the subproof contains an z’ we have to replace the z’ by an z
(This will occur in our example language only for closures).

We will mostly use infix syntax for expressions, e.g. “let z = M in N”
for “let(z, M, N)’. When we introduce a syntax for a particular object
language in what follows this is to be understood as syntactic sugar.

Ezample proof
We now give a proof using alpha notation with the substitution rule above,
constants 1,2,3, an operation + and three extra rules
M=1 N=2
M+N=3 value 1 value 2
We will show that [1/z][2/y]z +y = 3.

[z’ =1y [y = 2o
4y =3
value 2 oy’ +y=>ayy,3
[2/y)z' +y=3

value 1 Qo 2/Ylz +y = 2,3 ) 2
[1/2]12/y]e +y =3

The square brackets enclose hypotheses which are discharged at the level

indicated by the subscript. The scope of a variable is shown by writing it
at the end of the line below the scope.

We could write this proof more briefly omitting the applications of the

« and o rules. We may think of the a expression brought in by the substi-
tution rule being immediately reduced. A proof editor could do this step

(2) ¢
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automatically. We recommend this style of proof display. Introducing «
and a is a technical device for making the machinery of substitution ex-
plicit. They do not appear in the semantic rules once we have defined
substitution, and they can well be omitted from the proofs.

[z = 1o [V = 2
value 2 ' +y =3
value 1 2/y]e'+y=>3
[/=2/olz +v= 3

2y
1)z

Evaluation systems — 2, The mullisorted case

So far we have treated the case with one sort Id and one sort Ezpr, in a
many sorted case these would be indexed families Id, and Ezpr,. We may
define an evaluation system over a multi-sorted alpha notation with sorts
Id, and Ezpr, and possibly with more than one evaluation predicate, value
predicate and substitution function. Thus we have

a,'j,g,-j:ld,' x Id; x E:cprj — E:cprj
ezpry,: Id; — Ezpr,

predicates = over Ezpry X Ezpry, value; over Ezpr, and
[ / likm: Ezpry x Id; x Ezpr,, — Ezpr,,.

Corresponding to each substitution function an appropriate substitution
rule schema is added, or even several rule schemas corresponding to dif-
ferent evaluation predicates. These schemas will always be of a similar
pattern, often just polymorphic variants of the single-sorted case. We will
not give a precise definition of these schemata here. Examples of multi
sorted evaluation systems with more than one substitution operation and
evaluation predicate will be found in the semantics for local variables in
commands and for complex declarations.

Conventions for syniaz

Here are some conventions which will be used in the rest of the paper.
We will mostly use infix syntax for expressions, e.g. “let z = M in N”
for “let(z, M,N)’. When we introduce a syntax for a particular object
language in what follows this is to be understood as syntactic sugar.
To extend the evaluation system signature (Id, Ezpr, =, value,[ | ])
we will use the usual conventions of syntax. These allow us to introduce
function symbols together with the infix notation for them. We will use the
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names allocated to schematic variables for the syntax classes. For example
using z, y, z for identifiers; M, N, m, n, p for expressions. The syntax
definition

M :=K|let z=M in N |lambda z.M

introduces the new function symbols K: Ezpr, let: Id x Ezprx Ezpr — Ezpr
and lambda: Id x Ezpr — Ezpr.

3 Example semantics

A basic functional language

In this section we will give the semantics for a simple functional language
as a signature and a set of rules of an evaluation system.

Signature We use the signature with sorts Id and Ezpr. We use the
following symbols (possibly primed): z, y, z for identifiers; M, N, m, n, p,
f, k for expressions and

M :=0]|succ|plus|Y |...| MN|let z=M in N |
lambda z.M | m.n

To be explicit, MN means apply(M,N). We explain m.n below.

We need a new unary predicate over expressions closed M— (infor-
mally) M has no free variables. When closed M appears in a correct proof
there might occur free variables in the ordinary sense in M. But then,
hypotheses of the form closed  for any such variable £ must also appear in
the proof. The evaluation of a let and the application of a lambda expres-
sion (assuming call by value) are formulated in terms of our substitution
operation.

Since our language allows a lambda expression to appear as the result
of evaluating an expression, we must ensure that it carries with it enough
information about the-values of its free variables to enable it to be applied
in any context, so we use Landin’s notion of “closure” (Landin [7]). Our
Natural Deduction technique really corresponds to stack discipline and we
cannot expect it to handle function values without some further device. We
do not have an explicit environment, instead we give rules which succes-
sively bind the variables appearing in the body until the body is “closed”.
We have to define closed, essentially by induction on the syntax. This
means that for each syntactic constructor (let , lambda and so on) we
need not only a rule for = but also a rule for closed. The predicate closed
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conveys the binding nature of the operators; it really belongs to the static
semantics.

We have to give rules for the application of closures and primitive func-
tions to argument values. For this we introduce a new syntactic construct
“m.n” for such applications with appropriate rules. These rules allow us to
take a closure to pieces and apply its body in the correct context .

An illustrative proof follows the rules.

Evaluation rules

N=n [n/zIM =>m
letz=NinM=>m

M=>m N=>n ma=p
MN=>p

value n [p/y](fn) =>m
([p/y)f)-n = m

valuen [n/z]M = m
(lambda z.M)n =>m

Example of “delta rules” for primitive functions :-

value 0
value m
value n succ.n = succ.n
value m
value plus plus.m = plus.m
value n (plus.m).n = p
(plus.0).n = n (plus.(suce.m)).n = succ.p
value Y
value f (f.(Y.f))m=>n

Yf=2Yf Y.fym=>n
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Rules for evaluating lambda expressions to closures :-

(closed z)

closed M
lambda z.M = (lambda z.M)

(closed y)

y = p lambda z.M = m
lambda z.M = [p/y]m

The reader might like to compare these with the usual treatment using an
explicit environment, p. For example :

pFr N=>n phn/zl- M=>m
prletz=Nin M =>m

pFrM=>m pFN=>n mn=>p
pFMN=p

In the latter rule the environment is not used; it is simply passed down.
This is implicit in our Natural Deduction formulation. We only mention the
environment when it is used and therefore succeed in eliminating various
redundancies.

Rules for closed

(closed z)

closed n closed M
closed([n/z)M)

closed 0
and similarly for the other constants.

closed M closed N
closed(MN)
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closed m closed n

closed(m.n)

(closed z)

closed N close‘d M
closed(let z = N in M)

(closed z)

closed M
closed(lambda z.M)

Rule for value

M=>m

value m

Example of evaluation As an example of proofs using these rules we
evaluate (let y = 2 in lambda z.z + y)1. We use two Lemmas, A and B,
to simplify the layout. They are proved below. We will omit the proofs of
such exciting facts as “value 1” and “1 42 = 3”, and we use A for lambda
to save space.

[v'= 2]g1)
A

value2 Az.z +y =[2/y](Az.c + ') (1)
222 2/y)(Azz+y)=>[2/y)(Az.z +y) B
let y=2in Az.z+y=>[2/y)(Az.z+y) 1=>1 (2/y]Ac.z+y).1=>3
(let y=21in Az.z +y)1=>3

Lemma A Show that if y' = 2 then (Az.z + y') = [2/y'](Az.z + ¥').

[closed (y')](a) [closed(z)]s)
closed (z + ')
Yy =2 Azz+y = Azz+y
Azz+y = [2/y](Az.z +y')

—_~
OXC)
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Lemma B Show ([2/y]Az.z + y).1 = 3.
[z’ = 1) [y = 2y
value 1 ' +y
value 2 Azz+y)1=>3
value 1 2/v)(Azx +y).1) =>3
(2/ylAzz+y)1=>3

Complex Declarations

This is the first example which necessitates multisorted alpha notation and
multisorted evaluation systems. We now consider allowing let to be fol-
lowed by a complex declaration, formed with “and” (parallel declarations)
and “;” (sequential declarations). Such declarations will form a new syntax
class and will need to have as values just the environments which we have
otherwise succeeded in eliminating. This seems unavoidable for languages,
such as Standard ML, which permit such a declaration feature. However
these “environments” only appear as values (declaration values) and then
consist only of the sublist of variables which are mentioned in the declara-
tion.

Signature We extend the previous signature as follows. We introduce a
new Ezprlike sort Declaration with a new evaluation predicate =>4, a new
closure predicate closed; and a new substitution function

[ / la: Ezprx Id x Declarations — Declarations.

Since we use multisorted alpha notation we also have the functions
aq,ay4:Id x Id x Declarations — Declarations.

We use the following symbols: R, S, r, s, t for declarations;
R:=z=M|Rand S|R;S|{r}S|r@s

We generalise the syntax class Ezpr, introducing a new let and { }:
M:=let Rin N | {r}M

The intended meaning of {r}S is the declaration obtained from S by re-
placing the variables occurring in r with their corresponding values in r.
Thus {r}S is a generalisation of [n/z]S to multiple substitution. Similarly
for {r}M.

Finally we introduce the new rules for =,=>4,closed and closeds. It
is worth while remarking that by having introduced declarations as an
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Ezpr-like sort we do not have to explain how to evaluate expressions of the
form [n/z]S =4 s, since the rule for this new sort of substitution follows
from our earlier conventions. We will give it anyway, although it is just a

polymorphic variant of the one we discussed for expressions, for the benefit
of the reader.

We want a rule for substituting expressions for identifiers in declarations.
The rule is

(z' = n)

value n  0giypS =a QpiyyS

z' is a new variable
[n/z)aS =>4 s

provided that ' is a new variable, that is it does not occur in any assump-
tion except the ones on the top line nor in s, £, S, N and n. We will omit
subscripts to predicates in the two following lists of rules.

Evaluation rules
M=m
z=M=>m/z

R=2r S=>s
Rand S = r@s

R=r {r}S=s
R;S = r@s

[n/z]S = s

{n/z}S = s

{r}{t}5) = s
{r@}S=s

[n/z]M = m
{n/z}M = m
R=ar {r}M=>m
lete Rin M =>m

{r}({s}M) = m
{r@s}M = m
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Rules for closed (This is just a selection)

closed([n/z]M)
closed({n/z} M)

R=r closed({r} M)
closed(let Rin M)

closed({r}({s}M))
closed({r and s} M)

An assignment language

We will now discuss the operational semantics of a language with imperative
features. We will give two alternative signatures, both extending the one
defined in the previous section, with a new kind of expressions [C]M, the
intended meaning of this being “evaluate M after doing the command C”.
In the first signature we will introduce a new Ezprlike sort Command.
These commands do not have a value of their own and their effect appears
only in relation to an expression. The second signature is more denotational
in nature. It is suggested by the natural remark that there is no conceptual
difference between a command and a complex declaration, both denote
transformations of an environment. In this case we merely extend the class
of declarations. This allows commands to have an explicit value. We will
only sketch this signature. '

Future concrete experiments may suggest comparative advantages and
disadvantages of these two signatures.

A first signature We extend the previous signature as follows. We in-
troduce a new Ezpr-like sort Command. We do not need to introduce a
new substitution function right now. We use the following symbols: C, D
for commands;

Cu=z:=M|C;D|if M do C | while M do C

We extend the syntax class M to be M ::= [C]M. As remarked earlier,
the intended meaning of this new kind of expression is “evaluate M after
doing the command C”. For example if z # y then [z := 1;y := 2]z + y
evaluates to 3. These expressions have no side effect. The use of [ ] for com-
mands should not be confused with the notation for substitution. However
there is a suggestive analogy. We introduce a new predicate over Com-
mand, closed comm(C), which we will write simply as closed(C). Finally
we introduce the new rules for = and closed. As usual we omit subscripts.
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Evaluation rules
M=>m [m/z]N=>n
[z:=M]N=>n

[CY[DIM) = m
[C;DIM = m

N = true [CIM =>m
(if N do CIM = m

N = false M =>m
(if Ndo CIM =>m

[if N do (C;while N do C)]M =>m
[while N do CIM = m

Rules for closed
closed C closed M
closed [C]M

closed M
closed(z :== M)

closed C closed D
closed(C; D)

closed N closed C
closed(if N do C)

closed N closed C
closed(while N do C)

An alternative signature We do not extend the signature with a new
Ezprlike sort Command as we did before. We extend instead the Ezxpr-like
sort Declarations. We use the following symbols: S, R, C, D for complex
declarations; and

Su=z:=M|C;D|if M do C|while M do C|[ ]

The intended meaning of [ ] is the empty declaration. We extend the
syntax class M to M == [C]M.
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Evaluation rules

C=>s {s}M=>m
[CIM = m

M=>m
[ IM=>m

M= true C=>s
fMdoC=s

M = false
fMdoC=][]

if N do (C;while N do C)=s
while Ndo C=s

Ezpressions with side effects

How can we extend the system to deal with expressions which may have
side effects? Here are some tentative thoughts. In the above C had a side
effect but with the given semantics for the functional language [C]M had no
side effects. Now let us change the semantics of the functional language to
allow expressions, M, to have side effects. To accomplish this we adopt the
following device: write [M]N to mean the value of N after evaluating the
expression M. Now for example [M + N]P has the same value as [M]([N]P)
and M+ N = pif M = m and [M]N = nand m+n = p.

The revised semantic rules might be as follows. We do not give them
all; just enough to illustrate the idea.

N=n
zZIN=>n
N=n
[OJN = n
and similarly for the other constants.

N=n
lambda z.M]N = n

The rule for evaluating an application becomes
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M=>m [MI[N=>n mn=p
MN =p

P=p .
m (m.n has no side effect)
CiIMIN) = n

[[CIMIN = n

Ezceplions

To handle exceptions we introduce a new basic syntax class e— exception
names and a new ternary judgement, “_ = _! 7. M = e!lm — evaluating
M produces an exception e with value m. The exception is raised by “raise”
and the value m is caught by a “handle” clause (we follow the notation of

Standard ML). The extension to the syntax is
M :=raise e M | M handle ez in N

The handle expression is the same as M if M evaluates normally or evalu-
ates to an exception other than e; but if M evaluates to exception e with
value m then the result is found by evaluating N with z bound to m.

Example:’
raise help 999 = 1t help 1999
1 handle kelp z in z timesl0 = 1
(14 (raise help 999)) h andle help z in z x 10 => 9990

We need rules for raise and handle. We must also add rules to cope
with the exception cases of application, let and other constructions above;
we just give the rules for application as the others follow a similar pat-
tern. We get a lot more rules, but the normal (non-exception) rules are
unchanged. This makes it easier to understand the semantics; you can
study the normal rules first. We do not discuss exception declarations but
only global exceptions: handle does not bind exception names. Subscripts
are omitted.

Y The italian reader can get an example with the same connotation by replacing the
string 999 with 113 throughout the example
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M=m
raise e M = elm

M = elm
MN = elm

M=>m N=>n mn=>elp
MN = elp

M=>m N=e¢n
MN = eln

M=>m
M handleezin N=m

M =elm [m/z]N =n
M handle ezxin N = n

M =elm [m/z]N = ¢'ln
M handle ez in N = ¢'In

M=em
M handle ¢’z in N = elm

Since we have two different judgements for normal and exceptional eval-
uation, we have to duplicate some of the rules, even if these are concep-
tually very close. We have to keep in our signature e.g. both the second
rule for application above and the corresponding normal evaluation rule,
and both the first and last rule for handle above. The use of subsorts
in the meta language would enable a more economical treatment here; we
would then have subsorts of normal and exceptional values instead of two
judgements, compare [4]. We lose the advantage that normal values can be
treated without mentioning exceptions. The Standard ML semantics [10]
is slightly informally presented but seems to implicitly use subsorts.

Recursive function definitions

Amongst the primitive operations defined above was Y, the fixed point
operator. This gives us the ability to define recursive functions by applying
Y to a functional. However we can define recursive definitions more directly
by a “letrec” construction. This has an unwinding rule rather like the one
for while , but a little more subtle. The new syntax, using f for function
identifiers, is:
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M :=letrec f(z)=Min N
The rules are
let f = (lambda z.{letrec f(z)=Nin M)in M =p
letrec f(z)=Nin M =p

(closed f closed z) (closed f)

clos;:d N closed M
closed(letrec f(z) = N in M)

Mysterious? Let us try an example. We will do it upside down.
letrec f(z) = (if z = 0 then O else f(z — 1)+ 1) in f(1) =7
let f =lambda z.(letrec f(z) = (if z = 0 then O else f(z—1)+1) in
(if z =0 then 0 else f(z —~1)+1)in f(1) =7
[1/z]letrec f(z) = (if £ =0 then 0 else f(z — 1)+ 1) in
(if z = 0 then 0 else f(z — 1)+ 1)(z) =7
letrec f(z) = (if £ = 0 then O else f(z — 1)+ 1) in
(if z = 0 then 0 else f(z — 1) +1)(1) =7

Local declarations and procedures with parameters

In this example we illustrate the semantics of a language with local variables
in commands and with procedure declaration facilities. More precisely we
discuss procedures with one parameter, passed by value, and possibly with
local variables. We do not consider kinds of parameters other than value
ones nor procedures as parameters. We do not address the issue of recursive
procedures here. Also this example uses multisorted alpha notation. It
is perhaps the most involved example so far. We need to introduce the
new substitution function corresponding to the syntax class Command and
hence the appropriate rule to manipulate it.

Signature We extend the signature of the assignment language as fol-
lows. We introduce a new substitution function, which enables us to take
care of local variables, [ / 1co,mm: Ezprx Idx Command — Ezpr. Corre-
spondingly we add the appropriate substitution rule (dropping subscripts).

(z' = m)

value n [0/ ;CIN = @p)on
{[m/z]C]N = n

z' Is a new variable
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provided that z’ is a new variable, that is it does not occur in any assump-
tion except the ones on the top line nor in m, z, C, N and n. We have in
the background the function ay: Id x Id X Command — Command .

We introduce a new Ezprlike sort Procedures and an Id-like sort
Procedure_names, with a corresponding evaluation predicate =>proc. We
use the following symbols: @, h for Procedures; P for Procedure_names.

P:=PF|...|P
Q ::=lambda z.C

We generalise the syntax class Command to
C :=Dbegin new £ = M in D end |proc P(z) =Cin D | P(M)

In giving the rules we will omit subscripts.

The mechanism for procedure call is given by [P/h]p,,.C , where we
use a new substitution function [ / ] pp,.: Proc x Id x Command — Ezpr
for substituting procedures for procedure identifiers in commands. We omit
the rule to which it obeys since it is similar to the one for [m/z]C. Finally
we introduce the new rules for = and closed . As usual we drop subscripts.

We do not introduce procedure closures which package up the values of
the free variables in the procedure body. In fact, procedure values are never
passed outside the context in which they are created, as happens for lambda
expression values. However if a procedure application P(e), occurs inside a
lambda expression, when the corresponding closure is passed around P(e)
might be evaluated in an environment which has a different definition of
P. So we ban such occurrences; to permit them we could presumably allow
bindings for procedure variables in the closures of lambda expressions (an
exercise for the reader).

Evaluation rules

M=m [m/z]CIN=>n
[begin new z =M;Cend [N =>n

[lambda z.C/P]D|N = n
[proc P(z) =Cin D|N = n

P=)lambda z.C M =>m [[m/z]C]N =>n
[P(M)IN =>n
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Rules for closed
(closedz)

closed n  closed C

closed([n/z]C)

(closedzx)

closed M closed C
closed(begin new z = M;C end )

closed [[lambda z.C/P]D)]
closed [proc P(z) = C in D]

closed M closed N
closed [P(M)IN

(closedz)

close'd(C) closed([D]N)
closed([[lambda z.C/P]D]N)

An alternative Signature Again we can explain local variables in com-
mands and hence procedures by reducing them to complex declarations.
First we introduce procedures and procedure names as before. Then we
extend the syntax class of complex declarations as follows:

S :=begin new z=M in Rend |proc P(z)=Rin S
and add the rules

M=>m m/zS=s
begin new z = M;Send =

lambda z.5/P]D = n
proc P(z)=Sin D =n

P—=>lambda z.S M =>m m/zS=>s
P(M)=s

In this case we have just to introduce the substitution rule for procedures.
Again it is a polymorphic variant of the one for declarations



208 Operational semantics in a natural deduction setting

4 Defining evaluation systems in the Edinburgh Logical
Framework

In this section we outline two alternative definitions of an Evaluation Sys-
tem with a minimal signature in the Edinburgh Logical Framework. This
is a signature which has two sorts Id and Fzpr, three function symbols o,
a:ld - Id — Ezpr — Ezpr,and [ / }: Exzpr — Id — Ezpr — Ezpr
and two predicates value over Ezpr and = over Ezpr x Ezpr. The first
encoding introduces explicit formal counterparts for the operators «, o of
alpha notation and therefore counts also as a rigorous explanation of such a
notation. The second encoding does not have formal counterparts for , a.
Hence it illustrates how evaluation systems can be used without the need
of alpha notation if one is willing to work with the full higher order power
of ELF.

The first ELF signature for the minimal Evaluation System In
order to encode in ELF such an Evaluation System we proceed as follows.
First of all we introduce an ELF type corresponding to the collection of
sorts and a type constructor, Term, defined on sorts.

Sorts : Type
Term : Sorts — Type

Then we introduce constants corresponding to Id and Ezpr and two
new constants. The first D, is intended to denote the higher order sort
constructor (written as an infix and bracketed to the right), while the second
is intended to denote syntactic application.

Id : Sorts

Ezp r: Sorts

D: Sorts — Sorts — Sorts

app:11, 1: Sorts. Term (s D t) — Term (s) — Term (t)

Corresponding to a function in the signature we declare a constant of
type Term(s) for the appropriate s, that is

a,a: Term (Id D it Id D Ezpr O Ezpr)

ezpr : Term (Id D Ezpr)
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[ / ]: Term (EzprD Id D Ezpr D Ezpr)

Corresponding to the class of formulae in the system we introduce an ELF
type Form : Type . Corresponding to a predicate in the signature we in-
troduce a functional constant with domain Term(s) for appropriate sorts
s, that is

value : Term (Ezpr) — Form
and
=>: Term (Ezpr) — Term (Ezpr) — Form.

Finally we introduce a judgement forming operator, asserting the truth
of formulae in the evaluation system

True : Form — Type .

We now encode the rules for the replacement operators « and @. This is
the most elaborate part. We have to introduce in the ELF signature a num-
ber of new predicates, new constants, new formula forming operators, and
new rules governing the provability of these new formulae. More precisely
we define

€:1,: Sorts. Term(Id) — Term(s) — Type
¢:11,: Sorts. Term(Id) — Term(s) — Type.

The judgement ¢ € M says that the identifier z occurs in M, while
z ¢ M says that it does not occur. To translate the rules of Alpha notation
we introduce constants of the types which follow. (For ease of reading we
will write rules using a somewhat more suggestive notation than the ELF
Il and —. We will use the notation 7s instead of Term(s) and subscript
arguments which are sorts to other functions).

TE, M

—————— 5,t:Sorts z:7ld M:1ts N:rs Dt
z € app,NM

z €DIN

———— s, t:Sorts z:7Id M:7s N:1s Dt
z € app,NM

cg, M zd,5 N
z & app,  NM

s,t:So'rts z:7ld M:7s N:7s Dt

z:71d
zTECT
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yérd=

,y:7ld
X3

z:7ld

T ¢Id3EzpDEzpDEzpr[ /]

z:7Id
Z € [d> Ezpr €2PT

z: 71d (and similarly for a)
z ¢Id:)1d:)Ezpr:)Ezpr a

When we come to add identifier constants to the signature, for each pair
of distinct constants, £,j in Term(Id), we will need a rule,

€143

We are now ready to illustrate how to encode the set of rules about the
« and g operators in ELF. We introduce constants of the following ELF

types.
z ¢Ezpr F(y) True(G(F(y)))
True(G(oy - F(x)))

V€ popr F(2) True(G(F(1)))
True(Glay /. F(2)))

In both rules F: rld — 7Ezpr, G: rEzpr — Form , and z, y: 71d. In the last
rule we have omitted app before o and o for ease of reading. _

The translations of the first rule specific to evaluation systems in ELF
is straightforward:

True(value (n))

:7E
True(n = n) T

The encoding of the substitution rule is instead quite a delicate matter.
One has to reflect in the system the fact that the variable local to the minor
premise is indeed different from any other variable in the system. This can
be achieved using the higher order nature of ELF by allowing to establish
the minor premise assuming appropriate rules which are then discharged by
an application of the substitution rule itself. This is an interesting example
of a second order rule, i.e. a rule with hypothetical rule assumptions. We
omit the Id and Ezpr subscripts on €; they are Id except before M or m.
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wWEZT weM wem
True(z'=>n) w¢z — witld —— wiz —— witld —— ¢z wl'rId
True(value(n)) True(cy jo M = azijzm) ‘ ;;d 1
True([z/n]M = m) ::r;,n:':ld

In the last rule for ease of reading we have omitted ezpr, also app before
a,aand [ / ]. As one can see now, the main benefit of using directly
alpha notation is that in the informal substitution rule the higher order
syntactic notions M, m:7Id — Ezpr and the hypothetical rules premises do
not appear.

This ELF signature can be easily extended to the case of multi-sorted
Evaluation systems. Care has to be taken only in encoding hypothetical
premises in the informal rules (e.g. substitution rules or rules for closed).
One has to introduce hypothetical rule premises analogous to the ones in
the rule above.

Another ELF signature for the minimal Evaluation System This
signature is much the same as the one we defined above. We have all the
constants we had in the previous signature but the ones which involve a a.
In particular we have:

Sorts :  Type

Term : Sorts — Type

Form : Type

True : Form — Type
Id : Sorts

Ezpr . Sorts

D : Sorts — Sorts — Sorts

app : I, .:Sorts. Term(s Dt) — Term(s) — Term(1)

expr : Term(Id D Ezpr)

[ /1 @ Term(EzprD IdD EzprD Ezpr)
value : Term(Ezpr) — Form

= : Term(Ezpr) — Term(Ezpr) — Form
€ : I,:Sorts.Term (Id) — Term (s) — Type
¢ : I,:Sorts.Term (Id) — Term (s) — Type

T€, M

——— s, t:Sorts,z:TId, M: 75, N:7s Dt
z € app, NM
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T €5 N
z € app, NM

z gs M z gsDt N
z gt appstNM

z:7ld

s, t:Sorts,z:TId, M:7s,N:75s D 1

s,t: Sorts,z:TId, M:Ts, N:ts O 1

TET

Yé€14°

z,y:7Id
TE14y

z:7ld
z €14 >Ezpr > Ezpr 5> Ezpr [ /]

z:7Id

z €14 > Ezpr ¢%PT
True(value(n))
True(n = n)

The encoding of the substitution rule is much more involved. In order
to get the same conclusion as before we need to have more premises. We
omit the Id and Ezpr subscripts on €; they are Id except before M or m.

n: 7 Ezpr

w_E;'L'? w:Tld A/{ w:Tld En: w:Tld

u)g.'c ¢ w¢x .’L"' rId

True(value(n)) z¢ M z¢m True(M(z') = m(z')) :c"rId
True(fz/n]M (z) = m(z)) n:Eapr

M,m:7Id — Ezpr

As one can see now the main benefit of alpha operators in the ELF encoding
is to reduce the number of premises in this rule.

5 Concluding remarks

We have shown how to define semantics of a simple but non-trivial language
in our Natural Deduction style. We have not treated reference variables and
data types, nor have we defined the type discipline by a static semantics.
These remain to be investigated. Another area for exploration would be
the application of the technique to defining logics. We would also like to
consider program verification and transformation in this formalism. Al-
though our system relies on the Edinburgh Logical Framework for a formal
definition, it can be applied without explicit reference to ELF, basing it on
Alpha notation.
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Encoding Dependent Types in an Intuitionistic
Logic

Amy Felty
INRIA Rocquencourt
Domaine de Voluceau
78153 Le Chesnay Cedex, France

Abstract

Various languages have been proposed as specification languages for rep-
resenting a wide variety of logics. The development of typed A-calculi has
been one approach toward this goal. The logical framework (LF), a A-
calculus with dependent types is one example of such a language. A small
subset of intuitionistic logic with quantification over the simply typed -
calculus has also been proposed as a framework for specifying general log-
ics. The logic of hereditary Harrop formulas with quantification at all non-
predicate types, denoted here as hh®, is such a meta-logic. In this paper, we
show how to translate specifications in LF into hh* specificationsin a direct
and natural way, so that correct typing in LF corresponds to intuitionistic
provability in Ah“. In addition, we demonstrate a direct correspondence
between proofs in these two systems. The logic of hh* can be implemented
using such logic programming techniques as providing operational interpre-
tations to the connectives and implementing unification on A-terms. As
a result, relating these two languages makes it possible to provide direct
implementations of proof checkers and theorem provers for logics specified
in LF.
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1 Introduction

The design of languages that can express a wide variety of logics has been
the focus of much recent work. Such languages attempt to provide a general
theory of inference systems that captures uniformities across different logics,
so that they can be exploited in implementing theorem provers and proof
systems. One approach to the design of such languages is the development
of various typed A-calculi. Examples that have been propos%d include the
AUTOMATH languages [4], type theories developed by Martin-Lof [16},
the Logical Framework (LF) [10], and the Calculus of Constructions [3]. A
second approach is the use of a simple intuitionistic logic as a meta-language
for expressing a wide variety of logics. The Isabelle theorem prover [20] and
the AProlog logic programming language [18] provide implementations of a
common subset of intuitionistic logic, called Ah“ here, that can be used for
this purpose.

In this paper, we will illustrate a strong correspondence between one
language in the first category and a language in the second. In particular,
we shall show how the Logical Framework (LF), a typed A-calculus with
dependent types, has essentially the same expressive power as hh“. We
do so by showing how to translate LF typing judgments into hh“ formulas
such that correct typing in LF corresponds to intuitionistic provability in
hh®.

Both Isabelle and AProlog can turn specifications of logics into proof
checkers and theorem provers by making use of the unification of simply
typed A-terms and goal-directed, tactic-style search. Thus, besides answer-
ing the theoretical question about the precise relationship between these
two meta-languages, this translation also describes how LF specifications
of object logics can be implemented within such systems.

The translation we present here extends a translation given in {9]. As
in that paper, we consider a form of LF such that all terms in derivable
assertions are in cenonical form, a notion which corresponds to Sn-long
normal form in the simply typed A-calculus. In the translation given there,
the form of proofs was also greatly limited. As we will illustrate, although
we also restrict the form of terms here, we retain essentially the same power
of provability as in LF as presented in [10]. As a result, theorem provers
implemented from the hh“ specifications obtained from this translation
have a greater degree of flexibility.

In the next section, we provide some further motivation for establishing
a formal relation between these two meta-languages. Then, in Section 3
we present LF, and in Section 4 we present the meta-logic hh“. Section 5
presents a translation of LF into hh“ and Section 6 contains a proof of its
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correctness. Section 7 provides examples of this translation using an LF
specification of natural deduction for first-order logic. Finally, Section 8
concludes.

2 Motivation

Our objectives in defining an encoding from LF into hh“ are both theoret-
ical and practical. On the theoretical side, we hope that by providing an
alternate presentation of LF (via its encoding into a different formalism), we
can provide some insight into the information contained in dependent types.
In addition, we wish to formally establish the correspondence between two
different approaches to specifying general logics. On the practical side, as
already mentioned, we wish to provide an approach to implementing proof
checkers and theorem provers for logics specified in these meta-languages.
We address both of these concerns below.

Dependent Types as Formulas

A dependent type in LF has the structure Ilz : A.B where A and B are
types and z is a variable of type A bound in this expression. The type
B may contain occurrences of . This structure represents a “functional
type.” If f is a function of this type, and NV is a term of type A, then fN
(f applied to N) has the type B where all occurrences of z are replaced
by N, often written [IN/z]B. Thus the argument type is A and the result

. type depends on the value input to the function. Another way to read such
a type is as follows: “for any element z, if z has type A then fz has type
B.” This reading suggests a logical interpretation of such a type: “for any”
suggests universal quantification while “if then” suggests implication. It is
exactly this kind of “propositional content” of dependent types that will
be made explicit by our encoding. When z does not occur in B, such a
dependent type corresponds to the simple functional type A — B. Note
that the logical reading remains the same in this simpler case. For the case
when 2 occurs in B, we can think of B as a predicate over z.

In the LF encoding of natural deduction for first-order logic, for exam-
ple, first-order formulas are represented as LF terms of type form and a
function true of type form — Type is defined which takes formulas into
LF types. The constant true is used to encode the provability judgment of
first-order logic: the type (true A) represents the statement “formula A is
provable,” and LF terms of this type are identified with natural deduction
proofs for this formula. (This is an example of the LF “judgments as types”
principle, similar to the “formulas as types” principle as in [14].) Via the
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encoding in hh*, we will view true as a predicate over first-order formulas.
Proofs of the predicate (true A) in hh* can be identified with natural de-
duction proofs of A. Our results establish a very close connection between
hh* proofs of such predicates and LF proofs of their corresponding typing
judgments.

Implementing Goal Directed Search in Dependent- Type Calculs

In general, the search for terms inhabiting types in LF corresponds to
object-level theorem proving. For example, searching for a term of type
(true C A D) corresponds to searching for a natural deduction proof of the
conjunction CAD. To find a term of this type we may use, for example, the
following item which encodes the A-introduction rule for natural deduction.

A-1:T1A: form.ILB: form.(true A) — (true B) — (true AA B)

(We will say a type is “atomic” if it has no leading II. We call the rightmost
atomic type, (true A A B) in this case, the “target” type. The types form,
(true A), and (true B) are said to be “argument” types.) This type can be
read: for any formulas A and B, if A is provable and B is provable, then
the conjunction AA B is provable. Thus, if C and D indeed have type form,
and there exist terms-P and Q inhabiting types (true C) and (true D), then
(A1 C D P Q) is a term of the desired type.

Consider the following general goal directed approach to the search for
an inhabiting term of a given type. If the type is atomic, attempt to match
it with the target type of an existing axiom or hypothesis. If there is a
match, attempt to find inhabitants of each of the argument types. If the
type is of the form Ilz: A.B, add z: A as a new hypothesis, and attempt
to find an inhabitant of B. It is exactly this kind of approach to search
that we obtain via the translation. More specifically, our encoding will
map each LF axiom such as the one above specifying the A-introduction
rule to an hh* formula. With respect to a logic programming interpreter
implementing hh* that will be described in Section 4, search using such
translated LF axioms will correspond exactly to the above description of
goal directed search in LF.

We will see that a set of hh* formulas obtained by translating an LF
representation of an object logic can serve directly as a proof checker for that
logic. In other words, a given hh* formula will be provable with respect
to the depth-first interpreter implementing hh* described in Section 4 if
and only if the corresponding LF typing judgment is provable in the LF
type system. For theorem proving, or searching for a term inhabiting a
type, more sophisticated control is necessary. In [7], it is shown that a
theorem proving environment with tactic style search can be implemented
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in AProlog. The clauses obtained by the translation can serve as the basic
operations to such a theorem prover. In fact, tactic theorem provers for
many of the example LF specifications given in [1] have been implemented
and tested in AProlog. Within such a tactic environment, more complex
search strategies can be written from the basic operations. For example,
for a theorem prover obtained by translating an LF specification of natural
deduction, a simple tactic can be written that automates the application
of introduction rules, performing all possible applications of such rules to
a given input formula.

The hh* specification of natural deduction described in Section 7 ob-
tained via translation is in fact quite similar to the direct specification given
in [7]. Thus, the tactic theorem prover described in that paper is very sim-
ilar in behavior to the one obtained via translation. One difference is that
an alternate specification of the elimination rules is given in [7] such that
goal-directed search in hh*“ corresponds to forward reasoning in natural
deduction. Using this approach, it is possible to apply rules to existing
hypotheses in a forward direction, a capability which is quite useful for
theorem proving in natural deduction style systems. (See also [6] for more
on this kind of reasoning in natural deduction and its correspondence to
backward reasoning on the left in sequent style inference systems.) It is
in fact straightforward to define an LF specification of natural deduction
in first-order logic whose translation has the property that rules can be
applied to hypotheses in a forward direction. Thus a goal directed strategy
at the meta-level (LF or hh*) does not necessarily impose a goal directed
strategy at the object-level.

3 The Logical Framework

There are three levels of terms in the LF type theory: objects (often called
just terms), types and families of types, and kinds. We assume two given
denumerable sets of variables, one for object-level variables and the other
for type family-level variables. The syntax of LF is given by the following
classes of objects.

K := Type|llz:AK

A = z|HOz:A.B|Xlx:AB|AM

M = z|):AM|MN

I' .= ()|IT,z:K|TIz:A|TA:K |T,M:A

Here M and N range over expressions for objects, A and B over types and
families of types, K over kinds, z over variables, and I' over contexts. The
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empty context is denoted by (). We will use P and Q to range over arbitrary
objects, types, type families, or kinds. We write A — P for Ilz: A.P when
z does not occur in type or kind P. We will say that a type or type family
of the form zV; ... N, where n > 0 and z is a type family-level variable is
a flat type.

Terms that differ only in the names of variables bound by A or II are
identified. If z is an object-level variable and N is an object then [N/z]
denotes the operation of substituting V for all free occurrences of z, system-
atically changing bound variables in order to avoid variable capture. The
expression [Ny /z1,...,Nyp/z,] will denote the simultaneous substitution of
the terms Vq,..., NV, for distinct variables z1,...,z,, respectively.

The notion of §-conversion at the level of objects, types, type families,
and kinds can be defined in the obvious way using the usual rule for -
reduction at the level of both objects and type families: (Az: A.P)N —g
[N/z]P where P is either an object or type/type family. The relation of
convertibility up to § is written as =g. All well-typed LF terms are strongly
normalizing [10). We write P? to denote the normal form of term P.

Let @ be a type or kind whose normal form is IIz;: A, ... Hz,: A,.P
where P is Type, a variable, or an application. We define the order of @
to be 0 if n is 0, and 1 greater than the maximum order of 4;,...,4,
otherwise.

We present a version of the LF proof system that constructs only terms
in canonical form. Several definitions from [11] are required to establish
this notion. We define the arity of a type or kind to be the number of IIs
in the prefix of its normal form. The arity of a variable with respect to a
context is the arity of its type in that context. The arity of a bound variable
occurrence in a term is the arity of the type label attached to its binding
occurrence. An occurrence of a variable z in a term is fully applied with
respect to a context if it occurs in a subterm of the form zM; ... M,, where
n is the arity of z. A term P is canonical with respect to a context I' if P is
in f-normal form and every variable occurrence in P is fully applied with
respect to I'. A term P is pre-canonical if its f-normal form is canonical.
Flat types N, ... N, such that z is fully applied will be called base types.

The following four kinds of assertions are derivable in the LF type the-
ory.

F T context (T is valid context)
'+ K kind (K isakindinT)
'A: K (A has kind K in T)
'FM:A (M hastype AinT)

For the special form I' A : Type of the third type of assertion, we also
say A is a type in I. For the latter three assertions, we say that K, A, or



8 The Logical Framework 221

F () context (EMPTY-CTX)

F T context T'F K kind
F T, z: K context
F T context T'FA: Type
FT,z:A context
F T context T'HFA: K
FT,A:K context
F T context PFM:A
FT,M:A context

(FAM-INTRO)

(OBJ-INTRO)

(FAM-LEMMA)

(OBJ-LEMMA)

T'F Type kind (TYPE-KIND)

TFA:Type T,z:AF K kind

PI-KIND
I'FOz:A.K kind (PI )

' A:Type T,z:AF B : Type

PI-F

T'FIz:A.B: Type (PI-FAM)

' A: Type T,z:AFB: K
TrHM:AB:Iz:AK (ABS-FAM)
I'A:Type Iz:AFM: B(ABS-OBJ)

T'FAz:AM :IIz:A.B

Figure 1.1: LF contexts and abstraction rules

M, respectively, is a well-typed term in I. We write I' F « for an arbitrary
assertion of one of these three forms, where a is called an LF judgment. In
deriving an assertion of this form, we always assume that we start with a
valid context T

We extend the notation for substitution and S-normalization to contexts
and judgments. We write [N/z][' and [N/z]a to denote the substitution of
N for z in all terms in context I and judgment «, respectively. Similarly, we
write I'¥ and o to denote the context and judgment obtained by replacing
every term in I" and «, respectively, by their normal forms.

The.inference rules of LF are given in Figures 1.1 and 1.2. The
set of variables on the left of the colon in a context I' is denoted as
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B :lzy:A;.. Nz, : A, Type €T
'k N] : Al
P F Ng : ([N]/.’L‘]]Az)ﬂ

'k Nn . ([N] /.’L‘], ca ,Nn_l/.’l,‘n_llAn)ﬂ
T+ (BN;...N,)? : Type

(APP-FAM)

M :Uzi:A;.. Oz, An.B€T
't N] : Al
'k Nz : ([N]/.’L‘]]Az)ﬂ

T+ Np:([M/z1,...,Nn_1/za_1)An)?
Tk (MN;y...N)?: ([Ny/z1,...,Na/za)B)?

(APP-OBJ)

Figure 1.2: LF application rules

dom(T"). In (FAM-INTRO), (OBJ-INTRO), (PI-KIND), (PL-FAM), (ABS-FAM),
and (ABS-OBJ) in Figure 1.1, we assume that the variable z does not oc-
cur in I', and in (APP-FAM) and (APP-OBJ) in Figure 1.2, we assume that
the variables z1,...,z, do not occur free in Nj,..., N,. Note that bound
variables can always be renamed to meet these restrictions. In addition, in
(APP-OBJ) B must be a base type. Note that when B is a base type, so is
([N /71, .., Nu/za) B)P.

Items introduced into contexts by (FAM-LEMMA) or (OBJ-LEMMA) will
be called context lemmas. The main differences between this presentation
and the usual presentation of the LF type system are the appearance of
such lemmas in contexts and the form of the (APP-FAM) and (APP-OBJ)
rules. Here, in any derivation, all terms that are used on the left of an
application must occur explicitly in the context.

We say that a context I' is canonical (pre-canonical) if for every item
z: P in I" where z is a variable, P is canonical (pre-canonical), and for ev-
ery context lemma P:Q in I, both P and Q are canonical (pre-canonical)
with respect to . We say that an assertion is canonical (pre-canonical)
if the context is canonical (pre-canonical) and all terms in the judgment
on the left of the turnstile are canonical (pre-canonical). In this presen-
tation, all derivable assertions are canonical. To see why, first note that
no new f-redexes are introduced in the conclusion of any rule. Second,
consider the application rules. In the (APP-OBJ) or (APP-FAM). rule, if
the term on the left of the application is a variable z, then it has arity
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n and is applied in the conclusion to n terms and thus this occurrence
of z is fully applied. Hence, as long as Vi,..., NN, are canonical, so is
zNy...N,. If the term on the left of the application is a canonical term,
then it has the form Az;: A;... Az, : A,.P. The term in the conclusion
has the form ((Azy: A;... Az, : Ap.P)Ny...N,)P which is equivalent to
([N1/z1,- .., Nu/2,)P)P. The fact that this latter term is canonical follows
from the fact that for any object, type, type family, or kind @ and any
object N, if @ and N are canonical, then so is ([N/z]Q)?. For the same
reason, the type ([N1/z1,..., N, /z,)B)? in the (APP-OBJ) rule is canonical.

In Appendix A, we show formally the correspondence between LF as
presented in [10], which we call full LF, and LF as presented here, which
we will call canonical LF. In full LF, terms in derivable judgments are
not necessarily canonical or S-normal. For a provable assertion I' F o in
full LF, we say that I F of is its normal form. In Appendix A, we
demonstrate that any derivation of a pre-canonical assertion in full LF can
be mapped directly to a derivation in canonical LF of its normal form.
Conversely, any derivation of I' F o in canonical LF has a corresponding
derivation of a pre-canonical assertion in full LF whose normal form is
I' b a. It is important to emphasize that these results demonstrate not
only a correspondence between what is provable in each system, but also a
direct correspondence between derivations in each system. In other words,
full LF restricted to pre-canonical terms is essentially the same system as
canonical LF presented here.

It can now be seen how the goal directed strategy discussed in Section 2
can be applied to construct a proof of an LF assertion in this system. For
example to find an object inhabiting an LF type, the (ABS-OBJ) rule is
applied if the type has a leading II, and the (APP-OBJ) rule is attempted if
the type is atomic. In this case, goal directed proof corresponds to searching
for a term in the context whose target type matches with the atomic type.

4 The Intuitionistic Logic hh¥

The terms of the logic hh* are the simply typed A-terms. Let S be a fixed,
finite set of primitive types. We assume that the symbol o is always a
member of S. Following Church [2], o is the type for propositions. The set
of types is the smallest set of expressions that contains the primitive types
and is closed under the construction of function types, denoted by the
binary, infix symbol —. The Greek letter T is used as a syntactic variable
ranging over types. The type constructor — associates to the right. If 1o
is a primitive type then the type 74 — --+ — 7, — 79 has 7,...,7T, as
argument types and 7o as target type. The order of a primitive type is 0
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while the order or a non-primitive type is one greater than the maximum
order of its argument types. ,

For each type 7, we assume that there are denumerably many constants
and variables of that type. Constants and variables do not overlap and if
two constants (variables) have different types, they are different constants
(variables). A signature is a finite set ¥ of constants and variables whose
types are such that their argument types do not contain o. A constant with
target type o is a predicate constant.

Simply typed A-terms are built in the usual way. An abstraction is
written as Az i, or Az : 7.t when we wish to be explicit about the type of
the bound variable z. The logical constants are given the following types:
A (conjunction) and D (implication) are both of type o — 0 — o0; T (true)
is of type 0; and V, (universal quantification) is of type (r — o) — o, for
all types 7 not containing o. A formula is a term of type 0. The logical
constants A and D are written in the familiar infix form. The expression
V,(Az t) is written V,x ¢ or simply as Vz t when types can be inferred from
context.

If z and t are terms of the same type then [¢/z] denotes the opera-
tion of substituting ¢ for all free occurrences of z, systematically chang-
ing bound variables in order to avoid variable capture. The expression
[t1/z1,...,tn/zn] will denote the simultaneous substitution of the terms
t1,...,ty for distinct variables z1,...,Z,, respectively.

We shall assume that the reader is familiar with the usual notions and
properties of e, 3, and n conversion for the simply typed A-calculus. The
relation of convertibility up to o and f is written as =g (as it is for LF),
and if n is added, is written as =g;. A A-term is in #-normal form if it
contains no beta redexes, that is, subformulas of the form (Az t)s. We say
that an occurrence of a variable or constant h in a simply typed A-term is
fully applied if it occurs in a subterm of the form ht; ... ¢, having primitive
type. The term h is called the head of this subterm. A A-term is in #7-long
form if it is in B-normal form and every variable and constant occurrence
is fully applied. All A-terms fn-convert to a term in g7n-long form, unique
up to a-conversion. See [13] for a fuller discussion of these basic properties
of the simply typed A-calculus.

Let ¥ be a signature. A term is a X-term if all of its free variables and
nonlogical constants are members of L. Similarly, a formula is a X-formula
if all of its free variables and nonlogical constants are members of L. A
formula is either atomic or non-atomic. An atomic E-formula is of the
form (Pt;...t,), where n > 0, P is given type 74 — --- — 7, — 0 by I,
and ty,...,¢, are terms of the types m1,...,7n, respectively. The predicate
constant P is the head of this atomic formula. Non-atomic formulas are of
the form T, Bi AB3, By D Bz, or V,z B, where B, By, and B; are formulas.
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5;BCP —C = ;P — B ;P —C, o
T BAC,P c T.P — BAC -
;P — B 2, C,P — A L ¥, B,P — C R
S,BoC,P — 4 > ;P — BoC~
5 t/s)BP — C . BU{c); P — [e/z]B, o

L;V.zB,P — C ;P — V,z B

Figure 1.3: Left and right introduction rules for hh*

The logic we have just presented is very closely related to two logic
" programming extensions that have been studied elsewhere [17]. First-order
hereditary Harrop formulas (fohh) have been studied as an extension to
first-order Horn clauses as a basis for logic programming. Similarly higher-
order hereditary Harrop formulas (hohh) are a generalization of fohh that
permits some forms of predicate quantification. Because our meta-language
is neither higher-order, since it lacks predicate quantification, nor first-
order, since it contains quantification at all function types, we shall simply
call it hh*, The set of hh* formulas in which quantification only up to
order n is used will be labeled as hh".

Provability for hh“ can be given in terms of sequent calculus proofs. A
sequent is a triple ¥ ; P — B, where ¥ is a signature, B is a -formula,
and P is a finite (possibly empty) sets of E-formulas. The set P is this
sequent’s antecedent and B is its succedent. Later, when discussing an
interpreter for this language, we also say that P is a program, that each
formula in P is a clause, and that B is a goal formula. The expression B, P
denotes the set P U{B}; this notation is used even if B € P. The inference
rules for sequents are presented in Figure 1.3. The following provisos are
also attached to the two inference rules for quantifier introduction: in V-R
c is a constant of type 7 not in I, and in V-L t is a L-term of type 7.

A proof of the sequent ¥ ; P — B is a finite tree constructed using
these inference rules such that the root is labeled with £; P — B and
the leaves are labeled with initial sequents, that is, sequents &' ; P — B’
such that either B’ is T or B’ € P’. The non-terminals in such a tree
are instances of the inference figures in Figure 1.3. Since we do not have
an inference figure for #n-conversion, we shall assume that in building a
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proof, two formulas are equal if they are f7n-convertible. If the sequent
Y ; P — B has a sequent proof then we write X; P Iy B and say that B
is provable from ¥ and P. The following two theorems establish the main
proof theoretic results of hh“ we shall need. These theorems are direct
consequences of the proof theory of a more expressive logic studied in [17].

Theorem 0.1 Let ¥ be a signature, let P be a finite set of X-formulas, and
let B be a Y-formula. The sequent £; P — B has a proof if and only
if it has a proof in which every sequent containing a non-atomic formula as
its succedent is the conclusion of a right introduction rule.

To state our second theorem, we need the following definition.

Definition 0.2 Let X be a signature and let P be a finite set of X-formulas.
The expression |P|s denotes the smallest set of pairs (G, D) of finite set of
Y-formulas ¢ and X-formula D, such that

o If D € P then (#,D) € [Pls.
o If (G,D1 A D) € |P|s then (G, D) € [P|s and (G, D,) € |P|s.
e If (G,V,zD) € |P|s then (G,[t/z]D) € |P|g for all Z-terms ¢ of type

T.

e If (G,G D D) € [P|s then (GU {G}, D) € |P|sx.

Theorem 0.3 Let X be a signature, let P be a finite set of ¥-formulas,
and let A be an atomic X-formula. Then A is provable from ¥ and P if and
only if there is a pair (G, A) € [P|g so that for each G € G, G is provable
from ¥ and P.

Given these two theorems, it is clear how a non-deterministic search
procedure for hh* can be organized using the following four search primi-
tives.

AND: B; A B, is provable from X and P if and only if both B, and By
are provable from ¥ and P.

GENERIC: V,zB is provable from ¥ and P if and only if [¢/z]B is prov-
able from X U {c} and P for any constant ¢ of type 7 not in X.

AUGMENT: By D B, is provable from ¥ and P if and only if B is
provable from ¥ and P U {B:}.
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BACKCHAIN: The atomic formula A is provable from ¥ and P if and
only if there is a pair (G, A) € |P|g so that for every G € G, G is
provable from ¥ and P.

To implement an interpreter which implements these search operations,
choices must be made which are left unspecified in the high-level description
above. Here, we assume choices as in the AProlog language. For example,
logic variables are employed in the BACKCHAIN operation to create uni-
versal instances of definite clauses. As a result, unification on A-terms is
necessary since logic variables of arbitrary functional type can occur in-
side A-terms. Also the equality of terms is not a simple syntactic check
but a more complex check of 35-conversion. Unification on A-terms is not
in general decidable. In AProlog, this issue is addressed by implementing
a depth-first version of the unification search procedure described in [15].
(See [19, 17].) In this paper, the unification problems that result from
programs we present are all decidable and rather simple.

In the AUGMENT search operation, clauses get added to the program dy-
namically. Note that as a result, clauses may in fact contain logic variables.
The GENERIC operation must be implemented so that the new constant ¢
introduced for x, must not appear in the terms eventually instantiated for
logic variables free in the goal or in the program when c¢ is introduced.

A deterministic interpreter must also specify the order in which con-
juncts are attempted and definite clauses are backchained over. One possi-
bility is to attempt conjuncts and backchain on definite clauses in the order
in which they appear in the goal or in P, respectively, using a depth-first
search paradigm to handle failures as in Prolog.

5 Translating LF Assertions to hh“ Formulas

In this section we present the translation of LF assertions to formulas in
hh*. This translation will require an encoding of LF terms as simply typed
A-terms. We begin by presenting this encoding. We then present the trans-
lation, which has three parts. The first translates context items to a set
of hh* formulas to be used as assumptions, while the second translates
LF judgments to a formula to be proven with respect to such a set of as-
sumptions. The third translation is defined using the previous two, and
translates an LF assertion I' F a to a single formula whose proof verifies
that I' is a valid context before proving that o holds within the context I'.

In this section, since we encode LF in hh“, we consider hh* as the
meta-language and LF as the object-language. Since both languages have
types and terms, to avoid confusion we will refer to types and terms of
hh“ as meta-types and meta-terms. In order to define an encoding of LF
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terms as simply typed A-terms, we change slightly the notion of LF syntax.
We will associate to each object and type variable, a tag which indicates
the “syntactic structure” of types and kinds, respectively, which can be
associated with it in forming a binder or a context item. These tags will be
“simple types” built up from two primitive types ob and ty and the arrow
constructor —, with the additional restriction that ty can only appear as a
target type. We assume that there is an infinite number of object-level and
type-level variables associated with every simple type whose target type is
ob and ty, respectively. '

Let z be an object or type variable and 13 — .- — 7, — 7g be the tag
associated with z, where n > 0 and 7 is ob or ty. We say that variable
z admits type or kind Ilz, : Ay ... zn: A, P if the following hold: if 7 is
ty then P is Type; if 79 is ob, then P is a flat type; for i = 1,...,n, the
tag associated with x; is 7; and z; admits type A;. We add a restriction
when forming the A or II binder z: A, or the context item z: A4 or z: K,
that = admits type A or kind K. Note that this restriction requires that
the “simple type” in a variable tag has exactly the same order as the LF
type or kind used in forming the binder.

We only define the encoding of LF terms as simply typed A-terms for LF
objects and flat types since this is all that is required by the translation.
We introduce two primitive types at the meta-level, ob and ty, for these
two classes of LF terms. The types ob and ty in variable tags correspond
to these meta-types in the obvious way. When we wish to be explicit, we
write 7(z) to denote the meta-type associated with the tag on LF variable
z obtained by replacing each occurrence of ob by ob and ty by ty. We will
assume a fixed mapping p which associates each LF variable z to a meta-
variable of type T (z). For readability in our presentation, this mapping
will be implicit. A variable z will represent both an LF variable and its
corresponding meta-variable. It will always be clear from context which is
meant.

We denote the encoding of term or type P as {P). The full encoding
is defined in Figure 1.4. Note that the encoding maps abstraction in LF

f

(z) = =
(Az:AM) = AI&:T(z).({M)
((MNgg = (M) (N)

{aM (4) (M)

Figure 1.4: Encoding of LF Terms

objects directly to abstraction at the meta-level, and that both application
of objects to objects and application of type families to objects are mapped
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directly to application at the meta-level. The difference at the meta-level is
that the former application will be a meta-term with target type ob while
the latter application will be a meta-term with target type ty.

We can easily define a function € which maps an LF type or kind to the
simple type corresponding to the tag on a variable that admits this type or
kind: ®(Ilz:A.P) is B(A) — B(P), #(Type) is ty, and ®(zN, ... N,) is ob.
It is easy to see that for object or type family P having, respectively, type
or kind Q, {P) is a meta-term of meta-type (Q).

Two predicates will appear in the atomic AA“ formulas resulting from
the translation: hastype of type ob — ty — o0 and istype of type ty — 0. We
will name the signature containing these two predicates ¥y r. We denote
the translation of the context item P:Q as [P:Q]". This translation is
defined in Figure 1.5 (a). It is a partial function since it is defined by cases
and undefined when no case applies. It will in fact always be defined on
valid context items. When applied to a valid context item, P in the first
two clauses in Figure 1.5 (a) will always be either an object or type family,
and @ a type or kind, respectively. As was noted earlier, valid contexts are
always in canonical form. Note that in a canonical context item z: P, the
variable z is not necessarily canonical since it may not be fully applied. Such
judgments with non-canonical terms on the left are handled by the second
clause of the definition. Note the direct mapping of I-abstraction in LF
types and kinds to instances of universal quantification and implication in
hh* formulas, as discussed earlier. In the first two clauses of the definition,
the variable bound by II is mapped to a variable at the meta-level bound
by universal quantification. Then, in the resulting implication, the left
hand side asserts the fact that the bound variable has a certain type, while
the right hand side contains the translation of the body of the type or kind
which may contain occurrences of this bound variable. The base cases occur
when there is no leading II in the type or kind, resulting in atomic formulas
for the hastype and istype predicates.

To illustrate this translation, we consider an example from an LF con-
text specifying natural deduction for first-order logic. The following context
item introduces the constant for universal quantification and gives it a type:
V*: (i — form) — form. (We write V* for universal quantification at the
object-level to distinguish it from universal quantification in 24*.) To make
all bound variables explicit, we expand the above type to its unabbreviated
form: IIA:(Ily:i.form).form. Note that the tag associated to V* must be
(ob — ob) — ob. Both the LF type and the corresponding meta-type have
order 2. The translation of this context item is as follows.
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[Az:A.P:Tz:A.Q]"

[P:Tz:A.Q]"

[M: A]*

[A: Type]]+

Vz ([[a::A]]+ O[P: Q]]+)
Vz (ﬂz:A]]+ D [Pz: Q]]+)
where P is not an abstraction.

hastype (M) (A)
where A is a flat type.

istype {A)  where A is a flat type.

(a) Translation of context items

[Az:A.P:Nz: A.Q)”
(M A]

[A: Type]™
[(Iz:A.B: Type]™
[Type kind] ™

[Mz:A.K kind]~

[A: Type]™ AVz ([[a::A]]+ S[P: Q]]‘)
hastype (M) (A)

where A is a flat type.

istype (A)  where A is a flat type.

[A: Type] ™ AVz ([[a::A]]+ O[B: Type]]_)
T

[A: Type]” AVz ([[a::A]]+ O [K kind]]-)

(b) Translation of LF judgments

Figure 1.5: Translating LF contexts and judgments to hh“ formulas
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[e:A,T50] = [A:Type]” AVz ([z:4]* 5 [T;e])

[+:K,T;0] = [K kind]” AVz ([o:K]* 5 [T;0])

[P:QTie] = [P:QI A (IP:QI" > [Tjel)
(el = [el”

Figure 1.6: Translating LF assertions to hh* formulas

Iv* : MA:(Iy:i.form).form]* =
VA (Vy (I[y i)t o [4y :form]]+) D [v*A :form]]+) =
VA (Vy((hastype y 1) D (hastype (Ay) form)) D (hastype (V*A) form))

This formula provides the following description of the information contained
in the above dependent type: for any A, if for arbitrary y of type i, Ay is
a formula, then V*A is a formula.

Figure 1.5 (b) contains the definition of the translation for LF judg-
ments. The translation of judgment « is denoted [a] . Several clauses
of this definition are similar to the clauses of the previous one. For ex-
ample, judgments containing a A and II-abstraction pair again translate
to a universally quantified implication (using the first clause of the defini-
tion). In this case, an additional conjunct is also required to verify that
the type in the abstraction is valid. Note that in the left-hand side of the
implication, the binder x : A is translated as a context item (using []7),
and represents an additional assumption available when proving that P
has type or kind @. Since the term on the left of a colon in a canonical
assertion is always canonical, we do not need a clause corresponding to the
second clause of []7. Note that the base cases resulting in atomic formulas
for hastype and istype are identical to those for translating context items.
Finally, the last three clauses handle the remaining possible LF judgments.
Again IT-abstraction maps to universal quantification and implication, with
an additional conjunct to verify that the type in the binder is valid. The
judgment Type kind simply maps to T.

Figure 1.6 contains the general translation for LF assertions. Given
assertion I’ - a, the pair (T'; @) is mapped to a single formula containing
subformulas whose proofs will insure that each context item is valid and
that the judgment holds in this context. The translation of such a pair is
denoted [I';a. The first two clauses of this translation map each context
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item to a conjunctive formula where the first conjunct verifies that the type
or kind is valid (using the translation on LF judgments), and the second
conjunct is a universally quantified implication where the left hand side
asserts the fact that the context item has the corresponding type (using
the translation on contexts), and the right side contains the translation of
the pair consisting of the remaining context items and judgment. The third
clause handles context lemmas. Again there are two conjuncts. The first
translates the lemma as a judgment to verify that it holds, while the second
translates it as a context item which will be available as an assumption in
proving that the rest of the context is valid and that the judgment holds
within the entire context. The last clause in the translation is for the base
case. When the context is empty, the judgment is simply translated using
I1”. In the next section, we will show formally that for LF assertion I' F o,
T is a valid context and I' F a is provable in LF if and only if [T;a] is a
provable hh“ formula.

6 Correctness of Translation

The following two properties hold for the encoding ) on terms. They will
be important for establishing the correctness of the translation.

Lemma 0.4 Let P be an LF object or base type, and N an LF object.
Then [(N) /z](P) = {[N/z]|P).

Lemma 0.5 Let P and @ be two LF objects or base types. If P =3 Q,
then {(P) =5 (Q).

Lemma 0.4 is proved by induction on the structure of LF terms, while
Lemma 0.5 is proved by induction on a sequence of -reductions to convert
P to Q.

In proving the correctness of the translation, we consider a slightly mod-
ified LF. Our modified system replaces the (ABS-FAM) and (ABS-OBJ) rules
with the following two rules.

I'z:AFB: K
I'FAz:AB:llz:AK

I'z:A+rM:B

(ABS-FAM’) TEMe:AM:IIz:A.B

(ABS-OBJ')

These rules are the same as presented earlier except that the left premise
is omitted. We call this system LF'. Proving an assertion of the form
T'FAz: AP : lIz: AQ in valid context I" in the unmodified version of
LF is equivalent to proving I'z: A+ P : @ in valid context I,z : A. In
Appendix B, we show that for valid context I and judgment «, the assertion
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I F a is provable in LF if and only if it is provable in LF’ and all types
bound by outermost abstractions in the term on the left in o are valid.

In proving correctness of the translation, we prove a stronger statement
from which correctness will follow directly. This stronger statement will
talk about the provability of an arbitrary LF’ assertion I F o even in the
case when I' and the types bound by outermost abstractions in @ are not
valid. We make the following modifications to the definition of [J~ for
translating such judgments: we replace the first clause of Figure 1.5 (b)
with the first clause below, and add the second as a new clause.

Po:AP:Tz:AQ)” = Vo ([z:A]" 5 [P: Q)

Ve ([[:1::A]]+ D [Pz Q]]_.)

where P is not an abstraction.

[P:1z:A.Q]"

i

In the first clause, the removal of the left conjunct in these formulas cor-
responds to the removal of the left premise in the (ABS) rules. The second
clause will be needed for proving our general form of the correctness theo-
rem. Note that with these two clauses, the positive and negative translation
are identical on judgments for which they are both defined.

One further lemma about LF’ is needed to prove the correctness of the
(modified) translation. Lemma 0.4 shows that substitution commutes with
the encoding operation. The lemma below extends this result to the trans-
lation operation on judgments which translate to provable Ah“ formulas.
Given a context T', we write p(I') to denote the set of meta-variables ob-
tained by mapping, for each signature item z: P in I', the variable z to the
corresponding meta-variable of type 7 (z). We write [[]" to denote the set
of formulas obtained by translating separately each item in I' using [[]]+

Lemma 0.6 LetT',z;:4;,...,2,:4,,3: A (n > 0) be a canonical context.
Let Ny,...,N,,N be canonical objects with respect to I. Let ¥ be the
signature ;7 U p(T). Then 5;[T] k1 [NV : ([M1/21,..., Nu/z,]A)P]™ iff

S [T b1 [(MN1) /21, {Na) [2n, {N) 2]l - AL
Proof: The forward and backward direction is proved by simultaneous

induction on the structure of A with the following statement. Let C be any
L U {z}-formula. Then

SuU{z}; [, [z : (M1 /21,- .., NuJzn] AP 1 € ifE
SU{eh [T, (M) /o1, (Na) [onllz : AT Fr C.
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Theorem 0.7 (Correctness of Translation I) Let I' be a valid context and
« a canonical judgment such that all types bound by outermost abstractions
in the term on the left in a are valid. Let ¥ be £7p U p(T"). Then '} a is
provable in LF' iff T; [ +; @]~ holds.

Proof: We prove a modified form of the above statement from which the
theorem will follow directly. We relax the requirement that I' is valid and
that the types bound by outermost abstractions in ¢ are valid. Instead, we
simply require that [[']" and [a] ™ are well-defined.

The proof of this theorem is constructive, z.e., it provides a method for
constructing an hh* proof from an LF proof, and vice versa. We begin with
the forward direction which is proved by induction on the height of an LF’
proof of the assertion I' . For the one node proof I' + Type kind, clearly
[Type kind] ™ = T is provable from ¥ and [[']*. For the case when the last
rule is (PI-FAM), we build the following sequent proof fragment, where the
root is the translation of the conclusion of the (PI-FAM) rule, and the leaves
are the translations of the premises which we know to be provable by the
induction hypothesis.

T U {z}; IIP,::::AI'+ — [B: Type]~ i

su{z}; [F]" — [=:4]" o [B: Type]” V.R

z; |IP]]+ — [A:Type]” T; l[Pﬂ: — Vz ([[:c:AII+ D [B: Type] ) AR
; [[F]]+ — [A: Type]™ AVz ([[:c:A]]+ D [B: Type] ™)

The case when the last rule is (PI-KIND) is similar. The cases for (ABS-OBJ')
and (ABS-FAM') are also similar, except that the translations do not have
the left conjunct and the corresponding LF’ proofs have only one premise.
Next, consider the case when the last rule is (APP-OBJ) with context lemma
M:1lz,: A ... Iz, : A,.B € T and objects NVq,..., N, appearing on the
right of the colon in the n premises. We must show that the formula below
(the translation of the conclusion) is provable from ¥ and [I']*.

(hastype ((MNy ... Nu)P) (((N1/z1,- .., Nu/2a]B)P)) (1.1)

(Note that we can assume that zi,...,z, do not appear free in M, oth-
erwise we rename them in the above type.) By the induction hypothesis
for the n premises and Lemma 0.6, the following are provable from ¥ and

[Ty
(V) /zillzr: Aa] 7o (M) 2, (NG ) [Ea]lzn: 4] T (12)

M has the form Az1:A4; ... Az, A M. Since M : lIz,:4,...lIz,:A,.B
is in I the formula below (the translation of this context item using []*) is
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in [I]*.
Vo, ([z1: AT D ... Ve, ([ea: An]t D (hastype (M) (B)))...)
By Definition 0.2 applied to this formula with instances {V,),...,{Nn)

for the variables z1,...,Zn, we know that the following pair is in [[1"]]+ .

CITOD YEN | ESEUIYY R (0 VESHRU G A VEN EXEV W o 3
(hastype [(N1) /21, (Na) [2al(M") (N2} /o1, {Na} [2nl(BY))

Hence, by Theorem 0.3, the fact that the formulas (1.2) are provable from
¥ and [T]", and the fact that the positive and negative translation are
identical on these judgments, we can conclude that the formula on the
right of this pair is provable from ¥ and [[F]]+. By Lemmas 0.4 and 0.5, the
following hold.

{N1) /21, s (Na) J2al{M) =5 ((MN, ... N,)P)
(N1} /21, {Na} [2n)(BY =5 (((N1/215..., Nn/20] B))

Thus the formula on the right of the above pair is equivalent to (1.1) and
we have our result. The case when M is a variable, and the case when the
last rule in the proof of the LF’ assertion is (APP-FAM) are similar to this
case.

The proof of the backward direction is by induction on the structure
of the term on the left in @, and is similar to the proof of the forward
direction. The proof of the case when the term on the left is an abstraction
or II relies on the fact that there is a sequent proof of the corresponding
hh“ formula of the form described by Theorem 0.1. The proof of the case
when the term on the left is an application uses Theorem 0.3. |

The correctness of the translation [] is stated as the following corollary
of this theorem. We state it with respect to the unmodified canonical LF.

Corollary 0.8 (Correctness of Translation IT)
Let ' be a canonical context and ¢« a canonical judgment. Then I'is a
valid context and I' + ¢ is provable in LF iff Zrp;0F; [T;a] holds.

7 Encoding a Specification of First-Order Logic

In this section, we consider some further examples from an LF specifica-
tion of natural deduction in first-order logic. We begin by illustrating the
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translation of context items specifying some of the inference rules. We then
consider some example LF judgments provable from this context, and dis-
cuss both proof checking and theorem proving of the corresponding goals
in hh*.

Note that in general, formulas obtained by translating context items
have the form on the left below, but can be rewritten to have the form on
the right:

vX, (G1 D...VXn(GnDD)...) VX;...VX, (G]/\---/\GnDD)

wheren > 0, X,,..., X, are variables, and Gy, ...,Gy, D are hh* formulas.
(Here we assume that for i = 1,...,n, X;14,..., X, do not appear free in
G;). For readability, we will write hh“ formulas in the examples in this
section simply as Gy A--- A Gy D D (or just D when n = 0), and assume
implicit universal quantification over all free variables written as capital
letters. _

The fragment of an LF specification for first-order logic that we are
concerned with is the following.

i: Type
form : Type
true : form — Type
A* 1 form — form — form
D* : form — form — form
V* : (i = form) — form
A*-1: IIA: form.IIB: form.(true A) — (true B) — (true A A*B)
A-E;1 : IA: form.I1B: form.(true A A*B) — (true A)
N-Eg : I1A: form.I1B: form.(true A A*B) — (true B)
VB : IIA:i — form.IIt:i.(true V*A) — (true At)
VeI:1A:7 — form.(Ily:i.(true Ay)) — (true V*A)
O*-1: IIA: form.IIB:form.((true A) — (true B)) — (true A D*B)
O*-E : IIA: form.IIB: form.(true A D*B) — (true A) — (irue B)

For readability, we do not always present context items in canonical form.
The corresponding canonical term can always be easily deduced. For ex-
ample, to apply the translation to the inference rules for universal quantifi-
cation, the term (V*A) must be replaced by (V*A\z:iAxz).

First, consider the V*-elimination rule specified by V*-E and its type.
Its translation (using []*) is the following formula.

Vy((hastype y ¢) D (hastype Ay form)) A (hastype t i) A
(hastype P (true V*A)) D (hastype (V*-E A t P) (true At))

This formula reads: if for arbitrary y of type i, Ay is a formula, and if ¢
is a term of type ¢ and P is a proof of V*A, then the term (V*-E A t P)
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is a proof of the formula At. Note that, as in the translation of the V*
connective given in Section 5, A is a function at the meta-level having
syntactic type ob — ob. It maps first-order terms to formulas just as it
does at the object-level. We next consider the translation of the V*-I rule
as the following formula.

Vy((hastype y i) D (hastype Ay form)) A
Vy((hastype y i) D (hastype Py (true Ay))) D
(hastype (V*-1 A P) (true V*A))

This clause provides the following description of the information contained
in the dependent type: if for arbitrary y of type ¢, Ay is a formula and Py is
a proof of Ay, then the term (V*-I A P)is a proof of V*A. Here, both A and
P are functions at the meta-level having syntactic type ob — ob. Again,
A maps first-order terms to formulas, while P maps first-order terms to
proofs. As a final inference rule example, consider the declaration for D*-I,
which translates to the following formula.

(hastype A fo‘rm) A (hastype B form) A
Vq((hastype q (true A)) D (hastype Pq (true B))) D
(kastype (D*-1 A B P) (true A D*B))

This formula reads: if A and B are formulas and P is a function which maps
an arbitrary proof q of A to the proof Pq of B, then the term (>*-1 A B P)
is a proof of A D*B. Note that P in this formula is a function which maps
proofs to proofs.

We consider an example from [21] which is provable in the LF specifica-
tion for natural deduction. The following LF type represents the fact that in
first-order logic, a universal quantifier can be pulled outside a conjunction.

IIA:i — formIIB:i — form.
(true (V*A A*V*B)) — (true V*(Az:i(Az A*Bz)))

Let the term T be the following LF term of this type, which represents a
natural deduction proof of this fact.

AA:i — formAB:i — form.Ap:(true (V*A A* V*B)).
(V"1 Az:i.(Az A*Bz) Az:iA-1 Az Bz
(V-E Az (N-E; ¥*A V*B p)) (Y*E B z (N-E; V*A V*B p))))

Let T' be the following simply typed A-term of type (ob — 0b) — (0b —
0b) — ob — ob.

AA:0b — 0b.AB:0b — ob.Ap:ob.

(V*I Az:o0b.(Az A*Bz) Az:ob.(A*-1 Az Bz
(V-E Az (K-E; V*A ¥*B p)) (V*-E B 5 (N-E; V*A V*B p))))



238 Encoding Dependent Types in an Intuitionistic Logic

The encoding of the above judgment using [] ™ is an Ah* formula equivalent
to the conjunction of the three formulas below, which are provable from the
set of formulas encoding the entire LF context specifying natural deduction
in first-order logic. '

(istype ) AVy((hastype y i) D (istype form))

Vy((hastype y i) D (hastype Ay form)) A
Vy((hastype y i) D (hastype By form)) D (istype (true (V*A A* V*B)))

Vy((hastype y t) D (hastype Ay form)) A
Vy((hastype y i) D (hastype By form)) A
(hastype p (true (V*A A*V*B))) D
(hastype (T’ ABp) (true V*(Az:0b.(Az A*Bz))))

Once a fact is proved it can be considered a part of the context and used to
prove new judgments. In this case, the translation of the above judgment as
a context item is the latter of the three formulas aboye. Thus this formula
can be added as an assumption and used in proving new hh* goals. For
example, consider the LF type below.

true((V*r A* ¥*s) D*(ra A*sa))

(We assume that a is a constant and r, s are unary predicates in our first-
order logic. Thus the context contains a : 7,7 : 1 — form,s : 1 — form, and
the set of hh“ formulas contains their corresponding translations.) The
following two LF terms represent proofs of this fact. The first uses the
above LF judgment as a lemma.

(O*-I (V*r A*V*s) (ra A*sa) Ap:(true (Y*'r A* V*s)).
(V-E Az:i.(rz A*sz) a (Trsp)?)

(DI (Y*r A*V*s) (ra A*sa) Ap:(true (Y*r A* V*s)).(A*I ra sa
(V*-E r a (AN-E; V*r V*s p)) (V*-E s a (A*-E; V*r V*s p))))

These judgments translate to the following two provable hh“ formulas.

(hastype (O*-1 (V*r A*V*s) (ra A*sa)
Ap:0b.(V*-E Az:ob.(rz A*sz) a (T'rsp))
(true (YV*r A*V*3) D*(ra A*sa))

(hastype (O*-1 (V*r A* V*s) (ra A*sa) Ap:ob.(A-I ra sa
(V*-E r a (N-E; V*r V*s p))
(V*-E s a (A-Eq V*r ¥V*s p))))
(true (V*r A* V*s) D*(ra A*sa))
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With respect to the interpreter described in Section 4, we will say that
an hh* formula with no logic variables is closed. The formulas we obtain
by applying the translation, for example, are all closed. Proving one of the
above two formulas, for instance, corresponds to verifying that the closed
term represents a natural deduction proof of the first-order formula in the
closed type, i.e., proving closed formulas corresponds to object-level proof
checking. The deterministic interpreter described in Section 4 is in fact
sufficient to prove such goals. Each BACKCHAIN step will produce new
closed subgoals. Consider the first of the two formulas above. In proving
this formula, we obtain a subgoal of the form:

(hastype (T'rsp) (true (VAz:0b.(rz A*sz)))).

The term at the head of (the normal form of) (T'rsp) is V*-I. At this
point in the proof there will be two possible definite clauses that can be
used in backchaining: the translation of the V*-I context item, and the
translation of the lemma 7', and either will lead to proof of the subgoal. In
fact, for proof checking, we can restrict the set of definite clauses used to
those obtained by translating context items that introduce new variables,
discarding those that translate context lemmas, and still retain a complete
program with respect to a deterministic control. In this restricted setting,
at each step depending on the constant at the head of the term, there will
be exactly one clause that can be used in backchaining,.

To use such a set of hAh* formulas for object-level theorem proving, we
simply use a logic variable in the first argument to the hastype predicate.
For example, to prove the first-order formula (V*r A* V*s) D*(ra A*sa), we
begin with the goal:

(hastype M (true (V*r A* ¥*s).D*(ra A*sa)))

where M is a logic variable to be instantiated with a term of the given type.
A closed instance of M can easily be mapped back to an LF term having the
given type. As discussed in Section 2, depth-first search is not sufficient for
such a theorem proving goal since there may often be many definite clauses
to choose from to use in backchaining. For example, for a subgoal of the
form:

(hastype M (true (VAz:ob.(rz A*sz))))

among the options available are backchaining on the clause for the lemma
T or backchaining directly on the clause for ¥*-I. As discussed earlier, the
tactic environment of [7] provides an environment in which such choices
can be made.
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8 Conclusion

We have not yet considered the possibility of translating hh* formulas into
LF. This translation is particularly simple. Let ¥ be a signature for hh¥
and let P be a set of L-formulas. For each primitive type 7 other than o
in S, the corresponding LF judgment is 7 : Type. For each non-predicate
constant ¢ of type 7 in ¥, the corresponding LF judgment is ¢ : 7. For each
predicate constant p of type ; — -+ — T, — 0 € X, the corresponding
LF judgmentisp : m — --- —» 1, — Type. Finally, let D € P and
let £ be a new constant not used in the translation to this point. Then
the corresponding LF judgment is k : D’ where D’ is essentially D with
B, D B, written as IIz: B;.B; and V,r B written as Ilz:7.B.

Notice that the translation presented in this paper works via recursion
over the structure of types. Thus, A-calculi that contain quantification over
types such as the polymorphic A-calculus or the Calculus of Constructions
cannot be directly translated in this manner. For example, we cannot
define the same notion of base type. Translating A : Type when A is a base
type, for instance, results in an atomic formula for the istype predicate. In
systems with quantification over types, whether or not A is a base type
may depend on its instances, and cannot be determined at the time of
translation. :

The translation we have described provides a method of directly trans-
lating an LF specification, so that there is one hh* formula corresponding
to each LF context itemn. Since each context item represents a concept
of the logic being specified, in the resulting proof checkers and theorem
provers, each (BACKCHAIN) step is on a clause for a particular constant
representing an object-level notion. Another approach to implementing LF
specifications is to implement the inference rules of LF directly as hh“ for-
mulas, coding the provability relation directly into the meta-language. An
LF context specifying a particular logic would serve as a parameter to such
a specification. Such an approach adds one level of indirection in imple-
menting object logics since now each (BACKCHAINY step corresponds to the
application of an LF rule. This approach to implementing typed A-calculi
is taken in (8], where it is also shown that it can be applied to systems with
quantification over types.

Such an approach requires an encoding of terms at all levels of the
calculus being specified. In LF, for instance, meta-level constants for the
various notions of application and abstraction must be introduced. For
example, at the level of types a constant of type ty — ob — ty can be
introduced to represent application, while constants of type (ob — ty) — ty
can be introduced for II and A-abstraction. A coding of the convertibility
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relation on terms is also required in this setting. Note that the above simple
types have order 1 and 2 respectively. In fact hh? is all that is required to
encode provability of typed A-calculi in this manner. In [5], using such an
encoding on terms, it was shown that a direct encoding of LF specifications
using the approach in this paper can be defined in just hh?. The proofs of
the correctness of that encoding are similar to those presented here.

In {12], a similar approach based on recursion over types is adopted to
implement a subset of the Calculus of Constructions. In the meta-language
used there, terms are the terms of the Calculus of Constructions, and a sim-
ple language of clauses over these terms is defined. During goal-directed
proof, when a new assumption is introduced, the clause corresponding to
this assumption is added dynamically and is then available for backchain-
ing. In this way, certain forms of quantification over types can be handled.
Such an approach can be implemented in AProlog by implementing the
translation as a AProlog program and performing the translation dynam-
ically as types become instantiated to obtain new assumptions which can
be used in subsequent proof checking and theorem proving subgoals.

In the EIf programming language [21], a logic programming language is
described that gives operational interpretations directly to LF types similar
to the way in which the interpreter described in Section 4 gives operational
interpretations to the connectives of hh*. Logic variables are also used in
this implementation, and the more complex operation of unification on LF
terms is required. The LF specification for first-order logic discussed in Sec-
tion 7, for example, can serve directly as a program in this language. The
operational behavior, of such a program, although similar to the execution
of an hh* specification, has several differences. For instance, certain oper-
ations which are handled directly at the meta-level by unification on types
in an Elf implementation are expressed explicitly as type-checking subgoals
in the hh* formulas, and thus handled by logic programming search. For
example, consider a goal of the form (true A D*B) in the first-order logic
specification. In Elf, before backchaining on the context item specifying the
D*-introduction rule, the interpreter verifies that A D*B has type form. In
the corresponding hh* program, the term A D*B in the head of the clause
translating the D*-1 context item will unify with any term of type ob. It is
the subgoals (hastype A form) and (hastype B form) which will succeed or
fail depending on whether A and B represent first-order formulas. In addi-
tion, when such programs are used as theorem provers, LF proofs are built
at the meta-level by Elf, whereas they are explicit arguments to the hastype
predicate in hh* specifications and are built by unification on simply typed
A-terms.
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A  Full and Canonical LF

In this section, we show the correspondence between canonical LF as pre-
sented in Section 3, and full LF as presented in [10]. The rules of full
LF are the rules of Figure 1.1 in Section 3 except for (FAM-LEMMA) and
(OBJ-LEMMA) plus the application and conversion rules given in Figure 1.7
which replace the application rules in Figure 1.2. The following two prop-

z:K el z:AeTl

TF o K (VARKIND) Tro: A VARTAMW
I'rA:llz:B.K '-M.B
APP-FAM
'+ AM : [M/z)K ( )
I'FM:1Iz:A.B F'_N:A(APP-OBJ)

I'-MN :[N/z)B
'FA: K I'+ K’ kind K= K'

TFA: K (B-KIND)
'FM:A TrAkind A=gA
-FAM
T-M:A @ )

Figure 1.7: Full LF application and conversion rules

erties of full LF are shown to hold in [10], and will be used in proving the
results below.

Lemma 0.9 (Subderivation)
1. T+ A: K holds then I' - K kind also holds.
2.IHTFM: A holds then ' A : Type also holds.

Lemma 0.10 (Subject Reduction)

1. If I' F K kind holds and K f-reduces to K’, then I' + K’ kind also
holds.

2. fT'F A: K holds and A f-reduces to A’, then I' - A’ : K also holds.

3.IfI'F M : A holds and M f-reduces to M’, then I' F M’ : A also
holds.
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We establish some further properties about canonical and full LF that
will be needed to show the correspondence between these two systems.

Definition 0.11 Let I’ be a valid context (in canonical or full LF), and
z:-P an item in I'. We define the function C which maps variable 2 and
context I to a canonical term. P has the form Ilz; : 4;...1lz, : A,.Q
where n > 0 and @ is Type or a base type. Fori =1,...,n, let T'; be the
context I',zy: Ay,...,z;: A;. We define C(z,T') to be the term:

Azy:Ay . Az Anz(C(21,T1)) ... (C(zn, Tn)).

(We will abbreviate C(z,T") as C(z) in the remainder of this section, since
T can always be determined from context.)

The following lemma holds for both canonical and full LF.

Lemma 0.12 Let I be a valid context containing z: P where P is canon-
ical. Then I' - C(z) : P is provable.

Proof: The proofis by induction on the structure of P and relies on the fact
that for any variable z and well-typed canonical term Q, ([C(2)/2]Q)? = Q.
]

Using this lemma, the following result about canonical LF can be proven.

Lemma 0.13 If I'y,z : A,P: Q,T'; is a valid context with P:Q a con-
text lemma, and I'y,2:A,P:Q,Ty F o is provable in canonical LF, then
I, 2:A.P:1llz:A.Q,z:A,Ty is a valid context and the assertion
', 2:A.P:llz: A.Q,z:A,T5 I o is provable

Proof: We let IV and T be the contexts I'y,z : A,P : Q,T'y and
I, Az : AP : 1lz: AQ,z: A T, respectively. We first prove the lemma
with the added assumption that ' is a valid context by induction on the
height of a derivation of I ++ .. The only non-trivial case occurs when the
context item from I used in an application of (APP-OBJ) or (APP-FAM) is
P:Q. To show I'" - , we use the corresponding item Az: A.P : Iz: A.Q
from I'”, with the additional hypothesis I'" I C(z) : A, which we know to
be provable by Lemma 0.12. Using this result, the proof that I'” is valid is
by a straightforward induction on the length of I's. [ ]

Definition 0.14 A canonical derivation in full LF is a derivation such that
the following hold.
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1. The assertion at the root is pre-canonical (i.e., its normal form is
canonical).

2. All assertions in the derivation except for those that occur as the
conclusion of (VAR-KIND) or (VAR-OBJ), or as the conclusion and left
premise of (APP-FAM) or (APP-OBJ) are pre-canonical.

3. In all assertions that occur as the conclusion, but not a left premise
of (APP-FAM) or (APP-OBJ), the term on the right of the judgment is
Type or a base type.

We will only consider canonical derivations in full LF when demonstrat-
ing the relative soundness and completeness of canonical LF. By imposing
this restriction we are eliminating exactly those derivations such that a term
used on the left of an application is not applied to the maximum number of
arguments. A derivation that does not meet this requirement can, in fact,
be mapped in a straightforward manner to one that does by introducing
context items of the appropriate types and discharging them with an (ABS)
rule. For example, a derivation of I' - P : Iz : A.Q) where P is not an ab-
straction can be mapped to a derivation of I',z: A+ P : llz: A.Q to which
we can apply the corresponding (APP) rule to obtain I',z: A+ P(C(z)): Q,
followed by an (ABS) rule to obtain I' F Az: A.P(C(z)) : Iz: A.Q.

We now define by induction an operation £ which maps a derivation in
full LF to a sequence of typing judgments. As we will see, the sequence of
judgments associated to a canonical derivation is exactly the set of lemmas
that will be added to the context to obtain the corresponding derivation in
canonical LF.

Definition 0.15 £ maps a derivation in full LF to a sequence of typing
judgments A defined by induction on the derivation as follows.

e If the last rule in the derivation is (TYPE-KIND), (VAR-KIND),
(VAR-FAM), or (EMPTY-CTX), then A is the empty sequence.

o If the last rule is a (PI) or (ABS) rule, then let A; be the sequence
associated by £ to the derivation of the left premise I' - A : Type, and
A3 be the sequence associated to the derivation of the right premise.
Let Aj be the sequence that replaces every judgment P:Q in Az with
Az:AP.P:Mz:AP.Q. Then A is Ay, AS.

o If the last rule is an (APP) rule, then let A; be the sequence associated
by £ to the derivation of the left premise I' F P : @, and Az be the
sequence associated to the derivation of the right premise. If the left
premise is pre-canonical, and is not the conclusion of another (APP)
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rule or of a (VAR) rule, then A is A;, P?:Q?, A,. Otherwise, A is
Ay, A,

o If the last rule is a g rule, A is the sequence associated to the deriva-
tion of the leftmost premise.

o If the last rule is (FAM-INTRO) or (OBJ-INTRO), then let A; and A be
the sequences associated by L to the derivation of the left and right
premises, respectively. Then A is A, As. '

It can be shown by a straightforward induction on a derivation of I' F &
that for each judgment P:Q in the sequence associated to this assertion by
L, TF P:Q holds.

Let z,:P,...,Zn: P, be a valid context in full LF. For i =1,...,n, we
denote the subcontext whose last element is z;: P; as I';. Given a derivation
of + I'y, context, for 2 = 1,...,n, let A; be the context associated to
the subderivation of I';_; F F; kind or I';_; + P; : Type. We say that
the context Ay,z; : P{’,...,A,,,:z:,l : Pff 1s the extended normal context
associated to this derivation.

Theorem 0.16 (Completeness of Canonical LF) Let I be a context and o
a judgment such that - " context and I" - @ have canonical derivations in
full LF. Let I be the extended normal context associated to the derivation
of - I context, and let A be the set of typing judgments associated to the
derivation of I' F @ by the function £. Then I/, A is a valid context and
I, A + o is provable in canonical LF.

Proof: We first prove the above statement under the additional hypotheses
that IV is a valid context in canonical LF. Using this result, it can be
proved by a straightforward induction on the length of I" that I is valid.
The proof is by induction on the height of a canonical derivation in full
LF of I' b a. For the case when the last rule is an (APP) rule, we must
consider the subproof that contains a series of n (APP) rules, where n > 1
and the leftmost premise I' - P : @ is not the conclusion of an (APP) rule.
We consider the case when this premise is not the conclusion of a (VAR)
rule. Thus P and Q are pre-canonical. First, we show that IV, A is a valid
context. Let Ay be the sequence associated to ' F P : Q by £, and for
it = 1,...,n, let A; be the sequence associated with the right premise in
the ith (APP) rule application. Then A is Ag, PP:QP, A,,...,A,. By the
induction hypothesis applied to I'+ P : @, the context I, Ay is valid and
I', Ao F PP : QP holds. Hence IV, Ay, PP: QP is a valid context. Also, by
the induction hypothesis, for ¢ = 1,...,n, IV, A; is a valid context. Thus,
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we can conclude that IV, A is valid. We now show I'V,A F o holds. By
the induction hypothesis, for ¢ = 1,...,n, for each right premise I' I a; in
the series of (APP) rules, IV, A; af-’ holds. Clearly IV, A + af-i also holds.
Using the context item P?:QP, we can simply apply the canonical LF rule
(APP-FAM) or (APP-OBJ) to these n assertions to obtain that I'V,A F of
holds. The case when I' P : @ is the conclusion of a (VAR) rule is similar.

- For the case when the last rule is a (PI) or (ABS) rule, let A; be the
sequence of judgments associated to the left premise I' + A : Type by L.
Let A, be the sequence associated to the right premise I';z: A F g, and
A}, be the sequence that contains Az: AP.P : Hz: AP.Q for every P:Q in
A,. Then A is Ay, Aj. We first show that IV, A;, A} is a valid context.
By the induction hypothesis for the left premise, I, Ay is a valid context,
and I,A; + AP : Type holds. Thus, IV, A1,z : A?, the extended normal
context associated to I,z : A is also valid. We now apply the induction
hypothesis to the right premise to obtain that IV, A;,z: AP, A, is a valid
context. By Lemma 0.13, IV, A;, A}, z : AP is also a valid context. Since
I, A is a subcontext of this context, it is valid also. Next, we show that
I',A1,A} F of holds. By the induction hypothesis for the right premise
and Lemma 0.13, ', A;,A},z: AP I of holds. Since IV,A; + AP : Type
holds, clearly also IV, A;, A} F AP : Type holds. Thus, by an application of
the corresponding canonical LF (PI) or (ABS) rule, I, A;, A} + af holds.
The remaining cases follow directly from the induction hypothesis and the
definition of L. [ ]

Theorem 0.17 (Soundness of Canonical LF) Let T’ F a be a provable
assertion in canonical LF. Let I’ be the subcontext of I' containing only
variables associated with their types or kinds. Then IV I « is provable in
full LF.

Proof: We first prove the above statement under the additional hypotheses
that I is a valid context in full LF and I'' F P : @ for every item P:Q in I.
Using this result, it can then be shown by induction on the length of I' that
this hypothesis follows from the fact that I" is valid in canonical LF. We
proceed by induction on the height of a canonical LF derivation of ' - a.
For the (APP) rules, we replace a single application of the rule by a series
of n applications of the corresponding rule in full LF. (If n is 0, we simply
apply the corresponding (VAR) rule.) If the rule uses a context lemma, we
replace it with a full LF derivation of this lemma, which we know to be
provable by assumption. The conclusion of each (APP) rule application is a
judgment of the form I' - P : [N/z]Q where P and [N/z]Q are not neces-
sarily in B8-normal form. We must show that the corresponding 8-normal
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assertion is also provable. [N/z]Q must be a type or kind by Proposi-
tion 0.9. By Proposition 0.10, we obtain that ([N/z]Q)? is also a type or
kind. Then, by the corresponding 8 rule, I' + P : ([N/z]Q)? is provable.
By Proposition 0.10, we know that I' PP : ([N/z]Q)? is also provable.
The remaining cases follow directly from the induction hypothesis. |
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B LF with Simplified Abstraction Rules

In this section we show that for LF assertions such that all types bound
by outermost abstraction in the term on the left in the judgment are valid,
the canonical LF system presented in Section 3 is equivalent to LF’, the
system obtained by replacing the (ABS-FAM) and (ABS-OBJ) rules with the
(ABS-FAM') and (ABS-OBJ') rules of Section 6, which drop the left premise
I' - A : Type. In such derivations, this premise is redundant.

To prove this result, we need the following transitivity lemma for LF'.

Lemma 0.18 (Transitivity) If I',z: A,I' F ¢ and ' - N : A are provable,
then T, ([N/z][')? I ([N/z])? is provable.

Proof: The proof is by induction on the structure of proofs. A similar
result is stated for the more general presentation of LF in [10]. n

The following lemma shows that the left premise is redundant in all
derivations of assertions such that the term on the left in the judgment is
not an abstraction.

Lemma 0.19 Let " be a valid context and I' + « a provable assertion
in LF’ that has a proof whose last rule is an application of (APP-FAM) or
(APP-OBJ), and that has an application of (ABS-OBJ') above the root such
that there are no other applications of (APP-FAM) or (APP-OBJ) below it.
Let IV be the context, and z: A be the variable and its type bound by A
in the conclusion of this application of (ABS-OBJY). Then I A : Type is
provable.

Proof: Let Q:1lzy:A;...Ilz,:A,.P be the context item used in the rule
application at the root, and Vy,..., N, the terms on the right of the colon
in the remaining premises. Since there is an (ABS-OBJ') application above
the root, then for some ¢ such that 1 < 7 < n, A; has the form II2: B.C,
the corresponding premise of the (APP) rule has the form

T+ N;: ([Ni/z1,...,Ni_y/z;1)z: B.C)?,

where N; has the form Az: ([N, /z1,...,Ni—1/zi—1)B)?.M, and the rule ap-
plication at the root of this premise is (ABS-OBJ'). We show that
([N1/z1,...,Ni—1/z;-1)B)? is a type. We know that IIz,: 4, ... Uz,: A,.P
is a type or kind, since I is a valid context. A proof of this fact contains a

subproof of
I,zy:4,...,5;-1:A;1 F [I2:B.C : Type.
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By Lemma 0.18, using the premises of the (APP) rule, we can conclude that
the assertion T' & ([Ny/z1,...,Ni—1/zi—1]llz: B.C)? : Type is provable. A
proof of this fact contains a proof of the desired result. By similar reasoning,
all other z: A bound by A in an application of (ABS-OBJ') can be shown to
be types with respect to the corresponding context. |

Theorem 0.20 Let I' be a context that is valid in LF and LF’, and let o
be a judgment.

1. If T'F « is provable in LF, then it is also provable in LF’.

2. If T' F « is provable in LF' and all types bound by X in outermost
abstractions in the term on the left in « are valid in LF/, then ' F «
is provable in LF.

Proof: (1) is proved by a straightforward induction on the height of an
LF derivation of ' . (2) is proved by induction on the structure of the
term on the left in a. For the case when the term is an application, the last
rule in a derivation must be an (APP) rule. Lemma 0.19 is required to show
that all of the types bound by A in outermost abstractions in the premises
are valid in LF’, so that the induction hypothesis can be applied to these
assertions. All other cases follow directly from the induction hypothesis. B
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An algorithm for testing conversion in
Type Theory

THIERRY COQUAND
INRIA and University of Goteborg/Chalmers

Introduction

The goal of this note is to present a “modular” proof, for various type
systems with 7-conversion, of the completeness and correctness of an algo-
rithm for testing the conversion of two terms. The proof of completeness
is an application of the notion of logical relations (see Statman 1983 [14],
that uses also this notion for a proof of Church-Rosser for simply typed
A-calculus).

An application of our result will be the equivalence between two for-
mulations of Type Theory, the one where conversions are judgement, like in
the present version of Martin-Lof set theory, and the one where conversion
is defined at the level of raw terms, like in the standard version of LF (for a
“conversion-as-judgement” presentation of LF, see Harper 1988 [6]). Even
if we don’t include 7-conversion, the equivalence between the “conversion-
as-judgement” and “conversion defined on raw terms” formulation appears
to be a non-trivial property.

In order to simplify the presentation we will limit ourselves to type
theory with only II, and one universe. This calculus contains LF. After
some motivations, we present the algorithm, the proof of its completeness
and, as a corollary, its correctness. As a corollary of our argument, we
prove normalisation, Church-Rosser, and the equivalence between the two
possible formulations of Type Theory.

*This research was partly supported by ESPRIT Basic Research Action “Logical
Frameworks”.
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1 Informal motivation

The algorithm

The idea is to compute the weak head-normal form of the two terms (in an
untyped way), and, in order to take care of 5-conversion, in the case where
one weak-head normal form is an abstraction (Az:A)M and the other is N
a variable or an application, to compare recursively apply(N,£) and M[€].

This algorithm can be applied also for Authomath like system (and
General Type Systems extended with 5-conversion). But it is not complete
if the type system does not have the normalisation property. It is directly
used for type-checking and proof-checking in Type Theory.

Some remarks about the rules of Type Theory
The syntax is the following

M = €| U |apply(M,M) | AzM)M | (Iz:M)M

We will denote by EXP the set of syntactic closed expressions. We
make a distinction between free, or real variables, or parameters, written
£,¢,..., and the bound, or apparent, variables, written z,y,2,... If M is
an expression, £ a parameter, and N an expression, we let ({/N)M be the
expression we get by ordinary subsitution of N to £ in M. If M is an expres-
sion, z a bound variable, and N any expression, we will denote by M[N] the
expression [z = N]M, which behaves like an ordinary substitution except
that [z = N]((Ay:A)M) = (Ay:A)M and [z = N]((Iy:A)M) = (Ty:A)M
if y = . We denote by PAR the set of parameters, which is supposed to
be infinite. We don’t assume that terms are considered up to a-conversion.
This is crucial if we want to describe really an actual implementation. This
will be possible by an indexing over finite sets of parameters and later by
an indexing over contexts.

Given a finite subset I C PAR, we denote by EXP(I) the set of expres-
sions whose free variables belong to I. If § € PAR does not belong to I, we
denote by I, the set I U {£}.

The rules of Type Theory are presented in the appendix. They describe
inductively when a judgement J holds in a context I'. There are four possible
forms of judgement, that are Aset, A=B,a€ Aanda="b¢€ A.

Let us define an order relation between context by I' C I’y iff any
£ € AinTis alsoin I';. A direct inductive argument shows that if a
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judgement holds in ', and I' C Ty, then the same judgement holds also
in I'y. From now on, we will consider contexts as “possible worlds” in a
Kripke-like manner. This is a convenient way of making precise the notion
of parameters “available at a given moment of time” (see [5] for another
example of this method).

Lemma 1.1 If a judgement J holds in a context I'},£ : A,y and M €
A in the context 'y, then (§/M)J holds in the context I'y,(¢§/M)Iy. If
B set in the context I'},€ : A,T's and M; = M; € A in the context T,
then (§/M))B = (§/M2)B in the context I'y,(§/M)T2. If N € B in the
context I'),€ : A,I'2 and M) = M, € A in the context I'y then (§/M;)N =
(é/M32)N € (§/M1)B in the context I'y,(§/M))Ts.

This is directly proved by induction.

In this approach, substitution is a meta-operation on terms. Another
possible formulation of Type Theory is to take substitution as an explicit
term forming operation.

Once the substitution lemma is proved, it is direct to prove that if
A = B holds in I', then both A set and B set holds in I', and that if
M =N € Aholdsin I', then both M € A and N € A holds in T'.

Since we have chosen a “Russell-like” formulation of universes (see
Martin-Lof 84 [9] for an explanation of this terminology), there are some
lemmas to be proved about equality judgements between sets.

Lemma 1.2 The following properties hold:

1. if A=Band A€ U or B € U, then both A, B are of type U and
A=BeU,

2. if A = B, then either A,B are both U,or A = B € U or A is
(HI:AQ)AI, Bis (Hy:BQ)Bl, and Ao = Bo, Al[{] = Bl[{] [E € Ao],

3. U € U is not derivable,
4. if A set and A is not U or a product, then we have A € U,
5. if A=U [I],or U = A [I'], then A is U,

6. if M € A[I'l and M is a product, A is U.
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Proof: The first claim is proved directly by induction. The second
claim is proved using the first. The last four claims are proved by a direct
induction or case analysis. |

One property that does not seem directly provable is strengthening,
which says that if a judgement J holds in the context I'y,€ : A,I's and &
does not occur in I's and J, then J holds in I'y,T'5. This property will be
a consequence of our main proposition 1.1. Strengthening will be essential
in proving closure by 7-reduction, and the equivalence between the present
formulation of Type Theory and a formulation where conversion is defined
at the level of raw terms.

Because of this, it is essential to formulate the rule II-equality 2, which
expresses the rule of n-conversion, as the equality f = (Az:A)apply(f, z) €
(Ilz: A)B, if f € (Ilz: A)B. Indeed, it does not seem possible to prove
directly that if (Az:A)apply(f,z) € (Ilz:A)B holds and z does not appear
free in f, then f is typable in the empty context.

Another property that does not seem directly provable is closure by
B-reduction. This closure property is a consequence of the fact that II is
one-to-one.

About the correctness and completeness proof

We want to stress two features of this proof. The first is that we work with
a type system where equality between sets or between terms is a judgement.
We have thus four kinds of judgement, namely A set, A = B, a € A and
a = b € A. This is to be contrasted with a presentation of type theory
where equality is defined at the level of raw terms, and there are only two
judgements, namely A set, and a € A. This last version was the first
one chosen by Martin-Lof, see for instance Martin-Lof 72 [8], and the first
version appears in Martin-Lof 84 [9], or Harper 87 [6]. It is not at all clear
that these two presentations are equivalent, even in the case where there is
only B-conversion. Actually, when we work with the equality as judgement
version of type theory, and we define the computation of the head-normal
form M = ¢ in an untyped way, it is not clear that if A set and A = B,
then A = B, or even B set, and that if a € A and a = b, then a = b € A.
A key lemma in proving this appears to be that II is one-to-one, that is,
if (Mz:A,)B; = (Iy:A,)B,, then Ay = A; and By[€] = By[€] [€ € Ay).
This will be a corollary of proposition prop:main, as well as the equivalence
between the two formulations of type theory.

The second is that our proof will be a syntactic reflection of the seman-
tical proof of consistency described in Martin-Lof 84. What we are doing
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here is thus very close to the interpretation presented in Smith 84 [13], but
for a non-extensional theory. To each set A, we will associate one predicate
&, defined on syntactic expressions, and one equivalence relation A4 on
the set of expressions that satisfy ®4. We will show then that if M € A,
then ®4(M) and if M = N € A, then A4(M, N). We will also show that if
®4(M) then M is normalisable, and if A4(M, N) then M, N have a com-
mon B, 1 reduct. As corollary of the correctness proof of the algorithm, we
will get the normalisation and the Church-Rosser property.

We can thus see our proof as a generalisation of the usual computability
method, as in Martin-Lof 72. In this generalisation, one defines inductively

a predicate and one equivalence relation on the set defined by this predicate,
instead of defining only one predicate.

2 Weak head-normal form

We will say that a term is canonical if, and only if, it is U or an abstraction
or a product.

The notion of weak head-normal form is given by its operational se-
mantics.

§=>¢
U=>U
(Az:A)M = (Az:A)M

(Mz:A)M = (Il A)M
M = (AzA)M; M[N]= P
apply(M,N)=> P

M= M
apply(M, N) = apply(My, N)

M, not canonical

We say that M has a weak head-normal form N if M = N. M,
and M, are weakly equivalent, notation M; ~ M, iff M; and M, have
identical weak head-normal forms. A term is simple iff it has a weak head-
normal form which is not canonical. Notice that a weak head-normal form
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that is not canonical is either a parameter, or of the form apply(N, M)
where N is a weak head-normal form that is not canonical.

It is important to notice the difference between the relation M, ~ M,
and Kleene equality, which would be defined as: if M, (resp. M3) has a
weak head-normal form, then so has M3 (resp. M,) and they are identical.
With the present definition, M; ~ M, implies that both M, and M3 have
a weak head-normal form.

Lemma 1.3 The following facts hold:
1. a given term has at most one weak head-normal form,
if M € EXP(I) and M = N, then N € EXP(I),

If apply(M, N) has a weak head-normal form, then so does M,

Ll S

if My ~ Ms, and apply(M,, N) has a weak head-normal form, then
apply(M,, N) =~ apply(M3, N).

Remark: The first claim says that the algorithm described by the relation
=> is deterministic. The last claim is false in general if apply(M,, N) has
no weak head-normal form. For instance, with A = (Az:U)apply(z,z), we
have that A ~ A, but not that apply(A, A) ~ apply(A, A).

3 An algorithm for 8, n-conversion

The algorithm

We define recursively when two terms M, and M, are “equivalent”, notation
M, & M,. This will be defined between closed expressions, and we need to
consider also the relation My & M3 {I], I finite subset of PAR, M, M, €
EXP(I). A consequence of the indexing by a finite set of parameters (and,
later, of the use of contexts as Kripke world) is that we don’t have to assume
anything about a-conversion. The indexing by a finite set of parameters
follows also the actual implementation of the algorithm, where we keep
track of the real variables used so far in order to create a fresh variable.

M & N [I] if, and only if, M has a weak head-normal form My, N
has a weak head-normal form Ny and the pair (My, Np) is of one of the
following form:

e (£,¢),
e (U, U),



An algorithm for testing conversion 261

o (Az:A1)My, (Ay:A2)N1) and My €] & N1[€] [1,¢],
[ ] ((HI::MI)Mg,(Hy:Nl)Nz) with M1 i —4 N1 [I] and M2[£]°<'-‘> Nz[E] [I,E],
o (apply(My, M3),apply(Ny, N2)) with My & N, [I] and M3 & N, (1],

o ((Az:A)T, No) with T[¢] & apply(No,€) [1,€], where Ny is not canon-
ical,

o (Mo, (Az:A)T) with apply(Mp,€) & T[€] [I,£], where My is not canon-
ical.

It can be shown that the choice of the “generic parameter” € such that
£ does not belong to I is irrelevant (there exists such a € because PAR is
infinite). From this remark, we see that if M; <> M, [I] and I C I, then
M, & M, [II]

One of the goal of the paper is to show that, if M, N are two syntactic
expressions that are sets, or are terms of the same type, then M, N are
convertible if M & N.

It is clear from this definition that < is symmetric. Furthermore, if
My ~ M3 and My & N, then M; & N.

Notice that the algorithm described by <& “forgets” the type of the
abstractions. Intuitively, this is because M < N is considered only if it is
known already that M, N set or M, N € A. This is also essential for the
next two lemmas.

Lemma 1.4 If My, M, € EXP(I) verify apply(M,, £) < apply(M2,€) [I,€],
then My & M, [I]. If a & b [I], and qa, b are simple, then apply(a, M) &
apply(b, M) [Ih] for any I C I, M € EXP(1,).

Proof: We suppose that My,M, € EXP(I) verify apply(M;,£) &
apply(Ms,€) [I,£]. Then, both apply(M;,€) and apply(Mz,€) have a weak
head-normal form. It follows by lemma 1.3 that both M;, M; have a weak
head-normal form, that are abstraction or non-canonical. There are then
four cases that can be checked directly. For instance, if My = (Az:A)T
and My = My, Mp not canonical, apply(My,€) < apply(Mz,§) [I,€] is
equivalent to T'[¢] < apply(Mo,€) from which M, < M; follows.

The other part is direct. |

Lemma 1.5 & is a partial equivalence relation, i.e. is symmetric and
transitive.
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Proof: By induction on the proof that M; <& M,, we show that if
M, & Mj, then M; & Mj. |

Normalisable terms

We define inductively a predicate Norm on the set of syntactic expressions.
It will be a family of predicates Norm(M) [I] defined on EXP(I) such that
Norm(M) [I] and I C I, implies Norm(M) [I,]. We say that Norm(M) [I],
or that M € EXP(I) is normalisable iff M = My and M is of the form:

L3

o U,

o (Az:M;)M, and Norm(M,) [T], Norm(Ma¢]) [I,€),
o (Hz:M;)M, and Norm(M,) [I], Norm(M,[¢]) [Z,€],
o apply(My, M3) and Norm(M,) [I], Norm(My) [I].

Notice that given a proof of Norm(M;), Norm(Mz) [I], we can decide
whether or not M; & M, [I], that is, < is a decidable relation on the set
of normalisable terms. Notice also that if Norm(M) [I], then M & M [I].
The relation Bisim is the equivalence relation on {M € EXP | Norm(M)}
which is the restriction of <> on this set.

4 Computability relation

Contexts as Kripke possible world

We have four inductively defined relations on the set of syntactic expressions
that correspond to the four judgement of type theory. They are described in
the appendix. If I is a context, and I the finite set of parameters that occur
in T, we will write EXP(T'), M; <& M; [I'] and Norm(M) [I] respectively
for EXP(I), My < M, {I] and Norm(M) [I].

We recall that we have defined an ordeér relation between context by
F CT,iffifé € Aisin T, then it is also in I';. A direct inductive
argument shows that if a judgement holds in I', and I' C TI';, then the
same judgement holds also in I';. From now on, we will consider contexts
as “possible worlds” in a Kripke-like manner. This is a convenient way of
making precise the notion of parameters “available at a given moment of
time” (see [5] for another example of this method).
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From now on, we take the convention that any statement or proof is,
even if it is not stated explcitely, relativised to an arbitrary context.

For instance, a set X is now a family X (T') of sets such that X (I';) C
X(Ty) if 'y € T';. We will denote also by z € X [I'] the fact that = belongs
to X(I'), and we will say in this case that x belongs to X at level I'. A
predicate ¢ on X is a now a proposition ¢(z) [I'] depending on a context
I' and on z € X (TI'), which is increasing in the context T, that is such that
o(z) [[] and T C T implies @(z) [I'1]. There is a similar definition for
relations. An example of such a set is the set of expressions. A predicate
on this set is the predicate Norm, and a binary relation on this set is <.

Let ¢1,p2 be two predicates on EXP. Following the rules of Kripke
semantics, we say that ¢;(z) implies p2(z) at level I iff for all Tg D T,
(pl(.‘l,') [Fo] implies that (pz(l') [Fg]

We let X(T') be the set of pairs (1,6) where 9 is a predicate on EXP
at level ' and § an equivalence relation on {M € EXP | ¥(M)} at level
I'. The equality on X(T') is (p1,61) = (p2, 82) [I'] iff p1(M) = pa(M) and
61(M,N) = 62(M, N) at level I' (where = denotes logical equivalence).

Definition of the computability relation

If A set, let us say that a pair ($,A) € X is a computability relation
on A iff the following conditions are satisfied:

1. ®(a) implies a € A,

A(a,d) impliesa=b € A,

a € A, a simple and Norm(a) imply ®(a),

a="bE€ A, a,bsimple and Bisim(a,b) imply A(a,b),
if ®(a) then Norm(a),

if A(a,b) then a & b,

if ®(a), a = u € A, a =~ u, then ®(u),

e T o N

if A(a,b),u=a€ A, u~a, b=v€A b~v, then A(u,v).

We are going to define a predicate ¥ on EXP. Intuitively, ¥(A) means
that A is a “well-formed” set. We will have that ¥(A) implies A set. For A
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such that W(A), we will define ©4 = ($4,A,4) € X computability relation
on A.

We first define ®y. Actually we define simultaneously ®y such that
&y (A) implies A € U, and for A such that ®y(A) we define 84 = (p4,64) €
X computability relation on A.

We say that &y (A) ] iff A € U [I] and

e either A is simple, in which case we ask Norm(A) and we define
pa(M) [[4], for Ty DO T, by M € A, Norm(M) at level T; and
6A(M1,M2) is My =M, € A& M; & M, at level Ty,

e or A = (Ilz:Ap)A;, in which case we ask
1. A= (IIz:Ag)A, €U,
2. ®y(Ao),
3. pa,(a) implies ®y(A;[a)),
4. 64,(a,b) implies 04,[q) = 0a,[3)-
These last conditions are stated at level T'.
In this case, we define pa(M) [T1] for Ty DT by M € A and

— pao(a) implies p4,(4)(apply(M, a)),
— 64,(a,b) implies 84, (5)(apply(M, a), apply(M, b)),
— if M = (Ay:Bo)T, then Norm(By).

84(M,, M3) is the equivalence relation on {M € EXP | pa(M)} de-
fined by

M) = Mz € A & [pay(a) = ba,(q)(apPly(M), a), apply(M3z, a))].

These last definitions are stated at level T;.

Remark: A priori, it is not clear that if A € U, and A = B, then A is
simple or B is a product. It will follow from the fact that II is one-to-one
that A is simple or B is a product, that B € U, and that A = B.

Let us explicit the definition of @ a(M) [I'1] in the case where A =
(Mz:Ag)A;. It means first that the judgement M € A holds in the context
I';. Next, if '} C T'p, then p4,(a) [[2] implies @4, (apply(M,a)) [I'2] and
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b4,(a,b) (T3] implies é4,[a)(apply(M, a), apply(M, b)) [T2]. Finally, if M =>
(Ay:Bo)T [T'y] then Norm(By) [T'y].

Notice that if follows directly from this definition that ®y(A), A = B €
U, and A ~ B imply ®y(B) and 04 = 0p.

There is a problem a priori in such an inductive definition, because of
the fact that the predicate ®y that is defined has negative occurences. A
discussion on this difficulty is postponed to the next section. This discussion
will justify also the following induction principle. Let P be a predicate on
EXP. Suppose that if A is simple, then ®y(A) implies P(A), and that if
dy(A), A= (IIz:Ag)Ar, A = (Iz:Ag)Ay € U, P(Ap), pa,(a) = P(Ai[a]),
then P(A). Then, we can conclude that, for all A, &y (A) implies P(A).

Lemma 1.6 If ®y(A), then Norm(A) and 84 = (¢a4,64) is a computability
relation on A.

Proof: Remark that this entails that if ®y(A), then p4(§) [ € 4],
because £ is simple and normalisable.

Consider the property P(A) that ®y(A) and

1. Norm(A4),

2. a € A, a simple and Norm(a) imply ¢a(a),

3. a=be€ A, a,bsimple and Bisim(a, b) imply 64(a, b),

4. if pa(a) then Norm(a),

5. if 64(a,b) then a & b,

6. if pa(a), a=u € A, a~ u, then pa(u),

7. iféa(a,b),u=a€ A, u~a, b=v€EA, b~v, then 64(u,v).

By definition of ®y, P(A) if A is simple and ®y(A).

Next, suppose ®y(A4), A = (Iz:Ag)A1, A = (Tz:A40)A, € U, P(Ap),
and ¢ 4,(a) implies P(A;[a]).

Notice first that, by induction hypothesis, @4,(§) [ € Ao], since £ is
simple and normalisable of type Ag at level £ € Ayp.

Since ®y(A), we have @y (A;[€]) [€ € Ag] and hence, Norm( A, [¢]) [€ €
Ap] by induction hypothesis. We have also Norm(Ag) by induction hypoth-
esis, and hence Norm(A).



266 4 Computability relation

Let M € A be simple and normalisable. For any a such that @ 4,(a), we
have that apply(M, a) is simple and normalisable, because M is simple and a
normalisable, and hence by induction hypothesis, p4,[q)(apply(M, a)). For
any a,b such that 6,4,(a,d), we have that apply(M,a) and apply(M,d) are
simple and that Bisim(apply(M,a), apply(M, b)), because Bisim(a,b) and M
is simple. Hence, by induction hypothesis, é4,(s)(apply(M, a), apply(M, b)).
This shows that ¢4 (M) holds.

In the same way, we can show that if M, N € A, M, N are simple and
Bisim(M, N), then 64(M, N), using lemma 1.4.

If pa(M), then we have p4,[¢)(apply(M,§)), because p4,(£) [€ € Ao
Hence Norm(apply(M,€)) at level £ € Ag. This implies that M is simple or
has a weak head-normal form which is an abstraction. If M is simple, then
Norm(apply(M,€)) implies Norm(M). If M = (Ay:By)T, then Norm(By).
This, together with Norm(apply(M,&)), implies that M is normalisable.

If 64(M, N), then we have 64,[¢j(apply(M,€),apply(N,£)), because we
have p4,(€) [€ € Ag]. Hence apply(M,€) & apply(N, &) at level £ € Ap by
induction hypothesis. We deduce M < N by lemma 1.4.

Next, suppose that a € A, pu(a), a = u € A, and a ~ u and we
have to show that p,4(u) holds. We have u € A sincea = u € A. If
M € Ao and p4,(M), then we have to show that @ 4,[a)(apply(u, M)) holds.
We have @4,m)(apply(a, M)) because p4(a). Furthermore apply(a, M) =
apply(u, M) € A;[M]. By lemma 1.8, we have that apply(a, M) is normal-
isable and hence has a weak head-normal form. By lemma 1.3, we have
apply(a, M) ~ apply(u, M). By induction hypothesis, the lemma holds for
A,[M]. Hence @a,(amy(apply(u, M)). Furthermore, if u = (Az:Bo)T, then
Norm(Byp) because u ~ a and @ 4(a). The proof of the last claim is similar.
]

Notice the essential use of contexts as Kripke worlds in this reasoning.

We define the equivalence relation Ay on the set of expressions that
satisfies @y by: Ay(A,B)iff A=B€U,04 =6p, A& Bandif A=
(Iz:A0)A;, B = (ITy:Bo)B; then Ag = A, and B[] = B, [€] [€ € Ag).

Lemma 1.7 (®y,Ay) is a computability relation on U.
We can now define ¥(A), and for A such that ¥(A), the predicate ® 4
and the equivalence relation A,. We say that ¥(A) [T'] iff A set [T'] and

e either A is U, we have already defined &y and Ay,
e or A € U [I'] and ®y(A) [I], in which case we take ©4 to be 4,
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e or Ais (Ilz:Ag)A;, in which case we ask

— ¥(Ao),
— ®4,(a) implies ¥(A[a)),
— Ay,(a,b) implies © 4,(a] = O 4,y

These last conditions are stated at level T'.
In this case, we define ®4(M) [[}] for I'y DT by M € A and

~ ®4,(a) implies ® 4,(a)(appPly(M, a)),
— Ap,(a,b) implies A 4,10)(apply(M, a),apply(M, b)),
— if M = (Ay:Bg)T, then Norm(By).

A4(M,, M) is the equivalence relation on {M € EXP | pa(M)}
defined by

My =M, € A& [®a,(a) = Aa,a(apply(Mn, a),apply(M3,a))].

These last definitions are stated at level I'y.

Notice that this definition is a priori ambiguous, since we can have both
A €U, and Ais (IIz:Ag)A;. But in this case, we have also A € U, and
A[€] € U [¢ € Aq), and we can show inductively on the proof of A € U
that both cases give the same definition. This ambiguity does not appear if
we use a formulation “a la Tarski” of universes, as in Martin-Lof 84 [9], or
if we restrict the proof to LF, where there is a syntactic distinction between
types and kinds.

Lemma 1.8 If ¥(A), then Norm(A) and ©4 = (®4,A4) is a computabil-
ity relation on A.

Proof: The argument is the same as the one for &y given above, and
is by induction on the proof that ¥(A). We use furthermore the fact that
the statement holds for U, using lemma 1.7 and 1.6. n

Justification of this definition

The inductive definitions of ¥, and of ®y are of the following form: we
define simultaneously both a predicate ¢ on the set EXP, and a function
on {M € EXP | ¢(M)}. For ®y for instance, we define simultaneously the
predicate &y and 04 € X defined for A € {M € EXP | ®y(M)}. We have
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to convince ourselves that the above definition is correct. We will show how
to reduce this kind of definition to the existence of a least fixed-point of a
monotone operator on a complete lattice.

For a first such reduction, consider the set Y of pairs (¢, f) where ¢
is a predicate on EXP and f a function from {M € EXP | (M)} to X.
Notice first that Y is a complete lattice for the ordering (¢, f1) < (p2, f2)
defined by ¢1(M) = @a(M) and, if p1(M), then fi(M) = f2(M). Notice
next that the definition of ®y can be seen as a monotone operator from
Y to Y. This is essentially the justification implicit in Martin-Lof 72 [8]
which is explained in another framework in Aczel 77 [1].

For a second reduction, more set-theoretical in nature, we consider
A +— (pa,84) as a functional relation R between EXP and X, that is a
relation R on EXP x X such that, for any M € EXP, there exists at most
one £ € X such that R(M,z). Notice first that the definition of ®y can
be seen as a monotone operator on the set of relation between EXP and
X. This is a complete lattice for the inclusion. Notice next that the least
fixed-point of this operator is a functional relation. We define then @y to
be the domain of this functional relation, that is the set of M € EXP such
that there exists z € X such that R(M, z). This reduction appears in Allen
87 [2], and was pointed out to the author by S. Hayashi.

Of course, we have now to show that a monotone function on a complete
lattice has a least fixed-point, at least in these particular cases. It is well-
known how to do it using an impredicative definition (this is Tarski fixed-
point theorem). One may wonder if there exist more basic reductions. One
alternative is even to admit the existence of &y and the induction principle
over it as a new axiom. We will limit ourselves here to have indicated these
two possible reductions to the existence of a fixed-point of a monotone
function on a complete lattice.

5 Completeness of the algorithm

We define first inductively when a “type-checking” context I' = §; €
Aiq,..., & € A, is valid, and when it is valid, when a substitution, written
(&1/a1) ... (€n/an), fits this context at level 'y, and when two such substi-
tutions (§1/a1) ...(€n/0y,) and (€1/01) .. .(€n/b,) are considered to be equal
at level T'y.

IfT =¢ € A, then T is valid iff ¥(A). Furthermore (£/a) fits T at level
Ty iff ®4(a) [To] and (€/a), (£/b) are equal iff A4(a,bd) [Lo).
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Next, if T is valid, if A set [['], and ¥(c A) for any o that fits I at level
Lo, and ©,,4 = ©y,4 [[o] whenever o, and o3 are equal, then T',§ € A
is valid. Furthermore, o(£/a) fits T',€ € A at level I'g iff ®,4(a) [T'o], and
o1(€/a1),02(€/az) are equal iff oy, 07 are equal and Ag, 4(a1, a2) [To].

Proposition 1.1 If A set, then ¥(A). If A = B, then ¥(A), ¥(B), ©4 =
Op.If a € A, then ¥(A) and ®4(a). Finally, if a = b € A, then ¥(A) and
AA(a,b).

Proof: More generally, we prove inductively that if T is a valid context,
o a substitution that fits T at level I'y, and oy, 03 two equal substitutions
that fit ' at level I'g, then

o if A set [[], then, at level 'y, ¥(cA), and ¥(01A), ¥(024), and
eolA = OUQA)

e if A= B [I), then, at level I'y, ¥(cA), ¥(0B) and Oy4 = O, 3,

e if a € A [T, then, at level Ty, ¥(cA), ®,4(ca), and ©,,4 = Oy, 4,
Aq,4(010,02a),

eif a =b € Al then, at level Ty ¥(dA), 5,4 = O4,4, and
Aga(oa,ob).

This is proved by induction together with the fact that any context
is valid. Lemma 1.8 handles the rules of f-conversion and the rule of 7-
conversion.

Let us show for instance how is handled the rule II-equality 2. To sim-
plify the notations, we suppose the context empty. We have then ¥((Ilz:
A)B), ®nz)s(f), and we want to show ®(na)s((Az:A)apply(f,z)) and
Amia)e(f, (Az:A)apply(f,z)). By the definition of ¥, we have that ¥(A),
that ®4(a) implies ¥(B[a]), and A4(a,b) implies ©p[s) = Opp), Pa(a) im-
plies ®pq)(apply(f, a)) and Ay(a,b) implies Appgy(apply(f, a),apply(f,b)).
Let us assume ®4(a) and show that ®pgpa)(apply((Az : A)apply(f, ), a)).
This follows from ® ga)(apply(f,a)) and lemma 1.8. Since Norm(A) because
¥(A) and by lemma 1.8, we have ®1z1)p((Az:A)apply(f,z)). In the same
way, if Ag(a,d), then we have A gq)(apply((Az:A)apply(f, z), a), apply((Az:
A)apply(f, z),b)) follows from A gia)(apply(f,a), apply(f,b)) and lemma 1.8.
||

In particular, if M = N, or M = N € A, then M & N and this
expresses the completeness of our algorithm for testing conversion of terms.
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6 Correctness of the algorithm

A first application is the fact that II is one-to-one.

Proposition 1.2 If (Ilz:4p) Ay = (Ily:By)B), then Ag = By and A[¢] =
Bi[¢] [€ € Ao)-

Proof: We use lemma 1.2. The result is clear in the case of [I-formation
2. And if (ITz:Ap)A;, = (Ily:Bo)B; € U, then Ay((Ilz:Ao)A,, (Ily:Bo)By)
by proposition 1.1, hence the result. [ |

The rest of this section collects direct consequences of the fact that IT
is one-to-one.

Corollary 1.1 If M € A, M € A,, then A; = A,.

Proof: By induction on M using proposition 1.2. u

Lemma 1.9 If (Az:4,)b € (Ily:A,)B, then A, = A, and b[¢] € B[¢] [€ €
Ayl

Proof: We have (Az:A;)b € (Ilz: Ay)B,, with bl§] € By[¢] [€ € A]
and (Ilz:A;)B; = (Ily:A;)B. By proposition 1.2, we get A; = A, and
By [€] = B[¢] [ € Ay}, hence he result. =

Lemma 1.10 If A set and A = B, then B set and A = B. If a € A, and
a=>bthenb€e Aanda=">b€ A.

Proof: Weshow by induction on M = N, that if M = N thenif M set,
then N set and M = N,and if M € A, then N€ Aand M = N € A.

Let us show the case where M is apply(M;, Ny), My = (Az:A2)M,
and M,[N,] = N. We have M, € (llz: A,)B,, N1 € A;. By induction
hypothesis, (Az:A2)M2 € (IIz:A,)B, and M, = (Az:A;)M, € (I1z:A,)B;.
By lemma 1.9, A; = A; and M;[€] € B[] [€ € A;]. We deduce that
M,[N,] € By[N,]. By induction hypothesis, N € By[N;] and M3[N;] =
N € By[N,]. But we have apply(M;, Ny) = apply((Az:A2) M2, N1) € B1[N,]
by I-elimination 2, and apply((Az:A2)M2,N;) = M2[N,] € Bi[N,] by
[I-equality 1. [ |
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This lemma can be expressed as the statement of the subject-reduction
for B-reduction.

The next proposition states the correctness of the algorithm corre-
sponding to the relation <»>. This is only stated in the empty context,
but the relativised version to amy context holds as well.

Proposition 1.3 If A set, B set, and A < B then A = B. Similarly, if
a€ A, b€ Aand a & b, then a =b € A. Furthermore, if a & b, a € A,
b € B, and a,b are simple, then A = B, and a = b € A.

Proof: We use essentially lemma 1.10 and lemma 1.2. We prove
simultaneously by induction on M < N that if M < N, then if M, N set
then M = N,if M,N € Athen M = N € A, and if M, N are simple and
MeANeEB, thenA=Band M =N € A.

Let us consider for instance the case where M = apply(M,, M) and
N = apply(N1, N3) and My & M,, Ny < N;. We have that M, N are
simple. If M € A, N € B, then we have M, € (IIz:C)A;, My € C, N, €
(My:D)By, N2 € D and A [M3] = A, B1[N:] = B. This follows from lemma
1.10. Since M,, N, are simple, we can apply the induction hypothesis and
we get that (IIz:C)A; = (Ily:D)B;, and M; = N, € (llz:C)A,. By
proposition 1.2, this implies C = D and A,[¢] = B[€] [ € C]. We have
then M4, N5 € C. By induction hypothesis, this implies M, = Ny € C. We
then get that apply(M1, M3) = apply(N1, No) € A1[M2], and A = A,[M;] =
BI[N2] = B. |

Corollary 1.2 If A,B set and A = B [['], then A= B.If M, N € A and
M=NgA[l],then M =N € A

Proof: By proposition 1.1 and proposition 1.3. [ |

The relativised version of this corollary says that the equational theory
at level I'; is a conservative extension of the one at level I' C T'y.

7 Equivalence with another formulation of Type Theory

Lemma 1.11 If M set then M has a #-normal form My such that M =
M. If M € A, then M has a f-normal form My such that M = M, € A.
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Proof: We have Norm(M) if M set or M € A by proposition 1.1. We
prove next by induction on the proof that Norm(M) using lemma 1.10 that if
Norm(M), then if M set then M has a normal form My such that M = M,
and if M € A then M has a normal form My such that M = Mge A. N

Let us say that two expressions M, N are confluent if they can be
reduced to a same term by S, n-reductions.

Proposition 1.4 f M = N,or M = N € A, then M, N are confluent.

Proof: We define the size s(M) of a term M as the number of symbols
in M. We prove by induction on s(M) + s(N) that if M & N, M, N in -
normal form then if M, N set then M, N are confluent, if M = N € A then
M, N are confluent, and finally, if M, N are simple and M € A,N € B,
then A = B and M, N are confluent.

Let us treat only two cases. Let us suppose that M is (Az:P)M, and N
is (A\y:Q)Ny, and M,[¢] & Ny[¢], and M = N € A. We have then M,[¢] €
B\ [€] [€ € P) and N,[£] € Ci¢] [€ € Q) with A = (IIz:P)B, = (Iy:Q)C,.
By proposition 1.2, we have P = @, and B,[{] = C,[£] [¢€ € P], and thus
M,[¢] = N,[] € B,[€] [€ € P]. By induction hypothesis, we have that
M, [¢] and Ny[¢] are confluent. Furthermore, P = Q implies P <& Q by
proposition 1.1. By induction hypothesis, P and @ are confluent. Hence,
M and N are confluent.

If M is simple, and N is (Az:T)N,, and M = N € A, then we have A =
(z:T)B with N,[€] € B[¢] [¢ € T]. We have then apply(M,£) = N,[¢] €
B[€] [€ € T). By induction hypothesis, using the fact that s(apply(M,€)) +
s(N1[€]) < s(M) + s(N), we get that apply(M,€) and N, [€] are confluent.
Hence, M and N are confluent.

We can then apply proposition 1.1, and lemma 1.11. [ |

Lemma 1.12 If A set and A = (Ilz:By)B, [T], then A = (Iz:Ag)A; with
Ag = Bg [I'] and A;[€] = B;[¢] [T, € € Aq).

Proof: This is clear if A = (ITz:Bg)B) [I] can be derived by II-formation
2. If A = (lz:By)B, € U [I), then Ay(A,(Ilz:By)B,) at level T, and
so A = (Ilz:Ap)A1, and at level T', A = (Ilz:Ap)A; € U, Ap = A, € U,
Byl€] = By[€] € U [€ € Ap). By lemma 1.10, we get actually t hat A = (Ilz:
Ag)A) in the empty context. [ ]
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Lemma 1.13 If A set [['1,£ : B,T'2] and £ does not appear in I'; and A,
then A set [['1,02). f M € A [[y,€ : B,I'2] and € does not appear in I';
and M, then there exists A’ set [[';,I'2] such that M € A’ [I'y,T;] and
A=A'[[1,€: B,Ty).

Proof: By induction, using lemma 1.12 and corollary 1.2. [

Corollary 1.3 If the judgement J holds in the context I'1,§ : A,T'2 and &
does not appear in I'; and J, then J holds in I'y, T's.

Notice that this lemma does not hold in extensional Type Theory (like
the one of Martin-Lof 84 [9]).

Lemma 1.14 The subject reduction property holds for 5-reduction.

Proof: This means that, if (Az : A)apply(f,z) € C and z is not free
in f, then f = (Az:A)apply(f,z) € C.

Indeed, we have C = (Ilz:A) B, with apply(f,&) € B[¢] [€ € A]. Hence,
at level £ € A, the type of f is a product (Ilz:A;)B; and we have that
A = A, and B,[¢] = B[¢]. By lemma 1.13 and lemma 1.12, we deduce
that f € (Ilz:A3)B; in the empty context, with, at level £ € A, A; = A,
and B[(] = Bi[(] [( € A2). This means Ay = A, [£ € A] and B;[{] =
Bs[¢] [€ € A, ¢ € A

This implies B[] = B[€] [ € A]. By corollary 1.2, we have also
Az = A in the empty context. Hence, (Ilz:A)B = (Ilz:A3)B; and f is of
type (Ilz:A)B = C. By the rule of ll-equality 2, and by the rule of Set
equality, we get f = (Az:A)apply(f,z) € C. u

Proposition 1.5 If A, B set and A, B are confluent, then A = B.

It is now clear the “conversion-as-judgements” version of type theory
is equivalent to the version where conversion is defined at the level of raw
terms, like for the usual presentation of LF [6] or in [8]. Indeed, one can see
a priori that if a judgement holds for the “conversion-as-judgment” version,
it holds for the other version. Proposition 1.5 shows the converse.

One can also deduce the decidability of type-checking, following an
usual argument (see for instance [5]).
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Conclusion

We tried to present a direct, semantically motivated, proof of the correct-
ness and completness of an algorithm that tests conversion in type theory.
Our proof can be seen as an expression of one possible semantics of type
theory. It applies also to Edinburgh LF. It may be interesting to apply it
for the case of set theory expressed in Martin-Lof’s logical framework.

Acknowledgement and related works

In [7], D. Howe proves the fact that II is one-to-one for NuPrl and exten-
sional Type Theory.

In [12], A. Salvesen proves that II is one-to-one and the Church-Rosser
property for the version of LF where “conversion defined on raw terms”.

The problem of conversion of terms in presence of 7-conversion is also
studied in [4].

In [11], the idea of contexts as Kripke worlds is used for giving a con-
structive version of the notion of possible worlds.

I want to thank Catarina Svensson for pointing out to me that the
equivalence between the two formulations of Type Theory was a non-trivial
property. Thanks also to Bengt Nordstrom, Jan Smith, Lena Magnusson
and Anne Salvesen for interesting discussions on this topic. Finally, I want
to thank Per Martin-Lof for his remarks on a previous version of this paper.

1 The Rules.

General rules.

Context formation

A set
& € A context

I’ context

(€A
Where £ € Ain I

' context A set [I]
I',§ € A context

Where £ not in I
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The rules below are also valid when relativised to an arbitrary context.
The restriction on the parameter £ is that it is “generic” w.r.t. the conclu-

sion of the rule, i.e. does not appear in this conclusion. It can be proved
that its choice is irrelevant.

Reflexivity
a€ A A set
a=a€A A=A
Symmetry
a=beA A=1B
b=a€c A B=A
Transitivity
a=beA b=c€eA A=18B B=C
a=c€A A=C
Set equality
a€A A=1B a=be A A=B
a€B a=b€B

Cartesian Product of a Family of Sets.

IT - formation 1

A set B¢] set [€ € A)
(Iz:A)B set

IT - formation 2

A=C  Bl]=DE][(€ 4]
(Hz;A)B = (HyC)D

IT - introduction 1

b¢] € BIE] [€ € 4]
(Az:A)b € (ITz:A)B
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II - introduction 2

A=Ay bi[€] = ba[€] € BIE] [€ € Ai]
(Az:A1)by = (Az:A2)by € (Tz:A1)B

II - elimination 1

f € I(A,B) ac A
apply(f,a) € Bla]

II - elimination 2

f=g€(llz:A)B
a=be A
apply(f,a) = apply(g,b) € Bld]

II - equality 1

bl¢] € B[¢] [§ € A
a€ A
apply((Az:A)b, a) = b[a] € Bla]

II - equality 2

f € (Ilz:A)B
[ = (Az:A)apply(f, z) € (IIz:A)B

The Set of Small Sets.

U - formation:
U set

U - introduction 1:

Ael B[] € U [¢ € 4]
(Iz:A)B e U

U - introduction 2:

A=CeVU  Blg|=DEle V¢ € 4]
(z:A)B = (Ily:C)D € U




An algorithm for testing conversion

Set — formation 1

Set — formation 2

277
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Inductive sets and families in Martin-Lof’s
type theory and their set-theoretic
semantics

PETER DYBJER
Department of Computer Sciences
Chalmers University of Technology and University of Gotebory
S-412 96 Goteborg, Sweden

Abstract

Martin-Lof’s type theory is presented in several steps. The kernel is a de-
pendently typed A-calculus. Then there are schemata for inductive sets and
families of sets and for primitive recursive functions and families of func-
tions. Finally, there are set formers (generic polymorphism) and universes.
At each step syntax, inference rules, and set-theoretic semantics are given.

1 Introduction

Usually Martin-Lof’s type theory is presented as a closed system with rules
for a fixed collection of set formers including II, X, +, Fq, N,, N, W,
and U,. But it is often pointed out that the system is in principle open
to extension: we may introduce new sets when there is a need for them.

*This is a slightly modified version of a paper with the same title which appeared
in the Proceedings of the First Workshop on Logical Frameworks, Antibes, May
1990. Editors G. Huet and G. Plotkin. Pages 213-230. This research was partly
supported by ESPRIT Basic Research Action “Logical Frameworks” and Styrelsen
{or Teknisk Utveckling.
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The principle is that a set is by definition inductively generated - it is de-
fined by its introduction rules, which are rules for generating its elem ents.
The elimination rule is determined by the introduction rules and expresses
definition by primitive recursion on the way the elements of the set are gen-
erated. (Normally the term primitive recursive refers to number-theoretic
functions. But it makes sense to use this term generally for the kind of
recursion you have in Martin-Lof’s type theory, since it is recursion on the
way the elements of a set are generated. This includes primitive recursive
functionals and transfinite recursion on well-orderings. An alternative term
would be structural recursion in analogy with structural induction.)

Backhouse [3] et.al. [4] exhibited a schema for inductive sets which de-
limits a class of definitions admissible in Martin-Lof’s type theory, which
includes all the standard operations for forming small sets except the equal-
ity set. This schema extends Schroeder-Heister’s schema for the logical con-
stants [19, 20] to the type-theoretic case, where proof objects are explicitly
represented in the theory. .

Coquand and Paulin [6] and Dybjer [8] extended Backhouse’s schema to
incorporate inductive families and thus also inductive predicates. (Coquand
and Paulin [6] presented their schema as an extension of impredicative
higher order logic and the calculus of constructions, but the formal pattern
is much the same as the one in Dybjer [8].) An inductive family of sets P
is defined by giving rules for generating index-element pairs (%, @) such that
a : P(7), just as an inductive set P is defined by giving rules for generating
elements a such that a : P.

As an example consider the finite sets N,. In Martin-Lof’s presentations
- [12, 13, 14] this is a countable external sequence of sets. We could make
this into an internal sequence by putting N,, = N’(n), where N' is a family
of sets indexed by the internal natural numbers n : N. N’ can then be
defined by primitive recursion:

N'(0)
N'(s(a))
(Formally, one needs universes to define a family of sets by recursion.)

But an alternative is to define N’ by induction. We have the following
introduction rules:

0,
1+ N'(a).

a: N a:N b: N'(a)
0'(a) : N'(s(a))’ s'(a,b) : N'(s(a))

There is a form of primitive recursion associated with this kind of definition.
For example we can define a function i which for n : N injects N’(n) into
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N by

i(s(a),0'(a))
i(s(a), s'(a,b))

Inductive families become inductive predicates under the propositons-
as-sets principle. An example is the equality relation Eq(A) on a set A
which is a standard set former of Martin-Lof’s type theory. It is defined as
the least reflexive relation, that is, by the introduction rule

0: N (a:N),
s(i(a,b)) : N (a:N,b: N'(a)).

a:A
Eq(A)(a,a)
Another example is the predicate Even on natural numbers. It has the
following introduction rules:

a: N Even(a)
Even(s(s(a)))

Even(0),

In both cases I have followed the practice of suppressing elements which
are thought of as proof objects. Also note that the family N’ becomes
‘nonzero’ when thought of as a predicate, and that its second introduction
rule becomes redundant if we only care about truth (inhabitation).

Other examples of inductive families (and predicates) can be found in
Dybjer [8, 9], Coquand and Paulin [6], Pfenning and Paulin- Mohrmg (17],
Hedberg [10], and Szasz [22].

The schema covers all the standard operations for forming small sets in-
cluding the equality set. It also subsumes Martin-Lof’s schema for inductive
predicates in predicate logic [11].

In this paper I give a somewhat different presentation of the schema
than in Dybjer [8].

One difference is that definitions of functions by primitive recursion are
presented schematically too (much like in Martin-Lof [12]) rather than by
the usual kind of elimination rules.

I also separate the presentation of the process of inductive generation of
sets and families from the process of introducing parameters. For example,
A and B are parameters in Lz : A.B[z],A + B, Eq(A), and Wz : A.B[z].
Another name for this feature is generic polymorphism. But a parameter

 need not be a set or a family. It can also be an element as in Christine
Paulin’s definition of the equality relation: in addition to the set A, one of
the elements a : A is fixed, and a unary predicate Eq'(A,a) is defined by
the introduction rule
Eq'(A,a)(a).
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Also, as usual, a definition of a primitive recursive function may depend
on parameters. For example, the addition function +(a)(b) can be defined
by defining a unary function +(a), which depends on the parameter a, by
primitive recursion over N.

Moreover, I present a version of type theory without a logical frame-
work and without an underlying theory of expressions (like in Martin-Lof’s
presentations of type theory before and including the book [14]).

I also show how to interpret type theory, with the schema, in classical
set theory. This gives a useful interpretation, compare Troelstra [23, page
2]: ‘The simplest interpretation of MLg is in terms of a hierarchy within
classical set theory, where II, I, etc, correspond to the formation of carte-
sian products, disjoint unions etc. as already indicated above; function, i.e.,
elements of cartesian products are regarded as equal if for each argument
their values are equal, etc.” This interpretation is ‘non-intended’ in the sense
that it is not the interpretation described by Martin-Lof [14], whereby basic
concepts, such as judgement, set, proposition, element, equality, etc. are
explained intuitively. The intention is that these explanations will make
the inference rules of type theory intuitively evident. But there is a sim-
ilarity between the set-theoretic interpretation and the intended one: the
formation rules receive their meaning from the introduction rules and the
elimination rules receive their meaning from the equality (or computation)
rules.

Salvesen [18] presented details of a set-theoretic interpretation of type
theory without a general schema for inductive definitions. Well-orderings
and the first universe were interpreted as inductively defined sets obtained
by iterations of k-continuous operators.

Coquand and Paulin [6] proposed to give a set-theoretic interpretation
of their schema for inductive sets by (i) translating the introduction rules
defining a set to a strictly positive set operator in type theory; (ii) introduc-
ing rules for fixed points of such set operators in type theory and showing
that the corresponding rules of the schema can be derived; (iii) interpret-
ing type-theoretic strictly positive operators as k-continuous functors on the
category of sets, where card k < R, in the theory without universes. (This
interpretation does of course not extend to the full system of the calculus of
constructions extended with inductive types. Having a set-theoretic model
is one of the properties which distinguishes predicative from impredicative
type theory.)

In this paper I use Aczel’s [1] notion of rule set rather than continuous
functors. It is really only a variation, since a rule set generates a continuous
operator. But it allows a direct concrete translation of the type-theoretic
introduction rules to set-theoretic rule sets and generalizes the concrete
construction of the term algebra T on a first order signature ¥.
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I also interpret inductive families.

I would also like to mention that Aczel [2] has shown how to interpret
certain inductive sets, such as the well-orderings of type theory, in a con-
structive set theory (which itself can be interpreted in Martin-Lof’s type
theory). Does it follow that the whole of Martin-Lof’s type theory can be
interpreted in this constructive set theory? (Universes are not discussed in
Aczel’s paper, however.)

Type theory is presented in the following steps.

e The dependently typed A-calculus (section 2). This is like the simply
typed A-calculus with II instead of —. It consists essentially of the
general rules and the rules for II in Martin-Lof [13, 14].

e Schema for inductive sets (section 3). This part of the schema is
closely related to the well-orderings.

e Schema for primitive (structural) recursive functions (section 4).

o Schema for inductive families (section 5). This generalizes the schema
for inductive sets. The simpler case is presented separately for the
purpose of the presentation only.

e Schema for primitive recursive families of functions (section 6). This
generalizes the schema for primitive recursive functions.

e Set formers (generic polymorphism) are discussed in section 7. There
the possibilty of internalizing the schema is discussed too.

e Universes (section 8).

At each step I first give syntax, then inference rules, and finally a set-
theoretic interpretation.

I do not discuss simultaneous induction and recursion here; see instead
Dybjer [8].

The type theory considered here is the intensional, monomorphic (has
unicity of type) version of Martin-L6f 1986 (see Nordstrém, Petersson, and
Smith [15]) but formulated without a logical framework. Note however,
that we can interpret 7-conversion on the level of sets, and the rule

Eq(A)(a,b)
a=b:A"’
which relates definitional and propositional equality and causes equality
to be extensional (see section 5). Note also that the interpretation allows
polymorphic constructors, but not polymorphic recursive functions (section
7). Thus we have almost, but not quite, got a model of the extensional,
polymorphic version of type theory of Martin-Lof 1979 [13, 14].



2 The dependently typed A-calculus 285

2 The dependently typed A-calculus

We use ordinary notation, but omit mentioning variable restrictions, etc.

Ezpressions
Set expressions:
A = Hz: Ag.Afz].
Element expressions:
a == z|Az:Aafz]]| ai(ao).
Context expressions:
' == ¢|Tz:A
Judgement expressions:
J == Tcontexst {THAset|TFa:A|TFA=A"|Tka=4d":A.

Inference rules

Some premises are omitted.
General rules:

T’ context 'k A set
€ context
I,z : A context
IF'F A set F'ta:A

FTFA=A F'ra=a:A
FTFA=A FkFa=d:A
TFA=A Fka'=a:A
FTFA=A TFHA =A" F'tFa=a':A F'ka' =a": A

T'FA=A" . l'ta=a":A
FTFA=A Fta:A FTFA=A Fta=a:A
'ka:A F'Fa=a': A’
T'F A set
T.z:AFz:A

Tk Ag set Tk A; set TF Ag set T'F A = A}
I,z:AgF A; set [,z:Agk Ay = A}
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T'F Ag set T'ta:A T'F Ag set I'Fa=d : A
I'N'z:Agba: A I'N'z:Agba=a: A

Rules for the cartesian product of a family of sets:

Tk Ag set T,z:AgF Ay[z] set
Tk Iz : Ag.A1[z] set

Tk Ag = A T,z:Ag bk Afz] = A[z]
T'F Iz : Ao.Ai[z] = Iz : Af.A|[=]

T,z:Aot afz]: A
Tk Az : Ag.afz] : Iz : Ag.A[z]

I z: Aok afz] = d'[z] : A
Tk Az : Ag.afz] = Az : Ao.a/[z] : Iz : Ag.A1[z]

Tk a : Mz : Ag.A[z] T'koag: A
T'F ai(ao) : A1[ao)

I'kay =af:lz: Ag.Aiz] I'kag=ap: Ao
T'F ay(ao) = aj(ap) : Aifao]

T, z: Aot aifz] : Aiz] T'kag: Ag
I'F (Az : Ag.ai[z])(ao) = ai[ao) : Ailao]

The present formulation of type theory is intended to conform with Martin-
Lof’s intensional version of 1986 except that we do not use a level of logical
types (a logical framework). In intensional type theory #-conversion is valid
on the level of types but not on the level of sets. II is inductively defined by
the single introduction rule for A, and 7 does not follow from the equality
rule relating A and the selector funsplit. Here I take II as primitive, but
if it is to conform with the inductively defined II, then 7 ought not to be
included.

Interpretation of expressions

The basic idea is to interpret a type-theoretic concept as the correspond-
ing set-theoretic concept, which usually has the same name. So a (type-
theoretic) set is interpreted as a (set-theoretic) set, an element of a set as
an element of a set, (definitional) equality as (extensional) equality, (type-
theoretic) cartesian product as (set-theoretic) cartesian product, function
as function graph, etc. A context is interpreted as a set of assignments.
Let [a]p be the denotation of the expression a under the assignment p.
This assigns a set to each variable in a finite list of variables which includes
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all variables which are free in a. Let § be the empty assignment and let p¥
abbreviate p U {(z,u)}. Let also [a] abbreviate [a]0.

The interpretation function is partial. Partiality is introduced in the in-
terpretation of application. But the interpretation of a derivable judgement
will be defined and true.

The method with a partial interpretation function has also been used
by Streicher for a categorical interpretation of the calculus of constructions

[21].

Interpretation of set expressions:

Mo Aoifalle = ] [Ailellot.

u€fAo]p

This is defined iff [Ao]p is defined and [A,;[z]]p¥ is defined whenever u €
[Ao]p.

Interpretation of element expressions:
[zlp = p(2).
This i1s always defined.
Pa:Adlle = {(u]az]lpz)u € [A]p}.

This is defined iff [A]p is defined and [a[z]]p¥ is defined whenever u € [A]p.

[a:(a0)lp = ([ar]p)([aolp)-

This is defined iff [a1]p and [ao]p are defined, and [a;1]p is a function the
domain of which contains [ag]p. (Observe that it is possible to interpret
polymorphic application in set theory. This is not the case for interpreta-
tions of type theory in general, compare Streicher [21].)

Interpretation of context expressions:

el = {0}
This is always defined.
[T,z:A] = {pilp € [T1Au € [A]p}).

This is defined iff [T'] is defined and [A]p is defined whenever p € [T].
Interpretation of judgement expressions:

[T context] iff [I'] is a set of assignments.
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This is defined iff [I'] is defined.
[T+ Aset] iff [A]pis aset whenever p € [T].

This is defined iff [I'] is defined and if [A]p is defined whenever p € [T].
[TFa:A] iff [a]p € [A]p whenever p € [T].

This is defined iff [['] is defined and if [a]p and [A]p are defined whenever
p €[]

[TFA=A] iff [A]p = [A"])p whenever p € [ry.
This is defined iff [I'] is defined and if [A]p and [A']p are defined whenever
p € [I']. ,

[TFa=ad":A] iff [alp=[a"]pA [a]p € [A]p whenever p € [I].
This is defined iff [I'] is defined and if [a]p, [a’']p, and [A]p are defined
whenever p € [T].

Soundness of the inference rules

Checking the soundness of the inference rules means checking that the in-
terpretation of the conclusion of a rule is defined and true whenever the
interpretation of the premises are defined and true.

It is quite straightforward to check the soundness of all the inference
rules. As an illustration we show the soundness of the rule of application.
The premises are interpreted as

[ai1)p € H [A1[z]}p; whenever p € [I']
u€f[Aolp

and
[aolp € [Ao]p whenever p € [T].

From this we conclude that

(Ia1]p)([a0]p) € [As[=]]pE*1” whenever p € [I],

and hence the conclusion of the rule follows, since

[A1[2]1pE*)” = [Ai[ao]lp

follows from a substitution lemma which holds for the interpretation.
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Telescopes

In the description of the schema below we shall frequently refer to sequences
of dependent sets, to sequences (tuples) of elements, and to sequences of
typings of elements. De Bruijn has introduced the term telescope for such
sequences of dependent sets [5]. Telescopes can also be viewed as obtained
by iterating the X-construction. They are similar to contexts; they are
contexts treated as objects.

It is intended that the reader view the terms telescope, tuple, etc., and
certain associated notations as abbreviations and reduce them to formal
notions of type theory in a way to be suggested below. (The description
is not complete, and sometimes the notation needs to be interpreted with
some good will in order to make sense.)

The new notation is explained as follows:

e As telescope means that

A set,

Aa[zy] set (z;1 : Ar),

5

Aplzy, ... zno1] set (212 Ar,y. .21t Anca);
o As = As’ means that

Al = Al)
Az[zl] = Az[zl] (2:1 : Al),

)
—_ / . . . .
A,,[:cl,. .. ,2:,,_1] = An[:l:l,. . .,2:,,_1] (2:1 : Al,. R A A,,_l),
e as :: As means that
ap . Al,
azlAzlal],
:’
an :An[al:---)an—l];
e as = as’ :: As means that
— .
a; =aj: A,

ag = 0,2 . Az[al],
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:)
a, = a,, : Apfay,...,an-1].

We also write f(as) for f(ay,...,an), f(as,bs) for f(ay,...,a,,by,...
bm), etc.

An alternative approach would be to extend type theory with formal
notions of telescopes and tuples. In addition to the standard forms of
judgement we would have the new forms As is a telescope; As = As’;
as :: As; as = as’ :: As. As other forms of judgement these judgements
would be made under assumptions. We would then have suitable rules
for forming telescopes and tuples. Furthermore, if we have telescopes, a
context can be viewed as a single assumption zs :: As. Compare also the
discussion in section 7 on internalization of the schema.

The set-theoretic semantics can be extended to telescopes and tuples.
When we write us € [As], we understand that us is a tuple (uy,...,u,)
such that uy € [41],...,un € [An[z1,-- ., Zn1]]zr 2nc).

We also use index notation such as (ax )k, (A )k, and (ar : Ag)x to stand
for a1,...,an, A1,...,An, and a1 : Ay,...,a, : A, respectively. This will
be used, for example, to talk about non-dependent telescopes of the form

(Ap)e.

3 Schema for inductive sets

‘We have now presented the syntax and rules of the dependently typed A-
calculus. This theory, call it Ty, can be extended successively to obtain a
sequence of theories 11,75, .. ..

There are two kinds of extensions.

The first kind is when T4, is obtained from T = T,, by adding forma-
tion and introduction rules for a new set former P (see section 3, 5, and
7.

The second kind is when 7,4 is obtained from T = T;, by adding a
new function constant f, which is defined by primitive recursion on some
set (or family) and is specified by its type and its computation rules (see
section 4, 6, and 7). In this way we get schematic elimination and equality
rules. .

We first treat the simple case without parameters and inductive families.

Ezpressions

Set expressions:
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Element expressions

a ::= intro;(as, (b))

Inference rules

(J abbreviates TF J.) -
Formation rules:

P set,
P=P
The ith miroduction rules:
as :: Gs; (b : Hs;xlas] — P
intro;(as, (bg)x) : P ’
as=as' ::Gs; (b = b, « Hs;x[as] — P

intro;(as, (bg)i) = intro;(as’, (b})) : P’
where

e Gs; is a telescope relative to T

e Hs;i[zs] is a telescope relative to T' in the context zs :: Gs; for each

k.

Note the similarity between the schematic introduction rule and the
introduction rule for well-orderings Wz : G.H[z]. The latter is obtained by
letting ¢ = 1, Gs; = G, k = 1 and Hsy,[z] = H[z]. Compare also section 7.

Inductive sets in sel theory

We shall use Aczel’s [1] set-theoretic notion of rule set to interpret the
introduction rules for a new set former. The set defined inductively by a
rule set is the least set closed under all rules in the rule set.

A rule on a base set U in Aczel’s sense is a pair of sets (u,v), often
written u
such that « C U and v € U.

Let @ be a set of rules on U.

A set w is ®-closed if

- %G‘D/\ungvew.
There is a least ®-closed set
I(®) = ﬂ{w C Ulw ®-closed},
the set inductively defined by ®.



292 Inductive sets and families

Interpretation of expressions

Interpretation of set expressions:
[Plp = I(®p),

where

= Uy ran v il, (v sik[zs]]ys —
Pp = L'J{ (n‘_mm,:,us’(vk)k)lus € [[Gsi]])( k€ [[H 'k[ ] zs U)k};

where N, € w is a code for the constructor tntro;, and U = Vj,, the set of
sets generated before stage o in the cumulative hierarchy, where « is chosen
so that ®p is a rule set on U. This induces the following requirements on
the ordinal a:

e V, is closed under tupling, that is, a is a limit ordinal,
e wCV,, that is, w < a;
e [Gs;] C Vq for all 3;

o [Hsix[zs]]é: — Vo C Vg for all us € [Gs;] and all ik. This can be
achieved if [Hs;k[zs])%3 C Vi and if card [Hs;k[zs]]4¢ < card o for all
us € [Gs;] and all ¢k. Because assume that vy € [Hsi[zs]]4 — V.
Then for each ws € [Hs;i[zs]]4! we have (ws,vi(ws)) € Vp,, for
some ordinal By, < a. Let 8 = supy,cpms,(es))s: Puws < . Hence,
vg = {{ws, vk (ws))|ws € [Hsir[zs]]43} C Vs. So vk € Vq.

I(®p) is independent of the choice of a particular o which satisfies these
requirements. Because let ®p and ¥, be defined using a < o respectively.
Then the ®p-closed subsets of V,, are the same as the ®'5-closed subsets of
Va- '
If the theory T does not include universes, then we can choose a such
that card a < R, (assuming R4, = 28¢).
Interpretation of element expressions:

[intro;(as, (be)k)]le = (Rintros, [as]p, ([0]p))-

Soundness of the inference rules

Formation rule. We have already shown that [P]p is a set.

The introduction rule is sound because assume that us € [Gs;]p, when-
ever p € [[], and v € [Hsix[zs]]pt: — [P], whenever p € [I'], for all
k. Then it follows that | J, ran vx C [P] and hence since [P] is ®p-closed
(n,-,,gm,.,us, (vk)k) € [[P]
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Logical consistency

Absurdity (1) is identified with the distinguished empty set defined by the
empty list of introduction rules. We get that [1] = @, so we cannot have
a : 1, since this entails [a] € 0. Hence the set-theoretic interpretation
shows the logical consistency of Martin-Lof’s type theory.

Ezxzcluded middle

The disjunction AV B of two propositions A and B is identified with the
disjoint union A + B of the corresponding sets and is defined by the two
introduction rules
a:A b:B
inl(a): AV B’ inr(b): AV B’

Under the given interpretation type-theoretic disjoint union is interpreted
as set-theoretic disjoint union. So AV—-A, which is defined as AV(A — 1),
is interpreted as the disjoint union of [A] and [A] — 0. This set is always
nonempty in classical set theory. So the truth of excluded middle in type
theory under the set-theoretic interpretation is a consequence of excluded
middle in classical set theory.

4 Primitive recursive functions

Functions can be defined by recursion on the way the elements of P are
generated (primitive or structural recursion). Here we give a schema for
such definitions rather than a single elimination rule.

Syniaz
a:=f.

Inference rules
Elimination rules:
f:1z: P.C[z],
f=f:1z: PCl[z].
The ith equality rules:
as :: Gs; (bx : Hs;x[as] — P);
f(intro;(as, (be)k)) ’

= di(as, (b, Azs :: Hs;i[as].f(be(2s)))k)
Clintro;(as, (br)r)]
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where
e C|[z] is a set in the context z : P;
o
d; : Hzs: Gs;.
(Hyx : (Hsik[zs] — P).

My, : (Izs :: Hs;x[2zs].Clyk(2s)]))-
Clintroi(zs, (yx)k))-

Primitive recursive functions in set theory

A rule set ® is deterministic if

/

E€<I>/\£€<I>Du=u'.
v v

If ¢ is deterministic, functions on Z(®) can be defined by recursion on the
way the elements in Z(®) are generated.
.Interpretation of expressions

Since ®p is deterministic, type-theoretic primitive recursion can be inter-
preted as set-theoretic primitive recursion on Z(®p). Let

[7le = I(¥y),

where

Ui (v (ws), v (ws)) ws € [Hsixlzs]}e:)
o= U S TA AR CrR T
us € [Gsi],
(vr € [Hsielzslli — [P],
e [ [Clue(z)l% )i}

ws€[Hsixlos]]2:

¥y is arule set on 3°,  ;p[C[2]]7 . This is easily proved by ®p-induction
since the pairs in Z(¥ ) are generated in parallel with the elements of Z(® p)
and since the requirements on d; ensure that the second component is in

[ClDE
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Soundness of the inference rules

Since ®p is deterministic ¥y defines a function on [P]. Hence

(flre [] [Clp,

welPlp

and the elimination rule is validated.

To prove the soundness of the equality rules we need to prove three
things: two memberships and an equality. The memberships are immediate.
The equality is a direct consequence of the definition of ¥ .

5 Inductive families
We now treat the more general case of inductively defined families of sets.

Ezpressions

Set expressions:
A = P(is).
Element expressions
a := intro;(as, (bg)x)-
Inference rules

Formation rules:

15 Is
P(is) set’
is:: Is

P(is) = P(is)’
where

e [s is a telescope relative to T

The ith introduction rules:

as :: Gs; (b : Mzs :: Hsixfas).P(gsix[as, zs]))k
intro;(as, (b)) : P(ps;fas]) ’
as = as’ :: Gs; (br = b}, : zs :: Hs;p[as).P(gsik[as, 25]))k

intro;(as, (bx)x) = intro;(as’, (b,)k) : P(psilas]) ’

where
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e Gs; is a telescope relative to T

e Hs;i[zs] is a telescope relative to T in the context zs :: Gs; for each
k;

o gsik[zs,zs] i Is relative to T in the context zs :: Gs;, zs :: Hsy[zs]
for each k;

e ps;[zs] :: Is relative to T in the context zs :: Gs;.

Inductive families in set theory

Let I and U be sets and let ® be a rule set on I x U. Then & inductively
defines a family TF(®) of sets in U over I by

IF(®)(8) = {u € U3, u) € ()}

foreachi € I.

Interprelation of expressions

Interpretation of set expressions:

[Pl = TF(@p)isle),

where

Up {(Igsik[zs, zs]l53 57, vi(ws))lws € [Hsix[zs]]z:}
= Ut TosilzsI1ES  (anems, s, (0)e0) |

us € [Gsi],

(vk € [Hsik[zs]]5: — U},

where U is chosen so that ®p is a rule set on [Is] x U. Sucha U =V, is
found in a similar way to the case for inductive sets above.
Interpretation of element expressions:

[introi(as, (bk)e)lp = (lintroi], [as]p, ([Belp))-

Soundness of the inference rules

Formation rule. This is sound since ZF(®p) is a family of sets over [Is].
The introduction rule is sound because assume that

us € [Gs;]p
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and
v € II [P(gsik[zs, 2s])] Pz 25 s
ws€[Hsix[zs]]p2!

whenever p € [I'], for all k. Then it follows that for each ws € [Hs;i[zs]]p¥s
we have

(lasiklzs, 2s]lpzs 35, vi(ws)) € I(2p).

Hence, by ®p-closedness

([ps,- [“]]]Pﬁ:a (ninim.‘ ) US, (vk)k)) € I((I)P)

and thus
(nintroi, us, (ve)k) € [P(psi[zs])]pz; -

Propositional equalily
As mentioned in the introduction, the equality relation Eq is an inductive
predicate. If a,b : A, then [Eq(A)(a,b)] is inhabited iff [a] = [6]. So the
special equality rule
Eq(A)(a,b)
a=b:A

of extensional type theory is valid under the interpretation. The same fact
holds if Paulin’s equality Fq’ is used instead of Eq.

6 Primitive recursive families of functions

We give a schema for functions which are defined by recursion on the way
the elements of P(is) are generated. This generalizes the schema in section
4. Note that we have a kind of simultaneous recursion: an element of
P(ps;[as)) is generated from the elements of (P(gs;k[as, 25]))k.-

Syntaz

a = f(is)

Inference rules

Elimination rule: .
is:: Is

f(is) : Nz : P(is).C[z]’
is=1is" :: Is

f(is) = f(is') : lz : P(is).C[z]
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The ith equality rule:

as :: Gs; (b : lzs :: Hs;plas].P(gsixk[as, z5]))x
f(psilas])(introi(as, (bi)i)) ’

= di(as, (b, (Azs 2 Hsirlas]-f(gsik[as, 25])(be(25))))x)
. C[pSi [as], intro,-(as, (bk )k )]

where

e Clzs,z] s a set in the context zs :: I's,z : P(zs);

d; : Ilzs:Gs;.
(Myy, : (Uzs =2 Hsy[zs).P(gsik[zs, 235])).
My, : (Uzs :: Hsii[zs].Clgsik[zs, zs), ye (25)]))x.-
Clpsi[zs), intro;(zs, (yx)r))-

Primitive recursive families of funclions in set theory

The rule set ®p is still deterministic. As a consequence we could define
functions on the pairs (is,c) in Z(®p). But we want curried versions in-
stead. Such functions can be defined as inductive families of set-theoretic
functions.

Interpretation of expressions

Let

[fGs)le = ZF(¥;)([isle),
where

usws

_ Us {Cgsix[zs,2]l5: 72y (vi (ws), vi(ws)) |ws € [Hsir[zs]]zs }
U= L‘.J{ ([psilzslEs, ((Rintros, us, (vi)x ), [dil(us, (vk, v4)x))) |
us € [Gsi],
(v € I [Plesicles, ze)Dis %,

ws€[Hsix[zs]]2:

vy, € [T [Clesiklzs, zs], ua(z8)ll &0k i }-
ws€[Hsix[zs])22

¥, is a rule set on Zusells] qup(x,)];;ﬂc[zsy £] P
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Soundness of inference rules

Omitted.

7 Polymorphism

Generic sel formers and parameters

So far we have presented a completely monomorphic version of type theory
similar to the type theory presented in Martin-Lof [12). (Martin-Lof also
introduced a new constant P for each instance of Ilz : Ag.A|[z] and a
new constant f for each instance Az : A.a[z]. Thereby bound variables
were avoided altogether.) But it is important both for convenience and
expressiv eness to introduce parameters in the inductive and the primitive
recursive definitions. (We distinguish generic set formers, the arguments of
which are called parameters, and induclive families of sets, the arguments
of which are called indices.) A parameter can be either a set (or family) or
an element (or function); some examples were given in the introduction.

The set-theoretic interpretation extends directly to the case with pa-
rameters.

Typical ambiguity

The set-theoretic interpretation given above is polymorphic (introduces typ-
ical ambiguity) in the constructors but not in the recursive functions. This
is because the denotation of intro;(as, (bx)r) does not depend on the deno-
tations of G'si, and Hs;i[zs), and (in the case of families) I's, whereas the
denotation of f depends on the denotations of Gs;, Hs;;[zs], and d;, and
(in the case of families) Is, ps;[zs], and gsik[zs, z$].

Internalization

I have presented an open theory, that is, a theory which can be extended
whenever there is a need for it. But the schema precisely determines what
an admissible extension of a given theory T' is, and hence the schema defines
a collection of theories obtainable by such extensions.

Is it possible to turn this external schema into an internal construction?
Consider first the case of inductive sets. Each set P is determined by a
list (indexed by i) of pairs of telescopes Gs; and lists (indexed by k) of
telescopes Hs;i. It is tempting to write something like

P =W((zs :: Gs;, (Hsir[z$])k)s)



300 Inductive sets and families

and
[ =T((zs = Gsi, (Hsie[zs))k, i )i),

because of the similarity between the schema for inductive sets and primi-
tive recursive functions on the one hand and the rules for the well-orderings
on the other. We could then put

Wz : Ag.Ar[z] = W(((z : Ao),((A1[2])))),

since the well-orderings is the special case where all lists and telescopes
have length 1. Other standard set formers would be defined by

L = W),
T = W((0.0),
N W), 0); (0, (0N
0 = W00, () (O, ((N)))),
Ao+ A W(((40),()); ((41),0))),
Ap x Ay W(((Ao; 41),())),
Iz : Ao Ailz] = W(((z : Ao; Ail2]),())).

However, there are no formal means in type theory for introducing W
and 7, not even in the theory of logical types (Martin-Lof’s logical frame-
work). It seems that we would need to extend this framework with certain
formal notions of telescope and non-dependent list.

Also note that we need the extra generality provided by the schema as
compared with the well-orderings, since we consider intensional type theory.
In extensionaltype theory on the other hand, we can use well-orderings for
representing inductive sets. But this representation uses non-trivial codings
and assumes some basic set formers, such as 1, T, 4+, and X, in addition to
II, which is needed for the schema too. This representation is described in
Dybjer [7], where it is also explained why it does not work for intensional
type theory.

For inductive families we could similarly try to write

P =WXF(Is,(zs :: Gs;, (2s :: Hs;e[zs), gsik[xs, 25))k, psi[zs])i)
and
[ =TF(Is,(zs :: Gs;, (25 = Hsix[2s), ¢si (28, 28))k, psi[zs], di);).

This does not resemble any standard set former, even though the first three
arguments have a similar function to the first three arguments of Petersson’s
and Synek’s trees [16].
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Some set formers written in terms of WF:

WF((4;4),((z : 4),(),(z:2))),
WF((A),(0), ), (a)))-

Eq(A)
Eq (A a)

8 TUniverses

For each theory T we can define a universe Up, which is the set (of codes)
of the sets introduced in T'. Since it is a set it is inductively defined by its
introduction rules, but these introduction rules do not follow the schema
given above.

Ezpressions and inference rules

We assume a countable sequence Up, U1,Us, ... and formulate rules for uni-
verses & la Russell [14].
Formation rules:
U, set,

U, =U,.

Introduction rules:
Un : Un,

Un=Un :Un
if m < n, and

THAy:U, T,z:AgF Alz]: Un
T'tIz: Ao.AI[Z‘] . Un ’

TFAy=Ap:U, T,z: Aok Ay[z]) = Al[z] : Uy
Tk Mz : Ag.Ay[z] =Tz : A .Al[z]: Un )

Elimination rules:

A:U,
A set’
A=A":U,
A=A
These rules extend the dependently typed A-calculus with universes
(getting the theory TY) and are independent of the particular set form-

ers introduced later. As in the case without universes we may extend T
to obtain a sequence of theories TV, T ,.... When extending T = TY to
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Tr(»j+1 by adding a new set former P or a new function constant f we may
use the rules for universes to justify that the G's;, Hs;x[zs], etc. are sets.

is:: Is

P(is) : Uy

If P depends on parameters which themselves are sets (or families) and thus
appear as premises in the formation rule, then similar premises, stating that
the parameters are in U, , appear in the corresponding universe introduction
rule.

Alternatively, if we had the internal set former WF for inductive fam-
ilies, then we could reflect its formation rule as an introduction rule for
universes.

Set-theoretic inlerpretation

A natural interpretation of the sequence of type-theoretic universes is a
sequence of set-theoretic universes.

But this interpretation does not reflect the fact that a universe is a set
in type theory, and thus inductively generated by its introduction rules.
In particular the universe elimination rule is not interpreted. (This rule is
usually omitted, since it depends on the particular set formers introduced.)

We could try to interpret a universe as a set inductively generated by its
introduction rules by associating a rule set in the sense of Aczel, as we did
for other sets. This is similar to Salvesen’s interpretation of universes [18].
But the universe elimination rule would still not be interpreted, since exten-
sionally equal sets in the universe, which are not necessarily definitionally
equal, are identified.

Instead we could interpret universes a la Tarski, see Martin-Lof [14].
But then a new problem would appear: the II-formation rule is ref,lected as
the following introduction rule for Up:

ap : Uy a, : To(ag) — U

(ag,a1) : Vo

where TI(ao,a) is the code for Mz : To(ao).To(ai(z)) and Ty(z) is the
decoding function which assigns a set to an element z : Ug. This rule has
a negative occurrence of the family Ty(z), which is defined simultaneously
with Up. But this problem can be resolved since we can still define an
operator ¢, which inductively generates the family [To(z)]%, where u €
[Us], and thus simultaneously its domain of definition [U].

Assume for simplicity that we only have introduced one inductive set
P without using universes and without using parameters. Let its code be
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I:’ :Uy. So Uy is inductively generated by the introduction rules for I and
P. Let t be a function with domain domt and define the function

¢(t) = {(np, PN}V

{{(ng,u0,w1), J] t(u1(2)))luo € domt,u; € t(ug) — dom}.
z€t(uo)

Let ¢ be ¢ iterated a times on @. This is an increasing chain, since @ C ¢(@)
and t C ¢(t) implies ¢(t) C ¢%(t). Hence ¢ has a least fixed point Z (¢),
and we let

[Uo}p = domZ (¢)
and

[To(a)lp = (Z(4))([alp)-

If we assume the existence of a set-theoretic universe which itself is a set,
then we can show that [Up)] is a set, and that [To(z)]% is a family of sets,
where u € [Up]. (Indeed, if [P] is an infinite set and if [Up] is a set then
it follows that sup,e[y,) card [To(z)]; is a strongly inaccessible cardinal.)
Moreover, we let )

[Pl=np

and
[H(ao, al)]] = (an’ l[aO]]v [(11]]),

and then the two universe introduction rules are easily justified. The two
properties of the decoding function also follow directly. Finally, the uni-
verse elimination rule expresses definition of functions on Uy by primitive
recursion. To interpret such a function we use the same technique as when
interpreting Ty above.
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David Pym Lincoln Wallen
University of Edinburgh  University of Oxford
Scotland, U.K. England, U.K.

We formulate a system for proof-search in the All-calculus by exploit-
ing a cut-elimination theorem and a subformula property. We modify this
system to support the use of unification and prove that the modification re-
duces the search space uniformly. A permutation theorem is then exploited
to reduce the search space further and a notion of intrinsic well-lyping is
introduced to ensure an adequate computational basis for proof-search.

1 Introduction

We present a series of proof systems for the All-calculus: a theory of first-
order dependent function types [7], [18], [11]. The systems are complete,
but differ substantially as bases for algorithmic proof-search.

The first system, called N, is a natural deduction formulation of the AII-
calculus. This system is also known as the type system of the (Edinburgh)
Logical Framework or LF [11]. The main judgement of N is the typing
assertion: I' F M:A, meaning that the term M has type A given the type
assignments for free variables and constants recorded in . This relation
is decidable. A typical rule of N is the elimination rule for the dependent
function type constructor, II:

T M:(lz:A.B) Tk N:A
T+ MN:B[N/z)

IIE

where B[N/z] denotes capture-avoiding substitution of N for free occur-
rences of z in B!

In Section 3 we formulate a sound and complete Gentzen-style sequent
calculus G and use a cut-elimination result for G to obtain a system for
the semi-decidable relation of inhabitation: T = A, with the meaning-
(3M)(T F M:A). This system, called L, forms a foundation for proof-
search in the All-calculus since the judgements of L assert the ezistence of
proofs of the judgements of N (as in the case of first-order logic [23]).

LReaders unfamiliar with dependent types should read the construction Ilz: A.B
as a (typed) universal quantifier such as Vz:A.B; z is the bound variable, ranging
over the type A, which may occur free in the term B.
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A typical rule of L is the II-left rule, the counterpart of the II-elimination
rule of N:

I',z:B[N/z] = C

m r=2<C

(a) w: (Iz:A.B)eT
(b) z ¢ Dom(T’) (1)
(c) G\cut proves T'F N:A.

L is almost logicistic, in the sense of Gentzen, but there remains one lo-
calized appeal to an external notion, that notion being the system G\cut
(1.e., G without the cut rule) in side condition (c) of the rule above. In-
deed, with respect to the II-type structure of terms in the language, L has
a subformula property [10]. As a consequence, if the inference rules are
used as reduction operators from conclusion to premisses then L induces
a search space Sp(L) of derivations of a given sequent. A formalization of
this notion of search space can be found in Section 4. Notice that if the III
rule is used as a reduction, the choice of term N to use in the premiss is
unconstrained by the conclusion of the rule. The subformula property of
the II-types does not extend to a full subterm property (cf. the quantifier
rules of the predicate calculus). The aziom sequent (or closure condition
for the reduction system) is:

I''zA "= A

i.e., the conclusion occurs as the type of a declaration in the context.
In Section 4 we formulate the system U which is is obtained from L by
removing the appeal to G\cut in the III rule. The I rule of U is thus:

I',z:Bla/z] = C

nil
r=2=C

(a) w: (Iz:A.B) €T (2)
(b) z ¢ Dom(T).

This rule introduces an indeterminate into the proof, denoted here by a.
Indeterminates are distinct from the usual eigenvariables that appear in
derivations.

A leaf ' = A of a U-derivation may be closed by an instantiation: a
mapping from indeterminates to terms, such that for at least one declara-
tion z: B €T we have Bo = Ac. (Here Bo denotes the image of B under
the mapping ¢ etc.) The calculation of instantiations can be performed by
a unification algorithm for the language. A suitable algorithm has been
developed by the first author [24] based on a standard algorithm for simple
type theory [14]. A similar algorithm has been developed, independently,
by Elliott [8], [9].

A U-proof is a pair (%, 0) consisting of a U-derivation ¥ and an instan-
tiation & such that o (the image of ¢ under ¢) is an L-proof. Not every
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instantiation that closes all the leaves of a given U-derivation will yield an
L-proof when so applied. It is sufficient to check that the instantiation can
be well-typed in the derivation to ensure that the result is an L-proof. If I’
is the context and A the type of the indeterminate o when introduced into
the U-derivation, the well-typing condition for & amounts to:

Tl ac: Ao

ensuring that side condition (c) of the Il rule of L (1)—the condition
omitted from the Il rule of U (2)—is nevertheless satisfied in o. The
unconstrained choice of term in the IIl rule of L is replaced by a highly
constrained choice in U.? Since instantiations are only calculated by unify-
ing declarations in the leaves of proofs to force the leaves to close, all such
instantiations considered are minimal in a sense made precise in Section 4.
It is then easy to prove that the search space Sp(U) induced by U is a
subspace of Sp(L), but which nevertheless contains representatives for all
L-proofs. This wholesale reduction in the search space is analogous to that
obtained by Robinson in the context of the predicate calculus [26].

The well-typing of an instantiation depends on the structure of the
derivation from which it is calculated. If it fails to be well-typed in that
derivation it may be well-typed in some permutation of the derivation, since
rule applications (or reductions) can sometimes be permuted whilst leaving
the endsequent (i.e., root) of the derivation and its leaves unchanged. The
degree to which this can be done is summarized in the form of a Permuta-
tion Theorem, in the sense of Kleene [15] and Curry [6], and underlies the
material of Sections 5 and 6.

In the final refinement of the paper, the well-typing condition on the
instantiation in the notion of U-proof (¥, o) is weakened to require only
that there exist a legal permutation of ¥, say ¥*, in which the instantiation
is well-typed; t.e., ¥*o is an L-proof. Of course the crucial computational
question is whether the existence of at least one suitable *, given ¥ and
o, can be determined as the search progresses. We show in Section 6 that
this is indeed the case using a reduction ordering: a notion which was
introduced by Bibel [4] for classical connectives and extended by the second
author in [29) to various non-classical connectives.® In effect we consider

?The inference system that corresponds to the calculation of instantiations by
unification does indeed have a subterm property. The soundness and completeness
result for U is a form of Herbrand Theorem for the theory. The unification algorithm
searches amongst the terms of a “Herbrand universe” defined by each leaf sequent.
This aspect is not explored in detail in this paper, see [24].

3The condition is equivalent to an enhanced “occurs-check” in the unification al-
gorithm if a suitable notion of Skofem function were introduced. The suitable notion
is not the obvious one that the reader might suppose from experience of classical
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two derivations to be equivalent with respect to a given instantiation if they
are permutation variants of each other. The reduction ordering ensures that
there is always at least one derivation in the equivalence class in which the
instantiation is well-typed.

The reader may find it helpful to refer back to the overview given above
to identify the motivation for various technicalities below.

This paper extends an earlier paper [25] in that we discuss the proof-
theoretic foundation of the sequent calculus L and in that we provide a
preliminary analysis of the notion of search space which allows us to prove
certain containment results. We also provide a proof of the Permutation
Theorem for the All-calculus and provide examples to illustrate the impor-
tant definitions.

2 All-calculus: a theory of dependent function types

The Mll-calculus is a language with entities on three levels: objects, types
and families of types, and kinds. Objects are classified by types, types and
families of types by kinds. The distinguished kind Type classifies the types;
the other kinds classify functions f which yield a type f(z1)...(z,) when
applied to objects zy, ...,z, of certain types determined by the kind of f.
Any function definable in the system has a type as domain, while its range
can either be a type, if it is an object, or a kind, if it is a family of types.
The All-calculus is therefore predicative.

The theory we shall deal with is a formal system for deriving assertions
of one of the following shapes:

F X sig ¥ is a signature
Fg T context T is a context
I'Fs K kind K is a kind
kg A:K A has kind K
F'kg M:A M has type A

where the syntax is specified by the following grammar:

Y = ()| Z,c:K|[Z,c: A

r == (|z:A

K = Type|HNz:AK

A u= c¢|Nz:AB|A:AB| AM
M 2= c|z|Az:AM | MN

quantifiers, not least because the logic under investigation here is intuitionistic.
In general, the theoretical diversion via Skolemization is unnecessary and can be
difficult to justify semantically, even in simple type theory (cf. [19]). Our approach
follows Herbrand’s Theorem (which is finitary) rather than the Skolem-Herbrand-
Gddel Theorem (which is not).
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We let M and N range over expressions for objects, A and B for types and
families of types, K for kinds, £ and y over variables, and ¢ over constants.

We refer to the colléction of variables declared in a context I' as Dom(T’).
We assume a-conversion throughout. The inference rules of the All-calculus
appear in Table 1. We shall refer to this system as N to emphasize that it
is a system of natural deduction.

A summary of the major metatheorems pertaining to N and its reduc-
tion properties are given by Theorem 2.1, [11], [27], [12], [2].

THEOREM 2.1 (THE BASIC METATHEORY OF THE AIl-cALcULUS) Let X
range over basic assertions of the form A:K and M:A. We write N proves
I' by X to denote the provability of the assertion T Fx X in the system N.

1. Thinning is an admissible rule: if N provesT' s X and
Nproves by s I',T' context, then NprovesI',I' kg 3 X.

2. Transitivity is an admissible rule: if N provesI' ks M: A and
NprovesT,z : A,Aty X, then NprovesT', A[M/z] by X[M/z].

3. Uniqueness of types and kinds: if N provesT Fy M: A and
NprovesT by M: A, then A =g, A, and similarly for kinds.

4. Subject reduction: if NprovesT by M:A and M —jp, M’', then
NprovesT ks M': A, and similarly for types.

5. All well-typed terms are strongly normalizing.
6. All well-typed terms are Church-Rosser.

7. Each of the five relations defined by the inference system of Table 1
is decidable, as is the property of being well-typed.

8. Predicativity: if NprovesT by M : A then the type-free A-term ob-
tained by erastng all type information from M can be typed in the
Curry type assignment system.

9. Strengthening is an admissible rule: if NprovesT',z: A, ' ks X and
ifz ¢ FV(I")UFV(X) then NprovesI',T' Fx X .

A term is said to be well-typed in a signature and contezt if it can be
shown to either be a kind, have a kind, or have a type in that signature
and context. A term is well-typed if it is well-typed in some signature and
context. The notion of #n-reduction, written —g,, can be defined both at
the level of objects and at the level of types and families of types in the
obvious way, for details see [12]. M =4, N if M =5, P and N —3, P
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for some term P, where * denotes reflexive and transitive closure. For
simplicity we shall write — 4, for —»‘,’

We stress that all five of the forms of assertion defined by the inference
fules of Table 1 are decidable. We also stress that N is a system of first-
order types in the following sense: the II-type formation rule has the form:

I'Fs A:Type I',z:Alg B:Type
kg Oz:A.B: Type

both A and B must be of kind Type (see also Rule 11 of Table 1). There
are no variables of kind Type and consequently there are no higher-order
types (of kind Type).

The All-calculus may be conservatively extended with non-dependent
function types, A — B, denoting IIz:A.B whenever = does not occur free
in B. Similarly, we can write A — K, for [Iz:A.K when £ does not occur
free in K. This extension is particularly valuable from the point of view of
proof-search in the Gentzen-style system defined below, in that it allows us
to separate out the propositional part of the logic from the quantificational
part: the former gains a full analysis within the system while the latter
(II), as we have seen, requires external notions. Henceforth we shall use
N to denote the system with explicit — constructions; i.e., the rules of
Table 2 are added to those of Table 1. The basic metatheoretic properties
of Theorem 2.1 hold for this extended syntax.

In a more general setting, the All-calculus is related to the logic AP of
Barendregt’s cube, Barendregt et al. [3]. The principal differences are that
(1) in the All-calculus the signature is distinguished as an initial segment of
the context in which all kind-declarations must occur and from which dis-
charge is not permitted, and (ii) in the All-calculus the 7-rule is admitted.
The presence of the n-rule increases the difficulty of the proof of Theo-
rem 2.1, in particular the proof of the Church-Rosser property (Part 6)
[27].

3 A metacalculus for N.

The inference rules of the system N represent a linearized natural deduction
presentation of the All-calculus. The system is said to be:

e Linearized because the hypotheses are recorded in the context;

o Natural deduction because of the form of the application rules — they
correspond to the implication-elimination rule of natural deduction
formulations of intuitionistic logic [10], [23], [13].
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Valid Signature
F () sig )
FX sig kg K kind ¢ ¢ Dom(Z) @)
F X c: K sig
X sig kg A Type c¢ ¢ Dom(E) )
Fo,c.Asg ?
Valid Context .
FE sig (6)
Fz () context
g T context T kg A: Type z & Dom(T) 0
Fg T,z : A context
Valid Kinds
Fg I’ context 3)
'ty Type kind
'ty A: Type T,z:AkFg K kind 9)
'y z: A.K kind
Valid Elements of a Kind
FeT context ¢: K €X .
kg e: K (10)
'ty A: Type T',z:AklFg B: Type (11)
'ty [z : A.B: Type
'ty A: Type T,2:Akg B:K (12)
F'ks Az AB:lIz: AK
F'tkg B:llz:AK TFg N:A (13)
'k BN: K[N/z]
'y AtK T'kg K’ kind K =4, K’ _
kg A K’ (14)
Valid Elements of a Type
Fe T context c: A€ X (15
Thgcd 2
Fe T context z:A€T .
kg z:A (16)
'y A: Type T,z2:AkFg M:B ,,
= Thghz:AM:Iz:AB (17)
'ty M:lz:AB TFg N:A .
IE 18
Trs MN:B[N/z] (18)
ks M:A Tkg A': Ty = !
P> g A’ Type A=p, A (19)

Fkg M: A
Table 1
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Valid Kinds
Thg A: Type T,z:AFg K kind z & FV(K)

I's A— Kkind (20)
Valid Elements of a Kind
I'tg A: Type T,z:Abtg B:K z ¢FV(K) 21)
F'tsdz:A.B:A—- K (
't B:A— K TFgN:A (22)
I'ks BN : K
'ty A: Type T',z:AtFg B:Type z ¢ FV(B) (29)
I's A— B :Type
Valid Elements of a Type
o 'ty A: Type T,z:Atg M:B z ¢ FV(B) (24)
'tz Az:A.M:A—- B
'k M:A— B TFgN:1A
—E ~ Ttz MN:B (25)
Table 2

In this section we introduce a system G for the All-calculus in the style of
Gentzen’s sequent calculus LJ [10]. Via the formulae-as-types isomorphism
between natural deduction proofs in intuitionistic propositional logic and
the terms of the simply-typed lambda calculus [13], G provides a basis for
a metacalculus for calculating the normal proofs of N.

In the setting of the formulae-as-types isomorphism, the —E rule of the
system N:

I'ts M:A—-B TFgN:A
I'ks MN:B

corresponds to the sequent calculus rule:

TFé¢Dy T
Ty

—E

DE

of intuitionistic propositional logic (in the obvious notation). In the system
G the —E rule is replaced by the — [ rule:
, @A—BeXUT TFgN:A T,y:BFyM:D
Ity M[@N/y]:D

—
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for y @ FV(D), which says that given some constant or variable @:A— B
€ LUT, some object N of type A in the context I', then given an object M
which inhabits the type D in the context T',y:B, the rule — ! constructs
an object M[@N/y] which inhabits the type D in the context I'. Under the
formulae-as-types isomorphism, the corresponding sequent calculus rule of
intuitionistic propositional logic is

¢ ¢,AFy
¢D9,IAFy

see [13], Section 5.
In a similar way, the IIE rule of the system N:

'ty M :Mlz:A.B 'kt N:A

IE 'ty MN:B[N/z] ’

is replaced in the system G by the II{ rule:

| @:Mz:A.BETUT THgN:A B[N/z]=4,C T,y:CtsM:D

I T Fy M@N/y]:D ’

for y € FV(D), which is understood in a manner similar to the — { rule.

Extension of the formulae-as-types correspondence to universal quan-
tifiers and dependent types in the setting of Generalized Type Systems is
reported in the work of Barendregt [3]. This work is due variously to
Berardi, Terlouw, Geuvers and Barendsen. The extension of this corre-
spondence to Gentzen-style Generalized Type Systems and sequent calculi
is under investigation (¢f. Martin-Lof [17]).

The system G includes the cut rule:

I'z:Alg X I'tg N:A
T Fg X[N/2]

G is relatively sound and complete with respect to N.
PROPOSITION 3.1 (SOUNDNESS AND COMPLETENESS)
G proves 'ty M:A iff N proves 'ty M:A.

A cut-elimination theorem can also be obtained; that is G\cut is relatively
complete with respect to N provided we work with inhabiting objects in
B-normal form.

THEOREM 3.2 (CUT-ELIMINATION) Let G\cut be the system G without
the cut rule and let M and A be B-normal forms. Then

G\cut proves T'ty M:A iff N proves I' kg M:A.
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While this might seem surprising at first sight (as we might expect com-
pleteness for all inhabiting objects by analogy with usual completeness of
systems without cut) it actually corresponds to the fact that in such sys-
tems we do not get completeness for proofs, but rather that every proof in
the system with cut which is in normal form corresponds to a proof in the
system without cut. Indeed, the proof of the completeness of the system
without cut may be considered to be analogous to that given by Prawitz
[23] for proofs in normal form. To see this observe that the rules of G with-
out the cut rule are such that only #-normal forms can be derived from
fB-normal forms. Note however that the cut rule is able to derive terms
that are not B-normal forms from f-normal forms because the cut-term N
might be a A-abstraction.

The reader is referred to [24] for the proofs of Proposition 3.1 and The-
orem 3.2. Where no confusion can arise, we omit “N proves”, “G proves”.
“G\cut proves”, etc..

For proof-search we are not interested in the decidable typing assertions
I' s M:A, in which the object M-encodes the proof of the assertion, but
rather in semi-decidable inhabitation assertions of the form I' =5 A, which
is to be read as “A is inhabited relative to the context I' and signature £”.
Here, a proof remains to be calculated, and may not exist. This leads us
to the following definition of sequent:

DEFINITION 3.3 (Sequent) A sequent is a triple (I, T, A), written T =5 A,
where X is a signature, ' a context and A a type (family). The intended
interpretation of the sequent is the (meta)assertion:

(3M) N proves 'y M:A. O

There are two candidates for a calculus for manipulating such sequents.
The first is obtained from the natural deduction system N by deleting
inhabiting objects. This gives rise to a II-elimination rule of the form:

I' >slz:A.B

e I' =y B[N/z]

(a) N proves TFg N:A
which is similar to the usual natural deduction rule for quantifiers. The fact
that the type A in the premiss is not a subformula of the conclusion means

that a proof procedure based on such a calculus would have to invent the
type.
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The second candidate is obtained from the sequent calculus G\cut by
deleting inhabiting objects. This gives rise to a II! rule of the form:

LyD=5C (a) @ Ilz:A.B € SUT
F=xC (b) y ¢ Dom(T)
(c) G\cut proves 'z N:A
(d) B[N/z] —p, D

Y

This rule is preferable to the elimination rule for proof-search because it
restricts the non-determinism to the choice of object M, and such choices
may be calculated by unification. Thus we define a semi-logicistic calculus
L for deriving sequents as follows:

DEFINITION 3.4 (The system L)

Azl I'z:A,T"=>x A
Az2 r =%,c4,r’ A
I''z:A=>s B
—r e (a) ¢ ¢ Dom(T)
I'z:A=>s B
IIr T (a) z ¢ Dom(T)
1 F:EAF F”éB:"EC (a) @A — BeTUT
~E (b) y ¢ Dom(T)
I,y:
m #L:hé—c (a) @z:A.Be ZUT
7z (b) y ¢ Dom(T)

(c) G\cut proves I' g M:A
(d) B[N/z] —p,y D

Here B[N/z] denotes capture-avoiding substitution of N for z, and the
conditions z,y ¢ Dom(I') mean that z and y do not label any declaration
in the context I'. For simplicity and efficiency, we work exclusively with
fAn-normal forms, and for such terms syntactic identity (=) is taken up to
a-congruence (change of bound variable). As usual we refer to the variable
z of the IIr rule as the eigenveriable of the inference. We can ensure that in
any derivation eigenvariables occur only in sequents above the inference at
which they are introduced. Both distinguished occurrences of A are said to
be the principal formula of the Azl and Az2 rules. A — B is the principal
formula of the — r and — ! rules and Ilz:A.B is the principal formula of
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the IIr and Il rules. A and B are the side formulae of the — r and Ilr
rules, and A and B[N/z] are the side formulae of the IIl rule. 4, B and C
are the side formulae of the — I rule. @ is the principal atom in the — [ and
1! rules. L-derivations are trees of sequents regulated by the operational
rules, and L-proofs are derivations whose leaves are axioms. QO

In this paper, we restrict our attention to inhabitation assertions for
types of kind Type.4

DEFINITION 3.5 (Well-formed sequent) A sequent I' =5 A is said to be
well-formed just in case G\cut proves [ ks A: Type. @

From Theorem 2.1 we have:
ProprosITION 3.6 The well-formedness problem for sequents is decidable.

For proof-search derivations are constructed from the root, or endsequent,
toward the leaves in the spirit of Kleene [16] and systems of tableaux [28]
(see Section 4). In support of this usage we have the following result:

ProposITION 3.7 (PYM, 1990) For well-formed sequents T =5 A,

L proves =5 A iff (EM) G\cut proves 'y M:A. QO

We revert to the system G\cut to decide if the endsequent is well-formed.
If so, L may be used to prove inhabitation of A with respect to the context
['. Moreover the inhabiting object M is obtained as the extract-object of
the L-proof I' =5 A, constructed by replacing the inhabiting objects in
the proof, starting with the constants and variables at the leaves, in the
manner of the system G\cut, ¢.v. [24]. L is not fully logicistic since an
appeal is still made to G\cut for each application of the II! rule (third side
condition).

4 Unification and search

In this section we introduce a new calculus U which allows unification to

be used to calculate terms for use with Il inferences. The calculation is

constrained by the propositional structure of the derivation in such a way

that only terms that are relevant to the formation of a proof (rather than

a mere derivation) are considered (cf. [26]). The search space of U is

then shown to be a proper subspace of the search space of L containing
3

4This is a very natural restriction for the use made of the All-calculus in the
(Edinburgh) Logical Framework, ¢.v. [24].
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representatives for all proofs in the latter. U-based search is therefore a
complete and uniform improvement over L-based search.

We introduce a new syntactic class of variables called indeterminates,
denoted by lowercase Greek letters a,f, etc., and extend the syntactic
category of objects to include them thus:

Objects M = c|a|z|Az:AM | MN.

Notice that indeterminates cannot appear A-bound. By virtue of this ex-
tension, entities of all syntactic classes may now contain indeterminates as
subterms. When we wish to emphasize that a syntactic entity does not
contain any indeterminates we shall refer to it as being ground.

We define U by dropping the axiom schemata of L and modifying the
II! rule as follows:

DEFINITION 4.1 (U-derivation) The rules of U consist of the — r, — [ and
IIr rules of L, together with the rule

T, z:Bla/z]) =5 C

m I'=sC

(a) @:Mz:A.B€ZUT
(b) z ¢ Dom(T).

U-derivations are trees regulated by the above rules such that the sequent
at the root of the tree is well-formed. In applications of the IIl rule we
call T' the typing contezt of & and A the type of a. We shall use Ind(y)
and Eig(y) to denote the indeterminates and eigenvariables respectively of
a derivation . 0O

Indeterminates are, in a certain sense, bound within derivations like eigen-
variables: their exact identity is irrelevant since each one may be indexed by
the unique II! inference that gives rise to it in a derivation. In the sequel we
shall take identity of U-derivations up to change in such indeterminates (cf.
pure variable proofs). Notice that we have not yet defined U-proofs since
there are no axiom schemata. U thus consists of four operational rules; the
II! rule no longer contains an external appeal to G\cut or a choice of term,
but is otherwise identical to the Il rule of L.

EXaMPLE 4.2 Figure 1 contains an example of a U-derivation. 0O

DEFINITION 4.3 (Instantiation) An instantiation for a derivation 1 is a
mapping from Ind(v) to ground objects. The (capture-avoiding) extension
of instantiations to all of the constructs of the language is defined in the
obvious way.®

5Formally, we must ensure that any new variables generated during unification
(¢.v. [14], [24]) are distinct from the eigenvariables and indeterminates of the
derivation.
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T, p:—, y:B(a),s:E, ¢:C(8) =z Cly)

T,p:i—,y:B(a),s:E =5 C(y) Eli

) T,p:—,y:B(a) >z E — C(y) or

T, pi—,r:D(e) =z D{a) T, pi~ = (Dy:B(a){E — Cly))) 1
I, p:(lly:B(e).(E — C(y))) — D(e) =5 D(a) I,

=g D(a)

T = A:Type, a:A, B:A — Type, b:B(a),C:B(a) — Type, D:A — Type, E: Type
[ = wlz:A((Oy:B(z).(E — C(y))) — D(x)), vUz:B(a).C(2)

Typing context for a: T
Typing context for §: T,p:(Hy:B(a).(E — C(y))) — D(a),y:B(),s:E

Indeterminates:  Ind(D1) = {a, 8}
Eigenvariables:  Eig(Dl) = {y}

Figure 1: 'U-derivation D1.

The following notion compensates for the absence of axiom schemata in
U.

DEFINITION 4.4 (Closure) A sequent I' =5 A is said to be closed under an
instantiation o just in case Be = Ao for some declaration @:B € ZUT. A
U-derivation is said to be closed under o just in case all of its leaf sequents
are closed under o. (Again, we work exclusively with #n-normal forms.)
m}

We are interested in instantiations that are well-typed in the following
sense.

DEFINITION 4.5 (Well-typing) An instantiation ¢ is said to be well-typed in
a given U-derivation just in case for every indeterminate « of the derivation,
with typing context I' and type A, we have:

G\cut proves I'c Fy ag:Ao. 0O

LEMMA 4.6 If o is a well-typed instantiation for U-derivation ¥ with do-
main Ind(y), then Yo is an L-derivation.

Proor. By induction on the structure of U-derivations. The well-typing
condition ensures that the image under o of each instance of a IIl rule of
U in ¢ satisfies the side conditions on the II! rule of L. The remaining
operational rules are common to the two systems. 0O
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We are now in a position to define a notion of proof for U.

DEFINITION 4.7 (U-proof) A U-proof is-a pair (¢,0), where ¢ is a U-
derivation and ¢ an instantiation with domain Ind(%), such that (1) 9 is
closed under o, and (2) o is well-typed in 4. 0O

THEOREM 4.8 If (1,0) is a U-proof, Yo is an L-proof.

ProoF. By the lemma above 1o is an L-derivation; closure ensures that
the leaves of o are L-axioms.

We remark that it is immediate that an L-proof gives rise to a unique U-
proof (up to change in indeterminates): this is the converse of Theorem
4.8.

ExXaMPLE 4.9 The mappings §; ={a — a,8+— y} and ,={ca — a,8 — b}
are instantiations for derivation (D1) of Figure 1. Both are well-typed since
(for ¢ = 1,2) T'9; Fg ab;:A and (T, p:—,y:B(a),s:E)8; bg B0::B(a)b;. 6,
closes the derivation whereas 6, does n ot. Consequently (D1,6,) is a
U-proof, (D1,6;) is not. 0O

We can use a unification algorithm to calculate instantiations when a
putative leaf has been reached, then check the well-typing condition using
G\cut. In this way the propositional structure of the U-derivation con-
strains the search for terms used at Il/ inferences. The reader should note
that the structure of the type of an atom, @: A € Y UT, is fixed by the
(well- formed) endsequent and that this structure cannot be altered by sub-
sequent instantiations of indeterminates: i.e., the outermost connective of
A, and of all of its subformulae, is unchanged under the instantiation of
indeterminates.

We now develop a simple argument that this use of U constitutes a
uniform improvement over the standard use of L for proof search. The ar-
gument is relative to an arbitrary well-formed sequent I' =5 A. Let Der(L)
(resp. Der(U)) denote the (r.e.) set of L-derivations (resp. U-derivations)
of the given sequent. There is a natural ordering Cy, (resp. Cyj) on Der(L)
(resp. on Der(U)) induced by the obvious notion of subderivation.

Searching for a proof of I' =5 A using L consists of reducing derivations
one step at a time: i.e., matching the leaf of a derivation with the conclusion
of a rule in L and forming a new derivation with the premisses of the rule
as new leaves. The original derivation is thus a subderivation of the new
one.

DEFINITION 4.10 (Search space of L) The search space of L, denoted by
Sp(L), is the ordered set (Der(L),Cp). 0O
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Sp(L) may of course be viewed as a directed graph, the nodes being deriva-
tions and the arcs indicating one-step reductions.

Theorem 4.8 and its converse allow us to express the search space of L
in terms of U-derivations and instantiations in preparation for comparison
with the search space of U. Let D be the set of pairs (,0) such that (1)
¥ € Der(U), (2) o is well-typed in 4 and (3) Dom(o) = Ind(%). Define C
on D x D by: (,0) C (¢,7) iff ¥ Cyy ¢ and & = 7 [Ind(4).

ProposITION 4.11 (D,C) = (Der(L),CL).

PRrOOF. Define a mapping from (D,C) to (Der(L),EL) by (¥,0) — yo.
Theorem 4.8 and its converse ensure that this mapping is an isomorphism
of the carrier sets, and it is easy to check that it preserves the order. Qg

At this point we could define the search space of U to be those pairs
(¥,0) € D such that ¢ is closed under o. Such a definition would yield the
desired containment relation between the search spaces of the two calculi.
However, we postpone the definition and develop a finer analysis of the
structure of U-search.

DEFINITION 4.12 (Relevance) Let (¢,0) € D, a € Dom(¢) = Ind(¢) and
T=0 rDom(a)\{a}. Let = be the eigenvariable introduced by the Il

reduction that introduced «. Finally, let ¢ be the derivation obtained from
¥ by deleting the IIl reduction that introduced «.

(i) The component of &, a ¢, is said to be directly relevant to (¢, o) if
the number of closed leaves in ¢7 is strictly less than the number in yo.

(ii) a +— t is said to be indirectly relevant to (,0) if either (1) there
is some B € Dom(r), directly or indirectly relevant to (¥, 7), that is not
well-typed in (@, 7); or (2) z is either free in some type in %, or a principal
atom in .

(iii) The indeterminate « is said to be relevant if either it is directly
relevant or it is indirectly relevant, and is said to be irrelevant if it is
neither. O

Informally, « € Dom(0) is relevant if either it or its associated eigenvariable
contributes to either the closing a leaf of ¢, either directly via closure, or in-
directly by contributing to the well-typing of a directly relevant component,
or to the construction of ¢ via an — [ or a II! rule.

DEFINITION 4.13 (Minimality) (¥,0) € D is said to be propositionally
minimal just in case every e € Dom(o) is relevant. O



Proof-search in the All-calculus 325

EXAMPLE 4.14 Both components of 6, are directly relevant in (D1,6;). o
is also indirectly relevant. « is directly relevant in 85, but g is irrelevant.
0, is therefore minimal, whereas 8, is not. 0O

While it is not true that every L-proof, seen as an element (y,0) € D,
has ¢ minimal, we have:

LEMMA 4.15 If (¢,0) € D and if o is an L-proof, there is some ¢ such
that <¢,0' fInd(¢)> 1s propositionally minimal.

PrOOF. Let (3,0) be an L-proof that is not propositionally minimal. This
arises because there is a leaf sequent of 3 in which there is an irrelevant
indeterminate a. This indeterminate is introduced to 3 by a IIl reduction
which also introduces an eigenvariable z to 9. Since « is irrelevant, x does
not contribute either to the closure of ¢ or to its construction (as the princi-
pal atom of a left rule). Furthermore, o does not contribute to the closure
of 1. Therefore we can delete from ¢ the IIl reduction that introduced
o and z to obtain a derivation x which is closed under the instantiation

T=0 fInd(x) and is such that (x,7) € D. By deleting the IIl reductions
associated with all such irrelevant indeterminates, and by restricting o to
the remaining indeterminates, we obtain a (closed) propositionally minimal

<¢,0' fInd(¢)> € D, as required. 0O

DEFINITION 4.16 (Search space of U) The search space of U, denoted
Sp(U), is the set of propositionally minimal pairs (¢,s) € D such that
¢ is closed under o, ordered by C. 0O

Indeed, the space Sp(U) is now the quotient of the space Sp(L) by both
closure and propositional minimality. In particular:

THEOREM 4.17 Sp(U) C Sp(L). Moreover, Sp(U) contains representa-
tives for.all L-proofs.

ProoF. By definition and Lemma 4.15. Qo

We should like to think that the search for a proof using U consists of
reducing derivations one step at a time, as in L, but with the modified II!
rule and the calculation via unification of instantiations that close leaves.
The above analysis of Sp(U) is inadequate in that the definition of the
search space of U really fails to capture this intuition. The development of
an adequate analysis of these notions constitutes a current (and substantial)
research project and is related to the possibilities for incremental search
afforded by the notion of intrinsic well-typing developed in the sequel (see
Section 6).
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I, p:—, ¢:C(B8), v: B(a), s:E =5 C(y)
cline2 — 2 I'p—,qC(0
T,p:—,¢:C(B), mD(a) =5 D(a) T,p:—,q:C(B) =5 (Ily:B(a).(E = C(y
T, p:(ITy:B(a).(E — C(y))) — D(a),q:C(8) =5 D(a)
T, p:(My: B(a).(E = C(y))) = D(a) =5 D(a)
T =5 D(a)

—-r
Ir
-
i,
I

L = A:Type,a:A, B:A — Type, b:B(a),C:B(a) — Type, D:A — Type, E:Type
[ = wllz:A.((Iy:B(z).(E — C(y))) — D(z)), v:Mlz:B(a).C(2)

Typing context for a: T
Typing context for g: T, p:(lly:B(a).(E — C(y))) — D(a)

Indeterminates: Ind(D2) = {a, 8}
Eigenvariables:  Eig(D2) = {y}

* Figure 2: U-derivation D2.

5 Permutability of inferences and proof-search

The typing contexts of the indeterminates in a U-derivation depend on the
structure of the derivation. For example, the U-derivation (D2) shown in
Figure 2 is another derivation of the same endsequent as derived by (D1)
(Figure 1). (D1) and (D2) differ in the order in which inference rules are
applied.

The instantiation § = 6, = {& ~— a, 8 — y} closes both derivations, but
whereas 0 is well-typed in (D1), it is not well-typed in (D2) since

T, p(Ily:B(a).(E — C())) — D(a) ¥z y:B(a).

Our final refinement is to alter the notion of U-proof so that existence of
(D2,06) is sufficient to infer the existence of (D1,6), and hence to soundly
terminate the search with success. That is, we investigate conditions under
which rule instances may be permuted whilst leaving the endsequent and
leaves of the derivation essentially unchanged. Implicitly we are defining
an equivalence relation on derivations such that (D2,0) and (D1,0) are in
the same equivalence class. The search strategy need construct at most
one derivation from each class; the search being terminated if at least one
member of the class is a proof.

The reader should be wary of supposing that the above problem can
be overcome simply by defining a normal form for derivations in which
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inferences on the right are grouped as close to the root of the derivation
as possible — in reduction terms: right reductions being preferred over
left reductions.® Whilst this normal form certainly quotients the set of
derivations, we obtain below (implicitly) a stronger equality on derivations
and hence gain a smaller quotient space. Notice that both (D1) and (D2)
are in this normal form. The relative order of Il inferences is in fact
important.”

Let 3 be a U-derivation of a given endsequent and let F, denote the
collection of inferences that comprise ¥. We use Fy(Z) C Fy to denote the
inferences of a given type Z, for Z one of the following: — I, — r, Ill or
, IIr. Let o be an instantiation for .

DEFINITION 5.1 The following binary relations are defined on Fy:
(i) R <y R'iff a side formula of R is the principal formula of R’ 3;
(i) R <y R’ iff R occurs below R’ in ¢;

(iii) R C, R’ iff the indeterminate or eigenvariable introduced by R is a
free variable of ao, where a is the indeterminate introduced by R'. 0o

ExaMPLE 5.2 Consider the derivations (D1) and (D2) of Figures 1 and 2.

(i) We have
.7:1 = .7:2 = {Hll,le,Hr;ﬁ ry— l}

Notice that an inference in a derivation is determined by its form (III,
elc.) and its principal formula occurrence in the derivation. We have
numbered the Il inferences in each. derivation to distinguish them. The
above identification is useful here since (D1) arises from a permutation of
the inferences of (D2). It will always be clear which derivation we have in
mind when we refer to IIl; elc..

(i) Next, we have

<1 =<y =<={(Illj,=1),(— |,0r),(IIr, > 7)}.

6Such a strategy is complete, in that it allows a proof to be found for any
provable sequent, and finds proofs whose extract-objects (g.v. Note 8) are long
Bn-normal forms, see [24].

7Recall that in the LF, left IIs are used to encode both the universal and exis-
tential quantifiers of encoded logics [11]).

3More accurately: iff a side formula of R is a “descendent” of the principal
formula of R; we distinguish the “occurrences” of a formula in a derivation [16).
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This should be expected from the subformula property of the system U
given that F; = Fs.

< = {(Ily,= ),(-4,0r),(IIr,— r),(.—v r,I,)}
<<2 = {(Hll, ng),(nlg,—) 1), (—’ 1,H7‘),(H7‘,—> 7‘)}+,

where + indicates transitive closure. These orderings are just the tree
orderings on the derivations.

(iii) Finally, we have

Ce = {(IIr,IIi3)}.

0

<y decomposes into sixteen subrelations: <<§’n C Fy(E) x Fy(R) for Z,Q
amongst — I, — r, Il and IIr. &y and its subrelations are called the
skeletal orderings of the derivation 1. Notice also that <y is a subrelation
of Ly.

DEFINITION 5.3 (Reduction ordering) The reduction ordering induced by
a U-derivation 1 and a instantiation ¢ is defined by:

dy,0c =def (<¢. U<yU Ea)+,
where the relation <y is defined by:
<p =ar <p \ | («Fu<d™).
EE}‘(,

0

EXAMPLE 5.4 We have that
U <<1111,s
ZeF

U <™ = {(my, i)}
ZEeF,

{(Illy, Ily), (I}, rightarrowl), (ILly, Ir), (I}, — r)}

We leave it to the reader to verify that, as expected,

U (<<1111,s U <<$,m) _ U (<<12'Il,_‘—"-‘. U <<§,m)’
S€A Z€Fs
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I, —r
T T —T 11,
— or N S
T T IIr
IIr — 1 T
1 1 —1
— 1 105 T
1 T iy,
I I, 4
<1 <2

Figure 3: «; and <4 as DAGs for (Di,0), i=1,2.

<1=<2==< = {(=§,1r),(IIr,— r)}*
and

(U=<UCe)?*
= {(Illy,= ), (— ,0r),(Ir,— 7), (Hr,HIz)}+.

d1,6 = d29 = dy

Reduction and skeletal orderings can be pictured as DAGs as in Figure 3
m}

The presence of a relation in dy , indicates that that relationship be-
tween specific inferences may not be altered by permutation. Consequently,
the definition of <y fixes the relative positions of all rule applications in 9
ezxcept 11 rule applications (since they are removed from <y to form <y ).

DEFINITION 5.5 (i) (Compatibility) A derivation is said to be compat-
tble with an instantiation just in case the reduction ordering induced is
irreflexive.

(1) (Degree) The degree of a compatible derivation is the number of pairs
of inferences in the derivation whose skeletal order is inconsistent with the
reduction ordering. That is, (R, R') for which both R <y R’ (R is below
R'in ) and R dy o R. If a derivation is compatible with an instantiation
with degree n, we say it is n-compatible. a

EXAMPLE 5.6 From the DAGs in Figure 3 it is easy to see that (D1) is
0-compatible and (D2) 2-compatible with 4. In the latter case the Ill;
inference is below two inferences which precede it in d4. O
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THEOREM 5.7 (PERMUTATION THEOREM)

If ¢ is compatible with ¢, then there is a 0-compatible U-derivation %* of
the same endsequent. Moreover, if 9 is closed under o, so is ¥*. We say
that ¥* is a permutation of .

PRrROOF. By induction on the degree of . We interchange IIl inferences
with other inferences to reduce the degree. One must check that the leaves
of the permuted derivation contain the same declarations (though in a dif-
ferent order).

In order to simplify the presentation of the argument we distinguish two
cases:

1. In which we consider the exchange of the II! rule with the binary rule
— [

2. In which we consider the exchange of the Il rule with each of the
unary rules — r, II» and III itself.

The first case divides into two subcases (we give the details of just one
case). Suppose that R’ is — [ and R is IIl. Here we must assume tha t the
Il occurs on one of the branches of the proof, and then add an instance of
II! with the same indeterminate to the other branch immediately above the
— [. This addition introduces no new inconsistencies and preserves closure.
If we did not introduce this copy of the inference, the reordering of these
two rules would introduce many new inconsistencies, thereby destroying
our inductive argument. Consequently, we may assume that, locally, the
original derivation tree is of the form:

Iz:C(a)=2s D Iy Ez:Cla)=>5 A
'3y D Iy:E=>5 A
I'=>x A ’

where there is some @ : D — E € ZUT and some @ : lz:B.C(z) €
L UT. (The substitution ordering, C,, ensures that @ # y.) Locally, the
reordered derivation 1s of the form:

I'z:C(a)=>s D I'z:Cla),y:E=x D
I'z:C{a)=>s A
' A

We must show that if each branch of the original derivation leads to a closed
leaf under o, then each branch of the reordered derivation leads to a closed
leaf under o. It is immediate that this holds for the left hand branch of
the derivation, since the reordering leaves the bottom, left hand sequent
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unchanged. As for the right hand branch, we note that the components
of the context of the bottom, right hand sequent are altered only in order.
Therefore the right hand branch of the reordered derivation is closed under
o. Since Co is a subrelation of dy , and because dy o is irreflexive, y is
not a subterm of C(a). Therefore the reordering of the context is consistent
with the reordered derivation and the degree of the reordered derivation is
one less than that of the original derivation.

The exchange of Il with the unary operators divides into five subcases
(we give the details of the proof in just one case). Suppose that R’ is IlI
and R is II/. Locally, the original derivation is of the form:

[ z:C{a),y:D(B) =z A

[z:Cla)=>g A
=54 ’

for suitable instances of II/. Locally, the reordered derivation, which has
degree one less than that of the original derivation, is of the form:

[y:D(B),z:C(a) > A

F)yD(:B) =z A
I'=>s A

Once again we note that the components of the bottom sequent have altered

only in order, so that if the original derivation is closed under o, then so

is the reordered derivation. Since C, is a subrelation of <y , and because

dy,o is irreflexive, z is not a subterm of D(8). Therefore the reordering

of the context is consistent with the reordered derivation and the degree of

the reordered derivation is one less than that of the original derivation.
This completes the proof. O

We have as a corollary to the construction performed in the proof of the
Permutation Theorem:

COROLLARY 5.8 dy+ o = dy,q.

Proor. The only relationships changed in the permutation are those ex-
cluded from dy .. O

We have already verified this for our example derivations.

The following lemma shows that the 0-compatibility of a derivation and
instantiation is a necessary condition for the well-typing of the latter in the
former.

LEMMA 5.9 If o is well-typed in o, ¢ is 0-compatible with o.
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PROOF. An inconsistency between the skeletal ordering of ¢ and the re-
duction ordering arises from an inconsistency between C, and the skeletal
ordering. Since C,C Fy(Z) x Fy(Ill), it must arise from a 1/ inference,
introducing « say, being nearer the root of the derivation than a Il or I»
inference that gives rise to a variable, v say, free in ao. But then v cannot
be declared in the typing context of « since it is introduced above a, and
therefore o is not well-typed, contradicting our hypothesis. Therefore there
can be no inconsistencies and i is 0-compatible with . O

6 Incremental search

From a computational point of view testing for compatibility is a simple
matter given a derivation and an instantiation: it is an acyclicity check in
a directed graph. Compatibility is not, however, a sufficient test for well-
typing. The Permutation Theorem gives us the existence of 0-compatible
derivations in which we might test for well-typing of the instantiation in-
crementally (i.e., as it is found) but this involves repeatedly constructing
permutations using the constructive proof of the theorem. This is inelegant
and computationally expensive.

Another alternative would be to ignore well-typing until a closed, com-
patible derivation and instantiation have been found, and then use the Per-
mutation Theorem once and check well-typing. We reject this option on the
grounds that typing constraints reduce the search space of the unification
algorithm drastically. ,

We develop instead a computationally tractable test on a derivation
and instantiation that, if passed, guarantees the well-typing of the instan-
tiation in all 0-compatible permutations of the derivation. Our ability to
define such a notion is a corollary of the strong normalization result for
All-calculus [11] with its attendant subformula property, just as the results
obtained in [4] and [29] for other logics rely on metatheorems of this sort.

Henceforth we treat contexts as ordered structures or DAGs rather than
sequences since the dependencies between declarations form such an order.
Consequently the implicit union, denoted above by a comma, such as in
“T", 2:A”, should be understood as an order preserving union of the order
(DAG) T and the singleton order z:A. The latter will be higher in the
resulting order than the declarations of the free variables in A, and incom-
parable with the other maximal elements of I'. This assumption simplifies
our discussion.

The following notions are introduced for a U-derivation % of a well-
formed endsequent. Let V(¢) = Ind(v) U Eig(y). We use u,v,w possibly
subscripted to denote elements of V(¢) and refer to them simply as “vari-
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ables”. Let T(v) denote the typing expression for the variable v in .

DEFINITION 6.1 (Intrinsic typing context) The intrinsic {yping contezt,
I(v), for each variable v € V(%), is defined inductively on the structure
of the endsequent as follows:

I(v) =qet B Iw), w:T(w)),
weFV(T(v))
where |#) denotes order-preserving union of orders. 0O -
I(v) is well-defined since the endsequent is well-formed. Indeed, we have:
LEMMA 6.2 I(v) Fg T(v): Type.
PRrOOF. By construction and the well-formedness of the endsequent. O

EXAMPLE 6.3 For our example derivations of Figures 1 and 2 we have
V(D1) = V(D2) = {a,y,}. Moreover, since both derivations have the
same endsequent we have for both:

T(a)=4, FV(T(a))=0, I(a)=0;

T(B) = B(a), FV(T(y))={e}, I(y)=a:4;

T(B) = 4, FV(T(B))=0, I(B)=0.
Consequently, '

I(a) Fg T(a): Type = Fg A: Type;
I(y) bz T(y): Type a:A kg B(a): Type;
I(B) k£ T(B): Type Fs B(a): Type.

(]

Let 1 be compatible with the ground instantiation . We give an in-
ductive definition of the intrinsic typing context, I,(v), and type, T,(v), of
a variable v of ¢ under a compatible instantiation 0. The induction is on
the (well-founded) reduction ordering (<dy,o) over the domain of o.

DEFINITION 6.4 (I,(v) and T,(v)) Base. For all v € V(%), define I.(v) =
I(v) and T¢(v) = T(v). (¢ is the empty instantiation.)

Step. Given v € V(¢), we assume that we have defined I, (w) and T, (w)
for all w € V() such that w <y , v (Inductive Hypothesis). Define

Do(v) = I¢(v) Fg Te(v):Type, v € Eig(¢);
olv) = I(v), Wuerv(e) o (w), wT,(w)) Fx T(v):Type, v C nlnd(y).
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Now, let a;,as,...,a, be an enumeration of those indeterminates declared
in the context of Dy(v) such that if a; dy , o then ¢ < j. By definition of
dy,0 and I(v), we have a; dy o v for 1 <i < n+ 1. Define

Drpi(v) = CUT(I,(ax) bg aro:T,(phar) , Di(v)), 0<k<n.
If D, (v) is the assertion: A kg C:Type, then define

Ia(v) =det A
Ta('U) =qer C. m}

The “CUT” operation in the above definition is the admissible rule of tran-
sitivity (see Theorem 2.1). That is, Dy41(v) is defined in terms of Dy (v)
by the following inference figure:

I, (ag) bs aro:Te(ag)
Di1(v)

The cut rule is being used to effect substitution of the values (under o)
of indeterminates throughout the judgement starting from the “uninstan-
tiated” intrinsic typing contéxt and type. The definition is well-formed
since the context of the left premiss of each cut is a subcontext of the right
premiss. (This follows from the construction of I(v).) The cut above then
serves to eliminate the declaration ay:To(ai) from the context of Dy (v),
replacing ay by aio throughout the rest of the assertion.

The enumeration taken is irrelevant since independent cuts commute.
Consider

Di()  qyr.

Ia(ul) |‘2 ula:Ta(ul) Dk('U)

Ip(u2) Fg up0:To(us) Deas ()

o Di42(v)

and

I, (ug) by ug0:Ty(ug) D;.(v)

Ia(ul) |‘2 ula:Ta(ul) D’ ('U)
k+1

D;c+2(v)

In the first derivation ap = u; and ax4+1 = uz. In the second, ap = uz
and a4y = uy. If u; and ug are assumed independent (i.e., unrelated via
dy,0), we have u; ¢ Dom(I,(u;)), ¢ # j. Hence substitution of the value
u,0 for u; does not interfere with substitution of the value uso for uy, and
Di42 = D;c+2‘



Proof-search in the Ml-calculus 335

ExaMPLE 6.5 Recall, from our examples, that § = {a — a,8 — y} and
that @ dp y 4 B. FV(ab) =0, so

Dyo(a) = I(a) bx Te(a): Type =g A: Type.
Thus, Is(a) = 0 and Ts(a) = A. For y we have
Do(y) = Ie(y) bz Te(y): Type = a:A ks B(a): Type.
D (y) is defined by the inference figure:

Iy(a) kg af:Ty(a) Do(y) _ FraA a:A by B(a): Type
Di(y) - = B(a): Type )
Consequently, Is(y) = 0 and Ty(y) = B(a). FV(B8) = {y}, so
Dy(B) 1(B) ks Te(B): Type

Is(y),y:Ts(y) b= B(a): Type
y:B(a) k5 B(a): Type.

Consequently, I4(8) = y:B(a) and Tp(8) = B(a). O
We can now state the desired well-typing condition for & in .

DEFINITION 6.6 (Intrinsic well-typing) o is said to be intrinsically well-
typed in 9 just in case for all indeterminates o of ¥, we have:
I,(a) by acT,(a). O

The importance of the definition is summarized by:

PROPOSITION 6.7 If ¢ is intrinsically well-typed in 1, then il is inirin-
sically well-typed in all compatible permutations of Y. In particular il is
well-typed in 0-compatible permutations.

ProoF. Reference to the definition will show that the intrinsic well-typing
of ¢ in 3 does not depend on the Il structure of 3. (In fact we delib-
erately forbade such dependence by our definition of <y ,.) Hence the
conditions are unaffected by permutations allowed by the reduction order-
ing <y, o, which is itself unaltered by permutation (Corollary 5.8). For a
0-compatible permutation ¢* of ¢, the intrinsic typing context for a vari-
able is a subcontext of the typing context in ¢*¢. Since “Thinning” is
admissible (Theorem 2.1), o is well-typed in ¢*. O

In a similar vein, we state without proof the following:
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PRroPoSITION 6.8 If o is well-typed in a 0-compatible derivation v, il is
intrinsically well-typed mm . 0O

ExaMPLE 6.9 Following through with our example we note that

Iy(a) Fg ab:Th(a)
1y(B) bz B6:Ty(P)

Fy a:A
y:B(a) bz y:B(a).

Hence @ is intrinsically well-typed in (D1) and, most importantly, also in
(D2). o

We can now (re)define a computationally acceptable notion of U-proof
that takes advantage of the Permutation Theorem.

DEFINITION 6.10 (U-proof) A U-proof is a pair (¥,0), where ¢ is a U-
derivation and ¢ an instantiation with domain Ind(%), such that (1) ¥
is closed under o; (2) ¥ is compatible with o, and (3) o is intrinsically
well-typed in . 0O

This definition should be compared With Definition 4.7.

THEOREM 6.11 For well-formed sequents I' =g A,
U proves ' =5 A iff L proves ' =3 A.

ProoF. (Only if.) Suppose (¥,0) is a U-proof of I' =5 A. The Per-
mutability Theorem gives us a permutation ¥* of 9, closed under (hypoth-
esis 1), and compatible with (hypothesis 2), the instantiation 0. Hypothesis
(3), via Proposition 6.7, ensures that o is well-typed in ¥*. Hence ¥*0 is
an L-proof.

(If.) Let (¥, 0) be such that o is an L-proof of I' =5 A. By definition
¥ is closed under o and o is well-typed in ¥. Compatibility follows from
Lemma 5.9, and intrinsic well-typing from Proposition 6.8. O

7 Conclusions

Instantiations can be generated by a unification algorithm acting on puta-
tive axiom sequents. They can first be checked for compatibility (occurs-
check) and then for intrinsic well-typing. The incremental nature of intrin-
sic typing means that the typing information can be used to constrain the
unification algorithm. Newly calculated values for previously uninstanti-
ated indeterminates may be used to eliminate those indeterminates from
the typing contexts of the remaining ones. No permutations need be calcu-
lated. Note however that if we permit unification to calculate non-ground
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instantiations then we must modify the constructions of Section 6 to permit
the inclusion of further proof-search.

We have been somewhat cautious in this development and allowed only
II! rules to migrate. As a consequence the basic structure of a derivation is
largely fixed. The next step is to remove the ordering constraints induced
by the propositional structure of the logic, perhaps using unification here
as was done in [29] for first-order intuitionistic logic. The final result would
be a matriz method in the style of Bibel [4] or Andrews [1].

Closure instantiations are calculated by unification. In general, the
instantiations calculated by the unification algorithm introduce new vari-
ables (i.e., variables that are not present in the original context) to the
derivation®. However, we require only those substitutions which are well-
typed instantiations (under some ‘reordering), and so for a a given U-
derivation ¢ we accept (for further analysis) just those substitutions o
which do not introduce new variables. The unification algorithm of [24] is
sound and complete for the calculation of such instantiations, subject to
further proof-search.

We have considered ground endsequents and ground instantiations ex-
plicitly. The extension of U to non-ground endsequents is straightforward
. but involved. A non-ground sequent together with a typing constraint T for
its indeterminates is considered to stand for the set of its well-formed ground
instances. (The typing constraint consists of intrinsic typing contexts and
types for each indeterminate occuring in the endsequent, ensuring that the
mutual dependencies do not render any extension of the initial reduction
ordering cyclic.) This determines a set S(7') of ground answer instantia-
tions. Any non-ground instantiation calculated from a U-proof (¢, 0) of
the sequent determines a set of ground well-typed eztensions Sy (7).

We consider non-ground endsequents because they have an interesting
logic programming interpretation. A sequent I' =g A may be interpreted
as a logic program in the following sense: ¥ determines a language, T' a list
of program clauses and A a query written in the language X. Indetermi-
nates correspond to program variables or logic variables; these correspond
to the logical variables of the programming language Prolog [5]. The whole
sequent represents a request to compute an instantiation o for the inde-
terminates of the sequent such that o renders the sequent I'c =g Ac
L-provable. We are exploiting the fact that the underlying lambda calcu-
lus of the All-calculus encodes a computation of type A; t.e., a term M
for which T' Fg M:A is provable. A full discussion of this notion of logic
programming, including both operational (as presented here) and model-

andeed, this is true of the basic algorithm for the simply-typed \-calculus of
(14]
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theoretic semantics, may be found in [24] and in a forthcoming paper by
the authors, where we also discuss the application of our techniques to a
form of resolution rule which generalizes Paulson’s higher-order resolution
[21] to the All-calculus. A notion of logic programming for the LF which
is similar to the AProlog language of Miller and Nadathur [20] has been
implemented in the EIf system by Pfenning [22].
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Finding Computational Content in
Classical Proofs

Robert Constable and Chet Murthy
Cornell University

1 Summary

We illustrate the effectiveness of proof transformations which expose the
computational content of classical proofs even in cases where it is not
apparent. We state without proof a theorem that these transformations
apply to proofs in a fragment of type theory and discuss their implemen-
tation in Nuprl. We end with a discussion of the applications to Higman’s
lemma, [13, 21, 10] by the second author using the implemented system.

2 Introduction: Computational content

Informal practice

Sometimes we express computational ideas directly as when we say 2 4+ 2
reduces to 4 or when we specify an algorithm for solving a problem: “use
Euclid’s GCD (greatest common divisor) algorithm to reduce this fraction.”
At other times we refer only indirectly to a method of computation, as in
the following form of Euclid’s proof that there are infinitely many primes:

For every natural number n there is a prime p greater than n.
To prove this, notice first that every number m has a least prime
factor; to find it, just try dividing it by 2,3,---, m and take the
first divisor. In particular n! + 1 has a least prime factor. Call
it p. Clearly p cannot be any number between 2 and n since
none of those divide n! 4+ 1 evenly. Therefore p > n. QED
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This proof implicitly provides an algorithm to find a prime greater than
n. Namely, divide n! + 1 by all numbers from 2 to n! + 1 and return the
first divisor. The proof guarantees that this divisor will be greater than n
and prime. We can “see” this algorithm in the proof, and thus we say that
the proof has computational content.

In day-to-day mathematics people use a variety of schemes to keep track
of computational content. There is no single or systematic way. People use
phrases like “reduce b to b'” or “apply algorithm f.” They also tend to
use phrases like “this proof is constructive” or “the proof shows us how to
compute.” It is also sensible to say “we treat all of the concepts construc-
tively.” To understand the last phrasing notice that it is not possible to tell
from the usual statement of a theorem alone whether its proofs must be
constructive (or whether any proof is). To see this consider the statement:

There are two irrational numbers, a and b such that a® is ratio-
nal.

Classical Proof: Consider ﬁﬁ; it is either rational or not. If
it is, then take a = V2 and b = /2. Otherwise, take a = \/5\/:'7

V2
andb:ﬂ,thenabz(ﬁﬁ) =3 =2.

This proof does not allow us to compute the first 10 digits of a since

. . . 2
there is no way, given in the proof, to tell whether a = v/2 or a = \/7/—
The statement of the theorem does not tell whether a constructive proof is
required, in contrast to the following form, which does:

We can exhibit two algorithms A and B for computing irrational
numbers, a and b respectively, such that a® is rational. Here is
a proof which suffices for both theorems. Take a = v/2 and
b = 2 -log,(3). Notice that there are algorithms A and B to
compute these numbers. We leave it as an exercise to show that
both these numbers follow from the existence of unique prime
factorizations.

Often when we say “there exists an object b having property P” we
really mean that we can explicitly exhibit an algorithm for computing b.
This use of language is so common that to convey computational ideas we
can just say that “there exists” is meant constructively. Another example
of how language is used to convey computational intention is this.

Let us show: At least one of (e + ) or (e #7) is transcendental.
Suppose not, then both are algebraic. So the coefficients of
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(z—7)(z—e) = z2—(e+7)*z +(e*m) are algebraic. But then
according to the theorem that the field of all algebraic numbers
is algebraically complete, all the roots are algebraic. But this
contradicts the fact that e and 7 are both transcendental.

The use of “or” in this case does not tell us that we can decide which
disjunct is true. But when we say every number n is even or odd, we notice
that we can decide which. It is also common to say “for all z, P(z) or
Q(z),” when we mean that we can decide for any z whether it is P(z) or
Q(z) that is true. Again, sometimes a proof will tell us that, as in the case
of the proof:

For all natural numbers n, n is prime or n is composite. We can
prove this by testing whether n is prime.

This proof shows us how to decide the or. So another way to convey compu-
tational content is to indicate that oris to be interpreted in a constructive
sense.

Systematic accounling

There have been various attempts to keep track of computational ideas sys-
tematically. The constructive or intuitionistic use of language is one of the
oldest and most throughly studied. Another way is to explicitly use algo-
rithms to define functions and limit assertions to equalities between them,
as in Skolem’s account of arithmetic [27]. There are formal languages in
which programs are explicitly used to express algorithms. Another way is
to introduce a double set of concepts, say function and computable func-
tion, classical and constructive logical operators, and so forth. This leads
to a highly redundant language, so there have been efforts to reduce the
duplication, which have resulted in certain epistemic logics [25, 17].

The approach of using an Intuitionistic or constructive core language
has been extensively studied by philosophers, logicians, mathematicians
and computer scientists for most of this century. Many deep and beauti-
ful results about this method are now known, and they are being applied
extensively in computer science (already since the late 60’s). The applica-
tions are to the design of programming languages [24, 2], to programming
methodology [19, 4], to program verification and formal methods [5, 4], and
to automated reasoning [23]. This paper discusses further applications, in
particular to foundational issues about the nature of computation and to
problems in the semantics of functional programming languages. We believe
that this “constructive language” approach to accounting for computational
content has so far been the most direct approach, although for historical
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reasons going back to the highly emotional debates between Brouwer and
Hilbert, the approach seems a bit “controversial.” Moreover, there are
strong connections to issues in the philosophy of mathematics which are
still unresolved and some people are loath to appear to be taking a stand
on issues about which they have little concern or knowledge. It is fair to say
that many scientists have used these concepts and results without regard
for the philosophical issues. This paper takes no philosophical stand. We
try to continue the tradition of using the techniques of constructive logic
to shed light on fundamental scientific issues.

Constructive language

A natural starting place to understand the systematic use of constructive
language is with the notion of ezistence. As far back as the ancient Greeks
the notion of existence in mathematics was identified with the concept of a
construction (by ruler or compass). The constructive interpretation of the
quantifier Iz € T.P, meaning that there is an object of type T such that
property P holds of it, is that we can construct the object in T, call it ¢,
and know that P is true when z refers to {. L.e., P with some description of
t substituted for z is true. The computational interpretation here is clear, if
we think of a description of ¢ as an algorithm for building the object. Under
this interpretation, a key step in understanding constructive language is
knowing how to describe the objects in a type. Before we can be specific
about existential statements, we must make some commitments about what
ways we allow for describing objects. Looking to simple examples like the
natural numbers for guidance, we see that there are irreducible descriptions,
such as 0, and compound ones, such as 0+ 0. Following Martin-L&f [19], we
adopt the notion that our language of descriptions will be based on the idea
that some are canonical such as 0, and some are not, such as 0 + 0. The
key principle about noncanonical descriptions is that they can be computed
to canonical ones. This is a precise version of the notion that a description
tells us how to build the object because the canonical name is a direct
description of the object.

Once we have settled on a computational interpretation of existence, we
then want to make sure that the other quantifiers and logical operations
preserve it. This forces us to interpret “P or @” as meaning that we know
which of P or @ is true, since we can build a noncanonical description of
an object a based on a case analysis. e.g., in (1.2) below, the computation
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of a forces (1.1) to be computational also:

ﬁﬁ is rational or not \ﬁﬁ is rational, (1.1)
if \/5\/5 is rational take a = /2 else take a = \/5\/5 (1.2)

Another important feature we would like in our computational under-
standing of language is that when we assert

for all z of type S there is a y of type T such that P

(symbolized as Vz € S.3y € T.P), we mean that there is an algorithm to
compute a function from S to 7" which produces the witness object in
T given any object s of S. This suggests that we interpret the universal
quantifier Vz € S.P as asserting that there is an algorithm taking any object
of type S and producing a proof of P.

The simplest statements are built out of terms (the statements them-
selves can be construed as terms). There is no computational content to a
meaningful irreducible, such as 0 or a. But for compound terms, such as
242 or 3+ 1, we might say that the computational content is the set of all
computations or reductions of the term. So the exact meaning depends on
how the term is built (e.g., how + is defined.)

The atomic statements we consider have the form P(a;;---;a,), for
a; terms, and P an operator. Associated with each atomic statement is a
computation or set of computations. We take these to be the computational
content. For example, the computation associated with the statement 4 =
2 4+ 2 is a justification from the axioms of +. Compound statements are
formed from V, 3,V, A, = with their computations being naturally defined
in terms of the computations of the relevant subsidiary statements. Thus,
the computations of a = b = b = @ are the computations which transform
computations of @ = b into computations of b = a. The computations of
Jz € T.P are those which compute a ¢ in 7" and a computation of P where
t has been substituted for z.

Seeing computational content

One advantage of constructive language is that it allows us to see computa-
tional content directly; we can read it off from a proof of a theorem stated
constructively. In fact, constructive proofs are so transparent that we can
just see the content and extract it automatically. As an example, consider
the theorem

Theorem 0.1 root: Yn e NIre Nr2<n < (r+ 1)2
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Proof: Let n be given in N, by induction on nshow Ir. r2 < m&n < (r + 1)%.
Base: Choose r = 0, use simple arithmetic.

Ind: Assume h: 3r.r? < n & n < (r+ 1)? using hyp h, choose rg
d:(ro+1)2<(n+1)V(n+1) < (ro+1)? by arithmetic.
Show 3r. r2 < (n+1) & (n+ 1) < (ro + 1)? by or elimination on d
If (ro + 1)2 < (n + 1) then r = (ro + 1), use arithmetic
If (n 4+ 1) < (ro + 1)? then r = ro, use arithmetic
QED

The computational content of this proof in the Nuprl language [3] is
given by the function:

An. ind(n; < 0, arith >;
u.Mh. spread(h : ro,isroot.
seg(arith : disjunct.
decide(disjunct;
lesseq.(ro + 1,arith);
gtr (ro,arith))))

This can be extracted automatically from the proof. It is an algorithm
which computes an integer square root and a proof that the number com-
puted is a root.

We can see computational content in classical proofs as well. Consider
the following nonconstructive proof that a root exists (nonconstructive be-
cause it proceeds by contradiction).

Theorem 0.2 Vn e NIr e Nr? <n & n < (r+1)?

Proof: (“Classical”):
Given any n € N,
Assume Vr e Nr2 >nv(r+1)2<n

Let G={r:N|r?>n}
S={r:N|(r+1)?<n}

Note 1. SNG = void
2. S’s elements are smaller than G’s

Let ro > n be the least element of G
* 13> n by definition of G
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*x 19— 1 € S since ry is least
(ro—1+1)2<nbydefof S
r<n

Intuitively, we would expect that the small modifications we made to the
first proof to arrive at the second could not destroy the obvious computation
inherent in the former. Moreover, we can “see” that the second proof ought
to yield an algorithm, and if we are careful, we can see that the algorithm is
really the same as that found in the first proof. So we would wonder if there
is a way in which we can extract computational content from classical proofs
such as the latter, and from more opaque classical proofs. The answer is
“yes,” and indeed much more can be done. First, there are various (more or
less) tortuous methods {11, 15, 26}, e.g. Godel’s Dialectica interpretation,
which suffice. But in 1978 H. Friedman [9] drastically simplified the method.
We will examine these techniques in the next section.

3 Extracting computations by translation : the A-translation

The A-translation is a short name for the method that H. Friedman [9]
used to simplify and extend G. Kreisel’s theorem that any classical proof
of 3z € N.P, where P is decidable, can be transformed into a constructive
proof of the same statement. This result is itself effective, and an imple-
mentation of it would enable us to extract content from certain classical
proofs, such as Theorem 0.2, by transforming them in this way and then
extracting content from the resulting constructive proof. The usual pre-
sentation of this method involves two steps, first translating the classical
language into a constructive one, then massaging the transation so as to
bring out the content. The first step is due to Godel.

Godel translations

In 1932 Godel showed how to interpret classical language into constructive.
The key ideas are to notice that one way to understand the classical mean-
ing of oris to say that P or @) means that we cannot imagine any other
possibility; that is we cannot say that both =(P) and —(Q). So P or @
could be read as =(=(P) A —(Q)). The key to understanding the classical
use of the existential quantifier is to say that 3z € T.P means it cannot be
the case that for all z in T, =(P) holds. If we use the symbols @ and®@
for the classical disjunction and existential quantifier respectively, then the
translations are:
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(A&B)* = A°&B° (A=>B)’ = A°=B°
Vz.B° = Vz.B° (A®B)° = -(—A° & -B°)
@z.B)° = -Vz.-B° atomic® = atomic
1° = 1

Note: =B = (B = 1)
where L denotes the false proposition

Example: (Po~(P))° = ~(=(P) & ~~(P)), for P atomic

Figure 1.1: Godel Transformation

PoQ
@zeTP

~((~(P) A=(Q)))
~(Vz € T.~(P)).

Classically these are laws relating the operations mentioned, but construc-
tively they are definitions of new operators. Applying these definitions to a
classical statement results in a constructive one that explains the classical
statement in computational terms. Godel defined a complete embedding of
classical arithmetic into constructive arithmetic, showin in Figure 1.1.

Theorem 0.3 (Godel) If F is provable in classical arithmetic from T,
writlen T'tpa F, then F° is provable in constiructive arithmetic from I'°,
written I'° by 4 F°.

Corollary 0.1 If Fpy Iz € N.¢(z), where ¢(z) is decidable, then
Fra 3z € N.¢(z)).

Friedman’s A-translation

In 1978 Friedman [9] gave a new syntactic proof that one could automati-
cally transform classical proofs of £ sentences (existential sentences where
the body is decidable) into constructive proofs. This proof was in two steps,
the first consisting of the just-defined double-negation translation. The sec-
ond step can be defined in numerous ways, depending upon the exact kind
of source and destination logics we wish to consider. We define it as Fried-
man did, and then a simplification, originally due to Leivant [16], which
makes the task of A-translation essentially effortless.

The purpose of A-translation is to transform a Godel-translated proof
of a £ sentence back into a proof of the original sentence. Let I'+r G
mean that there exists a proof of G under the assumptions I’ in theory T'.
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Definition 0.1 (A-Translation) The A-translation of a proposition ¢ is
accomplished by simullaneously disjoining every atomic formula of ¢ with
the proposition A, and is writlen ¢,

For example, (a=bAb=c)* = (a=bVA)A(b=cV A). We can prove
the following theorem:

Theorem 0.4 (Friedman) IfT kg4 F then T4 Fya FA for any A.
Consider now a classical proof
z:NbFpy 3y € NO(2,y),

and let A = 3y € N.®(z,y). The Godel-translation theorem lets us con-
struct

z:NFga-—(3y € NO(z,y))
(again, ®(z,y) is decidable) from which, by A-translation, we get:
z:Nkga((ByeNd(z,y)*) = A) = 4, (1.3)

where, as we said, A is the original goal. Now, when & is decidable,
®(z,y)* & (®(z,y) vV A). It is trivial to show

z:NFga 3yeN.(B(z,y) VA))=> A
when A = 3y € N.®(z, y), and we can thus easily show

z:NbFga(Jy e N&(z,y)%) = 4, (1.4)

(which we refer to as “Friedman’s top-level trick”.) Putting together Fig-
ures 1.3 and 1.4, we get

z:Nkbygsady€e N.Q(.‘E,y).

While this passage from the double-negated proof to the A-translated,
double-negated proof looks quite complicated, what’s really going on is that
we first translate the double-negated proof from a constructive logic into a
minimal logic, and then replace every instance of L with A. Thus, if we
were already in a minimal logic, we would not have to do the first step,
and we could just replace every L with A. In any case, regardless of what
version of the A-translation we use, we can prove
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Theorem 0.5 (Friedman) Given a classical proof
z:NbFpsdy € N.O(z,y),

where ® is decidable, we can construct a consiructive proof of the same,
z:NFgady € NO(z,y), via double-negation translation, followed by A-
translation, followed by the top-level trick.

It follows trivially that the same holds for all IIJ sentences provable in PA.

In the following development of the translation of a particular simple
argument, we assume that the target logic of the double-negation transla-
tion is minimal. Hence, the A-translation simply replaces 1 in the double-
negated proof with A. Since the logic is minimal, this replacement operation
does not perturb the proof, and so the double-negated proof is still a valid
proof of the A-translated sentence.

Let’s say that again. If we assume that double-negation translation
leaves us in a minimal logic, then a proof of a double-negated sentence
is also a proof of any A-translation of that sentence. This means that
A-translation is really just a “name change”, which does nothing of real
importance; whereas double-negation translation does all the real work of
extracting computations. So we focus upon the effect of double-negation
translation, to see how it extracts computational content.

4 Hidden constructions

One advantage of the A-translation method is that it can help to uncover
constructions that are difficult to see. We will illustrate this idea with a very
simple example. A-translation has also been employed by C. Murthy [20]
to obtain a computation (albeit a grossly infeasible one) from a classical
proof of Higman’s Lemma [10]. The following simple example is enough to
illustrate several important concepts.

Let N = {0,1,2,---}. Consider a function f : N — N whose values are
all either 0 or 1. Call such a function binary. Here is a trivial fact about
binary functions whose proof we will call pfl.

For all f : N — N which are binary, there exist ¢, € N, i < j
such that f(i) = f(j). Here is a classical proof. Either there
are infinitely many 0’s in the range of f (abbreviated Zeros(f))
or not. If not, then there are infinitely many 1’s (Ones(f)). In
the first case, choose ¢,j to be two distinct numbers on which
f is 0. In the other case, choose 1,j to be distinct numbers on
which fis 1.
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This is a highly nonconstructive proof. Indeed it is quite difficult to see
any construction in it at all. But there are quite trivial constructive proofs
such as the following which we call pf2.

Consider £(0), f(1), f(2). If £(0) = f(1) then i = 0,5 = 1.
If f(0) # f(1), then if f(0) = f(2) take ¢ = 0,5 = 2. If
f(0) # f(2), then it must be that f(1) = f(2) since f is binary,
sotakei=1,j = 2.

This proof is very constructive, and we see that the extracted algorithm
is just

it £(0) = (1)

then i:=0, j:=1

else if f(0) = f(2)
theni:=0, j:=2
elsei:=1, j:=2

It is interesting that the A-translation of pfl does not produce the same
algorithm as that obtained from pf2. We see the difference below.

We now examine some of the key steps in a more rigorous treatment
of the first proof, pfl. We will try to outline just enough of the argument
that the hidden construction becomes visible. First some definitions. We
write Ones(f) to mean that there are infinitely many 1’s in the range of f,
similarly for Zeros(f). The classical definitions are:

Ones(f) = VieN@jeNi<jAf()=1
Zeros(fy = VieNQ@jeNi<jAf()=0.

A key lemma is that there are either infinitely many ones or infinitely
many zeros. It is expressed as:

Vf € N — N.binary(f) = Ones(f\@Zeros(f).
When Gédel-translated this is
Vf € N — N.binary(f) = ~(~(Ones(f)) A ~(Zeros(f)))
which is
Vf € N — N.binary(f) = ((Ones(f) = L) A (Zeros(f) = L)) = L.

The informal classical proof employs the fact that either Ones(f) or
=(Ones(f)). If —~(Ones(f)), then there is some point zo such that for
Yy > 2o, f(y) = 0. This means that Zeros(f). Let us look at the proof more
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Show¥f € N — N.binary(f) = ((Ones(f) = L) A(Zeros(f) => L)) = L
Proof. assume f: N — N, binary(f),
Ones(f) = L, Zeros(f) => L
“there is an r beyond which no values are 1’s”
This corresponds to trying elimination on Ones(f) = L to get L.
Show Yz e N.-~(FyeN.z <yA f(y) = 1)
Proof. arbz:N,show (GyeN.(z<yAfy)=1)=>L)=>1
al:assume JyeN.(z < yAf(y)=1)= L
(this is equivalent to Vy € (z < y = f(y) # 1)., beyond z all
values are 0)
plan to get L by elim on Zeros(f) = L
show Zeros(f), 1.e. Vz€N.-~(Fye Nz < y A f(y) = 0)
Proof. arb z:Nshow (JyeN.(z<yAfly)=0)=>L)=>1
a2: assume Iy e N.(z < yA f(y) =0) — L
(now know from al, a2 that can’t have f be either 0 or 1, get 1)
let w = maz(z,z)+1
d: f(w)y=0 Vv f(w)=1 by binary (f)
show L by cases on d above
if flw)=0then z<w A f(w)=0s0
JyeN(z<yA fly)=0)
L by elim on a2

if flw)=1then z<w A f(w)=1s0
JyeN(z<yA fly)=1)
L by elim on al
4
Qed so Zeros(f)
L by elim on ~(Zeros(f))
Qed Ones(f)
1 by elim on ~(Ones(f))
QED

Figure 1.2: Constructive proof of LO
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Show: Zeros(f) = G
Proof. al: assume Vz(Jy(z <y A f(y)=0)) - L) — L
show (3t,j F —» L) — L
a2: assume (3i,j . F — L), show L
could try to show 3¢,j . F and use — elim, but that is too direct, we need
to use Zeros(f)
ad: (0 <y A fly)=0)— L) — L by allel al on 0
show Jy(0 < y & f(y) = 0) — L for — elim on a3
assume Jy.(0 <y A f(y) =0) to show L
choose yo where 0 <yo A f(yo) =0
ad: (Jy(yo < y & f(y) =0)) — L) — L by allel al on yo
show Jy(yo <y A f(y) = 0) — L for — elim on ad
ad: assume Jy(yo < y A f(y) = 0), show Ll
choose y; where yo < y1 A f(y;) = 0.

3F by 3 intro yo, 1
1 by elim a2 (showing L at a3)
L by elim a4
1 by elim a3 (showing L at a2)
QED

Figure 1.3: Constructive proof of L2

carefully. We give a constructive proof of the Gédel-translated sentence,
LO, in Figure 1.2. The other two key steps are to show that Ones(f) and
Zeros(f) each imply the goal.

Let F = i<jAf(i) = f(j),and IF = 3i,j € N.F and the double-
negation translation of this is the classical goal G = ~—~(3F). We must
prove the two lemmas:

L1 : Ones(f)= G and
L2 : Zeros(f)=G.

A proof of L2 is given in Figure 1.3. For brevity we have omitted the
types on quantifiers, and we put these proofs together in figure 1.4, to yield

Vf €N — N.binary(f) = -~(3F)

As we said before, we assume that this proof of ~—~(3F) is in a minimal
logic; hence, we can automatically generate, for any A, a proof of

z: N,binary(f) Fua (3F = A) = A,
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Theorem 0.6 Vf € N — N.binary(f) = -—(3F):

Proof. assume f:N — N, b: binary(f), show =—=(3F)
al: assume —(3F), show L
a2:i~(=(Zeros(f)) A =(Ones(f)))
by lemma LO, with parameters f, b
L by function elimination on a2
show —(Zeros(f)) A ~(Ones(f)) by and introduction
show —(Zeros(f))
a3: assume Zeros(f), show L
h:==(3F) by lemma L1 with parameter a3
1 by elim A on al
~(Zeros(f)
show —(Ones(f))
ad: assume Ones(f), show L
h:=—(3F) by lemma L2 with parameter a4
L by elim h on al
=(Ones(f))
=(Zeros(f)) A —~(Ones(f))
L
QED

Figure 1.4: Putting it together
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and from this, by Friedman’s top-level trick, a proof of
z : N binary(f) Fua 31,5 € NP < JA f(2) = f(4)-
5 Mechanizing the translations in Nuprl

The work presented in preceding sections came out of a two-year long
project to understand the meaning of Friedman’s translations. As part of
this project, we implemented Friedman’s metatheorem as a proof transfor-
mation procedure that translated proofs in a classical variant of Nuprl into
proofs in constructive Nuprl. Unfortunately, we cannot implement Fried-
man’s metatheorem for all of Nuprl; that is, the eniire Nuprl type theory,
with the addition of the axiom of excluded middle, is not a suitable can-
didate for Friedman’s translation. In fact, we arrive at a counter-example
(the translated axiom of choice) which demonstrates that we must discard,
in a sense, the propositions-as-types principle in order to define a translat-
able logic. In the following, we spell out restrictions on Nuprl which yield
a theory Nuprl®, which can be translated.

Having spelled out the subtheory of Nuprl which, when made classical,
is translatable, we will briefly discuss the mechanized implementation of the
“binary” theorem, and then discuss parts of the translated, extracted com-
putation. Finally, we describe some results that came out of this project.
They are described in detail in the second author’s thesis [20].

Effective translation

The problem in translating a constructive type theory such as Nuprl is
that Nuprl is not really a constructive logic. Consider that in a “standard”
logic, a proposition is not something which we may quantify over. Rather,
we must first “comprehend” it into a set or a type, and then quantify over
that. In a type theory, there is no such comprehension, or rather, every
proposition is automatically comprehended into a set. But in a classical
logic suitable for translation, we should not be able to directly comprehend
a classically proven proposition into a type, since we could then apply the
axiom of choice to extract a function out of a classically proven ¥V — 3
statement. We will show that this pattern of reasoning is not in general
translatable.

Said another way, a classical proof of a proposition resembles a guar-
antee that we can never construct a counter-example to the proposition.
There is often no means given to construct evidence for the proposition,
and so we should not be able to quantify over inhabitants of the proposi-
tion, but only reason from the fact that the proposition is inhabited. This
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conforms well with the classical notion that a proposition is simply proven;
the proofs of a proposition are indistinguishable, since they are noncompu-
tational. Likewise, we should always be able to reason that if P < @, then
®(P) & ®(Q), where P,Q are propositions, and ® is a predicate on propo-
sitions. This means that proposition constructors must bi-implicatively
respect bi-implication.

These ideas can be made precise by defining a theory much like Nuprl,
called Nuprl®, such that proofs in Classical Nuprl® can always be translated
back into Nuprl®. We define a trivial mapping from Nuprl® to Nuprl (an
erasing of certain annotations) that finishes the job. A Nuprl® proof is one
that satisfies the following:

e Every proposition in every sequent must be statically well-formed.
That is, the well-formedness of a proposition should not depend upon
the truth (inhabitation) of some other proposition. Some examples
of this problem come up in uses of the “set” type, which is used in
Nuprl to hide computational content.

e Every proposition constructor should respect <, as explained before.
This restriction is simple to enforce, and it comes about because we
wish to enforce the “logical” nature of our language.

o the “proposition-hood” of a term must be syntactically decidable;
that is, we must be able to statically decide whether a given term
in a given sequent is a proposition or not, and no term which is
a proposition in one sequent can be a data-value, or data-type, in
another sequent (e.g. a parent sequent or subsidiary sequent). We
enforce this condition by annotating every term (and every subterm)
with either a P (for proposition) or a D (for data), and verifying that
certain compatibility conditions hold between adjacent sequents in
proof trees.

With these three conditions, we can show that, for a suitable subset
of the type constructors of the Nuprl type theory (e.g., II-types, E-types,
universes, higher-order predicates and data, integers, lists, etc,) the Classi-
cal Nuprl® theory, with excluded middle, is translatable automatically into
constructive Nuprl®. We can then embed Nuprl® back into Nuprl by simply
erasing the annotations. Hence, we have a set of sufficient conditions for
the success of the translation in Nuprl.

One wonders if these restrictions are really relevant; if these restrictions
actually exclude pathological cases of proofs which are intrinsically not
translatable, and include important cases of proofs which we must translate.
The second part of this question is easily answered: our translation effort,
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which succeeded in translating Higman’s Lemma, attests to the tractability
of doing mathematics within this fragment of Nuprl. To answer the first
part of the question, we showed that, for a particular formalization of the
axiom of choice, which is trivially provable in Nuprl, its double-negation
translation is not provable in Nuprl. It can be written thus:

Vz € Dom.Jy € Rng.®(z,y) = 3f € Dom — Rng Nz € Dom.®(z, f(z)),

and its proof in Nuprl is A h.(X z.h(z).1, X z.h(z).2). We can think of
this as a function which, given an input function, stands as a proof of
Vz € Dom.3y € Rng.®(z,y), splits the input function into the two parts,
the first of which computes values in Rng, and the second part of which
witnesses the correctness of the first part.

But this proof assigns a name, h, to the proof of

Vz € Dom.3y € Rng.®(z,y),

which we expressly forbade in our conditions above. For this V3 sentence
is an object of proof, hence a proposition, and to assign a name to the
proofs (inhabitants) of a proposition is to quantify over it, which, again, is
forbidden in our fragment of Nuprl. The double-negation translation of this
axiom is equivalent to the following sentence (where ® is double-negated):

Vz € Dom.~~(3y € Rng.®(z,y)) = ~~(Vz € Dom.3y € Rng.®(z,y)),

and we showed that this sentence is not true in the standard model of
Nuprl [1]. Thus, we cannot use the axiom of choice to construct functions
by induction in our classical proofs. Instead, we must formalize functions as
binary relations for which certain existence and uniqueness predicates hold.
Using such a formulation, we can then do almost all of the reasoning we wish
to about functions, paying only a small price in terms of cumbersomeness
of the logic.

We have not yet discussed the A-translation, nor have we discussed
the actual implementation of our proof translations. However, the actual
implementation details follow rather straightforwardly from the restrictions
on the forms of proofs, and the A-translation follows likewise. The difficult
part is restricting the Nuprl logic to make translation possible at all. In
the end, though, we prove

Theorem 0.7 (Conservative Extension for Nuprl®) Given a proof in
Classical Nuprl of a II statement, we can construct a proof in (construc-
tive) Nuprl’ of the same statement.

Proof: In [20].
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\f.int.eq(£(1);0;
int_eq(£(2);0;
<1,<2,axiom>>;
int_eq(£(3);0,;
<1,<3,axiom>>,;
<2,<3,axiom>>));
int_eq(£(2);0;
int_eq(£(3),0;
<2,<3,axiom>>;
int.eq(£(4);0;
<2,<4,axiom>>;
<3,<4,axiom>>));
<1,<2,axiom>>))

Figure 1.5: The extracted binary computation

A formalization of the binary theorem

We formalized the binary theorem in Nuprl, giving it a classical proof es-
sentially identical to the proof described earlier in this paper. The sentence
actually proven was:

VfeN—{0,1}.3i,5 € Ni < j A f(i) = F(j).

As described before, we proved Ones(f)@Zeros(f), and from this we
concluded the actual goal. We then employed an automatic double-negat-
ion/A-translation tactic, which converted the proof to a constructive one,
from which we extracted and executed the computational content. This
program Yyielded the same numeric answers as the program derived earlier.
We list in Figure 1.5 the computation that was extracted from this scheme,
after normalization and trivial compression, and in Figure 1.6 a pseudo-
code version of this program. Note that, as we said before, this strategy
requires the first four terms of f.

We formalized a version of Nash-Williams’ [10] “minimal bad sequence”
proof of Higman’s Lemma in Nuprl, and translated it using the same ap-
paratus that we developed for the binary theorem, extracting constructive
content in the same way. This program was approximately 12 megabytes in
size, which made it infeasible to run the program on any nontrivial inputs.
Later, we formalized another classical argument, in the same vein as Hig-
man’s Lemma, and from which we extracted a program of 19 megabytes in
size. We were dismayed by the sizes of the extracted programs, but, as we
shall discuss in the next section, this is purely a matter of the exact trans-
lation implementation (which was quite inefficient), and not an intrinsic
problem with double-negation/A-translation.
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if £(1)=0 then
if £(2)=0 then
<1,2>
else if £(3)=0 then
<1,3>
else
<2,3>
else if £(2)=0 then
if £(3)=0 then
<2,3>
else if £(4)=0 then
<2,4>
else
<3,4>
else
<1,2>

Figure 1.6: The pseudo-code binary computation

6 The algorithmic content of classical proofs

We have outlined herein a general method of extracting algorithms from
classical proofs of II3 sentences. However, as should be clear, the form of
the algorithm extracted from a classical proof via translation is oftentimes
difficult to read, understand, and relate to the original classical proof. Thus
one wonders if one could extract a correct algorithm directly from the classi-
cal proof. In our work on this problem, we build on the work of Griffin [12],
who discovered and verified a consistent typing for the operator “control” [7]
(written C) in the simply-typed lambda-calculus. Based on his work, we
have shown that there is an intimate relation between the proof transla-
tions (Kuroda [6, 18], Kolmogorov [14], etc) and continuation-passing-style
translation, and that one can in fact extract sensible, meaningful algorithms
directly from classical proofs. We can summarize our findings as follows:

Theorem 0.8 Friedman’s method (double-negation/A-translation) is ez-
actly a continuation-passing-style [8, 22] compilation of the extracted “clas-
stcal witness” from a proof in a classical theory (say, Peano Arithmetic).

We have learned that many of the different double-negation translations
can be understood in terms of their effect upon programs, and not just in
terms of their effect upon proofs. To wit, we have shown that several
different double-negation translations in fact fix the order of evaluation
of expressions in a functional language, thus providing an explanation of
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various eager and lazy computation schemes in terms of each other, and
hence in a single functional language.

Theorem 0.9

o A particular modified Kolmogorov double-negation translation fizes a
call-by-name evaluation order on functional program expressions.

o A modified Kuroda translation fizes an eager (call-by-value) evalua-
tion order on functional programs.

e a further modification of the Kolmogorov translation makes pairing
an eager operation, and allows either by-value or by-name lambda-
application.

These discoveries show that classical proofs have algorithmic content,
and that this algorithmic content is made explicit by the double-negation/
A-translations. They show that the proof-translation method of double-
negation/A-translation is isomorphic to the program translation method of
continuation-passing-style (CPS) translation, and that classical proofs can
be interpreted as nonfunctional programs (enriched with a the nonlocal con-
trol operator “control”) {7]. They provide a rational, algorithmic foundation
for Friedman’s translation method, based on its effect on computations, and
upon programs. That is, in a manner which is not characterized by effects
upon proofs and sequents, but rather on a “semantic” basis (characterized
by effects on programs and program fragments).

With this knowledge, we can evaluate the classical proof of the binary
theorem directly, by assigning the operator C to be the algorithmic content
of the rule of double-negation elimination. Moreover, we can utilize results
of Plotkin {22) to define more efficient double-negation translations than the
one which we originally chose, with the knowledge that these more efficient
translations are every bit as powerful as the original ones, and, in addition,
produce extensionally equivalent programs.
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Models of partial inductive definitions
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1 Introduction

The notion of a partial inductive definition comes from [4] where an at-
tempt is made to give an interpretation of a class of possible non monotone
inductive definitions allowing for partially defined objects. The idea was to
give an elementary logical interpretation and leave the true complexity of
the definition to the question whether an object is well defined or not with
respect to the given definition. This interpretation is given in terms of a
sequent calculus generated in a uniform manner from definitions D where
I' Fp A intuitively is to be understood as A follows from I' on basis of the
definition D. Fp describes so to speak the logic of D and is basically used
to describe the property defined by D in terms of

{a| Fpa}

The purpose of this note is to formulate a slightly different type of inter-
pretation of the partial inductive definitions. The type of interpretation
we have in mind here focus perhaps more on structural properties of the
definitions themselves than the logical interpretation in terms of Fp which
more focus on definability issues, i.e. the property defined by D etc. A
basic starting point here is the fact that the structure of a partial inductive

This research has been carried out as a part of ESPRIT Basic Research Action
“Logical Frameworks”. It has been supported by STU (Swedish National Board
for Technical Development).
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definition D is reflected in computational properties of derivations in a nat-
ural deduction system N(D) that can be obtained from the logic p. This
can for example be expressed in a Curry-Howard interpretation of partial
inductive definitions as type systems for A-terms which gives an interpre-
tation of simply typed A-calculus with abstract data types (see {2, 4]). To
illustrate this point consider the following simple example:

We have the definitions

Dy{a=T Dy{a=a—a

where we may read T as true and — as implication. In terms of the logical
interpretation D) and D, are the same, but if we consider computational
aspects of the derivations they give rise to, then they are indeed very dif-
ferent. D, is computationally trivial while D, gives us non normalisable
derivations. This distinction between D, and D, is an intensional distinc-
tion, i.e. we focus on the definitions as the primary objects rather than the
properties they define. We would like to formulate such a distinction as a
structural distinction between definitions on the basis of a general enough
notion of structure. In what follows we will try to outline an attempt to iso-
late basic structural aspects of a computational analysis of the derivations
in N(D) for a given definition D. We will formulate this using a general
notion of a model for a partial inductive definition and in the particular
model construction given here as the main example of such models we will
try to express all basic notions in terms of the structure or logic of simple
and well understood definitions and thus avoid contingent syntactic issues
of derivations and A-terms as far as possible. The long term goal here is to
find tools for analysing intensional phenomenon of computable functions in
terms of the structure of the definitions that presents them.

The paper is organised as follows: In section 2 we will review basic
notions from [4] concerning partial inductive definitions including the logical
interpretation given there. In section 3 we will introduce and discuss the
notion of model considered in this note. Section 4 gives a particular type
of models of the partial inductive definitions as the main example here,
models which are closely connected with a Curry-Howard interpretation of
the partial inductive definitions as type systems for A-terms with abstract
data types. The final section 5 relates the models given in section 4 and
the logical interpretation from [4].

2 Partial inductive definitions

Let U be a set - our universe of discourse. Objects in a given universe of
discourse U will be called atoms and denoted by a,b,c,.... We think of a
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definition over U as a set of equations a = A, definitional clauses, in which
atoms are defined in terms of certain conditions. A definition D defines a
certain property Def(D) C U and the basic principle here is of course that
a € De f(D) iff there is a condition A defining a in D such that A is true. In
what follows we will consider a particular class of conditions built up from
atoms using constants for truth, falsity and what intuitively correspond to
conjunction and implication.

Conditions, definitional clauses and definitions
Conditions (over U)

e T is a condition,
e 1 is a condition,

e Each atom is a condition,

If C; is a condition for i € I, then (C;)ier is a condition,

If C and C’ are conditions, then C — C’ is a condition.

The index set I can be any given set, so these conditions correspond syn-
tactically to formulas in infinitary propositional logic over a given set U of
propositional variables.

Conditions will be denoted by A, B,C,.... Let Cond(U) stand for the col-
lection of conditions over U/ and T', X, ... stand for finite sets of conditions
over a given universe U/.

Definitional clauses (over U)

A definitional clause (over U) is an equation a = A, where a is an atom in
U and A a condition (over U).

Definitions (over U)

A definition (over U) is a set (system) of definitional clauses (over U). We
will use D, D’,... to denote such definitions. The reference to U will be
omitted in all cases where the particular universe of discourse is clear from
context. Let Dom(D) = {a | 3(a = A) € D}.

Let D=DU{a= 1| a¢ Dom(D)}. The intuition is that if a is not
defined in D, that is a ¢ Dom(D), then a is so to speak false by definition.
For technical reasons we then add the clause a = L. The definiens of an
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atom a, D(a), (relative to given definition D) is then the following set of
conditions

D(a)={4]| (a= 4)€ D}.

Local D-consequence

Below we will interpret definitions D in terms of a notion of consequence
local to D. This notion of consequence is local to D in the sense that its
definition depends on D. We will consider relations T' - C. Such a relation
will be called a condition relation if it has the following closure properties:

(M) : THT
(L) r,L-C
THC; (el
(-0) T (Cier
OF) % el

where T, C; is short for T'U {C;}.

r,crc
=) TFC—C
rrC r,c'rc”
(=)

T,C—C'FC"

A condition relation I satisfying the following additional closure conditions
will be called D-closed:

(- D) 2 (4e D(a)

T,AFC (A€ D(a)

(DF) I'akFC
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Now let p be the smallest D-closed condition relation F such that I'ya - a
holds for all a and T'.
Let
Def(D)={a| tp a}

Def(D) = {a I a I‘D _L}
Cov(D)={C | Fp C}

Cou(D)={C| Ctp L}

Def(D) is the property over U defined by D and Def(D) is the inter-
nal (intensional) complement which is equal to the external (extensional)
complement U — Def(D) only when D is strong enough. The cover of a
definition Cov(D) contains all conditions true in the local logic Fp and

thus so to speak covers the reasoning needed to prove that atoms a are in
Def(D). We clearly have

a € Def(D) iff D(a) N Cov(D) is non empty.

In what follows we let D 4+ D’ denote set union and D — D' set differ-
ence. We will al so use the notation D @ D' to denote the definition
D+ {(a=A) e D' |a¢ Dom(D)}. If X C U we identify X with
the definition {z = T | z € X}. It is clear that z € X iff z € Def(X) and
t€eU-Xiff z € Def(X).

Let X C U. We may think of conditions over U as formulas in in-
finitary propositional logic over U and X as an interpretation such that
X Eaiff a€ X. Then X | A is defined in the usual manner by recur-
sion on A. Given a partial inductive definition D the associated operator
®p : P(U) — P(U) is then de fined as follows

®p(X) = {a|3(a = A) € D such that X modelsA}

Definitions D that does not contain any —-constructions in the conditions
used correspond to Aczel’s interpretation of monotone inductive definitions
in terms of rule sets in [1] and it is clear that in this case Def(D) is the least
fixpoint of the operator ®p. We have in general that if ®p has a fixpoint
X, then Def(D) C X (see [4]). It is clear that if we consider definitions
using — constructions in conditions, then the partial inductive definitions
generates also non monotone operators ®p.
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We call partial inductive definitions using only conditions without the

—-construction simple definitions. When we speak about simple defini-
tions and conditions in connections with such definitions in what follows
this means that we just consider conditions built up from atoms using the
T, L, (Ci)ier constructions.
The sequent calculus defining I gives us in the present interpretation the
logic of D. Given a partial inductive definition D we may associate with
D a system of natural deduction N(D) that will give us a natural notion
of a derivation in the logic of D. Derivations are as usual built up from
assumptions using a collection of rules of inference:

T (axiom)
L
e
(Ci)ier 01
(Ci):el (OE)
B[A]
o5
A ; A (~E)
-a/-l- (A € D(a)) (DI)
a C[A] (A€ D(a))

= (DE)

where [A] as usual indicates that assumptions A may be discharged at the
inference of A — B and C respectively. A natural notion of normalisa-
tion for derivations in N(D) can be given in a uniform manner (see [4]).
The interpretation Fp is in a sense partial which can be seen if we com-
pare provability in Fp and derivability in N(D). Consider the following
definition

R={a=a—1b}

The following derivation in N(R) then shows that we can prove both a and
a — b and thus b by —-elimination.
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a

(9]

a—b
b
I
But since R(b) = {1} we cannot prove b in k. R gives the structure
of paradoxes like the ones by Russell and Curry in terms of an inductive
definition which means that the interpretation +g in a sense allows for
partially defined atoms. This means here that the cut rule is not admissible
in Fg. It is also clear that the operator ®i associated with R cannot have
any fixpoints. In N(R) it is on the other hand a basic assumption that the
logic of R gives a meaningful interpretation to all the atoms. The derivation
of b in N(R) thus gives a canonical example of a non normalisable derivation
in the present context. For a further discussion of these matters see [4],[6].

3 Models

By a model of a definition D we intuitively understand an interpretation
of the conditions used in D such that an atom a “is true” iff there is a
A € D(a) which “is true”. (Note that fixpoints of the associated oper-
ator ®p are not possible as candidates for models of a partial inductive
definition D if we want to allow also for partially defined objects. This
follows from previous discussion.) We think of an interpretation as having
a certain explicit structure. The basic model condition stated below is then
formulated in such a manner as to ensure that the structure of a definition
will be reflected in the explicated structure of an interpretation modelling
the given definition.

Since we want the model-concept here to be as general as possible we start
with a very general notion of a definition:

By a definition in general we understand a triple (Dom, Codom, D) where

(1) Dom and Codom are two sets such that Dom C Codom,

(1) D is a set of equations a = A where a € Dom and A € Codom.

We will also write Dom(D) and Codom(D) and use D to denote the triple
(Dom,Codom, D). Let D(a) = {A | (¢ = A) € D}, ie. D : Dom —
P(Codom).

In case of the partial inductive definitions Dom = U and Codom = Cond(U)
for a given universe U.

An interpretation of a definition (Dom, Codom, D) is a triple
(T,M,<)
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(i) (M, <) is an ordered set (i.e. < is a reflexive and transitive relation
on M),

(ii) T : Codom — P(M).

We will use T'... to denote interpretations. Given an interpretation T' we
will often write A for T(A), i.e. given M and an interpretation T of Codom
writing A for a subset of M is short for the set T(A).

To get some intuition one may think of M as a set of partial proofs, T'(A)
as the set of partial proofs of A and < as some canonical ordering of such
proofs that reflects so to speak the semantical structure of a proof rather
than some contingent syntactic structure of a particular presentation. One
may also think of M as a set of stages at which certain conditions are known
to be true and < as the natural ordering of these stages. T(A) is then the
set of stages at which A is known to be true. This picture is of course
closely related to the former through the Kripke semantics of intuitionistic
logic. :

Given an interpretation T we have a family of subsets of M indexed by
Codom. The basic structure of an interpretation comes from the behavior
of the ordering < on this family. We will in what follows in particular focus
on the following situation: given that we have an object p in T(A) with
a certain property E is there an object below (or above) p - with respect
to < - in T(B) with the same property? These properties will here be
represented by maps restricting the sets T(A) to certain subsets.

A restriction map is a function v : P(M) — P(M) such that v(X) C X.
We write X|v for v(X).

Given that we think of A as a set of partial proofs when viewed as a subset
of M trough the interpretation T, then a typical restriction is to consider
the subset of total proofs(compare the distinction between derivations and
closed derivations). So it is in this particular case reasonable to expect
that if an interpretation of D really models D, then for a certain subclass
v of the partial proofs we have that p € a|v iff there is a ¢ € A|v for some
A € D(a). Now we will use the structure of the interpretation to try to say
something stronger namely that a|v in a certain sense is almost equal to
UAeD(a Alv. We will use this as the basic criterion and say that v models
or satisfies D. If we on the other hand view M as a set of stages, then
restrictions can naturally be thought of as relating knowled ge to different
observers.

Let

(X,<)={¢|3peX(r< 9}
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(<, X)={q|3pe X(q¢ <p)}

Given an interpretation of D we say that a restriction map v satisfies D
(v | D) for the given interpretation if

U (<,4lv) C (<,al)

A€D(a)

and

(av,)c |J 4, <)

A€D(a)

Since < is transitive this is equivalent with

U Ak c(gab)

A€D(a)

and

abe |J (A<

A€D(a)

Note that (X, <) and (<, X) are two closure operators dual to each other
in a certain sense, so the situation is the following one: we have two clo-
sure operators F' and G and equality between sets X and Y (alv and
U4ep(ay Alv) modulo the duality between these closure operators in the
sense that F(Y) C F(X) and G(X) C G(Y). In terms of proofs if p is a
total proof of some A € D(a), then there is a total proof ¢ > p of a and
if there is a total proof p of a, then there is a total proof ¢ < p of some
A € D(a). In terms of stages of knowledge and an observer v we have the
following: if v knows that A is true at some stage p for some A € D(a),
then there is a later stage ¢ at which v knows that a is true and if v knows
that a is true at some stage p, then v must already at some earlier stage ¢
have known that some A € D(a) is true. Let

Defy(D) = {a | 3p € alv)

Covy(D) = {A| Ip € Alv}

Def,(D) is the property defined by D in the given interpretation with
respect to v and similarly Cov, (D) is the cover of D in the given interpre-
tation with respect to v. We then have the following
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Proposition 1.0.1 Ifv | D, then a € Def,(D) iff D(a) N Cov, (D) # 0.

Proof: Follows directly from definitions. [ ]

Here are some simple examples to further illustrate the notion v | D:

(i) Let M = {T,1} and assume Codom is propositions build up from
propositional variables (Dom) using conjunction and negation. The order-
ing of M is naturally the reflexive closure of L < T. Now let T(A) be the
truth value of A for a given classical valuation I. Let v(X) = X — {1} for
X C M. Then v E D means

I'Eaiff I E A for some A€ D(a)

(T, M, <) could of course be based on a more general algebra of truth values.
We could also think of (M, <) as a Kripke model where T'(A) is the set of
points in M which forces A.

(i1) Let D be a set of closed term equations over some first order signature,
typically a first order equational function definition

ft1,-- - ta) = g(hi(t),... ha(tn))

Given an interpretation (7, <) we may think of T'(t) as a set of computa-
tions, i.e. computations of ¢t according to some given function definition,
and p < ¢ as p being a subcomputation of q. Assume that D is deter-
ministic and that v | D. We may think of v as the machine. If p is a
computation of f(1,...,t,) with respect to v, i.e. pinf(?y,...,¢,)[v, then
there is a computation q of g(h1(t1), ... hn(tn)) with respect to v which is a
subcomputation of p. If p is a computation ov g(hi(t1),... hn(ts)) with re-
spect to v, then p is a subcomputation of a computation of ¢ of f(t1,...,t,)
with respect to v.

(iii) Consider the monotone operator ®p given by the definition D

T
b}rev

a
{7(b)
where f: U — U.

Let (T,<) be an interprétation. If v | D, then assuming that Tlv # 0 the
set

{a| T(a)lv # 0}
is a fixpoint of ®p. Here it is natural to think of T(A) as a set of proofs of
A and p < ¢q as p being a subproof of g.
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4 The * models of partial inductive definitions

In this section we will give an example of models of the partial inductive
definitions in the sense of section 3 above. The type of construction carried
out here has basically its origin in the following considerations:

(1) A natural interpretation of a condition A would be in terms of derivations
of A in the natural deduction calculus N (D) for a given definition D. That
is T(A) would be the set of derivations with A as conclusion. One basic
idea in natural deduction systems is that the introduction rules states the
truth conditions for various forms of propositions while the elimination
rules merely reflects the meaning given to propositions by the introduction
rules. Note that the introduction rules for atoms in N(D) correspond to
the definitional clauses in D. It is thus natural to think of the ordering
<, i.e. the structure, of the interpretation as given by the computation of
derivations into normal form and the subderivation relation of derivations
in normal form. This is closely related to the B6hm tree analysis of terms in
A-calculus. The structure of the interpretation would then somehow reflect
the computational structure of the derivations in N(D). There are several
immediate candidates for basic restriction maps

c¢(X)={p€ X |p is a closed derivation}
en(X)={p € X | p is a normal closed derivation}

enb(X) = {p € X | p is a normalisable closed derivation}

The counterexample to normalisation for the calculus N(R) as was given in
section 1 shows that the map ¢ cannot be used to model partial inductive
definitions in general. The type of restriction maps that we will consider
below to model the definitions in a given interpretation are instead closely
connected with the map cnb.

(ii) We would like to base the interpretation and the basic restriction maps
on a subclass of the partial inductive definitions which contains only defi-
nitions which have a simple well understood interpretation and structure.
That would mean we achieve some reduction. The interpretation in terms
of Fp is of course simple since it is given by a monotone inductive defini-
tion without complicated side conditions, but the structure of proofs are
poor and too implicit. Normalisation in N(D) on the other hand involves
syntactical complications in the precise description of substitution that we
would like to avoid here to get a good compromise between rich structure
and simple definitions. We will use ideas from [5] and roughly work with
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a construction for explicit substitution understood in terms of naive sub-
stitution, i.e. replacement, and then characterise the notions of closed and
open derivations (total and partial proofs) in terms of the logical proper-
ties of the simple definitions that defines the computational structure of the
derivations. A lot of inspiration here comes from Prawitz’ work on general
proof theory [8, 9], Martin-Lof [7] and Girard [3].

Technically the interpretation of partial inductive definitions considered
here is based on pairs of simple definitions. We will use such definitions as
a basis for the ordering < and the basic restriction maps.

Given a simple definition D and a condition C we define the set (D,C) of

subconditions of C along D, i.e. subconditions modulo unfolding equations
in D :

Ce(D,C)

(Ci)ier € (D,C)
; €(D,0)

(iel)

a€(D,C)

Tcbo) AED@)

We then let

a<pb iff (D,a)C (D,b)

The base of a simple definition is its set of <p-minimal objects.

The interpretations we consider in this section will have the following
form:
We have a given set M and a mapping T : Codom — P(M) together
with a tuple of simple definitions D,,..., D,,. One of the D; will give the
ordering of the interpretation in terms of <p,. We use the logic Fp, of
these definitions to construct basic restriction maps like

cl(C)
op(C)

{p€ C|pis closed}
{p € C | pis open}

where p is closed if
p€ [ Def(Di)
i<n

and p is open if
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PE U Def(D;).
i<n
That p is closed should intuitively correspond to the notion of a total proof,
i.e. a closed normalisable derivation.

We start with a set X -intuitively a set of undefined constants - and a
mapping ¢ : X — Codom. Let X = {¢ |z € X}. We think of z as an open
variable, 1.e. free for substitution, and of £ as a closed variable, the formal
dual to z. Below we give an inductive definition of p: A for A € Codom.
Intuitively p : A means that p is partial proof of A or a construction of A -
syntactically speaking a derivation of A.

z:A (i(z) = A)
3: A (i(z) = A)
T:T
p:l
(A,p): A
p:A— B g: A
(pg) : B
z:A p: B
(zp):A— B

fG@): A; (G€)
(f,1): (Aiier

P (Ai)ier
(p.i) : As
i(z)=A p:A ¢:B
(pzq) : B
(i’p;fla (A € D(a))

p:a g(A):C (AeD(a)) =z,:A (A€ D(a))
(p,F):C
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where F(A) = (z4, g(4)).
Note that (pzq) is a notation for what intuitively corresponds to explicit
substitution as a construction within terms.
I prefer to think of this definition as a fundamental inductive definition
in the sense of Kleene (see [1]), i.e. an inductive definition that is to be
considered as basic and primitive, but there is of course no problem in
coding the objects p as sets and give a precise definition of a monotone
set-theoretic operator defining pairs (p, A) for p : A.

Now let the domain M of our interpretation be the set of p such that
p : A for some A € Codom. It is easy to prove that if p : A then A is
unique. Let T'(A) be the set of p such that p: A.
We will now give two simple definitions D, and D* that will serve as basis
for the basic restriction maps that we will consider and we will choose <p+
to order the domain M of our interpretation. These definitions are obtained
from two definitions K (D, X) and L(D, X) as follows

{ D, K(D,X)-X
D* L(D,X)& (K(D,X) - X)

K(D, X) gives intuitively the subderivation structure of the objects in M
while L(D, X)) gives the computational structure of these objects. D, is
so to speak the syntaz of objects that doesn’t contain any closed variables
and D* gives what roughly correspond to a Bohm tree analysis of the given
objects.

Let K(D, X) be the following simple definition

( T = T

x = T

r = T

(A4p) = p
(rg) = (p,9)

{ (@p) = p
(L) = (f@))en
(pi) = p
(rzq) = (p,9)
(ap) = p

L0 F) = (0 ((F(4)2)aenm)

In order to give the other basic definition L(D, X) we first need to define
the notion of an object p being in computable form (CF for short):

((z.p)9) €CF  (pzq) ECF
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((f,1).9)e CF  ((ap),F) € CF

p€ECF pECF
(A,p) €CF  (pg) €CF
pECF pECF

(pi))€ECF  (p,F)€CF

p € CF correspond to the notion of head redex in A-calculus.
For p in CF we define R(p) - a one step computation procedure -

[ R((z.p)g) = (gzp)
R((f,D)3) = f(?)
R((ap),F) = (pzq) for F(A) = (z,q)
{ R((4,p) = (4,R(p)
R((p7)) = (R(p)g)
R((p?)) = (R(p).)
l R((p,F)) = (R(p),F)

For ¢ in CF let R((pzq)) = (pzR(q)). If ¢ is not in CF the definition will
depend on the form of q.

( R((pzT)) = T
R((pzz)) = =
R((pz2)) = 2
R((pzz)) = (pzp)
R((pz(A,9)) = (4,(pz9))
¢ R((pz(9)) = ((pzq)(pzq"))
R((pz(z.9))) = (z.9)
R((pz(y.9))) = (y(pzq))
R((pz(f,1))) = ((pzf),])
R((pz(9-9)) = ((pzq).P)
[ R((pz(¢, F))) = ((pzq),pzF)

where
(pzf)(3) = pz(f(3))
and

e = {5 D

Note the clause R((pzz)) = (pzp) which means we use a fixpoint construc-
tion in the computation of proofs. We do this to get a richer structure and
a nice notion of convergence.
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Now let L(D, X) be the definition given by

= T(zeX)

(zq) = #zq

(2, F) = (p,(229)(s,9)eF(a)&A€D(a))
r = R(r)

where (p, F) is not in CF, p:a and r € CF.

z is a true variable in D, and a false variable in D* while £ is true in D*
and false in D,. This duality is used to define the notions of closed and
open objects. z is an open object since z Fp+« L while (z.z) is a closed
object since T Fp, (z.z) and T Fp+ (z.z). (z.z) is true in D; since z is
and (z.z) is true in D* since (z.z) computes to & which by definition is true
in D*. Note that if p is open or closed, then p is in a certain sense a finite
construction since this means that either p is in the inductively defined set
for both D, and D* or in the inductively defined complement for one of
them.

Let us say that a restriction map v is closed if

(i) Clv is convergent with respect to CF,ie. if p € C|v, then Vq <
pIre CF(r<yq),

(i) no open objects in C|v,
(iii) (aq) € ajv iff ¢ € A|v, for some A € D(a),
(iv) p € Alv implies R(p) € Alv.

We have the following

Proposition 1.0.2 If v is a closed restriction map, then v = D.

Proof: So we have to prove
(a) Usen(a)(< Alv) C (£, alv),
(b) (alv, <) € Up(a)(Alv, <).

(a) Assume ¢ < p for some p € A|v where A € D(a). Now by (iii) (ap) € alv,
so ¢ < p' for some p’ € alv.

(b) Assume ¢ > p for some p € alv. Let us say that an object p is in
canonical form if p is of one of the following forms

T, (a‘I): (Z-Q): (f: I)'
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Claim 1.0.1 Ifp is not open, then Fp, p.

Claim 1.0.2 Ifp € CF, then p is open or in canonical form.

Proof: By induction on Fp_ p. [ |

So if p € CF, then p is (ar) for some r € A for some A € D(a). Now by
(iii) we have r € A|v. Now assume that p € CF. Then by (i) and (iv) we
know that for some » € CF r < p such that r € alv. r is not open, so it is
in canonical form and thus ' < r for some ' € Av for some A € D(a). B

Proposition 1.0.3 cl is a closed restriction map.

Proof: We prove the properties (i)-(iv) given above.

(i) Assume p € Clcl and ¢ < p. We may assume that ¢ € CF. Fpv ¢, so
for some n R"(q) € CF where Fp, R"(q).

(i1) and (iii) both follows directly by definition.

(iv) If p € Alcl, then Fp, pand Fp+ p. Clearly Fp+ R(p). Fp, R(p) follows
from the fact that R is not introducing any & into R(p). Thus R(p) is a
closed object. By a simple induction on CF it is easy to see that p € A
implies R(p) € A. [

So we have cl |= D which is the basic test here. A further analysis of ¢l
will involve more complex restriction maps since (<, C — C’|cl) in general
will contain open objects.

5 Logic

Let o(p) = {z | « < p}, i.e. the variable basis of p. We can then interpret
the validity of a sequent modulo a restriction map v by saying that

r+, A
holds if there is a p € A|v such that Yz € o(p)3A € I'(z € T(A4)). Now

consider the following restriction map - where WF means wellfounded-

B(A)={p € A|p€ Def(D)&WF((<,{r}))}

That is we restrict A to true in D, and finite in D*. We can then prove
the validity of the intended logical interpretation of the partial inductive
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definitions using the restriction map § given a set X containing all the
variables we will have use for.

Given some z € A clearly z € A|8. Thus z proves the sequent

T,Abs A

T is a closed object which thus proves the sequent

Tk T
Assume z € L, then (C, z) proves the sequent

T,LbsC

Assume f(i) proves T kg C; for i € I. Then clearly (f,I) € (C;)ier|B which
thus proves the conclusion T Fg (Cj)icr. So we have

r |‘p C,' (l € I)
T'Fg (Ci)i int
Assume p proves I',C; kg C. Then clearly (y.izp), where y € (Ci)ier,

proves the conclusion T',(Cj)ier Fp C for the proper choice of variables
z,y. So we have

I,CiksC
I, (Ci)ier ks C
Assume p proves I',C kg C'. Assume z € C and z € o(p). We have

z & o((z.p)). If p € C'|B, then (z.p) € C — C'|B. So (z.p) proves the
conclusion T' k3 C — C’. Thus we have

(1€l

I,ChsC'
Th, C—C
Assume p proves I' kg C and that ¢ proves I',C' kg C”. So ((yp)zq)

proves the conclusion I',C — C’ g C” for the proper choice of variables
z€C' yeC — C'. So we have

ThsC  T,C' k5 C"
T,C—C'FyC"

Assume p proves ' kg A for some A € D(a). Then clearly (ap) proves the
conclusion I' kg a, so we have

Tk A
Fl‘pa

(A € D(a))
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Assume that py proves I' A kg C for A € D(a). Then given z € a (z, F)
proves the conclusion where F(A) = (z4,pa) for some chosen z4 € A in
the variable base of p. So we have

LK C (A€ D(@)
I'iakg C
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Abstract. Logical inferences are investigated within the context of
structural frameworks, in which structural features of deductive sys-
tems are separated from logical ones. It is claimed that introduction and
elimination inferences operate at different levels. While introduction in-
ferences express logical rules in the genuine sense, elimination inferences
are more like structural inferences. This distinction is blurred by certain
features of intuitionistic logic, but becomes obvious when systems with
restricted structural postulates (substructural logics) are considered.

1 The idea of a structural framework

According to Gentzen [14], in a sequent-style system of logic, we have to
distinguish between structural and logical inference schemas. The latter
govern the logical content of formulas whereas the former do not refer to
logical form. An example of a structural inference schema is that of con-

traction:
X, A A YHC
X, A YFC
an example of a logical inference schema is that of V-elimination

X+-AVB Y, A-C Y,B-C
Y, X-C ’
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where A,B and C denote formulas and X and Y denote lists of formu-
las. This distinction applies to sequent calculi with introductions on both
sides of the turnstile (often referred to as “Gentzen-systems”!) as well as
to sequent-style natural deduction with introduction and elimination in-
ferences for logical constants only on the right side of the turnstile (as
considered in Gentzen [15]). This paper deals mainly with sequent-style
natural deduction with a single formula on the right of the turnstile. Only
in the final section systems with introductions on the left of the turnstile are
considered in connection with computational aspects of deduction. For con-
ceptual simplicity, our investigations are restricted to propositional logic.
We also do not deal here with systems with multiple formulas on the right
of the turnstile nor with problems of negation.

The idea of “structural frameworks” (see [30]) is twofold: Firstly to
extend the notion of structure, and secondly to treat all logical content of
formulas by means of a database of rules.

Ad 1: The extension of structural means of expression concerns par-
ticularly the introduction of a structural implication — which is to be
distinguished from logical implication D. It is to supplement structural
conjunction which is already present in Gentzen in the form of the comma
(to be distinguished from logical conjunction &). Another structural ex-
tension (that we are not dealing with in this paper) concerns structural
generalization which is to be distinguished from (logical) universal quan-
tification. It is implicit in Gentzen’s usage of free variables. This does
not mean that at the structural level we are duplicating things which are
available at the logical level. Rather, these additional features increase the
expressive power of the structural level so as to cover various logical sys-
tems in a philosophically plausible and technically uniform way. Apart from
that, not every logical constant has a structural analogue (e.g., disjunction
has not, at least not in the single-conclusion case). What one would need
in a full system is structural conjunction, implication and generalization
(of all types), which logically corresponds to a certain fragment of a simple
theory of types. In a certain sense, our structural level corresponds to the
judgemental level in Martin-Lof’s theories.

Ad 2: Instead of considering various logical inference schemas we just
consider a single inference schema of rule application. The rules themselves
form a database, which is independent of the structural framework itself
and may vary. In this way the content-independent inference machinery is
separated from the variety of logical systems it may be used to incorporate.
One even becomes independent from the logical character of the database:

lalthough Gentzen investigated natural deduction too.
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the framework may be used for arbitrary databases of non-logical rules as
well, which makes it useful for extensions of logic programming (see [31]).
Again, the distinction between inference schemas and rules is a conceptual
feature - it is not denied that rules can be replaced by certain inference
schemas as in Gentzen.

An example of a structural framework for intuitionistic propositional
logic can be given as follows: Structural atoms are formulas of propositional
logic (letters: A, B,C). Structural implications are structural atoms or are
of the form (F—G@G) for structural implications F and G (letters: F,G, H).
Structures are lists of structural implications (letters: X,Y, Z). Sequents are
of the form X+F, rules are of the form X=>A, i.e., sequents have arbitrary
structural implications as succedents, whereas rules only have structural
atoms as conclusions. Structural inference schemas are the following:

. . . X,F,G,YFH
(Reflexivity) F (Permutation) X.CFEYFH
X,F,F,Y+-H XHH
] > ? ? ? . .
(C ontractzon) —X, FYFH (Th,znnzng) —_X, i
X,F-G XFF  YRF-G
D wroe (—E) Y XrC
(F=) Xbh . XabFa if F1,...,Fa=A is in the database

X1,...,XnFA

The schema (=) also covers the limiting case where the database rule has
no premisses and the upper sequents of the inference are lacking.
The database may contain logical rules such as

A, B=>A4B A—B=A>B

A=>AVEB B=>AVB

However, in principle this approach is not confined to logic; the database
may contain extra-logical rules also. For logical elimination inferences see
§3 below.

In contrast to previous descriptions based on “higher-level rules” (see
[29, 30]), this paper strictly distinguishes between structural implications
F—G, which are obtained by iterating — to the left and to the right, and
rules X=>A, which have atoms as conclusions. The concept of “higher-level
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rules” mixed these two things up by using = both as a sign for structural
implication and as the rule arrow. It is essential for a computational inter-
pretation of database rules that they may contain structural implications as
premisses, but themselves are different from structural implications. Rules
have a normative (definitional) meaning governed by (F=>) (and by the
dual principle (IP) discussed in §4). They define the “world” one is deal-
ing with. Structural implications have a declarative (descriptive) meaning
governed by (—1I) and (—E). They make assumptions or assertions about
this world (see [28] for further general remarks on that topic).

Our approach gives a natural view of logic programming, if one takes
atomic formulas as atoms and considers database rules Fy,..., F,=A as
program clauses. Such a logic programming language permits structural
implications in the bodies of clauses and thus extends definite Horn clause
programming (see [20]).

2 Structural frameworks for substructural logics

Substructural logics are logical systems in which certain structural princi-
ples which are standard in the intuitionistic case are not available.? Ex-
amples are BCK-logic, in which Contraction is lacking, relevant logics, in
which Thinning is dropped, linear logic, which has neither Contraction nor
Thinning, or the Lambek calculus which is without Permutation and which
in one of its versions does not even have associativity of antecedent formu-
las. The interest in such systems is increasing, partly due to applications of
these logics in computer science and theoretical linguistics. For an overview
see [11].

Structural frameworks corresponding to substructural logics can be de-
veloped by imposing the restrictions mentioned on the structural inference
schemas and by extending the notion of a structural implication so as to
incorporate these modifications. The logical principles themselves would,
as before, be formulated as database rules. In what follows, frameworks for
some prominent logics will be considered as examples, without any claim to
completeness: the associative Lambek system and relevant systems without
distribution as pure single-family systems, relevant logic with distribution
as a pure two-family-system and BCK-logic and linear logic as single-family
systems which in addition allow for structure-independent rule-application.
Following Belnap’s [3] classification, single-family and two-family-systems
are based on one or two, respectively, structural associations in the an-
tecedent of a sequent. In the single-family case, we denote it, as usual, by

2The term “substructural” was proposed by Kosta Dosen.
;
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the comma, which is understood as a multi-ary structural connective. In
the two-family case we use the semicolon for the second structural connec-
tive. By “structure-independent” rule application we mean an inference
schema for rule application which (unlike (F=>)) does not refer to a par-
ticular structural association within the antecedent of a sequent (this will
become clear from the examples below). Belnap speaks of “families”, since
in his framework there are, for each structural association, corresponding
logical conjunctions, disjunctions, negations, implications and constants.
We borrow this terminology, but basically consider conjunctions and impli-
cations only. For the systems we are interested in, we need not treat the
comma or the semicolon as a binary structural connective.

Pure single-family-systems: Relevant logic without distribution, Lambek
calculus

Here we consider frameworks where, as in the intuitionistic case, there is
exactly one way of associating structural implications to form a structure,
which is denoted by the comma. A structural framework for relevant logic
without distribution results from the framework for intuitionistic logic by
taking away the postulate of Thinning; i.e., Permutation and Contraction
are still available. So, as before antecedents of sequents may be viewed
as finite sets. This system of relevant logic is investigated among other
single-family systems in [8]. It is not the system of the mainstream of
the relevant logic tradition, which rather favours systems in which the dis-
tribution law A&(BVC)H-(A&B)VC holds. This distribution law cannot
be obtained by just dropping Thinning in the structural framework. The
proof-theoretically most elegant way is to consider a two-family structural
framework (see §2.3 below).

In the Lambek calculus as first described in [22] none of the structural
postulates of Permutation, Contraction and Thinning is available. This
means, we have associativity of antecedent formulas, i.e., we can write
structures as lists, but do not have any further structural postulate in the
traditional sense apart from Reflexivity. In the sense of our structural
frameworks we do have, of course, further postulates, namely those gov-
erning structural implications and the application of rules.®> Due to the

3In the even weaker non-associative Lambek calculus introduced in [21] one would
have to treat the comma as a binary operator, as done in the uniform treatment
of various systems in [3]. Despite the fact that Contraction is lacking, we treat
the Lambek calculus as a single-family system as in the original source [22]. One
may of course add structure-independent rule application, yielding a system of the
type of §2.3.
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fact that Permutation is lacking, two structural implications are available,
which are here denoted by = and -iv, i.e., non-atomic structural implica-
tions may be of the form F5G or F-LG. The structural inference schemas
governing = and 4, are the following:

r . X,FFG r o XFF  YFFLG

D 3rrre =E) —vxra

. .. FX+G X+F  YFFAG

=N —— (5B) X,YFG
X+rha ,

Based on these two structural implications, it is possible to include in
the database introduction rules for Lambek’s two logical implications / and
\:

ALB=B/A ALB=A\B .

It is obvious that the postulates of the structural framework are essen-
tial for which logical constants can be defined in the database. So it is
not only the database of logical rules which makes the difference between
logics, but the structural apparatus governing this database. This gives
rise to criteria of logicality according to which one may distinguish between
mere extensions of logical systems obtained by adding rules for further con-
stants to an existing database and rival systems obtained by changing the
structural postulates for an existing system.*

Pure two-family-systems: Relevant logic with distribution

In order to obtain a Gentzen-type system for relevant logics in which the
distribution law A&(BVC)-(A&B)VvC holds, Dunn [13] proposed to use
two structural conjunctions for associating antecedent formulas: an exten-
sional one denoted by the comma and an intensional one denoted by the
semicolon, with Thinning holding for the comma but not for the semicolon.?
To develop a structural framework based on this idea, we first introduce an
additional operator =+ for forming structural implications. Then we dis-
tinguish between extensional and intensional structures. Every structural
implication is both an extensional and an intensional structure. Ezten-
sional structures are of the form (Xi,...,X,) for intensional structures

4This idea is closely related to Dosen'’s [6] view of logical constants as punctuation
marks, although Dosen’s structural apparatus is somewhat different from ours.

S5For later applications and philosophical discussions of this approach see (3, 5, 16,
24, 26, 32).
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Xi,...,Xn, whereas intensional structures are of the form (Xi;...;X,)
for extensional structures Xy, ..., X,. Furthermore, for n = 0 we have the
empty extensional structure @, and the empty intensional structure @; as
limiting cases. A structure is an extensional or an intensional structure. So
extensional and intensional associations may be nested within a structure.
Sequents are of the form X F for structures X and structural implications
F. Rules are either of the form F, ..., F,= A (extensional rules) or of the
form F;...;F,=A (intensional rules) for structural implications F; and
structural atoms A with limiting cases .= A and 0;=>A. When we use
a notation like X, F,(Y; Z)I-G for a sequent, the commas and semicolons
in the antecedent denote either concatenation of equal-type structures or
structure-forming operations, whichever is applicable.® Then the structural
inference schemas include all schemas of the intuitionistic case as given in
§1 (but now with X, F and G read as structures and structural implications
in the present sense), and furthermore

.« X;F;GY-rH . X;F;F,Y+-H
(Permutation;) egmyrn (M) v
) X; F\-G . X+FF  YFFSG
=D xrr=c =) —vxre

 XyFF ... XuFFy
t=) —x. o xra

if Fy;...; F,= A is in the database

Here the limiting cases for n = 0 of (=) and (F=;) permit to infer 0.-A
or B;+A, depending on whether an extensional or an intensional rule is
applied.

This means that that we have corresponding principles for the comma
with the associated structural implication — and for the semicolon with
the associated structural implication —, with the exception that for the
comma, but not for the semicolon, Thinning is available.

Introduction rules for logical constants of relevant logics may be the

STherefore, if X is an extensional structure, the first and the second comma are
appending F and (Y;Z) to X. If X is an intensional structure, these commas
form a three-element extensional structure out of X, F and (Y; Z). Similarly, if Y
and Z are both intensional structures, the semicolon appends the elements of Z to
Y. If Y is intensional and Z extensional, the semicolon appends the extensional
structure Z to Y. If both are extensional the semicolon forms a two-element
intensional structure, etc. If X is an extensional structure, then X, @, is the same
as X, otherwise the empty extensional structure . is appended to X, and likewise
for X,9; or X;90. or X;0;.
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following database rules

A,B=>A&B A—B=ADB 0.=>t,
A; B=AoB A5B=>A->B 0,=t;

to define extensional conjunction (&), implication (D) and truth (t.) as
well as intensional conjunction (fusion, o), intensional (relevant) implication
(->) and intensional truth (t;).

Systems with structure-independent rule application: BCK-logic, linear
logic

In BCK-logic (see [25]) and linear logic (see [17]7) one considers a sin-
gle structure-sensitive association as in §2.1, but in addition a structure-
independent schema for and-introduction:

XrA XvB
XFAAB

In our context this corresponds to a general schema of structure-independent
rule application. Besides rules Fy, ..., F,=A, which are applied according
to the schema (=), we consider rules of the form Fy,,...,, Fy=>A, with
premisses divided by double commas, which are applied as follows:

X+FR ... XHF,

XFA if A,,...,, Fa=A is in the database.

('-=>" )

In a structural framework for BCK-logic we have the inference schemas
of Reflexivity, Permutation, Thinning, (—1), (—E), (=) and (+=,,), i.e,,
Contraction is lacking as compared to the intuitionistic case. In a structural

7By “linear logic” we mean what Girard calls “rudimentary linear logic”, i.e., we are
just considering the propositional fragment without exponentials. For a treatment
of the structural features of linear logic within the framework of display logic see
[4].

8By “gtructure-independent” as opposed to “structure-sensitive” we mean that the
lower sequent of an inference schema does not refer to a particular way of struc-
turing the antecedent as does a schema like

X+A Y+B o X+FA YRB
r .
X, YHA&B X;Y+AoB

For the case of conjunction, Girard’s terminology is “additive” versus “multiplica-
tive” ([17]) or “alternative” versus “cumulative” ([18], Appendix B).:
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framework appropriate for linear logic Thinning is excluded in addition. In
the database we can now include introduction rules for two conjunctions:

A, B=>A&B A, B=ANAB

As for the systems considered before, the structural framework itself is
independent of what kind of rules are available in the database. There is
no need for them to be logical rules.

Mixtures of (F=>) and (F=>,, ) are also possible, e.g., by permitting rules
such as Fy, (F3,, F3)=A which would be applied as follows:

X+FR YHF, YRF;
X,Y+HA )

To avoid a possible misunderstanding: The distinction between structure-
sensitive and structure-independent rule application is no particular feature
of weak substructural logics, but exists for intuitionistic logic too. However,
in the presence of Contraction and Thinning, these cases can be mutually
reduced to each other.

 One may, of course, add structure-independent rule application to a
two-family system, yielding, e.g., a relevant logic with conjunctions &, o
and A. More generally, one may develop the idea of a universal structural
framework that would allow tz make all the distinctions mentioned so far.
Such a meta-framework would have to provide facilities for defining struc-
tural postulates themselves in a uniform way. DoSen’s [9] idea of sequents
of higher levels and of horizontalizing inference schemas into such sequents
may become fruitful in that respect. This approach might also lead to a
conceptually perspicuous treatment of modal logics within structural frame-
works. The idea of such a general structural framework goes in a different
direction than do most logical frameworks, since it comprises a whole world
of systems even at the propositional level. Present-day logical frameworks
normally start with problems of higher types and quantification and take
the structural postulates of intuitionistic logic for granted.

3 The problem of elimination rules

So far the examples of logical rules have been only introduction rules. In
the structural framework considered in §1 with unrestricted structural pos-
tulates, elimination rules can be added to the database as well. The V-
elimination rule would read

(VE rule;) AVB,(A—C),(B—C)=C
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(the index 7 here stands for “intuitionistic”). Following the pattern of the
V-elimination rule, in [29] the following general schema for introduction and
elimination rules for an n-ary sentential operator s was proposed:

(sI rules) X1=s(A1,...,An) ... Xn=s(Aj,...,An)

(sE rule) s(Ay,...,An),(X1—=0),...,(Xa,—=C)=>C .

Here the X; stand for structures (lists of structural implications), in which
only formulas built up from Aj,..., A, by means of logical operators al-
ready defined occur. For example, in the case of s being implication, we
have n = 1 and X; = (A4;—A3); in the case of disjunction we have n = 2
and X; = A, X3 = Aj; in the case of equivalence we have n = 1 and
X1 = ((A1—Az),(A—A))), etc. It can be shown that in all cases (sE rule)
is equivalent to the “standard” elimination rule. For example,

(DE) ADB,((A—B)—~C)=C

is equivalent to modus ponens
ADB,A=B .

According to this view, both introduction and elimination rules are part
of the database of logical rules, the elimination rules being generated in a
uniform way from the introduction rules. However, this becomes problem-
atic when substructural logics are considered. The idea that the general
schema (sE rule) for elimination rules can be taken to be the same in all
structural frameworks (see [30]) turns out to be infeasible.

We take the V-elimination rule (VE rule;) as an example. Applying
this rule is equivalent to using the following inference schema:

X+AVB Y,AFC  Z,B+C
X,Y, Z+C '

(VE schema;)

In the intuitionistic structural framework this is equivalent to

XFAVB Y,AFC- Y,BFC
Y, XrC '

(VE schema)

However, in the absence of Thinning and Contraction these two schemas are
not equivalent, and (VE schema) is more appropriate than (VE schema;),
since otherwise desirable results cannot be obtained. In systems with-
out Thinning (VE schema) permits normalization of proofs whereas (VE
schema;) does not. To see that, suppose XFAVB is inferred from XA,
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and (VE schema;) is applied in the next step. Then the standard contrac-
tion of this redex yields Y, X+C (the conclusion of (VE schema)) rather
than X,Y, ZFC (for which Thinning would be needed). In a system with-
out Contraction replacement of equivalent formulas becomes problematic
with (VE schema;). For example, suppose that Y, AVBFC and A -4’
have been proved. Then Y, A'+C and Y, BI-C can be inferred, from which
by (VE schema;) Y,Y, A’VBFC rather than Y, A’VBI-C is obtained.’.

This does not necessarily speak against elimination inferences as rules.
By using the mixture of structure-sensitive and structure-independent rule
application mentioned in §2.3 one may obtain the effect of (VE schema)
by means of the rule

(VE rule) AVB,((A-C), (B—C))=C .

In all systems where one can treat structures as multisets, i.e., where one
has Permutation, (VE rule) would be appropriate.

However, in a Lambek-style system, where Permutation is lacking, or
in a two-family system with the possibility of a nested structuring of an-
tecedents, the situation becomes different. In both cases the V-elimination
schema has to be formulated as

X+AVB  Y[A}FC  Y([B}-C

Y[(X}-C ’
where the square brackets denote the occurrence of a certain formula within
a structure. This includes (VE schema) as a special case. In a Lambek-
style framework, due to the fact that Permutation is lacking, Y[AJ-C does
not necessarily imply Y, AFC, so that (VE schema) is strictly weaker than
(VE schema’). This again means that (VE schema’) cannot be expressed

(VE schema’)

by the database rule (VE rule) (with — understood as = or —l>) A sim-
ilar argument applies to two-family-systems, since an A in a context Y[A4]
cannot necessarily be extracted and moved out of the context. For exam-
ple, a sequent (A;; A), A2kC is not normally equivalent to some X, A-B
or X; A-B.

There seems to be a way out of this problem, namely by allowing struc-
tural implications and not just structural atoms to be conclusions (heads)
of rules. The V-elimination rule could then be formulated as

(VE rule’) AVB,((A—F),,(B—F))=>F,

%In particular, without Contraction, (VE schema;) does not guarantee the full
uniqueness of disjunction in the sense that X, AvBFC is always equivalent to
X,AV"BFC, with V" being a duplicate of V with the same rules. Uniqueness is
dual in a way to conservativeness, which again is related to normalization (see
[10, 12]).
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which has the effect of (VE schema’). For example, in the two-family
system of §2.3, (A;; A), A2FC is equivalent to AFA;—(A;—C). So from
XFAVB and (A;; A), A2FC and (A;; B), Ask-C we obtain X+A;(A;—C)
by applying (VE rule’), which is equivalent to (A;; X), A2FC. A similar ex-
ample can be given for the Lambek-style system: suppose we have X+-AVB
and A;, A, AsFC and A, B, A;FC. Then we obtain Ai—Al—'>(A2—'>C) and

B"Al—lb(AQ—r’C) and thus XI-Al—lv(Ag—r>C) by applying (VE rule’), which
is equivalent to A, X, As+C.

In the single-conclusion case, this approach (which was followed in [30])
has a similar effect as Belnap’s [3] use of an involutive structural negation in
a multiple-conclusion framework, by means of which formulas can be moved
arbitrarily between the two sides of a sequent. However, this runs counter to
the intuitions of structural frameworks, which are to separate the structural
aspects of a system from its logical (database) content. Structural implica-
tion(s) should only be governed by structural introduction and elimination
principles like (—I) and (—F) and not by rules in the database. Struc-
tural implications in the heads of rules would put material (non-structural)
content into structural implications, making structural implications logical
entities.

The fact that (VE schema’) and not (VE schema) is the correct rep-
resentation of V-elimination reveals in general, quite independently of our
notion of a structural framework, a deep asymmetry betwen iniroductiou
and elimination inferences, more precisely, a difference in the notion of
discharging assumptions. Whereas in (VE schema’), one has to consider
arbitrary embeddings of formulas in structures (denoted by square brack-
ets), this is not the case with introduction schemas. For example, in the
Lambek calculus the schema for \-introduction has to be formulated as

A X+B
XFA\B

with A at a specified (namely leftmost) place on the left side of the turnstile
and not as

X[A]+B

XHA\B

with A arbitrarily embedded in a context. Otherwise, under certain natural
conditions, the structural law of Permutation could be proved by applying
principles for logical implications.1°

'%This asymmetry between introduction and elimination rules will be treated in more
detail in [27]). It also applies to sequent systems with more than one formula in
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This is blurred in the intuitionistic system with its simple structural as-
sumptions and also in weaker systems which can be based on multisets as
assumption-structures. From the standpoint of a general structural frame-
work, such structural assumptions are just limiting cases and cannot be
taken as universal: two-family systems and systems without Permutation
cannot be excluded without giving up the conceptual unity of structural
frameworks with different structural assumptions. Conclusions to be drawn
about structural frameworks in general therefore also apply to the intu-
itionistic case. This means that elimination-inferences cannot be properly
treated as database rules but have to be given a different role.

4 Elimination inferences as structural inferences

If elimination inferences cannot be incorporated into the database, how
else can they be treated? To formulate them in the ordinary way as infer-
ence schemas like (VE schema’) and add them to the structural inference
schemas would destroy the idea of a structural framework, in which the
structural part is kept apart from the content (logical or other) which is
put into the database.

A way out is indicated by the fact that the elimination inferences follow
a general pattern. This general pattern can be formulated as

XFs(ay,...,an) Y[XH)EC ... Y[X,]-C
Y[X]FC ’

if the introduction rules for s are given by (sI rules). Unlike (sE rule),
which turned out to be problematic with restricted structural postulates
(at least with two-family systems and systems without Permutation), (sE
schema) would be appropriate for all structural frameworks without struc-
ture-independent sI-rules. So we are not putting specific logical inference
schemas into a structural framework, but one general schema. By further
generalizing it we can even make it entirely independent of the specific
form of rules for logical constants. In this way we obtain a general struc-
tural principle which applies to any database of rules, databases of logical
introduction rules just being a special case.

More precisely, we formulate a general elimination or inversion principle
for arbitrary structural atoms, not only for logically compound formulas.
Given a database of rules, define

(sE schema)

D(A) := {Z : Z=A is a substitution instance of a database rule}.

the succedent. The failure of conservativeness of the wrong implication law over
the structural law of Permutation was observed by Wansing [33].
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Then the general elimination schema is formulated as

FA  {Y[ZFC: Z e D(4)}

X
(7P) YIXJC

It is obvious that in the case of logical constants with (sI rules) as in-
troduction rules, (sE schema) is a special case of (IP). However, (IP)
is general enough to be counted as a structural postulate as opposed to
database rules which govern contents. This does not mean that (IP) has
to be an ingredient of any structural framework. As with every structural
postulate, one may discuss what happens if it is present and if it is lack-
ing, obtaining various systems that way. In the case of logic, it represents
a way of dealing uniformly with elimination inferences for systems weaker
than intuitionistic logic. In the case of other databases, it represents a way
of treating arbitrary rules as introduction rules for atoms, allowing to in-
vert these rules in a certain way. This is why we call (IP) an “inversion
principle”!!.

It may be noted that (IP) becomes an infinitary schema if D(A) is
infinite. However, natural restrictions can be formulated that make D(4)
finite when (IP) is applicable.!? In the case of logical constants, D(A) is
finite due to the restrictions on introduction rules (such as the one that the
premisses X; in an introduction rule X;=>s(A,,..., A,) should contain no
formulas except Ay,...,A,).

When structure-independent rule application is available, as in frame-
works suitable for linear or BCK logic, D(A) and (I P) have to be formu-
lated in a more general way. For example, take the A-introduction rule
A,, B=>AAB. The elimination inferences should comprise the two schemas

XFAAB  Y[AFC XFAAB  Y[BJFC
Y[X]FC Y[X]FC

rather than the single one

XFAAB  Y[A,BJFC
Y[X]FC ’

_ which would be appropriate for the structure-sensitive conjunction &. In
general, let U be of the form (F,...,F,) or (Fy,,...,,Fy). Then U is

Y'In fact, (IP) is closely related to Lorenzen's “inversion principle” (see {23]), a
relationship which cannot be spelled out here.

20ne basically requires that (D(A))o = D(Ac) for any substitution o, and there-
fore that (IP) is closed under substitution. For further discussion see {20]).
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called a premiss structure (which is not a structure in the genuine sense,
since the double comma is not considered a structure-forming operation
that can occur on the left side of ). A selection function is a function f
operating on premiss-structures such that

FH=UitU=(R,...,F)
J(U)=F;forsomei (1<i<n)if U= (F,,...,,F).

Then we define for each selection function f
D’(A) := {f(U) : U=>A is a substitution instance of a database rule}.

The generalized inversion principle consists of a set of schemas, one for each
selection function:
X+A {Y[Z]-C: Z e D/(A)}
Y[X]FC

(1P,.n) : f selection function } .

Obviously, (IP) is a limiting case of (IPyen), if D/(A) is the same for all
f, which holds if there is no structure-independent rule by means of which
A can be obtained.

Computationally, the schema (IP) is not well tractable since the A
in the left premiss does not occur in the conclusion. For computational
purposes a sequent-style system with introductions on the left side of the
turnstile is more appropriate. To obtain such a system, we replace in the
structural frameworks considered the Reflexivity principle by

AFA

(which refers to structural atoms rather than arbitrary structural implica-
tions) and the (— E) principle by

X+F  Z,GrH
Z,(F=G), XrH

(=F)

Analogous changes apply to cases where several structural implications are
available. The schema (IP) is then reformulated as a schema for the intro-
duction of an atom A on the left side of the turnstile:

{Y[Z]FC : Z € D(4)}
(=h) YIAFC !

which in a certain sense is dual to (F=>). (Here the letter C may equiva-
lently be replaced by F, which gives more computational flexibility.) This
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is exactly the inference schema which is discussed in the context of logic
programming in [19], [20] and [28], upon which the programming language
GCLA is based ([1, 2]). In that context it was called the “D-rule” or the
rule of “local reflection” and was motivated from an entirely different point
of view which had nothing to do with structural postulates and restric-
tions thereof but with considerations concerning inductive definitions and
treating databases in that way. The fact that a different approach leads to
exactly the same principle confirms its conceptual significance.

The formulation of (IP) as a computationally meaningful principle for
the introduction of atoms on the left side is another argument against the
treatment of elimination inferences as database rules, even if this is pos-
sible as it is in the intuitionistic case. The structural atom C in these
rules, which unifies with every other structural atom, excludes any compu-
tational reading. When applied according to (=), database rules produce
only right-introduction inferences, whereas elimination inferences receive
computational significance by formulating them as left-introduction infer-
ences. The schema (=) carries out the idea of computationally relevant
introductions of (structural) atoms on the left side of the turnstile in a uni-
form manner, independently of their specific logical form (if they have one
at all).

The generalized version of (=>F) corresponding to (I Pgen) is the follow-
ing:

(=Fgen) {{Y[Z]‘_i['A?‘_ECD!(A)} : f selection function } .

It might be mentioned that for logic programming the combinatorial com-
plexity of (=F 4., ) may lead to difficulties, although database rules are most
easily understood and handled as structure-independent rules according to
(F=,,) of §2.3. This is no problem for intuitionistic logic, where Thinning
and Contraction is available, but becomes problematic when evaluation
procedures for weaker systems are considered (see [31]).

The view we have arrived at is that of a structural framework which,
besides the handling of structural association (of premisses of rules or an-
tecedents of sequents) and of structural implication, may include inversion
principles. In the case of logically compound formulas, these inversion prin-
ciples instantiate to elimination inferences. The (logical or extra-logical)
content of formulas is expressed in a database of rules which, in the case of
logical composition, are introduction rules in the ordinary sense.
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