PERSPECTIVES IN LOoGIC

- www.cambridge org/9780521517294


http://www.cambridge.org/9780521517294

This page intentionally left blank



Logical Foundations of Proof Complexity

This book treats bounded arithmetic and propositional proof complexity from
the point of view of computational complexity. The first seven chapters include
the necessary logical background for the material and are suitable for a graduate
course.

Associated with each of many complexity classes are both a two-sorted pred-
icate calculus theory, with induction restricted to concepts in the class, and a
propositional proof system. The complexity classes range from AC? for the weak-
est theory up to the polynomial hierarchy. Each bounded theorem in a theory
translates into a family of (quantified) propositional tautologies with polynomial
size proofs in the corresponding proof system. The theory proves the soundness
of the associated proof system.

The result is a uniform treatment of many systems in the literature, including
Buss’s theories for the polynomial hierarchy and many disparate systems for
complexity classes such as ACY, ACO(m), TC? NC!, L, NL, NC, and P.

Stephen Cook is a professor at the University of Toronto. He is author of many
research papers, including his famous 1971 paper “The Complexity of Theorem
Proving Procedures,” and the 1982 recipient of the Turing Award. He was awarded
a Steacie Fellowship in 1977 and a Killam Research Fellowship in 1982 and
received the CRM/Fields Institute Prize in 1999. He is a Fellow of the Royal
Society of London and the Royal Society of Canada and was elected to membership
in the National Academy of Sciences (United States) and the American Academy
of Arts and Sciences.

Phuong Nguyen is a postdoctoral researcher at McGill University. He received his
MSc and PhD degrees from University of Toronto in 2004 and 2008, respectively.
He has been awarded postdoctoral fellowships by the Eduard Cech Center for
Algebra and Geometry (the Czech Republic) and by the Natural Sciences and
Engineering Research Council of Canada (NSERC).






PERSPECTIVES IN LOGIC

The Perspectives in Logic series publishes substantial, high-quality books whose
central theme lies in any area or aspect of logic. Books that present new material
not now available in book form are particularly welcome. The series ranges from
introductory texts suitable for beginning graduate courses to specialized mono-
graphs at the frontiers of research. Each book offers an illuminating perspective
for its intended audience.

The series has its origins in the old Perspectives in Mathematical Logic series
edited by the ©2-Group for “Mathematische Logik” of the Heidelberger Akademie
der Wissenchaften, whose beginnings date back to the 1960s. The Association for
Symbolic Logic has assumed editorial responsibility for the series and changed its
name to reflect its interest in books that span the full range of disciplines in which
logic plays an important role.

Pavel Pudlak, Managing Editor
Mathematical Institute of the Academy of Sciences of the Czech Republic

Editorial Board

Michael Benedikt
Department of Computing Science, University of Oxford

Michael Glanzberg
Department of Philosophy, University of California, Davis

Carl G. Jockusch, Jr.
Department of Mathematics, University of lllinois at Urbana-Champaign

Michael Rathjen
School of Mathematics, University of Leeds

Thomas Scanlon
Department of Mathematics, University of California, Berkeley

Simon Thomas
Department of Mathematics, Rutgers University

ASL Publisher
Richard A. Shore
Department of Mathematics, Cornell University

For more information, see http://www.aslonline.org/books_perspectives.html






PERSPECTIVES IN LOGIC

Logical Foundations of Proof Complexity

STEPHEN COOK

University of Toronto

PHUONG NGUYEN
McGill University

/\OL

ASSOCIATION FOR SYMBOLIC LOGIC

s CAMBRIDGE
& §¥ UNIVERSITY PRESS



CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore,
Sao Paulo, Delhi, Dubai, Tokyo

Cambridge University Press
The Edinburgh Building, Cambridge CB2 8RU, UK

Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521517294

© Association for Symbolic Logic 2010

This publication is in copyright. Subject to statutory exception and to the
provision of relevant collective licensing agreements, no reproduction of any part
may take place without the written permission of Cambridge University Press.

First published in print format 2010

ISBN-13 978-0-511-67716-8  eBook (NetLibrary)
ISBN-13 978-0-521-51729-4  Hardback

Cambridge University Press has no responsibility for the persistence or accuracy
of urls for external or third-party internet websites referred to in this publication,
and does not guarantee that any content on such websites is, or will remain,
accurate or appropriate.


http://www.cambridge.org
http://www.cambridge.org/9780521517294

CONTENTS

PREFACE. . ..o Xiil
CHAPTER [.  INTRODUCTION .. ... ..ottt 1
CHAPTER II. THE PREDICATE CALCULUS AND THE SYSTEM LK ... .... 9
I1.1. Propositional Calculus ................ .. .o 9
II.1.1.  Gentzen’s Propositional Proof System PK ............. 10
I1.1.2.  Soundness and Completeness of PK .................. 12
I1.1.3.  PK Proofs from Assumptions......................... 13
I1.1.4.  Propositional Compactness.............cc.ovvenren.... 16
I1.2. Predicate Calculus ..., 17
I1.2.1.  Syntax of the Predicate Calculus...................... 17
I1.2.2.  Semantics of Predicate Calculus....................... 19
11.2.3.  The First-Order Proof System LK .................... 21
11.2.4.  Free Variable Normal Form .......................... 23
11.2.5. Completeness of LK without Equality ................ 24
11.3. Equality AXIOmS . ........ooviiiiiiii i 31
11.3.1.  Equality Axiomsfor LK .............................. 32
11.3.2.  Revised Soundness and Completeness of LK .......... 33
11.4. Major Corollaries of Completeness ................... 34
IL.S. The Herbrand Theorem .............................. 35
I1.6. NOtS . ettt 38
CHAPTER III. PEANO ARITHMETIC AND ITS SUBSYSTEMS. ............ 39
II1.1. Peano Arithmetic.................coiiiii ... 39
IIL1I.1. MiIinimization . ........ouvirtiriieit i e eiaaennns 44
II1.1.2. Bounded Induction Scheme .......................... 44
II1.1.3.  Strong Induction Scheme............................. 44
I11.2. Parikh’s Theorem .............. ... .o, 44
I11.3. Conservative Extensions of TAg . ...................... 49
II1.3.1. Introducing New Function and Predicate Symbols..... 50
I1.3.2. IAy: A Universal Conservative Extension of IAy. ...... 54
I11.3.3. Definingy =2¥and BIT(i,x)inIAg................. 59
111.4. IA, and the Linear Time Hierarchy ................... 65

vil



viil CONTENTS
I11.4.1. The Polynomial and Linear Time Hierarchies. ......... 65
I11.4.2. Representability of LTH Relations.................... 66
I11.4.3. Characterizingthe LTH by IAg....................... 69
II.5.  Buss’s S Hierarchy: The Road Not Taken............. 70
111.6. NS . ettt 71
CHAPTER IV.  TwoO-SORTED LOGIC AND COMPLEXITY CLASSES....... 73
IV.1. Basic Descriptive Complexity Theory ................. 74
Iv2. Two-Sorted First-Order Logic ........................ 76
IV2.1.  Syntax........oiiiiii 76
IV2.2.  Semantics. .........ouiuinein i 78
V3. Two-Sorted Complexity Classes....................... 80
IV.3.1. Notation for Numbers and Finite Sets................. 80
IV.3.2.  Representation Theorems............................. 81
IV3.3. TheLTH Revisited. ...t 86
1v4. The Proof System LK .. ... 87
IV4.1. Two-Sorted Free Variable Normal Form .............. 90
IVsS. Single-Sorted Logic Interpretation .................... 91
Iv.e. NS . ettt 93
CHAPTER V. THE THEORY PO AND AC? ........................... 95
V.1. Definition and Basic Properties of ¥/ ................. 95
V2. Two-Sorted Functions....................coiinin... 101
V.3. Parikh’s Theorem for Two-Sorted Logic............... 104
V4. Definability in VO .. .. ... . . 106
V4.1.  Al-Definable Predicates. ...............oooveeiinn... 115
V.5. The Witnessing Theorem for V° ...................... 117
V.5.1.  Independence Follows from the Witnessing Theorem
for VO 118
V.5.2.  Proof of the Witnessing Theorem for ¥°............... 119
V.6. 7": Universal Conservative Extension of ¥°........... 124
V.6.1.  Alternative Proof of the Witnessing Theorem for V... 127
V.7. Finite Axiomatizability............................... 129
V8. NOTES . . oottt 130
CHAPTER VI. THE THEORY V! AND POLYNOMIAL TIME. ............. 133
VI.I.  Induction Schemesin V' ............................. 133
VI.2.  Characterizing Pby V', ... . ... .. ... ... ......... 135
VI.2.1. The “If” Direction of Theorem VI.2.2................. 137
VI.2.2. Application of Cobham’s Theorem.................... 140
VIL.3. The Replacement Axiom Scheme ..................... 142
VI1.3.1. Extending V' by Polytime Functions.................. 145
VI1.4. The Witnessing Theorem for V' ...................... 147
VI.4.1. The Sequent System LK>V' ... .................. 150



CONTENTS ix

V1.4.2. Proof of the Witnessing Theorem for ¥'............... 154
VLS. NS . ettt e 156
CHAPTER VII. PROPOSITIONAL TRANSLATIONS. .. .....cvvviuennen... 159
VII.1.  Propositional Proof Systems.......................... 160
VII.1.1. Treelike vs Daglike Proof Systems..................... 162
VII.1.2. The Pigeonhole Principle and Bounded Depth PK . .... 163
VIL.2. Translating VO tobPK ............................... 165
VII.2.1. Translating 8 Formulas ............................. 166
VIL2.2. VO0and LK>-VO .. ... .o 169
VIIL.2.3. Proof of the Translation Theorem for V% .............. 170
VII.3.  Quantified Propositional Calculus .................... 173
VIL.3.1. QPCProof Systems..............coviiiiiiiiinnann... 175
VIL3.2. The System G........ooviniiii it 175
VII.4. TheSystems G;and GF............................... 179
VII.4.1. Extended Frege Systems and Witnessingin Gy ......... 186
VIL5.  Propositional Translations for V/ ..................... 191
VIL5.1. Translating V° to Bounded Depth G} ................. 195
VILO.  NOES. .ttt 198
CHAPTER VIII. THEORIES FOR POLYNOMIAL TIME AND BEYOND . . . . .. 201
VIIL.1. The Theory VP and Aggregate Functions ............. 201
VIILL.1. The Theory VP .......ooeie i 207
VIIL.2. The Theory VPV ..o, 210
VIIL.2.1. Comparing VPV and V' . ... ... ... ................ 213
VIIL.2.2. VPV Is Conservativeover VP ........................ 214
VIIL3. TV%andthe TV Hierarchy ..............cccovvuinn.. 217
VIIL3.1. TVO C VPV i 220
VIIL3.2. Bit Recursion . ..........c.oviiiiiiiiiiii i 222
VIII.4. TheTheory VI-HORN ............................... 223
VIIL5. TV!'and Polynomial Local Search .................... 228
VIIL.6. KPT Witnessing and Replacement .................... 237
VIIL6.1. Applying KPT Witnessing..............cccoovvnvnn.... 239
VIIL7. Moreon Fiand TV ... ..., 243
VIIIL.7.1. Finite Axiomatizability.....................coia... 243
VIIIL.7.2. Definability in the ¥°° Hierarchy ..................... 245
VIIIL.7.3. Collapse of ¥>° vs Collapseof PH .................... 253
VIII.8. RSUV Isomorphism .............ccoiiiiiiinian. .. 256
VIIL8.1. The Theories Sjand T5...............oiiiiiiiinn. 256
VIIL.8.2. RSUV Isomorphism ... .. 258
VIIL.8.3. The * Translation.....................cooiiiiiiiii .. 260
VIIL8.4. The” Translation..............oooviiiiiiiiniiniann.. 262
VIIL.8.5. The RSUV Isomorphism between S and V' .......... 263
VIILO.  NOTES. .\ttt it e e 266



X CONTENTS
CHAPTER IX. THEORIES FOR SMALL CLASSES ... ...ovuuvinnneannnnn. 267
IX.1. ACY Reductions. . ... 269
IX.2. Theories for Subclassesof P................cooint. 272
IX.2.1. The Theories VC...........cooooiiiiiiiiii, 273
1X.2.2. TheTheory VC...... ..., 274
IX.2.3. TheTheory FC.......cooiiie .. 278
I1X.2.4. Obtaining Theories for the Classes of Interest.......... 280
1X.3. Theories for TC® . ... 281
IX.3.1. TheClass TC"....... U 282
IX.3.2. The Theories VTC’, VTC®, and PTC' ................ 283
1X.3.3. Number Recursion and Number Summation .......... 287
IX.3.4. The Theory VTCV . ... ... .. . . ... 289
IX.3.5. Proving the Pigeonhole Principle in VTC®............. 291
IX.3.6. Defining String Multiplication in ¥TC° ............... 293
IX.3.7. Proving Finite Szpilrajn’s Theorem in VTC®........... 298
1X.3.8. Proving Bondy’s Theorem ............................ 299
IX.4. Theories for AC'(m)and ACC ....................... 303
IX.4.1. The Classes AC’(m) and ACC........................ 303
IX.4.2. The Theories V°(2), ¥0(2).and V°(2)................. 304
I1X.4.3. The “onto” PHP and Parity Principle . ................ 306
IX.4.4. The Theory VAC*(Q)V ... ... 308
1X.4.5. The Jordan Curve Theorem and Related Principles .... 309
IX.4.6. The Theories for AC°(m) and ACC................... 313
1X.4.7. The Modulo m Counting Principles................... 316
IX.4.8. The Theory VAC*(6)V ..., 318
IX.5.  Theories for NC' and the NC Hierarchy .............. 319
IX.5.1. Definitions of the Classes..............covvviirann ... 320
1X.52. BSVPand NC'....... T 321
IX.5.3. The Theories VNC', VNC'. and PNC ............... 323
IX.54. VTC' CVNC' ... ... ..., 326
IX.5.5. The Theory VNC'V ... ... 0. 333
1X.5.6. Theories for the NC Hierarchy........................ 335
IX.6. Theories for NLand L ..., 339
1X.6.1. The Theories VNL, VNL,and VNL................... 339
1X.6.2. TheTheory VI-KROM .............................. 343
IX.6.3. The Theories VL. VL.and VL ........................ 351
1X.6.4. TheTheory VLV .........co i, 356
1X.7. OpenProblems ..ot 358
IX.7.1. Proving Cayley-Hamiltonin VNC*>................... 358
IX.72. VSLand VSL = VL .. .. oo 358
IX.7.3. Defining | X/Y |in VTC®............................. 360
1X.7.4. Proving PHP and Count,,, in VO(m) .................. 360
IX.8. N O S . vttt e e 360



CONTENTS X1

CHAPTER X. PROOF SYSTEMS AND THE REFLECTION PRINCIPLE . ..... 363

X.1. Formalizing Propositional Translations ............... 364
X.1.1.  Verifying Proofsin TC® .............................. 364
X.1.2.  Computing Propositional Translations in TC°......... 373
X.1.3.  The Propositional Translation Theorem for TV’ ....... 377
X.2. The Reflection Principle.............................. 382
X.2.1.  Truth Definitions. ............coiiiiiiiiiiinn... 383
X.2.2.  Truth Definitions vs Propositional Translations........ 387
X.2.3. RFN and Consistency for Subsystems of G'............ 396
X.2.4.  Axiomatizations Using RFN ......................... 403
X.2.5. Proving p-Simulations Using RFN.................... 407
X.2.6.  The Witnessing Problemsfor G ....................... 408
X.3. VNC' and G} 410
X.3.1.  Propositional Translation for VNC'................... 410
X.3.2.  The Boolean Sentence Value Problem ................. 414
X.3.3. Reflection Principle for PK ........................... 421
X 4. VTC and Threshold Logic. . ..............c.oooo. .. 428
X.4.1. TheSequent Calculus PTK ........................... 428
X.4.2.  Reflection Principles for Bounded Depth PTK ... ...... 433
X.4.3.  Propositional Translation for VTC®................... 434
X.44. Bounded Depth GTCy ...............ccoiiiii ... 441
X.5. NS . ettt 442
APPENDIX A.  COMPUTATION MODELS . . ... ovtiiiiii i 445
A.l. Deterministic Turing Machines ....................... 445
A.l.l. L, P,PSPACE.andEXP................cccccviiin.. 447
A2 Nondeterministic Turing Machines ................... 449
A.3. Oracle Turing Machines.............................. 451
A4 Alternating Turing Machines ......................... 452
AS. Uniform Circuit Families............................. 453
BIBLIOGRAPHY . ...ttt 457
INDEX . . 465






PREFACE

“Proof complexity” as used here has two related aspects: (i) the complex-
ity of proofs of propositional formulas, and (ii) the study of weak (i.e.,
“bounded”) theories of arithmetic. Aspect (i) goes back at least to Tseitin
[109], who proved an exponential lower bound on the lengths of proofs in
the weak system known as regular resolution. Later Cook and Reckhow
[46] introduced a general definition of propositional proof system and
related it to mainstream complexity theory by pointing out that such a
system exists in which all tautologies have polynomial length proofs iff the
two complexity classes VP and co-NP coincide.

Aspect (ii) goes back to Parikh [88], who introduced the theory known
as IAg. which is Peano Arithmetic with induction restricted to bounded
formulas. Paris and Wilkie advanced the study of Ay and extensions in
a series of papers (including [90, 89]) which relate them to complexity
theory. Buss’s seminal book [20] introduced the much-studied interleaved
hierarchies S} and T} of theories related to the complexity classes X
making up the polynomial hierarchy. Clote and Takeuti [38] and others
introduced a host of theories related to other complexity classes.

The notion of propositional translation, which relates aspects (i) and
(i), goes back to [39], which introduced the equational theory PV for
polynomial time functions and showed how theorems of PV can be trans-
lated into families of tautologies which have polynomial length proofs in
the extended Frege proof system. Later (and independently) Paris and
Wilkie [90] gave an elegant translation of bounded theorems in the rela-
tivized theory IA(R) to polynomial length families of proofs in the weak
propositional system bounded-depth Frege. Krajicek and Pudlak [73] in-
troduced a hierarchy of proof systems (Gj) for the quantified propositional
calculus and showed how bounded theorems in Buss’s theory T translate
into polynomial length proofs in G;.

The aim of the present book is, first of all. to provide a sufficient
background in logic for students in computer science and mathematics
to understand our treatment of bounded arithmetic, and then to give an
original treatment of the subject which emphasizes the three-way relation-
ship among complexity classes, weak theories, and propositional proof
systems.

Xiii



X1V PREFACE

Our treatment is unusual in that after Chapters 2 and 3 (which present
Gentzen’s sequent calculus LK and the bounded theory IA,) we present
our theories using the two-sorted vocabulary of Zambella [112]: one sort
for natural numbers and the other for binary strings (i.e.. finite sets of
natural numbers). Our point of view is that the objects of interest are
the binary strings: they are the natural inputs to the computing devices
(Turing machines and Boolean circuits) studied by complexity theorists.
The numbers are there as auxiliary variables, for example, to index the
bits in the strings and measure their length. One reason for using this
vocabulary is that the weakest complexity classes (such as AC?) that we
study do not contain integer multiplication as a function, and since stan-
dard theories of arithmetic include multiplication as a primitive function,
it is awkward to turn them into theories for these weak classes. In fact,
our theories are simpler than many of the usual single-sorted theories in
bounded arithmetic, because there is only one primitive function | X | (the
length of X) for strings X, while the axioms for the number sort are just
those for IAy.

Another advantage of using the two-sorted systems is that our proposi-
tional translations are especially simple: they are based on the Paris-Wilkie
method [90]. The propositional atoms in the translation of a bounded
formula ¢ (X) with a free string variable X simply represent the bits of X.

Chapter 5 introduces our base theory V°, which corresponds to the
smallest complexity class AC° which we consider. All two-sorted theories
we consider are extensions of V°. Chapter 6 studies V', which is a two-
sorted version of Buss’s theory S% and is related to the complexity class
P (polynomial time). Chapter 7 introduces propositional translations for
some theories. These translate bounded predicate formulas to families of
quantified Boolean formulas. Chapter 8 introduces “minimal” theories
for polynomial time by a method which is used extensively in Chapter
9. Chapter 8 also presents standard results concerning Buss’s theories
Si and T, but in the form of the two-sorted versions ¥’ and TV’ of
these theories. Chapter 9 is based on the second author’s PhD thesis,
and uses an original uniform method to introduce minimal theories for
many complexity classes between 4C° and P. Some of these are related
to single-sorted theories in the literature. Chapter 10 gives more examples
of propositional translations and gives evidence for the thesis that each
theory has a corresponding propositional proof system which serves as a
kind of nonuniform version of the theory.

One purpose of this book is to serve as a basis for a program we
call “Bounded Reverse Mathematics”. This is inspired by the Fried-
man/Simpson program Reverse Mathematics [101], where now “Boun-
ded” refers to bounded arithmetic. The goal is to find the weakest theory
capable of proving a given theorem. The theorems in question are those
of interest in computer science, and in general these can be proved in weak
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theories. From the complexity theory point of view, the idea is to find
the smallest complexity class such that the theorem can be proved using
concepts in that class. This activity not only sheds light on the role of
complexity classes in proofs, it can also lead to simplified proofs. A good
example is Razborov’s [96] greatly simplified proof of Hastad’s Switching
Lemma, which grew out of his attempt to formalize the lemma using only
polynomial time concepts. His new proof led to important new results in
propositional proof complexity. Throughout the book we give examples
of theorems provable in the theories we describe.

The first seven chapters of this book grew out of notes for a graduate
course taught several times beginning in 1998 at the University of Toronto
by the first author. The prerequisites for the course and the book are some
knowledge of both mathematical logic and complexity theory. However,
Chapters 2 and 3 give a complete treatment of the necessary logic, and
the Appendix together with material scattered throughout should provide
sufficient background in complexity theory. There are exercises sprinkled
throughout the text, which are intended both to supplement the material
presented and to help the reader master the material. The more difficult
exercises are marked with an asterisk.

Two sources have been invaluable to the authors in writing this book.
The first is Krajicek’s monograph [72]. which is an essential possession for
anyone working in this field. The second source is Buss’s chapters [27, 28]
in the Handbook of Proof Theory. His chapter I provides an excellent
introduction to the proof theory of LK, and his chapter II provides a
thorough introduction to the first-order theories of bounded arithmetic.
And of course Buss’s monograph [20] Bounded Arithmetic was the origin
of much of the material in our book.

We are grateful to Sam Buss and Jan Krajicek not only for their books
but also for their considerable encouragement and help during the lengthy
process of writing our book.

This book includes valuable input from several students of the first
author as well as material from their PhD theses. The students include
(besides the second author) Antonina Kolokolova, Tsuyoshi Morioka,
Steven Perron, and Michael Soltys.

We are indebted to many others who have provided us with feedback on
earlier versions of the book. These include Noriko Arai, Toshi Arai, An-
ton Belov, Mark Braverman, Timothy Chow, Lila Fontes, Kaveh Ghasem-
loo, Remo Goetschi, Daniel Ivan, Emil Jerabek, Akitoshi Kawamura,
Markus Latte, Dai Tri Man Le, Leonid Libkin, Dieter van Melkebeek,
Toni Pitassi, Francois Pitt, Pavel Pudlak, Alan Skelley, Robert Solovay,
Neil Thapen, Alasdair Urquhart, and Daniel Weller.

Stephen Cook
Phuong Nguyen






Chapter 1

INTRODUCTION

This book studies logical systems which use restricted reasoning based
on concepts from computational complexity. The complexity classes of
interest lie mainly between the basic class AC° (whose members are com-
puted by polynomial-size families of bounded-depth circuits), and the
polynomial hierarchy PH, and include the sequence

AC’ c AC’(m) C TC°CNC' CLCNLCPCPH (1)

where P is polynomial time. (See the Appendix for definitions.)

We associate with each of these classes a logical theory and a proof
system for the (quantified) propositional calculus. The proof system can
be considered a nonuniform version of the universal (or sometimes the
bounded) fragment of the theory. The functions definable in the logical
theory are those associated with the complexity class. and (in some cases)
the lines in a polynomial size proof in the propositional system express
concepts in the complexity class. Universal (or bounded) theorems of the
logical theory translate into families of valid formulas with polynomial
size proofs in the corresponding proof system. The logical theory proves
the soundness of the proof system.

Conceptually the theory VC associated with a complexity class C can
prove a given mathematical theorem if the induction hypotheses needed
in the proof can be formulated using concepts from C. We are interested
in trying to find the weakest class C needed to prove various theorems of
interest in computer science.

Here are some examples of the three-way association among complexity
classes, theories, and proof systems:

class  AC° TC’ NC' P PH
theory V?° yTc’ VNC! vP 2] 2)
system AC"-Frege TC°-Frege Frege eFrege (G)).

Consider for example the class NC'. The uniform version is A Log Time.
the class of problems solvable by an alternating Turing machine in time
O(logn). The definable functions in the associated theory VNC! are the
NC' functions, i.e., those functions whose bit graphs are NC ! relations.

1



2 1. INTRODUCTION

A problem in nonuniform NC' is defined by a polynomial-size family of
log-depth Boolean circuits, or equivalently a polynomial-size family of
propositional formulas. The corresponding propositional proof systems
are called Frege systems, and are described in standard logic textbooks: a
Frege proof of a tautology A consists of a sequence of propositional for-
mulas ending in A, where each formula is either an axiom or follows from
earlier formulas by a rule of inference. Universal theorems of VNC' trans-
late into polynomial-size families of Frege proofs. Finally ¥NC' proves
the soundness of Frege systems, and any proof system whose soundness
is provable in ¥NC' can be p-simulated by a Frege system (Theorem
X.3.11).

The famous open question in complexity theory is whether the conjec-
ture that P is a proper subset of NP is in fact true (we know P C NP C
PH). If P = NP then the polynomial hierarchy PH collapses to P, but it
is possible that PH collapses only to NP and still P # NP. What may be
less well known is that not only is it possible that PH = P, but it is con-
sistent with our present knowledge that PH = AC?(6), so that all classes
in (1) might be equal except for AC® and AC°(p) for p prime. This is
one motivation for studying the theories associated with these complexity
classes, since it ought to be easier to separate the theories corresponding
to the complexity classes than to separate the classes themselves (but so
far the theories in (2) have not been separated. except for V).

A common example used to illustrate the complexity of the concepts
needed to prove a theorem is the Pigeonhole Principle (PHP). Our version
states that if n + 1 pigeons are placed in n holes, then some hole has two
or more pigeons. We can present an instance of the PHP using a Boolean
array (P(i, j)) (0 <i <n,0<j<n) where P(i, j) asserts that pigeon i
is placed in hole j. Then the PHP can be formulated in the theory ¥ by
the formula

Vi §n5|j<nP(i,j) D di1. i §n3j<n(i1 #iz/\P(il,j)/\P(iz,j».
(3)

Ajtai [5] proved (in effect) that this formula is not a theorem of ¥°, and
also that the propositional version (which uses atoms p;; to represent
P(i, j) and finite conjunctions and disjunctions to express the bounded
universal and existential number quantifiers) does not have polynomial
size AC?-Frege proofs. The intuitive reason for this is that a counting
argument seems to be required to prove the PHP, but the complexity
class AC° cannot count the number of ones in a string of bits. On
the other hand. the class NC' can count, and indeed Buss proved that
the propositional PHP does have polynomial size Frege proofs, and his
method shows that (3) is a theorem of the theory VNC'. (In fact it is a
theorem of the apparently weaker theory V'TC.)
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A second example comes from linear algebra. If 4 and B are n x n
matrices over some field, then

AB=1>BA=1 (4)

A standard proof of this uses Gaussian elimination, which is a polynomial-
time process. Indeed Soltys showed that (4) is a theorem of the theory VP
corresponding to polynomial-time reasoning, and it follows that its propo-
sitional translation (say over the field of two elements) has polynomial-size
proofs in the corresponding proof system eFrege. It is an open question
whether (4) over GF(2) (or any field) can be proved in ¥NC!, or whether
the propositional version has polynomial-size Frege proofs.

The preceding example (4) is a universal theorem, in the sense that its
statement has no existential quantifier. Another class of examples comes
from existential theorems. From linear algebra. a natural example about
n X n matrices is

VAIB £ 0(AB =1V AB =0). (5)

The complexity of finding B for a given A, even over GF(2), is thought
not to be in NC' (it is hard for log space). Assuming that this is the case.
it follows that (5) is not a theorem of VNC', since only NC' functions
are definable in that theory. This conclusion is the result of a general
witnessing theorem, which states that if the formula Vx3yp(x, y) (for
suitable formulas ¢) is provable in the theory associated with complexity
class C, then there is a Skolem function f(x) whose complexity is in C
and which satisfies Vxo(x, f(x)).

The theory VNC' proves that (4) follows from (5). Both (4) and (5)
are theorems of the theory VP associated with polynomial time.

Another example of an existential theorem is “Fermat’s Little Theo-
rem”, which states that if » is a prime number and 1 < a < n, then
a"~!' =1 (mod n). Its existential content is captured by its contraposi-
tive form

(1<a<n)A(@'#1 (modn))>3d(l<d<nAdn). (6)

It is not hard to see that the function ¢”"~! mod n can be computed in
time polynomial in the lengths of a and . using repeated squaring. If
(6) is provable in VP, then by the witnessing theorem mentioned above
it would follow that there is a polynomial time function f(a.n) whose
value d = f(a,n) provides a proper divisor of n whenever a,n satisfy
the hypothesis in (6). With the exception of the so-called Carmichael
numbers, which can be factored in polynomial time, every composite n
satisfies the hypothesis of (6) for at least half of the values of @, 1 < a < n.
Hence f (a,n) would provide a probabilistic polynomial time algorithm
for integer factoring. Such an algorithm is not known to exist, and would
provide a method for breaking the RSA public-key encryption scheme.
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Thus Fermat’s Little Theorem is not provable in VP, assuming that
there is no probabilistic polynomial time factoring algorithm.

Propositional tautologies can be used to express universal theorems
such as (3) (in which the Predicate P is implicitly universally quantified
and the bounded number quantifiers can be expanded in translation) and
(4). but are not well suited to express existential theorems such as (5) and
(6). However the latter can be expressed using formulas in the quantified
propositional calculus (QPC), which extends the propositional calculus
by allowing quantifiers Vp and Jp over propositional variables p. Each
of the complexity classes in (2) has an associated QPC system, and in fact
the systems (G;) mentioned for PH form a hierarchy of QPC systems.

Most of the theories presented in this book, including those in (2).
have the same “second-order” underlying vocabulary £2, introduced by
Zambella. The vocabulary £ is actually a vocabulary for the two-sorted
first-order predicate calculus, where one sort is for numbers in N and the
second sort is for finite sets of numbers. Here we regard an object of the
second sort as a finite string over the alphabet {0, 1} (the i-th bit in the
string is 1 iff 7 is in the set). The strings are the objects of interest for
the complexity classes, and serve as the main inputs for the machines or
circuits that determine the class. The numbers serve a useful purpose as
indices for the strings when describing properties of the strings. When
they are used as machine or circuit inputs, they are presented in unary
notation.

In the more common single-sorted theories such as Buss’s hierarchies .S}
and T} the underlying objects are numbers which are presented in binary
notation as inputs to Turing machines. Our two-sorted treatment has the
advantage that the underlying vocabulary has no primitive operations on
strings except the length function | X | and the bit predicate X (i) (meaning
i € X). This is especially important for studying weak complexity classes
such as AC°. The standard vocabulary for single-sorted theories includes
number multiplication, which is not an 4C° function on binary strings.

Chapter II provides a sufficient background in first-order logic for the
rest of the book, including Gentzen’s proof system LK. An unusual
feature is our treatment of anchored (or “free-cut-free”) LK-proofs. The
completeness of these restricted systems is proved directly by a simple
term-model construction as opposed to the usual syntactic cut-elimination
method. The second form of the Herbrand Theorem proved here has many
applications in later chapters for witnessing theorems.

Chapter III presents the necessary background on Peano Arithmetic
(the first-order theory of N under + and x) and its subsystems, including
the bounded theory IAy. The functions definable in /A are precisely those
in the complexity class known as LTH (the Linear Time Hierarchy). An
important theorem needed for this result is that the predicate y = 2¥
is definable in the vocabulary of arithmetic using a bounded formula
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(Section I11.3.3). The universal theory TA, has function symbols for each
function in the Linear Time Hierarchy, and forms a conservative extension
of IA. This theory serves as a prototype for universal theories defined in
later chapters for other complexity classes.

Chapter IV introduces the syntax and intended semantics for the two-
sorted theories, which will be used throughout the remaining chapters.
Here ¥ is defined to be the class of formulas with no string quantifiers,
and with all number quantifiers bounded. The £f-formulas begin with
zero or more bounded existential string quantifiers followed by a £8-
formula, and more generally £2-formulas begin with at most i alternating
blocks of bounded string quantifiers 3V3.... Representation theorems
are proved which state that formulas in the syntactic class 8 represent
precisely the (two-sorted) AC” relations. and for i > 1. formulas in 2
represent the relations in the i-th level of the polynomial hierarchy.

Chapter V introduces the hierarchy of two-sorted theories V* c V! C
V2 C ..., Fori > 1, V' is the two-sorted version of Buss’s single-
sorted theory S5, which is associated with the ith level of the polynomial
hierarchy. In this chapter we concentrate on V9 which is associated with
the complexity class 4C”. All two-sorted theories considered in later
chapters are extensions of V. A Buss-style witnessing theorem is proved
for ¥, showing that the existential string quantifiers in a ££-theorem of
V0 can be witnessed by 4C°-functions. Since X -formulas have all string
quantifiers in front, both the statement and the proof of the theorem are
simpler than for the usual Buss-style witnessing theorems. (The same
applies to the witnessing theorems proved in later chapters.) The final
section proves that V' is finitely axiomatizable.

Chapter VI concentrates on the theory V!, which is associated with the
complexity class P. All (and only) polynomial time functions are X5-
definable in !, The positive direction is shown in two ways: by analyzing
Turing machine computations and by using Cobham’s characterization of
these functions. The witnessing theorem for ¥'! is shown using (two-sorted
versions of) the anchored proofs described in Chapter 11, and implies that
only polynomial time functions are #-definable in V'!.

Chapter VII gives a general definition of propositional proof system.
The goal is to associate a proof system with each theory so that each -
theorem of the theory translates into a polynomial size family of proofs
in the proof system. Further, the theory should prove the soundness
of the proof system, but this is not shown until Chapter X. In Chap-
ter VII. translations are defined from V° to bounded-depth PK-proofs
(i.e. bounded-depth Frege proofs). and also from V! to extended Frege
proofs. Systems G; and G for the quantified propositional calculus are
defined, and for i > 1 we show how to translate bounded theorems of V*
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to polynomial size families of proofs in the system G}. The two-sorted
treatment makes these translations simple and natural.

Chapter VIII begins by introducing other two-sorted theories associ-
ated with polynomial time. The finitely axiomatized theory VP and its
universal conservative extension VPV both appear to be weaker than V!,
although they have the same ¥ theorems as V''. ¥P = TV is the base
of the hierarchy of theories TV C V! C ---, where fori > 1, TV!
is isomorphic to Buss’s single-sorted theory Ti. The definable problems
in TV' have the complexity of Polynomial Local Search. A form of the
Herbrand Theorem known as KPT Witnessing is proved and applied to
show independence of the Replacement axiom scheme from some theo-
ries, and to relating the collapse of the ¥'°° hierarchy with the provable
collapse of the polynomial hierarchy. The Zf -definable search problems in

Viand TV' are characterized for many i and j. The RSUV isomorphism
theorem between S} and V' is proved.

See Table 3 on page 250 for a summary of which search problems are
definable in ¥/ and TV'.

Chapter IX gives a uniform way of introducing minimal canonical the-
ories for many complexity classes between AC° and P, including those
mentioned earlier in (1). Each finitely axiomatized theory is defined as an
extension of ¥ obtained by adding a single axiom stating the existence of
a computation solving a complete problem for the associated complexity
class. Evidence for the “minimality” of each theory is presented by defin-
ing a universal theory whose axioms are simply a set of basic axioms for
V0 together with the defining axioms for all the functions in the associated
complexity class. These functions are defined as the function AC°-closure
of the complexity class, or (as is the case for P) using a recursion-theoretic
characterization of the function class. The main theorem in each case is
that the universal theory is a conservative extension of the finitely axiom-
atized theory.

Table 1 on page 7 gives a summary of the two-sorted theories presented
in Chapter IX and elsewhere, and Table 2 on page 8§ gives a list of some
theorems provable (or possibly not provable) in the various theories.

Chapter X extends Chapter VII by presenting quantified propositional
proof systems associated with various complexity classes, and defining
translations from the bounded theorems of the theories introduced in
Chapter IX to the appropriate proof system. Witnessing theorems for
subsystems of G (quantified propositional calculus) are proved. The
notion of reflection principle (soundness of a proof system) is defined.
and many results showing which kinds of reflection principle for various
systems can (or probably cannot) be proved in various theories. It is
shown how reflection principles can be used to axiomatize some of the
theories.
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CLASS THEORY SEE
4O KZ Section V.1
|4 Section V.6
ACQ) V0(2),p0 éz), 10(2) Secti.on IX.4.2
VAC®(2)V Section 1X.4.4
AC’(m) | VO(m).VO(m). VO(m) | Section IX.4.6
AC’(6) vAC’(6)V Section IX.4.8
ACC yACC Section IX.4.6
e VTC'.VTC, VTC® | Section IX.3.2
VTc'y Section 1X.3.4
NC! VNC'. VNC'. VNC' | Section IX.5.3
VNC'V Section 1X.5.5
. VLVLVL Section IX.6.3
VLV Section 1X.6.4
NL VNL.VNL.VNL Section IX.6.1
VI.KROM Section IX.6.2
ACF (k> 1) VACK Section 1X.5.6
NC! (k> 1) VNCK! Section IX.5.6
NC VNC Sect?on 1X.5.6
U! Section IX.5.6
|44 Section VIII.1
VPV Section VIII.2
P TV Section VIIL.3
VI-HORN Section VIII.4
14 Chapter VI
C (for CC P) VC.VC,VC Section IX.2.1
V! Section VIIL5
CC(PLS) ection
y?2 Section VIII.7.2

TABLE 1. Theories and their £8-definable classes.
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THEORY (NON)THEOREM(?) SEE
(seq.) Jordan Curve Theorem [84]
yo ¥ PHP Corollary VII.2.4
t/ onto PHP, t/ Count,, Section 1X.4.3
onto PHP. Count, Section 1X.4.3
Vo (2) (set) Jordan Curve Theorem Section IX .4.5
PHP?. Count;? Section IX.7.4
Count,,, (if gcd(m.m’) > 1) Section 1X.4.7
VO(m) Count,,,? (if ged(m.m’) = 1) Section IX.7.4
PHP? Section IX.7.4
sorting Exercise 1X.3.9
Reflection Principles for d-PTK Section X.4.2
Ve _ .Pb.!P Sect%on IX.3.5
Finite Szpilrajn’s Theorem Section IX.3.7
Bondy’s Theorem Section IX.3.8
define | X/Y |? Section IX.7.3
Reflection Principle for PK Theorem X.3.9
VNC! Barrington’s Theorem Sec. X.5.5 & [82]
NUMONES Section 1X.5.4
VL Lind’s characterization of L Section 1X.6.4
Reingold’s Theorem? Section 1X.7.2
VNL Gridel’s Theorem (for NL) Theorem I1X.6.24
VNC? Cayley—Hamilton Theorem? Section IX.7.1
Reflection Principle for ePK Exercise X.2.22
VP =TV’ Gridel’s Theorem (for P) Theorem VIIL4.8
I# Fermat’s Little Theorem (cond.) page 3
4 Prime Factorization Theorem Exercise V1.4.4
Vi@i>1) II!-RFNg,_,. 11! ,-RFNg- Theorem X.2.17
TV' (i >0)| ! ,-RFNg: .1 -RFNg Theorem X.2.20

TABLE 2. Some theories and their (non)theorems/sol-
vable problems (and open questions). (“cond.” stands
for conditional.) Many theorems of VP, such as Kura-
towski’s Theorem, Hall’s Theorem, Menger’s Theorem
are not discussed here.




Chapter 1II

THE PREDICATE CALCULUS AND THE SYSTEM LK

In this chapter we present the logical foundations for theories of bounded
arithmetic. We introduce Gentzen’s proof system LK for the predicate
calculus, and prove that it is sound, and complete even when proofs
have a restricted form called “anchored”. We augment the system LK
by adding equality axioms. We prove the Compactness Theorem for
predicate calculus, and the Herbrand Theorem.

In general we distinguish between syntactic notions and semantic no-
tions. Examples of syntactic notions are variables, connectives, formulas,
and formal proofs. The semantic notions relate to meaning; for example
truth assignments, structures, validity, and logical consequence.

The first section treats the simple case of propositional calculus.

I1.1. Propositional Calculus

Propositional formulas (called simply formulas in this section) are built
from the logical constants L. T (for False, True), propositional variables

(or atoms) Py, P,..... connectives -, V, A, and parentheses (, ). We use
P, Q.R.... to stand for propositional variables, 4, B, C, ... to stand for
formulas, and ®.¥.... to stand for sets of formulas. When writing

formulas such as (P vV (Q A R)). our convention is that P, Q. R. ... stand
for distinct variables.
Formulas are built according to the following rules:

e L. T, P, are formulas (also called atomic formulas) for any vari-
able P.
e If A and B are formulas, then so are (4 V B), (A A B), and —A4.

The implication connective D is not allowed in our formulas, but we
will take (4 D B) to stand for (-4 V B). Also (A4 < B) stands for
((AD>B)AN(B D A)).

We sometimes abbreviate formulas by omitting parentheses, but the
intended formula has all parentheses present as defined above.

A truth assignment is an assignment of truth values F, 7' to atoms.
Given a truth assignment 7. the truth value A" of a formula A4 is defined

9
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inductively as follows: 17 = F, T® = T, P* = ¢(P) for atom P, (4 A
B) =T iffbothA® = Tand B* = T, (AV B)* = T iff either A" = T or
B =T, (A =Tiff4* = F.

DEerNITION I1.1.1. A truth assignment 7 satisfies A ift A* = T'; © satis-
fies a set © of formulas iff 7 satisfies 4 for all 4 € ®. O is satisfiable iff
some 7 satisfies ®@; otherwise @ is unsatisfiable. Similarly for A. ® = 4
(i.e.. A is a logical consequence of @) iff 7 satisfies 4 for every 7 such that
7 satisfies ®. A formula 4 is valid iff = A (i.e, A" = T for all 7). A
valid propositional formula is called a tautology. We say that A and B are
equivalent (written 4 <= B)iff A = B and B |= A.

Note that <= refers to semantic equivalence, as opposed to =g,, which
indicates syntactic equivalence. For example, (P V Q) <= (Q V P), but
(PV Q) #sn (QV P).

II.1.1. Gentzen’s Propositional Proof System PK. We present the pro-
positional part PK of Gentzen’s sequent-based proof system LK. Each
line in a proof in the system PK is a sequent of the form

Ay,....,Ax — By..... By (7)
where — is a new symbol and A4, ..., 4, and By, ..., By are sequences
of formulas (k,£ > 0) called cedents. We call the cedent A, ..., A; the
antecedent and By. .. .. B, the succedent (or consequent).

The semantics of sequents is given as follows. We say that a truth
assignment t satisfies the sequent (7) iff either 7 falsifies some A4; or ©
satisfies some B;. Thus the sequent is equivalent to the formula

—AyV A,V -V A VBV BV -V By. (8)

(Here and elsewhere, a disjunction C; V- - -V C,, indicates parentheses have
been inserted with association to the right. For example, C,V C,V C3V Cy
stands for (C; V(G V(C3V Cy))). Similarly for a disjunction Cy A---AC,,.)
In other words, the conjunction of the 4’s implies the disjunction of the
B’s. In the cases in which the antecedent or succedent is empty, we see that
the sequent — A is equivalent to the formula 4, and 4 — is equivalent
to —A4. and just — (with both antecedent and succedent empty) is false
(unsatisfiable). We say that a sequent is valid if it is true under all truth
assignments (which is the same as saying that its corresponding formula
is a tautology).

DermiTioN I1.1.2. A PK proof of a sequent S is a finite tree whose
nodes are (labeled with) sequents, whose root (called the endsequent) is S
and is written at the bottom. whose leaves (or initial sequents) are logical
axioms (see below). such that each non-leaf sequent follows from the
sequent(s) immediately above by one of the rules of inference given below.
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The logical axioms are of the form
A— A, 1 —, — T

where A4 is any formula. (Note that we differ here from most other
treatments, which require that 4 be an atomic formula.) The rules of
inference are as follows (here I and A denote finite sequences of formulas).

weakening rules

exchange rules

. I'.4.B. T, — A
‘T1.B. AT, — A
contraction rules

left

I —A

rightt: ————
I —A A4

I' — ALA B A
I' —ALB AN\

right:

4.4 — A ) I —A A A4
left; ——— rightt ———M
r4A—A I'—A A
- introduction rules
I —A A4 ) AT — A
left: ——8 right; ——8
-A.T — A I — A -4
A introduction rules
A, BT — A ) r—A A r —ARB
left: right:

(AANB).T — A

V introduction rules

I — A (4AB)

AT — A BT —A ] I' — A A.B
left: right:
(AVB). T — A I' —A(AVB)
cut rule
I —A A4 AT — A
r—A

The formula A in the cut rule is called the cut formula. A proof that
does not use the cut rule is called cut-free. The new formulas in the
bottom sequents of the introduction rules are called principal formulas and
the formula(s) in the top sequent(s) that are used to form the principal
formulas are called auxiliary formulas.

Note that there is one left introduction rule and one right introduction
rule for each of the three logical connectives A, V., =. Further, these rules
seem to be the simplest possible, given the fact that in each case the bottom
sequent is valid iff all top sequents are valid.

Note that repeated use of the exchange rules allows us to execute an
arbitrary reordering of the formulas in the antecedent or succedent of a
sequent. In presenting a proof in the system PK, we will usually omit
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mention of the steps requiring the exchange rules, but of course they are
there implicitly.

DermNiTION I1.1.3. A PK proof of a formula A is a PK proof of the
sequent — A.

As an example, we give a PK proof of one of De Morgan’s laws:
-(PAQ) — =PV Q.

To find this (or any) proof, it is a good idea to start with the conclusion
at the bottom, and work up by removing the connectives one at a time,
outermost first, by using the introduction rules in reverse. This can be
continued until some formula 4 occurs on both the left and right side of
a sequent, or T occurs on the right, or L occurs on the left. Then this
sequent can be derived from one of the axioms 4 — A4 or — T or
1 — using weakenings and exchanges. The cut and contraction rules
are not necessary, and weakenings are only needed immediately below
axioms. (The cut rule can be used to shorten proofs, and contraction will
be needed later for the predicate calculus.)

P — P . 0—20 .
—— (weakening) ——— (weakening)
P— P -0 . Q— 0.-P .
——— (—right) ——— (—right)
. P-P-0Q —o0-P0
(A right)

—>P/\Q,ﬁP\/ﬁQ
-(PAQ)— ~PV-0

(V right)
(= left)

Exercisk 11.1.4. Give PK proofs for each of the following valid se-
quents:

(a) =PV -0 — =(P A Q).
(b) =(PV Q) — =P A-Q.
(C) =P A —|Q —_— —|(P V Q)

Exercise I1.1.5. Show that the contraction rules can be derived from
the cut rule (with weakenings and exchanges).

Exercisk I1.1.6. Suppose that we allowed D as a primitive connective,
rather than one introduced by definition. Give the appropriate left and
right introduction rules for D.

I1.1.2. Soundness and Completeness of PK. Now we prove that PK is
both sound and complete. That is, a propositional sequent is provable in
PK iff it is valid.
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TueoreM 11.1.7 (Soundness). Every sequent provable in PK is valid.

Proor. We show that the endsequent in every PK proof is valid, by
induction on the number of sequents in the proof. For the base case, the
proof is a single line: a logical axiom. Each logical axiom is obviously
valid. For the induction step, one needs only verify for each rule that the
bottom sequent is a logical consequence of the top sequent(s). O

TueoreM 11.1.8 (Completeness). Every valid propositional sequent is
provable in PK without using cut or contraction.

Proor. Theideaisdiscussed in the example proof above of De Morgan’s
laws. We need to use the inversion principle.

Lemma 11.1.9 (Inversion Principle). For each PK rule except for weak-
enings, if the bottom sequent is valid, then all top sequents are valid.

This principle is easily verified by inspecting each of the eleven rules in
question.

Now for the completeness theorem: We show that every valid sequent
I' — A has a PK proof, by induction on the total number of logical
connectives A, V. = occurring in ' — A. For the base case, every formula
in I" and A is an atom or one of the constants |, T, and since the sequent
is valid, some atom P must occur in both I"and A, or 1. occursin I" or T
occursin A. Hence I' — A can be derived from one of the logical axioms
by weakenings and exchanges.

For the induction step, let A be any formula which is not an atom and
not a constant in I or A. Then by the definition of propositional formula
A must have one of the forms (BAC), (BV C), or =B. ThusI' — Acan
be derived from A introduction, V introduction, or - introduction, respec-
tively, using either the left case or the right case, depending on whether A
isin I" or A, and also using exchanges, but no weakenings. In each case,
each top sequent of the rule will have at least one fewer connective than
I' — A, and the sequent is valid by the inversion principle. Hence each
top sequent has a PK proof, by the induction hypothesis. O

The soundness and completeness theorems relate the semantic notion
of validity to the syntactic notion of proof.

11.1.3. PK Proofs from Assumptions. We generalize the (semantic) def-
inition of logical consequence from formulas to sequents in the obvious
way: A sequent S is a logical consequence of a set @ of sequents iff every
truth assignment 7 that satisfies ® also satisfies S. We generalize the (syn-
tactic) definition of a PK proof of a sequent S to a PK proof of S from
a set ®© of sequents (also called a PK-® proof) by allowing sequents in ®
to be leaves (called nonlogical axioms) in the proof tree, in addition to the
logical axioms. It turns out that soundness and completeness generalize
to this setting.
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TueoOREM 11.1.10 (Derivational Soundness and Completeness). A pro-
positional sequent S is a logical consequence of a set © of sequents iff
S has a PK-® proof.

Derivational soundness is proved in the same way as simple soundness:
by induction on the number of sequents in the PK-® proof, using the fact
that the bottom sequent of each rule is a logical consequence of the top
sequent(s).

A remarkable aspect of derivational completeness is that a finite proof
exists even in case @ is an infinite set. This is because of the compactness
theorem (below) which implies that if .S is a logical consequence of @,
then S is a logical consequence of some finite subset of ®.

In general, to prove S from ® the cut rule is required. For example,
there is no PK proof of — P from — P A Q without using the cut
rule. This follows from the subformula property, which states that in a
cut-free proof = of a sequent S, every formula in every sequent of 7 is a
subformula of some formula in S. This is stated more generally in the
Proposition I1.1.15.

Exercise I1.1.11. Let A g be the formula giving the meaning of a sequent
S, asin (8). Show that there is a cut-free PK derivation of — A5 from S.

PrOOF OF THEOREM 11.1.10 (Completeness). From the above easy ex-
ercise and from the earlier Completeness Theorem and from Theorem
I1.1.16, Form 2 (compactness), we obtain an easy proof of derivational
completeness. Suppose that the sequent ' — A is a logical consequence
of sequents Si., ..., Sk. Then by the above exercise we can derive each of
the sequents — Ag,. ... .— Ag, fromthe sequents S.....Sk. Also the
sequent

Ag, . T — A (9)

is valid, and hence has a PK proof by Theorem II.1.8. Finally from (9)
using successive cuts with cut formulas A4, ..., As, we obtain the desired
PK derivation of ' — A from the the sequents Sj,..., Sk. a

We now wish to show that the cut formulas in the derivation can be
restricted to formulas occurring in the hypothesis sequents.

DEFINITION I1.1.12 (Anchored Proof). An instance of the cut rule in a
PK-® proof r is anchored if the cut formula 4 (also) occurs as a formula
(rather than a subformula) in some nonlogical axiom of 7. A PK-® proof
7 18 anchored if every instance of cut in 7 is anchored.

Our anchored proofs are similar to free-cut-free proofs in [72] and else-
where. Our use of the term anchored is inspired by [27].
The derivational completeness theorem can be strengthened as follows.
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TaEOREM I1.1.13 (Anchored Completeness). If a propositional sequent
S is a logical consequence of a set @ of sequents, then there is an anchored
PK-® proofof S.

We illustrate the proof of the anchored completeness theorem by prov-
ing the special case in which ® consists of the single sequent 4 — B.
Assume that the sequent ' — A is a logical consequence of 4 — B.
Then both of the sequents ' — A, 4 and B, A.I' — A are valid (why?).
Hence by Theorem I1.1.8 they have PK proofs 7, and 7,, respectively. We
can use these proofs to get a proof of ' — A from 4 — B as shown
below, where the double line indicates the rules weakening and exchange
have been applied.

A— B L
L AT — A B B AT — A
e (cut)
' —A A4 AT — A
(cut)
I —A

Next consider the case in which ® has the form
{— A41,— Aa,...,— Ay}
for some set {A4. ..., Ay} of formulas. Assume that ' — A is a logical
consequence of @ in this case. Then the sequent
Ay Az, ... A, T — A

is valid, and hence has a PK proof 7. Now we can use the assumptions
@ and the cut rule to successively remove Ay, 45, ..., Aj. from the above
sequent to conclude I' — A. For example. 4 is removed as follows (the

double line represents applications of the rule weakening and exchange):
— A o
Az,...,Ak,r—>A.A1 Al,Az,...,Ak,F—>A

(cut)

Exercisk I1.1.14. Prove the anchored completeness theorem for the
more general case in which ® is any finite set of sequents. Use induc-
tion on the number of sequents in ®.

A nice property of anchored proofs is the following.

PrOPOSITION I1.1.15 (Subformula Property). If 7 is an anchored PK-®
proof of S, then every formula in every sequent of © is a subformula of a
formula either in S or in some nonlogical axiom of 7.

Proor. This follows by induction on the number of sequents in 7z, using
the fact that for every rule other than cut, every formula on the top is a
subformula of some formula on the bottom. For the case of cut we use
the fact that every cut formula is a formula in some nonlogical axiom
of m. O
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The Subformula Property can be generalized in a way that applies to cut-
free LK proofs in the predicate calculus, and this will play an important
role later in proving witnessing theorems.

II.1.4. Propositional Compactness. We conclude our treatment of the
propositional calculus with a fundamental result which also plays an im-
portant role in the predicate calculus.

THEOREM 11.1.16 (Propositional Compactness). We state three differ-
ent forms of this result. All three are equivalent.

Forwm 1: If @ is an unsatisfiable set of propositional formulas, then some
finite subset of © is unsatisfiable.

Forwm 2: Ifa formula A is a logical consequence of a set ® of formulas, then
A is a logical consequence of some finite subset of @.

Forwm 3: If every finite subset of a set ® of formulas is satisfiable, then @ is
satisfiable.

Exercise 11.1.17. Prove the equivalence of the three forms. (Note that
Form 3 is the contrapositive of Form 1.)

Proor oF ForMm 1. Let @ be an unsatisfiable set of formulas. By our
definition of propositional formula, all propositional variables in ® come
from a countable list Py, Ps. . ... (See Exercise 11.1.19 for the uncountable
case.) Organize the set of truth assignments into an infinite rooted binary
tree B. Each node except the root is labeled with a literal P; or —P;.
The two children of the root are labeled P; and — Py, indicating that P; is
assigned 7 or F, respectively. The two children of each of these nodes are
labeled P, and —P;, respectively, indicating the truth value of P,. Thus
each infinite branch in the tree represents a complete truth assignment,
and each path from the root to a node represents a truth assignment to
the atoms Py, ..., P;, for somei.

Now for every node v in the tree B, prune the tree at v (i.e.. remove
the subtree rooted at v, keeping v itself) if the partial truth assignment
7, represented by the path to v falsifies some formula 4, in ®@, where all
atoms in A, get values from 7,. Let B’ be the resulting pruned tree. Since
@ is unsatisfiable, every path from the root in B’ must end after finitely
many steps in some leaf v labeled with a formula A4, in ®@. It follows from
Konig’s Lemma below that B’ is finite. Let @' be the finite subset of ®
consisting of all formulas 4, labeling the leaves of B’. Since every truth
assignment 7 determines a path in B’ which ends in a leaf 4, falsified by
7, it follows that @’ is unsatisfiable. O

LemMa I1.1.18 (Konig’s Lemma). Suppose T is a rooted tree in which
every node has only finitely many children. If every branch in T is finite,
then T is finite.

PrOOF. We prove the contrapositive: If 7" is infinite (but every node has
only finitely many children) then 7" has an infinite branch. We can define
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an infinite path in 7" as follows: Start at the root. Since T is infinite but
the root has only finitely many children, the subtree rooted at one of these
children must be infinite. Choose such a child as the second node in the
branch, and continue. O

Exercisk 11.1.19. (For those with some knowledge of set theory or point
set topology) The above proof of the propositional compactness theorem
only works when the set of atoms is countable, but the result still holds
even when @ is an uncountable set with an uncountable set A of atoms.
Complete each of the two proof outlines below.

(a) Prove Form 3 using Zorn’s Lemma as follows: Call a set ¥ of
formulas finitely satisfiable if every finite subset of W is satisfiable. Assume
that @ is finitely satisfiable. Let C be the class of all finitely satisfiable sets
Y O ® of propositional formulas using atoms in @. Order these sets ¥
by inclusion. Show that the union of any chain of sets in C is again in the
class C. Hence by Zorn’s Lemma, C has a maximal element ¥y. Show
that Wy has a unique satisfying assignment, and hence O is satisfiable.

(b) Show that Form 1 follows from Tychonoff’s Theorem: The product
of compact topological spaces is compact. The set of all truth assignments
to the atom set A can be given the product topology. when viewed as the
product for all atoms P in A of the two-point space {7, F' } of assignments
to P, with the discrete topology. By Tychonoff’s Theorem, this space
of assignments is compact. Show that for each formula A4, the set of
assignments falsifying A4 is open. Thus Form 1 follows from the definition
of compact: every open cover has a finite subcover.

I1.2. Predicate Calculus

In this section we present the syntax and semantics of the predicate cal-
culus (also called first-order logic). We show how to generalize Gentzen’s
proof system PK for the propositional calculus to the system LK for the
predicate calculus, by adding quantifier introduction rules. We show that
LK is sound and complete. We prove an anchored completeness theorem
which limits the need for the cut rule in the presence of nonlogical axioms.

I1.2.1. Syntax of the Predicate Calculus. A first-order vocabulary (or

just vocabulary, or language) L is specified by the following:

1) Foreachn > 0aset of n-ary function symbols (possibly empty). We
use f.g.h,... as meta-symbols for function symbols. A zero-ary
function symbol is called a constant symbol.

2) For each n > 0, a set of n-ary predicate symbols (which must be
nonempty for some n). We use P.Q.R.... as meta-symbols for
predicate symbols. A zero-ary predicate symbol is the same as a
propositional atom.
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In addition, the following symbols are available to build first-order terms
and formulas:

1) An infinite set of variables. We use x.y.z.... and sometimes
a,b.c,... asmeta-symbols for variables.

2) Connectives —, A, V (not, and, or); logical constants L, T (for False,
True).

3) Quantifiers V, 3 (for all, there exists).
4) (.) (parentheses).

Given a vocabulary £, L-terms are certain strings built from variables
and function symbols of £, and are intended to represent objects in the

universe of discourse. We will drop mention of £ when it is not important,
or clear from context.

DEerINITION I1.2.1 (£-Terms). Let £ be a first-order vocabulary.
1) Every variable is an £-term.

2) If f is an n-ary function symbol of £ and ¢;.....t, are L-terms,
then ft;...t, is an L-term.

Recall that a 0-ary function symbol is called a constant symbol (or
sometimes just a constant). Note that all constants in £ are £-terms.

DEFINITION 11.2.2 (£-Formulas). Let £ be a first-order vocabulary.

First-order formulas in £ (or L-formulas. or just formulas) are defined
inductively as follows:

1) Pt;---t, is an atomic L-formula, where P is an n-ary predicate

symbol in £ and ¢1,....t, are L-terms. Also each of the logical
constants 1, T is an atomic formula.

2) If A and B are L-formulas, so are =4, (A A B). and (4 V B).

3) If 4 is an L-formula and x is a variable, then Vx4 and 3xA are
L-formulas.

Examples of formulas: (=VxPx V Ix—Px). (Vx=Pxy A —VzP[fyz).

As in the case of propositional formulas, we use the notation (4 O B)
for (w4 V B) and (4 < B) for (4 D B) A (B D A)).

It can be shown that no proper initial segment of a term is a term, and
hence every term can be parsed uniquely according to Definition I1.2.1.
A similar remark applies to formulas, and Definition I1.2.2.

NOTATION. r = s stands for = rs, and r # s stands for =(r = s).
DerINITION 11.2.3 (The Vocabulary of Arithmetic).
Ly=[0.1,+.-:=<]

Here 0, 1 are constants; +, - are binary function symbols; =, < are
binary predicate symbols. In practice we use infix notation for +, -, =, <.

Thus, for example, (1 - 12) =gy 1112 and (t1 + 12) =gy +1112.
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DEFINITION 11.2.4 (Free and Bound Variables). An occurrence of x in
A is bound iff it is in a subformula of 4 of the form VxB or 3xB. Otherwise
the occurrence is free.

Notice that a variable can have both free and bound occurrences in one
formula. For example, in Px AVxQx, the first occurrence of x is free, and
the second occurrence is bound.

DEerINITION I1.2.5. A formula is closed if it contains no free occurrence
of a variable. A term is closed if it contains no variable. A closed formula
is called a sentence.

11.2.2. Semantics of Predicate Calculus.

DErFINITION 11.2.6 (£-Structure). If £ is a first-order vocabulary, then
an L-structure M consists of the following:

1) A nonempty set M called the universe. (Variables in an £-formula
are intended to range over M .)

2) For each n-ary function symbol f in £, an associated function
MM — M.

3) For each n-ary predicate symbol P in L. an associated relation
PM C M". If £ contains =, then =™ must be the true equality
relation on M.

Notice that the predicate symbol = gets special treatment in the above
definition, in that = must always be the true equality relation. Any
other predicate symbol may be interpreted by an arbitrary relation of the
appropriate arity.

Every L-sentence becomes either true or false when interpreted by an
L-structure M, as explained below. If a sentence 4 becomes true under
M. then we say M satisfies A, or M is a model for A, and write M = 4.

If A has free variables, then these variables must be interpreted as
specific elements in the universe M before A gets a truth value under the
structure M. For this we need the following:

DEFINITION I1.2.7 (Object Assignment). An object assignment ¢ for a
structure M is a mapping from variables to the universe M .

Below we give the formal definition of notion M = A[g]. which is
intended to mean that the structure M satisfies the formula 4 when the
free variables of A are interpreted according to the object assignment o.
First it is necessary to define the notation t*[¢], which is the element of
universe M assigned to the term ¢ by the structure M when the variables
of t are interpreted according to o.

NortaTtioN. If x is a variable and m € M, then the object assignment
a(m/x) is the same as o except it maps x to m.
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DerINITION 11.2.8 (Basic Semantic Definition). Let £ be a first-order
vocabulary, let M be an L-structure, and let ¢ be an object assignment
for M. Each L-term ¢ is assigned an element t[¢] in M. defined by
structural induction on terms ¢, as follows (refer to the definition of £-
term):

(a) xM[g]is o(x). for each variable x.

(b) (ftr---t.)M[a] = fM (M o], ... ;" [a)).
For A an L-formula, the notion M E A[g] (M satisfies A under o) is

defined by structural induction on formulas 4 as follows (refer to the
definition of formula):

()M):Tande&L.

(b) M= (Pt -+ ty)[o] iff (M[o]. ... tM[a]) € PM.

(¢) If £ contains =, then M = (s = t)[a]iff sM[o] = tM[o].
(d) M £ —A[o]iff M} A[o].

() M (4V B)[o]iff M = A[o] or M = BJa].

(f) M = (4 AB)[o]iff M = A[o] and M = Bla].

(g) M| (VxA)[o]iff M |= A[o(m/x)] forallm € M.
(h) M = (3xA)[a] iff M |= Alo(m/x)] for some m € M.

Note that item (c) in the definition of M = A[a] follows from (b) and
the fact that =™ is always the equality relation.

If ¢ is a closed term (i.e.. contains no variables). then t™[s] is indepen-
dent of ¢, and so we sometimes just write ™. Similarly, if 4 is a sentence,
then we sometimes write M = A instead of M = A[a], since ¢ does not
matter.

DErFINITION 11.2.9 (Standard Model). The standard model N for the vo-
cabulary £, is a structure with universe M = N = {0,1,2,...}, where
0,1,+, -, =, < get their usual meanings on the natural numbers.

As an example, N = VxVy3z(x +z = y Vy + z = x) (since either
y — x or x — y exists) but N = Vx3y(y + y = x) since not all natural
numbers are even.

In the future we sometimes assume that there is some first-order vocab-
ulary £ in the background, and do not necessarily mention it explicitly.

NortaTION. In general, @ denotes a set of formulas, A4, B, C. ... denote
formulas, M denotes a structure, and o denotes an object assignment.

DErINITION 11.2.10.  (a) M = ®[o] iff M = A[g] forall 4 € ®.

(b) M = @ iff M = ®[o] for all 0.

(c) ® | Aiff for all M and all ¢, if M |= ®[c] then M = A[o].

(d) &= 4 (Aisvalid) if M |= A[o] for all M and 7.

(e) A <= B (A and B are logically equivalent. or just equivalent) iff for
all M and allg, M = A[o] iff M = BJo].
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® = A is read “A4 is a logical consequence of ®”. Do not confuse this
with our other use of the symbol =, as in M = 4 (M satisfies 4). In the
latter, M is a structure, rather than a set of formulas.

If @ consists of a single formula B, then we write B |= A instead of

(B} = 4.

DEerINITION 11.2.11 (Substitution). Let s, ¢ be terms, and 4 a formula.
Then #(s/x) is the result of replacing all occurrences of x in ¢ by s, and
A(s/x) is the result of replacing all fiee occurrences of x in A by s.

Lemma 11.2.12. For each structure M and each object assignment o,

(s(t/x))M[0] = 5™ (m/x)]
where m = t™M[a].

ProoF. Structural induction on s. O

DerNtTION 11.2.13. A term ¢ is freely substitutable for x in A iff no free
occurrence of x in A4 is in a subformula of A4 of the form VyB or JyB,
where y occurs in ¢.

TueoreM 11.2.14 (Substitution). If ¢ is freely substitutable for x in A
then for all structures M and all object assignments o, M = A(t/x)[a] iff
M = Al (m/x)]. where m = tM[q].

Proor. Structural induction on 4. O

ReMARK (Change of Bound Variable). If ¢ is not freely substitutable
for x in A, it is because some variable y in ¢ gets “caught” by a quantifier,
say dyB. Then replace 3y B in 4 by 3zB, where z is a new variable. Then
the meaning of 4 does not change (by the Formula Replacement Theorem
below), but by repeatedly changing bound variables in this way ¢ becomes
freely substitutable for x in A.

THEOREM I1.2.15 (Formula Replacement). If B and B’ are equivalent
and A’ results from A by replacing some occurrence of B in A by B’, then A
and A’ are equivalent.

Proor. Structural induction on 4 relative to B. O

I1.2.3. The First-Order Proof System LK. We now extend the propo-
sitional proof system PK to the first-order sequent proof system LK.
For this it is convenient to introduce two kinds of variables: free vari-
ables denoted by a, b, c, ... and bound variables denoted by x, y.z,.... A
first-order sequent has the form

Ar,....,Ax — By..... By

where now the 4; and B; are first-order formulas satisfying the restriction
that they have no free occurrences of the “bound” variables x, y, z, ... and
no bound occurrences of the “free” variables a. b, c, . ...
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The sequent system LK is an extension of the propositional system PK,
where now all formulas are first-order formulas satisfying the restriction
explained above.

In addition to the rules given for PK. the system LK has four rules for
introducing the quantifiers.

IMPORTANT REMARK. In the rules below. 7 is any term not involving any
bound variables x, y, z.... and A(¢) is the result of substituting ¢ for all
free occurrences of x in A(x). Similarly 4(b) is the result of substituting
b for all free occurrences of x in A(x). Note that t and b can always
be freely substituted for x in 4(x) when VxA(x) or IxA4(x) satisfy the
free/bound variable restrictions described above.

V introduction rules
A1), T — A ) I' — A A(b)
left: right:
VxA(x), T — A I' — A, VxA(x)

3 introduction rules
A(b).T — A , | YT

: right:
IxA(x).T — A I' — A, 3xA(x)

Restriction. The free variable b is called an eigenvariable and must not
occur in the conclusion in V-right or 3-left. Also, as remarked above, the
term ¢ must not involve any bound variables x, y, z, . ...

The new formulas in the bottom sequents (IxA4(x) or VxA4(x)) are
called principal formulas, and the corresponding formulas in the top se-
quents (A(b) or A(t)) are called auxiliary formulas.

DEFINITION I1.2.16 (Semantics of first-order sequents). The semantics
of first-order sequents is a natural generalization of the semantics of
propositional sequents. Again the sequent A4y...., 4y — Bi,.... By
has the same meaning as its associated formula

—A VA,V NV-A VB VBV -V By.

In particular, we say that the sequent is valid iff its associated formula is
valid.

THEOREM 11.2.17 (Soundness for LK). Every sequent provable in LK is
valid.

Proor. This is proved by induction on the number of sequents in the
LK proof. as in the case of PK. However, unlike the case of PK, not
all of the four new quantifier rules satisfy the condition that the bottom
sequent is a logical consequence of the top sequent. In particular this may
be false for V-right and for 3-left. However it is easy to check that each
rule satisfies the weaker condition that if the top sequent is valid, then the
bottom sequent is valid, and this suffices for the proof. O
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Exercisk 11.2.18. Give examples to show that the restriction given on
the quantifier rules, that » must not occur in the conclusion in V-right and
J-left, is necessary to ensure that these rules preserve validity.

Example of an LK proof. An LK proof of a valid first-order sequent can
be obtained using the same method as in the propositional case: Write the
goal sequent at the bottom, and move up by using the introduction rules
in reverse. A good heuristic is: if there is a choice about which quantifier
to remove next, choose V-right and 3-left first (working backward), since
these rules carry a restriction.

Here is an LK proof of the sequent VxPx V VxQx — Vx(Px V Qx).

Pb — Pbh Ob — Ob
—— (weakening) —————  (weakening)
Pb — Pb, Ob Ob — Pb. Qb

(V left) (V left)
VxPx — Pb, Ob VxQOx — Pb, Qb
(V left)

VxPx VVxQx — Pb, Qb
VxPx VVxQx — PbV Qb
VxPx VVxQx — Vx(Px V Ox)
Exercisk I1.2.19. Give LK proofs for the following valid sequents:
) VxPx AVxQx — Vx(Px A Qx).
Vx(Px A Ox) — VxPx AVx0Ox.

)

) dx(Px V Ox) — IxPx V 3Ix0Ox.
) dxPx vV Ix0Ox — Ix(Px V Ox).
)
)

(V right)
(V right)

(a
(b
(c
(d
(e) Ix(Px A Ox) — IxPx A IxOx.

(f) IyVxPxy — VxIyPxy.

(g) VxPx — IxPx.

Check that the rule restrictions seem to prevent generating LK proofs for
the following invalid sequents:

(h) IxPx A Ix0Ox — Ix(Px A Ox).
(1) Vx3yPxy — IyVxPxy.

I1.2.4. Free Variable Normal Form. In future chapters it will be useful
to assume that LK proofs satisfy certain restrictions on free variables.

DErFINITION 11.2.20 (Free Variable Normal Form). Let # be an LK
proof with endsequent S. A free variable in S is called a parameter
variable of m. We say = is in free variable normal form if (1) no free vari-
able is completely eliminated from any sequent in 7 by any rule except
possibly V-right and 3-left, and in these cases the eigenvariable which is
eliminated is not a parameter variable, and (2) every nonparameter free
variable appearing in 7 is used exactly once as an eigenvariable.

Thus if a proofis in free variable normal form, then any occurrence of a
parameter variable persists until the endsequent, and any occurrence of a
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nonparameter free variable persists until it is eliminated as an eigenvariable
in V-right or 3-left.

We now describe a simple procedure for transforming an LK proof z to
a similar proof of the same endsequent in free variable normal form,
assuming that the underlying vocabulary £ has at least one constant
symbol e. Note that the only rules other than V-right and 3-left which can
eliminate a free variable from a sequent are cut, 3-right, and V-left. It is
important that z have a tree structure in order for the procedure to work.

Transform 7 by repeatedly performing the following operation until the
resulting proof is in free variable normal form. Select some upper-most
rule in 7 which eliminates a free variable from a sequent which violates free
variable normal form. If the rule is V-right or 3-left, and the eigenvariable
b which is eliminated occurs somewhere in the proof other than above this
rule, then replace b by a new variable 5’ (which does not occur elsewhere
in the proof) in every sequent above this rule. If the rule is cut, 3-right,
or V-left, then replace every variable eliminated by the rule by the same
constant symbol e in every sequent above the rule (so now the rule does
not eliminate any free variable).

I1.2.5. Completeness of LK without Equality.

NOTATION. Let @ be a set of formulas. Then — @ is the set of all
sequents of the form — A4, where A4 is in ©.

DeriniTION 11.2.21. Assume that the underlying vocabulary does not
contain =. If @ is a set of formulas, then an LK-® proof is an LK proof
in which sequents at the leaves may be either logical axioms or nonlogical
axioms of the form — A4, where 4 is in ®.

Notice that a structure M satisfies — @ iff M satisfies @. Also a
sequent ' — A is a logical consequence of — ® iff ' — A is a logical
consequence of @.

We would like to be able to say that a sequent ' — A is a logical
consequence of a set @ of formulas iff there is an LK-® proof of [ —
A. Unfortunately the soundness direction of the assertion is false. For
example, using the V-right rule we can derive — VxPx from — Pb, but
— VxPx is not a logical consequence of Pb.

We could correct the soundness statement by asserting it true for sen-
tences, but we want to generalize this a little by introducing the notion of
the universal closure of a formula or sequent.

DEerNITION 11.2.22. Suppose that A is a formula whose free variables
comprise the list ay. . .., a,. Then the universal closure of A, written VA, is
the sentence Vxi ...Vx,A(x1/ay.....x,/a,), where xi,....x, is a list of

new (bound) variables. If ® is a set of formulas, then VY is the set of all
sentences VA, for A in ®.
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Notice that if 4 is a sentence (i.e.. it has no free variables), then VA4 is
the same as A4.

Initially we study the case in which the underlying vocabulary does not
contain =. To handle the case in which = occurs we must introduce
equality axioms. This will be done later.

THEOREM 11.2.23 (Derivational Soundness and Completeness of LK).
Assume that the underlying vocabulary does not contain =. Let ® be a
set of formulas and let T — A be a sequent. Then there is an LK-® proof
of T — Aiff T — Ais a logical consequence of V®. The soundness (only
if') direction holds also when the underlying vocabulary contains =.

PrOOF OF SOUNDNESs. Let 7 be a LK-® proof of ' — A. We must
show that ' — A is a logical consequence of V®. We want to prove
this by induction on the number of sequents in the proof 7, but in fact
we need a stronger induction hypothesis, to the effect that the “closure”
of ' — A is a logical consequence of V. So we first have to define the
closure of a sequent.

Thus we define the closure VS of a sequent S to be the closure of its
associated formula As (Definition I1.2.16). Note that if S =, I' — A,
then VS is not equivalent to VI — VA in general.

We now prove by induction on the number of sequents in 7, that if 7 is
an LK-® proof of a sequent S, then VS is a logical consequence of V®.
Since VS |= S, it follows that S itself is a logical consequence of VO, and
so Soundness follows.

For the base case. the sequent S is either a logical axiom, which is valid
and hence a consequence of V@, or it is a nonlogical axiom — A, where
A is a formula in ®. In the latter case, VS is equivalent to VA4, which of
course is a logical consequence of VO.

For the induction step, it is sufficient to check that for each rule of LK,
the closure of the bottom sequent is a logical consequence of the closure(s)
of the sequent(s) on top. With two exceptions. this statement is true when
the word “closure” is omitted, and adding back the word “closure” does
not change the argument much. The two exceptions are the rules V-right
and 3-left. For these, the bottom is not a logical consequence of the top
in general, but an easy argument shows that the closures of the top and
bottom are equivalent. ]

The proof of completeness is more difficult and more interesting than
the proof of soundness. The following lemma lies at the heart of this proof.

LemMa 11.2.24 (Completeness). Assume that the underlying vocabulary
does not contain =. If ' — A is a sequent and ® is a (possibly infinite) set
of formulas such that T — A is a logical consequence of ®, then there is a
Sinite subset {Cy, ..., Cy} of ® such that the sequent

has an LK proof © which does not use the cut rule.
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Note that a form of the Compactness Theorem for predicate calculus
sentences without equality follows from the above lemma. See Theo-
rem I1.4.2 for a more general form of compactness.

PRrROOF OF DERIVATIONAL COMPLETENESS. Let @ be a set of formulas
such that ' — A is a logical consequence of V®. By the complete-
ness lemma, there is a finite subset {C;. ..., C,} of ® such that

vVCy,....VC,, T — A

has a cut-free LK proof n. Note that for each i. 1 < i < n, the sequent
— VC; has an LK-® proof from the nonlogical axiom — C; by repeated
use of the rule V-right. Now the proof 7 can be extended., using these proofs
of the sequents

—VC,, ..., —VC(,
and repeated use of the cut rule, to form an LK-® proof I' — A. a

PROOF OF THE COMPLETENESS LEMMA. We loosely follow the proof of
the Cut-free Completeness Theorem, pp. 33-36 of Buss [27]. (Warning:
our definition of logical consequence differs from Buss’s when the formu-
las in the hypotheses have free variables.) We will only prove it for the case
in which the underlying first-order vocabulary £ has a countable set (in-
cluding the case of a finite set) of function and predicate symbols: i.e., the
function symbols form a list f, />, ... and the predicate symbols form a
list Py, P,,.... This may not seem like much of a restriction, but for ex-
ample in developing the model theory of the real numbers, it is sometimes
useful to introduce a distinct constant symbol e, for every real number c;
and there are uncountably many real numbers. The completeness theorem
and lemma hold for the uncountable case, but we shall not prove them for
this case.

For the countable case, we may assign a distinct binary string to each
function symbol, predicate symbol, variable, etc., and hence assign a
unique binary string to each formula and term. This allows us to enumer-
ate all the £-formulas in a list 4;. 4>.... and enumerate all the £-terms
(which contain only free variables a.b.c....) in a list #1. f,,.... The free
variables available to build the formulas and terms in these lists must in-
clude all the free variables which appear in @, together with a countably
infinite set {c¢. cj....} of new free variables which do not occur in any
of the formulas in ®. (These new free variables are needed for the cases
J-left and V-right in the argument below.) Further we may assume that
every formula occurs infinitely often in the list of formulas, and every
term occurs infinitely often in the list of terms. Finally we may enumerate
all pairs (4;.¢;). using any method of enumerating all pairs of natural
numbers.

We are trying to find an LK proof of some sequent of the form

Cp,....C,, T — A
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for some n. Starting with ' — A at the bottom, we work upward by
applying the rules in reverse, much as in the proof of the propositional
completeness theorem for PK. However now we will add formulas C;
to the antecedent from time to time. Also unlike the PK case we have
no inversion principle to work with (specifically for the rules V-left and
J-right). Thus it may happen that our proof-building procedure may not
terminate. In this case we will show how to define a structure which shows
that ' — A is not a logical consequence of ®.

We construct our cut-free proof tree 7 in stages. Initially 7 consists of
just the sequent I' — A. At each stage we modify 7 by possibly adding
a formula from @ to the antecedent of every sequent in 7, and by adding
subtrees to some of the leaves.

NOTATION. A sequent in 7 is said to be active provided it is at a leaf
and cannot be immediately derived from a logical axiom (i.e., no formula
occurs in both its antecedent and succedent, the logical constant T does
not occur in its succedent, and L does not occur in its antecedent).

Each stage uses one pair in our enumeration of all pairs (4;.¢;). Here
is the procedure for the next stage, in general.

Let (A;.t;) be the next pair in the enumeration. We call 4; the active
formula for this stage.

Step 1. If A; is in @, then replace every sequent I” — A’ in 7 with the
sequent I'", 4, — A,

Step 2. If A; is atomic, do nothing and proceed to the next stage.
Otherwise, modify 7 at the active sequents which contain A4; by applying
the appropriate introduction rule in reverse. much as in the proof of
propositional completeness (Theorem 11.1.8). (It suffices to pick any one
occurrence of 4; in each active sequent.) For example, if 4; is of the form
B Vv C, then every active sequent in 7 of the formI’. BV C.T" — A’ is
replaced by the derivation

B 1" — A r.cr’'—a

I'svcr’ —AnN
Here the double line represents a derivation involving the rule V-left,
together with exchanges to move the formulas B, C to the left end of the
antecedent and move B VvV C back to the right. The treatment is similar
when B V C occurs in the succedent, only the rule V-right is used.
If A; is of the form 3xB(x). then every active sequent of 7 of the form
I, 3xB(x).I" — A’ is replaced by the derivation

. B(e). T — N
I, 3xB(x). T — A

where ¢ is a new free variable, not used in 7 yet. (Also ¢ may not occur in
any formula in @, because otherwise at a later stage, Step 1 of the procedure
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might cause the variable restriction in the 3-left rule to be violated.) In
addition, any active sequent of the form I'" — A’, 3xB(x), A” is replaced
by the derivation

I — A, 3xB(x). B(1;). A"
I — A, 3xB(x).A”

Here the term ¢; is the second component in the current pair (4;,¢;). The
derivation uses the rule 3-right to introduce a new copy of 3xB(x), and
then the rule contraction-right to combine the two copies of 3xB(x). This
and the dual V-left case are the only two cases that use the term ¢;, and
the only cases that use the contraction rule.

The case where A4; begins with a universal quantifier is dual to the above
existential case.

Step 3. If there are no active sequents remaining in 7z, then exit from
the algorithm. Otherwise continue to the next stage.

Exgercisk 11.2.25. Carry out the case above in which A4; begins with a
universal quantifier.

If the algorithm constructing 7 ever halts, then 7 gives a cut-free proof
of I, Cy.....C, — Aforsome formulas Cj. ..., C, in ®. Thisis because
the nonactive leaf sequents all can be derived from the logical axioms using
weakenings and exchanges. Thus 7 can be extended, using exchanges, to
a cut-free proof of Cy....,C,,I' — A, as desired.

It remains to show that if the above algorithm constructing 7 never
halts, then the sequent I' — A is not a logical consequence of ®. So
suppose the algorithm never halts, and let 7 be the result of running the
algorithm forever. In general, 7 will be an infinite tree, although in special
cases 7 is a finite tree. In general the objects at the nodes of the tree will
not be finite sequents, but because of Step 1 of the algorithm above, they
will be of the form I/, Cy, C,,... — A’, where C, C,, ... is an infinite
sequence of formulas containing all formulas in ®. each repeated infinitely
often (unless @ is empty). We shall refer to these infinite pseudo-sequents
as just “sequents”.

If = has only finitely many nodes, then at least one leaf node must be
active (and contain only atomic formulas), since otherwise the algorithm
would terminate. In this case, let f be a path in 7 from the root extending
up to this active node. If on the other hand = has infinitely many nodes,
then by Lemma I1.1.18 (Konig). there must be an infinite branch 8 in 7
starting at the root and extending up through the tree. Thus in either case,
[ is a branch in 7 starting at the root, extending up through the tree, and
such that all sequents on f§ were once active, and hence have no formula
occurring on both the left and right, no T on the right and no | on the
left.
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We use this branch f to construct a structure M and an object assign-
ment ¢ which satisfy every formula in ®, but falsify the sequent ' — A
(soI' — Ais not a logical consequence of ®@).

DEFINITION I1.2.26 (Construction of the “Term Model” M). The uni-
verse M of M is the set of all £-terms ¢ (which contain only “free”
variables a. b, c....). The object assignment ¢ just maps every variable a
to itself.

The interpretation £ of each k-ary function symbol f is defined so
that fM(rl, ....ry) is the term fry...r;, where ry.....r; are any terms
(i.e., any members of the universe). The interpretation P of each k-ary
predicate symbol P is defined by letting PM (ry. . ... ¢ ) hold iff the atomic
formula Pry ...r; occurs in the antecedent (left side) of some sequent in
the branch f.

Exercisk 11.2.27. Prove by structural induction that for every term ¢,
tMlo] = t.

Cram. For every formula A, if 4 occurs in some antecedent in the
branch £, then M and o satisfy 4, and if 4 occurs in some succedent in
f. then M and o falsify A.

Since the root of 7 is the sequent I, Cy, C5, ... — A, where Cy, Cs, ...
contains all formulas in @, it follows that M and ¢ satisfy ® and falsify
r— A

We prove the Claim by structural induction on formulas 4. For the
base case, if A is an atomic formula, then by the definition of PM above,
A is satisfied iff 4 occurs in some antecedent of f or 4 = T. But no
atomic formula can occur both in an antecedent of some node in f and in
a succedent (of possibly some other node) in S, since then these formulas
would persist upward in f so that some particular sequent in £ would
have A occurring both on the left and on the right. Thus if 4 occurs in
some succedent of f3, it is not satisfied by M and ¢ (recall that T does not
occur in any succedent of f8).

For the induction step, there is a different case for each of the ways
of constructing a formula from simpler formulas (see Definition 11.2.2).
In general, if A4 occurs in some sequent in f, then 4 persists upward in
every higher sequent of § until it becomes the active formula (4 =g, A4;).
Each case is handled by the corresponding introduction rule used in the
algorithm. For example, if A4 is of the form BV C and A occurs on the left
of a sequent in S, then the rule Vv-left is applied in reverse, so that when
p is extended upward either it will have some antecedent containing B or
one containing C. In the case of B, we know that M and ¢ satisfy B by
the induction hypothesis, and hence they satisfy BV C. (Similarly for C.)

Now consider the interesting case in which 4 is 3xB(x) and 4 occurs
in some succedent of . (See Step 2 above to find out what happens
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when 4 becomes active in this case.) The path f will hit a succedent with
B(t;) in the succedent, and by the induction hypothesis, M and o falsify
B(t;). But this succedent still has a copy of 3xB(x). and in fact this
copy will be in every succedent of § above this point. Hence every £-term
¢ will eventually be of the form 7; and so the formula B(z) will occur
as a succedent on . (This is why we assumed that every term appears
infinitely often in the sequence 1. 5. .. ..) Therefore M and ¢ falsify B(¢)
for every term ¢ (i.e.. for every element in the universe of M). Therefore
they falsify 3xB(x), as required.

This and the dual case in which 4 is VxB(x) and occurs in some an-
tecedent of f are the only subtle cases. All other cases are straightfor-
ward. m]

We now wish to strengthen the derivational completeness of LK and
show that cuts can be restricted so that cut formulas are in ®. The
definition of anchored PK proof (Definition 11.1.12) can be generalized
to anchored LK proof. We will continue to restrict our attention to the
case in which all nonlogical axioms have the simple form — A, although
an analog of the following theorem does hold for an arbitrary set of
nonlogical axioms, provided they are closed under substitution of terms
for variables.

TaEOREM 11.2.28 (Anchored LK Completeness). Assume that the un-
derlying vocabulary does not contain =. Suppose that ® is a set of formulas
closed under substitution of terms for variables. (Le.. if A(b) is in @, and t
is any term not containing “bound” variables x. y. z. . . . . then A(t) is also in
®@.) Suppose that T — A is a sequent that is a logical consequence of V.
Then there is an LK-® proof of T — A in which the cut rule is restricted
so that the only cut formulas are formulas in ®.

Note that if all formulas in ® are sentences, then the above theorem
follows easily from the Completeness Lemma, since in this case VO is the
same as ®. However if formulas in @ have free variables, then apparently
the cut rule must be applied to the closures VC of formulas C in @ (as
opposed to C itself) in order to get an LK-® proof of ' — A. It will
be important later, in our proof of witnessing theorems, that cuts can be
restricted to the formulas C.

Exercisk 11.2.29. Show how to modify the proof of the Completeness
Lemma to obtain a proof of the Anchored LK Completeness Theorem.
Explain the following modifications to that proof.

(a) The definition of active sequent on page 27 must be modified, since
now we are allowing nonlogical axioms in 7. Give the precise new
definition.

(b) Step 1 of the procedure on page 27 must be modified, because now
we are looking for a derivation of ' — A from nonlogical axioms,
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rather than a proof of Ci.....C,,I' — A. Describe the modifi-
cation. (We still need to bring formulas 4; of ® somehow into the
proof, and your modification will involve adding a short derivation
tom.)

(c) The restriction given in Step 2 for the case in which 3xB(x) is in the
antecedent, that the variable ¢ must not occur in any formula in @,
must be dropped. Explain why.

(d) Explain why the term model M and object assignment o, described
on page 29 (Definition 11.2.26), satisfy VY®. This should follow
from the Claim on page 29, and your modification of Stzep 1, which
should ensure that each formula in @ occurs in the antecedent of
some sequent in every branch in z. Conclude that ' — A is not a
logical consequence of ¥® (when the procedure does not terminate).

I1.3. Equality Axioms

DEerFINiTION 11.3.1. A weak L-structure M is an L-structure in which
we drop the requirement that = is the equality relation (i.e., = can be
any binary relation on M .)

Are there sentences £ (axioms for equality) such that a weak structure
M satisfies € iff M is a (proper) structure? It is easy to see that no such
set £ of axioms exists, because we can always inflate a point in a weak
model to a set of equivalent points.

Nevertheless every vocabulary £ has a standard set £, of equality ax-
ioms which satisfies the Equality Theorem below.

DerINITION 11.3.2 (Equality Axioms of £ (£.)).

EAL.Vx(x = x) (reflexivity):

EA2.VxVy(x =y Dy =x) (symmetry);

EA3.VxVyVz((x = y Ay = z) D x = z) (transitivity):

EA4.Vx; ... Vx,Vy1 ... Vyu(x1 = »1 A AXp = Yu) D fX1...xy =
fyi...y, foreach n > 1 and each n-ary function symbol f in L.

EAS5.Vx; ... Vx,Vy1 ... Vy,(x1 = 1 A~ AXx, = V) D (Px1...X, D
Pyy...y,) for each n > 1 and each n-ary predicate symbol P in £
other than =.

Axioms EA1, EA2, EA3 assert that = is an equivalence relation. Axiom
EA4 asserts that functions respect the equivalence classes, and Axiom EAS
asserts that predicates respect equivalence classes. Together the axioms
assert that = is a congruence relation with respect to the function and
predicate symbols.

Note that the equality axioms are all valid, because of our requirement
that = be interpreted as equality in any (proper) structure.
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TueoreM 11.3.3 (Equality). Let @ be any set of L-formulas. Then @ is
satisfiable iff ® U E is satisfied by some weak L-structure.

COROLLARY I1.3.4. @ = A iff for every weak L-structure M and every
object assignment o, if M satisfies ®UE under o then M satisfies A under
.

COROLLARY 11.3.5. VO = A iff A has an LK-Y proof, where ¥ = ®UE,.

Corollary I1.3.4 follows immediately from the Equality Theorem and
the fact that @ = 4 iff ® U {—A4} is unsatisfiable. Corollary II.3.5 follows
from Corollary 11.3.4 and the derivational soundness and completeness of
LK (page 25). where in applying that theorem we treat = as just another
binary relation (so we can assume £ does not have the official equality
symbol).

PrOOF OF EQuALITY. The ONLY IF (=) direction is obvious, because
every structure M must interpret = as true equality, and hence M satisfies
the equality axioms &..

For the IF («<=) direction, suppose that M is a weak L-structure with
universe M, such that M satisfies ® UE,. Our job is to construct a proper
structure M such that M satisfies ®. The idea is to let the elements of M
be the equivalence classes under the equivalence relation =M. Axioms
EA4 and EAS insure that the interpretation of each function and predicate
symbol under M induces a corresponding function or predicate in M.
Further each object assignment ¢ for M induces an object assignment ¢
on M. Then for every formula 4 and object assignment o, we show by
structural induction on A that M |= A[a]iff M = A[6]. O

I1.3.1. Equality Axioms for LK. For the purpose of using an LK proof
to establish ® = A, we can replace the standard equality axioms EA1, ...,
EAS5 by the following quantifier-free sequent schemes, where we must
include an instance of the sequent for all terms ¢, u, v, t;, u; (not involving
“bound” variables x, y,z....).

DErFINITION 11.3.6 (Equality Axioms for LK).

El. —1t=1;
E2. t=u—u=t;
E3 t=uu=v—1t=uw;

E4. ti=uy,....th =u, — fty...t, = fuy...u,, foreach f in L;
E5. ty =uy,....t, = u,, Pty...t, — Puy...u,, foreach P in L (here
Pisnot =).
Note that the universal closures of El, ..., ES are semantically equiv-

alent to EA1, ..., EAS, and in fact using the LK rule V-right repeatedly,
— EAi is easily derived in LK from Ei (with terms ¢, u. etc., taken to
be distinct variables), i = 1,....5. Thus Corollary I1.3.5 above still holds
when ¥ = ®U{EL, ..., E5}.
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DerINITION 11.3.7 (Revised Definition of LK with =). If @ is a set of
L-formulas, where £ includes =, then by an LK-® proof we now mean
an LK-Y proof in the sense of the earlier definition, page 24, where W is
@ together with all instances of the equality axioms El,... . ES5. If @ is
empty, we simply refer to an LK-proof (but allow E1, ..., E5 as axioms).

I1.3.2. Revised Soundness and Completeness of LK.

TueoreM 11.3.8 (Revised Soundness and Completeness of LK). For
any set ®© of formulas and sequent S,

Y@ = S iff S has an LK-® proof.
NoTtaTION. @ - A4 means that there is an LK-® proof of — A.

Recall that if @ is a set of sentences, then V® is the same as ®. Therefore
OE=AifdF A, if @ is a set of sentences.

Restricteduse of cut. Note that E1, ..., ES have no universal quantifiers,
but instead have instances for all terms . u, . . . . Recall that in an anchored
LK proof, cuts are restricted so that cut formulas must occur in the
nonlogical axioms. In the presence of equality, the nonlogical axioms must
include E1, ... ES. but the only formulas occurring here are equations of
the form ¢ = u. Since the Anchored LK Completeness Theorem (page
30) still holds when @ is a set of sequents rather than a set of formulas,
and since E1, ..., ES5 are closed under substitution of terms for variables,
we can extend this theorem so that it works in the presence of equality.

DerFINITION 11.3.9 (Anchored LK Proof). An LK-® proof n is an-
chored'provided every cut formula in 7 is a formula in some nonlogical
axiom of z (including possibly E1. ... E5).

THEOREM 11.3.10 (Anchored LK Completeness with Equality). Supp-
ose that @ is a set of formulas closed under substitution of terms for variables
and that the sequent S is a logical consequence of V®. Then there is an
anchored LK-® proof of S.

The proofis immediate from the Anchored LK Completeness Theorem
(page 30) and the above discussion about axioms El. ..., ES.

We are interested in anchored proofs because of their subformula prop-
erty. The following result generalizes Proposition 11.1.15.

TueoreM 11.3.11 (Subformula Property of Anchored LK Proofs). If n
is an anchored LK-® proof of a sequent S, then every formula in every
sequent of w is a term substitution instance of a subformula of a formula
either in S or in a nonlogical axiom of n (including E1, . .. . ES5).

IThe definition of anchored in [27] is slightly stronger and more complicated.
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Proor skeTcH. The proofis by induction on the number of sequents in
7. The induction step is proved by inspecting each LK rule. The case of
the cut rule uses the fact that every cut formula in an anchored proof is
a formula in some nonlogical axiom. The reason that we must consider
term substitutions is because of the four quantifier rules. For example, in
J-right, the formula A4(¢) occurs on top. and this is a substitution instance
of a subformula of 3xA4(x), which occurs on the bottom. |

I1.4. Major Corollaries of Completeness

TueoreM 11.4.1 (Lowenheim/Skolem). If a set ® of formulas from a
countable vocabulary is satisfiable, then ® is satisfiable in a countable (pos-
sibly finite) universe.

PrOOF. Suppose that @ is a satisfiable set of sentences. We apply the
proof of the Completeness Lemma (Lemma 11.2.24), treating = as any
binary relation, replacing ® by ® = ® U £,. and taking I’ — A to be
the empty sequent (always false). In this case ' — A is not a logical
consequence of @', so the proof constructs a term model M satisfying @’
(see page 29). This structure has a countable universe M consisting of
all the £-terms. By the proof of the Equality Theorem, we can pass to
equivalence classes and construct a countable structure M which satisfies
® (and interprets = as true equality). a

As an application of the above theorem, we conclude that no countable
set of first-order sentences can characterize the real numbers. This is
because if the field of real numbers forms a model for the sentences,
then there will also be a countable model for the sentences. But the
countable model cannot be isomorphic to the field of reals, because there
are uncountably many real numbers.

THEOREM 11.4.2 (Compactness). If ® is an unsatisfiable set of predicate
calculus formulas then some finite subset of @ is unsatisfiable.

(See also the three alternative forms in Theorem 11.1.16.)

Proor. First note that we may assume that @ is a set of sentences, by
replacing the free variables in ® by distinct new constant symbols. The
resulting set of sentences is satisfiable iff the original set of formulas is
satisfiable. Since @ is unsatisfiable iff the empty sequent — is a logical
consequence of @, and since LK-Y proofs are finite, the theorem now
follows from Corollary I1.3.5. a

THEOREM 11.4.3. Suppose L has only finitely many function and predicate
symbols (or recursively enumerable sets of function and predicate symbols.)
Then the set of valid L-sentences is recursively enumerable. Similarly for
the set of unsatisfiable L-sentences.
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Concerning this theorem, a set is recursively enumerable if there is an
algorithm for enumerating its members. To enumerate the valid formulas,
enumerate finite LK proofs. To enumerate the unsatisfiable formulas, note
that A4 is unsatisfiable iff -4 is valid.

Exercise 11.4.4 (Application of Compactness). Show that if a set ® of
sentences has arbitrarily large finite models, then ® has an infinite model.
(Hint: For each n construct a sentence 4, which is satisfiable in any
universe with # or more elements but not satisfiable in any universe with
fewer than n elements.)

I1.5. The Herbrand Theorem

The Herbrand Theorem provides a complete method for proving the
unsatisfiability of a set of universal sentences. It can be extended to a
complete method for proving the unsatisfiability of an arbitrary set of
first-order sentences by first converting the sentences to universal sen-
tences by introducing “Skolem” functions for the existentially quantified
variables. This forms the basis of the resolution proof method, which is
used extensively by automated theorem provers.

DerFmNiTION I1.5.1. A formula A is quantifier-free if A has no occur-
rence of either of the quantifiers V or 3. A V-sentence is a sentence
of the form Vx;...Vx;B where k > 0 and B is a quantifier-free for-
mula. A ground instance of this sentence is a sentence of the form
B(t1/x1)(t2/x2) ... (tx /xx), Where 11, . ...t are ground terms (i.e., terms
with no variables) from the underlying vocabulary.

Notice that a ground instance of a V-sentence 4 is a logical consequence
of A. Therefore if a set ®( of ground instances of A4 is unsatisfiable, then
A is unsatisfiable. The Herbrand Theorem implies a form of the converse.

DEFINITION 11.5.2 (£-Truth Assignment). An L-truth assignment (or
just truth assignment) is a map

7 : {L-atomic formulas} — {7, F}.

We extend 7 to the set of all quantifier-free £-formulas by applying the
usual rules for propositional connectives.

The above definition of truth assignment is the same as in the propo-
sitional calculus, except now we take the set of atoms to be the set of
L-atomic formulas. Thus we say that a set @, of quantifier-free formu-
las is propositionally unsatisfiable if no truth assignment satisfies every
member of @.

Lemma 11.5.3. If a set Oy of quantifier-free sentences is propositionally
unsatisfiable, then ®q is unsatisfiable (in the first-order sense).
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Proor. We prove the contrapositive: Suppose that @y is satisfiable, and
let M be a first-order structure which satisfies ®,. Then M induces a
truth assignment 7 by the definition B* = T iff M = B for each atomic
sentence B. Then B® = T iff M |= B for each quantifier-free sentence B,
so 7 satisfies @y. O

We can now state our simplified proof method. which applies to sets
of V-sentences: Simply take ground instances of sentences in ® together
with the equality axioms £, until a propositionally unsatisfiable set @
is found. The method does not specify how to check for propositional
unsatisfiability: any method (such as truth tables) for that will do. Notice
that by propositional compactness, it is sufficient to consider finite sets
@, of ground instances. The Herbrand Theorem states that this method
is sound and complete.

THEOREM I1.5.4 (Herbrand Theorem, Form 1). Suppose that the under-
lying vocabulary L has at least one constant symbol, and let ® be a set of
V-sentences. Then @ is unsatisfiable iff some finite set ®¢ of ground instances
of sentences in ® U &, is propositionally unsatisfiable.

COROLLARY I1.5.5 (Herbrand Theorem, Form 2). Let ® be a set of V-
sentences and let A(X, y) be a quantifier-free formula with all free variables
indicated such that

® | VYxXIyA(X, y).
Then there exist finitely many terms t(X), . .. . t; (X) in the vocabulary of ®
and A(X. y) such that

() ': Vf(A()? ll(f)) VeV A(f, [k(f)))

We will use Form 2 in later chapters to prove “witnessing theorems”
for various theories. The idea is that one of the terms #1(¥).....# ()
“witnesses” the existential quantifier 3y in the formula V¥3yA(X. y).

Exercisk I1.5.6. Prove Form 2 from Form 1. Start by showing that
under the hypotheses of Form 2, ® U {Vy—A4(C, y)} is unsatisfiable, where
’1s a list of new constants.

ExampLE I1.5.7. Let ¢ be a constant symbol, and let
® = {Vx(Px D Pfx),Pc,~Pffc}.
Then the set H of ground terms is {c. fc, f fc,...}. We can take the set
@y of ground instances to be
®y = {(Pc D Pfc),(Pfec D Pffc), Pe,—Pf fc}.
Then @ is propositionally unsatisfiable, so @ is unsatisfiable.
PROOF OF THE SOUNDNESS DIRECTION OF THEOREM 11.5.4. If @ is pro-

positionally unsatisfiable, then ® is unsatisfiable. This follows easily from
Lemma I1.5.3, since @ is a logical consequence of ®. a
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PrOOF OF THE COMPLETENESS DIRECTION OF THEOREM 11.5.4. This fol-
lows from the Anchored LK Completeness Theorem (see Exercise 11.5.9
below). Here we give a direct proof.

We prove the contrapositive: If every finite set of ground instances of U
Er 1s propositionally satisfiable, then @ is satisfiable. By Corollary 11.3.4,
we may ignore the special status of =.

Let @) be the set of all ground instances of ® U £, (using ground
terms from £). Assuming that every finite subset of @y is propositionally
satisfiable, it follows from propositional compactness (Theorem I1.1.16,
Form 3) that the entire set @y is propositionally satisfiable. Let t be a
truth assignment which satisfies ®. We use 7 to construct an L-structure
M which satisfies ®. We use a term model, similar to that used in the
proof of the Completeness Lemma (Definition I1.2.26).

Let the universe M of M be the set H of all ground £-terms.

For each n-ary function symbol f define

fM(tls---Jn):fh...tn.

(In particular, c™ = ¢ for each constant ¢, and it follows by induction
that t™ = ¢ for each ground term ¢.)
For each n-ary predicate symbol P of L, define

PM={{t;.....t,) : (Pt;...1,)" = T}.

This completes the specification of M. It follows easily by structural
induction that M = B iff B* = T, for each quantifier-free £-sentence
B with no variables. Thus M | B for every ground instance B of any
sentence in @. Since every member of @ is a V-sentence, and since the
elements of the universe are precisely the ground terms, it follows that
M satisfies every member of ®. (A formal proof would use the Basic
Semantic Definition (Definition 11.2.8) and the Substitution Theorem
(Theorem 11.2.14). O

Exercisk 11.5.8. Show (from the proof of the Herbrand Theorem) that
a satisfiable set of V sentences without = and without function symbols
except the constants ¢i,....c¢, for n > 1 has a model with exactly n
elements in the universe. Give an example showing that n — 1 elements
would not suffice in general.

Exercisk 11.5.9. Show that the completeness direction of the Herbrand
Theorem (Form 1) follows from the Anchored LK Completeness Theorem
(with equality, Definition I1.3.9 and Theorem 11.3.10) and the following
syntactic lemma.

LeMMA 11.5.10. Let @ be a set of formulas closed under substitution of
terms for variables. Let © be an LK-® proof in which all formulas are
quantifier-free, let t be a term and let b be a variable, and let n(t/b) be the
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result of replacing every occurrence of b inw by t. Then r(t/b) is an LK-®
proof.

DErFINITION 11.5.11 (Prenex Form). We say that a formula A is in prenex
formif A has the form Qx; ... Q,x, B, where each Q; is either V or 3, and
B is a quantifier-free formula.

THEOREM I1.5.12 (Prenex Form). There is a simple procedure which,
given a formula A, produces an equivalent formula A’ in prenex form.

Proor. First rename all quantified variables in A4 so that they are all
distinct (see the remark on page 21). Now move all quantifiers out past the
connectives A, \V, = by repeated use of the equivalences below. (Recall that
by the Formula Replacement Theorem (Theorem 11.2.15). we can replace
a subformula in 4 by an equivalent formula and the result is equivalent
to A.)

Note. In each of the following equivalences, we must assume that x
does not occur free in C.

(VxB A C) <= Vx(B A C) (VxB V C) <= Vx(B Vv C)

(C ANVxB) <= Vx(C A B) (C VVxB) <= VYx(C V B)

(3xBAC) <= Ix(BAC) (3xBV C) <= Ix(BV C)

(C AN3xB) <= Ix(C A B) (C V3xB) <= Ix(C V B)
-VxB <= dx—B —3xB <= Vx—B. ]

I1.6. Notes

Our treatment of PK in sections I1.1.1 and I1.1.2 is adapted from Section
1.2 of [27].

Sections 11.2.1 to I1.2.3 roughly follow Sections 2.1 and 2.2 of [27].
However an important difference is that the definition of ® = A in [27]
treats free variables as though they are universally quantified, but our
definition does not.

The proof of the Anchored LK Completeness Theorem outlined in
Exercise 11.2.29 grew out of discussions with S. Buss.



Chapter III

PEANO ARITHMETIC AND ITS SUBSYSTEMS

Peano Arithmetic is the first order theory of N with simple axioms for
+, -, <, and the induction axiom scheme. Here we focus on the subsystem
IA of Peano Arithmetic, in which induction is restricted to bounded
formulas. This subsystem plays an essential role in the development of
the theories in later chapters: All (two-sorted) theories introduced in
this book extend V°, which is a conservative extension of IA;. At the
end of the chapter we briefly discuss Buss’s hierarchy S} C T C S5 ....
These single-sorted theories establish a link between bounded arithmetic
and the polynomial time hierarchy, and have played a central role in the
study of bounded arithmetic. In later chapters we introduce their two-
sorted versions, including Via theory that characterizes P. The theories
considered in this chapter are singled-sorted, and the intended domain is
N={0.1,2,...}.

Subsection I11.3.3 shows that the relation y = 2% is definable by a
bounded formula in the vocabulary of IA(, and in Section III.4 this is
used to show that bounded formulas represent precisely the relations in
the Linear Time Hierarchy (LTH).

II1.1. Peano Arithmetic
See Section I1.2 for notions such as vocabulary, formula, and logical
consequence.

DEerINITION 1I1.1.1. A theory over a vocabulary L is a set 7 of formulas
over £ which is closed under logical consequence and universal closure.

We often specify a theory by a set I" of axioms for 7, where I is a set of
L-formulas. In that case

T ={A4: Aisan L-formula and VI" = 4}.

Here VI is the set of universal closures of formulas in I" (Definition I1.2.22).
Note that it is more usual to require that a theory be a set of sentences,
rather than formulas. Our version of a usual theory 7 is 7 together with

39
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all formulas (with free variables) which are logical consequences of 7.
Recall VA = A, for any formula A.

NoTtaTION. We sometimes write 7 - Atomean A € 7. If 7T - A we
say that A4 is a theorem of 7.

The theories that we consider in this section have the vocabulary of
arithmetic
Ls=[0.1,+,-; =<]
as the underlying vocabulary (Definition 11.2.3).
Recall that the standard model N for £, has universe M = N and
0,1,+, -, =, < get their standard meanings in N.

NOTATION. ¢ < u stands for (t < u At # u). For each n € N we define
a term n called the numeral for n inductively as follows:

0=0 1=1, forn>1.n+1=m+1).

For example, 3is the term ((1+1)+1). In general, the term 7 is interpreted
as n in the standard model.

DerINITION I11.1.2. TA (True Arithmetic) is the theory over £4 con-
sisting of all formulas whose universal closures are true in the standard
model:

TA ={A:NEVA4}.

It follows from Godel’s Incompleteness Theorem that 74 has no com-
putable set of axioms. The theories we define below are all proper sub-
theories of 74 with nice, computable sets of axioms.

Note that by Definition I1.2.6, = is interpreted as true equality in all
L 4-structures, and hence we do not need to include the Equality Axioms
in our list of axioms. (Of course LK proofs still need equality axioms: see
Definition I1.3.7 and Corollaries I11.3.4, I1.3.5).

We start by listing nine “basic” quantifier-free formulas B1, . . ., B8 and
C, which comprise the axioms for our basic theory. See Figure 1 below.

Bl.x+1#0 B5. x-0=0
B2.x+1l=y+1Dx=y B6. x-(y+1)=(x-y)+x
B3. x+0=x B7. (x<yAy<x)Dx=y
B4 x+(y+1)=(x+y)+1 B x<x+y

C.o0+1=1

FiGure 1. 1-BASIC.

These axioms provide recursive definitions for + and -, and some basic
properties of <. Axiom C is not necessary in the presence of induction,
since it then follows from the theorem 0 + x = x (see Example 111.1.8,
02). However we put it in so that VB1,. ... VBS8.VC alone imply all true
quantifier-free sentences over L 4.
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Lemma 111.1.3. If ¢ is a quantifier-free sentence of L 4, then
TAF ¢ iff 1-BASIC - .

Proor. The direction <= holds because the axioms of 1-BASIC are
valid in N.

For the converse, we start by proving by induction on m that if m < n,
then 1-BASIC + m # n. The base case follows from B1 and C, and the
induction step follows from B2 and C.

Next we use B3, B4 and C to prove by induction on n thatif m+n =k,
then 1-BASIC - m + n = k. Similarly we use BS, B6 and C to prove that
ifm-n=kthen 1-BASIC+m -n = k.

Now we use the above results to prove by structural induction on 7, that
if 7 is any term without variables, and ¢ is interpreted as » in the standard
model N, then 1-BASIC - ¢t = n.

It follows from the above results that if 1 and u are any terms without
variables, then 74 + ¢t = u implies 1-BASIC -t = u, and TA -t # u
implies 1-BASIC &t # u.

Consequently, if m < n, then for some k, 1-BASIC - n = m + k,
and hence by B8, 1-BASIC - m < n. Also if not m < n, then n < m,
so by the above 1-BASIC - m # n and 1-BASIC + n < m, so by B7,
1-BASIC - —-m < n.

Finally let ¢ be any quantifier-free sentence. We prove by structural
induction on ¢ that if 74 F ¢ then 1-BASIC ¢ and if TA - —¢p then
1-BASIC + —¢p. For the base case ¢ is atomic and has one of the forms
t =uort < u,so the base case follows from the above. The induction
step involves the three cases A, V, and —, which are immediate. O

DErFINITION I11.1.4 (Induction Scheme). If @ is a set of formulas, then
®-IND axioms are the formulas

[0(0) AVx, o(x) D @(x +1)] D Vzp(z) (10)

where ¢ is a formula in ®. Note that ¢(x) is permitted to have free
variables other than x.

DErINITION I11.1.5 (Peano Arithmetic). The theory PA has as axioms
BI.....BS. together with the ®-IND axioms, where @ is the set of all £4
formulas.

(As we noted earlier, C is provable from the other axioms in the presence
of induction.)

PA is a powerful theory capable of formalizing the major theorems of
number theory. We define subsystems of PA by restricting the induction
axiom to certain sets of formulas. We use the following notation.

DerINITION I11.1.6 (Bounded Quantifiers). If the variable x does not
occur in the term ¢, then 3x < ¢4 stands for Ix(x <t A A). and Vx < tA4
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stands for Vx(x < t D A). Quantifiers that occur in this form are said
to be bounded, and a bounded formula is one in which every quantifier is
bounded.

NoTaTION. Let X stand for Ix13x, ... 3x,, k > 0.

DEFINITION I11.1.7 (IOPEN ., IA,. IZ;). OPEN is the set of open (i.e..
quantifier-free) formulas: A is the set of bounded formulas; and ¥, is the
set of formulas of the form 3%y, where ¢ is bounded and X" is a possibly
empty vector of variables. The theories IOPEN, IA¢, and IX, are the
subsystems of PA obtained by restricting the induction scheme so that ®
is OPEN, Ay. and X, respectively.

Note that the underlying vocabulary of the theories defined above is £ 4.

ExampLE I11.1.8. The following formulas (and their universal closures)
are theorems of IOPEN:
Ol. (x +y) +z = x + (y + z) (Associativity of +);
02. x +y = y + x (Commutativity of +);
03. x-(y+z)=(x-y)+ (x-z) (Distributive law):
04. (x-y)-z =x-(y-z) (Associativity of -);
05. x - y = y - x (Commutativity of -);
06. x +z =y +z D x = y (Cancellation law for +);
07.0 < x:
08. x<0D>x=0;
09. x < x:
010. x # x + 1.

Proor. O1. Induction on z.
02. Induction on y, first establishing the special cases y = 0 and y = 1.
03. Induction on z.
04. Induction on z, using O3.
05. Induction on y, after establishing (y + 1) - x = y - x + x by induction
on x.
06. Induction on z.
0O7. BS. 02, B3.
08. 07, B7.
09. BS, B3.
010. Induction on x and B2. a

Recall that x < y stands for (x < y A x # ).

ExampLE I11.1.9. The following formulas (and their universal closures)
are theorems of ITAy:
D1. x #0 D> 3y < x(x = y + 1) (Predecessor);
D2 Fz(x+z=yVy+z=x):
D3 x<yeJz(x+z=yp)
D4. (x <y Ay <z)Dx <z (Transitivity);
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D5. x <y Vy < x (Total order);

D6 x<yeox+z<y+z

D7. x<y>x-z<y-z

DS. x<y+1« (x<yVx=y+1) (Discreteness 1);
DI. x < y «> x + 1 < y (Discreteness 2);

DI0. x-z =y -z Az # 0D x =y (Cancellation law for -).

Proor. D1. Induction on x.
D2. Induction on x. Base case: B2, O2. Induction step: B3, B4, D1.
D3. —: D2, B3 and B7; «<—: BS.
D4. D3, Ol.
D5. D2, BS.
D6. —: D3, O1, 02;: <: D3, 06.
D7. D3 and algebra (O1, ..., O8).
D8. =—: D3, DI, and algebra; <: 09. BS, D4.
D9. =—: D3, DI, and algebra; <—: D3 and algebra.
D10. Exercise. O

Taken together, these results show that all models of 1A, are commuta-
tive discretely-ordered semi-rings.

ExErcisk I11.1.10. Show that IA proves the division theorem:
IANGFVXVy(0<xD3gIr<x, y=x-q+7r).

It follows from Godel’s Incompleteness Theorem that there is a bounded
formula ¢(x) such that Vxo(x) is true but IAg I/ Vxe(x). However if ¢
is a true sentence in which all quantifiers are bounded, then intuitively ¢
expresses information about only finitely many tuples of numbers, and in
this case we can show Ay = . The same applies more generally to true
X sentences .

Lemma H1.1.11. If ¢ is a X sentence, then TA & @ iff IAg - .

Proor. The direction < follows because all axioms of IA are true in
the standard model.

For the converse, we prove by structural induction on bounded sen-
tences o that if T4 + ¢ then IAy - ¢, and if TA F —p then IA) F —p.
The base case is ¢ is atomic, and this follows from Lemma III.1.3. For
the induction step, the cases Vv, A, and — are immediate. The remaining
cases are ¢ is Vx < ry(x) and ¢ is Ix < tyw(x), where 7 is a term without
variables, and w(x) is a bounded formula with no free variable except
possibly x. These cases follow from Lemma II1.1.3 and Lemma III.1.12
below.

Now suppose that ¢ is a true X; sentence of the form IxXw (¥). where
w(¥) is a bounded formula. Then y(i7) is a true bounded sentence for
some numerals n;.....n;. so [Ag - w (7). Hence IAq I . O
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Lemma II1.1.12. For eachn € N,
INFx<ne(x=0Vx=1V---VXx=n).

Proor. Induction on n. The base case n = 0 follows from O7 and O8,
and the induction step follows from DS. a

III.1.1. Minimization.

DErFINITION 111.1.13 (Minimization). The minimization axioms (or
least number principle axioms) for a set ® of formulas are denoted O-MIN
and consist of the formulas

Fz0(2) D Iy (p(y) A =3x(x < y Ap(x)))

where ¢ is a formula in @.

TueoreM II1.1.14. 1A proves Ag-MIN .

Proor. The contrapositive of the minimization axiom for ¢(z) fol-
lows from the induction axiom for the bounded formula y(z) = Vy <

z(—p(y)). 0

ExEercisk I11.1.15. Show that IAy can be alternatively axiomatized by
Bl.....B8. 010 (Example I11.1.8). D1 (Example 111.1.9). and the axiom
scheme Ay-MIN.

II1.1.2. Bounded Induction Scheme. The Ay-IND scheme of IAj can be
replaced by the following bounded induction scheme for Ay formulas, i.e.,
(9(0) AVx < z(p(x) D p(x + 1)) D p(2) (11)
where ¢(x) is any Ag formula. (Note that the IND formula (10) for ¢(x)
is a logical consequence of the universal closure of this.)

Exercisi I11.1.16. Prove that IA, remains the same if the Ag-IND
scheme is replaced by the above bounded induction scheme for A, for-
mulas. (It suffices to show that the new scheme is provable in IA,.)

II1.1.3. Strong Induction Scheme. The strong induction axiom for a for-
mula ¢(x) is the following formula:

V(7 < xp(r)) 2 p(x)) D Vzp (). (12)

Exercisk I11.1.17. Show that IA, proves the strong induction axiom
scheme for A, formulas.

II1.2. Parikh’s Theorem

By the results in the previous section, /A, can be axiomatized by a set
of bounded formulas. We say that it is a polynomial-bounded theory, a
concept we will now define.



II1.2. PARIKH’S THEOREM 45

In general, a theory 7 may have symbols other than those in £,. We
say that a term ¢(X) is a bounding term for a function symbol f (¥) in 7 if

T EVR f(X) <t(X). (13)

We say that f is polynomially bounded (or just p-bounded) in T if it has a
bounding term in the vocabulary £ 4.

Exercisg I11.2.1. Let 7 be an extension of IAg and let £ be the vocab-
ulary of 7. Suppose that the functions of £ are polynomially bounded in
7T . Show that for each £-term s(¥X). there is an £ 4-term #(X) such that

T HVXs(x) <1(x).

Suppose that a theory 7 is an extension of IA,. We can still talk about
bounded formulas ¢ in 7 using the same definition (Definition 111.1.6)
as before, but now ¢ may have function and predicate symbols not in the
vocabulary [0, 1, 4. -; =, <] of IA¢, and in particular the terms ¢ bounding
the quantifiers 9x < ¢ and Vx < ¢ may have extra function symbols.
Note that by the exercise above, in the context of polynomial-bounded
theories (defined below) we may assume without loss of generality that
the bounding terms are £ 4-terms.

DErINITION II1.2.2 (Polynomial-Bounded Theory). Let 7 be a theory
with vocabulary £. Then 7 is a polynomial-bounded theory (or just p-
bounded theory) if (i) it extends IAy; (ii) it can be axiomatized by a set of
bounded formulas; and (iii) each function f € L is polynomially bounded
in7.

Note that IAg is a polynomial-bounded theory.
Theories which satisfy (ii) are often called bounded theories.

THeOREM 111.2.3 (Parikh’s Theorem). If'7 is a polynomial-bounded the-
ory and ¢(X, y) is a bounded formula with all free variables displayed such
that T = Vx3yp (X, y). then there is a term t involving only variables in X
such that T proves¥x3dy < tp(X, y).

It follows from Exercise 111.2.1 that the bounding term ¢ can be taken
to be an L4-term. In fact, Parikh’s Theorem can be generalized to say
that if ¢ is a bounded formula and 7 F 37, then there are L£4-terms
11, ..., notinvolving any variable in j or any variable not occurring free
in ¢ such that 7 proves dy; < f1...3yr < trp. This follows from the
above remark, and the following lemma.

LemMa I11.2.4. Let T be an extension of IAy. Let z be a variable distinct
from y1, ...,y and not occurring in @. Then

TEIyp — 3z3y <z...3y <z .

Exgrcisk I11.2.5. Give a careful proof of the above lemma, using the
theorems of TA, described in Example I11.1.9.
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In section II1.3.3 we will show how to represent the relation y = 2*
by a bounded formula ¢y, (x. y). It follows immediately from Parikh’s
Theorem that

TA) VXT3ypexy (X, p).
On the other hand PA easily proves the Jyp,,(x, y) by induction on x.
Therefore 1A, is a proper sub-theory of PA.

Our proof of Parikh’s Theorem will be based on the Anchored LK
Completeness Theorem with Equality (11.3.10). Let 7 be a polynomial-
bounded theory and VxX3yp(X. y) a theorem of 7. We will look into an
anchored proof of V¥3yy (¥, y) and show that a term ¢ (not involving )
can be constructed so that VX3y < 1p(¥, y) is also a theorem of 7. In
order to apply the Anchored LK Completeness Theorem (with Equality).
we need to find an axiomatization of 7 which is closed under substitution
of terms for variables. Note that 7 is already axiomatized by a set of
bounded formulas (Definition 111.2.2). The desired axiomatization of 7
is obtained by substituting terms for all the free variables. We will consider
the example where 7 is IA,. The general case is similar.

Recall that the axioms for IAy consist of B1-B8 (page 40) and the
Ao-IND scheme, which can be replaced by the Bounded Induction Scheme

(11).

DErINITION II1.2.6 (IDy). IDy is the set of all term substitution in-
stances of BI-B8 and the Bounded Induction Scheme, where now the
terms contain only “free” variables a, b, c, .. ..

Note that all formulas in 7D, are bounded.
For example (¢ - b) + 1 # 0 is an instance of B1, and hence is in ID.
Also

a+0=0+aAVx<bla+x=x+ada+(x+1)=(x+1)+a)
Da+b=b+a

is an instance of (11) useful in proving the commutative law a +b = b +a
by induction on b, and is in IDy.

The following is an immediate consequence of the Anchored LK Com-
pleteness Theorem I1.3.10 and Derivational Soundness of LK (Theorem
11.2.23).

TueoreM 111.2.7 (LK-IDy Adequacy). Let A be an L4 formula satis-
fying the LK constraint that only variables a,b, c, ... occur free and only
X, .2, ... occur bound. Then IAy = A iff A has an anchored LK-IDy proof.

PROOF OF PARIKH’S THEOREM. Suppose that 7 is a polynomial-boun-
ded theory which is axiomatized by a set of bounded axioms such that
T - Vx3ye(X, y). where (X, y) is a bounded formula. Let T be the
set of all term substitution instances of the axioms of 7. By arguing as
above in the case 7 = IAg. we can assume that — 3y (&, y) has an
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anchored LK-T proof . Further we may assume that 7 is in free variable
normal form (Section 11.2.4). By the sub-formula property of anchored
proofs (11.3.11), every formula in every sequent of 7 is either bounded, or
a substitution instance of the endsequent 3y (&, y). But in fact the proof
of the sub-formula property actually shows more: Every formula in 7 is
either bounded or it must be syntactically identical to 3y (&, y). and in
the latter case it must occur in the consequent (right side) of a sequent.
The reason is that once an unbounded quantifier is introduced in 7, the
resulting formula can never be altered by any rule, since cut formulas are
restricted to the bounded formulas occurring in 7, and since no altered
version of Jyp(a,y) occurs in the endsequent. (We may assume that
Aye(d, y) is an unbounded formula, since otherwise there is nothing to
prove.)

We will convert 7 to an LK-T proof 7’ of 3y < 1¢(y) for some term ¢
not containing y, by replacing each sequent S in 7 by a suitable sequent
&', sometimes with a short derivation D(S) of S’ inserted.

Here and in general we treat the cedents I and A of a sequent ' — A
as multi-sets in which the order of formulas is irrelevant. In particular we
ignore instances of the exchange rule.

The conversion of a sequent S in 7 to S’, and the associated derivation
D(S). are defined by induction on the depth of S in 7 such that the
following is satisfied:

Induction Hypothesis. If S has no occurrence of 3yp, then S’ = S. If S
has one or more occurrences of 3y, then S’ is a sequent which is the same
as S except all occurrences of Jyp are replaced by a single occurrence of
dy < tp, where the term ¢ depends on S and the placement of S in 7.
Further ¢ satisfies the condition

Every variable in ¢ occurs free in the original sequent S. (14)

Thus the endsequent of 7’ has the form — Jy < tp. where every
variable in ¢ occurs free in Jyep.

In order to maintain the condition (14) we use our assumption that 7
is in free variable normal form. Thus if the variable » occurs in ¢ in the
formula 3y < fp, so b occurs in S, then b cannot be eliminated from the
descendants of S except by the rule V-right or 3-left. These rules require
special attention in the argument below.

We consider several cases, depending on the inference rule in z forming
S. and whether Jyp is the principle formula of that rule.

Case I. S is the result of 3-right applied to ¢(s) for some term s. so
the inference has the form

I — A p(s) (15)
I — A 3ye(y)
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where S is the bottom sequent. Suppose first that A has no occurrence of
Jye. Since ID, proves s < s there is a short LK-T derivation of

I'— A3y <sp(y) (16)

from the top sequent. Let D(S) be that derivation and let S’ be the sequent
(16).

If A has one or more occurrence of Iy, then by the induction hypoth-
esis the top sequent S; of (15) was converted to a sequent S| in which all
of these occurrences have been replaced by a single occurrence of the form
dy < typ. We proceed as before, producing a sequent of the form

I — A, 3y <t1p 3y < sp. (17)

Since ID, proves the two sequents — s < s +rand — ¢ < s + 1, it
follows that 7" proves

3y <sp— Iy < (s +1)p
and
Jy <t — Ty < (s + 1)

We can use these and (17) with two cuts and a contraction to obtain a
derivation of

I —A.3y<(s+t)oy). (18)

Let D(S) be this derivation and let S’ be the resulting sequent (18).

CaseIl. S istheresult of weakening right, which introduces 3y¢. Thus
the inference has the form
r—A
— (19)
I — A, Hytp
where S is the bottom sequent. If A does not contain 3y, then define S’
to be

I —A3dy<0¢p
(introduced by weakening). If A contains one or more occurrences of
Jye. then take S’ = Si. where S is the top sequent of (19).

Case III. S is the result of V-right or 3-left. We consider the case
J-left. The other case is similar and we leave it as an exercise. The new
quantifier introduced must be bounded, since all formulas in 7 except Jyp
are bounded, and the latter must occur on the right. Thus the inference
has the form

b<rAw().T — A

(20)
Ix <rp(x).T — A
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where S is the bottom sequent. If A has no occurrence of Iy, then define
S’ = S and let D(S) be the derivation (20). Otherwise, by the induction
hypothesis, the top sequent was converted to a sequent of the form

b<rAwb).T — AN 3y <s(b)p(y). (21)

Note that b may appear on the succedent and thus violate the Restriction
of the 3-left rule (page 22).

In order to apply the 3-left rule (and continue to satisfy the condition
(14)). we replace the bounding term s(b) by an £ 4-term ¢ that does not
contain h. This is possible since the functions of 7 are polynomially
bounded in 7. In particular, by Exercise I11.2.1, we know that there are
L 4-terms ', s'(b) such that 7 proves both

r<r’ and s(b) < s'(b).
Let + = s'(+’). Then by the monotonicity of £-terms, 7 proves b <
r — s(b) < t. Thus 7 proves
b<r3y<sbely) — Iy <tp(y)

(i.e., the above sequent has an LK-T derivation). From this and (21)
applying cut with cut formula 3y < s(b)¢ we obtain

b<rAyb).T — A.3y <tp(y)
where ¢ does not contain 5. We can now apply the 3-left rule to obtain

3x <ry(x). T — A3y <1p(y). (22)

Let D(S) be this derivation and let S’ be the resulting sequent (22).

Case IV. S results from a rule with two parents. Note that if this rule
is cut, then the cut formula cannot be Jyy, because 7 is anchored. The
only difficulty in converting S is that the two consequents A’ and A” of the
parent sequents may have been converted to consequents with different
bounded formulas 3y < 71 and 3y < 2. In this case proceed as in the
second part of Case I to combine these two formulas to the single formula
Jy < (11 + n)e.

Case V. All remaining cases. The inference is of the form derive &
from the single sequent S;. Then take S’ to be the result of applying the
same rule in the same way to ;. except in the case of contraction right
when the principle formula is 3y¢. In this case take S’ = Sj. m|

Exercisk I11.2.8. Work out the sub-case V-right in Case I11.

II1.3. Conservative Extensions of 1A

In this section we occasionally present simple model-theoretic argu-
ments, and the following standard definition from model theory is useful.
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DerINiTION 111.3.1 (Expansion of a Model). Let £; C £, be vocabu-
laries and let M; be an £; structure for i = 1,2. We say M, is an
expansion of My if M; and M, have the same universe and the same
interpretation for symbols in £;.

II1.3.1. Introducing New Function and Predicate Symbols. In the fol-
lowing discussion we assume that all predicate and function symbols have
a standard interpretation in the set N of natural numbers. A theory 7
which extends A has defining axioms for each predicate and function
symbol in its vocabulary which ensure that they receive their standard
interpretations in a model of 7 which is an expansion of the standard
model N. We often use the same notation for both the function symbol
and the function that it is intended to represent. For example, the predi-
cate symbol P might be Prime, where Prime(x) is intended to mean that
X is a prime number. Or f might be LPD, where LPD(x) is intended to
mean the least prime number dividing x (or x if x < 1).

NOTATION (unique existence). I!xe(x) stands for Ix, p(x)AVy(p(y) D
Xx = y). where y is a new variable not appearing in ¢(x). Ilx < rp(x).
where ¢ does not involve x, stands for
Ix <o) AV <tle(y) Dx =)
where y is a new variable not appearing in ¢(x) or ¢.
DerINITION 111.3.2 (Definable Predicates and Functions). Let 7 be a
theory with vocabulary £, and let ®@ be a set of £L-formulas.

(a) We say that a predicate symbol P(¥) not in £ is ®-definable in T if
there is an £-formula ¢(X) in @ such that

P(%) & o(%). (23)
(b) We say that a function symbol f (¥) not in £ is ®-definable in 7 if
there is a formula (¥, ) in ® such that
T +VE3lye(X, p). (24)
and that
y=f(F) = (F.y). (25)

We say that (23) is a defining axiom for P(¥) and (25) is a defining axiom
for f(X). We say that a symbol is definable in T if it is ®-definable in 7
for some ®.

Although the choice of ¢ in the above definition is not uniquely deter-
mined by the predicate or function symbol, we will assume that a specific
o has been chosen, so we will speak of the defining axiom for the symbol.

For example, the defining axiom for the predicate Prime(x) (in any
theory whose vocabulary contains £ ) might be

Prime(x) « 1 < x AVy < xVz<x(y-z#x).
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NortaTION. Note that Ay and £; (Definition 111.1.7) are sets of £4-
formulas. In general. given a vocabulary £ the sets Ag(£) and (L) are
defined as in Definition I11.1.7 but the formulas are from £. In this case
we require that the terms bounding the quantifiers are £ 4-terms.

In Definition I11.3.2, if ® = A¢(L) (resp. ® = X;(£)) then we sometimes
omit mention of £ and simply say that the symbols P, f are Ap-definable
(resp. X;-definable) in 7.

In the case of functions, the choice ® = X (L) plays a special role. A
¥ -definable function in 7 is also called a provably total functionin T. For
example one can show that the provably total functions of 74 are precisely
all total computable functions. The provably total functions of IX; are
precisely the primitive recursive functions, and of S} (see Section I11.5) the
polytime functions. In Section II1.4 we will show that the provably total
functions of 1Ay are precisely the functions of the Linear Time Hierarchy.

Exgrcisk I11.3.3. Suppose that the functions
f(xr..oooxm) and i (xy, .. .. x,) (for 1 <i < m)
are X -definable in a theory 7. Show that the function f (h1(¥). . ... A, (X))

(where ¥ stands for x;. ..., x,) is also X;-definable in 7. (In other words,
show that X, -definable functions are closed under composition.)

DerINITION I11.3.4 (Conservative Extension). Suppose that 7; and 7,
are two theories, where 7; C 75, and the vocabulary of 7> may contain
function or predicate symbols not in 7;. We say 7, is a conservative
extension of 7T if for every formula A in the vocabulary of 77, if 7, - 4
then 77 - A.

TueoreM 111.3.5 (Extension by Definition). If 7 results from T; by ex-
panding the vocabulary of 1) to include definable symbols, and by adding the
defining axioms for these symbols, then T, is a conservative extension of 1.

Proor. We give a simple model-theoretic argument. Suppose that A
is a formula in the vocabulary of 7; and suppose that 7, - A. Let M,
be a model of 7;. We expand M, to a model M, of 7, by interpreting
each new predicate and function symbol so that its defining axiom (23) or
(25) is satisfied. Notice that this interpretation is uniquely determined by
the defining axiom, and in the case of a function symbol the provability
condition (24) is needed (both existence and uniqueness of y) in order to
ensure that both directions of the equivalence (25) hold.

Since M, is a model of 7, it follows that M, |= 4, and hence M, = 4.
Since M is an arbitrary model of 77, it follows that 7; - A. O

CoroLLARY I11.3.6. Let T be a theory and 7y = T C 171 C --- be a
sequence of extensions of T where each T, is obtained by adding to T,
a definable symbol (in the vocabulary of T,) and its defining axiom. Let
Too = U,>0 Zn. Then T is a conservative extension of T .
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Exgrcisk I11.3.7. Prove the corollary using the Extension by Definition
Theorem and the Compactness Theorem.

As an application of the Extension by Definition Theorem, we can
conservatively extend PA to include symbols for all the arithmetical pred-
icates (i.e., predicates definable by £ 4-formulas). In fact. the extension of
PA remains conservative even if we allow induction on formulas over the
expanded vocabulary.

Similarly we can also obtain a conservative extension of A, by adding
to it predicate symbols and their defining axioms for all arithmetical
predicates. However such a conservative extension of IAp no longer proves
the induction axiom scheme on bounded formulas over the expanded
vocabulary. It does so if we only add Aj-definable symbols, and in fact we
may add both Ay-definable predicate and function symbols. To show this,
we start with the following important application of Parikh’s Theorem.

THeoREM 111.3.8 (Bounded Definability). Let T be a polynomial-boun-
ded theory. A function f(X) (not in T) is Xi-definable in T iff it has a
defining axiom

y=f(%) = p.)
where @ is a bounded formula with all free variables indicated, and there is
an L4-term t = t(X) such that T proves Vx3ly < tp(X, y).

Proor. The IF direction is immediate from Definition 111.3.2. The
ONLY IF direction follows from the discussion after Parikh’s Theo-
rem I11.2.3. O

CoroLLARY 111.3.9. If T is a polynomial-bounded theory, then a function
f is Zi-definable in T iff f is Ao-definable in T .

From the above theorem we see that the function 2* is not X{-definable
in any polynomial-bounded theory. even though we shall show in Sec-
tion II1.3.3 that the relation (y = 2*) is A¢-definable in IA,. Since the
function 2* is X-definable in PA, it follows that IA¢ C PA.

Lemma I11.3.10 (Conservative Extension). Suppose that T is a polyno-
mial-bounded theory and T is the conservative extension of T obtained
by adding to T a Ag-definable predicate or a i-definable function symbol
and its defining axiom. Then T is a polynomial-bounded theory and
every bounded formula o™ in the vocabulary of T+ can be translated into a
bounded formula o in the vocabulary of T such that

T ot oo
The following corollary follows immediately from the lemma.

COROLLARY II1.3.11. Let T and T be as in the Conservative Extension
Lemma. Let L and L denote the vocabulary of T and T, respectively.
Assume further that T proves the Ao(L)-IND axiom scheme. Then T+
proves the Ag(LT)-IND axiom scheme.
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PROOF OF THE CONSERVATIVE EXTENSION LEMMA.  First, suppose that
7" is obtained from 7 by adding to it a Aj-definable predicate symbol P
and its defining axiom (23). That 7 T is polynomial-bounded is immediate
from Definition I11.2.2. Now each bounded formula in the vocabulary
of 77 can be translated to a bounded formula in the vocabulary of 7
simply by replacing each occurrence of a formula of the form P(7) by ¢(7)
(see the Formula Replacement Theorem. 11.2.15). Note that the defining
axiom (23) becomes the valid formula ¢(X) < ¢ (X).

Next suppose that 7 is obtained from 7 by adding to it a ¥,-definable
function symbol f and its defining axiom (25). That 7 is polynomial-
bounded follows from Theorem I11.3.8.

Start translating o™ by replacing every bounded quantifier Vx < wuy
by Vx < u'(x < u D w). where u’ is obtained from u by replacing every
occurrence of every function symbol other than 4+, - by its bounding term
in £4. Similarly replace 3x < uy by Ix < u'(x <u A w).

Now we may suppose by Theorem I11.3.8 that f has a bounded defining
axiom

y=f(X) < @(x.y)

and f(X) has an £, bounding term #(¥’). Repeatedly remove occurrences
of f in an atomic formula 0 (s (f (i7))) by replacing this with

Jy <t(@). o1 y) AO(s(y)). O

Now we summarize the previous results.

THeoREM 111.3.12 (Conservative Extension). Let 7y be a polynomial-
bounded theory over a vocabulary Lo which proves the Ay(Lo)-IND axioms.
Let 7y C T C Ty C ... be asequence of extensions of Ty where each T; )
is obtained from T; by adding a Xi-definable function symbol f; ., (or a
Ao-definable predicate symbol P; ) and its defining axiom. Let

7=J7.

i>0

Then T is a polynomial-bounded theory and is a conservative extension of
To. Furthermore, if L is the vocabulary of T , then T proves the equivalence
of each Ay(L) formula with some Ay(Lo) formula, and T = Ag(L)-IND.

Proor. First, we prove by induction on i that
1) 7; is a polynomial-bounded theory:
2) 7; is a conservative extension of 7g; and

3) 7; proves that each A¢(L;) formula is equivalent to some Ay(Lo)
formula, where £; is the vocabulary of 7;.

The induction step follows from the Conservative Extension Lemma.
It follows from the induction arguments above that 7 is a polynomial-
bounded theory, and that 7 proves the equivalence of each Ag(£) formula
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with some Ag(Ly) formula, and 7 F Ag(£)-IND. 1t follows from Corol-
lary I11.3.6 that 7 is a conservative extension of 7. O

I11.3.2. IAy: A Universal Conservative Extension of IA. (This subsec-
tion is not needed for the remainder of this chapter, but it is needed for
later chapters.)

We begin by introducing terminology that allows us to restate the Her-
brand Theorem (see Section I1.5).

A universal formula is a formula in prenex form (Definition 11.5.11) in
which all quantifiers are universal. A universal theory is a theory which can
be axiomatized by universal formulas. Note that by definition (III.1.1),
a universal theory can be equivalently axiomatized by a set of quantifier-
free formulas, or by a set of V sentences (Definition 11.5.1). We can now
restate Form 2 of the Herbrand Theorem I1.5.5 as follows.

THeorREM 111.3.13 (Herbrand Theorem, Form 2). Let T be a universal
theory, and let ¢(xi,...,Xn.y) be a quantifier-free formula with all free
variables indicated such that

T - Vxy...¥x,3yp(X, y). (26)
Then there exist finitely many terms t\(X). . .. . t,(¥) such that
T EVX1 VX (@(R0(X) Ve V(R 1,(X))).
Note that the theorem easily extends to the case where
T FVxy... VX, 3y ... 3yee(R.7)

instead of (26). where (X, 7) is a quantifier-free formula.
ProOOF. As we have remarked earlier, 7 can be axiomatized by a set "
of V sentences. From (26) it follows that
TU{3x;...3x,Vy—e(X, y)} (27)

is unsatisfiable. Let c;. ..., ¢ be new constant symbols. Then it is easy

to check that (27) is unsatisfiable if and only if

CU{Vy—e(c.y)}

is unsatisfiable. (We will need only the ONLY IF (=) direction.)
Now by Form 1 (Theorem 11.5.4), there are terms #,(¢). . ... ¢,(¢) such
that
LU {p(.11(¢)).....~p(¢ 1a(€))}
is unsatisfiable. (We can assume that n > 1, since n = 0 implies that I is
itself unsatisfiable, and in that case the theorem is vacuously true.) Then
it follows easily that

T F ViV (p(Z.01(R) V-V (R, 1,(3))). O
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As stated, the Herbrand Theorem applies only to universal theories.
However every theory has a universal conservative extension, which can
be obtained by introducing “Skolem functions”. The idea is that these
functions explicitly witness the existence of existentially quantified vari-
ables. Thus we can replace each axiom (which contains 3) of a theory 7
by a universal axiom.

Lemma 111.3.14. Suppose that w(X) = Iy (X, y) is an axiom of a theory
T. Let f beanew function symbol, and let T' be the theory over the extended
vocabulary with the same set of axioms as T except that w(X) is replaced
by

p(X. (%))
Then T is a conservative extension of T .
The new function f is called a Skolem function.

Exercisk I11.3.15. Prove the above lemma by a simple model-theoretic
argument showing that every model of 7 can be expanded to a model of
7’. It may be helpful to assume that the vocabulary of 7 is countable,
so by the Lowenheim/Skolem Theorem (Theorem 11.4.1) we may restrict
attention to countable models.

By the lemma, for each axiom of 7 we can successively eliminate the
existential quantifiers, starting from the outermost quantifier, using the
Skolem functions. It follows that every theory has a universal conservative
extension. For example, we can obtain a universal conservative extension
of IAy by introducing Skolem functions for every instance of the Ay-IND
axiom scheme. Let ¢(z) bea Ao formula (possibly with other free variables
X). Then the induction scheme for ¢(z) can be written as

Vvz(p(2) V=0(0) vV Iy(e(y) A—p(y +1))).

Consider the simple case where ¢ is an open formula. The single Skolem
function (as a function of ¥, z) for the above formula is required to “wit-
ness” the existence of y (in case such a y exists).

Although the Skolem functions witness the existence of existentially
quantified variables, it is not specified which values they take (and in
general there may be many different values). Here we can construct a
universal conservative extension of IAy by explicitly taking the smallest
values of the witnesses if they exist. Using the least number principle
(Definition II1.1.13), these functions are indeed definable in 1A,.

Let ¢(z) be an open formula (possibly with other free variables), and
t a term. Let X be the list of all variables of ¢ and other free variables of
¢(z) (thus X may contain z if 7 does). Let f,.),(¥) be the least y < ¢
such that ¢ (y) holds. or 7 if no such y exists. Then f,.), is total and can
be defined as follows (we assume that y, v do not appear in ¥):

V="So () = (y<tA(<tDe(y) AVo<y-p(v)). (28)
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Note that (28) contains an implicit existential quantifier Jv (consider
the direction «). Our universal theory will contain the following equiva-
lent axiom instead:

@) <tA(f(@) <tDe(f(R))A(v< f(Z)D-p)  (29)
(here f = fgo(z)At)'

A consequence of (29) is
3z < 1p(z) = o(f (). (X))
so introduction of the function symbols f,.), allows us to eliminate
bounded quantifiers (Lemma 111.3.19).
Although the predecessor function pd(x) can be defined by a formula

of the form (29), we will use the following two recursive defining axioms
instead.

D1’. pd(0) = 0;
D1”. x #0 D pd(x) +1 = x.

Note that D1” implies D1 (see Example 111.1.9). and D1’ is needed to
define pd(0).

We are now ready to define the vocabulary La, of the universal the-
ory IAg. This vocabulary has a function symbol for every Aj-definable
function in IA.

DEFINITION II1.3.16 (Ly,). Let £, be the smallest set that satisfies

1) La, includes £4 U {pd}:

2) For each open Lu,-formula ¢(z) and £ 4-term 7 there is a function

f@p(z)J in ’CA(J'

Note that £,, can be alternatively defined as follows. Let

Lo=L4U {pd},
forn > 0: L1 =L, U{f ), : ¢(z)is an open L,-formula,
tis an L -term}.

Then

La, = L0

n>0
Our universal theory TA, requires two more axioms in the style of
1-BASIC.
B8. 0 < x;
B8’ x<x+ 1.

DerINITION T11.3.17 (IA¢). Let IAq be the theory over £,, with the fol-
lowing set of axioms: B1. ... . B8, B8’. B8”. D1’, D1” and (29) for each
function f ), of La,.
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Thus A, is a universal theory. Note that there is no induction scheme
among its axioms. Nevertheless we show below that TA, proves the
Ao-IND axiom scheme, and hence TA, extends IA. From this it is easy to
verify that IAg is a polynomial-bounded theory.

THEOREM 111.3.18. TA is a conservative extension of IA.

To show that TA, extends IAy we show that it proves the Ay-IND ax-
iom scheme. Note that if the functions of L, receive their intended
meaning, then every bounded £, -formula is equivalent to an open Lx,-
formula. Therefore, roughly speaking, the Ag-MIN (and thus Ay-IND)
axiom scheme is satisfied by considering the appropriate functions of L, .

Lemma I11.3.19. For each Ao(L4) formula ¢, there is an open La,-
Jormula @' such that INy - ¢ — ¢'.

Proor. We use structural induction on ¢. The only interesting cases
are for bounded quantifiers. It suffices to consider the case when ¢ is
Jy < ty(y). Then take ¢’ to be y'(f,(¥)). Itis easy to check that
IAy F ¢ — ¢’ using (29). No properties of < and < are needed for this
implication except the definition y < f(X) stands for (y < f(X¥) Ay #
1 (%)) O

ProOF oF THEOREM I11.3.18. First we show that IA is an extension of
IA. i.e., Ap-IND is provable in 1A,.

By the above lemma, it suffices to show that IA, proves the Induction
axiom scheme for open L -formulas. Let ¢(X,z) be any open La,-
formula. We need to show that (omitting ¥)

IA F (9(0) A=p(2) D p(e(y) A—p(y +1)).

Assuming (¢(0) A —¢(z)). we show in TAg that (¢(y) A —¢(y + 1)) holds
for y = pd(f-,-(X.z)). using (29). We need to be careful when arguing
about <, because the properties O1-09 and D1-D10 which we have been
using for reasoning in IA, require induction to prove.

First we rewrite (29) for the case f is f .

f(Ez)<zA(f(Rz)<zD-o(f(F2)A(v< f(R.2) Dgo(v)().)
30

Now 0 < z by B8 and our assumptions ¢(0) and —¢(z). so f(¥.z) # 0
by (30). Hence y +1 = pd(f(X.z)) + 1 = f(X,z) by D1”. Therefore
—p(y + 1) by (30) and the assumption —p(z).

To establish ¢(y) it suffices by (30) to show y < f(¥.z). This holds
because f(X.z) = y + 1 as shown above, and y < y + 1 by B8".

This completes the proof that IA, extends IAy. Next, we show that A,
is conservative over IAg. Let f1 = pd, f>. f3.... be an enumeration of
La, \ L4 such that for n > 1, £+ is defined using some £ 4-term ¢ and
(L4 U{f1..... fn})-formula ¢ asin (29).
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Forn > 0let £, denote L,U{f..... fu}. LetZy = IAy, and forn > 0
let 7,1 be the theory over £, which is obtained from 7, by adding the
defining axiom for /', (in particular, 7; is axiomatized by /Ay and D1’,
D1”). Then

To=IANCTiCTC--- and TA=|JT.
n>0

By Corollary II1.3.6, it suffices to show that for each n > 0, f,.; is
definable in 7,,. In fact, we prove the following by induction on n > 0:

1) 7, proves the Ag(L,)-IND axiom scheme;
2) fne1is Ag(Ly)-definable in 7,,.

Consider the induction step. Suppose that the hypothesis is true for n
(n > 0). We prove it for n + 1. By the induction hypothesis, 7, proves
the A¢(L,)-IND axiom scheme and A¢(L,)-defines f,.;. Therefore by
Corollary I11.3.11, 7,,,| proves the Ag(L,,;1)-IND axiom scheme. Conse-
quently. 7, also proves the Ay(L,,11)-MIN axiom scheme. The defining
equation for f,,, has the form (29), and hence 7, proves (28) where f
is /2. Thus (28) is a defining axiom which shows that 1.2 is Ag(L,41)-
definable in 7, 1. Here we use the Ag(L,.1)-MIN axiom scheme to prove
Jy in (24). O

I11.3.2.1. Analternative proof of Parikh’s Theorem for IAy. Now we will
present an alternative proof of Parikh’s Theorem for /Ay from Herbrand
Theorem applied to IA. using the fact that TA is a conservative extension
of IA().

In proving that TA, is conservative over IAy (see the proof of The-
orem I11.3.18), in the induction step we have used Corollary I11.3.11
(the case of adding X,-definable function) to show that 7, proves the
Ao(L,)-IND axiom scheme. The proof of Corollary I11.3.11 (and of the
Conservative Extension Lemma) in turn relies on the Bounded Definabil-
ity Theorem II1.3.8, which is proved using Parikh’s Theorem. However,
for TAy. the function f,,; in the induction step in the proof of Theo-
rem II1.3.18 is already Ag-definable in 7, and comes with a bounding term
t. Therefore we have actually used only a simple case of Corollary I11.3.11
(i.e., adding Ay-definable functions with bounding terms). Thus in fact
Parikh’s Theorem is not necessary in proving Theorem III.3.18.

PrOOF OF PARIKH’S THEOREM. Suppose that VX3yp (¥, y) is a theorem
of IA,, where ¢ is a bounded formula. We will show that there is an
L 4-term s such that

IA F ¥y < sp(X.p).
By Lemma I11.3.19, there is an open L, -formula ¢’ (¥, y) such that
TAg =YYy (p(R.p) < ¢ (R.)).
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Then since TA, extends IA, it follows that
TA) - Y3y’ (X, p).

Now since TA is a universal theory, by Form 2 of the Herbrand Theo-
rem II1.3.13 there are L -terms #1, ..., ¢, such that

IA) =V (@' (X, 11(X) V-V @ (X.1,(X))). (31)

Also since A is a polynomial-bounded theory. there is an £ 4-term s such
that

IA) F 1(%) < s(%) foralli,1<i<n.
Consequently,
IA) - VX3y < s@'(X.p).
Hence
IA) FVx3y < sp(X, p).
By the fact that TA, is conservative over A, we have

IA) - VX3y < sp(X,y). O

Note that we have proved more than a bound on the existential quan-
tifier 3y. In fact. (31) allows us to explicitly define a Skolem function
y = f(X), using definition by cases. This idea will serve as a method for
proving witnessing theorems in future chapters.

I11.3.3. Defining y = 2* and BIT (i, x) in IA,. In this subsection we
show that the relation BIT (i, x) is A¢-definable in IAy. where BIT (i. x)
holds iff the i-th bit in the binary notation for x is 1. This is useful
particularly in Section II1.4 where we show that IA characterizes the
Linear Time Hierarchy.

In order to define BIT we will show that the relation y = 2% is Ay-
definable in IAg. On the other hand, by Parikh’s Theorem II1.2.3, the
function f(x) = 2¥ is not X;-definable in IA,. because it grows faster than
any polynomial.

Our method is to introduce a sequence of new function and predicate
symbols, and show that each can be Ag-defined in 7A, extended by the
previous symbols. These new symbols together with their defining axioms
determine a sequence of conservative extensions of IAy, and according to
the Conservative Extension Theorem I11.3.12, bounded formulas using the
new symbols are provably equivalent to bounded formulas in the vocabu-
lary £4 of IAy, and hence the induction scheme is available on bounded
formulas with the new symbols. Finally the bounded formula ¢,y,(x, y)
given in (34) defines (y = 2*), and the bounded formula BIT (i. x) given
in (35) defines the BIT predicate. These formulas are provably equiva-
lent to bounded formulas in 1A, and IA proves the properties of their
translations, such as those in Exercise 111.3.28.
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We start by Ag-defining the following functions in IAg: x = y, [x/y].
x mod y and |/x]. We will show in detail that x — y is Aj-definable in
IAy. A detailed proof for other functions is left as an exercise. It might be
helpful to revisit the basic properties O1, ..., O10, D1, ... . D10 of IA,
in Examples IT1.1.8, I11.1.9.

1)

Limited subtraction. The function x — y = max{0,x — y} can be
defined by

z=x-yo (+z=x)Vix<yrz=0).

In order to show that IA, can Ay-define this function we must show
that

IA - ¥xVy3lzp(x. y.z2)
where ¢ is the RHS of the above equivalence (see Definition 111.3.2

(b))

For the existence of z, by D2 we know that there is some z’ such

that

x+zZ=yvy+zZ=x
If y + z/ = x then simply take z = z’. Otherwise x + z’ = y, then
by B8, x < x + z’. hence x < y. and thus we can take z = 0.

For the uniqueness of z, first suppose that x < y. Then we have to
showthaty+z =x Dz =0. Assume y+z =x. ByB8,y < y+z,
hence y < x. Therefore x = y by B7. Now from x + 0 = x (B3)
and x + z = x we have z = 0, by 02 (Commutativity of +) and O6
(Cancellation law for +).

Next, suppose that =(x < y). Then y + z = x. and by O2 and
06,y +z=xANy+z =xDz==z.

Division. The function x div y = |x/y| can be defined by

z=lx/y] o (- z<xAx<y-(z+1)V(y=0Az=0)).

The existence of z is proved by induction on x. The uniqueness of z
follows from transitivity of < (D4), Total Order (D5), and O5, D7.
Remainder. The function x mod y can be defined by

xmody=x-=(y-|x/y]).

Since x mod y is a composition of X;-definable functions, it is X;-
definable by Exercise I11.3.3. Hence it is Ag-definable by Corol-
lary I11.3.9.
Square root.

y=|Vx] e (-y<xAx<(+1(p+1).

The existence of y follows from the least number principle. The
uniqueness of y follows from Transitivity of < (D4), Total Order
(D5). and 05, D7.
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ExXERcisk 111.3.20. Show carefully that the functions |x/y| and |\/x]
are Ay-definable in IA,.

Next we define the following relations x|y, Pow2(x), Pow4(x) and
LenBit(y, x):
5) Divisibility. This relation is defined by
x|y 3Iz<ylx-z=yp).
6) Powers of 2 and 4.
x is a power of 2:
Pow2(x) < (x #0AVy < x((1 <y Ay[x) D2|y)).

x is a power of 4: Pow4(x) « (Pow2(x) A x mod 3 = 1).

7) LenBit. We want the relation LenBit(2', x) to hold iff the i-th bit in
the binary expansion of x is 1, where the least significant bit is bit 0.
Although we cannot yet define y = 2/, we can define

LenBit(y. x) < (|x/y] mod 2 = 1).
Note that we intend to use LenBit(y, x) only when y is a power of
2, but it is defined for all values of y.

NortaTtioN. (V2') stands for “for all powers of 27, i.e..
(V27) A(2") standsfor Vx (Pow2(x) D A(x)).
(V2 <t) A(2") standsfor Vx ((Pow2(x)Ax <t) D A(x)).

Same for (327) and (327 < 1).

Exercisk I11.3.21. Show that the following are theorems of 1A:
) Pow2(x) < Pow2(2x).

(V2 (v2/)(2F < 2/ > 21\2/) (Hint: using strong induction (12).)

(V21) (W2 < 27) Pow2(|2//27]).

(a
(b) (
(c) (VY
(d) (V2)(v2/) (21 <2/ 5220 < 2i).
) (v2')(
) (v27)

(V21)(V27) Pow2(2' - 27).

(V21)(327 < 21) ((27)% = 21 v 2(2/)? = 21)).

We also need the following function:

(e
(f

8) Greatest power of 2 less than or equal to x.
y =gp(x) <
(x=0Ay=0)V(Pow2(y) Ny <x A (V2 <x)2 <yp)).

ExeRrcISE 111.3.22. Show that IA, can Ag-define gp(x). (Hint: Use
induction on x.)
Exercisk 111.3.23. Prove the following in 7Ay:

(a) x>0D (gp(x) < x < 2gp(x)).
(b) x > 0 D LenBit(gp(x). x).
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() y=x=gp(x) D (V2! < y) (LenBit(2",y) « LenBit(2', x)).

It is a theorem of IA( that the binary representation of a number
uniquely determines the number. This theorem can be proved in IA
by using strong induction (12) and part (c) of the above exercise. Details
are left as an exercise.

THeEOREM 111.3.24.
IAg FVyVx < y(32° < y)(LenBit(2', y) A =LenBit(2', x)).
Exercisk I11.3.25. Prove the above theorem.

I1.3.3.1. Defining the Relation y = 2*. This is much more difficult to
Ao-define than any of the previous relations and functions. A first attempt
to define y = 2* might be to assert the existence of a number s coding the
sequence (2°, 20 . ,2%). The main difficulty in this attempt is that the
number of bits in s is Q(|y|*) (where |y| is the number of bits in y). and
so s cannot be bounded by any IA, term in x and y.

We get around this by coding a much shorter sequence, of length |x|
instead of length x, of numbers of the form 27. Suppose that x > 0, and
(Xk_1...x0)2 is the binary representation of x (where x,_; = 1), i.c..

k-1
X = inZi (and xz_ = 1).
i=0

We start by coding the sequence (aj.as,...,a;), where a; consists of
the first / high-order bits of x, so @, = x. Then we code the sequence
(by....,b), where b; = 2%, so y = by.

We have (note that x;_; = 1):

611:1, b1:2

: N2 (32)

Forl <i<k:ajyy = xp_i_1 +2a;. b1 = 2%=1=1h;.
Note that a; < 2" and b; < 2% for1 <i < k.

We will code the sequences (aj., ..., a;) and (by, ..., b;) by the numbers

a and b, respectively, such that a; and b; are represented by the bits 2/ to

2i+1 _ 1 of @ and b, respectively. In order to extract ¢; and b; from a and

b we use the function
ext(u,z) = |z/u| mod u. (33)

Thus if u = 2% then a; = ext(u.a) and b; = ext(u.b). It is easy to see
that the function ext is Ap-definable in ITA,.

Note that a.b < 22", and y > 22" Hence the numbers ¢ and b
can be bounded by a.b < y*. Below we will explain how to express the
condition that a number has the form 22. Once this is done, we can
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express
y=2"< ‘Pexp(xay) where ey, = (x=0Ay=1)V
Ja,b < y4l//exp(X, y.a.b) (34)
and Yy, (x.y.a.b) is the formula stating that the following conditions
(expressing the above recurrences) hold. for x > 0,y > 1:
1) ext(2¥.a) = 1. and ext(2%.b) = 2. _
2) For all u, 22 < u < y of the form 2% either
(a) ext(u? a) = 2ext(u,a) and ext(u®,b) = (ext(u.b))?, or
(b) ext(u®.a) =1+ 2ext(u.a) and ext(u?. b) = 2(ext(u.b))?.
3) There is u < y? of the form 2% such that ext(u.a) = x and

ext(u.b) = y.
Note that condition (2)(a) holds if x;_; = 0. and condition (2)(b)
holds if x;_; = 1. The conditions do not need to mention xy_; explicitly,

because condition (3) ensures that ¢; = x for some i, so all bits of x must
have been chosen correctly up to this point.
It remains to express “x has the form 2% ”. First, the set of numbers of

the form
¢
me=3"2
i=0

can be Ayp-defined by the formula
¢,(x) = —~LenBit(1,x) A LenBit(2,x) A\¥2' < x, 2<2' D
(LenBit(2'. x) < (Pow4(2') A LenBit(|V2]. x))).

From this we can Ag-define numbers of the form x = 22 as the powers of
2 for which LenBit(x, m,) holds for some m, < 2x:

x is of form 22 : PPow2(x) < Pow2(x) A 3m < 2x (pp(m) A
LenBit(x,m)).

This completes our description of the defining axiom .y, (x, ) for the
relation y = 2¥. It remains to show that /A proves some properties of
this relation. First we need to verify in IA( the properties of PPow?2.

Exercisk I11.3.26. The following are theorems of 1Ay:
(a) PPow2(z) <> PPow2(z?).

(b) (PPow2(z) A PPow2(z')Nz< z') D z? < 7.

(c) (PPow2(x) N4 <x)D[vx]*=x.

We have noted earlier that ¢; < 2/ and b; < 22. Here we need to show
that these are indeed provable in IA,. We will need this fact in order to
prove (in IAg) the correctness of our defining axiom ¢y, for the relation
y = 2% (e.g., Exercise I111.3.28 (c¢) and (d)).
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ExERCISE I11.3.27. Assuming (y > 1 AWex,(x. y. a. b)), showin IA, that
(a) Yu < y*. (PPow2(u) N4 <u) D1 +ext(u.a) < u.
(b) Yu < y2, (PPow2(u) N4 < u) D 2ext(u.b) < u.

Exercisk 111.3.28. Show that IA, proves the following:

(a) ‘Pexp(xa y) D Pow2(y).
(b) Pow2(y) D 3x < y @exp(x,y). (Hint: strong induction on y, using
Exercise 111.3.21 (f).)

(C) Lpexp(xayl) A (Pexp(xv J/2) o)1= .

(d) ‘Pexp(xby) A Soexp(x%y) D X1 = Xp.

(€) @exp(x +1.2p) < @exp(x.y). (Hint: Look at the least significant 0
bit of x.)

(f) ‘Pexp(x)byl) /\Spexp(XZayZ) B} Qaexp(xl + X2, )1 'y2)- (Hint: Induction
on y».

Although the function 2% is not Ag-definable in IA. it is easy to see
using ¢.y, (and useful to know) that the function

Exp(x,y) = min(2", y)
is Ag-definable in TA.

Exercisk I11.3.29. The relation y = z* can be defined using the same
techniques that have been used to define the relation y = 2*. Here the
sequence (by, ..., b;) needs to be modified.

(a) Modify the recurrence in (32).

Each b; now may not fit in the bits 2 to 2/*! — 1 of b, but it fits in a bigger
segment of b. Let £ be the least number such that

2
z <2%,

2€+i

(b) Show thatfor1 <i <k, zb; <2% .

(c) Show that the function Ipp(z), which is the least number of the form
2% thatis > z, is Ao-definable in TA,.

(d) ShowthatIA) -z > 1> (z < Ipp(z) < 22).

(e) What are the bounds on the values of the numbers ¢ and b that
respectively code the sequences (a;. .. ., ax)yand (by,..., bi)?

(f) Give a formula that defines the relation y = z* by modifying the
conditions 1-3.

11.3.3.2. The BIT and NUMONES Relations. The relation BIT (i, x)
can be defined as follows, where BIT (i, x) holds iff the i-th bit (i.e.,
coeflicient of 27) of the binary notation for x is I:

BIT(i.x) < 3z < x(z = 2" A LenBit(z. x)). (35)

Exgrcisk 111.3.30. Show that the length function,
is Ag-definable in IA,.

x| = [logy(x + 1)].
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LemMma 111.3.31. The relation NUMONES(x. y). asserting that y is the
number of one-bits in the binary notation for x, is Ayg-definable.

PROOF SKETCH. We code a sequence (s, 51, . . .. s,) of numbers s; of at
most £ bits each using a number s such that bits i to il + £ — 1 of s are
the bits of s5;. Then we can extract s; from s using the equation

s; = [s/2" | mod 2°.

Our first attempt to define NUMONES(x. y) might be to state the exis-
tence of a sequence (so, S1. . .., ,), where n = | x|, s; is the number of ones
in the first i bits of x, and £ = ||x||. However the number coding this
sequence has n log n bits, which is too many.

We get around this problem using “Bennett’s Trick” [15], which is to
state the existence of a sparse subsequence of (sg, s1,...,s,) and assert
that adjacent pairs in the subsequence can be filled in. Thus

NUMONES(x. y) < 3m < |x|(|]x] < m? A
0. tm)(to =0 Aty =y AV <mI(uo.... . um)(uo = t; A
Upm = Lit] /\Vj < m(ujJrl =Uuj +FBIT(IWI +]ax)))))

where the function FBIT (i, x) is bit i of x. i

1I1.4. IA, and the Linear Time Hierarchy

111.4.1. The Polynomial and Linear Time Hierarchies. An element of
a complexity class such as P (polynomial time) is often taken to be a
vocabulary L., where L is a set of finite strings over some fixed finite
alphabet X. In the context of bounded arithmetic, it is convenient to
consider elements of P to be subsets of N, or more generally relations
over N, and in this case it is assumed that numbers are presented in
binary notation to the accepting machine. In this context, the notation
%, is sometimes used for polynomial time. Thus X! = P is the set of
all relations R(x.....xx),k > 1 over N such that some polynomial time
Turing machine Mg, given input x1, ..., x; (k numbers in binary notation
separated by blanks) determines whether R(xi,....x;) holds.

The class 2 has a generalization to .7 > 0. which is the i-th level
of the polynomial-time hierarchy. This can be defined inductively by the
recurrence

>?
£/, = NP¥

where NP¥ is the set of relations accepted by a nondeterministic polyno-
mial time Turing machine which has access to an oracle in X’

For i > 1, £ can be characterized as the set of relations accepted by
some alternating Turing machine (ATM) in polynomial time, making at
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most i alternations, beginning with an existential state. In any case,
= NP.
We define the polynomial time hierarchy by

PH = Jx!.
i=0
In the context of A, we are interested in the Linear Time Hierarchy
(LTH), which is defined analogously to PH. We use NLinTime to denote
time O(n) on a nondeterministic multi-tape Turing machine. Then

2" — NLinTime (36)

and fori > 1

. lin
¥ = NLinTime™" . (37)
Alternatively, we can define /" to be the relations accepted in linear time

on an ATM with i alternations, beginning with an existential state. In
either case.?

oo
LTH = Jxi".

i=1
LinTime is not as robust a class as polynomial time; for example it is
plausible that a k + 1-tape deterministic linear time Turing machine can
accept sets not accepted by any k tape such machine, and linear time
Random Access Machines may accept sets not in LinTime. However it is
not hard to see that NLinTime is more robust, in the sense that every set
in this class can be accepted by a two tape nondeterministic linear time
Turing machine.

I11.4.2. Representability of LTH Relations. Recall the definition of de-
finable predicates and functions (Definition II11.3.2). If ® is a class of
L-formulas, 7 a theory over £, and R a ®-definable relation (over the
natural numbers) in 7, then we simply say that R is ®-definable (or
®-representable).

Thus when @ is a class of £ -formulas, a k-ary relation R over the

natural numbers is ®-definable if there is a formula ¢(x.....x;) € ©
such that for all (ny, ..., n;) € N¥,
(m,....nx) €R iff N o, ....n). (38)

More generally, if @ is a class of L-formulas for some vocabulary £
extending £ 4. then instead of N we will take the expansion of N where the
extra symbols in £ have their intended meaning.

2LTH is different from LH. the logtime-hierarchy discussed in Section IV.1.
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(Note that a relation R(¥) is sometimes called representable (or weakly
representable) in a theory T if there is some formula ¢ (X) so that for all
imeN,

R(7) iff T+ (D).
Our notation here is the special case where 7 = TA.)

For example, the class of Xi-representable sets (i.e., unary relations)
is precisely the class of r.e. sets. In the context of Buss’s S} hierarchy
(Section 111.5), NP relations are precisely the Z4-representable relations.
(2}1’ is defined for the vocabulary Lg, of S>.) Here we show that the LTH
relations are exactly the Ag-representable relations.

DEeriNITION 111.4.1. A} is the class of Ag-representable relations.

For instance, we have shown that the relations BIT and NUMONES
are in A}. So is the relation Prime(x) (x is a prime number), because

Prime(x) =1 < x AVy < xVz < x(y -z # x).
THEOREM 111.4.2 (LTH Theorem). LTH = A}.

Proor skeTcH. First consider the inclusion LTH C AON. This can be
done using the recurrence (36). (37). The hard part here is the base case.
showing NLinTime C Ag’. Once this is done we can show the induction
step by, given a nondeterministic linear time oracle Turing machine M,
defining the relation R/ (x. y.b) to assert “M accepts input x, assuming
that it makes the sequence of oracle queries coded by y, and the answers
to those queries are coded by ».” This relation R, is accepted by some
nondeterministic linear time Turing machine (with no oracle), and hence
itis in A by the base case.

To show NLinTime C Al we need to represent the computation of a
nondeterministic linear time Turing machine by a constant number k& of
strings xi,....x; of linear length. One string will code the sequence of
states of the computation, and for each tape there is a string coding the
sequence of symbols printed and another string coding the head moves.
In order to check that the computation is correctly encoded it is necessary
to deduce the position of each tape head at each step of the computation,
from the sequence of head moves. This can be done by counting the num-
ber of left shifts and of right shifts, using the relation NUMONES(x. y).
and subtracting. It is also necessary to determine the symbol appearing
on a given tape square at a given step, and this can be done by determining
the last time that the head printed a symbol on that square.

We prove the inclusion AON C LTH by structural induction on A for-
mulas. The induction step is easy, since bounded quantifiers correspond
to 3 and V states in an ATM. The only interesting case is one of the base
cases: the atomic formula x - y = z. To show that this relation R(x. y. z)
is in LTH we use Corollary I11.4.5 below which shows that L C LTH.
(L is the class of relations computable in logarithmic space using Turing
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machines. See Appendix A.1.1.) Itis not hard to see that using the school
algorithm for multiplication the relation x - y = z can be checked in space
O(logn). and thusitisin L. O

Exercisk 111.4.3. Give more details of the proof showing LTH C AON .

THEOREM I11.4.4 (Nepomnjai¢ij’s Theorem). Let ¢ be a rational num-
ber,0 < & < 1. and let a be a positive integer. Then

NTimeSpace(n“.n®) C LTH.

In the above, NTimeSpace( f (n). g(n)) consists of all relations accepted
simultaneously in time O( f (n)) and space O(g(n)) on a nondeterministic
multi-tape Turing machine.

Proor IDEA. We use Bennett’s Trick, as in the proof of Lemma II1.3.31.
Suppose we want to show

NTimeSpace(n®, n*°) C LTH.

Let M be a nondeterministic TM running in time #> and space n%°. Then
M accepts an input x iff

37(7 represents an accepting computation for x).

Here y = yi1.....y,. where each y; is a string of length n%° representing
a configuration of M. The total length of 7'is || = n>°. which is too long
for an ATM to guess in linear time.

So we guess a vector ' = zi, ..., z, representing every n-th string in j,
so now M accepts x iff

32Vi < n3il(i shows z;41 follows from z; in n steps and z, is accepting).

Now the lengths of Zand i7 are only n'®, and we have made progress. Two
more iterations of this idea (one for the 37, one for the 3i7: increasing the
nesting depth of quantifiers) will get the lengths of the quantified strings
below linear. O

For the following corollary, VL is the class of relations computable by
nondeterministic Turing machines in logarithmic space. See Appendix A.2.

CoroLLARY 111.4.5. NL C LTH.

PrOOF. We use the fact that NL C NTimeSpace(n®Y logn). O

REMARK. We know
L CLTH C PH C PSPACE

where no two adjacent inclusions are known to be proper, although we
know L C PSPACE by a simple diagonal argument.

Also LTH C LinSpace C PSPACE. where the first inclusion is not
known to be proper. Finally P and LTH are thought to be incomparable,
but no proof is known. In fact it is difficult to find a natural example of a
problem in P which seems not to be in LTH.
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I11.4.3. Characterizing the LTH by IA. First note that LTH is a class
of relations. The corresponding class of functions is defined in terms of
Sunction graphs. Given a function f (), its graph G (X, y) is the relation

Gr(%.y) & (v = f(F).

DerINITION 111.4.6 (FLTH). A function f : N¥ — Nis in FLTH if its
graph G (%, y) is in LTH and its length has at most linear growth. i.e.,

F(®) = (x1 4+ x)°W,

Exercisk I11.4.7. In future chapters we will define the class of functions
associated with a class of relations using the bit graph B, (i, ¥, y) of f
instead of the graph G (X, y). where

By (i.X) <> BIT(i. f (X)).

Show that the class FLTH remains the same if B replaces G in the above
definition.

In general. in order to associate a theory with a complexity class we
should show that the functions in the class coincide with the X;-definable
functions in the theory. The next result justifies associating the theory IA
with the complexity class LTH.

THEOREM 111.4.8 (IA-Definability). A function is ,-definable in IAq iff
itisin FLTH.

Proor. The = direction follows from the Bounded Definability The-
orem I11.3.8, the above definition of LTH functions and the LTH Theo-
rem I11.4.2.

For the <= direction, suppose f (¥) is an LTH function. By defini-
tion the graph (y = f(¥)) is an LTH relation, and hence by the LTH
Theorem I11.4.2 there is a Ay formula ¢ (¥, y) such that

y=f(F) < e(x.p).
Further, by definition, |/ (¥)| is linear bounded, so there is an £ 4-term
£(X) such that
£(®) < 1(%). (39)

The sentence VX3! yp (¥, y) is true. but unfortunately there is no reason
to believe that it is provable in IAy. We can solve the problem of proving
uniqueness by taking the least y satisfying (X, y). In general, for any
formula A(y), we define Min,[A(y)](») to mean that y is the least number
satisfying A(y). Thus

Min,[A(y)1(y) =4y A(y) AVz < y(=A(2)).

If A(y) is bounded. then we can apply the least number principle to A4(y)
to obtain

IAo 3y A(y) D 3y Min,[A(y)]1(y). (40)
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This solves the problem of proving uniqueness. To prove existence, we
modify ¢ and define

w(X.p) =ar (p(F.y) Vy =t(X)+1)
where () is the bounding term from (39). Now define
¢'(X.y) = Miny [y (X, y)](F. y).

Then ¢’ (¥, y) also represents the relation (y = f(¥)). and since trivially
IA, proves 3yw (X, y) we have by (40)
IAo F VX3’ (X, ). O

I1L5. Buss’s S} Hierarchy: The Road Not Taken

Buss’s PhD thesis Bounded Arithmetic (published as a book in 1986,
[20]) introduced the hierarchies of bounded theories

S ChLCSCTC--CHCTC

These theories, whose definable functions are those in the polynomial
hierarchy, are of central importance in the area of bounded arithmetic.

We present these theories in detail in Section VIIL.8. Here we present
a brief overview of the theories S; and 75. and their union S, = 7> =
U, Si. The idea is to modify the theory IA so that the definable
functions are those in the polynomial hierarchy as opposed to the Linear
Time Hierarchy, and more importantly to introduce the theory S3 whose
definable functions are precisely the polynomial time functions. In order
to do this, the underlying vocabulary is augmented to include the function
symbol #, whose intended interpretation is x#y = 2I*I'l’I. Thus terms in
S, represent functions which grow at the rate of polynomial time functions,
as opposed to the linear-time growth rate of 7A, terms. The full vocabulary
for ., is

£s2=[, >

gl =<l

(S is the Successor function, |x| is the length (of the binary representation)
of x).

Sharply bounded quantifiers have the form Vx < |7| or 3x < |¢| (where
x does not occur in ¢). These are important because sharply bounded (as
opposed to just bounded) formulas represent polynomial time relations
(and in fact TC® relations). The syntactic class X¢ (b for “bounded”)
consists essentially of those formulas with at most i blocks of bounded
quantifiers beginning with 3, with any number of sharply bounded quan-
tifiers of both kinds mixed in. The formulas in X} represent precisely
the NP relations, and more generally formulas in = represent precisely
the relations in the level £” in the polynomial hierarchy. In summary.

5 s
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bounded formulas in the vocabulary of S, represent precisely the relations
in the polynomial hierarchy.

The axioms for 7} consist of 32 V-sentences called BASIC which define
the symbols of Lg,, together with the £2-IND scheme. The axioms for S}
are the same as those of T%, except for £7-IND is replaced by the £-PIND
scheme:

(9(0) A ¥x(p(Lx)) > () 2 Vap(x)

where ¢(x) is any X7 formula. Note that this axiom scheme is true in N.
Also for i > 1, T} proves the £2-PIND axiom scheme, and S5™' proves
the =2-IND axiom scheme. (Thus fori > 1, S, C T} C Si™'.)

For i > 1, the functions Z?-definable in S} are precisely those polytime
reducible to relations in X7 (level i — 1 of the polynomial hierarchy). In
particular, the functions X¢-definable in S} are precisely the polynomial
time functions.

Since S5 is a polynomial-bounded theory, Parikh’s Theorem I11.2.3 can
be applied to show that all X;-definable functions in S, are polynomial
time reducible to PH. To show that the X}-definable functions in S} are
polynomial-time computable requires a more sophisticated “witnessing”
argument introduced by Buss. We shall present this argument later in the
context of the two-sorted first-order theory V.

In Chapters VI and VIII we present two-sorted versions V' of S} and
TV' of T}. In Section VII1.8 we show that two-sorted versions are essen-
tially equivalent to the originals.

II1.6. Notes

The main references for this chapter are [27, 28] and [54, pp. 277-293].

Parikh’s Theorem originally appears in [88]. and the proof there is based
in the Herbrand Theorem, and resembles our “Alternative Proof™ given at
the end of Section I11.3.2. Buss [20] gives a proof based on cut elimination
which is closer to our first proof.

James Bennett [15] was the first to show that the relation y = z* can be
defined by Ay formulas. Hajek and Pudlak [54] give a different definition
and show how to prove its basic properties in IA,, and give a history of
such definitions and proofs. Our treatment of the relations y = 2* and
BIT(i. x) in Section II1.3.3 follows that of Buss in [28]. simplified with an
idea from earlier proofs.

Bennett’s Trick, described in the proof of Lemma II1.3.31, is due to
Bennett [15] Section 1.7, where it is used to show that the rudimentary
functions are closed under a form of bounded recursion on notation.

Theorem I11.4.2, stating LTH = A}'. is due to Wrathall [111]. Nepom-

njascij’s Theorem I11.4.4 appears in [81].






Chapter IV

TWO-SORTED LOGIC AND COMPLEXITY CLASSES

In this chapter we introduce two-sorted first-order logic (sometimes called
second-order logic), an extension of the (single-sorted) first-order logic
that we use in the previous chapters. The reason for using two-sorted
logic is that our theories capture complexity classes defined in terms of
Turing machines or Boolean circuits. The inputs to these devices are bit
strings, whereas the objects in the universe of discourse in our single-sorted
theories are numbers. Although we can code numbers by bit strings using
binary notation, this indirection is sometimes awkward, especially for
low-level complexity classes. In particular, our single-sorted theories all
include multiplication as a primitive operation, but binary multiplication
is not in the complexity class AC°, whose theory V' serves as the basis for
all our two-sorted theories. Our complexity reductions and completeness
notions are generally defined using AC? functions.

The two-sorted theories retain the natural numbers as the first sort, and
the objects in the second sort are bit strings (precisely. finite sets of natural
numbers, whose characteristic vectors are bit strings). We need the first
sort (numbers) in order to reason about the second sort. The numbers
involved for this reasoning are small; they are used to index bit positions
in the second sort (strings). In defining two-sorted complexity classes, the
number inputs to the devices are coded in unary notation, and are treated
as auxiliary to the main (second) sort, whose elements are coded by binary
strings. In particular we use these conventions to define the two-sorted
complexity class AC’. We prove the ¥ Representation Theorem IV.3.6,
which states that the set f of two-sorted formulas represent precisely the
AC? relations.

In Chapters VII and X we show how to translate bounded theorems
in our theories into families of propositional proofs. This translation is
made especially simple and elegant by using two-sorted theories.

The historical basis for using two-sorted logic to represent complexity
classes is descriptive complexity theory, where each object (a language or
arelation) in a complexity class is described by a logical formula whose set
of finite models corresponds to the object. In the two-sorted logic setting,

73
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each object corresponds to the set of interpretations of a variable in the
formula satisfying the formula in the standard model.

In the first part of this chapter we present a brief introduction to de-
scriptive complexity theory. (A comprehensive treatment can be found in
[59].) Then we introduce two-sorted first-order logic. describe two-sorted
complexity classes, and explain how relations in these classes are repre-
sented by certain classes of formulas. We revisit the LTH theorem for
two-sorted logic. We present the sequent calculus LK, the two-sorted
version of LK. Finally we show how to interpret two-sorted logic into
single-sorted logic.

IV.1. Basic Descriptive Complexity Theory

In descriptive complexity theory, an object (e.g. a set of graphs) in
a complexity class is specified as the set of all finite models of a given
formula. Here we consider the case in which the object is a language
L C {0.1}*, and the formula is a formula of the first-order predicate
calculus. We assume that the underlying vocabulary consists of

Lro = [0,max: X, BIT, <, =] (41)

where 0, max are constants, X is a unary predicate symbol, and BIT, <,
= are binary predicate symbols. We consider finite £gp-structures M in
which the universe M = {0.....n — 1} for some natural number n > 1,
and max is interpreted by n — 1. The symbols 0, =, <, and BIT receive
their standard interpretations. (Recall that BIT (i, x) holds iff the i-th bit
in the binary representation of x is 1. In the previous chapter we showed
how to define BIT in IAy. but note that here it is a primitive symbol in
Lro.)

Thus the only symbol without a fixed interpretation is the unary predi-
cate symbol X, and to specify a structure it suffices to specify the tuple of
truth values (X (0), X(1)....., X (n — 1)). By identifying T with I and L
with 0, we see that there is a natural bijection between the set of structures
and the set {0, 1} of nonempty binary strings.

The class FO (First-Order) of languages describable by Lo formulas
is defined as follows. For each binary string X we denote by M[X]
the structure which is specified by X as above. Then the language L(¢p)
associated with an Lgo sentence ¢ is the set of strings whose associated
structures satisfy :

L(p) ={X € {0.1}7: M[X] |= o}
DerINITION IV.1.1 (The Class FO).
FO = {L(p) : ¢ is an Lo-sentence}.
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For example, let Ly, be the set of strings whose even positions (starting
from the right at position 0) have 1. Then Leye, € FO. since Leyen = L(¢).
where

© =VYy(=BIT(0.y) D X(y)).

To give a more interesting example, we use the fact [59, page 14] that the
relation x + y = z can be expressed by a first-order formula ¢, (x, y, z)
in the vocabulary Lrp. Then the set PAL of binary palindromes is repre-
sented by the sentence

VxVy. @i (x. y.max) O (X (x) < X ().

Thus PAL € FO.

Immerman showed that the class FO is the same as a uniform version
of AC®. Originally AC° was defined in its nonuniform version, which
we shall refer to as ACO/poly. A language in ACO/poly is specified by
a polynomial size bounded depth family (C,) of Boolean circuits, where
each circuit C, has n input bits, and is allowed to have —-gates, as well as
unbounded fan-in A-gates and V-gates. In the uniform version, the circuit
C, must be specified in a uniform way; for example one could require that
(C,) isin FO. (See also Appendix A.5.)

Immerman showed that this definition of uniform AC? is robust. in the
sense that it has several quite different characterizations. For example, the
logtime hierarchy LH consists of all languages recognizable by an ATM
(Alternating Turing Machine) in time O(logn) with a constant number
of alternations. Also CRAM]J1] consists of all languages recognizable in
constant time on a so-called Concurrent Random Access Machine. The
following theorem is from [59, Corollary 5.32].

THeOREM IV.1.2. FO = AC" = CRAM([1] = LH.

Of course the nonuniform class AC°/poly contains non-computable
sets, and hence it properly contains the uniform class AC°. Nevertheless
in 1983 Ajtai [3] (and independently Furst, Saxe, and Sipser [52]) proved
that even such a simple set as PARITY (the set of all strings with an odd
number of 1%s) is not in AC°/poly (and hence not in FO).

On the positive side, we pointed out that the set PAL of palindromes
is in FO, and hence in AC°. If we code a triple (U, V, W) of strings as a
single string in some reasonable way then it is easy to see using a carry
look-ahead adder that binary addition (the set (U, ¥, U + V')) is in AC"
(see page 85). Do not confuse this result with the result of [59. page
14] mentioned above that some first-order formula ¢, (x. y, z) represents
x + y = z, since here x, y. z represent elements in the model M, which
have nothing much to do with the input string X.

In fact PARITY is efficiently reducible to binary multiplication, so
Ajtai’s result implies that the set (U, V, U - V') is not in AC’. In contrast,
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there is a first-order formula in the vocabulary Lro which represents
X -y = z in standard model with universe M = {0.....n — 1}.

IV.2. Two-Sorted First-Order Logic

IV.2.1. Syntax. Our two-sorted first-order logic is an extension of the
(single-sorted) first-order logic introduced in Chapter II. Here there are
two kinds of variables: the variables x, y, z, ... of the first sort are called
number variables, and are intended to range over the natural numbers; and
the variables X, Y, Z. ... of the second sort are called set (or also string)
variables, and are intended to range over finite subsets of natural numbers
(which represent binary strings). Function and predicate symbols may
involve either or both sorts.

DErINITION 1V.2.1 (Two-Sorted First-Order Vocabularies). A two-sor-
ted first-order vocabulary (or just two-sorted vocabulary, or vocabulary,
or language) L is specified by a set of function symbols and predicate
symbols, just as in the case of a single-sorted vocabulary (Section 11.2.1),
except that the functions and predicates now can take arguments of both
sorts, and there are two kinds of functions: the number-valued functions
(or just number functions) and the string-valued functions (or just string
Sfunctions).

In particular, for each n.m € N, there is a set of (n, m)-ary number
function symbols, a set of (n, m)-ary string function symbols, and a set
of (n,m)-ary predicate symbols. A (0,0)-ary function symbol is called
a constant symbol, which can be either a number constant or a string
constant.

We use f. g, h, ... as meta-symbols for number function symbols; F, G,
H. ... forstring function symbols; and P, Q. R, ... for predicate symbols.

For example, consider the following two-sorted extension of £4 (Defi-
nition 11.2.3):

DEFINITION 1V.2.2. £2 =[0.1.+.-.| | : =1. =2.<.€].

Here the symbols 0,1, +, -, =; and < are from L4; they are function
and predicate symbols over the first sort (=; corresponds to = of £).
The function | X| (the “length of X) is a number-valued function and is
intended to denote the least upper bound of the set X (roughly the length
of the corresponding string). The binary predicate € takes a number and
a set as arguments, and is intended to denote set membership. Finally, =,
is the equality predicate for the second-sort objects. We will write = for
both =; and =5, since it will be clear from the context which is intended.

We will use the abbreviation

X(I) =qrt € X



IV.2. Two-SorTED FIRST-ORDER LOGIC 77

where 7 is a number term (Definition 1V.2.3 below). Thus we think of
X (i) as the i-th bit of the binary string X

Note that in L’ﬂ the function symbols +, - each has arity (2,0), while | |
has arity (0, 1) and the predicate symbol € has arity (1.1).

For a two-sorted vocabulary £, the notions of £-terms and £-formulas
generalize the corresponding notions in the single-sorted case (Defini-
tions I1.2.1 and 11.2.2). Here we have two kinds of terms: number terms
and string terms. As before, we will drop mention of £ when it is not
important, or clear from the context. Also, we are interested only in vo-
cabularies £ that extend £%. and we may list only the elements of the set
L — £ (sometimes without the braces {, } for set). In such cases. the no-
tations £-terms, £-formulas, £2 (L), etc. refer really to the corresponding
notions for £ U £3.

DEFINITION 1V.2.3 (£-Terms). Let £ be a two-sorted vocabulary:

1) Every number variable is an £-number term.

2) Every string variable is an £-string term.

3) If f is an (n, m)-ary number function symbol of L, f;. ..., t, are £L-
number terms, and 77..... T, are L-string terms, then f¢;...1,T)
... T, is an L-number term.

4) If F is an (n, m)-ary string function symbol of £, and #,.....¢, and

Ty,.... T, are as above, then Ft;...t,T) ... T, is an L-string term.

Note that all constants in £ are L£-terms.

We often denote number terms by 7, 5, ¢, . . ., and string terms by S. 7. . . . .

The formulas over a two-sorted vocabulary £ are defined as in the
single-sorted case (Definition I1.2.2), with the addition of quantifiers over
string variables. These are called string quantifiers, and the quantifiers
over number variables are called number quantifiers. Also note that a
predicate symbol in general may have arguments from both sorts.

DEFINITION 1V.2.4 (£-Formulas). Let £ be a two-sorted first-order vo-
cabulary. Then a two-sorted first-order formula in L (or L-formula, or just
formula) are defined inductively as follows:

1) If Pisan (n.m)-ary predicate symbol of £, 1. ... t, are L-number
terms and 77, ..., T, are L-string terms, then

Pty...t,T,...T,

is an atomic L-formula. Also, each of the logical constants L, T is
an atomic formula.

2) If . w are L-formulas, so are —p, (o A w), and (o V y).

3) If pisan £-formula. x is a number variable and X is a string variable,
then Vxp. dx¢, VX¢ and 3Xp are L-formulas.

We often denote formulas by . v, . ...
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For readability we will usually use commas to separate the arguments
of functions and predicates. Thus we write f (x1.....X,, X1..... X,,) and
P(xy...., Xn. X1.....X,,)instead of fx1...x,X]... X, and Pxy...x,X,

Recall that in £2 we write X (¢) for € X.

ExaMPLE IV.2.5 (£%-Terms and £2-Formulas).

1) The only string terms of [,%, are the string variables X, Y. Z, . ...

2) The number terms of Eﬁ are obtained from the constants 0, 1,
number variables x, y, z, ..., and the lengths of the string variables
|X|.|Y].|Z|.... using the binary function symbols +, .

3) The only atomic formulas of £% are L, T or those of the form s = ¢,
X =Y.s <tand X(¢) for string variables X, Y and number terms
S, t.

1V.2.2. Semantics. As for single-sorted first-order logic, the semantics
of a two-sorted vocabulary is given by structures and object assignments.
Here the universe of a structure contains two sorts of objects, one for
the number variables and one for the string variables. As in the single-
sorted case, we also require that the predicate symbols =; and =, must
be interpreted as the true equality in the respective sort. The following
definition generalizes the notion of a (single-sorted) structure given in
Definition I1.2.6.

DEFINITION 1V.2.6 (Two-Sorted Structures). Let £ be a two-sorted vo-
cabulary. Then an L-structure M consists of the following:

1) A pair of two nonempty sets U; and Uy, which together are called the
universe. Number (resp. string) variables in £-formulas are intended
to range over U, (resp. Us).

2) For each (n, m)-ary number function symbol f of £ an associated
function fM : U x Uy' — U.

3) For each (n,m)-ary string function symbol F of £ an associated
function FM : Ul x Uy" — U,.

4) For each (n, m)-ary predicate symbol P of £ an associated relation
PMC U x Uy,

Thus for our “base” vocabulary £2. an £%-structure with universe

(U1, U,) contains the following interpretations of Eﬁ:

e Elements 0, 1™ € Uy to interpret 0 and 1, respectively:
e Binary functions M MU x U — U to interpret 4+ and -,
respectively:;

e A binary predicate <MC U12 interpreting <:

e A function | M : Uy — Uy:

e A binary relation eMC U; x U,.

In this book all two-sorted vocabularies £ that we consider contain £7,
so in particular they contain the length function | | and the element-of
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predicate €. Our intention is that an element o € U, can be specified by
a pair (|a|. S,). where |a| = |a[M € Uj,and S, = {u € Uy : u e™ a}.
Thus we want two elements a; and a; in U, to be equal iff |o; [M = |, |[M
and the subsets of U; specified by interpreting €™ at a; and a are
the same. In fact all two-sorted theories that we consider include the
extensionality axiom SE (see Figure 2 on page 96). Thus we may assume
that in any model of such a theory, elements « of U, are specified by the
pair (||, S,) as above.

ExampLE IV.2.7 (The Standard Two-Sorted Model N,). The standard
model N, has U; = N and U, the set of finite subsets of N. The number
part of the structure is the standard single-sorted first-order structure N.
The relation € gets its usual interpretation (membership), and for each
finite subset S C N, |S| is interpreted as one plus the largest element in S,
or 0if S is empty.

As in the single-sorted case, the truth value of a formula in a structure
is defined based on the interpretations of free variables occurring in it.
Here we need to generalize the notion of an object assignment (Defini-
tion I11.2.7):

DEFINITION 1V.2.8 (Two-Sorted Object Assignment). A two-sorted ob-
ject assignment (or just an object assignment) ¢ for a two-sorted structure
M is a mapping from the number variables to U; together with a mapping
from the string variables to U,.

NotaTioN. We will write ¢ (x) for the first-sort object assigned to the
number variable x by ¢, and ¢(X) for the second-sort object assigned
to the string variable X by ¢. Also as in the single-sorted case, if x is a
variable and m € U, then the object assignment o (m2/x) is the same as o
except it maps x to m, and if X is a variable and M € U,, then the object
assignment o (M/ X ) is the same as o except it maps X to M.

Now the Basic Semantic Definition I1.2.8 generalizes in the obvious
way.

DEFINITION 1V.2.9 (Basic Semantic Definition, Two-Sorted Case). Let
L be a two-sorted first-order vocabulary, let M be an L-structure with
universe (Uj, U,), and let ¢ be an object assignment for M. Each £-
number term ¢ is assigned an element #[s] in U, and each L-string term
T is assigned an element 7™ [¢] in U,. defined by structural induction on
terms ¢ and 7', as follows (refer to Definition 1V.2.3 for the definition of
L-term):

(a) xM[o]is a(x). for each number variable x:

(b) XM[o]is o(X). for each string variable X

() (ft1- -ty Ty... T)))M[a] = fMEMa]. ... o).

TM[o]..... T [o]):
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(d) (Ft;---t,Ty ... T)M[o] = FM(M[a].....tM[o].
TMa]..... TM[a]).

DEFINITION IV.2.10. For ¢ an L-formula, the notion M E ¢[g] (M
satisfies ¢ under o) is defined by structural induction on formulas ¢ as
follows (refer to Definition 1V.2.4 for the definition of a formula):

(@) M Tand M £ L.
(b) M ): (Pll'”tnTl...Tm)[O']iﬁ

(tM[o)..... 10" 0). TM o). ... T)'[o]) € PM.

(cl) If £ contains =, then M |= (s = #)[o] iff sM[c] = tM[0].
(c2) If L contams =,. then M }: (S = T)[o] iff SM[c] = TM[0].
(d) M | —plo]iff M | plo

(0 M (o I A L o] or M - o)

() ME (@ Ayl a]lffM F ¢lo]land M = y(a].
(gl) M (Vxp)[o]iff M |= p[o(m/x)] forallm € Uj.
(g2) M (VXp)[o]iff M = plo(M/X)] forall M € U,.
(h1) M = (3xp)[a]iff M |= p[o(m/x)] for some m € U,.
(h2) M = (3Xp)[ o] iff M = plo(M/X)] for some M € Us,.

Note that items (c1) and (c2) in the definition of M = A[g] follow
from (b) and the fact that =" and =J"* are always the equality relations
in the respective sorts.

The notions of “M = ¢”, “logical consequence”, “validity”, etc.,
are defined as before (Definition 11.2.10), and we do not repeat them
here. Also, the Substitution Theorem (I1.2.14) generalizes to the current
context, and the Formula Replacement Theorem (I1.2.15) continues to
hold, and we will not restate them.

EEENT3

IV.3. Two-Sorted Complexity Classes

IV.3.1. Notation for Numbers and Finite Sets. In Section II1.4 we ex-
plained how to interpret an element of a complexity class such as P (poly-
nomial time) and LTH (Linear Time Hierarchy) as a relation over N. In

this context the numerical inputs xi,....x; of a relation R(xj.....x;)
are presented in binary to the accepting machine. In the two-sorted con-
text, however, the relations R(xj.....xy. X1.....X,,) in question have

arguments of both sorts, and now the numbers x; are presented to the
accepting machines using unary notation (n is represented by a string of n
1’s) instead of binary. The elements X; of the second sort are finite subsets
of N, and we represent them as binary strings (see below) for the purpose
of presenting them as inputs to the accepting machine. The intuitive rea-
son that we represent the numerical arguments in unary is that now they
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play an auxiliary role as indices to the string arguments, and hence their
values are comparable in size to the length of the string arguments.

Thus a numerical relation R (x) with no string argument is in two-sorted
polynomial time iff it is computed in time 2°) on some Turing machine,
where #n is the binary length of the input x. In particular, the relation
Prime(x) is easily seen to be in this class, using a “brute force” algorithm
that tries all possible divisors between 1 and x.

The binary string representation of a finite subset of N is defined as
follows. Recall that we write S(i) fori € S (fori € Nand S C N). Thus
if we write O for | and 1 for T, then we can use the binary string

w(S)=Sn)S(h—1) ... S(1)S(0) (42)

to interpret the finite nonempty subset S of N, where n is the largest
member of S. We define w(@) to be the empty string. For example,

w({0.2.3}) = 1101.

Notice that the intended interpretation of |S| (one plus the largest element
of §. or 0if S = @) is precisely the length of the associated string w(.S).

Thus w is an injective map from finite subsets of N to {0, 1}*, but it
is not surjective, since the string w(.S) begins with 1 for all nonempty S.
Nevertheless w(.S) is a useful way to represent S as an input to a Turing
machine or circuit.

Using the method just described of representing numbers and strings,
we can define two-sorted complexity classes as sets of relations. For
example two-sorted P consists of the set of all relations R(¥, X) which
are accepted in polynomial time by some deterministic Turing machine,
where each numerical argument x; is represented in unary as an input, and
each subset argument X; is represented by the string w(X;) as an input.
Similar definitions specify the two-sorted polynomial hierarchy PH, and
the two-sorted complexity classes AC” and LTH.

IV.3.2. Representation Theorems.

NOTATION. If T = Ty,...T,. is a sequence of string terms, then |f|
denotes the sequence |7 T,| of number terms.

see ey

Bounded number quantifiers are defined as in the single-sorted case
(Definition III.1.6). To define bounded string quantifiers, we need the
length function | X | of £2.

NoTaTION. A two-sorted vocabulary £ is always assumed to be an ex-
tension of £7.

DerINITION 1V.3.1 (Bounded Formulas). Let £ be a two-sorted vocab-
ulary. If x is a number variable and X a string variable that do not occur
in the £-number term ¢, then Ix < ¢ stands for Ix(x < 1A @), Vx < 1
stands for Vx(x < ¢t D ¢), 3X < t¢p stands for IX(|X| < ¢t A ), and
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VX < tp stands for VX (|X| < ¢t D ¢). Quantifiers that occur in this
form are said to be bounded., and a bounded formula is one in which every
quantifier is bounded.

NoOTATION. 3¥ < i stands for Jx; < f;...3x; < f¢ for some k,
where no x; occurs in any ¢; (evenif i < j). Similarly for V¥ < 7, 3X < 7,
andVX < 7.

If the above convention is violated in the sense that x; occurs in ¢; for
i < j.and the terms 7 are £%-terms, then new bounding terms 7 in L
can be found which satisfy the convention. For example dx; < #;3x; <
t2(x1)¢ is equivalent to

Ix1 < 13x2 < () (2 < 8a(x1) A ).
We will now define the following important classes of formulas.

DEFINITION 1V.3.2 (The £} (£), £8(L) and T2 (£) Formulas). Let £ 2
L% be a two-sorted vocabulary. Then £8(£) = MZ (L) is the set of £-
formulas whose only quantifiers are bounded number quantifiers (there
can be free string variables). For i > 0. X2 (L) (resp. IT7, (L)) is the set
of formulas of the form 3X < 7ip(X) (resp. VX < 7p(X)). where ¢ is a
M2 (L) formula (resp. a £2(£) formula), and #'is a sequence of £%-terms
not involving any variable in X. Also, a 21(L) formula is one of the form

3X . where X is a vector of zero or more string variables, and ¢ is a
x8(L) formula.

We usually write 2 for £8(£2) and TT2 for T2 (£2%).
We have

sB(L) C2P(L) CEB (L) C -
sB(L)cnb(e)cng(L) C--

N
N

and fori >0

2P (L) c 1P, (L) and TP (L) C 2P (L).

Notice the “strict” requirements on X3 (£) and T12(£): all string quan-
tifiers must occur in front. For example, £#(£?) is sometimes called strict
2}’1’ in the literature. (Also notice that the bounding terms 7 must be in the
basic vocabulary £2.) We will show that some theories prove replacement
theorems, which assert the equivalence of a non-strict £# formula (for
certain values if i) with its strict counterpart.

In Section II1.3.1 we discussed the definability of predicates (i.e., rela-
tions) and functions in a single-sorted theory. In the case of relations, the
notion is purely semantic, and does not depend on the theory, but only
the underlying vocabulary and the standard model. The situation is the
same for the two-sorted case, and so we will define the notion of a relation
R(X, X) represented by a formula, without reference to a theory. As in the
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single-sorted case, we assume that each relation symbol has a standard
interpretation in an expansion of the standard model, in this case N,, and
formulas in the following definition are interpreted in the same model.

DErINITION 1V.3.3 (Representable/Definable Relations). Let £ 2 £2
be a two-sorted vocabulary, and let ¢ be an £-formula. Then we say that
©(X. X) represents (or defines) a relation R(%, X) if

R(%.X) = o(%. X). (43)

If @ is a set of L-formulas, then we say that R(%, X) is ®-representable
(or ®-definable) if it is represented by some ¢ € @.

If we want to precisely represent a language L C {0, 1}*, then we need
to consider strings that do not necessarily begin with 1. Thus the relation
R (X) corresponding to L is defined by

Ri(X) = w'(X)eL

where the string w’(X) is obtained from w (X ) (42) by deleting the initial
1 (and w’(2) and w’({1}) both are the empty string).

ExampLE IV.3.4. The language PAL (page 75) of binary palindromes is
represented by the formula

prar(X) o [X| < 1VVox.p < [X]ox 4y +2 = [X] 5 (X (x) = X ().

Despite this example, we emphasize that the objects of the second sort
in our complexity classes are finite sets of natural numbers, and we will
not be much concerned by the fact that the corresponding strings (for
nonempty sets) all begin with 1.

We define two-sorted AC using the log time hierarchy LH. We could
define LH using alternating Turing machines (those relations accepted in
log time with a constant number of alternations). but we choose instead
to define the levels of the hierarchy using a recurrence analogous to our
definition of LTH in Section II1.4.1. Thus we define NLog Time to be the
class of relations R(X, X) accepted by a nondeterministic index Turing
machine M in time O(logn). (See also Appendix A.2.)

As explained before, normally inputs X are presented in unary and X are
presented in binary. However in defining LH it is convenient to change
this convention and assume that the number inputs X" are presented in
binary (string inputs X are also presented in binary as before). To keep
the meaning of “log time” unchanged, we define the length of a number
input x; to be x;, even though the actual length of the binary notation
is |x;|. The reason for using binary notation is that in time O(log x;) a
Turing machine M can read the entire binary notation for x;.

The machine M accesses its string inputs using index tapes; one such
tape for each string argument X; of R(%, X). When M enters the query
state for an input X;, if the index tape contains the number ;j written
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in binary, then j-th bit of X; is returned. The index tape is not erased
between input queries. Since M runs in log time, only O(log|X;|) bits of
X; can be accessed during any one computation.

Now define
leog = NLogTime (44)
and fori > 1
= — NLogTime™". (45)
Then
LH = Jz/*.

1

DEFINITION IV.3.5 (Two-Sorted AC®). AC° = LH.

The notation NLogT ime™" in (45) refers to a nondeterministic log time
Turing machine M as above, except now M has access to an oracle for a
relation S(7, Y) in Zf”g . In order to explain how M in log time accesses an
arbitrary input (7, Y) to S. we simplify things by requiring that X = Y
that is the string inputs to S are the same as the string inputs to M.
However the number inputs j’ to S are arbitrary: M has time to write
them in binary on a special query tape. (See Appendix A.3 for oracle
Turing machines).

Two-sorted AC” restricted to numerical relations R(¥) is exactly the
same as single-sorted LTH as defined in Section I11.4.1. The amount of
time allotted for the Turing machines under the two definitions for an
input ¥ is the same. namely O (log(Zx;)).

Thus for numerical relations, the following representation theorem is
the same as the LTH Theorem 111.4.2 (LTH = A}). For string relations,
it can be considered a restatement of Theorem IV.1.2 (FO = AC).

THEOREM IV.3.6 (X8 Representation). A relation R(X, X) is in AC® iff
it is represented by some X8 formula (%, X).

PRrROOF sKETCH. In light of the above discussion, the proof is essentially
the same as for Theorem 111.4.2. To show that every relation R(¥, X ) in
AC (i.e. LH) is representable by a =8 formula ¢ (%, X') we use the recur-
rence (44), (45). The proof is almost the same as showing LTH C A}
There is an extra consideration in the base case, showing how the formula
(¥, X ) represents the computation of a log time nondeterministic Tur-
ing machine M that now accesses its string inputs using index tapes. The
computation is represented as before, except now (¥, X ) uses an extra
number variable j; for each string input variable X;. Here j; holds the
current numerical value of the index tape for X;.
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The proof of the converse, that every relation representable by a 25
formula is in LH, is straightforward and similar to the proof that A} C
LTH. O

NortaTioN. For X a finite subset of N, let bin(X) be the number whose
binary notation is w(X) (see (42)). Thus

bin(X) =Y X(i)2 (46)

where here we treat the predicate X (i) as a 0-1-valued function. For
example, bin({0,2,3}) =22 4+ 23 = 12.
Define the relations R, and Ry« by

R.(X.Y.Z) < bin(X) + bin(Y) = bin(Z),
Ry (X. Y. Z) < bin(X) - bin(Y) = bin(Z).

As mentioned earlier, PARITY is efficiently reducible to R, and hence
R, isnotin AC®, and cannot be represented by any 28 formula. However
R, isin AC?. To represent it as a X8 formula, we first define the relation
Carry(i, X, Y) to mean that there is a carry into bit position i when com-
puting bin(X) 4 bin(Y). Then (using the idea behind a carry-lookahead
adder)

Carry(i, X, Y) « Jk < i(X(k) ANY(k)A

Vi<ilk<jo>(X()VY(Q))). @7)
Thus

R (X.Y.Z) = (|Z| < |X|+]|Y|A
Vi< |X|+|Y[(Z(i) < (X(i)® Y(i) & Carry(i. X. Y))))

where @ represents exclusive or.
Note that the & Representation Theorem can be alternatively proved
by using the characterization AC° = FO. Here we need the fact that

FO[BIT] = FO[PLUS. TIMES]
i.e., the vocabulary Lro in (41) can be equivalently defined as
[0,max. +, -: X, <.=].

Note also that in Lo we have only one “free” unary predicate symbol X,
so technically speaking, Lro formulas can describe only unary relations
(i.e., languages). In order to describe a k-ary relation, one way is to extend
the vocabulary Lo to include additional “free” unary predicates. Then
Theorem IV.1.2 continues to hold. Now the £¥ Representation Theorem
can be proved by translating any ¥ formula ¢ into an FO formula ¢’
that describes the relation represented by ¢, and vice versa.



86 IV. Two-SorTED LoGic AND COMPLEXITY CLASSES

We use X to denote level i > 1 of the two-sorted polynomial hierarchy.
In particular, =¥ denotes two-sorted NP. Thus a relation R(¥, X) is in
TP iff it is accepted by some polynomial time ATM with at most i alter-
nations, starting with existential, using the input conventions described in
Section IV.3.1. (See also Appendices A.2 and A.3.)

TraeOREM 1V.3.7 (£8 and X! Representation). Fori > 1,arelation R(,
X)isin 2P iffitis represented by some X8 formula. The relation is recursively
enumerable iff it is represented by some X} formula.

PrOOF. We show that a relation R(%, X) is in NP iff it is represented by
a X8 formula. (The other cases are proved similarly.) First suppose that
R(X, X) is accepted by a nondeterministic polytime Turing machine M.
Then the 2§ formula that represents R has the form

Y <t(.X) (7. X.Y)

where Y codes an accepting computation of M on input (X, X ). t repre-
sents the upper bound on the length of such computation, and ¢ is a =&
formula that verifies the correctness of Y. Here the bounding term ¢ exists
by the assumption that M works in polynomial time, and the formula ¢
can be easily constructed given the transition function of M.

On the other hand, suppose that R(¥, X ) is represented by the X8
formula

Y <% X) (. X.Y).

Then the polytime NTM M that accepts R works as follows. On input
(¥, X ) M simply guesses the values of Y. and then verifies that (¥, X.Y)
holds. The verification can be easily done in polytime (it is in fact in 4C°
as shown by the £¥ Representation Theorem). ]

1V.3.3. The LTH Revisited. Consider LTH (Linear Time Hierarchy,
Section 111.4) as a two-sorted complexity class. Here we can define the
relations in this class by linearly bounded formulas, a concept defined
below.

DEerFINITION 1V.3.8. A formula ¢ over £2 is called a linearly bounded
JSormula if all of its quantifiers are bounded by terms not involving -.

THEOREM 1V.3.9 (Two-Sorted LTH ). A relation is in LTH if and only if
it is represented by some linearly bounded formula.

The proof of this theorem is similar to the proof of Theorem II1.4.2.
Here the (<=) direction is simpler: For the base case, we need to calculate
the number terms 7(xy.....x¢. | X1|.....|Xn|) in time linear in (3 x; +
> |X;]). and this is straightforward.

For the other direction, as in the proof of the single-sorted LTH The-
orem, the interesting part is to show that relations in NLinTime can be
represented by linearly bounded formulas. Here we do not need to define
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the relation y = 2* as in the single-sorted case. since the relation X (i)
(which stands for i € X) is already in our vocabulary. We still need to
“count” the number of 1-bits in a string, i.e., we need to define the two-
sorted version of Numones: Numones>(a, i, X) is true iff a is the number
of 1-bits in the first 7 low-order bits of X'. Again, Numones, can be defined
using Bennett’s Trick.

Exercise IV.3.10.  (a) Define using linearly bounded formula the re-
lation m = [V/i].
(b) Define using linearly bounded formula the relation “k = the number
of 1-bits in the substring X (im) ... X(im +m —1)”.
(c) Now define Numones,(a.i, X) using linearly bounded formula.

Exercise IV.3.11. Complete the proof of the Two-Sorted LTH Theo-
rem.

In [113]. Zambella considers the subset of £ without the number
function -, denoted here by £~ and introduces the notion of linear
formulas, which are the bounded formulas in the vocabulary £%~. Then
LTH is also characterized as the class of relations representable by linear
formulas. In order to prove this claim from the Two-Sorted LTH Theorem
above, we need to show that the relation x - y = z is definable by some
linear formula.

ExErcIsE 1V.3.12. Define the relation x - y = z using a linear formula.
(Hint: First define the relation “z is a multiple of y”.)

We have shown how to define the relation y = 2¥ using Ay formula in
Section I11.3.3. Here it is much easier to define this relation using linearly
bounded formulas.

ExERrcIsE 1V.3.13. Show how to express y = 2~ using linearly bounded
formula. (Hint: Use Numones, from Exercise 1V.3.10.)

IV.4. The Proof System LK*

Now we extend the sequent system LK (Section II1.2.3) to a system
LK’ for a two-sorted vocabulary £2. As for LK. here we introduce the
free string variables denoted by «. f3, 7. . ... and the bound string variables
X, Y Z, ... in addition to the free number variables denoted by a, b, c, ...,
and the bound number variables denoted by x, y, z,....

Also, in LK? the terms (of both sorts) do not involve any bound variable,
and the formulas do not have any free occurrence of any bound variable.

The system LK includes all axioms and rules for LK as described in
Section I1.2.3, where the term ¢ is a number term respecting our convention
for free and bound variables above. In addition LK” has the following
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four rules introducing string quantifiers, here 7" is any string term that
does not contain any bound string variable X, Y, Z, .. .:
String V introduction rules

T)T A I — A,
AR right: Al
T — A vXe(X)

VXo(X).T — A
String 3 introduction rules

p(p).T — A : L — A p(T)
left: right:
IXp(X).T — A I — A 3Xp(X)
Restriction. The free variable f must not occur in the conclusion of V-right
and J-left.

The notion of LK> proofs generalizes the notion of LK proofs and
anchored LK proofs. The Derivational Soundness, the Completeness
Theorem (I1.2.23), and the Anchored Completeness Theorem (11.2.28)
continue to hold for LK? (without equality).

In general, when the vocabulary £ does not contain either of the equality
predicate symbols, then the notion of LK>-® proof is defined as in Defi-
nition I1.2.21. In the sequel our two-sorted vocabularies will all contain
both of the equality predicates, so we will restrict our attention to this case.
Here we need to generalize the Equality Axioms given in Definition I1.3.6.
Recall that we write = for both =; and =».

DErINITION V4.1 (LK? Equality Axioms for £). Suppose that £ is a
two-sorted vocabulary containing both =; and =,. The LK*> Equality
Axioms for L consists of the following axioms. (We let A stand for

h=up,....tp,=u, T1=U,.... T, = U,

in E4’, E4” and E5’.) Here t,u. t;, u; are number terms, and 7, U, T;, U;

are string terms.

El'. —t=1;

El. —T=T;

E. t=u—u=t;

E2'.T=U—U=T;

E¥. t=uu=v—t=u;

E'. T=UU=V —T=V;

E4d. A — ft1...t,Ty... Ty = fuy...u, Uy ... U, foreach f in L;

E4d'" A — Fty...t,Ty... Ty, = Fuy ... u,U; ... U, foreach F in L;

E5. A Pty...t,Ty... Ty — Puy...u,U;... U, for each P in L (here
Pisnot = or =,).

DEFINITION V4.2 (LK>-® Proofs). Suppose that £ is a two-sorted vo-
cabulary containing both = and =;, and ® is a set of £-formulas. Then
an LK>-® proof (or a ®-proof) is an LK>-¥ proof in the sense of Defini-
tion I1.2.21, where ¥ is ® together with all instances of the LK> Equality
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Axioms E1’. E1”, ... E4', E4", E5 for L. If ® is empty, we simply refer
to an LK>-proof (but allow E1’, ..., E5 as axioms).

Recall that if ¢ is a formula with free variables ay,...,a,, a1, ..., qy;,
then V¢, the universal closure of ¢, is the sentence

Vxl ...VX,,VX] ...VXmgo(xl/al,...,x,,/an,Xl/al,...,Xm/am)

where x1,..., Xn. X1...., X, 1s a list of new bound variables. Also recall
that if @ is a set of formulas, then V® is the set of all sentences V., for
p e d.

The following Soundness and Completeness Theorem for the two-
sorted system LK? is the analogue of Theorem I1.3.8, and is proved in

the same way.

THEOREM 1V.4.3 (Soundness and Completeness of LK>). For any set ®
of formulas and sequent S,

YO |= S iff S has an LK*-® proof.

Below we will state the two-sorted analogue of the Anchored LK Com-
pleteness Theorem and the Subformula Property of Anchored LK Proofs
(Theorems 11.3.10 and 11.3.11). They can be proved just as in the case of
LK.

DEFINITION I1V.4.4 (Anchored LK? Proof). An LK>-® proof 7 is an-
chored provided every cut formula in 7 is a formula in some non-logical
axiom of 7 (including possibly E1’, E1”, ... , E5').

THEOREM IV.4.5 (Anchored LK Completeness). Suppose that ® is a
set of formulas closed under substitution of terms for variables and that the
sequent S is a logical consequence of Y®. Then there is an anchored LK )
proofof S.

THEOREM 1V.4.6 (Subformula Property of Anchored LK? Proofs). If n
is an anchored LK*-® proof of a sequent S. then every formula in every
sequent of  is a term substitution instance of a sub-formula of a formula
either in S or in a non-logical axiom of ©t (including E1’. ... . E4" E5').

As in the case for LK where the Anchored LK Completeness Theorem
is used to prove the Compactness Theorem (Theorem 11.4.2), the above
Anchored LK? Completeness Theorem can be used to prove the following
(two-sorted) Compactness Theorem.

THEOREM 1V.4.7 (Compactness). If ® is an unsatisfiable set of (two-
sorted) formulas, then some finite subset of ® is unsatisfiable.

(See also the three alternative forms in Theorem 11.1.16.)

Form 1 of the Herbrand Theorem (Theorem I1.5.4) can also be extended
to the two-sorted logic, with the set of (single-sorted) equality axioms &,
now replaced by the set of two-sorted equality axioms E1’. E1”, ..., E4”,
E5" above. Below we will state only Form 2 of the Herbrand Theorem for
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the two-sorted logics. Note that it also follows from Form 1. just as in the
single-sorted case.

A two-sorted theory (or just theory, when it is clear) is defined as in Def-
inition I1I.1.1, where now it is understood that the underlying vocabulary
L is a two-sorted vocabulary. Also, a universal theory is a theory which
can be axiomatized by universal formulas, (i.e.. formulas in prenex form,
in which all quantifiers are universal).

THEOREM 1V.4.8 (Herbrand Theorem for Two-Sorted Logic). (a) Let
T be a universal (two-sorted) theory, and let o(x1.....x. X1..... Xn. Z)
be a quantifier-free formula with all free variables displayed such that

T HVx) .. Ve VX .. VX, 3Zp (. X. 7).

Then there exist finitely many string terms T (X, X).....T,(%. X) such
that

—

T EVX) VXYY LYY (o(RX T (R

>
<

(p(xl,...,xk,Z,Xl,--me)
be a quantifier-free formula with all free variables displayed such that
T E V.. Yo VX .. . VX, 3z0(R. 2, X).

that

T VX1 VY VX (p(R 6 (R X). X)) V-V
P(X.1,(%. X). X)).
The theorem easily extends to the cases where
T EVYVX 3z, ... 32,32, ... 3Z,p(R.2. X. Z).

IV4.1. Two-Sorted Free Variable Normal Form. The notion of free
variable normal form (Section 11.2.4) generalizes naturally to LK 2 proofs,
where now the term firee variable refers to free variables of both sorts.
Again there is a simple procedure for putting any LK> proof into free
variable normal form (with the same endsequent). provided that the un-
derlying vocabulary has constant symbols of both sorts. This procedure
preserves the size and shape of the proof, and takes an anchored LK*-®
proof to an anchored LK?-® proof, provided that the set ® of formulas is
closed under substitution of terms for free variables.

In the case of £2, there is no string constant symbol, so we expand the
notion of a LK>-® proof over L% by allowing the constant symbol & (for
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the empty string) and assume that @ contains the following axiom:
E. |9]=0.

Adding this symbol and axiom to any theory 7 over £ we consider
will result in a conservative extension of 7", since every model for 7 can
trivially be expanded to a model of 7 U {E}. Now any LK proof over
L2 can be transformed to one in free variable normal form with the same
endsequent, and similarly for LK>-® for suitable ®.

IV.5. Single-Sorted Logic Interpretation

In this section we will briefly discuss how the Compactness Theorem
and Herbrand Theorem in the two-sorted logic follow from the analogous
results for the single-sorted logic that we have seen in Chapter II. This
section is independent with the rest of the book, and it is the approach
that we follow to prove the above theorems in Section I1V.4 that will be
useful in later chapters, not the approach that we present here.

Although a two-sorted logic is a generalization of a single-sorted logic
by having one more sort, it can be interpreted as a single-sorted logic by
merging both sorts and using 2 extra unary predicate symbols to identify
elements of the 2 sorts.

More precisely, for each two-sorted vocabulary £, w.l.o.g., we can as-
sume that it does not contain the unary predicate symbols FS (for first
sort) and SS (for second sort). Let £' = {FS,SS} U £, where it is un-
derstood that the functions and predicates in £; take arguments from a
single sort.

In addition, let @, be the set of £!-formulas which consists of

1) (Vx. FS(x) v SS(x)) A (3x3y. FS(x) ASS(y)).

2) For each function symbol f of £! (where f has arity (n.m) in L)

the formula

VRV, (FS(xr) A AFS(xa) ASS(y1) A=+ ASS(ym)) D FS(f (. 7).

(If  is a number constant ¢, the above formula is just FS(c).)
3) For each function symbol F of £! (where F has arity (n.m) in £)
the formula

VY7, (FS(x1) A--- AFS(x,) ASS(y1) A~ ASS(ym)) D SS(F (X, 7)).

(If F is a string constant o, the above formula is just SS(a).)
4) For each predicate symbol P of £' (where P has arity (n.m) in £)
the formula

VEVY. P(X.7) D (FS(x1) A--- AFS(x,) ASS(y1) A+ ASS(ym)).

LemMma IV.5.1. For each nonempty two-sorted vocabulary L. the set ©p
is satisfiable.
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ProoF. The proof is straightforward: For an arbitrary (two-sorted)
L-structure M with universe (U;, U), we construct a (single-sorted) £;-
structure M that has universe (U, Us), FSMi = v, SSM' = U,, and
the same interpretation as in M for each symbol of L. It is easy to verify
that M, | ®,. ]

It is also evident from the above proof that any model M, of @, can
be interpreted as a two-sorted L-structure M.

Now we construct for each £-formula ¢ an £'-formula ¢! inductively
as follows.

1) If ¢ is an atomic sentence, then ¢! =4 .

2) fp =@ Apa(org =@ Vg orp=-y) thenp! =45 ] A,
(or o' =l vl or p! = —y!, respectively).

3) If o = Ixy(x). then ! =g Ix(FS(x) A w'!(x)).

4) If o = Vxy(x), then ! =ger Vx(FS(x) D w!(x)).
5) If o = IXw(X). then ' =4or Ix(SS(x) A w'(x)).
6) If ¢ = VX (X). then ! =45 Vx(SS(x) D w'(x)).

Note that when ¢ is a sentence, then ¢! is also a sentence.
For a set ¥ of £-formulas, let W' denote the set {p! : ¢ € ¥}. The
lemma above can strengthened as follows.

THEOREM IV.5.2. A set ¥ of L-sentences ¢ is satisfiable iff the set of
@, UW! of L-sentences is satisfiable.

Notice that in the statement of the theorem, W is a set of sentences. In
general, the theorem may not be true if ¥ is a set of formulas.

Proor. For simplicity, we will prove the theorem when YV is the set of a
single sentence ¢. The proof for the general case is similar.

For the ONLY IF direction, for any model M of ¢ we construct a
Li-structure M as in the proof of Lemma IV.5.1. It can be proved by
structural induction on ¢ that M; = ¢!. By the lemma, M, | ®..
Hence M, = @, U {p'}.

For the other direction, suppose that M; is a model for ®; U {¢'}.
Construct the two-sorted L-structure M from M asin the remark follow-
ing the proof of Lemma IV.5.1. Now we can prove by structural induction
on ¢ that M is a model for . Therefore ¢ is also satisfiable. a

ExERcisk IV.5.3. Prove the Compactness Theorem for the two-sorted
logic (IV.4.7) from the Compactness Theorem for single-sorted logic
(I1.4.2).

Exercise IV.5.4. Prove the Herbrand Theorem for the two-sorted logic
(IV.4.8) from Form 2 of the Herbrand Theorem for single-sorted logic
(IIL.3.13).
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IV.6. Notes

Historically, Buss [20] was the first to use multi-sorted theories to cap-
ture complexity classes such as polynomial space and exponential time.

The main reference for Section IV.1 is [59] Sections 1.1, 1.2, 5.5. Our
two-sorted vocabulary £2 is from Zambella [112, 113]. Zambella [112]
states the representation theorems IV.3.6 and 1V.3.7, although Theo-
rem IV.3.7 essentially goes back to [111], [50]. and [105].






Chapter V

THE THEORY V° AND AC°

In this chapter we introduce the family of two-sorted theories V° ¢ V! C
V2 C ... over the vocabulary Ei. For i > 1, V' corresponds to Buss’s
single-sorted theory S} (Section I1I.5). The theory V0 characterizes AC°
in the same way that IA characterizes LTH. Similarly V' characterizes
P. and in general for i > 1, V' is related to the i-th level of the polynomial
time hierarchy.

Here we concentrate on the theory V°, which will serve as the base
theory: all two-sorted theories introduced in this book are extensions
of V0. It is axiomatized by the set 2-BASIC of the defining axioms for
the symbols in £, together with ££-COMP (the comprehension axiom
scheme for £f formulas). For i > 1, V' is the same as V' except that
B-COMP is replaced by £8-COMP. We show that for i > 0, V' proves
the £# induction scheme, even though it is not explicitly postulated as a
set of axioms. We generalize Parikh’s Theorem, and show that it applies
to each of the theories V'.

The main result of this chapter is that ¥* characterizes AC”: The
provably total functions in ¥ are precisely the 4C° functions. The proof
of this characterization is somewhat more involved than the proof of
the analogous characterization of LTH by IAy (Theorem II1.4.8). The
hard part here is the Witnessing Theorem for V°, which is proved by
analyzing anchored LK>-V° proofs. We also give an alternative proof of

the witnessing theorem based on the universal conservative extension V'
of V0, using the Herbrand Theorem.

V.1. Definition and Basic Properties of V'

The set 2-BASIC of axioms is given in Figure 2. Recall that t < u
stands for (t < u At # u).

Axioms BI, ..., B8 are taken from the axioms in 1-BASIC for IA,
and B9, ... . B12 are theorems of IA (see Examples 111.1.8 and 111.1.9).
Axioms L1 and L2 characterize |X| to be one more than the largest
element of X, or 0 if X is empty. Axiom SE (extensionality) specifies that

95
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Bl.x+1#0 B7. (x<yAy<x)Dx=y
B2. x4+1=y+1D>x=y B8 x<x+y

B3. x+0=x B9. 0 <x

B4 x+(y+1)=(x+y)+1 BIO.x<yVvy<x

B5. x-0=0 Bll.x<yeox<ytl
B6.x-(y+1)=(x-y)+x BlI2.x#0D>3y<x(y+1=x)
Ll. X(y) Dy < |X] L2.y+1=|X|D>X(y)

SE. (|X|=|Y[AVi<|X|(X(i) = Y(i)) DX =Y

FIGURE 2. 2-BASIC.

sets X and Y are the same if they have the same elements. Note that the
converse

X =YD (X|=|Y|AVi<|X|(X(i) < Y(i)))

is valid because in every L£%-structure, =, must be interpreted as true
equality over the strings.

ExErcIsE V.1.1. Show that the following formulas are provable from
2-BASIC.

(a) -x <0.

(b) x<x+1.

(c) 0<x+1.

(d) x<y>x+1<y. (UseBl0.Bl1,B7.)
() x<yDdx+1<y+1.

DEFINITION V.1.2 (Comprehension Axiom). If @ is a set of formulas,
then the comprehension axiom scheme for ®, denoted by ®-COMP, is the
set of all formulas

X < pVz <y(X(2) < ¢(2)), (48)
where ¢(z) is any formula in ®, and X does not occur free in ¢(z).

In the above definition ¢(z) may have free variables of both sorts, in
addition to z. We are mainly interested in the cases in which ® is one of
the formula classes £ 2.

NoOTATION. Since (48) states the existence of a finite set X of numbers,
we will sometimes use standard set-theoretic notation in defining X:

X={z:z<yAp(2)} (49)

DEFINITION V.1.3 (V7). Fori > 0, the theory ¥ has the vocabulary £
and is axiomatized by 2-BASIC and £2-COMP.

There are no explicit induction axioms for ¥, but nevertheless induc-
tion is provable (See Corollary V.1.8).
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NoTATION. Since now there are two sorts of variables, there are two
different types of induction axioms: One is on numbers, and is defined as
in Definition 111.1.4 (where now @ is a set of two-sorted formulas), and
one is on strings, which we will discuss later. For this reason, we will speak
of number induction axioms and string induction axioms. Similarly, we will
use the notion of number minimization axioms, which is different from the
string minimization axioms (to be introduced later). For convenience we
repeat the definitions of the axiom schemes for numbers below.

DErFINITION V.1.4 (Number Induction Axiom). If @ is a set of two-sor-
ted formulas, then ®-IND axioms are the formulas

((0) AVx(p(x) > plx + 1)) > Vzp(2)

where ¢ is a formula in ®.

DEFINITION V.1.5 (Number Minimization and Maximization Axioms).
The number minimization axioms (or least number principle axioms) for
a set ® of two-sorted formulas are denoted ®-MIN and consist of the
formulas

@(y) D 3Ix < y(plx) A=3z < xp(z))
where @ is a formula in @. Similarly the number maximization axioms for
@ are denoted ®-MAX and consist of the formulas

@(0) D 3x < p(plx) A3z < y(x <z Ap(2)))
where ¢ is a formula in ®.

In the above definitions. ¢ (x) is permitted to have free variables of both
sorts, in addition to x.

Notice that all axioms of ¥ hold in the standard model N, (page 79).
In particular, all theorems of ¥ about numbers are true in N. Indeed we
will show that ¥? is a conservative extension of IAg: all theorems of A,
are theorems of V°, and all theorems of V° over £ 4 are theorems of IA,.

For the first direction, note that the above axiomatization of ¥ contains
no explicit induction axioms, so we need to show that it proves the number
induction axioms for the Ay formulas. In fact, we will show that it proves
X8-IND by showing first that it proves the X -MIN axiom, where

X-MIN =0 < |X| 2 3x < |X|(X(x) AVy < x=X()).
Lemma V.1.6. VO + X-MIN.
PrOOF. We reason in V*: By TZ-COMP there is a set Y such that
|Y| < |X|and forall z < | X|
Y(z) & Vy <z-X(p). (50)

Thus the set Y consists of the numbers smaller than every element in
X. Assuming 0 < |X|, we will show that |Y] is the least member of
X. Intuitively, this is because | Y| is the least number that is larger than
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any member of Y. Formally, we need to show: (i) X(|Y]). and (ii)
Vy < |Y|=X (). Details are as follows.

First suppose that Y is empty. Then | Y| = 0 by B12 and L2, hence (ii)
holds vacuously by Exercise V.1.1 (a). Also, X (0) holds, since otherwise
Y (0) holds by B7 and B9. Thus we have proved (i).

Now suppose that Y is not empty, i.e., Y (y) holds for some y. Then
y < |Y|byLl, and thus| Y| # 0 by Exercise V.1.1 (a). ByBI12, |Y| = z+1
for some z and hence (Y (z) A =Y (z + 1)) by L1 and L2. Hence by (50)
we have

Vy <z=X(y)AJi <z+1X(3).

It follows that i = z + 1 in the second conjunct, since if 7 < z + 1 then
i < z by BI1, which contradicts the first conjunct. This establishes (i)
and (ii), since i =z + 1 = |Y|. O

Consider the following instance of £ -IND:
X-IND = (X(0) \Vy <z(X(y) D X(y+1))) D X(z).

COROLLARY V.1.7. V% X-IND.
PrOOF. We prove by contradiction. Assume =X -IND, then we have for
some z:
XO)A-X(z)AVy <z(X(y) D X(y+1)).
By 28-COMP, there is a set Y with | Y| < z + 1 such that

Vy <z+ 1(Y(y) — =X(p)).

Then Y (z) holds by Exercise V.1.1 (b), so 0 < | Y| by (a) and L1. By
Y-MIN. Y has a least element yo. Then yo # 0 because X (0), hence
Yo = xo + 1 for some xq. by B12. But then we must have X (xo) and
—X (xo + 1). which contradicts our assumption. 0

COROLLARY V.1.8. Let T be an extension of V° and ® be a set of for-
mulas in T. Suppose that T proves the ®-COMP axiom scheme. Then T

also proves the ®-IND axiom scheme, the ®-MIN axiom scheme, and the
O-MAX axiom scheme.

Proor. We show that 7 proves the ®-IND axiom scheme. This will
show that ¥ proves £E-IND, and hence extends IA, and proves the
arithmetic properties in Examples I11.1.8 and I11.1.9. The proof for the
O-MIN and ®-MAX axiom schemes is similar to that for ®-IND, but
easier since these properties are now available.

Let p(x) € ®. We need to show that

T+ (9(0) AVy(p(y) Doy + 1)) D l2).

Reasoning in V°, assume

©(0) AVYy(p(y) Dy +1)). (51)
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By ®-COMP, there exists X such that | X| < z + | and
Vy<z+1(X(y) < el)). (52)
By B11, Exercise V.1.1 (c.e) and (51) we conclude from this
X0)AVy<z(X(y) D X(y+1)).

Finally X (z) follows from this and X-IND, and so ¢(z) follows from (52)
and Exercise V.1.1 (b). O

It follows from the corollary that for all i > 0, V' proves XZ-IND.,
2B-MIN, and £8-MAX.

THEOREM V.1.9. VO is a conservative extension of IA.

Proor. The axioms for IAq consist of BI, ... . B8 and the Ay-IND
axioms. Since BI, ..., B8 are also axioms of ¥°, and we have just shown
that V° proves the ZZ-IND axioms (which include the Ay-IND axioms),
it follows that ¥ extends IA,. To show that ¥ is conservative over IA,
(i.e. theorems of ¥ in the vocabulary of IA, are also theorems of IA,).
we prove the following lemma.

LemMA V.1.10. Any model M for IAy can be expanded to a model M’
for VO, where the “number” part of M' is M.

Note that Theorem V.1.9 follows immediately from the above lemma,
because if ¢ is in the vocabulary of TA, then the truth of ¢ in M’ depends
only on the truth of ¢ in M. (See the proof of the Extension by Definition
Theorem II1.3.5.) O

Proor ofF LEMMA V.1.10. Suppose that M is a model of IAy with uni-
verse M = Uj. Recall that IA( proves B1, ... . B12, so M satisfies these
axioms. According to the semantics for £% (Section 1V.2.2), to expand
M to a model M’ for ¥° we must construct a suitable universe U, whose
elements are determined by pairs (m, S), where S C M and m = |S|. In
order to satisfy axioms L1 and L2, if S € U, is empty, then |S| = 0, and
if S is nonempty, then S must have a largest element s and |S| = 5 + 1.
Since S € M and |S| is determined by S, it follows that the extensionality
axiom SE is satisfied.

The other requirement for U, is that the Z{f -COMP axioms must be
satisfied. We will construct U, to consist of all bounded subsets of M
defined by Ag-formulas with parameters in M. We use the following
conventional notation: If ¢ (x) is a formula and c is an element in M . then
o(c) represents o (x) with a constant symbol (also denoted ¢) substituted
for x in ¢, where it is understood that the symbol ¢ is interpreted as the
element ¢ in M. If o(x, J) is a formula and ¢, d are elements of M, we
use the notation

S(c.p(x.d)) = {e € Mle < ¢ and M satisfies o (e, d)}.
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Then we define

Uy ={S(c.o(x.d)) :c.d.....d, € M and
o(x,7)isa Ag(Ly) formula}. (53)

We must show that every nonempty element S of U, has a largest
element, so that |S| can be defined to satisfy L1 and L2. The largest
element exists because the differences between the upper bound ¢ for S and
elements of S have a minimum element, by Ag-MIN. Specifically, if S =
S(c.(x.d)) is nonempty and m is the least z satisfying p(c — 1 = z.d).
then define |S| = £,(c. d) where £ (c,d3 = ¢~ m. Then

(e.d) = { sup(S(c. p(x.d)) +1 ifS;A@,
otherwise.
The preceding argument shows that the function £, (z, j°) is provably total
in IA()

It remains to show that Z§-COMP holds in M’. This means that for
every 8 formula y(z, ¥, f) (with all free variables indicated) and for
every vector d of elements of M interpreting X and every vector S of
elements in U, interpreting ¥ and for every ¢ € M. the set

T={eeM:e<cand M' = yl(e.d.S)} (54)
must be in U,. Suppose that
Si = S(ci. <Pi(u d_"))

for some A formulas ; (x, 7;). Let 0(z, X, 71. 7. ....wi. ws....) be the
result of replacing every sub-formula of the form Y;(¢) in w(z. %, Y) by
(pi(2.7:) Nt < w;) and every occurrence of |Y;| by £y, (w;. 7). (We
may assume that y has no occurrence of =, by replacing every equation
X =, Z by a f formula using the extensionality axiom SE.) Finally let

T=5S0(zd.d.d,....co.c2....)).

Then T satisfies (54). Since the functions £, are X-definable in 1Ay, by
the Conservative Extension Lemma I11.3.10, 6 can be transformed into
an equivalent Ay(L4) formula. Thus T € Us. m]

Exercist V.1.11. Suppose that instead of defining U, according to (53),
we defined U, to consist of all subsets of M which have a largest element,
together with @. Then for each set S C U; in U, we define |S| in the
obvious way to satisfy axioms .1 and L2. Prove that if M is a nonstandard
model of IAy. then the resulting two-sorted structure (U;. Us) is not a
model of V.

ExeRCISE V.1.12. Suppose that we want to prove that ¥ is conservative
over IA, by considering an anchored LK proof instead of the above
model-theoretic argument. Here we consider a small part of such an
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argument. Suppose that ¢ is a formula in the vocabulary of A, and =
is an anchored LK>-¥° proof of — ¢. Suppose (to make things easy)
that no formula in 7 contains a string quantifier. Show explicitly how to
convert 7 to an LK-IA proof 7’ of — ¢.

Since according to Theorem V.1.9 V? extends IA,, we will freely use the
results in Chapter I1I when reasoning in ¥ in the sequel.

V.2. Two-Sorted Functions

Complexity classes of two-sorted relations were discussed in Section
IV.3. Now we associate with each two-sorted complexity class C of re-
lations a two-sorted function class FC. Two-sorted functions are either
number functions or string functions. A number function f(¥,Y) takes
values in N, and a string function F (X, Y) takes finite subsets of N as
values.

DEFINITION V.2.1. A function f or F is polynomially bounded (o
bounded) if there is a polynomial p(X, 7¥) such that (¥, Y) < p(X¥
or |[F(¥.Y)] < p(¥.|Y]).

T
YY)

s

All function complexity classes we consider here contain only p-boun-
ded functions.

In defining the functions associated with a complexity class of relations
the natural relation to use for a number function is its graph. However
this does not work well for string functions. For example the function
F(X) which gives the prime factorization of X (considered as a binary
number) is not known to be polynomial time computable, but its graph is
a polynomial time relation. It turns out that the right relation to associate
with a string function is its bit graph.

DEFINITION V.2.2 (Graph, Bit Graph). The graph G of a number func-
tion f (%, Y) is defined by
Gi(z,%.Y) = z=f(X.7).
The bit graph By of a string function F (&, Y) is defined by
Br(i,%.Y) = F(z.Y)(i).
DEFINITION V.2.3 (Function Class). If C is a two-sorted complexity
class of relations, then the corresponding function class FC consists of

all p-bounded number functions whose graphs are in C, together with all
p-bounded string functions whose bit graphs are in C.

In particular, the string functions in FAC? are those p-bounded func-
tions whose bit graphs are in AC°. The nonuniform version FAC®/poly
has a nice circuit characterization like that of AC°/poly (see page 75).
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Thus a string function F (X) is in FAC®/poly iff there is a polynomial size
bounded depth family (C,) of Boolean circuits (with unbounded fan-in
A-gates and V-gates) such that each C, has n input bits specifying the
input string X, and the output bits of C, specify the string F (X).

The following characterization of FAC® follows from the above defini-
tions and the =¥ Representation Theorem (Theorem 1V.3.6).

COROLLARY V.2.4. A string function is in FAC® if and only if it is p-
bounded. and its bit graph is represented by a & formula. The same holds
for a number function, with graph replacing bit graph.

An interesting example of a string function in FAC is binary addition.
Note that as in (46) we can treat a finite subset X C N as the natural

number
bin(X) =Y X(i)2

where we write O for L and 1 for T. We will write X + Y for the string func-
tion “binary addition”, so X + Y = bin(X) + bin(Y). Let Carry(i, X. Y)
hold iff there is a carry into bit position i when computing X + Y. Then
Carry(i, X. Y) is represented by the § formula given in (47).

The bit graph of X + Y can be defined as follows.

ExamPLE V.2.5 (Bit Graph of String Addition). The bit graphof X +Y
is
X+Y)0) o (i<|X|+|YIANXG) @ Y(i)® Carry(i, X. Y))) (55)
where p & q = ((p A —q) vV (=p A q)).
In general, the graph G (X, Y.Z) = (Z = F(X.Y)) of a string func-
tion F (%, Y) can be defined from its bit graph as follows:
Gp(%.Y.Z) - Vi (Z(i) — Bp(i.%.Y)).
So if F is polynomially bounded and its bit graph is in AC°, then its
graph is also in AC°, because
Gr(X.Y.Z) < (|Z| <t AVi<t(Z(i) < Br(i.%.Y))) (56)
where ¢ is the bound on the length of F.
As we noted earlier (Section IV.1), the relation R, is not in AC°, where
R (X, Y. Z) < bin(X)-bin(Y) = bin(Z)

(because PARITY, which is not in AC°, is reducible to it). As a result,
the bit graph of (X x Y)(i) is not representable by any £ formula, where
X x Y = bin(X) - bin(Y) is the string function “binary multiplication”.
If a string function F (X ) is polynomially bounded, it is not enough to
say that its graph is an AC? relation in order to ensure that F € FAC®.
For example, let M be a fixed polynomial-time Turing machine, and define
F(X) to be a string coding the computation of M on input X. If the
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computation is nicely encoded then F(X) is polynomially bounded and
the graph ¥ = F(X) is an AC° relation, but if the Turing machine
computes a function not in AC° (such as the number of ones in X) then
F ¢ FAC®.

For the same reason that the numerical 4C° relations in the two-sorted
setting are precisely the LTH relations in the single-sorted setting (see
the proof of the Z{f Representation Theorem, IV.3.6). number functions
with no string arguments are AC° functions iff they are single-sorted LTH
functions.

The nonuniform version of FAC® consists of functions computable by
bounded-depth polynomial-size circuits, and it is clear from this definition
that the class is closed under composition. It is also clear that nonuni-
form AC” is closed under substitution of (nonuniform) 4C? functions for
parameters. These are some of the natural properties that also hold for
uniform AC® and FAC®.

EXERCISE V.2.6. Show thata number function f (¥, X) isin FAC® if and
only if

[(@X) =|F(x.X)

for some string function F (%, X) in FAC®.

THEOREM V.2.7. (a) The AC° relations are closed under substitution of
AC® functions for variables.
(b) The AC® functions are closed under composition.
(c) The AC® functions are closed under definition by cases, i.e., if @ is an
AC relation, g. h and G, H are functions in FAC®, then the functions
f and F defined by

f:{g if . F:{G if .

h  otherwise H otherwise

are also in FAC®.

Proor. We will prove (a) for the case of substituting a string function
for a string variable. The case of substituting a number function for a
number variable is left as an easy exercise. Part (b) follows easily from
part (a). We leave part (c) as an exercise.

Suppose that R(%, X, Y) is an AC? relation and F (&, X) an AC° func-
tion. We need to show that the relation Q(%, X) = R(%. X, F(%. X)) is
also an AC° relation, i.c., it is representable by some 8 formula.

By the = Representation Theorem (IV.3.6) there is a £¥ formula
¢(X. X, Y) that represents R:

REX.Y) = o X.Y).
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By Corollary V.2.4 there is a £¥ formula 0(i. ¥, X) and a number term
¢(%. X) such that

F(x.X)i) —i<t(@X)N0(i. 7 X). (57)

It follows from Exercise V.2.6 that the relation z = |F (¥, X )| is represented
by a § formula 7, so

z=|F(x.X)| < nzxX). (58)

The £¥ formula that represents the relation Q(¥, X) is obtained from
o(%, X, Y) by successively eliminating each occurrence of Y using (57)
and (58) as follows.

First eliminate all atomic formulas of the form ¥ = Z (or Z = Y)
in ¢ by replacing them with equivalent formulas using the extensionality
axiom SE. Thus

Y=Z<(Y|=|Z|) AVi<|Y|(Y(i) < Z(i)).

Now Y can only occur in the form | Y] or Y (r), for some term r. Any
occurrence of | Y] in (¥, X, Y) must be in the context of an atomic
formula (¥, X .| Y|). which we replace with

3z <t X) ((z. 7. X) Aw(R. X, 2)).

Finally we replace each occurrence of Y (r) in (%, X, Y) by
r<t(ZX)A0(r%. X).
The result is a £F formula which represents Q(%. X). O

EXERCISE V.2.8. Prove part (a) of Theorem V.2.7 for the case of substi-
tution of number functions for variables. Also prove parts (b) and (c) of
the theorem.

V.3. Parikh’s Theorem for Two-Sorted Logic

Recall (Section I11.2) that a term #(¥) is a bounding term for a function
symbol f in a single-sorted theory 7 if

T V% £(3) < 1(3).

For a two-sorted theory 7 whose vocabulary is an extension of £, we say
that a number term (%, X) is a bounding term for a number function f
in 7 if

THEYVX f(2.X) <1(%.X).
Also, #(%, X) is a bounding term for a string function F in 7 if

T FVIVX |F(Z.X)| <t(%.X).
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DEerFNITION V.3.1. A number function or a string function is polynomi-
ally bounded in T if it has a bounding term in the vocabulary £2.

Exercise V.3.2. Let 7 be a two-sorted theory over the vocabulary £ O
L£%. Suppose that 7 extends IAg. Show that if the functions of £ are

polynomially bounded in 7, then for each number term s(¥,X) and
string term 7' (¥, X) of £, there is an £%-number term #(¥, X ) such that

THVvX s(x. X) <t(%. X) and T+ VevX |T(% X)| < (% X).

Note that a bounded formula is one in which every quantifier (both
string and number quantifiers) is bounded. Recall the definition of a
polynomial-bounded single-sorted theory (Definition I11.2.2).

In two-sorted logic, a polynomial-bounded theory is required to extend
V0. The formal definition follows.

DEFINITION V.3.3 (Polynomial-Bounded Two-Sorted Theory). Let 7
be a two-sorted theory over the vocabulary £. Then 7 is a polynomial-
bounded theory if (i) it extends V'; (ii) it can be axiomatized by a set of
bounded formulas; and (iii) each function f or F in £ is polynomially
bounded in 7.

Note that each theory V',i > 0, is a polynomial-bounded theory.
In fact, all two-sorted theories considered in this book are polynomial-
bounded.

THEOREM V.3.4 (Parikh’s Theorem, Two-Sorted Case). Suppose that T
is a polynomial-bounded theory and (%, 7,X.Y) is a bounded formula
with all free variables indicated such that

T HVYRVXIFAV (. 7. X. Y). (59)
Then
T HVIVX37 < 13Y < to(%.7.X.Y) (60)

for some L -term t = t(%, X) containing only the variables (%, X).

It follows from Exercise V.3.2 that the bounding term 7 can be taken to
be a term in £7.
It suffices to prove the following simple form of the above theorem.

LemMA V.3.5. Suppose that T is a polynomial-bounded theory, and
o(z. %, X) is a bounded formula with all free variables indicated such that

T FVVX3zp(z, 3. X).

Then
THVVX 3z <t(R.X)p(z. 7. X)

for some term 1 (%, X)) with all variables indicated.
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PROOF OF PARIKH’S THEOREM FROM LEMMA V.3.5. Define (omitting X
and X)

w(z) =37 <237 < zp(7. V).

From the assumption (59) we conclude that 7 + 3zw(z). since we can
take

z=y1+ e+ N+ 4 Y.

Since ¢ is a bounded formula, y is also a bounded formula. By the
lemma, we conclude that 7 proves 3z < tw(z). where the variables in ¢
satisfy Parikh’s Theorem. Thus (60) follows. O

ProoF oF LEMMA V.3.5. The proof is the same as the proof of Parikh’s
Theorem in the single-sorted logic (page 46), with minor modifications.
Refer to Section IV.4 for the system LK>. Here we consider an anchored
LK>-T proof 7 of 3zp(z. @. &). where T is the set of all term substitution
instances of axioms of 7 (note that now we have both the substitution of
number terms for number variables and string terms for string variables).
We assume that 7 is in free variable normal form (see Section 1V.4.1).

We convert 7 to a proof 7’ by converting each sequent S in =z into a

sequent S’ and providing an associated derivation D(S), where S’ and
D(S) are defined by induction on the depth of S in 7 so that the following
is satisfied:
Induction Hypothesis. If S has no occurrence of Jyp, then &' = S. If
S has one or more occurrences of Iy, then &’ is a sequent which is the
same as S except all occurrences of Iy are replaced by a single occurrence
of 3y < 1, where ¢ is an £%-number term that depends on S and the
placement of S in #. Further every variable in ¢ occurs free in the original
sequent S.

Asdiscussed in Section IV.4.1, if the underlying vocabulary has no string
constant symbol (for example £%), then we allow the string constant @
to occur in 7, in order to assume that it is in free variable normal form.
Thus the bounding term ¢ in the endsequent — 3y < t¢ may contain
@. Since ¢ is an L2 (2)-term, each occurrence of @ is in the context |@
and hence can be replaced by 0 using the axiom E: |&| = 0.

The Cases I-V are supplemented to consider the four string quantifier
rules, which are treated in the same way as their LK counterparts. O

s

V.4. Definability in V°

Recall the notion of ®-definable single-sorted function (Definition
II1.3.2). For a two-sorted theory 7, this notion is defined in the same
way for functions of each sort, and in particular 7 must be able to prove
existence and uniqueness of function values.
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DEFINITION V.4.1 (Two-Sorted Definability). Let 7 be a theory with
vocabulary £ O £, and let ® be a set of £-formulas. A number function
1 is ®-definable in T if there is a formula (%, y, X) in ® such that

T - VYRVXAye(X, y. X) (61)
and
y=f(®X) < p(xy.X). (62)

A string function F is ®-definable in T if there is a formula (%, X, Y) in
@ such that

T HVIVX 3 Yp(R. X.Y) (63)
and
Y=F(&X) o p(x X.Y). (64)

Then (62) is a defining axiom for f and (64) is a defining axiom for F
and we write 7 (/') or 7 (F) for the theory extending 7 by adding f or F
and its corresponding defining axiom to 7. We say that f or F is definable
in T if it is ®-definable in 7 for some ®.

Note thatif f (or F)isin £ then it can be trivially defined in any theory
over £ by the formula y = f(%. X) (or Y = F(%. X)).

THEOREM V.4.2 (Two-Sorted Extension by Definition). 7 (f) and T (F)
(as defined above) are conservative extensions of T .

Proor. This is proved in the same way as its single-sorted version The-
orem III.3.5. g

If @ is the set of all £%-formulas, then every arithmetical function
(that is, every function whose graph is represented by an £%-formula)
is ®-definable in ¥°. To see this, suppose that F (¥, X) has defining
axiom (64). Then the graph of F is also defined by the following formula
o' (¥, X.Y):

(ANZp(Z.X.Z)N (. X. V)V (=N Zp(Z. X.Z) N Y = 2).

Then (63) with ¢’ for ¢ is trivially provable in V°.

We want to choose a standard class ®@ of formulas such that the class of
®-definable functions in a theory 7 depends nicely on the proving power
of 7. so that various complexity classes can be characterized by fixing ®
and varying 7. In single-sorted logic. our choice for ® was X, and we
defined the provably total functions of 7 to be the X;-definable functions
in 7. Here our choice for @ is X! (recall (Definition 1V.3.2) that a X!
formula is a formula of the form Hzﬁp, where ¢ is a £ formula). The
notion of a provably total function in two-sorted logic is defined as follows.
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DErFINITION V.4.3 (Provably Total Function). A function (which can be
either a number function or a string function) is said to be provably total
in a theory 7 iff it is X{-definable in 7.

If 7 consists of all formulas of £ which are true in the standard model
N,. then the functions provably total in 7 are precisely all total functions
computable on a Turing machine. The idea here is that the existential
string quantifiers in a ! formula can be used to code the computation
of a Turing machine computing the function. If 7 is a polynomially
bounded theory, then both the function values and the computation must
be polynomially bounded. In fact. the following result in a corollary of
Parikh’s Theorem.

COROLLARY V.4.4. Let T be a polynomial-bounded theory. Then all prov-
ably total functions in T are polynomially bounded. A function is provably
total in T iff it is £ -definable in T .

We will show that the provably total functions in V' are precisely the
functions in FAC?, and in the next chapter we will show that the provably
total functions in V! are precisely the polynomial time functions. Later
we will give similar characterizations of other complexity classes.

ExErcISE V.4.5. Show that for any theory 7 whose vocabulary includes
L2, the set of provably total functions of 7 is closed under composition.

In two-sorted logic, for string functions we have the notion of a biz-
definable function in addition to that of a definable function.

DEFINITION V.4.6 (Bit-definable Function). Let ® be a set of £ formulas
where £ D £%. We say that a string function symbol F (¥, ¥) not in £
is ®-bit-definable from L if there is a formula (i, X, ¥) in ® and an
L% -number term (¥, Y) such that the bit graph of F satisfies

FRY)i)— (i<t@Y)Ap(i,7.Y)). (65)

We say that the formula on the RHS of (65) is a bit-defining axiom. or bit
definition, of F .

The choice of ¢ and ¢ in the above definition is not uniquely determined
by F. However we will assume that a specific formula ¢ and a specific
number term ¢ has been chosen, so we will speak of the bit-defining axiom,
or the bit definition, of F. Note also that such a F' is polynomially bounded
in 7, and 7 is a bounding term for F.

The following proposition follows easily from the above definition and
Corollary V.2.4.

PROPOSITION V.4.7. A string function is 8 -bit-definable iff it is in FAC 0,

EXERCISE V.4.8. Let 7 be a theory which extends ¥° and proves the
bit-defining axiom (65) for a string function F, where ¢ is a 8 formula.



V.4. DEFINABILITY IN P 109
Show that there is a X formula (z, %, ¥) such that 7 proves
z=|F(x, )7)| —p(zxY).

It is important to distinguish between a “definable function” and a
“bit-definable function”. In particular, if a theory 7, is obtained from a
theory 7; by adding a ®-bit-definable function F together with its bit-
defining axiom (65). then in general we cannot conclude that 7; is a
conservative extension of 7. For example, it is easy to show that the
string multiplication function X x Y has a ¥ bit definition. However, as
we noted earlier, this function is not £2-definable in ¥°. The theory that
results from adding this function together with its £8-bit-definition to ¥°
is not a conservative extension of V.

To get definability, and hence conservativity, it suffices to assume that 7,
proves a comprehension axiom scheme. The following definition is useful
here and in Chapter VI.

DEFINITION V.4.9 (£8-Closure). Let @ be a set of formulas over a vo-
cabulary £ which extends £%. Then ZZ(®) is the closure of ® under the
operations —, A, V and bounded number quantification. That is, if ¢ and
y are formulas in £Z (®) and 7 is an £ -term not containing x, then the
following formulas are also in 8 (®): —¢, (0 A w), (p V w), Vx < tp,
and Ix < tp.

LemMMA V.4.10 (Extension by Bit Definition). Let T be a theory over L
that contains V°, and ® be a set of L-formulas such that ® D £E. Suppose
that T proves the ®-COMP axiom scheme. Then any polynomially bounded
number function whose graph is ®-representable, or a polynomially bounded
string function whose bit graph is ®-representable. is § (®)-definable in T .

Proor. Consider the case of a string function. Suppose that F is a
polynomially bounded string function with bit graph in @, so there are an
L%-number term ¢ and a formula ¢ € @ such that

FRY)i)= (i<t Y)Ap(i, %, Y)).
As in (56), the graph G of F can be defined as follows:
Gr(%.Y.Z)=|Z| <t AVi<t(Z(i) = o(i.%.Y)). (66)
Now since 7 proves the ©-COMP, we have
T FVXVY3Z Gr (3. Y. 2Z). (67)

Also 7T proves that such Z is unique. by the extensionality axiom SE in
2-BASIC. Since the formula G5 (%, Y. Z) is in 22 (®). it follows that F is
X8 (®)-definable in 7.

Next consider the case of a number function. Let f be a polynomially
bounded number function whose graph is in @, so there are an £%-number
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term ¢ and a formula ¢ € ® such that
y=f(ZX)o (<t@X)Ap(.5.X)).

By Corollary V.1.8, 7 proves the ®-MIN axiom scheme. Therefore f is
definable in 7 by using the following X% (®) formula for its graph:

G(p.x.X)= (Vz<ypzf X)A(r<tDp(.5X)) (68

(i.e., y is the least number < 7 such that ¢(y) holds, or ¢ if no such y
exists). a

In this lemma., if we take 7 = V° and ® = X&, then (since L& (Zf) =
28) we can apply Corollary V.2.4 and Proposition V.4.7 to obtain the
following:

COROLLARY V.4.11. Every function in FAC® is xB-definable in V°.
This result can be generalized, using the following definition.

DEFINITION V.4.12. 3 A string function is £8-definable from a collection
L of two-sorted functions and relations if it is p-bounded and its bit graph
is represented by a £& (L) formula. Similarly, a number function is X&-
definable from L if it is p-bounded and its graph is represented by a £ (L)
formula.

This “semantic” notion of XZ-definability should not be confused with
X8-definability in a theory (Definition V.4.1), which involves provabililty.
The next result connects the two notions.

COROLLARY V4.13. Let T be a theory over L that contains VO, and
suppose that T proves the L8 (L)-COMP axiom scheme. Then a function
which is 8 -definable from L is 8 (L)-definable in T .

In Section V.5 we will prove the Witnessing Theorem for ¥°, which says
that any X}-definable function of ¥ is in FAC’. This will complete our
characterization of FAC® by ¥°. (Compare this with Proposition V.4.7,
which characterizes FAC in terms of bit-definability, independent of any
theory.)

COROLLARY V4.14. Suppose that the theory T proves L8 (L)-COMP,
where L is the vocabulary of T. Then the theory resulting from T by adding
the £8 (L)-defining axioms or the L& (L)-bit-defining axioms for a collection
of number functions and string functions is a conservative extension of T .

The following result shows in particular that if we extend V° by a
sequence of =¥ defining axioms and bit-defining axioms, the resulting
theory is not only conservative over V. it also proves the 8(L)-compP
and 8 (L£)-IND axioms, where L is the resulting vocabulary. We state it
generally for £2(£) formulas.

3This notion is important for our definition of AC 0 reduction, Definition IX.1.1.
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LeEMMA V.4.15 (28-Transformation). Let T be a polynomial-bounded
theory which extends V°, and assume that the vocabulary L of T has the
same predicate symbols as L%. Suppose that for every number function f
in L. T proves a £ (L?) defining axiom for f, and for every string function
F in L. T proves a $8(L%) bit-defining axiom for F. Then for every i > 0
and every 8 (L) formula o+ there is a £8(L%) formula ¢ such that

TEet .

ProOOFr. We prove the conclusion for the case i = 0. The case i > 0
follows immediately from this case. We may assume by the axiom SE
that ¢ does not contain =,. We proceed by induction on the maximum
nesting depth of any function symbol in ¢ ", where in defining nesting
depth we only count functions which are in £ but not in £%. The base
case is nesting depth 0, so ¢ is already a £8(£%) formula, and there is
nothing to prove.

For the induction step, assume that ¢ has at least one occurrence of
a function not in £2. It suffices to consider the case in which ¢ is an
atomic formula. Since by assumption the only predicate symbols in £ are
those in £2, the only predicate symbols we need consider are ¢, =, <. First
consider the case €, so ¢ has the form F (7. T)(s). Then by assumption
T proves a bit definition of the form

FE. X)) o (i < (7. X) A pli. . X))
where r is an £2 term and y is a 8 (£%) formula. Then 7 proves
o o (s<r(.T)Ay(s.i.T)).

The RHS has nesting depth at most that of ¢ and 7.7 have smaller
nesting depth, and hence we have reduced the induction step to the case
that ¢t has the form p(§) where p(¥) is an atomic formula over £% and
each term s; has one of the forms 1 (7. T'). for f notin £, or |F(7. T)|. In
either case, using the defining axiom for f or Exercise V.4.8, for each term
s; there is a 8 (£%) formula #;(z, ¥, X) and a bounding term r; (¥, X) of
L% such that T proves
z=s; < (z<r(@.T)Ayi(z.T.T)).

Hence (since ¢t is p(§)). 7 proves

—

et 3T <A T)( Z_’/\/\ﬂ, 1. T))

Thus we have reduced the nesting depth of o™, and we can apply the
induction hypothesis. O

The following result is immediate from the preceding lemma, Defini-
tions V.4.12 and V.2.3, and the =¥ Representation Theorem 1V.3.6.
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COROLLARY V.4.16 (FAC® Closed under X8 -Definability). Every func-
tion & -definable from a collection of FAC® functions is in FAC®.

Below we give 8-bit-definitions of the string functions @ (zero. or
empty string), S(X) (successor). X + Y and several other useful 4C°
functions: Row, seq. left and right. Each of these functions is £ -definable
in ¥°, and the above lemmas and corollaries apply.

ExampLE V.4.17 (@, S. +). Thestring constant @ has bit defining axiom
&(z) - z<0.
Binary successor S (X ) has bit-defining axiom
S(X)(@) < (i <[XIA(X)AT] <i=X()V(=X(@)AY] < iX ().
Recall from (55) that binary addition X + Y has the following bit-defining
axiom:
X+ Y)i) = (i <|X[+|Y|A(XGE)® Y(i)® Carry(i. X, Y)))

where & is exclusive OR, and
Carry(i. X. Y) = 3k < i(X(k)ANY(k)AV) < i(k < j 2 (X(/)VY()))).

EXERCISE V.4.18. Show that V° proves

—Carry(0. X, Y) A
Carry(i +1.X.Y) < MAJ(Carry(i. X, Y), X (i), Y (i))

where the Boolean function MAJ (P, Q. R) holds iff at least two of P, Q. R
are true. This formula gives a recursive definition of Carry which is the
binary analog to the school method for computing carries in decimal
addition.

EXERCISE V.4.19. Let V°(@. S. +) be V° extended by @. S. + and their
bit-defining axioms. Show that the following are theorems of ¥%(&. S, +):

(a) X +o9=X.

(b) X +S(Y) = S(X + Y) Use the previous exercise, and the fact that
in computing the successor of a binary number the lowest order 0
turns to 1, the 1’s to the right turn to 0’s, and the other bits remain
the same. Compare the positions of this lowest order 0 in X and in
X+Y.

(c) X +Y =Y + X (Commutativity).

(d) (X +Y)+Z =X+ (Y + Z) (Associativity).

For Associativity, first show in ¥°(+) that

Carry(i, Y. Z) ® Carry(i, X. Y + Z) «
Carry(i. X, Y) ® Carry(i. X + Y. Z).

Derive a stronger statement than this, and prove it by induction on i.
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ExaMPLE V.4.20 (The Pairing Function). We define the pairing func-
tion (x. y) as the following term of IA¢:

(x.) =dget (X +y)(x+p+1)+2y. (69)

ExercISE V.4.21. Show using results in Section III.1 that A, proves
(x,y) is a one-one function. That is

IAo = (x1, 1) = (x2.32) D X1 = X2 A y1 = )2 (70)
(First show that the LHS implies x1 + y; = x3 + »».)
In general we can “pair” more than 2 numbers, e.g., define

(xl,...,ka) = <<x1,...,xk>,xk+1>.

We will refer to the term (xi. ..., xx41) as a tupling function.

For any constant k € N, k > 2, we can use the tupling function to code
a k-dimensional bit array by a single string Z by defining

NOTATION.
Z(X1.. ... Xk) =def Z(<X1 ..... xk>). (71)

ExaMPLE V.4.22 (The Projection Functions). Consider the (partial)
projection functions:

y =left(x) < 3z < x(x = (y,2)).

z =right(x) < Jy < x (x = (. 2)).
To make these functions total, we define

left(x) = right(x) =0 if —Pair(x)
where

Pair(x) =3y < x3z < x(x = (y.2)).
For constants n and k < n, if x codes an n-tuple, then the k-th component
(x) of x can be extracted using left and right. e.g..

(x)3 = right(left(x)).

EXERCISE V.4.23. Use Exercise V.4.21 to show that left(x) and right(x)
are X8-definable in IAg. Show that IA(left.right) proves the following
properties of Pair and the projection functions:

(a) VyVzPair({y,z)).
(b) Vx(Pair(x) D x = (left(x). right(x))).
(c) x = (x1.x2) D (x1 = left(x) A x3 = right(x)).

Now we can generalize the 22 -comprehension axiom scheme to multiple
0
dimensions.
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DEFINITION V.4.24 (Multiple Comprehension Axiom). If @ is a set of
formulas, then the multiple comprehension axiom scheme for ®, denoted
by ©-MULTICOMP, is the set of all formulas

JX < <Y1,-..,yk>V21 <J)i... Vzi <yk(X(zl ..... Zk) — (p(Z],...,Zk))
(72)

where k > 2 and ¢(z) is any formula in ® which may contain other free
variables, but not X.

LemMA V.4.25 (Multiple Comprehension). Suppose that T O VO is a
theory with vocabulary £ which proves the 28 (L)-COMP axioms. Then T
proves the 8 (L)-MULTICOMP axioms.

PrOOF. For the case £ = £% we could work in the conservative exten-
sion 7T (left.right) and apply Lemma V.4.15 to prove this. However for
general £ we use another method.

For simplicity we prove the case k = 2. Define w(z) by

w(z) =3z < z3z < z(z = (z1. 22) A (21, 22)).
Now by Zf-COMP.,

TE3IX <1, )z < 1) (X (2) < w(2)).
By Exercise V.4.21, T proves that such X satisfies (72). O

Notice that the string X in (72) is not unique. because there are num-
bers z < (yi1....,yx) which are not of the form (zy,....z) (the pairing
function (69) is not surjective). This, however, is not important. since
we will be using only the truth values of X (z) where z = (z...., z;) for
z; < yi. 1 <i < k. (A unique such X can be defined as in the proof
above.)

Now we introduce the string function Row(x, Z) (or Z) in FAC® to
represent row x of the binary array Z.

DEFINITION V.4.26 (Row and V°(Row)). The function Row(x. Z) (also
denoted Z*1) has the bit-defining axiom

Row(x, Z)(i) < (i < |Z| N Z(x.1i)). (73)

V9(Row) is the extension of ¥ obtained from V'° by adding to it the string
function Row and its X2 -bit-definition (73).

Note that by Corollary V.4.14, ¥°(Row) is a conservative extension of
Vo,

The next result follows immediately from Lemma V.4.15.

LEMMA V.4.27 (Row Elimination). For every Z§(Row) formula . there
is T8 formula ' such that V°(Row) = ¢ < ¢'. Hence V°(Row) proves the
28(Row)-COMP axiom scheme.
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We can use Row to represent a tuple X7,..., X of strings by a single
string Z. where X; = ZUl. The following result follows immediately from
the Multiple Comprehension Lemma.

Lemma V.4.28. VO(Row) proves
VX .. VX 3Z <t(Xy = ZW A A X = Z1H) (74)
where t = {k, | Xi|+ -+ | X¢|)- O

DEFINITION V.4.29. A single-2% (L) formula is one of the form 3X < 7,
where ¢ is T8 (L).

Exercise V.4.30. Let 7 be a polynomial-bounded theory with vocabu-
lary £ such that 7 extends V°(Row). Prove that for every 2#(L£) formula
¢ there is a single-2¥ (£) formula ¢’ such that 7 + ¢ « ¢'.

Now use Lemma V.4.27 to show that the same is true when 7 is ¥ and
Lis L.

Just as we use a “two-dimensional” string Z(x, y) to code a sequence
Z0 7z ofsstrings, we use a similar idea to allow Z to code a sequence
0. Y1.... of numbers. Now y; is the smallest element of Zll, or |Z| if
Zl is empty. We define an AC° function seq(i, Z) (also denoted (Z)7) to
extract y;.

DerINITION V.4.31 (Coding a Bounded Sequence of Numbers). The
number function seq(x, Z) (also denoted (Z)*) has the defining axiom:

y =seq(x.Z) < (y <|Z| NZ(x.p) A
Vz<y=Z(x,2))V(Vz < |Z|=Z(x.2) Ny = |Z]).

It is easy to check that ¥° proves the existence and uniqueness of y
satisfying the RHS of the above formula, and hence seq is £ -definable in
V0. Asin the case of Row, it follows from Lemma V.4.15 that any X2 (seq)
formula is provably equivalent in ¥(seq) to a Z8(L?%) formula. (See also
the AC? Elimination Lemma V.6.7 for a more general result.)

V4.1. Al-Definable Predicates. Recall the notion of a ®-definable (or
®-representable) predicate symbol, where ® is a class of formulas (Def-
inition II1.3.2). Recall also that we obtain a conservative extension of a
theory 7 by adding to it a definable predicate symbol P and its defining
axiom. Below we define the notions of a “Al(£)-definable predicate sym-
bol” and a “AZ(L)-definable predicate symbol”. Note that here Al(L)
and A% (L) depend on the theory 7. in contrast to Definition I11.3.2.

DEFINITION V.4.32 (Al(L£) and AB(L) Definable Predicate). Let 7 be a
theory over the vocabulary £ and P a predicate symbol not in £. We say
that P is A} (£)-definable (or simply Al-definable) in 7 if there are £{ (L)
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formulas ¢ (X, Y) and w (%, ¥) such that
R(X.Y) = (R 7). and Troe(®Y)o wxY). (75

We say that P is AB(L)-definable (or simply AB-definable) in 7 if the
formulas ¢ and y above are £ formulas.

The following exercise can be proved using Parikh’s Theorem.

ExERCISE V.4.33. Show thatif 7 is a polynomial-bounded theory, then
a predicate is Al-definable in 7 iff it is A®-definable in 7.

DEFINITION V.4.34 (Characteristic Function). The characteristic func-
tion of a relation R(¥, X ). denoted by fz (¥, X). is defined as follows:

Lo [ 1 ifR(EX),
fR(x’X){ 0 otherwise.

We will show that FAC® coincides with the class of provably total func-
tions in P, It follows that AC" relations are precisely the A} definable
relations in V°. More generally we have the following theorem.

THEOREM V.4.35. If the vocabulary of a theory T includes L2, and a
complexity class C has the property that for all relations R, R € C iff
fr € FC, and the class of \-definable functions in T coincides with FC,
then the class of Al-definable relations in T coincides with C.

ProOF. Assume the hypotheses of the theorem, and suppose that the
relation R(X, X') is Al-definable in 7. Then there are £F formulas ¢ and
w such that

R(X. X))« 3I¥ p(X.X.Y)
and

THIV (@ X.Y) o -3Y y(x. X.Y). (76)

—

) of R satisfies

Thus the characteristic function f g (.
—0(y.%. X) (77)

J’:fR(f»/\?)
where
0(p. 2. X)=3Y(y=1ApE X.Y)V(y=0Ap(Z. X.Y))).

Then 7 proves 3!y6(y, X, X). where the existence of y and Y follows
from the « direction of (76) and the uniqueness of y follows from the
— direction of (76). Thus fg is £!-definable in 7, so f' is in FC, and
therefore R isin C.

Conversely, suppose that R(¥, X) isin C. so fg is in FC. Then fg is
¥ !-definable in 7, so there is a X! formula 0(y, ¥, X) such that (77) holds
and

T+ 3ayl(y.x. X).
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Then R(%, X) < 3p(y # 0 A 0(y. 7. X)) and
TH 3y £0A0(p.5.X)) & —0(0.5. X).

Since 3y(y # 0 A 0(p, X, X)) is equivalent to a X} formula, it follows that
R is Al-definable in 7. i

V.5. The Witnessing Theorem for V°

NotaTION. For a theory 7 and a list £ of functions that are
definable/bit-definable in 7, we denote by 7 (L) the theory 7 extended
by the defining/bit-defining axioms for the symbols in L.

Recall that number functions in FAC® are Zf-definable in V°, and
string functions in FAC® are Y8-bit-definable in ¥° (see Proposition V.4.7
and Corollary V.4.11). It follows from Corollary V.4.14 that V(L) is a
conservative extension of V', for any collection £ of FAC® functions.

Our goal now is to prove the following theorem.

THEOREM V.5.1 (Witnessing for ¥°). Suppose that o(%.7, X, Y) isa 28
formula such that

VO - VRVX3F3Y (7. 7. X, Y).
Then there are FACOfunctions f1.ooos frs F1, ..., Fy 50 that

VO(fiooo fooFroo.. . Fy) F VYV Xo(7, f(7. X). X.F(x. X)).

The functions f; and F; are called the witnessing functions, for y; and
Y;. respectively.

We will prove the Witnessing Theorem for ¥ in the next section. First,
we list some of its corollaries.

The next corollary follows from the above theorem and Corollary V.4.11.

COROLLARY V.5.2 (2l-Definability Theorem for V°). A function is in
FACY iff it is Xi-definable in V° iff it is £B-definable in VO iff it is T&-
definable in V°.

COROLLARY V.5.3. A relation is in AC® iff it is Al definable in V° iff it is
A® definable in V°.

It follows from the X% -Representation Theorem 1V.3.6 that a relation is
in AC" iff its characteristic function is in AC°. Therefore Corollary V.5.3
follows from the X!-Definability Theorem for ¥° and Theorem V.4.35.
Alternatively, it can be proved using the Witnessing Theorem for V° as
follows.

PrOOF. Since each AC" relation R is represented by a X£ formula 0, it

is obvious that they are A? (and hence A}) definable in ¥°: In (75) simply
let ¢ be 0, and y be 0.
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On the other hand, suppose that R is a Al-definable relation of ¥°. In
other words, there are X formulas (¥, X, ¥) and y(%, X, ¥) so that

—

R(%.X) - 3Yp(x.X.Y)

and

—

VO 3Yp(. X.Y) & -3Yp (2. X, Y). (78)

=1

In particular,
VOR3Y (o X.Y) V(R X.Y)).

By the Witnessing Theorem for V. there are AC O functions Fj., ..., Fj so
that

—

VOF,.....F) FYVX (o X.F(. X)) V(2. X.F(%.X))). (79)
We claim that VO(Fy. ..., F;) proves
VEVX(3Y (. X.Y) = o(. X.F(%. X))).

The <« direction is trivial. The other direction follows from (78) and (79).
Consequently (%, X, F(%, X)) also represents R(X, X). Here R is
obtained from the relation represented by (¥, X. 17) by substituting the
AC° functions F for Y. By Theorem V.2.7 (a), R is also an AC° relation.
O

V.5.1. Independence Follows from the Witnessing Theorem for V0. We
can use the Witnessing Theorem to show the unprovability in ¥° of
3Z (Z) by showing that no AC° function can witness the quantifier
3Z. Recall that the relation PARITY (X ) is defined by

PARITY (X) < the set X has an odd number of elements.

Then a well known result in complexity theory states:
PROPOSITION V.5.4. PARITY & AC°.

First, it follows that the characteristic function parity(X) of
PARITY(X) is not in FAC®. Therefore parity is not X}-definable in V.
In the next chapter we will show that pariry is £}-definable in the theory
V!, This will show that ¥ is a proper sub-theory of V.

Now consider the Zg formula go,,a,.,-,y(X LY):

~Y(0)AVi < [X|(Y(i+1) = (X(i)® Y(i)) (80)

where @ is exclusive OR. Thus @pair, (X. Y) asserts that for 0 < i < | X/,
bit Y (i + 1) is 1 iff the number of 1’s among bits X (0),.... X (i) is odd.
Define

QO(X) = EY S (|X| + 1) Qoparity(X> Y)
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Then VXp(X) is true in the standard model N,, but by the above propo-
sition, no function F(X) satisfying ¥ Xgpui, (X, F (X)) can be in FAC®.
Hence by the Witnessing Theorem for ¥,

VOVX3Y < (IX] 4+ 1) @pariy (X, Y).

Note that this independence result does not follow from Parikh’s Theorem.

V.5.2. Proof of the Witnessing Theorem for V'°. Recall the analogous
statement in single-sorted logic for IA, (i.e.. that a ¥; theorem of IA,
can be “witnessed” by a single-sorted LTH function) which is proved in
Theorem I11.4.8. There we use the Bounded Definability Theorem II1.3.8
(which follows from Parikh’s Theorem) to show that the graph of any
% -definable function of 1A, is actually definable by a Ay formula, and
hence an LTH relation.

Unfortunately, a similar method does not work here. We can also use
Parikh’s Theorem to show that the graph of a !-definable function of ¥°
is representable by a £ formula. However this does not suffice, since there
are string functions whose graphs are in 4C° (i.e., representable by =%
formulas), but which do not belong to FAC®. An example is the counting
function whose graph is given by the £ formula dyya(x, X, Y) (227).

Our first proof is by the Anchored LK> Completeness Theorem IV.4.5.
This proof is important because the same method can be used to prove the
witnessing theorem for V! (Theorem VI.4.1). Our second proof method
(see Section V.6.1) is based on the Herbrand Theorem and does not work
for V1.

We will prove the following simple form of the theorem, since it implies
the general form.

LEMMA V.5.5. Suppose that (%, X, Y) is a Z8 formula such that
VO - vVvX3Ze(R. X, Z).
Then there is an FAC® function F so that
VO(F) Vv Xo(x X F(2.X)).

PROOF OF THEOREM V.5.1 FROM LEMMA V.5.5. The idea is to use the
function Row to encode the tuple (7, f) by a single string variable Z,
asin Lemma V.4.28. Then by the above lemma, Z is witnessed by an AC°
function F'. The witnessing functions for yi, ..., yx, Y1...., Y, will then
be extracted from F using the function Row. Details are as follows.

Assume the hypothesis of the Witnessing Theorem for V. i.e..

VO VRVX373Y (7. 7. X.Y)
for a X8 formula (X, 7, X, ¥). Then since ¥°(Row) extends ¥°, we have

also
VO(Row) F VRVX3FAY o(X.7.X.Y).
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Note that
k m

VO(Row) =Yy .. ¥y Yy . VY, 3Z( N\ 1ZW) =y n )\ Z¥H) = Y)).
i=1 j=1
(See also Lemma V.4.28.) Thus
VO(Row) FVRYX3Z o(x.|2W|, ... |ZzK|, X, zk+0 | ZlEm)

ie.,
) VO(Row) - VRVX3Zy(%. X. Z)
where
w(X.X.Z) = (. |ZW). ... |28, X 2z zlkem)
isa & (L% U {Row}) formula.
Now by Lemma V.4.27, there is a 8 (£2) formula y'(%, X, Z) so that
VO(Row) FVVXVZ(y(%.X.Z) — y' (7. X.Z)).
As a result, since VO(ROW) is conservative over V9, we also have
VO vvX3zy' (7. X. Z).
Applying Lemma V.5.5. there is an AC? function F so that
VOF) FVYRVXy' (7. X, F(%.X)).
Therefore
VO(Row. F) FVXVXy (X, X.F(%. X))
ie..
FU| . JFW) X plell | plkmy

VO(Row. F) F Y3VX (X,
where we write F for F (%, X).

Let /(. X) = [(F(&. X))/ for1 <i < k and F;(¥. X) =
X)), for 1 < j < m and denote {f1..... fx.Fi.....F,} by
have

(F(x.
L, we
VO{Row. FYU L) VYV X (%, . X F).

By Corollary V.4.14, VO({Row. F} U L) is a conservative extension of
Vo(L). Consequently,
Vo(L) FVRVX (%, . X, F). o

The rest of this section is devoted to the proof of Lemma V.5.5.

ProOOF OF LEMMA V.5.5. The proof method is similar to that of Lemma
V.3.5 (for Parikh’s Theorem). Suppose that 3Zp (&, &, Z) is a theorem of
V9. By the Anchored LK 2 Completeness Theorem, there is an anchored
LK>-T proof z of
where T is the set of all term substitution instances of the axioms for ¥°.
We assume that 7 is in free variable normal form (see Section 1V.4.1).
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Note that all instances of the £¥-COMP axioms (48) are | formulas
(they are in fact £& formulas). Since the endsequent of 7 is also a X!
formula, by the Subformula Property (Theorem IV.4.6), all formulas in 7
are X! formulas, and in fact they contain at most one string quantifier 3X
in front. In particular, every sequent in 7 has the form

E'XIQI(XI),...,EleHm(Xm),F — A,HYlU/I(Y]),...,EIYnl//n(Yn)
(81)

for m,n > 0. where 0; and y; and all formulas in T’ and A are £8.

We will prove by induction on the depth in 7 of a sequent S of the form
(81) that there are X&-bit-definable string functions Fi, ..., F, (ie., the
witnessing functions) such that there is a collection of E-bit-definable
functions £ including Fi, ..., F, and an LKz-VO(ﬁ) proof of

S =ar 01(p1)..... On(Pn). T — A w1 (F1).....wa(Fy) (82)
where F; stands for F;(a, ¢, /)7 ). and @, & is a list of exactly those vari-
ables with free occurrences in S. (This list may be different for different

sequents.) Here f3i..... 3, are distinct new free variables corresponding
to the bound variables X, ..., X,,, although the latter variables may not
be distinct.

It follows that for the endsequent — 3Zp(a.&. Z) of n. there is a
finite collection £ of FAC® functions, and an F € £ so that

VOL)F p(d.a, F(a.&)).

Note that by Corollary V.4.14, V°(L) is a conservative extension of VO(F).
Consequently we have

and we are done.

Our inductive proof has several cases, depending on whether S is a ¥°
axiom, or which rule is used to generate S. In each case we will introduce
suitable witnessing functions when required, and it is an easy exercise to
check that in each of the functions introduced has a £ (£ )-bit-definition.

To show that the arguments &, & of previously-introduced witnessing
functions continue to include only those variables with free occurrences
in the sequent S, we use the fact that the proof 7 is in free variable normal
form, and hence no free variable is eliminated by any rule in the proof
except V-right and 3-left. (We made a similar argument concerning the
free variables in the bounding terms ¢ in the proof of Lemma V.3.5).

In general we will show that S’ has an LK>-V°(L) proof not by con-
structing the proof, but rather by arguing that the formula giving the
semantics of S’ (Definition 11.2.16) is provable in ¥° from the bit-defining
axioms of the functions £, and invoking the LK> Completeness Theorem.
However in each case the LK>-V°(L) proof is not hard to find.
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Specifically. if we write (82) in the form
S = Ai,.... 4y — B1,....By
then we assert
VL) = VRVXVY (A A AAg) D (B V-V By)).  (83)
Case I. S is an axiom of F°. If the axiom only involves £ formulas,

then no witnessing functions are needed. Otherwise S comes from a
2B-COMP axiom, i.c.,

S =gef — X < bVz < b(X(2) = w(z.b.d, &)).
Then a function witnessing X has bit-defining axiom

F(b.ad.ad)(z) »z<bAw(z.b.d &).

Case Il. S is obtained by an application of the rule string 3-right. Then
S is the bottom of the inference

S A — 11, W(T)

S A—IL3IXy(X)
where the string term 7' is either a variable y or the constant @ introduced
when putting 7 in free variable normal form. In the former case, y must

have a free occurrence in S, and we may witness the new quantifier 3.X by
the function F with bit-defining axiom

F(@.y.a f)(z) &z <yl Ay(z)
In the latter case T is @, and we define

F(@.@ B)(z) = z<0.

Case IIl. S is obtained by an application of the rule string 3-left. Then
S is the bottom of the inference

St 0(y).A —TI
S  3XO(X).A —1I

Note that y cannot occur in S, by the restriction for this rule, but &’
has a new variable 8’ available corresponding to 3X (see (82)). No new
witnessing function is required. Each witnessing function F;(a. y. &, [)?)
for the top sequent is replaced by the witnessing function

Fi(@.a.p'.f)=F;(@p.a.p)

for §'.

Case IV. S is obtained by an application of the rule number 3-right or
number V-left. No new witnessing functions are required.
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Case V. S follows from an application of rule number 3-left or number
V-right. We consider number 3-left, since number V-right is similar. Then
S is the bottom sequent in the inference

S b<itnO(b).A—T11
S 3x <t0(x),A — 11

No new witnessing function is needed, but the free variable b is eliminated
as an argument to the existing witnessing functions, and it must be given
a value. We give it a value which satisfies the new existential quantifier, if
one exists. Thus define the FAC° number function

g(@ &) =minb <1 0(b).

For each witnessing function F;(b. @, &, B) for the top sequent define the
corresponding witnessing function for the bottom sequent by

—,

Fj(a@.a.p) = F;(g(@.@).a.d. p).

Case VI. S is obtained by the cut rule. Then S is the bottom of the

inference
S Sz_A—)H,l// w., A —TI1
S A—T1

Assume first that w is £8. Fori = 1,2, let F{(@.q)..... F(d@, &) be the
witnessing functions for IT in §/. Then we define witnessing functions
F.....F, for these formulas in the conclusion &’ by the bit-defining
axioms

Fi(a@.@)(z) = ((ty AF}(a@. @)(2)) V (y A FHa. &)(2))).

Now assume that y is not &, so y has the form
v =3X0(X) (84)

where 0(X)isE8. Let G(a. &) be the witnessing function for 3X in S| and
let 3 be the variable in S} corresponding to X . Let F(@. &), ..., F{(a@, &)
be the other witnessing functions for Iin S;, and F2(&@. &, ). . . . . FX(a.a.
/) be the witnessing functions for IT in S}. The corresponding witnessing

function F; in S’ has defining axiom (replace ... by 4. &)

Fi(...)(z) <
(=0G(.N)AF(.)E)VOGL.))AF(...G(..))(2). (85)

EXERCISE V.5.6. Show correctness of this definition of F in the special
case where the cut formula w has the form (84), and IT has only one X!
formula, by arguing that ¥°(£) can prove the semantic translation (83)
of &’ from the semantic translations of S| and ;.
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Case VII. S is obtained from an instance of the rule A-left or V-right.
These are both handled in the same manner. Consider A-right.

Sl 82 A—)HA A—)H,B
s A —TL(AAB)

Here, asin (81),

A —def EI)(101(1\/1): e El)(m(gm(AXm)aF
and I =g A 3Y1p1(Y1)..... 3V, (Y,)

for m.n > 0, where 0; and y; and all formulas in I" and A are Eg . Also,
A and B are £¥ formulas.

Let F jl (@.@) and F}(a@. &) witness Y; in S and Sj. respectively. Then
we define the witness F;(a, @) for Y; in &' to be F} (@, @) or F}(a.d).

—

depending on whether F /1 (@, &) works as a witness. In particular (replace

... byd.q)
Fi(..)(2) & ((w(FiCCOAF ) E)V(w (Fi(CO))AFF(L)(2))).

Case VIII. S is obtained by any of the other rules. Weakening is easy.
There is nothing to do for exchange and — introduction. The contraction
rules can be derived from cut and exchanges. a

EXERCISE V.5.7. Show that in the Cases V, VI, and VII above, the new
functions introduced have =% (£2 )-bit-definitions.

V.6. I_/O: Universal Conservative Extension of ¥

Recall that a universal formula is a formula in prenex form in which all
quantifiers are universal, and a universal theory is a theory which can be
axiomatized by universal formulas. Recall also the universal single-sorted
theory IAq introduced in Section I11.3.2.

The universal theory 7’ extends IA. and is defined in the same way as

— -0 . . .
IAy. Here we show that 7 is a conservative extension of ¥°, and that
this gives us an alternative proof of the Witnessing Theorem for V° by

applying the Herbrand Theorem 1V.4.8 for 7.

The idea is to introduce number functions with universal defining ax-
ioms, and string functions with universal bit-defining axioms, which are
provably total in ¥°. Thus we obtain a conservative extension of V.
Furthermore, the new functions are defined in such a way that the axioms
of V° with existential quantifiers (namely X8-COMP and B12, SE) can
be proved from other axioms, and hence can be deduced from our set of

. . —0
universal axioms for V.
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We use the following notation. For any formula ¢(z, ¥, X) and L>%-term
t(%. X). let F,.) (¥. X) be the string function with bit definition

Fo (3.X)(z) & (z < t(X.X) Np(z.%. X)). (86)

Also. let f ) ,(X. X) be the number function defined as in (28) to be the

least y < ¢ such that ¢(y. X, X) holds, or 7 if no such y exists. Then
f o(-)., has defining axiom (we write f for f,(.),(¥. X) and also omit the
arguments ¥, X from ¢ and 7)

fan(f<t2oe(f)A < fD-pW)). (87)

As in Section I11.3.2 we can use the functions f,.), to eliminate bounded
number quantifiers from a formula, since the above defining axiom implies

3z < 19(2) < @(f o). (F. X))
Recall that the predecessor function pd has the defining axioms:
B12'. pd(0) = 0. B12".x 420D pd(x) +1=x. (88)

(B12" and B12” are called respectively D1’ and D2 in Section I11.3.2.)

In two-sorted logic, the extensionality axiom SE contains an implicit
existential quantifier 3i < |X|. Therefore we introduce the function fsg
with the defining axiom (87), where ¢(z, X.Y) = X(z) + Y(z), and
1(X,Y) = |X|. Intuitively, fsg(X, Y) is the smallest number < |X| that
distinguishes X and Y, and |X| if no such number exists.

Jse(X.Y) < |X[A fse(X.Y) <[X] D ~(X(fse(X.Y)) <
Y(fse(X.Y))) Az < fse(X.Y) D (X(z) & Y(z)). (89)

Let SE’ be the following axiom
(IX| = YA fse(X.Y)=[X) DX =Y. (90)

The vocabulary L o is defined below. It contains a function symbol
for every AC? function. Note that it extends £,, (Definition I11.3.16).

DEFINITION V.6.1. L o 1s the smallest set that satisfies

1) Lg4co iIncludes [:34 U{pd, fse}.

2) For each open formula ¢ (z, X, X) over Lo and term ¢ = (%, X)
of £ there is a string function F,(.), and a number function /'),
in ,CFACO .

DEFINITION V.6.2. 7' is the theory over Lg co with the following set
of axioms: B1-B11. L1. L2 (Figure 2). B12’ and B12” (88). (89). SE/
(90). and (86) for each function F,, ., and (87) for each function f ),
OfLFACO-
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Thus 7° extends IA,. Also, the axioms for ¥’ do not include any com-
prehension axiom. However, we will show that 7’ proves the ¥ -COMP

axiom scheme, and hence I_/O extends V9.

Recall that an open formula is a formula without quantifier. The fol-
lowing lemma can be proved by structural induction on ¢ in the same way
as Lemma II1.3.19.

LEMMA V.6.3. For every L8 (Lpqc) formula ¢ there is an open Lryco-
Sformula o such that 7' ot

Lemva V.6.4. 7 proves the 28(Lpgco)-COMP, 8 (Lyc0)-IND, and
28(Lpic0)-MIN axiom schemes.

PrOOF. For comprehension, we need to show, for each £ (Lc0) for-
mula ¢(z, X, X).
V'r3z < Wz < y(Z(z) & (2. 7. X)).

By Lemma V.6.3 we may assume that ¢ is open. Thus we can take
Z = F,, (X X) and apply (86). For induction and minimization we use
Corollary V.1.8. O

—0 . . .
THEOREM V.6.5. The theory V' is a conservative extension of V°.

PROOF. To show that 7 extends ", we need to verify that 7 proves
B12. SE and Eg-COMP. First, B12 follows from B12”. We prove SE in

7" as follows. Assume that
| X| = [Y[AVz < [X[(X(z) & Y(2)).

Then from (89) we have fse(X,Y) = |X|. Hence by (90) we obtain
X=Y.
That ¥’ proves 8-COMP follows from Lemma V.6.4.

-0 . )
Now we show that V' is conservative over V9. Let

pd. fsE. ... (91)

be an enumeration of Lo such that the n-th function is defined or bit-
defined by an open formula using only the first (n — 1) functions. Let
L, denote the union of £2 and the set of the first n functions in the
enumeration, and V°(£,) denote ¥ together with the defining axioms or
bit-defining axioms for the functions of £, (n > 0). Then

7= VL)
n>0

First we prove:

Cram. Forn > 1, V°(L,) satisfies the hypothesis of Lemma V.4.15.
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From Lemma V.4.15 and the claim we have
Vo(c,) - xE(L,)-comP.

Therefore by Corollary V.4.14 V°(L,.1) is conservative over V°(£,). Then

by Compactness Theorem, it follows that 7" is also conservative over V°.
(See also Corollary I11.3.6.)

It remains to prove the claim.

First note that V°(L,) extends V° for all n > 1. Also Lgco has the
same predicates as £%. We will prove by induction on 7 that each string
function in £, has a £Z(L%)-bit-defining axiom in V°(L,), and each
number function in £, has a £& (£ )-defining axiom in ¥°(L, ). and thus
establishing the claim.

For the base case, n = 1, by B12" and B12” pd has a £8(£%)-defining
axiom in V', therefore ¥°(£;) (which is ¥°(pd)) satisfies the hypothesis
of Lemma V.4.15.

For the induction step we need to show that the (n +1)-st function £,
or F,.1 in (91) has a £8(£%)-defining axiom or a ¥ (L2 )-bit-defining
axiom in V°(L, ;). By definition, the function £, 1/F,, already has
an open defining/bit-defining axiom in the vocabulary £,. From the
induction hypothesis. V°(L,) satisfies the hypothesis of Lemma V.4.15.
Consequently the defining/bit-defining axiom for f,,1/F, | is provably
equivalent in ¥°(L,) to a £&(L£%) formula. Hence V°(L,.) proves that
S w1/ Fus1 has a Z8(L?%) defining/bit-defining axiom, and this completes
the proof of the claim. O

Inspection of the above proof shows that each number function of
Lo has a Z8(L2%)-defining axiom, and each string function of £z
has a £8 (£ )-bit-defining axiom.

COROLLARY V.6.6. The Lo functions are precisely the functions of
FAC'.

PrOOF. By the above remark and the Xf-Representation Theorem

IV.3.6. the Lpyco functions are in FAC?. The other inclusion follows
from the £§-Representation Theorem 1V.3.6 and Lemma V.6.3. O

The next lemma follows from Lemma V.4.15 and the claim in the above
proof of Theorem V.6.5. It generalizes the Row Elimination Lemma V.4.27.

LemMa V.6.7 (FAC? Elimination). Suppose that £ C Lgyco. Then for
every i > 0 and every LB(L) formula o* there is a £8(L%) formula ¢ so
that V(L) F o — o.

V.6.1. Alternative Proof of the Witnessing Theorem for V°. Here we
show how to apply the Herbrand Theorem to 7" to obtain a simple proof
of Theorem V.5.1. For notational simplicity, we consider the case of a
single existential string quantifier, and prove Lemma V.5.5.
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Suppose that (¥, X, Z) is a X formula such that

VO - VRVX3Zp(R. X . Z).

By Lemma V.6.3 there is an open formula ¢’ over Lgyco such that 7 -
! : N7 0
p < ¢'. Since V' extends V", we have

V' - vevX3ze' (7. X, 2).

Now 7" is a universal theory, so by the Herbrand Theorem 1V.4.8, there
are terms T3 (%, X)..... T,(%. X) of 7° such that

V' vevX (¢ (2. X. T (£ X)) V-V ¢/ (£, X. T, (%, X))).

Define F (%, X) by cases as follows:

F(%.X)= L . ,
T 1% X) i/ (X, (5. X)),
T,(%.X) otherwise.
It is easy to see that F (¥, X) has a bit definition (86). and hence is a

function in Lg4c0, and

V' FVRVYX (7. X, F (3. X)).
Now 7" - ¢ < ¢, and also the proof of Theorem V.6.5 shows that 7°
is conservative over F°(F) (the extension of ¥ resulting by adding the
defining axioms for F'). Hence

VOF)EVVX (%, X.F(%. X))

as required. O

The above proof shows that adding true £ axioms to a theory does not
increase the set of provably total functions in the theory. For example,
let Truex§ be the set of all £ formulas which are true in the standard
model N,. Let V(TrueZ8) be the result of adding TrueXf as axioms

to V0, and let I_/O(Trueilg ) be the result of adding TrueLf as axioms to
7’ Then I_/O(Trueilg ) is a conservative extension of V°(Truex?). and the
above proof goes through to show that the same class FAC? of functions
serve to witness the 2] theorems of V°(TrueZf). Thus we have shown

COROLLARY V.6.8. The provably total functions in VO(TrueZ¥) are pre-
cisely the functions in FAC®.
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V.7. Finite Axiomatizability

TueoreM V.7.1. VO is finitely axiomatizable.

Proor. It suffices to show that all Z¥-COMP axioms follow from
finitely many theorems of V°. Let 2-BASIC" (or simply B*) denote
the 2-BASIC axioms (Fig. 2) along with the finitely many theorems of
IA (and hence of V'?) given in Examples I11.1.8 and II1.1.9 asserting that
+. -, < satisfy the properties of a commutative discretely-ordered semi-
ring.

We show more generally that both £F-COMP and the multiple com-
prehension axioms (72) for all ¥ formulas follow from B™ and finitely
many such comprehension instances. We use the notation ¢[@, O](¥) to
indicate that the ¥ formula ¢ can contain the free variables . 0 in ad-
dition to X = x1,....x;. Then for k > 1, COMPg,(cT, Q 5) denotes the
comprehension formula

Y < <b1,... ,bk)Vxl <b;..Vx; < bk(Y()?) — Lp()?)) (92)
We will show that COMP,, for the following 12 formulas ¢ will suffice.
p1(x1.x2) = X1 = X2,
902(x1,X2»X3) = X3 = X1,
903(x1,xzﬁx3) = X3 = X2,
04[01. Ol(x1. x2) =3y < x1(Q1(x1.¥) A Q2. x2)).
pslal(x. y) =y=a.
©6[01. O2](x.y) = 321 < ¥z < Y(Qi(x.21) A Qa(x.22) Ay = 21 + 22).
©1[01. Oo](x. y) = 3z1 < y3zy < ¥(O1(x.21) A Oa(x.22) Ay = 21 - 22).
@s[01. 02.¢](x) =3y < eTyy < c(Qi(x. y1) A Oalx. y2) A yi < 2).
ool X, Q.cl(x) =3y <c(Qx.y) AX(p)).
©10[Q](x) =-0(x).
enlQ1. @llx) = 0i1(x) A Oa(x).
e12[0. c](x) =Vy <cQ(x.p).

In the following lemmas, we abbreviate COMP,, (... ) by C;.
LemMmA V.7.2. Foreachk > 1and1 < i <k let

wi (X1 X y) =y = xi.
Then B+, Cl, Cz, C3, C4 F COMPW(.

Proor. We proceed by induction on k. For k = 1 we have y;; <
@i(x1.y) and for k = 2 we have yy; < @(x1.x2.y) and y2y <
©3(x1, X2, ). Fork > 2, recall (xi,..., Xk) = ({(x1,...,xx_1). xx). Hence

B*.C3+ COMP,,, .

For1 < i < kuse C4 with Q) defined by C; and Q» defined by COMP,,, _,.
Od
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LEMMA V.7.3. Let X = x1.--- . xx, k > 1, be a list of variables and let
t(X) be a term which in addition to possibly involving variables from X may
involve other variables @, Q. Let w,[@, Q](X.,y) = y = t(X). Then

B*.Cy.....C;F COMP,,(@.0.b.d).

PROOF. By using algebraic theorems in B we may suppose that 7(X) isa
sum of monomials in x1, ..., X, where the coefficients are terms involving
@. 0. The case t = u, where u does not involve any x; is obtained from
Cs with a < u. The cases t = x; are obtained from Lemma V.7.2. We
then build monomials using C; repeatedly, and build the general case by
repeated use of Cg. O

LEMMA V.7.4. Let 1,(X). t2(X) be terms with variables among %, @, Q.
Suppose
yild. Q:](f) 1(X) < 62(%).
yold. 0. X (%) = X(11(X)).

Then B*.Cj....,Co = COMP,,. fori=1,2.

PrOOF. COMP,,,(&@. 0. b) follows from COMP,,(Q,. 01. ¢. b) with for
i = 1,2, Q; defined from COMP,/,,’, in Lemma V.7.3 with d «— £ (5) +
(b)) + 1, so

VX < by < (11(B) + 62(B) + 1) (Qi(F. p) < » = 1:(X)).

In COMP% we take ¢ «— 11(5) + 12(5) and b «— <b1, ... ,bk>.

For COMP,,(@. . X.b) we use COMP,, (X, P.c,b) with ¢ «— #;(b)
and b « (by,....by) and P defined from Lemma V.7.3 similarly to O,
above. O

Now we can complete the proof of the theorem. Lemma V.7.4 takes care
of the case when ¢ is an atomic formula, since equations ¢ (¥) = () can
be initially replaced by 1 (¥) < 1,(X) A 12(¥) < £1(X). Then by repeated
applications of COMP , and COMP, we handle the case in which ¢ is
quantifier-free.

Now suppose ¢(X) = Vy < 1(X)w(X.y). We assume as an induction
hypothesis that we can define Q satisfying

VX < by < 1(B) +1(Q(F.y) < (v < 1(%) D w(F.»)).

Then COMP¢,(I;) follows from COMP,,,(Q.c.b) with ¢ — t(b) and
b — (by,....bg). a

®10 P11

V.8. Notes

The system ¥° we introduce in this chapter is essentially =)-comp in
[112], and IZ)” (without #) in [72]. Zambella [112] used R for FAC® and



V.8. NOTES 131

called it the class of rudimentary functions. However there is danger here
of confusion with Smullyan’s rudimentary relations [103].

The set 2-BASIC is similar to the axioms for Zambella’s theory ® in
[112], and forms the two-sorted analog of Buss’s single-sorted axioms
BASIC [20]. Tt is slightly different from that which are presented in [43]
and [42].

The statement and proof of Theorem V.5.1 (witnessing) are inspired by
[20]. although our treatment here is simplified because we only witness
formulas in which all string quantifiers are in front.

The universal theory 7 is taken from [42].

Theorem V.7.1 (finite axiomatizability) is taken from Section 7 of [43].






Chapter VI

THE THEORY V! AND POLYNOMIAL TIME

In this chapter we show that the theory V! (the two-sorted version of
Buss’s theory 521) characterizes P in the same way that V° characterizes
AC®. This is stated in the X}-Definability Theorem VI.2.2 for V': A
function is X|-definable (equivalently £8-definable) in V! if and only if it
is in FP. The “only if” direction follows from the Witnessing Theorem
for V1.

The theory of algorithms can be viewed, to a large extent, as the study
of polynomial time functions. All polytime algorithms can be described
in V!, and experience has shown that proofs of their important properties
can usually be formalized in V'!. (See Example VI1.4.3, prime recognition,
for an apparent exception.) Razborov [96] has shown how to formalize
lower bound proofs for Boolean complexity in ¥!. Standard theorems
from graph theory, including Kuratowski’s Theorem, Hall’s Theorem, and
Menger’s Theorem can be formalized in V.

In Chapter VIII we will introduce the (apparently) weaker theories
TV" and VPV for polynomial time. and prove that they have the same
2B.-theorems (and hence the same X!-theorems) as V'!.

VI1.1. Induction Schemes in V'

Recall (Definition V.1.3) that V' is axiomatized by 2-BASIC and X2-
COMP, where £5-COMP consists of all formulas of the form

X <z <y(X(2) < ¢(2)) (93)

where ¢(z) is a £8 formula, and X does not occur free in ¢(z).
The next result follows from Corollary V.1.8.

CorOLLARY VI.1.1. For i > 0, V' proves the 28-IND, 28-MIN, and
XB-MAX axiom schemes.

It turns out that ¥/ proves these schemes for a wider class of formulas
than just £2. To show this, we start with a partial generalization of the

Multiple Comprehension Lemma V.4.25. Recall the projection functions
left and right (Example V.4.22).

133
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LemMA VI1.1.2 (Multiple Comprehension Revisited). Let T be a theory
which extends V°and has vocabulary L., and suppose that either L = L2 or
L includes the projection functions left and right. For eachi > 0. if T proves
the £8(L)-COMP axioms. thenT proves the multiple comprehension axiom

forany k > 2 and any ¢ € 28(L). In particular, for all i > 0, V' proves
Z,B—MULTICOMP.

Proor. The method used to prove the earlier version, Lemma V.4.25,
does not work here, because for i > 1 the £#(£)-formulas are not closed
under bounded number quantification.

For notational simplicity we prove the case k = 2. First we consider
the case that £ includes left and right. Assuming that ¢(z;, z5) is in £2(L)
and T proves the £2(L£)-COMP axioms, it follows that 7 proves

X < (y1.y2)Vz < (01 02) (X (2) — p(left(z). right(z))).

Now (94) follows by the properties of left.right (Exercise V.4.23) and the
notation (71) stating that X (z1, z2) = X ({z, z2)).

Forthecase £ = [,El . we work in the conservative extension 7 (left, right)
of 7. By the FAC® Elimination Lemma V.6.7. if 7 proves the Z#-COMP
axioms, it follows that 7 (left. right) proves the 8 (left, right)-COMP ax-
ioms and hence also (94) by the previous case. Hence also 7 proves (94)
by conservativity. ]

The next result refers to the Tf-closure of a set of formulas (Defini-
tion V.4.9).

THEOREM VI1.1.3. Let T be a theory over a vocabulary L which extends
V0 and proves the multiple comprehension axioms (94) for every k > 1 and

every @ in some class © of L-formulas. Then T proves the £8(®)-COMP
axioms.

The following result is an immediate consequence of this theorem,
Lemma VI.1.2, and Corollary V.1.8, since every I12 formula is equiva-
lent to a negated X2 formula.

COROLLARY VI.1.4. For i > 0 let ®; be 3§ (X2 UTIB). Then V' proves
the ®;-COMP, ©;-IND. ©;-MIN, and ®;-MAX axiom schemes.

ProoF oF THEOREM VI.1.3. We prove the stronger assertion that 7°
proves the multiple comprehension axioms (94) for ¢ € T8 (®). by struc-
tural induction on ¢ relative to ®. We use the fact that 7 extends V° and
hence by Lemma VI.1.2 proves the multiple comprehension axioms for
28 -formulas.

The base case, ¢ € ®, holds by hypothesis. For the induction step,
consider the case that ¢ has the form —. By the induction hypothesis 7
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proves
Y < (V2 < F(Y(2) = w(2)
and by Lemma VI.1.2, 7 proves
X < (VE< FX(E) o -Y(2).

Thus 7 proves (94).
The cases A and V are similar. Finally we consider the case that ¢(2)
has the form Vx < 7y(x, 7). By the induction hypothesis 7 proves

Y <t + 1, )\Vx < V2 < (Y (x, 2) < w(x. D).
By Lemma V.4.25 V° proves
X < (FWVZ < F(X(2) < Vx <1Y(x,2)).

Now (94) follows from these two formulas. m|

VI.2. Characterizing P by V'

The class (two-sorted) P consists of relations computable in polynomial
time by a deterministic Turing machine (i.e.. polytime relations), and FP
is the class of functions computable in polynomial time by a deterministic
Turing machine (i.e., polytime functions). Alternatively (Definition V.2.3)
FP is the class of the polynomially bounded number functions whose
graphs are in P, and the polynomially bounded string functions whose bit
graphs are in P. (See also Appendix A.1.)

Recall that a number input to the accepting machine is represented as
a unary string. and a set input is represented as a binary string (page 81).
(Thus a purely numerical function f () is in FP iff it is computed in time
20() where n is the length of the binary notation for its arguments.)

The following proposition follows easily from the definitions involved.

PrOPOSITION VI.2.1.  (a) A number function f (%, X) is in FP iff there

is a string function F (. X) in FP so that f (%, X) = |F (%, X)).
(b) A relation is in P iff its characteristic function is in FP.

We will prove that the theory V! characterizes P in the same way that
V0 characterizes AC:

THEOREM V1.2.2 (21-Definability for V'), A4 function is i-definable in
VViffitis in FP.

The “if” direction is proved in Section VI.2.1. The “only-if” direc-
tion follows immediately from the Witnessing Theorem for V! (Theo-
rem VI.4.1).

Note that ¥'! is a polynomial-bounded theory (Definition V.3.3). The
following corollary follows from the Z%-Deﬁnability Theorem for V!
above, and Parikh’s Theorem (see Corollary V.4.4).

COROLLARY V1.2.3. A function is in FP iff it is X -definable in V'.
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The next corollary follows from the results above and Theorem V.4.35.

COROLLARY V1.2.4. A relation is in P iff it is is Al-definable in V' iff it is
AB-definable in V.

Recall (Theorem IV.3.7) that the £8 formulas represent precisely the
NP relations, and hence by Definition V.4.32 a relation is A? definable in
a theory 7 iff 7 proves that the relation is in both NP and co-NP. Thus
the above corollary says that a relation is in P iff V' proves that it is in
NP N co-NP.

COROLLARY VI.2.5. V' is a proper extension of V°.

Proor. There are relations (such as PARITY (X). page 118) which are
in P but not in 4C°. O

EXERCISE V1.2.6 (parity(X) in V'!). Recall the formula @y (X, Y)
((80) on page 118). Show that the function parity(X), which is the
characteristic function of PARITY (page 118), is =!-definable in V' by
showing that

V' EYX 3 Y@parin (X, Y).

ExXERCISE VI.2.7 (String Multiplication in ¥').  Consider the string
multiplication function X x Y where

X xY =Z < bin(Z) =bin(X) - bin(Y)

and bin(X) is the integer value of the binary string X (see (46) on page
85). Consider the the 2! defining axiom for X x Y in V! that is based
on the “school” algorithm for multiplying two integers written in binary
notation. First, we construct the table X @ Y that has | Y| rows and whose
ith row is either 0, if Y (i) = 0 (i.e., =Y (i)). or a copy of X shifted left by
i bits, if Y (i) = 1. Thus, X ® Y can be defined by (see Definition V.4.26
for row notation)

XQY=Z < |Z| <(Y]IX|+|Y])A
Vi< |YVz<i+ |X|[(Z(z) & (Y(i)Au<z(u+i=zAX())).
(a) Let Z = X ® Y. Show that ¥° proves the existence and uniqueness
of Z.
(b) Show that V! proves the existence and uniqueness of ¥, where
(W< T+ (Y] X[+[Y) A =0n
Vi< |Y (Wl = il 7I),
(Hint: Use ££-IND. For the bound on |W
| X|+i.)

(c) Define X x Y in terms of X ® Y. Conclude that the string multi-
plication function is provably total in V'

. show that Wl <
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(d) Recall string functions &, S and X + Y from Example V.4.17. Show
that the following are theorems of V(2. S. +. x):
(i) X x2=2.
(i) X xS(Y)=(XxY)+X.

Now we argue that the subtheory IOPEN of Peano Arithmetic (Def-
inition I11.1.7) can be interpreted in V! by interpreting each number x
by the unique string X such that bin(X) = x. Then + and x in IOPEN
are interpreted by Example V.4.17 and Exercise VI.2.7 respectively, 0 is
interpreted by @, and | by the string constant 1 = {0}. It is easy to give
a Zg formula defining the relation X < Y to interpret <. Then one can
check that ¥° - S(X) = X + 1. and with the help of Exercises V.4.19
and VI.2.7 it is not hard to show that ¥!(@. 1.+, x) proves the string
interpretations of axioms B1, ..., BS for PA.

It remains to show that V(2. 1, +, x) proves the string interpretations
of the induction axiom scheme (10) (on page 41) for open formulas ¢ (x).
In fact this will follow from our discussion in Section VIII.3 (see Corol-
lary VII1.3.20 and Theorem VIIL.2.11).

Consequently V! proves the string interpretations of the formulas given
in Example I11.1.8 (commutativity and associativity of 4, x etc). In fact
it is not hard to show that ¥'! also proves the formulas (involving +. x. <)
given in Example I11.1.9, even though some of the proofs given there
involve induction on X} -formulas rather than on just open formulas.

ExERrcISE VI.2.8 (String Division and Remainder in V''). Consider the
string division function X+ Y = | X/Y | and the string remainder function
Rem(X.Y) = X — Y x (X = Y). These functions can be X!-defined in
V! by the following steps. Suppose that ¥ < X and let z be such that
z+ Y| =|X].

(a) Give a £8-bit-definition for the table U, where the row Ul of U is
Y shifted left by i bits, for 0 <i < z.
(b) Provein V! the existence and uniqueness of a table W such that

WE = X AVi < (W < gttt 5 il = ety o
(U1 < pli+l] o gl 4 gli+l — W[i+1]))'

(c) Define X + Y and Rem(X, Y) using W.

(d) Showin V'(+, x. +., Rem) that
X=(Yx(X=Y))+Rem(X.Y).

VI.2.1. The “If” Direction of Theorem V1.2.2. We will give two proofs
of the fact that every polynomial time function is X}-definable in ¥'!. The
first is based directly on Turing machine computations, and the second
is based on Cobham’s characterization of FP. We give the second proof

in more detail, since it provides the basis for the universal theory VPV
described in Chapter VIII.
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The key idea for the first proof is that the computation of a polytime
Turing machine M on a given input X, X can be encoded as a string of
configurations (see Definition V.4.26 for notation)

Z = (Z zW__ ZzImy

whose length is bounded by some polynomial in ¥, | X |, and whose exis-
tence we need to prove in ¥'!. The output of M can then be extracted from
Z casily. The defining axiom for the polytime function computed by M is
the formula that states the existence of such Z.

ExERCISE VI.2.9. Describe a method of coding Turing machine config-
urations by strings, and show that for each Turing machine M working
on input ¥, X there are £2-definable string functions in V°: Inity (%, X).
Nexty(Z) and Outy(Z) such that

e Inity (%, X) is the initial configuration of M on input (¥, X):

e Z' = Nexty(Z) if Z and Z' code two consecutive configurations of
M, or Z' = Z if Z codes a final configuration of M, or Z' = @ if Z
does not code a configuration of M.

e Outy(Z) is the tape contents of a configuration Z of M, or @ if Z
does not code a configuration of M.

Below we will use all three functions in the above exercise, as well as the
string function Row(z, Y) (Definition V.4.26). Because these functions are
¥&-definable in ¥°, it follows from the FAC® Elimination Lemma V.6.7
that any X8 (L£% U {Init, Next, Out, Row}) formula can be transformed
into a provably equivalent % (£2 ) formula. Formally we will work in the
conservative extension of V! consisting of V! together with the defining
axioms for these functions, although we will continue to refer to this
theory as simply V!. Thus each =& (resp. £¥) formula below with the
new functions is provably equivalent to a £& (resp. £#) formula in the
vocabulary of V.

FIRST PROOF OF THE <= DIRECTION OF THEOREM VI.2.2. Consider the
case of string functions. (The case of number functions is similar.) Sup-
pose that F (X, X) is a polytime function. Let M be a Turing machine
which computes F (¥, X) in time polynomial of X, |X|. and let #(.|X])
be a bound on the running time of M on input ¥, X. We may assume
that M halts with F (%, X) equal to the contents of its tape., so that
Outm(Z) = F (X, X) if Z codes the final configuration. Then

Y =F(%.X)—3Z < (t.1)(pm(Z. X.Z) A Y = Outy(Z1))  (95)
where oy (%, X, Z) is the formula

ZO = Initg (2. X) AVz < 1 (ZFF = Nexty (Z17))).
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We will show that the RHS of (95) is a defining axiom for F in V!, i.e..
V' EVRVX Y IZ < (1.0 (om(R. X, Z) A Y = Outm(Z1)).
For the uniqueness of Y, it suffices to verify that if Z; and Z, are two
strings satisfying
|Zk| < <l, [> A QOM()?, X, Zk)
(for k = 1.2), then for all z,

z<t> 2z =27 (96)

This follows in V! using T8-IND on the formula (96) with induction on z.
For the existence of Y, we need to show that ¥'! proves

VEVX3Z < (1.1) om(%. X. Z).

This formula can be proved in ¥! by using number induction axiom
(Corollary VI.1.1) on b for the ¥ formula

AW < (b.t)(W = Inityg (%, X) AVz < bWETT = Nexty(WE). O

ExErcise VI.2.10. Carry out details of the induction step in the proof
of the above formula.

An alternative proof for the above direction of Theorem VI.2.2 can be
obtained by using Cobham’s characterization of FP. To explain this, we
need the notion of limited recursion. First we introduce the AC° string
function Cuf(x, X). which is the initial segment of X and contains all
elements of X that are < x. It has the £ -bit-defining axiom

Cut(x. X)(z) < z< x AN X(z). (97)
NortaTION. We will sometimes write X <* for Cut(x, X).

DErFINITION VI.2.11 (Limited Recursion). A string function F(y, %, X)
is defined by limited recursion from G(¥, X) and H(y, ¥. X, Z) iff

—

F(0,.%.X) = G(%. X). (98)
F(y+1.%X)=(H(y.x. X.F(y,% X)))<0-*% (99)
for some £2-term ¢ representing a polynomial in y, ¥, |/\7 |.

For two-sorted function classes, we can also define the notion of limited
recursion for a number function. However here we can just appeal to
Proposition V1.2.1 (a) when we have to deal with number functions. A
version of Cobham’s characterization of FP is as follows.

THEOREM VI.2.12 (Cobham’s Characterization of FP). A string func-

tion is in FP iff it can be obtained from AC® functions by finitely many
applications of composition and limited recursion.
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PROOF SKETCH. The <= direction follows from the fact that 4C° func-
tions are in FP, and that applying the operations composition and limited
recursion to functions in FP results in functions in FP.

For the = direction, the function ¥ computed by a polytime Turing
machine M can be defined from the AC° functions Inity. Nexty and
Outy by limited recursion and composition. In more detail, we can define
a string function Conf\,(y, X, X) to be the string coding the configuration
of M on input (¥, X) at time y. Then Conf, satisfies the recursion

Confy,(0.%. X) = Inity (3. X).
Confy(y + 1.%. X) = Nexty(Conf (. 5. X)).
To turn this recursion into one fitting Definition VI.2.11 we apply
Cut(t(y. 3. X)....)

to the RHS of the second equation, for a suitable £2-term ¢ bounding the
run time of M. Then

F(%.X) = Outm(Conf y,(1(%. X).%. X)). (100) O

VI1.2.2. Application of Cobham’s Theorem.

SECOND PROOF OF THE <— DIRECTION OF THEOREM V1.2.2. We use Cob-
ham’s characterization of FP to show that the polytime string functions are
X!-definable in ¥'!. It follows from Proposition VI.2.1 that the polytime
number functions are also X!-definable in V!

We proceed by induction on the number of applications of composition
and limited recursion needed to obtain F from AC° functions. For the
base case. the AC° functions are Z%-deﬁnable in V0 (Corollary V.5.2).
hence also in V'. For the induction step. we need to show that the
Y!-definable functions of V! are closed under composition and limited
recursion. The case of composition is easily seen to hold for any theory 7°
(see exercise V.4.5). Hence it suffices to prove the case of limited recursion.

Suppose that G(¥. X') and H(y. X, X, Z) are X!-definable functions in
V' and F(y, X, X) is defined by limited recursion from G and H asin (98)
and (99) for some polynomial p. Then we can X}-define F by coding the
sequence of values F(0), F(1)..... F(y) as therows WO _wil bl
of a single array W. Thus (omitting ¥, X):

Y=F(y)« @w wlh=g()n
(Vz <y WE = (H(z, wE) <)y Ay = wbl).

The RHS is not immediately equivalent to a £} formula when the equations
involving G and H are replaced by X! formulas using the defining axioms
for G and H . Thisis because of the number quantifier Vz < y of the middle
conjunct, which is mixed in between the existential string quantifiers. We
obtain a 2}-defining axiom for F from the RHS as follows:



VI1.2. CHARACTERIZING P BY V! 141

By assumption, G and H have X}-defining axioms. Therefore there are
X8 formulas pg and ¢p so that

W=G() o 3WUpg(U.W)., W=H(y.2)«WVeuy.ZV.W)
and

VE3Ww3aU0eq (U, W), (101)

VIEYWZIAW IV oy (0. Z V. W). (102)

The X!-defining axiom for F is obtained by using arrays ¥ for which ']

(row z in the arrays /) codes the values of ¥ needed to satisfy (102) when
evaluating H (z. W),

Y =F(y) « (3W303V o (T. W) A
(Vz < you (z. WEL VEL (<G Ay = wbT). (103)

Since the terms such as (W17+11)<"(2) are easily seen to be XZ-bit-definable,
it follows from Lemma V.6.7 that this defining axiom can be replaced by
an equivalent 2!-formula (see the discussion following Exercise V1.2.9).

It is easy to see that ¥'! proves the uniqueness of Y by proving that if
Wy and W, satisfy (103), then for z < y we have W1[:] = Wzm. This is
by number induction on z < y, and follows from the uniqueness of W in
(101) and (102).

Now we show that V'proves the existence of Y satisfying the RHS of
(103). We start by noting that all of the initial string quantifiers can be
bounded. This follows from Parikh’s Theorem, using (101) and (102). Let
w(y) be the ¥ -formula obtained from this bounded form of the RHS of
(103), with the final conjunct ¥ = W1 deleted. Thus w(y) asserts the
existence of an array

W = (W[O], W[l], . W[}’])
whose rows are the successive values
F(0).F(1),....F(y).

We show that V! proves w(y) by induction on y. The base case fol-
lows from (101): If W’ satisfies the existential quantifier 3% in (101),
then W satisfying w(y) can be defined using multiple comprehension
(Lemma VI.1.2):

W(0,i) < W'(i).
For the induction step. the new values of W and V for y + 1 are obtained
by pasting together the previous values for y, together with values from
(102) with (y. Z) in @y replaced by (y, WD), The pasting is again defined
using multiple comprehension.
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Hence V! - w(y). From this it follows that V! proves the existence
of Y satisfying the RHS of (103): just set ¥ = W1 Hence F(y) is
Yi-definable in V1. O

VI.3. The Replacement Axiom Scheme

Recall that the classes 2 and 12 consist of bounded formulas in which
all string quantifiers occur in front. We now define more general classes
which allow mixing bounded number quantifiers with bounded string
quantifiers.

DerFNITION VI.3.1 (22(£) and gI12(£)). For a vocabulary £ extend-
ing £2, define
%5 (L) = gTI5 (£) = 25 (L).
Fori >0, gx? (L) is the closure of gl17 (£) under A, V, Vx < ¢, 3x < 1

and 3X < ¢. Similarly. ngi] (£) is the closure of ng(ﬁ) under A, V,
Vx <t,dx <tand VX <1t.

We usually write g2” for g=7 (£2) and gII? for gTT7 (L2).
It is easy to see that

2B(L) c g=B(L) c 3B (L) -,
TB(L) c gnP (L) c glZ(L) -

Although for i > 1 the syntactic classes g2 (L) and gIT?(£) do not
allow negations in front of string quantifiers, note that a negated ng (L)
formula is logically equivalent to a gl'[fg (£) formula, and vice versa. Hence
every formula in =¥ (X (£) UTIZ (L)) is equivalent to one in g=7 | (£) and
one in gI17, | (L)

For any formula ¢ in ngB there is a formula ¢ in £Z so that in the
standard model N, we have ¢t < ¢. In particular, when ¢ is a ngg
formula of the form

Vx < 13X < ty(x. X)
where y is a ¥ formula. then we can collect the values of X for x =
0.1.....t into a single array Y whose rows Y1, Y0l ¥ are these
successive values of X. Thus we can take ¢ to be

Y < (t.o)Vx < (Y] <t A p(x YI)).

In this case ¢ D T is logically valid, and ¢+ D ¢ is true in the standard
model N,, but may not be valid. In this section we are concerned with the
provability of formulas of the type o™ D ¢ in our theories. Consider the
following axiom scheme.
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DerINITION VI.3.2 (Replacement Axiom). For a set @ of formulas over
the vocabulary L, the replacement axiom scheme for ®, denoted by ®-
REPL, is the set of all formulas (over £ U {Row}):

(Vx < b3X < cgo(x X)) >
(b.

Z < (b.e)¥x <b(|ZM] < e Ap(x. ZM))  (104)

where ¢ is in ©.

Note that in (104) the LHS is a logical consequence of the RHS. Also
(104) is true in the expansion of the standard model N,, for any formula (.

The function Row occurs on the RHS of (104). but by the Row Elim-
ination Lemma V.4.27 (or more generally the FAC® Elimination Lemma
V.6.7), any X8 (Row) formula is equivalent to a £ (£2 ) formula. So in the
context of the theories with underlying vocabulary £% (such as ¥/, or V!
below), we define (104) to be the equivalent £% formula which is obtained
by transforming every atomic sub-formula containing Row into a £¥ (£%)
formula.

NotatioN. When we say that a theory 7 with vocabulary £ proves a
REPL axiom scheme (e.g., Z8(£)-REPL). then either £2 U {Row} C L.
or £ = L% and (104) is as above.

Recall that a single-£8 formula has the form 3X < ry(X). where y is
a Xf formula.

LemMma VI.3.3. Suppose that T is a polynomial-bounded theory which
proves the L8 (L)-REPL axiom scheme, where L is the vocabulary of T (so
either L = L%, or L% U {Row} C L). Then for each g=f (L) formula ¢
there is a single-£8 (L) formula ¢’ so that T = ¢ < ¢'.

PrOOF. We prove by structural induction on the formula . For the
base case, if ¢ is a £F (L) formula, then we can simply take ¢’ = ¢.

For the induction step, consider the interesting case where ¢ has the
form Vx < s0(x), where 0 is a g=} (L) formula but not a ¥ (£) formula.
By the induction hypothesis, 6(x) is equivalent in 7 to a single-2(L)
formula 3X < ry(x, X), where y is a £f (£) formula. In other words,

TFeoVx <s3aX <ty(x. X).

Now 7 proves ¢ is equivalent to a single-X% (L) formula by £8 (£)-REPL.

The other cases for the induction step follow easily with the help of exer-
cise V.4.30, which shows that a prefix of several bounded string quantifiers
can be collapsed into a single one. a

In the next lemma we generalize the previous lemma. Part (b) follows
easily from (a). and (a) can be proved by induction on i. The base case is
proved in Lemma VI.3.3. The induction step is similar to the base case.
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LemMA V1.3.4. Let T be a polynomial-bounded theory with vocabulary
L which proves the T12(L£)-REPL axiom scheme, for some i > 0 (so either
L =LY% or L2U{Row} C L). Then

(a) For each g=? (L) formula ¢ there is a X8 (L) formula @' so that

i1
The ¢ l
(b) For each gN1?, (L) formula ¢ there is a TIZ | (L) formula ¢’ so that
ThEop<— .

ExEercise VI.3.5. Prove the above lemma.

EXERCISE VI.3.6. Let 7, £ and i be as in Lemma VI1.3.4 above. Show

that 7 proves the 22, (£)-REPL axiom scheme.

The next lemma shows that V! proves the 2#-REPL axiom scheme. Itis
important to note that the analogous statement does not hold for ¥°: we
will prove later (see Section VIIL6) that V° does not prove the £&-REPL
axiom scheme. (It follows from Exercise VI1.3.6 that over V° £8-REPL
follows from £F-REPL, i.c.. the two axioms schemes are equivalent over
V%) Also. we will introduce the universal theory VPV which characterizes
P in the same way that V! characterizes P, and we will show that it is
unlikely that VPV proves 22-REPL.

Lemma V1.3.7. Let T be an extension of V°, where the vocabulary L of T
is either L% or £2 U {Row} C L). Suppose that T proves the 22, (L)-IND
axiom scheme. for some i > 0. Then T also proves the I12 (L)-REPL axiom
scheme.

PROOF. Let ¢ be a I[12(£) formula. We will show that 7 proves (104).
Intuitively, the RHS of (104) is the formula which states the existence of
an array Z having b rows, whose x-th row ZI satisfies o (x, Z[*). We
will prove by number induction the existence of the initial segments of Z,
and hence derive the existence of Z.

Formally we need to make sure that the RHS of (104) is equivalent to
a2 (L) formula. First consider the case where i = 0, so ¢ is a ¥ (L)
formula. Let

w(z) =37 < (z.c)Vx < z(|ZM] < ¢ A p(x. ZBT)).

Then w(z) is a £8(L) formula and the RHS of (104) is just y(b). Our
task is to show in 7 that w(z) holds for z < b, assuming the LHS of
(104). This is proved in 7 by induction on z < b. For the base case,
w(0) follows from the LHS of (104) by putting x = 0. The induction
step follows from the induction hypothesis and the LHS of (104), using
>B-COMP.

For the case where i > 1, note that when ¢ is a [1#(£) formula, the
RHS of (104) is not really a X2, (£) formula. But it is equivalent (in 7)
to:

3Z < (b.c)VY < b (|ZUVN] < ¢ A p(x, Z1ITTY)
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which is equivalent to a =2 | (£) formula. Let y be the equivalent 2, | (£)
formula, then we can use the same arguments as for the case i = 0. O

From Exercise V1.3.6, Lemma VI.3.7, Corollary VI.1.1, Corollary
VI.1.4, and Lemma VI.3.3 we have:

CoOROLLARY VI.3.8. For i > 1, the theory V' proves the ng -REPL
axiom scheme. For each gZ? (resp. gl'I,B ) formula . there is a single-X¥
(resp. single-T18) formula @' such that V' = ¢ « ¢'. Also V' proves
®,-COMP. ®-IND, ®,-MIN and ®,-MAX , where @, = =5 (g=P Ugll?).

VI.3.1. Extending V'! by Polytime Functions. By the Extension by Defi-
nition Theorem I11.3.5, if we extend V! by a collection £ of its £}-definable
functions (i.e., polytime functions), Al-definable predicates (i.e., polytime
predicates), and their defining axioms, then we obtain a conservative ex-
tension V(L) of ¥'!. Here we want to show further that V' (L) proves
the £8(L£)-COMP axiom scheme. This is similar to the situation for V°,
where it follows from Corollary V.4.14 and Lemma V.4.15 that V(L) is
conservative over ¥, and it proves the £Z(£)-COMP axiom scheme for
a collection £ of AC° functions. Note that for the case of V°, the 4C°
string functions are X£-bit-definable in V°.

Here it suffices to show that any £#(£) formula is provably equivalent
in V(L) to a8 (L£%) formula. We will prove this by structural induction
on the £8(L) formula. For the induction step. we use Corollary VI1.3.8
above. More generally, we prove:

LemmA V1.3.9 (£B-Transformation). Let T be a polynomial-bounded
theory over the vocabulary £ O L% U {Row}. Suppose that T proves
B(L)-REPL. Let T' be the extension of T which is obtained by adding to
T aX}(L)-definable function or a A} (L)-definable predicate. and its defining
axiom, and L' be the vocabulary of T'. Then

(a) T is conservative over T, and T' is polynomial-bounded

(b) For any 2B(L') formula ¢, there is a £8(L) formula ¢ so that
T'Fot e

(¢) For any E(L') formula o™, there are a £8(L) formula ¢\ and a
B (L) formula o, so that T' - " «— @1, and T & 1 < ¢y;

(d) T’ proves the £8(L')-REPL axiom scheme.

Indeed, by Exercise V.4.30, the formulas ¢ and ¢; can be taken to be
single-£B (L) formulas, and ¢, can be taken to be a single-T1# (L) formula.

Proor. For (a) the conservativity of 7’ over 7 follows from the Exten-
sion by Definition Theorem II1.3.5. Also, 7’ is polynomial-bounded be-
cause 7 is, and the X!-definable functions of 7" are polynomially bounded
(Corollary V.4.4).

Part (b) follows from (c), and (d) follows from (c) and Exercise V1.3.6
(for the case i = 0). We prove (c) for the case of extending 7 by a
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T!-definable string function. The case of adding a -definable number
function or a A} -definable predicate is similar, and is left as an exercise.
Let F be the X} (£)-definable function in 7. Since 7 is a polynomial-
bounded theory, F is polynomially bounded in 7", and is £ (£)-definable
in 7 (Corollary V.4.4). So thereis a 8 (£) formula ¢ (¥, X, ¥) such that

Y=F(%.X) o pp(7.X.Y) (105)
and
THVYIVXAY < 1pp(2.X.Y). (106)

By Lemma VI.3.3, it suffices to prove a simpler statement, i.e., that
there exist a g=?(£) formula ¢, and a gIT?(£) formula ¢, such that
T F "« ¢ and T F ) < p,. We prove this by induction on the
nesting depth of F in ¢*. For the base case, F does not occur in ¢*, and
there is nothing to prove. For the induction step, first we prove:

CramM. Suppose that for each atomic sub-formula y of ¢, there are
a g=7 (L) formula y; and a gIT{ (£) formula y; so that 7/ w* < y,
and 7 + y; < ). Then there are a g (£) formula ¢, and a gIT? (L)
formula ¢, so that 7/ F o' < ¢y and 7 F ¢ < ;.

We prove the claim by structural induction on ¢*. The base case
holds trivially. The induction step is immediate from definition of gXf (£)
formulas and De Morgan’s laws.

Now we return to the proof of the induction step for (c). By the claim,
it suffices to consider the atomic formulas over £’. We can reduce the
nesting depth of F as follows. The maximum nesting depth of F' is the
depth of F in (different) terms of the form F (5’ T'), where §, T are terms
with less nesting depth of F. We will show how to eliminate one such
term from ¢ . In the general case all such terms can be eliminated using
the same method. Write ¢+ as ¢ (F(§, T)). Then using (105) and (106)
it is easy to see that (writing ¢ for 7(5, T)):

T+ (F(5.T)) = 3Y <t(or(5.T. Y) A ™ (Y))
and
T'H3Y <t(er(5.T.Y) A" (Y)) = VY < t(pr(5.T.Y) D o™ (Y)).

The last line has the form 7'  ¢] < 5. where ¢ is equivalent to a
2B(L’) formula and ¢} is equivalent to a TT5(L’) fgrmula. Further ¢}
and ¢} have less nesting depth of F than ¢ (F (5, T)). By applying the
induction hypothesis to the atomic sub-formulas, we obtain a ng (L)
formula ¢; and a gTTf (£) formula ¢ that satisfy the induction step. O

Exercise VI.3.10. Prove Lemma VI1.3.9 (c) for the cases of extending
T by a X!-definable number function and a A}-definable predicate.
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CoroLLARY VI.3.11. Suppose that 1y is a polynomial-bounded theory
with vocabulary Lo O £% U {Row}, and that Ty proves the £8(L,)-REPL
axiom scheme. Let Ty C Ty C T, C --- be a sequence of extensions of T
where each T; has vocabulary L; and each T; 1 is obtained from T; by adding
the defining axiom for a Li(L;)-definable function or a Al(L;)-definable
predicate. Let

7=J7.

i>0
Then T is a polynomial-bounded theory which is conservative over Ty and
proves the X8 (L)-REPL axiom scheme, where L is the vocabulary of T.
Furthermore, each function in L is £} (Lo)-definable in Ty. and each predicate
in L is Al(Lo)-definable in Ty. Finally each £8(L) formula is provably
equivalent in T to a £8(Ly) formula.

The corollary is proved using Lemma VI.3.9 by proving by induction on
i that the analogous statement holds for each theory 7;. The conservativity
of T follows from the conservativity of each 7; by compactness.

The corollary can be applied to the case in which 7y = V!, since by
Corollary VI.3.8, V! proves Zf-REPL, and we may assume that 7; is
V1(Row). We will use Corollary VI1.3.11 for 7y = V'(Row) in Subsec-
tion V1.4.2 when we prove the Witnessing Theorem for V.

VIL.4. The Witnessing Theorem for V!

To prove the = direction of Theorem VI.2.2, i.e., every Xi-definable
function in V! is a polytime function, we prove the Witnessing Theorem
for V! below. Recall that by the <= direction, each polytime function has
a Xl-defining axiom in V!,

TurorEM VI.4.1 (Witnessing Theorem for V'!). Suppose that (X, 7.
X.Y)is a X8 formula, and that

V' EVRVX 35V (R, 7. X, Y).
Then there are polytime functions f1,.... fk. F1.....Fy, so that
V' (f1.ooo fr.Fr.....Fp) VRV X (%, (2. X). X.F(%. X)).

A more general witnessing statement follows from this theorem and
Corollary VI.3.11 and Lemma VI.3.3.

COROLLARY V1.4.2. Let T be a theory with vocabulary L which results
from V' by a sequence of extensions by Xl-definable functions and Al-
definable predicates. If

THVIVX3Yp(R. X, Y)
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where @ is in ng (L) then there is a polytime function F such that
T(F)FV&VX (X, X.F(x. X)).

ExamPLE VI.4.3 (Prime Recognition). Any polynomial time prime re-
cognition algorithm (such as the one by Agrawal et al [2]) gives a predicate
Prime(X) which according to Corollary V1.2.4 is A? definable in V!. Tt
follows by the Witnessing Theorem that if ¥'! proves the correctness of
the algorithm, then binary integers can be factored in polynomial time.
Here correctness means

Prime(X) « 2 < |X|AVYVZ(Y x Z=XD (X = YV X = Z))).

(Recall that Y x Z is | definable in V!, by Exercise V1.2.7). In fact, the
right-to-left direction of this correctness statement implies

VXIYIZ(Y X Z=XANX#YAX #Z)V Prime(X) V |X| < 2).

Thus if V! (Prime. x ) proves correctness then polynomial time witnessing
functions for Y and Z would provide proper factors for each nonprime
X with | X]| > 2.

EXERCISE V1.4.4 (Prime Factorization). Show that V! proves that every
binary integer X greater than 1 can be represented as a product of primes.
Use the fact that V! proves the 28-MAX axioms (Corollary V.1.8), where
we are trying to maximize k such that for some string ¥ = (Z,,..., Zy)
with each Z; a binary number > 2, [[Z; = X. Explain why it does not
follow from the Witnessing Theorem for V! that binary integers can be
factored into primes in polynomial time.

As in the proof of the Witnessing Theorem for V° (Subsection V.5.2),
the Witnessing Theorem for V! follows from the following special case.
Lemma VI.4.5. Suppose that (%, X, Y) is a Z8 formula such that

V' EVRVX3Ye(R. X, Y).
Then there is a polytime function F so that
VIF)FVVX (3. X, F(%.X)).

Our first attempt to prove the lemma would be to consider an anchored
LK?-V" proof 7 of 3Y < t (. X.Y). and proceed as in the proof of
Lemma V.5.5. In this case, however, a £8-COMP axiom

X < pVz <y(X(2) < o(2)) (107)

is not in general provably equivalent to a £ formula, because of the clause
¢(z) D X(z). So the LK>-¥" proof z could contain formulas which are
not X!. To get around this difficulty. we begin by showing that ¥'! can be
axiomatized by Z8-IND and £ -COMP instead of f-COMP. Consider
the theory V!
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DEFINITION VI.4.6. The theory V! has vocabulary £2 and has the ax-
ioms of V? and the £8-IND axiom scheme.

By Exercise V.4.30. V! can be axiomatized by V'° and the single-£?-IND
axiom scheme.
LemMmA VI.4.7. V! proves the 8-REPL axioms.

Proor. Corollary VI1.3.8 states this for V!, and the only properties of V!
used in the proof are that V! extends ¥ and proves the 8-IND axioms.
Hence the same proof works for vl O

THEOREM V1.4.8. The theories V' and V' are the same.

Proor. By Corollary VI.1.1, V! proves the Z8-IND axiom scheme.
Therefore V! C V. It remains to prove the other direction.

As noted earlier, (107) is not in general equivalent to a £¥ formula,
so we cannot use L-IND directly on (107) to prove the existence of X.
We introduce the number function numones(y. X ). which is the number
of elements of X that are < y. Recall that seq(u, Z) = (Z) is the AC°
function used for coding a finite sequence of numbers (Definition V.4.31).
The function numones has the defining axiom:

numones(y, X) = z <
z<yAIZ<1+ (. )((2)°=0A(2) =z AVu< y(X(u) D
(Z) = (2)" + 1) A (=X () D (2) = (2)1))). (108)
Here Z codes a sequence of (y-+1) numbers so that (Z)* = numones(u, X ).
foru < y.

Exercise VI.4.9. (a) Show that (108) is a ¥ definition of numones in
V1 ie.. show that V' = VyVX 320 umones (V. 2. X ). where @uumones (1.

z, X) is the RHS of (108). B
(b) Show that the following is a theorem of V! (numones).
Ix < y(X(x)A-Y(x)AVu<y(u+#x>X(u) < Yu))) >
numones(y, X) = numones(y, Y) + 1.

Although (107) may not be £8, the result of replacing < by D is £&.
Motivated by this, we define

n(y.Y) =Vz<y(Y(z) D pl2)).
Let X be the set satisfying the existential quantifier in (107). Then#(y. Y)

asserts ¥ C X.
Now consider the formula

w(w.y) =3Y <y(n(y. Y) Aw = numones(y. Y)).

For any w and Y that satisfy w(w.y). we have w < numones(y, X),
and Y = X iff Y satisfies y(wo, y), where wy is the maximal value for
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w. To formalize this argument, we need the £f-MAX axioms, which by
Definition V.1.5 have the form

©(0) D 3x < y(px) A=3z < p(x <z Ap(2)))
where ¢(x) is 2&. These are provable in V! by Corollary VI.1.1.

EXERCISE V1.4.10. Show that V' proves the ¥B-MAX axioms. Hint:
Apply ZB-IND to the formula ¢’(x) given by

Iz §y(x < z/\<p(z)).

Since numones is $!-definable in V!, it follows from Lemmas V1.3.8
and VI.3.9 that vl(numones) is a conservative over V' and proves that
every X8 (numones)-formula is equivalent to some ¥ -formula. Hence by
Exercise V1.4.10, V' (numones) proves the £8-MAX (numones) axioms.

Now apply £2-MAX for the case p(w) is w(w. y). Arguingin V', we
have (0, y) (take Y to be the empty set), and hence there is a maximum
wo < y satisfying w (wo, y). We argued above that the set ¥ corresponding
to wy is the set X satisfying (107). and this argument can be formalized
in V! using Exercise V1.4.9. ]

VI.4.1. The Sequent System LK>-F'. We now convert V! into an
equivalent sequent system LK>-F!, which is defined essentially as in Defi-
nition IV.4.2 (for ® = V'), but now we replace the £8-IND axiom scheme
by the £P-IND inference rule. Recall that for LK?, terms do not contain
any bound variables x, y,z,..., X, Y. Z, ..., and formulas do not contain
free occurrence of any bound variable, or bound occurrence of any free
variable.

DEFINITION V1.4.11 (The IND Rule). For a set ® of formulas, the ®-
IND rule consists of the inferences of the form

[LAGb) — A +1).A
I, 4(0) — A(1). A

(109)

where A is a formula in ®.
Restriction. The variable b is called an eigenvariable and does not occur
in the bottom sequent.

NoTaTION. In general, we refer to an LK” proof where the IND rule is
allowed as an LK>+IND proof.

In this chapter we are mainly interested in this rule for the case where
O isz8.

DEFINITION VL.4.12 (LK>-V"). The rules of LK>-V! consist of the rules
of LK? (Section 1V.4), together with the single-8-IND rule (109). The
non-logical axioms of LK>-V" are sequents of the form — A, where 4
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is any term substitution instance of a Xf-COMP axiom or a 2-BASIC
axiom (Figure 2) or an LK? equality axiom (Definition IV.4.1).

Thus the axioms of LK>-¥! are the same as those of LK>-V?.

The notion of an anchored LK*-V' proof generalizes the notion of an
anchored LK? proof (Definition IV.4.4) to include the rule 2#-IND above.
Note that the axioms of LK>-V! are closed under substitution of terms
for free variables. More generally, we have:

DEFINITION VI.4.13 (Anchored LK? Proof with the IND Rule). An
LK? proof  where the rule ®-IND is allowed. for some set ® of formulas,
is said to be anchored provided that every cut formula in 7 occurs also
either as a formula in the non-logical axioms of 7z, or as one of the formulas
A(0), A(¢) in an instance of the rule ®-IND (109).

The following exercise is to show the soundness of LK 2L IND in general.
It follgws that LK>-V!is sourld, in the sense that the sequents provable in
LK>-V" are also provable in V!

EXERCISE VI.4.14 (Soundness of LK>+IND). Let ¥ and ® be sets of
formulas. Show that if 4 has an LK>-W¥ proof, where the ®-IND rule is
allowed, then A4 is a theorem of the theory axiomatized by ¥ U ®-IND.

To prove the Witnessing Theorem for V!, we first prove that every the-
orem of V! has an anchored LK>-¥! proof. This is stated more generally
as follows.

THEOREM V1.4.15 (Anchored Completeness for LK>+IND). Let ¥
and © be two sets of formulas over a vocabulary L, and suppose that ¥
includes formulas which are the semantic equivalents of the equality axioms
(Definition 1V.4.1). Suppose that T is the theory which is axiomatized by
the set of axioms ¥ U ®-IND. Let Y and @ be the closures of ¥ and
D respectively under substitution of terms for free variables. Then for any

theorem A of T there is an anchored LK*-¥' proof of — A where instances
of the @'-IND rule are allowed.

To apply this to ! (and hence to V!, by Theorem VI.4.8) take 7 = V!,
® =38 and ¥ = 2-BASIC UZE-COMP.

COROLLARY V1.4.16. Every theorem of V' has an anchored LK*-V!
proof.

PROOF OF THEOREM V1.4.15. We refer to an anchored LK>+IND proof
of the type stated above simply as an anchored LK>-¥’ proof, with the
understanding that the ®’-IND rule is allowed. We will show that if a
sequent ' — A is a theorem of 7 (in the sense that its semantic formula

given in Definition I1.2.16 is a theorem of 7), then there is an anchored
LK*-¥' proof of I — A.
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Recall the proof of the Completeness Lemma I1.2.24 and the Anchored
LK Completeness Theorem 11.2.28 (outlined in Exercise 11.2.29). Our
proof here is by the same method, i.e., for a sequent I' — A purportedly
provable in 7, we try to find an anchored LK>-¥’ proof of ' — A. Our
procedure guarantees that in the case where no such proof is found. then
we will be able to define a structure that satisfies 7 but does not satisfy
I' — A. Thus we can conclude that I' — A is not provable in 7 .

We begin by listing all formulas, variables, and terms. In two-sorted
logic, there are two sorts of terms: number terms and string terms. So we
enumerate all quadruples (4;. ¢;. t. T¢). where 4; is an L-formula, ¢; is
a free variable, 7 is an L-number term, and 7} is an £-string term. (The
term #; contains only free variables a.b.....a.f,....) The enumeration
is such that each quadruple (4;. c;. t;. T;) occurs infinitely many times.

The proof 7 is constructed in stages. Initially 7 consists of just the
sequent ' — A. At each stage we expand 7 by applying the IND rule
and the rules of LK in reverse. We follow the 3 steps listed in the proof
of the Completeness Lemma, with necessary modifications. The idea is
that if this proof-building procedure does not terminate, then the term
model M derived from it satisfies 7 but not ' — A. In particular, in this
case the procedure produces an infinite sequence of sequents I, — A,
(starting with ' — A), and M is defined in such a way that it satisfies
every formula in the antecedents I',,, and falsifies every formula in the
succedents A,,.

We modify the notion of an active sequent as follows.

NortaTtioN. In the process of constructing 7, a sequent is said to be
active if it is active as defined on page 27, and it cannot be derived from
— B for some B in ¥’ using only the exchange and weakening rules.

We use one quadruple (4;. ¢;. t, T¢) of our enumeration in each stage.
Here are the details for the next stage in general.

Let (A;.cj.tx, T¢) be the next quadruple in our enumeration. Call 4;
the active formula for this stage.

Step 1. If A; is in ¥, then expand = at every active sequent I' — A’
as follows:

—)Ai
A,-,l"’ — Al F’ — A/,Ai
I — A

(weakening)

(cut)

Step 2a. If 4; € ® and c¢; has one or more free occurrences in 4;, then
we incorporate an application of the IND rule for 4;. Let b be a new
free variable that does not occur in the proof so far, and let 4(b) be the
result of substituting b for ¢; in A4;. For each active sequent I — A’ we
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expand 7 as follows:

Alt;). TN — A I, A(b) — A(b +1). N
A(t;). T, A(0) — A I A(0) — A(1;). N
I — A, 4(0) ', A(0) — A
' — A

Here the top-right inference is by the ®-IND rule, and the three double
lines are for the weakening, cut and exchange rules (with cut formulas
A(0). A(z;)).

Step 2b. Proceed as in the Step 2 in the proof of the Anchored LK
Completeness Lemma 11.2.24. Here we use the string term 7} in our
enumeration for the string quantifiers, in addition to the number term ¢;
which is for the number quantifiers, just as in the mentioned proof.

Step 3. If there is no active sequent remaining in 7, then exit from the
algorithm. Otherwise continue to the next stage.

It is easy to verify that if the above procedure terminates, then the
resulting proof 7 is an anchored LK*-¥’ proof of ' — A. It remains
to show that if the procedure does not halt, then the sequent ' — A is
not a logical consequence of 7. This is similar as for the Completeness
Lemma I1.2.24, and is left as an exercise. O

ExERcIsE V1.4.17. Complete the proof of the Anchored Completeness
Lemma for LK>+IND above by constructing, in the case where the pro-
cedure does not terminate, a term model M (see Definition 11.2.26) that
satisfies 7 but not the sequent ' — A. The two equality relations =
and =; are not necessarily interpreted as true equality in the term model,
but by our assumption on ¥ the equality axioms of Definition IV.4.1 are
satisfied, so the equivalence classes of terms form a true model. Also
note that the occurrences of 4(0) in the antecedent of the construction
for Step 2a disappear from the sequents above them, so the term model
must be defined in such a way that 4(0) is not necessarily satisfied. Show
nevertheless that the ®-IND axioms are satisfied.

Effectively we have shown that any LK 2 proof with axioms from 7 can
be transformed into an anchored LK>+IND proof with axioms only from
Y. The advantage of the latter type of LK proofs is that the cut formulas
are now essentially from ®UWY'. instead of the instances of ®-INDUY. In
the case of LK>-V" proofs, the cut formulas are restricted to =¥ formulas
(indeed. single-£8 formulas), while normally, an LK 2 proof with axiom
from V! (Definition I1.2.21) contains cut formulas which are in general
not £8. This property of LK 2_¥! proofs is important for our proof of the
Witnessing Theorem for V! that we present in the next section.

PROPOSITION VI.4.18 (Subformula Property of LK>*+IND).  Suppose
that ¥ and @ are sets of formulas, both of which are closed under substitution
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of terms for free variables. Suppose that 7 is an anchored LK*-¥ proof of
S, where the ®-IND rule is allowed. Then every formula in every sequent of
7 is a sub-formula of a formula in S or in ¥ U ®@.

VI1.4.2. Proof of the Witnessing Theorem for V''. Now we prove the
Witnessing Theorem for V!, using the same method as for the proof of
the Witnessing Theorem for V° (Subsection V.5.2). Here it suffices to
prove Lemma VI1.4.5.

Suppose that 3Zp(a. &, Z) is a T} theorem of V!, where ¢ is a L8
formula. Then by the Anchored LK 2yl Completeness Theorem V1.4.15,
there is an anchored LK>-V" proof 7 of 3Zp(d. &, Z). We may assume
that 7 is in free variable normal form, where now Definition 11.2.20 is
modified to allow applications of the ££-IND rule to eliminate a variable
from a sequent (in addition to V-right and 3-left). By the Subformula
Property of LK*-V! (Proposition V1.4.18). the formulas in 7 are X! for-
mulas, and in fact they are Eg formulas or single-Z% formulas. As a result,
every sequent in 7 has the form (81):

HXIHI(Xl)a'HaEIXnHm(Xn)-,F — A,HY]!//](Y]),...,HY,,I/IH(Y,,)

for m,n > 0, where 8; and y; and all formulas in I and A are Z{f .
We will prove by induction on the depth in 7 of a sequent S of the form
(110) that there is a finite collection of polytime functions

L={F.....F,....}
so that V(L) proves the (semantic equivalent of the) sequent
S =dget O(B1).ee . On(Bn). T — Ay (Fr)...own(Fy)  (111)

i.e. thereisan LK>-V1(L) proof of S’. Here F; stands for F; (@, &, /)?) and
@, & is a list of exactly those variables with free occurrences in S. (This list
may be different for different sequents.) Also fi..... S, are distinct new
free variables corresponding to the bound variables X1, ..., X, although
the latter variables may not be distinct.

We proceed as in the proof of the Witnessing Theorem for ¥ in Sec-
tion V.5.2 by considering the cases where S is an axiom of LK 2V (je.,
an axiom of V), or S is generated using inference rules of LK 2yl The
case of the non-logical axioms or the introduction rules for =, A,V and
bounded number quantifiers are dealt with just as in Cases I-VIII in the
proof for V. Here we will consider the only new case. i.e.. the case of
the XF-IND rule. This is the one that causes the introduction of non-4C°
witnessing functions.
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Case IX. S is obtained by an application of the #-IND rule. Then S
is the bottom sequent of

S AIX<rb)ybh.X) —IX <r(b+1ybh+1.X).11
S A3IX <r(0)w(0.X) — 3X <r(w(n X). 1

where b does not occur in S, and y is £f.

By the induction hypothesis for the top sequent S;, there is a finite
collection £ of polytime functions, and a polytime function G (b, 8) € L
(suppressing arguments for the other variables present) such that V(L)
proves the sequent S7, which is

AR <) Ayp(b.B) — |G B < r(b+1) A
wb+1,Gb,p)). . (112)
Note that by the variable restriction, » and f do not occur in A’, and can
only occur in IT’ as arguments to witnessing functions F; (b, f).

We define the witness function G (z, ) for the formula 3X < r(1)w (¢, X)
in the succedent of S by limited recursion (Definition V1.2.11) as follows:

G(0.8)=p (113)
G(z+1.5)=(G(z. G (= ). (114)
Since G is a polytime function, by Cobham’s Theorem VI.2.12, G is also

a polytime function.
Let F1(b, B)..... FL(b. B) € L be the witnessing functions in IT". Con-

sider the sequent

N |G(b.B) < 1) Ay (b.G(b. p) —
GO+ 1A <rb+1)Aw(b+1.G(b+1.4)).10" (115)
which is obtained from (112) by substituting G (b, ) for . and writing
G(b+1.p) for G(b. G(b. B)) (using (114)). In particular, I1” is obtained

from IT’ by replacing each witnessing function F}! (b, 8) for S by F?(b. f).
where

F(b.B)=F'(b.G(b.p) (1<i<m).

Let £/ = LU{G.F?.....F2}. Then since (112) is a theorem of LK>-
V(L) (115) is a theorem of LK>-¥V'(£’). Note that (115) is of the form

A.p(b.p) — p(b+1.5).11" (116)

where
p(b.p) =|G(b.B)| < r(b) Ay (b.G(b.B)).
Here p is a Z8(L’) formula.
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Notice that in IT”, b occurs (only) as an argument to F2. So we cannot
apply the IND rule to (116). Moreover, b should not occur in our desired
sequent §’. We remove b from IT” by introducing the number function 4:

h(B) =miny <t -=p(y +1.5)
i.e.. i has the £ (£’)-defining axiom

h(ﬂ):y<—>yét/\(y:tvﬂp(y+1=ﬁ))AVZ<yp(Z+1=ﬁg- :
117

Then /4 is a polytime function. and can be defined from p(b. ) using
limited recursion. Define foreachi, 1 <i < m,

Fi(B) = F(h(B). B).
Then F; is a polytime function. Let IT” be I1” with each witnessing
function F?(b. ) replaced by F;(f). Also define (by composition):
G*(B) = G(1. ).

Now define S’ to be the sequent:

S = NLIBI < r(0) Ap(0.8) — [G*(B)] < r(1) A w(r. G*(B)). 11"

(118)

Then &' is of the form (111). It remains to show that S’ is provable in
LK 2-VI(E”), where £ is L’ together with the new functions in &', i.e.,
L'=L"U{h Fy,..., F,.G*}.

First, by (113) the sequent (118) is equivalent to

A p(0.p) — p(r. ). 11" (119)
Then by replacing b in (116) with 2(8). LK*-V' (L") proves
A p(h(p). B) — p(h(p) + 1. p).TI"". (120)

Next, by the definition of / (117), LK>-V'(L£") proves the sequents

p(0.8) — p(h(p).B)  and  p(h(B)+1.B) — p(t.B).

From this and (120), it follows that LK>-¥'(£") proves (119), and hence
(118). O

VI.5. Notes

Our theory V! is essentially Zambella’s Theory £ -comp in [112], and
is a variation of the theory V| in [72], which in turn is defined in the style
of Buss’s second-order theories [20]. It is a two-sorted version of Buss’s
S1. Our X8 formulas correspond to strict = formulas, but this does not
really matter, as shown in Section VI.3.

The X} Definability Theorem for V! is essentially due to Buss [20] who
proved it for his first-order theory S}. Exercise V1.4.4 (V! proves the
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prime factorization theorgm) is due to Jerabek [60]. The interesting part
of Theorem VI.4.8, that V! proves the Ef-COMP axioms, is essentially
Theorem 1 in [23].






Chapter VII

PROPOSITIONAL TRANSLATIONS

In Section II.1 we presented Gentzen’s Propositional Calculus PK and
showed that PK is sound and complete; i.e. a propositional formula is
valid iff it is provable in PK. In this chapter we introduce the general
notion of propositional proof system (or simply proof system) and study its
complexity. We are particularly interested in which families of tautologies
have polynomial length proofs. In the (apparently unlikely) event that
thereis a polynomial p(n) such that for every n, every tautology of length n
has a proofin the system of length at most p(n), then we say that the system
is polynomially bounded. The question of existence (or nonexistence)
of a polynomially bounded proof system is equivalent to the important
complexity theory question of whether NP = co-NP.

Here our main interest is the relationship between bounded arithmetic
and propositional proof systems. There is an extensive literature on the
complexity of proof systems (see for example [72] and [13]) which we will
barely touch.

One of our goals is to associate a proof system with each of our theories,
suchas V°, V!, . ... Inthis chapter we associate the proof system constant-
depth Frege (AC°-Frege) with V' and the system extended Frege (eFrege)
with V'!. Each 28 theorem in the theory can be translated into a family of
tautologies which have polynomial size proofs in the corresponding proof
system (the propositional translation), showing that the proof system is
sufficiently powerful. On the other hand, in Chapter X we show that
the soundness of a proof system is provable in the associated theory (the
Reflection Principle), showing that the proof system is not too powerful.

In order to associate proof systems with other theories, and in order to
translate 28, 2% ... theorems of our theories (and not just § theorems),
we need to generalize the propositional calculus to the quantified propo-
sitional calculus (QPC). This we do in Section VII.3, and introduce the
QPC proof system G and its subsystems G;. G}. ... and Gy. Gy..... We
show that for i > 1 each bounded theorem of ¥V’ can be translated into a
family of valid QPC formulas with polynomial size G} proofs. In Chap-
ter VIII we introduce the hierarchy of theories TV’ and in Chapter X we
show a similar relation between TV’ and G;. This and other results justify

159
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saying that G is a kind of nonuniform version of ¥’ when considering
E,B -theorems, but not for theorems in general. Similarly for G; and TV'.

VIIL.1. Propositional Proof Systems

Recall (Section II.1) that a propositional formula is built from the logi-
cal constants L, T (for False, True), the propositional variables (or atoms)
P1. Pa. . ... connectives —, V, A and parentheses (, ). Also. a tautology is
a valid propositional formula (Definition I1.1.1). We assume that tau-
tologies are coded as binary strings (or more properly finite subsets of N)
using some efficient encoding.

DErFINITION VII.1.1. TAUT is the set of (strings coding) propositional
tautologies.

A propositional proof system is a formal system for proving tautologies.
An example is the system PK introduced in Section II.1, where a formal
proof of a formula A4 is a tree of sequents, where the root is — A, the
leaves are axioms, and the sequent at each internal node follows from its
parent sequent(s) by a rule of inference. The soundness and completeness
theorems state that TAUT is exactly the set of formulas with formal PK
proofs. Below we give a very general definition of proof system, and then
explain how to make PK fit this definition.

DerFINITION VII.1.2 (Propositional Proof System). A propositional
proof system (or simply a proof system) is a polytime, surjective (onto)
function

F :{0.1}* — TAUT.
If F(X) = A. then we say that X is a proof of 4 in the system F.

The length of A4 is denoted | 4|, and the length (or size) of the proof X
is denoted |X|. A proof system F is said to be polynomially bounded if
there is a polynomial p(n) such that for all tautologies 4. there is a proof
X of Ain F such that | X| < p(|4]).

Informally, a proof system F is polynomially bounded if every tautology
has a short proofin F.

ExampLE VII.1.3. PK can be treated as a proof system in the sense of
Definition VII.1.2, because the function

A if X PK f of A,
PK(X) = 1 co.des a proof of — A4,
T (True) otherwise

is a polytime function.

It is not known whether PK is polynomially bounded. In fact, the
existence of a polynomially bounded proof system is equivalent to the
assertion that NP = co-NP.
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THEOREM VII.1.4. There exists a polynomially bounded proof system iff
NP = co-NP.

ProoOF. Since TAUT is co-NP-complete, we have NP = co-NP iff
TAUT € NP.

(=) Suppose that F is a polynomially bounded proof system. Then
by definition, there is a polynomial p(n) such that

A € TAUT < 3X < p(JA|)F(X) = A.

This shows that TAUT € NP: The witness for the membership of 4 in
TAUT is the proof X.

(¢<=) If TAUT € NP, then there is a polytime relation R(Y, A), and a
polynomial p(n) such that

A € TAUT < 3Y < p(JA|)R(Y. A).
Define the proof system F by

F(X) = A if X codes a pair (Y, 4), and R(Y, A),
| T otherwise.

Clearly F is a polynomially bounded proof system. m|

The general feeling among complexity theorists is that NP # co-INP, so
the above theorem suggests that no proof system is polynomially bounded.
In fact some weak proof systems, including resolution and bounded depth
Frege systems (which is introduced below) have been proved to be not
polynomially bounded. However it seems to be very difficult to prove this
for the system PK. The system PK is p-equivalent (defined below) to a
large class of proof systems, called Frege systems, which includes many
standard proof systems described in logic text books. This adds interest
to the problem of showing that PK is not polynomially bounded.

Also because PK is p-equivalent to the Frege proof systems, we will
continue to work with PK. and will not define the Frege proof systems.
Below we introduce bPK (bounded depth PK) and ePK (extended PK).
They belong respectively to the families call hounded depth Frege and
extended Frege.

DermNiTION VIIL1.5. A proof system F) is said to p-simulate a proof
system F) if there is a polytime function G such that F>(X) = F{(G(X)).
for all X. Two proof systems F; and F; are said to be p-equivalent if F)
p-simulates F>, and vice versa.

Thus F| p-simulates F; if any given F>-proof X of a tautology 4 can be
transformed (by a polytime function G) into an Fi-proof G(X) of 4.

ExercisE VII.1.6. (a) Show that the relation on proof systems “F|
p-simulates F,” is transitive and reflexive.

(b) Show that if F; p-simulates F>. and F, is polynomially bounded,
then F) is also polynomially bounded.
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VIL.1.1. Treelike vs Daglike Proof Systems. Proofs in the system PK
are trees. This tree structure is potentially inefficient, since each sequent in
the proof can be used only once as a hypothesis for a rule, and if it needs to
be used again in another part of the proof, then it must be rederived. This
motivates allowing the proof structure to be a dag (directed acyclic graph),
since this allows each sequent to be used repeatedly to derive others.

DEFINITION VII.1.7 (Treelike vs Daglike). A proof system is treelike if
the structure of each proof is required to be a tree. The system is daglike
if a proof is allowed to have the more general structure of a dag.

In general a proof, whether treelike or daglike, can be represented as
a sequence of “lines”, where each line is the contents of some node in
the proof. Each line is either an axiom or it follows from an earlier line
or earlier lines in the proof (its parent or parents), and the line might be
annotated to indicate this information. The proofis a tree if each sequent
is a parent of at most one line.

The notions treelike and daglike can be used as adjectives to indicate
different version of a proof system. For example, treelike PK is the same
as PK. but daglike PK has the same axioms and rules as PK, but allows
a proof to take the form of a dag.

The next result shows that for PK the distinction is not important. (But
it is important for the system G} defined later in this chapter.)

THEOREM VII.1.8 (Krajicek[68]). Treelike PK p-simulates daglike PK.

ProoF. Recall that to each sequent S = Ay,..., Ay — By..... By we
associate the formula 4s which gives the meaning of S:
As =-A1V---V A, VB V---V By. (121)

Here it is not important how we parenthesize As (see Lemma VII.1.15).
Also, there is a treelike PK derivation, whose size is bounded by a poly-
nomial in the size of S, of S from the sequent — Ag.

Suppose that 7 = S, ..., S, 1s a daglike PK proof. We show:

Cram. The sequence
— ASI; — (A51 AASz); el — (Asl /\--~/\A5n>; —>A5n

can be augmented to a treelike PK proof whose size is bounded by a
polynomial in the length of 7.

Again it is not important how the conjunctions As, A --- A As, are
parenthesized. The claim follows easily from the exercise below. a

ExErcISE VII.1.9. (a) Show that the following sequents have polyno-
mial size cut-free treelike PK proofs:
(i) — As, where S is any axiom of PK.
(i) AN B — B, for any PK formulas 4, B.
(iii) AANB — A A B A B, for any PK formulas 4, B.
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(b) Suppose that S is derived from S; (and S,) by an inference rule of
PK. Show that the following sequents have polynomial size cut-free
treelike PK proofs, for any formula 4:

(1) ANAs, — AN As.
(11) ANAs, NAs, — AN As.

The next result will be useful later in the chapter.

LemMA VII.1.10 (PK*-Replacement). Let A(p) and B be propositional
Sformulas, and let A(B) be the result of substituting B for p in A(p). Then
for all propositional formulas By, By, the sequent

(B < By) — (A(B)) < A(B,))

has a cut-free treelike PK proof of size bounded by a polynomial in its
endsequent.

Exercise VII.1.11. Prove the lemma by giving (using structural induc-
tion on A(p)) cut-free treelike PK proofs of size polynomial in the size of
the endsequents for the following sequents:

A(By). By < By — A(B,). A(B,). By < By — A(By).

VII.1.2. The Pigeonhole Principle and Bounded Depth PK. To show
that a proof system F is not polynomially bounded, it suffices to exhibit
a family of tautologies that requires F-proofs of super-polynomial size.
Similarly, to show that a proof system F, does not p-simulate a proof
system Fj, it suffices to show the existence of a family of tautologies
that has polynomial size Fj-proofs, but requires super-polynomial size
F,-proofs.

There is an important family of tautologies that formalizes the Pigeon-
hole Principle, which states that if n + 1 pigeons are placed in n holes, then
two pigeons will wind up in the same hole. The principle is formulated
using the atoms

Dij (for0<i<n0<j<n)

where p; ; is intended to mean that pigeon i gets placed in hole j. First,
the negation of the principle is expressed as an unsatisfiable propositional
formula ﬂPHPZ“, which is the conjunction of the following clauses:

(PioV -V pin-1),  0<i<n, (122)

(=pij V =Pk ). 0<i<k<n 0<j<n (123)

Here, (122) says that the pigeon i is placed in some hole. and (123) says
that two pigeons i and k are not placed in the same hole.

The Pigeonhole Principle itself is equivalent to the negation of

ﬁPHPZH, which by applying De Morgan’s laws, can be expressed as
follows.
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DEFINITION VII.1.12 (PHP""!). The propositional formula PHP"*! is
defined to be

( /\ \/ pij) > \/ (pij N Prj)- (124)

0<i<n 0<j<n 0<i<k<n0<j<n
Define PHP = {PHP'"' :n > 1}.

Thus for each n > 1, PHP" ™! is a tautology.

In 1985 Armen Haken proved an exponential lower bound on the length
of any Resolution refutation of —|PHPZ+1, one of the early important
results in propositional proof complexity. On the other hand, in 1987
Buss presented polynomial size Frege proofs of PHPZ“. (Buss’s proofs
are based on the fact that there are propositional formulas A, (p;1.. ... p,)
of size polynomial in n which express the condition that at least k& of
Di..... pyare true.) It follows that Resolution does not p-simulate Frege.
(While it is easy to show that Frege p-simulates Resolution.)

In fact the family PHP does not have polynomial size proofs in a
stronger proof system called bounded depth Frege (also known as AC°-
Frege). We will define bPK ., a representative from these systems. First, we
formally define the depth of a formula. Here we think of the connectives
A,V as having arbitrary fan-in.

DerINITION VII.1.13 (Depth of a Formula). The depth of a formula A
is the maximal number of times the connective changes in any path in the
tree form of A.

So in particular, the formula (p; V --- V p,) has depth 1, for any n, no
matter how the parentheses are inserted. The depth of each clause (122)
is 2, and the depth of the conjunction ~PHP"*! is 3.

DErFINITION VII.1.14 (Bounded Depth PK). For each constant d € N
we define a d-PK proof to be a PK proof in which the cut formulas have
depth at most d. We define a bounded depth PK system (or just bPK) to
be any system d-PK for d € N.

Sometimes the definition for a d-PK proof is taken to be that al/ for-
mulas in the proof have depth < d. Our definition given above is more
general: For proving a formula of depth < d, the two definitions are the
same, but here we allow d-PK proofs of any formula (not just formulas
of depth < d). Indeed, since any tautology has a PK proof without using
the cut rule (the PK Completeness Theorem 11.1.8). it follows that d-PK
is complete, for any d > 0.

In general, we are not interested in the exact length of bounded depth
PK proofs, but only interested in the length up to the application of a
polynomial. Because of this and the next lemma, we will ignore how
parentheses are placed in a disjunction (41 V - -+ V 4,,).
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LemMa VII.1.15. If A is some parenthesization of (B1V---V B,). and A’
is another such parenthesization, then there is a cut-free treelike PK proof
of the sequent A — A’ consisting of O(n?*) sequents, where each sequent
has length at most that of the sequent A — A’.

For example, we may have
A= (Bl\/(Bz\/B3))\/B4), A = (B1 \/(Bz\/(B3 \/34))).

PrROOE. By repeated use of the rule V-left, it is easy to see that there is
such a d-PK proof of the sequent

A— By,....B,.

Now repeated use of V-right (with exchanges) gives the desired d-PK
proof. =]

In 1988 Ajtai proved that PHP"™' does not have polynomial size
bounded depth Frege proofs. (In fact he proved the result for a weaker
version of PHP which asserts that there is no bijection mapping (n + 1)
pigeons to n holes, see Section 1X.4.3.) This was strengthened by two
groups a few years later to prove the following exponential lower bound,
which remains one of the strongest lower bound results in propositional
proof complexity.

THeEOREM VIIL.1.16 (Bounded Depth Lower Bound [11]). Foreveryd <
N, every d-PK proqfofPHPz+l must have size at least

d

211"
where ¢ = 1/6.

In view of Buss’s upper bound for PHPZ“, we have

CoroLLARY VII.1.17. No bounded depth Frege system p-simulates any
Frege system.

The lower bound results in propositional proof complexity can be used
to obtain independence results in the theories of bounded arithmetic. We
will explain this in the next sections.

VIIL.2. Translating V° to bPK

In this section we give evidence that the propositional proof system bPK
is a kind of nonuniform version of the Z&-fragment of ¥ (in Chapter X
we give more evidence). Intuitively a ¥'° proof of a % formula is able to
use concepts from the complexity class 4C°. Recall from Subsection IV.1
that a language in nonuniform AC? is specified by polynomial size family
of bounded depth formulas. Thus the lines in a polynomial size family of
bPK proofs express nonuniform AC° concepts.



166 VII. PROPOSITIONAL TRANSLATIONS

VIL2.1. Translating =¥ Formulas. We begin by showing how to trans-
late each X8 formula ¢ (¥, X ) into a polynomial size bounded depth family

(2. X)|| = {o(&. X)[ni: i) : ri.if € N}

of propositional calculus formulas, and then we show how to translate a
V0 proof of a £& formula into a polynomial size family of 5PK proofs.
Later we will show how to translate in general a bounded two-sorted
formula into a polynomial size family of quantified propositional calculus.
Here, the depth of each formula in the family || (<. X)|| is bounded by a
constant which depends only on ¢.

We first explain the translation for a € formula ¢ (X) which has a single
free (string) variable X'. We introduce propositional variables p{. p{f.....
where p? is intended to mean X (i). The translation has the property that
for each n € N, (X )[n] is valid iff the formula VX (| X| = n D (X)) is
true in the standard model, where 7 is the n-th numeral. More generally,
there is a one-one correspondence between truth assignments satisfying
(X )[n] and strings X that satisfies (X ) and | X| = n.

NOTATION. We use val(t) for the numerical value of a term ¢, where ¢
may have numerical constants substituted for variables.

We define ¢ (X )[n] inductively as follows. For the base case, ¢(X) is an
atomic formula. Consider the following possibilities.

If o(X)is X = X. then o(X)[n] =ger T.
If o(X)is T or L, then (X )[n] =gt @ (X).
If p(X)is £(|X]) = u(] X|). then

T ifval(t(n)) = val(u(n)).
1 otherwise.

©(X)[n] =gt {

Similarly if (X ) is 2(|X|) < (|X]).
If (X ) is X (¢(|X])). then we set j = val(t(n)). Let

@ (X)[0] =qer L

and forn > 1:

p;( ifj<n—1.
eX)[n] =as { T ifj=n—1,
L ifj>n—1.
For the induction step, ¢(X) is built from smaller formulas using a

propositional connective A, V, -, or a bounded number quantifier. For
A, V, = we make the obvious definitions: If both w (X )[n] and (X )[n] are
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not the logical constants | or T, then

(w(X) A (X)) [n] =qer (w(X)[n] An(X)[n]).
(w(X) Vn(X))[n] =der (w(X)[n] V n(X)[n]).
(= (X)) [n] =aer v (X)[n].

Otherwise, if either y (X )[n] or #(X)[n] is a logical constant L or T, then
we simplify the above definitions in the obvious way. For example,

n(X)[n]  if y(X)[n]is T,
(w(X) An(X))[n] =aer § w(X)[n] i n(X)[n]is T,
i if either w(X)[n] or n(X)[n]is L .

For the case of bounded number quantifiers, ¢ (X ) is 3y < (| X]) w(y,
X)orVy <t(|X|) w(y. X). We define

By < t(1X]) w(p. X)) [n) = \/ w(i. X)[n).
i=0

(Vy <t(1X]) w(p. X)) In] =aer J\ w(i. X)In]
i=0
where m = val(t(n)), and recall that i is the i-th numeral. Also, if any
of the y (i, X)[n] is translated into T or L, we simplify ¢ (X )[n] just as
above.
Recall that s < ¢ stands for s < ¢t A's # t. For val(t(n)) > 1 we have

1
w(i. X)[n].

m

(Fy < t(|X]) w(p. X))[n] <

<

I
=)

3 .

(Vy < (X)) w(p. X)) = \ wii. X)[n].
i=0

In addition,
By <0y(y.X))[n] — L. (Vy<O0w(y.X))n] < T.

Recall that (x, y) is the pairing function, and we write X (x, y) for
X ({x.y)). We formulate the Pigeonhole Principle using a £& (£% ) formula
PHP(y, X) below. Here y stands for the number of holes, and X is
intended to be a 2-dimensional Boolean array, with X (i, j) holds iff pigeon
i gets placed in hole j (for0 <i <y.0< j < y).

ExampLE VIIL.2.1 (Formulation of PHP in Two-Sorted Logic).

PHP(y.X)=Vi<y3j<yX(i.j) D
Ji<yIk <yIj<yli<kAnX(@j)AX(k j)). (125)
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Then for all 1 < n € N, PHP(n. X)[1 + (n.n — 1)] is just PHP""!
(Definition VII.1.12).

In general, we can define the translation of a 8 (£2) formula ¢ (%, X)
(i.e.. with multiple free variables of both sorts). Then for each string
variable X} we associate a list of propositional variables pé(" , plX" ..... and
we give each free number variable a numerical value. Thus the family

(%, X)[it: ] is defined so that it is valid iff the formula
VEVX. (N 1Xe| = i) D (. X)

is true in the standard model N,. Here for the base case we have to handle
an additional case, i.e., where (X, X) = X; = Xi. where i # k. We
reduce this case to other cases by considering ¢ to be its equivalence given
by the LHS of the axiom SE (Figure 2):

| Xi| = | Xi| AVX < | X5|(Xi(x) < Xi(x)).

LeMMA VIL2.2. For every £8(L%) formula (%, X). there is a constant
d € Nandapolynomial p(iii. iT) such that for all i. i € N, the propositional

Sormula (X, X )[ii: il] has depth at most d and size at most p(iit, i7)

Proor. The proof is by structural induction on ¢, and is straightfor-
ward. O

Now we come to the main result of this section:

TueOREM VII.2.3 (V° Translation). Suppose that (%, X) is a £ for-
mula such that V° v V¥X@(X.X). Then the propositional family
lp(%. X)|| has polynomial size bounded depth PK proofs. That is. there
are a constant d and a polynomial p(#ii. @) such that for all 1 < i, 77 € N,
(%, X)[##t: i) has a d-PK proof of size at most p(ii. i@). Further there is
an algorithm which finds a d-PK proof of ¢ (%. X )[si: ii] in time bounded by
a polynomial in (11, 7).

(See Theorem VII.5.6 for a generalization of this result which applies
to all bounded theorems of ¥°.)

In view of the Bounded Depth Lower Bound Theorem VII.1.16 above,
we have:

CoOROLLARY VII.2.4 (Independence of PHP from V). The true V=
sentence

VYyvX PHP(y.X)
(see Example VII.2.1) is not a theorem of V°.

To prove the V0 Translation Theorem, the idea is to translate each
sequent in an LK? proof of (&, @) into a bPK sequent which has a short
proof. The issue here is that an LK 2p0 proof may contain £8 formulas
(i.e., the Zg -COMP axioms), whose translation we have not discussed.
We introduce the theory ¥ which plays the same role for ¥ as V! does
for ¥!. In the next subsection we define ¥° and the associated sequent
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system LK>-F° (an analogue of LK>-¥!), and use these to prove the V°
Translation Theorem.

VIL2.2. V°and LK>-V°.

DEFINITION VII.2.5. The theory ¥° has vocabulary £2 and is axioma-
tized by 2-BASIC and the £¥-IND axiom scheme.

Thus P is the same as V°, except the 8-COMP axioms are replaced
by the Z8-IND axioms. By Corollary V.1.8, ¥° proves the £8-IND axiom
scheme. hence V° C V0,

Unlike the V!, V! case, unfortunately ¥ is not the same as V°, because
V0 does not prove the £F-COMP axioms. To see this, expand the standard
(single-sorted) model N to a £ structure M by letting the string universe
be {@}. where |@| = 0. Then it is easy to see that M is a model of ¥,
but not of V. Nevertheless, we can prove a weaker statement.

DEFINITION VII.2.6 (O-Conservative Extension). Let @ be a set of for-
mulas in the vocabulary £. Suppose that 7 is a theory over £, and 7' is an
extension of 7 (the vocabulary of 7’ may contain function or predicate
symbols not in £). Then we say that 7’ is a ®-conservative extension of T
if for every formula ¢ € ®©.if 7' + ¢ then 7 I ¢.

So if @ is the set of all £ formulas. then 7" is ®-conse£vative over 7
precisely when it is conservative over 7. For the case of ¥? and V°, we
can take @ to be £,

LemMA VIL2.7. V0 is £B-conservative over of V°.

By our definition of semantics (Sections 1V.2.2 and 11.2.2), this is the
same as saying that V' is VZZ-conservative over V°, where VEZ is the
universal closure of ¥ (Definition 11.2.22).

PrOOF. We noted earlier that ° C ¥° (by Corollary V.1.8). The proof
that every 2 theorem of ¥? is also provable in F? is like the proof that ¥
is conservative over IAy (Theorem V.1.9). We use the following lemma,
which is proved in the same way as Lemma V.1.10 (any model of IAy can
be expanded to a model of ¥?). In the present case, U; is defined as before
in (53). except that now the formula ¢ is allowed parameters from U,.

LemMA VIL.2.8. Every model M = (Uy. Us) for V° can be extended to
amodel M" = (U], U} of V°, where Uy = U] and U, C U;.

It follows that if o (X, X )isa Zé’ formula with all free variables indicated,
and @ are any elements in U} and & are any elements in U,, then

MEp(d. d) ifft M Eelda).

(The proof actually shows that V° is ®-conservative over VO for a set
@ larger than Zg , 1.e., ® contains formulas with unbounded number
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quantifiers and without string quantifiers. But we do not need this fact
here.) m

The sequent system LK>-V? is analogous to LK>-V'!:

DEFINITION VII1.2.9 (LK>-¥°). The rules of LK>-V° consist of the rules
of LK? (Section IV.4), together with the Z8-IND rule (Definition VI.4.11).
The non-logical axioms of LK> V0 are sequents of the form — A, where
A is any term substitution instance of a 2-BASIC axiom (Figure 2) or an
LK? equality axiom (Definition I1V.4.1).

Recall the notion of an anchored LK>-V° proof from Definition VI1.4.13,
and the Anchored Completeness Lemma for LK>+IND VI1.4.15. We are
now ready to prove the ¥'? Translation Theorem.

VIL.2.3. Proof of the Translation Theorem for V°. By assumption,
¢(@. @) is a & theorem of ¥°. By the Anchored Completeness Lemma
for LK*+IND VI1.4.15, there is an anchored LK>-V° proof 7 of (&, &).
We may assume that 7 is in free variable normal form, where (as in Sub-
section V1.4.2) we modify Definition I1.2.20 to allow the rule Z§-IND to
eliminate a variable. By the Subformula Property of LK>+IND (Proposi-
tion V1.4.18), every formula in every sequent of 7 is . So every sequent
S in 7 has the form

vi(b.B)..... v (8. f) — m(B.B).....ne(5. )

where y;, n; are & formulas, and (b, ﬁ) are all the free variables in S
(which may be different for different sequents). The translation S[ri; 7]
is obtained from the translations w; (b, f§)[7i: 7] and 5 (b, f)[: 7] as fol-
lows. First, if any w;(b, f)[ii: 1] is L. or any 11‘/([;., B)[rt: ] is T. then
S[ni; ] is the axiom

— T. (126)
Otherwise, S[#i; 7] has the form
Sl i) =aer ... wib. Q) id).... — ....n;(b. Pz ...

where the antecedent consists of all ; (b, E )[71; 7] that are not T, and the
succedent consists of all 77; (b. B)[ni: 7] that are not L.

We will prove by induction on the number of lines above this sequent
in 7 that there are a constant d and a polynomial p depending on 7, such
that the propositional sequent S[#i; 7] has a d-PK proof of size at most
p(ni, i), for all i, @ € N. It is straightforward to verify that the proof can
be obtained in time polynomial in 71, 77.

For the base case, S is a non-logical axiom of LK?-V°. Thus S is of
the form — 7, where # is a term substitution instance of the 2-BASIC
axioms, or S is an instance of the Equality axioms (Definition 1V.4.1).
First, any string variable X can occur in an instance of BI-B12 only in the
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context of a number term | X|. Since these axioms are true in the standard
model N,. they translate into the propositional constant T. Therefore if
n is an instance of B1-B12. then — 7 translates into the axiom (126) of
PK.

Instances of L1 and L2 translate into (126). Consider, for example, an
instance of L1:

n(b.y. ) =y(1) > <yl

where b. f denote all (free) variables occurring in the L% -number term
t = 1(b.|y].|B]). By definition, in order to get #(b. y. f)[ri: n. 7], first we
obtain the formulas

p})DT ifi<n-1,
To>T ifi=n—-1,
1>1 ifi>n—-1

where i = val(t(si, n.7)). Simplifying these formulas results in

”(Ev Vs ﬁ)[l’ﬁ,n,ﬁ] —def T.

By definition, any instance of the axiom SE translates into a formula
of the form A D A, where A is the translation of the LHS of SE. This
tautology has a short cut-free derivation PK.

Similar (and simple) arguments show that if S is an instance of any of
the Equality Axioms. then its S[#i; n, 77] has a short d-PK proof, for some
small constant ¢. (This constant accounts for the fact that we translate
X = Y usingthe LHS of SE, which translates into a propositional formula
of depth 3.)

For the induction step, we consider the rules of LK 2_¥0. Since all
formulas in 7 are £¥, the string quantifier rules are never applied. If
S is obtained from S; (and S,) by one of the introduction rules for the
connectives A, V and — and the translation(s) of the auxiliary formula(s)
are not simplified to Boolean constants then we can apply the same rules
to get the PK proof of S[#i; ] from the PK proof(s) of Si[#i: ] (and
So[ni:i]). Otherwise. if an auxiliary formula is translated into T or L
then it can be seen that S[ri; i7] is the same as Sy [#i; 77] (or Sy[#i:77]). No
new cut is needed for this step.

For the case of the cut rule, the cut formula y (b, §) is £8, and since 7 is in
free variable normal form, no variable is eliminated by the rule. Consider
the interesting case where the translation of w (b, ) is not a constant T
or L. The corresponding PK proof also uses the cut rule, where the cut
formula is a propositional translation w (b, §)[1: i7] of this formula, which
according Lemma VII.2.2 has bounded depth d independent of #i, 77’
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Consider the case of the number V-right. Suppose that the inference is
S A—TLce< t(b.1B]) > n(b.c. f)
S A—>HVx<Z( ) (l;xﬁ_)
where ¢ does not occur in S. By the induction hypothesis, there are a con-
stantd € Nand a polynomial p(#i, i, 7) so that for each (i, i, 77), thereis a
d-PK proof n[ni, i; 7] of size <p(m i, ) of the sequent Si[#i. i:7i]. Note
that if for some i < r. 5(b. ¢, B)[ii. i: ﬁjlsJ_thean <t(b.|B) n(b.x. )
translates into | and hence S[ni: 7] = Si[#ni, i; ] and we are done. More-
over, if all (b, ¢, B)[ii.i;i1] (for i < r) are T then S[s#; ] is the axiom
— T and we are also done.

Now, if some #7(b.c. f)[r.i:] is T then it will be deleted from the
translation of Vx < ¢(5. |B]) #(b. x. f). and the sequent S [, i: 7] is the
axiom — T and it will not be used in the following derivation. So
suppose that for all i < r, ;7(5, ¢, ﬁ)[n‘i, i; 7] is neither T nor L. Then for
i <r, Si[m. i;n]is

At if] — [tz ). n(b.c. f)[. i1 ).

The sequent S translates into

Sprit: i) =aer ALtz 1) — itz ). \ (b i. )iz .
i=0

Thus S[#i; 7] is obtained from Si[ni,i:i] (fori = 0,1,....r) by the
A-right rule. No new instance of the cut rule is needed. This proof of
S[#i: 7] has size slightly more than the sum of the (m + 1) proofs z[#i. i: 71].
and m is a polynomial in #i, 7. Hence the resulting proof is bounded in
size by a polynomial in #i, 7.

The case 3-left is similar, and the cases V-left, 3-right are straightfor-
ward. These are left as an exercise.

Exgrcise VIL.2.10. Take care of the other number quantifier cases.
Finally we consider the case that S is obtained by the Z£-IND rule:
S Ayle) —yle+1).10

S A w(0) — w(z).11
where ¢ does not occur in S, and we have suppressed all free variables
except ¢ (here 7 is of the form 7(b.|f])). By the induction hypothesis.
there are polynomial size d-PK proofs z[ni,i: ] of the propositional
sequents

Sili, i: i) =aer Atz i), w(c)[ii. i: 7] — w(c + V)[n, iz ], T[ri: i)

for some constant d € N. Let r = val(t(si. 7). The sequent S translates
into

St 1] =aer At 7). y (0)[n: 1) — y (r)[ni: 7). T[1d: 7).
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Now if r = 0 then S[#i; ] is derived from the following axiom of PK
simply by weakening:

w (0)[ri: ] — w(0)[ni: ).

For r > 0, we combine these proofs n[ni.i:i7] for i = 0.1,....r — 1
by using repeated cuts. with cut formulas yw(i)[ni;7]. 1 < i < r — 1.
By Lemma VII.2.2, these formulas have depth bounded by a constant
depending only on . Also, given that each z[ri, i; 7] has a polynomial
bounded size. the proof z[ni; i7] is easily shown to be bounded in size by
some polynomial in #i,77. This completes the proof of the Translation
Theorem for V. |

Note that the Z§-IND axioms are £¥. So in fact we could have defined
LK*-V° to include the 3£-IND axiom scheme instead of the 8 -IND rule.
Here we can use the following version of the £¥-IND axiom:

(p(0) AVx < t(p(x) D p(x + 1)) DVz < 1p(2) (127)

where 7 is any term not involving x or z, and ¢ is a £§ formula which may
contain other free variables.

In this way, the case of the Z8-IND rule in the induction step of the
proof above is replaced by two cases: One for the base case where the
axiom is an EOB -IND axiom, and one for the induction step, in the case of
the cut rule where the cut formula is an instance of the Z§-IND axioms.
The latter is dealt with just as any other instance of the cut rule. Handling
the former is left as an exercise.

Exercise VI1.2.11. Show directly (without using Theorem VII.2.3) that
the translation of (127) above has polynomial size d-PK proofs, where d
depends only on ¢.

VIL.3. Quantified Propositional Calculus

Quantified Propositional Calculus (QPC) is an extension of the Proposi-
tional Calculus (Section I1.1) which allows quantifiers over propositional
variables. In this section we will discuss the sequent system G which
extends Gentzen’s system PK by the introduction rules for the proposi-
tional quantifiers. There are subsystems of G that relate to the first-order
theories in the same way that APK relates to V°. Here we will show this
relationship between V! and the subsystem G} of G.

Formally, QPC formulas (or simply formulas) are built from

e propositional constants T, L,
free variables p.q.r, ...,
bound variables x, y. z, . ..
connectives A, V, -,
quantifiers 3, V,

s
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e parentheses (. )
according to the following rules:

(a) T.L.and p are atomic formulas, for any free variable p;

(b) if ¢ and y are formulas, so are (@ A y). (@ V ). —p:

(c) if p(p) is a formula, then Vxp(x) and Ixp(x) are formulas, for any
free variable p and bound variable x.

A QPC sentence (or just sentence) is a QPC formula with no occurrence
of a free variable.

ExampLE VIL.3.1. The following is a QPC formula:
Vx3y((my V(ex Ap)) A (y VX V=p)). (128)

A truth assignment is an assignment of truth values True, False to the
free variables. The truth value of a QPC formula is defined inductively,
much as in the case of the Propositional Calculus. Here in the induction
step, for the case of the quantifiers we use the equivalences

Vxp(x) < (p(L) Ae(T))  and  3xp(x) < (p(L) Ve(T)).

A QPC formula is valid if it is true under all assignments. The notions
of satisfiability and logical consequence (Definition II.1.1) generalize to
QPC in the obvious way. So. for example, the formula (128) is valid
(choose y <= (=x A p)).

It is a standard result in complexity theory that the problem of deter-
mining validity of a formula of QPC is PSPACE complete (see Appendix
A.1). Furthermore, it is natural to define a language L C {0.1}* to be
in nonuniform PSPACE if there is a polynomial size family (, (7)) of
QPC formulas such that ¢, (p1..... p,) defines the strings of length # in
L. (Actually this defines the class PSPACE /poly, which is PSPACE with
polynomial advice.) For this and other reasons, G (defined below) is a
natural choice for a QPC proof system corresponding to the complexity
class PSPACE. However if the number of quantifier alternations in a
QPC formula is limited by some constant &, then the validity problem for
such formulas is in the polynomial hierarchy.

DEFINITION VIL.3.2 (2f and IT{). X¢ = II{ is the class of quantifier-free
formulas of QPC. Fori > 0. X7, and IT/,, are the smallest classes of QPC
formulas satisfying

1) o Ccxf nIr!

i+1 i+1°
2) z}., is closed under v and A and existential quantification:
3) ! .1 is closed under V and A and universal quantification:
4) if A € 2! | then ~4 € I}
5) if A e IT{, | then —4 € X!

i1
Thus

=Igc.---cxnfcxfun! cx nol, c---.
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For i > 0 every formula in £/, has a prenex form with at most i alterna-
tions of quantifiers, with the outermost quantifier being 3. Similarly for
! ., with the outermost quantifier being V. Checking the validity of a =/
(resp. IT!) sentence is X’-complete (resp. IT7-complete), for i > 1. For
i = 0, this problem is NC'-complete.

VIL3.1. QPC Proof Systems. We generalize Definition VII.1.2 in the
obvious way to define the notion of QPC proof system where now F maps
{0, 1}* onto the set of valid QPC formulas. Since the validity problem for
QPC formulas is complete for PSPACE, the following result is proved in
the same way as Theorem VII.1.4.

THEOREM VI1.3.3. There exists a polynomially bounded QPC proof sys-
tem iff NP = PSPACE.

The assertion NP = PSPACE is considerably more implausible than
NP = co-NP, but still the existence of a polynomially bounded QPC proof
system is open.

The notions p-simulate and p-equivalent from Definition VII.1.5 apply
in the obvious way to QPC proof systems.

VIL.3.2. The System G. The QPC proof system G is a sequent system
which includes the axioms and rules for PK, where now formulas are
interpreted to be QPC formulas. It also has the following four quantifier
introduction rules:

V introduction rules:

A(B).T — A _ I — A A(p)
v-left: V-right! ——8 M —
VxA(x), I — A I — A VxA(x)
Jintroduction rules:
A(p). T — A I'— A A(B
I-left: (p). I-right: —()
IxA(x).T — A I — A 3xA(x)

Restriction. In the rules V-right and 3-left, p is a free variable called an
eigenvariable that must not occur in the bottom sequent. For the rules V-
left and 3-right. A(B) is the result of substituting B for all free occurrences
of x in A(x). The formula B is called the target formula and may be any
quantifier-free formula (with no bound variables).

The new formulas 3xA4(x) and VxA(x) are called principal formulas.
and the corresponding formulas in the top sequents (4(B) or A(p)) are
called auxiliary formulas.

Proofsin G are dags of sequents. which generalizes the treelike structure
of LK proofs (see Subsection VIL.1.1). We denote by G* the system G
restricted to treelike proofs. We will show that G and G* are p-equivalent
(Theorem VII.4.3).

The notion of free variable normal form (Definition I1.2.20) readily ex-
tends to G proofs. In fact every treelike G proof can be easily transformed
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to one in free variable normal form by renaming variables and substituting
the constant | for some variables.

TueorEM VII.3.4 (Soundness and Completeness of G). 4 sequent of G
is valid iff it has a G proof. In fact, valid sequents have cut-free G proofs.

ProoF. Soundness is easy: Provable sequents of G are valid because
the axioms of G are valid, and the rules preserve validity.

For completeness, we first point out that a valid quantifier-free sequent
of QPC has a cut-free G proof, by the PK Completeness Theorem II.1.8.
In general, we prove the result by induction on the maximum quantifier
depth of the formulas in the sequent (and then induction on the num-
ber of formulas in the sequent of maximum quantifier depth). We have
just proved the base case, where the sequent is quantifier-free. For the
induction step, the interesting cases are where the sequent is of the form

VxA(x), T — A or I' — A, 3xA4(x).
These two cases are dual. So consider the sequent
VxA(x), T — A. (129)

We can reduce the quantifier depth in VxA(x) by showing that (129) is
valid iff the sequent

A(T), A(L).T — A (130)
is valid. d

Exercise VIIL.3.5. Carry out the details in the induction step in the
above proof of the completeness of G.

The proof above shows that actually Gremains complete when the target
formulas B in V-left and 3-right are restricted to be in the set {T, L}. In
fact, the restricted system is p-equivalent to G. This can be shown with
the help of the following exercise.

Exercise VII.3.6. Show that the following sequents has cut-free G
proofs of size O(|4(B)|?), where 4 and B are any QPC formulas.

(a) B.A(B) — A(T).

(b) A(B) — A(L), B.

(c) B,A(T) — A(B).

(d) A(L) — A(B).B.
(Hint: Prove by structural induction on A4 for (a) and (c) simultaneously.
Similarly for (b) and (d).)

Exercise VI1.3.7 (Morioka [80]). Let KPG be the modification of G
resulting from relaxing the condition that the target formula B in the
rules V-left and 3-right must be quantifier-free (so B is allowed to be any
QPC formula). Show that G p-simulates KPG. Show that the same holds
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even if G is restricted so that the target formulas B in the rules V-left and
I-right are restricted to be in the set { T, L}. Use Exercise VII.3.6.

The original system G defined in [73] is actually KPG as defined in the
above exercise. Thus the original G' and our G are p-equivalent.

The proof of completeness in Theorem VII.3.4 could yield proofs of
doubly exponential size. For example if the formula VxA(x) in (129)
begins with k universal quantifiers, then eliminating them all using (130)
would yield 2% copies of 4, and the resulting valid sequent could require a
proof exponential in its length. We now prove a singly-exponential upper
bound for G proofs which allow cuts on atomic formulas.

We say that an occurrence of a symbol in a formula is positive (resp.
negative) if it is in the scope of an even (resp. odd) number of —s.

DEFINITION VIIL.3.8 (Sequent Length). An occurrence of a connective
¢ in a sequent I' — A is general if ¢ is A or V and occurs positively
in A or negatively in I', or if ¢ is V or 3 and ¢ occurs negatively in A
or positively in I'. A restricted occurrence is defined similarly, except A
and T are interchanged. For a sequent S, |S|, (resp. |S|,) denotes the
number of occurrences in .S of general connectives (resp. —’s and restricted
connectives). Also |S| denotes the total number of occurrences of symbols
in S, counting variables p,q,r.....x,y.z, ... as one symbol each.

TueOREM VIL.3.9. If' S is a valid sequent in the language of G with n
distinct free variables, then S has a treelike G proof with O(|S|,2!5l:+m)
sequents (not counting weakenings and exchanges) in which all cut formulas
are atomic and each sequent in the proof has length O(|S|). If'S is quantifier-
free, orif all quantifier occurrences in S are general, then the proofis cut-free
and the bound is improved to O(|S|,2Sl¢).

ProoF.  NotaTiON. We say that a free variable p is determined in a
sequent A;..... Ay — Bi.... By if one of the formulas 4; or B; is the
atomic formula p. A sequent is determined if all of its free variables are
determined.

Note that if all free variables of a sequent are determined, then there is
at most one truth assignment to these free variables which fails to satisfy
the sequent.

Lemma VIL.3.10. If' S is a valid sequent with all of its free variables
determined. then S has a treelike G proof with O(|S|,2!5¢) sequents (not
counting weakenings and exchanges) in which all cut formulas are atomic
and each sequent in the proof has length O(|S|). If S is quantifier-free or if
all quantifier occurrences in S are general, then the same bound applies even
if not all free variables in S are determined. and further the proof is treelike
and cut-free.

The second sentence of Theorem VII.3.9 follows immediately from the
lemma. We now prove the first sentence of the theorem from the lemma.
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Let F be the set of free variables in S. For each of the 2” subsets K of F
let S be the sequent resulting from S by appending a list of the variables
in K to the antecedent and the variables in F — K to the consequent. For
exampleif S =T — Aand F = {py, p2. p3} and K = {p,}, then Sk is

p2. T — A p1. ps.

Each Sk is valid and determined, and hence by the lemma has a proof
with O(|S],2!5l¢) sequents. Then S can be derived by combining these 2"
proofs with 2"~! atomic cuts. ]

ProoF oF LEMMA VII.3.10. We use induction on the total number of
connectives A, V,—, V.3 in S. The base case is immediate, since any valid
sequent with no such connectives is a subsequent of an axiom.

For the induction step, we have a case for each of the connectives
A, V.=, V,3. We consider a formula 4 occurring in the consequent: The
argument for the antecedent is dual. If A4 is of the form —B then S has
the formI' — A, —=B. Let S’ be the sequent B,I" — A. Then S’ is valid
(and determined if S is) and |S’|, = |S|, — 1. so the induction hypothesis
applies and S can be derived from S’ by the rule —-right. The case in
which 4 has the form B V C is similar, using the rule V-right.

If S has the foomTI' — A, (BAC), thenT’ — A, BandI' — A, C
are each valid (and determined if S is) and have reduced |S|,. and S can
be derived by A-right from these two sequents.

Suppose that S is ' — A, VxA(x). Then S’ = T’ — A, A(p) is
valid, where p is a new free variable. Further |S’|; = |S|; — 1 and S
follows from S’ using V-right. This takes care of the second sentence in
the lemma, but for the first sentence there is the problem that S’ may not
be determined, even if S is. But each of the sequents p, [T — A, A(p)
andI" — A, A(p). p is valid and determined if S is. and by the induction
hypothesis can be proved with O(|S|,2/5l:=1) sequents. Further S can be
derived from these two sequents with a cut on p and V-right, making a
total of O(|S|,215ls +2) = O(|S|,2!%!¢) sequents.

Finally consider the case in which S is ' — A, 3xA(x). Since the
occurrence of 3 is restricted, the second sentence of the lemma does not
apply, so we may assume that S is determined and valid. We claim that
one of the two sequents ' — A, A(T) and T — A, A(L) is valid (they
are both determined). To see this, note that since S is determined there
is at most one truth assignment 7 to the free variables of S that could
falsify ' — A. If no such 7 exists, we are done. Otherwise 7 satisfies
IxA(x). and hence 7 satisfies either A(T) or 4(L). Hence we may apply
the induction hypothesis to one of these sequents, and obtain S using
J-right. ]
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VIL4. The Systems G; and G}

DEFINITION VI1.4.1 (G; and G¥). For each i > 0, G; is the subsystem
of G in which cut formulas are restricted to £f U I17. The system G* is
treelike G;.

The following result is immediate from Theorem VII.3.9.

COROLLARY VI1.4.2. Every valid QPC sequent S has a Gj proof of
size 20USD),

THeOREM VIL.4.3. Fori > 0, G}, p-simulates G;. when the systems are
restricted to proving 2! U formulas. G* p-simulates G.

ProoOF. The argument is similar to the proof of Theorem VII.1.8, except
for the quantifier rules V-right and 3-left we can no longer argue that the
conclusion is a logical consequence of the hypotheses. However for each
rule deriving a sequent S from a sequent S| we know that VA is a logical
consequence of VAgs,. where VB is the universal closure of B. Thus we
replace the Claim in the earlier proof by arguing thatif z = Sy,....S, is
a daglike G proof then

— VAs; — (VASI AVAs,):...: — (VAs, A+ AVAs,); — As,
(131)

can be augmented to a treelike G proof whose size is bounded by a
polynomial in the length of 7, and in which cut formulas are restricted to
subformulas of formulas in the sequence. The theorem then follows from
the fact if the all formulas in the sequent S are in X7 UTI? then the formula
VAS is in H?+1.
Our new claim follows from Exercise VII.1.9 (b). the fact that for every

axiom S of G, — VAg has an easy G proof, and the exercise below. 0

Exercise VI1.4.4.  (a) Suppose that if S is derived from S; (and S5)
by an inference rule of G. Show that the following sequents have
polynomial size cut-free G proofs for any formula 4. (For the PK
rules it is helpful to use Exercise VII.1.9 (b).)

(i) AANVAs, — A NVAg.
(i) 4 A VAs, ANVAs, — A NVAs.
(b) Show that for every sequent S = I’ — A, the sequent

VAs.T — A
has a polynomial size cut-free treelike G proof.

The next result strengthens Theorem VII.4.3 for the case i = 0.
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THeOREM VIL.4.5 (Morioka [80]). Gi p-simulates Gy restricted to prov-
ing prenex X! formulas.

PrOOF SKETCH. Note that the proof of Theorem VII.1.8 (treelike PK p-
simulates daglike PK) does not adapt to this case, because that argument
requires cuts on conjunctions of earlier lines in the proof, which now
would involve quantifiers.

Instead, following [80], we argue that a form of Gentzen’s Midsequent
Theorem can be made to work in polynomial time. Let 7 be a Gy proof
of a sequent

— 3x1...3x,C(P. x1.. ... Xm) (132)

where C (7. x1.....x,,) is quantifier-free. Since all cut formulas in 7 are
quantifier-free, it follows that every quantified formula in 7 is an ancestor
of the conclusion, and must occur on the RHS and must have the form

Elxk...EIme([)',Bl...Bk_l,xk,....,xm) (133)

for some quantifier-free formulas By, ..., By and some k, 1 < k < m.
Let us call a formula a z-prototypeif it is quantifier-free and is the auxiliary
formula in an 3-right rule (so it is the quantifier-free parent of a formula
of the form (133), with k = m + 1). Thus a z-prototype has the form
C(p.Bi...By).

The Herbrand n disjunction S, is the sequent

— Ay, ..., Ay

where A1, ..., Ay is a list of all the z-prototypes. It turns out that S, is
a valid sequent, and in fact 7 can be transformed into a PK proof ' of
S in polynomial time. To form 7z’ from 7, delete each quantified formula
(i.e. each formula of the form (133)) from = and add formulas from the
list Ay, ..., A, to the RHS of each sequent so that each z-prototype is in
the succedent of every sequent. The result can be turned into a PK proof
of S, by deleting applications of the rule 3-right, and adding weakenings,
exchanges, and contractions.

We may assume that the PK proof n’ of S, is treelike, by Theo-
rem VIL.1.8. Now 7’ is easily augmented to a treelike proof of (132)
using the rules 3-right, exchange and contraction. a

We now show that for G} we may as well assume that all cut formulas
are prenex X. We start by proving an easy lemma which applies to both
G; and G}.

Lemma VIL4.6. If G; (resp. G}) is modified so that cuts are restricted to
X!-formulas, then the resulting system p-simulates G; (resp. G).

PrOOF. If 4 is a I1? formula, then any application of the cut rule to
A can be replaced by first moving A4 to the opposite side of each parent
sequent using — introduction, and then cutting —A4. O



VIIL.4. THE SYSTEMS G; AND Gf 181

THEOREM VIIL.4.7 (Morioka [80]). Let Gl-* be GF with cut formulas re-
stricted to prenex X formulas. Then G¥ p-simulates G .

Proor. Fixi > 1. Let 7 be a G} proof. We may assume that = is in free
variable normal form.
Consider an application of the cut rule in 7z, with cut formula A4.

I —A A4 AT — A
r—A
q

We may assume that 4 is E!, since if 4 is [T/ we can simply insert —-
introduction steps just before the cut so that the cut formula becomes —4.
Our task is to show that this cut on 4 can be replaced with a cut on A’,
where A’ is some prenex form of A. To do this we will replace the tree
derivation of ' — A, 4 with a similar derivation of ' — A, A’, and
similarly replace the derivation of A,I' — A by oneof A’," — A.

The proof of the Prenex Form Theorem 11.5.12 lists ten equivalences as
follows:

(VxBAC) <= Vx(BAC) (VxBV C) <= Vx(BVC)
(C AVxB) <= VYx(C A B) (C VVxB) <= Vx(C V B)
(3xBAC) <= Ix(BAC) (3xBV C) <= Ix(BV C)
(C ANIxB) <= Ix(C A B) (C V3xB) <= 3x(C V B)

-VxB <= dx—B —3dxB <= Vx—B

(where x does not occur free in C).

To put a formula in prenex form (which is in the same class X or 19
with the original formula), it suffices to successively transform a formula
A(B(X)) to A(B'(X)). where B <= B’ is one of the above equivalences
and X is a list of the variables in B which are bound by quantifiers in A4.

Consider a derivation of ' — A, A(B(¥)) or A(B(x)).I’ — Ain
n. If we trace the ancestors of A(B(¥X)) up through this derivation,
each path either ends when the ancestor is formed by a weakening, or it
includes an occurrence of B(D), where D is the list of target formulas
and eigenvariables used by the quantifier introduction rules in forming
A(B(%)) from B(D).

Thus it suffices to show, for each of the above equivalences B <= B’,
how to convert a derivation of A — II, B to one of A — I, B’ and a
derivation of B, A — TI to one of B’, A — II. (In the application to
the previous paragraph, B would be B(D). and B’ would be B'(D).)

Consider, for example, converting a derivation of

A — TI, -¥xC(x)

to one of
A — I1,3x-C(x).
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The ancestral paths of =VxC (x) which do not end in weakening include
VxC(x) in the antecedent and then C(D) in the antecedent, for some
target formula D. Thus we have arrived at a sequent

C(D).N — 1T
We modify the derivation after this point by using —-right and 3-right to
obtain
A — TI', 3x~C(x)
and continue the derivation as before, omitting the steps which formed
-VxC(x) from C(D).
The argument is similar if =VxC (x) is in the antecedent.
Now consider converting a derivation of
A — ILVxC(x)AD
to a derivation of
A — IL.Vx(C(x) A D).
The ancestral paths of VxC(x) A D which do not end in weakening split
after an A-right, where the left branch has a V-right step
AN —TI',C(p)
A — I, ¥xC(x)
We modify this by combining it with the right branch just after the split
as follows:

A// _ H”, C(p) A// N HN,D
AN —TI".C(p)AD

AN — 1" Vx(C(x) A D)
Here it is important that the original derivation be in free variable normal
form, both in order to insure that p does not occur in D, and to guarantee
that the variable restrictions continue to hold in the modified derivation
of A — IL.Vx(C(x) A D).
The other cases are handled similarly. O

A part of the reverse direction of Theorem VII.4.3 is shown in the next
theorem.

TuroreM VIL4.8 (Perron [91]). For i > 1. G; p-simulates G, ( for all
Sformulas).

From this theorem and Theorem VI1.4.3 we have:

CoroLLARY VIL.4.9. Fori > 1. G; and G}, are p-equivalent for proving
Sormulas in X! U TTY.

Proor oF THEOREM VIL.4.8. Let 7 be a G}, proof of a formula 4. We
show how to get a suitable G; proof 7’ of A from z. The idea is to replace
cuts of formulas C not in IT! U XY by cuts on simpler ancestors of C. By
Theorem VII.4.7 we can assume that all cut formulas in 7z are prenex X7, |
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formulas. Furthermore, we can assume that x is in free variable normal
form.
Assume that in 7 for all axioms of the form

B — B

the formula B is quantifier free. This is possible because from these axioms
we can easily derive any axiom with quantified formulas. Similarly assume
that only quantifier free formulas are used for the weakening rules.

An occurrence of a formula 3B (X) in 7 is said to be tagged if it occurs
in the antecedent I" of a sequent

S=T—A

and B is in (TTY — X7) and some descendant in 7 of 3¥B(X) is cut. Let
B(¢"). B()..... B(¢") (134)

be all (IT/ — X7) ancestors of I¥B(X). where the variables ? are eigen-

variables in 7. By our assumptions above. every (X}, — IT{) ancestor of

—

3% B(X) lies on a path from some sequent containing some B(¢') to S.
Define

S=T"—A

where I' is obtained from I by replacing every tagged formula 3¥B(X)
in I' (possibly for more than one formula B(X)) by its corresponding list

(134). By free variable normal form, the eigenvariables ? associated with
distinct tagged formulas in T are distinct. Notice that S’ has size bounded
by the size of x.

We will describe a polynomial time algorithm which successively trans-
forms, for each sequent S in 7, the (treelike) derivation 7s of S to a
daglike G; derivation 7’s of §’. Note that if S is the final sequent in 7z then
&’ = 8. and the theorem is proved.

The algorithm starts with the leaves of the proof tree 7 and works its
way down to the endsequent. The leaf sequents are axioms, which by
our assumptions have no tagged formulas, so there is nothing to do. For
the general step we need to consider the rule used to derive S. If the
principle formula in the rule is not tagged. then 7’5 is constructed using
the same rule applied to the transformed proof(s) of the parent(s). If the
principle formula is tagged. then the rule cannot be weakening by our
assumptions, so it must be one of 3-left, contraction-left, or cut. For
-left or contraction-left there is nothing to do: just use the transformed
proof of the parent sequent.

Hence the only non-trivial case is where S is derived by cutting a tagged
formula. So suppose that Sz is a sequent in 7 and is derived from S; and
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S» as below:
S S T — A3XB(X) IXB(X). T — A
Ss I —A
Here B(X) is a formula in (IT — X7). Suppose that

S=T"— A.
Then note that
S =T — A 3TB()
and S} has the form

Sy =B(g"). B(g)..... B(g").T" — A
where no eigenvariable in any g; occurs in IV or A. We have previously
found short G; derivations 75 . 7§, of the sequents Sj. S;. The idea is to
convert g, into a G; derivation of I — A by cutting ‘topmost’ ancestors
of 3¥'B(X) using substitution instances of S}.

First we add T to the antecedent and A to the succedent of every
sequent in 75, (and add necessary weakenings to have a legitimate proof).
Call the result 7 .

Now consider a sequent

S = A—T1B(C) (135)

in 7 where B(C) is an ancestor of 3¥B(%) in S;. (Here C consists of !
formulas.) We say that B(C) is a topmost ancestor if it has no further
ancestor B(C) in #; i.e. B(C) is the principle formula in the V-right rule
used to derive the sequent (135). In 75 Si; has become

' A" — A 11, B(C).

Apply the Substitution Lemma VII.4.10 below and using contractions left
we create for each topmost ancestor B(C) of 3¥B(X) a G* derivation of
the form
S

B(C).T" — A
(Since there may be more than one topmost ancestor with different for-
mulas C, the sequent S§ may have to be used more than once, which is
why our transformed proof may not be treelike). For each topmost an-

cestor B(C ) in turn, working from the top of = down. insert the following
derivation in 7 :

I'A' — AILB(C) B(O).I' —A
I'"A —TILA

(where the upper right sequent is derived by (136)) and remove all de-
scendants of B(C) in the so-far transformed s, as far as possible. If a

(136)

(137)




VIIL.4. THE SYSTEMS G; AND G} 185

descendant is the principle formula in a contraction then simply delete
that contraction rule. If a descendant is a side formula in a two-parent
rule, then progress must wait until the matching side formula in the other
parent is removed. When this is done for each topmost ancestor, all de-
scendants of the form 3¥B(¥) will be removed, and we obtain a proof of
the sequent

' T — A A.

With additional applications of the contraction rules we obtain a legiti-
mate derivation g, of S;.

Finally we verify that the final G; proof 7’ has size polynomial in the
size of 7. Notice that all new sequents have size polynomial in the size of
7. (The bottom sequent in (136) is the only sequent that might have size
larger than 7.) So it remains to show that the number of sequents in 7’ is
bounded by a polynomial in the size |z| of 7.

For a sequent S in 7 let ns denote the number of sequents used in the
derivation of S’ in 7’. Consider the interesting case of the cut rule in the
algorithm above. It suffices to show that for some polynomial p we have

ns; < ns; +ns; + p(|zl).

This follows from the fact that for each sequent S (135) in 7 the total
number of sequents in the derivations (136) and (137). as well as the
number of applications of weakening and contraction rules described
above are bounded above by some polynomial in |z| independent of Ss.

O

LemMA VIL.4.10 (Substitution). There is a polynomial size G} derivation
C(p).T" — Alp). A
I'(B).T" — A(B), A

where B is a quantifier-free formula, all formulas in T and A are in ! UTI
and p does not occur in the bottom sequent.

(138)

To prove the above lemma we need:

Lemma VIL4.11 (G}-Replacement). Let A(p) be a quantified proposi-
tional formula, and let A(B) be the result of substituting the formula B for
pin A(p). Then for all formulas By, B>, the sequent

By < By — A(By) < A(B)
has a Gjj proof of size bounded by a polynomial in the size of its endsequent.

EXERCISE VII1.4.12. Prove the Lemma. (See Exercise VII.1.11.)

PROOF OF THE SUBSTITUTION LEMMA. From the Gj-Replacement Lem-
ma above, we have a G proof of

p < B.A(p) — A(B)
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for each formula 4(p) in A(p). From these and
L(p).T" — Alp). A

we obtain (by the cut rule on the formulas A(p) in A(p))

p— B T(p).T" — A(B).A. (139)
Again, by the Gj-Replacement Lemma, we have G derivations of

p < B.A(B) — A(p)

for all formulas 4(p) in T'(p). From these and (139) we obtain

p < B.T(B).T" — A(B).A'.
Now by the 3-left rule we get

dx(x « B).T(B).I" — A(B).A'.
Finally, it is easy to see that the sequent
— 3x(x < B)

can be derived in Gj. Consequently, by the cut rule on the ¢ formula
Jx(x «» B) we obtain the bottom sequent of (138). It is clear that all the
derivations above have size polynomial in the length of the endsequents.

O

Unlike the situation for PK and Gy. it seems unlikely that G} p-simulates
G;. To explain why, we need the notion of witnessing for QPC proof
systems.

VIl.4.1. Extended Frege Systems and Witnessing in G}. In previous
chapters we proved witnessing theorems which concern the complexity of
witnessing the leading existential quantifiers in a bounded £ formula,
given values for the free variables. The analogous witnessing problem for
a QPC formula is trivial, because there are only finitely many possible
values for the free variables. However the problem becomes interesting if
we consider a family of formulas, and include a proof of the formula as
part of the input.

TueoREM VIIL.4.13 (The Witnessing Theorem for G}). There is a poly-
nomial time function F (., ) which, given a G} proof © of a formula of the
form AXA(X. p) (where A(X, p) is quantifier-free) and an assignment t to

P returns an extension t’ of T such that v’ satisfies A(X. j)

We show in Theorem X.2.33 that if 7 is a G} proof (as opposed to a
G proof), then the witnessing problem becomes complete for the search
class PLS (Polynomial Local Search). Since it seems unlikely that PLS
problems can all be solved in polynomial time, it seems unlikely that G}
p-simulates Gj.

In general the problem of computing such 7’ from 7 without z is com-
plete for PP if we are required to say “no” if there is no witness. Hence
it is clear that the proof 7 provides helpful information.
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We will prove the Witnessing Theorem for G} by analyzing a closely-
related system ePK, a member of the class of extended Frege proof systems.
In general, a line in an extended Frege proof has the expressive power
of a Boolean circuit, and a problem in nonuniform P is presented by
a polynomial size family of Boolean circuits. The connection between
the extended Frege proof systems and P is thus analogous to that of the
bounded depth Frege proof systems (e.g., bPK) and AC? that we have seen
(Section VII.2), or that of the Frege systems and NC', as we discussed in
the Preface.

DerINITION VII.4.14 (Extension Cedent). The sequence of formulas
A= €1<—>Bl,€2<—>32,...,€n<—>3n (140)

is an extension cedent provided that fori = 1,....n, the atom ¢; does not
occur in any of the formulas By, ..., B;. The atoms e, ..., ¢, are called
extension variables.

Intuitively, we think of ey,.... e, as gates in a Boolean circuit, where
the value of ¢; is determined by B; together with the values of the earlier
gates eq,...,e;—1. In an ePK proof of an existential statement, some of
these extension variables are used to witness the existential quantifiers.

DEFINITION VIL.4.15 (ePK Proof). Let 3¥A(X, p) be a QPC formula
with free variables p such that A(X, 7) is quantifier-free. An ePK proof
of 3XA(X, p) is a PK proof of any sequent of the form

A — A(ei. p)

where A is an extension cedent (140) in which the extension variables &’
are disjoint from p’ €] is a subset of €’ and each B; contains only variables
among &, p.

This definition is interesting even in the case that the final formula is
quantifier-free. Then the extension variables are not used to witness quan-
tifiers, but they still may be useful in defining polynomial time concepts
needed in the proof. As far as we know, PK does not p-simulate ePK even
when the latter is restricted to proving quantifier-free formulas.

TueoreM VIL4.16 (Krajicek [72]). Gf. restricted to proving prenex X{
formulas, is p-equivalent to ePK.

Before giving the proof, we show how the Witnessing Theorem for G}
follows from this.

PrOOF OF THEOREM VII.4.13. Let 7 be a G} proof of 3XA4 (X, p), and let
7 bean assignment to 7, asin the statement of the Witnessing Theorem. By

the preceding theorem, we can transform z to an ePK proof of 3XA(X, p)
that is, a PK proof of a sequent

€1<—>Bl,€2<—>32,...,€n<—>Bn —>A(€1,ﬁ) (141)
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Now given the the assignment 7 to p, values for e, es,....e, can be
computed successively by evaluating By, ..., B,, and these values define
the desired extension 7’ of  which satisfies 4(X. 7). ]

PrOOF OF THEOREM VI11.4.16. First we show that G} p-simulates ePK.
Let 7 be a (treelike) ePK proof of 3¥A4 (¥, p). Then x is a PK proof of a
sequent of the form (141). We show how to extend this PK proof to make
a G} proof of 3¥A(X, p). We start by repeated application of 3-right to
obtain a proof of

e — B1,€2 — Bz ..... ey — Bn — 3)?14()?, ﬁ) (142)

Now for each formula B there is a short PK proof of — (B « B),
and with one application of 3-right we obtain a short G} proof of

— 3x(x < B). (143)

Now apply 3-left to (142) to change the formula (e, < B,) to Ix(x «
B,). (Note that e, does not occur elsewhere in (142), so the variable
restriction for this rule is satisfied.) Now apply the cut rule to this and
(143) to obtain

€| — Bl,ez — Bz ..... €n—_1 B,,_l — H)E'A()?,p)

Applying this process a total of n times we may eliminate each formula
e; < B; in (142) to obtain the desired G} proof of size polynomial in the
size of 7.

Now we prove the converse. Let z be a G} proof of — IXA (X, p). We
may assume that 7 is in free variable normal form, and by Theorem VII1.4.7
we may assume that all cut formulas in 7 are prenex X7, so each sequent
of 7 has the form

S= ...3xa(xF).... T — A 37 A)....  (144)

where all o; and f; as well as all formulas in I" and A are quantifier-free,
and 7 is precisely the list of the free variables occurring in S. Notice
that 7 may have variables not in p, which are used as eigenvariables for
I-left.

We transform the proof 7 to an ePK proof 7’ by transforming each such
sequent S to a corresponding quantifier-free sequent S’. and supplying
a suitable proof of S’. To describe S’, we first replace each vector x' of
bound variables by a distinct vector q_;' =qi..... qéi of new free variables,

and similarly we replace y7 by a new vector ¢'. None of these new variables
should occur in 7. Then

S'= A.....oi(qg.F)....T— A . Bile.P)..... (145)
where A is an extension cedent defining the extension variables . . ., 67, e

If S is the endsequent — IXA(X, p). then S’ has the form A —
A(ey, ). so n’ is the desired ePK proof of XA (¥, p).
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We define A and show that S’ has an ePK proof polynomial in the size
of the G} proof of S. by induction on the depth of S in 7.
For the base case, S is an axiom

Ia(x, 7)) — Ixa(x,7)

and S’ is easy to obtain.
For the induction step there is one case for each rule of Gf.

Case I. Weakening and exchange are trivial, and contraction follows
from cut. The single parent rules — and A-left and V-right are easy, since
the principle formulas are quantifier-free, and the same rule can be applied
to form S”.

Case II. For the two parent rules A-right and V-left, the principle
formulas are quantifier-free, but we face the difficulty that the extension
cedents A for the two parents may give inconsistent definitions of the ex-
tension variables. This is similar to the difficulty for Case VII in the proof
of Lemma V.5.5 for the V° witnessing theorem. There the witnessing
functions for a formula in IT for the two parents might be different. We
solve the problem in a similar way, by defining the extension variables to
values that make them true when possible.

Specifically, consider the case of A-right, where for simplicity we assume
there is exactly one formula in the succedent beginning with existential
quantifiers (that formula cannot be C or D):

— —
S S T —A3JFpF.rh).C I — A 377, ). D
S I — A 37B(7.7).(C AD)

— —
where 7is the union of the lists r!, #>. By the induction hypothesis, we
have ePK proofs of the two sequents

-
S| =A.LT" — A B r').C

and
R
S, =AM T — A B(5.7*). D

where in the the second case we have changed the extension variables from
¢'to §. Since 7 is treelike, we can assume that the ePK derivations of S
and S} are disjoint, and hence we can change variable names in one proof
without affecting the other proof. Thus we may assume that the extension
variables defined in A; and A, are disjoint, and in particular ¢ and §
have no variable in common. Thus the extension cedents A; and A, are
consistent. Further we may assume that the variables q_;' are the same in
S{ and Sj.
From S{ and S with A-right we obtain

AL AT — A B(e 7). (5. 7)., (C AD). (146)
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Now we introduce new extension variables 7. and introduce the extension
formulas

Ei =gt ((B(@.7) Nei) V (5B(S.7) Asi))

and define the extension cedent
As=t, — E|.th — E,,....
Then define
S'= Al A AT — A B(F.7).(C AD).

One can show with the help of Lemma VII.1.10 that each of the se-
quents

As. p@.r) — B 7). (147)
A3, p(5.7) — B(TF) (148)

has a short PK proof. Using these and (146) and two cuts we obtain a

short PK derivation of S’ from S; and S>.
Case I11. F-left is easy, since it just means changing the role of a free
eigenvariable r in S| to the variable ¢ in S’ corresponding to Jx.

Nuig

Case IV. Suppose S comes from S| using 3-right.

S I'—A A7B(B. 7.7)

S T — A3 7P
Here the target formula B is quantifier-free, by definition of G'. Since ©
is in free variable normal form, no free variable can be eliminated by this
rule, and so the list 7~ of free variables in S is the same as for S;. By the
induction hypothesis, we have an ePK derivation of

Si= AT — AN.B(B.eF).
Let s be a new extension variable, and let

S'= A s B I" — N B(s.er).

It follows from the PK-Replacement Lemma VII.1.10 that S’ has a short
PK derivation from S7.

Case V. Suppose S comes from S, S, by cut:
S S2 T —AC C,I —A

S3 I —A

Since 7 is in free variable normal form, every free variable in C also occurs
in the conclusion S3. Suppose first that the cut formula C is quantifier-
free. Then the only difficulty is that the extension cedents A for the two
parents may give inconsistent definitions of the extension variables wit-
nessing quantifiers in A. We handle this difficulty in the same way as for
Case 11 above.

The case in which C has existential quantifiers is more complicated,
since the definitions of the new extension variables witnessing quantifiers
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in A now depend on witnesses for the quantifiers in C supplied by Sj.
These new definitions are similar to the new witnessing functions defined
for the case of cut (Case VI) in the proof of Lemma V.5.5 used to prove
the V° Witnessing Theorem. ]

ExEercise VII.4.17. Carry out the details of Case V' in the above proof.

VILS. Propositional Translations for V'’

In this section we show that for i > 1, G} is closely related to the
theory V. In fact Theorem VII.5.2 together with results in Chapter X
suggest that G* restricted to X! formulas is a nonuniform version of
the £8-fragment of ¥'. We have already shown by Theorem VIL.4.13
a connection between G} and V'!: X{-theorems of G} can be uniformly
witnessed in polynomial time, just as each XZ-theorem of V! can be
witnessed in polynomial time.

It is straightforward to extend the propositional translation of £&(£%)
formulas (Section VIL.2) to a translation of any bounded £2 formula.
Here every g=? (resp. gI1?) formula (¥, X), with all free variables indi-
cated, translates into a family of ! (resp. I1?) formulas:

(. X)|| = {o(x. X)[Ai:a) : si.it € N}
so that ¢ (X, X )[si: 7] is valid iff
N, EVX((AIX] =) 5 o X)).

The formula (%, X)[7; 7] has size bounded by a polynomial p(si, 77)
which depends only on ¢. The free propositional variables in o (%, X)[/i:
7] consist ofij", for0 < j < n; — 1 foreachn; > 2.

We define the translation of a bounded £% formula ¢ inductively, start-
ing with the Zg formulas, which is described in Section VII.2. For the
induction step, consider the case where

(. X.Y)=3Y <w(%.X.Y)
(here ¢ is a number term of the form ¢(¥, |)Z [)). By the induction hy-
pothesis, w (X, X, Y)[si: . k] contains the free propositional variables
pd.pi.... for Y, in addition to ij (when k < 2. thelist pJ.....pY ,is
empty). Define

(X X)) =aer p ... 3p 5 \/ w(B X Y)[ii:ii k] (149)
k=0

where r is the numerical value of ¢t: r = val(¢(1i. 7)) (recall that i is the i-th
¥ become bound, and if » < 1 then the

numeral). Here the free variables p
list pJ.....pY , is empty. Also, if any of the formulas wy (p{.....pY )
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is a logical constant L or T, then we simplify ¢ (¥, X)[#: 7] in the obvious
way.
The case where (¥, X) = VY < ty(X. X, Y) is similar:

(2. X)lit: i) =aer Vpo . 9p) s \ w(E X, V)i k] (150)
k=0

(The conjunction is also simplified if any conjunct is a Boolean constant.)
The cases of the Boolean connectives A, V, = or the number quantifiers
are the same as for ¥ formulas.

ProposiTioN VIL.S.1. Foreachi > 0, if pisa ng (resp. gl'[,B ) formula,
then the formulas in ||p|| are ! (resp. T1?). There is a polynomial p(nii, i)
which depends only on @ so that [ni; il] has size < p(ii, i7) for all i, 7 € N.

The connection between the theory ¥/ and the proof system G* is as
follows.

THEOREM VIL.5.2 (V¥ Translation). Let i > 1. For any bounded theo-
rem (X, X) of VI, there is a polytime function F (i, i7) such that F (i, 77)
is a G* proof of (%, X)[nit: /). for all wi. 77 € N.

ProoF. The proof is similar to that of the Translation Theorem for
V0 VII.2.3. We consider the case where i = 1; the cases where i > 1
are handled in the same way. By Corollary VI1.4.16, for every bounded
theorem (&, &) of V! there is a (treelike) anchored LK>-¥! proof = of
— (@, &). If we translate each sequent of # into the corresponding
QPC sequent, the result is close to a G} proof. In particular, since any cut
formula in LK>-V! is 2B its translation is a £f formula, and can be cut
in G7.

Formally, we will prove by induction on the depth of a sequent S (b. E )
in 7 that there is a polytime function F (#i, 77) such that F (s, 77) is a G}
proof of S[ni; i7]. For the base case, S is an axiom of LK 2P, The simple
axioms are sequents of £¥ formulas, and these are treated as in the proof
of the Translation Theorem for ¥°. The remaining axioms are instances
of Z8-COMP, so

S= —3AX <Vz < t(X(z) < 5(2))

andzyisa ZOB formula. Let » = val(¢). When r < 1. it is easy to see that S
translates into a trivially valid sequent with a short Gy proof. Otherwise,
if ¥ > 2, then S[ni; 7] is the sequent

— (BX < ¥z < 1(X(2) o (=) )
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where (replace [...] by [#i:77]):
(3X <tVz<t(X(z) = n(z)..1=3pg ... 3p)"

r k=2 r—1
V (AGF < n@L.D Ak =DL A N\ -n@L..1)
k=0 i=0 i=k

where the conjunct #7(k — 1) is deleted when k& = 0 and the conjuncts

k—2 r—1
NA@F <L) and A -n@[..]
i=0 i=k

are deleted when their sets of indices are empty.

Exercise VI1.5.3. Let Ay..... A, be any PK formulas (¢ > 0). Show
that the sequent

has a polynomial size treelike cut-free PK derivation.

We get S[ni; i7] as follows. First we apply the above exercise for £ = r—1
and
A; = n(i)[ni: ).
Then note that it is straightforward to obtain polynomial size derivations
for the following tautologies:
k—2

A @@L 1= n@L..]).

i=0
Now by using the A-right and V-right rules obtain

r k=2 r—1
— V (A@OL1=n@L.D A plk=DL..1A N -=2@)L..]).
k=0 i=0 i=k

From this sequent, by repeatedly applying the 3-right rule we obtain a
polynomial size cut-free G proof of S[ni; i].

For the induction step, we consider all rules of LK>-V'. In each case.
assume that S is obtained from S; (and S;). We will show that SJ...]
has short G} derivation from S[...] (and Sy[...]). It is obvious that the
polytime function F (... ) giving the G} proof of S[. .. ] can be constructed
from the polytime function(s) Fi(...) for S; (and F(...) for S,).

All rules (including the IND rule) except for the string quantifier rules
are treated just as in the proof of the Translation Theorem for V° (page
170). although now the translation will require cuts on X! formulas in
general. We consider the string 3-introduction rules. The string V-
introduction rules are dual, and are left as an exercise.
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Case string 3-right. Suppose that S is obtained from S; by the string
J-right rule. Note thatin V!, the only string terms are string variables.

St _ Aly) — Q). Iyl <t Anw(y)
S Aly) —I(y).3Z <t w(Z2)

We suppress all free variables except for the principle variable y. Note that
ly] < ¢[....n]iseither T or L. Let r = val(¢), then

Al....n] —T[L...nJ.w@)[....n] ifn<r,

: (151)
Al....n]—TIJ....n]. L ifn>r.

Sil-- .. n] =der {
By definition (see (149)),
SL...n) =gt Al...n] — NO[....n).3p§ ... 3p7 5 \/ w(2)L....k].
k=0

Consider the interesting case where n < r, First, by repeated applica-
tions of the rules weakening and V-right, we obtain from Si[.. . . n]

r

AL...n] —T[...n]. \/ wOL....k].
k=0

Then we can derive SJ. .., n] using the rule 3-right.
Case string 3-left. Again, suppressing all other free variables:

St l<tApy)A—T

S Z<ty(Z).A—T1

where y does not occur in S, and y is 8. Let r = val(z). then forn < r,
Sil...on] =t wO)L...nLAL..] — TI[...]. (152)
Also,

SL.d=ar 3§ 3pf 5\ w(D)...n) AL...]—T[...].
n=0

Now if » = 0, then we are done. Otherwise, combine the sequents
Si[....n]forn =0,....r by the rule V-left we obtain

\ wO)L...nl. AL..]—T[...].
n=0

Thus we get S[...] by r — 1 applications of the 3-left rule. |

ExercIsE VII.5.4. Carry out the cases for the string V-introduction
rules.
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VIL5.1. Translating ° to Bounded Depth Gj. In Section VIL.2 we
show that £ theorems of V* translate into families of tautologies with
polynomial-size bounded depth PK proofs. We generalize this and show
here that the translation of every hounded theorem of ¥ has polynomial-
size proofs in a subsystem of G that extends bPK. First we define the
system.

DErFINITION VII.5.5 (Bounded Depth Gy). For each constantd € N, a
d-Gy proof is a G proof in which all target formulas have depth at most
d and all cut formulas are quantifier-free and also have depth at most d.
A bounded depth Gy system (or just bGy) is any system d-Gy for d € N.
Treelike d-Gy (resp. treelike bG) is denoted by d-Gj (resp. bGy).

Theorem VII.2.3 is generalized as follows:

THEOREM VIL.5.6. For any bounded theorem ¢ (%, X) of VO there is a
constant d and a polytime function F (i, ) such that F (ri, ) is a d-G}-
proof of (%, X )[nit: /). for all i, 77 € N.

We prove the theorem by translating LK>-V° proofs (as opposed to the
LK>-V° proofs used in the proof of Theorem VII.2.3). An LK>-V° proof
can have cut formulas which are £%; these are instances of the £f-COMP
axioms. Because in the translation we are not allowed to cut quantified
formulas, these instances of ¥ -COMP will require different translations
than the translation described before Proposition VIIL.5.1.

The main idea is as follows. Consider an instance of £§-COMP:

IX < Vi< 1(X (i) < y(i)).

Instead of introducing quantified Boolean variables p¥ for the bits X (i)
of X we will translate X (i) using the translation of y(i). For the string
eigenvariable y that introduces X (in a string 3-left rule) we also translate
(i) using the translation of y(i). Now y may contain other eigenvari-
ables, so they must be translated first.

Recall the notions of anchored proofs (Definition II.1.12 on page 14)
and free variable normal form (Section I1.2.4 on page 23 and Section IV.4.1
on page 90).

PROOF. Since ¢ is a theorem of V°. thereis an anchored LK 2po proof
of . We can assume that 7 is in free variable normal form and is treelike.
Note that all cut formulas in 7 are ¥, and all non-Ef cut formulas
are instances of £¥-COMP axioms. Here we are only interested in the
instances of £§-COMP that will be cut. Furthermore, we can assume that
all sequents that contain an instance of £F-COMP in the succedent are
derived from the ££-COMP axiom by weakenings:

— 3XVx < t(X(x) < w(x))
I — 3XVx < 1(X(x) < w(x)).A

(153)
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Consider an application of the string 3-left rule that introduces a
28-COMP formula:
St <AV <t((x) o p(x). T — A

= (154)
S X < t¥x < t(X(x) «= w(x)).T — A

where y does not occur in S;. Since 7 is in free normal variable form, each
variable y is used exactly once.

NoTATION. We say that y as above is a comprehension variable in 7. The
associated pair (7, w) as above is called the defining pair of y.

The idea is to translate the bit y(i) of any comprehension variable y
in 7 using its defining pair (instead of using new atoms pj. pi.... as
before). Note that two different comprehension variables may have the
same defining pair (for example, comprehension variables that introduce
two identical copies of a Z£-COMP cut formula which are merged in
contraction right or in the branching rules such as V left or A right). In
this case they will have the same translation.

NotaTiON. We say that a comprehension variable y depends on a vari-
able S (or b) if f (resp. b) occurs in the defining pair of y.

Since 7 is treelike and in free variable normal form, this dependence
relation forms a partial ordering of the comprehension variables. The
defining pair of y may contain other comprehension variables. For exam-
ple. in (154) w(x) might contain a comprehension variable y’, where its
corresponding ' is in I". In this case y’ must be translated before y. This
motivates the following notions.

NoOTATION. The dependence degrees of variables in 7 are defined as fol-
lows. All non-comprehension variables have dependence degree 0. The
dependence degree of a comprehension variable y is one plus the maximum
dependence degree of all variables occurring in its defining pair.

Translation of formulas in 7. The formulas in 7 are translated in stages
as follows. In stage 0 we translate all formulas that do not involve any
comprehension variables. Generally, in stage i we translate all formulas
that involve some variables of dependence degree i but no variable of
higher dependence degree. In each stage, the translation is by induction
on the depth of the formulas. Stage 0 is the same as described at the
beginning of Section VIL.5.

Consider stage (i + 1) (where i > 0). For the base case. all atomic
formulas have been translated in the previous stage except for atomic
formulas of the form y(s), where y has dependence degree (i + 1). For
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each such y, let

w(s)lA] if j <n, —1.
y($)[ny. 1] =qer 4 T ifj=mn, —1, (155)
€ ifj>n,

where (1, y) is the defining pair for y, and j = val(s()) (recall val from
page 166).

The induction step is handled as discussed at the beginning of Sec-
tion VILS5 except for the case of the £8-COMP cut formulas. Intuitively
these formulas are true, so they should translate into tautologies. In this
case we will show that the tautologies have polynomial size d’-PK* proofs
for some d’. Therefore we will simply delete all sequents on the right
branches of the cut ¥-COMP rule (these are ancestors of a sequent that
contains the cut ¥ -COMP formula in its succedent). Also, we will trans-
late all occurrences of the cut ¥ -COMP formulas in the antecedents into
the empty formula. This completes the description of our translation.

We leave as an exercise to verify that the translation formulas have
polynomial sizes and constant depths as desired.

Exercist VIL5.7. Show that for each £ formula y (¥, X) in 7z thereisa
constant d; and a polynomial p that depend on 7 such that y (%, X )[#i: i7]
have depth at most d; and size p(#i. 7). for all #i. 7. Show that Proposi-
tion VII.5.1 continues to hold for non-cut formulas in 7.

Now we show that for all sequents S of = that are not on the right
branches of a cut Z8-COMP rule, the families S[ri: /7] have polynomial
size d -Gy proofs, for some constant d.

The base case. where S is a nonlogical axiom in 2-BASIC (Figure 2). is
handled just as in Section VII.2.3, with obvious modifications when a free
string variable in the axiom is a comprehension variable. The induction
step is the same as in the proof of Theorem VII.5.2 except for the case
where S = S, asin (154), i.e., where it is obtained by the string 3-left that
introduces a £8-COMP cut formula.

So suppose that S, is obtained from S; asin (154). Note that forn, < v
(where v = val(t))

Si[nt:ny. i) =ger  Clni: ny. ). Uni: 7] — Alni: it
where C[...] translates the first formula of S;. Let v = val(7). By
definition:

v—1
C[ni;0.7] = /\ —w(x)[ni.i:i] (i is the value of x)
i=0
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and for 1 < n, < v (here let 4; denotes y(x)[ni. i:7]):

ny,—2

v—1
Cliizny. il = (( )\ (4i = A)) Ay A )\ — 4.
i=0 i=n,
Here the conjuncts
n, =2 v—1
/\(A,<—>Al> and /\ ﬁA,‘
i=0 i=n,

are deleted when their sets of indices are empty. Also, by definition
Sz[lﬁ; ﬁ] =def F[n?ﬁ'] — A[rﬁﬁ']

Using Exercise VII.5.3, we can show (by the same arguments as in the
proof of Theorem VIIL.5.2 below Exercise VI1.5.3) that there are polyno-
mial size cut-free PK proofs of the tautologies:

— \/ Clii:n,. ). (156)
n,=0

Moreover, by Exercise VII.5.7 the above tautologies have depth at most d;
for some d; depending only on . Therefore the proof of Theorem VII.1.8
shows that (156) have polynomial-size d»-PK* proofs, where d, = d; + 3.
Hence, by using the V-left rule for the sequents Si[ri;n,, ] (for 0 <
n, < v) and then applying a cut for the resulting sequent with (156) we
obtain Sy[ni; ).

All cut formulas in our translation are either cut formulas in the d>-
G} derivations mentioned above, or the translations of £¥ cut formulas
in 7. Thus they have depth bounded by a constant depending on 7.
Furthermore, it can be seen that all target formulas are atomic formulas
of the form

pi
for some noncomprehension string variable a. As aresult, the translations
of 7 are d -G} proofs for some constant d depending on 7. O

Exercise VII.5.8. Reprove Theorem VII.2.3 using the translation we
describe in the proof of Theorem VIIL.5.6.

VII.6. Notes

Definitions VII.1.2, VII.1.5 and Theorem VII.1.4 are from [46]. Also,
the fact that Frege proof systems are p-equivalent is proved in [46]. Ajtai’s
superpolynomial lower bound for bounded depth Frege proofs of PHP is
published in [5].
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The first propositional translation of an arithmetic theory is described
in [39]. The translation of % formulas given in Subsection VII.2.1 is from
[42]. and both this and the ¥° Translation Theorem VII.2.3 are based on
the treatment of IAy(R) by Paris and Wilkie [90].

A proof system for the Quantified Propositional Calculus was intro-
duced by Dowd [48]. The system G and its subsystems G; were introduced
by Krajicek and Pudlak [73] (see also Section 4.6 of [72]). The original
definition of G is what we refer to as KPG in Exercise VII.3.7 and the
original definition of G; is KPG restricted so that all formulas must be ei-
ther £/ or I1?. Our definitions are due to Morioka [80]. Theorem VII.3.9
is new. Theorem VII.4.8 is from [91].

The idea of G (treelike G;) is from [72], and the V! Translation Theo-
rem VII.5.2 is adapted from a similar theorem for S} also in [72]. Theo-
rem VII.4.13 is from [41]. Extended Frege proof systems, which inspired
the system ePK in Section VIL.4.1, were introduced in [46].

Theorem VII.5.6 is new.






Chapter VIII

THEORIES FOR POLYNOMIAL TIME AND BEYOND

We present a finitely-axiomatizable “minimal” theory for polynomial time
over the basic two-sorted vocabulary £4. We show that it is robust by
giving three quite different axiomatizations for it under the names VP,
TV® and V!-HORN. We also present a universal conservative extension
VPV for this theory which has function symbols for all polynomial time
functions based on Cobham’s recursion-theoretic characterization of FP.
The theory V! from Chapter VI has the same ¥ theorems as the minimal
theory, but apparently has more £ theorems. The new theories have the
following inclusions:

VP = TV’ = VI-HORN C,ps VP Copps VPV

where 7 C.ons 7o means that 75 is a conservative extension of 7.

Section VIIL3 introduces the TV’ hierarchy and concentrates on the
bottom level TV° mentions above. Section VIIL5 is devoted to TV!,
and characterizes the 2 -definable search problems in this theory as those
reducible to polynomial local search. Section VIII.6 proves a form of the
Herbrand Theorem known as the KPT Witnessing Theorem, which can
be used to prove (or suggest) independence results for 28 -formulas. Asan
application we show that V° does not prove the £f-Replacement scheme,
and (unless integer factoring is easy) neither does VPV .

Section VIIL.7 proves a host of results on V>, the interleaved V' and
TV' hierarchies. These include the finite axiomatizability of ¥/ and TV’ .
>B_definability results (see Table 3 page 250 for a summary), and the
equivalence of the collapse of these hierarchies and the provable collapse
of the polynomial hierarchy. Section VIIL.8 proves ‘RSUV’ isomorphism
theorems relating our two-sorted theories ¥’ and TV’ to Buss’s single-
sorted theories S} and 75,

VIIL.1. The Theory VP and Aggregate Functions

The theory VP extends V° by adding a single axiom asserting that the
gates of a given monotone Boolean circuit with specified inputs can be

201
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evaluated. We will then use the fact that the Monotone Circuit Value
problem is complete for P under many-one AC° reductions to prove that
all polynomial time functions are £ definable in V'P. We will show that
V! extends VP, and show that the £ theorems of ¥'! and VP are the same.
Later, in Section VIIL.6, we give evidence that VP does not prove either
the Z8-REPL scheme or the £#-COMP scheme (which do not consist of
28 formulas), and hence apparently V! is not conservative over VP.

It seems that VP is a “minimal” theory for polynomial time reasoning
because it extends our base theory V° by adding one axiom asserting the
existence of a solution to a standard complete problem for P. We use
this same method in Chapter IX to introduce minimal theories for other
complexity classes.

We specify a monotone Boolean circuit (using our two-sorted vocabu-
lary £2) by a triple (@, G. E), where the gates are numbered 0, 1, ..., (@ —
1). and for x > 1, G(x) holds iff gate x is an A gate (otherwise gate x is
an V gate). Gates numbered 0 and 1 are “input” gates, and always have
the values 0 and 1 respectively. The edge relation E specifies the inputs to
the other gates as follows:

e For0 <y < x.2<x < a, E(y.x) holds iff the output of gate y is
connected to an input of gate x.

The X8 formula 6ycr(a. G, E, Y) asserts that Y (x) holds iff the output
of gate x is 1 (i.e. T), and is defined as follows:

Oucv(a.G.E.Y)=-Y0O)AY(1)AVx<a.2<xD
Y(x) = [(G(x) AVy <x(E(y.x) D Y(y)) V
(=G (x) A3y < x(E(y.x) A Y(¥))]. (157)
DEeFINITION VIIL1.1 (VP). The theory VP has vocabulary £2 and is

axiomatized by the axioms of V% and one more axiom called MCV,
where

MCV =3Y S a +25MCV((1, G,E, Y)
The next result is immediate from the above definition and the fact that
V0 is finitely axiomatizable (Theorem V.7.1).
CorOLLARY VIII.1.2. VP is finitely axiomatizable.
Tueorem VIII.1.3. V'is an extension of VP.

ProoF. It suffices to show that ¥'! proves the axiom MCV. But MCV
is a X8-formula, and is easily proved by induction on a. a

Note that MCV is a bounded formula, and hence VP is a polynomial-
bounded theory (Definition V.3.3). Thus by Parikh’s Theorem V.3.4 a
function is provably total (i.e. Xi-definable) in VP iff it is 8-definable
in VP.
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Tueorem VIII.1.4. A function is provably total in VP iff it is in FP.

One direction is proved as Theorem VIII.1.8 below, and the other di-
rection is Corollary VIII.1.14.

We introduce a string function Fy;cp which witnesses the existential
quantifier in the axiom MCV. The defining axiom is

Y:FMCV(a, GE) — (|Y| ga/\éMCV(a, G,E, Y)) (158)

LEmMA VIII.1.5. Fycy is 263 definable in VP.
ProOOF. We need to show that VP proves

3'Y(| Y| <a /\5MCV(CZ, G.E, Y))

Existence of Y follows from the axiom MCV. Uniqueness can be proved
in ¥ by induction on i using the £& formula y (i) asserting that the first
i bits of Y are uniquely determined. O

We define the two-sorted Monotone Circuit Value problem using the
relation Rycy(a. G. E). which holds iff the circuit specified by (a. G. E)
has output 1 (the gate numbered a — 1 is designated the output).

DEeriNITION VIII.1.6.
Rycv(a. G E) — 3Y <alucy(a.G.E.Y)ANY(a—=1)). (159)

The following proposition shows that R ¢y is A ol -many-one complete
for P.

PRrOPOSITION VIIIL.1.7. For any relation R(%, X) in P there are functions
ao. Go. Eo in FAC? such that

R(%.X) & Ruycy(ap(%. X). Go(%. X). Eo(%. X)). (160)

Proor skeTcH. First we point out that Circuit Value Problem CVP
for Boolean circuits which have — gates in addition to A and V gates is
easily reduced to the Monotone Circuit Value Problem MCV by using
the method of “double-rail logic”. Given a circuit C which has gates
for A, V.- we compute (in FAC") a monotone circuit C’ which has two
inputs x and x’ for each input x of C, and two gates g’ and g”’ for every
gate g in C. This is done such that, assuming that each input x’ is the
negation of x, then g’ <+ g and g”’ <> —g. Given an assignment of inputs
to C, suitable inputs to C’ satisfying x’ « —x can trivially be computed
by an FAC® function. To design C’. note that the gate g has one of the
three types A, V. —, and in each case (by De Morgan’s laws) there are easy
monotone circuits which compute both g’ and g” from the inputs to g
and their negations.

Now to prove the Proposition it suffices to show that, given a polytime
Turing machine M for computing a relation R(¥, X). there is an AC°
function Fy such that Fy (¥, X) describes a circuit (allowing — gates and
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with given input values) whose gate values describe the computation of M
on input X, X.

One way to see how to do this is to consider equation (95) (page 138).
where the variable Z describes the computation of a polytime Turing
machine. Here the rows Z!?! of Z are computed successively using the 4C°
functions Inity and Nexty. All AC? functions are computed by uniform
circuit families, which themselves are describable by AC O functions. O

THeOREM VIIL.1.8. Every function in FP is £8-definable in VP.

Proor. It suffices to prove this for string functions, since by Proposi-
tion VI.2.1 every number function (%, X') in FP has the form |F (%, X)|
for some string function F in FP, and by Exercise V.4.5 the Zf; definable
functions in VP are closed under composition.

By Definition V.2.3, a string function F (%, X) is in FPiff it is p-bounded
and its bit-graph is in P; i.e. there is an £% term (¥, X) and a relation
Br(i, %, X) in P such that

F(X.X)(i) < (i< t(%. X) A Bp(i. 7. X)). (161)

Our task is to find a % formula ¢ (%, X. Z) representing the graph of F
by satisfying
Z=F(®X)o or(2.X.2)
and such that
VPV NZpp (2. X.Z). (162)

Since the bit graph By of F is a polytime relation. by (159), (160) there
are functions ag, Go, Eo in Lg4c0 such that

Br(i,%.X) < 3Y < ag(i). ucv(ao(i). Go(i). Eog(i). Y) A Y(ag(i) = 1)
(163)

where we have suppressed the arguments (¥, X) in ao. Gy, Eo. We can use
the function Fy,cp defined in (158) to witness Y in the above equation,
and hence the graph ¢g of F satisfies

or(X.X.2Z) Vi < t[Z(i) < Fucv(ao(i), Go(i). Eo(i))(ao(i) - (1)]. |
16

Unfortunately the formula on the right is not £, and although the part
in brackets [...] can be made X%, the existential string quantifier there
requires the Replacement Axiom (Definition VI.3.2) to move it in front
of the quantifier Vi < ¢. In Section VIII.6 we give evidence that VP does
not prove X-REPL.

So we use another approach. From (163) we see that for each fixed
i.0 < i < t, the parameters (ag(i). Go(i). Eo(i)) describe a circuit C (i)
which computes bit i of F(¥, X). Our task is to describe one circuit
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C = C(&, X) which combines the circuits C(0),..., C(t — 1) to compute
all of these bits together.

In order to do this it will be helpful to introduce the important notion
of the aggregate function Fj;-, of Fycy, where the aggregate F'* of F
is the string function that gathers the values of F for a polynomially
long sequence of arguments. We use the notation Z¥l = Row(x. Z)
(Definition V.4.26) and (Z)* = seq(x. Z) (Definition V.4.31).

DeriNITION VIIT.1.9 (Aggregate Function). Suppose that
F(xt.....x0. X1..... X»)
is a polynomially bounded string function, i.e., for some £2 term ¢,
|F(%.X)| < t(%.X).

Then F*(b.Z;.....Z;. X1.....X,) is the polynomially bounded string
function that satisfies

F*(b. 7. %)| < (b.1(|Z]. X))
and

F*b.Z. X)(w) = Ji<bIv<t w=(i.v)A
F((Z)).....(z) x . xlMy(w).  (165)

Notice that by (165)
Vi<b F*b.Z. X)W =F((z).....(z). x". ... xI").  (166)

The use of seq in (165) and (166) can be eliminated using its defini-
tion V.4.31 to obtain an equivalent X (Row. F) definition of the bit graph
of F*, but in general the use of Row cannot be eliminated to get a & (F)
definition.

Lemma VIII.1.10 below shows that the aggregate function F;, of
Fucy is Z8-definable in ¥P. We can interpret Fj;;, as assigning values
to the gates of a collection C(0),....C (b — 1) of circuits. Thus (166)
becomes

Vi< b, Fiicp(b. Z, U V) = Fyep((2), U1, 1) (167)
and writing
(). UM v = (4;. G, Ey) (168)

we want the the triple (a;. G;. E;) to describe the circuit C (i) which com-
putes bit i of F (¥, X). Thus by (164) we want

(z)". UM, V) = (ao(i). Go(i). Eo(i)).
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For this we define “pseudo-aggregate” functions 4, Gy, E; for the func-
tions ag. Gy, E¢ which, for fixed X, X, collect values for arguments i <
t(x%, X). Thus fori < ¢

(A41(%. X)) = ap(i. 7. X).
G (%, X)) = Gyli, . X),
E\(z X)) = Eyi. % X).

Since each of the functions ag. Go. Ey is in FAC®, it follows easily from
the FAC" Elimination Lemma V.6.7 that the functions A, G,, E; have
¥8-definable bit graphs and hence are themselves in FAC 0.

If Y = Fjcp(t. A1. Gy, E1) (where we have suppressed the arguments
7. X) then Y gives the correct assignment to the gates of C (i). Thus for
eachi <t

F(@ X)(i) « Y (qo(i, . X) = 1).

So we define the FAC® function Extract by defining its bit graph as
follows:

Then

F(%.X) = Extract(%. X . Fi;c, (1. A1. G, E1)) (169)

(again suppressing some occurrences of ¥, X). This, Lemma VIIL.1.10
and the fact that the X#-definable functions in a polynomial-bounded
theory are closed under composition (Exercise V.4.5) show that F is 8-
definable in VP. m|

To complete the proof of Theorem VIII.1.8 we need the following result.

LemMA VIIL1.10. Fjycy is B-definable in VP, and VP(Fycy. Fiycy)
proves (167).

PrOOF. For i < b let C(i) be the circuit described by (a;. G;. E;) as in
(168). We want to embed the circuits C(0), C(1),....C(b — 1) into a
single circuit C. Each C (i) has a; < |Z| gates, and we will be generous
and allot |Z| gates in the embedded version of each C (i), so that C has
a total of | Z| gates. Thus gate j of C(i) corresponds to gate i|Z| + j
of C.

Circuit C has the description (d.G.E). where @ = b|Z| and G =
G(b.Z, U) and E = E(b. Z, V) are FAC® functions. These functions are
straightforward to define to satisfy the intended embedding of C (i) into
C, except that the gatesin C corresponding to gates 0 and 1 of C (i) must
have constant values 0 and 1 respectively. To achieve this, these gates have
no input edges and we make them OR gates and AND gates respectively.
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Thus fori,i’ <b
Gb.ZU)|Z| + )= (UT() A2 < j)vj=1if j<|Z].

Eb.ZzV)JZ| + 0" Z| + k) =V RN =i N2 < kif j.k <|Z|.
This is easily turned into Z£-definitions of the bit graphs of G and E.

Referring to (167). it remains to define an FAC® function Compile(b, Z,
Y) whose i-th row assigns correct values to the gates of C (i), assuming
that Y assigns correct values to the gates of C. Thus

Compile(b. Z. Y)(i. j) « (i <b A j < (Z) AY(i|Z| + ))).

Finally

Firoy(b. Z. U V) = Compile(Fyey (b|Z]. G(b. Z.U). E(b. Z.V)))
(170)

and (167) is provable from this equation and the defining axioms for the
functions involved. Also Fj¢, is a composition of 2¥-definable functions
in VP, and hence is itself Zf -definable in VP. O

To prove the converse to Theorem VIII.1.8 we introduce a universal
conservative extension of VP in the next subsection.

VIIL1.1. The Theory VP. Let 6}, (a.G. E. Y) denote a quantifier-
free formula in the vocabulary Lgs~ which 7’ proves equivalent to
ducv(a. G, E, Y) (see Lemma V.6.3). The function F},-, has defining
axiom

Y = Fl;ep(a.G.E) — |Y| < a ASyep(a.G.E.Y). (171)

Thus Fycy (defined in (158)) and Fj, ), are equal as functions, although
they have different defining axioms.

DermNtTION VIILLI.11 (ﬁ’). The universal theory VP has vocabulary
Lip = Lrsco U{Fyer}
and axioms those of 7’ together with the defining axiom (171) for Fj,cy .

Since Fyscy is in FP and every function in Lz is in FP, it is clear that
every term in the vocabulary of VP represents a function in FP. The next
result states the converse.

TaeEOREM VIII.1.12. Every function in FP is represented by a term in the
vocabulary of VP.

Proor. Equation (170) expresses Fjyc; as a term involving Fyscp and
functions in Lo, and equation (169) (finishing the proof of Theo-
rem VIIL.1.8) expresses an arbitrary string function F in FP as a term
involving F};-, and functions in Lgyco. By Proposition VI.2.1 every
number function f (¥, X) in FP has the form |F (%, X)| for some string
function F in FP. O



208 VIII. THEORIES FOR POLYNOMIAL TIME AND BEYOND

THeOREM VIII.1.13. The theory VP is a universal conservative extension
of VP.

Proor. The formuladycy(a, G, E. Fy,q,(a. G, E)) is provable in VP by
(171) and implies the axiom MCV for VP, and hence VP is an extension
of VP.

VP + 7" is conservative over VP because V' is conservative over ¥
(Theorem V.6.5). P can be obtained from vP+V' by adding the defining
axiom for Fj;,. and Fy,., is definable in VP + 7’ by Lemma VIII.1.5
(note that 14 proves the equivalence of the defining axioms for Fj,¢p and
Fl;cy). Thus by Theorem V.4.2, VP is conservative over VP + 7' and
hence over VP. a

CorOLLARY VIIL.1.14. Every function X\-definable in VP or VP isin FP.

PrROOF. As observed above every term of VP stands for a function in
FP. Since VP is a universal theory, it follows from the Herbrand Theorem
that the existential quantifiers in any £} theorem of VP can be witnessed
by a combination of terms and hence by functions in FP (see Section V.6.1
for this argument applied to 170). Therefore every X}-definable function in
VP is in FP. Since VP is an extension of VP, the same is true of VP. O

We wish to show that VP proves the 28 (L j)-IND and £¢ (L ,)-COMP

schemes. Note that Lemma VIII.1.10 easily follows from the fact that VP
proves X (L)-COMP, and to prove this scheme we need a general re-
sult about aggregate functions which will also play an important role in
Chapter IX.

THEOREM VIII.1.15 (Aggregate Function). Let T be a theory with vo-
cabulary L which extends V°(Row) and proves L8(L)-COMP. Suppose
that F and F* are definable in T (Definition V.4.1) and T (F, F*) proves
(166). Then T (F) proves ZE(L U {F})-COMP.

PRrOOF. Since 7 proves £8(L£)-COMP, by Lemma V.4.25 it proves the
Multiple Comprehension axioms for 8 (£).

Cram. For any L-terms §, T that contain variables 2, 7 (F) proves
3YVz < by...Yzp < by, YE = F(5.T) (172)
where Y171 denotes Y11,

Proor of THE CLAIM. Since 7 proves the Multiple Comprehension ax-
iom scheme for 269 (£) formulas, it proves the existence of X such that
X][ﬂ = T;. for 1 < j < mn. It also proves the existence of Z; such that
(Z)® =, for 1 <i < k. Now the value of Y that satisfies (172) is just
F*((b). Z. X). O
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Let £/ = L U {F}. We show by induction on the quantifier depth of a
2B(L’) formula y that 7 (F) proves

17 < <b1, - ,bm>V21 <by...Vz,, < b,77(Z(5> — l//(f)) (173)
where " are all free number variables of . It follows that
T(F)FX8(L)-coMP.

For the base case, y is quantifier-free. The idea is to replace every
occurrence of a term F (5, T') in y by a new string variable W which has
the intended value of F (5, 7). The resulting formula is B8(L). and we
can apply the hypothesis.

Formally, suppose that F (51, T1). ... F (5. T ) are all occurrences of F
in . Note that the terms 5}, T; may contain z'as well as nested occurrences
of F. Assume further that these F-terms are ordered by depth so that
S, fl do not contain F, and for 1 < i < k, any occurrence of F in §;, f,
must be of the form F (E'] fj) for some j < i. We proceed to eliminate
F from y by using its defining axiom.

Let . ..., W) be new string variables. Let z =35, 717 = T}, and for

2<i<k, ? and Tf be obtained from §; and 7; respectively by replacing
every maximal occurrence of any F (E'j fj) for j < i, by ij Thus F

. -> .
does not occur in any 3 and 7/, but for i > 2, 57

Wi, .o...Wi_y.
By the Claim above, for 1 < i < k., T(F) proves the existence of W;
such that

— )
and 77 may contain

i

Va1 < by .. Nz < b, W =F(s].T)). (174)

Let /(2. Wi, .... W) be obtained from w(Z) by replacing each maximal
occurrence of F (5}, T;) by Wim, for1 <i < k. Then
TH3IZ < (bl,...,bszl <by...Vz,, < bm(Z(Z_') >
W/(Z_: WI: R VI//())

Such Z satisfies (173) when each W; is defined by (174).
The induction step is straightforward. Consider for example the case
w(Z) = Vx < tA(Z, x). By the induction hypothesis,

T(F)F32Z'Vzy <by.. Nz < byVx < t. Z'(Z.x) < AMZ. x).
Now
VO 32Yz < by ... Vzp < by, Z(2) = ¥x < tZ'(Z. x)
and hence 7(F) - 32ZVZ < b (Z(2) < w(2)). O

COROLLARY VIIL.1.16. VP proves the E§(Lyp)-IND and E§(Lyp)-
COMP axioms.
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PrOOF. In Theorem VIIL1.15 take 7 = FPUFP' and F = F},cp- Then
L = Lpgeo 50T proves T8 (L)-COMP by Lemma V.6.4. Also 7 proves the
defining equations (158) and (171) for Fycy and Fj,; are equivalent,
so by Lemmas VIII.1.5 and VIII.1.10 F and F* are Zf -definable in 7,
and 7 (F, F*) proves (166). Thus the corollary follows from the theorem,
since VP = T(F) (and ¥° proves £5-IND). ]

Note that the formulas £ (L) represent precisely the polynomial time
relations, so Corollary VIII.1.16 together with Theorem VIII.1.4 suggest
that VP (and hence VP) “capture” polynomial time reasoning. Also VP
seems to be a minimal such theory (relative to the base theory V), since
surely polynomial time reasoning should be able to prove the basic axiom
MCV. that the monotone circuit value problem is complete for P. In
the next sections we will also prove that VP is a robust theory, by giving
several equivalent axiomatizations for it.

VIIL.2. The Theory VPV

The universal theory VPV is based on the single-sorted theory PV [39],
which historically was the first theory designed to capture polynomial time
reasoning. It is an extension of VP, and (unlike F'P) it has a function
symbol (and not just a term) for every string function in FP. We will
show that VPV is a conservative extension of VP. The vocabulary of
VPV extends that of 70, with additional function symbols introduced
based on Cobham’s characterization of FP (Theorem V1.2.12).

Following Definition VI.2.11, we can write the defining equations for a
string function F (y, ¥, X) defined by limited recursion from G (%, X) and
H(y.%.X.Z) as

F(0.7.X)=G(z. X). (175)
Fy+1.7.X)=(H(.% X, F(y, 7 X))<0:%%) (176)

where the bounding term 7(y. X, X) is in £% and the notation Z< refers
to Cut(y, Z) (the first y bits of Z, page 139).
For convenience we repeat the defining axiom (86) for the functions

F,.), introduced in Section V.6 to define 7
Fo (2. X)(2) & (z < t(x. X) Np(z. %, X)). (177)
DermNiTIoON VIIL.2.1. The vocabulary Lpp is the smallest set that satis-
fies

(1) Lesco € Lrp. . .
(2) For each open formula ¢ (z, ¥, X) over Lgp and term ¢ = (X, X) of
L2 there is a string function Fyz). in Lrp.
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(3) For each triple G, H. t. where G(x, X) and H(y. ¥, X, Z) are func-
tions in Lpp and ¢ = ¢(y, X, )F) s a term in Lii, there is a function
Fg.1; in Lpp (with defining equations (175), (176)).

To simplify this definition we have not introduced new number func-
tions of the from f (), that were used along with F, ., , in the inductive
definition of Lg4co (although by 1) everything in £pco remains in Lgp).
Nevertheless by Cobham’s Theorem it is easy to see that semantically the
string functions of Lrp comprise the polytime string functions in FP. In
particular every string term 7" over Lrp is represented by a function sym-
bol of the form F,,,), in Lgp. where (referring to (177)) ¢ = T'(z) and ¢
is a suitable bounding term. Note also that every number function in FP
has the form |F| for some function F in Lgp.

We now define the theory VPV in the style of Definition V.6.2 of 7.

DerNiTION VIIL.2.2. VPV is the theory over Lpp whose axioms are

those of 7° together with the defining axioms (177) for each function
F,(.), in Lpp and defining axioms (175). (176) for each function Fg p, in

;CFP.

Thus VPV is a universal theory which extends 7' Every function
introduced in Definition VIIIL.2.1 is explicitly bounded by a term in £7,
and hence VPV is a polynomial-bounded theory.

The following general result can be proved by structural induction on
 in the same way as Lemma I11.3.19 and Lemma V.6.3. Our immediate
intended application is to take 7 = VPV.

LEmMMA VIIL.2.3. Let T beatheory withvocabulary L such that T extends
VO and for every open formula (z. %, X ) over £ and term t(%. X) over L
there is a function F ., , in L such that

T+ F,), (2. X)(z) & (<t Ap(z. X X)).

Then for every T8 (L) formula ¢ there is an open L-formula o such that
Tk,

Next we state a general witnessing theorem for universal theories, which
applies to VPV.

THEOREM VIII1.2.4 (Witnessing). Let T be a universal polynomial-boun-
ded theory which extends V°, with vocabulary L. such that for every open
formula (2. 7. X) over L and term t(%. X) over LY there is a function
Fy () in L such that

T+ F‘P(z)",(f,/f)(z) > (Z <t /\QD(Z,)?,/‘?)).

Then for every theorem of T of the form 3Z¢ (X, X, Z). where @ is an open
formula, there is a function F in L such that

T+ (. X.F(z.X)).
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Proor. The proof is based on the Herbrand Theorem. and is very
similar to the alternative proof of the witnessing theorem for V° given in
Section V.6.1. This proof defines the witnessing function F by cases, and
in fact F has the form F,.), for suitable ¢,7. By our assumption that
7T is polynomial-bounded, we know that there is a bounding term ¢ for
F,(), in £% (as opposed to £). O

COROLLARY VIII.2.5 (Witnessing for VPV). Every Xi(Lpp) theorem of
VPV is witnessed in VPV by functions in Lgp.

PRrROOF. Itis clear that VPV satisfies the hypotheses for the theory 7 in
the theorem. Although the theorem only states that formulas of the form
3Zyp (where ¢ is quantifier-free) can be witnessed, it is easy to generalize
it to witness an arbitrary ! (Lgp) formula 329Z¢. (See Lemma V.5.5
and how it is used to prove the witnessing theorem for V°.) |

This witnessing result immediately implies the following.
COROLLARY VIIL.2.6. Every function X}-definable in VPV is in FP.

Of course this holds whether we interpret 2}-definable to mean X} (£ )-
definable, or more generally X! (L fp)-definable. The converse of the latter,
that every polytime function is £} (£ pp)-definable in PPV, is obvious, since
Lrp comprises the polytime functions. However we are interested in the
stronger converse, that every Lpp-function has a Zf (Ei) definition, prov-
ably in VPV. This is not straightforward to prove, mainly because we do
not have the X8 -REPL axioms available in VPV (Theorem VIIIL.6.3). Sec-
tion VI.3.1 shows how we could proceed if Z§-REPL were available, and
Theorem 1X.2.10 shows how we could proceed using aggregate functions.
But here we take a different approach: Since V! proves the Zf-REPL
axioms it is relatively easy to show that every Lpp function is £8(L£?)-
definable in ¥!. From this we use the fact that £# theorems of V! are
witnessed in VPV to get our desired result (Theorem VIIL.2.15).

The next result is proved in the same way as Lemma V.6.4.

LemMA VIIL.2.7. VPV proves the ZE(Lpp)-COMP, ZE(Lpp)-IND,
28(Lpp)-MIN. and X8 (Lrp)-MAX axiom schemes.

DEerINITION VIIL2.8 (A Formula). Let 7 be a theory over £ O L2.
We say that a formula ¢ is A?(£) in 7 if there is a £# (£) formula ¢, and
a 18 (L) formula ¢, such that 7 F ¢ < ¢y and 7 F ¢ < ).

COROLLARY VIIL.2.9. If @ is AB(Lpp) in VPV then VPV & ¢ < ¢y for
some open Lrp-formula .

PrROOE. Suppose that ¢ is AB(Lpp) in VPV, and let ¢; and ¢, be as
in the definition. Then using pairing functions we may assume that ¢
and ¢ each have single string quantifiers, so for some & (Lpp)-formulas
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w1, ys we have
Y).
Z).

e1=3Y <ty (7. X,
0 =VZ < by, (F. X,
Since VPV = @3 D ¢; we have
VPV - 3Y3Z y: (2. X.Z) Dy (7. X. Y).
By Corollary VIII.2.5 there are FP-functions F and G such that
VPV Iy (7. X.F(3. X)) D yi(%. X.G(X. X)).

Then VPV + ¢ < ¢y, where gy = y(X. X.G(%.X)). By Lemma
VIII.2.3 we may assume /1 is an open Lpp-formula, as required. O

VIIL.2.1. Comparing VPV and V'. Here we prove that every £%-the-
orem of VPV is provable in ¥'!. We also prove a partial converse, that
every X! theorem of V! is provable in ¥PV. In Section VIIL.6 we show
evidence that not all £ theorems of ¥'! are provable in VPV .

We establish the first assertion by defining an extension V!(VPV) of
both ¥! and VPV, and showing that it is conservative over V!. We
establish the partial converse by showing that every £ theorem of V! can
be, provably in VPV, witnessed by functions in Lgp.

DEFINITION VIIL.2.10. For i > 1, the theory V*(VPV) has vocabulary
Lrp. and axioms the union of the axioms for ¥/ and for VPV.

THEOREM VIIL.2.11.  (a) Every function in Lgp is X8-definable in V'.

(b) Fori > 1, every 2B(Lpp)-formula is provably equivalent in V'(VPV)
to a X8 (L%)-formula.

(c) Fori > 1, VI(VPV) is conservative over V'.

CORrROLLARY VIIL.2.12. Fori > 1, Vi(VPV) proves the 28 (Lrp)-COMP,
2B(Lpp)-IND. 2B(Lpp)-MIN, and XB(Lpp)-MAX axiom schemes.

PrOOF. The corollary follows immediately from part (b) of the theorem,
since by Corollary V.1.8 ¥/ proves these schemes for £ (£%)-formulas. O

ProOF OF THEOREM VII1.2.11. Part (a) of the Theorem is essentially
proved in Subsection VI.2.2. Part (b) for general i follows immediately
from the casei = 1. Now parts (b) and (c) follow from Corollary VI.3.11,
where we take 7; to be V'!(Row). or V' (Row) for part (c) (we can get rid
of the function Row by Lemma V.4.27), and the extensions 77, 73. ... are
introduced by successively adding the functions in Lpp and their defining
axioms. The fact that the new function introduced in 7;,, is Z{—deﬁnable
in 7; (and even in 7o) is proved in Section V1.2.2. O

THEOREM VII1.2.13. Every X} (Lpp) theorem of VY (VPV) is witnessed in
VPV by functions in Lrp.
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ProoF. A slight modification of the proof of the Witnessing Theorem
for V! given in Section VI1.4.2 proves this theorem. Note that every
witnessing function introduced is in FP, and, noting that VPV proves
28(Lpp)-IND (by Lemma VIIL.2.7), we see that VPV proves the desired
sequents. O

The following corollary is immediate from Theorem VIII.2.13.

COROLLARY VIIL.2.14. VPV and V' (VPV) have the same =} (Lrp) the-
orems.

In particular, every £8 theorem of V! is provable in VPV. From this
and Corollary VII1.2.6 and part (a) of Theorem VII1.2.11 we have the
following:

TreoreM VIIL.2.15 (21-Definability for VPV). A function is =}(L%)-
definable in VPV iff it is in FP.

Finally. from Corollary VIII.2.14 and part (b) of Theorem VIII.2.11
we have

THEOREM VIIL.2.16. Every XE(Lpp)-formula is provably equivalent in
VPV to a £B(L2)-formula.

VIIL.2.2. VPV Is Conservative over VP.

THeOREM VIIL.2.17. VPV is a conservative extension of VP and VP.

PrOOF. By definition the vocabulary and axioms of VPV include the
vocabulary and axioms of 7. Also it is easy to see that Fj,-, can be
defined from functions in £g4co using limited recursion (175). (176), and
its defining axiom (171) is provable in VPV from these recursion equations
using induction (Lemma VII1.2.7). Therefore VPV is an extension of VP
(and VP).

We now show that VPV is conservative over VP, and hence by Theo-
rem VIII.1.13 over VP. The functions of Lrp can be introduced succes-
sively, each one either by a ¥ bit definition or by limited recursion, in
terms of previously-defined functions. Thus VPV is the union of theories
7; satisfying

ThcTichcC--- (178)

where 7 is VP and for i > 0 each 7; is obtained from 7; _; by adding the
defining equation for one new function F;. We show by induction on i
that each new string function F; is definable in VP by a £ (L )-formula
ar (%.X.Y) satisfying
Z=F((xX) a7 X.2). (179)

Also 7;_; together with (179) prove the original defining axiom for F;
in 7;.

This shows that each 7; is conservative over 7;_j, and hence |J7; is
conservative over VP.
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Setting F = F;, the formula oy in (179) for a general string function
F(x, X ) is based on a family of Boolean circuits Cr (1], n;) which compute
F . where n; is an upper bound on the length of each argument in (¥, X)
and n, is an upper bound on |F (¥, X)|. The circuit expects unary notation
for the number inputs, so n; > x; for each x; in X and n; > |X;| for each
X; in X. Cr(ny.ny) is described by a triple

(ar(ni.n). Gp(ni.ny), Ep(ny,ny))

of FAC® functions, using the (a. G. E) notation explained in Section
VIIL.1. The circuit is monotone, and is based on the “double-rail logic”
described in the proof sketch of Proposition VIII.1.7, so each of the in-
puts in (¥, X') must be presented twice; once using the expected bit string
and once as the string of negations of those bits. In fact Cr expects its
inputs to be the values of gate numbers 2.3.....2n1kr + 1, where kf is
the number of input variables in ¥, X (recall that gates 0 and 1 always
have the constant values 0 and 1 respectively).

Let the £2 term ¢ (n;) be an upper bound on |F(&. X)|. when 7, is an
upper bound on each of the input lengths ¥, X, and let the L% term gr(ny)
be an upper bound on the number of “computing” gates in Cr(ny,ns).
not counting gates used for inputs and outputs. Then there are 2n; output
gates right after the computing gates. which store both F (%, X) and the
negations of these bits.

The FAC® output function Out(c.d. Y) extracts bits ¢ through d — 1
of Y (bits Y(c). Y(c +1).....Y(d ~ 1)). so

Out(c.d. Y)(i) < (¢ <ini+1<dnY(i)).

The FAC input function Inr(n;, X, )F, E) = E’ augments the edge rela-
tion E for Cr. so E’ is the same as E except edges from gates 0 and 1
to the input gates 2,3, ...,2n1kr + 1 are set so that these gates code the
values X, X. Thus

F()?, Y) = OMI(C, d, FMCV(aF(nl,nz), GF(I’ll,I’lz),
Inp(ny. %, X.Ep(n1.ny))))  (180)
where

ny = max{%.|X

b
ny = tr(ny).
ap(ni.ny) =1+ 2mkp + gr(n1) + 2ns.
¢ =2mkp +gr(m) + 2.

d =c¢ + 2ny.

Notice that (180) (with the specified £g o terms for the variables other
than X, X) expresses F (¥, X) as a term of Lip.



216 VIII. THEORIES FOR POLYNOMIAL TIME AND BEYOND
Now the formula ar, in (179) (with F = F;) is given by
ar(%.X.2)=Vj<t.Z(j) < T(j) (181)

where the term T is the RHS of equation (180). and the quantifier bound
1(%.X) is tp (max{z.|X|}).

It remains to show that we can define the triple ar. Gp, Ef of FAC®
functions specifying the circuits Cr(ny, ny) for every function F (or /) in
Lgp, in such a way that VP proves their defining axioms (in terms of earlier
functions). In order to show this, we follow Definition VIII.2.1, specifying
Lrp. We start with Lg4c0. The initial functions in Lﬂ U {pd. f s} have
straightforward circuits (recall that the number inputs for +, x, pd are
given in unary notation). After that functions are introduced successively
using parts (2) and (3) of the definitions of Lp4co and Lpp, where part
(2) introduces functions F,, and (in the case of Lgyco) [y Where ¢
is a a quantifier-free formula involving previously-defined functions, and
part (3) introduces the function Fg y, defined from G and H by limited
recursion, where G, H are previously-defined.

To illustrate how to build circuits for new functions in terms of old
functions we consider a simple example of composition. Suppose

F(%.X)=HK (X)) (182)

and suppose that we have a circuits Cx specified by (ax. Gg. Ex) comput-
ing K. and circuits Cy specified by (ay. Gg. Ex) computing H, where
all functions are in FAC®. Then we can combine these circuits to form Cr
by placing Cx in its original position and adding 2n1kx + gx (1) to each
gate number of Cy, so that the input gates of the shifted C coincide with
the output gates of Cx. Now FAC? descriptor functions (ar, Gr. Ef) for
Cr are easily bit-defined by 8 formulas in terms of (ax, Gk, Ex) and
(ag.Gyg. Ex). In particular the size of Cr is given by

ap(ni.ny) = ag(ni.tg(m)) + ap(tg (m). n).

Note that if the composition (182) is more complicated, say F = H (K.
K>), then to describe the circuit Cr for F the circuit Ck, for K, needs
to be shifted and the original inputs ¥, X need to be copied to the input
gates for the shifted Ck,, and the outputs for both Ck, and Ck, need to be
copied to the inputs for the shifted Cy. But all this is easily accomplished
with FAC functions, using the techniques developed in Section VIIL1.
Each new function F introduced via circuits has a definition given by
(179) and (181) and hence satisfies (180). However the theory 7; in the
sequence (178) should be able to prove the defining axioms for F as given
in Definition VIIL.2.2 for VPV. A simple example is when I = F,,, and
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In this case we may assume as an induction hypothesis that 7; proves
(180) when F is replaced by either H or K. and since 7;(F) defines F by
combining the circuits for H and K as explained above we may assume
that 7;(F) proves (180) as it stands. We must show that 7;(F) proves
(182), which amounts to showing that the combined circuits for H and K
compute their composition, as intended.

The main lemma needed for this and similar correctness proofs is
roughly that if C and C’ are two circuits, and gates a’.....b" of C’
are the same as gates a,...,b of C but with their numbers shifted by a
constant ¢, and if ¥ and Y’ are correct assignments to C and C’ respec-
tively (i.e. (157) (page 202) holds), and if ¥ and Y’ agree on the ‘inputs’
to C and C’, then Y (i) «» Y (i 4+ ¢) for a < i < b. This kind of lemma
can be proved in 7' by induction on a 28(Lpye0) formula.

In case the new function F is introduced by limited recursion, then
F = Fgp,. and F, G, H satisfy (175) and (176) (page 210). The circuit
Cr(ny.ny) for F is built by combining the circuit Cg (11, n2) for G with n
shifted copies of the circuit Cy (max{nl, ny},ny) for H, interleaved with
circuits computing the sequence of values 0.1, ....(n; — 1) for the first
argument for H.

The output of Cg is F(0) (i.e. F (0.7, X)), and successive outputs of the
shifted circuits Cy comprise the sequence F(1),.... F(n;). The output
gates for Cr select from this sequence of outputs the correct output F ()
based on the input argument y. Thus the i-th output gate of Cg is an OR
of AND-gates, where the j-th AND-gate has one input from the i-th bit
of F(j) and the other input from a selector gate which is on iff y = ;.
This selector gate is the AND of bit j of the input y (which is presented
in unary) and bit j + 1 of the negated bits of y (which are also part of the
input to Cr). O

COROLLARY VIII.2.18. V!is Zf -conservative over VP.

Proor. This is immediate from Theorem VIII.2.17 and Corollary
VIIL.2.14. O

VIIL.3. TV° and the TV’ Hierarchy

We now introduce the TV’ hierarchy, where for i > 0 TV’ is the two-
sorted version of Buss’s [20] single-sorted theory Ti. For i = 0 it turns
out that TV° = VP, although the two theories have very different axioms.

For i > 0 the theory TV' is the same as V', except instead of the
28-COMP axioms we introduce the £# “string induction” axiom scheme.
Here we view a string X as the number ), X (/)2’. and define the string
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zero @ (empty string) and string successor function S(X) as in Exam-
ple V.4.17. Thus S(X) has £-bit definition

S(X)(i) < 3" (i. X) (183)
where
PR X) = i <|X|ALIX (D) AT <i=X () V(=X(3E) AV < iX ()]

DEFINITION VIII.3.1 (String Induction Axiom). If ® is a set of formu-
las, then the string induction axiom scheme, denoted ®-SIND., is the set
of all formulas

[p(2) AVX (9(X) D ¢(S(X)))] D e(Y) (184)
where (X)) is in @, and may have free variables other than X .

Since we want the theories TV’ to have underlying vocabulary £2,
in case @ has vocabulary £ we will interpret (184) as a formula over
Ei, using the standard method of eliminating Zg -bit-definable function
symbols (Lemma V.4.15).

DErFINITION VIIL.3.2. Fori > 0, TV' is the theory over Eﬁ with axioms
those of ¥ together with the £5-SIND scheme.

Although the induction scheme (184) has an unbounded string quan-
tifier, it is easy to see that the theory TV' remains the same if that quan-
tifier VX' is replaced by the bounded quantifier VX < |Y| (see Exer-
cise 111.1.16). Hence TV' is a polynomial-bounded theory. axiomatized
by 28 | -formulas.

Lemma VIIL3.3. Fori > 0. TV’ proves Z¥-IND.

PrOOF. We are to show that TV’ proves

[p(0) AVx(p(x) D p(x +1))] D el2)

where (x) is £5.
We need the following easily verified fact:

VOE (S0 = X[V IS(X)| = [X]+1). (185)
Reasoning in TV', assume
[p(0) AVx(p(x) D @(x 4+ 1))].
From this and (185) we conclude
[w(2) AVX (y(X) D w(S(X)))]

where w(X) = (| X|). Hence w(X.) follows by £2-SIND, where X is a
string with length z. Hence ¢(z). O
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THEOREM VIIL.3.4. Fori >0, Vi C TV,

PrOOF. We generalize Definition VI.4.6 to define ¥/ to be V°+X5-IND.
The proof of Theorem VI.4.8 easily generalizes to show ¥/ = /. Hence
the theorem follows from Lemma VIIL.3.3. O

Just as V' proves the number minimization and maximization axioms
for X2 -formulas (Corollary V.1.8). TV’ proves the stronger string mini-
mization and maximization axioms for £2-formulas. First, we define the
ordering relation for strings.

DErFINITION VIII.3.5 (String Ordering). The string relation X < Y has
defining axiom

X<YoX=YV(X|<|Y|ATZ|Y|(Y(z)A=X(z) A
Vu<|Y|.z<u> (X)) DY) (186)
Often our vocabularies do not contain extra relation symbols outside

L%. Thus the syntactic formula X < Y will be an abbreviation for the
RHS of Equation (186). Also, X < Y standsfor X < Y A—=(X =Y.

Exercise VIII.3.6. Show that the following are theorems of ¥°(where
. S, + are defined in Example V.4.17):

(a) X <YVY <X (X< Yisatotal order).

b) (X <YAY<X)DX =Y (X <Y isirreflexive).
(c

(d

)
) @ < X.
) X <Y< X+Z<Y+Z.
(e) X<YDSX)<LY.

For a string term 7', we define 3X < T ¢(X) as an abbreviation for
AX(X < T Ap(X)). Similarly, VX < T ¢(X) is an abbreviation for
VX(X < T D ¢(X)). Note that the bounding term T is for the value
of X', while the bounding term 7 in 3X < 7... or VX < ¢... is for the
length of X (Definition 1V.3.1).

DeriNITION VIIL3.7 (String Minimization & Maximization Axioms).
The string minimization axiom scheme for @, denoted ®-SMIN ., is

o(Y) 23X < ¥ o(X) A—3Z < Xp(Z)

where ¢ is a formula in @. Similarly the string maximization axioms
scheme for @, denoted ®-SMAX, is

(@) DIX <Y, p(X)A-IZ <Y X< ZANp(Z))
where ¢ is a formula in @.

THEOREM VIIL.3.8. Fori >0, TV’ proves the ZIB-SMIN andEf-SMAX
axioms.
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PrOOF. To prove £5-SMAX, let ¢(X) be a £8-formula. Let ¢'(X) be
the 28 -formula obtained by taking a prenex form of

X<Y>3U<YX<UA@U).
Then the SMAX axiom for ¢(X) follows from the SIND axiom (184)

applied to ¢’ (X).
The proof of Z8-SMIN is similar, but uses the binary subtraction func-
tionZ - Y. a

Exgercise VIIL.3.9. Show that the limited subtraction function for string
Z - Yis Zg -bit-definable, where the intended meaning of Z —~ Y is @ if
Z < Y.and (Z - Y)+ Y = Z otherwise.

We now concentrate on TV'.
Tueorem VIIL.3.10. TV = vP.

PROOF. Subsection VIIL.3.1 shows that TF® ¢ VPV, and by Theo-
rem VIIL.2.17 VPV is conservative over VP. Hence TV’ C VP. The
reverse inclusion is shown in Subsection VIII.3.2. O

By Theorem VIIIL.3.10 we know the properties of VP proved in Sec-
tion VIIL1 also hold for TV°. In particular TF° is finitely axiomati-
zable, the functions X#-definable in T V° comprise FP, and by Corol-
lary VIIL.2.18 V! is 2¥-conservative over TF”.

In the following corollary, TV'(VPV) is defined analogously to
Vi(VPV) in Definition VIII.2.10, namely it has the vocabulary of VPV
and the axioms are the union of the axioms for TV’ and FVPV. (See also
Theorem VIII.2.11 and Corollary VII1.2.12).

COROLLARY VIIL.3.11. Fori > 0, TV (VPV) is a conservative extension
of TV'.

Proor. For i = 0 this follows from the fact that VPV is a conservative
extension of TV (Theorems VIIL.2.17 and VIIL.3.10). Fori > 1 we know
V! C TV', and hence TV’ Zf-deﬁnes all functions in Lgp, and also TV’
proves 28-REPL by Corollary VI.3.8. Therefore the corollary follows
from Corollary VI.3.11. =]

VIIL3.1. TV® C VPV. In this subsection we use the string addition
function X + Y introduced in Chapter V and use some of its simple
properties stated in Exercise V.4.19. We also need the string relation
X < Y (Definition VIIL.3.5) and the string function POW2(x) defined
below. The intended meaning of POW2(x) is such that (see Notation on
page 85) bin(POW2(x)) = 2~.

ExampLE VIII.3.12. The string function POW2(x), also denoted by
{x}, has bit defining axiom

POW2(x)(i) < i = x.
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EXERCISE VIIL3.13. Show that 7° proves the following:
X + Pow2(0) = S(X).

X < POW2(|X|).

POW2(i) + POW2(i) = POW2(i +1).

The following theorem suffices to prove TV" ¢ VPV. That VPV proves
the open string induction axioms may seem surprising, since unwinding
the induction requires exponentially many steps.

TueoreM VIIL.3.14. VPV proves the 8 (Lpp)-SIND axioms.

ProoF. By Lemma VIII.2.3 we may assume that ¢(X) in (184) is an
open Lpp-formula. Let 7. Y be a list of the parameters in ¢(X). We
use binary search to define in VPV an Lgp function G (7. Y, X) such that
VPV proves

(p(2) A =p(X)) D (p(G(7. V. X)) A=p(S(G(F. Y. X)) (187)

from which (184) follows immediately.

In more detail, we use the string functions X + ¥ and POW2(x) and
the string relation X < Y defined above.

In the following we suppress mention of the parameters 7, Y.

Define the formula

(X Z)=p(Z)NZ < X.

Now we use limited recursion (175), (176) (page 210) to define in VPV the

binary search function H (i, X'), whose value is the left end of the interval

[A. B] of length POW2(| X | — i) satisfying ¢’ (X, A) A ~¢'(X, B). (Recall
the number function x — y (limited subtraction), Section I111.3.3).

Letn = | X|.

H.X) =0,

. . , . (s

H(i+1.X) = H(z.,X) if = (X,H(z'.,X) +POW2(n. (i +1))),

H(i,X)+POW2(n—(i + 1)) otherwise.
We can use | X| as a bounding term to limit this recursion. Now define
G(X)=H(X|.X).

The following two formulas can be proved in VPV by induction on i
(Lemma VIII.2.7), using Exercises V.4.19 and VII1.3.13. The first formula
justifies | X| as a length bound for the recursion.

X #2>(H(.X)+POW2(0) < X.
(p(@) A=p(X)ANi <n)D
(W (X.H(iX) A= (X.H(i.X) +POW2(n = 1))).



222 VIII. THEORIES FOR POLYNOMIAL TIME AND BEYOND

Then (187) follows from these two formulas and X + POW2(0) = S(X)
(Exercise VIII1.3.13). O

Recall the notion of a A? formula in a theory (Definition VIIL.2.8).

DermNiTION VIIL3.15. Let 7 be a theory with vocabulary £. Let AX
denote any of the axiom schemes COMP. IND, SIND, etc. We say that 7
proves AB-AX if for any AZ(L) formula ¢ in 7, 7 proves the AX axiom
for .

From Theorem VIII.3.14 and Corollary VIII.2.9 we have
COROLLARY VIIL3.16. VPV proves AB-SIND.

VIIL.3.2. Bit Recursion. In order to show that VP C TV we introduce
a bit-recursion scheme and show that it is provable in TF°.

For each formula ¢ (i, X) (possibly with other free variables) we define
a formula " (y, X') which says that each bit i of X is defined in terms
of the preceding bits of X using ¢. That is, using the notation X</ for
Cut(i. X) (see (97) on page 139)

e (y.X) = Vi< y(X(i) < (i, X)).

In case (i, X) is an £%-formula we can interpret ¢"*(y, X) as an L£-
formula by eliminating occurrences of Cut(i, X) using the standard me-
thod of eliminating £ -bit-definable function symbols (Lemma V.4.15).

If (i, X)isinX¥ itiseasy to see that V'? can use induction on y to prove
that the condition ¢"™(y, X') uniquely determines bits X (0),..., X (y —1)
of X.

DEerINITION VIII.3.17. If @ is a set of formulas, then the bit recursion
axiom scheme, denoted ®-BIT-REC. is the set of formulas

3Xp" (. X) (188)
where (i, X) is in ®, and may have free variables other than X .

We will show that TV = V° + =8-BIT-REC.
TueoreMm VIIL3.18. TV proves the £E-BIT-REC-scheme.

PrOOE. We use £F¥-SMAX to prove the existence of X in (188). Infor-
mally, imagine computing the bits X (0),..., X(y — 1) of X in that order.
Suppose that false negative is allowed, but there is no false positive. That
is, we consider strings Y that satisfy

Vi<y Y(i) D (i, Y.

The idea is that the maximal string ¥ guaranteed by SMAX cannot have
any false negative bit, and thus must be the correct string.

To actually use the SMAX principle we need a twist in the above ar-
gument. This is because we compute X in (188) from bit 0, while string
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comparison starts with high order bits. Thus, let the string reversal func-
tion Rev(y. X) have bit-defining axiom

Rev(y. X)(i) —i<yAX(p-i=1)

where — is limited subtraction (Section 111.3.3). Then Rev(y. X) is the
reverse of the string X (0)... X (y — 1).
Let ¢/(y. Y) be the formula

Vi <y, Rev(y. Y)(i) D ¢(i. (Rev(y. Y))<"). (189)

We can tacitly assume that ¢/(y, Y) is Z& (by Lemma V.4.15). It is easy
to see that ¢'(y,@). Thus, by ¥-SMAX, there is a maximal string
X' < POW2(y) that satisfies (189). It is also easy to show (in V) that
X' in fact satisfies

Vi < y. Rev(y. X')(i) < (i, (Rev(y. X'))<").

As a result, the string X = Rev(y, X’) satisfies (188). O
Lemma VIIL3.19. VP C VO +3B-BIT-REC

PrOOF. Observe that the axiom MCV for VP (Definition VIII.1.1) is
an instance of Z-BIT-REC. O

This lemma completes the proof of Theorem VIII.3.10, showing that
VP =TV’

COROLLARY VIII1.3.20. TV proves its AB-SIND axioms. V' proves its
AE-SIND axioms.

ProOF. The first sentence follows from VP = TVF° and Corollary
VIIL.3.16. The second sentence follows from the first, since by Corol-
lary VIIL.2.18 any ¥ -formula that is A% in ¥ is also A? in TV", ]

VIIL4. The Theory V'-HORN

This section will not be needed for any later results, but it is interesting
in that gives more evidence for the robustness of VP by giving yet another
axiomatization.

The theory V'-HORN [43] is the same as VP and TV but presented
with very different axioms. The of ideal of V'-HORN comes from a
theorem of Grédel in descriptive complexity theory, characterizing the
class P as the sets of finite models of certain second-order formulas. We
will formulate Griidel’s theorem as a representation theorem over £2. We
start with some definitions and examples.

DeriniTION VIIL4.1. A Horn formulais a propositional formula in con-
junctive normal form such that each clause (i.e. conjunct) is a Horn clause.
i.e. it contains at most one positive occurrence of a variable.
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Horn formulas are important because the satisfiability problem Horn-
Sat (given a Horn formula, determine whether it is satisfiable) is complete
for P. A polytime algorithm for HornSat can be described as follows.

HornSat Algorithm. To test whether a given Horn formula A is satis-
fiable, initialize a truth assignment 7 by assigning | to each atom of A.
Now repeat the following until satisfiability is determined: If 7 satisfies
all clauses of A then decide that A is satisfiable. Otherwise select a clause
C of A4 not satisfied by 7. If C has no positive occurrence of any atom
then decide that A is unsatisfiable. Otherwise C has a unique positive
occurrence of some atom p. in which case flip the value of 7 on p from L
toT.

Exercise VIIL.4.2. Show that the above algorithm runs in polynomial
time and correctly determines whether a given Horn formula 4 is satisfi-
able.

The HornSat algorithm suggests that a Horn clause (pV —q; V- - -V gy )
can be written as an assignment statement

p— (g A Aqr).

(In fact some logic-based programming languages such as Prolog use this
idea.)

We now indicate why HornSat is complete for P. It suffices to show that
a known complete problem CVP (Circuit Value Problem) can be reduced
to HornSat. Given a Boolean circuit C with binary gates A, V and unary
gates —, and given a value v(x) € {0, 1} for each input x to C, we want
to find a Horn formula A4 which is satisfiable iff C has output 1 for the
given inputs v(x). The formula 4 uses double rail logic (see the proof of
Proposition VIII.1.7) to evaluate C: for each gate and each input x of C
the formula has two atoms x* and x~ asserting that the gate or input is 1
or 0, respectively. For each such x, 4 has a Horn clause (—-x" V —x~) to
insure that not both atoms are true. For each input x, 4 has a unit clause
x*tifv(x) = 1 and unit clause x~ if v(x) = 0. For each gate in C, 4 has
up to three Horn clauses which assert that the output of the gate has the
appropriate value with respect to its inputs. For example, if x is the V of
inputs y, z, then the clauses are

(T yIAGT =) AT = (T AZ)). (190)

Finally 4 has the unit clause x,,. where x,,, is the output gate.

It turns out that the collection of propositional Horn formulas that
correspond to a given polytime problem can be represented by single &
formula as follows.

DEerFNITION VIIL4.3. A £B-Horn formula is an £%-formula of the form
p=3Z1...3Z;Vy1 <ty .Y < taw (191)
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where k,m > 0 and y is quantifier-free in conjunctive normal form and
each clause contains at most one positive occurrence of a literal of the form
Z:(t). No term of the form |Z;| may occur in ¢, although ¢ may contain
free string variables X (and free number variables) with no restriction
on occurrences of | X|, and any clause of w may contain any number of
positive (or negative) literals of the form X (¢).

We will show that £8-Horn formulas represent polynomial time rela-
tions in their free variables.

ExampLE VII1.4.4 (Parityy,,,(X)). This is a £#-Horn-formula which
holds iff the string X contains an odd number of 1. Parityyy.,(X)
encodes a dynamic-programming algorithm for computing the parity of
X: Z,a(i) is true (and Z,,., (i) is false) iff the prefix of X of length i
contains an odd number of 1’s.

3Z cwen3Z04a Vi < |X | Zeven(0) A Zoda (0) A Zoaa (| X]) A
(7 Zeven (i + 1) V 2 Zoga (i + 1)) A (= Zeven (i) V =X (1) V Zoaa (i + 1)) A
(= Zoda (1) V =X () V Zoen (i +1)) N (2 Zeven (i) V X (i) V Zyen (i +1)) A
(= Zoaa (1) V X (i) V Zoga (i +1)).

Exercise VIIL.4.5. Prove that Parityy,,,(X) has the stated property.

In Section 1V.3.2 we showed how the complexity classes AC” and the
members Xf of the polynomial hierarchy can be characterized by rep-
resentation theorems involving the formula classes 5. Now we state a
similar theorem characterizing P.

THEOREM VII1.4.6 (Gridel). A relation R(%, X ) is polynomial time iff it
is represented by some 2% -Horn-formula.

PROOF SKETCH. (<=) Suppose that the formula (%, X) has the form
(191). We outline an algorithm that runs in time polynomial in (%, | X]|)
which, given values for X, X , determines whether (X, X ) holds (in the
standard model). First note that once values for ¥, X are given, the bound-
ing terms 7; = ¢;(¥. X) can be evaluated to numbers bounded by polyno-
mials in (%, \/\7\) We expand the quantifier prefix Vy; < ;... Vy,, <ty
by giving all possible m-tuples of values (yi. . ..., y,) satisfying the bound-
ing terms, and form the conjunction W(Z;. . ... Z;) of all instances (7).
as y ranges over all these tuples. (Note that the number of such tuples is
bounded by a polynomial in (%, | X]|).)

Then W(Z;.....Z;) can be made into a propositional conjunctive nor-
mal form formula ¥’ involving only literals of the form Z;(j) and —=Z, ()
for specific numbers j, since all terms and all other variables in w have
been evaluated. (Here it is important that we have disallowed occurrences
of |Z;] in ¢.) The arguments j in Z;(j) and —Z;(j) are values of terms
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t. for each Z;(t) or —Z;(¢) that is a literal in the original formula . Let
B be an upper bound on the possible values of j (so B is a polynomial
in (%, X)). Then ¥ is a Horn formula whose propositional variables are
all in the set {Z;(j) : i <k, j < B}. Thus the problem of checking for
the existence of Z;, ..., Z; reduces to the polytime HornSat problem of
deciding whether W’ is satisfiable.

(=) Let R(¥. X) be a polytime relation and let M be a deterministic
polytime Turing machine that recognizes R in time (¥, X). By choos-
ing ¢ large enough, the entire computation of M on input X, X can be
represented (using the pairing function) by an array Z (i, j) with ¢ rows
and columns, where the i-th row specifies the tape configuration at time
i. Thus R(%, X) is represented by the 28-Horn-formula

3Z3azZvi <tvj <ty(i, j. 7. X.Z.Z).
Here the variable Z is forced to be —Z in the same way that Z,,., and
Z,4q are forced to be complementary in the parity example above. The

formula y satisfies the conditions in Definition VIII1.4.3 and each clause
specifies a local condition on the computation. O

DErFINITION VIIL4.7. The theory V'-HORN has vocabulary £2 and
axioms those of ¥ together with £2-Horn-COMP.

The original definition of V'-HORN in [43] was a little different.
Recall that V° has axioms 2-BASIC together with 8-COMP (Def-
inition V.1.3). The original definition was essentially V'-HORN =
2-BASIC + 28-Horn-COMP. It was shown with some effort that
VI_-HORN proves 25 -COMP, so the two definitions are equivalent.

The next theorem follows from results in [43].

THEOREM VIIL.4.8. V!-HORN = VP.

PrOOF skETCH. V!-HORN C VP: It suffices to show
VP - 28-Horn-COMP.

Since VPV is a conservative extension of VP (Theorem VIIL.2.17). it
suffices to show VPV + ZB-Horn-COMP. Since VPV - £8(Lpp)-COMP
(Lemma VIIL.2.7), it suffices to show that for every £8-Horn-formula ¢
there is a £& (Lpp) formula ¢’ such that VPV I ¢ < ¢'.

Solet bea XE-Horn-formulaasin (191), where we write w(Z;. . . . . Zy)
simply as . and let X, X be the free variables in ¢. The idea is to find a
“witnessing function” F; (¥, X ) in Lgp for each Z; such that VPV proves
@ < ', where

90/ = Vyl < Vym < tml//(Fl()?,A?), ce ,Fk(f,/\?)).
To define F; we refer to the direction <= in the proof of Theorem VIII.4.6.

There the algorithm to evaluate ¢ (%, X) computes a propositional Horn
formula W’ whose propositional variables have the form Z;(;j), and then
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applies the HornSat algorithm to determine whether ¥’ is satisfiable. This
algorithm computes a truth assignment 7 to the atoms Z;(j) of ¥/ such
that ¥’ is satisfiable iff 7 satisfies ¥’. Thus it suffices to define the string
F;(%. X) to be the array of truth values that = gives to Z;. That is, the the
bit definition of each F; is

Fi(2.X)(j) < j < BAt(Zi())).

The algorithm outlined to compute F; is clearly polytime and hence cor-
responds to some function in FP. The missing details in the proof are to
show that VPV proves the correctness of the algorithm; i.e. VPV F ¢ D

/!

o
VP C VI-HORN: By Definition VIII.1.1 it suffices to show that
VI-HORN - MCV .

We indicated earlier (190) how propositional Horn clauses can be used
to evaluate circuit gates. Now we show how to use a £#-Horn formula
to evaluate the circuit C described by parameters a, G, E as described
in Section VIIL.1. In essence, the new atoms x*, x~, etc. in (190) are
encoded by the (existentially quantified) string variables Z in the £#-Horn
formula. Note that the algorithm outlined on page 224 is for circuits with
binary gates, while here the circuit may have unbounded fan-ins.

Thus we want to define an array Z(x) (and its negation Z(x)) to
evaluate gate x in C. We will put in the clause

-Z(x)V-Z(x)

to make sure that not both are true. For gates 0 and 1 (with constant
values 0 and 1 respectively) we put in the four clauses

Z(0). -Z(0). =Z(1). Z(1). (192)

Next, consider gate x. Suppose that this is an V-gate. i.e.. =G (x) holds.
Then we need several clauses. The first is

(-G(x) Ay <xANE(y.x)NZ(y)) D Z(x)

which assures that Z(x) holds if at least one of the inputs to gate x is 1.
To ensure that Z(x) holds if all inputs to gate x are 0 is more involved. In
fact, we formalize a simple algorithm that runs through the inputs of gate
x to check if all of them are 0. We use a string variable P, where P(x, y)
is intended to mean that all gates # which are input to x. where u < y.
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output 0. The formalization is as follows:
P(x.0),
(P(x.y) AN=E(y.x)) D P(x.y +1).
(P(x.y) ANZ(y)) D P(x.y + 1),
(P(x.x) AE(y.x)) D Z(p).
(=G (x) A P(x.x)) D Z(x).
Let v\ denote the set of the six clauses described above for the case
where the gate (x) is an V-gate. Also, let y; be the set of clauses in (192).

The set y » of clauses for handling the case where (x) is an A-gate is similar
to wy. using an extra variable Q instead of P.

ExEercise VIIIL.4.9. Give the six clauses of wx.

Now we can show in V¥ that a string Y that is computed by

Y (i) < 3Z3Z3P3QVx < a¥y < a.(~Z(x) V-Z(x)) A
wi Awa Npy NZ(i)  (193)
(fori < a) satisfies Sycv(a. G. E., Y). The following exercise is helpful.

Exercist VIIL.4.10. Let the string variables Z, Z. P, Q satisfy the RHS
of (193), and Y’ satisfy dycp(a. G, E. Y'). Show by induction on i that
fori<a,

-Z({)>=Y'(i) and  —Z(i) D Y'(i).

Exercise VIIL.4.11. Prove by number induction that the string Y de-
scribed above satisfies the recursion in dycp(a. G, E, Y).

Finally, the existence of Y in MCV follows from the existence of Y
that satisfies (193). and the latter follows from £8-Horn-COMP. This
completes the proof that VP C V!-HORN. O

VIIL.5. TV' and Polynomial Local Search

It follows from Theorem VIIL.3.4 that V! C TV!, and hence T V' can
Y8-define all polynomial time functions. But there is no known nice
characterization of the set of all functions ¥-definable in TF'. There
is however a nice characterization of the set of all search problems ¥8-
definable in TV'.

A search problem is essentially a multivalued function, and the asso-
ciated computational problem is to find one of the possible values. Here
we are concerned with fotal search problems, which means that the set of
possible values is always nonempty. We present a search problem by its
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graph. The search problem is definable in a theory if the theory proves
its totality. In the two-sorted setting the set of possible values is a set of
strings.

DEerINiTION VIILS.1. A search problem Qg is a multivalued function

with graph R(X, X. Z). so
Or(¥.X)={Z:R(X.X.2)}.
Here the arity of either or both of ¥, X may be zero. The search problem
is total if the set Qg (%. X) is non-empty for all ¥, X'. The search problem
is a function problem if |Qr(%. X)| = 1 for all ¥. X. A function F (. X)
solves Qg if
F()?X) S QR(f,X)

forall ¥, X

Here we will be concerned only with total search problems. The follow-
ing notion of reduction preserves totality.

DEerIniTION VIILLS.2. A search problem Qg, is many-one reducible to
a search problem Qg,. written Qgr, <, Or,. provided there are FAC'-
functions £, F. G such that G(%. X. Z) € Qg,(%. X)forall Z € Qx,(f(x.
X).F(%.X)).

We note that the usual definition states the weaker requirement that

f.F.G are polytime functions. However experience shows that when
reductions are needed they can be made to meet our stronger requirement.

Exercise VIIL.5.3. Show that <, is a transitive relation. Also show
thatif Qgr, <,c0 Or, and Qg, is solvable by a polytime function, then Qg,
is solvable by a polytime function.

Local search is a method of finding a local maximum of a function
by starting at a point in the domain of the function, finding a neighbor
of the point that increases the value of the function, and continuing this
process until no such neighbor exists. Polynomial Local Search (PLS)
formalizes this as a search problem in case the function is polytime and
suitable neighboring points can be found in polynomial time. Recall that
@ denotes the empty set (Example V.4.17).

DEermNiTION VIIL.5.4. A PLS problem Q is specified by the following:
1) A polytime relation (¥, X, Z) and an £2-term (%, X) satisfying
the two conditions

0o(X. X, 2),
9o(X.X,.Z) 2 |Z| < t(%, X).

({Z : po(X.X.Z)} is the set of candidate solutions for problem
instance (¥, X).)
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2) Polytime string functions Py (¥, X, Z) and Ny(¥, X, Z) satisfying
the two conditions

0o(X.X.Z) D ¢o(¥. X.No(%. X. Z)).
No(%.X.Z)#Z > Po(%. X.Z) < Po(%, X, No(X. X. Z)).

(N is a heuristic for finding a neighbor of Z which increases the
profit Py. No(X.X.Z) = Z is taken to mean that Z is locally
optimal. Recall that X' < Y stands for X < Y A =X = Y, where
X < Y is defined in Definition VIII.3.5.)

Then
O(X.X)={Z :9p(X. X.Z) ANo(X.X.Z) = Z}. (194)

The problem Q is an AC’-PLS problem if g, No. Pp are AC -relations
and functions.

It is easy to see that a PLS problem is a total search problem. For fixed
%, X. the set of candidate solutions Z (those satisfying wo(X, X.2)) is
nonempty and bounded. Thus given X, X, any candidate solution Z that
maximizes the profit Py (¥, X, Z) is a member of Q(X, X).

We will concentrate on a subclass of PLS called ITERATION, which
is complete for PLS.

DEerFNiTION VIILS.5. An ITERATION problem Q = Qp is specified by
a polytime function F (%, X, Z) and a bounding term ¢(, X). The graph
relation R is specified by a formula w (¥, X. Z) which is (suppressing the
parameters <, X ):

wr(Z) = (Z=2ANF(©@)=09) V
|Z| <tNZ<F(Z)N (1< |F(Z)|VF(F(Z)) <F(Z)). (195)
Then
0r (2. X) = {Z : yr(x.X.2)}. (196)
The problem QF isan AC’-ITERATION problem if F is an AC°-function.

To see that QF is a total search problem, note that the largest Z < ¢ such
that (Z = @V Z < F(Z)) is always a solution. The next exercise shows
that every polytime function can be interpreted as an AC°-ITERATION
problem with exactly one solution.

ExeRrcise VIII.5.6. Show that for each polytime function G (¥, X ) there
is an AC" function F (¥, X, Z) and an £2 term ¢(X, X) so that provably
in VPV, the only solution to O is G(&, X). (Hint: Consider the compu-
tation of a Turing machine that computes G.)
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Lemma VIILS.7. Every ITERATION problem is a PLS problem.

PrOOF. Let Qp be an ITERATION problem as above. Then Qf can be
specified as a PLS problem using the following definitions:

wo(Z)=|Z|<tN(Z=2VZ<F(Z),
Po(Z)=Z

No(Z) = F(Z)if|F(Z)|<tand Z< F(Z) < F(F(Z)).
Q | Z otherwise.

Then (196) follows from (194). Notice that if Oy is an AC°-ITERATION
problem then the corresponding problem is an AC°-PLS problem. O

THeOREM VIIL.5.8. Every PLS problem is many-one reducible to some
ITERATION problem. Every AC’-PLS problems is many-one reducible to
some AC°-ITERATION problem.

ProOF. Let Q be a PLS problem and let ¢, pg. Pp, N be as in Defini-
tion VIIL.5.4.

We give the following £f-definition of the concatenation function X *.
Y. which is the first z bits of X followed by Y:

(X, Y)(i)=i<z+|Y|A[i<zAX@)V(Z<inY(i+2))]

We wish to define an ITERATION problem Qf with bounding term ¢’
whose solutions yield solutions of Q. The idea is to let the domain of F
consist of concatenations U %, V' where U is a candidate solution for Q
and V is its profit. Note thatif V; < V; then U %, V| < U, *, V, for all
Uy, Us.

In the following we suppress the parameters ¥, X .

Let u = u(¥. X) be an £2-term large enough so that |Po(Np(Z))| < u
for |Z| < t. Then define

t'=t+u
and
F(U% V)= No(U) # PQ(].VQ(U)) if V= Po(U) and ¢o(U).
U *; V otherwise.

The term ¢’ is chosen so that if U satisfies oo (U) then |F (U *, Po(U))| <
t.

Here we redefine P so that Po(@) = @. Note that the result is a PLS
problem with the same solutions as the original problem.

Now suppose Z is a solution to the ITERATION problem Qp. We
show how to obtain a solution G(Z) (= G (%, X, Z)) to the original PLS
problem Q. We write Z = U %, V where U. V' are uniquely determined by
Z (for |U| < tand |V| < u). Then from (194), (196) and our definitions
we see that G(U %, V') = No(U) is a solution to Q.
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Hence by Definition VIIIL.5.2 we conclude Q < 0 QF. where f F take
7. X toitselfand G(%. X. Z) :NQ(X,A?,ZQ(“‘?-X)). O

DEFINITION VIIIL.5.9. If S is a set of search problems, then CC(SS) is the
set of search problems many-one reducible to S.

TaEOREM VIII.5.10.

CC(ITERATION) = CC(PLS) =
CC(AC-ITERATION) = CC(AC-PLS).

Proor. The first and last equalities follow from the preceding defini-
tion and theorem. The middle equality follows from these and Theo-
rem VIIL.5.12 below. m|

DErFINITION VIIL5.11. Let O(%. X) be a search problem with graph
R(X.X.Z). We say that Q is ®-definable in a theory 7 if there is a
formula (X, X.Z) in ® such that

yr(%.X.Z) D R(%.X.Z)

and .
TrF3AZyr(%.X.Z).

TreEOREM VIIL.5.12. The following are equivalent for a search problem Q:
(a) Q is XB-definable in TV'.
(b) Qisin CC(PLS).

(c) Qisin CC(AC’-PLS).

Proor. (a) = (c) follows from Theorem VIII.5.13 below (Witnessing
for TV') and Lemma VIIL5.7. (c) = (b) is obvious. Hence it suffices
to show (b) = (a).

By Theorems VIII.5.8 and VIII1.2.16 and Corollary VIII.3.11 it suffices
to show that every problem in CC(ITERATION ) is 28 (L pp)-definable in
TV!(VPV). We start by showing this for every ITERATION problem
Or. Let wp(%, X, Z) be the formula (195) defining Q. We may assume
that F is an Lpp-function, and hence y is a Zf (Lpp)-formula. Let

nx.X.2)=(Z=oVvZ<F(X.2).

Then VPV proves 7 is equivalent to a £&-formula (Theorem VIIL.2.16),
and hence by Z#-SMAX (Theorem VIIL3.8), TV'(VPV) proves the ex-
istence of a largest Z < ¢ satisfying #(Z). Thus TV'(VPV) proves that
this Z satisfies wr(Z).

This shows that every ITERATION problem is X8 (Lpp)-definable in
TV (VPV). Now suppose the search O, is many-one reducible to some
ITERATION problem Qg,. Define the formula yg, (X, X.Z) by (sup-
pressing ¥, X)

—

wr(Z)=3IW <1(Z =G(W) Ayw,(f.F. W)



VIIL5. TV' AND PoryNoMIAL LOCAL SEARCH 233

where 7 is the bounding term for Qg, and y, is a 28 (L gp)-formula which
defines Qg, in TV' (VPV). and f. F. G show Qg, <40 Ox, according to
Definition VIIL.5.2. Then g, is equivalent to a X¥ (Lgp)-formula, and by
Definition VIII.5.2

wr(%.X.Z) D R(X.X.Z).

Since by assumption TV'(VPV) proves IW < uwg,(W) (where u is a
bounding term from Parikh’s Theorem) it follows that TV'(VPV) proves
3Zyr,(Z), as required. O

THEOREM VIIL.5.13 (Witnessing for TV'). Suppose that ¢(%.X.Z) is
a Xi-formula such that

TV 3Zp(%.X. 2Z).

Then there is an AC*-ITERATION problem Qp with graph wr (3. X, Z)
from (195) and an FAC®-function G such that

Vb wr(R.X.2) 5 o7, X.G(%.X.2)).

PrROOF. By using pairing functions we may assume that ¢ is 8. The
proof is similar to the proof of the Witnessing Theorem for V' (Sec-
tion VI.4). Thus we define a sequent system LK 2.TV', which is the same
as LK>-V! except that we replace the IND Rule by the single-X8-SIND
Rule, defined below. Recall (Example V.4.17) the AC° functions @ (empty
set) and S(X) (successor of X). For the next definition, when ®is 5 (£%)
(fori > 0) the formulas A(S(6)) and A(@) are understood to be the equiv-
alent X (£%) formulas as stated by the FAC” Elimination Lemma V.6.7.

DErINITION VIIL.5.14 (The SIND Rule). For a set ® of formulas, the
®-SIND rule consists of the inferences of the form
ILAG) — A(S(5)).A

(197)
I'A(@) — A(T). A

where A4 is a formula in ® and 7 is a string term.
Restriction. The variable ¢ is called an eigenvariable and does not occur
in the bottom sequent.

The proof that LK>-TV' is a complete system for TV' is the same as
the proof that LK>-¥! is a complete system for V!, with obvious modifi-
cations. Further the proof of Theorem VI.4.15, Anchored Completeness
for LK>+IND, works for LK>-TV', so every theorem of T V! has an
anchored LK*-TV' proof.

Now we proceed as in the proof of the Witnessing Theorem for V!
(Section V1.4.2) and for V° (Section V.5.2). with appropriate changes.
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Suppose that 3Zp (%, X, Z) is a X}-theorem of TV', where ¢ is a Xf-
formula. Then there is an anchored LK*-TV' proof 7 of

— 3Zp(a@. a. Z).

We may assume that 7 is in free variable normal form. By the Subformula
Property the formulas in 7 are X} formulas, and in fact they are X
formulas or single-X! formulas. As a result, every sequent in z has the
form

S= 3X0:(X,).T — A.3Y;,;(Y;) (198)
i=1....m j=lL...n

for m.n > 0, where 0; and 77; and all formulas in I" and A are Eg .
We will prove by induction on the depth in 7 of the sequent S that there
is an AC’-ITERATION problem QO with graph wy and for 1 <i < n

. =0 . .
there are L4 co-functions G; such that ¥ proves (the semantic equivalent
of) the sequent

S'= 0;(8).T.yr(@.d.f.y) — An;(G;(@.a p.y) (199)
~———

where &, & is a list of exactly those variables with free occurrences in S.
(This list may be different for different sequents.) Also fi..... S, are dis-
tinct new free variables corresponding to the bound variables X7, ..., X,
although the latter variables may not be distinct. When S is the final
sequent of 7, note that I and A are empty, i = 0, j = 1. and ﬁ is empty,
so the theorem follows.

Note that this induction hypothesis is the same as in the proof for V!
and P, except now each witnessing function G; is allowed to take the
argument 7y, which is a solution to the ITERATION problem Qp. As
before, the induction step has a case for Zg -COMP and for each rule.
The argument for £-COMP is the same as for V' (since the witnessing
function G can ignore its argument ). The argument for each rule except
YB_SIND is similar to that for V° (Section V.5.2). In the case of a rule
with two parents, such as A-right or cut, we need the following lemma to
combine the two ITERATION problems for the two parents into a single
problem for the conclusion. This lemma is stated more generally than is
needed for these rules (namely insertion of U as an argument of y,) in
order to accommodate the Z#-SIND rule.

LemMA VIIL.5.15 (Combining ITERATION Problems). Suppose that
Or, and Qp, are ITERATION problems with graphs wr, (. X.U) and
W (X, X.U V). Then there is an ITERATION problem Qp with graph

—

wr(X.X.Z) such that F is Zg-bit-deﬁnable from F|, F>, and there are
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FAC'-functions G\(%. X ) and G»(X, X) such that (suppressing X, X )
-0
V(FI.F>.F) - wi(Z) D yr (Gi(Z)) ANwr,(Gi(Z). G2 (Z)).

PrOOF. Assume the hypotheses of the Lemma, and let # be the bounding
term for Qr, and let u be the bounding term for Qf,. Using the notation
U #; V in the proof of Theorem VIIIL.5.8, we express the argument Z in
F(X.X.Z) in the form

Z=(UxV)*4u0

where J is a binary string equal to 0,1,or 2. We abbreviate Z by

Z=UxVx0.
Then we define F by (suppressing <, X )
UxV 2 ifwr (U)ANwr(UV)AS <1,

UxF(UV)x1 ifyp(U)A|V]|<un

V< FR(UV)AS <,
FU)sogxa ifV=0=0A

U <tAU< F(U),
UxV %o otherwise.

Let the ITERATION problem Qr have bounding term 7 + u + 2.
We claim that

VFLFo.F) b wp(UsV %) 53 =2Awr(U)Ayr(U V). (200)

To see this, note that by line 3 in the definition of F, F () # @, since
if F1(@) = @ then wr, (@), and hence one of the first two lines applies.
Hence assuming y (U * V % &) we have by (195)

UxV+xd<FUxVx%6)=F(F(UxV x0)).

From the definitions of wr, and wp, we see that this can only happen if
line 1 applies in evaluating F(U x V % ).
This establishes (200). To prove the lemma. we define

GiI(UxV=x6)=1U G (UxV x3)=V.
We can make these definitions explicit by defining
Gz X.Z2)=2z<
and G»(%, X. Z) to be the substring Z(0). Z(1)..... Z(u = 1):
G(XX.Z)=Y & (Y| <unVi<u(Y(i) = Z(t +1))). O

F(UxV*6) =

It remains to handle the case in which S is obtained by an application of
the 8-SIND rule. Then S is the bottom sequent of

St AIX < r(0)06. X) — 33X <r(S0))0(S(5), X).11

S A 3X < r(2)0(2,X) — 3X < r(T)O(T, X). I
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where & does not occur in S and 6 is Z5.

By the induction hypothesis for the top sequent S; it follows that 7’
proves a sequent S| of the form

Si= N.on.wr@.p.y) — m. 1T (201)

where
m =B <r) AOG.p). (202)
m=1G0.0.7)] <r(S0)) AO(S©O).GO.B.7)) (203)

and yr defines the graph of an AC°-ITERATION problem O and G is
an Lg,co-function. Here d, 5, 7 do not occur in A’, but they may occur in
IT" as arguments to the witnessing functions G .

Our task is to use Qp and G to find Qp/ and G’ to compute a witness
for 3X < r(T)0(T. X), given a witness o for X < r(2)0(2, X). We
want 7 to prove the following sequent S’

S' = N.pr.yr(fo.y") — p. 11" (204)

where
p1 = |fol < (@) AO(2, fo). (205)
p2=1G'(Bo.y")| < r(T) ANO(T.G'(fo.7")) (206)

and I1” will be given later.
We will use the technique in the proof of Lemma VIII.5.15 and assume
that the search variable y’ for QF/ has the form

Y = (B *1)7) *r(1)14 0

where f8,7.0 are as in (201), and ¢ an upper bound for y based on the
bounding term for Qf. In the following we drop the subscripts to * and
write

y' = Bxyxd.
The idea is that Q. uses F and G to find witnesses § for successive string
values of 6 = 1.2,.... T knowing that f is a witness in case d = &. Qp/

should succeed under the assumption that (201) holds for all 6 < T and
all #, assuming that the formulas in A’ are true and those in I1’ are false.

We define F’(fy., f*7*J) by cases in such a way that if #; holds, then
it continues to hold when F’ is applied repeatedly, and progress is made
toward finding ' such that 0(T. p’).

GO.B.y)x @+ SO)ifm A< T Awr(d.5.7).
else B+ F(B.0.y)x5ifm AS<T ANy <F(B.J.y),
else fox@+xD,if f=y=0=4,
else fxy=0.

F'(Bo. pry0) =
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We define the witness-extracting function G’(fy.y’) as follows:

ﬂo if7T = o,

G (Bo. By+0)) = {G(é,ﬁ,y) itT 4 2.

The following Claim asserts that a witness for 3X0(T, X') can be obtained
from a solution f*y*d to Qr:, provided (201) holds with A’ true and IT’
false.

Crant. 7' proves
T # @.p1.ywe (Po. fryxd) — m Awr(d.B.7) A (=2 V pa).

ProOF OF THE CLAIM. We arguein 7" Assume T £ 3. p1.wr (Bo.pxpd).
By w (o, f*y ) and (195) there are two possibilities. The first is that
F'(2) = @. But this is impossible, because if f = y = § = & then either
po # @ and line 3 in the definition of F’ applies, or fy = & and one of
the first two lines applies (by p; and the definition of y ).

Therefore the second possibility in the definition of wz/ (. f*y *J)
applies, and we have

Bxyxd < F'(Bxyxd) = F'(F'(Bxy%d)). (207)

Analyzing the definition of F’ and our assumptions (T # &. p;) shows
that the only way that (207) can hold is if line 1 in the definition of F’
applies when evaluating F/(f+y*6). Thus 1 A wr(0.B.y). Also since
line 1 applies, if S(J) < T then —#,, for otherwise line 1 or line 2 would
apply when evaluating F’(F’(f*y*d)). contradicting the second part of
(207). This proves the Claim in case S(J) < T. Finally if S(§) = T then
72 D p2, and the Claim follows.

To establish that 7° proves (204) we need to specify I1” by giving values
(in terms of y’) for the variables . 8, y which occur as arguments to the
functions G; in IT". Motivated by the Claim and (201) we define, for

y' = Bxyd,
B(y')=p  GA(')=y. D() =0
and define I1” to be the result of replacing 8, y, d in IT' by B(y’), GA(y’).
D(y’) respectively.
The fact that 7" proves (204) now follows from the Claim and by (201)

with f3.y.6 replaced by B(y’). GA(y'). D(y’). (The case T = & follows
from (T = @ A p1) D p2. which holds by definition of G’.) O

VIIL.6. KPT Witnessing and Replacement

Here we present a generalization of the Herbrand Theorem from Chap-
ter II and show how it can be used to prove the independence of the
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Replacement Axiom Scheme (Section VI.3) in some cases. In Section
VIIIL.7.3 we use it to show how the collapse of the polynomial hierarchy
follows from the collapse of the bounded arithmetic hierarchy V*.

Form 2 of the Herbrand Theorem (Corollary 11.5.5) applies to a V3
consequence of a universal theory. The next result is a generalization
which applies to V3V consequences. We call it the KPT Witnessing The-
orem, after the authors of [75], who used it to prove the first part of
Theorem VIIIL.7.20.

THEOREM VIIIL.6.1 (KPT Witnessing). Let T be a universal two-sorted
theory with vocabulary L. Let ¢ be an open formula and suppose

T FVX3AYVZp(X. Y. Z).

Then there exists a finite sequence Ty, ..., Ty of string terms over L such
that

THeX.TV(X).Z)Vo(X.Th(X.Z)).Z) V---V

where the notation T; (X, Z\. . ... Z;_) means that only the displayed vari-
ables may occur in T;.

In our applications of this theorem each term 7; is a function
Fi(X.Zy.....Zi_)

in some complexity class such as FAC? or FP. The “student-teacher”
interpretation of the theorem [74] is a useful way to think of it. The
student is given X and wants to find Y satisfying VZp (X, Y, Z), but has
computing power limited to the relevant complexity class. The student
starts by trying ¥ = F;(X). The teacher either approves, or comes up
with a counter-example Z; such that ~p (X, Fi(X), Z;). The student next
tries Y = F>(X, Z;), and the teacher either agrees or supplies a counter-
example Z,. This process continues for at most k steps after which the
student finds a value of Y that works for all Z.

Proor oF THEOREM VIIL.6.1. Let B, C, Cs,... be a list of new string
constants, and let Uy, Us, ... be an enumeration of all terms built from the
functions of £ together with B, Cy, C,, ..., where the only new constants
in Uy are among {B, C},.... Cy_1 }. We will show that

T U{=¢(B.U1.C)).~¢(B. Uy, C3).....,~p(B. Ur. Cy)}

is unsatisfiable for some k, from which the theorem follows (let 7} be U;
with B replaced by X and each C; replaced by Z;).
Suppose otherwise. Then by compactness

TU{~¢(B.U1.C1).~¢(B.U,.C3)....} (208)
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has a model M. Since 7 is universal, the substructure M’ consisting of
the denotations of the terms Uj, U,, ... is also a model for (208). It is
easy to see that

M ET+VY3Z-¢ (B, Y.Z)

and hence 7 Y VX3YVZp(X. Y. Z). m]

VIIIL.6.1. Applying KPT Witnessing. Following [47] we now outline the
method for using the KPT Witnessing Theorem to show that a universal

theory 7 which extends 7" and has a vocabulary £ associated with certain
complexity classes cannot prove the X8 (L)-REPL axioms (sometimes

subject to complexity assumptions). Our main examples are 7 = 7" and
7 = VPV. That VPV is unlikely to prove X£-Replacement may seem
surprising, since V! proves it (Corollary VI.3.8). and ¥'! and VPV have
the same X8-theorems.

Choose a function F which is in the relevant complexity class but
whose inverse probably is not. Suppose 7 proves the following instance of
replacement (which has W as a parameter, and t = (W) and u = u(W)
as terms):

Vi<t3Z<uF(Z)=wlih >53yvj <t F(YV)=wbll.  (209)
We can rewrite this as
Ji<t3IYVZ<u(F(Z)=w 5vj<tF(YV) =wll).

Applying the KPT Witnessing Theorem we get a positive integer k and
functions gy, ..., g, Hy. ..., Hy such that 7 proves

(F(Z1) = W 5y < F(H (W)U = wll) v
(F(Zy) = w2 5 v <t F(H, (W Z)V) = wUl)v...v
(F(Zy) = W e (WzZy....Ze )] OV <t F(H (W Z,y..... Zk*l)[j]): W[j]).

This allows the “student”, given an input W (considered as a sequence
wlol . wl=1) to compute Y coding a sequence of pre-images of F of
all ¢ elements of W, by asking the “teacher” for pre-images of at most k
elements of .

The student proceeds as follows. Let Y = H(W). IfVj < t F(YUl) =
WUl then output Y and halt. Otherwise compute g;(W) and ask the
teacher for a pre-image Z; of WV Let Y = H, (W, Z)). If V) <
t F(YUl) = WUl then output Y and halt. Otherwise compute g>( W, Z;)
and ask the teacher for a pre-image Z, of W&("Z)] and so on. By our
assumption the algorithm will run for at most k steps of this form before
it outputs a suitable Y.
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THEOREM VIILG6.2 ([47]). V0 and V' do not prove >B-REPL.

ProOF. Since 7' extends V° and every X8 (L0 )-formula is provably
equivalent to a £2-formula (Lemma V.6.7), it suffices to prove the theorem

for the case 7'

Recall that PARITY (X ) holds iff the string X has an odd number of
ones. We have pointed out that PARITY is not an AC? relation, but in
fact is is known [52, 3] that PARITY is not even in nonuniform AC’; i.e.
it cannot be computed by any polynomial size bounded depth family
of Boolean circuits. We will show using the student-teacher method
outlined above that if 7”° proves 5-REPL then there is a randomized
AC" algorithm which on each input X, with probability at least one-half,
correctly outputs PARITY (X ), and if it does not output PARITY (X)
it outputs an ‘abort’ message, meaning the computation failed. From
this it follows using a standard argument that PARITY is in nonuniform
AC’. For each input length n, the circuit for computing PARITY (X) for
| X| = nis obtained by repeating the randomized computation n + 1 times
with independent random bits, to obtain a randomized AC° algorithm
that computes PARITY (X) with abort probability at most 2~"~!. Hence
there must be some fixed setting of the random bits which aborts on at
most a fraction 27"~ ! inputs X of length n; which means this setting of
random bits allows the circuit to correctly compute PARITY (X) on all
inputs X of length n.

Let PAR be the function that maps a binary string of length m to its
parity vector. That is, PAR(m. X) = Y if |Y| < m and, for each i < m,
Y (i) is the parity of the string X (0) ... X (i). In what follows we take m to
be a parameter, assume X is a string of length at most 7, and suppress the
argument m from PAR(m, X). Note that for fixed m. PAR is a bijection
from the set of strings of length at most m to itself.

Although PAR(X) cannot be computed in AC”, its inverse, which we
will call UNPAR, is in (uniform) FAC?: the ith bit of UNPAR(Y) is given
by the f-formula

i=0AY(E)Vi>0AY(i—-1)® Y(Q)).
Here UNPAR has an argument m, which we suppress. Then
UNPAR(PAR(X)) = X
and
PAR(UNPAR(Y)) = Y.

Notice also that for all m-bit strings A, B, C, writing & for bitwise XOR,
if A= B ® C then PAR(A) = PAR(B) ® PAR(C).

Assuming that 7’ proves £Z-REPL we can apply the argument of
Section VIIL6.1 and assume that 7' proves (209) for the case in which
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F is UNPAR. We can assume that the parameter m is coded by the
parameter W specifically m = | W], where W% is a string of 0’s except
bit m — 1 is 1. (Note that PAR(W) = w19)) Also we define the terms
t =m+ 1, and u = m. Then for some fixed k there is a uniform 4C°
algorithm which, for any sequence WU, ... W of binary strings of
length at most m makes k queries of the form “what is PAR(W11)?” and
outputs the sequence of parity vectors of W.

Suppose m > 2k. We will show how to use this algorithm to compute
the parity of a single string 7. |I| < m. in uniform randomized AC°.

Choose m strings Uy, ..., U, of m bits each uniformly at random, and
for each i compute V; = UNPAR(U;). Choose a number . 1 < r < m,
uniformly at random. For 1 < i < m define W1 by the condition

L (Ve i
[i] i s
v { IoV, ifi=r.

Since for each m the function UNPAR defines a bijection from the set
{0, 1} to itself, and since for each I with |[/| < mthemap X — [ ® X
also defines a bijection from that set to itself, it follows that the string W
defined above, interpreted as an m x m bit matrix, is uniformly distributed
over all such matrices.

Now run our student-teacher AC° algorithm on . If the student asks
“what is PAR(W1)?” for i # r. reply with U; (or WIif i = 0) (which is
the correct answer). If the algorithm queries “what is PAR(YU1)?”_ then
abort the computation.

Since PAR(W) is queried for at most k different values of i and since
for each input / each pair (W,r) is equally likely to have been chosen,
it follows that the computation will be aborted with probability at most
k/m < 1/2.

Hence with probability at least 1/2 the algorithm is not aborted, we
are able to answer all the queries correctly, and we obtain Y such that
Y = PAR(W) = PAR(I & V). ButI = V, & (I & V,) and hence

PAR(I) = PAR(V,) ® PAR(I & V,)
=U o Yl

We use this to compute PAR(I) and use bit m — 1 of PAR(I) to determine
PARITY(I).

For each input I the algorithm succeeds with probability at least 1/2,
where the probability is taken over its random input bits. If the algorithm
aborts, this is reflected in the output. As explained earlier, this implies the
existence of a nonuniform 4C? algorithm for PARITY (I). Since no such
algorithm exists, it follows that ¥° does not prove the X%-Replacement
scheme. O
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We now show that ¥PV seems unlikely to prove Z8-REPL because a
consequence would be that integer factoring is easy. This contrasts with
V', which proves the stronger gXF -REPL scheme (Corollary VI.3.8).

We adapt the proof [94] that cracking Rabin’s cryptosystem based on
squaring modulo N is as hard as factoring. Let N be the product of
distinct odd primes P and Q. Suppose 0 < X; < N and ged(X;. N) = 1.
Let C = X 12 Then C has precisely four square roots Xi, X3, X3, X4
modulo N. This can be seen as follows: let Xp = (X; mod P) and
Xo = (X1 mod Q). By the Chinese remainder theorem there are uniquely
determined numbers X, X5, X3, X3 with 0 < X; < N such that

Xi=Xp (mod P) X = XQ (mod Q)
X2 = Xp (mod P) X2 = —XQ (mod Q)
X;=—-Xp (mod P) X;=Xp (mod Q)
Xy =—Xp (Il’lOd P) Xy = —XQ (Il’lOd Q)

Now X; — X, = 0 (mod P) and X; — X» = 2Xp # 0 (mod Q). so
gcd(X; — X5, N) = P. So from X and X, we can recover P, and similarly
from X; and X3 we can recover Q.

Hence if we have one square root of C, and are then given a square root
at random, we can factor N with probability 1/2.

THEOREM VIIL.6.3 ([47]). If VPV proves SE-REPL then factoring (of
products of two odd primes) is possible in probabilistic polynomial time.

Proor. We will argue as in the proof of the previous theorem, this time
taking squaring modulo N as our function F (so F has N as a parameter).

If VPV proves Z8-REPL then there is polynomial time algorithm which,
for some fixed k., given any sequence W% ... Wwl"=1l of squares (modulo
N) (where m = |N|), makes at most k queries of the form “what is the
square root of W11?” and, if these are answered correctly, outputs square
roots of all the Wlis,

Now suppose N is large enough that m = |N| > k. Choose numbers
X0, ..., X;y—1 uniformly at random with 0 < X; < N. We may assume
that ged(X;, N) = 1 for all i, since otherwise we can immediately find a
factor of N.

Choose W so that for each i, W1 = (X? mod N). Notice that each
X; is distributed uniformly among the four square roots of W1,

Run our algorithm, and to each query “what is the square root of
w19 answer with X;. We will get as output Y coding a sequence
YO ylm=11 of square roots of W . wim=1l

If we think of N as fixed, the value of Y depends only on the inputs
given to the algorithm, namely W and the k& many numbers X; that we
gave as replies. Let i be some index for which X; was not used. Then
X; is distributed at random among the square roots of Wl and Yllisa
square root of W1 that was chosen without using any information about
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which square root X; is. Hence ged(X; — YUl N) is a factor of N with
probability 1/2. O

VIIL.7. More on V' and TV’

VIIL7.1. Finite Axiomatizability. V' is finitely axiomatizable by The-
orem V.7.1. By the discussion following Theorem VIII.3.10 we know that
TV is finitely axiomatizable, as are the VZ{* -consequences of V!, Here
we show that ¥’ and TV’ are finitely-axiomatizable for all i > 0. (In
Chapter X we will give other proofs using the Reflection Principles for G;
and G7.) We start by proving the existence of a universal polynomial time
function.

TueoreM VIIIL.7.1 (Universal Function). There is an Lgp function
Univ(X, W)

such that for every Lpp-function F(X) there is an Lygyco-function Hr(n)
such that

VPV + |X|<nD F(X)= Univ(X, Hr(n)).
In particular VPV proves F(X) = Univ(X. Hr (|X])).

PrOOF. We use the machinery of (180) (page 215). The value of Univ(X,
W) is the output of the circuit C described by W, where C expects an
input string of length at most n (specified by W), and (assuming | X| < n)
Univ(X. W) supplies X to the input gates of C. Then Hr(n) describes a
circuit which computes F (X) for | X| < n. O

To help prove the next result, we introduce a string pairing function.
DErINITION VIIL7.2. (X, Y) is the Lg4co-function defined by
(X Y)0D) = 3j <i (0= (0.7) AXG) V(i = (L j) A Y())).
More generally (Xi,..., X,) is defined inductively by
(X1, X)) = (X0, oo X)), X))
Finally we define
(x1.....x. X) = (POW2(x))..... POW2(x;). X).

Note that 7 proves
X, Y)=Z>X =Z0ny =2zM0),
TuroreM VIIL.7.3. Vi and TV' are finitely axiomatizable for all i > 0.

Proor. We have already proved this for i = 0. For the general case we
start with the finitely axiomatizable theory VP and add one £2-COMP-
axiom to get V' and one LZ-SIND-axiom to get TV'. The axioms in
question involve universal formulas. For notational simplicity we treat
the case i = 1; the general case will be clear.
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For V! we define the £8(Lpp) formula
UV(i,a, X, W) =3Y <aUniv({i, X. Y), W)(0)

and let UV'(i. a, X, W) be the equivalent £ formula according to Theo-
rem VIIL.2.16 (so VPV - UV « UV’).

Let 7 be the finitely axiomatizable theory extending VP by the compre-
hension axiom for formula UV’ (i,a. X, W) (where a. X, W are parame-
ters). Obviously 7 C V!. To prove the reverse inclusion, since VPV is
conservative over VP, it suffices to show V! C 7 + VPV.

Let (i, X, X) be a Z¥-formula. Then there is an Lgp-function F such
that (using Theorem VIIL.7.1) VPV proves

@(i,%.X) < 3Y <t F((i.(%. X). Y))(0)
— 3Y <t Univ((i. (X, X). Y). Hp (|(i. (X, X). Y)]))(0)
o UV'(i.t, (%, X), Hr (|(i. (¥. X). Y)|)).
Hence VPV proves the comprehension for ¢ from the comprehension

axiom for UV’ It follows that V! = 7.
The argument is similar for TV'. This time we define

UT(a.X.Z. W) =3Y < aUniv({X. Z. Y). W)(0)
and axiomatize TV' by the string induction axiom for UT’(X), where
a,Z, W are parameters and UT” is a 2¥-formula equivalent to UT. O

Since VP C V' (Theorem VIIL.1.3) and TV° = VP (Theorem
VIIIL.3.10) it follows that TW#° C ¥'. This is generalized in the following
result.

TaeoreM VIII.7.4. Fori >0
Vi g TVI g Vi-H.

Proor. The first inclusion is Theorem VIII.3.4. For the second in-
clusion, by definition VIII.3.2 it suffices to show that ¥*! proves the
¥B-SIND induction scheme

[0(2) AVX ((X) D p(S(X)))] D ¢(Y)
where ¢ (X) is a £2-formula. Reasoning in ¥/*!(¥PV) (which by Theo-
rem VIII.2.11 is conservative over V'*!) assume
(@) ANVX (p(X) D p(S(X))). (210)

Define the I17, , -formula

p(i) =VZ <ivW < |Y[((IW + Z| <|Y[ A (W) D (W + Z)).

By Corollary VI.1.4 applied to V'*! we are justified in using number
induction on w(i). The base case w(0) is easy since (W) D p(S(W))
by assumption (210). The induction step w(i) D w(i + 1) is proved
by using the hypothesis (i) twice, first with (W, Z) set to (W, Z') with
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Z' = |1Z] and then with (W, Z) set to (W +Z'. Z') to infer o (W +2Z'),
from which w (i + 1) follows (using the assumption (210) if 2Z’ # Z).
Finally ¢ (Y) follows from w (| Y|+ 1) and ¢ (9). O

From the above theorem we have the hierarchy
Vocrvicvlicrvicvlcrvicyic...
so the unions of V7 and TV’ are the same. We use the notation

ve=Jvi=J1V. (211)

The next result follows from Theorem VIII.7.3 and compactness.

CoroLLARY VIIL7.5. V' is finitely axiomatizable iff V> collapses to
Vior TV' for somei.

See Section VIII.7.3 for consequences of the collapse of V.

It is not known whether V> (or equivalently S,) and IA, are finitely
axiomatizable, although it is known that their relativized versions S>(R)
and IAy(R) (orequivalently V', Section VII1.2.2) are not [75]. (For IAy(R)
and V° this follows also from the results of [71.78].)

VIIL.7.2. Definability in the V'°° Hierarchy. See Table 3 page 250 for a
partial summary of the results in this section.

Recall that fori > 1, Zf’ is the set of (two-sorted) relations in level
i of the polynomial hierarchy, and that these are precisely the relations
represented by XZ-formulas (Theorem 1V.3.7). Also FP* is the set of
functions computable by a polynomial time Turing machine with a

oracle. (See also Appendix A.3.) For i = 0, we will take FP* to be
simply FP (this is consistent with taking =’ to be either P or AC’). We

will show that for i > 0, FP¥ is the class of functions Zﬂl-deﬁnable in
TV', and also in V*!. (We have already shown this for i = 0.)

We start by generalizing the universal theory VPV to VPV’ fori > 1.
Here VPV' = VPV, and fori > 0 VPV*! has function symbols for all
functions in FP* . We use Lgp: to denote the vocabulary of VPV,

Since Lpp: includes the vocabulary L co of I_/O, it includes symbols for
the string functions @. S. 4 defined using £ -formulas in Example V.4.17.
Since we want the theories ¥PV' to be universal we take the defining
axioms for these functions to be the quantifier-free axioms for these func-
tions in 7°. Also for the present purposes string ordering X < Y as
given in Definition VIIL.3.5 is replaced by its equivalent quantifier-free
definition in 7°. See Example VIII.3.12 for the definition of POW2(x).

We need functions to witness bounded existential string quantifiers,
Just as f ), as defined in (87) (page 125) is used to witness bounded

existential number quantifiers. Thus let G, (¥, X) be the least Y with
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|Y| < t(%. X) such that (¥, X. Y) holds. or POW?2(z) if there is no such
Y. Then G, has defining axiom (suppressing <, X)

Gy < POW2(t) N (Gpy < POW2(1) D p(Gy,)) A
(Y< Gy D —p(Y)). (212)

The definition of vocabularies Lgp: is similar to Definition VIII.2.1
for EFP.

DEerIntTION VIIIL.7.6. The vocabularies Lgp1t C Lgp2 C --- are defined
as follows.
(i) Lgpr = Lrp.
(i) Fori > 1 Lgpi is the smallest set that satisfies
(1) Lgpist 2 Lpi-
(2) For each open formula ¢ (%, X, Y) over Lgp and term (%, X)
of £2 there is a string function G, in Lgpi+1.
(3) For each open formula ¢(z, X, X) over Lgpisi and term ¢ =
t(%. X) of £ there is a string function F, (=) I LFPM
(4) For each triple G. H, t, where G(%, X) and H(y.%. X.Z) are
functions in Lgpi+i and 1 = 1(y, ¥, X) is a term in Lﬁ, there is a
function Fg g, in Legpiti.

DerINITION VIIL7.7. For i > 1 the universal theory VPV’ has vocab-
ulary Lgpi and (i) VPV' = VPV and (ii) for i > 1 VPV'*! contains
VPV' and has as (sometimes) additional defining axioms (212) for each
function Gy, in Lgp+1 and (177) for each function Fy), in Lgpivi and
(175). (176) (page 210) for each function Fg fr; in Lppii.

LemMA VIIL.7.8. For all i > 0 for every LB-formula w there is an open
Sormula @ over Lgpit such that VPV'™! proves y — .

Proofr. We use induction on i. For i = 0 this is clear. Now suppose
i > 0and y isa Z8-formula. Then we may assume thaty = 3Y < 1 5(Y).
where 7 is T12 |. By the induction hypothesis there is an open formula ¢

over Lgpi such that VPV’ proves 7 < . Then VPV'*! proves
@(Gy,) = Y < 1p(Y)

so VPV' -y < ¢(G,,) and hence ¢(G,,,) satisfies the Lemma. O

THeOREM VIIL.7.9. Fori > 0 the string function symbols F of Lpi+1 rep-
resent precisely the string functions in FP™ and terms of the form |F (¥, X )|
represent precisely the number functions of FP¥ .

ProOF. The part about number functions follows from the part about
string functions, so we prove the latter. We use induction in i. Fori =0
this was observed when introducing Lgp. For the induction step the proof
is similar to the proof of Cobham’ Theorem. To see that every string
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function in Lppi+1 is in FP*' it suffices to show that this is true for each
of the cases in part (ii) of Definition VIII.7.6. For 3) and 4) this is true
because the functions computable by a polynomial time Turing machine
with a Zf oracle are closed under composition and limited recursion,
and such a machine can evaluate an open formula whose functions are
so computable. For 2), observe that such a machine can query its ¥
oracle to find out for W < POW2(t) whether there is Y < W satisfying
(%, X . Y), and hence use binary search to find the least such Y (if any).

Conversely, to see that every string function in FP¥ is represented by
a function symbol in Lppi+1, use limited recursion to define a function
like Conf ), in the proof of Cobham’s Theorem VI.2.12 to compute the
configurations of the oracle Turing machine, where now the =¥ oracle
queries are answered with the help of open formulas in Lemma VIII.7.8.
Now the value of F can be extracted using the output function Outy as
in (100) (page 140), so F(X. X) = T(%. X) for some term T of Lppi1.
Then F = F,.), where ¢(z) = T'(z) and  is a bounding term for F. O

The next result generalizes Theorem VIIL.2.7.

TueoreM VIIL.7.10. For i > 1 VPV’ proves the Zg(ﬁppi)—COMP,
SB(Lppi)-IND. 8 (Lppi)-MIN. and T8 (Lppi)-MAX axiom schemes.

Proor. By Corollary V.1.8 it suffices to prove this for the case of COMP.
For every X8 (L pp:)-formula ¢ there is an open L pi-formula ¢ such that
VPV' proves ¢ < ¢+ (see the proof of Lemma V.6.3). The function F,, , is
easily used to prove the comprehension axiom for an open formula . O

THeoreM VIIL.7.11. Fori > 0, every function in Lgpi+ is Eil-deﬁnable
in TV', and VPV is a conservative extension of TV'.

ProOF. For i = 0 this follows from Theorems VIII.2.11 a), VII1.2.17,
VIIIL.3.10, and Corollary VIII.2.18.

In general we show FPV'™! extends TV, by showing VPV*! proves
the 2-SIND axioms (184). By Lemma VIIL.7.8 we may assume that
@ is an open Lgpi+i-formula. Now proceed exactly as in the proof of
Theorem VIII.3.14, replacing VPV by VPV'*!.

To show that the extension is conservative, and to show that every
Lppi+1-function is Zﬁl-deﬁnable in TV', by Theorem VIIL.7.9 it suffices

to show that all functions in FP¥ are 25 | -definable in TV, and (for
conservativity) that this can be done in such a way that the defining
axioms for the Lgpi+1-functions are provable. We omit the latter (which
amounts to formalizing in TV’ part of the proof of Theorem VIIIL.7.9).
and concentrate on the former.

Let F (%, X) bea functionin FP* , where i > 1. Then some polynomial
time oracle Turing machine M computes F using an oracle ¢ (W), where

¢ is (represented by) a 8-formula.
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Let ¢ = ¢(¥, X) be a suitable £% bounding term and let
Compy, (X, X.UW2Z)

be a TZ-formula which asserts that U codes a computation of M on input
%. X where for all i < r. W is the ith oracle query (if any) and Z(z = i)
is the answer to this query.

Define w (X, X.Z Y)tobe

JU < 1IW < tCompy (X X. UW,Z)NY = Ansm(U) A
Vi< t(Z(t=1i) D e(whl))

where Ansy(U) is the output of the computation coded by U. Let
y' (2. X.Z) be 3Y < ty(%.X.Z. Y). Then v/ is a ngB-formula, which
TV' proves equivalent to a £ -formula by the Replacement scheme (Corol-
lary V1.3.8). Note that if y/(%, X, Z) holds then the ‘true’ query answers
coded by Z must be correct, but ‘false’ answers may not be correct. How-
ever the largest Z satisfying w’ must code all correct answers, since if
the ith query is the first incorrect answer then changing Z(¢ — i) from
‘false’ to ‘true’ would increase Z no matter how the subsequent answers
are changed.

Since TV' proves the £5-SMAX axioms (Theorem VIIL.3.8) and VPV
proves v’ (X, X . @) it follows that TV’ proves the existence of a largest Z.
|Z| < t. satisfying y/(X. X. Z).

Thus we may use the following definition for F (%, X).

Y=F%X)=3Z<t(y(®X.ZY)A
VZ'<t(Z<Z > -y(X.X.2Z)).
The formula (¥, X, ¥) on the RHS is equivalent to a 28 | -formula. Also
TV' proves the existence of a largest Z < ¢ satisfying y/(X, X, Z) and
hence the existence of Y satisfying n(x. X.Y). Finally ¥° (and hence
TV') proves the uniqueness of Y, since obviously there is at most one
largest Z satisfying y’, and by Z§-IND this Z uniquely determines U, W
in Comp,, and hence Y. O
TueEOREM VIIL.7.12. For i > 0 the following are equivalent for a string
Sfunction F:
(i) F isin FP¥ . .
(i) F is X2, \-definable in TV'.
(iii) F is X2 |-definable in V'*1.
(iv) F isXE | -definable in VPV,
(V) F is B (Lppict)-definable in VPV,

Similarly for a number function f .



VIIL.7. MORE ON V' aAND TV 249

PrOOF. (i) = (ii) by Theorems VIII.7.9 and VIIL.7.11. (ii) = (iii)
by Theorem VIII.7.4. (iii) = (ii) by Theorem VIIL.7.13. (ii) = (iv)
by Theorem VIIL.7.11. (iv) = (v) by Lemma VIIL.7.8. (v) = (i) by
Theorems VIII.2.4 and VIIL.7.9. ]

THEOREM VIIL7.13. Fori > 0 Vi*! is 2B | -conservative over TV'.

ProoF. By Lemma VIIL.7.8 every Elﬂl -formula ¢ is provably equivalent
in VPV to a 2B (Lppi1)-formula ¢’. Thusif V*! proves ¢ then V+! +
VPV proves ¢’. and, arguing as in the proof of Theorem VIIL.2.13,
VPV*! proves that ¢’ can be witnessed by functions in Lppici. Thus

VPV proves ¢’ and ¢, and so TV’ proves ¢ by Theorem VIIL.7.11. O

The next result generalizes Theorem VIII.5.12. We define a PLS™
problem Q to be the same as in Definition VIII.5.4 except now the relation
©o and the functions Ny and Pg are allowed to be polynomial time with
a f-oracle.

TueoreM VIIL.7.14. For i > 1 a search problem Q is £8-definable in
TV iff Q <,c0 Q' for some PLS™ problem Q’.

ProofF. The proof'is very similar to the proof of Theorem VIII.5.12. In-
stead of an AC*-ITERATION problem we need an FP*~ 1 -ITERATION
problem, in which the function F is allowed to be in FP¥-1. To see thatev-
ery PLS™ problem is many-one reducible to some FPY-1_ITERATION
problem, we need to slightly alter the proof of Theorem VIIIL.5.8. The
difficulty in that proof is that the reducing function G is defined by
G(U %, V) = No(U), where the neighborhood function Ny is now al-
lowed to be in FP¥-1 instead of in FAC?. To fix this. we change the
iterating function F in the proof to a function F’. The idea behind F
was to let its domain be concatenations U *, V' where U is a candidate
solution for Q and V is its profit. The idea behind F” is that its domain
consists of concatenations (U %, W) x5, V where U and V are as be-
fore, and W = Ny(U). Now we can define the reducing function G by
GUx W)sy V)=W.

ExercisE VIII.7.15. Work out the details in the definition of F”.

Continuing the proof of Theorem VIII.7.14, it remains to generalize
the witnessing theorem VIII.5.13 so that the assumption is

TV +3Zp(%.X.2Z)
where now ¢ is I12 | and Qp is an FP* -1 -ITERATION -problem. By
Theorems VIII.7.11 and VIII.7.12 it suffices to replace TV by TV'+ VPV’
and ¢ by an open formula in Lppi, and 7’ by VPV'. The proof is a

straightforward modification of the proof of Theorem VIII.5.13, where
now the string induction rule (197) applies to 28 (Lppi )-formulas 4. O
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The previous results characterize the search problems X2-definable in
V/ and TV’ when i = j and sometimes when i and ; differ by one.
In order to specify these search problems for more general i and j we
need to define a generalization of oracle Turing machines. (See also
Appendix A.3.)

DerINITION VIIL7.16. A witness query Y toanoracle 3W <t R(Y, W)
returns a witness W < t satisfying R(Y, W) if such exists. and otherwise

returns “NO”. For i > 1, FPZ"P[wit, O(g(n))] is the class of search prob-
lems Q solvable by a polynomial time Turing machine that makes O(g(n))
witness queries to a £ oracle 3W < ¢ R(Y, W) for R € 117 |

Notice that a witness query can be simulated by polynomial many
Boolean queries, using binary search. Hence

Fsz[1/v'it,n0(1)] — FP¥ .

However as far as we know, the class FPY [wit, O(g(n))] cannot be speci-
fied without referring to witness queries when g(n) is O(logn).

Vo TV’ y! V!
P FAC® FP FP CC(PLS)
38 FPH[wit. ()] FPM[wit. O(1)] FP¥[wit, O(logn)]  FP™
8 FPY[wit. O(1)] FP™[wit,O(1)] FP™[wit,O(1)] FP™ [wit, O(1)]
3B FPS[wit. O(1)]  FP¥ [wit, O(1)]  FP [wit, O(1)] FP= [wit, O(1)]
38 FPS[wit. O(1)] FP%[wit,O(1)] FP% [wit, O(1)] FP% [wit, O(1)]
V2 TV? & TV?
P CC(PLS)
)24 FPNP CC(PLS)™? CC(PLS)™?
38 FP™ [wit, O(logn)] FP™ FP™ CC(PLS)™

3B FP¥[wit, O(1)]  FP [wit, O(1)] FP* [wit, O(logn)] FP™

3B FP[wit, O(1)] FP%[wit, O(1)] FP% [wit,O(1)] FP [wit, O(1)]

TABLE 3. Definable search problems.

TueoreM VIIL7.17. (i) For i > 1, a search problem Q is 21+1 -defi-

nable in V' iff Q € FP* [wit, O(log n)].
(i) For j >2and V’ C T C TV/~2, a search problem Q is 28-definable

inTiff Q¢ FPZH[WIZ, o(1)].
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PROOF OF (ii). By Theorem VIIL.7.11 ¥PV/~! extends TV’ ~? and hen-
ce the ‘only if” direction is an easy consequence of the KPT Witnessing
Theorem (see Exercise VIII.7.19 below).

For the ‘if” direction it suffices to show that for j > 2, V0 can Zf -define

every search problem Q in FP¥- [wit, O(1)]. For concreteness we show
this for j = 2; the general argument is essentially the same.

Let M be a polytime Turing machine which solves Q(%, X) by making
at most a constant ¢ number of queries to a { witness oracle represented
by a Z¥-formula

p(Y)=3w<tn(Y. W)
where 7 is in £F. It is straightforward to give a X¥-formula ¢ (¥, X.Z)
which asserts that there is some computation C of M on input X, X with
correct answers to all oracle queries such that C outputs Z. However it is
more difficult to find such a formula such that ¥ proves 3Z¢.

To do this we first observe that we can find a machine M’ which is
equivalent to M but such that M’ makes all of its queries in parallel, so
that the answer to a query does not depend on the witness answer to any
other query. The machine M’ makes a witness query for each of the 24
binary strings of length ¢. asking whether there is an apparently-correct
computation of M on input X, X such that the YES-NO answers to the
< ¢ queries correspond to the bits of the string (or an initial segment).
Here ‘apparently-correct” means that for each query Y to w(Y) a YES
answer must be supplied with a witness W satisfying 7(Y, W), although
NO answers need not be verified. Each YES answer to a query to M’
must include a witness which codes an apparently-correct computation of
M. From these witnesses M’ can find a truly correct computation C of M
where no initial segment S of C ending in a NO answer coincides with an
initial segment S’ of another computation except S’ ends in a YES answer
to the same query.

The parallel queries made by M’ all have the form

y'(Y)=3Iw<iy (X X. Y, W)

where 5’ is T8 -formula and Y is simply a bit string of length ¢. Now
we describe a £¥-formula apm (¥, X.Z) which asserts that Z is a possible
output of a correct computation of M’ on input ¥, X. and such that ¥°
proves 3Zay. It suffices to describe am(Z) as a disjunction of two £%-
formulas a},(Z) v aﬁ,l, where a,{,,(Z ) makes the assertion as just stated
and af, is false.

Let ApCor(x, X.C) be a Y8-formula which asserts that C codes an
apparently-correct computation of M’ on input ¥, X. Then a}y(Z) asserts
the intended meaning of oy (Z) in the obvious way:

aly(Z) = 3CYW, ApCor(C) A ~Wit(W,C) A Z = Out(C)
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where we have omitted the bounds on the quantifiers and suppressed the
arguments X, X ,and Wit(W,C) is a Zg -formula asserting that W is a
witness for some query in C which was (incorrectly) answered NO, and
Out(C) is the output of the computation C.

Presumably ¥ does not prove 3Za},(Z). so we need the false disjunct
iy, which asserts that there is no correct computation of M’ on input ¥, X.
Specifically ) is a £2-formulas which asserts that there exists a sequence
Wi, ..., W, of potential witnesses to the £ = 27 parallel queries made by
a computation of M’ such that for all apparently-correct computations C,
one of the NO queries in C is in fact witnessed by some W;. It suffices to
prove the following:

Cram. V? proves 3Z (a,(Z) V o).
Reasoning in ¥, if , then (since Z does not occur in afy) we can
conclude 3Z aj; and we are done.

So assume —a}y. For each of the £ = 29 queries Y; (which are simply
strings of length ¢). if 3W%'(Y;, W) then let W; be a witness satisfying
n'(Y;, W;): otherwise let W; = @. Since ﬁaf,l there exists an apparently-
correct computation C such that none of the NO queries in C is witnessed
by any W;. But by the way we chose ¥;, this means that all NO queries
are correct, and hence C is a correct computation. Let Z = Out(C).
Then a},(Z). Hence 3Z am(Z). O

Exercise VIIL.7.18. Explain what goes wrong if we try to extend the
above proof to the case that M makes more than a constant number of
witness oracle queries.

Proor oF (i). The ‘only if” direction can be proved using the same
method as for Theorem VI.4.1 (witnessing for VI); see [70, 72] for details.
For the proof of the ‘if” direction let M be a polytime Turing machine
which solves Q(X, X) by making O(log n) queries to a witness oracle rep-
resented by a formula w(Y) = IW < ¢ n(Y, W), where 5 is in 112 |. It

is easy to see that there is a X7, |-formula ¢ (%, X.Z) which asserts that
Z € Q(X. X) by asserting that there is a computation of M on input <, X
with output Z such that if YTl codes the ith query and W11 codes the ith
answer, then either #( Y1, Wiy or —y (Y1) and Wl = ‘NO’.

In order to show that V' proves 3Zp(%. X. Z) we use the fact that V'
proves the £8-MAX axiom scheme (Corollary VI.1.4) and argue as in the
proof of Theorem VIII.7.11. Thus ¥/ proves there is a largest n < ¢ (for
suitable 7) satisfying the 8-formula «(n. ¥, X). which asserts that there
exists a computation of M as above and there exists the query sequence Y
and answer sequence W such that the bits of the reverse binary notation for
n code the Boolean answers to the successive queries of the computation,
and for all 7, if the ith query answer is positive, then #( Y1 Wwll), 0
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Exercise VIIL.7.19. Show using the KPT Witnessing Theorem VIIL.6.1
that for i > 1 if a search problem Q is 5  -definable in VPV’ then Q is

i+1
in FP™ [wit, O(1)].

VIIL.7.3. Collapse of V>° vs Collapse of PH. It is an open question
whether V> (the union of the theories V') collapses to some particular V.
Since each V7 is finitely axiomatizable (Theorem VIII.7.3), this question
is equivalent to asking whether V' is finitely axiomatizable. As far as
we know it is possible that the polynomial hierarchy PH could collapse
without V> collapsing. (For example there might be a polynomial time
algorithm for propositional satisfiability whose correctness is not provable
in ¥>°.) However if some V' proves that PH collapses, then V> collapses
to V. That is, if for every 27, | -formula ¢ there is a £?-formula ¢’ such
that V' proves ¢ < ¢'. then ¥’ proves £2 -COMP, so V! = V. But
the same assumption shows that V2 = ¥+ and so on, so V> = V',

The following theorem is an application of KPT Witnessing, and shows
that the converse also holds: if ¥°° collapses to ¥’ then ¥’ proves that
PH collapses. (This would be obvious if a function is in FPY-1 iff it is
YB.definable in V', as opposed to £Z-definable in ¥ as stated in Theo-
rem VII1.7.12.)

TueoREM VIIL7.20 ([75.26. 112]). Fori > 0if TV' = V'™ then TV' =
Ve and X, = TIF , = PH and TV' provesxf  =TIF ; = PH.

COROLLARY VIIL.7.21. V> s finitely axiomatizable iff some V' proves
that PH collapses.

PARTIAL PROOF OF THEOREM VIII.7.20. For readability we treat the case
i = 0; the general case is similar. (See the remark at the end of this
proof.) Assuming TV" = V! we show that PH collapses to P/poly and
provably collapses to NP/poly, where poly refers to polynomial “advice”,
as explained below. It follows from the methods of Karp and Lipton [66]
that PH collapses to ¥ = T14 and provably collapses to £J = I1{. The
proof that TV" = V! implies TV = V> can be obtained from [26].

Since VPV is a conservative extension of TV (Theorem VIII.7.11) and
VI (VPV) = V' + VPV (Section VIII.2.1) our assumption TV’ = V! is
equivalent to VPV = V(VPV).

The assertion “Every sequence aj, ..., a,, of propositional formulas
has an initial sequence of maximal length ¢ of satisfiable formulas” is
expressible by a formula

y = VX3IYVZp(X. Y. Z)

where ¢ is an open Lpp-formula. Here X codes the sequence . ..., a,,
and ¢ asserts that Y codes a sequence of satisfying assignments to the the
first £ formulas of X for some ¢ < m, and also that if £ < m then Z codes
an assignment which falsifies 1.
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VI(VPV) proves y by applying the 28-MAX axioms (Corollary
VIIL.2.12) to the £8(Lpp)-formula expressing the condition that the first
¢ formulas coded by X are satisfiable. Hence by our assumption, VPV
proves y, so by the KPT Witnessing Theorem there are polytime functions
Fy, ..., Fy such that VPV proves

o(X. Fi(X). Z1)Vo(X. FA(X. Z1). Zy) V - - - V
(p(X,Fk(X,Zl,...,Zk_l),Zk). (213)

Note that each function F; plays the role of Y, and hence should code a
sequence of assignments satisfying some initial segment of the formulas
coded by X. From these functions Fi...., F; we obtain polytime func-
tions Gy, ..., Gy such that VPV proves that for every sequence ... ., oy
of propositional formulas with satisfying assignments Z7. ... . Z; there is
ani, 1 <i <k, such that G;(X.Z].....Z]_,) codes a satisfying assign-
ment for a; (we say that G; ‘wins’ in this case).

The algorithm for evaluating G;(X) proceeds by computing W; =
Fi(X). If the sequence W) begins with an assignment satisfying o, then
G (X) is set to that assignment, so G; wins. Otherwise the algorithm
for Go(X, Z]) sets Z, = Zj, so the first disjunct o (F,(X), Z;) in (213)
is false (since by assumption Z| satisfies o). Now the G, algorithm
computes W> = F»(X,Z;). If W, includes an assignment satisfying c.
then G>(X.Z[) is set to that assignment, and G, wins. Otherwise the
algorithm for G3(X. Z{.Zj) sets Z, to either Z{ or Z} depending on
F>(X, Zy), so that the second conjunct ¢(X, F>(X, Z,). Z,) in (213) is
false. Then Gjs is set to an assignment in F3(X, Z;, Z,) which satisfies a;.

if one exists. In general, if none of Gy, ..., G;_; wins, then the algorithm
for G; chooses Zi. ..., Z;_ so the first i — 1 disjuncts in (213) are false.
and evaluates F; (X, Z,.....Z;_1). looking for an assignment that satisfies
«;. At least one of Gy. ..., G;, must win, since otherwise Z;. ..., Z; can

be chosen so as to falsify (213).

P/poly is the class of problems solvable by a polynomial size family
of Boolean circuits, or equivalently the class of problems solvable by a
polynomial time Turing machine which is allowed a polynomial length
advice string A, for each input length n. In order to show that NP C
P/poly it suffices to define a polytime relation R(X, Y') such that for each
n there is an advice string 4, of length bounded by a polynomial in # so
that for every propositional formula « of length n, R(c., 4,) holds iff « is
satisfiable.

We now explain how to use the functions G1, ..., G; to define R and
A,. For each satisfiable propositional formula « of length n we associate
a fixed assignment Z, which satisfies . We define a map H which takes
a k-tuple X = (ai.....o04) of distinct satisfiable propositional formulas
of length n, where the formulas in X are ordered lexicographically, to a
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(k—1)-tuple of such formulas, where H (X)) is obtained from X by deleting
the first formula «; such that the assignment G; (X, Z,, . .. .. Z,,_,) satisfies
;. The domain of H has size (the number of ordered k-tuples X)

C(C—-1)...(C—k+1)
and the range of H has size
C(C—-1)...(C—k+2).

Each (k — 1)-tuple has at most k preimages. Hence there is a (k — 1)-
tuple (Bi.....Br_1) of formulas which is the image under H of at least
(C — k + 1)/k different k-tuples. Part of the advice string 4,, codes the
sequence f.....Px—1.Zp,.....Zg_,. Each of the k-tuples mapping to
(Bi..... Bi_1) consists of (B1.....Bx_1) with a new formula « inserted
somewhere. Further distinct such k-tuples have distinct inserted formulas
a, since the formulas in the tuples are ordered lexicographically. Hence
there are at least (C — k + 1)/k such formulas «, and each such a has a
satisfying assignment which can be computed from the advice string 4,
using Gy, ..., Gy.

Now delete this set of at least (C — k + 1)/k formulas « from the set
of satisfiable formulas of length n. and apply the above process to the
set of remaining formulas, obtaining another (k — 1)-tuple of formulas
and satisfying assignments to add to the advice string 4,,. After O(logn)
such iterations, an advice string 4,, of length O(n log n) is obtained which,
using the functions Gj. . . ., Gy suffices to compute a satisfying assignment
to any satisfiable formula of length n. This yields the required polynomial
time procedure with advice for solving the satisfiability problem.

The correctness proof for the above P/poly procedure seems to require
a counting argument which cannot (as far as we know) be formalized in
V°°. We now show how to define an advice string A/, which can be used to
put the satisfiability problem in co-NP/poly. provably in V2. Again we use
the functions Gj. ..., Gy described above. The idea is to find the smallest
£.1 < ¢ < k, such that there exists formulas c. 1. . ... o, of length n (not
necessarily satisfiable) such that for all tuples (s, ....a,) of satisfiable
formulas of length 7, and all tuples (Z;.. ... Z,) of satisfying assignments
for &, there exists i < £ such that G;(a,....0x. Z1..... Zi_1) codes a sat-
isfying assignment for ;. V> proves the existence of £ and ay. ... ..o
by the £Z-MIN axioms (note that k is a candidate for £). The advice
AJ, is the tuple oy y....,a;. Then an arbitrary formula a; of length n
is satisfiable iff for all tuples (c;....,a,_1) and satisfying assignments
(Zy.....Z;_1) there exists i < £ such that G;(ay.....0. Z1.....Zi_1)
codes a satisfying assignment for ;. (The ‘if” direction follows from the
minimality of £.) Hence we have expressed length n satisfiability with a I1#
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formula involving the advice A4/,, which shows that the satisfiability prob-
lem is in co-NP/poly, and hence PH collapses to NP/poly = co-NP/poly,
as desired.

To prove this theorem for i > 0. replace VPV by VPV', and replace
the propositional formulas a by quantified propositional formulas with a
quantifier prefix limited to /i alternations beginning with 3. ]

VIIL.8. RSUYV Isomorphism

Recall the hierarchies of single-sorted theories S} and T3 (for i > 1)
from Section I11.5. In particular, S21 characterizes the class single-sorted
P in much the same way as V! characterizes the class (two-sorted) P
(Theorem VI1.2.2 and Corollary V1.2.4). Here we will show that each
theory S} is essentially a single-sorted version of V' (fori > 1), i.e.. they
are “RSUV isomorphic” (the same is true for T} and TV').

This section is organized as follows. First we formally define S} and T3.
Then in Section VIII.8.2 we define the notion of an RSUV isomorphism as
a bijection between classes of single-sorted and two-sorted models. These
are associated with the syntactical translations of single-sorted and two-
sorted formulas, defined in Subsections VIII.8.3 and VIII.8.4. Finally we
sketch a proof of the RSUV isomorphism between S} and V.

VIIL8.1. The Theories S} and 75. For this subsection it is helpful to
revisit Sections I11.1, I1L.5, and 1V.3.2. Recall that the vocabulary for S}
is

1
ESZ = [0757 +,', #, |X|, I_EXJ; :’S]

where | x| is the length of the binary representation of x, and the function
x#y = 21817 provides the polynomial growth in length for the terms of
Ls,.

The sharply bounded quantifiers are bounded quantifiers (Definition
I11.1.6) which are of the form Ix < |z| and Vx < |¢]. The syntactic classes
of bounded formulas of Lg, are defined as follows.

DeriNITION VIIL8.1 (Bounded Formulas of Ls,). Al =5 =TI} is the
set of formulas whose quantifiers are sharply bounded. For i > 0, Ef? "

and I12, | are the smallest sets of formulas that satisfy:
) 7 €%y, 3 C Iy,
2) Ifp.y €%, (or 2, ). thensoare p A y. @ V y.

)

)

3) Ifp € 2, (resp. ¢ € I17,,). then ~p € IT7 | (resp. ~p € 2, ).

4) If o € 22| (resp. ¢ € I1%,). then 3x < 7 @ and Vx < 7| p are in
30| (resp. Vx <t g and 3x < [t p arein 17, ).
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Notice that different from X2 and IT2 (Definition 1V.3.2), here the
formulas in X/ and I1? are not required to be in prenex form, and any
bounded quantifier can occur in the scope of a sharply bounded quantifier.
Nevertheless, it can be shown that for i > 1, a single-sorted relation is in
the (single-sorted) class X7 if and only if it is represented by a £? formula.
In particular, a single-sorted relation is in /NP if and only if it is represented
by a 2} formula. (See Definition 1V.3.3 and the £# and ! Representation
Theorem I1V.3.7.)

The set BASIC of the defining axioms for symbols in Lg, are given in
Figure 3. There 1 and 2 are the numerals SO and SS0, respectively. Note
that BASIC is by no means optimal, i.e., it is possible to derive some of
its axioms from others. Here we are not concerned with its optimality.

LLx<y>Sx <Sy 18. |x| = |u] + |v] D

2. x # Sx x#y = (u#ty) - (vity)

3.0< x 19.x<x+y

4. (x<yAx#£y)=Sx<y 20x<yAx#yD

5x#0D22-x#0 S2-x)<2-yA

6.x<yVvy<x S2-x)#2-y

T.(x<yAy<x)Dx=y 2l.x4+y=y+y

8. (x<yAy<z)Dx<:z 2. x+0=x

9.10] =0 23.x+ Sy =S(x+y)

10. [SO| = SO 24. (x+y)+z=x+(y+2)

11.x#0> (|2 x| = S(x|)A 25.x+y<x+zeyp<z

1S(2-x)] = S(|x])) 26.x-0=0

12.x <y D x| < |y 27.x-Sy=(x-y)+x

13. |x#y| = S(|x] - |y]) W.x-y=y-x

14. 0#x = SO 29.x-(y+z)=x-y)+(x-2)

I5.x#0D (1#(2-x)=2-(1#x)30. I <xD(x-y<x-z= y<2)
AN#S(2-x)) =2-(1#x)) 31L.x#0D |x|=S(|[3x]])

16. x#y = y#x 32.x =1y <

17. |x]| = |y| D x#z = y#z 2-x=yvS2-x)=y)

FIGURE 3. BASIC.

Recall the definition of an induction scheme ®-IND (Definition I11.1.4).
For formulas of Lg, there are other kinds of induction. namely length
induction and polynomially induction, which are defined below.

DEFINITION VIII.8.2 (LIND and PIND). Let £ be a vocabulary which

extends Ls,, and © be a set of L-formulas. Then ®-LIND is the set of
formulas of the form

(¢(0) AVx(0(x) D (x4 1))) D Vze(|z]) (214)
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and O-PIND is the set of formulas of the form
(0(0) AVx(p([5x]) D (X)) D Vzeo(z) (215)

where ¢ is a formula in @, ¢(x) is allowed to have free variables other
than x.

DEerINITION VIIL.8.3 (S} and T}). For i > 1, S} is the theory axioma-
tized by BASIC and X-PIND; T} is the theory axiomatized by BASIC
and X2-IND.

We leave as an exercise the following interesting results (for (b) see also
Theorem VIII.7.4):

Exercise VIII.8.4. Show that fori > 1:

(a) S} can be axiomatized by BASIC together with X2-LIND.
(b) S C T; C S5

S and V! turn out to be essentially the same, as explained in the next
subsection.

VIIL.8.2. RSUYV Isomorphism. Here we define the notion of RSUV
isomorphism model-theoretically by defining the” and f mappings between
single-sorted and two-sorted models. These (semantic) mappings are
associated with the syntactical translations between of single-sorted and
two-sorted formulas, to be defined in later sections.

Recall that BIT (i, x) is the relation which holds if and only if the i-th
lower-order bit in the binary representation of x is 1. Itis left as an exercise
to show that this relation is =}-definable in S1. It follows that S1(BIT) is
a conservative extension of S.

Exercise VIIL.8.5. Show that BIT (i, x) is £/ -definable in S}, and that
SY(BIT) F ¥xVy. x =y « (|x| = |y|AVi < |x|. BIT(i.x) < BIT(i.y)).

Now let M be a model of S} with universe U. We can construct from
M a two-sorted Ei-structure N as follows. First, expand M to include
the interpretation of BIT. The universe (U;, U,) of A is defined to be

U,=U, and Uy ={lu] :ue U}.

The constants 0 and 1 are interpreted as 0 and SO respectively (which are
in Uy, by the axioms 9 and 10 of BASIC). The interpretations of the other
symbols of £2 (except for €) in N are exactly as in M. (Note that by this
definition, | | is clearly a function from U, to U;.) Finally € is interpreted
as

i eV x & BIT(i, x) holds in M, foralli € Uy.x € U,.

DEerFINITION VIIL8.6. For a model M of S1, denote by M* the two-
sorted structure A/ obtained as described above.
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Conversely, suppose that A is a model of V' with universe (Uj, U,).
We can construct from N a (single-sorted) Lg,-structure M with universe
U = U, where each bounded set X in U, is interpreted as the number
bin(X) (see (46) on page 85):

bin(X) =Y X(i)2".

In order to interpret the symbols of Lg, in M, we need the fact that
the functions and predicates of Lg, when interpreted as taking string
arguments are respectively provably total and definable in V!

In fact, by Exercise VI.2.7 the string multiplication function X x Y
is X1-definable in V'!. Also, using the fact that BIT (i, x) is definable in
IA, (Subsection II1.3.3) and that V° is a conservative extension of 1A,
(Theorem V.1.9), we have BIT (i, x) is £&-definable in V°:

COROLLARY VIIL.8.7. The relation BIT (i, x) is £8-definable in V°.
Thus the string function | X'|, whose bit-graph is

|X]a() = (i < | X] A BIT(. | X))

is provably total in V0.

The string relation X' < Y is defined in Definition VIIL.3.5. The
constant 0 is interpreted as the empty set @, which is defined in V° by
Exercise V.4.19. The successor and addition functions on strings are also
definable in ¥ (Exercise V.4.19). Finally, the functions X#Y and [{X |
can be defined in V° using £F-COMP as follows:

(X#Y)(z) &z =|X|-|Y|+ 1. 3X](z) oz < |X|Az+1EX

DEerINITION VIIL.8.8. For a model A of V!, let N” denote the single-
sorted Lg,-structure M constructed as above.

DErFINITION VIIL.8.9 (RSUV Isomorphism). Let 7; be a single-sorted
theory over Lg, and 7, be a two-sorted theory over Eﬁ so that S21 CcT

and V! C 75. Then 7; and 7, are said to be RSUV isomorphic (denoted

by T; ROV T,) if (i) for every model M of 7}, M* |= T5. and (ii) for every

model N of To. N? |= T;.

Note that we can loosen the restrictions that S C 7; and V! C 7, by,
for example, imposing that BIT is definable in 7}, and X x Y is definable
in 7, (while maintaining that 7; extends a certain subtheory of S}, and 7>
extends ¥°). This allows us to speak of the RSUV isomorphism between
subtheories of S} and V!,

The main result of this section is stated below.

Tueorem VIIL.8.10. For i > 1. S} and V' are RSUV isomorphic, and
T and TV' are RSUV isomorphic.
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Associated with the ! and * mappings defined above are respectively
the ® and * translations of formulas that we will introduce shortly. For
example. one direction of Theorem VIIL.8.10 (for i = 1) requires showing
that M* |= V! for every model M of S3(BIT). Thus we will translate
syntactically each £% formula ¢ into an Lg,(BIT) formula ¢’ (the °
translation) so that

MH = Vo if and only if M = V.

(Recall that V¢ is the universal closure of . See Definition 11.2.22.) Then
we will prove that S3(BIT) - ¢” for each axiom ¢ of V.

The ! translation is essentially the inverse of the ” translation. The
RSUYV isomorphism between S} and V! is pictured below (Figure 4).

s BV
M = A
o —
N = N
y = oyt

FIGURE 4. The RSUV isomorphism between S} and V.

In the next two subsections we define the” and ¥ translations. The proof
of Theorem VIII.8.10 will be given in Subsection VIIIL.8.5.

VIIL8.3. The Translation. Thesharply bounded quantifiersina boun-
ded Lg,-formula are translated into bounded number quantifiers, and
other bounded quantifiers are translated into bounded string quantifiers.
In other words, a bound variable is translated into a bound number vari-
able if it is sharply bounded. (Note that the bounding term of a bounded
string quantifier bounds the length of the quantified variable, while in
single-sorted logic the bounding terms are for the values of the variables.)

It can be easily seen that simply translating bounded quantifiers as above
results in bounded (two-sorted) formulas over the vocabulary that extends
L% by taking the functions (except 0) and predicates of Lg, to be two-
sorted functions and predicates whose arguments can be of either sort.
For example, there are formally four + functions: one with arity (2.0),
two with arity (1, 1) and one with arity (0,2). Also, it is straightforward
to determine the sorts to which these functions belong. Thus x + Y and
X + Y are string functions, while |x| is a number function.

NoOTATION. Let £ denote the extension of £ described above.

The functions of £ can be shown to be 2{3 -definable in V'!. In fact, the
number functions and most of the string functions of £+ (except for the
string multiplication function, or the multiplication functions of “mixed”
sorts) are respectively X£-definable (in ¥°) and ££-bit-definable. For
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example, the number functions |x| and x#y are £8-bit-definable due to the
fact that the predicate BIT (i, x) is Ag-definable in IA, (Subsection I11.3.3).
For the fact that the afore-mentioned multiplication functions are X2-
definable in V', see Exercise VI1.2.7 and the discussion in the previous
subsection about the * mapping.

The next Corollary follows from Corollary VI.3.11 and Corollary
VI1.3.8.

CoRrOLLARY VIIL.8.11. V(L) F g2 (L£)-IND.

Now we define for each bounded Lg, formula y (¥, ) a bounded £*
formula w!(%, Y) (i.e., the subset 7 of the free variables of y is selected to
be translated into the free string variables of w*) so that for every model
Nof V!,

N = Vviw(|].7) ifand onlyif N[LY] EVEVY w(R. Y)
(where NL£T] denote the expansion of A/ by including the interpretations
for £T). We will focus on the case where all bounding terms of y are of

the form (X, 7) (i.e.. they involve only the free variables of ). We need
the following result whose proof is left as an exercise.

ExXERCISE VIIL.8.12. Let ¢(%.7) be an Lg, term. Let T'(X. Y) be the
LT term obtained from (X, 7) by replacing the variables j by new string
variables Y, and treating the functions occurring in 7 as the corresponding
functions of £*. Then there is an £2 term ¢/ (X, |Y]) so that V(L") I
T(%. )| <t/ (%]Y).

The formula w!(%, Y) is constructed inductively as follows. First if
w (X, 7) is an atomic formula, then w!(%, ¥) is the atomic formula ob-
tained from (X, 7) by translating the free variables j into free string
variables Y, and translating the symbols of Ls, into the appropriate sym-
bols of L.

Next, if w is w1 Ay, (resp. w1 V wa), then wt is wh A wh (resp. v y/h).
If y = -y, then y! is obtained from of —u//‘li by pushing the — to the
atomic subformulas.

Now consider the case where y (X, ) = 3z < ¢ y(z. %, 7). Let T(X. Y)
and ¢/ (.| Y|) be as in Exercise VIIL.8.12. Then

VIR Y)=3Z <1+ /R |YN(Z < TEFEY)Apl(Z 7 7)).
Next, suppose that y (¥, 7) = 3z < |t| wi(z, X, 7). Then
pHRY) =32 < (R 1Y)z < TR V)| Ayl 7. 7).

The cases where w(¥X,7) = Vz < ty(z. %, 7) or w(X.7) = Vz <
|| w1(z. X, ) are handled similarly. This completes our description of the
# translation. The proof of its desired properties are left as an exercise.

Exercise VIIL.8.13. Let y(¥. 7) be an £%-formula.
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(a) Show that if y is in X (resp. T1?) for some i > 0, then y*(Y) is in
gEP (L) (resp. gITP(L7)).
(b) Let A/ be a model of ¥'!. Show that

N = VRVFy (). 7) ifand onlyif N[LY] E VEVY wi(R. Y).

VIIL8.4. The’ Translation. The® translation is essentially a syntactical
counter-part of the ¥ mapping. In general we will translate bounded string
quantifiers into bounded quantifiers, and bounded number quantifiers
into sharply bounded quantifiers. Thus we need to find the translation
¢ for each bounding term ¢. This task is left as an exercise (see also
Exercise VIII.8.12).

ExErcise VIIL8.14. Let ¢(X,|Y|) be an £%-term, and #; (%, |7|) be the
Ls,-term obtained from ¢ by replacing each the string variables Y by new

variables y, and replacing each occurrence of 1 by S0. Then there is an
Ls,-term ¢'(¥, 7) so that S} 1, (|x], |7]) < |/ (%, 7)|.

We also need the following results, which follows from the fact that BIT
is £¢-definable in S1.

NortatioN. Let £ stand for Ls, U {BIT}.

s

Exgercise VIIL.8.15. Show that S21 (BIT) proves both axiom schemes
20(BIT)-LIND and =} (BIT)-IND.

As in the ? translation, we will consider only those formulas whose
bounding terms involve only the free variables. Thus suppose that (%, ¥)
is a bounded formula whose bounding terms are of the form 7( ¥, }7|) (with
all variables displayed). Then the £ formula ©"(%. 7) has the same set
of variables as that of ¢ (where each string variable Y is replaced by a new
variable y) and satisfies

M EVRVY o(R.Y) ifandonlyif M = VRViQ(|). 7)
for any model M of S}(BIT).

The formula ¢” (%, ) is defined inductively as follows. First. if ¢ (%, ¥)
is an atomic formula, then let ¢’ (¥, 7) be obtained from ¢ (¥, 7) by

e replacing each occurrence of 1 by S0,
e replacing each occurrence of Y (¢) by BIT (¢, Y), and
e replacing each occurrence of a string variable Y by the correspond-
ing new variable y.
For the induction step. if ¢ = (¢1 A ¢2) (resp. (o1 V 2). =p1). then
define " = (0} A }) (resp. (0} V @5). —¢}).
Next consider the case where ¢(%, Y) = 3Z < ¢(X.
Let /(¥, 7) be as in Exercise VII1.8.14. Then

(3. 7) =32 < S0+ 1'(7.7) (2] < «(F.

7)) oi(x. Y. Z).

7)) A} (7. 2)).
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Y))pi(u. 3. 7).

Now consider the case where (%, ¥) = Ju < ¢(X,
Let ¢/ (X, ) be as before. Then define

O (X.7) = 3u < (% 7)|(u < t(Z.]7) A (u. 7. 7).

The cases where (%, Y) = VZ < 1(%.|Y]) p1(%. Y. Z) or p(%.Y) =
Vu < 1(%.|Y]) p1(u. X, Y) are handled analogously. This completes our
description of the? translation.

The desired properties of " can be proved by structural induction on
. Details are left as an exercise.

ExErcise VIILS.16. Let o(%, ¥) be an £-formula.
(a) Show that if ¢ is in 7 (resp. IT?) for some i > 0, then ¢°(|¥
in X2 (BIT) (resp. T12(BIT)).
(b) Let M be a model of S}(BIT). Show that

MU EVRYY (R, Y) ifand onlyif M | VIVY ' (X]. 7).

VIIL8.5. The RSUV Isomorphism between S} and V'. In this subsec-
tion we will sketch the proof of the RSUV isomorphism between S1 and
V1. The proof of the RSUV isomorphism between S} and V' fori > 2 is
similar, and is left as an exercise.

First, the next theorem is useful in proving RSUV isomorphism.

V)1

V) is

NotatioN. We will assume that the theories mentioned here are axiom-
atized by set of formulas whose bounding terms do not contain any bound
variable.

THeOREM VIIL.8.17. Let T be a single-sorted theory over Ls, such that
S} C 71, and T be a two-sorted theory over L such that V' C To. Suppose

that (i) T{(BIT) \ @’ for every axiom ¢ of Tp. and (ii) T.(L*) F yt for
every axiom y of Ty. Then T, RV 1.

PrOOF. We show that M* = 7, for every model M of 7;. The other
half (that N* |= 7; for every model N of 73) is similar.

Thus suppose that M = T;(BIT). Then by (i) we have M = ¢’ for
every axiom ¢ of 7>. By Exercise VIIL.8.16 (b) it follows that M* =
7. a

Exercise VIIL.8.18. Show that S3(BIT) - y « (y*)’ and V'(L*) F
@ > (") for every bounded Lg, formula y and bounded £ formula ¢.

Notice that by Theorem VIIIL.8.10, if M is a model of S21, then M?is a
model of ¥'!. Hence we can define (M*)’. Similarly, if A is a model of
V', then (M?)! is well-defined. The # and ” operations define a bijection
between isomorphism classes of models of $1 and ¥, as shown in the
next corollary.
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COROLLARY VIIL.8.19. Let Ty be a single-sorted theory that extends S3.
Then (MY’ and M are same for every model M of Ty. Similarly, suppose
that T» is a two-sorted theory that extends V'. Then (N?)! is isomorphic to
N for every model N of T.

PrOOF SKETCH. First, let M be a model of 7;. Clearly M and (M?#)
have the same universe. Indeed, the mappings

UM) — U2(MF) — U((MF))
are all identity maps. (Here U (M) and U ((M*)?) denote respectively the
universe of M and (M*)’, and U(M") denotes the second-sort universe
of M%) So we need to show that the symbols of Lg, have the same
interpretations in M and (M?#)?. This essentially follows from the fact
that M* |= V!, the functions and relations of £* are definable in V!, and
that the “extension axiom” is provable in S1 (Exercise VIIL.8.5).

The second statement is proved similarly. (Here (A?)* and N might
have different first-sort universes, but they are isomorphic.) m|

The next corollary is the converse of Theorem VIII.8.17 above.

CoroLLARY VIIL.8.20. Let Ty be a single-sorted theory over Ls, and T,

RSUV
be a two-sorted theory over £§1 such that Ty, ~ 7T,. Then

(i) 71 (BIT) - " for every axiom @ of Tr. and
(ii) (L*) F v for every axiom w of T.

ProOF. For (i). let M be a model of 7; and ¢ be an axiom of 75.
Then M! |= 7;. Therefore by Exercise VIIL.8.16 (b) (M!)* |= ¢°. Since
(M*)? and M are the same structure (Corollary VIII.8.19), it follows that
M = ¢ Hence T; + ¢°.

(ii) is proved similarly using Exercise VIIL.8.13 (b). O

THeOREM VIIIL.8.21. Suppose that T) and T, are RSUV isomorphic. Then
71y is finitely axiomatizable if and only if T is.

ProOF. Suppose that 7] is a finitely axiomatizable single-sorted theory.
Note that by the Zf -Transformation Lemma VI.3.9, for each £* formula
¢ there is an £% formula ¢’ so that V(L") - ¢ < ¢’. We will use
this notation in the following definition. Let 7 denote the union of the
following sets:

{(w*)" : w is an axiom of T} (BIT)}
and the set of the sentences of the form
VXV fﬂ!zgo(f, . Y)
or . .
VIV Y3 Zp(%. Z ¥)
where ¢ the the formula in the defining axiom of a function symbol of £7.

We show that 7; can be axiomatized by 7. First, let w be an axiom
of 7;. By Corollary VIIL.8.20 (ii) above, 75(L*) - w!. Consequently
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(since 7> extends V!, and 7>(£*) is conservative over 75) 7> - (w!)’. The
defining axioms for symbols of £* are in 7> because V' C T,.
It remains to show that 7 F ¢ for each axiom ¢ of 7.

Cram. For each model N of 7, there is a model M of 7; (BIT) so that
ME=N.

The Claim follows from part (a) of the exercise below and the fact that
T F (y') < ! for every axiom y of 7;. The latter follows from a
careful examination of the proof of part (c) of the £8-Transformation
Lemma VI1.3.9. (Here we do not require that 7 proves the Replacement
axiom scheme.)

Now let ¢ be an axiom of 7. Let A be any model of 7, and let M be as
in the Claim. Since M |= 7;(BIT) and 7;(BIT) |= ¢° we have M = ¢”.
By Exercise VIIL.8.16 (b) we have N |= ¢. O

Exercise VII1.8.22. (a) Suppose that 7 is a single-sorted theory that
extends S}. Show that for every two-sorted model N of the set
{1//ﬂ : y is an axiom of 7 } there is a model M of 7; so that M# = V.

(b) Similarly, let 75 be a two-sorted theory that extends V!, and 7, =
{¢® : @isanaxiomof 7,}. Show that for every model M of 7
there is a model N of 73 so that M = A?.

RSUV
PROOF SKETCH OF S} "~ V. We need to show that V(L") proves

the # translations of the axioms in BASIC as well as £¢-LIND (see Exer-
cise VIIL.8.4). The former is straightforward and is left as an exercise.

Exercise VII1.8.23. Show that V'!(£*) proves the ! translations of the
BASIC axioms.

Now we consider the Z?-LIND axiom scheme. We will show that A/
satisfies the ! translations of the following bounded length induction for 211’
formulas, which logically imply =?-LIND:

[(0) AVx < |z]. p(x) D p(x +1)] D Vzp(]z]) (216)

(where ¢ is a 2% formula).

Using Exercise VIII1.8.13 (a) it is easy to see that instances of (216)
translate into ng (LT)-IND. Hence the conclusion follows from Corol-
lary VIIL.8.11.

Consider the next half of the RSUV isomorphism. By Theorem VI1.4.8
it suffices to show that S} (BIT) satisfies the* translations of the 2-BASIC
axioms and ZZ-IND axioms. The ££-IND axioms translate into X% (BIT)-
LIND which is provable in S1(BIT) by Exercise VIIL.8.15. Thus the
following simple exercise completes our proof of the RSUV isomorphism
between S and V1. i

Exercise VIII.8.24. Show that S} (BIT) proves the ” translation of the
2-BASIC axioms.
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Exercise VIIL.8.25. Complete the proof of Theorem VIII.8.10 by show-

ing that 8] %" V' for i > 2.

VIIL.9. Notes

The theory VP in Section VIII.1 is from [82], but the theory VP is new.

The theory VPV defined in Section VIII.2 is based on the single-sorted
equational theory PV [39]. The results in Section VIIL.2.1 were first
proved in single-sorted versions in Chapter 6 of [20].

In Section VIIL.3 the TV! hierarchy for i > 1 is the two-sorted version
of Buss’s [20] T} hierarchy. The theory T#° was introduced in [42] where
the results of Section VIII.3 are outlined, except Theorem VIII.3.10 is
from [82].

The theory V!-HORN was introduced in [43], where versions of the
results of Section VIII.4 are proved.

The PLS problems were introduced in [65]. The results in Section VIII.5
are mostly two-sorted versions of results from [30]. However our Wit-
nessing Theorem VIIL.5.13 is stronger than the one in [30], in that our

witnessing function G is in the small class FAC 0 and the weak theory 70,
as opposed to TV!, proves the witnessing.

The results from Section VIIIL.6.1 are from [47].

Results and definitions in Section VIII.7 have single-sorted precursors
as follows. Theorem VIII.7.4 is from [20]. The theories VPV’ are (for
i > 2) two-sorted versions of the theories PV’ introduced in [75]. Theo-
rems VIIL.7.12 and VIIL.7.13 are from [20, 23, 75]. Theorem VIII.7.14 is
from [30, 33]. Definition VIII.7.16 (witness oracles) is from [31]. Theo-
rem VIII.7.17 (i) is from [70] and (ii) is from [93] and [80].

Table 3 is inspired by Table 2.1 in [80].

Theorem VIIL.7.20 is recently improved in [61] (under the same as-
sumption, TV" proves that PH collapses to the Boolean closure of £, ).

Buss [20] introduced the hierarchies S», T>. and more generally, S,
T, (for k > 2). (The index k indicates the presence of the function
#,. where #, = #. and x#;,,y = 2X%’1)) He also introduced the
hierarchy U,, V». where U} and V) capture PSPACE and EXPTIME,
respectively. (The theories V' in this book is sometimes called Vi.) The
equivalence between S} | and V| was first realized in [69. 107]. The name
“RSUYV isomorphism” was introduced by Takeuti in [108]. where he also
introduced the hierarchies Ry, and proved the equivalences between R} |
and U] and between S, , | and ¥;. The S - V equivalence was also proved
in [95]. The syntactic translations > and ¥ are called interpretations in
[107, 95] (the symbols * and f were introduced in [95]).



Chapter IX

THEORIES FOR SMALL CLASSES

In this chapter we develop subtheories of VP that are associated with the
following subclasses of P:

AC’(m) C TC* C NC' C L C NL C NC.

For each class C we obtain a minimal theory VC in the style of VP
(Section VIII.1). Here each theory VC is axiomatized by the axioms
of ¥ and a single axiom that asserts the existence of a solution for a
complete problem of C. Thus VC is finitely axiomatizable, since V' is
finitely axiomatizable. Our theories V'C are minimal in the sense that
they are axiomatized by some ¥ and ¥ formulas which appear to be
necessary to establish the basic properties of the functions in the associated
class C. In contrast V! appears not to be a minimal theory for FP, since
by Theorem VIIL.7.20 it has £¥ axioms which are not provable in VP
(assuming that the polynomial hierarchy does not collapse).

In this chapter completeness is with respect to 4C’-Turing reductions.
which are more general than the 4AC’-many-one reductions used in Sec-
tion VIII.1 (see Proposition VIIL.1.7). Therefore our results apply to
classes such as TC® that are not known to have any 4C’-many-one com-
plete problem.

The theory VP in Section VIII.1 can be seen as a member of the family
VC here. In general we consider classes C that are the AC’-closure of
a polytime function F¢. Together with VC we will obtain two universal
theories ¥C and ¥C whose classes of provably total functions both are
equal to FC. Following the development in Section VIII.1, after defining
VC we introduce I//é\amd show that it is a conservative extension of VC.
The vocabulary of VC is Lg e U {Fc}. and the terms of VC represent
precisely the functions in FC. Using the Herbrand Theorem it follows
that both the #-definable functions of ¥'C and of VC are FC (and hence
all relations in C are AB-definable in both theories). Then the theory VC
is obtained from VC by including symbols for all string functions in FC,

similar to the way in which ¥° is extended to ¥ in Section V.6. The
defining axioms for functions in ¥'C are based on the AC’-reductions to

267
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the /fgnction Fc. We will show that VC is indeed a conservative extension
of VC, and conclude from this that VC characterizes FC as mentioned.

For some subclasses C of L we are able to obtain universal theories VCV
using recursion schemes similar to the limited recursion scheme given in
Definition VI.2.11 used to obtain VPV. Here VCV has symbols for all
string functions in FC, but their defining axioms are based on a particular
recursion scheme rather than on AC° reductions as in the case of VC. We
will prove that in each case VCV is conservative over VC, giving evidence
of the robustness of our definition of VC. The conservativity results
also justify the “minimality” of our theories for characterizing C: The
axioms consist essentially of 2-BASIC (page 96) and axioms defining the
functions in FC (either using AC°-reductions to the complete problem of
C or using the recursion scheme that characterizes FC).

The fact that a theory VCV is a universal conservative extension of
VC also implies that our theory VC proves the recursion scheme for the
functions in FC. We will formalize in our theories proofs of a number
of other mathematical theorems, such as the Pigeonhole Principle (PHP),
the discrete version of Jordan Curve Theorem (JCT), and Bondy’s Theo-
rem. Some other theorems are of the form C; C C,; for these we need to
show that the defining axioms of VC, are provable in V'C,. We identify
the research area of formalizing mathematical results in theories (prefer-
ably the weakest possible theories) of Bounded Arithmetic as “Bounded
Reverse Mathematics”, and we mention some open problems in this area
in Section 1X.7.

Part of the interest in establishing the provability of a principle such
as PHP and JCT in a theory VC is that this implies the existence of
polynomial size propositional proofs, in the proof system corresponding
to the complexity class C, of the propositional tautologies expressing these
principles (Section X.1).

This chapter is organized as follows. We start by formally defining the
notion of AC° reduction in Section IX.1. Then in Section IX.2 we intro-
duce the families V'C. VC and VC. In the subsequent sections we define
the theories for the classes mentioned above and carry out several formal-
izations in these theories: theories for TC® are presented in Section IX.3.
theories for AC°(m) are presented in Section IX.4, theories for the NC
hierarchy are presented in Section IX.5, and theories for VL and L are
given in Section IX.6. For each of these sections it is helpful to specialize
the meta-theorems that we prove for VC, VC and VC in Section IX.2.
Finally some open problems are listed in Section 1X.7.
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IX.1. AC° Reductions

Roughly speaking a function F is AC°-reducible to a collection £ of
functions if F can be computed by a uniform polynomial size constant
depth family of circuits which have unbounded fan-in gates computing
functions from £, in addition to Boolean gates (see for example [10]).
This is a Turing style reduction, and generalizes the more restrictive many-
one style. The class P and all classes that we consider in this chapter are
closed under AC? reductions. Below we will formalize the notion of 4C°-
reducible and show that in standard settings the FAC® closure of a set of
functions is the same as closure under composition and a comprehension
operator.

Recall that a function F (resp. f) is £&-definable from L if it is poly-
nomially bounded, and its bit graph (resp. graph) is represented by a
28(L) formula (Definition V.4.12). The following definition generalizes
the notion of X -definability.

DEFINITION IX.1.1 (4C° Reduction). We say that a string function F
(resp. a number function f) is AC’-reducible to £ if there is a sequence
of string functions Fi,.... F, (n > 0) such that

F; is Z(If-deﬁnable from LU{F.....Fi_1}, fori=1,....m; (217)

and F (resp. f) is Zf-definable from £ U {F}.....F,}. A relation R is
AC -reducible to £ if there is a sequence F,..., F, as above, and R is
represented by a 8 (L U {F)..... F,}) formula.

ExERrcIsE IX.1.2. Show that a number function 1 is AC°-reducible to £
if and only if f = |F| for some string function F which is 4C’-reducible
to L.

If in the above definition £ consists only of functions in FA C°, then a
single iteration (n = 1) is enough to obtain any function in FAC®, and
by Corollary V.4.16 no more functions are obtained by further iterations.
However, as we shall see in the next section, if we start with a function
such as numones, then repeated iterations generate the complexity class
TC®. Tt is an open question whether there is a bound on the number of
iterations needed.

DEFINITION IX.1.3 (FAC®- and AC°-Closure). For a vocabulary £, the
FAC? closure of L is the class of functions which are AC°-reducible to
L. The AC? closure of L is the class of relations which are 4C°-reducible
to L.

All complexity classes of interest here are closed under AC° reduc-
tions, because the corresponding function classes are closed under £&-
definability. For the case of FAC", this follows from Corollary V.4.16.
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COROLLARY IX.1.4. The FAC® closure of FAC® is FAC®. The AC° clo-
sure of AC? is AC.

For a complexity class C. recall that FC is the corresponding function
class (Definition V.2.3). The following lemma is straightforward conse-
quence of the definitions involved.

LemMA IX.1.5. Suppose that a complexity class C is the AC° closure of
avocabulary L. Then FC is the FAC® closure of L.

The composition of two functions is AC° reducible to the functions,
because a term representing the composition can be used in a ¥ (L)-
formula defining the composition. We now define another operation
which preserves AC° reducibility and which will be used together with
composition to give a characterization of AC? reducibility. The new
operation takes a number function and collects a bounded number of its
values in a set to form a string function. This notion and Theorem IX.1.7
below will be useful in Section IX.3.3.

DEFINITION IX.1.6 (String Comprehension). For a number function
f(x) (which may contain other arguments), the string comprehension
of f is the string function F () such that

F(y)={r(x):x <y}

(See (49) on page 96 for this set-theoretic notation.) Note that if f is
polynomially bounded, then so is F.

For example, recall that the £8 formula ¢4, (X. Y) (80) on page 118
asserts that for 0 < i < | X|, bit Y (i + 1) is 1 iff the number of 1’s among
bits X (0)..... X (i) is odd. Here Y can be expressed as a function of X

by Y = F(|X|, X). where F is obtained from the following function f by
string comprehension:
X if x > 0 and the number of 1 bits in
fx,X)= X(0).....X(x —1)is odd.

|X|+1 otherwise.

TueoreM IX.1.7. Suppose that L is a class of polynomially bounded func-
tions that includes FAC®. Then a function is AC’-reducible to L iff it can
be obtained from L by finitely many applications of composition and string
comprehension.

Proor. For the IF direction, it suffices to prove that a function obtained
from input functions by either of the operations composition or string
comprehension is 8 -definable from the input functions.

For composition, suppose

FXX)=Gh((zX).....h(x.X).H|(x.X).....H,(%. X))

where G and Ay, ..., h, Hy,.... H, are polynomially bounded. Then F
is also polynomially bounded, and its bit graph F (¥, X)(z) is represented
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by the open formula
Gm(2.X)..... (7. X). H\(%. X)..... Hpn(%. X))(2).

(A similar argument works for a number function f.)

For string comprehension, suppose that f (x) is a polynomially boun-
ded number function. As noted before, the string comprehension F(y) of
[ is also polynomially bounded, and it has bit graph

F(y)(z) »z<tAIx<yz=f(x)

where 7 is the bounding term for . Hence F is also §-definable from /.

For the ONLY IF direction, it suffices to show that if £ D FAC® and F
(or 1) is Z8-definable from £, then F (resp. /) can be obtained from £
by composition and string comprehension.

Cram. If £ D FAC® and ¢(Z, X) is a 2% (£) formula, then the charac-
teristic function ¢, defined by

. 1 if(p(f,Z),
c,(2.2) = { 0 otherwise

can be obtained from £ by composition.

The Claim is holds because ¢, (¥, X) is in FAC? for every X8 (L2)-
formula . and (by structural induction on ¢) it is clear that for every
28(L)-formula (2, Z) there is a T8 (£%)-formula y (¥, X') such that

0(2.Z) - y(5.T)
for some L-terms §and 7. Hence
c,(2.7) = ¢, (5. T).
Now suppose that F is £&-definable from £, so
FZ.X)x) o x<thox2.X)

where ¢ = #(Z, X) is an £% term and ¢ is a 2% (£) formula.
Define the number function f by cases as follows:

S if > X
fmzm:xf¢wﬂE
t if—p(x.2.X).

Then by the Claim, f can be obtained from £ by composition as follows.
Define the FAC? function g by

g(x.y.z,w) =x-y+z-w.
Thus

Now
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where G (y, Z, X ) is the string comprehension of f (x, Z, X), and Cut (see
(97) on page 139) is the FAC® function defined by

Cut(x, X)(z) = z< x N X(2).

It remains to show that if a number function f is £ -definable from £
then f can be obtained from £ by composition and string comprehension.
Suppose f satisfies

y=[(ZX)oy<tre(y.2.X)
X)isa £ term and ¢ is a 8 (L) formula. Use the Claim
7, X) by composition from £, and define g by

where ¢ = ¢(Z,
to define ¢, (.

—

g(x.2.X) = x - c,(x. 2. X).

Then
f(ZX)=1G(t.2.X)] -1
where G (y. 7, X ) is the string comprehension of g(x. Z, X). O

IX.2. Theories for Subclasses of P

In this section, we show how to develop finitely axiomatizable theories
for a number of uniform subclasses of P in the style of VP (Section VIII.1).
Recall that VP is obtained from the base theory V° by adding the axiom
MCV which states the existence of a value for Fy,cy, a function which is
AC"-many-one complete for P. Here we obtain a theory VC for any class
C which is the AC? closure of a polytime function F¢. The provably total
functions of VC are precisely the functions in FC and the A®-definable
relations in V'C are precisely the relations in C. Thus the function Fycp
plays the role of F¢ when C = P.

In Section 1X.2.1 we define V'C and state the definability theorems
for VC. In Section IX.2.2 we follow the discussion in Section VIII.I
and introduce the universal theory VC in the same style as VP. The
vocabulary Lz of VC is Lr4co together with the new function Fe. We

show that ¥C is a conservative extension of ¥C. We also prove that the
terms in L represent precisely functions in FC and hence the relations
in C are represented by open formula of L. Consequently we derive

our definability theorems for both VC and VC.

In Section IX.2.3 we introduce a universal theory V'C. The vocabulary
Lrc of VC contains all string functions of FC. (Note that by Exercise
1X.1.2 the number functions in FC are represented by Lrc-terms of the
form |G|, for string functions G in Lrc.) We show that V'C is a conserva-
tive extension of both ¥C and ¥C , and therefore it also characterizes C.

In Section IX.2.4 we discuss a general way of applying our results above
to the subclasses of P mentioned at the beginning of this chapter.
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IX.2.1. The Theories VC. In the following discussion the intended
function F¢ will be simply denoted by F. So suppose that F is a polytime
function with a £ graph:

Y =F(X) < (|Y| <t ASp(X. Y)) (218)

for some £ term ¢ and £F(L%) formula dF. Suppose further that ¥°
proves the uniqueness of the value of F':

VOEYYIVY2 (Y1 <t A |Ya| <t ASR(X. Y1) ASR(X. Y2)) D ¥y = Ta).

Let C be the class of two-sorted relations which are 4C°-reducible to
F. By Lemma IX.1.5, the class FC (Definition V.2.3) can be equivalently
defined as the FAC® closure of F (Definition I1X.1.3).

Our functions F¢ introduced later in this chapter often have more
than one argument, but they can be easily defined using a one argument-
function as above. For example, we can easily encode the arguments
(a.G. E) of Fycy into a single string argument X and let F be the resulting
function:

F(X)= Fycy(a.G.E) whenever X encodes (a, G. E).
Then we have C = P.

DEFINITION IX.2.1 (V'C). The theory VC has vocabulary £ and is ax-
iomatized by the axioms of ¥ and the following axiom:

Y < bVi < bop(x, yli), (219)

The notation X1l technically involves the function Row (Definition
V.4.26). But according to the Row Elimination Lemma V.4.27. §p (X1,
Y1) is easily equivalent to a X8-formula 6/, (i, X, ), so we will interpret
this axiom to be 3Y < bVi < by (i. X, Y), which is a formula over £2.

Note that VC is a polynomial-bounded finitely axiomatizable theory,
because V7 is, and the new axiom is bounded.

Recall the notion of aggregate function (Definition VIII.1.9). No-
tice that (219) states the existence of the value for the aggregate func-
tion F* of F. Even though 8y (157) (page 202) is only the graph of
Fucy (as opposed to Fjyc)). the fact that Fjj, is £f-definable in VP
(Lemma VIII.1.10) shows that VP is equivalent to a theory V'C defined as
above. In Section IX.2.4 we explain how to design theories for the other
classes mentioned at the beginning of this chapter. In each case, we will
be able to use the (simpler) defining axiom for F instead of the axioms of
the form (219). This is because we can prove that for each of our theories
F* (for the F associated with the theory) is definable (although the proofs
are different for each theory).

The next lemma is straightforward:
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LemMA IX.2.2. The functions F and F* are £8-definable in VC, and
VC(F. F*) - VbVXVi < b F*(b. X))l = F(x11),

Our first goal is to prove the following theorem (recall from Corollary
V.4.4 that a function is provably total in VC iff it is ££-definable in VC):

THEOREM [X.2.3. A function is provably total in VC iff it is in FC.

COROLLARY IX.2.4. A relation is in C iff it is AB-definable in VC iff it is
Al-definable in VC.

ProoF. From Theorems IX.2.3 and V.4.35. a

We prove | Theorem 1X.2.3 by in/tzoducing the universal conservative
extension VC of VC, an analog of VP. The proof is given on page 278.

1X.2.2. The Theory VC. Here we define the universal theory VC and
show that it is a conservative extension of VC. We start by obtaining a

quantifier-free defining axiom for F. For this we need a quantifier-free
formula that is equivalent to (X, Y). So let 55(X, Y) be the quantifier-

free formula over Ly o which 7’ proves equivalent to ér(X,Y) (by
Lemma V.6.3). Formally. we will not change the defining axiom for
F. Therefore let F’ be the function with the same value as F but has the
following quantifier-free defining axiom:

Y = F'(X) < (|Y]| <t Adp(X. Y)). (220)

DErINITION [X.2.5 (T/Z’) VC is the universal theory over the vocabu-

lary Lz = Lpgeo U {F'}. and is axiomatized by the axioms of 7’ and
(220) for F'.

The next theorem is proved in the same way as Theorem VIII.1.13 using
Lemma IX.2.2 above.

THEOREM 1X.2.6. The theory VC is a universal conservative extension
of VC.
The next corollary follows from Theorem VIII.1.15 in the same way as
Corollary VIII.1.16:
COROLLARY 1X.2.7. The theory vC proves the axiom schemes:
28 (Lye)-COMP. 8 (L e )-IND. and 3§ (L ¢)-MIN.
The following theorem generalizes Theorem VIII.1.12.
TueoreM 1X.2.8.  (a) A functionis in FC if and only if it is represented
by a term in L.
(b) A relation is in C if and only if it is represented by an open formula of
Lye iff it is represented by a 2B (c ye) formula.
ProOF. It is straightforward to prove (b) from (a). So below we will

only prove (a). Here FC is the FAC’-closure of F. First we prove
by induction based on Definition IX.1.1 that the functions in FC are
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represented by L terms. The base case is obvious: F is represented by

the term F (X, X ). For the induction step, by Exercise IX.1.2 it suffices
to consider the case of a string function. Suppose that G (¥, X) is x5
definable from £ = {F; = F, F»,.... F,}, and that each F; is represented
by a term 7; in L. By definition there is a £ (£) formula o (z. X. X)
that represents the bit graph of G, i.e.,

G(X.X)z) o z<tnp(zx X)

for some £ term t.

Let ¢'(z. %, X) be the L ye-formula obtained from ¢(z. X X) by sub-
stituting T; (s, S) for all occurrences of F; (5. S). Let F(51.51)..... F(5.
S;n) be all maximal occurrences of F in ¢’. Thus

¢'(%.X) =" (%X F(5.51)..... F(5.5,))

where " (%, X, Yi...., Yy) is a 28 (Lgyeo)-formula. Then G is repre-
sented by the Ljz-term H (X, X.F(5.8)).....F(5,.S,)). where H is
the AC? function with bit graph

HEX. Y.... V)i o z<tn"(z.7.X. Y. .... Yon).

For the other direction, we prove by induction on the nesting depth
of an Ljz-term that it represents a function in FC. The base case (the
nesting depth is 0) is obvious, so consider the induction step. Let 7'(%, X)
be an Ly string term of nesting depth & > 1. (The case of a number
term is similar.) Then

T X)=H(s1(2.X).....50% X). T1(%.X)..... T(%. X))

for Lge-terms s;, T; of nesting depth at most d — 1, and H = F or H
is an AC° function. By the induction hypothesis. s; and T; represent
C functions f; and G;, respectively (for1 <i <mn1<j<m). For
1 < i < n let the string functions F; in FC be such that f; = |F;| (see
Exercise IX.1.2). Then T represents the function K which is £F-definable
from H. Fy. ..., F, Gy....,G, asfollows:

K7 X)(z) &
c <t AH(F(FX)].... |Fo(% X)].G(R. X).....Gp(. X))(2)

for some appropriate £2-term ¢. This shows that 7" represents a function
in FC. =

COROLLARY IX.2.9.  (a) A function is ¥ (L )-definable in VC iffitis
in FC. -
(b) A4 relation is C iff it is Af (L )-definable in VC.
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PrOOF. (a) This follows from Theorem IX.2.8 (a) and the Herbrand
Theorem (see the proof of Corollary VIII.1.14).
(b) Follows from (a) and Theorem V.4.35. 0

The next result is important for replacing the £ (L) (and ITf (L)
formulas from Corollary I1X.2.9 above by just £ (i.e., £8(£%)) (and IT¥)
formulas. (In Corollary IX.3.20 we will prove similar theorem for number
functions /', f™*.)

TreoREM IX.2.10 (First Elimination Theorem). Let T be a theory with
vocabulary L which extends V°(Row) and proves X8(L)-COMP. Suppose
that F and F* are £8-definable in T (Definition V.4.1) and T (F, F*) proves
(166):

vi<b F*(b.Z. X0 = F(z1).... (z) x) ... x1D).

Suppose also that every (L) formula is equivalent in T to a £8(L?)
Jormula. Then every L8(L U {F}) formula is equivalent in T(F) to a
2B(L2) formula.

ProOF. It suffices to prove the the last statement for Z-formulas. Let

et =Qiz1 <11 ... Quzy < 1y (2)

be a 2§ (L. F) formula, where Q.....Q, € {3.V} and y is a quantifier-
free formula. We show that there is a £#(£2%) formula ¢ so that

T(F)F o™ <.

As in the base case in the proof of Theorem VIII.1.15, the idea here
is to replace every occurrence of a term F (5, 7) in w by a new string
variable W which has the intended value of F (3, T'). We need to state the
existence of such strings, and this contributes to the string quantifiers in
the resulting £ formula.

So suppose that F (57, fl), o F (5. fk) are all occurrences of F in .
Note that the terms &, T; may contain Z" as well as nested occurrences of
F. Assume further that these F-terms are ordered by depth so that 5}, 7}
do not contain F, and for 1 < i < k, any occurrence of F in §j, T: must
be of the form F (5, T;). for some j < i.

Let Wy, ..., W} be new string variables. Let z =5, Tf = ﬁ and for
2<i<k, ? and f’) be obtained from §; and T} respectively by replacing
every maximal occurrence of any F (5}, fj), for j < i, by W/H Thus F
does not occur in any ? and Tf but for i > 2. ? and Tf may contain
Wi, ....Wi_1.
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Let v/ (2, W1..... W) be obtained from w(Z) by replacing each maxi-

mal occurrence of F (5}, f,) by Wi[‘:], for 1 <i < k. Obviously,

T(F)F [3Wi...3W (V21 <11 V2 < i A\ WE = F(5].T)) A
Quzt <71 Quzy Sy (W) D Quzy <11 Quza <y (2).
Notice that W; = F*((7). U, V;) satisfy
Yz <rp...Vz, Sr,,/\Wim :F(?TZ)
where U; ; and V;, are unique strings such that
Uil <t AVz <o Vz < re(U) :s,-’_j, (221)

[Viel| <t AVzp <rp...Vzx < VkVig] =T/, (222)

z

and ¢ is an £ -term such that 1 > (7, max{\fﬂ, ?}} foralll1 <i <k.
Denote the conjunction of (221) and (222) for all i, j.£ by 0(U. V).
Then

T(F.F*) = 3U3VIW(0(U.V)A \ Wi = F*(7). Ui Vi) A
Qizi €r1...Quz, < rpy'(Z, W))} DQiz1 £r1...Quzy < 1y (2).

On the other hand, since F* is definable in 7 and since 7 + Eg (L)-
COMP, we have

T(F.F*) - 303V3IW(0(T. V)N \ Wi = F*((7). U.. V). (223)
Therefore
T(EF*)FQizi <r1...Quz, < 1w (2) D [3UIVIW (0(U. V) A
/\ Wi =F*(M. U. Vi) ANQizi < r1...Quzy < 1y’ (Z.W))].
As a result,
T(EF*)FQizi <r1...Quzy < ruy(2) & [3UIVIW (0(T. V) A
/\ Wi = F*((R, U, Vi) ANQiz1 < r1...Quzy < 10y (Z, )]

Finally the strings in (223) are bounded by some £2-terms and are prov-
ably unique in 7 (F*). Therefore (223) is equivalent in 7 (F*) to a £8(£%)
formula. Also, by the hypothesis,

Qiz1 <r1...Quzn < ray/(Z. W)

is equivalent in 7 to a £#(£%) formula. As a result,

S

303VIW (0(T. V)N \ Wi = F*((7). U;. Vi) A
Qizi <71 Quzy < 1y (2. W))
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is equivalent in 7' (F, F*) to a £8 formula. The conclusion follows from
the fact that 7 (F, F*) is conservative over 7 (F). O

CoROLLARY IX.2.11 (£f (L) Elimination). For each 2 (L) formu-
la o™ there is a £8(L2) formula o such that VCF ot < o.

ProOE. We apply Theorem 1X.2.10 for 7 = VC + 7 and £ = LEsco-
The hypothesis that every 8 (Ly,c0) formula is equivalent in 7 toa
Zf formula is from Lemma V.6.7, the facts that F and F* are both
XB-definable in VC. and that VC + 14 proves (166) are established in
Lemma IX.2.2. |

The next corollary follows from Corollaries IX.2.9 and IX.2.11.

COROLLARY IX.2.12.  (a) A function is in FC iff it is £8 (L% )-definable

in VC. -

(b) A relation is in C iff it is AB(L?)-definable in VC.

Now we are able to prove Theorem 1X.2.3.

ProoF oF THEOREM I1X.2.3. The proof is straightforward using Theo-
rem [X.2.6 and Corollary IX.2.12. a

IX.2.3. The Theory VC. Here we introduce VC, another universal con-
servative extension of ¥C and VC. Its vocabulary Lrc contains symbols
for all string functions in FC. The defining axioms for functions in Lpc

are based on their 4C°-reductions to the function F¢. Recall the function
F’ and its quantifier-free defining axiom (220).

DEFINITION 1X.2.13 (VC). Lpc is the smallest set containing £pyeo U
{F'} and satisfying the following condition: for each open formula
@(z.%. X) over Lrc and £4-term 1 = (%, X). there is a string function
F,(.), in Lrc with defining axiom (86)

Fo),(%.X)(z) &z < t(.X) Ap(z. 7. X). (224)

VC is the universal theory over Lrc whose axioms consist of the axioms of
I_/O, (220) for F'. and the above defining axioms for the functions F,, ., ,.

Note that Lemma VIII.2.3 and Theorem VIII.2.4 (Witnessing) apply
to VC.

The proof of the next theorem uses the property of aggregates stated in
Theorem VIII.1.15.

TuaeoreM IX.2.14. VC is a conservative extension of VC and VC.

PROOF./I\t suffices to show that 7C is a conservative extension of VE‘
because E 1S a conservative exlegsion of VC. -
First, VC is_an extension of V'C because all axioms of VC are axioms
of VC. Thus VC is the union
vC=J7

i>0
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where 7y = VC and for i > 0 each 7;,; is obtained from 7; by adding a
new function i of the form F, ., , with defining axiom (224). where
is a quantifier-free formula in the vocabulary of 7;. We will show that F;
is definable in 7;, which implies that 7; | is a conservative extension of 7;,
and hence VC is a conservative extension of ¥C. We need the following

lemma, whose proof is straightforward.

LemMA IX.2.15. Let T be an extension of V°(Row) with vocabulary L
such that T proves £§ (L)-COMP. Let F, ., be the function with defining

axiom (224) where @ is any £§ (L) formula. Then both F,.,, and F}, are
2§ (L)-definable in T. and T (F,.),. F},) proves (166) for F, ., and F} :

Vi<b, F3,(b.Z. X)W =F,.,(Z).....(Z) . x{".....x[").

oz

Let £; denote the vocabulary of 7;. It follows by induction on i > 0,
using the above lemma and the Aggregate Function Theorem VIII.1.15,
that 7; proves 8 (£;)-COMP. Then the fact that F;.; is definable (in fact.
X8(L;)-definable) in 7; follows from Lemma IX.2.15. O

LemMA 1X.2.16. The theory VC proves the axiom schemes
28 (Lrc)-COMP, 28 (Lrc)-IND and 8 (Lpc)-MIN.

ProoF. By Corollary V.1.8 it suffices to show that VC proves the
28 (LFc)-COMP axioms. This follows from the proof of Theorem 1X.2.14
above, but it also has simple proof as follows.

Let ¢(z. X, X) be a 28 (Lpc) formula. By Lemma VIII.2.3 there is a
quantifier-free £rc-formula ¢t (z, %, X) so that

VCF ot (z.7.X) & ¢(z. 7. X).

Let Y = F, (X, X). where Fy+, is the string function of Lpe with
defining axiom

Fpr (. X)(2) & z<p Aot (2, %, X).
Then
VCH Y| <yAVz<p(Y(z) & (2.3, X)).
Hence VC proves the comprehension axiom for ¢. O
TueorREM IX.2.17. (a) A string function is in FC if and only if it is
represented by a string function symbol in Lrc.
(b) A relation is in C iff it is represented by an open formula of Lrc. iff it
is represented by a X8 (L) formula.
ProOF. Part (b) follows from (a), so below we will prove (a). First, we
prove by induction using Definition I1X.1.1 that every string function in
FC is represented by a string function in Lrc. The base case is simple

because F and every function in Lg o are in Lrc. For the induction step,
suppose that G(¥, )?) 1S Zg-deﬁnable from L = {F) = F'.F,....F,},
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and that each F; € Lpc. for 1 < i < n. By definition, there is a ZZ(£)
formula ¢ and an £%-term 7 such that

G X)z) o z<tnp(zxX).

By Lemma VIIL.2.3 there is a quantifier-free £pc-formula ot (z, %, X)
that is equivalent (in ¥C) to ¢(z. ¥, X). Hence

G(X.X)z) o z<tAhpt(z.7 X).

So G is equal to the function Fi+ ; in Lrc.

For the other direction, we prove by induction (using Definition
IX.2.13) that every string function in Lpc represents a string function in
FC. For the base case, the functions in Lg 0 U {F’} obviously represent
functions in FC. For the induction step. let F,,(.), be a function in Lrc,

where all functions Fy, F», ..., F, in ¢ represent functions in FC. Then
Fyiy, is AC -reducible to Fy. F». ..., F,. hence F,(.), also represents a
function in FC. O

The next result is a corollary of Theorem IX.2.10.

COROLLARY IX.2.18 (£B(Lfc) Elimination). Every X8(Lpc) formula
o™ is equivalent in VC to a 28 (L?) formula .

ProOOF. Let the theories 7; and their vocabularies £; be as in the proof
of Theorem 1X.2.14. It suffices to prove by induction on i that for each
2B(L;) formula ¢* there is a £8(L?) formula ¢ such that 7; proves
equivalent to ¢™.

The base case is Corollary IX.2.11. For the induction step, suppose
that the statement is true for some i > 0. The statement for i + 1 is proved
by applying Theorem 1X.2.10 for 7 = 7; and £ = L;. The hypothesis
of Theorem IX.2.10 is satisfied by Lemma IX.2.15 and the fact (from the
proof of Theorem IX.2.14) that 7; proves X8 (L;)-COMP. 0

The characterization of C by VC follows from Theorem IX.2.17. Corol-
lary IX.2.18, the Herbrand Theorem, and Theorem V.4.35.

COROLLARY I1X.2.19.  (a) A functionisin FC iff it is ¥ (L pc)-definable

in VC iff it is X8 (L%)-definable in VC.
(b) A relation is in C iff it is AP (Lrc)-definable in VC iff it is AB(L2)-
definable in VC.

Note that Theorem IX.2.3 also follows from Theorem IX.2.14 (that
VC is a universal conservative extension of ¥C), Theorem IX.2.17 and
Corollary IX.2.18.

1X.2.4. Obtaining Theories for the Classes of Interest. The results so
far in this chapter show how to obtain a theory VC for each class C
mentioned in the introduction to this chapter. In fact, for each class C of
interest, there is a polytime Turing machine M such that the function

F(X) = “the computation of M on input X”
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is AC? complete for C. For example, for C = P we can take the machine
that computes Fycy (a. G. E) by computing inductively the bits of Y that
satisfies (157) on page 202.

The 28(£2) defining axiom (218) for F can be obtained using the

following AC° functions (which can be eliminated by Lemma V.6.7):

e Init\(X) is the initial configuration of M given input X,

e Nexty(U) is the next configuration of the configuration U, and

e Cut(t.Z) is the set of all elements of Z that are less than ¢ with
defining axiom (97) (page 139):

Cut(t.Z) ={z : z€ ZNz<t}.

Let 7 be an £% term that bounds the running time of M. We have

FX)=Y < (Y] < (t.t) N YV = Cut(t, Inity (X)) A
Vx < t, Y = Cu(s, NextM(Y[x]))).

By eliminating /nitm. Nexty and Cut. the above formula has the required
form (218) and it is easy to prove in V° the uniqueness for Y (by proving
by induction on x < ¢ that the rows Y are unique).

Although the axiom (219) states the existence of the value for the
function F*, for each class C that we consider we are able to simplify
(219) so that it only states the existence of the value for F. Thus we will
need to prove the analogue of Lemma VIIIL.1.10, i.e., that F'* is definable
using the simplified axiom and V. It turns out that the proof is different
for each class that we consider.

In the remaining of this chapter we will develop instances of VC as dis-
cussed here without referring to any specific machine M; they are implicit
in the additional defining axioms of the instances that we introduce.

IX.3. Theories for 7C°

The class TC® (see definition in Section IX.3.1 below) is the smallest
class with nice closure properties that contains problems such as sorting,
integer multiplication and division (when the input integer arguments

are presented in binary). Here we define VTC°, ¥TC® and vTC’ (Sec-
tion IX.3.2) in the style of the theories VC. VC and VC in Section IX.2. In
Section IX.3.3 we define the bounded number recursion (BNR). Then in
Section 1X.3.4 we use number summation, a special case of BNR, to char-
acterize TC" and develop VTC"V in the style of VPV (see Section VIIL.2).
This is another universal conservative extension of ¥TC°. We formalize
a proof of the Pigeonhole Principle in ¥ TC? in Section IX.3.5. We define
the string multiplication function X x Y and prove its properties in ¥ TC°
in Section IX.3.6. Finally in Section IX.3.7 we show that ¥ TC? proves
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the finite case of Szpilrajn’s Theorem (every finite partial order can be
extended to a total order).

In Chapter X we will prove the Propositional Translation Theorem
for VTC.

IX.3.1. The Class TC°. The class nonuniform TC° (or TC°/poly) con-
sists of languages that are accepted by a family of polynomial-size con-
stant-depth circuits whose gates can be Boolean gates or the majority
gates. A majority gate has unbounded fan-in and which outputs 1 if and
only if the number of 1 inputs is more than the number of 0 inputs. We
are interested in FO-uniform TC° (or just TC’) where the family can be
described by an FO-formula (Section IV.1). A formal definition is given
in Appendix A.S5.

Instead of the majority gates, TC° can be equivalently defined using
counting gates or threshold gates. A counting gate C; (for k € N) has
unbounded fan-in, and C;(x;. x>.....x,) is true if and only if there are
exactly k inputs x; that are true. Similarly, for k € N, the threshold gate
Thy has unbounded fan-in, and Thy (xi. x3.....x,) is true if and only if
there are at least & inputs that are true.

There are several equivalent characterizations of TC? in descriptive
complexity theory [10] (see also Section IV.1 for the descriptive character-
ization of AC”). They are obtained by augmenting the first-order logic FO
with quantifiers that correspond to the majority, counting or threshold
gates described above. For example, let Lz, denote the set of formulas
over the vocabulary Lo (41):

[0, max; X, BIT, <, =]

where a new quantifier M is allowed. The meaning of this quantifier is as
follows: for a finite structure M and a Lgg(y) formula Mxp(x),

M = Mxp(x)
iff M = ¢(a) for at least half of the elements « in the universe of M. Let
FO(M) = {L : L = L(p) for some Lzq,)-sentence ¢}

and define FO(COUNT). FO(THRESHOLD) similarly. Then it can be
shown that

TC’ = FO(M) = FO(COUNT) = FO(THRESHOLD).

TC® can also be defined using other computation models, such as the
so-called Threshold Turing machines, but we will not go into detail here.
The proposition below uses the notion of AC°-reducibility defined in
Section IX.1 and is based on the fact that 7C° = FO(COUNT), or in
other words, numones is AC’-complete for TC°. (Recall the function
numones(y, X) defined on page 149: numones(y. X) is the number of
elements of X thatare < y.)
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ProPOSITION IX.3.1 ([10]). TC? is the AC? closure of numones. FTC®
is the FAC® closure of numones.

Below we will introduce the theories ¥TC®, VTC® and VTC . The
above proposition will be used to justify the association between these
theories and TC°.

IX.3.2. The Theories VTC?, VTC®, and VTC' . Here we specialize the
general treatment of V'C given in Section IX.2 to the case C = TC°. The
theory VTC" is similar to VP (Definition VIIL.1.1) in the sense that it is
axiomatized by V? and a defining axiom for the function numones (which
is AC” complete for TC®). The following defining axiom for numones is
given in (108) on page 149:

numones(y. X) =z -z < yANIZ <1+ .y). (Z2)°=0A
(Z) =zAVu<y. (X(u) D (Z2)' =2 +1)A
(=X () > (2! = (2)"). (229)

(Recall that (Z)* denotes seq(u, Z), the u-th element of the bounded
sequence of numbers coded by Z. see Definition V.4.31.) We want to
define the theory VTC® by introducing an axiom which defines a string
function Numones(y. X) = Z, where Z is the string asserted to exist in
the above formula (225) defining numones.

However there is a technical difficulty here because not all of the bits
of Z are uniquely determined when we simply specify the values (Z)“.
To solve this problem, we introduce a formula SEQ(y, Z) which asserts
that Z is the lexicographically first string which codes a given sequence of
numbers.

SEQ(y,Z) =
Vw < |Z|(Z(w) < 3i < y3j<|Z|(w={(i.j)Aj=(Z2))). (226)

Let Syum(y. X, Z) be the Z8(L?) formula obtained from (227) below by
eliminating seq as described in Lemmas V.4.15 and V.6.7:

SEQ(y.Z) N(Z) =0AYu< y((X(u) D (Z) =(Z)" +1)A
(=X (u) > (Z2)" = (2)")). (227)
Informally, we can think of Z as a “counting sequence” for X:

(Z)" = z < numones(u, X) = z foru <y.

DEFINITION IX.3.2 (FTC®). Let NUMONES denote
3Z <14 (y.y)ovom(y. X. Z).

The theory ¥ TC? has vocabulary £ and is axiomatized by the axioms of
V% and NUMONES.
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Note that ¥° (like VC in general) is a polynomial-bounded finitely
axiomatizable theory.

—

To develop VTC®, we will use the “string version” of numones, denoted
by Numones, that has the defining axiom:

Numones(y, X) =Z < |Z| <1+ (y.y) Noyuom(». X. Z).

By the above discussion for SEQ, Numones is uniquely specified by its
defining equation, and hence (using the axiom NUMONES) it is 8-
definable in ¥TC".

Since numones and Numones are AC°-definable from each other, Propo-
sition IX.3.1 remains true if we replace numones by Numones.

Recall the notion of aggregate functions in Definition VIII.1.9. The
next lemma shows that V'TC" is indeed an instance of the family VC
(because it shows that the existence of the value of Numones* is provable
in VTC®).

LemMmA I1X.3.3. The functions numones, Numones, and Numones*are Zf -
definable (and hence also }-definable) in VTC®, and the theory V°(Row,
Numones, Numones”) proves

Vi < b, Numones* (b, Y, X )11 = Numones((Y)', X'1). (228)

PrOOE. The fact that numones and Numones are provably total in ¥ TC°
is obvious. We will show that Numones* is ©F-definable in ¥ TC". The fact
that V°(Row. Numones, Numones*) (which extends V'TC") proves (228)
will be clear from the proof below.

For convenience, we use the functions Row and seq in the defining axiom
for Numones* described below: it is straightforward to eliminate Row and
seq from the axiom (Lemmas V.4.27 and V.6.7).

Intuitively we need to show that ¥TC®(Row, seq) proves the existence
of Z such that for all i < b, ZUl is the “counting sequence” for Xl:

VTC®(Row, seq) - 3ZVi < b dyun(Y), X1, 21,

The idea is to (i) concatenate the first (Y)’ bits of the rows X!, for
i < b, toforma “big” string X", (ii) obtain the counting sequence Z’ for
X', and (iii) extract the desired array of counting sequences Zl/! from Z’.
We will use | Y| as an upper bound for (Y)’, for i < b. Thus, let X’ be
defined by
X'(i| Y|4 x) < x< (V) AXU(x), fori<b.
In other words, for i < b, the bit string
X'GY)X'({|Y|+1) ... X'({| Y|+ (Y) —1)

is a copy of
x0) xW(1) ... xU(y) - 1)
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and X'(i| Y| + (Y))).....X"((i + 1)|Y| — 1) are all 0. Therefore, for
u<(Y),

numones(u, X') = numones(i| Y| + u. X') — numones(i|Y |, X").

Let Z' be such that dyya (b Y|, X', Z') holds, i.e., Z' is the “counting
sequence” for X’. Then

numones(u, XU = z — (Z')1"1Hue = (z)iIY] = 7.

Thus,

Numones*(b. Y, X)=2Z D
Vi< bYu < (Y) (2" = (z/)1V e =z,

Although the RHS does not uniquely specify all the bits in Z, we can add
clauses which set all the undefined bits to 0 using the method in (226) used
to define SEQ. It follows easily that Numones*(b, Y. X) is provably total
in VTC. O

Exercise [X.3.4. Similar to the aggregate of a string function, we can
define the aggregate of a number function as follows. Suppose that
f(x1.....x%. X1.....X,) is a polynomially bounded number function,
i.e., for some £% term ¢,

(@ X) <1(%,|X).

—

Then f*(b, Z. X) is the polynomially bounded string function that satis-
fies

f* (6. Z.X)| < (b.1+1)
and

SHb.Z. X)) o Ju<bow=(uf(Z)".....(Z)" X" X)),

Show that numones* is provably total in VTC".

—

Following Section IX.2.2, to define ¥TC® we need a quantifier-free
defining axiom for Numones. (Formally we will not change the defining
axiom for Numones but will introduce a function Numones' that has the
same value as Numones and has a quantifier-free defining axiom.) So
let Oy (1. X, Z) be a quantifier-free £ p4co-formula (from Lemma V.6.3)

which 7’ proves equivalent to dypar (1. X. Z).
Let Numones'(y, X) be defined by

Numones' (y.X) =Z < |Z| <1+ (p.y) ANoyun (3. X. Z).  (230)

Thus Numones'(y, X) = Numones(y. X ), but they have different defining
axioms.
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DErINITION IX.3.5 (VTC®). VTC? is the universal theory over the vo-

cabulary £ —~ = Lgyco U {Numones'} and is axiomatized by the axioms

of 7" and (230).

—0 . . .

We define ¥'TC  using the number function numones’ instead of the
string function Numones'. Here numones' has the same value as numones
but it has the following quantifier-free defining axioms:

numones' (0, X) = 0, (231)
X (2) D numones' (z + 1, X) = numones' (z, X) + 1, (232)
-X(z) D numones' (z + 1, X) = numones' (z, X ). (233)

DErFINITION 1X.3.6. Lppco 18 the smallest set that contains Lpyeo U
{numones'} such that for every quantifier-free £prco-formula ¢ (z, <. X)
and every £%-term ¢ = ¢(X, X). there is a string function Fy:) in Lppeo
with defining axiom (86):

Fu),(%.X)(z) & z < t(X. X) Ap(z. X, X). (234)
VTC' is the theory over Lrpco and is axiomatized by the axioms of 7’
together with (231), (232) and (233) for numones’, and (234) for each
function F.) ,.

It is easy to see that Numones = F.), for some F,.), € Lggco. On
the other hand, it is also easy to see that numones = |T| for some term

T € £V/TF>' Therefore the results in Section IX.2 apply for ¥TC® and

VTC'. We summarize the Definability Theorems for these theories as
follows:

THEOREM 1X.3.7. Assume either L is EV/TF) andT is VIC®, or L is Lprco

and T is VTC'. Then
(a) A function is in FTC® iff it is represented by a term in £ ——,. A string
VTC

function is in FTC® iff it is in Lrrco. A relation is in TC' iff it is
represented by an open (or a £8) formula in L.

(b) For every L8 (L) formula ¢ there is a XE-formula o such that T -

V4 2 1 ¥

ot = .

(c) T proves £8(L)-COMP, 28 (L)-IND, and =8 (L)-MIN.

A

(d) VTC' is a universal conservative extension of VIC®, which is in turn
a universal conservative extension of VT (o)

(e) Afunctionisin FTC® iffit is XB-definable in VTC® iffitis 2B-definable
inT.

(f) A relation is in TC® iff it is AB-definable in VTC iffit is AB-definable
inT.
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COROLLARY IX.3.8. VTC is a proper extension of V°. In fact, VIC" is
not £8-conservative over V°.

Proor. The first sentence follows from the second, which is true because
VTC® proves the Pigeonhole Principle (Section IX.3.5 below), while this
principle is not provable in ¥ (Corollary VII.2.4).

Another way of proving the the first sentence is to use Theorem 1X.3.7
(e) above. Recall that the number function parity(X ), which is the parity
of the total number of elements in X (Section V.5.1), is not in FAC®.
Hence V° does not prove the defining axiom for parity. On the other
hand. parity is in FTC®, since it can be easily computed using numones:

parity(X) = numones(| X |, X) mod 2.

So V'TC® proves the defining axiom for parity. O

The problem of sorting a given sequence of natural numbers into non-
decreasing order is complete for TC? [32]. Let (y, Z) encode a sequence
of (y 4 1) numbers as in (226). For x < y let rank(x, y. Z) be the number
that appears at the x-th position when X is sorted in nondecreasing order
(positions start from 0), and let rank(x,y.Z) = 0if x > y. The next
exercise shows that rank is provably total in ¥ TC°.

ExERCISE 1X.3.9. Give a ¥ defining axiom ¢(x, y. z, Z) for rank(x, y.
Z).1i.e. for y. Z such that SEQ(y. Z) holds:

Vx (rank(x.p. Z) = z & ¢(x.y.2,. Z))
and show that
VTIC® - YxVyVZ3z < |Z|p(x.y.2.Z).
Hint: For each v define
VIl ={u . uisavaluein Z and u < v}.

Now let ¢(v) be the cardinality of ¥'[*]. Show that for x < y. rank(x. y. Z)
is precisely the smallest value v in the sequence Z such that x < ¢(v).

IX.3.3. Number Recursion and Number Summation. The number re-
cursion operation produces a new number function from existing num-
ber functions. This operation is similar to /limited recursion (Defini-
tion VI.2.11) but the latter defines new string functions from existing string
functions. It is useful in characterizing FL and a number of its subclasses
(later we will use this to develop the theory ¥TC°V . an analogue of VPV
(Section VIII1.2). See Sections 1X.4.4, 1X.4.8, IX.5.5, IX.6.4 and 1X.3.4
below). The number summation operation is a special instance of number
recursion and is useful in characterizing FTC®.
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DerINITION 1X.3.10 (Number Recursion). A number function f (y. X
X) is obtained by number recursion from g (%, X) and h(y. z. %, X) if
70.7.X)=g(x. X). 235)
SO+ L2 X)=h(y. f(y.%.X). 5. X). 236)
If further f(y. X, X) < t(y.X. X). then we also say that f is obtained by
t-bounded number recursion (-BNR) from g and 4. In particular, if f

is polynomially bounded then we say that /" is obtained from g and / by
polynomial-bounded number recursion (pBNR).

(
(

DErFINITION IX.3.11 (Number Summation). For a number function
f(y.X.X), define the number function sumf (y.X.X) by

sumfy,xX ZfzxX
z=0
The function sum is said to be defined from f* by number summation, or
just summation.

THEOREM IX.3.12. A function is in FTC® iff it is obtained from FAC®
functions by finitely many application of composition, string comprehension,
and number summation iff it is obtained from FAC® by AC® reduction and
number summation.

PrOOF. By Theorem IX.1.7 it suffices to prove that a function is in FTC®
iff it is obtained from FAC? by AC° reduction and number summation.

For the ONLY IF direction, by Proposition IX.3.1 we need only show
that numones can be obtained by number summation from AC° functions.
This fact is straightforward:

numones(y, X fo z.X)

where fy (the “characteristic function of X ) is the AC° function defined
by

fxzX)=we (X(z)Dw=1DA(=X(z) Dw=0)). (237)

We prove the other direction by induction on the number of applications
of the number summation operation. The base case (number summation
is not used) is obvious. For the induction step, it suffices to show that
sum is AC” reducible to f and numones. Thus we AC-define a string
function W, (y) from f that contains the right number of bits; namely if
W = W;(y) then

Wxa+v)—x<yAv< f(x)

where a = max({f (x) : x < y}). Thenitis easy to verify thatsum ;(y) =
numones((y + 1)a, W). |
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IX.3.4. The Theory VTC’V. We define here the theory VTC’V. an-
other universal conservative extension of VTC’. The vocabulary of
VTCV contains a symbol for each functions in FTC®, but here. except
for the FAC? functions. they are defined using the number summation
scheme (based on Theorem 1X.3.12).

DEFINITION 1X.3.13 (£ 7c0p). The vocabulary £ypcop is the smallest
set that contains Lg4c0 such that:

1) For every number function f(y.%, X) in Lypcoy the function
sum/(y, X, X) is also in Loy with defining axioms

sum (0,7, X) =0 A
sum/(y + 1,7, X) =sum;(». 3. X) + f(y. . X). (238)

2) For every £2-term ¢ and quantifier-free £ ¢oy-formula ¢ the func-
tion F, (., is in Lyrcoy with defining axiom (86):

F¢(Z),I()'c’,/\?)(z) oz<t(@X) Aoz 3 X). (239)

3) For every string function F (%, X) in Lyrcop the number function
fr(%.X) is also in £y 70y with defining axiom
Sr(&.X) = [F(Z.X)|. (240)

COROLLARY IX.3.14. (a) A function is in FTC" iff it is represented by
a function symbol in Lypcoy.
(b) 4 relation is in TC® iff it is represented by an open (or a X&) formula
in Lyrcoy-

ProOF. Part (b) follows from part (a), and part (a) follows from The-
orem IX.3.12. Note that closure of Ly rc0y under string comprehension
(Definition IX.1.6) follows from item 2) in Definition IX.3.13 and closure
under composition follows from items 2) and 3). O

DEFINITION IX.3.15. The theory ¥TC®V has vocabulary £y zcoy and
axioms those of 7 and (238). (239). and (240) for the functions sum .
F,(.) . and fF. respectively.

The following Lemma is proved in the same way as Lemma V.6.4.

LemMMA IX.3.16. VTCV proves

28 (Lyrcoy)-COMP, 28 (Lyrcoy)-IND and 8 (L ypcoy)-MIN.

The next result is proved in the same way as Theorem 1X.2.14.

THEOREM IX.3.17. VTC"V isauniversal conservative extension of VTC®.

Proor. First, by definition, VT CV extends I_/O. As noted in the proof
of Theorem IX.3.12 (the ONLY IF direction). numones’ = sum, where
fx is defined in (237):

fxzX)=wo (X(z) Dw=1)A(=X(z) Dw =0)).
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Itis easy to see that VTC" ¥ proves the defining axioms (231), (232), (233)
for numones'. 1t follows that ¥TCV extends VTC".

Now we show that PTC"V is conservative over ¥TC®. Since VTC'V
extends VTC’. we have

vre'v =7
i>0

where 7o = VTC® and each 7;,; is obtained from 7; by adding the
defining axiom for a new function sumy, F<p<z),,, or fr. We show that
7;.1 1s conservative over 7; by showing that the new function of 7;,; is
definable in 7;.

Let £; denote the vocabulary of 7;. Consider the case where the new
function in 7;; has the form F, ., , for some quantifier-free 7;-formula
and £%-term 7. It is easy to see that F,.,, is definable in 7 if

T; -8 (L;)-COMP. (241)

Similarly suppose that the new function in 7;;; has the form sum, for
some number function f/ € £;. Following the IF direction of the proof of
Theorem 1X.3.12, the fact that sum/ is definable in 7; also follows from
(241). In fact using (241) above it can be shown that sum’ is ¥5_definable
in 7;. This is left as an exercise. Recall the notion of aggregate function
for a number function in Exercise IX.3.4.

Exercisk 1X.3.18. Suppose that (241) holds. Show that both sum and
su m} are definable in 7;.

It remains to prove (241). The proof is by induction on i. The
base case is Theorem IX.3.7 (c). The induction step follows from Theo-
rem VIII.1.15 (using Lemma 1X.2.15) and Corollary IX.3.19 below (using
Exercise 1X.3.18). O

The next result refers to number aggregates (Exercise 1X.3.4) and is a
corollary of the Aggregate Function Theorem VIII.1.15.

COROLLARY IX.3.19 (Aggregate Number Function Theorem). Let T
be a theory with vocabulary L which extends V°(Row) and proves L8 (L)-
COMP. Suppose that | and [* are definable in T (Definition V.4.1) and
T(f. f*) proves (229). Then T (f') proves 8(L U { f})-COMP.

ProOOF. Let F be the string function that contains at most one element
and |F| = [~
(f=0D|F|=0)A(f>0D(|F|=fAVz< f(F(z) = z+1=[))).
Then both F and F* are definable in 7. So the corollary follows easily
from Theorem VIII.1.15. O

The above proof method can be used to show that the next corollary
follows from the First Elimination Theorem IX.2.10.
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COROLLARY 1X.3.20 (Second Elimination Theorem). Let T be a theory
with vocabulary £ which extends V°(Row) and proves X8 (L)-COMP. Sup-
pose that f and f* are X8-definable in T and T (f.f*) proves (229).
Suppose also that every T8 (L) formula is equivalent in T to a £8(L?) for-
mula. Then every SE(L U {f}) formula is equivalent in T (f') to a £8(L?)
Sformula.

COROLLARY 1X.3.21 (ZIB (ﬁVTCo V) Ehmlnatlon) For each ZIB (’CVTCOV)
formula o+ there is a £8 formula ¢ so that VIC'V - ot « .

PrOOF. The argument is similar to the proof of Corollary IX.2.18 from
the First Elimination Theorem IX.2.10 (for string functions) but now we
also need to use the Second Elimination Theorem 1X.3.20 (for number
functions). Let 7; and £; be as in the proof of Theorem IX.3.17. It suffices
to prove the statement of the present corollary with Lyrcoy and VT c'v
replaced by £; and 7;. The proof is by induction on i as in the proof of
Corollary 1X.2.18, but now we have the extra case of sum, to consider,
using Exercise 1X.3.18 and Corollaries 1X.3.19 and 1X.3.20. O

The definability theorems for FTC ¥V are as follows.

COROLLARY IX.3.22. (a) A function is in FTC® iff it is Y8B-definable in
Vrcty.
(b) A relation is in TC® iff it is AP -definable in VTcoy.

ProoOF. The corollary follows either from Theorems 1X.3.7(e) and
1X.3.17, or directly from Theorem IX.3.12 and Lemma IX.3.16 using
the Herbrand Theorem. ]

IX.3.5. Proving the Pigeonhole Principle in ¥ 7C°. We present a proof
of the Pigeonhole Principle (Section VII.1.2) in ¥TC’. As mentioned in
the proof of Corollary VII.2.4 this implies that ¥ TC is a proper extension
of V%, In Chapter X we show that each £ theorem of FTC® translates
into a family of tautologies having polysize bounded depth PTK proofs
(Corollary X.4.19). It follows that the family PHP (Definition VII.1.12)
has polysize bounded depth PTK proofs. This separates bounded depth
PK from bounded depth PTK. Furthermore we show in Section 1X.5.4
that VNC' extends V¥'TC®. Therefore PHP is also provable in ¥NC'.
The Propositional Translation Theorem for ¥NC' (Theorem X.3.1 and
Corollary X.3.4) thus allow us to derive a theorem of Buss [21] that PHP
has polysize Frege proofs.

The formula PHP(a, X) is defined in Example VII1.2.1 as follows:

Vx <ady <aX(x,y) D
Ix<aFz<aTy<alx#zAX(x.p)AX(z.p)). (242)

THEOREM I1X.3.23. VTC" - PHP(a. X).
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PRrROOF. Since VTC®(numones) is conservative over VTC, it suffices to
show that

VTC® (numones) - PHP(a, X).
We prove by contradiction, so assume that
Vx <ady <aX(x.y) (243)
and
Vx <aVz<aVy<a((x #zAX(x.y)) D-=X(z.p)). (244)
Let P be the set of pigeons:
P={0.1,2.....a}.

Let o (x. y) be the following formula which asserts that y is the first hole
that pigeon x occupies:

px.y) = x<arNy<aAX(x.y)AVv<y-X(x.v).
Then by (243) and (244) ¢ defines an injective function from P into the
set of holes {0,1,2....,a — 1}, ie., VTC® proves
Vx <adly <ap(x.y) AVx <aVz <aVy <a((x #zAp(x.p)) D
—p(z. ).
Let H be the image of P (defined using f-COMP):
|H| <aAVy<a(H(py) < 3x < ap(x,y)).

Then it is easy to see that ¢ defines a bijection between P and H (i.e.. ¢
satisfies the premise of (245) below for b = a +1). Lemma 1X.3.24 below
shows that P and H have the same cardinality:

VTC® (numones) - numones(a + 1, P) = numones(a + 1, H).
However, it is easy to show in VT C° that numones(a +1,P) = a + 1 and
numones(a + 1, H) < a, a contradiction. O

For the following lemma, informally we show that if there is a bijection
between two sets P and H that is described by a ¥ formula ¢(x, y). then
provably in ¥ TC? (numones) the sets have the same cardinality.

LeMMA IX.3.24. For any 8 (numones) formula p(x. y), the following is
a theorem of VTC®(numones):

(Vx <b(P(x) >3y <ble(x.y) NH(p)) AVy <b(H(y) D

Ix < alp(x.y) A P(x))) D numones(b, P) = numones(b, H). (245)

PrOOF. Let Z be the array whose rows Zl/l are the images of the initial
segments Cut(i, P) of P under the bijection, i.e..

Vi< b¥y < b(Z"(y) < Ix < i(p(x.y) A P(x))).
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Since ¢ is Xf (numones) and VTC® (numones) - X8 (numones)-COMP (by
Theorem IX.3.7 (c)). VTC® (numones) proves the existence of such Z.
Now we prove by induction on i < b that

numones(i, P) = numones(b, Z!"). (246)

It will follow that numones(b, P) = numones(b, ZI"!), and since Z!"] =
Cut(b, H) we have numones(b, P) = numones(b, Cut(b, H)), so

numones(b, P) = numones(b, H ).

The base case (i = 0) is obvious. For the induction step, assume that
(246) is true for some i > 0. We show that it is also true for i 4+ 1. There
are two cases: either i € Pori ¢ P.

First, suppose that i € P, then numones(i + 1, P) = numones(i, P) + 1.
Let j € ZU+1 be such that (i, j) holds. Then j ¢ ZIl, and it can be
shown by induction on y that

numones(y, Zl) ify <j,

numones ,Z[Hl] = ;
(v ) numones(y. ZW1) +1 ify > j + 1.

Hence numones(b. ZU1) = numones(b, Z'1) + 1. and we are done.
The other case is similar. ]

IX.3.6. Defining String Multiplication in ¥ TC°. Recall that bin(X) is
the integer value associated with a string X (46) (page 85):

bin(X) =" X (i)2".
iex
The string multiplication function, X x, Y (or simply X x Y) is defined
so that
bin(X x Y) = bin(X) x bin(Y).

Exercise VI.2.7 shows that this function is ©#-definable in V'!. Here we
will show that it is actually £8-definable in VTC % by formalizing in ¥ TC°
a TC" algorithm that computes X x Y. Furthermore, ¥'TC" proves the
usual properties of this function, such as commutativity, distributivity
over X + Y, etc.

Notice that the “school” algorithm described in Exercise VI.2.7 is a
polytime algorithm. The main component of this algorithm is the poly-
time process that computes the sum of all rows of the table X ® Y. The
TC" algorithm for X x Y is obtained by replacing this polytime process
by a uniform family of TC" circuits. First, we outline this 7C° algorithm
and formalize it in ¥ TC® by showing that the function Sum defined below
is 2 -definable in V'TC".

For the formalizations, recall the string functions @, S(X), X + Y given
in Example V.4.17, Cut(x.X) on page 139. and the number function
[log(x + 1)] in Exercise I11.3.30.
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1X.3.6.1. Adding n Strings. Suppose that we are to add n integers writ-
ten as n binary strings, each of length m. The idea is to write these
binary strings as rows in a table of n rows and m columns, then divide the
columns of the table into blocks of £ columns each (for some parameter
£ to be determined later) so that the sum of the rows in each block can
be easily computed in 7C°, and the desired result can be computed from
these sums by a TC? circuit.

More precisely let £ = [log,(n + 1)]. Then in each block B;, each row
can be seen as a number with value < 2¢ — 1. Therefore the sum of the
rows in B; is at most

n(2t —1) < 2%

and hence has a binary representation of length at most 2¢. Itis important
that this sum can be defined as the number of 1-bits in a long string easily
obtained from B;.

Now let b; be the sum of the rows in the block B;. Then the required
sum is

> 2% (247)

Write each b; as a binary string of length exactly 2¢ (add preceding 0s if
necessary). Then

bo+2%by + 2%y + ... (248)
is simply the concatenation of the strings by, >, by, . .., and similarly for
20y + 233 +2%bs + ... (249)

As a result, (247) can be computed in AC° by adding the above two sums.

1X.3.6.2. Formalization. For the formalization, we will use the function
numones and some AC° functions such as the length function for numbers
|x| = [log,(x + 1)] (see Exercise I11.3.30, Section I11.3.3). It will be clear
that the functions defined here belong to Lgrco.

Suppose that the » input strings are given as the rows ZI ... AL
in an array Z. We will define in V'T C° the function Sum(n,m, Z) that
satisfies

Sum(0,m, Z) = @, (250)
Sum(n +1,m, Z) = Sum(n.m, Z) + Cut(m, Z"") (251)

where Cut(x, X) is the first x bits of X (97):

Cut(x, X)(z) = z< x AN X(z).
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We define the columns of Z as strings using the function Transpose
defined as follows:

Transpose(n.m. X) = Y « (|Y| <{m.n) A

Vz< (mn)(Y(z) « Ji<mIj<n(z={(.j)rX(ji)). (252)
Let V = Transpose(n.m, Z). Then the sum of the bits in column i of Z is
¢; = numones(n, V1),
Let
£ =|n|, k =[m/2¢0].

Note that £ is an AC° function of n (Exercise I11.3.30). We want the
sequence B: (B)? = by. (B)! = by.....(B)* = by (see (247)) so that

-1
(B) = 2eiy;.
=0

We show below how to define each (B)’ by a & formula. It follows from
Exercise 1X.3.4 that B is also ¥-definable in V' TC”.

To define (B)', it suffices to define a string U that contains exactly (B)’
1-bits. Then

(B)" = numones(|U|, U).
Notice that ¢; < n for 0 < i < m. The string U consists of

1+2'+22 420 =20 1

substrings and each has 7 bits, so that for j < £, 2/ substrings contain
exactly ¢ 1-bits. Thus U can be defined as follows:

(U| <2n AVj < €Yu < 2o < n(U((2) = )n+un+v) < v < cigy)).
Now the sum (248) is formally defined as a string L with bit definition:
|L| <2kl AVx <2kl (L(x) < Ji < kJy <20(x =2il +y A

BIT(y.(B)*)))

(where BIT is the Ay formula defined in Section 111.3.3). Similarly, the
sum (249). denoted by H . is defined as follows:

|H| < 2k AVx < 2kt (H(x) < 3i < kTy < 20(x = 2i + 1) + y A
BIT (y.(B)**))).

Finally
Sum(n.m.Z) = L + H.
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LemMA 1X.3.25. The theory VTC’ proves (250) and (251).

PROOE. We reason in PTC . If n = 0 then £ = 0, so it is easy to see
that Sum(0, m, Z) = @. This establishes (250).

We prove (251) by induction on m. The base case (m = 0) is obvious.
For the induction step. we need the exercise below. Here Shift(x, y) is the
string obtained by shifting all bits of the binary representation of y by x
positions to the left:

Shift(x.y) = U «
(U] < x+[y|AVz < x + [y|(U(z) < 3i < |p|BIT(i. y))).
ExampLE IX.3.26 (Provable in I_/O).
Shift(x. y + z) = Shift(x. y) + Shift(x. z).
EXERCISE IX.3.27. Show that it is provable in PTC' that
Sum(n.m + 1, Z) = Sum(n.m, Z) + Shift(m. c,,)
where ¢, is the sum of the first # bits in column m of Z:

¢m = numones(n, V") where V' = Transpose(n.m + 1, Z).

Reasoning in VTCO, the induction step follows from Exercise 1X.3.27
as follows. Suppose that we need to prove (251) for m + 1. Let ¢}, be the
sum of the first (n + 1) bits in column m of Z:

¢! = numones(n + 1, Transpose(n + 1, m, Z)I™).
Then
¢ =cm+ 2" (m). (253)
By Exercise IX.3.27 we need to prove
Sum(n + 1.m, Z) + Shift(m. c],) =
Sum(n,m., Z) + Shift(m. c,y) + Cut(m + 1, ZI").
By the induction hypothesis,
Sum(n +1.m. Z) = Sum(n,m, Z) + Cut(m, Z").
Also,
Cut(m + 1, Z") = Cut(m. Z") + Shift(m, Z").
So we need to show that
Shift(m. c),) = Shift(m. c,,) + Shift(m. Z" (m)).
This follows from Example IX.3.26 and (253). 0
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1X.3.6.3. Defining X x Y. To define X x Y we use the table X @ Y
given in Exercise VI.2.7 and can be equivalently defined as follows:

XQY=2Z (1Z| <(Y].IX|+|Y])A
Vi< |Y|(=Y (i) D ZW = @) A (Y (i) D Z' = Shifi(i. X))))

where Shift(x, Y) is the string obtained from Y by shifting all bits x
positions to the left

Shift(x. Y) = Z <
|IZ| <x+ |Y|AVz<x+|Y|(Z(z) > Fu<|Y], Y(u) Az =x +u).

(Notice that Shift(x. y) and Shift(x. Y) have different arity, so even though
they have the same name, their meaning will be clear from context.)
We define

X xY=Sum(|Y],|X|+|Y].X®Y).
LEmMma IX.328. VIC FX xY =Y x X.
ProoF. By definition, we need to show that
Sum(|Y[.|X|+ Y. X ®Y)=Sum(|X|.|X|+|Y].Y ®X).

Therefore it suffices to show that the columns of X ® Y and Y ® X have
the same number of 1-bits:

numones(| Y|, VUl) = numones(| X |. W) (254)

fori < |X|+|Y]|and

JXT+HIYLX @ Y).
W = Transpose(| Y|, | X| + Y], Y ® X).

V = Transpose(| X

Notice that there is a bijection between VIl and W1 defined by
Vil(z) o wlil(i ~ z) forz <i

because
Vil(z) o Y(2)AX(G~z) and WU(z) - X(2)A Y (i~ z2).
So the conclusion follows from Lemma 1X.3.24. O

LeMMA 1X.3.29. VTC F X x (Y +Z) =X x Y + X x Z.
Proor. We will prove by induction on i < |X| that

Cut(i, X) x (Y +2Z) = Cut(i,X) x Y + Cut(i. X) x Z. (255)

The lemma follows by letting i = | X|.

For the base case, i = 0, we have Cut(0, X) = @. So this case follows
from Exercise 1X.3.31 (a) below and Lemma I1X.3.28.

For the induction step. suppose that (255) holds for some i > 0. We
prove it for i 4+ 1. There are two cases: either i € X ori ¢ X. In the
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second case Cut(i + 1, X) = Cut(i, X) so the conclusion if obvious. Thus
we consider the case where i € X'. We have

Cut(i +1,X) = Cut(i, X) + {i}.
We need the following results:

Exgercise 1X.3.30. Show that the following are theorems of VTC :

(@ | X|<idD(X+{i}) x Y=XxY+{i} xY.
(b) {i} x X ={x+i:x€eX}
) {i}x(Y+2Z)={i} x Y +{i} x Z.

Now |Cut(i, X)| < i. Using Exercises 1X.3.30 and V.4.19 and the
induction hypothesis we have
Cuti +1.X)x (Y +Z2)

= (Cut(i, X) +{i}) x (Y + Z)
=Cut(i, X) x (Y +Z)+{i} x (Y + Z)
=(Cut(i, X) x Y + Cut(i, X) x Z) + ({i} x Y +{i} x Z)
=(Cuti, X)x Y +{i} x Y)+ (Cut(i, X) x Z+{i} x Z)
= (Cut(i, X))+ {i}) x Y + (Cut(i, X) + {i}) x Z
— Cuti +1.X) x Y + Cut(i + 1. X) x Z.

So (255) holds for i + 1. ]

Exercise 1X.3.31. Show that the following are theorems of VTC :

(a) X xo=0.
b)) X xS(Y)=(XxY)+X.

Exercisk 1X.3.32. Show that
VIC' (X x Y)x Z = X x (Y x Z).

Hint: First prove the equation for Z of the form {i}. Then prove by
induction on i that

(X xY)x Cut(i.,Z) = X x (Y x Cut(i, Z)).

IX.3.7. Proving Finite Szpilrajn’s Theorem in ¥7TC’. One version of
Szpilrajn’s Theorem states that every partial order can be extended to a
total order. Here we show that ¥ TC? proves this for finite partial orders.

A partial order is a binary relation on a set S which is reflexive, anti-
symmetric, and transitive. A partial order is tozal if every two elements
are comparable. We represent a partial order < on {0, 1,...,n — 1} by an
array X, where X (i, j) holdsiff i < j. The above properties are expressed



IX.3. THEORIES FOR TC" 299

by the following four £¥-formulas:
Reflex(n, X) =Vx < nX(x. x),
Anti(n, X) =Vx.y <n((X(x. ) A X (y.x)) D x =y).
Trans(n, X) =Vx.y.z <n((X(x.y) A X(y.2)) D X(x.2)).
Total(n, X) =Vx.y < n(X(x,y) vV X(y.x)).

Thus X represents a partial order on {0.1,....n — 1} if it satisfies the
formula Partial(n. X)), where

Partial(n. X) = Reflex(n. X) A Anti(n, X) A Trans(n, X ).
Finite Szpilrajn’s Theorem can be expressed by the formula
Partial(n, X) D 3Z (Vx.y < n(X(x.y) D Z(x.y)) A
Fartial(n. Z) A Total (n, Z)). (256)

THEOREM IX.3.33. VTC? proves (256).

PrOOF. Assume Partial(n. X)), and define an array Y which stores the
sums of the columns of X (interpreted as a 0-1 matrix). Thatis, (Y)* =
numones(n, X1), where X = Transpose(n.n, X). Now we define Z(x, y)
to hold iff

x<nAy<nA((Y) <(Y)V({(Y) =(Y)AX(x.p)).

The following exercise completes the proof. a

EXERCISE [X.3.34. Show that PTC. (and hence V'TC®) proves (256)
when Z is defined as above.

1X.3.8. Proving Bondy’s Theorem. Consider a 2 x 2 0-1 matrix whose
rows are distinct, e.g.:

It is easy to see that there is always a column whose removal from the
matrix results in a column of two distinct bits. On the other hand if we
start with a 3 x 2 0-1 matrix of distinct rows, then after removing any
column there is always a pair of rows that contain the same bit.

Bondy’s Theorem [16] states more generally that for any # x n 0-1
matrix whose rows are distinct we can always delete a column so that
the remaining n x (n — 1) matrix still has n distinct rows. (It is easy to
construct a (n + 1) x n matrix with (n + 1) distinct rows such that deleting
any column results in a pair of identical row.)

FrankI’s Theorem [51] generalizes further by specifying a maximal value
for m such that any m x n matrix with distinct rows contains a column
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whose deletion results in a m x (n — 1) matrix that contains at least
m —2!=1 41 distinct rows. Here we will formalize Bondy’s Theorem (i.e..
the case ¢ = 1) and show that V° proves its equivalence to PHP. It can be
shown that the case ¢ = 2 is also equivalent to PHP over V°. Thus these
cases are provable in ¥TC". However. it is not known whether the same
is true for other cases.

To formulate Bondy’s Theorem, an m x n 0-1 matrix will be encoded by
astring X: X (i, j) holds iff the entry with indices (i, j)is 1, for 0 < i < m,
0 < j < n. We will also write X(7, j) = 1 for X(i.j) and X(i.j) = 0
for =X (i, j). The following £¥ formula states that the rows of the m x n
matrix X are distinct:

DISTINCT (m.n. X) = Vi, < mVi, < i13j < n(X (i1, j) < —X (ir. ).
(257)

Let BONDY (n, X ) denote

DISTINCT (n.n. X) S
dj < nVi| < nVi; < idk < n(k # J A (X(ll,k) — ﬁX(iz,k))).
Let BONDY (resp. PHP) denote the universal closure of BONDY (n, X)
(resp. PHP(y.X)).

Tueorem 1X.3.35 ([17]). ¥° +~ BONDY « PHP.

To prove the theorem we use the following principle, called the surjective
(or also dual) Pigeonhole Principle, which says that there is no surjective
(single-valued) mapping from n “holes” to (n + 1) “pigeons” (S stands
for surjective):

SPHP(n. X)=Vi<n3dlj <nX(i.j)D3j<nVi<n-X(j).

By considering inverse maps the following fact is easy to prove.

ExEeRrCISE 1X.3.36. Show that V° - SPHP «— PHP (where SPHP is the
universal closure of SPHP(n. X)).

(In Section IX.4.3 we will define OPHP, a weaker version of the Pi-
geonhole Principle and show that it is provable in the theory V°(2) (Sec-
tion IX.4). On the other hand. it is not known whether PHP is provable
in ¥°(2).)

Proor oF THEOREM I1X.3.35. By Exercise IX.3.36 it suffices to show that

v’ - SPHP < BONDY.

First we show that

v’ SPHP > BONDY.

Given an n x n matrix X with distinct rows we need to show that there
exists a column j that can be removed without creating identical rows. A
key observation is as follows. Suppose that we order the rows (regarded
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as binary strings) lexicographically in increasing order (comparing the
left-most bits first). Associate each row i of the first (n — 1) rows (i.e.,
i < n — 1) with the left-most column j; that distinguishes row i and row
(i + 1). Then the columns {jo. ji....,j._2} suffice to distinguish all n
rows. By SPHP there is at least one column not listed in the set, and
hence it can be removed without creating any identical rows.

This observation can be proved as follows. By the lexicographical
ordering of the rows we must have

X(i.j)=0AX(G{+1.j;)=1.

It suffices to show that for any i # i’ (i, i’ < n — 1) there is i so that rows
i and i" are different on column j;». Suppose without loss of generality
that i < i/, and let j be the left-most position where rows i and i’ differ.
(See Figure 5.) Then we must have

X@.j)=0AX({"j)=1.

Let i” be the largest number such that row i” agrees with row i up to
(including) column j. Then it can be seen that j;» = j. so rows i and i’
differ on column j;».

i A 0

i” A 0
i”+1 A 1
i’ A 1

J

FIGURE 5. An i” such that rows i and i’ differ on column
jir. From the top down, the rows are ordered lexico-
graphically.

In other words, the set { jo. ji. ..., ju_2} already distinguishes all rows
of the given matrix. By SPHP, the map
{0,1,....n =2} = {0,1,....n— 1} i — j;

is not surjective. Therefore there is k& < n — 1 such that k & {jo, ji,....
Jun—2}. Then we can remove column k without creating identical rows.
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For the formalization, the main task is to define the map i — j; and
to show the existence of j;» as above. The rows of X can be compared
by the following =& formula (notice we do not need the actual position of
the rows in this ordering):

i <mnx k (orjusti < k) (258)

which is true iff row 7 is lexicographically less than row k:
i<k=3j<nVl<j(-X(ij)AXk j)AXGEL) — X(k0))).

Then we can define a ZOB formula PRED(i, k,m,n, X) which is true iff k&
is the next row of i in the lexicographical ordering:

PRED(i.k.m.n. X) =i <k AVK'(i <k’ >k =< k').

(Here k =< k' stands fork = k' vV k < k'.)

We also need the fact that there is a <-maximal index iy (so that the map
i — j; is not defined for iy and we can apply the SPHP). For this. observe
that BONDY (n. X ) is equivalent to BONDY (n, X') where X" is obtained
from X by simultaneously flipping all bits in some columns. Therefore
we can assume that row (n — 1) of X contains all 1’s, and hence n — 1 is
<-maximum.

Now using 2€ -MIN it can be shown in V° that every row i, where
i < n — 1, has a unique “next” row:

Vi<n—13% PRED(i.k,m.n,. X).
Exercisk 1X.3.37. Formally define using £§-COMP the mapping j; as
astring Y: fori<n —1
Y(i.j)=j=Ji
Then use SPHP(n — 1. Y) to derive BONDY (n, X).
Now we show
V- ~SPHP > ~BONDY.

Consider the following (n + 1) x n matrix (which can be defined using
8-COMP):

00 ... 0
10 ... 0
q—lo 1 .0
00 ... 1

It is easy to see that the rows of 4 are distinct, and removing any column
J from A4 will result in two rows 0 and j + 1 being identical.

Suppose that ~SPHP(n. Y) holds for some (n, Y), i.e.. Y specifies a
surjective mapping

Y:{0.1,....n—1} = {0.1,....n}.
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We define a n x n matrix X as follows. For i < n, row X is the same
as row A%l where k is the image of i under Y, i.e.. k is the unique value,
k < n, such that Y (i, k) holds. Since the rows of A are distinct, the
rows of X are also distinct. Moreover, removing a column ; from X will
make rows iy and i; identical, where iy and i; are such that Y (iy.0) and
Y (i;. j + 1) hold. Hence ~BONDY (n. X ). O

IX.4. Theories for AC’(m) and ACC

In this section we develop the theories associated with the classes
AC’(m).m > 2 and their union ACC. These classes lie between AC°
and TC®. In Section IX.4.1 we define the classes. In Section 1X.4.2 we
define the theories ¥°(2). ¥°(2) and V°(2) for AC’(2). Functions in
FAC®(2) can be characterized by a bounded number recursion (BNR)
scheme (see Section IX.3.3) and in Section IX.4.4 we use this to develop
VAC®(2) V. another universal conservative extension of ¥°(2). A discrete
version of the Jordan Curve Theorem can be proved in ¥°(2) and we
present the formalization in Section 1X.4.5. Then in Section IX.4.6 we
define theories for other classes AC°(m). Finally, the class FAC’(6) also
has a recursion characterization using the BNR scheme, and we use this
to develop ¥4C°(6) ¥V in Section IX.4.8.

IX.4.1. The Classes ACO(m) and ACC. For each m € N, m > 2,
the classes nonuniform/uniform AC°(m) are defined just as nonuni-
form/uniform TC° but using modulo m gates instead of majority gates.
A modulo m gate has unbounded fan-in and outputs 1 if and only if the
total number of 1 inputs is exactly 1 modulo m. Also,

ACC = [ ] AC(m).

i>2

See Appendix A.5 for a formal definition.
Obviously AC° C AC°(m). Furthermore, the relation PARITY (Sec-
tions IV.1 and V.5.1):

PARITY (X) iff X contains an odd number of elements

is in AC°(2). Since PARITY ¢ AC. it follows that AC° C AC°(2).
It is easy to show that for 2 < m; < my € N, if m; : m, then

AC’(m;) € AC(my).
On the other hand, let MODULO (X ) be the relation
MODULO,(X) iff the number of elements of X is = 1 mod(p).

Then
MODULO,(X) € AC°(p).
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A major result in complexity theory due to Razborov and Smolensky (see
[19]) states that for any prime p and any m > 2 which is not a power of p.

MODULO,, & AC°(p).

As a result,
AC’(m) ¢ AC°(p).
Also modulo m gates can be easily simulated by threshold gates. Thus

AC’ C AC’(p) c AcC C TC®

(the last inclusion is because counting gates can simulate a modulo m
gate, for any m). On the other hand, it is an open problem whether
AC’(m) C ACC for composite m € N. In fact, it is not known whether
AC’(6) C NP.

In descriptive complexity, uniform AC°(m) (or just AC°(m)) can be
characterized using the mod(m) quantifier [10]. Here we use the fact that
the following function is (Turing) AC° complete for AC°(m):

mod,,(x. Y) = numones(x, Y) mod m. (259)

The “string version” of this function, called Mod,,(x.Y). is the se-
quence of the values of mod,,(z, Y) for z < x:

Mod,,(x.Y) = Z « SEQ(x,Z) A
(1Z] <1+ (x.m) AVz < x((Z)" = mod(z.Y))) (260)

where SEQ is defined in (226).

We use the following result (based on [10]) to define our theories
for AC°(m).

PROPOSITION IX.4.1. A relation is in AC°(m) iff it is AC-reducible to
mod,, iff it is AC’-reducible to Mod,,. A function is in FAC®(m) iff it is
AC°-reducible to mod,, iff it is AC -reducible to Mod,y,.

The next section treats the case m = 2, and Section IX.4.6 treats theories
for AC°(m) for m > 3.

IX.4.2. The Theories V°(2), ¥°(2), and ¥°(2). For m = 2 the function
Mod,, as defined in (260) has a simpler version which we call Parity(x, Y).
The graph of this function is defined by the £Z-formula 6,ir, (x. Y. Z)
which asserts that for 1 < z < x, Z(z) holds iff there is an odd number
of onesin Y(0)Y(1)...Y(z = 1):

Opariy(X. Y. Z) = =Z(0) A\Vz < x(Z(z + 1) « (Z(z) ® Y(2))).
Thus Parity is defined by

Parity(x. Y) = Z < (|Z] < x + 1 ASpariy(x. Y. Z)). (261)
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DEFINITION 1X.4.2 (¥°(2)). The theory ¥°(2) has vocabulary £2 and
axioms those of V? and

iz <x+ 1 5parity(-x> YZ)

Since (Spur,»,y(x, Y. Z) uniquely determines Z as a function of x, Y it
follows from (261) that Parity(x, Y) is ZE-definable in ¥°(2).

The next lemma shows that the aggregate Parity* of Parity (see Defini-
tion VIII.1.9) is definable in ¥°(2), and hence ¥°(2) is indeed an instance
of the family VC.

LemMA IX.4.3. The function Parity* is $E-definable in V°(2), and the
theory V°(Row. Parity. Parity*) proves
Vi < b, Parity*(b. Y, X)) = Parity((Y)", X1).
Proor. The argument is very similar to the proof of Lemma 1X.3.3
(showing that Numones* is £ -definable in ¥ TC). O

ExERCISE [X.4.4. Carry out the above proof.

Following Section 1X.2.2, to define m we need a quantifier-free
defining axiom for Parity. Instead of appealing to Lemma V.6.3 to find
a quantifier-free version of dyu., (x, ¥. Z) we will give an explicit defining
axiom for Parity’ by introducing a new free variable u in the definition.

Parity’(x.Y)=Z D |Z| < x + 1 A=Z(0) A

(u<x2D(Zu+1) —(Zu)® Y)). (262)
Note that Parity satisfies this defining axiom for Parity’, and V°(Parity,
Parity") proves Parity(y. X) = Parity’ (y. X).

The universal theory ¥°(2) is defined to be 7’ (Parity") with the defining
axiom (262) for Parity’. Its vocabulary Lp4co U { Parity’} is denoted by
E@. The theory V°(2) is defined as follows. Its vocabulary, Lraco)
is the smallest set that contains E/\ such that for every £2-term 7 and
Lpqco2)-formula ¢, there is a strmg functlon Fy. ) with defining axiom

(86). Then V°(2) is axiomatized by the axioms of 7 together with (262)
for Parity’ and (86) for each function F,,,),.

The results of Section IX.2 apply to the theories just defined, so the
following statements are corollaries of that section.

THEOREM I1X.4.5. Assume either L is [,@ and T is ﬁ(?), or L is

Lo and T is VO(2).
(a) A function is in FAC®(2) iff it is represented by a term in E@ (and
Jor string functions) iff it is represented by a symbol in Lgyco(). A

relation is in AC°(2) iff it is represented by an open (or £8) formula
in L.
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(b) Every £B(L) formula is equivalent in T to a £8(L%) formula.
(c) T proves £8(L)-COMP, 28 (L)-IND, and £8 (L)-MIN.

- —

(d) V9(2) is a universal conservative extension of V°(2), which is in turn
a universal conservative extension of Vo(2).
(e) A function is in FAC®(2) iff it is X -definable in V°(2) iff it is P-
definable in T .
(f) A relation is in AC°(2) iff it is AB-definable in V°(2) iff it is AP-
definable in T .
1X.4.3. The “onto” PHP and Parity Principle. The onto pigeonhole
principle, OPHP, states that there is no bijection between (a+1) “pigeons”
and a “holes”. Formally, OPHP is the £ formula

OPHP(a.X) = (Vx <adz<aX(x,z)) D
(=INJ(a,X)V —~SUR(a, X))
where
INJ(a.X)=Vx <aVy <aVz<a((X(x.z) AX(y.2)) D x =y),
SUR(a.X) =Vz < adx <aX(x.z).
We will also use OPHP to denote the family of propositional tautolo-
gies translated from OPHP(a. X) (as described in Section VII.2). We
mentioned in Section VII.1.2 that this family does not have polynomial

size bPK proofs (as shown by Ajtai [5]). We state this result formally
below.

THEOREM X 4.6 (Ajtai). The family OPHP does not have polynomial
size bPK proofs.

COROLLARY 1X.4.7. The theory V° does not prove the true VEE sentence
Ya¥X OPHP(a. X ).

On the other hand, it is relatively easy to show that OPHP is provable in
V9(2). In fact we will show that OPHP is implied by the Parity Principle
(also called the Modulo 2 Counting Principle) which asserts that a set of
odd cardinality cannot be partitioned into subsets of two elements each.
Formally, let

County(a. X ) = —Vx < 2a3ly <2a((x <y AX(x.y)) V
(v < x A X(y.0)).

Here X (x. y) holdsiiff {x, y} is a partition and x < y. and thus Count,(a,
X) states that X is not a partitioning of the set {0,1,...,2a}.
This principle is stronger than OPHP in the following sense:

ExXERcISE IX.4.8. Show that V? proves
VaV X County(a. X) D VavVX OPHP(a. X). (263)
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COROLLARY 1X.4.9. The Parity Principle does not have polynomial size
bPK proofs.
PrOOF SKETCH. A prenex form of (263) is
VavVX3b3Y (Count,(b. Y) > OPHP(a. X)).

By the above exercise and Theorem V.5.1 (witnessing for ¥?) there are
FAC® functions f, F such that

VO(f.F)+ Count;(f(a.X),F(a, X)) > OPHP(a, X).

By the FAC" Elimination Lemma V.6.7 there is a £f formula Count)(a, X)
such that

VO(f.F) + County(f (a.X).F(a.X)) < Count(a. X).
Since V°(f. F) is a conservative extension of ¥ we conclude
VO - County(a. X) > OPHP(a. X).

The idea now is to apply the proof of the ¥? Translation Theorem VII.2.3
to the above theorem of ¥ and argue that there are polynomial size bPK
proofs of the translations of Count,(a, X') from substitution instances of
translations of Count,(b, Y). Thus if the Parity Principle has polyno-
mial size hPK proofs then so does OPHP, contradicting Ajtai’s Theorem
1X.4.6. O

*EXERCISE 1X.4.10. Formulate and prove a generalization of the ¥
Translation Theorem VII.2.3 so that it applies to £8 (Lg4c0) theorems of

7’ and justifies the above proof of Corollary 1X.4.9.

Another theorem of Ajtai [4] states a stronger result. Here an instance
of OPHP is a formula obtained from a member of the family OPHP by
substituting polynomial size constant depth formulas for the variables.

THEOREM IX.4.11 (Ajtai). The family Count, does not have polynomial
size bPK proofs even when instances of OPHP are allowed as axioms.

As a result, V° does not prove the reverse direction of the implication
in Exercise 1X.4.8.

The next corollary follows from the above exercise and the previous
corollary.

COROLLARY IX.4.12. The theory V° does not prove the true V8 sentence
YaV X Counts(a, X).

By Exercise 1X.4.8. to show that V°(2) proves OPHP it suffices to show
that V°(2) proves Count,. This is left as an exercise.

Exercise 1X.4.13. Show that
V°(2) b VaVX County(a, X).

(Hint: Define the sets Y% Y[1]..... Y2 such that Yl contains all and
only elements x such that either x < i or x is coupled with some y < i.)
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COROLLARY I1X .4.14. The theory V°(2) is a proper extension of V°. In
Sact, V°(2) is not £8-conservative over V°.

Proor. This is similar to Corollary I1X.3.8. The first sentence follows
from the second. which is true because (by Corollary IX.4.7) ¥° does not
prove YaVX OPHP(a. X). but (by Exercises IX.4.8 and 1X.4.13) V°(2)
does. The first sentence also follows directly from the fact that the function
Parity is definable in #°(2) but not in ¥ (because it is not in FAC®). O

IX.4.4. The Theory FAC’(2)V. The universal theory VAC(2)V is de-
fined in the same way as VTC"V and VPV. Its vocabulary has symbols
for every function in FAC®(2). Their defining axioms are based on the re-
cursion theoretic characterization of FAC?(2) using the bounded number
recursion scheme 2-BNR scheme as shown in Theorem 1X.4.15 below.

Here 2-BNR refers to the number recursion scheme in Definition
IX.3.10, where t = 2 (¢ is the bound on the function f defined by the
recursion).

THEOREM 1X.4.15. FAC®(2) is equal to the closure of FAC® under AC°
reductions and 2-BNR and also equal to the closure of FAC® under compo-
sition, string comprehension and 2-BNR.

Proor. By Theorem IX.1.7 it suffices to show that a function is in
FAC®(2) iff it can be obtained from FAC? functions by finitely many
applications of AC reduction and 2-BNR.

The ONLY IF direction follows easily from the fact that the function
mod>(x, Y) (259) is obtained from the characteristic function fy ((237)
on page 288) by 2-BNR.

For the IF direction, we prove by induction on the number of the appli-
cations of 2-BNR. The base case (no application of 2-BNR) is obvious.
For the induction step, suppose that f (y. ¥, X) is obtained from FAC®(2)
functions g. 4 by 2-BNR as in Definition 1X.3.10:

£(0.%.X) = g (. X),
S+ 12 X)=h(y. f(y.5.X). 5. X)
and forall y. ¥, X, f(y.%. X) < 2. )
For y > 1, let (we drop mention of ¥, X)
z=max({0}U{u<y : h(u.0) =h(u1)}),
n=mody(y.{u : z<u<yANh(u0)#0}).

g ifz =0,
v = .
h(z,0) otherwise.

Then f(y) = Oiffeither (i) v =0andn = 0,or (ii) v = landn = 1. In
other words, f can be obtained from g, / and mod, by AC° reduction. O
The next definition is analogous to Definition 1X.3.13.
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DEFINITION IX.4.16. The vocabulary Ly co(;)p is the smallest set that
includes £ o such that for every £%-term ¢ and open Ly c0(2)y-formula
¢ the function F,.), with defining axiom (86) is in Lyco2)y» and for
every string function F in Lyyco(p)p there is a number function fr in
Ly4co2yy With defining axiom fr (X, X) =|F(x.X)
number functions g(%, X).4(y,z X, X) in Lyco(a)y there is a number

, and for every two

function f'g in Lyyco(a)y with defining axioms (omitting ¥, X):

(€<2D fon(0)=g)N(g>2D fgu(0)=0) A
(h(y. fen () <22 fan(y+1) =h(y. fer(¥)) A
(h(y. fen(y) =22 fou(y +1)=0). (264)

It follows from Theorem IX.4.15 that semantically the functions in
Lyc0(2)p represent precisely the functions in FAC(2). We have:

COROLLARY IX.4.17. (a) A function is in FAC®(2) iff it is represented
by afunclion in ‘CVACO(2)V'
(b) A relation is in AC°(2) iff it is represented by an open formula in
Lyscoyy iff it is represented by a 8 (Lyco)y) formula.

DEFINITION IX.4.18. The theory VAC’(2)¥ has vocabulary £ yco()p

and is axiomatized by the axioms of 7 together with (86) for the functions
F, .y, and (240) for the functions fr and (264) for the functions f .

THEOREM IX.4.19.  (a) The theory VAC®(2)V is a universal conserva-
tive extension of V°(2).
(b) For every I8 (Lyco02yy) formula o there is a £ (L£2) formula ¢ that
is equivalent in VAC*(2)V to ™.

PrOOF SKETCH. Part (a) of the following theorem can be proved by
formalizing the proof of Theorem 1X.4.15 (see also Theorem 1X.3.17).
Part (b) follows from Theorem IX.2.10 and Corollary 1X.3.20 (see also
Corollary IX.3.21). O

The characterization of AC°(2) by VAC®(2) ¥V can be proved as in Sec-
tion IX.3.4 (for the class TC? and the theory VTCV).

COROLLARY IX.4.20. (a) A function is in FAC®(2) iff it is 8 -definable
in VAC’(2) V.
(b) A4 relation is in AC°(2) iff it is A -definable in VAC*(2) V.

IX.4.5. The Jordan Curve Theorem and Related Principles. The Jordan
Curve Theorem (JCT) asserts that any simple, closed curve divides the
plane into exactly two connected components. Here we consider the
setting where the curve lies on a grid graph and consists of only horizontal
or vertical edges. The notions of grid vertex and edge can be defined
using the pairing function. To state the theorem, one way is to represent
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the curve as a sequence of edges that form a simple cycle. To show that
there are exactly two connected components we can show that (i) any path
(represented by a sequence of edges) that connect two points on different
sides of the curve must intersect the curve, and (ii) any two points on the
same side of the curve can be connected by a path without intersecting
the curve.

Suppose that instead of representing the curve as a sequence of edges
we have a set of edges such that every grid vertex has degree either 0 or 2.
So there may be multiple simple closed curves, and we can only show that
there are at least two connected components. We will refer to this as the
set setting of JCT, as opposed to the above sequence setting.

Surprisingly the sequence setting is a theorem of ¥° [84], but the proof
of this is difficult and will not be presented here. In this section we will
show that the set JCT is a theorem of ¥°(2).

We start by defining the notions of grid vertex (or just vertex. or point)
and edge. and certain sets of edges which include closed curves, or connect
grid points. All of these notions are definable by £¥-formulas, and their
basic properties can be proved in 0.

We assume a parameter n which bounds the x and y coordinates of
points on the curve in question. Thus a point p is a pair (x.y) which
is encoded by the pairing function (x, y) (see (69) on page 113), where
0 < x,y < n. The x and y coordinates of a point p are denoted by x(p)
and y(p) respectively. Thus if p = (i, j) then x(p) = i and y(p) = j. An
(undirected) edge is a pair (py. p2) (represented by {p;. p2)) of adjacent
points; i.e. either |x(p2) — x(p1)] = 1 and y(p2) = y(p1), or x(p2) =
x(p1) and |y(p2) — y(p2)| = 1. For a horizontal edge e, we also write
y(e) for the (common) y-coordinate of its endpoints.

Let E be a set of edges (represented by a set of numbers representing
those edges). The E-degree of a point p is the number of edges in E that
are incident to p.

DEerINITION 1X.4.21. A curve is a nonempty set E of edges such that the
E-degree of every grid point is either 0 or 2. A set £ of edges is said to
connect two points p; and p; if the E-degrees of p; and p, are both 1 and
the E-degrees of all other grid points are either 0 or 2. Two sets £ and
E, of edges are said to intersect if there is a grid point whose E;-degree is
>1fori=1,2.

As noted before, a curve in the above sense is actually a collection of
one or more disjoint closed curves. Also if £ connects p; and p, then
E consists of a path connecting p; and p, together with zero or more
disjoint closed curves.

We also need to define the notion of two points being on different sides
of a curve. We are able to consider only points which are “close” to the
curve. It suffices to consider the case in which one point is above and one
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point is below an horizontal edge in E. (Note that the case in which one
point is to the left and one point is to the right of a vertical edge in E can
be reduced to this case by rotating the (n + 1) x (n + 1) array of all grid
points by 90 degrees.)

DEerFINITION 1X.4.22. Two points p;, p, are said to be on different sides
of E if

(i) x(p1) = x(p2) Aly(p1) — y(p2)| = 2.
(i) the E-degree of p; =0 fori = 1,2, and
(iii) the E-degree of p is 2, where p is the point with x(p) = x(p;) and
y(p) = 3(y(p1) + y(p2)). (See Figure 6.)

P2

E
p
P1

X =m

FIGURE 6. pi, p> are on different sides of E.

Now we show that any set of edges that forms at least one simple curve
must divide the plane into at least two connected components.

TuEOREM 1X.4.23. The theory V°(2) proves the following: Suppose that
B is a set of edges forming a curve, py and p, are two points on different
sides of B, and that R is a set of edges that connects py and p;. Then B and
R intersect.

— —

PrOOF. Since V0(2) is conservative over ¥°(2). it suffices to givea V°(2)
proof of the theorem. By Theorem 1X.4.5 we can use X (Parity)-COMP
and hence also 28 (Parity)-IND and £& (Parity)-MIN (Theorem V.1.8).

In the following discussion we also refer to the edges in B as “un-
dashed” edges, Eﬂhe edges in R as “dashed” edges.

We argue in V°(2), and prove the theorem by contradiction. Suppose
to the contrary that B and R satisfy the hypotheses of the theorem, but
do not intersect.

NoOTATION. A horizontal edge is said to be on column k (fork <n —1)
if its endpoints have x-coordinates k and k + 1.

Letm = x(p;) = x(p2). W.lo.g.. assume that2 < m < n—2. Also. we
may assume that the dashed path comes to both p; and p, from the left,
i.e., the two dashed edges that are incident to p; and p; are both horizontal
and on column m —1 (see Figure 7). (Note thatif the dashed path does not
come to both points from the left, we could fix this by effectively doubling
the density of the points by doubling n to 2n, replacing each edge in B or
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R by a double edge, and then extending each end of the new path by three
(small) edges forming a “C” shape to end at points a distance 1 from the
un-dashed curve, approaching from the left.)

r | p2

by

ry | P1
m—1 m

FIGURE 7. The dashed path must cross the un-dashed curve.

We say that edge e lies below edge e; if e; and e, are horizontal and
in the same column and y(e;) < y(e2). For each horizontal dashed edge
r we consider the parity of the number of horizontal un-dashed edges b
that lie below r. We say that an edge is “odd” if it is dashed and there
are an odd number of un-dashed edges below it. Recall that PARITY (X)
holds iff X contains an odd number of elements:

PARITY (X) < Parity(|X]. X)(|X| = 1).

Formally we have:

NotatioN. For each edge r let Z, denote the set of all horizontal un-
dashed edges that lie below r. An edge r is said to be an odd edge if it is
dashed and horizontal and PARITY (Z,).

For example, it is easy to show in F°(2) that exactly one of r;.r; in
Figure 7 is an odd edge.
For each k < n — 1, define using & (Parity)-COMP the set

Xjc = {r : ris an odd edge in column k}.

LemMa 1X.4.24. It is provable in V°(2) that
(a) PARITY(X,, 1) < —PARITY(X,,).
(b) For0<k <n—2 k+m, PARITY(X;) < PARITY (X;.,).

Using this lemma the proof of the theorem is completed as follows. We
may assume that there are no edges in either B or R in columns 0 and
(n—1),50 “PARITY (Xo) AN =PARITY (X,_;). On the other hand, it fol-
lows by Zg(EM)JND using Lemma I1X.4.24 (b) that PARITY (Xy) <

PARITY (X,,—1) and PARITY(X,,) < PARITY(X,_,), which contra-
dicts (a). O

It remains to prove Lemma 1X.4.24.
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PrOOF OF LEMMA 1X.4.24. First we prove (b). For k < n — 1 and
0 < j < n, let e ; be the horizontal edge on column k with y-coordinate
j. Fix k < n — 2. Define the ordered lists (see Figure 8)

Lo =exo.€c1.....€kn: Lyy1 = €k41.0-€kt11: -+ €htln

andfor1 < j <n:

Li=eis10.----rprj—1-((k+ 1.7 =1).(k+1./)).exj.....exn.

FIGURES. L, (forn =4.k =1).

A dashed edge r € L; is said to be odd in L if there are an odd number
of un-dashed edges in L ; preceding r. Formally, for each dashed edge
r € L;let W be the set of un-dashed edges in L; that precede r. Then r
is odd in L; just in case PARITY (W) is true. In partlcular X and Xjo
consist of odd edges in Ly and L, . respectively.

ForO<j<m+1,let

Y; ={r:risanoddedgein L;}.
Thus Yo = Xk and Yn-H = Xk+1.
CLam. Ifk # m — 1 then PARITY(Y;) < PARITY(Y.1) for j < n.

This is because the symmetric difference of Y¥; and Y, has either no
dashed edges, or two dashed edges with the same parity.

Thus by ZB(EVO( >) -IND on j wehave PARITY (Y) <> PARITY (Y,.1).
and hence PARITY (X;.) = PARITY (Xi.,).

The proof of (a) is similar. The only change here is that PARITY (L)
and PARITY (L;.) must differ for exactly one value of j: either j =
y(p1) or j = y(p2) (because either ry isoddin L, or raisoddin L.
but not both). O

IX.4.6. The Theories for AC’(m) and ACC. Now we present theories
associated with 4C° ( ). for m > 3. They are defined in the same way as

the theories V°(2). VO( ) and ¥°(2). Let dyop, (x. ¥, Z) be the B (L%)
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equivalent (by Lemma V.6.7) of the following formula:

SEQ(x,Z)NZ(0,0) AVz < x.(Y(z) D
(Z2)' = (2 +1) mod m)) A (=Y (z) D (2)"H = (2)).
Thus dy0p,, (x, Y, Z) states that Z = Mod,,(x, Y), the “counting modulo

m sequence” for Y (see (260) on page 304). Indeed. we take the following
as the defining axiom for Mod,,,:

Mod,y,(x.Y) =Z < (|Z] < 14 (x.m) Adyop, (x. Y. Z)).

Let
MOD,, =3Z <1+ <x.m>5M0Dm(x, Y,Z)

DEerINITION [X.4.25. For each m > 3, the theory VO(m) has vocabulary
L% and is axiomatized by ¥ and the axiom MOD,),.

The next exercise can be proved in the same way as Lemma 1X.3.3.

EXERCISE 1X.4.26. For each m > 3 the function Mod;, is Zf-deﬁnable
in V%(m), and V°(m)(Row, Mod,,, Mod’;,) proves
Vi < b, Mod*,(b. X. Y1 = Mod,,((X)", Y1),

N —

Now we define ¥9(m) and V°(m). To define ¥°(m) we use the string
function Mod,,(x, Y) defined by

Mod,, (x.Y)=Z < (|Z| < 14 (x.m) ANdyp, (x. Y. Z)) (265)

m

where 8),,p, (x. Y. Z) is the quantifier-free £pyco-formula that is equiva-

lent to Sy0p,, (x. Y. Z) over 7’ (see Lemma V.6.3).

— o —

DEFINITION 1X.4.27 (V9(m)). For each m > 3. the theory V°(m) has
vocabulary Lz = Lo U {Mod.,} and axioms that of 7 and (265).

For V9(m) we start with the function mod,, which is equal to mod,,, (see
(259) on page 304) but has the following quantifier-free defining axioms
(we identify the natural number m with the corresponding numeral m):

mod,, (0. Y) =0, (266)
(Y(x) Amod,,(x, Y) + 1< m) Dmod,,(x +1,Y) =mod,,(x, Y) + 1,
(267)
(Y(x) Amod,,(x,Y)+1=m) Dmod,,(x+1,Y) =0, (268)
=Y (x) D mod,,(x +1.Y) = mod,,(x, X). (269)

DerINITION 1X.4.28. For each m > 2. Lgyco(,) is the smallest set
that contains L0 U {mod,,} such that for each quantifier-free formula
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@(2.%.X) of Lyyco(m and term ¢(%, X) of £2, there is a string function
F,(.), with defining axiom (86):

¢
Fu (X, X)(z) = z<t(XX)Np(z. 7. X).

The theory VO( ) has vocabulary Lg4co(,,) and is axiomatized by the

axioms of 7' (266). (267), (268) and (269) for mod,,. and (86) for each
function F.),.

The following Definability Theorem follows from the results in Sec-
tion IX.2:

CoRrOLLARY 1X.4.29. Here either L is C D and T is VO( ), or L is

Lpaco(m) and T is VO(m).

(a) A function is in FAC®(m) iff it is represented by a term in /.ZV/%\?) (and
Jor string function) iff it is represented by a symbol in Lgyco(,y. A
relation is in AC(m) iff it is represented by an open (or a X&) formula
of L.

(b) Every $B(L) formula is equivalent in T to a £ (L%) formula.

(c) T proves £8(L)-COMP, 28(L)-IND. and £ ( )-MIN.

(d) VO(m) is a universal conservative extension of VO( ), which is in turn
a universal conservative extension of V°(m).

(e) A function is in FAC®(m) iff it is X¥-definable in V°(m) iff it is £5-
definable in T .

(f) A relation is in FAC®(m) iff it is AP -definable in V°O(m) iff it is AB-
definable in T .

COROLLARY 1X.4.30. Let p, q be two distinct prime numbers. Then
V'S V) € V(q).
ProoF. Both facts follow from Corollary 1X.4.29 (f) and the results of

Razborov and Smolensky mentioned in Section 1X.4.1 (that
MODULO,, ¢ AC°(p) if p is a prime number not divisible by m). O

Theories for ACC are as follows:

DEFINITION [X.4.31. VACC = {J,>, V°(m).

EFACC - U ‘CFACO(Z)’ m: U Vo(m
m>2 m>2

Lyzce = U ‘CV() ) VACC = U Vo(m
m>2 m>2

The next Definability Theorems for the theories associated with ACC
follow from Corollary 1X.4.29.

COROLLARY 1X.4.32. Here either L is L=~
Lracc and T is VACC.

Tare and T is ﬁc\c or L is
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(a) A functionis in FACC iff it is represented by a term in L= (and for
string function) iff it is represented by a symbol in Lrscc. A relation
is in ACC iff it is represented by an open (or a £8) formula of L.

(b) Every £B(L) formula is equivalent in T to a £8(L%) formula.

(c) T proves£8(L)-COMP, 28 (L)-IND, and £8 (L)-MIN.

(d) VACC is a universal conservative extension of VACC, which in turn is
a universal conservative extension of VACC.

(e) A function is in FACC iff it is £8-definable in VACC iff it is 8-
definable in T .

(f) A relation is in FACC iff it is AB-definable in VACC iff it is AB-
definable in T .

EXERCISE IX.4.33. Show that for all integers m,n > 2, if m|n then

AC’(m) € AC’(n) and V°(m) C V°(n).

The next result is analogous to Corollary VIII.7.21 (relating the finite
axiomatizability of ¥*° to the provable collapse of PH ). but the proof is
much easier.

THEOREM 1X.4.34. VACC is finitely axiomatizable iff for some m > 2,
VO(m) proves AC®(m) = ACC.

PRrOOF. Since each theory AC°(m) is finitely axiomatizable, it follows
from Exercise 1X.4.33 and compactness that VACC is finitely axioma-
tizable iff VACC = V°(m) for some m > 2. If VACC = V°(m) then
VACC and V°(m) have the same XZ-theorems, so by Corollaries IX.4.29
and IX.4.32 every relation in ACC is A¥-definable in ¥4CC and hence also
in V°(m) by the same formulas. Thus every relation in ACC is provably
in AC°(m).

Conversely if ¥°(m) proves AC°(m) = ACC then V°(m) proves the
axiom MOD,, for every n > 2. so V'(n) C V°(m). so VACC = V°(m).
To justify the conclusion ¥°(m) proves MOD, we could argue as follows.
If ¥°(m) proves AC’(m) = ACC, then by Corollary I1X.4.29(f) it fol-
lows that AC°(m) AP-defines MODULO,, so by the witnessing theorem,
VO(m) Zf-deﬁnes the characteristic function of MODULO,,, which in
turn can be used to prove MOD,, by Corollary IX.4.29. |

EXERCISE [X.4.35. FACC C VTC®. and V°(p) C VACC for any prime
P

1X.4.7. The Modulo 1 Counting Principles. Recall the Parity Principle
(or also Modulo 2 Counting Principle) from Section 1X.4.3. Gener-
ally, for m € N, m > 2, the Modulo m Counting Principle, denoted by
Count,,, states that a set of cardinality which is (I mod m) cannot be
partitioned into disjoint subsets of exactly m elements each. The formula
Count,,(a, X) below expresses the fact that the m-dimensional array X
does not encode a partition of the set {0, 1, ..., ma} into m-element sub-
sets. Here the encoding of the partition is such that X (x1, x...., X,)
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holds iff {xy. x2,. .., Xm } 18 @ subset in the partition and x; < x, < -+ <
X
Count,,(a. X) = ~Vx < maIy,—1 < may,_2 < yp_1...3y1 < 1
m—2
Vi <xAx<yia AXDnye Xyt Yme1)) V

=1
(x < AXxyn =)V (et <X AX (D1 Yime1.X)).
We will also write Count,, for the family of tautologies
{Count,,(a, X)[n,{n,n.....n) +1] : n > 1}.

Recall the onto Pigeonhole Principle OPHP from Section 1X.4.3. The
following exercise generalizes Exercise 1X.4.8.

EXERCISE IX.4.36. Let m € N, m > 2. Show that V° proves

YaV X Count,,(a, X) D VaVX OPHP(a, X).

Ajtai’s Theorem 1X.4.11 holds for Count,, in general and shows that
V? does not prove the reverse implication. (See the summary in Theo-
rem 1X.4.39 and Corollary IX.4.40 below.)

Another theorem of Ajtai [6] is that the family Count, does not have
polynomial size bPK proofs even when instances of Count,,, Count,,. . ...
Count,, are used as axioms, for distinct prime numbers p, g1, ¢> ..., qi. It
follows that the VE® sentence VaVX Count ,(a. X ) is not provable from V°
and the sentences

{VavX Count, (a, X) : 1 <t <k}

On the other hand. it can be shown that Count,, is provable in ¥°(m).
(This generalizes Exercise 1X.4.13.) The proofs of this and some other
facts are left as an exercise.

ExEercisE I1X.4.37. Let m € N, m > 2. Show that

VO(m) + YaVX Count,,(a. X).
ExErcISE IX.4.38. (a) Show thatif m,m’ € N, m > 2and m|m’, then
V0 proves
VaV X Count,,(a, X) D Va¥X Count,, (a, X).
(b) Letm,m’ € Nand m. m’ have a common divisor p > 1. Show that
VO(m) + Count,y (a. X).
Now we summarize some of Ajtai’s Theorems and their corollaries.

TueEOREM 1X.4.39 (Ajtai [5. 4. 6]). (a) For m > 2. the family Count,
does not have polynomial size bPK proof even when instances of OPHP
are used as axioms.
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(b) For distinct prime numbers p.qi.qs. ....q. the family Count, does
not have polynomial size bPK proof even when instances of { Count,, :
1 <t <k} are used as axioms.

As a result, we have the following independence results:
COROLLARY 1X.4.40. (a) For m > 2. the theory V° does not prove

Ya¥X OPHP(a. X) D VavX Count,,(a. X ).

(b) Let p.q1.q>. . ...qx be distinct prime numbers. The theory V° does
not prove the following implication:

k
( /\ VaVX Count, (a.X)) D Vav X Count,(a.X).
t=1

The next corollary is proved in the same way as Corollary 1X.4.14.

COROLLARY 1X.4.41. Form > 2. the theory V°(m) is a proper extension
of V. In fact, V°(m) is not £8-conservative over V°.

See Section IX.7.4 for an open problem regarding ¥°(m) and the count-
ing principles.

IX.4.8. The Theory VAC’(6)V. Here we develop FAC’(6)V in the
same way as PAC’(2)V, using Theorem IX.4.42 below. Recall the boun-
ded number recursion (BNR) from Section IX.3.3. The following result
if from [82].

THEOREM 1X.4.42. A function is in FAC®(6) iff it is obtained from FAC®
by finitely many applications of AC® reduction and 3-BNR iff it is obtained
from FAC® by finitely many applications of AC® reduction and 4-BNR.

Thus, the functions in Ly )y defined below represent precisely the
functions in FAC(6).

DEerFINITION 1X.4.43. The vocabulary Ly co(e)p is the smallest set that
includes £ co such that for every £%-term ¢ and open Lyc0(6)p-formula
¢ the function F,.) , with defining axiom (86) (page 125) is in Ly co(6)p-

and for every strir;g function F in Ly,co)y there is a number function
S Fin Lyco)y with defining axiom f' (¥, X) = |F(%.X)|. and for every
two number functions g (¥, X). h(y.z. . X) € £ vaco(s)y there is a number

function f'g, in Lyyc0(6)y With defining axiom (omitting X', X):

(€<3D fen(0)=¢g)A(g>3D fen(0)=0)A
(h(y. fen(¥) <3D fan(y+1)=h(y. fen(»)) A
(h(y. fen(y) =32 feuly +1)=0). (270)

The next corollary follows from Theorem 1X.4.42. It states that se-
mantically the functions in Ly ey represent precisely the functions

in FAC°(6).
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COROLLARY IX.4.44. (a) A function is in FAC’(6) iff it is represented
by an Ly,co ) y-term.
(b) A relation is in AC®(6) iff it is represented by an open formula in
Lycoe)p iff it is represented by a 2§ (Ly,co6)y) formula.

DEFINITION IX.4.45. The theory VAC®(6)¥ has vocabulary £ y,co(6)y

and is axiomatized by the axioms of 14 together with (86) for the functions
F, .y, and (240) for the functions f» and (270) for the functions f .

THEOREM IX.4.46. (a) The theory VAC(6)V is a universal conserva-
tive extension of V°(6).
(b) Every £8(Lyucos)v) formula o+ is equivalent in VAC*(6)V to a ¥
formula .
PROOF SKETCH. Part (a) is proved by formalizing both directions of the
proof of Theorem IX.4.42 in appropriate theories (F°(6) or VAC(6)V).
Part (b) is proved in the same way as Corollary 1X.3.21. O

The characterization of AC°(6) by ¥AC°(6) ¥ can be proved as in Sec-
tion IX.3.4 (for the class TC? and the theory F¥TC"V).

COROLLARY IX.4.47. (a) A function is in FAC®(6) iff it is L7 -definable
in VAC’(6) V.
(b) A relation is in AC°(6) iff it is AB-definable in VAC®(6)V .

IX.5. Theories for NC' and the NC Hierarchy

The classes NC* and AC* form a hierarchy inside P as follows:
AC’ C NC' C AC' C NC* C --- .

We have already developed the theory F° for AC°. Here we develop
theories for the other classes in the hierarchy, with a focus on NC I

The class NC! plays an important role in propositional logic because
the NC' relations can be characterized as those that can be expressed
by a uniform polynomial size family of propositional formulas. The Z§
theorems of the theory VNC' translate into families of tautologies with
polynomial size PK proofs (Section X.3).

In Section IX.5.1 we define the classes and characterize them in terms
of alternating Turing machines. In Section IX.5.2 we define the Boolean
Sentence Value Problem, which is complete for NC'. In Section IX.5.3 we

develop the theories VNC', VNC' and VNC' that characterize NC' fol-
lowing the method presented in Section IX.2. In Section 1X.5.4 we show
that VNC! extends V'TC®. In Section IX.5.5 we use the bounded num-
ber recursion (BNR) operation (see Section IX.3.3) to develop VNC'V,
and use the fact that this theory can formalize the proof of Barrington’s
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Theorem to prove that it is a universal conservative extension of VNC'.
Finally, the theories for other classes in the NC hierarchy are defined in
Section 1X.5.6.

In Section X.3.1 we will prove the Propositional Translation Theorem
for VNC'.

IX.5.1. Definitions of the Classes. (See also Appendix A.5.) Recall the
definition of AC” using uniform families of circuits in Section IV.1. In
general for k > 0, uniform AC* (or just ACY) is the class of problems
decidable using a uniform family (C,) of polynomial size Boolean circuits,
where each circuit C, has n input bits and O((log n)*) depth, and the gates
in C, have unbounded fan-in. The class uniform NC* (or simply NC¥) is
defined in the same way, except the gates have fan-in two.

It is easy to see that for k > 0:

Ack C ch+1 C ACde.

Furthermore AC° C NC' because PARITY (X ) isin NC' but not in AC°.
These classes form the VC hierarchy:

NC = | JNC* = | JAC* c P.
k>0 k>0

Ruzzo [100] discusses at length alternative notions of uniformity that can
be used to define these classes. For k > 1 the classes AC* and NC**!
remain the same under a wide choice of uniformity conditions, from 4C°
to log space. However NC' appears to be more sensitive to the notion of
uniformity used. The standard definition is quite strong, and requires that
the extended connection language (ECL) be recognizable in time O(log )
(where n is the number of input bits for the circuit). Here ECL specifies
for each gate g and each string p € {L,R}* of length logn the gate
that is reached by following the path specified by p starting from g and
proceeding to the left input for L and the right input for R.

Fortunately under the standard notions of uniformity these classes are
robust in the sense that they can be characterized using a different model
of computation, namely alternating Turing machines (ATMs) (see Ap-
pendix A.4). Let ASpace-Alt(s. r) denote the class of languages accepted
by ATMs in space s with r alternations. Then for & > 1[40, 110]

AC* = ASpace-Alt(O(logn). O((logn)¥)). (271)

(Recall Theorem IV.1.2 states that AC? consists of languages accepted by
ATMs working in time O(log n) and constant alternations.)

Similarly, let ASpace-Time(s, t) denote the class of languages accepted
by ATMs in simultaneous space s and time z. Then for & > 1 [100]

NC* = ASpace-Time(O(logn), O((log n)*)) (272)
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and in particular
NC' = ATime(O(logn)). (273)

For this reason NC' is also called ALog Time in the literature.
Here we take the above three equations as definitions of the classes 4C*
and NC*.

IX.5.2. BSVPand NC'. The Boolean Sentence Value Problem (BSVP)
is to decide the truth value of a Boolean sentence given its infix represen-
tation. In Section X.3.2 we will show that that BSVP is 4C’-many-one
complete for NC'. In fact. the problem remains 4C’-many-one complete
for NC' even for monotone formulas that have a “balanced” structure
when viewed as a binary tree. We use this fact here to define the function
Fval (Fval stands for “formula value”) whose AC° closure is NC'.

Consider the following encoding of a balanced monotone Boolean sen-
tence using the heap data structure. We view the sentence as a balanced
binary tree with (2a — 1) nodes. including a leaves numbered

a,(a+1),....,2a—-1)
and (a — 1) inner nodes numbered
1,2,....(a—=1).

Each inner node (or gate) is either an A-gate or an V-gate, and each leaf
is labeled with a Boolean value. The two children (inputs) of an inner
node x are 2x and (2x + 1) (as in the heap data structure). Therefore
the sentence can be encoded by (a. G. I), where G (x) specifies the label of
node x: forl < x < a,

if G(x) holds then node x is an A-gate, otherwise x is an V-gate,
and I specifies the values at the leaves: for x < a,

I(x) is the value labeling leaf (a + x).

We will also refer to the binary tree (a, G) as a tree-like circuit and refer
to I asits inputs.

The function Fval(a. G, I) gives the value of the sentence encoded by
(a.G.I) as well as the values of all nodes in the associated tree. The
function is computed by a polytime procedure which evaluates these nodes
inductively, starting with the leaves. In the formula dyry (a. G. I, Y) below
Y (0) always holds, and Y (x) is the value of gate x for 0 < x < 2a. (MFV
stands for “monotone formula value™.)

Surv(a.G.LY)=Vx<al[(Y(x+a) = I(x))AY(0)A
0<xD(Y(x) = (G(x)AY2x)AY(2x+ 1))V
(=G(x) A (Y(2x)V Y(2x +1)))))]. (274)

Figure 9 depicts a computation of (the bits of) Y for « = 6. Here
Y(1),.... Y(5) are the values of gates G(1).....G(5).
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FIGUREY. Computing Y which satisfies dyrry-(a. G. 1. Y)
fora = 6.

DErINITION [X.5.1.
RMFV(CI, GI) — JY < 2&(5Mpy(a, G, 1, Y) A\ Y(l))

The following proposition shows that Rz is A C°-many-one complete
for NC'. For a proof see [22] and [10, Lemma 6.2.page 287].

PROPOSITION IX.5.2. A Relation R(X,X) is in NC" iff there are AC°
functions ay, Go. Iy such that

R(f’ Y) — RMFV(aO(ff A?) GO()E: f),[o()?, Y))

THEOREM 1X.5.3. NC' is the AC? closure of Ryry .

ProoEF. It follows from Proposition IX.5.2 that NC! is included in the
AC° closure of Ryry. Thus it suffices to show that NC! is closed under
AC" reductions, and for this it suffices to show that FNC" is closed under
AC? reductions. By (273) and Theorem IX.1.7 our task is to show that
the class of functions computed by alternating Turing machines (ATMs)
in time O(log n) is closed under composition and string comprehension.

We use the restricted form of log time ATMs given in Section 6 of [10].
In particular only one input bit is queried on any one computation path,
and that query occurs at the end of that path. Further, although inputs
of number sort are presented in unary, an ATM can easily write on its
work tape the binary notation of a unary input x in time O(log x) and
constant alternations, simply by guessing that notation and verifying it
with a couple of queries using its index tape.

For composition, for notational simplicity consider the case

F(x.X)=G(x X.H(X. X))
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where G and H are computed by ATMs in time O(log#n). The machine
M computing F actually computes the bit graph F (%, X)(i) of F. On
input (¥, X.i) M simulates the machine computing the ith bit of G.
Whenever a computation path of that machine ends with an input query
for a bit j of H(%, X). M simply simulates the machine computing H on
input (¥, X, ).
For string comprehension, suppose
F(y)={f(x):x <y}

(where F and f may contain other arguments) and suppose f is computed
by an ATM in time O(logn). Then to compute F(y)(i) (where as above
we may assume binary notation for y and i) a machine M guesses x,

verifies x < y, then for each bit number j (using universal states) M
computes bit j of f(x) and verifies that it is the same as bit j of 7. O

IX.5.3._The Theories VNC‘ VNC‘ and VNC'. We define the theories

VNC!, VNC VNC! and VNC asin Section IX.2 using the formula d ;7 above.
In Section IX.5.5 we will define VNC' V. another universal conservative
extension of VNC' using number recursion.

DEFINITION IX.5.4 (PNC"). Let
MFVEHY§2LI+15MFV(¢Z, G, 1, Y) (275)

The theory VNC' has vocabulary L% and is axiomatized by MFV and the
axioms of V0.

DEerINITION IX.5.5. The function Fval(a, G, I) is defined as follows:
Fval(a.G. 1) =Y < |Y|<2a ANdypv(a. G, L Y). (276)

Note that Fval is X -definable in VNC'.

The next result is an immediate consequence of Theorem 1X.5.3 and
Lemma IX.1.5.

COROLLARY IX.5.6. FNC' is the closure of Fval under AC® reducibility.

Details of the proof of the next result are easier to carry out after later
technical developments (see Exercise 1X.5.15). Here we outline the proof.

LeEMMA IX.5.7. The aggregate Fval* of Fval is £8-definable in VNC!,
and VNC" (Fval, Fval*) proves

Vi < b, Fval*(b, A, G, 1) = Fval((4)", G1, 111).

ProoF skeTcH. This is an exercise in circuit design similar to the proof
of Lemma VIII.1.10, which shows a similar result for the theory V'P. Since
the set of £-definable functions in any theory extending ¥ is closed under
composition it suffices to find suitable FA C? functions EXT, ay. Gy, Iy such
that

Fval*(b, A, G.I) = EXT(Fval(ay(x). Go(x). Io(*)). %)
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where x stands for b, 4,G.I. Thus the tree circuit C described by
(ao. Go. Ip) has, for each i < b, a subtree C; which computes Fval((A4)",
Gl IUT). We fix things so that each subtree C; is a padded version of the
circuit described by ((A4)", GU1, I1]) that it is simulating. so that all circuits
C; have the same size, and the number of leaves of each is a power of 2.
This makes it easy to define the function EXT so that EXT (Y, )l extracts
the gate values of C; when Y is the string of gate values for C. a

—

To define ¥NC! we use the following quantifier-free defining axiom for
Fval. where x occurs as a free variable. It is easy to see that this defining
axiom is equivalent to (276).

Fyal(a.G.1) =Y D (|Y|<2a) A Y(O)A (x<a D (Y(x +a) <
Tx)) A 0<xAx<a)D (Y(x)— ((Gx)AY(2x)A
Y(2x + 1))V (=G(x) A (Y(2x) v Y (2x + 1))))). (277)

—

DEFINITION IX.5.8. ¥NC! is the universal theory over the vocabulary

Lisa = Lraco U {Fral} with axioms those of 7" and the defining axiom

(277) for Fval.

DEFINITION IX.5.9. Lpyc is the smallest set that contains £, -~ such

that for every £%-term ¢ and every quantifier-free £pyci- formula <p there
is a function F,, (), in Lpycr with defining axiom (86) (page 125).

el . . L .
VNC is the universal theory over Lpyct that is axiomatized by the

—

axioms of VNC' and (86) for each function Fy(2).. of Lpner.

The next theorem follows from results in Section IX.2 concerning the
general treatment of the theories ¥C. VC. and VC.

THEOREM I1X.5.10. Assume that either L is EW and T is VNC', or L

is Lpner and T is VNC'.

(a) A function is in FNC' iff it is represented by a term in Liva (and
Sor a string function) iff it is represented by a function in Lgyer. A
relation is in NC" iff it is represented by an open (or x8) formula of
L.

(b) Every £B(L) formula is equivalent in T to a £ (L%) formula.

(c) T proves 8(L)-coMP, 2 (L)-IND, andzB( )-MIN .

(d) VNC is a universal conservative extension of VNC . which is in turn
a universal conservative extension of VNC'.

(e) A function is in FNC" iff it is 3B-definable in VNC' iff it is B
definable in T .

(f) Arelationisin NC" iff it is AB-definable in VNC' iffit is AB-definable
inT.
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The original definition of ¥NC' [45] uses the axiom scheme XZ - Tree Rec
instead of the axiom MFV .

DEFINITION IX.5.11 (2§-TreeRec). T8-TreeRec is the set of axioms of
the form

AYVx < a(Y(x +a) « y(x)) A
(0<xD(Y(x) = o(x)[Y(2x). Y(2x +1)]) (278)

where y(x) is a Zf formula, ¢(x)[p.¢] is a ¥ formula which contains
two Boolean variables p and ¢, and Y does not occur in  and ¢.

We will show that our definition of ¥NC' here is equivalent to the
original definition. Since MFV is an instance of the X£-TreeRec axiom
scheme, we need only to show that X£-TreeRec is provable in VNC'.
This is proved in Theorem 1X.5.12 below. In Section IX.5.4 below we
will show that PNC' proves several generalizations of Y8-TreeRec (The-
orems IX.5.13 and IX.5.14).

THEOREM IX.5.12. The XE-TreeRec axiom scheme is provable in VNC I

Proor. Given a.y and . the idea is to construct a (large) treelike
circuit (b, G) and inputs I so that from Fval(h. G,I) we can extract Y
(using Z§-COMP) that satisfies (278).

Notice the “gates” ¢ (x)[p. ¢]in (278) can be any of the sixteen Boolean
functions in two variables p.q. We will (uniformly) construct binary
treelike A-V circuits of constant depth that compute ¢ (x)[p. ¢].

Let

be the sixteen Boolean functions in two variables p,g. Each f; can be
computed by a binary treelike and-or circuit of depth 2 with inputs among
0,1, p.q,—p,~q. For 1 <i <16, let X; be defined by

Xi(x) < (x <aA(eX)[p.q] < Bi(p.q))).

Then,

16

0(x)[p.q] = \/ (X;(x) A Bi(p. ).

i=1
Consequently, ¢(x)[p. ¢] can be computed by a binary and-or tree T of
depth 7 whose inputs are 0.1, p. =p. g. ~g. X;(x). Similarly, = (x)[p. ¢]
is computed by a binary and-or tree 7', having the same depth and set
of inputs. Our large tree G has one copy of 77, and in general for each
copy of T, or Ty, there are multiple copies of T5.. To11. T5,. Ty, | that
supply the inputs Y (2x), Y(2x + 1),-Y(2x),-Y(2x + 1), and other
trivial treelike circuits that provide inputs 0, 1. X;(x) (1 < i < 16).

Finally. I is defined as follows: I(x) < (x < a A w(x)). O
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IX.54. VTC® C VNC'. 1t is known that TC® C NC' (although it is
unknown whether the inclusion is proper). Here we will show, informally,
that PNC! proves this inclusion. In particular, we will show that ¥NC!
extends ¥'TC®. Note that for this it suffices to show that ¥NC' proves
the axiom NUMONES. Our proof is by formalizing in ¥NC' the con-
struction of NC' circuits that compute numones and prove in VNC' the
correctness of this construction. Here we formalize the construction by
Buss [22].

The next two theorems show that ¥NC' proves some generalizations
of XB-TreeRec. They are useful in formalizing the construction of the
counting circuits. They are also useful in proving that the function Fval*
is 28-definable in VNC ! (see Exercise IX.5.15), a result that we need for
Theorem IX.5.10 stated earlier.

First, Theorem IX.5.13 asserts, informally, that we can evaluate in
VNC' formulas whose underlying trees have an arbitrary constant branch-
ing factor (as opposed to binary trees).

THeoREM 1X.5.13. Suppose that 2 < k € N, w(x) is a £8 formula, and
©(X)[po. . ... pk—1)is a & formula that contains also Boolean variables p;.
Then VNC' proves

AY, Vx<ka, a <xD(Y(x) = w(x)A
Vx <a, Y(x) < ox)[Y(kx).....Y(kx +k —1)]. (279)

Proor. We prove for the case k = 4; similar arguments work for other
cases.

Using Theorem IX.5.12 we will define a’, y’, ¢’ so that from Y’ that
satisfies the £-TreeRec axiom (278) for a’. y’ and ¢’ we can obtain Y
that satisfies (279) above.

Intuitively, consider Y in (279) as a forest of three trees whose nodes
are labeled with Y (x), x < |Y|. Then Y has branching factor of 4 (since
k = 4), and the three trees are rooted at Y (1), Y(2) and Y (3). (See
Figure 10.) Note also that each layer in Y corresponds to two layers in
the binary tree Y.

We will define an injective map f so that Y (x) < Y’(f(x)). Since the
trees rooted at Y (1), Y (2) and Y (3) are disjoint, f is defined so that these
trees are the images of disjoint subtrees in the tree Y’. For example, we
can choose the subtrees rooted at Y'(4), Y'(5) and Y'(6). Thus,

f(1)=4.7(2)=5.1(3)=6.
In general, consider the function f defined by:
f@"+y)=4""4y  for 0<y<3.4"

(By the results in Chapter II1, f is provably total in IA,, and hence also
in V%)
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ANNVA /\

|Y11 : |Y 15

FIGURE 10. The forest Y in Theorem IX.5.13 when k =
4. Trees rooted at Y (1), Y(2) and Y (3) are simulated by
the sub-trees Y’ (4), Y’(5) and Y'(6). respectively.

Now we need y’ such that for a < x < 4a
' (f (x) = wix).
So define y’ as follows: for y < 3-4" anda < 4" + y < 4a,
' (@ 4 y) o p @ ).
To obtain ¢, write ¢ (x)[po. p1. p2. p3] in the form

©1(X)[@2(x)[po. p11. w3 (x)[p2. p3]]
where ¢; 1s Z(’f with at most 2 Boolean variables, for 1 < i < 3. Define ¢’
as follows:
o' (4" +y)p.ql = 014" + y)lp.q]  fory<3-4"
@' (2- 4" 1 2y)[p.ql = 24" + y)[p.q]  fory<3-4")2,

@ (2- 4" £ 2y + D[p.ql = @:(4" + y)lp.q]  fory<3-4"/2.

Finally. let @’ = f(a). Let Y’ satisfies (278) for a’, v’ and ¢’, and let
Y be such that

Y(x) < Y'(f(x)).

It is straightforward to verify that Y satisfies (279). O

The next theorem shows that in ¥NC' we can evaluate multiple inter-
connected Boolean circuits where each has logarithmic depth and constant
fan-in.

THEOREM [X.5.14. Suppose that 1 < m. ¢ € N, and for 1 < i < m,
wi(x.y) and @;(x, Y)[P1.q1. - Pt Gme] are T8 formulas where p, q are
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the Boolean variables. Then VNC' proves the existence of Z. . . . . Z such
that

Vz<eVx <a /\ ((Zl.[z](x +a) = wi(z.x)) AO< x D (Z,-[Z](x) N
i=1

0i(z.0)[ZF(2x). ZP 2x +1). ... ZEH1(2x), ZEH1 (2 4 1)])).

Proor. Using Theorem 1X.5.13 above, the idea is to construct a con-
stant k, a number a’ and £ formulas v’ (¢, x) and ¢’(c. x)[po. . . .. p—1]
so that from the set Y that satisfies (279) (for k. a’. v’ and ¢’) we can
obtain Zy.....Z,,.

Consider for example m = 2,£ = 2. W.l.o.g., assume that ¢ > 1. The
(overlapping) subtrees

29, 200 7l gl (280)

have branching factor 8 (i.e.. 2mf). So let k = 8 (i.e.. k = 2mf). We will
construct Y (with branching factor 8) so that the disjoint subtrees rooted
at

Y(c),....Y(3¢c = 1) (281)

are exactly the subtrees listed in (280).
We will define an 1-1, into map

s:{1,2} x N> = N
so that
Zi[z](x) - Y(s(i,z.x)).

The map s must be defined in such a way that the nodes of the trees listed
in (280) match with those whose roots are listed in (281). For example,
for the root level we need

5(1,0.1) =¢c, 5(2.0.1) =c+1. 5s(1.1.1) =c+2, s(2.1.1) = c+3.....
For other levels we need: If s(i, z. x) = y. then
s(1,2.2x) =8y, s(1.z.2x+1) =8y +1,....5(2.z+1.2x +1) = 8y + 7.

To define s we define partial, onto maps f,g : N — Nand 2 : N —
{1,2} so that
s(h(y).g(»). f(»)) = y.
In other words,
Y(y) < ZED(f ().

For example, for 0 < z < 2¢:
flc+z)=1, gle+z)=1z/2]. h(c+z)=1+(z mod2).
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In general, we need to define £, g, & only for values of x of the form 8" ¢ + =z
for0 < z < 2-8"c. The definitions of f, g, h at 8¢ + z are straightforward
using the base 8 notation for z, where 0 < z < 2 - 8'c.
Once f. g, h are defined, the formula ' and ¢’ are defined by
y'(e.x) <= w(g(x). f(x))
and
o' (c.X)... T on(gx). f (X)L ]
(where ... is the list of 2m¢ Boolean variables). 0

ExEercisk 1X.5.15. Use Theorem IX.5.14 to give a more detailed proof
of Lemma IX.5.7 stating that the function Fval* is £8-definable in VNC',

For the next theorem we use Sum(a, X) for the sum of a rows of X:

%] ifa =0,

Sum(a. X) = .
um(a. X) {X[°]+X[1]+~~+X[““ ifa > 1.

(We introduced the function Sum(m,n, X) in (250) and (251) on page
294. The two functions Sum(a, X ) and Sum(m. n. X) have the same name
but different arity, so the exact meaning is clear from context.)

THEOREM I1X.5.16. The function Sum(a, X) with the following defining
axiom is £ -definable in VNC g
Sum(a, X) =Y <
Y| < (@ |X)A YO =z Avx < a(YEH = Y 4 x0Ty (282)

The fact that VTC® C VNC! follows easily:
COROLLARY IX.5.17. VTC" C VNC'.

PrOOF OF THEOREM 1X.5.16. Informally we need to construct a circuit
that adds all rows

The idea is to use the divide-and-conquer technique. We will construct
a balanced binary tree Z that has (2a — 1) nodes (see Figure 11 for an
example):

e g leaves ZW zle+tl  z[2¢=1 gych that
zlat] = xlx for0 < x < a.

e (a — 1) inner nodes Z1, ZP1 Zl¢=11: the two children of node

ZU are Z2¥1 and Z12¥+1 5o that

ZW = Zx1 4 ZBxH] forl <x<a.
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LemMA 1X.5.18. Let DaCAdd(a. I, Z) be the formula
Vx < a. ZW = WA x > 00z = ZBx 4z (283)
(DaCAdd stands for “divide-and-conquer addition”.) Then
VNC' + Ya¥13ZDaCAdd(a. 1. Z).

zIMm
z[2 7Bl
Z4 AR z16] AUl
/\ /\ 700 7h
ZB Z Z10] AR
712 B3l 4 1]

FIGURE 11. The balanced binary tree Z for DaCAdd(6.1, Z).

PrOOE. We show how to compute Z by an NC' circuit. Note that if
for each x < a we simply construct an AC” circuit that performs string
addition to compute ZI! from ZP¥1 and Z>*+1 (ie. ZI¥ = zZP¥] 4
Z12x+11) and stack them together, the resulting circuit has depth O(log n)
(where 7 is the number of input bits) but unbounded fan-in.

Here we use the fact that

X+Y+Z=G(X.Y.Z2)+H(X.Y.Z) (284)

where G (X, Y, Z) is the string of bit-wise sums, and H (X, Y, Z) is the
string of carries:

GX.Y.Z)(z) = X(z)® Y(z) ® Z(2).
H(X.Y.Z)(0) < L.
HX.YZ)z+1) o (X(2)AY(2)V(X(2)AZ(2) Vv
(Y(z) A Z(z)))
EXERCISE IX.5.19. Show that ¥°(G. H) proves the equation (284).

Thus. for each Z*! we have a pair of strings (S1¥!, CI¥1) where S is the
string of bit-wise sums and C T is the string of carries; and for 1 < x < a,

7K — i1 4 ¢
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(For a < x < 2a, we will take SP = /=4l and CM = &)
We need for1 < x < a,
S 4 ol = gl2xl . cl2x] 4 glaxt] 4 cl2xt],
So
sl — G(clx+ g ), c = g(ct¥_y )
where
U = G(SP, ¢ gl2x+11, V= H(SRY, cl2x) g+,
In other words, let Fy, F> be the AC? functions:
FI(X.Y.ZW)=G(W.G(X.Y.Z).H(X.Y.Z)).
B(X.Y,ZW)=HW.GX.Y.Z).H(X.Y.Z)).
Then
S = (S 2 g+l o)

and
C = Fy(SP¥, 2] gl2x+] cRx+11),

In summary we need to prove in PNC! the existence of S and C such
that

Vx < a, ST = [T A clrel = g A
(0 <xDO (S[x] _ F'1 (S[zx]’ C[Zx]ﬂs[2x+l]‘/ C[2x+1]) A
CH = (S cY] gl2x+1], C[Z«Hl])))_

Notice that for each z. the bits SI¥1(z), C*(z) are computed from the
bits

{8 (), SBH(y), cB(y), () iz =2 < p <z}

(where we define SP*¥1(y) = L if y < 0, etc.). This is not in the form
of the hypothesis of Theorem IX.5.14, but we can put it in the required
form by transposing S and C. Recall the function Transpose from (252)
(page 295). We will first compute S, = Transpose(b.b.S) and C, =
Transpose(b,b, C) where b = |I| is a sufficiently large bound.

Thus SF!(x) and CF(x) are computed from

{sM2x). sP2x +1). cP2x). cPex + 1)z —2< y <z}
by a £ formulas. Therefore by Theorem 1X.5.14, FNC ! proves the

existence of S; and C;. O

Notice that V° proves the uniqueness of Z in (283). Define Sum(a. X)
as follows. First,

Sum(0. X) = @.
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For a > 1 we apply the above lemma for a full binary tree. Thus let a; be
the smallest power of 2 that is > «a, and define X7 such that

XM= xWMfor x < aand XM = g fora < x < ay. (285)

Let Z be the string that satisfies DaCAdd(a;. X;. Z) asin Lemma IX.5.18
(see Figure 12). Define

Sum(a, X) = zM.

Al
/\
zP 7131
/’\ /’\
A ZB

VA NVAN /\ /\
Z18] 7] Z110] ZI1] Z112] ZI13] 7114 Z113]

X0 x x2 x B3l x4 xbl 1% %]

FIGURE 12. Defining Sum(6. X) using a full binary tree.

It remains to show that VNC' (Sum) proves (282). For this, it suffices
to show that

Sum(a + 1, X) = Sum(a, X) + X1, (286)

When a = 0 this is straightforward. So first consider the case where ¢ > 1
and «a is not a power of 2. Let X be as in (285). and let X> be such that

XZ[X] = XM for x gaandXz[x] =gfora< x < a.

Let Z; and Z, be such that DaCAdd(ay. X1, Z1) and DaCAdd(ay. X>, Z»)
hold. By definition,

Sum(a,. X) = Z{l] and Sum(a +1,X) = Zy].
So we have to show that
zZW = z,[1] + X[a).

The trees Z; and Z; have the same height # = [loga;|. Note that 4 + 1
is the length of the binary representation of (a; + a). Also, /4 is definable
in IAq (see Section I11.3.3). Let

d(): 1,d1 :3,d2,...,dh :(a1+a)



IX.5. THEORIES FOR NC' AND THE NC HIERARCHY 333

be all initial segments of the binary representation of (a; + a). Then

[d] L] [d]
z 7z

are all nodes in the tree Z, on the path from the root to the leaf Z“+¢ =
X,
It can be proved by reverse induction on i that

(ng"] = Z][d’] + XN AVYx < ay(|x| = |di| Ax < di D ng] = Z{X]).

For i = 0 we obtain Zg] = Z{” + X4 as required.
The case where « is a power of 2 is left as an exercise. O

ExEercise [X.5.20. Finish the proof of the theorem by showing that
(286) is true when a is a power of 2.

IX.5.5. The Theory VNC'V. In this section we will define VNC'V
using 5-BNR., a bounded number recursion scheme that characterizes
FNC'. This recursion theoretic characterization is based on Barrington’s
Theorem that asserts that NC' is the class of relations computable by
width 5 branching programs, or equivalently the word problem for the
permutation group Ss is complete for NC'.

Here the vocabulary £yyc1y consists of symbols for all FNC' func-
tions, but their defining axioms are based on 5-BNR rather than on AC°-
reductions to the function Fval (that are used to define Wl). Recall
the bounded number recursion (BNR) scheme in Section IX.3.3.

THEOREM IX.5.21 (Barrington). A function is in FNC" iff it can be ob-
tained from the empty set of functions by finitely many applications of AC°
reduction and 5-BNR.

By Theorem IX.1.7 it follows also that FNC' is the class of functions
obtained from FAC® by finitely many applications of composition, string
comprehension and 5-BNR.

DEerFmNITION 1X.5.22. The vocabulary Lyycip 1s the smallest set that
contains Lp4co such that:
e For each £2-term ¢ and quantifier-free £y p-formula ¢ there is a
function F, ., in Lyyc1y with defining axiom (86):

Fo (2. X)(2) &z < t(F.X) A p(z.%. X). (287)

e For every string function F (%, X) in £yxnciy the number function
fr(®, X)isalsoin Lyyc1p with defining axiom

fr(%.X)=|F(%.X)|. (288)

e For any number functions g (¥, X) and 4(y. z. X, X) in Lyncty there
is a number function f,(y. X, X) in L£yyc1y with defining axiom
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(omitting ¥, X)

(€<5D fen(0)=g)A(g>5D fen(0)=0)A
(h(y. fen() <52 fan(y+1)=h(y. fen(¥)) A
(h(y. fen(y) 25D fen(y+1)=0). (289)

The next corollary follows from Theorem 1X.5.21.
COROLLARY IX.5.23. (a) A function is in FNC" iff it is represented by
a function in Lynety.
(b) A relation is in NC" iff it is represented by an open (or a 28) formula
of Lyncty-
DEFINITION IX.5.24 (VNC'V). The theory VNC'V has vocabulary

Lyncty and axioms those of 14 together with (287) for each function

F,(-), and (288) for each function /' and (289) for each function f .

The next exercise can be proved as in Lemma IX.3.16 and Corol-
lary IX.3.21.

EXERCISE IX.5.25.  (a) Show that the theory VNC'V proves the ax-
iom schemes

28 (Lynciy)-COMP, 28(Lyneiy)-IND. and 8§ (Lyneiy)-MIN.

(b) Show that for every 8 (Lyye1y) formula o there is a £ formula
@ so that VNC'V F o+ — .

COROLLARY 1X.5.26.  (a) A function is in FNC" iff it is *P-definable in
VNC'V.
(b) A relation is in NC" iff it is AB-definable in VNC'V.
PrOOF SKETCH. (a) This part follows from Theorem 1X.5.21 and Exer-

cise IX.5.25 above. It is proved in the same way as Corollary 1X.3.22.
(b) From (a) and Theorem V.4.35. a

THEOREM IX.5.27. VNC'V is a universal conservative extension of
VNC'.
We outline the proof below. For details see [82].

PrOOF IDEA. To show that VNC'V extends VNC!, the main task is to
show that VNC'V + MFV. The idea is to formalize in ¥NC'V the proof
that the Boolean Sentence Value Problem (see page 321) can be computed
using width 5 branching programs (the = direction of Theorem IX.5.21).
To show that PNC'V is conservative over VNC' essentially we need to
show that width 5 branching programs can be simulated by families of NC!
circuits. The proof can be by induction on the definition of VNC' V. (See
also Section VIII.2.2 for the proof that VPV is a universal conservative
extension of VP.) O
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IX.5.6. Theories for the NC Hierarchy. We develop the theories for
AC* and NC*! using the fact that the Circuit Value Problem is complete
for the respective classes under appropriate restriction on the given circuits.
Consider encoding a layered, monotone Boolean circuit C with (d + 1)
layers and n unbounded fan-in (A or V) gates on each layer. We need to
specify the type (either A or V) of each gate. and the wires between the
gates. Suppose that layer 0 contains the inputs which are specified by a
string variable 7 of length || < n. To encode the gates on other layers,
there is a string variable G such that for 1 < z < d. G(z, x) holds if and
only if gate x on layer z is an A-gate (otherwise it is an V-gate). Also,
the wires of C are encoded by a 3-dimensional array E: (z,x,y) € E
iff the output of gate x on layer z is connected to the input of gate y on
layer z + 1.

The following algorithm computes the outputs of C using (d + 1)
loops: in loop z it identifies all gates on layer z which output 1. It starts
by identifying the input gates with the value 1. Then in each subsequent
loop (z + 1) the algorithm identifies the following gates on layer (z + 1):

e \/-gates that have at least one input which is identified in loop z;
e A-gates all of whose inputs are identified in loop z.

The formula 7 ycy(n.d. E.G.1,Y) below formalizes this algorithm
(LMCYV stands for “layered monotone circuit value”). The 2-dimensional
array Y stores the result of computation: For 1 < z < d, row Y[l contains
the gates on layer z that output 1.

Semey(n.d E.G. 1Y) =Vx <nVz<d((Y(0.x) < I(x)) A
(Yz+1.x) = (Gz+1L.x)AVu<n, E(z.u.x) D Y(z.u)) vV
(~G(z+1L.x)AJu<n, E(zu.x) A Y(z.u)))). (290)

For NC* we need the following formula which states that the circuit
with underlying graph (n, d. E) has fan-in 2:

Fanin2(n.d. E) =Vz < dV¥x < n3u; < n3u, < n¥o < n(E(z,v.x) D

(1) =u Vo =u2>).

Recall (Section I11.3.3) that the function |x| = [log(x + 1)] is an 4C°
function with a Ay graph. Define the functions Lmcvy and Lmcvy, as
follows:

Lmev(n. E.G. 1) =Y « (|Y]| < (|n|* + 1.n) A
K E.G.LY)).

n

drmev(n,
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and
Lmevix(n E.G. 1) =Y < ((=Fanin2(n.d.E) N Y = @)V
(Fanin2(n.d.E) N Y| < (|n]* + 1.n) Adpucr(n.|n|*. E.G. L. Y))).

THeOREM I1X.5.28. Fork > 1, FA C* is the closure of Lmcvy under AC®
reductions. Fork > 2, FNC* is the closure of Lmcvy » under AC° reductions.

PROOF. It is easy to see that every function in uniform FAC* (resp.
FNC") is AC® many-one reducible to Lmcv, (resp. Lmcvy,). Also, the
proof that FAC* and FNC* are closed under AC? reductions is similar
to the proof of Theorem IX.5.3 for the class NC', where now we use the
ATM characterizations (271) and (272) for these classes. It remains to
show that the Lmcv functions belong to their respective classes.

We show that Lmevy is in FAC* by using its ATM characterization
(271). Thus we describe an ATM M using space O(log n) and alternations
O((log n)*) which computes the bit graph of Lmcvy.

Let C be the circuit of depth ||* and width n described by (n. E. G.T).
In order to compute bit i of Lmcvy (n, E. G. I) the machine M must accept
the input (n, E. G. I, i) iff gate i is T. Thus M starts by guessing that gate
i is T, and then follows a path down to an input gate. For each gate g
on the path, M verifies that g is T as follows. If g is an Vv gate then M
guesses (using existential states) which input g’ of g is T, and proceeds to
g’ as the next gate. If g is an A gate. then M enters universal states and
and proceeds to an arbitrary input g’. If g is an input to the circuit, then
M accepts iff I(g) holds.

It is easy to see that this computation is correct. Further M needs to
keep only two gates written on its tape at once, so the space is O(logn).
Finally the number of alternations is bounded by the depth of the circuit,
which is O((log n)¥).

For k > 2 we show that Lmecvy » is in NC* by using (272). Thus we need
an ATM M which uses space O(logn) and time O((log 1)) which com-
putes the bit graph of Lmcvy,. This proof is more complicated than the
one above, and we follow the argument given by Ruzzo [100, Theorem 4].

Let C be a circuit of fanin 2, depth |n|¥ and width n described by
(n.E.G.I). M determines whether a given gate i in C is T by following
an arbitrary path from i down to an input gate in a manner similar to the
ACF case above, except now M uses a different notation for the current
gate g in the path. Initially M sets a variable / to i (in binary), where in
general / is the gate at the head of the path segment it is remembering.
M also remembers the path p from % to g. where p is a string over the
alphabet {L. R}. where the j-th element of p is L if the path follows the
left input out of the j-th gate in the path, and otherwise the j-th element
is R (here we use the fanin 2 assumption). At each gate g in the path, M
guesses whether g is A or V, and then (in parallel using universal states)
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verifies the guess and continues the computation. It verifies the guess by
following the path p from £ to the current gate, where at each step j along
the path it guesses and verifies the j-th gate. The verification can be done
in space O(logn) and time O(m logn). where m is the length of p.

The original computation continues by, depending on whether g is V or
A, either using existential or universal states to determine the next node
in the path (there are two choices: L or R for the two possible inputs
to g). The path ends when an input gate (at level 0) is reached, and the
computation accepts iff that inputis T.

The above algorithm needs to be modified, because the depth of the
circuit is not O(logn). so the path p becomes too long to write down in
space O(log n) (and the verification time might be too big). So each time
the path p reaches length log n the machine guesses the name (i.e. the pair
(z,y)) of g, and (in parallel using universal states) verifies the guess as
explained above. Then p is set to the empty string, and the head / of the
path is set to the new gate g.

The space required is O(log n) because during the main part of the com-
putation M need only remember the origin / of the current path segment,
and a path p € {L, R}* of length at most log n.

The computation time of M is O((logn)*) because the depth of the
circuit C is O((logn)¥), and the main part of each computation path of
M takes on the average constant time per gate. Each step in which the
path head /4 is reset to a new value requires time log 7z, but these expensive
steps represent only a fraction 1/O(logn) of the total, so the total time
spent by them is still O((logn)¥).

Note that the verification algorithms are done in parallel with the main
computation path, because they begin with a universal state which forks
between the main path and the verification. Hence the total computation
time of the algorithm is the maximum of the times of the main algorithm
and each of its verification computations. Each verification takes time at
most O(mlogn) = O((logn)?). O

Note that we do not know whether Lmcv; , is in NC ! (or even nonuni-
form NC").

DEerINITION IX.5.29 (VAC", VNCF and VNC). For k > 1, the theory
VAC* has vocabulary £2 and is axiomatized by V'* and the axiom

3Y < (In|* + 1.n)drmerv(n. |n|* E.G. L Y).

For k > 2. VNC* has vocabulary L% and is axiomatized by ¥° and the
axiom

(Fanin2(n. |n*. E) > 3Y < (In|* + 1.n)drpcv(n. |n|*. E.G. 1. Y)).
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Also,

VNC = | J VNC*.
k=1
It is straightforward to show that the aggregate functions Lmcvy for
k > 1 (resp. Lmevy,. for k > 2) is £¥-definable in VAC* (resp. VNC*,
for k > 2). Details are left as an exercise.

EXERcISE IX.5.30. Show that for & > 1 Lmecvy and Lmcvy,, , are re-
spectively 2 -definable in VAC* and VNC**!,

The next result follows from the general development in Section 1X.2.

CoOROLLARY IX.5.31. Fork > 1:

(a) The =B-definable functions of VAC* (resp. VNC**) are precisely the
functions in FAC* (resp. FNC**1).

(b) The AB-definable functions of VAC* (resp. VNC*'') are precisely
the relations in AC* (resp. NC**1).

COROLLARY IX.5.32.  (a) A function is in FNC iff it is £ -definable in

VNC iff it is £8-definable in VAC* for some k > 0.
(b) A relation is in NC iff it is AB-definable in VNC iff it is AE-definable
in VACkfor some k > 0.

Now we define U', another theory that characterizes NC. Let |x]|
denote the length of the binary representation of the number x. Using
the fact that the predicate BIT is Ay-definable (Section II1.3.3) we can
show that |x| is an AC? function (see also Section VIIL.8.3). Therefore,
by Lemma V.6.7 if ¢(z) is a ® formula, where @ is 2 or T1? for some
i > 0, then ¢(|z|) is translates to an equivalent to a ® formula. Below we
will use ¢(|z|) to denote this translation. (In particular, ¢(|z|) will be an
L% formula.)

DerINITION 1X.5.33 (Length induction — two-sorted case). For a set ®
of formulas, ®-LIND (length induction for ®) is the set

[p(0) AVx. p(x) D p(x +1)] D Vzp(lz]) (291)
where ¢ (x) is a formula in ® that may contain variables other than x.

(Note that the single-sorted length induction axiom schemes given in
Definition VIII.8.2 (also denoted by LIND) roughly corresponds, i.e., via
RSUV isomorphism, to our number induction schemes IND.)

DEFINITION 1X.5.34 (U"). The theory U' has vocabulary £% and is ax-
iomatized by the axioms of ¥ together with Z#-LIND.

The following theorem follows from results in [35, 108].
THEOREM 1X.5.35. A function is in FNC iff it is £8-definable in U'. A
relation is in NC iff it is A¥ -definable in U".
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IX.6. Theories for NL and L

The class NL (resp. L) is the class of problems solvable by a nonde-
terministic (resp. deterministic) Turing machine in space O(logn) (see
Appendices A.1 and A.2). It is straightforward that L C VL and both
are subclasses of P. In fact, it can be shown that NL C AC! (see Exer-
cise IX.6.12 below). To see that NC' C L note that the complete problem
Ryry (Definition 1X.5.1) can be solved in deterministic log space using
depth-first search (the path from the root to a node of depth d is specified
by a binary string of length d). (Formal arguments will be given in Theo-
rem IX.6.38.) It is also easy to see that L is closed under AC" reductions,
while for VL this follows from the important theorem of Immerman and
Szelepcsényi which states that VL is closed under complementation.

The theory VNL is developed using the fact that the sz-Connectivity
(s2-CONN) problem is AC°-complete for NL. Here the problem is to
decide, for a given directed graph G and two designated vertices s and ¢,
whether there is a path from s to 7 in G.

Krom formulas are propositional formulas in conjunctive normal form
where each clause contains at most two literals. The Krom-SAT prob-
lem, which is the problem of deciding whether a given Krom formula is
satisfiable, is known to be complete for co-IVL (and hence also for NL).
It has been used to develop the theory V'!-KROM in the same style as
VI-HORN (Section VIIL.4). We will show that V''-KROM is equivalent
to VNL.

Now consider a restricted version of the st-CONN problem where every
vertex in G has out-degree at most one. This is called the PATH problem
anditis AC/O\-many—one complete for L. We will use this fact to develop the
triple VL, VL and VL in the family of theories discussed in Section IX.2.

Finally, the bounded number recursion scheme pBNR (Section 1X.3.3)
can be used to characterize FL. Based on this we will develop a universal
theory call VLV in the style of ¥PV and ¥TC" V. Here the vocabulary of
VLV contains symbols for every function in FL. Their defining axioms
are based on pBNR.

This section is organized as follows. We define the theory V/VL and its

universal conservative extensions PNL and VINL in Section IX.6.1. We
define V'-KROM and show that it is equivalent to ¥NL in Section IX.6.2.
In Section IX.6.3 we define VL, VL and VL. Finally, in Section IX.6.4 we
define VLV .

IX.6.1. The Theories VNL, VNL, and VNL. Our theories for NL are
based on the fact that the sz-CONN problem is complete for NL. We
encode a directed graph G by a pair (a. E) as follows:

e ¢ 1s the number of vertices in G, and the vertices of G are numbered
0.....(a —1),and
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e for x.y < a. E(x.y) holds if and only if there is a directed edge
fromxto yin G.
Our designated “source” s is always the vertex 0. Consider the algorithm
that solves the st-CONN problem by inductively computing all vertices
in G that have distance from s at most 0.1...., (a —1). The formula
dconn(a. E. Y) below states that Y71 is the set of all vertices with distance
at most z from 0 (recall that x € Yl « Y (z. x)):

Sconn(a. E. Y) = ROW(a, Y) A Y(0,0) A
Vx <[Y[(x#0D-Y(0.x))AVz<a=1Vx<a+|Y|(Y(z+1.x) <
x<aA(Y(z.x)vIy<a(Y(z.y) NE(y.x))) (292)
where
ROW(a,Y)=Vu< |Y|(Y(u) DJi<adj<|Y|u={(ij)). (293)

Here ROW (a, Y) asserts that Y is uniquely determined by its rows Y,
L Yle=1n

EXERCISE IX.6.1. Show that V° proves that dcoyy(a. E. Y) uniquely
determines Y for every pair a. E. That is show

o+ (5C0NN(a’ E. Y) AéCONN(a,E, Y/)) >DY=Y.

We define the relation Rcoyy below by assigning the “target” vertex ¢
number 1.

DEFINITION 1X.6.2.
RCONN(a,E) — 3JY < <a,a)((3CONN(a, E. Y) A Y(a, 1))

THEOREM 1X.6.3. The relation Rcony is in NL, and for every relation
R(%, X) in NL there are AC° functions ay, Eg such that

R(X,X) < Rconn(ay(X. X). Eo(%. X)).

Proor SKETCH. The fact that Reony 1s in NL is straightforward: on
input (a. E) the nondeterministic Turing machine guesses a path from 0
to 1 by enumerating the edges on the path.

Now let R(%, X) be a relation in NL, so R is accepted by a nondeter-
ministic Turing machine M that works in logspace. Suppose without loss
of generality that M has a unique accepting configuration. The configu-
rations of M (without the input tape content) can be encoded by numbers
less than #(%, X) (for some number term ¢ bounding the running time
of M) such that 0 is the initial configuration and 1 is the only accepting
configuration (see also Exercise VI.2.9). Consider the directed graph G
with vertices the numbers less than #(X, X ) such that there is an edge from
Z1 to z» iff 2, is a next configuration of z;. Then M accepts (¥, X) iff there
is a path from 0 to 1 in G.
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The fact that z; encodes a next configuration of z, can be expressed
by a Z{f formula ¢(z.z3. ¥, X ). Thus there is an AC? string function
Eo(%. X ) whose value is the adjacency matrix of the graph whose nodes
are configurations and whose edges indicate one-step transitions. The
bit-graph of E, satisfies, for z;. z, < 1(%. X).

Eo(Z.X)(z1.22) < ¢(z1.22. %, X).
Consequently M accepts (. X) iff Reoyny(1(%, X). Eo(%. X)) holds. O

Recall the definition of the function class FNL (Definition V.2.3) asso-
ciated with VL. Prior to the Immerman—Szelepcsényi Theorem stating
that VL is closed under complementation, it was not known that FNVL is
closed under composition. In fact it was not known that the characteristic
function C(a, E) of Rcony(a. E) isin FNL, because in order to verify that
C(a. E) = 0 a nondeterministic log space Turing machine would have to
verify that there is no path from node 0 to node 1 in the graph specified
by E. However knowing that NL = co-NL it is easy to show that FNL is
closed under composition. For example. to verify that biti of F(G (X)) is
0 a nondeterministic log space Turing machine M simulates the machine
for F on input G(X), where each time that machine needs a bit j of G(X)
M guesses whether the bit is 1 or 0, and in either case can verify the guess
by simulating the machine for G or the complement machine.

THEOREM IX.6.4. FNL is closed under AC°-reductions.

PrOOF SKETCH. By Theorem IX.1.7 it suffices to show that F/VLis closed
under composition and string comprehension. We argued the case for
composition above. For string comprehension, to determine whether
i = f(y) for some y < b a log space machine guesses the answer and
verifies it. If the guess is YES, the verification is a nondeterministic log
space computation (because b is small and can be written in binary on
the work tape). and if the answer is NO the machine verifies it using the
complementary machine. |

DEFINITION 1X.6.5 (VNL). The theory VNL has vocabulary £ and is
axiomatized by the axioms of ¥ together with the axiom CONN. where

CONN =3Y < {a,a)+ 16covn(a.E, Y).
The function REACH has defining axiom
REACH(a,E) = Y < dconn(a. E, Y). (294)
The next result is immediate from Theorems IX.6.3 and IX.6.4.

COROLLARY 1X.6.6. The function REACH is complete for FNL under
AC -reductions.

LemMma IX.6.7. Both REACH and its aggregate function REACH™ are
X8-definable in VNL, and VNL(Row, REACH, REACH™) proves (166):

Vi < b,REACH*(b. X, E)1 = REACH((X)', El).
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Proor. That REACH is definable is immediate from the axiom CONN
for VNL and Exercise IX.6.1. That REACH" is definable is a simple
exercise in coding the disjoint union of a sequence of graphs as a single
graph with a common initial vertex 0. O

ExeRcIsE 1X.6.8. Give details for REACH™ in the above Lemma.
Following the method of Section IX.2 we now define the theories VNL

and VNL. Let 0 ,yy(a. E. Y) be the quantifier-free £z co-formula that

is equivalent to dcoyn (a, E. Y) over 7’ (see Lemma V.6.3). Let REACH’
be defined by

REACH'(a.E) = Y < 6l-oyn(a. E. Y). (295)

Then REACH and REACH' are semantically equal functions but have
different defining axioms.

DErINITION 1X.6.9 (VN\L). Let Ly5; = Lpsco U {REACH'}. VNL is

the theory with vocabulary £y and is axiomatized by the axioms of 7’
together with (295).

DErFINITION IX.6.10 (VNL). The vocabulary Lpyg is the smallest set
that contains £ such that for every L>-term ¢ and every quantifier-free
Lgnr-formula ¢ the function F,,(.) , with defining axiom (86):

Fo (2. X)(2) & 2 < t(F.X) Ap(z.X. X) (296)

is in EFNL‘
The theory VNL has vocabulary Ly, and is axiomatized by the axioms
of VNL and (296) for each function F,.),.

The Definability Theorems for our theories here follow from our dis-
cussion in Section 1X.2.

COROLLARY IX.6.11. Here either L is ﬁm and T is VN\L or Lis LrnL
and T is VNL.

(a) A function is in FNL iff it is represented by a term in Ly (and for a
string function) iff it is represented by a function symbol in Lrny. A
relation is in NL iff it is represented by an open (or a £8) formula of
L.

(b) For every B(L) formula o™ there is a $E(L%) formula ¢ so that
TEe™ <.

(c) T proves £8(L)-COMP, 2§ (L)-IND, and =8 (L)-MIN .

(d) VNL is a universal conservative extension of VNL which is in turn a
universal conservative extension of VNL.

(e) The X8-definable functions of VNL (or T ) are precisely the functions
in FNL.
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(f) The AB-definable relations of VNL (or T ) are precisely the relations
in NL.

ExERCISE 1X.6.12. Recall the theory PAC! from Section IX.5.6. Show
that VNL C VAC'. The idea is that the transitive closure of a graph on n
vertices can be computed by squaring the adjacency matrix of the graph
log n times, and this can be computed by a circuit of depth O(logn) with
unbounded fanin A and V gates.

1X.6.2. The Theory V'-KROM. A Krom formula is a propositional
formula in conjunctive normal form where each clause contains at most
two literals. The Satisfiability Problem for Krom formulas, Krom-SAT, is
complete for co-NL (or equivalently VL, by the Immerman—Szelepcsényi
Theorem). In descriptive complexity theory Griadel’s Theorem states that
NL is the class of finite models of the second-order Krom formulas [53].
This idea was used in [44] to develop the theory V'-KROM.

We start by defining X}-Krom formulas, which are ! and resemble
propositional Krom formulas. In Theorem IX.6.18 we show that X!-Krom
formulas represent precisely the co-NL relations.

DEFINITION 1X.6.13 (2!-Krom Formula). AX!(£2)-formula y (%, X) is
called a =!-Krom formula if it is of the form:

P ... 3PN < (R X) .. Nz < tn(@. X)p(Z. 7. X. P)  (297)

where 1; are £%-terms and (2. ¥, X. P) is a quantifier-free formula in
conjunctive normal form. Each clause contains at most two literals of
the form P;(s(Z, X, X)) or =P, (s(Z, %, X)) for some number term s, but
may contain any number of literals of the form (possibly negated) X; ().
t1 < t, and t; = t,. No occurrence of =, or a term of the form |P;| is
allowed.

Notice that ¥ ¢ X!-Krom. However Corollary 1X.6.16 below shows
each £ -formula is equivalent in the theory ¥° to a £}-Krom formula.

ExampLE IX.6.14 (Transitive Closure in Graphs). Suppose that a graph
G iscoded by (a, E) as before (page 339). The formula ContainTC(a. E. P)
below states that P contains the transitive closure of G, i.e., if there is a
path from x to y in G, then P(x. y) holds:

ContainTC(a.E.P) =Vx < aVy < aVz < a.
(E(x.y) D P(x.y)) AN(P(x.y) NE(y.2) D P(x.z)).

The following !-Krom formula states that there is no path from x; to x>
in G:

O—Reach(X1. X2.a, E) = IP(ContainTC(a. E. P) A =P(x1,x3)). (298)
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The set Y that satisfies comprehension for ¢— geaen:
| Yl <a /\Vy < a(Y(y) e QOﬁReach(xa y.a, E))
is the set of all vertices that are not reachable from vertex x.

The formula ¢ in (297) is a quantifier-free formula. In some cases it is
convenient to allow the non-P; part of ¢ to be a £ formula. The next
lemma shows that this is possible.

LemMa IX.6.15. Suppose that w(%.X) is a 2! formula

R

APVE< T\ @i(2.5. X P) (299)
i
where each formula ; is a disjunction of the form
eve' Y pi(2 7 X)
where €. 0" are literals (possibly omitted) of the form P;(§) or —=P;(5) (for
some number terms § not containing any of P) and p; is a 28 formula that
does not contain any of P. Then v is equivalent in V° to a X1-Krom formula.
The special case in which P and 2 are missing yields:

COROLLARY IX.6.16. Every X8-formula is equivalent in Vtoa Z% -Krom-
formula.

PrOOF OF LEMMA 1X.6.15. We prove the lemma by structural induction
on the formulas p;. Assume w.l.o.g. that they are in prenex form. The
base case (all p; are quantifier-free) is obvious. Consider the induction
step. First suppose that for some i the formula p; has the form

Vu < tpj(u. 2)
where we have suppressed the variables ¥, X. Let ¢’ (i, Z, P) be obtained
from ¢;(Z., P) by replacing p; by p/. Then
y/<—>3PVz<fVu<tgol /\/\go/
J#i

Now consider the case where p; begins with Ju < . Suppose w.l.o.g.
that we can write ¢; in the form

wi = (P1(5) AVu < itpi(u,2)) D P2(F).
We introduce a new variable Q and force Q(v. Z) to be true if P;(5) AVu <
vpl(u. Z) holds. Define ¢’ by
©'(u, 2. Q. Py, Py) = (P1(5) A pj(0.2) © 0(0.2)) A
Q. 2) AN piu+1.2) D Q(u +1.2)) A(Q(2.2) D Pa()).
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Note that involving P; (§) in the definition of Q allows the last clause in ¢’
to have only two occurrences of literals from Q. P. It is straightforward
to prove in ¥° that

—,

y — APIQVZ < IYu < 1(p/(1.2.Q. P1. P2) A |\ ¢;(Z. P)).

J#i
COROLLARY 1X.6.17. Suppose that v is a formula of the form (299) with
the same restrictions as in the Lemma except now p; is a X8 (L pq¢0)-formula
instead of a X&-formula and the number terms 3" in P;(5) are Lgyco-terms

d

instead of L2 -terms. Then y is equivalent in 7 ia X1-Krom formula.
PRrOOF. Replace each occurrence of the form P; (5;) in w by P(if;) Vif; #

57, for new variables i7;, and add the bounded quantifiers Vi7; < ' to the

prefix VZ < 7 in (299) for suitable bounding terms 7. Similarly for

occurrences —P;(5;). Now use Lemma V.6.3 to replace each ¥ (Lpqc0)-

formula by an equivalent £-formula. The Corollary now follows from

Lemma IX.6.15. O
The next result is essentially due to Gradel [53].

THEOREM 1X.6.18 (X1-Krom Representation). A relation is represented
by a £-Krom formula if and only if it is in co-NL.

Proor. First we prove the ONLY IF direction. Let R(X, X) be a rela-
tion represented by the X{-Krom formula (297):

3P; ... 3Pz < 0(R.X) .. Nz < tn(R. X)p(Z.%. X. P).
For a given input (¥, X). let v; be the value of #; (for I < i < m). Now
for each (z1.z>.....z,) where
0<z <w (for1<i<m)

we treat the atoms of the form P;(s(Z, X, X)) as propositional variables.
Since all terms and other variables in ¢ can be evaluated, ¢(Z, ¥, X, P)
P;(s(Z. %, X)). Semantically,

—

Vo < (. X) ... Vzp < tn(%. X) (2, 7. X, P)

is equivalent to the Krom formula
G Um
/\ e /\ Azl....,z,,,- (300)
z1=0 Zm=0
Therefore (¥, X) € R iff (300) is satisfiable.
Notice that (300) can be obtained from the formula (297) and (&, X)
in deterministic logspace (in fact, AC®). So the fact that R is in co-NL
follows from the following result.

Lemma 1X.6.19. The Satisfiability problem for Krom formulas is in
co-NL.
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Proor. We associate with each Krom formula K a graph Gx whose
nodes are the set of literals £ such that £ or £ occurs in K, and whose edges
are pairs (1, £,) such that one of the clauses (¢ \V £5). (> \V £1) occurs in
K. The Lemma follows from the following exercise. O

Exercise 1X.6.20. Show that K is unsatisfiable iff the graph Gk has a
directed cycle containing both ¢ and £ for some literal £.

Now we prove the IF direction. Suppose that R(¥, X) is a co-NL
relation, we show that R can be represented by a X!-Krom formula. By
Proposition IX.6.3 there are AC° functions ao(%, X) and Eo(%, X) so that

R(%, X) < =Reonn(ag(¥. X). Eo(¥. X))

—

. (% /\7) € R iff 1 is not reachable from 0 in the graph (ao(¥, X).
()'c' X)). Thus by Example 1X.6.14,

—

R(Z.X) < ¢-rean (0,1, a9(%. X), Eo(%. X)).

o(¥,
By Corollary IX.6.17 ¢ geac (0. 1, ag (%, X). Eo(%, X)) is equivalent in ¥°
to a X} -Krom formula. i

DEFINITION 1X.6.21. The theory ¥'-KROM has vocabulary £2 and is
axiomatized by 2-BASIC (Figure 2 on page 96) and the comprehension
axiom scheme for all £}-Krom formulas.

Although =f ¢ X!-Krom, we will show that V'!-KROM extends V°:
Lemma 1X.6.22. ¥° C VI-KROM.

First we prove:

LemMA IX.6.23. VI-KROM proves the multiple comprehension axioms
(see Lemma V.4.25) for quantifier-free formulas.

PrOOF. We have to show that V'-KROM proves

X < (y...., LVOVzZ < pr.. Yz < (X (z1.....z1) = o(z1.....z1))
(301)

for any quantifier-free formula ¢.
A first attempt to prove this lemma might be to show that

VI-KROM - 3X < (7)Vx < (7) (X (x) < 32 < 7(x = () Ap(2))).

However, 3z° < j(x = (Z) A p(Z)) is not a X}-Krom formula.
Here we prove (301) using X!-Krom-COMP as follows. Let X satisfy:

X < (F)Vx < (7) (X (x) = IPVZ < () ((P((2) = »(2)) A P(x))) -
It is straightforward to verify that such X also satisfies (301). |

PrOOF OF LEMMA [X.6.22. We prove the lemma by showing that
V!-KROM proves the multiple comprehension axiom for any & for-
mula ¢. The proof is by structural induction on ¢. Assume without loss
of generality that ¢ is in prenex form.
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The base case, where ¢ is a quantifier-free formula, follows from the
lemma above because a quantifier-free formula is also in X{-Krom.
For the induction step, suppose that we need to prove

VI-KROM - 3X < (@)VX < d@. X(X) < ¢(X). (302)

First consider the case where ¢(¥) = Vz < a w(¥,z). By the induction
hypothesis for v,

VI.KROM + 3X' < (@.a)¥X < a¥z < a. X'(X.z) — w(X.z).

Now we can apply the multiple comprehension axiom for the X!-Krom
formulaVz < a X'(X. z):

VI-KROM |+ 3X < (@)VX <@, X(X) = Vz<a X'(X.z).

Such X satisfies (302).

Finally suppose that ¢(¥) = 3z < a w (¥, z). Let w/(¥, z) be the prenex
formula equivalent to =y (X, z) obtained by pushing the — connective
through the block of quantifiers using De Morgan’s laws. By the previous
case

VI.KROM \- 3X' < (A)V% < d@. X'(X) - Vz<ay'(X.z).
Let X be such that
1X| < (@) AVX < @. X(%) — —X'(%).

Then X satisfies (302). O

Now we prove the main result of this section. The proof ends with
Exercise IX.6.27 on page 350.

THEOREM [X.6.24. V!-KROM = VNL.

ProoF. First we show that VNL C V'-KROM. By Lemma 1X.6.22
above, VI-KROM is an extension of V°. It remains to show that
VI-KROM proves the axiom CONN (Definition IX.6.5).

The fact that V'-KROM extends V° also gives us:

Cram. V'-KROM proves the multiple comprehension axiom scheme
(Lemma V.4.25) for X!-Krom formulas. For each X!-Krom formula ¢,
V'-KROM proves the comprehension for —.

Recall that in the formula dcoyy(a. E. Y) in (292). Y (z. x) holds iff in
the graph G coded by (a, E) thereis a path from 0 to x of length < z. The
211-Krom formula ¢_p;(x1. X2. z. a. E) below states that there is no path
from x; to x; in G of length < z. The string variable P codes a superset
of the “connectivity to x;” relation, i.e.,

if there is a path from x; to y of length < u then P(u, y) holds.
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(P(u. y) might hold even if there is no x; y path of length < u.)

Y_pist(X1.x2.z.a, E) = 3PYu < z¥x < a¥y < a
—P(z,x3) AP0, x1) AN(P(u.x) NE(x.y) D P(u+1.y)).
By the claim above, V''-KROM proves the existence of Y such that
Vz <aVx <a, Y(z.x) < —p-pix(0,x,z,a, E).
In other words, Y (z, x) holds iff the distance from 0 to x is at most z,

ie., Y satisfies conny(a. E. Y) (292). The formal argument is left as an
exercise.

ExEercise 1X.6.25. Show that
VI-KROM + Sconn(a. E. Y).
Now we show that V!-KROM C VNL. Let
w(p.x. X)=3PVZ < ip(y.Z.%. X . P)

be a X!-Krom formula. We need to show that the comprehension axiom
for y is provable in VINL:
VNLF3Y <bVy<b, Y(y) < IPVZ<ip(y.Z.%. X.P).  (303)
The idea is to formalize in ¥NL the ONLY IF direction in the proof
of Theorem 1X.6.18. For a fixed set of values for ¥, X , for each value of
y < b we consider the propositional formula (300):

U]
wy= N\ N\ A (304)

z1=0 Zm=0

As in the proof of Theorem IX.6.18, ~3PVZ < ip(y. 7, X, X. P) holds
iff v, is unsatisfiable. Let G, be the graph G defined in the proof of
Lemma IX.6.19, where K is now y,. Thus the vertices of G, are the
literals of . and there is an edge from ¢ to 4, in G, iff the clause

lefz

isin y,. Note thatif the edge (¢;. £>) isin G, then so is the edge (-4, =¢)).

By Exercise 1X.6.20 v, is unsatisfiable iff the graph G, has a directed
cycle containing both £ and —¢ for some literal £, i.e. iff w, contains a set
of clauses of the form

Zon],f] O, ..., fk Dﬁfo, ﬁfoDel, 4] Df/, ey ¢ Dfo. (305)
1 1 2 n

Here we need to formalize the proof of this exercise in VL.

The encoding of G, by a pair (a(y), EP!) can be described by a ¢
formula and we omit the details here. It is important that we can check
simultaneously in each G, whether there is a path from any vertex u to a
vertex v. For this we use the fact that the aggregate function REACH™ is
definable in ¥ VL (Lemma IX.6.7).
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The fact (303) follows from the next lemma:

LemMa 1X.6.26. VNL proves that -3PVZ < tip(y, 2, %, X, P) is equiva-
lent to the statement that G, contains a path from p to —~p and a path from
—p to p for some propositional variable p of v .

It remains to prove the lemma. Argue in ¥ NL: the (<) direction is
straightforward. so consider the (=) direction. We prove the contra-
positive. Suppose that G, does not contain simultaneously a path from p
to =p and a path from —p to p for any propositional variable p, we will
define a set of values for the string variables P that satisfies

- -

VZ<tp(y.Z.%. X. P).

It is easy to define such a set in polytime, however, here we need to
define it in VL. We will give an VL algorithm that assigns values for the
propositional variables that satisfies . It will be clear that the values

for P defined accordingly satisfy the requirement. Furthermore. it is
straightforward that these arguments can be formalized in VVL.

The algorithm works as follows. First, identify all literals £ such that
there is a path from —£ to £ in G,. Assign T to all such £ and all other
literals that are reachable from them. (These are the literals that are forced
to be true.) Note that by the hypothesis, no variable gets conflicting truth
value.

Now suppose that

are the remaining variables. The main part of the algorithm is to assign
truth values to these variables. Let G, be the induced subgraph of G, on
the literals

P, p1.p2. P2, s Pns ' Pn-
For each literal ¢ let

C(€) = {¢' : thereis a path from £ to £’ or from £’ to £ in G} }.
Note that for any literal £/, at most one of £/, =¢' isin C(¢). Also.
cec) it ¢ ec).
Let (see Figure 13 below)

C*(¢) ={£}u{¢" : thereis a path from £ to £’ in G} }.

C(6)=C()—-C*(e).
Notice thatif £; & C(¢,) (hence £, € C(£)). then

CH)NC(6) = C~ ()N CH) = o. (306)
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D1

FIGURE 13. C(p;) and C~(p1). C*(p1).
The idea is to select indices i < i» < --- < i, < n (possibly with
repetition) such that

for every variable p. exactly one of {p, ~p}isin C = U C(pi,). (307)
J
Then we assign T to every literal in

cr=Jctp)
J
and L to every literal in

c=Jc ().
J

The condition (307) ensures that every variable get a unique truth value.
Notice that

LeC) iff - € C(~1').

The indices i1. is. . . ., i, are defined (in parallel) as follows:
ij=min{t : 1> jand p,.—p, & U (C(pr) U C(=p))}.
r<j
Observe that the sequence iy, iz, . ... in is nondecreasing, and if i; < i.

then both p; and —p;, are notin C(p;) U C(=p;,). so the observation
(306) guarantees that no literal £ belongs to both C*(p;,) and C~(p;, ).
or both C~(p;,) and C*(p;,). As a result. no literal £ belongs to both
C* and C~. Consequently our truth assignment described above is well
defined.

For any ¢, the truth value of p, is determined as follows:

e find the smallest j such that p; or —p; isin C(p;,):
e if either p, € C*(p;,) or ~p, € C~(p;,) then assign p, the value T,
otherwise assign p, L.
To complete the proof of Theorem 1X.6.24 we need to show that the truth
assignment above is correct. This is left as an exercise. |

ExErcIsE 1X.6.27. Complete the argument above, i.e.,

(a) show that p;,. pi,..... p;, satisfy the condition (307), and
(b) show that the truth assignment described above satisfies .
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1X.6.3. The Theories VL, I//i, and VL. Given a directed graph G whose
vertices have outdegree at most one, and two vertices s, ¢ of G, the PATH
problem is to decide whether there is a pathin G from s to ¢. (So PATH is
the restriction of the sz-CONN problem where the graphs have outdegree
at most one.) Here we develop the theories VL, VL and VL based on the
fact that PATH is a complete problem for L.

Below, Exercise 1X.6.37 shows that our definition of VL is equivalent
to an earlier definition given in [113]. Then in Theorem 1X.6.38 we show
that ¥NC' is a subtheory of VL.

First we formalize the PATH problem. As before, our “source” s
is always the vertex 0. Recall the function seq(v. P) = (P) that en-
codes a sequence of numbers by P (Definition V.4.31 on page 115). Let
dparn(a. E. P) be the £ equivalent of

(P =0AYv<a. E(P).(P)""Y)A (P <a. (308)
Here P codes a path in G starting at 0: (P)? is the v-th vertex on the path.

The relation Rpyry below is ACO-many-one complete for L. Here the
designated “target” vertex ¢ is one.

THEOREM [X.6.28. Let
Rpar(a. E) = (Vx < a3y < aE(x.y))AIPOparr(a. E.P)A(P)* = 1).
The relation Rpyry is in L. and for every relation R(X, X ) in L there are
AC® functions ay(%. X). Eo(X. X) so that
R(X.X) < Rparu(ao(¥. X), Eo(%. X)).
Proor SKeETcH. The fact that Rpy7y is in L is straightforward. The

second fact can be proved as in Proposition IX.6.3 except for the vertices in
the graph G now have outdegree at most one because the Turing machine

is deterministic. m|
DEFINITION IX.6.29 (VL). Let PATH be the axiom
Unique(a, E) > 3P < {(a,a)dpsru(a. E. P) (309)
where

Unique(a.E) = a # 0AVx < a3ly < aE(x,y).
VL is the theory over £ that is axiomatized by PATH and the axioms
of V0.
Now consider the function Path with the following defining axiom (see
page 283 for SEQ(a, P)):
Path(a.E) = P < SEQ(a. P) A ((Unique(a. E) A dparri(a. E. P)) V
(~Unique(a. E) A |P] =0)). (310)

It is easy to check that V° proves that P is uniquely determined by (a. E)
in this definition, so by (309) we have
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LemMA I1X.6.30. The function Path is X -definable in VL.

The proof of the next result is an easier version of the proof of Theo-
rem 1X.6.4.

THEOREM IX.6.31. FL is closed under AC°-reductions.

COROLLARY IX.6.32. The function Path is complete for FL under AC°-
reductions.

PrOOF. It is easy to see that Path is in FL and hence by the preced-
ing theorem every function AC°-reducible to Parh is in FL. The other
direction follows from Theorem 1X.6.28. ad

LemMA 1X.6.33. The function Path™ is 8-definable in VL, and (166)
(displayed below) is provable in VL(Row, Path, Path”).

Vi < b. Path*(b. X. E)1 = Path((X)", E').

PrOOF. The arguments for Path* code b graphs (ag.E™), ...,
(ap—1. EP=1). By modifying these using £Z-formulas we may assume
that each a, has the same value « (set to the maximum of the original
a,) and Unique(a, E™) holds for each u. We need to construct simulta-
neously in VL the paths P Pl plb—11 5o that for 0 < u < b, P
satisfies dpyrpy (a. EM, PIM).

Formally we need to prove that the following is a theorem of VL:

Vu < b¥x < a3y < a EM(x,y) > 3PYu < b (P =0 A
Vo < a (EM((PM)Y, (pyo+Dy A (P A+ < g). (311)
We will construct a graph G’ encoded by (a’, E’) that contains a path
O = Path(a’, E') from which we can define the paths P .., P11 In
fact, we will define G’ so that Q is just the concatenation of the paths Pl
0 < u < b. More precisely, the nodes of G’ are encoded by triples (u, v, x)

in such a way that if P encodes the path (0. x;.....x,). then in Q there
is the sub-path of the form

(1,0,0), (u, 1, x1), ..., (u,a,.x,4).
In other words, we will have
(P[u])v = x

for all nodes (u. v, x) on the path Q.
Thus we have the following edges in G’ (for 0 < u < b):

((u.v.x), (w.v+1.y)) € E' for0<w.x,y<aand(x.y) € EM,
((u.a,x), (u+1,0,0)) € E' forx < a.

Let a’ = (b.a,a), then the graph encoded by (a’, E’) satisfies the
hypothesis of PATH. Let Q be the path for this graph. We can prove
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by induction that the (u#(a + 1) + v)-th node on the path is of the form
(v, x):

(Q)ulath+v — (u,v,x) forsome x,0 < x < a.
Define P so that
(P = x iff (Q)“ D+ = (4, v, x).
It is straightforward to show that each P! satisfies p47y (a. EM1). O

Now we define the universal theories VL and VL. For this we need the
function Path’ which is semantically equal to Path but has as its defining
equation the quantifier-free formula over L0 which is equivalent over

7" to the RHS of (310).
DErFINITION 1X.6.34 (I//Z). The theory VL has vocabulary L7

= Lpeo U {Path'}. The axioms of VL consist of the axioms of 7" and
the quantifier-free equivalent of (310).

DEFINITION 1X.6.35 (VL). The vocabulary Lpy is the smallest set that
contains Ly such that for every L%-term ¢t and every quantifier-free
Lrrformula ¢ there is a function FMZ))I in Lr; with defining axiom (86):

Fo,(%.X)(z) &z < t(X. X) Ap(z.X. X). (312)

The theory VL has vocabulary Lp; and axioms those of £;; and (312)
for each function F,.),.

We have as corollaries of the results from Section IX.2 the Definability
Theorems for VL, VL and VL:

COROLLARY 1X.6.36. Here either L is Ly and T is VL, or L is Ly and
Tis VL.

(a) A function is in FL iff it is represented by a term in Ly A string
function is in FL iff it is represented by a string function in Lry. A
relation is in L iff it is represented by an open (or a £8) formula of L.

(b) Every £B(L) formula is equivalent in T to a Z8(L?) formula.

(c) T proves T8(L)-COMP, 28 (L)-IND, and & (L)-MIN .

(d) VL is a conservative extension of VL which is in turn a conservative
extension of VL.

(e) The XB-definable functions of VL (or VL, VL) are precisely functions
in FL.

(f) The AB-definable relations of VL (or VL, VL) are precisely relations
inL.

In [113] Zambella introduced the theory £Z-Rec and showed that it

characterizes L. It can be shown to be equivalent to VL. Here £Z-Rec is
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defined using the following axiom scheme:

Vw < b¥x < ady < ap(w, x,y) D IZYw < bo(w, (Z)*.(Z)*)
(313)

for all ¥ formulas ¢ not involving Z.

Note that our axiom (309) is provable in ¥ from an instance of (313).
So to prove the above equivalence, the main task is to show that (313) is
provable in our theory. To do this, given a, b and the formula ¢(w, x, y)
we construct the edge relation E of a graph whose nodes are pairs (w, x)
forw < b and x < a. Then E((w. x), (w’,y)) iff w' = w + 1 and y is
the smallest number satisfying ¢ (w. x. ). If P is the path guaranteed to
exist by the axiom (309) for VL applied to E, then we can define Z so if
(P)¥ = (w. x) then (Z)” = x, so (w. (Z)*.(Z)**!) holds.

Exercise IX.6.37. Fill in the details of the above outline to show that
VL proves the axiom scheme (313).

Finally we prove:
THEOREM 1X.6.38. VNC! C VL.

PROOF. S/illce VL is conservative over VL, it suffices to show that
VNC'! C VL. Recall the formula MFV (Definition IX.5.4. We need
to show that

VL MFV.

The idea is to formalize in VL a logspace algorithm that evaluates a
balanced Boolean sentence. The algorithm that we consider here makes a
depth-first-search traversal on the tree structure of the sentence, skipping
a whole subtree whenever possible (e.g., if 4 is true then 4 V B is true, so
we do not have to examine B).

Thus consider a balanced sentence specified by (a, G. I) as in Section
IX.5.2. Foreach I < x < a we construct a graph encoded by (a,. EM*1) so
that the bit Fval(a. G, I)(x) can be obtained from Path(a,. EW!). Then by
Lemma 1X.6.33 all bits of Fval(a. G.I) can be obtained simultaneously.
and we are done.

We show how to obtain the bit Fval/(a, G.I1)(1). Other bits can be
obtained similarly. The graph (a;. EMV) describes a depth-first search
traversal in the circuit (a, G) to compute the output of the root. Each
vertex is a (potential) state of the traversal. There is a starting node (vertex
0). and every other vertex is numbered by

(x,d,0) or (x,u,v), where ] < x<2a.0<v<1.

Here d = 1 (down) and u = 2 (up) indicate the direction of the traversal.
A vertex (x.d,0) corresponds to the state when the depth-first traversal
visits the gate numbered x for the first time (so in general it will go
“down”). Similarly, a state (x,u,v) is when the search visits gate x the



IX.6. THEORIES FOR NL AND L 355

second time (thus the direction is “up”); by this time the truth value of
the gate is known, and v carries this truth value.

The edges of this graph represent the transition between the states of
the search. The search starts at the root, thus we have the following edge:

(0.(1,d.0)).

When the search visits a gate x for the first time, it will travel down along
the left-most branch from x:

({(x.d.0), (2x.d.0)) for 1 < x < a.
And here are the transitions when it reaches the input gates:
({x +a,d,0), (x +a.u,0)) if—-I(x),0<x<a,
({x +a,d,0), (x +a.u,1)) ifI(x),0<x<a.
For an V-gate x (i.e., if ~G(x). where 1 < x < a) notice that the search
in the subtree rooted at x can be completed when (i) either child of x
outputs T, or (ii) the right child of x outputs L. Furthermore, if the left

child of x outputs L, then the search continue at the right child. We have
the following transitions:

either child outputs T: ((2x,u, 1), (x,u, 1)) and (2x + 1,u, 1), (x,u, 1)),
the right child outputs L: ((2x + 1,u,0), (x, u,0)).
the left child outputs L: ((2x,u,0), (2x + 1,d,0)).

Exercisk 1X.6.39. Give the transitions for an A-gate.

Notice that the graph described so far have outdegree at most 1. To
make the outdegree exactly 1 we can create an extra node and connect
all vertices with outdegree 0 to it. Let the resulting graph be encoded by
(a;. EM). Note that our traversal does not visit all gates of the circuit
(a. G.I). But if it does visit a gate, then the gate will be evaluated. In
particular, the output of gate 1 (i.e. Fval(a. G,I)(1)) is

Jw < aj (Path(ay. EM)* = (1.u.1).

Similarly we construct a graph (a,, E) to evaluate each node x < a
of the circuit (a, G. I), where now the initial edge is

(0. (x.d.0)).

By Zg(ﬁ)-COMP there is a string Y which uses these values together
with the inputs 7 to evaluaE all the nodes in the circuit.

It remains to prove (in VL) that - (a. G, I. Y) holds. This is left as
an exercise. O

Exercis [X.6.40. Complete the proof above by showing that VL proves
(SMFV(LI, G, 1, Y)
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1X.6.4. The Theory VLV. Recall the notion of polynomial-bounded
number recursion (pBNR) from Section IX.3.3. We develop the universal
theory VLV using the fact that the function class FL can be characterized
using pBNR. Thus VLV has the same style as VPV. Its vocabulary
contains symbols for all functions in FL. Here their defining axioms are
given using the above fact. First we state the characterization of FL.

TraeoreM 1X.6.41 (Lind). A function is in FL iff it can be obtained by
AC -reduction and pBNR iff it can be obtained from FAC® by finitely many
applications of composition, string comprehension, and pBNR.

ProoF SKeTCH. First, it is easy to see that FAC? C FL and that FL is
closed under composition, string comprehension and pBNR. By Theo-
rem IX.1.7 it remains to show that functions in FL can be obtained from
FAC® by AC’-reduction and pBNR.

Suppose that F (¥, X) is a function in FL and let M be a logspace
polytime Turing machine that computes F. As in the proof of Proposi-
tions IX.6.3 and 1X.6.28, the configurations of M (without the input and
output tape content) are encoded by numbers < #(¥, X) for some number
term bounding the running time of M such that 0 and 1 are respectively
the initial and (the only) accepting configuration.

Since M is deterministic, there is an AC° function nexty(z, ¥, X) such
that for z < 1(X, X). nexty(z. %, X) is the next configuration of z if z is a
non-final configuration of M, otherwise:

R 0 if z does not code a configuration of M,
nexty(z. X, X) = . .
z if z is a final configuration of M, e.g., 1.

Let conf,(y. ¥. X) denote the configuration of M at time y. Then we have
conf (0. 3. X) =0.
confyy(y + 1.3, X) = nextM (confy(y. %. X). X. X).

In other words, conf',; can be obtained from AC° functions by pBNR.
Now the bits of the string F (¥, X') computed by M can be extracted
from the numbers

conf (0. %, X). confy(1,%. X).....conf,(t(%, X). %, X).

First we need to determine the times at which M writes to its output tape.
This can be done using pBNR as well.

EXERCISE 1X.6.42. Define using pBNR from confy,(y. . X) the func-
tion
next_writey (y, X, X)
which is the first time y” > y such that M writes to its output tape at time
3. Use this to define the function writey(y. ¥, X') which is the time at
which M performs the y-th write.
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The bits F(%. X)(y) can be extracted from conf ,(writem(y. X. X). .
X) by some AC? functions. Consequently, F can be obtained by AC’-
reduction and pBNR. m]

DEFINITION 1X.6.43 (VLV). The vocabulary Lyry is the smallest set
that contains £p4co such that for every £2-term ¢, quantifier-free Lyry-
formula ¢, number functions g, 4 in Lyy. and string function F in Lyy
there are:

e astring function F, (., in Lyzy with defining axiom (86):

Fo (X, X)(z) o z<t(RX)Np(z.7.X):

e a number function f; . with defining axiom

(g<tD fen(0)=g)A(g =12 fen(0)=0)A
(h(yfgh(y>> <t> ngh(y + 1) = h(yvfgﬁ(y))) A
(h(y. fen(y) Z 1D fen(y +1)=0): (314)
e a number function f» with defining axiom
fr(@.X) = [F(x.X)]. (315)

VLV is the theory with vocabulary £y p and is axiomatized by the axioms
of 7’ and (86) for every function F,,.,. (314) for every function f .
and (315) for every function fr.

The next corollary follows from Theorem 1X.6.41.

COROLLARY [X.6.44. A function is in FL iff it is represented by a term in
Lyry. A relation is in L iff it is represented by an open (or a X&) formula
of Lyry.

The following facts can be proved as in Section 1X.3.4 and we leave the
proofs as exercises.

ExERCISE 1X.6.45.  (a) Show that VLV proves the axiom schemes
28(Lyry)-COMP. 2B (LyLy)-IND. X8 (Lyry)-MIN.

(b) Show that every X8 (Lyy) formula is equivalent over VLV to a
2B(£2) formula.

ExEercise 1X.6.46. Show that

(a) A function is in FL iff it is £&-definable in VLV .
b) A relation is in L iff it is A®-definable in VLV .
( I

Finally, the relationship between VL and VLV is also left as an exercise.

ExERcISE [X.6.47. VLV is a universal conservative extension of VL.
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IX.7. Open Problems

IX.7.1. Proving Cayley—Hamilton in ¥NC?. One complexity class that
we do not consider here is #L, which can be defined as the set of all
functions county, where M is a nondeterministic log space Turing machine,
and county(X) is the number of accepting computations of M on input
X. This class is especially interesting because the problem of computing
the determinant of integer matrices is complete for GapL [79], where a
function in GapL has the form C;(X) — C(X) for Cy, C; in #L.

If V#L is a theory for #L in the style of this chapter then the 8-
definable functions in ¥#L would be those that are AC°-reducible to #L.
The class of relations A®-definable in V#L would be AC(#L), those
relations that are 4C°-reducible to #L. According to Allender [7] this
class is the #L hierarchy, and it is the union

ACHL) = LU L UL U ..

ACP(#L) can also be characterized as the set of relations 4C?-reducible
to integer determinants, and since these are in the class FNC? it follows
that
AC’(#L) C NC>.

It turns out that many standard computational problems in linear algebra
over the field of rationals are 4C°-reducible to #L. such as computing
matrix inverses and solving systems of linear equations. However a major
open question is whether the correctness of these algorithms can be proved
in V#L or VNC? or even VNC. These questions are discussed in [104]
in the more general context of linear algebra over arbitrary fields. There
it is proved that in many cases correctness is equivalent to the Cayley—
Hamilton Theorem (that a matrix satisfies its characteristic polynomial).

Hence a major open question is whether ¥NC? proves the Cayley—
Hamilton Theorem (over the field of rationals).

A simple matrix identity,

AB=1>BA=1

is not known to be provable (over the rationals) in ¥NC?, although it
does follow from the Cayley—Hamilton Theorem [104]. The propositional
translation of this identity over the field of two elements yields a nice
tautology family that seems to be hard for most of the proof systems
discussed in Chapter X.

IX.7.2. VSL and VSL = VL. The class SL consists of languages that
are accepted by a symmetric nondeterministic Turing machines working
in logspace. A nondeterministic Turing machine M is said to be symmetric
iff for any two configurations ¢y, ¢; of M:

if ¢; is a next configuration of ¢, then ¢ is a next configuration of ¢;.
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It can be shown that the sz-connectivity problem for undirected graph is
AC’-many-one complete for SL.

A deterministic Turing machine can be seen as a symmetric nondeter-
ministic Turing machine, so

L C SL.
Recent breakthrough by Reingold [97] shows that indeed
L=SL.

Before this was shown, the fact that SL = co-SL was established in [85].

The Distance Problem for undirected graph (UDP) is to decide, given
a undirected graph G and two of its vertices s, t and a positive integer d,
whether the distance between s and ¢ is exactly d. It turns out that UDP
is complete for VL, so the function Conn (Section 1X.6.1) restricted to
undirected graphs is complete for NL, hence we cannot use it to define a
theory for VSL.

Here we define VSL as follows. Recall the formula dpy7(a. E. P) from
(308) (on page 351) which asserts that P encodes a path starting at the
vertex 0 in the graph specified by (a. E). Let dyconn(a. E. C., P) be the
formula given below that states that C(u) holds iff u is in the transitive
closure of vertex 0, and in that case P[*} encodes a path from 0 to u.

dvuconn(a. E.C.P) = C(0)AVu < a¥v < a((C(u) NE(u,v)) D C(v))
AVu < a(Cu) > Gparula, E. PY) A (P = u)).

We need the £f-formula Symm(a, E), which asserts that the graph
(a. E) is undirected and all nodes have self-loops:

Symm(a. E) =Vx < a¥y < a. E(x.x) A (E(x.y) D E(y.x)).

DEFINITION IX.7.1. VSL is the theory over £ that is axiomatized by
the axioms of ¥ together with the axiom UCONN:

Symm(a, E) D 3C < a3P < (a.a,a) dyconn(a. E, C, P).

The fact that the functions 8-definable of V'SL are exactly functions in
FSL can be proved using the fact that the relation Rycoyy defined below
is complete for SL. Let Rycony be the following relation

Ruconn(a. E) < Symm(a. E) N

3C < a3P < (a.a.a)(Suconn(a. E.C.P) A C(1)).

Exgercise [X.7.2. Show that the relation Rycony above is complete
for SL.

Exgercise 1X.7.3. Develop universal conservative extensions VSL and
VSL of VSL (in the style of ¥C and VC) and show that their £ -definable
functions are precisely the functions in FSL.
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ExErcise [X.7.4. Show that VL C VSL.

Despite the fact [97] that SL = L, it is an open question whether the
corresponding theories are the same.

OPEN ProBLEM 1X.7.5. Is VSL = VL?

IX.7.3. Defining | X/Y | in VTC®. The string division function | X/Y |
(or also X = Y) is defined so that

X/Y|x Y < X< S(X/Y])x Y (316)

where S is the string successor function (Example V.4.17). Exercise V1.2.8
shows that | X/Y | is Z#-definable in V! by formalizing in V! a polytime
algorithm that computes | X/Y |.

A breakthrough result by Hesse et. al. [55] shows that this function is
computable in TC°. However, it has been an open problem whether this
algorithm can be formalized and proved correct in the theory VTC".

OPEN PrOBLEM IX.7.6. Is the function |X/Y| with defining axiom
(316) £-definable in PTC 2

IX.7.4. Proving PHP and Count,, in Vo(m). Recall the Modulo m
Counting Principle Count,, from Sections IX.4.3 and 1X.4.7. Exer-
cise IX.4.38 (b) shows that V°(m) proves Count,, whenever m and m’
share a common nontrivial divisor. However, we do not know whether
the same is true if the ged(m, m’) = 1.

OPEN PrROBLEM IX.7.7. Let m.m’ € N, m.m’ > 2, ged(m.m') = 1.
Does V°(m) - Count,, (a. X)?

We also know that V°(m) proves OPHP, but not whether V°(m)
proves PHP:

OPEN PROBLEM IX.7.8. Let m € N, m > 2. Does V°(m) - PHP?

IX.8. Notes

The string comprehension operation (Definition IX.1.6) can be seen
as a two-sorted version of the concatenation recursion on notation (CRN)
operation for single-sorted classes [36].

The families ¥C and VC (Sections IX.2.1 and 1X.2.3) are from [83].
The theories V'C are new.

The number recursion operations (in Theorems 1X.3.12, 1X.4.15,
IX.4.42, IX.5.21 and IX.6.41) are from [82] and are based on previous
work of Lind [77] (for FL) and Clote and Takeuti’s [38] (for FAC’(2),
FAC’(6) and FNC"). The characterizations in [38] go back to [89] (for
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FAC®(2) and FAC®(6)) and [9] (for FNC"). The proof of the Theorems
1X.4.42 and 1X.5.21 can be found in [82].

Various problems computable in 7C? are discussed in [32. 55].

The descriptive complexity characterizations of TC°, AC°(m) (Sec-
tions IX.3.1, IX.4.1) are from [10], and Gréddel’s characterization of NL
by second-order logic (Section 1X.6.2) is in [53].

Section IX.3.5 (proving the Pigeonhole Principle in ¥TC?) formalizes
a “folklore” fact that the PHP can be proved using counting, and was
inspired by Buss’s proof of the PHP in the Frege proof system [21]. Sec-
tion IX.3.6 (defining X x Y in VTC") is based on [18, 32].

Regarding the relationships between PHP, OPHP and the modulo
counting principles Count,, (Sections 1X.4.3 I1X.4.7) it follows from [99]
that ¥° does not prove the implications OPHP > PHP and Count,, >
PHP (for 2 < m € N). These unprovability results come from super-
polynomial lower bounds for constant-depth Frege systems augmented
with appropriate axioms, as shown in Corollary 1X.4.9 (see also [98] for
other lower bounds). These superpolynomial lower bounds (as well as
that of Theorems 1X.4.39, IX.4.11 and IX.4.6) have been improved to
exponential lower bounds in [12, 14].

The proof of the Discrete Jordan Curve Theorem (Section 1X.4.5) is
from [84] which contains also the more complicated proof of the sequence
version of JCT in V.

The theory VNC' (Section IX.5.3) was first defined in [45] and is based
on Arai’s theory AID [8]. The current axiomatization is from [82]. Both
VNC' and AID are based on Buss’s Theorem that the Boolean Formula
Value Problem is complete for NC' [22]. The fact that ¥TC° C VNC!
(Section IX.5.4) is based on [21]. The theory VNC'V is called VALV in
[82]. Tt is developed based on Barrington’s Theorem which is from [9]. A
proof of Theorem 1X.5.27 can be found in [82].

The theory VNL is from [83] and V'-KROM is from [44]. The results
in Section IX.6.2 are from [67]. Immerman-Szelepcsényi Theorem (that
NL is closed under complement) is from [58] and [106]. The theory VL is
from [82]. The equivalent theory £8-Rec is from [113].






Chapter X

PROOF SYSTEMS AND THE REFLECTION
PRINCIPLE

An association between V' and the proof system G} (for i > 1) is shown
in Chapter VII by the fact that each bounded theorem of the theory
Vi translates into a family of tautologies that have polynomial-size G}
proofs. Our theories and their associated proof systems are more deeply
connected than as shown by just the propositional translation theorems.
In this chapter we will present some more connections between the proof
systems, their associated theories and the underlying complexity classes.

In general, for each proof system F we study the principle that asserts
that the system is sound, i.e, that formulas that have F-proofs are valid.
This is known as the Reflection Principle (RFN) for F. We will show
in this chapter that the theories ¥’ and TV’ prove the RNF for their
associated proof systems when the principles are stated for 7 formulas.
Together with the Propositional Translation Theorems, these show that
the systems G} and G; are the strongest systems (for proving 2! formulas)
whose RFN are provable in the theories ¥ and TV’ , respectively.

A connection between a propositional proof system F and the com-
plexity class C definable in the theory 7 associated with F will be seen
by the fact that the Witnessing Problem for F is complete for C. Re-
call Theorem VII.4.13 which shows that the Witnessing Problem for G}
(and equivalently for eFrege) are solvable by a polytime algorithm. (In
fact here we will formalize this algorithm in V! in order to show that
the Z/-RFN of Gy is provable in V! as mentioned above.) The fact that
the Witnessing Problem for G} is hard for P can be proved by using the
Proposition Translation Theorem for V! and the fact that theorems of V!
can be proved using the RFN for G}.

We will also present some connections between subtheories of TV and
their associated proof systems. Here VNC! is associated with the sequent
calculus PK introduced in Chapter I1 in the same way that V° is associated
with bounded depth PK or V! is associated with eFrege. We prove that
PK is the strongest propositional proof system whose reflection princi-
ple is provable in VNC'. The theory V'TC® is associated with bounded

363
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depth PTK, the systems that extend bounded depth PK by a new kind of
connective corresponding to the counting gates in TC" circuits.

This chapter is organized as follows. We start by formalizing proposi-
tional proofs in Section X.1. The formalizations are needed for stating
the Reflection Principle. They also enable us to state the Propositional
Translation Theorems as theorem in our theory V'TC’. In fact we will
prove (in Section X.1.3) the Propositional Translation Theorems for TV*
as a theorem of ¥TC", and restate various theorems from Chapter VII
this way. The RFN and Witnessing Problems for G and G; will be dis-
cussed in Section X.2. Finally, in Sections X.3 and X.4 we discuss the
Propositional Translation Theorems for the theories ¥NC' and V'TC°.

X.1. Formalizing Propositional Translations

Recall (Definition VII.1.2) that a proof system is defined to be a poly-
time, surjective function:

F {01} — TAUT.

It turns out that all proof systems that we have discussed are TC° functions.
This is because for these systems, to compute £ (X ) the main task is often
to verify whether X is a legitimate proof. The verification in turn consists
of recognizing (quantified) propositional formulas, sequents and proofs.
The recognition can be done using counting gates, for example, to check
that parentheses are properly nested in formulas, or that inference rules are
properly applied in a proof. Therefore the property of being a legitimate
proof (or formula, or sequent) is a TC” relation.

Verifying proofs in polytime is often straightforward and therefore omit-
ted. However, to show that it can be done in TC" is less straightforward.
So in Section X.1.1 below we will carry this out in some detail. Recall
(Section IX.3.2) that a relation is in TC” iff it is A-definable in ¥ TC?, iff
it is represented by an open Lgypco formula, and iff it is represented by a
28(Lppeo) formula (Theorem 1X.3.7).

The propositional translations of LK> proofs from Chapter VII produce
uniform propositional proofs. In fact, in Section X.1.2 we will show that
these translations are computable by TC? functions, and the propositional
translation theorems are theorems of V' TC°.

Then in Section X.1.3 we will prove the Propositional Translation The-
orem for TV'. Following the discussion from the previous section, we will
show that this is also a theorem of ¥TC".

X.1.1. Verifying Proofs in TC’. We will consider proofs of G. Other
systems can be handled in similar way or with minor modifications. Recall
the definition of G from Section VII.3. First we present a simple encoding
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of proofs in our two-sorted vocabulary £%. The pairing function (Exam-
ple V.4.20) can be used to avoid using deliminators for sequents in a proof
or formulas in a cedent.

Let

77.'255,8571,...,81,80

be a proof in G where S is the end sequent. A simple way of present
7 in our two-sorted vocabulary is to view it as an array whose rows rl']
encode the sequents S;. To simplify our verification 7'l will also contain
the indices of all parents of S;. Thus, we let

2l = ((j. k). S) (317)

where either j =k =0orj>iANk=0o0rj>iANk>i. Herej,kare
indices of the parents of S; (if a parent is not present, the corresponding
index is 0). Also, {J. k) is the pairing function from Example V.4.20, and
(x,Y) is the pairing function from Definition VIII.7.2.

The number of sequents in 7 can be easily extracted from n. We will
require that every sequent except for the end sequent is used at least once.
This can be checked by stating that for all j, where 0 < j < £, there exists
i < j such that zl’l has the form

(k). Sy or ((k.j).Si)

(for some k).

Verifying that the rules are properly applied in 7 will be discussed in the
proof of Lemma X.1.5 below. Now we briefly discuss the other ingredients
of a proof, i.e., sequents and formulas. A sequent S is encoded as two
arrays SI% and S that encode its antecedent and succedent, respectively.
For example, S is & if the antecedent is empty: otherwise SI*Y encodes
the first formula of the antecedent, etc.

Next, assume that all propositional variables are either x; (bound vari-
ables) or py, (free variables), for k > 0. Using the letters x and p, these can
be written respectively as x11...1 and pl1...1 with k 1’s in each string
(when k = 0 the strings are just x and p. respectively). Thus quantified
propositional formulas are written as strings over the alphabet

{T, L.p.x. 1, (,), AV, =, 3V} (318)

(Note that we use unary notation for writing the indices of variables. For
a propositional formula of size n there are at most n variables and their
indices are at most 7.)

We will encode a string S over (318) by a binary string X in such a way
that the i-th symbol X[i] of S can be easily (in AC°) extracted from X .
The exact encoding is not important; for example each symbol in (318)
can be encoded by a five-bit string with high-order bit 1, and X could be
the concatenation of the codes for the symbols in S. Formal proofs for
most of the results below are straightforward but at the same time tedious.
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So our arguments will often be informal or sketched. Interested readers
are encouraged to carry out the proofs in detail themselves.

Our TC? algorithm for recognizing formulas requires the following
notion.

NotaTiON. The outside pair of parentheses in a string “(Z)” over the
vocabulary (318) is said to match if Z contains the same number of left
and right parentheses, and every initial segment of Z contains at least as
many left parentheses as right parentheses.

NOTATION. A string over the vocabulary (318) is called a pseudo formula
if it has the form

ﬁ...ﬁlell.A..lﬁ...ﬁszll...1...Qkx11...lﬁ...ﬁY (319)

n Il ny i> i gyl

where Q; € {3.V}forl < j <k:k.ny.n..... Mist. i1, 00, ... >0 (ie.,
the string preceding ¥ might be empty); and the substring Y satisfies the
condition:

1) either Y is one of the following strings:

T, L pll..l x1l...1
J4 L

(for some £ > 0),
2) or Y has the form “(Z)” where the indicated pair of parentheses
match.

Note that any formula is also a pseudo formula.

NortaTION. For a string sosi . .. s, over the vocabulary in (318) that is
encoded by an £ string (i.e., set) X, we use X[i] for the symbols s;, for
0 <i <n. Alsofori < j,let X[i.j] denotes the substring of X that
consists of the symbols X[i]. X[i + 1],.... X[/j].

The next lemma implies that there is a TC° algorithm that accepts
precisely proper encodings of formulas.

LemMA X.1.1. A string X over the alphabet (318) is a formula iff it is a
pseudo formula, and

o forevery substring of X the form “(S)” where the indicated parentheses
are matched, S has the form Y N Z or Y V Z, where Y and Z are
pseudo formulas; and

e every maximal substring of X of the form x11...1 (with s 1’s) is
contained in a pseudo formula of the form (319) where i; = s for
some j.

ProOF. See the definition of formula given in Section VII.3. The second
condition in the lemma ensures that every variable beginning with x is
quantified. That every formula satisfies the two conditions is proved
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by induction on the length of the formula. The converse is proved by
induction on the length of X. =]

DEFINITION X.1.2. For a proof system F let FLA (X ) denote the prop-
erty that X encodes a formula in F. Let PRF #(n. X) hold iff the string
n encodes an F-proof of the formula X. (We will omit the subscript F
when it is clear from context.)

It follows from Lemma X.1.5 that for G and its subsystems the above
predicates FLA and PRF r arein TC®. The more general treatment below
will be useful for later results.

In general, a proof system is a polytime function, and hence it is £&-
definable in TV" and its graph PRF #(r. X) is AP -definable in TV (see
Chapter VIII). Here we are interested in formulas of special forms that
represent PRF 7(n, X) and FLAr(X). These forms will be useful for
our proof of Lemma X.1.7 and several results in Section X.2.2. Recall
(Section VIIIL3.2) that for each £f formula ¢(y. ¥, X, Y) the BIT-REC
axiom for ¢ is defined using the £ formula

Qom(‘(yw)?y X’, Y) =Vi< y(Y(l) «— w(lf )Z’ Y<i))_

(The notation Y <! stands for Cut(i, Y) and is defined in (97) on page
139.) For the exercise below, the idea is that the formula

Ot +1.7.X.Y)
states that ¥ encodes a polytime computation for the relation R(%, X).

and the bit Y (¢) is the “check bit”: Y (¢) is true iff R(%, X) holds. (Note
also that for strings Y of length | Y| <7+ 1, Y(¢) < |Y| =1t +1.)

EXERCISE X.1.3. Show that a relation R(¥,
28 formula ¢(y, X, X. Z) and an £ term #(X,
below represent R:

X) is in P iff there are a
X) so that both formulas

PI(XX)=3Y <t + (et + L X, Y)A Y (1)), (320)
P X)=VY <t +1(“(t+1.5.X.Y) D Y(1)) (321)
and that

TVol—(m(f,A?) <—><p2()?,1\7).

Thus for each proof system F there are a £ formula ¢ (y. 7. X, Y)
and a term ¢+ (7, X) such that

Prfn(n. X)=3Y <tr + (¥ (tr + L. X.Y) A Y(t5). (322)
Prfr(n. X) =VY <tr+ (e (tr+ Lo X.Y) D Y(tr)) (323)

both represent PRF #(z, X ) and
TV b Prf%(n. X) — Prfii(n, X). (324)
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(Lemma X.1.5 below shows that for the case of G and its subsystems,
the theory TV can be replaced by FTC®. This fact will be useful, for
example, for Theorem X.2.23.)

We are also interested in similar formulas that represent the FLA rela-
tion.

COROLLARY X.1.4. There is an open Lprco formula w (X ) that represents
FLAG(X). The relation FLAG(X) is AB-definable in VTC". Moreover,
there are a Z(lf Sormula orr4(y. X, Y) and an Eﬁ term tgp 4 such that both
formulas Fla*(X) and Fla"(X) below represent FLAG(X) and VTC® +
Fla*(X) < Fla"(X):

Fla*(X)=3Y < tpa+ (offa(tra + 1. X Y) AN Y (tpra)).  (325)
Fla"(X) =YY < tpra+ 1(oF 4 (tra + 1.XY) D Y(tpra)).  (326)

PrOOF SKETCH. The open L pypeo formula w (X)) expresses the conditions
listed in Lemma X.1.1.

To prove the existences of the formulas Fla* and Fla" as required, it
is easier to start with a Zf(L i.e.. T8(Numones')) formula n(X)
that is equivalent to the above open Lppco formula w(X) (see The-
orem IX.3.7). The idea is to successively remove the occurrences of
Numones' in 5 using the axiom NUMONES (which can be used as a
defining axiom for Numones'). Note that NUMONES is already an in-
stance of Z8-BIT-REC. O

Now we show that for the subsystems of G in (324) we can use VTC?
instead of TV?°.

LemMa X.1.5. For each proof system F that we have discussed (e.g., G,
G*, G;. eFrege, etc.) there are a Eg formula ¢ and an Eﬁ term tr SO
that the formulas Prf(n, X) and Prf's(n, X) as in (322) and (323) both
represent the relation PRF x(rt, X)), and such that

VTC' - Prf%:(n. X) < PrfR(m. X).

PrOOF sKETCH OF LEMMA X.1.5. We will argue for G. The arguments
for other proof systems F are similar.

First we sketch a TC? algorithm that verifies that (i) 7 properly encodes
a proof, and (ii) the last sequent in 7 is

7o) (

— X.

In fact, it can be shown that there is a 8 (L pypco) formula v/ (7, X) that is
true iff the algorithm accepts (7, X'). Therefore, as in Corollary X.1.4, it
is straightforward to obtain Prf’ Zf and Prf 2 as desired.

Verifying (ii) is straightforward. For (i) note that by our encoding of
proofs, the i-th sequent in 7 can be easily extracted from 7, see (317). So
first we check that each row zl'l of 7 is of the form (317) where S; consists
of two lists of formulas S and Sim. Next. it remains to verify locally
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that for each i, either S; is an axiom and j = k = 0, or S; follows from
sequent(s) S; (and Si) by an inference rule.

Verifying that S; is an axiom is straightforward. Now consider the case
where S; follows from S; by the 3-left rule: other rules are similar or easier.
This case can be checked by

1) verifying that S; and S; are identical except for S; contains a formula
of the form A(pk) and S; contains a formula of the form Jx, A(x;)
at the same location in the antecedent,

2) verifying that p; does not occur in S;.

It is easy to see that task 2) can be done by an AC? algorithm. For (1) we
first need to identify the scope of the existential quantifier Jx,: this is the
smallest pseudo formula that contain 3x, (see Lemma X.1.1). Then we
need to check that all occurrences of p; have been properly replaced by x;.
For this the counting gates are used, for example, to count the number of
occurrences of p; and x; in subformulas of 4(p; ) and A(x;). respectively.

For treelike proofs (e.g., G¥) we have to verify in addition that every
sequent is used at most once. For this we simply check that all nonzero
indices j, k as in (317) appear at most once. O

Now we show that the polytime algorithms for recognizing formulas
and proofs translate into polytime algorithms for generating G proofs
verifying that formulas are formulas and proofs are proofs. We need the
following notation.

DEerFINITION X.1.6. For an £% formula ¢(X) that might contain other
free variables and a constant string Xj we use

©(Xo)[]

to denote the propositional formula that is obtained from the translation
©(X)[n], where n = | Xy|, by plugging the values (T, L) of the bits X, ()
for p¥.

j

(Thusif X is the only free variable in ¢ (X ). then ¢(X;)[ ] is a sentence.)
Recall the propositional translation given in Sections VII.2 and VII.5.

Lemma X.1.7. Let F be a proof system with defining formulas as in (322)
and (323). Then there is a polytime algorithm that, given a string X, that
encodes a formula A and a string wy that encodes an F-proof of A, outputs
G proofs of the following sequents:

. A (X)), (327)
. A (X)[ ], (328)
— Prf%(mo. Xo)[ ] (329)
— PrfE(mo, Xo)[ 1. (330)

For the proof we need the following:
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EXERCISE X.1.8. Show that there is a polytime algorithm that, given a
Boolean sentence A, outputs a cut-free PK* proof of — A if A is true
and A — if A is false. Use induction on A4 to show the existence of the
proofs.

Proor oF LEMMA X.1.7. First we give a G} proof of (327). The idea is
to use a polytime algorithm that, given X;. computes the (unique) string
Yy of length n = val(tp; 4 + 1) that witnesses Y in Fla*(Xp) (see (325)).
Then by Exercise X.1.8 we can generate a cut-free PK* of

— (1Yo] < tpra + 1A (0Ff4(trpa + 1. Xo. Yo) A Yo(tra))[ .
Finally (327) can be derived by a series of applications of the 3-right rule.
Formally. let m = | X|. By definition Fla™(X )[m] is the translation of
Y < trra+ Vi atra+ 1. X, Y) A Y (tr04))-
Let r = tz74(m). First we translate
OrfatrLa+ 1, X, Y) N Y (tpLa) (331)
for X of length m and each Y of length k < r + 1. Note that when
k =r 41, Y(trr4) translates into T and hence (331) translates into
O altrLa + 1, X, Y)[m, r + 1].
On the other hand, for k < r, Y(tp;4) translates into | and therefore
(331) also translates into L. As a result, Fla™(X)[m] is
Apg 3pt . 3Ap) (e a(trra + 1. X Y)[m.r + 1]).

So, as outlined above, first we compute in polytime the unique Y, that
satisfies | Yo| < r + 1 and %, (tpra + 1. Xo. Yo) A Yo(tpra). Then we
derive the following sequent as in Exercise X.1.8:

©rtaltrea + 1, Xo. Yo)[ 1.

The sequent — Fla™(X;)[ ] can now be obtained by applying the 3 right
rule r times.

Now we construct a Gy proof of (328). It will be clear that our con-
struction can be done in polynomial time. As above let m = |Xy| and
r = tpr.4(m). By definition Fla™ (X,)[ ]is

r+1
Vool Y N (Ffaltrea + 1. X0, Y) O Y (tpra))[K].
k=0
So we will give a PK* proof of the following sequent

r+1
— /\ (0ifatrLa + 1. X0. Y) D Y(tpp4))[K]. (332)
k=0

The G} proof of (328) is then obtained by applying the V-right rule r
times.
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When k = r + 1 the atom Y (¢y;4) translates into T, so
(OrfaltrLa +1.X0. Y) D Y (tpra))[r + 1]

is T and hence is deleted from the conjunction. For k < r the atom
Y (tgr 4) translates into L and hence

(05 (trra + 1. X0, Y) D Y(tg4) ) [K]
is
(5 4 (trea + 1. Xo, Y)[K]).
Consequently (332) is

r

- /\ (@it atrra + 1. Xo. Y)[K]).
k=0

Intuitively the above sequent is valid because any string Y that satisfies
o (trra+1. Xo. Y) must have length exactly r+ 1. To derive the sequent
we need to derive the following sequents (for k < r):

o (trra + 1. Xo, Y)[k] — .
Recall that

Prta(tra + 1. X0, Y) = Vi < tpra(Y (i) < @rrali, Xo, Y<)).

Therefore

r

Ot altrra+ 1. Xo. VIIK1 = N\ (Y (i) = @reali. Xo. Y<1)[K]).
i=0

It suffices to construct, for each k < r, a PK* proof of the following
sequent:

(Y(0) = @rrali. Xo. YON[k]. (Y (1) = @pra(i. Xo. Y<"))[K].....
(Y(r) < orali. Xo. Y<"))[k] — . (333)

Suppose that k = 0, then Y (i)[0] is L. and ¢z 4(i. Xo. Y<))[0] is a
sentence B;. for 0 < i < r. Therefore the sequent (333) becomes

-Bo.—By.,....B, —.

Since X encodes a formula, at least one of the sentences B; must be true
(otherwise Y = @ will satisfy @ ,(tpr4 + 1, Xo, Y)). Moreover, such a
B; can be found in polytime. It follows from Exercise X.1.8 that the above
sequent has a polynomial size PK* proof that is computable in polynomial
time.
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The case k = 1 is similar. Now consider the case 1 < k < r. We will
write p; for the variables piY, for i > 0. Recall that

pi fi<k-—1,
Y(i)[k]=qer ¢ T ifi=k—1,
1L ifi>k—1

and gz 4(i. Xo. Y<7))[k] has the form
By ifi =0,
wrra(i, Xo. YNkl =< Bi(po.....pi—1) if1<i<k,
Bi(po.....px—2) ifk<i<r

for some formulas B; with all free variables displayed (in particular, By is
a sentence). The sequent (333) becomes

po < Bo. p1 < Bi(po)..... Pik—2 <> Bi_a(po..... pe—3).
Bi_1(p). = Bi(p).....mB.(p) — (334)

(here o = po. pi1..... pr—2). Computeinductively in polytime the Boolean
values by of By, by of Bi(by). ..., bi_» of Bx_s(by....,br_3). Then we
can construct PK* proofs of the following sequents:

po < By — po < by.

p1 < Bi(po). po < by — p1 < by,

Pk—2Bi_2(po..... pr—3). po=bo..... pr—3 < br_3 — pr_sbi_s.
B 1(P). po < bo.....px—2 < bp_o— Bi_1(h).
—Bi (7). po < b, pr2 = by — B (D),

=B, (P). po < bo..... pr—a < by — =B, (b).
Argue as in previous cases, at least one of the sentences
Bk—l(5)~ _‘Bk(l;)> .o By (5)

must have value |, and such a sentence can be found in polynomial time.
Using Exercise X.1.8 we can now compute a PK* proof of the sequent
(334). This completes our argument for the sequent (328).

Deriving (329) and (330) is similar. 0

The formulas Fla®, Fla", Prf Ef and Prf’ 2 are important for this chapter.
They will be used to define the Reflection Principle (Definition X.2.11).
Note that

VO VX (Fla*(X) D Fla"(X))
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and (by Y-IND on the string Y in (323)):
VO EvaYX (Prfs(r, X) D Prf(n. X)).
We also use Fla* and Prf>- for the following notions.

DErFINITION X.1.9. Let F(i7) be a function in the vocabulary £ of a
theory 7. Suppose that F(i7) is the encoding of a formula 4, for all 77.
We say that F provably in T computes A if

T v VitFla*(F (7). (335)

Similarly we say that a function G (i7) provably in T computes an F-proof
n7 of a formula A4 (encoded by A4;) if G(7) = n; for all 7, and

T + ViPrf%(G (7). Az). (336)

In these cases we also say that the formulas A; (resp. proofs n;) are
provably in T computable by F (resp. G), or just provably computable in T .

We will often view a formula A4 as a tree whose leaves are labeled with
the constants T, | or atomic subformulas py, x;. and whose inner nodes
are labeled with the Boolean connectives or quantifiers. Then all paths
from the root to the leaves can be identified as follows. For each leaf B
of the tree we can identify all psecudo formulas that contain B. Then it
can be shown that these pseudo formulas are indeed all subformulas of 4
that contain B, and hence they form the path from the root of 4 to B.
For this path, using the counting gates we can compute, for example, the
alternation depths of quantifiers or connectives. It follows in particular
that there is a TC° number function, called gdepth, that computes the
maximum alternation depth of quantifiers in X.

Some basic properties of proofs can be proved as theorems of our
theories. We leave these as exercises.

ExERcISE X.1.10. Show that VTC proves the subformula property of
G; proofs: If 7 is a G; proof of a formula A4, then all formulas in 7 are
either in (£7 UTIY) or a subformula of 4.

Exgercise X.1.11. Recall the notion of free variable normal form proofs
from Section 11.2.4. Show that there is a polytime function G so that for
every treelike proof 7, G () is provably in VPV (Definition VIII.2.2) a
treelike proofin free variable normal form of the same endsequent. (Hint:
we need to find all paths in 7.)

X.1.2. Computing Propositional Translationsin 7C’. Recall from Chap-
ter VII (Sections VII.2 and VII.5) that each bounded £2 formula (%, X)
is translated into a family ||| of propositional formulas ¢ (%, X)[i: 7.
for 7.7 € N. Each formula (%, X)[si: ] is obtained from ¢ (&, X) by
substituting the numerals 7 for ¥ and introducing for each string variable
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X of intended length n the propositional variables p;* that represent the
bits X (i) of X (for0<i<n—1).
In general the family ||¢|| involves bound variables

ppi popl ete

and free variables

po- ... pg,plﬁ,... etc.
Encoding and verifying the formulas in ||| will be as described in Sec-
tion X.1.1. We assume that the original string variables X, Y,... and
a, f3,... have been assigned distinct numbers, and we represent a bound
variable pX by x1¢ (x followed by a string of 1’s of length £) where
£ = (i, jy and X has number j. Similarly we represent a free variable p¢
by plt.
Following the inductive definition of the propositional translations
(¥ X)[rit: ]

from Sections VIIL.2.1 and VIL.5 we can show that the encoding Y of
@ (%, X)[ni; ] can be described by a 28 (L pzc0) formula and its length | Y|
can be expressed by some L ¢ function #,(si, 7). For example, suppose
that ¢ is 3y < ry(%. y. X). Then

(%, X)[it: 1] = \/t// (.9, X)[mi.i; 7]
(where v = val(t)). Thus,
(i, 7T —3”+th (mi.i. 7).

(3v is the number of parentheses plus the number of occurrences of \V.)

LemMA X.1.12. For every bounded L% formula (X, X) there is a
S8(Lppeo) formula w (i, i, Y) and an Lppeo function t,(ni. i) such that
for all i, it and Y, w(ni "’, Y) is true iff Y encodes go( X)[i: ). and
|Y| = t,(ni, ) when w(ni, W, Y) holds.

PROOF IDEA. We can prove by structural induction on ¢ the existence
of both w(ni. i, Y) and t,(ni, i), as illustrated above. O

NortatioN. For a (quantified) propositional formula 4. we use 4 to
denote the string that encodes A4.

N2

The next corollary follows easily. (Recall Definition X.1.9.

~—

there is an
/\

COROLLARY X.1.13. For every bounded L formula o X
(%, X)[ri: .

FTC function T, (rii. 77) that provably in VTC’ computes
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Moreover, VIC  proves the definitions of the translation given in Sec-
tions VII.2.1 and VII.5, such as

o~

T3y<t<p(y,X) (I’l) =4

where

v—1
—

A= \/ Bi.  for B; such that T, y(n) = B;
i=0

where v = val(t(n)).

ProOF IDEA. Using the formula y and the function ¢, from Lemma
X.1.12, T, can be defined as follows:

T, o) i) = Y o (Y| < t,it.70) A (i 0. Y)).

It is easy to see that T, is in Lpyco.
The fact that

VTC' - Fla*(T, (s, 7))

0 . . .
and that ¥'TC proves the definitions of the translation as required are
straightforward. O

In Chapter VII we proved a number of Propositional Translation Theo-
rems of the following form for a theory 7 and an associated proof system
P: for certain theorems (¥, X) of 7. the families ||| of propositional
tautologies ¢ (X, X )[#: 7] have polynomial-size proofs in P. Here we will
strengthen these theorems by showing that the P-proofs of (%, X )[#i: 7]
arein fact provably in PTC computable by some FTC® function F,, (1, i)
that depends on ¢. In Section X.1.3 will prove one more such theorem
for the theories TF' and the proof systems G; (where i > 1).

Theorem X.1.14 below strengthens Theorem VIIL.5.6 in the way men-
tioned above. Here our propositional proofs of ¢ (., X)[#: /7] are com-
putable in TC® because they consist of disjoint components each of which
can be computed by a TC® function. For example. suppose that S is
a first-order sequent that is obtained from the sequent(s) S; (and S,).
Then the propositional proof of S[#i; 7] is obtained from the proposi-
tional proof(s) of S;[#: /7] (and S,[#i: i7]) by adding some derivations that
can also be computed in TC°.

THEOREM X.1.14. Suppose that ¢(3. X) is a bounded theorem of V°.
Then there is a constant d and an FTC® function F, so that provably in

VTC', F,(rii. 70) is a d-G§ proof of (&, &)[ni: ). for all vi. .
Proor SKETCH. The constant d will be the same as in Theorem VII.5.6,
and we will follow the proof of Theorem VII.5.6 to construct F,,. Let

be the LK>-V° proof of ¢ as in the proof of Theorem VIL5.6. For
each sequent S in 7 we will construct an FTC" function Fs ,(#i.17) that
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computes the d-Gy proofs of the translations S[#i; 7]. Then F, = Fs,
for the last sequent Sy of 7.

For each sequent S, the function Fs (1, 77) is obtained by composition
from earlier functions Fs, ., Fs,, (for parents S|, S, of S) and some
FTC® functions. Therefore it will be straightforward that Fs, are in
FTC®. Moreover, the fact (336):

VTC' v iivit Prf™ (., (1. i1))
can be proved by verifying at each step that
VTC' - VitV Prf=(Fs (i, 7).

Exercise VII.5.7 can be strengthened to show that the translations of
formulas in 7 are provably in ¥TC° computable by FTC® functions that
depend only on 7. Details are left as an exercise (see also Corollary X.1.13
above).

ExERCISE X.1.15. Show that for each £ formula y(%. X) in 7 there is
an FTC® function G, ,(sii. i7) that depends only on 7 and that, provably

in VTC', computes the translation y (%, X)[7i: 7] of .
Following the proof of Theorem VII.5.6, it can be shown that there are

TC" computable proofs of the tautology (156). This is left as an exercise
(see also Exercise VII.5.3 and Theorem VII.1.8).

*Exercise X.1.16. Suppose that T, (i) is an FTC® function that prov-
ably in ¥TC® computes the translation ¢(x)[i] for an 28 formula ¢(x)
as in Corollary X.1.13. Show that there is an FTC® function H (¢) that

provably in ¥TC 0 computes a PK* proof of the sequent
¢ ¢ ¢
— N\ A Adon N\ ~Ai Ay A\ =i A N Ag. Ay
i=0 i=1 i=2

where A; denotes 7, (i). Hint: first describe using a £ (Lpreo) formula a
PK* proof of

¢ ¢ ¢
— /\ﬁpi,Po A /\ﬁpi,pl A /\ﬂpi,---,pefl A =pe. pe
i=0 i=1 i=2

then substitute 7,, (i) for p;.

Now we proceed inductively as in the proof of Theorem VII.5.6. Here
we can show that if S is derived from S; (and S,), then the proof Fs , of
S[ni: i7] can be obtained by compositions from Fg, , (and Fs, ;) and some
other FTC" functions. O

Formalizing the ¥’ Translation Theorem (Theorem VII.5.2) is similar
and is left as an exercise.
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*ExERCISE X.1.17. Show that for each bounded theorem ¢ (%, X') of V'
there is an FTC® function F, (ni, ) that, provably in VT CO, computes a
G-proof of ¢ (%, X)[#i: ).

X.1.3. The Propositional Translation Theorem for TV". Recall the the-
ories TV' from Section VIII.3. Analogous to the ¥ Translation Theorem
(Theorem VII.5.2) we will show here that theorems of TV’ translate into
families of tautologies that have polynomial size G; proofs. In fact, we

will show that provably in VT C" these G; proofs can be computed by
FTC" functions that depend only on the theorems of TV’. First we need
the following facts whose proofs are left as exercises. (Recall that A is the
encoding of a propositional formula A4.)

Exercist X.1.18. Let the functions T, (n) and T, (m) be as in

Corollary X.1.13, i.e., provably in VTC', T, (z)(n) computes

Alp§. pl... ply) =aer 0(Z2)[n]

and T,,(,)(m) computes

By =qer l//(x)[l’l/l]

Then the formula 4(By.Bi.....B, ) is also provably computable in
VTC' by some FTC" function of the form Tw,(},)(n).

Below, Exercise X.1.19 formalizes a generalization of Lemma VI1.4.11
and Exercise X.1.20 formalizes Lemma VI1.4.10 (for our translation for-
mulas [#i; 77]).

ExERrcIsE X.1.19. Suppose that the FTC? functions Tz (n). Ty, (i)
and 7, (,) (i) provably in V'T C’ compute a (quantified) formula A(7) and
quantifier-free formulas a and l?l Then there is an FTC® function that

provably in VT C’ computes Gy proofs of

ABY). Bl & B2.....B , — B2, — A(B).

Hint: first describe a proof of the sequent by structural induction on 4,
then argue that such a proof can actually be computed in parallel.

Exercist X.1.20. Consider a sequent of formulas in (X U IT?):
I(p).I" — A(p).A.

Suppose that all formulas in this sequent are provably in VT C’ com-
putable by FTC? functions of the form T,z (n). Suppose also that B;

are quantifier-free formulas that are provably in VTC ! computable by an
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FTC® function T,(x)(j). Then provably in ¥TC there is a G} derivation
of the form
L(p).T" — A(p). A

[(B).T" — A(B), A

Now we prove the main theorem of this section.

THEOREM X.1.21 (TV' Propositional Translation). Leti > 1. For each
bounded theorem (%, X) of TV' there is an FTC® function F (i, 77) that.
provably in VIC . computes a G; proof of (%, X )[nii: /). for all it i € N.

Proor. First we will translate first-order proofs of theorems of TF" into
propositional proofs as in Theorems VII.2.3 and VIL.5.2. Then we will
argue that the propositional proofs can be provably in ¥TC  computed
by FTC® functions that depend on the theorems of TV'. We will consider
the case where i = 1; other cases are similar.

Recall that LK>-TV' (Definition VIIL5.14) is a complete system for
TV'. To simplify our translation we modify the string induction rule
SIND as follows. Let S(X, Y) be a formula representing the graph of the
string successor function, i.e., the “successor relation” (we redefine the
symbol S used in Example V.4.17 where it denotes the successor function;
the exact meaning is easily understood from context):

SX.Y)=Vi <|X|+|Y|Y(i) - (i <|X|A
(XG)ANTj<i=X(j)V(=X(i)AVj<iX(j))).
Now let Z8-SIND' be the rule:

Si T.A(a).S(a.p) — A(B).A

— = (337)
S IA(@) — A(y).A

In this rule, 4 is a £ formula, and « and  do not appear in ", A.

It is straightforward to verify that the modified LK>-TV' system is
also complete for TV'. (See the discussion for LK*-TV' following Def-
inition VIII.5.14 and also the arguments for LK>-F! in Section VI1.4.1.)
In other words, a formula is a theorem of TV! if and only if it has an
anchored LK? proof where all nonlogical axioms are instances of axioms
of VY and instances of the £Z-SIND' rule are allowed. (Here a proof is
anchored if the cut formulas are instances of axioms of V'° or instances of
A(@) or A(y) in the bottom sequent of (337).)

Let 7 be an anchored LK> proof of ¢(, X)) where the rule (337) is
allowed. For each sequent S(¥. X) in 7 we will define the propositional
proofs Fs(ni, i) for the tautologies S[#i:77]. This is done inductively for
all sequents in 7, starting with the axioms. The base case (where S is an
axiom) and most of the induction step have been dealt with in the proof
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of Theorem VII.5.2 (see also Exercise X.1.17). The only remaining case
for the induction step is the case of the ZE-SIND' rule above.

Thus consider an instance of the rule £8-SIND’. Suppressing other
free variables in S} and S», for the lengths £, m, n of a, ff, y we have

Sile.m.n] = T(n]. A(a)[€]. S(ev. p)[€.m] — A()[m]. Aln].
Sa[n] = Tn). A@)[] — A(y)[n]. Aln].

We need to show that for each n, S;[n] can be derived from Si[€, m. n]
(for polynomially many values of £ and m) by some polynomial size
G, derivation. (Furthermore, the derivation is computable by an FT (0
function.)

At first sight such a derivation might seem impossible. Informally,
assuming that both I" and A are empty, then S; allows us to obtain
A(a + 1) from A(a) (here 1 is really the set {0} and + is the string
addition function). So it appears that in order to get A(y) from A4(0) (i.e..
A(2)) we need to use S; y times, i.e., we need exponentially many cuts.

Lemma X.1.22 below shows that the number of cuts can be effectively
reduced to just a polynomial in |y|, by showing roughly that using S; we
can obtain A(f) from A(«) for any f of length |f| = |a| + 1.

Formally we use the following notation:

NoOTATION. Let Sy (X, Y) be the £ formula
X<YAY<X+{k)

(Recall that {k}. or also POW2(k). is an AC® function defined by {k }(x)
< x = k. See Example VII1.3.12.)

LemMMA X.1.22. For each 2% formula A(X) and distinct string variables

a. B.o.0 thereis a FTC® function H (k. d) which is provably in VTC' a G
derivation whose nonlogical axioms are from the set

{A(@)[£). S(a. p)[&.m] — A(B)[m] : £.m < d}
and that contains all sequents in the set
{A(0)[s]. Sk(0.0)[s.n] — A(O)[n] : s.n < d}.

Lemma X.1.22 completes the induction step for describing the proofs
Fs(ni. ) of the translations S[#i: 77] of sequents S in 7. It can be verified
that Fg is in FTC? when S is an axiom in 7. When S is derived from
S; (and S,) then as in Theorem X.1.14 and Exercise X.1.17 it can be
shown that Fs is obtained by composition from Fs, (and Fs,) and some
other FTC® functions (here we need also the FTC? functions from Lemma
X.1.22). Thus Fs are in FTC? for all S in 7. The fact that VTC proves
that Fs(#i.7) are proofs of S[#i; 7] can be proved by induction on the
sequent S. O
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PrOOF OF LEMMA X.1.22. First we will describe H(k.d) simply as a
polynomial-size derivation. The definition is by induction on k. Then

we will argue that H is in fact a FTC® function that provably in ¥TC
computes the desired derivation. From now on we will denote the desired
derivation by

{A(a)[€]. S(a. p)[£.m] — A(B)[m] : £.m < d}
{A(0)[s]. Sk(0.6)[s.n] — A)[n] : s.n < d}

Consider the base case, k = 0. Note that So(c.d)[s.n]is false if n < s
orn > s + 1, and in these cases

A(0)[s]. So(0.0)[s.n] — A(0)[n] (339)

can easily be shown to have polynomial size Gjj proofs. So we focus on
thecasesn =sorn=s+ 1.

By Exercise X.1.19 there is provably in VTC' an FTC %_computable G}
derivation of

(338)

A(o)[s]. (o =9)[s, 5] — A(S)[5]. (340)
Also, note thatforn # s, the formula (¢ = J)[s. n] is false, and the sequent
A(a)[s]. (6 = 6)[s,n] — A(9)[n] (341)

can be shown to have polynomial size proof in Gj.
By Exercise X.1.20 there are (provably in VTC 0) FTC’-computable G

derivations
A(a)[s]. S(a. p)[s.n] — A(f)[n]

A(0)[s]. S(0.0)[s.n] — A(6)[n]
forn = s and n = s + 1. Combine these derivations we obtain G}
derivations

{4(a)ls]. S(a. B)ls.m] — A(B)[m] : m € {s.s + 1}}

{A(0)[s]. (6 =9)[s.n]V S(6.0)[s.n] — A)[n] : n € {s.s +1}}
(342)

Now note that ¥ proves
So(X.Y) = (X = Y VS(X. Y)).

So by Theorem X.1.14 there is provably in ¥TC an FTC’-computable
G; derivation of

So(0.0)[s.n] — (0 =95)[s.n]V S(6.5)[s. n]. (343)
From this and (342) above we obtain a G} derivation
{A(a)[s]. S(a. B)[s.m] — A(B)[m] : s <d, andm =sorm=s+ 1}
{A(a)[s].So(a.0)[s.n] — A)[n] : s <d, and n=sorn=1s+1}
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Combine this and the derivations in (339) we obtain the derivation for the
base case.

For the induction step, suppose that there is a polynomial size G
derivations of the form (338):

{A(@)[0]. S(a. p)[€.m] — A(B)[m] : L.m < d}
{A(0)[s]. Sk(a.0)[s.n] — A)[n] : s.n < d}

We will augment this derivation with additional derivations in order to
obtain one that contains also all sequents in the set

{A(0)[s]. Sk11(0.0)[s,n] — A©)[n] : s,n < d}. (345)

(344)

By Exercise X.1.20 there are FTC" functions that provably in PTC
compute some derivations of the following sequents from the bottom
sequents in (344):

{A()[n]. Sk(y.0)[n. p) — A@)[p] : n.p < d}. (346)

From the sequents in (346) and the sequents at the bottom of (344) we
obtain

{4(0)[s1. Sk(a.y)s.n] A Sk (7.0)[n. p] — AW)[p] = s.n.p < d}.

For each pair (s.p) (s.p < d). from the above sequents with n =
0.1,..., p using the V-left and 3-left rules we obtain

A(0)[s]. (3Z < [6|(Sk (0. Z) A Sk(Z.6)))[s. p] — AG)[p].  (347)
Notice that {k} + {k} = {k + 1}, and
VOt Sii1(0.0) — 3Z < |0|(Sk (0. Z) A Sk(Z.9)).

Therefore by Theorem X.1.14 there is provably in VT C’ an FTC’-com-
putable G proof of

Sk11(0.9)[s. p] — (3Z < 10(Sk (0. Z) A Sk (Z.9))) 5. p]. (348)
From this and (347) we obtain the following member of (345):

A(o)[s]. Sk+1(0.0)[s. p] — A6)[p]-

This completes the description of the polynomial size derivation (338).
Observe that the top sequents in (344) are used more than once. so the
resulting derivation is daglike.

Now we show that H € FTC’; the fact that provably in PTC' the
function H (k.d) computes the desired derivations is straightforward.
That H € FTC® can be seen by observing that (i) H(0,d) is a FTC®
function, and (ii) H (k + 1, d) is obtained from H (k. d) by augmenting
additional derivations that are computed by functions in FTC®. In other
words, the string H (k. d ) consists of disjoint fragments that can be defined
independently by FTC® functions. Therefore H (k. d) is in FTC®. O
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Recall that V' is X#-conservative over TV" (Theorem VIIL.3.10 and
Corollary VIII.2.18) and GF is equivalent to ePK for proving prenex X
formulas (Theorem VII1.4.16). Thus the V' Translation Theorem (The-
orem VII.5.2) shows that X theorems of TF" translate into families of
propositional tautologies that have polynomial-size ePK proofs. The next

. R — . .
exercise is to formalize in VTC™ a more direct proof of this fact.

*EXERCISE X.1.23 (Propositional Translation Theorem for TV?).
Show, by translating the axiom MCV (Definition VIII.1.1) and using
Theorem X.1.14, that for each ¥ theorem ¢ (¥, X) of TV® there is a

function F, in FT C° that provably in v1c’ computes an ePK proof of
o(%, X)[A:@). (Hint: consider a free variable normal form LK>-TV°
proof 7 and treat the bits of the existentially quantified string variable in
MCYV that appear in antecedents in 7 as extension variables.)

X.2. The Reflection Principle

The Reflection Principle (RFN) for a proof system F states that F is
sound, i.e., the endsequent of any F-proof is a valid sequent. In order
to state the principle we need to formalize the notion of truth definitions,
i.e. the relation (Z = X)) that holds iff the truth assignment Z satisfies a
propositional formula X. It is straightforward that for i > 1 the relation
(Z = X)isin X7 (resp. 117) whenever X isa X¥ (resp. I17) formula. When
X is a quantifier-free propositional formula, it is also straightforward that
(Z = X) is a polytime relation and is A#-definable in TV°. (A difficult
result, due to Buss, states that (Z E X)isan NC ! relation when X is a
quantifier-free. See Section X.3.2.) Formulas that represent the relations
(Z = X) (for different classes of X) are presented in Section X.2.1.

Using the formulas expressing (Z = X) we can state and prove the
following “back and forth” properties. On the one hand, let A denote the
string (of £%) that encodes a propositional formula A(7). Then for all
truth assignments Z, intuitively the propositional translations of (Z = A )

Z Z

are equivalent to A(p?). where p# are the values of p under Z. These
equivalences will be stated as propositional tautologies, and we will give
polytime algorithms that compute G§j proofs for them.

On the other hand, let ¢(Z) be a formula of £% and A be the string
encoding the propositional translation ¢ (Z)[n] of ¢. Then for Z of length
|Z| = n we must have

-~

(Z = 4) = ¢(2).

We will show that this equivalence is a theorem of VTC'. Detailed dis-
cussions are given in Section X.2.2.
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The ®-RFN for F will be defined in Section X.2.3, where @ is a class
of formulas and F is a proof system. There we will show that the ®-RFN
for each system G and G; is provable in the associated theory, where ®
includes (at least) =7 U TI?. In Section X.2.4 we will show that for i > 1
the Z? +1-RFN for G (resp. G;) can be used to axiomatize the associated
theories ¥’ (resp. TV'). Then in Section X.2.5 we will show that GF and
G; are the strongest (w.r.t. p-simulation) proof systems whose RFN can
be proved in V7 and TV, respectively.

Recall the Witnessing Theorem for V' (Theorem VII.4.13). In Sec-
tion X.2.6 we consider generally the problem of finding witness for a 23
formula

A(p) = 3XB(p. X)

given a truth assignment to p and a G; (or G}) proof = of 4. The
Witnessing Problem is closely related to the RFN. Indeed, our proof of
the fact that V! proves the Z{-RFN for G} is by formalizing the proof
of the Witnessing Theorem for V! (Theorem VII.4.13). We will show in
Section X.2.6 that the Witnessing Problems for the systems G; and G are
complete for the classes that are definable in the associated theories.

X.2.1. Truth Definitions. Suppose that X encodes a (quantified) propo-
sitional formula. Then each string Z specifies a truth assignment to the
variables p; in X as follows:

pi is assigned the value of Z(i).

Thus all possible truth assignment to variables in X can be specified by
strings Z of length | Z| < |X|.
Here we present £%-formulas that represent the relation

(Z & X)

which holds for a truth assignment Z and a formula X iff Z satisfies X.
We will consider separate cases depending on whether X is quantifier-free
or X belongs to ={ or I/ where i > 1.

First let

(Z =0 X)

hold iff X encodes a quantifier-free formula, and Z is a satisfying truth
assignment to X. Lemma X.2.1 below follows from Exercise X.1.3 and
the fact that (Z | X) is in P. (Recall the axiom X§-BIT-REC from
Section VIIL.3.2.) Nevertheless, we will give some details describing the
formula ¢o(y, X, Z. E) for the Lemma, since we will need them later. In
Section X.3.2 we will show that (Z = X) is indeed in NC 'and AB-
definable in VNC".
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LEMMA X.2.1. There are a L8 formula ¢y(y.X.E) and an L2 term
to(y. X) so that both
(Z =5 X)=3E <o+ 1(pp“(to + 1. X. Z.E) NE(t9)).
(Z =) X)=VE <ty+1(pf“(to+ 1.X. Z.E) D E(ty))
represent (Z |=¢ X ) and such that
TV (Z S X) = (2 = X).

PrOOF IDEA. The formula ¢{ (7o + 1. X. Z. E) asserts that E encodes a
polytime algorithm that consists of two stages: first it verifies that X is
a formula, then it evaluates X in a bottom up fashion. If the first stage
rejects then the algorithm rejects, otherwise its output is the value of the
evaluation and is stored in E ().

For the first stage in the algorithm we use the formula @7 4(y. X. Y)
from Corollary X.1.4 that essentially states that ¥ encodes a computation
of the relation FLA(X). The “check bit” Y (7 4) indicates whether the
computation accepts. Thus, for i < tg; 4 we have

wo(i. X, ZE<") < orra(i, X, E<').

If the first stage rejects (i.e., E(trz4) is false) then the algorithm rejects,
ie., forall trr g < i < tg we have

wo(i. X, Z.E<") — L.

Suppose now that E(tpr4) is true. Let n = |X|. To encode the second
stage we will store the value of each subformula XTi, j] of X (for some
0 <i < j < n)in the bit E(a, ;). for distinct terms a; ; > tpr.4 defined
below.

In order to conform with the axiom scheme BIT-REC, where the bits
E(z) is computed from E <, and since the subformulas of X are evaluated
bottom up, we can order the subformulas of X in nondecreasing order of
their lengths, i.e., we want

aij < aij

whenever j/ — i’ > j —i. Thus, let
aij=tra+ 1+ (G —i+1)(n.n)+ (i j).
Now, for example if X7, j]is an atom p,, then we have
wolai;. X. Z. E<" ) « Z(s).
For another example, suppose that X[i, j] is the formula
(CAD)
where C = X[i + 1.4]and D = X[¢ + 2, j — 1] for some ¢, then
wolaij. X. Z.E<") < (E(aiy1e) N E(agsaj-1)).
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The “check bit” for E is E(#y). where ty = ag.,—1. The value of this check
bit is the value of the formula X. Also, for all other bits E(r), where
tpra <1 < tyandr # a;; for all subformulas X7, j] of X, we set E(r) to
T by having
wo(r. X.Z.E<") < T.
This completes the description of the formula (i, X, Z, E). It is easy to
see that
TV - (Z =5 X) - (Z = X). m
Recall that 4 denotes the L2 string encoding a propositional formula A.

EXERCISE X.2.2. Show that the theory V' proves
1) (ZEEANB) < (Z =5 A) A (Z =2 B)),
2) (Z =5 Av B) < ((z ):%AA) V(Z =5 B)).
3) (Z |5 ~A) = ~(Z E A).
Show also that ¥ proves similar theorems with ={! instead of 5.

Now we consider the classes of formulas ] and IT/ (for i > 1). Here
it can be seen that evaluating X7 (resp. IT7) sentences can be done in ¥
(resp. in T17). So in this case the formulas that represent (Z = X) belong
to 22 (resp. I2).

LemMA X.2.3. Let | < i € N. There is a Xf formula (Z |=y X) that
is true iff X encodes a X! formula and the truth assignment Z satisfies X .
Similarly, there is a 18 formula (Z |=pe X) that is true iff X encodes a 11
formula and the truth assignment Z saz;'sﬁes X.

PrOOF IDEA. We show how to construct (Z Fx X ); the formula
(Z v X) is constructed in the same way. The idea is to encode quanti-
fied pr(;positional variables by the bits of quantified string variables. Let
A be the X7 formula encoded by X.

First suppose that A4 is a prenex formula of the form

Ix;VX,_1...0x1B

where B is a quantifier-free formula, and Q € {3.V}: if i is odd then Q is
3, otherwise Q is V. Then (Z [=5¢ X) has the form

IX; <nVXii <n...0X: <nwy(B.Xi.....Xi.Z) (349)

where n = |X|, y is in % if i is odd, and y is in TT1# if i is even (so the
whole formula is £ in either case). Here y is obtained as in Lemma X.2.1
to express the fact that the truth assignment defined by Z and X, X>, ...,
X; satisfies the formula B.

Now suppose that 4 is not in prenex form. Note that by definition no
string quantifier in a £# formula is in the scope of a number quantifier
or a Boolean connective. So first we have to put 4 into prenex form.
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The procedure described in Theorem I1.5.12 is sequential. A parallel
procedure is as follows.

TC® prenexification. First we compute the quantifier depth of each
quantified variable using the function gdepth mentioned on page 373.
(Here we can assume that 4 has an outer most existential quantifier.)
After renaming the quantified variables (so that they are distinct) we can
safely move the quantifiers into their proper block in the prefix. Consider a
quantifier 3x; or Vx; that occurs in X at position z. We will simply rename
simultaneously all occurrences of x; that are caught by this quantifier to
Xu+¢» Where n is the length of the original formula 4. Note that in 4 all
variables have index at most n. Also, all variables (including both bound
and free variables) in the new formula will have distinct indices.

Consider for example the following scenario:

HXZ(VXQ()CQ))Q)

where the 3 is at position 7 and the V is at position 20, and n is 100. Then
the first and the fourth occurrences of x;, are renamed to x197, while the
other two occurrences of x; are renamed to xj2.

Finally we must determine (in 7C°) whether each (original) quantifier
is in the scope of an odd number of —’s, and if so change it from V to 3 or
from Jto V.

It can be seen that the length of the resulting formula is at most n?.
It can be seen that the transformation can be done by a TC® algorithm.
In fact, it can be shown that there are a £& formula ¢; (X, X’) and a 1%
formula ¢, (X, X’) that are true iff X" is the result of the transformation
of X described above, and such that

VTIC® - ¢1(X. X') < pa(X. X7)
and
VTC® - 3X' < n’¢1 (X, X").
Now the £2 formula Z s X has the form

IX; <nPVXio <n® .. 0X  <n?0X' <n’y(X'.X.Z) (350)

where Q is Jif i is odd and Q is V otherwise. Suppose that i is odd. Then y
is a T8 formula; it is is obtained from ¢; and the £¥ formula (obtained as
in Lemma X.2.1) that expresses the fact that the truth assignment defined
by Z and X1, X,. ..., X; satisfies the formula coded by X’. The case
where 7 is even is similar. m]

EXERrRcISE X.2.4. Let A, B be Zf.’ formulas. Show that the following are
theorems of V0:

1) (Z Ext ANB) < ((Z g A) A(Z g B)).
2) (Z 5 AV B)  ((Z g AV (Z 5 B)).
3) (Z ey A) & ~(Z =y —A).
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4) (Z by Ba() = ((Z by AV (Z gy AT))).
5) (Z gy VxA(x)) = ((Z gy ALD) A (Z gy ACT) (i VxA(x)

is a X formula).
Give similar theorems of ¥ that involve (Z ):H? X).

X.2.2. Truth Definitions vs Propositional Translations. In this section
we consider a kind of back and forth relationship between propositional
translation (from first-order theories to proof systems) and the formaliza-
tion of propositional proofs in our theories.

Consider for example a quantifier-free propositional formula

A(po. p1.....pn—1).

As before let A be the encoding of A. Recall that for Z of length |1Z| =
n + 1, the intended meaning of (Z = A) defined in Section X.2.1 is

Apg.pt. . pio)
Therefore, intuitively the propositional formulas

(ZENA)n+1] and  (Z =5 A)n+1

should both be equivalent to A(pf. pf.....p7 ).

We will show that there are polytime algorithms that compute G proofs
of these equivalences. In addition, if 4 is a ® formula (where ® ¢
{24,117} for i > 1) then there is a polytime algorithm that computes a

G} proof of the equivalence between A(p_Z)) and (Z =¢ A)[n+ 1]. In
other words, the systems G prove the correctness of the composition of
our truth definitions and translation (and the G* proofs can be computed
in polytime).

In Theorem X.2.10 we will turn the above observation around and
show that the theory VTC" proves the correctness of the composition of
propositional translation and truth definition.

For the next theorem recall (Definition X.1.6) that for a constant string
1/4\0 of length m, the notation

(Z |=5 Ao)[n + 1]
-

denotes the propositional formula with variables p# that is obtained from
the translation (Z =5 X)[m.n + 1] (where m = |4y|) by plugging the
values of the bits Ay(j) for p/’»( . Since the truth values of the variables

—

p? are intended to assign truth values to the free variables 7 of 4y(p)
we generally assume that n is greater than or equal to the number of free
variables in Aj.

THEOREM X.2.5. There are polytime algorithms that, given a quantifier-

free formula Ay(p) that has no more than n free variables p, compute G
proofs of the sequents:
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(@) (Z =5 A0)ln + 11— Ao(p?).
(b) (Z |5 )l + 1] — (5
(©) Ao(p?) — (Z 15 A)[n + 1.

(d) Ao(p?) — (Z =1 dg)[n + 11.

Proor. We will prove (a) and (b) and leave the proofs of (c) and (d) as
an exercise. Refer to the proof of Lemma X.2.1 for detailed description
of the formula o () + I,A\O,Z,E). Letm = |;15| and r = to(m).

(a) We will construct a Gj proof of the sequent, and it can be verified that

the construction is in polytime. Recall (Lemma X.2.1) that (Z ! ;15) is
the IT# formula

(Z =0 40) =VE < 19+ 1(pf(to + 1. 49 Z. E) D E(1))

o (Z =N Ao)n + 1]is
r+1

VpEvpF . VpE 1/\ v (to + 1, 49, Z. E) D E(t9))[n + 1. k].

The idea is to prove an instance of the following sequent
r+1 . —
I\ (05(t0+ 1. 40. Z.E) 5 E(10))[n + 1.k] — Ao(p”) ~ (351)
k=0

where the variables p_E) have the right values, and then apply the V-left rule
repeatedly. In particular, note that the first (774 + 1) bits of E parse A,
and the remaining bits evaluate 4y bottom up: if the substring ;1\0[u, v] of
;1\0 encodes a subformula A4,,, of 4y, then

E(au,v) A AI/L’U

for the term a,, described in the proof of Lemma X.2.1. Thus, as in
Lemma X.1.7 we can compute the “parsing” bits of £ (and compute a
cut-free PK* proof for their correctness) in polytime. For the “evaluating”
bits in E. the only relevant bits are bits of the form E(a,_,) as above, and
here we substitute the subformulas A4, , for them.

More precisely, consider the antecedent of (351). For k = r + 1, E(t)
translates into T, so

(5“(t0 + 1. A D E(t))[n+1L.r+1]

is T and is deleted from the conjunction. For k < r, E(ty) translates into
1,so

(ec(to + 1. 4o. Z.E) D E(t0))[n + 1.k] =
i (to + 1. 4o, Z. E)[n + 1,k].
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Therefore to derive (351) it suffices to derive an instance of the following
sequent (where the free variables ﬁ are replaced by appropriate formu-

las):
—— o (to+ 1. Ao, Z. E)[n + 1,01, o (1 + 1, Ag. Z.E)[n + 1. 1]. ...
ol (to + 1. Ao Z.E)[n + 1.1, Ag(p?).

In fact, we will give a PK* proof of an instance of the following sequent
and then apply the weakening rule:

Gty + 1. Ao, Z. E)n + 1.7, Ao(p2). (352)
5

It remains to describe a substitution for the free variables p” so that
(352) has a polynomial size PK* proof.
Recall that

o (to + 1,?4\0,Z,E) =Vi < t(E(i) < QDO(I',;!B,Z,EQ))_
So (o + 1. 4o, Z. E)[n + 1.r] is

r—2
N\ () = @oli. Ao. Z.E<)n + 1.r]) A

wo(r — 1,,71\0,Z,E<r_1)[n +1Lr]A —'(QDO(V,ZE,Z,EG)[H + l,r]).

Also recall that the formula (i, Ao, Z, E) is defined so that:

o bit/s\E(O),E(l), oo E(tpra) “parse” Ay

o if Ao[u, v]is a subformula of 4y of the form an atom p,, then

00(auy. Ag. Z. E<“) s Z(s):
o if ;ﬂ)[u, v] is a subformula of A4y of the form
(Aot + 1. w] A Ao[w + 2.0 — 1])
then
00(@yu. Ao. Z.E<") s E(ays10) N E(aui20-1)

and similarly for other kinds of connectives;
o iftpry < i< ty(to=aom_1)andu # a,, forall0 <u < v < m,
then
poli. Ag. ZES) & T.
In polytime we can compute the right Boolean values by. b, ..., by,
for the bits £(0), E(1)..... E(trr4) and PK* proofs of their correctness,
i.e.. PK* proofs of
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for 0 < i < tg; 4. where B; is the sentence obtained from
woli. Ag. Z.E<))[n + 1.1]

by substituting b; for p¥. for j < i.
From now on we will assume that by. by, . ... b,,, , have been substituted

for the bits E(0), E(1).....E(tr14). Suppose that Ao[u.v] is an atomic
subformula p; of A4, then the following sequent is valid and has a short
PK* proof:

— @olae. Ao, ZZEZ“)n + 1. < pf.
In addition, if Ijl\o[u, v] is a subformula of 4 of the form
(Ao[u + 1, w] A Ag[w + 2,v — 1])
then we have a short PK* proof of the sequent
— 9oty Ao. Z. E<“)n + 1.1l = (pE A pE ).

Similarly for other subformulas of Ay. Also. fortp 4 <i<randi # a,,

for all subformulas Z\O[u,v] of Ay (for 0 < u < v < m), then there are
short PK* proof of

— oli. Ao. Z. E<D)[n + 1.r]. (354)
(In particular, it can be verified that r — 1 # a,,, for 0 < u < v < m, so
— o(r — 1,40, Z.E< Vn + 1.7] (355)
has a short PK* proof.)

Thus, if //4\0[14, v] is a proper subformula C of A\, we will substitute C
for Pfu - Also, forisuchthattp4 < i <randi # a,, for all subformulas

%[u, v] of Ay, we will substitBEe T for pE. The above argument shows
that for any subformula C = Ay[u. v] of Ay we can derive
— C & @o(duy. Ao Z. E<“)[n +1,7]. (356)
In particular we can derive
— Ay < wo(r. Ay, Z.E<)[n + 1. 7]. (357)

Now it can be seen that under the described substitution, the sequent
(352) can be derived from the sequents (353). (354), (355). (356) and
(357).

(b) Asin (a) we will construct a G} proof of the given sequent and leave
it to the reader to verify that the construction is in polytime.

Recall that

(Z =5 40) = 3E < 1o+ 1(pf (10 + 1, 49, Z. E) N E(19)).
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So by definition. (Z =2 4g)[n + 1] is (the simplification of)

r+1
3ptapl ... 3pE 1\/ w(to + 1. 4o, Z. E) A E(1o))[n + 1,k]).

We have E (to)[r + 1] =gt T. and E(t9)[k] =ger L for k < r. Therefore

(Z =5 A0)n + 1] =aer
3p§3pt ... 3pr_ i (e6 (o + 1. Ay, Z.E)[n + 1.r +1]).
Thus, to prove the given sequent we will give a PK* proof of the sequent

(358) in Lemma X.2.6 below and then apply repeatedly the rule 3-left. We
conclude the proof by proving Lemma X.2.6. O

LemMma X.2.6. Let Agandn, r be as in Theorem X.2.5 and its proof. Then
there is a polytime algorithm that computes a PK* proof of the following
sequent:

O(to + 1. Ao, Z.E)[n + 1.1 + 1] — Ao(p?). (358)
ProOF. We have
0 (to+ 1. 9. Z.E) = Vi < to(E(i) < oli. Ag. Z. EZ')).

So by definition (recall E(ty)[r + 1] = T):

'ec(l()—I—l A(),Z E)[n—I—l r+1]=
r—1

/\(P,-E o oli. Ag. Z ESD[n + 1.r + 1]) A
i=0

volto. Ao. Z.E<™)[n + 1.r +1].

Let By. By, ..., B,_1 be the correct values of ﬁ

e By.Bi...., Btm are the (only) Boolean values of the bits
E(O), E(l), e, E(ZFLA)

that correctly parse the formula A4y;

e for a subformula C,, of 4y that is encoded by Zl\o[u, v] (for0 <u <
v<m), B, is Cuy:
e fortp g <i<rsuchthati #a,,forall0 <u<wv<m,B;=T.

Forl <i<rlet

A :péf <—>Bo,...,p,£_l — Bi_q.
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Now we can prove by induction that there are polynomial size PK* proofs
of the following sequents:

P = @0(0. 40, Z EX)[n + 1.r + 1] — p§ < By,
pf o ool 40. Z ES)n+ Lr + 11.Ay — pf < By,

PP = olr—1.40. ZES Din+1.r + 1A,y — pF | = B,
polr. Ao, Z E<)n + 17 + 11 A, — Ao(p?).
From these we can obtain a polynomial size PK* proof of (358). o
ExERCISE X.2.7. Prove parts (c) and (d) of Theorem X.2.5.

THEOREM X.2.8. Let i > 1 and ® € {Z!.11!}. There are polytime
algorithms that on input a prenex ® formula Ao(p). with no more than n
Jree variables p, compute G proofs of the following sequents:

(Z o Ap)ln + 1] — Ao(p?) (359)
and

Ao(p?) — (Z o A + 11
If Ay is is not a prenex formula, then the proofs are in G .

PrOOF skeTCH. We consider the first sequent; the argument for the
second is similar. Suppose that A4 is X7, so 4 has the form

HJE}V)_C},l e Qleo(x_i ..... )E;,ﬁ)
Then by (349) (Z Fxs Ao) has the form (for m = |;1\0|)
X, <mVXii1 <m ...0X, <my(Bo. Xi.....X;. Z).

Suppose that i is even, so y is [1¥ and Q is V. By a slight generalization
of part (a) of Theorem X.2.5 we can compute in polytime a G} proof of

w(Bo. X1. Xo.... . X, Z)im+Lm+1.....m+1.n+1]

L B(p M. p% 7). (360)

To turn this proof into a G§ proof of (359) involves applying the quantifier
introduction rules together with v and A introduction. To see how this is
done, refer to Section VII.5 on propositional translations, formulas (149)
and (150). Since the innermost quantifier of 4 is VX7 we refer to (150).
Starting with (360) we apply successive weakenings and A-left to obtain
the required conjunction on the left side, and then apply V-left repeatedly

to quantify the variables of p—Xl) and finally V-right repeatedly to quantify
the same variables on the right.

The next quantifier of 4 is 3X,. According to (149) the translation on
the left has a disjunction over all lengths k& of X, from &k = 0 to m + 1.
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Here we need the fact that assigning a length k£ < m + 1 to X5 implicitly
assigns some high-order bits of X> to L. Thus (360) continues to hold
with the secori m + 1 on the left replaced by k, provided the high-order
variables for p*> on the right are replaced by L. Hence for all values of

—

k the sequent holds when on the right all variables in p~*? are existentially
quantified (after universal quantifiers have been applied to the variables

ﬁ) Now we can put these derivations together and successively apply
V-left, followed by repeated applications of 3-left to quantify the variables

of p—’(2> We continue in this way until all variables associated with the Xs
have been quantified, to obtain a G} proof of (359).

For the second statement, first let 4, be the prenex formula equivalent
to Ay as output by the TC® prenexification procedure described in the
proof of Lemma X.2.3. We leave the proofs of the following facts as an
exercise:

ExErcISE X.2.9. Show that there are polytime algorithms that compute
G} proofs of the following sequents:

A(/) — Ao and Ao — A(/).
(Hint: construct the proofs by structural induction on 4.)

Consider the first sequent:

(Z [=o A0 + 1] — Ag(p?).

By the first statement there is a polynomial size G proof of
(Z fo A))ln + 11 — Aj(p?).

The desired sequent can now be derived from this and 4{, — A4, using
cut on the X! prenex formula A4}
The second sequent is derived similarly. O

Now we prove the category-theoretic reverse direction of Theorems
X.2.5 and X.2.8. Let p(Z) be a £8 formula whose only free variable
is Z (for some i > 0). By Corollary X.1.13 there is an FTC function
T,(n) that provably in v1C’ computes the encoding of ¢(Z)[n]. for all
n. Formally,

and
VIC' +YnFla*(T,(n))
where n = |Z|. Now intuitively it should be clear that

—

(Z |y 0(Z2)[n]) <= »(2).

We will show that this equivalence is indeed provable in our theory VTC .
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NOTATION. (Z Fxy X ) and (Z Py X ) are defined to be Z =5 X and
Z =l X, respectively.

THEOREM X.2.10. Let i > 0 and p(Z) be a X8 formula with a single free
variable Z as shown. Then

—

VIC't-n = 2| 5 ((Z |y 9(2)[) < 9(2)).
Similarly, if ¢(Z) is 12, then
VIC' +n = 2| > ((Z by ¢(2)In]) — ¢(2)).

PrOOF IDEA. First consider the case i = 0. Suppose that ¢ is a X8
formula. Reasoning in VT C’. Letn = |Z]. We will show that

(Z =3 o(Z2)[n]) < o(2).
The fact that

(Z = o(Z)n]) & ¢(2)
is similar.
Let A denote ¢(Z)[n]. Recall from the proof of Lemma X.2.1 that
(Z =% A) has the form:

3E <t + g (to + 1. A. Z.E) N E(19))
where the first (zz74 + 1) bits of E encode a computation that parses the
formula A4, and the remaining bits in £ evaluate 4 in a bottom up fashion,

where the value of a subformula 4; ; (encoded by Al [i. j]) is stored as the
bit E(a; ;) for the term «;; as in the proof of Lemma X.2.1 (note that

agm—1 = to, where m = \/ﬂ)
First we show that
(Z 5 4) > o(2).
Let E satisfy i (70 + 1. A.Z.E)NE(ty). Then we can show by structural
induction on the (constant number of ) subformulas ¢y of ¢ that

‘pk e E(aék,rk) (361)

where ¢, r; are the indices so that A[¢, ri] encodes the translation of .
As a result, from E (1) (i.e., E(agm—1)) we conclude ¢(Z).
Now we show that

0(Z) D (Z =5 A).
Here we need to prove the existence of the string E that parses and
then evaluates 4. Recall Corollary X.1.13 that A= go(/ZEﬂ is provably
computable in PTC' by an FTC” function. So. informally, the “parsing”
partin E (i.e., up to bit E(¢r74)) exists because

VTC' + Fla*(A).
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(This part of E can be extracted from the string Y that satisfies ¢ , (1pr.4+
1A, Y) AN Y(tra).)

The “evaluating” part in E can be proved to exist by & (L gpc0)-COMP
using the observation (361). The fact that these bits satisfy o[ is straight-
forward. Note that by assuming that ¢(Z) is true we also have that
E(aon—1) (ie., E(ty)) is true.

Now consider the case i = 2; the cases for other values i > 1 are similar.
First, suppose that ¢(Z) is a £¥ formula. Let n = |Z| as before. Without
loss of generality, suppose that ¢(Z) has the form

X < 1(|Z)VY < t(|Z)w(X. Y. Z)

where v is a £8 formula. Then (Z)[n] has the form (recall (149) and
(150), page 191):

Ipy -3 5\ Ved I /\ Z)[e.m.n]
=0 m=0

where r = t(n).
In defining (Z s ©(Z)[n]) (see Lemma X.2.3) we first get the follow-
ing prenex form of ¢(Z)[n] (with bound variables renamed):

7\ N Aen(p” 27 )
£=0m=0

—
where p¥ is a sequence of (r — 1) distinct variables obtained by renaming
7
[7 and pY contains (r + 1)(r — 1) distinct variables resulting from re-
namlng?. Also. Agn(p* . pY p_Z)) isy (X, Y. Z)[€, m, n] with the bound
variables renamed. Note that the renaming of variables is performed by

a TC® functlon Note also that for() <L AV <rand0<mm' <r,

AZ,m(p pY 177) and AZ’ m’ (P pY 7)
Y

7
p' corresponding to disjoint substrings of Y”.
Now the formula (Z sy ©(Z)[n]) has the form

contain disjoint subsets of

X' <sVY' <s(XL Y. Z L A)

for some term s, where

r r
A=\ N Aenp™ 07 7)
£=0 m=0

and (X', Y. Z =l A) is the 18 formula obtained as in Lemma X.2.1
expressing the fact that the truth assignment specified by X/, Y, Z satis-
fies A.

We mentioned above that the renaming functions are in 7C°. It can
also be seen that their inverses are also in TC°. Thus, there are TC°
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functions F (¢, X'), G({.m. Y') and F'(X). G'(£. Y) where
= e’

|F (£, X)) GUl.m Y| =m, |[F'(X)|<s |G'(£Y)<s
7 Ty
such that (using the case i = 0 above. and write Ay, for A,,,(p* . p" .
ALY
p7)):
o for |X|=¢:

VIC' & w(X.G(t.m. Y'). Z) — (F'(X). Y. Z =) 4,,)

and
e for |Y| = m and any string Y’ that shares with G’(¢, Y) the sub-

strings corresponding to the ﬁ-variables in Agm:
VIC' - y(F(L.X").Y.Z) o (X' Y. Z I A7),
From this it can be shown that
(BX' <sVY' <s(X. Y. Z N A) < 3X <vY <ty(X.Y.Z)

so we obtain
70 _—
VTC b (Z by 9(2)]) < 9(2)
as required.
The second statement (i.e., for a IT# formula ¢) is proved similarly. O
X.2.3. RFN and Consistency for Subsystems of GG. For a class @ of for-
mulas and a (quantified) propositional proof system F. the ®-Reflection
Principle for F, denoted by ®-RFN £, asserts that every formula of @ that
has an F-proof is valid. Here we will show that for i > 1, the IT/, | -RFN
for G* (resp. G;) is provable in the associated theory V' (resp. TV'). In
Section X.2.4 we will show that indeed the theories can be axiomatized
using the RFN of the associated proof systems.
To state the principle we need the formulas (Z e X )and (Z P X )
from Section X.2.2. Recall that (Z s X) and (Zz e X) stands for

(Z =5 X) and (Z =1 X). respectively. Recall also the formulas Fla™,
Fla", Prf?_-, and Prfg (see Corollary X.1.4 and Lemma X.1.5).

NotatioN. Fori > 0and ® € {2,117}, let Flag (X) (resp. Flagy(X))
be the T1# (resp. £¥) formula that represents the relation FLA(X) for
formulas X in ®.

DEFINITION X.2.11 (The Reflection Principle). For a proof system F
and ® € {Z{. 117} (i > 0) the ®-Reflection Principle for F, denoted
®-RFN £, is the ﬁﬁ sentence defined as follows:

2{-RFN r = VaVXVZ ((Flag(X) A Prf 2 (m. X)) D (Z |25 X)),
T{-RFN 5 = VrVXVZ ((Flag, (X) A Prf7(r. X)) D (Z e X)).
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Also,
i-RFNz =X!-RFNz ANTI!-RFN f.

Note that for i > 1, /-RFN £ is equivalent to a VZ8 sentence, and
I17-RFN £ is equivalent to a VIIZ sentence. Also. Z{-RFN r is equivalent
to a VE¥ sentence, while IT{-RFN £ is equivalent to a VE§ sentence.

The principle IT{-RFN # is equivalent to the consistency statement which
asserts that the proof system F does not prove a contradiction:

DerINITION X.2.12 (Consistency). For a proof system JF. the sentence
CON £ is defined to be
Va-Prfx(z, L).

Note that CON £ is equivalent to a VI sentence.
Lemma X.2.13. Let F be the system G; or G* (wherei > 0). Then

TV CONz « TI{-RFN £.
ProoE. The direction
II§-RFNz D> CON
is obvious. So consider proving
CONz D II}-RFN .

Reason in TV’. Assume for a contradiction that —II§-RFNz. That
is, there are a quantifier-free formula 4 with an F-proof = and a truth
assignment Z such that ~(Z = I A). (Recall that A denotes the encoding
of formula A4.)

By Exercise X.2.4 we have (Z |:ng —/|;l) Let Ay be the formula A4 with
the bits of Z substituted for the free variables in 4. Then we have 4, and
by Exercise X.1.8 there is a PK*-proof n’ of —=A4,. Also, by substituting
the bits of Z for the parameter variables in 7 we obtain a F-proof n” of
Ap. Combine n’ and n” by a cut we obtain an F-proof of L, and this
violates CON £. O

Observe that asserting that a formula A(p) of the form
VXB(p. X)
is valid is essentially equivalent to asserting that B(7. ¢) is valid. So. if an

F-proof of any IT?,, formula 4(p) can be transformed (in a theory 7')
into a proof of B (or some other X7 formula), then 7 proves

SI-RFNz D Y, | -RFN 7.

We illustrate this in the next lemma where we prove the implication for
treelike proof systems. The transformation in this case can be computed
by a polytime function, and this explains why the implication is provable
in TV'.
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LemMma X.2.14. Fori,j > 0,
TV - X!-RFNg: D> I}, \-RFNG:.

It follows immediately that:
COROLLARY X.2.15. Fori >1,j >0,

TV’ - 2/-RFNg: < i-RFNg:.

PROOF SKETCH OF LEMMA X.2.14. Assuming X-RFN G we need to pr-

ove IT{,|-RFNg:. Thus let = be a G proof of a IT},; formula A4(p).
Informally we need to show that A is valid.
If 4 is in X then we can use £f-RFNg: and the conclusion is trivial. So

suppose that A is in (IT7 ; — X7). Using the fact that 7 is a treelike proof,

we will transform =z into a proof of a £! formula 4’(7. §) so that
VA" D VA (362)

and such that the transformation is in polytime. Then by X/-RFN G; we
have that 4’ is valid, and hence A4 is valid.

Below we will describe the transformation and the formula A’. They
can be computed from 7 and 4 in polytime, and (362) can be formalized
and proved in TVO, so we are done.

There are two cases depending on whether 4 is a prenex formula or not.
We consider the simpler case first.

Case I. A 1is a prenex formula. Here 4 has the form
VX . Vx1B(P. X1, ... Xm) (363)

where B is a prenex X7 formula.
If j > i then there is an easy argument as follows. There is an obvious
G proof of

A— B(p.q).

This together with the proof 7 of 4 and cut gives a G} proof of B(7. )
so we can take A’ to be B. Thus we may assume ; < i, although the
argument below can be made to work for any j > 0.

Since 7 is treelike, we can assume that 7 is in free variable normal form
(recall Section I1.2.4 and see Exercise X.1.11).

We use the idea of Gentzen’s Midsequent theorem, and transform 7=
into a proof of a sequent of the form

— B(7.4").B(7.4).....B(7.4) (364)
~

for some k. Here ¢’ are all eigenvariables that introduce the universal
variables ¥ shown in (363). Intuitively, we retain these eigenvariables by
ignoring the V-right rule.
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Formally, suppose that C is a (IT/, ; —X) ancestor of 4 in the succedent
of a sequent S in 7. Then C has the form

VX VX1B(F X1 Xt it e )

(for some ¢, 1 < t < m). Note that C can only be in the succedent of
S. We transform S by replacing C by a list of formulas as in (364) that
contains all ancestors of C of the type B(7,§). (In case C occurs in an
axiom C — C we may assume C has the form B(p,J) by using the
axiom B — B and adding universal quantifiers to both sides.)

The replacement above is performed for all such C. Let 8’ denote the
transformed sequent, and 7’ denote the transformed proof. We can easily
turn 7’ into a legitimate proof by (i) deleting the V-right that introduces the
variables V¥ of 4 as shown in (363) as well as contraction right involving
C, and (ii) inserting necessary weakenings.

Finally, from a proof of the sequent of the form (364) using the V-right
we obtain a proof of A'(7, ) where A’ has the form

\/ B(5.4"). (363)

Case II. A isnot a prenex formula. The description of A’ in this case is
more complicated, so we only outline the arguments here. For illustration,
consider a (IT{, | — Z7) subformula 4, of 4 of the form (363) where here
B is in 27 but is not necessarily in prenex form. Then following the above
procedure, A, is replaced by a formula A} of the form (365).

We need to extend the above transformation to other (IT7, | — X7) sub-
formulas of 4. The transformation will be done in a top-down fashion.
Thus, for example, a superformula of 4; may be replaced by several dif-
ferent copies all containing 4;. These copies of 4 can then be replaced
by different disjunctions of the form (365).

This motivates the following definition. For simplicity, assume that in
A all = connective occur only in front of atoms.

DEFINITION X.2.16. For a formula 4 in (IT,; — X7), a £¥-expansion of
A is any 2! formula that can be obtained from A by finitely many repeated
applications of the operations that consist of the following steps:
1) let 4 be a non-X! subformula of 4;
2) replace 4; by a formula as follows:
e if A; has the form VxB(x) then let g;. g». . ... g, be a list of new
free variables (¢; need not be distinct), and replace 4; by the

disjunction
\/ B(q.).

1<t<r

e otherwise A4 is replaced by (A4 V 41).
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For example, the formula in (365) is a X?-expansion of (363). For
another example, suppose

A =Vx1(Iy1B(x1.y1) AVx2332C (x1. x2. 12))

where B, C are quantifier-free formulas. Then the following formula is a
X{-expansion of A:

Iy B(x1.q1) A (32C(q1.92.y2) V I Clq1. 3. 2)).

Now. the G* proof 7 of A(p) can be transformed into a G7 proof 7’
of an Xf-expansion 4’ (7, §) of A. The transformation can be seen to be
computable by a polytime function. and the formalization of (362) can
be shown to be provable in TV?. a

Now we prove the RFN of the systems G} and G; in our theories. We
take the following approaches to show that the endsequent of given proof
7 (in GF or G;) is valid. The first (see part (a) of the theorem below) is to
proceed by induction on the length of 7 to show that all sequents in 7 are
valid. Notice that if 4(7) is a Z] or IT}, | formula and A encodes A, then
the statement asserting A is valid:

VZ < |A|(Z s A)

is in ITZ, . Thus, informally. to prove IT{, | -RFN g, we need I12_-IND (so
Vi+! suffices).

Another approach for proving the RFN for Gy is to formalize the
proof of the Witnessing Theorem for G} (Theorem VII.4.13). In general,
suppose that A(7) is a { formula of the form

IXB(p. X)

where B is a IT7_, formula (here i > 1). We wish to define a witness-
ing function for A that, given the values for p. computes X that satisfy
B(p.x). The graph of the function is II?_,. so this suggests that the
witnessing function is in Lppi (see Definition VII1.7.6). For part (b) of
Theorem X.2.17 below we will outline the formalization of the proof of
the Witnessing Theorem for Gy. The proof of the general case is similar
and will be left as an exercise.
For part (c) of Theorem X.2.17 (due to Perron) we will need to formalize

a more complicated witnessing argument. We refer to [91] for a proof of
this part.

THEOREM X.2.17. Fori > 1:

(a) Vi+ MY-RFNg, :

(b) V' 1Y, ,-RFNg::
(¢) [Perron] ¥’ - I1{ ,-RFNg:.
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PrOOF. (a) Reasoning in V'. Let 7 be a G;_; proof of a [T/ formula.
By Exercise X.1.10 all formulas in z are IT/. Moreover, it can be shown
that all formulas in the antecedents of sequents in 7z are in (£/_; UTI? ;).

The idea is to prove by induction on 7 that the 7-th sequent in 7 is valid.
Suppose first that i > 2. Let

S, = Ay,...., 4, — By, ..., ., B, (366)
be the 7-th sequent in 7. Here all 4; arein (2!, UTI? ) and all By are
in IT/.

DEFINITION X.2.18. For i > 1 define (Z |=; X) to be the formula
(Z Ex X))V (Z e X))
Thus (Z & X) iff X is in £ UTI? and Z satisfies X. Note that

(Z & X)isin (22, NnTIZ ).
Formally we will prove the following formula:
VZ < |n|(Vj < n(Z i1 A7) D (Z e \/ Be)). (367)
k

Since (Z ;-1 X)is2f and Z =y X) is II7, by Corollary VI.3.8 we
can prove (367) by induction on ¢. Both the base case and the induction
step are straightforward.

Now we prove

V' TY-RFNg,.
Let 7 be a Gy-proof of a I formula. Let S; asin (366) be the -th sequent
in 7, here all 4; are quantifier-free and all By are I1? formulas. We prove
in V! the following formula:

vZ <|n|((Z =5 \4)) 2 (Z \/Bk (368)

j
Because (Z |=5 X) is a £ formula and (Z f=p¢ X) is a II{ formula,

(368) is equivalent in V! to a T1# formula. Therefore (368) can be proved
in V! by induction on 7 (using [T12-IND, see by Corollary VI.1.4).
(b) By Lemma X.2.14 it suffices to show that

V't 2!I-RFNg:.

Let 7 be a G proof of a E? formula 4. First consider the case i = 1, and
consider the interesting case where 4 is in (2! — Zf). Note that by the
subformula property (see Exercise X.1.10) all formulas in 7 are Z.

To show that this formula is valid, the idea is to prove the Witness-
ing Theorem for G} (Theorem VII.4.13) that there is a polytime func-
tion that produces the witnesses for the existentially quantified variables.
Recall that this requires Theorem VII.4.7 and the second half of Theo-
rem VIL4.16. It is straightforward to formalize in TV the proof of both
theorems, and hence also the proof of Theorem VII.4.13.
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The proof for the case where i > 1 is similar. Here the outermost

existentially quantified variables in 4 can be witnessed by some FP™ -
functions. These witnessing functions can in fact be defined by examining
n directly (without introducing an analogue of ePK). Details are left as
an exercise.

(c) By Lemma X.2.14 it suffices to show that

V' b2l -RFNg:.

This is Theorem 5.1.2 in [91]. O
*EXERCISE X.2.19. Prove part (b) above for the case where i > 1.

COROLLARY X.2.20. Fori > 0:
(a) TV’: FT1,,-RFNG: :
(b) TV' - 117, ,-RFNGg,.

ProoF. (a) IT{,,-RFNg:  is equivalent to a V7 | sentence and by The-
orem X.2.17 (b) it is provable in ¥"*!. By Theorem VIIL7.13 ¥ is
2} |-conservative over TV, hence TV also proves I/, ,-RFNg: .

(b) Similar to part (a) here for i > 1 the sentence I, |-RFN g, is VIIZ, |
which is the same as VEZ. So the fact that TV’ proves IT7, |-RFN g, follows
from the fact that ¥"*! proves I1{, | -RFN ¢, (Theorem X.2.17 (a)) and the
fact that V+! is £2, | -conservative over TV".

For the case where i = 0, I17-RFN g, is a VII? sentence that is provable
in V'. Since V' is 8-conservative over TV", £{-RFNg, is also provable
in TV’ O

ExercisE X.2.21.  (a) Fori > j > 0, show that

TV’ - £1-RFNg: , D £I-RFN,.
(b) Fori > 0and j > 0, show that
TV® b %9-RFNg, D 2I-RFNg: .

(Hint: formalize the p-simulations given in the proofs of Theorems
VI1.4.3 and VII.4.8.)

*EXERCISE X.2.22. Let Flahy and PrfLpx be ¥ formulas that represent
the relations FLApgk and PRF,pg. respectively. The Reflection Principle
for ePK is defined as follows:

RFN px = V1Y XVZ ((Flapg(X) A Prfipg(r. X)) D (Z =5 X)).
Note that RFN,pk is equivalent to a VE# sentence. Show that
TVt RFN.pk.

(Hint: show that V' - RFN,px and then use the fact that V! is £B-
conservative over TV"))
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X.2.4. Axiomatizations Using RFN. In this section we present results
of the following type. We will show that the RFN of a proof system F (G*
or G;) can be used together with a base theory (e.g.. ¥TC") to axiomatize
the associated theory 7 (V? or TV'). In Section X.2.3 above we have
shown one direction, i.e., the RFN of F is provable in 7. For the other
direction we need to show that all theorems of 7 are provable from the
base theory and the RFN of F. Informally, this can be seen as follows.
First, the propositional version of each theorem of 7 have been shown to
have proofs in F that are definable in ¥TC® (Section X.1.2). So by the
RFN for F these propositional translations are valid. Next, v1C’ proves
that the validity of the propositional translations implies the validity of
the first-order formulas (Theorem X.2.10 in Section X.2.2). As the result,
the theorem of 7 can be proved using ¥ TC? and the RFN of F (because
VTC' is a conservative extension of VT ).

First, we prove:

TuEOREM X.2.23. (a) Let i > j > 1. Then X8 (V"). the £% conse-
quences of V', can be axiomatized by the axioms of VTC" together
with 2;’--RFNGl_*.

(b) For j > landi > j+ 1, (V') can also be axiomatized by the
axioms of VTC® together with X%-RFNg,_,.

(c) Fori > 1, the theory V' can be axiomatized by the axioms of VTC®
andZ!, -RFNg:. V' can also be axiomatized by the axioms of VT (o

and 2! | -RFN cyi-fice G+

ProoF. (a) Note that by Theorem X.2.17 (b) ¥’ proves Y%-RFNg:.
Therefore Zjl-RFN Grisa Zf consequence of V. Since j > 1, all axioms
of VTC® are also in Zf(Vi ). Thus it remains to show that every Zf
consequence of ¥’ can be proved in ¥TC® + Z’JI-RFN G:- We prove this
fori = j = 1. since other cases are similar. Here we have to show that all
2% theorems of ¥'! are provable using ¥TC’ + £{-RFNg;.

Suppose that ¢ isa ¥ theorem of '!. Assume without loss of generality
that it has a single free variable Z. Let T,z (n) be the FTt C° function

as in Corollary X.1.13 that provably in VTC 0 computes the encoding of
©(Z)[n]. Thus we have

and

VTC' - Flagl/(Tw(Z)(n)). (369)
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Now by Exercise X.1.17 there is an FTC® function F,(z)(n) that prov-
ably in VTC 0 computes a G} proof of ¢(Z)[n]. In other words, we have
R
VIC' = Prf G:(Fo(z)(n). Tyz)(m)). (370)
From (369) and (370), using £{-RFNg: we obtain
VZ(Z st Ty(z)(n)).
From this and Theorem X.2.10 we obtain VZyp(Z).

(b) This is suggested by (a) since by Corollary VIL4.9, G* and G;_;
are p-equivalent for proving E;’- formulas for j < i — 1. However the
p-equivalence seems to require TV rather than VTC® to prove, so we
prove (b) as follows.

Note that V7 is 8-conservative over TF'~! (Theorem VIIL.7.13). So
the proof here similar to (a). Here Theorem X.2.17 (a) gives us that

7 (V) k- Z1-RFNG,_,.

Therefore all consequences of ¥TC® + £4-RFNg,_, are also in 5 (V7).
For the other direction. let ¢ be a £¥ theorem ¢ of ¥’. Since V' is
>5-conservative over TV'~!, ¢ is also a theorem of TV’ ~! and hence has

a G;_ proof which is provably computable in Vv1C’ (by Theorem X.1.21).
The argument is similar to (a).

(c) For the first sentence, the fact that all theorems of ¥/ are provable
from

VTC® +3! ,-RFNg:

can be proved as in part (a).

The proof of the other direction, i.e.. that yi proves E? L1-RFN G is
part (c) of Theorem X.2.17.

The second sentence follows from the first and Theorem X.2.27 below.
O

As a corollary, we obtain a finite axiomatization of TF" as follows.

COROLLARY X.2.24. (a) Fori > 0, the theory TV' can be axiomatized
by the axioms of VTC" together with Z?H -RFNg .

(b) Fori > 1, the theory TV' can be axiomatized by the axioms of TV®
andX! -RFNg,.

i+1
PrOOF. Part (a) follows from Theorem X.2.23 (a) applied to X2, , (V'1).
and the fact that TV’ can be axiomatized by the £ | consequences of
Vi*!, because TV have X8 | axioms and V'*! is 2 | -conservative over
TV' (Theorem VIII.7.13).
Part (b) follows from (a) and Exercise X.2.21. O

We obtain an alternative proof for the finite axiomatizability of the
theories TV’ (see Theorem VIIL.7.3):
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COROLLARY X.2.25. For i > 0 the theories V™' and TV' are finitely
axiomatizable. For i > j > 1, the Zf consequences of V' are finitely
axiomatizable.

Proor. The conclusion follows from Corollary X.2.24 and Theorem
X.2.23. and the fact that ¥TC" is finitely axiomatizable. O

EXERCISE X.2.26. Show that TV’ can be axiomatized by the axioms
of ¥7C?° together with RFN.pk defined in Exercise X.2.22. (Hint: one
direction follows from Exercise X.2.22. For the other direction, use Exer-
cise X.1.23.)

In Theorem X.2.23 above we have considered Z‘f—RFN G only for the
values of j such that 1 < j < i. Now we consider 2" RFNg; for j > i.
It turns out that in this case Zq RFN g is equivalent to Eq REN cy-fiee G+
because any G} proof of a Zq formula can be transformed into a cut free
G* proof of an equivalent Z" formula A’. This observation is due to Perron
[91]. Here we need V' TC° to prove the equivalence, essentially because the
transformation given in the proof below is computable in T7C° (while the
equivalence between A and A’ is provable in V).

THEOREM X.2.27. Let i > 0. The theory VTC" proves that the following
are all equivalent:

2/, 1-RFN curcfice G+ 2441-RFNGs. ... and %!, ,-RFNg;.

PrOOF. Since cut-free G* is a subsystem of G, which in turn is a sub-

i+1 i+1

. -0 . . .
system of G, etc., and since ¥'TC' is a conservative extension of VT C’,
it suffices to show that

VTC' + 3¢, -RFN impee 6+ F 22, -RFN:.

i+1

The idea is as follows. Let 7 be a G} proof of a X, | formula 4. We
will transform 7 into a cut free G* proof of a £ | formula 4" of the form
(372) below. Our transformation can be seen to be in T C°. So, formally,
the transformed prove is provably in VTC’ computable by some FTC®
function F. Then using 2§-RFN cur-fiee G+ We have that A" is valid. Finally,
since V° proves that 4 and A’ are equivalent we conclude that 4 is valid.

We will first transform 7 into a cut-free G* proof of the following se-
quent:

—>A,E|(C1 /\—\Cl),H(CZ/\—\Cz) ..... H(Ck/\—!Ck) (371)
where C; (for 1 < ¢ < k) are all cuts formulas in 7, and 3(C; A =C,) is

the sentence obtained from (C; A —C;) by existentially quantifying all free
variables. Then, by using the V-right we get a proof of

A =g AV \] (B(C A=), (372)

1<t<k
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q

Notice that each C; is a X formula. so 4" is in X7 .

The derivation from (371) to
5 A

is obvious, so we will focus on the derivation of (371).
Let A denote the sequence

H(CI /\—‘Cl),H(CZ/\—‘CQ) ..... H(Ck/\—!Ck)

as in (371). We transform 7 as follows. First, add A to the succedent of
every sequent in . For each sequent S in « let S’ be the result of this
addition.

To obtain a legitimate derivation, note that if S is derived from S; (and
S») by an inference of G, then &’ can be derived from S| (and S}) by the
same inference with possibly some applications of the exchange rule. In
addition, each axiom B — B now becomes B — B, A so we also add
the following derivation (using weakening)

B — B
B — B.A
Thus, the result, called ;. is a G} proof.
Next, consider an instance of the cut rule in 7;:
A—T,AC CA—T.A
A—T.A

We insert the following derivation

CA—T.A
A—T.,AC A—T.,A-C
A—T.A(CA-C)
A—T,A3I(CA-C)
A—T,A
Here the bottom double line represents applications of exchange and
contraction right. The double line above it represents a series of 3-right.

It can be seen that the result is a cut-free G* proof of (371) as desired.
We will briefly verify that the above transformation is computable in 7C®.
The fact that it can be formalized in ¥ TC? is straightforward.

For the transformation, first we need to identify all cuts and cut formulas
in 7 (here we need TC" circuits to recognize formulas). Once this has been
done, it is easy to see that the cut free G* proof of (371) described above
can be computed by some TC" circuit (here we need the counting gates,
e.g.. to put I(C, A =C,) into the list A). The last step is to obtain a

derivation of A’ from (371). and this can also be computed by a TC°
circuit. =
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X.2.5. Proving p-Simulations Using RFN. In this section we will show
how to use the Propositional Translation Theorems (e.g.. Theorems
VIIL.5.2, X.1.21) to prove p-simulations between proof systems. Infor-
mally, the result is as follows. Suppose that G (such as G}) is a proof
system associated with a theory 7 (such as V') (where the association is
by propositional translation). Then any proof system F (such as eFrege)
which is definable in 7 and whose RFN is provable in 7 is p-simulated
by G. (See the precise statement in Theorem X.2.29 below.)

Intuitively the reason why G p-simulates such F is as follows. Because 7°
proves the soundness (i.e., the RFN) of F, and G is a nonuniform version
of 7, there are short G derivations of the fact that F is sound. Therefore,
given a proof of F of 4 we can derive a short G derivation of 4 (we will
need the derivations from Theorems X.2.5 and X.2.8).

First we need to prove in G} the “honesty” of our encoding of the RFN.
Here we translate the RFN for a system F by treating the variables 7, X
and Z (Definition X.2.11) as free variables and introducing the bits

et po.ptas phopt .

as usual.
Recall Definition X.1.6 that for some constant values of 7y and X, of
length n and m respectively, we use

Zg'RFN}'(nO,XO,Z)[k] (373)

to denote the result of substituting the values (T or L) of bits Xy(z). 7o(?)
for the variables p;* and p7” in the propositional translation

XI-RFN 7 (n. X. Z)[n. m. k]
where m = | Xo| and n = |np|. (Thus the only free variables in (373) are
p&.pf.....) ForaZX! formula Xy, note that the translation (373) is
(Flag;/ (X0) A Prfiz(mo. Xo))[12 (Z s Xo)[K].
For the proof of the theorem below, it is helpful to review Theo-

rems X.2.5 and X.2.8 and their proofs.

THEOREM X.2.28. Let i > 1 and F be a proof system with defining
formulas Prf%- and Prf"} as in (322) and (323) (on page 367). Then there is
a polytime algorithm that computes a G} proof of the sequent below for each
X! formula Ay of length m with at most k — 1 free variables, and F-proof
no of Ao of length n:

S4-RFN £ (. Ao. Z)[k] —> Ao(p?).

Proor. The desired sequent is obtain from the sequent in Theorem
X.2.8 and the following sequent by a X! cut:

S/-RFN z(mo. Ao, Z2)[k] — (Z |=ss Ao)IK].
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In turns, the sequent above can be derived from
— (Fla" (49) A Prf % (m0. 40))[ ]
A Gy proof of this sequent can be computed in polytime as follows from
Lemma X.1.7. a
THEOREM X.2.29. Leti > j > 1.
(a) Suppose that F is a proof system such that
ViE 34-RFNF.
Then G} p-simulates F w.r.t. X4 formulas.
(b) The same is true for TV' and G; in place of V' and G.
PrOOF. (a) Let Ag(p) be a 2;’- formula and 7y be an F-proof of Ay(7).

As before, let ;15 denote the string encoding of 4y(p). Let n = |n
|;1\0\ From the hypothesis and the Propositional Translation Theorem
for V' (Theorem VIL.5.2, see also Exercise X.1.17), there are polytime
computable G} proofs of the translations

29-RFN ¢ (9. Ao. Z)[K].

. M=

Now using the G proof from Theorem X.2.28 we obtain a G} proof

of AO(P_Z) ).
Part (b) is proved similarly. O

*ExERCISE X.2.30. Let F be a proof system for (unquantified) propo-
sitional formulas. Suppose that RFN# (i.e., Z{-RFN . see Definition
X.2.11) is provable in TV°. Show that ePK p-simulates F. (Hint: use
Theorem X.2.29 (a) for i = 1 and Theorem VI11.4.16.)

We obtain as corollaries some results proved earlier in Chapter VII
(Corollary VII.4.9 and Theorem VII1.4.16).

CoroLLARY X.2.31. Fori > 1. G}, and G; are p-equivalent when prov-
ing X formulas. ePK and G} are p-equivalent for proving prenex 1 for-
mulas.

X.2.6. The Witnessing Problems for G. Recall the notion of search
problems defined in Section VIIL.5 (see Definitions VIII.5.1 and
VIIL.5.11). Recall also the witnessing problem given in Theorem VI1.4.13.
In general, the witnessing problems for (subsystems of ) G are search prob-
lems that are motivated by the following observation. Leti € N, i > 1,
and consider a X tautology 4 () of the form

A(p) = 3IXB(X, p)

where B is a I1?_| formula. Given 4 and the values for 7’ we wish to find
a truth assignment for the existentially quantified variables ¥ that satisfies

B(X. j). Note that this problem is polytime complete for FP~ . However,
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a given G-proof 7 of A(7) may help us find ¥, and it becomes interesting
to study the problems when different proofs = are given.
Formally, the problems are defined as follows.

DEFINITION X.2.32 (Witnessing Problem). For a quantified propositio-
nal proof system F and 1 < i € N, the X! Witnessing Problem for F,
denoted by X!-WIT £, is, given an F-proof 7 of a X! formula A(7) of the
form

A(p) = 3XB(X. p)
where B is a IT]_, formula, and a truth assignment to 7. find a truth
assignment for ¥ that satisfies B(X, 7).

Not surprisingly, the Witnessing Problems for G; and G} are closely
related to the classes of definable search problems in the associated theo-
ries. For the next theorem it is useful to refer to the the summary table on
page 250.

Recall the notion of many-one reduction between search problems (Def-
inition VIIL.5.2). For the next theorem we use the notion of 7C° many-
one reduction between search problems. This is defined just as in Defi-
nition VIIL.5.2 with the exception that the functions f, F , G are now in
FTC" (as opposed to FAC®). The reason that we need TC" reductions here
is basically because our translation functions (such as in Exercise X.1.17)
are TC? functions. Theorem X.2.33 is about the witnessing problems for
G; and GF for i > 1. In Theorem X.3.12 we will state the results for Gy
and Gj.

THEOREM X.2.33. Fori > 1:

(a) Z{-WITg: is TC'-complete for FP1.
(b) XI-WITg, is TC'-complete for CC(PLS) g
(c) X! |-WITg- is TC -complete for FP* [wit, O(log n)].

PrOOF. (a) First we show that X!-WITg- is in FP¥-1. Consider the
case i = 1. Here the Witnessing Theorem for G} (Theorem VI1.4.13)
already shows that Eq WIT g is in P. The case where i > 1 1s similar.
In fact, we have pointed out in the proof of Theorem X.2.17 (b) that by
analyzing 7, a witnessing function can be defined in V' by a £ formula.

Now we show that X!-WIT G- is hard for FP¥-1. Thus let 0(x.X) be
a search problem in FP¥-1 with graph R(%. X.Z). We show that Q is
reducible to Xf-WIT g-. By Theorem VIIL.7.12 Q is X -definable in ¥’ by
a X8 formula (¥, X, Z). ie.

and
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By the V' Translation Theorem (Theorem VII.5.2) the £ theorem
3Z p(%.X.Z) of V' translates into a family of tautologies that have
polynomial-size G} proofs. In fact, by Exercise X.1.17 there is a 7C’
function F, (X, X) that provably in VTC’ computes a G proof of the
translation of . Thus, given (¥, X ). avalue for Z that satisfies (¥, X .Z)
can be easily obtained from the solution of the witnessing problem given
by F, (%, X) and (%, X).

(b) The fact that Z/-WITg, is complete for CC (PLS)*-1 is proved
similarly using Corollary X.2.20 (b). the TV’ Translation Theorem X.1.21
and Theorem VIIIL.7.14.

(c) Similar to part (a). Here Xf |-WITg: is in FPZI‘P[wit,O(log n)]
because X!, |-RFNg: is provable in ¥’ (Theorem X.2.23 (c)) and X7 -
definable search problems in V' are in FPZf[wit., O(logn)] (Theorem
VIIL7.17). The fact that X!, -WIT - is hard for FPZ"P[wit, O(logn)] also
follows from Theorem VIIL.7.17 and the V' Translation Theorem VII.5.2
asin (a). O

The Witnessing Problems for Gy and Gj; are discussed in the next section.

X.3. VNC' and G;

Recall the theory VNC! from Section IX.5.3. Here we will show that
bounded theorems of VNC' translate into tautologies with polynomial
size Gj-proofs. (Section X.3.1.) Tt will follow that ££ theorems of ¥NC'
translate into families of propositional tautologies that have PK proofs

which are provably in PTC' computable by FTC® functions.

In order to prove the RFN for PK in VNC' we need to show that the
relation (Z ¢ X) (that the truth assignment Z satisfies a formula X,
see Section X.2.1) is AP-definable in ¥NC'. For this we will formalize
in VNC' an NC' algorithm, due to Buss. that computes the Boolean
Sentence Value Problem (BSVP). We will present the algorithm in Sec-
tion X.3.2 and its formalization in ¥NC" in Section X.3.3.

X.3.1. Propositional Translation for VNC'. Recall (Section VIL.4) that
G} is the subsystem of G* in which all cut formulas are quantifier-free.
Note also that Gj is p-equivalent to Gy with respect to prenex X! formulas
(Theorem VII.4.5).

Recall (Section IX.5.3) that the theory VNC! is axiomatized by the
axioms of V'? together with the axiom MFV (for monotone formula value)
that asserts the existence of a string Y which evaluates all subformulas of
a balanced formula (encoded by (a. G.I)):

Y S 2615MFV(CZ, G, I, Y)
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where

Surv(a.G.LY)=Vx <a((Y(x+a) < I(x)AY(0)A
0<xD(Y(x) = ((Gx)A(Y2x)AY(2x + 1))V
(=G(x) A (Y(2x)V Y(2x +1)))))). (374)

Our goal in this section is to prove the following theorem. Recall Defini-
tion X.1.9.

TreorEM X.3.1 (Translation Theorem for VNC'). Let ¢(%.X) be a
bounded theorem of VNC'. Then there is an FTC® function F,(nit. 1)

that provably in VTC’ computes a G proof of the propositional formulas
©(X. X)[rit: i) for all i, T in N.

Our translation of an anchored LK>-VNC" proof (in free variable nor-
mal form) of a bounded theorem of VNC' extends the translation of
LK>-V° proofs discussed in Section VII.5.1. Here the new type of cut for-
mulas are instances of the formula 3Yé 71 (a. G, 1. Y) (see (374)). Note
that the length | Y| in MFV is bounded by 2a. To make the translation
easier we will fix |Y|. Thus we will use another axiom 6}, (a. G. 1. Y)
defined below, where now the length |Y| of Y is required to be exactly
2a + 1. Informally, this is easily obtained by adding a fixed leading bit
(bit 2a) to the string Y.

The fact that the new axiom is equivalent to MFV over V' is easy and
is left as an exercise.

ExERrCISE X.3.2. Let 0}z (a. G. 1. Y) denote

Y[=2a+1AY(0)AVx<a((Y(x+a) = I(x)A0O<xD
(Y(x) = ((G(X)ANY(2x)AY(2x + 1)) Vv
(=G (x) A(Y(2x) vV Y(2x +1)))))). (375)
Then VNC' can be axiomatized by ¥ together with
MFV' =3Y 6y (a.G. 1. Y).

Asaresult, every theorem of VNC' has an anchored LK 2 proofin which
cut formulas are instances of the axioms of ¥ or the axiom MFV" above.
To prove the Theorem X.3.1 we will first translate LK> proofs of this
type, and then argue that the translation is indeed provably computable
in VTC'.

Translating the proof of a bounded theorem of PNC' is done by extend-
ing the translation of LK>-V° proofs as described in Section VII.5.1. Here
we have to consider in addition instances of the axiom MFV"’ above. Like
the translations of the £f-COMP cut formulas, here the translations of
the cut MFV' formulas will be tautologies that have PK proofs which are
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provably in ¥'T C’ computable. Recall the notions such as comprehension
variables from Section VIL.5.1.

Proor oF THEOREM X.3.1. By Exercise X.3.2 above, there is an an-
chored LK*-proof © of ¢ where all cut formulas are instances of the
axioms of V? or instances of the axiom MFV’. In addition, we can
assume that 7 is in free variable normal form.

The translations of cut £¥-COMP formulas as described in the proof
of Theorem VII.5.6 can be extended here easily. So we will focus on the
instances of the cut MFV’ axiom. Similar to the notion of comprehension
variables, we define:

NoOTATION. A free string variable y in 7 is called an MFV variable if it is
used as the eigenvariable for the string-3-left rule whose principal formula
is an ancestor of a cut formula of the form 3Y ¢, (.. f. Y). In this
case. we also say that (¢, a., ) is the defining triple of y.

For example, consider an instance of the string-3-left rule:
St Oyp(tafy).T — A

— (376)
82 3Y5]/\4FV(I’ a,ﬂ, Y). F E— A

Suppose that the formula 3Yd},,, (¢. . f. Y) in S, is an ancestor of a cut
formula. Then y is an MFV variable.

In our translation below, if two MFYV variables have the same defining
triple, they will have identical translations.

Next, we extend the definition of the dependence relation defined in the
proof of Theorem VII.5.6 to include MFV variables.

NOTATION. We say that an MFV variable y depends on a variable f (or
b) if B (or b) occurs in the defining triple of 7.

The dependence degree of a variable is defined as before by taking into
account the fact that now there are also MFV variables. Formally, all
variables that are not comprehension variables nor MFV variables have
dependence degree 0. The dependence degree of a comprehension variable
(resp. an MFV variable) y is one plus the maximum dependence degree
of all variables occurring in its defining pair (resp. defining triple).

Before translating formulas in 7 we will remove from 7 the right branch
of a cut rule if the cut formula is an MFV’ instance or a Zf-COMP
instance, and remove all remaining MFV” instances that are ancestors of
a cut formula (i.e.. the MFV’ instance in (376) and all its descendants) as
well as instances of ¥-COMP that are ancestors of a cut formula. The
reason for doing this is that 8}, (7. a. B, 7) will translate into tautologies
that have short PK* proofs. and hence the translations can be cut. The
same is true for the £¥ matrix of £¥-COMP (as shown in the proof of
Theorem VII.5.6).
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Now the formulas in 7 are translated in stages just as described in the
proof of Theorem VII.5.6. Here the only new case to be handled is the
case of a atomic formula of the form y(s) for an MFV variable y. Thus,
let y be an MFV variable, and suppose that (z, . ) is the defining triple
of y asin (376). Note that the length of y is (2¢ + 1). Let 77 be the list of
values/lengths of all non-MFV variables in 7. The translation y(s)[7] is
defined by (reverse) induction on val(s) as follows.

Let m = val(t). First, suppose that m < val(s) < 2m, then

()] =aer B(r)[7]
where r is the numeral val(s) — m. Next, suppose that 1 < val(s) < m,
then

()] =aet (A A (Bo A B1))V (AA(ByV Br)) (377)
where A = a(s)[i7]. By = y(2s)[i]. and By = y(2s + 1)[77]. Finally.

7 ()] =aet {l if val(s) > 2m,

T ifval(s) =2m Vval(s) = 0.

‘We show that the translations above are provably in ¥ TC ! computable.
LemMa X.3.3. For each L% formula (%, X) in 7 there is an FTC® func-

tion Fy 5 (k. 77) that provably in VIC' computes the translation (%, X )[k: 1]
as described above.

ProOF skeTCH. Following our translation of formulas in 7, F,, will
be defined in stages: for i > 0, in stage i we define the functions for all
formulas ¢ that contain some variable of dependence degree i but none
of higher degree.

In each stage the construction is by structural induction on the formula
. Stage 0 is exactly the same as in Exercise X.1.15; and in general, for
each stage i (where i > 1) except for the base case of the formulas y(s)
for MFV variables y, the arguments are the same as in Exercise X.1.15.

So now consider the base case of stage i where i > 1. Let y be an MFV
variable of dependence degree i, and let (, ., ) be the defining triple for
7. We need to define the function F,,) ,. As before, let m = val(t). Then
note that the length of y is understood to be 2m + 1.

Let b = val(s). If b = 0 or b > m then by definition y(s)[7] is a
constant T or | or is a function that has been defined in the previous
stage. So consider the case where 1 < b < m.

By the definition (377), y (s)[77] can be seen as a binary tree whose leaves
are labeled with a(s)[77]. B(s)[] and y (2s)[77]. y(2s + 1)[77]. Intuitively we
will expand this tree repeatedly at the leaves y(2s)[77]. y(2s + 1)[#] until
all leaves are labeled with either a(r)[i7] or B(r)[7] for some r.

The depth of the final tree can be shown to be computable by some 4C°
functions (recall Section 111.3.3, for example, that the function log(x) is
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in AC°, where log(x) is the length of the binary representation of x).
Additionally, the labels of the nodes on all paths from the root to the
leaves of the tree can be identified by AC° functions. From these facts,
using the counting gates we can compute the string that concatenates all
labels on the nodes with parentheses properly inserted. a

Now we verify that for every sequent S in 7 that is not on the right
branches of the cut £§-COMP or cut MFV" instances, there are provably
in VTC® computable G;; proofs of the translation of S. The proof is by
induction on the sequent S. Except for the case of the string 3-left that
introduces a cut MFV’ instance, all cases are the same as in the proof of
Theorem X.1.14.

So consider an instance of the string 3-left that introduces a cut MFV’
as in (376). Consider the interesting case where the translation of S; is
not simplified to an axiom, and thus has the form

Sl [ﬁ] = 5;\/IFV(Z= a, ﬁ: V)[ﬁ] rl — A,'
Then S translates into
Sl = ' — A

In order to obtain S[77] from S;[77]. we need to derive the tautology
0hyry (2., B, y)[] and then apply the cut rule. Here note thatd’, (¢, . f.
)[] is just a conjunction of the form

\(B; < B)

where B; is the translation of y(s) when val(s) = i. for 1 < i < 2val(t).
Hence 6}, (7, a, B.7)[7] can be easily derived from the axioms

Bi *>Bl‘.

Given the FTC? functions that compute the translations of formulas in
Sy it is straightforward to obtain an FTC® function that computes the
above derivation of S[#] from S;[77]. By the same arguments as in the
proof of Theorem X.1.14, it follows that the G proofs can be provably in
VTC' computed by some FTC® functions. a

The next corollary follows easily.

COROLLARY X.3.4. For any X8 theorem ¢ of VNC'. there is an FTC®
function that provably in VT C’ computes PK* proofs of the family of tau-
tologies || o ||.

X.3.2. The Boolean Sentence Value Problem. Recall (page 321) that the
Boolean Sentence Value Problem (BSVP) is to determine the truth value
of a Boolean sentence. Here the sentence is given as a string over the
alphabet:

{T. L, (). A V. =} (378)
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The sentence is viewed as a tree whose leaves are labeled with constants
T, 1 and whose inner nodes are labeled with connectives. Note that when
the tree representing a sentence A is a balanced binary tree then it is
straightforward to show that there is an ALog Time algorithm that com-
putes the value of A. In fact, by using the axiom MFV (Definition 1X.5.4)
we can easily formalize in PNC' such an algorithm. However designing
an ALogTime algorithm for a general tree structure is more difficult. The
algorithm given in the proof of Theorem X.3.5 below is a slight modifica-
tion of Buss’s algorithm given in [25].

THEOREM X.3.5 (Buss). The Boolean Sentence Value Problem is in
ALogTime.

Proor. We give an algorithm in terms of a game between two players:
one is called the Pebbler and the other is called the Challenger. The game
is defined so that the Pebbler has a winning strategy if and only if the given
Boolean sentence is true. The actual algorithm works by first playing the
game and then determining the winner.

By using De Morgan’s laws we can remove all occurrences of — from
the sentence. This transformation requires counting the number of occur-
rences of the — connective along each path in the tree and therefore can be
done in TC®. Thus we can assume that the underlying tree is a binary tree
whose inner nodes are labeled with V or A and whose leaves are labeled
with T and L. By padding the sentence with AT we can assume that the
tree has exactly (29%! — 1) leaves, for some d > 1. We number the leaves
of the tree from left to right with

1,2,...,2¢40 1.

(We do not number inner nodes of the tree.)

The pebbling game. The game will be played in at most d rounds; each
round consists of a move by the Pebbler followed by a move by the Chal-
lenger. In each round the Pebbler will assert the values of some nodes in
the tree (by pebbling them with Boolean values) and the Challenger must
deny the Pebbler’s assertion by challenging one of the pebbled nodes. The
Challenger is required not to challenge any node that has been pebbled
but unchallenged in a previous round. In effect, the Challenger implicitly
agrees with the Pebbler on all pebbled descendants of the currently chal-
lenged node. (Following a play of the game, the challenged nodes lie on
a path from the root to some agreed node.) The idea is that at the end
of at most d rounds the value of the challenged node is easily computed
from an agreed node and some leaves, thus revealing the winner of the
game. Intuitively, a winning strategy for the Pebbler is to pebble the nodes
with their correct values, and if the Pebbler fails to do so, the Challenger
can win by challenging some incorrectly pebbled node. So by having the
Pebbler start with pebbling the root with T, the sentence is true iff the
Pebbler has a winning strategy.
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The i-th round of the game involves the following nodes: ¢; (¢ for
challenged), a; (a for agreed), u;. v;. u}, u?. v}, v} (u/ and v/ are children
of u; and v;. respectively) and leaves £; (£ for left) and r; (r for right). In
general, ¢; < r;, and £; (resp. r;) is never to the right (resp. left) of the
subtree rooted at a;. Moreover, a; is always a descendant of ¢;, u; as well
as v;. As i increases, the challenged nodes ¢; move down a path from the
root. Also, all leaf descendants of ¢; that are not descendants of «; are

numbered in the range

{rp =297 41,..., Fivooori 42971213,

Therefore after d rounds the Pebbler’s asserted value of the challenged
node ¢, can be compared with the appropriate combination of a; and the
leaves ¢4, rq, allowing us to determine the winner of the game. A possible
configuration of the nodes is given in Figure 14. Here we orient the tree
so that the leaves are at the bottom of the diagram.

Each move by a player will be specified by a constant number of bits
0, 1. Essentially, the moves by the Pebbler (resp. the Challenger) can be
interpreted as the existential (resp. universal) states, and playing the game
can therefore be seen as running an alternating Turing machine in logtime.

~

zd—i

2d—i

FIGURE 14. One possible configuration.

In the i-th round the Pebbler pebbles nodes

1 2 1,2
Ui, Vi, U U7V,
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with some Boolean values, and the Challenger must either challenge one
of these nodes or rechallenge a node it has challenged in the previous
round. The Pebbler needs six bits for this task, and the Challenger needs
three.

Later we will summarize the conditions for ending the game in less than
d rounds. For instance, the game will end if the Challenger challenges
either u; or v;. This is because, for example, the asserted value of u; can
be compared with the asserted values of u} and u?, or if u; is a leaf its true
value is readily available.

The nodes of the i-th round are determined as follows. First, ¢; is the
challenged node from the previous round (c¢; is understood to be the root).
Also,

ap =24 =271 =20 42070
Fori > 1:
u; = lea(¥;. a;), v; = leala;, ;)
where Ica(ny, ny) denotes the least common ancestor of nodes n; and n,.
The nodes u! and u? are the left and right children of u;, respectively. (If
u; is a leaf, then u! = u? = u;.) Similarly for v} and v?.

Next, for the (i + 1)-st round (where 1 < i < d) aj1. £i11. rip1 are
determined based on the relative positions of ¢;, u; and v;. For this
purpose we need the following notation. Let

ny > ny
denote the fact that node #; is a proper ancestor of n,, and
ny > nm
stand for n; > ny or ny = ny. It will be true in general that
¢ >a, u > aj, v; & a;.

As a result, the only possible relative positions for ¢;, u;, v; are listed in
Table 4 below. Will refer to the cases by their number later.

Case 1 Case 2 Case 3 Case 4

up=v; ¢u>v u>u u > >

Case 5 Case 6 Case 7

vi>cbu u>v>ce; v >u >

TaBLE 4. Possible relative positions of ¢;, u;, v;.

Note that exactly one of these cases will hold, and the Pebbler will use
three bits to specify which one holds. Also, u; = v; only if u; = v; = a;.

The game ends in round i if the Challenger challenges u; or v;. So
we can assume that these two nodes are not challenged. First, suppose
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that in round i the Challenger challenges u! (i.e., ¢;+1 = u}). The game

ends in round 7 if u; > ¢; (Cases 4, 6, 7) or u; = v; (Case 1), because in
this case the Challenger does not challenge a descendant of the currently
challenged node. For other cases,

a1 =40, L =627 g =442 (379)

See an illustration in Figure 15.

— e : )
0 —2d—i ¢ ri ri 42471
liq iyl Fiyl

~

FIGURE 15. ¢;y1 = u} (v;, v}, v? are not shown).

Now suppose that the Challenger challenges u? in the i-th round. The
game ends if u; = v; (Case 1). If u; > v; (Cases 2. 4, 6) then (see Figure 16
for an illustration):

ajy1 = v;. by = £+ 20771 rer =1 429771 (380)

Otherwise, v; > u; (Cases 3. 5, 7). and

ajy = a;, by =€ +297771 i =1 =247
Note that if ¢; is a proper descendant of u? then the Challenger will lose
(see below).

The cases where the Challenger challenges v or v} are similar. So
suppose now that in the i-th round the Challenger rechallenges ¢;. The
nodes a;.1, ¢;+1 and r;y; are set as as specified in Table 5. Figure 17
illustrates Case 1.

In summary, in each round the Pebbler gives nine bits specifying the
truth values of u;. v;, u!. u?. v!. v? and the relative positions of ¢;. u;. v;
given in Table 4. (It is understood that the Pebbler also pebbles the root
with T in the first round.) Each move by the Challenger consists of giving
three bits specifying the challenged node.

The following moves cause the Pebbler to lose the game:
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¢; fi
Lty Tit1

FIGURE 16. ¢;y1 = u? and ¢; > u; > v;.

Ci

T~
L

€,~ ri
liq Figl

FIGURE 17. ¢;y1 = ¢; and u; = v;.

ui=v; ¢iu>v ¢;uvib>u u>cilu vi>c>u ou,v >

Case (1) (2) 3) ) () (6.7)
ait1 a; u; Vi Vi uj a;

by 4 —1t b —t b —t b+t b —t b+t
rig1  ri+t ri +t ri+t ri +t ri —t ri —t

TABLE 5. The Challenger rechallenges ¢; (i€.. civ1 = ¢;).
Here t = 2¢-11,

1) Pebble a leaf with the wrong value, or pebble incompatible values
for u;, u!l. u?. v;, v}, v}. For example, u; is an A node and u; is

pebbled with | while both u} and u? are pebbled with T.
2) Pebble a node with both T and L.
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3) Make a wrong assertion about the relative positions of ¢;, u; and v;.
The Challenger loses if he

1) challenges a correctly pebbled leaf:

2) challenges u; or v; when they are pebbled compatibly with u}, u?,
vl v

3) in round i does not challenge a descendant of the currently chal-
lenged node ¢;;

4) in round i challenges a descendant of the currently agreed node a;.

The game is played in at most d rounds. It may end in less than d rounds
if a player obviously makes a mistake listed above and therefore loses the
game. Thus the game ends as soon as

1) The Challenger challenges either u; or v;,
2) The Challenger challenges u} when the Pebbler says u; > ¢; (Cases

4,6,7),

3) The Challenger challenges v? when the Pebbler says v; &> ¢; (Cases
5.6.7).

4) The Challenger challenges u; or v/ when the Pebbler says u; = v;
(Case 1).

Cram. The Pebbler has a winning strategy iff the given sentence is true.

The Claim is straightforward: If the sentence is true, the Pebbler can
always win by pebbling the nodes with their correct values and stating
the correct relative positions of ¢;. u;, v;. If the sentence is false then
the Challenger can win by always challenging the lowest node that is
incorrectly pebbled.

Determining the winner. We finish the proof of Theorem X.3.5 by
showing that the winner of the Pebbling game above can be determined
from the plays in ALogTime. The task is, given a sequence of moves of
the players (represented as a binary string). to determine which player is
the first to violate the conditions above. We will indeed show that this can
be done in TC".

We will first compute all ¢;, r;, then all ¢;. From these we can get u;,
vi, ul, u?, v}, v? easily. Then it is straightforward to find out the winner.
Below we briefly show how to compute ;. r; and ;. for 1 <i <d.

For simplicity. assume that the game lasts in exactly d rounds. Notice
that 4; and r; have the form

6 =xi20 4 xp_ 207 e x20
=2t A yg 2T g 2
where x/, yi € {—1,0,1}. For example,

0 =0x2% 41 %201, r=1x294+1x2¢"1,



X.3. VNC' anD G} 421

Also, if the Challenger challenges u! as in (379) then x/™ = = —1.
yitl =1l andford —i < j<d:
X =yt =
On the other hand, if the Challenger challenges u? as in (380) then
Xl =yl =1 andford —i < j < d:
il il
Yit=ag 0=

j

Generally, x/,_, and y,_; can be easily extracted from the moves in
round i; and for 0 < j < i, x"'lfj and x(’;,fj can be computed from xé_j
and xifj by counting the number of “jumps” as in (379) where both
;41 and r;,; are computed from only £; (or only r;). From this we can
conclude that ¢; and r; can be computed in TC O from the moves of both
players.

Next, notice that we can compute simultaneously all i such that a; is
a leaf. For example a; is a leaf: a;,1 as in (379) is also a leaf. For each
other value of 7. let j < i be largest so that a; is a leaf and hence has been
determined. Then a; is the least common ancestor of a; and a certain
subset S; of

{éj,rj,€j+1,rj+1, e ,Eifl,}"i,l}.

For example, for j < k <i.r, € S; if ap,1 = v (e.g.. asin (380)). The
set S; can be computed by an AC° function from the moves of the players.
Hence all ; can be computed in T7C°. m|

X.3.3. Reflection Principle for PK. Recall that (Z =y X) holds iff the
truth assignment Z satisfies the quantifier-free formula X, and (Z 3 X)
and (Z El X) are £8 and IT? formulas that represent (Z |y X).
respectively. These formulas are expressed in terms of a ¥ formula
wo(y. X, E) described in the statement and proof of Lemma X.2.1. By
formalizing the algorithm given in the proof of Theorem X.3.5 we can
strengthen Lemma X.2.1 by proving the following.

Lemma X.3.6. VNC'+ 3E <ty+ lcp{)"“(to +1.X.ZE).
COROLLARY X.3.7. VNC'+- (Z =5 X) — (Z =l X).
Proor. The direction

(Z 5 X) D (Z = X)

can in fact be proved in ¥°, and the other direction follows immediately
from the Lemma. |

Proor oF LEMMA X.3.6. Inessence we have to prove the existence of the
array E’ where E’(i, j) is the truth value of the subformula encoded by
X[i. j].foralll <i < j < n,wherenisthelength of X (asa string over the
alphabet (378) on page 414). We will evaluate the subformulas X [i, j] in
parallel. Using the function Fval (Definition IX.5.5). the idea is that each
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subformula XTi. j] will be evaluated by constructing a suitable balanced
tree encoded by some (a. G.I) (as in Sections IX.5.1 and IX.5.3) such
that Fval(a. G.I)(1) is the value of X[i, j]. The fact that all subformulas
X[i. j] can be evaluated simultaneously in ¥NC' will follow from the fact
that Fval* is provably total in PNC' (Exercise 1X.5.15).

We will construct a tuple (a. G, I) so that Fval(a. G, I)(1) is the value
of the sentence X: the constructions for other subformulas of X are

similar. Since VNC is a conservative extension of VNC! ., we will actually

work in PNC'. Recall that the ALogTime algorithm from the proof of
Theorem X.3.5 is obtained by first playing the pebbling game and then
determining the winner of the game. The balanced tree (a. G) will encode
the game playing part of the algorithm: each path from the root of the tree
to a leaf corresponds to a possible play of the game. Each input bit /(x)
specifies the winner of the play corresponding to the path ending with that
leaf. The value of I(x) is computed by the algorithm that determines the
winner of the play.

We will in fact specify a balanced bounded fan-in tree 7. Conversion
from this tree to a balanced binary tree (a. G) as required for the arguments
of Fval is straightforward and will be omitted. Let n be the number of
constantsin X (i.e.. the number of leaves in the tree representing X ). Let d
be such that 2¢ < n < 29%1. As in the A Log Time algorithm for BSVP, we
will pad the formula X with necessary AT in order to make X a sentence
with exactly 29! — 1 constants T, L (i.e., the underlying tree for X has
exactly 27+! — 1 leaves).

The tree T has 24 alternating layers of nodes corresponding to d rounds
of the game. We number the layers starting at the root with number 1. The
root is an V node; generally, VV nodes are on layers 2j — 1 (for1 < j < d)
and correspond to the Pebbler’s moves. They all have fan-in

7 x 20

that represents 7 x 2° possibilities for a move by the Pebbler (2° different

choices of the values for u;, v;, u}, u?, v}, v?, and 7 possible relative

positions of ¢;, u;. v; as in Table 4). Each child of an V node is a A node
that corresponds to a move by the Challenger. Thus all A nodes are on
layers 2j (for 1 < j < d) and have branching factor of 7 which encodes
7 possible choices for the Challenger. The children of an A node on layer
2j where j < d correspond to the Pebbler’s responses in round (j + 1),
and the children of the A nodes on layer 2d are inputs that are specified
below.

Note that here we make 7" a balanced tree by having each play of the
game end in exactly ¢ rounds. (If some play ends in less than d rounds,
simply add arbitrary moves toit.) Using the fact that the relation BIT(i, x)
(Section I11.3.3) is Ao-definable, the (binary form of the) tree T can be
defined in V.
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Now, the “determining the winner” part in the proof of Theorem X.3.5
has been shown to be computable in TC: it is straightforward to formalize

this part in ¥TC° (and hence in ¥NC'). This implies that in VNC' we
can define a string of inputs / to the tree T so that I(x) is true iff the
path from the root of 7" to the leaf x corresponds to a play of the pebbling
game where the Pebbler wins.

We finish the proof by showing the correctness of our formalization.
Simply write Fval(T, I) for Fval(a. G.I). where (a, G) is a balanced binary
formula equivalent to 7. Then to prove (in WCI) that our formalization
is correct, we need to prove:

CramM. Suppose that (4 ® B) is a subformula of X, where ® € {A, V},
and suppose that (Tyop.Iiop). (T4.14) and (Tp.Ip) are the result of
our constructions for the sentences 4 ® B, 4 and B, respectively. Then

VNC' proves
FVCZ[(TAQB,IA@B)(I) = FVCll(TA,IA)(l) @FV&I(TB,IB)(I). (381)

We prove the claim by structural induction on the subformula (4 ® B).
The base case (where 4, B are both constants) is obvious. For the
induction step consider the following cases:

Casel. (A® B)= (4N B).
Case la. First suppose that

FVCZI(TA,IA)(l) = FV(I](TB,IB)(I) =T.

We show that Fval(T np. Ling)(1) = T (i.e., that the Pebbler has a win-
ning strategy for the game played on (4 A B)).

Consider playing the game on (4 A B). Intuitively, the Pebbler wins
by always giving the correct values for the nodes u;, v;, u}, u?, v} and v?.
Formally, we will show that all nodes on the “winning paths” of the tree
T4np are true. Here winning paths are defined in favor of the Pebbler:
they are the paths from the root of T4 p that follow the Pebbler’s correct
move at every V node (or any branch of the V node if the game has ended
earlier with the Pebbler being the winner). To find the winning paths we
use the induction hypothesis, i.e., the value of a subformula C of (4 A B)
is Fval(Tc.Ic)(1). Thus, a path from the root of Ty to a leaf x is a
winning path if at every V node the path follows the edge that is specified
by (i) the correct relative positions of ¢;, u; and v; (as in Table 4) and (ii)

the values of u;, v;, u!, u?, v} and v? as given by

Fval(TUi,IU,)(l), Fval(TV,,IVl)(l), etc.

(here U; denotes the subformula whose root is u;, etc.).
We will prove by reverse induction on j, 0 < j < d, that all nodes on
layer (2 + 1) of all winning paths are true. For j = 0 we will have that the
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root of Tyap is true, i.e., Fval(Ty4np. Iinz)(1) = T and we will be done
with Case la.

For the base case, j = d. and all nodes on layer (2d + 1) are leaves of
T4rp. Using the induction hypothesis (of the claim that (381) holds for
all subformulas of (4 A B)) and using the fact that both Fval(T4.1,)(1)
and Fval(Tg.Ip)(1) are true, by definition the inputs to T4 5 at the end
of all winning paths are true.

The induction step is straightforward: suppose that node w is on a
winning path and w is on layer (2j + 1). Let ¢ be the child of w that
corresponds to a correct move by the Pebbler (or any child of w if the
Pebbler has won before round (j + 1)). Then by the induction hypothesis
all children of ¢ are true. Hence both ¢ and w are true, because w is an V
node and ¢ is an A node.

Case Ib. At least one of Fval(T4.14)(1) and Fval(Tg.Iz)(1) is L.
The proof in this case is similar to Case la. Define “losing paths” to be
paths from the root of 744 p where the Challenger always challenges the
lowest node that is wrongly pebbled (recall that the trees are oriented with
the roots at the top). Then by similar arguments as in Case la, it can be
shown that all nodes on the losing paths are false. In particular, the root
of Tyxp 1s false.

Case II. (A ® B) = (A V B). This case can be handled similarly to
Case I. a

Recall the formulas Fla™ and Prf’s from Corollary X.1.4 and Lemma
X.1.5.

DermNiTION X.3.8. The Reflection Principle for PK, denoted by RFN pg,
is the V=2 sentence:

VaYXYZ ((Fla"™(X) A Prfpg(n. X)) D (Z =5 X)).

TuroreM X.3.9. VNC! proves RFN py.

PrROOF. VNC' can extract a sequence X1, .. XU of strings repre-
senting the successive sequents in the proof z, and prove (Z =} B\, ) by
induction on 7, using Lemma X.3.6, where D; is the formula expressing
the semantics of the sequent X1/l (as in (8) on page 10). Details are left
as an exercise. a

ExEeRrcISE X.3.10. Give details for the argument above.

Analogous to results in Section X.2.5 we prove that PK is the strongest
propositional proof system whose reflection principle is provable in VNC' .

TueoreM X.3.11 (PK Simulation). Let F be a propositional proof sys-
tem and let RFN 7 denote the reflection principle for F (defined as £§-RFN
in Definition X.2.11). Suppose that VNC' - RFNx. Then PK p-simu-
lates F.
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ProOF. Let Ao(j) be a tautology and 7y be an F-proof of Ay(p). We
need to give a polytime algorithm that on input 7y (and hence also Ay(p))
computes a PK proof of Ay(7). We will show how to derive — A4y (/) in
PK. and it can be verified that the derivation can be constructed in time
polynomial in |7|.

As usual we use 4, and 77 to denote the strings that encode Ao(7) and
7. respectively. The idea is to first translate a VNC' proof of REN r into a
PK” proof and then substitute the bits of ZB and 7 for the corresponding
propositional variables. This is basically a PK* proof of the fact that
Ao(7p) is valid. From this we will be able to derive 4¢( 7).

Note that the Translation Theorem for PNC' X.3.1 already gives us a
G; proof of the translation of RFN . Also, RFN r is Zf so it translates
into X{ formulas. Here we need a PK* proof (in particular, no quantifier
is allowed). So we have to go further and instantiate the existentially
quantified Boolean variables in order to obtain a quantifier-free tautology
expressing the same fact (that is, A(p) is valid) and a PK* proof of
it. Intuitively, this step can be done by bypassing the J-right and V-
left introduction rules in the G proof, and thus retaining all the target
formulas as witnesses for the existentially quantified variables in (the
translation of) RFN . Formal arguments are as follows.

By hypothesis ¥NC! proves RFN r. so by definition of RFN

VNC' - VrvXVZ ((Fla"(X) A Prf'r(r. X)) D (Z E5 X)).
Therefore the following sequent is a theorem of VNC':
Fld"(X), PrfH(n. X) — Z =5 X.

Letm = |;1\0| ¢ = |7p| and let n be the number of free variables in Ay.
By the Translation Theorem for VNC! X.3.1 there is, provably computable
in VT CO, a polynomial size G} proof of of the sequent

Fla" (X)[m]. Prf ' (z. X)[€.m] — (Z =5 X)[m.n + 11.

By substituting the bits of E) and 7y for the free variables ? and 17
respectively we obtain a Gj} proof P of the following sequent (recall the
notation from Definition X.1.6)

Fla" (4o)[ 1. Prf (7. A0)[ ] — (Z (=5 do)[n + 1], (382)

Because the cut formulas in this proof are quantifier-free, it follows that
the rules V-right and 3-left are not used. Therefore we can turn this into
a PK* proof of a quantifier-free instantiation of (383) as follows.

First we remove the 3 quantifiers in the succedents in P. This can be
done as in the proof of Morioka’s Theorem VII.4.5. For convenience
we reproduce the argument here. Note that all X7 formula in P are
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ancestors of (Z =5 Ao)[n + 1] and appear in the succedents in P. Recall
(Lemma X.2.1 and its proof)

(Z =5 X)=3E < 1o+ Wpp“(10. X. Z.E) A E(10)).
Therefore (Z =5 Ao)[n + 1]is (the simplification of) the 2{ formula (here
r=to(m)):

r+1

EE . 3pE \) (@i (0. Ao, Z. E) A E(to))n + 1.k]).
k=0

Since E (t9)[k] = L fork < r and E(ty)[r + 1] = T, we have
(Z =5 Ao)ln + 11 = FpE (@< (t0. Ao, Z. E) A Eto))n + 1.7 + 1]).
Let i(pipf, . pE L pE.pf..... pZ ) be the quantifier-free matrix of
(Z =5 Ao)ln + 1]
pE. p7) = (9 (t0. A0 Z.E) A E(to))n + 1 + 11,

We modify the G proof P as follows. Let S be a sequent in P that

contains a X{ ancestor of (Z =5 Ao)[n + 1]. This 2! formula is of the
form

HPIE---ﬂprE—li(DO»---,Di—l,P,E,---aPrE—laP_Z)) (383)
for some 0 < i < r and formulas Dg, Dy, ....D;_; (when i = 0 the list

D is empty). Each maximal quantifier-free ancestor of this X{ formula
(called a P-prototype) has the form

#(Do.....Di_1.Dl..... ' p7)

for some formulas D/,.... D/ ;. We replace each occurrence of (383) in
S by the list of all its maximal quantifier-free ancestors:

i(Do.....Di1.D).....D)_ . p7). ...
i(D(),...,Djfl,D;‘,..., ;\'_l’p_Z))

(for some s > 1).

We apply this procedure to every sequent in P. Then, by removing
possible duplicated sequents and inserting necessary weakenings, it can
be seen that the result is a Gjj proof of a sequent of the form

Fla"(A)[ 1. Prf (7. 40)[ ] — (D1 p2). A(D1. p?).... (D% . p?)

for some s > 1.
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Similarly we can eliminate all V quantifiers in the antecedents in P. As
a result we arrive at a PK™ proof of a sequent of the form

wi(GY). (G ya(HY). .y ()

DL 7). 4D p7)... a(DF. p7) (384)

—

for some 51,5, > 1 and formulas G', H' and D' that may contain the
free variables p“. Here y; and y, are the quantifier-free matrices of
Fla™(4,)[ ] and Prfg(ﬁo,;ﬂ))[ ]. respectively, i.e.. (for 11 = tpr4(m).
ry = tr(6.m))

ri+1 .

‘//1(;?) = /\ ((Ffa(teLa. Ao. Y) D Y (trra))[K]).
k=
rz+(i .

w2(p7) = N (@ (tr. R0 A0, Y) S Y (i2))[KD).
k=0

(Recall Fla"™ from (326) and Prf't from (323), pages 368 and 367.)
Now we will show how to derive the following sequents:

— (G forl<i<s, (385)
—(H)  forl1<i<s, (386)
WD p?) — 4g(p?)  forl<i<s. (387)
Then it is straightforward to combine these with (384) to obtain
— AO(P—Z))'

Consider (385) for some 1 < i < s1. Recall the proof of Lemma X.1.7,
in particular we have shown that there are (computable in polytime) a
PK* proof of the sequent (332) (here r| plays the role of r):

r+1
— /\ (0¥fatrea + 1. X0. Y) D Y(tppa))[K].
k=0
By simultaneously replacing each p}/ by the formula G j’ we obtain a proof
of (385).

The argument for (386) is similar. Consider now (387) forsome 1 < i <
s. This sequent is obtained from the following sequent by simultaneously
substituting D’ for p% (for0 < j <r):

(906“(10,1/‘1?%sz) ANE(to)n+1.r+1] — AO(P?)'

Recall (Lemma X.2.6) that there is a polytime algorithm that computes a
PK* proof of the above sequent. A proof of (387) can then be obtained
by simultaneously substituting D for p%. O
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The procedure for transforming the Gj proof of (382) to a PK* proof
can be used for showing that the witnessing problem Z‘f—WITGO* can be

solved in NC! (see also [80]). (And if the correctness of such a algorithm
could be proved in ¥NC!, then we would have VNC' + X1-RFN. G-
However we do not know whether this is true. even when the Reflection
Principle for Gj is restricted to prenex 2! formulas.) Furthermore, similar
to Theorem X.2.33 we can show that X¢- WIT g is TC’-complete for NC'.
Here we state a stronger result from [45] and [80, Section 6.2].

TueoREM X.3.12. Both X{-WIT g, and £{-WIT g; are complete for NC!
under AC® many-one reduction.

X.4. VTC® and Threshold Logic

In this section we introduce PTK, an extension of the sequent calculus
PK that has a new kind of connective called a threshold connective. This
plays the same role in proof systems as the counting function numones
plays in theories. We are interested in bounded depth PTK ., the subsystems
of PTK obtained by limiting the depth of the cut formulas to constants
in N. We will associate the theory ¥ TC® with these subsystems. (The full
version of PTK is p-equivalent to PK.)

The section is organized as follows. The sequent calculus PTK and its
subsystems are introduced in Section X.4.1. The reflection principle for
bounded depth PTK is introduced ins Section X.4.2. In Section X.4.3
we show that the families of tautologies translated from ¥ theorems of
VTC® have polynomial-size bounded-depth PTK proofs. In Section X.4.4
we show that the translation can be extended to quantified tautologies
that correspond to any bounded theorem of ¥TC? by using bGTCy. a
quantified version of PTK.

X.4.1. The Sequent Calculus PTK. The sequent calculus PTK is de-
fined similarly to PK. but instead of the binary connectives (A and V)
PTK contains threshold connectives Thy, (for 1 < k € N) that have un-

bounded arity. The semantics of Thy is that
The (A1, Aa..... Ay)

is true if and only if at least k of the formulas A; are true. For example,

Tha(p.q.r) < (pAg)V(gAr)V(rAp).
Also,
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For readability we will sometimes use A and \/ in PTK formulas in place
of Thy and Th,,.

Formally PTK formulas (or threshold formulas, or just formulas) are
built from

propositional constants T, L,
propositional variables p.q.r, ...,
connectives —, Thy,

parenthesis (, )

using the rules:

(a) T, L, and p are atomic formulas, for any propositional variable p:

(b) if A is a formula, so is —4;

(c) forn >2,1<k <mn,if Ay.A;.....A, are formulas, so is Thy (A4,
As, ... Ay).

Moreover,
Tho(Ay. Ay, ... . A,) =aer T. Thp(A1. As..... Ay) =g L fork > n.

The sequent calculus PTK is defined similarly to PK (Definition I1.1.2).
Here the logical axioms are of the form

A— A, 1 —, — T

where A is any PTK formula. The weakening, exchange, contraction, cut
and — introduction rules are the same as on page 11. The other rules of
PTK are listed below.
The left and right all-introduction rules (all-left and all-right) are as
follows:
Ay.....A,, A —T A— A4,.T A— A4,T
Thy(Ay,.... 4,). A — T A — Thy(4;.....4,).T
Left and right one-introduction rules (one-left and one-right) are:
A, A —T A, A —T A— A4;.....4,.T
Thi(A4y,....4,).A —T A — Thi(4y,....4,).T
Thy-introduction rules (for2 < k <n — 1):
Thk(Az, N ,An).,/\ — T Al,Thk_l(Az, e ,An),A — T
Thi(Ay.....A).A — T
A — Al,Thk(Az, Cen ,A,,),F A — Thk_l(Az, e ,A,,),F
A — Thi(4y.....4,).T

Like PK, PTK is sound and complete and does not require the cut rule
for completeness.

Thy-left

Thy-right

ExercISE X.4.1. Show that for each of the above rules, the bottom
sequent is a logical consequence of the top sequent(s). Also show that if
the bottom sequent is valid, then each top sequent is valid.
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THEOREM X.4.2 (Soundness and Completeness of PTK). Any sequent
provable in PTK is valid, and valid sequents have cut-free PTK proofs.

ProoF. The proof is an extension of the proof of soundness and com-
pleteness of PK (Theorems II.1.7 and I1.1.8). Soundness follows from
the first sentence in the above exercise. To prove completeness, it follows
from the second sentence in that exercise that the Inversion Principle for
PK (Lemma I1.1.9) applies more generally to PTK. Hence a proof of a
valid sequent S can be obtained by successively simplifying the formulas
in S by applying appropriate rules in reverse. O

We will prove in Theorem X.4.6 that PTK and PK are p-equivalent.
So we are mainly interested in subsystems of PTK where the cut formulas
have bounded depths.

DEFINITION X.4.3 (Depth of a PTK Formula). The depth of a PTK
formula 4 is the nesting depth of the connectives in A4.

So, for example, the atomic PTK formulas have depth 0.

DEFINITION X.4.4 (Bounded Depth PTK). For each constantd € N, a
d-PTK proofisa PTK proof in which all cut formulas have depth at most
d. A bounded depth PTK system (or just bPTK) is any system d-PTK for
d eN.

The treelike versions of PTK . d-PTK and bPTK are denoted by PTK*,
d-PTK™ and b-PTK"*, respectively.

Recall (Definition VI1.1.13) that the depth of a formula 4 of PK is the
maximal number of times the connective changes in any path in the tree
form of A. When we write a formula (4;V A,V ---VA,) or (A1 AAsA---A
A,) of the system PK we ignore the fact that officially vV and A are binary
connectives and the formula must be fully parenthesized. The justification
is that the parenthesization does not affect the depth of a formula, and
also according to Lemma VII.1.15 there are simple PK proofs converting
from one parenthesization to any other.

Thus using the formulas (388) there is a natural way to translate for-
mulas of the system PK to formulas of PTK which preserves depth. The
statement of the next result makes sense when we use this translation.

THEOREM X.4.5. For any d € N, d-PTK p-simulates d-PK for proving
formulas of depth d .

ProoOF. Let 7 be a d-PK derivation whose end sequent has depth at
most d. Note that all formulas in 7 have depth at most ¢. We translate
each PK formula into a PTK formula using (388). The result is a PTK
formula of the same depth. Thus each formula A4 in 7 is translated into a
PTK formula A" of depth at most d. For each sequent S in 7, let S’ be
the translation of S. We prove by induction on the length of 7 that there
is a d-PTK proof 7’ of size polynomial in the size of # that contains all
translations S’ of sequents S in 7.
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The base case is obvious because axioms of PK are translated into
axioms of PTK of the same depth. For the induction step, suppose that
n = (m..S) where S is the end sequent of z. Consider, for example. the
case where S is derived from two sequents S; and S, in 7} as follows:

S & \4r—aA  \/B.I—A
s V4v\/B.r —A

Here \/ 4; is any parenthesizing of 4|V 4, V- -V A,,. and similarly for
\/ B;. Note that

S| =Thi(4).T" — A, Sy =Thi(B).T" — N,
S =Th(4.B). T — A'.
Using the one-left rule we can derive
Thi(4. B") — Thi(4).Thi(B").

From this and S}, S}. using the cut rule (with cut formulas Th;(4’) and
Thi(B’)) we derive S’. The derivation 7’ is obtained from 7| and the
above derivation.

It is easy to see that n’ as described above has size bounded by a
polynomial in the size of 7. O

The reverse direction of Theorem X.4.5 does not hold. since the pigeon-
hole tautologies have polysize bPTK proofs (Corollary X.4.20) but do not
have polysize bPK proofs (Theorem VII.1.16).

However the reverse simulation does hold when we compare the un-
bounded depth proof systems PTK and PK, and this is stated in the next
theorem. To make sense of this statement we use the fact that there are
standard polynomial time translations back and forth from formulas of
PK to formulas of of PTK such that formulas are translated to equiva-
lent formulas. As mentioned before the translation from PK formulas to
PTK formulas uses the equivalences (388). The translation in the other
direction is described in the proof below.

THEOREM X.4.6. PK is p-equivalent to PTK.

Proor SKETcH. The fact that PTK p-simulates PK follows from the
proof of Theorem X.4.5 above. It remains to show that PK p-simu-
lates PTK .

In Section IX.5.4 we show that the function numones is provably total in
VNC'. In essence we construct a uniform family of formulas that compute
numones. In other words, there are PK formulas F, . (p1, p2..... pn) SO
that

F, i (p1.p2.....pn) < the number of T in py. pa.....pais k.

Moreover in the same way that PNC' + NUMONES (Theorem
1X.5.17) we can prove:
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ProrosITION X.4.7. There are polynomial-size PK-proofs of the follow-
ing sequents:

1) Fou(A1.As.....A4,) — A; (for1 <i <n):

2) Ay, Ay, ..., ,Ap —>F,,,1(A1 Asr.... . Ay):

3) A; —>Fnl(A1 Az, Ay) (for 1 <i < n);

4) F,1(A41, A45.. An)—>A1 Ay, ... Ay

5) ne(Al Az,---,An)—>A1 w—t.0(Aa.. ... Ay) (for1 <€ <n-—1):
6) A1 Fo(A1.Ar.....Ay) — Fy_10-1(Aa..... Ay) (for2 < £ < n):
7) e 1@(142 ..... A,,)—>A1 an(Al Asr, ..., ,,)(ﬁ)rl SESH—I);
8) A1 Fy_14-1(Aa.....Ay) — Fuo(Ay. As..... Ay) (for2 < £ < n).

Now PTK formulas are translated into PK formulas (of unbounded
depth) inductively using the formulas F, ;. as follows. No translation is
required for atomic formulas, because they are the same in PK and PTK.
For the inductive step. suppose that 4; has been translated to A4}, for
1 <i<n.Then Thy(A;, A>....,A,) is translated into

To show that PK p-simulates PTK it suffices to show that the transla-
tions of rules of PTK have polynomial-size PK proofs.

First, consider the rule all-left. We need to show that there is a
polynomial-size PK derivation of the form

For this we can use Proposition X.4.7 (1) with successive cuts on the
formulas A4;.
Similarly, the rule one-left can be simulated using Proposition X.4.7 (4).
Consider now the rule Thy-left. Suppose that 2 < k < n — 1, we need
to give polynomial-size PK-derivations of the form

\/Z F,, 1e(As, ... A )A—>F Ay, \/( k ]F,,_Lg(Az,...,An),A—>r
Ve:an,Z(AleAz,---, n),A*)r

It suffices to derive for each £ (where k < £ < n) the sequent
Fue(A1. 42, Ay). A — T. (389)

From Proposition X.4.7 (5) we derive (by weakening and V-right):

n—1

Fuo(A1, Az, ... Ay) — A1 \/ Fo10(Aa, ... Ay).
=k
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Using the cut rule for this sequent and
n—1
\ Fi1e(42.....4,). A —T
=k

we obtain
Fn,g(Al,Az,...,An),A*>A1,F. (390)

From Proposition X.4.7 (6) for £ = k we obtain (using weakening and
V-right):

n—1
AlsFl’l.k(AleA27”‘7An)—> \/ anl.f(AZa"'sAn)'
C=k—1

From this and

n—1
A, \/ Feds... 4,).A—T
L=k—1

we derive
Ay Fop(Ay. 4. ... A,).A —T. (391)

Combined (390) with (391) we obtain the desired derivation.

It is easy to verify that the above derivations have size polynomial in
the size of the end sequents. Simulating the other rules of PTK is left as
an exercise. O

ExercisE X.4.8. Complete the proof of Theorem X.4.6 by showing that
the translations of the rules all-right, one-right and Th-right have poly-
nomial-size PK-proofs.

X.4.2. Reflection Principles for Bounded Depth PTK. We will show that
for each depth d € N, the soundness of d-PTK is provable in VTC". Let
Z Eg-prx X hold iff the truth assignment Z satisfies the depth-d PTK
formula X . It can be shown by induction on d that this relation is a TC°
relation. We leave the details as an exercise.

ExXERCISE X.4.9. Show that for each d € N there is a ¥ formula
(Z E5.prg X) and a TT? formula (Z EI' ;4 X) that both represent
the relation Z |=4-prx X, and such that

VTc' - (Z )ZE—PTK X) e (Z ':g-PTK X).

For each d, the Reflection Principle for d-PTK. denoted by d-RFN prk,
is the sentence:

VAV XYZ ((Fla (X) A Prf(m, X)) > (Z ES_prx X)).
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Here Flal} (X) is the TI? formula that is true iff X is a formula of depth
at most d, and PrfY (z, X) is the IT? formula that is true iff 7 is a d-PTK
proof of X. (See Corollary X.1.4 and Lemma X.1.5.)

The following result is left as an exercise.

*EXERCISE X.4.10. Show that for each d € N, d-RFNprx is a theorem
of ¥TC®. (Hint: first show that all formulas in a d-PTK proof of a
formula of depth ¢ must have depth at most d (see also Exercise X.1.10).
Then prove by induction on i that the i-th sequent in the proof is valid.)

X.4.3. Propositional Translation for ¥'TC®. Our goal in this section is
to translate V' TC°-proofs of 28 formulas into families of polynomial-size
bPTK-proofs. One way would be to translate directly all instances of the
axiom NUMONES (227) into PTK formulas (the bits of the “counting
sequence” Y in NUMONES are translated using the Thy connectives).
Here we take another approach, based on Lemma X.4.12 below.

Recall that numones’(z, X) has the same value as numones(z, X') (which
is the number of elements in X that are less than z). For convenience,
we list below the defining axioms of numones’ ((231), (232) and (233).
page 286):

numones' (0, X) = 0, (392)
X (2) D numones'(z + 1, X) = numones'(z. X) + 1. (393)
-X(z) D numones'(z + 1, X ) = numones' (z, X ). (394)

DEFINITION X.4.11 (V°(numones’)). The theory V°(numones') has vo-
cabulary £% U {numones'} and is axiomatized by 2-BASIC. the axioms
(392). (393), (394) and the £ (numones')-COMP axiom scheme.

LEMMA X.4.12. V°(numones') is a conservative extension of VTC®.
ProoF. First, NUMONES is provable in V°(numones') because the

counting sequence Y in NUMONES can be defined by & (numones’)-
COMP as follows:

(Y)* =y < numones'(z. X) = y.
Hence V°(numones') extends VTC®.

Also, PTC' is an extension of VO (numones’). so the fact that VTC is
conservative over ¥TC? (Theorem IX.3.7) implies that V°(numones’) is
conservative over V'TC®. m|

Suppose that ¢ is a £ theorem of ¥TC®. Tt follows from Lemma X.4.12
that ¢ has a V°(numones’)-proof z. All formulas in 7 are £ (numones’).
and we will show that 7 can be translated into a family of polynomial-size
bounded-depth PTK-proofs for the translation of ¢.

We will describe the translation of atomic formulas. The translations
of other £ (numones’) formulas build up inductively as in Section VII.2.1
using appropriate connectives Thy for A and V.
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Thus let (%, X) be an atomic formula. If ¢ does not contain numones’
then the translation ¢[#i, 7] is defined as in Section VIL.2.1 (using Thy
instead of A. V). So suppose that ¢ contains numones’. Now if ¢ is of the
form X (¢), where ¢ contains numones', then we can use the equivalence

X(t) = 3z<|X|(z=1tANX(2))

to translate ¢ using the translations of other atomic formulas z = ¢ and
X (z) (the latter does not contain numones'). Thus we only need to focus
on atomic formulas ¢ of the form s =7 ors < 7.

Let

numones (t1, X1 ), numones' (t2. X3). .. .. numones' (ty, X;)

be all occurrences of numones’ in (%, X) (some 7; may contain terms of
the form numones'(t;. X;)). Thus ¢ (X, X) has the form
@' (%.|X|. numones' (11, X,). ... numones' (1. X))

where ¢’ is an atomic formula of the form s’ = ¢’ or s’ < . The truth
value of ¢ (¥, X ) can be determined from the values 7 of X, the length 77
of X . and the values of numones’(t;, X;). So for a fixed sequences 7i. i7, let
S = S, be the following set (recall val on page 166)

(ki ko ... ke) ki < val(1; (i, 7)), and
 is true when numones' (t;, X;) = k;, for 1 <i < £}.

Recall that for each string variable X; and a length n; > 2 we introduce
the propositional variables

D S ¢ :
P =Dy Py Pyae

If the set S is empty, then define p[ni; 7] = L; otherwise ¢[ni: ] is
defined to be the simplification (explained below) of (395). Note that
for readability we here use (4; A As A --- A Ay) for Thi (4. As. ... Ax)

and (4, V A2V ---V Ay) for Thi(A4y, As, ... Ay). The translation of ¢ is
obtained by simplifying the following formula:

14
V AThe (o p ) A =Thia(py. pi . pl ) (395)
Kesi=l

where s; = val(t; (i, 7)), P;{'J =T.and p;' = Lforj > n;.

The simplification of (395) is performed inductively, starting with the
atomic formulas Thy, (p)". pi. . .. ,pigl) and Thy, 1 (p)". pi. . .. ,pj[(Ll).
Each formula is simplified by applying the following procedure repeatedly.
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Recall that

and
Thk(AI’AZ- L aAn) :defJ_,k > n.

Simplification Procedure. Whenever possible

Thi(A4) is simplified to A4,

-1 is simplified to T,

=T is simplified to L,

Thl(A,A,Al,Az, e ,An) is 51mp11ﬁed to Th](A,Al,Az, ce ,An),
Thyy1(A, A, Ay, ....A,_1) is simplified to Th, (4. Ay..... A,_1).
Thi (L, A1, As. ..., A,)is simplified to Thy(A1. 4. .... A4,).

Thk(T,Al,Az. .. ,An> is simplified to Thk,l(AbAz, LA,

ExaMPLE X.4.13. Recall the defining axioms (392), (393) and (394) for
numones'. They are translated as follows.

(a) (392) is translated into T.
(b) To translate (393), first we translate the atomic formula

o(z. X) = numones'(z + 1, X) = numones'(z, X) + 1.

Here{ =2ty =z+ 1. =z X1 =X, =X. Formn e N,n > 2,
we have
Stp.ﬂ’l.l’l = {(k+ l,k) ck < m}

We omit the superscript X for the variables pX. and let 7 denote
P0> P1s---» Pm—1. Then o[m: n]is the simplification of

m

V ((Thisr (7. pm) A =Thica (7. p)) A (Thi(5) A =Thiir (7))
k=0

As a result, (393) translates into
—pm V @[m:n] (see (396) below) ifm <n—2,
p[n — 1:n] (see (397) below) ifm=n—1,
T if m > n.

Note that form < n — 2,

plm;n] = (Thl(ﬁ, Pm) A ﬁThZ(ﬁv Pm) A jThl(ﬁ)) \

m—1
( \ (Thei (7. pm) A =Thia (7. pm) A Thic(5) A =Thye iy (ﬁ))) v
k=1

(Thus1 (7. pm) A Thi(5))  (396)
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where p'stands for pg. p1..... Pm—1. Also,

n—2

@[n —1:n] = =Thi(p) v (\/(Thk(ﬁ) A _‘Thk+l(ﬁ))> V Th,_1(p)
o (397)

where p'= po, p1,.... Pn_2.
(¢c) For (394), consider the atomic formula

w(z. X) = numones' (z + 1, X) = numones'(z, X ).
Here £, 11. 1>, X1, X> are as in (b) and
Symn = {(k.K) : k <m}.

Again drop mention of the superscript X, and let ' = po, p1....,
Pm—1. The formula w[m; n] is (the simplification of)

m

\/ ((Thk(ﬁv Pm) N=Thi 1 (B pm)) A
k=0

(The(P) A =Thiy (7). (398)

For m > n, the simplification of (398) is just ¢[n — 1;:n] in (397).
Hence, (394) translates into

Pm V w[m:n] (see (396)) ifm <n—2,
T ifm=n-1,
w[n — 1:n] (see (397)) ifm>n.

We will show that the translations of (392). (393) and (394) described
above have d-GTC|, proofs of size polynomial in m, n, for some constant
d € N. We need the following lemma.

Lemma X .4.14.  (a) The sequents (397) have polynomial size (in n) cut-
free PTK proofs.
(b) Let jdenote py.....pm—_1. The following sequents have polynomial-
size (in m) cut-free PTK proofs:

m—1

Pm — = Tho(F. pm) V < \/ (Thk(ﬁ) A =Tha (P, pm))) V Thy, (7).
. (399)



438 X. PROOF SYSTEMS AND THE REFLECTION PRINCIPLE

ProOF. (a) The cut-free PTK proof is as follows:

Thnfl(_') - Thn l(ﬁi (7)
— ﬁThn—l( ) (P)
Thn72(ﬁ) — Thn72(ﬁ)/\_'—rhn l(ﬁ) Thnfl(ﬁ)

*>—\Th3(_’)Th3<ﬁ)/\—‘Th4(ﬁ) ., Th,— z(ﬁ A=Th,

—1
Tt )—>Thz(ﬁ)AﬂTh3(ﬁ) T T ()T Ej;
T TN TG T AT ) T (7] o
T T T TP T T ) o
— = Thi (7). Thi(F)A=Tha(p).....Th,— (ﬁ)/\_‘Thn 1(7).Th,—1(p) 1)

n—2
— =Thi(p) v (\/(Thk( p) A=Thyi1 (P ))) V Th,—1(p)

k=1

Here the top sequent is an axiom. (1) is by the rule one-right, (2, 4, 7)
are —-right, and the derivations (3, 5. 6) consist of the rule all-right and a
derivation from the axiom of the form

Th;(p) — Thi(p).

(b) The PTK proof is presented below. Because of the space limit, we
will give one fragment of the proof at a time. There are (m + 1) fragments.
The bottom fragment is:

P Thi(P) — {The(5) A =Thisa (7. pu) 17 Thin (5)

4
S Pm,Pm,Thl(_') - {Thk( )/\ _‘Thk+2(l) pm)}k 1 aThm( ) E?’;
P Tha( 7. pim) — {Thi(5) A ~Thisa (7. pu) 17 Thin(5) )
Pm — _‘ThZ( pm) {Thk( )/\ _‘Thk+2( pm)}k i Thm(ﬁ) (1)
m—1
Pm — = Tha(f. pm) V (\/ (Thk( ) A ~Thia(p. prn))) \% Thm(ﬁ)
k=1

Here (1) is by the rule one-right, (2) is —-right, (3) is Th,-left, and (4) is
contraction left. The sequent S is the top sequent in (8) below (so our
proof is a dag-like proof). The top sequent of (4) is derived in the next
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fragment:
P Tha(7) — {The(7) A =Thi 2 (7. pn) 305 Thin(5)
S P P Tha(§) — {Thie(§) A =Thisa (5 pm) J72 ; Thy (7)
P Th3(F. pim) — {Thi(§) A =Thia (5. pu) 115 Thin ()
P — Th3(F. p) AThi(5) A ~Thiea (5. pu) 155 Thin ()

P Thi () — {Thie(7) A =Thisea (7. p) 77 Th (5)

The derivation (5) consists of an all-right and a derivation by weakenings
from the axiom

8)
7)

(
(
(6)
(5)

Thi(p) — Thi(p).
The steps (6. 7. 8) are similar to (2, 3. 4) above.
The next fragment derives the top sequent of (8) and is similar.
The top fragment is:

Pm- Thinp (ﬁa Pm) — Thm(ﬁ) (10)
Pm,— _‘Thm-H(ﬁa pm)aThm(ﬁ)

DPm- Thmfl (17) — Thmfl (ﬁ) A _‘Thm+1 (ﬁs pm)s Thm (ﬁ)
The top sequent of (10) is obtained from some axioms by the rules all-left
and all-right. O

LeMMA X.4.15. The translations of the defining axioms (392), (393) and
(394) for numones' (described in Example X.4.13) have polynomial size
d-PTK proofs, for some constant d .

9)

ProOF. The translation of (392) is T, so the conclusion is obvious.
Consider the translations of the defining axiom (393) in part (b) of Ex-
ample X.4.13. Recall the formulas ¢[m:n] and p[n — 1:n] from (396)
and (397), respectively. We need to show that the following sequents have
polynomial size d-PTK proofs, for some d:

— 2pm V p[m;n] and — [n — 1;n].

By Lemma X.4.14 (a) the latter has a polynomial size cut-free PTK proof.
To derive the former, by Lemma X.4.14 (b) it suffices to derive

m—1
Pm:"Thz(ﬁ:Pm) \ (\/ (Thk( )/\_‘Thk+2(p pm))) \

k=1
Thy(P) — @lm:n]  (400)
(where p denotes po. p1.....pm—1). This is left as an exercise (see below).
Finally consider the translation of axiom (394) described in Example

X.4.13 (c). As mentioned above, the sequents (397) have polynomial size
cut-free PTK proofs. It remains to show that (recall w[m; n] from (398)):

— pm V w[m:n] (401)
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has polynomial size d-PTK proof, for some constant ¢. This is left as an
exercise. a

ExercIst X.4.16. Complete the proof of Lemma X.4.15 above by show-
ing that the sequents (400) and (401) have polynomial size d-PTK proofs,
for some constant . Hint: first deriving the following sequents, then use
Lemma X.4.14:

1) pm. Thi(§) — Thyy1 (7. pm) (for 1 <k < m).

2) pm:=Thia (P, pm) — =Thiya (p) (for 0 <k <m —1).

3) Thk(ﬁ) - pmsThk(ﬁs pm) for1 <k <m.

4) =Thi1(P) — pm. ~Thi1 (P pm) for 0 < k <m — 1.

Asin Section X.1.1, it can be shown that formulas, sequents and proofs
of PTK are Af-definable in FTC®.

LeMMA X.4.17. For every 28 (numones') formula (%, X). there is a con-
stant d and a polynomial p(ii. i) so that for all sequences 1i. i, the propo-
sitional formula (%, X )[1#t: 7] has depth d and size bounded by p(iit. 7).
Moreover, o(X, X )[1it: ii] is provably in v1C’ computable by an FTC® func-
tion G (ii. 7).

PrOOF. By structural induction on ¢. O

THEOREM X.4.18. Suppose that ¢(%. X) is a 8 (numones') theorem of
VO(numones'). Then there are a constant d € N and an FTC® func-
tion F (i, 0) so that, provably in VIC . F(ii. @) is a d-PTK proof of
(X, X)[it: 7). for all i, .

ProoF. The theorem can be proved in the same way that Theorem
VII.2.3 is proved in Section VII.2.3, i.e.. by showing that every
28 (numones') theorem of V°(numones') has an LK* proof where the in-
ference rule £& (numones’)-IND (Definition VI.4.11) is allowed. a

COROLLARY X.4.19. For every £8 theorem ¢ (%, X) of VIC®, there are a

constant d € N and an FTC® function F (iii, i) so that, provably in WO,
F(iii. M) is a d-PTK proof of (. X )[sit: ). for all i, 7.

Proor. The Corollary follows from Theorem X.4.18 because
VO (numones') is a conservative extension of ¥TC?. |

The next result is immediate from the above corollary and the fact that
VTC® proves PHP(a. X) (Theorem 1X.3.23).

COROLLARY X.4.20. The pigeonhole tautologies PHP (Definition
VII.1.12) have polynomial size bPTK proofs.

In the next section we introduce the quantified threshold formulas and
a sequent calculus GTC for them. Theorem X.4.18 will be generalized to
show that the propositional translations of bounded theorems of VTC°
have proofs in GTC that are provably in ¥ TC® computable by some FTC’
functions (Theorem X.4.22).
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X.4.4. Bounded Depth GTC). Now we consider an extension of PTK
which allows quantifiers over propositional variables. We do not allow the
quantifiers to be inside the scope of arbitrary threshold connectives. We
do want to allow conjunctions and disjunctions of quantified formulas, so
we require that the quantifiers cannot occur inside the scope of a threshold
connective Thy unless k = 1 (so the connective expresses a disjunction)
or k = n and occurs in the context Th, (A4, 4». ..., A,) (so the connective
expresses a conjunction).

Formally. quantified threshold formulas (or QT formulas, or just formu-
las) are defined as follows:

(a) Any PTK formula is a QT formula;

(b) If A(p) is a QT formula, then so are VxA4(x) and 3xA4(x). for any
free variable p and bound variable x.

(c) If A1, A5, . ... A, are QT formulas, then so are Thy (A4, 4>..... A,).
Thn(Al, A, ..., A,,) and —A;.

As before, we will often write

\/ A,‘ and /\ A[
i=1 i=1
for Thi(A4y. A>.....A,) and Th, (4. 4>..... A,). respectively.
The system GTC is the extension of PTK where the axioms now consist
of

— T, 11—, A— A

for all QT formulas 4. The introduction rules for the threshold connectives
are as given in Section X.4.1 but now the rules Thy-left and Thy-right are
applied only to PTK formulas. The introduction rules for the quantifiers
are as for QPC (Section VII.3).

Theorem X.4.6 can be extended to show that GTC and G are p-
equivalent. In fact, for i > 0 define /' and I1¥" of QT formulas in
the same way as X! and I1}. and let GTC; be obtained from GTC by
restricting the cut formulas to =¥ UTI¥. Then it can be shown that GTC;
and Gj are p-equivalent for i > 0. Here we are interested in the following
subsystems of GTC).

DErFINITION X.4.21 (Bounded Depth GTCy). Foreachd € N, d-GTC
is the subsystem of GTC where all cut and target formulas are quantifier-
free and have depth at most d. A bounded depth GTC (or just bGTC))
system is any system d-GTC for d € N. Treelike d-GTC (resp. treelike
bGTC,) is denoted by d-GTCj (resp. bGTCy).

Asin Section X.1.1, it can be shown that formulas, sequents and proofs
in GTC are Af -definable in ¥'TC®. 1t is also straightforward to extend the
translation given in Section X.4.3 so that X2 (numones’) and 112 (numones’)
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formulas (for i > 1) are translated into quantified threshold formulas in
> and TT7, respectively.

THEOREM X.4.22 (Propositional Translation for ¥°(numones')).  Let
©(%, X) be a bounded theorem of V°(numones'). There is a constantd € N
and a function F in FTC® so that F (ii. 7)) is provably in VTC' o d-GTC;
proof of (%, X )[nit: i), for all i, 7.

The proof of Theorem X.4.22 is similar to the proof of Theorem X.1.14.
Here we translate cut £ (numones)-COMP formulas in the same way that
cut £8-COMP formulas are translated in Theorem VI1.5.6. Then it can be
shown that the translation of formulas in an LK>-V°(numones’) proof are,
provably in WO computable by some FTC® functions. Furthermore,
the PTK version of the sequent in Exercise VII.5.3 can be shown to have
d-PTK* proofs that are provably in v7C’ computable by some FTC®
function, for some constant d. Details are left as an exercise.

*EXERCISE X.4.23. Prove Theorem X.4.22.

COROLLARY X.4.24 (Propositional Translation Theorem for VTC?).
For every bounded theorem (%, X ) of VIC®, there is a constant d € N and

an FTC® function F such that VTC' proves that for all i and v, F (1, i7)
is a d-GTCjy proof of p(X. X )[nt: ).

PrOOF. Since ¢ is a theorem of VTC?, by Lemma X.4.12 it is also a
theorem of V°(numones'). Now apply Theorem X.4.22. a

X.5. Notes

The results in Section X.1.3 are from [73].

The formulation 0-RFN (F), the RFN for quantifier-free formulas given
in [72]. is essentially our II{-RFNr (Definition X.2.11), and hence is dif-
ferent from our notation 0-RFN . Lemma X.2.13 is from [72, Lemma
9.3.12 b] where it is stated more generally for any system F which is
closed under substitution and modus ponens. Lemma X.2.14 is new.
Definition X.2.16 is from [91]. Theorem X.2.17 and Corollary X.2.20
strengthen results from [72, Theorem 9.3.16]. Parts (a) and (b) of The-
orem X.2.23 strengthen results from [73] (here we use ¥'TC" instead of
S}). The axiomatizations of ¥ in part (c) of Theorem X.2.23 are new.
The difficult part (that ¥’ proves X!, |-RFN ) is based on [91, Theorem
5.1.2]. see Theorem X.2.17 (c).

The idea of using the Reflection Principle for p-simulation is from [39]
where a variant of Exercises X.2.22 and X.2.30 is proved. Theorem X.2.27
is a strengthening of Lemma 5.2.1 from [91]. The definition of a X!
Witnessing Problem given in Section X.2.6 is more general than that of
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[80]: in [80] the problem is to witness prenex formulas. Consequently
the membership directions of Theorem X.2.33 strengthen that of [80,
Theorems 6.2, 6.9]. For the hardness directions of Theorem X.2.33 note
that we are using TC? reductions while the reductions in [80. Theorems
6.2, 6.9] are polytime. Following the proofs given in [80], the fact that the
weaker problems as defined in [80] are hard for the search classes under
polytime reduction (instead of TC? reduction) is due to the fact that we
need polytime procedures for producing G} proofs of the equivalence
between prenex and non-prenex X7 formulas, see Exercise X.2.9.

Clote [34] introduced an equational theory ALV for NC' and defined
a polytime translation from theorems of ALV to families of Frege proofs.
Arai [8] introduced a first order system AID for NC', defined a polytime
translation from Zg theorems to Frege proofs, and proved the reflection
principle for Frege systems. A version of VNC' was introduced in [45]
and translation of all bounded theorems to polynomial size families of G
proofs presented. The translation given in Section X.3.1 is new. Several
ALogTime algorithms for the Boolean Sentence Value Problem have been
presented by Buss [22, 24, 25]. The algorithm presented in the proof of
Theorem X.3.5 is from [25]. The algorithm from [24] was formalized in
[8]. The algorithm from [25] was also formalized in [92] using the string
theory T'!.

The sequent calculus PTK is from [29]. The propositional translation
for VTC" given in Section X.4.3 is new. The quantified system GTCy in
Section X.4.4 is similar to the system QTC in [45].






Appendix A

COMPUTATION MODELS

We give definitions for some basic concepts in computational complexity
and state some useful results. See [49, 64, 87, 100, 102, 110] for further
details.

In this Appendix f and g stand for functions from the natural numbers
toR>g = {x € R: x > 0}. We use the following notation.

e g = O(f) if there is a constant ¢ > 0 so that g(n) < ¢f (n) for all
but finitely many #.

e g = Q(f) if there is a constant ¢ > 0 so that g(n) > ¢ f (n) for all
but finitely many #.

e g=0(f)ifg=0O(f) and g = Q(f).

e logn stands for log, n. When logn is required to be an integer, it is
understood that it takes the value [log, n].

The variable n usually refers to the length of an input string to a machine
or circuit. When n appears in the definition of a resource class such as
ATime(k log n + k) it refers to the argument of the function bounding the
resource. For a class Resource( f) that is defined by having a bound f on
some resource we will write Resource(O(f')) for the union

U Resource(k f + k).
k=1
For example (see Section A.4):

ATime(O(logn)) = U ATime(klogn + k).
k=1

A.1. Deterministic Turing Machines

A k—tape deterministic Turing machine (DTM) consists of k two—way
infinite tapes and a finite state control. Each tape is divided into squares,
each of which holds a symbol from a finite alphabet I'. Each tape also
has a read/write head that is connected to the control and that scans

445
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the squares on the tape. Depending on the state of the control and the
symbols scanned, the machine makes a move which consists of

1) printing a symbol on each tape;
2) moving each head left or right one square, or leaving it fixed;
3) assuming a new state.

DEerINITION A.1.1. For a natural number £k > 1, a k—tape DTM M is
specified by a tuple (Q.X. T, ) where

1) Qisthefiniteset of states. There are 3 distinct designated states qjyisia
(the initial state). qecepr and Qejec; (the states in which M halts).

2) X is the finite, non-empty set of input symbols.

3) T is the finite set of working symbols, £ C I'. T contains a special
symbol j§ (read “blank”), and p € T\ Z.

4) o is the transition function, i.e., a total function:

g. ((Q \ {qacceptaqrc{/ect}) X rk) - (Q X (r X {L’ R’O})k>~

If the current stateis ¢. the current symbols being scanned are sy, . . ., .
and (q.5) = (¢'.s{.hi.....s[.hg). then ¢’ is the new state, s’ are the
symbols printed, and for 1 < i < k, the head of the ith tape will move
one square to the left or right or not move, depending on whether /; is L
orRorO.

On an input x (a finite string of ¥ symbols) the machine M works as
follows. Initially. the input is given on tape 1, called the input tape, which
is completely blank everywhere else. Other tapes (i.e., the work tapes) are
blank, and their heads point to some squares. Also the input tape head
is pointing to the leftmost symbol of the input (if the input is the empty
string, then the input tape will be completely blank, and its head will point
to some square). The control is initially in state q;us. Then M moves
according to the transition function o.

If M enters either qucceps OF rejec: then it halts. If M halts in quccep We say
that it accepts the input x, if it halts in g, then we say that it rejects x.
Note that it is possible that M never halts on some input. Let £* denote
the set of all finite strings of X symbols. We say that M accepts (or decides,
or computes) a language L C ¥* if M accepts input x € T* iff x € L. We
let L(M) denote the language accepted by M.

Unless specified otherwise, Turing machines are multi-tape (i.e.. k > 1).
In this case we require that the input tape head is read-only. Also, for a
Turing machine M to compute a (partial) function, tape 2 is called the
output tape and the content of the output tape when the machine halts in
Qaccepr 18 the output of the machine. For machines that compute a function
we require that the output tape is write-only.

A configuration of M is a tuple (g, u, vy, ..., ug,v;) € Q x (I'* x T*)k,
The intuition is that ¢ is the current state of the control, the string u;v; is
the content of the tape 7. and the head of tape 7 is on the left-most symbol
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of v;. If both u; and v; are the empty string, then the head points to a
blank square. If only v; is the empty string then the head points to the
left-most blank symbol to the right of u;. We require that for each i, u;
does not start with the blank symbol . and v; does not end with .

The computation of M on an input x is the (possibly infinite) se-
quence of configurations of M, starting with the initial configuration
(Qinitial» € X, €. & . . ., & &), Where ¢ 1s the empty string, and each subsequent
configuration is obtained from the previous one as specified by the tran-
sition function ¢. Note that the sequence can contain at most one final
configuration, i.e., a configuration of the form (qaccepr. - - .) OF (Qreject - - -)-
The sequence contains a final configuration iff it is finite iff M halts on x.
The length of the computation is the length of the sequence.

A.l.1. L, P, PSPACE, and EXP. Suppose that a Turing machine M =
(Q.XZ. T, o) halts on input x. Then the running time of M on x, denoted
by timem(x). is the number of moves that M makes before halting (i.e.,
the number of configurations in the computation of M on x, not counting
the initial configuration). Otherwise we let timepm (x) = co.

Recall that L(M) denotes the language accepted by M. We say that M
runs in time f (n) if for all but finitely many x € X*, timem(x) < f(]x]).
where |x| denotes the length of x. In this case we also say that M accepts
the language L(M) in time f (n).

DEFINITION A.1.2 (DTime). For a function f (n). define
DTime(f) = {L : there is a DTM accepting L in time f(n)}.

In general, if f is at least linear, then the class D Time(f') is robust in
the following sense.

THEOREM A.1.3 (Speed-up). For any e > 0,
DTime(f) C DTime((1 +¢)n +¢cf).

The classes of polynomial time and exponential time computable lan-
guages are defined as follows.

DEFINITION A.1.4 (P and EXP).

o0 o0
P =) DTime(n* + k).  EXP=| DTime(2" + k).
k=1 k=1

The working space of a (multi-tape) DTM M on input x, denoted
by spacey(x), is the total number of squares on the work tapes (i.e..
excluding the input and output tapes) that M visits at least once during
the computation. Note that it is possible that spacey(x) = oo, and also
that spacey,(x) can be finite even if M does not halt on x.

We say that M runs in space f(n) if for all but finitely many x € *,
spacey(x) < f(|x]). In this case we also say that M accepts the language
L(M) in space f(n).
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DEFINITION A.1.5 (DSpace). For a function f (n). define
DSpace(f) = {L : there is a DTM accepting L in space f (n)}.
THEOREM A.1.6 (Tape Compression). Forany e > 0and any function f
DSpace(max{cf.1}) = DSpace(f).

The class of languages computable in logarithmic and polynomial space
are defined as follows.

DErFINITION A.1.7 (L and PSPACE).

L= U DSpace(klogn + k). PSPACE = U DSpace(n* + k).
k=1 k=1
For a single-tape Turing machine, the working space is the total number
of squares visited by the tape head during the computation. The classes
P, PSPACE and EXP remain the same even if we restrict to single-tape
DTMs. This is due to the following theorem.

THEOREM A.1.8 (Multi Tape). For each multi-tape Turing machine M
that runs in time t(n) and space s(n). there is a single—tape Turing machine
M’ that runs in time (t(n))?* and space max{n, s(n)} and accepts the same
language as M. There exists also a 2—tape Turing machine M" that works
in space s(n) and accepts L(M).

For the Time Hierarchy Theorem below we need the notion of time
constructible function. A function f(n) is time constructible if there is
a Turing machine M such that on input x the running time of M is
O(f(|x])). It turns out that common integer-valued functions such as
kn,n[logn], nk, nlognl 2n gre time constructible. We will be concerned
only with time bounding functions that are constructible.

THEOREM A.1.9 (Time Hierarchy). Suppose that f(n) is a function,
f(n) > n, and g(n) is a time constructible function so that

lim inf M =0.
n—o9 g(n)

Then
DTime(g) \ DTime(f) # 0.

A function f'(n) is space constructible if there is Turing machine M such
that on input x the working space of M is @( f (]x|)). The space bounds
that we are interested in are all constructible.

THEOREM A.1.10 (Space Hierarchy). Suppose that f(n) is a function
and g(n) is a space constructible function so that

g(n) = Q(logn) and lim inf S ) =0.
n—oo g(n)
Then

DSpace(g) \ DSpace(f) # 0.
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It is easy to see that
L C PC PSPACE C EXP. (402)
The Time Hierarchy Theorem shows that
DTime(n) C DTime(n*) C - - and P C DTime(2")

for any ¢ > 0. The Space Hierarchy Theorem shows that L C PSPACE.
However none of the immediate inclusions in (402) is known to be proper.
Sublinear time classes are defined using Turing machines that are equip-
ped with an index tape that operates like a work tape, except its content is
used for accessing the input in the following way: the machine queries an
input bit by writing its position in binary on the index tape and enter some
special state. (Dowd, see [22]. shows that a deterministic logtime Turing
machine can compute the length of its input written in binary.) Define

DLogTime = DTime(O(logn))

and define NLogTime and ALogTime similarly using nondeterministic
and alternating Turing machines given in Sections A.2 and A 4.

A.2. Nondeterministic Turing Machines

DEFINITION A.2.1. A k-tape nondeterministic Turing machine (NTM)
is specified by a tuple (Q,%.I",g) as in Definition A.1.1, but now the
transition function o is of the form

g ((Q \ {qaccept~qreject}) X Fk) - P(Q X (F X {L RO})k)
where P(S) denotes the power set of the set S.

Here o (q. s1. . ...sx) is the (possibly empty) set of possible moves of M,
given that the current state is ¢ and the symbols currently being scanned
are §.

A computation of M on an input x is a (possibly infinite) sequence of
configurations of M, starting with the initial configuration

(Qinitial- €. X. €. &, ... .&.&)

and each subsequent configuration is a configuration that can be obtained
from the previous one by one of the possible moves specified by o. By
definition, each computation of M may contain at most one configuration
of the form (Qaccept. - - -) O (Grejecs- - - .. In the former case we say that it is
an accepting computation, and in the latter case we say that it is a rejecting
computation.

We say that the NTM M accepts x is there is an accepting computation
of M on x. We say that M accepts x in time f(n) if there is an accepting
computation of length < f(|x|). and M accepts x in space f (n) if there
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is an accepting computation such that the number of squares on the work
tapes used by M during this computation is < f(|x]).

If for all but finitely many x € L(M) the NTM M accepts x in time/space
f (n). we also say that M accepts the language L(M) in time/space f (n).

DEFINITION A.2.2 (NTime and NSpace). For a function f (n), define
NTime(f) = {L : there is a NTM accepting L in time f(n)},
NSpace(f) = {L : there is a NTM accepting L in space f (n)}.

The Speed-up Theorem (A.1.3) and Tape Compression Theorem
(A.1.6) continue to hold for NTMs.

DEFINITION A.2.3 (NP and NL).

NP = U NTime(n* + k). NL = U NSpace(k logn + k).
k>1 k=1

The list in (402) is extended as follows:
LCNLCPCNPCPSPACE.

However, it is not known whether any of the immediate inclusions is
proper.

For a class C of languages, co-C is defined to be the class of the com-
plements of the languages in C. For deterministic classes L, P, EXP we
have C = co-C. However it is an open problem whether NP = co-NP.
For NL and co-NL we have an affirmative answer, due to Immerman and
Szelepcsényi:

THEOREM A.2.4 (Immerman-Szelepcsényi). For any space constructible
function f(n) > log(n). NSpace(f) = co-NSpace(f).

It is also easy to see that
P C co-NP C PSPACE.

But it is unknown whether either inclusion is proper.
The class of languages computable by NTMs in polynomial space is
defined similarly, but by Savitch’s Theorem this is the same as PSPACE.

THEOREM A.2.5 (Savitch’s Theorem). For any space constructible func-
tion f(n) > logn,
NSpace(f) C DSpace(f?).
(Here the superscript in 2 refers to multiplication, rather than composi-
tion.)

It follows that nondeterministic polynomial space is the same as
PSPACE. and also that NL C PSPACE.
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A.3. Oracle Turing Machines

Let L be a language. An Oracle Turing machine (OTM) M with oracle
L is a Turing machine augmented with the ability to ask questions of
the form “is y € L?”. Formally, M has a designated write-only tape for
the queries, called the query tape. It also has 3 additional states, namely
Qquery- 9ves and qu,. In order to ask the question “is y € L?”, the machine
writes the string y on the query tape, and enters the state qgye-,. The next
state of M is then either qy,; or qu,, depending on whether y € L. Also
the query tape is blanked out before M makes the next move.

In case the queries are witnessed (e.g.. Definition VIIL.7.16) or we want
a function oracle, i.e., oracles that answer queries of the form

F(W)?

for some function F, then the OTM will have a read-only answer tape that
contains oracle replies. The head of the answer tape is positioned to the
left-most non-blank square whenever the machine enters the state qguer.

The running time of M on an input x is defined as before. Note that
the time it takes to write down the queries (and to read the oracle an-
swers/witnesses) are counted. In particular, an OTM running in polyno-
mial time can ask only polynomially long queries.

A nondeterministic oracle Turing machine (NOTM) is a generalization
of OTM where the transition function is a many-valued function. For
a language L. we denote by P’ the class of languages accepted by some
OTM running in polynomial time with L as the oracle, and similarly NP-
the class of languages accepted by some NOTM running in polynomial
time with L as the oracle. For a class C of languages, define

PC=JP. and NPC=|] NP
LeC LeC
Define NLinTime€ similarly, where (see Definition A.2.2)
NLinTime = NTime(O(n)).

(Relativizing logspace classes is more complicated, see [1] for details.)
The polynomial time hierarchy (PH) and linear time hierarchy (LTH )
are defined in Section 111.4.1 as follows.

DEFINITION A.3.1 (PH). A} =X =TI = P. Fori > 0.
P P
leJrl = NP* , Hz[')Jrl = co_Zierl, Aszrl — pE
And

PH = G I
i=0
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Thus NP C PH, and it can be shown that PH C PSPACE. However
neither inclusion is known to be proper. It is also not known whether the
polynomial time hierarchy is proper.

DErFINITION A.3.2 (LTH).
Y — NLinTime. ¥ = NLinT ime™" fori > 1,
and

o0
LTH = [ Jz".
i=1
Thus LTH C PH, and as far as we know, P and LTH are incompara-

ble. Both PH and LTH can be alternatively defined using the notion of
alternating Turing machines, which we will define in the next section.

A.4. Alternating Turing Machines

An alternating Turing machine (ATM) M is defined as in Definition
A.2.1 for a nondeterministic Turing machine, but now the finite set Q \
{Qaccepr- Areject } 18 partitioned into 2 disjoint sets of states, namely the set
of d states and the set of V states.

If a configuration ¢, of M can be obtained from ¢ as specified by the
transition function . we say that it is a successor configuration of ¢;. An
existential (resp. universal) configuration is a configuration of the form
(q....) where ¢ is an -state (resp. a V-state).

We define the set of accepting configurations to be the smallest set of
configurations that satisfies:

e afinal configuration of the form (qaccep:. - - -) 1S an accepting config-
uration (a final accepting configuration):

e anexistential configurationis acceptingiffat least one of its successor
configuration is accepting;

e a universal configuration is accepting iff all of its successor configu-
rations are accepting.

We say that M accepts x iff the initial configuration (qisiar, €, X, €, €. . . . . €, &)
is an accepting configuration of M.

A computation of M on an input x is viewed as a tree 7" with leaves
labeled with the configurations as follows:

e the root of 7 is labeled with the initial configuration of M on x;

e if v is an inner node of 7T labeled with a universal configuration ¢
which has k successor configurations, then v has k children each
labeled uniquely by a successor configuration of ¢;

e if v is an inner node of T labeled with an existential configuration
¢ which has k successor configurations, then v has &’ children for
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some k', 1 < k’ < k. and each child of v is labeled uniquely by a
successor configuration of ¢.

A finite computation of M is called an accepting computationif all its leaves
are labeled with a final accepting configuration.

We say that an ATM M accepts (or computes, or decides) x in time ¢ if
there is an accepting computation of M on input x where the paths from
the root to any leaf has length < 7. We say that M accepts (or computes,
or decides) x in space s if there is an accepting computation of M on input
x in which every configuration has size at most s. Also M accepts (or
computes, or decides) L = L(M) in time f(n) (resp. space f (n)) if for
all x € L, M accepts x in time f(|x|) (resp. space f(|x])).

The alternation depth of a computation is the maximum over all paths
from root to leaf of one plus the number of changes of state type (i.e.
existential or universal) along the path. In particular. the alternation
depth of a computation of a nondeterministic Turing machine is one.

DErFINITION A.4.1. For functions f(n). g(n). ATime(f) is the class of
languages that are accepted by an ATM in time f (n), ATime-Alt(f.g) is
the class of languages that are accepted by an ATM in time f (n) with at
most g(n) alternations, ASpace-Time( f. g) is the class of languages that
are accepted by an ATM in space f(n) and time g(n), ASpace-Alt(f.g)
is the class of languages that are accepted by an ATM in space f (n) with
at most g(n) alternations.

It can be seen that for i > 1, £¥ is the class of languages accepted by a
polytime ATM with at most i alternations and an existential initial state,
and I17 is defined similarly with a universal initial state.

In the next section we define the circuit classes such as NC*, AC*. They
can be equivalently defined using ATMs.

A.5. Uniform Circuit Families

A Boolean circuit (or just circuit) C with inputs xg, x1.....x,_ iS a
directed acyclic graph in which each gate (i.e.. node) that has indegree 0 is
either an input gate and is labeled with some variable x; or a constant gate
and is labeled with a Boolean constant (0 for False and 1 for True). and
each gate that has indegree k > 0 (called an inner gate) is labeled with a
Boolean function of k variables. Gates with outdegree 0 are called output
gates. For a gate g with indegree k > 0, the inputs to g are those gates
g’ for which there is an edge from g’ to g. Unless otherwise specified, the
circuits are assumed to contain inner gates of type —, A and V only.

When the input gates x, xi.....x,_; are assigned values according to
an input string @ in {0, 1}" then the value (or output) of each gate in
C is defined inductively as follows. The value of a constant gate is the
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label assigned to the gate and the value of an input gate labelled x; is «;.
The value of every other gate g is the value of the labeling function when
applied to the values of the inputs to g.

Suppose that C is a circuit with a single output gate. The value (or
output) of C on input & is the value of the output gate of C. We say that
C accepts & iff it outputs 1 on input &.

Note that each circuit accepts strings of a fixed length. So to decide a
language we need a family of circuits, one for each length. Thus we often
consider a family {C,, : n > 1} of circuits where for eachn > 1, C, is a
circuit with n inputs. We say that a language L C {0, 1}* is accepted (or
decided, or computed) by such a family if L is the set of all w such that w
is accepted by C,,, where 7 is the length of w.

In the same way we can define the function computed by a family of
circuits. Here the circuits are allowed to have a sequence of output gates
that make up the output string.

Our definition allows the existence of hardwired families of circuits that
accept non-computable languages. However for the complexity classes
of interest to us we need uniform families of circuits: i.e. circuit families
which can be described by languages in weak complexity classes such as
DLogTime or FO.

Following [100] the uniformity of a family of circuits is defined in
terms of its direct connection language or extended connection language
given below. Informally, the former describes gate types and edges of the
circuits while the latter describes gate types and paths in the circuits.

Consider for example a family of circuits {C, } where for n > 1 C, has
n inputs and all inner gates in C, are either — or binary A, V gates. Thus
every inner gate g has either two inputs which we call the left and right
input of g and denote by g(L) and g(R). respectively, or one input which
we denote by g(L). Suppose that each gate g in a circuit C, is numbered
with a unique natural number less than the size of C,,, so that inputs gates
of C, are numbered 0,1,....(n — 1).

DrrINITION A.5.1. The direct connection language Ly of {C,} is the set
of (the binary string encodings of)

(n.g.p.y)

where n,g € N, p € {¢, L. R}, y € {A,V,—,0,1,input} UN, such that in
C,, either

e p=c¢,y €{A,V,~,0,1,input} and gate g is an y-gate, or
e pe{L,R}. y € Nand gate g(p) is numbered y.
The extended connection language Lg of {C,} is defined in the same way,

except now p € {L, R}* and g(p) is the gate that is reached from gate g
by following the path specified by p.
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The complexity of recognizing Lp or Ly determines uniformity of the
family { C,}. For k > 2 the definition of NC* does not depend on whether
Lp or L is used, however for NC' it is important that we take L.

DEFINITION A.5.2 (NC¥). For k > 1. a language L is in uniform NC*
if it is accepted by a family of polynomial-size logarithmic—depth circuits
{C,} whose extended connection language L, is in FO.

When k& = 1 if we only require the direct connection language Lp of
{C,} be in FO. the result. denoted here by NC.,. is apparently a bigger
class: we have NC' C NC}D, but it is not known whether NC' = NC}).

THEOREM A.5.3 (Ruzzo [100]). For k > 1.
NC* = ASpace-Time(O(log n), O((log n)~)).
In particular we have:
NC' = ATime(O(logn)) = ALogTime.

The classes AC*, TC® and AC°(m) are defined using circuits whose
gates have unbounded fanin. The direct (resp. extended) connection lan-
guage Lp (resp. L) for these circuits can be defined as in Definition A.5.1
butnow p € {1,2,3,...} (resp. p € {1,2,3,...}*). It is easy to see that
for constant depth circuits (i.e.. AC°, AC°(m). TC?) it does not matter
whether we use Lp or Lg to define uniformity. It turns out that this is
also the case for AC* for k > 1.

DEFINITION A.5.4 (ACY). For k > 0. a language L is in AC* iff it is
accepted by a family of circuits {C,,} of size polynomial in n» and depth
O((log n)¥) whose direct connection language L is in FO.

The class A4C° has several equivalent definitions, see Sections IV.1
and IV.3.2. In particular, AC° = LH where
LH = ATime-Alt(O(logn), O(1)).
For k > 1 we have (see also the fact that the problem Lmcv, is in
ASpace-Time(log n., (logn)*). Theorem IX.5.28):
THEOREM A.5.5 ([40, 110]). Fork > 1,
AC* = ASpace-Alt(O(logn). O((logn)¥)).
Note that by Immerman—Szelepcsényi Theorem A.2.4
ASpace-Alt(O(logn). O(1)) = NL.
The classes uniform T7C° and AC°(m) are defined similarly using cir-
cuits that have (in addition to — gates and unbounded fanin A, V gates)
majority gates and modulo m gates, respectively. A majority gate outputs

one iff at least half of its inputs are one, and a modulo m gate outputs one
iff the number of one inputs is 1 modulo m.
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DEFINITION A.5.6 (TC°, AC°(m)). A language is in TC? iff it is ac-
cepted by a family of polynomial-size constant—depth circuits with ma-
jority gates whose extended connection language Lg is in FO. For m > 2
the class AC°(m) is defined similarly with modulo m gates replace majority
gates. Also,

ACC = [ ] AC"(m).
m=2
The class TC? can be equivalently defined using threshold gates. which
outputs one iff the number of one inputs exceeds some given threshold k.
It can be shown that
ACC C TC® C NC!
and that
AC’(m) C AC’(m")
for m,m’ € N such that m|m’. Ajtai [3] and independently Furst,
Saxe. and Sipser [52] show that the relation PARITY (see Sections IV.1
and V.5.1) is not in AC®, and since PARITY € AC°(2). it follows that
AC’ C AC°(2).
Razborov and Smolensky (see [19]) show that MODULO,, ¢ AC°(p) for
any prime p and any m > 2 which is not a power of p. It follows that
AC’(m) € AC°(p).
Consequently we have
AC’ C AC°(p) C ACC.
However, it is not known whether 4C°(6) = NP.
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closed formula, 19
linearly bounded, 86



470

prenex form, 38
provably computable, 373
pseudo formula, 366
QPC formula, 173
QT. quantified threshold, 441
quantifier-free, 35
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function
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alternative axioms, 44 #1L. 358
and 0,99 language, 17
Definability Theorem, 69 languages of theories, see also vocabularies
defining BIT (i, x). 64 layered circuit, 335
defining BIT(i. x). y = 2¥. 59 least number principle, see also MIN
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Af -IND, 222 length of a sequent, 177
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bounded induction, 44 limited subtraction, 60, 220
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implied by COMP, 98 two-sorted, 338
induction in V7. 133 Lind’s Characterization of FL, 356
strong induction, 44 linear formulas, 87
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induction LinTime, 66
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induction axioms. see also IND. PIND. LK-® proof. 24
SIND. LIND anchored proof. 30. 33
bounded length induction, 265 derivational soundness. completeness. 25
inference rule for LK, 22 equality axioms, 32
initial sequents. 10 revised soundness, completeness, 33
interpreting IOPEN in V1, 137 Soundness Theorem, 22
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inversion principle, 13 Anchored Completeness Theorem, 33
IOPEN. 42 revised definition, 33
interpreted in V1, 137 LK?. 87.88
1z, 130 LK>+IND., 150
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provably total function, 51 LK2-VNC!, 411
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combining, 234 LK2-V!, 150
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local search. 229
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KPT Witnessing Theorem, 238, 253 logl(;al ctpnsequence, 10, 21, 80
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mappings b and §, 258
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L5-MAX in V', 133
EB-MAX in V', 150
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SMAX
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propositional translation, 382
Midsequent Theorem, 180
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X-MIN provable in V0. 97
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BB UN2)-MIN in V', 134
definition, 44
definition of, 97
implied by COMP, 98
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mod,
Mody,, 314
opMob,, 314
mod.,. 314
model
expansion of a model, 50
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Modulo m Counting Principle, 316
VO(m) - VavX Count,(a, X)?. 360
modulo m gates, 455
Modulo 2 Counting Principle, 306
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NC'. 319. 456
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NC hierarchy, 319, 335
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NL, 339
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Nondeterministic logspace, see also NL
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for number, pd, 125
predicate calculus, 17
semantics, 19
syntax, 17
preface, xiii-—xv
prenex form, 38
Prenex Form Theorem, 38
prenex formula
prenexification in TC?, 386
prime factorization, 148
prime recognition, 148
principal formula, 11, 22
principal formulas, 175
principle
least number, see also MIN
probabilistic polytime, 242
projection function, 113
proof
LK>. 88
PK. 10, 12
PRF £ relation, 367
anchored proof, see also anchored proof,
14
encodings of, 365
extended PK, 187
from assumptions, 13
provably computable, 373
verification in TC?, 364
proof system, 159, 160
existence of polynomially bounded proof
system < NP = co-NP, 161
QPC, 175
treelike vs daglike, 162
propositional calculus, 9
Propositional Compactness Theorem, 16
propositional formula, 9
propositional proof system, see also proof
system
propositional translation
V0 to bPK. 165
computable in TC?, 373
for V', 191
for bounded Ei formulas, 191
for MFV, 382
formalization of, 364
of Zg (numones’) formulas, 434
of NUMONES, 434
translating 25 formulas, 166
vs formalization, 387
propositional variable, 9
propositionally unsatisfiable, 35
prototype, 180

INDEX

provable collapse, 253
provably computable (formulas or proofs),
373

provably total function, 51
closed under composition, 108
two-sorted, 108

pseudo formula, 366

PSPACE, 174, 447, 448
definition of, 448

PSPACE /poly, 174

PTK. 291. 428
PK p-simulates PTK, 431
bounded depth, bPTK . d-PTK, 430
soundness, completeness, 430

QPC. 173
QPC proof system, 175
QPC sentence, 174
quantified propositional calculus, see also
QPC
quantified threshold formulas, 441
quantifier, 18
X <T.vX <T,219
bounded, 41
in two-sorted logic, 77
sharply bounded, 70
sharply bounded quantifiers, 256
quantifier-free formula, 35

Razborov, 304
REACH, 341
reachability, ¢ reqen, 343
Eg -Rec, 353
recursion, 268
limited, see also limited recursion
recursively enumerable, 35
reduction, 73
< 4¢0 for search problems, 229
<yzco for search problems, 409
ACO-reduction, 267, 269
ACO-reduction, 270
Reflection Principle. see also RFN, 159
relation
representable or definable, 66, 83
remainder function, 60
remainder string function, 137
REPL. 142, 204
28 -IND + T15-REPL. 144
NP-REPL - =% -REPL. 144
VO i/ SB-REPL. 240
$E-REPL and VPV, 242
gXB-REPLin V', 145



INDEX

and conservative extensions, 147
definition of, 143
replacement axioms, see also REPL
Replacement Lemma
for Gy, 185
for PK., 163
represent sets as binary strings, 81
representable relation, 66, 83
Representation Theorem
z8.86
x! 86
xB. 84
for ©8-Horn formulas, 225
Representation Theorems, 81
restricted connective, 177
RFN, 363, 382
2;1+1 'RFNrul—/i‘ee G+ 405
TV X, -RFNg: T |-RFNg,. 402
Vi Hj’—RFNGF1 , Z;’—RFNG?, 400
axiomatize Zf( Vi), 403
axiomatize TV, 404
definition of, 396
for d-PTK. 433
for ePK. 402
for PK, 421
for subsystems of G, 396
prove p-simulations, 407
treelike vs daglike, 398
right, see also projection function
ring, 43
Row, 114
RSUYV isomorphism, 256, 258
between S} and V. 263
definition of, 259
rudimentary function, 131
rule
of PK, 11
rule of inference, 11
Ruzzo, 320, 336

S1. 156, 256
S1(BIT). 258
provably total function. 51
Sé 256, 258
8% hierarchy. 70
SAT
Krom-SAT, see also Krom-SAT
satisfaction, 10
MEA.19
M E A[o], 20
M E Dlg]. M = D. 20
for a sequent, 10
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satisfiability problems
HornSat, 224
satisfiability relation
(Z =0 X). 410
(Z = X). 382
Af -definable in TVY, 384
Af-definable in VNC!, 421
for =1, TT? formulas, 385
satisfiable set of formulas, 10
Savitch’s Theorem, 450
search problem, 229
CC(S). 232
XB-definable in TV', 249
28 |-definable in V', 250
28 |-definable in VPV', 253
Zf -definable in V7, TV, 250
definable in a theory, 232
second-order logic, 73
semantics of first-order sequents, 22
semantics of predicate calculus, 19
semantics of two-sorted logic, 78
sentence, 19
V sentence, 35
SEQ, 283
seq(x. Z), see also sequence, coding
sequence
encode a sequence of numbers, 115
encode a sequence of string, 115
sequent, 10
active sequent, 27
determined sequent, 177
endsequent, 10
initial sequents, 10
logical consequence of, 13
semantics of, 10
valid sequent, 10
sequent length, 177
set
empty, see also empty set
set variable, 76
sharply bounded quantifier, 70
sharply bounded quantifiers, 256
SIND
AB-SIND, 222
®-SIND rule, 233
SIND' rule, 378
definition of, 218
single string quantifier, 115
singleton set, see also POW2
Skolem, 34
Skolem functions, 35, 55
smash function #, 70
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SMAX
definition of, 219
prove BIT-REC, 222
SMIN
definition of, 219
Smolensky, 304
sorting, 287
soundness principle. see also RFN
Soundness Theorem
LK?, 89
PTK. 430
for G. 176
for LK. 22
for LK, derivational, 25
for LK. Revised. 33
for LK*+IND, 151
for PK. 13
for PK, derivational, 13
space constructible function, 448
Space Hierarchy Theorem, 448
Speed-up Theorem, 447
square root function, 60
standard model N,. 79
standard model, N, 20, 40
st-CONN, 339
strict £7, 156
string comprehension, 270
string function
addition, see also addition
definability, see also definability
division, see also division
empty set, see also empty set
encoding Turing machine configurations,
see also configuration, functions encod-
ing
multiplication, see also multiplication
successor., see also successor function
string induction axioms, see also SIND
string maximization axioms, see also SMAX
string minimization axioms, see also SMIN
string ordering X < Y, 219
string quantifier, 77
dX < T.vXx < T,219
string term, 77
string variable, 76, 87
strong induction, 44
structure, 19
weak structure, 31
L2 -structure, 78
student-teacher, 238
subformula property, 14, 15
of LK>+IND, 153
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of anchored LK, 33

of anchored LK. 89

provable in ¥TC?, 373
sublinear time classes, 449
substitution. 21
Substitution Lemma, 185
Substitution Theorem, 21
substring function

XTi, j]. 366
subtraction Z =~ Y, 220
succedent, 10
successor function S(X). 112, 218
successor relation S(X, Y), 378
Sum, 294
summation, 288, 289
syntax of predicate calculus, 17
Szpilrajn’s Theorem, 298

Ti. 71,256,258
TA. 40
tagged formula, 183
Tape Compression Theorem, 448
target formula, 175
TAUT, 160
tautology. 10
TC, 70, 282
TCY/poly. 282
closed under summation, 288
computing propositional translation, 373
contains X x Y, 293
contains ACC, 304
definition of, 456
finite iterations, 269
functions for verifying proofs, 364
sorting in TCY, 287
theories for, see also VTC®, VTC'V
verifying proofs in TC?, 364
term, 18
bounding term for function, 104
closed term, 19
in two-sorted logic, 77
term model. 29
Theorem
Gradel, 225
theorem, 40
theory. 39, 90
p-bounded theory, 45
universal theory, 54
threshold gate, 282
threshold gates, 456
threshold logic, 428
time constructible function, 448
Time Hierarchy Theorem, 448
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total order, 298 ViC TV, 219
Transformation Lemma Vi C TV, 244
38, using REPL. 145 Fx5-IND. 218

Zg , using (bit) definitions. 111
transitive closure, 343
ContainTC, 343
translation
b translation, 262
! translation. 260
propositional, see also propositional
translation
Translation Theorem, 363
for TV, 377
for TV, 382
for Vi, 192
for Vi, formalization in VTC", 377
for VNC', 411
for VTC, 442
for V0,168
all bounded theorems, 195
proof of, 170
for ¥, formalization in WO, 375
for V0 (numones'). 442
tree recursion, see also TreeRec
treelike proof system, 162
¥B-TreeRec, 325
True Arithmetic, 40
truth assignment, 9
L-truth assignment, 35
truth definitions, 383
truth value, 9
tupling function, 113
Turing machine
alternating TM, see also ATM
definition of, 445
nondeterministic oracle TM,
NOTM
nondeterministic TM, see also NTM
oracle TM, see also OTM
V0, 217, 367
TV = VP, 220
= Zg—BIT—REC. 222
= RFN,pg. 402
= Af-SIND, 223
ylis Zf-conservative over TVY, 220
finite axiomatizable, 220
V', 228
TV (VPV). 220
Witnessing Theorem, 233
TV 217,218, 363
TV (VPV), 220
TV (VPV) conservative over TV, 220

see also

= EE’H-RFNG!*“ . I'Ij.’H-RFNGI., 402
F=B-SMIN.SMAX, 219
Ef -definable search problems of, 249
Z}B -definable search problems of, 250
pitl Zﬁl -conservative over TV?, 249
axiomatized by RFN, 404
finite axiomatizable, 405
finitely axiomatizable, 243
Translation Theorem, 377
two-sorted classes, 73. 80
LTH, 86
two-sorted function, 101
two-sorted logic, 73. 76
interpreted as single-sorted. 91
semantics. 78
syntax. 76
two-sorted theory, 90
definability, 107
Tychonoff’s Theorem, 17

U'. 338

uniformity, 453

universal closure, 24

universal conservative extension, 124

universal formula., 54

universal function, 243

universal theory, 54
Witnessing Theorem, 211

universe. 19

unsatisfiable set of formulas, 10

upper bound for G proofs, 177

V0,73, 95,267
VO(Row). 114
VO(TruesE). 128
V(2.8 +). 112
VOt Count,. 307
V0 OPHP. 306
VO i/ SB-REPL. 240
28-definable functions. 110
¥%(2) not Zg-conservative over V9, 308,
70318
V. 124
70,169
conservative over IAg. 99
definability in V0. 106
Definability Theorem, 117
finite axiomatizability, 129
independence of PHP, 168



478

properly contained in V1, 136
properly in ¥0(m). 318
properly in VTC?, 287
properly in ¥°(2). 308
proves X-IND, 98
proves X-MIN, 97
Translation Theorem, 168
all bounded theorems. 195
formalization in WO, 375
proof of, 170
Witnessing Theorem, 117
¥0(2), 303, 304
LO_(Z\), 305
V0(2), 305
Definability Theorem, 305
not Zg -conservative over V0, 308, 318

properly contains V', 308
proves Count,, 307
proves Jordan Curve Theorem, 311
proves OPHP, 306
VO(m). 314
VO(m) - PHP?, 360
VO(m) - VavX Count,(a, X)?. 360
= Count,,, 317
+ Count,,, for gcd(m.m') > 1,317
Vo(m). 315
VO(m). 314
Definability Theorem, 315
properly contains ¥°, 318
VO (numones'). 434
Translation Theorem, 442
V1133
+X8-REPL, 144
F AB-SIND. 223
Ef-conservative over TVY, 220
Zf -conservative over VP, 217
Vi(vPy). 213
V' 149
and VPV, 213
characterizes P, 135
Definability Theorem, 135
extended by polytime functions, 145
interprets IOPEN, 137
prime factorization, 148
prime recognition, 148
properly contains ¥°, 136
Witnessing Theorem, 147
proof of, 154
vl 156
VI-KROM. 339, 343
= VNL, 347
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definition, 346
Vi 96,363
viC TV, 219
Vi C TV, 244
FxB(zB uni®)-comp. 134
- SB-IND. MIN. MAX. 99, 133
+ ¢X5-REPL, 145
FIY-RFNg, _,.2{-RFN;:. 400
Elﬂ \-definable search problems of, 250
Ef -definable search problems of, 250
Vi(VPV). 213
pitl Zﬁrl-conservative over TV, 249
finitely axiomatizable, 243
Translation Theorem, 192
formalization in VTC". 377
e, 245
vs PH, 253
VAC®(2)V. 303, 308
VACY(6)V. 303, 318
VACC, 315
Definability Theorem, 315
VACF and VNC*, 337
valid, 10
valid formula, 10, 20
valid QPC formula, 174
valid sequent, 10, 22
variable, 18
bound variable, 21
extension variable, 187
free and bound in two-sorted, 87
free and bound variable, 19, 21
in two-sorted logic, 76
parameter variable, 23
propositional, 9
VC. 267
= COMP. IND, MIN. 274
VC. 278
VC. 274
definition, 273
proves COMP, IND, MIN. 279
VI-HORN, 223
= VP, 226
definition of, 226
VL. 339. 351
=38-Rec. 354

2 ySL. 358
contains VNC!, 354
Definability Theorem, 353
VLV, 339, 356
VNC!, 323
= 3B-TreeRec, 325
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AB-defines (Z = X). 421
contains VTC?, 326
Definability Theorem, 324
in VL, 354

proves RFN pg . 424
Translation Theorem, 411
VNC'V, 333

VNL. 339. 341

= VI-.KROM, 347

VNL. 342

Definability Theorem, 342

vocabularies

L4.18.40

Lpyco. 125

Lro. 74

Ly, 56

Lgp. 210

Lppi. 246

Ls,.70.256

Ly,. 262

£%.76

L1.260

vocabulary, 17

VP. 201, 267,273
= VI-HORN, 226
TV = VP, 220
VP C v+ 58-BIT-REC. 223
Vlis Zf-conservative over VP, 217
VPV conservative over VP, 214
VP, 207
finite axiomatizable, 202
minimal theory for P, 210

VPV, 210

- S8(Lpp)-COMP.IND. MIN, MAX,

212
F AB-SIND, 222
F 2§ (Lrp)-SIND. 221
$E-REPL and VPV . 242
and V(VPV), 214
and V1,213
binary search, 221
conservative over VP, 214
Definability Theorem, 214
definition of, 211
Witnessing Theorem, 212

VPV, 245
H Zg (Lppi )-COMP,IND, MIN. MAX,
247
Zﬁ] -definable search problems of, 253
definition of, 246
VSL, 358
VTCY, 281, 403
AB_defines PRF 5. 368
VTC'V, 287
VTC’. 286
defines propositional translations, 375
VO (numones’), 434
can define | X/Y |?, 360
Definability Theorem, 286
defining X x Y, 293
definition, 283
in VNC', 326
properly extends V0, 287
proves PHP, 291
sorting in V'TC, 287
Translation Theorem, 442
VTCcoy., 289

weak structure, 31
witness query, 250
witnessing functions, 117
Witnessing Problem
definition of, 409
for G, 408
for G}. 363
for G§. Go. 428
Witnessing Theorem
for Gy, 186
for TV, 233
for V1, 147
proof of, 154
for VPV, 212
for 170,95, 117, 118
alternative proof of, 127
proof of. 119
for universal theories, 211
KPT, see also KPT Witnessing Theorem

Zambella, 130
Zorn’s Lemma, 17
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