Linear Algebra for Statistics

UNIT OBJECTIVES:

At the

end of this unit each student should able to:
Know representation of vectors geometrically.

Understand operation of vectors algebraically and geometrically.
Realize properties of operations on vectors.

Learn about projection of a vector along another vector.
Understand the dot product and cross product of two vectors.
Know the norm of a vector.

Develop parametric and non-parametric equation of a given line.

Develop the parametric form and normal form of equation of a plane.

ntroduction

Physical quantities which are complitly described with magnitude alone is called

scalars. On the other hand physical quantities which are determined with both

magnitude and direction are known as vectors. In this unit our goal is not to define

vectors at all, but simply will insist that they can be added or multipled by a number in

a familiar algebraic rules. Thus we will review some of the basic theory of vectors in

two and three dimensions. This helps us to visualize the geometric concepts.

1.1-Definition of Points In n-Space

Objectives:

At the end of this section, students should be able to

Add any vectors if they have the same components.
Multiply all vectors by scalars.
Represent vectors geometrically in two and three spaces in order to visualize.

Use properties of vector operations in n-space to calculate vector component.
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Definition: If n is a positive integer, then an ordered n-tuple is a sequence of n real

numbers(a,,a,,a,,...,a,). The set of all ordered n-tuples is called n-space and is

denoted by R" .

When n=2or 3, it is customary to use the terms ordered pair and ordered triple,
respectively, rather than ordered 2-tuple and ordered 3-tuple. Whenn =1, each ordered
n-tuple consists of one real number, soR" may be viewed as the set of real numbers. It
is usual to write R rather than R*for this set. It might have occurred to you in the study
of 3-space that the symbol (ai, az, as) has two different geometric interpretations: itcan
be interpreted as a point, in which case, a;, a, and as are the coordinates (Figure 1.1.1a),
or it can be interpreted as a vector, in which case a;, a; and ag are the components
(Figure 1.1.1b). It follows, therefore, that an ordered n-tuple (a;, az, as, ...., an) can be
viewed either as a “generalized point” or as a “generalized vector”—the distinction is

mathematically unimportant. Thus we can describe the 5-tuple (-2, 4, 0, 1, 6) cither as

a point in R°or as a vector in R°.
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Figure 1.1.1 Geometric representation of (a,,a,,a,) as a point and a vector.

Definition: Two vectors u = (u;, U,, Us,...,u,) and v=(v,V,, Vs,...,V,)in R"are
called equal (u = v) if u, =v,,u, =V,,U; =V,,...,u, =V, . The sum u+vis defined by

U+Vv=(Uu, +v,,u, +v,,u; +Vv,,...,u, +v,) and if k is any scalar, the scalar multiple
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ku is defined by ku = (ku,,ku,,ku,,...,ku,). The operations of addition and scalar
multiplication in this definition are called the standard operations on R". The zero
vector in R"is denoted by O and is defined to be the vector 0=(0,0,0,---,0). If
u=(u, u,, U,,...,u,) isanyvectorin R", then the negative (or additive inverse) of
u is denoted by —uand is defined by —u = (-u,,—Uu,,—U,,...,—U,). The difference of

vectors inR" is defined byv-u=v+(-u)or, in terms of components

v-u=(v,—-u,Vv, —U,,V; —U,, ...,V, —U,).

Some Examples of Vectors in Higher-Dimensional Spaces

Experimental Data. A scientist performs an experiment and makes n numerical

measurements each time the experiment is performed. The result of each experiment
can be regarded as a vector Y =(Y,,Y,,Ys,---,¥Y,) in R"in whichy,,v,,Ys,...,Y, are
the measured values.

Storage and Warehousing. A national trucking company has 15 depots for storing and
servicing its trucks. At each point in time the distribution of trucks in the service depots

can be described by a 15 tuple X = (X, X,,Xs,...,X;5) in which X, is the number of

trucks in the first depot, X, is the number in the second depot, and so forth.

Economics. Our approach to economic analysis is to divide an economy into sectors
(manufacturing, services, utilities, and so forth) and to measure the output of each

sector by a dollar value. Thus, in an economy with 10 sectors the economic output of

the entire economy can be represented by a 10-tuple s = (s,,S,,Ss,...,Sy,) in which the
numbers S,S,,S;,...,S;pare the outputs of the individual sectors.

Properties of Vector Operations in n-Space

Properties of addition and scalar multiplication of vectors in RMare listed in the

following theorem. The proofs are all easy and are left as exercises.

Theorem: Properties of Vectors in R"

If u=(u,u,,Us,...,u,), v=(v,V,, Vs...,v,), and W= (W, ,W,,W,,...,w )are

vectors in "™ and k and m are scalars, then:
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@ u+v=v+u
b)u+(v+w)=(Uu+Vv)+w
(©)u+0=0+u=u

(d) u+(-u)=0;thatis, u—u=0
(e) k(mu) = (km)u

(f) k(u+v)=ku+kv

(@) (k+m)u=ku+mu

(h) u=u

This theorem enables us to manipulate vectors in R without expressing the vectors in
terms of components. For example, to solve the vector equation x+u = vfor x, we can
add —uto both sides and proceed as follows:

X+Uu+(-u)=v+(-u)

= X+U-u)=v-u

=x+0=v-u

= X=V-U
The reader will find it instructive to name the parts of the Theorem that justify the last

three steps in this computation.

1.2- Vectors in n-space; Geometric interpretation in 2-and 3
spaces

In this section, vectors in 2-space and 3-space will be introduced geometrically,
arithmetic operations on vectors will be defined, and some basic properties of these
arithmetic operations will be established.

Geometric Vectors

Vectors can be represented geometrically as directed line segments or arrows in 2-space
or 3-space. The direction of the arrow specifies the direction of the vector, and the
length of the arrow describes its magnitude. The tail of the arrow is called the initial
point of the vector, and the tip of the arrow the terminal point. Symbolically, we shall

denote vectors in lowercase boldface type (for instance, a, k, v, w, and x). When
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discussing vectors, we shall refer to numbers as scalars. As shown in Figure 1.2a, the

initial point of a vector v is A and the terminal point is B, we write v = AB.

Vectors with the same length and same direction, such as those in Figure 1.2 b, are
called equivalent. Since we want a vector to be determined solely by its length and
direction, equivalent vectors are regarded as equal even though they may be located in

different positions. If v and w are equivalent, we write v =w.

=B
/

(a) The vector AB

(/) Equivalent vectors

Figure 1.2

Definition: If v and w are any two vectors, then the sum v + w is the vector determined
as follows: Position the vector w so that its initial point coincides with the terminal
point of v. The vector v+w is represented by the arrow from the initial point of v to
the terminal point of w (Figure 1.3 a).

() vEw=w+v
Figure 1.3
In Figure 1.3b we have constructed two sums, v+w (diagonal of upper triangle) and

w+V (diagonal of lower triangle). It is evident that v+w =w+ vand that the sum




Linear Algebra for Statistics

coincides with the diagonal of the parallelogram determined by v and w when these
vectors are positioned so that they have the same initial point.

The vector of length zero is called the zero vector and is denoted by 0. We define

0+v=v+0.

for every vector v. Since there is no natural direction for the zero vector, we shall agree
that it can be assigned any direction that is convenient for the problem being
considered. If v is any nonzero vector, then - v, the negative of v, is defined to be the
vector that has the same magnitude as v but is oppositely directed (Figure 1.2.3). This
vector has the property v + (- v) = 0 (Why?) In addition, we define — 0 = 0. Subtraction

of vectors is defined as follows:

Figure 1.4
The negative of v has the same length as v but is oppositely directed.

Definition: If v and w are any two vectors, then the difference of w from v is defined

by
vV—-w =V + (- w) (Figurel.5a).

W W

(at)

Figure 1.5

To obtain the difference v —w without constructing - w, position v and w so that their
initial points coincide; the vector from the terminal point of w to the terminal point of v

is then the vector v - w (Figure 1.5b).
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Definition: If v is a nonzero vector and k is a nonzero real number (scalar), then the

product kv is defined to be the vector whose length is |k| times the length of v and

whose direction is the same as that of v if k > 0 and opposite to that of v if k < 0. We
definekv=0 ifk=0o0rv=0.

. . . 1
Figure 1.6 illustrates the relation between a vector v and the vectorzv, (-v, 2v, and

(=3)v . Note that the vector (—1)v has the same length as v but is oppositely directed.

Thus (-1)v is just the negative of v; that is, (-1)v =—V.

Figure 1.6
A vector of the form kv is called a scalar multiple of v. As evidenced by Figure 1.6,
vectors that are scalar multiples of each other are parallel. Conversely, it can be shown

that nonzero parallel vectors are scalar multiples of each other. We omit the proof.

Vectors in Coordinate Systems

Problems involving vectors can often be simplified by introducing a rectangular
coordinate system. For the moment we shall restrict the discussion to vectors in 2-space
(the plane). Let v be any vector in the plane, and assume, as in Figure 1.7, that v has
been positioned so that its initial point is at the origin of a rectangular coordinate

system. The coordinates (vl,vz)of the terminal point of v are called the components of

v, and we write v = (v,,V,)

(V) T2

e
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Figure 1.7:v,and v, are the components of v.

If equivalent vectors, v and w, are located so that their initial points fall at the origin,
then it is obvious that their terminal points must coincide (since the vectors have the
same length and direction); thus the wvectors have the same components.
Conversely,vectors with the same components are equivalent since they have the same
length and the same direction. In summary, two vectors v =(v;,v,) and w = (w,,W,)
are equivalent if and only if v, =w, and v, = w,.

The operations of vector addition and multiplication by scalars are easy to carry out in

terms of components. As illustrated in Figure 1.2.7, if v=(v,,v,) and w=(w,,w,)

thenv+w = (v, +W,,V, +W,).

Y=«

Figure 1.8
(1) If v=(v,,v,)and k is any scalar, then by using a geometric argument involving

similar triangles, it can be shown that kv = (kv;,kv,)
(2) Thus, for example, if v = (1, -2) and w = (7, 6), then

v+w=(1,-2)+(7,6) = (1+7,-2+6) = (8,4) and
4v = 4(1, -2) = (4(2), 4(-2)) = (4, -8)
Since, v—w =V + (-1)w, it follows from Formulas 1 and 2 thatv — w = (V1 - Wy, V2 - W»)

(Verify.)
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Figure 1.9

Vectors in 3-Space

Just as vectors in the plane can be described by pairs of real numbers, vectors in 3-
space can be described by triples of real numbers by introducing a rectangular
coordinate system. To construct such a coordinate system, select a point O, called the
origin, and choose three mutually perpendicular lines, called coordinate axes, passing
through the origin. Label these axes x, y, and z, and select a positive direction for each
coordinate axis as well as a unit of length for measuring distances (Figure 1.10a).Each
pair of coordinate axes determines a plane called a coordinate plane. These are referred
to as the xy-plane, the xz-plane,and the yz-plane. To each point P in 3-space we assign
a triple of numbers (x, y, z), called the coordinates of P, as follows: Pass three planes
through P parallel to the coordinate planes, and denote the points of intersection of
these planes with the three coordinate axes by X, Y, and Z (Figure 1.10b). The
coordinates of P are defined to be the signed lengths x = OX, y = QY, z = OZ.

In Figure 1.11 a we have constructed the point whose coordinates are (4, 5, 6) and in
Figure 1.11b the point whose coordinates are (-3, 2, -4).

(1) ()
Figure 1.10

®4.5.6)

r
\

S8 (-3, 2 -4)

<7 T T
N

(a) (H)
Figure 1.11
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Rectangular coordinate systems in 3-space fall into two categories: left-handed and
right-handed. A right-handed system has the property that an ordinary screw pointed in
the positive direction on the z-axis would be advanced if the positive x-axis were
rotated 90° toward the positive y-axis (Figure 1.12a); the system is left-handed if the

screw would be retracted (Figure 1.12b).

N

/ o
i e
A N

(«) Right-handed

!

AR

—-
-~

(h) Left-handed
Figure 1.12
7S Remark: In this module we shall use only right-handed coordinate systems.

If, as in Figure 1.12, a vector v in 3-space is positioned so its initial point is at the origin

of a rectangular coordinate system, then the coordinates of the terminal point are called

the components of v, and we write v = (vy, Vy, V3).

Figure 1.13
If v=(v,v,,v;)andw = (w,,w,,W,) are two vectors in 3-space, then arguments similar
to those used for vectors in a plane can be used to establish the following results

» vandw are equivalent if and only if

10
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Vi = W Vo = Wy, and vz = w3
> V+ W= (v + Wy, Vo + Wy, V3 + Ws)
» kv = (kvy, kv, kvs), where k is any scalar.
Example 1 : Vector Computations with Components
If v=(,—-3,2)and w=(4,2,1),thenv +w = (5, -1, 3), 2v = (2, -6, 4),
-w=(-4,-2,-1),v-w=v+(-w)=(-3,-51).

Sometimes a vector is positioned so that its initial point is not at the origin. If the vector
P,P, has initial point P,(x,,Y,,z,)and terminal point
Pz(xz’ yz’zz) then P1P2 = (Xz =X, Y, =Y 4 — Zl)'

That is, the components of PP, are obtained by subtracting the coordinates of the

initial point from the coordinates of the terminal point. This may be seen using Figure
1.14:

Figure 1.14

The vector P:F’2 is the difference of vectors OTDZ and OT:>1 , SO F’?F’2 = OEZ— OE

= (X, Y20 Z,) = (X, Y1, Zy)
S (X=X, Y~ Y1, 2, 7))

Example 2: Finding the Components of a Vector

The components of the vector v = P;P2 with initial point P, (2,—1,4) and terminal point
P,(7,5—-8)are v=(7-2,5-(-1),(-8)-4)=(5,6,-12).
In 2-space the vector with initial point P,(x,,y,) terminal pointP,(x,,y,) is
PP, =X —X,Y, = ¥,)
© Test yourself!

1. Letu=(2,-7,1),v=(-3,0,4),w=(0,5,-8). Finda. 3u—4v b. 2u + 3v - 5w

11
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2. Findxandyif (4,y) =x(2, 3).

7 -3 1 5
3. Compute a. —4F 1y |8 +(4J
2 ) 5

4. Provethat(u+v)+w=u+(v+w).

5. Find the vector of A= (1,1, 3)and B = (-1, 1, 5) and sketch the graph.

1.3- Scalar Product and the Norm of a Vector, Orthogonal
Projection, Directional Cosines

Objectives:
At the end of this section, the students should be able to
e Calculate the norm of a vector.
e Define the unit vector.
e Determine the scalar (dot) product of nonzero vectors.
e Find the orthogonal projection of vectors in two and three spaces.
e Compute directional angle

Norm of a vector

The length of a vector u is often called the norm of u and is denoted by|ul. It follows
from the Theorem of Pythagoras that the norm of a vector u = (uy, Uy) in 2-space is
|lul| = yuf +u; (Figure 1.16a). Let u = (us, Up, Ug) be a vector in 3-space. Using Figure
1.16 b and two applications of the Theorem of Pythagoras, we obtain

Ju[* = (OR)? + (RP)? = (OQ)? +(0S)? + (RP)? =u? +uZ + U’

Thus ||u| = y/uf +u; +u;. A vector of norm 1 s called a unit vector.

12
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Figure 1.16

If P(x.,Y,,2,)andP,(X,,Y,,z,) are two points in 3-space, then the distance d between
them is the norm of the vector PlTDZ (Figurel.3.2). Since

P1P2 = (Xz — XY, =Y, _21)

it follows that

d =\/(X2 _X1)2 +(y2 _Y1)2 +(Zz _21)2
Similarly, if P,(x,,y;)and P,(X,,Y,)are points in 2-space, then the distance between them

is given by

d =0 —%)% +(Y; —Y.)°

¥, ¥a, 15)

Pyl vezg) i

v '

The distance between P, and P; is the norm of the vector| PP, |.

Figure 1.17

Example 1: Finding Norm and Distance

The norm of the vector u = (- 3, 2, 1) is |u] = /(-3)% + (2> + ()* = V14

13
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The distance d between the points P1(2, -1, -5) and P»(4, - 3, 1) is
d=/(4-2)? +(-3+1)7 +(1+5)? =44 =211

From the definition of the product ku, the length of the vector ku is |k| times the length

of u. Expressed as an equation, this statement says that
[Ikull = IK] {ull
This useful formula is applicable in both 2-space and 3-space.

© Test yourself!
1. Find the norm of v.
(@) v=(4-3)
b)v=(-72-1)
(c)v=(0,6,9)
2. Find the distance between P; and P..
(@) P1(3, 4), Px(5,7)
(b) P(7, -5, 1), Py(- 7, - 2, -1).
3. Letv=(-1,2,5). Find all scalars k such that ||kv|| = 4.

I 1 . .
4. (a) Show that if v is any nonzero vector, then—:V is a unit vector.

vl

(b) Use the result in part (a) to find a unit vector that has the same direction as the vector
v=(34)..
(c) Use the result in part (a) to find a unit vector that is oppositely directed to the vector
v=(-2 3, -6).
Scalar Product (Dot Product); Ortogonal Projections
Scalar Product of Vectors: It is also called dot product.
Let u and v be two nonzero vectors in 2-space or 3-space, and assume these vectors
have been positioned so that their initial points coincide. By the angle between u and v,

we shall mean the angle 0 determined by u and v that satisfies0 < 8 < = (Figurel.3.3).

Figure 1.17: The angle 6 between u and v satisfies0< 0 < r.

14



Linear Algebra for Statistics

Definition: If u and v are vectors in 2-space or 3-space and 6 is the angle between u
and v, then the dot product or Euclidean inner product u.v is defined by

uv = {”“””V”COS@, if u=z0andv=0 "

0, ifu=0andv=0

Example 1: Dot Product
As shown in Figure 1.19, the angle between the vectors u = (0, 0, 1) and v = (0, 2, 2) is
45°, Thus

11-‘.r'=||11||||"f'||f?05":’i':'(F(':IE H0% 12)(‘(02 F2t 42 (ﬁ)zz
e

(0.2, 2)

(LR

Figure 1.19

Component Form of the Dot Product
For purposes of computation, it is desirable to have a formula that expresses the dot
product of two vectors in terms of the components of the vectors. We will derive such a

formula for vectors in 3-space; the derivation for vectors in 2-space is similar.
Let u=(u,,u,,u;)and v =(v,,v,,V,) be two nonzero vectors. If, as shown in Fig. 1.20,

0 is the angle between u and v, then the law of cosines yields
-
IRR, 1=l ull® + 1 vIi> =2 ulll v | cosé. )
—
Since PQ = v —w, we can rewrite 2 as||u||| v|[cos@=3(|ul®> +| v]? = v—u]?)

oruv=3(lull® +Iv[* =l v-ul)

Substituting

15
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JulP=uf +u;+u3,
| vI?P=V?+V. +v
| v—ul®= (2 _ul)z +(v, —U2)2 + (Vs _u3)2
we obtain, after simplifying,
UV =Uu,V, +U,V, +U,V, (3)
Although we derived this formula under the assumption that u and v are nonzero, the

formula is also valid if u =00r v =0(verify).

AT
Plitg. s, 1tq)

A

[ ‘I;'.ILJ"{'-_ LIRS Liq)
i

Figure 1.20

Ifu=(u,,u,)andv =(v,,v,) are two vectors in 2-space, then the formula corresp-

onding to 3 isu.v =u,v; +U,V, 4)

Finding the Angle Between Vectors
If u and v are nonzero vectors, then Formula 1 can be written as

cosf =—v (5)
ullf v

Example 2: Dot Product Using (3)

Consider the vectorsu = (2,-11) andv =(1,1,2). Find u.v and determine the angle 0
between u and v.

Solution: u.v =u,v, +u,v, +U,v, = (2)() + (-D@) + @) =3.

u.v 3

lulll vl /eJs

For the given vectors we have|| u ||=]| v [|= /6, so from (5), cosé =

.Thus, 6 =60°

N |-

16
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The following theorem shows how the dot product can be used to obtain information
about the angle between two vectors; it also establishes an important relationship

between the norm and the dot product.

Theorem: Let u and v be vectors in 2- or 3-space.
@ v.v =] v[72: thatis, || v = (v.v) 2
(b) If the vectors u and v are nonzero and 0 is the angle between them, then

disacute < uv>0
disobtuse < uv>0
0=r/2 < uv=0

Proof (a): Since the angle 6 between v and v is 0, we havev.v = v ||| v | cosé
= v|* cos0 =] v |?.

Proof (b): since 0 satisfies0 <0<z, it follows that 0 is acute if and only ifcosé >0,
that 0 is obtuse if and only ifcosé < 0, and that & = % if and only ifcos® = 0. Butcosé

has the same sign as u.v since u.v = ||u]| ||v||cos®, ||u|>0, and || v |>0.

Thus, the result follows.

Example 3: Finding Dot Products from Components
Ifu=(,-2,3),v=(-3,4,2),and w = (- 3, 4, 2), then
uv=>0)(3)+(-2)4+@)2)=-5 uv=D0)(3)+(-2)4)+@3)(2)=0
vw=(-3)(-3)+ (4)4) +(2)(2) =21

Therefore, u and v make an obtuse angle, v and w make an acute angle, and u and w

are perpendicular.

Orthogonal Vectors

Perpendicular vectors are also called orthogonal vectors. In light of the Theorem
above b, two nonzero vectors are orthogonal if and only if their dot product is zero. If
we agree to consider u and v to be perpendicular when either or both of these vectors is
0, then we can state without exception that two vectors u and v are orthogonal
(perpendicular) if and only if u.v = 0. To indicate that u and v are orthogonal vectors,

we write ¢

17
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Example 4: A Vector Perpendicular to a Line

Show that in 2-space the nonzero vector n=(a,b) is perpendicular to the line
ax+by+c=0.

Solution: Let P1(x1, Y1) and P2 (X2, Y2) be distinct points on the line, so that

ax, +by, +c=0 ©)
ax, +by, +c=0

Since the vector PP, =(X, —X;,Y, —V,) runs along the line (Figure 1.21), we need

only show that n and #:7z are perpendicular. But on subtracting the equations in (6),
we obtain @(xz—x1)+&r2—»y1)=0 which can be expressed in the form

[, B) - (xa—x1, v2—y1) =10 or n-FiFa=10
Thus n and 1z are perpendicular.
L+ v+ =10

i, vl

Figure 1.21

The following theorem lists the most important properties of the dot product. They are
useful in calculations involving vectors.

Theorem: Properties of the Dot Product
If u, v, and w are vectors in 2-or 3-space and k is a scalar, then

(@ uv=v.u
(b) u.(v+w)=u.v+uw
(c) k(u.v) = (ku).v =u.(kv)

(d) vv>0if v#0 ,andvv=0if v=0

Proof: We shall prove (c) for vectors in 3-space and leave the remaining proofs as

exercises. Let u=(u,,u,,u;) and v=(v;,v,,V,); then

18
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elw-v) =kiugvy + wavg + ugvs)

= (ke jvy + vy + (kus)vs

=) -v
Similarly, k(u.v) =u.(kv)
An Orthogonal Projection
In many applications it is of interest to “decompose” a vector U into a sum of two
terms, one parallel to a specified nonzero vector a and the other perpendicular to a. If u
and a are positioned so that their initial points coincide at a point Q, we can decompose
the vector u as follows (Figure 1.3.7): Drop a perpendicular from the tip of u to the line
through a, and construct the vector w; from Q to the foot of this perpendicular. Next

form the difference w, =u—-w;.

As indicated in Figure 1.3.7, the vector w; is parallel to a, the vector w; is perpen-
diculartoa, and Wi+ wz=wi+ (u—wi)=u

The vector w; is called the orthogonal projection of u on a or sometimes the vector
component of u along a. It is denoted by proj 5" (7)
The vector w;, is called the vector component of u orthogonal to a. Since we have w,=

u — Wy, this vector can be written in notation 7 as Wz =1 — projau

-

u J u \ u
W- W, | W
» ‘/ ! i L"/ | \\\J ‘
r n’- ¢ T‘Q‘_‘:\ -

¢ W,

(@) (h) (¢)
Figure 1.22
The vector u is the sum of w; and w,, where wy is parallel to a and w; is perpendicular
to a.
The following theorem gives formulas for calculating proj 5" and u - proj 5" .

Theorem:

If u and a are vectors in 2-space or 3-space and if a0, then
1L - A
llall?

projan = a {(vector component of u along a )

. w-a )
n—projl=1u— ——_—a {(vector component u orthogonal to a)

2
llall

19
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Proof: Let Wi =projgu and Wz =u—preign, Since wy is parallel to a, it must be a
scalar multiple of a, so it can be written in the form w; = ka. Thus
u=wj + w3z =4ka + w3 (8)

Taking the dot product of both sides of 8 with a and using the above Theorems yields

ua=(ka+w,)a=k|a|*+w,.a (9)
. : . . u.a
Butw,.a = 0 since w; is perpendicular to a; so 9 yields k = B
a
. -y . ., ua
Since proj , = w; = ka we obtain proj, = Ial’ a
a

Example 5: Vector Component of u Along a
Letu = (2,—1,3) and a = (4,—1,2) Find the vector component of u along a and
the vector component of u orthogonal to a.
Solution:
n-a=214+ (=13 =1) 4+ (3)(2) =15
lallf=4%+ (= 1)? + 22 =21
Thus the vector component of u along a is

n-a 150 _ _(:0 _5 10
a=1, —1,2)=(2, -3 1

Z
|all

a

projan=

and the vector component of u orthogonal to a is

u—proju= (2, —1,3) — (%, — % IT]I = (— %, —%, 1 )
As a check, the reader may wish to verify that the vectors u - proj ," and a are
perpendicular by showing that their dot product is zero.
A formula for the length of the vector component of u along a can be obtained by

writing

Iproj,” |

|
c
)

|u.al

which yields proj," = (10)
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If.0 denotes the angle between u and a, then u-a = |[ul[[[all cos &, s0 10 can also be

written as IPredaull = lluf[|ees &) (11)

(Verify.) A geometric interpretation of this result is given in Figure 1.23.

ll/’

w/

lall cos 6

() 0=0<

AL

tull cos
) Z<o<m Figure 1.23

As an example, we will use vector methods to derive a formula for the distance from a
point in the plane to a line.
Example 6: Distance Between a Point and a Line
Find a formula for the distance D between point Py (Xo, Yo) and the line ax + by + c=0.
Solution:
Let Q(x1, y1)be any point on the line, and position the vector n = (a, b) so that its
initial pointis at Q.
By virtue of Example 4, the vector n is perpendicular to the line (Figure 1.3.9). As

indicated in the figure, the distance D is equal to the length of the orthogonal projection
of &0 on n; thus, from 10,

OFp -n

d= ”proanPD” = ]

But
OFp = (x0 =71, Y0 = »1)
OF s n=alxg—x1) + 5o —y1)
Inf| = ya? + 2

So

_ Jetxo—=x1) + 2o —21)|

l..'a:2 Iy (12)

o
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Since the point Q(xy, y1) lies on the line, its coordinates satisfy the equation of the line,
SO ax;+by;+c=0orc=-ax;—by;

Substituting this expression in 12 yields the formula

_ laxg + &yp +

ll.'c;t2+f:'2 (13)

A

D

Q«u,.\.' o n=(ah)
) /
03
\
\

o Polxg vo)

-—

-~

"{ n

L at+by+e=0

!

Figure 1.3.9
Example 8: Using the Distance Formula
It follows from Formula 13 that the distance D from the point (1, - 2) to the line
3x + 4y-6 = 0 is
Ao I®W A= -6 _ =11 1

V3% 42 V/E ~ 5

Direction Angles and Direction Cosines

The direction angles of a nonzero vector a are the angles «, #,and y (in the interval

[0, z]that a makes with the positive x, y, and z -axes. (See Figure below.)

The cosines of these direction anglescosa, cosg,and cosy , are called the direction
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cosines of the vector a. Using the formula of angles between two vectors , we obtain

a
COSax =

4
=] || 4 || 4 || |

Example : Find the direction angles of the vectora = (1,2,3)

Solution : Since |a = v1* +2° +3% = V14 then

,CO0s =—=,and cosy =

1
COSax = ——,C0S 3 = ,and cosy =

2
V14 J14 14
=Sa= cosl(i] ~74°, B = cosl{i] ~58%andy = cosl[i] ~37°
J14 ’ 14 V14

© Test yourself!
1. Findu.v .
@u=(2,3),v=(5,-7)
bMu=(-222),v=(1,7,-4)

In each part of Exercise 1, find the cosine of the angle 6 between u and v.

N

3. Determine whether u and v make an acute angle, make an obtuse angle, or are
orthogonal.
@u=(6,1,4),v=(2,0,-3)
(b)u=(0,0,-1),v=(1,1,12)

4. Find the orthogonal projection of u on a.
@u=(-1,-2),a=(-2,3)
(b)u=(1,0,0),a=(43,8)
5. Ineach part of Exercise 4, find the vector component of u orthogonal to a.

1.4- The vector product

In many applications of vectors to problems in geometry, physics, and engineering, it is
of interest to construct a vector in 3-space that is perpendicular to two given vectors. In
this section we shall show how to do this.
Objectives:

e Find the cross product of vectors.

e Compute determinant for two and three-order vectors.

e Apply cross product to find area and volum of figures.
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Definition: The cross product a xb of two vectors a and b, unlike the dot product,
is a vector. For this reason it is also called the vector product. Note thata xb is

defined only when a and b are three-dimensional vectors.

[1] DEFINITION Ifa = (a,, az, @) and b = (b, by, bs), then the cross product
of a and b is the vector

axXb= <c‘izb3 — asb, asby — a\bs, aib: — ﬂzbl>

This may seem like a strange way of defining a product. The reason for the particular
form of Definition 1 is that the cross product defined in this way has many useful
properties, as we will soon see. In particular, we will show that the vector is
perpendicular to both and . In order to make Definition 1 easier to remember, we use
the notation of determinants.

A determinant of order 2 is defined by

a b
= ad — b
c d = “
For : 2 oy~ 1(=6) = 14
or example, —6 4

A determinant of order 3 can be defined in terms of second-order determinants as

follows :
=4} az as
b b b
P I ) I Y B R
Cz C3 5] C3 Cy Ca
Ci C2 C3

Observe that each term on the right side of Equation 2 involves a number a; in the first
row of the determinant, and a; is multiplied by the second-order determinant obtained
from the left side by deleting the row and column in which a; appears. Notice also the

minus sign in the second term. For example,

bz —1 0 1 1 3 0
3 0 tl=1), ,|—2|_ 2‘+f—l]‘_54
—5 4 2

— 1(0 — 4) — 2(6 + 5) + (—1)(12 — 0) — —38

If we now rewrite Definition 1 using second-order determinants and the standard basis
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Vectors i, j and k, we see that the cross product of the vectors a = a;i + a,j + ask and
b = bsi + byj + bzk

a  as
by by

ar as

+
b b |?

ay &z

by by

i— k

axhb=

In view of the similarity between Equations 2 and 3, we often write

i j k
[4] a»x b=

ap  dp  aj
o b b

Although the first row of the symbolic determinant in Equation 4 consists of vectors, if
we expand it as if it were an ordinary determinant using the rule in Equation 2, we
obtain Equation 3. The symbolic formula in Equation 4 is probably the easiest way of

remembering and computing cross products.

4 EXAMPLE | Ifa={1,3,4)and b= {2, 7, =5}, then

i j Kk
axb=|1 3 4
2 7 -5
REREIN il |1 o3|,
7 -5 2 5772 7

=(—15—28)i— (=5 —8)j+ (7T — 6)k = —43i + 13j + k

i EXAMPLE 2 Show that a X a = 0 for any vector a in V.

SOLUTION If a = { a1, a2, a3), then

ap o odap  an
= fa'l‘g-ﬂ‘g, - c‘?gc‘?g}i - 1'3133 - Erga?]]'j + {a?]a?g - c"l‘gé?[} k
=0i-0j+0k=0
One of the most important properties of the cross product is given by the following

theorem.

THEOREM The vector a X b is orthogonal to both a and b.
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Proof: In order to show that a xbis orthogonal to a, we compute their dot product as

follows:

a ae
b I

dap az a1 a2
by b b i

= aa:by — ash:) — adlah, — a:by) + aslab: — az:by)

fa®xb)-a= a, — as

= ayaz s — ayflwa; — aja; by + bhaza, + ajbza; — bazas
=0
A similar computation shows that (a xb).b = 0. Therefore a xb is orthogonal to both a

and b. If a and b are represented by directed line segments with the same initial point

(as in Figure 1), then Theorem 5 says that the cross product a xb points in a direction
perpendicular to the plane through a and b. It turns out that the direction of a xbis

given by the right-hand rule: If the fingers of your right hand curl in the direction of a
rotation (through an angle less than 180 ) from a to b, then your thumb points in the

direction of a xb. Now that we know the direction of the vector a xb, the remaining
thing we need to complete its geometric description is its length||a xb ||. This is given

by the following theorem.

axh

FIGURE |

THEOREM If @ is the angle between a and b (so 0 = # = ), then

|la % b| =|al||b|sin#

Proof: From the definitions of the cross product and length of a vector, we have

|a xb |2: (azbs _a3b2)2 + (aSbl _albs)z + (a1b2 _a2b1)2
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=a’b? —2a,a,b,b, +a’b? +a’b’ —2a,a,b,b,
+a’b? +a’b? —2a,a,bb, +a’b’
=(af +a +af)(’ +b +b2)—(ab, +a,b, +a,b,)?
=lal’|b|* ~(ab)?
lal’|b|® —|al’|b|* cos® @
|al?|b|* (L—cos®6)
lal?|b|*sin®@

Taking square roots and observing that m =sin@because sind >0when
0< 0 <7, we have

|a X b|=|a||b|sin#
Since a vector is completely determined by its magnitude and direction, we can now
say thataxbis the vector that is perpendicular to both a and b, whose orientation is

determined by the right hand rule, whose length is |a| |b|sin®.

In fact, that is exactly how physicists define axb.

COROLLARY Two nonzero vectors a and b are parallel if and only if

axhbh=10

Proof: Two nonzero vectors a and b are parallel if and only if #=0or @ |n either
case

sin # =10, so |a X b| = 0 and therefore a < b = 0.

The geometric interpretation of Theorem 6 can be seen by looking at Figure 2. If a and
b are represented by directed line segments with the same initial point, then they
determine a parallelogram with base |a|. altitude | b |sin #, and area

A=al|(|b|sin6) =|a X b|

b I'| || sin # /

) I| _ —

a
FIGURE 2

Thus we have the following way of interpreting the magnitude of a cross product.
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The length of the cross product a % b is equal to the area of the parallelogram
determined by a and b.

Example 3: Find a vector perpendicular to the plane that passes through the points
P(1,4,6),Q(-=2, 5,—1),and R(1,— 1,1).

SOLUTION The wvector 1@ X PRis perpendicular to both Fﬁ and PR and is therefore per-
pendicular to the plane through F, (), and K. We know from (12.2.1) that

PO=(-2-1i+G-4j+ (-1 —6k=-3i+j— Tk
PR=(1-1i+(-1-4j+ (1 -6k=—5j—5k

We compute the cross product of these vectors:

o i j K
POx PR=|-3 1 -T
0 -5 -5

=(—5—35)i— (15 — 0)j + (15 — 0)k = —40i — 15j + 15k

So the vector {—40, —15, 15} is perpendicular to the given plane. Any nonzero scalar
multiple of this vector, such as {—8, =3, 3), is also perpendicular to the plane.

Example 4: Find the area of the triangle with vertices
AL 4, 6), X=2,5, -1}, and R(1, —1,1).

Solution: In Example 3 we computed that PQ x PR= (—40, —15,15)

The area of theparallelogram with adjacent sides PO and PR is the length of this
cross product:

| PG x PR| = J(—40F + (—15F + 157 = 582

PR . _ i
If we apply Theorems 5 and 6 to the standard basis vectors 1+J: and k using # = /2,

we obtain
ixj=k jx k=i kxi=j
jxi=-k k % j=—i ixk=—j
Observe that
ixXj#Ejxi

@ Thus the cross product is not commutative. Also
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iX(ixXjl=ixk=—j
@ So the associative law for multiplication does not usually hold; that is, in

general laxbxec=axibxc)

However, some of the usual laws of algebra do hold for cross products. The following

theorem summarizes the properties of vector products.

THEOREM If a. b, and ¢ are vectors and c is a scalar, then

l.axh=—-hxa

2. (ca) X b=rcla X b) =a X (ch)
3 axb+eg=axbt+axc

4 (a+h Xec=axXc+bxXe
Ea-(hxcl={axh)-c
6.ax(bxXc)=(a-c)b—(a-b

These properties can be proved by writing the vectors in terms of their components and
using the definition of a cross product. We give the proof of Property 5 and leave the
remaining proofs as exercises.

Proof Of Property 5

Ifa= (a1, az az). b= (b1, bo, k), and ¢ = (1, cz, &2}, then

a*(bxc)=aillha — ko) + albo — ha) + allbe — kha)
= a|bzcy — aybac; + a:byc) — azbyoy + aabicz — aabag
= {azbn — aabz)ar + (aaby — aibs)ax + (a1be — azbi)ca
={axb)-c

There is an important difference between the dot product and cross product of two
vectors—the dot product is a scalar and the cross product is a vector. The following
theorem gives some important relationships between the dot product and cross product

and also shows that u x v is orthogonal to both u and v.

Theorem:- Relationships Involving Cross Product and Dot Product
If u, v, and w are vectors in 3-space, then

(a) - u=v)=10 {u = vis orthogonal tou)
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(b) v- m=xv)i=10 {u = vis orthogonal to v)
e — 22 2 . . .
©) [[ws= || = |Ja]|*||v]]* = (w-v) (Lagrange's 1identity)
(d (vew)=(u-wiv—{u-v)w {relattionship between cross and dot products)

(e) m=v)=w={u-w)v—(v-wn {relationship between cross and dot products)

Proof (a) Let w= {1, %2, 23} and v = {¥1.v2.v3) . Then
w- (uv) = (g, wg, u3) - (8vs — 3V, B3] — 8V, 8V —ugvy )
=u(ugvy —ugva) +uglugy) —wgvs) Huslugvz —ugvy) =0

Proof (b) Similar to (a).
Proof (c) Since
s vil? = (ugvs —wava)® + (wavy —urva)® + (wivg —ugvy)’ (1)
and
Il lvll? = (u-v)? = @ + 25 +23)(f +vE +v3) — (v Hus e’ (9)
the proof can be completed by “multiplying out” the right sides of 1 and 2 and
verifying their equality.
Proof (d) and (e) As an Exercise.
Example 5: w>= WV |s Perpendicular to u and tov
Consider the vectors w=1(1,2, —2) and v=1(30.1)
Then we can show that wx<v = {2, =7, — 6]
Since w-ux vy = (13{2) + (2} (=73 + (=23 =6} =0
and v-(mxv)=(3)(2) + (=7 + (1)(=6)=0

nxv is orthogonal to both u and v, as guaranteed by the Theorem above.

m=v

1.5- Applications on area and volume

Geometric Interpretation of Cross Product
If u and v are vectors in 3-space, then the norm ofuxv has a useful geometric

interpretation. Lagrange's identity, given in the above Theorem, states that

s vl = [l v = (n-v)2 (1)

If 0 denotes the angle between u and v, thenu-v = [[u[l[[v] ces# so 1 can be rewritten

as
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< w1 = fhafl (v = fhafl (vl eos?0
= [lall*[Iv]I(1 = cos”8)
= [l [[v]|%sin’0
Since 0<é@<z it follows that sin@>0, so this can be rewritten as
Jux v =Jul[[v]sire )
But |v|sin@ is the altitude of the parallelogram determined by u and v (Figure 1.5.1).

Thus, from 2, the area A of this parallelogram is given by
A= (basze) {altitude) = ||u||||v]| s = [ju= v||

Y a
/ ‘.

hve f )

.] vl sin @

A
\!

- fhal

Figure 1.5.1

This result is even correct if u and v are collinear, since the parallelogram determined
by u and v has zero area and from 2 we have w>v =10 because 0=0 in this case.

Thus we have the following theorem.

Theorem 1.5.1- Area of a Parallelogram

If u and v are vectors in 3-space, then|ux V] is equal to the area of the parallelogram

determined by u and v.

Example 1: Area of a Triangle

Find the area of the triangle determined by the points
P1= (2,2,0), P2(—1,0,2), and P3(0,4,3).

Solution

The area A of the triangle is 3 the area of the parallelogram determined by the vectors
le:>2 and P;P3 (Figurel.5.2). Using themethod discussed previously P:P2 =(-3-2,2),

and P;P3 = (—2,2,3). It follows that PlTDZ X Png = (-10,5,—-10) and consequently,
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A=1[PP,xPP,

2

SICR

Pyi-1,0,2
: — P, 4, 3)

D
4

P20

Figure 1.5.2

Definition —Scalar triple product
If u, v, and w are vectors in 3-space, thenu.(v x w) is called the scalar triple product of

u, v, and w. The scalar triple product of u=(u,,u,,u,), v=(v,,v,,v;), and

w = (W, W,,w,) can be calculated from the formula

L R B
u-(vew) =|¥1 vi V3

W1 W3 W3
3
Since,
L= e vioovs|. L R S
n-(vxw)=mu- wy wal T |y w3]| W1 ng
Yzoo¥3 v o¥3 L B
T lwz wal¥1 T fwy o wa 2 ey g 43

L e
L D B
W1l W2 W3

Example 2: Calculating a Scalar Triple Product

Calculate the scalar triple product u - {v =< w} of the vectors
u=731-—2)— 3k, v=1+ 43— 4k, w=73)+4 2k
Solution:

From 2,
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3 =2 =5
n-(vewi=|1 4 —4
3 2
4 —4 1 -4 1 4
=3 —(=2 -5
32 ‘ ( )‘D 2 ‘ H )‘D 3‘
=6044-15=43

= Remark: The symbol (u.v)xw makes no sense because we cannot form the

cross product of a scalar and a vector. Thus no ambiguity arises if we write u.vxw
rather thanu.(v x w). However, for clarity we shall usually keep the parentheses. It
follows from 3 that w-(vxwj=w-{(uxv)=v-{wxu} since the 3 x 3
determinants that represent these products can be obtained from one another by two
row interchanges. (Verify.)These relationships can be remembered by moving the

vectors u, v, and w clockwise around the vertices of the triangle in Figurel.4.3.

Figure 1.5.3
Geometric Interpretation of Determinants: The next theorem provides a useful

geometric interpretation of 2 x 2 and 3 x 3 determinants.

Theorem 1.5.2-

1 Ly
et
The absolute value of the determinant ["’1 "’3}

is equal to the area of the parallelogram in 2-space determined by the vectors (u.v)xw

u=(u,u,) and v=(v,,v,). (See Figure 1.4.4a.)

(heg, 1)

Y.

(a) (h)
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Figure 1.5.4

a) The absolute value of the determinant

R T i N P

det| v1i vz ¥3

Wi W3 w3
is equal to the volume of the parallelepiped in 3-space determined by the vectors
u=(u,u,,u,), v=(v,V,,V,), and W= (W,,w,,w,). (SeeFigure 1.4.4b.)
Proof (a) The key to the proof is to use Theorem1.4.1. However, that theorem applies
to vectors in 3-space, whereas u = (u;,u,) and v=(v;,v,) are vectors in 2-space. To
circumvent this “dimension problem,” we shall view u and v as vectors in the xy -
plane of an xyz-—coordinate system (Figure 1.5.5a), in which case these vectors are
expressed as u = (u,,u,,0) and v =(v,,v,,0). Thus

i j k

iy
uxv=|y; #3 0=

uzl| up uzl
vy vgk_dEt[vl vg}l‘

vy wg 0

B (o), 1wy, O)

(a) (H)
Figure 1.5.5

It now follows from Theorem 1.5.1 and the fact that that |k|=1 the area A of the

Bl 3
det|:v1 v2:|

parallelogram determined by u and v is

By U3 L2
ﬂ=||11><v||=||det|:v vz]ku: det|:v1 vz} k| =

1

which completes the proof.

Proof (b) As shown in Figure 1.5.5b, take the base of the parallelepiped determined by

u, v, and w to be the parallelogram
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determined by v and w. It follows from Theorem 1.5.1 that the area of the base is

||v><w|| and, as illustrated in Figure 1.5.5b, theheight h of the parallelepiped is the

length of the orthogonal projection of u on |[vx w]. Therefore,

- (VW)

i = ||projy,gull = v s w]

It follows that the volume V of the parallelepiped is

- (v = W)

F = (area of base) - height = ||v =< w|| =|u- (v x v.'j|

|[v = w]|
so from 3,
1y uz u3

= |det| vi vz V3
Wi Wi w3

which completes the proof.

= Remark: If V denotes the volume of the parallelepiped determined by vectors u,

v, and w, then it follows

volume of parallelepiped
| determined byu, v, and w o |11- v ijl

(4)
From this ,we can conclude that u.(vxw)=+v where the + or — results depending on
whether u makes an acute or an obtuse angle with vxw. Formula 4 leads to a useful
test for ascertaining whether three given vectors lie in the same plane. Since three
vectors not in thesame plane determine a parallelepiped of positive volume, it follows

from 4 |u.(vxw)|=0that if and only if the vectors u, v, and w lie in the same plane.

Thus we have the following result.

Theorem 1.5.3

If the vectors ™= (&1, 2, 83} v=(v1,v2,vi) and W= (w1, w2, w3} have the same

initial point, then they lie in the same
uy o w3 U3
n-(vxw) =¥Vl vz vi|l=0
W1 Wz W3

The product a x (b % c) is called the vector triple product of a, b and c. This is used

to derive Kepler’s First Law of planetary motion
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Test yourself!

1. Letu=(3,2,-1),v=(0,2-3), and w = (2,6,7). Compute
(@ vxw
(b) (uxVv)xw
(c) ux(v-2w)
2. Find a vector that is orthogonal to both u and v.
@u=(-=642) v=(31175)
pyu=(=2,1.5) v=(30 =3
3. Find the area of the parallelogram determined by u and
@u=(1, =12y v=(0,31)
(pyu=(3, =1.4) v={(6 —2,8)
4. Find the area of the triangle having vertices P, Q, and R.
(@ P(2,6,-1), Q,11), R(4,6,2)
(b) P(4,6,2),Q(0,3,4), R(6,1,8)
5. Find a vector v that is orthogonal to the vector @ = (2, — 3,3} |
6. Find the scalar triple product .
(a) u=(—-1,24) v=i(34 -2} w=(-12175)
pyu=(3 —=106) v=(2,43) w=(5 —-1.2)
7. Suppose that U - (Vv =W} =3 Find
() n - (wxv)
(b) (vxw) -u
) w.(uxv)
8. Find the volume of the parallelepiped with sides u, v, and w.
(a) n= (2, —6,2) v=(04, =2y w=(2, 2, —4)
oyu=1(312) v=(451 w={(1,24)

1.6- Lines and Planes

Objectives
e Find parametric equation of a line.
e Calculate the normal vector of a plane.

e Compute the distance between two planes.
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A line in the xy-plane is determined when a point on the line and the direction of the
line (its slope or angle of inclination) are given. The equation of the line can then be

written using the point-slope form. Likewise, a line L in three-dimensional space is
determined when we know a point Po(xo,yo,zo)on Land the direction of L. In three

dimensions the direction of a line is conveniently described by a vector, so we let be a

vector parallel to L. Let P(x,y,z)be an arbitrary point on L and let ro and r be the
position vectors of Py and P(that is, they have representations OP, and OP ). If a is the

vector with representation P,P, as in Figure 1.6.1,then the Triangle Law for vector
addition gives r =r, +a.

But, since a and v are parallel vectors, there is a scalar t such that a = tv. Thus

r=r,+tv (1)
M
Folxg: Yo+ Z0) i
/ a —
'f”/’# Pix,y.z)
L 1 Fe -
—— S Tp -
l'IIII _-"'.r r
oY

Figure 1.6.1

which is a vector equation of L. Each value of the parameter t gives the position
vector r of a point on L. In other words, as t varies, the line is traced out by the tip of
the vector r. As Figure 1.6.2 indicates, positive values of t correspond to points on L
that lie on one side of Py, whereas negative values of t correspond to points that lie on

the other side of Py . If the vector v that gives the direction of the line L is written in

component form asv=(a,b,c), then we have tv=(ta,th,tc). We can also write
r=(xy,z) andr,=(x,Y,,2), so the vector equation (1) becomes
(x,y,2)=(x, +1a,y, +tb,z,+tc)

Two vectors are equal if and only if corresponding components are equal. Therefore we

have the three scalar equations: x =xp+at, y =yo + btz =2z, + ct (2)
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Where t € R. These equations are called parametric equations of the line L through

the point Po(xo,yo,zo) and parallel to the vector v=(a,b,c). Each value of the

parameter t gives a point (x, Y, z) onL.

Figure 1.6.2

Example 1:
(a) Find a vector equation and parametric equations for the line that passes through

thepoint (5,1,3) and is parallel to the vector i+4j—2k .

(b) Find two other points on the line.

Solution:

L

.,

v=i+4j—2k ¥y

N

(a) Here r,=(513)=5i+j+3kand v=i+4j—2k, so the vector equation()

becomes r=(5i+ j+3k)+t(i+4j—-2k) =r=(G+t)i+L+4t)j+3k)+(3-2t)k

Or Parametric equations are x =5+t,y =1+4t,z=3-2t

(b) Choosing the parameter value t=1 givesx =6,y =5, and z =1 so (6,5,1) isa

point on the line. Similarly t=-1, gives the point(4,—3,5) .

The vector equation and parametric equations of a line are not unique. If we change the
point or the parameter or choose a different parallel vector, then the equations change.

Forinstance, if, instead of (5,1,3), we choose the point (6,5,1) in Example 1, then the

parametric equations of the line become x=6+t,y=5+4t,z=1-2t Or, if we stay

with the point(513) but choose the parallel vector2i+8j—4k , we arrive at the
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equations x =5+ 2t,y =1+8t,z =3—4t In general, if a vector v=(a,b,c) is used to
describe the direction of a line L , then the numbers a, b, and c are called direction
numbers of L. Since any vector parallel to v could also be used, we see that any three
numbers proportional to a, b, and ¢ could also be used as a set of direction numbers for
L. Another way of describing a line L is to eliminate the parameter from Equations 2. If
none of a, b, or c is 0, we can solve each of these equations for t, equate the results, and

obtain

X— X0 Yy — VYo Z— Zo

a b C

3)

These equations are called symmetric equations of L. Notice that the numbers a, b,

andc that appear in the denominators of Equations 3 are direction numbers of L , that is,
components of a vector parallel to L . If one of a, b, or ¢ is 0, we can still eliminate t .

For instance, if a =0, we could write the equations of L as

—~ z-1 _ . :
X=X,, y by° = % This means that L lies in the vertical plane x=Xo .
c

Example 2:
(a) Find parametric equations and symmetric equations of the line that passes through

the points A(2,4,-3) and B(3~11).

(b) At what point does this line intersect the xy-plane?

Solution:

(a) We are not explicitly given a vector parallel to the line, but observe that the vector v
with  representation line  AB is parallel to the line and
v=(3-2-1-41-(-3))=(1-54)
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Thus direction numbers are a=1, b=-5, and c=4 . Taking the point (2,4,—3)as Py, we see

that parametric equations (2) are x=2+t,y=4-5t,z=-3+4t and symmetric

equations (3) are X=2_y-4_2z+3

1 -5 4
(b) The line intersects the xy-plane when z = 0 , so we put z =0 in the symmetric
equationsand obtain X%Z = y_—54 = %This gives x= %and y = % , so the line

intersects the xy-plane at the point [%%Oj .

In general, the procedure of Example 2 shows that direction numbers of the line L
through the points P,(X,, Y,,2,)and P,(x,,y;,Z,) are X, — X, Y, — Yo,and 2, — 2, and so

symmetric equations of L are

X=X _ Y=Y _ L1,

X; = Xo Y1i=Yo Z, —
The vector equation of a line through the (tip of the) vector ry in the direction of a
vector visr = rp+tv. If the line also passes through (the tip of) r; , then we can take

v =r1- ro and so its vector equation is r =r, +t(q-1g)= (1—t)r0 +r,

The line segment from ryto r; is given by the parameter interval 0 <t <1 .

[4] The line segment from ry to ry is given by the vector equation

r(t) = (1 — t)rg + tr; 0=t=1

PLANES
Although a line in space is determined by a point and a direction, a plane in space is
more difficult to describe. A single vector parallel to a plane is not enough to convey

the “direction” of the plane, but a vector perpendicular to the plane does completely
specify its direction. Thus a plane in space is determined by a point P, (xo, yo,zo) in the
plane and a vector n that is orthogonal to the plane. This orthogonal vector n is called a
normal vector. Let P(x, Y, z) be an arbitrary point in the plane, and let ro and r be the

position vectors of Py and P . Then the vector r-ry is represented by a line PoP. (See

Figure below.) The normal vector n is orthogonal to every vector in the given plane. In
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particular, n is orthogonal to r-ro and so we have n.( r-ro) = 0 which can be rewritten

as n. r = n.ro And this Equation is called a vector equation of the plane. To obtain a

scalar equation for the plane, we write n=(a,b,c), r=(x,y,z), and ro=(X,, Y,,2,)-
Then the above vector equation becomes(a,b,c)-(x—x,,¥Y—Y,,2—-2,)=0 or

a(x—x,) +b(y -y, )+c(z—2,)=0. And this Equation is the scalar equation of the

plane through with normal vector n = (a,b,c).

. A 1
> Pix, y, £) /
I A :
AN
< l r// r— oy
. H_,JJ\
0—<_ To

T
v

Example-1:

Find an equation of the plane through the point (2,4,~1) with normal vector n =(2,3,4).
Find the intercepts and sketch the plane.

Solution: Putting a=2,b=3,c=4,x, =2,y, =4,z, =-1 in the sclalar equation of the
plane we see that an equation of the plane is 2(x—2)+3(y—4)+4(z+1)=0 or
2x+3y+4z=12

To find the x-intercept we set y =z = 0 in this equation and obtain x =6 . Similarly,

they -intercept is 4 and the z-intercept is 3. This enables us to sketch the portion of the

plane that lies in the first octant (see Figure below).

Example-2: Find an equation of the plane that passes through the points
P(1,3,2),Q(3-16) and R(5,2,0)
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Solution: The vectors a and b corresponding to line PQ and line PR are a=(2,-4,4),
b= (4,—1,—2).Since both a and b lie in the plane, their cross product axb is orthogonal
to the plane and can be taken as the normal vector.
i j Kk
Thus, n =axb = 2 -4 4= 12i+20j+14k With the point P(1,3,2)and the normal
4 -1 -2
vector n, an equation of the plane is

12(x—1) +20(y —3)+14(z —2) = 0 = 6x +10y + 72 =50

Note : Two planes are parallel if their normal vectors are parallel. For

instance, the planes x+2y—-3z=4and 2x+4y—6z =3 are parallel because
their normal vectors are n;= (1,2,-3)and n,=(2,4,-6) and n, = 2n; . If two

planes are not parallel, then they intersect in a straight line and the angle
between the two planes is defined as the acute angle between their normal

vectors.

SUMMARY OF UNIT-ONE

% vectors are physical quantities that have both magnitude and direction, and thus can
not be described or represented by a single real number. Geometirically vectors are
represented by a directed line segment or an arrow. We define a vector in n-space

to be an n-tuple of numbers: (X, Xy, ——,X,,)

Thus, R" = {(x,, X,,——, X, : X, €R foralli suchthat 1<i<n}

n-

¢ For any vectors u, v and w and any scalars r and s we have:

a) u+v=v=u

b) u+(v+w)=(U+Vv)+w
c) v+0=v=0+v

d v+(-v)=0

e) (r+s)v=rv+sv

) ru+v)=ru+rv

42



Linear Algebra for Statistics

g) (rs)v=r(sv) =s(rv)
h) lv=v
i) Ov=0=r0
The above properties are properties of vector addition and scalar multiplication.
+ In the xy-plane a vector v whose initial point is the origin and terminal point is

A(Xx,y) Is represented by v=(X, y)or v= x+Y;,
wherei = (1, 0) and j= (0, 1) andwe have

a) |v|= W where x and y are called the first and second component of v .

b) If p=(x;,Y,) thenvectorAP = A—P =(X,y) — (X, ¥,) =(X—=X,, Y—V,)

c) kv=k(x y)=(kx ky)

d Ifu=(a,b) thenv+u= (x+a,y+b )and v—-u= (x-a, y-b)

e) x=|v| cosd, y =|v|siné and tan & =%

s If 6 is the angle between non zero vectors u and v the u. v

u-v=|u| [v| cos ¢ and -1< YUY <1
uf v

% Given two non zero vectors u, v then
a) uand v are perpendicular to each other, denoted by u L v ,ifu. v=0
b) uand v are parallel, denoted by u//v if there exists a scalar k such that
u=Kkv.
% Let u,v and w be vectors R" and c,d e R then
a) u+vis avectorinR"
b) u+v=v+u
c) (U+V)+w=u+(V+Ww)
d u+0=u
e) u+(-u)=0
f) cu is a vectorin R"
g) c(u+v)=cu+cv
h) (c+d)u=cu+du
i) c(d u)=(c d)u=d(c u)
j) 1u=u
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The above properties are properties of vector addition and scalar multiplication

% Let u=(x,X,,~--,x,)and v={(y,, Y,, -+, ¥,) be vectorsin R" then

a) ||u||:\/xf+x§+———+x§

b) uv =X y+X ¥, +——=—+X, Y,

c) d(u,v)=Ju-v|= \/(xl —y) ===+ (X, = V,)’
d) |uv|<|u| |v|.the CauchySchwarzInequality
e) |u-+v|<|u|+|v], the triangleinequality
% Let L be a line which Passes through the point p,(x,,Y,) and A=(a;,a,)be
a vector parallel to L then

I P = P, +tA where P is any point on L, is a parametric vector

equation of L.

. ax+by +c=0, wherea:i, b="1 c="1x +iy

aq ay ag 0 a,’0
is a rectangular form of equation of L.

% Let v, =(X,,Y,.2,) be apoint in a planelTand N = (a, b, ¢ ) be a non zero
vector to the planell. If v= (x,y,z) is any point of the planeIl, then
ax+by+cz = ax, +by, +cz, is the normal form of equation of the planeIl.

< Letu=uji+u, j+u,k and v=v,i+v, j+v,k bevectorsin R* then

uxv= (U, vy —U; v, )i — (U, v; —usv;) j+(u, v, —u, v, )k

i ]k i k
=det fu u, u,|= U, U, U
Vl V2 V3 Vl V2 V3

Rl

% Ifu,v and w are vectors in R" and c € R, ten
. uxv=—(vxu)

1. c(uxv) =(cu)xv=ux(cv)

L ux(v+w)=(uxv)+(Uuxw)

IV. ux0=0=0xu

V. uxu=0

VI, u-(vxw)=(uxv).w
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The above properties are algebraic properties of the cross product

«»+ Ifuandv are non zero vectors in R" ,then

I. uxv is orthogonalto both u and v
Il. The angle & between uand v is given by |uxVv||=|ul [v| siné.

I1l. uandv are parallel iff uxv=0

IV. The parallelogram having u and v as adjacent sides has an area of
Ju<v]

The above properties are geometric properties of the cross product

© Test yourself!

1. Determine whether each statement is true or false.
() Two lines parallel to a third line are parallel.
(b) Two lines perpendicular to a third line are parallel.
(c) Two planes parallel to a third plane are parallel.
(d) Two planes perpendicular to a third plane are parallel.
(e) Two lines parallel to a plane are parallel.
(f) Two lines perpendicular to a plane are parallel.
(9) Two planes parallel to a line are parallel.
(h) Two planes perpendicular to a line are parallel.
(i) Two planes either intersect or are parallel.

2. Show that the lines L; and L, with parametric equations

X=1+t,y=-2+3t,z=4—-t and X=2s,y=3+5S,2=-3+4s are skew lines; that is,

they do not intersect and are not parallel (and therefore do not lie in the same plane).

3. Find the point at which the line with parametric equationsx =2+3t,y =—4t,z =5+t
intersects the plane 4x+5y —2z =18

4. Find the distance between the parallel planes 10x+2y—-2z=5and 5x+y-z=1

Miscellaneous Exercises-1
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1. (a) Find the components of the vector w if |w{| =5 and the direction angle for w is
0 =300°
(b) Let u=(31-5),v= (\/E, 1, —\/§), then find the componentsof u+v,
3u+2v, —5u, u-v.
3. (a) Find the parametric vector equation of the line that passes through (1,4) and
I. Parallel to the line y =3x—1
Il. Perpendicular to the line x—2y =5
(b) A triangle has (-1, —2), (5, —3), and (1, 2) as the coordinates of its
vertices, then find the vector equations of its medians

2. (a) Letx and y be unit vectors and the angle between them is % then find
[x-+yland [x-y]|
(b) Let u and v be vectors with 7 3 an angle between them. If

lul=2 and |v||=3 Then find
(i) uv (i) (U+Vv)®> (V) (U—2v)
(i) uwu (iv) Bu—=2v) (vi) Bu—2v) (3v+2u)
(c) Find a unit vector whose direction is opposite to 3i —6 j + k.
6. (a) Find a unit vector that is orthogonal to both u=i—-4j+k and v=2i+3]j
(b) Find the area of a parallelogram thathas u=-3i+4j+k and v=-2j+6k
as adjacent sides.
7. Find an equation of the plane passing through the given points
a @ -2,0, (-1, -1, 7) and (2, -1, 3)
b) (0, -1 0), (1, 1, 0), (2, 1, 2)
8. Prove that
2) I fu+v]=u=v] then |u] =|v|
b) Ifu.(v+w)=v(u-w), then w lLu+v

c) If the cosine of the angle between the vectors

2i+kjand ki+ jis 3 thenk =1or k = 2

J10

UNIT TWO: VECTOR SPACES
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UNIT OBJECTIVES:
At the end of this unit each student should able to:
e Know axioms of vector spaces

e Understand the difference between linearly dependence and linearly
independence

¢ ldentify base and dimension of vector space.

e Know subspace of vector space.

e Understand direct sum and direct product of subspaces

e Learn linear combinations of vectors

e Know generators of vectorspace

Introduction

In the Previous Chapter, we listed ten Special Properties of Vector addition and Scalar

multiplication in9R" . Suitable definitions of addition and scalar multiplication reveal
that many other mathematical quantities such as Polynomials functions and Matrices
also share these ten properties. We call any non empty set that satisfies this properties
(or axioms) a vector space, and the objects in the set are called vectors. It is important
to realize that the following definition of a vector space is precisely that a definition.
We do not need to prove any thing, since we are simply listing the axioms required of
vector spaces. We call this type of definition an abstraction because we are abstracting

a collection of properties for a more general setting.

2.1 The Axioms of Vector Space

Objectives

At the end of this section, the learners expected to:
e Define vector space.
o List all properties of vector space.
e Use axioms of vector space to show whether a function is a vector space over
the given domain or not.
e State and proof Cancellation law for vector addition.

Definition 2.1: Definition of a Vector Space
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Let V be a set on which two operations (vector addition and scalar multiplication) are
defined. If the following axioms are satisfied for every u, v and w in V and for every

scalar (an element of a field F) c and d, then V is called vector space over a field F.

Addition:

A-1 Uu+VvisinV —-----mommmeeeee- - Closure under addition

A-2 U+ V=V + U---mmmmmmmmmmmmeeee ---Commutative Property
A-3 U+ (v+wW)=(U+V)+W - Associative property

A-4 'V has a zero vector 0 such that ----Existence of Additive Identity for every u in
V,u+0=u

A-5  ForeveryuinV, thereis ----------- Existence of additive inverse a vector in V

denoted by-u Such that u + (- u) =0 where 0 is the identity element

Scalar Multiplication:

A-6 CUISINY —-mmmmmmmmmmmmeeee Closure under scalar multiplication
A-T7- c(u+v)=cu+cv--—-----—--- Distributive property

A-8-  (ct+d) u=cu + du -------- Distributive Property

A-9- ¢ (du) = (cd) u =d (cu) -------- Associative Property

A-10- 1(u)=u,whereleF ----- Scalar Identity

= Remark 2.1
1. It is important to realize that a vector space consists of four entities: a set of
vectors, a set of scalars, and the two operations. When you refer to a vector space
V, be sure that all four entities are clearly stated or understood,
2- A vector space together with the defined operation addition is Abelian group.

Class Activity- 2.1
1 - Is a vector space V can be empty set? What ever your answer comes with

justification
2 - Identify the difference between vector space axioms 7 and 8 (A-7 & A-8)

3 - Is the zero vectors invertible under vector addition? If so, find its additive inverse

2.2 Examples of different models of a vector space
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2.2.1 The Axioms of vector space

Throughout mathematics one encounters many examples of mathematical objects that
can be added to each other and multiplied b y numbers. Geometric vectors and vectors
in n-space studied in the preceding chapter are examples of such objects. Other
examples are real-valued functions, complex numbers, and polynomials over the real.
In this chapter we discuss a general mathematical concept which includes these
examples and many more.

Throughout this chapter, by a “filed” we shall mean either the filed of rational numbers,
we shall, how ever, use a neutral letter k, since it is necessary to deal with each of these

fields. The elements of k will also be called numbers or scalars.

Definition 2.2.1
A vector space v over a filed is a set of objects which can be added and multiplied by

elements of such that the following axioms are satisfied

Axiom 1: (closure under addition)
For all v,, v, eV, there exists a unique element of v called the

Sumof v, andv,, denotedv, +v,

Axiom 2: (closure under multiplication by elements of k)
For everyv eV and all a ek,

there exists an element of called the product of a and v,denoted av.

Axiom 3: (commutative law for addition)
For all v, v, ev, we have v, +v, =V, +V,

» Examples of Vectorspaces
Example-1 Let V= R"and beNR. Define:x, +X, = XX, =VX,X, € R", usual
product in R and bx =x"Vx € R*, then show that V is a vector space over R with 1

as the zero element.

Solution:

1. Let x;,X, €V =R"then X, + X, = XX, e R"
= X, +X, €V , Since R "is closed under usual multiplication
=V is closed under vector addition

2. Let x;,X, eV =R" then X, + X, =X X, =X,X; (Why?)
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=X, + X,
=X +X, =X, +X VX,X, eR"
= Vector addition is commutative

3. Let x; x,,%; €V then

(X, +X,)+ X = (X, X,) + X5 by definition of addition in V
= (X, X,) X3, by definition of addition in V
=X, (X, X3), (Why?)
=X, (X, +X%3), by definition of ' +'in V
=X, + (X, + X3), by definition of ‘+'in V

Thus, (X, +X,) +Xs =X, + (X, + X3)V X, X,, X5 €V
= Vector addition is associative.
4. Suppose e is a zero vector in V then
e+X=X=x+eVVxeV
Now, e+ X=X
=eX=X, By definition of ‘+'in V
=e=1, (How?)
— The zero vectorinV="R"1is1
Therefore, I eV such that 1+ x = x=x+1vx eV
= Additive identity exists in V
5. Let xeV =R" supposeyeV is
An additive inverse of x then
X+y=1l=y+xX
But, c
=>xy=1
= y=1/x———(Why?)
Hence, YxeV 3y =1/xeV suchthat x+y=1
= Every element in V has an additive inverse
6. Let x.€V andae R thenax=x* eV  (why?)
= axeV VaeR And VvxeV

=V is closed under scalar multiplication.
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7.Let aeRand x,yeV then

a(x+y)= a(x.y) By definition of '+'in V
= (x.y)? by definition of "."in V
= X"y (Why?)
= x* +y*? by definition of '+ in V= R"
= ax+ay by definition of " inV =R"
Therefore, a(x+y)= ax+ay VaeR andVvx,yeV

8. Leta,be® andxeV =R" then

(a+ b) x =x** by definition of scalar multiplication in V
= x*x", (Why)?
=x*+x°, by definition of “+* in V
= ax+bx, by definition of <" InV

= (a+b)x =ax+bx Va,beR And WVxeV

9.Let a,beR and xeV =R" then

a(bx) = a(x") , by definition of ".'in V
=(x")?, by definition of <. in V/
=x", Why?

_
= (ab)x

= a(bx) =(ab)x Va,beR AndVvxeV
10. Let xeV =R" then
1.x=x"=x
=1lx=x WxeV

Hence, by 1-10 we have V=R" is a vector space over R with the given addition and

scalar multiplication defined on it.

Example -2 Let P, be the set of all polynomials over R of degree less than or equal
to 2 together with zero polynomial then show that P, is a vector space over R with the

usual addition and scalar multiplication of polynomials.
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That is, let P, = {ax2 +bx+c:a,b,c eiR} and P(x)=a,x*+ax+a,, and
(X) =b,x* +b, +b, € P,

Define

P(X)+q(X) = (a,x* +a,x+a,) + (b,x* +b,x+b,) = (a, +b,)x* +(a, +b,)x+(a, +b,)

and c. P(x) =c(a,x* +a,x+a,)=(ca,)x* +(ca,)x+(ca,) Then P, is a vector space

over R

Solution:

Verification of each of the ten vector space axioms is a straight forward application of
the properties of real numbers.

For instance, let P(x) = a,x* +a,Xx+a,,q(X) =b,x* +bx+b, € P,

Because of set of real numbers is closed under addition, it follows that

a,+b,,a +b,a, +b, arereal numbers, and
P(x)+q(x) = (a, +b,)x* +(a, +b,)x+(a, +b,)
=C,X* +¢ X +C,, Where
c,=a,+b,,c,=a +b,c, =a,+b, eNR
= P(x) +q(X) =c,X, +C,x+c¢, € P, Since it is a polynomial of degree two or less
= P, is closed under addition.

Similarly, we can use the fact that the set of real numbers is closed under scalar

multiplication to show that P, is closed under scalar multiplication. To verify the

commutative axiom of addition, we write
P(X)+q(X) = (a,x* +a,x+a,) + (0,x* +b,x+b,)
= (a, +b,)x* + (a,+b,)x + (a0 + b0) ,(Why?)
= (b, +a,)x* + (b, +a,)x+ (b, +a,)
= (b,x* +bx+b,) + (a,x* +a,x +a,)
=q(x)+ P(x)
= P(X)+9(x) =q(x)+ P(X)VP,q e P,

= addition in P, is commutative
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Class activity 2-2

In the above example -2

1.
2.

=

Can you see where we used the commutative property of addition of real number?

The zero vectors in this space is the zero polynomial given by 0(x) =0 Vx, why?
Try to verify the other vector space axioms. You then may conclude that P, is a
vector space over R

Let P, Dbe the set of all polynomials over R of degree less than or equal to n
together with the zero polynomial then show that P with the usual operations of

polynomial addition and scalar multiplication is a vector space over ‘R

Example-3 LetV = {(x,2x) ‘Xe SR} then show that V is a vector space over R with

Standard operations (componentwise addition and multiplication)

Solution:

1. Let u,veV then u=(x,2x) forsome xR andv = (y,2y) for some y € R.

Now, u+v = (X,2x) + (y,2y)
= (X+Y,2x+2y), By definition ‘+'inV
= (X+Y,2(x+Y))
=(z,2z), Where z=x+ye®R
= u+Vv=(z,2z) Forsome z=x+YyeR

=u+V eV, by definition of the set V

=V s closed under vector addition.

2. Let u=(x,2x),v=(y,2y) eV then

u-+u=(x2x)+(y,2y)
=(X+VY,2x+2y)
= (y+ X,2y + 2x) ; Since addition is commutative in R
= (y,2y) + (X, 2x), by definition of ' +'in V
=V+u
= u+v=v+u Yu,veV

= Vector addition is commutative in V

3. Let u=(x,2x), v=(y,2y),w=(z,2z) eV then
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U+V) +w=[(x,2x) + (y,2y)]+ (2.22)
= (X+ y,2x+ 2y) +(z,2z), By definition of '+ in V
=((X+Yy)+2,(2x+2y) + 22)’ by definition of '+ in VV
= (x+ (Y +2),2x +(2y +22)) ; Since the usual addition is
associative in R
=(x,2Xx) + (y + 2,2y + 22) ; By definition '+'in V
= (x,2X) +[(y.2y) +(2,22)] ; By definition of "+'in V
=u+(V+w)
= @U+Vv)+w=u+(V+w) Vuv,weV
— The defined addition is associative in V
4, Since 0 eR we have
0=(0,2.0)=(0,00eV And Vu=(x,2X) eV,
0+u=(0,0) + (x,2x) = (0 + x,0+ 2x)
= (X,2X)
=u
= 0+u=u YueV
= 0= (0,0) is the additive identity element in V
= Additive identity element exists in V
5 Let u=(x,2x)eV then —u=(-x,—2x) €V and
u+-u=(X,2X) + (—x,—2X)
= (X +—X,2X + —2X)
=(0,0)
=Uu+-u=0
=VYueV d-ueV Suchthat u+-u=0
= Every element in V has an additive inverse.
6.Let aeR and u=(x,2x) eV then
a. u=a(xz2x)
= (ax,2ax), by definition of scalar multiplication
=(y,2y); Where y=axeR

—a. u=(y,2y) Forsome y=axeR
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=aueV,why?
=V s closed under scalar multiplication.
7.Let aeR and u = (x,2x),v=(y,2y) eV then a(u+V)=a((x,2x) +(y,2y))

=a(x+y,2x+2y), By definitionof '+ inV
= (a(x+ y),a(2x +2y)) by definition of scalar multiplication in V
= (ax+ ay,2ax + 2ay), Why?
= (ax,2ax) + (ay,2ay), by definition of scalar multiplication in V
= a(x, 2x) +a(y, 2y)
=au-+av

= a(u+v)=au+av VaeRVvuveV
8. Let a,be M and u=(x,2x) eV then (a+b)u=(a+Db)(x,2x)
= ((a+Db)x, (a+b)2x)) ; By definition of scalar multiplication in V
= (ax+ bx,2ax + 2bx) ; Why?
= (ax, 2ax) + (bx,2bx) ; By definition of '+'in V
= a(x,2x) + b(x,2x) ; Why?
=au+bu
= (a+b)Ju=au+bu Va,beR AndVueV
9.Let a,beR and u=(x,2x) eV then
a(bu) = a(b (x, 2x))
= a(bx,2bx) ; By definition of scalar multiplication in V
= (a(bx),a(2bx)); Why?
= ((ab)x, (ab)2x); Why?
= ab(x,2x) ; Why?
= (ab)u
= a(bu) =(abju Vva,be®R And YueV
10. Let u = (x,2x) eV then
1u=1(x,2x) = (1.x,1.2x)
= (X,2X)
=u

=lu=uvueV
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Therefore, by 1-10 we've V is a vector space over R

» Examples of sets, which are, not vector space
Example-1 : Show that the set of rational numbers Q is not a vector space with

standard operations over R

Solution  Since V2 e and 1e Q such that

V2.1=12 ¢ Q We’ve Q is not closed under scalar multiplication.

Example-2: Let V=%R2, the set of ordered triple of real numbers, then show that V is
not a vector space over R with the standard operation of addition and the following

non-standard definition of scalar multiplication:
a(x;, X,, X;) = (ax;, ax,, 0)
Solution Since 1e R we'veu= (11) eV and 1.(111) =(1.11.1,0) = (1,1,0)
=1.111) = 1,1,0) = (1L11) =u
=1.111) = @111 =u
=1l.u=#u
=V Doesn’t satisfy one of the vector space axioms

=V is not a vector space over R

Infact, show that V satisfies the first nine axioms.

= SRemark 2.2
A single failure of one of the ten vector space axioms suffices to show that a set
IS not a vector space. That is to show that a set V is not a vector space we need

only find one thing wrong regardless of how many of the ten axioms are
satisfied.

Theorem 2.2.1 (Cancellation law for vector addition)

Let V be a vector space over a field Fand u, v, weV.

If u+w=v+wthenu=v

Proof Suppose u+w=v+w then (u+w)+-w=(v+w)+-w but,
(U+wW)+-w=(V+W)+-w
= U+ (W+-w) =Vv+(W+—w); Since vector addition is associative

=UuU+0=V+0; Since w+-w=0
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= u=v, Since 0 is additive identity element inv

Therefore, u+w=v+w=u =V and hence the proof

Theorem 2.2.2 (Properties of scalar multiplication)
Let V be a vector space over a field F then

1-ao=0 VaeF
2-0u=0 YueV
3- (ra)=—(au) YaeF And YueV In particular, (-)u =-u Yu eV

4. au=0=>a=00r u=0, Where acF and u eV

Proof:
1. Let aeF
a.0=a(0+0);since 0+0=0
=al0+a0; By A-7

—a0=a0+a0————— (*)

Also, we know that 0+a0 = a0 +0=a0————— (**)
Now, combing (*)and (**) we get
0+a0=a0=a0+a0
=0+a0=a0+a0
= 0=a0; by theorem 2.1
Thus, a0=0 VaekF
2. Let ueV thenOu = (0+0)u; since Ois additive identity element in F.
Now, Ou=(0+0)u
=0u+0u; by A-8
= 0u =0u+0u
—0+0u=0u=0u+0u; Since 0+0u=0u
=0+0u=0u+0u
= 0=0u; By theorem 2.1
Hence, Ou=0 Y ueV
3. LetaeF and ueV then —-aeF,—(aueV
And 0 =0u; by 2-above
=(—a+a)u;since—a+a=0

=(-a)u+au; By A-8
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= (-a)u+au=0
= (_—a)u+au=0=au+(-a)u; Since ‘+'is commutative in V
= The additive inverse of au is (-a)u inV
= —(au) = (-a)u
Therefore —(au)= (-a)u VaeF, YueV
If a=1then —(lu)=(-DYu= -u=(-u
4.Let ae F,ueV andsupposethat au=0
Claim: either a=0or u=0
If a=0,we are done!
If a0 then a™ exists in F and
au=0
=a(au)=a"'0
= (a'a)u=a" 0, By A-9
= (a™a)u=0, By 1-above
=1u=0, Since ata=1
=u=0; By A-10

Thus, YaeF and ueV suchthat au=0 implieseither a=0 or u=0

© Test yourself!

1. Find the zero vectors of the following vector spaces with standard operations.
A. p,=the set of all polynomials over ‘R of degree <3 together with zero Vector.

B. C(-o,o) = The set of all real valued continuous function defined on the real

line.
c gt = 6%, %= == %) X, € RVi suchthatl <i <n}

= The set of all ordered n-tuples of real numbers

2. Describe the additive inverse of a vector u in the given vector space with standard

operations.
A. p; overR
B. C(~x,) overR
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C. R" overRR

3. Determine whether the given set, together with the indicated operations and field F
is a vector space over a filed F. If it is not, identify at least one of the ten vector
space axioms that fail.

A. C [0, 1]=the set of all real valued continuous functions defined on[0, 1]
With the standard operations and F=‘R .
B. ‘R=the set of real numbers with standard operations and F= the set of comp

lex numbers ¢
C. The set of all fourth degree polynomials over R with standard operations and

F=%R
D. Theset {(a,b);a>0andbe R} with standard operation in % and F =R
4. Rather than using the standard definitions of addition and scalar multiplication
in R? suppose that we define the following two operations
A (X Y1)+ (X0 ¥o) = (X + X, 1 +Y5)
a(x,y) = (ax,y)
B. (X, y1) + (X, Y,) = (x,0)
a(x,y) = (ax,ay)
C. (% Y1)+ (X, ¥o) = (X + %, Y1 +Y5)
a(xy)=(Va xva y)
With these new definitions, is :* vector space over R ? Justify your answer!
5. Rather than using the standard definitions of addition and scalar multiplication in
R°, suppose that we define the following two operations:
A. (a,b,c)=(d,e,f)=(a+d,b+e,c+ f)
B(a,b,c) = (pa, /0,0)
B. (a,b,c)+(d,e, f)=(0,0,0)
B(a,b,c) = (pa, po, )
C. (a,b,c)+(d,e,f)=(@a+d+Lb+e+1c+f+1)
B(a,b,c) = (fa, po, fe)

With these new definitions, is 9° is a vector space over R ? Justify your answer!
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6. LetV be a vector space over a filed F then prove that.
A. The zero vector is unique
B. The additive inverse of a vector is unique
C. Cancellation law for scalar multiplication in V
Thatis, if pu=pV andf =0 then u=v where

u,veV And peF.

7. LetFbe afiled thenshow that F"={(x,,X,,———X,);X € F with1<i<n} with

Component wise addition and scalar multiplication is a vector space over F.

2.3 Subspaces, linear combinations and generators

In this section, we are going to discuss definition of subspaces, examples of subspaces,
sum, union, intersection of two subspaces and test for subspace.
In most important applications in linear algebra, vector space occurs as subspaces of
larger subspaces. We say that a subset of a vector space is a subspace if it is itself a
vector space (with the same operations).
Objectives
At the end of this section learners should be able to

e Define a subspaces of a vector space.

e For any vector space, describe the “smallest” and “largest” subspaces of vector

space.
e State and proof the theorem of test for subspace.

e Show the intersection of two subspaces is also a subspace.

2.3.1. Subspaces

Definition 2.2 (definition of subspace of a vector space)

Let V be a vector space over a field F and W be a subset of V, then we say that W is a
subspaces of V if W is itself a vector space over F under the operations of addition and

scalar multiplication in V.

Class Activity 2-3.1
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1. Let V= the set of all real valued continuous functions defined on [0,1] and W be
the set of real valued differentiable functions on [0,1] then show that
A) Vs a vector space over R with standard operations
B) W s a subspace of V
2.LetV =R* and W ={(0,x,Y,2); X, Y,z € R} then show that
A) V with the standard operations is a vector space over Q.
B) W is a subspace of V.

To establish that a set W is a vector space we must verify all the ten vector space
axioms. However if W is a subset of a larger vector space V (and the operations defined
on W are the same as those defined on V), then most of the ten properties are inherited
from the larger space and need no verification. The following theorem tells us that it is
sufficient to test for closure in order to establish a subset of a vector space is a

subspace.

Theorem 2.3.1.1- Test for a subspace

Let V be a vector space over a field F and W be an empty subset of V, then W is a
subspace of V over F if and only if the following closure conditions hold:

I) if uand v arein W, then u+visin W

I) IfuisinWand geF, then g uisW

Proof: LetV be a vector space over a field F and ¢ =WcV

(:>) Suppose W is a subspace of V over F then by definition of subspace we have Wi
a vector space over F under the induced operations and hence w is closed
under addition and scar multiplication.
=u+veW vu,veW And fueW VpeF,Vuew
= l)and II) hold.

(<) Suppose 1) and 1) hold then W is closed under addition and scalar
multiplication.
= A-1and A-6 are satisfied ----- (A)
Also, letu, v, weW and a, be F then

uvweV and abeF ;Since WcV

61




Linear Algebra for Statistics

= A-2, A-3, A-7, A-8, A-9, and A-10 are satisfied automatically, by definition

Furthermore, since w# ¢ we’ve 3u, eW and hence pu, eW Vg eF;byll
In particular, for =0 we getOu,eW
—0eW ; Since Ou,=0 by theorem 2-2
— W Has additive identity element; why?
= A—4 is satisfied ------ (AAA)

In addition, because W is closed under scalar multiplication, if follows that
YyueW (-DueWw
= -U €W ; by theorem 2-2

= every element in W is invertible with respect to the induced additive
operation

= A-5 is satisfied --------- (AAAA)

Thus, by (A),(AA), (AAA) and (AAAA) we have W is a vector space over F.

=W s a subspace of V over F.

™ Remake 2-3:

1. If W is a subspace of a vector space V over a field F then both W and V must
have the same zero vector O. Justify!

2. Since a subspace of a vector space is itself a vector space, it must contain the
zero vector

Infact, the simplest subspace of a vector space is the one consisting of only the zero
Vector = {0} =W = {0}

Definition 2-3.1.1 Let V be a vector space over a field F then
A)V and {O} are called improper (trivial) subspaces of V.

B) Subspaces of V other than V and (O) are called proper (non trivial)
Subspaces of V
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Observe that Improper subspaces of a vector space always exist while the proper

Subspace of vector spaces may not exist.

Example (1) Let V be the set of all real valued functions defined on R and
W ={f : % - R/ f is even function} then show that

A) With the standard operations, is a vector space over ‘R
B) W is a subspace of V over R

Solution  A) Left as an exercise to you.
B) LetV={f/f:R — Ris afunction} and
W ={f : R — R/is even function} then
W= {f:R>R/f(X)=f(-x)VxeR}
I) Clearly, W <V ; why?
Also, consider the function f, that has a value of zero for all x.
Thatis, f,(x)=0,x is any real number. Then f,:R —>Rand f, (x)=0= f, (—X)
= f,eW
=W = ¢.Thus, ¢ #WcV

1) Let F,GeW thenF,G:R — %R Such that both are even functions and hence

F +G: R — R such that F+G is even function,

Since (F+G) (x) = F(x) + G(X) = F(—X) + G(—X); why?
=(F+G)(—x)VxeR

Hence, W is closed under the induced vector addition.

I[) LetaeRand f eW then
af : % > R And (af )(x) = af (x); Why?
= af (—x); Why?
= (af)(-x)¥x e R
=af eW

=W s closed under the induced scalar multiplication.
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Therefore, by 1), I1), 11l) and test for subspace theorem we have W is a subspace of V
oversi.
Example 2: Show that the set of first quadrant vectorW = {(x, y): x> 0andy > 0},
with the standard operations, is not a subspace of %% overR.
Solution: To see this, we note that (1, 2) is in W, but the scalar multiple (-1)(1,2)

= (-1,-2) is not in W. Therefore, W is not closed under scalar
multiplication and hence W is not a subspaces of R over R. Infact, one can show that

W is nonempty and closed under addition

Class Activity 2-3.2

1. Let k small letter be a whole number and P, be the set of all polynomials over ‘R
of degree less than or equal to k then show that

a) P, With the standard operations is a vector space over ‘R .

b) P, a subspace of P, Vj<k.Thus we can write

P, Cp,Cp,Cp,C———-Cp, and this is sequence of subspaces that are nested in

each other

2. (Subspaces of functions)

Let V, be the vector space of all real valued functions defined on [0,2] and let
V,,V,,V,andV, be defined as:
V, =The set of all polynomial functions over R
V, = The set of all real valued functions that is differentiable on [0,2]
V, = The set of all real valued function that is continuous on [0,2]
V, = The set of all real valued functions that are integrable able on [0,2] then show

that V i isasubspace of V,Vi< jand V, CV, CV, CV, CV; (nesting of subspaces)

3. (Subspace of ")
Prove that if W is subset of R*, then it is a subspace of %% over R if and only if one

of the following is true

a) W consists of the single point (0, 0) That is, W = {(0,0)}
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b) W consists of all points on alien that passes through the origin. That is,
W ={(x,y):y=2x}
d) W consists of all of R*. Thatis W = %

4. (Subspace of %°)
Show that a subset W of 9 is subspace of :° over R (with the standard operations)
if and only if it has one of the following forms.

a) W consists of the single point (0,0,0);W = {(0,0,0)}

b) W Consists of all points on aline that passes through the origin.

c) W consists of all points on a plane that passes through the origin

d) W Consists of R*

Theorem 2-3.1.2: The intersection of two subspaces is also a subspace.
That is, U and W are both subspace of a vector space V over a field F then the

intersection of U and W, denoted byU MW , is also a subspace of V over F.

Proof: 1) Since U and W are both subspace of V, we know that both contain the zero
vector .Thus, OeU NW and henceU nW is nonempty.

Also, since U nWdVand W¢vV  we have U nWAN ¢V
=>UnW

Therefore, ¢ #UnW cV

i) Let v;,v, eUnW then v,v, €U and v, v, eW

=V, +V,eU And v, +v, eW; since both U and W are subspaces of V
=V, +v, eUnW
=U NW s closed under addition.
I1l) Let beF and veUnW then veUand veW thus, bveu and bu e w; since
both U and W are subspaces of V over F.
=bveU W
There fore, bveU W VbeF and YveU nW
=U NW is closed under scalar multiplication.

Hence the proof

™ Remark 2-4:
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1. Theorem 2.4 tells us that the intersection of two subspaces of a vector space V
isitself a subspaces of V but one can show that the union of two subspaces of a
vector spaces V is not (in general) a subspace of V.

2. Let U,W and V be vector spaces over a filed F such that U is a subspace of

W and W is a subspace of V, then one can show that U is also a subspace of V.

O Test yourself!

1. Determine whether the set W is a subspace of %R° over R with standard

operations. Justify your answer
a) W ={(a,b,2a—3b):a,b e R}
b) W={(rr-tt):r,teR}
c) W={xy,xy):xyeR}
d) W={(xy,3):xyeR}

2. Which of the following subset of C (- o0, ) are subspaces of C (-, ) over R ?
a) The set of all real valued nonnegative functions: f (x) > 0vx e R
b)The set of all real valued even functions: f(x) = f(—x) Vxe R
c) The set of all real valued odd functions: f(—x)=—f(x)Vxe R
d) The set of all real valued constant functions: f(x) =cvxe R
e) The set of all functions such that: f (0) =0;0 e R
f) The set of all functions such that: f(0) =1,01e R

3. Prove that a non empty set W is a subspace of a vector space V over field F if and

only if ax+by is an element of Wvx,y e Wandva,b e F .

4. Give an example showing that the union of two subspace of a vector space V over
a filed F is not necessarily a subspace of V over F.

5. Let W be a subspace of a vector space V over a field F then prove that zero vector
O in V is also the zero vector in W.

6. LetV be a vector space over a filed Fand x,y,z eV then show that the set of all
liner combinations of x,y and z.W = {ax+by+cz:a,b,c,e F} is a subspace of V
over F. This subspace is called the span of {x, y, z}

7. Let W,,W,,———W, be subspace of a vector space V over a filed F then show that
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a) N, w; is also a subspace of V over F.

n
b) W, =w, +W, +———+w, ={X +X, +———X, : X, € W, Jis also a subspace of
i=1

V over F.

8. Let V be any vector space. Describe the “smallest” and “largest” subspaces of

2.3.2. Spanning sets and Linear Independence

In this section we are going to develop procedures for representing each vector in
vector space as a liner combination of a selected number of vectors in the space and
determine a given subset of a vector space is linearly independent or not.
Objectives:
At the end of this section each student should able to:

e Write vector space as a linear combinations of another vector space.

o Define a spanning set or generators of a vector space V.

e lllustrate whether a given subset of a vector space is linearly

independent or not.

e State and proof the spanning set theorem.

Spanning Sets

Definition 2.3.2.1: Definition of linear combination of vectors

Let V be a vector space over a field Fand v, X, X,,———,X, be vectors in V then we
say that v is a liner combination of Xx,,X,,———,and X, if v can be expressed as

V=% + 6% +———+F,X,; Where f, e F1<i<n

Example 1: Example of linear combinations
Let v,,=(131),v, =(0,1,2) and v, = (1,0,-5) be vectors in R* then since

v, =3V, +Vv; =3(0,1,2) + (1,0,-5) = (1,31). We have v, is a linear combination of v,
andv, .

Example 2: Finding a liner combination
Let v=(11),x, =(123),x, =(01,2)and X, =(-10,1) be vectors in R* then write a

linear combination of x;,X, and X,.

67




Linear Algebra for Statistics

Solution: We need to find scalars g, 5, and f, suchthat v = B X + S,X, + B;X,
But V= BX + B,X, + B:X,
= (111 =5,123)+ 5,(012) + 5,(-1,01)
= (B =B3:2P, + Bo 3P, + 2/, + )
Then, by equating the corresponding components, we arrive at the following system of

linear equations.

181_:83 =1
2B, + P, =1
3ﬁ1+2ﬂ2 +ﬁ3 =1

= B, =1+r,5, =-1-2r, B, =1 This is an infinite number of solutions, by
Gauss-Jordan elimination method

For instance, to obtain one solution, we could let r =1, then g, =2,4, =-3 andf, =1
Hence; v =2x, —3X, + X;. other choices for r would yield other ways to write v as a

linear combination of x;,x, and X,.

Definition 2.3.2.2: Definition of spanning set of a vector space
Let S= {xl, Xyy—= == Xn} be a subset of a vector space V over a field F. The set S is

called a spanning set (or a generator set) of V if every vector in V can be expressed as a

linear combination of vectors in S. That is, if wweV  3p,, 8, ——, 5, € F such that

n
V= Z S, X;.in such cases we say that S spans (or generates) V over F.
i=1

Example 3: Examples of spanning sets
a) Let x, =(10,0),x, =(0,1,0) and X, =(0,0,1) be vectors in R* then since

wW=(XVY,,2)eR’, v=(xY,z)=x(10,0)+y(0.10)+2(0,0,1)
= XX, + yX, + 2%, We have S ={X,,X,,X;} spans or generates R°
b) Theset S = {1 X, xz} generates of P,, since any polynomial p(x) =a+bx+ cx?

in P, can be written as p(x) = a(l) + b(x) + c(x*) = a+bx+cx?
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¥~ Note: The spanning sets given in example -3 are called the standard spanning sets

of R%and p,,respectively

Definition 2.3.2.3 Let V be a vector space over a filed F and S be non empty subset of
V then the set of all finite linear combination of elements of S is called span of S and

span of S is denoted by span (S). That is span

i=1

(s) = {Zﬂi X,: B eFand x; €S V, such thatlSiSn}

Theorem 2.3.2,1: Span(S) is a subspace of V

Let V be a vector space over a field F and S is nonempty subset of V then span(S) is a
subspace of V.
Moreover, span(s) is the smallest subspace of V that contains S, in the sense that every

other subspace of V that contains S must contain span (s)

Claim-1 span (S) is a subspace of V over F
Proof:

I.  LetS be nonempty subset of V then 3x, € s such that Ox, =0 e span(s)
:{z fixi: fi e Fandxie s1<i< n}
i=1
But 0 € span (S) implies span (S) # ¢———(V)

Also, let x € span(s) then x =Zﬁixi forsome S, €F and xieS where 1<i<n
i=1

Now, x=>gx with f eF and x es for 1<i<n
i=1

= Xx eV ;Since S<V and V is closed under addition and scalar multiplication

Therefore, Vx(x e span (s) = xeV)
= spans(s) < V ----- (VV)

Thus, by (V)and (VV)we get ¢ = span(s) c V.
. Let UVE span(s) then
u=>ax and,v=> By forsome
i=1 i=1

a,,8,,———,a,,p, 8, —— B, € F and
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X11X21___|Xm|y]_!y2|__—1 ym ES

Now, u+v= iaixi +Zn:,8i Y
i=1 i=1

mn ] a;1<j<m X;;1<j<m
:ijzj with x; = ) and z, = _
. B; m+l<j<n y;; m+1l<j<n
=u+v=> ¢z, with/; eF and z; €S V(1< j <m+n) (why?)
j=1
= u +vV isa finitelinearcombination of elementsof S
=u+vespan(S)

= Span(S) isclosedunderaddition

I1l.  Let aecFand uespan (S) then u:Zﬁixifor some f,eFand X, eS(1<i<n)
i=1

and hence au:azn: BiX;
= Z(ﬂ. Xi), Why?
= i(aﬂi)xi , Why?

= > (%), Where ;=ap, eFV,(l<i<n)and X, €S
i=1

=au=) xWwith ;e Fandx, SV,

=auis a finite linear combination of elements of S
= au espan(S)Va € F and VYu espan(S)
= Span(S) is closed under scalar multiplication. Therefore, by i), ii) and iii) we get
span (S) is a sub space of V over F
Claim -2 Span (S) is the smallest subspace containing S
i) Let then spans (S) and hence span (S).
ii) By claim 1 we have shown that span (S) is a subspace of V.
iii) Let W be a subspace of V containing S then and W is closed under addition

and scalar multiplication --- (*)
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Now, let x € span (S) then x =" g,x; with f, € F and
i=1

X €SV, (L<i<n)

= Xx=> B Where f eF and x, eW V,;as SCW
i=1

= X=X <Wiby(*)

=>xeW
Thus every element in span (S) is also in W and hence spans (S) ¢ W

Therefore, by i, ii, and iii we have span (S) is the smallest subspace of V containing S.

2.4. Linear Dependence and Independence of vectors

Definition 2.4.1: Let V be a vector space over a field F and S = {x,,X,,———,X,} be

subset of V then S is called linearly independent if the vector equation Zﬂi x; =0 has

i=1
only the trivial solution. If there are also non-trivial solutions, then S is called linearly

dependent. That is,

a) If Zﬂi X, =0= £, =0V,(L<i<n then Sis a linearly independent set.
i=1

b) If  38,,6,~—— B, €F notall zero such that > B, x; =0 then S is linearly

i=1

dependent set

Class Activity 2-4:
Testing for Linear Independence

1. Which of the following sets are linearly independent in R* and which are not?
a) {(31-4),(22-3),(0-4.1)}
b) {(0,2-4),(L-2-1),(1-4,3)}
c){(31-4),(2,2-3),(0,~41)}
d){(12.3),(0.12),(-2,01)}
e) {(10,0),(0,4,0),(0,0-6),(15,-3)}
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2. Determine which of the sets in P, are linearly independent
a){2—x,2x—x2,6—5x+x2}
b) {x? —1,2x +5}
c) {xz +3x+1, 2x% +x-1, 4x}
d){1+ x—2x2,2+5x—x2,x+x2}

e){l, X, xz}

= Remark 2-5: Testing for Linear Independence and Linear Dependence
A. LetS= {ul, u,,——-u, }be a set of vectors in a vector space V over a field F. To

determine whether S is linearly independent or linearly dependent, perform the
following steps.

n
» Step-1: From the vector equation Z,Biui = O, write a homogenous system
i=1

of linear equations in the variables g, 5,,———, 5, .

» Step-2: Use Gauss ian elimination method to solve the system for
B, B, ———,and S..

» Step-3: If the system has only the trivial solution,
p,=0=p,=———=f,, then the set S is linearly independent. If
the system also has non trivial solutions, then S is linearly
dependent.

B. Every set of vectors in a vector space is either linearly independent or linearly
dependent. Thus a single test suffices.

C. We say that an infinite set S is linearly independent if every finite subset of S is
a linearly independent set.

Theorem 2-4: A Property of Linearly Dependent Sets
Let S= {xl, Xy, — ==X, } n > 2 be a subset of a vector space V over a field F then S is

Linearly dependent if and only if at least one of the vectors X; can be written as a linear
combination of the other vectors in S.
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Proof: (=) SupposeS = {x,,X,,——,X, | is linearly dependent set. Then there exist
scalars (elements of F) g,, 8,,———, B, not all zero such that Zﬂi X, =0
i=1

Because at least one of the coefficients must be non zero, no generality is lost

byassuming that 8, = O(1< j<n) Now, > B x =0
i=1

:>ﬁ1x1+———+ﬂjxj +———+6.%X, =0
n

= ﬁjxj: _Zﬂixi
i=1

i#]

=X, =-B;' D B % =0, Why?

izj=1

=X, = — Zn:(ﬂj’l B)%, why,  where 0, =" B eF

jri=1
= X; =0, X +0; +X, ———+0, 4 Xj 1 +0;4 X, +0, X,
= X; is a linear combination of the other vectors.
(<) Suppose at least one of the vectors x; is a linear combination of the other vectors.

Now, with out less of generality assume X, is a linear combination of the other vectors.

Then x, =Y B,
i=2

= Zﬂ. X —% =0
i=2
3(_1) X1+ﬂ2 X, +___+ﬁn Xy =0
=S ={X,X,,——— X, } Is linearly dependent, since at least one coefficient, -1

IS non-zero. Hence the result.

Example-4

Let S ={l+Xx—2x2,2+5x—x? X+ X fthen show that S is linearly dependent subset of
PZ

Solution:

Let f, =1+x—2x?, f,=2+5x—x”and f,=x+ x* thenonecanobservethat

f,=2f, +3f, And hence f; is a linear combination of f; and f;
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Thus, by theorem 2.6 we have S is linearly dependent.

Example 5:
Let V be a vector space over a field F and u, v €V then show that u and v are linearly
dependent if and only if one is a scalar multiple of the other.
Solution:

It is a immediate consequence of theorem 2.6. It is a simple test for determining

Whether two vectors are linearly dependent.

© Test yourself!

1. Determine which vectors u, v, and w can be written as linear combinations of the
vectors in S.

a) S ={12-2),(2-1)},u=(117,-17),v=(3,%,%)andw =(8,-4,3)
b)a) S ={(2,0,7),(24.5),(2-1213)}u =(4,-20,24),v =(-1,0,0)and w = (6,24,9)

2. Determine whether the given set S spans R®. If the set does not span R®, describe

the subspace that it does span.
8) S ={(101),(110),(0.L1)}
b) S ={(10,3),(2,0,-1),(4,0,5),(2,0,6)}
¢) S =1{(123),(012),(-2.0)}
d) $ ={(123),(012),(-L0.)}
3. Determine whether the set S is linearly independent or dependent
a) S ={(0,0),(L-D}
b) S ={(4-4-2),(-2,21)}
¢) S =1{(10,0),(0,4,0),(0,0,-6),(15,-3)}
d) S ={(1234),(L012).(L456)}
4. For which values of x are the following sets linearly independent?
a) S ={(xL11), (L x1),(LLx)}
b) S ={(x11),(102),(113x)}
5. For which values of r are the following sets linearly independent?
a) S ={(r,0,0),(0,1,0),(0,0,)}
b) S ={(r,r,r),(r10),(r,01)}
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6. Determine whether the set S = {y2 —2y,y3 48,y -y y -yt yi - 4} Spans or
generates p,

7. Prove the following
a) If S, isasub set of S; and S; is linearly dependent then so is S,.
b) Any set of vectors containing the zero vector is linearly dependent.
c) A non empty sub set of linearly independent vectors is linearly in dependent.
d) Given that{x,, X,,———, X, }is linearly independent set {x, x,,— ——x,, x} of
vectors but the set is linearly dependent, then x is a linear combination of the x; 's.
e) If s={u,v} isa linearly independent set, then the set {u+v,u—v} is linearly
independent.

8. Theset{(1,2,3), (1,0,—2), (-1, 0, 2)} is linearly dependent, but(L, 2, 3) can not be
written as a linear combination of (1, 0, —2)& (=1, 0, 2) and why does this not
contradict theorem 2.6.

9. Under what conditions will a set consisting of a single vector be linearly
independent?

2.5. Bases and Dimension of a VVector space

Objectives

At the end of this section students are expected
e Define a basis of a vector space.
e Define the dimension of a vector space.

e Find a base of a subspace and state its dimension.

2.5.1. Basis of a vector space

Definition 2.5.1: Definition of Basis
A set of vectors S = {xl, Xgs——— xn} in a vector space V over a field F is called basis

for V if i- S spans V and ii- S is linearly independent.

™. Remark 2.5:
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1. The above definition tells us that a basis has two features. A basis S must have
enough vectors to span V, but not so many vectors that one of them could be
written as a linear combination of the other vectors in S.

2. An infinite set S is said to be a basis for V if
i- S spans V and ii- S is linearly independent. That is, if every element of V is a
finite linear combination of elements of S and every finite subset of S is linearly
independent. Thus a basis of a vector space V may consists of infinite number of

vectors.

Class Activity 2.5.1:
1. Show that s{(1, 0, 0),(0, 1, 0), (0, 0,1} is a basis for R®. S is called the standard

basis for R®.
2.Lete, = (L 0,——,0),e, =(0,1,0,——,0),——— €, ={00---1)}
then show that
S= {e,,e,,———¢€, | is abasis for R" S is called a standard basis for R".
3. Show that
a) S={1 2, 3), (0,1, 2),(-2, 0, 1}is a non standard basis for R®
b) S={ 1), (1 —1)} is anon standard basis for R*

c) S= {1 X, X*,——— X" }is a standard basis for P"

Theorem 2.5.1: Uniqueness of Basis Representation

Let V be a vector space over field F and s = {xl, X, ,———xn} be a basis for V then every

vector in V can be written in one and only one way as a linear combination of

vectors in S.

Proof

1) Existence:

Let veV thenv = Zai x; where a, € F and x; € F because of S generates V
i=1

V, =1, 2= ——,n. This

ii) Uniqueness:
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To prove that a given vector can be represented in only one way, we assume that V

has another representation

v=>Y b x where b eF and x, es V, =1, 2,——,n
i—1
Thenwe get V= ) a, x, = > b, X,
i=1 i=1
= > a;% - bx=0
i=1 i=1

:>Zn:(ai —b,)x, =0

=a; —b; =0 V;=1 2,——,n. This is because of the fact that S is

Linearly independent

Thus, a, =b, =0 V, =1, 2,——,n and hence V has only one representation for
the given basis S.

Example 1: Uniqueness of Basis Representation

Let U = (u,U,,u;) be any vector in R® then show that the equation
u=a,V, +a,V, +a,V, has a unique solution for the set S= {v,,v,, v, jwhere
v,=01223),v,=(0,1 2),&v,=(-2,0,1

Solution:

Claim 1 S is a basis for R®

3
i) Suppose » &, v, =0

i=1
=aV,+a,v,+a,v; =0
=a,1 2 3)+a,(0, 1 2)+a,(-2,0,1)=(0, 0, 0)

a,—2a,=0
2a, +a, =0
3a, +2a,+a; =0

=a =0=a,=a,
= S is linearly independent set

i) Letv = (X, y,z) € R® and suppose that
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n
a Vv, +a,V, +a,V, :Zai v,
i=1

=xY.2)= a(23)+a,(012)+a,(-2,0)
=(x,y,2)=(a,,—2a,,2a, +4a,,3a, +2a, +a,)

a, —2a, =X
=J2a,+a,=Y
3a,+2a,+a, =12

= a =—X+4y-2z
a, =2x—-1y+4z
a, =—X+2y-12
Thus, Vv =(X,Y,2) € R®
da, =—x+4y-2z,a,=2X-7y+4z anda,=—X+2y—-zeR
Suchthat v=av, +a,V, +a,v,and hence s generatesi®

There fore, by 1) and 11) we get S is a basis for R*
Claim- 2
The vector equation U =a, Vv, +a,V, +a,V, has a unique solution.
Now, Since S is a basis for R® we've by theorem 2.7, uniqueness of basis
representation, and the equation u=a,v, +a,v, +g,V, has unique solution. Infact, by
the result of claim-1 we get
a, =—Uu, +4u, —2u,
a, =2u,—7u, +4u, anda, =—u, +2u, — U,
For instance, the vector u =(L0,0) can be represented uniquely as a linear combination

of v,,v,andv,as(1,0,0)=-v, +2v, —v,,

Definition 2.5.2: Coordinate Representation relative to a Basis

Let V be a vector space over a field F with basis S = {xl,xz,———, xn}andx eV . If
n

X:Zaixi where a, e F V, =1,2,———,n then the scalars a,,a,,——-.a, arecalled
i=1
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the coordinates of x with respect to the basis 8. The coordinate vector of x relative to

B is the vector in R" denoted by N = (a,,a,———a,)

Example 2:
In the example-1 above we have

u=(10,0) =-v, +2v, —v, andhence (u) , = (-1,2,-1) is the coordinate of U with

respect to the basis 3 = {(1,2,3),(0,1,2),(-2,0,1)}

5~ Note that: The order of the vectors in the basis is important. In the context of
coordinate representation, ,B={xi,x2,———, xn} is sometimes called an ordered

basis.

Theorem 2.5.2 Basis and Linear Dependence

If S= {vl,vz,———,vn} is a basis for a vector space V over a field F, then every set

containing more than n vectors in V is linearly dependent. That is, the maximum

number of linearly independent vectors in V is n.

Proof:

Let S, = {ul,uz,———,um}be any set of m vectors in V, where m>n. To show that S is
linearly dependent, we need to find scalars k;,k,,———Kk, not all zero such that
kju,+k,u, +———+k,u,=0---(2)

Since S is a basis for V, it follows that each u; is a linear combination of vectors in S,
n
and hence u, :ZCij v, where C, e F Vv, =1, 2-—n&V,; =12 -—m
i=1
Substituting each of these representations of u; in to (1) and regrouping terms produces
n m
Zdivi =0where d; = Zcij k;  However, since the v;'s form a linearly
i=1 j=1

independent set, we conclude that each d; =0. Thus the following system of equations
is obtained. C,k, +C,k, +———+c, k, =0

Im™m

C,k, +cok, +———+c, k, =0

2m™tm
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C,k, +cok, +———+c, k, =0
C..K +C Kk, +———+cC Kk, =0
But this homogeneous system is has fewer equations than variables k;,k,,———k_, and

hence it must have nontrivial solutions. Consequently, S, is linearly dependent. Hence

the proof
Example-3: Linearly Dependent sets in R®, P; & R"

a) Since R*has a basis consisting of three vectors, the set

{1,2,-1),(1,10), (2,3,0),(5,9,~1) } must be linearly dependent.
b) Since P3; has a basis consisting of four vectors, the set
{1, 1+% 1-X 1+x+x> 1-x+x? }must be linearly dependent.
¢) Since, R" has the standard basis
Containing of n vectors, it follows from theorem 2-8 that every set of vectors in R"

congaing more than n vectors must be linearly dependent.

Theorem 2-5.3: Number of VVectors in a Basis

If a vector space V over a field F has one basis with n vectors, then every basis for V

has n vectors.

Proof:

Let S, = {x,,X,,———X,} and S, =1{y,,Y,,———.y,, }be basis for \V over F then since
S, isabasisand S, is linearly independent we get m < n———(*) Also, since S,

is a basis for V and S; is linearly independent we get n <m ——— (**)

Now, Combing (*) and (**) we have m <n andn <m which intern implies m=n.

Example-4
a) Since the standard basis for R®, 8 ={(1,0,0),(0,1,0),(0,01)} = {i, j, k} has three

vectors we have the set {(3,2,1),(7,—14)}is not a basis for R®.

b) Since the standard basis for p,, 5 = {Lx, X2, x3}has four elements we have the set

{x +2,x%,x3-13x+1x? —2x+3} is not a basis for Ps.
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2.5.2 The Dimension of a Vector Space

Definition 2.5.3: Definition of dimension of a vector space
If a vector space V over a field F has a basis consisting of n vectors, then the number n

is called the dimension of V, denoted by dim (V)=n. If V consists of the zero vector
alone, then the dimension of V is defined as zero. In general, let V be a vector space,
over a filed F. Suppose there is some whole number n such that V contains a set of n
vectors that are linearly independent, while every set of (n+1) vectors in V is linearly

dependent then V is called finite dimensional and n is called the dimension of V.

Example -5
a) Since S =le e,,e,,———e, formabasis for R" over R we have dim (R") =n
b) Since S = {1 X, X%, ———, x”} form a basis for P, over R we have dim (P,) =n+1

Class Activity 2.5.2
Finding the dimension of a subspace

1. Let W be a subspace of a vector space over a filed F with dimension n then show
that dim W is less than or equal to n
2. Determine the dimensions of the following subspaces of R® over R
a) W ={(d,c-d,c):c,d eR}
b) W ={(2b,b,0) :b e R}
3. Find the dimension of the subspace W of R* over R spanned by
S ={(-125,0),(30, 1,-2)(-549,2)}

Theorem 2.10: Basis Tests in an n-Dimensional space
Let V be a vector space over a field F with dimension n

a)If p= {xlxz,———xn} is a linearly independent set of vectors in V, then S is a basis
for V over F .
b) If #=1{v,,v,,———V,} spans V, then S is a basis for VV over F.

Proof: Left as an exercise
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© Test yourself!
1. Determine whether g is a basis for the indicated vector space
a) S =1(-12,0,0),(2,0,-1,0),(3,0,0,4),(0,0,50)} for R* over R
b) B={(Li}for ¢ overR
c) A=1{153),(012),(0,0,6)} for R*overR
2. Find all subsets of the set
a) S ={(10),0,1),(L1)} that form a basis for R® over R
b) S ={13-2),(-4.11),(-2,7,-3),(2,11)} that form a basis for R® over R
3. Find a basis for

a) -R%over R that includes the vector (1,1)
b) -R® over R that includes the set

s ={10,2),(01D}
4 Let W =1{(2t,t):teR}
w, ={(0,t):t e R}
w, = {(2r,r,-r):r eR}
w, ={(2s—t,s,t):s,t e R}
a) Show that w; and w; are subspaces of R? over R
b) Show that w3 and w; are subspaces of R® over R
c) Give a geometric description for each W; (1<i<4)
d) Find a basis and dimension of W; (1<i<4)
5. Determine whether the given statement is true or false. Give a reason for your
answer.
a) If dim (V) =n then there exists a set of n-1 vectors in V that will span V
b) If dim (V) =n, then there exists a set of n+1 vectors in V that will span V
¢) If dim(V)=n, then any set of (n+1) vectors in V must be dependent.
d) If dim (V) =n, then any set of (n-1) vectors in VV must be independent.
6. Prove that the vector space of all polynomials over R is infinite dimensional

7. Let {v,,v,,—— —,Vn} be a basis for a vector space V over a filed F
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a. Prove that {vl,v1+v2Y V, +V, +Vy,———V, +V, +———+vn} is also a basis
for V over F

b. Let {al,az,———, an}be scalars, none of which is zero. Prove that
{a,v,,a,v,———a,v, } is also a basis for V over F.

C. Suppose that a vector \ has coordinate set
{B,, B,,——— B, Jrelativetotheoriginalbasis

8. Determine its coordinate set relative to
1) the basis of part (a)
I1) The basis of part (b)

2.6 Direct sum and Direct Product of Subspaces

Objectives
At the end of this section students should be able to

e Define sums of subspaces of a vector space.
e Determine the smallest subspace of a vector space over a field.
e Show vector spaces over a field can be expressed as scalar multiplication

defined component wise over a field.

Definition 2.6.1: Sums of subspaces of a vector space

Let W3,W,,---,W, be subspace of a vector space V over a field F then the set of all

vectors of the form v, +———+V_ where v, eW, is called the sum of the subspaces or

their span, and is denoted by
W, +W, ———+W_ ={v, +V, +———+V, : v, eW, V, =12,———,n}

Theorem 2.6.1:

Let W, W, ——,W, be subspaces of a vector space over a field F then
W, +W, +W, + ———+W,_ is the smallest subspace of V containing

W, W, ———and W, .

Proof:

83



Linear Algebra for Statistics

1) Let x e W; where i is a fixed element of {1, 2, ....... ,n} then
X=0+0+---4+0+x+0+-—--+0eW, +———+W, + ———+W,
=>XeW, +———4+W, +———+W,
=>WX(XeW, = XeW, +———+W, +———+W,)

=W, cW, +W, +———+W, + ———+W, foreach ie {1,2—-—,n}
= foreachie{1,2,——— njwehaveW,c W, +———+W, + ———+W,
=W, +W, +-——-+W, containsW,, W, ,———-W, ..

1)

> Since W, ,W, ,——— W, are subspaces of V over F. We have let
0eW,cVV,=12—---n andhence
0=0+0+-——-+0eW, +W, +———+W,_ cV
=¢#W, +W, +———+W,_ cV

> X, yeW, +W, +—-——+W, then x=x+X,+—-——+X, and

y=y,+Y,+———+Yy, where x,,y, ew, V, =12———,n
Thus X+y=(X+———+X)+ (Y, + Y, +———+Y,)
=(X +Y)+ (X, +Y,)+———+(X, +Y,);why?

eW, +W, +——-W_,
since x;,y; €W, andW, is asubspaceof V V, =1, 2,———n

=>X+yeW, +W, +———+W,.

5 Lot XEW +W, +———+W, andf eF then

X=X +-———+X, withx, ew, V,=12—-——nandhence px=p(x +-——+X,
=[xy + Py +———+ [,
eW, +W, +———-+W,_, Since x, e W, and W, is subspace of V over F
vV, =12,——-n.
= XeW, +W, + ———+W_
Thus, we have W, +W, + ———+W_ is a subspace of V over F.

I11) Let W be a subspace of V containing W;,W,,——— W, Let xeW, +W, +W,
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then x=x, +———+x, with x, eW, V, =12———,n
= X=X +———+X, withx, eW;since W, cWV, =1 2---n
= xeW as W is asubspace of V over F
Thus, VX(X eW, +W, + ——-W, xeW)
=>W, +W, +———+W_ cW
Hence,W, +W, + ———+W, is the smallest subspace of V containing

W, W, ———andW by 1) 1I) 1)

Definition 2.6.2: Direct sums of subspaces
Let W,,W,,——— W, be subspaces of a vector spaces V over a field F, such tha

(W, ={0} then the direct sum of W,,W,,———W,_, denoted by
i=1

W, ®W, ®W, ®---®W, is the subspace W, +W, + ——-W_.That is, if

Win_z_wjz{o} then the subspace W, +W, +——-W,_ is called the direct sum of
i#

W, W,,———W

n

and we write W, ®@W, ®@W, ® ——-@W, instead of W, +W, + ———+W,.

Example-1
LetV =R*,F=%R
M ={(x,0):xe R}and N = {(0,x) :x € R} then find M @ N.
Solution:
One can observe that M and N are subspaces of VV over F =R.

Also, for weM NN we have ve M and ve N
= v=(x,00and v=(0,y) for some x,y € R.
=v=(x,00=(0,y)
=(x,0)=(0,y)
=>Xx=0=y

= v =(0,0); the zero vector in R?.
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Thus MnN ={(0,0)} = {0}

Moreover, M®N =M +N ={m+n:meM and ne N}
={(x0)+(©.y):x,yeR}
={(x+0,0+Yy):x,yeR}
={(xy);xyeR}
= R?;why?

=>M®&N=M +N =R?

=M®N =R?
Thus the direct sum of M and N is R =V

Theorem 2.6.2: Let W, ,W,,———W, be subspace of a vector space V over a field F

then V =W, ®W, @ ——-®W,_ if and only if every element of V is uniquely expressed

as a sum of elements of W,,W,,———W..

Proof: (=) Suppose V =W, ®W, ®W, ® — ——®W, then

V=W, +W, +———+W, and W,neW, ={0} V, =1, 2———,n. and hence for
xeVweget X=X +X,+———+X,where x, eW, V, =1 2-——-n

Thus, every element of V is expressed as sum of elements of W, ,W,,———W..

Now, to show that the expression is unique we also suppose that

X=Yy,+Y,+———+Yy, with y,eW, V,=12—-——n

Then, X=X +X, +———+X, =Y, + Y, +———+Y, with x;,y, eW,

S>X+X -+ X +———+X, =Y, + Y, +———+Y, +———+Y, wherex,,y, eW,

=X =Y) == X)+ (Yo = X)+ ===+ (Yia X))+ Vs — X)) +———+ Y, — X,
Where x;,y, €W,,V, =1, 2,——-n,

= (X —Yj)eWp +Wo +———+W;_1 +Wj q +———+W= X Wj

J#i
=X —Yi EWin > WJ
j#
vV, =1 2,———-,n,since W, issubspaceof V over F we have
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X, —Y; eW,

=X -y, €W, n > w,={0} V,=12—--n

i
j#i

=X -y, €{0} ¥, =1,2———n

= X-Y,=0 V,=12---n

=X =Y, V;=12—--,n.

Hence, every element x of V is uniquely expressed as

X=X +X, +———+X, with x, eW, V; =1,2,———n.
=™ Remark 2.7

n
1. Observethat W n 3 W; = {0} is the same as
J#i

X, +X,+———+X, =0and x; eW, impliesx, =0V, =12,——-n
2. LetV be a vector space over a field Fand M, N be subspace of V then

V=M@N if and onlyif V=M +N andM NN = {0}

Theorem 2.6.3
Let M and N be subspaces of vector space V (over a field F) of finite dimension.
If V=M®&N then dimV =dimM +dimN

Proof

Let dim M =m and dim N =nthen there exist sets
B, ={x,%,,———X, fand g =1{y,,y,————Y,} Which are basis for M and N

respectively.
I) Since V=M @ N, then VveV we have

v=m, +n, wherem, eM and n, e N

=Y a X +Y_ by, ¥; wherea,b e F ,since fand j arebasis for Mand N
i=1 i<1

Respectively

= Everyelementvin V is a linear combination of. X, X,,——— X, Y1, Y,,——— ¥,
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= IB = {Xl’ X2'___l Xm, yla yg,———. yn,} Generates V

I) Suppose for scalars a,,a,,——--,a,,,b,,b,,———,b, we have
= Zai Xizbi Yi =0 :Zai X :_Zbi Yi
i=1 i=1 i=1 i=1

= iai X; ,Zn:bi y, e "nN; since iai X; €N andzn“bi y, €N
i=1 i=1 i=1

i=1

:iai X, ,Zn:bi y; € {0}; since AnN = {0}
i=1 i=1

:iai X; =0:Zn:bi Y,
i=1 i=1

=a=0v,=4,2-——-—m&b =0V, =12 —-——,n

This is because of the fact that 3, and g, are linearly independert over F.
Thus, > a,; % +> by, =0=a =0-—=a,=b =b,=———=h,
i=1 i=1

= B ={X,, X, === X, Y1, Yo~ ——Y, | is a linearly independent set
Therefore, by I) and 11) we get g is a basis for V over F
= dimV =the number of elementsin g

=m+n
=dim M +dim N

Thus dim V =dim M +dim N

Class Activity 2.6
1. Let V be a finite dimensional vector space, then show that any linearly independent

set can be extended by adding elements, to get a basis

2. Let W be a subspace of a finite dimensional vector space V, then show that there is

another subspace N such that v=W @ N

3. Let M N be subspace of a finite dimensional vector space V over a filed F, then
show that dim M + dim N=dim(M nN) +dim (M + N).

Definition 2.6.3 (Direct products)
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Let V,,V,——-V, be vector spaces over a field F then the collection of n-tuples
(x;,X,,———X,) where x, €V, with addition and scalar multiplication defined
component wise is called the direct product of V,,V,,———and V, and it is denoted by
V, xV, xV,; x———xV, ..

Thatis, V, xV, x ———xV, {(Xl,xz,———,xn): X, eV, Vv, =1, 2,___,n}

Theorem 2.6.4: LetV,,V,,———, V, be vector spaces over a field F then show that

V, xV, x——=xV, = {(x,,%,,———X,): X, €V, V, =1, 2,——,n} With addition and

scalar multiplication defined component wise is a gain a vector space over a field F.

Proof: Exercise

¥~ Note that The direct product of V,,V,,———, V. is also referred to as the (external)

direct sumof V,,V,,———, V, and denoted by V, ®V, @V, ® —--@V,.

Definition 2.6.4 (Internal direct Sum)

LetN,,N,,——, N, be subspaces of a vector space V over a field F such that
V=N®N,®-——@N, then V is said to be the (internal) direct sum of

N, N,,—— N, .

() Test yourself!

1. Let V =%R°, W be the subspace generated by (2, 1) U be the subspace generated
by (0,1) and M be the subspace generated by (1,1) over R then show that
a) V=Waou
b)V=W&M
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¢) Find dimension of W, U and M
2. Let M and N be subspaces of a finite vector space V over a field F such that dim
M =2 dim N=3 and dim (m n N)=1, then find dim (M+ N)
3. Show that Rxz xR with component wise addition and scalar multiplication is a
vector space over R.
4. Let W,,W,,——,W, be subspaces of a vector space V over a field F then show that
the following are equivalent.
a) The map [TLW, xW,x———xW_ —>W,+W, +———+W_ defined by
[I(a,,a,,——,a,)=4a, +a, +———+a, is an isomorphism.

b) W, NW, +W, +———+W,, +W, ———+Wn) =0V, =1, 2,——,n.

c) Every xeW, +W, ———+W,_ can be written uniquely in the form
a, +a,+—-——+a, With a, eW,.
5. LetW,,W,,———W, be subspaces of a finite dimensional vector space V, and let S

be a basis forW, then show that
a) The ordered set S obtained by listing the bases g, ,8,,——, 8, inorderis
a basis of V if and only if V is the direct sum W, @W, ® ——-&W,
b) Dim (W, +W, +———+W,) <(dimW,) + — ——+ (dim W, ) with equality if and

only if W, YW, ={0} vV, =1,2, ——,n,

i)

SUMMARY OF UNIT TWO

% Let V be an arbitrary nonempty set of objects on which two operations are
defined: addition, and multiplication by scalars (numbers). By addition we
mean a rule for associating with each pair of objects u and v in V an object u + v
, called the sum of u and v; by scalar multiplication we mean a rule for

associating with each scalar k and each object u in V an object ku , called the
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R/

K/

scalar multiple of u by k. If the following axioms are satisfied by all objects u,v
,w in V and all scalars k and m, then we call V a vector space and we call the
objects in V vectors.

1. 1fuandv are objects in V, then u+visinV

2.U+Vv=v+u

Jut(vibwl=u+v)+w

4. There is an object 0 in V, called a zero vector for V, such that

0+u=u-+ 0=muforall

uinV.
5. Foreach u inV, there is an object in -u , called a negative of u, such
that
ut(—uj=_(—ujtu=0

6. If k isany scalar and u is any object in V , then kuisinV.

7 klu4v)=in+ kv

g (k- mu=iu-| »m

9. k(pm) = (km)(u]

10.1.u=u
Let V be a vector space, u a vector in V, and k a scalar; then:

@o0u=0

(b)k0=0

(c) i—Lim= —u

(d)If ku=0,thenk=00ru=0.
The additive identity element in V is unique.
The additive inverse of every element of V is unique.
A subset W of a vector space V is called a subspace of V if W is itself a vector
space under the addition and scalar multiplication defined on V.
If W is a set of one or more vectors from a vector space V, then W is a subspace
of V if and only if the following conditions hold.
(@) If u and v are vectors in W, then u+v isin W.
(b) If k is any scalar and u is any vector in W, then ku isin W.

A vector w is called a linear combination of the vectors V1’V2’V3 ---,vr if it can

be expressed in the form w=&1vy + kavy + -+ kv,

91



Linear Algebra for Statistics

X/
°e

K/
L X4

Where &1. k2. .... &» are scalars.

If ¥= {vi.vz.... v:} isanonempty set of vectors, then the vector equation
kv + kgva + -+ kv, =0 has at least one solution, namely
k1=0, kz=0.... & =0]|fthisis the only solution, then S is called a
linearly independent set. If there are other solutions, then S is called a linearly
dependent set.
A set S with two or more vectors is
(@) Linearly dependent if and only if at least one of the vectors in S is
expressible as a
linear combination of the other vectors in S.
(b) Linearly independent if and only if no vector in S is expressible as a linear
combination of the other vectors in S.
A finite set of vectors that contains the zero vector is linearly dependent.
A set with exactly two vectors is linearly independent if and only if neither

vector is a scalar multiple of the other.

If V is any vector space and= = (V1. Vz.--. Vn} isa set of vectors in V, then S
is called a basis for V if the following two conditions hold:

(@) Sis linearly independent.

(b) S spans V.

If &= {¥1.vz.--.Vn!l is a basis for a vector space V, then every vector v in V
can be expressed in the form v =¢c1vy + c3vz -+ -+ £»¥Vy in exactly one way.

A nonzero vector space V is called finite-dimensional if it contains a finite set

of vectors {\/1,v2,v3 Vg } that forms a basis.If no such set exists, V is called

infinite-dimensional.

In addition, we shall regard the zero vector space to be finite dimensional.

The dimension of a finite-dimensional vector space V, denoted by dim (V), is
defined to be the number of vectors in a basis for V. In addition, we define the
zero vector space to have dimension zero.

Let W;,W,,--- W, be subspace of a vector space V over a field F then the set of

all vectors of the form v, + ———+v,_ where v, €W, is called the sum of the
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°

X/
°

subspaces or their span, and is denoted by

W, +W, ———+W, ={v, +V, +———+V, : v, eW, V, =12,———,n}
Let W,,W,,———,W, be subspaces of a vector spaces V over a field F, such
that (JW; = {0} then the direct sum of W,,W,,———W,, denoted by

i=1
W, ®W, ®W, ® - ——-@W,, is the subspace W, +W, +-—-W,.
Let V,,V,,——-V, be vector spaces over a field F then the collection of n-tuples
(X, X,,———X,) where x; €V, with addition and scalar multiplication defined
component wise is called the direct product of V,,V,,---,and V, ,denoted by

V, xV, xV, x---xV, is a vector space over a field F

LetN,,N,,——, N, be subspaces of a vector space V over a field F such that
V=N® N,® -———@&N, then V is said to be the (internal) direct sum of
N, N,,—— N, .

UNIT-THREE: MATRICES

UNIT OBJECTIVES:

At the

end of this unit each student should able to:
Learn a matrix and know properties of matrices
Understand how to operate with matrices
Know properties of matrix operations
Realize inverses of a matrices
Know types of matrix

Work with elementary row/column operations
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= Represent system of linear equations by a matrix.

Introduction

In working with a system of linear equations such as

X —2X, + 3%, + X, =2

2X, +3X, = TX, —95X, =1

— X, +10x, + X, —2Xx, =1

8x, +4x, —11x, +8x, =0
Only the coefficients and their respective positions are important. Thus these
coefficients can be efficiently arranged in a rectangular array called a "matrix".
Moreover, certain abstract objects in higher mathematics can also be represented by

matrices. Thus, matrices can be used to solve systems of linear equations. They have

also numerous applications.

3.1: Definitions of Matrices

1- The concept of a Matrix

Definition 3.1: Definition of a Matrix
Let m, n be natural numbers. An mxn (read "m by n") matrix is a collection of mn

numbers arranged in a rectangular array.

n columns

2

aj dp, e gy

n

m rows —»

in which each entry, a,., of the matrix is a number. An mxn matrix has m rows

ij

(horizontal lines) and n columns (vertical lines).
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&~ Remarks 3.1
1. The numbers in the above matrix are called the matrix entries and are denoted

by a,.,Wherei, j are indices(which are natural numbers) with 1<i<m and

ijo
1<j<n.

The index i is called the row index or row subscript because it gives the position
in the horizontal lines, and j is the column index or column subscript because it

gives the position in the vertical lines. So ajj is the entry which appears in the

i™ row and j™ column of the matrix.

2. The plural of matrix is matrices. If each entry of a matrix is a real number /
complex number, then the matrix is called a real/ complex matrix.

3. An mxn matrix is said to be of order mxn. If m=n, then the matrix is square of

order n. For a square matrix, the entries a,,,a,,,a,;,——— are called the main
diagonal entries.
4. We can abbreviate the above matrix by writing A= (a;;)mxn.

Example-1: Consider the matrix
01 2 3

A=|e [J2 -15

1% -3010

Since A has three rows and four columns, we say that A is a 3x4 matrix or A is a matrix

of order 3x4. Moreover, a,, =0,a,, =1, a,=2,a, =3

a,; =€, 3y, :\/Zazs =-1 Ay, =3, a31:%’ a;, =-3, Asg =0, as, =10

Example-2: The following matrices have the indicated orders.

(@) Order: 1x1 (c) Order: 3x3
000
2] 000
000
(b) Order: 1x4 (d) Order: 3x2
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e 1
[02-13] 2-1
-81
© Test yourself!

1. What is the order of each of the following matrices?

45 6
11 100 o

@ (00 0 (010 (@© W3] (@ 01 s
56 001 P

2. What are the entries a,,, a,,, and a,, ,, the matrix

125 cos A —sinA tanA
A= |20 5|? B)= 0 1 2
07-1 sinA —cosA O

3. What are the main diagonal entries of the following matrices?

. 011 107
11+
(@) (0 j b) (101 c) 041
[
001 358+i
4. Construct a 4x3 matrix B= (b'J) where )by =i+] c) by =1.]
b) b =i—] d b, =4

3.2. The Algebra of Matrices

In this section we concentrated on the mechanics of the three basic matrix operations:
Matrix addition, scalar multiplication, and matrix multiplication and develop an algebra
of matrices. You will see that this algebra shares many (but not all) of the properties of
the algebra of scalars.
Objectives
At the end of this section students should be able to

e Manpulate matrix addition and subtruction.

¢ Identify equal matrix using definition of equal matrix.

e Perform scalar multiplication and addition simultaneously.

e Compute the product of matrices
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1. Equality of matrices

Definition 3.2 Definition of Equality of Matrices
Two Matrices A =|a;; | and B = |o;; | are equal, denoted by A = B if and only if
I) they have the same order (m X n) and

1) a; = b V;,; Suchthat 1<i<mandl<j<n.

That is, two matrices of the same order are said to be equal if their corresponding

entries are equal.

Example-3 Equality of Matrices

Solve for x,y,z and W in the following matrix equation:

HERRE

Solution:
Because two matrices are equal only if the corresponding entries are equal, we
conclude that: x+1=2, y=0, w=5and z-1=-2

=x=1 y=0,w=5 z=-1.

2. Addition and subtraction of matrices

Definition 3.3: Definition of matrix Addition

Let A=|a;;|and B=|b;;| be matrices of order mxn, then their sum is an mxn matrix
given by A+B=l|a, +b;| Thatis, we add the two matrices of the same order by

adding their corresponding entries and the sum of two matrices of different orders is
undefined.

Example-4: Addition of Matrices

210 01 100
LetA={40-1|, B=|-13| C= (010
3-22 2 4 001

Thenfinda) A+ B b)A+C.

97




Linear Algebra for Statistics

Solution:

a) Since A and B have different orders, we have A + B is undefined.

21 0 100
b) A*C=|40-1| +/010
3-22 001

2+1 1+0 0+0 310
=/4+0 0+-1+ 0|=|41-1
3+0-2+0 2+1 3-23

Definition 3.4: Definition of Matrix Subtraction
Let A and B be two Matrices of the same order then the difference of A and B, denoted
by A — B, is defined to be the matrix obtained by subtracting each element of B from
the corresponding elements of A. That is if

A=(a;;)mxn & B=(b;;)mxnthen A—B=(a; —b;)mxn

Example-5: Subtraction of Matrices

123 2 30
Let A= , B= then
014 -125
A_B= 123 2 30} |1-2 2-3 3-0 _—1—13
(014 125 0-(-1) 1-2 4-5| | 1 -1-3
&~ Note that; Two matrices of the same order are said to be conformable for addition

and subtraction. Only conformable matrices can be added or subtracted.

3. Multiplication of a matrix by scalar
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Definition 3.5: Definition of scalar multiplication

Let A= (aij}nxn be a matrix and b be scalar, and then a scalar multiple of A by b is
an mxn matrix given by: bA= (baij] That is, bA is an mxn matrix obtained from A by

multiplying each of its elements by b.

Example-6: Scalar multiplication

124 20 0
LetA= |-3 0-1|and B=| 1-4 3 | thenfind
21 2 -1 32
a) 34
b) — B
c) 3A—B
Solution:
12 4 3D 32 3(4) 3612
a) 3A=3-30-1| =[3(-2) 300) 3(-1)|=|-90-3
21 2 32) 3D 3(2 63 6
(200 (-1)2 (-)0 (-1)0 -200
b) -B -B=(-1B=(-1) 1-43| =|(-)1 (-D-4 (-D3 | =|-1 4-3
-13 2 (-)-1 (-3 (-1)2 1-3-2
3612 [ 20 0 16 12
¢)3A-B=|-9 0-3|—-| 1-4 3|=|-104-6
636/ |-132 70 4
&~ Note:

(1) If A is any matrix and b is any scalar then bA = Ab
(2) — A represent the scalar product (—1) A.
Matrix Multiplication
It is a basic matrix operation. At first glance the following definition may seem

unusual. You will see later, however, that this definition of the product of two matrices

has many practical applications.

Definition 3.6: Definition of Matrix multiplication
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Let A=|a;| beanmxnmatrixand B =(b;; | is an nxp matrix, then the product AB is

n
an mxp matrix given by AB :(cijJ where C; i - > ajKhy;
k=1

=a;; by +a;,0,; +a; b5 +———+a;,b,;
That is, the ij™ element of AB is obtained by multiplying each element of the i** row
of A (denoted by A)) in to the corresponding element of the j* column of B (denoted by
Bj ) and adding the products or equivalently, the ij™ element of AB is the dot product
of the i™ row vector of A by the j column vector of B and hence

ABz[cij]Wherecij =A.B

Example-7: Finding the Product of two Matrices
-1 3

Let A=| 4- 2| and B:{
5 0

2
J then find the product AB.

Solution:
First note that the product AB is defined because A has order 3 x 2, and will take the

form.

Cll C12

-3 2
_4 1 =1Cxn Cyp

-1 3
4-2
5 0 C3l C32

To find c,, (the entry in the first row and first column of the product) we take the dot

product of the first row of A and the first column of B That is, ¢, = A,. B'

=(-1 3).[: i] =(1 (-3)+3(-4)=3-12=-9

Similarly, to find c,, we tare the dot product of the first row of A and the second

column of B and hence c,, = A B?

~(-1 3). @

=)@ +E@=-2+3=1
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Continuing this pattern produces the following results.
-3
C, =AB'=(4-2)= -[_ 4} (4) (3)+(2)(-4) =4
2
Crp = A, B = (4-2) = @ @) @+ =6

3
Cy=AB =(5 O){ 4} =) (3 +(0)(-4) =-15

¢, =AB2=(5 0).@ = (5) )+ (O =10

Thus the product is

-1 3 —91

-3 2
AB=| 4-2 { J =|-4 6
5 0 ~15 10

™. Remarks 3.2
1. The product of two matrices A and B is defined if the number of columns of A is

equal to the number of rows of B, say if Aisan m X n matrix and B isann X p

matrix. In this case, the product AB is an mxp matrix.

2. Let A=(a;) m xnandB = (bj) n X pthen
AB' AB* AB’---A.B"

AB=| A,B' AB* AB*---AB°"

A,B" AB® A B -—-AB’

Where A;.B; is the dot product of the i"" row of A and j™ column of B
V,=1 2--—mand j=12———p
3. If the product that AB is defined, then it is not necessary that BA must also be
defined. For instance, if A is of order 3 X 3 and B is of order 3 x 2, then clearly

AB is defined but BA is not defined, as the number of columns of B is not equal

to the number of rows of A.

Class Activity 3.1
1. Compute the products AB and BA for the following values of A and B
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-8-4
123
a) A= 'B=| 9 5
331
-3 -2
4] 10
b) A= . B=
3 01
—1] [1
c) A=| 1| B=|2
| 1

2. Find

. (21)(8-3 2w

(@) x,y,z and w if (x yj (0 —2}2(_16 8)
() abc&d if [a 3) (4 7 J:(Blj
26)(-36) \c d

10 30
3. Let A= and B = Showthat AB = BA
04 02

4. Construct two matrices A and B such that the product AB, BA are defined and
AB # BA.

5. Properties of Matrix Operations

We begin by listing several properties of matrix addition and scalar multiplication

Theorem 3.1: Properties of Matrix Addition and scalar multiplication.

Let A, B, C be an mxn matrices and ¢ and d be scalars, then the following properties

are true.
1. A+B=B+A - ---- commutative property of Addition
2. A+(B+C)=(A+B)+C —————— Associative property of Addition

3. (cd)A = c(dA)

4.1A=A

5. ¢( A+ B)=CA+CB ------mmmmmmmmmmme e Distributive property
6. c+d)A=cA+dA - - - ————————— Distributive property A
_Proof:

Proof of these six properties follows directly from the definitions of matrix addition,

scalar multiplication, and the corresponding properties of scalars. For example, to
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prove the commutative property of matrix addition, we let A=|a,; |and B =|b;; [Then,
using the commutative property of scalars, we have
A+B:[aij +bijJ:[bij +aijJ: B+A

similarly, to prove property 5, we use the distributive property for scalars of
multiplication over addition and hence

c(A+B)= [c(aij +bij)J: [caij +cbijJ:cA+ cB.
The proofs of the remaining four properties are left as an exercise.
%" Note: If A is an mxn matrix and 0,,, is the mxn matrix consisting entirely of zeros
then one can observe that A+o0,,, = A. We call 0., a zero matrix or null matrix and

it serves as the additive identity for the set of all mxn matrices. For example, the

000
matrix 0,, = {0 0 0} serves as the additive identity for the set of all 2 x 3 matrices.

Theorem 3.2: Properties of zero Matrices

Let A be an m X n matrix and c be a scalar then

a) A+0O,,=A

b) A+ (_A) = Omn

c) cA=O,, =>c=o00r A=0,,

Proof: Left as an exercise.

™ Remarks 3.3:

1. Property b) above can be described by saying that the matrix-A is the additive
inverse of A

2. The algebra of real numbers (scalars) and the algebra of matrices have many

similarities. For example, compare the following solutions.

Real numbers mxn Matrices

(Solve for x) (Solve for x)

X+a=Db X+A=B

= X+a+(-a)=b+(-a) = X+ A(-A) =B+ (-A)
= Xx+0=b-a =x+0=B-A

= Xx=b-a = x=B-A

Theorem: 3.3: Properties of Matrix Multiplication
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Let A, B and C be matrices with orders such that the given matrix products are defined

and b is a scalar, then the following properties are true.

a) A(BC) =(AB)C  -------mmmmmmmmeeee- Associative property of multiplication
b) A(B+C)=AB+ AC ---------------- Left distributive property
c) (A+B)C=AC+BC --------------- Right distributive property

d) b(AB) = (bA)B = A(bB)

Proof:
To prove property a) We compute the entry in the i*" row and j* column of both

A(BC) and (AB)C. To begin, we assume that A has order m X n, B has order n X p,

bllc1j +b,, Cyj +.. +b,pcpJ

b,c.+b,c,. +...+b, C
and C has order p x g. Thenthe j" columnofBCis| - ' 272 2p

Dy €y + by, €+ b Cy |

This implies that the ith entry of the jth column of A (BC) is

a, (b, ¢ +———+b,c;)+———+a, (b, c;; +b, c ). On the other hand, the i*" row
of AB is (a;, b, +-——+a,b,)———(a, b, +———+a, b, )which implies that the
i" entry of the j* column of (AB) C is

(@, by +———+a,b,;)c;; +———+(a, b, +———+a;,b,,)c,;.

By distributing and regrouping, we can see these tow (ij)%" entries are equal and we
conclude that A (BC) = (AB) C.

To prove b) we find the entry in the i** row and j** column of A (B+C) to be
a; (b +¢;)+———+a;,b,; +c,;)
Moreover, the entry in the i*" row and j** column of AB + AC is
(ay b +———+a,b,;))+(@,¢; +———+3a,,¢,;)
Again, by distributing and regrouping, we can see that these two (ij)" entries are equal

and we conclude that A(B + C) = AB + AC.

The proofs of C) and d) left as an exercises.

Class Activity 3.2
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1-2 -3 4
1. Let A:{O 3} and B ={ > J then solve for X inthe equation 3X + A =B

105 1 70 -1-1
2. Let Az{ . O}Bz -3 -1 0| andC=| 2 0 | then show that
1 05 0 4
A(BC) = (AB)C
23
. 12 -3 -3-4 5
3.Consider A=|-11 |, B= andC = then show that
0 4 3-4 5 -5 6-7

a) AB+C)=AB+ AC
b)(B+C)A=BA+CA

1 3 2 -1
4. Let A:{Z J and B = {O 2} then showthat AB = BA and conclude that

matrix multiplication is not commutative.

13 2 4 1-2
5. Let A= ,B= and C = then showthat AC =BC,Yet A« B
01 23 -1 2

and conclude that a general cancellation property for matrix multiplication does not
hold.

Definition 3.7: Identity matrix
A special type of square matrix of order n that has 1's on the main diagonal and 0's

elsewhere is called the identity matrix of order n and it is denoted by |, .

10000
01000
Thatis, 1, =[0 0100

00001

It serves as the identity for matrix multiplication.

For instance, if n = 1, 2, or 3 we have

100

, =[] 5:?0} 1,={010
01
001
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Theorem 3.4 Properties of the identity Matrix
If A is a matrix of order mxn, then

a) Al =A
b) I A=A

c) Ifm=nthen Al , =1 A=A

Proof: Left as an exercise

Example-8:
-2
23
Let A= , B=| 1] then
56
4
23 10 23
a) Al, = = =A=1,A
5 6 0 1 5 6
100 -2 -2
b) 1,LB=|01 0 1| =
00 1 4 4

¥~ Note: For repeated multiplication of square matrices, we use the same exponential
notation used with real numbers.

Thatis, A'=A
A’> = AA and forkeN
We define A“=AA———A <« K factors
It is convenient also to define A’=1_, where A is a square matrix of order n
As a result one can observe that the following properties.
a) AJAK = Al
b) (A1) = AKX
© Test yourself!

1. Perform the indicated operations, given that a=3,b=-4,c=-2 and

el e oL

(@ B(CA) (d) (a-b)(B-C)
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(b) B+C)A (€) B(C +0)
(c) (a+b)B B(CA) (f) B(aA)
2. Perform the indicated operations, given that A = E) ZJ
(a) A? (c) A+1,A
() A(l,+A) d A’
3. Let f(x)=a, +aXx+a,x*+———+a, x" be a polynomial function over Rand A  be

an nxn matrix, then using the definition

f(A)=a,l +aA+a,A>+———+a A", find f(A) if

—4
(@ f(x)=x*-10x+24 and A:E }

2
3114
(b) f(x)=x*-10x*+31x-30and A=|0 2 6
0 05
100
4. LetA=|0-1 0| thencompute (a) A" (b) A%
0 01

5. Find a matrix A that satisfies the given equation

0 0 800
(a) Az{o 4} (b) A°>=|0-10
0 027

6. Let A,B and C be matrices with orders such that the given matrix operations are defined.

Determine whether the given statement is true or false. Give a reason for your answer.
() (A+B)?>=A%+2AB+B?
(b) (A+B)=(A-B)=A’-B?
() AB=O=A=00rB=0
(d AC=BC=A=B

7.Let M. bethesetof all mxn matrices over R then

a) Show that M, with the standard operations is a vector space over R

b) Find a basis for M, and its dimension.
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8. Let M, be the set of all nxn matrices over R then show that M, with the standard

operations is a ring with unity which is not commutative.

b
0. LetA={a }: a,b,c,e R}and
cCo

ab
B= {L J: a,b,ce R} then with standard operationdeter mine whether

(a) Aisa vector space over R.

(b) B is a commutative ring.

3.3 Types of Matrices: Square, identity, scalar, diagonal,
triangular, symmetric, an Skew symmetric matrices

Objectives
At the end of this section students should be able to
e Identify types of matrices.
e Find trace of matrices.
e Compute the inverse of matrix.
e Proof properties of inverse and transpose of matrices.
e Determine the product of special matrices.
1) Row Matrix: A matrix which has only one row. It is a 1 X n matrix, where n is
arbitrary natural number. It is also called a row vector
Example-1: (-1 00 4) is a row matrix with order 1 x 4.
(1 -2 -3)isal x 3 row matrix.

2) Column Matrix: A matrix which has one column. It is also called a column vector.

2
Example-2: 1 | isa 3 by 1 column matrix.
5

3) Zero matrix: is a matrix of arbitrary size in which all the entries are zero. It is also
called null matrix and denoted by 0.

Example-3: The following are null matrices

108



Linear Algebra for Statistics

00 00

00
00) [OO} 00
00

T order1x2 1 order2x2 T order 3x2

4) A square matrix: Is a matrix where the number of rows is equal to the number of

columns. Itis an nxn matrix; where ne N.

1 0-3
21
Example 4: { } 4 1 3
38
6 7 %
Square matrix of square matrix of
Order 2x2 order 3x3

Let A =(ai j) be a square matrix of order n, then

a) The entries a.;; 1<i <n are called main diagonal entries of A.

b) The sum of the main diagonal entries of A is called the trace of A and it is
denoted by Tr(A) Thatis, Tr(A)=a,, +a,, +8s, +———+4a,, = Zaﬁ
i=1

Example-5: Find the trace of the following matrix

12 3 100
(a)A={0-2 4| (b)B=[010
313 001

3
Solution: (a) Tr(A) =Y a; =1+-2+3=2

i=L
3

(b) Tr(B)= Zbii =byy +0, +byy =1+1+1=3
i=1

5) Diagonal Matrix: Is a square matrix in which all entries that are not on the main

diagonal are zero.
Example-6: The following are Diagonal matrices

~100 20 0
@| 020 (b) |0-3 0
002 00 0
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fa,, 0 0... 0 ]
0 a,0.. 0
©|0 0 a...0

0 0 0-a,

Note: If A=(a;;)nxn is a diagonal matrix then a;; =0 Vi= j while a; can be zero

or different from zero.
6) Scalar Matrix: Is a diagonal matrix whose main diagonal elements are equal. That

is, if A=(a;;) isasquare matrix such that

0 ,ifi=] : : :
a;; ={ _J Where c is a scalar, then A is called scalar matrix.

c,ifi=]j
300
Example-7: D=|0 3 0
0 03

7) ldentity Matrix: Is a diagonal matrix in which all the main diagonal elements are

equal to 1. Itis also called a unit matrix.

100
10
Example-8: [1] {0 J, 01 0| are unit matrices of order 1, 2 and 3
001

respectively
¥ Note
1. The nxn identity matrix is denoted by 1,
2. The identity matrix behaves like 1 in multiplication of numbers: If Aisa mxn

matrix, then I, A=Aand Al, = A

1 0| |1
3-1, = {O , J ={ ) J Are some short hand ways of drawing the matrix| .

8) Upper triangular Matrix: Is a square matrix in which all the elements below the

main diagonal are zero. That s, if A= (a;;)nxn is a square matrix such that
a;; =0 foralli>j thenAis said to be upper triangular matrix.

Example-9:
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1000
123
0100 . .
A=|0 2 0| B= 0 010 are upper triangular matrices of order 3 and 4
0 0 8
0 001

respectively.

9) Lower_triangular _matrix: Is a square matrix whose entries above the main

diagonal are 0.

1000
-1 00
0100 ) .
Example-10: 10 0} 0010 are lower triangular matrices of order 3
231
0001

and 4 respectively.

¥~ Note :
1) We often indicate that a whole region in a matrix consists of zeros by leaving
it blank or by putting in a single O.

2) We use * to indicate an arbitrary undetermined entry of a matrix.

Definition 3.8: The Transpose of a Matrix
The transpose of an mxn matrix A=(a;;) is the nxm matrix A" obtained by reflecting

about the diagonal: A'= [bi j there bij = aj i It is a matrix obtained by interchanging

the corresponding rows and columns of the given matrix.

Example-11: The Transpose of a matrix

3 321
@) A{ 4} (b)B=[410
001
_a'll a;, a5 1n |
Ay ay, dy 2n
(C) C= dyy A3 dgg 3n
_aml am2 am3 "amn_
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340
Solution: (a) A'=[3-4] (b) B'=|210
101

a, a, a,, ...a

a;; Ay Ay ...8p,
t

() C =|a; a, ag ...,

ml

a,, a,...a

mn

Theorem 3.5: Properties of Transposes
Let A and B be matrices with orders such that the given matrix operations are defined
and c is a scalar, then the following properties are true

@ (A)Y =A —————- Transposeof transpose

(b) (A+B) =A"+B' —————— Transposeof asum

(©) (cA)' =c(A) —————— Transposeof a scalar multiple
(d) (AB)' =B'A' —————— Transposeof a product

© (1) =1,

Proof: Exercise

Definition 3.9: A matrix A is said to be symmetric if it is equal to its transpose. That
is, if A'=A then A is called symmetric matrix.

¥~ Note: A symmetric matrix is necessarily a square matrix

1-12
Example-12: Let A=|—1 0 3| then since A=A'we have A is symmetric
2 37

Definition 3.10: A square matrix a is said to be skew-symmetric if A'= - A,

2 0
Example-13: Let A:{ ) 0} then A' =—A and hence A is skew symmetric
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Class Activity 3.2

12 -3-1 .
1. LetA:{ } B:{ 5 J and c =4 then verify that

0-2
@ (A)' =A (b) (A+B)' =A' +B"
(c) (cB)' =cB" (d) (AB)! = B' A"

2. Determine whether the given matrix is symmetric, skew symmetric, or neither

)1 021 02-1 253

) A:L 3} () B={203| ()C=|-2 0-3| (d) D=|-3 60
130 130 411
2

3.Give an example of two 2x“ matrices A and B such that (AB)' # A'B'

Definition 3.11: Definition of an inverse of a matrix

An nxn matrix A is invertible (or nonsingular) if there exists an nxnmatrix B such
that AB =1, = BA; where | is the identity matrix of order n. The matrix B is called
the (multiplicative) inverse of A. A matrix that doesn't have an inverse is called

noninvertible (or singular). The inverse of a matrix A is donated by A™".

Example-14:
Find the inverse of the following matrices

11 21
@ A{o J (b) B{s 3}

Solution:
(@) To find the inverse of A. We try to solve the matrix equation
AX =1 for X But, AX =1

11 X1 X 10
- =
01 Xp1 Xy 01
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X, +X X, + X 10
- 11 21 12 22 —
Xpy Xpy 01

Now, by equation the corresponding entries, we obtain the following two systems of

linear equations.

{xﬂ +X, =1  and } X, +Xp =0
Xa1 =0 Xy, =1

=X, =1 X%,=0, X,=-landx, =1

X i
— X = 11 X12 — 1 1
Xp1 Xy 0 1

Therefore, the inverse of Ais A =x= E _11}

bll b12

(b) Suppose B~ :{ } be the inverse of Bthen BB =1,=B B~ But,

22 ~M22

BB=1,

217 [b
— 11 b12 — 1 O
53| |b, b,| [0 1

- 2b,, +b,, 2b,+b, | (10

5b, +3b, 5b,+3b, | |01

2b, +b, =1 and | 2b,+b,, =0

5b,, +3b,, =0 5b,, +3b,, =1
=b,=3 b,=-5 b,=-1 and b, =2
_pi_ {bn b, H 3 —1}

b,, b,, -5 2
Infact, one can check that BB™ =1, =B"'B

&~ Remarks

1. Non square matrices do not have inverses. To see this, note that if A is of order

mxnand B is of order nxm (wherem = n), then the products AB and BA are of

different orders and therefore could not be equal to each other.
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: . 112
2. Not all square matrices possess inverse. For example, the matrix L 2}doesn't

have inverse.
3. We will see later that square matrix A is invertible if there is a square matrix B

such that either one of the two relations AB =1 or BA =1 holds, or then B is the

inverse of A.

Theorem 3.6: Uniqueness of an Inverses Matrix

If A is an invertible matrix, then its inverse is unique

Poof:
Since A is invertible, we know that it has at least one inverse B such that AB =1 = BA.

Suppose that A has another inverse C such that AC = I = CA, then
B=1B=(CAB
= C(AB); Why?
=Cl jwhy?
=C

— B =C And it follows that the inverse of a matrix is unique

Theorem 3.7: Properties of Inverse Matrices
Let A be an invertible matrix, K € N and C is a scalar then the following are true

@ (A7) =A
(b) (A*)*=ATA*——— A" } K factors
(c) cA) ' =c'Atc=0

(d) (A)7 =(A™)

Proof:
(a) Suppose A" is the inverse of A
= ATA=1=AA"
= the inverseof A is A ;by defintion of an inverse
= (A=A
(c) Since (cA) (cA™) =(cc™) AA™"; by property of scalar multiplication.
- 1
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And (c*A ) (cA)=(cc)A*A=(1) I = I we have (cA) (c*A™*)=1=(c*A?)(cA)
And if follows that ¢ *A™ is the inverse of CA.
= (cA)" =c*A™
As an exercise show property b & d.
¥~ Note: For nonsingular matrices, the exponential notion used for repeated
multiplication of square matrices can be extended to include exponents that are
negative integers. This may be done by defying A to be
A*=A" AT ——— A" (k factors)
With this convention we can show that the following properties.
(@) ATAK = AT
(b) (A)* = A’ For any integers j and K.

Theorem 3.8: The inverse of a product

Let A and B be invertible matrices of order n, then AB is invertible and

(AB)'=BA™

Proof:
Since (AB) (B*A™)= A(BB})A™
=A(DA™
=(AI)A™
= AA™
=1
And in a similar way we can show that
(B'A™) (AB) =1 we have (AB) CB'A™")=1=(B"A™) and hence we get B*A™
is the inverse of AB.
= B*A™" = (AB) ™" and AB is invertibe
Remarks
1. Theorem 3.8 says that the inverse of a product of two invertible matrices is the
product of their inverses taken in the reverse order. This can be generalized to
include the product of several invertible matrices.
(AA ———A) =A'AL——-AAAT

2. The inverse of AB is usually not equal to A"B™.
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Theorem 3.9: Cancellation Properties

Let C be an invertible matrix, then the following properties hold.

(@ If AC=BC,then A=B ------------- Right cancellation property
(b) If CA=CB,then A=B ------------- Left cancellation property
Proof:

(a) Suppose AC = BC, thensince C is invertiblewe have (AC) C™* =(BC)C™*
— A(CCH)=B(CC™)
=Al=BI
= A=8B

(b) Similar to (a)
¥~ Note: If C is not invertible then cancellation is not usually valid and hence theorem

3.9 can be applied only if C is an invertible matrix.

Test yourself!

102

1.Let A=|2 3 4 |, then find a matrix B such that
312

(@) A+ B is a diagonal matrix
(b) A+ B is a scalar matrix
(c) A+ B is a unitmatrix

2. Which of the following matrices are diagonal Matrices?

000 100
12 b)|0 0 0 ©|° 3 @lo 10

@ o0 ( 40
000 0 01

3. Let A and B be square matrices of order n and c is a scalar then prove that
@ Tr (A+B)=Tr(A)+Tr(B)
(b) Tr (Ac) =cTr(A)
(c) Tr (AB) =Tr(BA)
(d) If Bis invertible, then Tr (A) =Tr(BAB™)
4. Prove that
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(a) If the product AB is a square matrix, then the product BA is defined
(b) If both products AB and BA are defined, then AB and BA are square matrices
(c) If A and B are diagonal matrices of the same order, then AB = BA.

(d) the product of two upper triangular matrices is upper triangular.

5. Let D= be a diagonal matrix and

A= [aijjbe an nxn Matrix then

(a) Compute the products DA and AD
(b) Compute the product of two diagonal matrices
(c) When is a diagonal matrix D invertible? If D is invertible find its inverse.

6. Show that the following matrix equation has no solution

11
@ (1 JA = |,; where Ais a 2x2 matrix with real entries.

(b) AB - BA = In;where Aand B are nx N matrices with real entries.
7. Prove the following
(a) If Ais an nxm matrix, AA" and A'A are symmetries
(b) If Aisan nxn matrix, then A — A"is skew symmetric
(c) If Aand B are nx n skew symmetric matrices, then A+ B is skew symmetric
(d) The main diagonal of a skew symmetric matrix consists entirely of zeros.
(e) Let A and B be symmetric nx n matrix, then AB is symmetric if and only if.
AB = BA.

8. Find the inverse of the following matrices if it exists

() Az{j ﬂ where a,b,c,d e R.

111 4-1 1
(y B=|{354 c)C=11 1-2
365 1-1 1
ab c
(d) D=1|1 0 1|;whereab,ceR.
1 1 1
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9. Find x such that

3 X
() A:{ ) 3} is equal to its own inverse
O A= " Jiss
~|_p _g/issingular.

(© (2™ =E ﬂ

10. Prove that followings
(@) If A?> = A then either A=1 or A is singular
(b) If A is invertible and AB =0, thenB =0
(c) If AB and C are square matrices and ABC =1, then B is invertible and
B =CA
(d) If A'is nilpotent then | + A is invertible. (Note: A square matrix A is called nilpotent
if A“=0 forsome k>0 )
(e) Let A, B be mxn and nxm matrices. Prove that I, — AB is invertible if and only if
I, — AB is isinvertible.

(f) A matrix which has a row of zeros is not invertible.

3.4. Elementary row and column operations

Objectives:
At the end of this section students should able to:

e State the elementary row /column operations.
e Define Elementary matrix and identity elementary matrices.

e Use elementary matrices to find inverses.

1. Elementary Row Operations

123 456 1-21
Consider the matrices A={4 56| and B=|1 2 3|, C=|2 1-2]|,
001 001 3 1-1
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-2 4-2 1-21 1 -21

D=| 2 1-2 E=/3 1-1| and F=|0 7-4

3 1-1 2 1-2 2 1-2
Observe that:

I) B is obtained from A by interchanging the first and second rows of A.

I1) D is obtained from C by multiplying the first row of C by — 2.

I11) Fis obtained from matrix E by replacing the second row of E by a new row.
This is made up by multiplying the first row by - 3 and adding to the second row of E.
Such operations on rows of a matrix as described above in (I), (1) and (111) are called
elementary row operations. These operations will be very useful in finding inverse of a
matrix and solving systems of linear equations.

Similarly, elementary column operations can be defined. Hence we have the following

definition.

Definition 3.12: An elementary operation on a matrix is either elementary row
operation or elementary column operation and is of the following three types.

Type I: The interchange of any two rows or (columns)

Type 1I: The multiplication of any row or (column) by a non zero number

Type 11I: The addition of a multiple of one row (or column) to another row (or column)

> Notations: We shall use the following notations for the three types of elementary
operations.
1. The interchange of i" and j" rows (columns) is denoted by R, <> R, (C, <>C,)
2. The multiplication of the i" row (column) by a none zero number k is denoted
by R, = kR, (C, > kC,)
3. The addition of k times the | row (column) to i row (column) is denoted by
Ri >R +KR; (C —C; +kC;)
¥~ Note:
a) R — kR means replace the i" row by k times the i row
b) R, — R; +kR; Means replace the i™ row by the sum of itself and k times

the ™ row.
¢) Although elementary operations are simple to perform, they involve a lot of

arithmetic Because it is easy to make a mistake, we suggest that you get in
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the habit of noting the elementary operation performed in each step so that

you can go back to check your work

Definition 3.13: Row Equivalent and column Equivalent Matrices
Two matrices are said to be row-equivalent or (column equivalent) if one can be

obtained from the other by a finite sequence of elementary row or (column) operations.
That is,

a) A=(a;)mxn is row equivalent to B=(b,;)mxn, denoted by A =B, if B is

attainable from A by successive operations of finitely many elementary row operations
on A.

column

b) A= (a;;)mxn is column equivalent to B = (b;;)mxn, denoted by A = B,ifB

is attainable from A by successive operations of finitely many elementary column

operations on A.

1 20 133
Let A=| 3 -1 2| B=|1 4 3| thenshow that
-2 3-=-2 1 34
1 2 0
@ A=0-7 2 (b) B =1,
0 0O
Solution:
(@ 1 2 0 1 2 0
A=| 3 -1 2| _BZRR L g _7 2
-3 3 -2 -2 3-=-2
1 2 0 12 0
_Re22RitRs 1y _7 2| —Re2RetRs Sl _7 2
0 7 -2 0 00O
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133 133 133
(b) B=|14 3| 2222 50 1 0| —22R 510 10
134 1 34 0 01
10 3 100
R,—R -3R, 01 0 RoR8Rs olg 1 0
0 01 001
Class Activity:

1) Let M, be the set of all mxn matrices then show that the relation row equivalent

on M,,, isanequivalence relation.

n

coumn

2) Let A =B thenshowthat A" = B'

1-239 1-2 39
3) Let A=|-1 3 0-4 | and B=| 01 3 5 |thenshowthatA = B.
2 -5 5 17 00 12

2. Elementary Matrices

Definition 3.14: Definition of Elementary Matrix
Let A be an nxn matrix such that A can be Obtained from I, by a single elementary

row /column operation then A is called an elementary matrix.

Example-2: Elementary Matrices and Non elementary Matrices
Which of the following matrices are elementary? For those that are describe the

corresponding elementary row operation.

1000
Loo 0100
a) A= b) B=| 0-4 0| (c) C=
@ A=1, (®) ©C=5 510
001
0 00O
100 100 100 10
d) D= e) E=|0 01 f) F={0 20 G=
@ [010} © () (©) LJ
010 0 0-1
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Solution:
(a) Since A =1, can be obtained from itself by multiplying any one of its rows by 1.

(ie. 1, —22R 5 Ay we've | is elementary matrix.
(b) Since B can be obtained from I, by multiplying the second row of
I, by —4 we have I, —%>2% 5 B and hence B is an elementarymatrix
(c) Since C is obtained by multiplying the fourth row of I, by 0 we have C is not
elementary matrix. Note that, row multiplication must be anon zero constant.
(d) D is not elementary because it is not square marix.
(e) Since 1, —=® 5E we've E is elementary.

(F) This matrix is not elementary because two elementary row operations are required

to obtain it from 1.

(g) Since 1, —%2*®*® G we have G is elementary.

¥~ Note Elementary Matrices are useful because they enable us to use matrix

multiplication to perform elementary row/ column operations.

Example-3: Elementary Matrices and Elementary Row Operations

010 100 100
Let E,={10 0|, E,=|0 % 0|andE;={2 10
1001 001 0 01
02 1 10-41 1 0-1
Let A =(1-3 6|, A,=|0 2 6-4|and A,={-2-2 3
3 2-1 01 31 0 45
Then
1-3 6
@E, A ={0 2 1|, this product matrix is a matrix obtained by interchanging the
3 2-1

first two rows of A. And E, is an elementary matrix in which the first two rows of 1,

has been interchanged.
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10-41
(b) E, AJO 1 3-2
01 3 1

Here, E, is an elementary matrix in which the second row of 1, has been multiplied by

R, »1 R,

¥ and A————5E, A,

10 -1 I R,—>2R;+R, E. and
(€) E;A;=|0-2 1| Here, *° _ = 7
04 5 A EA

Theorem 3.10: Representing Elementary Operations
Let A be an m X n matrix
(a) Let E be the elementary matrix obtained by performing an elementary row operation

on | such that the same elementary row operation is performed on A, then the

resulting matrix is given by the product EA.
(b) Let E be the elementary matrix obtained by performing an elementary column

operation on |, such that the same elementary column operation is performed on A,

then the resulting matrix is given by AE.

Proof:

To prove the above theorem we use the following fact:

Let A= (a;;)mxn, B=(b;;)nxp, A bei® rowof Aand A’ bethe j" columnof B

then one can show that
) (AB), = A .B = which is the product of thei" rowof Aand B.

II) (AB)! = AB! = which is the productof A and the j™ column of B.

(@) 1- Let E be an elementary matrix obtained from 1 by applying elementary
operationR; <> R; then (EA), =E,.A=(1,);.A=(1,A)j=Aj = " rowof A,
(EA), =E; .A=(l,);. A=(1,A); =A =i" rowof Aand for k = ij we have

(EA), =E,A=(1) . A=(1,Ak = A Thus,
(EA), = A,,=(EA), = A and (EA), = A Y, #i,

= EA is a matrix obtained from A by applying the elementary row operation
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R <R,

2- Let E be an elementary matrix obtained from I, by applying elementary

operation R; — cR; where ¢ is a non zero scalar and suppose that we apply we
R, — cR; on A then
(EA), = E,.A=[c(,),] A=C|[(1,), A]=C(l,.A), =CA, and for j=i

(EA), =E,.A=A=(1,),;.A=(I,.A), = A

— (EA);, =cA and(EA); =A; V; =]
— EA is a matrix obtained from A by applying elementary row operation
R, — cR;
3-Let E be an elementary matrix obtained from I, by applying the elementary
operation R; —cR;+R, where c is a scalar and suppose that we apply
R, —cR; +R; onAthen
(EA), =E.A=[c(l,), + (1) |A
=lc(1,); |- A+(1,).A
=C|(1,,);-Al+(1,-A),
=C(l1,,.A); + A
=C Aj + A
And vV, =iwehave (EA), =E;.A=(l,);.A=(1,A); =A
Thus, (EA), =CA, +A and (EA); = AV, #i.
Therefore, EA is a matrix obtained from A by applying the elementary row operation
R, > CR; +R.
Hence, by (1) (2) and (3) we have the proof.
(b) Similar to (a).
¢~ Remarks

Be sure to remember that,

1) In theorem 3.10 (a), A is multiplied on the left by the elementary matrix E
and

2) In theorem 3.10 (b), A is multiplied on the right by the elementary matrix E,
which involves column operations.
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Corollary 3.1

Let A and B be an mxn matrices

row

(@ If A =B,Then B=PA, where P is a product of elementary matrices, which
involves elementary row operations.

column

b If A = B,

operations.

then B = AQ,whereQ is a product of elementary column

Proof: Apply theorem 3.10 repeatedly.

Example-4: Let

0135 2
A=l 1-3 0 5|,
2-6 2

1 —
And B=|0
0

o W

0
2 3
0 1-2
Then find a sequence of elementary matrices such that

B is the product of those elementary matrices and A,

Solution:
0135 1-3 0 2
A=|1-30 2 |22 50 1 3 5 |=A,
2-62 0 2-6 20
1-3 0 2 1-3 0 2
Rl g 1 3 5(=A 510135 (=B
0 0 2-4 00 1-2

Observe that

A =E, A Where E, is an elementary matrix obtained from 1, by applying R, <> R,
A, =E,A ; where E, is Anelementary matrix obtained from I, by applying
R, > 2R, +R,
B =E, A,; whhere E, is An elementary matrix obtained from 1, by applying
R, > 3R,
Thus B=E, A,
=E, E, A; Since A, =E, A
=E,E,EA Since A =E A
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010
100
Where E; = |1 0 0}, E,=| 010 andE32011
0 01 -201 ?

Definition 3.15: Let A, B be an m x n matrices. We say that A is equivalent to B,

denoted by A =B, if B can be attainable from A by successive application of finitely

many elementary row or column operations.

Theorem 3.11
Let A, B be am x n matricesthen A = B if and only if B = PAQ; where P is product

of an m X m elementary matrices which involves row operations and Q is product of

an n X n elementary matrices which involves column operations.

Proof Exercise

Theorem 3.12:_ (Elementary matrices are Invertible.) If E is an elementary matrix,

then E" exists and is an elementary matrix.

Proof: Since elementary operations are reversible then to find the inverse of an
elementary matrix E, we simply reverse the elementary row operation used to obtain E.

If E is an elementary matrix such that
(@ I, —<% 5E thenputE™*=E
(b) 1,—2=% 5E then put E™ = E, where E, is an elementary matrix such that

Ri—>IR;
C

[ i HN

) I, —=%% ,E then put E™ = E, where E, is an elementary matrix

ROR-R;,
%
2

such that I

And to check that EE™ =1 =E™E, apply theorem 3.10

Example-5:
010 10 0 100
Let E,=(1 0 O}, E,=| 01 0| and E;=|0 1 0| then
001 -2 01 0 03
100 100
E,'=E,E'=/01 0| andE;'=|0 10
201 0 02
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Test yourself!

[ 1-10

1. Let A=| 1 0-1| then show that A =1,
-6 2 3
1200
2120 row

2. Let B= then show that B = 1,.
0212
00 21

3. Determine whether the matrix is elementary. If it is, state the elementary row
operation that was used to produce it.

1000
10 100 21 00
b) |01 0
<a>[2J (b) O
201
0 0-31
12 -3 -1 20 0 4-3
4. Let A=| 01 2| B=| 01 2 and C=| 0 1 2
-1 2 0 12-3 -1 20

(a) Find an elementary matrix E such that EA = B
(b) Find an elementary matrix E such that EA = C
(c) Find an elementary matrix E such that EB =A
(d) Find an elementary matrix E such that EC =A
5. Let E be an elementary matrix obtained by interchanging two rows in

I, and Abe an nxn matrix then
(a) How will EA compare with A
(b) Find E?®

6. Let E be an elementary matrix obtained by multiplying a row in 1, by a non zero
constant ¢ and A be an nxn matrix then

(a) How will EA compare with A?

(b) Find E?
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3.5. Row reduced echelon form of a Matrix

Objectives
At the end of this section learners are expected to
e To define row-echelon form of a matrix.
e Identify a row-echelon form of matrix.
e Solve system of linear equation using row-echelon form of a matrix.

e Compute the inverse of a square matrix.

1. Row-Echelon Matrix

Definition 3.16: Definition of Row-Echelon Form of a Matrix
A matrix is said to be in row-echelon form if
1. All the non-zero rows, if any, precede all zero rows, if any. That is, all rows
Consisting entirely of zeros occur at the bottom of the matrix.
2. In any non-zero row after the first row, the number of zeros preceding the first non-
Zero elements is greater than the number of such zeros in the preceding row.
That is, the first non-zero entry of row i+1 is to the right of the first non-zero entry
of row i.
3. The first non-zero entry in each non-zero row is 1. This entry is called a pivot or

a leading 1.

Example-1: Determine whether the given matrix is in row-echelon form or not.

12-1 4 0105
(a) 01 0 3 () [0 013
00 1-2 0000
12-3 4 12-12
© |021-1 @d[0000
00 1-3 011-4

Solution: The matrices shown in parts (a) and (b) are in row-echelon form, while the

matrices shown in parts (c) and (d) are not in row-echelon form.
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¥~ Note: One can show that every matrix is row equivalent to a matrix in row-echelon

form.

Definition 3.17: Definition of Reduced Row-Echelon Form of a matrix.
A matrix M in row-echelon form is in reduced row-echelon form if the first non-zero
element in each non-zero row is the only non-zero element in its column.
That is, M is in reduced row-echelon form if M is in row-echelon form and if every

column that has a leading 1 has zeros in every position above and below its leading 1.

¥~ Note that: It can be shown that the reduced row echelon matrix obtained from a
given matrix A by elementary operations is unique. That is, that it does not depend
on the particular sequence of operations used.

Example-2: The following matrices are in reduced row-echelon

100 -1
0105
010 2
(@) 0013
001 3
0000
000 O

Theorem 3.13: Let A be an m X n matrix, then A is row equivalent to an m X n

reduced row-echelon form of a matrix.

Proof: Exercise

Example- 3
02-14
Let A=| 3 2 0 2| then find the unique reduced row-echelon matrix that is row
3334

equivalent to the matrix A.

3202 1%0 %
A—RoR 10 2-1 4| B2 g 2.1 4
333 4 3334
1%0 % 1% 0%
R R g g1 4| Fi® g 1y 2
01 3 2 01 32
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10% %
Ri> ZRp+R :il X 10 % _%
————|0 13 2 R.2R
———|01F 2
00 %0
0010
R, =& -R, +R;
10 0 %
Ri—> -1 Ry+R, 01 0 2
0010
R, >iR; +R,
100 %
Thus the reduced row-echelon matrix which is equivalentto Ais |0 1 0 2 |
0010

Class Activity:
Reduce the following Matrices in to reduced row-echelon matrix.

4 7-14 10 2 13
A=|2 3 -4 -4 () B={3 1 4
11 1 6 —245

2. Elementary Matrices and Non singularity
Recall that an elementary matrix is nonsingular as the inverse of the elementary
operation

Ri<R;, Ry >CR and R, ->CR; +R; are R, <> R;,R; = ¢R; and

R, —> R, —CR; respectivdy.

Theorem 3.14: Let A be an n X n matrix then A is row-equivalent to |, if and only if A

is nonsingular

Proof (=) suppose A = I, then by corollary 3.1 we get I, = PA; where P is a
product of finite number of elementary matrices.
= A'=P

= A is invertible or non singular.
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row

(<) Suppose A is an invertible then by theorem 3.13 we have A = B ; where B is
a reduced row-echelon matrix.
Claim B=1,
Let B=(b,;) nxn
e If b, #0 V, =1 2———n then the structure of a matrix of reduced echelon
form guarantes that B =1.
e If b, =0 forsome iand i is the first such element on the diagonal of B
Case-1 i=n then the n" row is a row of zeros
Case-2 i<n
Consider the (i +1)™ row B

It has at lest i +1 zeros before the first non-zero entry then one of the rows after the i
row must be a row of zeros, Hence, in both cases, we have at least one row of zeros in
B. But B is invertible and hence B™ exists. Thus BB™ =1, has at least one row of
zeros; which is contradiction.

Therefore, B=1,.

Corollary 3.2: A property of Invertible Matrices
A square matrix A of order n is invertible if and only if it can be written as a product of

elementary matrices.

Proof (<:) Suppose A is a product of elementary matrices, Let
A=E _E,-—-E, whereE, isanelementary matrix v; =1, 2,...,k then since each
elementary matrix is invertible we get
A'=(EE,-——E )" =EE, ———E,* E;*; As the product of invertible
matrices is invertible

= A" Exists and hence A is invertible.

(:>) Suppose A is invertible then by theorem 3.14 we get A is row equivalent to |

n*

row
ButA=1,=1,=EE _,———E; E,E, A where E, is an elementary matrix

v, =12 ———k
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= A=(E'E; E;' ———E)I,
= A=E'E'E;'-———E*
= A Can be expressed as the product of elementary matrices, as each E* is

elementary matrix
Hence, the proof is completed.
Example-4: Writing a matrix as the Product of elementary matrices

. . _ -1-2
Find a sequence of elementary matrices whose product is A= { 3 8}

Solution:
We begin by finding a sequence of elementary row operations that can be used to

rewrite A in reduced row-echelon form.

Matrix Elementary Row Operations Elementary Matrix
[—1-2
A=
| 3 8
1 2 R R -10
A = 2R E, =
13 8 01
_1 2 R, >R, + —3R 10
— e —>R, + 1 E. =
& K 8} *1-31
_1 2 R, —» IR —1 O
A = «2 e E, =
101 01
12 1-2
I :A — ( Rl —)—2R1+R1 E —
S o

Now from the matrix product we get
=L =E,A=E E; A=E,EEA=E E;E,EA

= A= E'E;'E;' ———E/
[-10 10 10][12
1 01 31 02| |01
[-1 -2
| 3 8
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Corollary 3.3: Let A be an n x n matrix. If A can be reduced to |1, by a sequence of

elementary row operations, then the same sequence of elementary row operations

performed on I produces A™.

Proof:

Suppose = I, then A"  exisstsand |, =E, ———E,E,E,Aw h eEr is an
elementary matrix v, =1, 2, - —, K.

But I, =E, ———E,E,E, A

=1, A'=(E, —--EE,E AA™

— A'=(E, ———E,E,E)AA™
— A'=(E ——-E,E,E)I,
—A'=E —-——E,E,E,

In other words, a sequence of elementary matrices that reduces A to the identity also
can be used to reduce the identity | to A™. Applying the corresponding sequence of

elementary row operations to the matrices A and | simultaneously, we have

E.———E,E, E [AII] = [I‘A*J . Of course, if A is singular, then no such sequence

can be found.

¥~ Remark: Finding the Inverse of a Matrix by Gauss-Jordan Elimination
Let A be a square matrix of order n
1. Write the nx2n matrix that consists of the given matrix A on the left and the
nxn identity matrix 1 on the right to obtain [A/1] Note that we separate the
matrices A and | by a line. We call this process adjoining the matrices A
and |

2. If possible, row reduce A to | using elementary row operations on the entire
matrix[A/1] The result will be the matrix [I/A™]. If this is not possible,
then A is not invertible

3. Check your work by multiplying to see that AA™ =1 = AA.
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Example-5: If
1-10
A=| 1 0-3 | then find its inverse
-6 2 3
Solution
We begin by adjoining the identity matrix to A to form the matrix

1-1 0|1 0 0
A1l | 10-1]|010

-6 2 3{001
[1-10[{10 0
_R>RHR s |0 1-1]11 0
10-43/601
[1-10"'100
R; —6R;+R; O 1_1 _110
10-43 601
[1-10(100
R; —4R,+R; O 1_1 _110
10 0-1] 241
1-10|1 0 0
R; ——Rs
01-1+11 0
1001 }2-4-1
[1-10(|1 0 O
_RBoRR o101 0F3-3-1
1001F2-4-1
1 00|-2-3-1
—RoRR 5 101 0(-3-3-1 =[|\A_1]
001 |-2-4-1

-2-3-1
Therefore, A is invertible and its inverseis A* =|-3-3 -1
-2-4-1
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Class Activity
1. Find the inverse of the following matrix by using Gauss-Jordan elimination
11 21
2-2 4
3-1 2 341
A=| 2 3 2 (b) (c)
-2 2 3 331
-11-1
12 31

2. Show that the following matrices have no inverses

1 2 0 31
_ b B
@] 3-1 2 ){—6 2}
-2 3-2

¥~ Note: - Using Gauss-Jordan elimination to find the inverse of a matrix works well
(even as a computer technique) for matrices of order 3x3 or greater. For 2x2
matrices, however, many people prefer to use a formula for the inverse, rather than

find the inverse by Gauss-Jordan elimination. The formula is given by:

ab—bc

d -b b
At=_1 { }whereA:{a }With ad—bc = 0.
a cd

Thus A is invertible if and only ifad —bc = 0. \why?

Test yourself!

1. Determine whether the given matrix is in row-echelon form. If it is, determine whether it

is also in reduced row echelon form.

0100 000 1000

(a)[ } (b) |00 O (c) |[0112
10 21

00 0 0000

1300 1021 2013

(d) (0010 (e) |01 34 (f) |0-114

0000 0010 0 001

2. Find a unique reduced row-echelon matrix that is row equivalent to the given matrix

> 12 3
@ {_1 2} b |45 6
789
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3. Describe all possible
(a) 2 x 2 Reduced row-echelon matrices

(b) 3 x 3 Reduced row-echelon matrices

ab
4, Determine conditions on a,b,c, and d such that the matrix { d} will be row
o

equivalent to the given matrix

(a){ . OJ ) { . %}

5. Factor the matrix A into a product of elementary matrices

12 123
a A= b A=| 256
@ a7 o
1314
4 _1 2 0-8
c) A=| _ d)A=| 22 2
© {3 _J (d)
027
6. Use elementary matrices to find the inverse of
100 lado 100 100
(@ A= 01 0|,c20 ((M)A= 01 O b10 01 0} c=0
abc 001 001 00c
7. Find the inverse of the following matrices if it exists.
1 12
¥ o0
(a) 4 a ;a0 )| 3 10 (¢ 34 0
-2 0 3 255

7. Show that A:{

sinQ cosQ | . . .
. . is invertible
—sinQ sinQ

3.6. Rank of a Matrix Elementary Row/Column Operation

Objectives
e Find the rank of matrix.
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If A is an mxnmatrix, then the subspace of R" spanned by the row vectors of A is

called the rowspace of A, and the subspace of R™ spanned by the column vectors of A
is called the column space of A. The solution space of the homogeneous system of
equations Ax =0 , which is a subspace of R" , is called the nullspace of A. If s of the n
columns of an mx n matrix A are linearly independent, the number s is called the
column rank of matrix A. When the s nonzero columns vy, Vs, . . ., Vs are regarded as
m element column vectors belonging to a vector space R™, these vectors will span a

subspace of R™.

%~ Note-Let A be any matrix. Then the row rank and column rank of A are equal.

Definition: The rank of matrix A, denoted by rank (A), is the value common to the row

and column ranks of A.

" Note- Let A be any matrix. Then rank (A) = rank (A).

Example:- Let
1 030 4 0
217 0 10 1
A=1103 2 6 4
1 030 4 0

Then Then the row-reduced echelon form of A is

d =

4
o 2
1
0

showing that the number of leading columns is 3, so the row rank of A is 3, and

hence its rank is 3.

Test yourself!
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Find the row-reduced echelon form of the given matrix, its rank, a basis for its row space,and a
basis for its column space.

o2 6 0

I 3 2 1 !
1 301 0 1 | 20 2 1 3 4 1 O 11 3
.2 2100 211 0 4 5 1202 400
021 413 [0 1 2 4] 3000 6 3

3.7. System of linear Equations.

Objectives

At the end of this section learners should be able to
e Determine the coefficient matrix and the augmented matrix of linear system.
e Use Gaussian elimination with back-substitution to solve linear system

e Compute linear system using Gauss-Jordan elimination method.

Recall that
1. Alinear equation in n variables x,, x,,———x, has the form
a,x, +a,x, + ———+a,Xx, =b Where the coefficients a,,a, ——,a, are real

numbers and the constant term b is a real number.

The number a, is the leading coefficient and x; is the leading variable.

2. Asolution of a linear equation in n variablesa, x, +a, x, + ———+a, X,, isa
sequence of n-real numbers t,,t, ——,t, arranged so that the equation is satisfied
when the values x, =t,, x, =t,,x; =t;,———, X, =t, are substituted in to the
equation.

Definition 3.18: systems of Linear equations

A system of m linear equations in n variables is a set of m-equations, each of which is

linear in the same n-variables:

a X, +a, X, +a Xs+———+a, X, =b
Ay X;+ 8y X, +8y Xg+———+2a,, X, =Dh,
Agy Xy +8g Xy + 85 Xy +———+ 85, X, =D,
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Ay Xy @, X, + 855 Xg +———+ 8, X, =D,

&~ Remark:

The double subscript notation indicates that a,; is the coefficient of x; in the i"

equation.

Definition 3.19:
A solution of the above system of linear equations is a sequence of numbers

t,,t,,t,,———, t, thatis a solution of each of the linear equations in the system.

It can happen that a system of linear equations has exactly one solution, an infinite

number of solutions, or no solution. A system of linear equations is called consistent if

it has at least one solution and inconsistent if it has no solution.

¥~ Note: Number of solutions of a system of linear equations
For a system of linear equations in n-variables, precisely one of the following is true.
(@) The system has exactly one solution (consistent system)
(b) The system has an infinite number of solutions (consistent system)

(c) The system has no solution (inconsistent system)

\:3> Notation: Matrix Notation of system of linear equations
One very common use of matrices is to represent a system of linear equations.
Matrix notation was introduced in the nineteenth century to provide a short-hand

way of writing linear equations. The system of m linear equations in n variables

a, X, +a, X, +———+a, X, =b
Ay Xy +8y X, +———+a,, X, =D,
a, X +a, X, +———+a, X, =b,

Can be written in matrix notation as AX =B

ay Qg ...4y, X,
d, a,,...a X
WhereA: ) 21 .22 ‘2n , X = . 2
am1 amZ . ‘amn Xn
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B=|.? |, And AX is the matrix product

m

Here, in matrix notation AX = B, we have the following definitions.

1) A= (ai J. ) mxn is called the coefficient matrix of the system.

(2) A and Bare column vectors in R" and R™respectively. is unknownand B
IS a given column vector.
(3) The matrix derived from the coefficients and constant terms of a system of

linear m equations is called the augmented matrix of the system. That is, the

matrix [A|B] is called the augmented matrix of the system.

Example-1:
Use matrix notation to denote the following system of linear equations. Also find the

coefficient matrix and the augmented matrix of the system.

—X, +2X, =2
3X, +4x%, —6X; =1
Solution:
—X, +2X; =2
3X, +4X, —6X; =1

= [0X, +-1.X, +2X; =2
3X, +4X, —6X; =1

Xy
0-1 2 2
= X, =
3 4-6 1

X3
Xl
_ 0-1 2 2| . .
= (i) Ax=B where A= , X= X, |and B = is the matrix
3 4-6 y 1
3

notation for the given system.
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. 0
= (ii) A:{3 ~

2
} Is the coefficient matrix of the given system and

0-1 2
3 4-6

= (iii) [AIB]:{

2| . _ :
J is the associated augmented matrix of the system.

2. Gassing Elimination and Gauss-Jordan Elimination

(1) Gausian Elimination
It is a procedure for solving a system of linear equations.

Rewriting a system of linear equations in row-echelon form usually involves a chain of
equivalent systems, each of which is obtained by using one of the three basic
operations.  This process is called Gaussian elimination, after the German
mathematician Carl Friedrich Gauss (1777-1855)

Theorem 3.15: Let AX = B be represent the system of linear equations and M = [A|B]
be the block matrix.
If m'=[A'|B'] is row equivalent to

m then the solutionsof A x =B’ are the same as those of Ax = B.

Proof

Since M" is obtained by a sequence of elementary row operations, we have

m =g --—-EEMLet P=E ———E &\ 1his matrix is invertible, why?

Also, M'=[A'B'] =[PAIPB], How?
If X is a solution of the original system AX =B, so X also solvesthe new system

Conversely, if A'X = B',then

AX = p’lA'X = p'B = B, s0 x solvesthe system AX = B Too, Hence the proof

Gausian Elimination with Back Substitution

The general procedure for using Gaussian elimination with back substitution to solve a
system of linear equations is summarized as follows:
Step-1 Write the augmented matrix of the system

Step- 2 Use elementary row operations to rewrite the augmented matrix in
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Row-echelon form
Step- 3 Write the system of linear equations corresponding to the matrix in

Row-echelon form, and use back-substitution to find the solution.

Example-2
Use Gauss lan elimination with back-substitution to solve the following system.

X, + X3 —2X, =3

X, +2X, = X3 =2

2% +4X, + X3 —3X, =2

X, —4X, —7X; — X, =-19
Solution:

Step-1: The augment matrix for this system is M = [AIB] where, M = [AIB] =

01 1 -2-3
1 2 -1 02

2 4 1 -3-2
1 -4 -7 -1-19

Step-2: using the elementary operations

R, < R,,R;, > 2R +R;,R, >R, +R,,R, »6R, +R,,R; > 1R, and R, > 3R,
respectively we get the row-echelon form of the matrix M,

1 2-1 0] 2
o1 1-2 -3
|00 1-1 -2
Whichis M'=[ajg] [0 0 0 1 3

Step-3: The corresponding system of linear equations to the matrix M’ is
X, +2X, = X3 =2
X, +X; —2X, =—1
X3 —X, =—2
X, =3
and using back substitution, we can determine that the solution is

X, =-1 X,=2, X;=1 X, =3
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(I1) Gauss-Jordan Elimination
With Gaussian elimination, we apply elementary row operations to a matrix to obtain a

row equivalent row-echelon form. A second method of elimination called Gauss Jordan
elimination after Carl Gauss and Wilhelm Jordan (1842-1899), Continues the reduction

process until a reduced row-echelon form is obtained.

Example-3: use Gauss-Jordan elimination method to solve the system
X—-2y+3z=9
-X+3y=-4
2X—-5y+5z =17

Solution

Step-1: The associated augmented matrix of the system is

1-23] 9
M =[AB]=|-1 3 0|-4
2-55]| 17

Step-2: You can show that the reduced row-echelon form of the matrix M is given by
100|1
M'=[A[B]=|0 1 01
001|2
Step-3: The corresponding system of linear equations to the matrix M" is

x=1y=-1and z=2

¥~ Note:

(1) If in the elimination process, you obtain a row with zeros except for the last
entry, it is unnecessary to continue the elimination process. You can simply
conclude that the system is inconsistent.

(2) If in the row-echelon form system the number of equations and the number of
unknowns are equal then the system will have a unique solution.

(3) Observe that if in the row-echelon form system the number of equations is less
than the number of unknown, then the system will have infinitely many

solutions.

Class Activity
1. Use Gaussian elimination with back substitution to solve.
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2Xx+y—-2z=10 X+2y—-32=6
(@ 3x+2y+2z=1 (b) 2x—-y+4z=2
5X+4y+3z2=4 4x+3y—-2z=14
X+2y—-3z=4 X, — X, +2X;, =4
X+3y+z=11 X, —X, =6
ORI @
2x+5y—-4z=13 2X, —3X, +5%; =4
2X+6y+2z=22 33X, +2X, =X, =1
2. Use Gauss-Jordan elimination method to solve
(@ x, —x,+3x,=0 (b) 2x, +4x, —2x, =0
2%, — X, +3%X; =0 3X, +5%, =1

Definition 3.20: Homogeneous system of linear equations

A system of linear equations in which each linear equation is equal to zero is called a
homogeneous system and it is denoted by Ax =0.

It is easy to see that a homogeneous system must have at least one solution.
Specifically, if all variables in a homogeneous system have the value zero, then each of

the equations must be satisfied. Such a solution is called trivial or obvious.

‘ Test yourself!

In exercise a-d, the augmented matrix of a system of equations is given. Express the

system in ordinary equation notation.

[2-3[1 2 35|2
@) (b)
14 712 1 6 9|0
101 01 170
(©|1-1 4-2 |3 d)y| 23116
1425 012 -1 0-213
2. Find the solution set of the system of linear equations represented by the given augmented
12014
12 1 O
matrix.  (a) [1 00 } |00 1-1 © 01213
012 001 21
OO0 O O
000114

3. Using either Gaussian elimination with back-substitution or Gauss-Jordan elimination

solve the given system of linear equations
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(b) x+3y—-2z=0
Xx—-8y+8z=0
3Xx—-2y+4z=0

x+3y=0
(@) 5
X-y=0

X, + X, —2X; +3X, + 2% =9
2X+Yy—72+2w=-6 Lo ° ) °
3X+4y+w=1
(c) (d)  2X +2X, =X; + X, —2X; =1
X+5y+2z2+6w=-3

5X+2y—-z—-w=3

3X, +3X, = X3 + X, + X =5

4%, +4X, + X, —3%X; =4
8X, +5X, —=2X; — X, +2X; =3
4. Find the values of a,b and c if possible such that the given system of linear equations has
(1) a unique solution (1) no solution and
(1) An infinite number of solutions

X+y=2 X+y=0
y+z=2 y+2=0
b
@ X+2=2 ®) X+z=0
ax+by+cz=0 ax+by+cz=0

5. Is it possible that a system of linear equations with fewer equations than variables may
have no solution? If so, give an example.

6. If Ais an invertible matrix, then show that the system of linear equations represented by
Ax = B has a unique solution given by x = A™B

7. Prove that every homogeneous system of linear equations is consistent. Moreover, if the
system has fewer equations than variables, then it must have an infinite number of
solutions.

8. Let A bea nxn matrix, then prove that the following statement are equivalent.
(@) A is invertible

(b) Ax = B has a uniquesolution for every nxl matrix B
(c) Ax=0 hasonly the trivial solution

(d) Ais row equivalentto I .

(e) A can be written as the product of elementarymatrices.

9. Let m'= [A‘|B'] be a reduced row-echelon matrix, then prove that the system of equations

A' X = B' has solution if and only if there is no pivot in the last column

Bl

SUMMARY OF UNIT THREE
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R/
L X4

R/
A X4

/7
A X4

A matrix is a rectangular array of numbers. The numbers in the array are called the
entries in the matrix.

Two matrices are defined to be equal if they have the same size and their
corresponding entries are equal. In matrix notation, if A= a1 and &= [&55] have

the same size, then A =B if and only if ()i = By , or, equivalently, aij =bij for

alli and j.

If A and B are matrices of the same size, then the sum A+ B is the matrix obtained
by adding the entries of B to the corresponding entries of A, and the difference
A— B is the matrix obtained by subtracting the entries of B from the corresponding
entries of A. Matrices of different sizes cannot be added or subtracted.

If A is any matrix and c is any scalar, then the product cA is the matrix obtained
by multiplying each entry of the matrix A by c. The matrix cA is said to be a scalar
multiple of A.

If A'is an mxrmatrix and B is anr xn matrix, then the product AB is the mxn
matrix whose entries are determined as follows. To find the entry in row i and
column j of AB , single out row i from the matrix A and column j from the matrix
B. Multiply the corresponding entries from the row and column together, and then
add up the resulting products.

If A is anymxn matrix, then the transpose of A, denoted by A' , is defined to be
the nx mmatrix that results from interchanging the rows and columns of A; that is,
the first column of A' is the first row of A, the second column of A" is the second
row of A, and so forth.

If A is a square matrix, then the trace of A, denoted by tr(A) , is defined to be the
sum of the entries on the main diagonal of A. The trace of A is undefined if A is not
a square matrix.

Assuming that the sizes of the matrices are such that the indicated operations can be
performed, the following rules of matrix arithmetic are valid.

(@ A+E5=5+4 (Comrutative law for addition)
(b) A4 B4+ =(A4+ B0+ T {Associative law for addition)
() A(BCH = (AT {Associative law for multiplic ation)

(d) AR+ O = AR+ AT (Left distributive law)
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K/

AS

(€) B+ C)A=BA+CA  (Right distributive law)
(f) AB—C) =AB— AC
(g) (B—C)A=BA—C4
(h) alf+ O =al + al
(i) alf— ) =al —aC
) (@ + )T =al+ b0
(k) (@ —810 =al -8
(I) @(2C) = (ab)C
(m) @(BC) = (aB)C = B(aC)
N A+0=0+4=A4
If R is the reduced row-echelon form of annxn matrix A, then either R has a row
of zeros or R is the identity matrix I .
If A is a square matrix, and if a matrix B of the same size can be found such that

AB = BA =1 , then A is said to be invertible and B is called an inverse of A. If no

such matrix B can be found, then A is said to be singular.

The matrix
b
A=1°
b
is invertible ifad —bc = 0,in which case the inverse is given by the formula
d kb
41— 1 d =5 _ ad — be ad — be
T ad—ke | —c  al| c @

ad — be aed — be
If A and B are invertible matrices of the same size, then AB is invertible and
(4Bt =514
A product of any number of invertible matrices is invertible, and the inverse of the
product is the product of the inverses in the reverse order.
If the sizes of the matrices are such that the stated operations can be performed,
then

@ (D =4

(b) (4 BHT=aT 87 a-m;T=aT 57

and
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(c) ey =kea” , where K is any scalar
@ (45 T= 5747
%+ The transpose of a product of any number of matrices is equal to the product of
their transposes in the reverse order.

% If A'is an invertible matrix, then A' is also invertible and

Ah oy’

/7
A X4

Annxn matrix is called an elementary matrix if it can be obtained from the nxn
identity matrix | by performing a single elementary row operation.
% Every elementary matrix is invertible, and the inverse is also an elementary matrix.
s If Alisan nxn matrix, then the following statements are equivalent, that is, all true
or all false.

(@) Ais invertible.

(b) Ax =0 has only the trivial solution.

(c) The reduced row-echelon form of Ais|, .

(d) A is expressible as a product of elementary matrices.
% To find the inverse of an invertible matrix A, we must find a sequence of
elementary row operations that reduces A to the identity and then perform this same

sequence of operations on |, to obtain A™ .

< A square matrix A is called symmetric if A= A" .

e

AS

An elementary operation on a matrix is either elementary row operation or
elementary column operation and is of the following three types
Type I: The interchange of any two rows or (columns)
Type II: The multiplication of any row or (column) by a non zero number
Type 11l The addition of a multiple of one row (or column) to another row
(or column)
% A matrix is said to be in row-echelon form if
1. All the non-zero rows, if any, precede all zero rows, if any. That is, all rows
consisting entirely of zeros occur at the bottom of the matrix.
2. Inany non-zero row after the first row, the number of zeros preceding the first

non-zero element is greater than the number of such zeros in the preceding
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row. That is, the first non-zero entry of row i+1 is to the right of the first non-
zero entry of row 1.
3. The first non-zero entry in each non-zero row is 1. This entry is called a pivot
or a leading 1.
% A matrix M in row-echelon form is in reduced row-echelon form if the first non-
zero element in each non-zero row is the only non-zero element in its column. That
IS, M is in reduced row-echelon form if M is in row-echelon form and if every
column that has a leading 1 has zeros in every position above and below its leading
1.

UNIT FOUR: DETERMINANT

UNIT-OBJECTIVES:

At the end of this unit each student should know;
= The definition of determinant and its properties.
= How to find the inverse of a matrix by using the concept of determinant.
= How to solve system of linear equations by using Cramer’s rule.
= How to find the rank of a matrix using determinant
= How to find Eigen value and eigenvector of a matrix.

= How to Diagonalize a symmetric matrix
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4.1 Definition of Determinant

Objectives
At the end of this section learners should be able to
e Find all the minors and cofactors of a square matrix of order two and three.
e Compute the determinant of triangular matrix.
e Discuss the concept of determinants of n X n matrix.
Consider a system of linear equations
ax+by=e
cx+dy=f
You recall that, one of the methods available to us to solve such a system was the
elimination method. In this unit, using determinants, we shall exhibit a very efficient
computational method to solve system of linear equations. We first define determinant

and study its properties.

Definition 4.1: To every square matrix A with elements from the set of real numbers

there is assigned a specific real number called the determinant of A. It is usually

denoted by det(A) or |A.

all a~12 ___aln all a12 ___aln

a, a, ——-—a ) ) a, a, ——-—a
Let A=| 2 % " Ithendeter minantof Aisdenotedby| > % 2

a'nl a‘n2 ___ann anl a‘n2 ___ann
™= Remarks:

(i). Observe that determinant is a function from the set of all square matrices to the

set of real numbers, and it is defined only for square matrix. In fact, if A=(a;;)
is a square matrix over a field F (aij € F)then|A|e F. In particular for F =z=

The set of complex numbers then det Aeg.From now on wards unless we
have stated we consider matrices over R.

(ii). The determinant of an n X n matrix is called determinant of order n. Before we
go to the definition of determinant of ordern(ne N ) we shall consider
determinants of order 1, 2 and 3.

You recall that a single number a is considered as a 1 X 1 matrix. Hence if
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A= [a,, | thendeter minantof Aisdefined tobethenumber itself. That is,
det(A) =|ay | = a,;.

1) Determinant of order

a
Definition 4.2: The determinant of the 2 X 2 matrix A:{

b
} is defined to be the
cd

b
number ad — bc. That is, det A:‘? d‘ =ad —-bc

A convenient method for remembering the formula is to note that ad —bc is just the

difference of the products of diagonally opposite entries.

That is, |Al = ‘: 2 —ad ~bc

Example-1: Find the determinants of the following matrices

23 31 12
@ A:L 2} (b)B:Ls 2} © C:{s 4}

Solution: (a) |A =‘12_; =(2) (2)-(-3)()=4+3=7

31
(b) |B|:‘6 =@ @-©0=6-6=0

2
©c =‘2 4‘ —() (4)-(6)(2) =4-12= -8

= Remark: Note that the determinant of a matrix A can be positive, zero, or negative.

Definition 4.3: Definition of Minors and cofactors of a matrix

Let A= (ai j) be a square matrix then

1- The determinant of the matrix obtained by deleting or removing the i"™ row and j"
column of 4 is called the minor of the element &;; and it is denoted by M.

That is, M;; =|A j|; where A is a matrix in which the i row and j" column of A

are removed.
2-The product of the minor of the element a;; and the number (<D™ is called the
Thatis, C;; = (1) My; = (-1)""' |A ||

cofactor of a;; and it is denoted by C;;,
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210
Example-2: Find all the minors and cofactorsof A=| 11 4
-325

Solution: To find the minor M;;of a;;, we delete the i" row j™ column of A and

evaluate the determinant of the resulting matrix

=1(®)-()(4)=-3

. 14
Minor of a,, =M, =|A,|= .

Minor of &, =M, =|A,,| =‘_; ‘;‘ = (5) —(4)(-3) =17,
. 11
Minor ofa; = My, =|A,| =‘_3 2‘ =G OO@-OE3) =5

1 0
Minor ofa,, =M, =|A,| :‘2 5‘ =(1) (5) -0.2=5,

_ 2 0
Minor ofa,, = M, =|A,,| =‘_3 5‘ =(2) (5) —0(-3) =10,

Minor ofa,; =M, :|A23| = ‘_; ;‘ =(2) 2-O () =7,

Minor ofa,, =M., =|A, |- ‘1 Z‘ ~ @ @O0 -4,

Minor ofa, = My, =|A| =‘12 f‘ ) 4O =8,

Minor of a;, = M, :|A33| :‘f 1]‘: (2 -0 =1

i+]

Now, to find the cofactor C;; of a;;, we multiply M;; with (-1)
Cy= (‘DM M, =-3 Cyu = -1 M 20 =" Ca = (-1 . My =4
Cp = (_1)1+2 M,, =-17 C, = (_1)2+2 M,, =10 Cap = (_1)3+2 M,, =-8
Cp = (_1)1+3 M =5 Cyu= (_1)2+3 My =—7 Cy = (_1)3+3 Mg =1
X Remark
(i). The minors and cofactors of a matrix differ at most in sign. To obtain the cofactors
of a matrix, first find the minors and then apply the following checker board pattern

of +’s and —*s.
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Sign Pattern for Cofactors

+ -+ - === ]

+ - 4+ - + 4+ ————
+ — +

- 4+ — + + - 4+ - 4——-
_+_

+ -+ - + - + ——-
+ -+

- 4+ - + + - + - +———
3x3marix 4dx4 matrix nxn matrix

Note that odd positions (where i +j is odd) have negative signs, and even positions
(where i + j is even) have positive signs.

i) If Ais an n X n matrix, then the order of A; is (n—1)x(n-1))

3) Determinant of Order Three

Definition 4.4: The determinant of the 3 x 3 matrix
ail a12 a‘13

1 8y 8y | is defined to be the number|A/=a, C,+a, C,+ a; Cy,
a, a

32 33

= all (_1)1+1 M11 + a12 (_1)1+2 M12 + a13 (_1)l+3 M13
=a, |A11|+a'12 |A12|+a'13 |A13|

Ay Ay a, ay
—a;

+4a,;

31 33 31 a32

=ay; 8y, A3 T8, Ay Ay T 38, Az —8y; 853 Agy — 8y, Ayy Agz 38y Ay

= Remarks: The formula used to compute determinants is known as expansion by a
row (column). Thus, if we consider the first row, then the determinant of A will be

equal to the sum of the products obtained by multiplying the elements of the first
row by their respective cofactors.

021
Example-3 Let A=|3-1 2|, then determine|A|
4 01
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(a) By expanding along the first row
(b) By expanding along the second row

(c) By expanding along the first column
Solution:

() C11 =+

-1 2 32
0 =-1 C, :—4 1 =—(-5)=5and C, =+

3—
=4
d

Thus, |A/=a,, C,, +a,Cy, +a, Cy,, Firstrow expansion

=0(-1) + 2(5) +1(4) =14
: JJ
-4,
4

=—(-8)=8 we have

2
(b) Since C,, = —‘0 i‘: -2, C,=+

And C, = 02

2o lao0

|A=a, C, +a,C,, +a,C,, second row expansion
=3(-2) + (-1 (-4) +2(8)

=14

(c) Since

-12 2 21
0 =-1 Cle—o =-2 and C, =+ 1 2=5 we have

|Al=a,,C,; +a,C,, +a, C,, First column expansion

=0(-1) +3(-2)+4(5) =14
As an exercise try some other possibilities to see that the determinant of A can be
evaluated by expanding by any row or any column. This result is stated formally in the

following theorem 4.1, called Lap lace’s Expansion of a determinant, after the French
Mathematician Pierre-Simon Laplace (1749-1827).

3-Determinant of order n

Definition 4.5: Definition of the Determinant of a Matrix

Let A be a square Matrix of order n where n > 2, then the determinant of A is the sum

of the entries in the first row of A multiplied by their cofactors, That is,

n
|A| = Zalj C:lj = ajl_]_ C11 + alz C12 +—-——+ aln Cln'
j=1
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When this definition is used to evaluate a determinant, we say that we are expanding by
cofactors.

Theorem 4.1: Expansion by cofactor

Let A be a square matrix of order n, then the determinant of A is given

n

IA=>a; ¢; =a,Cy+a;, C +———+a,, ¢, (i row expansion) or
=1
n

IA=>a;; ¢;; =a,; ¢, +a, C,;; +———+a, ¢, (j" column expansior)
i=1

Proof: Exercise

¥~ Note: when expanding by cofactors we do not need to evaluate the cofactors of
zero entries, because a zero entry times its cofactor is zero. That is,

a,; ¢;; =(0) ¢;; =0. Thus the row (or column) containing the most zeros is

usually the best choice for expansion by cofactors.

Example-4 Find the determinant of

1-2 30

-11 02

10203

3 40-2
Solution:
Inspecting this matrix, we see that in third column of A we have more number of zeros
than the other rows and columns. Thus we can eliminate some of the work in the

expansion by using the third column. Therefore,
|A=a,,C,; +8,Cypy+8y; Cyy +8,5 Cyy
=3 C,; +0(C,)+0(C,;) +0(C,;)
=3C

-11 2 F11 2
But C,,=(-1)" |02 3=|0 2 3 Again, expanding by cofactors in the second

3 4-2 3 4-2
3 -1
row we get C,; =(0) (-1) 3 4

+(2) (-D* +(3)(-1°

-1 2
3-2

12
4-2
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=0+ 2(1) (-4) +3(-1) (-7) = 13.Thus we obtain |A =3(13) =39

Theorem 4.2: Determinant of a Triangular matrix

Let A=(a;;)be atriangular matrix of order n, and then its determinant is the product

of the entries on the main diagonal.

Proof: We use mathematical induction to prove this theorem for the case in which A is

an upper triangular matrix. The case in which A is lower triangular can be proven
similarly. If A has order 1, then A=|a,, ] and the determinant is given by|A| =a,.
Assuming that the theorem is true for any upper triangular matrix of order k — 1, we
now consider an upper triangular matrix A of order k. Expanding by the k™ row, we
obtain |[A|=0C,, +0C,, +———+0Cy_; +a Cy

=a, Cy

= (_1)k+k M k= A (_1)2k M Kk

= Qi M kk

=ay |Akk|

= Ay, (an Ay 833 ___ak—lk—l)’ Since Ay is
order k —1 we can apply induction assumptontoit

=, Ay A3 —— —

This completes the proof

(-1 0 0 0 O]

03000
Example-5(a) LetA=| 002 0 0| and B=1,

00040

| 00 0 0-2]

Then since a diagonal matrix is both upper and lower triangular we have by theorem

42. [A=(-1) (3) (2) (4) (-2)=48and [B[= (1) ) -—- @) =1=]1,|

Test yourself!
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121

1. Let A=| 312 then find the determinant of A
-145

(a) By expanding along the first row
(b) By expanding along the first column
(c) By expanding along the third row.
What can you conclude from the result (a), (b) and (c).

(ii). Find the determinant of the given matrix by using expansion by cofactors.

14-2 x y 1 -04 04 03
@] 320 )2 31 (c) 02 02 0.2
-143 0-11 03 02 0.2
5 20 0-2] 4 3-2 1 2 ]
01432 0 00O00O
d|0 0 26 3 (e) 1 2-7 13 12
0 03 41 6-2 5 6 7
0 00 0 2] -1 420 9

(iii).  Verify the following equation
1 1 1

@)la b c|=(@-b)(b-c) (c—a)
a’b?c?

(ja b c|=(a-b)(b-c)(c-a) (a+b+c)
a® b*c?

x 0 ¢
) -1 x b|=ax®+bx+c
0-1 a

(iv) Solve the following equations

@ 2 X—4 0 ) 1 4
a. = =
1 4 33X X+22
y+1 00
A-1 -4
© =0 d) |4 y 3 =0
-2 A+1
2 8 y+5
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(V) The determinant of a 2 x 2 matrix involves 2 products. The determinantofa 3 x 3
matrix involves 6 triple products. Show that the determinant of a 4 X 4 matrix
involves 24 quadruple products. In general, the determinant of an n X n matrix

involves n! n -fold products.

4.2: Properties of Determinant

Objectives
At the end of this section learners are expected
e Discuss the properties of determinants.

e Evaluate a determinant using elementary Row operations.

It should be clear that calculating the determinant of a large matrix from the definition
can be quite long and cumbersome. For instance, the determinant of a 6 x 6 matrix
involves six 5 x 5 cofactors. Each of these in turn involves five 4 x 4 cofactors each
of which involves four 3 x 3 cofactors for a total of 120 x 3 x 3 cofactors to be
calculated. Consequently other methods are often used to compute determinants. These
methods depend on the properties of determinants which are stated as follows.
Property-1: Elementary Row operations and Determinants
Let A and B be square matrices
(a) If B is obtained from A by interchanging two rows (or columns) of A, then

Bl =-IA
(c) If B is obtained from A by adding a multiple of a row (or a column)of A to another

row (or ¢ column) A then the determinant is unchanged. That is, [B| =|A.

(c) If B is obtained from A by multiplying a row (or a column) of A by a non zero ¢

constant c, then |B| = c|A|

Proof: (a) we use induction to prove this.

(i). Assume that A and B are 2 x 2 matrices such that
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a,, a a, a
A:[ 11 912 } and Bz{ 21 22}
8y dp & 8y

Then, we have

|A| =a;; a; —a;, ay and |B| =4ady a,—a; ay
= |B| =—(a, ay,—a;, ay)= _|A|
(i1). Now assume that the property is true for matrices of order

(n—-1)x(n-1). That is,if A—"2% B then |B|=|A
where A and B are any (n—1)x(n—1) matrices.

(iii) Let A be an n X n matrix such that B is obtained from A by interchanging two

rows of A. Then to find |A and |B|, we expand a long a row other than the two

interchanged rows. Without loss of generality let us expand along the first row of B;
then

n
Bl=> a;; ¢
=1

But by our induction assumption, the cofactors of B will be the negatives of the
cofactors of A because the corresponding (n — 1) X (n — 1) matrices have two rows

interchanged. Thus,

B|=> a,,C',;; whereC';; is the cofactorsof A V, =1, 2,——,n
=1

=->.2,C;
=1
-4

= |B|=-|A and the Proof is complete.

The proofs of (b) and (¢) are left as exercises.
Example-1: Show that the determinant of an elementary matrix E of
(i) First kind (add a multiple of one row to another) is 1
(i) Second kind (row interchange) is -1
(iii) Third kind (multiply a row by anon zero constant c) is ¢

Solution: We know that |l | =1. Thus, we have

(i) |E[=]|1,|.by property1 (b)
=1
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(i) [E|=—|1,|,by propertyl(a)
=-1
(iii) |[E|=c1,|.by propertyl (c)

=c.1 =c

Example-2: Evaluating a determinant using elementary Row operations.

2-3 10
LetA=|1 2 —2]| then find determinant of A.
01 -3
Solution:
1 2 -2
:—(—70 1 -2|, factor—7outof the second row
01 -3

12 -2 12 -2
=70 1 -2/=70 1 -2,byR, >R, +R,
01 -3 00 -1

1 2 -2
=7(1)1)(~1)=-7,Since| 0 1 -2 |is triangularmatrix
0 0 -1

2 -3 10 1 2 -2
A=t 2 -2/=—2 -3 10|,byR, ©R,
01 -3 0 1 -3

1 2 -2
=—0 -7 14| byR, > —2R,+R,
0 1 -3

¥~ Note: In the above solution we have changed the given matrix in to triangular
matrix.

Property-2: Determinant of a transpose

If A is a square matrix, then |A| = ‘At‘

Proof: Exercise(Hint: use mathematical induction and Laplace’s expansion of
determinant)
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3 1 -2
Example-3: Show that|A| =‘A“ forthematrix A=| 2 0 0
4 -1 5

Solution:

We expand by cofactors along the second row to find |A|

3 2 -4
t — —
To find the determinant of A= 1 0 -1|Weexpand by cofactors down the
-2 0 5
3 2 -4
. 1 -1
second column to get |A'|=| 1 0 -1= 2, g (-2)3)=-6
-2 0 5

Thus,|Al :—6=‘At‘ =|A =‘At‘

Notation
Let A is a square matrix of order n with columns A, A2 A3... 4...and A"
And rows A;, Ay A;_Aj...and A, then we can also denote det (A) by
det (A", A% A% AL .. 4" or det (Ag, Ay As Aj..., An)
= Remarks — property - 1 can be expressed as
(1) a.det (A, A% A ...cA ..., A" =cdet (A}, A2 A3 .. 4, ..., A"
b. det (A, Ao, As CAj..., An) =cdet (A, Ay, As_Aj..., 4y) where c is a non zero

constant
(2) a. det (A', A2 A% A ... Aj.. A") =-det (AL, A% A3 .4 . A ... A"
b. det (Al, AQY A3.“Ai, LA joees An) = - det (Al, Azy A3“.Aj, O (T An)

(3) a.det (A, A% A% .. cA+ A 4. 4"
= det (AL, A2 A3, 4. 4., A"
b. det (A1, Az, As. CA+ A, ..., A j..., An) = det (Aq, Az, Az A ..., 4 ..., An) Where C
Is constant number.
Property-3: Linearity of determinant

Let A is a square matrix of order n then

a. the function |Alis linear in the rows of the matrix
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i.e., det (Al, Az, A; CA+ A,-'\, A jors An):C det (Al, Agy Az Ai|, LA jores An)
+ det (Al, sz Az ,A,-'|, LA jous An)
where ¢ is a constant number.

b. the function |A|is linear in the columns of the matrix

That is, det (A, A2 A® cA+ A", ... 4., A"
=cdet (AL, A2 A® A .. 41 4" +det (AL, A2 A A, 40, A"
Where c is a constant number.
Proof: Exercise. Hint (use mathematical induction)

Class activity
1. Show that

1 2 41 0 2 41 2 4
(@)[3+5 4+6 2+3=3 4 2/+5 6 3
2 -1 0| 2 -10 2 -10
1 2 4
(b)2(5) 2(6) 2(3)=25 6 3
2 -1 0 2 -1 0
2. Show that
a, a,+Xx a3, @ a, a,| |a; X a,
(@) b1 b2+y b3 = b1 bz bs +b1 y b3
C, C,+Z Ci| [, C, G4 [C, Z G
a a, Xa, a, a, a,
(b)|b, b, xb|=xlb, b, b,
C, C, XC c, C, G

3. Show that
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b, b, b, & 8, 8
(@)ja, a, a;|=—b, b, b,
C, G G C, C G

a1 a'2 a3 al az a3
(b) [kb, kb, Kkby|=k|bo, b, b,
& C G P
a1 a2 a3 al az a3
(c)b, +kc, b,+kc, b,+ke|=|b, b, b,
C1 C2 CS Cl CZ C3

Property-4: Conditions that yield a zero determinant

Let A is a square matrix of order n and any of the following conditions is true, then

|AI=0
(a) An entire row(or an entire column ) consists of zero
(b) Two rows ( or columns) are equal.
(c) One row(or two columns) is a multiple of other row (column)
Proof: Let A be an n X n matrix with rows A, Ay, Az Aj, ..., 4 ..., An
(a) Without loss of generality suppose that the first row of A is a row of zeros then
det (A)=det (0, Az, A3 _Aj..., An) = det (0.0, Ay A; Aj..., An)
=0det (0, A2, A; Aj..., 4,) =0
Hence,the proof.
(b) Without loss of generality assume that A;= A, then
det (A) = det (A1, A2, As_Aj..., An) = det (A1-Ag, Ax, Az Aj..., An)
=det (0, Az, As_Aj..., 4n), as A1=A;
=0, by(d)
(c) Without loss of generality assume that A;= cA, then
det (A)=det (A1, A2, As_Aj..., An) = det (CA2, Az, Az Aj..., An)
= cdet (A2, Az, Az _Aj..., An) = €.0=0, by (b)
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2 4 -5 1 2 -4 1 2 -3
Example-4: Let A={0 O 0 |B=|0 1 2 |andC=| 2 -1 -6/|then
3 -5 2 1 2 -4 -2 0 6

(a) Since A; is a row of zeros we have |A =0
(b) Since B;=B3 we have |B|=0
(c) Since C’= - 3C* we have |C| =0

Further Properties of determinant

Theorem 4.3: Determinant of a scalar multiple of a matrix

If A is an nxn matrix and c is a scalar, then the determinant of cA is given by

[cAl = c"[A

Proof; |cAl = det(cA)= det(cA!,cAZ,cA%,..., cA")
= cdet(A!,cA?,cA’,..., cA")
= ¢? det(A", A2, cA®,...,cA")
= c®det(Al, A%, A®,...,cA")

= c" det(A", A2, A%,..., A")
=c" det(A)=c"|A

Example- 5: If A is a matrix of order 3 and ‘At‘ =5 then find determinant of 10A

Solution: [LOA =10%|A =10°|A'| =10°(5) = 5000

Theorem 4.4: Let E be an elementary matrix and A be an arbitrary square matrix
then [EA/ = E| A
In general, if Ej, Ey, Es... Ex are elementary matrix then

|Ek ...E3E2E1A| :|Ek|"'|E3||E2||E1”AI

Proof: If E is an elementary matrix obtained from identity matrix I by

I- interchanging two rows then
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|E| = -[I| = —1and hence|EA| = -|A, by property(1)
=-1A| = |E|Asince|E| = -1
= [EA|=[E[A

- by multiplying a row of I by a non zero content c then
|E| = c and hence
[EA =C |A, by property (1)
=|E| |A], since |[E[=C
Ii- by adding a multiple of one row of I to another row of I, then |E| =1 and
hence |EA = |A], by property (1)
=1 |A

= |E[|Al, since |E| =1

Theorem 4.5: Determinant of a matrix product

If A and B are square matrices of order n, then |AB| = |A| |B|. In general,

(A A, === A=A [A = —[A]

Proof: We note that this is theorem 4.4 if A is an elementary matrix.
Case 1: If A is invertible, then A can be written as a product of elementary matrices

A=E----E; E;and hence |AB|=|E, ———E; E, E, B|
=|E| ———E| [E;|[E.]
=|E, ———E; E, E,| |B]|, by induction
and theore4.4
= [A/[B.

Case 2: If A is singular, then A is row equivalent to a matrix with an entire row of
zeros. Thus, |A| = 0. Moreover, because A is s singular we have AB is also
singular. (For if AB is non singular then A [B (AB)‘1]= I and hence A is
nonsingular, which is contradiction). Thus, |AB|=0=0|B|=|A||B|

Hence the result.
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Theorem 4.6: Determinant of an Invertible Matrix

A square matrix A is invertible (non singular) if and only if |A| #0

Proof: (=) Suppose 4 is invertible, then
AAT = | =|AA =1
=|A |A?=1
=|A/=0and |A™| =0,
Thus, |A = 0.

(<) Suppose |Al=0, then using Gauss-Jordan elimination, we find a matrix B, in

reduced row echelon form, that is row equivalent to A. Because B is in reduced row-

echelon form, it must be the identity matrix I or it must have at least one row that

consists entirely of zeros. However, if B has a row of all zeros, then|B| =0, which

would imply that|A=0, which is contradiction. Thus, B = I and hence 4 is row

equivalentto I = A is invertible.

Theorem 4.7: Determinant of an Inverse Matrix

If A is invertible, then ‘A‘l‘ =1

A

Proof: Suppose 4 is invertible le then 44™ = I and
A #0=|AA =i
=|A|AY =1

==

Example-6: Use a determinant to decide whether A is singular or non-singular. If A is

invertible, then find ‘A‘l‘.

02-1 10 3
@ A=[3-2 1 (b) A={3-2 1
3 2-1 321

Solution:

(a) Because |A/=0 we conclude that A has no inverse

(b) Since |Al =4 =0 we have A is invertible and ‘A’l‘ =d=¥

[A
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Test yourself!

1. Which property of determinants is illustrated by the given equation?

5 10 1 2
0 b
ol wf Mt
-43 2 1 3 4 1 43
(c) 8 00=0 (d) -7 2-5=--7-5 2
-4 3 2 6 1 2 6 21
6 000 1000
1-3 2 1-3 2
06 00 0100
(e) =06 (99| 5 21/ =0 17 -1
0060 0010
-1 06 |-1 0 6
00O06®G 0001
5 0 10 1 02 3 2 4 3 2-6
(f) | 25-30 40| =5° | 5-68 () [-2 1 5/ =-2 10
-15 5 2 -3 14 5-7-2 5-715
2. Use elementary row or column operations to evaluate the following determinant
1-1 8 4 2 3-2 4 31
2 6 0-4 3 -1 0210
@ 20 2 6 2 | 5-1 0 3 2
02800 4 7-8 00
0112 2 12 302
-2013-2
1-27 9
-213 2-1 3-45 &
) |10-1 2 3 d) |°
(c) (d) 3 611
3-1 2 4-3
4 53 2
1132 0

3. Find the determinant of the given elementary matrix where b = 0.

100 001 100 100
@@ |0b 0| () {010 (|010| (db1o0
001 100 0 b1 001

4. Verify the following equation

a+b a a
(@ la a+b a|=b*@3a+b)
a a a+b
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l+a 1 1
(b) 1 1+b 1 |=abcl+i+++2),a=0,b=0,c=0.
1 1 1+c

5. Let A and B square matrices of order 4 such that |A| =5, |B| =3 then find
@ [AB] () |A°] () [38] (d) [(AB)| () |AY
6. Find the value (s) of b such that A is singular

b-1 3

@) A:[ 2 b-2

N —, O

10 3
} () A=[2-1 0
42 b

7. Prove that

(a) If Aisann x n skew symmetric matrix, then |Al = (-1)" |A|

(b) If A is a skew symmetric matrix of odd order, then [A| =0
(c) If Aand B are n X n matrices such that
l. AB = I'then |A/=0 and |B|=0

Il. AB is singular, then either A or B is singular

8. Find two 2 x 2 matrices such that
. |A+|B|#|A+B]

1. |Al+|B|=|A+B]|

4.3 Adjoint and inverse of a Matrix

In this section we develop an explicit formula for the inverse of a non singular matrix.

In the next section we use this formula to derive a theorem known as Cramer’s Rule.

Objectives
At the end of this section students are expected
e Define adjoint of a matrix.

e Find inverse of a matrix using adjoint.
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Definition 4.6: Adjoint of a Matrix

Let A be a square matrix of order n with cofactors C; = (=™ ‘Aij‘ then the

transpose of the matrix of cofactors of A is called the ad joint of A and is denoted by
adj (A).

t

C G == =Gy Ciu Gy Gy ===Cpy

) ) C, C,——-C C,, C, Co———C
Thatis,adj (A)= T T2 “2n - otz be T n2
Cnl an ___C”n Cln C2n C3n ___Cnn

Where C;; = (-1

Aij‘ and A; is the matrix obtained by deleting the

i"™ row and j™ column of A.

-1 3 2
Examplel: LetA=| 0-2 1| thenfind adj (A4).
1 0-2

Solution: Let C;; be the cofactor of A then

141 -2 1
Cy=(D |A11| :+|A11| = 0—2 =4,
1+2 0
C12 :(_1) |A12| :_|A12|=_‘1 —2‘= —(—1)=1,
0-2
C13 = (_1)“3 |A13| :+|A13| :‘1 0 ‘ =2
3 2
Cy = (_1)2+1 |A21| = _‘0 _2‘ =—(-6) =6,
-1 2
Co :(_1)%2 |A22| =+ 1 _2‘ = 0,
-1 3
Cp = 1> |A23| =_‘ 1 0‘ =-(-3) =3,

170




Linear Algebra for Statistics

2
C, = (-1 =+ =7,
N LR
-1 2
C32 :(_1)3+2 |A32| :_‘ 0 JJ: _(_1)21,
3+3 -1
C33 =(-1 |A33| = 1 =2
Thus, the matrix of cofactors of A is
Cy Cp Cp 4 12
C, Cy Cy| =|6 0 3| and hence adj (A)
Cy; Cs Cog 71 2
t t
Cy Cp Cp 4 12 4 6 7
= |Cy C,p Cy =6 0 3 =101
Cy Cyp Cy 712 2 3 2
Theorem 4.8: The Inverse of a Matrix Given by its Adjoint
If Ais ann X n invertible matrix, then A™ =ﬁ adj (A).
Proof: To prove this first consider the product A adj (A).
_a11 ap——— | - _
Ay 8y ——— @y, Cu Co===Cp—===Cy
: : Cp Cp———C,———C
Now, Aadj (A) = o
aj; a, ——— &,
: : Cin Copn——-— Cjn___Cnn
_anl a‘n2 - _ann h

Then the entry in the ith row and jth column of the product A adj (A) is given by
&, C;,+a, Cj, +———+a, C;,

If i=]j, thenthesuma, c;, +a;, ¢, +———+a, C,

n
=D ;G
-1

=|Al——, (*) Since this sum is the cofactor expansion of along its ith row.
On the other hand, if i # j,then the sum &, c;, +a, c,,+———+a, c;, =0.Tosee
this, consider the following matrix B in which the jth row of A has been replaced with

the ith row of A.

171




Linear Algebra for Statistics

8y A ———
8y 8y~ 8y
a‘ll a'i2 - a‘in 4———,/17
. . ith row
Qj; a,——— q,
_anl a'n2 - ann 1l ——

jth row

Cofactor expansion along the jth row of B produces

B|= &, C, +a, C;,+———+a, C,, =0, because B has two identical rows
=@, Cy+ay, C,+———+a, C,=|B[=0 ———(**)

Therefore, by (*) and (**) we have

Aad] (A) = (1), With 1, = [A] if i= ]

nxn

0,if i
|A 0-—-0 ] 1 00---0
— adj (A) = :O |:A|_":0 =|A 0 10-=-0 = |A1
o oin| 1000
= Aadj(A) =|A |

=A [ﬁ adj (A)J: I, since A is invertible we have |Al#0

= A = adj (A)

-1 3 2
Example-2: use the adjointof A=| 0-2 1| to find A™.
1 0-2
Solution:
-1 3 2 |-13 2
l. (i) |A|= 0-2 1| =| 0-2 1,by R, >R, +R,
1 0-2 030
-2 1 . i
:—1‘ 3 0‘ =-1(-3)=3, by cofactorexpansion along the first column
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= A -3
Il.
C —+|A1|—+_2 l—4
11 — 1] — 0_2_ ]
01
C,=— =- =—-(-1)=1
o= Ihal == 3= -
0-2
C13:+|A13| :+l 0 =2,
3 2
C, =_|A21| =_‘0_2‘:_(_6):6,
C —+|A2|—+_l %l
22 — 20 1_2_;
-1 3
C,,=- =— =—(-3)=3,
2=~ |Ayl ‘1 0 (-3)
3 2
Ca :+|A31|:+_2 1 =1,
-1 2
C, =-— =— =—(-1) =1,
vl =
C —+|A3|—+_1 2
33 3 T 0_2_ ’
4 1 2
= The matrix of cofactorsof A={6 0 3
71 2
41271 [4 6 7
=adj(A)=|6 0 3| =1 0 1
71 2 2 3 2
4 6 7 22 %
1. A‘Eﬁ adj (A)=%1 |1 0 1i|=% 0 %
2 3 2| % 1 %
100
In fact you can check that AA*=1=|0 1 0
0 01
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Test yourself!

1. Find the adjoint of the matrix A. Then use the adjoint to find the inverse of A, if possible

Lo 1 2 3
a) A=| by A=|0 1 -1
(@) {04} (b)
2 2 2
1110 1201
110 1 3-14 1
€ A= (d) A=
101 1 001 2
011 1 111 2

b
2.LetA = E d} then show that

d -b
2) adj (A):Lc }

a

d -b i
b) At= L { . a} provided that |A 0.
3. Prove that
a) If A isann x n invertible matrix, then adj (A™)= [adj (A)]*

b) If A is an n x n singular matrix, then A[adj(A)] is the zero matrix.

4. Let A be an n X n non singular matrix then prove that
. -1
a) |adj (A)|=|A"

b) adj [adj (A)]=|A"" A

4.4 Cramer’s Rule for solving system of linear equations

(Homogenous and non homogenous)

Objectives
At the end of this section students should be able to
e Use Cramer’s Rule to solve the given system of linear equations.

e Find volume of the tetrahedron with given vertices.
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Cramer’s Rule, named after Gabriel Cramer (1704 - 1752), is a formula that uses
determinants to solve a system of n linear equations in n-variables. This rule can be

applied only to systems of linear equations that have unique solutions.

Theorem 4.9: Cramer’s Rule

If a system of n linear equations in n variables has a coefficient matrix A with a non-

zero determinant |A|, then the solution to the system

1,2 A)-1 J#¥1  an
L S _det (A, A",A" "BAT " — A7) V. =1 2-—n

J A J

Proof: since |A| #0 we have A is invertible and hence the system Ax =B has a unique
solution given by x = A™'B.
Xl bl
X2 b2 -1
Let x=|. and B=|." | thenx=A"B

X b

n n

= x=-1 adj(A) B=

A

X1 C11 CZl___Cnl b1
X c, C,-——-C b
:> :2 :ﬁadj (A)B:ﬁ :12 :22 : n2 :2
_Xn_ C1n CZn___Cnn bn
o [C, b+C, b, +———+C_ b ]
% C, b +C,, b,+———+C,, b,
X : : :
=, :ﬁ Cy b +C,b,+———+C,; b,
) : : :
C, b +C, b,+———+C_ b,
X, | - -
= X :ﬁ (Clj b1+Czjb2+———+anbn)
=y det (A, A2 ——— AT B, AT ——— A") how?
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There fore vV, =1 2,———n we have

X; =4 det (AY,A*——— A’ B,A" ——— A") and the proof is complete

A

Example: Use Cramer’s Rule to solve the following system of linear equations

forx,y & z
-x+2y—-—3z =1
2x + z =0
3x-4y + 4z = 2
-1 2-3 X
Solution: Let A=| 20 1 |, x=|y| and
3-4 4 Z
1
B=|0|, thenthe systemcan be representel by Ax=B.
2
-12-3
and since [Al=| 2 0 1| =10+0
3-4 4

Then by Cramer’s rule the system Ax =B has a unique solution given by

2,A3 1g A2 1,2
x= det (B,AA"A), y= det(’A’BA’"A) and z= det(’A";B)
1 2 -3 11-3 121
001
244 (324 0 3-
=X= "o 0 YT 0 I

=>x=%, y=- and z=-8 Thus he solution set for

Ax=B is givenby S.S.={(x,y,2): x=%, y="% and z= %}
() Test yourself!

1. Use Cramer’s Rule to solve the given system of linear equations

176



Linear Algebra for Statistics

(a)3x —-5y=13 (b) x+y+Z=3
2X+7y =81 2Xx-y+4z=5
Xx-3y-9z=-11
(€)4x, =X, =%, =1 (d) 4x, —2x,+3x; =-2
2X, + 2%, +3X, =10 2X; +2X, + 5%, =16
oX, —2X, = 2X; =-1 8x, —5X, —2X, =4

2. Use Cramer’s Rule to solve the following system of linear equations for x and y
ax+(1-a)y=1
(l-a)x+ay=3
For what value (s) of a will the system be inconsistent?
3. Determine the values of a and b for the following given system
I. Has a unique solution
[1. Has no solution
I1l. Has infinitely many solutions
() 3x—ay=1 (b) 3x—2y+z=Db
6x+4y=Db 5x—-8y+9z=3
2X+y+az=-1
4. Consider the system of linear equations in cos A, cos B and cos C for the triangle

ccosB + bcosC = a

ccosA + acosC = b
bcosA + acosB = c

then use Cramer’s Rule to solve for cos C and use the result to verify the low of cosines,
c®=a’+b®—2abcosc
5. Show that
(a) The area of a triangle whose vertices are
(X, Y1), (X,,Y,) and (X;,Y;) is givenby
X Yy 1
Avrea = the absolute value of £ |x, Y,

X Ys 1

(b) The volume of the tetrahedron whose vertices are

(Xl’yl’zl)l(XZ’yZ’ZZ)l (X3'y3’23)’ (X4’y4’z4) is glven by
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yi 2, 1
2 y2 Z2
3 y3 ZS 1
4 y4 24

=

v = the absolutevalue of %

xX X X X

4.5. The Rank of a matrix by sub determinants

Objectives
At the end of this section learners should be able to
e Determine the rank of non square matrix.

e Explane the similarity and difference of rank, trace and determinant.

The rank of a general M x N matrix is an important concept, particularly in the solution
of sets of simultaneous linear equations. Like the trace and determinant, the rank of
matrix A is a single number (or algebraic expression) that depends on the elements of
A. Unlike the trace and determinant, however, the rank of a matrix can be defined even
when A is not square. As we shall see, there are two equivalent definitions of the rank
of a general matrix. Firstly, the rank of a matrix may be defined in terms of the linear
independence of vectors. Suppose that the columns of an M x N matrix are interpreted

as the components in a given basis of N (M-component) vectors vy, V». . . vy as follows:

T 1 T
A = Vi Voo oL, VN
1l 1

Then the rank of A, denoted by rank A or by R(A), is defined as the number of linearly
independent vectors in the set vy, v, . . ., VN, and equals the dimension of the vector
space spanned by those vectors. Alternatively, we may consider the rows of A to
contain the components in a given basis of the M (N-component) vectors wi,wa,. . . ,Wp

as follows:

T
!

Wi
W2

'
!

— W M —
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It may then be shown that the rank of A is also equal to the number of linearly
independent vectors in the set wi,wy, . . . ,wwm. From this definition it is should be clear
that the rank of A is unaffected by the exchange of two rows (or two columns) or by the

multiplication of a row (or column) by a constant.

Furthermore, suppose that a constant multiple of one row (column) is added to another
row (column): for example, we might replace the row w; by w; + cw;. This also has no
effect on the number of linearly independent rows and so leaves the rank of A
unchanged. We may use these properties to evaluate the rank of a given matrix. A
second (equivalent) definition may be given of the rank of a matrix and uses the
concept of sub matrices. A sub matrix of A is any matrix that can be formed from the
elements of A by ignoring one. or more than one, row or column. It may be shown that
the rank of a general M x N matrix is equal to the size of the largest square sub matrix

of A whose determinant is non-zero. Therefore, if a matrix 4 has an r X r sub matrix S

with IS = O but no (r + 1) X (r + 1) sub matrix with non-zero determinant then

than or equal to the smaller of M and N.

the rank of the matrix is . From either definition it is clear that the rank of 4 is less
» Determine the rank of the matrix

A_( _f)

s
=
R S

The largest possible square sub matrices of A must be of dimension 3 x 3. Clearly, A

possesses four such sub matrices, the determinants of which are given by

[ 1 0 R )
20 2 =0, 20 2 =0,
4 1 3 4 1 1

1 0 =2 0 =2

2 2 2 =0, 0 2 2 =0

4 3 1 1 3

The next largest square sub matrices of A are of dimension 2 x 2. Consider, for
example, the 2 x 2 sub matrix formed by ignoring the third row and the third and

fourth columns of A4; this has determinant
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11

2’0 =1x0=-2x1=-=-2

Since its determinant is non-zero, A is of rank 2 and we need not consider any other

2 X 2 sub matrices.

In the special case in which the matrix A is a square N X N matrix, by comparing either
of the above definitions of rank with our discussion of determinants, we see that |A| = 0

unless the rank of A is N. In other words, A is singular unlessR (A) = N

4.6. Determinant and volume

Objectives
At the end of this section learners should be able to

e Find the volume of parallelepiped using determinant.

Determinants are related to the notions of area and volume as follows. Let

U;,U,,U,,---u, be vectors in R".Let S be the (solid) parallelepiped determined by the
vectors, that is S={au, +au, +au, +---au, :0<a, <1fori=123,---,n}(When

n = 2, S is a parallelogram.) Let V(S) denote the volume of S( or area of S when
n = 2) then V(S) = absolute value of det (A), where A is the matrix with rows

u,,U,,Us,---u, . In general, V(S) = 0 iff the vectors u,,u,,u,,---u,do not form a

n

coordinate system for R" .That is iff the vectors are linearly dependent.
Example: Let u,=(110)u, =(111),u, =(0,2,3) then find the volume of V(S) the
parallelepiped S in 9t°determined by the three vectors.

Solution: Diagrammatically the parallelepiped S in R°determined by the three vectors

is given by the figure below.
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And the volume V(S) is evaluated as the absolute value of the determinant of the
matrix whose rows are the vectors u,,u,,u,.That is
110

V(S) =theabsolutevalueof |1 1 1/=[3+0+0-0-2-3=|-2/=2
0 2 3

Hence, V(S) = 2.

Test yourself!

1. Find the volume of the parallelepiped with one vertex at the origin and adjacent
vertices at (1,0, — 2), (1,2,4), (7,1,0).

2. Find the volume of the parallelepiped with one vertex at the origin and adjacent
vertices at (1,4,0), (—2,—5,2),(—1,2,—1).

3. What is the volume of the parallelepiped with four of its vertices at (0,0, 0),
(1,2,2), (2,1,2), and (2, 2,1)? Where are the other four vertices?

4. Let P(1,0,1),Q0(1,1,1),and R(2,2,1). Choose S so that PQRS is a
parallelogram, and compute its area. Choose T,U,V so that OPQRSTUV is a

tilted box, and compute its volume.
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4.7. Eigen Value and Eigenvector of a Matrix

Objectives
At the end of this section learners should be able to
e Define Eigen value and Eigen vector.
e Find the Eigen values and corresponding Eigen spaces of of a matrix.
e Show the relationship between Eigen values and its main diagonal of

triangular matrix.

Definition of Eigen value and Eigen vector
Let A be an n X n matrix over a field F, then the scalar A is called an Eigen value of A

if there is a non zero vector v € F" such that Av = Av. The vector v is called an Eigen

vector of A corresponding to 4.

X Remarks:
1. The term Eigen value is derived from the German word eigenwerte,
meaning "proper value"
2. An eigenvector v cannot be zero. Allowing v to be the zero vector would
render the definition meaningless because AQ = A0 is true for all values of

A . An Eigen value of 4 =0, however, is possible.

3. A matrix can have more than one Eigen value.

Example-1:

2 0
Let A={0 Jthen verify that v, =(1, 0) and v, =(0,1) are eigenvectors of A

corresponding to the Eigen values 4, = 2 and A, = -1 respectively.

Solution:

. 2 0 1 2 1 . .
Since Av, = = =2 _|=2v,, we have v, =(1, 0) is an eigenvector
0 -1 |0 0 0

of A corresponding to the Eigen values 4, = 2.

s 3 B[4
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We have v, = (0, 1) is an eigenvector of A corresponding to the Eigen value 4, =-1.

Class Activity
1. If an Eigen value exists then show that it is unique.

1 -2 1
2. Let A= |0 0 Of then verify that v, = (-3, -1 1) and v, =(1, O, 0) are
0 1 1

eigenvectors of A and find their corresponding Eigen values.

Theorem: Eigenvectors of A Form a subspace
Let A be an n X n matrix over field F with an Eigen value 4, then the set of all
Eigen vectors of A together with the zero vector,

{0} U{v: visan eigen vector of Awith eigen value 1}

is a subspace of F". we call this subspace the Eigen space of A belonging to 1

Proof:
Let A, be the set {0} U {v:visan eigenvector of Awith eigen value A}
i. Since 0e A, we have g A, cF".
ii. Letv,v,, e A then Av, = Av, ,Av, = v,
And hence A(v, +V,) = Av, + Av, Why?

= AV, + AV,
= A(v, +V,);why?
= AV, +V,) = AV, +V,)
=V, +V, isalso an Eigen vector of A corresponding to 4
iii. Let ve A, and c be a non zero scalars then

Av = Av and hence
A(cv) = c(Av) = c(Av) = A(cv),Why?
= A (cv) = A(cv)

= cv is also an eigenvector of A with Eigen value A4
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=cveA,

In fact, if c=0 then cv =0=>CV € A,

Hence, by (i), (ii) and (iii) we have A , is s subspace of F".

&~ Note
1. The sum of two Eigenvectors with the same Eigen value Zjs also an

Eigenvector with Eigen value A
2. A nonzero multiple of an Eigenvector with Eigen value 4 is also an

Eigenvector with Eigen value 4

Definition

1- A, is called the Eigen space or spectrum of A belonging to 4 or Null space of

Al —A=N( -A).
2- The set of all Eigen values of A is called the spectrum of A and it is denoted by

spec (A). That is, Spec(A) :{ﬂ,:iis an eigen value of A}

Note: Intuitively, an Eigen vector of A is a vector that remains unchanged or reversed

in direction when A operates on the vector space.
If the corresponding value is 1, then it is unchanged in magnitude also and it

then said to be invariant under A.

Example:-2
-10
Find the Eigen values and corresponding Eigen spaces of A :{ 0 J

Solution

' ol o) ol
I.  Letv, =(x0) then Av, = = =— =-1v,
01 0 0 0

= The eigenvectors corresponding to A4, =—1 are the nonzero vectors on

the x-axis and hence
A, = {(X,O) . Xe 9%|{0}} is eigenspace of A belonging to eigen value 4, = -1.

" Loy LG
ii. Let v, = (0,y) then Av, = = =1 =1lv,
0 1] Ly y y
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= The eigenvectors on the corresponding to A, =1 are the non zero vectors
on the y-axis and hence

A={0 y):ye SR|{O}} is eigenspace of A belonging to eigenvalue 1, =1.

iii. Forv=(x,y) € ®R?, we have

-10 —
Av = o , which is a reflection in the y — axis.
01 y y

Thus, the eigenspace corresponding to A, = -1 is the x-axis and the eigenspace
corresponding to 4, =1 isthe y — axis.

Question: How to determine the eigenvectors and corresponding eigenvalues of a

matrix?

Theorem: Eigenvalues and eigenvectors of a matrix
Let A be an n X n matrix over a field F

1 - An eigen value of A4 is a scalar A4 such that det(Al, — A)=0

2 - The eigen vectors of A corresponding to A are the non zero solutions x of
(Al, — A)x =0.

Proof:
Let x e F" be an eigen vector of A with eigen value A then
AX = AX
< Ax=A1l,xsince I, x=x V,eF"
< (A-41)x=0
< A-A1, is singular,why?
< |A-21,|=det (A-21,)=0

This completes the proof.

&~ Note:

1. The equation |A—/I In| = 0'is called the characteristic equation of A.

And the matrix A— A1, is called charactergicmatrixof A
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2. The determinantal polynomial |A— A1 |=4"+c,; A" +-——+cd+C,
is called the characteristic polynomial of A and it is denoted y ,. This

definition tells us that the eigenvalues of an n X n matrix A corresponds to
the roots of the characteristic polynomial of A. Because the characteristic
polynomial of A is of degree n, A can have at most n-distinct eigenvalues.

3. For each eigenvalue A, the corresponding eigenvector is found by

substituting A4 back in to the characteristic equation [A—41,/=0 of A

Example 3: Find the eigenvalues and corresponding eigenvectors of

1 6 2 ~12
@ A:‘; 2} ®) B:{l —5}

Solution:

(a) The characteristic equation of A is

|A=A41,|=0
1 6 10
= -1 =0
5 2 0 1
1-4 6
= =0
5 2—J

& A -31-28=0
< (A-7) (A+4)=0
S A=T7or A=-4.

The corresponding eigenvectors are now found
Let A=7 then (A-71,)x=0

= [s 2 1o 3]0 -G
<[5 s [ lolefoarss

&y =X

Hence, any vector of type 8 (1, 1), where £ is a non zero scalar, is an eigenvector
corresponding to eigenvalue A =7.

Let 1 =—4 then (A+41,)x=0
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HEH R IHEH
“le i BRll=eia

Hence, any vector of type S(1,-%) ;where £ is a non zero scalar, is an eigenvector

corresponding to eigenvalue A =-4

Try checking that Ax = A, x for the eigenvalues and eigenvectors found in this example.
(b) Exercise
X2 Remark:

Steps in finding Eigen values and Eigen vectors
Let A be an nxn matrix over a field R

Step-1: Form the characteristic equation|A—/1In|=O. It will be a polynomial
equation of degree n in the variable A.

Step-2: Find the real roots of the characteristic equation. These are the eigen values
of A.

Step-3: For each eigen value A,, find the eigen vectors corresponding to A, by
solving the homogeneous system

(A=2,1,) x=0. This may requires row-reducing an nxn matrix. The resulting

reduced row-echelon form must have at least one row of zeros.

Class Activity:
1. Find the eigen values and corresponding eigen vectors for the following matrix.

What is the dimension of the eigen space of each eigen value?

1 0 0 0
2 10 0 1 5 —10
a) A=[0 2 0| (b) B= -
(a) (b) L 0 2 o
0 0 2
1 0 0 3

2. For the matrix given in Q —1 (a) and (b) find a basis for each of the

corresponding eigen spaces.

3. If Aisan n x n triangular matrix, then show that its eigen values are the entries

on its main diagonal.
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4.8. Diagonalization of a symmetric matrix

Objectives
At the end of this section students are expected to:
e Recognize steps for diagonalizing of matrix.
e Compute an orthogonal matrix that diagonalizes a symmetric matrix.
A square matrix A is called diagonalizable if there is an invertible matrix P such that

PAP is a diagonal matrix; the matrix P is said to diagonalize A.

= Remark:
If A is an n X n matrix, then the following are equivalent.
(a) A is diagonalizable.

(b) A has n linearly independent eigenvectors.

Procedure for Diagonalizing a Matrix

The preceding remark guarantees that an n X n matrix A with n linearly independent
eigenvectors is diagonalizable, and the proof provides the following method for
Diagonalizing A.

Step 1: Find n linearly independent eigenvectors of A, say P1, P, Ps...,Py .
Step 2: Form the matrix P having Py, P,, Ps..., Py as its column vectors.

Step 3: The matrix P™*AP will then be diagonal with 4,,4,,,,...,4, as its
successive diagonal entries, where A, is the eigenvalue corresponding
to P, for j=123,..,n

¥~ Note:
1. If vq,vp,vg,..,,v| are eigenvectors of A corresponding to distinct eigenvalues
Ay Ay Agyeo s Ay then {Vv1,v2,v3,..,v| }isalinearly independent set.

2. Ifann x n matrix A has n distinct eigenvalues, then A is diagonalizable.

Diagonalization of Symmetric Matrices
If A is a symmetric matrix, then

(a) The eigenvalues of A are all real numbers.
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(b) Eigenvectors from different eigenspaces are orthogonal

Steps in diagonalizing symmetric matrix
Step -1: Find a basis for each eigenspace of A.
Step -2: Apply the Gram—Schmidt process to each of these bases to obtain an
orthonormal basis for each eigenspace.
Step -3: Form the matrix P whose columns are the basis vectors constructed in
Step 2 This matrix orthogonally diagonalizes A.
Example: Find an orthogonal matrix P that diagonalizes
4 2 2
A=|2 4 2
2 24
Solution:
The characteristic equation of A is
A-4 -2 =2
det(ll —A)=detl -2 A1-4 -2 |=(1-2?%*(1-8)=0
-2 -2 Ai-4
Thus the eigenvalues of A are 4, =2 and 4, =8

It can be shown that

-1 -1
u = 1 and ugz= 0
1 form a basis for the

eigenspace corresponding to A =2. Applying the Gram-Schmidt process to{ul,uz}

1 1

V2 V6

yields the following orthonormal eigenvectors (verify): v, = % and V2= —ﬁ
2

0 T
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The eigenspace correspondingto 4 =8 has u, =|1| as a basis. Applying the Gram-—

Schmidt process to {u, } yields Vv, =
1 _1

7z s

I B, !

vectors, we obtain P=| — -

0o 2

T

Which orthogonally diagonalizes A.

PT AP is a diagonal matrix)

Test yourself!

1
1
1
73
— | Finally, using v1, v, and v3 as column
1
L
1
73
1
73
1
73

(As a check, the reader may wish to verify that

Orthogonally diagonilize the following matrices

31 15 16 -4 -7 24
1. 2. 3. 4.
A o e S
1 3 -2 -36 0 320
5.1 1 6.-36 -23 0 7.12 4 2
3 1 0 0 3 0 2 5
311 5 -4 -2
8.1 31 9.1-4 5 2
113 -2 2 2

Summary of Unit Four
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1. Let F =R or ¢ (the set of complex numbers ) and M,,, (F) be the space of n.n
matrices over F then the determinant is a function which assigns to each square matrix
A a number called the determinant of A and denoted by det A or
|A. Thus, det: M, (F) > F
Note

I. det A can also be viewed as a function of the columns of A. In that case it is

written as det (A, A,,———A,)

I1. Similarly, det A can be viewed as a function of the rows of A and written as det
(Al,AZ,___, AI’])

2. Let A= (a;;) be a square matrix of order n (n=2) then the determinant of A can be

EXpresses as.

l. |A|: _Zl(_]')H—J aij ‘Alj‘:zla” Cij ___ith I’OWeXpanSionor
1= =
1. |A= _le(—l)i+j a ‘Aij‘=zl:aij ¢,; ——— j"" column expansionor
1= 1=
Where A; is a matrix obtained from A Dby removing the

i" rowand j" columnof Aand C;; =(-1) "’

Ay;|, which is the cofactor of aj;.

3. Properties of nx.n determinants

Let A=(a;;) be a square matrix of order n over a field F then

a) Additively in columns:

Suppose the k™ column A*of A is the sum of two columns

B¥ and C* then
det (A', A% ——— A* ——— A")=det(A', A’ ——— B*+CK——— A")

=det(A', A’ ———,B* ——— A") +det (A", A2, ———,C*,——— A")

b) Homogeneity in columns

det(A', A> ——— AA* ——— A") = Adet (A", A’ ——— A ——— A")VAieF
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c) If two adjacent columns of A are equal, say
A = A“t for somel<k <n-1, thendet A=0

d) If two adjacent columns of A are interchanged then the determinant changes by

sign. That is,

det(A", A% ——— A, A ——— A") = —det (A", A*———, A A¥ —— A") wherel<k<n-1
e) If two columns of A are equal, say A' = A* for j=k, thendet A=0

f) If a scalar multiple of one column is added to another column, then the value of the
determinant does not change. That IS,

= det(A", A’ ——— Al ——— A* + JAT ——— A") =det (A", A* ——— Al ——— A¥ ——— A")
g) If any two columns of A are interchanged, then the determinant changes by sign.

h) If one of the columns of A is zero, then det A =0
i) If A', A*>,—————— A" are linearly dependent, then det A =0

J) If A'is an upper (lower) triangular matrix then det A=a,, a,, ———a,,

i+ ]
4. Let A= (ai j)nxn and ¢; j:(—l) J‘Ai j‘ then

a) the adjoint of Ais givenby:

ad; (A) = [ nen
b) Aladj (A)]=[adj (A)]A=(det A)I,

c) If det A=0, then A™* = |.2:] adj (A)

det A

5. Equivalent Conditions

Let A be an nx.n matrix then the following statements are equivalent

A is invertible

o ®

Ax = B has a unique solution for every nx1 matrix B

o

Ax =0 has only the trivial solution

o

A is row equivalent to I,

e. A can be written as the product of elementary matrices.

f. |A=det (A)#0
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6. Cramer’s Rule states that a system of n-linear equations in n unknowns, Ax = B with

|Al#0 has a unique solution given by:

_det (AL A2 ——— Al g Al ANy

i det (A)
Xl bl
X2 b2
Where A=(a;;)pq.X=|." | B=|.
X b

7. LetA= (a)

nxn
a. The determinant of any sub matrix of order k is called k™ order minor of A

b. The rank of A is the order of the highest order non zero minor of A

8. LetA= (a)

mxn

a. Column rank of A is the dimension of the sub space of
R" generatedby A", A’ ——— A"= The maximum number of linearly
independent columns of A

b Row rank of A is the dimension of the subspace of

R™ generatedby A, A,,——— A,

= The maximum number of linearly independent rows of A.
c. Row ranks of A = column rank of A =rank of A

d. rank of A = n-dimension of solution space of Ax =0

Miscellaneous Exercise-4

1. Find the determinant of the following matrices:
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0001 0123
211 1000 1111
a)435 b
@ ()0100()—2—213
21 2
0010 1 2-2 3
1111
-1 5 20 51 3 2
d)| 04 8 e) |
(d) (e) 01 21
00 6
0073
3. Let A and B be 3 x 3 matrices such that det(4) = 4 and det B = 5 then find
the value of
(a) |AB| (c) |2AB|
(b) [3A (d)|A™B|

3. For each of the following compute A™

- 131 111
(a) A:L J ©| 211 (¢)A=|011
—2 2-1 001

4. Use Cramer’s Rule to solve for each of the following systems

X+2y+32=8 X+y+2z=0
(@) 2x—-y+z=7 (b)s 3x—-y-z=3
-y+z=1 2X+5y—-3z=4
alil1l1
1 all1
5.Evaluate 1 1 a 1 1
11 1 a1l
1111 a
2-2 4
6. a) Find the ad jointof | 2 3 2
-1 1-1

b) If A is a triangular matrix, then show that adj(A) is also triangular

a b 00

C
7.(a) Let A= , then find rank(A)

h
w

D
«

d
f
y

>
N
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(b) Let A be a square matrix of order n, then show that A is invertible if rank (A) = n
8. LetA = (ay,ay,a3)and B = (by, by, b3) be two vectors in R", then show that their cross
i ] k
Product A x B can be restated using detrminants AxB=a, a, a,

b, b, b

Wherei=(1,0,0),j=(0,1,1),k=(0, 0, 1) are the standared unit vectors in R

10 00 abcd
01 00 e f g h
9. LetA= B=
aboecd 0010
e f gh 0 001

c d
Then prove that a) det A= b)det(B)=
g h e f h

10. Let A and B square matrices of order n then prove or disprove the following
a) det (A+B)= det(A)+det(B)

abd‘

b) det [(A+B)?]= [det (A+B)J

UNIT-FIVE:LINEAR TRANSFORMATIONS
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Unit Objectives:
After studying this unit, you should be able to:

e Know linear transformation and state its properties

e Understand the kernel and Range of a linear transformation and find the
kernel of a given linear transformation.

e Develop the composition of linear transformations

e Know the inverse of a given linear transformation.

e Know the standard matrix for the given linear transformation

5.1: Linear transformations and Examples

In this unit we discuss functions that map a vector space V in to a vector space W. This
type of functions is denoted by T:V — W. We use the standard function terminology
for such functions. For instance, V is called the domainof T. If visinV and wisin W
such that T(v) = w, then w is called the image of v under T. The set of all images of
vectors in V is called the range of T, and the set of all v in V such that T(v) = w is
called the preimage of w. For a vector x=(x,,X,,———X,)inR", it would be
technically correct to wuse double parentheses to denote T(x) as
T(X)=T((x,,%,,———X,)). For convenience, however, one set of parentheses is
dropped, producing T(x) = T(X;,X,,———X,)

In this unit our interest centers on functions from vector space to another that preserve

the operations of vector addition and scalar multiplication. We call such functions

linear transformations.

Objectives
At the end of this section students are expected

e Determine whether the given function is a linear transformation or not.
e Show that a translation in the plane is not linear transformation.
e State and proof properties of linear transformation.

e Compute the linear transformation of functions.

Definition-5.1: Definition of a Linear Transformation

Let IV and W be vector spaces over a field F (usually F = R), then the function
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T:V—W s called a linear transformation (or a linear map) of VV into W if
MTU+v)=T(U)+T(v) Yu,veV and
(1) T(au)=aT(u)VYu eV and for all scalarsa e F

¢~ Remarks

(1) A linear transformation T :V —V from a vector space in to itself is called a
linear operator.

(2) we say that a linear transformation is operation preserving, because the same
resul occurs whether the operations of addition and scalar multiplication are
performed before or after the linear transformation is applied.

(3) Although we use the same symbols to denote the vector operations in both V

and W, you should note that the operations may be different, as indicated

below.
TU+V)=TU)+T(v) T (au)= cT (u)
T T T T
Addition inV  AdditioninW  Scalar Scalar

multiplication in V. multiplication inW
Example-1: Show that the following functions are linear operators
(@) T:R* > R? defined by T(x,y) = (Y, X)
(b) T :z®—>? given by T(x,y) = (-iy,ix)
Solution:
(@) To show that the function T is a linear transformation, we must show that it

preserves addition and scalar multiplication. To do this, we let
u = (a,b) andv = (x, y) be vectors in R? and ¢ be any real number then
(D) Since (u+Vv)=(a,b)+ (x,y) =(a+x,b+y), wehave Tu+Vv)=T (a+x,b+Y)
= (b+vy,a+ x),by definitionof T
= (a,b) + (y, x),by definitionof '+' in R?
=T (a,b)+T(X,y),by definitionof T
=T (u)+T(v),by definitionof u & v
=TU+Vv)=T@U)+T(v) Yu,veR? and

(1) Sincecu =c(a,b) =(ca,cb),we have T(cu)=T(ca,cb) = (cb,ca), by definition of T
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=c(b,a), by definition of scalar multiplication in R 2
=cT (a,b), by definition of T
= cT(u), by definition of u

= T(cu) =cT (u) Vc e R and Vu € R?
Therefore, by (1) and (1) T is a linear transformation and hence T is a linear operator as
V=W =R?.
(b) Let u=(z,,2,),v=(2;,2,) ez® and B € & then
(I) Sinceu +v =(z,,2,)+(z5,2,) = (2, + 25,2, + 2,),
we haveT(u+Vv) =T(z, +2;,2, +2,)
=(—1(z, +2,),i(z, + 2;3)
=(-z,+-z,,iz,+12,)
=(-z,,i12) +(-iz,,izy)
=T(z,,2,)+T(z;5,2,)
=T@U)+T(v)
=TU+V)=TU)+T(v) Yu,vez® And
(1)
Since pu = p(z,,2,)=(pz,,2,) we haveT(pu)=T(fz,02,)=(-2,,iz)
=p(-z,,iz)
=pT(2,,2,) = pT(u)
= T(pu)=BT(u) VB ez and Vu ez?
Thus, by (1) and (I1) we have T is a linear operator.

Class Activity 5.1

1. Let T: R? — R? be defined by T(x,y) = (X -y, x+2y) V(X,y) € R* then
(a) Show that T is a linear transformation
(b) Find the image of v = (—1,2)
(c) Find the pre image of w = (—1,11)
30
2. Let T :R? — R® bedefined by T(x) = Ax; whereAx=| 2 1 {X} V(x,y) € R?
-1-2
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(a) Show that T is a linear transformation from R?in to R®
(b) If x = (2,~1) then find T (x)

3. Construct functions that are not linear transformations.

Theorem 5-1: Let V and W be vector spaces over afield Fand T :V —W bea
function then T is a linear transformation if and only if
T(au+v)=aT(u)+T(v) Yae F and Yu,veV

Proof Exercise

Theorem 5.2: The Linear Transformation Given by a Matrix

Let A be an m X m matrix, then the function T :R" — R™ defined by T (x)= Axis a
linear transformation from R" in toR™. In order to conform to matrix multiplication
with an m X n matrix, the vectors in R" are represented by n X 1 matrices and the

vectors in R™are represented by m x 1 matrices.

Proof
Xl
X .
() Let A= (ai j) X and x=| .7 | be a vectorin R" then T (x) = Ax
Xn
%, ]
a,, a,...a, N
2
Ay Ay, ...8y,
= .. . X3
a, a,,...a
ml m2 mn _Xn_

a, X +ap, X, +...+a, X,
Ay X, +85 X, +...F 3y, X

n

,wWhich is a vector in R™.
X+ 8, X, ...+, X,

=T(x)=AxeR"

=T is well defined

(1) Let x,y bevectorsin R" then T(x+y) = A(x+ y) = Ax + Ay, by distributive
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property of matrix multiplication
= T(X+Yy)=Ax+ Ay

=T(X)+T(y) VxyeR"
(1) Let x be avector in R" and ¢ € R then T (cx) = A(cx)

=c(AX); by commutative property of scalar multiplication with matrix
multiplication
=cT (X)
=Tc(x)=cT(x) VceRand vxeR"

Therefore, by (1), (11) and (111) we have T is a linear transformation from R" into R"

Example-2:
2-3 01-1
1 0-12
A=|-5 0|, B=| 23 0| andC = then
3100
0-2 421

(a) The function defined by T (x) = Ax is a linear transformation from R* into R®.
Because the order of the matrix A is 3 x 2
(b) Since the order of the matrix B is 3 x 3, we have the function T : R®* — R® defined
by T(x) = Bx is a linear transformation from R® intoR®.
(b) Since the order of the matrix C is 2 x 4, we have the function
T :R* - R? defined by T (x) =Cx s a linear transformation from R* in to R?.

Example-3: Rotation in the Plane
Show that the linear transformation

T :R? - R? givenby the matrix Az{COSQ _SmQ}

sinQ cosQ
has the property that it rotates every vector in R* counterclockwise about the origin

through the angle Q.
Solution:
From theorem 5.2, we know that T is a linear transformation. To show that it rotates

every vector in R? counterclockwise through the angle Q, we let v = (x,y) be a vector

inR? , then using polar coordinates, we can write v as v =(x,Yy) = (rcosg,rsinf),
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where r is the length of v and g is the angle from the positive x-—axis
counterclockwise to the vector v.

Now, applying the linear transformation T to v produces
cosQ -—sin X cosQ —sin r cos
TW)=Av :Ling cos%} {y} :Ling cosQQ} Lsing}
rcosQ cosg—rsinQ sing rcos@Q+ /4
=LsinQ cosfB+rcosQ sinﬂ} z{rsin(Qtﬁ}
= the vector T (v) has the same length as v, which is r
Furthermore, since the angle from the positive x—axisto T(v) isQ+ 4,T(v)is the
vector that results from rotating the vector v counterclockwise through the angle Q.
¥~ Note:
(1) The linear transformation in example 3 is called a rotation inin R*. Rotation
in R? preserve both vector length and the angle between two vectors. That is,
the angle between u and v is equal to the angle between T (u)and T (v).
(2) The m x n zero matrix corresponds to the zero transformation from R" in to

" and the nxn identity matrix. I, corresponds to the identity transformation from

R" into R" .

Test yourself!

1. Determine whether the given function is a linear transformation or not
(@) T :R? — R? defined by T(x,y) = (2X + Yy, x—3Y)
(b) T:R® = R® definedby T(X,y,2) = (X+Y,X—V,2)
(©) T:R? - R?® defined by T(x,y) = (v, xy,\/y)
(d) T:P, > P, definedby T(a, +a,x+a, x*) =a, +2a, X
(&) T:M,,, >M,, definedby T(A) = ABwhereBe M,,,

001
(f) T:M,,; > M,,, definedby T(A)={010 | A

100
2. (a) LetT : M, > M,,,, defined by T(A)= A" then show that T is a linear

transformation where M . is the set of all m by n matrices
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b
(b) Show that T : C[a,b] — R defined by T(f) = j f (x)dx; where Cla, b]is the set

of all real valued continuous functions on [a, b], is a linear transformation.
3.(a) Let C '[a,b] be the set of all real valued functions whose derivatives are continuous on
[a, b] then show that the differential operator .
D, :C'[a,b] > C[a,b] defined by D, (f) =& (f) = f'(x) Vf eC'[a,b],
defines a linear transformation.

(b) For the linear transformation D, defined in (a),find the pre image of the following

functions (i) f(x)=2x+1 (ii) f(x)=e* (iii) f(x)=sinx
1
4. Let T be a linear transformation from C[O,l] into R defined by T(f) = I f (x)dx then find
0

(@ T(3x* =2) (b) T(x*-x°) (c) T(4x-6)
5. Let T be a linear transformation from R? in to R? given by
T(x,y) =(xcosQ—ysinQ, xsinQ + ycosQ) then find
(@) T(4,4) for Q=45°
(b) T(4,4) for Q =30°
(c) T(5,0) for Q =120°

6. Using the definition:

A vector u is a fixed point of a linear transformation T :V —V if T(u) =u then
(@) Prove that O is a fixed point of any linear transformation T :V —V

(b) Prove that the set of all fixed points of a linear transformation T :V —V isa

subspace of V.
(c) Determine all fixed points of the linear transformation T : R> — R? given by
MT(xy) =(x2y) (i) T(X,y)=(y,X)
7. Recall that a translation is a function of the form T (X, y) = (x—h, y —k), where at lest one

of the constants h and k is non-zero then
(a) show that a translation in the plane is not linear transformation

(b) For the translation T (x,y) = (X—2,y +1), determine the images of
(0,0),(2,-1) and (5,4)

(c) Show that a translation in the plane has no fixed points.
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100
8. For the linear transformation T : R® — R® given by A={010 |, called a projection in
000

R® find (a) T(-12,2)
(b) The pre image of (1,2,0)

(c) Explain why the vector (1, 1, 1) has no pre image under this transformation.

Properties of Linear Transformations
Two simple linear transformations are the zero transformation and the identity
transformation, which are defined as

@ T:V >Wdefinedby T(v)=0VveV ---- zero transformation
(b) T:V >Wdefinedby T(v)=v VeV ----- Identity transformation

Theorem 5.3: Properties of Linear Transformations
Let V and W be vector spaces over a field F and T be a linear transformation from V in

to W then
1.T0)=0
2.T(-v)=-T(v) VYveV
3. Tu-v)=T(U)-T(v) Yu,veV
4. If v=c, v, +C,v, +———+cC,V, ,wherec, e F, v, €V then

T =T ew) =D aTM)

Proof:

1. Since Ov=0Vv eV, we have
T(0) =T (ov) =0T (v), sinceT is linear
=0, why?
= T(0) = 0 «the zero vector in W
T zero vector inV

2. Since —v =(-1)v VveV,we have
T(~v) =T[(-Dv]= (DT (v) =-T(v); why?

3.Sinceu-v=u+(-v) VuveV,wehave TU-V)=TU+-Vv)=T(U)+T(-V),
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since T is linear.
=T(u)+-T(v),by by 2 above
=T(u)-T()
4. We apply induction on n.
() fn=2thenv=c,v, +c,v, and T(v) =T(c, v, +C,V,)=T(c,v,)+T(c,V,)
=, T(v,)+¢c,T(Vv,)
=TM)=T(c,v,+C,V,)=CcT(v,)+C,T(V,)

(if) Assume the assertion is true for n. Thatis,if v=c,v, +c,v, +———+c, v, then

TW) =T (W) +6,T(V,) +———+6,T(v,) =S T(w)

n+1

(iii) Now, if v=c, v, +C,V, +———+C,V, +C ch then

n+1 n+1

n+l

T(V):T(Zcivi )
i=1
:T(Zcivi +Cn+1 Vn+1 )
i=1
—T(ZC )+¢,,T(v,,),since T is linear

> ¢ T(v;) +c,,T(v,,), by induction assumption

i=1

n+1

:ZCiT(Vi)

n+1 n+1

=T =T (21ev)=2.6TW)

=>the assertionis alsotrue for n+1.

Thus, by i), ii),and iii) we have the assertion is true for all ne N. That is, if v=
e v, ThenT (Dlcivi)=> ¢ T(v,) vneN.
i=1 i=1 i=1

Example-1: Show that the function T : R* — R? defined by T(x,y) = (x,y +3) is not

a linear transformation.
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Solution: For if T is a linear transformation then by property-1 above, we get
T(0)=0.But, T(0)=0

=T(0,0) = (0,0)

= (0,0+3) =(0,0),by definitionof T.
=(0,3) =(0,0)
=3=0; This is contradiction. Thus, our assumption is wrong and hence T is not a
linear transformation.
2 Note: If any one of the properties in theorem 5.3 is not satisfied for a function
T:V — W, then the function T is not a linear transformation. Thus

theorem 4.3 provides us a quick way to spot functions that are not linear

transformations.
Example-2: Let T :R*® — R® be a linear transformation such that
T(1,0,0) = (2,—1,4), T(0,1,0) = (1,5, —2) and T(0,0,1) = (0,3,1) then
find T(2,3,4)
Solution: Since we know that A = {(1,0,0),(0,1,0),(0,0,1)} is a standard basis for
R?® we have Vv e R®, v=(x,Y,z) = x(10,0) + y(0,1,0) + z(0,0,1).
In particular for, v, =(2,3,4) = 2(1,0,0) +3(0,1,0) + 4(0,0,2)
= v, = 2e, +3e, +4e, And hence by property-4 above we have
T(v,)=T(2e, +3e, +4e;) =2T(e,)+3T (e,) +4T (e;)
= 2T (1,0,0) + 3T (0,1,0) + 4T (0,0,)
=2(2,-1,4) + 3(1,5,-2) + 4(0,3,1)
=(4,-2,8) + (3,15-6) + (0,12,4)
=(4+3+0,—2+15+128+—-6+4)
= (7, 25, 6)
—T(2,3,-2) = (7, 25, 6)

Theorem 5.4: Let V be a vector space over a field F, S ={v,,v,,v;,———,v,} be a

linearly dependent subset of V and T:V —V be a linear transformation then the set
{T(v,), T(v,),———T(v,)} is linearly dependent subset of V
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Proof: Suppose S is linearly dependent subset of V then there exist scalars

By, By ———. 3, € F, notall zero such that >" v, =0,

i=1

But Zn:,b’ivi =0,
ST(YAv)=TO)

= Zn:ﬂiT(vi) =0, why?

i=1

= thereexist sclars g,, 8,,———, 5, Notall zero such that ZﬂiT (v,)=0

i=1

= {T(v,),T(v,)———T(v,)}is a linearly dependent set. And hence the proof.

Theorem 5.5: let V and W be vector spaces over a field F such that

B=1{v,,v,,———v,} isabasis for Vand w,w,,———w, are arbitrary elements of W,

then there exists a unique linear transformation T :V — W such that

TV,)=w, V, =12 ——,n.
Proof:
(i) Existence
Let veVthenv= ZﬂiVi with unique B, e F v, =1, 2, ——,n. Now, define
i=1

T:V—>WbyT(v)=T(Zn:ﬂivi):zn:ﬂiT(vi):zn:ﬂiwi,Where w; =T (v;)V,; then

one can show that
(@) T is well defined
(b) T(v))=w,
(c) T is linear transformation Thus, there exists a linear transformation
T:V>W suchthatT(v,)=w, V, =1 2, ——,n
(i1) Unigqueness

Suppose f :V —W isalso a linear transformation such that
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f(v)=w,V,=12..,n. Now, let veVthen v=>) Bv, and hence
i=1

fv)=f (Zn:ﬁivi) = Zn:ﬂi f(v,). Since fis linear

=> B w, Since f(v,)=w, V, =12, -—n

i=1

=Zn:,8iT(vi),sinceT (v,)=w, V, =12 ——,n

i=1

=T(Q B, v;), since T islinear
i=1

=T(v),since v= Zn:ﬁi v,

= f(v)=T(v) YVveV.
=>f=T

Therefore, T is unique and hence the proof.

X Note: Theorem 5.5. tells us that a linear transformation T :V — W is completely
determined by its action on a basis of V. In other words, if
T(v,), T(v,),———andT(v,)

are defined for a basis{v,,V,,...,v, } then is defined for any v in V.

Test yourself!

1. Let T be a linear transformation from R*to R? such that
T(@2) =(L0) and T(1,-1) = (0,2),then find
(@ T(1,0) (b) T(0.,2)
2. Let T :R? — R”be a linear transformation such that
T (1,0)=(@12) and T(0,1) = (—11) then find
@T@4) ()T(21
3. Let T :P, = P, be alinear transformation such that

T ) =x T(x)=x+1and T(x?) =1+ x+x?, then find T(2—6x+x?*)
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Where P, is the set of all polynomials of degree less than or equal to 2.
4. Suppose :T :R?* — R? suchthat T (1,0) = (1,0) and T (0,1) = (0,0) then
(a) Determine T (x,y) for (x,y) € R?
(b) Give a geometric description of T
5. Suppose f : R? — R? suchthat f (1,0)=(0,1) and f (0.1) = (1,0) then
(a) Determine f (x,y) for (x,y) in R?
(b) Give a geometric description of f.

6. Let S=1{v,,v,,v,}be a set of linearly independent vectors in R®. Find a linear

transformation T: R® — R®such that {T(v,), T (v,),T (v;)} is linearly dependent.

10 01 00 00
7.Lete, = 00'612: ool €, = 10 and e, = 01 then

(a) Show that {ell, €5, €y, ezz} is a basis for M,,,.

(b) Let T : M,,, > M,,, be alinear transformation such that

1-1 02 12 3-1
T (e11)={0 2}, T(elz){ll} T(eZl):{O J and T(ezz)z{1 0} then

wr 1)) wi:]

5.2. The Rank and Nullity of a Linear Transformation and
example

Objectives

At the end of this section students should be able to
e Define Kernel and Image of a linear transformation.
e Define Rank and Nullity of a Linear Transformation.
e Define isomorphic of a linear transformation.
e Compute Kernel and image of linear transformations.
¢ Find basis and dimension of kernel in various subspaces.
e State and proof theorem of isomorphic.
Let V and W be vector spaces over a field F and T :V —W be a linear transformation

then we know that T (0) =0. Now, before you go to the next section try to answer the

following questions.
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Q1. Do you think that there exist a non zero vector v such that T(v) =0?
Q2. When do you say that {v eV :T(v) = 0= {0} ?

Q3. Is {veV :T(v) =0} asubspace of V?

Q4. Is {T(v):veV} asubspace of V?

Definition 5.2:- Definition of kernel and Image of a linear transformation
Let V and W be vector spaces over a field F and T :V —W be a linear transformation
then
1). The set of all vectors v in V such that T (v) = 0 is called the kernel (or null space) of
T and is denoted by ker(T) or N(T). That is, ker (T) = N(T)={v eV : T(v) =0}
2). The set of all vectors w in W such that T (v) =w for some v in V is called the image
(or range) of T and is denoted by
Im(T) or R(T) Thatis, Im(T)=R(T) = {weW :w=T(v) for someveV}
={T(v):veV}

X Remark: Since T(0) = 0 we have always 0€ ker(T) and 0 Im(T)

Example-1
Find the Kernel of the following linear transformations.

(@) T: R> > R® defined by T(x,y)=(x-2y,0,—x)

1-1-2
(b) T,: R® — R? defined by T(x)= Ax, where Az{ L2 3}

Solution:
(@) Ker (T) = N(T) = v e R? : T(v) = 0}
={x,y) e R?: T(x,y) = (0,0,0)}
{(x, y) e R?: (x—2y,0,—x) = (0,0,0)}

{(x, y) e R?: x—2y=0,—x=0}
{(x,y)e R?2:x=0= y}
{(0,0)}, which is set containing the zero vector= {0}

(b) ker (T,) = N(T,) = {x € R* : T, (x) = 0}
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XeR3

X
1-1-2 0
: R3
(o m} ' o

S CTEEL IV I M|
={(x, y,2)eR®: x—y-2z=0and —x+2y+3z :0}
:{(x,y,z)e R®: x=zy=-2 }
={(z,~2,2): 2 e R}={z(1,-11) : z € R}=span{(1,-11)}
Observe that
(1) (0,0,0) (1,-1,1) € ker(T,) and hence ker(T;) contains non-zero vector

and the zero vector.
(2) Ker (T,) contains an infinite number of vectors.
Example-2: Find the range of the following linear transformations
(@) T:R® > R® defined by T(x,y,z) =(0,0,0)
(b) T :P, > P, givenby T(a, +a,x+a,x*) = a, +2a,X
Solution:
(@ Im(T)=R(T) = {WE R®:w=T(v) for someve R3}
Now, if w=(a,b,c) e R(T) then3 v =(x,y,z) € R® suchthat w=T(v).
Butlet w=T(v)= (a,b,c)=T(x,Y,2)
= (a,b,c) =(0,0,0), bydefinitionof T
—a=0=b=c
= w=(a,b,c) =(0,0,0) « {0}
Thus, R(T) < {0}...R(*)a also since T is a linear transformation we haveT(0)=0 and
hence {0} < R(T)...(*#). Therefore, by (*) and (**) we get R(T) = {0} = {(0,0,0)}
(c) Claim: R(T)=P,
Letw e P, = w=ax+b;where abe R and T(0+bx+2x*) =b+22x =b+ax=w
= VYw=ax+beP, there exist v=0+bx+2x* € P, suchthat T(v) =

— R(T)=P.
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Class Activity 5.2: Find the kernel and image of the following linear transformations.

(@) The projection T : R®* — R® givenby T(x,Y,2) = (X, y,0)
(b) The identity transformation T :V —V givenby T(v)=v YveV
(c) The zero transformation T :V —W givnby T(v) =0 Vv eV.

(d) T:M,,, >M,, definedby T(A)= A

1
(e) T:P, > R be givenby T(p) = jp(x)dx.
0

Theorem 5.6: Let V and W be vector spaces over a field F and T :V —W be a linear
transformation then

(@) Ker T is a subspace of the domain V

(b) Im(T) = R(T)is a subspace of W

Proof:
(a) We know that ker(T)={veV :T(v)=0}.
i) Since T(0) = 0 we have 0€ ker (T) and hence ker(T) is a nonempty subset
of V.
ii) Letu,v € ker (T) thenT(u) = 0,T(v) = 0 and hence
Tu+v) =Tw) + Tw)=0+0=0
= u+veker(T)
= ker(T) is closed under addition.
iii) Leta € F and u € ker(T) then T(u) = 0 and hence
T(au) = aT(u) = a.0 = 0, why?
= au € ker(T)
= ker(T) is closed under scalar multiplication.
Therefore, by i), ii), iii) we get ker(T) is a subspace of I/.

(b) Exercise

Definition 5.3 Let A be an m X n matrix then
1. The row space of A is the subspace of R™ spanned by the row vectors of A.
2. The column space of A is the subspace of R™ spanned by the column vectors of A.

3. The dimension of the row (or column) space of a matrix A is called the rank of A

and is denoted by rank (A).
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2 Remarks : One can show that
(@) If A = (a;j)mxn Is row equivalentto B = (b;j)mxn then, the row space of A is

equal to the row space of B.

row

(b) If A = B where B is a matrix in row-echelon form, then the non-zero row

vectors of B form a basis for the row space of A.

(c) If Aisan m X n matrix, then the row space and column space of A have the
same dimension. That is, row rank(A) = column rank(A).

(d) Let A be an m x n matrix, then the set of all solutions of the homogeneous
system of linear equations Ax =0, {x eR": Ax = 0},is a subspaceof R".We
call this subspace the solution space of the system. It is also called the null
space of the matrix A. Moreover, the dimension of the solution space of
Ax = 0is called the nullity of A.

(e) Column space of 4 is equal to the row space of A" and hence to fined a basis for
the column space of a matrix. We take transpose of A and then using elementary

row operations to rewrite A" in row-echelon form.

Corollary of Theorem 5.6: Let T:R" — R™ be a linear transformation given by

T (x) = Ax, where A is an m X n matrix then
(@) ker(T) is equal to the solution space of Ax = 0

(b) R(T) is equal to the column space of A.

Proof: You can observe that it is an immediate consequence of definition 5.3, the above
remark and theorem 5.6.

Example-3:
Let T :R® — R* be defined by
1201-1
e 21310
T(x) = Ax,where x isin R*> and A=
-10-20 1
00 02 8
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then find
(a) Basis and dimension for ker(T) as a subspace of R®

(b) A basis and dimension of R(T) as a subspace R*.
Solution:

(@) ker(T) = {x eR’>:T(x)= 0}
={(X,, X,, X5, X,, Xs) = (0,0,0,0)}
But the equation T = (x;, X,, X5, X,, X5) = (0,0,0,0)

Xl

120 1-1 0
XZ

21 310 0

= X3 | = ;

-10-201 0
X4

00 0 28 0
X5

which is a homogeneous system Ax=0
Now, the associated augmented matrix of this system is

102 0-1| 0
01-1 0-2| O
00014 0
00 00 O 0

= X, =—2X; + X5, X, = X5 +2X%; and x, = 4x, letting x, =5 and x; =t we have

X, 25+t -2 1
X, S+ 2t 1 2
X=|X;| =|s+ot = S| 1| +t| O
X, 0s—4t 0 4
| X5 | [0S+t | . 0] 1]

Thus, One basis for the kernel of T is given by #=1{(-2,1,1, 0, 0),(1, 2,0,-4,1)} and
Dim [ker(T)]=2
(b) We begin by taking A, since R(T) = {Ax IXe R5}=column space of A

= row space of A4;.
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[12-10]
21 00
Now, A, = | 0 3-2 0| then using Gauss-Jordan elimination A; is reduced to the
1102
1-10 18

following reduced row-echelon form

(1 00-2«w, |
010 4«w,
0 01 6« w, | Then one basis for the range of T is given by the non-zero rows of
0000

0000

the reduced row-echelon form of A,.
= f=1{w,w,,w,}={{1 0,0,-2),(0,1, 0, 4),(0,01,6} is a basis for R(T) and

dim(R(T)) = 3.

Definition 4.4: Definition of Rank and Nullity of a Linear Transformation
Let T:V —W is a linear transformation

(@) The dimension of the kernel of T is called the nullity of T.

(b) The dimension of the range of T is called the rank of T.

¥~ Note: If T is given by a matrix A, then the rank of T is equal to the rank of A.

Theorem 5.7: Sum of Rank and Nullity

Let T:V —W be a linear transformation from an n-dimensional vector space V in to a
vector space W, and then the sum of the dimensional of the range and kernel is equal to
the dimension of the domain V. That is, rank + nullity = n or dim (range) +
dim (kernel) = dim (domain) = dim (V)

Proof: Exercise

Example-4: Let T :R® — R’ be a linear transformation then find
(@) The Nullity of T if the rank of T is 2.

(b) The Rank of T if ker(T) = {0}
(c) The Rank of T if the Nullity of T is 4.
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Solution:
(a) Since by Theorem 5.7, Nullity(T) + rank(T) = dim(domain of T) we have
Nullity(T) + 2 = dim(R®)

= Nullity(T) + 2 =5
= Nullity(T) = 5—-2=3

(b) Since rank (T) + Nullity (T) = dim(domain T). We have

rank(T) + dim(ker(T)) = dim(R®)
=rank(T) = dim(R®) - dim(ker(T))

= 5 —dim({0})
=5-0=5.
(c) rank(T) = dim(domain(T) - Nullity(T))
=5—-4=1

One-to-One and On to Linear transformations

Recall that a function T :V —W s called
1. One to-one if the pre image of every w in the range consists of a single vector.

That is, T isone to one if Yu,veV suchthatT(u)=T(v)=>u=v
2. Onto if every element in W has a pre image in V. In other words, T is onto

when W =R (T). Thatis, T is onto if YweW 3v eV such that T(v) =w.

Theorem 5.8: Let V and W be vector spaces over a field F and T :V —W be a linear
transformation, then
(@) T is one-to-one if and only if ker(T) = {0}.
(b) If W is finite dimensional then T is onto if and only if rank (T) = dim (W)
(c) If dim (V) = dimW = n, then T is one-to-one if and only if it is onto.

Proof:
€)) (:>) Suppose T is one-to-one.We claim that ker(T) = {0}. To see this, let

ueker(T), then T(u) = 0 and also we know that T(0) = 0.
Thus, T(u) = 0 =T(0) = T(u)=T(0)

= u=0
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= ker(T) only contains the zero vector and hence ker(T) = {0}.
(<) Suppose ker(T) = {0}. We want to show that T' is one-to-one.
To see this, let u,v eV such that T (u) =T (v)
=TU)-T(v)=0
=TUu-v)=0
=u-veker(T)
= u—Vv e{0}, since ker(T) = {0}
=u-v=0
—u=V
Therefore, T(u) = T(v) = u = v and hence T is one-to-one. Hence, the proof.
(b) Since T'ison to ifand only if W = R(T) we have dimw = dim[R(T)]
< dimW =rank(T)
W = R(T) we have dimw = dim[R(T)] < dimW = rank(T)

(c) (=) Suppose T is one to one then ker(T) = {0} and hence nullity (T) = 0.

Thus, dim(rang of T) = dim(v) - dim(ker(T))

=n—20
=n
= dim(W)

= Dim[R(T)] = dim(W)
= T isonto, by (b)

— Dim[R(T)] = dim(W)
=T is onto, by (b)

(<) Suppose T is onto, then
W = R(T) and hence dim[R(T)] = dim(W) = n = dim(V)
Thus, dim[ker(T)] = dim(V) — dim[R(T)]

=n—-n=0

= dim[ker(T)]=0
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= ker(T) = {0}, as ker(T) is subspaceof V.

=T is one-to-one, by (a)

Class Activity 5.3:

1. Let T:R" — R™ be a linear transformation defined by T(x)=Ax where A is

given below, then find the nullity and rank of T and determine whether T is one to one,

onto, or neither

120 12 A9 120
@@ A=|011| (b) A=|01 (c)A={01 J (d) A= =|011
001 00 000

2. Let T be a linear transformation given by T (x) = Ax where A is given below then

find (i) ker(T) (i) Nullity(T) (iirang(T),and (iv) rank(T)
100 ff_filf 3-26-1 15
@ A=|000| (b) A= (c) A=|4 38 10-14
33-5014
001 2-34-4 20
66-2 416

Definition 5.5 Definition of Isomorphism
A linear transformation T :V —W which is both one-to-one and onto is called an

isomorphism. Moreover, if there exists an isomorphism from V to W, thenV and W

are said to be isomorphic to each other.

Theorem 5.9: Isomorphic spaces and dimension
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Two finite dimensional vector spaces IV and W are isomorphic if and only if they are of

the same dimension.

Proof: (=) Suppose V is isomorphic to W, where dim(V) = n.then there exists a
linear transformation T :V —W that is one-to-one and onto.
Now, T is one-to-one = ker(T) = {0}

= dim[ker(T)]=0
= dim[R(T)] = dim(V) — dim[(ker(T)]
=n-0=n
= dim[R(T)]=n——-()
In addition, because T is onto, we can conclude that R(T) =W
= dim(W) = dim[R(T)]
=n,by(D)
=dimW)=n=dimV
=W and V Have the same dimension.
() Suppose dim V =dimW = n, finite, then there exist

B=1{v,,v,———v,}and g'={w,w,———w,} which are basis of V and W

respectively. Now, let veV thenv = Zci v, and define T :V —->W by

i=1
T(V)=T(D.¢v;) = D.c;w, then one can show that T is a well defined
i=1 i=1

linear transformation which is both one to one and onto. Thus V and W are

isomorphic.

Example-5: the following vector spaces are isomorphic to each other.
(@) R* =4-—space
(b) M,,, =space of all 4x1 matrices
(c) M,,, =space of all 2x2 matrices

(d) P, =space of all Polynomials of degree 3 or less.

(e) V ={(x,,%,,%;,%,,0) : x € R} Which is a subspace of R®.
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Exercises 5.2

1. Find the kernel and image of the following linear transformations
(@ T:R> >R:T(XY)=(X-Y,y—X)
(b) T:R* > R* T(x,y,z,w) =(0,0,0,0)
(©) T:P, >RT(a, +a,x+a,x* +a,x°) =a,
(d)T:R* >R, T(XY,2)=(z,%,Y)
2. Let T be a linear transformation given by T (x) = AX where A is given below then find a

basis and dimension for (i) ker(T) (i R(T)

13214
@) A =12 (b) A=| 235 00
a = =
012
21210
1 2-1 4
12
(c) A= 312+ (d) A=|-1-2
| -4-3-1-3 -
11
~1-2 11

3. Let T :R®* — R? be alinear transformation. Use the given information to find
N (T) and give a geometric description of the kernel and range of T.
(@) rank(T)=0
(b) rank(T) =3
(c) T is the counterclockwise rotation of 45°about the Z axis;
T(x,y,2) = (@x,*—fy,@x+@y,z)
(d) T is the reflection through the yz-coordinate plane; T (X,Y,2) = (-X, Y, 2)

X+2y+22

(e) T is the projection on to the vectorv = (1, 2, 2);T(X,Y,2)= 9

@ 2,2

4.Let T :R® - R?® be alinear transformation that projects uontov = (2,—1,1)

(a) Find the rank and nullity of T
(b) Find a basis for the kernel of T
(c) Repeat (a) & (b) forv = (3,0,4)

5. Which of the following vector spaces are isomorphic to R®?
(@) My ® P, (©C[06] (d) Mg,
(e) P, (F) {(%0, X5, X5,0, X5, X6, X, ) - X; € R}
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6.(a) Let T:M,,, > M, be given by T(A)= A— A', then show that ker(T) is the set of
nxn symmetric matrices.

(b)Let T: P, > P, begivenby T(f)= f'. What is kernel of T?

7. (a) Determine a relationship between m,n, j and k such that M .. is isomorphic to
M -
(b) Let B be an invertible nxn matrix. Prove that the linear transformation

T:M,,, > M, Givenby T(A)= AB,is an isomorphisn.
8. Let A:V —W be a linear transformation then prove that

(@) A™ exists if and only if N(A) = {0}

(b) If A is one-to-one then dim(v) = dim[R(A)]

() If dimV =dimW =n,then R(A) =W if and only if A exists.

(d) If M is a subspace of V such that V =M @ N(A) then the restriction of A to M is an
isomorphism of M on to R (A). Thatis, M and R (A) are isomorphic.

5.3 Algebra of Linear transformations

Before you go to the next discussion, what do you say about the following questions?
1. Is the sum of two linear transformations also a linear transformation?
2. Is the difference of two linear transformations also a linear transformation?
3. Is the product of two linear transformations also a linear transformation?

4. What about the composition of two linear transformations?

Definition 5.6: Let T,,T, be linear transformations from a vector space V
over a field F in to a vector space W over F and c be a scalar, then we
define T, +T, and cT, as

@ (M+T,) V) =T, (V)+T,(v) WweV

(b) (cT,)) (v)=cT,(v) WveV

Theorem 5.10

(1) T, +T, and cT, are linear transformations from V in to W.
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(2) L(v,W) is a vector space over F where L(V W) is the set of all linear

transformations from V in to W. That is,

LNV W)= {T 'V oW(T is Iineartransformaion}

Proof:
(1) (i) Let u,veV and a e F then
(T, +T,) (au+v) =T, (au+Vv) +T,(au+V),by def intion(a)
=[aT,(u) +T,(v)]+[aT,(u) +T,(v)} since T, and T, are linear transformations
= [aT,(u) +aT, ()] +[T,(v) + T,(v)]
=a(M,+T,)(u)+ (T, +T,) (V)
= T, +T, is a linear transformation V in to W
(if) Let u,veV and a € F then (cT,) (au+V)
= (cT,) (au+vV),by definition(b)
=claT,(u) +T,(v)}since T is linear
=ca T,(u) +CT,(v)
=a(cT,) (u)+(cT,)(v)
= cT, is also a linear transformation.
(2) Exercise HintTry to show that L(V,W)is a subspace of
{fV>W|f isa function}

Definition 5.7: Composition of linear Transformations

Let U,V and W be vector spaces over a field Fand T, :U —»V,T, :V —-W be linear
transformations then the composition of T, with T,, denoted by T, OT,,is defined by

(T, 0T,)(u) =T, (T, (u)) foralluinV.

= Remark:
(1) T, OT,:U ->W And the composition is not defined unless the range of T, lies

within the domain of T, .
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(2) Composition of linear transformation is not commutative.

(3) Composition of linear transformation is associative.

Theorem 5.11: Let U,V andW be vector spaces over a field F and
T,:U >V and T, :V ->W be linear transformations then

(1) T, 0T, :U ->W is also a linear transformation.

(2) Let L(V,V)be the set of all Linear transformation from V in to V then with the

usual addition of functions and multiplication defined as function composition then
L(V,V) isaring with unity.

Proof:

(1) (i) Let u,v €U then
(T, 0T,) (u+Vv) =T, (T, (u+V)), By definition of composition
=T,(T,(u) +T,(v)), SinceT, linear
=T,(T,(u))+T,(T,(v)),Since T, is linear
= (T,0T,) (u)+ (T, OT,) (v), By definition of composition
= (T,0T,)(u+v)=(T,0T,)(u)+(T,0T,)(v) Vu,veU
(i)Let ueU and b € F then
(T,0T,)(bu) =T, (T,(bu) ), By definition of composition
=T,(b T,(u)), SinceT, linear
=b T, (T,(u)), Since T, is linear
=b (T, 0T,)(u), by definition of composition
= (T, 0T,)(bu) =b(T,0T,)(u) VbeF and VueU

Therefore, by (i) and (ii) we get T, OT, is a linear transformation.

(2) Exercise!
Example-1: Find T,0T, and T,0T, where the linear transformations T, and
T, are given below.
(@ T,:R> > R*, T, (X, y) = (X, X+ V,Y)

T,:R* > R*, T,(x,¥,2) =(0,y)
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(b) T, :R = R?, T(X) = (x,3x)
T,:R* >R, T(X,y) = y+2x

Solution:

(@ () (T,0T;) (x,y,2) =Ty (T, (x,y,2)) =
=T.(0,y)=00+y,y)=(0,y.y)
=(1,0T,) (x¥,2)=(0y,y)

(i) (T, 0T,) (%, ¥) =T, (T, (%, ¥)) =T, (X, x+y,y) = (0, x+)
= (T,0T;)) (x,y) = (0,x+Y)

(b) Exercise!

Definition 5.8: Definition of Inverse Liner Transformation
Let V and W be vector spaces over a field Fand T, :V -W andT, :W —V be linear
transformations such that (T,0T,)(v)=vVvveV and (T,0T,) (w)

=w VweW thenT,is called the inverse of T, and we write T,=T,™ .

&~ Note Not every linear transformation is invertible.

Theorem 5.12 Let T :V —W be a linear transformation then

(@) T is invertible if and only if T is an isomorphism

(b) If T exists, then it is also a linear transformation

Proof Exercise!

Example-2: Determine whether the transformation T has an inverse or not. If it does,
find T

(@) T:R* > R? defined by T(X,y) = (X, y +kx)

(b)T : R® - R?® defined by T(x,y,z) = (x, y,0)
Solution:

(@) since ker(T) ={(x,y) e R? : T(x,y) = (0,0)}
={(x,y) e R2 : (x, y + kx) = (0,0)}
={(x,y)e R?’:x=0and y+kx=0}
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={(0,00}={0} We have T is one-to-one and also

V(a,b) € R 3(a,b—ka) e R? such that
T(a,b—ka) =(a,b—ka+ka) =(a,b)

=T is onto. Therefore, T is one-to-one and onto and hence T is invertible and its
inverse is given T ' (x, y) = (X, y —kx), Infact you can check that T *0T =TOT * =1
(b) Since (1, 2, 3) € R® and there doesn't exist (x,y,z) € R® such that T(x,y,z) =

(@, 2, 3) we have T is not onto, and hence T is not isomorphism =T is not invertible.

@ Note: To see that there does not exist Y2 cR® such that
TG =0 2.9 50905 H03.7) < R such that Tx y,2) 1. 2.9,
= (x,v,00=(, 2, 3)

=0 =3; Which is contradiction and hence the fact

Exercise 5.3

1.Let T:V —->Uand S:U —W be linear transformations then prove that
(a) If Sand T are both one-to-one, then so is SOT.
(b) ker(T) cker (SoT)
(c) If SOT isonto, thensois S
2.LetS:V ->Wand T :V — W be linear transformations then
Prove that rank (S+T) < rank(S)+ rank(T)
3. Give an example of two linear transformations T and S such that
(@) Rank (S +T) =rank(S) + rank(T)
(b) Rank (S +T) < rank(S) + rank(T)
4. Determine whether the linear transformations represented by the matrix A is
(i) One-to-one
(ii) Onto
(iii) Invertible and if it does find its inverse
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@
20 111 1y, 407
{03} m)Azhll} @)A:[o J (@) A:z sz

5.4. Matrix Representation of a linear transformation

Brainstorming Question

Which of the following representations of T : R* — R* is better?

T(X,Y,2,W) = (2X+y — 2+ 2W, X+ 5y + 22 + 6wW,3x + 4y + W) or

X
21-12
T(V)=Av=[15 26 Z
3401

Answer: The second representation is better than the first for at least three reasons;
(i) It is simpler to write
(ii) It is simpler to read and

(iii) It is more easily adapted for computer use.

Later we will see that matrix representation of a linear transformation also has some
theoretical advantages. In this section we will see that for linear transformations
involving finite dimensional vector spaces, matrix representation is always possible.

The key to representing a linear transformation T :V —W by a matrix is to determine
how it acts on a basis of V. Once we know the image of every vector in the basis, we

can use the properties of linear transformations to determine T (v) for anyvinV.

For convenience, first we will see that linear transformations from R" into R™,
relative to the standard bases in R" and R™. Then at the end of this section we see
linear transformations from R" into R™, relative to the non standard bases and linear
transformations defined on general vector spaces.

Recall that the standard basis for R" § given by
B=1{10,...0),0,10,--,0),--,(0,0,---D}={e,, e,,-.e,}
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Theorem 5.13: Standard Matrix for a Linear Transformation

Let T:R" > R™ be a linear transformation such that
a; a,, a,
Te)=|. 2| TE)=| 2 | Tle)=| "
a'ml amZ amn

Then the mxn matrix whose columns correspond to T (e;),

a, a,..a,
a, a,...a . .
A=| % "2 | is suchthat T(v)= Av YveR". Ais called the standard
a, a,..a.,
matrix for T.
Proof:

Claim- Av=T(v) YveR",

Vl
H VZ n
to see this, let V =| . eR" thenV =v,e, +v,e,+...4+V, €,
Vn
=>TV)=T(v,e +V,€e,+...+V,€,)
=T(v,e)+T(v,e,)+...+T(v,e,), Since T is linear
=v,T(e,)+Vv,T(e,)+...+v,T(e,),since T is linear ------ (*)

Also, the matrix product Av is given by

d;; ..., A
a,, dy...d \Y
Av=|" 21 ) 22 . 2n 2
A Apg .-, vV,

a, V,+a,V,+...+a,V

In “n

2n 'n

Ay, V, +ayV,+...+3, Vv

a,V, + a,,V,+...+a,V,
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a’ll a’lZ aln

a a a
=v, |2 ERVA I ITRPRRR VAN B

a a a

=v, T(e,)+V,T(e,)+...+Vv,T(e,)

= Av=v,T(e)+V,T(e,)+...+Vv,T(e,)...(**) Now, combining (*) and (**) we get
=T(V)=v, T(e,)+V,T(e,)+———+Vv,T(e,)=Av

=T()=Av VveR".

Example-1: Find the standard matrix for the linear transformationT : R® — R?defined

by
@ T(x,y,2) = (x=2y, 2x+Y) (b) T(x,y,2) =(x—-3y, z+3X)

Solution:
(a) We begin by finding the images of e, ,e,and e,.

T(e,)=T(0,0)=(1-20,21+0)=(1, 2) :H
T(e,)=T(0,1,0)=(0—-2.1 2.0+1)=(-2, 1):{_ ﬂ and

T(e,)=T(0,0,1) =(0-2.1 2.0+0)=(0, 0) = m and

Thus, by Theorem 5.13, the columns of A consists of

T(e,),T(e,) and T(e;) and we have
1-2 0

and hence T(v) = Av
210

[1-20
1210

A=[T(e) [T(e,) T(e3>]={

X—2
As a check we note that Av = ={ y} which is equivalent

2X+Yy

N < X
N < X

to T(X,Y,2) = (X—2y,2X+Y),

(0) T(e)=T(0,0)=( 3= m
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T(e,)=T(0, 1, 0) = (-3, 0) {_ﬂ and

T(e;)=T(0,0,)=(0,1 = E}

1-30

= A=[T(e,) [T(e,) T(eg)]{3 o

} and henceT(v) = Av.

X Remarks:

1. A little practice will enable you to determine the standard matrix for a linear
transformation by inspection. For instance, the standard matrix for the linear
transformation given by T(x,y,z) = (X—2y + z,5x+3y,4x+ y —2z) is found by
using the coefficients of x,y and z to form the rows of A
Thatis, T(x,y,z) =(x—2y+z, 5x+3y, 4x+Yy—22)

=(Ix—-2y+1z, 5x+3y+0z, 4x+1.y—2z7)
1-2 1

= A=|5 30
4 1-2

2. The standard matrix for the zero transformation from R" into R™ is the mxn
zero matrix, and the standard matrix for the identity transformation from

R" into R" is I,.

Theorem 5 .14

(@ Let T,:R"—>R™ and T,:R™ —» RP" be linear transformations with standard
matrices A and A, then the standard matrix for the composition of
T, withT,, T,oT, is given by the matrix product A, A. In general, if
T, , T, ———T, are linear transformations with standard matrices A ,A,,——— A,
then the standard matrix of the composition T, oT,,0———0T, oT, is given by the
product A, ,A A ,.... A A.

(b) Let T:R" — R" be a linear transformation with standard matrix A, then T is

invertible if and only if A is invertible Moreover, if T is invertible then the standard

matrix for T ' is A™.

Proof:
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(@) Let ve R" then
(T, oT,)(v) =T, (T,(v)) =T, (A V), Since A; is standard matrix for T,
= A, (A V),since A; is standard matrix for T,
=(A, A))v, since Matrix multiplication is associative
= (T, oT,)) (v)=(A, A)v VYveR"
= the standard matrix for T, oT, is the matrix product A, A, .
(b) (:>) Suppose T is invertible and A’ is the standard matrix for T
(T‘1 0 T)(v) = v:(T oT‘l)(v)
=(AAV=1V)=(AA) Vv
=(AAv=1v=(AA)v
=>AA=I1,=AA
= A'is the inverseof A
= A=A",
= Alis invertible
(<) Suppose A is invertible with inverse A~ then A A= = A A
=(AA=Iv=(A" Ay WeR"
= AATV)=1(V)=A"(A(V)) YeR"
= AAY)V=1lv=A"(AV WWeR"
=STATV)=1(V)=A"T(),setT =Av
=TT V) =1(WV)=T (T(v)
=T oT)VW)=1V)=(ToT)(v) VveR"
=ToT=1=ToT
=T is invertible with inverse T
=T '=Tand T*'(V)=T((\V)=A"v

—> the standard matrix for T~ is A™. And hence the proof

(B)(=) Suppose T is invertible and A~ is the standard matrix for T~ then (T
oT) W)=V =(ToT*) (V)
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= (A A)V =1(v)=(A A})V,0
= (A* AV =1,V =(A A')V

= ALA=1, = AA!

— A' is the inverse of A

= A=A

= A isinvertible

(<) Suppose A is invertible with inverse A™ then AA™ =1_=A"A
=(AAYV =1V =(A*A)V WeR,
=A(A*V )=1(v) = A(AV) WeR,
ST(AMY )=1(v) = A (T(v)),set T = AV
STV )=1(V) =THT(v))
= (ToT" )W) =1(V)=(ToT* ) (v) YveR"
=ToT'=1=T"'0T
=T is invertible with inverse T*
=T'=T" and
T W) =T*v)=AYv

— the standard matrix for T~ is A™.

Example-2:
1- Let T, andT, be linear transformations from R®intoR®  such that
T, (X,y,2)=(2x+y,0,x+z)and T, (X,y,2) =(X-Y,z,y) then find the standard
matrices for the compositions.

(@ T,0T, (b)T, 0T,
(20 Let T:R*>R® be a linear transformations defined by
T(X,y,2)=(2x+3y+12,3x+3y+z,2x+ 4y + z) then show that T is invertible, and find
its inverse.

Solution:

1) Let A, and A, be the standard matrices for T, &T, respectively then.
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210 1-10
A =|000| and A,= |0 01| then the standard matrix for
101 010

o

1-10| (210 21
(@ T,oT,is A, A={00 1] |[00O0|=(1 0 1|and
010|101 |[00O

210 1-1 0 2-2 1
(b) T,oT,is A A, ={0 00 001 = 00O
101 010 100
2) Let A be a standard matrix for T then
231
A=|3 31| and you can showthat
241
-110
A*=|-1 0 1| byusing elementaryrow operations
6-2-3

= Ais invertible
= Tis invertibleand the standard matrixfor T™ is A™ Moreover, T '(v)=A"v

-1 10 X —-X+Yy
=T (xy,2)=|-1 01 y| =|-Xx+z
6-2-3 z 6Xx -2y -3z

= T7(X,V,2) = (=X + Y,—X+2,6Xx— 2y — 32)
Transformation Matrix for Non- standard Bases

Let V and W be finite-dimensional vector spaces over a field F with bases g and £,

respectively, where g ={v,,v,,———v,} If T:V —W is a linear transformation such
that
ay, a,, a,,
Tl B =7 | Wl =| 2% |- [Tw)ls =|
Ay G Ay
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Where [T(v,)] 8" is the coordinate matrix of T(v,) relative to the basisﬂ , then the

mxn Matrix whose n columns correspond to [T (v,)] £,

ay a,———q

A= Ay Ap———

n

a
21| is such that T(v) = Alv]8 for every v in V where
Ay 8y ———4a

mn

[v]g is the coordinate matrix of v relative to 4. A is called the matrix of T relative to

the bases g and g’

& Note 1 (V) = Av]g =[TW)]B".

Example-3: Let T:R*->R? be a linear transformation defined by
T(Xy)=(X+Vy,2x—y) then find the matrix of T relative to the bases

B={02).-Lj={, v,}and £ ={(L 0).(0, D}={w;, W,
(b) T(v)=wherev=(2,1) by using the matrix of T relative to the bases

ﬁandﬂ' .
Solution
@ TMv)=TE 2)=@10+221-2)=(3,0)=3w, +0w,

=[Tv)]|p = m and
T(v,)=T(-11) =(-1+1, 2(-1)-1) = (0,-3) = 0w, —3w,

=[T(v,)] 5 {

0 .
3}, which is the coordinate matrix of T(v,) relative to

B =1 0),(0, 1)}

Thus, the matrix for T relative to g and 8 is A=[(T(v,)] ,8"[T(v2) ﬁ']: B_?J

(b) Using the basis £ ={({, 2),(-1 1)}, we find that v=(2, 1) =1(1, 2) -1(-1, 1)
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Therefore, T(v):A[v]ﬂ,:B_ﬂ Lll}: |:§}=[T(V)]ﬂ'

Finally, Since ' ={(, 0),(0, 1)}, it follows thatT(v)=3(0,1) = (3, 3)

" Note If V=W and g = ', then the matrix A is called the matrix of T relative to the

basisg  in such cases the matrix of the identity transformations simple |

Tosee this, let B ={v,,v,,———v, }. Since I(v,) =v,, we have
1 0 0
el =), | Tl =; -l =)
0 0 1

= A= [T(Vl)] /;|[T(V2)]ﬁ|___| [T(Vn)] B

[100---0

010---0
-l001-—-0| =1,

000-—-1]

Example-4:

Let D, : P, — P, be the differential operator that a quadratic polynomial on to its derive

P'. Find the matrix for D, used the bases 5 =1{L, x, x*}and B =11, x}
Solution: The derivatives of the basis vectors are

D, (1) = 0= 0(1) + 0(x)

D, (x) =1=1(2) + 0(x)

D, (x*) = 2x = 0(2) + 2(X)

= The coordinate matrices relative to
. .10 |1 .10
p are[D,M]p =M [0l {O}[DX(XZ)]ﬁ =M

_ ) 010
= The matrix forD, is A=
002
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a
Moreover, for P(x) =a+bx+cx* € P, we have[P], =|b | and
c
0107 || [b
AP, = b|=|. | =b+2cx=D,[a+bx+cx?]
00 2 c 2C

Exercises 5.4

1. Find the standard matrix for the linear transformation T
a)T(x,y) =(3x+2y,2y — X) (b) T(x,y) =(4x+y,0,2x —3y)
(©) T(x,y,2)=(Bx—-3y,2y+2,22+4y,5x+3y) (d) T(x,y,z,w)=(2Xx—-2,3y —4wW,4Z — X, y + W)
2. Find the standard matrices for T,0 T, &T,0 T,
T,:R* > R T, (X,Y,2) = (X+2y,y — 2,-2X + Y + 22)
@ T,:R* >R T,(X,y,2) =(y+2, X+2,2y—22)
T,:R? 5> R T, (X, y) = (=X +2y, X+, X—Y)
T,:R* > R*T,(x,y,2) = (x-3y, z+3X)
3. Determine whether the given linear transformation is invertible? If it is, find its inverse.
@TMXY,z2)=(XX+Y, X+Yy+12)
B TXY)=(X+Y, 3x+3y)
© T(x,y) =(2x,0)
ATy, z,w)=(x-2y,y, y+72,2)
4. Find the matrix of T relative to the given bases /7 and 3 .
(@ T:P, > P, definedby T(P)=xP and
ﬂ:{l, x,xz}, y'a ={1, X, x2,x3}
(b) T:P, »> P, definedby T(P)=x’P
B=f xx} B = x x2,x*x*}

5. Let pg= {1 X, x2,x3} be a basis forP, and letT:P, - P, be the linear

k
transformation given by T (X )=I6(t kdt.
(a) Find the matrix A for T with respectto £ and the standard basis for P, .

(b) Use (a) to integrate P(x)=6—2x+3x°.
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6. (a) Find the standard matrix for T where T(v) =kv for ve R".
(b) Find the matrix for T relative to the
M,,.and M,,, whereT : M,,, —>M,,, definedby T(A) = A’

standard

bases  for

(c) Show that T defined in (b) is an isomorphism and find the matrix for the inverse of T.

5.5: Eigenvalues and Eigenvectors of a Linear Transformation

Eigenvectors and eigenvalues can be defined for linear operators as well as matrices. A

scalar A is called an eigenvalue of a linear operatorT :V —V if there is a nonzero

vector v in V such thatT(v)=Av . The vector v is called an eigenvector of T

corresponding to A. Equivalently, the eigenvectors of T corresponding to A are the

nonzero vectors in the kernel of Al —T. This kernel is called the eigenspace of T

corresponding to A.

&~ Note:

1. Eigen values are also called characteristic values or latent roots.

2. If vz0 then A IS uniquely determined,

Av=4 v =AU -4,)v=0
=>4 =4,,av=0

3. If vand w are eigen vectors with eigen value A then

because

i. v+w is also an eigen vector with eigen value A because

Tv+w)=T(V)+T(w)= Av+Aw = A(V+W)

ii. Each scalar multiple cv is also an eigen vector with

eigen value 2, because:T(cv) = cT (V) = ¢(Av) = A(eV) yyhere ¢

is a constant.

4.Let T:V —V bealinear operator with

ker(T) = {0}, If 0=ve ker(T) then

T(v) =0=0.v and hence v is an egien vector of T with eigen
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value 0.

Example-
a) Letid:V —V be the identity linear operator then every non zero vector in V

Is an eigen vector of id with an eigen value 1, since, id(v) =v=1v

b) Let D:V —V be the differential operator on the vector space of

differentiable functions. Since D(e*)= 5e* we have e is an
eigenvector of (D) with eigenvalue 5.

c) Let T: R? —» R? be a linear operator which rotates each v € R?
by an angle of 90° then one can see that VA e R, T(v) # Av. Therefore, T

has no eigenvectors and hence no eigenvalues.

Exercises 5.5

1. Let T :R> — N3 be a linear transformation, whose matrix relative to the non standard

400
basis #={(1, 1 0), (1 -1, 0),(0, 0, )} is A={0 2 0| then find
0 0-2
a) the characteristic polynomial of T

b) the eigen values of T

¢) the corresponding eigen space of T

2. Let T :R? — R? be given by T(v) = Proju, where u is a fixed vector in R * then

a) find the characteristic polynomial of T

b) Show that the eigen values of A (the standard matrix of T) are 0 and 1.

3. Let T:R >R’ be a linear operator defined by
T(X, Yy, z2)=(x+3y, 3x+Yy, —2z) then find the characteristic polynomial of T

4. Let T:R? > R? be a rotation of R?counter clock wise about the

origin through an angle Q then find
a) The characteristic polynomial P of T

b) The eigen values of T
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5.6: Eigenspace of a linear transformation

The Eigen space of a linear operator
Let T:V —V be a linear operator over a field F and A € F then

V, = The set of all eigenvectors of T with eigenvalue A is a subspace of V

Proof: Exercise

F” Note V, is called the eigenspace or spectrum of T belonging to A.

Theorem 1: Let V be a vector space over a field F and T:V —V be a linear

operator then

a) AeF isan eigen value of T if and only if the operator T — A1 is singular.
b) If v, v,,———,v, are eigen vectors of T belonging to distinct eigen values

Ay Ay ———4,, then v;,v,,——— v, are linearly independent

Proof:
a) Let A isan eigen value of T then 3 a non zero vector v eV such that
T(V)=Av
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< TV)=(Al)v

ST -41) (v)=0

S vekker(T-41)

< ker(T =4 1)={0} < T -l is not one to one
< T - A1 issingular (not invertible

b) Exercise.

Example:

Let T:R® — R’ be defined by T(x,y,z) = (2x+y—2z, 2x+3y—4z, x+y—z). Find all
eigenvalues of 7', and find a basis of each eigenspace. Is 7" diagonalizable? If so, find the basis S of
R’ that diagonalizes T, and find its diagonal representation D.

First find the matrix A that represents T relative to the usual basis of R* by writing down the coefficients
of x, y, z as rows, and then find the characteristic polynomial of 4 (and 7). We have

2 1 -2 r(4) =4, |4]=2
A=[T1=|2 3 -4 and Ay =1, Ap =0, A3 =4
11 -1 > Ay =5

Therefore A(f) =2 — 42 +5¢—2=(t—1)*(t—2), and so 1 = 1 and 4 = 2 are the eigenvalues of A (and
T). We next find linearly independent eigenvectors for each eigenvalue of 4.

(i) Subtract 4 = 1 down the diagonal of 4 to obtain the matrix

11 =2
M=|2 2 —4/[, corresponding to x+y—2z=
11 =2

Here y and z are free variables, and so there are two linearly independent eigenvectors belonging to
4 = 1. For example, u = (1, —1,0) and v = (2,0, 1) are two such eigenvectors.
(i) Subtract 4 = 2 down the diagonal of 4 to obtain

0 1 -2 y—2z= x+y—3z=0
M=|2 1 -4/, corresponding to x+y—4dz= or ‘ y_ 2~ =
113 x+y=32=0 T

Only z is a free variable. Here w = (1, 2, 1) is a solution.
Thus T is diagonalizable, since it has three independent eigenvectors. Specifically, choosing
45':{“,1-",“"}:{(1,—1,0), (2101 1)! (11211)}

as a basis, 7 is represented by the diagonal matrix D = diag(1, 1, 2).
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Exercise 5.6

1-
Prove the following for a linear operator (matrix) 7"

(a) The scalar 0 is an eigenvalue of 7 if and only if T is singular.

(b) If / is an eigenvalue of 7, where T is invertible, then A~' is an eigenvalue of 77"
2.

(@) We have that 0 is an eigenvalue of T if and only if there is a vector v # 0 such that T(v) = Ov, that is, if
and only if T is singular.

() Since T is invertible, it is nonsingular; hence, by (a), 4 # 0. By definition of an eigenvalue, there exists
v # 0 such that T(v) = Av. Applying T~ to both sides, we obtain

v=T""w) = iT7(v), and so T 'v)y=4i"v

R . _
Therefore A~ is an eigenvalue of 77!,

3-Let T: ¢*—¢? be a linear operator represented by the matrix A

Il
= o

-1]
with
0}

respect to the standard basis of ?then find

a) The characteristic polynomial of T
b) The minimal polynomial of T
c) The eigen values of T

d) IsT diagonalizable?

0 -1
4- Let T :R* — R? be a linear operator represented by the matrix A= { O} with

respect to the standard basis of :? then find
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a) The characteristic polynomial of T
b) The minimal polynomial M of T

c) Theeigen values of T

5-Let T : R* — R® defined by
T(X Y, 2)=(0, x+Y, y+2) bealinear transformation then find

a) The characteristic polynomial of T
b) Eigenvalues and Eigenvectors

Summary of Unit Five

e LetV and W be vector spaces over a field F (usually F=R), then the function
T:V—W is called a linear transformation (or a linear map) of V in to W if
TUu+v)=T(Uu)+T(v) Yu,veV and
T(au)=aT(u)VYueV and for all scalarsae F

e The above two properties can be combined in the formula given by
T(au+bv)=aT(u)+bT(v) Va,be F and Yu,veV

e By induction we also have a more generalization property for a linear
transformation T for n set of vectors v; as :

T(Zn:civi) = Zn:ciT(vi) forscalarsc,
i=1 i=1

e LetV and W be vector spaces over afield Fand T :V —W be a linear
transformation then The set of all vectors v in V such that T (v) =0 is called
the kernel (or null space) of T and is denoted by ker(T) or N(T).The set of all
vectors w in W such that T (v) =w for some v in V is called the image  (or
range) of T and is denoted by m(T) or R(T) .

e Let T:V —>W isa linear transformation then the dimension of the kernel of
T is called the nullity of T and the dimension of the range of T is called the
rank of T.

e A function T :V —W is called one to-one if the pre image of every w in the
range consists of a single vector and onto if every element in W has a pre

image in V.
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Let T,, T, be linear transformations from a vector space V over a field F in to
a vector space W over F and c be a scalar then T, +T, and cT, are linear
transformations from V in to W and L(V,W) is a vector space over F where
L(V W) isthe set of all linear transformations from V in to W
Let V and W be vector spaces over a field Fand T, :V -W andT, :W -V
be linear transformations such that (T, 0T,) (v)=vVveV and
(T,0T,) (w)=w VYweW thenT,is called the inverse of T, and we write
T,=T,".
Let T,:R" > R™ and T, :R™ — R" be linear transformations with standard
matrices A, and A, then the standard matrix for the composition of
T, with T,, T, 0T, is given by the matrix product A,A,.
In general, if T, ,T, ,———,T, are linear transformations with standard matrices
A L A,,---, A, then the standard matrix of the composition T, 0T, , 0---0T, 0T,
is given by the product A, A A, ,...A, A.
Let T: R" — R" be a linear transformation with standard matrix A, then T is
invertible if and only if A is invertible Moreover, if T is invertible then the
standard matrix for T is A™.
Let A be an nxn matrix over a filed F(F =R or &) thenascalar A is called
an eigenvalue of A if there is a non zero vector x € F" such that Ax = AX. The
vector x is called the eigenvector of A corresponding to A.
Let V be a vector space over afield F(F =R org) and T:V —V be linear
transformation then v €V is said to be an eigenvector of T if 34 € F such that
T(v)=Av. A iscalled an eigenvalue of T belonging to the eigenvector v. We
also say that v is an eigenvector with eigenvalue A.
Let V b e a vector space over afield Fand T :V —V be a linear transformation

then v, = the set of all eigenvector of T with eigenvalue A. is a subspace of V.
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e Letabean nxn matrix then the characteristic polynomial of A is given by

Xa(t) =[tl = A =t"+c,, A" +———+ct+c, and the characteristic equation
of Alis given by x,(t) =0. Thatis, [tI —A/=0

e A isaneigenvalue of A if x,(1)=0

e The eigenvectors of A corresponding to A are the non zero solutions of
(Al = A)x =0

e If Alis triangular matrix then its eigenvalues are the elements on its main

diagonal
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