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UNIT-ONE:   VECTORS 
 

UNIT OBJECTIVES: 
 At the end of this unit each student should able to: 

 Know representation of vectors geometrically. 

 Understand operation  of vectors algebraically and geometrically. 

 Realize properties of operations on vectors. 

 Learn about projection of a vector along another vector. 

 Understand the dot product and cross product of two vectors. 

 Know the norm of a vector. 

 Develop parametric and non-parametric equation of a given line. 

 Develop the parametric form and normal form of equation of a plane. 

 

   Introduction 

 

Physical quantities which are complitly described with magnitude alone is called 

scalars. On the other hand physical quantities which are determined with both 

magnitude and direction are known as vectors. In this unit our goal is not to define 

vectors at all, but simply will insist that they can be added or multipled by a number in 

a familiar algebraic rules. Thus we will review some of the basic theory of vectors in 

two and three dimensions. This helps us to visualize the geometric concepts. 

1.1-Definition of Points In n-Space                                                    

Objectives: 

 

At the end of this section, students should be able to 

 Add any vectors if they have the same components.  

 Multiply all vectors by scalars. 

 Represent vectors geometrically in two and three spaces in order to visualize. 

 Use properties of vector operations in n-space to calculate vector component.  
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Definition: If n is a positive integer, then an ordered n-tuple is a sequence of n real 

numbers ),,,,( 321 naaaa  . The set of all ordered n-tuples is called n-space and is 

denoted by n  . 

When 2n or 3, it is customary to use the terms ordered pair and ordered triple, 

respectively, rather than ordered 2-tuple and ordered 3-tuple. When 1n , each ordered 

n-tuple consists of one real number, so 1  may be viewed as the set of real numbers. It 

is usual to write  rather than 1 for this set. It might have occurred to you in the study 

of 3-space that the symbol (a1, a2, a3) has two different geometric interpretations: itcan 

be interpreted as a point, in which case, a1, a2 and a3

 
are the coordinates (Figure 1.1.1a), 

or it can be interpreted as a vector, in which case a1, a2 and a3

 
 are the components 

(Figure 1.1.1b). It follows, therefore, that an ordered n-tuple (a1, a2, a3, …., an) can be 

viewed either as a ―generalized point‖ or as a ―generalized vector‖—the distinction is 

mathematically unimportant. Thus we can describe the 5-tuple (−2, 4, 0, 1, 6) either as 

a point in 5 or as a vector in 5 . 

 

 
Figure 1.1.1 Geometric representation of ),,( 321 aaa  as a point and a vector. 

 

Definition: Two vectors ),,,,( 321 nuuuu u  and ),,,,( 321 nvvvv v in n are 

called equal )( vu   if nn vuvuvuvu  ,,,, 332211  . The sum vu is defined by  

),,,,( 332211 nn vuvuvuvu  vu  and if k is any scalar, the scalar multiple 
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uk  is defined by ).,,,,( 321 nkukukukuk u  The operations of addition and scalar 

multiplication in this definition are called the standard operations on n . The zero 

vector in n is denoted by 0 and is defined to be the vector )0,,0,0,0( 0 . If 

),,,,( 321 nuuuu u  is any vector in n , then the negative (or additive inverse) of 

u  is denoted by u and is defined by ).,,,,( 321 nuuuu  u
 
The difference of 

vectors in n  is defined by )( uvuv  or, in terms of components

).,,,,( 332211 nn uvuvuvuv  uv
 

 

Some Examples of Vectors in Higher-Dimensional Spaces 

Experimental Data. A scientist performs an experiment and makes n numerical 

measurements each time the experiment is performed. The result of each experiment 

can be regarded as a vector ),,,,( 321 nyyyy y  in n in which nyyyy ,,,, 321   are 

the measured values. 

Storage and Warehousing. A national trucking company has 15 depots for storing and 

servicing its trucks. At each point in time the distribution of trucks in the service depots 

can be described by a 15 tuple ),,,,( 15321 xxxx x
 
in which 1x

 
is the number of 

trucks in the first depot, 2x is the number in the second depot, and so forth. 

Economics. Our approach to economic analysis is to divide an economy into sectors 

(manufacturing, services, utilities, and so forth) and to measure the output of each 

sector by a dollar value. Thus, in an economy with 10 sectors the economic output of 

the entire economy can be represented by a 10-tuple ),,,,( 10321 ssss s in which the 

numbers 10321 ,,,, ssss  are the outputs of the individual sectors. 

Properties of Vector Operations in n-Space 

Properties of addition and scalar multiplication of vectors in 
n are listed in the 

following theorem. The proofs are all easy and are left as exercises. 

Theorem: Properties of Vectors in 
n  

If  ),,,,,( 321 nuuuu u  ),,,,,( 321 nvvvv v  and ),,,,( 321 nwwww w are 

vectors in 
n and k and m are scalars, then: 
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(a)
 

uvvu                         

(b)
 

wvuwvu  )()(  

(c)
 

uu00u   

(d) 0uu  )( ; that is,
 

0uu   

(e)
 

uu )()( kmmk   

(f)
 

vuvu kkk  )(  

(g)
 

uuu mkmk  )(  

(h)
 

uu 1  

This theorem enables us to manipulate vectors in 
n  without expressing the vectors in 

terms of components. For example, to solve the vector equation vux  for x, we can 

add u to both sides and proceed as follows: 

                                              uvx

uv0x

uvuux

uvuux









)(

)()(

 

The reader will find it instructive to name the parts of the Theorem that justify the last 

three steps in this computation. 

 

1.2- Vectors in n-space; Geometric interpretation in 2-and 3 

spaces  

 

In this section, vectors in 2-space and 3-space will be introduced geometrically, 

arithmetic operations on vectors will be defined, and some basic properties of these 

arithmetic operations will be established. 

 Geometric Vectors 

Vectors can be represented geometrically as directed line segments or arrows in 2-space 

or 3-space. The direction of the arrow specifies the direction of the vector, and the 

length of the arrow describes its magnitude. The tail of the arrow is called the initial 

point of the vector, and the tip of the arrow the terminal point. Symbolically, we shall 

denote vectors in lowercase boldface type (for instance, a, k, v, w, and x). When 
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discussing vectors, we shall refer to numbers as scalars. As shown in Figure 1.2a, the 

initial point of a vector v is A and the terminal point is B, we write .


 ABv  

Vectors with the same length and same direction, such as those in Figure 1.2 b, are 

called equivalent. Since we want a vector to be determined solely by its length and 

direction, equivalent vectors are regarded as equal even though they may be located in 

different positions. If v and w are equivalent, we write .wv   

 

 

                                              Figure 1.2 

Definition: If v and w are any two vectors, then the sum v + w is the vector determined 

as follows: Position the vector w so that its initial point coincides with the terminal 

point of v. The vector wv   is represented by the arrow from the initial point of v to 

the terminal point of w (Figure 1.3 a). 

 

Figure 1.3 

In Figure 1.3b we have constructed two sums, wv  (diagonal of upper triangle) and 

vw  (diagonal of lower triangle). It is evident that vwwv  and that the sum 
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coincides with the diagonal of the parallelogram determined by v and w when these 

vectors are positioned so that they have the same initial point. 

The vector of length zero is called the zero vector and is denoted by  0. We define 

0 + v = v + 0. 

for every vector v. Since there is no natural direction for the zero vector, we shall agree 

that it can be assigned any direction that is convenient for the problem being 

considered. If v is any nonzero vector, then - v, the negative of v, is defined to be the 

vector that has the same magnitude as v but is oppositely directed (Figure 1.2.3). This 

vector has the property v + (- v) = 0 (Why?) In addition, we define – 0 = 0. Subtraction 

of vectors is defined as follows: 

 

Figure 1.4 

The negative of v has the same length as v but is oppositely directed. 

Definition: If v and w are any two vectors, then the difference of w from v is defined 

by  

       v – w = v + (- w) (Figure1.5a). 

 

 
Figure 1.5 

 

To obtain the difference v – w  without constructing - w, position v and w so that their 

initial points coincide; the vector from the terminal point of w to the terminal point of v 

is then the vector v - w (Figure 1.5b). 
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Definition: If v is a nonzero vector and k is a nonzero real number (scalar), then the 

product kv  is defined to be the vector whose length is k  times the length of v and 

whose direction is the same as that of v if k > 0 and opposite to that of v if k < 0. We 

define kv = 0  if k = 0 or v = 0.  

Figure 1.6 illustrates the relation between a vector v and the vector ,
2

1
v ,)1( v ,2v  and 

v)3( . Note that the vector v)1( has the same length as v but is oppositely directed. 

Thus v)1( is just the negative of v; that is, .)1( vv   

 

 

 

 

Figure 1.6 

A vector of the form kv is called a scalar multiple of v. As evidenced by Figure 1.6, 

vectors that are scalar multiples of each other are parallel. Conversely, it can be shown 

that nonzero parallel vectors are scalar multiples of each other. We omit the proof. 

 

Vectors in Coordinate Systems 

Problems involving vectors can often be simplified by introducing a rectangular 

coordinate system. For the moment we shall restrict the discussion to vectors in 2-space 

(the plane). Let v be any vector in the plane, and assume, as in Figure 1.7, that v has 

been positioned so that its initial point is at the origin of a rectangular coordinate 

system. The coordinates  2,1 vv of the terminal point of v are called the components of 

v, and we write ),( 21 vvv  
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Figure 1.7: 1v and 2v  are the components of v. 

 

If equivalent vectors, v and w, are located so that their initial points fall at the origin, 

then it is obvious that their terminal points must coincide (since the vectors have the 

same length and direction); thus the vectors have the same components. 

Conversely,vectors with the same components are equivalent since they have the same 

length and the same direction. In summary, two vectors ),( 21 vvv
 
and ),( 21 www  

are equivalent if and only if 11 wv   and .22 wv   

The operations of vector addition and multiplication by scalars are easy to carry out in 

terms of components. As illustrated in Figure 1.2.7, if ),( 21 vvv
 
and ),( 21 www  

then ).,( 2211 wvwv wv
      

      

 

                                        

                                                                              

Figure 1.8 

(1) If ),( 21 vvv and k is any scalar, then by using a geometric argument involving 

similar triangles, it can be shown that ),( 21 kvkvk v
 
            

(2) Thus, for example, if v = (1, -2) and w = (7, 6), then  

       v + w = (1, -2) + (7,6) = (1+7,-2+6) = (8,4) and  

       4v = 4(1, -2) = (4(1), 4(-2)) = (4, -8) 

Since, v – w = v + (-1)w, it follows from Formulas 1 and 2 thatv – w = (v1 - w1, v2 - w2)              

(Verify.) 
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Figure 1.9 

Vectors in 3-Space 

Just as vectors in the plane can be described by pairs of real numbers, vectors in 3-

space can be described by triples of real numbers by introducing a rectangular 

coordinate system. To construct such a coordinate system, select a point O, called the 

origin, and choose three mutually perpendicular lines, called coordinate axes, passing 

through the origin. Label these axes x, y, and z, and select a positive direction for each 

coordinate axis as well as a unit of length for measuring distances (Figure 1.10a).Each 

pair of coordinate axes determines a plane called a coordinate plane. These are referred 

to as the xy-plane, the xz-plane,and the yz-plane. To each point P in 3-space we assign 

a triple of numbers (x, y, z), called the coordinates of P, as follows: Pass three planes 

through P parallel to the coordinate planes, and denote the points of intersection of 

these planes with the three coordinate axes by X, Y, and Z (Figure 1.10b). The 

coordinates of P are defined to be the signed lengths x = OX, y = OY, z = OZ.    

In Figure 1.11 a we have constructed the point whose coordinates are (4, 5, 6) and in 

Figure 1.11b the point whose coordinates are (-3, 2, -4). 

 

 

Figure 1.10 

 

 
Figure 1.11 
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Rectangular coordinate systems in 3-space fall into two categories: left-handed and 

right-handed. A right-handed system has the property that an ordinary screw pointed in 

the positive direction on the z-axis would be advanced if the positive x-axis were 

rotated 90° toward the positive y-axis (Figure 1.12a); the system is left-handed if the 

screw would be retracted (Figure 1.12b). 

 

 

Figure 1.12 

 Remark: In this module we shall use only right-handed coordinate systems. 

If, as in Figure 1.12, a vector v in 3-space is positioned so its initial point is at the origin 

of a rectangular coordinate system, then the coordinates of the terminal point are called 

the components of v, and we write v = (v1, v2, v3).  

 

Figure 1.13 

If ),,( 321 vvvv and ),,( 321 wwww are two vectors in 3-space, then arguments similar 

to those used for vectors in a plane can be used to establish the following results 

 v and w are equivalent if and only if   
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v1 = w1, v2 = w2, and v3 = w3  

 v + w = (v1 + w1, v2 + w2, v3 + w3) 

 kv = (kv1, kv2, kv3), where k is any scalar. 

Example 1 : Vector Computations with Components 

If )2,3,1( v and ),1,2,4(w then v + w = (5, -1, 3), 2v = (2, -6, 4),  

- w = (- 4, - 2, -1), v – w = v + (- w) = (- 3, - 5, 1).
  

Sometimes a vector is positioned so that its initial point is not at the origin. If the vector 



21PP has initial point ),,( 1111 zyxP and terminal point 

                      ),,( 2222 zyxP  then ),,( 12121221 zzyyxxPP 


.  

That is, the components of 


21PP are obtained by subtracting the coordinates of the 

initial point from the coordinates of the terminal point. This may be seen using Figure 

1.14: 

 

Figure 1.14 

The vector


21PP is the difference of vectors


2OP and


1OP , so 


 1221 OPOPPP
 

                                        
),,(

),,(),,(

121212

111222

zzyyxx

zyxzyx




 

Example 2:  Finding the Components of a Vector 

The components of the vector 


 21PPv with initial point )4,1,2(1 P  and terminal point

)8,5,7(2 P are ).12,6,5()4)8(),1(5,27( v  

In 2-space the vector with initial point ),( 111 yxP  terminal point ),( 222 yxP  is 

                                               
),( 121221 yyxxPP 



 

   Test yourself! 

1. Let u = (2, -7, 1), v = (-3, 0, 4), w = (0, 5, -8). Find a. 3u – 4v  b. 2u + 3v - 5w 
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2. Find x and y if (4, y) = x(2, 3). 

3. Compute a. 







































5

1

3

2

4

7

 b. 

























4

2

5

3

1

 

4. Prove that (u + v) + w = u + (v + w). 

5. Find the vector of  A = (1, 1, 3) and B = (-1, 1, 5) and sketch the graph. 

1.3- Scalar Product and the Norm of a Vector, Orthogonal 

Projection, Directional Cosines 

Objectives: 

At the end of this section, the students should be able to 

 Calculate the norm of a vector. 

 Define the unit vector. 

 Determine the scalar (dot) product of nonzero vectors. 

 Find the orthogonal projection of vectors in two and three spaces. 

 Compute directional angle 

Norm of a vector  

The length of a vector u is often called the norm of u and is denoted by u . It follows 

from the Theorem of Pythagoras that the norm of a vector u = (u1, u2) in 2-space is 

2

2

2

1 uu u (Figure 1.16a). Let u = (u1, u2, u3) be a vector in 3-space. Using Figure 

1.16 b and two applications of the Theorem of Pythagoras, we obtain  

2

3

2

2

2

1

222222
)()()()()( uuuRPOSOQRPOR u  

Thus .2

3

2

2

2

1 uuu u   A vector of norm 1 is called a unit vector. 
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Figure 1.16 

If ),,( 1111 zyxP and ),,( 2222 zyxP  are two points in 3-space, then the distance d between 

them is the norm of the vector 


21PP  (Figure1.3.2). Since  

                                       
),,( 12121221 zzyyxxPP 



 

 
 it follows that 

                                  2

12

2

12

2

12 )()()( zzyyxxd   

Similarly, if ),( 111 yxP and ),( 222 yxP are points in 2-space, then the distance between them 

is given by 

                                  
2

12

2

12 )()( yyxxd   

                                     

 

 

Figure 1.17 

The distance between P1 and P2 is the norm of the vector .|| 21



PP
 

Example 1: Finding Norm and Distance 

The norm of the vector u = (- 3, 2, 1)  is .14)1()2()3( 222 u  
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The distance d between the points P1(2, -1, -5)  and P2(4, - 3, 1)  is 

                   
.11244)51()13()24( 222 d  

From the definition of the product ku, the length of the vector ku is |k| times the length 

of u. Expressed as an equation, this statement says that 

                                                     ||ku|| = |k| ||u|| 

This useful formula is applicable in both 2-space and 3-space. 

 

   Test yourself! 

1. Find the norm of v. 

(a) v = (4, -3)  

(b) v = (- 7, 2, - 1) 

(c) v = (0, 6, 9)  

2. Find the distance between P1 and P2.. 

(a) P1(3, 4), P2(5, 7)       

(b) P1(7, -5, 1), P2(- 7, - 2, -1). 

 3.  Let v = (- 1, 2, 5). Find all scalars k such that ||kv|| = 4. 

4.  (a) Show that if v is any nonzero vector, then v
v

1
 is a unit vector. 

       (b) Use the result in part (a) to find a unit vector that has the same direction as the vector     

             v = (3, 4). . 

       (c) Use the result in part (a) to find a unit vector that is oppositely directed to the vector  

             v = (- 2, 3, - 6).  

Scalar Product (Dot Product); Ortogonal Projections 

Scalar Product of Vectors: It is also called dot product. 

Let u and v be two nonzero vectors in 2-space or 3-space, and assume these vectors 

have been positioned so that their initial points coincide. By the angle between u and v, 

we shall mean the angle θ determined by u and v that satisfies  0  (Figure1.3.3). 

 

Figure 1.17: The angle θ between u and v satisfies  0 . 
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DEF  

Definition: IIf u and v are vectors in 2-space or 3-space and θ is the angle between u 

and v, then the dot product or Euclidean inner product u.v is defined by 










0v0u0

0v0uvu
u.v

andif

andif

,

,cos

                                                     

               (1) 

 

Example 1: Dot Product 

As shown in Figure 1.19, the angle between the vectors u = (0, 0, 1) and v = (0, 2, 2) is 

45°. Thus 

            

 

Figure 1.19 

 

Component Form of the Dot Product 

For purposes of computation, it is desirable to have a formula that expresses the dot 

product of two vectors in terms of the components of the vectors. We will derive such a 

formula for vectors in 3-space; the derivation for vectors in 2-space is similar. 

Let ),,( 321 uuuu and ),,( 321 vvvv be two nonzero vectors. If, as shown in Fig. 1.20, 

θ is the angle between u and v, then the law of cosines yields   

.cos||||||||2|||||||||||| 222

21 vuvu 


PP                                                            (2) 

Since ,wv 


PQ  we can rewrite 2 as )||||||||||(||cos|||||||| 222

2
1 uvvuvu    

or )||||||||||(||. 222

2
1 uvvuvu    

Substituting 
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vvv

uuu





2

2

2

1

2

2

3

2

2

2

1

2

||||

,||||

v

u
and 

                   
2

33

2

22

2

11

2 )()()(|||| uvuvuv uv  

we obtain, after simplifying,  

                           332211. vuvuvu vu                                                                    (3) 

Although we derived this formula under the assumption that u and v are nonzero, the 

formula is also valid if 00  vu or (verify). 

 

Figure 1.20 

If ),( 21 uuu and ),( 21 vvv  are two vectors in 2-space, then the formula corresp-

onding to 3 is 2211. vuvu vu                                                                                     (4) 

 

Finding the Angle Between Vectors 

If u and v are nonzero vectors, then Formula 1 can be written as 

                                   ||||||||

.
cos

vu

vu
                                                                      (5) 

Example 2: Dot Product Using (3) 

Consider the vectors )1,1,2( u  and ).2,1,1(v  Find u.v and determine the angle θ 

between u and v.  

Solution: .3)1)(1()1)(1()1)(2(. 332211  vuvuvuvu     

For the given vectors we have ,6||||||||  vu so from (5), 
66

3

||||||||

.
cos 

vu

vu
  

= .
2

1
Thus, 

060  
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The following theorem shows how the dot product can be used to obtain information 

about the angle between two vectors; it also establishes an important relationship 

between the norm and the dot product. 

Theorem: Let u and v be vectors in 2- or 3-space.  

(a) 
2||||. vvv  ; that is, 

2
1

).(|||| vvv    

(b) If the vectors u and v are nonzero and θ is the angle between them, then 

0.2

0.

0.







vu

vu

vu







obtuseis

acuteis

 

 

Proof (a): Since the angle θ between v and v is 0, we have cos||||||||. vvvv 

.||||0cos|||| 22
vv   

Proof (b): since θ satisfies  0 , it follows that θ is acute if and only if 0cos  , 

that θ is obtuse if and only if 0cos  , and that 
2


  if and only if 0cos  . But cos  

has the same sign as u.v since u.v = ||u|| ||v||cosθ, 0|||| u , and .0|||| v  

Thus, the result follows. 

Example 3: Finding Dot Products from Components 

If u = (1, - 2, 3), v = (- 3, 4, 2), and w = (- 3, 4, 2), then  

u.v = (1)(- 3) + (- 2)(4) + (3)(2) = - 5             u.v = (1)(-3) + (- 2)(4) + (3)(2) = 0 

v.w = (- 3)(- 3) + (4)(4) + (2)(2) = 21 

Therefore, u and v make an obtuse angle, v and w make an acute angle, and u and w 

are perpendicular. 

 

Orthogonal Vectors 

Perpendicular vectors are also called orthogonal vectors. In light of the  Theorem 

above b, two nonzero vectors are orthogonal if and only if their dot product is zero. If 

we agree to consider u and v to be perpendicular when either or both of these vectors is 

0, then we can state without exception that two vectors u and v are orthogonal 

(perpendicular) if and only if u.v = 0. To indicate that u and v are orthogonal vectors, 

we write c  
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Example 4: A Vector Perpendicular to a Line 

Show that in 2-space the nonzero vector ),( ban  is perpendicular to the line

.0 cbyax  

Solution:  Let P1(x1, y1) and P2 (x2, y2) be distinct points on the line, so that 

               
0

0

22

11





cbyax

cbyax
                                                                                           (6) 

Since the vector ),( 121221 yyxxPP 


 runs along the line (Figure 1.21), we need 

only show that n and are perpendicular. But on subtracting the equations in (6), 

we obtain  which can be expressed in the form

 

Thus n and are perpendicular. 

 

Figure 1.21 

The following theorem lists the most important properties of the dot product. They are 

useful in calculations involving vectors. 

Theorem: Properties of the Dot Product 

If u, v, and w are vectors in 2-or 3-space and k is a scalar, then 

            (a)
 

v.uu.v   

             (b)
 

u.wu.vwvu.  )(  

             (c) )()()( vu..vuu.v kkk 
 
 

            (d) 0v.v
 
if 0v  , and 0v.v  if 0v  

 

Proof:  We shall prove (c) for vectors in 3-space and leave the remaining proofs as 

exercises. Let ),,( 321 uuuu   and ),,( 321 vvvv ; then 
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Similarly, )()( vu.u.v kk     

An Orthogonal Projection 

In many applications it is of interest to ―decompose‖ a vector u into a sum of two 

terms, one parallel to a specified nonzero vector a and the other perpendicular to a. If u 

and a are positioned so that their initial points coincide at a point Q, we can decompose 

the vector u as follows (Figure 1.3.7): Drop a perpendicular from the tip of u to the line 

through a, and construct the vector w1 from Q to the foot of this perpendicular. Next 

form the difference .
_______________

12 wuw    

As indicated in Figure 1.3.7, the vector w1 is parallel to a, the vector w2 is perpen-

dicular to a, and    

The vector w1 is called the orthogonal projection of u on a or sometimes the vector 

component of u along a. It is denoted by proj a
u
                                                          (7) 

The vector w2 is called the vector component of u orthogonal to a. Since we have w2= 

u – w1, this vector can be written in notation 7 as  

 

Figure 1.22 

The vector u is the sum of w1 and w2, where w1 is parallel to a and w2 is perpendicular 

to a. 

The following theorem gives formulas for calculating proj a
u
 and u - proj a

u
 . 

 

Theorem:  

If u and a are vectors in 2-space or 3-space and if 0a  , then 
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Proof: Let  and . Since w1 is parallel to a, it must be a 

scalar multiple of a, so it can be written in the form w1 = ka. Thus 

                                                                                                 (8) 

Taking the dot product of both sides of 8 with a and using the above Theorems yields 

awaawaau .||||).(. 2

2

2  kk                                                                                  (9) 

But w2 .       since w2 is perpendicular to a; so 9 yields .
|||| 2

a

u.a
k      

Since proj a
u
 = w1  = ka we obtain a

a

u.a
proj

u

a 2||||
      

Example 5: Vector Component of u Along a 

Let              and               Find the vector component of u along a and 

the vector component of u orthogonal to a. 

Solution: 

             

Thus the vector component of u along a is 

                                

and the vector component of u orthogonal to a is 

                                

As a check, the reader may wish to verify that the vectors u - proj a
u 

and a are 

perpendicular by showing that their dot product is zero. 

A formula for the length of the vector component of u along a can be obtained by 

writing  

            

a
a

u.a

a
a

u.a

a
a

u.a
proj

u

a

2

2

2

||

||||

||||
||||







 

which yields a
a

u.a
proj

u

a 2||||

||
                                                                                 (10) 
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If.θ denotes the angle between u and a, then , so 10 can also be 

written as                                                                             (11) 

(Verify.) A geometric interpretation of this result is given in Figure 1.23. 

Figure 1.23 

As an example, we will use vector methods to derive a formula for the distance from a 

point in the plane to a line.  

Example 6: Distance Between a Point and a Line 

Find a formula for the distance D between point P0 (x0, y0) and the line  ax + by + c= 0. 

Solution: 

Let Q(x1, y1)be any point on the line, and position the vector           so that its 

initial point is at  . 

By virtue of Example 4, the vector n is perpendicular to the line (Figure 1.3.9). As 

indicated in the figure, the distance D is equal to the length of the orthogonal projection 

of   on n; thus, from 10, 

                                             

But                                 

                                            

So 

                                                                             (12) 
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Since the point Q(x1, y1) lies on the line, its coordinates satisfy the equation of the line, 

so  ax1 + by1 + c = 0  or c = - a x1 – by1 

Substituting this expression in 12 yields the formula 

                                                                                               (13) 

 

Figure 1.3.9 

Example 8: Using the Distance Formula 

It follows from Formula 13 that the distance D from the point (1, - 2) to the line 

        –         is 

                                    

 

 

Direction Angles and Direction Cosines 

The direction angles of a nonzero vector a are the angles  and,,  (in the interval

 ,0 that a makes with the positive x, y, and z -axes. (See Figure below.) 

                    

The cosines of these direction angles  cos and,cos,cos , are called the direction 
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cosines of the vector a. Using the formula of angles between two vectors , we obtain 

a

a

a

a

a

a

ia

ia 321 cos and,cos,cos 


   

Example : Find the direction angles of the vector  3,2,1a  

Solution : Since 14321 222 a  then  

                 

010101 37
14

3
cos58

14

2
cos,74

14

1
cos

14

3
cos and,

14

2
cos,

14

1
cos































 



and

 

 

   Test yourself! 

1. Find u.v  . 

(a) u = (2, 3), v = (5, - 7)  

(b) u = (- 2, 2, 2), v = (1, 7, - 4)  

2. In each part of Exercise 1, find the cosine of the angle θ between u and v. 

3. Determine whether u and v make an acute angle, make an obtuse angle, or are   

            orthogonal. 

(a) u = (6, 1, 4), v = (2, 0, - 3)   

(b) u = (0, 0, - 1), v = (1, 1, 1)  

4. Find the orthogonal projection of u on a. 

(a) u = (- 1, - 2), a = (- 2, 3)  

(b) u = (1, 0, 0), a = (4, 3, 8)  

5. In each part of Exercise 4, find the vector component of u orthogonal to a. 

 

1.4- The vector product                                                             

In many applications of vectors to problems in geometry, physics, and engineering, it is 

of interest to construct a vector in 3-space that is perpendicular to two given vectors. In 

this section we shall show how to do this. 

Objectives: 

 Find the cross product of vectors. 

 Compute determinant for two and three-order vectors. 

 Apply cross product to find area and volum of figures. 
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Definition: The cross product ba   of two vectors a  and b , unlike the dot product, 

is a vector. For this reason it is also called the vector product. Note that ba    is 

defined only when a and b  are three-dimensional vectors. 

 

 

This may seem like a strange way of defining a product. The reason for the particular 

form of Definition 1 is that the cross product defined in this way has many useful 

properties, as we will soon see. In particular, we will show that the vector is 

perpendicular to both and . In order to make Definition 1 easier to remember, we use 

the notation of determinants. 

 

A determinant of order 2 is defined by 

 

 

A determinant of order 3 can be defined in terms of second-order determinants as 

follows : 

 

Observe that each term on the right side of Equation 2 involves a number ai in the first 

row of the determinant, and ai is multiplied by the second-order determinant obtained 

from the left side by deleting the row and column in which ai appears. Notice also the 

minus sign in the second term. For example, 

 

If we now rewrite Definition 1 using second-order determinants and the standard basis 
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Vectors i, j and k, we see that the cross product of the vectors a = a1i + a2j + a3k and  

b = b1i + b2j + b3k  

 

In view of the similarity between Equations 2 and 3, we often write 

 

   

Although the first row of the symbolic determinant in Equation 4 consists of vectors, if 

we expand it as if it were an ordinary determinant using the rule in Equation 2, we 

obtain Equation 3. The symbolic formula in Equation 4 is probably the easiest way of 

remembering and computing cross products. 

 

 

One of the most important properties of the cross product is given by the following 

theorem. 
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Proof: In order to show that ba  is orthogonal to a, we compute their dot product as 

follows: 

            

A similar computation shows that .0)(  .bba  Therefore ba  is orthogonal to both a 

and b.  If a and b are represented by directed line segments with the same initial point 

(as in Figure 1), then Theorem 5 says that the cross product ba  points in a direction 

perpendicular to the plane through a and b. It turns out that the direction of ba  is 

given by the right-hand rule: If the fingers of your right hand curl in the direction of a 

rotation (through an angle less than  ) from a to b, then your thumb points in the 

direction of ba  . Now that we know the direction of the vector ba  , the remaining 

thing we need to complete its geometric description is its length .|||| ba  This is given 

by the following theorem. 

 

 

 

 

Proof: From the definitions of the cross product and length of a vector, we have 

2

1221

2

3113

2

2332

2 )()()(|| babababababa ba                      
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





222

222

22222

222

2

332211

2

3

2

2

2

1

2

3

2

2

2

1

2

1

2

22121

2

2

2

1

2

3

2

1

3131

2

1

2

3

2

2

2

33232

2

3

2

2

sin||||

)cos1(||||

cos||||||||

)(||||

)())((

2

22

ba

ba

baba

a.bba















babababbbaaa

babbaababa

bbaabababbaaba

 

Taking square roots and observing that  sinsin2  because 0sin  when

,0    we have 

 

Since a vector is completely determined by its magnitude and direction, we can now 

say that ba is the vector that is perpendicular to both a and b, whose orientation is 

determined by the right hand rule, whose length is |a| |b|sinθ.   

In fact, that is exactly how physicists define .ba  

 

Proof: Two nonzero vectors a and b are parallel if and only if . In either 

case 

 

 

The geometric interpretation of Theorem 6 can be seen by looking at Figure 2. If a and 

b are represented by directed line segments with the same initial point, then they 

determine a parallelogram with base  

                                                             

 

Thus we have the following way of interpreting the magnitude of a cross product. 
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Example 3: Find a vector perpendicular to the plane that passes through the points  

                       and             

 

We compute the cross product of these vectors: 

 

 

 

 

Example 4: Find the area of the triangle with vertices 

  

Solution: In Example 3 we computed that   

 The area of theparallelogram with adjacent sides  and  is the length of this 

cross product: 

 

If we apply Theorems 5 and 6 to the standard basis vectors  

we obtain  

 

Observe that 

                   

 Thus the cross product is not commutative. Also 
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 So the associative law for multiplication does not usually hold; that is, in 

general,  

 

However, some of the usual laws of algebra do hold for cross products. The following 

theorem summarizes the properties of vector products. 

 

These properties can be proved by writing the vectors in terms of their components and 

using the definition of a cross product. We give the proof of Property 5 and leave the 

remaining proofs as exercises. 

Proof Of Property 5 

 

 

 

There is an important difference between the dot product and cross product of two 

vectors—the dot product is a scalar and the cross product is a vector. The following 

theorem gives some important relationships between the dot product and cross product 

and also shows that vu   is orthogonal to both u and v. 

 

Theorem:- Relationships Involving Cross Product and Dot Product 

If u, v, and w are vectors in 3-space, then 

 (a)  
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 (b)  

 (c)  

(d  

(e)  

 

Proof (a) Let  and  . Then 

 

Proof (b) Similar to (a). 

Proof (c) Since 

                         (1) 

and 

       (2) 

the proof can be completed by ―multiplying out‖ the right sides of 1 and 2 and 

verifying their equality. 

Proof (d) and (e) As an  Exercise. 

Example 5:  Is Perpendicular to u and to v 

Consider the vectors   

Then we can show that  

Since  

and  

 is orthogonal to both u and v, as guaranteed by the  Theorem above. 

  

1.5- Applications on area and volume  

Geometric Interpretation of Cross Product 

If u and v are vectors in 3-space, then the norm of  has a useful geometric 

interpretation. Lagrange's identity, given in the above Theorem, states that 

                                                                        (1) 

If θ denotes the angle between u and v, then  so 1 can be rewritten 

as 
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Since ,0    it follows that ,0sin   so this can be rewritten as 

sinθvuvu                                                                                                  (2) 

But sinθv  is the altitude of the parallelogram determined by u and v (Figure 1.5.1). 

Thus, from 2, the area A of this parallelogram is given by 

 

 

Figure 1.5.1 

This result is even correct if u and v are collinear, since the parallelogram determined 

by u and v has zero area and from 2 we have because 0θ   in this case. 

Thus we have the following theorem. 

 

Theorem 1.5.1- Area of a Parallelogram 

If u and v are vectors in 3-space, then vu  is equal to the area of the parallelogram 

determined by u and v. 

 

Example 1: Area of a Triangle 

Find the area of the triangle determined by the points 

                       1        ,  2        , and  3         

Solution 

The area A of the triangle is 2
1 the area of the parallelogram determined by the vectors



21PP and


3PP1 (Figure1.5.2). Using themethod discussed previously ),2,2,3( 


21PP  

and ).3,2,2(3 


PP1 It follows that )10,5,10(321 


PPPP 1 and consequently,  
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2

15
2
1

31212
1 )15( 



PPPPA  

 

 

Figure 1.5.2 

 

Definition –Scalar triple product  

If u, v, and w are vectors in 3-space, then w)u.(v  is called the scalar triple product of  

u, v, and w. The scalar triple product of ),,,( 321 uuuu ),,,( 321 vvvv  and 

),,( 321 wwww  can be calculated from the formula 

                                                                                          (3) 

Since, 

 

Example 2: Calculating a Scalar Triple Product 

Calculate the scalar triple product  of the vectors 

 

Solution: 

From 2, 
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 Remark: The symbol wv)u .( makes no sense because we cannot form the    

cross product of a scalar and a vector. Thus no ambiguity arises if we write wvu .

rather than )..( wvu   However, for clarity we shall usually keep the parentheses. It 

follows from 3 that . since the 3 × 3 

determinants that represent these products can be obtained from one another by two 

row interchanges. (Verify.)These relationships can be remembered by moving the 

vectors u, v, and w clockwise around the vertices of the triangle in Figure1.4.3. 

 

Figure 1.5.3 

Geometric Interpretation of Determinants: The next theorem provides a useful 

geometric interpretation of 2 × 2 and 3 × 3 determinants. 

Theorem 1.5.2- 

The absolute value of the determinant  

is equal to the area of the parallelogram in 2-space determined by the vectors wv)u .(

),( 21 uuu  and ).,( 21 vvv  (See Figure 1.4.4a.) 
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Figure 1.5.4 

a) The absolute value of the determinant 

 

is equal to the volume of the parallelepiped in 3-space determined by the vectors 

),,,( 321 uuuu  ),,,( 321 vvvv  and ).,,( 321 wwww  (SeeFigure 1.4.4b.) 

Proof (a) The key to the proof is to use Theorem1.4.1. However, that theorem applies 

to vectors in 3-space, whereas ),( 21 uuu  and ),( 21 vvv  are vectors in 2-space. To 

circumvent this ―dimension problem,‖ we shall view u and v as vectors in the xy

plane of an xyz coordinate system (Figure 1.5.5a), in which case these vectors are 

expressed as )0,,( 21 uuu  and ).0,,( 21 vvv  Thus 

  

 

Figure 1.5.5 

It now follows from Theorem 1.5.1 and the fact that that 1k   the area A of the 

parallelogram determined by u and v is 

  

which completes the proof. 

 

Proof (b) As shown in Figure 1.5.5b, take the base of the parallelepiped determined by 

u, v, and w to be the parallelogram 
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determined by v and w. It follows from Theorem 1.5.1 that the area of the base is 

wv and, as illustrated in Figure 1.5.5b, theheight h of the parallelepiped is the 

length of the orthogonal projection of u on .wv  Therefore, 

  

It follows that the volume V of the parallelepiped is 

 

so from 3,  

 

which completes the proof. 

 Remark: If V denotes the volume of the parallelepiped determined by vectors u, 

v, and w, then it follows  

                                                    (4) 

From this ,we can conclude that vw)u.(v   where the + or − results depending on 

whether u makes an acute or an obtuse angle with w.v   Formula 4 leads to a useful 

test for ascertaining whether three given vectors lie in the same plane. Since three 

vectors not in thesame plane determine a parallelepiped of positive volume, it follows 

from 4 0|)(| wvu. that if and only if the vectors u, v, and w lie in the same plane. 

Thus we have the following result. 

 

Theorem 1.5.3 

If the vectors ,  , and  have the same 

initial point, then they lie in the same 

 

The product         is called the vector triple product of a, b and c. This is  used 

to derive Kepler‘s First Law of planetary motion 
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      Test yourself! 

1. Let ),1,2,3( u ),3,2,0( v  and ).7,6,2(w Compute 

(a) wv    

(b) wvu  )(   

(c) )2( wvu    

2. Find a vector that is orthogonal to both u and v. 

(a)  ,  

(b)  ,  

3. Find the area of the parallelogram determined by u and 

(a)  ,  

(b)  ,  

4. Find the area of the triangle having vertices P, Q, and R. 

(a) ),1,6,2( P  ),1,1,1(Q  )2,6,4(R   

(b) ),2,6,4(P ),4,3,0(Q )8,1,6(R    

5. Find a vector v that is orthogonal to the vector  . 

6. Find the scalar triple product . 

(a)  ,  ,  

(b)  ,  ,  

7. Suppose that  . Find 

(a)  

(b)  

(c)          

8. Find the volume of the parallelepiped with sides u, v, and w. 

(a)  ,  ,  

(b)  ,  ,  

 

1.6- Lines and Planes 

Objectives 

 Find parametric equation of a line. 

 Calculate the normal vector of a plane. 

 Compute the distance between two planes. 
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A line in the xy-plane is determined when a point on the line and the direction of the 

line (its slope or angle of inclination) are given. The equation of the line can then be 

written using the point-slope form. Likewise, a line L in three-dimensional space is 

determined when we know a point  0000 ,, zyxP on Land the direction of L. In three 

dimensions the direction of a line is conveniently described by a vector, so we let be a 

vector parallel to L. Let  zyxP ,, be an arbitrary point on L and let r0 and r be the 

position vectors of P0 and P(that is, they have representations 


0OP  and 


OP ). If a is the 

vector with representation ,0



PP  as in Figure 1.6.1,then the Triangle Law for vector 

addition gives .arr 0     

But, since a and v are parallel vectors, there is a scalar t such that a = tv. Thus 

                           tvrr 0                                                                                             (1) 

 

Figure 1.6.1 

which is a vector equation of  L. Each value of the parameter t gives the position 

vector r of a point on L. In other words, as t varies, the line is traced out by the tip of 

the vector r. As Figure 1.6.2 indicates, positive values of t correspond to points on L 

that lie on one side of P0 , whereas negative values of t correspond to points that lie on 

the other side of P0 . If the vector v that gives the direction of the line L is written in 

component form as  cbav ,, , then we have  tctbtatv ,, . We can also write

 zyxr ,,  and  0000 ,, zyxr  , so the vector equation (1) becomes  

   tcztbytaxzyx  000 ,,,,  

Two vectors are equal if and only if corresponding components are equal. Therefore we 

have the three scalar equations:  x = x0 + at,  y = y0 + bt z = z0 + ct                   (2)                                 
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Where t . These equations are called parametric equations of the line L through 

the point  0000 ,, zyxP  and parallel to the vector ).,,( cbav  Each value of the 

parameter t gives a point  zyx ,,  on L .  

 

 

                      Figure 1.6.2 

Example 1: 

(a) Find a vector equation and parametric equations for the line that passes through 

thepoint  3,1,5  and is parallel to the vector  kji 24  . 

(b) Find two other points on the line. 

Solution: 

 

 

(a) Here   kjir 353,1,50  and kjiv 24  , so the vector equation(1) 

becomes    kjitkjir 2435        ktkjtitr 23341)5   

Or Parametric equations are tztytx 23,41,5   

(b) Choosing the parameter value t= 1 gives x = 6, y = 5, and z = 1 so  1,5,6  is a 

point on the line. Similarly t=-1, gives the point  5,3,4   .  

The vector equation and parametric equations of a line are not unique. If we change the 

point or the parameter or choose a different parallel vector, then the equations change. 

Forinstance, if, instead of  3,1,5 , we choose the point  1,5,6  in Example 1, then the 

parametric equations of the line become tztytx 21,45,6   Or, if we stay 

with the point  3,1,5  but choose the parallel vector kji 482   , we arrive at the 
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equations tztytx 43,81,25   In general, if a vector  cbav ,,  is used to 

describe the direction of a line L , then the numbers a, b, and c are called direction 

numbers of L. Since any vector parallel to v could also be used, we see that any three 

numbers proportional to a, b, and c could also be used as a set of direction numbers for 

L. Another way of describing a line L is to eliminate the parameter from Equations 2. If 

none of a, b, or c is 0, we can solve each of these equations for t, equate the results, and 

obtain 

                                               (3) 

These equations are called symmetric equations of L. Notice that the numbers a, b, 

andc that appear in the denominators of Equations 3 are direction numbers of L , that is, 

components of a vector parallel to L . If one of a, b, or c is 0, we can still eliminate t . 

For instance, if  a = 0, we could write the equations of  L as 

c

zz

b

yy
xx 00

0 ,





   This means that L lies in the vertical plane x= x0 . 

Example 2: 

(a) Find parametric equations and symmetric equations of the line that passes through 

      the points  3,4,2 A  and  1,1,3 B . 

(b) At what point does this line intersect the xy-plane? 

Solution: 

 

(a) We are not explicitly given a vector parallel to the line, but observe that the vector v 

with representation line AB  is parallel to the line and 

   4,5,1)3(1,41,23 v  
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Thus direction numbers are a=1, b=-5, and c=4 . Taking the point  3,4,2  as P0 , we see 

that parametric equations (2) are tztytx 43,54,2   and  symmetric 

equations (3) are
4

3

5

4

1

2 







 zyx
 

(b) The line intersects the xy-plane when z = 0 , so we put z =0 in the symmetric 

equationsand obtain
4

3

5

4

1

2







 yx
This gives 

4

1

4

11
 yandx  , so the line 

intersects the xy-plane at the point 







0,

4

1
,

4

11
 . 

In general, the procedure of Example 2 shows that direction numbers of the line L 

through the points  0000 ,, zyxP and  1111 ,, zyxP  are 010101 and,, zzyyxx   and so 

symmetric equations of L are  

01

0

01

0

01

0

zz

zz

yy

yy

xx

xx














 

The vector equation of a line through the (tip of the) vector r0 in the direction of a 

vector v is r  =  r0 + tv . If the line also passes through (the tip of) r1 , then we can take 

v = r1 - r0 and so its vector equation is     10
1010

trrtrrtrr   

The line segment from r0 to r1  is given by the parameter interval 10  t  . 

 

 

PLANES 

Although a line in space is determined by a point and a direction, a plane in space is 

more difficult to describe. A single vector parallel to a plane is not enough to convey 

the ―direction‖ of the plane, but a vector perpendicular to the plane does completely 

specify its direction. Thus a plane in space is determined by a point  0000 ,, zyxP  in the 

plane and a vector n that is orthogonal to the plane. This orthogonal vector n is called a 

normal vector. Let  zyxP ,,  be an arbitrary point in the plane, and let r0 and r be the 

position vectors of P0 and P . Then the vector r-r0 is represented by a line P0P. (See 

Figure below.) The normal vector n is orthogonal to every vector in the given plane. In 
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particular, n is orthogonal to r-r0 and so we have n.( r-r0 )  = 0 which can be rewritten 

as n. r = n.r0  And this Equation is called a vector equation of the plane. To obtain a 

scalar equation for the plane, we write n  cba ,, , r  zyx ,, , and  r0  000 ,, zyx . 

Then the above vector equation becomes     0,,,, 000  zzyyxxcba  or

   0() 000  zzcyybxxa . And this Equation   is the scalar equation of the 

plane through with normal vector n  cba ,, . 

                            

Example-1: 

Find an equation of the plane through the point  1,4,2   with normal vector  n =  4,3,2 . 

Find the intercepts and sketch the plane. 

Solution: Putting 1,4,2,4,3,2 000  zyxcba  in the sclalar equation of the 

plane we see that an equation of the plane is    01(443)22  zyx  or

12432  zyx  

To find the x-intercept we set y =z = 0 in this equation and obtain x = 6  . Similarly, 

they -intercept is 4 and the z-intercept is 3. This enables us to sketch the portion of the 

plane that lies in the first octant (see Figure below). 

 

   

Example-2: Find an equation of the plane that passes through the points 

   6,1,3,2,3,1 QP  and  0,2,5R  
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Solution: The vectors a and b corresponding to line PQ and line PR are a=  4,4,2  , 

b  2,1,4  .Since both a and b lie in the plane, their cross product axb is orthogonal 

to the plane and can be taken as the normal vector.  

Thus, n = axb = 

214

442





kji

= 12i+20j+14k With the point  2,3,1P and the normal 

vector n, an equation of the plane is 

                                          50710602(14320)112  zyxzyx  


 Note : Two planes are parallel if their normal vectors are parallel. For 

instance, the planes 432  zyx and 3642  zyx  are parallel because 

their normal vectors are n1=  3,2,1  and n2=  6,4,2   and n2 = 2n1 . If two 

planes are not parallel, then they intersect in a straight line and the angle 

between the two planes is defined as the acute angle between their normal 

vectors.  

 

SUMMARY OF UNIT-ONE 

 vectors are physical quantities that have both magnitude and direction, and thus can 

not be described or represented by a single real number. Geometirically vectors are 

represented by a directed line segment or an arrow.  We define a vector in n-space 

to be an n-tuple of numbers: ),,,( 21 nxxx 

 nithatsuchiallforxxxxThus in

n  1:,,,(, 21
 

 For any vectors u, v  and w and any scalars r and s we have: 

 

a) uvvu   

b) wvuwvu  )()(  

c) vvv  00  

d) 0)(  vv  

e) svrvvsr  )(  

f) rvruvur  )(  
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g) )()()( rvssvrvrs   

h) vv 1  

i) 000 rv   

    The above properties are properties of vector addition and scalar multiplication.   

 In the xy-plane a vector v whose initial point is the origin and terminal point is 

),( yxA is represented by  
ji yxvoryxv  ),(

haveweandjandiwhere )1,0()0,1(   

a) 
22 yxv  where x and y are called the first and second component of v . 

b) If  ),(),(),(),( 111111 yyxxyxyxPAvectorAPthenyxp   

c) ),(),( kykxyxkvk   

d) If andbyaxuvthenbau ),(),(   ),( byaxuv   

e) x
yandvyvx   tansin,cos  

 If   is  the angle between non zero vectors u and v  the u. v 

1.1cos 
vu

vuandvuvu   

 Given two non zero vectors u, v then   

a) u and v are perpendicular to each other, denoted by vu  , if u.  v = 0 

b) u and v  are parallel, denoted by vu //  if there exists a scalar k such that

.kvu   

 thendcandvectorsbewandvuLet n  ,,  

a) ninvectoraisvu   

b) uvvu   

c) )()( wvuwvu   

d) uu 0  

e) 0)(  uu  

f) ninvectoraiscu   

g) cvcuvuc  )(  

h) ducuudc  )(  

i) c(d u)=(c d)u=d(c u) 

j) uu 1  
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The above properties are properties of vector addition and scalar multiplication 

 ),,,( 21 nxxxuLet  theninvectorsbeyyyvand n

n  ),,,( 21   

a) 
22

2

2

1 nxxxu   

b) nn yxyxyxvu  2211.  

c) 22

11 )()(),( nn yxyxvuvud   

d) InequalitySchwarzCauchythevuvu ,.   

e) inequalitytrianglethevuvu ,  

 Let L be a  line which Passes through the point ),(),( 21000 aaAandyxp  be 

a vector parallel to L then 

I. tAPP  0  where P is  any point on L, is a parametric vector 

equation of L. 

II. 
0

2

1
0

1

1,
2

1,
1

1,0 y
a

x
a

c
a

b
a

awherecbyax   

is a rectangular form  of equation of L. 

 Let ),,( 0000 zyxv   be a point in a plane and N = (a, b, c ) be a non zero 

vector to the plane .  If ),,( zyxv  is any point of the plane , then 

000 czbyaxczbyax   is the normal form of equation of the plane . 

   Let theninvectorsbekvjvivvandkujuiuu 3

321321   

kvuvujvuvuivuvuuxv )()()( 122113312332   

321

321

321

321det

vvv

uuu

kji

vvv

uuu

kji



















  

 If u, v  and w are vectors in tencandn ,  

I. )( uvvu   

II.    cvuvcuvuc  )(  

III. )()()( wuvuwvu   

IV. uu  000  

V. 0uu  

VI. wvuwvu ).()(   
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The above properties are algebraic  properties of the cross product  

 If u and v  are non zero vectors in n ,then  

I. vandubothtoorthogonalisvu    

II. The angle   between u and v  is given by .sinvuvu     

III. u and v are parallel iff 0vu      

IV. The parallelogram having u and v  as adjacent sides has an area of 

vu    

The above properties are geometric properties of the cross product 

 

     Test yourself! 

1. Determine whether each statement is true or false. 

(a) Two lines parallel to a third line are parallel. 

(b) Two lines perpendicular to a third line are parallel. 

(c) Two planes parallel to a third plane are parallel. 

(d) Two planes perpendicular to a third plane are parallel. 

(e) Two lines parallel to a plane are parallel. 

(f) Two lines perpendicular to a plane are parallel. 

(g) Two planes parallel to a line are parallel. 

(h) Two planes perpendicular to a line are parallel. 

(i) Two planes either intersect or are parallel. 

2. Show that the lines L1 and L2 with parametric equations 

tztytx  4,32,1  and szsysx 43,3,2   are skew lines; that is, 

they do not intersect and are not parallel (and therefore do not lie in the same plane). 

3. Find the point at which the line with parametric equations tztytx  5,4,32

intersects the plane 18254  zyx  

4. Find the distance between the parallel planes 52210  zyx and 15  zyx  

______________________________________________________________________ 

               

 

 

 

 

 Miscellaneous Exercises-1 
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1. (a) Find the components of the vector w if 5w  and the direction angle for w is  

     
0300  

         
.,5,23

,),3,1,2(),5,1,3()(

vuuvu

vuofcomponentsthefindthenvuLetb




 

    3. (a) Find the parametric vector equation of the line that passes through and)4,1(  

I. Parallel to the line 13  xy  

II. Perpendicular to the line 52  yx  

        (b) A triangle has theasand )2,1(),3,5(,)2,1(  coordinates of its  

        vertices, then find the vector equations of its medians 

2. (a) Let x and y be unit vectors and the angle between them is 
6

  then find       

     yxandyx   

               (b) Let u and v be vectors with 
3

  an angle between them.  If   

                  32  vandu Then find  

                                    
)23()23()()23()(.)(

)2()()()(.)( 2

uvvuvivuivuuii

vuvvuiiivui




 

 (c) Find a unit vector whose direction is opposite to .63 kji   

6. (a) Find a unit vector that is orthogonal to both jivandkjiu 324   

    (b)  Find the area of a parallelogram that has kjvandkjiu 6243 
 

          
as adjacent sides. 

7. Find an equation of the plane passing through the given points 

a) )3,1,2()7,1,1(),1,2,1(  and  

b) )2,1,2(),0,1,1(),0,1,0(   

8. Prove that 

a) If vuthenvuvu   

b) If vuwthenwuvwvu  ),().(  

c) If the cosine of the angle between the vectors  

21
10

32  korkthenisjkiandkji

 

UNIT TWO: VECTOR SPACES 
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UNIT OBJECTIVES: 
At the end of this unit each student should able to: 

 Know axioms of vector spaces 

 Understand the difference between linearly dependence and linearly 

independence 

 Identify base and dimension of vector space. 

 Know subspace of vector space. 

 Understand direct sum and direct product of subspaces 

 Learn linear combinations of vectors 

 Know generators of vectorspace 

 Introduction 

In the Previous Chapter, we listed ten Special Properties of Vector addition and Scalar 

multiplication in n . Suitable definitions of addition and scalar multiplication reveal 

that many other mathematical quantities such as Polynomials functions and Matrices 

also share these ten properties.  We call any non empty set that satisfies this properties 

(or axioms) a vector space, and the objects in the set are called vectors. It is important 

to realize that the following definition of a vector space is precisely that a definition. 

We do not need to prove any thing, since we are simply listing the axioms required of 

vector spaces. We call this type of definition an abstraction because we are abstracting 

a collection of properties for a more general setting. 

2.1 The Axioms of Vector Space 

Objectives 

At the end of this section, the learners expected to: 

 Define vector space. 

 List all properties of vector space. 

 Use axioms of vector space to show whether a function is a vector space over 

the given domain or not. 

 State and proof Cancellation law for vector addition. 

 

 Definition 2.1: Definition of a Vector Space            
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Let V be a set on which two operations (vector addition and scalar multiplication) are             

defined.  If the following axioms are satisfied for every u, v and w in V and for every 

scalar (an element of a field F) c and d, then V is called vector space over a   field F.   

Addition: 

 A-1     u + v is in V ------------------------- Closure under addition 

 A-2     u + v = v + u---------------------------Commutative Property 

 A-3     u + (v+ w) = (u + v) + w --------------Associative property 

 A-4     V has a zero vector 0 such that ----Existence of Additive Identity for every u in    

             V, u+0 = u 

A-5      For every u in V, there is ----------- Existence of additive inverse a vector in V 

denoted by-u Such that u + (- u) =0 where 0 is the identity element  

Scalar Multiplication: 

 A-6         c u is in V ------------------ Closure under scalar multiplication  

 A-7-        c (u + v) = cu + cv ---------- Distributive property 

 A-8-       (c+d) u=cu + du -------- Distributive Property 

 A-9-        c (du) = (cd) u = d (cu) -------- Associative Property 

 A-10-       1 (u) = u, where F1 --- -- Scalar Identity 

 Remark 2.1 

1.  It is important to realize that a vector space consists of four entities: a set of 

vectors, a set of scalars, and the two operations. When you refer to a vector space 

V, be sure that all four entities are clearly stated or understood, 

   2- A vector space together with the defined operation addition is Abelian group. 

 

Class Activity- 2.1 

1 - Is a vector space V can be empty set? What ever your answer comes with   

    justification 

2 - Identify the difference between vector space axioms 7 and 8 (A-7 & A-8) 

3 - Is the zero vectors invertible under vector addition? If so, find its additive inverse 

 
 

2.2 Examples of different models of a vector space  
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2.2.1 The Axioms of vector space 
 
Throughout mathematics one encounters many examples of mathematical objects that 

can be added to each other and multiplied b y numbers.  Geometric vectors and vectors 

in n-space studied in the preceding chapter are examples of such objects.  Other 

examples are real-valued functions, complex numbers, and polynomials over the real.  

In this chapter we discuss a general mathematical concept which includes these 

examples and many more. 

Throughout this chapter, by a ―filed‖ we shall mean either the filed of rational numbers, 

we shall, how ever, use a neutral letter k, since it is necessary to deal with each of these 

fields.  The elements of k will also be called numbers or scalars. 

Definition 2.2.1 

A vector space v over a filed is a set of objects which can be added and multiplied by 

elements of such that the following axioms are satisfied 

Axiom 1: (closure under addition)  

For all ,, 21 vvv   there exists a unique element of v called the          

       Sum of  2121 , vvdenotedvandv   
 

 Axiom 2: (closure under multiplication by elements of k) 

 
.,

,

avdenotedvandaofproductthecalledofelementanexiststhere

kaallandVveveryFor 

 
 

  Axiom 3: (commutative law for addition) 

 122121 ,, vvvvhavewevvvallFor   

 

 Examples of Vectorspaces 

Example-1 Let V= . band  Define:
 Rxxxxxx 212121 , , usual 

product in   and bx =x
b x , then show that V is a vector space over   with 1 

as the zero element. 

Solution: 

1. Let 
Vxx 21 , then 

 2121 xxxx  

    Vxx  21  , Since  + 
is closed under usual multiplication 

    V  is closed under vector addition 

2. Let 
Vxx 21 ,  then 122121 xxxxxx    (Why?) 
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                                                                     = 12 xx   

                                      1221 xxxx   
 Rxx 21 ,  

                                      Vector addition is commutative 

3. Let Vxxx 32,1 ,  then      

 ( 321 ) xxx   =  321 )( xxx                          by definition of addition in V  

              = 321 )( xxx ,                                        by definition of addition in V 

              = )( 321 xxx ,                                       (Why?) 

  = )( 321 xxx  ,                                    by definition of ' +' in V 

  = 321 ( xxx  ),                                 by definition of ‗+' in V 

    Thus, Vxxxxxxxxx  321321321 ,,)()(  

      Vector addition is associative. 

 4. Suppose e   is a zero vector in V then 

 Vxexxxe  ,  

         Now, xxe   

  ,. xxe                                         By definition of ‗+' in V 

                   1 e ,                                          ( How?) 

     The zero vector in V =   is 1 

 Therefore, V1  such that 1+ Vxxxx  1  

                     Additive identity exists in V 

5. Let  RVx   suppose y V  is 

      An additive inverse of  x   then 

xyyx  1  

               But, c 

                  1.  yx  

            xy /1 (Why?) 

 Hence, Vx  Vxy  /1  such that 1 yx  

          Every element in V has an additive inverse 

 6. Let Vx .  and a  then Vxax a       (why?)  

        Vax     a  And   Vx  

         V  is closed under scalar multiplication. 
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  7. Let   a  and  Vyx ,    then 

             )( yxa       ).( yxa    By definition of '+' in V  

 = 
ayx ).(                       by definition of '.' in V  

 = 
aa yx .                  (Why?) 

        = 
aa yx                      by definition of  ' +' in V=    

  = ayax                   by definition of '.'  in V  =   

Therefore,   )( yxa        ayax                   Va    and Vyx  ,  

   8.   Let ba,   and Vx   then 

       (a+ b) x        bax   ,                         by definition of scalar    multiplication in V    

                          ba xx ,                          (Why)?     

                          ba xx  ,                      by definition of ‗+‘ in V 

 =   bxax ,                 by definition of ‗.'  In V 

  bxaxxba  )(         ba,     And    Vx  

 9. Let ba,  and   Vx   then 

      )()( bxabxa   ,                                  by definition of   '.' in V 

                
abx )( ,                                    by definition of  ‗.'  in V 

                 bax ,                                        Why? 

                abx  

                xab)(  

  xabbxa )()(        ba,    And Vx  

  10. Let   Vx  then 

           1. x xx 1   

          xx  .1      Vx  

Hence, by 1-10 we have V= +
 is a vector space over   with the given addition and 

scalar multiplication defined on it. 

 

Example -2   Let 2P  be the set of all polynomials over  of degree less than or equal 

to 2 together with zero polynomial then show that 2P  is a vector space over   with the 

usual addition and scalar multiplication of polynomials.  
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That is, let   cbacbxaxP ,,:2

2  and ,)( 2

2 oaaxxaxP   and 

201

2

2)( Pbbxbx   

 Define

)()()()()()()( 0011

2

2201

2

201

2

2 baxbaxbabxbxbaxaxaxqxP 

and c. )()()()()( 01

2

201

2

2 caxcaxcaaxaxacxP  Then 2P  is a vector space 

over   

 

Solution: 

Verification of each of the ten vector space axioms is a straight forward application of 

the properties of real numbers. 

  For instance, let 
201

2

201

2

2 )(,)( PbxbxbxqaxaxaxP    

   Because of set of real numbers is closed under addition, it follows that 

001122 ,, bababa    are real numbers, and   

    )()()()()( 0011

2

22 baxbaxbaxqxP   

                        ,01

2

2 cxcxc  Where  

                    000112222 ,, bacbacbac  

   ,20122)()( PcxcxcxqxP   Since it is a polynomial of degree two or less   

    2P  is closed under addition. 

Similarly, we can use the fact that the set of real numbers is closed under scalar 

multiplication to show that  2P   is closed under scalar multiplication.  To verify the 

commutative axiom of addition, we write   

  )()()( 01

2

2 axaxaxqxP  )( 01

2

2 bxbxb   

                      )00()()( 11

2

22 baxbaxba  ,(Why?) 

                      )()()( 0011

2

22 abxabxab   

                        )()( 01

2

201

2

2 axaxabxbxb   

 )()( xPxq   

      2,)()()()( PqPxPxqxqxP   

         addition in  2P  is commutative 
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 Class activity 2-2    

 In the above example -2 

1. Can you see where we used the commutative property of addition of real number?  

2. The zero vectors in this space is the zero polynomial given by 0 0)( x  ,x why? 

3. Try to verify the other vector space axioms. You then may conclude that 2P   is a 

vector space over  

4. Let   P n  be the set of all polynomials over   of degree less than or equal to n   

together with the zero polynomial then show that  P n  with the usual operations of     

polynomial addition and  scalar  multiplication is a vector space over    

 

Example-3    Let V = xxx :)2,(  then show that V is a vector space over   with   

  Standard operations (componentwise addition and multiplication)  

Solution:    

   1. Let Vvu ,  then )2,( xxu    for some x  and )2,( yyv   for some .y  

        Now, u+v )2,()2,( yyxx   

                           ),22,( yxyx    By definition ‗+' in V 

                           ))(2,( yxyx   

                           ),2,( zz   Where   yxz  

      )2,( zzvu   For some  yxz  

      Vvu  , by definition of the set V 

      V   is closed under vector addition. 

    2.  Let  Vyyvxxu  )2,(),2,(  then 

          )2,()2,( yyxxuu   

                     )22,( yxyx   

                     )22,( xyxy  ; Since addition is commutative in    

 = ),2,()2,( xxyy   by definition of ' +' in V 

                     uv  

          uvvu       Vvu  ,  

            Vector addition is commutative in V 

    3.  Let  ),2,( xxu      Vzzwyyv  )2,(),2,(  then 
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   )2,()2,()2,()( zzyyxxwvu   

                                ),2,()22,( zzyxyx   By definition of '+' in V 

                                 zyxzyx 2)22(,)(  , by definition of '+' in V 

                                 )22(2),( zyxzyx    ; Since the usual addition is    

                                    associative in   

 )22,()2,( zyzyxx  ; By definition '+' in V 

  )2,()2,()2,( zzyyxx   ; By definition of '+' in V  

 )( wvu   

         )()( wvuwvu      Vwvu  ,,   

            The defined addition is associative in V 

   4.  Since 0    we have 

    V )0,0()0.2,0(0  And  ,)2,( Vxxu   

     0+u )20,0()2,()0,0( xxxx   

                                    )2,( xx  

                                    u  

          uu 0       Vu  

       )0,0(0   is the additive identity element in V 

          Additive identity element exists in V 

  5.  Let   Vxxu  )2,(  then  )2,( xxu  V  and  

        u+-u )2,()2,( xxxx   

                      )22,( xxxx   

                     )0,0(  

0 uu  

Vu    Vu  Such that    uu 0 

  Every element in V has an additive inverse. 

   6. Let  a   and    Vxxu  )2,(    then 

                a .  )2,( xxau   

                         )2,( axax , by definition of scalar multiplication     

 );2,( yy   Where   axy    

             a .  )2,( yyu    For some    axy  
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 Vau , why? 

             V  is closed under scalar multiplication. 

  7. Let  a  and Vyyvxxu  )2,(),2,(  then  )2,()2,()( yyxxavua   

                                  ),22,( yxyxa    By definition of ' +' in V 

                                   )22(),( yxayxa   by definition of scalar multiplication in V  

                                  ),22,( ayaxayax    Why? 

                                  ),2,()2,( ayayaxax   by definition of scalar multiplication in V 

                                  = )2,()2,( yyaxxa   

                                 avau  

               avauvua  )(      Vvua  ,  

   8.  Let ba,  and Vxxu  )2,(   then    )2,)(()( xxbauba   

                                )2)(,)( xbaxba   ; By definition of scalar multiplication in V 

                               )22,( bxaxbxax   ; Why? 

                               )2,()2,( bxbxaxax  ; By definition of '+' in V 

                               )2,()2,( xxbxxa  ; Why? 

                               buau  

       buauuba  )(   ba,  And Vu  

  9. Let ba,  and Vxxu  )2,(   then 

       ))2,(()( xxbabua   

                 )2,( bxbxa ; By definition of scalar multiplication in V 

                  )2(),( bxabxa ; Why? 

                  xabxab 2)(,)( ; Why? 

                 )2,( xxab ; Why? 

                 uab)(  

     uabbua )()(      ba,  And Vu  

  10. Let Vxxu  )2,(  then 

         )2.1,.1()2,(1.1 xxxxu   

                              )2,( xx  

                              u  

    uuu  .1 V  



Linear Algebra for Statistics 

56 

 

   Therefore, by 1-10 we've V is a vector space over    

 

 Examples of sets, which are, not vector space 

Example-1 :  Show that the set of rational numbers Q is not a vector space with 

standard operations  over   

Solution     Since 2     and  Q1  such that  

                  2 . 21  Q  We‘ve Q is not closed under scalar multiplication.     

Example-2:   Let V= 3 , the set of ordered triple of real numbers, then show that V is 

not a vector space over   with the standard operation of addition and the following 

non-standard definition of scalar multiplication:      

 )0,,(),,( 21321 axaxxxxa   

Solution   Since 1  we've u = V)1,1,1(  and  )0,1,1()0,1.1,1.1()1,1,1.(1   

 )1,1,1()0,1,1()1,1,1.(1   = u 

        )1,1,1()1,1,1.(1   = u 

                       uu  .1  

 V  Doesn‘t satisfy one of the vector space axioms  

 V  is not a vector space over   

 Infact, show that V satisfies the first nine axioms.  

 SRemark 2.2     

A single failure of one of the ten vector space axioms suffices to show that a set 

is not a vector space. That is to show that a set V is not a vector space we need 

only find one thing wrong regardless of how many of the   ten axioms are 

satisfied. 

Theorem 2.2.1 (Cancellation law for vector addition) 

    Let V be a vector space over a field F and u, v, w .V  

    If wvwu   then vu    

  Proof   Suppose wvwu    then  wwvwwu  )()(  but, 

   wwvwwu  )()(  

  )()( wwvwwu  ; Since vector addition is associative  

 ovou  ; Since 0 ww  
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 ,vu   Since 0 is additive identity element inv 

     Therefore, vuwvwu   and hence the proof 

  Theorem 2.2.2 (Properties of scalar multiplication) 

 Let V be a vector space over a field F then 

 1- oao   Fa  

 2- oou   Vu  

 3- )()( aua   Fa  And  Vu  In particular, uu  )1( Vu  

 4.  0au 0a  Or  u ,0  Where Fa  and u V 

Proof:   

1.  Let  Fa  

 a.0 )00(  a ; since 000     

                                00 aa  ; By A-7 

       000 aaa  *  

   Also, we know that  00 a  =   000 aa  **  

   Now, combing  * and  **  we get 

   00000 aaaa   

    0000 aaa   

    00 a ; by theorem 2.1 

      Thus,  00 a     Fa  

 2. Let  Vu   then uu )00(0  ; since 0is additive identity element in F. 

     Now,  uu )00(0   

                      uu 00  ; by A-8 

   uuu 000   

   uuuu 00000  ; Since uu 000   

   uuu 0000   

   ;00 u  By theorem 2.1 

    Hence, 00 u   Vu  

  3. Let Fa  and  Vu   then   VuaFa  )(,    

                                              And ;00 u  by 2-above 

                                                        0sin;)(  aaceuaa     

                                                        ;)( auua   By    A-8 
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    0)(  auua  

    ;)(0)(_ uaauauua   Since ‗+' is commutative in V 

      The additive inverse of  au  is  ua)(  in V 

    uaau )()(   

    Therefore )(au = ua)(     ,Fa    Vu  

     If  1a  then  uuuu )1()1()1(   

 4. Let VuFa  ,   and suppose that  0au  

   Claim:  either 0a  or 0u  

   If ,0a we are done! 

   If 0a  then 1a  exists in F and 

        0au  

   0)( 11   aaua  

,0)( 11   auaa   By A-9 

   ,0)( 1   uaa   By 1- above 

   ,01  u  Since  11  aa  

   ;0 u  By    A-10 

   Thus,  Fa  and Vu  such that  0au  implies either  oa   or  0u  

 

     Test yourself! 

1. Find the zero vectors of the following vector spaces with standard operations.  

     A. 3p = the set of all polynomials over of degree 3   together with zero Vector.  

     B.   ),(C  The set of all real valued continuous function defined on the real

 line. 

     C.   n    nisuchthatixxxxx in  1:),,,,( 321  

 = The set of all ordered n-tuples of real numbers 

 

2. Describe the additive inverse of a vector u in the given vector space with standard 

operations.   

                           A. 3p   over  

                           B. ),( C  over  
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                           C.   nR  over  

 

3. Determine whether the given set, together with the indicated operations and field F 

is a vector space over a filed F. If it is not, identify at least one of the ten vector   

space axioms that fail. 

A.   1,0C = the set of all real valued continuous functions defined on  1,0    

        With the standard operations and F= . 

      B.  = the set of real numbers with standard operations and F= the set of comp    

            lex numbers   

      C.  The set of all fourth degree polynomials over R with standard operations and        

           F  

       D.  The set  Randbaba  0);,(  with standard operation in 2   and F  

4. Rather than using the  standard definitions of   addition and scalar multiplication    

       in 2  suppose that we define the following two operations 

          A. ),(),(),( 21212211 yyxxyxyx   

 ),(),( yaxyxa   

          B. )0,(),(),( 12211 xyxyx   

 ),(),( ayaxyxa   

          C.  ),(),(),( 21212211 yyxxyxyx   

                                  ayxa (),(   ax,  )y  

    With these new definitions, is 2  vector space over ? Justify your answer!  

5. Rather than using the standard definitions of addition and scalar multiplication in 

       3 , suppose that we define the following two operations: 

                A. ),,(),,(),,( fcebdafedcba   

 )0,,(),,( bacba    

                 B.   )0,0,0(),,(),,(  fedcba  

 ),,(),,( cbacba    

 C.   )1,1,1(),,(),,(  fcebdafedcba  

 ),,(),,( cbacba    

    With these new definitions, is 3  is a vector space over ?  Justify your answer! 
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6. Let V be a vector space over a filed F then prove that. 

 A.  The zero vector is unique  

                    B.  The additive inverse of a vector is unique   

 C.  Cancellation law for scalar multiplication in V 

    That is, if Vu    and 0   then vu    where  

 Vvu ,  And  .F  

7. Let F be  a filed  then show that  nF  niwithFxxxx in  1);,,( 21  with 

         Component wise addition and scalar multiplication is a vector space over F.  

 

2.3 Subspaces, linear combinations and generators   

In this section, we are going to discuss definition of subspaces, examples of subspaces, 

sum, union, intersection of two subspaces and test for subspace.  

In most important applications in linear algebra, vector space occurs as subspaces of 

larger subspaces.  We say that a subset of a vector space is a subspace if it is itself a 

vector space (with the same operations). 

Objectives 

At the end of this section learners should be able to 

 Define a subspaces of a vector space. 

 For any vector space, describe the ―smallest‖ and ―largest‖ subspaces of vector 

space. 

 State and proof the theorem of test for subspace. 

  Show the intersection of two subspaces is also a subspace. 

 

2.3.1. Subspaces 

Definition 2.2 (definition of subspace of a vector space) 

Let V be a vector space over a field F and W be a subset of V, then we say that W is a 

subspaces of V if W is itself a vector space over F under the operations of addition  and 

scalar  multiplication in V. 

 

Class Activity 2-3.1 
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1. Let V= the set of all real valued continuous functions defined on  1,0   and  W be      

the set of real valued differentiable functions on  1,0   then show that 

             A)   V is a vector space over R with standard operations  

             B)    W is a subspace of V 

  2. Let V 4  and   zyxzyxW ,,);,,,0(   then show that 

             A) V with the standard operations is a vector space over Q. 

             B)  W is a subspace of V. 

 

To establish that a set W is a vector space we must verify all the ten vector space 

axioms. However if W is a subset of a larger vector space V (and the operations defined 

on W are the same as those defined on V), then most of the ten properties are inherited 

from the larger space and need no verification. The following theorem tells us that it is 

sufficient to test for closure in order to establish a subset of a vector space is a 

subspace. 

 

Theorem 2.3.1.1- Test for a subspace  

 Let  V be a vector space over a field F and W be an empty subset of V, then W is a 

subspace of V over F if and only if the following closure conditions hold: 

 I)  if u and v are in W, then u+v is in W 

                      II)  If u is inW and ,F  then   u is W 

Proof:    Let V be a vector space over a field F and   VcW     

      Suppose W is a subspace of V over F then by definition of subspace we have Wi 

 a vector  space over F under the induced operations and hence w is closed 

under addition and scar multiplication. 

 Wvu   Wvu  ,   And  Wu     wuF  ,  

  I) and    II) hold. 

   )(  Suppose   I) and   II) hold then W is closed under addition and scalar   

             multiplication.  

               A-1 and A-6 are satisfied ----- ( ) 

   Also, let u, v, w W  and a, b F  then 

 u,v,w V  and  a,bF  ;Since  VWc  
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           A-2, A-3, A-7, A-8, A-9, and A-10 are satisfied automatically, by definition   

 of V --------    

   Furthermore, since w    we‘ve u 1 W  and hence Wu 1     F ; by II 

 In particular, for 0   we get 0u W1  

 W 0  ; Since 0u 01  by theorem 2-2 

 W   Has additive identity element; why? 

 4 A  is satisfied  -------    

   In addition, because W is closed under scalar multiplication, if follows that   

                      Wu  Wu )1(  

                      WU  ; by theorem 2-2 

                      every element in W is invertible with respect to the induced additive                

    operation 

                      5 A  is satisfied ---------    

   Thus, by   ,   ,    and     we have W is a vector space over F. 

                       W  is a subspace of V over F. 

 

 

 

 Remake 2-3: 

1. If W is a subspace of a vector space V over a field F then both W and V must 

have    the same zero vector O. Justify! 

2. Since a subspace of a vector space is itself a vector space, it must contain the 

zero vector 

Infact, the simplest subspace of a vector space is the one consisting of only the zero 

          Vector =  0  0W    

Definition 2-3.1.1    Let V be a vector space over a field F then 

                  A) V and  0  are called improper (trivial) subspaces of V.  

 B)  Subspaces of V other than V and  0  are called proper (non trivial) 

 Subspaces of V 
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Observe that   Improper subspaces of a vector space always exist while the proper  

                         Subspace of vector spaces may not exist. 

   

Example (1) Let V be the set of all real valued functions defined on   and   

  W = functionevenisff /:   then show that  

A)  With the standard operations, is a vector space over   

B)  W is a subspace of V over   

Solution     A) Left as an exercise to you. 

 B)  Let V= afunctionisff :/   and 

 W = functionevenisf /:    then 

 W =   xxfxff )()(/:  

 I)   Clearly, VW  ; why? 

       Also, consider the function 0f  that has a value of zero for all x. 

    That is, xxf ,0)(0   is any real number. Then )(0)(: 000 xfxfandf   

                  Wf  0  

                  .W Thus, VcW  

 II)  Let WGF ,   then :,GF  Such that both are even functions and hence  

 :GF  such that F+G is even function,  

 

Since (F+G) );()()()()( xGxFxGxFx   why? 

                                                    xxGF ))((  

Hence, W is closed under the induced vector addition. 

 

  III)   Let a  and Wf    then 

:af  And );())(( xafxaf   Why? 

                                                      );( xaf  Why? 

  xxaf ))((  

Waf   

W  is closed under the induced scalar multiplication.  
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Therefore, by I), II), III) and test for subspace theorem we have W is a subspace of V 

over . 

 Example 2:   Show that the set of first quadrant vector  00:),(  andyxyxW , 

with the standard operations, is not a subspace of 2  over . 

Solution:    To see this, we note that (1, 2) is in W, but the scalar multiple (-1)(1,2) 

 = (-1,-2) is not in W. Therefore, W is not closed under scalar 

multiplication and hence W is not a subspaces of 2  over .  Infact, one can show that 

W is nonempty and closed under addition 

 

Class Activity 2-3.2 

1. Let k small letter be a whole number and kP  be the  set of all polynomials over   

of   degree less than or equal to k then show that 

           a) kP  With the standard operations is a vector space over . 

           b) 
jP
 

a subspace of   kP   .kj  Thus we can write  

nCpCCpCpCpP 3210  and this is sequence of subspaces that are nested in             

each other  

 

2. (Subspaces of functions)  

Let 5V  be the vector space of all real valued functions defined on   2,0  and let  

        4321 ,, andVVVV  be defined as: 

     1V The set of all polynomial functions over   

     2V  The set of all real valued functions that is differentiable on  2,0  

     3V   The set of all real valued function that is continuous on   2,0  

     4V  The set of all real valued functions that are integrable able on  2,0  then show 

that V i is a subspace of jiV j  and 54321 CVCVCVCVV  (nesting of subspaces) 

3. (Subspace of 
2 )  

Prove that if W is subset of ,2 then it is a subspace of 2  over   if and only if one 

of the following is true  

        a) W consists of the single point (0, 0) That is,  )0,0(W  
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        b) W consists of all points on alien that passes through the origin. That is,  

  xyyxW 2:),(   

d) W consists of all of
2 . That is 

2W
 

4. (Subspace of 
3 ) 

Show that a subset W of 3  is subspace of 3   over  (with the standard operations) 

if and only if it has one of the following forms. 

a)  W consists of the single point   )0,0,0();0,0,0( W  

            b)  W Consists of all points on aline that passes through the origin.  

            c)  W consists of all points on a plane that passes through the origin 

            d) W Consists of 3  

 

Theorem 2-3.1.2:  The intersection of two subspaces is also a subspace. 

That is, U and W are both subspace of a vector space V over a field F then the 

intersection of U and W, denoted by WU  , is also a subspace of V over F. 

Proof:    I) Since U and W are both subspace of V, we know that both contain the zero 

vector .Thus, O WU    and hence WU   is nonempty.  

Also, since VcWWandcWU     we have VcWcWU   

VcWU   

  Therefore, VUnW   

  II)   Let  UnWvv 21,  then Uvv 2,1
 and  Wvv 2,1

 

 Uvv  21   And  ;21 Wvv    since both U and W are subspaces of V 

             WUvv  21  

  WU   is closed under addition. 

  III)  Let   b F   and  UnWv  then Uandv Wv  thus, ubv  and ;wbu  since 

both U and W are subspaces of V over F. 

 WUbv   

  There fore,   WUbv    Fb   and WUv   

               WU   is closed  under scalar multiplication.  

Hence the proof 

 Remark 2-4: 
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1. Theorem 2.4  tells us that the intersection of two subspaces of a vector space V 

isitself a subspaces of V  but one can show that the union of two subspaces of a 

vector spaces V  is not (in general) a subspace of V. 

2. Let WU ,  and  V  be vector spaces over a filed F such that U is  a subspace of 

W and W is a subspace of V, then one can show that U is also a subspace of V. 

 

   Test yourself! 

1. Determine whether the set W is a subspace of 3  over   with standard 

operations. Justify your answer 

                 a)    bababaW ,:)32,,(                                                                                             

  b)     trttrrW ,:),,(  

                 c)     yxxyyxW ,:),,(  

                 d)    yxyxW ,:)3,,(  

2. Which of the following subset of C (- ),  are subspaces of C (- ),  over    ? 

a) The set of all real valued nonnegative functions:  xxf 0)(    

b)The set of all real valued even functions:  xxfxf )()(  

c) The set of all real valued odd functions:  xxfxf )()(   

d) The set of all real valued constant functions:  xcxf )(   

e) The set of all functions such that:  0;0)0(f  

f) The set of all functions such that:  1,0;1)0(f    

3. Prove that a non empty set W is a subspace of a vector space V over field F if and 

only if byax   is an element of FbaWandyxW  ,, . 

4. Give an example showing that the union of two subspace of a vector space V over 

a filed F is not necessarily a subspace of V over F.  

5. Let W be a subspace of a vector space V over a field F then prove that zero vector  

       O in V is also the zero vector in W. 

6. Let V be a vector space over a filed F and  Vzyx ,,  then show that the set of all 

liner combinations of  yx,  and .z  FcbaczbyaxW  ,,,:  is a subspace of V 

over F. This subspace is called the span of  zyx ,,   

7. Let nWWW ,,, 21   be subspace of a vector space V over a filed F then show that  



Linear Algebra for Statistics 

67 

 

         a) 
i

n

i w1 is also a subspace of V over F. 

        b)  iinni

n

i

i wxxxxwwww 


:212

1

is also a subspace of 

    V over F. 

 8. Let V be any vector space. Describe the ―smallest‖ and ―largest‖ subspaces of  

 

2.3.2.   Spanning sets and Linear Independence 

In this section we are going to develop procedures for representing each vector in 

vector space as a liner combination of a selected number of vectors in the space and   

determine a given subset of a vector space is linearly independent or not.   

Objectives:   

At the end of this section each student should able to:   

 Write  vector space as a linear combinations of another vector space. 

 Define a spanning set or generators of a vector space V.  

 Illustrate whether a given subset of a vector space is linearly 

independent or not. 

 State and proof the spanning set theorem. 

Spanning Sets    

Definition 2.3.2.1: Definition of linear combination of vectors  

 Let V be a vector space over a field F and  nxxxv ,,,, 21   be vectors in V then we  

 say that v is a liner combination of  ,,, 21 xx and nx if v can be expressed as  

;2211 nn xxxv    Where niFi  1,  

 

Example 1:   Example of linear combinations   

 Let )2,1,0(),1,3,1(, 21  vv and )5,0,1(3 v  be vectors in 3  then since 

 )1,3,1()5,0,1()2,1,0(33 321  vvv . We have 1v  is a linear combination of 2v  

and 3v . 

Example 2: Finding a liner combination  

Let )2,1,0(),3,2,1(),1,1,1( 21  xxv and )1,0,1(3 x be vectors in 3  then write a 

linear combination of  21, xx  and 3x . 
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Solution: We need to   find scalars 21,  and  3  such that  332211 xxxv    

   But 332211 xxxv    

     )1,0,1()2,1,0()3,2,1()1,1,1( 321    

                    )23,2,( 3212131    

Then, by equating the corresponding components, we arrive at the following system of 

linear equations.  

 















123

12

1

321

21

31







 

   rrr  321 ,21,1   This is an infinite number of solutions, by 

Gauss-Jordan elimination method 

For instance, to obtain one solution, we could let r =1, then 3,2 21     and 13 

Hence; .32 321 xxxv   other choices for r would yield other ways to write v as a 

linear combination of 21, xx  and .3x
 

Definition 2.3.2.2: Definition of spanning set of a vector space 

Let   nxxxS ,,, 21   be a subset of a vector space V over a field F. The set S is 

called a spanning set (or a generator set) of V if every vector in V can be expressed as a 

linear combination of vectors in S. That is, if Vv    Fn   ,, ,21  such that 

.
1





n

i

ii xv  in such cases we say that S spans (or generates) V over F. 

  

Example 3: Examples of spanning sets  

a) Let )0,1,0(),0,0,1( 21  xx  and  )1,0,0(3 x  be vectors in 3  then since 

       ,),,,( 3 zyxv   )1,0,0()0,1,0()0,0,1(),,( zyxzyxv   

                      321 zxyxxx   We have  321 ,, xxxS   spans or generates  3   

b) The set   2,,1 xxS   generates of  ,2P  since any polynomial  
2)( cxbxaxp   

in 2P  can be written as 
22 )()()1()( cxbxaxcxbaxp   
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 Note: The spanning sets given in example -3 are called the standard spanning sets 

of  3 and 2p ,respectively  

Definition 2.3.2.3   Let V be a vector space over a filed F and S be non empty subset of 

V then the set of all finite linear combination of elements of S is called span of S and 

span of S is denoted by span (S).  That is span                        

(s) = 











n

i

iiiii nithatsuchSxandFx
1

1:   

Theorem 2.3.2,1:   Span(S) is a subspace of V 

Let V be a vector space over a field F and S is nonempty subset of V then span(S) is a 

subspace of V. 

Moreover, span(s) is the smallest subspace of V that contains S, in the sense that every 

other subspace of V that contains S must contain span (s)   

Claim-1 span (S) is a subspace of V over F 

 Proof:   

I. Let S be nonempty subset of V then sx  1   such that  00 1x  span(s)









 


nisFandxiiixi
n

i

1;:
1

  

But 0  span (S) implies span (S)     

Also, let   x  span(s) then   



n

i

ii xx
1

 for some  Fi   and  Sxi  where ni 1  

Now, 
i

n

i

i xx 



1

   with  Fi   and  sxi   for  ni 1  

Vx ;Since S V and V is closed under  addition and scalar multiplication  

Therefore,  xx(  span ))( Vxs   

        )(sspans  V ----- )(  

Thus, by      csspangetweand )(  .V  

II. Let  thensspanvu )(,   

someforyvandxau
n

i

iii

m

i

i 



11

,   

andFaaa nm   ,,,,,, 2121  
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Syyyxxx mm  ,,,,,,, 2121  

Now,  
i

n

i

i

m

i

ii yxavu 



11

  





































 njmy

mjx
zand

njm

mja
xwithzx

j

j

j

j

j

jj

nm

j

j
1;

1;

1

1,

,1 
 

?)()1(
1

whynmjSzandFwithzvu jjjj

nm

j

i  




  

Sofelementsofncombinatiolinearfiniteaisvu   

)(Sspanvu   

additionunderclosedisSSpan )(  

 

III. Let Fa and u span (S) then 
i

n

i

i xu 



1

 for some Fi  and )1( niSxi 

and hence  
i

n

i

i xaau 



1

  

       )(
1

i

n

i

i x


  ,                            Why?  

        i

n

i

i xa )(
1




  ,                          Why?  

        )(
1

i

n

i

i x


 , Where  )1( niFa iii    and Sxi   

iiiii SxandFwithxau    

au is a finite linear combination of elements of S 

)()( SspanuandFaSspanau   

)(SSpan is closed under scalar multiplication. Therefore, by i), ii) and iii) we get 

span (S) is a sub space of V over F  

Claim -2 Span (S) is the smallest subspace containing S 

 i) Let then spans (S) and hence span (S). 

 ii) By claim 1 we have shown that span (S) is a subspace of V. 

 iii) Let W be a subspace of V containing S then  and W is closed under addition 

and scalar multiplication --- (*)  



Linear Algebra for Statistics 

71 

 

Now, let x  span (S) then 
i

n

i

xx 



1

1  with Fi   and  

  )1( niSx ii   

     
i

n

i

i xx 



1

  Where cSasWxandF iii ; W 

      (*);
1

byWxx i

n

i

i  


  

      Wx  

Thus every element in span (S) is also in W and hence spans (S) c W  

Therefore, by i, ii, and iii we have span (S) is the smallest subspace of V containing S. 

2.4. Linear Dependence and Independence of vectors 

Definition 2.4.1:  Let V be a vector space over a field F and S = nxxx ,,, 21   be 

subset of V then S is called linearly independent if the vector equation 0
1




i

n

i

i x has 

only the trivial solution. If there are also non-trivial solutions, then S is called linearly 

dependent. That is,  

         a) If nix iii

n

i

i 


1(00
1

  then S is a linearly independent set.  

         b) If   Fn  ,,, 21 not all zero such that 0
1




i

n

i

i x  then S is linearly 

dependent set  

 

 

Class Activity 2-4: 

Testing for Linear Independence  

1. Which of the following sets are linearly independent in R
3
 and which are not?       

 )1,4,0(),3,2,2(),4,1,3() a  

           b)  )3,4,1(),1,2,1(),4,2,0(   

           c) )1,4,0(),3,2,2(),4,1,3(   

           d) )1,0,2(),2,1,0(),3,2,1(   

 e)  )3,5,1(),6,0,0(),0,4,0(),0,0,1(   
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2. Determine which of the sets in P2 are linearly independent  

 a) 22 56,2,2 xxxxx   

 b) 52,12  xx  

 c) xxxxx 4,12,13 22   

 d) 222 ,52,21 xxxxxx   

 e) 2,,1 xx  

 Remark 2-5: Testing for Linear Independence and Linear Dependence  

A. Let S =  nuuu ,, 21 be a set of vectors in a vector space V over a field F. To 

determine whether S is linearly independent or linearly dependent, perform the 

following steps.  

 Step-1: From the vector equation ,
1

Oui

n

i

i 


 write a homogenous system   

             of linear equations in the variables n ,,, 21  . 

 Step-2:  Use Gauss ian elimination method to solve the system for  

             nand  ,,, 21  . 

 Step-3:  If the system has only the trivial solution,                 

             ,21 nO    then the set S is linearly independent. If   

              the system also has non trivial solutions, then S is linearly   

              dependent.  

B. Every set of vectors in a vector space is either linearly independent or linearly 

dependent. Thus a single test suffices.  

C. We say that an infinite set S is linearly independent if every finite subset of S is 

a linearly independent set.  

 

Theorem 2-4: A Property of Linearly Dependent Sets  

Let   2,,,, 21  nxxxS n be a subset of a vector space V over a field F then S is  

Linearly dependent if and only if at least one of the vectors xi can be written as a linear 

combination of the other vectors in S.  
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Proof:    Suppose  nxxxS ,,, 21   is linearly dependent set. Then there exist 

scalars (elements of F) n ,,, 21  not all zero such that 0
1




i

n

i

i x  

Because at least one of the coefficients must be non zero, no generality is lost 

byassuming that )1( njOj   Now, 0
1




i

n

i

i x  

   Oxxx nnjj   11
 

     jj x i

n

ji
i

i x

1

  

           
1 jjx  ,0

1




i

n

ji

i x  Why? 

  jx ii

n

ij

j x)(
1

1 



, why,       where Fiji    1

 

         
nnjjjjj xxxxxx   11112211
 

 
jx  is a linear combination of the other vectors. 

)( Suppose at least one of the vectors
jx  is a linear combination of the other vectors. 

Now, with out less of generality assume 1x  is a linear combination of the other vectors. 

      Then 
i

n

i

i xx 



2

1   

             

01

2




xxi

n

i

i  

             
0)1( 221  nn xxx   

              nxxxS ,,, 21 
 
Is linearly dependent, since at least one coefficient, -1 

is non-zero. Hence the result. 

Example-4    

Let  222 ,52,21 xxxxxxS  then show that S is linearly dependent subset of 

2P  

Solution:  

Let thatobservecanonethenxxfandxxfxxf 2

3

2

2

2

1 52,21   

312 32 fff  And hence f2 is a linear combination of f1 and f3  
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Thus, by theorem 2.6 we have S is linearly dependent.  

Example 5: 

 Let V be a vector space over a field F and u, v V then show that u and v are linearly 

dependent if and only if one is a scalar multiple of the other.  

Solution: 

It is a immediate consequence of theorem 2.6. It is a simple test for determining   

Whether two vectors are linearly dependent. 

  

   Test yourself! 

1. Determine which vectors u, v, and w can be written as linear combinations of the 

vectors in S.  

 a)   )3,4,8(),,3(),17,17,1(,)1,1,2(),2,2,1( 3
2

3
2   wandvuS  

 b) a)   )9,24,6()0,0,1(),24,20,4()13,12,2(),5,4,2(),7,0,2(  wandvuS  

2. Determine whether the given set S spans R
3
. If the set does not span R

3
, describe 

the subspace that it does span.  

  a)  )1,1,0(),0,1,1(),1,0,1(S  

 b)  )6,0,2(),5,0,4(),1,0,2(),3,0,1( S  

c)  )1,0,2(),2,1,0(),3,2,1( S  

 d)  )1,0,1(),2,1,0(),3,2,1( S  

3. Determine whether the set S is linearly independent or dependent  

 a)  )1,1(),0,0( S  

 b)  )1,2,2(),2,4,4( S  

c)  )3,5,1(),6,0,0(),0,4,0(),0,0,1( S  

    d)  )6,5,4,1(),2,1,0,1(),4,3,2,1(S  

4. For which values of x are the following sets linearly independent?  

       a)  ),1,1(),1,,1(),1,1,( xxxS   

  b)  )3,1,1(),1,0,1(),1,1,( xxS   

5. For which values of r are the following sets linearly independent? 

 a)  )1,0,0(),0,1,0(),0,0,(rS   

  b)  )1,0,(),0,1,(),,,( rrrrrS   
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6. Determine whether the set  4,,,8,2 2232332  yyyyyyyyS  Spans or 

generates 3p  

7. Prove the following 

 a) If 1S  is a sub set of S2 and S1 is linearly dependent then so is S2.  

 b) Any set of vectors containing the zero vector is linearly dependent.  

 c) A non empty sub set of linearly independent vectors is linearly in dependent.  

 d) Given that nxxx ,,, 21  is linearly independent set  xxxx n ,,2,1   of 

vectors but the set is linearly dependent, then x is a linear combination of the xi 's. 

 e) If   vus ,    is a linearly independent set, then the set vuvu  ,  is linearly 

independent.  

8. The set )2,0,1(),2,0,1(),3,2,1(   is linearly dependent, but  3,2,1  can not be 

written as a linear combination of    2,0,1&2,0,1   and why does this not 

contradict theorem 2.6. 

9. Under what conditions will a set consisting of a single vector be linearly 

independent?  

 

2.5. Bases and Dimension of a Vector space   

Objectives  

At the end of this section students are expected 

 Define a basis of a vector space. 

 Define the dimension of a vector space. 

 Find a base of a subspace and state its dimension. 

 

2.5.1. Basis of a vector space  

Definition 2.5.1: Definition of Basis  

A set of vectors  nxxxS ,,, 21   in a vector space V over a field F is called basis 

for V if i- S spans V and ii- S is linearly independent. 

 Remark 2.5:  
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    1. The above definition tells us that a basis has two features. A basis S must have 

enough vectors to span V, but not so many vectors that one of them could be 

written as a linear combination of the other vectors in S.  

    2. An infinite set S is said to be a basis for V if  

 i- S spans V and ii- S is linearly independent. That is, if every element of V is a 

finite linear combination of elements of S and every finite subset of S is linearly 

independent. Thus a basis of a vector space V may consists of infinite number of 

vectors.  

 

Class Activity 2.5.1:  

1. Show that    1,0,0(),0,1,0(),0,0,1(s     is a basis for R
3
. S is called the standard 

basis for R
3
. 

2. Let ,),0,,0,1,0(),0,,0,1( 21  ee  )1,,0,0( ne  

     then show that 

    S=  neee ,,, 21   is a basis for R
n
 S is called a standard basis for R

n
.  

3. Show that  

 a)  )1,0,2(),2,1,0(),3,2,1( S is a non standard basis for R
3
 

 b)  )1,1(),1,1( S  is a non standard basis for R
2
  

 c)  nxxxS ,,,,1 2  is a standard basis for P
n 

 

Theorem 2.5.1: Uniqueness of Basis Representation  

Let V be a vector space over field F and  nxxxs  ,, 21  be a basis for V then every 

vector in V can be written in one and only one way as a linear combination of 

vectors in S.  

Proof 

 i) Existence: 

    Let 
i

n

i

i xavthenVv 



1

 where FxandFa ii   because of S generates V

ni ,,2,1  . This 

ii) Uniqueness:  
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To prove that a given vector can be represented in only one way, we assume that V 

has another representation  

nsxandFbwherexbv iiii

n

i

i ,,2,1
1




 

Then we get V = 
i

n

i

ii

n

i

i xbxa 



11

 

          0
11

 


xbxa
n

i

ii

n

i

i
 

           0)(
1




ii

n

i

i xba  

                           nba ii ,,2,1;0  . This is because of the fact that S is 

                                   Linearly independent 

Thus, nba iii ,,2,10   and hence V has only one representation for 

the given basis S.  

Example 1: Uniqueness of Basis Representation 

Let U = ( 321 ,, uuu ) be any vector in R
3
 then show that the equation 

332211 vavavau  has a unique solution for the set S  321 ,, vvv where   

)1,0,2(),&2,1,0(),3,2,1( 321  vvv     

Solution:  

Claim 1 S is a basis for R
3
  

 i)  Suppose 0
3

1




i

i

i va  

  0332211  vavava  

   )0,0,0()1,0,2()2,1,0()3,2,1( 321  aaa  

  

023

02

02

321

21

31







aaa

aa

aa

   

  321 0 aaa   

  S  is linearly independent set  

 ii) Let
3),,( Rzyxv   and suppose that  
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i

n

i

i vavavava 



1

332211
  

               
  )1,0,2()2,1,0(3,2,1,),,( 32  aaazyx  

                    )23,2,2,(),,( 3212131 aaaaaaazyx   

                    

























zaaa

yaa

xaa

121

21

31

23

2

2

 

                    zyxa 241   

                    zyxa 4722   

                             zyxa  23  

Thus,
3),,(  zyxv  

 zyxaandzyxazyxa 2472,24 321  

Such that 3

332211  generatesshenceandvavavav  

There fore, by I) and   II) we get S is a basis for 3    

Claim- 2    

The vector equation 332211 vavavau    has a unique solution.  

Now, Since S is a basis for R
3
 we've by theorem 2.7, uniqueness of basis 

representation, and the equation  332211 vvavau a   has unique solution.  Infact, by 

the result of claim-1 we get 

     3211 24 uuua   

      32133112 2472 uuuaanduuua   

For instance, the vector  0,0,1u  can be represented uniquely as a linear combination 

of    ,20,0,1, 321321 vvvasvandvv   

 

Definition 2.5.2:  Coordinate Representation relative to a Basis 

 Let V be a vector space over a field F with basis   Vxandxxx n  ,,, 21 . If

nFawherexax ii

n

i

ii ,,2,1
1




 then the scalars calledareaaa n.,, 21 
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the coordinates of x  with respect to the basis . .The coordinate vector of x  relative to 

  is the vector in R
n
 denoted by  )(x  ),,,( 21 naaa   

 

Example 2: 

In the example-1 above we have 

)1,2,1()(2)0,0,1( 331  uhenceandvvvu is the coordinate of U with 

respect to the basis  .)1,0,2(),2,1,0(),3,2,1(   

 Note that: The order of the vectors in the basis is important. In the context of 

coordinate representation,  ni xxx ,,, 2   is sometimes called an ordered 

basis. 

 

Theorem 2.5.2 Basis and Linear Dependence 

If   nvvvS ,,, 21   is a basis for a vector space V over a field F, then every set 

containing more than n vectors in V is linearly dependent.  That is, the maximum 

number of linearly independent vectors in V is n. 

 

Proof:   

Let  muuuS ,,, 211  be any set of m vectors in V, where m>n.  To show that 1S  is 

linearly dependent, we need to find scalars mkkk ,,, 21   not all zero such that 

mm ukukuk  2211 )1(0   

 Since S is a basis for V, it follows that each iu  is a linear combination of vectors in S, 

and hence 



n

i

ijij vcu
1

 where .,,2,1&,,2,1 mnFC jiij   

Substituting each of these representations of iu  in to (1) and regrouping terms produces 

  0
1




i

n

i

ivd where j

m

j
jii kcd 




1

  However, since the svi ' form a linearly 

independent set, we conclude that each  .0id  Thus the following system of equations 

is obtained.     01212111  mmkckckC  

                        02222121  mmkckckC  
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                        02222121  mmkckckC                            

                        02211
 mnmnn kckckC   

But this homogeneous system is has fewer equations than variables mkkk ,,, 21   and 

hence it must have nontrivial solutions.  Consequently, 1S  is linearly dependent. Hence 

the proof 

Example-3:  Linearly Dependent sets in R
3
,
 
P3 & R

n
   

  a) Since R
3 

has a basis consisting of three vectors, the set 

       )1,9,5(),0,3,2(),0,1,1(),1,2,1(  must be linearly dependent. 

  b) Since P3 has a basis consisting of four vectors, the set 

 22 1,1,1,1,1 xxxxxx  must be linearly dependent.   

  c) Since, R
n
 has the standard basis 

     Containing of n vectors, it follows from theorem 2-8 that every set of vectors in R
n
  

      congaing more than n vectors must be linearly dependent. 

Theorem 2-5.3: Number of Vectors in a Basis  

If a vector space V over a field F has one basis with n vectors, then every basis for V 

has n vectors.   

 Proof: 

Let  nxxxS ,,, 211   and  myyyS ,,, 212  be basis for V over F then since  

S 1  is a basis and S2   is linearly independent we get (*) nm  Also, since S2 

 is a basis for V and S1 is linearly independent we get (**) mn  

 Now, Combing (*) and (**) we have mnandnm   which intern implies m=n. 

Example-4    

 a) Since the standard basis for R
3
,  )1,0,0(),0,1,0(),0,0,1(  kji ,,  has three 

vectors we have the set  )4,1,7(),1,2,3(  is not a basis for R
3
.  

 b) Since the standard basis for  32

3 ,,,1, xxxp  has four elements we have the set  

  32,13,1,,2 232  xxxxxx  is not a basis for P3. 
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2.5.2 The Dimension of a Vector Space 

Definition 2.5.3: Definition of dimension of a vector space  

If a vector space V over a field F has a basis consisting of n vectors, then the number n 

is called the dimension of V, denoted by dim (V)=n.  If V consists of the zero vector 

alone, then the dimension of V is defined as zero. In general, let V be a vector space, 

over a filed F.  Suppose there is some whole number n such that V contains a set of n 

vectors that are linearly independent, while every set of (n+1) vectors in V is linearly 

dependent then V is called finite dimensional and n is called the dimension of V. 

Example -5 

   a)  Since   neeee ,,, 32,1   form a basis for R
n
 over R we have dim (R

n
) = n 

   b) Since  nxxx ,,,,1 2   form a basis for nP over R we have dim ( nP ) = n+1 

Class Activity 2.5.2 

Finding the dimension of a subspace   

 1.  Let W be a subspace of a vector space over a filed F with dimension n then show 

that dim W is less than or equal to n 

 2. Determine the dimensions of the following subspaces of R
3
 over   

   a)  RdccdcdW  ,:),,(  

    b)  RbbbW  :)0,,2(  

3. Find the dimension of the subspace W of R
4
 over R spanned by 

 )2,9,4,5)(2,1,0,3(),0,5,2,1( S  

 

 Theorem 2.10:  Basis Tests in an n-Dimensional space 

  Let V be a vector space over a field F with dimension n 

  a) If  nxxx  ,21  is a linearly independent set of vectors in V, then S is a basis 

for V over F . 

  b) If  nvvv ,,, 21   spans V, then S is a basis for V over F. 

 Proof:  Left as an exercise 
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   Test yourself! 

1. Determine whether   is a basis for the indicated vector space 

       a)  )0,5,0,0(),4,0,0,3(),0,1,0,2(),0,0,2,1(   for R
4
 over R 

       b)   overRfori  ,1(  

       c)   overRRfor 3)6,0,0(),2,1,0(),3,5,1(  

2. Find all subsets of the set  

      a)  )1,1(),1,0),0,1(S  that form a basis for  R
2
 over R 

      b)  )1,1,2(),3,7,2(),1,1,4(),2,3,1( S  that form a basis for R
3
 over   

3. Find a basis for  

           a) -R
2 

over R that includes the vector (1,1) 

b) -R
3
 over R that includes the set 

 )1,1,0(),2,0,1(S  

4. Let  Rtttw  :),2(1  

              Rttw  :),0(2  

              Rrrrrw  :),,2(3  

              Rtststsw  ,:),,2(4  

   a) Show that w1 and w2 are subspaces of R
2
 over R  

   b) Show that w3 and w4 are subspaces of R
3
 over R 

   c) Give a geometric description for each Wi  ( )41  i  

   d) Find a basis and dimension of   Wi  ( )41  i  

5. Determine whether the given statement is true or false.  Give a reason for your 

answer. 

     a)  If dim (V) =n then there exists a set of n-1 vectors in V that will span V 

     b) If dim (V) =n, then there exists a set of n+1 vectors in V that will span V 

     c) If dim(V)=n, then any set of (n+1) vectors in V must be dependent. 

     d) If dim (V) =n, then any set of (n-1) vectors in V must be independent. 

6. Prove that the vector space of all polynomials over R is infinite dimensional 

7. Let  nvvv ,,, 21   be a basis for a vector space V over a filed F 
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a. Prove that  nvvvvvvvvv  21321,211 ,,,  is  also a basis 

for V over F 

b. Let  naaa ,,, 21  be scalars, none of which is zero.  Prove that 

 nnvavava ,,, 2211   is also a basis for V over F. 

c. Suppose that a vector V has coordinate set 

  basisoriginalthetorelativen ,,, 21    

8. Determine its coordinate set relative to  

         I) the basis of part (a) 

        II) The basis of part (b) 

 

2.6 Direct sum and Direct Product of Subspaces   

Objectives 

At the end of this section students should be able to 

 Define sums of subspaces of a vector space. 

 Determine the smallest subspace of a vector space over a field. 

 Show vector spaces over a field can be expressed as scalar multiplication 

defined component wise over a field. 

 Definition 2.6.1: Sums of subspaces of a vector space 

Let  W1,W2,---,Wn  be subspace of a vector space V over a field F then the set of all 

vectors of the form  nvv 1  where ii Wv   is called the sum of the subspaces or 

their span, and is denoted by 

 nWvvvvWWW iiinn ,,2,1:2121   

    

Theorem 2.6.1: 

 Let nWWW ,,, 21  be subspaces of a vector space over a field F then 

 nWWWW  321  is the smallest subspace of V containing 

nWandWW 21 , . 

   

Proof:   
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I) Let x Wi where i is a fixed element of {1, 2, ……., n} then    
 

  ni WWWxx  100000  

  ni WWWx  1  

  iWxx  ( )1 ni WWWx   

  cWi  nieachforWWWW ni ,,2,121   

    cWhavewenieachfor i,,2,1  nWWW  21  

  .,,, 2121 nn WWWcontainsWWW  . 

II)  

 Since nWWW ,,, 21   are subspaces of V over F.  We have let   

           
cWo i henceandnV i ,,2,1   

           cWWW n 210000 V 

          cWWW n 21 V 

 andxxxxthenWWWyx nni  212,  

 nwyxwhereyyyy iiiin ,,2,1,21   

  Thus )()( 211 nn yyyxxyx   

                    ?;)()()( 2211 whyyxyxyx nn   

 
nVofsubspaceaisWandWyxce

WWW

iiiii

n

,,2,1,sin

,21




 

          .21 nWWWyx   

 Let  
thenFandWWWx n  21

         

niiin xxxhenceandnwxwithxxx  11 (,,2,1 

    nxxx   21  

,21 nWWW  Since iii WandWx   is subspace of V over F  

.,,2,1 ni   

         nWWWx  21  

 Thus, we have nWWW  21  is a subspace of V over F. 

 III) Let W be a subspace of V containing nWWW ,,, 21   Let nWWWx  21  
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  nWxwithxxxthen iiin ,,2,11   

  cWceWxwithxxx iin sin;1  nW i ,,2,1   

  WasWx  is a subspace of V over F 

  Thus, )( 21 WxWWWxx n   

cWWW n 21 W 

 Hence, nWWW  21  is the smallest subspace of V containing  

).)),,,, 21 IIIIIIbyWandWW n   

 

Definition 2.6.2:  Direct sums of subspaces 

Let nWWW ,,, 21   be subspaces of a vector spaces V over a field F, such tha

 0
1




i

n

i

W  then the direct sum of  ,,,, 21 nWWW   denoted by    

nWWWW  321  is the subspace  .21 nWWW  That is, if 

 0
 ji

jwniW  then the subspace nWWW  21  is called the direct sum of 

nWWW ,,, 21                           

and we write .21321 nn WWWofinsteadWWWW   

 

Example-1 

Let V  FR ,2
 

                   RxxNandRxxM  :),0(:)0,(  then find .NM   

Solution:  

One can observe that M and N are subspaces of V over .RF   

   Also, for NMv   we have  NvandMv   

                     .,),0()0,( Ryxsomeforyvandxv   

                     ),0()0,( yxv   

                     ),0()0,( yx   

                     yx  0  

                     );0,0( v  the zero vector in R
2 

. 
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  Thus    0)0,0( MnN  

 Moreover,  NnandMmnmNMNM  :  

                                                  Ryxyx  ,:),0()0,(  

                                                   Ryxyx  ,:)0,0(  

                                                   Ryxyx  ,;),(  

                                                   ?;2 whyR  

2RNMNM   

  2RNM   

  Thus the direct sum of M and N is R
2
 =V 

 

 Theorem 2.6.2:  Let nWWW ,,, 21   be subspace of a vector space V over a field F 

then nWWWV  21  if and only if every element of V is uniquely expressed 

as a sum of elements of  .,,, 21 nWWW    

 

 Proof:    Suppose nWWWWV  321 then 

  .,,2,1021 nWnWandWWWV ijin   and hence for 

nWxwherexxxxgetweVx iiin ,,2,121   

Thus, every element of V is expressed as sum of elements of .,,, 21 nWWW   

 Now, to show that the expression is unique we also suppose that 

nWywithyyyx iiin ,,2,121 

iiinn WyxwithyyyxxxxThen  ,, 2121

iiinini Wyxwhereyyyyxxxx  ,2121  

nniiiiii xyxyxyxyxyyx   )()()()()( 11112211  

      Where ,,2,1,, 1 nWyx iii 






ij
jWnWiWiWWWiyix 1121)(  






ij
jWniWiyix    

haveweFoverVofsubspaceisWcen ii sin,,,2,1   
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iii Wyx   

     nwnWyx i

ij

jiii  


,2,10  

     nyx iii ,,2,10   

      nyx iii ,,2,10   

    .,,2,1 nyx iii   

  Hence, every element ofx V is uniquely expressed as 

.,,2,121 nWxwithxxxx iiin   

 Remark 2.7    

1. Observe that 


n

ij
jWniW  0  is the same as

nximpliesWxandxxx iiiin  ,2,10021  

2. Let V be a vector space over a field F and  NM ,  be subspace of V then 

               0 NMandNMVifonlyandifNMV  

 

Theorem 2.6.3    

Let M and N be subspaces of vector space V (over a field F) of finite dimension. 

thenNMVIf   NMV dimdimdim   

 

Proof  

Let thennNandmM  dimdim   there exist sets 

   nm yyyandxxx  ,,,, 21211   Which are basis for  NandM  

respectively. 

I)   Since  haveweVvthenNMV  ,  

                 NnandMmwherenmv  1111 ,  

        
i

n

i

ii

m

i

i ybxa 



11

NandMforbasisareandceFbawhereyi sin,,   

         Respectively 

     Every element v in V is a linear combination of.  nm yyyxxx ,,,,,,, 2121     
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 ,,,,,,,, 2121 nm yyyxxx   Generates V 

 

 II)   Suppose for scalars  nm bbbaaa ,,,,,,, 2121    we have  

       
i

n

i

ii

m

i

i

n

i

ii

m

i

ii ybxaybxa 



1111

0  

       

NybandxacenNybxa i

n

i

ii

m

i

i

n

i

ii

m

i

ii  
 1111

sin;,  

       

   0sin;0,
11

 


nNceybxa
n

i

ii

m

i

ii
 

       




n

i

ii

m

i

ii ybxa
11

0  

       
nbma iiii ,,2,10&,2,10   

 

This is because of the fact that .21 Fovertindependenlinearlyareand   

Thus,
nm

n

i

ii

m

i

ii bbbaaybxa 


211

11

00  

      nm yyyxxx  ,,,,,, 2121  is a linearly independent set 

Therefore, by I) and II) we get  is a basis for V over F 

     inelementsofnumbertheV  dim  

                nm  

                NM dimdim   

Thus   dim  NMV dimdim   

 

Class Activity 2.6 

 1. Let V be a finite dimensional vector space, then show that any linearly independent 

set can be extended by adding elements, to get a basis  

 2.  Let W be a subspace of a finite dimensional vector space V, then  show that there is  

another subspace N such that NWv   

3. Let M ,N be subspace of a finite dimensional vector space V over a filed F, then     

show that dim  M + dim  N = dim( M N )  + dim (M + N). 

Definition 2.6.3 (Direct products) 
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 Let nVVV ,,, 21   be vector spaces over a field F then the collection of n-tuples 

iin Vxwherexxx  ),,( 21  with addition and scalar multiplication defined 

component wise is called the direct product of nVandVV ,,, 21   and  it is denoted by    

.321 nVVVV  .  

   That is, nVVV  21 =
 nVxxxx iiin ,,2,1:),,,( 21   

  

Theorem 2.6.4:  Let nVVV ,,, 21   be vector spaces over a field F then show that  

  nVVV 21  nVxxxx iiin ,,2,1:),,,( 21   With addition and 

scalar multiplication defined component wise is a gain a vector space over a field F.   

Proof: Exercise  

 

 Note that The direct product of nVVV ,,, 21  is also referred to as the (external) 

direct sum of nVVV ,,, 21   and denoted by .321 nVVVV   

 

Definition 2.6.4   (Internal direct Sum) 

 Let kNNN ,,, 21   be subspaces of a vector space V over a field F such that 

kNNNV  21   then V is said to be the (internal) direct sum of

kNNN ,,, 21   . 

 

    

 

 

 

     Test yourself! 

 

1. Let  ,3V  W be the subspace generated by (2, 1)   U be the subspace generated 

by  (0,1) and   M be the subspace generated by (1,1) over R then show that 

          UWVa )  

           b) MWV   
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          c) Find dimension of W, U and M   

2. Let M and N be subspaces of a finite vector space V over a field F such that dim  

      2M  dim N=3  and dim (m   N)=1, then find dim (M+ N)  

3. Show that  xRRx  with component wise addition and scalar multiplication is a 

vector space over R. 

4. Let nWWW ,,, 21  be subspaces of a vector space V over a field F then show that 

the following are equivalent.  

        a) The map nn WWWWWW  2121:  defined by       

nn aaaaaa  2121 ),,,(  is an isomorphism.  

        b) nWnWWWWNW jjjj ,,2,10)( 1121  
. 

        c) Every nWWWx  21  can be written uniquely in the form  

                naaa  21  With .ii Wa 
 

5. Let nWWW ,,, 21   be subspaces of a finite dimensional vector space V, and let i   

be a  basis for iW  then show that 

        a)   The ordered set     obtained by listing the bases  
n ,,, 21    in order is 

a basis of V if and only if V is the direct sum  nWWW  21  

        b) Dim ( )(dim)(dim) 121 nn WWWWW  with equality if and 

only if   .,,2,10 nWW j

ji

ij 


 

 

 

 

 

 

SUMMARY OF UNIT TWO 
 

 Let V be an arbitrary nonempty set of objects on which two operations are 

defined: addition, and multiplication by scalars (numbers). By addition we 

mean a rule for associating with each pair of objects u and v in V an object u + v 

, called the sum of u and v; by scalar multiplication we mean a rule for 

associating with each scalar k and each object u in V an object ku , called the 
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scalar multiple of u by k. If the following axioms are satisfied by all objects u,v 

,w in V and all scalars k and m, then we call V a vector space and we call the 

objects in V vectors. 

1. If u and v are objects in V, then vu  is in V 

2. uvvu   

3.  

4. There is an object 0 in V, called a zero vector for V , such that 

for all    

    u in V . 

5. For each u in V , there is an object in -u , called a negative of u , such 

that  

     . 

6. If k  is any scalar and u is any object in V , then  ku is in V . 

7.  

8.  

9.  

10. 1.u = u 

 Let V be a vector space, u a vector in V, and k a scalar; then: 

(a) 0.u = 0 

(b) k.0 = 0 

(c)  

(d) If  k.u = 0 , then k = 0 or u = 0 . 

 The additive identity element in V is unique. 

 The additive inverse of every element of V is unique. 

 A subset W of a vector space V is called a subspace of V if W is itself a vector 

space under the addition and scalar multiplication defined on V. 

 If W is a set of one or more vectors from a vector space V, then W is a subspace 

of V if and only if the following conditions hold. 

            (a) If u and v are vectors in W, then vu   is in W. 

(b) If k is any scalar and u is any vector in W, then ku  is in W. 

 A vector w is called a linear combination of the vectors
r

vvvv ,
3

,
2

,
1

  if it can 

be expressed in the form  
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Where  are scalars. 

 If  is a nonempty set of vectors, then the vector equation 

 has at least one solution, namely 

If this is the only solution, then S is called a 

linearly independent set. If there are other solutions, then S is called a linearly 

dependent set. 

 A set S with two or more vectors is 

(a) Linearly dependent if and only if at least one of the vectors in S is 

expressible as a 

  linear combination of the other vectors in S. 

(b) Linearly independent if and only if no vector in S is expressible as a linear  

combination of the other vectors in S. 

 A finite set of vectors that contains the zero vector is linearly dependent. 

  A set with exactly two vectors is linearly independent if and only if neither 

vector is a scalar multiple of the other. 

 If V is any vector space and  is a set of vectors in V, then S 

is called a basis for V if the following two conditions hold: 

(a) S is linearly independent. 

(b) S spans V. 

 If  is a basis for a vector space V, then every vector v in V 

can be expressed in the form  in exactly one way. 

 A nonzero vector space V is called finite-dimensional if it contains a finite set 

of vectors 
n

vvvv ,
3

,
2

,
1

  that forms a basis.If no such set exists, V is called 

infinite-dimensional.  

In addition, we shall regard the zero vector space to be finite dimensional. 

 The dimension of a finite-dimensional vector space V, denoted by dim (V), is 

defined to be the number of vectors in a basis for V. In addition, we define the 

zero vector space to have dimension zero. 

 Let  W1,W2,---,Wn  be subspace of a vector space V over a field F then the set of 

all vectors of the form  nvv 1  where ii Wv   is called the sum of the 
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subspaces or their span, and is denoted by 

 nWvvvvWWW iiinn ,,2,1:2121   

   Let nWWW ,,, 21   be subspaces of a vector spaces V over a field F, such 

that  0
1




i

n

i

W  then the direct sum of  ,,,, 21 nWWW   denoted by    

nWWWW  321  is the subspace  .21 nWWW    

 Let nVVV ,,, 21   be vector spaces over a field F then the collection of n-tuples 

iin Vxwherexxx  ),,( 21  with addition and scalar multiplication defined 

component wise is called the direct product of nVandVV ,,, 21   ,denoted by    

nVVVV  321  is a vector space over a field F 

 Let kNNN ,,, 21   be subspaces of a vector space V over a field F such that 

kNNNV  21   then V is said to be the (internal) direct sum of

kNNN ,,, 21   . 

 

 

 

 

 

 

 

UNIT-THREE: MATRICES 

 

UNIT OBJECTIVES: 

  At the end of this unit each student should able to:  

 Learn a matrix and know properties of matrices 

 Understand how to operate with matrices  

 Know properties of matrix operations 

 Realize  inverses of a matrices 

  Know types of matrix  

  Work  with elementary row/column operations 
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  Represent system of linear equations by a matrix.  

 

Introduction 

In working with a system of linear equations such as  

                               232 4321  xxxx  

  15732 4321  xxxx  

  1210 4321  xxxx  

       081148 4321  xxxx
 

Only the coefficients and their respective positions are important. Thus these 

coefficients can be efficiently arranged in a rectangular array called a ''matrix''.   

Moreover, certain abstract objects in higher mathematics can also be represented by 

matrices.  Thus, matrices can be used to solve systems of linear equations.  They have 

also numerous applications.   

3.1: Definitions of Matrices  

1- The concept of a Matrix 

Definition 3.1:  Definition of a Matrix 

Let m, n be natural numbers.  An mxn (read ''m by n'') matrix is a collection of mn 

numbers arranged in a rectangular array. 

                                              n columns 

                                                

 m rows



























nmmm

n

n

aaa

aaa

aaa

21

22212

12111

'''

'''

'''





  

in which each entry, 
jia , of the matrix  is a number. An mxn matrix has m rows 

(horizontal lines) and n columns (vertical lines). 
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 Remarks 3.1 

1. The numbers in the above matrix are called the matrix entries and are denoted 

by indicesarejiWherea ji ,, (which are natural numbers) with andmi1

.1 nj   

The index i is called the row index or row subscript because it gives the position        

in the horizontal lines, and j is the column index or column subscript because it 

gives the position in the vertical lines. So ija  is the entry which appears in the 

i
th

 row and j
th

 column of the matrix. 

2. The plural of matrix is matrices.  If each entry of a matrix is a real number / 

complex number, then the matrix is called a real/ complex matrix. 

3. An mxn matrix is said to be of order mxn.  If m=n, then the matrix is square of 

order n. For a square matrix, the entries ,,, 332211 aaa  are called the main 

diagonal entries.  

4. We can abbreviate the above matrix by writing  .)( mxnaA ji  

 Example-1: Consider the matrix 

A=

























1003

512

3210

2
1

e  

Since A has three rows and four columns, we say that A is a 3x4 matrix or A is a matrix 

of order 3x4. Moreover, 3,2,1,0 41312111  aaaa

10,0,3,,5,1,2, 4333232
1

1342322212  aaaaaaaea  

   

Example-2:   The following matrices have the indicated orders. 

  

   (a)  Order: 1x1                               (c) Order: 3x3  

 2                                                 
















000

000

000

 

   (b) Order: 1x4     (d) Order:   3x2 
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             3120                                     





















18

12

1e

 

     Test yourself!

 1. What is the order of each of the following matrices? 

  (a)  

















65

00

11

 (b)  

















100

010

001

       (c)   3      (d)   























__02

310

421

654

 

2. What are the entries  
ofaandaa ,322112 ,,   the matrix 

     A=  

















170

502

521

 ?      B) =  





















0cossin

210

tansincos

AA

AAA

 

3. What are the main diagonal entries of the following matrices? 

   (a)  






 

i

i

0

11
       b)  

















100

101

110

     c)   

















 i853

140

701

 

4. Construct a 4x3 matrix  B=  ( b ji )  where  
jiba ji )

 c)  
jib ji .

 

                       b)  jib ji   d)  j
i

jib   

3.2. The Algebra of Matrices 

In this section we concentrated on the mechanics of the three basic matrix operations: 

Matrix addition, scalar multiplication, and matrix multiplication and develop an algebra 

of matrices.  You will see that this algebra shares many (but not all) of the properties of 

the algebra of scalars.  

Objectives 

At the end of this section students should be able to 

 Manpulate matrix addition and subtruction. 

 Identify equal matrix using definition of equal matrix. 

 Perform scalar multiplication and addition simultaneously. 

 Compute the product of matrices 
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 1.  Equality of matrices  

Definition 3.2 Definition of Equality of Matrices 

 Two Matrices   =  jia   and   =  jib  are equal, denoted by           if and only if  

              I)  they have the same order (   ) and  

             II)   
jijiji ba ,   Such that   .11 njandmi   

That is, two matrices of the same order are said to be equal if their corresponding 

entries are equal. 

 

Example-3    Equality of Matrices 

Solve for zyx ,,   and   in the following matrix equation:                        

























2

2

15

01

w

y

z

x
 

 Solution:  

 Because two matrices are equal only if the corresponding entries are equal, we 

conclude that:     215,0,21  zandwyx  

                             .1,5,0,1  zwyx  

 

 

  2.  Addition and subtraction of matrices  

Definition 3.3: Definition of matrix Addition 

Let  A=    jiji bBanda    be matrices of order mxn,  then their sum is an mxn matrix 

given by  jiji baBA    That is, we add the two matrices of the same order by 

adding their corresponding entries and the sum of two matrices of different orders is 

undefined. 

   

Example-4:  Addition of Matrices 

  Let A =





















223

104

012

,     B = ,

42

31

10

















    C =  

















100

010

001

 

  Then find a)                     
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Solution:   

 a)  Since A and B have different orders, we have     is undefined. 

 b)  A+C = 





















223

104

012

   +

















100

010

001

 

 =











































323

114

013

120203

01004

000112

 

 

Definition 3.4: Definition of Matrix Subtraction 

Let A and B  be two Matrices of the same order then the difference of  A and B, denoted 

by     , is defined to be the matrix obtained by subtracting each element of B from 

the corresponding elements of  A.  That is if 

           nmbaBAthennmbBnmaA jijijiji  )()(&)(  

   

 

 

Example-5: Subtraction of Matrices 

Let  =  



















521

032
,

410

321
B   then 

 BA 



















521

032

410

321
   = 


























311

311

5421)1(0

033221
 

 Note that:  Two matrices of the same order are said to be conformable for addition 

and subtraction.  Only conformable matrices can be added or subtracted. 

 

3. Multiplication of a matrix by scalar  
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Definition 3.5: Definition of scalar multiplication 

Let   mxnaA ji   be a matrix and   be scalar, and then a scalar multiple of   by   is 

an mxn matrix given by:  .jibabA  That is,    is an mxn matrix obtained from   by 

multiplying each of its elements by  . 

  

 Example-6:  Scalar multiplication 

   Let A=  







































231

341

002

212

103

421

Band  then find    

a)        

b)       

c)        

Solution:   

 a) 























































636

309

1263

)2(3)1(3)2(3

)1(3)0(3)2(3

)4(3)2(3)1(3

212

103

421

33A  

 b)      




































































231

341

002

2)1(3)1(1)1(

3)1(4)1(1)1(

0)1(0)1(2)1(

231

341

002

)1(1 BB  

 c) 

























































407

6410

1261

231

341

002

636

309

1263

3 BA  

 Note: 

            (1) If   is any matrix and   is any scalar then       

            (2)      represent the scalar product       . 

 Matrix Multiplication 

It is a basic matrix operation. At first glance the following definition may seem 

unusual. You will see later, however, that this definition of the product of two matrices 

has many practical applications. 

Definition 3.6:  Definition of Matrix multiplication 
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Let    jiaA    be an mxn matrix and  jibB   is an nxp matrix, then the product AB is 

an mxp matrix given by  jicAB    where 
jkb

n

k
kia

ji
c 





1

 

                                                                        jnnijijiji babababa  332211
  

That is, the 
thij  element of AB is obtained by multiplying each element of the     row 

of A (denoted by Ai) in to the corresponding element of the     column of B (denoted by 

Bj ) and  adding the products or equivalently, the ij
th

  element of AB is the dot product 

of the i
th

  row vector of A by the j
th

 column vector of B and hence 

                                                 j

ijiji BAcwherecAB .
 

 

Example-7: Finding the Product of two Matrices 

Let  


































14

23

05

24

31

BandA   then find the product AB. 

Solution:  

First note that the product AB is defined because A has order    , and will take the 

form. 

 


















































3231

2221

1211

14

23

05

24

31

cc

cc

cc

 

To find 11c   (the entry in the first row and first column of the product) we take the dot 

product of the first row of A and the first column of B That is,  
1

111 . BAc 

9123)4(3)3()1(
4

3
).31( 














   

Similarly, to find ,21c  we tare the dot product of the first row of A and the second 

column of B and hence  
2

121 BAc   

                                             









2

2
).31(  

                                             132)1)(3()2()1(   
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Continuing this pattern produces the following results.  

4)4)(2()3()4.(
4

3
.)24(1

221 











 BAc

     

6)1)(2()2()4.(
1

2
.)24(2

222 







 BAc

15)4)(0()3()5(
4

3
).05(1

331 











 BAc  

 

10)1)(0()2()5(
1

2
).05(2

332 







 BAc  

   Thus the product is  

    


























































1015

64

19

14

23

05

24

31

AB  

 Remarks  3.2 

1. The product of two matrices A and B is defined if the number of columns of A is 

equal to the number of rows of B, say if A is an     matrix and   is an     

matrix.  In this case, the product AB is an mxp matrix. 

 

2. Let A= (aij)     and B = (bij)      then 

                   AB=























p

mmmm

p

p

AABABA

BABABABA

BABABABA

BB321

2

3

3

2

2

1

2

1

3

1

2

1

1

1

.

..

 

 

Where  Ai.Bj is the dot product of the i
th

 row of A and j
th

 column of B  

pjandmi ,,2,1,,2,1   

3. If the product that AB is defined, then it is not necessary that BA must also be 

defined. For instance, if A is of order     and B is of order    , then clearly 

AB is defined but BA is not defined, as the number of columns of B is not equal 

to the number of rows of A.  

 

Class Activity 3.1  

1. Compute the products AB and BA for the following values of A and B 
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            a)   































23

59

48

,
133

321
BA                                                                                                            

            b)    A= 

















10

01
,

32

41
B                

             c) 

































 



1

2

1

,

0

1

1

BA

 

2. Find 

         (a) 































81620

3812
,,

wz

yx
ifwandzyx  

         (b)  


























dc

a
ifdcba

113

63

74

62

3
,&,,  

 3. Let A= BAABthatShowBand 
















.

20

03

40

01
 

 4. Construct two matrices A and B such that the product AB, BA are defined and  

      AB   BA.                                                                                                                      

 5. Properties of Matrix Operations 

We begin by listing several properties of matrix addition and scalar multiplication  

Theorem 3.1: Properties of Matrix Addition and scalar multiplication. 

Let A, B, C be an mxn matrices and c and d be scalars, then the following properties 

are true. 

 1. ABBA  -------------------------- commutative property of Addition 

 2.  CBACBA )()( Associative property of Addition 

 3. )()( dAcAcd   

 4. AA 1  

 5. (c cBcABA  )  ---------------------------Distributive property 

 6. propertyveDistributidAcAAdc  )( A  

 Proof: 

Proof of these six properties follows directly from the definitions of matrix addition, 

scalar multiplication, and the corresponding properties of scalars.  For example, to 
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prove the commutative property of matrix addition, we let     ,.ThenbBandaA jiji 

using the commutative property of scalars, we have  

                                             
    ABabbaBA jijijiji    

similarly, to prove property 5, we use the distributive property for scalars of 

multiplication over addition and hence  

                                            
    .)()( cBcAcbcabacBAc jijijiji   

The proofs of the remaining four properties are left as an exercise. 

 Note:  If A is an mxn matrix and mno  is the mxn matrix consisting entirely of zeros 

then one can observe that A+ mno  = A.  We call mno  a zero matrix or null matrix and 

it serves as the additive identity for the set of all mxn matrices. For example, the 

matrix 









000

000
0 32  serves as the additive identity for the set of all     matrices. 

 Theorem 3.2: Properties of zero Matrices  

 Let A be an     matrix and c be a scalar then  

    a) AOA nm   

     b) 
nmOAA  )(  

     c) 
nmnm OAorocOcA   

 Proof:  Left as an exercise. 

 Remarks 3.3: 

1. Property b) above can be described by saying that the matrix-A is the additive    

inverse of A  

2.  The algebra of real numbers (scalars) and the algebra of matrices have many 

similarities.  For example, compare the following solutions. 

  Real numbers                                                        mxn Matrices 

  (Solve for x)                                                           (Solve for x) 

  BAxbax   

 )()()()( ABAAxabaax   

 ABxabx  00  

 ABxabx   

Theorem: 3.3: Properties of Matrix Multiplication  
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Let A, B and C be matrices with orders such that the given matrix products are defined 

and b is a scalar, then the following properties are true. 

    CABBCAa )()()    ---------------------Associative property of multiplication 

    b)  ACABCBA  )(  ----------------Left distributive property  

    c)   BCACCBA  )(  ---------------Right distributive property 

    d)   )()()( bBABbAABb   

Proof:  

To prove property a) We compute the entry in the     row  and      column of both  

      and      . To begin, we assume that   has order    ,   has order    , 

and   has order    .  Then the j
th

 column of BC is 



























pjnpjnjn

pjpjj

pjipjj

cbcbcb

cbcbcb

cbcbcb









2211

2222121

212111

 

This implies that the ith entry of the jth column of        is 

).()( 11111 pjnpjniinpjipji cbcbacbcba   On the other hand, the     row 

of AB is )(,),( 111111 npinpinini babababa  which implies that the 

    entry of the     column of (AB) C is 

  
jppnnipiijiinnii cbabacbaba )()( 1111  . 

By distributing and regrouping, we can see these tow        entries are equal and we 

conclude that A (BC) = (AB) C. 

 

To prove b) we find the entry in the     
 
row and     column of A (B+C) to be  

                        
)()( 111 jnjninjji cbacba   

Moreover, the entry in the     row and     column of AB + AC is 

                         ( )() 1111 jnnijijninji cacababa   

Again, by distributing and regrouping, we can see that these two        entries are equal 

and we conclude that A(B + C) = AB + AC. 

The proofs of C) and d) left as an exercises. 

 

Class Activity 3.2  
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 1. Let XforsolvethenBandA 















 


12

43

30

21
 in the equation        

 

  2. Let 















 

































40

02

11

501

013

071

,
027

501
CandBA  then show that  

             

  3. Consider 











































765

543

543

321
,

40

11

32

andCBA  then show that  

       a) ACABCBA  )(  

       b) CABAACB  )(  

 4.  Let  











12

31
A  and   B = BAABthatshowthen 







 

20

12
  and conclude that 

matrix multiplication is not commutative. 

 5. Let  BAYetBCACthatshowthenCandBA 





























 ,

21

21

32

42
,

10

31
        

and conclude that a general cancellation property for matrix multiplication does not 

hold. 

Definition 3.7: Identity matrix 

A special type of square matrix of order n that has 1's on the main diagonal and 0's 

elsewhere is called the identity matrix of order n and it is denoted by nI . 

 That is,   nI  

























10000

00100

00010

00001











 

 It serves as the identity for matrix multiplication.   

For instance, if             we have    

 


























100

010

001

,
10

01
,1 321 III  
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Theorem 3.4 Properties of the identity Matrix 

If A is a matrix of order mxn, then  

        a) AIA n   

        b)  AAI m   

        c)  If m=n then AAIIA nn   

 Proof: Left as an exercise 

Example-8:   

  Let thenBA


























4

1

2

,
65

32
 

        a)  









65

32
2AI       AIA 2

65

32

10

01


















 

        b) 




















































4

1

2

4

1

2

100

010

001

3BI  

 

 Note: For repeated multiplication of square matrices, we use the same exponential 

notation used with real numbers. 

      That is, AA 1  

 NkforandAAA 2
 

 We define   AAAAk  factorsK  

      It is convenient also to define A
0
= nI , where A is a square matrix of order n  

      As a result one can observe that the following properties. 

 a)   kjkj AAA   

                        b) 
jkkj AA )(   

     Test yourself!

   1. Perform the indicated operations, given that a=3,b=-4,c=-2 and 












































00

00
,

01

10
,

21

31
,

110

321
OCBA                                                                                                                                               

         (a)  )(CAB           (d) (a ))( CBb   
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         (b)  ACB )                       (e) )0( CB  

         (c) Bba )(  )(CAB            (f) )(aAB
 

 2. Perform the indicated operations, given that  











10

21
A                 

       
2)( Aa   AIAc 2)(   

       (b)  )( 2 AIA    (d)   
4A  

3. Let 
n

n xaxaxaaxf  2

210)(  be a polynomial function over R and A     be 

an nxn matrix, then using the definition 

      ifAffindAaAaAaIaAf n

nn )(,)( 2

210   

       (a)  






 


22

48
2410)( 2 Aandxxxf  

       (b)  



















500

620

413

303110)( 23 Aandxxxxf  

4.  Let
2019 )()(

100

010

001

AbAacomputethenA

















  

5. Find a matrix A that satisfies the given equation   

       (a)  



























2700

010

008

)(
40

09
32 AbA  

6. Let A,B and C be matrices with orders such that the given matrix operations are  defined. 

Determine whether the given statement is true or false.  Give a reason for your answer. 

      (a)  
222 2)( BABABA   

      (b)  
22)()( BABABA   

      (c)   OBorOAOAB   

      (d)  BABCAC   

7. Let  mxnM  be the set of mxnall   matrices over R then  

      a) Show that mxnM  with the   standard operations is a vector space over R  

      b) Find a basis for mxnM  and its dimension. 
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8. Let nM  be the set of all nxn matrices over R then show that Mn with the standard   

operations is a ring with unity which is not commutative. 

9.  Let andRcba
oc

ba
A

















 ,,,:  

 
whethereeroperationdardswiththenRcba

c

ba
B mindettan,,:

1 

















 

     (a)  A is a vector space over R. 

     (b) B is a commutative ring. 

3.3   Types of Matrices: Square, identity, scalar, diagonal, 

triangular, symmetric, an Skew symmetric matrices                     

Objectives 

At the end of this section students should be able to 

 Identify types of matrices.  

 Find trace of matrices. 

 Compute the inverse of matrix.  

 Proof properties of inverse and transpose of  matrices. 

 Determine the product of special matrices. 

1) Row Matrix: A matrix which has only one row.  It is a     matrix, where n is 

arbitrary natural number. It is also called a row vector 

                       Example-1:  (-1 0 0 4) is a row matrix with order    . 

(1 -2   -3) is a     row matrix. 

2) Column Matrix: A matrix which has one column.  It is also called a column vector. 

                   Example-2:      

















5

1

2

 is a 3 by 1 column matrix. 

3) Zero matrix: is a matrix of arbitrary size in which all the entries are zero.  It is also 

called null matrix and denoted by 0.  

                  Example-3: The following are null matrices 
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 

























00

00

00

00

00
00  

           21xorder     22xorder   23xorder  

4) A square matrix:  Is a matrix where the number of rows is equal to the number of 

columns.  It is an nxn  matrix; where n .N  

                 Example 4: 















 










2
176

314

301

83

12
 

    Square matrix of                   square matrix of 

                 Order 22x                                          order  33x  

Let   jiaA    be a square matrix of order n, then  

          a) The entries nia ii 1;  are called main diagonal entries of A. 

          b)  The sum of the main diagonal entries of A is called the trace of A and it is            

              denoted by )(ATr    That is, 



n

i

iinn aaaaaATr
1

332211)(  

Example-5: Find the trace of the following matrix  

             




































100

010

001

)(

313

420

321

)( BbAa

 

Solution: (a) 2321)(
3

1


i

iiaArT  

               (b)  3111)( 332211

3

1




bbbbBTr
i

ii
 

5) Diagonal Matrix: Is a square matrix in which all entries that are not on the main 

diagonal are zero.  

         Example-6: The following are Diagonal matrices 

                (a) 



































000

030

002

)(

200

020

001

b          
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               (c) 























nna

a

a

a











000

000

000

000

33

22

11

 

 Note: If isnxnaA ji )(  a diagonal matrix then 
iiji awhilejiOa    can be zero 

or different from zero. 

6) Scalar Matrix:  Is a diagonal matrix whose main diagonal elements are equal. That 

is, if  )( jiaA   is a square matrix such that  

      









jiifc

jiif
a ji

,

,0
 Where c is a scalar, then A is called scalar matrix. 

                    Example-7: 

  


















300

030

003

D

 

7) Identity Matrix: Is a diagonal matrix in which all the main diagonal elements are 

equal to 1.  It is also called a unit matrix.  

          Example-8:  1  


























100

010

001

,
10

01
  are unit matrices of order 1, 2 and 3 

respectively 

 Note  

      1. The nxn  identity matrix is denoted by nI  

      2. The identity matrix behaves like 1 in multiplication of numbers:   If A is a  mxn  

matrix, then      = A and  AI n   

      3- 


















1

1

10

01


nI  Are some short hand ways of drawing the matrix nI . 

8) Upper triangular Matrix: Is a square matrix in which all the elements below the 

main diagonal are zero.  That is, if nxnaA ji )(  is a square matrix such that  

jiallfora ji  0   then A is said to be upper triangular matrix. 

       Example-9: 
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





































1000

0100

0010

0001

,

800

020

321

BA  are upper triangular matrices of order 3 and 4   

           respectively.  

9) Lower triangular matrix: Is a square matrix whose entries above the main 

diagonal   are 0.  

        Example-10:

   


































1000

0100

0010

0001

,

132

001

001

 are lower triangular matrices of order 3       

                              and 4 respectively.    

 Note :  

1) We often indicate that a whole region in a matrix consists of zeros by leaving 

it blank or by putting in a single O. 

2) We use * to indicate an arbitrary undetermined entry of a matrix. 

Definition 3.8: The Transpose of a Matrix  

The transpose of an mxn  matrix )( jiaA   is the nxm  matrix A
t  

obtained by reflecting 

about the diagonal:  A
t
 =   .,

ij
a

ij
bwherejib   It is a matrix obtained by interchanging 

the corresponding rows and columns of the given matrix. 

   

Example-11:   The Transpose of a matrix 

        (a)  





























100

014

123

)(
4

3
BbA  

       (c) 

























mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa

C











321

3333231

2232221

1131211
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Solution:  (a)   


















101

012

043

)(43 tt BbA  

 

                (c)  

























mnnnn

m

m

m

t

aaaa

aaaa

aaaa

aaaa

C











321

3332313

2322212

1312111

 

 

Theorem 3.5:  Properties of Transposes 

Let A and B be matrices with orders such that the given matrix operations are defined 

and c is a scalar, then the following properties are true  

    (a) transposeofTransposeAA tt )(  

    (b) sumaofTransposeBABA ttt  )(  

    (c) multiplescalaraofTransposeAccA tt  )()(  

    (d) productaofTransposeABAB ttt )(  

    (e) 
n

t

n II )(  

Proof:   Exercise 

  

Definition 3.9: A matrix A is said to be symmetric if it is equal to its transpose.  That 

is, if A
t
 =A then A is called symmetric matrix. 

 

 Note:  A symmetric matrix is necessarily a square matrix  

          Example-12:   Let 























732

301

211

A  then since A=A
t
 we have A is symmetric  

Definition 3.10:   A square matrix a is said to be skew-symmetric if A
t
 = - A. 

          

Example-13: Let .,
02

02
symmetricskewisAhenceandAAthenA t 











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Class Activity 3.2   

1.  Let thatverifythencandBA 4
12

13
,

20

21








 











  

        (a)  
ttttt BABAbAA  )()()(  

        (c)  
ttttt ABABdcBcB  )()()(  

 

2. Determine whether the given matrix is symmetric, skew symmetric, or neither  

   (a)  



































































114

063

352

)(

031

302

120

)(

031

302

120

)(
31

12
DdCcBbA

 

 

3.Give an example of two 
22x  matrices A and B such that  

ttt BAAB )(   

  

 

Definition 3.11:  Definition of an inverse of a matrix  

An nn  matrix A is invertible (or nonsingular) if there exists an nn matrix B such 

that nn IwhereBAIAB ;   is the identity matrix of order n.  The matrix B is called 

the (multiplicative) inverse of A. A matrix that doesn't have an inverse is called 

noninvertible (or singular).  The inverse of a matrix A is donated by A 1 . 

Example-14: 

Find the inverse of the following matrices 

      (a)    


















35

12
)(

10

11
BbA  

Solution:   

(a) To find the inverse of A.  We try to solve the matrix equation  

          
IAXButXforIAX  ,  

          


























10

01

10

11

2221

1211

xx

xx
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















 


10

01

2221

22122111

xx

xxxx
 

Now, by equation the corresponding entries, we obtain the following two systems of 

linear equations. 

              












0

1

21

2111

x

andxx
 

1

0

22

2212





x

xx
 

        11,0,1 22122111  xandxxx  

        






 











10

11

2221

1211

xx

xx
x  

Therefore, the inverse of A is   






 


10

11
1 xA

 

(b)  Suppose 









2222

12111

bb

bb
B   be the inverse of B then   

1

2

1   BBIB B   But,   

           2

1 IBB 
 

                   


























10

01

35

12

2221

1211

bb

bb
 

                   























10

01

3535

22

22122111

22122111

bbbb

bbbb

 

                   













035

12

2111

2111

bb

andbb

135

02

2212

2212





bb

bb
 

                   21,5,3 22122111  bandbbb  

                  







 

2221

12111

bb

bb
B = 













25

13
 

  Infact, one can check that  BBIBB 1

2

1     

 Remarks     

1. Non square matrices do not have inverses.  To see this, note that if A is of order 

nm  and B is of order mn  (where )nm  , then the products AB and BA are of 

different orders and therefore could not be equal to each other. 
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2. Not all square matrices possess inverse. For example, the matrix 








21

21
doesn't 

have inverse. 

3. We will see later that square matrix A is invertible if there is a square matrix B 

such that either one of the two relations IBAorIAB   holds, or then B is the 

inverse of A. 

Theorem 3.6:  Uniqueness of an Inverses Matrix   

If A is an invertible matrix, then its inverse is unique  

Poof: 

Since A is invertible, we know that it has at least one inverse B such that .BAIAB    

Suppose that A has another inverse C such that            , then 

                                 BCABIB )(  

                                              ?);( WhyABC  

                                              ?whyjCI  

                               = C  

   CB   And it follows that the inverse of a matrix is  unique 

Theorem 3.7:  Properties of Inverse Matrices   

Let A be an invertible matrix, NK  and C is a scalar then the following are true  

     (a) AA  11)(  

     (b)  factorsKAAAAk 1111)(    

     (c) 0;)( 111   cAccA  

    (d)  tt AA )()( 11    

Proof: 

    (a) Suppose A 1  is the inverse of A  

         11   AAIAA  

         inverseanofiondefbyAisAofinversethe int;1  

         AA   11)(  

   (c) Since ;)()()( 1111   AAccAccA by property of scalar multiplication. 

                                           I)1(  

                                           I  
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      And                cAAcIAccAhaveweIIAAcccAAc 11111111 1    

      And if follows that 11  Ac   is the inverse of .CA  

         .111 
 AccA  

  As an exercise show property b & d.  

 Note: For nonsingular matrices, the exponential notion used for repeated 

multiplication of square matrices can be extended to include exponents that are 

negative integers. This may be done by defying  A
-
 
k
  to be 

                                           factorskAAAA k 111    

      With this convention we can show that the following properties. 

          (a) kjkj AAA   

          (b) kjkj AA )(   For any integers j and K. 

 Theorem 3.8: The inverse of a product  

 Let A and B be invertible matrices of order n, then AB is invertible and  

                                     (AB) 111   AB  

Proof: 

Since   1111 )()(   ABBAABAB   

                                                 1)(  AIA  

                                                 1)(  AAI  

                                                 1 AA  

                                                 I  

 And in a similar way we can show that 

11111111 )())()()(   ABgetwehenceandABIACBABhaveweIABAB  

  is the inverse of AB. 

      .)( 111 invertibeisABandABAB    

Remarks   

1. Theorem 3.8 says that the inverse of a product of two invertible matrices is the 

product of their inverses taken in the reverse order.  This can be generalized to 

include the product of several invertible matrices.   

           
1

1

1

2

1

3

1

1

11

21 )( 



  AAAAAAAA nnn
 

2. The inverse of AB is usually not equal to 11  BA . 
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Theorem 3.9:  Cancellation Properties 

Let C be an invertible matrix, then the following properties hold. 

     (a) If BAthenBCAC  , ------------- Right cancellation property 

     (b) If  BAthenCBCA  ,   ------------- Left cancellation property   

Proof:  

     (a)  Suppose 11 )()(sin,   CBCCAChaveweinvertibleisCcethenBCAC  

    )()( 11   CCBCCA  

 IBIA   

BA   

       (b) Similar to (a)  

 Note:  If C is not invertible then cancellation is not usually valid and hence theorem 

3.9 can be applied only if C is an invertible matrix. 

 

  Test yourself!  

  1. Let  ,

213

432

201

















A  then find a matrix B such that    

           (a) .matrixdiagonalaisBA   

           (b) .matrixscalaraisBA   

           (c) .matrixunitaisBA   

   2. Which of the following matrices are diagonal Matrices? 

       (a) 



















































100

010

001

)(
04

30
)(

000

000

000

)(
00

21
dcb  

  3.  Let A and B be square matrices of order n and c is a scalar then prove that  

          (a) )()()( BTrATrBATr   

          (b) )()( AcTrAcTr   

          (c) )()( BATrABTr   

          (d)  If B is invertible, then )()( 1 BABTrATr  

   4. Prove that  
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         (a) If the product    is a square matrix, then the product    is defined 

         (b) If both products    and    are defined, then    and    are square matrices  

         (c) If   and   are diagonal matrices of the same order, then      . 

         (d) the product of two upper triangular matrices is upper triangular. 

 

  5. Let 

























nd

d

d

D 
2

1

 be a diagonal matrix and  

       nxnanbeaA ji Matrix then 

         (a) Compute the products    and    

         (b) Compute the product of two diagonal matrices 

         (c) When is a diagonal matrix   invertible? If   is invertible find its inverse. 

  6. Show that the following matrix equation has no solution  

         (a) ;
11

11
2IA 








 where Ais a 2x2 matrix with real entries. 

         (b)    –         ; where   and   are nn  matrices with real entries. 

  7. Prove the following 

      (a) If A is an AAandAAmatrixnxm tt,   are symmetries 

      (b) If A is an nn  matrix, then      t
 is skew symmetric 

      (c) If A and B are nn  skew symmetric matrices, then BA is skew symmetric 

      (d) The main diagonal of a skew symmetric matrix consists entirely of zeros.      

      (e) Let A and B be symmetric nn matrix, then AB is symmetric if and only if. 

 .BAAB   

  8. Find the inverse of the following matrices if it exists  

           (a) .,,, Rdcbawhere
dc

ba
A 








  

          (b)    



















563

453

111

B  Cc)(























111

211

114

 

         .,,;

111

101)( Rcbawhere

cba

Dd 

















  
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  9. Find x  such that  

        (a) .
32

3
inverseownitstoequalis

x
A 










  

        (b) 











32

4 x
A is singular. 

        (c) 









43

21
)2( 1x  

10. Prove that followings 

       (a) If IAeitherthenAA 2  or   is singular 

       (b) If   is invertible and 0,0  BthenAB  

       (c)  If A,B and C are  square matrices and       , then   is invertible and 

.1 CAB   

        (d) If A is nilpotent then AI   is invertible.    (Note: A square matrix   is called nilpotent   

               if 0kA   for some 0k   )   

      (e) Let A, B be mxn   and nxm  matrices. Prove that ABI n  is invertible if and only if  

              isABI n   is invertible. 

      (f)  A matrix which has a row of zeros is not invertible. 

 

3.4. Elementary row and column operations                                   

Objectives:  

At the end of this section students should able to: 

 State the elementary row /column operations. 

  Define Elementary matrix and identity elementary matrices. 

     Use elementary matrices to find inverses. 

 

1. Elementary Row Operations 

   Consider the matrices ,

113

212

121

,

100

321

654

100

654

321



























































 CBandA  
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







































































212

470

121

212

113

121

113

212

242

FandED  

Observe that: 

       I)  B is obtained from A by interchanging the first and second rows of A. 

      II)  D is obtained from C by multiplying the first row of C by – 2. 

     III)  F is obtained from matrix E by replacing the second row of E by a new row. 

This is made up by multiplying the first row by - 3 and adding to the second row of E. 

Such operations on rows of a matrix as described above in (I), (II) and (III) are called 

elementary row operations.  These operations will be very useful in finding inverse of a 

matrix and solving systems of linear equations. 

Similarly, elementary column operations can be defined. Hence we have the following 

definition.  

Definition 3.12:  An elementary operation on a matrix is either elementary row 

operation or elementary column operation and is of the following three types. 

Type I: The interchange of any two rows or (columns) 

Type II: The multiplication of any row or (column) by a non zero number 

Type III: The addition of a multiple of one row (or column) to another row (or column) 

 Notations: We shall use the following notations for the three types of elementary 

operations.  

        1. The interchange of i
th

 and j
th

 rows (columns) is denoted by )( jiji CCRR   

        2. The multiplication of the i
th

 row (column) by a none zero number k is denoted 

            by )( iiii kCCkRR   

        3. The addition of k times the j
th

 row (column) to i
th

 row (column) is denoted by  

      )( jijii kCCCKRRR   

 Note:  

a) ii kRR   means replace the i
th

 row by k times the i
th

 row 

b) 
jii kRRR   Means replace the i

th
 row by the sum of itself and k times 

the j
th

 row. 

c) Although elementary operations are simple to perform, they involve a lot of                                           

arithmetic Because it is easy to make a mistake, we suggest that you get in 
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the habit of noting the elementary operation performed in each step so that 

you can go back to check your work 

 

Definition 3.13: Row Equivalent and column Equivalent Matrices 

Two matrices are said to be row-equivalent or (column equivalent) if one can be 

obtained from the other by a finite sequence of elementary row or (column) operations. 

That is, 

   a) mxnaA ji )(  is row equivalent to B ,)( mxnb ji  denoted by ,B
row

A   if B is        

attainable from A by successive operations of finitely many elementary row operations 

on A. 

   b) 
mxnaA ji )(  is column equivalent to ,)( mxnbB ji  denoted by ,BA

column

 if B 

is attainable from A by successive operations of finitely many elementary column 

operations on A. 

 

 

 

Example-1   

   Let 







































431

341

331

,

232

213

021

BA  then show that  

 (a) 3)(

000

270

021

IBbA
rowrow



















  

Solution:  

 (a)  

  

 

  
 
 
 

 

 

 
 
 

 

 

      

 
 
 

 

 

 
 
 

 

 

 

           

0 0 0 

2 7 0 

0 2 1 

2 7 0 

2 7 0 

0 2 1 

3 2 3 3 1 3 2 R R R R R R 

 
 
 

 

 

 
 
 

 

 

  

       

 
 
 

 

 

 
 
 

 

 

  

  
   

2 3 2 

2 7 0 

0 2 1 

2 3 3 

2 1 3 

0 2 1 
2 1 3 R R R2 

A 
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  (b) 

















 

















 




















100

010

331

431

010

331

431

341

331

133322 RRRRRR
B  

















 

















 


100

010

001

100

010

301

311211 33 RRRRRR

 

 

Class Activity: 

1) Let mxnM  be the set of all mxn  matrices then show that the relation row equivalent  

on  mxnM  is an equivalence relation. 

2) Let 
t

coumn
t

row

BAthatshowthenBA   

3) Let 















 



























2100

5310

9321

17552

4031

9321

BandA  then show that BA
row

 . 

 

2. Elementary Matrices  

Definition 3.14: Definition of Elementary Matrix  

Let A be an nxn  matrix such that A can be Obtained from In by a single elementary  

row /column operation then A is called an elementary matrix. 

 

Example-2: Elementary Matrices and Non elementary Matrices  

Which of the following matrices are elementary?  For those that are describe the 

corresponding elementary row operation. 

  (a) 







































0000

0100

0010

0001

)(

100

040

001

)( CcBbIA n  

 (d) 















































100

020

001

)(

010

100

001

)(
010

001
FfEeD 










14

01
)( Gg  
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Solution: 

 (a) Since nIA   can be obtained from itself by multiplying any one of its rows by 1. 

      
n

RR

n IveweAIei ')..( 11 1
 

  is elementary matrix. 

 (b) Since B can be obtained from 3I  by multiplying the second row of 

        .4 22 4

33 matrixelementaryanisBhenceandBIhavewebyI
RR
 

  

 (c) Since C is obtained by multiplying the fourth row of 4I  by 0 we have C is not    

elementary matrix. Note that, row multiplication must be anon zero constant.  

 (d)  D is not elementary because it is not square marix.  

  (e) Since EI
RR
 

 32

3
 we've E is elementary. 

  (f) This matrix is not elementary because two elementary row operations are required        

to obtain it from 3I . 

   (g) Since GI
RRR
 
 212 4

2  we have G is elementary. 

 

 Note Elementary Matrices are useful because they enable us to use matrix 

multiplication to perform elementary row/ column operations.     

 

Example-3: Elementary Matrices and Elementary Row Operations 

 Let 























































100

012

001

100

00

001

,

100

001

010

32
1

21 EandEE  

 Let 

































































540

322

101

1310

4620

1401

,

123

631

120

321 AandAA  

 Then  

(a)























123

120

631

11 AE , this product matrix is a matrix obtained by interchanging the 

first two rows of A. And 1E  is an elementary matrix in which the first two rows of 3I

has been interchanged. 
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 (b) 





















1310

2310

1401

22 AE  

Here, 2E  is an elementary matrix in which the second row of 
3I  has been multiplied by 

2
1  and 22

22

1
2 AEA

RR
 


 

 

  (c)  























540

120

101

33 AE     Here, 
33

2

3

3

2

3

212

212

AEA

andEI

RRR

RRR

 

 





 

 

Theorem 3.10: Representing Elementary Operations  

Let A be an     matrix 

(a) Let E be the elementary matrix obtained by performing an elementary row operation 

on mI such that the same elementary row operation is performed on A, then the 

resulting matrix is given by the product .EA  

(b) Let E be the elementary matrix obtained by performing an elementary column 

operation on nI  such that the same elementary column operation is performed on A, 

then the resulting matrix is given by AE. 

Proof: 

To prove the above theorem we use the following fact: 

Let BofcolumnjthebeAandAofrowibeAnxpbBmxnaA thjth

ijiji ,)(,)(   

then one can show that  

       I) BandAofrowitheofproducttheiswhichBAAB th

ii  .)( . 

     II)  jj BAAB .)(  .BofcolumnjtheandAofproducttheiswhich th  

(a) 1- Let E be an elementary matrix obtained from mI  by applying elementary 

operation ,)(.)(.)( AofrowjAjjAIAIAEEAthenRR th

mjmiiji 

AofrowiAAIAIAEEA th

iimimjj  )(.)(.)( and for ijk  we have  

            kmkmkk AkAIAIAEEA  )()()( Thus,  

            jiAEAandAEAAEA kkkijji ,)()(,)(   

           EA  is a matrix obtained from A by applying the elementary row operation  
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ji RR   

         2- Let E be an elementary matrix obtained from Im by applying elementary 

operation
ji cRR   where c is a non zero scalar and suppose that we apply we 

ji cRR   on A then 

    ijforandCAAICAICAICAEEA iimimimii  ).()(.)(.)(  

jjmjmjj AAIAIAAEEA  ).(.)(.)(  

 

  jAEAandcAEA ijjii  )()(  

       EA  is a matrix obtained from A by applying elementary row operation     

ii cRR   

  3-Let E be an elementary matrix obtained from Im by applying the elementary   

operation 
iji RcRR   where c is a scalar and suppose that we apply 

thenAonRcRR iji   

  AIIcAEEA imjmii )()(.)(   

              AIAIc imjm .)(.)(   

              imjm AIAIC ).(.)(   

            
ijm AAIC  ).(  

            
ij AAC   

And ij  we have  
jjmjmjj AAIAIAEEA  )(.)(.)(  

Thus, .)()( iAEAandACAEA jjjiji   

Therefore, EA is a matrix obtained from A by applying the elementary row operation  

.iji RCRR   

Hence, by (1) (2) and (3) we have the proof.  

(b) Similar to (a).  

 Remarks 

  Be sure to remember that, 

1) In theorem 3.10 (a), A is multiplied on the left by the elementary matrix E 

and  

2) In theorem 3.10 (b), A is multiplied on the right by the elementary matrix E, 

which involves column operations. 
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Corollary 3.1 

Let A and B be an mxn  matrices 

(a)  If PwherePABThenBA
row

,,   is a product of elementary matrices, which 

involves elementary row operations. 

 (b) If ,BA
column

   then isQwhereAQB ,  a product of elementary column 

operations. 

     Proof:   Apply theorem 3.10 repeatedly.  

 Example-4:   Let 

  

Then find a sequence of elementary matrices such that 

B is the product of those elementary matrices and A, 

Solution:   

  1

0262

5310

2031

0262

2031

5310

21 AA
RR























 






















 

 

   





















 





















 


2100

5310

2031

4200

5310

2031
32

1
3313

2

2 RRRRR
A B 

Observe that      

;11 AEA  Where E 1  is an elementary matrix obtained from 3I  by applying 21 RR    

isEwhereAEA 2122 ;  An elementary matrix obtained from 3I  by applying 

 313 2 RRR   

isEwhhereAEB 323 ;  An elementary matrix obtained from 3I  by applying  

32
1

3 RR   

  Thus  23 AEB   

                122123 ; AEASinceAEE   

                AEASinceAEEE 11123 ;   

, 

2 1 0 0 

5 3 1 0 

2 0 3 1 

0 2 6 2 

2 0 3 1 

5 3 1 

 

0 

 
 
 

 

 

 
 
 

 

 

 

 

 

 
 
 

 

 

 
 
 

 

 

 

  B And A 
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 Where 
1E =  














































2
132

10

001

102

010

001

,

100

001

010

EandE

 

Definition 3.15: Let A, B be an     matrices.  We say that A is equivalent to B, 

denoted by BA  , if B can be attainable from A by successive application of finitely 

many elementary row or column operations. 

Theorem 3.11   

Let A, B be a      matrices then       if and only if      ; where   is product 

of an      elementary matrices which involves row operations and   is product of 

an     elementary matrices which involves column operations.  

Proof Exercise   

 

Theorem 3.12:  (Elementary matrices are Invertible.)  If E is an elementary matrix, 

then 1E  exists and is an elementary matrix. 

 Proof: Since elementary operations are reversible then to find the inverse of an 

elementary matrix E, we simply reverse the elementary row operation used to obtain E. 

If E is an elementary matrix such that  

     (a)   EEputthenEI ji RR

n    1
 

     (b)   isEwhereEEputthenEI ii cRR

n 11

1     an elementary matrix such that   

1

1

EI ici RR

n  


 

     (c)  isEwhereEEputthenEI jii cRRR

n 22

1   
 an elementary matrix  

2EIthatsuch jii cRRR

n  


 

   And to check that ,11 EEIEE n

   apply theorem 3.10      

Example-5:     

  Let thenEandEE

























































2
1

321

00

010

001

102

010

001

,

100

001

010

 

  



































 

200

010

001

102

010

001

, 1

3

1

21

1

1 EandEEE  
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      Test yourself! 

 

1. Let 3

326

101

011

IAthatshowthenA
row

























  

2. Let 





















1200

2120

0212

0021

B  then show that  .4IB
row

  

3. Determine whether the matrix is elementary. If it is, state the elementary row     

operation that was used to produce it. 

       (a) 













































1300

0100

0012

0001

)(

102

010

001

)(
12

01
cb  

4. Let 



































































021

210

340

321

210

021

,

021

210

321

CandBA  

             (a) Find an elementary matrix E such that       

             (b) Find an elementary matrix E such that       

             (c) Find an elementary matrix E such that EB =A 

             (d) Find an elementary matrix E such that EC =A 

5. Let E be an elementary matrix obtained by interchanging two rows in  

thenmatrixnxnanbeAandI n  

                     (a) How will EA compare with A   

                     (b) Find  
2E  

6. Let E be an elementary matrix obtained by multiplying a row in nI  by a non zero 

constant c and A be an nxn  matrix then  

 

                 (a) How will EA compare with A? 

                 (b) Find  
2E  
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3.5. Row reduced echelon form of a Matrix                                      

Objectives 

At the end of this section learners are expected to 

 To define row-echelon form of a matrix. 

 Identify a row-echelon form of matrix. 

 Solve system of linear equation using row-echelon form of a matrix.  

 Compute the inverse of a square matrix. 

 

1. Row-Echelon Matrix 

Definition 3.16:  Definition of Row-Echelon Form of a Matrix 

A matrix is said to be in row-echelon form if  

  1. All the non-zero rows, if any, precede all zero rows, if any.   That is, all rows 

       Consisting entirely of zeros occur at the bottom of the matrix. 

  2. In any non-zero row after the first row, the number of zeros preceding the first non- 

      Zero elements is greater than the number of such zeros in the preceding row.   

      That is, the first non-zero entry of row i+1 is to the right of the first non-zero entry 

      of row i. 

  3. The first non-zero entry in each non-zero row is 1.  This entry is called a pivot or  

       a leading 1. 

 

Example-1: Determine whether the given matrix is in row-echelon form or not. 

 





































0000

3100

5010

)(

2100

3010

4121

)( ba  

    (c)    











































4110

0000

2121

)(

3100

1120

4321

d  

Solution: The matrices shown in parts (a) and (b) are in row-echelon form, while the 

matrices shown in parts (c) and (d) are not in row-echelon form. 
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 Note: One can show that every matrix is row equivalent to a matrix in row-echelon 

form. 

Definition 3.17: Definition of Reduced Row-Echelon Form of a matrix. 

A matrix M in row-echelon form is in reduced row-echelon form if the first non-zero 

element in each non-zero row is the only non-zero element in its column.  

That is, M is in reduced row-echelon form if M is in row-echelon form and if every 

column that has a leading 1 has zeros in every position above and below its leading 1. 

     

 Note that: It can be shown that the reduced row echelon matrix obtained from a 

given matrix A by elementary operations is unique. That is, that it does not depend 

on the particular sequence of operations used. 

 Example-2: The following matrices are in reduced row-echelon  

   (a) 

































 

0000

3100

5010

0000

3100

2010

1001

 

Theorem 3.13:  Let A be an     matrix, then A is row equivalent to an      

reduced row-echelon form of a matrix. 

Proof:  Exercise  

Example- 3 

  Let  















 



4333

2023

4120

A  then find the unique reduced row-echelon matrix that is row 

equivalent to the matrix A. 

   

















 

















 


4333

4120

01

4333

4120

2023 3
2

3
2

13

1
121

RRRR
A  

  

















 


2310

4120

01 3
2

3
2

3 313 RRR

















  


2310

210

01

2
1

3
2

3
2

22

1
2 RR
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323

2
7

2
1

3
2

3
1

000

210

01
123

2
1

RRR

RRR



















  



 

















  





0100

210

01

2
1

3
2

3
1

37

2
3 RR

 

    

232
1

2

3
2

0100

2010

001
133

1
1

RRR

RRR



















 





 

  Thus the reduced row-echelon matrix which is equivalent to A is .

0100

2010

001 3
2















 

 

______________________________________________________________________ 

Class Activity:  

Reduce the following Matrices in to reduced row-echelon matrix. 

 











































542

413

312

)(

6111

4432

101474

BbA

  

2. Elementary Matrices and Non singularity 

Recall that an elementary matrix is nonsingular as the inverse of the elementary 

operation  

   
.

,, 1

lyrespectiveCRRR

andRRRRareRCRRandCRRRR

jii

icijiijiiiji





 

Theorem 3.14: Let A be an     matrix then A is row-equivalent to nI  if and only if A 

is nonsingular 

 Proof    suppose n

row

IA   then by corollary 3.1 we get ;PAI n   where P is a 

product of finite number of elementary matrices. 

         PA  1  

         A  is invertible or non singular. 
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       )( Suppose A is an invertible then by theorem 3.13 we have BA
row

 ; where B is 

a reduced row-echelon matrix. 

Claim  nIB   

  Let nxnbB ji )(  

 If nb iii ,,2,10   then the structure of a matrix of reduced echelon 

form guarantes that .nIB   

 If 0iib  for some  i and i is the first such element on the diagonal of B 

Case-1   ni   then the n
th

 row is a row of zeros  

Case-2   ni   

Consider the Browi th)1(   

It has at lest 1i  zeros before the first non-zero entry then one of the rows after the thi

row must be a row of zeros, Hence, in both cases, we have at least one row of zeros in 

B. But B is invertible and hence 1B  exists. Thus 
nIBB 1  has at least one row of 

zeros; which is contradiction. 

Therefore, .nIB 
 

Corollary 3.2: A property of Invertible Matrices 

A square matrix A of order n is invertible if and only if it can be written as a product of 

elementary matrices. 

 

 Proof    Suppose A is a product of elementary matrices, Let 

ik EwhereEEEA ,21
  is an elementary matrix ki ,,2,1  then since each 

elementary matrix is invertible we get 

  ;1

1

1

2

1

1

11

21

1 



  EEEEEEEA kkk  As the product of invertible 

matrices is invertible  

   1 A Exists and hence A is invertible. 

    Suppose A is invertible then by theorem 3.14 we get A is row equivalent to .nI  

But AEEEEEIIA kknn

row

1231    where iE  is an elementary matrix 

ki  ,2,1  
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         nk IEEEEA 11

3

1

2

1

1

   

        A 11

3

1

2

1

1

  kEEEE  

       A   Can be expressed as the product of elementary matrices, as each 1

iE  is 

elementary matrix 

Hence, the proof is completed. 

Example-4: Writing a matrix as the Product of elementary matrices 

 Find a sequence of elementary matrices whose product is 






 


83

21
A  

Solution: 

We begin by finding a sequence of elementary row operations that can be used to 

rewrite A in reduced row-echelon form. 

Matrix                    Elementary Row Operations                   Elementary Matrix 

 

  







 


83

21
A  

 







 












10

01

83

21
11

11 EA
RR  











 












13

01

83

21
2

3

2
122 EA

RRR  









 












10

01

10

21
33

22

1
2 EA

RR
 








 
 












10

21

10

21
4

2

42
111 EAI

RRR  

 Now from the matrix product we get  

AEEEEAEEEAEEAEI 12341234234342   

 1

4

1

3

1

2

1

1

  EEEEA  








 


10

01









13

01









20

01









10

21
 

            






 


83

21
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Corollary 3.3: Let A be an     matrix.  If A can be reduced to nI  by a sequence of 

elementary row operations, then the same sequence of elementary row operations 

performed on 
nI  produces .1A  

Proof: 

Suppose 1 AthenIA n

row

  ikn Ew h e r eAEEEEIandexissts 123  is an 

elementary matrix .,,2,1 Ki   

 But AEEEEI kn 123  

1

123

1 )(   AAEEEEAI kn
 

             

              1

123

1 )(   AAEEEEA k
 

              
nk IEEEEA )( 123

1    

              
123

1 EEEEA k    

 In other words, a sequence of elementary matrices that reduces A to the identity also 

can be used to reduce the identity I to A
-1 

. Applying the corresponding sequence of 

elementary row operations to the matrices A and I simultaneously, we have  

   1

123

 AIIAEEEEk
 . Of course, if A is singular, then no such sequence 

can be found. 

 

 Remark: Finding the Inverse of a Matrix by Gauss-Jordan Elimination  

            Let A be a square matrix of order n  

1. Write the nnx2  matrix that consists of the given matrix A on the left and the 

nxn  identity matrix I on the right to obtain  ./ IA  Note that we separate the 

matrices A and I by a line.  We call this process adjoining the matrices A 

and I  

2. If possible, row reduce A to I using elementary row operations on the entire 

matrix  ./ IA  The result will be the matrix  ./ 1AI   If this is not possible, 

then A is not invertible  

3. Check your work by multiplying to see that AAIAA 11   . 
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Example-5: If 

 .

326

301

011

inverseitsfindthenA























   

Solution 

 We begin by adjoining the identity matrix to A to form the matrix 

         .IA      























100326

010101

001011

                                                                             

 
 21 RRR

 























106340

011110

001011

 

 
 313 6 RRR

 























106340

011110

001011

 

 
 323 4 RRR

 























142100

011110

001011

 

 
 33 RR

 























142100

011110

001011

 

 
 233 RRR

 























142100

133010

001011

 

 
 121 RRR

  1

142100

133010

132001
























AI  

 Therefore, A is invertible and its inverse is 

























142

133

132
1A
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 Class Activity    

1. Find the inverse of the following matrix by using Gauss-Jordan elimination 






















































1321

1333

1432

1211

)(
22

13
)(

111

232

422

cbA

 

2. Show that the following matrices have no inverses  

    (a) 





















232

213

021

                       












26

13
)b

 

 Note: - Using Gauss-Jordan elimination to find the inverse of a matrix works well 

(even as a computer technique) for matrices of order 33x  or greater.  For 22x  

matrices, however, many people prefer to use a formula for the inverse, rather than 

find the inverse by Gauss-Jordan elimination.  The formula is given by: 

 

         .011 
























 bcadwith
dc

ba
Awhere

ac

bd
A

bcab
 

  Thus A is invertible if and only if .0bcad . Why?   

        Test yourself! 

1. Determine whether the given matrix is in row-echelon form.  If it is, determine whether it 

is also in reduced row echelon form. 

      (a)  








1201

0010
                                  )(

000

000

000

)( cb

































0000

2110

0001

 

     
















0000

0100

0031

d       



































1000

4110

3102

)(

0100

4310

1201

)( fe   

 

 

2. Find a unique reduced row-echelon matrix that is row equivalent to the given matrix 

       (a)  








 21

21
                        

















987

654

321

)(b  
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3. Describe all possible  

       (a)     Reduced row-echelon matrices 

       (b)     Reduced row-echelon matrices 

4. Determine conditions on      , and   such that the matrix 








dc

ba
 will be row 

equivalent to the given matrix 

    








10

01
)(a        









00

01
b

 

5. Factor the matrix   into a product of elementary matrices  

    










01

21
)( Aa                            



















431

652

321

)( Ab  

       














 















720

222

802

)(
13

14
)( AdAc

 

6. Use elementary matrices to find the inverse of 

  7. Find the inverse of the following matrices if it exists. 












































552

043

001

)(

302

013

211

)(0;
0

)(
1

cba
aa

a
a

                   

 

7. Show that 











QQ

QQ
A

sinsin

cossin
is invertible 

 

 

3.6. Rank of a Matrix Elementary Row/Column Operation          

Objectives 

 Find the rank of matrix. 

0 , 

0 0 

0 1 0 

0 0 1 

1 0 0 

0 1 

0 0 1 

1 0 0 

0 1 0 

0 1 

) ( 0 , 0 1 0 

0 0 1 

) (  

 
 
 

 

 

 
 
 

 

 

 
 
 

 

 

 
 
 

 

 

 
 
 

 

 

 
 
 

 

 

  

 
 
 

 

 

 
 
 

 

 

  c 

c 

b 

a 

A b c 

c b a 

A a 
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If A is an nm  matrix, then the subspace of n  spanned by the row vectors of A is 

called the rowspace of A, and the subspace of m  spanned by the column vectors of A 

is called the column space of A. The solution space of the homogeneous system of 

equations 0Ax  , which is a subspace of n  , is called the nullspace of A. If s of the n 

columns of an m× n matrix A are linearly independent, the number s is called the 

column rank of matrix A. When the s nonzero columns v1, v2, . . . , vs are regarded as 

m element column vectors belonging to a vector space R
m
, these vectors will span a 

subspace of R
m
. 

 Note-Let A be any matrix. Then the row rank and column rank of A are equal. 

Definition: The rank of matrix A, denoted by rank (A), is the value common to the row 

and column ranks of A. 

 Note- Let A be any matrix. Then rank (A) = rank (A
t
). 

Example:- Let  

 

Then  Then the row-reduced echelon form of A is 

 

showing that the number of leading columns is 3, so the row rank of A is 3, and 

hence its rank is 3. 

 

 

 

 

 

      

         Test yourself! 
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Find the row-reduced echelon form of the given matrix, its rank, a basis for its row space,and a 

basis for its column space. 

   

 

 

3.7. System of linear Equations.                                                        

Objectives 

At the end of this section learners should be able to 

 Determine the coefficient matrix and the augmented matrix of linear system. 

 Use Gaussian elimination with back-substitution to solve linear system 

 Compute linear system using Gauss-Jordan elimination method. 

Recall that  

1. A linear equation in n variables nxxx ,, 21  has the form 

bxaxaxa nn  2211  Where the coefficients naaa ,, 21   are real 

numbers and the constant term b is a real number. 

      The number 1a  is the leading coefficient and 1x  is the leading variable. 

2. A solution of a linear equation in n variables nn xaxaxa  2211 , is a 

sequence of n-real numbers nttt ,, 21   arranged so that the equation is satisfied 

when the values nn txtxtxtx  ,,,, 332211  are substituted in to the 

equation. 

 

Definition 3.18: systems of Linear equations 

A system of m linear equations in n variables is a set of m-equations, each of which is 

linear in the same n-variables: 

       11313212111 bxaxaxaxa nn   

      22323222121 bxaxaxaxa nn   

      33333232131 bxaxaxaxa nn   

        
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      mnmnmmm bxaxaxaxa  332211  

  

 Remark: 

The double subscript notation indicates that 
jia  is the coefficient of 

th

j itheinx  

equation.  

 

Definition 3.19:   

A solution of the above system of linear equations is a sequence of numbers 

ntttt ,,,, 321   that is a solution of each of the linear equations in the system.  

It can happen that a system of linear equations has exactly one solution, an infinite 

number of solutions, or no solution.  A system of linear equations is called consistent if 

it has at least one solution and inconsistent if it has no solution.  

 Note: Number of solutions of a system of linear equations  

  For a system of linear equations in n-variables, precisely one of the following is true. 

     (a) The system has exactly one solution (consistent system) 

     (b) The system has an infinite number of solutions (consistent system) 

     (c) The system has no solution (inconsistent system) 

 Notation: Matrix Notation of system of linear equations 

One very common use of matrices is to represent a system of linear equations. 

Matrix notation was introduced in the nineteenth century to provide a short-hand 

way of writing linear equations. The system of m linear equations in n variables 

     11212111 bxaxaxa nn   

      22222121 bxaxaxa nn   

          

       mnmnmm bxaxaxa  2211  

       Can be written in matrix notation as BAX   

    Where























mnmm

n

n

aaa

aaa

aaa

A









21

22221

11211

, 





















nx

x

x

x


2

1
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     ,
2

1





















mb

b

b

B


 And AX  is the matrix product 

  Here, in matrix notation ,BAX  we have the following definitions.   

(1)  mxnaA ji is called the coefficient matrix of the system. 

(2) A Band are column vectors in mn RandR respectively.  Bandunknownis  

is a given column vector. 

(3) The matrix derived from the coefficients and constant terms of a system of 

linear m equations is called the augmented matrix of the system. That is, the 

matrix  BA  is called the augmented matrix of the system. 

Example-1: 

Use matrix notation to denote the following system of linear equations.  Also find the 

coefficient matrix and the augmented matrix of the system. 

   
1643

22

321

32





xxx

xx
 

Solution:  

   
1643

22

321

32





xxx

xx
 

 

 

       
1643

22.10

321

321





xxx

xxx
 

 

        

 AwhereBAxi)( 






































1

2
,

643

210

3

2

1

Band

x

x

x

x   is the matrix 

notation for the given system. 

 
 

 
 
 

 
 

 
 
 

 

 

 
 
 

 

 

 
 

 
 
 

 

 

 
 

1 

2 

6 4 3 

2 1 0 

3 

2 

1 

x 

x 

x 
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    Aii)( 












643

210
Is the coefficient matrix of the given system and 

      BAiii)( 












1643

2210
 is the associated augmented matrix of the system. 

 

 2. Gassing Elimination and Gauss-Jordan Elimination 

(I) Gausian Elimination 
It is a procedure for solving a system of linear equations.   

Rewriting a system of linear equations in row-echelon form usually involves a chain of 

equivalent systems, each of which is obtained by using one of the three basic 

operations.  This process is called Gaussian elimination, after the German 

mathematician Carl Friedrich Gauss (1777-1855)  

 

Theorem 3.15: Let BAX   be represent the system of linear equations and  BAM   

be the block matrix.  

 If  ''' BAm   is row equivalent to 

 

 

Proof   

Since 'M  is obtained by a sequence of elementary row operations, we have  

 This matrix is invertible, why? 

Also,  ''' BAM     ?,, HowPBPA  

If X is a solution of the original system ., systemnewthesolvesalsoXsoBAX   

Conversely, if thenBXA ,''   

BAXsystemthesolvesxsoBBpXApAX   ,' 11

Too, Hence the proof 

 Gausian Elimination with Back Substitution 

The general procedure for using Gaussian elimination with back substitution to solve a 

system of linear equations is summarized as follows: 

    Step-1   Write the augmented matrix of the system 

    Step- 2   Use elementary row operations to rewrite the augmented matrix in  

. 1 2 1 2 
‗ E E E P Let M E E E m r r         

. ‗ ‗ B Ax of those as same the are B x A of solutions the then m   
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                    Row-echelon form 

    Step- 3   Write the system of linear equations corresponding to the matrix in  

                   Row-echelon form, and use back-substitution to find the solution. 

 Example-2  

Use Gauss Ian elimination with back-substitution to solve the following system. 

                     32 432  xxx   

                      22 321  xxx  

                      2342 4321  xxxx  

                      1974 4321  xxxx
 

Solution: 

Step-1: The augment matrix for this system is  BAM        where,  BAM      = 



































19

2

2

3

1741

3142

0121

2110

   

Step-2:   using the elementary operations 

413
1

433
1

342441431321 ,6,,2, RRandRRRRRRRRRRRRR 

respectively we get the row-echelon form of the matrix M, 

 Which is   ''' BAM     

Step-3: The corresponding system of linear equations to the matrix M‘ is 

                                                                                               

12 432  xxx  

243  xx  

 34 x   

and using back substitution, we can determine that the solution is  

3,1,2,1 4321  xxxx
 

2 2  3 2 1    x x x  

 
 
 
 

 

 

 
 
 
 

 

 

  

  

 

 

3 1 0 0 0 

2 1 1 0 0 

3 2 1 1 0 

2 0 1 2 1 
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(II)  Gauss-Jordan Elimination 
With Gaussian elimination, we apply elementary row operations to a matrix to obtain a 

row equivalent row-echelon form. A second method of elimination called Gauss Jordan 

elimination after Carl Gauss and Wilhelm Jordan (1842-1899), Continues the reduction 

process until a reduced row-echelon form is obtained.  

   

Example-3: use Gauss-Jordan elimination method to solve the system  

  

17552

43

932







zyx

yx

zyx

 

Solution  

  Step-1: The associated augmented matrix of the system is  

         
























17552

4031

9321

BAM  

Step-2: You can show that the reduced row-echelon form of the matrix M is given by  

  


















2100

1010

1001

''' BAM  

Step-3: The corresponding system of linear equations to the matrix 'M  is 

21,1  zandyx  

 Note: 

(1) If in the elimination process, you obtain a row with zeros except for the last 

entry, it is unnecessary to continue the elimination process.  You can simply 

conclude that the system is inconsistent. 

(2) If in the row-echelon form system the number of equations and the number of 

unknowns are equal then the system will have a unique solution. 

(3) Observe that if in the row-echelon form system the number of equations is less 

than the number of unknown, then the system will have infinitely many 

solutions.   

  

Class Activity 

  1. Use Gaussian elimination with back substitution to solve. 
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      (a) 

4345

1223

1022







zyx

zyx

zyx

                                           (b)  

14234

242

632







zyx

zyx

zyx

 

      (c) 

22262

13452

113

432









zyx

zyx

zyx

zyx

                                         (d) 

123

4532

6

42

321

321

31

321









xxx

xxx

xx

xxx

 

 2. Use Gauss-Jordan elimination method to solve 

    (a) 03 321  xxx  (b) 0242 321  xxx  

          032 321  xxx                    153 21  xx  

Definition 3.20:  Homogeneous system of linear equations 

A system of linear equations in which each linear equation is equal to zero is called a 

homogeneous system and it is denoted by .0Ax  

It is easy to see that a homogeneous system must have at least one solution.  

Specifically, if all variables in a homogeneous system have the value zero, then each of 

the equations must be satisfied.  Such a solution is called trivial or obvious. 

 

      Test yourself! 

1. In exercise a-d, the augmented matrix of a system of equations is given.  Express the 

system in ordinary equation notation. 

   (a) 














 

0961

2532
)(

274

132
b  

    (c)



































3201

6132

4071

)(

20524

32411

10101

d  

2. Find the solution set of the system of linear equations represented by the given augmented 

matrix.    (a) 












































41000

12100

31210

41021

)(

0000

1100

0121

)(
210

001
cb  

3. Using either Gaussian elimination with back-substitution or Gauss-Jordan elimination 

solve the given system of linear equations 
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   (a) 
02

03





yx

yx
                  

0423

088

023)(







zyx

zyx

zyxb

     

  (c)   

325

3625

143

622









wzyx

wzyx

wyx

wzyx

                          (d)      

32258

4344

1222

533

9232

54321

5321

54321

54321

54321











xxxxx

xxxx

xxxxx

xxxxx

xxxxx

   

4. Find the values of a,b and c if possible such that the given system of linear equations has 

          (I) a unique solution                      (II) no solution and  

       (III) An infinite number of solutions  

    (a)          

0

2

2

2









czbyax

zx

zy

yx

                        (b)         

0

0

0

0









czbyax

zx

zy

yx

 

5. Is it possible that a system of linear equations with fewer equations than variables may 

have no solution?   If so, give an example. 

6. If A is an invertible matrix, then show that the system of linear equations represented by 

BAx   has a unique solution given by BAx 1  

7. Prove that every homogeneous system of linear equations is consistent.  Moreover, if the 

system has fewer equations than variables, then it must have an infinite number of 

solutions. 

8. Let A be a nxn  matrix, then prove that the following statement are equivalent. 

                                 (a) A is invertible 

                    

.)(

.)(

0)(

1)(

matriceselementaryofproducttheaswrittenbecanAe

ItoequivalentrowisAd

solutiontrivialtheonlyhasAxc

BmatrixnxeveryforsolutionuniqueahasBAxb

n





 

9. Let  ''' BAm   be a reduced row-echelon matrix, then prove that the system of equations 

'' BXA   has solution if and only if there is no pivot in the last column 

        . 

 

 

SUMMARY OF UNIT THREE 
 

1 B 
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 A matrix is a rectangular array of numbers. The numbers in the array are called the 

entries in the matrix. 

 Two matrices are defined to be equal if they have the same size and their 

corresponding entries are equal. In matrix notation, if and  have 

the same size, then A =B if and only if  , or, equivalently, ijbija  for 

all i and j. 

 If A and B are matrices of the same size, then the sum BA  is the matrix obtained 

by adding the entries of B to the corresponding entries of A, and the difference

BA  is the matrix obtained by subtracting the entries of B from the corresponding 

entries of A. Matrices of different sizes cannot be added or subtracted. 

 If A is any matrix and c is any scalar, then the product cA  is the matrix obtained 

by multiplying each entry of the matrix A by c. The matrix cA  is said to be a scalar 

multiple of A. 

 If A is an rm matrix and B is an nr   matrix, then the product AB is the nm   

matrix  whose entries are determined as follows. To find the entry in row i and 

column j of AB , single out row i from the matrix A and column j from the matrix 

B. Multiply the corresponding entries from the row and column together, and then 

add up the resulting products. 

 If A is any nm   matrix, then the transpose of A, denoted by tA  , is defined to be 

the mn matrix that results from interchanging the rows and columns of A; that is, 

the first column of tA  is the first row of A, the second column of tA  is the second 

row of A, and so forth. 

 If A is a square matrix, then the trace of A, denoted by tr(A) , is defined to be the 

sum of the entries on the main diagonal of A. The trace of A is undefined if A is not 

a square matrix. 

 Assuming that the sizes of the matrices are such that the indicated operations can be 

performed, the following rules of matrix arithmetic are valid. 

(a)  

(b)  

(c)  

(d)  
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(e)  

(f)  

(g)  

(h)  

(i)  

(j)  

(k)  

(l)  

(m)  

 (n)  

 If R is the reduced row-echelon form of an nn  matrix A, then either R has a row 

of zeros or R is the identity matrix nI  . 

 If A is a square matrix, and if a matrix B of the same size can be found such that

IBAAB   , then A is said to be invertible and B is called an inverse of A. If no 

such matrix B can be found, then A is said to be singular. 

 The matrix 

 

is invertible if 0bcad ,in which case the inverse is given by the formula 

 

 If A and B are invertible matrices of the same size, then AB is invertible and 

 

 A product of any number of invertible matrices is invertible, and the inverse of the 

product is the product of the inverses in the reverse order. 

 If the sizes of the matrices are such that the stated operations can be performed, 

then 

(a)  

(b) and  
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(c)  , where k is any scalar 

(d)  

 The transpose of a product of any number of matrices is equal to the product of 

their transposes in the reverse order. 

 If A is an invertible matrix, then tA  is also invertible and 

 

 An nn  matrix is called an elementary matrix if it can be obtained from the nn

identity matrix nI by performing a single elementary row operation. 

 Every elementary matrix is invertible, and the inverse is also an elementary matrix. 

 If A is an nn  matrix, then the following statements are equivalent, that is, all true 

or all false. 

(a) A is invertible. 

(b) 0Ax  has only the trivial solution. 

       (c) The reduced row-echelon form of A is nI  . 

(d) A is expressible as a product of elementary matrices. 

 To find the inverse of an invertible matrix A, we must find a sequence of 

elementary row operations that reduces A to the identity and then perform this same 

sequence of operations on nI  to obtain 1A  . 

 

 A square matrix A is called symmetric if tAA   . 

  An elementary operation on a matrix is either elementary row operation or 

elementary column operation and is of the following three types 

           Type I: The interchange of any two rows or (columns) 

            Type II: The multiplication of any row or (column) by a non zero number 

           Type III: The addition of a multiple of one row (or column) to another row 

                           (or column) 

 A matrix is said to be in row-echelon form if  

1. All the non-zero rows, if any, precede all zero rows, if any.   That is, all rows 

consisting entirely of zeros occur at the bottom  of the matrix. 

2. In any non-zero row after the first row, the number of zeros preceding the first      

non-zero element is greater than the number of such zeros in the preceding 
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row.  That is, the first non-zero entry of row i+1 is to the right of the first non-

zero entry of row  i. 

3. The first non-zero entry in each non-zero row is 1.  This entry is called a pivot 

or a leading 1. 

 A matrix M in row-echelon form is in reduced row-echelon form if the first non-

zero element in each non-zero row is the only non-zero element in its column. That 

is, M is in reduced row-echelon form if M is in row-echelon form and if  every 

column that has a leading 1 has zeros in every position above and below its leading 

1.  

 

 

 

 

 

 

 

 

 

 

 

 

UNIT FOUR: DETERMINANT 

 

UNIT-OBJECTIVES: 

At the end of this unit each student should know; 

 The definition of determinant and its properties. 

 How to find the inverse of a matrix by using the concept of determinant. 

 How to solve system of linear equations by using Cramer‘s rule. 

 How to find the rank of a matrix using determinant  

 How to find Eigen value and eigenvector of a matrix. 

 How to Diagonalize a symmetric matrix 

 



Linear Algebra for Statistics 

151 

 

4.1 Definition of Determinant 

Objectives 

At the end of this section learners should be able to 

 Find all the minors and cofactors of a square matrix of order two and three. 

 Compute the determinant of triangular matrix. 

 Discuss the concept of determinants of     matrix. 

Consider a system of linear equations 

                                                      
fdycx

ebyax




 

You recall that, one of the methods available to us to solve such a system was the 

elimination method.  In this unit, using determinants, we shall exhibit a very efficient 

computational method to solve system of linear equations.  We first define determinant 

and study its properties. 

Definition 4.1:  To every square matrix A with elements from the set of real numbers 

there is assigned a specific real number called the determinant of A.  It is usually  

denoted by .)( AorAtde  

 Let 

nnnn

n

n

nnnn

n

n

aaa

aaa

aaa

bydenotedisAofanterthen

aaa

aaa

aaa

A

































21

22221

11211

21

22221

11211

mindet


 

 Remarks: 

(i). Observe that determinant is a function from the set of all square matrices to the 

set of real numbers, and it is defined only for square matrix. In fact, if )( jiaA 

is a square matrix over a field     .FAthenFa ji   In particular for F

The set of complex numbers then .det A From now on wards unless we 

have stated we consider matrices over R. 

(ii). The determinant of an     matrix is called determinant of order  . Before we 

go to the definition of determinant of order Nnn ( ) we shall consider 

determinants of order 1, 2 and 3. 

 You recall that a single number a is considered as a     matrix. Hence if  
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   A=   numberthebetodefinedisAofanterthena mindet11  itself.  That is,  

                              
.)det( 1111 aaA 
 

1) Determinant of order  

Definition 4.2: The determinant of the     matrix 









dc

ba
A  is defined to be the 

number      . That is, det A= bcad
dc

ba


 

A convenient method for remembering the formula is to note that bcad   is just the 

difference of the products of diagonally opposite entries.  

That is, bcad
dc

ba
A   

 Example-1:  Find the determinants of the following matrices 

           (a) 
























 


46

21
)(

26

13
)(

21

32
CcBbA  

Solution:  (a) 734)1()3()2()2(
21

32



A  

                 (b) 066)1()6()2()3(
26

13
B  

                  (c) 8124)2()6()4()1(
46

21
C  

 Remark: Note that the determinant of a matrix A can be positive, zero, or negative. 

Definition 4.3: Definition of Minors and cofactors of a matrix 

Let  jiaA   be a square matrix then  

1- The determinant of the matrix obtained by deleting or removing the thi  row and 
thj  

column of   is called the minor of the element  
jia  and it is denoted by .jiM  

That is, jiM jiji AwhereA ;  is a matrix in which the thi  row and 
thj  column of   

are removed. 

2-The product of the minor of the element  
jia  and the number 

ji )1(  is called the 

cofactor of jia  and it is denoted by jiji CisThatC ,,
ji )1( jiM

ji )1(  jiA  
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   Example-2:   Find all the minors and cofactors of 





















523

411

012

A  

Solution: To find the minor 
jiM of 

jia , we delete the thi  row 
thj  column of   and 

evaluate the determinant of the resulting matrix 

    Minor of 3)4()2()5((1(
52

41
111111  AMa  

    Minor of ,17)3()4()5((1(
53

41
121212 


 AMa  

    Minor of ,5)3()1()2()1()5((1(
23

11
131313 


 AMa  

    Minor of ,52.0)5()1(
52

01
212121  AMa  

   Minor of ,10)3(0)5()2(
53

02
222222 


 AMa  

   Minor of ,7)3()1()2()2(
23

12
232323 


 AMa  

   Minor of ,4)1()0()4()1(
41

01
313131  AMa

 

   Minor of ,8)1()0()4()2(
41

02
323232  AMa  

   Minor of ,1)1()1()1()2(
11

12
333333  AMa  

 Now, to find the cofactor 
ji

jijiji withMmultiplyweaofC  )1(,

4)1(5)1(3)1( 31

13

3121

12

2111

11

11   MCMCMC

8)1(10)1(17)1( 32

23

3222

22

2212

21

12   MCMCMC  

1)1(7)1(5)1( 33

33

3323

32

2313

31

13   MCMCMC   

 Remark  

(i). The minors and cofactors of a matrix differ at most in sign.  To obtain the cofactors 

of a matrix, first find the minors and then apply the following checker board pattern 

of +‘s and –‗s.  
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 Sign Pattern for Cofactors 

             matrixnxnmatrixxmarixx 4433























































































 

Note that odd positions (where      is odd) have negative signs, and even positions       

(where     is even) have positive signs. 

  ii)   If A is an     matrix, then the order of )1()1(  nxnisA ji
) 

 

 

3) Determinant of Order Three 

Definition 4.4: The determinant of the     matrix  

numberthebetodefinedis

aaa

aaa

aaa

A



















333231

232221

131211

A
131312121111 CaCaCa   

                   =
13

31

1312

21

1211

11

11 )1()1()1( MaMaMa    

                   = 131312121111 AaAaAa   

                   =
3231

2221

13

3331

2321

12

3332

2322

11
aa

aa
a

aa

aa
a

aa

aa
a   

                   = 312213332112322311322113312312332211 aaaaaaaaaaaaaaaaaa 
 

 

 Remarks: The formula used to compute determinants is known as expansion by a 

row (column). Thus, if we consider the first row, then the determinant of A will be 

equal to the sum of the products obtained by multiplying the elements of the first 

row by their respective cofactors. 

Example-3 Let AeerthenA mindet,

104

213

120

















  
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        (a) By expanding along the first row  

        (b) By expanding along the second row 

        (c) By expanding along the first column 

 Solution: 

(a) 4
04

13
,5)5(

14

23
,1

10

21
131211 





 CandCC  

 Thus, A ansionrowFirstCaCaCa exp,131312121111   

= 14)4(1)5(2)1(0   

 (b) Since ,4
14

10
,2

10

12
2221  CC  

And  haveweC 8)8(
04

20
23   

 A ansionrowondCaCaCa expsec,232322222121   

 = )8(2)4()1()2(3   

 =14 

 

    (c) Since                

                 

haveweCandCC 5
21

12
2

10

12
,1

10

21
312111 





  

                  A ansioncolumnFirstCaCaCa exp,313121211111   

 = 14)5(4)2(3)1(0    

As an exercise try some other possibilities to see that the determinant of A can be 

evaluated by expanding by any row or any column.  This result is stated formally in the 

following theorem 4.1, called Lap lace‘s Expansion of a determinant, after the French 

Mathematician Pierre-Simon Laplace (1749-1827). 

3-Determinant of order n 

Definition 4.5: Definition of the Determinant of a Matrix 

Let   be a square Matrix of order n where    , then the determinant of   is the sum 

of the entries in the first row of   multiplied by their cofactors, That is, 

         .11121211111

1

1 nnj

n

j

j cacacaCaA 

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When this definition is used to evaluate a determinant, we say that we are expanding by 

cofactors. 

 

Theorem 4.1:  Expansion by cofactor 

Let   be a square matrix of order  , then the determinant of   is given 

oransionrowicacacacaA th

ininiiiiji

n

j

ji )exp(2211

1




 

)exp(2211

1

ansioncolumnjcacacacaA th

njnjjjjjji

n

i

ji 


 

  Proof: Exercise     

 Note: when expanding by cofactors we do not need to evaluate the cofactors of 

zero entries, because a zero entry times its cofactor is zero.  That is, 

0)0(  jijiji cca . Thus the row (or column) containing the most zeros is 

usually the best choice for expansion by cofactors.          

Example-4   Find the determinant of  

                                                   


























2043

3020

2011

0321

A  

Solution: 

Inspecting this matrix, we see that in third column of A we have more number of zeros 

than the other rows and columns. Thus we can eliminate some of the work in the 

expansion by using the third column. Therefore,  

 A
4343333323231313 CaCaCaCa   

        = )(0)(0)(03 43332313 CCCC   

       = 133 C  

But  

243

320

211

243

320

211

)1( 31

13











 C  Again, expanding by cofactors in the second 

row we get 
43

11
)1()3(

23

21
)1()2(

24

21
)1()0( 543

13










C  
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       = )7()1(3)4()1(20   = 13.Thus we obtain 39)13(3 A
 

Theorem 4.2:  Determinant of a Triangular matrix 

Let   )( jiaA  be a triangular matrix of order n, and then its determinant is the product 

of the entries on the main diagonal. 

 

Proof: We use mathematical induction to prove this theorem for the case in which   is 

an upper triangular matrix.  The case in which   is lower triangular can be proven 

similarly.  If   has order 1, then  =  11a  and the determinant is given by A 11a . 

Assuming that the theorem is true for any upper triangular matrix of order    , we 

now consider an upper triangular matrix   of order  .  Expanding by the k th  row, we 

obtain kkkkkkkk cacococoA  121  

  = kkkk ca  

                  kk

k

kkkk

kk

kk MaMa 2)1()1(  

    

                  kkkk Ma  

  = kkkk Aa  

      

 

ittoassumptoninductionapplycanwekorder

isASinceaaaaa kkkkkk

1

,11332211



 
 

                  = kkaaaa 332211  

This completes the proof 

Example-5 (a) Let A nIBand 





























20000

04000

00200

00030

00001

 

 Then since a diagonal matrix is both upper and lower triangular we have by theorem 

4.2.  nIBandA  1)1()1()1(48)2()4()2()3()1(
 

 

        Test yourself!   
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1.  Let  AofanterthefindthenA mindet,

541

213

121



















  

         (a) By expanding along the first row 

         (b) By expanding along the first column 

         (c) By expanding along the third row.  

              What can you conclude from the result         and    .  

(ii). Find the determinant of the given matrix by using expansion by cofactors. 

                (a) 





















































2.02.03.0

2.02.02.0

3.04.04.0

)(

110

132

1

)(

341

023

241

c

yx

b  

 

                  (d)  



















































 

90241

76526

1213721

00000

21234

)(

20000

14300

36200

23410

20025

e

  

(iii). Verify the following equation 

           (a  ) )()()(

111

222

accbba

cba

cba         

(b) )()()()(

111

333

cbaaccbba

cba

cba    

            (c) cbxax

a

bx

cx





 2

10

1

0

 

(iv) Solve the following equations 

                         (a) 0
41

42


x
                                (b) 0

223

41


xx
 

                               (c) 0
12

41









                    (d)  0

582

34

001







y

y

y
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(v) The determinant of a     matrix involves 2 products.  The determinant of a     

matrix involves 6 triple products. Show that the determinant of a     matrix 

involves 24 quadruple products.  In general, the determinant of an     matrix 

involves     -fold products.         

 

 

4.2:   Properties of Determinant 

Objectives 

At the end of this section learners are expected 

 Discuss the properties of determinants. 

 Evaluate a determinant using elementary Row operations. 

 

It should be clear that calculating the determinant of a large matrix from the definition 

can be quite long and cumbersome.  For instance, the determinant of a     matrix 

involves six     cofactors.  Each of these in turn involves five     cofactors each 

of which involves four     cofactors for a total of         cofactors to be 

calculated. Consequently other methods are often used to compute determinants.  These 

methods depend on the properties of determinants which are stated as follows. 

Property-1:  Elementary Row operations and Determinants  

Let   and   be square matrices  

(a) If   is obtained from   by interchanging two rows (or columns) of  , then  

                                       
AB   

(c) If   is obtained from   by adding a multiple of a row (or a column)of   to another              

 row (or   column)   then the  determinant is unchanged.  That is, .AB   

(c) If   is obtained from   by multiplying a row (or a column) of   by a non zero   

constant  , then .AcB           

Proof:  (a) we use induction to prove this. 

(i). Assume that   and   are     matrices such that  
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          


















1211

2221

2221

1211

aa

aa
Band

aa

aa
A  

Then, we have 

Aaaaa

aaaaandaaaaA





)( 21122211

2211122121122211

B

B
 

(ii). Now assume that the property is true for matrices of order 

 
.)1()1(

,).1()1( 1

matricesnxnanyareBandAwhere

ABthenBAifisThatnxn jRR



 


  

(iii) Let   be  an     matrix such that   is obtained from   by interchanging two 

rows of  .  Then to find ,BandA  we expand a long a row other than the two 

interchanged rows. Without loss of generality let us expand along the first row of  ; 

then  

                                                       

.
1

ji

n

j

ji caB 


    

But by our induction assumption, the cofactors of   will be the negatives of the 

cofactors of   because the corresponding             matrices have two rows 

interchanged.  Thus, 

              

nAofcofactorstheisCwhereCaB jjj

n

j

j ,,2,1'' 11

1

1 


 

 
j

n

j

jCa 1

1

1 '


  

 

                
theandAB  Proof is complete. 

The proofs of     and     are left as exercises. 

 Example-1: Show that the determinant of an elementary matrix   of  

                      (i) First kind (add a multiple of one row to another) is 1 

                     (ii) Second kind (row interchange) is -1 

                    (iii) Third kind (multiply a row by anon zero constant  ) is   

 Solution: We know that haveweThusI n ,.1  

      (i) )(1, bpropertybyIE n  

    = 1 

A
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     (ii) )(1, apropertybyIE n  

    = - 1 

     (iii) )(1, cpropertybyIcE n  

     =         

 

Example-2: Evaluating a determinant using elementary Row operations. 

 Let AofanterfindthenA mindet

310

221

1032























 .   

Solution: 

212

21

2,

310

1470

221

,

310

1032

221

310

221

1032

RRRby

RRbyA





























 

 Note: In the above solution we have changed the given matrix in to triangular 

matrix. 

Property-2:  Determinant of a transpose 

If   is a square matrix, then 
tAA 

 
Proof: Exercise(Hint: use mathematical induction and Laplace‘s expansion of 

determinant) 

 

    matrixtriangularisSince

RRRby

rowondtheofoutfactor





















































100

210

221

,71117

,

100

210

221

7

310

210

221

7

sec7,

310

210

221

7

323
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Example-3: Show that
tAA   for the matrix 























514

002

213

A   

 

Solution:  

We expand by cofactors along the second row to find A
 

To find the determinant of 
























502

101

423
tA  We expand by cofactors down the 

second column to get    632
52

11
2

502

101

423

















tA

 

tt AAAAThus  6,
 

 
Notation

  

Let   is a square matrix of order   with columns A
1
, A

2
, A

3
… A

j
…and A

n
 

And rows A1, A2, A3…A j…and An then we can also denote         by 

det (A
1
, A

2
, A

3
,…A

j
,…, A

n
) or det (A1, A2, A3…A j…, An) 

 Remarks – property - 1 can be expressed as 

(1)  a. det (A
1
, A

2
, A

3
,…cA

j
,…, A

n
)  = c det (A

1
, A

2
, A

3
,…A

j
,…, A

n
)   

       b. det (A1, A2, A3…cA j…, An)   = c det (A1, A2, A3…A j…, An) where c is a non zero   

           constant 

(2) a.  det (A
1
, A

2
, A

3
,…A

i
,…, Aj,…, A

n
)  = - det (A

1
, A

2
, A

3
,…A

j
,…A

i
…, A

n
)   

      b. det (A1, A2, A3…Ai,…,A j…, An)   = - det (A1, A2, A3…A j,…,Ai,…, An) 

(3)  a. det (A
1
, A

2
, A

3
,…,cA

j
+ A

i
,…, A

j
,…, A

n
)           

                                  =  det (A
1
, A

2
, A

3
,…,  A

i
,…, A

j
,…, A

n
)   

       b. det (A1, A2, A3… cAj+ Ai,…,A j…, An) = det (A1, A2, A3… ,Ai,…,A j…, An)  where c 

           is  constant number. 

Property-3: Linearity of determinant  

Let   is a square matrix of order   then  

a. the function matrix  theof rows in thelinear  isA
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i.e., det (A1, A2, A3… cAi+ Ai’|,…,A j…, An)=c det (A1, A2, A3… Ai|,…,A j…, An)   

                                                                                  + det (A1, A2, A3… ,Ai’|,…,A j…, An)   

       where c is a constant number. 

b. the function matrix  theof  columns in thelinear  isA
 
 

That is, det (A
1
, A

2
, A

3
… cA

i
+ A

i’
|,…,A 

j
…, A

n
)   

      = c det (A
1
, A

2
, A

3
… A

i
|,…,A 

j
…, A

n
)  + det (A

1
, A

2
, A

3
… ,A

i’
|,…,A

 j
…, A

n
)   

         Where c is  a constant number. 

Proof: Exercise. Hint (use mathematical induction)  

 

Class activity  

1. Show that  

       

012

365

421

2

012

326252

421

012

365

421

012

243

421

012

326453

421

.)(



















b

a

 
2. Show that  

 

321

321

321

321

321

321

31

31

31

321

321

321

321

321

321

.)(

ccc

bbb

aaa

x

xccc

xbbb

xaaa

b

czc

byb

axa

ccc

bbb

aaa

czcc

bybb

axaa

a











 

3. Show that  
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 

 

321

321

321

321

332211

321

321

321

321

321

321

321

321

321

321

321

321

321

.)(

ccc

bbb

aaa

ccc

kcbkcbkcb

aaa

c

ccc

bbb

aaa

k

ccc

kbkbkb

aaa

b

ccc

bbb

aaa

ccc

aaa

bbb

a







 

 

 

 

Property-4: Conditions that yield a zero determinant  

Let   is a square matrix of order   and any of the following conditions is true, then 

0A
 

(a) An entire row(or an entire column ) consists of zero 

(b) Two rows ( or columns) are equal. 

(c) One row(or two columns) is a multiple of other row (column )  

Proof: Let   be an     matrix with rows A1, A2, A3… Ai|,…,A j…, An 

(a) Without loss of generality suppose that the first row of   is a row of zeros then   

    det (A)=det (0, A2, A3…A j…, An) = det (0.0, A2, A3…A j…, An)  

                                                        = 0 det (0, A2, A3…A j…, An) = 0 

Hence,the proof. 

(b) Without loss of generality assume that A1= A2 then 

det (A) = det (A1, A2, A3…A j…, An) = det (A1-A2, A2, A3…A j…, An) 

                                                        = det (0, A2, A3…A j…, An), as A1=A2                

                                                        = 0,    by (a) 

(c)  Without loss of generality assume that A1= cA2 then 

det (A)=det (A1, A2, A3…A j…, An) = det (cA2, A2, A3…A j…, An) 

                                                       = c det (A2, A2, A3…A j…, An) = c.0=0, by (b) 
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Example- 4:   Let 





































































602

612

321

421

210

421

253

000

542

CandBA then  

(a) Since A2 is a row of zeros we have 0A  

(b) Since B1=B3 we have 0B
 
 

(c) Since C
3
= - 3C

1
 we have 0C  

Further Properties of determinant  

Theorem 4.3: Determinant of a scalar multiple of a matrix 

If A is an nxn matrix and c is a scalar, then the determinant of cA is given by     

AccA n
 

 

Proof:     ncAcAcAcAcAcA ,...,,,detdet 321  

  ncAcAcAAc ,...,,,det 321
 

 
 

 
  AcAc

AAAAc

cAAAAc

cAcAAAc

nn

nn

n

n









det

,...,,,det

,...,,,det

,...,,,det

321

3213

3212



 

 

Example- 5: If   is a matrix of order 3 and 5tA  then find determinant of 10A 

Solution:   5000510101010 333  tAAA
 

Theorem 4.4: Let   be an elementary matrix and   be an arbitrary square matrix 

then AEEA 
 

In general, if E1, E2, E3… Ek  are elementary matrix then  

                            
AEEEEAEEEE kk 123123  

 

Proof:   If   is an elementary matrix obtained from identity matrix   by  

I- interchanging two rows then  
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 

AEEA

EceAEA

propertybyAEAhenceandIE







1sin,1

1,1

 

II-  by multiplying a row of   by a non zero content   then  

         E =   and hence 

        
ACEA  , by property (1) 

      = AE , since E = C 

III-  by adding a multiple of one row of I to another row of I, then E =1 and    

  hence  AEA  , by property ( 1 ) 

                                       = 1 A  

                                       = AE ,  since E  =1 

Theorem 4.5: Determinant of a matrix product  

If   and   are square matrices of order  , then .BAAB   In general,  

                                      .2121 kk AAAAAA   

 

 Proof: We note that this is theorem 4.4 if   is an elementary matrix. 

 Case 1: If   is invertible, then   can be written as a product of elementary matrices  

              A = E k ---- E2  E1 and  hence BEEEEAB k 123  

                                                                      123 EEEEk   

                                                                       BEEEEk 123 , by induction                

                                                                                                                    and  theore4.4 

                                                                        = .BA  

 Case 2: If   is singular, then   is row equivalent to a matrix with an entire row of       

              zeros. Thus, .0A Moreover, because   is s singular we have    is also   

              singular. (For if    is non singular then     IABB 1)( and hence   is         

              nonsingular, which is contradiction). Thus, .00 BABAB 
 

              
Hence the result. 



Linear Algebra for Statistics 

167 

 

Theorem 4.6: Determinant of  an Invertible Matrix 

A square matrix   is invertible (non singular) if  and only if 0A  

  Proof:      Suppose   is invertible, then  

        IAAIAA   11  

             11  AA  

             .00 1  AandA  

                  Thus, .0A   

()  Suppose   0A , then using Gauss-Jordan elimination, we find a matrix  , in 

reduced row echelon form, that is row equivalent to  .  Because   is in reduced row-

echelon form, it must be the identity matrix   or it must have at least one row that 

consists entirely of zeros. However, if   has a row of all zeros, then 0B , which 

would imply that 0A , which is contradiction. Thus,       and hence   is row 

equivalent to   A  is invertible. 

Theorem 4.7: Determinant of an Inverse Matrix 

If A is invertible, then .11

A
A 

 

Proof:  Suppose   is invertible le then   -1
 =   and  

             
IAAA  10  

                        11  AA  

                        
A

A 11  
 

Example-6:  Use a determinant to decide whether   is singular or non-singular.  If   is   

                      invertible, then find .1A  

                                  (a)  











































123

123

301

)(

123

123

120

AbA  

Solution:  

    (a) Because 0A   we conclude that A has no inverse 

    (b) Since 04 A  we have A is invertible and 4
111 

A
A  
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        Test yourself! 

1. Which property of determinants is illustrated by the given equation? 

       
72

21
5

72

105
)(0

1512

54
)(










ba  

       

126

257

341

216

527

431

)(0

234

008

234

)( 





dc  

      

601

11170

231

601

125

231

)(

1000

0100

0010

0001

6

6000

0600

0060

0006

)( 4













 ge  

      

1575

012

623

2075

512

423

)(

413

865

201

5

20515

403025

1005

)( 3



















 hf  

2. Use elementary row or column operations to evaluate the following determinant  

       

22110

00820

26202

34062

24811

)(





a                  (b)

20321

00874

23015

01201

13423









 

       

02311

34213

32101

12312

23102

)(









c

2354

1163

5543

9721

)(






d  

 3. Find the determinant of the given elementary matrix where .0b  

           

































































100

01

001

)(

10

010

001

)(

001

010

100

)(

100

00

001

)( bd

b

cbba  

4.  Verify the following equation 

       )3()( 2 bab

baaa

abaa

aaba

a 






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         .0,0,0),1(

111

111

111

)( 111 







cbaabc

c

b

a

b
cba

 

5. Let   and   square matrices of order 4 such that 3,5  BA  then find  

       
13 )()()(3)()()( AeABdBcAbABa t

 

6. Find the value (s) of   such that   is singular  

          































b

Ab
b

b
Aa

24

012

301

)(
22

31
)(

 

 

7. Prove that  

      (a)  If   is an     skew symmetric matrix, then .)1( AA n  

      (b)  If   is a skew symmetric matrix of odd order, then 0A  

      (c)  If   and   are     matrices such that   

I.        then 00  BandA  

II.    is singular, then either   or   is singular 

8. Find two     matrices such that  

I. BABA   

II. BABA   

 

4.3 Adjoint and inverse of a Matrix 

In this section we develop an explicit formula for the inverse of a non singular matrix.  

In the next section we use this formula to derive a theorem known as Cramer‘s Rule. 

 

Objectives 

At the end of this section students are expected 

 Define adjoint of a matrix. 

 Find inverse of a matrix using adjoint. 
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Definition 4.6: Adjoint of a Matrix  

Let   be a square matrix of order   with cofactors thenAC ji

ji

ji

 )1(  the 

transpose of the matrix of cofactors of   is called the ad joint of   and is denoted by 

         

That is,

t

nnnn

n

n

ccc

ccc

ccc

Aadj



























21

22221

11211

)(


      =      

























nnnnn

n

n

cccc

cccc

cccc

321

2322212

1312111


 

 Where 
jiji

ji

ji AandAC  )1(  is the matrix obtained by deleting the 

thth jandrowi  column of  . 

 

Example 1:   Let   = 























201

120

231

 then find        . 

Solution:    Let thenAofcofactorthebeC ji
 

 

2
01

20
)1(

,1)1(
21

10
)1(

,4
20

12
)1(

1313

31

13

1212

21

12

1111

11

11























AAC

AAC

AAC

 

 

,3)3(
01

31
)1(

,0
21

21
)1(

,6)6(
20

23
)1(

23

32

23

22

22

22

21

12

21























AC

AC

AC
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2
10

31
)1(

,1)1(
10

21
)1(

,7
12

23
)1(

33

33

33

32

23

32

31

13

31























AC

AC

AC

 

 Thus, the matrix of cofactors of A is  

     )(

217

306

214

333231

232221

131211

Aadjhenceand

ccc

ccc

ccc



































 

                                 =  





















































232

101

764

217

306

214

333231

232221

131211

tt

ccc

ccc

ccc

. 

Theorem 4.8:  The Inverse of a Matrix Given by its Adjoint 

If   is an     invertible matrix, then ).(11 AadjA
A

  

Proof:  To prove this first consider the product          . 

Now, A )(Aadj   



































nnnn

inii

n

n

aaa

aaa

aaa

aaa

21

21

22221

11211




      



























nnjnnn

nj

nj

cccc

cccc

cccc

21

222212

111211


 

Then the entry in the     row and     column of the product           is given by 

njnijiji cacaca  2211
 

If 
jninjiji cacacasumthethenji  2211,  

 
ji

n

j

ji ca



1  

                 (*), A  Since this sum is the cofactor expansion of along its     
  row. 

On the other hand, if ,ji  then the sum 
jninjiji cacaca  2211

  = 0. To see 

this, consider the following matrix   in which the     row of   has been replaced with 

the     row of  . 
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









































nnnn

inii

inii

n

n

aaa

aaa

aaa

aaa

aaa

21

21

21

22221

11211







              

                                                                                          

 Cofactor expansion along the     row of   produces  

B  
jninjiji CaCaCa  2211

 = 0, because   has two identical rows         


jninjiji cacaca  2211

(**)0  B
 

Therefore, by (*) and (**) we have   

jiif

jiifArwithrAadjA jinxnji





,0

,)()(
      

      IAA

A

A

A

Aadj 























































1000

0010

0001

00

00

00

)(


 

IAAadjA  )(  

A  )(1 Aadj
A

=  , since   is invertible we have 0A
 

)(11 AadjA
A

 

 

Example-2: use the adjoint of .

201

120

231
1























 AfindtoA  

Solution:  

I. (i) 313,

030

120

231

201

120

231

RRRbyA 











      

         = columnfirstthealongansioncofactorby exp,3)3(1
03

12
1 


  
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       3 A  

II.  

              

,2
01

20

,1)1(
21

10

,4
20

12

1313

1212

1111

















AC

AC

AC

 

    

,3)3(
01

31

,0
21

21

,6)6(
20

23

2323

2222

2121

















AC

AC

AC

 

 

,2
20

31

,1)1(
10

21

,7
12

23

3333

3232

3131

















AC

AC

AC

 

The matrix of cofactors of   = 

















217

306

214

 





































232

101

764

217

306

214

)(

t

Aadj  

  III. 
3
111 )(  AadjA

A

















232

101

764

=

















3
2

3
2

3
1

3
1

3
7

3
4

1

0

2

 

  In fact you can check that 



















100

010

001
1 IAA  
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  Test yourself! 

1. Find the adjoint of the matrix  .  Then use the adjoint to find the inverse of  , if possible 

         (a)  

        (c)  

2. Let   =   

   a)   

 b)  

3. Prove that 

    a) If   is an     invertible matrix, then  

    b) If   is an     singular matrix, then is the zero matrix. 

4. Let   be an     non singular matrix then prove that  

        a)  

            b) 
 

 

4.4   Cramer’s Rule for solving system of linear equations 

 (Homogenous and non homogenous) 

 

Objectives 

At the end of this section students should be able to 

 Use Cramer‘s Rule to solve the given system of linear equations. 

 Find volume of the tetrahedron with given vertices. 

 



























222

110

321

)(
40

01
AbA















































2111

2100

1413

1021

)(

1110

1101

1011

0111

AdA

thatshowthen
dc

ba























ac

bd
Aadj )(

.0,11 















 Athatprovided
ac

bd
A

bcad

    11 )(
  AadjAadj

 )(AadjA

1
)(




n
AAadj

  AAAadjadj
n 2

)(



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Cramer‘s Rule, named after Gabriel Cramer (1704 - 1752), is a formula that uses 

determinants to solve a system of n linear equations in n-variables.   This rule can be 

applied only to systems of linear equations that have unique solutions. 

 

Theorem 4.9: Cramer’s Rule 

If a system of   linear equations in   variables has a coefficient matrix   with a non-

zero determinant ,A then the solution to the system 

 .,,2,1
),,

1
,,

1
,2,1(det

n
jA

nA
j

AB
j

AAA

j
xbygivenisBAx 




  

 

Proof: since 0A  we have   is invertible and hence the system BAx   has a unique 

solution given by .1BAx   

      Let BAxthen

b

b

b

Band

x

x

x

x

nn

12

1

2

1












































 

        BAadjx
A

)(1  

       



















nx

x

x


2

1

AA
BAadj 11 )(    

























nnnn

n

n

CCC

CCC

CCC

21

22212

12111


  



















nb

b

b


2

1

 

       

A

n

j

x

x

x

x

1

2

1

































  



































nnnnn

njnjj

nn

nn

bCbCbC

bCbCbC

bCbCbC

bCbCbC

2211

2211

2222112

1221111




 

       

 

?),,,,,,,,(det 11211

2211
1

howAABAAA

bCbCbCx

njj

A

njnjjAj






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There fore havewenj ,,2,1    

det1
Ajx  .),,,,,,,( 1121 completeisprooftheandAABAAA njj    

 

Example:  Use Cramer‘s Rule to solve the following system of linear equations  

                      for     &    

                                                       

                            

         –                

  

 Solution:  Let and

z

y

x

xA







































 ,

443

102

321

 

                          .,

2

0

1

B

















 AxbydrepresentebecansystemthethenB  

                 010

443

102

321

sin 





Aceand  

 Then by Cramer‘s rule the system BAx   has a unique solution given by  

          
A

BAA
zand

A

ABA
y

A

AAB
x

)2,1(,
det

)2,,,1(,
det,

)3,2,(
det   

10

243

002

121

,
10

423

102

311

,
10

442

100

321














 zandyx  

5
8

2
3

5
4 ,   zandyx   Thus he solution set for  

 58
2

3
5

4 ,:),,(..   zandyxzyxSSbygivenisBAx  

      Test yourself! 

 

1. Use Cramer‘s Rule to solve the given system of linear equations  
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42581225

1652210322

2324)(14)(

1193

5428172

3)(1353)(

321321

321321

321321













xxxxxx

xxxxxx

xxxdxxxc

zyx

zyxyx

Zyxbyxa

 2.  Use Cramer‘s Rule to solve the following system of linear equations for x and y   

 
3)1(

1)1(





ayxa

yaax
 

  For what value (s) of a will the system be inconsistent? 

3. Determine the values of   and   for the following given system 

I. Has a unique solution 

II. Has no solution 

III. Has infinitely many solutions 

                       

12

398546

23)(13)(







azyx

zyxbyx

bzyxbayxa

 

4. Consider the system of linear equations in      ,       and       for the triangle  

                            

                             

                              

     then use Cramer‘s Rule to solve for       and use the result to verify the low of        ,    

                                       cabbac cos2222   

5. Show that  

       (a) The area of a triangle whose vertices are  

  bygivenisyxandyxyx ),(),(),,( 332211  

              Area = the absolute value of 

1

1

1

33

22

11

2
1

yx

yx

yx

 

      (b) The volume of the tetrahedron whose vertices are 

bygiveniszyxzyxzyxzyx ),,(,),,(,),,(),,,( 444333222111  
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6
1ofvalueabsolutethev 

1

1

1

1

444

333

222

111

zyx

zyx

zyx

zyx

 

4.5. The Rank of a matrix by sub determinants  

Objectives 

At the end of this section learners should be able to 

 Determine the rank of non square matrix. 

 Explane the similarity and difference of rank, trace and determinant. 

 

The rank of a general M × N matrix is an important concept, particularly in the solution 

of sets of simultaneous linear equations. Like the trace and determinant, the rank of 

matrix   is a single number (or algebraic expression) that depends on the elements of 

 . Unlike the trace and determinant, however, the rank of a matrix can be defined even 

when   is not square. As we shall see, there are two equivalent definitions of the rank 

of a general matrix. Firstly, the rank of a matrix may be defined in terms of the linear 

independence of vectors. Suppose that the columns of an M × N matrix are interpreted 

as the components in a given basis of N (M-component) vectors v1, v2. . . vN as follows: 

 

Then the rank of  , denoted by        or by     , is defined as the number of linearly 

independent vectors in the set v1, v2, . . . , vN, and equals the dimension of the vector 

space spanned by those vectors. Alternatively, we may consider the rows of   to 

contain the components in a given basis of the M (N-component) vectors w1,w2,. . . ,wM 

as follows: 
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It may then be shown that the rank of   is also equal to the number of linearly 

independent vectors in the set w1,w2, . . . ,wM. From this definition it is should be clear 

that the rank of   is unaffected by the exchange of two rows (or two columns) or by the 

multiplication of a row (or column) by a constant. 

 

Furthermore, suppose that a constant multiple of one row (column) is added to another 

row (column): for example, we might replace the row wi by wi + cwj. This also has no 

effect on the number of linearly independent rows and so leaves the rank of   

unchanged. We may use these properties to evaluate the rank of a given matrix. A 

second (equivalent) definition may be given of the rank of a matrix and uses the 

concept of sub matrices. A sub matrix of   is any matrix that can be formed from the 

elements of   by ignoring one. or more than one, row or column. It may be shown that 

the rank of a general       matrix is equal to the size of the largest square sub matrix 

of   whose determinant is non-zero. Therefore, if a matrix   has an     sub matrix   

with | , but no             sub matrix with non-zero determinant then 

the rank of the matrix is  . From either definition it is clear that the rank of   is less 

than or equal to the smaller of M and N. 

 

The largest possible square sub matrices of   must be of dimension      . Clearly,   

possesses four such sub matrices, the determinants of which are given by 

 

The next largest square sub matrices of   are of dimension    . Consider, for 

example, the       sub matrix formed by ignoring the third row and the third and 

fourth columns of  ; this has determinant 
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Since its determinant is non-zero,   is of rank   and we need not consider any other 

    sub matrices. 

 

In the special case in which the matrix   is a square     matrix, by comparing either 

of the above definitions of rank with our discussion of determinants, we see that |A| = 0 

unless the rank of   is  . In other words,   is singular unless           

4.6. Determinant and volume                                                             

Objectives 

At the end of this section learners should be able to 

 Find the volume of parallelepiped using determinant. 

 

Determinants are related to the notions of area and volume as follows. Let 

nuuuu ,,, 321  be vectors in n .Let   be the (solid) parallelepiped determined by the 

vectors, that is  nforiaauauauauS in ,,3,2,110:321   (When 

     ,   is a parallelogram.) Let      denote the volume of  ( or area of   when 

   ) then V(S) = absolute value of det (A), where   is the matrix with rows 

nuuuu ,,, 321 . In general,          iff the vectors nuuuu ,,, 321 do not form a 

coordinate system for n .That is iff the vectors are linearly dependent. 

Example: Let      3,2,0,1,1,1,0,1,1 321  uuu  then find the volume of      the 

parallelepiped S in 3 determined by the three vectors. 

Solution: Diagrammatically the parallelepiped S in 3 determined by the three vectors 

is given by the figure below. 
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And the volume      is evaluated as the absolute value of the determinant of the 

matrix whose rows are the vectors 321 ,, uuu .That is  

22320003

320

111

011

)(  ofvalueabsolutetheSV  

Hence,           

 

       Test yourself! 

 

1. Find the volume of the parallelepiped with one vertex at the origin and adjacent 

vertices at          ,        ,        . 

2. Find the volume of the parallelepiped with one vertex at the origin and adjacent 

vertices at        ,            ,            . 

3. What is the volume of the parallelepiped with four of its vertices at        , 

       ,        , and        ? Where are the other four vertices? 

4. Let         ,         ,and         . Choose   so that       is  a 

parallelogram, and compute its area. Choose       so that          is a 

tilted box, and compute its volume. 
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4.7. Eigen Value and Eigenvector of a Matrix                                   

Objectives 

At the end of this section learners should be able to 

 Define Eigen value and Eigen vector. 

 Find the Eigen values and corresponding Eigen spaces of of a matrix. 

 Show the relationship between Eigen values and its main diagonal of 

triangular matrix. 

Definition of Eigen value and Eigen vector 

Let   be an     matrix over a field  , then the scalar   is called an Eigen value of   

if there is a non zero vector v
nF  such that .vAv   The vector   is called an Eigen 

vector of   corresponding to . 

    

 Remarks: 

1. The term Eigen value is derived from the German word eigenwerte, 

meaning "proper value" 

2. An eigenvector v cannot be zero.  Allowing v to be the zero vector would 

render the definition meaningless because 00 A  is true for all values of

 . An Eigen value of ,0  however, is possible. 

3. A matrix can have more than one Eigen value. 

    

Example-1:  

Let 











10

02
A then verify that )1,0()0,1( 21  vandv  are eigenvectors of A 

corresponding to the Eigen values 12 21   and  respectively. 

 

Solution: 

Since 11 2
0

1
2

0

2

0

1

10

02
vvA 




































 , we have )0,1(1 v  is an eigenvector 

of A corresponding to the Eigen values .21   

Also, since 22 1
1

0
1

1

0

0

1

10

02
vvA 






































  
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We have )1,0(2 v  is an eigenvector of A corresponding to the Eigen value .12   

    

Class Activity   

1. If an Eigen value exists then show that it is unique. 

2. Let 















 



110

000

121

A  then verify that )0,0,1()1,1,3( 21  vandv  are 

eigenvectors of A and find their corresponding Eigen values. 

 

  

Theorem: Eigenvectors of  Form a subspace  

Let A be an     matrix over field   with an Eigen value , then the set of all  

Eigen vectors of   together with the zero vector, 

                                eeigen valuA with  ofor eigen vectan  is v:v0   

is a subspace of .nF  we call this subspace the Eigen space of   belonging to   

 

Proof: 

   Let A  be the set      eeigen valuA with  ofor eigen vectan  is v:v0   

i. Since .0 nFcAhaveweA     

ii. Let 221121 ,,, vAvvAvthenAvv          

        And hence 2121 )( AvAvvvA    Why? 

?);( 21

21

whyvv

vv








 

)()( 2121 vvvvA    

21 vv   is also an Eigen vector of A corresponding to   

           iii. Let Av  and c be a non zero scalars then 

 

)()(

?),()()()(

cvcvA

WhycvvcAvccvA

henceandvAv













 

 cv  is also an eigenvector of A with Eigen value   
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                      Acv  

In fact, if c=0 then cv =0 Acv  

Hence, by (i), (ii) and (iii) we have A  is s subspace of .nF  

 Note 

1. The sum of two Eigenvectors with the same Eigen value  is also an 

Eigenvector with Eigen value . 

2. A nonzero multiple of an Eigenvector with Eigen value   is also an 

Eigenvector with Eigen value   

  Definition  

1- A  is called the Eigen space or spectrum of   belonging to   or Null space of        

 AINAI   .                                                                                                       

2-  The set of all Eigen values of   is called the spectrum of   and it is denoted by 

spec ( ). That is, Spec( )  Aofvalueeigenanis :  

 

Note:  Intuitively, an Eigen vector of   is a vector that remains unchanged or reversed    

           in direction when   operates on the vector space. 

           If the corresponding value is 1, then it is unchanged in magnitude also and it     

           then said to be invariant under  .   

Example:-2 

Find the Eigen values and corresponding Eigen spaces of 









10

01
A   

 Solution 

i. Let 111 1
0

1
0010

01
)0,( v

xxx
Avthenxv 


































  

 The eigenvectors corresponding to 11  are the nonzero vectors on          

                      the x-axis and hence 

   0:)0,(1  xxA  is eigenspace of A belonging to eigen value .11   

     ii. Let 222 1
0

1
00

10

01
),0( v

yyy
Avthenyv 


































  
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 The eigenvectors on the corresponding to 12   are the non zero vectors  

                     on the y-axis and hence 

         0:),0(1  yyA  is eigenspace of   belonging to eigenvalue .12   

       iii. For 2),(  yxv , we have  

           


























y

x

y

x
Av

10

01
, which is a reflection in the       . 

 Thus, the eigenspace corresponding to 11   is the x-axis and the eigenspace  

corresponding to 12   is the       . 

Question:  How to determine the eigenvectors and corresponding eigenvalues of a   

matrix? 

Theorem:   Eigenvalues and eigenvectors of a matrix  

 Let   be an     matrix over a field                                                                                       

       1 - An eigen value of   is a scalar   such that 0)det(  AI n
                                      

   

       2 - The eigen vectors of   corresponding to   are the non zero solutions   of    

            .0)(  xAI n  

Proof: 

 Let nFx  be an eigen vector of   with eigen value   then  

                   

0)(det

?,sin

0)(

sin,











nn

n

n

n

xnn

IAIA

whygularisIA

xIA

FxxIcexIAx

xAx











 

       This completes the proof. 

 

 

 

 Note: 

1. The equation 0 nIA  is called the characteristic equation of A. 

    And the matrix AofmatrixticcharacterscalledisIA n
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2. The determinantal polynomial 01

1

1 cccIA n

n

n

n  

   

is called the characteristic polynomial of   and it is denoted  A . This 

definition tells us that the eigenvalues of an      matrix   corresponds to 

the roots of the characteristic polynomial of  .  Because the characteristic 

polynomial of   is of degree  ,   can have at most  -distinct eigenvalues. 

3. For each eigenvalue  , the corresponding eigenvector is found by 

 substituting   back in to the characteristic equation .0 AofIA n      

Example 3:   Find the eigenvalues and corresponding eigenvectors of      
























51

122
)(

25

61
)( BbAa  

Solution: 

(a) The characteristic equation of A is  

        

.47

0)4()7(

0283

0
25

61

0
10

01

25

61

0

2

2
















































or

IA

 

The corresponding eigenvectors are now found  

Let 7  then  0)7( 2  xIA  

 

xy

yx

yx

y

x

y

x





















































































055

066

0

0

55

66

0

0

10

01
7

25

61

 

Hence, any vector of type ),1,1(  where   is a non zero scalar, is an eigenvector 

corresponding to eigenvalue .7  

   Let 4  then 0)4( 2  xIA  
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xy

yx

yx

y

x

y

x

6
5

065

065

0

0

65

65

0

0

10

01
4

25

61


















































































 

Hence, any vector of type  where;),1( 6
5  is a non zero scalar, is an eigenvector 

corresponding to eigenvalue 4  

Try checking that xAx i  for the eigenvalues and eigenvectors found in this example. 

  (b)   Exercise   

 Remark:  

Steps in finding Eigen values and Eigen vectors 

Let A be an nxn  matrix over a field   

    Step-1: Form the characteristic equation 0 nIA  . It will be a polynomial 

equation of degree n in the variable .  

    Step-2: Find the real roots of the characteristic equation.  These are the eigen values 

of A. 

   Step-3: For each eigen value ,i  find the eigen vectors corresponding to i  by 

solving the homogeneous system 

      .0)(  xIA ni   This may requires row-reducing an nxn  matrix.  The resulting 

reduced row-echelon form must have at least one row of zeros.  

Class Activity:  

1. Find the eigen values and corresponding eigen vectors for the following matrix.  

What is the dimension of the eigen space of each eigen value?           








































3001

0201

10510

0001

)(

200

020

012

)( BbAa  

2. For the matrix given in     (a) and (b) find a basis for each of the 

corresponding eigen spaces. 

3. If   is an     triangular matrix, then show that its eigen values are the entries 

on its main diagonal.                                                                                                  
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4.8. Diagonalization of a symmetric matrix 

Objectives 

At the end of this section students are expected to: 

 Recognize steps for diagonalizing of matrix. 

 Compute an orthogonal matrix that diagonalizes a symmetric matrix. 

A square matrix   is called diagonalizable if there is an invertible matrix   such that 

 P
-1

AP is a diagonal matrix; the matrix   is said to diagonalize  .  

 Remark:  

           If   is an     matrix, then the following are equivalent. 

          (a)   is diagonalizable. 

          (b)   has   linearly independent eigenvectors. 

 

Procedure for Diagonalizing a Matrix 

The preceding remark guarantees that an     matrix A with n linearly independent 

eigenvectors is diagonalizable, and the proof provides the following method for 

Diagonalizing A. 

 

       Step 1: Find n linearly independent eigenvectors of A, say P1, P2, P3…,Pn . 

       Step 2: Form the matrix P having P1, P2, P3…, Pn as its column vectors.  

       Step 3: The matrix P
-1

AP will then be diagonal with n ,,,, 321   as its   

                successive diagonal entries, where j  is the eigenvalue corresponding   

                to jP  for nj ,...,3,2,1  

 Note:  

1. If kvvvv ,...,3,2,1  are eigenvectors of   corresponding to distinct eigenvalues           

k ,,,, 321    then { kvvvv ,...,3,2,1  } is a linearly independent set. 

2. If an     matrix   has   distinct eigenvalues, then   is diagonalizable.  

 

Diagonalization of Symmetric Matrices 

If   is a symmetric matrix, then 

(a) The eigenvalues of   are all real numbers. 



Linear Algebra for Statistics 

189 

 

(b) Eigenvectors from different eigenspaces are orthogonal  

 

Steps in diagonalizing symmetric matrix  

Step -1:  Find a basis for each eigenspace of A. 

Step -2: Apply the Gram–Schmidt process to each of these bases to obtain an     

             orthonormal basis for each eigenspace. 

Step -3: Form the matrix P whose columns are the basis vectors constructed in   

             Step 2 This matrix orthogonally diagonalizes A. 

Example: Find an orthogonal matrix P that diagonalizes  

                                                                                               

Solution: 

The characteristic equation of A is 

                           0)8()2(

422

242

224

det)det( 2 























 







 AI  

Thus the eigenvalues of   are 22,1   and 83 
        

It can be shown that  

                                     
form a basis for the 

eigenspace corresponding to .2  Applying the Gram–Schmidt process to 21,uu  

yields the following orthonormal eigenvectors (verify): 



















0
2

1

2

1

1v and 






















6

2

6

1

6

1

2v
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The eigenspace corresponding to 8  has 



















1

1

1

3u  as a basis. Applying the Gram–

Schmidt process to  3u  yields 



















3

1

3

1

3

1

3v .Finally, using v1, v2, and v3 as column 

vectors, we obtain 























3

1

6

2

3

1

6

1

2

1

3

1

6

1

2

1

0

P  

Which orthogonally diagonalizes  . (As a check, the reader may wish to verify that 

APPT is a diagonal matrix)  

 

      Test yourself! 

Orthogonally diagonilize the following matrices 

 








31

13
.1                 









15

51
.2              













14

416
.3                









724

247
.4           

















113

131

311

.5                  





















300

02336

0362

.6                

















520

242

023

.7  

















311

131

113

.8                   























222

254

245

.9

 

 

 

 

 

Summary of Unit Four 
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1. Let F = R or  ( the set of complex numbers ) and  be the space of  

matrices over F then the determinant is a function which assigns to each square matrix 

A a number called the determinant of A and denoted by det A or 

 

Note 

I. det A can also be viewed as a function of the columns of A.  In that case it is 

written as det   

II. Similarly, det A can be viewed as a function of the rows of A and written as det 

 

 

2. Let A = be a square matrix of order n  then the determinant of A can be 

expresses as: 

I.  

II.  

 Where   is a matrix obtained from A by removing the

 
which is the cofactor of 

 

 

3. Properties of    determinants  

      Let be a square matrix of order n over a field F then  

      a) Additively in columns: 

Suppose the  column  is the sum of two columns 

 

  

                         

    

  b) Homogeneity in columns 

        

 )(FM nxn nn.

FFMThusA nn )(:det,. .

),,,( 21 nAAA 

),,,( 21 nAAA 

)( jia )2( n

oransionrowicaAaA th

ji

n

j

jijiji

n

j

ji exp)1(
11

 




oransioncolumnjcaAaA th

ji

n

i

jijiji

n

i

ji exp)1(
11

 




jiA

,)1( ji

ji

ji

thth ACandAofcolumnjandrowi  .jia

nnx.

)( jiaA 

thk AofAk

thenCandB kk

det ),,,,,(det),,,,,( 2121 nkknk ACBAAAAAA 

),,,,,(det),,,,,det( 2121 nknk ACAAABAA 

FAAAAAAAA nknk   ),,,,,(det),,,,,det( 2121
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     c) If two adjacent columns of A are equal, say 

 

      d) If two adjacent columns of A are interchanged then the determinant changes by  

            sign. That is, 

    e) If two columns of A are equal, say  

 

    f) If a scalar multiple of one column is added to another column, then the value of the 

determinant does not change. That is, 

    g) If any two columns of A are interchanged, then the determinant changes by sign. 

    h) If one of the columns of A is zero, then det A = 0 

       i) If  are linearly dependent, then det A =0 

       j) If A is an upper (lower) triangular matrix then 
 

 

4.  Let  

 

a)  

  

                   b)  

                   c) If 
 

5. Equivalent Conditions 

   Let A be an  matrix then the following statements are equivalent 

 

a. A is invertible 

b. Ax =  B has a unique solution for every  matrix B 

c. Ax = 0 has only the trivial solution 

d. A is row equivalent to  In  

e. A can be written as the product of elementary matrices. 

f.  

0det,111   AthennksomeforAA kk

11),,,,,(det),,,,,,det( 121121   nkwhereAAAAAAAAAA nkknkk

0det,  AthenkjforAA kj

),,,,,,,(det),,,,,,,det( 2121 nkjnjkj AAAAAAAAAAA  

nAAA ,,,, 21 

nnaaaA  2211det

  thenjiA
ji

jicand
nxnjiaA


 )1(

:int bygivenisAofadjothe

 tnxnjicAadj )()( 

      nIAAAadjAadjA det)()( 

  )(,0det
det

11 AadjAthenA
A

 

nnx.

1nx

0)(det  AA
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6. Cramer‘s Rule states that a system of n-linear equations in n unknowns, Ax = B with 

a unique solution given by: 

  

Where  

7.  Let A =  

a. The determinant of any sub matrix of order k is called k
th 

 order minor of A 

b. The rank of A is the order of the highest order non zero minor of A 

 

8. Let A =  

 

a. Column rank of A is the dimension of the sub space of 

= The maximum number of linearly 

independent columns of A 

b. 
Row rank of A is the dimension of the subspace of 

 

= The maximum number of linearly independent rows of A. 

            

        c. Row ranks of A = column rank of A = rank of A             

             

        d. rank of A = n-dimension of solution space of Ax = 0      

 

 

 

Miscellaneous Exercise-4 

 

             1.  Find the determinant of the following matrices: 

hasA 0

)(det

),,
1

,,
1

,,2,1(det

A

nA
j

AB
j

AAA

j
x















































nn

nxnji

b

b

b

B

x

x

x

xaA


2

1

2

1

,,)(

 
nxnjia

 
mxnjia

nn AAAbygenerated ,,, 21 

m

m AAAbygenerated ,,, 21 
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






















































3221

3122

1111

3210

)(

0100

0010

0001

1000

)(

212

534

112

)( cba  

                    





































3700

1210

2312

1111

)(

600

840

2051

)( ed  

3. Let   and   be      matrices such that            and           then find 

the value of   

                
BAdAb

ABcABa

1)(3)(

2)()(


 

              3.  For each of the following compute 
1A  

                     

















































100

110

111

)(

122

112

131

)(
13

21
)( AcbAa  

4. Use Cramer‘s Rule to solve for each of the following systems 















1

72

832

)(

zy

zyx

zyx

a               














4352

33

02

)(

zyx

zyx

zyx

b             

5. Evaluate   

a

a

a

a

a

1111

1111

1111

1111

1111

  

6.  a) Find the ad joint of 





















111

232

422

 

      b) If   is a triangular matrix, then show that        is also triangular 

7. (a) Let 





















wzyx

hgfe

dc

ba

A
00

00

, then find         
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    (b) Let   be a square matrix of order  , then show that   is invertible if              

8.  Let               and                be two vectors in
n , then show that their cross    

     Product     can be restated using detrminants 

321

321

bbb

aaa

kji

BA   

     Where i = (1, 0, 0), j = (0, 1, 1), k = (0, 0, 1) are the standared unit vectors in
n                  

9.  Let A = 







































1000

0100

0010

0001

hgfe

dcba

B

hgfe

dcba
 

     Then prove that  a)  
hfe

dba
Bb

hg

dc
A  det)det  

10.  Let   and   square matrices of order   then prove or disprove the following 

              a) )det()(det)(det BABA   

              b)    22 )(det)(det BABA   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

UNIT-FIVE:LINEAR TRANSFORMATIONS 
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Unit Objectives: 

 After studying this unit, you should be able to: 

 Know linear  transformation and  state its  properties  

 Understand the kernel and Range of a linear transformation and find the 

kernel of a given linear transformation. 

 Develop the composition of linear transformations  

 Know the inverse of a given linear transformation. 

 Know the standard matrix for the given linear transformation 

5.1:  Linear transformations and Examples  

In this unit we discuss functions that map a vector space   in to a vector space  .  This 

type of functions is denoted by     . We use the standard function terminology 

for such functions.  For instance,   is called the domain of  . If   is in   and w is in   

such that       , then   is called the image of   under  . The set of all images of 

vectors in   is called the range of  , and the set of all   in   such that          is 

called the preimage of  . For a vector ,),,,( 21

n

n Rinxxxx   it would be 

technically correct to use double parentheses to denote )(xT  as 

 ),,,()( 21 nxxxTxT  .  For convenience, however, one set of parentheses is 

dropped, producing ),,,()( 21 nxxxTxT   

In this unit our interest centers on functions from vector space to another that preserve 

the operations of vector addition and scalar multiplication.  We call such functions 

linear transformations. 

 

Objectives 

At the end of this section students are expected 

 Determine whether the given function is a linear transformation or not. 

 Show that a translation  in the plane is not linear transformation. 

 State and proof properties of linear transformation. 

 Compute the linear transformation of functions. 

 Definition-5.1:  Definition of a Linear Transformation  

 Let   and   be vector spaces over a field   (usually    ), then the function 
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    W  is called a linear transformation (or a linear map) of   in to   if  

    (I) andVvuvTuTvuT  ,)()()(  

   (II) FascalarsallforandVuuTaauT  )()(  

 

 Remarks 

(1) A linear transformation VVT :  from a vector space in to itself is called a 

linear operator. 

(2) we say that a linear transformation is operation preserving, because the same 

resul occurs whether the operations of addition and scalar multiplication are 

performed  before or after the linear transformation is applied. 

(3) Although we use the same symbols to denote  the vector operations in both   

and  , you should note that the operations may be different, as indicated 

below. 

                      

WintionmultiplicaVintionmultiplica

ScalarScalarWinAdditionVinAddition

ucTauTvTuTvuT



 )()()()()(

 

 Example-1:   Show that the following functions are linear operators 

                        (a) ),(),(: 22 xyyxTbydefinedRRT   

                        (b) ),(),(: 22 ixiyyxTbygivenT   

Solution: 

(a) To show that the function   is a linear transformation, we must show that it 

preserves addition and scalar multiplication.  To do this, we let  

       ),(),( yxvandbau  be vectors in 2R  and c be any real number then 

  (I) Since ),,(),(),()( ybxayxbavu   we have ),()( ybxaTvuT    

                                                        Tofdefinitionbyxayb ),,(   

                                                         2''),,(),( Rinofdefinitionbyxyba   

                                                          TofdefinitionbyyxTbaT ),,(),(   

                                                           vuofdefinitionbyvTuT &),()(   

     2,)()()( RvuvTuTvuT    and 

(II) Since ),,(),()(,),(),( cacbcbcaTcuThavewecbcabaccu   by definition of   
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                      ),,( abc                  by definition of scalar multiplication in R
2
 

                      ),,( bacT                by definition of   

                      ),(uTc                  by definition of    

           2)()( RuandRcucTcuT    

Therefore, by (I) and (II)   is a linear transformation and hence   is a linear operator as 

2RWV  . 

(b) Let ),(),,( 4321 zzvzzu  thenand  2       

    (I) Since ,),(),(),( 42314321 zzzzzzzzvu   

  ),()( 4231 zzzzTvuThavewe   

                              )(),(( 3142 zzizzi   

 ),( 3142 zizizizi   

                               ),(),( 3412 zizizizi   

                               ),(),( 4321 zzTzzT   

                               )()( vTuT   

     2,)()()(  vuvTuTvuT  And 

  (II) 

Since ),(),()(),(),( 12212121 zizizzTuThavewezzzzu     

                                           ),( 12 zizi   

                                          )(),( 21 uTzzT    

                                  2)()(  uanduTuT   

  Thus, by (I) and (II) we have   is a linear operator. 

Class Activity 5.1 

1. Let thenRyxyxyxyxTbydefinedbeRRT 222 ),()2,(),(:   

   (a) Show that   is a linear transformation 

   (b) Find the image of            

   (c) Find the pre image of           

 2. Let 
232 ),(

21

12

03

;)(: Ryx
y

x
AxwhereAxxTbydefinedbeRRT 



























  
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    (a) Show that   is a linear transformation from 32 RtoinR  

     (b) If  )()1,2( xTfindthenx   

 3. Construct functions that are not linear transformations. 

 

Theorem 5-1: Let   and   be vector spaces over a field   and WVT :  be a 

 function then   is a linear transformation if and only if 

                                VvuandFavTuaTvauT  ,)()()(  

Proof Exercise 

 

Theorem 5.2:  The Linear Transformation Given by a Matrix 

Let   be an     matrix, then the function AxxTbydefinedRRT mn  )(: is a 

linear transformation from nR  in to mR .  In order to conform to matrix multiplication 

with an     matrix, the vectors in nR  are represented by     matrices and the 

vectors in mR are represented by     matrices. 

  Proof  

(I) Let AxxTthenRinvectorabe

x

x

x

xand
mxnji

aA n

n





















 )()(
2

1


 

                               =  









































n

mnmm

n

n

x

x

x

x

aaa

aaa

aaa










3

2

1

21

22221

11211

 

                                  = ,

2211

2222121

1212111

























nmnmm

nn

nn

xaxaxa

xaxaxa

xaxaxa









which is a vector in mR . 

                    AxxT )( mR  

                   T  is well defined 

 (II) Let yx,  be vectors in nR  then ,)()( AyAxyxAyxT  by distributive   
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       property of matrix multiplication 

                   AyAxyxT  )(  

                                       )()( yTxT       nRyx  ,  

(III) Let )()( cxAcxTthenRcandRinvectorabex n   

          = )(Axc ;                   by commutative property of scalar multiplication with matrix  

                                           multiplication 

         = )(xcT  

   mRxandRcxcTxTc  )()(  

  Therefore, by (I), (II) and (III) we have   is a linear transformation from nR  in to mR  

 Example-2:  

  thenCandBA 






 
















 












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












0013

2101

124

032

110

,

20

05

32

 

 (a) The function defined by AxxT )(  is a linear transformation from 2R  in to 3R .   

        Because the order of the matrix   is     

(b) Since the order of the matrix   is    , we have the function 33: RRT   defined   

      by BxxT )(  is a linear transformation from 3R  in to 3R .  

(b) Since the order of the matrix   is    , we have the function 

 CxxTbydefinedRRT  )(: 24 is a linear transformation from 4R  in to 2R .  

Example-3:  Rotation in the Plane 

Show that the linear transformation  

                   







 


QQ

QQ
AmatrixthebygivenRRT

cossin

sincos
: 22

 

has the property that it rotates every vector in 2R counterclockwise about the origin 

through the angle  . 

Solution:  

From theorem 5.2, we know that   is a linear transformation.  To show that it rotates 

every vector in 2R counterclockwise through the angle  , we let ),( yxv   be a vector 

in 2R , then using polar coordinates, we can write v as ),sin,cos(),(  rryxv   
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where   is the length of   and   is the angle from the positive axisx   

counterclockwise to the vector  . 

Now, applying the linear transformation   to   produces  

            














 
















 






sin

cos

cossin

sincos

cossin

sincos
)(

r

r

QQ

QQ

y

x

QQ

QQ
AvvT  

           


































Qr

Qr

QrQr

QrQr

(sin

cos(

sincoscossin

sinsincoscos
 

            the vector )(vT has the same length as  , which is   

Furthermore, since the angle from the positive axisx  to )(vT  is Q , )(vT is the 

vector that results from rotating the vector v counterclockwise through the angle  . 

 Note:  

(1) The linear transformation in example 3 is called a rotation in 2in .  Rotation 

in 2R preserve both vector length and the angle between two vectors.  That is, 

the angle between u and v is equal to the angle between  )(uT and )(vT . 

(2) The     zero matrix corresponds to the zero transformation from nR in to 

mR  and the nxn  identity matrix. nI  corresponds to the identity transformation from 

nR in to nR . 

 

      Test yourself!  

  1. Determine whether the given function is a linear transformation or not 

        (a) )3,2(),(: 22 yxyxyxTbydefinedRRT   

        (b)  ),,(),,(: 33 zyxyxzyxTbydefinedRRT   

       (c)  ),,(),(: 32 yxyxyxTbydefinedRRT    

       (d)  xaaxaxaaTbydefinedPPT 21

2

21022 2)(:   

       (e)  424222 )(: xxx MBwhereABATbydefinedMMT   

       ( f)  AATbydefinedMMT xx



















001

010

100

)(: 3333  

 2.  (a) Let t

nxmmxn AATbydefinedMMT  )(:  then show that T is a linear 

        transformation where nmM   is the set of all m by n matrices  
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     (b) Show that    baCwheredxxffTbydefinedRbaCT

b

a

,;)()(,:  is the set  

         of all real valued continuous functions on  ba, , is a linear transformation. 

  3. (a) Let  baC ,'  be the set of all real valued functions whose derivatives are continuous on   

           ba,  then show that the differential operator . 

                     )(')()(,,': xfffDbydefinedbaCbaCD
dx
d

xx   baCf ,' ,  

          defines a linear transformation. 

     (b) For the linear transformation xD defined in (a),find the pre image of the following    

          functions (i) xxfiiiexfiixxf x sin)()()()(12)(   

4. Let T be a linear transformation from  1,0C  in to R defined by dxxffT )()(

1

0

 then find      

        (a) )64()()()()23( 532  xTcxxTbxT  

 5. Let T be a linear transformation from 22 RtoinR  given by 
 

        findthenQyQxQyQxyxT )cossin,sincos(),(   

                   (a) 045)4,4( QforT  

                   (b) 030)4,4( QforT  

                   (c)  
0120)0,5( QforT  

 6. Using the definition: 

     A vector   is a fixed point of a linear transformation thenuuTifVVT  )(:  

         (a) Prove that 0 is a fixed point of any linear transformation VVT :  

         (b) Prove that the set of all fixed points of a linear transformation VVT :  is a  

               subspace of  . 

   (c) Determine all fixed points of the linear transformation bygivenRRT 22:   

        ),(),()()2,(),()( xyyxTiiyxyxTi   

7. Recall that a translation is a function of the form ),,(),( kyhxyxT  where at  lest one   

    of the constants h and k is non-zero then 

          (a) show that a translation  in the plane is not linear transformation 

          (b) For the translation ),1,2(),(  yxyxT  determine the images of  

                )4,5()1,2(),0,0( and  

          (c) Show that a translation in the plane has no fixed points. 
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 8. For the linear transformation 
33: RRT   given by ,

000

010

001

















A  called a projection in 

3R  find   (a) )2,2,1(T   

       (b) The pre image of         

       (c) Explain why the vector         has no pre image under this transformation. 

 

Properties of Linear Transformations 

Two simple linear transformations are the zero transformation and the identity 

transformation, which are defined as  

   (a) WVT : defined by VvvT  0)( ----- zero transformation 

   (b) WVT : defined by VvvvT )( -----Identity transformation   

 

Theorem 5.3: Properties of Linear Transformations 

Let V and W be vector spaces over a field F and T be a linear transformation from V in 

to W then  

             

thenVvFcwherevcvcvcvIf

VvuvTuTvuT

VvvTvT

T

iinn 







,,.4

,)()()(.3

)()(.2

0)0(.1

2211

 

         )()()(
11

i

n

i

ii

n

i

i vTcvcTvT 


  

Proof:  

 1. Since haveweVvv ,00   

    linearisceTvoTovToT sin),()()(   

                          ?,0 why  

              Vinvectorzero

WinvectorzerotheooT



 )(
 

  2. Since haveweVvvv ,)1(   

       ?);()()1()1()( whyvTvTvTvT   

 3. Since ,,)( Vvuvuvu  we have ),()()()( vTuTvuTvuT   
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      since   is linear. 

                                 abovebybyvTuT 2),()(   

                                 )()( vTuT   

 4. We apply induction on  . 

 (i) If 221122112211 ()()()(,2 vcTvcTvcvcTvTandvcvcvthenn  ) 

                                                                    )()( 2211 vTcvTc   

        )()()()( 22112211 vTcvTcvcvcTvT   

 (ii) Assume the assertion is true for n.  That is, thenvcvcvcvif nn 2211  

         )()()()()(
1

2211 i

n

i

inn vTcvTcvTcvTcvT 


  

  (iii) Now, if thenvcvcvcvcvcv i

n

i

innnn 




 
1

1

112211

  

                   

)()(
1

1

i

n

i

ivcTvT 




  

                          )( 11

1





  nni

n

i

i vcvcT  

                            linearisTcevTcvcT nni

n

i

i sin,)( 11

1





   

                          = assumptioninductionbyvTcvTc nni

n

i

i ),()( 11

1





  

                          )(
1

1

i

n

i

i vTc




  

   TvT  )(  ( 




)
1

1

i

n

i

i vc )(
1

1

i

n

i

i vTc




 

  .1 nfortruealsoisassertionthe  

 Thus, by i),  ii),and    iii) we have the assertion is true for all n  vifisThatN ,.  

  
i

n

i

i vc
1

 ThenT   (
i

n

i

i vc
1

)= .)(
1

NnvTc i

n

i

i 


 

Example-1: Show that the function 22: RRT   defined by )3,(),(  yxyxT  is not 

a linear transformation. 
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Solution: For if T is a linear transformation then by property-1 above, we get 

.0)0( T  But,    0)0( T  

      )0,0()0,0( T  

   .),0,0()30,0( Tofdefinitionby  

         )0,0()3,0(   

;03   This is contradiction. Thus, our assumption is wrong and hence   is not a 

linear transformation. 

 Note:  If any one of the properties in theorem 5.3 is not satisfied for a function 

            : ,WV  then the function   is not a linear transformation. Thus  

           theorem 4.3 provides us a quick way to spot functions that are not linear    

           transformations.   

 Example-2: Let  33: RRT   be a linear transformation such that  

                                                            and                  then    

                     find                       

Solution: Since we know that  )1,0,0(),0,1,0(),0,0,1(  is a standard basis for  

                ,33 RvhaveweR  ).1,0,0()0,1,0()0,0,1(),,( zyxzyxv   

                In particular for, )1,0,0(4)0,1,0(3)0,0,1(2)4,3,2(1 v  

.                                    3211 432 eeev   And hence by property-4 above we have 

                                     )(4)(3)(2)432()( 3213211 eTeTeTeeeTvT      

                                                             )1,0,0(4)0,1,0(3)0,0,1(2 TTT   

                    = )1,3,0(4)2,5,1(3)4,1,2(2   

                    = )4,12,0()6,15,3()8,2,4(   

                    = )468,12152,034(   

                      )6,25,7(  

)6,25,7()2,3,2( T  

Theorem 5.4:  Let   be a vector space over a field  ,  nvvvvS ,,,, 321   be a 

linearly dependent subset of   and  VV : be a linear transformation then the set 

 )(,),(),( 21 nvTvTvT   is linearly dependent subset of   
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Proof:  Suppose   is linearly dependent subset of   then there exist scalars  

              ,,,, 21 Fn    not all zero such that  ,
1

Ovi

n

i

i 


  

                   ,0
1




i

n

i

ivBut   

               )0()(
1

TvT i

n

i

i  


  

                 ?,0)(
1

whyvT i

n

i

i 


  

sclarsexistthere
n ,,, 21   Not all zero such that  OvT i

n

i

i 


)(
1

  

 )(,),(),( 21 nvTvTvT  is a linearly dependent set. And hence the proof.    

Theorem 5.5: let   and   be vector spaces over a field   such that  

 nvvv ,,, 21   is a basis for    and  nwww ,,, 21   are arbitrary elements of  , 

then there exists a unique linear transformation  WVT :  such that 

                             .,,2,1,)( nwvT iii   

Proof: 

 (i) Existence 

Let  vthenVv
i

n

i

iv
1

  with unique nF ii ,,2,1  .  Now, define  

()(: TvTbyWVT  


)
1

i

n

i

iv 


)(
1

i

n

i

i vT ,
1

i

n

i

i w


 Where  iii vTw  )(  then 

one can show that 

                           (a)   is well defined    

                           (b)  ii wvT )(          

                           (c)   is linear transformation Thus, there exists a linear transformation       

                                 nwvTthatsuchWVT iii ,,2,1)(:   

(ii) Uniqueness 

  Suppose WVf :  is also a linear transformation such that 
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.,,2,1,)( nwvf iii   Now, let Vv then i

n

i

ivv 



1

  and hence 

.)()()(
11





n

i

ii

n

i

ii vfvfvf   Since f is linear 

                              ,
1

i

n

i

i w


  nwvfSince iii ,,2,1)(   

                               nwvTcevT iiii

n

i

i ,,2,1)(sin),(
1




  

                               islinearTcevT i

n

i

i sin),(
1




   

                               
i

n

i

i vvcevT 



1

sin),(   

  .)()( VvvTvf   

        Tf   

Therefore,   is unique and hence the proof. 

  

 Note: Theorem 5.5. tells us that a linear transformation WVT : is completely    

          determined by its action on a basis of  . In other words, if  

                     )(,),(),( 21 nvandTvTvT 
 

          
are defined for a basis nvvv ,,, 21   then is defined for any   in  .  

 

 

        Test yourself! 

1. Let T be a linear transformation from 
2R to 

2R  such that  

      findthenTandT ),1,0()1,1()0,1()1,1(   

       (a) )2,0()()0,1( TbT  

2. Let 
2:RT  

2R be a linear transformation such that  

  findthenTandT )1,1()1,0()1,1()0,1(   

    (a) )1,2()()4,1( TbT  

3. Let 22: PPT   be a linear transformation such that  

   
222 62(,1)(1)(,)1( xxTfindthenxxxTandxxTxT  ) 
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    Where 2P  is the set of all polynomials of degree less than or equal to 2. 

 4. Suppose 2:: RT  
2R  such that thenTandT )0,0()1,0()0,1()0,1(   

     (a) Determine 2),(),( RyxforyxT   

      (b) Give a geometric description of T 

  5. Suppose :f
2R  

2R  such that thenfandf )0,1()1,0()1,0()0,1(   

     (a) Determine 2),(),( Rinyxforyxf  

     (b) Give a geometric description of f. 

6. Let  321 ,, vvvS  be a set of linearly independent vectors in .3R  Find a linear 

transformation T:
3R  

3R such that  )(),(),( 321 vTvTvT   is linearly dependent. 

  7. Let theneandeee 




































10

00

01

00
,

00

10
,

00

01
22211211

 

         (a) Show that  22211211 ,,, eeee  is a basis for .22xM  

         (b) Let 2222: xx MMT   be a linear transformation such that 

theneTandeTeTeT 






 


























 


01

13
)(

10

21
)(,

11

20
)(,

20

11
)( 22211211

 

            Find   (i) 










































 wz

yx
TiiT )(

41

31

 

 

5.2. The Rank and Nullity of a Linear Transformation and 

example 

Objectives 

At the end of this section students should be able to 

 Define Kernel and Image of a linear transformation. 

 Define Rank and Nullity of a Linear Transformation. 

 Define isomorphic of a linear transformation. 

 Compute Kernel and image of  linear transformations.  

 Find basis and dimension of kernel in various subspaces. 

 State and proof theorem of isomorphic. 

Let   and   be vector spaces over a field   and  WVT :  be a linear transformation 

then we know that .0)0( T  Now, before you go to the next section try to answer the 

following questions.   



Linear Algebra for Statistics 

209 

 

            Do you think that there exist a non zero vector v such that ?0)( vT  

         . When do you say that    00)(:  vTVv ? 

            Is  0)(:  vTVv a subspace of  ? 

            Is  VvvT :)( a subspace of  ?   

Definition 5.2:- Definition of kernel and Image of a linear transformation 

Let   and   be vector spaces over a field   and WVT :  be a linear transformation 

then  

1). The set of all vectors   in   such that 0)( vT  is called the kernel (or null space) of     

        and is denoted by        or     . That is,     0)(:)()(  vTVvTNT  

2). The set of all vectors w in   such that wvT )(  for some   in   is called the image 

     (or range) of   and is denoted by  

            VvsomeforvTwWwTRTisThatTRorT  )(:)()Im(,)()Im(         

                                                                         VvvT  :)(  

 

 Remark: Since          we have always           and           

 

Example-1 

Find the Kernel of the following linear transformations. 

  (a) T: 32 RR   defined by  xyxyxT  ,0,2(),( ) 

   (b) 1T : 23 RR   defined by  













321

211
,)( AwhereAxxT  

Solution: 

(a) Ker  0)(:)()( 2  vTRvTNT  

                      )0,0,0(),(:),( 2  yxTRyx  

                      )0,0,0(),0,2(:),( 2  xyxRyx  

                      = 0,02:),( 2  xyxRyx  

                      = yxRyx  0:),( 2  

                      = ,)0,0(  which is set containing the zero vector= 0  

 (b) ker  0)(:)()( 1

3

11  xTRxTNT  
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                                 0:3  AxRx  

                                























































0

0

321

211
:),,( 3

z

y

x

Rzyx  

                                































0

0

32

2
:),,( 3

zyx

zyx
Rzyx  

                                 = 03202:),,( 3  zyxandzyxRzyx  

                                 = zyzxRzyx  ,:),,( 3  

                                    RzzRzzzz  :)1,1,1(:),,( =span )1,1,1(   

Observe that  

(1)                            and hence         contains non-zero vector       

and the zero vector. 

        (2)    )( 1T  contains an infinite number of vectors.      

Example-2:  Find the range of the following linear transformations  

    (a) )0,0,0(),,(: 33  zyxTbydefinedRRT  

    (b) xaaxaxaaTbygivenPPT 21

2

21012 2)(:   

Solution: 

  (a)  33 )(:)()Im( RvsomeforvTwRwTRT   

        Now, if 3),,()(),,( RzyxvthenTRcbaw    such that  ).(vTw   

        But let  ),,(),,()( zyxTcbavTw     

                                    Tofdefinitionbycba ),0,0,0(),,(   

                                    cba  0  

                                   0)0,0,0(),,(  cbaw  

Thus,   (*)0)( RTR  a also since   is a linear transformation we haveT(0)=0 and 

hence   ).()(0  TR
 
Therefore, by (*) and (**) we get    )0,0,0(0)( TR  

(c) Claim:   1PTR   

Let ;1 baxwPw  where a,b   and waxbxbxbxT aa 
2

2

2
2)0(

 

              1Pbaxw   there exist  2

2

2
0 Pxbxv a   such that          

              .)( 1PTR   
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Class Activity 5.2: Find the kernel and image of the following linear transformations. 

                  (a) The projection )0,,(),,(: 33 yxzyxTbygivenRRT    

                  (b) The identity transformation VvvvTbygivenVVT  )(:  

                  (c) The zero transformation .0)(: VvvTbygivnWVT   

                  (d) t

nxmmxn AATbydefinedMMT  )(:  

                 (e)  .)()(:

1

0

2  dxxPpTbygivenbeRPT

 

Theorem 5.6: Let   and   be vector spaces over a field   and  WVT :  be a linear 

transformation then  

         (a)       is a subspace of the domain   

         (b) )()Im( TRT  is a subspace of    

 

Proof: 

  (a) We know that  .0)(:)ker(  vTVvT  

        i) Since          we have            and hence        is a nonempty subset   

            of  . 

        ii) Let     
 
        then                   and hence 

                                         
 
 

                               

                         is closed under addition. 

        iii) Let   
 
  and   

 
       then         and hence 

                                , why?
  

                                         
     

 
       

  

                                         


 
       is closed under scalar multiplication.                         

Therefore, by             we get        is a subspace of  . 

(b) Exercise 

Definition 5.3 Let   be an     matrix then  

     1. The row space of   is the subspace of    spanned by the row vectors of    

     2. The column space of   is the subspace of R
m
 spanned by the column vectors of A. 

     3. The dimension of the row (or column) space of a matrix   is called the rank of     

          and is denoted by         .    



Linear Algebra for Statistics 

212 

 

 Remarks : One can show that  

       (a) If             is row equivalent to            then, the row space of   is  

            equal to the row space of  . 

(b) If BA
row

  where   is a matrix in row-echelon form, then the non-zero row   

vectors of   form a basis for the row space of  . 

(c) If   is an     matrix, then the row space and column space of   have the    

same dimension. That is, row                       . 

(d) Let   be an     matrix, then the set of all solutions of the homogeneous   

system of linear equations    .,0:,0 nn RofsubspaceaisAxRxAx  We 

call this subspace the solution space of the system.  It is also called the null 

space of the matrix  . Moreover, the dimension of the solution space of 

.0 AofnullitythecalledisAx   

(e) Column space of   is equal to the row space of A
t
 and hence to fined a basis for  

the column space of a matrix. We take transpose of   and then using elementary 

row operations to rewrite A
t
 in row-echelon form. 

Corollary of Theorem 5.6: Let mn RRT :  be a linear transformation given by 

       , where   is an     matrix then   

                                 (a)        is equal to the solution space of         

                                 (b)      is equal to the column space of  . 

 

Proof: You can observe that it is an immediate consequence of definition 5.3, the above 

remark and theorem 5.6.  

 

 

 

Example-3: 

  Let 45: RRT   be defined by 

                           

























82000

10201

01312

11021

,)( 5 AandRinisxwhereAxxT    
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then find  

   (a) Basis and dimension for        as a subspace of 5R  

   (b) A basis and dimension of      as a subspace 4R . 

  Solution:  

  (a)  0)(:)ker( 5  xTRxT  

  )0,0,0,0(),,,,( 54321  xxxxx  

 But the equation )0,0,0,0(),,,,( 54321  xxxxxT  

      

























82000

10201

01312

11021

 ;

0

0

0

0

5

4

3

2

1











































x

x

x

x

x

  

which is a homogeneous system  0Ax  

 Now, the associated augmented matrix of this system is  

                                              

























000000

041000

020110

010201

 

    2531 ,2 xxxx 5453 42 xxandxx   letting havewetxandx  53 5  

  













































































































1

4

0

2

1

0

0

1

1

2

4

2

2

5

4

3

2

1

tS

tos

tos

ots

ts

ts

x

x

x

x

x

x  

 

Thus, One basis for the kernel of T is given by  )1,4,0,2,1(),0,0,1,1,2(   and  

Dim   2)ker( T  

 (b) We begin by taking A
t
, since   5:)( RxAxTR column space of   

                                                                                        = row space of   . 
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Now,   
 
= 





























8101

2011

0230

0012

0121

then using Gauss-Jordan elimination    is reduced to the 

following reduced row-echelon form  

  





























0000

0000

6100

4010

2001

3

2

1

w

w

w

Then one basis for the range of   is given by the non-zero rows of 

the reduced row-echelon form of   . 

   6,1,0,0(),4,0,1,0(),2,0,0,1(,, 321  www  is a basis for      and 

                                                                                

Definition 4.4: Definition of Rank and Nullity of a Linear Transformation 

Let WVT :  is a linear transformation  

                     (a) The dimension of the kernel of   is called the nullity of     

                     (b) The dimension of the range of   is called the rank of  . 

  

 Note:  If   is given by a matrix  , then the rank of   is equal to the rank of  . 

   

Theorem 5.7: Sum of Rank and Nullity 

Let WVT :  be a linear transformation from an  -dimensional vector space   in to a 

vector space  , and then the sum of the dimensional of the range and kernel is equal to 

the dimension of the domain  . That is,                                  

                                     

 

Proof: Exercise 

Example-4: Let  75: RRT   be a linear transformation then find 

  (a) The         of   if the rank of   is    

  (b) The      of   if         0  

  (c)   The      of   if the         of   is    
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Solution: 

  (a) Since by Theorem 5.7,                                         we have 

                                                                               5    

                                                

                                                

  (b) Since                                          We have 

                                               5   

                      5  –             

                                               

                                         .                 

  (c)                          –              

                                  

 

One-to-One and On to Linear transformations 

 

Recall that a function WVT :  is called  

1. One to-one if the pre image of every   in the range consists of a single vector.      

That is,   is one to one if vuvTuTthatsuchVvu  )()(,  

2. Onto if every element in   has a pre image in  .  In other words,   is onto   

when         . That is,   is onto if VvWw   such that .)( wvT     

 

Theorem 5.8: Let   and   be vector spaces over a field   and WVT :  be a linear 

transformation, then  

        (a)   is one-to-one if and only if             

        (b) If   is finite dimensional then   is onto if and only if                   

        (c) If                       is one-to-one if and only if it is onto. 

 Proof: 

  (a)    Suppose   is one-to-one.We claim that             To see this, let             

                      , then        and also we know that          

               Thus,               T(u)=T(0)  

                                                         u=0 
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                            only contains the zero vector and hence           .                             

       )( Suppose                We want to show that   is one-to-one.   

               To see this, let )()(, vTuTthatsuchVvu   

        0)()(  vTuT  

                                      0)(  vuT  

       )(ker Tvu   

                                        0)ker(sin,0  Tcevu  

                                     0 vu  

                                     vu      

   Therefore,          
 
      and hence   is one-to-one. Hence, the proof.  

  (b) Since   is on to if and only if        we have dim                

                                   

                               we have                                     

                 

  (c)  )( Suppose   is one to one then            and  hence               . 

                  Thus,                         –              

                                                                

                                                               

                                                           =         

                                             

                                             

                                                                  

                                                              by (b)  

                                                             

                                                               by (b)             

    

() Suppose   is onto, then  

        and hence                           

 Thus,                              

                                     

   0)ker(dim  T  
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   .)ker(,0)ker( VofsubspaceisTasT   

                              is one-to-one, by (a) 

 

Class Activity 5.3: 

  1. Let mn RRT :  be a linear transformation defined by AxxT )(   where A is 

given below, then find the nullity and rank of   and determine whether   is one to one, 

onto, or neither   

  (a)  





































00

10

21

)(

100

110

021

AbA   









 AdAc )(

110

021
)(  



















000

110

021

 

 2. Let   be a linear transformation given by AxxT )(  where   is given below then 

find (i)  )()(),()()()()ker( TrankivandTrangiiiTNullityiiT  

  (a) 















































164266

140533

11111

131322

)(

100

000

001

AbA   

























204432

1410834

151623

)( Ac    





























9
1

9
2

9
2

9
2

9
4

9
4

9
2

9
4

9
4

)( Ad

 

 

 

 

 

 

Definition 5.5 Definition of Isomorphism 

A linear transformation WVT :  which is both one-to-one and onto is called an 

isomorphism.  Moreover, if there exists an isomorphism from   to  , then   and   

are said to be isomorphic to each other. 

 

Theorem 5.9: Isomorphic spaces and dimension 
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Two finite dimensional vector spaces   and   are isomorphic if and only if they are of 

the same dimension. 

  Proof: ( ) Suppose V is isomorphic to W, where .)dim( nV  then there exists a 

linear transformation WVT :  that is one-to-one and onto. 

 Now, T is one-to-one  0)ker(  T  

                                       0)ker(dim  T  

                                        )(ker(dim)dim()(dim TVTR   

                    nn  0  

                                       )1()(dim  nTR  

  In addition, because   is onto, we can conclude that WTR )(  

                                       )(dim)dim( TRW   

                                                         )1(,byn  

                                      VnW dim)dim(   

                                      VandW Have the same dimension. 

)(  Suppose dim ,dim nWV  finite, then there exist  

   nn wwwandvvv ,,,',,, 2121    which are basis of   and   

respectively. Now, let 



n

i

ii vcvthenVv
1

 and define WVT :  by 

 ()( TvT  


n

i

ii vc
1

) = 


n

i

ii wc
1

  then one can show that   is a well defined 

linear transformation which is both one to one and onto. Thus   and   are  

isomorphic. 

   

Example-5: the following vector spaces are isomorphic to each other. 

      (a)  spaceR  44  

     (b) matricesxallofspaceM x 1414   

     (c) matricesxallofspaceM x 2222   

     (d) allofspaceP 3 Polynomials of degree 3 or less. 

     (e)  RxxxxxV  :)0,,,,( 4321  Which is a subspace of .5R  
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Exercises 5.2 

 1. Find the kernel and image of the following linear transformations 

     (a)  ),(),(,: 22 xyyxyxTRRT   

    (b) )0,0,0,0(),,,(,: 44  wzyxTRRT  

    (c) 
0

3

3

2

2103 )(,: axaxaxaaTRPT   

    (d) ),,(),,(.,: 33 yxzzyxTRRT   

 2. Let T be a linear transformation given by T AXx )(  where A is given below then find   a 

basis and dimension for (i) )()()ker( TRiiT  

     (a) 
























 


01212

00532

41231

)(
210

211
AbA  

    















































11

21

21

)(

1121

3134

1213

4121

)( AdAc  

3. Let  33: RRT   be a linear transformation. Use the given information to find  

   )(TN and give a geometric description of the kernel and range of T.  

     (a) 0)( Trank  

     (b) 3)( Trank  

     (c) T is the counterclockwise rotation of 
045 about the Z axis;  

),,( zyxT  zyxyx ,,,
2

2

2

2

2

2

2

2   

     (d) T is the reflection through the yz-coordinate plane; ),,(),,( zyxzyxT   

     (e) T is the projection on to the vector )2,2,1(v ; )2,2,1(
9

22
),,(

zyx
zyxT


  

  4. Let 
33: RRT   be a linear transformation that projects )1,1,2( vtoonu  

        (a) Find the rank and nullity of T 

        (b) Find a basis for the kernel of T 

        (c) Repeat (a) & (b) for )4,0,3(v  

  5. Which of the following vector spaces are isomorphic to ?6R  

    (a)   16632 )(6,0)()( xx MdCcPbM  

    (e)   RxxxxxxxfP i :),,,0,,,()( 7653215  
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  6. (a) Let nxnnxn MMT :  be given by ,)( tAAAT   then show that )ker(T is the set of 

nxn  symmetric matrices. 

      (b) Let 34: PPT   be given by ?ker'.)( TofnelisWhatffT   

     7. (a) Determine a relationship between kandjnm ,,  such that mxnM is isomorphic to 

.jxkM  

 (b) Let B be an invertible nxn  matrix.  Prove that the linear transformation     

       nxnnxn MMT :  Given by .,)( misomorphisanisABAT   

  8. Let WVA :  be a linear transformation then prove that  

      (a) 
1A  exists if and only if  0)( AN  

     (b) If A is one-to-one then  )(dim)dim( ARv   

     (c) If WARthennWV  )(,dimdim if and only if 
1A  exists. 

     (d) If M is a subspace of V such that )(ANMV   then the restriction of A to M is an 

isomorphism of M on to R (A).  That is, M and R (A) are isomorphic.   

 

5.3 Algebra of Linear transformations 

Before you go to the next discussion, what do you say about the following questions? 

     1. Is the sum of two linear transformations also a linear transformation? 

     2. Is the difference of two linear transformations also a linear transformation? 

     3. Is the product of two linear transformations also a linear transformation? 

     4. What about the composition of two linear transformations? 

 

Definition 5.6: Let 21 ,TT  be linear transformations from a vector space V 

over a field F in to a vector space W over F and c be a scalar, then we 

define ascTandTT 121   

       (a) VvvTvTvTT  )()()()( 2121  

       (b) VvvcTvcT  )()()( 11  

Theorem 5.10 

  (1) 21 TT   and 1cT  are linear transformations from V in to W. 
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  (2) ),( WVL  is a vector space over F where ),( WVL   is the set of all linear 

transformations from V in to W.  That is,   

),( WVL   tiontransformalinearisTWVT :  

  

Proof:  

    (1)  (i) Let thenFaandVvu ,  

)(int),()()()( 2121 aiondefbyvauTvauTvauTT   

                212211 sin,)()()()( TandTcevTuaTvTuaT  are linear transformations 

   )()()()( 2121 vTvTuaTuaT   

            )()()()( 2121 vTTuTTa   

 21 TT   is a linear transformation V in to W  

   (ii) Let thenFaandVvu ,  )()( 1 vaucT   

                     )(),()( 1 bdefinitionbyvaucT   

                       linearisTcevTuaTc sin,)()( 11   

                     )()( 11 vcTuTca   

                     )()()()( 11 vcTucTa   

iscT1 also a linear transformation. 

   (2) Exercise   HintTry to show that ),( WVL is a subspace of 

 functionaisfWVf :  

 

Definition 5.7: Composition of linear Transformations 

Let WandVU ,  be vector spaces over a field F and WVTVUT  :,: 21  be linear 

transformations then the composition of 21 TwithT , denoted by ,0 12 TT is defined by 

))(()()0( 1212 uTTuTT   for all u in V. 

 

 Remark: 

      (1) 12 0TT WU : And the composition is not defined unless the range of 1T  lies 

within the domain of 2T . 
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(2) Composition of linear transformation is not commutative.  

(3) Composition of linear transformation is associative. 

       

Theorem 5.11:   Let WandVU , be vector spaces over a field F and 

WVTandVUT  :: 21  be linear transformations then  

 (1) WUTT :0 12  is also a linear transformation. 

 (2) allofsetthebeVVLLet ),( Linear transformation from V in to V then with the 

usual addition of functions and multiplication defined as function composition then 

),( VVL   is a ring with unity. 

  

 Proof: 

    (1) (i) Let thenUvu ,  

      ,)()()0( 1212 vuTTvuTT  By definition of composition 

                                ,)()( 112 vTuTT   Since 1T  linear 

                               )),(())(( 1212 vTTuTT  Since 2T  is linear 

 ),()0()()0( 1212 vTTuTT  By definition of composition 

     UvuvTTuTTvuTT  ,)()0()()0()()0( 121212  

    (ii)Let thenFbandUu   

 ),)(()()0( 1212 buTTubTT   By definition of composition 

                                                ,)(12 uTbT  Since 1T  linear 

               )),(( 12 uTTb  Since 2T  is linear 

                                                = ),()0( 12 uTTb  by definition of composition 

    UuandFbuTTbbuTT  )()0()()0( 1212  

  Therefore, by (i) and (ii) we get 12 0TT  is a linear transformation. 

  (2) Exercise! 

Example-1: Find 21 0TT   and 12 0TT  where the linear transformations 1T  and 

2T  are given below. 

      (a) ),,(),(,: 1

32

1 yyxxyxTRRT      

          ),0(),,(,: 2

23

2 yzyxTRRT   
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      (b) )3,()(,: 2

1 xxxTRRT   

xyyxTRRT 2),(,: 2

2   

  Solution:  

  (a) (i) )0( 21 TT ),,( zyx 21(TT )),,( zyx  

 = ),,0(),0,0(),0(1 yyyyyT   

 ),,0(),,()0( 21 yyzyxTT   

        (ii) ),0(),,()),((),()0( 21212 yxyyxxTyxTTyxTT   

                                      ),0(),()0( 12 yxyxTT   

  (b) Exercise! 

    

Definition 5.8:  Definition of Inverse Liner Transformation 

Let V and W be vector spaces over a field F and VWTandWVT  :: 21  be linear   

transformations such that )0( 12 TT (v) andVvv   )0( 21 TT (w)

isTthenWww 2 called the inverse of 1T  and we write 2T = .1

1

T  

 Note Not every linear transformation is invertible. 

 

Theorem 5.12 Let  WVT :  be a linear transformation then  

       (a) T is invertible if and only if T is an isomorphism  

       (b) If 1T  exists, then it is also a linear transformation 

Proof   Exercise! 

    

Example-2: Determine whether the transformation T has an inverse or not. If it does, 

find .1T  

   (a) ),(),(: 22 kxyxyxTbydefinedRRT   

   (b) )0,,(),,(: 33 yxzyxTbydefinedRRT   

 Solution:  

(a) since  )0,0(),(:),()ker( 2  yxTRyxT  

                                    )0,0(),(:),( 2  kxyxyx  

                                  00:),( 2  kxyandxRyx  
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                                     0)0,0(   We have T is one-to-one and also 

thatsuchRkabaRba 22 ),(),(   

           ),(),(),( bakakabakabaT   

        

T  is onto.  Therefore, T is one-to-one and onto and hence T is invertible and its 

inverse is given ),,(),(1 kxyxyxT  Infact you can check that ITTTT   11 00  

   (b) Since thereandR3)3,2,1(  doesn't exist ),,( zyx 3R  such that ),,( zyxT

)3,2,1( we have T is not onto, and hence T is not isomorphism T  is not invertible. 

    

 Note: To see that there does not exist ),,( zyx 3R  such that 

posezyxT sup).3,2,1(),,(   ),,( zyx 3R  such that ),,( zyxT  )3,2,1( . 

                           )3,2,1()0,,(  yx  

                           ;30  Which is contradiction and hence the fact 

Exercise 5.3 

 1. Let WUSandUVT  :: be linear transformations then prove that 

     (a) If S and T are both one-to-one, then so is SOT. 

     (b) )(ker)ker( SoTcT  

     (c) If SoT is onto, then so is S 

2. Let S WVTandWV  :: be linear transformations then 

      Prove that rank   )()( TrankSrankTS   

3. Give an example of two linear transformations T and S such that 

        (a) Rank )()()( TrankSrankTS   

        (b) Rank )()()( TrankSrankTS   

4. Determine whether the linear transformations represented by the matrix A is  

         (i) One-to-one 

         (ii) Onto 

        (iii) Invertible and if it does find its inverse 
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       (a)  












































200

155

704

)(
10

1
)(

110

111
)(

30

02 4
1

AdAcAb  

 

5.4. Matrix Representation of a linear transformation  

Brainstorming Question 

Which of the following representations of 34: RRT   is better? 

    orwyxwzyxwzyxwzyxT  43,625,22),,,(  

    

































 



w

z

y

x

AvvT

1043

6251

2112

)(  

  Answer: The second representation is better than the first for at least three reasons; 

 (i) It is simpler to write 

                  (ii) It is simpler to read and  

                  (iii) It is more easily adapted for computer use.  

     

Later we will see that matrix representation of a linear transformation also has some 

theoretical advantages.  In this section we will see that for linear transformations 

involving finite dimensional vector spaces, matrix representation is always possible. 

The key to representing a linear transformation WVT :  by a matrix is to determine 

how it acts on a basis of V.  Once we know the image of every vector in the basis, we 

can use the properties of linear transformations to determine .)( VinvanyforvT  

     

For convenience, first we will see that linear transformations from ,mn RtoinR

relative to the standard bases in .mn RandR Then at the end of this section we see 

linear transformations from ,mn RtoinR  relative to the non standard bases and linear 

transformations defined on general vector spaces.   

Recall that the standard basis for nR  is given by 

   neee ,,,)1,,0,0(,),0,,0,1,0(),0,,0,1( 21  
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Theorem 5.13:  Standard Matrix for a Linear Transformation 

Let mn RRT : be a linear transformation such that 





























































mn

n

n

n

mm a

a

a

eT

a

a

a

eT

a

a

a

eT





2

1

2

22

12

2

1

21

11

1 )(,,)(,)(  

Then the mxn  matrix whose columns correspond to ),( ieT  

       is

aaa

aaa

aaa

A

mnmm

n

n

,

21

22221

11211





























  such that .)( nRvAvvT    A is called the standard 

matrix for T. 

Proof:  

Claim- Av nRvvT  )( ,  

to see this, let nn

n

n

evevevVthenR

v

v

v

V 



















 


2211

2

1

 

    )(vT
nn evevevT  2211( ) 

                  ),()()( 2211 nn evTevTevT    Since T is linear       

ceeTveTveTv nn sin),()()( 2211    T is linear ------ )(  

    Also, the matrix product Av is given by  

         





















mnmm

n

n

aaa

aaa

aaa

Av









21

22221

11211



















nv

v

v


2

1

 

              



























nmnmm

nn

nn

vavava

vavava

vavava









2211

2222121

1212111
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



























































mn

n

n

n

mm a

a

a

v

a

a

a

v

a

a

a

v





2

1

2

22

12

2

1

21

11

1  

           )()()( 2211 nn eTveTveTv    

 

(**))()()( 2211  nn eTveTveTvAv   Now, combining (*) and (**) we get                             

AveTveTveTvvT nn  )()()()( 2211  

.)( nRvAvvT   

  

Example-1: Find the standard matrix for the linear transformation 23: RRT  defined 

by  

    (a) )3,3(),,()()2,2(),,( xzyxzyxTbyxyxzyxT   

Solution:  

  (a) We begin by finding the images of ., 321 eandee  

   









2

1
)2,1()01.2,0,21()0,0,1()( 1 TeT  

   andTeT 









1

2
)1,2()10.2,1.20()0,1,0()( 2  

   andTeT 









0

0
)0,0()00.2,1.20()1,0,0()( 3

 

Thus, by Theorem 5.13, the columns of A consists of  

      haveweandeTandeTeT )()(),( 321  

  AvvThenceandeTeTeTA 






 
 )(

012

021
)()()( 321  

As a check we note that 



















z

y

x

AAv 






 

012

021
  

















z

y

x















yx

yx

2

2
 which is equivalent 

to ),2,2(),,( yxyxzyxT   

(b)  









3

1
)3,1()0,0,1()( 1 TeT  
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andTeT 









0

3
)0,3()0,1,0()( 2

 

 









1

0
)1,0()1,0,0()( 3 TeT  

  )()()( 321 eTeTeTA .)(
103

031
AvvThenceand 







 
 

 Remarks: 

1. A little practice will enable you to determine the standard matrix for a linear    

transformation by inspection.  For instance, the standard matrix for the linear 

transformation given by )24,35,2(),,( zyxyxzyxzyxT  is found by 

using the coefficients of zandyx,  to form the rows of A 

            That is, )24,35,2(),,( zyxyxzyxzyxT   

                               zyxzyxzyx 2.14,03.5,121(  ) 

 























214

035

121

A  

2. The standard matrix for the zero transformation from mn RtoinR  is the mxn

zero matrix, and the standard matrix for the identity transformation from 

nn RtoinR  is In. 

Theorem 5 .14 

(a) Let pmmn RRTandRRT  :: 21  be linear transformations with standard 

matrices 21 AandA  then the standard matrix for the composition of 

1221 , ToTTwithT  is given by the matrix product .12 AA   In general, if  

nTTT ,,, 21   are linear transformations with standard matrices nAAA ,,, 21   

then the standard matrix of the composition 121 oToToToT nn   is given by the 

product .,,, 1221 AAAAA nnn   

(b) Let :T nn RR  be a linear transformation with standard matrix A, then T is 

invertible if and only if A is invertible Moreover, if T is invertible then the standard 

matrix for .11  AisT  

Proof:  
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 (a) Let thenRv n  

)())(()()( 121212 vATvTTvToT  , Since A1 is standard matrix for 1T  

                    cevAA sin),( 12  A2 is standard matrix for 1T  

                                        cevAA sin,)( 12  Matrix multiplication is   associative   

   nRvvAAvToT  )()()( 1212  

     the standard matrix for 12 ToT  is the matrix product 12 AA . 

(b)      Suppose T is invertible and 'A  is the standard matrix for 1T  

       )()( 11 vToTvvToT    

                                vAAvIvAA ')('   

     vAAvIvAA n ''   

    '' AAIAA n   

                            AofinversetheisA'  

                             .' 1 AA  

                             invertibleisA  

       Suppose A is invertible with inverse 1A then 1AA = AAIn

1  

      n

n RvvAAvIvAA   11  

   nRvvAAvIvAA   ))(()()( 11  

  n

n RvvAAvIvAA   )()( 11  

 vATsetvTAvIvAT 111 ),()()(    

 TvIvTT  )()( 1 )(( vT  

     )()()( vToTvIvToT      nRv  

                             ToTIToT   

                             T is invertible with inverse T  

                             andTT  1      vAvTvT 11 )()(    

                               the standard matrix for .11  AisT  And hence the proof 

 

)()( B Suppose T is invertible and   1A  is  the standard matrix  for 1T  then ( 1T

To )        (v)  1 ToTV  (v) 
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             OVAAVIVAA ,)( 11   

            VAAVIVAA n

11   

         11 AAIAA n   

         1A  is the inverse of A 

         .11  AA  

         A   is invertible  

 

    Suppose A is invertible with inverse 1A  then AAIAA n

11    

    nn RvVAAVIVAA   11  

    nRvvAAVIVAA   11 )(  

    VATsetvTAVIVAT 1111 ,)()(    

   )()( 11 vTTVIVTT   

    nRvvToTVIvToT  )()()( 11  

ToTIoTT 11   

T  is invertible with inverse 1T  

            andTT 11   

vAvTvT 111 )()(    

 the standard matrix for 
1T  is  1A .  

   

Example-2: 

1- Let 21 TandT  be linear transformations from 33 RtoinR   such that  

),,(),,(),0,2(),,( 21 yzyxzyxTandzxyxzyxT   then find the standard 

matrices for the compositions. 

 (a) 2112 )( ToTbToT  

(2) Let 33: RRT   be a linear transformations defined by 

)42,33,32(),,( zyxzyxzyxzyxT  then show that T is invertible, and find 

its inverse. 

  Solution: 

  1) Let 21 AandA  be the standard matrices for 21 &TT  respectively then. 
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                 

















 21

101

000

012

AandA then















 

010

100

011

  the standard matrix for  

(a) 12 ToT  is 

















































 



000

101

012

101

000

012

010

100

011

12 AA  and 

 (b) 21 ToT  is 21 AA  



















101

000

012















 

010

100

011

  















 



001

000

122

 

2) Let A be a standard matrix for T then  

               thatshowcanyouandA



















142

133

132

 

          operationsrowelementarygubyA sin,

326

101

011
1























  

 
vAvToverMoreAisTformatrixdardstheandinvertibleisT

invertibleisA

1111 )(,tan  


 

           































































 

zyx

zx

yx

z

y

x

zyxT

326326

101

011

),,(1
  

           )326,,(),,(1 zyxzxyxzyxT    

Transformation Matrix for Non- standard Bases 

Let V and W be finite-dimensional vector spaces over a field F with bases ,' and  

respectively, where  nvvv ,,, 21 
. 

If WVT :  is a linear transformation such 

that  

       





























































mn

n

n

n

mm a

a

a

vT

a

a

a

vT

a

a

a

vT


2

1

'

2

22

12

'

2

1

21

11

1 )(,,)(,)(
'

  
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Where   ')( ivT  is the coordinate matrix of )( ivT  relative to the basis
'

 , then the 

mxn  Matrix whose n columns correspond to   ')( ivT , 

thatsuchis

aaa

aaa

aaa

A

mnmm

n

n

,

21

22221

11211




























 vAvT )(  for every v  in V where 

 v  is  the coordinate matrix of v relative to  . A is called the matrix of T relative to 

the bases ' and  

 Note     .)()( ' vTvAvT   

 

Example-3: Let 22: RRT   be a linear transformation defined by       

)2,(),( yxyxyxT   then find the matrix of T relative to the bases    

       21

'

21 ,)1,0(),0,1(,)1,1(),2,1( wwandvv    

     (b)  1,2)(  vwherevT  by using the matrix of  T relative to the bases 

'

 and . 

Solution 

   (a) 211 03)0,3()21.2,21()2,1()( wwTvT   

                andvT 









0

3
)( '

1   

        212 30)3,0()1)1(2,11()1,1()( wwTvT   

  











3

0
)( '

2 vT , which is the coordinate matrix of   )( 2vT   relative to 

    .)1,0(),0,1('   

      Thus, the matrix for T relative to     











30

03
)()(( '

2

'

1

'  vTvTAisand  

  (b) Using the basis   )1,1(1)2,1(1)1,2(,)1,1(),2,1(  vthatfindwe  

 

   











1

1
v  
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Therefore,     ')(
3

3

1

1

30

03
)(  vTvAvT 





























  

Finally, Since   )3,3()1,0(3)(,)1,0(),0,1('  vTatthfollowsit  

 Note If V=W and ,'   then the matrix A is called the matrix of T relative to the 

basis    in such cases the matrix of the identity transformations simple I

  havewevvISincevvvletthisseeTo iin ,)(.,,, 21   

       





























































1

0

0

)(,,

0

1

0

)(,

0

0

1

( 21
  nvTvTvT  

            )()()( 21 nvTvTvTA   

 

     nI

































1000

0100

0010

0001



 

Example-4: 

Let 12: PPDx   be the differential operator that a quadratic polynomial on to its derive 

.'P   Find the matrix for xD  used the bases    xandxx ,1,,1
'2    

Solution: The derivatives of the basis vectors are 

             )(0)1(00)1( xDx   

 )(0)1(11)( xxDx   

             )(2)1(02)( 2 xxxDx   

  The coordinate matrices relative to 

      



























2

0
)(,

0

1
)(,

0

0
)1( '2'''  xDxDDare xxx  

  isforDmatrixThe x   









200

010
A  
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 Moreover, for   and

c

b

a

PhavewePcxbxaxP

















 2

2)(  

   22
2200

010
cxbxaDcxb

c

b

c

b

a

PA x 

































      

Exercises 5.4 

1. Find the standard matrix for the linear transformation T 

              a) )32,0,4(),()()2,23(),( yxyxyxTbxyyxyxT 

),4,43,2(),,,()()35,42,2,35(),,()( wyxzwyzxwzyxTdyxyzzyyxzyxTc 
 

2. Find the standard matrices for 2112 & ToTToT  

           (a)    
)22,,(),,(,:

)22,,2(),,(,:

1

33

2

1

33

1

zyzxzyzyxTRRT

zyxzyyxzyxTRRT




 

           (b) 
)3,3(),,(,:

),,2(),(,:

2

23

2

1

32

1

xzyxzyxTRRT

yxyxyxyxTRRT




 

3. Determine whether the given linear transformation is invertible?  If it is, find its inverse. 

      (a) ),,(),,( zyxyxxzyxT   

       (b) )33,(),( yxyxyxT   

       (c) )0,2(),( xyxT   

       (d) ),,,2(),,,( zZyyyxwzyxT   

4. Find the matrix of T relative to the given bases ' and . 

          (a) andxPPTbydefinedPPT  )(: 32  

    32'2 ,,,1,,,1 xxxxx    

          (b) PxPTbydefinedPPT 2

42 )(:   

     4322 ,,,,1,,,1
'

xxxxxx    

5. Let   433

32 :,,,1 PPTletandPforbasisabexxx   be the linear     

transformation given by .0)( td
x kt

k
xT   

        (a) Find the matrix A for T with respect to    and the standard basis for 4P . 

        (b) Use (a) to integrate .326)( 3xxxP    
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6.  (a)  Find the standard matrix for T where .)( nRvforkvvT   

     (b) Find the matrix for T relative to the standard bases for         

t

xxxx AATbydefinedMMTwhereMandM  )(: 23322332
 

      (c) Show that T defined in   (b) is an isomorphism and find the matrix for the inverse of T. 

 

5.5: Eigenvalues and Eigenvectors of a Linear Transformation  

Eigenvectors and eigenvalues can be defined for linear operators as well as matrices. A 

scalar λ is called an eigenvalue of a linear operator VVT :  if there is a nonzero 

vector v in V such that   vvT   . The vector v is called an eigenvector of T 

corresponding to λ. Equivalently, the eigenvectors of T corresponding to λ are the 

nonzero vectors in the kernel of  TI  . This kernel is called the eigenspace of T 

corresponding to λ. 

 

 Note: 

1. Eigen values are also called characteristic values or latent roots. 

 

2. If 0v  then   is uniquely determined, because 

0,

0)(

21

2121





vas

vvv




 

 

 

3. If v and w are eigen vectors with eigen value   then 

i. wv   is also an eigen vector with eigen value  because 

)()()()( wvwvwTvTwvT    

 ii. Each scalar multiple cv  is also an eigen vector with  

                 eigen value ,  because: )()()()( cvvcvTccvT   where c  

                 is a constant. 

 

4. Let VVT :  be a linear operator with  

       )ker(0,0)ker( TvIfT  then 

   vvT .00)(  and hence v is an egien vector of T with eigen  
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               value 0. 

Example- 

a) Let VVid :  be the identity linear operator then every non zero vector in V 

is an eigen vector of id with an eigen value 1, since, vvvid .1)(   

b) Let VVD :  be the differential operator on the vector space of 

differentiable functions.  Since tt eeD 55 5)(  we have te5  is   an 

eigenvector of (D) with eigenvalue 5. 

c) Let 22: T   be a linear operator which rotates each 2v  

by an angle of 090  then one can see that .)(, vvT    Therefore, T 

has no eigenvectors and hence no eigenvalues. 

 

Exercises 5.5 

1. Let 33: T  be a linear transformation, whose matrix relative to the non standard 

basis  )1,0,0(),0,1,1(),0,1,1(   is 





















200

020

004

A then find  

a) the characteristic polynomial of T 

b) the eigen values of T 

c) the corresponding eigen space of T 

  

2. Let 22: T  be given by ,Pr)( uojvT   where u is a fixed vector in 
2  then 

a) find the characteristic polynomial of T 

b) Show that the eigen values of A (the standard matrix of T) are 0 and 1. 

3. Let 
33: T  be a linear operator defined by 

)2,3,3(),,( zyxyxzyxT   then find the characteristic polynomial of T 

 

4. Let 22: T  be a rotation of 2 counter clock wise about the 

origin through an angle Q then find 

a) The characteristic polynomial P of T 

b) The eigen values of T 
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5.6: Eigenspace of a linear transformation  

 

The Eigen space of a linear operator 

Let VVT :  be a linear operator over a field F and F  then  

V  The set of all eigenvectors of T with eigenvalue   is a subspace of V 

   

   Proof: Exercise 

 

 Note V  is called the eigenspace or spectrum of T belonging to  . 

 

Theorem 1:  Let V be a vector space over a field F and VVT :  be a linear 

operator then 

a) F  is an eigen value of T if and only if the operator IT   is singular. 

b) If nvvv ,,, 21   are eigen vectors of T belonging to distinct eigen values 

nn vvvthen ,,,,,,, 2121    are linearly independent  

 

 

Proof: 

a) Let   is an eigen value of T then   a non zero vector Vv  such that 

vvT )(  
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 

)(sin

0)ker(

)ker(

0)()(

)()(

invertiblenotgularisIT

onetoonenotisITIT

ITkv

vIT

vIvT





















 

 

b) Exercise. 

 

Example: 
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Exercise 5.6 

1- 

 2- 

 

3- Let 22: T  be a linear operator represented by the matrix   






 


01

10
A with 

respect to the standard basis of 
2 then find 

 

a) The characteristic polynomial of T 

b) The minimal polynomial of T 

c) The eigen values of T 

d) Is T diagonalizable? 

4- Let 
22: T  be a linear operator represented by the matrix 







 


01

10
A with 

respect to the standard basis of 
2  then find 
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a) The characteristic polynomial of T 

b) The minimal polynomial M of T 

c) The eigen values of  T 

5-Let 
33: T  defined by  

      ),,0(),,( zyyxzyxT  be a linear transformation then find  

 

a) The characteristic polynomial of T 

b) Eigenvalues and Eigenvectors  

 

 

  

 

 Let V and W be vector spaces over a field F (usually F=R), then the function 

T:V W  is called a linear transformation (or a linear map) of V in to W if  

andVvuvTuTvuT  ,)()()(

FascalarsallforandVuuTaauT  )()(  

  The above two properties can be combined in the formula given by 

VvuandFbavbTuaTbvauT  ,,)()()(  

 By induction we also have a more generalization property for a linear 

transformation T for n set of vectors vi as : 

 
ii

n

i

ii

n

i

i cscalarsforvTcvcT )()(
11




  

 Let V and W be vector spaces over a field F and WVT :  be a linear 

transformation then The set of all vectors v in V such that 0)( vT  is called 

the kernel (or null space) of T and is denoted by ker(T) or N(T).The set of all 

vectors w in W such that wvT )(  for some v in V is called the image     (or 

range) of T and is denoted by )()( TRorTm . 

   Let WVT :  is a linear transformation then the dimension of the kernel of 

T is called the nullity of T and the dimension of the range of T is called the 

rank of T. 

 A  function WVT :  is called one to-one if the pre image of every w in the 

range consists of a single vector and onto if every element in W has a pre 

image in V.   

Summary of Unit Five 
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 Let 21 ,TT  be linear transformations from a vector space V over a field F in to 

a vector space W over F and c be a scalar then 21 TT   and 1cT  are linear 

transformations from V in to W and ),( WVL  is a vector space over F where

),( WVL   is the set of all linear transformations from V in to W 

 Let V and W be vector spaces over a field F and VWTandWVT  :: 21  

be linear   transformations such that )0( 12 TT (v) andVvv   

 )0( 21 TT (w) isTthenWww 2 called the inverse of 1T  and we write 

 2T = .1

1

T  

 Let pmmn RRTandRRT  :: 21  be linear transformations with standard 

matrices 21 AandA  then the standard matrix for the composition of 

1221 , ToTTwithT  is given by the matrix product .12 AA   

 In general, if  nTTT ,,, 21   are linear transformations with standard matrices 

nAAA ,,, 21   then the standard matrix of the composition 121 oToToToT nn   

is given by the product .1221 AAAAA nnn   

 Let :T nn RR  be a linear transformation with standard matrix A, then T is 

invertible if and only if A is invertible Moreover, if T is invertible then the 

standard matrix for .11  AisT  

 Let A be an nxn  matrix over a filed )(  orFF  then a scalar   is called 

an eigenvalue of A if there is a non zero vector nFx   such that .xAx   The 

vector x is called the eigenvector of A corresponding to .  

 Let V be a vector space over a field VVTandorFF  :)(   be linear 

transformation then Vv  is said to be an eigenvector of T if F  such that 

 .)( vvT   is called an eigenvalue of T belonging to the eigenvector v. We 

also say that v is an eigenvector with eigenvalue .  

 Let V b e a vector space over a field F and VVT :  be a linear transformation 

then 


v  the set of all eigenvector of T with eigenvalue .  is a subspace of V. 
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 Let a be an nxn  matrix then the characteristic polynomial of A is given by 

01

1

1)( ctcctAtItx n

n

n

A  

 
 
and the characteristic equation 

of A is given by .0)( txA  That is, 0 AtI  

   is an eigenvalue of A if 0)( Ax  

 The eigenvectors of A corresponding to   are the non zero solutions of 

0)(  xAI  

 If A is triangular matrix then its eigenvalues are the elements on its main 

diagonal 

 

References 

 
1. Bernard Kolman & David R. Hill, Elementary linear algebra, 8

th
 ed., 

Prentice Hall, 2004 

2. Larson/Edwards, Elementary Linear Algebra, D.C. Heath and Company, 

Lexington, 1988 

3. H. Anton and C Rorres, Elementary linear algebra 8
th

 ed, John Wiley 

&Sons, INC., 1994 

4. K. Hoffman & R. Kunze, Linear Algebra, 2
nd

 ed., Prentice Hall INC.1971 

5. S. Lipschutz, Theory and problems of linear algebra, 2
nd

 ed.McGraw-

Hill1991 

6. D. C. Lay, Linear algebra and its applications, Pearson Addison Wesley, 

2006 

7. Demissu Gemeda, An Introduction to Linear Algebra, Department of 

Mathematics, AAu, 2000 

8. Serge Lang; Linear Algebra 

9. Schaum‘s Outline in Linear Algebra 

10. Piage and swift: Linear Algebra 

11.  Beaumont: Linear Algebra 

12. Halms: Finite Dimensional Vector space 

13. Nomizu: Fundamentals of Linear Algebra 

14. Isaak and Manougian, Basic Concepts of Linear Algebra, 1st ed., George J. 

McLead Limited, 1976 

15. J.N. Sharma and et al, Linear Algebra, Krishna Prakashan Media(P) Ltd., 

2003 

16. Otto Bretscher, Linear algebra with application, 3rd ed., Prentice Hall, 2005 

 


