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Foreword

Computer Science centers on questions about computational problems, and com-
puter programs to solve problems:

• What is a computational problem, what is an algorithm, what does it mean to
have solved a problem, are some problems unsolvable by any computing device,
are there problems intrinsically difficult or impossible to solve automatically, are
there problems intrinsically easier to solve than others, …?

• How can a machine solve a problem, how to build such a machine, how to
specify an algorithm for computer execution, how to design good algorithms,
which “language” can a human use to direct the computer, how to design and
“debug” programs for computer execution, how to build good programs, …?

Good news: rapid progress has been made in both areas; we stand on the shoulders
of giants in both theory and practice. The questions above have many and various
answers. The first questions led in mathematical directions to foundational studies:
the theories of computability, recursive functions, automata theory and more. The
second led in engineering directions: computer architectures, the architectures of
programming languages, the art or discipline of programming, software engineering
and more.

Since the 1930s our understanding of both areas has developed hand in hand, led
by theoreticians such as Kleene, Church, and Gödel; by hardware and software
inventors such as Babbage, Von Neumann, and McCarthy; and by Alan Turing’s
genius at the borderline between the two areas.

This book focuses on the first question area by an approach near the borderline:
the theory of computability and complexity (C&C for short) is presented by using a
simple programming language. In this language one is able to perform the (many)
program constructions needed for the theory. This is done abstractly enough to
reveal the great breadth and depth of C&C. Further, it is done concretely and
precisely enough to satisfy practice-oriented readers about the constructions’ fea-
sibility. Effect: a reader can see the relative efficiency of the constructions and
understand the efficiency of what is constructed.
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My 1997 C&C book was a step in this direction, but suffers from several
problems: a scope too great for a single-semester university course; sections that
(without warning) require more mathematical maturity than others; too few exer-
cises; and too few historical and current references to research contexts.

Bernhard Reus has succeeded very well in overcoming these problems, and
writing a deep, interesting, up-to-date, and even entertaining book on computability
and complexity. I recommend it highly, both for systematic study and for spot
reading.

Neil D. Jones
DIKU, University of Copenhagen
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Preface

About 12 years ago a student1 asked me after one of my lectures in Computability
and Complexity why he had to write tedious Turing machine programs, given that
everyone programmed in languages like Java. He had a point. What is the best way
to teach a Computability and Complexity module in the twenty-first century to a
cohort of students who are used to programming in high level languages with
modern tools and libraries; to students who live in a world of smart phones and 24h
connectivity, and, even more importantly maybe, who have not been exposed to
very much formal reasoning and mathematics?

Turn the clock back only two or three decades. Then, a first year in a computer
science Bachelor degree mainly consisted of mathematics (analysis and linear
algebra, later discrete maths, numerical analysis, and basic probability theory).
When computability and complexity was taught in the second or third year, students
were already acquainted with a formal and very mathematical language of dis-
course, maybe because computer science lecturers in the 80s were usually mathe-
maticians by trade. Things have changed significantly. Curriculum designers for
Bachelor degrees are under pressure to push more and more new exciting material
into a three-year degree program that should prepare students for their lives as
working IT professionals. Any new module moved into the curriculum necessarily
forces another one out. Often, allegedly “unpopular” modules, including formal
theory and mathematics, are the victims. As a consequence, computer science
students have to a degree lost the skills to digest material presented in an extremely
formal and symbolic fashion while, at the same time, they are prolific programmers
and quite knowledgeable in the use of tools.

So, Computability and Complexity, do they really have to be taught using Turing
machines or µ-recursive functions? Do they have to be presented in the style a
logician or mathematician would prefer? Seeking for alternatives, I eventually
stumbled across Neil Jones’ fantastic book Computability and Complexity—From a
Programming Perspective. The subtitle already gives away the book’s philosophy.

1Alexis Petrounias.
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The leitmotif of Neil’s textbook is to present the most important results in com-
putability and complexity theory “using programming techniques and motivated by
programming language theory” as well as “using a novel model of computation,
differing from traditional ones in crucial aspects”.2 The latter, WHILE, is a simple
imperative language with one datatype of lists (s-expressions) à la
LISP. Admittedly, this language is not Java, but it has the hallmarks of a modern
high level language and is infinitely more comfortable to program in than Turing
machines or Gödel numbers. Java, or any similar powerful language, would be
impractical for our purposes “since proofs about them would be too complex to be
easily understood”.3

So when rebranding the module under the name Limits of Computation in 2008,
I adopted Neil’s book as course textbook. Delivering an introductory, one semester
final-year module, I picked the most important and appealing chapters. This was
easy as the design of the book was exactly made to mix and match.4 Soon, however,
it turned out that students found Neil’s book tough going. In fact, this became more
apparent as the years went past. There were several factors. First of all, Neil’s
students would have had ML, a functional language with built in list type, as a first
programming language, whereas our students were raised on Java. Yet, the datatype
of WHILE is a functional one, and this caused more problems to the students than
anticipated. Second, and more importantly, I had not put enough attention to the
prerequisites. Neil expected readers of his book to be senior undergraduate students
“with good mathematical maturity.”5 It turned out that not all the third-year students
had this maturity (given the heterogeneity of backgrounds and reduction of maths
teaching in the undergraduate years one and two).

As a response to mitigate the issues above, I started writing explicit notes to
accompany my slides, intended as additional comments and explanations for the
selected book chapters. I ended up adding more and more new material and rear-
ranging it. The results of this effort are the 23 individual lectures of this book.
A (British) semester is 12 weeks long, which usually requires 24 lectures to be
delivered. The shortfall of one lecture is intentional, it acts as a buffer (in case things
take more time) and also allows for extra events like invited talks or in-class tests.

This book was heavily influenced by Neil Jones’s textbook, which is clearly
visible in some chapters. To pay homage to his book, its telling subtitle “From a
Programming Perspective” has been adopted.

Brighton Bernhard Reus
November 2015

2Preface of Neil’s book, page x.
3The book “Understanding Computation From Simple Machines to Impossible Programs” by Tom
Stuart, published by O’Reilly in 2013, appears to follow the same idea and philosophy, using Ruby
as programming language. It does not deal with complexity however.
4Neil’s Preface, page xii.
5Neil’s Preface, page xiii.
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For Tutors

The students using this book are expected to be senior undergraduates who can
master at least one imperative programming language. They are supposed to know
arithmetic, Boolean algebra, graphs and some basic graph algorithms. Similarly,
knowledge of basic set theory, function, and relations is needed, but Chap. 2
contains a short summary of basic definitions used in the book. Some exposition to
formal reasoning would be helpful as well, but is not strictly required. To under-
stand the probabilistic complexity classes in Chap. 21 some basic knowledge of
probability theory will be needed.

This book is divided into 23 chapters with the intention that each chapter cor-
responds to one lecture. If not all chapters can be delivered, the following chapters
can be omitted without interrupting the natural narrative:

• Chapter 10, Self-referencing Programs, but the self-producing program is a
brain teaser which turns out to be very popular with students;

• Chapter 21, How to Solve NP-complete Problems, which may, however, be the
chapter that has the most impact on students’ future projects;

• The last two chapters Molecular Computing (Chap. 22) and Quantum
Computing (Chap. 23), but students find this material particularly exciting.

A few chapters are significantly longer than others. These are Chap. 11, The
Church-Turing Thesis, Chap. 16, Famous Problems in P, Chap. 20 Complete
Problems, Chap. 21 How Solve NP-complete Problems?, and Chap. 22 Molecular
Computing. The longer chapters allow the tutor to pick some of the sections and
present them in the lecture, leaving the remaining ones for self-study or exercises.
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Chapter 1
Limits? What Limits?

What kinds of limits are we studying and why?

As final year undergraduate (or postgraduate) students will have learned how a
modern digital computing device works. They will know about these gadgets’ archi-
tecture, their operating systems, their input/output devices, their networking capabil-
ities. They will appreciate the importance of compilers that can be used to translate
programs in high-level languages into a form that the underlying hardware of the
computer in use can interpret as instructions. This code the students will have learned
to write in modern high-level programming languages like Java, Haskell or Scala.
They also practise, sometimes quite painfully, how to debug their programs to find
and eliminate bugs so that in the end the system designed and implemented does the
job required.

All these skills are very important (also for future employability) and building
systems is, of course, the creative “fun part” of being a computer scientist. Yet, as
the term “scientist” suggests, there is more to being a computer scientist than being
able to write nifty programs and debug them (which is the “engineering” aspect of
computing).

Rocket scientists who design space ships need to know the laws of physics and
the limits described by those laws. For instance, they need to know that nothing can
go faster than the speed of light. Similarly, a computer scientist needs to know the
limits of computation. These limits, however, should not just be the ones obtained by
resource constraints of a given computing device. Since there are so many different
devices, we are striving for limits that are more abstract, independent of whether one
has a computer of brand A or B.

Therefore, this chapter right at the beginning will stake the book’s territory.
We have to answer some important questions: What kind of limits of computation
will we discuss and what kind do we leave out? In Sect. 1.1 we briefly discuss

© Springer International Publishing Switzerland 2016
B. Reus, Limits of Computation, Undergraduate Topics in Computer Science,
DOI 10.1007/978-3-319-27889-6_1

1



2 1 Limits? What Limits?

some physical limitations, discussing several types of physical limits in relation to
computing that are well known. Then we give an overview of the content of the book
(Sect. 1.2).

1.1 Physical Limits of Computation

When asked about limitations in the context of computing one most likely will think
about the limits of the devices we use: the limited memory and limited clock speed.
Or one might think about the limits memory or clock speed can theoretically reach in
the production of computing devices. As this book is intended for Computer Science
students with a focus on software and not hardware, we do not really address physical
limits.1 In this section, however, we give a short overview discussing several types of
physical limits in relation to computing that are well known (and usually one needs
to understand quite some physics to get deeper into the subject).

1.1.1 Fundamental Engineering Constraints
to Semiconductor Manufacturing and Scaling

• Limits on manufacturing
There are limits to layering material on silicon on an extremely small scale using
“precision optics and photochemical processes”. Lithography is limited but new
technologies emerge and there is “additional progress in multiple patterning and
directed self-assembly” which “promises to support photolithography beyond the
10nm technology node” [5].

• Limits on interconnects
“Metallic wires can be either fast or dense, but not both at the same time—smaller
cross-section increases electrical resistance, while greater height or width increase
parasitic capacitance with neighboring wires” [5]. The solution is to build so called
‘interconnect-stacks’ with varying thickness of wires according to purpose. New
technology uses alternatively optical interconnects but this also is restricted by
Maxwell’s equation on propagation speed of electromagnetic waves.

• Limits on conventional transistors
“Transistors are limited by their tiniest feature—thewidth of the gate dielectric,2—
which recently reached the size of several atoms” [5].

1Although we briefly discuss some issues related to miniaturisation in Chap.23.
2This is the insulator (usually silicon dioxide) between gate and substrate of a metal-oxide semi-
conductor field-effect transistor (MOSFET). When the gate of the transistor is positive the dieletric
is responsible for inducing a conducting channel between the source and drain of the transistor due
to the so-called field effect.

http://dx.doi.org/10.1007/978-3-319-27889-6_23
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• Limits on design effort
With the rising complexity of integrated circuits (ICs) in order to achieve higher
speed at smaller scale and lower power usage, computer-aided design (CAD) is
unavoidable and each new design required new CAD software. Clever algorithms
for optimisations are required and hardware as well as software for the ICs need to
be co-developed and verified. The limitations of the CAD software has therefore
a direct limiting effect on the produced ICs.

1.1.2 Fundamental Limits to Energy Efficiency

• Limits on energy consumption, power supply and cooling
In modern times of cloud computing and computing as a service, data centres
play an important role. In the US they “consumed 2.2% of total U.S. electricity
in 2011” [5]. One can improve transmission and power conversion in datacenters,
but on-chip power management soon reaches some limits. “Modern IC power
management includes clock and power gating, per-core voltage scaling, charge
recovery and, in recent processors, a CPU core dedicated to power scheduling. IC
power consumption depends quadratically on supply voltage, which has decreased
steadily for many years, but recently stabilized at 0.5–2V…. Cooling technologies
can improve too, but fundamental quantum limits bound the efficiency of heat
removal” [5].

1.1.3 Fundamental Physical Constraints
on Computing in General

Generally speaking, energy limits speed and entropy limitsmemory. In [4] a hypothet-
ical “computer with a mass of 1kg and a volume of 1 l, operating at the fundamental
limits of speed and memory capacity fixed by physics” has been analysed. It is called
the ‘ultimate’ laptop and serves to expose the limits of physical computation.Whereas
current machines perform roughly (in terms of order of magnitude) 1010 operations
per second on 1010 bits,3 “the ultimate laptop performs 2mc2 1

π�
= 5.4258 × 1050

logical operations per second on approx 1031 bits” [4] where m is the mass of the
computer, c light speed, and � is the Planck constant. However, “the ultimate laptop’s
memory looks like a thermonuclear explosion or a little piece of the Big Bang!” [4].
Moreover, one achieves only an “overall processing rate of �1040 operations per
second in ordinary matter” [4]. Those computed limits are based on the speed of
light, the quantum scale, and the gravitational constant (see also [1]).

3This was at the time of [4] in 2000 and has increased somewhat by now.
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1.2 The Limits Addressed

The abovementioned physical limits are not only interesting but alsomost significant
for the semiconductor and computing industry. However, we are interested in limita-
tions inherent to computing independent of the hardware used to compute. In the first
part, computability, we allow unlimited memory and time and investigate whether
nonetheless there remain any limits to what one can compute. In the second part,
complexity, we restrict the time allowed for computation, abstracting again from
concrete details. We will be looking at the asymptotic behaviour of programs: how
much does the computation time increase when we increase the size of the input. In
this book we focus on time complexity only due to limitations of a 12 week semester
module. It is expected that the diligent reader, once familiar with the concepts of
computational time complexity, is able to read independently the literature on space
complexity which addresses the size of memory needed for computation. The short
last part of the book is dedicated to new emerging paradigms of computing: mole-
cular computing and quantum computing and the question whether they can extend
those limits.

It might come as a surprise that the computational limits we will discuss, despite
the idealisation, appear to be deeply connected with limits in our physical reality.

1.2.1 Computability Overview

Finding the limits of computation requires a clear-cut definition of what
computing means. The origins of what is called “computability theory” go back
to Alan M. Turing,4 a British mathematician, who achieved much more than crack-
ing the German code used by the Enigma machines in WWII, but also wrote a world
famous paper that, for the very first time, gave a definition of what it means “to com-
pute”. He defined a computation device on paper that is now called Turing machine
in his memory.

At the time the term computer still referred to a human being carrying out a
computation. Turing showed that, based on this definition, there is a function5 that
cannot be computed in the proposed way. And this was in 1936 before the invention
of the general purpose digital computer. We will look at this seminal paper [7] a bit
later.

Also, when searching for the limits of computation, we will simplify the kind of
problems we consider to be computed. This is fine since if we have found limitations
for a restricted class of problems we of course have also found limitations of a larger
class of problems.

After we have defined an adequate class of problems (Chap.2) we will idealise
our computation devices and investigate what cannot be computed using unbounded
resources.

4To commemorate Turing’s 100th birthday, 2012 was the Alan Turing Year, see http://www.
mathcomp.leeds.ac.uk/turing2012/.
5At least one such function.

http://dx.doi.org/10.1007/978-3-319-27889-6_2
http://www.mathcomp.leeds.ac.uk/turing2012/
http://www.mathcomp.leeds.ac.uk/turing2012/
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So the first big quest is to find a problem that cannot be computed even with
unlimited time (and memory).

Tobe able to do this ourselves (inChap. 8),weneed toworkwith a particularmodel
of computation. Of course we would like to work with a language that is similar to
our modern high-level languages and not, for instance, with fiddly (Turing) machine
programs. But on the other hand, we also want to be able to program an interpreter for
the chosen language. Thus, the language should not be too complicated. We follow
Neil Jones’s inspired choice from his textbook [3] and (in Chap. 3) pick WHILE, a
simple “while language” with variables, assignment, while-loops and with binary
trees as data type. We fix programs to have exactly one input and one output value.
Again, this is a simplification but good enough to successfully go on our quest of
non-computable problems. In Chap.4 we ensure that WHILE programs are actually
effectively computable and in Chap.5 we present some additional language features,
which facilitate programming further.

Then we will learn how to use programs as objects (Chap. 6) such that we can
write a WHILE interpreter in WHILE (Chap. 7).

This will help us to further distinguish certain kinds of non-computable problems.
We will then also meet several other (famous) undecidable problems in Chap.9. We
will learn that, roughly speaking, any interesting statement referring solely to the
semantics of programs is undecidable.Historically,Hilbert’sEntscheidungsproblem6

is of interest. Hilbert and many others believed that there is a decision procedure for
first-order logic sentences with axioms, for instance, arithmetic (number theory).
Such a procedure could, given any arithmetic sentence, compute whether this given
sentence is true or not. In 1936 this was disproved by Gödel, Turing and Church [2].

In Chap.10 it is discussed how programs that are recursively defined, i.e. self-
referencing programs, can be interpreted despite the fact that WHILE does not
possess any recursive features. The corresponding programming principle is called
reflection.

Next,wewill have to ensure that our definition of computation is robust (Chap. 11).
That means that our result does not depend on the choice of computing device or
notion of computation. Otherwise, somebody might say that the problem we have
foundmight have been computablewith a different (e.g.more “powerful”) computing
device.

We will show that what is computable with unlimited resources does not
depend on the computing device. Thedevicemust beof course reasonablypowerful.
There is a generalised thesis stating this called the Church-Turing-Thesis, and we
will give evidence for it. The evidence will be the fact that all commonly usedmodels
of computation are of equivalent power. We can show this by writing compilers that
translate programs or machines from one kind into another. This translation has to
preserve the semantics of the original program or machine of course.

6German for “decision problem”.

http://dx.doi.org/10.1007/978-3-319-27889-6_8
http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_4
http://dx.doi.org/10.1007/978-3-319-27889-6_5
http://dx.doi.org/10.1007/978-3-319-27889-6_6
http://dx.doi.org/10.1007/978-3-319-27889-6_7
http://dx.doi.org/10.1007/978-3-319-27889-6_9
http://dx.doi.org/10.1007/978-3-319-27889-6_10
http://dx.doi.org/10.1007/978-3-319-27889-6_11
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1.2.2 Complexity Overview

In the complexity part we investigate what can be computed with limited time
resources, defining time complexity classes (those should already be known from
an “Algorithms and Data Structures” module). Complexity classes for programs (or
algorithms) are classes of programs that can be computed with a certain time bound.
That means, we consider how much time is needed to compute a program in relation
to the size of the input data (Chap.12). It is clear that bigger input computations will
usually take more time.

We can then also define complexity classes for problems (Chap. 13). An inter-
esting question is at what point the computations become intractable, i.e. too long
to be useful in practice. By the way, we usually consider worst case time complex-
ity when we consider complexity classes. The complexity class is a program (or
problem) which depends on the worst input for the program (or decision procedure
for the problem). “The worst input” denotes the input for which the run time is the
longest.

In Chap.14 we address again the issue of robustness but now taking into consid-
eration time consumption. In other words we show that with respect to polynomial
time computation it does not matter which notion of computability we use. We
will extend the Church-Turing thesis accordingly (and discuss variations such as
Cook’s Thesis).

To show that a problem is in a certain complexity class, it suffices to produce
an algorithm that solves it and to show that the algorithm’s time bound (its runtime
complexity) is within the class. It is much less straightforward though to show that
a problem is not in a complexity class since one needs to prove that no algorithm
solving the problem has the required complexity. A technique to show exactly that
and in fact a hierarchy that shows that with more time one can solve more problems
is presented in Chap.15.

We will look at some of those problems that are very much “real life” combi-
natorial optimisation problems, which are important in practical applications
in industry and transport. The problems presented in Chap.16 can all be solved
in polynomial time but the ones in Chap.17 are “hard” in the sense that the only
algorithms known to solve them exactly have exponential complexity. This is not
good enough since for medium-sized input the runtime complexity becomes astro-
nomically large (this is down to what is called the “combinatorial explosion”). For
instance, consider the problem of finding the shortest tour passing through a list of
given cities. The number of possible tours to search through grows exponentially
with the number of cities. There is no problem if the number of cities is small. For
three cities there exists only one7 tour and for four cities there are only three. For 16
cities, however, there exist already several hundred billion possible tours and for 64
cities there exist orders of magnitude more tours than there are atoms in the known

7We disregard whether travelling clockwise or counterclockwise.

http://dx.doi.org/10.1007/978-3-319-27889-6_12
http://dx.doi.org/10.1007/978-3-319-27889-6_13
http://dx.doi.org/10.1007/978-3-319-27889-6_14
http://dx.doi.org/10.1007/978-3-319-27889-6_15
http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_17
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universe.8 It is impossible to straightforwardly check which tour is the shortest.
However, we don’t know yet whether there are some very clever algorithms that
have acceptable runtime that just nobody has discovered yet.9

In order to define yet another complexity class based on verifying solutions
rather than finding them. It contains all those optimisation problems encoun-
tered earlier, for which we don’t know yet whether they have polynomial solutions.
Whether this class is equal to the class of problems decidable in polynomial time
is the most famous open problem in theoretical computer science (Chap. 18). Of
this class we can prove some more interesting properties in Chap. 19. It is possible to
define the hardest problems in this class in a precise way by means of reduction. The
resulting class does contain all the “hard” problems that we encounter in applications
and, very remarkably, it is the case that either all problems in this class are tractable
(i.e. have polynomial complexity) or none. Such problems can then be rightfully
called intractable or infeasible.

In Chap.20 we then present even more problems that are as “hard” as the
optimisation problems encountered in Chap.17, among them are some famous
games and puzzles as well as problems regarding database queries or computer
networks.

Regarding space complexity (which we will not cover in this book) the question
is still open whether with polynomial space we can solve actually more problems
than with polynomial time. Note that the complexity class, which was mentioned
earlier and contains all the hard problems, lies in between these two classes. Again
nobody knows if any of these classes (and if so which ones) are actually equal.

After all this we seem to be left with a big dilemma: if there are no known
feasible solutions to so many practical (combinatorial) problems what do we
do? This is the topic of Chap.21. One could be led to think that it helps to look
for approximative solutions rather than optimal ones. Instead of looking for the
optimal solution, one could just be as happy with computing one that is at most a
certain percentage worse that the optimal solution. Alas, it turns out that computing
these approximative solutions is as hard as computing the real thing most of the
time.10 In some cases, however, changing the problem slightly might give rise to
approximative solutions that can be computed in polynomial time.

Another fix for this dilemma could be the usage of many parallel computers
or processors. This will certainly speed up matters. But does it make otherwise
intractable problems tractable? Also this is an open problem and subject of ongoing
research.Abigproblemhere is that onewouldneed super-polynomiallymanyproces-
sors to get a real polynomial speed-up, and communication between those is likely
to take super-polynomial time.

8“It is estimated that the there are between 1078 to 1082 atoms in the known, observable universe.
In layman’s terms, that works out to between ten quadrillion vigintillion and one-hundred thousand
quadrillion vigintillion atoms.” [8]
9There are, of course, clever algorithms that work reasonably well for reasonably large input and
we will get back to this in Chap.21.
10This is still an active research area.

http://dx.doi.org/10.1007/978-3-319-27889-6_18
http://dx.doi.org/10.1007/978-3-319-27889-6_19
http://dx.doi.org/10.1007/978-3-319-27889-6_20
http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_21
http://dx.doi.org/10.1007/978-3-319-27889-6_21
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Another question we will briefly address is this. Do probabilistic methods help?
There are two versions of probabilistic algorithms: one is always correct but only
probably fast. The other is always fast but only probably correct. Of course one needs
to obtain a high probability to be able to use the latter kind of algorithms. In the 1970s
very good polynomial time algorithms, e.g. for primality testing, were developed and
the research area of probabilistic algorithms was established. However, recently it
has been discovered that primality testing is polynomial even deterministically (the
famous AKS algorithm after the initials of the inventors which will be discussed in
Sect. 16.4). Anyway, it is still unknown whether probabilistic algorithms resolve
our dilemma and give us good complexity algorithms for our hard problems.

Another hope to achieve feasibility of hard problems is to consider new models of
computation. One of those is the so-called molecular computing (also called DNA
computing) discussed in Chap.22. Molecular computing has been pioneered in the
1990s by Len Adleman11. However, like quantum computing, this is still technically
difficult (one needs the right experiment set up in a lab). The massive parallelism in
those molecular computations stems from the massive parallelism in interaction in
the “molecular soup”. Other fascinating aspects of DNA computing are that it can be
carried out in vivo (inside living cells), that DNA information can be highly packed,
and that it consumes very little energy. The latter two facts have been used already to
successfully store information in DNA. It is currently unknown whether molecular
computing could be used to resolve intractability. This is unlikely, as one needs
too large a volume of DNA to obtain such dramatic speed-ups. However, molecular
computing is a hot research area, due to the possible medical applications it could
give rise to.

Quantum computers are able to do massively parallel computations via so-called
superposition of states in the world of quantum physics. The problem here is that it
is extremely difficult to build quantum computers, even quantum storage, as on the
quantum scale the environment can easily interfere with the quantum effects, from
the casing to the wires. Moreover, it is difficult to harness the parallelism of quantum
computers as any observation of the result state produces just one result and themagic
of the superposition is subsequently lost. No more results can be observed. The area
of quantum computing is an active and exciting research area. On the theoretical
front, some breakthroughs have been already achieved. Shor’s12 algorithm [6] is a
quantum algorithm for prime factoring. This algorithm can be executed on a quantum
computer in polynomial time. But it should be pointed out that we still don’t know
for sure whether factorisation is computable in polynomial time, i.e. feasibly, at least
on “standard” hardware anyway. This will be covered in more detail in Chap. 23.

11Leonard Max Adleman (born December 31, 1945) is an American theoretical computer scientist,
best known for being a co-inventor of the RSA cryptosystem andmolecular computing. He received
the Turing award in 1977.
12Peter Williston Shor (born August 14, 1959) is an American professor of applied mathematics at
MIT. He won the Gödel Prize for his work on quantum computing.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_22
http://dx.doi.org/10.1007/978-3-319-27889-6_23
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The problem whether the class of problems that can be solved in polynomial
time is equal to the class of problem whose solutions of which can be verified in
polynomial time appears to be strongly connected with the world of physics.

In any case, whether it’s quantum computing or molecular computing, none of
them would allow us to solve more problems than we already can with conventional
computers. This fact, also known as the Church-Turing-thesis, is another major
topic (see Chap.11).

What Next?

We have determined what limits we will investigate and we have completed an
overview of the topics of this book. Therefore we are prepared and ready to start
with the first part about computability. The obvious first question here is: what does
computable actually mean? We give an answer in the next chapter.
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Part I
Computability



Chapter 2
Problems and Effective Procedures

What does computable mean? What problems do we consider?

To a computer science student the question “what does computable mean?” might
appear frivolous.We use computers every day, so don’t they—obviously—“compute
things” for us, although one might say, very often they mainly retrieve and display
information, for instance when we are browsing web pages or watching videos. And
“computable” means “being able to be computed”, so what is the point?

The ACM1 Computing Curricula [11, Sect. 2.1] states “computing to mean any
goal-oriented activity requiring, benefiting from, or creating computers. Thus, com-
puting includes . . . processing, structuring, and managing various kinds of informa-
tion; finding and gathering information relevant to any particular purpose, and so on.
The list is virtually endless, and the possibilities are vast.” This is uncontroversial
but quite generic and does not really define what “computable” means.

It should be clear that we need to pin down what computable means precisely
and formally if we want to explore the limits of computation in a scientific man-
ner. The same issue arises with the definition of problems. Everybody has their own
understanding of what a problem is: from not being able to pay the rent to finding
the shortest path in a graph. Also in that respect we will have to restrict the defin-
ition in order to be able to apply formal reasoning so that we can prove results. It
is also important to understand the difference between a problem and a program.
Computable problems will be the ones for which there are programs that “solve”
them. All these concepts will be carefully defined below.

We begin with a very short historical perspective (Sect. 2.1) introducing the notion
of “effective procedure”. Sets and structures on sets, i.e. relations and functions,

1The Association for Computing Machinery (ACM), “the world’s largest educational and scientific
computing society, delivers resources that advance computing as a science and a profession” [1]. It
was founded in 1947 and has its headquarters in New York.
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together with their basic operations, are defined in Sect. 2.2 and some basic reasoning
principles recalled. Finally, we define precisely what we mean by a “problem” in
Sect. 2.3.

2.1 On Computability

In order to define the term “computable” we need to have a look at what is to be com-
puted and how “computed” is actually defined. What is to be computed is generically
called a problem.As computing in the 21st century is ubiquitous andmicroprocessors
are not only in computers, but also in games consoles, mobile phones, music players
and all kinds of consumer products, even washing machines, we need to restrict the
problem domain since the “problem” in the context of washing will be very different
from the “problem” in the context of game playing, or other areas.2

But first we address the “computable” question as the kind of problems we will
look at depends on this definition.

2.1.1 Historical Remarks

Kleene wrote that the origin of algorithms3 goes back at least to Euclid4 ca. 330
B.C. according to [10] which provides an excellent historic overview. There have
been many machines designed for calculation, from Gottfried Leibniz5 to Charles
Babbage6 who wanted to automate calculations done in analysis.

The Entscheidungsproblem, the decision problem for first order logic, was raised
in the 1920s byDavidHilbert7 andwas described in [6]. The problem is to give a deci-
sion procedure “that allows one to decide the validity (respectively satisfiability) of a
given logical expression by a finite number of operations” [6, pp. 72–73]. For Hilbert
this was a fundamental problem of mathematical logic and played an important part

2And every reader may have their own problems, i.e. their own idea of what a “problem” is.
3The name “algorithm” dates back to the name of the ninth century Persian mathematician
Al-Khwarizmi.
4Euclid (ca. 300 BC) was a Greek mathematician often called the “Father of Geometry” who also
worked in number theory. He is the inventor of the common divisor algorithm.
5Gottfried Wilhelm von Leibniz (July 1, 1646–November 14, 1716) was a German mathematician
and philosopher, credited with the independent invention of differential and integral calculus. He
also invented calculating machines.
6Charles Babbage, (December 26, 1791–October 18, 1871) was an Englishmathematician, philoso-
pher, inventor and mechanical engineer (and a Fellow of the Royal Society). He is also known for
originating the concept of a programmable calculating machine. The London Science Museum has
constructed two of his machines where they are on display.
7David Hilbert (January 23, 1862–February 14, 1943) was a world-renowned German mathemati-
cian.



2.1 On Computability 15

in his program of finding a finite axiomatisation of mathematics that is consistent,
complete and decidable (in an automatic way).

Gödel8 then proved in 1931 that no axiomatic system of arithmetic can exist
that is consistent and complete. This result proves a significant inherent limitation of
mathematical logic anddeductive systems.Hegave the definition ofgeneral recursive
functions on natural numbers based on previous work by Herbrand, Skolem, Hilbert,
and Péter.

At the age of only 22 and still a student, Alan Turing . . .

. . . worked on the problem for the remainder of 1935 and submitted his solution to the
incredulous Newman onApril 15, 1936. Turing’s monumental paper 1936 was distinguished
because: (1) Turing analyzed an idealized human computing agent (a computer) which
brought together the intuitive conceptions of a function produced by a mechanical procedure
which had been evolving for more than two millenia from Euclid to Leibniz to Babbage and
Hilbert; (2) Turing specified a remarkably simple formal device (Turingmachine) and proved
the equivalence of (1) and (2); (3) Turing proved the unsolvability of Hilberts Entscheidung-
sproblem which established mathematicians had been studying intently for some time; (4)
Turing proposed a universal Turingmachine, . . . an idea which was later to have great impact
on the development of high speed digital computers and considerable theoretical importance.
[10, Sect. 3]

Turing used the term a-machine for his theoretical computing device but we now
call them Turing machines in his honour.

Independently, Alonzo Church9 proposed Church’s Thesis “which asserts that
the effectively calculable functions should be identified with the recursive func-
tions” [10].10 Church had initially intended this to be the definition of “effectively
computable”. Nowadays one uses the term “Church-Turing thesis” which amalga-
mates both theses, identifying all the intuitive notions of computation and all the
various formal definitions. What is to be subsumed under the notion of “intuitively
computable”, is obviously up to interpretation. There have been suggestions that
there are computational models much more powerful than Turing machines, called
hypercomputation, but this is currently hotly debated. We will discuss this in more
detail in Chap. 11 dedicated to the Church-Turing thesis.

Despite general recursive functions and Turing machines being the first formal
definitions of computability, this book will not use the former and only briefly look at
the latter. The reason is that the former needs somemathematical background and the
latter is tedious to program. We follow the idea of Neil Jones [7] and use a high-level
programming language which will be introduced in the next chapter. Thus, we need
to justify that our language qualifies as “intuitive notion of computability”. We must
therefore understand what is required for such an intuitive notion of computation.

8Kurt Friedrich Gödel (April 28, 1906–January 14, 1978) was an Austrian (and American) logician,
mathematician, and philosopher and is considered one of the most significant logicians in history.
He proved many important results, relevant here is the Incompleteness Theorem.
9Alonzo Church (June 14, 1903–August 11, 1995) was an important American mathematician and
logician.
10Church’s first version that the computable functions are those definable byλ-terms [3]was initially
rejected.

http://dx.doi.org/10.1007/978-3-319-27889-6_11
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2.1.2 Effective Procedures

Effective Procedures, or effective algorithms are the programs that we understand to
performcomputations. The naming goes back toAlan Turing: “A function is said to be
effectively calculable if its values can be found by some purely mechanical process. . . .
We may take this statement literally, understanding by a purely mechanical process
one which could be carried out by a machine [12, p. 166]. Note that Turing uses the
word “calculable” here. In the 1930s computations usually referred to mathematical
calculations. The machines he suggested have been called Turing machines and we
will look at them more carefully in Chap.11.

So what is an effective procedure? Copeland gives the following definition in [4]:

‘Effective’ and its synonym ‘mechanical’ . . . do not carry their everydaymeaning. Amethod,
or procedure, M, for achieving some desired result is called ‘effective’ or ‘mechanical’ just
in case

1. M is set out in terms of a finite number of exact instructions (each instruction being
expressed by means of a finite number of symbols);

2. M will, if carried out without error, always produce the desired result in a finite number
of steps;

3. M can (in practice or in principle) be carried out by a human being unaided by any
machinery save paper and pencil;

4. M demands no insight or ingenuity on the part of the human being carrying it out.

The instructions of an effective procedure must therefore be executable in a mechan-
ical way. This means that instructions (or commands) in programs must not be
“vague”. For instance “find a number that has property P” which cannot be car-
ried out effectively. How do we find the number? We need instructions that produce
a number effectively such that it has the desired property. Therefore we cannot use
oracles or choice axioms in our effective procedures. Moreover, we must be able
to carry out the procedures in a finite amount of time. Infinite computations are by
definition not effective. However, all notions of computation allow the definition of
infinite computations as well. It will become clear in Chap. 8 why it is difficult to
separate finite from infinite computations.

The exact meaning of “intuitive” computable is to a certain degree subject to
interpretation. Some researchers insist that the mechanical computability by Turing
machines does not include the so-called interactive computation, where humans (or
other potentially non-computable oracles) interact with the program (see [5]). This
appears to be equivalent to Turing’s o-machines, Turing machines with an “oracle
tape”, an extra tape on which the Turing machine can write a word w and then
ask the environment, the oracle, to answer whether w is in a certain set A which
can be arbitrarily complicated (in particular it does not have to be decidable by
an a-machine). The resulting definition of computability by o-machines is called
relative computability. Relative computabilitywill not be covered in this introductory
book. Also we will not discuss computability of infinite objects (e.g. real number
computation).

http://dx.doi.org/10.1007/978-3-319-27889-6_11
http://dx.doi.org/10.1007/978-3-319-27889-6_8
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Turing’s machine model extends the concept of a finite state automaton with
extra memory. This memory is organised as a tape on which symbols can be written
and read sequentially by a head that moves along the tape and that is controlled
by the finite state automaton. Programming Turing machines is therefore a tedious
and error-prone undertaking. For this reason, we don’t want to use them to prove
anything in this book, but rather use a programming language close to what we use
on a daily basis. In Chap. 3, a more convenient notion of “effective procedure” will
thus be presented. Turing machines will, for the sake of completeness and historical
importance, be presented in detail in Sect. 11.3.

The following definition will be useful to compare languages later (for instance
in Chap.11 and Sect. 10.2).

2.2 Sets, Relations and Functions

Before we continue and define problems and solutions more formally, we recall
some basic definitions that allow us to make formal statements throughout this book.
Readers well familiar with those concepts can skip this section. We will discuss sets
and structures on sets, namely relations and functions. We introduce operations on
sets, fix notation, and recall some basic reasoning principles, which will be used
throughout the book. A proper introduction to sets and logic for computing can be
found e.g. in [8].

2.2.1 Sets

Sets are collections of objects. The collections can be finite or infinite.Wewill usually
only consider homogeneous sets which means that the objects in a set are all of the
same type.11 For each element of this type one must be able to say whether the
element is in the given set or not. An example of a set of natural numbers is the set
S10 containing the numbers from 1 to 10. In this case, number 3 is in the set S10 but
number 42 is not. It is important to observe that one does not care how many times
the objects appears in the set as one would do in a list or an array. A set thus abstracts
away from the number of occurrences. An object simply is either in or out. If we
have such knowledge for all objects of the given underlying type we have uniquely
defined a set.

Let us now fix some notation:

Definition 2.1 (Sets) A finite set containing n different objects e1, e2, . . . , en is writ-
ten

{e1, e2, . . . , en}

11This type may be a set again.

http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_11
http://dx.doi.org/10.1007/978-3-319-27889-6_11
http://dx.doi.org/10.1007/978-3-319-27889-6_10
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We call those objects contained in a set, the elements of this set. The empty set is the
unique set that contains no elements at all and is usually denoted {} or ∅.

Let A be a set of elements of type T . The elementhood operation is a statement

x ∈ A

stating that element x is in set A (“belongs to A”, “is contained in A”). If the set
is infinite, we cannot write down all the elements. In this case we usually write the
“law” that states which elements are in the set as follows (which can also be used to
describe finite sets). If S is a type and P(x) denotes a condition on variable x then

{x ∈ S | P(x)}

describes the set of all elements of type S that have property P . The type of all natural
numbers is denoted N (which contains 0), the integer numbers is denoted Z and the
real numbers is denoted R. The type of Boolean values {true, false} is denoted B.

Example 2.1 Here are some examples of finite sets with objects (elements) in N:

1. {1, 10, 100}: the set of natural numbers containing the three elements 1, 10 and
100.

2. ∅: the empty set containing no natural number.
3. {x ∈ N | x is even}: the infinite set of all even natural numbers, which is the

set {0, 2, 4, 6, 8, 10, 12, . . .}. The notation with . . . followed by a closing } is
sometimes used to indicate an infinite set when the condition P used to define
it is clear from the context. Note that in this example the condition P(x) is “x
is even”.

4. {x ∈ N | x = 10n, 0 ≤ n ≤ 2}: the finite set containing the first three powers of
10, namely 1 = 100, 10 = 101 and 100 = 102. So in fact this set is equal to the
first. More about equality of sets follows these examples.

Definition 2.2 (Set equality and subsets) Let S1 and S2 be two sets ranging over the
same type T of objects. We say that two sets S1 and S2 are equal, short S1 = S2, if,
and only if, they contain exactly the same elements. This confirms that it is enough
to know which elements are in the set and which are not to uniquely define a set.

We say that a set S1 is a subset of a set S2 (or S1 is contained in S2) if, and only
if, every element of S1 is also an element of S2. More formally we can also write

S1 ⊆ S2 ⇐⇒ ∀x ∈ T . x ∈ S1 ⇒ x ∈ S2
S1 = S2 ⇐⇒ ∀x ∈ T . x ∈ S1 ⇔ x ∈ S2

where ⇒ denotes implication and ⇔ denotes equivalence and ∀x ∈ T . P denotes
universal quantification over all elements of type T .
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In the above definition we used the phrase “if, and only if” (in the formal version
⇔) and not just “if” (formally⇐) for a good reason. For a definition, it is important
to cover all cases exactly. Consider the following statement: “Sets A and B (over
natural numbers) are equal if S and T are both the empty set.” This is obviously a
correct statement about equality of sets A and B. But it is far from a definition of
equality. The statement does not specify anything about the equality of non-empty
sets. Clearly, its contraposition “if A and B are equal sets then A and B are both
empty” is wrong. Thus the statement “sets A and B (over natural numbers) are equal
if, and only if, S and T are both the empty set.” is equally wrong.

As explained above the use of phrase “if, and only if” is important and we will
encounter it often throughout the book. Therefore, we sometimes abbreviate it and
simply write “iff” instead of “if, and only if”.

In order to show equality of two sets, an important reasoning principle is often
used:

Proposition 2.1 Let S1 and S2 be sets of objects in T , then S1 = S2 if, and only if,
S1 ⊆ S2 and S2 ⊆ S1. In other words, S1 equals S2 if, and only if, S1 is a subset of
S2 and vice versa.

Proof We need to show the two directions of the “if, and only if”. The “only if” (⇒)
and the “if” (⇐) direction.
“⇒”: If S1 = S2 then by definition S1 ⊆ S2, as being equal is a special (degenerated)
case of being a subset of. Analogously, S2 ⊆ S1.
“⇐”: Assume S1 ⊆ S2 and S2 ⊆ S1. To show that both sets are equal we must show
that they contain exactly the same elements, i.e. for all x ∈ T it must hold that x ∈ S1
iff x ∈ S2.Unfolding themeaning of “iff”weget two conditions for all x ∈ T , namely
x ∈ S1 ⇒ x ∈ S2 and x ∈ S2 ⇒ x ∈ S1. We can move the quantifier ∀x around both
conditions separately without changing the meaning of the formula, so it suffices to
show:

∀x ∈ T . x ∈ S1 ⇒ x ∈ S2 and
∀x ∈ T . x ∈ S2 ⇒ x ∈ S1

and thus by Definition 2.2 that S1 ⊆ S2 and S2 ⊆ S1 which were our assumptions.

Definition 2.3 (Set operations) We will use the following standard operations on
sets: union (S1 ∪ S2) intersection (S1 ∩ S2) and set difference (S1\S2). They are
defined as follows:

x ∈ S1 ∪ S2 ⇐⇒ x ∈ S1 ∨ x ∈ S2
x ∈ S1 ∩ S2 ⇐⇒ x ∈ S1 ∧ x ∈ S2
x ∈ S1\S2 ⇐⇒ x ∈ S1 ∧ ¬(x ∈ S2)

where ∨ denotes logical disjunction (“or”), ∧ denotes logical conjunction (“and”),
and ¬ denotes logical negation (“not”). If x is not contained in A, we usually abbre-
viate ¬(x ∈ A) by simply writing

x /∈ A.
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If S is a set of elements of type T , we call T \S the complement of S, which is
sometimes also abbreviated S.

Example 2.2 Here are some concrete examples of set operations and their results:

{3, 5, 7} ∪ {2, 4, 6, 8} = {2, 3, 4, 5, 6, 7, 8}
{3, 5, 7} ∩ {2, 4, 6, 8} = {}
{3, 5, 7}\{3, 5, 8, 16} = {7}
N\{x ∈ N | x is even} = {x ∈ N | x is odd}

Definition 2.4 (Cartesian product) Let S1 and S2 be sets. Then S1 × S2, the Carte-
sian product12 of S1 and S2, is the set of pairs (i.e. tuples) (s, t) where a ∈ S1 and
b ∈ S2. In other words:

S1 × S2 = {(s, t) | s ∈ S1 ∧ t ∈ S2}

Based on the cartesian product one can also form sets of tuples of length k over
a given set or type:

Definition 2.5 (k-tuples) Let S be a set. Then Sk , the k-tuples over S, is defined
as follows:

Sk = S × S × S . . . × S
︸ ︷︷ ︸

k times

such that elements of Sk are tuples of length k, i.e. (s1, s2, . . . , sk−1, sk)where si ∈ S
for all 1 ≤ i ≤ k.

If we consider sets from a programming perspective as a kind of datatype then
we would like to nest the set data type constructor. In other words, we would like to
have set of sets, and so on.

Definition 2.6 (Powerset) Let S be a set. Then Set(S), the powerset of S, denotes
the set of all subsets of S, including the empty set, and the set S.

Set(S) = {set s | s ⊆ S}

Example 2.3

Set({1, 10, 100}) = {∅, {1}, {10}, {100}, {1, 10}, {1, 100}, {10, 100}, {1, 10, 100}}
Set(N) = {set s | ∀x ∈ s. x ∈ N}

12The Cartesian product is named in honour of Reneé Descartes (31 March 1596–11 February
1650), a Frenchmathematician and philosopher, who spent most of his life in the Netherlands, and is
famous for his saying “I think therefore I am” aswell as for the development of (Cartesian) analytical
geometry. He was invited to the court of Queen Christina of Sweden in 1649. “In Sweden—where,
Descartes said, in winter men’s thoughts freeze like the water—the 22-year-old Christina perversely
made the 53-year-old Descartes rise before 5:00 am to give her philosophy lessons, even though
she knew of his habit of lying in bed until 11 o’clock in the morning” [9]. Consequently, Descartes
caught pneumonia and died.
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Another standard set used in this book is the set of words over a finite alphabet
Σ as used for instance by finite state automata. These words are just finite strings of
letters of the alphabet, including the empty string.

Definition 2.7 (Set of words) LetΣ be a finite alphabet of symbols (or letters). Then
we define a new set Σ∗ by providing the rules to generate elements of this set and
state that these are the only rules to generate elements of the set. The rules are as
follows:

ε ∈ Σ∗
aw ∈ Σ∗ if a ∈ Σ ∧ w ∈ Σ∗

This is an inductive definition. The first rule states that the empty word ε is a word
which provides the termination case of the induction. The second rule describes how
to generate new elements from already generated ones.

Example 2.4 For alphabet Σ = {0, 1} here are some examples of words in Σ∗:

• ε (the empty word)
• 0
• 01
• 11111001

Finally, for the definition of partial functions in Sect. 2.2.4we need away to extend
a set by a unique new symbol.

Definition 2.8 (One-point-extension) Let S be a set over type T . Then we define a
new set S⊥ in Set(T ) by adding to S a new element ⊥ (called13 “undefined”) that is
assumed to be different from all elements in S.

S⊥ = {x ∈ T ∪ {⊥} | x ∈ S ∨ x = ⊥}

2.2.2 Relations

Relations are special sets.Wehave already seen some relations in theprevious section,
the equality and subset relation are both binary relations on sets. A binary relation
R is simply a set of pairs and we say that two elements s and t are in this relation R
if the pair (s, t) is in the set R.

Definition 2.9 (Relations) Relations are sets. We define:

• a unary relation R over elements of type T is a subset R ⊆ T . An object t ∈ T is
said to be in relation R iff t ∈ R.

• a binary relation R over elements of type S × T is a subset R ⊆ S × T . A pair
(s, t) is said to be in relation R iff (s, t) ∈ R.

13The symbol itself is called a “perp”.
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• a ternary relation R over elements of type S × T × U is a subset R ⊆ S × T × U .
A triple ( s, t, u ) is said to be in relation R iff (s, t, u) ∈ R.14

Example 2.5 The quality relation and subset relation over sets of elements of type
T as defined in Definition 2.2 are actually binary relations in the following sense:

_ = _ ⊆ Set(T ) × Set(T )

_ ⊆ _ ⊆ Set(T ) × Set(T )

We usually write S1 ⊆ S2 (so-called “infix notation”) instead of (S1, S2) ∈ _ ⊆ _.

2.2.3 Functions

We intuitively understand what the addition or multiplication functions are, and
maybe also the factorial function. Functions describe maps from objects of a certain
type into objects of another15 type. In functional programming languages, functions
are first-class citizens. The programmer can define those functions syntactically. For
us, however, functions are descriptive16 and not programs or part thereof. We can
describe functions as special relations which we will do next.

2.2.4 Partial Functions

Definition 2.10 (Partial Functions) Let A and B be sets of possibly different types
of elements, e.g. A ∈ Set(S) and B ∈ Set(T ). A partial function f from A to B is a
subset of A × B (i.e. f ⊆ A × B) satisfying the following uniqueness condition:

For all a ∈ A there is at most one b ∈ B such that (a, b) ∈ f .

To abbreviate that f is a partial function from A to B we briefly write f : A → B⊥,
where we call A the argument type of f and B the result type. The reason for actually
writing B⊥ (defined in Definition 2.8) in this notation will become clear shortly when
we define the following binary application relation _@_ ⊆ (A → B⊥) × A for a
partial function f : A → B⊥ and an element a ∈ A:

f @ a =
{

b if (a, b) ∈ f
⊥ otherwise

14At first glance, it is not obvious whether S × T × U means S × (T × U ) or (S × T ) × U . We
assume cartesian products to be associative, identifying these two definitions, thus dropping the
extra parentheses and writing (s, t, u) for triples, and similarly for n-tuples where n > 3.
15Which may possibly be the same type.
16Mathematical objects.
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Instead of f @ a we will be writing f (a) which is the common notation for function
application also widespread in programming languages. If (a, b) ∈ f we therefore
simply write f (a) = b and say that “ f applied to a equals b.” We also call a the
argument of the function (application) and b the result of the application. By the
uniqueness condition we know that there can only be one result which always lies in
B⊥. It is possible that no such b ∈ B exists, in which case f (a) = ⊥ and we say that
f is undefined for a and often use the short notation f (a)↑ to express this. We also
sometimes use f (a)↓ to express that f (a) is defined when we are not interested in
the concrete result value.

Functions with more than one argument are simply described by using a cartesian
product as argument type. In this case the function takes a tuple as input.

Example 2.6 Consider the integer division operator on natural numbers, div. This
partial function takes two integers n and m and returns n

m in case m �= 0. Thus
div : N × N → N⊥.

((n, m), r) ∈ div iff ∃k < m. m × r + k = n

wherem, n, r, k ∈ N. Note that we have that div (n, 0)↑ as there is no natural number
k that is smaller than 0.

2.2.5 Total Functions

Total functions are total in the sense that function application always returns a defined
value. Therefore, total functions are just a very special case of partial functions.

Definition 2.11 (Total Functions) Let A and B be sets of possibly different types
of elements, e.g. A ∈ Set(S) and B ∈ Set(T ). A total function f from A to B is a
subset of A × B (i.e. f ⊆ A × B) satisfying the following two conditions (where
the first is the uniqueness condition for partial functions):

1. For all a ∈ A there is at most one b ∈ B such that (a, b) ∈ f .
2. For all a ∈ A there is at least one b ∈ B such that (a, b) ∈ f .

To abbreviate that f is a total function from A to B webrieflywrite f : A → B where
we again call A the argument type of f and B the result type. We can take the binary
application relation defined in Definition 2.10 for partial functions and restrict its
type to _@_ ⊆ (A → B) × A for a total function f : A → B and argument a ∈ A.
Since for total functions we know from the second condition that there must always
be a b ∈ B for every a ∈ A (which is unique by the first condition) so we can never
have f @a = ⊥. As for partial function application, we write f (a) for f @a and if
(a, b) ∈ f we simply write f (a) = b and say that “ f applied to a equals b.”
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Example 2.7 Consider the factorial function on natural numbers, fac. Often the nota-
tion n! is used instead of application fac(n). This total function fac : N → N takes
an integer n and returns the factorial of n defined as follows:

(n, r) ∈ fac iff (n = 0 ∧ r = 1) ∨ (n > 0 ∧ (n − 1, s) ∈ fac ∧ r = n × s

where n, r, s ∈ N. This is a recursive (actually inductive) definition of fac as we use
the function (functional relation) fac on the left and right hand side of the definition.
The definition is, however, well defined as the argument for the application of fac
on the right hand side uses a “smaller” argument n − 1 than the one on the left hand
side (which uses n). When defining functions in this book we will normally not
define the relation that defines the function but write the (equivalent) definition of
function application, i.e. we define the result of f (n) rather than defining the relation
(n, r) ∈ f . For the factorial function we would typically write:

fac(n) =

{

1 if n = 0
n × fac(n − 1) otherwise

2.3 Problems

Our first quest is to find a problem that is not computable (or decidable by a computer
program) to learn and understand that not everything is computable even with unlim-
ited resources. In order to do this, we obviously need to define what we mean exactly
by “problem” and what we mean exactly by “computable.” Whereas the former is
easy to do the latter is a bit more tricky.

We will allow ourselves to restrict the definition of problem. Since we are inter-
ested in the Limits of Computation, we are interested in negative results, i.e. what
cannot be achieved in computing. If there is a problem of a restricted kind that is
not computable then we still have found a problem that is not computable, so this
restriction does not take anything away from our ambition.

A problem of the kind we are interested in is characterised by two features:

1. It is a uniform class of questions.Uniform refers to the domain of the problem, i.e.
what data the problem is about. The type of domain must be precisely definable.

2. It can be given a definite and finite answer. The type of the answer must be also
precisely definable.

The type in question can be any set, like for instance N, N⊥, Σ∗ and so on.

Definition 2.12 Let S and T some well defined (finite) types. A function problem
is a uniform set of questions, the answers of which have a finite type. The solution
of a function problem is given as a partial function f : S →⊥ T as described in
Sect. 2.2.4. The uniform question of this problem is of the sort: “given an x ∈ S,
what is a y ∈ T such that a certain condition on x and y holds?”
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A decision problem is a relation R ⊆ S. The uniform question of this problem
is of the sort: “given an x ∈ S, does x belong to R, i.e. x ∈ R? The solution of a
decision problem is given as a total functionχ : S → B, also called the characteristic
function of R.

Example 2.8 Here are some examples of function and decision problems:

1. For a tree t , what is its height? Domain: trees (apparently with arbitrary number
of children). Answer for any given tree t : a natural number describing the height
of t (and we know what the meaning of “height of a tree” is). The answer type is
the type of natural numbers.

2. For a list of integers l, what does l look like when sorted? In other words, what
is the sorted permutation of l using the usual ordering on integers? Domain and
answer type are here the type of integer lists.

3. For a natural number n, is it even? Domain: natural numbers. Answer for any
given number n: a Boolean,17 stating whether n is even or not (we understand
what even and odd mean). The answer type is the type of boolean values.

4. For a given formula in number theory (arithmetic)φ, is it valid?Domain: formulae
in arithmetic. Answer for a given formula φ: a Boolean, stating whether the
formula φ is true (and we understand what it means for a formula to be true).

The first two examples above are function problems, the last two examples are deci-
sion problems.

Example 2.9 Here are some examples of problems that do not qualify as problems
for us.

1. “What is the meaning of life?”18 This is not a uniform family of questions. More-
over, we do not know what the answer type is. If we’d expect a string as answer
then it would still not qualify as we don’t knowwhether there is a definite answer.

2. “Is the number 5 even”? This is not a uniform class of questions, as this question
only refers to the number 5.

17Boolean values are named after George Boole (2 November 1815–8 December 1864), an English
mathematician and logician famous for his work on differential equations and algebraic logic. He
is most famous for what is called Boolean algebra. Throughout this book, we will use the term
“boolean” to indicate a truth value for which the corresponding algebra operations are available.
18This question is easily confused with the one famously asked in Douglas Adam’s masterpiece:
“The Hitchhiker’s Guide to the Galaxy” [2] which actually is called: “Ultimate Question of Life,
The Universe, and Everything”. The computer in question, Deep Thought, after a considerable 7.5
million years answered famously: “42”. Alas, nobody understood the question. So Deep Thought
suggested to build an even more powerful super-computer to produce the question to the answer.
This computer was later revealed to be planet “Earth” which was unfortunately destroyed 5min
before completion of the calculations.



26 2 Problems and Effective Procedures

2.3.1 Computing Solutions to Problems

According to the two types of problems introduced, we will consider two concrete
kinds of “solving a problem”: computing a function and deciding membership in a
set.

The data type of Turing machines is the set of finite words over a finite alphabet.
Recall thatΣ∗ denotes all finitewords over the alphabetΣ , including the emptyword.
The comparison test for tape symbols is built into the construction set and from that it
is possible to implement equality of words. In a general notion of effective procedure,
the data type should be general enough to encode finite words and their equality test.
The latter must be effective so it must be terminating. This means that equality of
infinite objects is likely to be problematic and thus we do not cover computability
over infinite objects in this book.

Definition 2.13 Provided a certain choice of effective procedures P , a (function
or decision) problem is called P-computable if, and only if, its solution can be
computed (calculated) by carrying out a specific such effective procedure in P . A
decision problem that is computable is also called P-decidable.

If the kind of effective procedures is known by the context we also simply use the
unqualified terms computable and decidable.

It is important to remember that programs are solutions to computable problems.
The programs that solve computable decision problems are also called decision
procedures.

Example 2.10 The solutions to the computable and decidable, resp., problems in
Example 2.8 are given below as programs.

1. For a tree t what is its height? The solution is a function program that takes a tree
as input and computes its height.

2. For a list of integers l what is l sorted? The solution is a program that takes a list of
integers as input and returns a sorted copy of the list. The program can use various
well known sorting algorithms, e.g. bubble-sort, merge-sort, or quicksort. They
all perform the same task eventually, but use different methods to achieve this and
also may take different time. This is an issue we will discuss in the complexity
part.

3. For a natural number n, is it even? The solution in a program takes a natural
number as the input and returns the boolean value true if the input is even and
false if it is odd.We call such a program also a decision procedure for the property
of “being even”.

4. For a given formula in number theory (arithmetic) φ, is it valid? As discussed in
the introduction, this is undecidable, so there can’t be any program that takes as
input as an arithmetic formula (suitably encoded) and returns true if the formula
is satisfiable and false if it is not.
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What Next?

Now that we knowwhat wemean by “computable” and have seen that the historically
first definition of computability via a machine involves tedious low level program-
ming, we want to define a high-level language that can do the job as well. So in
the next chapter we introduce the language WHILE and in the following chapter we
show that WHILE-programs can be legitimately chosen for effective procedures.

Exercises

1. What is the “Entscheidungsproblem”? What is the type of its domain? Is it a
decision problem?

2. Why did Alan Turing allow his (pencil and paper) computing device to use only
finitely many symbols (on the tapes) and let the “state of mind” of the computer
only glance at finitely many symbols at any given time?

3. Which of the following pairs of sets A and B are equal? Show either A = B or
A �= B.

a. A = N × N and B = N
2

b. A = {1, 3, 5} and B = {1, 3, 5, 6}
c. A = {1, 3, 3, 3} and B = {1, 3}
d. A = {x ∈ N | x = x + 1} and B = ∅
e. A = {x ∈ N | even(x) ∧ x < 11} and B = {0, 2, 4, 6, 8, 10}

4. Describe the relation that one natural number can be divided by the second
natural number without remainder as Rdivisible ⊆ N × N.

5. Give an example of a partial function of typeN → N⊥ and an example of a total
function N → N, respectively.

6. What is the difference between a decision problem and a function problem?
7. Give an example of a problem that is neither a decision nor a function problem.

Why is it acceptable that we consider only those specific kinds of problems?
8. Give two other examples of decision and function problems, respectively, that

have not been mentioned in this chapter.
9. Assume that we have fixed the notion of effective procedures P . When do we

call a function problem P-computable?
10. Assume that we have fixed the notion of effective procedures P . When do we

call a decision problem P-decidable?
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Chapter 3
The WHILE-Language

What language do we use to write our “effective procedures”?

In the previous chapter, we have observed that Turing machines are tedious to pro-
gram and thus not an ideal language to study computability and complexity issues.
Moreover, we are used to program in high-level languages like Java, C, Haskell,
Python, and so on. We thus prefer to program in a high-level language in order to
write effective procedures in the sense of Turing. The notion of computable or decid-
able will then be based on the programmability in this language. We follow Neil
Jones’ idea [2, Preface, Page X] and use the language WHILE since “The WHILE
language seems to have just the right mix of expressive power and simplicity.”

In Chap.7 it will become clear why this particular mix is important and desired
for the purposes of investigating questions of computability. For now it just appears
to be a sensible choice to be able to write programs (relatively) easily in the way
we are used to and also have a language that is simple enough to understand the
semantics of programs.

This chapter is a short introduction to this language. In the next chapter it will be
argued that it is actually a good definition of “effective procedure” meeting Turing’s
criteria. Before we discuss the details, we pause to think about the data type the lan-
guage with the “right mix” is supposed to provide. Since we want a simple language,
it will not feature explicit types and a type system but use just one basic data type.
But since we want an expressive language, the built-in datatype needs to be flexible
enough to encode any data type the programmer would like to use, be it integers or
natural numbers, be it lists or even abstract syntax trees. Traditionally, the simplest
imperative language in use for this kind of purpose supports sequential composition
of commands andwhile loops as well as assignments where all variables store natural
numbers. It is however, extremely inconvenient to encode values of other data types
as natural numbers.
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30 3 The WHILE-Language

The idea followed in [2] is therefore to use a type that can encode others in a way
similar to JSON (JavaScript Object Notation, see [6]) or XML (eXtensible Markup
Language, see [8]). These are widely used document notations for exchanging data
between software agents. It is important that such documents can be easily parsed
and manipulated by machines but are at the same time readable by humans. All these
formats rely on trees of attribute-value pairs. These trees are denoted linearly as
nested lists. In Fig. 3.1 we exemplify this showing how a data record can be easily
expressed in three different formats: XML, JSON, and (LISP style) s-expressions.

Fig. 3.1 Encoding data in XML, JSON and as an s-expression
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The first elements in each list are called atoms. These atoms are indivisible and
form the simplest form of trees consisting of just a leaf. It seems logical to choose a
data type for WHILE that allows the encoding of such trees of attribute value-pairs,
which can be expressed as nested lists. The type of nested lists, or s-expressions, can
be represented by a very simple type of binary trees.

In the following we first discuss the data type of binary trees (Sect. 3.1) and
introduce the (syntax of the) imperative untyped language WHILE that makes use
of it (Sect. 3.2). Section3.3 explains how various datatypes like natural numbers
and lists can be encoded in WHILE. Finally, we present some sample programs in
Sect. 3.4. Note that the semantics of WHILE will be discussed in detail in the next
chapter.

3.1 The Data Type of Binary Trees

The values in our data type of trees are binary trees where every node has either
two subtrees or is a leaf labelled with an atom. This datatype is similar to the LISP
datatype of s-expressions. Here is an example of such a binary tree where all atoms
are nil:

nil nil
nil nil nil nil nil

Definition 3.1 The set of binary trees is given inductively. It contains

1. the empty tree: nil
2. any tree constructed from two binary trees tl and tr :

tl tr

and which is written 〈 tl.tr 〉 in textual notation
3. and these are the only terms in the set of binary trees.

The set of binary trees is denoted D (short for “data”).

Accordingly, the tree given above is written linearly as
〈

〈nil.nil〉.〈 〈nil.nil〉.〈〈nil.nil〉.nil〉 〉

〉

The size of a tree t, short |t|, is the number of leaves the tree has. Therefore the
size of a tree can be described inductively as follows:
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Definition 3.2 The function size : D → N is defined as follows

size t =
{

1 if t is an atom
size l + size r if t = 〈 l.r 〉

For example, the tree pictured above has size 7.

3.2 WHILE-Syntax

Let us now define the syntax of the programming language WHILE. This will be done
in three steps: expression language, command language and programs. As common
for programming language syntax, we will also give a BNF grammar for WHILE
which is a formal and precise definition of the syntax.

3.2.1 Expressions

An expression of the WHILE-language denotes a binary tree as outlined in Sect. 3.1.
We have two constructors:

1. denoting the empty tree nil, there is the expression nil
2. and to construct a nonempty tree there is the expression cons E Fwhere E and

F are also expressions (denoting binary trees).

We also have two destructors: hd, short for “head”, and tl, short for “tail”. They
“disassemble” a tree (expression) into its left (head) and right (tail) subtree, respec-
tively. They do not have any effect on the empty tree (as it does not have any subtrees).
Furthermore, our expression language also contains variables.

The details of the evaluation of expressions will be defined formally in the seman-
tics in Chap.4.

Note that it is important to distinguish the syntactic language expressions that
denote trees in WHILE and the actual semantic trees that are data values in D. The
expressions can be evaluated to values in D using the semantic interpretation for
expressions explained in Chap.4.

3.2.2 Commands

The simplicity of WHILE is also ensured by the fact that there are only four types
of commands: assignment, conditional (if-then-else), a while loop that gives the

http://dx.doi.org/10.1007/978-3-319-27889-6_4
http://dx.doi.org/10.1007/978-3-319-27889-6_4
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language its name, and sequential composition to form statement blocks inside while
loops and conditionals. These constructs should be all familiar to programmers and
Computer Science students. Note that, unlike expressions, commands do not produce
a value, but have side effects on the variables as they can change their values.

The conditional (if-then-else) and while loop both use a Boolean guard to deter-
mine control flow. We will discuss how we code boolean values in our datatype of
tree in Sect. 3.3.1.

3.2.3 Programs

Aprogram consists of a name, a fixed read statement for passing the input, a statement
block, and a fixed write statement to return the output. So there is exactly one input
value passed to a program and one output value produced. We will see later why
having just one input and one output is not really a restriction. The passing of data
in a read and write statement, respectively, is via a variable, which is called the input
and output variable, respectively. So a program looks like this:

pname read X {

B

}

write Y

wherepname denotes any valid programname, and X andY denote any valid variable
(name). They can also denote the same variable, of course. The statement block B is
the main body of the program. This block consists of a list of statements separated by
semicolons denoting sequential composition. The exact syntax of programs is given
in the next section and the semantics will be formally explained in the next chapter.

3.2.4 A Grammar for WHILE

From the above it should be obvious that WHILE is a really simple language which is,
however, already quite expressive.Wehave basic imperative programming constructs
as well as a rich data type.

Let us look now more formally at the syntax of WHILE programs. Figure3.2
contains a complete BNF (Backus-Naur-Form) context-free grammar of the abstract
syntax of WHILE. We denote non terminal symbols in angle brackets 〈nonterminal〉,
and a rule is denoted as 〈nonterminal〉 :: = . . . | . . . where | denotes alter-
native productions for the same nonterminal. More on BNF grammars can be
found e.g. in [1]. We assume special carriers for nonterminals 〈variable〉 and
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〈expression〉 〈variable〉 (variable expression)
| nil (atom nil)
| cons 〈expression〉 〈expression〉 (construct tree)
| hd 〈expression〉 (left subtree)
|
|

tl (right subtree)

〈block〉 ::=

::=

{〈statement-list〉} (block of commands)
| { } (empty block)

〈statement-list〉 ::=

::=

〈command〉 (single command list)
| 〈command〉 ;〈statement-list〉 (list of commands)

〈elseblock〉 else 〈block〉 (else-case)

〈command〉 ::= 〈variable〉 := 〈expression〉 (assignment)
| while 〈expression〉 〈block〉 (while loop)
| if 〈expression〉 〈block〉 (if-then)
| if 〈expression〉 〈block〉 〈elseblock〉 (if-then-else)

〈program〉 ::= 〈name〉 read 〈variable〉
〈block〉
write 〈variable〉

(〈expression〉)
〈expression〉

(parentheses)

Fig. 3.2 BNF grammar for WHILE

〈name〉 which represent program variables and program names, respectively. Those
names are supposed to be identifiers as used in other programming languages. The
identifiers usually consist of characters (including digits and special symbols like
$ or -), assuming that no identifier begins with a number. Terminal symbols in the
grammar below are all given in this font.

The syntax presented here agrees largely with the one suggested in [3] which is
also a variation of Neil Jones’s WHILE as presented in [2].

3.2.5 Layout Conventions and Brackets

In order to make WHILE programs readable, and avoid too many brackets, we use
the following conventions throughout:

• The command (body) of a program is indented with respect to read and write.
• The body of awhile loop is oftenwritten below the while E { part and indented
accordingly.

• Every assignment command is always written on a new line with the semicolon at
the end and has the same indentation as the other commands in the same block.

Examples in Sect. 3.4 use this convention.
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The expression language of WHILE uses prefix notation of operators and thus
makes reading of expressions unique without the use of any brackets. For instance:

cons hd hd X cons Y nil

with no parenthesis can be uniquely parsed and denotes the same expression as

cons (hd (hd X)) (cons Y nil)

with explicit parentheses.

Comments

In WHILE-programs we will use comments of the form (* ... *).

3.3 Encoding Data Types as Trees

Since our language is untyped we can, actually we must, use the binary tree type
to encode anything we want to program with. This includes Boolean values, nat-
ural numbers and lists the encoding of which is described below. It is a relatively
easy exercise to devise encodings for other types like integers or rational numbers.
Throughout the book we use the notation �_� for the encoding into D.

3.3.1 Boolean Values

The empty tree nil encodes false, any other tree, in particular 〈 nil.nil 〉 encodes true.
In other words, we define an encoding operator on Booleans as follows:

Definition 3.3 We encode Boolean values as follows:

�false� = nil

�true� = 〈 nil.nil 〉

The while loop and the conditional interpret nil ∈ D as false, and anything else as
true.1 So one does not have to use �true� as guard to express true. In the next chapter
on semantics it has to be ensured that the while loop and the conditional respect this
interpretation of Boolean values.

1The language C similarly treats 0 as false and any non-zero value as true.
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It is left as Exercise 5 how to implement programs for Boolean operators like
conjunction ∧, disjunction ∨, and negation ¬.

3.3.2 Lists and Pairs

First note that lists can contain other lists as elements. They do not have to be
homogenous in the sense that all the elements of a list have to be of the same type.
This does not make sense since WHILE is untyped. As notation for lists we use here
square brackets like in Haskell [5] and not round brackets as in Lisp [4]. So we write
the empty list as [ ] and the list containing numbers 2, 4 and 8 for instance as [2, 4, 8].
Lists can be encoded using the inductively defined operator �_�:

Definition 3.4 The empty list is encoded by the empty tree nil and appending an
element at the front of the list is modelled by 〈_._〉. More formally we define:

�[ ]� = nil (3.1)

�[ a1, a2, . . . , an ]� = 〈�a1�.〈�a2�. 〈· · · 〈 �an�.nil〉〉 · · · 〉〉 (3.2)

Let _::_ be the operation that appends an element at the front of a list. From the
encoding it follows that a::l can be encoded as 〈 a.l 〉. Moreover, for a list encoded
as 〈 e.f 〉 the element e is the head of the list and f is the tail of the list. Accordingly,
the WHILE expressions hd and tl compute the first element, and the rest of a list,
respectively, if they are applied to an expression that actually encodes a list in the
sense above.

Example 3.1 Here are a few more examples of encoded lists:

1. The list [ [ ], [ ] ] that contains two empty lists can be encoded as:

�[ [ ], [ ] ]� = 〈 nil.〈 nil.nil 〉 〉

The two-dimensional representation of this tree looks as follows:

nil nil nil

2. The list containing two trees 〈 nil.nil 〉 and 〈 nil.〈 nil.nil 〉 〉 can be encoded as:

�[ 〈 nil.nil 〉, 〈 nil.〈 nil.nil 〉 〉 ]� = 〈 〈 nil.nil 〉.〈 〈 nil.〈 nil.nil 〉 〉.nil 〉 〉

3. The list consisting of three lists, namely a list of two nil, a list of one nil and an
empty list, can be encoded as:

�[ [ nil, nil ], [ nil ], [ ] ]� = 〈 〈 nil.〈 nil.nil 〉 〉.〈 〈 nil.nil 〉.〈 nil.nil 〉 〉 〉
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From the definition of the encoding and the D, it follows that we can “listify”
every tree:

Proposition 3.1 Every tree encodes a list via the �_� operator. In other words, for
every t ∈ D there is a list l such that t = �l�.

Proof The list encoded by a given tree can be defined simply by “running down the
right spine” of the tree until a nil is found, the “list terminator”. Then anything that
dangles off the spine to the left is a list element. Details are discussed in Exercise 6.

el1
el2 el3 nil

︸︷︷︸

terminator

spine = rightmost path to terminator

With lists we can also easily encode pairs, i.e. tuples (x, y) as we encode them
simply as lists of two elements:

�(e, f )� = �[e, f ]� .

We could also have encoded a pair (e, f ) as binary tree 〈 �e�.�f � 〉 but we avoid this
to have a uniform parameter passing technique for all arities (not just 2) via lists.2

3.3.3 Natural Numbers

For natural numbers one can use various encodings. Most common are unary and
decimal representation.

3.3.3.1 Unary Representation

Unary representation or “unary numeral system” known from tally marks is used e.g.
when keeping track of scores. A (tally) stick | indicates “+1” such that for instance
three sticks ||| represent the number three.3 Instead of a stroke in our type of trees
we can use nil. Then we can encode numbers simply as lists of nil atoms where the
encoding of 0 is the empty list.

We define the encoding based on our underlying type D of binary trees and then
use our list encoding to view those as lists.

2For beginners it turned out to be quite confusing to have the choice between encodings as lists or
trees.
3Unlike tally marks though we don’t group in fives.
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Definition 3.5 We encode numbers inductively as follows:

�0� = nil (3.3)

�n + 1� = 〈nil.�n�〉 (3.4)

Example 3.2 We give two examples of how numbers are encoded as binary trees:

1. �1� = 〈 nil.�0� 〉 = 〈 nil.nil 〉,
2. �3� = 〈 nil.�2� 〉 = 〈 nil.〈 nil.�1� 〉 〉 = 〈 nil.〈 nil.〈 nil.�0� 〉 〉 〉 = 〈 nil.〈 nil.〈 nil.nil 〉 〉 〉,

depicted two-dimensionally:

nil
nil

nil nil

Note that not every tree has the required form to encode a natural number. If we
interpret the encoding trees as lists according to Definition 3.4, the number n will be
encoded by a list containing n nil atoms:

�0� = []
�1� = [nil] = [ [] ]
�2� = [nil, nil] = [ [], [] ]
�3� = [nil, nil, nil] = [ [], [], [] ]
�4� = [nil, nil, nil, nil] = [ [], [], [], [] ]
and so on

In WHILE we can thus simply express the successor function on unary encodings
by mapping n to cons nil n. And similarly the predecessor function n − 1 by
mapping n to tl n.

We can now also encode lists of, say, natural numbers like the list that contains 1
and 2, [1, 2], as follows:

�1� �2� nil

Unfolding the encodings of natural numbers gives rise to the list:

[ [nil], [nil, nil] ]

If we unfold the list encodings too, we obtain the following tree in two-dimensional
representation:

nil nil

nil
nil nil

nil
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3.3.3.2 Decimal Representation

In daily life numbers are most commonly expressed in the decimal system with base
10. For instance, we know that we can represent the number 742 as 7 × 102 + 4 ×
101 + 2 × 1.

Definition 3.6 We encode numbers as decimal numbers inductively as lists of digits
1–9 encoded again as natural numbers as discussed in Sect. 3.3.3. To indicate that
and decimal representation we write �_�10.

�0�10 = [ 0 ]
�n� = �dm10

m + dm−110
m−1 + . . . + d110

1 + d010
0�10 = [ d0, d1, . . . , dm−1, dm ]

where n > 0, m = log10 n, ri = n ÷ 10i and di = ri mod 10. To avoid problems
with leading zeros, the encoding list begins with the least significant bit for 100 = 1.
So the encoding list contains the figures of decimal representation in reverse order.

Example 3.3 According to the decimal representation of Definition 3.6 we get dec-
imal encodings of numbers as follows:

�3�10 = [ 3 ]
�56�10 = [ 6, 5 ]

�1332�10 = [ 2, 3, 3, 1 ]

3.3.3.3 Binary Representation

Computer Science students will have already learned that integers can be represented
in various numeral systems. There is not just the decimal system with base 10 as
seen above, but e.g. the binary system with base 2. The binary system is, after all,
most important for the representation on real hardware. For instance we know how
to represent the following numbers: 3 = 21 + 20, 7 = 22 + 21 + 20 and 16 = 24.
Any natural number n can thus be represented in the dual system as amam−1 . . . a0
where m = log2 n such that

n =
m

∑

i=0

am × 2i

Thus 3 =2 11, 7 =2 111 and 16 =2 10000 where the subscript in =2 indicates
that we use binary representation. Obviously, the binary representation, just like the
decimal representation, is logarithmically shorter than the unary representation. This
is a convenient fact. Imagine having to write large numbers in unary form. Binary
representation is also used in all modern computer hardware. In our type of binary
tree D we can encode binary numbers as lists of 0 and 1’s (again encoded as seen
above).
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Definition 3.7 We encode numbers as binaries inductively as lists of 1s and 0s as
follows:

�0�2 = �[ 0 ]�
�n� = �k + 1�2 = �[ d0, d1, . . . , dm−1, dm ]�

where m = log2 n, ri = n ÷ 2i and di = ri mod 2. To avoid problems with leading
0s, the encoding list begins with the least significant bit for 20 = 1. So the encoding
list contains the figures of dual representation in reverse order.

Example 3.4 According to the binary representation of Definition 3.7 we get binary
encodings of numbers as follows:

�1�2 = �[ 1 ]� = 〈 〈 nil.nil 〉.nil 〉
�3�2 = �[ 1, 1 ]� = 〈 〈 nil.nil 〉.〈 〈 nil.nil 〉.nil 〉 〉

�6�2 = �[ 0, 1, 1 ]� = 〈 nil.〈 〈 nil.nil 〉.〈 〈 nil.nil 〉.nil 〉 〉 〉
�16�2 = �[ 0, 0, 0, 0, 1 ]� = 〈 nil.〈 nil.〈 nil.〈 nil.〈 〈 nil.nil 〉.nil 〉 〉 〉 〉 〉

3.3.4 Finite Words

Turingmachines use the datatype of finitewords over a finite alphabet.We can encode
those inD aswell. First of all, to encode the (finite set of) symbolsΣ we can either add
Σ to the set of atoms or encode them by natural numbers via Definition 3.5. Then we
can simply encode a word w = s1s2 · · · sn as a list of symbols [�s1�, �s2� · · · , �sn�]
with the help of Definition 3.4.

3.4 Sample Programs

This section presents two concrete WHILE programs. The first one is addition and it
makes use of the unary encoding of natural numbers. Since addition needs two inputs
but WHILE programs only allow one, one needs to encode two arguments as one. In
general, one often needs to encode n arguments. The easy (uniform) solution is to
use one input variable that represents a list of n data values. The WHILE program
that is passed such a list of length n will first assign the individual n components to
n variables that then represent the n inputs.

3.4.1 Addition

The following program in Fig. 3.3 takes two numbers as input– encoded as a list with
two elements [ m, n ]where m and n are encoded as unary numbers themselves—and
outputs m + n as a (unary) natural number. As addition requires two arguments, the
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Fig. 3.3 Adding two unary numbers in WHILE

program has to first unwrap these arguments X and Y from its input list in variable
L. It then uses the unary interpretation of numbers (as lists of nils) to run through
X. For every unit (i.e. +1) in X, variable Y is incremented by one. In other words,
the above program implements the following algorithm for addition:

0 + Y = Y (X + 1) + Y = (X + Y) + 1

Replacing the operation _+1 by Succ for successor (of a natural number) to improve
readability, we obtain the recursive definition:

0 + Y = Y Succ(X) + Y = Succ(X + Y) (3.5)

If we run the above program on input [4,4] then at each run of the loop body
X and Y contain the values listed in Table3.1. We can read off the final result in Y.

3.4.2 List Reversal

The program in Fig. 3.4 interprets its input as a list (of something, what exactly does
not matter, the program is “polymorphic” in that respect) and the output as a list and

Table 3.1 Variable values
during execution of add

X Y

4 4

3 5

2 6

1 7

0 8
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Fig. 3.4 Reversing a list in WHILE

Table 3.2 Variable values
during execution of
reverse

X Y

[1, 2, 3, 4, 5] []

[2, 3, 4, 5] [1]

[3, 4, 5] [2, 1]

[4, 5] [3, 2, 1]

[5] [4, 3, 2, 1]

[] [5, 4, 3, 2, 1]

implements the reversal of its input list X. In this program, Y is an auxiliary variable
in which we build the result list initialised with nil.4

If we run the above program on input [1, 2, 3, 4, 5] then at each run of
the loop body we get values for X and Y as outlined in Table3.2.

3.4.3 Tail Recursion

It has been observed already in [7] that recursive calls at the end of a procedure in tail
position (hence the name) can be implemented easily by a “goto” without the need of
a stack as it would be necessary to implement a general recursive procedure. Indeed,
tail elimination is built into many optimising compilers. Instead of a goto-jump, in
a high level language one can also use a while loop. Since WHILE has loops but no
recursive procedures, tail elimination is a useful tool for programming in WHILE.

Definition 3.8 A recursive program is called tail recursive if the result of the pro-
gram is produced by one top level recursive call. The result of the one recursive call
can not be used in any further computation.

4Technically this initialisation is not neededbecausewewill see soon that variables are automatically
initialised with nil but the explicit assignment makes the program more readable.
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Example 3.5 The standard definition of factorial function:

fac(0) = 1 fac(n + 1) = (n + 1) × fac(n)

is obviously not tail recursive but the following version is:

fac2(x, y) =
{

1 if x = 0
fac2(x − 1, x × y) otherwise

One obtains the unary factorial function by initialising the accumulator correctly as
1, i.e. setting fac(n) = fac2(n, 1).

3.4.4 Analysis of Algorithms

Let us revisit the algorithms implemented in Figs. 3.3 and 3.4. The addition algorithm
for “+” as given in Eq.3.5 uses a recursive call that is not yet tail recursive. However,
with a bit of rewriting one can turn it into a tail recursive program:

add(0, acc) = acc add(Succ(X), acc) = add(X, Succ(acc)).

Instantiating the right initial accumulator value acc as n, i.e. setting m + n =
add(m, n), one obtains the desired result. It follows that the WHILE program for
addition given in Fig. 3.3 does actually encode this tail recursive addition algorithm
with the help of a while loop (after tail elimination so to speak).

Consider the following algorithm for reversing a list that uses an accumulator and
a tail recursive call:

reverse([ ], Y) = Y reverse([ a1, a2, . . . , an ], Y) = reverse([ a2, . . . , an ], a1::Y))

If we initialise the accumulator Y as nil—setting rev(Y) = reverse(Y , nil)—we get
the desired result. The WHILE program in Fig. 3.4 implements this tail recursive
algorithm rev with the help of a while loop. The _::_ operator in WHILE is realised
simply by cons due to the list encoding as specified in Sect. 3.3.

The fact that both algorithms above use tail recursive calls allows us to simply
use a while loop to implement recursion. If we use recursive calls that are not tail
recursive, matters get significantly more complicated. This will be discussed in more
detail in Chap. 7.

What Next?

Now that we know the syntax of the WHILE language and its data type, we need to
make sure that programs of this language actually qualify as notion of computation.
In other words, are WHILE programs good enough to be used to describe “effective
procedures”? What Turing once did for his machines, we need to do for WHILE,

http://dx.doi.org/10.1007/978-3-319-27889-6_7
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i.e. we have to describe precisely and formally, in any case very carefully, how
WHILE programs are executed. We will do this without reference to any compiler or
interpreter directly and, like Turing did, on paper in the next chapter.

Exercises

1. Lists in WHILE-programs:

a. Draw the following elements of D:

〈 〈 nil.nil 〉.nil 〉 and 〈 nil.〈 nil.nil 〉 〉

as trees.
b. Are the given two trees equal?
c. Do the trees represent numbers or lists? If they do, which number or list,

respectively, do they denote? If they denote lists, are they lists of (encoded)
numbers?

2. Is there a difference between cons _ _ and 〈 _._ 〉? Both appear to be binary
operations on trees.

3. What are the encodings of numbers 0 and 3 in the WHILE-datatype D of binary
trees?

4. What are the encodings of lists [ nil, nil ] and [nil, 〈 nil.nil 〉, nil] in the WHILE
datatype D of binary trees?

5. Write WHILE-programs that implement the Boolean algebra operators ∨, ∧,
and ¬ as programs or, and, and neg via the encoding of Boolean values. The
former two take two arguments encoded as a pair.

6. Program the “listify” operation from Proposition 3.1.

a. Define the algorithm listify that takes as input a tree t ∈ D and outputs
a list l such that t = �l�.

b. Code the data type D, lists, and the algorithm listify in your favourite
programming language. Functional languageswill be particularly appropriate
for that purpose.

7. Write a (short)WHILE-program nonterm that does not terminate for any input.
8. Write a WHILE-program length that takes a list as input and returns its length.

Since the length is a natural number, the result must be a binary tree encoding a
natural number. Use the unary number encoding.

9. Write a WHILE-program last that takes a list as input and returns the last
element of this list.

10. Write a WHILE-program elem that takes a list [ n, l ] as input where n encodes
a natural number and l encodes a list and returns the n + 1th element of this
list. If n is greater than or equal the length of the list l then there is no n + 1th
element and the program shall return nil in this instance. Use the unary number
encoding.

11. Using the unary encoding of natural numbers, write a WHILE-program
subtract that takes input of the form [ m, n ] and returns m − n if n ≤ m
and 0 otherwise.
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12. Develop a WHILE-program count that adds all the numbers in the input list
which is supposed to be a list of numbers (in unary encoding). If the input list is
not a list of numbers we don’t care what the program does. The function count
that is to be implemented can be defined recursively as follows:

count([ ]) = 0
count([ a1, a2, . . . , an ]) = a1 + count([ a2, . . . , an ])

Do we need a stack to implement this function? In other words, is the function
count tail recursive?

13. Develop a WHILE-program that implements function size from Definition 3.2.
The given definition is recursive but not tail recursive.

a. Develop first a tail recursive version size2 that takes two arguments: a stack
of trees (given as a list) and a natural number as accumulator, such that

size2([e1, e2, . . . , en], acc) = acc + size(e1) + size(e2) + · · · + size(en)

b. Implement size2 in WHILE.
c. Implement size by adapting the program for size2 accordingly. Recall that

the input of size is just a single tree.
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Chapter 4
Semantics of WHILE

What is the exact meaning of our programming language? Do
its programs qualify as effective procedures?

If we want to take WHILE-programs as effective procedures we better make sure
we understand exactly how to execute each command and ensure it can be executed
using finite resources. Normally programs in high-level languages like WHILE are
not directly executed on a machine like Turing machine programs are. Usually, they
are interpreted by a special program, an interpreter, that can then be executed on any
given computer’s hardware. Sometimes the program is also compiled (translated)
into code that can be directly run on the hardware.

However, we want to abstract away from all the details of hardware, but still
ensure that WHILE-programs qualify as effective procedures. In order to do that we
have to give WHILE a formal semantics that withstands any scrutiny. It must not
be vague and it must be described by finite means only. The area of semantics of
programming languages is an established one and there are many different kinds of
semantics one can apply (see e.g. [2, 4] or [3] for functional programming or [1]
for a subset of Java). The type of semantics that is most accessible is usually the
operational semantics.

From the description of WHILE in the previous chapter we might already have a
good idea what the semantics is, as we are familiar with while loops and assignments
and we have discussed the data type in the previous chapter in detail. But looking at
the details, there may still be questions like:

• What is the result of hd nil?
• How do we evaluate the guard of a while loop?
• What is the value of variables if we have not explicitly initialised them?

The semantics of WHILEwill require us to describe the behaviour of any program.
The behaviour of a program specifies the result of the program (what output does it
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write at the end?) given any input. WHILE is an imperative programming language.1

Therefore its computation is driven forward by commands that are assignments to
variables. Many such assignments happen (sequentially) during execution. In order
tomodel the behaviour, the semantics, of WHILE-programswemust be able to record
the effects of such assignments. In real machines the variables’ values are kept and
modified in memory. In our more abstract, machine-independent, semantics we will
introduce an abstract memory that we call store, and they are explained first in
Sect. 4.1. After that, the semantics of programs (Sect. 4.2), commands (Sect. 4.3),
and expressions (Sect. 4.4) is defined formally.

4.1 Stores

First of all, we need to define the state of WHILE-programs during execution. Since
we have an imperative language the state is a type of memory that assigns values
to each variable of the program. We call those stores and usually denote them with
Greek symbol σ decorated with various subscripts and superscripts.

Definition 4.1 Let name ∈ VariableName be a variable name and val be an element
in D, then pair (name, val) ∈ VariableName × D is called a variable binding (for
variable name).

Definition 4.2 A store for a WHILE-program is a finite set of variable bindings (as
defined in Definition4.1) and thus an element in Set(VariableName × D). A store,
sometimes also called environment, thus contains the values of variables produced by
a program. It changes during the program’s execution due to the assignments made to
variables.Weuse the abbreviation Store = Set(VariableName × D), so Store denotes
the set of all possible stores for a WHILE-program.

Since a store is a finite set of pairs we can view it as a set of key-value pairs (also
called dictionary or associative array in programming languages) where the keys
are the variable names.2

Definition 4.3 We define the following operations and notations on stores:

Notation Since a store is essentially a set of key-value pairs we can write concrete
stores accordingly as set of pairs “(variable name,value)” as follows:

{X1 : d1,X2 : d2, . . . ,Xn : dn}

where d1, . . . , dn are values in D.

1“Imperative” here is to be understood literally, referring to “command” (as in “imperative mood”).
This means that programs of an imperative language consist of commands.
2In PHP, for instance, one writes array(key1=>value1,...,keyN=>valueN) or in
Javascript array={’key1’: ’value1’,...,’keyN’:’valueN’} for such associative
arrays.
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Lookup We write σ(X) for the lookup operation in a store σ for variable X. This
returns a value in D. If X does not occur in σ it returns value nil. This will be in
line with the use of variables that are assumed to be initialised with value nil.

Update We write σ [X := d] for the update operation of X in σ which is defined as
follows:

σ [X := d] = σ \ {(X, val)} ∪ {(X, d)} (4.1)

Example 4.1 The following expression:

{X : 〈 nil.nil 〉,Y : nil}

denotes a store which maps X to 〈 nil.nil 〉 and Y to nil.

For the execution of a WHILE-programwe need a store to start off with, the initial
store.

Definition 4.4 We denote the initial store for a program p with input d by σ
p
0 (d).

Note the extra argument d which denotes the input of the program that will be initially
assigned to the input variable. We thus get the following definition of the initial store
σ
p
0 (d) for a program p read X {S} write Y with input d:

σ
p
0 (d) = {X : d}

We now have the ingredients to define the semantics of commands and expressions.

4.2 Semantics of Programs

The semantic map �_�WHILE takes a WHILE-program and maps it into its semantics
which is a description of its input/output behaviour and thus a function from binary
trees to binary trees. The function howevermay not always return a result as programs
may not terminate for certain (or even all) input. We therefore need to model that
a program may not terminate. Semantically, we express this by a special outcome
called “undefined”, which is abbreviated ⊥. The semantics of a program is a partial
function from binary trees to binary trees, i.e. a function of type D → D⊥ where D⊥
is the set of trees D ∪ {⊥} as described in Definition2.9. The “undefined” is needed
in lieu of a missing result for the semantics of a program in cases where it does not
terminate.

Now �p�WHILE (d) = e means that running program p with input d terminates and
the output is e and �p�WHILE (d) = ⊥ means that running program p with input d
does not terminate. The semantics of commands is going to be defined as a relation
between commands and initial and final store. We write this as a judgment

S � σ1 → σ2

http://dx.doi.org/10.1007/978-3-319-27889-6_2
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which is a concise description of the fact that execution of a list of commandsS in state
σ1 terminates and produces state σ2 as result. The stores represent the memory (and
its change) used in the imperative computation model. For our simple language, that
does not use an implicit heap or stack, we use Store as introduced above. However,
themeaning of the judgment is formally a relation of a command and two stores. This
relation will be defined formally further below in Definition4.6. For the moment let
us assume we already have this definition.

Definition 4.5 Letp read X {S} write Y be a WHILE-programwhereS is a state-
ment list. The semantics of p is defined as follows:

�p�WHILE (d) =
{

e if S � σ
p
0 (d) → σ and σ(Y) = e

⊥ otherwise
(4.2)

So the semantics of p (which is a partial function) applied to argument d equals e,
if running the body of p (S) in the initial state σ

p
0 (d) for p (which sets the input

variable X to d and all other variables to nil) terminates in a state σ in which the
output variable Y has the value e. It equals ⊥ (undefined) if the body of p in the
initial state σ

p
0 (d) does not terminate.

4.3 Semantics of Commands

It remains to define the meaning of the judgment S � σ1 → σ2 that describes the
execution of commands. For a program p this is a ternary relation on cartesian
product StatementList × Store × Store where StatementList denotes the non-empty
lists of commands as described syntactically by nonterminal 〈statement-list〉. In
other words, elements in this relation are triples, and we write S � σ1 → σ2 instead
of (S, σ1, σ2) ∈ RSemanticsStmtList in the same way as we write e1 = e2 instead of
(e1, e2) ∈ REquality.

Definition 4.6 The relation • � _ → _ is defined as the smallest relation satisfy-
ing six rules some of which use the relation (recursively) again in their definition.
Statement lists are either just one command or a command followed by a statement
list. In the first case we distinguish the three different commands: assignment, con-
ditional and while loop. In the second case we have a command followed by another
statement list.

The first rule is for assignment commands and describes the effect of assigning E
to variable X. The effect is that the value for X in the initial store σ is updated to be
the result of evaluating E. Thus, we will need to say what expressions mean. For now
let us simply assume we already know how to evaluate expressions and let E �E�σ
denote the value of the expression E in store σ . This store σ is actually needed since
the expression Emay contain variables the values of which are obviously kept in the
store. With this we get the first rule more formally as
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X := E � σ → σ [X := e] if E �E�σ = e (4.3)

where the notation σ [X := e] (as explained in Definition4.3) denotes a state that is
identical to σ with the exception that the value for X is set to be e.

The next pair of rules is for the conditional. With this we get the first rule more
formally as

if E {ST} else {SE} � σ → σ ′ if

{

E �E� σ 
= false and ST � σ → σ ′
E �E� σ = false and SE � σ → σ ′ (4.4)

For the case where there is no “else” branch we obtain the simpler rule:

if E {ST} � σ → σ ′ if

{

E �E� σ 
= false and ST � σ → σ ′
E �E� σ = false and σ = σ ′ (4.5)

The semantics prescribes that one first has to evaluate E. If E evaluates to false (nil)
we continue executing the else branch, if it evaluates to true, i.e. something different
from nil we continue executing the “then” branch.

The next command is the while loop. We need two rules describing the two
possible cases: whether the loop terminates or whether the body is executed (at least
once). Let us deal with the more complicated case first. If we have while E {S}
and E evaluates to something that is not representing false (i.e. nil) then we need to
execute the statement list S (the loop body) and then execute the entire loop again,
hoping that the changed values for the variables appearing in E have brought the loop
nearer to its termination. Again, we need an intermediate state σ ′ which is the result
of having executed the body once. This can be more formally phrased as follows:

while E {S} � σ → σ ′′ if E �E�σ 
= nil and S � σ → σ ′ and (4.6)

while E {S} � σ ′ → σ ′′

The termination case is easy as here we don’t do anything if the value of the guard
E equals nil (which represents false). Formally, we get:

while E {S} � σ → σ if E �E�σ = nil (4.7)

Note that in the definition of � it says that the meaning is the smallest relation on
StatementList × Store × Store that satisfies the five rules mentioned above. Why is
this? This is to make sure that in cases where a block (statement list) S does not
terminate in state σ there is actually no state σ ′ such that S � σ → σ ′. For a non-
terminating loop while E {S} the condition E will always evaluate to something
different from nil so Rule 4.6 will always be applicable and so the semantics then
boils down to

while E {S} � σ → σ ′′ if S � σ → σ ′ and while E {S} � σ ′ → σ ′′
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whichwe can simply fulfil using anyσ ′′. But thiswould clearly violate our intuition of
the semantics. The condition that the semantics of � is the smallest relation means
that in this (non-termination) case no σ ′′ should be in relation with S and σ , in
other words for no σ ′′ we have S � σ → σ ′′ which is what we want (as we want
S � σ → σ ′′ to express termination).3

It remains to look at the case where the command to be executed is actually not
a single command but a proper statement list C;S, i.e. a command followed by a
statement list. The semantics simply states that one first executes C and then (induc-
tively) the statement list S. Using the judgments we will need to use an intermediate
store which acts as the initial store for the second statement list S. It should be clear
that the result store of the first command is the right intermediate store here. We thus
obtain more formally:

C;S � σ → σ ′′ if C � σ → σ ′ and S � σ ′ → σ ′′ (4.8)

Since we can have empty blocks we also need a rule to deal with empty statement
lists although they are not part of the grammar:

� σ → σ

4.4 Semantics of Expressions

Finally, it only remains to give the expression semantics. So for each kind of expres-
sion we need to inductively define its value. Since expression can contain variables
we need to use the store as argument of the semantics to look up the values. An
important feature of WHILE is that expressions have no side effects so they don’t
change the store at all (and their evaluation always terminates) and thus the result of
the interpretation of an expression is simply the value of the expression.

Definition 4.7 Wedefine the interpretation function for expressionsE �E� : Store →
D inductively by case analysis. If the expression is a variable we get the value from
the store giving us the rule:

E �X�σ = σ(X) (4.9)

explaining why we need to evaluate expressions in a store. If the expression is atom
nil we simply interpet it as the empty tree nil:

E �nil�σ = nil (4.10)

The fonts of the “nil” on the left and on the right hand side of the definition are
intentionally different, because the left hand side “nil” is a syntactic expression of

3See also Exercise 5.
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WHILE whereas the “nil” on the right hand side denotes the empty tree in D. If
we enriched the language to contain more atoms their evaluation would be defined
analogously.

For a constructor expression we inductively first evaluate the (smaller) left and
right argument of the cons expressions and then build the tree:

E �cons E F�σ = 〈E �E�σ .E �F�σ 〉 (4.11)

For the head hd and tailtl expressions, respectively, we first evaluate their argument
and then take the left, or right subtree, respectively:

E �hd E�σ =
{

e if E �E�σ = 〈 e. f 〉
nil otherwise

(4.12)

E �tl E�σ =
{

f if E �E�σ = 〈 e. f 〉
nil otherwise

(4.13)

It is worth pointing out that the tree operations hd and tl have no obvious meaning
when applied to an atom nil, which represents the empty tree, as the empty tree
does not have a left and right subtree. In a more sophisticated language we might
want to raise a runtime error or throw an exception but we do not have the possibility
in WHILE so we pick as result the most sensible tree, namely the empty one.

This completes the presentation of the semantics of the language WHILE. We will
see some extensions soon but the language presented here is our core language.

What Next?

In this chapter we have defined the semantics of WHILE-programs as partial func-
tions that describe the programs’ input/output behaviour. The semantics explains
how to execute programs and proves that WHILE-programs can be used as effec-
tive procedures. Before we write more WHILE-programs we look into some “syntax
sugar” (like the inclusion of equality discussed earlier) and extensions of the WHILE-
language that will make writing programs even easier.

Exercises

1. Let p be a WHILE-program with input variable X.

a. What does Store denote?
b. Why, or for what, do we need Store when executing p?
c. Why, does the initial store for p only initialise variable X?

2. What does the judgment C � σ → σ ′ mean for a WHILE-statement C and stores
σ and σ ′?

3. For which of the following extensions of the expression syntax would it be possi-
ble to extend the interpretation function of type E �E� : Store → D accordingly?
Why?
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a. Tree literals of the form "d".
b. Macro calls of the form <〈name〉> 〈expression〉, where 〈name〉 refers to the

names of programs.

4. Evaluate the following expressions in a store σ = {X : 〈 nil.nil 〉}. Note that there
is intentionally no binding for Y (why is this not a problem?)

a. cons nil cons nil nil
b. tl tl X
c. hd cons X cons Y Y
d. cons Y cons hd cons X Y X

5. Show that if one did not require the semantics of commands • � _ → _ ⊆
StatementList × Store × Store to be the smallest relation satisfying the rules given
in Definition4.6, we could give any result to a non-terminating program like pro-
gram nonterm from Exercise7 in Chap 3, i.e. we could define

nonterm � {X : nil} → σ

for any σ we like.
6. Let us do once (and only once) what Turing did for his machines, namely compute

a WHILE-program on paper. After that, we will use an interpreter for that. So
consider the program add from Fig. 3.3 in Chap.3.
Going through the formal definition of the semantics of WHILE, determine the
result of this program when run on input [2, 1] subject to the encoding for lists
and numbers.
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Chapter 5
Extensions of WHILE

How can we make our programming language more expressible
without changing the semantics?

The WHILE-language was simple enough to give it a precise semantics in the previ-
ous chapter. Accordingly, we adopt it as our language towrite “effective procedures”.
Nevertheless, it turns out that some language features not included in WHILE make
the programmer’s life so much easier and WHILE-programs so much more readable.
Clearly, in an introductory textbook aimed at Computer Science students used to pro-
gram in high-level languages such language features are highly desirable. Examples
of such features are built-in equality (Sect. 5.1), literals for number and Boolean data
values (Sect. 5.2), additional atoms (Sect. 5.3), explicit syntactic support for writ-
ing lists (Sect. 5.4), macro calls (Sect. 5.5), and a switch statement (Sect. 5.6). These
extensions are the topic of this chapter.

To our delight we will see that all these extensions are not real extensions in the
sense that we need to extend our semantics. All the extensions of this chapter are
features that one can already express in WHILE-programs anyway, however with
some tedious efforts. The added syntax just makes programming easier and the
resulting programs more readable. We will use these extensions throughout the book
knowing that we could always “translate them away”.

5.1 Equality

Equality on trees is an arbitrary complex operation as it may involve arbitrarily large
trees. It does not seem to be in line with Turing’s idea of every computation step
being atomic and thus was not included in our core WHILE-language. However, one
can easily program equality with the other given features in WHILE, so in a way the
equality is already syntax sugar for a macro call. This will be done in Exercise7 and
the code will reveal the detail of the complexity of such a general equality operator.
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We can therefore consider equality as a special built-in macro call of WHILE and
extend the expression language with explicit equality on trees:

〈expression〉 : := . . .

| 〈expression〉 = 〈expression〉 (equality)
...

Example 5.1 Example uses of equality are given below

1. if X=Y { Z := X } else { Z := Y }
2. Z := hd X = cons nil nil;
3. while X = hd Z { X := tl X }

We do not have to write parentheses around the equality test in the if and while
statements.

5.2 Literals

Literals as expressions are very common in programming languages, most of all
string and number literals. Double (or single) quotes are pretty common to identify
string literals. Tomake programming inWHILE easierwe also introduce some literals
as extensions.

5.2.1 Number Literals

We have seen in Sect. 3.3.3 how to encode natural numbers in WHILE as lists of nil
atoms and as such they can be perfectly viewed as expressions. With the help of
literals one can write e.g. the number 2 as con nil cons nil nil. But this
becomes tedious for larger numbers. So we introduce syntax sugar for numbers. We
therefore add to the BNF syntax of Fig. 3.2 the clause:

〈expression〉 : := . . .

| 〈number〉 (number literals)
...

where nonterminal 〈number〉 contains the natural numbers N. Note that in this case
we do not require any double quotes as numbers are otherwise not part of the language
syntax and thus cannot be misread. Despite having those number literals we still
do not have any built-in arithmetic for numbers. Arithmetic operators have to be
implemented by programs.

http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_3
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Example 5.2 Here are some examples for expressions that use number literals
according to the extension described above:

1. 2
2. hd 99
3. cons 3 cons 1 nil

Since the numbers can be unfolded to lists of nil atomsweknow the semantics of these
expressions. For (1) it is [nil, nil]; for (2) it is nil; and for (3) it is [[nil, nil, nil], [nil]].
One might wish to have number literals that are translated into decimal or binary
representation. This would require a more complicated translation of programs.

5.2.2 Boolean Literals

We have seen in Sect. 3.3.1 how to encode Booleans in WHILE. We thus add to the
BNF syntax of Fig. 3.2 the clause:

〈expression〉 : := . . .

| true (true literal)
| false (false literal)
...

5.3 Adding Atoms

The data type D of our core WHILE-language only has one atom: nil and the expres-
sion language accordingly knows only one atom constructor, nil.

In order to do some encodings, it is often advantageous to have several atoms. We
always restrict to finitely many atoms in order to ensure we have an effective way to
interpret the basic WHILE-expressions and commands.1

Definition 5.1 Let Atoms denote a finite set of atoms that always includes the atom
nil. The extended set D of data values is defined inductively as follows:

1. any atom a ∈ Atoms is a tree consisting of just a leaf labelled a.
2. for any two trees l and r , such that l ∈ D and r ∈ D the tree with left subtree l

and right subtree r , written linearly 〈a.b〉 is also in D.
We must extend the syntax accordingly and thus adapt the BNF-syntax of Fig. 3.2

replacing the clause:

1This will also be important in the Complexity part when we want to measure time usage.

http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_3


58 5 Extensions of WHILE

〈expression〉 : := . . .

| nil (atom nil)
...

by a new clause allowing more atoms:

〈expression〉 : := . . .

| a (a ∈ Atoms)
...

We will use some additional atoms already in the next chapter for the purpose of
encoding programs as data.

5.4 List Constructor

We have already seen how to encode lists in D in Sect. 3.3.2. To construct a list
of natural numbers [ 1, 2, 3 ] in WHILE one writes expression cons 1 cons 2
cons 3 nil. But often the list elements will be generated on the fly rather than
being (number) literals. So syntax sugar for building lists (and not just list literals
like [ 1, 2, 3 ]) would be useful. Therefore, we introduce another extension to the
WHILE-language, list expressions. We introduce list expressions using the square
brackets [ ] (known from Haskell and other languages) already used to denote list
values. A list expression will always evaluate to a list value without side effects. The
elements of a list expression are themselves expressions separated by commas.

We add to the BNF-syntax of Fig. 3.2 the clause

〈expression〉 : := . . .

| [ ] (empty list constructor)
| [ 〈expression-list〉 ] (nonempty list constructor)
...

〈expression-list〉 : := 〈expression〉 (single expression list)
| 〈expression〉 , 〈expression-list〉 (multiple expression list)

Example 5.3 Here are some examples for expressions that use the list constructor.
We assume variables X and Y that have values nil and 5, respectively.

1. [ X ]
is a list expression that in the given store will evaluate to [ nil ] (or [ 0 ] if the
element is considered a number).

2. [ tl Y, cons X X, X ]
is a list expression that in the given store will evaluate to [ 4, 1, 0 ].

http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_3
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3. [ Y , [ tl Y, tl tl Y, tl tl tl Y ] ]
is a list expression that in the given store will evaluate to [ 5, [ 4, 3, 2 ] ].

4. If we combine this with number and tree literals we can also write:
[1, 2, 3] or [ nil, [1,2,3], 1 ].

5.5 Macro Calls

The main reason of the success of high-level programming languages is the level of
abstraction from the machine level they provide. Procedural abstraction allows one
to implement procedures with parameters that can be used and re-used several times
in a larger program but have to be defined only once. Every use of the procedure may
instantiate the parameters differently.

When writing larger WHILE-programs it makes a significant difference if one can
use procedures as it reduces the amount of code one has to write while at the same
time improving the readability of the code.

We won’t extend WHILE by proper (recursive) procedures or functions as this
would need a proper language extension that cannot be simply achieved by a compi-
lation. Yet, we will allow WHILE-programs to call other WHILE-programs bymeans
of macro expansion. The emphasis here is on other programs since recursive self-
calls will not be permitted as they would need a stack to keep intermediate results
and thus a semantics extension too.We already have given names (using nonterminal
〈name〉) to programs which can be used to call other programs. Of course it is impor-
tant that no two programs have the same name. These names are used as handles in
the macro call when they are enclosed in angular brackets.

We accordingly add to the BNF-syntax of Fig. 3.2 the clause

〈command〉 : := . . .

| 〈variable〉 := < 〈name〉> 〈expression〉 (macro call)
...

The meaning of the macro calls is intuitive. First, the expression argument is to be
evaluated2 and then the called program with the given name is to be run with the
obtained value as input. The resulting output is then to be assigned to the variable in
the assignment. We limit macro calls to assignments as we do not wish to change an
important property of expressions, namely that they do not have side effects. If we
allowed macros to be called in general expressions and the program in question does
not terminate then we would have undefined expressions to deal with. The details of
how such a macro could be translated into a pure WHILE-program are discussed in
Exercise2.

2As for call-by-value parameter passing.

http://dx.doi.org/10.1007/978-3-319-27889-6_3
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Fig. 5.1 A WHILE-program with macro calls

Example 5.4 The program add that implements addition on unary numbers, which
we encountered already in Chap.3, Fig. 3.3, can be written differently to highlight
the meaning of hd and tl on numbers as outlined in Fig. 5.1.

5.6 Switch Statement

In WHILE-programs one often has to analyse the structure of a given tree, then break
it down into parts and process those parts. This can be done, of course, with the help
of a conditional, equality and a sequence of tl and hd applications. A more concise
and elegant way of achieving the same is with the help of pattern matching, known
from functional languages like Haskell [3], Scala [4] and F# [1]. This is also used
in [2]. In order to avoid the complications of pattern matching we introduce just a
useful form of case analysis in order to avoid cascading conditionals, called a switch
statement known from most programming languages.

We add to the BNF-syntax of Fig. 3.2 the clauses in Fig. 5.2.
The nonterminal 〈expression-list〉 is as defined in the list constructor extension

from Sect. 5.4. The meaning of the switch clause is as follows: the value of the
expression argument is compared to the values in the rules in the case expressions.
The rules are inspected in the order of appearance in the switch statement. As soon as
a match is found, the corresponding statement list of the matching rule is executed.

http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_3
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〈command〉 ::= . . .
| switch 〈expression〉 {〈rule-list〉} case analysis
| switch 〈expression〉 {〈rule-list〉

default : 〈statement-list〉} with default case
...

〈rule〉 ::= case 〈expression-list〉 :〈statement-list〉 case rule

〈rule-list〉 ::= 〈rule〉
| 〈rule〉 〈rule-list〉

Fig. 5.2 BNF grammar for switch statement

Fig. 5.3 An example for a switch statement

Unlike in some other languages, we do not allow that more than one rule is ever
triggered.3

Example 5.5 For instance the switch statement in Fig. 5.3 can be rewritten to the
WHILE-program in Fig. 5.4 that still uses number literals, which could also be trans-
lated away of course.

Fig. 5.4 A WHILE-program with if-cascade instead of switch command

3We thus do not require any break command.
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What Next?

Now that we are familiar with the WHILE-language, its semantics, and syntax sugar
for writing readable WHILE-programs, we can look into using WHILE in order to
write some interesting programs. For instance, we may wish to code an interpreter,
that is a program that computes the semantics of another program when run with
some additional input. We will look at this in detail in Chap.7, but in order to write
such a program we first need to consider how we can represent WHILE-programs as
data objects in the WHILE-datatype of binary trees, D. This is the topic of the next
chapter.

Exercises

1. Give a compilation scheme for natural number literals that translates any expres-
sions with natural numbers into a correct pure WHILE-expression.

2. Give a compilation scheme formacro calls that translates any programwithmacro
calls into a correct pure WHILE-program.

3. Give a compilation scheme for switch-statements that translates any switch state-
ment into a correct pure WHILE-block.

4. Write a program equalsNat in core WHILE, i.e. without using the equality
extension presented in this chapter, that takes a list of two natural numbers (in the
unary encoding presented in Sect. 3.3.3.1) [ m, n ] as input and returns m = n as
Boolean value (using the encoding presented in Sect. 3.3.1). Use the conditional
if that allows one to test whether a tree equals nil.

5. Implement the equality of natural number in the extended WHILE-language pre-
sented in this chapter, but use the decimal representation of numbers. In other
words, write a program equalsNatD that takes as input a suitably encoded list
of two natural numbers (in the decimal encoding presented in Sect. 3.3.3.2) and
returns m = n as Boolean (using the encoding presented in Sect. 3.3.1).

6. The WHILE-language includes a conditional, if then else, statement.
Explain how this conditional could be considered an extension so that it could
have been omitted from the core language.

7. Let us generalise Exercise4 to general trees. Write a program equals in “core”
WHILE, i.e. without using the equality extension presented in this chapter, that
takes a (suitably encoded) list of two trees [ X,Y ] as input and returns a Boolean
stating whether trees X and Y are equal. Use the conditional if that allows one
to test whether a tree equals nil.
Hint: Instead of recursion, which is not directly available, use a while loop and
a stack to store intermediate subtrees that still require testing for equality.

8. Using extended WHILE as described in this chapter, implement multiplication on
unary numbers, i.e. write a program mult that takes an encoded list of two unary
numbers [ m, n ] and returns an encoding of m × n as unary number.
Hint: Use add from Fig. 5.1 as macro.

http://dx.doi.org/10.1007/978-3-319-27889-6_7
http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_3


References 63

References

1. F# Software Foundation: Official F# Website. Available via DIALOG. http://fsharp.org (2015).
Accessed 9 June 2015

2. Jones, N.D.: Computability and Complexity: From a Programming Perspective. MIT Press,
Cambridge (1997)

3. Official Haskell Website. Available via DIALOG. https://www.haskell.org (2015). Accessed 9
June 2015

4. Official Scala Website. Available via DIALOG. http://www.scala-lang.org/index.html (2015).
Accessed 9 June 2015

http://fsharp.org
https://www.haskell.org
http://www.scala-lang.org/index.html


Chapter 6
Programs as Data Objects

How can we express and manipulate programs by another
program?

Many interesting (types of) programs take input as program or a program and some
other data. In order to be able to write such programs in WHILE, we need to be able
to treat other WHILE-programs (or Turing machine programs for instance) as data.

Three types of programs in particular use programs as input: compilers, inter-
preters and program specialisers.

A compiler takes a program as input and translates it into another program
(most likely in another language). The resulting programmust have the same seman-
tics as the original program, otherwise the compiler would not be correct. A compiler
may involve three languages: the source language, the target language and the imple-
mentation language of the compiler.

An interpreter takes a program and a data value from the program’s datatype and
returns as output the value that the corresponding program would return when run
with the data value as input.An interpretermay involve two languages: the interpreted
language and the implementation language of the interpreter.

A program specialiser takes a program with two (more generally n) inputs and
one data value from the programs datatype as input and partially evaluates the pro-
gram with the given data value as partial input, thus generating a new program
with 2−1 = 1 (or more generally n −m) inputs preserving the program’s behaviour.
Or as Neil Jones puts it “A program specialiser is given an S-program p together
with part of its input data s. Its effect is to construct a T-program which, when given
p’s remaining input d, will yield the same result that p would have produced given
both inputs” [1, p. 58]. A specialiser may involve two languages: the language of
the source and target program (S and T in the quote above) and the implementation
language of the specialiser. Often, for practical purposes, source and target languages
are identical. Themain purpose of a specialiser is to achieve faster programs in certain
situations where some input is known.

© Springer International Publishing Switzerland 2016
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In this chapter we introduce the notion of interpreter more formally (Sect. 6.1),
motivating programs as data. In the next chapter we will then write a special kind of
interpreter. Section6.2 reviews the concept of abstract syntax trees (ASTs). Finally,
we explain how one can encode ASTs of WHILE-programs in the WHILE-datatype
of binary trees (Sect. 6.3).

6.1 Interpreters Formally

To be able to be more precise (and formal) about programs that take other programs
(in various languages) as input, we need to define the semantics of a programming
language in general. We already said what the semantics of WHILE (programs) is.
This can be generalised now:

Definition 6.1 A programming language L consists of

1. two sets: L-programs (the set of L-programs) and L-data (the set of data values
described by the datatype used by this language).1

2. A function �_�L : L-programs → (L-data → L-data⊥) which maps L-programs
into their semantic behaviour, namely a partial functionmapping inputs to outputs,
which are both in L-data.

Definition 6.2 A programming language L defined as above has pairing if its data
type, L-data, permits the encoding of pairs. For a general (unknown) language that
has pairing we denote pairs (a, b), i.e. using parenthesis and a comma.

From Sect. 3.3.2 we recall that WHILE has pairing.

Definition 6.3 A programming language L defined as above has programs as data
if its data type, L-data, permits the encoding of L-programs. For a general (unknown)
language that has programs as data the encoding of a program p is denoted �p�.

The rest of the chapter will be devoted to proving that WHILE has programs as data.
With this concept one can define exactly what an interpreter int for a language S
written in L is:

Definition 6.4 Assume S has programs as data, S-data ⊆ L-data and L has pairing.
An interpreter int for a language S written in L must fulfil the following equation
for any given S-program p and d ∈ S-data the following equation:

�int�L (�p�, d) = �p�S (d) (6.1)

1Again, we make some simplifying assumptions here in the sense that we only have one datatype.
We talk about untyped languages so it makes sense to have just one type.

http://dx.doi.org/10.1007/978-3-319-27889-6_3
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6.2 Abstract Syntax Trees

In order to be able to write compilers, interpreters, and specialisers in WHILE, we
need a representation of WHILE-programs as data objects (“programs as data”). Since
the WHILE-datatype of binary trees is not ideal for representing strings, it makes
sense to represent programs directly as abstract syntax trees (a concept known from
compilation). Such trees are usually obtained by the so-called lexical analysis phase
that takes the string of ASCII symbols and represent the structure of the program as
abstract syntax tree (for compilation or interpretation purposes). In a way, by directly
using abstract syntax trees as encodings, we dodge all issues of lexical analysis which
in effect makes it even easier to use programs as data.

As binary trees in D have no labels for (inner) nodes we represent abstract syntax
trees (ASTs) as lists. Traditionally, maybe in a compiler textbook, an abstract syntax
tree would look like the one given in Fig. 6.1.

A tree of the form op(t1, . . . , tn)where ti are the children (subtrees) of the labelled
node op is represented as a list the first element of which is a “label” representing
op followed by the encoding of the n subtrees, which, in turn, have to be encoded
the same way. Leaves for this abstract syntax tree are operations without arguments
and the only ones of this kind we have are variables and literals.

6.3 Encoding of WHILE-ASTs in D

In this section we describe how “core” WHILE-programs, i.e. WHILE-programs
without extensions, can be represented as data values in D. As any WHILE-program
using extensions can be translated (compiled) into one written in “core” WHILE, this
does not pose any restrictions on us.

Fig. 6.1 A “traditional”
abstract syntax tree for a
while program

Program

var x ;

:=

var y nil

while

var x ;

:=

var y cons

hd

var x

var y

:=

var x tl

var x

var y
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�progname read X {S} write Y� =
[
varnumX,�S�,varnumY

]

�while E B� = [while,�E�,�B� ]
�X := E� = [ :=,varnumX,�E� ]
�if E BT else BE� = [if,�E�,�BT�,�BE� ]
�if E B� = [if,�E�,�B�, [ ] ]

�{C1;C2; . . . ;Cn }� = [�C1�,�C2�, . . . ,�Cn� ]

�nil� = [quote,nil ]
�X� = [var,varnumX ]
�cons E F� = [cons,�E�,�F� ]
�hd E� = [hd,�E� ]
�tl E� = [tl,�E� ]

Fig. 6.2 Encoding of WHILE-programs as data

First we need to encode labels in order to represent the type of operation in ASTs.
We use special additional atoms.

Definition 6.5 (Extra atoms) We add several special atoms D that so far only used
one atom: nil. These extra atoms are var, cons, :=, while, if, tl, hd, quote.

This extension can be done according to our discussion in Sect. 5.3.
There is one more issue we need to sort out yet for the representation of programs

as data objects, namely the encoding of variables. We cannot use a finite number of
atoms as there are an infinite number of possible variables.We use numbers to encode
variable names. This encoding is produced by themap varnum : VariableName → N

for which it holds that varnumX = varnumY implies that X = Y. In other words,
varnum uniquely encode variable names. The concrete numbers are actually not
important, it is only important that the same variable is encoded by the same number.2

The representation �p� of a WHILE-program p as data can now be defined by
the map �_�: WHILE-programs → WHILE-data as outlined in Fig. 6.2. On the right
hand side of each equation definition we define lists and not trees as those are more
readable. To obtain proper elements in D one just needs to apply encoding operator
�_�. It has been discussed already in Sect. 3.4 how this is defined (aswell as encodings
of natural numbers i due toDefinition 3.5). Some comments are in order. The program
name is not included in theAST because names are only needed formacro calls in the
extended language, but we define the encoding only for “pure” WHILE-programs.

Example 6.1 In Fig. 6.3 the WHILE-program p on the left and �p� as list represen-
tation of the corresponding AST on the right. Indentation is used to highlight the
structure of the AST in list representation on the right hand side.

2One can use unary or binary representation of numbers actually, and in the following we may use
one or the other, according to the task at hand.

http://dx.doi.org/10.1007/978-3-319-27889-6_5
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Fig. 6.3 A WHILE-program in concrete and abstract syntax “as data”

The “tags” for commands and expression operators, like := and var, are the extra
atoms introduced earlier. They could also be (in a more tedious fashion) encoded via
natural numbers to avoid extra atoms.

What Next?

We have seen how one can encode WHILE-programs as data in the form of abstract
syntax trees. Since we can also encode pairing, we are in a position to write
a WHILE-interpreter in WHILE, a so-called self-interpreter. We will do this in detail
in the next chapter.

Exercises

1. Assuming that we start counting variables from 0, give the programs as data
representation of the WHILE-program given in Fig. 6.4.

2. Consider the tree t depicted in Fig. 6.5.

a. Why is t a correct tree in D although items like 1, 0, cons, :=, quote, var
appear at its leaves rather than just nil?

b. Write tree t in list notation.
c. Does t correctly encode a WHILE-program in abstract syntax? If this is the

case, write the corresponding WHILE-program p for which �p� = t holds in
concrete syntax. If this is not the case, apply minimal corrections to t such that
the resulting new tree t ′ encodes a WHILE-program p. Write p in concrete
syntax.

Fig. 6.4 Sample program for Exercise 1
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0

while

cons

quote
nil nil

quote
nil nil

nil

:=

1

var
0 nil

nil

nil

1 nil

Fig. 6.5 A binary tree

3. In the style of Definition 6.4, formally explain what a compiler from language
S to language T written in in language L is. For simplicity, you can assume that
S-data = T-data. Assume that L has (S-)programs as data.

4. Discuss what changes in the answer to Exercise 3 are required if we give up
condition S-data = T-data.

5. In the style of Definition 6.4, formally explain what a program specialiser from
language S to language T written in language L is that partially evaluates an
S-program with two inputs (encoded as pair) and a value in S-data and returns
a T-program that only has one input. For simplicity, you can assume that S-data
= T-data = L-data. Assume that S has programs as data and admits pairing.

6. Assume language L has pairing and programs as data. Assume further that you
have an S-interpreter int written in L and a specialiser spec for L, i.e. a spe-
cialiser from L to L, written in another language, say T. Explain how you can
compile S-programs into L programs with the help of int and spec and what
conditions you have to place on the data of S, L, T (if any).
Hint: This is the first Futamura projection.
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Chapter 7
A Self-interpreter for WHILE

How can we write a WHILE interpreter in WHILE? How do we
traverse abstract syntax trees?

We already knowwhat an interpreter is. In this chapter wewill focus on an interpreter
for WHILE written in WHILE itself. Why is this interesting? From a pragmatic point
of view it is certainly desirable to have an interpreter for WHILE. That we can write
one in WHILE itself is evidence that our WHILE -programswere an acceptable choice
for effective procedures. Or as Neil Jones in his book put it: “The WHILE language
seems to have just the right mix of expressive power and simplicity.” [1, Preface,
p. X].

But there is further good use in computability and complexity for such a self-
interpreter (and for “efficient” self-interpreters), whichwewill use in future chapters.
It is important to recall that a self-interpreter is an interpreter written in the language
it interprets. It is therefore not just an interpreter that interprets itself as it can interpret
any program written in the same language. Formally, we can define a self-interpreter
as follows:

Definition 7.1 A self-interpreter or universal program for a programming language:
L is an interpreter for L, written in L, i.e. an L-program s such that

�s�L (p, d) = �p�L (d)

for all L-programs p and L-data d.

Historically, the first person to define a self-interpreter was Alan Turing. His
famous paper [2] contained a (Turing) machine that can take the description of
another (Turing) machine and an input word, and simulate the run of the given
machine on the given input. Turing called thismachine universal for obvious reasons.
Self-interpreters are therefore often called universal programs.

© Springer International Publishing Switzerland 2016
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72 7 A Self-interpreter for WHILE

In the following a possible implementation of the self-interpreter for WHILE
is presented and discussed in detail. We mainly follow Neil Jones’ definitions in
[1, Chap. 4] and first write an interpreter for a slightly simpler language than WHILE,
called WH1LE(Sect. 7.1). This language is like WHILE but programs must only use
one variable. Section7.2 then presents the actual self-intepreter for WHILE.

7.1 A Self-interpreter for WHILE -Programs with One
Variable

In this section we build a self-interpreter for WHILE with just one program variable.

Definition 7.2 (WH1LE) This language WH1LEis like WHILE but programs must
only use one program variable. The number 1 alludes to this fact.

This means for WH1LE-programs that input and output variable must also be this
one variable. Note that one can compile any WHILE-program into a WH1LE-program
by storing the values of all variables in a list which is stored in the single variable
one is allowed to use in a WH1LE-program. But this is not our concern now and is
covered in Exercise 7. The reason for using WH1LE first is that the memory handling
is much easier so one can see much better how the self-interpreter works.

7.1.1 General Tree Traversal for ASTs

The interpreter needs to traverse the abstract syntax tree and produce intermediate
results “on the fly”. Those intermediate results will be stored on the value stack
(St). The template of a traversal algorithm for an AST is as described in Fig. 7.1 in
pseudo-code:

This template is implemented in the outline of the interpreter in Fig. 7.2. Thewhile
loops in both algorithms correspond. However, in Fig. 7.2 we have left the details of
the tree traversal to a macro STEP that uses the “state” of the traversal, i.e. the code
stack (which corresponds to the tree stack in Fig. 7.1), the data stack (previously
called value stack or intermediate result stack), and a value which represents the
execution state of a WH1LE-program.

Since interpretation of commands and evaluation of expressions has to be broken
down into its constituent sub-expression and sub-commands we need a stack to keep
the parts of the AST that still need to be visited (evaluated) and, at the same time,
store the intermediate results of what we have already computed. We will use tags on
the command stack to indicate that some bits of evaluation or execution still need to
be done. These tags are similar to the ones we used to encode abstract syntax trees
(e.g. := or tl). We thus need more atoms, namely the following auxiliary atoms:
doHd, doTl, doCons, doAsgn, doIf, and doWhile. With their help one can
now define the STEP macro.
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Fig. 7.1 A generic algorithm for traversing an AST

7.1.2 The STEP Macro

We already know that the STEPmacro manipulates the state of the traversal, i.e. the
code stack, the data stack and the value of our one program variable. For the sake
of readability,1 let us present the behaviour of STEP as a set of rewrite rules of the
form

[CSt,DSt,val] ⇒ [CStnew,DStnew,valnew]

that describe how the data structures of the traversal, i.e. DSt, the value stack, CSt,
the code stack, and val, the store for execution that consists of just one variable,
change according to their current values. Diagrammatically, such a rule is depicted
as:

CSt

...

...

DSt

...

...

val

=⇒ CStnew

...

...

DStnew

...

...

valnew

Note that stacks grow upwards here, pushing and popping happens from the top.
Such a rule states that if the current code stack is CSt, the current value stack is

DSt, and the value of our one variable is val, then the STEP macro has to change
the code stack to CStnew the value stack to CStnew and the variable value to valnew.

1Also following the pedagogical route taken by [1].
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Fig. 7.2 The WH1LE-interpreter in WHILE

Below we will give those rules in diagrammatic form, showing more clearly how the
stacks (and the value of the variable) change according to their top elements.

A set of those rules then describes, in a way, a big case-statement that tells us
what happens depending on what values can be found on top of the code stack and
value stack, respectively.

Now according to the interpreter of Fig. 7.2 the initial state sets the code stack to
the body of the program B, the data stack to nil and the value of the one variable used
to val, which in diagrammatic form is depicted as follows:

B = [C1,C2, . . . ,Cn]B

C1

C2

...

Cn

val

The STEP macro needs to behave as prescribed by the following rewrite rules in
diagrammatic form:
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[quote,a ]

CSt

...

...

DSt

...

...

val

=⇒
CSt

...

...

a

DSt

val

...

...

[var,X ]

CSt

...

...

DSt

...

...

val

=⇒
CSt

...

...

val

DSt

val

...

...

Fig. 7.3 STEP macro for evaluating quote and var

7.1.2.1 Nullary Expressions

We consider the leaves of ASTs, i.e. atoms of the form [quote, a ] and variables of
the form [var, X ]where the number encoding the variable name does notmatter as it
is always the same variable that will be used in a WH1LE-program. The diagrammatic
form of the rules for AST leaves is depicted in in Fig. 7.3.

The evaluation of a quoted literal returns the literal as value which is therefore
pushed on the data stack. The quote expression is popped from the code stack (as it
has been dealt with).

The evaluation of a variable (recall we have only one in language WH1LE) returns
the value of this one variable which is pushed onto the result stack. The variable
expression is popped from the code stack.

7.1.2.2 Compound Expressions

Next, we need to handle single argument compound expressions hd and tl. The
diagrammatic form of the rules for those is depicted in Fig. 7.4.

To evaluate an AST expression of the form [hd, E ] we first need to evaluate E .
So a marker doHd is pushed onto the command stack, followed by the still to be
evaluated expression E . Nothing happens on the data stack as no value is produced
nor consumed at this stage.

Once a marker doHd is found on top of the code stack we know that we can finish
the computation of a hd expression. We also know that the evaluated argument has
been pushed on top of the data stack. So we pop this value v off the data stack,
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[hd,E ]

CSt

...

...

DSt

...

...

val

=⇒
CSt

...

...

E

doHd

DSt

val

...

...

doHd

CSt

...

...

DSt

〈v1.v2 〉
...

...

val

=⇒ CSt

...

...

v1

DSt

val
...

...

doHd

CSt

...

...

DSt

nil
...

...

val

=⇒ CSt

...

...

nil

DSt

val
...

...

[tl,E ]

CSt

...

...

DSt

...

...

val

=⇒
CSt

...

...

E

doTl

DSt

val

...

...

doTl

CSt

...

...

DSt

〈v1.v2 〉
...

...

val

=⇒ CSt

...

...

v2

DSt

val
...

...

doTl

CSt

...

...

DSt

nil
...

...

val

=⇒ CSt

...

...

nil

DSt

val
...

...

Fig. 7.4 STEP macro for evaluating hd and tl
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[cons,E,F ]

CSt

...

...

DSt

...

...

val

=⇒
CSt

...

...

F

E

doCons

DSt

...

...

val

doCons

CSt

...

...
DSt

v

u

...

...

val

=⇒
CSt

...

...

〈u.v〉

DSt

val

...

...

Fig. 7.5 STEP macro for evaluating cons

compute hd v and push the result on the data stack. Since we have now dealt with
the hd expression we pop the marker off the code stack.

For an AST of the form [tl, E ] we do exactly the same as for hd just replacing
doHd by doTl and instead of the result of hd v we push the result of tl v on the
data stack.

Next, we discuss the binary operator cons. The rules are shown in diagrammatic
form in Fig. 7.5.

To evaluate anAST expression of the form [cons, E, F ]wefirst need to evaluate
expressions E and F . So a marker doCons is pushed onto the code stack, followed
by the still to be evaluated expression trees E and F . Note that the order in which
we push both arguments is arbitrary in principle, but it is important that it is fixed
such that the rule for doCons knows in which order to take values from the data
stack to build the resulting tree correctly. Nothing happens on the value stack as no
value is produced nor consumed at this stage. Once a marker doCons is found on
top of the command stack, we know that we can finish the computation of a cons
expression. We also know that two evaluated arguments have been pushed on top
of the result stack. So we pop both values u and v off the data stack, construct the
corresponding tree 〈 u.v 〉, which denotes the result of the cons operation according
to the semantics, and push its result on the data stack. Here is where we need to
know that the first argument was pushed first in order to produce the right result.
We have now dealt with the cons expression, hence we can pop the marker off the
code stack.
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[ :=,X,E ]

CSt

...

...

DSt

...

...

val

=⇒
CSt

...

...

E

doAsgn

DSt

val

...

...

doAsgn

CSt

...

...

DSt

v
...

...

val

=⇒ CSt

...

...

DSt

v
...

...

Fig. 7.6 STEP macro for evaluating assignment

7.1.2.3 Commands

Finally, we have to consider how to execute the various commands: assignment,
conditional, and while loop. First we look at the assignment operator. The rules for
that are depicted diagrammatically in Fig. 7.6.

To interpret an AST encoding an assignment of the form [ :=, X, E ]we first need
to evaluate the expression E . So we push first a marker doAsgn on the code stack
followed by the still to be evaluated E . Nothing happens on the value stack as no
value is produced nor consumed at this stage. Once amarkerdoAsgn is found on top
of the command stack, we know that we can finish the interpretation of an assignment
command. We also know that the value to be assigned has been pushed onto the data
stack. So we pop this value v off the data stack and update the “memory”, in this
case the value for the one variable of the program. Since we have now dealt with the
assignment we pop the marker off the code stack.

For the conditional [if, E, BT , BE ] we first need to evaluate the expressions E
like for the assignment. We thus push it onto the command stack, but not before
we pushed a marker to recall that we still have to finish the conditional, doIf and
the entire conditional itself. In fact, it would suffice to just push both blocks for the
then-case BT , and the else-case, BE , respectively. This is necessary to decide what
branch to execute once we know the value of E . Once the expression E has been
evaluated, it has disappeared from the command stack where we will find the marker
doIf. In this case we inspect the top element of the data stack which is supposed
to be the value of E and act accordingly. If the top element represents true, i.e. is a
non-nil value, we pop the marker and the conditional and push the commands of the
then-block BT onto the command stack. We also pop the top element, the used value
of E , from the data stack. In case the top element of the data stack is nil, representing
false, we analogously pop marker and conditional and push the commands of the
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[if,E,BT ,BE ]

CSt
DSt

...

...

val

=⇒
CSt

E

doIf

[if,E,BT ,BE ]
DSt

val

...

...

doIf

[if,E,BT ,BE ]

CSt
DSt

〈u,v〉
...

...

Val

=⇒

BT = [C1,C2, . . . ,Cn]

BT

C1

C2

...

Cn

CSt
DSt

val

...

...

doIf

[if,E,BT ,BE ]

CSt
DSt

nil
...

...

val

=⇒

BE = [C1,C2, . . . ,Cn]

BE

C1

C2

...

Cn

CSt
DSt

val

...

...

Fig. 7.7 STEP macro for evaluating if-then-else

else-block BE instead. Againwe pop the top element off the data stack. It is important
to notice that one does not push the blocks BT and BE , respectively, in their entirety
as a list but rather pushes all commands of the corresponding list in the correct order.
This means that we push the last command first and the first command last, such
that the first command of the block will now be executed first. The rules for the
conditional are depicted in Fig. 7.7.

The final command, and the most complicated to execute, is the while loop
[while, E, B ].

To interpret an AST representing a while loop [while, E, B], we first need to
evaluate the guard expression E . Since we might need to evaluate the body of this
loop for a yet unknown number of times we first push the entire while command
on the code stack, followed by a marker doWhile, followed by the expression E
still to be evaluated. Nothing happens on the value stack as no value is produced nor
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[while,E,B ]

CSt
DSt

...

...

val

=⇒

E

doWhile

[while,E,B ]

CSt
DSt

...

...

val

doWhile

[while,E,B ]

CSt

...

...

nil

DSt

...

...

val

=⇒
CSt

...

...

DSt

val

...

...

doWhile

[while,E,B ]

CSt

...

...

〈u.v〉

DSt

...

...

val

=⇒

B = [C1,C2, . . . ,Cn]

B

C1

C2

...

Cn

[while,E,B ]

CSt

...

...

DSt

val

...

...

Fig. 7.8 STEP macro for evaluating while

consumed at this stage. Once a marker doWhile is found on top of the code stack
we know that we have finished the evaluation of the guard expression and can decide
what to do next accordingly. We also know that the value of the guard expression
has been pushed onto the data stack. We consider two cases (Fig. 7.8):

• if the top element of the data stack is nil we pop it off. Since this means we
terminate the loop, we also pop the marker as well as the pushed while loop off
the code stack as the interpretation of this loop is now finished.

• if the top value of the data stack is different from nil, i.e. of the form 〈 u.v 〉, we pop
it off the data stack. Since this means we need to execute the loop body another
time, we pop the marker doWhile and push in exchange the body B onto the
code stack. Since B is a block, it is of the form [C1,C2, . . . ,Cn], and we push the
individual elements Ci of this list accordingly, making sure that the first one ends
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up on the top of the code stack as it is the first one to be executed. We leave the
entire while loop on the code stack “below the loop body B”, so that the process
of executing the loop can begin from the top, once the execution of block B has
finished and it has disappeared from the top of the code stack.

7.2 A Self-interpreter for WHILE

From the self-interpreter for WH1LE it is relatively straightforward to derive a self-
interpreter for WHILE. It remains to explain howwe can generalise fromone program
variable to arbitrarily many. We need to implement a store, i.e. a set of variable
bindings which can be represented as a list of variable bindings where bindings
are themselves pairs (lists with two elements): first the variable name (encoded as
number) and second the value of the variable. Choosing this representation, the order
in which the variable bindings are stored is not relevant for the result. We find the
right element by looking up the first entry in the binding list.

The program from Fig. 7.2 has to be adapted accordingly. Instead of a single value
val, the store now will be kept in variable St, a store encoded as a list, and macro
functions update and lookup are in use to deal with variable update and lookup.
They will be explained further below. The resulting new main program can be found
in Fig. 7.9.

Fig. 7.9 A WHILE-interpreter in WHILE
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Fig. 7.10 Adapted rules for STEPn macro

The new STEPnmacro is very similar to the STEPmacro described in Sect. 7.1.2
and needs to be changed only at those places where variables are concerned: the
evaluation of variables and the assignment command. The corresponding rules must
now contain a store list. This will be depicted as an array starting at the top with the
first binding. Although the order of bindings is irrelevant, we usually write the input
variable’s binding as first element and the output variable’s binding as last element
of the store list (Fig. 7.10).

Let us have a look at the changes we needed to make because variables now come
with a number in the form [var, X ]. For the evaluation of such a variable we now
need to find the right element in the list [ [X1, v1], [X2, v2], . . . , [Xn, vn] ]which will
be stored in variable St. To obtain the value of variable X we must find the binding
for X in the store list and then use the corresponding value v from binding [X, v]. To
achieve this we will use macro lookup described in the following Sect. 7.2.1. As
before, the corresponding value v is then pushed on the data stack and the variable
expression popped off the command stack.

For an AST representing an assignment [:=, X, E] we again push the marker
and the still to be evaluated expression E , but we also need to remember which
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variable this assignment is for so we push the variable number X onto the command
stack before we also push the marker. Once we then hit the doAsgn marker on the
command stack, we know the value of the assignment expression has been evaluated
and resides on the top of the data stack.

We pop the marker doAsgn and the following variable number X off the com-
mand stack, pop the result value v off the data stack, and update the element that
corresponds to variable X in the list [ [X1, v1], [X2, v2], . . . , [Xn, vn] ] to contain v
in the binding for X . This will be done in code using the auxiliary macro update
described in the following Sect. 7.2.1.

The code for the lookup and update, respectively, is based on simple list
manipulation checking for the right binding using the atom encoding the variable
name. Their code is briefly discussed in the following subsection which can be
skipped if one is not interested in coding the self-interpreter.

Finally, the concrete code for the STEP and STEPn macros is left as Exercise 1.

7.2.1 Store Manipulation Macros

7.2.1.1 Lookup

The program lookup from Fig. 7.11 takes as input a list [X,St ]where X is a unary
number encoding a variable name and St is a list containing variable bindings, i.e.
two-element lists of the form [Xi,vi ]where eachXi is a number encoding a variable
name and vi ∈ D is the current value of this variable. There is one exceptional case:
if X does not appear as variable in the list St, i.e. if one looks up a variable that

Fig. 7.11 Variable lookup in store
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Fig. 7.12 Variable update in store

has not been initialised, then the result Res will be nil (as in this case it will not
have been assigned anything). The consequence is that uninitialised variables are
implicitly looked up with value nil which is exactly what we need.

7.2.1.2 Update

The program update from Fig. 7.12 takes as argument a list [X,V,St ] where X is
the number encoding of the name of the variable to be updated, V is the new value
of the variable to be used for the update, and St is the list of variable bindings in
which the update takes place.

The program copies St into the new result store NSt, and in case the encoded
variable name of the found binding equals X, a new binding nb is produced that uses
the new value V and is inserted into NSt instead of the old binding for X. If there
is no binding for X in St then the newly produced NSt will just be a copy of St
in reverse order and we need to add the new binding. As the order of appearance of
bindings in a store list is not important, there is no need to reverse the store list at the
end.
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7.2.1.3 A More Efficient Store Implementation

Given that we decided to encode variable names as unary numbers, the implemen-
tation of the store as a list of bindings is not the most efficient one. One can avoid
the comparisons N = X in the programs of Figs. 7.11 and 7.12 by using the variable
number as a kind of “pointer” into the list of values in the store. Therefore, a more
efficient variable management can be obtained by implementing the store as a list
of values [ v1, v2, . . . , vn ] where the value vi is supposed to be the value of the i th
variable Xi (assuming we start counting variables from 1).2

The macro lookup now only has to travel along the spine of the store list, as
many times as the variable number of X states minus one, to find the right position
in the list where the value of X is stored. The macro update needs to perform the
same action, keeping track however of the values of the variables it sees along the
way. Once it found the right value for X, the first element of the remaining list is
updated to the new value and the kept prefix of the travelled store list needs to be
put back at the front of the store list (in the right order). The details for this version
of the macros are delegated to Exercise 3. One other change has to be made to the
interpreter itself in Fig. 7.9. The initialisation of the store St has to be changed as
we don’t keep explicit bindings any longer.

What next?

We have seen that WHILE is expressive enough to write a self-interpreter in it.
This is further proof that WHILE is an appropriate language to be used for the
investigation of computability and complexity. In the next chapter we can therefore
use WHILE-programs as notion of effective procedure to define WHILE-decidability
and encounter a first problem that is not WHILE-decidable. To prove the latter we
will discuss a specific technique called diagonalisation.

Exercises

1. Implement the macros STEP and STEPn in WHILE.
2. Discuss the correctness of the auxiliary store manipulation programs in Figs. 7.11

and 7.12.
3. Implement the macros lookup and update for the store implementation as list

of values in the order of variable numbers discussed in Sect. 7.2.1.3.
4. Check that the following invariant for expressions is guaranteed by the WH1LE

interpreter discussed in Sect. 7.1.

[ 〈E.Cd 〉,St,d ] ⇒∗ [ Cd, 〈e.St 〉,d ] if and only if E �E� {X : d} = e

where ⇒∗ refers to a finite number of applications of the rewrite rules explained
in this chapter.

2We can also start from 0.
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5. Check that the following invariant for statement lists (blocks) is guaranteed by
the WH1LE interpreter discussed in Sect. 7.1.

〈C1.〈C2. . . . .〈Cn−1.〈Cn.Cd 〉〉 . . .〉,St,d ] ⇒∗ [ Cd,St,e ]
if and only if

C1;C2; . . . ;Cn � {X : d} → {X : e}

where ⇒∗ refers to a finite number of applications of rewrite rules explained in
this chapter.

6. Extend the self-interpreter with tree literals.
7. Program a compiler while2one from WHILE to WH1LE. This program takes a

WHILE program encoded as a list according to our AST encoding and returns a
WH1LE-program encoded as a list that only uses one variable.
Hint: The one variable in the constructed WH1LE-program should be a list con-
taining the values of all the variables of the original While -program. Where
necessary, the compiler needs to generate the correct access code for the intended
variable in this list.
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Chapter 8
An Undecidable (Non-computable) Problem

Is there a problem that is undecidable by any WHILE program?
How can one show this?

After having decided to use WHILE-programs as our notion of effective procedures
and after having discussed WHILE at great length, it is now time to investigate our
first major result in computability theory, and our first interesting problem. More
precisely, we find a problem that is undecidable, i.e. that no computer program can
solve. That means we cannot write a (WHILE) program that computes the decision
procedure for this problem.

The chosen undecidable problem is the one that Alan Turing used in his seminal
paper [7]. It refers to checking the termination of a given program with some given
input and is therefore called the “Halting problem”. We will actually show that this
problem cannot be solved by a program and in order to do that we will use a famous
technique called “diagonalisation”.

Before we do this we recall the definition of decidability (Sect. 8.1) and instantiate
it now for the concrete “effective procedures” chosen, i.e. for WHILE programs.
Then we define the Halting problem (Sect. 8.2), carefully introduce the concept of
diagonalisation (Sect. 8.3), discussing some interesting paradoxes along the way, and
finally prove in Sect. 8.4 that the Halting problem is WHILE-undecidable.

8.1 WHILE-Computability and Decidability

First of all, we formally define what computable means in WHILE. We do this for
function and decision problems, by basically instantiating WHILE for the class of
effective procedures P in Definition2.14. Consequently, we will use the data type
of WHILE to encode the domain of any problem we want to solve. We have already
seen in Sect. 3.3 that we can encode many data types in D.

© Springer International Publishing Switzerland 2016
B. Reus, Limits of Computation, Undergraduate Topics in Computer Science,
DOI 10.1007/978-3-319-27889-6_8

87

http://dx.doi.org/10.1007/978-3-319-27889-6_2
http://dx.doi.org/10.1007/978-3-319-27889-6_3


88 8 An Undecidable (Non-computable) Problem

Definition 8.1 A partial function f : D → D⊥ is WHILE-computable if there is
a WHILE-program p such that f = �p�WHILE, in other words if f is equal to the
semantics of p (we can also say “if p implements f ”).

The slogan here is:

A WHILE-computable (partial) function on trees is one that can be implemented in WHILE.

The above definition of f being WHILE-computable means in more detail that for
any d, e ∈ D (for all trees d and e):

1. If f (d)↑ then �p�WHILE (d)↑
Whenever f applied to d is undefined, then so is the semantics of p, in other
words program p does not terminate when run on input d.

2. If f (d) = e then �p�WHILE (d) = e
Whenever f applied to d equals e, then so does semantics of p applied to d, in
other words program p terminates when run on input d and produces e as output.

As we can encode numbers in WHILE’s data type, we know that a WHILE-
computable partial function on natural numbers is one that can be implemented in
WHILE. This is important when comparingWHILE-computability with other notions
of computation that use the natural numbers as data type (this is quite common).

A decision problem A with domain D corresponds to a set A ⊆ D of trees. The
uniform question problem for A is the following:

Is a given element d ∈ D in A?

Or in other words: Given d ∈ D, does d ∈ A hold? Note how this is a problem
in our sense: it is uniform, the input type is well defined (D) as well as the output
type which has to allow for answers ‘yes’ and ‘no’ (‘true’ and ‘false’) and is thus
the type of Boolean values. Elements of each of both types are finite and precisely
describable.

We can now instantiate the generic definition of a problem computable or decid-
able by an effective procedure, as we know we use WHILE as effective procedures:
A decidable set (or a decidable problem) is one for which the membership test can
be computed by a WHILE-program that always terminates.

These definitions can also be given more precisely and formally:

Definition 8.2 A set A ⊆ D is WHILE-decidable if, and only if, there is a WHILE-
program p such that �p�WHILE (d)↓ (meaning �p�WHILE (d) is defined) for all d in D,
and, moreover, d ∈ A if, and only if, �p�WHILE (d) = true.

Note that in the (older) literature, when computability is defined in terms of natural
number computation, a decidable set is often called a recursive set.
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8.2 The Halting Problem for WHILE

Let us look at the following problem which is about WHILE-programs (represented
as elements of D, we already know how to encode programs as data so this is not a
problem).

Definition 8.3 The Halting problem—as set HALT ⊆ D—is defined as follows:

HALT = { [p, d] ∈ D | �p�WHILE (d) ↓ }

What does the problem say informally speaking, given as a class of (uniform) ques-
tions? Well, the question is this:

Given a WHILE-program p (as data) and a value d ∈ D, does program p terminate if we run
it on input d?

Note again the uniformity, the answer must be given for an arbitrary program and
data. We also have a problem about two pieces of information here, the program and
its input, but we can pair them together into one input tree in the way we already
encountered for other WHILE-programs using the encoding of pairing �(p, d)� as
list [p, d] which can be itself encoded in D. We drop the encoding brackets from the
list to improve readability. We will drop those encoding brackets most of the time in
the following chapters too.

Wewill show in this section that the setHALT is not WHILE-decidable in the sense
explained earlier (Definition8.2). This is equivalent to showing that the function
halt defined below is not computable by a WHILE-program. In other words, the
(total) function

halt(a) =
{

true if a = [p, d] and �p�WHILE (d) ↓
false otherwise

(which is the membership test for the Halting set HALT) is not computable by a

WHILE-program.
It should be clear that it would be really useful ifwe could compute/solve this prob-

lem. A compiler could then check if we had inadvertently written a non-terminating
program for some specific input and warn us like a type checker warns us about
incompatible types when we have used expressions in an ill-typed way.

It is desirable to be able to recognise undecidable problems. Nobody wants to
start working on a project that seeks to develop a program that computes the solution
for a non-computable problem. One would like to avoid wasting time on that. It is of
course not always easy to find out whether a problem is undecidable and, maybe quite
surprisingly, there is an abundance of undecidable problems. We will soon present
more of them in Chap.9. It turns out that some of them can be easily recognised.

It should be pointed out that there is still a considerable amount of research going
onhow tofindoutwhether a programmight not terminate for some input. Termination
checkers have been recognised as a useful tool even if they cannot work for all input

http://dx.doi.org/10.1007/978-3-319-27889-6_9
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due to the undecidability of the Halting problem. The proof that a program terminates
might be particularly important for systems code (operating system). For an overview
over this exciting topic see [3].

8.3 Diagonalisation and the Barber “Paradox”

In the proof of the undecidability of the Halting problem we will use an old idea
first discovered by Georg Cantor1 in 1891, called diagonalisation, which was used
in [2] to show that there are uncountable sets of real numbers. Let us first look at the
diagonalisation in another context. The quite famous “Barber paradox” is derived
from a paradox found by Bertrand Russell.2 However, it is not a paradox in the
Quinean definition: “a paradox is an argument whose conclusion contradicts a widely
shared opinion” [5]. The “Barber paradox” has “only an incidental resemblance to
Russell’s Paradox” [5]. Actually, it is just a set of contradicting statements, but this
is good enough for our purposes. The Barber of Seville says:

In my town Seville, I shave all men who do not shave themselves. Those who shave them-
selves I do not shave.

Now we can ask:

Does the barber shave himself?

Let us first remind ourselves that the Barber of Seville is aman and lives in Seville.
Then let us look at this question and assume for the time being the answer was “yes”.
That means the barber shaves himself, but he stated that he does not shave the men
in Seville who shave themselves. So since he is a man from Seville he does not
shave himself. But then he stated that he shaves the men in Seville who do not shave
themselves, so he must shave himself, and so on and so on.

Similarly, if we assume the answer is “no” we know that the barber does not shave
himself but he stated that he shaves all men in Seville who do not shave themselves
and he is a man living in Seville, so he must shave himself but then he said he does
not shave those who shave themselves, so he must shave himself and so on and so
on.

We see quickly that there is no answer to this question. The fact that there is
no such (male) barber (in Seville) resolves any paradoxical situation and explains
again why this is not a paradox. A paradox could only arise if there was a postulate
that such a barber must exist. This is not the case, however, hence this is only a
“pseudo-paradox”. Any now slightly confused reader can study the philosophical
subtleties in e.g. [5]. In any case, the so-called “Barber paradox” is good enough to

1Georg Ferdinand Ludwig Philipp Cantor (March 3, 1845–January 6, 1918) was a German mathe-
matician. He is considered the inventor of set theory. For his revolutionary ideas he was as heavily
critiqued during his lifetime as he is applauded now.
2Bertrand Arthur William Russell (May 18, 1872–February 2, 1970) was a famous Welsh logician
and philosopher.
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Table 8.1 Diagonalisation table for the Barber paradox
number of
man in number of man in Seville
Seville

1 2 3 4 5 6 . . . 3466 3467 . . .
1 yes yes no yes no no . . . no no . . .
2 no no yes no no yes . . . no yes . . .
3 no yes no no no no . . . no yes . . .
4 yes yes no no yes yes . . . yes yes . . .
5 no no no no no no . . . no no . . .
6 yes yes no no no yes . . . yes yes . . .
...

...
3466 yes yes no no yes yes . . . yes yes . . .
3467 no yes yes no yes yes . . . yes no . . .
...

. . .

show the non-existence of the barber, so we can follow this line of argumentation
when showing that there is a no program that can decide a certain problem.3

We can visualise the non-existence of the barber by a two-dimensional tablewhere
on the x-axis and y-axis we list the men of Seville. We can clearly do this. We use
numbers to represent them. In each cell at row x and column y we then write whether
person number x shaves person number y. So, for instance for row 2 and column
3 we have ‘yes’ meaning that person number 2 shaves person number 3. Table8.1
contains (part of) such a sample table. Note that the entries are arbitrarily chosen in
this example.

If there seems to be an “awful lot of shaving going on” in Seville, then this is by
chance. Please note that it does not matter for demonstrating the argument what the
concrete entries are.

Now the question is: what does the barber’s row look like? What entries does it
have for each column? Assume we look at column y. So we ask whether the barber
shaves person number y. Well he does shave y in case that y does not shave y,
otherwise he does not shave y. So we have to look into the diagonal of the table
at (y, y) and negate the entry. If the entry was ‘yes’ then the entry in column y for
the barber must be ‘no’ and vice versa. Therefore the barber’s row is the negated
diagonal so to speak. For the above table the barber’s row then looks as follows:

no yes yes yes yes no … no yes …

3Raising a (pseudo-)paradoxical question is a typical Sci-Fi plot to overcome some computer, robot,
or probe that is about to destroy the spaceship/earth/galaxy. Trying to answer the question it runs
into an endless cycle of questions indicated above and eventually explodes. That trick has been used
at least several times in the classic Star Trek TV series (see also Exercise1).
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But this means the barber’s row cannot be one of the rows in the table. The reason is
that the row is different from any other row in the table that we assumed listed all men
in Seville. Why is the barber’s row different from all rows in the table? Well, it is so
by construction. Assume without loss of generality, the barber’s row was the one for
person number 2. In this case we look at the entry in the 2nd column. The entry for
the barber will be ‘no’ if the entry for person number two was ‘yes’ and will be ‘yes’
if the entry of person number 2 was ‘no’. Remember this is because the barber’s row
is the negated diagonal.We can play the same “spiel” for any number, not just 2. Thus
for every row k we can find a column (namely the kth column) where the barber’s
row and the kth row are different. Consequently, the barber cannot be already in the
table. This is a problem though as he must be from Seville (by assumption). Thus we
get a contradiction (unless we remove the assumption that the barber is from Seville
or that he is a man).

Now, the “trick” here is the self reference of the barber’s statement. When he talks
about all men in Seville he implicitly includes himself. So the statement becomes
self-referential. We try to learn from this and apply the same technique to show the
undecidability of the Halting Problem.

8.4 Proof of the Undecidability of the Halting Problem

We now show that the Halting problem HALT is not decidable in WHILE, in other
words, it is (WHILE-) undecidable. The original proof for Turing Machines (they
will be defined precisely in Sect. 11.3) has been carried out in Turing’s seminal paper
[7]. The plan of the proof is as follows: assume that HALT is decidable, construct
another program from this and then show using diagonalisation that this leads to
a contradiction. Thus, the assumption that the Halting problem is decidable must
have been wrong. This is called a proof by contradiction. “The proof is a beautiful
example of self-reference. It formalizes an old argument about why you can never
have perfect introspection: because if you could, then you could determine what you
were going to do ten seconds from now, and then do something else” [1].

Let us assume more concretely that there is a WHILE-program h that decides
the Halting problem and, without loss of generality, looks like described in Fig. 8.1
with input variable A, main block B and output variable C. Here B is the body of the
program where all the “action happens” (we don’t need to know what it is exactly).

h read A {
B;

}
write C

Fig. 8.1 WHILE-program h that is (wrongly) assumed to decide HALT

http://dx.doi.org/10.1007/978-3-319-27889-6_11
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r read X {
A := [ X, X ]; (* diagonalisation of argument *)
B; (* run h on input [X, X] *)
Y := C; (* store result of running h in Y *)
while Y {

Y := Y
}

}
write Y

Fig. 8.2 WHILE-program r used in the proof of the undecidability of HALT

Let us now construct a WHILE-program r that will correspond to the barber of the
previous example. This program r is defined in Fig. 8.2 and uses A, B and C from the
(assumed) program h above which is important as we will see shortly.

We now ask a question similar to “Does the barber shave himself?”, namely

Does program r terminate when run on itself as input?

In other words, more concisely, “Does �r�WHILE (r) ↓ hold?” To answer this, let us
go through r and interpret it with r as input. In the following, we drop the encoding
brackets from the program arguments, so we do not distinguish between program r
and its data representation �r� for the sake of readability.

1. Initially, we read in the input and afterwards X contains (the AST of) r .
2. After the first assignment of the program, A:=[X,X], has been executed, A has

value [ r, r ].
3. Thenblock B is executedwhich decides theHalting problem (thiswas our assump-

tion). Thereafter, variable C contains the result of the decision procedure, i.e.
C = �h�WHILE [ r, r ].

4. Next, Y:=C is executed and afterwards Y = �h�WHILE [ r, r ].
5. For the while loop that follows, we have to distinguish two cases: whether Y is

true or not.
First assume Y is indeed true, then we are obviously caught in a non-terminating
loop, so we know that r does not terminate when run on input r , in other words,
�r�WHILE (r) = ⊥. But, hang on a minute, was Y not supposed to be true? Indeed
it was. In this case Y = �h�WHILE [ r, r ] must be true as well. This in turn means
by assumption (h decides the Halting problem) that r does terminate when run
with input r , in other words �r�WHILE (r) ↓. This contradicts �r�WHILE (r) = ⊥.
Ok, maybe this means Y is false then. In this case r will not go into the non-
terminating loop but instead terminates with result false. Thus, �r�WHILE (r) =
false or, ignoring the result, �r�WHILE (r) ↓. But, hang on a minute, was Y not
supposed to be false? Indeed it was, and therefore Y = �h�WHILE [ r, r ] = false
which means by assumption (h decides the Halting problem) that r does not
terminate when run with input r , in other words �r� (r) = ⊥. This contradicts
�r�WHILE (r) ↓.
So whichever case we consider, we always get a contradiction.
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The diagonalisation in this argument can be shown by writing a table similar to
the one for the Barber’s paradox. Instead of the men in Seville, we list all WHILE-
programs on both axes. We can do that as we can enumerate (generate) all programs
and give each a number.4 After all, programs are just finite strings (syntax).

Now the entry in the table for row x and column y describes whether program
x terminates when run with input being program y. We recall that r plays the role
of the barber here. Its row of entries is again the negated diagonal of the table by
construction. So r cannot appear in the table itself and thus it cannot be a WHILE-
program. Yet, we have seen that r is a WHILE-program provided that the WHILE-
program h exists. Since the existence of h was the only assumption in our argument,
we know that this assumptionmust bewrong. Thuswe know for sure that the WHILE-
program h cannot exist and thus the Halting problem is not decidable (by a WHILE-
program).

What Next?

We have seen a first problem that is not computable by a WHILE-program and due to
[7] not by a Turing machine either. In Chap. 11 we will discuss that the actual choice
of programming language (as long as it is expressive enough) does not matter and we
could have formulated the Halting problem also for Java or Haskell programs. In the
next chapter we will look at more undecidable problems. We will see, among other
things, that any interesting semantical property of a program is actually undecidable.
And we will discuss a finer distinction between undecidable problems. For so-called
semi-decidable problems we can only write “half of a decision procedure” where
answers are guaranteed to be computed only if the answer is yes.

Exercises

1. (Liar Paradox) Consider the statement

This sentence is false.

sometimes also phrased as the “Liar paradox”5:

Everything I say is false.

Explain why this is a self referential statement and why it is a paradox.
2. One might think a way to resolve the paradox is to add to ‘true’ and ‘false’ a

third logical value ‘meaningless’. Thus, a statement can be ‘meaningless’ so it
does not have to be either ‘true’ nor ‘false’. Explain why using such a logic with
‘meaningless’ does notmean there can’t be any paradox like the one of Exercise 1.
Hint: Combine ‘meaningless’ and ‘false’ logically in a self-referential statement
that will still give rise to a new paradox, whether this sentence is meaningless,
true or false.

4The enumerability of programs follows from the fact that for any alphabet Σ the set of all finite
strings over Σ , typically denoted Σ∗, is enumerable. The latter is a left as Exercise 6.
5A variation of this paradox is used in the Star Trek (Original TV Series) episode “I, Mudd”, by
Captain Kirk and Harry Mudd to confuse and eventually shut down an android called Norman,
which was holding them prisoners [6].

http://dx.doi.org/10.1007/978-3-319-27889-6_11
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3. (Russell’s paradox) Let R be the set of all sets that do not contain themselves.
Formally, R = {x | x /∈ x}. Explain where the paradox lies.

4. (Crocodile Dilemma)6 A crocodile that has stolen a child promises the mother
that her child will be returned if, and only if, she can correctly predict whether
or not the crocodile will return the child. Consider the following two cases and
discuss whether a paradox can arise.

a. The mother guesses the child will be returned.
b. The mother guesses the child will not be returned.

5. Explain how every undecidable problem gives rise to a non-computable function
as well.

6. In the diagonalisation for the proof of undecidability of HALT we used the fact
that all WHILE-programs are enumerable. Discuss how this enumeration can be
defined.

7. Show by a diagonalisation argument similar to the one given in this chapter
that the “Uniform Halting problem” (UNIHALT) is also WHILE-undecidable. In
other words, show that it isWHILE-undecidable whether a given WHILE-program
terminates for all input.

8. Georg Cantor proved 1891 that the real numbers are not countable, i.e. there are
more real numbersR than there are natural numbersN bywhat is known as the first
proof by diagonalisation. Let us try to understand his argument. Assume that there
are exactly as many real numbers in the interval [0, 1[ (all real numbers greater
or equal 0 and smaller than 1) as there are natural numbers (note that both sets
of numbers are infinite). Derive a contradiction with the help of a diagonalisation
table. On both axes of this table we list the natural numbers. The entry for cell
(i, j) shall be the j th digit after the decimal point of the i th real number. So, for
instance, if the 5th real number starts 0.123456666 . . . then cell (5, 3) contains 3.
Now finish the argument why there must be more real numbers in the interval
[0, 1[ than there are natural numbers.

9. Prove that the problem “is d ∈ D encoding a WHILE-program as data” is WHILE-
decidable by writing the decision procedure as a WHILE-program.
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Chapter 9
More Undecidable Problems

In this chapter we will look at more undecidable problems. There are quite a number
of them, infinitely many actually, and they appear in disguises more often than one
might think. For instance, it turns out that any non-trivial purely semantical property
of programs is undecidable.

But before we prove this result, known as Rice’s Theorem (Sect. 9.2), let us make
good use of the self-interpreter for WHILE from Chap.7. We use it to show that
HALT (our version of the Halting problem), which we already know from Chap. 8
is WHILE-undecidable, is at least WHILE-semi-decidable (Sect. 9.1). The notion
of semi-decidability is another important concept of computability theory. For a
semi-decidable property we cannot program a decision procedure but, so-to-speak
“half” (semi) of such a decision procedure. More precisely, the “half” that answers
yes in case the argument is in the set in question. A semi-decision procedure may
not necessarily return false in case the argument is not in the set. A semi-decision
procedure may therefore diverge for such arguments.

A few more famous undecidable problems are presented (Sect. 9.5) including the
Tiling Problem (Sect. 9.3) which is introduced in more detail.

The very important and useful concept of reduction is explained in Sect. 9.4.
It turns out we have already used it to show Rice’s theorem. We will look into the
reasoning principles reduction gives rise to.

The chapter concludes with a short discussion about how to deal with undecid-
able problems (Sect. 9.6) and introduces a function N → N⊥ that is not computable
(Sect. 9.7) because it grows more quickly than any computable function.

9.1 Semi-decidability of the Halting Problem

We already know what a WHILE-decidable set or problem is. For sets (or problems)
that are not decidable, we often can still show a weaker property that allows us to
make at least statements about the elements that are in the set.
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A WHILE-semi-decidable set (or a semi-decidable problem) is one for which
an approximation of the membership test can be computed by a WHILE-program
that may not terminate if the answer is supposed to be false. Strictly speaking, the
WHILE-program does not actually compute the membership test completely, only
half of it (thus the name “semi”-decidable).

More formally we can define:

Definition 9.1 A set A ⊆ D is WHILE-semi-decidable if, and only if, there exists a
WHILE-program p such that for all d ∈ D the following holds: d ∈ A if, and only
if, �p�WHILE (d) = true.

Note that in the (older) literature, when computability is defined in terms of natural
number computation, a semi-decidable set is usually called a recursively enumerable
set.

Recall the WHILE-interpreter written in WHILE from Chap.8 and call this self-
interpreter u for universal program. With the help of u one can show:

Theorem 9.1 The Halting problem (forWHILE-programs),HALT, isWHILE-semi-
decidable.

Proof To show that HALT, the Halting set or Halting problem, is semi-decidable
it suffices to come up with a WHILE-program sd such that for all input values
d ∈ D and all WHILE-programs p we have that [p, d] ∈ HALT if, and only if,
�sd�WHILE [p, d] = true. In other words (expanding the definition of HALT), HALT
is semi-decidable if, and only, if �p�WHILE (d) ↓ iff �sd�WHILE [p, d] = true. We can
write such a program sd as outlined in Fig. 9.1. This program clearly returns output
true if, and only if, Res := <u> PD terminates, which by the fact that u is the
self-interpreter is exactly the case if PD ∈ HALT.

In this subsectionwe state some important facts about (WHILE) decidability, semi-
decidability, and their relationship. We can actually prove these results relatively
easily by writing some programs.

Theorem 9.2 1. Any finite set A ⊆ D is WHILE-decidable.
2. If A ⊆ D is WHILE-decidable then so is D\A, its complement in D.
3. Any WHILE-decidable set is WHILE-semi-decidable.
4. A problem (set) A ⊆ D is WHILE-decidable if, and only if, both A and its com-

plement, D\A, are WHILE-semi-decidable.

sd read PD {
Res := <u> PD; (* call self-interpreter *)
X := true (* X is true *)

}
write X

Fig. 9.1 Semi-decision procedure for HALT

http://dx.doi.org/10.1007/978-3-319-27889-6_8
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Proof Exercise 1.

For later usage, we define the class of semi-decidable problems and decide problems
using as basis for their abbreviations the old names found in the literature. Histori-
cally, i.e. in the 1930s, (partial) recursive functions were used to define computability
and so-called recursively enumerable setswhich are empty or the range of a recursive
function as defined by Kurt Gödel who first used the term general recursive func-
tion. Accordingly, the field of computability theory was originally called recursion
theory. A detailed exposition about the history and the terminology can be found, for
instance, in [22]. Accordingly, RE stands for recursively enumerable sets which are
the semi-decidable problems and R stands for recursive set which are the decidable
problems.

Definition 9.2 Let RE denote the class of semi-decidable (often also called recur-
sively enumerable) problems and R denote the class of decidable problems.

9.2 Rice’s Theorem

Next, we generalise the result of the undecidability of the Halting problem. The Halt-
ing problem is a problem of (WHILE-) programs, namely whether such a program
terminated on a specific input. It describes a property of WHILE-programs. We can
actually generalise this and show that more properties of programs are undecidable,
actually all “interesting” properties of programs are undecidable if they exclusively
rely on the behaviour (semantics) of the program. We need to say what we mean by
that.

A property of a program is interesting if it is a non-trivial property, i.e. one that
not every program has but that at least one program has, and extensional. An exten-
sional property is one that depends exclusively on the semantics, i.e. the input/output
behaviour of the program. So interesting program properties are semantical program
properties.

More precisely we define:

Definition 9.3 A program property A is a subset of WHILE-programs.
A program property A is non-trivial if {} �= A �= WHILE-programs.

A program property is extensional if for all p, q ∈ WHILE-programs such that
�p�WHILE = �q�WHILE it holds that p ∈ A if and only if q ∈ A.

The last property states that an extensional property is one that cannot distinguish
between semantically equal programs. If we have two different programs that have
the same semantics either both must be in the set or none of them are in the set.
It cannot be that one is in the set and the other one is not.

With the help of this definition we can now formulate Rice’s theorem, named after
Henry Gordon Rice1:

1Henry Gordon Rice (July 18, 1920–April 14, 2003) was an American logician and mathematician.
He proved “his” theorem in his doctoral dissertation of 1951.
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Theorem 9.3 (Rice [20]) If A is an extensional and non-trivial program property
then A is undecidable.

Theorem 9.3 is a remarkable result as from this we get an entire family of undecid-
able problems. Informally speaking, this theorem states that “any interesting property
about the semantics of computation itself is undecidable”. We also obtain a “recipe”
how to show that a problem about programs (in other words a program property) is
undecidable, namely by applying Rice’s theorem.

But let us first prove this theorem.

Proof Once again we do a proof by contradiction. We are given a property of a
program (i.e. a problem about programs, namely whether they have this property) A
that is extensional and non-trivial. We now assume A is decidable. Then we show
that the Halting problem is decidable. The latter is clearly false so our assumption
that A is decidable must have been false and therefore A must be undecidable.

How can we derive the decidability of the Halting problem from the assumption
that A is decidable? We will show that any given program p on any given input e ter-
minates if, and only if, another program (that we construct) is in A. As a consequence
A is decidable if, and only if, the Halting problem is decidable.

In order to do carry out this plan, we need two auxiliary programs called diverge
and comp. Let us define diverge, as the program that never terminates like e.g. in
Fig. 9.2.

We have that �diverge�WHILE (d) = ⊥ for any d ∈ D. By non-triviality of A we
know that there is a program that is not in A. Let us call this program comp.

Now assume A contains diverge (if this is not the case just swap the roles of A
and its complement and perform the analogous proof). By extensionality of A we
know that A contains all programs that never terminate for any input.

To show that the Halting problem is decidable assume we are given a program p
and its input e. We wish to decide whether �p�WHILE (e) �= ⊥.

Without loss of generality, assume that the above program p and the program
comp (that is not in A) have no variables in common. If they have, just consistently
rename them without changing the semantics. We now construct a program q as
outlined in Fig. 9.3.

We now consider the behaviour of q andwhether it is in A or not. If �p�WHILE (e) =
⊥ then clearly �q�WHILE (d) = ⊥ for all d ∈ D. On the other hand, if �p�WHILE (e) ↓

diverge read X {
while true {
}

}
write Y

Fig. 9.2 WHILE-program that never terminates
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q read X {
Y := <p> "e"; (* run p on value e *)
Res := <comp> X (* run comp on input X *)

}
write Res

Fig. 9.3 Auxiliary program q to show Rice’s Theorem

then �q�WHILE (d) = �comp�WHILE (d) for all d ∈ D. Therefore we get that

�q�WHILE =
{

�diverge�WHILE if �p�WHILE (e) = ⊥
�comp�WHILE if �p�WHILE (e) �= ⊥

So if p does not halt on e we have that �q�WHILE = �diverge�WHILE and so by exten-
sionality of A and the fact that diverge ∈ A we get that q ∈ A. On the other hand,
if p does halt on e then �q�WHILE = �comp�WHILE and so by extensionality of A and
the fact that comp /∈ A we get that q /∈ A. Therefore we get that q /∈ A if, and only
if, p halts on e so the latter would be decidable if the former was. This completes
the proof.

The implications of Rice’s Theorem can hardly be underestimated. It implies that
there can be no general program verification tool, that can check for any program
and any specification that the program meets the specification. So, for instance,
there can be no program that can check whether any other given program is a virus.
This follows immediately from the fact the the properties that have to be checked in
both cases are extensional (and clearly nontrivial) if defined naturally. It turns out
that programmers actually run into these issues quite regularly. They sidestep them
using means discussed in Sect. 9.6.

Of course, one can try and define what verification or being a virus means in terms
of the syntax (e.g. the byte code) of a given program. But even then one runs into
problems as arithmetic is already undecidable (see Entscheidungsproblem). All this,
however, is not contradicting the fact that verification2 and anti-virus tools do actually
exist. Rice’s Theorem just tells us that those tools can’t possibly work correctly for
all inputs.

9.3 The Tiling Problem

This is a classic problem (also called Domino problem) of which there are many
variations. It dates back to the 1960s when mathematician, logician, and philosopher

2Program verification is actually a thriving discipline and quite considerable progress has been
made in the last few decades [21] and has even reached giants like Facebook [4].
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Fig. 9.4 Example of correct
tiling

Hao Wang3 proposed Tiling systems as an interesting class of formal system. A tile
(now also called Wang tile) has a quadratic shape and is divided up diagonally into
four sections (triangles), each of which can have a different colour (but the colours
do not have to be necessarily different). The four sections are obtained by the cuts
of the two diagonals of the square as follows:

W E

N

S

whereN, S,W,E stand for the four directionsNorth, South,West, andEast.When lay-
ing out the tiles we say that tiles put next to each other match if the colours of their
adjacent edges are identical in all four directions: N, S, W, E. Note that it is not
allowed to rotate the tiles. If the colours of each edge match, one obtains nice diag-
onal patterns since matching tiles next to each other give rise to a diagonal square in
one colour (made up of the two halves of the matching tiles) as explained in Fig. 9.4.
Therefore we can tile a quadratic floor (of size n × n) with a given set of tile types if
we can put tiles of the given types next to each other (without rotating them) such that
their adjacent edges have the same colour. In particular, about such a tiling system
Wang asked the following question:

Given a certain (finite) number of tile types (colourings) and an infinite supply of tiles for
each type, can one tile an arbitrary large quadratic floor (obeying the rulesmentioned above)?

3Wang (20 May 1921–13 May 1995) was born in China but later taught at Harvard where he was
also the thesis advisor of Stephen Cook (of whom we will hear more later).
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Wang proposed this originally for a specific set of four tile types. He conjectured
in 1961 that this question was decidable. In his proof argument he assumed that any
set that could tile the plane would be able to do so periodically, i.e. with a repeating
pattern like a wallpaper. Alas, he was wrong. His student Robert Berger managed
to prove this wrong in 1966 [2]. He presented a case where the tiles would only
tile the plane without repeating pattern, originally using 20,426 distinct tile shapes,
later reducing this to 104. Even later, other researchers managed to complete the
same proof with a much smaller number of tiles. Karel Culik only needed 13 in
1996 [7]. The idea of Berger’s proof was to show that if the tiling problem was
decidable then the Halting problem would be decidable too. This is the same proof
technique thatwe used for provingRice’s theorem. So the trick here is to comeupwith
tile patterns (you can use arbitrarily many as long as they are finitely many) that can
encode the configurations a specific Turing machine goes through during execution
for a specific input. Doing this, one must ensure that one can tile an arbitrary large
quadratic floor with those tile types if, and only if, the encoded Turing machine run
does not terminate (and runs for an arbitrarily large amount of time). Since the run
is only determined by the Turing machine (program) and its input we know that we
can tile a quadratic floor of any size if, and only if, the Halting problem for Turing
machines was decidable.

9.4 Problem Reduction

Whatwe have seen just nowwith the proof of the undecidability of the Tiling problem
or the proof of Rice’s theorem seems to be a good recipe for obtaining new results
of undecidability from old ones. Indeed, what we have done there is reducing the
Halting problem to the problem we want to show to be undecidable. If this reduction
works, it means that we could decide the Halting problem if the problem in question
was decidable too. But we already know that the Halting problem is undecidable so
we can conclude that the problem in questionmust also be undecidable.Aquite useful
principle arises with the help of which one can show that a problem is undecidable.

So let us pin down this principle a bit more formally. In particular, we need
to define more precisely what “reduction” means exactly.4 In our case, dealing
with computability, we will need to require that the reduction itself is computable
(otherwise our argument above would not stand).

Assume A and B are problems (or sets) about items in X and Y , respectively.
(For WHILE-decidability X and Y will be D, the type of binary trees.) Informally,
we have a reduction from problem A on X (or the question “is a given x ∈ X in A”)
to problem B on Y (or the question “is a given y ∈ Y in B”) if we can find:

4Problem reduction is a strategy that human beings or companies use all the time in an informal
manner. For instance to “solve” the problem of getting from home to work, one could reduce it for
instance to the problem of getting to the train station and on the right train, provided one already
has a ticket.
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Fig. 9.5 Solving A in terms
of B via f: A ≤rec B

A

x ∈ X

f (x) ∈ Y

f

yes/no

B

1. a computable total function f : X → Y , mapping every element of X to an
element of Y

2. such thatwe know that x ∈ A if, and only, if f (x) ∈ B. This condition is important
to guarantee that the reduction is correct.

What do these two conditions mean? The first condition states that any input x ∈ X,

of which one can ask the question whether it is in A, must be translatable into an
element y ∈ Y, ofwhich one can askwhether it is in B; and,moreover, this translation
cannot bemagic, it must be computable. The second condition states that the question
whether x is in A, or whether the translated x , namely f (x), is in B, are equivalent.
If you know the answer to one, you know the answer to the other.

The reduction and its ingredients are depicted in Fig. 9.5 where the decision pro-
cedure’s input is at the bottom such that the simpler (or at least not harder than B)
problem A is below B.

Formally the above explanations can be stated as follows:

Definition 9.4 (Reduction) Suppose one is given A ⊆ X and B ⊆ Y . Define A to
be effectively reducible to B if there is a total computable function f :X → Y such
that for all x ∈ X , we have x ∈ A if, and only if, f (x) ∈ B.
Symbolically we write this relation as A ≤rec B (“A is effectively reducible to B”).

The above definition specifies just one particular type of reduction. There aremany
others. The one we use here is also often called “recursive many-one reduction”.
This is because many elements in B can correspond to one and the same element5

in A via f and because, historically6, recursive is another word for effective or
computable.

5That means that for different x �= y ∈ A we can still have f (x) = f (y).
6More precisely, “recursive” refers to the class of “partial recursive functions” on numbers (as intro-
duced by Kleene in the late 1930s) which one can show are also a reasonable notion of computation
equivalent to all the one we have presented.
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The following theorem now explains the importance of this concept of reduc-
tion. We have implicitly used it already to prove Rice’s theorem and argue for the
undecidability of the Tiling problem:

Theorem 9.4 If A ≤rec B and B is decidable then A is also decidable.
Contrapositively, if A ≤rec B and A is undecidable then B is also undecidable.

Proof The proof of this little theorem is simple and shows how both conditions of
a reduction, A ≤rec B, put together ensure that we can find a decision procedure
for A if we already have one for B: just plug the implementation of the translation
function f together with the decision procedure you already have for B and, hey
presto, you have a decision procedure for A. Why? Well, the resulting “plugged
together” procedure always terminates (since the decision procedure for B and the
implementation of f always terminate). It remains to check that the new procedure
run on x returns true if, and only if, x ∈ A. But the new procedure when run on x
will return whatever the decision procedure for B returns on f (x) and by assumption
(the second condition in the definition of reduction) this is equivalent to x ∈ A.

The notion of reduction is a very important tool in the toolbox of computability
and complexity researchers and we will meet another version that is most useful in
the complexity part later.

9.5 Other (Famous) Undecidable Problems

We have met a number of famous undecidable problems already and we have been
given some recipes how to obtain new ones. Below is a selective list of other famous
undecidable problems to demonstrate that undecidable problems are not that rare
in computer science as well as mathematics, that some were quite hard to prove
undecidable and that new undecidable problems can be found, are still being found,
andwill be found in the future.Note however, that all undecidable problems,whatever
their topic, are in a way computer science related as undecidability for a problem
means that we cannot write a computer program that produces the answer to the
given (uniform) problem for all input.7

The first two problems in the list are about context free grammars. A context free
grammar (CFG) is a formal system similar to Backus–Naur-Form (BNF) description
of syntax that is used to describe (generate) a language that is context free. Although
a context free language can contain words with correctly bracketed expressions it

7Again, note that this does not mean we cannot write a program that might produce the answer for
a specific input value. If this input is finite then a brute force search will always work. For instance,
we can clearly write a program that decides whether a floor of a given fixed size (say 5 × 5) can
be tiled with given, say k, tile types since there are k25 possible ways to tile such a floor. Note that
there is a combinatorial explosion of the number of possible tilings but this does not concern us in
computability. It will concern us in the part about complexity.
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cannot “remember declarations (context)”. For instance the languageofwordsanbncn

is not context free. The theory of CFGs is highly relevant for parsing programs.

• Do languages generated by two different context free grammars overlap? Unde-
cidability of this problem appears to be first shown in [1].

• Is a context free grammar ambiguous? In other words: Are there two different
derivations of the same word (string) using the rules of this grammar? According
to the textbook byHopcraft andUllman [9], undecidability has been independently
proved by D.C.Cantor [5], Floyd [8], and Chomsky and Schützenberger [6].

• Does a context free grammar generate all words over a given alphabet?
• Given two strings (over a finite alphabet) and a set of rewrite rules, does the first
string rewrite into the second one using the given rules? Undecidability has been
proved independently by Emil Post [17] and A.A. Markov [11].

• Is a given program typable in a functional programming language with polymor-
phic types8 where the set of all types is itself a type? [24].

• Given a set of polynomial equationswith integer coefficients, does it have an integer
solution? This was a long-standing open problem posed byDavidHilbert known as
Hilbert’s Tenth Problem (from the list of problems he presented at a conference in
Paris 1900), until Yuri Matiyasevich famously proved undecidability in 1977 [12].

• Word problem for groups: given a finitely generated group, are any two of the
generators representing the same element? This has been shown to be undecidable
by Pyotr Novikov in 1955 [15].

• The “Entscheidungsproblem” (German for decision problem): Is a given arithmetic
formula valid (or satisfiable)? This has been famously proved to be undecidable
by Alan Turing in 1936 [23].

9.6 Dealing with Undecidable Problems

We have seen that many problems, in particular in the context of program develop-
ment, are undecidable. This is bad news and one might wonder what impact this has
on the life of software engineers and programmers.

As usual in life, one has to find ways around fundamental problems like this.
There are a few coping strategies:

1. Approximate the decision procedure, accepting that the approximated decision
procedure may return false negatives. This occurs, for instance, in certain cases
of type checking. Semantically, type soundness is undecidable by Rice’s theo-
rem (Theorem9.3). From this follows immediately that any nontrivial, sound and
decidable type system must necessarily be incomplete. It will reject some pro-

8Haskell and ML are such programming languages but they exclude the type of all types.
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grams that are actually type sound.9 Instead of working with semantic types, e.g.
all trees in D that denote natural numbers, one does work with syntactic types
which are an approximation of the semantic types. For instance, one introduces
type expressions into the language and either requires the programmer to annotate
declarations with types or provides a type inference algorithm that may some-
times still need typing hints from the programmer.10 Of course, to be useful, the
type system must be expressive enough to type most “common” programs.

2. Give up on uniformity, and just test a few input values. This method is used to
replace undecidable program verification (undecidable again by Theorem 9.3).
Instead of verifying that a program is correct for all input values, just test whether
it is correct for some, ideally the most likely, input values. One does not obtain a
guarantee of correctness and thus not a decision procedure. Thismay be combined
with probabilistic methods, if one has an idea how likely the inputs actually are.

3. Give up on the automation provided by the decision procedure. This strategy is
very popular in program verification. Instead of a decision procedure that simply
takes a program and a specification and returns a Boolean values stating whether
the program meets the specification, builds an interactive tool that will be guided
by the user (the human verifier) to find the right proof.

4. Simplify the problem. Instead of solving the undecidable problem, decide a sim-
pler one. An example is arithmetic. Validity of arithmetic sentences is undecid-
able, a fact we have already discussed in the previous section. But if we take
away multiplication, we obtain a decidable theory, called Presburger arithmetic
[18]. The latter will feature again in the complexity part in Sect. 18.4. In program
verification again, this strategy is also used, by restricting, for instance, the com-
plexity of properties that a program can be shown to have (e.g. memory safety)
and/or by restricting the range of programs itself.

9.7 A Fast-Growing Non-computable Function

We have seen that for undecidable problems the characteristic function11 of the prob-
lem is non-computable. But a characteristic function is a function into the Boolean
values (as the test result is ‘yes’ or ‘no’). The example discussed in this section
actually computes arbitrarily large natural numbers.

So, for a change,we nowpresent a non-computable function that computes natural
numbers, i.e. that is of type N → N⊥.

9It may also return false positives, i.e. accept programs that are not type sound, this happens e.g. in
the case of division-by-zero.
10For a good textbook on types see [16].
11The characteristic function χ of a set A of elements of type T is of type T → B and defined by
χ(d) = d ∈ A.

http://dx.doi.org/10.1007/978-3-319-27889-6_18
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Tibor Radó12 in his 1962 paper [19] introduced the “Busy Beaver Game” which
corresponds to the following question for Turing machine programs (we can adapt
this to WHILE-programs and will do so further below):

for every input number n return the greatest number that can be outputted by any Turing
machine that has at most n states when run on the empty input.

Toproduce anoutput, theTuringmachine in questionneeds to terminate.Observe also
that in Radó’s original formulation the input/output alphabet of the Turing machine
consists of just the symbol 1, so on the tape one can write only blanks and symbol 1
and so the output number is represented in unary form (three 1 s denote number 3 just
like our encoding of numbers in WHILE is a list of three nils). Therefore, the Busy
Beaver function for Turing machines is also often described as the highest number
of non-blank symbols that a Turing machine with n states can write on the tape. It is
relevant that the input is empty, so that one cannot “inject” simply big numbers via
the input and then return them again as output.

For WHILE-programs we need to translate “n states” into something comparable
for WHILE-programs:

Can we compute the function that for every input number n returns the greatest number that
can be outputted by any WHILE-program that is (as syntactic string) at most n characters
long when run on input nil.

Definition 9.5 The (total) function BB : N → N is defined as follows

BB(n) = max

{

�p�WHILE (nil)

∣

∣

∣

∣

p is a WHILE-program with
|p| ≤ n, and �p�WHILE (nil) ↓

}

where |p| denotes the length of the textual program p (not the size of the abstract
syntax tree).

It should be obvious why this is called Busy Beaver, since the implementation of
such a function needs to be “busy as a beaver” to compute the largest of all possible
outputs for any program meeting the size constraint.

Maybe surprisingly, the Busy Beaver function attracted some interest in the
research community (in Theoretical Computer Science) and still does so. The reason
is the following:

Theorem 9.5 ([19]) BB(x) grows more quickly than any computable function f :
N → N. That means that for any computable f there is an x0 ∈ N such that for all
x > x0 we have that BB(x) > f (x).

From this it follows quickly that:

12Tibor Radó (June 2, 1895–December 29, 1965) was a Hungarian mathematician who moved to
the USA and worked in Computer Science later in his life. The publication on the Busy Beaver
function is maybe his most famous one [19].
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Corollary 9.1 The Busy Beaver function is not computable.

Proof Assume BB was computable. From the above Theorem9.5, setting f := BB,
it would follow that there is an x such that BB(x) > BB(x) which is impossible.

Although the function is not computable, it is clearly the case that for a fixed
argument n the value BB(n) is computable, as finitely many programs need to be
taken into consideration. This again stresses the importance of the difference between
a function being computable and a specific result of a function being computable.
Of course, the number of programs having to be taken into consideration increases
rapidly with the size of the argument of the Busy Beaver function. And the sheer
number of programs makes it difficult to compute the value of BB for even mildly
large input values (such as 5). Traditionally, the values of BB have been investigated
for Turing machines, as they are simple, and one has only to count the size of states
(i.e. instructions) and not entire programs.

Lin and Radó himself could easily compute the result for Turing machines of size
1 to 3 as the number of Turing machines with 3 states is still reasonably small [10].
The results are as follows: BB(1) = 1, BB(2) = 6, BB(3) = 21. In [3] Brady has
shown that BB(4) = 107. Then, interestingly, at size n = 5 the numbers go up quite
dramatically, and for any number larger than 4 we do not have exact results but only
lower approximations. By the work of Marxen and Bundtrock [13] we know that
BB(5) ≥ 47,176,870. They used computers to look through as many Turing machine
programs of size 5 as possible, simulating their runs as efficiently as possible (the
problem always is what do with non-terminating Turing machines).

As recent as 2010, Pavel Kropitz found the latest record lower bound for BB(6) ≥
3.5 × 1018267, a truly freakishly large number. Details can be found in [14] which
provides also a good overview of all historic Busy Beaver results.

What Next?

We have seen some undecidable problems where one key trick was to use diago-
nalisation and thus self reference. This leads us to another question. What about
self-referencing programs? Do they also lead to a paradox? Are programs that refer
to themselves well-defined? And what can we do with such programs? This is the
topic of the next chapter.

Exercises

1. Let us prove Theorem9.2 which means in detail:

a. Show that any finite set A ⊆ D is WHILE-decidable.
Hint: assume without loss of generality that the finite set has n elements A =
{d1, d2, . . . , dn} and write the decision procedure for A as a WHILE-program.

b. Show that, if A ⊆ D is WHILE-decidable then so is the complement of A, that
is D\A.
Hint: assume A is WHILE-decidable and thus we have a WHILE-program p
that decides A. Now write a WHILE-program q that decides the complement
of A. Of course, you can and should use p.
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c. Show that any WHILE-decidable set is WHILE-semi-decidable.
Hint: do we actually have to program anything here?

d. A problem (set) A ⊆ D is WHILE-decidable if, and only if, both A and its
complement, D\A, are WHILE-semi-decidable.
Hint: one has to prove two directions of the “iff” here. One follows easily from
what we have already proved above. For the ⇐ direction (if), one needs to
write a decision procedure in WHILE using the semi-decision procedures for
A and its complement. This is, however, not so easy (Why?) and it is suggested
that one uses an extension of the self-interpreter that interprets two programs
at the same time.

2. Below you find a list of properties of (encodings of) WHILE-programs. Which of
these properties (or problems) are WHILE-decidable and which are not WHILE-
decidable? In other words, for which properties A canwewrite a WHILE-program
that takes das input and decides whether d has property A (returning true or false
accordingly)? Explain your answer briefly and look for possibilities to apply
Rice’s Theorem 9.3. If it is applicable explain carefully why that is the case.

a. WHILE-program p terminates for all inputs (i.e. �p�WHILE (d) ↓ for all d ∈ D).
b. WHILE-program p is either

read X { while true { } } write X
or
read Z { Z:= cons X nil } write Z.

c. WHILE-program p decides whether its argument d equals nil.
d. WHILE-program p contains at least one assignment operation.
e. WHILE-program p when given as input WHILE-program W terminates, where

W is a WHILE-program with semantics:

�W �WHILE (d) =
{

�n ÷ m� if d = �[n, m]� and m �= 0,
undefined otherwise

and binary operation ÷ denotes integer division (i.e. returns an integer).
f. WHILE-program p returns �3� for any input.

The WHILE-program p mentioned here can be always regarded as an element of
D, since we can represent programs as abstract syntax trees (using our encoding
from Sect. 6.3).

3. Let us consider the Tiling Problem and how sensitive it is to changes of the tile
types.

a. Consider the following three tile types:

Show that with those tile types one can tile a 3 × 3 square.

http://dx.doi.org/10.1007/978-3-319-27889-6_6
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b. Assume that we swap the south facing colour of the second and third tile type,
i.e. red and green, and thus the following tile types (color figure online):

Show that one cannot even tile a 3 × 3 square correctly with those new tile
types.

4. Try to write some short WHILE-programs that compute large numbers (in unary
representation) disregarding their input.

5. (Ackermann-Péter function)13 Consider the Ackermann function defined
as follows

A(n, m) =
⎧

⎨

⎩

m + 1 if n = 0
A(m − 1, 1) if m > 0 and n = 0
A(m − 1, A(m, n − 1)) if m > 0 and n > 0

a. Show that A(0, y) = y + 1
b. Show that A(1, y) = y + 2
c. Show that A(2, y) = 2y + 3
d. Show that A(3, y) = 2y+3 − 3
e. Implement theAckermann function in WHILE. Obviously, you need to replace

the recursion. For instance, you could try to translate the recursive program
into an iterative one using a stack to store intermediate values.

f. Do we know whether there exists an m ∈ N such that B B(n) > A(n, n) for
all n > m?
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Chapter 10
Self-referencing Programs

Can programs be reflective in the sense that they refer to
themselves? If so, how can one define their semantics?

In WHILE there is no language feature that admits recursive macros or any direct
reference to the program itself. This raises some questions. Can we write self-
referencing programs in WHILE at all? More concretely, can we write a program, for
instance, that returns itself, i.e. its own abstract syntax tree? And when is a program
that refers to itself well-defined? Under which assumptions does it have a semantics?

Self-reference can lead to inconsistencies and paradoxes (as we have seen in the
proofs of the undecidability of the Halting problem), so this question is more than
justified. Such self-reference of programs is often called reflection and the corre-
sponding program a reflexive program. Modern programming languages sometimes
come with reflection libraries that allow for self-inspection and even manipulation.
Those features are often used for flexibility, to make programs easily adaptable, such
that a complex modification of an already existing larger software system can be
achieved with a limited number of local changes. These changes depend then on
the structure of the software system, for instance classes, in case the programming
language is object-oriented. In those situations, using reflective methods can lead to
elegant and localised solutions, at least more elegant thanmanually editing thousands
of lines of code or interfaces globally.

Reflection is the ability of a running program to examine itself and its software
environment, and to change what it does depending on what it finds [3, p. 5]. The rep-
resentation of “self” is often referred to as metadata.

A fascinating fact is that the meaning of such reflective programs can be defined
with the help of an old theorem, Kleene’s Recursion theorem, that Stephen Kleene1

1Stephen Cole Kleene (5 January 1909– 25 January 1994) was a famous American mathematician.
He might be known already from a course on finite automata. He invented regular expressions and
was a student of Alonzo Church. He is the co-founder of mathematical logic and recursion theory.
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114 10 Self-referencing Programs

proved in 1938 and published later in [5]. One of many astonishing implications of
Kleene’s recursion theorem2 is that

…any acceptable programming system is “closed under recursion” [4, p. 222].

This then explains the name of the theorem. The above statement suggests that
recursion can be done by reflection, it does not have to be built into the language.
The recursion theorem has many applications. Before looking into it (Sect. 10.2) and
its applications (Sect. 10.3) in detail, we first discuss another result of Kleene’s that
will be used in this context, and which has interesting applications in its own right.

10.1 The S-m-n Theorem

The so-called “S-m-n” theorem, sometimes also called parameterization theorem,
can be regarded as justification for partial evaluation as an optimisation technique.
The reasons for the strange name will be explained soon. In terms of metaprogram-
ming (i.e. programming with programs) the theorem basically states the existence of
specialisers.

Theorem 10.1 (S-1-1 Theorem)For any programming language Lwith pairing and
programs as data there exists a program spec such that

�
�spec�L (p, s)

�L
(d) = �p�L (s, d)

where (_, _) denotes pairing for a general language L.3

This program spec is a specialiser from L to L as first mentioned in Chap.6.
Recall from Chap.6 that a specialiser takes a program and some of its input and
produces a new program that needs fewer input parameters. The above equation
specifies the resulting program’s behaviour. The specialiser applies the one argument
to the given program that requires two arguments, using it as its first argument. In
doing so it constructs the result program with one remaining argument, otherwise
preserving the program’s semantics. One might say the specialiser is “freezing the
first argument of the given program”.

We can easily prove the S-1-1 theorem for L = WHILE by simply constructing
the program specWHILE as given in Fig. 10.1. The program in Fig. 10.1 performs the
specialisation, but it does not do any partial evaluation as it does not look into the
code (kept in variable code) of the given program. Such optimisations by partial
evaluation are sometimes possible.

2This is often also called Kleene’s Second Recursion Theorem because there is another recursion
theorem that guarantees the existence of “smallest” fix points for recursive enumeration operators.
3In WHILE we know how to express pairing, namely as a list via �[ _, _ ]� since we know the
datatype is D.

http://dx.doi.org/10.1007/978-3-319-27889-6_6
http://dx.doi.org/10.1007/978-3-319-27889-6_6
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spec read PS { (* input list of form [P, S] *)
P := hd PS;  (* P is program [X,B,Y] *)
S := hd tl PS; (* S is input *)
X := hd P; (* X is input var of P *)
B := hd tl P; (* B is statement block of program P *)
Y := hd tl tl P; (* Y is output var of P *)
expr:= [cons,[quote, S],[cons,[var, X],[quote,nil]]]
newAsg := [:=, X, expr];

(* assemble asgmnt: "X := [S, X]" *) 
newB := cons newAsg B;

(* add assignment to old code *)
newProg := [X, newB, Y]

(* assemble new program *)
}
write newProg

Fig. 10.1 A simple specialiser for WHILE

Imagine a program p to be specialised that has two arguments encoded by input
variable XY where X has been assigned hd XY and Y been assigned hd tl XY
using the standard list encoding of tuples. After p has been “specialised” with par-
tial input 3 the resulting program will have input variable, say A, and an extra
assignment XY:=[3,A] added to it. The latter implements the passing of the first
argument provided. Therefore, if the program contained an assignment of the form
Z:=<add>[X,4] (in case no other assignments have been made to X) we’d know
that this was equal toZ:=<add>[3,4], andwe could simplify/optimise the assign-
ment to become Z:=7. This technique is called partial evaluation because just the
parts that become amenable to evaluation by the additional provided partial input are
evaluated statically, and not the entire program and its expressions as is the case at
runtime.

In the above example, an assignment Z:=<add>[Y,4] could not be partially
evaluated as this corresponds to Z:=<add>[A,4] and we don’t know what value
A has until we run the specialised program.

So partial evaluation can be regarded as “efficient program specialisation”
[4, p. 96].

Now the S-m-n theorem is just a generalisation of the S-1-1 theorem (where
m = n = 1). In the S-1-1 case we provided one extra argument to a program p that
originally had 1 + 1 = 2 arguments. Note that in WHILE programs the arguments
must be encoded as one single list because WHILE programs formally only have one
input parameter. Now we generalise the number of parameters. The number m refers
to the number of arguments provided for specialisation, whereas number n refers to
the number of arguments that remain after specialisation. The program p used for
specialisation then must have used m + n arguments, the resulting specialiser spec
must have m + 1 arguments (one of which is p), and the specialised program must
have, of course, n arguments.
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There are some fascinating results that can be obtainedwith the help of specialisers
and the power of self-application. We do not have the space to go into details
but [4, Chap. 6] offers a detailed survey and explanations. Here are some highlights
called “Futamura” projections [2], named after their discoverer:

• an interpreter and an appropriate specialiser can be combined to obtain the effect
of a compiler (first Futamura projection)

• specialising an appropriate specialiser and an interpreter produces a compiler
(second Futamura projection)

• composing three appropriate specialisers in the right way results in a compiler
generator that can transform interpreters into compilers (weird but true) (third
Futamura projection). Even weirder, a compiler generator obtained by the 3rd
projection is self-generating, that means that there is a specialiser applied to which
the generator produces itself.

These are also called the “cornerstones of partial evaluation”. Anyone interested
in compilation and optimisation is highly recommended to study those in detail.
They are quite fascinating and highlight again the importance of the concept of
self-application in programming. Neil Jones states, however, that it is “far from
clear what their pragmatic consequences are.” Since this is an introductory book on
computability and complexity we leave the exploration of partial evaluation to the
reader, and we swiftly move on.

10.2 Kleene’s Recursion Theorem

The following theorem guarantees the existence of self-referencing programs, that
we can also call “recursive” since with the help of self-reference one can implement
recursion. This will be discussed in more detail later. Let us first state Kleene’s
theorem [5]. Recall the for a generic language we use notation (_,_) for pairs.

Theorem 10.2 (Kleene’s Recursion Theorem [5]) Let L be an acceptable program-
ming language. For any L-program p, there is a L-program q such that for all input
d ∈ L-data we have:

�q�L (d) = �p�L (q, d)

How does this deal with reflective programs and what is an acceptable program-
ming language? The reflective program q is defined via the help of p which has an
extra parameter to represent “self”. So p may regard q as its own metadata repre-
sentation.

Definition 10.1 An acceptable programming language is a programming language
L (in the sense we have already provided earlier) for which the following holds:
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1. L has a self-interpreter (or universal program in the sense of Definition7.1) and
therefore must have programs as data as well as pairing;

2. The S-m-n theorem (see Sect. 10.1) holds for L;
3. L is Turing-complete, i.e. it computes all programs that a Turing machine can

compute.4

What can the Recursion Theorem be used for?A famous example is the following:

Example 10.1 Consider a self-reproducing program, also called a quine.5 Such
a program is supposed to produce—often print as most languages provide print
statements—its own source code without using any input6 or knowledge of its own
file name. In our case, where L is WHILE, the program must return its own abstract
syntax tree. Quines are notoriously difficult to write and this also holds for WHILE.
Though it is a non-trivial task to write a quine,7 it is easy to prove that such a self-
reproducing program must exist with the help of the above theorem. Just choose p
to be a program that satisfies:

�p�WHILE [x, y] = x

which is achieved by program p that writes as output hd XY if XY is its input
variable. As usual, we do not write explicit encoding brackets for list [x, y].

The proof of Kleene’s (second) recursion theorem is relatively short but very
clever indeed.

Proof We start with program p that takes two arguments the first of which is consid-
ered to be a program itself.We know there is a specialiser spec for the programming
language (as it is acceptable). We can therefore apply any program, say r , to itself,
i.e. to its data representation r , with the help of the specialiser:

�spec�L (r, r)
︸ ︷︷ ︸

self application of r

which returns an L program that “performs” this self-application. Then we can pass
this resulting program as input to our p to obtain a function

f (r, d) = �p�L (�spec�L (r, r) , d) (10.1)

where f is now a function mapping L-data to L-data. Since L is acceptable, from
Definition10.1we know that f must be computable by an L-program pself. In short:

4This is a relatively mild assumption of a language that we are prepared to call a programming
language.
5After the American philosopher and logicianWillard Van Orman Quine (June 25, 1908–December
25, 2000).
6So one cannot simply pass the program’s source as its own input.
7This is subject of Exercises7 and 8, respectively.

http://dx.doi.org/10.1007/978-3-319-27889-6_7
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�
pself

�L = f (10.2)

Now we simply define the program q we are looking for as another self-application,
this time of pself.

q = �spec�L (pself, pself)
︸ ︷︷ ︸

self application of pself

(10.3)

This program q returns an L-program, and this is actually what wewill choose for the
program required by the theorem. We have to show that it has the required property.

�q�L (d) = �
�spec�L (pself, pself)

�L
(d) use Eq.10.3, the definition of q

= �
pself

�L
(pself, d) use S-1-1 Theorem10.1 with p and s = pself

= f (pself, d) use Eq.10.2, definition pself

= �p�L (�spec�L (pself, pself), d) use Eq.10.1, definition of f
= �p�L (q, d) use Eq.10.3, definition q backwards

This is yet another neat proof achieved with self-application,8 two helpings of self-
application actually.

10.3 Recursion Elimination

There are many applications of this theorem. A classic one is recursion elimination.
So let us return to the specific language WHILE (so L := WHILE). Figure10.2 shows
an attempt of implementing the factorial function by a program, called fac that
makes use of a macro call to mult and also calls itself (fac) recursively.

Fig. 10.2 Recursive fac
not definable in WHILE fac read n {

if n {
A := <fac> tl n;
Res := <mult> [n, A]

}
else
{
Res := 1

}
}

write Res

8Readers familiar with Alonzo Church’s untyped λ-calculus will recognise the similarity with the
construction of the recursion operator Y f = (λx · f (x x)) (λx · f (x x)) which also uses two
self-applications.
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Fig. 10.3 fac2 using
reflection for recursion fac2 read qn {

q := hd qn;
n := hd tl qn;
if n {

A := <u> [q, tl n];
Res := <mult> [n, A]

}
else {
Res := 1

}
}
write Res

We have seen already that in WHILE we cannot define such a recursive definition
directly, even in extensions of WHILE because recursive macros are not supported
and thus we cannot call fac as suggested. We first need to be able to compile the
macro away.However, with the help of an extra parameter that represents the program
fac and using the universal program (self-interpreter) for WHILE, u, we can write
program fac2 without a recursive macro as displayed in Fig. 10.3.

Program fac2 takes two arguments the first of which is a program, namely the
meta-representation of the factorial program. But fac2 is not yet the factorial func-
tion we want. Applying Kleene’s recursion theorem, however, we obtain a program
facRefl such that:

�facRefl�WHILE (d) = �fac2�WHILE [facRefl, d]

and this program does implement the factorial function. We have used the self-
interpreter here to make the recursion on the program source explicit.9

The proof of Kleene’s recursion theorem is constructive which means that the
proof tells us how the program q actually looks like. It turns out that, despite the
elegance of the proof by self application, the resulting program is not very efficient.
For instance, to compute the factorial of n, self application leads to a self-interpreter
running a self-interpreter running a self-interpreter and so on for n levels, which leads
to a significant slow-down in runtime. This is the reason why many interpreters pro-
vide explicit reflective means in terms of syntactic operators to refer to the program’s
own source (as abstract syntax tree) and to the self-interpreter.10 As a consequence,
only one level of self-interpreter needs to be running at any time (as it can be called
itself repeatedly).

In compiled languages the situation is more difficult, as the compiled program
usually dropped all reference to source code and consists of executable binaries only.
Often this is also in the spirit of the language (as reflective mechanisms may lead to

9More on implementing recursion indirectly, on patterns, and also how to verify such programs,
can be found e.g. in [1].
10In LISP we have for instance quote and unquote.
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execution overhead even if one does not use reflection), and C or C++ are example
cases.11 In cases where compiled code is executed in a runtime environment like
a virtual machine, reflective libraries provide access to metadata produced by this
runtime system12 intentionally for the purpose of reflective programming. This is
possible because the intermediate (byte) code has more information attached to it
than the binaries produced by direct compilation.

What Next?

Now that we have proved so many results about computability expressed in terms
of WHILE, the question remains whether this choice was particularly lucky. Maybe
with another programming language or machine model we could have actually pro-
grammed a decision procedure for HALT? Or maybe for another programming lan-
guage we would not have obtained the recursion theorem? In the next chapter we
will justify our choice and see that our results are independent of the particular pro-
gramming language (as long as some basic criteria are met). This brings us to the
Church-Turing thesis mentioned in the Introduction and covered in the next chapter.

Exercises

1. Prove the S-2-1 theorem by programming the corresponding specialiser that will
be an adaptation of the one of Fig. 10.1.

2. Enrich the specialiser from Fig. 10.1 by some form of partial evaluation. For
instance, substitute all occurrences of hd cons E F by E and all occurrences
of tl cons E F by F. The specialiser has to run through the entire program
body and whenever a corresponding pattern has been detected, replace it. This
requires a stack.

3. Use recursion elimination (with the help of Recursion Theorem10.2) to imple-
ment in WHILE the following function fib. Fib returns the nth Fibonacci number
defined below:

fib(0) = 1
fib(1) = 1
fib(n + 2) = fib(n + 1) + fib(n)

Use unary encoding of numbers for simplicity.
4. Use the Recursion Theorem10.2 to show that there exists a WHILE-program that

can recognise itself. More precisely, show that there is a program q such that

�q�WHILE (d) =
{

true if d = q
false otherwise

11“C++ is lean and mean. The underlying principle is that you don’t pay for what you don’t use.”
Bjarne Stroustrup in [6].
12E.g. meta representation of classes in Java.
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Note that for this question, you do not have to write program q but just show its
existence.

5. Find out what the acronym PHP stands for and explain in which sense it is self-
referential.

6. (Quine’s paradox)Wehavementioned the philosopher and logicianWillard Quine
in this chapter. He is also famous for the following statement:

“Yields falsehood when preceded by its quotation” yields falsehood when preceded by
its quotation.

Explain why this is a paradox and where the self-reference occurs. Note that “this
statement yields falsehood” is a posh way of saying “this statement is false”.

7. Write a WHILE-program that returns its own encoding as object.
8. Write a Java, Haskell, or C program that prints itself.
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Chapter 11
The Church-Turing Thesis

For computability considerations, does it matter which
programming languages we use?

So far, we have successfully identified quite a few undecidable problems and non-
computable functions. We also have identified some recipes how to show that a
problem is decidable or undecidable. We have looked at a weaker property than
decidability, namely semi-decidability.

But we have done that using a particular notion of computation, in other words,
a particular choice of what “effective procedures” are. We had chosen WHILE-
programs. The WHILE-language had been picked because it is simple, but at the
same time rich enough to allow one to write complicated algorithms with relative
ease.

But how do we know that the problems that we have shown to be undecidable
by WHILE-programs are not decidable if we used another computational device or
language? That the results obtained in previous chapters do not depend on the choice
of WHILE is something we still have to show, and we will do this now in this chapter.
Naturally, we will have a look at a few more possible notions of computation: Turing
machines (Sect. 11.3), the flowchart language GOTO (Sect. 11.4), counter machines
(Sect. 11.6), register machines (Sect. 11.5), and cellular automata (Sect. 11.7). The
former four models are instances of machine languages, for which we generally
discuss a framework for semantics in Sect. 11.2.

In Sect. 11.8 we provide arguments that those languages are all equally powerful.
The claim that all reasonable formalisations of the (more or less) intuitive notion of
computation are equivalent is called Church-Turing thesis, which will be addresses
first in Sect. 11.1.
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11.1 The Thesis

The famous Church-Turing thesis appears in all kinds of variations and disguises. It
had been originally suggested by Turing and Church independently. They both had
introduced a notion of effective procedure, namely the Turing machine (then called
a-machine [26]) and the λ-calculus terms [5],1 respectively. And both claimed that
any form of computation can be described with their preferred choice.

In its original “Turing” form, the thesis thus states that:

A function is ‘effectively calculable’ (that is algorithmically computable or effectivelymech-
anisable) if, and only if, it is computable by a Turing machine.

To justify our choice of WHILE instead of the notoriously tedious to program Turing
machines, we would therefore need to show that WHILE is Turing-complete (see
Definition2.1), i.e. every Turing machine can be compiled into a WHILE -program.
A more liberal formulation of the thesis (also used by [15, pp. 8–9]) is the following:

Definition 11.1 All reasonable formalizations of the intuitive notion of effective
computability are equivalent.

This formulation “factors out” the concreteTuringmachinemodel and simply focuses
on the consequence that all models must be equivalent (as they are all equivalent to
Turing machines). Whatever version the reader might prefer, they are all describing
a thesis and not a theorem (and thus cannot be proved). The reason is that any version
refers to a vaguely defined notion of what a computational model is or what com-
putable means: the first version talks about “algorithmically computable”, the second
one uses “reasonable formalisation of the intuitive notion of effective computabil-
ity”. The mentioned notions of computation are not formally defined like Turing
machines are or the models we will discuss further below. The term “reasonable”
implicitly refers to the fact that the corresponding notion of computability must be
powerful enough to express Turing machines. So for instance, finite automata would
not count as reasonable notion of computation.

Turing experts like Andrew Hodges2 correctly emphasise that many of the theses
that these days come with the label “Church-Turing Thesis” are very free interpreta-
tions of it. These variations can be interpreted in very different ways, but we do not
want to go into that. The interested reader is kindly referred to Andrew Hodges’ [13]
and Jack Copeland’s [7] relevant entries in The Stanford Encyclopedia of Philosophy
or their respective blogs.

Althoughwe cannot prove a thesis, we shall now provide evidence for the Church-
Turing thesis, and there is plenty of it. In order to do that, we will introduce a few
more notions of computation very precisely and formally, and then argue precisely
(without formally proving anything) that they are equivalent:

1Church acknowledges in [5] Kleene’s contributions.
2Andrew Hodges (born 1949) is a British mathematician and author of the bestselling biography
“Alan Turing—The Enigma” [14] the original 1983 edition of which is the loose (unauthorised)
basis for the stage play “Breaking the Code” in 1986 and the movie “The Imitation Game” in 2014.

http://dx.doi.org/10.1007/978-3-319-27889-6_2
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• Turing machines TM (already briefly mentioned in Chap.2)
• Register machines RAM
• Counter machines CM
• a flow chart language GOTO
• an imperative language WHILE (already discussed at length in Chaps. 3–5)
• Cellular Automata CA

Another language mentioned earlier is the λ-calculus that Alonzo Church had used
for his definition of what computable means (namely computable by a λ-term) [5].
We won’t discuss the λ-calculus in this book, explaining its absence from the above
list.

We split the list above into two types of models: machine-based ones and others.
The machine-based ones include TM, GOTO, CM, RAM as they all have in common
that they use programs that consist of labelled instructions. The WHILE-language is
of a different nature, and different from all of them are cellular automata.

11.2 Semantic Framework for Machine-Like Models

Before we define syntax and semantics of the languages not encountered so far, we
first present a framework that can be instantiated to describe the semantics of all
machine like models.

A machine program p consists of a list of labelled instructions:

1 : I1; 2 : I2; . . . m−1 : Im−1; m : Im;

where the labels are natural numbers that in the above case range from 1 to m. The
instruction of a program pwith label � is often referred to as p(�). So in the program
above p(2) = I2.

The semantics ofmachine languages are easier to describe than those of high-level
programming languages like WHILE since an instruction of a machine language has
a small effect compared to a command of a high-level language, and there is no
complex control flow operation like a while loop. A machine language program
permits just jumps, which can be executed by simply changing the program counter.
Consequently, we can describe the semantics by a one-step operational semantics
for instructions.

Assuming we know the syntax of the machine language, i.e. the instruction set, all
we need to define the interpretation of programs, that is the semantics of the machine
language, are the following four ingredients:

• a definition of what a store is for the semantics of the language. The store, or
memory, will typically contain the values of variables or registers or anything that
is supposed to store data.

• a function Readin that takes the input and produces the initial store of the machine.
• a function Readout that takes the final store and reads out the result (output).

http://dx.doi.org/10.1007/978-3-319-27889-6_2
http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_5
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• the description of the semantics of the instructions for the machine (language)
written as p � s → s ′ which means that the machine program p transits from
configuration s into configuration s ′ in one step. In other words, it provokes a state
change from s to s ′. The machine instructions are simple and thus such a transition
can be described without defining a more complex relation as for the semantics of
commands in WHILE.

Based on the third item, the one-step operational semantics p � s → s ′, one
defines the many-step-semantics p � s →∗ s ′ which shall denote that machine
program p transits from state s into state s ′ in zero, one or many steps. A state is a
tuple consisting of the current instruction label to be executed next and the store (or
memory). So, a machine state is, e.g., (3, σ ) where σ is a concrete store for the type
of machine in question.

If we have those three ingredients we can define the semantics of a machine
program p as follows:

Definition 11.2 (General framework for machine model semantics) Let p be a
machine program with m instructions.

�p�(d) = e iff σ0 = Readin(d) and
p � (1, σ0) →∗ (m + 1, σ ) and
e = Readout(σ )

In other words σ0 describes the initial store and thus (1, σ0) the initial state of the
machine as execution starts with machine instruction 1. We have reached the final
state if the next instruction is beyond the last instruction of the program. As m is the
last instruction of our program p, we know that if we are at instruction m + 1 the
program has terminated. One then reads out the result from the final store σ using
Readout.

In the following section we will instantiate this framework by describing the
ingredients for the framework in each case: the syntax and then the four ingredients
for the semantic framework.

11.3 Turing Machines TM

As mentioned in the introduction, in 1936 Alan Turing published his seminal paper
[26] in which he defined so-called a-machines that were later named in his honour.
These machines perform the simplest kind of computation Turing could imagine.
He writes in [26]: The machine “…is only capable of a finite number of conditions
…which will be called configurations. The machine is supplied with a “tape” (the
analogue of paper) running through it, and divided into sections, (called “squares”)
each capable of bearing a “symbol”. At any moment there is just one square
…which is in the machine. We may call this square the “scanned square”. The
symbol on the scanned square may be called the “scanned symbol”. The “scanned
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Table 11.1 Syntax of TM Instruction Explanation

right j Move right

left j Move left

write j S Write S

if j S goto �1 else �2 Conditional jump (read)

symbol” is the only one of which the machine is, so to speak “directly aware””.
The machine performs an action, changing its configuration, depending on the con-
figuration it is currently in. We follow the ideas of Turing, splitting the several
tape movements and printing instructions that Turing allows to happen in one rule
into subsequent instructions. Each symbol dependent configuration change will still
be represented by a single particular jump instruction. Our presentation follows
[15, Chap.3] as this will simplify the time measurement later in the complexity part.

We instantiate the framework from Definition11.2 for Turing machines:

Syntax Instructions are described in Table11.1.
The j subscript indicates which tape the instruction is intended for.

Store The stores for a Turing machine are its tapes. For Turing machines we also
need to be aware of the head position on each tape which is indicated by an
underscore. So for k-tape machines the store is a k-tuple of the form

(L1S1R1,L2S2R2, . . . ,LkSkRk)

where the Li and Ri are strings of symbols of the tape alphabet and Si are the
currently scanned tape symbols belonging to the tape alphabet. The tape alphabet
contains a special blank symbol B that the tape is initialised with and that is never
considered part of the input or output and a finite number of other symbols. In
Turing’s original definition the only other symbols were 0 and 1. Allowing more
(finitely many) symbols does not change much.3

Readin
Readin(x) = (Bx,B,B, . . . ,B)

In other words, the input is stored on the first tape, the head is put left of the first
input character and all other tapes are initially blank.

Readout
Readout(L1S1R1,L2S2R2, . . . ,LkSkRk) = Prefix(R1)

wherePrefix(R1BR2) = R1 provided thatR1 does not contain any blank symbolsB.
In other words, the output is the word just right of the current head position on
tape 1 up to, and excluding, the first blank.

Semantics In Table11.2 below, the semantics for Turing machines with 1 tape is
presented (it is pretty obvious how to generalise that to k tapes). Note that p is

3This will be discussed in Exercise9.



128 11 The Church-Turing Thesis

Table 11.2 One-step operational semantics for TM

the program �1 : I1; . . . �m : I�m ;. The second and fourth line of Table11.2 deal
with the cases where one moves right over the right end of the tape, and left over
the left end of the tape, respectively. Since there should be no “end” of the tape
(the tape is supposed to be potentially infinite) we accordingly can never “fall off
the tape” in any direction. What happens is that we just write a blank symbol if
we go to a tape cell we have never visited before.

Example 11.1 Theone-tapeTuringmachine program inFig. 11.1 computes the func-
tion that takes as argument a word over alphabet {0,1} and returns 0 if the input
word contains an odd number of 1’s. It returns 1 if the input word contains an even
number of 1’s. For instance, if the input is 0101110, the output is 1 as the input
word contains an even number (namely 4) symbols 1. The instructions 1–5 of the
program are executed while an even number of 1 symbols (including zero) has been
detected, whereas instructions 6–9 are executed while an odd number of 1 symbols
has been detected. The jumps at instruction 3 and 9, respectively, allow movement
between these two program states. Finally, instructions 10–12 deal with writing the
result 1 and instructions 13–14with writing the result 0. The input has been already
deleted at the point of writing the result. These conceptual states of the program can

1: right;
2: if B goto 10 else 3; // B detected -> result = 1
3: if 0 goto 4 else 6;
4: write B; // 4: 0 detected
5: if 0 goto 1 else 1; // jump to 1
6: write B; // 6: 1 detected
7: right;
8: if B goto 13 else 9; // B detected -> result = 0
9: if 0 goto 6 else 4;

10: write 1;
11: left;
12: if 0 goto 15 else 15;// jump to end
13: write 0;
14: left;

margorpfodne//:51

Fig. 11.1 TM program checking input for even number of 1s



11.3 Turing Machines TM 129

even no. of 1’s odd no. of 1’s

result = 1 result = 0

END

3: goto 4

3: ...else 6
2: goto 10

9: goto 7

9: ...else 4

8: goto 13

15:12: goto 15

start

Fig. 11.2 Internal state automaton for TM program of Fig. 11.1

be visualised as a finite automaton in Fig. 11.2 which is much more readable than
the program itself. Of course, the representation is owed to the fact that the task can
actually be carried out by a finite state automaton. The reader is cordially reminded
that this is exactly the reason why we use WHILE as our programming language
of choice and not Turing machines as already pointed out in the Preface on p. xxx.
More complicated Turing machine programs are, naturally, even less readable.

11.4 GOTO-Language

Next, we discuss a so-called flow chart language originally introduced in [12] to
investigate partial evaluation. This language uses the same datatype as WHILE,
namely binary trees. The main difference is that it does not provide a complex
abstract control flow mechanism like a while loop but instead a jump, also known
as goto command, which lends the language its name. Such jumps are known from
machine languages but also the good old language BASIC (beginner’s all purpose
instruction code) [17] that was the only language shipped with the first basic desk
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Table 11.3 Syntax of GOTO Instruction Explanation

X := nil Assign nil

X := Y, Assign variable

X := hd Y Assign hd Y

X := tl Y, Assign tl Y

X := cons Y Z Assign cons Y Z

if X goto �1 else �2 Conditional jump

top computers in the early eighties.4 In GOTO we cannot build complex expressions
as we can do in WHILE. So all arguments to operators hd, tl, and cons, resp., are
variables.

Syntax In the following X, Y, and Z denote program variables. Instructions are as
described in Table11.3.

Store The store is exactly the same as for WHILE-programs: the store is a set of
bindings, i.e. pairs of GOTO variable names and elements of D. As before, we
write stores as list of pairs, e.g. {X : d, . . .Z : e} using the same conventions as
for WHILE-stores.

Readin The input and output variable are both fixed as X.

Readin(d) = {X : d}

In other words, the initial store maps the input variable to X, all other variables
of the program are initialised with nil. The latter is a consequence of how the
variable lookup, σ(X), is implemented.

Readout
Readout(σ ) = σ(X)

In other words, the result of the program is the value of variable X.
Semantics We give the one step semantics in Table11.4. Note that σ [X := d]

abbreviates the store that is the same as σ with the one exception that the value
for variable X is now set to be d. As before with other machines, we assume that
p is the program �1 : I1; . . . �m : I�m ;.

Example 11.2 The program that reverses a list known from Fig. 3.4 can also be
written as a GOTO program as outlined in Fig. 11.3. It is apparent that the WHILE-
program is more readable than the GOTO-program.

4The language was designed by John Kemeny and Thomas Kurtz in 1964 [8] and was one of the
first intended for interactive use.

http://dx.doi.org/10.1007/978-3-319-27889-6_3


11.5 Register Machines RAM and SRAM 131

Table 11.4 One-step operational semantics for GOTO

Fig. 11.3 GOTO-program to
reverse a list

1: if X goto 2 else 6;
2: Y := hd X;
3: R := cons Y R;
4: X := tl X;
5: if R goto 1 else 1;
6: X := R;

11.5 Register Machines RAM and SRAM

RAM actually stands traditionally for Random Access Memory, i.e. memory that can
be directly addressed (and one does not have to run through the storage sequentially
to find the data like e.g. on a Turing machine tape). However, we read it as Random
Access Machine. It is the machine type that comes closest to the actual CPUs in
modern computing devices. It was first introduced under the name URM (Unlimited
Register Machine) in [24] with a slightly different syntax (that rather resembles
assembly code) and two jump instructions, one unconditional and one conditional
that has no “else” part. There are numerous different variations of the RAM suggested
in the literature.

Since we deal with computability and do not want to restrict the memory used,5

we allow an unbounded number of registers which are indexed by natural numbers.
Moreover, each register contains a natural number of arbitrary size.6 So we have an
idealised register machine in the same way as we had idealised WHILE and GOTO
where variables can store arbitrarily large trees. Although our real-world gadgets
always have a finite number of registers that store numbers of a certain maximum
size, this is not a problem for our considerations of computability (without resource
bounds).Wewill consider computationswith resource bounds later in the complexity
part of the module.

It is interesting, however, that the machines we use daily have limited number
of registers with limited word size, and are thus actually finite state automata, but
of course enormously large and complex ones. About those we know they decide

5After all, we have not restricted the length of the tapes for Turing machines.
6We have not restricted the size of trees that can be stored in variables of WHILE-programs either.
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exactly the regular languages and are therefore not Turing-complete. This seems to be
a contradiction at first. One must consider, however, that we use idealised computing
models that allow us to abstract away from details. Note that for negative results this
idealisation is not a problem, because if something cannot be computed even with
an idealised machine it won’t be computable with a real, but limited, machine either.

As for most machine languages there are instructions to move data from one
register to another, there are conditional jumps depending on whether the value of a
register is 0 or not, and there are operations like increase or decrease of a register,
addition or multiplication of registers (storing the result in a third register). The
concept of indirect addressing is supported in assignments. Indirect addressing allows
a program to access an unbounded number of registers beyond the fixed number of
registers mentioned in the program explicitly. Moreover, those indirectly addressed
registers can depend on the input of the program. Indirect addressing provides much
flexibility at runtime. In particular, it allows the efficient implementation of arrays.

The successor RAM model, called SRAM, is like the RAM machine but does not
allow binary operations on registers.

Syntax In the following Xi denotes the i th register. Instructions are listed in
Table11.5.
The extra angle brackets in assignments indicate indirect addressing. The mean-
ing will be clear from the semantics below. Note that Xi := Xi-̇1 denotes the
decrement operation on natural numbers which stipulates that 0-̇1= 0. In order
to highlight this, one writes the dot on top of the minus symbol. Extra operations
of RAM not available in SRAM are the last two binary operations in Table11.5.

Store Since registers store natural numbers and are indexed by natural numbers,
a store maps register (indices) to their values. Thus a store actually maps natural
numbers to natural numbers and therefore is a function of type N → N where N
denotes the type of natural numbers.

Table 11.5 Syntax of SRAM and RAM

Instruction Explanation

Xi := 0 Reset register value

Xi := Xi+1 Increment register value

Xi := Xi-̇1 Decrement register value

Xi := Xj Move register value

Xi := <Xj> Move content of register addressed by Xj

<Xi> := Xj Move into register addressed by Xi

if Xi=0 goto �1 else �2 Conditional jump

Available only in RAM

Xi := Xj + Xk Addition of register values

Xi := Xj * Xk Multiplication of register values
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Table 11.6 One-step operational semantics for SRAM and RAM

Readin The input and output variable are both fixed as register 0.
Readin(n) is the function that maps 0 to n and all other numbers to 0. In other
words, the initial store moves n into the register 0, all other registers contain
initially 0.

Readout
Readout(σ ) = σ(0)

The result of the program is the value of register 0.
Semantics We give the one-step semantics in Table11.6. Note that σ [i := n]

abbreviates the store that is the same as σ with the one exception that the value
for register i is now set to be number n. As before with other machines, we
assume that p is the program �1 : I1; . . . �m : I�m ;. The indirect addressing for
Xj in Xi:=<Xj> is semantically expressed by the “double feature” of looking
up a register value: σ(σ( j)): the value found in register j , σ( j), is used itself as
register name/number and then the value of this register, σ(σ( j)), is used. The
indirection refers to this fact that the value is not directly taken from register j , but
from the register addressed by the value in register j . An analogous indirection
happens in the semantics of <Xi>:=Xj when the indirect address is used for the
register into which the value from Xj is moved. This feature is most important to
implement pointer arrays.

Example 11.3 The RAM program in Fig. 11.4 computes the factorial function.

Fig. 11.4 RAM program
computing the factorial
function

1: X1 := 1;
2: if X0=0 goto 6 else 3;
3: X1 := X1 * X0;
4: X0 := X0 -̇ 1;
5: if X2=0 goto 2 else 2;
6: X0 := X1;
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11.6 Counter Machines CM

Counter machines are much simpler than register machines. Since the registers for
such machines only permit increment and decrement operations and a test for 0, and
not any arbitrary register transfer or even more complicated binary operations, the
registers for such machines are called counters.

Counter machines that only use two counters are called “two counter machines”,
and the class of such machines is abbreviated 2CM. On closer inspection, the counter
machine model is actually a subset of the SRAMmodel where operations on registers
are extremely limited. Therefore the remainder of this definition should read familiar:

Syntax In the following Xi denotes the i th counter. Instructions are listed in
Table11.7.

Store Like for register machines, a store is a function of type N → N where N

denotes the type of natural numbers.
Readin The input (and output) counter is fixed as counter 0.

Readin(n) is the function that maps 0 to n and all other numbers to 0. In other
words, the initial storemoves n into counter 0, all other counters contain initially 0.

Readout Readout(σ ) = σ(0).
The result of the program is the value of counter 0.

Semantics

We give the one step semantics in Table11.8. As before, σ [i := n] abbreviates the
store that is the same as σ with the one exception that the value for counter i is now
set to be number n and we assume that p is the program �1 : I1; . . . �m : I�m ;.
Example 11.4 The program outline in Fig. 11.5 computed the remainder of integer
division by 2, also known as the “modulo 2” function. More precisely, it returns 1 if
the input is an even number and 0 if the input is an odd number.

Table 11.7 Syntax of CM

Instruction Explanation

Xi := Xi+1 Increment register value

Xi := Xi-̇1 Decrement register value

if Xi=0 goto � else �′ Conditional jump

Table 11.8 One-step operational semantics of CM
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Fig. 11.5 CM program
computing “mod 2”

1: if X0=0 goto 6 else 2;
2: X0 := X0 -̇ 1;
3: if X0=0 goto 7 else 4;
4: X0 := X0 -̇ 1;
5: if X0=0 goto 6 else 2;
6: X0 := X0 + 1;

11.7 Cellular Automata

The fascination of (two-dimensional) cellular automata has gripped students since
John Horton Conway7 devised Game of Life [18] (often simply called Life) in 1970.
It shot to immediate fame through publication and promotion in the “Mathematical
Games” section of Scientific American [9, 10].

The original concept of cellular automata is usually associated with the mathe-
matician and computing pioneer John von Neumann8 [27].

The classic version of Life consists of an infinite two-dimensional orthogonal grid
of square cells, each of which can be in one of two possible states: alive or dead. Each
cell interacts with its eight neighbour cells. At each tick of the clock, the following
transitions happen:

1. Any live cell with fewer than two live neighbours dies (under-population).
2. Any live cell with two or three live neighbours lives on to the next generation

(survival).
3. Any live cell with more than three live neighbours dies (overcrowding).
4. Any dead cell with exactly three live neighbours becomes a live cell (reproduc-

tion).

The game starts with a seed of live cells at time tick zero, describing the 0th gener-
ation, i.e. which cells in the two-dimensional grid are initially alive and which are
dead. It is important that the rules above are applied to all cells simultaneously at
each time tick.

Apparently, the syntax (and semantics) of cellular automata is very different from
the notions of computation we have seen so far. This makes it also quite difficult to
programa specific desired behaviour and restricts applicability.Nevertheless, cellular
automata are fascinating the reason being twofold. First of all, it is astounding that
complex behaviour emerges from very simple rules. Secondly, computation rules of
cellular automata are local and decentralised. There is no central control like in any
of our other notions of computation where the semantics always allowed the program

7Born 26 December 1937, John Conway is a British mathematician working in the area of finite
groups, number theory, combinatorial game theory and others. He is a Fellow of the Royal Society
and professor in Applied and Computational Mathematics at Princeton University.
8John von Neumann (December 28, 1903–February 8, 1957) was a Hungarian-born American
scientist famous for contributions to various fields, e.g. mathematics, game theory, statistics, and of
course computing that all had significant impact. The single-processor, stored-program computer
architecture is, for instance, now known as von Neumann machine (or architecture).
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to access the entire memory of a store or tape.9 In cellular automata, rules act locally
on neighbourhoods of cells.

In a short interview on Youtube,10 Conway explains the rules of the “game” and
points out universality. He also points out that Game of Life owed its name to the
desire to simulate some basic features of “real life of basic organisms”. More aspects
of Game of Life are covered in [1], while [16, 20] can provide an overview of the
subjectmore generally, and [21] provides some insights into two-dimensional cellular
automata.

Applications of cellular automata can be found in simulations of dynamical sys-
tems in physics (e.g. flow systems, gas behaviour, growth of crystals or snow flakes),
natural systems (like expansion of forest fires) as well as image processing (for
instance to express blurring). Cellular automata can also be used to produce natural
(self-similar) patterns for computer generated art (images and music). In [19], for
instance, it is discussed how a cellular automaton can generate natural looking cave
systems that can be used as levels of a computer game.

Game of Life is just one particular instance of a (two-dimensional) cellular automa-
ton.One can, of course, imagine a different rule for cells to develop and one could also
imagine one-dimensional grids and more than just two states for each cell. In order
to be able to talk about those generalisations, we provide now a generic semantics
for cellular automata.

Definition 11.3 A cell lattice is a (possibly infinite) set of cells C together with a
binary operation + that encodes “walks across the cell lattice” or linear transforma-
tions of a cell.

Definition 11.4 The neighbourhood template for a cell lattice C is a sequence of
cells in C that describe the relative walks from any cell to its neighbouring cells, i.e.
the cells that are considered adjacent. If T = 〈c1, c2, . . . , cn〉 is the neighbourhood
template, the concrete neighbouring cells for c ∈ C can then be computed by c +
c1, c + c2, …, c + cn where + is the binary operator provided by the cell lattice.
The size of a neighbourhood is determined by the length of the template T .

Example 11.5 For a two-dimensional discrete coordinate system C = N × N, the
so-called nearest neighbours neighbourhood (also called Moore11 neighbourhood)
has the following template

TMoore =
〈

(−1, 1), (0, 1), (1, 1),
(−1, 0), (0, 0), (0, 1),
(−1,−1), (0,−1), (−1,−1)

〉

and the concrete neighbours of cell (m, n), i.e. (m, n)+TMoore, are displayed accord-
ingly in Fig. 11.6.

9Thus, cellular automata are often referred to as “non-standard computation”.
10http://www.youtube.com/watch?v=E8kUJL04ELA.
11Edward Forrest Moore (November 23, 1925–June 14, 2003) was an American professor of math-
ematics and computer science, who among other things defined the Moore finite state machine.

http://www.youtube.com/watch?v=E8kUJL04ELA
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Fig. 11.6 Moore
neighbourhood of (n, m)

(m,n)

(m,n+1)

(m,n-1)

(m-1,n+1)

(m-1,n-1)

(m+1,n+1)

(m+1,n-1)

(m-1,n) (m+1,n)

Fig. 11.7 Nearest
neighbourhood of (m) (m) (m+1)(m-1)

For a one-dimensional coordinate system C = N, “nearest neighbours” has the
following template

Tnearest = 〈−1, 0, 1〉

and the concrete neighbours of cell m, i.e. (m) + Tnearest, are displayed accordingly
in Fig. 11.7.

We use only one neighbourhood template for each automaton, in which case
neighbourhoods are called uniform. This could be further relaxed to get even more
general definitions of cellular automata. For uniform neighbourhoods it makes sense
to talk about their size:

Example 11.6 Let us consider the size of neighbourhoods described in
Example 11.5. For the Moore neighbourhood we easily see that |TMoore| = 9. For
the one-dimensional nearest neighbourhood we immediately see that |Tnearest| = 3.

Definition 11.5 A cellular automaton is a tuple (C, T,Σ, u) where:

• (C,+) is the (unbounded)12 lattice of cells,
• T is the neighbourhood template of size n,
• Σ is the finite set of states a cell can assume with a distinguished state, called the

quiescent state 0 (denoting a ‘blank cell’), and
• u : Σn → Σ is the local rule, i.e. the update function that describes how to
compute the new state of a cell c from values for all cells of the neighbourhood of
c. There is one condition on u, namely that it maps n quiescent states to a quiescent
state.13

12This is in analogy with unbounded size of Turing machine tapes.
13So nothing can be created out of thin air, i.e. in an entirely “dead” neighbourhood.
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Definition 11.6 Given a cellular automaton Δ = (C, T,Σ, u) with T =
〈c1, c2, . . . cn〉, its global map is the transition map from one configuration to the
next which has type (C → Σ) → (C → Σ) and is defined as follows:

(FΔ ν)(c) = u 〈ν(c + c1), ν(c + c2), . . . , ν(c + cn)〉

It describes the new state of each cell depending on the states of its neighbours (and
only its neighbours!). An initial configuration ν0 for Δ is a configuration C → Σ

for which only finitely many cells c ∈ C are initially not quiescent, i.e. ν0(c) 	= 0
for finitely many c only.14

The semantics of Δ is a map �Δ�CA : (C → Σ) → N → (C → Σ) that takes an
initial configuration ν0 of type C → Σ , called the seed of Δ, and a number of time
ticks i ∈ N, and returns the result configuration of the cellular automaton if run in
the initial configuration for i time ticks. It is formally defined as follows:

(�Δ�CA ν0)(i) =
{

ν0 if i = 0
FΔ((�Δ�CA ν0)(i − 1)) otherwise

A cellular automaton has no natural notion of termination. One can apply the global
map as many times as one wishes. In case of oscillators (see Fig. 11.8d) one will
then just oscillate between several certain configurations. But it can also be that
(�Δ�CA ν0)(k) = (�Δ�CA ν0)(k +1) for a certain k ∈ N in which case the configura-
tion became a still that does not change any further and onemight say that the compu-
tation “stabilizes”.15 In order to compare cellular automatawith other notions of com-
putations, one stipulates that one of the statesΣ be a distinguishedaccepting state. An
input is then supposed to be accepted, i.e. it is supposed to be in the set that is to be
(semi-)decided once the accepting state has fired in a predefined cell cresult . The
accepting state must be persistent in the sense that u will leave an accepting state
alone.

11.7.1 2D: Game of Life

The cellular automaton Game of Life discussed above can now be instantiated from
the general definition as follows.

14This corresponds to the definition of the initial state for a Turing machine where only a finite
part is not blank (the input word). This condition could be dropped but then we would have to
consider also Turing machine computation with infinite non-empty initial tape or Turing machines
with oracles which is not covered in this book.
15The concept of “stabilizing computation” is also important for Chemical Reaction Networks in
Sect. 22.4.

http://dx.doi.org/10.1007/978-3-319-27889-6_22
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time i i+1
(a) (b)

(c) (d)

(e) (f)

time i i+1

time i i+1 i+2 i+3 time i i+1 i+2 i+3

time i i+1 i+2 i+3 i+4

Fig. 11.8 Game of life patterns. a Static pattern ‘block’. b Static pattern ‘boat’. c Stages of col-
lapsing ‘V’. d Oscillating stages of the ‘blinker’. e Diagonal movement of the ‘glider’ in 4 stages.
f ‘Gosling’s glider gun’

Definition 11.7 (Game of Life) Game of Life is a specific instance of a two-
dimensional cellular automaton (C, T,Σ, u) with (C,+) = (N × N, (m, n) +
(l, k) = (m+n, l +k)), cell statesΣ = {0, 1}, Moore neighbourhood T as described
in Example 11.5, Fig. 11.6, and local rule u defined as follows:

u

〈 v(−1,1), v(0,1), v(1,1)

v(−1,0), v(0,0), v(0,1)

v(−1,−1), v(0,−1), v(−1,−1)

〉

=

⎧

⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎩

1 if
∑

i, j∈{−1,0,1} v(i, j) = 3
or
∑

i, j∈{−1,0,1}:(i, j)	=(0,0) v(i, j) = 3
and v(0,0) = 1

0 otherwise

Despite the simplicity of the above rules for Game of Life, some complex behav-
iour may evolve (in the shape of patterns). A few simple patterns are depicted in
Fig. 11.8: There are oscillators like “blinker” (see Fig. 11.8d), which changes in
intervals of even and odd time ticks,16 or stills like “block” (see Fig. 11.8a) and
“boat” (see Fig. 11.8b) which do not change at all over time, unless their local neigh-
bourhood changes. Some configurations disappear over time like the “collapsing
V” (see Fig. 11.8c) which disappears after three ticks (again if there is no stimulus
coming from the outside).

Probably the most fascinating features of Life are the moving patterns, also called
“spaceships”. An example is the “glider” in Fig. 11.8e, thatmoves one cell diagonally
after four time ticks. Even more amazingly and famously, there exist patterns that
create such gliders in regular intervals: the “Gosper Glider Gun” (see Fig. 11.8f) that
“shoots” gliders (a form of “spaceships”, see Fig. 11.8e) in regular intervals every 30

16Other patterns may need a longer interval to repeat their original state.
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time ticks.17 It was discovered by Bill Gosper18 as an answer to Conway’s question
whether the black (alive) cells set of a Life configuration can grow without limit.

There is an ongoing discussion whether cellular automata are more suitable to
explain computational phenomena in nature than more traditional notions of com-
putations, but this discussion is beyond the scope of this book.

11.7.2 1D: Rule 110

At first glance, a one-dimensional cellular automatonmay seems a prettyweakmodel
of computation. But this is wrong. On the contrary, one-dimensional automata are
very flexible and how expressive they are will be discussed in Sect. 11.8. Stephen
Wolfram19 is renowned for his systematic analysis of one-dimensional automata and
developed a classification for one-dimensional cellular automata with Σ = {0, 1}
and T = Tnearest, called elementary cellular automata [29].

Definition 11.8 (Rule 110) The cellular automaton Rule 110 is a specific instance of
a one-dimensional cellular automaton (C, T,Σ, u) with (C,+) = (N, (m) + (n) =
(m + n)), cell states Σ = {0, 1}, nearest neighbourhood template T as described in
Fig. 11.7, and local rule u defined as follows:

u 〈v−1, v0, v1〉 =
{

1 if 〈v−1, v0, v1〉 ∈ {〈1, 1, 0〉, 〈1, 0, 1〉, 〈0, 1, 1〉, 〈0, 1, 0〉, 〈0, 0, 1〉}
0 otherwise

}

For the purpose of investigating their computational powers, we distinguish dif-
ferent classes of cellular automata:

Definition 11.9 The class of all cellular automaton as defined in Definition11.5 is
denoted CA. The class of all cellular automata with C = N × N, of which Game
of Life is an example setting T = TMoore and Σ = {0, 1}, is denoted CA2. The
class of all cellular automata with C = N, of which Rule 110 is an example setting
T = Tnearest and Σ = {0, 1}, is denoted CA1.

17An excellent and efficient simulator for Life is “Golly” available for all (including mobile) plat-
forms, see [11].
18Ralph William Gosper (born 1943) is an American mathematician and programmer famous for
his puzzles and among other things his discoveries of moving oscillators in Life.
19Stephen Wolfram (born 29 August 1959) is a British physicist, computer scientist and entrepre-
neur, most famous for being the chief designer of Mathematica published by Wolfram Research
whose CEO he is as well.
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11.8 Robustness of Computability

We show that the formally defined models of computation introduced above are all
equivalent w.r.t what can be computed in them.20 In other words, we give evidence
for the Church-Turing thesis. How do we do that?Well, we must show that whenever
we can decide a problem with a program (machine) of one kind we can also do it
with a program (machine) of the second kind. In other words, we need to be able to
translate programs between the languages, preserving the semantics of the program
in question. But, hang on a second, this is exactly what we said a compiler does (in
Chap.6 about Programs as data).

11.8.1 The Crucial Role of Compilers

A compiler is, in a way, a constructive proof, that the target language of the compiler
simulates the source language.21 For every program in the source language there is
a program in the target language with the same semantics (the same input/output
behaviour).

The set of compilers from (language) S to (language) T—where S-data = T-data,
that is source and target language use the same datatype22— written in (language)
L is the set of L-programs that for all S-programs p as input produce program
�comp�L (p) which is a T-program that when run on any input d behaves like the
original programp.More formally,we candefine the set of such compilers as follows:

{

comp ∈ L-program
∣

∣

∣ ∀p∈S-program,∀d∈S-data. �p�S (d) = �
�comp�L (p)

�T
(d)

}

Observe thatwe feed d to both, the originalS-programp, and the compiled T program
�comp�L (p). This is why we require that S-data = T-data so that d can be in both.
It simply has to be if we don’t compile the data-types as well.

Compilers can be composed. If we have a compiler comp1 from language L1 to
language L2 written in S and a compiler comp2 from L2 to language L3 written in
L2 we get a compiler comp3 from L1 to language L3 written in S (see Exercise4).
The fact that we can compose compilers is very important for what follows below.

20Issues of how long it takes are covered in the next part of the book about complexity. Other issues,
for instance, how easy or convenient it is to program in those languages are not systematically
studied here.
21Or, seen from the other direction, that the source language can be simulated by the target language.
22Without any problem one can generalise this by also encoding the data type of the source language
in the data type of the target language. However, this significantly complicates the presentation, so
we leave this out. More can be found in [15].

http://dx.doi.org/10.1007/978-3-319-27889-6_6
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Fig. 11.9 Compilation Diagram: evidence for Church-Turing thesis

11.8.2 Equivalence of Models

To give some evidence for the Church-Turing thesis, we need to show that all the
introduced notions of computation are equivalent. As we just have seen, it is enough
to argue that we can compile each language into each other. Since we do not want to
need to write 10 × 10 compilers (since we have 10 computational models on show)
and since we know that we can compose compilers, we rather sometimes use circular
compilation. For instance, we can show that we can compile CM to SRAM to RAM to
TM to GOTO to CM. Since we can compose compilers, we thus can compile CM to
GOTO and also GOTO to CM.

The diagram inFig. 11.9 gives an overview regarding the compilers needed.Where
we use L ⊂ L’ this indicates that the language L is already a subset of L’ and thus
actually no compilation is needed.23

Belowwe give short explanations of the compilation processes involved. Formore
information consult [15, Chap. 8] or the exercises of this chapter.

23In other words, the compilation is the identity function.
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• WHILE → WH1LE (one variable as list of variables)
The idea of this compiler has been mentioned earlier. We store all values for the
variables of the source program in a list that is stored in the one allowed variable of
the target program. One has to produce extra code that accesses the right element
in the list but this is clearly possible.

• WHILE → GOTO
The main issues is to compile away complex tree expressions as they can appear
in WHILE and the while loop itself. The while loop can clearly be compiled into a
conditional jump (this is a classic compiler exercise). Complex expressions need to
be split into several individual commands that manipulate only variables (as pro-
vided by GOTO). For instance, X:=cons hd nil tl X will be compiled into
Z:=nil; Y:=hd Z; U:=tl X; X:=cons Y U. Any (potentially nested)
while loop can be compiled away using several jumps.

• GOTO → WHILE (translation of flowcharts according to Böhm-Jacopini [3])
The idea is that we explicitly model the program counter (as seen in the semantics
of GOTO) which is stored in a variable. The WHILE-program then only needs
one loop that checks whether the current program (instruction) counter is still
within the program. If it is, execute the instruction with the corresponding label.
Instructions change the program counter and this is how jumps can be executed.
All other GOTO instructions are actually also WHILE-instructions.

• TM → GOTO (tape as two lists)
As Turing machines use words over a tape alphabet this requires a change of data
representation. But a tape symbols can be easily encoded inD andwords are simply
lists of such encoded symbols. The tape of the machine is represented as two lists.
The first element of the second list is the currently scanned symbol on the tape.
The first list is considered to contain the symbols left of the head in reverse order
of direction. The first element of that list is the content of the cell left to the head,
the second element the content of the cell left of the cell left to the head and so on.
Clearly, each instruction of a Turing machine can then be easily simulated by one
or several GOTO instructions.

• GOTO → CM (tupling functions)
The main idea here is to encode each GOTO variable by a CM counter. This requires
a change of data representation, as GOTO uses datatype D whereas CM works with
natural numbers N. To this end, one defines a coding function c : D → N as
follows:

c(nil) = 0 c〈d1.d2 〉 = 1 + 2c(d1) × 3c(d2)

This encoding is appropriate since for each code there is clearly at most one tree
with this encoding (thanks to the use of prime numbers 2 and 3).
One can simulate GOTO instructions by several CM instructions that use the above
encoding. One also needs to show that operations on numbers like

m(x) = max{ y | there is a z such that x = cy × z }
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are CM computable. This is necessary to encode the tree operations (using c = 2
and c = 3).

• RAM → TM (registers as (address, content) on two tapes)
The idea here is relatively simple: each register is encoded as a pair of two numbers:
its address and its content. These pairs of numbers are then stored on the Turing
machine tape. Numbers are written on the tape in binary representation. It is best to
use 4 tapes for the simulation. One tape for the addresses, one tape for the contents,
one tape as “accumulator”, and one tape for intermediate results (scratch). But one
can in principle do the same with one tape.

• CM → 2CM (pairing)
The idea is to use one of the two counters to store the values of all the counters of
the original CM program. We use prime numbers to encode their different values
in one (see also GOTO→ CM). So if the original program has counters X0, X1,…,
Xk and at any given point in the execution they have values x0,x1, . . . ,xk,
respectively, then the first of the two counters of the 2CM program, let’s call it Y,
will contain the following:

Y = 2x0 × 3x1 × · · · × hxk

where h is the (k+1)th prime number. Now any instruction of the original program
can be compiled into one or several of the new 2CM machine. Of course initially
the input d must be encoded as

Readin(d) = {Y : 2d × 30 × 50 · · · × h0,X : 0} = {Y : 2d ,X : 0}

and before the program returns, the result must be computed from the two counters
as follows:

Readout(σ ) = x if σ(Y) = 2x × c

• TM → CA2
This has been done already by van Neumann and others [27] but a more efficient
translation has been suggested by [25]. One can, however, go further and may
wonder whether the single particular two-dimensional CA2 Game Of Life can
compute the same as any Turing Machine can. The latter requires the TM to be
encoded in the seed of this particular CA2, proving the universality of the cel-
lular automaton which is much harder than compiling a given TM into any CA2.
Already in 1974,Wainwright observed that there are “Life patterns that can imitate
computers.” [28] He showed how to control the spatial location of gliders such
that glider streams can be used as signals, how to duplicate them, and how to
implement logical gates24 for those signals. In 1982, Elwyn R Berlekamp, John

24OR, AND, and NOT gates.
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H Conway, and Richard K Guy proved that Game of Life is Turing-complete, i.e.
one can simulate Turing machines [2].
Much later a concrete universal register machine (slightly different variant of the
RAM we used) was implemented in Life by Paul Chapman in 2002 [4]. Moreover,
a fully universal Turing machine was created25 by Paul Rendell [22, 23]. Since the
rules of the game are fixed, in order to create registermachines or Turingmachines,
one has to find the right seed pattern which is extremely complex. To obtain and
manage such complex behaviour, one uses several layers of abstractions, by first
implementing logic gates, registers etc. Needless to say, those constructions are
very involved creations, their execution is extremely slow. Chapman, for instance,
writes about his register machine: “Version 0 of the URM is large (268,096 live
cells in an area of 4,558 ×21,469)” [4]. Rendell reports that running the universal
Turing machine for a TM with 6 instructions and two symbols that doubles string
“101010” (with result “101010101010”) needed 116 million life generations to
complete [22]. Therefore, the universal machines in Life discussed above are not
usable to compute any reasonable register machine or Turing machine program,
respectively.

• CA → TM
This direction is relatively straightforward, if tedious, as one “simply” has to
implement the semantics for the cellular automaton. One can use the tape of the
TM to simulate the cell space of the cellular automaton. Of course, all local updates
have to be simulated sequentially on the TM, which is not at all efficient. It is also
important that the initial configuration (seed) is finite.

• TM → CA1
It turns out that even the one-dimensional version of a cellular automaton intro-
duced is sufficient to simulateTMs as shown in [25],which actually presents several
constructions using different sizes of neighbourhoods and sate set Σ . Like in the
two-dimensional case, one might wonder whether even a single elementary (and
thus extremely simple) cellular automaton is expressive enough to simulate any
TM. It turns out that the cellular automaton defined in Definition11.8 can simulate
any Turing machine as shown in [6] (and already suspected in [29]). It is worth
pointing out though that there is some “magic” involved in the sense that the initial
configuration in this case is not finite. The simulated TM and its input tape need
to be encoded as three repeated patterns interwoven with a repeated (unbounded)
background pattern.

What Next?

In this chapter we have seen various different notions of computation other than
WHILE, and we have seen that they are all equivalent in terms of what one can com-
pute with them. Earlier, we have covered some fundamental topics in computability
to answer questions of the kind: “is a certain problem computable/decidable?” and
have found various problems that are undecidable. In the next part of the bookwe only

25See also: http://www.youtube.com/watch?v=My8AsV7bA94.

http://www.youtube.com/watch?v=My8AsV7bA94
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deal with decidable problems but ask new questions of the sort: “is there enough time
to solve this problem?” This will lead to quite deep questions about what is feasibly
computable by any means of computation.

Exercises

1. For machine-like languages (computation models) L (where L is either RAM,
SRAM, CM, GOTO, TM) we defined a “framework” to describe the computation
model in question and its semantics. Each L-program p is a labelled sequence
of instructions. To define the semantics formally, we need a definition of L-store
(that contains values during computation), of input and output functions Readin
and Readout, and of the one-step transition relation of the operational semantics
p � s → s ′ where p is an L-program and s, s ′ are L-states i.e. pairs of the form
(�, σ ) where � is a label and σ ∈ L-store.

a. What is the exact type of the functions Readin and Readout, respectively?
b. Given a L-program p and input d, when is �p�L (d) = e?
c. Why is the WHILE-language not an instance of this framework?

2. Show that predecessor can already be computed in RAM even if there were no
command Xi := Xi-̇1.

3. Write the program even in GOTO that takes as input a (unary encoding of a)
natural number and returns the (encoding of) true if the number is even and false
if the number is odd.

4. Assume we have a compiler comp1 from language L1 to language L2 given
as WHILE-program and a compiler comp2 from L2 to language L3 given as
WHILE-program.Write a WHILE-program comp3 (use extended language) that
implements a compiler from L1 to L3.

5. Explain inmore detail than sketched in Sect. 11.8.2 how to compile from WHILE
to GOTO.

6. Explain in more detail than sketched in Sect. 11.8.2 how to compile from GOTO
to WHILE.

7. In the diagram of equivalences in Fig. 11.9 there is a compiling function f
specified as follows:
f : GOTO-programs → CM-programs
such that for all p ∈ GOTO-programs and d ∈ GOTO-data

�p�GOTO (d) = � f (p)�CM (c(d))

where c is the necessary compilation for data values.

a. Explain what the type of the function c must be, i.e. what does it map into
what?

b. Explain (informally at least) how you would define such a map.
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c. Sketch how the compilation function f works. The best way to do this is to
explain how the various GOTO instructions can be compiled into (sequences
of) CM-instructions such that the semantics of the original program is pre-
served.

8. Show that a Turing machine with m tapes cannot compute more functions than
a Turing machine with one tape.

9. Show that a (one tape) Turing machine with an alphabet of size n + 1 (including
the special blank symbol) can be compiled into an equivalent (one tape) Turing
machine with 3 symbols (including the special blank symbol).

10. Convince yourself that the Gosling Glider Gun actually produces gliders by
using a Life simulator like e.g. [11].

11. Compute the behaviour of the following pattern by using the local rule u of
Game of Life:
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Part II
Complexity

“I argue that computational complexity theory—the field that studies the resources
(such as time, space, and randomness) needed to solve computational problems—
leads to new perspectives on the nature of mathematical knowledge, . . . the founda-
tions of quantum mechanics, . . . and several other topics of philosophical interest.”

Scott Aaronson,

“Why Philosophers Should Care About Computational Complexity” in Copeland,
B.J., Posy, C.J. and Shagrir, O.: Computability: Gödel, Turing, Church, and beyond,
MIT Press, 2012



Chapter 12
Measuring Time Usage

How do we measure runtime of programs? How do we measure
runtime of WHILE-programs independently of any assumptions
on the hardware they run on?

In the second part of this book we investigate the limits of computing regarding
runtime. What problems take too long to solve? From a practitioner’s point of view
this very much depends on the hardware in use, the compiler and its ability to opti-
mise code, and most importantly maybe the programmer’s skill to code efficiently.
Of course, this is not what we want to capture. We are interested in the inherent
limitations of problems regarding their feasibility. A problem is feasible if it can be
computed in a “reasonable” (practically acceptable) amount of time. This is vague,
and we will have to make this more precise in the following chapters. Instead of
measuring real time we will introduce some abstract notion of time.

The field of Computational Complexity probably started with the seminal paper
by Hartmanis1 and Stearns2 [2] who also introduced this term.3

There is another parameter that program runtime depends on that we have not
mentioned already above, namely the size of the input. Even complex tasks can be
solved quickly by a program if the data to be considered is small. For instance, a
small array can be quickly sorted or searched, whatever inefficient algorithm one
uses to do so. We will therefore be looking at asymptotic time complexity which
measures how the runtime of a program increases when the input increases. Such
a relationship can be neatly expressed by a function that maps the size of input to
the abstract cost of runtime. Size and runtime will be measured in terms of natural
numbers. For instance for WHILE, the input is always a binary tree, and its size can
be measured by the function size we introduced in Definition3.2.

1Juris Hartmanis was born July 5, 1928 in Latvia and was a professor at Cornell University.
2Richard Edwin Stearns was born July 5, 1936 and was a professor at University at Albany (State
University of New York).
3They both received the 1993 ACM Turing Award “in recognition of their seminal paper which
established the foundations for the field of computational complexity theory”.
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But we want to measure time usage not only for for WHILE-programs but also
for the other models of computation we have discussed in Chap.11. Regarding the
size of input, for GOTO that uses trees we can use function size again, whereas for
RAM SRAM, CM and 2CM the data types used are the natural numbers. If we take the
unit representation of a number as measure then the size of a number n is clearly
just n. However, we can also take the binary representation of a number (as modern
computers do), but then the size of n is just 1 + log2 n, where log2 denotes the
(integer) binary logarithm of n. Consider the binary representation of 15 = 23 +
22 + 21 + 20 which is 1111. Then 4 = 1 + log2 15. There is an exponential gap in
size between a number and its logarithm, and so it is much harder to provide good
asymptotic runtime when taking binary representation as input which is, however,
standard.Wewill therefore have to consider the data representation of the input when
determining runtime complexity of algorithms.

Finally for TM, we note that the input of a Turing machine is a word w written on
the input tape. One can easily measure the size of w as its length. When w encodes
a number, again it is important whether the number is represented unary or binary.

In Sect. 12.1 the various notions of time measure for our machine models of
computation are defined, whereas Sect. 12.2 defines a measure for WHILE. One can
then compare such timed programming languages (Sect. 12.3) to see howcompilation
affects runtime.

12.1 Unit-Cost Time Measure

For imperative languages (and machine models) with labelled instructions (which is
all our models besides WHILE) we can use the following measure, called unit-cost
time measure, which counts each instruction as a “unit” of time, thus not distinguish-
ing between any differences in time the various instructions may need to execute.
The cost of the computation is then the sum of the costs of the instructions executed.

Definition 12.1 (Unit-cost measure) For an imperative language L, the function
timeL : L-program → L-data → N⊥ is defined a follows: For any p ∈ L-program,
and d ∈ L-data we define:

timeLp(d) =
{

t + 1 if p � s1 → s2 · · · → st where s1 = Readin(d) and st terminal
⊥ otherwise

With any completed program execution we thus associate as runtime the number of
transition steps the program with the given input takes according to the program’s
semantics. It should be pointed out that reading the input takes one step implicitly,
as the first state is indexed by 1 and so after one step we’re in state 2 and so on.
Therefore, the cost for a program executing one instruction is actually 3.

It is important that the time a program takes for execution obviously depends
on the input. For different inputs it can (and very often will) take different time to

http://dx.doi.org/10.1007/978-3-319-27889-6_11
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execute the program. Since the time depends on the input, the running time measure
is a function from L-data to natural numbers. It is a partial function since the program
may not terminate on some input.

For cellular automata CA, the time-unitmeasure is already built into the semantics,
so to speak. Remember that for a CA Δ, its semantics �Δ�CA requires an initial seed
configuration as well as a natural number that describes the time ticks to iterate the
globalmap on the initial seed. This number argument naturally acts as a timemeasure.
In the case where cellular automata are used to decide membership or compute a
function (this happens in particular when comparing cellular automata with other
notions of computation, see Chap. 14) one may identify certain configurations as
“accepting” ones and thus measure howmany times the global map has to be applied
to get to such an accepting configuration.

Fairness of Time Measures

Is the unit-cost measure always appropriate? It is worth pointing out again that
the unit-cost measure treats all instructions the same way, discounting what those
instructions actually achieve. If those instructions “did a huge amount of work” in
terms of the size of the input then the measure would be questionable.

If we consider Turing machines TM, we know (as Turing explained himself in his
seminal paper) that each instruction can only do very little: move left, right, write one
symbol on the tape or jump depending on the symbol read. So for TM the unit-cost
measure is fine. For GOTO we have to consider that we can only move data values
around in variables as we cannot have proper expressions in assignments. Instead we
need to use assignments of the form X:=cons Y Z or X:=hd Y. Those cannot
contribute much to the size of a tree. The cons case, for instance, uses two trees
already constructed (so the time for their construction should be already accounted
for) and adds just one node to it. The hd operation just reduces the size of a tree by
one. Thus, it is justified to count each assignment for one “unit” of time only.4

The situation is a bit more complicated for RAM despite the fact that—as for
GOTO—most instructions only can move data around (or jump): it is the binary
operations though that could create large numbers in one single assignment. Since
this computation model deals with numbers as input and output, we could construct
polynomially large numbers in constant timewith the help of those binary operators+
and *. In order to get a “reasonably realistic” timemeasure we would have to employ
logarithmic measure of the size of numbers (how many digits needed to represent
them). This is entirely possible and not too difficult but left to the interested reader
for further study [3, Sect. 16.5.2], [1] (see also Exercise7).

This issue is also the motivation to look at SRAM (Successor RAM) that does not
allow us to use any binary operators on registers. On top of moving the register
content, one can only increment (X:=Y+1) and decrement (X := Y-̇1). Here the
unit cost measure is realistic and adequate.

For counter machines CMwe somewhat have the opposite problem. A counter can
only be incremented or decremented by one (X:=X+1 and X := X-̇1), respectively

4Whether it is one or two does not make a difference anyway which we will see later.

http://dx.doi.org/10.1007/978-3-319-27889-6_14
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in an instruction, and counters cannot be copied in one step (at cost “1”) from one
counter to the other (like in SRAM). Any copying action will need to deconstruct
a counter (using decrement) and build another one (or several) of the same value
(using increment). Therefore, counter machines are too weak to compute interesting
results in “reasonable” time and are thus disregarded in time complexity.5

Finally, for WHILE the unit-cost time measure is definitely not adequate as it
would disregard the time it costs to build a tree used in an assignment. Consider
for instance the assignment X:= [nil,nil,nil,…,nil] which stores a tree of
arbitrary size (depending on how many nils we put in the list) in X in just one
assignment. It would incur just the cost “1”. This surely is not “fair” or adequate.
We thus need to carefully consider the size of tree expressions in the commands of
a WHILE-program.

12.2 Time Measure for WHILE

In this section we define a time measure for core WHILE. Any programs using
extensions have to be translated into the core language first before we can analyse
their runtime.

We first define a measure for expressions. The slogan is “count operations and
constants in expressions of commands as well”. Note that for a fair measure of time
complexity we exclude the equality “=” from expressions (equality is not in core
WHILE). Any such comparison can be programmed already in WHILE using just
comparisons with nil.6 Therefore, we only have to define the time measure for
programs in the original language, not the extensions of Chap. 5.

Definition 12.2 (Time measure for WHILE-expressions) The function T maps
WHILE-expressions into the time it takes to evaluate them and thus has type:

T : WHILE-Expressions → N

It is defined inductively according to the shape of expressions as follows:

T nil = 1 special atom
T X = 1 whereX is variable
T hdE = 1 + T E
T tlE = 1 + T E
T consEF = 1 + T E+ T F

In other words, for atoms like nil and variables we require just 1 unit of time as
the atom is a basic constant and lookup of a variable should not cost much either.

5They are however usable for space complexity considerations.
6See Exercise7 in Chap.5.

http://dx.doi.org/10.1007/978-3-319-27889-6_5
http://dx.doi.org/10.1007/978-3-319-27889-6_5
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For the head hd and tail tl expressions, respectively, we measure the time for
evaluating their argument(s) and the time for the operation itself which is 1. For the
binary tree constructor, we count 1 for the constructor and add the time needed to
evaluate the subexpressions E and F. SoT E describes the time it takes to evaluate a
WHILE-expressionE in terms of units of time. Those units of time are given as natural
numbers. Expressions do not have side effects so, although their value depends on the
store, their timemeasure does not, thus their evaluation always terminates. Therefore,
T is a total function.

Example 12.1 Consider the expression cons hd X tl nil. According to the
equations of Definition12.2 we compute:

T cons hd X tl nil = 1 + T hd X+ T tl nil
= 1 + (1 + T X) + (1 + T nil)

= 1 + (1 + 1) + (1 + 1)
= 5

Next, we define a measure for WHILE-commands. We will write S�timeσ ⇒ t to
indicate that it takes t units of time to run statement list S in store σ . In analogy with
the semantics of WHILE (due to the possibility of non-termination), we describe the
above relation as the smallest relation fulfilling some rules.

Definition 12.3 (Time measure for WHILE-commands statement lists) For a store
σ the relation S�timeσ ⇒ t states that executing WHILE-statement list S in store σ

takes t units of time. Deviating minimally from the grammar in Fig. 3.2, we allow
statement lists to be empty here to avoid unnecessary distinction between empty
and non-empty blocks. The relation •�time_ ⇒ _ ⊆ StatementList × Store × N is
defined as the smallest relation satisfying the rules in Fig. 12.1.

Let us look at the rules in Fig. 12.1 and explain them inmore detail. First, we consider
statement lists that just contain one command: for an assignment, we measure the
time it takes to evaluate E and then add one to account for the time it takes to perform
the assignment. In case of the conditional, we have to first measure the time it takes
to evaluate E, add one for the time it takes to check whether it is nil or not and then
add the execution time for the branch that is executed according to the result of E. As
for the semantics of WHILE, we have two possible cases for the while loop: either
the loop terminates or the body is executed (at least once). If for while E {S}
it is the case that E evaluates to nil, we measure the time it takes to evaluate E and
add one for the test of being nil. If, however, the guard evaluates to true (not nil) we
need to unfold the loop (according to the semantics discussed earlier), so wemeasure
again the time it takes to evaluate E, adding one for the equality test, but we now also
have to add the time for executing the body S followed, again, by the entire loop.

For statement lists, we distinguish two cases. The empty statement list, ε, requires
no computation whatsoever and thus costs zero units. For sequential composition of

http://dx.doi.org/10.1007/978-3-319-27889-6_3
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Fig. 12.1 Time measure for WHILE-commands

a command C and a statement list S, we define the time measure to be the added
measure for executing C and S. In order to be able to measure the time for S we
need to know the (intermediate) store in which to begin the execution, σ ′. We get
this from actually computing the result state of C run in σ .

Definition 12.4 (Time measure for WHILE-programs) For a WHILE-program p =
read X {S} write Y we define the time measure

timeWHILE• : WHILE-program → D → N⊥

i.e. the time it takes p to run with input d as follows:

timeWHILEp (d) =
{

t + 2 iff S �time σ
p
0 (d) ⇒ t

⊥ otherwise

Note that the program argument is written as a subscript here to enhance readability.

So the time it takes for program p to run on input d is the time it takes its body
S to execute in the initial state for input d plus one for reading the input plus one
for writing the output. If the program p does not terminate on input d then the time
measure timeWHILEp (d) is undefined.

Example 12.2 Consider the WHILE-program simple:

simple read X { Y := cons X X } write Y
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We can compute the time measure timeWHILEsimple(d) for any input d ∈ D as follows:

timeWHILEsimple(d) = t + 2 iff Y := cons X X �time σ
simple
0 (d) ⇒ t

Y := cons X X �time σ
simple
0 (d) ⇒ t + 1 iff T cons X X = t

T cons X X = 1 + T X+ T X = 1 + 1 + 1 = 3

It follows that timeWHILEsimple(d) = 2 + (3 + 1) = 6 independently of the concrete shape
of the initial state and thus independently of input d.

12.3 Comparing Programming Languages Considering
Time

We can now equip a programming language L (which consists of syntax and seman-
tics, see Definition6.1) with a time measure and call the result a timed programming
language.

Definition 12.5 (Timed programming language) A timed programming language
consists of:

1. Two sets, namely L-programs and L-data
2. A function �_�L : L-programs→ (L-data→L-data⊥) that describes the semantics

of L and
3. A function timeL• : L-programs → (L-data → N⊥), the time measure for L, such

that for every p ∈ L-programs and d ∈ L-data we have that �p�L(d)↑ if, and only
if, timeLp(d)↑.

Note that the last condition in (3) just prescribes the timing function (time measure)
to be undefined on those inputs for which the semantics prescribes that the result is
undefined (because the program does not terminate). So the time function returns
undefined exactly for those inputs for which the program does not terminate. This
makes sense since we cannot measure run time for non-terminating programs in a
sensible way.

In Chap.11 we discussed compilers and how programs could be compiled into
equivalent programs of another language (computational model). If we can compile
language L into language M (preserving program semantics), we can say that M
simulates L. For every L-program we can get an M-program, by compilation, that
“does the same job”. Nowwewant to add timing information. To keep things simple,
we assume that both languages have the same datatype.7 We thus define the following
simulation relations for languages:

7In caseswhere the data types are different one can still apply the same techniques but the translations
getmore complicated as one needs to encode data values and this is somewhat distracting. For details
see e.g. [3].

http://dx.doi.org/10.1007/978-3-319-27889-6_6
http://dx.doi.org/10.1007/978-3-319-27889-6_11
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Definition 12.6 (Simulation relation) Supposewe are given two timed programming
languages L and M with L-data = M-data. We define:

1. L
ptimeM if for every L-program p there is an M-program q such that �p�L = �q�M

and a polynomial f (n) such that for all d ∈ L-data

timeMq (d) ≤ f (timeLp(d))

In words: M can simulate L up to polynomial difference in time (Or alternatively:
L can be simulated by M up to polynomial difference in time.)

2. L
lintimeM if for every L-program p there is a constant ap ≥ 0 and an M-program
q such that �p�L = �q�M such that for all d ∈ L-data

timeMq (d) ≤ ap × timeLp(d)

In words: M can simulate L up to linear difference in time. Accordingly, ap is
called the overhead factor. It can be less than 1 (speedup) or (more likely) greater
than one (slowdown). The factor can depend on the program in question, hence
the subscript p in ap.

3. L
lintime−pg−indM if there is a constant a ≥ 0 and for every L-program p an M-
program q such that �p�L = �q�M such that for all d ∈ L-data

timeMq (d) ≤ a × timeLp(d)

In words: M can simulate L up to a program-independent linear time difference
(or overhead factor).

The equations above can be explained in words as follows:

1. The time it takes for simulating the execution of program q with any input (worst-
case analysis!) is less than or equal to a polynomial function of the time it takes
the original program p to run with the same input.

2. The time it takes for simulating the execution of program q with any input (worst-
case analysis!) is less than or equal to a constant program dependent factor ap

times the time it takes the original program p to run with the same input.
3. The time it takes for simulating the execution program q with any input (worst-

case analysis!) is less than or equal to a constant program independent factor a
times the time it takes the original program p to run with the same input. Observe
how this establishes a stronger, i.e. more restrictive, definition of “simulation
up to linear time”, where the linear overhead factor does not actually depend on
the program p in question, but only on the programming language itself.

We can now define a simulation equivalence between timed programming lan-
guages as simply the symmetric closure of simulation (just like equality is the sym-
metric closure of ≤):

Definition 12.7 (Simulation equivalence) Supposewe are given two timed program-
ming languages L and M with L-data = M-data. We define:
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1. L≡lintime−pg−indM if, and only if, L
lintime−pg−indM and M
lintime−pg−indL. In words:
L and M are strongly linearly equivalent.

2. L≡lintimeM if, and only if, L
lintimeM and M
lintimeL. In words: L and M are linearly
equivalent.

3. L≡ptimeM if, andonly if,L
ptimeM andM
ptimeL. Inwords:L andM arepolynomially
equivalent.

What Next?

We have seen how tomeasure time usage of programs and how to compare languages
w.r.t. their expressivity considering also the run time of programs. Having done that,
we can try to define classes of programs with similar runtime “needs” as well as
classes of problems that can be decided in “similar time”. In the next chapter we will
do exactly that and use the above definitions in order to describe complexity classes.

Exercises

1. Consider the program myloop in Fig. 12.2. What is its time measure
timeWHILEmyloop(d) for any input d ∈ D?

2. Assume L and M are timed programming languages. Assume further that p ∈
Ltime( f ) and that M�lintimeL. It follows that p ∈ Mtime(g) for some g. Give the defi-
nition of a suitable g and explain why it satisfies p ∈ Mtime(g).

3. Consider the program reverse from Fig. 3.4 in Sect. 3.4.2: What is its time
measure, timeWHILEreverse(d), for any input d ∈ D?

4. Derive cost measures for extended WHILE-features bymeans of translation.Mea-
sure the cost of the translated features and use this information to define the
measure for the extension directly.

a. Macro calls: i.e. define X := <p>E �timeσ ⇒ t where p is a program of
which one knows the time measure timeWHILEp and E is an expression.

b. List expressions, i.e. define T [E1, . . .En ] where all Ei are expressions.
5. Consider program size in Fig. 12.3 that computes the size of the input tree:

What is the time measure timeWHILEsize (d) for all d ∈ D?
Hint: use the fact that a binary tree with n leaves must have n − 1 inner nodes
〈 l.r 〉. Moreover, variable Stack is used to keep those subtrees of the input
that still need visiting, and each such subtree is popped from the stack only once
inside the while loop. Consider the worst case scenario as we are using worst-case
complexity.

Fig. 12.2 Sample program for Exercise1

http://dx.doi.org/10.1007/978-3-319-27889-6_3
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Fig. 12.3 Program size for Exercise5

6. Show that all three timed simulation relations 
ptime, 
lintime, and 
lintime−pg−ind

are transitive. Recall that a binary relation _ ◦ _ is transitive if, and only if, x ◦ y
and y ◦ z implies that x ◦ z for all appropriate x, y, z.

7. Develop the logarithmic time measure for RAM that accounts for the size of num-
bers in registers. The size is measured in the number of digits, i.e. logarithmically.
Consider the computation of addresses for the instructions with indirect address-
ing. More about this can be found in [1].
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Chapter 13
Complexity Classes

How do we classify problems according to the time it takes to
solve them? What are the relationships between those classes
and how do we prove them?

In the previous chapter we have seen how to measure the runtime of programs. We
wish to extend this notion to problems. We classify problems according to the time
it takes to decide them. We will focus on decision problems as time keeping in those
cases does not have to account for the time to construct a solution. Any limits for
decision problems will therefore automatically also be limits for function problems
(in the sense of Definition 2.13).

One can define a class of problems decidable by a program of a certain language
(a certain type of “effective procedure”) in a certain amount of time. For that, one
needs time bounds, i.e. upper bounds of runtime w.r.t. input size (Sect. 13.1). Then
one can abstract away from the concrete time bound and use time bounds of a certain
type: linear, polynomial, exponential. The problem classes defined in Sect. 13.2 will
allow us to differentiate between problems in a precise, but not too fine-grained
way. In Sect. 13.2 relationships between complexity classes that use different kinds
of “effective procedures” are established by straightforwardly “lifting” simulation
relations (see Definition 12.6) between languages to relations between complexity
classes.

In Sect. 13.4 we will consider a specific notation for runtimes that abstracts away
from little details and can replace the notion of “up to a constant factor” by something
more precise. Thanks to this abstraction one can focus on runtime of algorithms
rather than on specific programs that encode algorithms. The runtime of programs
may depend on certain choices of language, style, data structures which can have
some important effect on the runtime, but asymptotically will always be dwarfed by
the slow-down caused by enormously large input.
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13.1 Runtime Bounds

Runtime bounds are total functions from natural numbers to natural numbers. They
describe the time (i.e. number of time units) a programmay take at most for a specific
input in terms of the size of the input. Note that ⊥ � n for any n, so programs with a
time bound f are necessarily always terminating.1 As we are interested inworst-case
complexity, we consider upper bounds.

Since we only look at asymptotic time complexity we observe how the time bound
(and thus the time needed at most by a program) grows when the input grows. In
Fig. 13.1 several functions are plotted that describe such time bounds. According to
the above, we are interested in the behaviour when we move (far) right on the x-axis.
The time needed is supposed to increase, the question is by how much?

Figure13.1 highlights that logarithmic and linear time bounds are good and expo-
nential ones rather bad. In the following, recall that we abbreviate by |d| the size of a
data value d ∈ L-data. Recall also that we have defined this function for D explicitly
in Definition 3.2.

Definition 13.1 (programs with bounds) Given a timed programming language L
and a total function f : N → N, we define four classes (sets) of time bounded
programs:

1. Ltime( f ) = {p ∈ L-programs | timeLp(d) ≤ f (|d|) for all d ∈ L-data}
This is the set of programs that have a runtime that is bounded by function f .

2. Lptime = ⋃

p is a polynomial L
time(p(n))

This set is the union of all set of L programs that have a polynomial function p
as time bound. Recall that a polynomial function is of the form

ck × nk + ck−1 × nk−1 + · · · + c2 × k2 + c1 × k + c0.

3. Llintime = ⋃

k≥0 L
time(k×n)

This set is the union of all set of L programs that have a linear function f as time
bound. Linear functions are of the form f (n) = k × n.

4. Lexptime = ⋃

k≥0 L
time(2p(n))

Where p(n) is a polynomial. This set is the union of all set of L programs that
have an exponential function f as time bound. Exponential functions are of the
form f (n) = 2p(n) so we allow not only n in the exponent but any polynomial of
n as well.

In this chapter we focus on polynomial time. Why do we do this? Why don’t we like
exponential time bounds for algorithms? And what about linear time?

Let us have a closer look at the growth of linear, polynomial, and exponential
functions. Assume that you have various algorithms for a problem and that a unit
in the unit cost measure is in real time 10−9 s. Consider how much time it takes
(what the result of the time bound functions is) if we consider functions f (n) = n,
f (n) = n2, f (n) = n3, f (n) = 2n and f (n) = 3n . Table13.1 from [2] shows the

1This is of course sufficient since we are interested in runtime of decision procedures.

http://dx.doi.org/10.1007/978-3-319-27889-6_3
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Table 13.1 Growth of various time bounds

size = n n (µs) n2 (µs) n3 2n 3n

10 0.01 0.1 0.01 ms 1 µs 59 µs

30 0.03 0.9 24.3 ms 1 s 2.4 days

50 0.05 2.5 0.31 s 13days 2.3 × 105 centuries

time bound expressed in the corresponding “real time” (instead of natural numbers)
to convey a better feeling for the large numbers involved.2

We have only used polynomialswith small exponents. But this is somewhat justifi-
able as formost known (useful) algorithmswith polynomial runtime, the polynomials
have a small degree. The degree of the time bound corresponds often to the depth
of a nested loop, and there is only a certain depth of nesting needed (and compre-
hensible). It is obvious that exponential time bounds are too generous and do not
guarantee good runtime behaviour. But there is another reason why polynomial time
is considered in complexity theory which will be discussed in the next chapter.

13.2 Time Complexity Classes

Now that we have defined classes of programs with time bounds, we are interested
in defining classes of problems that can be decided within certain time bounds.

One problem we run into here is that different languages, machine models, i.e.
models of computation, use different data-types. But we want to compare those
classes of problems so we need to unify the domain of discourse of those problems.
Let us simply take the words over alphabet {0, 1} as this domain, i.e. {0, 1}∗. In a

2It seems humans can much better grasp large amounts of time than large natural numbers. Maybe
this is due to evolution?
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way they correspond to words of bits which is how information is stored on modern
devices anyway. It is also clear that Turing machines take such words as inputs
(restricting the alphabet accordingly). In languages with binary tree type D we need
to encode those words as lists of �0� and �1� which is not a problem. The word 010
corresponds then to the list [ 0, 1, 0 ] or [ nil, [nil, nil], nil ]. For register machines we
can interpret lists of 0 and 1 as binary numbers and represent them in the decimal
system as natural numbers.

Below we define time complexity classes for problems. We use boldface short
abbreviations to denote complexity classes of problems as it is standard in the liter-
ature.3

Definition 13.2 (complexity classes) Given a timed programming language L and a
total function f : N → N, we define four (complexity) classes of problems:

1. The class of problems L-decidable in time f is:
TIMEL( f ) = {A ⊆ {0, 1}∗ | A is decided by some p ∈ Ltime( f )}
In other words, this is the class of all problems (or sets) A about words over
alphabet {0, 1} that are decided by an L-program with a runtime that is bounded
by time bound (function) f .

2. The class PL of problems L-decidable in polynomial time is:
PL = {A ⊆ {0, 1}∗ | A is decided by some p ∈ Lptime}
In other words, this is the class of all problems (or sets) A about words over
alphabet {0, 1} that are decided by an L-program with a runtime that is bounded
by a polynomial.

3. The class LINL of problems L-decidable in linear time is:
LINL = {A ⊆ {0, 1}∗ | A is decided by some p ∈ Llintime}
In other words, this is the class of all problems (or sets) A about words over
alphabet {0, 1} that are decided by an L-program with a runtime that is bounded
by a linear function.

4. The class EXPL of problems L-decidable in exponential time is:
EXPL = {A ⊆ {0, 1}∗ | A is decided by some p ∈ Lexptime}
In other words, this is the class of all problems (or sets) A about words over
alphabet {0, 1} that are decided by an L-program with a runtime that is bounded
by an exponential function.

We often drop the superscript indicating the language in question and simply use
LIN, P, or EXP if we implicitly understand which programming language we are
referring to.

Another justification to drop the superscript would be if we were allowed not
to care which programming language we use. In the next section we will justify
exactly that. We will look at the “robustness” of the class P, i.e. how PL relate for
different languages L, and we will meet yet another thesis that is similar to the
Church–Turing Thesis.

From Definition 13.2 it follows immediately for a fixed language L:

3In [1] the classes are called PTIME, LINTIME, NPTIME (there is no EXPTIME), respectively.
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Proposition 13.1 For any notion of “effective procedure” L, it holds that

LINL ⊆ PL ⊆ EXPL

13.3 Lifting Simulation Properties to Complexity Classes

Proposition 13.1 tells us the simple relationship between complexity classes of prob-
lems decided using the same language or notion of computation. Next, we would like
to establish relationships between complexity classes that use different kinds of effec-
tive procedures. It turns out we can use the simulation relations from Definition 12.6
and lift them straightforwardly to relations between complexity classes.

Lemma 13.1 L 	lintime M implies LINL ⊆ LINM, and as a consequence, L ≡lintime M
implies LINL = LINM.

This means that if L can be simulated by M up to linear time difference then every
problem in LINL is already in LINM. And then, as a consequence, that if L and M are
linearly equivalent then LINL and LINM are the same.

Proof Let us prove this (as it is not difficult): Assume that we have a problem
A ∈ LINL. This means there is some L-program that decides A in linear time, the
latter means more precisely that timeLp(d) ≤ c × |d| for some constant c ≥ 0 and all
d ∈ D. By definition L 	lintime M implies that there exists an M-program q such that
�q�M = �p�L, and program q is at most a linear factor slower than p, in other (more
precise) words: timeMq (d) ≤ ap × timeLp(d) for some (program dependent) ap ≥ 0
and all data d ∈ D.
Now combining those two results about the runtime of q we get for all d that:

timeMq ≤ ap × timeLp(d) ≤ ap × c × |d|

From this follows (as ≤ is an order, in particular transitive)

timeMq ≤ (ap × c) × |d|

which demonstrates that program q has a linear time bound, with linear factor ap ×c.
Secondly,q decides A as �q�M = �p�L and p decides A. Thirdly,q is anM-program, so
putting all this information about q together we have shown that A ∈ LINM according
to the definition of LINM. And therefore we have shown that LINL ⊆ LINM.
For the second part assume L ≡lintime M which by definition means L 	lintime M and
M 	lintime L. Applying the first result to both these simulation statements, we obtain
LINL ⊆ LINM as well as LINM ⊆ LINL which implies LINM = LINL.

We get a similar result for polynomial time:

Lemma 13.2 L 	ptime M implies PL ⊆ PM, and as a consequence,L ≡ptime M implies
PL = PM.

http://dx.doi.org/10.1007/978-3-319-27889-6_12
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The proof is left as Exercise 10.
The next little result describes how the different simulation relations are related

to each other:

Lemma 13.3 L 	lintime M or L 	lintime−pg−ind M implies L 	ptime M.

Proof We can prove the lemma as follows: we distinguish two cases according to
the “or” in the assumption. First L 	lintime M. We need to show L 	ptime M. Unfolding
the definition we need to show that for any L-program p there is an M-program q and
a polynomial f such that that �q�M = �p�L, and timeMq (d) ≤ f (timeLp(d)) for all data
d ∈ D. Unfolding the assumption we have such a required q with �q�M = �p�L but
with timeMq (d) ≤ a × timeLp(d) for a constant a ≥ 0. If we choose f (n) = a × n this
yields the requested time constraint timeMq (d) ≤ f (timeLp(d)). But f (n) = a × n is
clearly a polynomial (of degree 1). Actually, every linear function is by default also
a polynomial.
The case for L 	lintime M is done analogously but with the exception that the constant
a is program-independent.

Lemma 13.4 L ≡lintime M implies PL = PM.

Proof This is a simple consequence of the previous two lemmas as L 	lintime M
implies L 	ptime M which, in turn, implies PL ⊆ PM. If we consider both directions,
we get the desired result.

13.4 Big-O and Little-o

Computer Science students usually come across the so-called “Big-O” notation,4

shortO , in their favourite algorithms and data structures course. Here “O” stands for
the “order of growth rate” of a function, ignoring (discounting) constant factors and
only looking at what the function does in the limit (ignoring the initial values on the
“left” of the x-axis so to speak).Whenmeasuring runtime it makes sense to disregard
the concrete timemeasure of a programas this depends onmany little factors like style
of coding or even optimisations. Abstracting away from such constants allows one to
focus on how the runtime increases with the size of the input independent of minor
implementation decisions or from the speed of a specific processor or machine that
is used to run the program. This will become most helpful in the following chapters.

In our quest for infeasible problems, constant factors are only relevant for small
values anyway. For instance, it makes a big difference to us whether a program runs
for 1 or 50 seconds. However, if we consider large input and thus long running

4This notation as well as “little-o” discussed later, is by Edmund Georg Hermann Landau
(14 February 1877–19 February 1938), a German mathematician who worked mainly in the field
of analytic number theory. “O” stands for order.
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times, it won’t make any difference to us whether a program runs for 1 century or 50
centuries, both are equally useless to us.

The “Big-O” notation will be useful to indicate the quality of an algorithm in
terms of asymptotic worst-case runtime.

We say g(n) ∈ O( f (n)), or equivalently g ∈ O( f ), to mean that g(n) approx-
imately (up to a constant factor) grows at most as quickly as f (n). So g can grow
even more slowly than f .

Definition 13.3 (Big-O) Let f : N → N be a function. The order of f , shortO( f ),
is the set of all functions defined below:

{g : N → N | ∀n > n0. g(n) ≤ c × f (n) for some c ∈ N\{0} and n0 ∈ N}

In other words, O( f ) are those functions that up to constant factors grow at most as
fast as f (or, in other words, not faster) and are thus at least “not worse” a runtime
bound than f (maybe even “better”). For g ∈ O( f ) we also say g is O( f ).

In Definition 13.3 the n0 specifies the upper bound for small numbers ignored for the
purpose of asymptotic complexity considerations, and c allows one to ignore constant
differences that in the limit are negligible aswell. Recall that limn→∞ c

n = 0whatever
constant c is.

Example 13.1 Consider the following examples of O(_):

1. n is O
(

n2
)

as it grows at most like n2. In this case the constant factor can be one
as obviously n ≤ n2 for all n.

2. 3n2 is O
(

n2
)

, as it grows like n2 up to a constant factor. This can be seen by
setting n0 from Definition 13.3 to 0 and c to 3.

3. 34n2 + 23n + 12 is O
(

n2
)

as it grows like n2 up to a constant factor. This can be
seen by setting n0 from Definition 13.3 to 0 and c to 69. This suffices as we have
34n2 + 23n + 12 ≤ 69n2 for all n > 0 because 35n2 ≥ 23n + 12 for n ≥ 1.

The O(_) notation is widespread to explain the complexity of algorithms. Also
there, constant factors are ignored since they might depend on details of the coding
of the algorithm or the language it is implemented in.

Example 13.2 A very famous example is sorting where the input is an array of data
values and its size is usually measured as the length of the array. It is well known
that for worst case complexity, merge sort is in O

(

n log2 n
)

whereas quick sort is
in O

(

n2
)

. For average case complexity both are in O
(

n log2 n
)

. We will only be
considering worst case complexity in the following.

For a concrete program p one can give a concrete time bound like timeWHILEp (2n2)

but for algorithms this is difficult as they can be implemented by various programs
that differ slightly. The “O(_)” notation will take care of this. On the one hand, when
talking about algorithms, we might therefore say something like

(The runtime of) quick sort is O
(

n2
)

.
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where n is understood to be the size of the array to be sorted (i.e. the input). But on
the other hand, when talking about concrete programs, we are able to say

The WHILE-program p that performs quick sort is in WHILEtime(9n2+37).

although we might only be interested in the fact that

The WHILE-program p that performs quick sort is in WHILEtime( f ) were f (n) ∈ O
(

n2
)

.

From these examples we see the advantage of allowing the use of “Big-O” and
would like to make it available to the definition of complexity class TIME:

Definition 13.4 (TIME( f )) We define another complexity class using “Big-O” as
follows:

TIME(O( f )) =
⋃

g∈O( f )

TIME(g)

Lemma 13.5 If g ∈ O( f ) then TIME(g) ⊆ TIME(O( f )).

Proof Exercise 14.

To express the dual concept of O(_), namely that a function g grows asymp-
totically much faster than a function f , one uses the “Little-o” notation defined as
follows:

Definition 13.5 (Little-o) Let f and g be functions of type N → N. Then o(g) are
those functions that eventually grow much slower than f . Formally we can define
this as follows:

f ∈ o(g) iff for all 0 < ε ∈ R there exists N ∈ N s.t. ε×g(n) ≥ f (n) for all n ≥ N

The above definition is equivalent to

f ∈ o(g) ⇐⇒ lim
n→∞

f (n)

g(n)
= 0

which shows that f grows ultimately much more slowly than g, or in other words, g
grows faster than f , as the limit of the quotient f (n)

g(n)
approaches zero when n grows

very large.

Example 13.3 Consider the following examples of o(_):

1. n is in o
(

n2
)

as it grows much more slowly than n2. This follows from the fact
that limn→∞ n

n2 = limn→∞ 1
n which is 0.

2. 3n2 is not in o
(

n2
)

, as it does not grow more slowly. This can be seen by looking

at the limit limn→∞ 3n2

n2 which is 3 and thus not 0.

3. n2 is not in o
(

34n2 + 23n + 12
)

as limn→∞ n2

34n2+23n+12 = 1
34 and thus not 0.
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Sometimes we knowmore than just an upper bound for the runtime of algorithms.
For instance, we might know that upper and lower asymptotic bounds up to some
multiplicative constants coincide. In this case we know that there is, asymptotically
speaking, no better algorithm than the one we have. In this situation, one uses the Θ

(pronounce “Big-Theta”) notation:

Definition 13.6 (Big-Θ) Let f : N → N be a function. The asymptotically tight
bound of f , short Θ( f ), is

{

g : N → N

∣

∣

∣

∣

∀n > n0. c1 × f (n) ≤ g(n) ≤ c2 × f (n)

for some c1, c2 ∈ R\{0} and n0 ∈ N

}

In other words Θ( f ) are those functions that grow approximately at the same rate
as f .

Example 13.4 For instance, 34n2+23n+12 is inΘ(n2) as n2 ≤ 34n2 + 23n + 12 ≤
69n2 for all n ∈ N. In this case the n0 of the definition Definition 13.6 is 0, c1 is 1
and c2 is 69.
Similarly 2n + √

n ∈ Θ(n) as n ≤ 2n + √
n ≤ 3n. In this case n0 of the definition

Definition 13.6 is 0, c1 is 1 and c2 is 3.

The Θ notation is also widespread explaining the complexity of algorithms. Con-
stant factors are again ignored since they might depend on details of the coding of
the algorithm or the language it is implemented in.

Note that O(_), o(_) and Θ(_) can be applied to average complexity as well as
to worst-case complexity.5

What Next?

We have defined time complexity classes and shown some results regarding how
to transfer simulation results of computational models to the complexity classes for
those different models. This allows us now to analyse the robustness of computability
within certain time bounds by comparing the same complexity class in different
models of computation. In the next chapter we will do this and meet an “extended
version of the Church–Turing thesis” that involves time complexity.

Exercises

1. Consider the program simple from Example 12.2 in Chap.12. Give a time
bound for simple, i.e. a function f such that for any input d ∈ D:

timeWHILEsimple(d) ≤ f (|d|)

2. Give a time bound for the program myloop from Exercise 1 in Chap.12 where
its runtime measure has been given.

5As the reader may already have guessed there is also a notation for lower bounds � (called “Big-
Omega”), dual to O(_), but we don’t need it for our considerations.

http://dx.doi.org/10.1007/978-3-319-27889-6_12
http://dx.doi.org/10.1007/978-3-319-27889-6_12
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3. Give a time bound for the program size from Exercise 5 in Chap.12 where a
time measure has been given. Explain why this time bound is in O(n).

4. Consider the WHILE-program simple from Exercise 1 in Chap.12, where a
time bound has been given already. In which of the following classes is program
simple?

a. WHILEtime(2n)

b. WHILEtime(4n)

c. WHILElintime

d. WHILEptime

5. Give a time bound for the program reverse from Fig. 3.4 in Sect. 3.4.2. Its
time measure has been computed in Exercise 3 Chap.12.

6. Consider the program reverse from Fig. 3.4 in Sect. 3.4.2, for which a time
bound has been given in Exercise 5. In which of the following classes is program
reverse?

a. WHILEtime(2n)

b. WHILEtime(10n)

c. WHILElintime

d. WHILEptime

7. Show that LINL ⊆ PL for any L.
8. What is the difference between WHILEptime and PWHILE?
9. Show that P is closed under union and intersection.
10. Explain the following statements by unfolding their definition:

a. Explain the meaning of LINL and PL.
b. Explain the meaning of L1 	ptime L2.
c. Explain the meaning of PL1 ⊆ PL2 .

11. Prove Lemma 13.2, i.e. prove that L 	ptime M implies PL ⊆ PM, and as a conse-
quence, L ≡ptime M implies PL = PM.

12. Consider the following functions of type N → N.

a. f (n) = 3n2 log n
b. f (n) = n3 + n2 + 1
c. f (n) = 12n2 + 146
d. f (n) = 12n5

e. f (n) = 2n

f. f (n) = 34n + 34

a. Which of the functions above is in O
(

n2
)

?
b. Which of the functions above is in o

(

n3
)

?
c. Which of the functions above is in Θ(n2)?

http://dx.doi.org/10.1007/978-3-319-27889-6_12
http://dx.doi.org/10.1007/978-3-319-27889-6_12
http://dx.doi.org/10.1007/978-3-319-27889-6_3
http://dx.doi.org/10.1007/978-3-319-27889-6_12
http://dx.doi.org/10.1007/978-3-319-27889-6_3
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13. Analyse the size of the different encodings of natural numbers in D described in
Sect. 3.3.3:

a. Let �n� be the unary encoding of n. Compute |�n�| in terms of n. Provide a
function f such that |�n�| ∈ O( f (n)).

b. Let �n�10 be the decimal encoding of n. Compute |�n�10| in terms of n.
Provide a function f such that |�n�10| ∈ O( f (n)).

c. Let �n�2 be the binary encoding of n. Compute |�n�2| in terms of n. Provide
a function f such that |�n�2| ∈ O( f (n)).

14. Explain why multiplication on unary numbers (see Exercise 8 in Chap.5) has
the following time complexity:

timeWHILEmult (�[ m, n ]�) ∈ O(|�m�| × |�n�|)

Is mult in WHILElintime?
15. Prove Lemma 13.5, i.e. show that if g ∈ O( f ) then TIME(g) ⊆ TIME(O( f )).
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Chapter 14
Robustness of P

How robust is computability with polynomial time bounds? Is
polynomially computable the same as feasibly computable?

In the previous chapter we have seen how to measure the runtime of programs,
and how to define complexity classes of problems accordingly. It is natural to ask
what runtime is feasible or tractable. Which classes contain only problems that are
feasible? It is also natural to ask “For complexity issues, does it matter which model
of computation is used?” These questions will be addressed in this chapter with a
specific focus on polynomial time computability. It will turn out that there is some
evidence to consider polynomial time “good”, i.e. programs that run in polynomial
time are feasible. The picture is, however, not that black and white.

Robustness is an invariance property we have already discussed for computability
in Chap.11. What is computable (or decidable) is invariant, it does not depend on the
model of computation chosen (see Church–Turing thesis). Nowwe consider whether
time-bounded computation is (in a sense to be specified) invariant too.

We need a refined definition of robustness. Neil Jones suggests criteria for
resource-bounded problem solving. He writes [8, Chap. 18, p. 271]

Ideally, resource-bounded problem solvability should be:

1. invariant with respect to choice of machine model; (i.e. model of computation)

2. invariant with respect to size and kind of resource bound; (e.g. quadratic time etc.); and

3. invariant with respect to the problem representation; (e.g. the choice for the data structure
to represent the problem domain, for instance directed graph by an incidence matrix or
by adjacency lists should not make a complexity difference)

The first item states that the defined complexity classes should be robust under
compilation between models of computations (machine models/languages). And we
will show this in this section for the models introduced previously (see Chap.11).

© Springer International Publishing Switzerland 2016
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The second item simply says that complexity classes should be invariant under
instances of the chosen kind of resource bound. It should not matter, for instance,
which specific version of a quadratic time function is chosen if one defines a class
for quadratic time.

The following three sections present three well-known (under various differing
names) theses about computability in polynomial time. First of all, note that they are
theses and not theorems. They cannot be proven. The reason is that they all refer to a
formally undefined class of feasible or tractable problems and/or undefined notions
of computation. This is, of course, intentional.

14.1 Extended Church–Turing Thesis

The first thesis we will consider is the so-called Extended Church–Turing Thesis:

Definition 14.1 (Extended Church–Turing Thesis) All notions of computation can
simulate each other up to a polynomial factor.

In [1] the extended thesis reads as follows

The Extended Church–Turing Thesis says that the time it takes to compute something on
any one machine is polynomial in the time it takes on any other machine.

whereas in [2, p. 31] it is phrased

Any function naturally to be regarded as efficiently computable is efficiently computable by
a Turing machine.

The last version is more of a corollary of the first two, when identifying “efficiently
computable” with “polynomial time computable” and identifying Turing machine
computable as reference point.

There is significant doubt about this (i.e. all versions of this) extended the-
sis because highly parallel computer architectures may efficiently compute what
a (sequential) Turing machine can’t. We get back to this in Chap. 23.

14.2 Invariance or Cook’s Thesis

As the Extended Church–Turing Thesis discussed above may not hold, there is a
weaker version of the Extended Church–Turing Thesis for which we can find plenty
of good evidence.

http://dx.doi.org/10.1007/978-3-319-27889-6_23
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Definition 14.2 (Invariance Thesis) All “reasonable” sequential notions of compu-
tation can simulate each other up to a polynomial factor.

This is known as Cook’s1 Thesis in [8, p. 242] which phrases it as follows:

PL is the same class of problems for all reasonable sequential (that is, nonparallel) compu-
tational models L.

This means that whatever (reasonable) sequential computational model we use to
decide problems, the difference in running timewill be a polynomial factor. Similarly
to the Church–Turing thesis, we can provide some evidence for this thesis, which is,
again, widely believed in computer science. We can give evidence by showing that
the various instances of P for those models we defined formally are equal. In other
words that

PSRAM = PTM = PGOTO = PWHILE = PWH1LE = PCA

It is important here that the notions of computations (models of computation)
are restricted to sequential ones. This excludes true parallel computation that needs
special treatment in complexity which we will address briefly below in Sect. 14.2.1.
The cellular automata are not excluded since we stipulate that their seed is always
finite.

14.2.1 Non-sequential Models

Until recently, most conventional computing devices used one CPU only, implement-
ing a sequential model of computation. The effect of “concurrent tasks or threads”
was a mere illusion produced by the operating system, more precisely its scheduler,
that gives away time slices to various processes. If the CPU is fast enough and the
time slices are fairly distributed, it seems to the human observer as if those processes
were actually running in parallel.2 Modern computers now use multi-core technol-
ogy so there are a number of CPUs involved in computations (but usually a very
small number like four, for instance, which obviously can ever only produce a con-
stant speed-up and is thus not interesting for asymptotic complexity considerations.)
There is also a growing trend in using GPUs (Graphical Processing Unit) and so-
called GPGPUs (General Purpose Graphical Processing Unit) which are available in

1Stephen A Cook (born December 14, 1939) is a world renowned American–Canadian mathe-
matician and theoretical computer scientist who proved some fundamental results in computational
complexity. He won the Turing Award for his seminal work on Computational Complexity in 1982.
We will encounter more of his work in following chapters.
2Compare this with the effect of moving still images very quickly—i.e. at a rate of about 16 images
per second (modern cinema uses 24 per second)—in front of human observers, so that they think
they see a moving picture (hence the term “motion picture” or “movie”).
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each modern day computer and can also be clustered, for parallel execution of easily
parallelisable tasks like vector or matrix computations:

If youwere ploughing a field, whichwould you rather use: two strong oxen or 1024 chickens?
Seymour Cray3

Also the emerging field of distributed systems where several computers (or agents)
communicate viamessage passing appears to be the system architecture of the future.
The study of distributed algorithms and programs is still in its infancy, at least when
compared to sequential algorithms.Unfortunately, it is not even very obviouswhat the
notion of “solving a problem by a distributed algorithm” should mean, let alone what
the right notion of their runtime complexity should be. Distributed algorithms are
algorithms that try to achieve one goal by distributing a task across an entire network
of host computers. The main challenge is the coordination of work among all the
nodes in the network. Such algorithms are common in networking and networking
applications. The network is usuallymodelled by a graph. For an overview of the field
consult, e.g., the textbooks [6, 10] and for the theory behaviour of distributed systems
[7]. By contrast, parallel algorithms communicate directly via shared memory and
not message passing. There is, for instance, a parallel version of RAM, called PRAM
for “Parallel Random Access Machine”, that can serve as a computational model
for studying complexity of parallel systems with shared memory. There are many
versions restricting the concurrent use of reads and writes. For an overview see e.g.
[5].

14.2.2 Evidence for Cook’s Thesis

We will show some auxiliary lemmas that relate the simulation property between
languages to the inclusion relation between complexity classes. Once we have those
lemmas, we can show inclusion (and equality) between complexity classes by timed
simulation (or equivalence) between languages and thus by providing compilers that
make certain guarantees about the runtime behaviour of their target programs w.r.t.
source programs.

To provide evidence for Cook’s thesis, we look at the various models of compu-
tation and use the compilers discussed in Chap.11. We analyse the runtime of the
compiled program and compare it to the runtime of the original program, obtaining
statements of the form L �lintime M or L �ptime M. With the auxiliary lemmas we can
then derive results like

PL ⊆ PM LINL ⊆ LINM

3Seymour Roger Cray (September 28, 1925–October 5, 1996) “the father of supercomputing” was
an American electrical engineer who founded Cray Computer Corporation and designed many of
the fastest supercomputers between 1976 and 1995.

http://dx.doi.org/10.1007/978-3-319-27889-6_11
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Listed below are the main results without detailed proof. The time differences
between source and target program can be derived by inspecting the code that the
compilers generate. More details can be found in [8] again.

Lemma 14.1

TM �lintime−pg−ind GOTO �lintime−pg−ind SRAM �ptime TM

Proof The result of compiling a Turing machine program into a GOTO program
results in a GOTO program that is at most a constant (program-independent) linear
factor slower than the original Turing machine program. Similarly, any GOTO pro-
gram can be compiled into an SRAM program with only a (program-independent)
constant slowdown. Compiling an SRAM program, however, into a Turing machine
program will produce a Turing machine program that has a time bound that differs
from the one of the original program by a polynomial. This means that the resulting
Turing machine program may be significantly slower. This is not surprising as the
Turing machine head must move across the tape to find the right encoded registers
and register values (represented in a binary encoding on the Turing machine tape).
By carefully monitoring how far the head moves in the worst case in terms of the
size of the input,4 one observes polynomial slow-down.

Lemma 14.2
TM �lintime CA �ptime TM

Proof It was shown by [11] (where details of the construction can be found) that
a Turing machine can be simulated in linear time by a (one-dimensional) cellular
automaton. A general cellular automaton with k-dimensional cell space can be sim-
ulated by a TM as the seed pattern is finite. Assume the CA in question uses T (n)
steps. The question is how large the non-blank cell space becomes that initially is,
say, nd large where d is the dimension of the automaton. In each step the non-blank
cell space can only grow by one cell in each direction of each dimension. Thus after
T (n) steps the grid that is not blank covers at most the following number of cells:

(

n +
T (n)
∑

k=1

2

)d

= (n + 2T (n))d

If we assume each update of one cell takes time c, altogether for the simulating TM
we obtain a runtime of (n + 2T (n))d × c × T (n) which describes a polynomial
slowdown.

Theorem 14.1 It holds that

PCA = PTM = PGOTO = PSRAM

4See Exercise 6.
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Proof From Lemma 14.1 with the auxiliary result Lemma 13.3 about simulation
relations we can conclude that

TM �ptime GOTO �ptime SRAM �ptime TM

and thus
TM ≡ptime GOTO ≡ptime SRAM ≡ptime TM .

From Lemma 14.2 with the auxiliary result Lemma 13.3 about simulation relations
we can conclude that TM �ptime CA and thus TM ≡ptime CA. By Lemma 13.2 we
therefore get

PCA = PTM = PGOTO = PSRAM.

14.2.3 Linear Time

In Chap.11 we have seen that we can compile between GOTO, WHILE, and WH1LE.
Let us now investigate the effect of those compilations on run time.

Lemma 14.3
GOTO �lintime−pg−ind WHILE �lintime WH1LE
WH1LE �lintime−pg−ind WHILE �lintime GOTO

Proof WH1LE �lintime−pg−ind WHILE holds trivially (with linear factor 1) as each
WH1LE program is already a WHILE program. WHILE �lintime WH1LE is discussed in
Exercise 3 andGOTO �lintime−pg−ind WHILE in Exercise 4. To see thatWHILE �lintime

GOTO we need to recall from Sect. 11.8.2 how the compilation works. Since GOTO
is quite similar to WHILE there are only two issues to address:

• Compile away thewhile-loops:while E {S} is replaced by a conditional jump
plus an extra unconditional jump at the end of loop body S back to the instruction
with the conditional jump. Obviously the extra jump adds only constant time per
while-loop.

• Compile away complex expressions, “splitting” them into GOTO assignments that
can add one operator on each expression only. So a complex expression E with
T E = n uses at most n − 1 operators hd, tl or cons (see Exercise 5). To
compile expression E into a GOTO program it needs to be built up using additional
assignments X:=hd X, X:=tl X, or X:=cons X Y, which each cost 3 or 4
time units to execute. So instead of evaluating an expression E with T E = n,
we execute at most n − 1 assignments which never cost more than 4 time units.
Therefore, instead of n units we spend at most 4n − 4 units thus the slowdown
remains linear.

With the help of previous observations we can also derive the following which
describes to what extent LIN is “robust” under some compilation:

http://dx.doi.org/10.1007/978-3-319-27889-6_14
http://dx.doi.org/10.1007/978-3-319-27889-6_13
http://dx.doi.org/10.1007/978-3-319-27889-6_14
http://dx.doi.org/10.1007/978-3-319-27889-6_13
http://dx.doi.org/10.1007/978-3-319-27889-6_13
http://dx.doi.org/10.1007/978-3-319-27889-6_11
http://dx.doi.org/10.1007/978-3-319-27889-6_11
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Theorem 14.2
LINGOTO = LINWHILE = LINWH1LE

This proves that LIN is not as robust as P or one might argue it is not robust at all,
since when compiling into Turing machines, for instance, one might lose linear time
bounds. This also is evidence for the special role that P has in complexity theory.

14.3 Cobham–Edmonds Thesis

TheCobham–Edmons thesis is also known asCook-Karp thesis in various textbooks,
see e.g. [2, Chap. 1.2]:

Definition 14.3 (Cobham–Edmons Thesis) The tractable (feasible) problems are
exactly those in P.

Again, this is only a thesis, because “tractable problems” is not a formally defined
class. The statement is quite a strong one for which there is much less evidence than
for Cook’s thesis. It is true that polynomial functions have a much more benign rate
of growth than exponential functions and as such are more welcome as time bounds.
But there arise two questions:

1. Is every polynomial time bound really a good time bound indicating feasibility?
2. Is every time bound beyond polynomial really a bad time bound indicating

intractability?

Well, one might answer both questions with “no”. Regarding (1), consider polyno-
mials with a very high degree, e.g. f (n) = n20. Is a problem with this time bound
really tractable? If we consider Table13.1 from Sect. 13.1 and add f (n) = n20 then
for n = 10 we obtain a value of 31.68 centuries! Surely this is not feasible, and
taking a larger exponent like n100 even less so. So in practice, “polynomial” is not
automatically a synonym for “good”. On the other hand, one could argue that the
argument (1) is not relevant because one does not know any algorithms that have a
polynomial time bound where the degree is higher than 5 or 6.

Regarding (2), there are algorithms with exponential worst case complexity, like
the simplex algorithm. It was discovered in 1947 by George Dantzig5 [4] for linear
programming and on average it performs much better than polynomial algorithms.
The simplex algorithm solves a problem that we discuss in more detail in Sect. 16.6.
On the other hand, one could argue that argument (2) is not relevant because we

5George Bernard Dantzig (November 8, 1914–May 13, 2005), “the father of linear programming”,
was an American mathematician who made important contributions in particular to operations
research and statistics. In statistics, Dantzig solved two open problems, which he had mistaken for
homework after arriving late to a lecture. He told this story himself in [3, p. 301]. Apparently, this
was also the basis for the Hollywood movie “Good Will Hunting”.

http://dx.doi.org/10.1007/978-3-319-27889-6_13
http://dx.doi.org/10.1007/978-3-319-27889-6_16
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are interested in worst-case complexity, not average-case, and because an alternative
polynomial algorithm has been found [9] for linear programming.

In any case, the Cobham–Edmonds Thesis, also known as Cook–Karp Thesis, is
slightly controversial.

What Next?

We now know that polynomial time is often identified with feasibility so we under-
stand that certain problem classes are better than others. But how does this look when
we consider individual functions as time bounds? Can we solve more problems with
a larger time bound? Even if both time bounds are polynomial, or linear? This is the
topic of the next chapter.

Exercises

1. Explain the difference between the various theses discussed in this chapter.
2. Show that from Theorems 14.1 and 14.2 it follows that PWHILE = PGOTO.
3. In Chap.7 Exercise 7, a WHILE to WH1LE compiler was developed. Explain why

the following statement from Lemma 14.3 holds:

WHILE �lintime WH1LE

In other words, give a proof sketch for the part of Theorem 14.2 that says that
LINWHILE = LINWH1LE.

4. In Chap.11 Exercise 6 a compiler from GOTO to WHILE was discussed. Explain
why the following statement from Lemma 14.3 holds:

GOTO �lintime−pg−ind WHILE

5. Show that any “core” WHILE-expression E (without equality or literals) with
T E = n contains at most n − 1 operators hd or tl, and at most n−1

2 operators
cons.
Hint: Prove this by induction on n.

6. In Sect. 11.8.2 a compiler from SRAM to TM has been very briefly sketched.
Without carrying out a formal proof, provide (sound and convincing) arguments
that the slowdown by this compilation is polynomial at most. In other terms give
evidence for

SRAM �ptime TM

7. From results shown in this chapter derive that EXPWHILE = EXPTM.

http://dx.doi.org/10.1007/978-3-319-27889-6_7
http://dx.doi.org/10.1007/978-3-319-27889-6_11
http://dx.doi.org/10.1007/978-3-319-27889-6_11
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Chapter 15
Hierarchy Theorems

Can you solve more problems with larger time bounds? How
much larger do they need to be?

Previously, we have defined classes of problems that can be decided (solved) by
programs that run with certain time bounds. For instance, class TIMEL( f ) is the
class of problems that can be decided by an L-program with time bound f . The latter
means that for a problem A in this class the question whether some d ∈ L-data is in A
can be decided by running an L-program p such that the running time is bounded by
f (|d|), i.e. timeLp(d) ≤ f (|d|). Note that we decided that for all complexity classes
of problems we fixed L-data to be (suitably encoded) words over {0, 1}.

An obvious question that now arises is: what is the hierarchy of those com-
plexity classes. Is the class TIMEL( f ) bigger than TIMEL(g) (i.e. TIMEL( f ) �

TIMEL(g)) if f is, in some appropriate sense, “bigger” than g?1 In other, words,

Can we decide more problems if we have more time available to do so?

This is a very natural question to ask and the so-called Hierarchy Theorems give us
some answers. We will look at linear, time hierarchies for WH1LE in Sect. 15.1 and
asymptotic hierarchies for all languages in Sect. 15.2. There appear to be certain gaps
in the hierarchy as briefly discussed in Sect. 15.3.

One does encounter a significant challenge if one wants to show that a certain
problem is not in a specific complexity class, as this this requires a proof that there is
no algorithm that decides the problem with a given time bound or a time bound of a
given kind. How can one confidently prove such a statement that involves reasoning
about all algorithms? In other words, how can one prove lower complexity bounds?
A lower bound states what asymptotic run time is at least needed to solve a problem.
This turns out to be really tricky. According to Cook [2] “the record for proving
lower bounds on problems of smaller complexity is appalling.” This statement refers
to natural problems.

1Note that A � B means that A is a proper subset of B in the sense that it is not equal to B but
properly contained in A. In other words, B has more elements than A.

© Springer International Publishing Switzerland 2016
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184 15 Hierarchy Theorems

Luckily, for Hierarchy Theorems the situation is slightly better, as one only needs
to construct oneproblem forwhichone canprove a lower bound and this problemdoes
not have to be natural. Moreover, a proof technique encountered already in previous
chapters, diagonalisation, will save the day once again. It is possible to construct
a program that involves runtime information with the help of a self-interpreter that
counts runtime. Using diagonalisation, i.e. a form of self-application, one can then
define the problem that shows the Hierarchy Theorem in question to be the one
decided by this particular program.

15.1 Linear Time Hierarchy Theorems

Let us first consider more in detail what “larger” means for time bounds. If we talk
about linear time bounds, i.e. linear functions, then it should be obvious that function
f (n) = a × n is “larger” than g(n) = b × n if a > b. Therefore, for linear bounds,
we can reformulate the above question.

Do constants matter for linear time complexity (classes)?

We can thus rephrase the original question for the special cases of linear runtime as
follows

Can L-programs decide more problems with a larger constant in their linear running time
allowance?

or, more formally

Does a < b imply TIMEL(a × n) � TIMEL(b × n) ?

or equivalently

Does a < b imply TIMEL(b × n) \ TIMEL(a × n) �= ∅ ?

We can answer this question for the language WH1LE (recall that this isWHILEwhere
programs can only have one variable). In order to answer it we need to consider
universal programs with timeout parameter, called timed universal programs:

Definition 15.1 (Timed universal program) A WH1LE program tu is a timed uni-
versal program if for all p ∈ WH1LE-program, d ∈ D and n ≥ 1:

1. If timeWH
1LE

p (d) ≤ n then �tu�WH
1LE [p, d, n] = [ �p�WH

1LE
(d) ]

2. If timeWH
1LE

p (d) > n then �tu�WH
1LE [p, d, n] = nil

This definition states that the effect of �tu�WH
1LE [p, d, n] is to simulate p for either

timeWH
1LE

p (d) or n steps, whatever is the smaller. If timeWH
1LE

p (d) ≤ n, i.e. p terminates
within n steps, then tu produces a result that is not nil, namely a single element list
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that contains as its only element p’s result. If not, then tu produces nil indicating
“time limit exceeded”. So a timed universal program has a built-in stopwatch. It is
given an additional timeout parameter, and when the number of steps simulating
the argument program has exceeded the timeout parameter, the interpreter stops and
returns nil. As usual, we drop the encoding brackets around lists for the sake of
readability.

Definition 15.2 (Efficient timed universal program) Assume L is a timed program-
ming language with programs as data and pairing. A timed universal L-program tu
is efficient if there is a constant k such that for all p, d ∈ L-data and n ≥ 1:

timeLtu[p, d, n] ≤ k × min (n, timeLp(d))

In other words, interpreting p using an efficient timed universal program is only a
constant factor k slower than the running time of p where k is a program-independent
constant.

The timed universal program still aborts program execution after the timeout
parameter has been reached. That also means that the runtime of a timed universal
program is bounded by the third input parameter (interpreted as a number) times
some program-independent constant k.

Figure15.1 shows how a timed universal program for WH1LE can be programmed
as a WHILE-program tw. The STEPmacro is the one used already for the universal
program in Sect. 7.1.2. We make good use of the switch statement here to check
whether an actual time consuming step has been executed (which could also be
translated away to get a pure WHILE-program).

Lemma 15.1 Let p be a WH1LE-program and d ∈ D such that timeWH
1LE

p (d) = n.
During the execution of tu with input [ p, d ] the STEP macro will be called at most
k × n times where k is a constant.

Proof Details can be found in [1] (or Exercise 1).

Theorem 15.1 There is an efficient timed universal WH1LE program.

Proof To prove this we take the WHILE-program tw from Fig. 15.1 and translate it
into a WH1LE program which is always possible. The resulting universal program
shall be called tu. It remains to show that tu is efficient. So we need to find two
constants k1 and k2 such that timeWH

1LE
tu ([p, d, n]) ≤ k1 × n in case the interpreter

times out, and timeWH
1LE

tu ([p, d, n]) ≤ k2 × timeWH
1LE

p (d) in case the interpreter com-
putes the result within the allowed time interval. Then one chooses the required linear
factor k to be the maximum of k1 and k2. The first inequality simply follows from
the construction as after having executed one of the special atoms { quote, var,
doHd, doTl, doCons, doAsgn, doIf, doWhile } n times, the counter is zero
and tu terminates. The second equation can be shown by close inspection of how the
universal program interprets the original argument program via the STEPmacro. By
revisiting Sect. 7.1.2 one can convince oneself that each rewriting rule implemented

http://dx.doi.org/10.1007/978-3-319-27889-6_7
http://dx.doi.org/10.1007/978-3-319-27889-6_7


186 15 Hierarchy Theorems

Fig. 15.1 Timed universal program tw for WH1LE in WHILE

in STEP can be executed in constant time independent of size and shape of its input
parameters. Furthermore, Lemma15.1 gives the time bound k2 × timeWH

1LE
p (d) for

some k2.

Now we are able to prove a concrete version of the question:

Does a > b imply TIMEL(a × n) � TIMEL(b × n)?

instantiating L to be WH1LE.

Theorem 15.2 (Linear Time Hierarchy Theorem [5, Theorem19.3.1]) There is a
constant b such that for all a ≥ 1, there is a problem A in TIMEWH1LE(a × b × n)

that is not in TIMEWH1LE(a × n).

This states the existence of a set (or problem) A that can be decided in linear time
with bound f (n) = (a × b) × n, but not with time bound f (n) = a × n. Therefore,
in order to decide A, the bigger constant a × b is sufficient but a is insufficient.

Proof To show the existence of such a problem,we construct one by diagonalisation,
a concept we have already used before (for the proof of the undecidability of the
Halting problem).
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Let us first sketch the idea of this proof. We define A via diagonalisation such that
the following hold:

1. A is decidable by a WH1LE program decA

2. decA∈ WH1LE
time(a×b×n) for some b, in other words, A ∈ TIMEWH1LE(a×b×n)

3. if A ∈ TIMEWH1LE(a × n) with a decision procedure p ∈ WH1LE
time(a×n), then

we get a contradiction if we ask p ∈ A using p itself as decision procedure

(diagonalisation), so we ask what �p�WH
1LE

(p) is.

In order to immediately ensure the first condition, we use a program, called diag
depicted in Fig. 15.2 to directly define A as the set accepted by diag. The use of the
timed universal program (or self-interpreter) is essential here. As discussed earlier,
we can compile diag into a WH1LE program decA and thus define

A = { d | �decA�WH
1LE

(d) = true }

Some comments about diag are in order: first of all, the computation of a × |X|
needs to be performed at runtime do as only at runtime do we know the value of
variable X. The computation makes use of macro calls. Program size is supposed
to compute the size of the argument and mult computes the multiplication of two
(encoded) natural numbers. The timed universal program for WH1LE, tu, is also
called per macro. It is worth recalling that while an interpreter might not terminate,
a timed interpreter always does since it has a timeout parameter. Consequently,
program diag, and thus decA, always terminate.

Next, we show the third condition, that A /∈ TIMEWH1LE(a × n) by a diago-
nal argument. As before, we carry out a proof by contradiction and assume A ∈
TIMEWH1LE(a × n). By definition of class TIMEWH1LE(a × n) this means that
there is a WH1LE program p that decides membership in A and also satisfies
timeWH

1LE
p (d) ≤ a × |d| for all d ∈ D. We now ask the question:

Fig. 15.2 Program diag for diagonalisation
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What happens if we run p on p itself (as we have done before and which is the reason why
we call this a diagonal argument)?

In other words, we ask what is �p�WH
1LE

(p)?
We use the fact that by assumption timeWH

1LE
p (p) ≤ a × |p| which means that tu

has enough time to simulate p on input p. By definition of the efficient universal
program this means that:

�tu�WH
1LE

([ p, p, a × |p| ]) = [ �p�WH
1LE

(p) ]

Now assume that �p�WH
1LE

(p) = false. Then, by definition of decA we know that

�decA�WH
1LE

(p) = true. But then decA and p have different semantics and thus
they can’t both decide membership of A. In this case, the assumption must be wrong
that p decides the membership of A and thus the assumption A ∈ TIMEWH1LE(a ×n)

must be wrong. Consequently, it must be true that �p�WH
1LE

(p) = true. But in this

case, by definition of decA again, we know that �decA�WH
1LE

(p) = false. But then,
by the same argument as above, it must be wrong that p decides the membership of
A and thus the assumption A ∈ TIMEWH1LE(a × n) must be wrong.

So in either case A ∈ TIMEWH1LE(a × n) must be wrong and therefore A /∈
TIMEWH1LE(a × n).

It remains to show the second condition, namely that A ∈ TIMEWH1LE(a ×b ×n)

for some b. This is shown by first analysing the runtime of A’s decision procedure
diag which is a WHILE-program. We do this step by step:

• Assignment N:=<size> X requires the execution of size which is in O(|p|)
(see Exercise 3 in Chap.13) as X is |p|. Therefore, the assignment takes time
1 + ks × |p| for some constant ks .

• Assignment Timebound:=<mult>[N,"a"]: here N is |p|, a is a constant, and
we know that macro mult runs in timeO(|p| × a) (see Exercise 13 in Chap.13).
Therefore, the time this assignment takes is 1 + km × a × |p| for some constant
km .

• Assignment X:=<tu> Arg: we recall that tu is efficient, so we can estimate the
time it takes to execute this assignment is 1+ kt ×min (a × |p|, timeWH

1LE
p (p)) ≤

kt × a × |p| for some constant kt .
• The conditional takes either time 1 + 2 + 2 (false) or 1 + 2 + 3 (true) which is at
most 6.

Putting now all the commands in diag together we can estimate:

timeWHILEdiag (p) ≤ 2 + (1 + ks × |p|) + (1 + km × a × |p|) + (kt × a × |p|) + 6

or, adding up the constants,

timeWHILEdiag (p) ≤ (ks + (km + kt ) × a) × |p| + 10

http://dx.doi.org/10.1007/978-3-319-27889-6_13
http://dx.doi.org/10.1007/978-3-319-27889-6_13
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Since |p| ≥ 1 (remember that nil has size 1) we obtain:

timeWHILEdiag (p) ≤ a × (ks + km + kt + 10) × |p|

Let c = ks + km + kt + 10. From Lemma14.3 we know that WHILE �lintime WH1LE
so we can conclude for decA that:

timeWHILEdecA (p) ≤ k ′ × (a × c × |p|) ≤ a × (k ′ × c) × |p|

So the required b is k ′ × c.

More details, as well as results for other variants of language WH1LE, can be found
in [1]. Dahl and Hesselund [4] have computed b precisely for a specific version
of WHILE and a specific time measure (which is is similar to ours), but b must
necessarily differ for different variants of WHILE.

A rather intriguing open problem that remains [5] is whether a similar Linear
Hierarchy Theorem can be proven for languages WHILE and GOTO? Note that for
the latter languages we cannot apply the proof technique used above, since we do
not get an efficient timed self-interpreter for those languages in the same way. The
reason is that the number of variables in use is not program-independent but has an
impact on the running time of the universal interpreter due to variable lookup (see
Exercise 3).

Note that, however, for SRAM we could prove an analogous theorem (with either
the unit-cost model or a logarithmic time model). For more information about that
see [5, Chap. 19].

15.2 Beyond Linear Time

Let us now generalise the Hierarchy Theorem from linear time bounds to arbitrary
ones that go beyond linear time. The original question we tackle in this chapter is
now rephrased like so:

Let f and g be time bound functions that are not both linear (as previously). Can L-programs
decidemore problemswith time bound f thanwith time bound g if f grows (asymptotically)
faster than g?

The asymptotic complexity is built into the kind of complexity theory we have
been using so far. Time bounds describe how running time grows when input data
size grows to an arbitrarily large amount. This is fair enough since our investigation
about feasibility of problems concerns large inputs.

Let f and g be time bounds, i.e. functions of type N → N. We have already
encountered a definition (and notation) for f growing (much) faster than g, namely
g ∈ o( f ) in Definition13.5. It should be pointed out that g ∈ o( f ) does not make
any statement about whether f (n) > g(n) for small n. But if g ∈ o( f ) we know

http://dx.doi.org/10.1007/978-3-319-27889-6_14
http://dx.doi.org/10.1007/978-3-319-27889-6_13
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that if n gets really big (in other words, the size of the input of the problem at hand
becomes really big) then f (n) is significantly greater than g(n).

We first consider L = WH1LE.
Since we generalise from linear time bounds to arbitrary ones, there is one addi-

tionally condition in this version of the Hierarchy Theorem, namely that f and g are
time constructible. What does that mean? Informally, f is time constructible means
that we can “find out how much time f (n) is available by a computation not taking
more than the order of f (n) steps” [5, Sect. 19.5]. This is an intuitive restriction
and many familiar functions are time constructible (in particular linear functions,
polynomials, exponentials, and arithmetic combinations of those, see Exercise 5).

Definition 15.3 A time bound f : N → N is called time constructible if there is a
program p and a constant c > 0 such that for all n ≥ 0 we have that:

�p� (�n�) = � f (n)� and timep(d) ≤ c × f (|d|) for all d

where �n� denotes the encoding of number n in the datatype of the language used.
This definition works for any programming language as every language should be
able to encode natural numbers (thus the language superscripts have been omitted).

Non-computable functions (like the Busy-Beaver function) cannot be time con-
structible. Also, we need to have enough time to produce the result, thus sub-linear
(small growing) functions are often not time constructible. In the linear Hierarchy
Theorem15.2 this condition was implicit as linear functions are automatically time
constructible.

Theorem 15.3 (Asymptotic Hierarchy Theorem WH1LE) If functions f and g are
time constructible, f (n) ≥ n, g(n) ≥ n and g ∈ o( f ), then it holds that:

TIMEWH1LE(O( f )) \ TIMEWH1LE(O(g)) �= ∅

Proof We proceed analogously to the Linear Time Hierarchy Theorem15.2, i.e. we
need to find a problem A such that:

1. A is decidable by a WH1LE program decA

2. decA ∈ WH1LE
time(b× f (n)), in other words A ∈ TIMEWH1LE(b × f (n)) and thus

A ∈ TIMEWH1LE(O( f ))

3. if A ∈ TIMEWH1LE(O(g)) with a decision procedure p ∈ WH1LE
time(O(g)), then

we get a contradiction if we ask p ∈ A using decision procedure p, thus asking

actually �p�WH
1LE

(p) = true?

Toobtain the appropriatedecA,wemodifydiag fromFig. 15.2 changing the assign-
ment to variable Timebound to

Timebound := <f> n;
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where f is the program that computes time bound f . This program exists since f is
time constructible. Again, we can compile diag into a WH1LE program decA and
thus define:

A = { d | �decA�WH
1LE

(d) = true }

Exactly as for the Linear Time Hierarchy Theorem we can prove that decA
∈ WH1LE

time(b× f (n)) for some b, so condition (2) is met. For condition (3) that A /∈
TIMEWH1LE(O(g)), as before, we carry out a proof by contradiction and assume
A ∈ TIMEWH1LE(O(g)). This means that there is a WH1LE program p that decides
membership in A and also satisfies timeWH

1LE
p (d) ≤ T (|d|) for all d ∈ D and a

time bound T for which there is an n0 ∈ N such that for all n > n0 we have that

T (n) ≤ cT × g(n). We now ask (as before): what is �p�WH
1LE

(p)? The crucial step
here is to obtain:

timeWH
1LE

p (p) ≤ T (|p|) =⇒ timeWH
1LE

p (p) ≤ f (|p|) (15.1)

If we have that, then the same argument as in the Linear Time Hierarchy The-
orem is applicable to derive a contradiction. As before, diag then allows the
self interpreter enough time to interpret p and we get two semantically different
deciders for A, a contradiction. It follows that A /∈ TIMEWH1LE(O(g)) but by (2)
A ∈ TIMEWH1LE(O( f (n)))

It remains to prove Eq.15.1: It obviously suffices to show that T (n) ≤ f (n)

where n is the size of p. Since T (n) ≤ cT × g(n) for n > n0 it suffices to show that
cT × g(n) ≤ f (n) for all n assuming |p| > n0. This, however, we obtain from the
assumption g ∈ o( f ), which implies

g(n) ≤ 1

cT
× f (n) for n > n1,

if |p| > max{ n0, n1 } (in which case we are done). But what do we do if |p| is
not large enough? Then we produce a program pnew from p that also meets the
assumptions of condition (3), i.e. pnew ∈ WH1LE

time(O(g)), just by padding p with
code of sufficiently large size. That this can always be achieved will be discussed in
Exercise 7.

The above theorem states that for two time bounds f and g (that are at least linear)
such that f grows asymptotically faster than g there are more problems decidable
in time (bounded by) O( f ) than there are problems decidable in time (bounded by)
O(g).

The Asymptotic Hierarchy Theorem can analogously be shown for languages
WHILE, SRAM and even RAM (under the unit cost model [3]). The version for Turing
Machines requires a stronger assumption as g ∈ o( f ) does not suffice but g(n) ×
log g(n) ∈ o( f ) does. The additional logarithmic factor is due to the extra cost for
maintaining the program counter of the timed universal program. While maintaining
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the counter can be done in constant time in WHILE and RAM, it requires more moves
on the tape of a TM.

It should be clear that the Linear Time Hierarchy Theorem is not a special case of
the asymptotic one as limn→∞ g(n)

f (n)
would boil down to limn→∞ a×n

a×b×n = 1
b which

is not 0.
From the Asymptotic Hierarchy Theorem we can now, for instance, conclude that

there must be problems that are not decidable in polynomial time but in exponential
time:

Corollary 15.1 There is a problem in EXP that is not in P, in other words the
inclusion P � EXP is proper.

Proof First we observe that P ⊆ TIME(O(2n)) as every polynomial is dominated
by the exponential function.

By theAsymptoticHierarchyTheoremnowTIME(O(2n))� TIME(O(2n × 2n))

= TIME(O
(

22n
)

) � EXP from which immediately follows P � EXP by transitiv-
ity.

15.3 Gaps in the Hierarchy

It is worth pointing out that the hierarchy actually contains some gaps. What do we
mean by “gaps”? For any function h : N → N for which h(n) ≥ n one can prove that
there exists a time bound t such that any program with time bound f (d) = h(t (d))

has time bound t for all but finitely many inputs d. So the “extra time” described by h
cannot help to decide more problems, i.e. TIME(O(t (n))) = TIME(O(h(t (n)))).
But this means that there are arbitrarily large gaps represented by h for certain time
bounds t . The question is: For which kind of t do those gaps exist? Those functions
cannot be time constructible because otherwise this would contradict the Hierarchy
Theorem. There is a corresponding theorem called Gap Theorem and more can be
read about this in e.g. [5, Sect. 20.4] or other textbooks about complexity.

What Next?

The Asymptotic Hierarchy Theorem provides examples of problems that cannot be
solved with a certain time bound, but since they have been constructed by diagonal-
isation, these are not very natural problems. As IT practitioners, we are of course
particularly interested in natural (common) problems and we will have a closer look
at those in the next two chapters.

Exercises

1. Prove Lemma15.1, i.e. that the STEP macro in the WH1LE timed universal pro-
gram tuwith input [ p, d ] is called atmost k×n times for a program-independent
constant k if timeWH

1LE
p (d) = n.

Hint: Analyse the changes of the code stack during execution of tu in terms of
input program d.
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2. As mentioned in the proof of Theorem15.1, show that the STEP macro for the
WH1LE timed universal program can be executed in constant time independent of
the size and shape of its input parameters.

3. Explain in detail why a timed version of the universal program (self-interpreter)
for WHILE (for the untimed version see Sect. 7.2) would not be efficient in the
sense of Definition15.2.

4. Are the following statements true or false? Give a reason (Hint: use robustness
results and Hierarchy Theorems.):

a. There is a problem in TIMEWH1LE(O
(

n2
)

) that is not in TIMEWH1LE(O(5n)).
b. Any problem in TIMEWH1LE(n2) is in PGOTO.
c. There is a b > 0 such that there is a problem in TIMEWH1LE(b × n) that is not

in TIMEWH1LE(n).
d. Any problem in TIMEWH1LE(n2) is in TIMEWHILE(n2).

5. Show that the following functions are time constructible (according to Defini-
tion15.3):

a. any constant function
b. the identity function
c. the (pointwise) addition of two time constructible functions
d. the (pointwise) multiplication of two time constructible functions
e. any linear function
f. any polynomial function
g. the exponential function f (n) = 2n .

6. Show that PWH1LE
� EXPWH1LE, i.e. there is at least one problem in EXP that

cannot be decided in polynomial time by a WH1LE-program.
7. Show that for any WH1LE-program p of size n there is a WH1LE-program p′

that has size n + k such that �p�WH
1LE = �p′�WH

1LE and p ∈ WH1LE
time(O(g)) iff

p′ ∈ WH1LE
time(O(g)).

8. Let M be a Turing machine deciding a set A in time f (n) ∈ o(n). Show that
for any (!) ε > 0 there is a Turing machine Mfaster deciding A in time g where
g(n) = ε × f (n) + c1 × n + c2.

9. The Speedup Theorem for TMs from Exercise 8 is contradicting the Linear Time
Hierarchy Theorem for WH1LE (and our intuition for that matter). Explain the
reason why the Speedup Theorem can be shown for TMs but not for WH1LE or
SRAM.
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Chapter 16
Famous Problems in P

What useful problems have polynomial time algorithms? What is
their complexity?

In order to fully grasp limits of computation, it is important to look at both sides of
the limit. We will discuss problems that are not known to be feasibly computable
in the next chapter, but first we look at the “right side” of the limit where we can
actually compute efficiently. Programmers strive to make their systems run faster,
fast programs is what companies make money with. Therefore, all computer scien-
tists will have to think about the time complexity of their algorithms and programs
eventually.

Programmers, of course, know that how one codes a solution has impact not
only on correctness (bugs) but also on the performance of the resulting program.
They often run into performance issues and computational complexity is the science
lurking behind those issues. From a pragmatic point of view, it is pretty obvious that
it makes a difference in runtime whether an algorithm uses two nested loops running
in quadratic time or just one loop, running in linear time. But the devil is in the
detail and sometimes quite ingenious algorithms can significantly reduce runtime
complexity, and take a conceptual algorithmic idea to a practically usable piece of
software. Here is an example:

The Fast Fourier Transform algorithm (FFT) is “easily the most far-reaching
algorithm in applied mathematics, the FFT revolutionized signal processing”, states
[9] which included FFT in a list of “top 10 algorithms of the 20th century.” The
FFT is a fast way to compute the Discrete Fourier Transform (DFT) “used in many
disciplines to obtain the spectrum or frequency content of a signal” [14]. It is fast
in the sense that it reduces the time complexity of computing the Direct Fourier
Transform from quadratic runtime O

(

n2
)

to a time bound that is O(n log n) where
n is the sample length of the signal. The reduction is achieved by using “divide-and-
conquer” to split the sequence of samples into subsequences of odd and even indexed
samples and carry out a DFT separately for each of them, thus halving the number
of expensive multiplications one has to perform. This process can then be repeated
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until a sample length 2 is reached, which altogether leads to an exponential reduction
in the number of multiplications.

Digital audio, digital storage, speech and image recognition are just a few exam-
ples that would not be possible without FFT. The emphasis here is on the first F
“fast”. The efficient algorithm was popularised in 1965 by James Cooley1 and John
Tukey,2 although it is fair to say that it was heavily influenced by previous work. It
turned out to have been already discovered byCarl Friedrich Gauss3 about 160years
earlier. For a historic overview see [14].

Explaining the details of FFT requires a significant amount of mathematics and
is beyond the scope of this book, so this chapter will take a closer look at some
other natural problems that quite often occur in practice, and that are simpler to
explain. For instance, thePredecessor problem (Sect. 16.2) is, one of themost studied
problems in data structures. It is solved billions of times every day when a packet is
forwarded from one router to another in an internet connection. The most popular
packet forwarding policy is the longest prefix match forwarding rule which requires
search for a longest address prefix in a forwarding table that matches the destination
address of a packet. The problem, in general terms, is to find the largest element in
a given set that is smaller than a given search value. In case of strings or addresses,
smaller means being a prefix of the search value. A plethora of solutions have been
proposed using various data structures to speed-up the search.4 The Predecessor
problem is thus also an excellent example for the trade-off between time and space
complexity.

The good news is that Predecessor and all other problems we will discuss in this
chapter have been proven to be in P. Although we do not really believe the Cobham–
Edmonds/Cook–Karp Thesis (see Chap.14), problems in P can be classified feasible
if the polynomials appearing as their time bounds have a low degree. This will be
the case for the problems in this chapter that are solved by algorithms with runtime
bounds that are polynomials of degree not higher than 4.

The problems presented and their algorithmic solutions are quite famous, so they
can be easily found by their names (online or in textbooks).5 The problems included in
this chapter are the Parsing problem (Sect. 16.3), Primality testing (Sect. 16.4), and
various graph problems: Reachability (Sect. 16.5.1), Shortest Paths (Sect. 16.5.2),
Maximal matchings (Sect. 16.5.3), Min-Cut &Max-Flow (Sect. 16.5.4), the Postman

1James William Cooley (born September 18, 1926) is an American (applied) mathematician who
worked at the IBM Watson Research Centre.
2JohnWilder Tukey (June 16, 1915–July 26, 2000) was an Americanmathematician and statistician
who invented the box plot. He received the National Science Medal in 1973.
3Johann Carl Friedrich Gauss (30 April 1777–23 February 1855) is widely regarded as one of the
greatest mathematicians of all time for his contributions to many different fields in mathematics,
among them number theory, geometry, probability theory, planetary astronomy, ….
4For an overview see [6].
5The diligent Computer Science student might have already encountered some of them in theirData
Structures and Algorithms or related modules.

http://dx.doi.org/10.1007/978-3-319-27889-6_14
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problem (equivalently “Seven Bridges of Königsberg” in Sect. 16.5.5). The chapter
concludes with a most versatile problem called Linear Programming (Sect. 16.6).

Before we start, let us first define the template for decision and optimisation
problems, respectively.

16.1 Decision Versus Optimisation Problems

A decision problem is of the form “decide membership in A” (here A is a set of data)
as discussed in Definition2.13. A template for such a problem can be described by
stating what the problem instance is and what the problem question is:

• (problem) instance: a particular data d (out of a given set or type)
• (problem) question: “is d in A”? (or short d ∈ A?)

Furthermore if we want to show that the problem is in TIME( f ) we need to find an
algorithm (procedure) p such that

• Input: p takes as input a data element d (of the set of allowable data= input type);
• Output: p decides d ∈ A returning true or false as output accordingly; output type
is therefore B;

• Time bound: p has a runtime bound f .

An optimisation problem is of the form “find an optimal s in G” and a template can
be described as follows:

• (problem) instance: some “scenario” G (often including a graph or a set of
equations or numbers6

• (problem) question: find a solution s for G such that m(s) is minimal/maximal
where m is some (fixed) measure of the size of s.

If we want to show that the problem is in TIME( f ) we need to find an algorithm
(procedure) p with

• Input: G
• Output: solution s such that s is a minimal/maximal solution w.r.t. m;
• Time bound: p has a runtime bound f .

We can reformulate any optimisation problem as a decision problem of the fol-
lowing form:

• (problem) instance: a particular encoding of G and a positive natural number K
• (problem) question: is there a solution s for G such that m(s) ≤ K (or m(s) ≥ K
for maximisation, respectively)?

6In any case something clearly defined.

http://dx.doi.org/10.1007/978-3-319-27889-6_2
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Why, or in which sense, is it sufficient to consider the decision problem version
of optimisation problems? Well, the decision problem is not harder than the optimi-
sation problem. If we can solve the optimisation problem with time bound f then we
can solve the decision problem version with time bound g(n) = f (n) + p(n) where
p is a polynomial. Why? Because if we have the optimal solution s we can check
whether m(s) ≤ K (or ≥, respectively) in polynomial time in the size of s. So if
the optimisation problem is in P so is the decision problem. Contrapositively, if the
decision problem is not in P, the optimisation problem is not either. We are interested
in problems that are not in P as they are more likely to be infeasible. And according
to the above, it is sufficient to consider decision problem versions of optimisation
problems.

16.2 Predecessor Problem

Search is a well-known problem and a simple linear search in a list is clearly O(n)

where n is the length of the list. In this case, the length of the items is assumed to
have a constant upper bound independent of n and thus any comparisons are O(1).
Runtime can be improved using binary search, which gets (worst-case) complexity
down toO

(

log2 n
)

but only works on sorted lists. If the list is not static, list insertion
and deletion need to be considered as well, which are both O(n) for sorted lists (see
Exercise 1).

Another less famous, but equally important, problem is searching a set of integer
values for the largest value less than or equal to a given value. This is called the
Predecessor problem and is the basis for string matching problems and network
protocols.

Definition 16.1 (Predecessor problem)

• instance: a set S ⊆ U containing n elements of (finite) type U and a search value
k ∈ U . Type U supports a “less than or equal to” order relation, ≤; Let u denote
the largest7 element in U ;

• question: what is the largest element in S that is smaller than k? In other words
find max{ x ∈ S | x ≤ k }.

Example 16.1 Let Σ = { a, b, c, . . . , y, z }. We will look at two instances of the
predecessor problem with U being a subset of the natural numbers and finite words
over alphabet Σ , respectively.

1. Let U = { x ∈ N | x ≤ 31 } with the usual ≤-order on numbers and u = 31.
Assume S = {0, 2, 5, 8, 24} which implies n = |S| = 5. If the search value is
k = 4 the answer to this instance of the Predecessor problem is 2, because 2 is
largest number x in S for which x ≤ 4 holds. If we set k = 8 the answer is 8,
equally for k = 11, for k = 30 the answer is 24.

7w.r.t. ≤.
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2. Let U = { w ∈ Σ∗ | |w| ≤ 10 } be the words over the standard alphabet (all
lowercase) with the standard lexicographic order, i.e. the alphabetical order in
which entries of a dictionary are sorted. To obtain a finite set, the length of words
is restricted to 10. Let S = { par, parade, part, pasta, port, portal, portcullis }
which implies n = |S| = 7 and u = portcullis the largest string in S. If the search
value is k = pastor, the answer to this instance of the Predecessor problem is
pasta, because pasta is the, lexicographically speaking, largest word in S that is
less or equal to pastor. If we set k = tardis the answer is portculis, equally for
k = potential. For k = apple, the answer is ‘not found’.

The first example can actually be viewed as a word matching problem of the second
type, setting U = { x ∈ {0, 1}∗ | |x | = 5 } and S = {00000, 00010, 00101, 01000,
11000 }, i.e. using binary words to encode the numbers. In this case u = 11111 and
its length is 5 (which corresponds to log2 25 in the number version of the problem).
In this representation the search keys must also be represented in binary form, i.e.
k = 4 becomes k = 00100 and so on.

The Predecessor problem has been widely researched and solutions are tradeoffs
between time and space complexity. Space refers to the memory needed to store
supporting data structures to speed up runtime. An additional tradeoff is the one
between search and updates of the set U . The latter can be costly if the auxiliary data
structure is complex. If we precompute and store all queries in an additional data
structure, this structure needs O(u) space but the answer time is then just a constant
lookup, i.e. search is O(1). The update of the auxiliary table is O(n). If n is large
this may not be an ideal solution.

In practice, one strikes a compromise, using so-called tries.

Definition 16.2 A trie for a set S of words (over alphabet Σ) is a tree of prefixes
in S. An edge from vertex s to vertex t exists if there is a letter c of the alphabet
Σ such that sc = t . In this case the edge is labelled c. In cases where S is a set of
numbers, one uses the binary representation of those numbers, then the prefixes are
words over alphabet {0, 1}.
Example 16.2 The trie for the Predecessor problem U = { x ∈ {0, 1}∗ | |x | = 5 }
and S = {00000, 00010, 00101, 01000, 11000 } from Example16.1 is depicted in
Fig. 16.1 as a subtree of a full binary tree of depth 5. The thick edges highlight the
actual trie with its five leaves that represent the elements of S.

There are various algorithms to solve the Predecessor problem, offering different
tradeoffs and using different data structures. A simple solution is to precompute and
store the trie as a binary tree as outlined in Fig. 16.1, then perform the search by
running along the tree starting from the root node (on the left) by selecting edges
with labels that match the letters of the key (word). Either one travels along a path
in the trie and the key is already in S, or at some point a letter does not match an
edge label of the trie. In the latter case, one selects the nearest element in S, i.e.
the nearest trie path. In Fig. 16.1 this is the first trie path above the (aborted) path
of the key. Obviously, such a run through a binary tree representing a trie can be
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Fig. 16.1 Trie for
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performed in the length of u (the maximum word), so search is in O(u). Note that
u in this example is log2 32. The tree can be stored with space O(n × u) where n
is the number of elements in S. With so-called fast tries the search time can be cut
down to O

(

log2 u
)

with O(n) space, and there are even more clever techniques in
certain situations, see e.g. [6]. So search for prefixes (as search in general) can be
done in logarithmic time if one uses the right data structure. The initialisation of the
data structure will need polynomial time (or at least linear time) though. But it only
has to be set up once if the set S does not change.8

16.3 Membership Test for a Context Free Language

Weknow that context-free languages (generated by context free grammars) are decid-
able. The decision procedure for such language is simply a parser for that language.
But what is the time complexity of parsing?

Definition 16.3 (Parsing problem)

• instance: a context free grammar G over a (finite) alphabet Σ and a word s over
alphabet Σ (i.e. s ∈ Σ∗)

• question: is s in the language generated by G?

A simple minded parser would just try all the possible derivations for the grammar.
But due to branching there may be exponentially many such derivations. One has to
do something a bit more clever to get a polynomial time algorithm. The clever trick
is called Dynamic Programming which simply refers to the fact that one stores inter-
mediate results of (sub)problems and (re-)uses them cleverly to compute further sub-
problems and eventually the desired result. This avoids unnecessary re-computation
of known results which can speed up the process significantly. This technique had
been discovered by Richard Bellman9 in the 1950s [7] at a time “when computer
programming was an esoteric activity practiced by so few people as not to even merit
a name. Back then programming meant “planning,” and “dynamic programming”
was conceived to optimally plan multistage processes” [10, p. 174]. So Bellman was
looking to solve an optimisation problem about discrete deterministic processes and
their scheduling [7].

Probably the most famous algorithm for parsing is the Cocke–Younger–Kasami
algorithm10 (also called CYK, or CKY algorithm). It is named after the scientists
who independently invented it in the late 1960s: John Cocke,11 Daniel Younger,

8Otherwise one needs to consider insert and update operations.
9Richard Ernest Bellman (August 26, 1920–March 19, 1984) was an American mathematician
famous for the discovery of dynamic programming. He won (among other awards) the John von
Neumann Theory Prize in 1976.
10According to [16, Chap.7] only Younger’s version was ever published “conventionally” in [24].
11John Cocke (May 30, 1925–July 16, 2002) was an American computer scientist often called “the
father of RISC architecture.” He won the Turing Award in 1987.
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and Tadao Kasami.12 This algorithm performs “bottom-up” parsing constructing a
so-called parsing table that stores which substrings can be generated from which
non-terminals of the grammar. The most famous parsing algorithm runs in time
O

(|s|3 × |G|), i.e. in cubic time in terms of the size of the string times the size of the
grammar.13 Regarding asymptotic worst case complexity, this is the best algorithm
for parsing.

16.4 Primality Test

This problem is a true decision problem and thus presented as such.

Definition 16.4 (Primality Problem)

• instance: a positive natural number n (the size of the number is measured loga-
rithmically, i.e. as the number of digits of its binary representation)14;

• question: is n a prime number?

That there is an algorithm with polynomial time bound (in the given strong sense
regarding logarithmic size) has only be shown in 2002 in a famous award-winning15

result by: Manindra Agrawal, Neeraj Kayal, Nitin Saxena16 called “PRIMES is in
P” [2].

“A remarkable aspect of the article is that the final exposition itself turns out to
be rather simple. The text as published in Annals of Mathematics is a masterpiece
in mathematical reasoning. It has a high density of tricks and techniques, but the
arguments come in a brilliantly simple manner; they remain completely elementary
…if the number-theoretic assumptions hold, then the algorithm runs in nearly cubic
time, which is amazing …Thus “PRIMES is in P” is a perfect example for a new trend
in derandomization” [5]. A good introduction to the problem of primality testing and
its history is provided e.g. in [1].

The AKS algorithm17 runs in O
(

log122 n × p(log2(log2 n))
)

where n is the prob-
lem instance (natural number). If we replace log2 n by n as the input of the problem
is the binary representation of the number, we obtain O

(

n12 × p(log2 n)
)

which is
clearly polynomial. Note that the exponent 12, under certain assumptions, can be
greatly reduced.

The simple-minded primality test (also called “trial division”) that the reader
might have learned already at school—namely to divide the given number K by

12TadaoKasami (April 12, 1930–March 18, 2007)was a Japanese engineer and information theorist.
13If the grammar is fixed, one usually ignores the grammar coefficient.
14E.g. |102| = |1100110| = 7 whereas in the WHILE cost measure |�102�| = 103 (a list with 102
nil entries).
15Actually they won several awards, among them the Gödel Prize and the Fulkerson Prize in 2006.
16All from the Indian Institute of Technology Kanpur.
17Usually called AKS-algorithm according to the initial letters of the surnames.
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all odd numbers up to the square root of K—has a complexity of O
(√

K
)

(see

Exercise5). If we consider the input number K represented as a binary of n digits

then trial division is O
(√

2n
)

= O
(

2
n
2
)

. This is clearly not polynomial.

16.5 Graph Problems

Recall the formal definition of a graph:

Definition 16.5 ((Directed) graph) A directed graph consists of two sets: a set of
vertices V and a set of edges E . Edges are simply pairs of vertices (s, t) the source
and the target vertex of an edge. In undirected graphs one does not even distinguish
source and target vertex.

Example 16.3 An example of an (undirected) graph with nodes labelled (a) to (g) is
depicted in Fig. 16.2.

Moreover, (a, b)—or (b, a)—is an example of an edge in E , whereas (a, c)—or
(c, a)—is not an edge in E .

Lemma 16.1 Every undirected (weighted) graph can be represented as a directed
(weighted graph).

Proof Exercise2.

16.5.1 Reachability in a Graph

Definition 16.6 (Reachability Problem)

• instance: a (directed or undirected) graph G = (V, E), and two vertices s, t ∈ V ;
• question: is there a path from s to t in G?

Fig. 16.2 Undirected graph
G = (V, E) a

c

b

d

e

g

f
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Example 16.4 In the graph depicted in Fig. 16.2 there is a path from node (a) to node
(g). The path is a → d → g and the corresponding nodes in the path are coloured
red. There are other paths between (a) and (g) too, for instance a → b → f → g or
a → d → f → g or even a → b → e → f → g.

Graph reachability can be solved by a simple breadth-first (or depth-first) search
along the edges starting from vertex s. By visiting all edges (and remembering those
visited edges) one can traverse the entire graph and find all reachable nodes.

16.5.2 Shortest Paths in a Graph

Definition 16.7 (Weighted graph) A weighted graph G = (V, E, w) is a graph
G = (V, E) together with a function w : E → R such that each edge has a weight
expressed as a (real) number.

In the following, all graphs are undirected but the problems can also be expressed
using directed graphs.

The graph in Fig. 16.3 is weighted. In this case all the weights are actually natural
numbers in N.

Definition 16.8 (Shortest Path Problem)

• instance: a weighted graph G = (V, E, w)

• question: What is the distance of the shortest path from v1 to v2 in G for each pair
of vertices v1, v2 ∈ V ? By shortest path we mean the path for which the sum of
weights of all the edges on the path is lowest.

Example 16.5 The shortest path from node a to node g in the graph depicted in
Fig. 16.3 is a → d → g and the sumofweights of its edges, i.e. the required distance,
is 3 + 2 = 5.

Fig. 16.3 Weighted graph
with shortest path from a to g a

c

b

d

e

g

f2

3

3 2

1

4

3

2 6



16.5 Graph Problems 205

Fig. 16.4 The Floyd–Warshall algorithm solving the Shortest Path Problem

The Shortest Path Problem can be solved by the famous Floyd18–Warshall19 algo-
rithm that is presented (as pseudo-code) in Fig. 16.4 to demonstrate the dynamic
programming technique.20 The dynamic programming technique means that inter-
mediate results (distances) are stored and re-used to improve complexity. Input is a
weighted graph G = (V, E, w).

Runtime of Floyd–Warshall

Let us analyse the algorithm’s runtime behaviour. One can easily see that the first
nested loop running through v and w isO(|V | × |V |). The second loop runs through
all edges, so it is O(|E |). The third nested loop running through k, i, and j is
O(|V | × |V | × |V |). Since E ⊆ V × V we have that |E | ≤ |V | × |V |. So the dom-
inating factor of the three summands is the last nested loop and thus the runtime of
the algorithm is O

(|V |3).
The Floyd–Warshall algorithm in Fig. 16.4 computes the distances of shortest

paths between any two vertices. This can be easily extended to compute a rep-
resentation of the shortest paths as well without changing the complexity. The
problem is called computing the shortest path tree. There is another famous algo-
rithm, Dijkstra’s21 algorithm which only works for positive distances. It runs
in O

(|E | × |V | + |V |2 × log |V |). If the number of edges is roughly |V |2 then

18Robert W. Floyd (June 8, 1936–September 25, 2001) was a famous American computer scientist
who won the Turing award in 1978 for his work in the areas of program verification and algorithms.
19StephenWarshall (November 15, 1935–December 11, 2006) was a renowned American computer
scientist.
20Other algorithms we will not include in detail, as they can be easily found in the literature and
online.
21Edsger Wybe Dijkstra (11 May 1930–6 August 2002) was a Dutch mathematician and physi-
cist and eventually a pioneer of a then new branch of science: computing. He won the Turing



206 16 Famous Problems in P

Fig. 16.5 A bipartite graph
with two different matchings

Dijkstra’s algorithm and the Floyd–Warshall algorithm have the same order of
complexity.

The shortest path problems havemany applications, for instance in internet routing
protocols. The Open Shortest Path First protocol [23] (OSPF), an interior gateway
protocol for large enterprise networks, for instance, can deal with link failures of
nodes by quickly computing a new shortest path for a route.

16.5.3 Maximal Matchings

A matching in a graph is a set of edges such that no two edges in the set share a
common vertex. Often the graph is bipartite, that means its vertices can be divided
into two disjoint sets of nodes A and B, such that nodes in A (and B, respectively)
are not connected and the edges of the graph always connect a vertex from A with
a vertex from B. If one wishes to match up pairs of competitors from two teams
for a tournament, for instance, one would have edges between pairs of vertices that
represent members of different teams. Since each competitor is supposed to have
only one opponent, no two edges in the matching should share a vertex. Figure16.5
shows twomatchings for the same bipartite graph (where the different sets of vertices
are coloured yellow and purple, respectively). The matching of size two on the left
hand size is highlighted in red, and the matching of size three on the right hand side
is highlighted in blue. Indeed, three is the largest size matching for the given graph.

Definition 16.9 (Matching Problem)

• instance: a (undirected) graph G = (V, E);
• question: What is the largest matching in G?

(Footnote 21 continued)
award (among many prizes) in 1972 “for fundamental contributions to programming as a high,
intellectual challenge; for eloquent insistence and practical demonstration that programs should be
composed correctly, not just debugged into correctness; for illuminating perception of problems at
the foundations of program design” [4].
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A famous (first) algorithm to compute maximal matchings is the Blossom algo-
rithm devised by Jack Edmonds22 in 1965. This algorithm is O

(|V |4) but has been
improved later to O

(|V |3) or also O(|V | × |E |). Norbert Blum [8] found an algo-
rithm inO

(√|V | × |E |) and some further improvements have been carried out since
then [13].

16.5.4 Min-Cut and Max-Flow

A very popular problem in Operations Research is the widely studied optimisation
problem called Max-Flow Problem. It is a specific network flow problem defined as
follows:

Definition 16.10 (Max-Flow Problem)

• instance: a weighted directed graph G = (V, E, w) (encoding a flow network
where w(u, v) ∈ Z describes the maximum capacity of flow from node u to node
v), a source node s ∈ V and a sink node t ∈ V .

• question: What is the maximum flow from s to t in G?

This problem can be solved by the Ford–Fulkerson algorithm,23 the complexity of
this algorithm is O(|E | × maxflow) where maxflow is the maximum flow of the
network.

Definition 16.11 A cut in a flow network graph G = (V, E, w) with source s and
sink t (as defined in Definition16.10) is a set of edges S ⊆ E whose removal from
E disconnects s and t . This can be equivalently viewed as a partition of the nodes
V into two disjoint sets A and B such that s ∈ A and t ∈ B. The capacity of a cut is
the sum of the capacities of the edges in the cut.

TheMin-Cut Problem requires to compute the minimum capacity of flow that one
needs to disconnect in order to completely stop any flow from source to sink in the
given network.

Definition 16.12 (Min-Cut Problem)

• instance: a weighted directed graph G = (V, E, w) (encoding a flow network)
where w(u, v) ∈ Z describes the maximum capacity of flow from node u to node
v, a source node s ∈ V and a sink node t ∈ V .

• question: What is the cut with minimum capacity for the given flow network?

22Jack R. Edmonds (born April 5, 1934) is an American computer scientist, famous for his contri-
butions to the field of combinatorial optimization. He received the 1985 John von Neumann Theory
Prize.
23Lester Randolph Ford, Jr. (born September 23, 1927) and Delbert Ray Fulkerson (August 14,
1924–January10, 1976) areAmericanmathematicianswhoare essentially famous for this algorithm.
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Fig. 16.6 a A flow network as graph b Max-Flow for the network on the left

Theorem 16.1 Let G with source s and sink t be a flow network. The maximum flow
is equal to the capacity of the minimum cut.

Applications of this problem basically occur wherever networks occur: In a com-
puter network one may wish to route as many packets as possible. In transportation
one may wish to send as many trains as possible, where tracks have certain limits on
the number of trains per any given time. Similar applications arise for road or phone
networks. For more about this problem and its applications see [3].

Example 16.6 The graph in Fig. 16.6a shows a flow network as a graph. The labels
on each directed edge denote capacities. The network’s source node is s and its sink
node is t , respectively. In Fig. 16.6b the same network is depicted but edges are now
labelled with their maximum flow (in red) instead of their capacity. It is obvious from
this picture that the maximum flow is 3. One can also see that the minimum cut is
3. To completely disrupt the flow from node s to t it suffices for instance to cut the
edges (s, 2) and (s, 3), which together have a flow of 3. Alternatively, one could cut
edges (2, 4), (3, 4), and (3, 5) or the pair of edges (4, t) and (5, t). In either case the
total flow of the edges is 3.

16.5.5 The Seven Bridges of Königsberg

Legend has it that Frederick the Great of Prussia once had to host a group of interna-
tional dignitaries whom he wanted to show the beauty of the city, first and foremost
the seven bridges across the river Pregel. He thus asked the mathematician Leonhard
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Fig. 16.7 The seven bridges of Königsberg. a Königsberg, river Pregel with bridges b …abstract
as a graph

Euler24 to compute a tour across all seven bridges that visits each bridge exactly
once. A tour of course ends up where it started. The problem is depicted in Fig. 16.7a
that shows the river’s various arms in blue and the bridges in red.25

Euler abstracted away from the concrete layout of the river and bridges by using
a graph where the vertices represent the various land masses (separated by the river)
and the edges represent the bridges.26 The green land masses 1–4 from Fig. 16.7a are
the vertices of the graph in Fig. 16.7b that represent the abstraction from the problem.

Definition 16.13 (Eulerian circuit Problem)

• instance: an undirected (connected) graph G = (V, E)

• question: is there a circular path in G that visits each edge exactly once?

Euler could show that no tour exists that visits each bridge exactly once by proving
a general result about circuits in graphs (now called Eulerian circuits in his honour).
Such circuits are supposed to visit each edge exactly once and finish in the same
vertex they started from. Euler circuits will be discussed in more detail in Exercise7.

The standard algorithm for finding an Eulerian circuit is Fleury’s algorithm [12],
which is in O

(|E |2). There are algorithms with even better complexity as well, like
Hierholzer’s algorithm [15], which runs in O(|E |).27

A variation of this problem, where the length of the route is also important, is
the so-called28 Postman Problem: given a map of a (quarter of a) city with distances

24Leonhard Euler (15 April 1707–18 September 1783) was a great Swiss mathematician and physi-
cist. His main mathematical contributions are in infinitesimal calculus and graph theory. He is also
responsible for much of modern mathematical notation in analysis.
25The image of Köngisberg city centre is cut out of a larger engraving by Joachim Bering from
1613 and was printed on a memorial page of the 600th anniversary of the city in about 1813.
26Inventing the field of graph theory on the fly.
27Both algorithms are well-known and can be easily found online or in textbooks.
28Kwan Mei-Ko seems to have introduced the term Postman problem in [20].
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(lengths) for all streets, find the shortest tour that visits each street at least once,
and returns to the starting point. If we represent this problem graphically, streets
correspond to edges and vertices to street corners. Weights are the distances. This is
a generalisation of the 7-Bridges problem above.

Definition 16.14 (Postman Problem)

• instance: a weighted undirected graph G = (V, E, w) where the weights corre-
spond to (positive) distances.

• question: what is the shortest circuit in G that visits each edge (“street”) at least
once?

It is important that the graph in undirected. This means that the postman can walk
along each street in any direction. There are no one way streets and also the cost of
travelling in either direction is the same. We will see in the next chapter that this is
crucial. Surprisingly maybe, if one mixes directed and undirected edges, or if the
costs can depend on the direction travelled, one obtains much harder problems.

There are many real world applications. The Postman Problem is not only an issue
for postmen’s route planning, it can lead to fuel (and time) savings for rubbish col-
lection, bus routing, road sweeping, snow-plough dispatch and so on. This Postman
Problem is also often called Route Inspection Problem, as one is allowed to visit an
edge more than once, so any kind of (pipe-)line inspection is thus another application
scenario.

The first solution to the Postman Problem is due to Jack Edmonds29 and Ellis
Johnson30 [11] and uses Eulerian circuits and Edmond’s blossom algorithm. The
runtime is O

(|V |3).

16.6 Linear Programming

Consider the following problem of solving linear inequalities.31 It is so general that
it has an unlimited number of applications. Formally it can be described as follows:

Definition 16.15 (Linear Programming Problem)

• instance: x is a n-vector of positive (real) variables, x ≥ 0 and c is column vector,
such that Ax ≤ b where A is an m × n matrix of integers,32 and b is a row vector
of integers of length m.

• question: maximize cT · x

29The author of the Blossom algorithm mentioned in Sect. 16.5.3.
30Ellis L. Johnson (born 26 July 1938) is an American mathematician famous for his work in
combinatorial optimisation for which he received (among other awards) the John von Neumann
Theory Prize in 2000 (with Manfred W Padberg).
31Some Computer Science students may know this problem from Discrete Mathematics or Opera-
tions Research.
32It has m rows and n columns.
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Here is a simple example of an application of Linear Programming from [25]:

Example 16.7 Suppose that a farmer has a piece of land, say A km2 large, to be
planted with either wheat or barley or some combination of the two. The farmer has
a limited permissible amount F of fertilizer and I of insecticide, each of which is
required in different amounts per unit area for wheat (F1, I1) and barley (F2, I2). Let
P1 be the price of wheat, and P2 the price of barley, each per km2. The areas planted
with wheat and barley are denoted x1 and x2 (in terms of km2), respectively. The
farmer would like to optimize the income, and needs to decide how much wheat or
barley to plant. This can be expressed as a linear programming problem as follows:

P1 × x1 + P2 × x2 optimize revenue
x1 + x2 ≤ A total area constraint
F1 × x1 + F2 × x2 ≤ F fertilizer constraint
I1 × x1 + I2 × x2 ≤ I insecticide constraint

which gives rise to the following instance of the Linear Programming Problem as
given in Definition16.15:

c = (P1 P2) b =
⎛

⎝

A
F
I

⎞

⎠ A =
⎛

⎝

1 1
F1 F2

I1 I2

⎞

⎠

The best performing algorithm on average for Linear Programming is the sim-
plex33 algorithm (also known as simplex method), discovered by George Dantzig,
often cited as one of the top 10 algorithms of the 20th century [9] (see also discussion
in Sect. 14.3). It does not run in polynomial time though [19]. Leonid Khachiyan34

was the first to prove that Linear Programming is in P [18]. His algorithm was,
however not very efficient. Karmarkar35 improved the algorithm in 1984 [17]. His
algorithm runs in O

(

n3.5L2 ln L ln L
)

where n is the number of variables and L is

33In geometry, a simplex is a generalization of the notion of a triangle or tetrahedron to arbitrary
dimensions: a k-simplex is a k-dimensional polytope which is the convex hull of its k + 1 vertices.
The simplex algorithm uses a simplex to describe the solution space (“feasible region”) and then
runs along the edges to find the best corner.
34Leonid Genrikhovich Khachiyan (May 3, 1952–April 29, 2005) was a Soviet mathematician
of Armenian descent who moved to the US in 1989. For proving the above mentioned result he
was awarded the Fulkerson Prize of the American Mathematical Society and the Mathematical
Programming Society. He even made the front page of the New York Times. An insightful and
amusing account of this story and how journalists can misrepresent scientific results can be found
in [21]. Khachiyan’s work stimulated much research on the area, eventually leading to Karmarkar’s
breakthrough.
35Narendra Krishna Karmarkar (born 1957) is an Indian mathematician who was a Ph.D. student of
Richard Karp. He developed an efficient algorithm for Linear Programming for which he received
several awards.

http://dx.doi.org/10.1007/978-3-319-27889-6_14
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the size of the entire input (in bits). This is O
(

n2.5
)

times better than Khachiyan’s
original algorithm.

Linear Programming is quite generic and can thus be applied to many real world
problems. It plays an important role in many applications in transport, matching,
and planning problems (economics). It can be used, for instance, to solve Min-
Cut (Definition16.12). Interestingly, and maybe surprisingly, a seemingly innocuous
change to the Linear Programming Problem, namely restricting the solutions to be
integers, leads to a much harder problem that we will discuss in the next chapter, the
so-called Integer (Linear) Programming Problem.

What Next?

We have seen a number of useful problems, most of them optimisation problems,
that can be all solved in polynomial time. Moreover, the worst-case asymptotic time
bounds of those algorithms are polynomials of a small degree, usually 3 or 4. Next,
we want to study some more common problems for which nobody so far has found
a polynomial time algorithm.

Exercises

1. Consider the binary search algorithm of searching a value in a sorted list of size
n. Explain why

a. the time complexity of searching a value in the sorted list is O
(

log2 n
)

.
b. the time complexity of inserting a new element into the sorted list is O(n).
c. the time complexity of deleting a new element from the sorted list is O(n).

Time complexity always refers to asymptotic worst-case complexity.
2. Show Lemma16.1.
3. Look upDijkstra’s algorithm and verify that it isO

(|E | × |V | + |V |2 × log |V |)
where (V, E) is the input graph.

4. Look up Edmonds’ Blossom algorithm and verify that its complexity isO
(|V |4)

where V is the set of vertices of the given graph.

5. Show in detail that the trial division primality test in Sect. 16.4 isO
(√

2n
)

where

n denotes the number of (binary) digits of the input.
6. Look up the Ford–Fulkerson algorithm and show that it is O(|E | × maxflow)

where maxflow is the maximum flow of the network and E are the edges.
7. Consider the Eulerian Circuit Problem (7 Bridges Problem) from Defini-

tion16.13.

a. For which of the following six graphs does a required tour that visits each
edge exactly once exist? It does not matter in which vertex the tour starts and
ends, but it is important that the tour starts and ends in the same vertex.
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c d

a b

c d

e

a b

c d

a b

d e
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a

c d

a b

e

b. Consider the graphs from question (a) for which a tour as described above
exists. What do they have in common?

c. Can you guess the the condition inEuler’s Theorem that states in which cases
a tour (in connected graphs) exists?
Hint: Look at the edges! Note that in a more general variant one needs to first
check whether the graph is connected, i.e. it does not have isolated vertices.

8. The number of edges a vertex v in an undirected graph G = (V, E) is connected
to, is called the degree of v. Show the following lemma:

The number of nodes of odd degree in an undirected graph G is always even.

Hint: The sum of the degrees of all the nodes in G must be an even number
because each edge connects exactly two nodes.

9. Look up Hierholzer’s algorithm and show that it has complexity O(|E |) where
E is the set of edges in the graph.

10. Show that if an undirectedweighted graphG = (V, E, w) has an Eulerian circuit
(in the sense of Definition16.13) then this circuit must be the solution to the
Postman Problem for the same graph G.

11. Provide a solution for the Linear Programming Problem of Example16.7. In
other words, tell the farmer how much of the area A should be used for wheat
and how much for barley.

12. Convert the Max-Flow problem of Example16.6 into a Linear Programming
Problem. Then solve the Linear Programming problem and check that the solu-
tion is identical to that given in Example16.6.

13. A spanning tree of an undirected graph G = (V, E) is a subgraph (V, Es)—
where Es ⊆ E—that is a tree itself and connects all the vertices V .
Consider the Minimum spanning tree Problem (MSTP) defined as follows:

• instance: an undirected and connected weighted graph G = (V, E, w) with
w(u, v) ≥ 0 for every edge (u, v) ∈ E .
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Fig. 16.8 Kruskal’s algorithm

Fig. 16.9 Graph for
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• question: What is a spanning tree of G withminimal total weight? The weight
of a tree is the sum of the costs of its edges.36

a. This problem has many practical applications in network design whether it
is electrical,37 telephone, road, or hydraulic networks. Explain why MSTP
could be important for such networks.

b. There have been suggested various algorithms to solveMSTP. One of them
is Kruskal’s Algorithm, which can be found in Fig. 16.8 (as pseudo code).
Use Kurskal’s algorithm to find a minimum spanning tree in the weighted
graph of Fig. 16.9.

c. Explain why Kruskal’s Algorithm is called a greedy algorithm.

36There may be more than one minimum spanning tree for a given graph.
37The problem and a solution to it was first published under the name “Contribution to the solution of
a problem of economical construction of electrical networks” by Boråvka in 1926 to solve an engi-
neering problem for the city of Moravia. For more details, see e.g. the historically interesting [22].
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d. Determine the (order of) the complexity of Kruskal’s algorithm in terms
of |V | and |E | of the input graph G.

e. From the above conclude that MSTP is in P.

14. Convert the Postman Problem of Definition16.14 into a Linear Programming
Problem.
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Chapter 17
Common Problems Not Known to Be in P

For which common and useful problems are polynomial time
algorithms (yet) unknown?

In this section we present another set of useful and famous problems. This time,
however, nobody knows yet whether they are in P. No algorithms have been discov-
ered yet that solve (decide) these problems in polynomial time (asymptotically). For
simplicity, all problems in this chapter will be formulated as decision problems, even
if they more naturally occur as optimisation problems.1

The problems included in this chapter are the Travelling Salesman Problem
(Sect. 17.1), the Graph Colouring Problem (Sect. 17.2), the Max-Cut Problem
(Sect. 17.3), which are all graph problems, the 0-1 Knapsack Problem (Sect. 17.4),
and the Integer Programming Problem (Sect. 17.5). We also discuss the implications
of the fact that no polynomial solutions are known (Sect. 17.6).

For all problems in this chapter one can still find a decision procedure, e.g. by
implementing some kind of “brute force” generate-and-test strategy at the cost of
generating exponentially many solution candidates (or more). Those simple-minded
algorithms clearly cannot have a polynomial time bound. Spoiler-alert: in Chap.18
it is argued that for all these (and many more optimisation) problems one can at
least test in polynomial time, whether candidate solutions are actually solutions.
Furthermore, Chap. 21 is all about how and to what extent solutions for such hard
problems can be computed in practice in a reasonable amount of time.

1An advantage is that we do not have to care how long it takes to construct the solution.
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17.1 The Travelling Salesman Problem (TSP)

The Travelling Salesman Problem (TSP) has been mentioned in the introduction
(Chap. 1) already. It is easy to understand and is therefore used heavily in research
about optimisation algorithms and popular science publications alike. “It belongs
to the most seductive problems in combinatorial optimization, thanks to a blend
of complexity, applicability, and appeal to imagination” [4]. It is often used as a
benchmark which allows different algorithms to be compared on their merits of
finding solutions for “hard” problems.

A version of it was first defined by the Irish mathematician (physicist and
astronomer) W.R. Hamilton2 and the British mathematician Thomas Kirkman3. As a
mathematical problem it was defined in 1930 by Karl Menger.4 The name “Travel-
ling Salesman Problem” was apparently introduced by American Hassler Whitney.5

The origin of TSP lies with Hamilton’s Icosian Game, which was a recreational
puzzle based on finding a Hamiltonian cycle, a Sudoku of the 19th century, so to
speak [5]. The problem is much liked by mathematicians, due to its simplicity and
its numerous applications. A number of books6 have been dedicated to it, requiring
a varying degree of maths knowledge [2, 3, 10].

We now present TSP in decision problem form.

Definition 17.1 (Travelling Salesman Problem)

• instance: a road map of cities with distances, i.e. an undirected7 weighted graph
G = (V, E,w) where vertices are cities and edges are roads such that weights
w(u, v) denote the distance between vertices (cities) u and v, a positive natural
number k, a vertex a (the city to start in) and a vertex b (the city to end up in).

• question: is it possible to take a trip from vertex (city) a to b that passes through
all cities such that the resulting trip has a length that is not greater than k?

This problem is important for haulage companies or any company that has to
distribute goods to many cities (places). Saving miles means saving time and fuel,
thus money.8

2Sir William Rowan Hamilton (3/4 August 1805–2 September 1865) was an Irish physicist,
astronomer, and mathematician who made significant contributions to all those fields.
3Thomas Penyngton Kirkman (31 March 1806–3 February 1895) was a British mathematician.
4Karl Menger (January 13, 1902–October 5, 1985) was an Austrian-American mathematician and
son of the famous Viennese economist Carl Menger. He is probably most renowned for the three-
dimensional generalisation of the Cantor set and Sierpinski carpet (fractal curves) called Menger
sponge.
5HasslerWhitney (23March 1907–10May 1989) was an American award-winning mathematician.
6In 2012, there has even been a movie released with this title [13] that won the “Best Movie” award
at the Silicon Valley Film Festival.
7This is the so-called symmetric version of the TSP, there is also an asymmetric one where the cost
of travelling from u to v does not equal the cost of travelling from v to u.
8Apparently bees can learn quickly to find the shortest tour from their bee hive to all the food
sources (i.e. flowers) in a meadow. Researchers of Royal Holloway University, London, have

http://dx.doi.org/10.1007/978-3-319-27889-6_1
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It should be pointed out that TSP is not just relevant for salesmen, haulage compa-
nies, and transport providers. The emerging trend of “Retail-as-a-Service” (RaaS)9

may actually change our shopping experience in the future. It requires complex logis-
tics to distribute goods to a large number of households. For such applications TSP
can be generalised to multiple salesmen (or vehicles), the resulting problem is then
known as theVehicle Routing Problem (VRP). This is particularly important for RaaS
and even more so the Vehicle Routing Problem with Time Windows (for delivery),
Capacitated VRP, Multiple Depot VRP, VRP with Backhauls and VRP with Pick-up
and Deliveries. For a survey of all these with details see [12].

TSP is furthermore relevant to microchip and other manufacturing processes. It
pays off to find the shortest path for a tool, e.g. soldering equipment or a drill, tomove
during a production process. In the latter examples cities correspond to soldering
points and edges to the potential moves of the soldering iron. As subproblem, TSP
also appears in the DNA sequencing problem (cities are DNA fragments).

It is instructive to look how quickly the number of possible tours grows which
prohibits a simple “generate-and-test” solution for TSP. For three cities there are
only 12 possible tours, for 8 cities we have already 20,160 possible tours. Let us now
increase the number of cities more steeply: for 20 cities we have over 60,000 trillion
tours. And if we go beyond 70 cities, we have definitely more possible tours than
there are atoms in the known universe.10

Note that ignoring the distances, a path through all vertices from A to B is also
called aHamiltonian path. Accordingly, a tour is called aHamiltonian circuit. Again,
as with Euler circuits, there is an abstract graph problem behind the more applied
salesman-packaging of the problem.

It is worth pointing out the difference between the Travelling Salesman Problem
and the Postman Problem (from Sect. 16.5.5), both request shortest tours, but in the
first case every city needs to be visited once (i.e. vertex in the underlying graph),
whereas in the second case every road (i.e. edge in the underlying graph) needs to
be visited at least once.

(Footnote 8 continued)
published some results in 2010. However, it is questionable how big the route can be that they
manage to solve.
9RaaS in the context of Network Operating Systems means “Routing-as-a-Service”.
10One usually calculates between 1078 and 1080 atoms in the known universe. In the “J” series of the
BBC panel game quiz show “QI” (Quite Interesting), host Stephen Fry mentioned a fact about 52!,
the number of possibilities you can shuffle a pack of (poker) cards. The number is so big (around
8 × 1067) that it is unlikely that anybody who shuffled a deck of cards before produced the same
order of cards in the entire history of humanity! This requires, of course, that the deck is shuffled
properly, but apparently 4 decent shuffles suffice. And of course, it just expresses an extremely
low probability. So when Fry introduced his shuffling of a deck with the words “I’m going to do
something that has never been done by any human being since the beginning of time”, he is not
quite right actually. He should have said “that is very unlikely (with virtually zero probability) to
have been done by any human being before”.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
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17.2 The Graph Colouring Problem

How many colours do we need to colour a map such that no adjacent counties (or
countries) have the same colour?11 This depends on the map, but in any case we
never need more than 4 colours, even if some countries have many more neighbours.
That four colours are always enough for a map is a famous result (The Four-Colour
theorem) proved by Kenneth Appel12 and Wolfgang Haken13 in 1976 [1],14 but has
been already observed by Englishman Francis Guthrie in 1852.

Maps can be seen as special graphs (planar graphs) where vertices are countries
and edges between countries exist if the two countries have a common piece of
borderline. This is an abstraction process similar to the step Euler made from the
bridges of Königsberg to a graph.

Therefore, we can formulate the above colouring problem for maps as a more
general problem about colouring of graphs:

Definition 17.2 (Colouring Problem)

• instance: an undirected graph G and a number K of colours to be used where
K ≥ 3 (otherwise it is easy).

• question: using only K colours, can one colour graph G in such a way that each
pair of adjacent nodes (connected by an edge) is coloured differently?

Example 17.1 An example of a graph with 6 vertices coloured in using only three
colours (blue, red and green) is given in Fig. 17.1.

Although the Graph Colouring Problem’s name may suggest that it were not
applicable,15 it actually occurs quite often in various disguises. Usually, when limited
resources have to be managed that are in conflict with each other, this problem is
somewhere not far away. In compiler construction, for instance, registers need to be
allocated to variables. The question how many registers you need is a version of the
Graph Colouring Problem. In air traffic or network traffic control one has a similar
problem too: interfering planes or transmitting stations correspond to vertices that
are connected by an edge. The number of colours needed corresponds to the maximal
number of resources (registers to store variables in compilers, channels to deal with
plane traffic or frequencies) needed at any given time to meet the requirements.

11In other words: countries that share a border need to be drawn in different colours.
12Kenneth Ira Appel (October 8, 1932–April 19, 2013) was an American mathematician. With
Wolfgang Haken he solved the Four-Colour theorem, one of the most famous problems in mathe-
matics. He was awarded the Fulkerson Prize.
13Wolfgang Haken (born June 21, 1928) is a German-American mathematician who works in topol-
ogy.With Appel he proved the Four-Colour-Thereom and was awarded the Fulkerson Prize in 1979.
14The proof by Appel and Haken was the first proof of a major theorem that used computers to
“compute” parts of the proof in order to deal with the many resulting different cases and combina-
torial problems. It was therefore initially not trusted by everyone. In 2004 a fully machine-checked
proof of the Four-Colour theorem has been carried out [7].
15When do you want to colour a graph in real life?
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Fig. 17.1 A coloured
(non-planar) graph

Note that the Colouring Problem for planar graphs, i.e. graphs that can be given
a layout such that no edges cross each other (and thus correspond to maps) is only
non-trivial for K = 3 due to the 4-Colour-Theorem mentioned above.

17.3 Max-Cut Problem

In Sect. 16.5.4 we encountered the Max-Flow andMin-Cut Problem. Let us consider
now a variation of the flow-cut problem, where we look for maximum capacity in
the cut between the edges of two subsets of vertices in the network (graph). This
problem is called Max-Cut. As a decision problem, Max-Cut can be described as
follows:

Definition 17.3 (Max-Cut Problem)

• instance: weighted graph G = (V, E,w) where w(u, v) ∈ Z describes the maxi-
mum capacity of flow from u to v, and a number K .

• question: can we partition, i.e. cut, the vertices V into two sets S and T such that
the weight of all edges E between a node in S and a node in T is greater or equal
than K ?

In a simplified version there is no weighting and one is interested in the partition with
the most edges between S and T . The Max-Cut Problem has important applications
in VLSI16 circuit design. The partitioning of the circuit into subsystems is essential

16Very Large Scale Integration.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
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for optimizing connectivity of components and this partitioning can be optimised
with the help of Max-Cut.

Given how similar theMax-Cut Problem is toMin-Cut /Max-Flow, it is surprising
that only the latter are known to be in P. Max-Cut is not known to be in P.

17.4 The 0-1 Knapsack Problem

Consider the problem of packing a knapsack or a container with items such that a
certain capacity of the container is not exceeded, optimising at the same time the
value of the packed items. As a decision procedure we replace the optimum packing
with one where the value of the packed items is above a certain threshold.

Definition 17.4 (0-1 Knapsack Problem)

• instance: a vector of n positive integers, representing the sizes, wi (1 ≤ i ≤ n)
of the items, a natural number, representing the capacity or total weight of the
container (knapsack), W , a vector of n positive integers, representing the profits
(or values) of the items, pi (1 ≤ i ≤ n), and a natural number K

• question: Is there a way a subset of the n items can be packed (stored) in the
container (knapsack) such that their profit adds up to at least K , without exceeding
the total capacity W? This can be expressed by two inequalities and a boolean
vector xi (1 ≤ i ≤ n), i.e. each xi is either 0 or 1, indicating whether item i is in
the container (1) or not (0):

n
∑

i=1

wi × xi ≤ W
n

∑

i=1

pi × xi ≥ K

Again, this finds many applications in practice: consider truck loading, or any form
of capacity planning. The so-called Bin-packing Problem is like Knapsack but it uses
more than one container.

There are actually quite a number of similar problems known in the literature.17

In [8] the problem is presented in an even simpler version without values and requir-
ing that

∑n
i=1 wi × xi = W . Also for this version no polynomial time algorithm is

known.
The Knapsack Problem has a special status among the problems mentioned in

this section. One might think that there is actually a polynomial time algorithm that
solves it since one can prove the following result:

Proposition 17.1 Any instance of the 0-1 Knapsack Problem can be solved in
O

(

n2 × pmax
)

, where (as in Definition17.4) n is the number of items and pmax is
the largest profit value.

17Bounded Knapsack Problem, Multiple-Choice Knapsack Problem, Multiple Knapsack Problem,
Subset-Sum Problem, Change-Making Problem and so on. In fact, the are even entire books [9, 11]
dedicated to those problems alone.
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Proof We again apply the concept of dynamic programming to produce a n × pmax

matrix V of integers where V (i, v) denotes minimum weight of a selection among
the first i items with a total profit that is at least v. This matrix can be computed by
initialising V (0, 0) := 0 and V (0, v) := ∞ for all 0 ≤ v and then computing in a
nested loop: V (i, v) := min{ V (i − 1, v),wi + V (i − 1, v − pi ) } for all 1 ≤ n and
0 ≤ v ≤ ∑

i pi . The second term in the maximum is only defined if pi ≤ v. In cases
where it is not defined V (i, v) is simply set to V (i − 1, v). Matrix V can be clearly
computed in time O

(

n × ∑

i pi
)

. The size of the optimal solution, v∗, is the largest
v such that V (n, v) ≤ W . The answer for the decision problem is “yes” if, and only
if, v∗ ≥ K .

Is Proposition17.1 not a contradiction to the claim that Knapsack is not known
to be in P? The algorithm runs in time O

(

n2 × pmax
)

(see Exercise5). We need to
look at the size of the input altogether. We measure the size of integer numbers in
terms of the digits needed to represent them. The input of the algorithm consists of 2n
numbers forweight and profit, plus twomore numbersW and K . One can assume that
all the weights are smaller than W (see Exercise2 in Chap.21). Then the input size
is (log2 W ) × (n + 1) + (log2 pmax × n) + log2 K which isO

(

n × (log2 pmax)
)

. As
runtime is O

(

n2 × pmax
) = O

(

n2 × 2log2 pmax
)

, it follows that runtime is exponential
in the size of the input and the above algorithm does not run in polynomial time. It
would run in polynomial time if all input numbers of the problem were represented
in the unary number system. This example shows how important it is to be precise
about how the input size is measured. For reasonably small instances of numbers,
however, the above mentioned algorithm based on dynamic programming does give
good results. We get back to this in Chap.21.

17.5 Integer Programming Problem

In Sect. 16.6 we met the Linear Programming Problem which referred to solving
(finitely many) linear inequalities for a finite set of variables in R. This problem is
in P. If we just change one condition, namely requesting that the solutions for the
variables be integers in Z, things change significantly (and surprisingly maybe). We
have to make this problem into a decision problem again, dropping therefore the
optimisation function described in Definition16.15 by vector c, just requiring the
existence of a point satisfying the constraints:

Definition 17.5 (Integer Programming Problem)

• instance: A is an m × n matrix of real numbers, and b is a row vector of length
m.

• question: is there a vector x of n positive integers, i.e. x ∈ Z
n and x ≥ 0, such that

Ax ≤ b?

Integrality restrictions often reflect natural indivisibilities of resources. For
instance, one cannot divide a vehicle or a person in two or more parts, whereas

http://dx.doi.org/10.1007/978-3-319-27889-6_21
http://dx.doi.org/10.1007/978-3-319-27889-6_21
http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_16
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the farmer from Example16.7 was perfectly capable of dividing the area to grow
wheat and barley into two arbitrary (real) amounts. Sometimes, the integrality con-
straints reflect the nature of the problem being a “decision-making” problem, when
the only possible solutions allowed are 0 and 1.

The Integer Programming Problem is sufficiently general to be able to express
other problems in this section, for instance the Knapsack problem (Definition17.4)
or the Max-Cut problem (Definition17.3). This will be further explored in Chap.20
and in Exercises6 and 7.

As for all the other problems in this chapter, also for Integer Programming there
is no known algorithm that solves it in polynomial time. This problem provides
evidence that restricting a problem does not necessarily make it easier.

17.6 Does Not Being in P Matter?

There are, of course, many more problems which are unknown to be decidable in
polynomial time. Garey and Johnson’s book [6] is a classic text that lists many
problems of that kind.

Although nobody has found yet any polynomial-time algorithms for the above
problems, they need to be dealt with in practice on a case by case basis. If the input
is small, a brute-force approach might work. If the input gets bigger, maybe some
clever branch and bound techniques and other heuristics-based approaches do allow
the solution of the problem for slightly bigger input.

There is some good news though, there is an upper bound for the problems pre-
sented, so they are not in a outrageously complicated complexity class. Alas, the
class we can actually show they are in is EXP:

Proposition 17.2 All the problems above are in EXP. It is important to point out
that these are decision problems, not function (optimisation) problems. For some of
the problems the optimisation problem version, where an actual solution or minimum
has to be constructed, may not even be known to be in EXP.

Proof This is relatively obvious for problems that have at most exponentially many
possible solutions. This proposition will also follow more easily from the discussion
in the next chapter.

One might think that not requiring the optimal solution but an approximation of
the optimal solution makes the problem easier to solve, maybe to an extent that it
becomes decidable in polynomial time. Alas, for most of the problems that yet have
resisted polynomial time solutions, this is not the case, at least not unless we change
the problem.We will discuss these and approaches of how to “ease the pain” of these
hard problems in Chap.21.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_20
http://dx.doi.org/10.1007/978-3-319-27889-6_21
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What next?

The problems in this chapter are not in P, but they have all in common that we can
verify in polynomial time whether a given instance (candidate solution) is actually a
solution. We will use this fact to define a new class of problems that more closely fits
the problems we have seen in this chapter. This will us also give more of a handle to
prove or disprove that the problems have polynomial time solutions.

Exercises

1. Consider the undirected weighted graph in Fig. 16.9 from Exercise13, Chap. 16.

a. The graph has five nodes, how many tours are there (starting from A)?
b. Why does it not matter where the tour actually starts (and finishes)?
c. In a “brute-force” way, find the shortest tour that visits every node (city)

exactly once.

2. Look up the Held–Karp algorithm (also called Bellman–Held–Karp algorithm)
that uses dynamic programming and solves the optimisation version of TSP (not
the decision problem) and explain why its time complexity is O

(|V |2 × 2|V |).
3. Explain why the result of Exercise2 proves that TSP (the decision problem) is

in EXP.
4. Abstract away from the details of the map of South America and draw a graph

that just represents the countries and their borderlines. Colour the twelve nodes
representing the countries such that no two neighbouring countries have the same
colour. We know that four colours should suffice.

5. Explain why the algorithm for 0-1 Knapsack given in the proof of Proposi-
tion17.1 is O

(

n2 × pmax
)

.
6. Express the 0-1 Knapsack Problem (Definition17.4) as an instance of the Integer

(Linear) Programming Problem (Definition17.5).
Hint: The problem has already been given in a quite “linear programming”
looking shape. However, one equation uses ≥ instead of ≤, and this needs to be
changed using a basic algebraic transformation.

7. Express the Max-Cut Problem (Definition17.3) as an instance of the Integer
(Linear) Programming Problem (Definition17.5).
Hint: Introduce a variable for each vertex that encodes which partition the vertex
is in, and a variable for each edge that encodes whether the edge is cut.

8. Consider the following problem, called Vertex Cover Problem:

• instance: an undirected graph G = (V, E) and a positive number k.
• question: is there a subset Vs ⊆ V of vertices, such that |Vs | ≤ k and for each
edge (u, v) ∈ E either u ∈ Vs or v ∈ Vs (or both)?

The set Vs then “covers” all edges of G.
9. Show that Vertex Cover can be expressed as a special case of an Integer Linear

Programming Problem (Definition17.5).
Hint: Introduce a variable for each vertex v of the graph that encodes whether
v is in the cover set Vs .

http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_16
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10. Assume a county has five major cities which all need hospitals. It needs to
be decided where to build (or close in a more realistic modern day scenario)
hospitals. The minimum number of hospitals should be built, but there is one
condition (C):

From each city at least one hospital should be not less than a 10minutes drive away.

A table T with 5 × 5 entries is given whose entries T (u, v) state in minutes
how long it takes to drive (an ambulance) from city u to city v. A group of
local politicians would like to know whether 3 hospitals are sufficient to meet
the condition (C). Explain how this question can be formulated as an Integer
(Linear) Programming Problem (Definition17.5).
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Chapter 18
The One-Million-Dollar Question

In which complexity class are our hard problems if they cannot
be shown to be in P? If this class was different from P what
impact would that have?

The following quote addresses a phenomenon that we can observe also for the prob-
lems encountered in Chap.17, for which we do not know whether they are in P:

In theory it is much harder to find a solution to a problem than to recognize one when it is
presented.
Stephen A. Cook [3]

Although it is difficult to find efficient solution to the problems of Chap.17 (even
as decision problems), it turns out to be easy to check whether a certain candidate
solution actually is a solution. As this appears to be such a common pattern, we will
define a complexity class for it, called NP. The question whether this new class and P
describe the same class of problems is a big open question, with a one-million-dollar
price awarded for it. Whatever the answer is, whether the classes are equal or not
equal, this will have dramatic impact on the IT landscape.

Cook gives another example of the enormous difference between finding a
solution and checking whether a presented candidate is a solution [3]: Rubik’s
cube1: An unscrambled cube can be quickly identified as each face has a solid
colour. The unscrambling action, however, can take a very long time, at least
to the untrained person2 that does twist the faces randomly. After all, there are
43,252,003,274,489,856,000 different permutations to go through [6].

1Rubik’s cube is a three-dimensional combination puzzle invented by Ernő Rubik, a professor of
interior architecture and design, to help explain three-dimensional geometry in 1974. The original
cube consists of 3 × 3 × 3 smaller cubes that rotate around 3 axes. It is considered one of the
top-selling puzzle games of all time with allegedly more than 350 million cubes sold worldwide
[6].
2Currently, the fastest ever time to solve the Cube is 5.25 seconds recorded by Collin Burns, an
American teenager, in April 2015. This is according to the “World Cube Association” [11], and one
may be surprised to hear that such an organisation exists.
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The quick verification will only need to check a given candidate solution. Such
a candidate solution can be constructed by nondeterministically guessing its parts.
Alternatively, a certificate for the solution can be used by the verifier. Using these
ideas we will define a new class NP of problems (Sect. 18.1) for which verifiers
exists that run in polynomial time on input of polynomial size. This class NP is
contained in EXP and contains all our problems from Chap.17 (see Sect. 18.4),
which are therefore in EXP. The fact that they are in EXP (the class of problems
decided by programs with exponential3 time bound) just means that only decision
procedures with very bad asymptotic complexity are easy to find.Wewill also briefly
point out that neither the class NP nor EXP are the worst with respect to asymptotic
complexity. There are much worse classes and problems that can only be decided in
double, treble (and even more) exponential time.

The class NP can also be understood as class of problems “accepted” by a non-
deterministic program. This is discussed in Sect. 18.2. It turns out that NP is again
a robust class (Sect. 18.3) and that it gives rise to the biggest open problem in (theo-
retical) Computer Science (Sect. 18.5).

18.1 The Complexity Class NP

First of all, let us define the new complexity class. We make use of the fact (we
already observed) that the problems forwhich no polynomial time decision procedure
is known, have something in common: namely that one can check whether a given
candidate solution is actually a solution in polynomial time. A program that can
perform such a check is a “verifier”. We thus define:

Definition 18.1 (Verifier) An L-verifier for a problem A ⊆ {0, 1}∗ is a L-program
p (that always terminates) such that

A = { d ∈ {0, 1}∗ | �p�L (d, c) = true for some c ∈ {0, 1}∗ }

The extra input c is called the certificate used to verify that d is in A and c may be
different for different instances d. The runtime of a verifier is measured only w.r.t. d
and not the certificate c.

In analogy with the definition of TIME in Definition13.2 we can now define a
class of problems based on their verifiers:

Definition 18.2 1. The class of problems L-verifiable in time f is:
NTIMEL( f ) = {A ⊆ {0, 1}∗ | A has an L-verifier p ∈ Ltime( f )}

2. NPL is the class of problems that have polynomial time L-verifiers, or in other
words, NPL = {A ⊆ {0, 1}∗ | A has an L-verifier p ∈ Lptime}

3Recall that the exponent can be a polynomial in n.

http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_13
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3. NLINL = {A ⊆ {0, 1}∗ | A has an L-verifier p ∈ Llintime}
4. NEXPL = {A ⊆ {0, 1}∗ | A has an L-verifier p ∈ Lexptime}
As usual, we drop the superscript if the language in question is clear from the context
or irrelevant.

Now, why are those classes called NTIME,NP,NLIN, and NEXP, respectively?
The “P” of course stands for “Polynomial” (time) butwhat about the “N”? The reason
for the “N” is that the above mentioned classes can be defined differently. Tradition-
ally, the definition relies on nondeterministic Turing machines. If Turing machines
are given in the classic style as state transformers (extensions of automata), such
a nondeterministic Turing machine is one where the transition function is actually
a transition relation, so for any state and tape symbol there may be several dif-
ferent instructions. For the machine program style presentation given earlier, one
simply adds a nondeterministic program instruction. This will be explained in the
next section.

18.2 Nondeterministic Programs

We will now extend the semantics of our various definitions of languages (and
machines) fromChap.11 with a nondeterministic feature. For the machine-like mod-
els of computation, where programs are lists of labelled instructions, we define a new
nondeterministic instruction:

� : goto �1 or �2

with semantics as follows:

(�, σ ) → (�1, σ ) if I� = goto �1 or �2
(�, σ ) → (�2, σ ) if I� = goto �1 or �2

This means that there are now two possible successor configurations when executing
goto �1 or �2 and not just one as before. Instead of a sequence of configurations we
obtain a branching tree of configurations and Fig. 18.1 depicts an example of a tree
of configurations describing the execution of a nondeterministic program.Whenever
there is a goto �1 or �2 instruction executed we obtain two new branches where
the computation continues either at instruction �1 or instruction �2. Of course, both
branchesmight lead to completely different computations and outcomes. Somemight
not even terminate. In Fig. 18.1 the paths ending in three vertical dots could be such
nonterminating paths, for instance.

In order to introduce nondeterminism into WHILE and WH1LE, we add a further
command that has the same effect as the nondeterministic jump above:

choose C1 or C2

http://dx.doi.org/10.1007/978-3-319-27889-6_11
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Fig. 18.1 Configurations of a sample run of a nondeterministic program

with the following semantics

choose C1 or C2 � σ → σ ′ if C1 � σ → σ ′ or C2 � σ → σ ′

And this means that for a certain C and a certain store σ we may now have more than
just one σ ′ for which C � σ → σ ′ holds. If we have nondeterministic programs, then
we cannot write any longer

�p�L(d) = e.

In other words, the semantics of computation models has not any longer a functional
type

�_�L : L-data → L-data⊥

since there is no unique result any longer. Instead the semantics is now a relation
between input and output:

�_�L ⊆ L-data × L-data⊥
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We will therefore have to redefine the class of problems decidable by nondeter-
ministic programs within a given time bound. Instead of “decided by” we use the
term “accepted by” (pointing thus out that a nondeterministic program is used).

Definition 18.3 (Accepted set of a nondeterministic program) A nondeterministic
L-program p accepts input d if (d, true) ∈ �p�L . The set Acc(p) ⊆ L-data, called
the set of data accepted by p, is defined as follows:

Acc(p) = { d ∈ L-data | p accepts d }

Note that it is sufficient to have one accepting execution sequence, this kind of non-
determinism is therefore called “angelic”.4 Due to the nature of our nondeterministic
commands in programs we do not need to specify how such accepting sequences can
be obtained. The right sequence is, so to speak, “guessed” any time there is a nonde-
terministic instruction executed. Since we do not have any influence on the guesses,
we can as well view them as determined by flipping a coin. For acceptance of input
we only require the existence of one accepting sequence. We can thus consider the
nondeterministic choices be made in a “magic” way such that we obtain an accepting
sequence. Next we will define a time measure for nondeterministic programs in a
way such that we can assume that the choices produce a minimal accepting sequence
with respect to runtime.

18.2.1 Time Measure of Nondeterministic Programs

The next problem that occurs is that we need to change the definition of runtime
bounds for nondeterministic programs since we now have more than one execution
sequence. Analogously to the input/output behaviour, one generalises the runtime
usage measure time from a function to a relation.

Definition 18.4 Let p be a nondeterministic L-program. The time usage relation for
p is of type:

time_ndLp ⊆ L-data × N⊥

which measures the time for each linear execution sequence (for a fixed number of
outcomes for any choice instruction) according to the old Definitions12.1 and 12.4,
respectively. Then a time measure function for nondeterministic programs can be
defined for the above relation as follows:

timeLp(d) = min{ t | (d, t) ∈ time_ndLp such that p accepts input d}

4The kind of nondeterminism that corresponds to requiring that all computation sequences need to
be accepting is called “demonic” instead.

http://dx.doi.org/10.1007/978-3-319-27889-6_12
http://dx.doi.org/10.1007/978-3-319-27889-6_12


232 18 The One-Million-Dollar Question

sinit

s0

s0x

s00

s000

s0000

s0000x

s0000y

...

s0001

s001

s001x

s0010

s0010x

s0010y

s0011

s0011x

sacc1 s00111

s01

s01x

s01y

s1

s10

s100

s100x

s1000

s10000

s10000x

s10001

s100010 s100011

s1001

s1001x

s101

s1010 s1011

s1011x

s1011y

sacc2

s11

s11x

s110

s1100 s1101

s1101x

s1101y

...

s111

Fig. 18.2 Configurations tree with accepting paths in bold

The runtime of a nondeterministic program p is therefore the shortest length of an
accepting path in the tree of configurations, i.e. the minimal possible time it takes
to accept the input. In Fig. 18.2 some (assumed) accepting paths in the configuration
tree from Fig. 18.1 have been highlighted. The shortest accepting path5 is the one
moving right through state s1 and ending in (accepting) state sacc2.

Using the above definition gives one another way to define the class NPL, namely
as the class of problems accepted by a nondeterministicL-programwith a polynomial
time bound (according to the above).

The reader might wonder what happens if there are no accepting sequences what-
soever for nondeterministic program p with input d. Then the above definition yields
time_ndLp(d) = min∅which usually is defined as+∞. Since our time functions have
to have results in N⊥, we instead define time_ndLp(d) = ⊥ if p does not have any
accepting sequences for input d. If time_ndLp(d) = ⊥ then all sequences are either
non-terminating or produce a result that is different from true.

5With length 7.
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18.2.2 Some Basic Facts About NP

The first observation is that P is contained in NP:

Proposition 18.1 P ⊆ NP.

Proof Let A ∈ P. Just use the program p that decides A in polynomial time as
verifier. It does not need an extra certificate, so the certificate is the empty string. We
already know that p runs in polynomial time so it is also a polynomial verifier.

As mentioned at the beginning of this chapter, the reason for the “N” in NP is the
following Theorem:

Theorem 18.1 A ∈ NPTM if, and only if, A is accepted by a nondeterministic Turing
machine (NTM) with polynomial time bound. Similarly, A ∈ NLINTM if, and only if,
A is accepted by a nondeterministic Turing machine (NTM) with linear time bound
and A ∈ NEXPTM if, and only if, A is accepted by a nondeterministic Turing machine
(NTM) with exponential time bound

Proof Let A ∈ NPTM. We have to construct a nondeterministic Turing machine
(NTM). This machine simulates the verifier by guessing the certificate nondeter-
ministically. It is important here that the certificate has a size polynomial in the size
of the input. This ensures that the runtime of the NTM is polynomial according to
Definition18.4. For the reverse direction, assume M is a NTM that accepts A. One
constructs a deterministic verifier that simulates the execution path of the NTM deter-
mined by the certificate (which is an additional parameter to the verifier) describing
corresponding guesses of M . Since the certificate has a length polynomial in the size
of the input, the runtime of the verifier is polynomial.

Similar theorems can be shown for other notions of computations we discussed
earlier.

So “NP” stands here for NondeterministicPolynomial, as a problem in this class is
accepted by a nondeterministic polynomially bounded program (e.g. Turingmachine
program).

It should be pointed out, first of all, that without any further time bounds the
problems (languages) accepted by a nondeterministic Turing Machine p, Acc(p), is
just recursively enumerable, in other words semi-decidable, in the previously used
sense. So the additional time bound is necessary to justify the term “decidable”
for problems of the form Acc(p). One might wonder therefore, why it should be
acceptable to just consider the runtime of accepting sequences, and why we do not
require the nondeterministic program to terminate and, while we’re at it, even more
require the program to return false when the input is not accepted.

The answer for both relies on the following fact: for any nondeterministic program
that accepts a set A in time bounded by f , we can write another nondeterministic
program that accepts A but cuts off all non-accepting computations sequences after
f (|d|) steps (like the efficient timed universal program did) and returns false. This



234 18 The One-Million-Dollar Question

program will need some extra steps but overall the runtime of the new program will
still be polynomially bounded if f was a polynomial. So as far as NP is concerned,
it does not matter what happens in non-accepting paths of the nondeterministic
program.

18.3 Robustness of NP

Weanswer twoquestions here. Firstly, cannondeterministic programs solveproblems
that deterministic programs can’t solve? Secondly, does it matter which language we
enrich by nondeterministic commands (so can we solve more problems with nonde-
terministic Turing machine programs than we can solve with, say, nondeterministic
While-programs)?

The answer to the first question is no. The Church–Turing thesis still holds also
for nondeterministic machines and models. To see this, one only needs to compile a
nondeterministic program into a deterministic one. This can be done by the concept
called “dove-tailing”.6 We run all the different possible computation sequences in
a sequential way. One can e.g. write an interpreter for nondeterministic programs
that simulates the execution of all possible branches concurrently. Since there can
be many nondeterministic commands in a program, the tree of possible transition
steps can branch quite enormously, in the worst case after n steps there could be 2n

different execution branches. This means that the runtime of this interpreter will be
exponentially slow (in the number of nondeterministic jumps taken). By partially
applying the interpreter to the program in question we get a new program that is now
deterministic. Note that the exponential slow-down in the simulating deterministic
program is actually the intended motivation for using nondeterministic programs in
the first place.

The answer to the second question is also no. Analogously to the deterministic
case (P) we get the following:

Theorem 18.2 Aside from data-encoding issues

NPTM = NPSRAM = NPGOTO = NPWHILE

The proof is similar to the P version in the deterministic case, the only difference is
that for NP we have to compile the verifier rather than the decision procedure.

It is worth pointing out that all problems in NP are also automatically in EXP.

Proposition 18.2
NPTM ⊆ EXPTM

6We have used “dove-tailing” in Chap.9, Exercise 1(d) to show that if a set and its complement are
both semi-decidable then the set is already decidable. The “dove tail” is split and the deterministic
computation we do needs to be split up into all those potential computations (in a lock step way in
order to avoid running into a non-terminating computation).

http://dx.doi.org/10.1007/978-3-319-27889-6_9
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Proof Assume we have a problem A ∈ NP. We know by Theorem18.1 that A is
accepted by a NTM in polynomial time in the sense of Definition18.4. Assume this
polynomial is p1. We have to produce a deterministic decision procedure for A that
runs in exponential time. We do this “brute-force” by simulating sequentially all the
potential paths the NTMmay take with input x in a breadth-first style in order to avoid
getting caught in a non-terminating path. Whenever one such simulated path returns
true the deterministic program returns true as well. Otherwise, one has to wait until
all paths (they are all of finite length) have executed fully and returns false. Each
choice doubles the number of paths the length of which is bounded by p1(|x |). Since
each step of a Turing machine costs one unit, the deterministic decision procedure
is O

(

2p1(n)
)

. This proves that A is in EXP.

Note that this result holds also for other models of computations than TM by the
Cook–Karp thesis.

18.4 Problems in NP

Let us look at some examples of problems that are in this class NP. All the common
problems we encountered in Chap.17 are actually in NP. This is not surprising, as
this was our goal.

Theorem 18.3 TheTravelingSalesmanProblem, the Colouring7 theMax-CutProb-
lem, the 0–1 Knapsack Problem, and the Integer Programming Problem are all in
NP.

Proof The definition of NPmakes it relatively easy to define a deterministic program
that with the help of a certificate verifies the existence of a solution in polynomial
time. The certificate is simply the (encoding of the) solution itself:

1. The certificate encodes a candidate for the solution (i.e. a tour, colouring, cut,
etc.).

2. Verify that the encoded candidate solution has the required property (i.e. the tour
visits each city once and has total length ≤K , the colouring is correct and uses
not more than K colours, etc.).

3. The verification needs to be possible in polynomial time in terms of the size of the
problem instance (e.g. a graph with a number as “quality measure”). For the given
problems, it should be again obvious that the verification can be done polynomi-
ally in the size of the problem instance. For instance, for the TSP problem—where
the input of the verifier is a graph G = (V, E) and a number K—one needs to
check that a given candidate for a tour visits all vertices which is done in time
O

(|V |2), that start and end are the same vertex, which can be done in time O(1),
that for each itinerary from v1 to v2 there is actually an edge, which can be done

7With k ≥ 3.

http://dx.doi.org/10.1007/978-3-319-27889-6_17
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in time O(|V | × |E |), and that the sum of distances travelled is smaller or equal
K , which can be done in time O(|V |). Putting all these checks together, the ver-
ification runs in polynomial time in the size of the input which for a graph G
with number K is |V | + |E | + K .8 Details of other problems will be discussed
in exercises (see e.g. Exercise 1).

Corollary 18.1 From Theorems18.2 and 18.3 follows immediately that all the prob-
lems in Chap.17 are in EXP.

It may now appear as if EXP contained all the “kings and queens of hard prob-
lems”, but it turns out there are problems that cannot be decided even in exponential
time. An example how to construct such a problem will be discussed in Exercise 8.
There is one very famous decision problem for so-calledPresburger9 arithmetic who
introduced it in 1929 [8]. Now, hang on, we know that theEntscheidungsproblem and
thus (Peano) arithmetic is undecidable from Sect. 9.5, so how can there be a decision
procedure for arithmetic? It can be explained by the fact that Presburger arithmetic is
much weaker than (Peano) arithmetic, as it only includes addition and equality, and
no multiplication. This makes it decidable. Michael Fischer10 and Michael Rabin11

[7] then proved in 1974 that there is a constant c > 0 such that any decision proce-
dure for Presburger arithmetic must be at least in O

(

22
cn )

which is called “double
exponential”. But this is not the end of the road. In fact there are problems that are
not even in

O

(

22
..
.2cn )

.

The problems in the cumulative hierarchy above, first defined in [10], are called
elementary.12 A problem that is not even elementary in this sense is, for instance,
the problem whether two given regular expressions that may use the complement
operator (i.e. ¬) are equivalent [9]. As far as this book goes, this will be the hardest
decidable problem we mention.

8If the number is represented in binary then use log2K instead of K .
9Mojżesz Presburger (27 December 1904–1943?) was a Polish mathematician, logician, and
philosopher and a student of Alfred Tarski. In his memory the European Association for Theo-
retical Computer Science created the annual Presburger Award for young scientists in 2010.
10Michael J. Fischer (born April 20, 1942) is an American (applied) mathematician and computer
scientist and an ACM Fellow. He is known for his work in concurrency and he is a pioneer of
electronic voting systems.
11Michael Oser Rabin (born September 1, 1931) is an Israeli computer scientist. Together with
Dana Scott he won the Turing Award for their work on finite nondeterministic automata in 1976.
12Elementary? Not really, my dear Watson. The name “elementary” was chosen for that class of
problems as they are still decidable and thus “elementary” in that sense (and only in that sense).

http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_9
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18.5 The Biggest Open Problem in (Theoretical)
Computer Science

The big open problem actually is whether NP is the same as P.

P ?= NP

If P and NP were the same class then for all the hard problems we discussed in
Chap.17—for which nobody has found a polynomial time algorithm to date—there
would actually have to exist such a polynomial time algorithm. This open problem
has attracted much attention. The Clay Mathematics Institute that offers prize money
of one million dollar for a (proven correct) answer to seven “Millennium Problems”
[4], has included P = NP? as one of those seven13 problems [5] although, strictly
speaking, it is not (just) a mathematical problem but one of computation and thus
theoretical computer science.

Every fewyears somebodymakes a valid effort and claims to have solvedP = NP?
(usually attempting to prove P 
= NP) but so far all those attempts have been quickly
refuted by the experts in the field.14

Fact is that still nobody knows whether P = NP. We will see shortly that the
answer to this question hugely affects computer science asweknow it. In away,we’ve
already noticed this when we observed that for none of the problems in Chap.17 we
know any polynomial time algorithms. Basically, most experts in the field believe
that P is not equal to NP. Scott Aaronson puts it like this:

If NP problems were feasible, then mathematical creativity could be automated. The ability
to check a proof would entail the ability to find one. Every Apple II, every Commodore, would
have the reasoning power of Archimedes or Gauss [2].

Moreover, the other Millennium Problems could then most likely be solved by a
program too.

The questions whether P = NP appears to have even wider impact outside com-
puter science. If P 
= NP was true, it may imply that time travel is impossible and
that we can never have “godlike powers” in physical reality [1]. We will get back to
the connection to physics in Chap.23.

A small number of researchers think that maybe P = NP is true but that the poly-
nomial time algorithms required are so complicated that no-one can (ever) understand
and thus find them. However it may be, it remains the most famous open problem in
complexity theory, but it turns out that there are many, many more open problems
(and some of themwemeet in later chapters). One could certainly argue that we know
a relatively small amount about computational complexity so far. There appear to be

13Note that one of them, thePoincaré Conjecture has been proved in 2002 byRussianmathematician
Grigoriy Perelman who was eventually awarded the Millennium Prize from the Clay Institute in
2010 but declined the prize, as he declined many other prestigious awards before.
14The most recent such proof attempt that received wide press coverage was submitted in August
2010 by Vinar Deolalikar from HP Labs.

http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_23
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more open problems than there are solved ones. Researchers usually argue that the
reason for this is that we have not found yet the right mathematical tools to tackle
them. To add just quickly another (open) problem we can already formulate: it is
unknown whether NP = EXP, we only know half of this result (see Theorem18.1).
Therefore, if we are looking for a problem that is not even in NP then EXP can’t
help for now. We will discuss in Exercise 7 the existence of decidable problems, that
are not even in NP.

What Next?

We have seen that our hard problems fall into the class NP, but we do not know
whether P = NP. However, we would like to distinguish the problems that are hard,
and lack efficient decision procedures so far, from the ones that we can prove are
in P. In the next chapter we define a class of problems that is contained in NP and
characterizes exactly those hard problems. We will show that this class can serve as
“lower bound” in the sense that any problem in this new class of hard problems is
feasible if, and only if, P = NP.

Exercises

1. Show that the 0-1 Knapsack problem is in NP.
2. Show that the Vertex Cover problem from Exercise 8 in Chap.17 is in NP.
3. Let NPT be the class of problems accepted by a nondeterministic program such

that all its possible execution sequences terminate in polynomial time, not just
the minimal accepting one. By definition we have that NPT ⊆ NP. Explain why
also the other inclusion NP ⊆ NPT holds. From this it follows trivially that NPT

= NP. This result means that it does not matter whether we just consider the
time the shortest accepting run takes or whether we consider the runtime of all
accepting runs.

4. Show that NP is closed under union and intersection.
5. Show part of Theorem18.2, namely that NPGOTO = NPWHILE.
6. It is unknown whether NP = EXP. But if it were, what important result would

immediately follow?
7. Are there decidable problems that are definitely (provably) not even in NP? We

already know that the problems in EXP won’t do the job as we don’t know
whether NP = EXP. Therefore, proceed as follows: Use the class NEXP instead
and argue that NP � NEXP.15

8. Exercise 7 was about the existence of problems that are not in NP. Clearly, a
problem that is not in EXP cannot be in NP. Show that there must be a problem
that is not in EXP.
Hint: Use the Hierarchy Theorem of Sect. 15.2.

15In Chap.20 Exercise 15 we will see a concrete problem that is not in NP.

http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_15
http://dx.doi.org/10.1007/978-3-319-27889-6_20
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Chapter 19
How Hard Is a Problem?

How can we characterise and formalise that problems are
harder than others in a class?

We have seen that it is unknown whether P = NP. Thus, we don’t know whether the
hard problems in Chap. 17 are actually in P (and thus most likely feasible) or not.
We do not have any non-trivial lower bounds for them either.

Since we don’t know whether there are any problems in NP that are not in P,
we want to at least identify the hardest problems in NP in some precise sense. After
all, they are the most likely candidates not to be in P. But how can we identify such
problems?

The idea is to consider problems that are at least as difficult (hard) as all the
other problems in the same class. We already know a technique to compare problems
regarding their difficulty: reduction (see Sect. 9.4 which we refresh in Sect. 19.1).
Richard Karp,1 in his seminal paper [4], lists 21 problems that are in a very precise
sense “hardest in NP” and a specific form of reduction is suggested and used to prove
that fact, called polynomial time reduction introduced in Sect. 19.2.

Those “hardest” problems (introduced in Sect. 19.3) do give us a handle to attack
the P = NP problem. In fact, we can show that it suffices to find a single polynomial
algorithm that solves just one of those hardest problems in NP in order to conclude
that P = NP. If we assume that P does not equal NP the previous observation provides
us actually with a lower bound for NP-complete problems: An NP-complete problem
is not in P unless P = NP. For this reason NP-complete problems are one of the big
success stories of complexity theory.

Moreover, in this chapter we will also learn that most optimisation problems are
known to be either in P or hardest w.r.t. NP. There are, however, a few notable
exceptions: stubborn problems of which we do not know much more than that they
are in NP.

1Richard Manning Karp (born January 3, 1935) is an American computer scientist, most known for
his work in complexity and computability theory for which he received, among many other awards,
the Turing Award in 1985.
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19.1 Reminder: Effective Reductions

In Definition 9.4 we wrote A ≤rec B to express that A can be effectively reduced to
B. This means that there is a computable and total reduction function f such that
x ∈ A if, and only if, f (x) ∈ B. We can reduce the question (problem) “is x in A”
to the question “is f (x) in B?” in an effective way (since f is computable by an
“effective procedure”). Consequently, B is at least as hard as A. If we show this for
any A in a certain class of problems, then B is at least as hard as all other problems
in the class. It is hardest w.r.t. the given class.

A simple example for a reduction is the reduction from the Travelling Salesman
Problem (TSP) as discussed in the introduction presented in Sect. 17.1. The version
introduced there in Definition 17.1 allows for the tour to start and finish in different
cities. If one wishes to come back to the starting point one could define a version of
TSP, let’s call it “TSPRound”, that uses just one city as part of the instance of the
problem.

Definition 19.1 (Roundtrip Travelling Salesman Problem (TSPRound))

• instance: a road map of cities with distances, i.e. a weighted undirected graph
G = (V, E,w) where vertices are cities and edges are roads with weights w(u, v)
denoting the length (distance) between vertices (cities) u and v, a positive natural
number k and the start and finish (city) a.

• question: is it possible to take a round trip that start and finishes in city a and
passes through all cities such that the resulting trip has a length that is not greater
than k?

We can define a reduction function f that maps instances of TSP to instances of
TSPRound as follows:

f (〈G, K , a〉) = 〈G, K , a, a〉

where G is the graph of the map, K is the limit for the length of the tour and a is the
city where the tour is to start and end. Of course, this is a particularly trivial reduction
function that is clearly computable. If the two problems in the reduction are not so
similar then it can be really difficult to find an appropriate reduction function.

19.2 Polynomial Time Reduction

If we consider reductions between problems within one (complexity) class that con-
siders runtime bounds (as P and NP do) then we want the reduction not to lead out
of this complexity class. Therefore, we have to add an additional condition on the
reduction function. Not only must it be computable and total, also the additional
time its execution takes, i.e. the time the reduction function takes to be executed,
must not go beyond the bounds prescribed by the complexity class. As we consider

http://dx.doi.org/10.1007/978-3-319-27889-6_9
http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_17
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complexity classes P and NP, this means the reduction function must be computable
in polynomial time itself.

Definition 19.2 (Polynomial time reduction) The relation A ≤P B defines polyno-
mial time reduction between problems A and B. In other words, it states the existence
of an effective reduction from A to B in the sense of Definition 9.4 where the reduc-
tion function can be implemented by a program with polynomial time bound.

The chosen type of reduction is called “many-one” reduction because several val-
ues in A can be mapped to the same value in B. The test “is in B?” can therefore
be used just one time (at the end).2 This kind of many-one polynomial time reduc-
tion was introduced by Emil Post3 and in the context of computational complexity
championed by Richard Karp. The reduction between the two versions of TSP is
clearly a polynomial time reduction as the reduction function can be implemented
by a (deterministic) program that runs in constant and thus polynomial time.

Next we will look at some useful results about polynomial time reduction that we
will use—implicitly and explicitly—in the following. They are very much related to
Theorem 9.4 that helped us deduce (un-)decidability results with the help of effective
reducibility ≤rec. We can prove an analogous result to Theorem 9.4 about ≤rec, but
now we use polynomial time reduction ≤P and NP (or P) instead of the class of
decidable problems.

Theorem 19.1 (Downward closure of (N)P) If A ≤P B and B is in NP then A is
also in NP. Similarly, If A ≤P B and B is in P then A is also in P.

Proof We first show this for NP. So assume A ≤P B and B is in NP. From the latter
it follows that there is a polynomial time verifier p for B. We have to construct a
polynomial time verifier for A, let’s call that one q. If we could achieve

[[q]](x, c) = [[p]]( f (x), c) (†)

then we’d know that

[[q]](x, c) = true for a certificate c iff [[p]]( f (x), c) = true for a certificate c
iff f (x) ∈ B
iff x ∈ A

Note that the last step is a consequence of the fact that A ≤P B. We thus know that
q is a verifier for A. But how do we define q and why is it polynomial in the size of
x? First of all we assume that all verifiers and other programs are given in WHILE.
This is not a limitation due to Cook’s thesis discussed in Chap. 14. Let us assume
that p looks like that given in Fig. 19.1 and has polynomial time bound, say p2(n).

2There are other variations of reduction where e.g. the question “is in B?” can be asked several
times.
3Emil L. Post (February 11, 1897–April 21, 1954) was an American mathematician and logician,
also famous for his “Post System” that can be used as a model of computation.

http://dx.doi.org/10.1007/978-3-319-27889-6_9
http://dx.doi.org/10.1007/978-3-319-27889-6_9
http://dx.doi.org/10.1007/978-3-319-27889-6_9
http://dx.doi.org/10.1007/978-3-319-27889-6_14
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Fig. 19.1 Verifier p showing B ∈ NP

Fig. 19.2 Program q made from bits of p and r

We know that function f is computable by (deterministic) program r that runs in
polynomial time, say p1(n), such that x ∈ A iff f (x) ∈ B. We therefore define the
program q as given in Fig. 19.2 where the macro call <r>x computes f (x). This
new program q fulfils condition (†) by construction. It remains to show that q runs
in polynomial time. We have that

timeq(d, c) = 2 + 3 + 4 + “time for x :=< r x > ” + p2(| f (d)|)
= 9 + (1 + p1(|d|)) + p2(| f (d)|)
≤ 10 + p1(|d|) + p2(p1(|d|))

We have used in the last inequality that p2(| f (d)|) ≤ p2(p1(|d|)) which follows
from the fact that p2 is monotonic and | f (d)| ≤ p1(|d|) since the size of the output
of program p that computes f cannot be larger than the time it takes to run p
and produce this output.4 So we know that q has a polynomial time bound since
10 + p1(n) + p2(p1(n)) is a polynomial in n which follows from the fact that the
composition of two polynomials is a polynomial again, so p2(p1(n)) is a polynomial.

For the second statement the proof is analogous as the composition of the deter-
ministic programs p and r in this case gives us a deterministic q.

Another result similar to the ≤rec case is that ≤P is transitive. Recall that this
means that if A ≤P B and B ≤P C then A ≤P C .

4This follows from the definition of time measures as the construction of large expressions is
accounted for in the time measure. For each time unit consumed one can at most produce one “bit”
of the output.
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Fig. 19.3 Program q that computes f2( f1(x)) in WHILE-syntax

Theorem 19.2 (Transitivity of ≤P ) If A ≤P B and B ≤P C then A ≤P C.

Proof From A ≤P B follows that there is an f1 computable by a program r1 in
polynomial time (say p1(n)) such that x ∈ A iff f1(x) ∈ B. From B ≤P C follows
that there is an f2 computable by a program r2 in polynomial time (say p2(n))
such that x ∈ B iff f2(x) ∈ C . From both follows immediately that x ∈ A iff
f2( f1(x)) ∈ C . So the reduction function for A ≤P C is the composition of f1 and
f2. Clearly this composition is again computable by first running r1 and then r2. We
can now write a program q that implements the composition of f1 and f2 as outlined
in Fig. 19.3.

It remains to check that q runs in polynomial time. We can calculate

timeq(d) = 2 + (1 + p1(|d|)) + (1 + p2(| f1(d)|)

We don’t know exactly what the size of f1(d) will be, but we can give an upper
bound for it just like in the proof of the previous theorem and therefore we get that

timeq(d) ≤ 2 + (1 + p1(|d|)) + (1 + p2(p1(|d|)))

and therefore
timeq(d) ≤ p1(|d|) + p2(p1(|d|)) + 4

Now the right hand side is a polynomial again as the addition and the composition
of two polynomials gives a polynomial.

19.3 Hard Problems

Definition 19.3 (Complete Problem) For any complexity class C a problem H is
called complete for the class C if problem H is itself in C and is “hardest” in C in
the sense that for all other problems A ∈ C we have that A ≤ H (for an appropriate
instantiation of reduction).

We are interested in particular in the instance of C being NP, so we are interested in
NP-complete problems for reasons that become clearer soon:
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a problem H is called NP-complete if problem H is itself in NP and is “hardest” in NP in
the sense that for all other problems A ∈ NP we have that A ≤P H

In Karp’s paper [4] such problems were still called “(polynomial) complete” with an
obvious emphasis on the polynomial time reduction. Knuth reports in [6] how the
switch of focus on the respective problem class came about.5,6

A problem class can have more than just one “hardest” problem.7

Definition 19.4 (Hard Problem) We call a problem C -hard if it is at least as hard
as any other problem in C . In this case the problem does not have to be in the class
itself.

Obviously then the following holds:

Corollary 19.1 A problem is NP-complete iff it is NP-hard and itself in NP.

We can now use polynomial time reduction ≤P to prove results for NP-complete
(and P-complete) similar to the ones above for NP and P:

Theorem 19.3 If A ≤P B and A is NP-hard then B is also NP-hard.

Proof To show that B is NP-hard we have to take any problem H in NP, and show
that it can be reduced to B in polynomial time. Since A is NP-hard we know that it
must be true that H ≤P A. Since we also have that A ≤P B we get H ≤P A ≤P B
and—since ≤P is transitive—we obtain H ≤P B as required.

Corollary 19.2 (Upward-closure of completeness) If A≤P B and A is NP-complete
and B is in NP then B is also NP-complete.

Proof Follows from the above theorem and the fact that a problem is by definition
NP-complete if it is NP-hard and itself in NP.

With the help of NP-complete problems we can show a very useful result that char-
acterises the big problem we have in not knowing whether P = NP. It provides us
with an angle to attack this big open problem:

5“Another last minute terminology substitution happened when Aho, Hopcroft, and Ullman sub-
stituted “NP-complete” for “Polynomially-complete” in their text on Algorithms even though they
had already gotten galley proofs using the original name. The name was changed at that late date
as the result of a poll conducted throughout the Theoretical Computer Science community (sug-
gested names were NP-Hard, Herculean Problem, and Augean Problem)” (see footnote 6) [6]. It
was actually Knuth himself who triggered the discussion about the terminology in [5].
6In Greek mythology Heracles (Hercules) was known for his strength. As a penance for having
killed his family, he had to perform ten labours, the fifth of which was to clean the stables of Augeas
in one day. It should be noted that Augeas was known for having the most cattle in the country.
Heracles solved this task by rerouting the local rivers into the stables (which was then considered
cheating, but this is another story…).
7For those who know about the properties of order relations: relation ≤P is not totally ordered, it is
not even quite an order. It is just a so-called preorder (or quasi-order). It is reflexive and transitive
but not anti-symmetric, i.e. it does not hold that A ≤ B and B ≤ A implies A = B. We can have,
for instance two different “hardest” problems such that each must be reducible to the other but they
are different problems still.
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R

P = NP

P = NP = NP-complete

NP-hard

R

NP

NP-hard

NP-complete

non-empty by Ladner’s Thm.

P

P �= NP

Fig. 19.4 “Two possible worlds view” on P = NP

Theorem 19.4 If any NP-complete problem is already in P then P = NP (and the
biggest open problem in theoretical computer science is solved).

Proof Let H be the NP-complete problem that, by assumption, is also in P. We only
have to show that NP ⊆ P since we know that P ⊆ NP holds anyway (see previous
chapter) and from both we immediately can infer that P = NP.8 To show NP ⊆ P we
take any problem A ∈ NP and show that A ∈ P holds as well (using the assumptions
we have about H ; of course this does not hold in general!). H is NP-complete and
A ∈ NP means by definition of NP-completeness that A ≤P H . We now know also
that H is in P. By the “Downward-closure of P”, Theorem 19.1, we can conclude
that A ∈ P.

We don’t know yet whether P = NP, and therefore we have two possible sce-
narios as highlighted in Fig. 19.4 which shows the two cases. Recall that R from
Definition 9.2 denotes the class of decidable problems.

If P is not equal to NP, then by Ladner’s Theorem [7] there must be at least
one problem that is in NP but that is not NP-complete nor in P. These problems
are called NP-intermediate problems. We omit the details here but point out that
existence of such a problem is shown by diagonalisation yielding a very unnatural

8See Proposition 2.1.

http://dx.doi.org/10.1007/978-3-319-27889-6_9
http://dx.doi.org/10.1007/978-3-319-27889-6_2
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problem. There are some more natural candidates for such intermediate problems
which will be discussed in Sect. 20.6.

There are other interesting results that indicate that standard techniques won’t
work to prove whether P = NP. We won’t go into details here, but the interested
reader is referred to “relativized classes” where programs (or Turing machines) are
allowed to ask an oracle a (complex) question and this costs just one unit of time. In
that respect, the so-called Baker-Gill-Solovay Theorem [1] has been groundbreaking
as it shows that there can be no relativizing proof for P = NP.

What Next?

We have seen how to compare problems within complexity classes and defined in a
precise way the hard ones. We have also seen some results that provide a recipe how
to show that a given problem is hard w.r.t. a class if we already know another such
hard problem via reduction. We are mainly interested in the class NP, so in the next
chapter we will actually meet a first NP-complete problem. Then we will also show
that all the problems of Chap. 17 are NP-complete and we will look into games and
puzzles as problems and confirm that some famous ones are hard in the formal sense
explained in this chapter.

Exercises

1. Recall the problems Max-Cut and Integer Programming from Chap. 17. Show
that Max-Cut ≤P Integer Programming.
Hint: Exercise7 in Chap. 17.

2. Recall the problems 0-1 Knapsack and Integer Programming from Chap. 17.
Show that 0-1 Knapsack ≤P Integer Programming.
Hint: Exercise6 in Chap. 17.

3. Show Corollary 19.2 in detail.
4. Show that the concept of R-completeness, based on effective reducibility

reduce, is not useful (and thus never mentioned anywhere) by showing that
every non-trivial problem in R is already R-complete.

5. Describe the program q required for the proof of Theorem 20.11. It can use the
semi-decision procedure p for A and the input d and it must hold that [[p]](d) =
true iff (q, q) ∈ HALT.

6. Independently of the validity of P = NP one can actually give two very simple
problems that clearly are in NP, but cannot be NP-complete as there cannot be
any reduction from non-trivial problems to them.

a. What are these two very simple problems?
b. Why do they not count as NP-intermediate problems?

7. Let us show that the class of NP-complete problems lacks wider closure proper-
ties by giving two NP-complete problems such that the resulting problem under
the given operation cannot be NP-complete:

a. Show that the class of NP-complete problems is not closed under intersection

http://dx.doi.org/10.1007/978-3-319-27889-6_20
http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_19
http://dx.doi.org/10.1007/978-3-319-27889-6_20
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b. Show that the class of NP-complete problems is not closed under union.

Hint: Make clever use of Exercise 6.
8. What techniques do we have to prove that a given problem is not in P? Which

depend on the assumption that P �= NP?
9. Show that the Halting Problem HALT from Definition 8.3 is NP-hard but not

NP-complete.
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Chapter 20
Complete Problems

Which problems are NP-complete? How common are
NP-complete problems? What problems are complete in other
classes?

Wehave seen how to define hard problems in a class in terms of polynomial reduction.
In particular, we have defined a notion of an NP-complete problem which is itself in
NP and also NP-hard. In this chapter we will look at some examples of NP-complete
problems and discuss how widespread these problems actually are. A famous result
by Cook and Levin [3, 17] will provide us with a very first NP-complete problem in
Sect. 20.1. To this problem one can then apply (an appropriate notion of) reduction to
show that many others are NP-hard as well (Sect. 20.2). For instance, we will argue
that all the decision problems from Chap.17 are also all NP-complete, following
another milestone paper [16].

There is a plethora of interesting NP-complete problems. In Sect. 20.3 we discuss
some games and puzzles that we already find “hard” in a colloquial sense. We will
present results that appropriately defined decision problem versions of those games
are also “hard” in the sense of NP-hard. Chess, Sudoku, and tile-matching games
will be covered. However, such games must first be generalised to allow for arbitrary
large instances, because otherwise asymptotic time complexity is not applicable.
This changes the nature of the games (some like chess more than others).

The complexity of evaluating database queries is the topic of Sect. 20.4. We will
learn that even restricted queries may be NP-complete w.r.t. the size of the query
expressions. Restricting to so-called acyclic queries with acyclic joins, however,
gives rise to polynomial query expression complexity.

Reachability in networks using policy-based routing with general packet filters is
also shown to be NP-complete in Sect. 20.5. The restricted problem, where routing
is merely done by forwarding based on matching longest prefixes of IP addresses, is
polynomially decidable though.

In Sect. 20.6 we briefly discuss the existence of so-called NP-intermediate prob-
lems that are not known to be in P nor to be NP-complete. Finally, we consider the
concept of completeness for other complexity classes: P and RE (Sect. 20.7).
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The diligent reader will find that the classic book byGarey& Johnson [6] contains
a large catalogue of NP-complete problems.Wewill refer to their list of NP-complete
problems regularly in this chapter.

20.1 A First NP-complete Problem

So far we have seen results about NP-complete problems, but as far as we know,
there could still be no such NP-complete problem in the first place. In this section
we present such a problem. Then we can apply the previous results to it in order
to prove that other problems are NP-complete as well. Note that we have carried
out a similar task in the Computability section. It was first shown that the Halting
Problem is undecidable and then reduction was used to show that other problems are
undecidable as well.

The first concrete NP-complete problem we will encounter is about Boolean
expressions (or formulae). Recall that a Boolean expression, or formula, is made up
of variables, binary conjunction operator ∧ (“and”), disjunction operator ∨ (“or”)
and unary negation operator ¬. An example is (x ∧ y) ∨ ¬z.

Recall that a boolean expression F is closed if it has no variables but variables
have been replaced by truth values “true” and “false”. A closed expression F can
be evaluated by the familiar rules of Boolean algebra, such as true ∧ false = false
or true ∨ false = true.1

Definition 20.1 (Truth assignment and evaluation) A truth assignment for F is a
function θmapping variables (ofF ) to truth values (i.e. true and false). Thismapping
is similar to the stores we used to execute WHILE-programs where each program
variable was mapped to a binary tree. If we have truth assignment θ for a boolean
expression F then we can apply the truth assignment to the expression, obtain a
closed formula and then evaluate this. For this we briefly write θ(F ).

Example 20.1 For instance, if θ maps x to true, y and z to false, andF = (x ∧ y) ∨
¬z then θ(F ) = (true ∧ false) ∨ ¬false which can be evaluated to true.

Often boolean expressions are brought into normal forms:

Definition 20.2 (conjunctive normal form (CNF)) A boolean expression is in con-
junctive normal form iff it is a finite conjunction of finite disjunctions of literals:

(A11 ∨ A12 . . . ∨ A1n1) ∧ · · · ∧ (Am1 ∨ Am2 ∨ . . . ∨ Amnm )

where each Ai j is a literal, i.e. either a variable or a negated variable (x or ¬x). The
disjunctive formulae (Ai1 ∨ Ai2 . . . ∨ Aini ) are called clauses.

It is well known that any boolean expression can be brought into conjunctive normal
form (see Exercise 1).

1There are so-called “truth tables” for each Boolean operator that fully explain its semantics.
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Definition 20.3 (Satisfiability) A boolean expression F is called satisfiable if it
evaluates to true for some truth assignment θ.

Example 20.2 An example for a Boolean expression in CNF is:

(p ∨ ¬q) ∧ ¬q ∧ (¬p ∨ p ∨ q)

The example demonstrates that clauses can have different numbers of literals (here
2, 1, and 3) and can consist of just one literal (clause 2). It also demonstrates that a
variable can appear positively and negatively in the same clause (here in clause 3 we
have p and ¬p).

The above expression in CNF is satisfiable. Simply choose q to be false. This
already makes the first and second clause true. The third clause is true whatever p
and q are since ¬p ∨ p is a tautology, meaning that it is true independently of the
value of p.

Definition 20.4 (SAT) The Satisfiability problem,2 short SAT, is defined as follows:

SAT = {F | F is a satisfiable boolean CNF expression }

In other words, the SAT problem can be presented like this:

• instance: a boolean expression F in CNF (conjunctive normal form)
• question: isF satisfiable?

SAT is clearly decidable, as we can simply try all possible truth assignments forF .
Since there can only be finitelymany variables inF , we can test all truth assignments
and return true if we found one that letsF evaluate to true. IfF contains n variable
occurrences3, the size of the formula isO

(

n × log2 n
)

if we represent variable names
in binary notation. In theworst case, there exist 2n possible truth assignments to check
(as for each variable there are two choices: true and false). So a brute-force search
must take at least 2n × O

(

n × log2 n
)

steps and thus SAT is in EXP.
But we know more, thanks to a famous theorem by Cook (whom we have already

encountered) and Leonid Levin4:

Theorem 20.1 (Cook–Levin-Theorem [3, 17]) SAT is NP-complete.

Proof (Sketch) We need to show two facts:

1. that SAT is in NP and
2. that all other NP problems can be reduced to it.

2This version of the problem is also sometimes called CNFSAT, when SAT is used to denote the
problem for unrestricted propositional formulae.
3The actual number of different variables is then less than or equal n.
4LeonidLevin (bornNovember 2, 1948) is a Soviet-American computer scientistwhohas apparently
proved the same theorem as Stephen Cook independently behind the (then still existing) “iron
curtain”.
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Item 1 is easy. Let n be the number of different variable occurrences. The verifier
takes as certificate the right truth assignment θ which is linear in the size of n and
evaluation is then linear in the size of the formula (and thus polynomial). To show
item 2 we need to prove that any problem A ∈ NP can be reduced to SAT. This
is difficult as we don’t know what A is exactly. We therefore apply Theorem18.1
which states that a problem is in NP iff it is accepted by a nondeterministic Turing
Machine M in polynomial time where p denotes the concrete polynomial bound.
The proof idea is now as follows: the reduction function must map input x to a
formulaF that is satisfiable if, an only if, x ∈ A, i.e. if running M on input x gives
rise to an accepting path. Therefore, F must describe all possible paths (sequences
of states) of Turing machine M and be satisfiable iff there is an accepting path. We
briefly present the main concepts5: use boolean variable Ci, j,s that states whether
at time i cell j contains the symbol s. Since we have polynomially bounded runs,
i.e. 0 ≤ i ≤ p(|x |), we know that only a certain finite part of the tape can be visited
(since each move takes one unit of time) so only finitely many Ci, j,s will be needed.
Similarly, introduce variables Qi,q that state whether the machine at time i is in state
q (or executes the instruction labelled q), and variables Hi, j that state whether at
time i the head of the machine scans cell j .

Using finitely many of those variables, one can encode a correct run of a Turing
machine as Boolean expression (Exercise 4). The expression will be carefully con-
structed in CNF such that it is satisfiable only if the run it encodes is possible on
the given machine with the given input, and accepting. One also needs to prove that
the construction of the formula can be carried out in time polynomial in the size of
the input, but this follows from the fact that the run of the machine is polynomially
bounded and the constructed formula is therefore also polynomially bounded in size.

As usual precision is key: if one formulated SAT for formulae in disjunctive
normal form the problem would be decidable in constant time (!) and thus actually
be almost “the opposite” of NP-complete.6 This is the topic of Exercise 3.

The following slightly restricted version of (CNF)SAT was also shown to be NP-
complete by [3] via a reduction from SAT. The simpler shape of the clauses makes it
easier to work with. It will be mentioned in the next section so we introduce it here:

Definition 20.5 (3SAT [3])

• instance: a boolean expressionF in CNF such that every clause has exactly three
literals.

• question: isF satisfiable?

5A more detailed proof can be found in many textbooks.
6There are many examples of this: consider Max-Cut versus Min-Cut or Integer Programming
versus Linear Programming, TSP versus Postman Problem, and so on.

http://dx.doi.org/10.1007/978-3-319-27889-6_18
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Corollary 20.1 ([3]) 3SAT is NP-complete.

Proof This follows from a polynomial time reduction to SAT and Theorem20.1. See
Exercise 5.

20.2 More NP-complete Problems

The group of problems we encountered in Chap. 17 do not have any polynomial
time solution yet, but we have seen that they are in NP in Theorem18.3. As we
have introduced the concept of NP-completeness, we can now even show that these
problems are actually not only “hard” but they are “hardest” in NP.7

Theorem 20.2 ([16]) The Travelling Salesman Problem, the Graph Colouring
Problem, the 0-1 Knapsack Problem, the Max-Cut Problem, and the Integer Pro-
gramming Problem are all NP-complete.

Proof Richard Karp already provided various chains of reductions between those
problems, starting with SAT, in his seminal paper [16]. He used a simpler version of
Integer Programming, called 0-1 Integer Programming where all the solution vari-
ables are only allowed to have either value 0 or 1. Also the TSP problem does appear
in [16] only in the shape of theHamiltonian Circuit Problem (so noweights for edges,
i.e. distances between cities). Karp proved the following polynomial time reductions
between all the NP-complete problems in his paper, including the following ones for
the problems referred to in this theorem:

• SAT ≤P TSP8

• 3SAT ≤P Graph Colouring9 (note that 3SAT is NP-complete according to Theo-
rem20.1.)

• Graph Colouring ≤P 0-1 Knapsack10

• 0-1 Knapsack ≤P Max-Cut11

• SAT ≤P 0-1 Integer Programming

Where Karp is not the original source of the reduction he provides the source in [16],
which is an instructive read presenting verymany reductions very concisely. A few of
those reductions will be discussed in the exercises. As seen above, all problems listed
in the theorem are NP-hard. Since we also know that all the listed problems are in
NP (see Theorem18.3) we can apply the “upwards-closure of NP-complete” result
from Corollary19.2 and conclude that the problems listed are also NP-complete.

7Recall that a consequence of this is that if any of those problems were in P we could deduce P =
NP.
8Karp [16] actually showed SAT ≤P Clique ≤P Node Cover ≤P Directed Hamiltonian Circuit ≤P
Undirected Hamiltonian Circuit.
9Karp [16] named this problem “Chromatic Number”.
10Karp [16] actually showed that Graph Colouring ≤P Exact Cover ≤P 0-1Knapsack.
11Karp [16] actually showed that 0-1 Knapsack ≤P Partition ≤P Max-Cut.

http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_18
http://dx.doi.org/10.1007/978-3-319-27889-6_18
http://dx.doi.org/10.1007/978-3-319-27889-6_19
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Table 20.1 Problem Classification according to [6]

Problem name Reference number

SAT [L01]

3SAT [L08]

TSP [ND22]

Graph Colouring [OPEN5]

0-1 Knapsack [MP9]

Max-Cut [ND16]

Integer Programming [MP5]

When [6] was published, it was still an open problem whether Graph Colouring (for k ≥ 3) was
actually NP-complete

Analogously to the reductions in the proof of Theorem20.2, one can show that
many (“several hundred” according to [12, Chap.25.3]) interesting (and useful) prob-
lems are NP-complete. The classic book [6] actually lists “some 300” [12]. It also
introduced a classification system using specific codes that are often used for ref-
erence in order to be able to uniquely identify NP-complete problems. It should be
pointed out though that the problems in [6] are presented as (optimisation) func-
tion problems and not as decision problems like here. For reference we provide the
classification codes in Table20.1.

Note that Cook and Levin’s result did not find too much attention until Karp [16]
showed that many interesting problems are actually NP-complete12 via the concept
of polynomial time reduction.

20.3 Puzzles and Games

Games are of natural interest to most people, particularly computer scientists as
games are about problem solving “for fun”. So a natural question to ask is this:

How difficult is it to find a winning strategy for game XY Z or solve a puzzle XY Z?

Or in the words of computational complexity:

In what complexity class is the decision problem: can I win game XY Z from a given
position? In what complexity class is the decision problem of solving puzzle XY Z from a
given position?

One can also generalise the above questions, abstracting away from the aspect of
winning:

Can one get from position A to position B in game or puzzle XY Z?

The latter is commonly called the Reachability Problem.

12[14, Chap.25.6].
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Fig. 20.1 Chess board

Fig. 20.2 Sudoku 4 5
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Fig. 20.3 A generic
“match-three” game screen

In order to be able to apply what we have learned about our asymptotic worst-case
complexity measures, we need to ensure that the problem instances can grow in size.
Unfortunately, this is unrealistic for playing games as we know them. A chess board
is 8 × 8 squares and similarly all other games have a certain fixed-size board or game
state. But it does not make sense to ask whether the “normal” 8 × 8 version of chess
isNP-complete. For our considerations, we can only consider games with arbitrarily
large descriptions, as we do asymptotic complexity after all, so the questions above
only make sense for a generalised n × n board. Such a generalisation is possible,
but for games commonly known in their fixed-size version like chess, it may result
in a rather different kind of game, and playing it may have little in common with the
original game.
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We will present the results for three types of games: Chess (Fig. 20.1), Sudoku
(Fig. 20.2), and “match-three” based games like BejeweledTM or Candy CrushTM

(Fig. 20.3)13.
“The match-3 puzzle game market is a cluttered space. …PopCap’s Bejeweled

sits at the top of the list alongside similar-looking titles that share similar names.
There’s Jewel World—a match-3 gem game, Jewel Mania—a match-3 gem game,
Candy Crush Saga—a match-3 candy game, Candy Blast Mania—a match-3 candy
game, Matching With Friends—a match-3 matching game and, well, some 2,000
more.” [24]

The intuition that interesting games are “hard” to play will be confirmed by the
fact that all those games are NP-hard or, even worse, EXP-hard.

20.3.1 Chess

Chess is a popular two-player strategy board game which is probably 1,500 years old
and originated in Asia. It became very popular in the 19th century across the world
and it was in the second half of that century when tournaments started. The rules are
relatively complicated, so we will not repeat them here (they can be found e.g. in
[29]).14

First, the game has to be generalised to arbitrary size for our purposes which is
explained in [5]:

“We let generalized chess be any game of a class of chess-type-games15 with
one king per side played on an n × n chessboard. The pieces of every game in the
class are subject to the same movement rules as in 8 × 8 chess, and the number of
White and Black pawns, rooks, bishops and queens each increases as some fractional
power of n. Beyond this growth condition, the initial position is immaterial, since
we analyze the problem of winning for an arbitrary board position.”

Definition 20.6 (Chess problem)

• instance: an arbitrary position of a generalized chess-gameon an n × n chessboard
• question: can White (or Black) win from that position?

The number of possible configurations in n × n chess is obviously bounded by 13n2

as there are six different pieces for each player (and there can be no piece on a
square). Therefore,16 the Chess Problem is in EXP. But one can show more about
this version of chess:

13BejeweledTM is a trademark of PopCap Games and Candy CrushTM is a trademark of King.com
Ltd.
14Non-chess players are encouraged to look them up and play this classic game.
15Without the 50 move rule that says that if no pawn was moved and no piece captured in the last
50 moves then it’s a draw.
16Of course, not all these positions are legal positions but this can be ignored for this approximation.
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Theorem 20.3 ([5]) The Chess Problem (as defined in Definition20.6) is EXP-
complete.

Proof One uses polynomial time reduction of the problem G3 (as defined in [23]) to
Chess. More details can be found in [5].

It is worth remembering what this means for classic chess: “Thus, while we may
have said very little if anything about 8 × 8 chess, we have, in fact, said as much
about the complexity of deciding winning positions in chess as the tools of reduction
and completeness in computational complexity allow us to say.” [5]

20.3.2 Sudoku

“The game in its current form was invented by American Howard Garns in 1979
and published by Dell Magazines as “Numbers in Place.” In 1984, Maki Kaji of
Japan published it in the magazine of his puzzle company Nikoli. He gave the game
its modern name of Sudoku, which means “Single Numbers.” The puzzle became
popular in Japan and was discovered there by New Zealander Wayne Gould. …He
was able to get some puzzles printed in the London newspaper The Times beginning
in 2004. Soon after, Sudoku-fever swept England” [19] and the rest of the world in
the following year.

The standard version of Sudoku uses a 9 × 9 grid with 81 cells. The grid is
divided into nine 3 × 3 blocks (i.e. blocks of size 3). Some of the 81 cells are already
containing numbers from 1 to 9. These filled-in cells are called givens. The goal
of the game is to fill in the remaining empty cells of the entire grid with digits
{1, 2, 3, 4, 5, 6, 7, 8, 9} such that each row, each column, and each block contain
each of the nine digits exactly once.

Again, one has to generalise the game, for which the block size comes in handy.
The block size is 3 (with 3 × 3 cells) in the standard version described above and
visualised in Fig. 20.2. One can now generalise the size, which is often also called
rank, from 3 to n. “A Sudoku of rank n is an n2 × n2 square grid, subdivided into n2

blocks, each of size n × n.” [19]. In this generalised game the numbers used to fill
the cells range now from 1 to n2 so they may not be single digits any longer. After
these generalisations we can now define a decision problem:

Definition 20.7 (Sudoku problem)

• instance: a Sudoku board of rank n partially filled with numbers in {1, 2, . . . , n2}.
• question: can one fill the blank cells with numbers in {1, 2, . . . , n2}, such that
each row, each column, and each of the blocks contain each number exactly once?

So the Sudoku Problem as defined in Definition20.7 is not actually about the solver
(producing the solutionwould not give us a decision problem) but rather an important
problem for the setter, namelywhether the given starting position is actually solvable.
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Theorem 20.4 The Sudoku Problem (as defined in Definition20.7) is NP-complete.

Proof A stronger result was proved in [15], namely that Sudoku is ASN-complete,
where ASN denotes the class of problems with a particular form of question: namely
whether there are alternative solutions of the given problem with respect to certain
already given solutions. Since SAT can be easily shown to be ASP-complete, it
follows that Sudoku is also NP-hard. It can be easily seen that Sudoku is in NP, as
one can write a verifier that takes a solution candidate as certificate, and then verifies
that this candidate is correct by checking for n2 columns, n2 rows, and n2 blocks,
whether each number in {1, . . . , n2} occurs exactly once. This can clearly be done
in O

(

n4
)

.

20.3.3 Tile-Matching Games

With the advent of smartphones and tablets, a certain class of single player puzzle
games rose to immense popularity that are “easy to learn but hard to master” [22].
These games were already available as browser-based or video games before. Some
of the most successful such games are BejeweledTM and Candy Crush SagaTM.
“Candy Crush is played by 93 million people every day, and it accrues an estimated
$800,000 daily through players purchasing new lives and boosters that help them to
conquer new levels. All told, half a billion people have downloaded the free app”
[22]. These are so-called tile-matching games, where the player manipulates tiles in
order to make them disappear depending on the surrounding tiles (in BejeweledTM

tiles are actually gems and in Candy CrushTM tiles are sweets). The objective is
to score highly rather than win or solve, which probably constitutes a big factor in
the addictive nature those games appear to have. The key strategy is “known as a
variable ratio schedule of reinforcement and is the same tactic used in slot machines;
you can never predict when you’re going to win, but you win just often enough to
keep you coming back for more.” [22]

Since there is no winning the game as such, one needs to define a slightly different
set of problems, for instance (see [10]):

1. Is there a sequence of moves that allows the player to pop a specific tile?

2. Can the player get a score of at least x?

3. Can the player get a score of at least x in less than k moves?

4. Can the player cause at least x gems to pop?

Note that Problems (2–4) can be derived from Problem 1 which is the one we focus
on below. Again, for complexity analysis one has to “generalize these games by only
parameterizing the size of the board, while all the other elements (such as the rules
or the number of tiles) remain unchanged.” [10]

Theorem 20.5 ([10]) Given an instance of BejeweledTM, the problem of deciding
whether there exists a sequence of swaps that allows a specific gem to be popped
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(Problem 1) is NP-hard. The decision problems (2–5) are NP-hard as well. The same
result holds for many other “match-three” games, including Candy CrushTM.

Proof For Problem 1 one uses a reduction from a variation of SAT, called 1in3PSAT.
In this version, one is given n variables x1, . . . xn and m clauses, each having at most
3 variables. The question is whether we can choose a subset of variables to set to
true such that every clause has exactly one true variable. Then one can reduce from
Problem 1. The details are very technical and can be found in [10].

Note that Problem1allows an unboundednumber ofmoves, but inCandyCrushTM

the number of moves is actually limited and so Problem 3 is sufficient. Another
reduction to show NP-hardness can be found in [27] using reduction from standard
3SAT.17 In this bounded case, any guessed move sequence must be of polynomial
length (since the length of the sequence is bounded by a constant) and thus Candy
Crush is also in NP and therefore NP-complete.

20.4 Database Queries

Databases play an important role in the modern IT landscape and most Computer
Science students are familiar with relational databases. The (worldwide) market
for relational database management systems alone was worth about $30 billion in
2014 [28]. Relational databases usually use SQL [2], a declarative query language, to
formulate “questions” about the data stored and the database engine then retrieves and
processes the data as required. Since large software systems execute huge volumes
of queries every second, the obvious question in the context of complexity theory is:

What is the time complexity of running such queries?

First of all, we need to define exactly what the problem here is and in particular
the problem instance. Is the database or the query expression the instance, or both?
Moshe Vardi18 introduced a taxonomy [25] that distinguishes between data com-
plexity, expression complexity, and combined complexity, and showed that there is
an exponential gap between data and expression complexity. For a fixed query the
dependency on the size of the data (data complexity) is polynomial (and it better be
really fast as this is one of the success stories of database implementation). Expres-
sion complexity refers to the time to evaluate a query in terms of the size of the
query itself. Combined complexity considers evaluation in terms of size and data,
but is usually dominated by expression complexity. One may wonder why the query

17In conclusion, [27] raises another interesting question: Since hundreds of millions of hours glob-
ally are spent playing Candy CrushTM and similar games, could one profit from this by using the
manpower to solve other NP-complete problems hidden in the games?
18Moshe Ya’akov Vardi is an Israeli computer scientist who teaches at Rice University in the US.
His research spans many fields of computer science, including database systems, complexity theory,
and program specification and verification. He has won numerous awards.
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evaluation problem is so hard. For a really large query, an exponential number of
intermediate joins may need to be computed that are much larger than the input, and
this may prove to be inefficient19 [26].

In order to formulate a problem, we need to fix the query language. There is a rich
body of work in this field of query complexity. Let us look into one particular kind of
query language that vaguely resembles SQL: conjunctive queries. The logical repre-
sentation suits the fact that we need to define a decision problem and the restriction
to conjunctive queries means that those roughly correspond to select-project-join
queries which “constitute the most basic, most important, and best-studied type of
database queries” [7].

Definition 20.8 A relational database consists of a finite set D, the domain (for
simplification there is just one domain, but it could easily encode generally all types
in use) and finitely many relations Ri ⊆ Dri where ri is called the rank (or degree)
of the relation Ri and 1 ≤ i ≤ s.

We follow [1], the first paper on the subject, to define conjunctive queries on
relational databases:

Definition 20.9 A conjunctive query for a relational database (D, R1, . . . , Rs) is a
boolean database query expression that asks whether there exist y1, . . . , yn that fulfil
a conjunction of relations. More precisely, they are of the form:

∃y1 . . . ∃yn.α1 ∧ . . . ∧ αm

where ∃ stands for “there exists”, the αi are atomic formulae that are of the form
R j (t1, . . . , tk) for 1 ≤ j ≤ s, and each tl (1 ≤ l ≤ k) is either a variable y j ( j ∈
{1, . . . , n}) or a constant.

Note that every such conjunctive query can be expressed as SQL query. Let us
look at an example.

Example 20.3 Assume we have the following three schemas

ORDER(oid,account)

PRODUCT(pid,seller)

INFO(oid,pid,quantity)

Assume further (for simplicity) the domain D are strings (with a maximum length
of some sort) and, for reason of brevity, let us abbreviate the ORDER relation O , the
PRODUCT relation P and the INFO relation I . We can now write, for instance, a
conjunctive query that checks whether there is an order for account number A123
that includes a product in quantity of 100 that is sold by Acme.

19In a relational database system there is an optimizer which tries to avoid exactly this. And of
course, real-life queries are—most of the time—not very large.
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∃x, p. O(x, ‘A123’) ∧ I (x, p, 100) ∧ P(p, ‘Acme’)

The variable x relates the first two relations and variable p the last two. This can be
expressed as SQL query in the following way:

SELECT DISTINCT 1

FROM INFO I JOIN ORDER O ON O.oid = I.oid

JOIN PRODUCT P ON P.pid = I.pid

WHERE O.account = ’A123’ AND

P.seller = ’Acme’

If there are more relations in the conjunction then the join condition of the SQL
query will become more complicated. The query’s SELECT uses a constant 1which
in SQL represents true and DISTINCT ensures that we only see one instance of 1
in case there are more than one such orders that satisfy the query. An empty result
table corresponds to the conjunctive query being false.

Definition 20.10 (Query Evaluation Problem)

• instance: given a relational database (D, R1, . . . , Rs) and a boolean conjunctive
query φ

• question: does φ evaluate to true in database (D, R1, . . . , Rs)?

Theorem 20.6 ([1]) The Query Evaluation Problem is NP-complete when applying
the combined complexity measure, i.e. measure time usage w.r.t. database and query
expression size.

This well-known result was first proved in a seminal paper by Chandra andMerlin in
1977. “However, the main factor responsible for the high complexity of the problem
is the length of the input formula and not the size of the database. This does not
fit the practical situation very well, because usually one evaluates a short query
against a large database.” [9]. One way to try to remedy this issue is “parameterised
complexity” (see [4]). But this does not really lead to (parameterised) tractability
either (see [21]) and a detailed exposition is beyond the scope of this book. How-
ever, [31] was the first to show that simplifying the conjunctive queries helps. The
simplification uses a notion of “acyclicity” defined next.

Definition 20.11 (join tree) Let Q be a Boolean query:

∃y.R1(z1) ∧ R2(z2) ∧ . . . ∧ Rm(zm)

where Ri (zi ) are the atoms of Q. We use vectors y for finite lists of variables and z
for a finite lists of expressions that can be either constants or variables. A join tree
for Q is a tree T defined as follows:
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• The nodes of T are the atomic formulae Ri (zi ) for 1 ≤ i ≤ m.
• If a variable x occurs in two different atomic formulae Ri (zi ) and Rk(zk) of Q,
then it occurs in each atomic formula on the unique path of tree T between Ri (zi )

and Rk(zk).

This leads to a natural description of how the different atoms are joined via variables
in an ordered way. Note that not every query actually has a join tree.

Definition 20.12 A conjunctive query is called acyclic if it has a join tree.

Example 20.4 The query of Example 20.3 is not cyclic as one can define a join tree T
for it as follows: The nodes of T are the atomic formulae O(x, ‘A123’), I (x, p, 100),
P(p, ‘Acme’). Variable x appears in two atomic formulae and variable p appears in
two. In either case we must make sure that the corresponding atomic formulae are
connected in the tree which looks as follows:

I (x, p, 100)

O(x, ‘A123’) P(p, ‘Acme’)

Further examples, also for cyclic queries, will be discussed in Exercise 9.
The evaluation of acyclic conjunctive queries is tractable:

Theorem 20.7 ([31]) When restricted to acyclic boolean conjunctive queries, the
Query Evaluation Problem (Definition20.10) is in P.

The result has been refined further in [7, 9] and others but these interesting results
are beyond the scope of this book.

Adding union and negation to conjunctive queries one obtains relational algebra
which is the semantic basis for relational database theory, but Theorem20.7 won’t
hold any longer, as the extension introduces too many different orders to evaluate
joins.

As a consequence, there is large scope for optimizationof large queries.One “high-
level” technique is rewriting the query into a simpler (smaller) but equivalent20 one.
This has been suggested in [1] who also showed that near optimal rewrites of queries
always exist.

20.5 Policy Based Routing

An important property of computer networks is reachability: can packets be
successfully sent from one network device to another? As devices, including end-
points (computer) and switches, are linked via connections, the problem can (once

20i.e. returning the same result as the original query.
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again) be abstracted into a (network) graph problem. We already have encountered
reachability for graphs in Sect. 16.5.1 but nowwe have additional forwarding policies
to deal with, which makes the problem harder.

Definition 20.13 (Network) A network is a tuple G = (V, E,P) such that G =
(V, E) is a directed graph where the set of vertices V corresponds to network devices
and the set of edges E corresponds to (unidirectional) connections between them.
The policy function P maps each edge (u, v) ∈ E and each symbolic packet p to a
boolean formula describing the forwarding policy for packet p travelling from u to
v.21 Therefore, P(e, p) evaluates to true for edge e and packet p, if, and only if, p
is forwarded along e.

The policies expressible include general policies like forwarding and filtering. Packet
transformation is more complicated and involves a shift from representing symbolic
packets to a history array of packets with each entry representing the packet’s content
after a “hop” along a connection. Details can be found in [18].

Example 20.5 Consider a network G = (V, E,P) with two vertices s and t that
represent network routers.Wenowexpress examples of the abovementioned standard
policies. We use p.dst and p.src to denote the destination IP address and the source
IP address of packet p, respectively. The function prefixn(adr) selects and returns
the first n bits of adr.22 The addresses in Internet Protocol version 4 (IPv4)23 are
four bytes long.

Forwarding Assume packets are forwarded from s to t iff their destination address
has prefix 139.184.0. Then P((s, t), p) is the formula

prefix24(p.dst) = 139.184.0

Filtering Assume router s blocks packets from travelling to router t iff their des-
tination address has prefix 139.184. ThenP((s, t), p) is the formula

prefix16(p.dst) 	= 139.184

Two policies represented as formulas P1 and P2 can be conjoined in the formula
P1 ∧ P2.

Definition 20.14 (Network Reachability Problem [30]) The Network Reachability
Problem is defined as follows:

21SoP((u, v), p) can be interpreted as the set of rules of network device (router) u for destination
v depending on the packet p to be forwarded. Usually, only (parts of) the header of packet p is
considered, but not its payload.
22We won’t go into the details of Classless Inter-Domain Routing (CIDR) address notation taught
in every Network course.
23This protocol still routes most traffic today despite the advent of IPv6.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
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• instance: a network G = (V, E,P) as defined in Definition20.13 and two ver-
tices s ∈ V and t ∈ V

• question: is there a packet that can be sent from s to arrive at t?

In other words, the question is whether there exists a symbolic packet p and a path
π from s to t in G such that p satisfies the constraintsP(e, p) for all edges e along
the path, i.e. for all e ∈ π.

Theorem 20.8 ([18]) The Network Reachability Problem of Definition20.14 for
networks that only use forwarding via the longest prefix match rule (and no filtering
or packet transformations) is in P.

Proof This can be shown by adapting the dynamic-programming based Floyd–
Warshall algorithm from Fig. 16.4 in Sect. 16.5.2 such that it produces logical for-
mulae the satisfiability of which expresses reachability instead of shortest distances.
It is important that these formulae are in disjunctive normal form with literals being
instances of the Predecessor Problem. We know from Sect. 16.2 that the latter is
decidable in constant time. In other words, we establish a polynomial time reduction
NetworkReachability ≤P DNFSAT (with DNFSAT from Exercise 3) and then apply
Theorem19.1. The details will be discussed in Exercise 13.

The following theorem states that the Network reachability Problem in presence
of packet filtering is much harder:

Theorem 20.9 ([18]) The Network Reachability Problem of Definition20.14 that
only use forwarding and packet filtering (and no packet transformations) is already
NP-complete.

Proof Employ Corollary19.2 with a reduction SAT ≤P NetworkReachability and
the result follows as we already know SAT is NP-complete (Theorem20.1). The
reduction function can be defined as each filter predicate can be arbitrarily compli-
cated. The details are discussed in in Exercise 14.

It is proved in [18] that the problem is NP-complete even if the filter can only use
one bit in the packet header if one allows parallel edges in graphs, more precisely
multigraphs.

20.6 “Limbo” Problems

Most (optimisation) problems can be shown to be either in P (see Chap.16) or
they can be shown to be NP-complete problems like the problems from Chap.17 or
problems mentioned earlier in this chapter. There are, however, a few problems that
are in limbo,24 i.e. we don’t know (yet) whether they are decidable in polynomial

24Limbo denotes an uncertain period of awaiting a decision or resolution. The name origins in
theology where it refers to a certain part of “hell” but is now used generally in the aforementioned
sense.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_19
http://dx.doi.org/10.1007/978-3-319-27889-6_19
http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_17
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time or NP-complete. The most two famous “limbo” problems from NP are listed
below.

The first problem is about prime factors. The prime factors of a positive integer are
the prime numbers that are needed to produce the original number by multiplication.
For instance, 12 = 22 × 3 so the prime factors are 2 and 3. If we consider 30 =
2 × 3 × 5 then the prime factors are 2, 3, and 5.

Definition 20.15 (Factorization Problem)

• instance: an integer number n > 1
• question: what are n’s prime factors?

This can be made into a decision problem as well:

• instance: integer numbers n and m such that 1 < m < n
• question: does n have a factor a ≤ m?

This problem is of particular importance andwewill comeback to it inSect. 21.4.2.
As an exercise the reader is invited to show that it is in NP. We might now think, it
may be NP-complete. Well it may be, but this is also unknown.

The second famous problem not known to be either in P or NP-complete is the
following:

Definition 20.16 (Graph Isomorphism Problem)

• instance: two undirected graphs G1 = (V1, E1) and G2 = (V2, E2).
• question: are the two graphs G1 and G2 isomorphic? In other words is there a
bijection f between V1 and V2 that extends to a bijection on edges E1 and E2, i.e.
such that (v, w) ∈ E1 if, and only if, ( f (v), f (w)) ∈ E2.

The problem has been shown to be in P for restricted classes of graphs like trees or
planar graphs [11]. It finds some applications, for instance in chemistry,when looking
for matching molecule structures in a database, and in circuit design. In those cases it
can be solved efficiently, so it is widely believed that it is in P. Just as the manuscript
of this book is about to be completed, there is news that László Babai25 appears to
have proved that the Graph Isomorphism Problem is quasi-polynomial.26 If this was
indeed true it would be very close to being in P. Quasi-polynomial refers to time
complexity O

(

2(log2 n)c)

for a constant c, whereas polynomial runtime is O
(

2c log2 n
)

for constant c in comparison.27

25László Babai (born July 20, 1950) is an award-winning Hungarian mathematician and computer
scientist from the University of Chicago.
26But the proof was not peer-reviewed yet at the time of writing.
272c log2 n = (2log2 n)c = nc.

http://dx.doi.org/10.1007/978-3-319-27889-6_21
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20.7 Complete Problems in Other Classes

Wecan extend the notion of completeness to other classeswe discussed. For instance,
we can ask whether there are problems that are EXP-complete, P-complete, or RE-
complete. An EXP-complete problem is discussed in Exercise 15. In the following
we will briefly address P- and RE-completeness.

20.7.1 P-complete

For the definition of P-completeness polynomial time reduction is not appropriate
as there are such reductions between all non-trivial P problems. This follows from
the fact the reduction function has enough time to implement the required decision
procedure. Consider two problems A and B, both in P. If B is not trivial, we know
there is at least one t ∈ B and s /∈ B. Then we can simply define a polynomial time
computable reduction function f as follows:

f (x) =
{

t if x ∈ A
s if x /∈ A

Since A is in P, x ∈ A can be decided by a program that runs in polynomial time
and therefore f can be computed in polynomial time.

So for useful reductions within P one needs a different notion of effective reduc-
tion, most commonly logarithmic space reduction. Space complexity is beyond the
scope of this book, but it should be clear by the name that the reduction function
in this case can be effectively computed with space (memory) the size of which is
logarithmic in the size of the input. This kind of reduction is usually denoted ≤logs.

Definition 20.17 (P-complete) A problem H is called P-complete if problem H is
itself in P and is “hardest” in P in the sense that for all other problems A ∈ P we
have that A ≤logs H .

Theorem 20.10 Among the list of the many P-complete problems are the Linear
Programming Problem (Definition16.15) and CF	=∅, the problem whether a context-
free grammar generates the empty language.28

A long list of P-complete problems canbe found in [13,AppendixA].A fewproblems
are also discussed in [8]. Furthermore, we can also consider complete problems in
other classes like RE (see Definition9.2), the class of semi-decidable problems.

28The empty language is the empty set ofwords,∅, so it does not contain anywords at all.Admittedly,
not a very useful language, but that makes it even more important to be able to check efficiently
that one’s grammar does not describe this language.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_9
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20.7.2 RE-complete

Theorem 20.11 The Halting problem, HALT, is RE-complete w.r.t. ≤rec.

Proof We have to show that a given semi-decidable problem A can be effectively
reduced to HALT. From the fact that A is semi-decidable we obtain a program p such
that �p� (d) = true iff d ∈ A. Now we define the reduction function f (d) = (q, q)
such that �p� (d) = true iff (q, q) ∈ HALT. It is left as Exercise 5 to find out what q
must look like (it must obviously depend on p and d).

What Next?

We have seen that many combinatorial optimisation problems are NP-complete but
appear in all kinds of applications in logic, graphs, networks, logistics, databases,
compiler optimization and so on. The concept proved to be very versatile and an
“intellectual export of computer science to other disciplines” [20]. But if so many
common and useful problems are NP-complete, and we do not know any polynomial
time algorithms to solve them, how are we dealing with them in practice? This
seems to be slightly contradictory from a practical point of view.We will resolve this
apparent contradiction in the next chapter.

Exercises

1. Show that every boolean expression (built from variables, negation, conjunction,
disjunction, true, false) can be translated into conjunctive normal form.
Hint: Show this by structural induction on the shape of the formula and use
Boolean algebra laws like e.g. De Morgan’s laws and distributive laws.

2. Let us encode a CNF formula in WHILE’s datatype as a list of clauses that are,
in turn, lists of literals. A literal is encoded as list of two elements. For positive
literals the list contains the encoding of 1 followed by the encoded variable
name as a number (in unary as usual). For negative literals the list contains the
encoding of 0 followed by the encoded variable name as a number (in unary).

a. Implement the evaluation operation in WHILE that takes a list containing
the encoded formula and an encoding of a truth assignment and returns (the
encoding of) 0 or 1.A truth assignment is a list of truth values encoded as 0
and 1. The value for the nth variable is in the nth position.

b. Analyse the time complexity of the evaluation operation.
c. Assume binary encoding of the variable numbers was used. How would that

change the algorithm and its complexity?

3. A boolean expression is in disjunctive normal form iff it is a finite disjunction
of finite conjunction of literals:

(A11 ∧ A12 . . . ∧ A1n1) ∨ · · · ∨ (Am1 ∧ Am2 ∧ . . . ∧ Amnm )

where each Ai j is a literal, i.e. either a variable or a negated variable (x or ¬x).
The conjunctive formulae (Ai1 ∧ Ai2 . . . ∧ Aini ) are called clauses.
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Assume the SAT problemwas formulated using disjunctive normal form and not
conjunctive normal form, i.e. as DNFSAT:

• instance: a boolean expression F in DNF (disjunctive normal form), i.e. a
formula of the form C1 ∨ C2 ∨ . . . ∨ Cn where each Ci is itself a conjunction
of literals l1 ∧ l2 ∧ . . . ∧ ln .

• question: isF satisfiable?

a. Show that DNFSAT is in LIN.
Hint: Reformulate what satisfiability of a formula in DNF means exactly to
find an algorithm that checks satisfiability in time linear in the size of the
formula.

b. It is well known that any Boolean expression can be brought into disjunctive
normal form. Show that every Boolean expression (built from variables,
negation, conjunction, disjunction) can be translated into disjunctive normal
form.
Hint: Show this by structural induction on the shape of the formula and use
Boolean algebra laws like e.g. De Morgan’s laws and distributive laws.

c. From the fact that (CNF)SAT is NP-complete and DNFSAT is in LIN, what
can be concluded about the complexity of transforming an arbitrary Boolean
expression into DNF? Analyse the complexity of the algorithm that does the
transformation discussed in Exercise 3b.

4. Encode an arbitrary run of a (one tape) Turing machine M as Boolean expres-
sion in conjunctive normal form. This requires the introduction of a number of
variables: Qi,k states that M is in state k at time i ; Hi, j states that the head of
M at time i is reading cell no. j ; Ci, j,k states that at time i on tape cell no. j we
find symbol k. One needs to describe the run of M on initial word w in terms of
many clauses (disjunctions) that are then “bolted together” via conjunctions to
obtain a CNF expression. This is quite tedious but possible (see e.g. [6]).

5. The3SATproblem fromDefinition20.5 is likeSATwith the additional restriction
that all clauses (conjuncts) must have exactly three literals.

a. Show that 3SAT is NP-hard by a polynomial time reduction SAT≤P 3SAT.
Hint: transform each clause of length n into n−2 clauses of length 3 that are
not necessary logically equivalent to the original clause, but are satisfiable
iff the original clause was satisfiable.

b. Show that the 3SAT problem is NP-complete.

6. In Exercise 5 we restricted clauses of SAT to three literals. Let us go one step
further and restrict to two literals. So let 2SAT be the problem that is like SAT
with the additional restriction that all clauses (conjuncts) must have exactly two
literals. Show that this even simpler problem 2SAT is actually in P.
Hint: Consider each clause l1 ∨ l2 as implication ¬l1 ⇒ l2 (reasonably adapted
for negative literals l1 and l2, respectively). Develop an algorithm (“resolution”)
that investigates for each variable whether it has to be true or false to satisfy the
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formula. In case a variable turns out to have to be both – true and false – the
formula is clearly not satisfiable.

7. The Vertex Cover Problem from Exercise 8 in Chap.17 was shown to be in NP
in Exercise 2 from Chap.19. Show that it is actually NP-complete by defining
an appropriate polynomial time reduction: 3SAT ≤P Vertex Cover.

8. Consider the following problem SAT∗:

• instance: a boolean expression F in DNF, i.e. disjunctive normal form (see
Exercise 3).

• question: is F a tautology? In other words, does F evaluate to true for all
possible truth assignments?

In [3] SAT is, somewhat confusingly, actually defined as SAT∗.29 Considering
Exercise 3, onemight think that this is wrong but in actual fact SAT∗ only defines
a “logically dual” problem to SAT. To see this proceed as follows:

a. Show that if F is in CNF then ¬F is in DNF. And, vice versa, if F is in
DNF, then ¬F is in CNF.

b. Show thatF ∈ SAT iff ¬F /∈ SAT∗ and thus that SAT and SAT∗ are in the
given sense dual to each other.

c. Moreover, conclude that SAT ≤P SAT∗ and SAT∗ ≤P SAT.

9. Assume the following relational database schemas (from ([7]) are given :

WORKS(empNo,projNo,task)

MANAGES(empNo,projNo,task)

RELATIVE(empNo,empNo)

a. Write a boolean conjunctive query that checks whether there exists an
employee e who works for a project that is managed by a relative of e.

b. Write a boolean conjunctive query that checks whether there exists a man-
ager who has a relative working in the company.

c. Try to build the join tree for both queries. For one of the queries above you
will not be able to build a join tree, as one of the queries above is actually
cyclic.

10. Consider the following boolean conjunctive acyclic query (from [7])

∃x, y, z, u, v, w. R(y, z) ∧ G(x, y) ∧ S(y, z, u) ∧ S(z, u, w) ∧ T (y, z) ∧ T (z, u)

Compute its join tree.
11. Explain how a boolean conjunctive query can be evaluated in polynomial time,

using its join tree.
12. A k-clique in an undirected graph G = (V, E) is a set of k vertices (nodes)

S ⊆ V such that G has an edge between every pair of nodes in this set S, or in

29This had already been observed by [16] who uses some of the results in [3].

http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_19
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other words, for all v, w ∈ S with v 	= w we have that (v, w) ∈ E .
Consider the following Clique Problem:

• instance: an undirected graph G = (V, E) and a positive natural number k
• question: does G contain a k-clique?

a. Draw a graph with a 3-clique.
b. Show that Clique is in NP.
c. Show that Clique is NP-hard by a reduction SAT ≤P Clique. Define the

reduction function as follows: Given a Boolean formula in conjunctive nor-
mal formF = C1 ∧ C2 ∧ . . . ∧ Cn , let f (F ) = (G, n)where G = (V, E)

is an undirected graph such that

V = { occurrences of literals inF }
E = { (v, w) | v and w are not in the same conjunct ofF and v is not

the negation of w and vice versa }

Let us consider a concrete example. For the CNF expression

F = (A ∨ ¬B) ∧ (B ∨ C) ∧ (¬A ∨ C)

we therefore obtain f (F ) = ((V, E), 3) with

V = { A,¬B, B,C1,¬A,C2 }
E = { (A,C1), (A,C2), (A, B), (C1,¬B), (C2, B), (C2,¬B)

(¬A,¬C1), (¬A,¬B), (¬A, B), (C2,C1) }

Observe the two occurrences ofC that need to be distinguished asC1 (second
literal) and C2 (third literal).
i. Draw the graph G.
ii. Check that there is indeed a 3-clique in G if, and only if, there is a truth

assignment θ of F such that θ(F ) = true.
Generalising the above result, one can then infer thatF with k conjuncts
is satisfiable iff f (F ) = (G, k) and G has a k-clique.

iii. Explain why the reduction function f from above is computable in
polynomial time.

13. Assuming that policy functions only encode longest prefix forwarding, give the
details of the reduction NetworkReachability ≤P DNFSAT from Theorem20.8.

14. Assuming that policy functions only encode longest prefix forwarding and unre-
stricted packet filters, give the details of the reduction SAT ≤P NetworkReach-
ability from Theorem20.9.

15. Consider the following problem DAC:

• instance: a deterministic Turingmachine M , some inputword x , and a positive
natural number k represented in binary (!)
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• question: does M accept x (i.e. return true) in at most k steps?

a. Show that DAC is in EXP.
b. Show that DAC is EXP-hard, i.e. any other problem in EXP can be reduced

to it and the reduction can be performed in polynomial time.
c. Conclude that DAC is EXP-complete.

16. Show that the class of P-complete problems is closed under complement. In
other words, show that if a problem is P-complete then its complement must be
also P-complete. Note that it is unknown whether NP-complete problems are
closed under complement or not.
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Chapter 21
How to Solve NP-Complete Problems

If there are no known feasible algorithms for NP-complete
problems how do we deal with them in practice?

Hundreds of well-known and useful problems have been shown to be NP-complete.
Some of them we have discussed in Chap.20. We do not yet know whether solutions
to these problems can be computed in polynomial time, and thus we don’t know
whether these problems are feasible.1 We only know that despite all efforts for the
last six decades nobody has found such an algorithm for any of them. Nor have any
attempts to prove NP = P or NP �= P been successful. So what does the working
programmer do when faced with such a problem? At first, the results we have seen
seem to imply that software developers are in serious trouble. In some sense they
are, but there is often a way out of the trouble—to a degree.

This is what we will discuss in this chapter. The following questions will be
answered: what do software developers do in practice to “ease the pain”2 so that they
canproduce some sort of acceptable solution for anyof thoseNP-complete problems?
And is there also a benefit in certain problems not being known to be decidable in
polynomial time? New and yet to be fully exploited notions of computability, like
Quantum computing and Molecular (DNA) computing will be discussed in the final
part of the book.

More precisely, in this chapter we will discuss:

• exact algorithms (Sect. 21.1):
We know exact algorithms with polynomial runtime are unknown, but how far can
one get with them?

• approximation algorithms (Sect. 21.2):
will giving up the expectation to find optimal solutions help? What if we allow the
solution to be a certain percentage worse than the optimum?

1In the literature one also finds the synonym tractable.
2This terminology has been use in Chap.5 of the popular science book “Computers LTD” [20].
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• parallelism (Sect. 21.3):
will using more computing devices help?

• randomization (Sect. 21.4):
will using probability theory and randomised algorithms help?

In Sect. 21.5 we then take the very popular Travelling Salesman Problem as an exam-
ple and see what results are known for it, in particular based on the previously men-
tioned approaches. Finally, we will investigate in which sense a problem for which
polynomial time solutions are yet unknown can be a good thing by looking at the
Factorisation Problem (Sect. 21.6).

In this chapter we will not deal with the decision version of the problems men-
tioned, but with the function problems that ask for an optimal solution.3

21.1 Exact Algorithms

Usually, exact algorithms only work for relatively small input. In the case of the
Travelling Salesman Problem, for instance, for up to 60–80 cities. One uses branch-
and-bound and branch-and-cut techniques to reduce the search space (without losing
any potential optimal solutions in this case). For some applications this may already
be sufficient. Most of the time, however, larger input is required to be dealt with.

Some clever algorithms in co-operation with using several CPUs (see Parallelism
below) actually manage to find optimal TSP solutions for thousands of cities. For
example, Concorde TSP Solver [10] is a freely available C library to solve TSPs.
Concorde achieved an optimal solution for a TSP with over 85,000 locations (for
VSLI chip design), however using several CPUs and 136 CPU years. Concorde uses
the Dantzig, Fulkerson, and Johnson’s method [13] which is based on the well known
simplex method [36] discussed already in Sect. 16.6.

21.2 Approximation Algorithms

Instead of finding an optimal solution—e.g. computing the shortest route for the
Travelling Salesman Problem (TSP), or graph colouring with fewest colours—one
can also attempt to find a decent solution that is not optimal, but can be computed in
polynomial time. Of course, the solution must not be arbitrarily poor. To be useful,
one needs some form of guarantee about its quality. How close the computed solution
is to the optimal solution is called the (worst-case) approximation factor. One has to
distinguish minimisation and maximisation:

3The class of function problems corresponding to NP is usually called NPO for NP-optimisation
problem.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
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Definition 21.1 (α-approximation algorithm) An algorithm A for a maximisation
problem is called α-approximation algorithm if for any instance x of the problem
we have that

A(x) ≤ OPT(x) ≤ α × A(x)

where OPT(x) is the optimal value for instance x of the problem. Analogously, an
algorithm A for a minimisation problem is called α-approximation algorithm if for
any instance x of the problem we have that

OPT(x) ≤ A(x) ≤ α × OPT(x)

We call α the approximation factor. In either case of minimisation or maximisation
it always holds that α ≥ 1.

There are two types of approximation: either one is satisfied with a constant factor, or
one demands something stronger, namely that the optimal solution can be approxi-
matedwith a ratio that is arbitrarily close to 1. Note that ifα is 1, then the problem can
be solved exactly. For instance, if the solution shall be no more that 50% worse than
the optimal minimal solution, then one has a constant factor of 1.5. Approximations
only make sense for the function problem version of the NP-complete problems we
have seen and not the decision version.

There are actually complexity classes for problems that can be approximated
either way. The first class guarantees only constant approximation factors:

Definition 21.2 The complexity class APX (short for “approximable”) is the set of
optimization problems inNP that admit polynomial-time approximation algorithms4

where the approximation factor is bounded by a constant.

If one has an algorithm that can approximate arbitrarily close to the optimum and
it runs in polynomial time, the problem in question has a polynomial time approxi-
mation scheme.

Definition 21.3 (PTAS) The problem class PTAS is defined as the class of function
optimisation problems that admit a polynomial time approximation scheme: this
means that for any ε > 0, there is an algorithm that is guaranteed to find a solution
which is at most ε times worse than the optimum solution in time polynomial in the
problem instance (ignoring ε). This means that the approximation factor is 1 + ε.

Clearly, the definition of PTAS is stronger than that of APX, as we can approxi-
mate arbitrarily close, so we have that PTAS ⊆ APX (just fix one ε of choice).

Sometimes, changing the problem slightly does help as wewill see below for TSP.
Consider a modified TSP, called MetricTSP. This problem is like TSP but with an
extra assumption about the distances between cities (weights of edges of the graph).
The restriction is that the so-called triangle inequality holds for distances.We discuss
this in more detail in Sect. 21.5.2.

4The term “approximation algorithm” has been introduced in [24] (according to [25]).
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It is much easier to come up with algorithms that run in polynomial time and
produce approximative solutions without any quality bound (so they might produce
some really poor results for certain inputs), or that only run in polynomial time for
certain inputs. Heuristic Search can be applied to reduce the (exponentially large)
search space in a clever way. With approximative solutions it may happen that we
cut off the optimal solution, giving up on optimality. Methods taught usually in
Artificial Intelligence can be used as well, for instance genetic algorithms or ant
colony algorithms.

Limits of Approximation Algorithms

In the last four decades or so, computational complexity theory has verymuch shifted
towards analysis of approximation problem versions of NP-hard problems. There
has been tremendous success on many fronts, suggesting clever approximation algo-
rithms with various degrees of approximation ratios and worst-case upper runtimes.
For a short survey, see e.g. the very readable [26], which also gives a short history
of NP-completeness, and for an in-depth treatise see [47, 50].5

Surprisingly, one might say, there are quite complicated, iron-cast limits for
approximating many of the NP-complete problems. It turns out that for many NP-
complete problems the version that asks for an approximative solution (of a certain
quality) is also NP-complete. This is a disappointing fact. In general, it has to be said
that the landscape of NP-complete problems is not uniform in this respect. Some
problems might have good approximations algorithms, others have not.

The modern study of inapproximability is a large field which progressed leaps
and bounds triggered mainly by two events:

• the discovery that probabilistic proof systems could give a model for NP that
could be used to show the inapproximability of the problem Independent Set6 due
to [17],

• and proof of the PCP Theorem which characterizes NP in terms of (interactive)
probabilistic proof systems.

The latter is to approximation theory what Cook–Levin’s Theorem 20.1 is to NP-
completeness. Various versions were proved by [5, 6] in 1991–92, using many pre-
vious results that are beyond the scope of this introductory book (see [26]).

PCP stands for “probabilistic checking of proofs”. This technique originated in
cryptography in order to convince someone that one has a certain knowledge (proof)
without revealing all the information.7 The prover writes down a proof in an agreed
format, and the verifier checks random bits of the proof for (local) correctness, so

5Vazirani opens with this quote [50, Preface]:

Although this may seem a paradox, all exact science is dominated by the idea of approxi-
mation.

Bertrand Russell (1872–1970)

6Independent Set is explained in Exercise 1.
7More details, also about the history of this theorem can be found e.g. in [4].

http://dx.doi.org/10.1007/978-3-319-27889-6_20
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to speak. By repeating this process, due to the randomness, various parts of the
proof will be checked, and if all these checks are affirmative, one can assume with
a reasonably high probability that the proof is actually correct. The proof can, for
instance, verify that a candidate solution to one of our NP-complete problems is a
correct solution, thus verifying that for a given problem instance the answer is ‘true’.

So one generalises the concept of a verifier in the original definition of NP (Def-
inition 18.2). A verifier is a deterministic algorithm proving that some input x is
correct with the help of a certificate c of which one can use only information that is
of polynomial size in x as the verifier must run in polynomial time. For a probabilis-
tic polynomial time verifier the input x is now accompanied by some further limited
(“oracle”) access to the certificate c where the limitation is accurately specified.

Definition 21.4 (probabilistic polynomial time verifier) A probabilistic polynomial
time verifier p for a problem A ⊆ {0, 1}∗ is a verifier in the sense of Definition 18.1
with a further (implicit) input sequence of random bits8 r, such that

A = {d ∈ {0, 1}∗ | �p�L (d, c, r) = true for some c ∈ {0, 1}∗}

The probabilistic verifier therefore runs deterministically with input x , c and implic-
itly r . It returns true and false, respectively, with a certain probability. A verifier on
input (x, c)with implicit random bit input is called (r(n), q(n))-restricted if it makes
only q(|x |) enquiries about certificate c and uses only r(|x |) random bits.

Definition 21.5 (PCP[r(n), q(n)]) The complexity class PCP[r(n), q(n)] is the
class of problems A that have a (r(n), q(n))-restricted probabilistic verifier V (as
defined in Definition 21.4) with the following property: if x ∈ A there is a certificate
c such that V returns true with probability 1, and if x /∈ A, then for each certificate
c the probability that V returns true is at most 1

2 .

Form this definition some simple observations follow easily like PCP[0, 0] = P,
PCP[O

(

log2 n
)

, 0] = P, PCP[0, nO(1)] = NP (see Exercise 5).
The PCP theorem states that every statement x ∈ A of an NP-complete problem

A has a probabilistically checkable proof, using “very little randomness” and only
reading constant bits of the proof:

Theorem 21.1 (PCP Theorem [5, 6]9) NP = PCP[O(

log2 n
)

,O(1)].
The PCP Theorem “…is an amazing result. No matter how large the instance and

how long the corresponding proof, it is enough to look at a fixed number of (randomly
chosen) bits of the proof in order to determine (with high probability) whether it is
valid. …The relevant property here is that if you break off a tiny corner of a hologram,

8One can drop r from the input by running the algorithm probabilistically over a uniformly distrib-
uted random bit vector r .
9Sanjeev Arora, Uriel Feige, Shafi Goldwasser, Carsten Lund, László Lovász, Rajeev Motwani,
Shmuel Safra, Madhu Sudan, and Mario Szegedy won the 2001 Gödel Prize for the PCP theorem
and its applications to (hardness of) approximation.

http://dx.doi.org/10.1007/978-3-319-27889-6_18
http://dx.doi.org/10.1007/978-3-319-27889-6_18
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it can still be made to display the image contained in the full hologram, albeit
somewhat more fuzzily. Similarly, most small collections of bits from the proofs in
question here must in a sense reflect the entire proof, at least insofar as its correctness
is concerned” [25]. Note that the PCP theorem does not make any claims about the
runtime of the probabilistic verifier other than it is polynomial, so the runtime may
actually be worse than that of a traditional non-probabilistic verifier. The focus here
is rather on how much of the certificate is actually checked by the verifier. This is
not in line with our intuition. Why does a verifier not need to check a large part of
the certificate showing that an instance x of an NP-complete problem A is actually
in A? Imagine x to be a large graph G and a number k and A be TSP. Then the
certificate (proof) must contain enough information to show that a tour of length k or
less is possible in G. The key lies in the trade-off between probabilistic acceptance
and quantity of the certificate inspected.

Probabilistically checkable proofs have applications in cryptography. Even more
amazing is the connection of the PCP Theorem to the limitations of approxima-
tion algorithms. While for some optimisation problems approximation algorithms
with small approximation factors were discovered (mostly in the 1970s), for oth-
ers intractability results were quickly obtained, like e.g. for TSP (see Theorem 21.3
below). Those inapproximability results were usually up to P = NP (or some other
very unlikely assumption). But there remained a third group of problems for which
the situation was not so obvious. In [17] the connection between approximations and
probabilistic provers in the context of the Clique Problem10 was noticed “showing
how any sufficiently good approximation algorithm for clique could be used to test
whether probabilistically checkable proofs exist, and hence to determine member-
ship in NP-complete languages.” [25] The details of this connection are beyond an
introductory text and can be found in [17] or summarised in e.g. [25]. From the results
of [5] one could conclude that the Clique Problem does not admit any approximation
and is therefore not in APX. Thanks to [6] this could be generalised to a wide variety
of problems. For many NP-complete problems thus either

1. for every α > 1 there is a polynomial time approximation algorithmwith approx-
imation factor α or better (so the problem is in PTAS) or

2. there is a certain constant α > 1, the approximation threshold, such that no algo-
rithm can produce a solution with approximation factor α or better in polynomial
time (unless P = NP) so the problem is in APX

3. there is no α > 1 that fulfills (2), so there is no approximation algorithm at all
(unless P = NP) and thus the problem is not even in APX.

The 0-1 Knapsack Problem belongs to the first category, MetricTSP to the second
category and TSP to the third category. There are a number of problems that are
known to be in APX but it is unclear whether they belong to (1).

10See Exercise 12 in Chap.20.

http://dx.doi.org/10.1007/978-3-319-27889-6_20
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21.3 Parallelism

What about using more processors? To add up n numbers sequentially with one
processor, we know we need n − 1 addition operations. But using n/2 processors
we can add pairs of numbers in parallel, first n/2 pairs, then n/4 pairs, and finally
one pair, so we only need log2 n additions per processor which leads to a runtime
improvement from O(n) to O

(

log2 n
)

. This is excellent speed-up. In a way, one can
think of the parallel processors/adders to “take care” of the nondeterministic choices
a NTM makes that decides membership of a problem in NP. On each processor one
can run a different “guess” for the continuation of the nondeterministic program.

That sounds great. Does this parallel execution on several processors then allow
us to get a parallel program11 that solves an NP-complete problem in polynomial
time? The answer is yes but no. The issue with this is that one does get a speed-up,
but to get the expected speed-up one would need exponentially many processors
(exponential in the size of the input) and that’s not feasible either. The input can be
arbitrarily large in size, so where would one get all the required processors from?
There is a (maybe large but) fixed amount of processors available. Secondly, all these
processors need to communicate somehow to co-operate in the right way to produce
the right answer. This communication takes time and this timemay not be polynomial
either, in particular if exponentially many processors are involved.

With a number of processors polynomial in the size of the input one can already
achieve significant speed-ups. For instance, matrix multiplication, usually computed
in time O

(

n3
)

—or O
(

n2.807355
) = O

(

nlog2 7
)

using the Strassen algorithm12—can
be done in time O

(

log2 n
)

with O
(

n3
)

processors [16]. There is a complexity class,
NC, called Nick’s Class afterNick Pippinger, which covers those cases. Its definition
is based on Boolean circuits,13 but informally and crudely speaking, NC contains
all problems that can be decided by a polynomial number of processors in poly-
logarithmic time, i.e. in time O

(

(log2 n)k
)

.
With a constant number of processors we can still get a constant guaranteed speed-

up. This is still a very useful concept and it is used e.g. in multi-core processors these
days.14

It is worth pointing out that not all problems are equally amenable to paralleli-
sation. When and how to parallelise computations is a big research topic in itself,

11Better a program executed in parallel.
12The Coppersmith-Winograd algorithm [12] does it in O

(

n2.376
)

but is only better for extremely
large matrices and thus not used in practice, nor are recent slight improvements by Stothers or
Williams.
13We don’t present details in this introductory book but this will be covered in many textbooks
listed in the appendix.
14Chip manufacturers have to go down this route as Moore’s law is reaching its limits, as further
miniaturisation of processors leads to transistors of almost atomic size and thus to unwanted and
interfering quantum effects. We’ll say more about that in Chap. 23.

http://dx.doi.org/10.1007/978-3-319-27889-6_23
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affecting networking, operating system and algorithm design. Controlled paralleli-
sation is also essential in the Map-Reduce programming model used in key/value
stores for processing large datasets [15].

21.4 Randomization

Another method attempts to get faster algorithms by giving up some “certainty”,
either about the runtime or about the optimality of the solution. One distinguishes
actually two different probabilistic approaches:

• Las Vegas
is always correct but only probably fast

• Monte Carlo
always fast but only probably correct.

Of course, one attempts to achieve extremely high probabilities. We just look at
Monte Carlo approaches.

21.4.1 The Class RP

The class RP (for Randomized Polynomial) defines a class of problems that are
decided by Monte Carlo algorithms with a “yes”-bias in polynomial time. Let us
define this more precisely and to do so, we need to consider randomised algorithms.
A randomised algorithm is one that uses commands that have random outcomes. For
instance a probabilistic Turing machine program can be seen to realise a randomised
algorithm. A probabilistic Turing machine is a nondeterministic Turing machine that
chooses its transitions according to a given probability distribution.

Definition 21.6 Let us call a randomised decision algorithm Monte Carlo if the
following holds:

• the algorithm returns “yes” only for correct answers
• the error of rejecting a correct answer has a low probability 1

2 > p > 0.

Note that the probability of rejecting correct answers can be made arbitrarily low by
independently running the algorithm n times, as the probability is then pn which is
a small number (since p < 1, see Exercise 6). Therefore, Monte Carlo algorithms
work well in practice.

Randomised algorithms can be implemented e.g. on a probabilistic version of a
Turing machine [18] (similarly for WHILE’s choose command).

Definition 21.7 (Probabilistic Turing machine) A probabilistic Turing machine M
is a nondeterministic Turing machine where each binary nondeterministic choice
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occurs with equal probability 1
2 and acceptance is defined by the final state (label) in

which the program terminates. There are accepting states 1 and there are rejecting
states 0 (and states that are neither accepting or rejecting). The probability that M
accepts input x , i.e. halts in a 1 state on input x , is denoted Pr[M(x) = 1], and
the probability that M rejects input x , i.e. halts in a 0 state on input x , is denoted
Pr[M(x) = 0].
By definition, it follows that the probability that a probabilistic Turing machine M
accepts x is the sum of the probabilities of all accepting paths of M with input x .
The probability of any given path is 1

2n where n is the number of nondeterministic
choices (gotos) in the path.

Definition 21.8 (RP) The class RP is the class of problems (of words over alphabet
{0, 1} as usual) that are decided by a (probabilistic) Monte Carlo algorithm in the
above sense in polynomial time. In terms of probabilistic Turing machines we can
define this more precisely as the sets A for which there is a probabilistic Turing
machine M with polynomially bounded runtime, such that for all input x it holds
that

x ∈ A ⇒ Pr[M(x) = 1] ≥ 1
2

x /∈ A ⇒ Pr[M(x) = 1] = 0

Theorem 21.2 P ⊆ RP ⊆ NP.

Proof Thefirst inclusion is trivial as any deterministic decision procedure is automat-
ically a degenerated randomised one that does not make use of probabilistic choices.
For the second inclusion we reason as follows: Let A ∈ RP, so A is accepted by a
Monte Carlo algorithm that can be implemented by a probabilistic Turing machine
M with polynomial time bound according to Definition 21.8. Due to Theorem 18.1
we know already that a problem accepted by a nondeterministic Turing machine in
the sense of Definition 18.3 in polynomial time is in NP. We must construct such
a machine with the right properties. To do that, we modify the given M such that
it returns output true if it finishes in a 1-state and something else in all other final
states. Of course, M is a nondeterministic Turing machine by definition. It remains
to be shown that x is accepted by our modified M in the sense of Definition 18.3 if,
and only if, x ∈ A. If x is accepted, then there is a path leading to output true and
thus to an accepting state in the original M where the path has obviously a non-zero
probability. By assumption that M proves that A is in RP, we know that x must be in
A. On the other hand, if x ∈ A we know that for the original M with input x there is
a path with non-zero probability leading to a 1-state. The modified machine returns
true for this path and thus, viewed as nondeterministic TM, modified M accepts x .

As usual in computational complexity, there are open problems: We don’t know
whether P = RP or whether RP = NP.

The class RP can be generalised to class BPP (Bounded-error probabilistic
polynomial-time):

http://dx.doi.org/10.1007/978-3-319-27889-6_18
http://dx.doi.org/10.1007/978-3-319-27889-6_18
http://dx.doi.org/10.1007/978-3-319-27889-6_18
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Definition 21.9 (BPP) The class BPP is the class of problems (of words over
alphabet {0, 1} as usual) that are decided by a probabilistic algorithm that runs in
polynomial time and can give incorrect answers on both “Yes” and “No” (so no bias)
instances with error probabilities that are at least an ε less than 1

3 for all instances.
With probabilistic Turing machines we can make this more precise (and we should):
A problem A is in BPP if, and only if, there is a probabilistic Turing machine M
with polynomially bounded runtime such that for all input x it holds that for some
constant ε < 1

3

Pr[M(x) = (x ∈ A)] ≥ 2

3
+ ε

Here (x ∈ A) is supposed to denote 1 if x ∈ A and 0 if x /∈ A. In other words, there
is a probabilistic Turing machine that decides whether its input is in A with unbiased
error probability bounded by 1

3 − ε.

What dowe know about BPP?Well, one can show that RP ⊆BPP (see Exercise 7)
and so P ⊆BPP but it is unknown whether P = BPP or whether BPP ⊆ NP. BPP is
currently considered to be the right notion of what is (probabilistically) “efficiently
computable”. This is because, as for RP, one can repeatedly run the algorithm to
reduce the error probability exponentially to get an arbitrarily low error margin.

Finally, it should be pointed out that RP and BPP can also be defined as classes
of problems decided by deterministic Turing machines (or algorithms) if the random
choices are made part of the input like we have done in the definition of NP.

21.4.2 Probabilistic Algorithms

In 1975 Michael Rabin15 and Gary L. Miller designed a polynomial time Monte
Carlo algorithm that tests whether a given number is a prime [33, 40]. Polynomial
here means polynomial not just in the number n we test (the input) but in the size
of the number n which in this case is the number of digits (thus log10 n). At the
time no deterministic (non-randomised) polynomial time algorithm existed and this
remained the case for almost 30years until 2002 when Agrawal, Kayal, and Saxen
presented their multiple award winning AKS algorithm [1] we already discussed in
Sect. 16.4.

Note that there is no polynomial time algorithm yet, probabilistic or not, of the
Factorisation Problem (Definition 20.15) and so the decision version of the Factori-
sation Problem is not known to be in P nor known to be NP-complete.

A specific and well-knownMonte Carlo technique for combinatorial optimisation
problems is simulated annealing developed by Kirkpatrick et al. in 1983 [28].16

15Michael Oser Rabin (born September 1, 1931), is an Israeli computer scientist who won the
Turing-Award in 1976.
16This paper has an amazing citation count of over 34,000—more than any other publication cited
in this book.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
http://dx.doi.org/10.1007/978-3-319-27889-6_20
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It was inspired by “an analogy to the statistical mechanics of annealing in solids”
[42]. To find optimal solutions one implements a “random walk” between candidate
solutions trying to avoid being caught in a local optimum instead of a global one.
So one accepts new solutions with a certain probability during this walk. The better
the solution the higher the probability, but with some small probability one accepts
solutions that are worse than the best one found so far (this allows one to escape any
local optimum to find the global optimum). During the “cooling down” period of
the algorithm the probabilities decrease and poorer solutions get accepted less and
less. This algorithm is not deterministic, different runs can produce different results.
It is easy to use, applies easily to all kinds of optimisation problems, but does not
necessarily produce the best results. Therefore, it is usually less efficient than other
methods and applied only if other methods fail.

A not too technical introduction to simulated annealing can be found e.g. in [42].

21.5 Solving the Travelling Salesman Problem

We have introduced the Travelling Salesman Problem (TSP) in detail in Sect. 17.1
already. As mentioned there, overview of history, methods and results can be found
online [45] as well as in popular books [2, 11, 29]. There is a benchmark library
called TSPLIB [46] that contains many instances of TSP problems (and actually
variations of TSP problems too). It was built and is maintained by the University
of Heidelberg. Problems from this library are often used in the literature to test and
compare algorithms.

We briefly review how the various approaches mentioned earlier in this chapter
fare for TSP. All versions of TSP we encounter will be formulated as a function
problem and not as a decision problem.17

21.5.1 Exact Solutions

If the graph inquestionhasn vertices (cities) there are n−1!
2 possible tours, so the brute-

force generate-and-test approach isO(n!)which is much worse thanO(2n). With the
help of dynamic programming techniques, remembering intermediate results, in this
case sub-tours, one can however get an algorithm in O

(

n22n
)

as shown in [21] and
independently in [8] where this technique is generalised and applied to other NP-
complete problems. “This result was published in 1962, and from nowadays point

17The decision problem versions are mainly for complexity class analysis and not for practical
purposes.

http://dx.doi.org/10.1007/978-3-319-27889-6_17
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of view almost looks trivial. Still, it yields the best time complexity that is known
today” [48]. Of course, this refers to exact solutions only.

Historically important are the attempts using linear integer programming. Encode
the TSP problem as set of linear inequalities on integer variables and solve it with
the simplex algorithm encountered already in Sect. 16.6. This has been done a few
years after the simplex algorithm was discovered [13] and the optimal tour of 49
cities in the US18 could be computed this way. The technique used cutting planes
which were proposed by Ralph Gomory [19] in the 1950s as a method for solving
integer programming problems. Cutting planes are linear inequalities, termed cuts,
that are added to a linear integer programming problem in cases where the optimal
solution does not meet the integer constraint. In this case rounding might not give the
best result. The cuts produce a convex polytope consisting of all feasible points. In
later attempts this has been combined with a branch-and-bound approach to explore
possible relaxations of the problem at hand. An overview of the progress andmethods
in solving TSP can be found in [32]. “The largest solved instance19 of the traveling
salesman problem consists of a tour through 85,900 cities in a VLSI application that
arose in Bell Laboratories in the late 1980s” [37]. It was solved in 2006. The optimal
solutions can take a very long time to compute, between several CPU days to several
CPU years (!), so these solutions may not be practical for logistics companies.

21.5.2 Approximative Solutions

In Sect. 21.2 we already alluded to the fact that if the distances observe the triangle
inequalities then a tour can be found in polynomial time that is at most 50% worse
than the shortest one. The corresponding algorithm, Christofides’ algorithm [9], is
therefore a 1.5-approximation algorithm the runtime of which is O

(|V |3) (where
V denotes the set of vertices as usual). There is a simple version that has poorer
quality, producing a tour at most 100% worse than the optimum one, but which runs
faster in O

(|E | + |V | × log2 |V |). This 2-approximation algorithm is the topic of
Exercise 10.

We also briefly defined APX, the set of (function) optimisation problems that
allow polynomial time approximation algorithms where the approximation ratio is
bounded by a (fixed) constant. We will now define the approximative variant of TSP
and present a famous result:

Definition 21.10 Let ApproxTSP(α) denote the problem of solving the (optimising)
standard Travelling Salesman Problem with approximation factor (or ratio) α.

Theorem 21.3 There is no polynomial time algorithm that solves ApproxTSP(α)
unless P = NP.

18Actually the capital plus one city from each state of the United States had been chosen, which
had only 48 states at the time since Alaska and Hawaii joined the United States only in 1959.
19At the time of writing.

http://dx.doi.org/10.1007/978-3-319-27889-6_16
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This has been shown by Sahni and Gonzalez in 1976 [43]20 by reducing an NP-
complete problem to ApproxTSP(α), namely the problem of finding a Hamiltonian
cycle in a graph. It follows that ApproxTSP(α) /∈ APX for any α.

21.5.2.1 Metric Version of TSP

In Euclidean geometry (as taught at school) the triangle inequality is satisfied. The
triangle inequality states that, given the three sides of a triangle, it is always shorter
to go along one side than along the other remaining two. In other words, from a
pedestrian point of view, the triangle inequality justifies cutting corners and walking
diagonally across the grass when in a hurry.

Definition 21.11 (MetricTSP)

• instance: a road map of cities with distances—i.e. a graph G = (V, E)—where
vertices are cities and edges are roads with weights w(u, v) denoting the length
(distance) between vertices (cities) u and v such that

w(u, v) + w(v, z) ≥ w(u, z) (triangle inequality)

and two vertices a and b denoting start and end of the tour.
• question: what is the shortest route from vertex (city) a to b that passes through

all cities?

Inmany real-world applications it is actually thisMetricTSP that requires solving.
This excludes, however, situations where, for instance, roads are not very straight
and can involve detours, such that the road from u to v can actually be longer than
the roads from u to v and v to z taken together. Roads do not follow the beeline,
they may have many twists and turns. Note also that if the distance between cities is
supposed to be the time it takes to travel between them, the resulting problem is most
likely not metric, as on highways one can travel much faster than on small roads.

According to Nicos Christofides [9] we know that MetricTSP ∈ APX. In [39] the
(so far) best lower bound for the approximation factor has been given: 117

116 , when
distances are symmetric, and 220

119 , if distances are asymmetric.
Even more can be shown:

Theorem 21.4 The MetricTSP problem (of Definition 21.11) is APX-complete
under an appropriate notion of reduction21 that preserves approximations (which
is also computable in polynomial time).

So MetricTSP is one of the “hard” approximation problems.

20They actually show this result for other NP-complete problems as well, not just TSP.
21Called PTAS reduction as it preserves the property that a problem has a polynomial time approx-
imation scheme (PTAS).
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21.5.2.2 Euclidean TSP and Polynomial Approximation Schemes

MetricTSP can be further restricted by requiring that each city (which in higher
dimension we’d better call “location”) is identified in a d-dimensional real vector
space where distances between these points are fixed by the Euclidean norm on
vectors:

Definition 21.12 (EuclideanTSP)

• instance: a road map of n locations (cities) identified with n points in R
d (where

d is fixed)22 where the distances between vertices (cities) u and v are computed as
follows:

w(u, v) =
√

√

√

√

d
∑

i=1

(ui − vi )2 (Euclidean norm)

• question: what is the shortest route from vertex (location/city) u to v that passes
through all vertices?

EuclideanTSP is also NP-hard and with distances rounded to integer it is also NP-
complete [38].However, for this problemarbitrarily good approximations to the opti-
mal solution can be found in polynomial time as proved by Arora23 and Mitchell24:

Theorem 21.5 EuclideanTSP is in PTAS.

Proof See [3] and [34]. Let d be the dimension of the underlying vector space. The

corresponding randomized algorithm runs inO
(

n × (log2 n)O((
√

dε)d−1)
)

. If d and ε

are fixed this is nearly linear in n. The algorithm can be derandomized, increasing
the running time by a factor O

(

nd
)

. The algorithm crucially uses the “divide-and-
conquer” technique of dynamic programming.

In a nutshell, the above theorem showed that for some NP-hard optimisation problems
solutions which are arbitrarily close to optimal can be found in polynomial time. This
is quite an exciting theoretical result but in practice often different algorithms are
used because they achieve better runtime. Even if they do not produce a guaranteed
approximation, the approximation still turns out to be good, usually somewhere
between 0.6% and 5%. And they also work for more general versions of TSP, not
just the Euclidean one.

22In order to model points on a plane choose d = 2 (two-dimensional vector space) and in order to
model points in space choose d = 3.
23Sanjeev Arora (born January 1968) is an Indian American theoretical computer scientist who won
the Gödel Prize twice: in 2001 for his work on probabilistically checkable proofs and again in 2010
for the discovery of the PTAS for EuclideanTSP.
24Joseph S.B. Mitchell is an American mathematician working in computational geometry and dis-
tinguishedSUNYprofessor.Hewon theGödel prize for the discovery of the PTAS forEuclideanTSP
in 2010.
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21.5.2.3 The Lin-Kirnighan Approximation Algorithm

Regarding approximation algorithms for TSP the most famous (“classic”) result in
this area is due to Lin and Kernighan [31]. “The Lin–Kernighan algorithm (LK) is
a variable k-opt algorithm. It decides which k is the most suitable at each iteration
step. This makes the algorithm quite complex, and few have been able to make
improvements to it. For a more in-depth study of the LK algorithm and possible
improvements, see [23]. The time complexity of LK is approximately O

(

n2.2
)

[23],
making it slower than a simple 2-opt implementation. However the results are much
better with LK”.

Lin and Kernighan’s algorithm gets within 2% of the Held–Karp lower bound
which is a famous lower bound that can be computed quickly (polynomially) [22].
There is a plethora of various optimisation and implementation tricks and often
so-called Lin and Kernighan implementations actually diverge from the original
algorithm. For details the reader is referred to the literature.

“TheWorldTSP” has been compiled in 2001 using data from theNational Imagery
and Mapping Agency database of geographic feature names and data from the Geo-
graphic Names Information System (GNIS), to locate all populated towns and cities
in the world25 [49]. This provides an extremely large 1,904,711-city instance of TSP.
A clever and heavily optimised implementation of Lin-Kernigham by Helsgaun,
called LKH-2 [27], found the so-far best tour for this problem26 on May 24, 2013.
This was shown to be at most 0.0474% greater than the length of an optimal tour
[49]. The exact running time of LKH-2 to solveWorldTSPwas not published in [27],
but for smaller problems with several thousand cities, LKH-2 usually finds solutions
within minutes and for extremely large problems, within few hours.

In order to scale the LK-algorithms further, one uses clustering techniques [35] to
solve TSP for millions of cities. One gives up precision for speed. “At the 1,000,000
city level, our solution is just 11% off the Concorde algorithm results, but only takes
16% as long to run.” [35].

21.6 When Bad Complexity is Good News

The fact that no polynomial time algorithms have been discovered yet that solve
important problems like TSP, Colouring, Knapsack etc., is bad news. At least, if one
has to find optimal solutions for larger input in a decent amount of time and the
above approximation techniques do not help. But it turns out that this also has some
positive ramifications. More precisely, let us consider the Factorisation Problem
from Definition 20.15. This problem is in NP but no polynomial time algorithm is
known. And this fact actually is crucial for public key cryptography.

25Including research bases in Antarctica.
26Length 7,515,772,212.

http://dx.doi.org/10.1007/978-3-319-27889-6_20
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This sort of cryptosystem uses a public key for encryption and a private key for
decryption, it’s thus called an asymmetric cryptosystem. Ron Rivest, Adi Shamir
and Leonard Adleman27 developed the most famous version in 1977, the “RSA”
algorithm named after their initials [41], based on ideas of Whit Diffie,28 Marty
Hellman29 and Ralph Merkle30 first published in 1976 [14]. Many protocols like
SSH (secure shell), PGP (pretty good privacy), and SSL/TLS (secure sockets layer/
transport layer security) rely on RSA. James Ellis, Clifford Cocks and Malcolm
Williamson, English mathematicians working for GCHQ, apparently found such a
public cryptosystem independently [30] in the 1970s, but this could not be publicly
announced until it was declassified in 1997.31

However, note that Factorisation is not known to be NP-complete either. And
even if it turned out to be in P, the real threat to public key cryptography is finding
a polynomial algorithm for Factorisation with good runtime behaviour, and this is
very different from just showing that it is in P. So public encryption is safe until such
an algorithm has been found.

RSA in a Nutshell

For readers with some interest in basic algebra the following section describes how
RSA actually works. This section may be skipped, it requires some basic mathemat-
ical knowledge. The most complicated result used (Fermat’s Little Theorem) will
not be proved.

The system RSA is asymmetric in the sense that encryption and decryption use a
different key. The sender uses the receiver’s public key to encrypt, the receiver then
uses their own private key to decrypt. Private and public key are constructed with the
help of two large prime numbers with certain properties. One chooses two primes p
and q and computes the products n = p × q and φ = (p − 1) × (q − 1). Next, one
destroys the p and q as they are not needed any longer and pose a threat to security
of the code. Typically, n has 1024 binary digits. The user now chooses numbers d
and e such that

e × d = 1 (mod φ) (21.1)

which is important to ensure that an inverse to encryption exists. As usual, n (modm)

denotes the remainder of dividing integer n by integer m. Next, also φ is safely
discarded, only n, e and d will be used afterwards. The public key resulting from

27They won the Turing Award in 2002.
28BaileyWhitfield ‘Whit’ Diffie (born June 5, 1944) is anAmerican cryptographer who alsoworked
for Sun Microsystems. He is one of the inventors of public-key cryptography for which he has won
several prizes.
29Martin Edward Hellman (born October 2, 1945) is an American cryptographer, and one of the
inventors of public key cryptography for which he won numerous awards.
30Ralph C. Merkle (born February 2, 1952) is a computer scientist and was a PhD student of Martin
Hellman. He is one of the inventors of public key cryptography, for which hewas awarded numerous
prizes.
31The Institute of Electrical and Electronics Engineers (IEEE) has granted its 100th Milestone
Award to the three scientists and a plaque has been also revealed at Cheltenham in 2010.
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this is the pair (e, n) where n is called the modulus and e the exponent. The private
key is d.

Howdowe encrypt ourmessage to the userwith public key (e, n)? First, theASCII
message is represented as an integer with base 256 as each character is a number
between 0 and 255. The resulting number M must be smaller than n, otherwise the
message has to be split up. Furthermore the number M must not be a divisor of n (if
this should happen then one must use some padding etc.). Now we can encrypt the
message M to get the cyphertext C as follows:

C := Me (mod n)

or in other words, the encoded message C is the remainder of dividing Me by n.
How do we decrypt the cyphertext C then? The receiver uses their private key

d and computes Cd (mod n) which equals (Me)d (mod n). The claim now is that
the result reveals the original message M . Why does this hold? This relies on some
algebra (number theory):

Lemma 21.1 For primes p and q it holds that

a(p−1)×(q−1) = 1 (mod p × q)

if a has no common divisors with p × q.

Proof This can be shown with the help of a fundamental result in algebra. Fermat’s
Little Theorem that for integers x and prime p states

x p−1 = 1 (mod p) if p does not divide x (21.2)

We now apply this theorem twice (with the object to express a(p−1)×(q−1) in two
different ways) and obtain

(a(p−1))(q−1) = 1 (mod q) and (a(q−1))(p−1) = 1 (mod p)

Since (a(p−1))(q−1) = a(p−1)×(q−1) = a(q−1)×(p−1) = (a(q−1))(p−1) it follows that
there are k1 and k2 such that k1 × p = k2 × q. Since p and q are primes this
is only possible if k1 = b × q for some natural number b. In this case, however,
we know that a(p−1)×(q−1) − 1 = k1 × p = b × q × p = b × p × q and thus
a(p−1)×(q−1) = 1 (mod p × q).
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We can now show that the decrypted cyphertext is the original message again and
thus the correctness of RSA:

(Me)d (mod n) = Me×d (mod n)

= M1+k×(p−1)×(q−1) (mod n) Eq. 21.1
= M × (M (p−1)×(q−1))k (mod n)

= M × 1k (mod n) Lemma 21.1
= M (mod n)

For details please consult a cryptography textbook, for instance the classic [44].

What Next?

We have seen how one can try to attack NP-complete problems in practice to get
decent results in a reasonable amount of time. Butmaybe harnessing natural phenom-
ena (in the small) can help?We will have a look at emerging models of computation:
molecular and quantum computing.

Exercises

1. A set S ⊆ V of vertices in a graph G = (V, E) is called independent if no two
of its nodes are adjacent, i.e. no two nodes in S are connected by an edge e ∈ E .
Consider the Independent Set Problem:

• instance: a graph G = (V, E) and a number k
• question: is there an independent set in G of size at least k?

The optimisation version of the problem would require to find an independent
set of maximum size in G.

a. Show that the Independent Set Problem is in NP.
b. Show that Independent Set is NP-hard via a reduction:

3SAT ≤P IndependentSet.
Hint: Use a similar technique as for the reduction SAT ≤P Clique in Chap. 20,
Exercise 12.

2. Consider the dynamic programming algorithm for 0-1 Knapsack given in the
proof of Proposition 17.1 in Chap.17.

a. First explain why we can assume that all items have a weight that is less or
equal the capacity W.

b. Explain why the algorithm is correct.
c. Use the algorithm to decide the 0-1 Knapsack problem for the following

instance

n = 5, W = 12, K = 34, p = (2, 6, 18, 20, 26), v = (1, 2, 5, 6, 8)

d. How does one have to change the algorithm to compute also the solution x?

http://dx.doi.org/10.1007/978-3-319-27889-6_20
http://dx.doi.org/10.1007/978-3-319-27889-6_17
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3. Show that solutions to the optimisation version of the 0-1 Knapsack problem
(presented as decision problem in Definition 17.4 which means dropping K ) can
be efficiently approximated:

a. Consider the following “greedy” algorithm that produces a solution:

i. sort all the items by the ratio of their value to their size such that

p1

w1
≥ p2

w2
≥ . . . ≥ pn

wn
.

ii. greedily pack items in the given order as long as the capacity W of the
knapsack is not exceeded.

Show that this algorithm can produce arbitrarily bad results (packings) using
the following example: let n = 2, w1 = 1, w2 = W , p1 = 2 and p2 = W .

b. One canmodify the above algorithm to provide a 2-approximation algorithm.
Run the above algorithm and then take its result or the first item (according
to the ordering) that could not be included, whatever is more valuable. Show
that this modified algorithm produces a result that is at least 1

2 of the optimal
solution.

c. Use the modified algorithm to compute the instance given in Exercise 2c.
d. Conclude that the 0-1 Knapsack problem is in APX.

4. In Exercise 3 we have shown that 0-1 Knapsack is in APX. One can do better
and show it is in PTAS, but one can do better still: There is actually a stronger
class FPTAS:

Definition 21.13 A fully polynomial time approximation scheme or FPTAS is a
polynomial time approximation scheme which requires the algorithm in question to
be polynomial in both the problem size and 1

ε
where 1 > ε > 0. Let FPTAS be the

class of optimisation problems with a fully polynomial time approximation scheme.

a. Show that FPTAS ⊆ PTAS.
b. We have already seen a pseudo-polynomial algorithm for 0-1 Knapsack in the

proof of Proposition 17.1 based on dynamic programming, which is
O

(

n2 × pmax
)

. We now need to get rid of factor pmax by scaling the profits down.
This will require rounding and therefore loss of accuracy. Consider the FPTAS
in Fig. 21.1, where trunc does rounding down to integer values. Observe how the
maximum profit value p′

max is now trunc( n
ε
) which depends solely on n and ε.

i. Show that the above algorithm is a (1 + ε)-approximation algorithm for 0-1
Knapsack.

ii. Show that the runtime of the above algorithm is O
(

n3 × 1
ε

)

.

5. Explain informally the following characterisations of simple instances of the
class PCP[r(n), q(n)]

a. PCP[0, 0] = P.

http://dx.doi.org/10.1007/978-3-319-27889-6_17
http://dx.doi.org/10.1007/978-3-319-27889-6_17
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Fig. 21.1 FPTAS for 0-1 Knapsack

b. PCP[O
(

log2 n
)

, 0] = P
c. PCP[0, nO(1)] = NP
d. PCP[nO(1), 0] = BPP

6. Show that in the definition of RP it does not matter whether one uses 1
2 or some

other p such that 1 > p > 0, the class of problems remains the same.
Hint: Repetition!

7. Show that RP ⊆BPP. This is not immediate, one has to obtain the required ε

first.
Hint: Repetition!

8. Show that RP and BPP are closed under intersection and union.
9. No BPP-complete problem is known (using deterministic polynomial time

reduction). “One reason for this difficulty is that the definingproperty ofBPTIME
machines is semantic, namely, that for every string they either accept with prob-
ability at least 2/3 or reject with probability at least 1/3. Given the description
of a Turing machine M , testing whether it has this property is undecidable” [7].

a. Explain why the property of being a probabilistic Turing machine is unde-
cidable.

b. Explain why, on the other hand, the property of being a nondeterministic
Turing machine is syntactic und thus decidable.

10. Develop another algorithm for MetricTSP (see Definition 21.11) that is guaran-
teed to produce a tour that is at most twice as bad as the optimal solution, and
that runs in polynomial time. Proceed as follows:

a. First, we compute a minimum spanning tree for graph G. We know from
Exercise 13 of Chap.16 that this can be computed in polynomial time (and
more details can be found there).

b. Show that from the minimum spanning tree T for G one can compute a tour
that visits every city (i.e. vertex of G) exactly once.

c. For the above tour show that it is by construction at most twice the weight of
the spanning tree.
Hint: use triangle inequalities!

http://dx.doi.org/10.1007/978-3-319-27889-6_16
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d. Show that the weight of the minimum spanning tree T for G is not larger
than the length of an optimal tour for MetricTSP.

e. From the above conclude that the computed tour’s length is at most twice the
length of an optimal tour.
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Chapter 22
Molecular Computing

What is molecular computing and can it help finding feasible
solutions to NP-complete problems? What other benefits does it
have?

DNA (Deoxyribonucleic acid) contains the genetic code that is responsible for the
development of all known living organisms. Every living cell1 contains a nucleus
with DNA. The word “code” already indicates that DNA might be appropriate to
replace the binary codes known from the silicon world of computing.2

Until recently, DNA was thought to be the same for every cell.3 Strands of DNA
are long polymers of millions of linked nucleotides which then appear in its famous
double helix form as outlined in Fig. 22.1. This helix has a sugar and phosphate
backbone and the links between the two backbone strands are complementary C–G
(Cytosine–Guanine) and A–T (Adenine–Thymine) base pairs.

DNA is—necessarily—very small, yet evolution has come up with sophisticated
and almost error-free biochemical replication and manipulation processes which
makes it amenable to computations. “DNA replication is a truly amazing biological
phenomenon. The polymerase enzymes …do make mistakes at a rate of about 1 per
every 100,000 nucleotides. That might not seem like much, until you consider how
much DNA a cell has. In humans, with our 6 billion base pairs in each diploid cell,
that would amount to about 120,000 mistakes every time a cell divides! Fortunately,
cells have evolved highly sophisticated means of fixing most, but not all, of those
mistakes” [23].

1A human cell contains almost two meters of DNA [19] strand rolled up into a small ball, i.e.
nucleus, of 5µm [13] structured into 23 pairs of chromosomes.
2The complete human genome needs about 3.08GB of storage space on a conventional hard drive
[22].
3Latest research seems to suggest that there is rather a “mosaic” of DNA in the cells [21].
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Fig. 22.1 Schematic
illustration of DNA double
helix with base pairs
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Despite the correction mechanisms errors do happen, causing mutations4 which
in moderation are well known to be essential for evolution.

In this chapter wewill first look at the historic beginnings and the attempts to solve
NP-complete problems efficiently (Sect. 22.1), discuss its potential (Sect. 22.2) and
the major challenges (Sect. 22.3). The main topic of this chapter is the presenta-
tion of one particular abstract model of molecular computing (Sect. 22.4) which will
introduce Chemical Reaction Networks and compare them to other notions of com-
putations. We also briefly discuss how they can be implemented with the help of
DNA strands.

22.1 The Beginnings of DNA Computing

In 1994, Leonard Adleman5 started the field of DNA computing by attempting to find
a solution for the Travelling Salesman Problem6 with 7 cities. He encoded the graph
with DNA and the computation via enzymes. Each city had its own “CTGA” code,
and edges were encoded as bridges consisting of the end of the (matching) code of
one city attached to the start of the (matching) code of the other city. Bits of “city”
DNA can only stick together if there is a matching “bridge” DNA piece (encoding
an edge in the graph) which bonds with both the complementary city pieces to form
a double strand. Putting many copies of such prepared DNA in a test tube, allowing
the natural bonding tendencies of the DNA building blocks to occur, vast number
of strands build up that therefore encode paths through cities. In a separate step one
must then chemically isolate those strands that correspond to tours.7

So can we obtain polynomial time solutions for NP-complete problems with the
help of DNA computing? The situation is analogous to parallel computing which
required an unrealistically vast amount of processors. Similarly, using DNA requires

4“Mutation rates vary substantially …even among different parts of the genome in a single organ-
ism. Scientists have reported mutation rates as low as 1 mistake per 100 million …to 1 billion
…nucleotides, mostly in bacteria, and as high as 1 mistake per 100 …to 1,000 …nucleotides, the
latter in a group of error-prone polymerase genes in humans” [23].
5Yes, the one from the RSA algorithm!.
6More precisely the Directed Hamiltonian Path Problem version: “does a tour exist that visits each
city exactly once?”.
7Using and combining several techniques: polymerase chain reaction, gel electrophoresis, and
affinity purification.



22.1 The Beginnings of DNA Computing 301

at least “bathtubs of DNA” [1] to encode the exponentially many possible candidate
solutions. The “molecular soup” allows a huge number of candidate solutions to
form quickly, but any “generate-and-test” kind of solution still won’t do the job due
to the exponential growth of required DNA material. “In fact, it seems impossible
for graphs with more than 30 vertices to be handled by this approach” [20].

However, there is another way to use DNA inspired by biology. Biological sys-
tems are molecularly programmed. One can try to copy nature’s ideas in order to
write molecular programs. This has become easier nowadays, as DNAmolecules are
relatively easy to produce and encode.

22.2 DNA Computing Potential

DNA computing has enormous potential because:

• it uses one billion times less energy than silicon computers (it is often self-powered)
• it uses one trillion times less space than silicon computers (thus allowing the
construction of nano-computers)

• it has the ability to self-assemble
• it interfaceswith living organisms and thus can be used “in vivo” to “run programs”
inside an organism to deliver for instance smart drugs or kill cancerous cells
(nanomedicine)

• it is easily available and cheap.

DNA storage is already possible in the lab. In January 2013, a team from the
European Bioinformatics Institute (EBI) at Hinxton, near Cambridge, “as a proof
of concept for practical DNA-based storage, …selected and encoded a range of
common computer file formats to emphasize the ability to store arbitrary digital
information” [15].8

Church, Kosuri et al. had already achieved a similar objective in 2012 [10].
According to them, apparently one gram of DNA can store 700 terabyte of data,
which is equivalent to 14,000 Blu-ray discs. DNA storage offers an excellent way of
archiving, as DNA requires no energy and, adequately stored, lasts for thousands of
years. It may take some time to retrieve the information again though, as this requires
DNA sequencing. Sequencing, however, has made great progress. The cost reduc-
tion of DNA sequencing has long been following Moore’s Law, but since 2008 has
significantly outperformed it.9 Therefore, the high expectations of DNA computing
and data storage are not unfounded. The interfacing with living organisms and the
nano-scale of this paradigm allows for all kinds of fascinating applications which
are currently still science fiction.

8This included all 154 of Shakespeares sonnets (ASCII text) and a 26-s excerpt fromMartin Luther
King’s 1963 I have a dream speech (MP3 format), and with some other data used a total of 757,051
bytes.
9According to the National Human Genome Research Institute.
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22.3 DNA Computing Challenges

Inherent limitations of DNA computing for solving hard optimisation problems are:

• scaling: a large number of DNA molecules is needed for large problem instances;
• accuracy: depending on the complexity of DNA copying mechanisms used, errors
in pairings of DNA strands themselves can occur (this is normal and happens in
organisms, leading, e.g., to mutations). Therefore, one usually gets some wrong
results along with the correct solutions unless one invests in error correction. For
a simple experiment (encoding search), [12] report an error rate of 1 in 2824
(if no error correction is applied).

• simple operations may take hours to days (depending on chemical reaction
needed);

• most practical DNA computers are not universally programmable. Charles Ben-
nett has shown that in principle a chemical (reversible!) Turing machine can be
constructed in a thought experiment [3] (see also [4]), but nobody has actually built
such a universal machine yet. Moreover, and one cannot stress this enough, the
interesting applications do not require such a universal DNA computer anyway.

“The problems inherent in nucleic-acid-based computation make it unlikely
that time-consuming or complex algorithms will ever be conveniently addressed.
Instead, nucleic acid computation may find extremely important reflexive appli-
cations, in which they will serve as integrated circuits that measure biological
signals (e.g. insulin levels), decide between a limited set of desired outcomes
(e.g. too little or too much insulin) and transduce biological function (e.g. release
or retain insulin)” [12]. This line of research will be discussed in the following
Sects. 22.4.5.1 and 22.4.5.2. First, we define a formal computational model that can
serve as an abstract model of Molecular computing.

22.4 Abstract Models of Molecular Computation

There exist various approaches to definemodels of chemical computing. The idea is to
abstract away from concrete chemistry similarly to the way the computation models
presented in Chap.11 abstract away from the concrete physical implementation of
machines.

In this chapter we just present one popular approach, although there are others
like, e.g., the “blob model” of [16] which is based on “bond sites” and adjacency.
The fact that only blobs that are close to each other can interact, i.e. locality, is a
concept already seen in cellular automata (see Sect. 11.7). The approach we focus on,
areChemical Reaction Networks (CRN). Here one uses stochastic chemical kinetics10

to model computation “in which information is stored and processed in the
integer counts of molecules in a well-mixed solution” [27]. The model is particularly

10In chemistry the term “kinetics” refers to the study of reaction rates.

http://dx.doi.org/10.1007/978-3-319-27889-6_11
http://dx.doi.org/10.1007/978-3-319-27889-6_11
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appropriate for small molecular counts. But “small molecular counts are prevalent in
biology: for example over 80% of the genes in the E. coli chromosome are expressed
at fewer than a hundred copies per cell, with some key control factors present in
quantities under a dozen” [27].

Normally the model is used to describe chemical reactions or other processes in
population protocols in biology, sensor networks and various areas in mathematics.
Here it is rather used to prescribe reactions to happen as intended (programs). Of
course, it is expected that these can then be implemented in actual chemistry. This
will be briefly discussed in Sect. 22.4.5.

The programming of CRNs is quite different from programming RAMs or TMs
or writing WHILE-programs. The reasons is that one has no control over the order
of reactions executed. It would help the programmer to be able to prioritise the
chemical reaction rules. However, these rules will be executed randomly in a well-
mixed solution that contains the necessary chemicals.11 On the other hand, this also
provides us with some guarantees, namely that nobody and nothing else can control
the order of execution either, implementing some basic notion of fairness.

It is worth pointing out that some implicit assumptions are made when employing
the model for the purposes of computation which are e.g. explained in [27].

22.4.1 Chemical Reaction Networks (CRN)

Next we briefly outline the definition of this notion of computation following
[11, 14]. We will make use of vectors that are actually like the sets of key-value
pairs we introduced for stores in Sect. 4.1. Let S be a finite set of size |S| = k, then
we writeNS to denote the type of all vectors that contain k natural numbers, indexed
by the elements in S. Vectors we usually write boldface. So if x ∈ N

S and s ∈ S,

then x(s) ∈ N contains the natural number associated with s. As the vectors used
contain natural numbers, we also write #xs for x(s).

Definition 22.1 (Chemical Reaction Network (CRN )) A (finite) chemical reaction
network (CRN) is a pair C = (Λ, R), where Λ is a finite set of chemical species,
and R is a finite set of reactions over Λ. A reaction over Λ is a triple β = (r, p, k) ∈
N

Λ × N
Λ × R

+, specifying quantitative data, also called the stoichiometry of the
reactants and products, respectively, and the rate constant k.

A configuration of a CRN C = (Λ, R) is a vector c ∈ N
Λ.

One usually distinguishes types of reactions as follows:

Definition 22.2 (Type of reactions) A reaction β of a CRN (Λ, R) is called unimole-
cular if it has one reactant (of one species) only. It is called bimolecular if it has two
reactants. Commonly, higher numbers of reactants are not needed.

11However, there will be reaction rates associated to reactions that depend on the concentrations
of the molecules in use and thus vary during computation. They can be used to implicitly prioritise
reactions by increasing or decreasing the probability to fire.

http://dx.doi.org/10.1007/978-3-319-27889-6_4
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A reaction is called catalytic if any species appears as reactant and as product (and
thus is not consumed by the reaction). A catalytic reaction is called autocatalytic if
the catalyst species is self-reproducing, i.e. the produced quantity is higher than the
consumed quantity.

One can then execute a CRN as follows:

Definition 22.3 (Deterministic semantics of CRN reactions) Like in many of the
other notions of computation discussed earlier, there is a notion of state that is mod-
ified during execution. The state of a chemical reaction network is defined as con-
figuration, specifying the molecular counts of each species currently present. Given
a configuration c of a CRN C = (Λ, R) and reaction β = (r, p, k) ∈ R, we say
that β is applicable to c if r ≤ c (or equivalently if c − r > 0).12 In other words,
configuration c contains enough of each of the reactants for the reaction to occur.
If β is applicable to c, we write β(c) to denote the configuration c − r + p. This
means that β(c) is the result reaction β “happening to” c. If c2 = β(c1) for some
reaction β ∈ R, we have observed a computation step in a CRN and write c1 →C c2
or simply c1 → c2 when the CRN in question is clear from the context. An execu-
tion (sequence) of C is a finite or infinite sequence of one or more configurations
(c0, c1, c2, . . .) such that ci →C ci+1 for all i . A finite execution sequence from c to
c′ is denoted c →∗

C c′, and in this case c′ is called reachable from c.

If Λ = {X1, X2, . . . , Xm}, a rule β = (r, p, k) is often denoted in a slightly more
readable form:

r1X1 + r2X2 + · · · + rm Xm
k→ p1X1 + p2X2 + · · · + pm Xm

where ri = #r Xi and pi = #p Xi

Example 22.1 The following is a deterministic CRN that computes whether there
are more molecules of species A than B in the current state. The CRN should end13

with one molecule Y if this is the case, otherwise with one molecule N . Let Λ =
{A, B, Y, N } and the rule set R:

A + N
1→ Y B + Y

1→ N

Both reactions are non-catalytic and can be expressed in the form of Definition22.1
as follows:

β1 = (r1, p1, 1) β2 = (r2, p2, 1)
r1 = {A : 1, B : 0, Y : 0, N : 1} r2 = {A : 0, B : 1, Y : 1, N : 0}
p1 = {A : 0, B : 0, Y : 1, N : 0} p2 = {A : 0, B : 0, Y : 0, N : 1}

12The minus symbol here denotes (pointwise) vector subtraction. Similarly, we use + for vector
addition.
13This is a very particular CRN, and we will have to discuss below how to read off results or outputs
from a CRN in a more general setting.
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Now let the initial configuration be the vector {A : a, B : b, Y : 1, N : 0}. In this
initial state, the second reaction β2 can fire using up the one Y molecule (and one
B) to produce one N . Next, the first reaction β1 can fire, consuming the N molecule
and also one A molecule, thus re-establishing one Y molecule. Then this process can
repeat itself. In this case we actually have a deterministic order of execution14 and
we can continue until no B molecule is left. If any more A molecules are available
after that, the first reaction can fire one last time to produce a final Y , otherwise no
more reactions are possible and one ends up with one N .

We observe that in the above example the count of species Y and N continuously
changes with every reaction until no further reaction can occur. In this case the CRN
halts, so to speak. Only then can we read off the result. We will see below that there
is also another way of “producing a result” with a CRN.

Often, however, one does not have a deterministic CRN but rather a high volume
of molecules and many (overlapping) reactions. In this case many reactions will
take place concurrently in a random fashion. The likelihood of a reaction to occur
will be proportional to the number of its reactants available. For such applications
one needs a model of stochastic chemical kinetics which takes all this into account.
One has to assign probabilities to execution sequences and to consider the time
of reactions which is important for computational complexity considerations. This
involves Markov’s processes and some slightly more advanced probability theory,
so it is beyond the scope of this book. The interested reader is referred to, e.g., [11]
for details and more references.

22.4.2 CRNs as Effective Procedures

How powerful a means of computation are CRNs? A first important observation is
that one can distinguish different kinds of CRN according to [27]:

• discrete versus continuous: are the molecule counts discrete (natural numbers) or
real numbers? We only consider discrete models;

• uniform versus non-uniform: is a single CRN supposed to handle all inputs, or
just a finite number (size) of inputs. We only consider uniform models which
corresponds to the fact that also the other notions of computation considered in
Chap.11 use unbounded storage (unbounded tapes, unbounded content in registers
and variables);

• deterministic versus probabilistic: is the correct output guaranteed or just, proba-
bilistically speaking, likely?

• halting versus stabilizing: is the CRN “aware” it has finished, by entering an irre-
versible final state, or is a stable state eventually reached from which reactions
can continue but cannot further change the result.

14This is a special case for CRNs.

http://dx.doi.org/10.1007/978-3-319-27889-6_11
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When we use CRNs for probabilistic computation, we use the term stochastic CRN,
or shorter SCRN, as stochastic semantics will be required in this case. But in the
following we will focus on deterministic computation (as it is easier and does not
require much stochastic and probability theory).

We thus definemore preciselywhat itmeans for a problem to be (deterministically)
decided or a function to be (deterministically) computed by a CRN. As for our other
notions of computation, we need to use the semantics at hand, but also decide how
input and output are dealt with, and how the counts of any auxiliary species are
initialised.

Definition 22.4 (Deterministic decidability in CRN [8]) Let C = (Λ, R) be a CRN
and let Y, N ∈ Λ be distinguished species (used for output purposes). A decision
procedure in CRN, called chemical reaction decider, is a tuple p = (C , I, s) where
I ⊆ Λ is the set of input species15 and s ∈ N

Λ\I is the vector of initial counts for all
non-input species. If i ∈ N

I denotes the vector of counts of input species, then the
initial configuration cs

0(i) ∈ N
Λ is defined as follows:

cs
0(i)(X) :=

{

#i X if X ∈ I
#s X if X ∈ Λ \ I

The initial configuration maps the input species to the input counts and the other
species to the counts prescribed in vector s. We further define an output function
out : NΛ → {0, 1} as follows:

out(c) :=
⎧

⎨

⎩

1 if #cY > 0 and #c N = 0
0 if #cY = 0 and #c N > 0
undefined otherwise

A configuration c is called output stable if out(c) is defined and for all configurations
c′ such that c →∗

C c′ it holds that out(c′) = out(c). So from an output stable
configuration one can reach only configurations that do not change the result of
the computation. Finally, a set A ⊆ N

k is called (deterministically) stably CRN-
decidable, if there is a chemical reaction decider p = (C , I, s) such that

〈n1, n2 . . . nk〉 ∈ A if, and only if,

(

cs
0{X1 : n1, . . . , Xk : nk} →∗

C c implies
∃ output stable c′. c →∗

C c′ s.t. out(c′) = 1

)

In other words, tuple 〈n1, n2 . . . nk〉 is in set A iff running CRNC in the initial config-
uration (setting input species counts to n1, n2 . . . nk with other counts as prescribed
in s) always reaches an output stable configuration with output 1. Note that this def-
inition does not require the execution to terminate, but it prescribes that it stabilises
w.r.t. the result. It is guaranteed that the expected result is produced eventually and
it never changes thereafter, even if more rules are executed.

15We allowmore than one input here as the encoding of tuples in CRNs is not as easily programmable
as for our other notions of computations.
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The data type in use here are the natural numbers, N, but as for other notions of
computation these can encode any datatype, by looking, e.g., at their binary repre-
sentation.

Similarly, we define function computability:

Definition 22.5 (Deterministic function computability in CRN [8]) LetC = (Λ, R)

be a CRN. A chemical reaction computer is a tuple p = (C , I, O, s) where I ⊆ Λ

is the set of input species, O ⊆ Λ is the set of output species,16 and s ∈ N
Λ\I is the

vector of initial counts for all non-input species. A configuration c is output count
stable if, for every c′ such that c →∗

C c′ it holds that c(Y ) = c′(Y ) for all Y ∈ O .
In other words, any corresponding reaction sequence from an output count stable
configuration will have no effect on the result as the result is read off from the output
variables.

For the following assume that O = {Y1, Y2, . . . , Yl}. We say that p as above
deterministically stably computes a function f : Nk → N

l if, and only if, for all c such
that cs

0{X1 : n1, . . . Xk : nk} →∗
C c, there exists an output count stable configuration

c′ such that c →∗
C c′ and f (n1, n2, . . . , nk) = (c′(Y1), c′(Y2), . . . , c′(Yl)). This

implies that no incorrect output count stable configuration is reachable from the
initial configuration.

The corresponding notion of computation is called deterministic because the cor-
rect result is guaranteed. The probability for error is zero. It is called stabilising since
the correct result is eventually reached and then maintained whatever happens after-
wards. In particular, the output may oscillate during execution before it eventually
stabilizes. The network does not “know” when this has happened [27]. By contrast,
one can write chemical reaction deciders and computers that stop once a (valid)
result has been produced. In the deterministic setting this would be, however, quite
restrictive as will be discussed below.

Example 22.2 Consider a chemical reaction decider that deterministically stably
decides the predicate even(x). We need three species, X representing the input para-
meter, Y for the output “yes” (if x = y) and N for output “no”. We define:

Λ = {X, Y, N } s = {Y : 1, N : 0}
R = { X + Y

1→ N , X + N
1→ Y }

Assume we have n molecules of species X . Hence, the initial configuration is cs
0{X :

n} = {X : n, Y : 1, N : 0}. Initially it holds that out(cs
0{X : n}) = 1 which would

only be the correct result if n was even. The first rule can fire to reach configuration
{X : n−1, Y : 0, N : 1}, then only the second rule can fire, and so on. We get a
deterministic sequence very similar to the one in Example22.1. After all molecules

16We allow more than one input and output here for the same reasons as for chemical reaction
deciders.
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of the input species are used up, the correct output has been produced. The CRN does
not “know” internally when this happened and the right result has been produced,
but we are guaranteed that the right result is produced eventually.

In the exercises of this chapter we will encounter some other examples.

22.4.3 Are CRNs Equivalent to Other Notions
of Computation?

In Chap.11we have shown that all our presented notions of computation are of equiv-
alent power. An obvious question is whether this holds also for CRNs. It is impor-
tant here that CRNs perform probabilistic computation and probabilistically they are
Turing-complete as [27] write: “Well-mixed finite stochastic chemical reaction net-
works with a fixed number of species can perform Turing-universal computation with
an arbitrarily low error probability. This result illuminates the computational power
of stochastic chemical kinetics: error-free Turing universal computation is provably
impossible, but once any non-zero probability of error is allowed, no matter how
small, stochastic chemical reaction networks become Turing universal.”

Theorem 22.1 (Turing-universal computation [27]) For any TM, there is a SCRN
such that for any non-zero error probability ε, and any bound s0 on the size of the
input, there is an initial amount of a chosen species A (called accuracy species)
that allows simulation of the TM on inputs of size at most s0 with cumulative error
probability at most ε over an unbounded number of steps and allowing unbounded
space usage. Moreover, in the model where the volume grows dynamically in pro-
portion with the total molecular count, t steps of the TM complete in expected time
(conditional on the computation being correct) of O

(

( 1
ε

+ s0 + t · s)5 · t ·s
k

)

where s

is the space used by the TM, and k is the rate constant (of all reactions).17

If s0 is roughly t , then this gives polynomial runtime of degree 12. According to this
theorem, one can compile from TM to CRN, however up to an arbitrarily small error.
It is worth pointing out that the error is independent of the number of computation
steps. Of course, one can also go the other way. Any CRN can be simulated by
a classic computer. The Church-Turing thesis therefore also encompasses CRNs if
(arbitrary small) errors are permitted. Interestingly, with CRNs one cannot achieve
Turing-universal computation without error. The reason is that the CRN can “never

17Here all reactions are assumed to have the same rate constant.

http://dx.doi.org/10.1007/978-3-319-27889-6_11
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be sure” whether it has dealt with all molecules of a certain species. In other words,
with a CRN one cannot test deterministically whether there are no molecules of a
certain kind.

Theorem22.1 (and similar results in the literature) are conceptual proof of the
power of CRNs, but this does not mean that they are practical. It is difficult in practice
to control small counts of a large amount of species as required for CRNs that perform
the action of a universalTM or RAM for instance. For practical purposes, the robustness
of CRN implementations is important. This means that computations need to perform
correctly even if molecular counts are “perturbed by small amounts” [17].

22.4.4 Time Complexity for CRNs

Complexity theory for (stochastic) CRN is much more complicated than computabil-
ity and results appear to very much depend on the shape of concrete reactions. There
are two sources for slow execution speed: slow reactions and too many reactions.
Therefore, one is looking for (average) execution times in O

(

log2 n
)

where n is the
number of input molecules. Linear (average) execution times are already considered
slow in this context due to the potentially high volume of molecules involved and
the high number of possible combinations of reactions.

Some results for implementing a particular kind of functions or predicates are
already known, namely semilinear ones. Semilinear predicates can be described as
union of linear sets N

d . For instance, the predicate “A ≥ B” in state x (where
A is the first and B the second species) is semilinear as it can be expressed as
x ∈ {n1× (1, 0)+n2 × (1, 1) | n1, n2 ∈ N}. In [2] it has been shown that every stably
computable predicate is semilinear. But one can show more.

Theorem 22.2 ([8]) Every semilinear predicate (or function with semilinear graph)
can be stably deterministically computed by a CRN that stabilizes in expected time
O

(

(log2 n)c
)

for a constant c.

22.4.5 Implementing CRNs

A program can be written abstractly as a CRN, its semantics (behaviour) is then
described by either a Markov process or differential equations. The modelling can
thus be supported by a number of tools. Amajor challenge is still the implementation.
One needs to find ways to run programs written in such molecular languages, build
an interpreter so to speak. There are various ways to build such implementations.
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22.4.5.1 Synthetic Biology

As recent as 2013, a biological transistor was created at Stanford University, called
the “transcriptor” which constitutes another step into the direction of a biological
computer. “Where transistors control the flow of electricity, transcriptors control the
flow of RNA polymerase18 as it travels along a strand of DNA. The transcriptors
do this by using special combinations of enzymes (integrases) that control the RNAs
movement along the strand of DNA” [5]. With the help of transcriptors one can
implement boolean gates as with traditional silicon-based hardware. For the purpose
of implementing CRNs, however, other techniques and approaches might be more
appropriate, depending on which abstract biological machine one is using: gene,
protein, or membrane machines [7]. Yet, large parts of the inner workings of those
biological machines are still not fully understood, and design methods are therefore
lacking. There exists another approach that does not rely on “alien technology”
[26]19: an approach based on first principles of chemistry, Synthetic Chemistry.

22.4.5.2 Synthetic Chemistry

This approach uses chemistry as “assembly language” [7]. DNAcomputing attempts
to “precisely control the organization and dynamics of matter and information
at the molecular level” [7]. It is crucial here (in contrast to “Synthetic Biology”
Sect. 22.4.5.1) that DNA is used as engineering material. The fact that its origin is
biological can be seen as “accident” [7].

Ifwe consider CRNsweobserve thatwe can implement a reaction A+B → C with
two special gates, called join and fork gate, respectively. “The join gate consumes
(and thus “joins”) the two signals A and B and the fork gate releases the signal C,
which is initially bound to the fork gate …and thus inactive. (The name “fork gate”
derives from the fact that multiple signal strands can be released” [9]. These signal
processing gates are also known from so-called Petri nets20 used to model parallel
and distributed computation (see [24]).

We therefore focus on one particular technique for the implementation of those
join and fork gates: strand displacement.

DNA strand displacement. The idea is to use single-stranded “bits” of DNA21

strings as signals to encode input and output and rely on the “predictability of

18This is an enzyme that produces transcript RNA.
19Here “alien” alludes to any technology one does not understand.
20Carl Adam Petri (12 July 1926—2 July 2010) was an award-winning German mathematician and
computer scientist who invented Petri nets exactly for the purpose of describing chemical reactions.
21DNA occurs most of the time as double stranded (double helix) “ladder”.
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Watson22,23–Crick24,25 base pairing”26 [25] as “engine”. The input strands react (in
a predictable way) with double-stranded DNA in which parts are displaced, releas-
ing some other single-stranded piece of DNA as output. This means computations
(gates) can be compositional and no enzymes are required to drive the computation.

The double-stranded DNA acts as gates. Subsequences of DNA are called (recog-
nition) domains. The subsequences must be designed so that they cannot acciden-
tally “hybridize”, i.e. bind together according to theCrick–Watson base pairing. They
should also be reasonably short. The displacement is mediated by so-called toeholds,
which are initial bits of the subsequences that are used to initiate the binding process.
The double-stranded gates consist of hybridized single strands with opposite orienta-
tions. Single strands can only be synthesized in vivo in a certain direction: 5’-to-3’.27

The numbers 5’ and 3’ refer to the number of the carbon atom in the sugar-ring of the
deoxyribose at one of the two ends of the molecule. In double-stranded DNA the 5’
end of one strand pairs with the 3’ end of the opposite (and complementary) strand.

Displacement of a subsequence in a double strand can occur if a complementary
single DNA strand first binds at the toehold followed by so-called branch migration.
Migrationmeans that a specific subsequence (also called domain) of the single strand
replaces the original one. Seelig et al. have built logic circuits with this technique
[25] interpreting high quantities of input strands as “1” and low quantities as “0”.
Reading off the result is slightly more complicated than on a desktop computer.
Output strands aremodifiedwith a dye sofluorescence canbe observed andmeasured.
Debugging is also difficult, one uses gel electrophoresis28 to see howmanymolecules
(of which size, i.e. length in terms of number of base pairs) of each reactant are
present. The energy for the computation comes from the destruction of the gates
themselves. Toehold binding and branch migration are reversible until branches are
physically detached. Reversibility is essential in order to undo wrong matches. After
detachment, due to the orientation of toeholds, the process cannot be reversed (in this
case the corresponding gate is consumed and cannot be used any longer). In order

22James DeweyWatson (born April 6, 1928) is an Americanmolecular biologist who co-discovered
the structure of DNA and was awarded the 1962 Nobel Prize for Physiology or Medicine with Crick
and Wilkins (see footnotes 23–25) among numerous other prizes. He is the first Nobel laureate to
have sold his Nobel Prize medal at auction to raise funds in 2014.
23Maurice Hugh FrederickWilkins (15December 1916—5October 2004) was aNewZealand-born
English molecular biologist, who was co-awarded the 1962 Nobel Prize for Physiology orMedicine
among numerous other prizes (See footnote 25).
24Francis Harry Compton Crick (8 June 1916—28 July 2004) was a British molecular biologists
who co-discovered the structure of DNA and was co-awarded the 1962 Nobel Prize for Physiology
or Medicine (see footnote 25).
25The discovery of the double helix involved many more researchers who were not mentioned by
the Nobel Committee. The most famous ones, Rosalind Franklin and Oswald Avery, were already
deceased in 1962 and apparently, according to the Nobel Prize rules, could not be mentioned.
26Watson–Crick base pairing refers to the complementary C–G (Cytosine-Guanine) and A–T
(Adenine–Thymine) base pairs, see also Fig. 22.1.
27Pronounced “five-prime to three-prime”.
28Gel electrophoresis is a laboratory technique for visualising DNA or proteins. DNA fragments
are separated according to their molecular size as they migrate through a gel.
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Fig. 22.2 Toehold-mediated strand displacement in 4 steps according to [18]

for toehold matchings to be reversible, toeholds must not be very long, only a few
nucleotides.

Figure22.2 (adapted from [18]) shows graphically how strand displacement
works. The two-stranded gate uses domains x and y as well as toehold t (coloured
red). The Watson–Crick duals of x and y are called x∗ and y∗, respectively. The
orientation of the strands is highlighted by the ⇀ arrowheads. The picture shows
the various phases of strand displacement, starting from the top left corner follow-
ing in clockwise direction. The extra single DNA strand that is displacing the upper
strand of the given gate is coloured blue. The second step shows the branch migra-
tion. At some point strand x is replaced by the newly aligned blue version. Once
disconnected, the isolated x has no toehold to align to and cannot move back into its
old position. All other steps are reversible. At the end the result is the single strand
produced that contains y and the toehold t.

Luca Cardelli proposed two domain strand displacement [6] to build transducers
that can be easily extended to fork and join gates in order to implement Chemical
Reaction Networks. The restricted and special form of allowed strands leads to par-
ticularly simple gates and reactions where all the gates are always double strand
helixes with nothing “dangling off”, i.e. protruding. In Fig. 22.2 the initial and final
gate (as seen on the left hand side of the figure) are of this shape but the intermediate
ones are not. A two-domain strand gate from [6], which forms half of a signal trans-
ducer, is depicted in Fig. 22.3 together with an input signal (blue) t x . The top strand
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Fig. 22.3 Two domain gate according to [6]

of each two-stranded gate has two so-called “nicks” where parts can naturally break
off.29

There are still many problems to consider when designing gates: they must not
interfere with each other or the environment, and the waste material (garbage) of the
reactions must not slow down reactions. In any case, whatever concrete technique
and methods molecular computers will be realised with, they have much potential,
in particular for the medical sciences.

I believe things like DNA computing will eventually lead the way to a molecular revolution,
which ultimately will have a very dramatic effect on the world.

Leonard Adleman 1995

Of course, DNA computing cannot solve more problems than any other computing
paradigm. It can always be simulated on a conventional computer. It should be
emphasised once more that it is neither intended to replace silicon-based computers
nor to solve NP-complete problems in polynomial time.

The Economist wrote in an article entitled Computing with Soup [28]:

... the border between computing and biology is vanishing fast, and the process of hijacking
the information-processing potential of DNA to build logic circuits has only just begun.

There is of course much interest in industry. For example, Microsoft Research Cam-
bridge has a Biological Computation group looking into molecular DNA versions
of logic gates and circuits (sometimes called “liquid logic”). IBM Research has a
Computational Biology Centre.

What Next?

We have seen the possibilities of molecular computing and some concrete examples
in terms of CRNs. We also have seen that there is not much hope that molecular
computing can help us solve NP-complete problems efficiently. However, there are
great opportunities for molecular computing to lead to miniature computing and
storage devices and to embed computing in organic tissue, thus changing the world
of medicine forever. Molecules are certainly tiny, even smaller are atoms, and ever so
slightly more are the subatomic particles like electrons. In the next chapter we will
therefore have a look at the subatomic level: quantum computing. Does that allow us

29In two domain strand displacement the nicks are always on the top strand.
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to solve NP-complete problems in polynomial time? What can quantum computers
potentially achieve?

Exercises

1. Explain the difference between Synthetic Biology and Synthetic Chemistry.
2. Why is DNA a good storage medium? Why is it a good choice as basis for

computation?
3. For the CRN in Example22.2 that deterministically stably decides the predi-

cate even(x) write down a few configuration sequences starting with the initial
configuration with input vector: {X : n} for n = 0, 1, 2, 3, and 4.

4. Define a CRN that deterministically stably decides the equality predicate x = y.
Use four species, two representing input parameters, Y for the output “yes” (if
x = y) and N for output “no”. This requires several reaction rules.

5. Define a CRN that deterministically stably computes the function f (x) = 2x .
Use two species, one representing the input parameter and one for the output
parameter. This requires only one reaction rule.

6. Define a CRN that deterministically stably computes the function f (x) = x ÷ 2
(integer division). Use two species, one representing the input parameter and
one for the output parameter. This requires only one reaction rule.

7. Define a CRN that deterministically stably computes the function f (x, y) =
min(x, y). Use three species, two representing input parameters and one for the
output parameter. This requires only one reaction rule.

8. Define a CRN that deterministically stably computes the function f (x, y) =
x + y. Use three species, two representing input parameters and one for the
output parameter. This requires two reaction rules.

9. Define a CRN that deterministically stably computes the function f (x, y) =
max(x, y). Use three species, two representing input parameters, and one for the
output parameter and two auxiliary species. They are used to remove superfluous
molecules from the output. This requires several reaction rules.

10. Show that the function f (x) = x ÷ 2 from Exercise6 has a graph that is semi-
linear.

11. Show that the function f (x1, x2) =
{

x2 if x1 > x2
0 otherwise

has a graph that is semi-

linear.
12. Give an example of a predicate that is not semilinear.
13. Show (by giving a counterexample) that the composition of two deterministic

CRNs does not necessarily produce a deterministic CRN. Here the species names
of the two CRNs can be assumed to be disjoint but, of course, the output species
of the first must be identical to the input species of the second CRN.
Hint: Since the reaction rules of both CRNs are present to act concurrently,
consider a situation where the second CRN rules use the input species before
the first one has actually produced the right result. This is similar to “race
conditions” in parallel computations.
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14. By contrast to Exercise13, the composition of two deterministicCRNs does yield
a deterministic CRN if the first CRN never consumes any of its output species and
thus produces its output in a monotonic way. Give an example and informally
explain why the resulting CRN is deterministic.

15. Explain why it is impossible to perform Turing machine computation in a CRN
with probability 1.

16. Sketch how a RAM program could be compiled into a CRN. To do that consider
first how to represent registers (and their values) and instructions (and their
labels) in a CRN.
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Chapter 23
Quantum Computing

What is Quantum Computing and can it help solving
NP-complete problems? What advantages does it have?
What limitations does it have?

Canoneharness the powers of particle physics anduse them for computation?Particle
physics obviously happens in the very small just like molecular computing discussed
in the previous chapter. In this chapter, we go further, to the level of subatomic
particles.

It seems that the idea of a quantum computer was first suggested by Richard Feyn-
man1 [8, 9] at the beginning of the 1980s. Before that, quantum effects and quantum
information theory were already established. The idea of a quantum computer is
to use quantum effects of superposition to execute massively parallel computation.
Feynman wanted to simulate quantum physics and quantum chemistry.

In conventional computing, a bit can only be in one state at a time, either 0 or 1 and
computations on bits occur sequentially. In quantum computing, thanks to quantum
effects, a so-called qubit (quantum bit) can be in (a mixture of) states 0 and 1 at the
same time. Schrödinger2 devised a famous thought experiment, called Schrödinger’s
cat,3 to highlight what he considered the absurdity of superposition. A cat is placed
in a box with a flask of poison and a radioactive source the decay of which controls

1Richard Phillips Feynman (May 11, 1918–February 15, 1988) was an American theoretical physi-
cist known for his work in quantummechanics, quantum electrodynamics, particle physics and other
areas. For his contributions to the development of quantum electrodynamics, Feynman, jointly with
Julian Schwinger and Sin-Itiro Tomonaga, received the Nobel Prize in Physics in 1965. During
his lifetime, Feynman became one of the best-known scientists in the world, helped by the fact
that he was a supporting member of the Manhattan project responsible for the development of the
atomic bomb, and a member of the Rogers Commission that investigated the 1986 Space Shuttle
Challenger disaster. His fame also relies on the significant number of (popular) physics books he
published. He is considered one of the greatest physicists of all time.
2Erwin Rudolf Josef Alexander Schrödinger (12 August 1887–4 January 1961) was a famous
Austrian physicist who developed a number of fundamental results in the field of quantum theory.
He received the Nobel Prize for Physics in 1933.
3Mentioned also in the episode “The Tangerine Factor” of the TV sitcom “The Big Bang Theory”.
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the release of the poison. The cat can be considered dead and alive at the same time
until one opens the box to see whether the radioactive material has decayed, released
the poison and killed the cat.

A more constructive way of looking at superposition is Young’s well-known
“double-slit experiment”, where light (photons) is shone through two parallel slits
onto a screen. The interference pattern that can be observed on the screen is rather
surprising: there are not just two stripes visible, but many stripes in a wave-like
pattern. This is true even if one shoots photons at the screen one at a time, proving
that the particles must be passing through both slits such that a photon can interfere
with itself. Harnessing such interference of qubits and the underlying parallelism in
a controlled manner is the idea of quantum computing. There are a number of prob-
lems though: as soon as one measures (observes) a result, the state space collapses
into one. Even worse, any interaction of the qubits with the environment can cause
this collapse. This is called decoherence and is one of the several reasons why it is so
difficult to build quantum computers (and to predict what is happening at quantum
scale).

Before we discuss the underlying mathematics and the role of probabilities,
(Sect. 23.2), quantumcomputability and complexity (Sect. 23.3), quantumalgorithms
(Sect. 23.4), address the difficulties of building quantum computers (Sect. 23.5), and
look into fascinating philosophical and physical discussions that arise from quantum
computation (Sect. 23.7), we begin with the question how going small affects the
traditional way of silicon-based RAM-style computing (Sect. 23.1).

23.1 Molecular Electronics

Molecular electronics is a branch of nanotechnology that aims at constructing elec-
tronic components with the help of single molecules (or even atoms). We know that
current semiconductor technology cannot shrink much further. Latest microchips
shipped from 2015 use 14nm technology [19], meaning that transistors are 14nm
wide.4 How big is 14nm? It is the width of a human hair—divided 5,000 times. In
1971, the Intel® 4004 held 2,300 transistors each of a size of ca. 10,000nm. The
latest 14nm-technology chips contain several billion transistors.5 These chips “run
4,000 times faster and use 5,000 times less energy than the 4004 microchip” [25].

Moore’s law is the observation that the number of transistors in an integrated
circuit doubles approximately every two years. This observation is named after

4This already usesmultiple gate transistors that use a three-dimensional design to save space. Planar
designs tend to leak current if they are too small. To reduce leaking the so-calledFinFET architecture
is used where the conducting channel is wrapped in a silicon-fin that gives the three-dimensional
shape and the name. FET stands for field-effect transistor.
5At the time of writing the Intel® 18-core Xeon® E5-2699 v3 (“Haswell-EP”) CPU seems to be
among the top CPUs regarding transistor count with 5.56 billion (clock speed of 2.3GHz) [22].
This is still 22nm technology though, the latest 2015 releases use 14nm technology but appear to
have fewer transistors due to fewer cores.
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Gordon E. Moore, co-founder of the Intel Corporation and Fairchild Semiconductor.6

Interestingly, this trend has continued over the last 50 years. A consequence of this
rapid progress is, however, that transistors will reach atomic size (about 1.5nm) soon,
when quantum effects will kick in and require new designs or even technologies if
Moore’s Law is to be upheld in the medium term. Therefore, there is a huge amount
of research in the area of molecular electronics. Although this technology is used to
build (complex versions of) our well known register machines (RAM), thus providing
no new notion of computation, there have been a number of success stories that are
worth pointing out:

• In 2009, Mark Reed and his team at Yale University succeeded in constructing
a transistor made from a single benzene molecule. It is smaller than 1nm [24].
However, the technology to connect several those transistors in an integrated circuit
does not yet exist.

• The disadvantages of very small silicon transistors (leakage of current) may be
overcome by carbon-based chips. In 2013, researchers at Stanford University [23]
managed to produce a chip with carbon nano-tubes.7

• Also in 2013, a new chip design using layers of gold, molecular components and
graphene has been built by a Danish-Chinese team [15] . The transistors are trig-
gered by light (not electricity) using dihydroazulene/vinylheptafulvene molecules.

23.2 The Mathematics of Quantum Mechanics

Quantum computing can be elegantly modelled mathematically. This book is for
computer scientists with limited mathematical background, so we will not go into
too much detail, but give just a short overview.8 We follow the presentation in
[1, Chap. 10] where the question “What is quantum mechanics about?” is answered
as follows: “…it’s about information and probabilities and observables, and how
they relate to each other”.

A classical bit can be in two states 0 and 1. In quantum mechanics we add proba-
bilities. Therefore, a bit is in state 0 with probability α and in state 1 with probability
β. Classically, α and β would be real numbers, but in any case they have to add up to
1. Viewing (α, β) as a vector inR2 this means its 1-norm (the sum of absolute values
of the vector) must be 1. In the quantum world, one uses, however, the 2-norm,9

6In 1965 Moore predicted the number of transistors on a chip to double every year, which was
then actually corrected to ‘every two years’ in 1975. Apparently, David House, an Intel executive
at the time, then concluded “that the changes would cause computer performance to double every
18 months” [20]. This is the reason why sometimes 18 months is attributed wrongly to Moore’s
statement.
7Called “Cedric”. Note however that currently the transistors are still of “monster size”: 8000nm.
8This section can be skipped by readers not interested but is intended to motivate the study of linear
algebra and complex numbers.
9Sometimes also referred to as Euclidean norm.
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which means now that α2 +β2 = 1 and thus the probability of observing 0 is α2 and
that of observing 1 is β2. The numbers α and β are called probability amplitudes.
A qubit is just such a probability vector with 2-norm. Operations on qubits must
therefore preserve the property of being a unit vector in the 2-norm. If we consider
only linear operations, then those are the ones whose inverse is the transpose. For
amplitudes α and β one actually does not use real numbers but complex numbers (so
the probabilities of the observations 0 and 1 are actually |α|2 and |β|2, respectively).
One reason appears to be continuity of the linear operations which requires another
dimension10 or, alternatively, the use of complex numbers. Another reason is that
the complex numbers can describe wave functions11 which is essential for modelling
quantum mechanics as small particles express wave-like behaviour.

Accordingly, the states of a qubit are unit vectors in the two-dimensional space
of complex numbers. These states can be represented geometrically as the surface
of a ball with radius 1 in the three-dimensional space of real numbers, the so-called
Bloch-spere12 depicted in Fig. 23.1 which shows a red unit vector whose position is
determined by the two angles φ and θ . The base vectors representing 0 and 1, respec-
tively, are the north and south pole of this sphere (highlighted green in Fig. 23.1).
The image should convey the fact that a qubit represents more information than an
ordinary bit, which has only two possible states. Although, when we measure the
qubit, the result is again either 0 or 1.

Because one qubit can have two states simultaneously, n qubits can be in 2n states
simultaneously, highlighting the potential in parallelisation. Associating quantum
wave functions with quantum entities allows one to describe the probability of their
position, and the interaction of such waves allows one to express their superposition.

One might wonder why quantum mechanics requires the 2-norm for vectors, i.e.
|α|2 + |β|p = 1 and not e.g. |α|p + |β|p = 1 for any p > 2, i.e. the p-norm for a p
larger than 2. Only for p = 1 or p = 2 one does get non-trivial linear transformations
that preserve the p-norm [1]. So it seems that Nature prefers13,14,15 case p = 1 and
p = 2.

10Aaronson [1] uses the example of mirror flipping a two-dimensional shape. The movement must
pass through the third dimension if done continuously.
11A wave function is a periodic function in time and space.
12Felix Bloch (23 October 1905–10 September 1983) was a Swiss born American physicist who
won the Nobel Prize with Edward Mills Purcell in 1952. From 1954 to 1955 Bloch was the first
Director-General of CERN (European Organization for Nuclear Research).
13In [1], this is compared with the equation x p + y p = z p , which has positive integer solutions for
x, y, z only if p = 1 or p = 2. The latter is known as “Fermat’s Last Theorem” (see footnote 14).
14Pierre de Fermat (17 August 1601–12 January 1665) was a French lawyer and a mathematician
who contributed to the development of infinitesimal calculus. He is most famous for his conjecture
known as “Fermat’s Last Theorem”, a long standing open problem until Andrew Wiles (see footnote
15) eventually proved it in 1994 after years of hard work and numerous failures.
15Sir Andrew John Wiles (born 11 April 1953) is a British mathematician at the University of
Oxford. He won numerous awards for proving Fermat’s Last Theorem.



23.2 The Mathematics of Quantum Mechanics 321

Fig. 23.1 Bloch sphere
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More details, and a discussion of actual linear transformations and how they can
represent quantum gates can be found in a standard textbook on this topic like [17].
Other very accessible introductions (including the mathematics) are [1, 7].

23.3 Quantum Computability and Complexity

A few obvious questions arise in the context of this book:

1. Is quantum computing equivalent to all the other notions of computations (once
it has been precisely defined16)? In other words, does the Church-Turing thesis
still hold once we have quantum computers?

2. How do we measure time usage for quantum computing? What are quantum
complexity classes?

3. What is the relation between quantum complexity classes and the ones we already
know (like P, NP, BPP)?

4. In particular, does quantum computing squash the Cook-Karp thesis? In other
words, with a quantum computer can we effectively compute problems that are
not in P?

First of all, a quantum computer can still be simulated on a conventional computer,
even if quite somemathematics is needed to describe the superposition. So a quantum
computerwould not violate theChurch-Turing thesis.However, such a simulation can
be slow, very slow, exponentially slow. Yet, quantum computer simulators have been
built using some clever optimisations reducing the state space (keeping track of entan-
glements for instance). Most prominently, LIQUi|> (pronounced ‘liquid’), short

16Which we are not able to do here.
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for “Language-IntegratedQuantumOperations”,17 that “includes state-of-the-art cir-
cuit simulation of up to 30 qubits on a single machine with 32GB RAM, limited only
by memory and computing threads. The largest number factored to date on the sim-
ulator is a 13-bit number, which required 27 qubits, half a million gates, and 5 days
runtime. The circuit was based on Beauregards circuit for Shors algorithm” [16]. For
larger simulations it is necessary to use clusters of machines that run concurrently.
Moreover, certain quantum computations apparently can be simulated classically in
polynomial time.

On the other hand, in general (besides examples like Factorisation) we do not
know towhat degree quantumcomputers can speed-up tasks.As forDNAcomputing,
many daily operations would be probably slower on a quantum computer than on a
conventional one. Browsing theweb is not very likely going to be faster on a quantum
computer. But search and optimisation problems might benefit from the (right kind
of) superposition. Quantum computers may therefore squash the Cook-Karp thesis
for good, but we don’t know this yet. Cook’s thesis as we phrased it (in Sect. 14.2) is
(luckily) not affected by this as its wording cleverly uses the term “sequential” before
“notion of computation”, and quantum computing is not a sequential computation
model.

According to the above, it is actually possible to define a corresponding complexity
class and formulate some theorems and prove them. Quantum complexity has first
been studied in [3].

Definition 23.1 ([3]) The complexity class BQP (bounded error quantum poly-
nomial time) is the class of decision problems solvable by a quantum computer—e.g.
aQuantum Turing machine—in polynomial time, with an error probability of at most
1
3 for all instances.18 It is the quantum analogue of the (classical) probabilistic class
BPP.

The obvious question is: what is a Quantum Turing Machine? It’s a Turing
machine using quantum states.19 Any such state will be a superposition of possi-
ble configurations which makes the Turing machine “quantum”. The (mathematical)
details can be found e.g. in [4]. One can alternatively use quantum circuits to define
quantum computing.

Proposition 23.1 It holds that P ⊆ BPP ⊆ BQP.

Proof This is because quantum gates can simulate classic gates and quantum compu-
tation is probabilistic, so a quantum computer can solve problems that can be solved
deterministically or probabilistically on classical hardware.

One also can see that BQP ⊆ EXPbecause, as already pointed out, quantum compu-
tations can be simulated on a classic computer with exponential slow down. One can

17Developed by the Quantum Architectures and Computation Group (QuArC) at Microsoft
Research, Redmond USA.
18The concrete value of the probability 1

3 is actually irrelevant and can be changed.
19Which are unit vectors in the Hilbert space generated by the configuration space.

http://dx.doi.org/10.1007/978-3-319-27889-6_14
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actually do better and show that BQP ⊆PP, where PP (for probabilistic polynomial
time) is the following class:

Definition 23.2 ([11]) Let PP be the class of decision problems accepted by a prob-
abilistic Turing machine M (see Definition21.7) in polynomial time, such that for
all inputs x we have

Pr[M(x) = (x ∈ A)] >
1

2

Note thatNP ⊆PP (Exercise3), so unlikeBPP,PP does contain problems that are not
known to be feasible. The difference in definition between BPP (see Definition21.9)
and PP is subtle, but crucial, and shall be discussed in Exercise5.

“Quantum theory is, in some respects, both superior to and more natural than
classical probability theory … since it can describe evolution for finite systems in
a continuous way. Since nature is quantum, not classical, it is to be expected that
quantum theory is ultimately the more reasonable theory” [13].

As usual, there is some bad news. It is unknown whether NP ⊆ BQP, although
it is widely believed that this is not true. Neither do we know whether P �= BQP.

23.4 Quantum Algorithms

In order to use the power of superposition that quantum computing provides, one
must find ways to harness it for one’s own purposes. In other words, one must find
algorithms that can use superposition to do something useful. It turns out that this
is not so easy (and needs proper mathematics). We briefly discuss the most famous
quantum algorithms in this section.

23.4.1 Shor’s Algorithm

David Deutsch20 was the first to design a quantum algorithm that is more efficient
than a classic counterpart [4]. Then Peter Shor21 published an algorithm in 1994
(see [20, 21]) that uses quantum superposition to factorize primes (and thus solve
the Factorisation problem of Definition20.15) in polynomial time on a (theoretical)
quantum computer.22 This shook the computing world to its core, because it means

20David Elieser Deutsch, (born 18 May 1953) is a British physicist at the University of Oxford.
21Peter Williston Shor (born August 14, 1959) is an American professor of applied mathematics at
MIT. For the discovery of the quantum factorisation algorithm, he was awarded the Gödel Prize in
1999.
22Shor’s algorithm even appeared in the TV sitcom “Big Bang Theory”, episode “The Bat Jar
Conjecture”. It was the answer to a question about factorisation by quantum computers in a “Physics
Bowl” quiz.

http://dx.doi.org/10.1007/978-3-319-27889-6_21
http://dx.doi.org/10.1007/978-3-319-27889-6_21
http://dx.doi.org/10.1007/978-3-319-27889-6_20
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that if one had a quantum computer, one could solve the Factorisation problem in
polynomial time. Recall that the intractability of the Factorisation problem is the
basis of public key cryptography. So Shor’s result must have also shaken up the
security agencies of all major superpowers. However, polynomial time does not
necessarily mean fast (as we have discussed earlier), and so we don’t really know
whether cryptography can actually be broken by a quantum computer unless we have
one. Moreover, we do not know whether the Factorisation problem is NP-complete.
So Shor’s result does not prove that quantum computers can solve a NP-complete
problem in polynomial time.

By the way, Shor’s algorithm is very clever and uses some non-trivial
mathematics.23

23.4.2 Grover’s Algorithm

There is one other famous quantum algorithm, Grover’s algorithm, which performs
search. Ordinary computers can do search in a (unordered) list of length n no better
(worst case) than in O(n). A quantum computer can perform the same search in
O

(√
n
)

. Even better, Bennett et al. [2] have shown in 1997 that it cannot be done
more quickly. SoGrover’s algorithm is already optimal for a quantum computer. This
means that “brute-force search” on a quantum computer won’t solve NP-complete
problems in polynomial time. At best it will provide a quadratic speed-up compared
to ordinary computers.

Scott Aaronson formulated the “No Super-Search Postulate”24 which says that
“there is no physical means to solve NP-complete problems in polynomial time.”
First of all, this implies that P �= NP, but is stronger. Secondly, it connects the
P �= NP question to physics. According to Aaronson, P �= NP would “explain”
certain physical phenomena, for instance that the Schrödinger equation is linear.

It is worth remembering that:

A quantum computer is NOT like a massively-parallel classical computer.

Scott Aaronson

In particular, we don’t know yet whether we can can solve anyNP-complete problem
in polynomial time with a quantum computer. And there is not much evidence right
now to believe it.

23The quantum Fourier transform and algebra [20].
24Yes, this is another thesis.
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23.5 Building Quantum Computers

In order to build a quantum computer, qubits must be implemented on a very small
scale, so that the quantum effects take over. There are many ways to build a qubit, but
the main idea is to trap an atom in a magnetic field, either in vacuum or in solids you
can send light through. Only very few qubits are actually needed to build powerful
quantum computers.

Quantum computers are not expected to be built within the next 10–20 years—if
at all—but Canadian firm D-Wave claims to have already built a 512 qubit quantum
processor (based on “quantum annealing” and not quantum gates). This is, however,
highly controversial. It is safe to say though that it costs a large amount of money,
allegedly £9 million [18]. The renowned professional organisation IEEE25 still dis-
putes the fact that this is a quantum computer, but some researchers are convinced it
does some sort of quantum computing. A study published in the equally renowned
journal Science [19] in 2014 could not find evidence of quantum speedup but did
not rule out the possibility either. The discussion between various experts will keep
going for some time to come. One has to wait and see. Fact is that D-Wave has huge
financial backing from venture capital firms.

While quantumcomputers are not available for general households, quantumcryp-
tography is already in use and common. Banks use quantum entanglement to safely
communicate keys. That way it can be observed whether anybody has eavesdropped.

23.6 Quantum Computing Challenges

Regarding quantum computing the main challenges appear to be the following:

• in general: building quantum gates, quantum computer hardware;
• in particular: dealing with decoherence, the interference, entanglement, of the
quantum stateswith the environment (how to shut out the environment so to speak);

• develop quantum algorithmics, recipes for how to use superposition cleverly to
compute whatever one wishes to compute in a “massively parallel way”;

• quantum debugging; how do you debug if measurement makes the state space
collapse and variable values may be distributed in many entangled qubits?

• design quantum programming languages that then support the elegant coding of
the above quantum algorithms. For a survey on the progress up to 2006 see [10].
Latest suggestions include [12, 25].

25Institute of Electrical and Electronics Engineers.
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23.7 To Boldly Go …

Here’s another thought: Deutsch uses Shor’s algorithm to question where the com-
putation actually took place:

When Shor’s algorithm has factorized a number, using 10500 or so times the computational
resources that can be seen to be present, where was the number factorized? There are only
about 1080 atoms in the visible universe, an utterly minuscule number compared with 10500.
So if the visible universe were the extent of physical reality, physical reality would not even
remotely contain the resources required to factorize such a large number. Who did factorize
it, then? How, and where, was the computation performed?

David Deutsch [6, p. 217]

He uses quantum factorisation as an argument for the existence of parallel universes.
Quantum computation and mechanics, however, can be explained also without the
“many world interpretation” (MWI), therefore Shor’s algorithm does not appear to
be a proper proof of the existence of many universes. If our (single) universe was a
quantum universe there would not be any need for the extra universes.

To quote Aaronson once more: “a quantum computer is not a device that could
‘try every possible solution in parallel’ and then instantly pick the correct one. If
we insist on seeing things in terms of parallel universes, then those universes all
have to “collaborate”—more than that, have to meld into each other—to create an
interference pattern that will lead to the correct answer being observed with high
probability” [1].

Deutsch also argued that the paradox of backwards time travel is only a paradox
in classical physics and can be avoided in quantum physics such that, at least in
theory, time travel could be used to solve hard problems quickly. Of course, we don’t
know whether time travel is possible but such theoretical discussions can shed light
on the limitations of computability and feasibility as well as time travel itself. More
details can be found in [1, 5]. The time travelling paradoxes and their connection
to complexity theory, or the question whether P equals NP, will be discussed in the
exercises.

We have arrived at some mind-boggling physical and meta-physical questions.
And fittingly we are approaching the end of this book. Maybe in a Computability and
Complexity module of the future, the quantum computer will be “the” computer and
the computers we use today will be to the students what Turing machines are to us.
But this is unlikely, neither molecular nor quantum computers are expected to replace
current computing devices any time soon, even if such computers could be built for
the mass market. We have observed that they have both very specific application
areas. Like with any technology, however, it is impossible to make predictions. As
Lord Kelvin, world famous British physicist and engineer26 and former president of

26William Thomson, 1st Baron Kelvin (26 June 1824–17 December 1907) is known for his formu-
lation of the laws of thermodynamics and the temperature scale with ‘absolute zero’ that bears his
name.
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the Royal Society, “predicted” in 1902: “Neither the balloon, nor the aeroplane, nor
the gliding machine will be a practical success” [14].

So who knows what the future of computing will bring us.

Exercises

1. Do we know whether one can solve NP-complete problems with quantum com-
puters? Discuss.

2. In which complexity classes is the Factorisation problem known to be in?
3. Show that NP ⊆ PP.
4. Show thatBPP ⊆ PP. Note that we do not knowwhether this inclusion is proper.
5. Explain the difference between BPP (Definition21.9) and PP (Definition23.2).

The difference between the classes is subtle, but obviously crucial asPP is known
to contain infeasible problems of NP, and BPP is considered “probabilistic P”
although there is no proof of that.

6. Consider the following polynomial-time “algorithm” to solve NP-complete (or
even harder) problems: select a brute-force type algorithm and start it on your
computer. Then board a space-ship, accelerate to as near to light speed as you
can, thus travelling forward in time (w.r.t Earth and your computer) right to the
point (or beyond) when your algorithm has produced a solution. Assuming we
had the technology to build space-ships that can reach this kind of speed, discuss
other issues why this approach probably will not work.

7. Discuss the distinction between the following two well-known paradoxes27

known to appear in classical physics:

a. The Grandfather paradox: Travel back in time to prevent your grandfather
frommeeting your grandmother and thus preventing your own birth. Alterna-
tively, if you do not want to interfere with the love life of your ancestors, hop
on a time machine and travel back in time to the point before you departed
and prevent yourself from departing.

b. The Knowledge Generation paradox (also called Predestination paradox):
invent something, then send it backwards through time to yourself (or your
friends) to use it.

Hint: Consider logical consistency and computational complexity.
8. Discuss how the Grandfather paradox in Exercise7a involves the concept of

“free will”.
9. Explain a computational version of the Grandfather paradox in Exercise7a that

refers to computations that involve time travel, i.e. computations that can be fed
results sent from the future. Hint: Establish a problematic feedback loop that
has no fixpoint.

27Both types occur in science fiction movies about time travel, e.g. “Back to the Future”, which is,
expectably, full of such paradoxes.

http://dx.doi.org/10.1007/978-3-319-27889-6_21
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10. Discuss how the Knowledge Generation paradox from Exercise7b can be used
to solve an NP-complete (or even harder) problem in “no time” (assuming time
travel is possible and that the computational Grandfather paradox is avoidable).

11. The Grandfather paradox (see Exercise7b and 7a) is theoretically avoidable in
quantum physics as proved by [5]. We have not introduced enough mathematics
(and quantum computation) to even attempt to explain this but according to [1]
this can be shown already classicallywhenworking probabilisitcally. Thismeans
one works with probability distributions of input values as input and produces
probability distributions of output values as output. So a Boolean gate with one
input and one output (like negation) would be modelled by a function that maps
a vector (p, 1 − p), where p is the probability that the input is 0, to another
vector (q, 1 − q) where q is the probability that the output is 0.

a. Whereas classically negation does not have a fixpoint, using probability dis-
tributions it does have one. What is this fixpoint?

b. Show how this helps to avoid the Grandfather paradox by interpreting 1 as
“prevent own birth” and 0 as “don’t prevent own birth”. Recall that, classi-
cally, preventing your own birth means that you are not born and so you can’t
prevent your own birth. If you don’t prevent it, then you go back in time and
prevent it, creating a logical paradox.
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Further Reading—Computability
and Complexity Textbooks

What books about Computability and Complexity can I read to
learn more?

The following is a list of textbooks in Computability and Complexity theory or any
combination thereof. The list is ordered alphabetically by author.

According to usage in lectures (where information available online) particularly
popular books appear to be [1, 9, 12, 19, 25, 28, 35].
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Glossary

Logic

P ⇔ Q statement P is logically equivalent to Q (equivalence)
P iff Q if and only if, same as P ⇔ Q
P ⇒ Q statement P implies Q (implication)
P ⇐ Q statement Q implies P (reverse implication)
¬P not P (negation)
P ∨ Q P or Q (disjunction)
P ∧ Q P and Q (conjunction)
∀x ∈ T . P(x) universal quantification: for all elements x in set T it is the case that

P holds, where P depends on x .

Sets and Functions

∅ the empty set
Σ∗ set of words over finite alphabet Σ
A ∩ B intersection of sets A and B
A ∪ B union of sets A and B
A ⊆ B set A is a subset of B
A � B set A is a proper subset of B, i.e. A ⊆ B and A �= B
A × B cartesian product of sets A and B
A \ B set difference between sets A and B
S⊥ S lifted, i.e. the set containing all elements of S plus a distinct

element ⊥ representing undefined
{ x ∈ S | P(x) } the set of all elements in S that satisfy condition P (set compre-

hension)
Set(S) powerset, i.e. set of all subsets of S
S set complement of S
B the type of Booleans
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D the data type of WHILE (i.e. binary trees that carry labels only at
leaves in the form of atoms)

N the type of natural numbers
R the type of real numbers
Z the type of integer numbers
L-program set of L-programs
L-data set of data values used by L-programs
L-store set of stores for L-data values needed for the semantics of L-

programs
s ∈ S elementhood: element s occurs in (“is in”) set S.
s /∈ S element s does not occur in (“is not in”) set S
⊥ undefined
ε the empty word
(s, t) tuple (pair) of elements s and t
[ s1, s2, . . . , sn] list of elements s1, s2, . . . , sn

[ ] empty list
f : A → B f is a total function from A to B
f : A → B⊥ f is a partial function from A to B
f (a)↓ the application of partial function f to a is defined and thus pro-

duces a result value
f (a)↑ the application of partial function f to a is undefined and thus

does not produce a result value but ⊥.

Semantics

nil a special atom, serves a nullary constructor for binary trees in D to
represent the empty tree

〈 l.r 〉 the binary tree in D that is constructed from a left hand side tree l
and a right hand side tree r (binary tree constructor)

�t� the encoding of an expression t (can be an abstract syntax tree, a
number, a list etc.) as binary tree in D

|t | the size of a tree t ∈ D

E �E� σ semantics of WHILE-expression E in store σ denoting a value in D

S � σ1 → σ2 semantic judgement stating that executing WHILE-statement list S
in store σ1 terminates and produces result store σ2

�p�While the semantics of WHILE-program p which is a partial function of
type D → D⊥

σ [X := v] the store σ in which the value for variable X has been updated to v.
p � (�1, σ1) → (�2, σ2) semantic judgement stating that executing machine lan-

guage program p in state (�, σ1) terminates and produces a result
state (�2, σ2). The �i are program labels.

-̇ subtraction on natural numbers where the result can never be nega-
tive

Acc(p) the set of accepted words by nondeterministic program p.
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Complexity

Θ( f ) functions growing asymptotically (up to constants) at the
same rate as f

O( f ) functions growing asymptotically not faster (up to constants)
than f

o( f ) functions growing asymptotically much slower than f
timeLp(d) time it takes L-program p to terminate on input d (⊥ denotes

non-termination)
T E time to evaluate WHILE-expression E
S �time σ ⇒ t judgment stating that the execution of WHILE-statement list

S in store σ takes t time units
time_ndLp the runtime of nondeterministic L-program p
Ltime( f ) class of L-programs with runtime bound f
Llintime class of L-programs with linear runtime bounds
Lptime class of L-programs with polynomial runtime bounds
Lexptime class of L-programs with exponential runtime bounds
L1 �lintime−pg−ind L2 timed programming language L2 can simulate timed pro-

gramming language L1 up to a program independent linear
time difference

L1 �lintime L2 timed programming language L2 can simulate timed pro-
gramming language L1 up to linear difference in time

L1 �ptime L2 timed programming language L2 can simulate timed pro-
gramming language L1 up to polynomial difference in time

L1 ≡lintime−pg−ind L2 timed programming languagesL1 andL2 are strongly linearly
equivalent

L1 ≡lintime L2 timed programming languages L1 and L2 are linearly equiv-
alent

L1 ≡ptime L2 timed programming languages L1 and L2 are polynomially
equivalent.

Problem Classes

RE the class of semi-decidable problems
R the class of decidable problems
TIMEL( f ) the class of problems decidable by a L-program with runtime

bound f
LINL the class of problems decidable in linear time (by a L-program)
PL the class of problems decidable in polynomial time (by a L-

program)
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EXPL the class of problems decidable in exponential time (by a L-
program)

NTIMEL( f ) the class of problems accepted by a nondeterministic L-program
with runtime bound f

NLINL the class of problems accepted by a nondeterministic L-program
in linear time

NPL the class of problems accepted by a nondeterministic L-program
in polynomial time

NEXPL the class of problems accepted by a nondeterministic L-program
in exponential time

RP (for randomised polynomial) the class of problems accepted by
a probabilistic (Monte Carlo) algorithm in polynomial time with
an error probability of accepting a wrong answer less than 1

3 .
BPP (for bounded error probability polynomial time) the class of

problems decided by a probabilistic non-biased algorithm in
polynomial time with an error probability at least a constant
ε > 0 smaller than 1

3 for all instances
PCP[r(n), q(n)] (for probabilistically checkable proofs) the class of decision

problems probabilistically verified in polynomial time using at
most r(n) random bits additionally to the certificate, i.e. the
“proof”, of which at most q(n) bits are read; correct proofs must
be accepted, and incorrect proofs must be rejected with proba-
bility greater than 1

2
PP (for probabilisticpolynomial time) the class of problems decided

by a probabilistic Turing machine in polynomial time with an
error probability of less than 1

2 for all instances
BQP (for bounded error quantum polynomial time) the class of prob-

lems accepted by a quantum computer in polynomial time with
error probability of at most 1

3
C -hard the class of problems that all other problems in class C can be

reduced to (using the appropriate form of reduction for C )
C -complete the class of problems that are C -hard and are also in C them-

selves
≤rec effective problem reduction
≤P polynomial time reduction
NPO (for nondeterministic polynomial optimisation) the class of op-

timisation problems for which an optimal solution can be com-
puted by a nondeterministic program in polynomial time

APX (for approximable) the class of optimisation problems in NPO
for which an approximation to the optimal solution can be
computed in polynomial time that has an approximation ratio
bounded by a constant
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PTAS (for polynomial time approximation scheme) the class of
optimisation problems for which an approximation scheme to
the optimal solution exists for any approximation factor 1 + ε

that can be computed in polynomial time in the size of input
FPTAS (for fully polynomial time approximation scheme) the class of

optimisation problems for which an approximation scheme to
the optimal solution exists for any approximation factor 1 + ε

that can be computed in polynomial time in both the size of input
and 1

ε
.
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• � _ → _, 52, see also WHILE-semantics
∩ (intersection), 19
∪ (union), 19
∅ (empty set), 18
�_� (encoding), 35
ε (empty word), 21
≡lintime−pg−ind , 159
≡lintime, 159
≡ptime, 159
∀x ∈ T . P (universal quantification), 18
∈ (elementhood), 18
B, 18
D, 31, 57, 67
D⊥, 49
N, 18
R, 18
Z, 18
Acc(_), 233
Acc(p), 231
timeLp(_), 152
timeWHILE• (_), 156
Lexptime, 162
Llintime, 162

Ltime( f ), 162
•�time_ ⇒ _, 155
-̇, 132
¬ (negation), 19
/∈, 20
S (complement), 20
�lintime−pg−ind , 158
�lintime, 158
�ptime, 158
≤P , 243
≤P (polynomial time reduction), 243
≤rec (reduction), 104, 105
�_�WHILE, see WHILE-semantics
\ (set difference), 19
σ [_ := _] (store update), see store
O(_), see little-o⊆ (subset relation)
× (cartesian product), 20
∨ (disjunction), 19
∧ (conjunction), 19
f (a)↓, 23
f (a)↑, 23
f : A → B⊥, see function type
E �E�, see WHILE-semantics
time_ndLp , 231〈 _._ 〉 (tree constructor), 31
|_|, see size
{ x ∈ S | P(x) } (set comprehension), 18

A
Aaronson, Scott, 237, 324, 326
Abstract syntax, 67
Ackermann, Wilhelm, 111
ACM, 13
Adleman, Leonard, 8, 290, 300, 313
Algorithm, 14, 26

AKS algorithm, 202, 284

© Springer International Publishing Switzerland 2016
B. Reus, Limits of Computation, Undergraduate Topics in Computer Science,
DOI 10.1007/978-3-319-27889-6

341



342 Index

binary search algorithm, 198, 212
Blossom algorithm, 207
Christofides algorithm, 286
Cocke–Younger–Kasami algorithm, 201
Coppersmith-Winograd algorithm, 281
Dijkstra’s algorithm, 205
Fast Fourier Transform algorithm, 195
Fleury’s algorithm, 209
Floyd–Warshall algorithm, 205
Ford–Fulkerson algorithm, 207, 212
greedy algorithm, 214
Grover’s algorithm, 324
Held-Karp algorithm, 225
Hierholzer’s algorithm, 209, 213
Kruskal’s algorithm, 215
Lin-Kernighan algorithm, 289
Monte Carlo algorithm, 282, 284
randomized algorithm, 282
Shor’s algorithm, 8, 323, 324, 326
simplex algorithm, 179, 211, 286
trial division algorithm, 202, 212

Alphabet, 26
Appel, Kenneth, 220
Approximation factor, 276, 277
Approximation threshold, 280
ApproxTSP(α), 286
APX, 277, 280, 286
Assignment, 32
Associative array, 48
AST, 66, 67, 72, 73, 75, 78, see also abstract

syntax tree
Asymptotic complexity, 189
Atom, 57
Automaton

cellular, 135, 137
blinker, 139
glider, 139
global map, 138
Gosper Glider Gun, 139
lattice, 136
neighbourhood, 136
neighbourhood template, 136
oscillator, 139
quiescent state, 137
Rule 110, 140
still, 139

finite state, 21, 131
Avery, Oswald, 311

B
Babai, László, 267
Babbage, Charles, 14, 15

Backus-Naur-Form, 105
Barber paradox, 90
BASIC, 129
BejeweledTM, 258
Bellman, Richard, 201
Bennett, Charles, 302
Berger, Robert, 103
Big-O, 167, see also O(_)
Bloch, Felix, 320
Bloch-sphere, 320
Blum, Norbert, 207
BNF, 57–60

for WHILE, 32
seeBackus-Naur-Form, 33
Boole, George, 25
Boolean values, 35, see also B

BPP, 283, 284, 322, 323
BQP, 322

C
C++, 120
C -hard, 246
CA, 140, 153, 177
CAD, 3
Candy CrushTM, 258
Cantor, Georg, 90
Capacity, 207
Captain Kirk, 94
Carbon-based chips, 319
Cardelli, Luca, 312
Cartesian product, 20
CA2, 140
CA1, 140
Cellular automaton, 123
Chemical reaction decider, 306
Chemical Reaction Network, 302, 303, 312
Chess, 258
choose C1 or C2, 229
Christofides, Nicos, 287
Church, Alonzo, 5, 15, 113, 118, 124
Church-Turing thesis, 6, 15, 124, 142, 164,

234, 308, 321
Clay Mathematics Institute, 237
CM, 125, 134, 153
Cobham’s thesis, 179
Cocks, Clifford, 290
Compiler, 65, 141
Complexity

classes, 164
computational, 151
worst-case, 162
worst-case time, 6



Index 343

Computability
relative computability, 16

Computation
intractable, 6

Computer
chemical reaction, 307
DNA, 302
quantum, 8, 317, 325, 326

Conditional, 32
Conjunction, 252
Conjunctive normal form (CNF), 252
cons, 32
Context-free grammar, 105, 268
Context-free language, 201
Conway, John, 135
Cook-Karp thesis, 235, 321, 322
Cook–Levin Theorem, 253
Cook, Stephen, 102, 227, 253
Cook’s thesis, 6, 174–176
Cooley, James, 196
Counter machine, 123, 134
CPU, 175
Cray, Seymour, 176
Crick, Francis, 311
CRN, 303–306, see also Chemical Reaction

Network
CRN-configuration

output count stable, 307
output stable, 306

Crocodile Dilemma, 94
Cryptography, 324, 325
Culik, Karel, 103
Cut, 207
Cutting plane, 286

D
Dantzig, George, 179, 211
Database, 261

acyclic query, 264
conjunctive query, 262
queries, 261
query combined complexity, 261
query data complexity, 261
query expression complexity, 261
relational database, 262
relational database system, 261
SQL query, 262

Datacenter, 3
Decoherence, 318
Descartes, René, 20
Deutsch, David, 323, 326
Diagonalisation, 90, 94, 95, 184, 186, 192,

247

Dictionary, 48
Diffie, Whit, 290
Dijkstra, Edsger, 205
Disjunction, 252
Disjunctive normal form (DNF), 266, 269,

270
Distributed algorithms, 176
Divide-and-conquer, 195, 288
DNA, 299–302, 310, 311, 313

branch migration, 311
computer, 302
computing, 300–302, 310, 313, see also
molecular computing

hybridization, 311
recognition domain, 311
replication, 299
sequencing, 219, 301
storage, 301, 302
strand, 302, 310–312
strand displacement, 310
toehold, 311
two strand displacement, 312

doAsgn, 78, 83
doCons, 77
doHd, 75
doIf, 78
doTl, 77
Double exponential, 236
Dove-tailing, 234
doWhile, 79
Dynamic programming, 201, 205, 223, 285,

288, 293

E
Edmonds, Jack, 207, 210
Effective procedure, 16, 29, 47, 87, 88, 124
Effectively reducible, 104
Ellis, James, 290
Enigma, 4
Environment, 48
Euclid, 14, 15
Euler, Leonhard, 208
Eulerian circuit, 209, 210
EXPL, 164
Expression

closed boolean expression, 252
satisfiable expression, 253

Extended Church-Turing thesis, 174
Extensional property, 99

F
F#, 60



344 Index

Feasibility, 151
Feasible, 173
Fermat’s Last Theorem, 320
Fermat’s Little Theorem, 290
Fermat, Pierre de, 291, 320
Feynman, Richard, 317
Fibonacci number, 120
FinFET, 318
Fischer, Michael, 236
Flow chart language, 125, 129
Floyd, Robert, 205
Ford, Randolph, 207
Four-Colour theorem, 220
FPTAS, 293
Franklin, Rosalind, 311
Fulkerson, Delbert, 207
Fully polynomial time approximation

scheme, 293
Function

Ackermann, 111
addition, 40
application, 22, 23
Busy Beaver, 107, 108
computable, 108
exponential, 162
factorial, 118
general recursive functions, 15
growth, 162, 163
linear, 162
order, see also O_
partial function, 21–23
policy function, 265
polynomial, 162
predecessor, 38
reduction, 242, 254
successor, 38
time constructible, 190
total function, 23
WHILE-computable, 88

Futamura projections, 70, 116

G
Game of Life, 135, 138–140
Gap Theorem, 192
Gate

fork, 310
join, 310

Gauss, Carl Friedrich, 196
Generate-and-test, 217, 219, 301
Gödel, Kurt, 5, 15, 99
Gomory, Ralph, 286
Gosper, Bill, 140

GOTO, 123, 125, 130, 153
GOTO, 177
goto �1 or �2, 229
GPGPU, 175
GPU, 175
Grandfather paradox, 327, 328
Graph, 203

bipartite, 206
directed graph, 203
edges, 203
undirected graph, 203
vertices, 203
weighted graph, 204

H
Haken Wolfgang Haken, Wolfgang, 220
Hamilton, William R., 218
Hamiltonian path, 219
Hartmanis, Juris, 151
Haskell, 1, 58, 60
hd, 32
Held–Karp lower bound, 289
Hellman, Marty, 290
Heuristic search, 278
Hierarchy Theorem, 183, 184

Asymptotic, 190
Linear Time, 186, 189

High-level language, 29
Hilbert, David, 5, 14, 15, 106
Hodges, Andrew, 124

I
Iff (if, and only if), 19
Inapproximability, 278
Indirect addressing, 132
Integrated circuit, 3
Internet Protocol version 4, 265
Interpreter, 47, 65, 71
Invariance thesis, 174

J
Java, vii, 1
Johnson, Ellis, 210
Jones, Neil, vii, 5, 29, 34, 71
JSON, 30
Judgment, 49

K
Karp, Richard, 211, 241, 243, 255
Kelvin, Lord, 326



Index 345

Khachiyan, Leonid, 211
Kirkman, Thomas, 218
Kleene, Stephen, 113
Knowledge Generation paradox, 327

L
λ-calculus, 118, 124
Landau, Edmund, 166
Leibniz, Gottfried W. von, 14, 15
Levin, Leonid, 253
Lexical analysis, 67
Lexicographic order, 199
LINL, 164
LIN, 178
Linear programming, 179
LISP, 31, 119
List, 35, 36

expression, 58
reversal, 41

Lithography, 2
Little-o, 168
Longest prefix match rule, 196, 266

M
Macro call, 59
Macro expansion, 59
Many world interpretation, 326
Map-Reduce, 282
Matiyasevich, Yuri Vladimirovich, 106
Menger, Karl, 218
Metadata, 113, 116, 120
Metaprogramming, 114
Molecular computing, 4, 8, 275, 299, 301,

302, 317
Molecular electronics, 318
Moore, Gordon, 319
Moore’s law, 281, 301, 318, 319

N
Nanomedicine, 301
Nanotechnology, 318
Natural numbers, 35, see also N

NC, 281
Negation, 252
Network, 265
NEXP, 228
Nick’s Class, 281
nil, 31, 57
nil, 32
NLIN, 228
Non-trivial property, 99

No-Super-Search-Postulate, 324
Novikov, Pyotr, 106
NP, 227, 228
NTIMEL( f ), 228
NTM, 281
Numeral system

binary, 40
decimal, 39
unary, 37

O
Open Shortest Path First, 206
Operational semantics, 47

P
P, 175, 179
Pairing, 66, 114
Pairs, 37
Parallel universes, 326
Parameterization theorem, 114
Parsing

bottom-up parsing, 202
table, 202

Partial evaluation, 114, 115
Pattern matching, 60
PCP[r(n), q(n)], 279
PCP Theorem, 278–280
Petri net, 310
PGP, 290
PHP, 121
Physical limits, 2, 3
Pippinger, Nick, 281
PL, 164
Policy based routing, 264
Polymerase chain reaction, 300
Polynomial time approximation scheme,

277
Polynomial time reduction, 242
Post, Emil, 243
Powerset, 20
PP, 323
PRAM, 176
Presburger arithmetic, 107, 236
Presburger, Mojżesz, 236
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