Chapter 3

Basic Feasible Solutions and
The Fundamental Theorem of
LP
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RecaII the Corner Point Theorem for LP:
nIC'Pgerl 'BF ig: ogcaéhgsoré 49 ey ex ?corner
pom ?i' |ts o16asible polyhedral.
- evaluate the objective function at each of the corner
points

- Comparing these values, the point that yields the
best value is an
optimal solution.
* But plotting a feasible set (polyhedral) is possible only in
two dimension (two decision variables)

* In this chapter, we will establish algebraic representation
of corner points of a feasible polyhedral irrespective of
the number of variables
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3.1 Linear Programs In Standard
Form

* A linear program is said to be in standard
form if it is given as

max cx, +GC,X, +...+CX,
st g x +a,x +...+a,x =b Max

Ay X) T pX, +...+d, X, :bz

problem
&
Constraints
a.x+d X +..+a_x =b_ system of
: equations
X; >0, =1....,n 4

Or: ceR", - row vector
A - mXxXn matrix
(Usually m
<n )
beR™ - column vector
xeR” - vector of
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« In fact, a general LP problem can be

“* either a maximization or minimization
problem.

“* Some of the constraints can be
inequalities

- HoweRESHRALY cSHBR chang 84 t6 the

standard form as shown below.

1. Minimization problem min ¢cx can be
changed to its equivalent maximization
problem max -cx

2. Inequalities can be changed to equations
using slack and/or surplus variables
defined as follows.
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A) Slack Variables:

The “< ” constraint, say

aqx + aizxz'l' . 'l'ainxn sz ’

can be transformed into equality by
introducing a variable s, called slack

vargslg- Wee a,x, + - 4q,x,)
Observe that, s > 0.
Hence, the given inequality is

SUNIENA - 4, x, +s=h , $=0.

For

X, + 2X,

3x; <10

i-.i."é&ﬁp\fael’ent X, + 2x, +3x; + x, =10,

to
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( x, is slack
wariable)
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B) Surplus Variables:
The “>= " constraint, say
a, X + a5 + - a4, X Zl)i ’
can be transformed into equality by
introducing a variable s, called surplus

vagab r

S —é’?lxlw'h&iz%z A e ik o8 = bz
Observe that, s > 0.
Hence, the given inequality is

eI 4q, x - s=h, =0,
For instanceXx, + 2x, +3x;, =10

is equivalent tw + 2x, +3x; - x, =10,
x, =0.
( x, is surplus

variable)



* Thus, any LP problem (min or max) with any
form of inequality constraint can be converted
into equivalent standard LP form (max
problem with equality const.)

« Example
Change the following LP problem into

standard form
min - 3x + X, - X,

s.t X +3x,1tox, <15
2x - x,+bx; =10
X, - 2x, g =270
X,%,X =0
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3.2 Basic Feasible Solutions

L)

* If B is mxm non-singular matrix and beR™, then the
system Bx= b has a unique solution given by x = B'b

“* Consider a system of m linear equations with n

variables, Ax =b.

where A is an mxn matrix beR™, and rank(A) = rank(A,

b) = m< n.

( Otherwise, omit redundant equations)
= A has m linearly independent columns (which forms a

< bassPiiRBhrly independent columns of A are called
basic columns, and the remaining n-m columns are

called non-basic columns.

< The m variables attached to the basic columns are
called basic variables (BV), and the remaining n-m

variables are called non-basic variables (NBV).
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* The m linearly independent columns of A forms mxm
invertible sub-matrix, called basic submatrix (or
basis) and denoted by B.

The remaining non-basic columns form an mx(n-m)

. ‘r‘h‘?@ﬁék&%‘?{b‘lhﬁdi#’}{é\&ded, A can be partitioned as

A= (B, N) -
« Let also x be partitioned as x = (x;, x, ), where

X, is the m-vector of BVs attached to the basic
columns in B,

x, is the n-m vector of NBVs attached to the
vabimns AxAAL b < Bx, + Nx,=Db

< Bxz = b - NXx,
< Xg = Bb-B!NXx,

(called basis representation of x
wrt B )
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« Hence, for any choice of values of x, , say x,=
uepinm,
the values of x; is uniquely determined by x; =
B-'b - B*Nu
« ddtisgtif we ohoase ix, asOlatidh 6F Ax 6)h. then
X; = B1b;

and XB

X =

Xy 0

B 1b]

is the solution of Ax = b, called basic
solution wrt B.
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Remarks: Let Ax=Db, where A is mxn & rank(A)=

m,. Any m columns of A can be selected to form an mxm

submatrix B; (Any such submatrix B is a basis if
det(B) = 0 )
- There is exactly one basic solution, (xg;,x,) =(Bb, 0),
w.r.t B.

2. From the n columns, tH’é?,pu['n ]e:cof—wa!yts—to select m
basic columns is at most | /M) mi(n- m)!

Hence, the system has at most "C, basic solutions

3. IR Nases B, and B, of the system are said to be

adjacent if they differ with only one column. In this
case, the basic solutions wrt B, and B, are said to be

ai‘)é‘ elﬁobnaS'& E%I's.ulglggfution X = (x5, 0)T is called
basic feasible solution (BFS) with respectto B if

Xz =B'b > 0. (nonnegative BS)

Thus, a BFSis asolutionof Ax=b, x>0.
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« Example 1: Find all basic solutions (BS) of
Xp+ Xy - 2X3+3X4 =5

X1+ 2% - 2X3 =4
(and also identify basic feasible solutions (BFS)

« Solution: The coefficient matrixis A = (A, A,, A,,
A,), 1 1 %7
e B At EE AR 1

A has 6 sub-matrices of order 2:

B =(A,A) B =(A,A), B=(A,6A),
B, =(A,,A), B =(A,A) B=(A)

N ietB) =1, detB,) =0 detB;) =-3
detB,) =2, detBs) =-6 detBg) =06.

= 5 basic sub-matrices: B,, B;, B,, B,, B,
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« So, there can be 5 basic solutions w.r.t each of the
basic

)

=l (X1, X5, X3,X41) =(2,1,0,0) FER: R THITLREE

BFS

= (X]_l X21X31 X4) :(4:101 Ol_ 1/3)

is a BS, but NOT a BFS

 Similarly, w.r.t B,, B, & B, we obtain,
X>,X3,X4) =(01 -1 0) BT 104\ [0 M=

(x1,X%2,X3,X4) =(0,4,0, 1/3 Y- L I L R
(X1, X2,X3,X4) =(0,0,- 2, - 2/3 EX: 1T (o) il : 135

14
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3.3 Algebraic Analysis of the

Constraint Set
* From Chapter 2: the maximum or minimum of an LP (if

it exists) occurs at a corner (vertex) point of the
feasible polyhedral set.
* Next, we will show that a corner point is BFS.

* To see this, consider the following constraints:
- X, + 2x, <4

X+ X, <O
X, %, =0

« Corner points (vertices)
of S:
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P,,P,,P;,, &P,

N

N\

- X +2x, =4
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« Now, introducing two slack variables x; , x, > 0, the
above two inequalities are equivalent to

- X +2x,+X; =4  BFS is obtained by
X, + X, + X, —5 setting O to two
] _variables
* Note that one of the variables is 0 on an edge of the
polyhedral S. A
N

« A corner (vertex) corresponds
to point where two variables
are 0, i.e.,non basic, are:

Pl = X4= 0, X,= 0,
PZ . X1= 0, X3= 0, /2

P;: x3=0, x,=0,

. Thupa:thexczc_zrngr geli.gi'@'are basic feasible solutions
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* This suggests that an optimal solution of an
LP occurs at its BFS.

“« In fact, as proved later, this is true for any
LP.

- - un B _ ~ 0 _ _ _ _ —_— A
w ve LIICT UIIUWIIIg IlllpUl tdlll.

Aei e 1
'hﬁ@!i?mn 1 (Fundamental Theorem of

LP): max/ min cx
st Ax=b
Consider an LP x>0

where A is an mxn matrix.

An optimal solution of the LP, if it
exists, will occur at a BFS of its

rnnc-l-rann-l- aﬂnlal-nnnc
AR "4 B ™ A ] | EEES u““u‘ - i
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* Based on the Fundamental of LP, one may solve a
bounded LP problem, max {cx | Ax=b, x=0 }, using

the follgWing;REPSAYHRS of the constraint system
Ax=Db

° Step 2. Evaluate the objective function cx at
each BFS

° Step 3. Comparing the values in Step 2; a BFS at

Examp'lch _ jfmaxx +4x, - dxz +3xy _
SLET S 5.t X + X~ 2+ 3y =3 el optimal

X1+ 2Xy - 2X3 =4

XZ'ZO

* We have seen that (sec. 3.2), the BFS of the
constraints are

X,=(2,1,0,0) and X,=(0, 2,0, 1/3)
« The objective function at X, is 6, and at X, itis 9.

Hence (assuming it is bounded) optimal solution is
12102725 (x,,%,,X3,X,) = (0, 2¢"07'¥/3) and optimal value (niax



3.4 Optimality Condition for a BFS

of LP
« Based on the fundamental theorem of LP, the

procedure in previous section attempts to find
optimal solution of LP by computing BFSs of the LP
and selecting the one at which cx has the largest

value .

* The drawback of the procedure are
1, It needs computations of all BFSs (can be too
many)

Wee nitydoesidabrgrarittifionsleduibdBHIP if Swe dvanviee
nideatiie@dition that tells us optimality of a given

BFS.
The following theorem provides such condition.

L]
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Theorem 2 - Optimality Condition for LP:
Consider, a feasible LP in standard

(] g 14 NaX CX ceR",
s.t Ax =b A IS mxn,
X =0 Iy
Xp

Suppose B is a basis with a BFS

B'b
XN
Let A=(B,N) and c= (c,, c,)Cyv- CGzB 'N <0,

thenX is optimal BFS with optimal value

z*= ¢,B'b
Proof: ( Use Xg= Bb- BINX, in z= cgXz+C\Xy)

Definition: A basic submatrix B of a standard LP is
called optimal basis If it satisfies the optimality
condition, i.e., if

- -1
Definition .CI‘CN-&#Nleécglled vector of reduced costs
12weret B. Berhanu G (Dr) 20



« Based on the above theorems one may try to
solve the LP max {cx | Ax=b, x=0 } using the

- fallgying dNRs&d Y Sasic matrix B that yields a
BFS.

° Step 2. Consider the corresponding partitions:
A= (B,N)

c=(cgz, Cc,) X=( Xg, Xy)

e Step 3. Optimality Test:
If c,-c; BN < 0, then x*= (x;, X,)

= (Blb, 0)
is optimal solution (so,
Estopdle: max 3x - x, +4x;- 2x,
Consider otherwisej consuct ,a new (_gjacent)

basis B and
X + 2X +2X +
r)g:ea@ ro teﬁ

17 '4—
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* Take B=(A;,A) = xz=1(X,, X3), Xy3=

(x5, X,)
13 (1 2) =33 oy
=(4B'Z)[1 2]; N—[21].=>Blz[ 1_1], BlN:[_

= CczBN= (11,-4)
Optimality Test: Ccy - ¢gB*N= (4, -2) - (11,-4) = (-7, 2)

[not < 0]
* Next Take B= (A, A;) = Xxg= (X, X3), X,= (x,,

X,)

= ( 4) C,/=
B 11 N_32 1 [Ty iar N D 3

- c,BIN= (7, 5)
Optimality Test: c, - ¢gBN= (-1, -2) - (7, 5) = (-8, -7) <
(0,0)
Thus, x, = B'b=(Phapptimality condjtipn-is x,=0
satisGeghtimal solution ; with optimal objective value
12/0375?10' Berhanu G (Dr) 22
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* The drawback of the above procedure are

- May need too many checks (optimality tests)
before reaching optimal basis

-Direct computation of B! could be costly

-It Does not know unbounded LP unless all BFS
fail to satisfy the optimality condition.

Hence, we still need to look for a better solution
method (Next chapter)
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3.5 Computation of Basic
Solutions

« Notation: e, represents a vector whose i-th component

is 1 and all
other components are 0 ( i-th standard unit vector in a
given space)

e, e,, ..., €, forms the standard basis of R™;

* We<consider. adinemr gyskemd ety inatrix
where A is mxn matrix such that rank(A) = m < n.

« If B is a basis (i.e, mxm inverible sub-matrix) of A, then

X., Xy) =.(B:1b, 0) is the basic solution (B of the
. (Bﬂt, '3';1)5 ﬁ|(1d|ng B-)1 coulg be computat|o$1a I)y costly, we
slysten'l wrt B.
sually use

the Gauss-Jordan elimination method (GJEM) to
compute a BS.
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That is, a BS of a system Ax= b can be found by applying
the following Gauss-Jordan elimination method on (A:b)

For i =1,2,...., m
» Take a column of A, say A, whose i-th entry a; #0.
(The column A, is called pivot column and a; called pivot
element)
> Applying elementary row operations (ERO) convert
A toe;
* Thusl redrrangingeitmeaddad) Otlve adljeeconverts the
sYStEMUIATO equivalent system whose basis is mxm
i tit trix:
identity rT)a(Br_LxNXN _

r

= Xg =bb’ , Xy= 0, is a basic solution of the given
system.
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Example: Find BS of the following systems wrt the

ivengk
gl. X1+ X2- 2X3+3X4 :3

Xq + 2Xo - 2X
1 2 3

X{+2X- X3+ X4 +X5 =5

X1+2X2+X3+X4+3X5 =9
X2+X3+X4' X5 =5

B=(A,A,, A, > x,=4, X,=2, X, =3; X,

Note: If B is a basis and A, is a no=n)15§gic column, then A, can
enter the basis in place of a basic column that contains
eonlyif a,#0.

In this case, one can apply ERO with a; as pivot
element to convert the j-th column to e,. This yields a
 NewhleagiseadjrrsintBtooBExample 2, can A, replace
A;TWid is called is called basis exchange.
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